
Chapter 6

Improvement of Abel inversion
using VTEC data

This chapter deals with the improvement of the classical Abel inversion
through two main issues:

1. Inclusion of horizontal information of ionospheric electron density dis-
tribution to overcome the assumption of spherical symmetry.

2. Estimation of the contribution of electron density above the LEO GPS
satellite.

To show this improvement, this chapter details these points before de-
scribing the implementation of the model used to process the occultations.
Afterwards, results with several LEOs are shown quantifying this improve-
ment. The data used consists in simulated data as well as several real data
sets corresponding to different scenarios.

6.1 Including VTEC information

As explained in Chapter 4, the classical approach of the Abel inversion as-
sumes spherical symmetry in the locality of the occultation, which states that
the electron content varies in height, but not horizontally. This implies, in
particular, a constant VTEC in the occultation region. Nevertheless, since
the ionosphere shows either vertical and horizontal variation despite the typ-
ical short time span of few minutes during the occultation, this assumption
may not be realistic in many circumstances, thus causing a mismodelling.
A particular example of the variability can be seen in Figure 6.1, where it
is depicted a VTEC map of the Southeastern Asia and Oceania. This map
shows a particular example near the geomagnetic equator (in the region of
the southern equatorial anomaly), where non-linear variations of VTEC can
reach 50 TECUs or even more in Solar Maximum or large geomagnetic storm
conditions.

In particular, strong gradients (i.e. high spatial variability) of VTEC are
expected to be higher in the following situations:
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Figure 6.1: Presence of VTEC gradients during an occultation. The diagonal
thin lines represent the typical footprint (i.e. projection on the Earth surface)
of the rays linking the LEO and GPS satellite (which are assumed to be
straight-lines). Only the portion of rays under the LEO orbit (in this case the
GPS/MET, with nominal orbit of 750km) is depicted. Black and grey lines
are the portion of rays above and under 400km respectively. The points A and
B are the geographical coordinates of the tangent points (T) corresponding to
the rays which height of the tangent point are 300km and 700km respectively.
Note the presence of the Appleton-Hartree anomalies near the geomagnetic
equator (black thick line).

1. Since the Sun is the main source of ionisation, the day/night termi-
nators (i.e. dawn and dusk periods) cause gradients of VTEC.
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2. The presence of the Appleton-Hartree anomalies, in regions near the
geomagnetic equator induce large variations in the distribution of
the electron density. Note, for instance, that in the vicinity of these
Equatorial Anomalies depicted in Figure 6.1 variations of 50TECUs or
even more can be induced.

3. Large geomagnetic storms, that cause Ionospheric disturbances.

Note that, as mentioned in section 4.1.2, the mismodelling due to spher-
ical symmetry is increased as the rays traverse the lowest layers of the iono-
sphere (i.e. E layer). This is due to two main causes:

1. Since the Abel inversion algorithm is a recursive method in which the
upper layers are solved for before the lower layers, the accumulative
errors on the former will greatly affect the latter.

2. The rays are longer in the lower layers (see Figure 6.1), therefore the
occurrence of horizontal gradients cause a more important effect than
in the upper layers.

This chapter deals on how the information about horizontal variability of
the ionosphere, in particular information about the VTEC, can be included
in the Abel inversion scheme in order to overcome the spherical symmetry
assumption. The choice of the VTEC is justified since it follows similar varia-
tion than the electron density. In particular one can focus in the relationship
between the VTEC and the NmF2, known as slab thickness (τ) defined as:

τ =
V TEC

NmF2
(6.1)

The interpretation of the slab thickness (which can be expressed in me-
ters) is the height width of an imaginary ionosphere with constant electron
density equal to the NmF2 and VTEC equal to the actual ionosphere. Several
works have shown that, except periods of storms, day/dusk periods or other
ionospheric irregularities, the slab thickness tends to show a constant behav-
ior during day and night time ([Davies, 1990],[Breed and Goodwin, 1998]),
which implies a corresponding direct proportionality between the VTEC and
the NmF2.

Therefore, as a first approach, it is plausible to expect similar variations
of VTEC and electron density. Following this approach, VTEC maps can be
useful to overcome the assumption of spherical symmetry. To take advantage
of this information in the Abel inversion scheme, a separability assumption
between the VTEC and a Shape Function (or Normalized electron density
profile) was introduced in [Hernandez-Pajares et al., 2000], therefore:
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Ne(λ, φ, h) = V TEC(λ, φ) · F (h) (6.2)

where λ can be either local time or latitude (depending on the chosen
reference frame), φ is latitude and h is height. The V TEC(λ, φ) provides with
the horizontal gradients of integrated electron density. The Shape Function
F (which has units of m−1, it is the unknown to solve) will describe the
vertical distribution of electron density. Note that with this shape function,
the Ne does not depend only on height anymore, a horizontal variation has
been introduced to compute the Ne profile.

Variability of Shape Function and Electron density profiles

This subsection will show, by means of using the IRI model, that is more
realistic to assume that the shape function depends only on height and to use
the VTEC information to account for the horizontal variation, rather than
considering spherical symmetry directly in the electron density function.

For this study, the orbits of the GPSMET and GPS satellites for the day
1995 October 18th (day of year 291) have been used, thus giving the true
geometry involved in the occultations for this epoch. The ionosphere was
simulated using the IRI model according to this geometry. A total number
of 209 occultations were processed.

Let us focus again on the map of Figure 6.1 and the points A and B. This
section will check the difference between the vertical profiles (taken from
the IRI model) at these points. Note that in this section no Abel inversion
is performed, only vertical profiles computed with IRI are compared. To
quantify these differences two parameters are given:

1. The percentual difference expressed as the relative RMS percentage
of the whole profile, defined as:

RMSprofile =
100

mean value
·
√∑

(ζA(h)− ζB(h))2

n
(6.3)

where ζA(h) is either the electron density profile or shape function (i.e.
electron density profile divided by the VTEC) at point A and ζB(h)
for point B. The number of points of the profile is noted by n and the
mean value is the average value of the profile.

2. The difference of the peak, defined as:

Difference peak =
ζA,max − ζB,max

ζB,max

× 100 (6.4)
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The reason for giving two comparisons is due to errors caused by shift
heights, seen in Section 5.3.2. Even if the shape of the two profiles (and in
particular the value of the peak) is similar, if a height displacement exists
between them, the difference expressed as the RMS of the whole profile can
be large.

Figure 6.2 shows the electron density profiles (right panel) and shape
functions (left panel) for an occultation in which the A and B points are
close (46km).
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Figure 6.2: Electron density profiles and shape functions for an occultation
with points A(157.5oE59.3oN)/B(158.2oE59.5oN) separated 46km. Note
that the profiles, from the IRI model, are practically superimposed. The
inversion corresponds to an occultation of the PRN09 at the epoch 1995
October 18th, 22hUT



82 Chapter 6. Improvement of Abel inversion using VTEC data

Since in this case the points are close, the differences in both cases are
small, even unnoticeable, specially in the case of the Shape function (F ).
Nevertheless if these points happen to be not so closer, the differences in-
crease. Figure 6.3 depicts the comparison of profiles for an occultation in
which the A and B points are further (943 km). Note that, for the Shape
function, the values of profile are similar but for a shift height. This increases
the RMS of the whole profile (although the peak difference in both close and
far cases are similar).
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Figure 6.3: Electron density profiles and shape functions for an occultation
with points A(79.2oE28.1oS)/B(85.3oE21.6oN) separated 943km. In this
case the profiles, from the IRI mode, are clearly distinguished, being the
discrepancies more noticeable in the case of electron density (left panel).
The inversion corresponds to an occultation of the PRN21 at the epoch 1995
October 18th, 5h45minUT.
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Table 6.1 gives the average values of RMSprofile and difference in NmF2
corresponding to the 209 occultations processed. It can be noted that in all
cases the differences are expected to be lower in the case of Shape functions.

