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Abstract

There are two main subjects in this thesis: the first one deals with the numerical

simulation of shallow water equations, the other one is the resolution of some problems

in image processing. As a common scenario of the image problems we can say that all of

the approaches use the restrictions given by their corresponding acquisition models.

With the aim of solving numerically the shallow water equations we extend a high

resolution numerical scheme adapted to homogeneous systems of hyperbolic equations

[66]. One of the interests of this scheme is the use of the Marquina’s flux splitting

technique, introduced by Donat and Marquina [59]. The potential of the Marquina’s

technique with respect to the schemes based on a single flux decomposition has been

shown experimentally in the context of gas dynamics. The shallow water equations are

described by means of a non homogeneous system, the presence of the source term is

due to the topography over which the water runs. It is of great importance in the resolu-

tion of the shallow water equations that the scheme maintains the steady state without

introducing spurious oscillations. Once we have extended the Marquina’s technique to

the non homogeneous case, the analysis of the scheme in the steady state of water at

rest shows that the use of two different Jacobians in each interface prevents the scheme

from verifying the exact C-property (conservation property) introduced by Bermúdez

and Vázquez [19]. However, the approximate C-property is verified if we use the high

order versions of the scheme. The same analysis reveals that we can achieve the exact

C-property if we use one Jacobian (a single flux decomposition). In light of these conclu-

sions we propose a combined scheme that uses the Marquina’s double flux decomposition

when adjacent states are not close and a single decomposition otherwise. The combina-

tion of both techniques permits to benefit from the advantages of both schemes. On the
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vi Abstract

other hand, we propose a special treatment of the numerical scheme at wet/dry fronts

and at dry bed generation situations. Finally, the performance of the scheme is evalu-

ated through classical experiments in the shallow water literature. In addition, we show

particular instances where the combined scheme performs better than the Marquina’s

technique and the classical approach of a single decomposition.

The second subject treated in this thesis is the digital simulation of the Day for

Night (or American Night in Europe). The inappropriateness or impossibility to shot

some scenes at night leads to the use, in film industry, of the Day for Night technique.

Then, the scenes are shot at daytime, placing a blue filter in front of the lens and under-

exposing the film. In this thesis we propose an algorithm that simulates a night image

coming from a day image. The algorithm considers some aspects that contribute to the

difference in visual perception at daytime with respect to night perception: change of

illuminant, modification of chromaticity, of luminance and of contrast as well as the loss

of visual acuity. In order to simulate this last aspect we introduce a novel diffusion

Partial Differential Equation (PDE) that produces an anisotropic diffusion which is con-

trolled by the local luminances. This PDE simulates the spatial summation principle of

the photoreceptors in the retina, a principle that has been analyzed by means of psy-

chophysic experiments. As a difference with other techniques present in the literature

with the same purpose, this equation does not produce the ringing phenomenon.

The gap restoration (inpainting) on surfaces is the object of the third part of this

dissertation. As an introductory level, we revise the use of the elastica in image in-

painting, as an interpretation of the Gestalt theory on perception, and its relation with

the Willmore functional (the integral of the square mean curvature). We also revise

some of the existing methods for surface inpainting. We improve with an automatic ini-

tialization method the variational problem presented in [139]. Then we propose other

geometrical approaches for 3D inpainting. The two first techniques are based on the

mean curvature: one of them minimizes the Laplacian of a distance function and the

other makes a diffusion of the mean curvature reconstructing afterwards the surface

with the prescribed curvature. On the other hand, we also use two interpolation meth-

ods: the resolution of the Laplace equation, and an Absolutely Minimizing Lipschitz

Extension (AMLE). These approaches are evaluated with synthetic and real surfaces.

Finally, we solve the restoration of satellite images. The variational problem that

we propose is based on the complete model of acquisition system which considers the
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following aspects: noise, modulation transfer function of the system and sampling pro-

cess (regular or irregular). The functional to minimize contains also a term based on

the Total Variation in order to regularize the solution. With the aim to solve the varia-

tional problem we extend the technique proposed by Chambolle [40] for the restoration

of noised images and we also use the algorithm of Gröchenig and Strohmer [80] that

recovers a uniform sampling from irregular samples. The restoration method that we

propose manages to do irregular to regular sampling, denoising, deconvolution and zoom

at the same time.
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Resumen

Los temas tratados en esta tesis son, por un lado, la simulación numérica de las

ecuaciones de aguas someras (“shallow waters”) y por otro, la resolución de algunos

problemas de procesamiento de imágenes. Como marco común de estos problemas en

imagen podemos decir que todos ellos se abordan usando las rectricciones dadas por sus

correspondientes modelos de adquisición.

Con el objetivo de resolver numéricamente las ecuaciones de aguas someras, exten-

demos un esquema numérico de alta resolución, pensado originalmente para sistemas

homogéneos de ecuaciones hiperbólicas [66]. Es de especial interés en este esquema la

utilización de la técnica de Marquina, introducida por Donat y Marquina [59], y que uti-

liza una separación de flujos en cada una de las interfases. El potencial del esquema de

Marquina respecto a las técnicas basadas en una única descomposición del flujo ha sido

demostrada con experimentos en el contexto de la dinámica de gases. Las ecuaciones

de aguas someras se describen mediante un sistema no homogéneo, la presencia del

término fuente es debida a la topografía sobre la que avanza el agua. En la resolución

de las ecuaciones de aguas someras es de vital importancia que el esquema numérico

mantenga el estado estacionario sin introducir ondas espúreas. Una vez propuesta la

extensión de la técnica de Marquina al caso no homogéneo, el análisis del esquema en el

estado estacionario de aguas en calma demuestra que el uso de dos Jacobianos diferentes

en cada interfase impide que el sistema verifique la propiedad de conservación C exacta

introducida por Bermúdez y Vázquez [19]. En cambio, la propiedad C aproximada se

verifica si se usan las versiones del esquema que usan un orden elevado de interpo-

lación. El mismo análisis nos desvela que se puede conseguir la propiedad C exacta

si usamos un solo Jacobiano (una única descomposición de flujos). A la vista de estos

ix



x Resumen

resultados, se propone un esquema combinado que usa la técnica de doble descomposi-

ción de flujos de Marquina cuando los dos estados adyacentes no están próximos y una

única descomposición en caso contrario. La combinación de estas dos técnicas permite

valernos de las ventajas de ambos esquemas. Por otro lado, se propone un tratamiento

especial del esquema numérico en los frentes seco/mojado y en las situaciones de ge-

neración de zona seca. Finalmente, el correcto comportamiento del esquema se evalúa a

través de experimentos clásicos en la literatura de aguas someras. También se ponen de

manifiesto casos concretos donde el esquema combinado funciona mejor que el esquema

de Marquina o la técnica clásica de descomposición única.

El segundo tema tratado es la simulación digital de la Noche Americana (“Day for

Night”). La improcedencia o imposibilidad de rodar algunas escenas durante la noche

conlleva, en el cine, a la utilización de la técnica de la Noche Americana. Las escenas

se ruedan de día poniendo un filtro azul en la cámara y subexponiendo la película. En

la tesis proponemos un algoritmo que simula una imagen nocturna a partir de una

imagen diurna. El algoritmo considera varios aspectos que intervienen en la diferencia

de percepción visual nocturna respecto a la diurna: cambio de iluminante, modificación

de la cromaticidad, de la luminancia y del contraste así como la pérdida de agudeza

visual. Para simular este último aspecto se propone una ecuación en derivadas parciales

(EDP) que produce una difusión anisotrópica en función de la luminancia local. La EDP

simula el principio de sumación espacial de los fotoreceptores situados en la retina y

que ha sido analizado mediante varios experimentos psicofísicos. A diferencia de otras

técnicas presentes en la literatura y con el mismo propósito, esta ecuación no produce el

fenómeno de ringing.

La restauración de agujeros (“inpainting”) en superficies es objeto de la tercera parte

de la tesis. A nivel introductorio se revisa el uso de la elástica en el inpainting de imá-

genes, como interpretación de la teoría de percepción de la Gestalt, y su relación con el

funcional de Willmore (la integral de la curvatura media al cuadrado); así como también

algunos de los métodos existentes de inpainting en superficies. Primeramente se mejora

el problema variacional presentado en [139] mediante un método de inicialización au-

tomático. Seguidamente se proponen otros enfoques geométricos para abordar el pro-

blema del inpainting en tres dimensiones. Las dos primeras técnicas están basadas en

la curvatura media: una de ellas minimiza el Laplaciano de una función distancia y la

otra realiza una difusión de la curvatura media reconstruyendo posteriormente la su-

perficie asociada a dicha curvatura. Por otro lado también se utilizan dos métodos de
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interpolación: la resolución de la equación de Laplace y el método AMLE (Absolutely

Minimization Lipschitz Extension). La verificación de estas técnicas se realiza tanto en

superficies sintéticas como en reales.

Por último, dedicamos una parte a la restauración de imágenes satelitales. El pro-

blema variacional propuesto con este objetivo se basa en el modelo completo de adquisi-

ción de imágenes que contiene los siguientes aspectos: ruido, función de transferencia

del sistema y muestreo (regular o irregular). El funcional a minimizar también contiene

un término basado en la Variación Total de cara a regularizar la solución. La resolu-

ción del problema variacional se realiza extendiendo la técnica propuesta por Chambolle

[40] para la restauración de imágenes con ruido y mediante el algoritmo de Gröchenig y

Strohmer [80] para recuperar un muestreo uniforme a través de muestras irregulares.

El método de restauración propuesto consigue obtener una colección de muestras regu-

lares a partir de un muestreo irregular, eliminando a la vez el ruido, deconvolucinando

la imagen y haciendo un zoom.
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Chapter 1

Outline of Dissertation

This thesis is organized in four parts, each one of them forms an autonomous part

which can be read independently from the others. The first one deals with the numerical

simulation of shallow water equations. In the other three parts we treat some problems

that arise in image processing and that can be modeled using the restrictions imposed by

their corresponding acquisition models. An introduction and motivation of the different

problems can be found at the beginning of each part. In what follows, we give a detailed

description of the contents of each chapter.

PART I: Numerical simulation of Shallow Water Equations

Chapter 2: We revise some theoretical aspects of the shallow water equations:

hypothesis considered by the derivation of the model from the Navier-Stokes equations,

the equations that describe the model and the eigen-decomposition of their associated

Jacobian. Then, we recall the Riemann problem of two adjacent states as well as their

possible solutions: rarefaction waves and shock waves. Finally, we study the conditions

that lead to the formation of a dry zone between two wet states.

Chapter 3: In this chapter we present an extension of Marquina’s flux formula

[59] to the non homogeneous case in order to simulate the shallow water equations.

We analyze the performance of the proposed numerical scheme at the steady state and

the conditions under which the approximate and the exact C-properties are verified. In

view of this analysis we propose a combined scheme that uses one or two Jacobians,

each approach when most adequate. In addition, we propose a special treatment of the

scheme at wet/dry fronts as well as at situations of dry bed generation. We test the

performance of the proposed scheme with classical experiments in the shallow water

literature and show particular instances where the combined scheme performs better

1



2 Chapter 1: Outline of Dissertation

than the Marquina’s technique and the classical approach of a single decomposition.

Appendix A: It contains some remarks on the conservativity of the scheme and

proposes an alternative way to treat the source term integrals that provides a fully-

conservative scheme.

Part II: Day for night

Chapter 4: We introduce a digital day for night algorithm. The algorithm trans-

forms an image taken at daytime into a simulated night image. This is achieved in five

steps: change of illuminant, modification of chromaticity, modification of luminance,

change of contrast and simulation of loss of visual acuity. In the last step we introduce a

novel diffusion PDE that models the spatial summation principle, takes luminance into

account and produces no ringing. Some examples of the algorithm are present at the

end of the chapter.

Appendix B: The proofs of theorems in chapter 4 are contained in this appendix.

PART III: Inpainting Surface Holes

Chapter 5: Firstly, we revise the use of the Euler’s elastica in image inpainting

and its relation with the Willmore functional. Some of the existent methods for surface

inpainting are also described. In particular, the variational problem introduced in [139]

is formalized and improved here with an automatic initialization method. Then, other

geometric variational approaches for inpainting surface holes are proposed here. Two

of them are based on the mean curvature. The first one minimizes the Laplacian of a

distance function. The second one is a diffusion of the mean curvature followed by the

reconstruction of the distance function with the prescribed curvature. The other two

approaches are interpolation techniques: the resolution of the Laplace equation, and an

Absolutely Minimizing Lipschitz Extension (AMLE). We compare the results of these

approaches with synthetic and real surfaces.

PART IV: Restoration of irregularly sampled images

Chapter 6: This chapter is devoted to the restoration of satellite images. The

proposed variational model uses the Total Variation as a regularizing term and it is

also based on the complete acquisition model of a satellite image. We concentrate on

the special case of irregular sampling. Thus, we recall the basic concepts of irregular

sampling and the necessary conditions for recovering a uniform sampling from irregular

samples. Then we review the irregular to regular sampling algorithm of Gröchenig and

Strohmer [80] which we shall incorporate in our proposed algorithm. In order to solve
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the full restoration model, i.e. irregular to regular sampling, denoising, deconvolution

and zoom, we extend the technique introduced by Chambolle [40] which denoises an

image using the Total Variation. We compare the restoration results of our proposed

algorithm with those obtained by the algorithm of Gröchenig and Strohmer.

Appendix C: We explain how a general Modulation Transfer Function (MTF) of a

satellite can be modeled.

Appendix D: In this appendix we recall the definition of functions of bounded vari-

ation.

Chapter 7: This is the last chapter of the dissertation. We give the main conclusions of

this work and describe the perspectives and the future work.
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Chapter 2

Shallow Water Equations

ABSTRACT

This chapter is intended to revise some theoretical aspects of the shallow water equations.

The formation of different types of waves as a solution of the Riemann problem of two

adjacent states is also considered. Finally, we study how and when a dry state is formed

between two wet states.

2.1 Introduction

Many practical problems involving shallow water flow in oceanography and atmo-

spheric sciences are conveniently modeled by considering the one-dimensional or two-

dimensional Saint-Venant, or shallow water, system. This is a hyperbolic system of con-

servation laws that approximately describes various geophysical flows, such as rivers,

coastal areas, dam-breaks and even oceans when completed with a Coriolis term. For

practical applications, the inclusion of a non-flat bottom topography is required, which

leads to the occurrence of source terms of geometrical nature. The shallow water model

is widely used in many different applications so as to make predictions and simulations

of practical interest. As examples of applications we can mention the simulation of in-

ternal tides in the Strait of Gibraltar [38, 74], the dam-break simulation of a real case

occurred in Aznalcóllar [74] and also transport of sediments [39, 52].

The system of shallow water equations can be written as follows

Ut + div(F (U)) = S(x, U). (2.1)

7
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These equations are derived by depth averaging the Navier-Stokes equations, ne-

glecting diffusion of momentum by viscous and turbulent effects. Ignoring also friction

losses, the source term is only due to the geometry of the bottom topography and the

resulting system of equations in the two dimensional case becomes (see [134] and refer-

ences therein)

Ut + F (U)x + E(U)y = S (2.2)


h

q1

q2


t

+


q1

q2
1
h + 1

2gh2

q1q2

h


x

+


q2

q1q2

h
q2
2
h + 1

2gh2


y

=


0

−ghzx

−ghzy


where h is the water depth, q1 and q2 are the two components of the discharge, and z is

the bottom topography. Indeed, we make an abuse of notation by letting div(F (U)) =

F (U)x + E(U)y. The corresponding eigenvalues of the Jacobian matrices of flux compo-

nents F and E are:

λF
1 = u1 − c λF

2 = u1 λF
3 = u1 + c

λE
1 = u2 − c λE

2 = u2 λE
3 = u2 + c

where u1 = q1/h and u2 = q2/h are the components of the fluid velocity and c =
√

gh is

the sound velocity. The superscripts F and E refer respectively to the fluxes F (U) and

E(U) in (2.2), which are the two components of the flux vector. The matrices of right

eigenvectors RF and RE , as well as the matrices of left eigenvectors LF and LE are:

RF =


1 0 1

λF
1 0 λF

3

u2 1 u2

 LF =


λF

3 /(2c) −1/(2c) 0

−u2 0 1

−λF
1 /(2c) 1/(2c) 0



RE =


1 0 1

u1 1 u1

λE
1 0 λE

3

 LE =


λE

3 /(2c) 0 −1/(2c)

−u1 1 0

−λE
1 /(2c) 0 1/(2c)


2.2 Wave formation

2.2.1 Introduction

In this section we are going to study the solution of the Riemann problem formed

by two adjacent states. We will see that there exists a solution provided that the ini-

tial states are sufficiently close in some sense. This solution consists of a single wave,
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namely a shock wave or a rarefaction wave. Here, we are going to develop the solution

of the Riemann problem starting from general known results and basic concepts of the

theory of hyperbolic systems of conservation laws. A detailed and rigorous study on such

a topic can be found in [130], a mathematical theory is also revised in [101] and [72]. In

[134] the study is directly done on the shallow water equations.

Before analyzing each type of solution we recall the system of equations that define

the shallow water in one dimension over flat topographies:

ht + qx = 0

qt +
(

q2

h + 1
2gh2

)
x

= 0
(2.3)

The system of conservation laws (2.3) together with initial-value data of the form

U(x, 0) =

UL = (hL, qL) if x < 0

UR = (hR, qR) if x > 0
(2.4)

is known as the Riemann problem.

For a general system of conservation laws Ut + F (U)x = 0 where U(x, t) ∈ RN , we

call J the Jacobian matrix of F which can be decomposed in its eigenvalues λk(U) and

its associated eigenvectors rk(U) (k = 1, ..., N ). Then the characteristic variables are

defined as LU . The eigenvalues λk are called the characteristic velocities.

2.2.2 Rarefaction waves

Riemann solutions always remain constant along all rays of the form x = εt, where

ε ∈ R. A rarefaction wave that lies between the states UL and UR also has this property

and takes the form:

U(x, t) =


UL if x ≤ ε1t

W (x/t) if ε1t < x < ε2t

UR if x ≥ ε2t

where W is a smooth function with W (ε1) = UL and W (ε2) = UR, so a rarefaction wave

is a continuous solution. If we differentiate U(x, t) = W (x/t) in both space and time:

Ux(x, t) =
1
t
W ′(x/t)

Ut(x, t) =− x

t2
W ′(x/t)

(2.5)

If we substitute (2.5) in Ut + F ′(U)Ux = 0 and multiply by t we get

F ′(W (ε))W ′(ε) = εW ′(ε) (2.6)
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The equation (2.6) admits two solutions. One of them is W ′(ε) = 0, i.e., W is constant.

If W ′(ε) 6= 0 then W ′ is proportional to an eigenvector of F ′ and ε is its corresponding

eigenvalue:

W ′(ε) = α(ε)rk(W (ε)) (2.7)

ε = λk(W (ε)) (2.8)

Since we are working in one dimension k = 1, 2. As a consequence of (2.7) all values lie

along some integral curve of rk. The states UL = W (ε1) and UR = W (ε2) also lie on the

same integral curve. This a necessary condition for the existence of a rarefaction wave

connecting UL and UR but not sufficient. We need ε = x/t to be monotonically increasing

as W (ε) moves from UL to UR along the integral curve. By (2.8), monotonicity of ε is

equivalent to monotonicity of λk(W ) and so

λk(UL) < λk(UR) (2.9)

There are two families of rarefaction waves, each one of them corresponds to the char-

acteristic family of the k eigenvector. In addition, a k-rarefaction has the property that

k-Riemann invariants remain constant across the wave. A k-Riemann invariant is de-

fined as the smooth function w : RN → R that satisfies

<rk(U),∇w(U)>= 0 for any U ∈ RN .

The 1-Riemann invariant is then u + 2
√

gh = constant and the 2-Riemann invariant is

u− 2
√

gh = constant (remember that u = q/h).

In order to determine the function W (ε), we determine the scale factor α(ε) by dif-

ferentiating (2.8) with respect to ε:

1 = ∇λk(W (ε)) ·W ′(ε)

making use of (2.7)

α(ε) =
1

∇λk(W (ε)) · rk(W (ε))
.

Hence,

W ′(ε) =
rk(W (ε))

∇λk(W (ε)) · rk(W (ε))
ε1 ≤ ε ≤ ε2 (2.10)

gives a system of ODEs for W (ε) with initial data:

W (ε1) = UL where ε1 = λk(UL) and ε2 = λk(UR)
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Since we fix UL as initial condition, we are going to find the states that can be connected

to UR by a rarefaction wave. Note that the denominator in (2.10) is finite for ε1 ≤ ε ≤ ε2

only if λk is monotone between ε1 and ε2.

Solving (2.10) for the first eigenvalue and its corresponding eigenvector,

λ1(W ) = u−
√

gh r1(W ) = (1, λ1)T ; where u = q/h

gives the one parameter family of 1-rarefaction waves:√
gh =

1
3

(
2
√

ghL + uL −
x

t

)
u =

1
3

(
2
√

ghL + uL + 2
x

t

) (2.11)

where uL = qL/hL. Thus, the set of states which can be connected to the right of UL by

a 1-rarefaction lie in the curve

u− uL = 2
(√

ghL −
√

gh
)
≡ R1(h;UL) . (2.12)

In the same manner for the second eigenvalue and eigenvector,

λ2(W ) = u +
√

gh r2(W ) = (1, λ2)T

the family of 2-rarefaction waves associated to them is:√
gh =

1
3

(
2
√

ghL − uL +
x

t

)
u =

1
3

(
−2
√

ghL + uL + 2
x

t

) (2.13)

Now, the curve that defines the states which can be connected to UL by a 2-rarefaction

on the right is

u− uL = −2
(√

ghL −
√

gh
)
≡ R2(h;UL) . (2.14)

We have seen that a k-rarefaction must satisfy (2.9), then if UR is connected to UL

by a 1-rarefaction, it must verify:

uL −
√

ghL < uR −
√

ghR

where uL = qL/hL and uR = qR/hR. In addition, setting U = UR in (2.12) and substitut-

ing it into this last inequality we obtain

hR < hL (2.15)

If we return to (2.12) and make use of condition (2.15) we obtain the second condition

that must verify the state UR

uR > uL (2.16)
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In a similar way, a 2-rarefaction must satisfy:

uL +
√

ghL < uR +
√

ghR

that added to the curve (2.14) for U = UR gives the two conditions on UR

hR > hL (2.17)

uR > uL (2.18)

Note that if the relation of velocities of states UR and UL is (2.18) they are joined by a k-

rarefaction, then the complementary, uR < uL, is satisfied for states that are connected

by a k-shock.

2.2.3 Shock waves

Let us start by considering a general system of conservation laws Ut + F (U)x = 0

where U(x, t) ∈ RN . We fix the state UL = (hL, qL) and compute the possible states

U = (h, q) which can be connected to UL by a shock wave. In such a case both states

much satisfy the Rankine-Hugoniot conditions:

F (U)− F (UL) = s(U − UL) (2.19)

Since the state UL is fixed this gives a system of N equations and N + 1 unknowns: the

N components of U and the shock velocity s. If we again parameterize the states by

U = W (ε) with W (0) = UL as well as the velocity s(ε), substitute them in (2.19) and

differentiate with respect to ε and make ε → 0 we obtain the following expression:

F ′(W (0))W ′(0) = s(0)W ′(0)

We arrive then to a similar condition as in the rarefaction waves, if we consider that

W ′(0) 6= 0, W ′ has to be proportional to an eigenvector of F ′ and s has to be its eigen-

value.

More particularly, in our case N = 2 and the Rankine-Hugoniot conditions are:

s(h− hL) = q − qL

s(q − qL) =
(

q2

h
+

1
2
gh2

)
−
(

q2
L

hL
+

1
2
gh2

L

)
Then we have a system of two equations with three unknowns, so we can find one pa-

rameter family of solutions (note that(h− hL) and (q − qL) are not zero since the initial

states are different):

q = qLh/hL ± h(h− hL)

√
g

2
(h + hL)

hhL
(2.20)
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The ± signs in this equation give two solutions, one for each characteristic wave deter-

mined by each eigenvalue. Since q is parameterized by h we can also parameterize this

curve by taking for example h = hL(1 + ε) and we have,

U = UL + ε

 hL

qL − (1 + ε)hL

√
g
2

2+ε
1+εhL

 (2.21)

U = UL + ε

 hL

qL + (1 + ε)hL

√
g
2

2+ε
1+εhL

 (2.22)

As we can see, the first family (2.21) comes from curve (2.20) with the minus sign be-

cause differentiating it with respect to ε and letting ε → 0 the result is proportional to

the first eigenvector associated with the eigenvalue λ1 = u−
√

gh. So, we can define the

1-shock curve as:

u− uL = uL − (h− hL)

√
g

2
(h + hL)

hhL
≡ S1(h;UL) (2.23)

By analogy, the family (2.22) is associated with the eigenvalue λ2 = u +
√

gh and comes

from (2.20) with the plus sign. The 2-shock curve is defined as:

u− uL = uL + (h− hL)

√
g

2
(h + hL)

hhL
≡ S2(h;UL) (2.24)

In addition shocks must satisfy the entropy condition (see [130] for more details):

λk(UL) > s > λk(UR)

Moreover, we have seen in the precedent section that the condition on UR for the shock

waves is

ur < uL (2.25)

Thus, applying condition (2.25) on the 1-shock wave (2.23) we obtain the second condi-

tion that must verify the right state UR:

hR < hL (2.26)

The same condition (2.25) applied on the 2-shock wave (2.24) gives:

hR > hL (2.27)
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2.2.4 Integral curves

We have seen in the precedent section that both k-shocks and k-rarefaction curves

defined by the parameterized curve W (ε) have its tangent vector proportional to the k

eigenvector of the flux function. These curves are then called integral curves.

We can put all of these curves together in the h−u plane as in figure 2.1. This figure

shows that the h− u plane is divided into four disjoint regions I,II,III and IV. Moreover,

the curves R1 and S1 have second-order contact (their first two derivatives are equal) at

point UL, this happens also with R2 and S2 and can be justified as a consequence of a

general theorem in [130].

h

u

I

II

IV

III
UL

u − uL = R1(h, UL)

u − uL = S2(h, UL)

u − uL = S1(h, UL)

u − uL = R2(h, UL)

Figure 2.1: Integral curves for the state UL

Consider the point UL as fixed, the Riemann problem (2.3)-(2.4) and let us allow UR

to vary. If UR lies on any of the four studied curves (2.12),(2.14),(2.23) or (2.24) then the

solution is completely defined by one of these curves and both states are joined by either

a k-shock or a k-rarefaction wave depending on the type of curve the point UR belongs

to. On the other hand, if UR does not lie on any of the four curves it belongs to any of

the four open regions I, II, III or IV. Let us define, for Ū ∈ R2 the curves:

WS
i (Ū) =

{
(h, u) : u = uL + Si(h, Ū)

}
, i = 1, 2

WR
i (Ū) =

{
(h, u) : u = uL + Ri(h, Ū)

}
, i = 1, 2

Wi(Ū) = WS
i (Ū) ∪WR

i (Ū), i = 1, 2

and then for a fixed UL ∈ R2, we consider the family of curves

F =
{
W2(Ū) : Ū ∈ W1(UL)

}
Making the hypothesis that the h − u plane is covered univalently by the family of

curves F, i.e., through each point UR there passes exactly one curve of F. Then the solu-
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tion to the Riemann problem (2.3)-(2.4) consists on three states UL, UR and Ū connected

by two different waves. We connect Ū to UL on the right by a backward wave (1-shock or

1-rarefaction), and UR to Ū on the right by a forward wave (2-shock or 2-rarefaction).

For example, if UR is in region II, there is a unique point Ū for which the curve

W2(Ū) is in F and passes through UR. Since Ū ∈ WS
1 (UL) and UR ∈ WS

2 (Ū) then Ū is

connected to UL on the right by a back shock and UR is connected to Ū on the right by a

front shock, see figure 2.2.

II

UL

W1(UL)

Ū

W2(Ū)

W2(UL)

UR

Figure 2.2: Intermediate state Ū when UR lies in region II

Remember that we assumed that the h−u plane is covered univalently by the family

of curves F. The proof is split into two cases: in the first case, we consider that UR lies

in one of the regions I, II or III; and in the second case, UR lies in region IV. For the first

case, the proof follows the same arguments as a similar proof in [130] but for the gas

dynamics equations. We will see now that in the second case there are points in this

region IV that cannot be covered by an element of F.

Consider a point Ū = (h̄, ū) ∈ WR
1 (UL), as the water depth is restricted to h ≥ 0,

then from (2.12) we have

ū = uL + 2
√

ghL − 2
√

gh̄ ≤ uL + 2
√

ghL (2.28)

On the other hand, a point UR = (hR, uR) ∈ WR
2 (Ū) and connected to Ū is defined by

(2.14) with UL = Ū obtaining

uR = ū− 2
√

gh̄ + 2
√

ghR

and using again the positivity restriction of h and the inequality (2.28) we obtain

uR − uL ≤ 2
√

ghL + 2
√

ghR (2.29)
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This is the condition that states in region IV must verify to be covered by curves in

F. If we impose h to be strictly positive (to ensure a solution without dry zones) then

condition (2.29) is an strict inequality and it is called depth positivity condition [134].

2.2.5 Occurrence of dry bed

In case that the velocities of the initial states of the Riemann problem (2.3),(2.4) are

sufficiently large and condition (2.29) does not hold, then a dry bed between both states

is formed. The vacuum is joined to UL and UR by a back rarefaction and a forward

rarefaction respectively.

Indeed, a shock wave cannot be adjacent to a region of dry bed. This is proved

in [134] in a very simple manner by considering a wet bed UL and a dry bed UR as the

initial data (2.4) for the Riemann problem. After applying Rankine-Hugoniot conditions,

a contradiction with the initial data is obtained.

The speed of the wet/dry back front sL is obtained using the first equation in (2.11)

for the 1-rarefaction wave, and considering UL as left state and h = 0 in the right state.

Thus, we obtain

s∗L = uL + 2cL, cL =
√

ghL

In the same way, the wet/dry forward front can be obtained from 2-rarefaction equations

(2.13) with h = 0 in the left state and UR as the right state. We have

s∗R = uR − 2cR, cR =
√

ghR

We can now define the solution for the Riemann problem (2.3),(2.4) whose initial

states UL and UR do not verify condition (2.29)

U(x, t) =



UL if x/t ≤ uL − cL

U∗
L if uL − cL ≤ x/t ≤ s∗L

U0 if s∗L ≤ x/t ≤ s∗R

U∗
R if s∗R ≤ x/t ≤ uR + cR

UR if uR + cR ≤ x/t

(2.30)

where U∗
L is defined by equations (2.11), U∗

R by equations (2.13) and U0 represents the

dry state.



Chapter 3

Numerical simulation

ABSTRACT

We present an extension of Marquina’s flux formula [59] for the shallow water system. We

show that the use of two different Jacobians at cell interfaces prevents the scheme from

satisfying the exact C-property while the approximate C-property is satisfied for higher

order versions of the scheme. The use of a single Jacobian in Marquina’s flux splitting

formula leads to a numerical scheme satisfying the exact C-property, hence we propose

a combined technique that uses Marquina’s two sided decomposition when the two ad-

jacent states are not close and a single decomposition otherwise. Finally, we propose a

special treatment at wet/dry fronts and situations of dry bed generation. We show the

performance of the proposed scheme with classical experiments in the literature.

3.1 Introduction

The general form of a conservation law equation in his differential form is:

ut + div(f(u)) = 0

where u is the conserved variable and f(u) is the flux.

Nevertheless, a physical system is described not only with a unique conservation

equation but with a system of conservation laws formed by the conservation of mass,

momentum and energy. We can write these systems as,

Ut + div(F (U)) = 0 (3.1)

17
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we can see that the structure is the same as in the single equation but now U represents

a vector of conserved quantities.

The flux transport of the conserved quantity can be convective or diffusive. Con-

servation laws with only convective fluxes are known as hyperbolic conservation laws.

Convective transport requires specialized numerical treatment while diffusive terms

can be treated by standard numerical methods.

There are special difficulties associated with solving hyperbolic equations: shocks

formation, rarefactions and contact discontinuities. A good numerical implementation

must overcome these problems. Methods based on naive finite difference approxima-

tions may work well for smooth solutions but not when discontinuities are present. For

further details on these topics, we refer the reader to the books [72, 101] which pro-

vide a general overview to the properties of conservation laws equations and the basic

numerical methods for solving them.

There exist many different numerical methods to solve hyperbolic systems of con-

servation laws. Among these, we have implemented the one proposed by Fedkiw et al.

in [66] because it provides high accuracy without spurious oscillations and shock captur-

ing. This method is based on a Shu-Osher finite difference Essentially Non-Oscillatory

(ENO) combined with Marquina’s flux splitting technique.

ENO methods present high accuracy in smooth regions and capture steep gradients

in the flow without creating spurious oscillations. This is performed using an adaptative

polynomial interpolation based on smoothness considerations that, in addition, doesn’t

need tunable parameters because smoothness is measured by the size of the kth derivate

in a k degree interpolant. To make possible shock capturing and for reasons of physi-

cal consistency and stability, this interpolation is based on upwind biased differencing.

Upwind methods are always used in numerical schemes for conservation laws because

they extrapolate information from data from the direction of propagation.

Originally, ENO schemes were based on the conservative control volume discretiza-

tion of the equations. However, this formulation requires complicated transfers between

cell averages and cell center nodal values and this transfers process becomes particu-

larly complicated in two and higher spatial dimensions. To overcome such problems, Shu

and Osher [126] developed a conservative finite difference form of the ENO method, us-

ing only nodal values of the conserved variables. Finally, they used a Runge-Kutta time

integration scheme that is stable and also has the Total Variation Diminishing (TVD)

property. The TVD property prevents the time stepping scheme from introducing spuri-

ous spatial oscillations into upwind-biased spatial discretizations.
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In some situations, ENO methods present spurious oscillations. They are caused by

the fact of evaluating the flux at a cell that separates two very different states, i.e., at a

cell where the characteristic velocity changes sign (this is called a sonic point). The flux

at the cell is computed by a linear average of the flux at nodes adjacent to the midpoint.

