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Abstract

Topology optimization of incompressible structures, in which
the loads on the structure come from the stresses exerted by
a surrounding fluid, is a highly complex problem. This work
presents a compilation of the research conducted to repro-
duce such complex phenomena.

Firstly, two stabilized mixed finite element methods for fi-
nite strain solid dynamics are developed. These stabilized
methods are stable for any interpolation spaces of the un-
knowns. On the one hand, a two-field mixed displacement/-
pressure formulation capable of dealing with nearly and fully
incompressible hyperelastic material behavior is presented.
On the other hand, so as to be able to tackle the incompress-
ible limit and at the same time, to obtain a higher accuracy in
the computation of stresses, a three-field mixed displacemen-
t/pressure/deviatoric stress formulation is proposed. Stabil-
ity, mesh convergence analysis and nonlinear iteration con-
vergence analysis are performed together with several nu-
merical examples for both formulations. It is shown that both
formulations appropriately deal with the incompressibility
constraint, but the three-field formulation exhibits higher ac-
curacy in the stress field, even for very coarse meshes.

Secondly, we develop algorithms for topology optimization
problems based on the topological derivative concept. To
deal with incompressible materials, mixed formulations must
be considered, but also a new decomposition of the well-known
Polarization tensor is required for linear elastic materials. In
the finite strain hyperelasticity assumption, an approxima-
tion of the topological derivative in combination with the
mixed formulations previously presented is considered to deal
with incompressibility. Several numerical examples are pre-
sented and discussed to assess the robustness of the proposed
algorithms and their applicability to topology optimization
problems for incompressible elastic solids.

Then, we analyze the numerical simulation of the interaction
between viscoelastic fluid flows and hyperelastic solids. The
fluid-structure interaction problem is solved sequentially. Flow
equations are approximated using two stabilized three-field
finite element formulations. To address flows with dominant
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elasticity, a log-conformation reformulation of the constitu-
tive equation is employed. Several numerical examples are
presented and discussed to assess the robustness of the pro-
posed scheme and its applicability to problems with viscoelas-
tic fluids, in which elasticity dominates the interaction with
hyperelastic solids.

Finally, all numerical tools are combined to reproduce the
topology optimization problem of incompressible structures
subjected to the interaction with a surrounding Newtonian
fluid.
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In this section a list of several acronyms which are used along
the thesis is stated.

ALE
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BDF
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FEM
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FOM
FSI
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LBB
MD
MIST
OSGS
PK2
ROM
SBFEM
SGS
SIMP
S-OSGS
SUPG
TD

TLF
TO
ULF
VFSI
VMS

arbitrary Langrangian-Eulerian
algebraic subgrid scales

backward differentiation formula
computational fluid dynamics

centroidal Voronoi Tessellation
data-driven filtered reduced order model
finite element

finite element method

finite element method using subgrid scales
full order model

fluid-structure interaction

high Weissenberg number problem
log-conformation reformulation
Ladyzhenskaya-Babuska-Brezzi
minimization direction

moving iso-surface threshold
orthogonal subgrid scales

second Piola-Kirchhoff

reduced order model

scaled boundary finite element method
subgrid scale

solid isotropic microstructure with penalization
orthogonal subgrid scales

streamline upwind Petrov-Galerkin
topological derivative

total Lagrangian formulation

topology optimization

updated Lagrangian formulation
viscoelastic fluid-structure interaction
variational multiscale






Notation

The notation employed in this study is fairly standard in the
literature on computational mechanics. As a general rule and
with few exceptions stated in the text, tensors of rank greater
than or equal to one are denoted by boldface characters and
scalars by lightface italic characters. Moreover, we shall use
standard Cartesian notation to refer to a particular coordi-
nate system, hence denoting by x the position vector and
(x,y,z) the Cartesian coordinates for the three-dimensional
case.

Let us introduce some notation for deriving the weak for-
mulation of the problems in this thesis. As usual, the space
of square integrable functions in a domain w is denoted by
L? (w), whereas the space of functions whose first derivative
is square integrable is denoted by H! (»). The space H} (w)
consists of functions in H! (w) vanishing on boundaries. We
shall use the symbol (-, -) , to refer to the integral over a region
w of the product of two functions, assuming it is well-defined,
whereas (-,-),, stands for the L? (w) inner product. These no-
tations are simplified in the following case: (-,-)q = (-,-) and
(+)a = (), where Q is the computational domain of the
problem.

In Chapters 2 and 3 we employ index notation to identify
a vector or tensor with its Cartesian coordinates, either in
the reference or deformed configuration. As usual, repeated
indices imply summation for all space dimensions (see, e.g.,
[1]). To denote scalar, vector and tensor quantities, we use
uppercase letters when they are evaluated in the reference
configuration and lowercase letters if they are reckoned in
the deformed configuration. We employ the index zero for
the quantities acting in the reference configuration.

The remainder of the notation is explained in the text.

[1]: Holzapfel (2000), Nonlinear
Solid Mechanics: A Continuum Ap-
proach for Engineering






Introduction

1.1 Prologue

Structural optimization is a classical engineering discipline.
The general objective is to obtain the optimal configuration
of a structure subjected to a certain set of loads and boundary
conditions, the optimality being determined by a given cost
function. The arguments in the cost function, that is, the
variables that need to be determined, may be the shape of
the structure or material properties. Referring to the former,
one may distinguish between two very different situations,
namely, the one in which all possible shapes are topologi-
cally equivalent and the case in which there are topological
changes. In the first situation, there is a continuous mapping
from one configuration to the other; therefore, the boundary
of the structure may be parameterized, and these parameters
are considered as the arguments of the cost function. Topol-
ogy optimization (TO) refers to a situation in which topolog-
ical changes in the shape of the structure are possible. The
key ingredient in moving from one configuration to another
that is not topologically equivalent is the appearance of holes.
Including this possibility in the optimization process can be
performed in different ways, one of which is through the use
of the topological derivative of the cost functional. See [2-4]
for background on this topic.

The irruption of additive manufacturing technologies and 3D
printing in various branches of engineering has allowed en-
gineers to design structures with complex geometries and
topologies, which could not be addressed with classical man-
ufacturing methods. This, in turn, has made TO of structures
using computational methods a very attractive methodology.
Although algorithms for TO in relatively simple cases, such
as compressible structures subjected to small deformations
and static loads, have already been developed, the topological
design of incompressible structures with complex behavior
and dynamic loads is still a field in which very little research
has been conducted.

Energy efficiency and sustainability are major challenges for
society. In structural design, minimizing weight and optimiz-
ing performance can lead to significant improvements in the

[2]: A.ANovotny et al. (2013),
Topological Derivatives in Shape
Optimization

[3]: A.ANovotny et al. (2003),
“Topological sensitivity analysis”
[4]: A.ANovotny et al. (2007),
“Topological sensitivity analysis
for three-dimensional linear elas-
ticity problem”
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[5]: Hughes (1995), “Multiscale
phenomena : Green’s functions,
the Dirichlet-to-Neumann formu-
lation, subgrid scale models, bub-
bles and the origins of stabilized
methods”

[6]: Hughes et al. (1998), “The
variational multiscale method - A
paradigm for computational me-
chanics”

[7]: Richter (2017), Fluid-structure
interactions: models, analysis and
finite elements.

environmental impact of society. In this sense, TO of struc-
tures allows the design of high-performance structural ele-
ments in a range of engineering fields, such as aeronautics,
civil engineering, and mechanical engineering. Combined
with the rise of additive manufacturing, TO becomes a very
powerful tool for the design of the structures of the future.

1.2 Motivation

The aim of this thesis is to develop a computational environ-
ment, ranging from the numerical formulation and the com-
puter implementation to the simulation and analysis of cases
of engineering interest, for TO problems, focusing on cases
in which the loads on the structure come from the stresses
exerted by a surrounding fluid. Thus, we wish to optimize
the topology of the structure under a fluid-structure inter-
action (FSI). As a numerical formulation, we propose using
the finite element method (FEM), and in particular, the Vari-
ational MultiScale (VMS) framework [5, 6], which allow us
to overcome the numerical difficulties encountered with the
standard Galerkin finite element (FE) formulation.

FSI problems are prototypical examples of coupled problems.
On the one hand, the solid responds to the loads exerted by
the fluid; on the other hand, its dynamics are determined by
the position and shape of the solid. A possible way to tackle
the problem is to proceed iteratively by solving the solid with
the loads given by the fluid, updating its position, and solving
the fluid again with the new domain configuration. However,
these natural transmission conditions may be sophisticated
to improve the performance of the iterative procedure, and
this is precisely one of the important issues to address in the
numerical approximation of FSI problems [7].

The TO of structures subjected to FSI loads can be treated
at different levels of complexity. Even in the simplest set-
ting, which would be to consider the structure as a linear
elastic material with small strains and a laminar fluid, is con-
sidered a highly complex multiphysics problem in the litera-
ture. Therefore, coupling TO and FSI in this "simplest” set-
ting would be a novelty when dealing with incompressible
structures. From the physical viewpoint, it makes no sense
to study FSI problems in which the structure is considered to
present small strains. Therefore, we wish to consider a more



complex setting, namely the possibility of considering finite
strains in the solid as well as the possibility of dealing with
viscoelastic incompressible flows.

Referring to the problem for the solid, we aim to consider fi-
nite strains, although with standard hyperelastic constitutive
behavior. These finite strains render the problem nonlinear,
with all difficulties inherent to this situation at the numerical
level [8]. In our case, we also need to consider coupling the
mechanics of the solid with those of the surrounding fluid.
This poses restrictions and has consequences even in formu-
lating the problem and, obviously, in its numerical approxi-
mation.

Furthermore, we wish to include the possibility of addressing
incompressible solids. For linear elastic materials, the way
to cope with this problem is clear; namely, through the in-
troduction of the mean stress as a new variable, the situation
in finite strain theory is by far more complex. Some models
propose the use of a linear model for the spherical compo-
nent of stress in terms of volumetric strain. Although this
may lead to the correct incompressible limit, the material be-
havior is altered in quasi-incompressible situations [9]. The
proposed method for addressing this problem is described in
this work.

The use of a three-field formulation for the solid mechanics
problem opens up the possibility of reaching the incompress-
ible limit and obtaining a higher accuracy for the stresses
when the problem is numerically approximated with FEs. In
the linear elastic case, the natural choice is to consider the
deviatoric Cauchy stress, displacement, and pressure (mean
stress) as unknowns. This allows one to consider incompress-
ible materials (because of the introduction of pressure) and
to obtain higher accuracy for the stresses (if they are prop-
erly interpolated). The situation is more complex in the fi-
nite strain case. Apart from the variable needed to reach
the incompressible limit, one may choose a stress measure
(the second Piola-Kirchhoff stress, for example) or a defor-
mation measure (the deformation gradient is often used) as
unknowns [10, 11]. Our proposal is also detailed in this work.
In any case, the main difficulty in dealing with a three-field
formulation is the compatibility requirements between the
unknowns. One may choose to deal with interpolations that
are stable and satisfy appropriate inf-sup conditions. An al-
ternative is to use a formulation that accommodates any in-

1.2 Motivation | 11

[8]: Belytschko et al. (2001), Non-
linear Finite Elements for Continua
and Structures

[9]: Bonet et al. (1997), Nonlinear
Continuum mechanics for finite el-
ement analysis

[10]: Cervera et al. (2010), “Mixed
Stabilized Finite Element Meth-
ods in Nonlinear Solid Mechanics.
Part I: Formulation”

[11]: Cervera et al. (2010), “Mixed
Stabilized Finite Element Meth-
ods in Nonlinear Solid Mechanics.
Part II: Strain Localization”
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[12]: R.Codina et al. (2017), Varia-
tional Multiscale Methods in Com-
putational Fluid Dynamics

[13]: Codina (2002), “Stabilized
finite element approximation of
transient incompressible flows us-
ing orthogonal subscales”

[14]: Castillo et al. (2014), “Vari-
ational multi-scale stabilized
formulations for the stationary
three-field incompressible vis-
coelastic flow problem”
[15]: Moreno et al.
“Logarithmic

(2019),
conformation
reformulation in  viscoelastic
flow problems approximated
by a VMS-type stabilized finite
element formulation”

[16]: Moreno et al. (2020), “So-
lution of transient viscoelastic
flow problems approximated by
a term-by-term VMS stabilized
finite element formulation using
time-dependent subgrid-scales”

terpolation. We propose the use of a particular version of the
VMS formulation that we have been using in our group for
many years [12]. We wish to develop a completely novel ap-
plication to finite strain solid dynamics that accounts for the
incompressible limit.

Apart from the solid, the second main component in the com-
putational environment we wish to develop is the flow solver.
Our group has longstanding experience in this field. In this
particular case, we plan to consider an incompressible fluid
flowing in a moving domain, where the domain motion is
determined by the deformation of the solid. The numerical
approximation of this problem suffers from several numer-
ical difficulties, such as the stability of the interpolation of
pressures and velocities, or the convective nature of the prob-
lem when the viscosity is small. These difficulties are well-
documented, and we simply plan to employ the techniques
we have developed in other contexts [13]. A particular is-
sue to consider now, which we have also considered in other
works, is domain motion; we plan to tackle it with an Arbi-
trary Lagrangian-Eulerian (ALE) formulation. The most rele-
vant feature of the flows we wish to model is that they may be
viscoelastic rather than Newtonian. Viscoelastic fluid flows
are a topic on which our group has conducted extensive re-
search [14-16].

In summary, the problem we wish to attempt is to find the
optimal shape of a structure, including topology changes, be-
having as a possibly incompressible finite strain hyperelastic
material, subjected to the action of an incompressible fluid
with a possible viscoelastic behavior. Both novel formula-
tion ingredients at the continuous level and approximation
strategies, the latter based on the VMS FE approach, are de-
veloped.

The computational model we have developed, including the
novelties in the formulation of the continuous problem, and
new numerical methods, has a wide spectrum of applications
in engineering. In civil engineering, this tool would allow
the design of frames subjected to aerodynamic loads, such
as buildings or bridges, or shells under the action of wind, or
submerged structures with loads coming from hydrodynamic
currents, or the blades of wind turbines. Other fields of engi-
neering also benefit from the developed tool: the car industry
clearly can benefit from the use of the proposed tool for the
design of car frames that are subjected to aerodynamic loads,



and in the aeronautical industry, the application is clear for
the design of optimal airfoil wing structures and turboma-
chinery.

1.3 Goals

Accurate and high-performance computer optimization tools
are required to design efficient structural elements. How-
ever, computer simulations that use numerical methods for
the TO process are still at an early stage and are capable of
dealing with static loads and small deformation cases in gen-
eral. Several new developments are required that allow one
to find topologically optimal geometries in the case of struc-
tures subjected to dynamic loads in a finite strain setting. In
particular, this thesis focuses on the development of a strat-
egy for structures subjected to FSI loads.

New methodologies are necessary to successfully develop a
numerical method capable of dealing with this highly com-
plex problem. First, a methodology for simulating dynami-
cal three-dimensional solids in finite strain theory needs to
be developed, also including the limit of incompressible ma-
terials. The methodology must be coupled with numerical
simulation tools for FSI and, in turn, with a topological opti-
mization algorithm.

Due to the fact that the numerical simulation of the TO of
structures subjected to the effect of FSI is very expensive
from a computational point of view, new developments need
to be addressed with the objective of reducing the computa-
tional cost to an admissible level.

In summary, the main objective of this thesis is to design a
numerical package, from formulation to implementation, ca-
pable of computing the TO process of structures subjected to
FSI loads, with application to:

» Improving the design and performance of structures in
the area of civil engineering, including wind genera-
tors, bridges, and other structures.

» Improving the design and performance of structures in
the mechanical and aeronautical engineering areas, in-
cluding airfoil optimization and car frame design.

1.3 Goals

13
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We also aim to develop new numerical formulations for the
various components of the model, particularly for:

» Solid mechanics formulations for finite strains, for ma-
terials reaching the incompressible limit. The proposed
formulation is based in the VMS Method.

» Developing a TO algorithm capable of dealing with in-
compressible solids, for both linear elasticity and finite
strain hyperelasticity theories.

» Developing a global strategy capable of finding optimal
topologies for incompressible structures subjected to
the effect of FSL

1.4 Expected impact

The benefits of this thesis can be divided into three main con-
tributions: the scientific contribution, the industrial contribu-
tion and the societal contribution.

From the scientific point of view, the developments presented
in this work allow to further develop the current state of
the art in the numerical TO through the development of ro-
bust numerical schemes which allow a better understanding
of the complex process of TO of structures subjected to FSL
Also from the scientific point of view, important advances
in the development and analysis of three field FE formula-
tions applied to the problem of solid mechanics in the incom-
pressible limit are expected. Of special interest are the re-
sults associated to the new algorithms for the derivation of
the topological derivative, as well as the coupling with high
performance computing strategies. In all of these problems
the VMS formulation is used for the design of new numerical
approaches.

From the industrial or technical point of view, the present
work provide the industry with model that can be applied
in industrial design. The use of the developed computational
environment is useful in the optimization of the design struc-
tural elements subjected to aerodynamic and hydrodynamic
loads. This includes applications in the aeronautical (airfoil
engineering), industrial (car industry) and civil engineering
fields (design of optimal structures subjected to aerodynamic
or hydrodynamic loads, bridge elements and wind turbines).



As a consequence, the methods to be developed are of great
interest for several branches of the industrial community. The
development and implementation of numerical methods which
allow one to find the optimal topology of a structure permit
to exploit the insertion of this type of structures in industrial
processes, in which industrial partners are able to (numeri-
cally) find the optimal working topologies. In this manner
economical costs and the time required for the construction
and verification of experimental prototypes is reduced.

Finally, from the society point of view, the present work al-
low to develop more efficient processes, which result in an
important reduction in the energy consumption and ecolog-
ical footprint of our society.

1.5 Outline

The specific content of this work is divided into 7 chapters,
which are studied and developed progressively, and that are
presented in the document as follows:

» Chapter 2 This chapter is devoted to formally state the
state of the art and to give the basic equations which
serve as a starting point for the developments in the fol-
lowing chapters. First of all, the solid dynamics prob-
lem is presented. The linear theory of elasticity is intro-
duced and two well-known mixed formulations which
are able to deal with nearly and fully incompressible
materials are highlighted. Secondly, the nonlinear the-
ory of finite strain hyperelasticity is introduced for hy-
perelastic constitutive models for the displacement-based
formulation. Next, the Navier-Stokes equations of in-
compressible Newtonian fluid flows is presented and
two different mixed formulations are stated.

» Chapter 3 In this chapter, two stabilized mixed formu-
lations for finite strain solid dynamics are developed.
Firstly, a new methodology for both the nearly and
fully incompressible transient finite strain solid mechan-
ics problem is presented in which displacement and
pressure are taken as primary variables. To this end,
the momentum equation is complemented with a con-
stitutive law for the pressure which emerges from the

15
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deviatoric/volumetric decomposition of the strain en-
ergy function for any hyperelastic material model. The
incompressible limit is attained automatically depend-
ing on the material bulk modulus. The system is stabi-
lized by means of the VMS-Orthogonal Subgrid Scale
method based on the decomposition of the unknowns
into resolvable and subgrid scales in order to prevent
pressure fluctuations. Several numerical examples are
presented to assess the robustness and applicability of
the proposed formulation.

Next, a new methodology for finite strain solid dynam-
ics problems for stress accurate analysis including the
incompressible limit is presented. Previously, we pre-
sented the stabilized mixed displacement/pressure for-
mulation to deal with the incompressibility constraint
in finite strain solid dynamics. This formulation ex-
ploits the concept of mixed methods to formulate stable
displacement/pressure/deviatoric stress FEs. The final
goal is to design a FE technology able to tackle simul-
taneously problems which may involve incompressible
behavior together with a high degree of accuracy of
the stress field. The VMS stabilization technique and,
in particular, the Orthogonal Subgrid Scale method al-
lows the use of equal-order interpolations. These sta-
bilization procedures lead to discrete problems which
are fully stable, free of volumetric locking, stress os-
cillations and pressure fluctuations. Numerical bench-
marks show that the results obtained compare very fa-
vorably with those obtained with the corresponding
stabilized mixed displacement/pressure formulation.

Chapter 4 In this fourth chapter, an algorithm for TO,
based on the topological derivative concept, is proposed
for both nearly and fully incompressible materials. In
order to deal with such materials, a new decomposition
of the Polarization tensor is proposed in terms of its de-
viatoric and volumetric components for linear elastic-
ity. In the finite strain hyperelasticity case, the decom-
position of an approximation of the topological deriva-
tive is defined. Mixed formulations do not only allow
to deal with incompressible material behavior but also
to obtain a higher accuracy in the computation of stresses.
The system is stabilized by means of the VMS method
based on the decomposition of the unknowns into re-



solvable and subgrid scales in order to prevent fluctu-
ations. Several numerical examples are presented and
discussed to assess the robustness of the proposed for-
mulation and its applicability to TO problems for in-
compressible elastic solids.

Chapter 5 In the fifth chapter of the thesis, the numer-
ical simulation of the interaction between Oldroyd-B
viscoelastic fluid flows and hyperelastic solids is ap-
proached. The algorithm employed is a classical block-
iterative scheme, in which the solid and the fluid me-
chanics problems are solved sequentially. A Galerkin
FE approach has been applied for the numerical approx-
imation of the solid, while the flow equations are ap-
proximated using a stabilized FEM based on the Vari-
ational Multi-Scale approach to overcome the instabil-
ities of the Galerkin method. To be able to deal with
flows with dominant elasticity, a log-conformation re-
formulation of the constitutive equation can be con-
sidered; here this approach is extended to FSI prob-
lems. Several numerical examples are presented and
discussed to assess the robustness of the scheme and
its applicability to problems with viscoelastic fluids in
which elasticity is dominant interacting with hypere-
lastic solids.

Chapter 6 In this chapter, the different numerical tools
introduced in previous chapters are put together to de-
velop an algorithm for TO problems of incompressible
structures, in both small and finite strain assumptions,
in which the loads come from the interaction with a
surrounding fluid. This methodology is applied to fluid-
structure interaction problems for Newtonian fluid flows.

Chapter 7 In this final chapter, the achievements of
this study are summed up, final concluding remarks
are drawn and future work lines are outlined.

Let us finally mention that chapters are quite self contained
even if this implies the need of repeating some information.
The self-contained nature of each chapter lends itself to in-
cluding specific literature reviews in each chapter. Likewise,
conclusions related to the specific contents of each chapter
are pointed out at the end of them.

1.5 Outline
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1.6 Research dissemination

This manuscript gathers most of the published original re-
search done during this PhD thesis. The following lists orga-
nize the original contributions of this manuscript depending
on the relation with the thesis.

1.6.1 Conference proceedings

During the development of the present PhD thesis, the partial
advances and results have been presented in several interna-
tional and specialized conferences or workshops. The list of
attended conferences is included down below:

» Inocencio Castaiiar, Joan Baiges and Ramon Codina.
A stabilized mixed formulation in total Lagrangian ap-
proach for hyperelasticity for compressible, nearly and
fully incompressible Neo-Hookean materials. Congress
on Numerical Methods in Engineering (CMN 2019). July
1-3, 2019, Guimarées, Portugal.

» Inocencio Castaiiar, Joan Baiges and Ramon Codina.
Topological derivative-based topology optimization of in-
compressible structures using mixed formulations. IX In-
ternational Conference on Computational Methods for
Coupled Problems in Science and Engineering (Cou-
pled Problems 2021). June 13-16, 2021, Sardinia , Italy.