RMSprofile Peak

Electron density profiles 53% 35%
Shape functions 16% 3%

Table 6.1: Average figures (computed as the overall RMS divided by the mean
value) of differences between Electron density profiles and Shape functions
at points A and B of 188 occultations of the GPSMET satellite during 1995
October 18th using the IRI model to simulate the electron density. The
maximum distance between A and B points has been limited to 2000km.

In both cases, the difference between profiles will be greatly affected by
the distance between the A and B points. Figure 6.4 plots the evolution of the
difference against the distance between the A and B points. It is interesting
to point out that, as expected, with electron density profiles the differences
between the profiles at A and B increases faster with distance compared with
the shape functions.

As a final conclusion of this study, the histogram depicted in Figure 6.5
shows that the differences among shape functions within the location marked
by the footprint of an occultation are smaller than the case of spherical
symmetry.

Even the fact that the use of real data is not as well behaved as the case of
the IRI, it can be stated that the use of separability hypothesis overcomes the
classical assumption of spherical symmetry, thus providing a more realistic
approach to the inversion of profiles with Abel inversion.

6.2 Upper Ionosphere and Plasmasphere es-

timation

The other issue that has to be taken into account when processing occul-
tations is the contribution of the electron density above the LEO orbit
which has to be modeled somehow to correctly invert the GPS observa-
tions of STEC. This can be done by making an exponential extrapolation
of the profile as done in [Hernandez-Pajares et al., 2000] or in the data as in
[Hajj and Romans, 1998]. According to [Schreiner et al., 1999] this approach
of exponential extrapolation is more appropriate than the use of a climato-
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Figure 6.4: (Upper Panel) Evolution of percentage difference (RMSprofile)
against distance. (Lower panel) Evolution of percentage difference (Differ-
ence in peak) against distance. Note that although the plots are similar, the
scale is 10 times smaller. These graphics have been obtained simulating with
IRI the profiles at the corresponding locations A/B of the occultations with
GPSMET that took place during day 1995 October 18th.

logical model since it may not be accurate enough. Although this issue may
not be critical for LEOs such as GPSMET or SAC-C (with nominal orbits
at 750km and 700km respectively), it is a crucial point to be considered with
very low earth orbiters such as CHAMP, which has an initial orbit of 450km,
but it will descend to 300km in its life-cycle of 5 years due to the atmospheric



6.3. Model 85

0

20

40

60

80

100

120
N

um
be

r 
of

 o
cc

ur
re

nc
es

RMS difference of full profile [%]

<10 <20 <30 <40 <50 <60 <70 <80 <90 <100 >100

Shape Function
Electron density profile

Figure 6.5: Histogram with the number of occurrences for each bin of per-
centage difference of profile

drag. A possible solution to the upper ionosphere and plasmasphere issue
is found in [Jakowski et al., 2002] or [Jakowski et al., 2003], where the inver-
sion is assisted with a “first guess” extracted by a Chapman layer model for
the topside ionosphere.

In this work, an alternative way described in [Garcia-Fernandez et al., 2003b]
is proposed to tackle this issue. The contribution of the electron density
above the LEO orbit is not modeled but estimated. To do this, the positive
elevation data gathered by the LEO GPS POD receiver (used to compute
the satellite position) is jointly processed with the negative elevation data
gathered by the LEO GPS limb sounder receiver (used to obtain the vertical
profiles of ionospheric electron content or other vertical profiles of the neu-
tral atmosphere). The key issue to take into account when estimating this
contribution is related on how to distinguish between the instrumental bias
and the upper ionospheric/plasmaspheric contribution. Since the geometry
of the occultation is typically good enough (with large variations in the map-
ping function, see Section 2.2.1), these two quantities can be estimated in a
reasonable way.

6.3 Model

As in the case of ionospheric tomography, the geometric free combination
of phases (i.e. LI ≡ L1 − L2) has been used as the basic observable. The
choice of this observable is due to the fact that the noise level of the phase



86 Chapter 6. Improvement of Abel inversion using VTEC data

observations is lower than the code observations. Nevertheless, the problem
to the ambiguity and cycle slips has to be considered. Although a coarse
alineation with the PI is done, the ambiguity has to be dealt with somehow
in order to obtain good inversions.

Starting from the discretised approach of the Abel inversion with STEC
data explained in Section 4.1.2 and using both expressions 4.17 and 6.2, the
LI can be expressed as:

LI(n) = bI + α · lp,n · Fp · V TEC(λp,n, φp,n)+

+ α ·
n∑

k=1

lk,n ·
[
V TEC(λk,n, φk,n) + V TEC(λ′k,n, φ

′
k,n)

]
· Fk

(6.5)

where α = 1.0506mdelaym
2/1017electron, bI is the instrumental bias,

V TEC(λ, φ) is the VTEC at the geographical coordinates λ and φ (for longi-
tude and latitude respectively) and F denotes the Shape function to estimate
in the process. Note than the unknown variable to solve Fp is the element of
the Shape function that accounts for the contribution of the electron content
above the LEO orbit. The schematical view of this expression using the same
notation can be seen in Figure 6.6
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Figure 6.6: Modeling of STEC assuming separability.

Therefore, with the observations of the LI it is possible to construct a
system of equations. This system is solved using the Linear Mean Squares
technique, thus solving for the variables corresponding to the bias (bI) and
the Shape function under the LEO orbit (Fk) and above (Fp). Were Fp and
bI not present, this system could be solved recursively.



6.4. VTEC and spherical symmetry 87

The geocentric distance for each layer under the GPS LEO orbit are the
corresponding geocentric distance of the tangent point, computed as:

r(n) = rLEO(n) · cos(E(n)) (6.6)

Regarding the height value corresponding to the Fp, since this value is
assumed constant in the whole layer, it is set to 1000km (upper limit bound-
ary of the ionosphere considered in this model), but the layer thickness is, in
fact, the difference between this upper boundary and the GPS LEO nominal
orbit.

6.4 VTEC and spherical symmetry

This section studies particular simple cases of VTEC distributions that lead
to a fulfillment (partial or total) of the spherical symmetry assumption. Two
cases are considered, when VTEC values are constant and when VTEC is
linear.

Constant VTEC

In the first case, that is when VTEC is constant (let us say equal to 1), the
solution is equivalent to the spherical symmetry approach, so F becomes Ne

(see Equations 4.17 and 6.5).

Linear VTEC

A slightly general case occurs when the VTEC has constant gradients (i.e.
linear behavior of VTEC). In this case, only the VTEC values at the different
tangent points coordinates are necessary to invert the occultation. This
result can be obtained taking into account the symmetry of the occultation
geometry (i.e. for a given ray, the distance from the tangent point to both
centers of a given layer is the same, see Figure 6.6). Therefore, the sum of
both VTEC’s corresponding to the same layer but to different geographical
locations (see Figure 6.7, where the geographical coordinates of the ray are
projected onto the VTEC plane) becomes:

V TEC(λ, φ) + V TEC(λ′, φ′) =
= V TEC(λT − λF , φT − φF ) + V TEC(λT + λF , φT + φF )

(6.7)

If the VTEC is driven by a linear function of the longitude and latitude, it
is easy to demonstrate that V TEC(λ, φ)+V TEC(λ′, φ′) = 2·V TEC(λT , φT ).
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That is, when the VTEC follows a linear dependence (i.e. it is defined
by a plane), the spherical symmetry is verified for a given ray and only the
value of the VTEC at the tangent point location is needed to invert that ray.
Nevertheless since the tangent point varies with the ray, different VTEC
values for the different rays are needed.