This interpolation performs well in a smooth region but it may cause problems between

nodes in an unresolved steep gradient, which would lead to oscillations in the solution.

To avoid that, Donat and Marquina [59] introduce the technique of Flux Splitting and

which is used in [66]. It consists of making use of the left and right values of the flux

separately, in an upwind fashion, rather than using a single midpoint interpolation of

both values. In particular, they propose to use two sided characteristic information at

each interface. Thus, a left flux is evaluated with a left side biased reconstruction (ENO

interpolation in [66]) over the left characteristic variables. They proceed in a similar

way in the analogous case: the right flux computation. It is seen in [59, 66] that this

numerical flux can be used to design robust High Resolution Shock Capturing (HRSC)

schemes with good properties with respect to certain numerical pathologies.

Our aim in this chapter is to extend the numerical method in [66] so as to include

the presence of the source term arising in shallow water equations. For that in section

3.2 we recall the numerical method introduced by Fedkiw et al. in [66]. In section 3.3

we will extend this method to the non homogeneous case. Numerical experiments that

validate the proposed scheme are shown in section 3.4. Finally, in section 3.5 we give

some conclusions.

3.2 Numerical scheme for Hyperbolic Systems of Conser-
vation Laws

3.2.1 Time discretization

In [66], they use the method of lines approach. We explain now what it consists of.

Once we have a numerical approximation A(U) of the spatial derivative terms (as well

as source terms in our case) in (2.2) the equation to solve becomes a system of Ordinary

Differential Equations (ODEs):

Ut + A(U) = 0

In order to solve the time integration of these ODEs, a third order Total Variation

Diminishing (TVD) Runge-Kutta method is used [126]. Being Un the solution at the n
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time step, the numerical scheme is the following:

U∗ = Un −∆tA(Un)

U∗∗ = Un −∆t

(
1
4
A(Un) +

1
4
A(U∗)

)
Un+1 = Un −∆t

(
1
6
A(Un) +

1
6
A(U∗) +

2
6
A(U∗∗)

)
where ∆t is the time resolution. Indeed, we can also use a second or first order Runge-

Kutta (see [66, 126] for more details) and this choice depends on the order of the ENO

interpolation that we use in the spatial discretization.

3.2.2 Spatial discretization

Let us consider a two dimensional conservation law system of N equations which

can be written in the general form (3.1), where div(F (U)) = F (U)x + E(U)y (by abuse

of notation on F ). The discretization is applied independently in both dimensions (what

is called dimension by dimension manner). Firstly, ENO scheme is performed on the

horizontal rows from top to bottom in order to obtain the numerical approximation of

F (U)x. Similarly, the numerical approximation of E(U)y is obtained applying ENO on

the vertical rows from left to right.

ENO schemes and most of the methods to solve conservation laws have been studied

in the case of scalar equations. In case of systems, the most frequent approach is the

characteristic based scheme. This method makes use of the fact that physical systems of

conservation laws are in general hyperbolic, that is, all the eigenvalues of the Jacobian

matrix of the flux function are real and the matrix is diagonalizable, i.e., there is a

complete set of N linearly independent eigenvectors. The characteristic scheme then

reduces the original (nonlinear) system into a system of (hopefully) nearly independent

scalar equations. These can be independently discretized in an upwind manner and

then the system is transformed back into the original variables using the same eigen-

decomposition.

Now we are going to explain the characteristic based scheme in more detail. First,

let us consider a system like (3.1) but in one spatial dimension:

Ut + F (U)x = 0 (3.2)

If the flow is locally smooth we can use the chain rule to expand the derivate in x,
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Ut + JUx = 0

where J = ∂F
∂U is the Jacobian matrix of the flux function. If the system is hyperbolic

the matrix J has N real eigenvalues λp, p = 1, ..., N and its corresponding N eigenvec-

tors. The Jacobian matrix can be diagonalized using the matrices L and R where the

eigenvectors are written as rows and columns respectively

LJR = Λ

where, Λ is a diagonal matrix with the N eigenvalues of J (λp, p = 1, ..., N ) as diagonal

elements. If we multiply equation (3.2) by the matrix L(Ui) which diagonalizes J locally

at point xi, we obtain

[L(Ui)U ]t + [L(Ui)F (U)]x = 0 (3.3)

The vector L(Ui)U is called the vector of characteristic variables and L(Ui)F (U) is its

corresponding vector of characteristic fluxes. The system (3.3) is a system of N indepen-

dent scalar conservation equations, each of them denoted with the subindex p. Each p-th

equation is solved at point xi with the ENO method in an upwind fashion determined

by the sign of the local characteristic velocity. Further on this section, the ENO method

is explained in more detail.

Due to the discretization (3.5) of the spatial derivative in (3.2), we will have to

estimate the numerical flux function at cell wall points xi+1/2. Thus, the Jacobian must

be evaluated at these points. The characteristic velocity of the flow of the p-th conserved

variable at the cell wall i + 1/2 is λp(Ui+1/2) with left eigenvector Lp(Ui+1/2) and right

eigenvector Rp(Ui+1/2). The scalar equation that we will obtain by projecting to the p-th

characteristic field is then:

wt + f(w)x = 0

where w = Lp(Ui+1/2)U and f(w) = Lp(Ui+1/2)F (U). The velocity term λp(Ui+1/2) will

play an essential role in the ENO scheme, more precisely for the upwind interpolation,

since it determines the direction of propagation. The numerical flux function at the cell

wall, Fi+1/2, estimated by the ENO method at the p-th characteristic field, is multiplied

by its corresponding right eigenvector to recover its value in the original variables,

F p
i+1/2 = Fi+1/2R

p(Ui+1/2) (3.4)
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We call F p
i+1/2 the quantity of the numerical flux Fi+1/2 that comes from the p-th char-

acteristic field. Adding the contributions of all fields we obtain the estimation of the

numerical flux:

Fi+1/2 =
∑

p

F p
i+1/2

Once we have this estimation of the numerical flux at cell walls, we compute numerically

the flux derivative in the following way

F (U)x =
Fi+1/2 − Fi−1/2

∆x
(3.5)

where ∆x is the spatial resolution.

As observed in [66], the Jacobian matrix of the convective flux vector is quite im-

portant to any characteristic based scheme, as it defines the local linearization of the

nonlinear problem. It determines the transformation to the local characteristic fields,

and thus the local upwind directions, as well as what quantities are to be upwind differ-

enced.

In a typical characteristic-based scheme, only the values of the solution at cell cen-

ters are known, while the numerical flux functions are computed at cell boundaries.

Some form of reconstruction (usually polynomial) is then required to compute the in-

terface values required by the flux computation. While it makes little difference what

sort of (consistent) approximation is used in smooth regions, the situation can change

drastically between nodes in an unresolved steep gradient, or when the left and right

states have significantly different properties. The results in [66, 59] demonstrate that

the use of averaged Jacobians, interpolated from left and right nodal states, can lead

to numerically pathological behavior in the approximate solution. Instead, Marquina’s

flux formula uses the unambiguous values for the left and right reconstructed states

(UL
i+1/2 and UR

i+1/2) to compute two characteristic decompositions at each cell interface.

The upwind information is extracted from considering non-averaged information, which

seems to help in avoiding (or diminishing) the aforementioned pathologies.

In this way, the flux computation (3.4) at the i + 1/2 interface at p-th characteristic

field is now:

F p
i+1/2 = FL

i+1/2R
p(UL

i+1/2) + FR
i+1/2R

p(UR
i+1/2)

where FL
i+1/2 and FR

i+1/2 are the numerical fluxes computed in the scalar field resulting

from the projected variables and fluxes Lp(UL
i+1/2)U ,Lp(UL

i+1/2)F (U) and Lp(UR
i+1/2)U ,

Lp(UR
i+1/2)F (U) respectively. L(UL

i+1/2) and R(UL
i+1/2) (resp. L(UR

i+1/2) and R(UR
i+1/2)) are
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the matrices of eigenvectors of the Jacobian matrix J(UL
i+1/2) (J(UR

i+1/2)) evaluated at

left (right) reconstructed state at the interface i + 1/2.

ENO-Roe discretization (third order accurate)

ENO reconstruction is based on the idea consisting of finding the flux at cell walls

as a derivative of a polynomial interpolation of its primitive, P (more details can be

found in [66, 126]). In such an interpolation process, D1
i P is calculated in the upwind

direction. In turn, higher order divided differences are chosen by taking the smallest

in absolute value between the two possible choices. These are the relations between

derivatives of P and the flux function

D1
i P =

P (xi+1/2)− P (xi−1/2)
∆x

= f(w(xi))

D2
i+1/2P =

1
2
D1

i+1/2f

D3
i P =

1
3
D2

i f

Hence, for a specific cell wall located at xi+1/2, the scheme for finding the associated

numerical flux function of the characteristic variable Fi+1/2 consists of the following

steps:

1. If λp(Ui+1/2) > 0 then k = i. Otherwise, k = i + 1.

Define Q1(x) = (D1
kP )(x− xi+1/2)

2. If |D2
k−1/2P | ≤ |D2

k+1/2P | then c = D2
k−1/2P and k∗ = k− 1. Otherwise, c = D2

k+1/2P

and k∗ = k.

Define Q2(x) = c(x− xk−1/2)(x− xk+1/2)

3. If |D3
k∗P | ≤ |D3

k∗+1P | then c∗ = D3
k∗P . Otherwise, c∗ = D3

k∗+1P .

(Using Nonoscillatory interpolation of Harten [86], if D3
k∗P D3

k∗+1P < 0 then c∗ =

0).

Define Q3(x) = c∗(x− xk∗−1/2)(x− xk∗+1/2)(x− xk∗+3/2)

4. Then, Fi+1/2 = P ′(xi+1/2) = Q′
1(xi+1/2) +Q′

2(xi+1/2) +Q′
3(xi+1/2)

which simplifies to Fi+1/2 = D1
kP + c(2(i− k) + 1)∆x + c∗(3(i− k∗)2 − 1)(∆x)2

Local Lax-Friedrichs’ construction: Entropy Fixed version of the ENO-Roe

The ENO-Roe discretization could create entropy violating expansion shocks near

sonic points. In that case and in that specific points, the solution is smoothed slightly
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to break up any entropy violating expansion shocks there. So, high order dissipation is

added to the calculation of F at the specific cell walls in the vicinity of the sonic point.

The scheme of the Entropy Fix ENO-Roe is:

1. Compute the divided differences of the primitive functions P+ and P− defined as:

D1
i P

± =
1
2
f(wi)±

1
2
αi+1/2wi

the parameter αi+1/2 will be defined later.

2. Compute the second differences D2
i+1/2P

± and the third ones D3
i P

± in the standard

way, like those of P .

3. For P+ set k = i. Use the rest of ENO-Roe replacing P with P+ to obtain F+
i+1/2

4. For P− set k = i+1. Use the rest of ENO-Roe replacing P with P− to obtain F−
i+1/2

5. Then, Fi+1/2 = F+
i+1/2 + F−

i+1/2

Local sided interface states computation

We have already said that this method makes use of the left and right cell wall

fluxes in an upwind mode to improve the interpolation at sonic points. Therefore, we

need the approximations UL and UR of the conserved variables interpolated from the

left and right sides of the cell wall.

For each variable v of the vector of conserved variables U , the left and right estima-

tions at cell walls are calculated in the following form:

1. Compute D1
i+1/2v and D2

i v in the standard way, like those of P .

2. For vL
i+1/2 set k = i. For vR

i+1/2 set k = i + 1.

Define Q0(x) = D0
kv = vk

3. If |D1
k−1/2v| ≤ |D1

k+1/2v| then c = D1
k−1/2v and k∗ = k − 1. Otherwise, c = D1

k+1/2v

and k∗ = k.

Define Q1(x) = c(x− xk)

4. If |D2
k∗v| ≤ |D2

k∗+1v| then c∗ = D2
k∗v. Otherwise, c∗ = D2

k∗+1v.

(Using Nonoscillatory interpolation of Harten [86], if D2
k∗v D2

k∗+1v < 0 then c∗ = 0).

Define Q2(x) = c∗(x− xk∗)(x− xk∗+1)
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5. Then, vi+1/2 = Q0(xi+1/2) +Q1(xi+1/2) +Q2(xi+1/2)

which simplifies to

vL
i+1/2 = vi +

c∆x

2
+ c∗((i− k∗)2 − 1

4
)(∆x)2

vR
i+1/2 = vi+1 −

c∆x

2
+ c∗((i− k∗)2 − 1

4
)(∆x)2

ENO-RF construction: The complete numerical scheme for the spatial term

1. Compute λp(UL
i+1/2) and λp(UR

i+1/2) using the the variables UL
i+1/2 and UL

i+1/2 ob-

tained by the flux splitting scheme.

2. If λp(UL
i+1/2) > 0 and λp(UR

i+1/2) > 0: the upwind is from the left, then

FL
i+1/2 using ENO-Roe.

FR
i+1/2 = 0.

3. If λp(UL
i+1/2) < 0 and λp(UR

i+1/2) < 0: the upwind is from the right, then

FL
i+1/2 = 0.

FR
i+1/2 using ENO-Roe.

4. If λp(UL
i+1/2)λ

p(UR
i+1/2) ≤ 0: there is a sonic point nearby, we define

αi+1/2 = max(|λp(UL
i+1/2)|, |λ

p(UR
i+1/2)|)

Then,

FL
i+1/2 using entropy fix ENO with F−

i+1/2 = 0.

FR
i+1/2 using entropy fix ENO with F+

i+1/2 = 0.

5. F p
i+1/2 = FL

i+1/2R
p(UL

i+1/2) + FR
i+1/2R

p(UR
i+1/2)

3.3 Numerical extension in the presence of Source Terms

3.3.1 Introduction

Very often, numerical simulations for non homogeneous systems of the form (2.1)

are accomplished by using a fractional splitting technique, in which one alternates be-

tween solving the homogeneous system of conservation laws

Ut + div(F (U)) = 0
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and the system of ordinary differential equations,

Ut = S(x, U).

This approach, however, performs very poorly in those situations where Ut is small

relative to the other two terms, in particular when steady or quasi-steady solutions

are being sought. For such solutions, highly accurate numerical simulations can only be

obtained from numerical methods that ’respect’ the balance that occurs between the flux

gradient and the source term when Ut is small, and it is known [102] that this balance

is not likely to be respected when using a fractional step approach.

The shallow water system is used to model real-life applications in which the flow

regime is steady or quasi steady, and much effort has been devoted to design numerical

techniques that are capable to preserve steady states at the discrete level as well as

to accurately compute the evolution of small dynamical perturbations of these. The

inclusion of the source term in a direct discretization of system (2.1) becomes then a

non-trivial issue. Roe showed very early [124] that pointwise evaluation of the source

term is not a suitable strategy, and the necessity of an upwind discretization of the

source term is now widely recognized [124, 19, 102, 141].

For shallow water flow, the idea of ’source-term upwinding’ lead Bermúdez and

Vázquez-Cendón [19] to formulate the so-called C-property (for Conservation property),

which prevents the propagation of parasitic waves in steady and quasi-steady flows. In-

dependently, Greenberg and LeRoux [77] coined the term “well-balanced” for schemes

that preserve steady states at the discrete level. These ideas have been explored and

developed for shallow water flows in the recent literature [75, 12, 141, 119] and a well

established strategy is to combine a conservative scheme for homogeneous conservation

laws with an ’appropriate’ upwind discretization of the source term. The properties of

the homogeneous ’solver’ are important in the overall performance of the scheme and

many of the main homogeneous solvers have been extended to the shallow water sys-

tem. To name but a few, Bermúdez and Vázquez-Cendón [19] used Roe’s scheme as

the homogeneous solver. Vukovic and Sopta extended their approach [141] using the

ENO and WENO schemes described in [86, 85, 93]. Relaxation schemes have also been

considered [12, 57], etc.

In [59] Donat and Marquina develop a new numerical scheme that avoids the use

of averaged quantities in computing the numerical flux function at cell interfaces. Mar-

quina’s numerical flux formula is based on the use of two jacobian matrices at each

interface, from which unmixed, sided, characteristic information is extracted. We seek
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to obtain an extension of Marquina’s flux formula for non-homogeneous conservation

laws by incorporating the idea of flux gradient and source term balancing.

Since the source-term/flux-gradient balancing in [19, 141] is linked to the use of

one Jacobian matrix at the interface, we follow a different strategy, described by Gascón

and Corberán in [71]. There, the authors propose to write the source term in divergence

form so that it can be incorporated into the flux vector of the homogeneous system to be

later discretized in an upwind manner. To design the numerical technique to be applied

to system (2.1) we proceed as in [126, 59]: we first examine the scalar case and then

construct the numerical flux function for the system case by implementing the scalar

numerical flux in each (local) characteristic field.

In studying the C-property for our extension of Marquina’s scheme, we realize that

the exact C-property is linked to the use of a unique Jacobian at each cell interface.

It is interesting to notice that these 1-Jacobian schemes (1J in the rest of the chapter)

can also be considered as a flux-gradient/source-term balanced version of the Shu-Osher

ENO schemes in [126], when applied to the shallow water system with topography. The

extension turns out to be different from that in [141], since our 1J schemes satisfy the

exact C property independently of the average interface state, while in [141], the exact

C property is only obtained when the average interface state is the arithmetic mean of

the left and right interface states.

The use of two Jacobian matrices prevents the scheme from satisfying the exact C-

property, but the approximate C-property is satisfied as long as the order of accuracy

is at least two. Since the use of two Jacobians at cell interfaces is still advantageous

in situations where the left and right states are very different, we propose a combined

1J-2J scheme which seems to behave well in all cases. In addition, the 2J philosophy

serves to design a simple correction that is able to handle dry states (existing or being

formed) in a rather straightforward way.

3.3.2 The basic strategy

As described in [66, 59], Marquina’s scheme can be interpreted as a characteris-

tic based scheme that avoids the use of any artificially constructed averaged quantities

at cell interfaces. For full details on the scheme for homogeneous systems (with ap-

plications), we refer the reader to [66, 59, 109]. Our aim is to carry out the extension

of Marquina’s scheme [66, 59] to the shallow water system (2.2) with non-flat bottom

topography.

The key step in the extension to (2.2) is the discretization of the source term, which
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can be split as follows,

S = S1 + S2 =


0

−ghzx

0

+


0

0

−ghzy


We follow [71], and define the functions B(x, y, t) and C(x, y, t) as

B(x, y, t) = −
∫ x
x̄ S1(s, y, t)ds =


0

β(x, y, t)

0

 , C(x, y, t) = −
∫ y
ȳ S2(x, s, t)ds =


0

κ(x, y, t)

0


with β(x, y, t) =

∫ x
x̄ gh(s, y, t)zx(s, y)ds and κ(x, y, t) =

∫ y
ȳ gh(x, s, t)zy(x, s)ds. Then, we

write system (2.2) as follows,

Ut + (F + B)x + (E + C)y = 0 (3.6)

The numerical technique we propose follows the general design principles in [126] and

explained in section 3.1. As the spatial terms are treated in a dimension by dimen-

sion fashion, it is sufficient to give a detailed description of the technique for the one-

dimensional system (2.3). As in [66], we consider first the case of a scalar equation in

one dimension.

3.3.3 Scalar equation

Let us consider the scalar, one dimensional version of system (2.3),

wt + f(w)x = s(x,w). (3.7)

Following [71], we define b(x, t) =
∫ x
x̄ −s(y, w(y, t))dy, and rewrite (3.7) as

wt + gx = 0 (3.8)

with the combined flux function g := f + b.

We follow a method of lines approach and discretize the space variable in (3.8) in a

’conservative’ fashion,

wt +
Gi+1/2 −Gi−1/2

∆x
= 0 (3.9)

where Gi+1/2 is the numerical combined-flux function.
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Dropping the time variable for the sake of simplicity, we note as in [126], that if φ(ξ)

satisfies

g(w(x), x) =
1

∆x

∫ x+∆x/2

x−∆x/2
φ(ξ)dξ

then

g(w(x), x)x =
1

∆x
(φ(x + ∆x/2)− φ(x−∆x/2))

Thus, we seek to construct the numerical flux function Gi+1/2 as an approximation

to φ(xi+1/2) of the appropriate order of accuracy. Following the construction via primitive

function [126] we can accomplish this task simply by knowing gi = g(wi, xi) = fi + bi.

It is well known that ’upwinding’ is an essential part of any numerical scheme for

hyperbolic conservation laws. In our construction of Gi+1/2, the upwind direction is

determined by the sign of f ′(w) in [xi, xi+1]. This choice is simpler from that in [71],

where the quantities that determine the upwind directions are numerically computed

from g, but it is consistent with other implementations [124, 19, 102, 141] and justified

by the examination of the particular case f(w) = aw, s(x,w) = k(x)w [124]

w(x, t)t + aw(x, t)x = k(x)w(x, t) (3.10)

whose the solution is

w(x, t) = w(x− at, 0) +
∫ t

x̄
k(x− a(t− s))w(x− a(t− s), s)ds (3.11)

and where each term on the RHS exhibits an upwind domain of dependence, which is

determined by the wind direction f ′(w) = a.

With these observations, we propose to use the ENO-RF construction (see section

3.1 and [66, 126] or Algorithm ENO-3 below for specific details) directly on the combined

flux data gi = fi + bi, that is

Gi+1/2 =

 ĝRoe
i+1/2 if f ′ does not change sign in [wi, wi+1]

ĝLLF
i+1/2 else

(3.12)

Here ĝRoe refers to the ENO-Roe numerical flux construction and ĝLLF the ’Local Lax-

Friedrichs’ construction in [126] (explained in section 3.1). For the sake of completeness

and ease of reference, we give the explicit formulas for the third order ENO reconstruc-

tion (see also [66]). For the ENO-Roe numerical flux we have

ĝRoe
i+1/2 = gk + c(2(i− k) + 1)∆x + c∗(3(i− k∗)2 − 1)∆x2 (3.13)

where the indexes k and k∗, and the quantities c and c∗ are computed by the ENO-3

Algorithm.
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Algorithm ENO-3

Step 1. If f ′ > 0 then k = i

else k = i + 1

Step 2. If |g[k, k + 1]| ≤ |g[k − 1, k]| then k∗ = k, c = 1
2g[k, k + 1]

else k∗ = k − 1, c = 1
2g[k − 1, k]

Step 3. If |g[k∗, k∗ + 1, k∗ + 2]| ≤ |g[k∗ − 1, k∗, k∗ + 1]| then c∗ = 1
3g[k∗, k∗ + 1, k∗ + 2]

else c∗ = 1
3g[k∗ − 1, k∗, k∗ + 1]

For the LLF -flux we need to define

g+
l = 0.5(gl + αi+1/2wl), l = i− 2, . . . , i + 2 (3.14)

g−l = 0.5(gl − αi+1/2wl), l = i− 1, . . . , i + 3 (3.15)

where

αi+1/2 = max{|f ′(w)|, w ∈ [wi, wi+1]}

then

ĝLLF
i+1/2 = ĝ+

i+1/2 + ĝ−i+1/2 (3.16)

where

ĝ+
i+1/2 = g+

i + c+∆x + c+
∗ (3(i− k+

∗ )2 − 1)∆x2 (3.17)

ĝ−i+1/2 = g−i+1 − c−∆x + c−∗ (3(i− k−∗ )2 − 1)∆x2 (3.18)

the quantities c+, k+
∗ and c+

∗ are computed by setting k = i in Step 1 of Algorithm ENO-

3 and proceeding with g+ instead of g as specified in Steps 2 and 3. For ĝ−i+1/2 we set

k = i + 1 in Step 1 and proceed analogously with g−.

Taking into account formulas (3.13) to (3.18) we see that the numerical flux function

Gi+1/2 in (3.12) can be written as follows:

Gi+1/2 = Gi+1/2 + ∆xCi+1/2 + ∆x2Di+1/2 = Gi+1/2 + HOTi+1/2, (3.19)

where the term Gi+1/2 collects the first order contribution while the terms containing

Ci+1/2 and Di+1/2 are second-order and third-order correction terms. Using equations

(3.13) to (3.18) we can write

Gi+1/2 =


fi + bi if f ′ > 0 in [wi, wi+1]

fi+1 + bi+1 if f ′ < 0 in [wi, wi+1]

1
2(fi + fi+1) + 1

2(bi + bi+1) + 1
2αi+1/2(wi − wi+1) else

(3.20)
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Notice that given an index l,

g[l, l + 1] =
gl+1 − gl

∆x
= f [l, l + 1] +

1
∆x

∫ xl+1

xl

−s(w(x), x)dx

so that all the terms in HOTi+1/2 involve only quantities of the form

bl,l+1 =
∫ xl+1

xl

−s(w(x), x)dx (3.21)

From a numerical point of view, these quantities admit a better numerical treatment

than the integral expressions of the form bl =
∫ xl

x−1/2
−s(w(x), x)dx appearing in (3.20).

In order to design a computationally convenient method, we shall deduce an equivalent

expression for the flux difference Gi+1/2−Gi−1/2 in terms of the quantities bl,l+1. Observe

that

Gi+1/2 −
bi

2
− bi+1

2
=


fi − 1

2bi,i+1 if f ′ > 0 in [wi, wi+1]

fi+1 + 1
2bi,i+1 if f ′ < 0 in [wi, wi+1]

1
2(fi + αi+1/2wi) + 1

2(fi+1 − αi+1/2wi+1) else
(3.22)

where the RHS of expression (3.22) involves only integrals between two consecutive

cells, i.e. bl,l+1 terms.

Taking into account (3.22) and that bi,j = bj − bi, we can re-write the first order flux

difference as follows,

Gi+1/2 − Gi−1/2 =
(
Gi+1/2 − 1

2bi − 1
2bi+1

)
−
(
Gi−1/2 − 1

2bi − 1
2bi−1

)
+ 1

2bi+1 − 1
2bi−1

=
(
Gi+1/2 − 1

2bi − 1
2bi+1 + 1

2bi,i+1

)
−
(
Gi−1/2 − 1

2bi − 1
2bi−1 − 1

2bi−1,i

)
= G+

i+1/2 − G
−
i−1/2

Notice that the modified fluxes G± only involve integral expressions of the form

bl,l+1. Indeed, carrying out the algebra we easily arrive at

G+
i+1/2 =


fi if f ′ > 0 in [wi, wi+1]

fi+1 + bi,i+1 if f ′ < 0 in [wi, wi+1]
1
2(fi + αi+1/2wi) + 1

2(fi+1 − αi+1/2wi+1) + 1
2bi,i+1 else

(3.23)

G−i+1/2 =


fi − bi,i+1 if f ′ > 0 in [wi, wi+1]

fi+1 if f ′ < 0 in [wl, wr]
1
2(fi + αi+1/2wi) + 1

2(fi+1 − αi+1/2wi+1)− 1
2bi,i+1 else

(3.24)
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From these expressions, we see that G+
i+1/2 collects a contribution from the source

term only if there is wind coming from the right at the interface. On the other hand,

G−i+1/2 collects a source term contribution only if there is wind coming from the left at

the interface. Notice that

G+
i+1/2 − G

−
i+1/2 = bi,i+1

hence the signed numerical fluxes, G±i+1/2, provide an effective upwind splitting of the

source term contribution at the i + 1/2 interface

It is illustrative to write down the flux difference for the particular case (3.10). For

a > 0 (analogously for a < 0) we have

Gi+1/2 − Gi−1/2 = G+
i+1/2 − G

−
i−1/2 = fi − fi−1 +

∫ xi

xi−1

s(z, w(z))dz

this expression clearly displays the upwind contribution of the source term.

When the flux f(w) is nonlinear, the expressions above provide easily computable

numerical flux functions that incorporate an upwind source-term contribution. We refer

to Figure 3.1 for a better understanding of which cell contains source term contributions,

according to the sign of f ′.

i−1 i i+1

bi,i+1
bi−1,i

bi,i+1bi−1,i

bi−1,i

2

bi,i+1
2

bi−1,i

2

bi,i+1
2

f ′ > 0 in [xi−1, xi] f ′ > 0 in [xi, xi+1]

f ′ changes sign

f ′ < 0 in [xi, xi+1]f ′ < 0 in [xi−1, xi]

f ′ changes sign
in [xi−1, xi] in [xi, xi+1]

Figure 3.1: Contribution of source terms (at first order) involving the cell i and its both
contiguous cells according to the sign of the characteristic velocities at the vicinity of
each cell wall.

To obtain a high resolution scheme, let us define

G+
i+1/2 = G+

i+1/2 + HOTi+1/2, G−
i+1/2 = G−i+1/2 + HOTi+1/2

where HOTi+1/2 = Gi+1/2 − Gi+1/2 are the higher order terms obtained from the polyno-

mial expressions (3.13),(3.17) and (3.18). Thus

Gi+1/2 −Gi−1/2 = G+
i+1/2 −G−

i−1/2 (3.25)
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Using (3.25), the semi-discrete formulation (3.9) can be equivalently written as

wt +
G+

i+1/2 −G−
i−1/2

∆x
= 0 (3.26)

where the computation of the combined fluxes G±
i+1/2 only involve integrals of the source

term between consecutive cell centers. Equation (3.25) will be the starting point for our

extension to the system case.

A fully discrete expression is obtained by numerically approximating the integral

terms bi,i+1. It should be noted that the numerical integration technique employed here

has an influence on the global order of accuracy. In the next section we shall describe

our choice for the shallow water case.

3.3.4 Extension to nonlinear systems

To carry out the extension to the 1D system (2.3), we write it in the form Ut+Gx = 0,

with G(U, x) = F (U) + B(U, x) and B(U, x) = (0,
∫ x
x̄ ghzxds)T . We propose to use a semi-

discrete formulation of the type

Ut +
G+

i+1/2 −G−
i−1/2

∆x
= 0, (3.27)

where the computation of G±
i+1/2 only involves integral terms over consecutive cell cen-

ters and follows the basic design strategy in Marquina’s flux formula: two states are

computed at each side of a cell-interface, UL and UR, and the numerical flux functions

are obtained by applying the scalar algorithm to “sided” local characteristic fluxes.

The states UL and UR at each side of a given interface are obtained by ENO inter-

polation of the physical variables as specified in section 3.1 and [66]. Unless specifically

stated, the order of the interpolation used to compute these states is the same as the

order of the scheme.

Given UL = UL
i+1/2 and UR = UR

i+1/2, the left and right states at the i + 1/2 cell-

interface, the flux functions G±
i+1/2 shall be defined as

G±
i+1/2 =

2∑
p=1

(G̃±
i+1/2)

p,LRp(UL) + (G̃±
i+1/2)

p,RRp(UR) (3.28)

where Lp(UL), Rp(UL) (Lp(UR), Rp(UR)), p = 1, 2, are the left and right eigenvectors of

the Jacobian matrix J(U) = F ′(U), associated to the eigenvalues λp(UL) (λp(UR)), and

the local modified characteristic fluxes (G̃p,±)L,R are computed as in the scalar case. We

give next a precise description of the computation of these numerical fluxes. In what



34 Chapter 3: Numerical simulation

follows Bj,j+1 = Bj+1−Bj = (0,
∫ xj+1

xj
ghzxds)T . In the fully discrete scheme, the integral

in the second component is substituted by the discrete expression derived in the next

section. We recall that for a scheme of order r (r = 1, 2 or 3 in this work), the index j

below runs from j = i− r, . . . , i + r.

2J-Numerical flux function: For p = 1, 2

• If λp(UL) > 0 and λp(UR) > 0 then wind from the left: use ENO-Roe construction

– Compute the first order contributions, G±i+1/2, from (3.23) and (3.24), setting

f ′ > 0 ; fj = Lp(UL) · Fj , bj,j+1 = Lp(UL) ·Bj,j+1.

– Compute the HOTL
i+1/2 terms using Algorithm ENO-3 with

k = i, gj = Lp(UL) · (Fj + Bj).

Then define

(G̃p,±
i+1/2)

L = G±i+1/2 + HOTL
i+1/2, (G̃p,±

i+1/2)
R = 0.

• If λp(UL) < 0 and λp(UR) < 0 then wind from the right: Use ENO-Roe construction.

– Compute the first order contributions, G±i+1/2, from (3.23) and (3.24), setting

f ′ < 0; fj = Lp(UR) · Fj , bj,j+1 = Lp(UR) ·Bj,j+1.

– Compute the HOTR
i+1/2 terms using Algorithm ENO-3 with

k = i + 1, gj = Lp(UR) · (Fj + Bj)

Then define

(G̃p,±
i+1/2)

L = 0, (G̃p,±
i+1/2)

R = G±i+1/2 + HOTR
i+1/2;

• If λp(UL)λp(UR) ≤ 0 then mixed wind: Use the LLF construction.

– Define αi+1/2 = max(|λp(UL)|, |λp(UR)|)

– Define
(G̃p,+

i+1/2)
L = Lp(UL) · 1

2

(
Fi + αi+1/2Ui

)
+ HOTL

i+1/2

(G̃p,−
i+1/2)

L = Lp(UL) · 1
2

(
Fi + αi+1/2Ui −Bi,i+1

)
+ HOTL

i+1/2

Compute the HOTL
i+1/2 terms as in (3.17) with g+

j = 1
2Lp(UL)(Fj + Bj +

αi+1/2Uj).

(G̃p,+
i+1/2)

R = Lp(UR) · 1
2

(
Fi+1 − αi+1/2Ui+1 + Bi,i+1

)
+ HOTR

i+1/2

(G̃p,−
i+1/2)

R = Lp(UR) · 1
2

(
Fi+1 − αi+1/2Ui+1

)
+ HOTR

i+1/2

Compute the HOTL
i+1/2 terms as in (3.18) with g−j = 1

2Lp(UR)(Fj + Bj −
αi+1/2Uj).
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The extension just described complies with the basic design principles of Marquina’s

flux formula: the superscript L refers to characteristic information carried by a left-

wind, while R refers to right-wind driven information. On the other hand, the super-

scripts ± in the local characteristic fluxes refer to the main (first-order) source term

contribution in each characteristic field. As in the scalar case, the + fluxes (− fluxes)

in the pth field collect source term contributions only if there is wind coming from the

right (left) at the interface. 1

We also remark that when UL = UR (for example when UL = UR = UA an aver-

age interface state), then the 2J-numerical flux function just described becomes a 1J

numerical flux and (3.28) reduces to

G±
i+1/2 =

∑
p

(G̃p,±
i+1/2)

ARp(UA
i+1/2) (3.29)

This 1J-numerical flux becomes an extension of the ENO numerical fluxes in [126] to the

shallow water system. As we shall see shortly, this extension turns out to be different

from that in [141].