» Inocencio Castaiiar, Joan Baiges, Ramon Codina and
Henning Venghaus. Topological derivative-based topol-
ogy optimization of incompressible structures using mixed
formulations. 8th European Congress on Computational
Methods in Applied Sciences and Engineering (ECCO-
MAS 2022). June 5-9, 2022, Oslo, Norway.

» Inocencio Castafiar, Joan Baiges and Ramon Codina.
A stabilized mixed three-field formulation for stress accu-
rate analysis including the incompressible limit in finite
strain solid dynamics. Congress on Numerical Methods
in Engineering (CMN 2022). September 12-14, 2022,
Las Palmas de Gran Canaria, Spain.



1.6 Research dissemination

1.6.2 Scientific journal articles published

In addition to the above mentioned conferences, the results
and findings of this thesis have been published in peer re-
viewed academic journals. The list of articles is provided
down below:

» Joan Baiges, Ramon Codina, Inocencio Castafiar and
Ernesto Castillo. A finite element reduced-order model
based on adaptive mesh refinement and artificial neural
networks. In International Journal for Numerical Meth-
ods in Engineering (2020), vol. 121, p. 588—-601.

DOI = 10.1002/nme.6235.

» Inocencio Castaiiar, Joan Baiges and Ramon Codina.
A stabilized mixed finite element approximation for in-
compressible finite strain solid dynamics using a total
Lagrangian formulation. In Computer Methods in Ap-
plied Mechanics and Engineering (2020), vol. 368, art-
num. 113164.

DOI = 10.1016/j.cma.2020.113164.

» Inocencio Castailar, Joan Baiges, Ramon Codina and
Henning Venghaus. Topological derivative-based topol-
ogy optimization of incompressible structures using mixed
formulations. In Computer Methods in Applied Mechan-
ics and Engineering (2022), vol. 390, artnum. 114438.
DOI = 10.1016/j.cma.2021.114438.

» Inocencio Castaiiar, Joan Baiges and Ramon Codina.
A stabilized mixed three-field formulation for stress ac-
curate analysis including the incompressible limit in fi-
nite strain solid dynamics. In International Journal for
Numerical Methods in Engineering (2023), vol. 124 (10),
p. 2341-2366.

DOI = 10.1002/nme.7213.

» Laura Moreno, Inocencio Castafiar, Ramon Codina, Joan
Baiges and Domingo Cattoni. Numerical simulation of
Fluid-Structure Interaction problems with viscoelastic flu-
ids using a log-conformation reformulation. In Computer
Methods in Applied Mechanics and Engineering (2023),
vol. 410, artnum. 115986.

DOI = 10.1016/j.cma.2023.115986.
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» Inocencio Castaiiar, Joan Baiges and Ramon Codina.
Topology optimization of incompressible structures sub-
ject to Fluid-Structure Interaction. Submitted.

1.7 FEMUSS

All the algorithms developed in this thesis are implemented
in FEMUSS!. This is an object-oriented and Fortran-based
finite element code which follows a modular approach for
multiphysics interaction and performs parallel computations
under MPI directives, thus setting an HPC environment. The
included modules range from fluid dynamics (classical incom-
pressible and compressible equations, wave equations, low
Mach models, etc.), solid mechanics (plates, shells, incom-
pressible materials, etc.), fluid-structure interaction or cou-
pled thermal problems among others.

FEMUSS makes use of PETSc? [17], a suite of data routines
and algorithms for the scalable (parallel) solution of differ-
ent applications modeled by PDEs. It includes a large set of
parallel linear and solvers that can be coupled to different ap-
plication codes. Nowadays, FEMUSS relies on PETSc not only
as a solver library, but also as a partitioner and communica-
tor among subdomains, thanks to the PETSc broad set of ca-
pabilities. The interaction of FEMUSS with PETSc is achieved
through an abstract and independent interface, what would
allow to easily replace PETSc by another library if required
(for example Trilinos).

For the preprocessing stage we use GiD, a processing system
for computer analysis in science and engineering developed
here at CIMNE, whereas most of the postprocessing has been
done with Paraview [18] through the VTK library [19].

One of the main strengths of FEMUSS is the straightforward
organization and accessibility of the code, which facilitates
the introduction of new models and algorithms. Neverthe-
less, since it is mostly research-oriented and in constant de-
velopment, the implementation of new formulations requires
additional changes and improvements to reach the goals of
the work.



Background and state of
the art

2.1 The solid dynamics problem

From this point, the solid mechanics problem is formally
stated. This section is devoted to the presentation of the ba-
sic equations which allow to study both the dynamic and me-
chanic behavior of a solid and which also serve as a starting
point for the developments in Chapter 3.

The material here presented is basic and the different parts
of this section can be found in classical textbooks of solid
mechanics or continuum mechanics such as [1, 8, 9, 20, 21].

2.1.1 The linear theory of elasticity

The linear theory of elasticity can be considered a simplifi-
cation of the general theory of elasticity which, for most en-
gineering applications, is a close enough approximation. It
considers the infinitesimal strain theory (also denominated
small deformation theory) which is based on two simplifying
hypotheses of the general theory. First of all, displacements
are very small. Therefore, the material configuration is in-
distinguishable from the spatial one and, consequently both
coordinates cannot be distinguished from each other,

As a consequence, there is no difference between the spa-
tial and material descriptions of any property. The second
hypothesis is related with displacement gradients which are
supposed to be small enough to neglect second order terms.
As a consequence, the material strain tensor and the spatial
strain tensor collapses into the infinitesimal strain tensor €.

The continuum problem statement

In this subsection, the equations of motion are presented un-
der the infinitesimal strain assumption. Let Q be an open,
bounded and polyhedral domain of R?, where d is the num-
ber of spacial dimensions. Any point of the body is labeled
with the vector x. The boundary of the domain is denoted
as I' :== 9Q and is split into a Dirichlet boundary I'p, where
the prescribed displacements are specified, and a Neumann

[1]: Holzapfel (2000), Nonlinear
Solid Mechanics: A Continuum Ap-
proach for Engineering

[8]: Belytschko et al. (2001), Non-
linear Finite Elements for Continua
and Structures

[9]: Bonet et al. (1997), Nonlinear
Continuum mechanics for finite el-
ement analysis

[20]: X.Oliver et al. (2017), Contin-
uum Mechanics for Engineers. The-
ory and Problems, 2nd edition

[21]: Saracibar (2022), Nonlinear
Continuum Mechanics. An Engi-
neering Approach, 1st edition
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boundary T'y, where prescribed tractions are applied. The
types of boundaries do not intersect, I'p n Ty = @ and to-
gether cover the whole boundary, I'puTy =T.

The continuum mechanical problem of linear elasticity is de-
fined by the following system of equations

Linear elasticity. Solid mechanics problem

—V-0 = pb in Q, (2.1)
c=C:¢ in Q, (2.2)
e=Vu in Q, (2.3)

where u is the displacement field, o the Cauchy stress field
and ¢ the infinitesimal strain field. Eq. (2.1) is the balance of
momentum equation, where pb represents the external load
per unit of volume and V - (-) is the divergence operator. Eq.
(2.2) is the constitutive equation for linear elasticity, where
C is the 4th order constitutive tensor for isotropic materials
defined as

C=2ul+ AL (2.4)

Here, I and I are the 4th rank and the 2nd rank identity ten-
sors , respectively, and A and p are Lamé parameters. In the
plane stress assumption they are expressed as

E E
p R — d = — 2.5
1—v2 and H 2(1+v)’ (23)
while in both 3D and plane strain they are defined as
E E
y " (2:6)

A:(1+v)(l—2v) T2+

Here E is the Young modulus and v the Poisson ratio. Fi-
nally, Eq. (2.3) is the kinematic equation which relates the
strain field with displacements, where V*() = % V) + VI ()}
denotes the symmetric gradient operator and V(-) is the gra-
dient operator.

The classical irreducible displacement-based formulation is
obtained by substituting Eqs. (2.2-2.3) into Eq. (2.1). The
result is known as Navier’s equation
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Linear elasticity. Navier’s equation

—V-{C: V’u}=pb inQ, (2.7)

which is written in terms of the displacement field only.

The volumetric/deviatoric split

The objective of this subsection is the split of both the con-
stitutive and the kinematic equations into their volumetric
and deviatoric parts. The volumetric/deviatoric split is the
starting point to develop formulations able to tackle the in-
compressible limit.

Volumetric and deviatoric operators First of all, let us de-
fine the volumetric and deviatoric 4th order tensors V and D
as

V= %1@)1, (2.8)
]D:]I—%I@I, (2.9)
I=D+V. (2.10)

Using the operators V and D, it is possible to extract the
spherical and the deviatoric parts of generic 2nd and 4th or-
der tensors.

Split of stress and strain tensors Particularly, when ap-
plied to the stress tensor o the result is

V:ie= {%I ® I} 10 = %tr(a)l = —pl, (2.11)

where p is the pressure, taken as positive in compression
regime and

]D:o-:{][—%l@l}:a=0+p1:=s, (2.12)

where s are the deviatoric stresses. Adding the volumetric
and the deviatoric components, the Cauchy stress tensor is
rebuilt as

o=s-plL (2.13)

23
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In a similar way, it is possible to split the strain tensor ¢, as
Vie= {%I@I} = %tr(s)l = %e""ll, (2.14)

where ¢"°! is the volumetric deformation and
1 1 vol
D:e= ]I—§I®I 1828—56 I:=e, (2.15)

where e are the deviatoric strains which account for the dis-
tortions.

Split of the kinematic equation  Applying the volumetric/de-
viatoric operators, Eq. (2.3) is split as

el =v.y, (2.16)
e=D: Vu (2.17)

Adding the volumetric and the deviatoric components, the
kinematic equation is rebuilt as

&€= %ev‘ﬂl +e= %(V -wI+D : Viu (2.18)

Split of the constitutive equation Let us assume that the
constitutive relationship between stresses and strains can be
expressed utilizing the constitutive equation (2.2). Hence, the
volumetric and the deviatoric parts of the constitutive tensor
€l and €%V are obtained as

2
CVO]ZV . CZ(A'F ?'U)I®I::KI®I, (219)
cdev=p:cC= 2/1{]1 - %I ® I} = 2uD, (2.20)
C = ol 4 gdev, (2.21)

where k is the bulk modulus of the material. Introducing the
split of stresses and strains, the constitutive relationship in
Eq. (2.2) can be written as

fs — pl} = fC¥ol + 4oV} . {%(v Wl + e} (2.22)

By taking into account that the contraction between volumet-
ric and deviatoric tensors is identically null, Eq. (2.22) is split
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into two equations

p=—KkV-u, (2.23)
e, (2.24)

which are the volumetric and the deviatoric counterparts of
the original constitutive equation.

The two-field up formulation

In this subsection, the well-known mixed up formulation is
introduced in order to deal with nearly and fully incompress-
ible scenarios. In the presented formulation the displacement
and pressure fields u and p are used as independent vari-
ables.

Governing equations The governing equations of the prob-
lem are

Linear elasticity. up formulation. Governing equations

—V-s+Vp=pb in Q, (2.25)
s—Cdev : ySu=0 in Q, (2.26)
vu+Z oo in Q. (2.27)

K

Eq. (2.25) allows us to formulate the linear momentum equa-
tion in terms of both displacements u and pressure p, where

the stress tensor decomposition (2.13) has been introduced

into the momentum equation. Furthermore, the constitutive

law which relates deviatoric stresses with displacements (2.26)
allows us to introduce the displacement field in the balance

equation (2.25). Finally, Eq. (2.27) is in charge of both provid-
ing the constitutive equation for the pressure and imposing

the incompressibility constraint.

Remark 2.1.1 Let us recall that in the incompressible limit
k — oo, and Eq. (2.27) will reduce automatically to

Vou=0, (2.28)

25
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which is the incompressibility condition for infinitesimal
strain theory.

Strong form To complete this subsection, we introduce the
mixed up problem, which consists in finding both a displace-
ment u and a pressure p such that

Linear elasticity. up formulation. Strong form

—v-{cd : viu}+ vp = pb in Q, (2.29)
vau+L oo inQ. (230
K

The governing equations must be supplied with a set of bound-
ary conditions

u=up onTp, (2.31)
2.13
0'~n( = ){Cdev : Vsu}'n—pnth onTy, (2.32)
where n is the geometric unit outward normal vector on the
boundary I'. To simplify the exposition, we will consider
up = 0 in the following.

Variational form LetU = [HI(Q)]d and P = L%(Q) be, re-
spectively, the proper functional spaces where displacement
and pressure solutions are well-defined. We denote by U,
functions in U which vanish in the Dirichlet boundary T'p.
We shall be interested also in the spaces W := U x P, W, :=
Uy x P. The variational statement of the problem is derived
by testing the system presented in Eqs. (2.29-2.30) againts
arbitrary test functions 6U := [6u,8p]” , Su € Uy and 5p € P.
The weak form of the problem reads: find U := [u, p]T e W,
such that

Linear elasticity. up formulation. Variational form

9 (U,8U) = F (5U) v U € W, (2.33)

where ¢f (U, §U) is a bilinear form defined on W, x W, as

d (U,8U) = (V*8u, €% : vou) — (V- 8u, p)
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+(6p,V-u) + <5p, lp) ) (2.34)
K
F (8U) is a linear form defined on W as

F (8U) := (Su, pb) + (du, tn)r,, - (2.35)

As usual, integration by parts has been used in order to de-
crease the continuity requirements of unknowns u and p and
the traction vector ty has been identified.

Galerkin spatial discretization The standard Galerkin ap-
proximation of this abstract variational problem is straight-
forward. Let 9, denote a FE partition of the domain Q. The
diameter of an element domain K € 93, is denoted by hg and
the diameter on the FE partition by h = max{hg|K € %}
We can now construct conforming FE spaces Uy, c U, P, C P
and W}, = Uy, x P, in the usual manner, as well as the corre-
sponding subspaces Uy, o C Uy and Wy, o = Uy, g x Pp, Uy, ¢ be-
ing made with functions that vanish on the Dirichlet bound-
ary.

The Galerkin discrete version of problem (2.33) is: Find Uy, :=
[up, ph]T € Wjo such that

Linear elasticity. up formulation. Galerkin discrete prob-
lem

A (Up,6Up) = F (6Uy) VY 6U, € Wy . (2.36)

The well posedness of this problem relies on an inf-sup con-
dition [22]. This condition is necessary and sufficient for
the existence and uniqueness of the solution to the discrete
saddle-point problem. Convenient displacement-pressure in-
terpolations, such as equal interpolation, turn out to violate
the inf-sup condition. This is why the so-called stabilized
formulations have been proposed to approximate this kind
of problems. The main idea is to replace (2.33) by another
discrete variational problem in which the bilinear form &/
is enhanced so that it has improved stability properties. In
order to overcome the instabilities previously discussed, we
propose to use the stabilization technique described in next
subsection.

[22]: Babuska (1971),

Bounds
Method”

for

Finite

27

“Error-
Element
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Remark 2.1.2 In principle, we have posed no restrictions
on the choice of the FE spaces. However, let us analyze the
numerical stability of problem (2.36). If we take §Uj, = Uy,
it is found that

A (UpUp) = (Pun, €2« up) + (i )
K

1
> 2plD = Voupl® + =l pal®. (2.37)

where || is the L?(Q) norm . It is seen from Eq. (2.37) that
4 is not coercive in Wj, o when k — oo, the pressure being
out of control. Hence, in the nearly and fully incompress-
ible cases the inf-sup condition is not satisfied.

[6]: Hughes et al. (1998), “Th Stabilization The stabilized FEM we propose to use in the
: Hughes et al. , e . . _
variational multiscale method - A follown}g is based on the VMS concept [6, 12]. .Let W =
paradigm for computational me- ~Wp, ® W, where W is any space to complete Wy, in W. W
chanics” will be approximated by a finite-dimensional space despite
5_12]: ?j‘\?ol‘:?na ;:t;fl't(};zof)" ‘g” ia- the fact that it is inﬁnite-dimenjgional. The elements of this
ona uitiscale etnods in Com- ~. ~ o~ .

putational Fluid Dynamics space are denoted by U := [4, p] and the):' are called subgrid

scales (SGS). Likewise, let Wy = W, , @ W),

Taking into account that &/ is a bilinear form, the continuous
problem (2.33) is equivalent to find U € Wy, and U € W,
such that

o (U, 8Uy) + o (U,8U),) = F (8Uy) v 8U, € Wi, (2.38)
o (U, 80) + o (U,60) = # (6U) voUeW, (239

where Eq. (2.38) is called the FE scale equation and Eq. (2.39)
is called the SGS equation.

The main idea behind any stabilized FEM derived from the
VMS framework is to obtain an expression for the SGS from
the SGS equation (2.39). This is done to complement our FE
scale equation (2.38) and to ensure consistency of the sta-
bilized mixed formulation so that the discrete solution con-
verges to the continuous solution on mesh refinement. We
assume the subscales to behave as bubble functions, which
means that they vanish across inter-element boundaries. There-
fore, the SGS is expressed in terms of the residual of the pro-
jected (Galerkin) counterpart of Egs. (2.29-2.30) to obtain

i ~ [T (V- {C% : Vouy} - vp, — pb), (2.40)



2.1 The solid dynamics problem | 29

p= Tpﬁ (—V ‘uy — %ph) , (2.41)

where IT is the L2(Q) projection onto the space of SGS and 7,
and 7, are coefficients coming from a Fourier analysis of the
problem for the subscales. In this work, we use the stabiliza-
tion parameters proposed in [10] for linear elastic cases

h2 !
w=c— and 7,=2c (1 + 3) . (242
2p U 3K
where ¢; and ¢, are algorithmic parameters which must be

determined.

Introducing the approximate fields (2.40-2.41) into the FE scale
problem (2.38), the VMS stabilized formulation of the prob-
lem is obtained as (see [23] for further details on this proce-
dure)

Linear elasticity. up formulation. Stabilized weak form

1 -
o (U, 8U,) + <—v-5 +15 >
(Up, 6UR) ; U+ 20 P)
+ Y (~Vopp iy = F (8Up) VU, € Wiy
K

(2.43)

There exist several stabilization methods coming from the
VMS technique depending on the selection of the projection
onto the SGS space. In this work, two different options are
considered:

1. We take the projection onto the SGS space as the iden-
tity when applied to the residual. This approach is
called Algebraic SubGrid Scales (ASGS), see [24] for
further details.

2. In [25] it is argued that the natural approximation for
the unknown SGS space is to take it orthogonal to the
FE space. This approach is called Orthogonal SubGrid
Scales (OSGS).

Remark 2.1.3 A key property of the OSGS stabilization is
that thanks to the orthogonal projection onto the FE space,
we keep the consistency of the formulation in a weak sense

[10]: Cervera et al. (2010), “Mixed
Stabilized Finite Element Meth-
ods in Nonlinear Solid Mechanics.
Part I: Formulation”

[23]: Baiges et al. (2017), “Varia-
tional Multiscale error estimators
for solid mechanics adaptive sim-
ulations: an Orthogonal Subgrid
Scale approach”

[24]: Codina (2001), “A stabilized
finite element method for gener-
alized stationary incompressible
flows”

[25]: Codina (2000), “Stabiliza-
tion of incompressibility and con-
vection through orthogonal sub-
scales in finite element methods”
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[12]: R.Codina et al. (2017), Varia-
tional Multiscale Methods in Com-

putational Fluid Dynamics

[26]: R.Codina (2009), “Finite ele-
ment approximation of the three
field formulation of the Stokes
problem using arbitrary interpola-
tions”

[27]: Chiumenti et al. (2015), “A
mixed three-field FE formulation
for stress accurate analysis includ-
ing the incompressible limit”

[28]: Chiumenti et al. (2021),
“Stress, strain and dissipation ac-
curate 3-field formulation for in-
elastic isochoric deformation”

despite including just the minimum number of terms to
stabilize the solution if IT does not include Dirichlet-type
boundary conditions (see [12]). For this specific formula-
tion, we can reduce the stabilization terms to solely

Yk 7u (V6P T (Vpp)).

The three-field upe formulation

In this subsection we present the mixed three-field formu-
lation used to deal with the solid mechanics problem. The
methodology was originally developed in [26] to deal with
the Stokes problem in fluid mechanics, and extended to solid
mechanics in [27] by considering the deviatoric stresses as an
additional unknown of the problem. More recently, in [28],
the formulation was adapted so that the main unknowns are
displacements, pressure and deviatoric strains, instead of de-
viatoric stresses, which is the approach we follow in this
work. The displacement field u, together with the deviatoric
component of the strains e, as well as the pressure field p are
taken as primary unknowns of the problem. The objective
is the definition of a general framework, which includes the
well-known mixed up formulation. Therefore we are capable
of correctly describing nearly and fully incompressible ma-
terial behavior. Adding the deviatoric strains as unknowns

allows us to obtain a high degree of accuracy for the strain
field but also for the stress field.

Governing equations
lem are

The governing equations of the prob-

Linear elasticity. upe formulation. Governing equa-
tions

—V-s+Vp=pb in Q, (2.44)
s—Clv:e=0 in Q, (2.45)
V-u+§=0 inQ,  (246)
e—D:Vu=0 in Q. (2.47)

We have introduced the deviatoric strains e in system (2.25-
2.27) by incorporating the deviatoric constitutive equation
(2.45). Furthermore, the kinematic equation for deviatoric
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components (2.47) has been added to the system to relate the
displacement field u with the deviatoric strains e.

Remark 2.1.4 Note that Eq. (2.45) allows us to obtain the
deviatoric stresses as a function of the deviatoric strains
rather than the symmetric gradient of the displacements.
Therefore, we are hopefully incrementing the accuracy of
the stress field o, which now is going to be computed as a
function of both the pressure p and the deviatoric strains
e.

Strong form To complete this subsection, we introduce the
mixed upe problem, which consists in finding a displacement
field u, a pressure p and a deviatoric strain field e such that

Linear elasticity. upe formulation. Strong form

~v-{cd : e} +vp=pb inQ, (2.48)
vau+loo inQ (249

K
2pue — cdev ; vsu=0 in Q, (2.50)

where the kinematic equation (2.47) has been multiplied by
24 to symmetrize the system. The governing equations must
be supplied with a set of boundary conditions

u=up onTp, (2.51)
2.13
a.n(z){cdev ce}-n-pn=ty onTy, (2.52)

To simplify the exposition, we will consider up = 0 in the
following.

Variational form Let us consider the same spaces and tests
functions we have defined previously for the mixed up for-

mulation. Let E = [L*(Q)] (:;:1 be the proper functional space
where deviatoric strain components are well-defined. We
shall be interested also in the spaces W := Ux P x E, W, :=
Uy xPxE. The variational statement of the problem is derived
by testing system (2.48-2.50) against arbitrary test functions

8U = [5u,8p,5e]’, Su € Uy, 5p € P and de € E. The weak

31
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form of the problem reads: find U := [u, p, e]T € W, such
that

Linear elasticity. upe formulation. Variational form

o (U,8U) = F (5U) v U e W,, (2.53)

where ¢f (U, §U) is a bilinear form defined on W x W, as
d (U,8U) = (V*6u,C% : ) = (V- du, p) + (5p.V - )
+ (5p, 1 p) — (€4 : Se,vou) + (5e, 2p€). (2.54)
K

F (8U) is a linear form defined on W as
F (6U) = (bu, pb) + (Su, tn)r,, - (2.55)

As usual, integration by parts has been used in order to de-
crease the continuity requirements of the unknowns and the
traction vector ty has been identified.