To sum up, the proposed approach verifies that:

1. With VTEC constant it yields to an equivalent solution to spherical
symmetry.

2. With VTEC linear, the spherical symmetry assumption applies only
within a ray, but different values of VTEC are needed for each ray in
order to invert the STEC and obtain the electron density profile.

3. With VTEC non-linear, spherical symmetry is not applicable.

6.5 Results with GPSMET data

6.5.1 Synthetic data (IRI)

The comparison with synthetic data is performed since it offers a valuable
possibility to perform the proof of concept and the comparison of the inverted
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electron density profiles with true values of electron density. Moreover, there
is no co-location error, therefore it is possible to obtain the electron density
at the exact desired longitude, latitude and time. Two consequences of this
fact are derived:

• When providing the VTEC values to the model, no interpolation to
obtain these values is needed, thus avoiding the corresponding interpo-
lation error.

• There is no spatial/temporal mismatch (i.e. co-location) error with
respect to the truth to compare.

Therefore, since the most important sources of errors are not present in
this environment, this study will give an overview of how good is the model
itself (the best performance one can expect from it). Nevertheless, since this
is a simulated environment, a deeper study with real data is necessary in order
to assess the performance of the method in real circumstances. Obviously,
in the real cases the errors are expected to be larger.

The study presented in this section consists basically in inverting the
“simulated” observations. That is, considering the actual geometry and
epoch of the occultations (i.e real line-of-sights), the IRI model is run and
the STEC corresponding to each ray of the occultation is simulated. Once
all rays are simulated, the inversion is performed and the profile of electron
density is obtained. The peak of electron density (i.e. NmF2) and its height
(i.e. hmF2) are extracted and compared with the values provided by the IRI
model at the exact time and coordinates of the occultation occurrence.

The data has been simulated for the GPSMET observations on 1995
October 18th (approximately 200 occultations were processed).

Table 6.2 summarizes the results considering spherical symmetry and sep-
arability hypothesis. It can be seen that separability assumption improves
in all circumstances those obtained with spherical symmetry (an average im-
provement of 25% to 30%). Note that, on the other hand, this improvement
does not affect to the hmF2 estimation, compared with spherical symmetry.

6.5.2 Real data

Scenario

In order to confirm the improvement against the spherical symmetry ap-
proach, a data set using real data has been considered. This results are
extracted from [Garcia-Fernandez et al., 2003a] and are an extension of the
study presented in [Hernandez-Pajares et al., 2000]. The data set consists in
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NmF2 comparison hmF2 comparison
# comp bias σ RMS bias σ

[1010 e/m3] [1010 e/m3] [%] [km] [km]

Night 81 -0.1 1.6 10.1 -4.6 11.0
0.3 2.7 16.8 -7.1 10.3

Dawn 58 -0.6 1.2 4.6 -2.5 10.9
1.3 2.7 10.5 -2.9 11.6

Day 68 0.5 4.4 8.0 -6.9 12.9
0.5 7.0 12.6 -6.8 12.3

Table 6.2: Table for NmF2 and hmF2 comparison for GPSMET satellite
using the IRI model, 1995 October 18th. In bold are the values correspond-
ing to Separability assumption and italics mark the values of Spherical
symmetry assumption. Although the absolute errors for the different periods
are similar, the variation of the electron density values with the day period
influences the relative errors.

a 11 day period, from October 10th 1995 (day of year 283) to October 21th
1995 (day of year 294). LEO data from the GPSMET satellite were processed
with the aid of the VTEC maps computed and provided at UPC in IONEX
format for this period. These maps provided to the improved Abel inversion
method with information of the horizontal variation of the electron density.

To evaluate the Abel estimations of electron densities and heights, the oc-
cultations have been checked with the measured parameters given by ionoson-
des. These were mainly located in Europe, North America and Australia.
Moreover, there are few comparisons for low latitudes due to the observations
of the Taiwan ionosonde. This period also includes not only quiet ionospheric
conditions but an ionospheric disturbance over central Europe during the day
1995, October 19th (day of year 292). The Dst indicates the presence of a
disturbance beginning at 1995 October 18th 21hUT approximately (upper
plot of Figure 5.6).

Estimation of electron content above LEO orbit

In order to check the upper ionosphere and plasmaspheric estimation, a voxel
model, see Section 3.2.1, has been used joining the available positive eleva-
tion data (with an elevation mask of 10o), using similar procedures to obtain
VTEC estimates from ground GPS data ([Hernandez-Pajares et al., 1999]).
Previous works have already shown that these methods can provide with
very accurate determinations of VTEC ([Hernandez-Pajares et al., 1998]).
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On the other hand, the estimation with the proposed method has been ob-
tained processing each occultation independently using both positive and
negative elevation data. Figure 6.8 depicts the comparison between these
two approaches. The values corresponding to the same geomagnetic latitude
have been averaged in longitude. It can be seen how the estimation shows
the expected increase of few TECU of the upper ionospheric and plasmas-
pheric TEC in low geomagnetic latitude. A similar result is obtained during
the night (lower panel of Figure 6.8), where the expected decrease is stated
during this period.
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Figure 6.8: Comparison of Plasmaspheric TEC estimated by Fp and the
estimation with voxel model.

Note that in the case of a bad estimation of the upper ionosphere and
plasmaspheric estimation, the rest of the profile will be affected, due to the
recursivity of the method. Therefore, in fact, the same profiles are a type of
test on the validity of the upper ionospheric estimation.

Comparison with ionosonde

As a general procedure for comparison with ionosondes, it has been con-
sidered that for a single occultation and ionosonde, the valid comparisons
were those made with the ionosonde measurements comprised in an inter-
val of 1 hour centered at the epoch that the occultation took place. Be-
sides, the maximum distance between an ionosonde and the occultation
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(i.e. co-location distance) was set at 2000km. Previous works (see for in-
stance [Hajj and Romans, 1998] or [Schreiner et al., 1999]) consider shorter
co-location distances of 1500km approximately.

It has to be taken into account that the separability hypothesis implies the
proportional relationship between the NmF2 and TEC and, consequently, a
constant slab thickness during the occultation (Expression 6.1). Therefore it
is expected that a deviation from this assumption may cause a mismodelling.
This can happen specially during dawn and dusk periods (as it can be seen
in Figure 6.9) or with ionospheric irregularities (i.e. when the slab thickness
does not show a constant behavior).

Therefore, the dependency of the slab thickness in function of the local
time has been studied for the period considered (see Figure 6.9) in order
to check the consistency between the measured values of peak density from
the ionosondes and VTEC computed from the ground GPS data. In this
figure it can be seen the presence of unrealistic values of τ . These values can
be due to ionosonde measurement, specially during night periods, or VTEC
interpolation. The slab thickness values under 175km or above 1000km have
been discarded since this may be due to a large error in the ionosonde NmF2
value and/or VTEC interpolation causing a bad comparison.
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Figure 6.9: Dispersion plot of slab thickness in function of local time for
the period from 1995 October 10th to 1995 October 21st. The values of
NmF2 were obtained from the 52 ionosondes available during this period.
The boundaries to discard unlikely values of the slab thickness have been set
at 175km and 1000km (also shown in the plot).