Numerical approximation of the source term contributions

For the shallow water system, the source term contribution involves the numerical

approximation of integrals such as
∫ xi+1

xi
ghzxdx. Assuming that the integrand is smooth

and applying the trapezoidal rule

βi,i+1 =
∫ xi+1

xi

ghzxdx = g[(hzx)i + (hzx)i+1]
∆x

2
− (hzx)xx(ξ)

∆x3

12
(3.30)

If the topography and the flow are smooth, we can write

(hzx)i = hi(zx)i = hi

(
zi+1 − zi

∆x
− ∆x

2
(zxx)i + O(∆x2)

)
(hzx)i+1 = hi+1(zx)i+1 = hi+1

(
zi+1 − zi

∆x
+

∆x

2
(zxx)i+1 + O(∆x2)

)
Replacing these terms in (3.30) we obtain

βi,i+1 =
g

2
(zi+1 − zi)(hi+1 + hi) +

∆x2

4
g(−hi(zxx)i + hi+1(zxx)i+1) + O(∆x3)

=
g

2
(zi+1 − zi)(hi+1 + hi) + O(∆x3) = β̄i,i+1 + O(∆x3)

1We have also tested (G̃p,±
i+1/2)

L = Lp(UL) · 1
2

(
Fi + αi+1/2Ui ± 1

2
Bi,i+1

)
+ HOT L

i+1/2 and (G̃p,±
i+1/2)

R =

Lp(UR) · 1
2

(
Fi+1 − αi+1/2Ui+1 ± 1

2
Bi,i+1

)
+ HOT R

i+1/2 without finding differences in the experimental
results.
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Thus, β̄i,i+1 = g
2(zi+1− zi)(hi+1 +hi) provides a third order approximation to the integral

of the source term between two consecutive cells, for smooth flows and smooth topogra-

phy. This is compatible with the third order accurate flux computations carried out by

the ENO-3 algorithm described above and is the choice used in our numerical schemes.

Study of the C-property

Numerical schemes specifically designed for the simulation of shallow water flows

must be able to compute accurately steady states and small dynamical perturbations of

these. Schemes that have this property are named well balanced by Le Roux and col-

laborators [77]. In [19], Bermúdez and Vázquez Cendón identify a key property that the

scheme must satisfy in order to prevent the formation of numerically driven parasitic

waves. This is the so called C property.

A scheme is said to satisfy the exact C-property if it is exact when applied to the

stationary case q ≡ 0 and h + z ≡ constant and if it is not exact but accurate to order

O(∆x2) it is said to satisfy the approximate C-property.

To determine the behaviour of our 2J scheme with respect to the C-property, we

study the flux difference G+
i+1/2 −G−

i−1/2 for the quiescent stationary solution q = 0, h +

z = C. Notice that in this case ∇(z + h) = 0, thus

F (U) =

 0
1
2gh2

 B(U, x) =

 0∫ x
x̄ ghzxds

 =

 0

−
∫ x
x̄ ghhxds


hence

Bj =

 0

−g
2h2

j + constant

 Gj = Fj + Bj =

 0

constant


and

Bi,i+1 = Bi+1 −Bi =

 0

−g
2(h2

i − h2
i+1)

 =

 0

−g
2(zi+1 − zi)(hi+1 + hi))

 ,

since hi + zi = hi+1 + zi+1. This implies that that βi,i+1 = β̄i,i+1, i.e. the numerical

approximation to the integral values are exact.

For quiescent steady state flows, the eigenvalues of the one dimensional system

are: λ1(U) = −c and λ2(U) = c =
√

gh, and the right and left eigenvectors Rm(U) =

(1, λm(U))T , Lm(U) = 1
2(1, λ−1

m (U)).

When h > 0, λ1 < 0 and λ2 > 0 always, and the 2J-algorithm easily leads to:

G+
i+1/2 −G−

i−1/2 = (G̃1,+
i+1/2)

RR1,R
i+1/2 + (G̃2,+

i+1/2)
LR2,L

i+1/2 − (G̃1,−
i−1/2)

RR1,R
i−1/2 − (G̃2,−

i−1/2)
LR2,L

i−1/2
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Since Gj is constant ∀j, all divided differences of the characteristic fluxes: gp,L
j =

Lp,LGj and gp,R
j = Lp,RGj for p = 1, 2 are zero, hence all HOT terms are zero. In addition,

the eigenvalues do not change sign, i.e. the flux functions are always computed with the

ENO-Roe Algorithm and one can easily check that

(G̃1,+
i+1/2)

R = L1,R
i+1/2(Fi+1 + Bi,i+1) = −1

4
g

h2
i

cR
i+1/2

(G̃2,+
i+1/2)

L = L2,L
i+1/2Fi =

1
4
g

h2
i

cL
i+1/2

(G̃2,−
i−1/2)

L = L2,L
i−1/2(Fi−1 −Bi−1,i) =

1
4
g

h2
i

cL
i−1/2

(G̃1,−
i−1/2)

R = L1,R
i−1/2Fi = −1

4
g

h2
i

cR
i−1/2

Then, carrying out the algebra we get(
G+

i+1/2 −G−
i−1/2

∆x

)
=

gh2
i

4∆x

 − 1
cR
i+1/2

+ 1
cL
i+1/2

+ 1
cR
i−1/2

− 1
cL
i−1/2

0

 (3.31)

We can observe that all terms in the second component cancel out. For the first compo-

nent, assuming that h is a smooth function, the ENO interpolation procedure of order r

would lead to the following estimate

hL,R
i+1/2 = h(xi+1/2) + O(∆xr) (3.32)

Hence, for h > 0 and sufficiently smooth, we can conclude that

(hL,R
i+1/2)

−1/2 = (h(xi+1/2))
−1/2 + O(∆xr) ⇒ (cL,R

i+1/2)
−1 = (c(xi+1/2))

−1 + O(∆xr)

so that the approximate C-property is satisfied provided that r ≥ 3.

Notice that for the first order scheme we have(
G+

i+1/2 −G−
i−1/2

∆x

)
=

gh2
i

4∆x

 − 1
ci+1

+ 1
ci

+ 1
ci
− 1

ci−1

0

 =
gh2

i

4∆x

 −
(

1
c

)
xx

∆x2

0

 =

 O(∆x)

0


Thus, it seems reasonable to expect that second order accuracy would also ensure the

approximate C-property, and this seems to be so computationally (see section 3.4), but

we cannot ensure it analytically.

Notice that if UL = UR, i.e. we use only one Jacobian at each cell interface, the first

term in (3.31) also cancels out, and that this cancellation occurs independently of the

interface state and of the order of the scheme. Therefore, our 1J (one-Jacobian) scheme

verifies the exact C-property. As mentioned in the introduction, the 1J scheme can be

considered as a flux gradient-source term balanced extension of the ENO schemes in

[126], different from that in [141].
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Remark 1 Our analysis shows that the cancellations necessary to obtain the C property

must be accomplished at each cell boundary. The two essential ingredients at the i + 1/2

interface are: a) only one Jacobian is computed at the interface and b) β̄i,i+1 = βi,i+1.

Combined 1J-2J scheme

In light of the remarks above, It would seem that the use of two Jacobian evalu-

ations at cell walls is not to be recommended for numerical simulations of steady or

quasi-steady shallow water flows, unless the scheme is at least third order accurate.

However, we have found that using two jacobians can still be advantageous in certain

situations that are of interest in shallow water flow and that involve two very different

states at both sides of a numerical interface (see experiments: Transcritical flow with

shock in section 3.4.1 and the ones in section 3.4.3.

We then propose a scheme that combines the use of one or two Jacobians, when

either choice is most appropriate: When the interpolated states at each cell-wall, UL
i+1/2

and UR
i+1/2 , are ’close’, then, a single Jacobian decomposition is used at the i+1/2 inter-

face. If there is a significant difference between the left and right states at the interface

we construct the combined flux function using two Jacobian decompositions. However,

if there is a sonic point nearby, in practice when λp(Ui)λp(Ui+1) ≤ 0 , then even if the

states are close, we still use the two sided decomposition. In this way, we expect to get

both the benefits of essentially satisfying the exact C-property, by using mostly the 1J-

numerical flux, and of the 2J scheme, at a few particular locations where it is known

that Marquina’s flux splitting technique has a better performance.

The combined 1J-2J numerical flux function we propose can be explicitly described

as follows,

Algorithm 1J-2J : At the i + 1/2 interface,

• Compute UL = UL
i+1/2 and UR = UR

i+1/2 with left and right-biased ENO interpola-

tion, as in [66].

• Compute the eigenvalues λp(UL), λp(UR) for p = 1, 2.

• If ||UL−UR|| < ∆xs 2 and λp(UL)λp(UR) > 0 for p = 1 and 2 then (contiguous states

are very close and no sonic point nearby: 1J-numerical flux)
2s is a power less than the order of the scheme r. In practice, we use s = 1/2 for r = 1 and s = 1 for

r = 2, 3.
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Define the average state at the interface, e.g.3 UA
i+1/2 = 1

2(UL + UR)

G±
i+1/2 =

∑
p

(G̃p,±
i+1/2)

ARp(UA
i+1/2)

• Else, (contiguous states not close, or sonic nearby: 2J-numerical flux)

G±
i+1/2 =

∑
p

(G̃p,±
i+1/2)

LRp(UL) + (G̃p,±
i+1/2)

RRp(UR)

3.3.5 Treatment of dry zones

One of the major problems that arises when simulating the movement of a fluid is

the presence/occurrence of dry zones. Dry areas in shallow-water flow simulations can

be handled in various ways, but Toro [134] warns that converting dry areas into slightly

wet areas is both inappropriate and numerically ’dangerous’ (see [134] for details).

Front tracking seems to be an adequate procedure but, since it is difficult to imple-

ment in several dimensions, other alternatives have also been explored in the literature

(see [33, 32],[129, 147], [70] and references therein).

In this work we follow the approach in [31]. To deal with existing dry areas, we give

a threshold of minimum water depth below which h and q are set to zero and the cell is

considered a dry cell. Wetting fronts are then included in the ordinary cell procedure in

a through calculation that assumes zero water depth for the dry cells. The key point in

this approach is the use of a numerical flux function that can cope with zero-depth cells

while maintaining, at the same time, the C-property.

Since the advancement of the wet/dry front should be determined by the wet state

at the front, we adopt the following special treatment at cell-walls separating wet and

dry states.

• If hi 6= 0 and hi+1 = 0: (wet/dry front) then

– Compute UL
i+1/2 with ENO interpolation. Set UR

i+1/2 = UL
i+1/2.

• If hi = 0 and hi+1 6= 0: (dry/wet front) then

– Compute UR
i+1/2 with ENO interpolation. Set UL

i+1/2 = UR
i+1/2.

The interface flux always uses one Jacobian, evaluated at the wet state at the interface,

hence the first condition to fulfill the exact C property is respected (see Remark 1).
3in our numerical simulations we have found no difference between the arithmetic mean or the Roe

mean.
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Source term at wet/dry fronts

Notice that the discrete expression β̄i,i+1 in section 1 is not the exact value of the

integral source term contribution βi,i+1 at the boundary between a wet and a dry cell. In

order to fulfill the second condition in Remark 1 we re-derive the discrete value of the

integral contribution taking into account the existence of a dry cell.

We consider first a wet/dry interface (i.e. hi 6= 0, hi+1 = 0). Let xc be the the point

where h becomes null. Then,

βi,i+1 =
∫ xi+1

xi

ghzxdx =
∫ xc

xi

ghzxdx =
g

2
(hc + hi)(zc − zi) + O(∆x3) (3.33)

where hc = h(xc) = 0 and zc = z(xc). Let us assume that z and h are sufficiently smooth

in [xi, xc], then:

hc = hi + hx(i)(xc − xi) + O(∆x2) (3.34)

zc = zi + zx(i)(xc − xi) + O(∆x2) (3.35)

Assuming that hx(i) = O(1) we can write

zc = zi − zx(i)
hi

hx(i)
+ O(∆x2) (3.36)

Replacing zc from (3.36) in (3.33), we obtain

βi,i+1 = −g

2
zx(i)
hx(i)

h2
i + O(∆x2) (3.37)

To obtain a discrete approximation, we substitute zx(i) and hx(i) by discrete estimations

from ’wet’ variables at cell centers, i.e.

β̄i,i+1 = −g

2
zi − zi−1

hi − hi−1
h2

i (3.38)

This approximation provides a discrete value for the source term contribution that

satisfies the second condition in remark 1: If hi + zi = hi−1 + zi−1 at the wet side, then

β̄i,i+1 = βi,i+1 = −gh2
i /2. Hence the numerical flux function complies with the necessary

conditions to obtain the cancellations necessary for the C-property.

For a dry/wet boundary, an analogous computation leads easily to

βi,i+1 =
g

2
zx(i + 1)
hx(i + 1)

h2
i+1 + O(∆x2) (3.39)

As before, approximating the derivatives from wet values leads to the following discrete

source term contribution (that satisfies also the second condition in remark 1)

β̄i,i+1 =
g

2
zi+2 − zi+1

hi+2 − hi+1
h2

i+1 (3.40)
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Note that in the redefinition of the integral (3.33) xc is a point between xi and xi+1

so the possible values of hx in (3.34) are restricted to

hx(i) ≤ − hi

∆x
in the wet/dry front (3.41)

hx(i + 1) ≥ hi+1

∆x
in the dry/wet front (3.42)

If inequality (3.41) (or (3.42)) does not hold, we assume that xc = xi (xc = xi+1) and we

use β̄i,i+1 = g
2(hi+1 +hi)(zi+1−zi) as usually. Note also that inequalities (3.41) and (3.42)

avoid automatically the particular cases hx(i) = 0 and hx(i + 1) = 0.

Occurrence of Dry states from Wet flow

In section 2.2.4 we recall that dry areas appear in the solution of Riemann problems

for shallow water flows with flat topography when the depth positivity condition

uR − uL ≤ 2cL + 2cR

is not satisfied. As noticed by Toro [134] the occurrence of dry areas is particularly hard

to simulate with conventional wet Riemann solvers.

Throughout our numerical experimentation we have found that the type of viscos-

ity (αi+1/2) considered in the LLF portion of Marquina’s flux splitting formula is most

important when dealing with the numerical formation of dry areas. Moreover, the way

in which the interface states are computed seems to be also very important: UL and

UR should be computed avoiding any mixed information. In numerical simulations in-

volving dry states formed from wet states by rarefaction separation we have found a

numerical treatment which seems to give consistent and reliable numerical results in

all cases. The numerical treatment is as follows,

If ui − ui+1 > 2ci + 2ci+1 holds,

• Compute UL by an ENO interpolation considering that the states at the right of the

i + 1/2 interface are dry cells.

• Compute UR by an ENO interpolation considering that the states to the left of the

interface are dry cells.

• For every p-th field the LLF construction is used substituting the numerical vis-

cosity αi+1/2 = max(|λp(UL)|, |λp(UR)|) by the following definition

αi+1/2 :=
λ̂p

i+1/2(λ
p(UR) + λp(UL))− 2λp(UR)λp(UL)

λp(UR)− λp(UL)
(3.43)
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where λ̂p
i+1/2 is the p-th eigenvalue of the Jacobian matrix evaluated at the Roe’s

average of contiguous states, i.e.

ĥi+1/2 =
√

hihi+1, ĉi+1/2 =

√
g
hi + hi+1

2
and ûi+1/2 =

√
hiui +

√
hi+1ui+1√

hi +
√

hi+1

The choice for αi+1/2 is inspired in the entropy fix for Roe’s scheme proposed by

Harten and Hyman. For the scalar conservation law, the entropy-fixed flux can be writ-

ten as ([101])

F̃ (wL, wR) = fL + λL λR − λ̂

λR − λL
(wR − wL)

= fR − λR λ̂− λL

λR − λL
(wR − wL)

(3.44)

where λ̂ is a characteristic speed at the interface. Adding the two expressions for the

RHS we get

F̃ (wL, wR) =
1
2
(fL + αwL) +

1
2
(fR − αwR) ; α =

λ̂(λR + λL)− 2λRλL

λR − λL

For systems, λ̂p is the pth eigenvalue of the Roe-matrix constructed from wL and wR.

In figure 3.11(a) we show an example of the type of instabilities that occur when these

corrections are not implemented.

3.4 Experiments

The following series of numerical experiments illustrate various features of the

scheme. The test cases are standard in the literature. In all numerical simulations

we use a CFL coefficient of 0.8 and a threshold of water depth equal to 10−4.

3.4.1 Steady flow: Relevance of the C-property

Maintaining Steady flow

To give a numerical validation of our study on the C-property, we follow [141] and

consider a smooth topography in a 20m channel given by

z(x) = 0.2e−( 2
5
(x−10)2)

and the two initial states shown in Figure 3.2. The left plot corresponds to a quiescent

state (u = 0) and the right plot to a non-quiescent state with constant discharge 4.42

m2/s. In table 3.1, we show measurements of the L1-error and the numerical order at
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Figure 3.2: Exact water surface and topography at steady state (left: quiescent state,
right: non-quiescent state).

T = 50s when using the 2J-scheme. We can see that the order of accuracy obtained in

the quiescent simulation agrees with the theoretical analysis in section 1: the global

error behaves like O(∆x) for r = 1, and it seems to be of order larger than 2 for the third

order scheme. It also shows that the second order method satisfies the approximate

C-property although we could not ensure it theoretically. We obtain similar results for

the non-quiescent case, as shown in table 3.1, even though no analytical study was

presented for this case.

If we repeat the calculations using the 1J-2J scheme, then the error is within ma-

chine precision, i.e. the scheme satisfies the exact C-property, in the quiescent case. The

table for the non-quiescent case deserves some explanation: We can observe that all the

errors in this case are the same for any r. This O(∆x2) error actually comes from the

trapezoidal rule used to approximate the integral source term contribution. We have

verified experimentally that if we increase the order of the numerical integration, us-

ing for example Simpson’s rule, the approximation order of the non-quiescent state is

improved. We thus conjecture that the 1J-scheme preserves all steady states up to the

order of the numerical integration procedure.

Usually, the bottom topography is not smooth. With the objective of evaluating the

discretization of the source term in the presence of complex and possibly non-smooth

geometry, the following experiment was proposed in a workshop on dam-break wave

simulation [76]. The topography is tabulated in [76] and shown in figure 3.3. The initial

condition is the water at rest at a level of 12m. The boundary conditions are a water

level of 12m and no discharge. Numerical results obtained after a simulation of 200s
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QUIESCENT STATE
cells n=1 n=2 n=3

L1order L1error L1order L1error L1order L1error

20 1.9 · 10−3 5.47 · 10−4 2.62 · 10−4

40 1.57 6.48 · 10−4 2.47 9.84 · 10−5 1.85 7.24 · 10−5

80 1.35 2.53 · 10−4 2.33 1.95 · 10−5 1.52 2.52 · 10−5

160 1.10 1.17 · 10−4 1.89 5.26 · 10−6 3.14 2.84 · 10−6

320 0.99 5.95 · 10−5 1.37 2.02 · 10−6 3.96 1.81 · 10−7

NON-QUIESCENT STATE
cells n=1 n=2 n=3

L1order L1error L1order L1error L1order L1error

20 1.7 · 10−3 7.26 · 10−4 2.92 · 10−4

40 0.97 8.46 · 10−4 2.04 1.76 · 10−4 1.24 1.23 · 10−4

80 1.00 4.22 · 10−4 2.13 4.00 · 10−5 1.30 5.01 · 10−5

160 0.99 2.11 · 10−4 2.07 9.5 · 10−6 1.88 1.36 · 10−5

320 0.99 1.06 · 10−4 2.04 2.30 · 10−6 2.42 2.53 · 10−6

Table 3.1: Steady state with smooth topography. Error order measured at T=50s (2J-
scheme).

QUIESCENT STATE
cells n=1 n=2 n=3

L1error L∞error L1error L∞error L1error L∞error

20 2.22 · 10−16 6.66 · 10−16 3.44 · 10−16 4.44 · 10−16 6.10 · 10−16 8.88 · 10−16

40 1.28 · 10−16 4.44 · 10−16 7.22 · 10−17 2.22 · 10−16 3.77 · 10−16 8.88 · 10−16

80 1.23 · 10−15 1.78 · 10−15 1.64 · 10−16 4.44 · 10−16 1.03 · 10−15 1.55 · 10−15

160 1.57 · 10−16 6.66 · 10−16 6.41 · 10−16 1.33 · 10−15 1.44 · 10−15 2.00 · 10−15

320 5.76 · 10−16 1.11 · 10−15 2.89 · 10−16 8.88 · 10−16 1.66 · 10−15 2.22 · 10−15

NON-QUIESCENT STATE
cells n=1 n=2 n=3

L1order L1error L1order L1error L1order L1error

20 1.15 · 10−5 1.15 · 10−5 1.15 · 10−5

40 1.93 3.00 · 10−6 1.93 3.00 · 10−6 1.93 3.00 · 10−6

80 1.98 7.59 · 10−7 1.98 7.59 · 10−7 1.98 7.59 · 10−7

160 2.00 1.90 · 10−7 2.00 1.90 · 10−7 2.00 1.90 · 10−7

320 2.00 4.76 · 10−8 2.00 4.76 · 10−8 2.00 4.76 · 10−8

Table 3.2: Steady state with smooth topography. Error order measured at T=50s (1J-2J
scheme).
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Figure 3.3: Water at rest over a complex geometry (T=200s, 300 nodes, 2nd order 2J-
scheme)

are displayed in Figure 3.3. We can observe that the second order numerical scheme

has not produced any visually detectable artificial movement of water. In table 3.3 we

present the L∞ errors in water depth and velocity after T = 10.8s (600 nodes) with three

different variants of the scheme.

Num. scheme order L∞ error in h L∞ error in u

2J-scheme r=1 2.875 · 10−1 2.0542
r=2 1.922 · 10−1 3.103 · 10−1

r=3 4.870 · 10−2 4.030 · 10−2

1J-scheme (Roe’s average) r=1 3.553 · 10−15 3.780 · 10−15

r=2 1.777 · 10−15 2.114 · 10−15

r=3 3.553 · 10−15 2.534 · 10−15

1J-2J scheme r=1 3.553 · 10−15 3.780 · 10−15

r=2 1.777 · 10−15 2.556 · 10−15

r=3 3.553 · 10−15 3.315 · 10−15

Table 3.3: Quiescent state proposed in a workshop on dam-break wave simulation [76].
L∞ error measured at T=10.8s.

Steady flow over a hump

This series of tests were proposed in the workshop [76] with the aim to evaluate

the ability of numerical schemes to arrive and maintain the steady state over a non-flat
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topography. In these simulations a bottom topography of 25m length is defined as:

z(x) =

0.2− 0.005(x− 10)2 if 8 m < x < 12 m

0 otherwise
(3.45)

In all cases, the initial conditions are h + z = constant and q = 0. Depending

on the initial and boundary conditions, the resulting flow could be at rest, subcritical

or transcritical with or without shock. The analytical solution is computed with the

Bernouilli equation:

q2

2gh2
+ h + z = Ha where Ha =

q2

2gh2
b

+ hb

where the discharge q is constant and is determined by the value imposed at the bound-

ary, hb is the water depth at the boundary which is also constant. For these experiments

we use a grid with 100 points.

Subcritical flow The initial conditions are h + z = 2m, q = 0. For the boundary

conditions:

downstream: h = 2 m

upstream: q = 4.42 m2/s

In figure 3.4 we display the results obtained with the second order 2J scheme. No

significant differences can be seen when using r = 1 or r = 3 or when using the 1J-

2J scheme. We note that the oscillations observed in the discharge are of the order of

O(∆xr).

Transcritical flow without shock Initial conditions: h+z = 0.66m, q = 0. Boundary

conditions:

downstream: h = 0.66 m only when Fr < 1

upstream: q = 1.53 m2/s

where Fr = u/
√

gh is the Froude number.

The results obtained after 200s of are shown in Figure 3.5. In the second order sim-

ulation shown in Figure 3.5 we appreciate a slight ’dog-leg’-like effect at the maximum

of the topography, which is no longer visible in the 1J-2J simulation. The glitch is im-

proved when using the 2J third order scheme which fits correctly the analytical solution

(as the 1J-2J scheme).
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Figure 3.4: Subcritical flow over a hump (T=200s, 100 nodes, 2J-scheme r = 2). Water
depth (left) and discharge (right)
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Figure 3.5: Transcritical flow without shock over a hump (T=200s, 100 nodes, 2nd order).
Water depth: 2J-scheme (left) and 1J-2J scheme (right)
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Transcritical flow with shock Initial conditions: h + z = 0.33m, q = 0. Boundary

conditions:

downstream: h = 0.33 m

upstream: q = 0.18 m2/s

This test is particularly well suited to display the behavior of the schemes we pro-

pose. In Figure 3.6 we compare the results of the 1J-2J scheme with the 2J scheme

for r = 1, 2, 3. We readily note that the 2J scheme gives a sharper resolution at the

shock, however the glitches observed in the previous transcritical simulation distort in

a noticeable manner the profile of the water surface in the first order simulation. The

glitches improve with the order of accuracy, and the 1J-2J scheme produces the best

resolution for each r.

3.4.2 Quasi stationary flow

In [102], Le Veque proposes a test involving a quasi-stationary flow in order to eval-

uate the capability of the scheme to accurately compute small perturbations of the water

surface over a variable topography. Le Veque uses this test to show the disadvantages

of schemes that do not preserve steady states. The bottom topography is given as

z(x) =

0.25(cos(π(x− 0.5)/0.1) + 1) if |x− 0.5| < 0.1

0 otherwise

on 0 < x < 1 with g = 1. The initial conditions are q = 0 and

h(x) := 1− z(x) + ε for 0.1 < x < 0.2,

which represents a small hump perturbation of the quiescent steady state (h, u) =

(1 − z, 0). The initial disturbance splits into two waves propagating with left and right

characteristics speeds±c. A magnified view of the water surface after 0.7s with ε = 10−3,

with 300 nodes is shown in Figure 3.7. The negative effect of not satisfying the exact or

approximate C- property in the first order 2J scheme is revealed in spurious oscillations

(of the order of the perturbation itself) over the topography (Fig. 3.7(a)). Mesh refine-

ment (not shown) improves the results and the numerical solution converges to the true

solution. The numerical results for the second and third order 2J scheme, which sat-

isfy the approximate C-property, display a much smaller level of numerically generated

noise. On the other hand, the results of the 1J-2J scheme are accurate and without

spurious oscillations (Figures 3.7(b)).
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(b) 2J
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(c) 1J-2J
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(f) 1J-2J
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(i) 1J-2J

Figure 3.6: Transcritical flow with shock over a hump (T=200s, 100 nodes). Comparison
of 1J and 2J scheme with the combined 1J-2J scheme. Top: 1st order. Middle: 2nd order.
Bottom: 3rd order.
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Figure 3.7: Quasi stationary case, water surface (T=0.7s with ε = 10−3)

3.4.3 Wet/dry fronts and dry bed generation

Drain on a non-flat bottom

This simulation was proposed in [70]. The bottom topography is the same as in

(3.45) and the initial condition is h + z = 0.5, q = 0. At the right boundary, an outlet

condition on a dry bed is simulated. The left boundary is a mirror state. The flow

reaches a steady state with h + z = .2 and q = 0 to the left of the bump and h = 0 to its

right.

In Figure 3.8 we show the evolution of the water surface as in [70]. Here we used

the second order version of the 1J-2J scheme with 300 nodes. As noticed in [70], the

non-preservation of discrete steady states leads to the wrong water height in this exper-

iment. In our case, it is important to use the modification of the source term contribution

specified in section 3.3.5. If β̄i,i+1 = g/2(zi+1 − zi)(hi+1 + hi) is used at wet/dry fronts,

then the C property does not hold. In this case, the water level at the steady state in

the numerical simulation (not shown) is below the exact value.

Oscillating lake

This test was proposed in [12]. The aim here is to asses the behaviour of the scheme

in situations of wet/dry fronts over non-flat topographies. The topography simulates a
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Figure 3.8: Drain on a non-flat bottom: water surface evolution (300 nodes, 2nd order
1J-2J scheme)

lake bed with non-flat bottom and non-vertical shores,

z(x) = 0.5(1− 0.5(cos(π(x− 0.5)/0.5) + 1))

The water surface of a lake at rest is perturbed initially with a small sinusoidal wave,

h(0, x) = max(0, 0.4− z(x) + 0.04(sin((x− 0.5)/0.25) + 0.04 max(0,−0.4 + z(x))))

The flow oscillates in such a way that an interface between a wet cell and a dry cell

has to be computed at each time step. The result after 19.87s with the 2nd order 1J-2J

scheme can be seen in figure 3.9(a). The authors in [12] already pointed out the impor-

tance of using high order extensions of the scheme. In our case, the 1st order scheme

does not damp the oscillations, instead we observe that the numerical solution leaves

the domain in the course of time (see figure 3.9(b)). The 2nd and 3rd order versions of

the scheme do maintain the periodic regime for all time.

Dry bed generation by rarefaction separation

This is an experiment over flat topography (z = 0) proposed by Toro in [134]. The

initial conditions

U(x, 0) =

UL = (hL, qL) = (0.1 m,−0.3 m2/s) if x ≤ 5 m

UR = (hR, qR) = (0.1 m, 0.3 m2/s) if x > 5 m

do not satisfy (2.29) at x = 0, hence a dry bed is formed instantaneously in the middle

of a left going and right going rarefaction waves.
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Figure 3.9: Oscillating lake (200 nodes, 2nd order 1J-2J scheme)

The generation of a dry state in between makes this test numerically difficult. In

our context, it provides an example of a situation where the two-sided local character-

istic decomposition does play a significant role. Our numerical experimentation shows

that the 1J scheme cannot create a dry zone in the middle of the two rarefaction waves

(with either of the two entropy fixes proposed, the regular LLF or H&H specified in

(3.43))

As specified in section 3.3.5, two different modifications in the scheme are necessary

in these situations: a) UL and UR should be computed avoiding any mixed information

(considering an artificial dry state at the other side), b) compute the viscosity coefficient,

αi+1/2, as in (3.43), i.e. using H&H entropy fix.

If we do not make any of these modifications in the 2J scheme (or the 1J-2J scheme),

the dry zone is created but it is much larger than the analytical solution (simulation not

shown). If we comply only with a) above and still use the viscosity coefficient in the

regular LLF splitting (LLF-entropy fix), the dry bed is not created (see figure 3.10(a)).

We can see in figure 3.10(b) that both modifications result in the generation of a dry

zone (notice that it is still a little larger than the one in the analytical solution but

not as large as the one obtained without any of the modifications). We also notice that

when using the H&H entropy-fix (3.43) it is crucial to comply with a) above, otherwise

instabilities such those in the next experiment (figure 3.11(a)) could be created.
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Figure 3.10: Two rarefaction waves with dry bed generation (200 nodes, 2nd order, mag-
nified view at center).

Dry bed generation with bottom topography

In [70], the basic test by Toro is modified by including a non-trivial topography,

which is defined as

z(x) =

1 m if 25/3 m < x < 12.5 m

0 otherwise

with a length of 25 m. The initial conditions are h + z = 10 m and the discharge is -350

m2/s if x < 50/3 m and 350 m2/s otherwise.

As in the previous test, the initial data do not satisfy condition (2.29) so a dry bed,

separating two rarefaction waves, is formed instantaneously over the flat portion to the

right of the bump . The left-going wave interacts with the non-flat topography and as a

consequence some waves are formed at the water surface.

The numerical results in figure 3.11 can be directly compared with those in [70].

Both results in figure 3.11 are computed switching to H&H entropy-fix when condition

(2.29) is not satisfied. In Figure 3.11(a) we do not comply with condition a) i.e. allow

mixing when computing UL and UR. In this case, instabilities are created when the

left-going wave interacts with the bump in the topography. On the other hand, when

complying with a), the result is more accurate (see figure 3.11(b)). In both simulations

we have used the 1J-2J scheme (in this test, no noticeable differences with the 2J scheme
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can be observed). The same type of instabilities also occur when using the original

scheme (without any of the modifications in section 3.3.5). If we only avoid mixing

information in computing UL and UR at cell walls not satisfying (2.29), but always use

the LLF entropy-fix the instabilities disappear but the dry bed still has not been created

at t = 0.05s.
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Figure 3.11: Dry bed generation by a double rarefaction wave over a step (100 nodes,
2nd order 2J scheme)

3.4.4 Two-dimensional experiments

The numerical scheme can be easily extended to the two-dimensional case. It suf-

fices to apply the one-dimensional ENO discretization in a standard dimension by di-

mension fashion as explained in sections 3.2.2 and 3.3 (see also [126]) and then the

Runge-Kutta method is applied over the discretized spatial term (which includes the

difference, in each direction, of modified fluxes).

In this section we show two experiments of a fluid running over a channel with the

same topography but with different initial and boundary conditions in each one of them.

The topography can be seen in figure 3.12. It represents a channel of 75 m length and

30 m width with three mounds and was proposed by Kawahara and Umetsu [97]. In

order to discretize the topography we use 60x150 quadrilateral cells. Both experiments

are done considering that the upper and lower boundaries are solid walls (the normal
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Figure 3.12: Topography with three mounds proposed by [97]. Left: 3D representation.
Right: level lines (axis numbers indicate cells, which are quadrilateral cells)

velocity to the boundary is set to zero). They were proposed in [97] and in [31], both of

them considered friction terms and the first one a turbulent viscosity term also. Since

our aim is to assess the correct discretization of convective terms and source terms due

to the topography we are not going to consider those additional source terms here.

Flooding over an open channel

This experiment was proposed by Kawahara and Umetsu [97]. The upper and lower

boundaries simulate solid walls. The right boundary represents an open wall (we use

first order extrapolation). On the other hand, the left boundary represents an inflow of

the following characteristics:

- From t = 0 s to t = 300 s: h = 0.5 m and u = 1.0 m/s (horizontal velocity).