Galerkin spatial discretization We can now construct a
conforming FE space Ej C E and redefine Wy, = Uy xPj, xEp,
as well as the corresponding subspace Wy, , = Up, o x P, x Ej,
in the usual manner.

The Galerkin discrete version of problem (2.53) is: Find Uy, :=
[up, ph, eh]T € Wy, such that

Linear elasticity. upe formulation. Galerkin discrete
problem

o (Up,8Up) = F (6Uy) vV 6U, € Wy . (2.56)

This problem also requires two inf-sup condition to be satis-
fied between the interpolation spaces. Otherwise, instabili-
ties may appear. In order to overcome such instabilities, we
use again the stabilization technique described in next sub-
section.

Remark 2.1.5 In principle, we have posed no restrictions
on the choice of the FE spaces. However, let us analyze the
numerical stability of problem (2.56). If we take §Uj, = Uy,
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it is found that

1 1
o (U Up) = (o n) + (e 201) > 2ulenl® + pnl.
(2.57)

It is seen from Eq. (2.57) that & is not coercive in Wy,
the displacement being out of control. Furthermore, in the
nearly and fully incompressible cases, when k — oo, also
the pressure is out of control. Hence, the coercivity condi-
tion is not satisfied indepently of the incompressibility of
the material.

Stabilization The elements of the SGS space are now de-
noted by U = [, p, é]T. Taking into account that & is a
bilinear form, the continuous problem (2.53) is equivalent to
find U € W}, 5 and U € W, such that

d (Uy,8Up) + o (U,8U)) = F (8Uy) v 8U), € Wy, (2.58)
o (U, 60) + o (U,60) = F (5U) voUeW, (259

The SGS is expressed in terms of the residual of the projected
(Galerkin) counterpart of Egs. (2.48-2.50) to obtain

i~ o, [1(V-{C% : ey} - vp, - pb), (2.60)
__ 1

p = 1pll (—V-uh— Eph), (2.61)
& =~ 7 II(D : Vouy, —ep), (2.62)

where 7, 7, and 7, are coefficients coming from a Fourier
analysis of the problem for the SGS. In this work, we use the
stabilization parameters proposed in [10] for linear elastic
cases
2 -1
Ty = clh—K, T, =20 (1 + 3) and 7. =c¢3; (2.63)
2 uo 3k

where ¢;, ¢, and c3 are algorithmic parameters which must be
determined.

Introducing the approximate fields (2.60-2.62) into the FE scale
problem (2.58), the VMS stabilized formulation of the prob-
lem is obtained as (see [28] for further details on this proce-
dure)

[10]: Cervera et al. (2010), “Mixed
Stabilized Finite Element Meth-
ods in Nonlinear Solid Mechanics.
Part I: Formulation”

[28]: Chiumenti et al. (2021),
“Stress, strain and dissipation ac-
curate 3-field formulation for in-
elastic isochoric deformation”
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Linear elasticity. upe formulation. Stabilized weak form

o (U, 6Uy) + Z <Cdev : Ve, — Vopy, ﬁ>K
K

1 .
+§ —V.-éu, + —qp, >
K< up K%PK

+ 3 (CV s VSsuy, + 2pdey, &),

=

=F (6Up) VU, € Wp. (2.64)

For this formulation, both the ASGS and the OSGS methods
are also considered.

Remark 2.1.6 Let us recall that the OSGS stabilization al-
lows us to include just the minimum number of terms to
stabilize the solution while keeping it consistent in a weak
sense. Therefore, we can reduce the stabilization terms to
Yk T (VS ph,fI(Vph» to stabilize the p component and to
Yk Te <Cde" : VSSuy, II(D : Vsuh)> to introduce stabilization
terms in the u part.

2.1.2 The nonlinear theory of finite strain
hyperelasticity

Despite the obvious success of the assumption of linearity
in engineering analysis it is equally obvious that many situ-
ations demand consideration of nonlinear behavior. In the
linear elasticity case an assumption is made that the defor-
mation is sufficiently small to enable the effect of changes
in the geometrical configuration of the solid to be ignored,
whereas in the nonlinear case the magnitude of the deforma-
tion is unrestricted.

Lagrangian descriptions of the motion

Finite element discretizations with Lagrangian meshes are
classified as updated Lagrangian formulations (ULF) and to-
tal Lagrangian formulations (TLF). Both formulations use La-
grangian descriptions, that is, the dependent variables are
functions of the material (Lagrangian) coordinates and time.
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In the ULF, the derivatives are taken with respect to the spa-
tial (Eulerian) coordinates; the weak form involves integrals
over the deformed (or current) configuration. In the TLF,
the weak form involves integrals over the initial configura-
tion (considered henceforth to be the reference configura-
tion) and derivatives are taken with respect to the material
coordinates.

Conservation equations

Let Qy := Q(0) be an open, bounded and polyhedral domain
of RY, where d € {2,3} is the number of space dimensions.
The initial configuration of the body is Q,, whereas the cur-
rent configuration of the body at time ¢ is denoted by Q (¢).
The motion is described by a function ¢ which links a ma-
terial particle X € Q to the spatial configuration x € Q ()
according to

¥y —Q@), x=y¢(X,0), VXeQ t>0. (2.65)

The boundary of the reference configuration is denoted as
[y := 0Qy and I (t) := 9Q (t) represents the boundary of the
current configuration at time . We always assume that the
mapping between both boundaries is defined through the mo-
tion, i.e., ¥(Ty,t) = T (t). We denote as |0, T[ the time interval
of analysis.

The conservation of linear momentum in finite strain theory
in a TLF framework reads as
azua

Po o2

0d .
— ——{Fs8SBa} = poby inQyx]0,T[,  (2.66)
9X4

where py is the initial density, F = 2% is the deformation gra-
dient, S is the second Piola-Kirchhoff (PK2) stress tensor and
pob are the body forces. Mass conservation implies that

pJ = po, (2.67)

where p is the density at time t and J = det F > 0 is the Jaco-
bian of F. With regards to the balance of angular momentum,
it implies that the PK2 stress tensor must be symmetric.
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[1]: Holzapfel (2000), Nonlinear
Solid Mechanics: A Continuum Ap-
proach for Engineering

[8]: Belytschko et al. (2001), Non-
linear Finite Elements for Continua
and Structures

[9]: Bonet et al. (1997), Nonlinear
Continuum mechanics for finite el-
ement analysis

[29]: Sautter et al. (2022), “Limita-
tions of the St. Venant-Kirchhoff
material model in large strain
regimes”

Hyperelastic constitutive model

In this chapter we consider isotropic hyperelastic models (see
[1,8,9]). These models postulate the existence of a Helmholtz
free-energy function (or strain energy function) ¥ (C) such

that
) oY (C)

oC
where C = F'F is the right Cauchy-Green tensor. Once the

PK2 stress tensor S is obtained, the Cauchy stress tensor o
can be computed from the following relation

S= (2.68)

o= %FSFT. (2.69)

Two different material models are considered in this thesis.

Saint Venant-Kirchhoff material The simplest example of
a hyperelastic material is the St. Venant-Kirchhoff model,
which is defined by the strain energy function

W(E) = %Atr(E)Z +4E : E, (2.70)

where E = %{C — 1} is the Green-Lagrange strain tensor, I
is the second rank identity tensor and A and y are the Lamé
parameters. Using Eq. (2.68), we can obtain the PK2 stress
tensor as

S = Atr(E)I + 24E. (2.71)

The St. Venant-Kirchhoff material law is one of the most fre-
quently used hyperelastic material laws in numerical simu-
lations for finite strain theory. However, inherent shortcom-
ings in the material law definition lead to nonphysical soft-
ening behavior and are thus inappropriate to be used in such
scenarios [29].

Neo-Hookean material This material model is an exten-
sion of Hooke’s law, widely used in linear elasticity, to large
deformations. The stored energy function for a compressible
Neo-Hookean material is expressed as

¥(C) = %A(In T2 —plnJ+ % u(tr(C) —tr(D).  (2.72)
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Using Eq. (2.68), the expression for the PK2 stress tensor can
be obtained:

S=AlnJC ' +pud-C™Y). (2.73)

Time discretization

In this work implicit time integrators are considered. Let us
now consider a partition of the time interval [0,T] into N
time steps of size At, assumed to be constant.

Backward differentiation formula (BDF) Given a generic
time dependent function at a time step "*! = " + At, for
n = 0,1,2,.. the approximation of the time derivative of or-
der k = 1,2, ... is written using information from already com-
puted time instants and u™*! which is being computed at this

time step. In our problem, we have to approximate the sec-
5. n+1
ond time derivative of the displacement, ‘9—;1 = a"™1, De-

pending on the accuracy of the method, we can select for
BDF1 and BDF?2, respectively the specific formulae

2
((SST-I; N ﬁ[u’”r1 —2u" + u”_l] =a"™l + 6 (A), (2.74)
tn
2
Bul L[Zu’“rl —5u" +4u"! - u"_z]
8t |1 Ar?
=a"! + 0 (A?). (2.75)

Newmark-f equations This is a popular class of time in-
tegrators [8]. In this time integration formula, the updated
acceleration a”™! and velocity v**! are given by

2
a™l ~ ﬁ[u”“ —u" = AtV — ATt (1-2p)a"], (2.76)

VL = v 4 (1 —y) Ata® + yAta™ L (2.77)

Here § and y are parameters to be tuned. When § = ;11 and

Yy = % the Newmark-f method is implicit, unconditionally
stable and second-order accurate for linear problems.

Remark 2.1.7 Newmark-f method is not unconditionally
stable for nonlinear problems. The algorithmic energy con-

[8]: Belytschko et al. (2001), Non-
linear Finite Elements for Continua
and Structures
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Structural Dynamics”

[31]: Simo et al. (1992), “Exact
energy-momentum conserving al-
gorithms and symplectic schemes
for nonlinear dynamics”

[32]: Gonzalez (2000), “Exact en-
ergy and momentum conserving
algorithms for general models in
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[33]: Betsch et al. (2016), “An
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[34]: Magisano et al. (2022),
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deformation dynamic analysis of
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2 Background and state of the art

servation was recognized as the key to achieve stability
in long term simulations according to the generalized the-
orem presented in [30]. The stability in time is further
studied in [31, 32]. In [33, 34] several energy-momentum
consistent time-stepping schemes are proposed for some
mixed formulations in nonlinear problems.

Governing equations

We introduce now the solid dynamics problem in detail. Let
D = {X,t)|X € Qp, 0 <t < T} be the space-time domain
where the problem is defined. The problem consists of find-
ing a displacement field, u : ® — R? such that

Finite strain hyperelasticity. u formulation. Governing
equations in TLF

2
po g~V F@S@}=pob  inQx 10T, (@278)
u=up onTy, x]0,T[, (2.79)
ng - (F(w)S(w)) =ty  onTly, x]0,T[, (2.80)
u=u’ inQyt=0, (2.81)
Ju .
S 0 inQ, t=0. (2.82)

A set of boundary conditions is considered which can be split
into Dirichlet boundary conditions (2.79), where the displace-
ment is prescribed, and Neumann boundary conditions (2.80),
where the value of tractions ty is prescribed. Vector ny is the
geometric unit outward normal vector on the boundary of
the initial configuration I'y. The governing equations must
be supplied with initial conditions for both the displacement
field (2.81) and the velocity field (2.82) in Q,, with u® and v°
given.

2.1.3 Variational form

Let U := {fu € H(Qy)? | u = up on Ty, } be the functional
space where the displacement solution is well-defined for
each fixed time ¢ €]0, T[. We denote by U, functions in H!(Q,)?
which vanish on the Dirichlet boundary T .
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The variational statement of the problem is derived by testing
Eq. (2.78) against arbitrary test function, du € U,. The weak
form of the problem reads: find u :]0, T[— U such that initial
and Dirichlet boundary conditions are satisfied and

Finite strain hyperelasticity. u formulation. Variational
form in TLF

*u

<5ua, 20 ?2“> + 4 (u,6u) = F (6u) VdouelU, (2.83)

where o (u, du) is a semilinear form defined on U x U, as

< ddu,

d(u,éu) = maFaBSBA>‘ (2.84)

In addition, & (6u) is a linear form defined on U, as

F (6u) = (Suy, poby) + <5ua, tNa> (2.85)

Loy
As usual, integration by parts has been used in order to de-
crease the continuity requirements of the unknown u.

2.1.4 Linearization

In order to solve the problem, the system needs to be lin-
earized so that a bilinear operator which allows to compute
a correction Au of a given guess for the solution at time ¢"*1
is obtained, that we denote by u™*!. Iteration counters will
be omitted to simplify the notation. After using a Newton-
Raphson scheme and a time integrator, we obtain the follow-
ing linearized form of the problem. Given u"*! as the solu-
tion at time t"*! and the previous iteration, find a correction
Au € Uj such that initial and Dirichlet boundary conditions
are satisfied and

Finite strain hyperelasticity. u formulation. Linearized
variational form in TLF

<5u, o &Au> + B (Au,du) = F (6u)
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— o (0", 8u) — (Su, ppa™*!) v Su € U,
(2.86)

where % (Au, du) is the bilinear form obtained through the
Newton-Raphson linearization and it is defined on U, x U
as

o6u, A 26 oA
99(Au,5u)==< Y T BA>+< Za ub>,

,—— — ,F,5C E
9X, 9Xp ax, aBCABCD bC e
(2.87)

where Cpcp = 2 is the constitutive tangent matrix

g
9C4p0Ccp
which relates variations of the PK2 stress tensor, AS, with
variations of the Right Cauchy tensor, AC. Let us remark

that all terms are evaluated at u™1.

Note that for every implicit time integrator presented here,
we can write
9*u C

—| = —=Au+a™l 2.88
ot [ AL2 (2:88)

where C is a coefficient depending on the time integration
scheme, Au is the displacement increment and a™1 is the ac-
celeration computed at the previous iteration, which in the
time discretized problem will be given by any of the expres-

sions introduced in Subsection 2.1.2.

2.1.5 Galerkin spatial discretization

We denote by %, a FE partition of the domain Q of the prob-
lem. The diameter of an element domain K € 9, is denoted

by hg and the diameter on the FE partition by h = max{hg|K €
%,}. Now we consider the case in which Q = Q4(¢) is the solid

domain. From the FE partition we can construct conforming

FE spaces Uy, C U, as well as the corresponding subspace

Up € Uy being made of functions that vanish on the Dirich-
let boundary.

The Galerkin discrete version of problem (2.86) is: for a given
time t"*! and a fixed iteration, find Au, € Uy, such that
initial and Dirichlet boundary conditions are satisfied and
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Finite strain hyperelasticity. u formulation. Galerkin
discrete problem in TLF

<5uh, poAitzAuh> + B (Auy, Sup) = F (5uy)

- (uZ“, éuh) - <5uh,p0a;’l+1>
v duy, € Up . (2.89)

2.2 The Navier-Stokes equations of
incompressible flows

From this point, the fluid mechanics problem is stated. This
section is devoted to the presentation of the basic equations
which allow to study both the dynamic behavior of an incom-
pressible fluid and which also serve as a starting point for the
developments in Chapter 5.

The material here presented is basic and the different parts
of this section can be found in classical textbooks of fluid
mechanics such as[35-37].

2.2.1 The continuous problem statement

In this subsection, the equations of motion are presented un-
der the Newtonian incompressible fluid flow assumption. Let
Q be an open, bounded and polyhedral domain of R? (d =
2 or 3) occupied by the fluid in the time interval ]0,T[ and
let T := 0Q be its boundary. The continuous Navier-Stokes
problem for incompressible Newtonian fluid flows is defined
by the following system of equations

Newtonian fluid flows. Navier-Stokes problem

V-v=0 inQx]0,T[, (2.91)

zia —Vsv=0 inQx]0,T[. (2.92)
1

[35]: Landau et al. (1987), Fluid
Mechanics

[36]: Aris (1989), Vectors, Tensors
and the Basic Equations of Fluid
Mechanics

[37]: Batchelor (2000), An Intro-
duction to Fluid Dynamics
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where v is the velocity field, p the pressure, o the deviatoric
component of the stress field, f the vector of body forces, p
the dynamic viscosity, p the fluid density and V®v is the sym-
metrical part of Vv. Eq. (2.90) is the balance of momentum
equation. Eq. (2.91) is the incompressibility equation and Eq.
(2.92) is the deviatoric constitutive equation which relates de-
viatoric stresses a with the velocity field v.

2.2.2 Time discretization

Let us now consider a partition of the time interval [0, T] into
N time steps of size At, assumed to be constant. Regard-
ing the time discretization, in this thesis, the first and sec-
ond order backward differencing schemes are implemented
to approximate the first order time derivative of the veloc-
ity. Given a generic time dependent function at a time step
"1 =" + At, for n = 0,1, 2, ... the approximation of the time
derivative of order k = 1,2,... is written using information
from already computed time instants and v"*! which is be-
ing computed at this time step. Depending on the accuracy
of the method, we can select the specific formulae

v 1rone1 omy . oV™H!
— = — - = + 0 (At), 2.93
st = a1 V] (a0 (293)
) n+1
2V o Ly gyt vl = o (A2).
Ot |+ 2At

(2.94)

2.2.3 The two-field vp formulation
In this subsection, the well-known mixed vp formulation is
introduced in order to deal with incompressible Newtonian

fluid flows. In the presented formulation the velocity and
pressure fields v and p are used as independent variables.

Governing equations
The governing equations of the problem are rewritten as

Newtonian fluid flows. vp formulation. Governing equa-
tions
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V-v=0 inQx]0,T[, (2.96)
c—2uVSv=0 inQx]0,T[. (2.97)

Eq. (2.95) allows us to formulate the linear momentum equa-
tion in terms of both velocities v and pressure p, where the
stress tensor decomposition (2.97) is introduced into the mo-
mentum equation.

Strong form

To complete this subsection, we introduce the mixed vp prob-
lem, which consists in finding a velocity field v and a pressure
p such that

Newtonian fluid flows. vp formulation. Governing equa-
tions

Z—Z+v~Vv—vVZV+Vp=f inQx]0,T[, (2.98)

V-v=0 inQx]0,T[, (2.99)

where v = p/p is the kinematic viscosity. The equations
above need to be solved together with initial conditions of
the form v = v at t = 0 and appropriate boundary condi-
tions. For the sake of simplicity in the exposition, we will
consider homogeneous boundary conditions v =0 onT.

Variational form

Let V = [H I(Q)]d and P = L2(Q) be, respectively, the proper
functional spaces where velocity and pressure solutions are
well-defined. We denote by V functions in V which vanish
in the Dirichlet boundary I'p. We shall be interested also
in the spaces W = V x P, W, := V, x P. The variational
statement of the problem is derived by testing the system
presented in Eqs. (2.98-2.99) against arbitrary test functions
8V = [6v,8p] , 6v € V, and 8p € P. The weak form of
the problem reads: find V := [v, p]T € Wy such that initial
conditions are satisfied and
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Newtonian fluid flows. vp formulation. Variational form

<3—:,5v> +9 (v;V,8V) = F (5V) V8V eW, (2.100)

where of (V; V, §V) is a bilinear form defined on WyxW, as

o (V;V,6V) := (V- Vv, V) + v (Vv,Vév) — (p,V - 6v)
+(V-v,8p). (2.101)

F (6V) is a linear form defined on W as

F (5V) = (£,6v). (2.102)

Note that the Navier-Stokes problem to be solved has one
source of nonlinearity, namely, the convective term. For the
sake of conciseness, we will consider only a fixed-point iter-
ative scheme (another possibility would be to use a Newton-
Raphson scheme). In particular, a given velocity V is taken
as initial guess to solve an iterative procedure. As usual, in-
tegration by parts has been used in order to decrease the con-
tinuity requirements of unknowns v and p.

Galerkin spatial discretization

The standard Galerkin approximation of this abstract varia-
tional problem is now straightforward. Let 9, denote a FE
partition of the domain Q. The diameter of an element do-
main K € %, is denoted by hg and the diameter on the FE
partition by h = max{hg|K € %}. We can now construct
conforming FE spaces Vj, ¢ V, P, ¢ P and W, = V x Py,
in the usual manner, as well as the corresponding subspaces
Vho € Vg and Wy g = Vj o x Pp, Vj o being made with func-
tions that vanish on the Dirichlet boundary.

The Galerkin discrete version of problem (2.100) is: Find V, :=
[Vh’ Ph]T € Wh)o such that

Newtonian fluid flows. vp formulation. Galerkin dis-
crete problem
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0
<% 5vh> + o (Vi Vi 8Vi) = F (8Vy) V8V, € Wi
(2.103)

This problem also requires and inf-sup condition to be satis-
fied between the interpolation spaces. Otherwise, instabili-
ties may appear. In order to overcome such instabilities, we
use again the stabilization technique described in next sub-
section.

Remark 2.2.1 So far, no restrictions have been imposed
on the choice of the FE spaces. However, there are restric-
tions that must be satisfied explicitly in the discrete formu-
lation. To see this, let us consider the stationary Navier-
Stokes problem. Taking §V;, = Vj, it is easily seen that
the Galerkin formulation only provides control over the
velocity field

A (Vi; Vip, Vi) = (Vp, - Vv, Vi) + v (Vg Vvy)
= |V 2. (2.104)

It is seen from Eq. (2.104) that & is not coercive in Wy,
the pressure being out of control. Furthermore, when v —
0 the velocity is also out of control.

From the numerical point of view, the spaces that fulfill the
inf-sup conditions associated to the bilinear form are limited.
In fact, equal order interpolations for both velocities and pres-
sure turn out to violate the inf-sup conditions. The alterna-
tive is to use a stabilized formulation allowing any interpola-
tion for the variables.

Stabilization

Let W = W), @ W, where W is any space to complete W/,
in W. W will be approximated by a finite-dimensional space
despite the fact that it is infinite-dimensional. The elements
of this space are denoted by V := [¥, ﬁ]T and they are called

subscales. Likewise, let Wy = Wj o & W,

We assume the subscales to behave as bubble functions, which
means that they vanish across inter-element boundaries.In
this case, we consider them to be time-dependent or dynamic.
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[38]: Codina et al. (2018), “Vari-
ational Multiscale Methods in
Computational Fluid Dynamics”

[39]: Castillo et al. (2014), “Sta-
bilized stress-velocity-pressure fi-
nite element formulations of the
Navier-Stokes problem for fluids
with non-linear viscosity”

Then, the sub-grid scale is expressed in terms of the residual
of the projected (Galerkin) counterpart of Egs. (2.98-2.99) to
obtain

(Z—‘t, + v = I:I(f—{/h Vv, + WP, —Vph), (2.105)
p=rpI(=V-vp), (2.106)

where IT is the L%(Q) projection onto the space of SGS and
and ,, are coefficients coming from a Fourier analysis of the
problem for the subscales. In this work, we use the stabiliza-
tion parameters proposed in [38] as

o 2v W

v = teo-— and 71, =20, (2.107)

where term [Vy| is the Euclidean norm of the velocity guess
and ¢y, ¢, and ¢z are algorithmic parameters which must be
determined. The values used in the numerical examples for
linear elements are ¢; = 4.0, ¢; = 2.0 and ¢3 = 0.1. Values
¢; and ¢, are the optimal values for the approximation of the

one-dimensional convection-diffusion equations, whereas c;
has been found to give good results in the tests.