From expressions 6.2 and 6.1, it can be seen that the inverted occultation
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can give a measure of the slab thickness by inverting the shape function at the
peak of the profile (τoccultation = 1/F (hmF2)). Therefore, the same criteria
of slab thickness applied to ionosonde/TEC measurements explained above
has been applied to each occultation as well. This filter rejects around 10%
of comparisons due to unrealistic ionosonde/TEC measurements and/or bad
inverted occultation. These outliers are caused mainly by ionosonde data
(approximately 70% of the rejected comparisons, the remaining 30% were
due to occultation data). For both the ionosonde and occultation data,
the measurements with slab thickness above 1000km were located during
nighttime, coinciding with very low electron density values. On the other
hand, daytime contained the majority of rejected comparisons caused by a
slab thickness under 175km.

Frequency estimations

Usually, the Abel inversion literature provides with the comparisons between
ionosonde and Abel inverted profiles in frequency units rather than electron
density ones. In order to place this work in context with similar works, units
are chosen to be frequencies as well. Following this criteria, the Abel pro-
file values of the maximum electron density at the F2 and E layers (NmF2
and NmE respectively) have been transformed to the corresponding critical
frequencies (foF2 and foE respectively) using Expression 1.24. Note that
the quadratic relationship implies that an error in frequency of 10% corre-
sponds to an error of 20% in density approximately (a factor of 2), that is,
errors on frequency estimation will be approximately the half value of the Ne

estimation.
Regarding the estimation of the F2 layer critical frequency (i.e. foF2),

table 6.3 summarizes the comparison of the performance between the spheri-
cal symmetry approach of Abel inversion and the one assuming separability.
It is expected that during the periods in which the hypothesis of proportion-
ality of the VTEC and density is clearly unrealistic (i.e. slab thickness not
constant), the results worsen. The table shows how in the cases mentioned
in Section 6.1 (low latitudes, high geomagnetic activity, dusk and dawn) the
performance with respect to the ionosonde measurements are worse.

Even during occurrence of the above mentioned factors, the introduction
of VTEC information in the Abel inversion improves the estimations obtained
assuming spherical symmetry. In fact, the average improvement is about
30%.

Figure 6.10 shows a graphical interpretation of the discrepancies for two
particular examples of comparison between ionosonde and inversion. The
effect of the slab thickness in the comparisons is shown. Upper plot cor-
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Sep.Hyp. Sph.Symm
N.comp RMS: MHz [%] RMS: MHz [%]

Quiet ionosphere
Low Day 177 1.2 [ 16.2 ] 1.6 [ 21.4 ]
latitudes D&D 10 0.5 [ 9.7 ] 0.8 [ 14.5 ]
0o ± 30o Night 100 1.1 [ 27.6 ] 1.3 [ 31.7 ]
Mid&high Day 2054 0.7 [ 11.6 ] 1.1 [ 17.8 ]
latitudes D&D 908 0.8 [ 19.1 ] 1.1 [ 25.9 ]
±30o ± 90o Night 1122 0.6 [ 17.6 ] 0.8 [ 23.9 ]
Disturbed ionosphere
Europe Day 105 0.9 [ 17.7 ] 1.6 [ 31.2 ]

D&D 94 0.7 [ 18.2 ] 1.2 [ 30.8 ]
Night 32 0.4 [ 16.1 ] 0.8 [ 34.9 ]

Table 6.3: Table of foF2 errors with respect to Ionosonde measurement. The
error is Absolute RMS in MHz and Percentual relative RMS difference in
brackets. The number of comparisons is also given.

responds to a shape function of an occultation taking place near College
(Alaska, W147.8 N64.9). In this case, the slab thickness behaves almost
constantly, therefore the comparison is better than in the case in which the
slab thickness is not constant. This is the case of the lower plot, where the
electron density peak increases while the VTEC at the ionosonde location
(Taiwan, E121.2 N25.0) decreases. This behavior is not reflected in models
such IRI, in which in harsh conditions such as maximum in the solar cycle
and low latitudes, the VTEC always behaves in the same way as the electron
density.

The increase of distance between the ionosonde and the occultation (i.e.
lack of co-location) is an additional source of error. Figure 6.11 shows how the
error increases as the co-location decreases (distance increases). Nevertheless,
since an appropriate VTEC is considered to obtain theNe(λ, φ, h) profile from
a shape function, the error contribution of co-location is diminished when
the assumption of separability is considered. In the case of the spherical
symmetry, the error in the foF2 estimation increases by an average value of
0.40MHz each time the co-location distance is increased by 1000km. In the
case of the separability assumption, this rate is reduced to 0.14MHz/1000km,
showing more robustness of this approach with regard to the co-location
error. This plot shows an average bias of -0.1MHz in the estimation of the
foF2 using the separability approach. The bias shows a certain local time
dependency (i.e. with the GPSMET orbit) in both the spherical symmetry
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Figure 6.10: Effect of the variation of the slab thickness in the comparisons.
The plots correspond to 2 different shape functions. The NmF2, VTEC and
slab thickness (T) at the ionosonde location are indicated at the given epochs.
To obtain the electron density profiles the shape function has been multiplied
by the given VTECs.

and separability hypothesis approach, this reported negative bias corresponds
to the daytime period, which contains the larger number of comparisons
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of 52 ionosondes were used for comparison (mainly located at Europe and
USA).

(nearly 30% of all comparisons correspond to the time period from 9hLT to
11hLT, when the GPSMET travels from North to South, see Figure 6.12).
The bias is due to a mismodelling caused by the assumption of a shape
function as a profile descriptor. This bias can be seen as well in the integral of
the shape function, which should be 1 ideally. Nevertheless, actual inversions
offer discrepancy with respect to this value. The typical values of this integral
for the occultations processed is around 0.8, which explains this negative bias.

Regarding the estimation of the E and E-sporadic layers (foE and foEs),
the comparative performance of the two Abel approaches has been studied
as well. As mentioned in previous sections, since the Abel inversion is a
recursive method in which the upper layers are solved before the lower-most
ones, the error in the estimation of the former can affect dramatically the
latter. Although the importance of this effect may depend on the occultation,
the assumption of separability helps to diminish this effect (see Figure 6.13
and Table 6.4). To compare the two approaches for the Abel inversion, the
occultations with the presence of a peak in the interval 90-130km have been
searched for. The number of comparisons are less than the case of the foF2
for several reasons: the most important is that the E layer is not always
detected with the sampling rate provided by the GPSMET, other reasons
are due to the fact that the E-layer is mainly detected only during daytime.
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Figure 6.12: GPSMET orbit in function of local time for the period 1995
October 10th to October 21st. Note that the pass from North to South take
place during noon period.

Again, the values of the shape function are multiplied by the correspond-
ing VTEC at the location of the ionosonde. Afterwards, it has been compared
with the values of foE and foEs provided by the ionosonde. The discrepancies
are summarized in Table 6.4.

Sep. Hyp. Sph. Symm.
N.comp RMS: MHz [%] RMS: MHz [%]

E layer 135 0.4 [ 17.1 ] 0.7 [ 28.5 ]
Es layer 35 0.5 [ 16.2 ] 1.0 [ 30.4 ]

Table 6.4: Table of foE errors with respect to Ionosonde value. The error is
Absolute RMS in MHz and Percentual relative RMS difference in brackets.