- From t = 300 s to t = 900 s: h = 1.0 m and u = 1.0 m/s (horizontal velocity).

It has to be noticed that as a difference with [97] we do not consider turbulent viscosity

nor friction terms in the simulation. We present in figure 3.13 some results of the water

elevation and vector field of velocities at different time instants. We can see in these

results that the essential characteristics of the convective flux are well modeled and

that the vector field of velocities is consistent with the topography. In particular, notice

the difference between the last two frames in figure 3.13. The two smaller mounds in

the frame corresponding to 300 s are not covered by the water because the inflow at the

left boundary is 0.5 m. However, as the inflow is increased to 1.0 m from 300 s to 900

s, we can see in the last frame that the smaller mounds are then completely covered by

the water.
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Figure 3.13: Open channel over three mounds, results after 7.5, 30, 300 and 900 s from
top to bottom. Left: 3D representation. Right: level lines and vector field of velocities.
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Dam-break over a closed channel

Brufau et al. [31] take the same topography as in [97] but they simulate a dam-

break and all the boundaries are considered solid walls so water never leaves the rect-

angular domain. The dam is situated at x = 16 m and contains 900 m3 of water. They

also consider friction losses but we do not consider this term. Results after different

time instants can be seen in figure 3.14. It seems that the simulated flux is physically

consistent and that the vector fields of velocities are correct. Notice also how the result

at 450 s is near the steady state.

3.5 Conclusion

We have proposed an extension of Marquina’s flux formula [59, 66] to the shallow

water system with source terms coming from a non flat topography. The source term is

included in a direct discretization of the system following a technique introduced in [71]

by Gascón and Corberán.

We call our extension the 2J scheme, since it complies with the basic design princi-

ple in Marquina’s flux formula: Two Jacobian evaluations are used at each interface in

order to determine the characteristic information and the way in which this information

is used in the numerical scheme. Since our 2J combined numerical flux does not verify

the exact C-property, while a closely related 1J combined numerical flux does, we pro-

pose to use a 1J-2J combined numerical flux which essentially satisfies the C-property.

The results in this paper show a variety of situations where the combined 1J-2J

scheme performs well. These situations involve, in addition to standard tests on shallow

water flow over a hump in steady and quasi-steady situations, the generation of dry

beds and flows over adverse slopes. The results indicate that the 1J-2J numerical flux

provides a sufficiently simple numerical scheme that can be easily upgraded to obtain

second and third order accuracy together with high resolution.

We carried out a couple of 2D experiments over a non-trivial topography. More

realistic simulations in 2D is the subject of ongoing work. The addition of source terms

coming from friction losses poses no special difficulties, since it is agreed that these

terms do not need any special upwinding procedure.
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Figure 3.14: Dam-break over three mounds with solid walls, results after 2, 5, 12 and
450 s from top to bottom. Left: 3D representation. Right: level lines and vector field of
velocities.



Appendix A
Some remarks on the conservativity

In section 3.3.3 we have seen that in the scalar case we have

Gi+1/2 −Gi−1/2 = G+
i+1/2 −G−

i−1/2 (A.1)

so the scheme continues being conservative if we use G±
i+1/2 instead of Gi+1/2. To

make the extension to nonlinear systems we simply apply, in each characteristic field,

the same rules that we have found in the scalar case in order to compute the fluxes

G+
i+1/2 and G−

i+1/2 that collect the source term contribution when the wind comes from

the right and from the left respectively. We recall that in the system case the fluxes

G±
i+1/2 are computed from the contribution of the fluxes (G̃±)p,R and (G̃±)p,L in each

characteristic field (see (3.28)). Thus, the construction of the algorithm makes pos-

sible that in the same interface i + 1/2 the source term Bi,i+1 is projected using the

left-biased eigenvectors in one characteristic field and using the right-biased eigen-

vectors in other field. As a consequence, (A.1) is not always verified and the error

ε = (Gi+1/2 −Gi−1/2)− (G+
i+1/2 −G−

i−1/2) that we make is

ε =
∑

p

(
L

p,S(p,xi+1/2)

i+1/2 ⊗R
p,S(p,xi+1/2)

i+1/2 − L
p,S(p,xi−1/2)

i−1/2 ⊗R
p,S(p,xi−1/2)

i−1/2

)
Bi (A.2)

where⊗ is the tensor product between vectors and S(p, xi+1/2) is a discrete function with

two possible values {L,R}. The function S(p, xi+1/2) indicates which sided decomposi-

tion we use at interface xi+1/2 and at p-th characteristic field. Indeed, if the conserved

variables are sufficiently smooth, after (A.2) the error is O(∆xr) which is of the same

order that the error order of the scheme. Thus, in smooth solutions, the extension to

systems is ’conservative’ (except for an error O(∆xr)). On the other hand, if we use only

one Jacobian, the error (A.2) is zero, so the scheme is always conservative. Moreover,

the error (A.2) is only due to the first order terms of the source term contribution.
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Let us describe an extension of the first order terms to systems which is conser-

vative. The technique that we follow is basically the same, except that we write Bi =∑i−1
j=0Bj,j+1 and we divide Bi,i+1 into two pieces each one projected with its correspond-

ing local-sided eigenvectors, ie,

(G̃p
i+1/2)

LRp(UL) =


Lp(UL)FiR

p(UL) + {i + 1
2
}p if λp(UL), λp(UR) > 0

0 if λp(UL), λp(UR) < 0

1
2
Lp(UL)(Fi + αi+1/2Ui)R

p(UL) + 1
2
{i + 1

2
}p else

(G̃p
i+1/2)

RRp(UR) =


0 if λp(UL), λp(UR) > 0

Lp(UR)Fi+1R
p(UR) + {i + 1

2
}p + {i + 1

2
, i + 1}p if λp(UL), λp(UR) < 0

1
2
Lp(UR)(Fi+1 − αi+1/2Ui+1)R

p(UR) + 1
2
{i + 1

2
}p + 1

2
{i + 1

2
, i + 1}p else

where {i + 1
2
}p :=

∑i
j=0

(
Lp(UR

j−1/2)Bj−1/2,jR
p(UR

j−1/2) + Lp(UL
j+1/2)Bj,j+1/2R

p(UL
j+1/2)

)
{i + 1

2
, i + 1}p := Lp(UR)Bi+1/2,i+1R

p(UR)

In practice, we take Bi,i+1/2 = Bi+1/2,i+1 = 1
2Bi,i+1 in the experiments. We have then,

Gi+1/2 =
∑

p

(G̃p
i+1/2)

LRp(UL) + (G̃p
i+1/2)

RRp(UR) =
∑

p

Gp
i+1/2

We define the fluxes that collect the source term contribution in the p-th character-

istic field following the wind direction as,

Gp,+
i+1/2 = Gp

i+1/2 − {i}p

Gp,−
i+1/2 = Gp

i+1/2 − {i + 1}p

where {i + 1}p := {i + 1
2}p + {i + 1

2 , i + 1}p. Thus, Gp,−
i−1/2 = Gp

i−1/2 − {i}p and we have the

equality,

G+
i+1/2 −G−

i−1/2 = Gi+1/2 −Gi−1/2 where G±
i+1/2 =

∑
p

Gp,±
i+1/2

We can see that this extension to systems is conservative even if we use two Jacobians.
The final expression of fluxes Gp,+

i+1/2 and Gp,−
i+1/2 is

Gp,+
i+1/2 =


Lp(UL)FiR

p(UL) if λp(UL), λp(UR) > 0

Lp(UR)Fi+1R
p(UR) + Lp(UL)Bi,i+1/2R

p(UL) + Lp(UR)Bi+1/2,i+1R
p(UR) if λp(UL), λp(UR) < 0

1
2
Lp(UL)(Fi + αi+1/2Ui)R

p(UL) + 1
2
Lp(UR)(Fi+1 − αi+1/2Ui+1)R

p(UR)

+ 1
2
Lp(UL)Bi,i+1/2R

p(UL) + 1
2
Lp(UR)Bi+1/2,i+1R

p(UR)
else

Gp,−
i+1/2 =


Lp(UL)FiR

p(UL)− Lp(UL)Bi,i+1/2R
p(UL)− Lp(UR)Bi+1/2,i+1R

p(UR) if λp(UL), λp(UR) > 0

Lp(UR)Fi+1R
p(UR) if λp(UL), λp(UR) < 0

1
2
Lp(UL)(Fi + αi+1/2Ui)R

p(UL) + 1
2
Lp(UR)(Fi+1 − αi+1/2Ui+1)R

p(UR)

− 1
2
Lp(UL)Bi,i+1/2R

p(UL)− 1
2
Lp(UR)Bi+1/2,i+1R

p(UR)
else
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We note that this new scheme has the same construction that the one in section 3.3.4

with the difference that now we use

Lp(UL)Bi,i+1/2R
p(UL) + Lp(UR)Bi+1/2,i+1R

p(UR)

instead of L
p,S(p,xi+1/2)

i+1/2 Bi,i+1R
p,S(p,xi+1/2)

i+1/2 . As we have already said, these expressions

(Gp,+
i+1/2 and Gp,−

i+1/2) correspond to the first order terms of the flux Gi+1/2 (thus making

an abuse of notation). The HOT can be obtained as before or in the case of the source

term, directly computing the high order extension of the new expression of the source

term discretization.

Observe that interpreting UL = UR the above notation encompasses the case of one

Jacobian at each interface.

With this discretization of the source term and using (3.27) we have:

N∑
j=0

(Uj)t +
N∑

j=0

G+
j+1/2 −G−

j−1/2

∆x
= 0

Since
N∑

j=0

G+
j+1/2 −G−

j−1/2

∆x
=

N−1∑
j=0

G+
j+1/2 −G−

j+1/2

∆x

(where we assume that the boundary conditions are such that G−
−1/2 = G+

N+1/2 = 0) and

G+
j+1/2 −G−

j+1/2 = Bj,j+1

we obtain that

∆x

 N∑
j=0

Uj


t

+
N−1∑
j=0

Bj,j+1 = 0

(we would add G+
N+1/2 − G−

−1/2 in the right hand side of the above equation to include

general boundary conditions).

We show in figure A.1 the results obtained with this new discretization of the source

term in the steady case corresponding to a transcritical flow with shock over a hump.

We can compare the results with those in figure 3.6 which correspond to the scheme

explained in section 3.3.4. We can observe that these results are quite similar (do not

improve nor worsen them) to those of figure 3.6 so we choose the discretization based on

integrals over cells which is more easily computable.
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(c) 3rd order

Figure A.1: Transcritical flow with shock over a hump (T=200s, 100 nodes). New first
order source term contribution based on integrals over semi-cells.
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Chapter 4
Digital Day for Night

ABSTRACT

In film production, it is sometimes not convenient or directly impossible to shoot some

night scenes at night. The film budget, schedule or location may not allow it. In these

cases, the scenes are shot at daytime, and the ’night look’ is achieved by placing a blue

filter in front of the lens and under-exposing the film. This technique, that the American

film industry has used for many decades, is called ’Day for Night’ (or ’American Night’

in Europe). But the images thus obtained don’t usually look realistic: they tend to be

too bluish, and the objects’ brightness seems unnatural for night-light. In this chapter

we introduce a digital Day for Night algorithm that achieves very realistic results. We

use a set of simple equations, based on real physical data and visual perception experi-

mental data. To simulate the loss of visual acuity we introduce a novel diffusion Partial

Differential Equation (PDE) which takes luminance into account and respects contrast,

produces no ringing, is stable, very easy to implement and fast.

4.1 Introduction

In film production, it is sometimes not convenient or directly impossible to shoot

some night scenes at night. The film budget, schedule or location may not allow it. In

his book ’Making movies’ [104], the great American director Sidney Lumet points out

the difficulties of night shooting on location. Apart from the inherent lack of control

that locations have (as opposed to studios), night shooting requires that everything be

lit artificially. This may be a big problem if the location covers a wide area. In some

locations the terrain may make it difficult to bring the truckloads of lamps and genera-

tors that the shooting requires. Because they make a lot of noise, generators are placed
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far from the set so as not to interfere with the sound department. Very long cables have

to be laid from the lights to the generators, and the rigging crew and electricians have

much more extra work. If the night shooting continues for weeks, cast and crew get ex-

hausted. And on the days when night shooting takes place, there is time for very little

or no day shooting at all, which may complicate the schedule. If the geography of the

location is very inconvenient or dangerous for shooting at night, or if the budget can’t

afford extra pay for night shooting, or if a schedule delay is out of the question, what is

usually done is Day for Night: the night scene is shot at day, but with a technique that

gives a ’night look’ to the film.

This technique is exclusively optical, typically a blue filter is placed behind the

lens, and the film is under-exposed. This technique, that the American film industry

has used for many decades, is called ’Day for Night’ (or ’American Night’ in Europe).

While this usually works, the results nonetheless lack realism. Blue turns out to be the

predominant color, the other colors virtually indistinguishable. The objects in the scene

have a very unnatural brightness. They are dimmer than with daylight, but somehow

we still can see everything that is in the scene. Moreover, no detail is lost: if there is a

sign with small fonts, we can read it as if it were day.

The problem is that with mere optical means (blue filters, under-exposure) we can

not expect to reproduce all the modifications that account for how we see the world at

night. Firstly, let us assume that no artificial light source is present in our scene, i.e.,

that all the light is supposed to be coming from the moon, the sky and the stars. While

it is true that at night we perceive blue objects brighter, this is not due to the light at

night being bluer. Actually, light at night has a power spectrum with a stronger red

component than daylight, and with less blue [91]. It is the human visual system that

works very differently under low light conditions. The colors are perceived as less vivid,

brightness is modified according to wavelength, the contrast changes significantly, and

visual acuity decreases. It is therefore usual for Day for Night footage to be heavily

retouched in post-production, mostly manually, by a color artist.

In this part we propose an algorithm to automatically transform a ’day image’ into

a ’night’ version of it. The only other input necessary is the desired level of darkness

of the final result. Our algorithm uses a very simple set of equations to model the

different factors involved in night vision. These equations are based on physical data

and visual perception experimental data. We start by replacing daylight illumination

with night-like illumination, a procedure which to the best of our knowledge is novel

when addressing the Day for Night problem. For the simulation of the loss of visual
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acuity, we introduce a novel diffusion PDE that models the spatial summation principle

[51], takes luminance into account and respects contrast, produces no ringing, is stable,

very easy to implement and fast.

4.2 The Day for Night algorithm

Our algorithm takes as input a color RGB image (coming from digital video or ob-

tained from a scanned film) and a desired level of luminance for the final result. We

transform the image in five steps. While the user would typically only care about the

final image, we present here all the steps separately. This may help the user to modify

some steps to obtain a more expressive result. The aim is to achieve realistic and visu-

ally pleasing results, even if they are not entirely compliant with the models of human

visual perception.

We perform the following operations for each pixel in the image, one at a time.

In the first step, we estimate the reflectance values for the object in the scene at that

particular pixel. For this we assume that the day scene has been lit with daylight and

we use the standard illuminant D65 to approximate it. Then we replace the D65 with an

estimation of the spectrum of the night sky. This is, to the best of our knowledge, a novel

procedure in the context of this problem. In the second step we modify the chromaticity

of the estimated reflectance values, assuming that the eye is dark adapted. In the third

step we modify the luminance values, since the luminous efficiency function depends

on the illumination level of the scene. In the fourth step we modify the contrast, since

threshold values for ’just noticeable differences’ depend on illumination levels. These

steps 2 to 4 are implementations of algorithms already introduced in the literature on

tone reproduction and modeling of visual perception, like those of [135, 142, 69]. Finally,

in the fifth step we perform diffusion on the image to account for the loss of visual acuity

at nighttime illumination levels. For this last step we introduce a novel equation that

models the spatial summation principle [51], but without producing ringing or other

visual artifacts.

Let us comment on each of these steps now. For a very thorough coverage of Color

Science, and an in-depth exposition of the concepts mentioned in this chapter, we refer

the interested reader to the excellent treatise by Wyszecki and Stiles [145].

One note concerning the evaluation of the results. We will be producing images

of rather low luminance, so they will look very differently on a computer screen in a

well lit room than on a dimly lit room. Another crucial factor for the evaluation is the
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’brightness’ setting of the monitor. We recommend the reader to set the brightness level

to 50%, the monitor being in a well lit room with no direct light on the screen. This

would be an approximation only, for correct evaluation calibrated hardware is required.

4.2.1 Estimation of reflectance values

Let us say we have an object with reflectance β(λ), where λ is the wavelength, and

it is lit with an illuminant with spectral power S(λ). In the XYZ color model of the CIE

[145], the tristimulus values X, Y and Z of an object-color stimulus are obtained with

these equations:

X = k
∫

β(λ)S(λ)x(λ)dλ

Y = k
∫

β(λ)S(λ)y(λ)dλ

Z = k
∫

β(λ)S(λ)z(λ)dλ

(4.1)

where the factor k is defined so that the Y tristimulus for the perfect reflection diffuser

(β(λ) = 1.0 at all wavelengths) is equal to 100. Functions x(λ), y(λ) and z(λ) denote

the color-matching functions for a standard observer. These are experimental values

tabulated by the CIE. The values X, Y and Z at each given pixel are known, we get them

by converting the original R, G and B values (i.e. we go from the RGB to the XYZ color

model):

r = R
R+G+B g = G

R+G+B b = B
R+G+B

L = LRR + LGG + LBB ; LR = 1, LG = 4.59, LB = 0.06

x = 0.49r+0.31g+0.20b
0.67r+1.13g+1.20b

y = 0.18r+0.81g+0.01b
0.67r+1.13g+1.20b

z = 0.00r+0.01g+0.99b
0.67r+1.13g+1.20b

X = x
y L Y = L Z = z

yL

Care must be taken in that the RGB image has been acquired non-linearly from

real-world luminances [135]. Each type of photographic film has a characteristic curve

that determines how luminances in the real world (Lrw) are encoded as transparencies

(T ) in the film: T = a1Lrw
γ , where the constant factor a1 depends on the film speed

and the choice of exposure time, lens and camera aperture. This function T (Lrw) is

valid within a certain interval of luminances, outside which the value T is ’clipped’. See

figure 4.1, as in [135]. Since we need to work with real-world luminances, we must undo

the transformation: T ′ = a2T
1
γ . For this we need the contrast sensitivity specification of

the film stock that was used to shoot the original image. If we don’t have this data, we
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can nonetheless obtain good results by assuming a value for γ and selecting a value for

the ’night γ’ that gives a visually convincing result, as is done in section 4.2.4.

log10 Lrw

log10 (1/T)

slope = γ

Figure 4.1: Characteristic curve for photographic film (after [135])

Returning to equation (4.1), the values for S(λ) are not known precisely, unless

they were measured when the original image was taken. But it is safe to assume for

S(λ) the properties of the CIE standard illuminant D65, which corresponds to a phase

of natural daylight. The only unknowns are then the reflectance values. Since we want

to substitute the daylight illuminant S(λ) with a nighttime illuminant S′(λ), we must

first compute β(λ). If we take just three wavelengths λ1, λ2 and λ3, we can obtain a very

rough estimate of β(λ1), β(λ2) and β(λ3) by solving the 3x3 system of equations we get

from (4.1) if we replace the integrals with discrete summations of three terms. This is

a very crude and simple approximation, that nonetheless produces good enough results:

in figure 4.6 we have tested three different CIE standard illuminants without producing

great perceptual changes in the simulated night scene. For this step we could use much

better reflectance models like those in [108] or [128].

Once we know the reflectance values, we substitute S(λi) with S′(λi), i = 1, 2, 3. We

have taken λi near the values for monochromatic red, green and blue. In our experi-

ments we have used for S′(λ) the experimental values obtained in [111]. Surprisingly, if

we only change the illuminant, the image colors get warmer, as we see in figure 4.5(b).

This is due to the fact that the night light S′(λ) has more power in the long wavelengths

and less in the short ones (i.e. more ’red’ and less ’blue’). Therefore, the perceived shift

towards blue of colors under natural night light conditions is due only to the human

night vision system.
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4.2.2 Modification of chromaticity

The perceived chromaticity depends greatly on the illumination level. As we de-

crease the illumination level, the colors become less saturated. A color that is very vivid

under daylight seems less and less vivid as the illumination decreases. This property is

very difficult to emulate directly on film, with techniques ranging from the pre-exposing

of film [104] to the ’bleach by-pass’ at the developing stage [64]. The experimental data

in [89], [145] and [131] show how monochromatic lights of different wavelengths are

seen with evolving chromaticities as the surrounding luminances change. We use these

data to modify accordingly the color matching functions x(λ), y(λ) and z(λ). This is

nothing novel, see for instance the excellent works [69], [60], [142].

Figure 4.5(c) shows the result of applying this modification to the original image

(figure 4.5(a)).

4.2.3 Modification of luminance

There are two kind of photoreceptors in the retina, the rods and the cones. Under

low light (scotopic) conditions only the rods are active. Since there is only one type of

rods, nocturnal vision is monochromatic. At daylight (photopic) light levels the rods be-

come saturated and all the visual information comes from the cones. There are three

types of cones, each one is tuned to a certain wavelength range. Trichromatic general-

ization explains how color stimuli can be expressed as additive mixtures of three fixed

primary stimuli. At intermediate illumination levels (mesopic conditions) both rods and

cones are active.

The spectral luminous efficiency functions V (λ) and V ′(λ) are tabulated by the CIE

and measure how brightness is perceived as a function of wavelength in the photopic

and scotopic ranges respectively. In the mesopic range, the spectral luminous efficiency

function depends on the illumination level, and we get it from tabulated experimental

data in [145]. It can not be approximated by a linear combination of V (λ) and V ′(λ).

By definition, V (λ) is identical to y(λ) and setting the constant factor k = Km =

683 lm ·W−1 in (4.1) the Y-tristimulus value becomes the luminance L of the color stim-

ulus (measured in lm · sr−1 ·m−2). In the same way, the luminance at scotopic levels is

obtained with V ′(λ) and k = K ′
m = 1700 lm ·W−1.

There are two values to be set concerning luminance at night, its mean value and

variance. The mean value is set by the specification of desired ambient luminance by the

user. While the variance is set by default, the user may modify it. The choice of variance
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sets the maximum brightness, which is crucial if we have artificial light sources in the

scene, as we will see in section 3.

We proceed in this manner and compute:

L′0 =
∫

β(λ)S′(λ)V ′(λ)dλ

Then we impose the selected mean and variance:

L′ =
L′0 − µ

a

b

µ
+ b

where b will be the desired mean at night, µ is the mean of L′0 (the quotient b
µ allows the

change of units), and a controls the variance ratio of L′0 and L′ (i.e. it allows us to set

any given variance for L′). Unless otherwise stated, we use a value of a = 1. The user

may modify a to increase the variance and make artificial lights brighter, for instance.

The results of applying the modification of luminance to figure 4.5(c) can be seen in

figure 4.5(d).

4.2.4 Modification of contrast

Because the eye adjusts to its surroundings, human sensitivity to contrast depends

on the adaptation luminance [135]. Contrast in our night image then must be different

than in the original daylight scene. We can achieve this in two ways, either by approx-

imating the eye’s performance or by simulating the use of a given type of photographic

film.

To approximate the eye’s performance several models have been proposed [135, 142,

69]. We have implemented in our experiments a modification of the tone reproduc-

tion operator of Ward et al. [142], where they combine the rod and cone sensitivity

functions and build a five-interval piecewise approximation for ∆Lt(La), see table 4.1.

In their notation, ∆Lt is the ’just noticeable difference’ at the given adaptation level

La. We compute the resulting luminance Ln from the real-world luminance Lrw with

Ln = ∆Lt(L′a)
∆Lt(Larw )Lrw, where L′a and Larw are actually 8-neighbor local averages of L′ and

Lrw respectively.

If we choose to simulate the use of a given type of photographic film with a character-

istic curve of γn, then our night luminance Ln will be approximated as Ln = cL′(L
1
γ )γn ,

where L′ stands for the original L after modification in the previous steps. If γ is not

known, we just assume γ = 1 and choose γn to achieve visually pleasing results. (These

equations may be refined at will with more accurate descriptions of the characteristic

curves of the film).
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The modification of contrast following human vision is applied to figure 4.5(d) thus

obtaining figure 4.5(e). Another example, in figure 4.7, compares both methods (in this

figure we have also simulated the loss of acuity, see section 4.2.5.) Figure 4.7 (bottom

right) shows the result of simulating a photographic film. To most observers, the result

may be visually more pleasing than that obtained with an emulation of the eye’s per-

formance (figure 4.7 bottom left). The reason for this is that we are accustomed to a

certain ’look’ of night images on photographs and movies, which we usually prefer over

’real’ looking night images, that may appear as too dark or without enough contrast. On

the other hand, if the original day image has a sharp contrast, the ’night’ result may be

very convincing. In any case, the user may select in our algorithm the method that suits

him/her best.

log10 of just noticeable difference applicable luminance range
−2.86 log10(La) < −3.94

(0.405log10(La) + 1.6)2.18 − 2.86 −3.94 ≤ log10(La) < −1.44
log10(La)− 0.395 −1.44 ≤ log10(La) < −0.0184

(0.249log10(La) + 0.65)2.7 − 0.72 −0.0184 ≤ log10(La) < 1.9
log10(La)− 1.255 log10(La) ≥ 1.9

Table 4.1: Piecewise approximation for log10 of just noticeable difference for adaptation
level La, log10(∆Lt(La)) (after [142]).

4.2.5 Loss of acuity: Diffusion

Visual acuity is the ability of the eye to see fine detail. The highest level of acuity is

achieved at photopic levels and it decreases as the background luminance diminishes.

But it also depends on contrast: increasing the level of contrast increases the resolution

at a given luminance level. In previous work [69] this is modeled as isotropic diffusion.

A 2D Gaussian filter is applied to the image, the radius of the Gaussian depending on

the adaptation luminance. The idea is to cancel high spatial frequencies, following ex-

perimental data relating maximum visible spatial frequency (of a high contrast grating)

and adaptation luminance. However, as neither contrast nor local luminance are taken

into account, the resulting images seem unrealistic since they evoke the effects produced

by an out of focus camera. In [60] there is a small correction to the computation of the

Gaussian’s size, but the procedure is basically the same. In [142] the authors approxi-

mate convolution with a Gaussian of explicitly varying radius: we shall prove that this

approach causes ringing to appear in the resulting image. In [133] the authors choose

a spatial filtering approach, performing low-pass filtering followed by sharpening. The
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results are definitely better than with Gaussian blurring, but artifacts like ringing are

present, and there are several parameters that are set subjectively.

Our contribution is the following: we will introduce a novel diffusion PDE that mod-

els the spatial summation principle, takes luminance into account and respects contrast,

produces no ringing, is stable, very easy to implement and fast. We shall start by dis-

cussing a set of axioms modeling the loss of visual acuity, which will lead to a family

of nonlinear diffusion equations which take into account local luminance and respect

contrast. These PDE’s are called Fast Diffusion Equations, and are related to Porous

Medium Equations. The method we introduce here could also be used to simulate loss

of acuity on images shot at night, since film and cameras can not emulate this human

vision process.

Psychophysical and physiological experiments cited in [51] show that neighbour-

ing photoreceptors in the retina interact accordingly to the level of illuminance at each

point. That is, the light perceived at a single point in the retina not only creates an

excitation at the photoreceptor at this site, it produces a lateral excitation as well and

all of them are combined additively. This process is called spatial summation and the

extent of the area of summation varies inversely with the local illuminance.

Indeed, in [51] the authors start from a set of axioms for intensity dependent spatial

summation to determine the point spread function relating the input image I to the

output image O(I). The basic idea is that each input point (x, y) contributes with a

non-negative point spread value to every output point (p, q), the size of this contribution

depending on the intensity value I(x, y) and the distance from (x, y) to (p, q). Thus the

point spread function (PSF) has the form S((x, y), (p, q), I) and this gives the contribution

from (x, y) to (p, q) when the input intensity at (x, y) is I. Then they assumed

(i) S is nonnegative: each input point (x, y) contributes with a non-negative point

spread value to every output point (p, q), the size of this contribution depending

on the intensity value I(x, y) and the distance from (x, y) to (p, q). Thus the point

spread function has the form S((x, y), (p, q), I) and this gives the contribution from

(x, y) to (p, q) when the input intensity at (x, y) is I.

(ii) S is spatially homogeneous and circularly symmetric, hence S = S(d2, I), where

d2 = (x− p)2 + (y − q)2,

(iii) The effective area covered by the PSF around each input point varies inversely

with the intensity at that point, which can be translated into the relation

S(d2, I) = Q(I)S(Q(I)d2, 1)
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where Q(I) is an increasing function of I. Indeed, in [51], the authors took Q(I) =

I.

(iv) If we write S(r2) = S(r2, 1) then we normalize the integral of S(x2 + y2) over the

(x, y) plane to be equal to 1, i.e.,∫ ∞

−∞

∫ ∞

−∞
S(x2 + y2) dx dy = 1.

The output is given by

O(I)(p, q) =
∫
−∞

∞∫
−∞

∞
I(x, y)S(d2, I(x, y)) dx dy. (4.2)

In [51], the output was interpreted as the response of a retinal cell and it was taken

as O(I)(p, q) =
∫
−∞

∞∫
−∞

∞
S(d2, I(x, y)) dx dy. Notice its difference with (4.2) in which

the output of the filter is an intensity image given by a convolution with a PSF with

intensity depending variance. As in [51], our main example of point spread function

will be the Gaussian, but we could also choose a radial function with zero first-order

moments and finite second order moments. To relate Q(I) with the variance of the

Gaussian function, we use the notation Q(I) = 1
σ2(I)

. Then we may write

S(d2, I(x, y)) =
1

2πσ2(I)
exp

− [(x−p)2+(y−q)2]

2σ2(I) (4.3)

Arguing as in [51], we observe that the spatial summation (4.2) does not satisfy the

maximum principle.

Theorem 1 We have O(I)(p, q) as in eq.(4.2), and I(x, y) is a step function valued I for

x < 0 and I+D for x ≥ 0. Then there exists a positive real number Θ s.t. O(I)(p, q) > I+D

if p > Θ.

In other words, ringing is guaranteed to appear if we use directly this spatial summation

(see proof in appendix B), or if, equivalently, we perform convolution with Gaussians of

varying radius, as in [142].

We can try to restore the maximum principle (and its locality) if we know the in-

finitesimal action of the filter. For that following [4], we introduce an scale parameter

t > 0, and write tσ(I) instead of σ(I). Next theorem gives the asymptotic behavior of

O(I, t)(p, q) as t → 0.

Theorem 2 Assume that we have a general PSF satisfying axioms (i)-(iv), then we have

O(I, t)(p, q) = I(p, q) + Ct2∆(Iσ2(I))(p, q) + o(t2).
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See appendix B for the proof of this theorem. If we write the above expansion in the form
O(I,t)(p,q)−I(p,q)

Ct2
= ∆(Iσ2(I)) and let t → 0+, we obtain the following nonlinear diffusion

equation to model the loss of acuity

It = ∆(Iσ2(I)). (4.4)

From the mathematical point of view, existence and uniqueness results for initial data

I0 ∈ L1(Ω) ∩ L∞(Ω), together with a comparison principle for (4.4) have been proved

in [18] when the function ϕ(r) = rσ2(r) is continuous and increasing in R (we refer

also to [47, 138] and references therein for the mathematical treatment of this kind of

equations). We stress the fact that going from (4.2) to (4.4) permits us to guarantee the

maximum principle and, therefore, no ringing behavior is exhibited by solutions of these

equations. The usual rigorous derivation of this would be based on the computation of

the iterates O(I, t
n)n and its limit as n → ∞, though the usual convergence Theorem

[81] does not apply and the convergence of the iterates O(I, t
n)n is an open question.

To write some particular instances of (4.4) we write it as It = div(ϕ′(I)∇I). Then

we choose ϕ′(I) = 1
(1+αI)β with α, β > 0 as generic models for ϕ which exhibit a power

behaviour for large intensities and are differentiable at I = 0. Thus, we shall consider

It = ∇ ·
(

∇I

(1 + αI)β

)
(4.5)

The parameter α controls the level of diffusion. In equation (4.5), the anisotropy of the

diffusion is controlled by the local luminance values. Pixels with high luminance values

are diffused less than pixels with low luminance. Recall that usually the anisotropy is

controlled by the magnitude of the gradient (see [136] and the seminal work by Perona

and Malik [120], a model in which images are smoothed while preserving edges). We

show in figure 4.2 some examples after applying the PDE (4.5) to a pair of square waves

of different amplitude for different values of the parameter α (β = 1). Note that α = 0

corresponds to an isotropic diffusion.

The level of diffusion is also controlled by parameter β, the diffusion is reduced as

we increase the value of β, this effect being more pronounced for high luminances. These

facts have been checked experimentally. In our algorithm we set β = 1. Figure 4.3(a)

shows the effect of applying the PDE (4.5) to square grating signals of same contrast

but different mean luminance (contrast is taken as the quotient (Imax − Imin)/Imean).

The result proves that the square grating of higher luminance is less diffused than

the lower one. On the other hand, figure 4.3(b) shows the diffusion effect on two square

grating functions of different contrast but with the same mean luminance. The diffusion



76 Chapter 4: Digital Day for Night

Figure 4.2: Loss of acuity simulation via PDE’s: comparison for different values of α and
two different levels of local luminance.

respects contrast: the left-hand square grating has higher contrast than the right-hand

one, before and after diffusion. Therefore, the square grating on the left is perceived as

sharper. In conclusion, we have experimentally checked that the behavior exhibited by

solutions of equation (4.5) is consistent with experimental data on human vision acuity

showing that spatial summation is inversely proportional to luminance and respects

contrast. Furthermore, the results are free from ringing and other visual artifacts that

other approaches bring. We compare in figure 4.4 our approach to different techniques

to simulate the loss of acuity at night. Notice that both the convolution with gaussians

of varying radius [142] and low pass filtering with sharpening [133] produce different

types of artifacts. If we convolve with a Gaussian of fixed radius depending on the

adaption luminance [60] artifacts do not appear but the result has the effect of an out of

focus blur.