Introducing the approximate fields (2.105-2.106) into the FE
scale problem (2.103), the VMS stabilized formulation of the
problem is obtained as

Newtonian fluid flows. vp formulation. Stabilized weak
form

d
<%,5vh> +9 (Vi; Vi, 6Vp)
I Z <_Vh -Vovy, + szsvh — Vépp, ‘7>K
K
+ Y =V -8V Py = F (6Vi) ¥ OVj € Wy,
K

(2.108)

2.2.4 The three-field vpo formulation

In this subsection we present the mixed three-field formula-
tion used to deal with incompressible Newtonian fluid flows.
The methodology was developed in [39] with the purpose
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of extending the formulation presented in [26] to deal with
the Stokes problem in fluid mechanics. The velocity field v,
together with the deviatoric component of the stresses o, as
well as the pressure field p (taken as positive in compression)
are taken as primary unknowns of the problem. The objec-
tive is the definition of a general framework, which includes
the well-known mixed vp formulation. Therefore we are ca-
pable of correctly describing incompressible material behav-
ior. Adding the deviatoric stresses as unknowns allows us to
obtain a high degree of accuracy for the stress field. The most
salient problem that requires the interpolation of the (devia-
toric) stresses is the viscoelastic one which is presented in
Chapter 5.

Governing equations
The governing equations of the problem are rewritten as

Newtonian fluid flows. vpo formulation. Governing
equations

P(Z—‘t’ +V.Vv>—v.0'+Vp=f inQx10,T[, (2.109)

V-v=0 inQx]0,T[, (2.110)

zia —Vsv=0 inQx]0,T[. (2.111)
u

Strong form

To complete this subsection, we introduce the mixed vpo
problem, which consists in finding a velocity field v, a pres-
sure p and a deviatoric stress field o such that

Newtonian fluid flows. vpo formulation. Strong form

P(i—: +v-Vv)—V.a+Vp=f inQx10,T[, (2.112)

V-v=0 inQx]0,T[, (2.113)

zia —Vsv=0 inQx]0,T[. (2.114)
L

[26]: R.Codina (2009), “Finite ele-
ment approximation of the three
field formulation of the Stokes
problem using arbitrary interpola-
tions”
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The equations above need to be solved together with initial
conditions of the form v = v° at t = 0 and appropriate bound-
ary conditions. For the sake of simplicity in the exposition,
we will consider homogeneous boundary conditions v = 0
onT.

Remark 2.2.2 Note that deviatoric stresses have been added
to the system as a primary unknown of the problem. There-
fore, we are hopefully incrementing the accuracy of the
deviatoric stress field o.

Variational form

Let us consider the same spaces and test functions we have
defined previously for the mixed vp formulation. Let Y =
[LZ(Q)]j;i (symmetric second order tensors with square in-
tegrable components) be the proper functional space where
deviatoric stress is well-defined. We shall be interested also
in the spaces W := Vx P xY, Wy := Vy xP x Y. The
variational statement of the problem is derived by testing
system (2.112-2.114) against arbitrary test functions §V :=
[6v,8p, 50]T, v € Vy, 6p € P and S0 € Y. The weak form of
the problem reads: find V := [v, p, O']T € W, such that initial
conditions are satisfied and

Newtonian fluid flows. vpo formulation. Variational
form

(p‘;—‘t,,év)+.szi(v;V,5V)=g(5V) V5V e W,, (2.115)

where of (¥; V, §V) is a bilinear form defined on W xW, as
o (V;V,86V) :=(pV - Vv, 6V) + (6,V36v) — (p,V - 6V)
+(V-v,8p) + (zia, 50') —(V¥v,60). (2.116)
U
F (6V) is a linear form defined on W as
F (6V) = (f,6v). (2.117)

We will consider again a fixed-point iterative scheme to lin-
earize the convective term. Therefore, a given guess of the
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velocity V is taken to solve the iterative procedure. As usual,
integration by parts has been used in order to decrease the
continuity requirements of the unknowns.

Galerkin spatial discretization

We can now construct a conforming FE space Y, C Y and
redefine W), = Uy, x Pj, x E;, as well as the corresponding
subspace Wy, o = Uy, g x P, x Ep, in the usual manner.

The Galerkin discrete version of problem (2.115) is: Find V, :=
[V, ph,dh]T € Wj,o such that

Newtonian fluid flows. vpo formulation. Galerkin dis-
crete problem

0
<p%, 6vh> + o (Vs Vi, 8V) = F (8Vy) V8V, € Wi
(2.118)

This problem also requires an inf-sup condition to be satis-
fied between the interpolation spaces. Otherwise, instabili-
ties may appear. In order to overcome such instabilities, we
use again the stabilization technique described in next sub-
section.

Remark 2.2.3 So far, no restrictions have been imposed
on the choice of the FE spaces. However, there are restric-
tions that must be satisfied explicitly in the discrete formu-
lation. To see this, let us consider the stationary Navier-
Stokes problem. Taking 6§V}, = Vy, it is easily seen that the
Galerkin formulation only provides control over the stress
field

. . 1
A (Vp; Vi, Vi) = (pVy, - Vvp, vp) + (ﬂah’ah)

1
22_||0'h“2~ (2.119)
I

It is seen from Eq. (2.119) that & is not coercive in Wy,
both the velocity and the pressure being out of control.
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[39]: Castillo et al. (2014), “Sta-
bilized stress-velocity-pressure fi-
nite element formulations of the
Navier-Stokes problem for fluids
with non-linear viscosity”

Stabilization

The elements of the SGS space are now denoted by V :=
[V, ﬁ,&]T. The dynamic SGS are expressed in terms of the
residual of the projected (Galerkin) counterpart of Eqs. (2.112-
2.114) to obtain

p(z—‘; +T‘71\~I:I:[(—p\7h-vvh—V~0‘h+vph+f), (2.120)

p=rpI(=V-vp), (2.121)

G = 1,1l (—iah + vsvh) , (2.122)

where II is the L?(Q) projection onto the space of SGS and
Ty, Tp and 75 are coefficients coming from a Fourier analysis
of the problem for the subscales. In this work, we use the
stabilization parameters proposed in [39] as

s H c plVh|
v =05 to/—,
h% hx

T, =203p and 15 =2cp (2.123)

where ¢y, ¢y, ¢3 and ¢4 are algorithmic parameters which must
be determined. The values used in the numerical examples
are ¢; = 4.0, ¢ = 2.0, ¢3 = 0.1 and ¢4 = 0.1. Values ¢; and
¢, are the optimal values for the approximation of the one-
dimensional convection-diffusion equations , whereas c3 and
¢4 have been found to give good results in the tests.

Introducing the approximate fields (2.120-2.122) into the FE
scale problem (2.118), the VMS stabilized formulation of the
problem is obtained as

Newtonian fluid flows. vpo formulation. Stabilized weak
form

0
<%,5vh> +o (Vi; Vi, 6Vy)

4+ Z (=pvy, - VOV +V - S0, — Vopp, V)
K

1 -
4+ —dop, + Vs5vh,0'>
; <2l1 K
+ Y (V- 8V Py = F(OVy) VOV, € Wy,
K

(2.124)



Mixed formulations in
finite strain solid dynamics

3.1 Introduction

An incompressible material is understood as the one which
keeps its volume constant throughout a motion. In many
cases, this is a common idealization and accepted assumption
often invoked in continuum and computational mechanics
[1]. Numerous polymeric materials can sustain finite strains
without noticeable volume changes. Furthermore, many bi-
ological materials and several types of soils can be modeled
as nearly or fully incompressible [40].

Standard irreducible low order FE, in which only the displace-
ment field is considered as the unknown variable of the prob-
lem and both stress and strain fields are obtained a posteriori,
are typically preferred in complex engineering finite strain
solid dynamics problems [8]. Nevertheless, this approach
performs poorly in nearly and fully incompressible scenar-
ios, producing solutions which are completely locked by the
constraint. Volumetric and shear locking, pressure fluctua-
tions and poor performance in bending dominated scenarios
are some of the effects that can be observed in such situations
[41].

Over the last years, different strategies and methodologies
have been proposed to reduce or avoid these shortcomings by
circumventing the inf-sup conditions (also called Ladyzhens-
kaya-Babuska-Brezzi (LBB) conditions ) [22]. Popular solu-
tions to tackle the nearly incompressible limit in the solid
mechanics community are reduced and selective integration
techniques [42], the B-bar and the F-bar methods [43] or the
well-known mean dilatation FEM, which avoid these numer-
ical instabilities by reducing the evaluations of the incom-
pressibility constraints at quadrature points. However, these
strategies are only prepared to work with structured quadri-
lateral and structured hexahedral meshes and they are not
able to tackle the fully incompressible regime. Many of these
displacement-based methods have been shown to be equiv-
alent to mixed methods in which the stresses are approxi-
mated by fields of order lower than the displacements over
the elements [42].

[1]: Holzapfel (2000), Nonlinear
Solid Mechanics: A Continuum Ap-
proach for Engineering

[40]: Holzapfel (2001), “Biome-
chanics of soft tissue”

[8]: Belytschko et al. (2001), Non-
linear Finite Elements for Continua
and Structures

[41]: TJ.RHughes (1987), The Fi-
nite Element Method: Linear Static
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When considering the static, infinitesimal strain, incompress-
ible case of the solid mechanics problem, we obtain an ellip-
tic problem which is identical to the equations of the Stokes
problem in fluid mechanics [24, 44]. Mixed formulations are
well established and regularly used to avoid these instabil-
ities. For this reason, it makes sense to extend the mixed
velocity/pressure pair used in the latter to the former for the
mixed displacement/pressure approach [23, 45].

The use of different stabilization techniques, and particularly
those based on the VMS framework [6], allows for the use
of equal-order interpolations for all master fields. This idea
facilitated the extension of different implementations in the
field of fluid mechanics to the solid mechanics area. A partic-
ular formulation of this type, namely, the OSGS method [13],
was used in [46] to design a stabilized FE formulation for the
three-field linear Stokes problem, using displacements, pres-
sure and deviatoric stresses as variables. The analysis and
FE approximation of Darcy’s problem presented in [47] mo-
tivated the introduction of both strains/displacements and
stresses/displacements pairs as primary variables in [10] for
infinitesimal strain elasticity; in this particular case, one can
change the functional framework to increase the accuracy in
the calculation of the stresses. To tackle the incompressible
limit, the pressure needs to be introduced as a variable [23, 48,
49], although it is also possible to design a formulation using
the volumetric strain as unknown [50]. Formulations includ-
ing stresses as unknowns produce a considerable increase in
the number of unknowns per node, but they also increase the
accuracy for strains and stresses. Furthermore, in [27] the
idea of using a three-field displacement/pressure/deviatoric
stress formulation was tested and seen to be very effective
when solving incompressible cases in which accurate results
for stress and strain fields are required. These FE technolo-
gies have demonstrated enhanced stress accuracy as well as
the ability to capture stress concentrations and strain local-
izations guaranteeing stress convergence upon mesh refine-
ment for first order elements.

The majority of the previous works were developed for the
static case. When considering the transient case, the elliptic
problem becomes hyperbolic due to the second order deriva-
tive of the displacements which appears in the momentum
equation. Mixed formulations are also applied under the tran-
sient finite strain assumption. On the one hand, a new first-
order mixed form of the equations of finite strain solid dy-



namics is presented in [51-54]. In these works, the authors
propose to use as primary variables the linear momentum p
and the deformation gradient F. In order to effectively solve
bending dominated scenarios in nearly incompressible cases
they consider the introduction of the Jacobian J as an ex-
tra unknown [55-57]. In more recent works [58-60], they
insert the cofactor tensor of the deformation gradient H =
cof F as an additional primary variable. The objective for
this choice of variables is to ease dealing with some com-
plex constitutive laws, and in particular with polyconvex hy-
perelastic potentials. The resulting system turns out to be
unstable and for this reason, the authors stabilize the prob-
lem through a combination of the streamline upwind/Petrov
Galerkin (SUPG) stabilization and different penalties on the
deformation gradient. This methodology is very promising
and it has been tested to be very effective to solve nearly
incompressible cases. However, the number of unknowns
per node increases drastically taking into account that both
F and H are non-symmetric tensors. On the other hand, an
effective alternative taking the velocity/pressure pair as un-
knowns of the problem and updating the displacement ex-
plicitly as a final step was proposed in [61, 62]. The authors
suggest to complement the momentum equation with a rate
equation for the evolution of the pressure field and solve it
by means of a two-step block Gauss-Seidel strategy, stabi-
lized by means of the VMS method. This formulation is also
very powerful despite the necessity of introducing the veloc-
ity field as a primary variable of the problem in addition to
the pressure field. In [63] the incompressibility of the mate-
rial is treated with the displacement/pressure pair in an up-
dated Lagrangian formulation framework. Another possibil-
ity is to consider Finite Volume schemes to present a con-
servative cell-centered Lagrangian Finite Volume scheme for
solving the hyperelasticity equations on unstructured multi-
dimensional grids [64].

The idea of this chapter is to develop mixed formulations
for finite strain solid dynamics which are capable of deal-
ing with hyperelastic materials including the incompressible
limit case.

This chapter is organized as follows. Firstly, in Section 3.2 the
conservation equations which govern the finite strain solid
dynamic problem are presented. In the second place, the con-
stitutive equations for isotropic hyperelastic material models
are stated in Section 3.3. Next, in Section 3.4 several implicit
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time integrators are shown to perform the time discretization
of the problem. Two different mixed formulations are intro-
duced afterwards. On the one hand, in Section 3.5 the mixed
two-field up formulation is presented to deal with nearly and
fully incompressible materials. On the other hand, in Sec-
tion 3.6 the mixed three-field upS’ formulation is elaborated
to be capable of giving a higher stress accuracy and perfor-
mance, at the same time, in the incompressible limit. Finally,
in Section 3.7 some conclusions of the proposed mixed for-
mulations are drawn.

3.2 Conservation equations

Let Qg := Q(0) be an open, bounded and polyhedral domain
of R%, where d € {2,3} is the number of space dimensions.
The initial configuration of the body is Qg, whereas the cur-
rent configuration of the body at time ¢ is denoted by Q (¢).
The motion is described by a function ¢ which links a ma-
terial particle X € Qg to the spatial configuration x € Q ()
according to

¥v:Q—Q@), x=¢yXit), vXeQ, t>0 (3.1)

The boundary of the reference configuration is denoted as
Ty == 9Q) and I (t) := 9Q (t) represents the boundary of the
current configuration at time t. We always assume that the
mapping between both boundaries is defined through the mo-
tion, i.e., ¥(Ty,t) = T (). We denote as |0, T[ the time interval
of analysis.

The conservation of linear momentum in finite strain theory
in a TLF framework reads as
azua

o2

. (3.2)

7] .
T, {FaBSBa} = poby  In Qg x]0, T,
where p, is the initial density, F = % is the deformation gra-
dient, S is the second Piola-Kirchhoff (PK2) stress tensor and
pob are the body forces. Mass conservation implies that

pJ = po (3.3)

where p is the density at time t and J = det F > 0 is the Jaco-
bian of F. With regards to the balance of angular momentum,
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it implies that the PK2 stress tensor must be symmetric.

The objective of this section is to obtain mixed formulations
able to deal with the incompressible limit. The volumetric/de-
viatoric split of the Cauchy stress tensor o (2.13) is the starting
point to develop such formulations

o=s-7pl (3.4)

where s is the deviatoric part of g, p is the pressure and I the
second-order identity tensor. We can now use the relation
between stresses to obtain a proper decomposition for the
PK2 stress tensor [9]

Sas = JEaiFabow = T3 Fatsa — pIC3h = Shy — PIC3,

(3.5)
where we have introduced the ‘deviatoric’ PK2 stresses S’
(see Remark 3.2.1 below) and the right Cauchy-Green tensor
C=FF.

Thanks to the decomposition in Eq. (3.5), the conservation
of linear momentum can be reformulated as
3Zua 0

i ’ d _ )
po ot? B X4 {FaBSBA}+ X, {p]FA;} = pob, InQyx]0,T[.
(3.6)

Eq. (3.6) allows us to separate the linear momentum equation
in terms of both volumetric and deviatoric parts. However,
we will need to add extra equations to obtain a well-posed
problem. These equations will be in charge of both provid-
ing a constitutive equation for the pressure and imposing the
incompressibility constraint and to give the deviatoric consti-
tutive behavior. These constitutive equations depends upon
the type of material considered, and they are presented in the
following section.

Remark 3.2.1 Tensor S’ is often referred to as the ‘true’
deviatoric component of S. The trace of s is zero by con-
struction. However, it does not imply that the trace of §’
also vanishes, and thus S’ is not deviatoric in the algebraic
sense. In fact, the 'true’ deviatoric component of S satisfies
the following equation (see for instance [9])

S :C=0, (3.7)
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which can be interpreted as the trace with respect to the
metric tensor C. The above equation enables the hydro-
static pressure p to be evaluated directly from S as

_1lg.
p= 3]8 : C. (3.8)

3.3 Constitutive models

In this thesis we consider isotropic hyperelastic models (See
[1, 8, 9] for further details on such models). These models
postulate the existence of a Helmholtz free-energy function
(or strain energy function) ¥ such that

L ©)

S =
oC

(3.9)
We want to deal with compressible models that can reach the
incompressible limit case. To characterise such models, it is
convenient to adopt a decoupled representation of the strain
energy function of the specific form [1, 9]

O =W(C)+U()), (3.10)

where C = J=%/3C is the volume-preserving part of C. Let us
remark that this decomposition allows one to split the elastic
response of the material into the so-called deviatoric and vol-
umetric parts, respectively, measured in the initial configura-
tion. We can now derive the PK2 stress tensor by introducing
equation (3.10) into equation (3.9)
S:zﬂzzﬂH&:zMﬂ—U}C—l. (3.11)
oC  “9C " “oC  “aoC T dJ
By comparing this definition with Eq. (3.5) we obtain expres-
sions for both the pressure and the deviatoric PK2 stress ten-
sor ow dUu
§=2— and p=-——.
aC P="07
Once we are able to deal with the decoupled form of the strain
energy function, we describe a number of constitutive mod-
els for both the deviatoric and the volumetric components.

(3.12)



3.3 Constitutive models

3.3.1 Deviatoric models of the strain energy
function

First of all, let us recall that as we are considering isotropic
hyperelastic models, the strain energy density must be writ-
ten in terms of the strain invariants which are defined for the
volume-preserving C by

I, = trace C, (3.13)
L= % [(trace )’ - trace (Cz)] , (3.14)
L =detC=det (J72/°C)=1. (3.15)

From the strain invariants, it can be concluded that W (C)
must be written in terms of the first and second invariants.
Let us present suitable functions for the deviatoric compo-
nent of the strain energy function:

» Neo-Hookean model
This model results from considering only the first prin-
cipal invariant

w (L) = g(il ~3), (3.16)

where p is the shear modulus. This function involves
a single parameter and provides the simplest mathe-
matical model for the nonlinear deformation behavior
of rubber-like materials. However, experimental data
of several isotropic elastic materials cannot be repro-
duced by this model and it is worthwhile considering
the dependency on L.

» Mooney-Rivlin model
This model is derived considering the dependance on
the second invariant as

W(IL,L)=a (I, -3)+a (L -3), (3.17)

where o; and @, are material parameters that must sat-
isfy g = 2(ay + p) > 0. This function is often em-
ployed in the description of the behavior of isotropic
rubber-like materials. Note that when a, = 0, we re-
cover the Neo-Hookean model.
» Yeoh model

This model makes the assumption that the variation of
the strain energy function with respect to the second
invariant is equal to zero and it proposes a three-term

57
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function in terms of the first invariant
i} _ B 9 . 5
W(Il) = (Il - 3) +a (11 - 3) + o3 (11 - 3) , (3.18)

where a1, @, and o3 are material parameters which must
satisfy that y = 2oy + 4ay (I; —3) + 603 (I, — 3)2 > 0.
This model was motivated to simulate the mechanical
behavior of carbon-black filled rubber vulcanizates.

Readers are referred to [8, 61] for further details on this kind
of models.

3.3.2 Volumetric models of the strain energy
function

Several nonlinear materials such as rubbers, polymers or soft
tissues among others are often slightly compressible and as-
sociated with minor dilatational deformations. Due to the
decoupled form of the strain energy density, compressibil-
ity is accounted for by the volumetric strain energy function.
Let us now show some variety of models which are widely
used in nonlinear computations and which depend upon the
bulk modulus «.

» Quadratic [65]
This model is given by the following relation

du

T (3.19)

U =5U-0" T =xU-0).
Despite of being widely used in practice, this model
does not satisfy the fundamental condition of requir-
ing an infinite amount of strain energy in order to com-
press the body to a single point with vanishing volume
state.

» Simo et al [66]

This model circumvents previous problems by adding
the logarithm of J as a principal function

_K 2 dU _ x
u(n = 4(log s T log J. (3.20)

2]
» Simo-Taylor [66]

This model satisfies all stability requirements

_Kip o AU _kf; 1
U(])—4(J 1 ZlogJ),d] 2(] ]>. (3.21)
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» Miehe et al [67]
In this model, U(J) is given by

du 1
= -1 -1); — = -=). .
U(J) =x(J —log J - 1); T K(l ]) (3.22)
» Liu et al [68]

In this model, U(J) is expressed as
dUu
U(]):K(]log]—]+l);Ezklog]. (3.23)

» Ogden [1]
For rubber-like materials, Ogden proposed a volumet-
ric response function in terms of the volume ratio J of
the following form

1 _ dU _ « 1
U(J)=x— (Blog J + 5—1;—=_(1__),
@) ﬁz(ﬁ g+ =1)s A
(3.24)
where f > 0 is an empirical coefficient which must be

fixed according to experimental data.

Remark 3.3.1 It is important to note that all volumetric
functions here presented can be written as U(J) = «kG(]).
Therefore, Eq. (3.12) can be used to obtain a proper way to
impose the incompressibility of an hyperelastic material
dUu dG p , dG

=

—KE ; + E =0. (325)

dJ

This equation can be applied regardless of the compress-
ibility of the material under study. It is interesting to ob-
serve that in the incompressible limit, when Poisson’s ratio
v — 0.5 (for isotropic materials) then k — oo and Eq. (3.25)
reduces automatically to

depy (3.26)
dJ

For all the volumetric strain energy functions presented
here, Eq. (3.26) imposes directly that J = 1 which is in
fact the condition that a material must satisfy to be incom-
pressible in finite strain theory.

Remark 3.3.2 It is interesting to show how to impose in-
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compressibility if the real deviatoric/volumetric decompo-
sition of the PK2 stress tensor is considered. The following
relation holds

S=sdv_p1=9 —pjCc, (3.27)

where p* = % trace S. If we take the trace of the PK2
stress tensor, we can obtain an expression for the pseudo-
pressure p* as

, dG .
<5AA + KE]CA}“), (3.28)

x 1
P73

which allows us to write the volumetric component of the
constitutive equation as

* 4

130"+ %4, dG _ (3.29)
Ko JCu  d]

Taking into account the widely used decomposition of the
strain energy function given by Eq. (3.10), it seems more
natural and effective to consider the classical decomposi-
tion, which gives us simpler equations in nearly incom-
pressible scenarios.