As in the case of foF2, the results considering separability hypothesis
improve by an average figure of 40% those obtained with spherical symmetry.
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Figure 6.13: Effect of accumulative errors on the computation of the E layer
electron density. The errors in the estimation of the upper layers strongly
affects the lower-most layers. This particular example corresponds to an
occultation of the GPSMET with the PRN20 at 1995 October 11th (day of
year 284), 10hUT(12hLT), at E43.3 N44.9, compared with the corresponding
NmF2 and NmE values obtained with the Leningrad Ionosonde.

Height estimations

The performance of Abel transform with regard to the estimation of true-
height profiles of electron densities, and in particular the estimation of the
electron density peak height value (i.e. hmF2), is an issue that the same
attention has not been paid in previous works as in the case of electron
density. If synthetic data are used, the comparison between vertical and
inverted profiles is direct. The hmF2 estimation using this type of data are
in agreement with the true values at the level of 5-10km (see for instance
[Hajj et al., 2000] and Section 6.5.1).

Nevertheless, the comparison with real data is not so easy due to the fact
that the number of direct measurements (i.e. data from Incoherent Scatter
Radar) are lower and sparse, therefore it is necessary to obtain the hmF2
using other methods for a wider comparison (see Section 1.4.1). The Dudeney
formula (Expression 1.27) has been used in [Jakowski et al., 2002] for the
purpose of comparison with the hmF2 value obtained with the inversion
of CHAMP occultations, reporting an RMS of the discrepancies of about
45km. An additional method to the Dudeney formula is the POLAN true-
height inversion, that provides real-height profiles of electron density up the
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hmF2 height. In Figure 6.14, particular examples of the performance in the
profiles computed with Abel inversion compared with a standard method of
inverting ionograms such as POLAN are shown.
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Figure 6.14: Inverted profiles using GPSMET data and separability hypoth-
esis. The comparison is made with POLAN profiles obtained from ionogram
data.

In [McNamara et al., 1987], it was reported a bias of the Dudeney formula
with respect to the POLAN method. Moreover it was stated that this bias
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was related to the ratio between the peak frequencies of the F2 and E layers
(foF2/foE). Despite the fact that the comparative study of the hmF2
values obtained by both methods is beyond the scope of this Doctorate thesis,
table 6.5 contains a comparison between these methods and additionally the
hmF2 values extracted from the profiles inverted with Abel transform for the
ionosondes of Lerwick, Chilton and Port Stanley. The POLAN profiles have
been obtained from [World Data Center-A, 2003] and the expected error for
the estimation of the hmF2 using POLAN reported for this dataset is 3km
approximately. In the case of the Dudeney formula, [McNamara et al., 1987]
applied the condition foF2/foE > 1.215 to obtain reliable measurements
of hmF2. For coherence with the results of that work, the same condition
has been applied, although other authors are more strict with this conditions
(see for instance [Rishbeth et al., 2000]).

foF2/foE ≤ 2 foF2/foE > 2
N.comp bias [km] σ [km] N.comp bias [km] σ [km]

POLAN-DUD 39 15.9 20.8 174 0.5 9.3
Abel-POLAN 65 -12.6 27.0 252 -0.8 22.1
Abel-DUD 65 4.1 21.1 252 0.8 23.1

Table 6.5: Inter-comparison between the POLAN, Dudeney formula and Abel
inversion for hmF2 estimation for the ionosondes of Lerwick, Port Stanley
and Chilton. Only the common data between methods have been considered.
The values for the bias and standard deviation are expressed in km.

Following [McNamara et al., 1987], the height comparisons obtained in
this work have been divided according to the ratio foF2/foE. It can be
seen that the bias follow the same behavior (the larger the frequency ratio
the lower the bias). Regarding the standard deviation in the comparison of
Abel with the other models, it is similar in both cases, close to 25km.

A summary of the Abel inversion performance as an hmF2 estimator
(compared with the Dudeney formula, using all available ionosonde data) is
showed in Table 6.6. These results indicate that the dependency of the bias
with the ratio foF2/foE has a special significance in the RMS comparison.

Figure 6.15 shows the bias and standard deviation for several ionosondes.
It can be seen that the bias depends on the ionosonde, which in turn causes
the overall RMS to suffer a certain increase. Note in the figure a slight
increase of the bias as latitude decreases, this could be explained by the fact
that the assumption of the separability for the lower latitudes is valid to a
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Abel-DUD N.comp bias [km] σ [km]
foF2/foE ≤ 2 682 - 2.7 24.0
foF2/foE > 2 1775 -10.8 25.8

Table 6.6: Comparison with Dudeney formula for all available ionosondes.
The values for the bias and standard deviation are expressed in km.

certain extent (i.e. for these latitudes, only one shape function can not fully
describe the height variation of the profile).
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Figure 6.15: Latitude variation of the standard deviation. The bias and
standard deviation are plotted for each ionosonde. The reference values for
the hmF2, due to its wider availability, have been obtained from the Dudeney
formula applied to the period of 1995, October 10th to 1995, October 21st.
There were 32 ionosondes for which the parameters foF2, foE and M3000F2
were simultaneously available.

The GPSMET data used in this work were sampled at every 10 seconds.
This implies that the height resolution is of few kilometers in the upper
layers and it decreases for the lower layers reaching to the impact parameter
separation of 20km near the peak of the F2 layer and below. Therefore, the
error due to the discretisation is about 10km. Regarding the discrepancies
with the reference values of hmF2 using separability hypothesis and spherical
symmetry, these are small enough to state that those methods offer the same
performance with regard to height estimation.
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6.6 Results with concurrent missions: SAC-

C and CHAMP

Using the same technique applied to GPSMET radio occultations and the
comparison method with ionosonde data, a test with the SAC-C and CHAMP
radio occultations has been carried out as well. An important point of mis-
sions taking place at the same time is a better coverage on the ionospheric
sounding. Moreover, with concurrent missions it is possible to perform an
intercomparison between both satellite and to test the proposed algorithm
in two different datasets for the same time period.

An additional difference with respect to the GPSMET dataset used in the
previous study is that the sampling rate of the data from SAC-C and CHAMP
satellites is 0.1Hz for the POD receiver and 1Hz for the data related to radio
occultations. This higher sampling rate is translated in vertical profiles with
higher resolution, thus allowing the imaging of features or characteristics of
the profile that could be hidden otherwise.

The difference of CHAMP satellite with respect to SAC-C and GPSMET
is its low orbit. This offers a challenge regarding the upper ionosphere and
plasmasphere content modeling. For LEOs at high altitudes, the electron
content above its orbit can be approximated using an exponential extrap-
olation (applied to the data as done in [Hajj and Romans, 1998] or in the
profiles as in [Hernandez-Pajares et al., 2000]). Nevertheless, when the orbit
is low as the CHAMP, the electron content above has to be modeled more
accurately. A possible approach can rely in the use of an external model to
account for this electronic content as done in [Jakowski et al., 2002].

In the case of the proposed method, the electron content is estimated
through the variable Fp (see Section 6.3). The comparisons given in this sec-
tion provide an assessment on how this electron content affects the statistics
of frequency and height.

A slight modification with respect to the GPSMET data has been applied
for these satellites. The reason for this change of implementation is that for
the SAC-C and CHAMP satellites, two different receivers are gathering the
GPS data:

1. The Precise Orbit Determination (POD) receiver, used to obtain the
LEO position. It gathers data with positive elevation.