For simplicity we apply this equation to each of the three color components sepa-

rately, though an equivalent vector-diffusion equation could be devised after [132].

The numerical implementation of each scalar diffusion equation is done with a

scheme based on finite differences. If we consider the representation of a color compo-

nent value at each point of the image grid as Ii,j = I(i, j), with 1 ≤ i ≤ N and 1 ≤ j ≤ M

(N is the number of lines and M the number of columns) and the finite differences at

both sides to represent the spatial derivatives, we get:

∇+Ii,j = (Ii+1,j − Ii,j , Ii,j+1 − Ii,j)

∇−Ii,j = (Ii,j − Ii−1,j , Ii,j − Ii,j−1)
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(a) Diffusion on two square grating functions of same contrast.

(b) Diffusion on two square grating functions of different contrast.

Figure 4.3: Loss of acuity simulation via PDE’s: diffusion depends on luminance. Ob-
serve that, after diffusion, the left grating is still more contrasted than the right one (25
iterations, dt=0.1, α=0.01, β=1).

The numerical scheme used is:

In+1 = In + ∆t

∇
− ·
(
∇+I
1+αI

)
if n = 2̇

∇+ ·
(
∇−I
1+αI

)
if n = 2̇ + 1

(4.6)

where In is the image I at time n and ∆t is the time step between two iterations.
We have obtained experimentally the time of diffusion T necessary to lose at each

level of darkness the details whose frequency is above the Highest Resolvable Spatial
Frequency in accordance with data from Shaler in [69]. Firstly, we have chosen three
different luminances and we have created three images of a square wave grating with
image dimensions corresponding to the width subtended by one degree of arc at a view-
ing distance of one meter. Each of these images contains a number of cycles just above
the maximum number of cycles detectable at that level of luminance. The maximum
value of the image is fixed to 255 for a log luminance of 3 and we decrease it propor-
tionally to the decrease in log luminance. Then, we fix α = 0 (isotropic diffusion) and
∆t = 0.1 (below 0.25 which is the CFL stability condition for the Perona Malik equation
[120]) and we find the necessary number of iterations to achieve a uniform image at a
distance of one meter. Finally, we interpolate linearly the number of iterations between
these points and we obtain the following expression for the number of steps:

steps =


12− 36log(L) if log(L) < 0

12− 6.4log(L) if 0 ≤ log(L) < 1.875

0 if log ≥ 1.875

We have set α to 0.01, obtaining very good results for natural images in a wide range

of ambient luminances. Please note that this value of α is fixed in the algorithm and

thus it is not a parameter that the user has to change. The robustness of the equation
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Figure 4.4: Comparison of different diffusion methods simulating loss of acuity at night.
Notice that our method (top left) produces no artifacts, neither the Gaussian of fixed ra-
dius (bottom right) but this approach does not simulate the spatial summation principle
depending on local luminance.

makes it suitable for video sequences, no temporal artifacts appear (see examples in

http://www.tecn.upf.es/˜mbertalmio/day4nite).

The results of applying this modification to figure 4.5(e) can be seen in figure 4.5(f).

Figures 4.5(f) to 4.5(i) and different images in figure 4.9 show how fine details are lost

as the luminance level decreases. Also, for any given image and luminance level, more

detail is lost in darker regions than in light ones. Notice how the achieved effect of loss

of acuity is very different from an out-of-focus blur. In particular, in figure 4.9, as the

luminance decreases it becomes harder and harder to read the numbers on the wall, or

the text in banners, books and cardboard boxes, just as it happens to our eyes when the

light grows dim. But pronounced edges are preserved, as we can see in the dark bands

on the wall, or the white sheets of paper hanging from the tables in this same figure.

4.3 Examples

As mentioned earlier, the results of our experiments necessarily look very different

depending on the monitor and room light conditions. We recommend the reader to set

the monitor’s brightness level to 50%, the monitor being in a well lit room with no di-

rect light on the screen. This would be an approximation only, for correct evaluation

calibrated hardware is required.

Figures 4.5 to 4.9 show several results, for different images, night illumination lev-

els and contrast-modification methods. Notice how these images look realistic. In partic-
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ular, notice how colors have become less saturated but we may still tell them apart, they

are not predominantly different shades of blue as we would get with conventional Day

for Night. Brightness and contrast are what we would expect in a night scene, objects

do not have an unreal illumination. Realism is enhanced by the controlled loss of reso-

lution, which blurs small (and not too bright) details, as our eyes do at night. We show

in figure 4.6 that the algorithm is robust to the natural illuminant that we assume: the

results do not vary much using three different CIE standard illuminants: D55, D65 and

D75; which correspond to natural daylight at different color temperatures.

Our algorithm has been developed with the assumption that all light in the scene

is natural, i.e. that the illuminant is one for the whole image. We are currently working

on how to circumvent this constraint, so we can introduce artificial light sources in

our images. The problem is that it is very hard to approximate, at each pixel location,

the interaction between different light sources, with different intensities and spectral

power. Figure 4.8 shows a test for one image of this sort, where we have assumed that

the highest luminances in the scene correspond to the artificial light source. We have

increased the luminance there modifying the original variance by a factor greater than

1. The results are more realistic but this method can fail at points with high luminance

but which do not correspond to light sources (see white line on the road in figure 4.8).

If the original image presents a cloudy sky, as in figure 4.9, we cannot achieve a

dark sky in the night scene. If this is a problem we could choose to avoid showing the

sky when shooting, as done in traditional Day for Night. We could also explore a way to

segment the sky and treat differently the pixels in that region.

The whole process takes less than ten seconds in a regular PC for a 512x768 24

bits RGB image. Within that execution time, seven seconds are dedicated to the dif-

fusion process in the three color components in an example where seven iterations of

the equation are required. The use of a GPU (Graphics Processor Unit) may speed-up

the anisotropic diffusion process by an order of magnitude [25], bringing the algorithm

closer to real-time. We have also verified that the parallelization of the code does not cre-

ate artifacts. By constructing a color LUT (Look-Up Table) the speed may be increased

greatly from our current implementation, where we deal with each pixel separately.

Also in moving pictures there is great space and time redundancy, another source for

speed-ups.
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4.4 Conclusion and future research

We have introduced a digital Day for Night algorithm that achieves realistic results.

Our algorithm performs modification of the spectrum for the night illuminant, desatu-

ration of the colors, brightness modification according to wavelength, contrast modifi-

cation according to luminance adaptation levels, and non-uniform and non-linear loss

of resolution. We use a set of simple equations, based on real physical data and visual

perception experimental data. To simulate the loss of resolution we have introduced a

novel diffusion equation, which is well-posed, has existence and uniqueness results, and

is also monotonicity preserving, so no ringing may occur. The robustness of the equation

makes it suitable for video sequences, no temporal artifacts appear. The user only has

to provide the original day image and the desired level of darkness of the result. More

accurate results are obtained if our algorithm is provided with the characteristic curve

of the photographic film used. The whole process from original day image to final night

image takes a few seconds, all the computations being local, but optimizations could

easily speed up the process in an order of magnitude.

The main limitation of our algorithm is that it has been developed with the as-

sumption that all light in the scene is natural, i.e. that the illuminant is one for the

whole image. We are currently working on how to circumvent this constraint. The input

images are in RGB format coming from digital video or obtained from a scanned film.

Part of future research is to include emulations of the film developing process, and to

reformulate our algorithm in terms and units that cinematographers use.
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(a) original image (b) after change of illumi-
nant

(c) after change of chro-
maticity

(d) after modification of
luminance at 1 log cd/m2

(without change of contrast
nor diffusion)

(e) after change of contrast
following human vision (1
log cd/m2)

(f) simulated night scene at
0.8 log cd/m2

(g) simulated night scene at
0.5 log cd/m2

(h) simulated night scene at
0.3 log cd/m2

(i) simulated night scene at
0.1 log cd/m2

Figure 4.5: Original image, results after some steps of the algorithm and simulated
night scenes with different levels of ambient luminance.
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Figure 4.6: Results for three simulated night scenes at 1 log cd/m2 with different as-
sumptions for the day illuminant: D55 (left) D65 (middle) and D75 (right). Original image
in figure 4.5(a)

Figure 4.7: Original scene (top), emulating night vision (bottom left), emulating a given
film stock (bottom right).
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(a) original scene

(b) result of our algorithm without changes

(c) result after increasing the variance of
the original luminance (a = 0.1, see section
4.2.3)

Figure 4.8: A scene with artificial light sources and two simulated night scenes at 0.1
log cd/m2 with 11 iterations of diffusion.
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Figure 4.9: Some results with decreasing values of ambient luminance: 1, 0.6, 0.3, 0.1
and -0.1 log cd/m2 , 5, 8, 10, 11 and 15 iterations of diffusion respectively from left to
right and from top to bottom.



Appendix B
Proofs of Theorems

Proof of Theorem 1 We compute the integral O(I)(p, q) resulting from the convolution

of the PSF given by (4.3) and the step function valued I for x < 0 and I + D for x ≥ 0,

O(p, q) =
∫

R2

S(d2, I(x, y))I(x, y)dxdy =
∫

R

∫ 0

−∞
IS(d2, I)dxdy+

∫
R

∫ ∞

0
(I+D)S(d2, I+D)dxdy

(B.1)

We have, after assumption (iv), that∫
R2

(I + D)S(d2, I + D)dxdy = I + D

so we will have O(p, q) > I + D in (B.1) for those p such that∫
R

∫ 0

−∞
IS(d2, I)dxdy >

∫
R

∫ 0

−∞
(I + D)S(d2, I + D)dxdy (B.2)

Specifying for the PSF of the form (4.3) this relation is implied by the following inequal-

ity

e
Q(I+D)−Q(I)

2
|x−p|2 >

(I + D)
√

Q(I + D)
I
√

Q(I)
∀x < 0

which may be written in an equivalent form as

|x− p|2 >
2

Q(I + D)−Q(I)
log

(
(I + D)

√
Q(I + D)

I
√

Q(I)

)
∀x < 0 (B.3)

Since Q(I) is an increasing function of I and I +D > I, we have that the right hand side

of (B.3) is positive. Observe that if we choose p > Θ, where Θ is the square root of the

right hand side of (B.3), then (B.3) holds, and therefore condition (B.2) holds also. �

85
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Proof of Theorem 2 Let x = (x, y), p = (p1, p2) and z = (z1, z2) ∈ R2.

Definition B.0.1 Consider the real function g(x) ∈ L1(R2) which represents a smoothing

kernel to be convolved with images. We say that g(x) is radial if g(x) = g(|x|) only depends

on the norm of x. We say that it is pseudo-radial if it satisfies the following relations:∫
R2

g(x)dx = 1 (B.4)∫
R2

xig(x)dx =
∫

R2

xixjg(x)dx = 0 ∀ i,j=1,2 | i6=j (B.5)∫
R2

x2
i g(x)dx = ν ∀ i=1,2 (B.6)

Then, the rescaling of g, gh(x) = 1
hg
(

x
h1/2

)
maintains (B.4) and (B.5). Integral (B.6) gives

now h1/2ν.

We call O(I)(p) the result of convolving the image I with the kernel gh:

O(I)(p) =
∫

I(x)
1
h

g

(
p− x
h1/2

)
dx

where h(t, I)1/2 = tσ(I) and σ(I) = I−α with α > 0. In order to compute the integral

we make the change of variables z = (p − x)/h1/2. The change of variables gives x =

p−tσ(I)z. Differentiating these expressions and writing the result in matrix form yields

(Id + tz⊗∇σ)dx = −tσdz (B.7)

where Id is the identity matrix and ⊗ represents the tensorial product.

Since det(Id + tM) = 1 + t trace(M) + t2 det(M) and det(M) = det(z⊗∇σ) = 0, the

product of forms in (B.7) gives

dx dy = t2σ2dz1dz2 − t3σ2 <z,∇σ> dz1dz2 + t4σ2 <z,∇σ>2 dz1dz2

We can now compute the difference between the filtered and the original image:

O(I)(p)− I(p) =
∫

I(p− tσz)
t2σ2

g(z)dxdy −
∫

I(p)g(z)dz

=
∫

(I(p− tσz)− I(p))g(z)dz− t

∫
I(p− tσz) <z,∇σ> g(z)dz

+ t2
∫

I(p− tσz) <z,∇σ>2 g(z)dz = A + B + C

(B.8)

The Taylor development of I(p− tσz) up to second order:

I(p− tσz) = I(p)− tσ(p− tσz) <z,∇I > +
t2

2
σ2(p− tσz)Iijzizj (B.9)
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here, the convention of implicit summation over repeated indices is used and Iij denotes

the second derivate of I with respect to components i and j for i = 1, 2. In the same

manner we develop the term σ(p − tσz) and substitute it in (B.9) rejecting all terms of

O(t3)

I(p− tσz) = I(p)− tσ(p) <z,∇I > +t2σ(p) <z,∇σ><z,∇I > +
t2

2
σ2(p)Iijzizj (B.10)

We can now compute the term A in (B.8) making use of (B.10) and (B.5)

A = t2σσiIjaij +
t2

2
σ2Iijaij (B.11)

where aij =
∫

zizjg(z)dz = δij and subindices i and j in σ and I represent first derivate

with respect to component i and j respectively.

As regards the term B in (B.8) we substitute (B.10) and reject terms in O(t3)

B = −t

∫
I(p) <z,∇σ> g(z)dz + t2

∫
σ(p) <z,∇I ><z,∇σ> g(z)dz

Since the first moments of g are null, and developing ∇σ(p− tσz) in B, terms up to O(t3)

give

B = t2Iσσii + t2σIiσi (B.12)

Finally, we also substitute in the term C of (B.8) the Taylor development of I(p−tσz)

and ∇σ(p− tσz) and retain terms up to O(t3)

C = t2Iσiσi (B.13)

Replacing expressions (B.11), (B.12) and (B.13) in (B.8) we obtain

O(I)(p)− I(p) = t2ν

(
2σ <∇σ,∇I > +

1
2
σ2∆I + Iσ∆σ + I|∇σ|2

)
(B.14)

Indeed, the right hand side of the equality (B.14) corresponds to ∆(Iσ2)

∆(Iσ2) = ∇·(∇(Iσ2)) = ∇·(σ2∇I+I2σ∇σ) = 2
(

2σ <∇σ,∇I > +
σ2

2
∆I + Iσ∆σ + I|∇σ|2

)
.

So, (B.14) reduces to

O(I)(p)− I(p) =
ν

2
t2∆(Iσ2(I)) + O(t3).

�
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Chapter 5
Geometric approaches to surface reconstruction

ABSTRACT

In this chapter we study geometric approaches for filling-in surface holes. First, we

review the importance of the elastica in image inpainting and its relation with the Will-

more functional. We also review some surface inpainting techniques in the literature.

The basic idea of our approach is to represent the surface of interest in implicit form, and

fill-in the holes with a scalar, or system of, geometric partial differential equations, often

derived from optimization principles. These equations include a system for the joint in-

terpolation of scalar and vector fields, a mean curvature diffusion flow, the minimization

of the Laplacian of the distance function and two other interpolation methods based on

the solution of the Laplace equation and an absolutely minimizing Lipschitz extension.

The theoretical and computational framework, as well as examples with synthetic and

real data, are presented.

5.1 Introduction

The retouching process of damaged regions in art restoration is often called inpaint-

ing. Paint losses are filled up to the level of the surrounding paint, and then colored to

match. This topic has closed applications in image processing: image and video restora-

tion (e.g., removal of scratches or dust spots). However, image inpainting techniques

are also used for removing objects to produce special effects or even for recovering lost

blocks in image coding and transmission. The basic idea behind the computer algo-

rithms that have been proposed in the literature is to fill-in these regions with avail-

able information from their surroundings. This information can be automatically de-

tected as in [26, 62], or hinted by the user as in more classical texture filling techniques

91
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[56, 87, 127]. Several names have been used for this filling-in operation, including dis-

occlusion in [16, 110], or inpainting in [22, 26, 27]. The interested reader is also referred

to the works [15, 42, 116, 122].

As regards the 3D inpainting it also has practical applications. For example, sur-

faces obtained from range scanners often have holes: regions where the 3D model is

incomplete. The main cause of holes are occlusions, but these can also be due to low re-

flectance, constraints in the scanner placement, or simply lack of sufficient coverage of

the object by the scanner. This is frequently observed in the scanning of art pieces [103],

and is in part due to the fact that complicated geometry has a lot of self-occlusions and

details. Art pieces also impose significant restrictions on the scanner placement. Other

times, 3D inpainting is useful to restore damaged regions of sculptures or museum ob-

jects scannings [49]. Holes are also observed in common scenarios where LADAR data

is collected (e.g., a house behind an occluding tree), and in all the major areas where

range scanners are used. With the increasing popularity of range scanners as 3D shape

acquisition devices, with applications in geoscience, art, medicine, manufacturing and

defense, it is very important to be able to inpaint this missing information. This is often

needed for post-processing as well as for presentation.

Our work is inspired by the one reported in [55], and it is presented as an alter-

native to this method. This pioneering work addressed the problem of hole filling via

isotropic diffusion of volumetric data (that is, iterative Gaussian convolution of some dis-

tance function to the known data). The approach proposed by these authors addresses

holes with complicated topology, a task very difficult with mesh representations. The

reader is directed to this paper for an excellent and detailed description of the nature

of holes in scanning statues and for a literature review in the subject. We should only

note that most algorithms on reconstructing surfaces from range data are point-cloud

reconstruction based and treat holes as regions with low sampling density, thereby in-

terpolating across them [7, 14, 21, 50, 61, 88]. Of course, these algorithms often do

not distinguish between a real hole in the data and one due to the lack of sampling,

and equally fill or fail to fill both cases in the same fashion. Other point-cloud methods

evolve a surface over time until it approximates the data [48, 144, 148], or fit a set of

3D radial basis functions to the data, compute a weighted sum of them and use a level

set of this last function as reconstructed surface [58, 34]. Mesh based methods for sur-

face reconstruction [137, 53, 143] can perform hole filling as a post-process or integrate

hole filling into surface reconstruction [53]. One of our proposed models is closed re-

lated to the one presented in [49] where the authors use the Willmore flow with a finite



Chapter 5: Geometric approaches to surface reconstruction 93

element implementation. In contrast with their work, our model works on implicit sur-

faces, thereby allowing for more complicated hole topologies, and also naturally leads to

systems of low order differential equations.

The first algorithm here proposed is an extension of a previous work on image in-

painting [15, 16, 26] (see also [22, 27, 42, 110, 116, 122]). In particular, we show how

to adapt the variational formulation presented in [15, 16] to the problem of surface hole

filling. As in [55], the use of volumetric data (that is, the surface is represented as the

zero level-set of a function) brings us topological freedom. In contrast with [55], we use

a system of coupled anisotropic (geometric) partial differential equations designed to

smoothly continue the isophotes of the embedding function, and therefore the surface of

interest (as the zero level isophote). These equations are based on the geometric char-

acteristics of the known surface (e.g., the curvatures), and as [55], are applied only at

the holes and a neighborhood of them (being these equation anisotropic and geometry

based, they lead to a slightly slower algorithm than the one reported in [55], as expected

with geometric flows). A preliminary version of this (first) model was presented in [139].

We formalize this and improve it here with an automatic initialization method. This

initialization is based on the computation of a conical neighborhood F of the known part

of the surface, call it S, where the distance function is uniquely attained. Thereby we

can define the signed distance function ds and ∇ds is the extension of the unit normal

to S to a neighborhood of it. This construction also helps us to label both parts of the

surface as interior and exterior, and this is useful in this first method.

We also develop other curvature based hole surface reconstruction methods. The

first of them is based on a variational model which integrates the Laplacian of a distance

function (i.e., a function which satisfies |∇D| = 1, and D = ds in F) in a open set

containing the hole. Recall that the Laplacian of the distance function gives the mean

curvature of its level sets. The other method is more heuristic and is based on the

diffusion of a function which represents mean curvature of level sets of an underlying

implicit function.

Finally, we have also present simpler methods based on Laplace equation and the

so-called AMLE model which permit to reconstruct a function which is distance-like

near the known part of the surface and whose zero level set can be interpreted as the

reconstructed surface. If our interest is just to find a smooth reconstruction, this ap-

proach may be sufficient. If one wants a reconstruction which is based on minimizing

mean curvature, it can serve as an initialization.

These algorithms, except the one based on curvature diffusion which is less reliable,
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exhibit a similar behavior in reconstructing surface holes for synthetic and real data. As

mentioned above, the reconstructions based on the Laplace or AMLE equation can be

used as initializations for the curvature based approaches.

The remainder of this chapter is organized as follows. Section 5.2 describes the

use of the elastica in the context of image inpainting, its relation to the Willmore func-

tional on surfaces and it describes other related surface inpainting techniques present

in the literature. In Section 5.3 we explain how we set the reliable information (in a

neighborhood around the hole) to be used in the inpainting process. This is a common

step in all the approaches here studied. In section 5.4 we present an automatic initial-

ization method to improve the surface inpainting model introduced in [139]. Section 5.5

presents the two curvature based approaches: a variational one minimizing the absolute

value of curvature, and an heuristic one, based on the diffusion of curvature. Section 5.6

describes two simple methods for surface reconstruction based on the Laplace equation

and the so-called AMLE model. Section 5.7 describes the numerical algorithms used

in our computations. In Section 5.8 we present some numerical experiments on hole

filling obtained with the algorithms previously introduced. Finally, in Section 5.9, we

summarize the main conclusions of this work.

5.2 Related work

5.2.1 The elastica and its role in image disocclusion

One of the perceptual organization principles of the Gestalt theory in visual per-

ception [96] is the principle of good continuation: our visual system is able to complete

partially occluded shapes in such a way that the visible boundaries of the occluded object

are continued smoothly. Contours based on smooth continuity are preferred to abrupt

changes of direction. The occluded and occluding boundaries form a particular con-

figuration called T-junction. The visual system then smoothly continues the occluded

boundary between T-junctions (see figure 5.1).

One of the first works that introduced the smooth continuation principle in image

processing using powers of the curvature as smoothness measure is due to Nitzberg,

Mumford and Shiota [115] in the context of image segmentation. They segmented the

objects according to their depth in the scene and reconstructed the occluded boundaries

between T-junctions using curves minimizing the Euler’s elastica. Thus, their proposal
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a

b

c

d

Figure 5.1: The visual system tends to connect the pairs of T-junctions a-b and c-d
(rather than a-c and d-b).

of completion curve is the curve C that minimizes the energy

∫
C
(α + βk2)ds (5.1)

where k denotes the mean curvature of C, ds its arclength and α, β are positive con-

stants. Indeed, the elastica has been widely used in computer vision due to its interpo-

lation capability and the Bayesian principles underlying on it [112].

Masnou and Morel [110] proposed a variational approach for image disocclusion

based on the elastica (5.1) and which minimizes also the angles formed by the tangents

of completion curves and the tangents of the visible parts of occluded boundaries at

T-junctions. The energy term based on the elastica used a power p of the curvature:∫
C(α + β|k|p)ds. The optimal disocclusion minimizes the addition of curve functionals

over all the gray levels of the image and over the family of completion curves associated

to each level set. The authors in [110] proved that there is an optimal disocclusion

for each p ≥ 1. Then, Ambrosio and Masnou [6] observed that the criterion based on

the elastica could be computed not only in the completion curve but also in a small

piece of the partially occluded level line outside the occluded part. Then, with this

reinterpretation there was not necessary to include the restriction on the tangents and

the functional was only based on the elastica term.

An analysis of the inpainting problem in [42] by Chan and Shen shows the necessity

of including a curvature term in order to have a connectivity principle. Actually, most of

the inpainting techniques in the literature are based on minimizing the curvature [110,

15, 16, 45]. In [45] is shown that previous techniques like [26, 43] originally not based

on the elastica actually include both (in [26]) or one (in [43]) of the basic mechanisms

arising in the elastica: transport and diffusion.
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Relation with the Willmore energy
Clarenz et al. [49] address the problem of surface reconstruction of damaged re-

gions in a surface using the Willmore flow. Let us consider a two-dimensional surface

S embedded in R3 and M0 be a damaged or destroyed region of the surface. Then the

authors in [49] find a surface patch M which minimizes the Willmore energy over all C1

surfaces M∪Sext with exterior surface Sext = S \M0. The Willmore energy is∫
M

h2dx

where h denotes the mean curvature of the surface, i.e. the sum of the principle cur-

vatures of M. They work with a parametrized surface and use finite elements for the

discretization. Moreover, they recall that the Willmore energy is closely related to the

elastica. Nitsche [114] shows that functionals with integrands depending on the princi-

pal curvatures and which are symmetric, positive definite and of polynomial order n ≥ 2

can be written in the form α + β(h − h0)2 − γK, where K is the Gauss curvature and

α, β, γ and h0 being appropriate constants. With this expression of the integrand, the

functional is an extension of the elastica in the case of surfaces (remember that the in-

tegral of the Gauss curvature over closed surfaces is a topological invariant). Then, the

Willmore functional is the particular case of α = h0 = 0 and β = 1.

5.2.2 Joint interpolation of vector fields and gray levels

Let us go through the general ideas of the variational approach to filling-in by

joint interpolation of vector fields and gray values which was introduced in [15, 16]

and adapted to the problem of hole filling on surfaces in [139].

Let Q be a hyper-rectangle in RN and Ω be an open bounded subset of Q with smooth

boundary. Consider a function u0 : Q \ Ω → R, where Ω denotes the closure of Ω. The

function u0 is an implicit representation of the known surface. In [15, 16, 139] the

authors proposed to fill-in the hole Ω using both the gray level u and the vector field of

normals θ to the level sets of the image outside the hole. This permitted to design energy

functionals which minimize a power of (mean) curvature and to write them in terms of

the pair of variables (u, θ).

We denote by Lp(Q), 1 ≤ p < ∞, the space of (measurable) functions f : Q → R such

that
∫
Q |f(x)|p dx < ∞. By L∞(Q) we denote the space of bounded functions f : Q → R.

Let Ω̃ be an open subset of Q with smooth boundary such that Ω ⊂⊂ Ω̃. The band

around Ω will be the set B = Ω̃ \ Ω. To fill-in the hole Ω they use the information of u0

contained in B, mainly the gray level u0 and the vector field of normals (i.e. the gradient
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directions) to the level sets of u0 in B, which are denoted by θ0. They assume that θ0 is

a vector field with values in RN satisfying θ0(x) · ∇u0(x) = |∇u0(x)| and |θ0(x)| ≤ 1. The

basic goal then is to extend in a smooth way the pair (u0, θ0) from the band B = Ω̃ \ Ω

to a pair of functions (u, θ) inside Ω. For that they attempt to continue the isosurfaces

of u0 (i.e the hypersurfaces [u0 = λ] or, more generally, the boundaries of the level sets

[u0 ≥ λ], λ ∈ R) in B inside Ω by taking into account the principle of good (smooth)

continuation. The energy functional proposed in [15, 16, 139] was based on the following

principles:

a) Constrain the solution (u, θ) to coincide with the data on the band B. The vector field

θ should also satisfy |θ| ≤ 1 on Ω and should be related to u by θ · ∇u = |∇u|, i.e., impose

that θ is the vector field of directions of the gradient of u.

b) Impose that the vector field θ0 in the band B is smoothly continued by θ inside Ω. Note

that if θ are the directions of the normals to the level hypersurfaces of u, then div(θ) (a

possible measure of smoothness of the vector field) is the mean curvature. The smooth

continuation of the levels sets of u0 inside Ω is imposed by requiring that div θ ∈ Lp(Ω̃).

Indeed, if θ are the directions of the normals to the level hypersurfaces of u, then div(θ)

is the mean curvature, which is a possible measure of smoothness of the vector field.

Based on these basic principles, the energy functional proposed in [15, 16, 139] to

interpolate the pair (θ, u) in Ω is

Minimize
∫

Ω̃
|div(θ)|p(γ + β|∇k ∗ u|)dx

|θ| ≤ 1, ‖ u ‖∞≤ M,

|∇u| − θ · ∇u = 0 in Ω̃,

u = u0, θ = θ0 in B,

(5.2)

where p > 1, γ > 0, β ≥ 0, k denotes a regularizing kernel of class C1 such that

k(x) > 0 a.e., and M = ‖u0‖L∞(B) := supx∈B |u0(x)|. Note that if u is the character-

istic function of a set A ⊆ R3 (i.e. u(x) = χA(x) = 1 if x ∈ A and = 0 otherwise)

with smooth boundary and θ is an smooth extension of the unit normal to ∂A, then∫
Ω̃ |div(θ)|p|∇u|dx =

∫
∂A |H|

p dS where H(x) is the mean curvature of ∂A and dS denotes

the surface area. The convolution of ∇u with the kernel k is done for technical reasons:

it permits to prove the existence of a minimum for (5.2) [15, 16]. Finally, the constant γ

has to be > 0, it implies an Lp bound on div θ, and this is useful to prove that the limits
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of minimizing sequences satisfy the second constraint in (5.2) [15, 16]. We refer to [16]

for a detailed theoretical analysis of this formulation and its approximation by smoother

functionals.

In section 5.4 we will return to this formulation and improve it with an automatic

initialization method.

5.2.3 Volumetric diffusion

The algorithm proposed in [55] initially converts the surface to a volumetric repre-

sentation in terms of a signed distance function ds. They also define a weight function

ws, ranging from 0 to 1, which measures the confidence in the values of ds: it is taken

ws = 1 in the known part of the surface and it decreases near the boundaries and inside

the hole.

The hole filling is achieved with a process that alternates steps of blurring and com-

positing. The diffusion process works with two volumetric data: dn, the signed distance

at step n, and vn ∈ {0, 1}, an indicator of voxels where the values dn are valid (only valid

voxels are used at each diffusion step). The initialization is:

(d0, v0) = (ds, χws>0)

Then each time step n alternates diffusion with a low-pass filter h

(dn∗, vn) = h ∗ (dn−1, vn−1)

and composition

dn = wsds + (1− ws)dn∗

It can be shown that this process is equivalent to heat diffusion with a source term

that is added after each diffusion step.

5.3 Fixing the scenario

Assume, to fix ideas, that S is a smooth compact connected surface (which we as-

sume to be embedded in R3), and M is a part of S which is unknown or could not be

obtained during scanning (or is damaged and needs to be replaced). Let us identify S
with its known part. Let us choose a bounding box Q in R3 strictly containing the sur-

face gap M and part of S (see Figure 5.7). Let ∂M be the boundary of the gap. Even if
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M is unknown, its relative boundary in S is known. Let F be a neighborhood of S ∩ Q

such that

F = {x ∈ Q : d(x,S ∩Q) < αd(x, ∂M)}, 0 < α < 1.

We assume that F\(S∩Q) consists of two connected components, which can be identified

as the two sides of the surface S (see Figure 5.2). The information derived from the

region F is considered reliable and we impose it as a constraint in our reconstruction.

Let dF (x) be the distance of a point x ∈ F to S ∩Q. By changing the sign of dF in one of

the sides of the surface we may define the signed distance function to S ∩ Q in F (take

it positive inside and negative outside). We denote it by dFs (x), or simply, by ds.

S

M

∂M

Q Q

F

Figure 5.2: Left: part of the surface S (contained in Q) with the hole M. Right: section
of the surface and the neighborhood F .

5.4 Joint interpolation of vector fields and gray levels and
its application to surface inpainting

Let us now describe how to adapt the formulation in section 5.2.2 to inpaint (fill-in)

holes (or gaps) on surfaces S, which we assume to be embedded in R3.

As explained in the previous section, we can compute dFs (x), the signed distance of

a point x ∈ F to S ∩Q. The vector field in F ,

N(x) = ∇ds(x),

is an extension of the unit normal vector field on S ∩Q to its neighborhood F . Again, we

consider this information as reliable and it will be used as a constraint.

To adapt functional (5.2) to surface hole reconstruction we must make explicit the

hole Ω and the functions (u0, θ0) which are the known data on a neighborhood of Ω. To

define the hole we take a ball B (or any open set homeomorphic to a ball) such that
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B ⊂⊂ Q and containing the boundary of the gap ∂M in its interior. We define the hole Ω

by removing from B the points of F . We take the band B = Q \ Ω.

We then consider u0 : Q \Ω → R a characteristic function, that is, a binary function

taking values 0 and 1. The values u0(x) = 1 and u0(x) = 0 represent the points which

are interior, respectively, exterior, to S. Recall that we are assuming that F \ (S ∩ Q)

consists of two connected components which represent the two sides of the surfaces. We

then label these two sides with the values u0 = 1, representing the inner part of the

surface, and u0 = 0, representing its outer side. By propagation, we extend this labeling

to the rest of Q \Ω, knowing it already in F . Notice that this can be done in a consistent

way, we cannot connect two points with different labels without crossing S (see Figure

5.3). We call A the set of points x in Q \ Ω such that u0(x) = 1, hence u0(x) = χA(x).

In this case, by minimizing (5.2), we want to reconstruct the set A inside the hole Ω

knowing the set outside Ω.

Figure 5.3: Sign assignment to the two faces of S.

To construct θ0 we proceed as follows. We define u in Ω ∪ B as the extension of u0

inside Ω by a geodesic propagation, and we define Ds as the signed distance to ∂[u = 0]

(negative in [u = 0] and positive in [u = 1]) so that, by construction, Ds is an extension

of ds where ds is defined in F . We take the vector field θ = ∇Ds in Q := Ω∪B and θ0 = θ

in B. Observe that ∇u0 = νδS∩Q, where ν denotes the inner unit normal to S and δS∩Q

is the Hausdorff measure on S ∩Q. We have θ0 · ∇u0 = |∇u0|.

We constrain u = u0 and θ = θ0 in the band B. Then we minimize (5.2) by solving the

gradient descent equations (5.12), (5.13) presented below, using the numerical approach

described in Section 5.7.1, where the initial conditions for u and θ are defined above, so

that θ · ∇u = |∇u| in Q.
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5.5 Alternative curvature based approaches

Following the description in the introduction, we now present alternative filling-in

approaches for the problem of holes in three dimensions.