3.4 Time discretization

In this work implicit time integrators are considered. When
the material under study is either nearly or fully incompress-
ible, the Courant-Friedrichs-Lewy condition, which involves
the bulk modulus, becomes very restrictive. If explicit time
integrators are considered, extremely small time steps are
needed in order to satisfy it. Furthermore, in the fully incom-
pressible case, as k — oo, solving the problem with explicit
time integration is not possible [62].

Although in principle any implicit time discretization method
can be applied, it has to be taken into account that a hyper-
bolic system of equations of second order in time is being
solved. It is important to control spurious high-frequency
oscillations that might appear in the solution for both nearly
and fully incompressible hyperelastic materials. As a conse-
quence, numerical time integrators with high-frequency dis-
sipation will be applied.
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Let us now consider a partition of the time interval [0, T] into
N time steps of size At, assumed to be constant. We con-
sider the implicit time integrators presented in Subsection
2.1.2 and its corresponding linearization.

3.5 The stabilized two-field up
formulation

3.5.1 Introduction

In this section we propose a novel way to solve the finite
strain solid dynamics problem. Through the well-known de-
viatoric/volumetric decomposition of the strain energy [69]
we complement the momentum equation in the context of
the TLF framework with the constitutive equation of the pres-
sure. This equation is written so as to allow imposing the
incompressibility constraint on hyperelastic materials natu-
rally, introducing any change or additional equation in the
system. The complete system which results from this for-
mulation is unstable and it presents the well-known saddle-
point structure. The resulting formulation will be stabilized
by means of the OSGS method, which is a stabilization tech-
nique well known for its low dissipative and highly accurate
performance. The resulting method is very simple and only
the addition of a scalar field as an extra primary variable is
required.

3.5.2 Governing equations

To start this section, we introduce the two-field mixed up
formulation. Let ® = {X,1)|X € Qp, 0 < t < T} be the
space-time domain where the problem is defined. The prob-
lem consists of finding a displacement field, u : ® — RY,
and a pressure field, p : ® — R such that

Finite strain hyperelasticity. up formulation. Govern-
ing equations in TLF

azua 0 ,
P X, {Fap(0)Sp 4 (w)}

[69]: Sansour (2008), “On the
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the volumetric-isochoric split and
the case of anisotropy”
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*% {pJ(W)Fau(w)™} = pob, in Qg x10,TY,
A
(3.30)

£+Z—?(u)=0 in Qy x]0, T
(3.31)

The governing equations must be supplied with initial condi-
tions of the form u = u’, aa—l: =v%in Q; at t = 0, with u® and
v0 given, and a set of boundary conditions which can be split
into Dirichlet boundary conditions (3.32), where the displace-
ment is prescribed, or Neumann boundary conditions (3.33),

where the value of tractions ty are prescribed:
u=up onTyp, (3.32)
(3.5) , T
ng - (FS) = nj- (FS ) - p]no -F =ty on I“O’N, (333)

where n, is the geometric unit outward normal vector on the
boundary of the reference configuration I'y. To simplify the
exposition, we will consider up = 0 in the following,.

Remark 3.5.1 Verifying that this formulation reduces to
the mixed formulation in linear elasticity when infinitesi-
mal strain theory is considered is crucial. Regarding to the
momentum equation (3.30), the following simplifications
are obtained

, (35 ou =0
FasSha % T = (14 25 ) sy = 500 + (L0955 5
C
(3.34)
=0
pJF = p(1+V-w)l=pl+pwl=pl (3.35)

and taking into account that both the reference and current
configurations match, we obtain the simplified momentum
equation (2.25) for linear elasticity

duy L) N a_p _
ot? ax,  0x,

p pbg. (3.36)
With respect to the incompressibility equation (3.31), as it

was previously mentioned, ‘;—? is a function which imposes
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J = 1. Therefore,

£+d—G = £+]—1 = £+(1 +V-u)-1= £+v.u =0, (3.37)
k dJ] « K K
which is exactly the constitutive law (2.27) of the pressure
when considering linear elasticity. Let us recall that in the
incompressible limit k — oo, and this equation will reduce
automatically to
V-u=0, (3.38)

which is the incompressibility condition for infinitesimal
strain theory.

3.5.3 Variational form

Let U and P be, respectively, the proper functional spaces
where displacement and pressure solutions are well-defined
for each fixed time t € ]0,T[. We denote by U, functions in
U which vanish in the Dirichlet boundary Iy . We shall be
interested also in the spaces W :=Ux P, W, := U, x P.

The variational statement of the problem is derived by testing
the system (3.30)-(3.31) againts arbitrary test functions, U :=

[Su, 5p]T, du € Uy and 5p € P. The weak form of the problem
reads: find U := [u, p]T :10, T[— W, such that initial condi-
tions and the Dirichlet condition are satisfied and

Finite strain hyperelasticity. up formulation. Variational
form in TLF

%u

<5ua, p(,?z“> +d (U,8U) = F (5U) v8U e W, (3.39)

where o (U, 5U) is a semilinear form defined on W, x W,
as

du du,
A (U,8U) = ( —2, F,gShs ) — ( —= F—1>
.00 = (52 Funsiy )~ (5. prsd
dG p
5p. %G <5 ,—>. 3.40
+<pd]>+ P (3.40)

In addition, & (6U) is a linear form defined on W as

F (6U) = (Suy, pob,) + <5ua,tNa> (3.41)

Loy
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As usual, integration by parts has been used in order to de-
crease the continuity requirements of unknowns u and p.

3.5.4 Linearization

In order to solve the problem, the system needs to be lin-
earized so that a bilinear operator which allows to compute
a correction AU of a given guess for the solution at time t"*1
is obtained, that we denote by U""!. Iteration counters will
be omitted to simplify the notation. After using a Newton-
Raphson scheme, we obtain the following linearized form of
the problem. Given U™*! as the solution at time t"*! and the
previous iteration, find a correction AU := [Au, Ap]T € Wy
such that

Finite strain hyperelasticity. up formulation. Linearized
variational form in TLF

<5u, pO&Au> + B (AU, 5U) = F (5U)

— o (U™, 8U) — (6u, ppa™*') v U € Wy,
(3.42)

where % (AU, 6U) is the bilinear form obtained through the
Newton-Raphson linearization and it is defined on W x W,
as

% (AU, 0U) == <a(Sﬁ 28t 5f3A> + <% FaBC;lBCDFbC%>
0X4~ 0Xp 90X, oXp
- <%JPF§;ZA_;;FX;>
(S apr et )~ (S sl
+ <5p, f(J)Fy} aﬁ(u:> + <5p, %> , (3.43)

where f(J) is a function coming from the linearization of Z—(]}
and depends upon the volumetric strain energy function into
’w
stitutive tangent matrix which relates variations of the de-
viatoric PK2 stress tensor, AS’, with variations of the Right

consideration and C)g-p = 2 is the deviatoric con-
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Cauchy tensor, AC. Let us remark that all terms are evalu-
ated at U1,

3.5.5 Symmetrization

In the way we have written the problem, it is not symmet-

ric. To achieve symmetry!, it is possible to modify Eq. (3.42) 1: In the case of homogeneous
by boundary conditions.

Finite strain hyperelasticity. up formulation. Symmetrized
linearized variational form in TLF

<5u, pO&Au> + @4 (AU, 5U) = & (5U)

_ .Q[mod (Un+1,5U) _ <5u’ poan+1>
v oU € W, (3.44)

where %™°4 (AU, §U) is the bilinear form defined on W xW,
as

™04 (AU 5U) = <85ua oAy, , >

X, 0Xp BA

N 85ua A/ >

aB ABC D Iy vC v
oXp

(55
<a(5ua | 0, FAa>
(55

Bb 0Xp

ddu, 190w, _1> <85ua

+ ] FAb

8X FBa ]A FAa>

-1 A”a> < L%>
+<5p,]FAa X, +(dp, ) (3.45)

and g/™°d (U"*1,5U) is a semilinear form defined on WoxW,,
as

du, adu,
Mmod (Un+1 5U) — <7: aBstA> < X, a ]FAa>

where we have multiplied the second equation by the lin-

earized term @

The symmetric form of the problem can be interesting from
both the theoretical and the practical point of views. From
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the theoretical point of view, the problem to be solved corre-
sponds to the minimization of a certain mechanical energy,
whereas from the practical point of view the symmetry can
be exploited when solving the linear system.

For simplicity, we will employ the non-symmetric form of the
problem in what follows, although the use of the symmetric
version would be straightforward.

3.5.6 Galerkin spatial discretization

The standard Galerkin approximation of this abstract varia-
tional problem is now straightforward. Let 9, denote a FE
partition of the domain Q,. The diameter of an element do-
main K € %, is denoted by hg and the diameter on the FE
partition by h = max{hg|K € 9%,}. We can now construct
conforming FE spaces Uy, ¢ U, P, ¢ P and W), = Uy, x Py,
in the usual manner, as well as the corresponding subspaces
Up € Uy and Wy g = Uy g xIPy, Uy o being made of functions
that vanish on the Dirichlet boundary. In principle, functions
in Uy, are continuous, whereas functions in P; not necessar-

ily.
The Galerkin discrete version of problem (3.42) is: for a given

time t"™! and a fixed iteration, find AU}, := [Auh,Aph]T €
Wp, such that

Finite strain hyperelasticity. up formulation. Galerkin
discrete problem in TLF

(s, poA%Auh> + B (AU, 8Up) = F (8Uy)

— o (UM, 8Up) — (Suy, poal*!)
v 6Uy, € Wy . (3.47)

The stability of the discrete formulation depends on compat-
ibility restrictions on the interpolation functions chosen for
the displacement, deviatoric PK2 stress and pressure fields, as
stated by the appropriate inf-sup condition [22]. According
to these restrictions, mixed elements with continuous equal
order linear interpolation for all fields are not stable. How-
ever, the inf-sup condition can be circumvented by using a
stabilization technique. This is why the so-called stabilized
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formulations have been proposed to approximate this kind of
problems. The main idea is to replace Eq. (3.42) by another
discrete variational problem in which the bilinear form % is
enhanced so that it has improved stability properties.

Remark 3.5.2 In principle, we have posed no restrictions
on the choice of the FE spaces. However, the Galerkin
formulation is only stable if an inf-sup condition is sat-
isfied between the displacements and the pressure. Dis-
placements can be controlled with the Galerkin formula-
tion, and in the case of compressible materials also the
pressure, but this control disappears as k — oo. The al-
ternative to using the Galerkin method with FE spaces sat-
isfying the inf-sup conditions is to use a stabilized FEM, as
the one we describe next.

3.5.7 Stabilization

. . o [6]: Hughes et al. (1998), “The
In this subsection, the VMS method [6, 12] is introduced to  variational multiscale method - A

stabilize the discrete formulation of the mixed problem allow-  paradigm for computational me-
ing for the use of linear interpolations for all master fields. E?za]r-li;s;odina et al. (2017), Varia-
The basic idea of the VMS approach is to enlarge Galerkin’s ;- 1 vruitiscale Methods in Com-
space of approximation, Wp, adding a finer resolution space,  putational Fluid Dynamics

W, referred to as the SGS space. Let W =Ww,e W. The

elements of this space are denoted by U := [, #]” and they

are called SGSs. Likewise, let Wy = Wy, ®W,, where W, is

being made of displacement SGSs (defined at element level)

that vanish at all the element boundaries.

Taking into account that 9 is a bilinear form, the continuous
problem (3.47) is equivalent to find Auy € Wy and U € W,
such that

<5u,,, pO&Auh> + (Sup po™1) + B (AU, 5U,)
+% (0,8U;) = F (3Uy) — o (UI*1,5Uy)
— (Sup, poal™t) v U, € Wy, (3.48)
<5u Py ¢ Auh> (56, poa™1) + B (AU, 50)
+% (0,60) = # (60) — & (U1, 60)
— (811, poal™!) v 56U € Wy, (3.49)

where Eq. (3.48) is called the FE scale equation and Eq. (3.49)
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is called the SGS equation. The approximation to the accel-
eration obtained from the displacement SGS at time ¢"*! has
been denoted by a"*!.

The main idea behind any stabilized FEM derived from the
VMS framework is to obtain an expression for the SGSs from
the SGS equation in order to complement our FE scale equa-
tion. First of all let us make some assumptions about the SGS
functions. In this thesis we consider the SGSs to be quasi-
static, which means that we neglect their time derivative. We
also assume the SGSs to behave as bubble functions, which
means that their velocity component vanishes across inter-
element boundaries. Taking this into account, we can inte-
grate by parts within each element in Eq. (3.49) to obtain:

; (56,025 Auh> + 3 (SUB AU + 3 (50,8 (0)),
=D (SU.F) - Z <5ﬁ’ A (UZH»K

K
_ Z <(Su poan+1> A 5I~J c Wo, (350)

=

where )’ i stands for the summation over all K € 9, and B =

T
[Bu, Bp] is a linear operator coming from the integration by

parts of & such that B (AUh, 5fJ) = Yk (6U,B(AUp)), and
it is defined as

P aAuha , 0 aAuhb
BH(AUh%:‘aT{aT AB§_aX { Chuenlie |
3A up, 8Auhb
+ -2 (JAp FI1, 3.51
aXA {] Pn Aa} ( )
_9Bup, Apy
B, (AUy) = £(J) Fay +— (3.52)

(9XA K '

T
Regarding the right-hand side, F = [Fu,Fp] appears from
the external forces form & and it is given by

F, =pba : Fp=0. (3.53)

and finally A (UZ“) = [Au (UZH) A, (UZ“)]T comes from
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the integration by parts of & and it is defined as

F) , 9 -
A (V) = = o FanShad + 55~ UpFah - (359
oy _dG P

Eq. (3.50) must be satisfied for all elements K € 9, and for
any sU e WO, which strictly enforces that

(B (AU,) +B(0)) =T (F- A (Ur)), (3.56)

where II is the L(Q,) projection onto the SGS space. This
equation allows us to obtain an expression for the SGSs

I(B(0))=m(F-A (UZ“) —B(AUp))
=TI(R(UM!) + Rpy (AU)) (3.57)

where the residuals are defined as Ry, (Auy) := —B(Auy)
and R (Ur*!) = F— A (UI),

The idea now is to approximate operator B by a matrix 73’
within each element K. Since we may consider that 73U
already belongs to the SGS space, IT (r}lﬁ) =10, and from
Eq. (3.57) we obtain

U~z M(R(UM) + Ray (Aup)) inK e, (3.58)

where 7 is a matrix of algorithmic parameters depending on
K and the operator B. This approximation for U is intended
to mimic the effect of B (fJ) in the volume integral (3.48). Let
us remark that 7y is taken as a diagonal matrix of stabiliza-
tion parameters, 7 = diag (Tuld, rp), with I; the identity on
vectors of R¢ and parameters 7, and 7, are coefficients com-
ing from the study of the behavior of the stabilization param-
eters based on a Fourier analysis of the problem for the SGSs.
In this work, we propose to use the stabilization parameters
presented in [27] for linear elastic cases:
hk
Ww=as and 7, = 2c4, (3.59)
U

where ¢; and ¢, are algorithmic parameters which must be
determined.

Finally, Eq. (3.58) can be introduced into the FE scale equa-
tion to obtain the following stabilized weak form

[27]: Chiumenti et al. (2015), “A
mixed three-field FE formulation
for stress accurate analysis includ-
ing the incompressible limit”
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Finite strain hyperelasticity. up formulation. Stabilized
weak form In TLF

<511h, Po éAuh> +RB (AUh, 5Uh)
+ Y i (LU, T (R (UF) + Ray (AU)))
K

= F (8Uy) — o (UT*1,8U3,) — (Sup, poal™*!) v 6U, € Wiy,
(3.60)

T
where L (6Uy,) = [Lu (6Up).L, (5Uh)] is a linear operator
coming from the integration by parts of % such that (fJ §Uh) =
Yk (LU, ﬁ>K and it is defined as

9 a5uh P B 85uhb 3
L,(0U,), =— — 28t + —— Fl—LFl
u( h)a 90X, { 0Xp AB} X4 {Jp Aa 0Xp Bb
9 1 85uhb 1 P 1
- — F, F ——135 F,t,
(3.61)
dduy, 8p
L, (8Up) =——=JF} + —. 3.62
P( h) B J Aa K ( )

There exist several stabilization methods coming from the
VMS technique depending on the selection of the projection
onto the SGS space. In this work, three different options are
considered.

Remark 3.5.3 Matrix g can be understood as an alge-
braic approximation to the inverse of the tangent opera-
tor introduced in the linearization of the originally nonlin-
ear problem. Therefore, different linearization strategies
could lead to different stabilized FE formulations. This

[70]: Codina et al. (2008), “Fi- idea is further elaborated in [70].

nite element approximation of

the modified Boussinesq equa-

tions using a stabilized formula-
tion”

Algebraic SubGrid Scales (ASGS)

This is the simplest choice. We take the projection onto the
[47]: Badia et al. (2009), "Unified  gG§ gpace as the identity when applied to the residual (see

stabilized finite element formula- .
tions for the Stokes and the Darcy [47] for further details), so that

problems”

(R (UI*) +Ray (AUR)) = R(UP) + Ray (AUR), (3.63)
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and we obtain as a final stabilized formulation
C
<5uh, Lo EAuh> + % (Auy, 5Uy)
+ )7k (L(8Up), Ry (AU)) = F (3Uy)
K

— o (UI*1,8Up) — (Suy, poal*!)
- Y 15 (LU, R(UM)) ¥ 8U), € Wiy
K

(3.64)

Orthogonal Subgrid Scales (OSGS)

In [25] it is argued that a natural approximation for the un- [25]: Codina (2000), “Stabiliza-
. . tion of incompressibility and con-

known SGS space it to take it orthogonal to the FE space: vection through orthogonal sub-

scales in finite element methods”
I (R (UT*) + Ryy (AUR)) = R (URFY)
+Rpy (AUR) — T (R (UPHY)),
(3.65)

where IT" is the L? (Q,) projection onto the FE space. Due to
the fact that this projection would increase the size of our sys-
tem if we compute it in an implicit way, we have decided to
approximate it with the residual of the previous iteration by
neglecting the projection of the operator Ry, (Auy,). The final
form of the stabilized problem with OSGS method emerges
as

<5uh,p0 ALI'ZAuh> + % (AU, 6Uy)
+ 3t (L(8UR) . Ray (AUR)) = F (8Up)
K
—df (U1, 8Uy) — (sup, poa;’l+1>
= 2 (L @Y R(UpH) — 11" (R (U7)))
K

v oU, € Wp. (3.66)

3.5.8 Numerical examples

In this subsection, several numerical examples are presented
to assess the performance of the proposed two-field formu-
lation. The first case we consider is a test with a manufac-
tured solution in order to analyze the spatial discretization
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[17]: Balay et al. (2015), PETSc
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errors with respect the mesh size. Later, we evaluate the per-
formance of our FE formulation in the incompressible limit
through the standard Cook’s membrane test. The third case
we consider is a bending problem for a beam-like structure
in order to show the behavior of the method in incompress-
ible bending dominated scenarios. Finally, a twisting column
is set which presents extreme nonlinear deformations. All
these examples are widely used in incompressible hyperelas-
tic cases [58, 59, 61, 62].

For all the numerical examples included next, hyperelastic
models are considered fully incompressible, and so the bulk
modulus is k = co. The algorithmic parameters are set to
¢ = 1and ¢, = 1. As previously discussed, the nonlineari-
ties in the problem are solved via a Newton-Raphson scheme.
Depending on the nonlinearities, the initial guess of the iter-
ative procedure needs to be close enough to the solution to
guarantee convergence of the nonlinear iterations. In time-
depending schemes, the time step is the parameter which
controls the evolution of the nonlinear iterations, so we will
have to tune it depending on the nonlinearities of each nu-
merical example. A maximum of 10 iterations is set, and the
numerical tolerance for the L2 norm is 1077 In order to solve
the monolithic system of linear equations, we use the Bicon-
jugate Gradients solver, BiCGstab [71], which is already im-
plemented in the PETSc parallel solver library [17].

Remark 3.5.4 Some works prefer to choose the time step
size based on either the characteristic shear wave speed or
the stabilization parameter size. We prefer not to use this
approach since it mixes the definition of the stabilization
parameter with the time discretization of the problem.

A test with analytical solution

Let us first perform a simple test whose main objective is to
numerically check the order of convergence of the proposed
scheme with respect to the mesh size. For this purpose we
use the so-called method of manufactured solutions.

In this procedure, an exact analytical solution is defined a
priori and later substituted into the continuum equations in
order to obtain associated forcing terms. These forcing terms
are then introduced as perturbations in the FE computation.
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The manufactured solutions are composed of smooth func-
tions. Dirichlet boundary conditions are prescribed over the
boundaries upon evaluation of the displacement analytical
solution. So as to avoid mixing both spatial and time errors,
we consider static solutions.

The region we consider is the unit square plate Qg = [0, 1] x
[0, 1] m? under plain strain assumption and we impose the
following manufactured displacement and pressure fields

u(X.Y) = k[(X +Y)? exp(X + 1), = (X + )’ exp(X + V)|,
(3.67)
p(X,Y) = g sin(27X) sin(27Y), (3.68)
where k = 0.01 m™! and X and Y referring to the Cartesian
axes in the reference configuration (cf Figs. 3.1a-3.1b-3.1c).

It is important to note that this displacement field gives an
incompressible motion due to the fact that the Jacobian J = 1
for all X,Y. We set a Neo-Hookean material with quadratic

Figure 3.1: Manufactured con-
vergence test. Displacement and
Pressure solutions (3.1a ,3.1b and
3.1c) and an example of a linear
triangular structured mesh (3.1d).
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law for the deviatoric part of the stresses, with Young Mod-
ulus E = 10 MPa. We study the convergence behavior of
the proposed method by running the case on seven meshes
obtained by refinement of the grid shown in Fig. 3.1d. The
sequence is of structured grids of 2xn? linear elements, being
n the number of FEs along each side of the domain.

The normalized error has been computed in the L? (Q)-norm
for displacement and pressure with ASGS and OSGS stabiliza-
tion techniques. Figs. 3.2a-3.2b show the convergence plot
for the proposed formulation. The reader can note that the
scheme proposed shows the desired rate of convergence re-
gardless the stabilization technique.

—»—ASGS
) 0sGS
107 F /- - ~Slope 2.0

2(Qy) displacement error
>

L

=

\
A

——ASGS
0SGS
10-1 L |= = —Slope 1.5

L?(9p) pressure error

=}
N
v

107

10°® -
1073 1072

Element size (h)

(a) Displacement error upon mesh refinement

107 10 102 107
Element size (h)

(b) Pressure error upon mesh refinement

Figure 3.2: Manufactured convergence test. Convergence rate of the up formulation upon mesh refinement.

[48]: Chiumenti et al. (2002), “A
stabilized formulation for incom-
pressible elasticity using linear
displacement and pressure inter-
polations”

[61]: Scovazzi et al. (2016), “A
simple, stable, and accurate lin-
ear tetrahedral finite element for
transient, nearly, and fully incom-
pressible solid dynamics: a dy-
namic variational multiscale ap-
proach”

[62]: Rossi et al. (2016), “Im-
plicit finite incompressible elasto-
dynamics with linear finite ele-
ments: A stabilized method in rate
form”

Plane Strain Cook’s Membrane

In this case, we study the dynamic Cook’s membrane, a bend-
ing dominated example. This is the standard test used by
many authors as a reference test to check their formulations.
Although this test was firstly introduced for static cases [48,
61], an extension to transient problems can be found in [62].
We are going to keep the finite strain assumption in order to
evaluate our nonlinear FE formulation, even if in this case
the strains could be considered small.