2. The Limb Sounder receiver, used to invert the radio occultations. It
gathers data with negative elevation.

Therefore, two receivers imply two different phase ambiguities and there-
fore two different biases. According to this issue, the modified algorithm
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estimates two different biases (one for each receiver). Strictly speaking, it
would be necessary to add an additional bias to estimate for each ambiguity
of the phase (this was valid for the GPSMET as well). Nevertheless, specially
in the case of negative elevation data, the amount of data is not enough to
solve for both the biases and the whole vertical profile. An initial alignment
with the code (which does not show the problem of phase ambiguity) dimin-
ishes the effect of cycle slips, nevertheless a certain amount of noise due to
this alignment is added to the phase.

6.6.1 Scenario

The chosen scenario for the SAC-C and CHAMP GPS data runs from Novem-
ber 1st 2002 (day of year 305) to November 16th 2002 (day of year 320). Ac-
cording to the plot depicting the Solar Activity (see Figure 1.3), this period
corresponds to a maximum in the Solar Cycle. The Dst parameter corre-
sponding to the period chosen is depicted in Figure 6.16, showing that the
period was relatively quiet in terms of ionospheric activity.

-80

-60

-40

-20

0

20

40

305 306 307 308 309 310 311 312 313 314 315 316 317 318 319 320 321

D
st

 [n
T

]

Time [Doy]

Figure 6.16: Dst parameter from November 1st 2002 to November 16th 2002.

Since the method has been already tested with simulated data from IRI
in the GPSMET satellite, this section only contains a comparison with real
parameters measured by ionosonde.

6.6.2 Comparison with Ionosonde data

As in the case of the GPSMET, the validation of the occultations has been
performed with ionosondes and the slab thickness has been used as a filter
to discard doubtful comparisons as well. Although the number of ionosondes
(28) is less than in the GPSMET scenario, their sampling rate is 4 times
greater in average (ionospheric measurements provided each 15 minutes).
In this case, a time filter of slab thickness based on hourly values of bias
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and σ has been used to discard outliers (values larger than 3σ have been
considered as outliers). Moreover, sudden peaks in the temporal series of the
slab thickness have been discarded as well.

For coherence with the previous section, it has been chosen the same co-
location distance between the occultation and the ionosonde (2000km) and
the same time span centered at the occultation occurrence (1hour).

Frequency comparison

Frequency comparison with the F2 layer peak is done in the same way as in
the case of GPSMET. Table 6.7 summarizes this comparison. In all cases the
separability approach improves the result of the spherical symmetry by an
average value of 57% and 36% for the CHAMP and SAC-C respectively. In
Figure 6.17 it is shown the evolution of the RMS of foF2 comparison against
distance. Note how, as happened with the GPSMET, the larger the distance
between occultation and ionosonde the larger the error of foF2 estimation.

LEO # Separability Spherical Symmetry
comp. bias σ Rel. RMS bias σ Rel. RMS

[MHz] [%] [MHz] [%]
CHAMP Day 2161 -0.7 1.2 13.5 0.0 2.1 21.0

D & D 101 -0.3 1.0 17.7 -1.7 2.8 53.7
Night 873 0.0 1.0 18.4 -1.3 2.3 50.0

SAC-C Day 4934 -0.4 1.2 11.9 0.1 2.0 18.4
D & D 239 0.1 0.9 16.6 0.0 1.4 26.3
Night 1289 0.3 0.9 19.1 0.5 1.4 29.0

Table 6.7: F2 layer critical frequency comparison for the SAC-C and CHAMP
satellites, using Ionosonde foF2 parameter. Table shows the bias and σ of the
comparison (in absolute values of MHz) and the relative RMS (percentual
value with respect to the mean value of the ionosonde)

Note the larger differences in the CHAMP satellite between separability
and the classical Abel approach. These are due to one of the consequences
of assuming spherical symmetry: the bad estimation of the electron content
above the LEO, which is caused by the fact that in most cases, assuming a
constant value of electron density throughout the cell above the LEO (in the
case of CHAMP from 400km to 1000km) leads to a large mismodelling. This
results in an additional error that affects the rest of the profile, but specially
to the uppermost layers. Since the maximum in the CHAMP satellite is near
to its orbit, the comparison with ionosonde can be severely affected. In the
case of SAC-C, the satellite orbit is far from the maximum, so this effect is
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Figure 6.17: Evolution of the RMS (of foF2 comparison) against distance
for CHAMP and SAC-C satellites. It is given as well the slope computed as
linear regression.

palliated to a certain extent. An example of this phenomena for the CHAMP
satellite can be seen in Figure 6.18.

The results regarding the foF2 estimation using spherical symmetry and
CHAMP data are analogous than those obtained in [Jakowski et al., 2003].
Although in this thesis work the percentage and absolute values are higher,
the co-location distance is larger as well (in front of the radial distance of
8o, which corresponds to less than 1000km, used in [Jakowski et al., 2003]).
Note also that the RMS evolution against distance for the CHAMP satellite
increases 0.7MHz each 1000km (in the case of spherical symmetry and for the
period studied, see Figure 6.17). If we would consider a geometric distance
of 1000km, the absolute error of the foF2 with respect to ionosonde for the
method explained in this work and that of [Jakowski et al., 2003] would be
similar.

In the case of the E layer, the SAC-C and CHAMP satellites offer the
advantage of a higher sampling rate than the GPSMET experiment. This
allows to a better detection of small features in height and, in particular, the
monitoring of the E-layer. Since ionosonde offers the possibility to monitor
the E-layer critical frequency, an additional comparison is also possible. In
this context, Table 6.8 summarizes the comparison for both satellites. In
this case, since the E-layer is basically detected only during daytime, the
comparisons are given for this period only.

Based on the fact that the E-layer is well-behaved, it is possible to estab-
lish a simple filter on the E-layer obtained with the inversions, based on the
upper and lower limits of the E-layer frequencies measured by the ionosondes.
The E-layer values under 1×10−7m−1 or above 5×10−7m−1 (shape function
units) for the separability approach have been discarded. In the case of the
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Figure 6.18: Assumption of spherical symmetry affects topside estimation.
In this case an occultation with PRN04 at 2002 November 2th (19.8hUT
approx) with spherical symmetry and separability are depicted. Values of
maximum of electron density, VTEC, slab thickness (τ) and the error in the
frequency comparison in the separability assumption case are also given. The
profile with separability hypothesis in this case is not realistic, therefore no
comparison is given.

LEO Separability Spherical Symmetry
# bias σ Rel. RMS # bias σ Rel. RMS

comp. [MHz] [%] comp. [MHz] [%]
CHAMP 326 -0.2 0.6 20.7 349 0.0 1.0 33.4
SAC-C 558 0.1 0.7 23.1 567 0.4 1.0 40.4

Table 6.8: E layer critical frequency comparison for the SAC-C and CHAMP
satellites, using Ionosonde foE parameter. Table shows the bias and σ of the
comparison (in absolute values of MHz) and the relative RMS (percentual
value with respect to the mean value of the ionosonde)

spherical symmetry case, these boundaries have been set to 0.2 × 1011e/m3

and 2.5 × 1011e/m3. Note that the differences between assuming spherical
symmetry and separability hypothesis are consistent with the GPSMET case
(average improvement close to 40%).
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Height comparison with Dudeney

As done in [Rishbeth et al., 2000], to estimate the values of hmF2 from
ionosonde data using the Dudeney formula, two conditions have been used:
foF2/foE > 1.7 and M3000F2 > 2.5. This filter differs from the one ap-
plied in the case of GPSMET (foF2/foE > 1.215), which was used for
coherence with the POLAN comparison (in this case no comparison with
true-height technique is given).