5.5.1 Energy in terms of distance functions

Recall that if S ′ is a smooth manifold of class C2, then the signed distance function D

to S ′ is also of class C2 in a neighborhood of S ′. The vector field∇D is an extension of the

unit normal to S ′ and satisfies |∇D| = 1. The operator ∆D(x) = div∇D(x) represents

the sum of the principal curvatures of the isosurface [D = D(x)] := {y ∈ Q : D(y) =

D(x)}. When we look at this as a function in R3, the distance function is Lipschitz and it

satisfies |∇D| = 1 in the viscosity sense. The isosurfaces may develop singularities and

the only thing we can expect is that the mean curvature is a Radon measure. Indeed,

recall that the mean curvature of a polyhedral surface is a Dirac’s measure concentrated

at the edges, and the signed distance function may have such type of singularities. We

shall assume that the signed distance D to the surface S is such that ∆D ∈M(Q) where

M(Q) denotes the space of Radon measures in Q [5]. We define

W (Q) = {u ∈ L1(Q) : ∇u ∈ L1(Q), ∆u ∈M(Q)}.

We propose to fill-in the three dimensional holes via the minimization of the func-

tional

Min{
D ∈ W (Q), |∇D| = 1, D = ds in F

} ∫
Q
|∆D(x)| dx. (5.3)

This energy integrates the mean curvature on the isosurfaces of D. Due to the singu-

larities of the isosurfaces of D, the integral of a power of the mean curvature with an

exponent p > 1 may be infinite. Let us observe that problem (5.3) has a minimizer as

soon as the admissible set is nonempty, and we assume that this is the case.

5.5.2 Curvature diffusion and distance reconstruction

We also present studies based on diffusion of the mean curvature (see also [146]

for related work based on the linear Poisson equation). For convenience, let us write

QF := Q \ F . We propose to diffuse the mean curvature of S and then reconstruct the

surface with the prescribed curvature, that is, we propose to solve the system of PDEs

ωt = ∆ω in [0,∞)× (Q \ F)

ut = |∇u|
(
div
(
∇u
|∇u|

)
− ω

)
in [0,∞)× (Q \ F)

(5.4)
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with the following boundary conditions on ∂F ∩Q:

ω = ∆ds on ∂F ∩Q,

∇u · ν = ∇ds · ν on ∂F ∩Q,

(5.5)

where ds denotes the signed distance to S. Observe that we did not write the Dirichlet

boundary condition u = ds because it is not possible, in general, to impose it to the

equation for u. Let us comment on the boundary conditions used on ∂QF \ ∂F . First

of all, we observe that the ideal scenario would be to consider Q = RN and solve the

system of PDEs (5.4) in [0,∞) × (RN \ F) with the boundary conditions (5.5), but this

is impossible at the numerical level. For that we modify the boundary conditions on

∂QF \ ∂F , we do linear extrapolation of u and ω along the normal to the level sets of u.

5.6 Some interpolation operators

In [37], Caselles, Morel and Sbert studied and classified interpolation algorithms

which satisfy a reasonable series of axioms in terms of the solution of a partial dif-

ferential equation. Two particular examples are the Absolutely Minimizing Lipschitz

Extension, denoted as AMLE in the sequel, and the Laplacian interpolation. In this

section we discuss the applicability of AMLE and the Laplace equation to the problem

of surface reconstruction. First of all, we recall the axiomatic approach introduced in

[37].

5.6.1 Axiomatic description

Let us consider a function u : ∂Ω → R defined on the boundary of a region Ω ∈
RN (e.g. an image for N = 2 or a N -dimensional distance function). We call I the

interpolation operator that permits to extend the function u in the region Ω, i.e. I(u, Ω) :

Ω → R. The authors in [37] establish a series of axioms that the interpolation operator

is desired to have.

1. Monotonicity: Given two functions u and v, defined on ∂Ω, such that u ≤ v, then

I(u, Ω) ≤ I(v,Ω)

2. Stability: This principle requires that the interpolation on a previously interpo-

lated region does not alter the first result. In other words, for any Ω′ ⊂ Ω we

have

I(I(u, Ω)|∂Ω′ ,Ω′) = I(u, Ω)|Ω′
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3. Regularity: Consider that u is a second order polynomial of the form:

u(y) = 1
2〈A(y − x), y − x〉 + 〈p, y − x〉 + c, where A is a real symmetric matrix, p is

a real N -dimensional vector (different from zero) and c is a real scalar. Consider

also a region D(x, r) = {y ∈ RN : ||y − x|| ≤ r}. Then, the interpolation operator

satisfies the regularity principle if there exists a continuous function F such that

lim
r→0

I(u|∂D(x,r), D(x, r))(x)− u(x)
r2/2

→ F (A, p, c, x)

Notice that this applies to all C2 functions since they can be expressed under the

form of a second order polynomial.

4. Translation Invariance: Let x, h ∈ RN , the translation operator is defined as:

Thu(x) = u(x + h). Then, this property is expressed as

I(Thu, Ω− h) = ThI(u, Ω)

5. Rotation Invariance: The rotation operator is: Ru(x) = u(Rtx), where R is an

ortogonal map in RN . A rotation invariant interpolator should verify:

I(Ru, RΩ) = RI(u, Ω)

6. Linear Contrast Change Invariance: The interpolant should conmute with linear

contrast change, i.e. changes on the values u of the type: λu + c where λ, c ∈ R

(scaling and offset of the values)

I(λu + c,Ω) = λI(u, Ω) + c

7. Scale (or Zoom) Invariance: Let ua(x) = u(ax), where a > 0, then

I(ua, a
−1Ω) = Ia(u, Ω)

Caselles, Morel and Sbert [37] show that if I is an interpolator operator satisfying

axioms 1-7 and u = I(u0,Ω), then u, the interpolated function, is a viscosity solution of

G
(
D2u

(
∇u
|∇u| ,

∇u
|∇u|

)
, D2u

(
∇u
|∇u| ,

∇u⊥

|∇u|

)
, D2u

(
∇u⊥

|∇u| ,
∇u⊥

|∇u|

))
= 0 in Ω

u = u0 in ∂Ω
(5.6)

where G(a, b, c) is a nondecreasing function of its variables satisfying G(λa, λb, λc) =

λG(a, b, c) ∀λ ∈ R. Let us clarify the notation D2u(v, w) = 〈D2u(v), w〉 =
∑N

i,j=1 D2uijviwj .
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Moreover, if G is differentiable at 0 then it is linear with respect to its variables and we

can write the first equation in (5.6) as

c1D
2u

(
∇u

|∇u|
,
∇u

|∇u|

)
+ 2c2D

2u

(
∇u

|∇u|
,
∇u⊥

|∇u|

)
+ c3D

2u

(
∇u⊥

|∇u|
,
∇u⊥

|∇u|

)
= 0

where c1, c3 ≥ 0 and c1c3 − c2
2 ≥ 0.

Then the authors in [37] study the combination of values c1, c2 and c3 that result in

possible interpolation operators. More concretely, they focus on particular cases of the

p-Laplacian
div(|∇u|p−2∇u) = 0 in Ω

u = u0 in ∂Ω
(5.7)

where p ≥ 1. The first equation in (5.7) can be written in an equivalent form after

dividing by |∇u|p−2

(p− 1)D2u

(
∇u

|∇u|
,
∇u

|∇u|

)
+ D2u

(
∇u⊥

|∇u|
,
∇u⊥

|∇u|

)
= 0

We classify the different operators according to the value of p:

• p = 1: The resulting interpolation equation is div
(
∇u
|∇u|

)
= 0. Indeed, this means

that the curvature of the interpolated function has to be zero, which is not always

desirable. In that case there is not a unique solution and the boundary conditions

cannot be satisfied. Hence, this model is not a good interpolator.

• p = 2: This case corresponds to the Laplace equation. This equation is standard

in interpolation problems but it cannot interpolate isolated points since it does not

permit to respect the boundary conditions at isolated points.

• 2 < p < ∞: In this case there exists a solution but the gradient may be unbounded,

even for smooth data at the boundary.

• p = ∞: It yields the Absolutely Minimizing Lipschitz Extension Model (or AMLE).

This equation has been studied in [10, 11, 92] and presents good properties: ex-

istence and uniqueness of viscosity solutions with boundary Lipschitz data and

the gradients become bounded (more details of this model are given in subsection

5.6.3).

5.6.2 The Laplace interpolation

The Laplacian interpolation is based on solving the PDE

−∆u = 0 in QF , (5.8)
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with specified boundary data on ∂QF . Indeed, boundary data is only known in ∂F ∩ Q

where we should impose that u = ds. Thus, a reasonable assumption would be to assume

that
∂u

∂ν
= 0 in ∂QF \ ∂F (5.9)

where ν denotes the outer unit normal to ∂QF \ ∂F . In some sense, from the theoretical

point of view, the lack of knowledge of boundary conditions for u in ∂QF \∂F excludes the

possibility of using (5.8) to reconstruct the surface S ∩ Q (which is defined as ∂[u > 0]).

In spite of this, we tested using (5.8) with boundary condition (5.9) and the results are

also presented in Section 5.8. We should of course mention that this approach is closely

related to the work in [55], based on linear diffusion.

5.6.3 The Absolute Minimizing Lipschitz Extension interpolation

The AMLE interpolation ([10, 11]) is based on solving the PDE

〈D2u (∇u) ,∇u〉 = 0 in QF . (5.10)

with boundary data on ∂QF . Here ∇u and D2u denote the gradient and the Hessian

matrix of u, respectively, so that in Cartesian coordinates,

〈D2u (∇u) ,∇u〉 =
N∑

i,j=1

∂2u

∂xi∂xj

∂u

∂xi

∂u

∂xj
.

This equation can be solved with general domains and boundary data, in particular the

data can be given in a finite number of surfaces, curves and/or points. Indeed, we may

assume that the boundary data ϕ ∈ Lip∂(QF ) where

Lip∂(QF ) =

{
g ∈ C(∂QF ) : |||g||| = sup

x,y∈∂QF

|g(x)− g(y)|
d∂Q(x, y)

< ∞

}
,

and dQF (x, y) is the geodesic distance between x and y in QF , i.e., the minimal length of

all possible paths joining x and y and contained in QF [92].

Let us recall that, if X is an open set or a smooth manifold in RN , W 1,∞(X) (resp.

W 1,p(X)) denotes the space of functions u ∈ L∞(X) (resp. u ∈ Lp(X)) such that ∇u ∈
L∞(X) (resp. ∇u ∈ Lp(X)). By W 1,∞

0 (X), resp. W 1,p
0 (X), we denote the closure in

W 1,∞(X), resp. in W 1,p(X), of the smooth functions with compact support in X.

Existence and uniqueness of viscosity solutions for the AMLE model (5.10) with

boundary data ϕ ∈ Lip∂(QF ) was proved by Jensen [92]. Moreover, he proved that the
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viscosity solution of (5.10) is an absolutely minimizing Lipschitz extension of ϕ, i.e.,

u ∈ W 1,∞(QF ) ∩ C(QF ) and satisfies

‖∇u‖L∞(Q′;RN ) ≤ ‖∇w‖L∞(Q′;RN ) (5.11)

for all Q′ ⊆ QF and w such that u−w ∈ W 1,∞
0 (Q′). Let us add that the AMLE model was

introduced by Aronsson in [10, 11] as the Euler-Lagrange equation of the variational

problem (5.11) (which can be interpreted as the limit as p → ∞ of the variational prob-

lems ‖∇u‖Lp(Q′;RN ) ≤ ‖∇w‖Lp(Q′;RN ) for all Q′ ⊆ QF and w such that u − w ∈ W 1,p
0 (Q′)

[17, 92]). The above results were extended in [92] to the case of continuous boundary

data ϕ ∈ C(∂QF ), and Jensen proved that in that case, the AMLE is locally Lipschitz

continuous in QF [92].

The same remarks we made for the Laplace equation (5.8) can be done here, that

is, boundary data is only known in ∂F ∩ Q where we should impose that u = ds (by

the results in [94] there exist absolutely minimizing Lipschitz extensions of ds|∂F∩Q and

satisfy (5.10), but there is no uniqueness result for them). From the theoretical point

of view, the lack of knowledge of boundary conditions excludes the possibility of using

(5.10) to reconstruct the surface S ∩ Q (which is defined as ∂[u > 0]). In spite of this,

we experiment with it in Section 5.8. Another numerical possibility would be to linearly

extrapolate the values of u along the direction ∇u.

5.7 Numerical considerations

We now present some basic concepts related to the numerical implementation of the

different filling-in models described above.

5.7.1 Joint interpolation of vector fields and gray levels

To minimize the functional (5.2) we use the steepest descent method. If we denote

the energy by Ẽ(θ, u), the steepest descent equations are

θt = −∇θẼ(θ, u) (5.12)

and

ut = −∇uẼ(θ, u) (5.13)

in (0,∞)×Ω̃, supplemented with the corresponding boundary data and initial conditions.

The constraints on (θ, u) can be incorporated either by penalization or by projecting onto
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them after each time step. We tested both methods in an implicit (also in an explicit)

in time discretization of (5.12), (5.13). Let us explain in some detail the implicit in

time implementation of (5.12), (5.13) with the constraint θ · ∇u = |∇u| incorporated by

penalization. Thus we consider

Ẽ(u, θ) =
∫

Ω̃
|div(θ)|p(γ + β|∇k ∗ u|)dx + η

∫
Ω̃
(|∇u| − θ · ∇u) (5.14)

which corresponds to the energy (5.2) plus a penalization term for the constraint that

θ · ∇u = |∇u|, with η > 0. To simplify our notation, let us write g(θ) := β|div(θ)|p,

h(u) := γ + β|∇k ∗ u|. Then

∇θẼ(θ, u) = −p∇
[
h(u)|div(θ)|p−2div(θ)

]
− η∇u = 0 (5.15)

and

∇uẼ(θ, u) = −div

(
k ∗
(

g(θ)
∇k ∗ u

|∇k ∗ u|

))
− η div

(
∇u

|∇u|

)
+ η div θ = 0, (5.16)

To solve equations (5.12) and (5.13), we use an implicit discretization in time. To be

precise, we write

∇θẼ(θ, θ′, u, v) = −p∇
[
h(u)(ε + |div(θ′)|p−2)div(θ)

]
− η∇u = 0 (5.17)

and

∇uẼ(θ, θ′, u, v) = −div

(
k ∗
(
g(θ)

∇k ∗ u√
ε + |∇k ∗ v|2

))
− η div

(
∇u√

ε + |∇v|2

)
+ η div(θ) = 0.

(5.18)

Then, we use the discretization in time given by

θn+1 − θn = −∆t∇θẼ(θn+1, θn, un, un), (5.19)

and

un+1 − un = −∆t∇uẼ(θn+1, θn+1, un+1, un). (5.20)

Finally, we make the change of variables ξn+1 := θn+1 − θn, vn+1 := un+1 − un and we

have

ξn+1 = −∆t∇θẼ(ξn+1 + θn, θn, un, un), (5.21)

vn+1 = −∆t∇uẼ(θn+1, θn+1, vn+1 + un, un). (5.22)

In practice we solve equations (5.21),(5.22) in Ω̃ with the boundary conditions

un+1 = u0 and θn+1 · νΩ̃ = θ0 · νΩ̃ on ∂Ω̃
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and with un = u0 and θn = θ0 on the band B. Then we redefine un+1 = u0 and θn+1 = θ0

in B.

Now, since θn · νΩ̃|∂Ω̃ = θn+1 · νΩ̃|∂Ω̃ and un|∂Ω̃ = un+1|∂Ω̃, the normal component

of ξn+1 and the value of vn+1 are zero at the boundary, and we may use a conjugate

gradient method to solve (5.21) and (5.22). The constraint |θ| ≤ 1 is incorporated by

renormalizing θn (when |θn| > 1) after each time step. The constraints on ‖u‖∞ can be

also introduced after each time step. In spite of the penalization term, the relationship

θ · ∇u = |∇u| is (numerically) lost and we reinforce it after a certain number of time

steps.

We can also set η = 0 and incorporate the constraint that |∇u| = θ ·∇u by projecting

onto it after each time step. We also tested this both in a time implicit and explicit

discretization of equations (5.12), (5.13). After each time step of θ and u we redefine

θ(i, j) =
θ(i, j) + α∇u(i, j)

max(1, |θ(i, j) + α∇u(i, j)|)

for some α > 0. As it has been shown in [90] this is a good way of imposing that |θ| ≤ 1

and θ ·∇u = |∇u|. We have found quite similar results using both described methods for

imposing the constraint.

In our experiments, we take k a Gaussian kernel with small variance, say one or

two pixels. In practice, one can also dismiss the kernel k. The initial conditions for u and

θ are taken as we explained at the end of Section 5.4 so that θ · ∇u = |∇u| in Q := Ω∪B.

We could also construct an initialization (u, θ) using the solution Laplace equation, or

AMLE (see Section 5.6).

5.7.2 Curvature based approaches

We use the steepest descent method to minimize the functional (5.3), then we must

solve:

Dt = −∆
(

∆D

|∆D|

)
(5.23)

In order to satisfy the constraint |∇D| = 1 we make use of the PDE that computes the

signed distance function [117]:

Dt = −sign(D)(|∇D| − 1) (5.24)

Then, as a numerical approach to minimize (5.3) we combine (5.23) and (5.24) at each

time step. To go from Dn to Dn+1 we first solve

D∗ = Dn −∆t∆
(

∆Dn

|∆Dn|+ ε

)
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using centered differences and then solve

Dn+1 = D∗ −∆tsign(D∗)(|∇D∗| − 1)

using an upwind scheme for the gradient magnitude [117, 118]. As boundary conditions,

we use Dn = D∗ = ds on ∂F ∩Q and linear extrapolation of Dn and D∗ along its gradient

direction on ∂QF \ ∂F .

Even if not fully theoretically justified, unless we work in a small neighborhood of

the surface D = 0, a similar scheme may be used to minimize the functional

Min{
D: |∇D| = 1, ∆D ∈ L2(Q), D = ds in F

} ∫
Q
|∆D(x)|2 dx. (5.25)

In order to solve the system (5.4), firstly we solve ωt = ∆ω by an explicit Euler

scheme and centered differences in space. Then, we reconstruct the distance function

solving ut = |∇u|
(
div
(
∇u
|∇u|

)
− ω

)
. We also use an explicit Euler scheme in time. As

regards the space discretization we use forward differences for the gradient, backward

differences for the divergence and an upwind scheme for the modulus of the gradient

multiplying div
(
∇u
|∇u|

)
− ω [118].

5.7.3 The Laplace equation and the AMLE

The Laplace equation (5.8) is solved by computing the steady state of equation ut =

∆u. This PDE is discretized with an implicit (or explicit) Euler scheme in time and

centered differences in space. In case of the implicit Euler scheme, the corresponding

linear system is solved using the conjugate gradient method. As boundary conditions

we use u = ds on ∂F ∩ Q and linear extrapolation of u along its gradient direction on

∂QF \∂F (one can also use the Neumann boundary conditions (5.9)). The same boundary

conditions will be used for the AMLE equation whose numerical scheme we describe

now.

The AMLE equation (5.10) is also solved computing the steady state of its associated

evolution problem. We use an implicit Euler scheme and centered differences. Then we

use the Newton algorithm with a relaxation parameter. Thus, at each time step we

compute:

un+1 = un − w
(1 + 2∆t)|∇cu∗|2u∗ − un|∇cu∗|2 −∆t

∑3
i,j=1 ū∗xixj

δc
xi

u∗δc
xj

u∗

(1 + 2∆t)|∇cu∗|2 + ε

where the relaxation parameter is 0 < w < 2 (we use, in practice, w = 1.5). We use

the superscript c to denote centered differences in spatial derivatives, we define thus:
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∇cu = (δc
x1

u, δc
x2

u, δc
x3

u), ūxixi = δc
xixi

u − 2u and ūxixj = δc
xixj

u for i 6= j. Finally, if we

denote << as the lexicographical order for indexes on R3 then

u∗(p, q, r) =

 un+1(p, q, r) if (i, j, k) << (p, q, r)

un(p, q, r) else

when computing the value at location (i, j, k).

5.8 Experimental results

We now show experimental results illustrating the filling-in techniques here pro-

posed.

5.8.1 Simple geometric objects

First, we display several experiments of geometric objects done with the different

methods discussed above: the joint interpolation of vector fields and gray levels (ab-

breviated JIVFGL), minimization of the absolute value of the Laplacian of the distance

function (and also the case of power 2), curvature diffusion, the AMLE, and Laplace

equations. The images in our experiments have been rendered using the AMIRA Visu-

alization and Modeling System [8].

Figure 5.4 shows a pyramid with a hole of size 61 × 61 in the two horizontal di-

mensions and 6 in the vertical dimension, and its corresponding reconstructions. Figure

5.4.a shows the gap in the pyramid. Figure 5.4.b shows its reconstruction by joint in-

terpolation of vector fields and gray levels (JIVFGL), i.e., functional (5.2) with N = 3.

Figure 5.4.c shows the result obtained minimizing the absolute value of the Laplacian

of the distance function, i.e., (5.3). Figure 5.4.d shows the result obtained minimizing

the square of the Laplacian of the distance function, i.e., (5.25). Figure 5.4.e shows the

result obtained with curvature diffusion (5.4). Finally, Figures 5.4.f and g display the

results obtained solving the AMLE and Laplace equations in 3D, respectively. Note how

the reconstructions obtained with the model JIVFGL and the square of the Laplacian

for example manage to fill-in a relatively large hole. The others do a decent work that

can certainly be used as a very good initial condition for the best models to refine.

Figure 5.5 displays a torus with a hole (it has 6 voxels in the inner circle arc, 15

in the outer circle arc, its width is 20, and its height is 18 voxels) and its correspond-

ing reconstructions. Figure 5.5.a shows the gap in the torus. Figure 5.5.b shows its

reconstruction by joint interpolation of vector fields and gray levels (JIVFGL). Figure
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5.5.c displays the result obtained minimizing the absolute value of the Laplacian of the

distance function, i.e., (5.3). Figure 5.5.d displays the result obtained minimizing the

square of the Laplacian of the distance function, i.e., (5.25). Figures 5.5.e and f display

the results obtained solving the AMLE and Laplace equations in 3D. Note once again

the very good reconstruction with the JIVFGL model, for a significant hole, and the good

initial conditions (at least) of the others.

5.8.2 Experiments with Michelangelo’s David

For this real data coming from the Stanford Michelangelo’s project [103], with the

purpose of adapting it to our algorithm, the data, originally given as a triangulated

surface, was converted to an implicit representation in a regularly spaced 3D grid. The

result is visualized again as a triangulated surface. Figure 5.6 shows a rendering of a

scanned version of Michelangelo’s David which has several holes.

Figures 5.7.a, 5.7.b, 5.7.c show some particular holes with a bounding box isolating

them. Figures 5.7.d, 5.7.e, 5.7.f show the triangulated surface (the data) around the

hole. The reconstructed surface using JIVFGL is shown in Figures 5.7.g, 5.7.h, 5.7.i.

The reconstructed surfaces look very natural.

Figure 5.8.a shows the hole in David’s left hand. Figure 5.8.b,c,d,e,f show the cor-

responding results obtained minimizing the absolute value of the Laplacian, the square

of the Laplacian, diffusion of curvature, the AMLE, and Laplace equations, respectively.

All reconstructions look again very natural, while we can observe that for example the

curvature diffusion is less smooth.

The hole in David’s left hand is shown in figure 5.9.a. Inpainted surfaces obtained

minimizing the absolute value of the Laplacian, the square of the Laplacian, diffusion

of curvature, the AMLE, and Laplace equations are shown in figures 5.9.b,c,d,e,f respec-

tively.

5.9 Conclusions

In this chapter we have introduced geometrical approaches to fill-in surface holes.

The idea, inspired by [55] and [15, 16, 139], is to represent the surface of interest by

means of a function u, as an upper level set [u > 0], and minimize an energy functional

which integrates a power of the mean curvature of the level sets of u. Then we use

a gradient descent method and, thus, we run a system of coupled geometric partial

differential equations that permit to geometrically continue the surface into the hole.
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Figure 5.4: From top to bottom and left to right: a) Pyramid with a gap, b) Reconstruc-
tion using JIVFGL, c) Reconstruction obtained minimizing the absolute value of the
Laplacian, d) Reconstruction obtained minimizing the square of the Laplacian e) Using
curvature diffusion, f) Using the AMLE, g) Using Laplace equation.
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Figure 5.5: From top to bottom and left to right: a) Torus with a gap, b) Reconstruction
using JIVFGL, c) Reconstruction obtained minimizing the absolute value of the Lapla-
cian, d) Reconstruction obtained minimizing the square of the Laplacian, e) Using the
AMLE, f) Using Laplace equation.
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Figure 5.6: Scanned version of Michelangelo’s David (data from the Stanford Michelan-
gelo’s project [103]).

We have also discussed other curvature based hole surface reconstruction models, one of

them based on a variational model which integrates the Laplacian of a distance function,

the other is heuristic and is based on the diffusion of a function which represents the

mean curvature of level sets of an underlying implicit function. In all these cases, we

have showed reconstruction of surface holes both for synthetic and real data.

Finally, we have also shown some other simpler methods based on the Laplace equa-

tion and the so-called AMLE model which reconstructs a function which is distance-like

near the known part of the surface and whose zero level set can be interpreted as the

reconstructed surface. If our interest is just to find a smooth reconstruction, this ap-

proach may be sufficient. If one wants a reconstruction which is based on minimizing

mean curvature, it can just serve as an initialization stage.
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Figure 5.7: The results in this Figure have been obtained using JIVFGL. From top to
bottom and left to right: a) David’s left hand, b) A detail of its hair, c) David’s left foot,
d) A zoomed detail of a) showing the triangulated surface with the hole, e) A zoomed
detail of b) showing the triangulated surface with the hole, f) A detail of the fingers with
a hole, g) The reconstruction of the hole in d) displayed as a triangulated surface, h) The
reconstruction of the hole in e) displayed as a triangulated surface, i) The reconstruction
of f) displayed as a triangulated surface.



116 Chapter 5: Geometric approaches to surface reconstruction

Figure 5.8: From top to bottom and left to right: a) The hole in David’s left hand, b)
Reconstruction obtained minimizing the absolute value of the Laplacian, c) Reconstruc-
tion obtained minimizing the square of the Laplacian, d) Reconstruction using curvature
diffusion, e) Using the AMLE, f) Using Laplace equation.
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Figure 5.9: From top to bottom and left to right: a) The hole in David’s hair. b) Re-
construction obtained minimizing the absolute value of the Laplacian c) Reconstruction
obtained minimizing the square of the Laplacian, d) Reconstruction using curvature
diffusion, e) Using the AMLE, f) Using Laplace equation.
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Chapter 6
Total Variation based restoration

ABSTRACT

This chapter reviews some important aspects of the irregular sampling literature. We

also propose a general algorithm to solve a problem of image restoration which considers

several different aspects of it, namely: irregular sampling, denoising, deconvolution, and

also antialiasing and zoom. Our algorithm is based on an extension of an algorithm

proposed by A. Chambolle [40] in the case of image denoising using total variation, com-

bined with irregular to regular sampling algorithms proposed by K. Gröchenig and his

coauthors [67, 80]. Finally we present some experimental results and we compare them

with those obtained with the algorithm proposed by K. Gröchenig et al.

6.1 Introduction

If we want to model a general digital image acquisition system we have to take into

account the following aspects:

- Noise: it is undesired information that contaminates the image and it comes from a

variety of sources. The Gaussian distribution is most often used to model natural

noise processes, such as those occurring from electronic devices in the acquisition

system. We call n a Gaussian noise with standard deviation σ.

- Modulation Transfer Function of the system (MTF): it describes how frequency

information is degraded by the image acquisition system. Sensors and optics may

not be perfect and they blur the acquired image (see appendix C for more details

of the MTF in satellite imaging). We denote h a blurring kernel whose Fourier

spectrum, or Modulated Transfer Function, is essentially supported in [−1/2, 1/2]2.
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- Sampling process: when producing a digital image (directly obtained from a digi-

tal acquisition system or after converting an analogic image) several samples are

taken at specific locations. Let us call Λ = {λk}k the set of sampling locations,

it may be regular (equidistant samples) or irregular (see section 6.2 for a general

overview of irregular sampling).

Then, a suitable digital image formation model would be:

g = ∆Λ · (u ∗ h) + n (6.1)

where u is the ideal undistorted image and g is the acquired image. Sampling may be

written as a multiplication by the Dirac comb

∆Λ =
∑
λk∈Λ

δ(· − λk).

We shall concentrate in the particular case of perturbed sampling and we may assume

that the set Λ takes the particular form

Λ = Z2 + ε(Z2) (6.2)

where ε : R2 → R2 is a “smooth and small” perturbation function in the sense that

supp(ε̂) ⊆ [− 1
2Tε

, 1
2Tε

]2 for some period Tε of the maximum vibration frequency such that

Tε > 1 and that the amplitude A which can be measured as the max or the standard

deviation of each component of the vector ε(x) is small with respect to 1 pixel (see section

6.2 for a modelization (6.5) of this perturbation).

In the more general setting where sampling is not necessarily perturbed, the well-

posedness of the sampling set is measured by its density. Let us recall that a sampling

set Λ ⊆ Ω is said to be γ-dense if ⋃
λk∈Λ

Dγ(λk) = Ω (6.3)

i.e. if the image domain Ω can be covered by disks Dγ(λk) of radius γ that are centered

on the sampling points λk. We shall also call the value υ = 2γ, “maximal gap” of the

sampling set Λ whenever γ is the minimal value such that Λ is γ-dense (almost equiv-

alently the maximal gap υ is the maximal diameter of the Voronoï cells associated to

Λ).

Our problem consists of recovering as much as possible of u, from our knowledge

of the sampling geometry Λ, the blurring kernel h, the statistics of the noise n, and the

irregular samples g.
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In [2] Almansa studied two subproblems of this general problem. First, sampling

was assumed to be regular, but the MTF ĥ was not restricted to [−1/2, 1/2]2, and the

problem was to study how to best circumvent the aliasing artifacts. As the author con-

cluded (see also [3]), an optimal spectral region R similar to [−1/2, 1/2]2 could be found

(depending on h, and a statistical model of the image u and the noise n) where sampled

coefficients contain a minimal amount of noise and aliasing. Then, following [106], Al-

mansa proposed to extrapolate the restored information on R to a region R′ containing

[−1/2, 1/2]2 by minimizing the total variation.

As a second case, sampling was assumed to be perturbed or irregular, but the MTF

was assumed to be an ideal window: ĥ = χ[−1/2,1/2]2 . Most of the numerical algorithms

that were analyzed worked relatively well only within a low-frequency spectral region

R ⊆ [−α/2, α/2]2 where α ≈ 1−1/Tε for an irregular sampling set such that Tε > 1 when

the sampling set is perturbed. When attempting to recover û on the high frequency band

[−1/2, 1/2]2\R serious theoretical and numerical problems were faced, and, actually,

restoration errors where most important in that band.

Motivated by the previous discussion, we consider the following variational model

for restoring u based on the full image formation model in equation (6.1):

min
u

1
2
‖w ·∆Λ · (p ∗ h ∗ u)− g‖2 + λJ(u) (6.4)

where J(u) =
∫
|∇u| is the total variation of u, w is a weighting function acting as a

preconditionner (typically is the Voronoï area of the sampling set Λ, see Section 6.2.2 ),

and p is a spectral projector (e.g. p̂ = χR or a prolate function, see section 6.6) on a low-

band region R which depends both on the MTF and the irregularity of the sampling set.

The main idea behind the use of the projector is to use linear restoration methods within

the well-posed region R and extrapolate this result -via total variation minimization- to

a region R′ containing [−1/2, 1/2]2. In this way we deal, at the same time, with the

problem of antialiasing and zoom.

The use of total variation for image restoration problems was originally proposed

by Rudin, Osher and Fatemi in [99]. Functions with finite total variation, usually called

bounded variation functions [98, 65, 149], are a reasonable functional model for many

problems in image processing, in particular, for image restoration problems [99]. Typi-

cally, functions of bounded variation in the plane have discontinuities along rectifiable

curves, being continuous in some sense (in the measure theoretic sense) away from dis-

continuities. These discontinuities could be identified with edges. The ability of total

variation regularization to recover edges is one of the main features which advocates for
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the use of this model (its ability to describe textures is less clear, some textures can be

recovered, but up to a certain scale of oscillation). See appendix D for the definition of

functions of bounded variation and some references.

Many numerical algorithms have been proposed to minimize the total variation

subject to constraints (we refer to [9] for a survey). The particular case of total variation

denoising has been widely studied numerically [140, 41, 44, 46, 40]. Recently, a very

interesting algorithm for total variation denoising which is guaranteed to converge to

the exact solution was proposed by Chambolle [40] (in this case the image formation

model (6.1) simplifies to g = u+n). In this work we shall extend his result in such a way

that it can also be applied within a very general image restoration framework.

The main focus of the present work is to propose a full image restoration model.

For that, we study the case of irregular to regular bandlimited sampling, and observe

that the ideas of the ACT algorithm by Feichtinger, Gröchenig, Strohmer and Rauth

[67, 80, 123] fit perfectly within this framework, and can be easily combined with Cham-

bolle’s ideas to write a TV regularized irregular to regular sampling algorithm. The

variational model (6.4) that we propose includes not only irregular sampling but also

deconvolution, denoising, antialiasing and zoom. In this work we consider the inclusion

of all these features except for the antialiasing. We shall prove the feasibility of a nu-

merical algorithm for solving equation (6.4), by combining the Gröchenig and Chambolle

techniques to be described below. This is, to the best of our knowledge, the first attempt

in this direction, since in most of the irregular sampling literature, the only regularizers

considered are linear, akin to Tikhonov regularization.