The problem consists of a tapered panel, clamped on the left
side and subjected to a shearing vertical load at the free right
edge, ty = (0,6.25) Pa. Stress free boundary conditions are
applied on the remaining boundaries. We set a Neo-Hookean
material with Young Modulus E = 250 Pa and density p, =
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'

o< X

(a) Geometry (m) (b) Linear triangular mesh with N FEs
along each side

1kg/m>. To define the deviatoric part of the material, we
consider a quadratic law. The initial conditions are u’ = 0
and v' = 0. The geometry of this problem is shown in Fig.
3.3a.

In order to test the evolution of the solution while refining
our mesh, the problem has been discretized into linear trian-

gular structured meshes with N FEs along each side (see Fig.
3.3b).

o
3

o
o

o
~
+

No stabilization
ASGS
0SsGS

Vertical displacement at point A

o
[N

0 2‘0 46 66 86 10‘0 12‘0 140
Number of elements per side

In Fig. 3.4, we present a comparison of the vertical displace-
ment at point A att = 7 s using the mixed up formulation
without stabilization and stabilized with both the ASGS and
the OSGS methods. For all cases, we fix the time step as
At = 0.05 s and the BDF2 time integration scheme is ap-
plied.

Figure 3.3: Cook’s membrane
problem. Geometry (3.3a) and an
example of a linear triangular
mesh (3.3b).

Figure 3.4: Cook’s membrane
problem. Convergence of the ver-
tical displacement (m) at point A
att=7s.
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Remark 3.5.5 In this case, we have selected BDF2 in order
to ensure that the numerical dissipation introduced by the
time integration scheme is enough to eliminate the non-
physical high-frequency modes appearing in the numeri-
cal solution (see Fig. 3.6).

Fig. 3.4 illustrates the convergence of our mixed proposed
formulation depending upon the chosen stabilization. Both
OSGS and ASGS deal appropriately with the incompressibil-
ity constraint whereas when no stabilization is considered
we observe a poor convergence rate. Despite the fact that the
momentum equation does not need to be stabilized, the er-
ror introduced for the constitutive law of the pressure causes
the poor accuracy of the displacement. As expected, the pro-
posed stabilized mixed formulation does not exhibit volume
locking for neither the ASGS nor the OSGS methods.

It is interesting to observe that the ASGS stabilization method
behaves better than the OSGS one only when using really
coarse meshes. This behavior is justified due to the fact that
in the OSGS technique, we are approximating the projection
onto the FE space evaluated in the previous time step. This
approximation may be introducing an error that clearly de-
pends on the mesh as well as the time step size.

(a) No Stabilization (b) ASGS (c) OSGS
Figure 3.5: Cook’s membrane problem. Pressure field (Pa) for a 64 x 64 x 2 triangular linear mesh.

For the sake of completeness, Fig. 3.5 shows the pressure
field for the three cases and the deformed solution at ¢t = 7 s.
As mentioned before, when no stabilization is applied, pres-
sure gradients appear over the inner element boundaries due
to the jumps of pressure values in the elements as it can be
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observed in Fig. 3.5a. On the other hand, we can see that
both the ASGS and the OSGS methods yield the pressure field
properly, as it is shown in Figs. 3.5b-3.5c. Let us remark that
the OSGS method is able to concentrate more accurately the
maximum values of the pressure.

In order to study the relation between the different proposed
formulations with the several time integration schemes we
have introduced in this work, we show in Fig. 3.6 the evolu-
tion up to T = 7 s of both the vertical displacement and the
pressure at the right top corner of the membrane for At = 0.05
s and for a fixed 128 x 128 x 2 linear triangular mesh.

1.2 —BDF1 27 —BDF1
BDF2 BDF2
—Newmark —Newmark|
1 26.5
E /
£0.8 26
]
g g |
< £
2.0.6) 5255
2 2
a ¢
= & !
9
50.4 25
> /
0.2 24.5
24
051 15 2 25 3 35 4 45 5 55 6 65 7 0 051 15 2 25 3 35 4 45 5 55 6 65 7
Time (s) Time (s)
(a) Vertical Displacement (m) (b) Pressure (Pa)

Figure 3.6: Cook’s membrane problem. Comparison between several time integrators with At = 0.05 s and a linear
triangular mesh with 128 elements per side.

The comparison of the BDF1, the BDF2 and the Newmark
time integrators of Fig. 3.6 clearly demonstrates the follow-
ing facts. On the one hand, BDF1 is only first-order accu-
rate and it is highly dissipative, affecting the accuracy of the
method by eliminating physical modes of the pressure. On
the other hand, in spite of the fact that Newmark scheme is
second-order for f = i andy = %, it does not introduce any
numerical dissipation, which would help preventing high fre-
quency oscillations of nonphysical modes. With regards to
BDF?2, it is seen that it is able to dissipate the nonphysical
modes while keeping the accuracy of the method and it can
be safely used.
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Figure 3.7: Bending beam. Geom-
etry (3.7a) and initial velocity field
(3.7b).

Remark 3.5.6 In order to overcome the problem described
with the Newmark scheme, several time integrators have
been introduced over last decades. Among them, the well-
known Generalized-a method [72], to control the numeri-
cal dissipation that needs to be added to the system.

A 3D bending beam problem

As a third test in finite elasticity, we consider a three dimen-
sional beam of square section clamped on its bottom face
very similar to the one presented in [61]. The initial geom-
etry is a parallelepiped of dimension 1 x 1 x 6 m as shown
in Fig. 3.7a. We consider stress free conditions and zero dis-
placement initial conditions are applied. In order to initialize
the bending of the column, we impose an initial velocity con-
dition (see Fig. 3.7b) and an initial displacement field such
that

T
V0 (X,Y,Z):(%Z,0,0) m/s; u (X,Y,Z)=0m.  (3.69)

The material is considered Mooney-Rivlin with initial den-
sity py = 1.1 x 10° kg/m3, @; = 2.69 MPa and @, = 0.142 MPa,
identical to the one proposed in [62]. Due to the fact that
the beam is clamped on its bottom face, we impose homoge-
neous boundary conditions for the displacement field. The
rest of the boundary is prescribed with zero traction.

12

| Y
X X

(a) Geometry (b) Initial velocity, v(X,Y, Z,t = 0)

The interest of this example is to show the performance of
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’ Mesh ‘ Number of elements Table 3.1: Bending beam. Differ-
ent meshes and number of ele-
1 6x6x%x36x6 ments.
2 8x8x48 x6
3 12x12x72%6

the proposed formulation in bending dominated scenarios.
As explained before, this method is independent of the kind
of hyperelastic material model. Therefore, we have selected
a Mooney-Rivlin model to simulate this bending dominated
problem. The main goal of this example is to show that our
stabilized mixed formulation works properly in bending dom-
inated scenarios and in 3D cases for truly incompressible
materials. For this reason, we have selected 3 different lin-
ear tetrahedral meshes, which are built from original meshes
made of hexahedra further subdivided into 6 tetrahedra, spec-
ified in Table 3.1.

In order to avoid nonphysical modes appearing from the time
integration scheme, we have selected the high-dissipative BDF2
time integrator with time step At = 0.01 s.

3, i 1000
500

0
-500
-1000;

-1500;

Pressure (Pa)

-2000:

Displacement u, (m)

-2500

-3000

-3500(-)

0.5 1 1.5 2 2.5 3

. 0.5 1
Time (s)

1.5 2 2.5 3
Time (s)

(a) Displacement u, (m) (b) Pressure (Pa)

Figure 3.8: Bending beam. Comparison between several meshes with At = 0.01 s and ASGS as stabilization tech-
nique.

Fig. 3.8 displays a comparison among several refinement lev-
els up to T = 3 s at the red point of Fig. 3.7a. Fig. 3.8
clearly shows the effectiveness of the proposed scheme to
produce locking-free behavior without spurious oscillations
in the pressure field. It is interesting to see that even for very
coarse meshes like Mesh 1, where the spatial error is propa-
gated along time, the method is able to capture well-solved
fields without nonphysical modes in the pressure field.
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Figure 3.9: Bending beam. Defor-
mation and pressure field (Pa) for
At = 0.01 s with ASGS stabiliza-
tion technique from ¢t = 0.5 s to
t=15s.

Figure 3.10: Bending beam. De-
formation and pressure field for
At = 0.01 s with ASGS stabiliza-
tion technique from¢ = 2stot =3
s.

[58]: Bonet et al. (2015), “A first
order hyperbolic framework
for large strain computational
solid dynamics. Part I : Total
Lagrangian isothermal elasticity”
[59]: Gil et al. (2016), “A first
order hyperbolic framework
for large strain computational
solid dynamics. Part II : Total
Lagrangian compressible, nearly
incompressible and truly incom-
pressible elasticity”

[61]: Scovazzi et al. (2016), “A
simple, stable, and accurate
linear tetrahedral finite element
for transient, nearly, and fully
incompressible solid dynamics: a
dynamic variational multiscale

approach”

[62]: Rossi et al. (2016), “Implicit
finite  incompressible elasto-
dynamics with linear finite

elements: A stabilized method in
rate form”
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To end up this problem, Figs. 3.9-3.10 show the evolution of
the deformation and the pressure field along timeupto T = 3
s for Mesh 3. It can be observed that the deformation is ac-
curately reproduced even for complex hyperelastic material
models like the Mooney-Rivlin model in fully incompressible
scenarios. Regarding the pressure field, we can state that it
is correctly captured by our mixed formulation, placing the
maximum values of the pressure at the bottom of the beam,
where the structure is clamped and where they are expected
to appear.

Twisting column

As a final example, we present the twisting column test. This
test is widely used to assess the robustness of any formula-
tion in extreme nonlinear deformations [58, 59, 61, 62].

The geometry is identical to the bending beam described in
the previous example. The beam is also clamped on its bot-
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tom face. In order to make the column twist, we apply an
initial sinusoidal velocity field:

VO (X,Y,Z) = w sin (%)(Y, ~x,000 mss, (3.70)

where w = 100 rad/s. The material is considered Neo-Hookean
with initial density p, = 1.1 x 10°> kg/m3, Young modulus
E = 1.7 x 107 Pa and Poisson ratio v = 0.5. To define the
deviatoric part of the material, we consider a Simo-Taylor
law. The geometry of the column is shown in Fig. 3.7a and
the applied initial velocity in Fig. 3.11. Several levels of re-
finement have been considered to perform the computations.
To construct the meshes, we start with hexahedral elements
which are further subdivided into 6 tetrahedral ones each. So
we consider 3 different meshes. Mesh 1, with 8 x 8§ x 48 x 6
linear FEs, Mesh 2 with 12 x 12 x 72 x 6 FEs and we end up
with Mesh 3 with 16 x 16 x 96 x 6 FEs. We consider the BDF2
time integrator.

0.166 0 L2 -0.653 0.329 0 -0. -1 -1.37 0661 0 -0.5 -t -1.5-2.01
— | [ —_— | o | | |

(a) Mesh 1 (b) Mesh 2 (c) Mesh 3

Figure 3.11: Twisting column. Ini-
tial velocity field.

Figure 3.12: Twisting column.
Deformation and pressure field
(MPa) for At = 0.0l satt =0.1s
with the OSGS stabilization tech-
nique.
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Figure 3.13: Twisting column.
Deformation and pressure field
(MPa) for At = 0.001 satt =0.1s
with the OSGS stabilization tech-
nique.

Figure 3.14: Twisting column.
Deformation and pressure field
(MPa) for At = 0.01satt = 0.3s
with the OSGS stabilization tech-
nique.

0.0990 B 2.83 0152 I 3 392 0681 3 4-4.94
S B E— —_— e el
(a) Mesh 1 (b) Mesh 2 (c) Mesh 3
0.122 0 -01 -02 -03 -0.456
0.186 0 -0.1-02-0.3-0.4 -0.567 0.526 0.2 0 -0.2-0.4-0.6 -1.02
—_— S | [ JER B R

(a) Mesh 1 (b) Mesh 2 (c) Mesh 3

The deformation and the pressure field are shown fort = 0.1s
andt = 0.3 s in Figs. 3.12-3.13 and Figs. 3.14-3.15 respectively.
We have included the results for At = 0.01 s and At = 0.001 s
in order to observe the roll of the time step.

With regard to the time step, we can observe that Figs. 3.13-
3.15 are able to locate the maximum and minimum values
of the pressure in the more stressed areas, in this case, near
to the clamped boundary. It is interesting to see that the
mixed formulation proposed here produces a smooth and ac-
curate pressure field for the fully incompressible case. Let us
also remark that for coarse meshes, we observe a spatial er-
ror which is propagated along time causing the difference in
the deformation that we can appreciate in Figs. 3.14-3.15.
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Figure 3.15: Twisting column.
Deformation and pressure field

—_— | (R A S (MPa) for At = 0.001 satt =03s
(a) Mesh 1 (b) Mesh 2 (c) Mesh 3 with the OSGS stabilization tech-
nique.
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Figure 3.16: Twisting column. Displacement field at point A.

Clearly, our stabilized two-field mixed implementation pro-
duces locking-free solutions and it does not exhibit nonphys-
ical pressure fluctuations thanks to both the application of
BDF2, a high-frequency dissipation time integrator, and the
application of VMS stabilization technique, which include
sufficient numerical stabilization to the problem.

InFig. 3.16, we consider a comparison of the ASGS and OSGS
stabilization techniques of the mixed formulation for Mesh
3 and At = 0.001 s. Both stabilizations seem to closely track
each other, also considering the fact that the OSGS technique
is more dependent of the time step size due to the approxima-
tion in the computation of the projection onto the FE space,
which is computed in the previous time step to save compu-
tational effort. According to the solutions presented in [61],
the displacement field is correctly captured with both stabi-
lization methods.

Fig. 3.17 shows the evolution of the deformation of the twist-
ing column along time up to T = 0.5 s for Mesh 3 and with
At = 0.001 s and using the ASGS stabilization method. It is

[61]: Scovazzi et al. (2016), “A
simple, stable, and accurate lin-
ear tetrahedral finite element for
transient, nearly, and fully incom-
pressible solid dynamics: a dy-
namic variational multiscale ap-
proach”
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Figure 3.17: Twisting column. De-
formation along time.

Figure 3.18: Twisting column.

Nonlinear iteration convergence
att=10.5s.

1l

(a) 0.05s (b)o.1s () 0.15s (d)oz2s (e)0.25s

1]
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easy to observe the well-reproduced evolution of the defor-
mation of the column. Taking into account that this example
is considered very challenging due to the extreme nonlinear
deformations and huge number of pressure modes that ap-
pear, we remark the robustness and applicability of our sta-
bilized mixed formulation.

L*(Qy) residual error

1 2 3 4
Number of nonlinear iterations
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To end up this problem, Fig. 3.18 displays the nonlinear it-
eration convergence at time ¢t = 0.5 s for Mesh 3 and with
At = 0.001 s. The method shows almost quadratic conver-
gence no matter the stabilization technique we are applying.
It is important to remark some stabilization terms have been
linearized only up to first order, as the FE projections in the
OSGS method.

3.6 The stabilized three-field upS
formulation

3.6.1 Introduction

Several industrial manufacturing processes such as metal form-
ing, forging, or friction stir welding among many others re-
quire, at the same time, stress accuracy and performance in
the incompressible limit [73, 74]. It becomes crutial in these
cases to use a FE technology capable of dealing with complex
phenomena such as strain localization [11], the formation of
shear bands, the prediction of crack propagation [75] or the
isochoric behavior of the inelastic strains [28].

In biomechanics, several materials can be modeled as nearly

or fully incompressible [40]. Stress accuracy enhancement

becomes very useful in many fields, such as cardiac electrome-
chanics [76, 77] in which stress tensor acts as the coupling

field with the equations describing electrical propagation in

stress-assisted diffusion models [78].

In Section 3.5, a stabilized mixed displacement/pressure is
presented for both nearly and fully incompressible hyperelas-
tic material models. In the present section, we make a step
forward introducing a mixed three-field formulation based
on displacement/pressure/deviatoric stress® elements inter-
polated with equal-order elements for all master fields. The
only requirement is the introduction of the constitutive law
for deviatoric stresses in the system of equations to be solved.
This technology is expected to enhance stress accuracy as
well as to increase the ability to capture stress concentrations
with the guarantee of stress convergence upon mesh refine-
ment.

85

[73]: Moreira et al. (2022), “Ac-
curate thermal-induced structural
failure analysis under incompress-
ible conditions”

[74]: Dialami et al. (2020), “Defect
Formation and Material Flow in
Friction Stir Welding”

[11]: Cervera et al. (2010), “Mixed
Stabilized Finite Element Meth-
ods in Nonlinear Solid Mechanics.
Part II: Strain Localization”

[75]: Cervera et al. (2022), “A Com-
parative Review of XFEM, Mixed
FEM and Phase-Field Models for
Quasi-brittle Cracking”

[28]: Chiumenti et al. (2021),
“Stress, strain and dissipation ac-
curate 3-field formulation for in-
elastic isochoric deformation”
[40]: Holzapfel (2001), “Biome-
chanics of soft tissue”

[76]: Farrell et al. (2021), “Mixed
Kirchhoff  stress-displacement-
pressure formulations for
incompressible hyperelasticity”
[77]: Ruiz-Baier et al. (2020),
“Thermo-electric  effects  in
an  anisotropic  active-strain
electromechanical model”

[78]: Propp et al. (2020), “An
orthotropic  electro-viscoelastic
model for the heart with
stress-assisted diffusion”

2: As it will be shown, the stress
used as unknown is deviatoric in
the deformed configuration only.
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3.6.2 Governing equations

In this section, a novel three-field formulation is introduced.
The objective is the definition of a general framework, which
includes the mixed two-field formulation presented in Sec-
tion 3.5 to be able to tackle the incompressible limit and intro-
duces S’ as primary unknown to obtain a higher accuracy in
the computation of stresses in finite strain problems. To this
end, let us introduce the three-field mixed upS’ formulation.
Let ® = {(X,1)| X € Qpy, 0 <t < T} be the space-time domain
where the problem is defined. The problem consists of find-
ing a displacement field, u : ® — R?, together with a devia-
toric component of the PK2 stress tensor, 8’ : ® — RY @ R?
and a pressure field, p : ® — R such that

Finite strain hyperelasticity. upS’ formulation. Gov-
erning equations in TLF

82ua ) ,
Pz~ X, {Fap(w)Sp4}
d _ .
oo APT@EA) ' = poby 10 Qo x]0.T[, (3.71)
A

PLdC 0 inux]oT[, (372)

kK dJ
Sis—22 (wy=0  inQx]0.T[. (3.73)

The governing equations must be supplied with initial condi-
tions of the form u = u’, aa—ltl =v%in Q, at t = 0, with u® and
v¥ given, and a set of boundary conditions which can be split
into Dirichlet boundary conditions (3.74), where the displace-
ment is prescribed, or Neumann boundary conditions (3.75),

where the value of tractions ty are prescribed, i.e.:

u=uponTlyp, (3.74)

(3.5) , T
ng - (FS) = nj- (FS ) - p]nOF =ty on FO,N’ (375)
where n, is the geometric unit outward normal vector on the

boundary of the reference configuration I'y. To simplify the
exposition, we will consider up = 0 in the following.
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Remark 3.6.1 Verifying that this formulation reduces to
the mixed three-field formulation in linear elasticity when
infinitesimal strains theory is considered is crucial. Asitis
shown in Remark 3.5.1 both the momentum equation (3.71)
and the incompressibility equation (3.72) reduce to

Pu,  Isg, L 9P _
a2 oxy, Ox,

p Pba. (3.76)

and
p

Livou=o, (3.77)
K

respectively. With respect to the deviatoric constitutive
law (3.73) we can observe that

S = JFsFT=~(1+V-u)d+vu) 'sT+Vu) "
=s+0([vu*) = s (3.78)

and all the deviatoric models of the strain energy (which

are presented in Section 3.3) must satisfy that, in the in-

finitesimal strain assumption, they recover the deviatoric

constitutive law of linear elasticity when second order terms
are neglected. Therefore

dev
s=2—=C : g, 3.79
=C (3.79)
where ¢ is the infinitesimal strain field and C%€V is the 4th
order deviatoric constitutive tensor for isotropic linear elas-
tic materials and it is defined as

cdev = 2;1{11— %I ® I}. (3.80)

With Egs. (3.76-3.77-3.79) we recover automatically the

three-field formulation for linear elasticity presented in

[27]. [27]: Chiumenti et al. (2015), “A
mixed three-field FE formulation

for stress accurate analysis includ-
ing the incompressible limit”

3.6.3 Variational form

Let U, P and S be, respectively, the proper functional spaces
where displacement, pressure and deviatoric PK2 stress so-
lutions are well-defined for each fixed time t € ]0,T[. We
denote by U, functions in U which vanish in the Dirichlet
boundary Iy . We shall be interested also in the spaces W =
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UxPxSand W, :=UyxPx8$.

The variational statement of the problem is derived by test-
ing system (3.71)-(3.73) against arbitrary test functions, U :=

[6u,8p,85']", Su € Uy, 8p € Q and 88’ € S. The weak form of
the problem reads: find U := [u, p, S’]T : 10, T[ - W, such
that initial conditions are satisfied and

Finite strain hyperelasticity. upS’ formulation. Varia-
tional form in TLF

ou

<5ua, Po ?za> + o (U, (SU) =% (5U) v oU e Wo, (381)

where & (U, 8U) is a semilinear form defined on W, x W,
as

2l 2l
.d (U, 5U) — < ua ua dG

0Xy~ FaBSBA> <3XA ’p]FAa> " <5p’ d]>

+ <5p, £> + (84 Sap) — <5SIAB’ 2ﬂ>~ (3.82)
K ICyuB

In addition, & (6U) is a linear form defined on W, as

F (O0U) = (Suy, pob,) + <5ua, tNa> (3.83)

Ton *

Integration by parts has been used in order to decrease the
continuity requirements of unknowns p and S’.