The conditions lead to the fact that the measurements of hmF2 basically
correspond to daytime since the restriction on the foF2/foE ratio eliminates
the doubtful values, which are mainly during periods outside daytime. A
summary of the performance of the Abel inversion regarding the hmF2 value
with respect to the ionosonde estimation using Dudeney formula is showed in
Table 6.9. From the results of this table, no significative differences between
the spherical symmetry and separability approach can be detected. This is
justified since the separability leads to a scaling of the shape function by the
VTEC resulting in different electron density profiles, but the profile in height
remains almost unchanged.

Although being in a maximum of the solar cycle, differences in the hmF2
estimation are similar to those obtained with the GPSMET. These discrep-
ancies of the hmF2 estimation remain below 30km, being similar than the
generally accepted error of the Dudeney formula applied to ionosonde data
(20km to 30km approximately).

LEO Separability Spherical Symmetry
# comp bias [km] σ [km] bias [km] σ [km]

CHAMP 1510 0.5 28.2 1.6 30.7
SAC-C 3010 -3.2 25.8 -3.6 25.9

Table 6.9: F2 layer critical peak height comparison for the SAC-C and
CHAMP satellites, using Dudeney formula. The period runs from 2002
November 1st to 2002 November 16th. Results consist in the bias and σ
(expressed in units of km) for both approaches of spherical symmetry and
separability hypothesis.

In Figure 6.19 it is shown the bias and σ in function of latitude. In this
case, the dependency of the hmF2 error with respect to latitude is not as
clear as in the case of the GPSMET.
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Figure 6.19: This plot depicts the latitude dependency of the hmF2 parame-
ter for the both the SAC-C and CHAMP satellites during the period studied,
which runs from 2002 November 1st to 2002 November 16th..

6.6.3 Upper Ionosphere and Plasmasphere estimation

As mentioned before, this issue is critical for satellites at very low orbits such
as CHAMP. As in the case of the GPSMET satellite, the contribution of the
electron content above the LEO orbit is taken into account by the variable
Fp to estimate in the process. In the upper panel of Figure 6.20, the plasma-
spheric estimations for the SAC-C and CHAMP satellites are depicted. Note
that, as expected, the estimation for the CHAMP satellite is higher than the
SAC-C since the lower the orbit, the higher the electron content above the
LEO. To assess the validity of this approach, it is given in the lower panel the
same result using a voxel model approach (where only all POD data with an
elevation mask of 10o has been used to obtain the density above the LEO).
In both cases, no aprioris have been used.

The comparison with the voxel model shows certain agreement between
the two approaches, which indicates a reasonable estimation of the upper
ionosphere and plasmasphere despite that the shape function above the LEO
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Figure 6.20: Upper ionosphere and plasmaspheric estimation for SAC-C and
CHAMP satellites. The estimation corresponds to the scenario that runs
from 2002 November 1st to 2002 November 16th. Upper panel shows the es-
timations corresponding to each occultation processed independently. Lower
panel shows the estimation using the voxel model and all positive elevation
data (POD).

has been estimated for each occultation processed independently. Since this
estimation affects the rest of the profile, this statement is supported by the
comparison with ionosonde parameters, where differences between spheri-
cal symmetry and separability hypothesis are partially due to how well the
electron content above the LEO is estimated.

6.6.4 Intercomparison between SAC-C and CHAMP

Since SAC-C and CHAMP satellites are currently gathering information at
the same time, it is possible to search for spatial and temporal coincident oc-
cultation events between CHAMP and SAC-C (i.e. co-located occultations)
and compare profiles between them.
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In this context, two types of comparisons are made, the discrepancies in
the peak values and the peak height values. To compare the results with
previous sections, figures are provided in frequency units. In the case of
spherical symmetry the profile is directly electron density, therefore, expres-
sion 1.24 is used. In the case of separability, the profile is given in units of
shape function [m−1], which is linked to electron density through the VTEC.
Although the shape function does not have a direct physical meaning as fre-
quency or electron density, the table provides with the bias and σ for this
shape function intercomparison. To relate these discrepancies to previous fig-
ures of frequency comparison, the relative (percentual) RMS differences are
given as well, to compute this relative RMS, the square root is applied to the
shape function in order to transform its units to a frequency-like ones. The
profiles of the SAC-C satellite are the chosen reference for this comparison.

Day period Separability hypothesis Spherical symmetry
# bias σ Rel. RMS bias σ Rel. RMS

comp. [10−6 m−1] [%] [MHz] [%]
Day 283 -0.2 0.9 14.4 -0.2 1.8 18.7
D & D 27 0.1 1.3 23.8 -1.0 1.9 38.9
Night 207 -0.1 1.2 24.1 -1.0 3.2 54.3

Table 6.10: Shape Function peak inter-comparison for the SAC-C and
CHAMP satellites.

The results of this table show that the discrepancies are consistent with
the comparison with ionosondes, that is, the results with spherical symmetry
are improved with the proposed approach of separability.

Additionally, it is possible to obtain a F2 layer peak height inter-comparison
between the co-located profiles of both satellites. The results are summarized
in Table 6.11, where a similar performance with respect to the comparison of
the hmF2 computed with Dudeney applied to ionosonde data is stated. The
differences are kept approximately to 30km.

As an “a posteriori” justification of the goodness of using shape function,
the case study of the situation depicted in Figure 6.21 is given. The map
shows several profiles of either CHAMP and SAC-C satellite co-located in
the region of South America. The VTEC gradients are also shown, note that
since the Equatorial Anomalies are present, the variation of VTEC can reach
values larger than 50TECU. The corresponding profiles of this occultation
can be viewed in Figure 6.22 using the same color coding.

Note how the electron density profiles (computed with spherical symme-
try) follow the VTEC behavior (the larger the VTEC the larger the electron
density). It can be seen that there are differences in the shape of the profile
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Day period Separability hypothesis Spherical symmetry
# bias σ # bias σ

comp. [km] comp. [km]
Daytime 255 -2.8 28.0 197 -2.2 31.7
Dawn & Dusk 25 -7.7 32.2 22 -16 32.8
Nighttime 180 -4.4 38.2 148 -9.9 48.6

Table 6.11: Shape Function peak height inter-comparison for the SAC-C and
CHAMP satellites for the period that runs from 2002 November 1st to 2002
November 16th. The number of comparison is different because it has been
imposed a filter that the hmF2 is placed between 200km and 400km

(left panel, Figure 6.22). Nevertheless if shape functions (F ) are computed in-
stead (using the separability approach, right panel, Figure 6.22), the shapes
are closer. This means that the horizontal variation of shape functions is
lower than electron density ones. Note that this property is true for the
VTEC scaling (that accounts for horizontal gradients), but there are almost
no effect on the true height scale. A possible solution to this issue could be
the use of more than one shape function in order to take into account this
height variability.
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Figure 6.21: Co-located profiles of SAC-C and CHAMP in South America.
During the occultations (that took place in 2002 November 3rd) high VTEC
gradients were experienced (15hUT, 10hLT approximately). Stars and circles
indicate the location of the SAC-C and CHAMP occultations respectively.
The corresponding orbit footprints are also depicted.
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Conclusions and guidelines for
future research

Conclusions

This doctoral thesis proposes the study and development of two techniques
in the context of ionospheric tomography based with GPS data:

1. It has been shown how the combination of data of different nature can
provide with benefits related to the vertical description of the iono-
sphere.