Let us finally explain the plan of the chapter. In section 6.2 we introduce the prob-

lem of irregular to regular sampling and review the ACT algorithm of Gröchenig and

Strohmer [80]. Section 6.3 explains how to extend the Chambolle’s algorithm [40] for

total variation based image denoising to the more general case of irregular to regular

sampling, deconvolution, zoom and denoising. The variational problem (6.4) proposed

for the general restoration is studied in section 6.4. In section 6.5 we explain how to

use local constraints in the proposed model. The inclusion of zoom in the general al-

gorithm is studied in more detail in section 6.6. Finally in section 6.7 we show some

experimental results and in section 6.8 we give the conclusions of this work.
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6.2 Irregular to regular sampling

Digital data is usually obtained after sampling a continuous signal on a uniform

cartesian grid. Then, the sampling set is said to be uniform or regular. However, it

turns out that in many applications we only have access to a non-uniform sampling

set. Aldroubi and Gröchenig [1] refer some examples of this kind of applications. In as-

tronomy, weather conditions make rather it impossible to have regular measurements

collections. In communication theory, signals that have originally been regularly sam-

pled, often result in non-uniform samples due to sample losses in transmission or to

damages in storage devices. In medical imaging spiral sampling is used for fast mag-

netic resonance imaging (MRI) and polar sampling is used in computerized tomography

(CT). In other disciplines such as seismology, geophysics and spectroscopy data is only

available on a non-uniform grid.

The micro-vibrations of satellites and the irregularities in the sensor position result

in irregular sampling sets in satellite imaging. In most cases, the knowledge of certain

vibration modes and the analysis of acquired images help to estimate with high accuracy

the perturbations in the sampling grid which can be modeled [2] by:

ε(x) =
M∑

k=1

ak(x)cos(〈ωk, x〉+ φk) (6.5)

where ak(x) are smooth modulation functions and the vibration frequencies ωk are an

order of magnitude (or even more) below the Nyquist frequency of the sampling rate. We

call Tε the period of the maximum vibration frequency and A the standard deviation of

each component of the vector ε(x). The bound on the modulation functions is inversely

proportional to ωk and the number of vibration modes is small. This results in smooth

and small perturbations not higher than 0.1c where c is the distance between sensors.

As a consequence, these perturbations are not visible and we should talk of perturbed

sampling rather than irregular sampling in those cases. Even if the image distortion is

not evident from a geometrical point of view it is very important to correct the pertur-

bations in image registration applications where a sub-pixel accuracy is necessary.

There exist many works on the literature dealing with the irregular sampling prob-

lem. However, many of them are iterative algorithms which are adapted to well-conditioned

problems and small data sets but are inadequate to more realistic problems with large

sampling sets and their generalization to the two dimensional case is not always evi-

dent. A comparison between several iterative methods can be found in [13, 68]. In [2]

the author makes a survey of other techniques [67, 80, 123, 1] which are well-suited for
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the two dimensional case and also proposes a pseudo-inverse algorithm.

6.2.1 When is it possible to recover a regular sampling set

The problem of recovering a function f from its samples {f(xi) : i ∈ Z} is ill-posed

since there exist infinite solutions. In real applications one deals with band-limited

functions, i.e., functions with a finite support in frequency domain. This assumption

permits to redefine the problem and to study the necessary conditions to recover exactly

the function f . The classical result of Shannon-Whittaker provides a reconstruction

formula from uniform samples of finite energy functions [107].

Let B[−1/2,1/2]d denote the space of band-limited functions f whose Fourier trans-

form f̂ is such that f̂(ξ) = 0 for all ξ /∈ [−1/2, 1/2]d. The fact that a function f ∈
L2(Rd) ∩ B[−1/2,1/2]d could be recovered from its samples by the Shannon interpolation

formula is equivalent to say that the set {ei2π〈k,ξ〉, k ∈ Zd} forms an orthonormal basis

of L2([−1/2, 1/2]d). This basis is known as the harmonic Fourier basis. These results

on uniform sampling have been extended to the non-uniform case and non-harmonic

Fourier basis. For dimension d = 1, Kadec’s theorem [95] states that for a perturbed

sampling set of the form Λ = {λk ∈ R : |λk − k| ≤ c < 0.25}k∈Z, the set {ei2πλkξ, k ∈ Z}
is a Riesz basis of L2([−1/2, 1/2]). Hence, using Fourier transform methods, there ex-

ists a stable reconstruction of any function f ∈ L2(R) ∩ B[−1/2,1/2] from its irregular

samples f(λk). A stable reconstruction implies an upper bound on the energy for any

band-limited functions f ∈ L2(R) ∩B[−1/2,1/2],

||f ||2 ≤ C

∑
λk∈Λ

|f(λk)|2
1/2

A sampling set for which the reconstruction is stable is called a (stable) set of sampling.

Notice that this notion is stronger than the notion of set of uniqueness which only re-

quires that for all band-limited functions f , if f |Λ = 0 then f = 0.

In the two dimensional case the Kadec’s theorem requires a more restrictive bound

on the maximal perturbation. If the perturbation is Λ = {λk ∈ R2 : ||λk − k|| ≤ 0.11}k∈Z2 ,

then the set {ei2π〈λk,ξ〉, k ∈ Z2} is a Riesz basis of L2([−1/2, 1/2]2) and thus, there exists

a stable reconstruction formula for any band-limited and finite energy function from its

irregular samples. Moreover, if the perturbation is separable [2] then the problem is

reduced to the one dimensional case in each dimension and the constant c < 0.25 is the

maximal perturbation allowed in each dimension in order to have a Riesz basis and a

stable reconstruction.
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The sampling set in Kadec’s theorem is just a perturbation of the uniform sampling

grid. For general irregular sampling sets, the work of Beurling [28] and Landau [100]

establish the necessary and sufficient conditions for stable reconstructions. A set Λ is a

stable set of sampling if and only if the Beurling density

D(Λ) = lim
r→∞

inf
x∈Rd

#(Λ ∩ (x + [0, r]d))
rd

satisfies D(Λ) > 1. Results about arbitrary sets of sampling are connected to the general

notion of frames [28, 79]. The concept of frames generalizes the notion of orthogonal

bases and Riesz bases in Hilbert spaces as well as of unconditional bases in some Banach

spaces (see [1] and references therein).

6.2.2 ACT algorithm

One of the best performing reconstruction methods available for irregular to regular

sampling is the ACT algorithm developed initially by Feichtinger et al. [67] and further

analyzed, refined and generalized by Gröchenig and Strohmer [80], and Rauth [123].

The method intelligently combines an accelerated version of the frame iteration derived

from the proof of Kadec’s theorem, with adaptive weights in order to improve the condi-

tion number of the problem and to provide explicit estimates for the rate of convergence,

a conjugate gradient iteration which accelerates convergence, and the formulation of the

problem as a Toeplitz system in order to gain structure and thus numerical efficiency.

Furthermore the preparation steps before the conjugate gradient iteration can start,

can benefit from the USFFT (for unequally spaced fast Fourier transform) algorithm by

Beylkin [29, 30].

More precisely, the algorithm is based on a representation of an N × N periodic

band-limited function u as a trigonometric polynomial of order N2

u(x) =
∑

n∈[1,N ]2

ane
2πi
N
〈n,x〉 (6.6)

so that the interpolation conditions become

gk = u(λk) =
∑

n∈[1,N ]2

ane
2πi
N
〈n,λk〉 k ∈ {1, . . . ,M}, (6.7)

or equivalently in matrix form

g = Sa, where S = ((skn)), skn = e
2πi
N
〈n,λk〉 (6.8)

i.e. S is the van der Monde matrix associated to the trigonometric polynomial. Now the

problem is reduced to solving for a the system of linear equations (6.8). But if Λ contains
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some regions with extremely dense sampling or large gaps the system will not be well

balanced. In order to improve the condition number the k-th equation is multiplied by a

weight

wk = area ({x : |x− λk| < |x− λj |, ∀j 6= k}) (6.9)

which is inversely proportional to the sampling density at λk. Thus, the use of weights

wk compensates the local variations in the sampling density. Moreover, the adaptative

weights method provides explicit estimates for the rate of convergence and therefore

gives useful stopping criteria. In addition, instead of solving the linear system (6.8)

directly, it will be more convenient to solve the normal equations as an optimization

problem

min
a
‖S∗WSa− S∗Wg‖2 (6.10)

because the N2×N2 matrix T = S∗WS (where W = diag({wk}k=1..N )) is always a square

matrix and can be shown to have Toeplitz structure, so that the multiplication Ta can

be efficiently computed in (2N)2(log2((2N)2) + 1) time using Fourier methods. Defining

T = S∗WS and b = S∗Wg in equation (6.10), the non-harmonic series

tn =
∑

k∈[1,M ]2

e−
2πi
N
〈n,λk〉wk (6.11)

bn =
∑

k∈[1,M ]2

e−
2πi
N
〈n,λk〉wkgk (6.12)

can be approximated using the USFFT [29] in CM2 log2(M2) time each, where C is a

constant, which is inversely proportional to the required precision.

The overall procedure can be summarized as shown in the following algorithm.

Algorithm 1: ACT algorithm
REQUIRE: M2 irregular samples in vector g, and degree N2 ≤ M2 of trigonometric

polynomial.

ENSURE: N2 regular samples in vector u.

1. Compute T = S∗WS and b = S∗Wg using the USFFT.

2. Minimize ‖Ta− b‖2 using conjugate gradients.

3. Compute the regular samples uk = u(k) for k ∈ [1, N ]2 by applying the inverse FFT

to a.

The convergence rate of the CG algorithm is determined by the condition number

κ = cond(T ), or the ratio of the largest to the smallest eigenvalue of T . More precisely
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at each iteration the approximation error is decreased by a factor
√

κ−1√
κ+1

[73]. Gröchenig

[78], Gröchenig and Strohmer [80] provided a useful characterization of the condition

number of T in the 2-dimensional case,

Proposition 1 (ACT convergence rate) If the sampling set is γ-dense with

γ <
log 2
4π

then the matrix T is invertible and its condition number is

κ ≤ 4
(2− e4πγ)2

(6.13)

and Algorithm 1 converges to the exact solution.

Remarks:

1. The invertibility of T does not depend on the choice of the weights wk. Indeed,

S∗WS and S∗S have the same kernel and the matrix T will be invertible if and

only if its kernel is {0}. Proposition 1 states the maximal gap υ = 2γ for a sampling

set so that T is invertible.

2. The estimate (6.13) of κ in proposition 1 is only valid if we are using adaptative

weights.

3. As a consequence of using this kind of weights, the rate of convergence is indepen-

dent of possible clustering shapes in the set of samples and depends only on the

maximal gap between samples.

4. Increasing the number of samples (oversampling) improves the condition number

(6.13).

5. Note that the sampling has to be much more dense than the critical sampling

rate, for the algorithm to ensure convergence to the exact result, a condition which

does not hold in the case of satellite imaging.1 Nevertheless, even when T is not

invertible (and has an infinite condition number), the CG iteration chooses among

the minimizers of ‖Ta− b‖ the one of minimal norm, i.e. a = T+b, where T+ is the

pseudo-inverse of T .

6. In our particular case we are working with perturbed sampling sets. The per-

turbation in satellite imaging is of the form (6.5), producing smooth and small
1 The bound on the density γ can be significantly relaxed in the one-dimensional case and in the case of

a “separable” two-dimensional perturbation [80].
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perturbations over the uniform grid. Thus, the density of sampling points is very

uniform and the use of weights wk is not relevant in that case (in practice we fix

wk = 1 for all k).

On the other hand, if we know the a-priori spectral decay rate of the image

|û(ω)| ≤ Cφ(ω),

and the known transfer function, we can regularize the solution by imposing this decay

rate (typically φ(ω) = (1 + ω)−r for r ∈ [1, 2] or a combination of this natural decay rate).

As proposed in [80], we minimize the modified system

min ‖DTa−Db‖ (6.14)

where D = diag
(
{φ(2π

N n)}n

)
is a diagonal matrix containing the corresponding values

of φ(ω). In this way we shall obtain the solution a = (DT )+Db, where (DT )+ is the

pseudo-inverse of DT . The action of the matrix D is to penalize more the errors in high

frequencies. Note that Algorithm 1 can be easily adapted to solve the problem (6.14),

it suffices to replace the solution of Ta = b by conjugate gradients in step 2 by the

solution of DTa = Db by preconditioned conjugate gradients. In contrast to the original

purpose of the preconditioned conjugate gradients, here the matrix D is not acting as

a preconditioner (actually it is possible that we decrease the rate of convergence using

D) but to obtain an improved and regularized solution. In [80] they also propose an

alternative way to impose a specified spectral decay, it is based on solving TDc = b

where a = Dc whose the solution is a = D(TD)+b (although we have only implemented

the first approach).

This discussion explains why the ACT algorithm of Gröchenig and Strohmer [80]

provides good approximations to the exact solution, even when the convergence condi-

tions in Proposition 1 are not satisfied (as in the case of satellite imaging), while at the

same time the convergence rate is not that good.

6.3 Generalization of Chambolle’s algorithm

We shall denote by Ω the image domain, which is assumed to be a rectangle in R2.

For simplicity, we shall denote

J(u) :=


∫

Ω
|Du| if u ∈ BV (Ω)

+∞ if u ∈ L2(Ω) \BV (Ω).

(6.15)
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where BV (Ω) denotes the space of bounded variation functions in Ω.

In [40], Chambolle proposed an algorithm to solve the total variation approach to

image denoising, which amounts to solve the following constrained minimization prob-

lem
min

∫
Ω
|Du| dx

with
∫
Ω |u− g|2 dx = σ2|Ω|,

(6.16)

The constraint corresponds to the assumption that the standard deviation of the noise

is σ. The constraint is a way to incorporate the simplified image acquisition model

given by g = u + n, reflecting the fact that the ideal image u has been distorted by a

Gaussian noise n. In practice, problem (6.16) is solved via the following unconstrained

minimization problem

min
u

J(u) +
1
2λ

∫
Ω
(u− g)2 dx (6.17)

where λ > 0 is some Lagrange multiplier. Moreover, for any λ > 0, the solution u of

(6.17) satisfies the Euler-Lagrange equation

u + λ∂J(u) 3 g, (6.18)

where ∂J(u) denotes the subdifferential of J at u, i.e.,

∂J(u) = {w ∈ L2(Ω) : J(v)− J(u) ≥ 〈w, v − u〉,∀v ∈ L2(Ω)}

We recall that u → ∂J(u) is a multivoque operator, this explains the 3 sign in (6.18)

instead of the more classical equality sign.

In [40], the author proposed an algorithm to solve (6.18) and he could prove it to

be convergent. This algorithm was also proposed in [20] in a different context. Our

purpose is to extend this algorithm to be able to apply it in the more general case where

the image formation model is given by (6.1) (see Section 6.4).

Let us first develop the basic arguments in a continuous framework. For that, let Q

be a bounded linear self-adjoint operator in L2(Ω). We assume that Q is invertible. We

want to solve the equation

Q(u) + β∂J(u) 3 b (6.19)

where b ∈ L2(Ω), β > 0. In a more classical way we would write this equation as

Q(u)− βdiv
( Du

|Du|

)
= b,

[z, νΩ] = 0

(6.20)
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where z represents the vector field Du
|Du| , since ∂J(u) is nothing else than −div

(
Du
|Du|

)
plus

Neumann boundary conditions. The case analyzed in [40] corresponds to the case where

Q is the identity operator. Following the arguments in [40], let us write (6.19) in the

form
1
β

(b−Q(u)) ∈ ∂J(u), (6.21)

and this implies that

u ∈ ∂J∗(
1
β

(b−Q(u))), (6.22)

where J∗ denotes the Legendre-Fenchel transform of J given by

J∗(v) = sup
u
{< v, u > −J(u)},

since the relation v ∈ ∂J(w) is equivalent to w ∈ ∂J∗(v). Let

b̃ = Q−1b, w = b̃− u

so that

Q(u) + Q(w) = b. (6.23)

We may write (6.22) as

u ∈ ∂J∗(
1
β

Q(w)), (6.24)

which, after multiplication by β−1Q becomes

β−1Q(u) ∈ β−1Q ◦ ∂J∗(
1
β

Q(w)), (6.25)

Since Q is a bounded self-adjoint operator in L2(Ω), we have ∂(J∗ ◦ (β−1Q)) = (β−1Q) ◦
∂J∗ ◦ (β−1Q), hence we may write (6.25) as

β−1b− β−1Qw = β−1Q(u) ∈ ∂(J∗ ◦ (β−1Q)))(w). (6.26)

Now, we observe that (6.26) corresponds to the Euler-Lagrange equations of the varia-

tional problem

min
w

1
2

< Qw,w > − < b,w > +β(J∗ ◦ (β−1Q))(w). (6.27)

Observe that, since J is homogeneous of degree one (i.e. J(λu) = λJ(u) for every u

and any λ > 0), then J∗ is the indicator function of a convex set K ([63]):

J∗(v) = χK(v) =:=


0 if v ∈ K

+∞ if v 6∈ K.

(6.28)
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In our case

K := {div ξ : ξ ∈ L∞(Ω, RN ), ‖ξ‖∞ ≤ 1, [ξ · νΩ]|∂Ω = 0}

where νΩ(x) denotes the outer unit normal at the point x ∈ ∂Ω (see, for instance, [54],

vol. 5). Let us write

V = {ξ ∈ L∞(Ω, RN ) : ‖ξ‖∞ ≤ 1, [ξ · νΩ]|∂Ω = 0}.

Then we may write (6.27) as

min
{w:β−1Q(w)∈K}

1
2

< Qw,w > − < b,w > (6.29)

Writing β−1Q(w) ∈ K as β−1Q(w) = −div ξ for some ξ ∈ V, we may write (6.29) as

min
{ξ∈V}

β

2
< Q−1div ξ, div ξ > + < div ξ,Q−1b > (6.30)

after dividing by β the energy functional. Now, observing that

β

2
‖Q−1/2div ξ + β−1Q−1/2b‖2 =

β

2
< Q−1div ξ, div ξ > + < div ξ,Q−1b > +

β

2
‖β−1Q−1/2b‖2

and defining the new norm

‖w‖Q = ‖Q−1/2w‖

we may write the minimization problem (6.30) as

min
{ξ∈V}

‖div ξ + β−1b‖Q (6.31)

In other words, div ξ is the projection of−β−1b onto the convex set K in the Hilbert space

norm ‖ · ‖Q.

Introducing the constraint |ξ(x)| ≤ 1, x ∈ Ω a.e. by means of Lagrange multipliers

α(x) ≥ 0, we minimize

min
{ξ∈V}

1
2

< Q−1div ξ, div ξ > + < div ξ,Q−1(β−1b) > +
∫

Ω
α(x)|ξ(x)|2 dx. (6.32)

The corresponding Euler-Lagrange equations are

∇[Q−1div ξ + Q−1(β−1b)](x)− α(x)ξ(x) = 0, (6.33)

supplemented with the boundary condition

[ξ · νΩ] = 0 on ∂Ω.
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6.3.1 The discrete case formulation

We denote by X the Euclidean space RN×N . The Euclidean scalar product and the

norm in X will be denoted by 〈·, ·〉X and ‖ · ‖X respectively. Then the image u ∈ X is

u = (u(i, j)), and the vector field is ξ : {1, . . . , N} × {1, . . . , N} → RN . If u ∈ X, the

discrete gradient is a vector in Y = X ×X given by

∇+,+u := (∇+
x u,∇+

y u)

where

∇+
x u(i, j) =

 u(i + 1, j)− u(i, j) if i < N

0 if i = N.
(6.34)

∇+
y u(i, j) =

 u(i, j + 1)− u(i, j) if j < N

0 if j = N.
(6.35)

for i, j = 1, . . . , N . Other choices of the gradient are possible, this one will be convenient

for the developments below.

The Euclidean scalar product in Y is defined in the standard way by

〈p, q〉Y =
∑

1≤i,j≤N

(p1
i,jq

1
i,j + p2

i,jq
2
i,j)

for every p = (p1, p2), q = (q1, q2) ∈ Y . The norm of p = (p1, p2) ∈ Y is, as usual,

|p| = 〈p, p〉1/2
Y . Then the discrete total variation is

Jd(u) = |∇+,+u|Y =
∑

1≤i,j≤N

|∇+,+u(i, j)|. (6.36)

We have

Jd(u) = sup
p∈Y,|pi,j |Y ≤1 ∀(i,j)

〈p,∇+,+u〉Y (6.37)

By analogy with the continuous setting, we introduce a discrete divergence div−,− as

the dual operator of ∇+,+, i.e., for every p ∈ Y and u ∈ X we have

〈−div−,− p, u〉X = 〈p,∇+,+u〉Y .

One can easily check that div−,− is given by

div−,−p(i, j) =


p1(i, j)− p1(i− 1, j) if 1 < i < N

p1(i, j) if i = 1

−p1(i− 1, j) if i = N.

+


p2(i, j)− p2(i, j − 1) if 1 < j < N

p2(i, j) if j = 1

−p2(i, j − 1) if j = N.

(6.38)
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for every p = (p1, p2) ∈ Y . In this setting

J∗d (v) = χKd
(v) =:=


0 if v ∈ Kd

+∞ if v 6∈ Kd

(6.39)

with

Kd := {div−,− p : |pi,j |Y ≤ 1∀(i, j) ∈ {1, . . . , N}}.

Let us also denote by Q a self-adjoint positive definite matrix acting on X, let b ∈ X.

Our purpose is to solve the equation

Q(u) + β∂Jd(u) 3 b (6.40)

for some u ∈ X. Proceeding as in the continuous framework we have to solve the problem

min
{ξ∈Vd}

β

2
< Q−1div−,− ξ, div−,− ξ > + < div−,− ξ,Q−1b > (6.41)

which may be written as

min
{ξ∈Vd}

‖div−,− ξ + β−1b‖Q (6.42)

where

Vd = {ξ ∈ Y : ‖ξ(i, j)‖Y ≤ 1, ∀i, j = 1, . . . , N}.

and

‖w‖Q = ‖Q−1/2w‖X , w ∈ X.

The solution of (6.42) amounts to the unique projection of −β−1b onto the convex set Kd

in X endowed with the norm ‖ · ‖Q. We shall denote this projection by ΠQ
Kd

(−β−1b).

Introducing the constraint ξ ∈ Vd by means of Lagrange multipliers, and computing

the corresponding Euler-Lagrange equations we arrive at the analogous of equation

(6.33), namely,

∇+,+[Q−1div−,− ξ + Q−1(β−1b)](i, j)− α(i, j)ξ(i, j) = 0, (6.43)

with either α(i, j) > 0 and |ξ(i, j)| = 1, or |ξ(i, j)| < 1, and α(i, j) = 0. In the later case,

we have ∇+,+[Q−1div−,− ξ + Q−1(β−1b)](i, j) = 0. In any case we have

α(i, j) = |∇+,+[Q−1div−,− ξ + Q−1(β−1b)](i, j)|. (6.44)
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Let ν > 0, ξ0 = 0, n ≥ 0. We solve (6.43) using the following gradient descent (or

fixed point) algorithm

ξn+1(i, j) = ξn(i, j) + ν∇+,+[Q−1div−,− ξn + Q−1(β−1b)](i, j)

−ν|∇+,+[Q−1div−,− ξn + Q−1(β−1b)](i, j)|ξn+1(i, j),

(6.45)

hence

ξn+1(i, j) =
ξn(i, j) + ν∇+,+[Q−1div−,− ξn + Q−1(β−1b)](i, j)

1 + ν|∇+,+[Q−1div−,− ξn + Q−1(β−1b)](i, j)|
. (6.46)

Theorem 3 In the discrete framework, assuming that ν < 1
8‖Q−1/2‖2 , ξn converges to a

solution ξ of (6.43) where α is given by (6.44). Moreover div−,− ξn converges to the unique

solution ΠQ
Kd

(−β−1b) of (6.42).

In particular, we deduce that wn = −βQ−1(div−,− ξn) converges to a solution w =

−βQ−1(div−,− ξ) of the discrete analogous of (6.29).

Then the solution u of (6.40) may be recovered from (6.23), i.e.,

u = Q−1(b + βdiv−,− ξ).

Proof. For simplicity, let us denote ∇ and div instead of ∇+,+ and div−,−. Let us fix

n ≥ 0, and let

η =
ξn+1 − ξn

ν
, ρ = |∇Q−1(div ξn + (β−1b))|ξn+1,

so that

η = ∇Q−1(div ξn + (β−1b))− ρ.

Then

‖Q−1/2(div ξn+1 + β−1b)‖2
X = ‖Q−1/2(div ξn + νdiv η + β−1b)‖2

X

= ‖Q−1/2(div ξn + β−1b)‖2
X + ν2‖Q−1/2div η‖2

X + 2ν〈Q−1/2(div ξn + β−1b), Q−1/2div η〉X

≤ ‖Q−1/2(div ξn + β−1b)‖2
X + k2ν2‖η‖2

Y − 2ν〈∇Q−1(div ξn + β−1b), η〉Y

where k is the norm of the operator Q−1/2div : Y → X, that we will estimate later on.

Now

2〈∇Q−1(div ξn + β−1b), η〉Y

= 〈∇Q−1(div ξn + β−1b), η〉Y + 〈∇Q−1(div ξn + β−1b), η〉Y

= 〈∇Q−1(div ξn + β−1b),∇Q−1(div ξn + β−1b)− ρ〉Y + 〈η + ρ, η〉Y

= ‖∇Q−1(div ξn + β−1b)‖2
Y + ‖η‖2

Y − 〈∇Q−1(div ξn + β−1b)− η, ρ〉Y

= ‖∇Q−1(div ξn + β−1b)‖2
Y + ‖η‖2

Y − ‖ρ‖2
Y
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Combining the two computations, we have

‖Q−1/2(div ξn+1 + β−1b)‖2
X ≤ ‖Q−1/2(div ξn + β−1b)‖2

X + (k2ν − 1)ν‖η‖2
Y

+ ν(‖ρ‖2
Y − ‖∇Q−1(div ξn + β−1b)‖2

Y ).

Observe that

‖ρ‖Y = ‖∇Q−1(div ξn + β−1b)‖Y ‖ξn+1‖Y ≤ ‖∇Q−1(div ξn + β−1b)‖Y .

By choosing ν < 1
k2 we obtain

‖Q−1/2(div ξn+1 + β−1b)‖2
X ≤ ‖Q−1/2(div ξn + β−1b)‖2

X ,

i.e., the sequence ‖Q−1/2(div ξn + β−1b)‖2
X is decreasing. Let

m = lim
n
‖Q−1/2(div ξn + β−1b)‖2

X

and let ξ be the limit of a convergent subsequence {ξnk} of {ξn}. Modulo a extraction of

a subsequence, we may assume that {ξnk+1} converges to a vector ξ
′ ∈ Y . Observe that

‖Q−1/2(div ξ
′ + β−1b)‖2

X = ‖Q−1/2(div ξ + β−1b)‖2
X = m.

Letting nk →∞ in (6.46) we obtain

ξ
′(i, j) =

ξ(i, j) + ν∇[Q−1div ξ + Q−1(β−1b)](i, j)
1 + ν|∇[Q−1div ξ + Q−1(β−1b)](i, j)|

. (6.47)

If we repeat now the above calculations we obtain

‖Q−1/2(div ξ
′ + β−1b)‖2

X ≤ ‖Q−1/2(div ξ + β−1b)‖2
X + (k2ν − 1)ν‖η‖2

Y

+ ν(‖ρ‖2
Y − ‖∇Q−1(div ξ

′ + β−1b)‖2
Y ),

where

η =
ξ
′ − ξ

ν
,

ρ = ‖Q−1/2(div ξ + β−1b)‖2
Xξ

′
.

Hence

(k2ν − 1)‖η‖2
Y + (‖ρ‖2

Y − ‖∇Q−1(div ξ
′ + β−1b)‖2

Y ) = 0

If ν < 1
k2 we deduce that η = 0, that is, ξ

′ = ξ. Hence

∇Q−1(div ξ + β−1b)− ‖∇Q−1(div ξ + β−1b)‖Y ξ = 0
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which is the Euler-Lagrange equation (6.43). One deduces that div ξ is the projection

ΠQ
Kd

(−β−1b). Since this projection is unique, we deduce that all the sequence div ξn

converges to ΠQ
Kd

(−β−1b).

Finally, since

‖div ξ‖2
X ≤ 8‖ξ‖2

Y

for every ξ ∈ Y , we have

k2 ≤ 8‖Q−1/2‖

where ‖Q−1/2‖ is the norm of Q−1/2 on X. Thus, if ν < 1
8‖Q−1/2‖2 we also have that ν < 1

k2 .

6.4 TV regularized irregular to regular sampling, decon-
volution, denoising and zoom

First, assume that we represent u by a vector of (2M +1)×(2M +1) regular samples

that we shall call also u by abuse of notation. Let F = FFT/(2M +1)2 be the normalized

FFT operator, such that a = Fu is defined by

ak =
1

(2M + 1)2

j=(M,M)∑
j=(−M,−M)

u(j/α)e−
2πi

2M+1
〈j,k〉

Here α is the oversampling factor with respect to the critical (integer) sampling rate.

Then the inverse operator F−1 = IFFT is just the inverse FFT

u(j/α) =
(M,M)∑

k=(−M,−M)

ake
2πi

2M+1
〈j,k〉.

However the adjoint operator is F ∗ = IFFT/(2M+1)2, and therefore F ∗F = I/(2M+1)2.

Similarly, let’s call SΛ or simply S, the irregular sampling operator such that if

a = Fu then

u(λj) = (Sa)j =
(M,M)∑

k=(−M,−M)

ake
2πi

2M+1
〈λj ,k〉.

and also P = diag({p̂( 2πk
2M+1)}(M,M)

k=(−M,−M)), H = diag({ĥ( 2πk
2M+1)}(M,M)

k=(−M,−M)) the diagonal

operators containing along their diagonals the Fourier coefficients of the spectral pro-

jector p and the blurring kernel h respectively. Similarly W = diag({wj}j=1..N ) is a

diagonal matrix containing the weights for the corresponding sampling points λj ∈ Λ.

Then equation (6.4) can be written in vector notation as

min
u

1
2
‖W (SHPFu− g)‖2 + λJ(u) (6.48)
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whose Euler-Lagrange equation is readily written as

0 ∈ (F ∗P ∗H∗S∗W 2SHPFu− F ∗P ∗H∗S∗W 2g + λ∂J(u)) (6.49)

where ∂J(u) is the subdifferential of J(u). Now define

T := S∗W 2S/(2M + 1)2 T ′ := P ∗H∗THP

r̂ := S∗W 2g/(2M + 1)2 r̂′ := P ∗H∗r̂
(6.50)

(the (2M + 1)2 normalization factor is included to absorb the corresponding factor from

F ∗ = F−1/(2M + 1)2). Recall that in this equation T and r̂ can be computed from g and

Λ in O(N log N) time by means of the NFFT [121], where N is the number of samples

in Λ. In addition T has Toeplitz structure and the products of T by a vector can be

computed in O(M2 log M2) time using the FFT. Therefore products of T ′ by a vector also

take O(M2 log M2) time, since P and H are diagonal.

Summarizing, the Euler-Lagrange equation can be written

0 ∈ (F−1T ′Fu− F−1r̂′) + λ∂J(u)) (6.51)

and solved by looking for a steady state for the evolution problem

∂u

∂t
= −[F−1T ′Fu− F−1r̂′ + λ∂J(u))] (6.52)

by means of the implicit scheme

un+1 − un = −τ [F−1T ′Fun+1 − F−1r̂ + λ∂J(un+1)] (6.53)

which can be rewritten as

Qun+1 + τλ∂J(un+1) = bn (6.54)

with
Q = F−1UF

U = I + τT ′

bn = un + τr′

r′ = F−1r̂′

(6.55)

Now for any positive τ , Q is hermitian, positive definite (hence invertible) because T is

hermitian positive semidefinite. So we can solve equation (6.54) by applying the exten-

sion of Chambolle’s technique presented in section 6.3 as follows

Qun+1 + τλdiv ξ = bn (6.56)
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where ξ is the fixed point of

G(ξ) := ∇[τλQ−1(div ξ) + Q−1bn] = αξ (6.57)

with the Lagrange multiplier α chosen in such a way that it ensures the constraint

|ξ| ≤ 1. This fixed point is obtained by the iteration

αk = |G(ξk)|

ξk+1 = [ξk + νG(ξk)]/(1 + ναk)
(6.58)

with ν satisfying the requirements of Theorem 3. In this case β = τλ, and ‖Q−1/2‖2 =
1

1+τr(T ′) where r(T ′) denotes the spectral radius of T ′. The condition ν < 1
8‖Q−1/2‖2 can be

written as

ν < 0.125(1 + τr(T ′))

and it is satisfied in particular if ν < 0.125.

The two inversions of Q that appear in equation (6.57) can be efficiently solved by

CG as in the ACT algorithm, since each product of Q by a vector only involves multi-

plication by Toeplitz or diagonal matrices. In addition, for low τ , the matrix Q is better

conditioned than T , which means that CG should converge faster. In fact, in the partic-

ular case P = H = I (no deconvolution and no zoom) the condition number of Q can be

bounded by

cond(Q) =
λmax(Q)
λmin(Q)

=
λmax(T )τ + 1
λmin(T )τ + 1

≤ τλmax(T ) + 1 (6.59)

and according to [67], λmax(T ) can be bounded, at least in the separable case, by (1+υ)4,

if υ is the “maximal gap” of the sampling set.

Putting all the pieces together we have the following algorithm:

Algorithm 2: TV based restoration algorithm

1. Compute r̂ and (the first row and column in) T by means of the NFFT

2. Choose an initial condition u0 = 0 or a better guess based on the irregular samples

g.

Set n = 0.

3. While |un+1 − un| > θu τ iterate in n

(a) Update bn = un + τr′

(b) Solve wn = Q−1bn by CG up to precision θg, using wn−1 or 0 as initial condition.
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(c) Initialize ξ0 = 0 for n = 0, or with the last ξk from the previous iteration if

n > 0.

Set k = 0.

(d) While |div ξk+1 − div ξk| > θz iterate in k

i. Solve vk = Q−1(div ξk) by CG up to precision θ′z, using as initial condition

vk−1 for k > 0, the last vk from the previous n-iteration for k = 0, n > 0, or

0 k = n = 0.

ii. Compute ξk+1 from equation (6.58), i.e.