3.6.4 Linearization

In order to solve the problem, the system needs to be lin-
earized so that a bilinear operator which allows to compute
a correction AU of a given guess for the solution at time ¢"*?
is obtained, that we denote by U™*!. Iteration counters will
be omitted to simplify the notation. After using a Newton-
Raphson scheme, we obtain the following linearized form of
the problem. Given U™ as the solution at time t"*! and the
previous iteration, find a correction AU := [Au, Ap, AS’]T €
W, such that
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Finite strain hyperelasticity. upS’ formulation. Linearized
variational form in TLF

<5u Py Au> + B (AU, 8U) = F (3U)

— o (U"1,5U) — (Su, ppa™™!) v U € Wy,
(3.84)

where % (AU, 5U) is the bilinear form obtained through the
Newton-Raphson linearization and it is defined on Wy x W,
as

odu, 6Au odu,
R (AU, 80) = ( —2, —Ls! >+<—“,F AS; >

aXA’] Ab X Ba ]A FAa>

55 o B DDl
AB> “ABCD*aC 3~ aXD

o
<8(5ua aAub F_1> <85ua
s

)+ (553 535)

aAu, A
+ <5p,f( NF;! aXf; > + <5p, 7p> (3.85)

where f(J) is a function coming from the linearization of 46 ]
and depends upon the volumetric strain energy function into
2 *w

stitutive tangent matrix which relates variations of the de-
viatoric PK2 stress tensor, AS’, with variations of the Right
Cauchy tensor, AC. Let us remark that all terms are evalu-

ated at U™1,

consideration and C 5, = is the deviatoric con-

3.6.5 Symmetrization

In the way we have written the problem, it is not symmet-
ric. To achieve symmetry?, it is possible to modify Eq. (3.84)
by

Finite strain hyperelasticity. upS’ formulation. Sym-
metrized linearized variational form in TLF

3: In the case of homogeneous
boundary conditions, obviously.
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<5u, o A%Au> + @mod (AU, 5U) = F (8U)
_ 'Q{mod (Un+l,§U) _ <5u, poan+l>
v 8U € W, (3.86)

where ™°4 (AU, §U) is the bilinear form defined on WoxW,
as

ddu, A o)
#md (AU, 5U)—< e ;“sgA>+<ﬁ,FaBAsgA>

X4
<85ua 718AubF >
aXA’ Bh aX Aa
abu, 1 90w, ddu,

+ , —F L, JA F—1>
<8XA Ab 8X Ba> <aXA ] p Aa
oAu _
<55A3s A7 a> + (8845 ClapepASco)

) oy
+<5p,]FAa X, +(0p, = 0 ,  (3.87)

and &/™°4 (U™, 5U) is a semilinear form defined on WoxW,

as
adu, , du
.SmeOd (Un+1’5U) = <§:5FaBSBA> - <(9Xa ]FAa>
4 ’r— ’ aW
+ <55AB’ CAB1CDSCD> <5SAB’ CABCDZ aC >
J dG> < J P>
+{6p, =———)+{p, (3.83)
< () dJ §10))

where we have multiplied the second equation by the lin-
earized term =% and we have introduced €’ ! as the inverse

f(J )
deviatoric constitutive tangent matrix. To define such 4 or-

der tensor, it is necessary to obtain the inverse strain energy
function, which involves a nonlinear problem.

From the conceptual standpoint, the test functions for the
constitutive equation in the non-symmetric case are in fact
strains, whereas in the symmetric case they are stresses. Let
us also remark that, while in the infinitesimal strain theory
it is equivalent to use stresses or strains as unknowns, in fi-
nite strain elasticity the symmetrization of the problem using
strains (e.g. the Green-Lagrange strain E) is much more in-
volved than using the PK2 stress that we have presented. In
any case, we will not discuss here the introduction of strains
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as unknowns of the problem.

For simplicity, we will employ the non-symmetric form of the
problem in what follows, although the use of the symmetric
version would be straightforward.

3.6.6 Galerkin spatial discretization

The standard Galerkin approximation of this abstract vari-
ational problem is now straightforward. Let 9, denote a
FE partition of the domain Q,. The diameter of an element
domain K € %, is denoted by hg and the diameter on the
FE partition by h = max{hg|K € %}. We can now con-
struct conforming FE spaces U, ¢ U, P, ¢ P, §;, ¢ $ and
Wy, = Uy x Py, x §, in the usual manner, as well as the corre-
sponding subspaces Uy o € Uy and Wy, o = Uy, o x Py xSy, Uy
being made of functions that vanish on the Dirichlet bound-
ary. In principle, functions in Uy, are continuous, whereas
functions in both P;, and S} not necessarily.

The Galerkin discrete version of problem (3.84) is: for a given

T
time t"*! and a fixed iteration, find AUy, = [Auh, App, AS;I] €
W, such that

Finite strain hyperelasticity. upS’ formulation. Galerkin
discrete problem in TLF

<5uh, pO&Au,) + & (AU, 8Uy) = F (5Up)
— o (Ur*1,8Up) — (Suy, poal*!)
v 68Uy € W. (3.89)

The stability of the discrete formulation depends on compat-
ibility restrictions on the interpolation functions chosen for
the displacement, deviatoric PK2 stress and pressure fields, as
stated by the appropriate inf-sup condition [22]. According
to these restrictions, mixed elements with continuous equal
order linear interpolation for all fields are not stable. How-
ever, the inf-sup condition can be circumvented by using a
stabilization technique. This is why the so-called stabilized
formulations have been proposed to approximate this kind
of problems. The main idea is to replace Eq. (3.84) by an-
other discrete variational problem in which the bilinear form

[22]: Babuska (1971),

Bounds
Method”

for

Finite

91

“Error-
Element
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[46]: Codina (2009), “Finite ele-
ment approximation of the three
field formulation of the Stokes
problem using arbitrary interpola-
tions”

[6]: Hughes et al. (1998), “The
variational multiscale method - A
paradigm for computational me-
chanics”

[12]: R.Codina et al. (2017), Varia-
tional Multiscale Methods in Com-
putational Fluid Dynamics

% is enhanced so that it has improved stability properties.
In order to overcome the instabilities previously discussed,
we propose the stabilization technique described in next sec-
tion.

Remark 3.6.2 In principle, we have posed no restrictions
on the choice of the FE spaces. However, the Galerkin for-
mulation is only stable if two inf-sup conditions are satis-
fied, one between the displacements and the stresses and
another one between the displacements and the pressure.
This conditions are explained in [46] for the linear Stokes
problem, and are obviously inherited in the nonlinear prob-
lem considered now. Only stresses can be controlled with
the Galerkin formulation, and in the case of compressible
materials also the pressure, but this control disappears as
k — oo. Displacement gradients need to be controlled us-
ing an inf-sup condition and pressures (regardless of the
compressibility) using another one. The alternative to us-
ing the Galerkin method with FE spaces satisfying the inf-
sup conditions is to use a stabilized FEM, as the one we
describe next.

3.6.7 Stabilization

In this section, the VMS method [6, 12] already introduced
in Section 3.5.7 is applied to stabilize the discrete formula-
tion of the mixed three-field problem allowing for the use of
linear interpolations for all master fields. Galerkin’s space of
approximation, Wy, is enlarged by adding the SGS space, W.
Let W =W, & W. The SGS are denoted by U= [, p, S’]T.
Likewise, let Wy = Wy o @ W, where W, is being made of
displacement SGSs (defined at element level) that vanish at
all the element boundaries.

Taking into account that 9 is a bilinear form, the continuous
problem (3.89) is equivalent to find Au, € Wy,gand U e W
such that

<5uh, Po éAuh> + <(Sllh, pofin+1> +RB (AUh, (SUh)
+% (0,8U;) = F (3Uy) — o (U1, 5Uy)
— (8up, poa™!) v U, € Wy, (3.90)
. C O ~
<5u, 2o A_tzAuh> + (50, ppa"*)y + B (AUh,ch)
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+% (0,60) = # (60) — o (Ur*,60)
<5u poa”“> v 8U € Wy, (3.91)

The approximation to the acceleration obtained from the dis-
placement SGS at time t"*! has been denoted by a"*!.

In this section we consider again the SGSs to be quasi-static.
We also assume the SGSs to behave as bubble functions. Tak-

ing this into account, we can integrate by parts within each
element in Eq. (3.91) to obtain:

D <5ﬁ, poéAuh>K + 3 (SUBAURY + 3 (50,8 (D)),
K K K

<5ﬁ’ F>K - ; <5ﬁ’ A (UZ“)) K
(50, poali ™) v 85U € Wy, (3.92)

R

T
where B = [Bu, B, BS/] is a linear operator coming from the

integration by parts of % such that % (5Uh, 5U) =Yk <5U, B (AUh)> .

and it is defined as

P 8Auha , 9 ,
By (AUp), = “ax, {ESAB} "X, {FaBAShAB}

9 1 8Auhb 1
+ 87 JpFgy aTFAa aX —— {JAPFR,}
3A
{] Ab e FBa}’ (3.93)
B, (AU) = £(J) Fil Onth, , Apy (3.94)
p h/ = Aa aXA K ’ '
aAuh
By (MUn)ap = ~Clhncpact + A5, (3.95)

T
Regarding the right-hand side, F = [Fu, F,, Fsl] appears from
the external forces form # and it is given by

Fua = poba ; FP =0 5 FS,AB = 0, (396)

and finally A (UZ“) = [ Ay (UZH) A, (UZ+1) ,Ag (UZH)]T
comes from the integration by parts of o/ and it is defined
as

Au(ugﬂ)a:—&{mgsgm 2 JpFalh  (397)

93
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[27]: Chiumenti et al. (2015), “A
mixed three-field FE formulation
for stress accurate analysis includ-
ing the incompressible limit”

A, (Urth) :Z—(]} + g, (3.98)
As (Up™) 1 =Shs —2 o

—_— 3.99

Eq. (3.92) must be satisfied for all elements K € 9, and for
any 6U € W, which strictly enforces that

11(B(AU,) +B(0)) =T (F- A(Ur)), (3.100)
This equation allows us to obtain an expression for the SGSs:
(B (U)) =11(F-A(U'*!) - B(AUp))
=TI(R(UI!) + Ray (AU)) (3.101)

where the residuals are defined as Ryy (AUp) := —B (AUy)
and R (UP*!) .= F— A (UP*1),

The idea now is to approximate operator B by a matrix 73!
within each element K. Since we may consider that 731U
already belongs to the SGS space, II (rz'U) = r5'U, and from
Eq. (3.101) we obtain

U~k M(R(UMY) + Rpy (AUR))  inK e, (3.102)

where 7 is a matrix of algorithmic parameters depending on
K and the operator B. This approximation for U is intended
to mimic the effect of B (fJ) in the volume integral (3.90). Let
us remark that 7 is taken as a diagonal matrix of stabiliza-
tion parameters, 7x = diag (Tuld, Tp, rsll), with I the identity
on vectors of RY and parameters 7, 7, and 75 are coefficients
coming from the study of the behavior of the stabilization
parameters based on a Fourier analysis of the problem for
the SGSs. In this work, we propose to use the stabilization
parameters presented in [27] for linear elastic cases:
hic
Ww=ag and 7, =2cu and 75 =c3, (3.103)
where ¢y, ¢, and ¢5 are algorithmic parameters which must be
determined.

Finally, Eq. (3.102) can be introduced into the FE scale equa-
tion to obtain the following stabilized weak form
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Finite strain hyperelasticity. upS’ formulation. Stabi-
lized weak form in TLF

<5uh,p0 éAuh> +RB (AUh,5Uh)
+ Y i (LU, T (R (UF) + Ray (AU)))
K

= F (8Uy) — o (UT*1,8U)) — (Sup, poali*l) v 8U, € Wiy,
(3.104)

T
where L (6Uy) = [Lu (6Up),L, (8Up), Ly (5Uh)] is a linear
operator coming from the integration by parts of & such that
% (0,8U,) = T i (L(8Up), U) and it is defined as

9 (95up 9  dbuy,
L,(0Uy), =— —{——=8pt + — Fr1 Fol
u( h)a X4 { 90X AB} X4 {]‘p Aa 9Xs Bb
P _la5uhb 1 9 »
-2 et - 2 s
a ,
+ X {5SABCABCDF(ZC}’ (3105)
D
dduy, Sp
Lp (Up) =——JFag + —, 3.106
dbuy,
Ls (6Un) s ZEF(ZB +05)p. (3.107)

In this work, three different stabilization methods are consid-
ered.

Algebraic SubGrid Scales (ASGS)

We take the projection onto the SGS space as the identity
when applied to the residual, so that

(R (UT*) + Ray (AUR)) = R(UP) + Ray (AU), (3.108)
and we obtain as a final stabilized formulation
C
<5uh, Po EAUh> + % (AU, 5Uh)
+ )7k (L(8Up), Ry (AUR)) = F (3Uy)
K

— o (Ur*1,8Uy) — (Suy, poal™!)

95
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— Yk (LU, R(UM)) v 86U, € Wiy
K

(3.109)

Orthogonal SubGrid Scales (OSGS)

We take the SGS space orthogonal to the FE space:

(R (UI*) + Ray (AUR)) = R(URFY)
+Rpy (AUp) — I (R (UP1)),
(3.110)

where IT" is the L? (Q,) projection onto the FE space. Due
to the fact that this projection would increase the size of
our system if we compute it in an implicit way, we have de-
cided to approximate it with the residual of the previous iter-
ation by neglecting the projection of the operator Ryy (AU).
The final form of the stabilized problem with OSGS method
emerges as

<5uh,p0 éAuh> + %B (AU, 6Uy)
+ 3 T (L(8UR) . Ray (AUR)) = F (8Up)
K
— o (U1, 8Uy) — (sup, poag“}
= 2 & (LGU) R(UpH) -1 (R (U7))
K

v 8U), € Wy, (3.111)

Split Orthogonal SubGrid Scales (S-OSGS)

A key property of the OSGS stabilization is that, thanks to
the projection onto the FE space, we keep the consistency
of the formulation in a weak sense in spite of including just
the minimum number of terms to stabilize the solution. This

property allows us to propose the following split version of
the OSGS method:

C
<5llh, Po A_tzAUh> + 3B (AU, 6Uy,)
+ Y 1 (L* (8Up) R}, (AUR)) = F (8Uy)
K

— o (Ur*1,5Up) — (sup, poaz+1>
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- Bl 0y R (0) -1 & ()

v 86Uy, € Wy, (3.112)
where the split operators are defined as
* J — *
By (AUR), = =<~ {JAphFag}, By (AUR) =0, (3.113)
A
. , aAuha
Bg, (AUp) 4 = _CABCDFaCE> (3.114)
* (Y1) _ O —17 A% ({mtl) _
A; (Ut = ax; UPFaak A (urt) =o, (3.115)
* +1 . ow
AL (U, = P (3.116)
* J — *
L (OUw), = —5o= {8pf(DFal}. Ly GUD =0, (3.117)
A
. 65uha
L, (6Up)ap = mFaB- (3.118)

The S-OSGS method is not just a simplification of the OSGS
one. For smooth solutions, both have an optimal conver-
gence rate in mesh size. However, in problems where the so-
lution has strong gradients, we have found the S-OSGS more
robust, similarly to what it is explained in [15].

3.6.8 Numerical examples

In this section, several numerical examples are presented to
assess the performance of the proposed three-field formula-
tion. As a first case, a test with a manufactured solution is
considered to analyze the spatial discretization errors upon
mesh refinement and the nonlinear iteration convergence er-
ror with a Newton-Raphson scheme for each unknown of the
problem. Later, we consider a bending problem for a beam-
like structure in order to show the behavior of the method
in bending dominated scenarios. Finally, a twisting column
is set which presents extreme nonlinear deformations. All
these examples are widely used in incompressible hyperelas-
tic cases [58, 59, 61, 62]. To highlight the main advantages
of the presented three field mixed upS’ formulation with re-
spect to the two-field one presented in Section 3.5, some com-
parisons will be done against the stabilized mixed up formu-
lation proposed in the previous section.
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[71]: Vorst (1992), “Bi-CGSTAB:
A fast and smoothly converging
variant of Bi-CG for the solution
of nonsymmetric linear systems”

[17]: Balay et al. (2015), PETSc
Web page

For all the numerical examples included next, hyperelastic
models are considered fully incompressible, and so the bulk
modulus is k = oo, unless otherwise specified. With regards
to the stabilization technique, we select the S-OSGS method
except where otherwise stated. The algorithmic parameters
are settoc; = 1,¢, = 1 and ¢35 = 0.5. As previously discussed,
the nonlinearities in the problem are solved via a Newton-
Raphson scheme. Depending on these nonlinearities, the ini-
tial guess of the iterative procedure needs to be close enough
to the solution to guarantee convergence of the nonlinear it-
erations. In time-depending schemes, the time step is the
parameter which controls the evolution of the nonlinear it-
erations, so we will have to tune it depending on the non-
linearities of each numerical example. A maximum of 10 it-
erations is set, and the numerical tolerance for the L? (Q)
norm is 1077, In order to solve the monolithic system of
linear equations, we use the Biconjugate Gradients solver,
BiCGstab [71], which is already implemented in the PETSc
parallel solver library [17].

A test with analytical solution

Let us first perform a simple test whose main objective is to
numerically check the order of convergence of the proposed
scheme with respect to the mesh size. For this purpose we
use the so-called method of manufactured solutions.

In this procedure, an exact analytical solution is defined a
priori and later substituted into the continuum equations in
order to obtain the associated forcing terms. These forcing
terms are then introduced in the FE computation. The manu-
factured solutions are composed of smooth functions. Dirich-
let boundary conditions are prescribed over the boundaries
upon evaluation of the displacement analytical solution. So
as to avoid mixing both spatial and time errors, we consider
static solutions.

The region we consider is the unit square plate Q, = [0, 1] x
[0, 1] under plain strain assumption and we impose the fol-
lowing manufactured displacement and pressure fields

u(X,Y) = k[exp(X +Y),—exp(X +Y)], (3.119)
p(X,Y) = psin(2nX) sin(2rY), (3.120)
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where k = 0.01 and X and Y referring to the Cartesian axes
in the reference configuration. All quantities are assumed di-
mensionless in this example. It is important to note that this
displacement field gives an incompressible motion due to the
fact that the Jacobian is J(u(X,Y)) = 1 for all X,Y. We set a
Neo-Hookean material for the deviatoric part of the stresses,
with shear modulus y = 3.3x10® and Poisson ratio v = 0.5 and
a quadratic law for the volumetric response. Therefore, the
manufactured deviatoric PK2 stress field is computed with
respect to the manufactured displacement field as

S(X,Y) = p{I _ %trace [C(u(X,Y)]C " (u(X, Y))}. (3.121)

We study the convergence behavior of the proposed method
by running the case on seven meshes obtained by refinement.
The sequence is of structured grids of n? linear quadrilateral
elements, being n the number of FEs along each side of the
domain.

The normalized error has been computed in the L2 (Q;) norm
for displacement, pressure and deviatoric PK2 stress fields
with ASGS, OSGS and S-OSGS stabilization techniques. Fig.
3.19a shows the displacement convergence rate upon mesh
size. As expected, all stabilization methods present the same
slope of 2.0. With respect to both pressure and deviatoric
PK2 stress fields, all methods converge with a slope of 1.5
upon mesh refinement, as it can be observed in Figs. 3.19c-
3.19¢. This, in fact, corresponds to a superconvergent behav-
ior, as the theoretical order of convergence should be 1 using
linear elements. In [46] it is shown for the linear problem
that the convergence order for displacements is k + 1 and
for stresses and pressures it is k in the L2 (Qy) norm, k being
the polynomial order of the FE interpolation. For the stress-
displacement formulation presented in [10] one can consider
dual formulations and increase the order of convergence for
the stresses and the expense of decreasing it for the displace-
ments, but this is not possible when pressures are introduced
as unknowns.

For the sake of completeness, Figs. 3.19b-3.19d-3.19f show
the nonlinear iteration convergence error for each unknown
of the formulation. As it can be seen, a quadratic conver-
gence is attained thanks to the Newton-Raphson lineariza-
tion of the problem.

More interesting results are obtained when comparing these

[46]: Codina (2009), “Finite ele-
ment approximation of the three
field formulation of the Stokes
problem using arbitrary interpola-
tions”

[10]: Cervera et al. (2010), “Mixed
Stabilized Finite Element Meth-
ods in Nonlinear Solid Mechanics.
Part I: Formulation”
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Figure 3.19: Manufactured convergence test. Convergence rate of the upS’ formulation upon mesh refinement and
nonlinear iteration convergence error.

convergence rates with respect to the ones obtained with
the mixed up formulation. Figs 3.20a-3.20b show the dis-
placement and pressure convergence rates upon mesh refine-
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up formulation

ment, respectively. Both fields are considered as primary
unknowns of both formulations and therefore a similar ac-
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curacy for a given mesh size can be expected. Fig. 3.20c dis-
plays the deviatoric PK2 stress convergence rates upon mesh
refinement for both formulations. As expected, higher accu-
racy is achieved for a given mesh size for the mixed upS’ for-
mulation. To achieve the same accuracy, e.g. 0.1% of global
error, the up formulation requires a mesh size, h, almost 10
times finer (h = 0.003) than the upS’ formulation (h = 0.03).

Furthermore, to obtain a fairer comparison, the same study
is conducted in terms of the number of degrees of freedom
(DOFs) in Fig. 3.20d. To get an error lower than 0.1%, the up
formulation requires 6 - 10* DOFs approximately, while the
upS’ formulation needs less than 2-103 DOFs (25 times lesser
than the up formulation). Results clearly show that both the
upS’ and the up formulations deal appropriately with the
incompressibility constraint but the three-field formulation
exhibits a higher accuracy in the stress field, even for very
coarse meshes.

For the sake of exhaustiveness, Fig. 3.20e depicts the total
CPU time needed by each FE technology to achieve a given
global deviatoric stress accuracy. In particular, to reduce the
simulation error below 0.1%, the upS’ formulation is more or
less 10 times faster compared to the up one.

Remark 3.6.3 Note that the up formulation computes the
stresses (locally) at the numerical integration points, while
the upS’ formulation adopts a continuous stress field. To
compare stress accuracy, a local smoothing technique has
been applied to the original discontinuous stress fields of
the mixed up formulation. So, Figs. 3.20c-3.20d-3.20e show
the continuous values obtained after the smoothing oper-
ation.

Bending beam

As a second test in finite strain elasticity, we consider a three
dimensional beam of square section clamped on its bottom
face very similar to the one presented in [61]. The initial
geometry is a thick column of dimensions 1 x 1 x 6 m as
shown in Fig. 3.21a. We consider stress free conditions in all
boundaries except the clamped one in which zero displace-
ment is imposed. An initial linear in space velocity field



T
vO(X,Y,2) = (gZ, 0, O) m/s is imposed so as to start the col-
umn oscillations in time, leading to a large oscillatory bend-

ing deformation.

X

(a) Geometry

A Mooney-Rivlin material with initial density p, = 1.1 x 10°
kg/m?® and material parameters ¢; = 2.69 MPa and a, = 0.142
MPa is considered. In order to avoid unphysical modes ap-
pearing from the time integration scheme, we have selected
the mildly-dissipative BDF2 time integrator with time step

At =0.01 s.

The main goal of this example is to show that our stabilized
mixed formulation works properly in bending dominated sce-
narios and in 3D cases. For this reason, we have selected
3 different structured linear tetrahedral meshes (as the one
shown in Fig. 3.21b), specified in Table 3.2.
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(b) Mesh

‘ Mesh ‘ Number of elements ‘

1 6XxX6%x36%6
2 8x8x48x 6
3 12x12x72%6

Let us start showing some interesting properties about the
three-field mixed upS’ formulation presented here with re-
spect to the classical displacement-based formulation [9] (from

Figure 3.21: Bending Beam. Ge-
ometry (3.21a) and tetrahedral
structured mesh (3.21b).

Table 3.2: Bending Beam. Dif-
ferent mesh and number of ele-
ments.

[9]: Bonet et al. (1997), Nonlinear
Continuum mechanics for finite el-
ement analysis
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now on named as u formulation). To do so, let us consider
the bending beam problem for several compressible regimes.
We consider 3 different scenarios: v = 0.2, which reproduces
a compressible material, v = 0.49, which mimics a nearly in-
compressible material and finally, we take v = 0.5 to reach
the incompressible limit. All these cases are performed with
Mesh 2. Fig. 3.22a displays the evolution in time up to T = 3
for the first component of the displacement field at point A.
As expected, in the compressible regime (v = 0.2), both for-
mulations exhibit very similar results.
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Figure 3.22: Bending beam. Comparison between u and up$’ formulations while increasing the incompressibility

of the material at point A.