2. It has been shown an improved Abel transform algorithm that uses
VTEC data to improve the classical scheme of Abel inversion assuming
spherical symmetry.

Conclusions and key points of both issues are discussed in the following
sections.

Combination of data

In Chapter 5 it was shown the feasibility of data combination in a data
driven model between GPS ground data and vertical profiles of electron den-
sity computed from ionosonde data. The performance of this technique was
shown through two scenarios: (1) reconstruction of Ne profiles (i.e. com-
parison with ionosondes) and (2) reconstruction of STEC observations (i.e.
comparison with GPSMET observations).

In the first scenario, the vertical profiles of electron density where recon-
structed using all ground GPS data and vertical profiles derived from one or
two ionosondes. From the results of comparison with test ionosondes that
did not take part into the process, the performances in the estimation of the
maximum of electron density during low geomagnetic activity are in general
better than 20% (note that the average performance of classical Abel inver-
sion is between 20% and 40% in electron density). An additional feature of
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this technique is that valuable information about topside ionosphere can be
obtained using constraints based on ratios extracted from a model.

In a second scenario, the STEC observations seen by the GPS/MET were
reconstructed using all GPS data and ionosonde derived profiles. The results
reported a good agreement between these reconstructed profiles with the
actual measurements. In fact, the discrepancy was less than 25% for STEC
observations with height of impact parameter below hmF2. Therefore, this
approach showed that it is possible to model GPS LEO observations with
only ground GPS and ionosonde data, specially below the electron density
peak.

Summarizing, the proposed technique of data combination showed the
possibility of obtaining vertical information of electron density in locations
where no ionosonde was present. That is, thanks to the combination of GPS
and ionosonde data, an expansion of the vertical information of the ionosonde
can be obtained.

Improved Abel transform

As developed in Chapter 6, in order to overcome the limitation of the classical
Abel inversion (i.e. spherical symmetry), the algorithm was modified to
include information of the horizontal variability of the electron density. This
information can be given by the VTEC due to the potential proportionality
between the VTEC and the electron density (stated by a constant value of
slab thickness in the case of the F2 layer peak). The approach introduced
the concept of shape functions, which are the unknowns to be solved by this
algorithm and act as a vertical descriptor of the electron density. Therefore
a separability between these shape functions and VTEC was stated.

This modification of the Abel inversion leads to an improvement in the
foF2 and foE estimation by an average value of 30% or even more when a
comparison with ionosonde parameters are performed. This improvement is
verified in different latitudes, local times, different ionospheric conditions,
solar cycle and data sets from different satellites.

Since the correlation radii of the shape function are larger than the elec-
tron density profiles, the error due to the spatial/temporal mismatch between
the ionosonde and occultation (i.e. co-location error) is diminished. Here,
the VTEC data informs about the spatial/temporal variability of the electron
density.

With respect to the discrepancies of the true height estimation of hmF2
with Dudeney or POLAN, in the case of GPSMET it was stated a stan-
dard deviation of 25km approximately with a certain dependence on latitude
(worsen results for ionosondes close to equator), similar results were experi-
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enced with other data sets gathered by SAC-C and CHAMP satellites. This
latitude dependency is explained by the fact that a single shape function is
not able to perform a complete description of the height variations of the
profile. Note that the shape function of an occultation is scaled in frequency
using the VTEC, but this does not modify the height axis of the profile.
Similarly to previous authors, depending on the ratio foF2/FoE, the bias
of this discrepancy showed a certain variability. Results show that similar
performance regarding the discrepancies with respect to Dudeney formula
(less than 30km) can be obtained regardless the satellite used.

An additional feature of the proposed improvement of the Abel technique
is the treatment of the upper ionosphere and plasmasphere. In the method an
additional unknown was included in order to account for the electron content
above the LEO. The estimation obtained with each occultation could be
compared with a tomographic voxel model, showing good agreement, taking
into account that the shape function value above the LEO is estimated using
only one occultation. Although being at different heights, the comparisons
of different ionospheric parameters indicate that the proposed method of
estimating the upper ionosphere and plasmasphere is valid in either satellites
at very low orbits such as CHAMP and higher orbits such as GPSMET or
SAC-C.

Guidelines for future research

Possible improvements of the techniques described in this work start with the
idea of a separability expansion, that is, not only considering separability at
the level of a VTEC function and a single shape function but several shape
functions as well. That is, to invert an occultation based on more than
one shape function. In order to avoid under-determination of the system
of equations (less data than unknowns), the joint process of more than one
radio occultation are needed in order to perform this (in fact, at least equal
number of occultations and profiles). With this approach, the observations
of each radio occultation will improve the overall estimation.

This idea constitutes the backbone of a more ambitious guideline. To
establish a starting point of this technique, a summary of pros and cons of
both methods used in this thesis work (tomography based on 3D voxels and
classical Abel transform) is given:
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Abel transform 3D Voxels
Vertical resolution ≈ 1 km 10 ∼ 100 km
Computational load Low (' 102 unk.) High (≥ 103 unk.)
Spherical Symmetry assumption Yes No
Topside mismodelling Yes No
Combination capability No Yes

Following the main idea of combination in order to compensate the draw-
backs of one technique with the strong points of the other, it seems feasible
that a technique that considers both approaches at the same time may re-
sult in an overall improvement of ionospheric tomography. The main idea
is to use the concept of shape functions instead of electron densities as the
unknown to solve. As mentioned in previous sections, the correlation radii
of the shape functions are larger, thus allowing a reduction of the number
of variables in the horizontal dimension. The VTEC, that would be com-
puted by another process, would account for the horizontal variability of the
electron density. Therefore considering a limited set of shape functions (def-
initely less in number than electron density profiles), it would be possible to
obtain a global description of the ionosphere.

A limitation of this technique is the sparsity of data. Although the num-
ber of GPS ground receivers has been increased in the recent years, it remains
the main issue of the coverage in regions with lack of receivers (mainly oceans
and seas). This can be partially overcome using interpolation, climatological
models and with data from LEO GPS receivers. Moreover, the coverage of
these satellite receivers is not global. With the advent of the COSMIC satel-
lite and the joint process of data from different satellites, in near future this
issue will be fulfilled.

Future implementations of this technique may be related to near real-
time or even real-time capabilities. Currently the technology to obtain global
VTEC maps in real time is at hand and there is an initiative of IGS to pro-
vide with data from GPS stations in real time. The next step to these VTEC
maps, when the techniques are improved and refined, could be the implemen-
tation with shape functions in order to obtain a global 3D description of the
ionosphere in real-time.



APPENDIX A: Acronyms

AS Anti/Spoofing
CHAMP CHAllenging Minisatellite Payload
CME Coronal Mass Ejection
EOF Empirical Orthogonal Functions
GIM Global Ionospheric Map
GNSS Global Navigation Satellite System
GOLPE GPS OccuLtation and Passive reflection Experiment
GPS Global Positioning System
GPSMET GPS/METeorology
IGS International GPS Service
IONEX IONosphere Map EXchange
IRI International Reference Ionosphere
ISR Incoherent Scatter Radar
LEO Low Earth Orbiter
LMS Least Mean Square
PLP Planar Langmuir Probe
POD Precise Orbit Determination
RMS Root Mean Square
SA Selective Availabilty
SAC-C Satelite de Aplicaciones Cientificas
STEC Slant Total Electron Content
TEC Total Electron Content
TID Traveling Ionospheric Disturbances
UPC Universitat Politècnica de Catalunya
UT Universal Time
VTEC Vertical Total Electron Content
WLMS Weighted Least Mean Square
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