Gk := ∇[τλvk + wn]

αk := |Gk|

ξk+1 := [ξk + νGk]/(1 + ναk)

(e) Solve un+1 = Q−1(bn + λτdiv ξk+1) by CG up to precision θu, with initial condi-

tion wn + λτvk

In order to reduce the number of parameters so that the user only needs to specify

the TV Lagrange multiplier λ and the precision θu of the final solution u, we used the

following criteria: The convergence of Chambolle’s fixed point iteration in step 3.d.ii

imposes ν = 0.125 and the maximal value of τ = λ−1. We set the tolerance θz = θu/2

since Q−1 is contractive (i.e. this operation does not increase the error already present

in bn + λτdiv ξk+1) and we want an error of order θu in un. As we want a precision θz

in div ξk+1, we set θg = θu/2 and θ′z = θz/10. The reason of the tolerance θ′z = θz/10 in

3.d.i. is that from the numerical experimentations we get that the maximum number of

iterations k in 3.d. is 10.

6.5 Working with local constraints

As noticed in [24], the use of a global constraint in image restoration problems

based on total variation regularization may be inadequate in images which present very

different regions. If λ controls the importance of the regularization term (as is in our

case) and we set this parameter to be a high value, high textured regions will lose a great

part of its structure. On the other hand, homogeneous zones are quite well denoised for

a high λ. This observation led the authors in [24] to extend the total variation image

restoration to the particular case of local constraints adapted to the different regions of

the image.
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They were concerned with the following problem

min
u

J(u) (6.60)∫
Ω
|Ku− g|2dx = σ2|Ω| (6.61)

where g is the image to be restored and K is the convolution operator. This minimization

problem can be solved via the unconstrained problem

min
u

J(u) +
λ

2

∫
Ω
|Ku− g|2dx (6.62)

where λ is a Lagrange multiplier. The appropriate value of λ is chosen so as to satisfy

the constraint (6.61). When using local restrictions the problem is translated into a

problem with local Lagrange multipliers

min
u

J(u) +
1
2

∫
Ω

λ(x)|Ku− g|2dx (6.63)

where λ(x) =
∑r

i=1 λiχOi and {O1, ..., Or} is a partition of Ω where each boundary ∂Oi is

Lipschitz. Then, the Lagrange multipliers λi ≥ 0 are such that∫
Oi

|Ku− g|2dx ≤ σ2|Oi| ∀ i = 1, ..., r (6.64)

These local restrictions are inequalities because with the equality it is not possible to

guarantee that λi ≥ 0 (see [24]).

The minimization problem with local constraints is solved with the Uzawa method.

The update of parameters λi is then

λi = max(λi + ρ(IOi(u
λ)− σ2), 0) where IOi(u

λ) =
1
|Oi|

∫
Oi

|Ku− g|2dx

and uλ is the solution of the minimization problem (6.63) for fixed values of each λi.

Notice that in our optimization problem (6.48) the parameter λ controls the reg-

ularization term and not the term of data fidelity as in (6.62). In order to adapt our

functional to the use of local constraints on the data fidelity term as in (6.64) we may

modify (6.48) in the following way

min
u

1
2

∫
Ω

Γ|(SHPFu− g)|2 + J(u) (6.65)

where Γ =
∑r

i=1 γiχOi . As before, {O1, ..., Or} is a partition of Ω where each boundary

∂Oi is Lipschitz and the constraints act locally on each region Oi. Now, the Lagrange

multipliers γi ≥ 0 are such that∫
Oi

|SHPFu− g|2dx ≤ σ2|Oi| ∀ i = 1, ..., r (6.66)
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Note that problem (6.65) is essentially the same as before simply by setting W =

(Γ)1/2 and λ = 1 in (6.48). So the structure of the algorithm is basically the same except

for the actualization of W , T ′ and r̂′ each time that Γ changes (in the previous case

W = I and T ′, r̂′ defined in (6.50) were computed only at the beginning).

As regards the numerical implementation, the principal steps are now

Algorithm 3: TV based restoration algorithm with local constraints

1. Set γ0
i ≥ 0 small enough so that

IOi(u
0) =

1
|Oi|

∫
Oi

|SHPFu0 − g|2dx ≥ σ2 ∀ i = 1, ..., r

2. Set u0 = 0 or a better guess based on the irregular samples g.

3. Iterate from m = 0 until convergence of γm
i

(a) Set u0 = um in Algorithm 2.

(b) Solve Qun+1 + τ∇ · (ξ) = bn using Algorithm 2 with λ = 1 and W = (Γ)1/2.

(c) Set um+1 = un∗ , where n∗ is the last time step in (b).

(d) Update γi ∀ i = 1, ..., r in the following way:

γm+1
i = max

(
γm

i + ρ(IOi(u
m+1)− σ2), 0

)
In practice, step 3.b is performed by solving 10 iterations of n in Algorithm 2 to reduce

computations without observing great differences in the global convergence.

In order to get a partition {O1, ..., Or} of Ω we use the Mumford-Shah segmentation

algorithm [113] applied on the image g and stopping it to ensure that regions Oi have

an area of at least 100 pixels.

6.6 Zoom

The increase of resolution (zoom) of the image g already introduced in section 6.4

with the use of a spectral projector P , is analyzed with more detail in this section.

Let us denote z the zoom factor, then the zoomed restored image u is a vector of size

N × N where N = z(2M + 1) (we recall that the size of g is (2M + 1) × (2M + 1)). The

minimization problem (6.48) with p̂d = χ[−M,M ]2 (we denote p̂d the discrete version of p̂) is

a direct extension of the oversampling and denoising method introduced by Malgouyres

and Guichard [105, 106] to the more general case of regular sampling, deconvolution,

denoising and oversampling. The basic idea is to fit (as possible) the low frequency
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components of the restored and zoomed image to the original data and to extrapolate

the spectrum to the rest of the frequency domain by means of the total variation. The

advantage of this regularization is that it allows to reconstruct some high frequencies

which indeed is much more convenient than just filling them with zeros, a technique

which is known to produce strong ringing.

In [106] it is proved that the pure zoom problem (without denoising) admits a so-

lution and the uniqueness is only assured in a weak sense: different solutions differ

only on a change of contrast. The existence of solutions in the denoising extension is

shown in [105]. The only necessary assumption is that p̂d = 0 in the frequency region

(−N/2, N/2]2\[−M,M ]2. Thus, another possibility is to use a prolate function with sup-

port [−M,M ]2 instead of the ideal window p̂d = χ[−M,M ]2 . Let us call p̂s the prolate

function (a smooth version of p̂) and Ps = diag({p̂s( 2πk
2M+1)}(M,M)

k=(−M,−M)) its associated op-

erator. Then two different approaches for the data fidelity term arise:

a) Consider a “smooth low-pass” version of u (as before but Ps instead of P ):

‖W (SHPsFu− g)‖2

b) Consider a “smooth low-pass” version of the whole data fidelity term:

‖WS(HPsFu− PsS
∗g)‖2 (6.67)

Remember that S∗ is an operator that computes the Fourier coefficients of an irregular

sampled image. Indeed, if we denote ps(x) = F−1(p̂s(ξ)), the operations on g in (6.67)

are consistent since

F ((g ∗ ps)(x)) = F

∑
λj∈Λ

gλj
δλj

∗ ps(x)

 = F

∑
λj∈Λ

gλj
ps(x− λj)


=

∑
λj∈Λ

gλj
e−i2πλjξPs(ξ) = PsS

∗g(ξ)

6.7 Experiments

6.7.1 Irregular to regular sampling and denoising

In order to test and compare the performance of the different algorithms we worked

with the reference image shown in figure 6.1(a). Then we simulated different pertur-

bations ε(x), see equation (6.5), such that supp(ε̂) ⊆ [− 1
2Tε

, 1
2Tε

]2 for Tε = 20, and for

different standard deviations A (typically 0.25, 1), see figures 6.1(c) and 6.1(d). With the
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given perturbation we simulated the perturbed images g with a high precision (usually

10−8) using the transposed NFFT [121] (see figure 6.1(b) for an example with A = 1). Fi-

nally we added some white noise to the irregular samples with standard deviation σ, for

different values such as σ = 0.064 (i.e. 10−3 times smaller than the standard deviation of

the image, SNR = 60dB), σ = 0.64 (i.e. 10−2 times smaller than the standard deviation

of the image, SNR = 40dB), and σ = 2 gray levels. In this way, we obtained perturbed

images such as the ones shown in figure 6.1.

The aim of this section is to compare the results of our algorithm with those ob-

tained with the original ACT algorithm, i.e., without the regularization of the total vari-

ation. In both cases we have used different types of weights D in order to regularize the

solution.

Figure 6.2 shows the evolution of the relative error (in norm L2) along the iterations

of the CG in the ACT algorithm (Algorithm 1). From the observation of the graphics in

figure 6.2 we can say that the ACT algorithm attains a level of relative error which

agrees with the SNR. The presence of the weights that regularize the solution and

impose a specific spectral decay make the algorithm more stable. As we can observe, the

algorithm without weights begins to diverge after reaching the minimum error and the

rate of divergence grows as the standard deviation A of the perturbation is larger. In

addition, the relative error is slightly smaller using weights and the errors in the high

frequency band are decreased significantly. However, the presence of weights makes the

algorithm have a poorer convergence rate. This decrease in the convergence rate when

using weights is also observed in the case of the proposed algorithm which combines

ACT algorithm with a total variation regularization (see figure 6.3). Notice that the

horizontal axis in figure 6.3 corresponds to iterations of the CG in step 3.e. of Algorithm

2 at each time iteration n. We also notice that, in figure 6.3, the error is much more

reduced at specific instants, they correspond to a change from time step n to n + 1.

This algorithm seems to be more stable than the ACT algorithm for small perturbation

amplitudes.

Figures 6.4 to 6.7 show some examples of restoration with both algorithms (ACT al-

gorithm and TV based algorithm) for perturbed images in figures 6.1(e) and 6.1(f). They

show also the root mean square errors (RMS) in space with respect to the original image

6.1(a) (the restored images always correspond to a final iteration before the algorithm

begins to diverge).
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(a) original image (b) perturbed image

(c) perturbation in the hor-

izontal direction

(d) perturbation in the ver-

tical direction

(e) perturbed and noised

image with A = 0.25, σ =

0.64

(f) perturbed and noised

image with A = 1, σ = 2

Figure 6.1: Original image, perturbed image, perturbation and two examples of per-
turbed and noised images. The original image has 149x149 pixels and was multiplied by
a smooth window on the borders in order to avoid periodization artifacts. The perturba-
tion is a colored noise with standard deviation of A pixels, and spectral contents inside
[− 1

2Tε
, 1

2Tε
]2 for Tε = 20. The perturbed image has been generated taking A = 1. Finally,

two perturbed and noised images are shown for different values of A and white noise of
standard deviation σ.
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(a) A = 0.25, σ = 0.064
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(b) A = 0.25, σ = 0.64

100 101 102 103 104
10−3

10−2

10−1

100

re
la

tiv
e 

er
ro

r

iterations

D=I
D with r=2
D with r=1.5
D with r=1

(c) A = 1, σ = 0.064
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(d) A = 1, σ = 0.64

Figure 6.2: Convergence graphics of the ACT algorithm. We show the relative error (in
norm L2) with respect to the original image 6.1(a) along iterations of the ACT algorithm
(with different type of weights) for different values of perturbation amplitude A and
noise level σ. The weights impose a spectral decay (1 + ω)−r, we test values r = 0 (no
weights D = I) and r = 1, 1.5, 2.
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(a) A = 0.25, σ = 0.064
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(b) A = 0.25, σ = 0.64
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(c) A = 1, σ = 0.064
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(d) A = 1, σ = 0.64

Figure 6.3: Convergence graphics of the TV based algorithm. We show the relative error
(in norm L2) with respect to the original image 6.1(a) along iterations of the proposed
TV based algorithm (with different type of weights) for different values of perturbation
amplitude A and noise level σ. The weights impose a spectral decay (1 + ω)−r, we test
values r = 0 (no weights D = I) and r = 1, 1.5, 2.
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(a) Results with ACT algorithm (space RMS = 0.73)

(b) Results with ACT algorithm using weights D with r = 2 (space RMS = 0.66)

Figure 6.4: Irregular to regular sampling with the ACT algorithm. Perturbation am-
plitude A = 0.25. Noise level σ = 0.64. The left column shows the restored image; the
middle column the error in the spatial domain; the right column the error in the Fourier
domain. The first line corresponds to the result without regularization and the second
one imposes a quadratic spectral decay.
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(a) Results with ACT algorithm (space RMS = 2.35)

(b) Results with ACT algorithm using weights D with r = 2 (space RMS = 2.07)

Figure 6.5: Irregular to regular sampling with the ACT algorithm. Perturbation ampli-
tude A = 1. Noise level σ = 2. The left column shows the restored image; the middle
column the error in the spatial domain; the right column the error in the Fourier do-
main. The first line corresponds to the result without regularization and the second one
imposes a quadratic spectral decay.
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(a) Results with TV minimization (space RMS = 0.61)

(b) Results with TV minimization using weights D with r = 2 (space RMS = 0.61)

Figure 6.6: Irregular to regular sampling with the TV minimization. Perturbation am-
plitude A = 0.25. Noise level σ = 0.64. The left column shows the restored image; the
middle column the error in the spatial domain; the right column the error in the Fourier
domain. The first line corresponds to the result without regularization and the second
one imposes a quadratic spectral decay.



152 Chapter 6: Total Variation based restoration

(a) Results with TV minimization (space RMS = 1.53)

(b) Results with TV minimization using weights D with r = 2 (space RMS = 1.53)

Figure 6.7: Irregular to regular sampling with the TV minimization. Perturbation am-
plitude A = 1. Noise level σ = 2. The left column shows the restored image; the middle
column the error in the spatial domain; the right column the error in the Fourier do-
main. The first line corresponds to the result without regularization and the second one
imposes a quadratic spectral decay.
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Figure 6.8: Some level lines in [−1/2, 1/2]2 of MTF (6.69).

6.7.2 Adding deconvolution

Test of convergence

With the aim to test the ability of the algorithm to face the problems of irregular to

regular sampling, deconvolution and denoising at the same time we make an analysis

of convergence like in the previous section. In addition, we compare the results to those

obtained with an extension of the ACT algorithm so as to include deconvolution.

Let us firstly explain how we extend the ACT algorithm to the deconvolution case.

In the irregular to regular sampling the ACT algorithm is based on solving the linear

problem (6.8) via the optimization problem (6.10). If we want to restore a filtered image

the system to solve will be now:

g = SHa

remember that a = Fu are the Fourier coefficients of the restored image u. Then, like

in the original ACT algorithm it is more convenient to solve the normal equations as an

optimization problem:

min
a
‖H∗S∗WSHa−H∗S∗Wg‖2 = ‖Ta− b‖2 (6.68)

where T = H∗TH is still a Toeplitz matrix and b = H∗b. Note that the ACT algorithm

does not need structural changes in order to include deconvolution.

We use the modulation transfer function corresponding to SPOT 5 HRG satellite

with Hipermode sampling (see appendix C and [2] for more details):

ĥ(ξ, η) = e−4πβ1|ξ|e−4πα
√

ξ2+η2
sinc(2ξ) sinc(2η) sinc(ξ), ξ, η ∈ [−1/2, 1/2] (6.69)
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(a) A = 0.25, σ = 0.64 (b) A = 1, σ = 0.64 (c) A = 1, σ = 2

Figure 6.9: Filtered, perturbed and noised images. The original image is in figure 6.1(a).
We filtered this image with filter (6.69). The perturbation is a colored noise with stan-
dard deviation of A pixels, and spectral contents inside [− 1

2Tε
, 1

2Tε
]2 for Tε = 20 (see

horizontal and vertical perturbations in figures 6.1(c) and 6.1(d)). We added white noise
of standard deviation σ.

where sinc(ξ) = sin(πξ)/(πξ), α = 0.58 and β1 = 0.14. We show in figure 6.8 some level

lines of this MTF. Then, we filter the original image 6.1(a) with filter (6.69) and simulate

the same perturbation in sampling as in the previous section (figure 6.1(c) represents

the horizontal perturbation and figure 6.1(d) the vertical one). Finally, we add some

white noise of standard deviation σ to obtain images 6.9(a) (A = 0.25, σ = 0.64), 6.9(b)

(A = 1, σ = 0.64) and 6.9(c) (A = 1, σ = 2).

The relative errors (in norm L2) along iterations for both algorithms can be seen in

figures 6.10 and 6.11. From these results we can conclude that the TV based algorithm

is always (for small and large values of A) stable in the deconvolution case, unlike the

ACT algorithm. Note how the use of weights does not improve the solution, still, it

reduces the rate of convergence. Some restored images and their corresponding errors

in space and frequency for both algorithms are shown in figures 6.12 and 6.13.

Global regularization parameter

In this section we show more examples of the algorithm containing deconvolution.

For that we use the image in figure 6.14(a) and we apply a degradation with the modu-

lation transfer function (6.69). Then we apply a perturbation in sampling which has the

same characteristics as the one used in previous examples (Tε = 20) and we add white

noise of standard deviation σ = 1. Figure 6.14(b) is an example of a small perturbation
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(a) A = 0.25, σ = 0.064
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(b) A = 0.25, σ = 0.64
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(c) A = 1, σ = 0.064

100 101 102 103 104
10−2

10−1

100

re
la

tiv
e 

er
ro

r

iterations

D=I
D with r=2
D with r=1.5
D with r=1

(d) A = 1, σ = 0.64

Figure 6.10: Convergence graphics of the ACT algorithm extended to include deconvolu-
tion. We show the relative error (in norm L2) with respect to the original image 6.1(a)
along iterations of the ACT algorithm with deconvolution (with different type of weights)
for different values of perturbation amplitude A and noise level σ. The weights impose
a spectral decay (1 + ω)−r, we test values r = 0 (no weights D = I) and r = 1, 1.5, 2.
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(a) A = 0.25, σ = 0.64
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(b) A = 0.25, σ = 0.064
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(c) A = 1, σ = 0.64
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(d) A = 1, σ = 0.064

Figure 6.11: Convergence graphics of the TV based algorithm (deconvolution case). We
show the relative error (in norm L2) with respect to the original image 6.1(a) along iter-
ations of the proposed TV based algorithm (with different type of weights) for different
values of perturbation amplitude A and noise level σ. The weights impose a spectral
decay (1 + ω)−r, we test values r = 0 (no weights D = I) and r = 1, 1.5, 2.
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(a) A = 0.25 and σ = 0.64 (space RMS = 1.01)

(b) A = 1 and σ = 0.64 (space RMS = 1.02)

(c) A = 1 and σ = 2 (space RMS = 2.02)

Figure 6.12: Irregular to regular sampling, deconvolution and denoising with the ACT
algorithm. Restored images and errors for different perturbation amplitudes A and
noise levels σ. The left column shows the restored image; the middle column the error
in the spatial domain; the right column the error in the Fourier domain. All the images
are restored with regularization weights imposing a spectral quadratic decay (D with
r = 2).
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(a) A = 0.25 and σ = 0.64 (space RMS = 0.98)

(b) A = 1 and σ = 0.64 (space RMS = 0.99)

(c) A = 1 and σ = 2 (space RMS = 1.89)

Figure 6.13: Irregular to regular sampling, deconvolution and denoising with the TV.
Restored images and errors for different perturbation amplitudes A and noise levels σ.
The left column shows the restored image; the middle column the error in the spatial
domain; the right column the error in the Fourier domain. All the images are restored
without regularization by weights (D = I).
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(A = 0.25) and figure 6.14(c) is generated with a larger perturbation (A = 1).

Some results of the TV based algorithm for different values of the regularization

parameter λ are shown in figure 6.15. These examples put in evidence the drawbacks

of using a global regularization parameter. In particular, notice how textures are lost

for a large λ and how much noise is present for a smaller λ. In the next subsection we

will see how these problems are solved using local parameters. We have also tested in

figure 6.16 the ACT algorithm extended to the deconvolution case with regularization

weights imposing a spectral quadratic decay. Notice how the root mean square error

(RMS, measured in space) is larger than in the TV based algorithm and that visually

the restored images are not as good as the ones in figure 6.15 (obtained with the TV

based algorithm).

Local parameters

We can see in figure 6.17 the restored images corresponding to perturbed images

6.14(b) and 6.14(c). For that, we have used Algorithm 3, i.e. the one which uses local

data fidelity parameters. Now the textures in buildings are recovered and noise is not

so evident as in the case with a small global parameter. Note also how the RMS errors

are reduced with respect to the global parameter case (figure 6.15) and especially with

respect to the ACT algorithm (figure 6.16).

In order to test the performance of the local constraints we have measured in three

regions Oi the integrals

IOi(u
p) =

1
|Oi|

∫
Oi

|W (SHPFup − g)|2dx

along the iterations m and n of Algorithm 3, i.e. p = n(m) because Algorithm 3 iterates in

n at each step m and we measure IOi along the iterations n for every step m in the update

of γm
i . The three regions Oi for i = 1, 2, 3 are shown in figure 6.18(b). The segmentation

of image 6.14(b) can be seen in figure 6.18(a). Figure 6.19 contains the three graphics

corresponding to each marked region in figure 6.18(b). The local constraint IOi ≤ σ2, see

also (6.66), in each of the three regions is verified and the convergence is quite fast.

6.7.3 Adding zoom

Finally we show some examples with the full restoration model: irregular to regular

sampling, deconvolution, zoom and denoising. Zoom is added by using a projector P as

described in section 6.6 (in experiments we use the ideal window p̂ instead of the prolate

function p̂s). We test the zoom with images in figure 6.14.
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(a) original image

(b) filtered, perturbed and noised image with

A = 0.25, σ = 1

(c) filtered, perturbed and noised image with

A = 1, σ = 1

Figure 6.14: Original image and some filtered, perturbed and noised images. The orig-
inal image has 237x237 pixels. The perturbation is a colored noise with standard de-
viation of A pixels, and spectral contents inside [− 1

2Tε
, 1

2Tε
]2 for Tε = 20. Two filtered,

perturbed and noised images are showed for different values of A and white noise of
standard deviation σ = 1
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(a) A = 0.25, restored with λ = 0.5 (RMS = 9.79) (b) A = 0.25, restored with λ = 0.01 (RMS =

7.65)

(c) A = 1, restored with λ = 0.5 (RMS = 9.86) (d) A = 1, restored with λ = 0.01 (RMS = 7.79)

Figure 6.15: Restored images with a global TV regularization parameter. The first line
contains two restoration examples of figure 6.14(b) for two different values of λ. The
second line contains two more examples of restoring figure 6.14(c) also for two different
values of λ. Notice how noise is reduced and textures (high frequencies) are lost if we
use a large λ.
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(a) A = 0.25 (RMS = 10.19) (b) A = 1 (RMS = 10.16)

Figure 6.16: Restored images with the ACT algorithm extended to the deconvolution
case. The left image contains the restoration of figure 6.14(b). The right image contains
the restoration of figure 6.14(c). Both of them use regularization weights imposing a
spectral quadratic decay (D with r = 2).
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(a) restoration of image 6.14(b) where A = 0.25

(space RMS = 7.18)

(b) restoration of image 6.14(c) where A = 1

(space RMS = 7.36)

Figure 6.17: Restored images with local data fidelity parameters. The left example is a
restoration of image in figure 6.14(b). The right one restores image in figure 6.14(c).
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(a) segmentation of image 6.14(b) (b) image 6.14(b) with the three segmented re-

gions to study

Figure 6.18: Segmented image and the three regions under study. The image 6.14(b) has
been segmented using the Mumford-Shah functional on the image 6.14(b) filtered with
a grain filter to ensure regions with area greater than 100 pixels.
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Figure 6.19: Convergence along iterations of IOi for three different regions. Regions un-
der study are shown in figure 6.18(b) and IOi corresponds to the restored image 6.17(a).
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Global regularization parameter

If we restore images 6.14(b) and 6.14(c) with Algorithm 2, i.e. with a global con-

straint (λ = 0.5) we obtain the images in figure 6.20.

Local parameters

The restoration applied to images 6.14(b) and 6.14(c) as before but now using local

restrictions (Algorithm 3) results in images in figure 6.21. We have measured the evolu-

tion of IOi in the same three regions (see figure 6.18(b)) as in the previous section. The

three evolution graphics are in figure 6.22, as we can observe, local constraints (6.66)

are satisfied also in the zoom case.

6.8 Conclusions

We have proposed a general algorithm to solve the image restoration problem con-

sidering several different aspects of it, namely: irregular sampling, denoising, deconvo-

lution, and also antialiasing and zoom. Our algorithm is based on an extension of the

algorithm proposed by Chambolle [40] (see also [20]) for Total Variation based image de-

noising, combined with irregular to regular sampling algorithms proposed by Gröchenig

and his coauthors [67, 80].

As regards the irregular to regular sampling and denoising problem, we have com-

pared the results of the ACT algorithm of Gröchenig et al. with those obtained with our

proposed model. The ACT algorithm makes use of Fourier weights in order to regularize

and stabilize the solution. In the TV based algorithm the regularization is done by the

Total Variation and so the inclusion of the same kind of Fourier weights does not really

benefit the algorithm. Whereas both approaches manage to control the artifacts on high

frequencies, TV minimization was found to be a better denoiser, and better reduce er-

rors for fair noise levels and perturbation amplitudes. In particular, the error measures

behave better. However, the RMS errors of both algorithms are comparable in the case

of small perturbations and small noise levels if we use the regularized version of the

ACT algorithm.

To test the proposed algorithm in the case of deconvolution (with irregular to regu-

lar sampling and denoising) we have compared it with a direct extension of the ACT al-

gorithm that includes also deconvolution. We can conclude that the TV based algorithm

is more stable in this case. On the other hand, the ACT algorithm starts to diverge after
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Figure 6.20: Restored and zoomed images with a global TV regularization parameter.
The top example is a zoomed restoration of image in figure 6.14(b). The bottom one
restores image in figure 6.14(c). Both of them use λ = 0.5.
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Figure 6.21: Restored and zoomed images with local data fidelity parameters. The top
example is a zoomed restoration of image in figure 6.14(b). The bottom one restores
image in figure 6.14(c).
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Figure 6.22: Convergence along iterations of IOi for three different regions. Regions
under study are shown in figure 6.18(b) and IOi corresponds to the restored image on
top of figure 6.21.

reaching the minimum so it is very important to choose a good stopping criterion. In ad-

dition, the root mean square errors are smaller with the TV based algorithm, especially

if we use local constraints.

The first proposed TV based algorithm has a global TV regularization parameter:

λ. We have seen that for large values of λ the image is quite well denoised but high fre-

quencies or textures are lost. In contrast, for smaller values of λ textures are recovered

but the noise is very evident. Thus, we use the technique introduced in [24] that uses

local constraints on the data fidelity term and solves the above mentioned problem.

Finally, we have shown some results with the full restoration model, i.e. including

also zoom. To conclude we can say that in general the TV based is more robust and

more versatile in the sense that it is easily extended to the case of zoom, antialiasing

and local constraints. Moreover, the regularized version of the ACT algorithm which is

much more stable needs the a priori knowledge of the spectral decay of the image.

As future work, a better error estimate is needed to stop the CG iterations at the

right point when inverting Q. Currently we perform many more iterations than needed,

because of a bad error estimate. In the zoom case we have used only the ideal window

as a projector although we proposed to use also a prolate function in two different ways.

These other implementations have to be tested and compared to the one presented here

in the experiments. We have always worked with a MTF restricted to [−1/2, 1/2]2, when
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this is not true the antialiasing has to be considered. Our algorithm can be easily ex-

tended to the antialiasing problem, it suffices to adapt the projector to the appropriate

region were sampled coefficients contain a minimal amount of aliasing as proposed in

[2, 3].
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Appendix C
Modulation Transfer Function

Here we describe how the MTF, the Modulation Transfer Function, of a general

satellite can be modeled. More details can be found in [125] and [2], moreover in [2]

specific examples of MTF for different acquisition systems are shown.

Remember that the MTF, that we denote by ĥ, is the Fourier transform of the im-

pulse response of the system. There are different parts in the acquisition system that

contribute to the global transfer function (let (ξ, η) ∈ [−1/2, 1/2] be the coordinates in

the frequency domain):

- Sensors: every sensor has a sensitive region where all the photons that arrive are

integrated. This region can be approximated by a unit square [−c/2, c/2]2 where

c is the distance between consecutive sensors. Its impulse response is then the

convolution of two pulses, one in each spatial direction. The corresponding trans-

fer function also includes the effect of the conductivity (diffusion of information)

between neighbours sensors and modeled as an exponential decay:

ĥS(ξ, η) = sinc(ξc) sinc(ηc)e−2πβ1c|ξ|e−2πβ2c|η|

where sinc(ξ) = sin(πξ)/(πξ).

- Optical system: it is considered as an isotropic low-pass filter

ĥO(ξ, η) = e−2παc
√

ξ2+η2

- Motion: each sensor counts the number of photons that arrive to its sensitive region

during a certain period of acquisition time. During the sampling time the system

has moved a distance τ and so does the sensor, this produces a motion blur effect
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in the motion direction (d1, d2):

ĥM (ξ, η) = sinc(〈(ξ, η), (d1, d2)〉τ)

Finally, the global MTF is the result of the product of each of these intermediate

transfer functions modeling the different aspects of the satellite:

ĥ(ξ, η) = ĥS ĥOĥM



Appendix D
Bounded Variation Functions

Let us first recall the definition of functions of bounded variation. A function u ∈
L1(Ω) whose partial derivatives in the sense of distributions are measures with finite

total variation in Ω is called a function of bounded variation. The class of such functions

will be denoted by BV (Ω). Thus u ∈ BV (Ω) if and only if there are Radon measures

µ1, . . . , µN defined in Ω with finite total mass in Ω and∫
Ω

uDiϕdx = −
∫

Ω
ϕdµi

for all ϕ ∈ C∞
0 (Ω), i = 1, . . . , N . Thus the gradient of u is a vector valued measure with

finite total variation

‖ Du ‖= sup{
∫

Ω
u div ϕ dx : ϕ ∈ C∞

0 (Ω, Rn), |ϕ(x)| ≤ 1 for x ∈ Ω}.

The space BV (Ω) is endowed with the norm

‖ u ‖BV =‖ u ‖L1(Ω) + ‖ Du ‖ .

For further information concerning functions of bounded variation we refer to [65] and

[149].

We recall that BV (Ω) ⊆ Lp(Ω) where p = N
N−1 , if N ≥ 2, and p = ∞, if N = 1.

Moreover, the embedding is compact in Lq(Ω) for any 1 ≤ q < p.
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Chapter 7
Conclusions and Future Work

7.1 Conclusions

In the first part of this dissertation we have reviewed some theoretical aspects con-

cerning the shallow water equations. Then we have extended an existing numerical

method [66] for hyperbolic systems of conservation laws, i.e. homogeneous systems, to

the more general case of non homogeneous systems. The interest of this scheme is that

it uses the Marquina’s flux splitting technique [59], originally proposed and studied in

the homogeneous case and whose potential in gas dynamic applications has been proved

experimentally. In particular, we extend this scheme in order to include the source term

due to the topography which is present in the shallow water equations. After some

conclusions from the analysis of the extended scheme at the steady state we propose a

combined algorithm that uses two flux decompositions like in the Marquina’s technique

when adjacent states are not close and a single decomposition – as traditionally used in

shallow water applications – otherwise. In addition, we propose a special treatment of

the proposed scheme at wet/dry fronts and at situations of dry bed generation. The per-

formance of the combined scheme is evaluated with classical experiments in the shallow

water literature. We also identify specific cases where the combined scheme performs

better than the Marquina’s technique and the one of single flux decomposition.

As a second contribution of this thesis we have introduced a digital Day for Night

algorithm. This algorithm is based on physical data and visual perception experimental

data that explains the modification in perception at low light conditions, like at night,

with respect to better illumination conditions as happens at daytime. In order to sim-

ulate the loss of visual acuity at those situations of poor illumination we introduce a
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novel diffusion equation, which is well-posed, has existence and uniqueness results, and

is also monotonicity preserving, so no ringing may occur. The robustness of the equation

makes it suitable for video sequences.

The third part deals with some geometric approaches for inpainting surface holes.

First, we improve with an automatic initialization the variational problem presented

in [139]. Then we propose other methods based on the mean curvature. One of them is

based on a variational model which integrates a power of the modulus of the Laplacian of

a distance function (when we use the power two we are dealing with the Willmore func-

tional). The other one is heuristic and is based on the diffusion of the mean curvature

of the level sets of an implicit function which is then reconstructed with the prescribed

diffused curvature. Finally, we also study simpler interpolation methods based on the

Laplace equation and the Absolutely Minimizing Lipschitz Extension (AMLE).

We introduce in the last part a variational model to restore satellite images and

which considers the following aspects of the acquisition system model: noise, modula-

tion transfer function (MTF) of the system, and sampling process (regular or irregular).

We concentrate on the special case of irregular sampling. The resolution of the varia-

tional problem is done combining and extending the technique proposed by Chambolle

[40] for denoising images and the algorithm of Gröchenig and Strohmer [80] that recov-

ers a uniform sampling from irregular samples. The restoration method that we propose

manages to do irregular to regular sampling, denoising, deconvolution and zoom at the

same time. We also comparethe restoration results with those obtained with the algo-

rithm of Gröchenig and Strohmer.

7.2 Future Work

Most of the approaches here introduced can be still improved. Moreover, they gen-

erate new perspectives of work and have other possible applications. We outline the

future plans for each of the subjects involved in this thesis:

PART I: Numerical simulation of Shallow Water Equations

- Go on with the validation of the 2D version of the proposed scheme with more experi-

ments.

- Simulation of water avalanches or dam-breaks over dry beds with variable topography.
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- In [82] we studied some erosion and sedimentation models which contained the shal-

low water equations. The numerical scheme here proposed can be extended to

correctly discretize these models.

Part II: Day for night

- Use a more complete reflexion model in the first step when estimating the reflectance

values.

- Include the simulation of artificial lights.

- Emulate aspects of the film developing process.

PART III: Inpainting Surface Holes

- Develop a different numerical approximation of the variational problem based on the

Laplacian of a distance function.

- Study the problem of video inpainting.

PART IV: Restoration of irregularly sampled images

- Implement and test the zoom approach with the prolate function with the two different

approaches proposed in section 6.6

- Consider the more general case of a MTF not restricted to [−1/2, 1/2]2 and include

antialiasing techniques.
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