More interesting conclusions can be drawn when moving to
the nearly incompressible regime (v = 0.49). In such case, the
displacement-based formulation presents volumetric locking,
which tends to show smaller displacements than the expected
ones. On the contrary, the upS’ formulation is able to ob-
tain proper solutions without presenting these instabilities.
Furthermore, in the incompressible limit (v = 0.5), the up$S’
formulation gives us precise solutions whereas the u formu-
lation fails over the running stage. To end up this study, Figs.
3.22b-3.22¢-3.22d show the pressure field and some compo-
nents of the deviatoric PK2 stress tensor run with the up$’
formulation. As it can be clearly seen, well-defined solutions
are obtained regardless the incompressibility of the material



3.6 The stabilized three-field upS’ formulation | 105

and no oscillations can be appreciated even for this coarse
mesh.

[[a |20y (m)
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051 \ \ / —up Mesh 2 ||
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0 0.5 1 L5 2 2.5 3
t(s)

(a) L? (Qy) norm displacement (m)

1000

p (Pa)

-500 - \/ —up Mesh ||
——up Mesh 2

upS’ Mesh 1
—upS' Mesh 2,
-1000 . . . . .
0 0.5 1 L5 2 25 3
t(s)
(b) Pressure (Pa)
6000 T
—up Mesh 1
——up Mesh 2
5000 - upS’ Mesh 1|
—upS' Mesh 2

0 0.5 1 15 2 2.5 3
t(s)

(c) L? (Q,) norm deviatoric PK2 stress (Pa)

From now on, let us consider a fully incompressible mate-
rial with v = 0.5. Fig. 3.23 presents the evolution of point A
along time up to T = 3 s for both up and up$S’ formulations.
Figs. 3.23a-3.23b show the L2 (Q)) norm for the displacement
field and the pressure field, respectively. As previously com-
mented, both unknowns are considered as main variables of
the problem. Very similar results can be observed for the
displacement field when comparing both formulations for a

Figure 3.23: Bending beam. Evolu-
tion of point A along time for both
up and upS’ formulations.
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Figure 3.24: Bending beam. Comparison between upS’ and up at t = 2.25 s. Pressure field (Pa) and L? (Q,) norm
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Figure 3.25: Bending beam. Comparison between upS’ and up at t = 3 s. Pressure field (Pa) and L2 (€,) norm of

the deviatoric PK2 stress (Pa)

fixed mesh. Despite the fact that the pressure field is a master
field for both formulations, it turns out that more accurate re-
sults are obtained for the upS’ formulation for a fixed mesh
due to the capability of the method to capture stress concen-
trations better than the up formulation. It is interesting to
remark, that the observed behavior seems to be more dissipa-
tive in the three-field formulation. This indicates that includ-
ing the deviatoric PK2 stress tensor as unknown of the prob-
lem in the upS’ formulation both enhances the accuracy of
the solution and its energy dissipation rate. On the contrary
the up formulation shows a less optimal dissipative behav-
ior for the same mesh. Furthermore, Fig. 3.23c presents the
evolution for the L? (Q,) norm for the deviatoric PK2 stress
field. As expected, for a fixed mesh, more accurate results are
obtained when introducing the deviatoric PK2 stresses S’ as
an extra unknown of the problem in the three-field formula-
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tion.

For the sake of thoroughness, we show in Figs. 3.24-3.25 the
deformed beam at t = 2.25 s and at t = 3 s, respectively run
with Mesh 1. First of all, we can observe that very similar de-
formations and pressure fields are appreciated for both for-
mulations. Finally, regarding the deviatoric PK2 stress ten-
sor, one can see the gain of accuracy in this field for the upS’
formulation by including this field as primary unknown of
the problem instead of computing it from the displacement
derivatives.

Twisting column

As a final example, we compute again the already presented
twisting column test. The initial geometry of the column is
the same as the one shown in Fig. 3.21a. We consider stress
free conditions and zero displacement initial conditions are
applied on the corresponding boundaries. In order to make
the column twist, we apply an initial sinusoidal velocity field:

v*(X,Y,Z) = w sin (%)(Y, -x, 000 m/is  (3.122)

where w = 100 rad/s. The material is considered to be Neo-
Hookean with initial density p, = 1.1x 10 kg/m?, shear mod-
ulus y = 5.7x10° Pa and Poisson ratio v = 0.5, to model a fully
incompressible material. To define the deviatoric part of the
material, we consider a Simo-Taylor law. Several levels of re-
finement have been considered to perform the computations.
To construct the meshes, we select structured hexahedral el-
ements. So we consider 3 different meshes. Mesh 1, with
6 x 6 x 36 trilinear FEs, Mesh 2 with 16 x 16 x 96 FEs and we
end up with Mesh 3 with 32 x 32 x 192 FEs. We select a time
step At = 0.002 s.

First of all, let us perform some analysis for the different time
integration schemes presented in Section 3.4. We run the
same problem with different schemes and Mesh 2 and the
main results can be seen in Fig. 3.26. On the one hand, left
figures display the main unknowns up to T = 0.5 s. As it can
be seen, both BDF schemes are capable of reproducing the
whole event. However, BDF1 is only first-order accurate in
time and it is highly dissipative, excessively mitigating phys-
ical oscillations. With regards to the BDF2 scheme, it is able
to dissipate the nonphysical modes, which helps preventing
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Figure 3.26: Twisting column. Time integrators comparison.

high frequency oscillations while keeping the second-order
accuracy of the method. On the other hand, right figures il-
lustrate the evolution obtained with a Newmark scheme for
B = i and y = %, which results in a second-order scheme
in time. This method does not introduce any numerical dis-
sipation, and therefore, it does not eliminate high frequency

nonphysical oscillations.

Next, let us fix BDF2 as time integration scheme and per-
form some comparisons between the up and the upS’ for-
mulations. Fig. 3.27 shows the evolution of point A up to
T = 0.5s. In Fig. 3.27a we can observe a comparison for
the displacement field. As expected, both formulations show
very similar results, which become closer upon mesh refine-
ment. Moving to the pressure field in Fig. 3.27b, one can
see that for a fixed mesh, similar evolutions are obtained but
the upS” formulation gives more accurate results taking into

0.12 0.14
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Evolution at point A.

account the evolution when refining the mesh. More interest-
ing remarks can be made for the deviatoric PK2 stress tensor
in Fig 3.27c. As it can be clearly appreciated, for a fixed mesh
the three-field formulation attains more accurate results than
the two-field version of the problem. In fact, we can observe
that we need always an extra level of refinement for the up
formulation to be able to achieve the same accuracy as the
one given by the upS’ formulation.

To complete this example, Figs. 3.28-3.29 display the evolu-
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tion of the deformation for the twisting column at different
stages of the problem with Mesh 2. As it can be observed, the
problem is well-captured, and no numerical oscillations can
be seen neither for the pressure field nor for the deviatoric
PK2 stress tensor. Let us remark, once more, the capability
of the formulation to capture stress concentrations, in this
case, placed at the clamped face of the twisting column.



3.7 Conclusions

In this chapter we have presented two different stabilized FE
mixed formulations in finite strain solid dynamics when con-
sidering nearly and fully incompressible materials.

On the one hand, in Section 3.5 we have described a new sim-
ple stabilized two-field FEM for the study of solid dynamics
when considering nearly and fully incompressible materials.
The point of departure is the splitting of the Cauchy stress
tensor into deviatoric and spherical components, which then
translates into a splitting of the PK2 stress tensor.

Regarding the constitutive law, we have presented a formu-
lation which works properly for any hyperelastic material
model in which the strain energy function can be decom-
posed in deviatoric and volumetric parts, the latter in terms
of the bulk modulus, k. We have taken advantage of this
decomposition to obtain a constitutive law for the pressure
from the volumetric part. This law is formulated properly to
obtain a simple way to impose the incompressiblity of the ma-
terial automatically. The resulting equation has been added
to the momentum equation to obtain a monolithic system of
equations for the displacement/pressure pair.

With regards to the time integration scheme, we have shown
that although any time integrator can be applied, implicit
high-frequency dissipation time integration schemes are more
suitable. To avoid pressure fluctuations of our solution along
time, high-frequency dissipation schemes are recommended.

Concerning the computational cost of the method, we have
observed that the methods proposed display quadratic non-
linear convergence, as it is expected from the implementa-
tion of a Newton-Raphson iterative procedure. The number
of unknowns is only increased by one per each node with re-
spect to the classical irreducible displacement-based formu-
lation, which is the minimum to be able to enforce incom-
pressibility.

On the other hand, in Section 3.6 we have described a new sta-
bilized FEM for stress accurate analysis in finite strain solid
dynamics when considering nearly and fully incompressible
materials.

To design a FE technology with a high degree of accuracy of
the stress field, the constitutive law for deviatoric stresses is

3.7 Conclusions
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added to the system to obtain a monolithic system of equa-
tions for the displacement/pressure/deviatoric stress formu-
lation. The presented three-field approach is able to deal
with any hyperelastic material, including fully incompress-
ible cases.

We have proposed several stabilization techniques based on
the decomposition of the unknowns into FE scales and SGSs.
Unlike the standard VMS stabilization technique, we have
proposed to use the OSGS formulation. All stabilization tech-
niques are able to circumvent the compatibility restrictions
on the interpolation functions among the primary unknowns
of the problem. In this approach the SGS space is supposed
to be perpendicular to the FE one. As shown in the numeri-
cal examples, this stabilization exhibits better accuracy than
the classical ASGS method for a fixed mesh. Furthermore,
the proposed schemes shows the desired rate of convergence
upon mesh refinement regardless the stabilization technique.
We have shown also that the approximation of considering
the SGSs to be modeled as bubble functions does not pollute
the solution. It is interesting to remark that the S-OSGS stabi-
lization technique allows us to obtain well-defined solutions
and to neglect terms that do not contribute to stability. This
methods turns out to be more robust for solving problems
when large stress gradients are present. Likewise, for the
examples we have considered, we have been able to assume
quasi-static SGSs, although dynamic SGSs might need to be
considered if very small time step sizes are used.

Concerning the computational cost of the method, we have
observed that the proposed methods display quadratic non-
linear convergence regardless the stabilization technique, as
it is expected from the implementation of a Newton-Raphson
iterative procedure. The proposed three-field formulation is
convergent upon mesh refinement, virtually free of any vol-
umetric or shear locking. The technology is suitable for en-
gineering applications in which a higher accuracy of stresses
is needed. A comparison with the two-field formulation (dis-
placement/pressure) is also carried out. Results clearly show
that both the upS’ and the up formulations deal appropri-
ately with the incompressibility constraint but the three-field
formulation exhibits a higher accuracy in the stress field, even
for very coarse meshes.



Topology optimization of
incompressible structures

4.1 Introduction

Structural topology optimization (TO) aims to find the opti-
mal layout of material within a design domain for a given set
of boundary conditions such that the resulting material distri-
bution meets a set of performance targets [79]. Several types
of TO methodologies exist, such as density-based methods
which include the popular SIMP technique [80, 81], hard-kill
methods [82] and boundary variation methods [83], among
others [84, 85]. A relatively new approach for this kind of
problem is based on the topological derivative (TD) concept
[2]. This derivative measures the sensitivity of a given shape
functional with respect to an infinitesimal singular domain
perturbation and it has become a very powerful tool due to
the fact that it can be used as a steepest-descent direction in
an optimization process [86-89].

An incompressible material is understood as one which keeps
its volume constant throughout a motion. In many cases, this
is a common idealization and accepted assumption, often in-
voked in continuum and computational mechanics. Numer-
ous polymeric materials can sustain finite strains without no-
ticeable volume changes. Furthermore, many biological ma-
terials and several types of soils can be modeled as nearly or
fully incompressible [90].

In small strain solid mechanics problems, standard irreducible
low order FEs are typically preferred [20]. Standard irreducible
means that only the displacement field is considered as the

primary unknown of the problem and all other fields, such

as stress and strain fields, are obtained a posteriori. Unfortu-
nately, this approach performs poorly in nearly and fully in-
compressible scenarios: volumetric and shear locking, pres-
sure fluctuations and poor performance in bending dominated
situations are some of the effects that can be observed [41].

To overcome these problems an approach which originated
in fluid mechanics can be adapted. When considering a static,
incompressible, infinitesimal strain case of the solid mechan-
ics problem, we obtain an elliptic problem which is identical
to the formulation of the Stokes problem in fluid mechan-
ics [24, 44]. Tt is therefore reasonable to convey the mixed

[79]: M.P.Bendsge et al. (2013),
Topological Optimization: Theory

[80]: M.P.Bendsge et al. (1988),
“Generating optimal topologies in
structural design using a homoge-
nization method”

[81]: Ortigosa et al. (2020), “A sta-
bilisation approach for topology
optimisation of hyperelastic struc-
tures with the SIMP method”
[82]: X.Huang et al. (2010), “A fur-
ther review of ESO type methods
for topology optimization”

[83]: Dijk et al. (2013), “Level-set
methods for structural topology
optimization: a review”

[84]: J.D.Deaton et al. (2014), “A
survey of structural and multidis-
ciplinary continuum topology op-
timization: post 2000”

[85]: Ortigosa et al. (2019), “A new
stabilisation approach for level-
set based topology optimisation
of hyperelastic materials”

[2]: A.ANovotny et al. (2013),
Topological Derivatives in Shape
Optimization

[86]: Amstutz et al. (2006), “A
new algorithm for topology
optimization using a level-set
method”

[87]: ]Baiges et al. (2019),
“Large-scale stochastic topology
optimization using adaptive
mesh refinement and coarsening
through a two-level paralleliza-
tion scheme”

[88]: A.A.Novotny et al. (2019),
“Topological Derivatives of Shape
Functionals. Part I: Theory in
Singularly Perturbed Geometrical
Domains”

[89]: J.Oliver et al. (2019), “Vari-
ational approach to relaxed
topological optimization: Closed
form solutions for structural prob-
lems in a sequential pseudo-time
framework”

[90]: L.R.GTreloar (1975), The
Physics of Rubber Elasticity

[20]: X.Oliver et al. (2017), Contin-
uum Mechanics for Engineers. The-
ory and Problems, 2nd edition



114

[41]: TJ.RHughes (1987), The Fi-
nite Element Method: Linear Static
and Dynamic Finite Element Anal-
ysis

[24]: Codina (2001), “A stabilized
finite element method for gener-
alized stationary incompressible
flows”

[44]: Hughes et al. (1986), “A

new finite element formula-
tion for computational fluid
dynamics: V. Circumventing

the babuska-brezzi condition: a
stable Petrov-Galerkin formu-
lation of the stokes problem
accommodating
interpolations”

[45]: Franca et al. (1988), “A
new family of stable elements for
nearly incompressible elasticity
based on a mixed Petrov-Galerkin
finite element formulation”

[10]: Cervera et al. (2010), “Mixed
Stabilized Finite Element Meth-
ods in Nonlinear Solid Mechanics.
Part I: Formulation”

[11]: Cervera et al. (2010), “Mixed
Stabilized Finite Element Meth-
ods in Nonlinear Solid Mechanics.
Part II: Strain Localization”

[48]: Chiumenti et al. (2002), “A
stabilized formulation for incom-
pressible elasticity using linear
displacement and pressure inter-
polations”

[91]: Castafiar et al. (2020), “A sta-
bilized mixed finite element ap-
proximation for incompressible fi-
nite strain solid dynamics using a
total Lagrangian formulation”

[13]: Codina (2002), “Stabilized
finite element approximation of

equal-order

transient incompressible flows us-
ing orthogonal subscales”

[25]: Codina (2000), “Stabiliza-
tion of incompressibility and con-
vection through orthogonal sub-
scales in finite element methods”

[6]: Hughes et al. (1998), “The
variational multiscale method - A
paradigm for computational me-
chanics”

[27]: Chiumenti et al. (2015), “A
mixed three-field FE formulation
for stress accurate analysis includ-
ing the incompressible limit”

4 Topology optimization of incompressible structures

velocity/pressure approach, used in fluid mechanics to the
solid mechanics problem — becoming the two-field mixed dis-
placement/pressure approach [45]. This approach led to the
extension of different implementations in the field of fluid
mechanics to the solid mechanics area. See for instance [10,
11, 48, 91], a set of works where the incompressible nonlin-
ear material problem is stabilized using the variational mul-
tiscale method. Note that in the cited papers the orthogonal
subscales method [13, 25] is used, which is a variant of the
original stabilization method proposed in [6]. These works,
in which both strain/displacement as well as stress/displace-
ment pairs are used as primary variables, demonstrate the
good performance of mixed FEs in solid mechanics. By using
more than one primary unknown, the number of unknowns
per node is considerably increased — especially when consid-
ering stresses or strains — but they also increase the accu-
racy notably. Furthermore, in [27] the idea of using displace-
ment/pressure/stress or displacement/pressure/strain formu-
lations, proposed in [26], was tested and seen to be very ef-
fective when solving incompressible cases in which also ac-
curate results for the stress and strain field are required.

To the best of our knowledge, only few studies exist which
face the TO problem of incompressible materials. In [92, 93],
mixed formulations with very specific interpolation schemes
for the elements are applied with a class of SIMP interpola-
tions [94] for both the bulk and shear modulus. The subse-
quent optimization problem is solved using the method of
moving asymptotes [95]. Further, [96] proposes the scaled
boundary finite element method (SBFEM) formulation to avoid
the inf-sup condition for the mixed displacement/pressure
problem and applies the moving iso-surface threshold method
(MIST) to solve the TO problem. Finally, in [97] a density-
based TO problem is proposed for several material interpo-
lations and by also using the mixed displacement/pressure
formulation for nearly incompressible materials.

In the present work, we favor using the TD concept in com-
bination with a level-set method to address the TO problem.
However, in the context of structural topology design, the
TD has been only used as a descent direction utilizing the
classical displacement-based formulation [98]. This approach
is therefore limited to compressible materials. Considering
nearly and fully incompressible material behavior, both the
formulation and the TD expression become singular. We
overcome this problem by introducing the deviatoric/volu-
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metric split, as presented in [27], thus obtaining a mixed for-
mulation. Following this approach, the present work pro-
poses a new expression for the split TD which allows us to
compute the correct TD for incompressible materials. To-
gether with a level-set method, this approach is used to ob-
tain optimal designs.

This chapter is organized as follows. In Section 4.2 a new TD
expression is defined through the volumetric-deviatoric de-
composition of the Polarization tensor and several numerical
examples are presented and discussed to assess the present
algorithm and to validate its performance for nearly and fully
incompressible linear elastic materials. Next, in Section 4.3,
an approximation for the TD for finite strain hyperelastic ma-
terials is applied to incompressible materials and several nu-
merical examples are studied for such materials. In Section
4.4 some conclusions of the proposed TO formulations are
drawn.

4.2 Topological-derivative based
topology optimization in linear
theory of elasticity

4.2.1 Setting of the problem

In the following, the TO problem is stated under the assump-
tion of of linear elasticity. To do so, let us consider the sys-
tem of equations for either the mixed up formulation (2.29-
2.30) or the upe formulation (2.48-2.50) presented in Chapter
2. Generally speaking, the aim is to obtain an optimal topol-
ogy such that it minimizes a desired functional and satisfies
particular constraints.

The description of the topology is determined by the charac-
teristic function y, defined as

, 4.1
0 x€eQy 1)

where the domain Q has been split into two parts, Q = Qg u Qy,
Qs n Qy = @. The sub-domains Qg and Q,, are made of dif-
ferent materials. The characteristic function is in charge of
determining in the whole domain Q what part corresponds to
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either material. Such kind of problems are typically termed
bi-material TO problems. The material corresponding to the
domain Qy, exhibits a very small stiffness approximating the
absence of material. The material parameters of the strong
domain Qg are denoted by Es and vy and the parameters of
the weak domain Q, are considered as Ey,, = yEs and v,
where y stands for the jump of stiffness. Note that y > 0
is a parameter, small enough for modeling void regions and
large enough to entail invertibility properties to the stiffness
matrix. The characteristic function allows us to rewrite the
deviatoric constitutive tensor defined in the whole domain
as

€IV () = TV + (1 - )C, (4.2)

where €3¢V and €3¢V are the fourth order deviatoric constitu-
tive tensors of the stiff and the soft materials, respectively.

To obtain structures with minimum flexibility, a functional
Z (x) is minimized. In TO problems this functional is usu-
ally referred to as the total potential energy functional and is
defined as

700=3] otm se(rm o
Q

—J pb-u(y,x) dQ—J ty -u(y,x) dr. (4.3)
Q I'n

The whole TO problem is then formulated as the minimiza-
tion of the total potential energy functional subjected to the
maximum material allowed, which is written as follows

)r(lelji(llf()() = %LU(LX) s e(x.x) dQ
—J pb-u(y,x) dQ—J ty -u(y,x) dl
Q I'n
st.: A (U,V)=F (V) vVeW,,
X; = xeL“(Q,{o,l}xj x @) do = o],
Q

(4.4)

where X is the feasible domain restricted to a volume con-
straint denoted as a fraction 0 < L < 1 of the domain Q and &/
and & are the forms which have been obtained in Chapter 2
depending upon the formulation defined as (2.34-2.35) for the
up formulation and as (2.54-2.55) for the upe formulation.
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4.2.2 Material interpolation

In the traditional bi-material TD-based TO approach, the Pois-
son ratio remains constant, v = v5 = 14, while only the Young
modulus is modified depending on the value of the character-
istic function y. For compressible materials, this approach
ensures that the soft material is not notably contributing to
the stiffness of the structure. However, when dealing with
incompressible materials, this leads to spurious solutions, be-
cause bubbles of weak material are still infinitely stiff with re-
spect to volumetric deformations. To avoid this, we consider
the soft material as compressible, which means v, < 0.5. In
this work, we consider that both Young modulus and Poisson
ratio are modified depending on the value of the characteris-
tic function.

Remark 4.2.1 Over the last years, a physical interpretation
is given to elements cut by the discontinuity in y in several
works [99]. They are directly related with composite ma-
terials composed with strong and weak material volume
fraction. Furthermore, some physical restrictions such as
the Hashin-Shtrikman bounds [100] must be fulfilled.

4.2.3 Topology optimization using the
topological derivative concept

Several approaches exist to solve the TO problem (4.4) for
linear elastic materials. In this work we use the TD concept
[88] together with a level-set approach in order to advance
to the optimal topology.

The TD is a measurement of the sensitivity of a given func-
tional with respect to the apparition of an infinitesimal inclu-
sion in a given point of the domain of interest. In the prob-
lem studied, the objective is to obtain the sensitivity of the
functional # already defined in Eq. (4.3). The TD 9y of this
functional at a point x can be formally computed as

DrF (x)=e(1,x) : P o (x,x)+(1-y)pb-u(y,x), (4.5

using the topological-shape sensitivity analysis proposed in
[98]. In the given equation, P stands for the fourth order
Polya-Szegé polarization tensor. In this work, the classical
Polarization tensor expression, in which the same Poisson
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coefficient is assumed for both materials, is not suitable (see
Section 4.2.2). According to [101], the Polarization tensor is
defined as )

P=-AC: fcl+¢t Ty, (4.6)

where C; accounts for the constitutive tensor of the inclusion
and C, for the matrix material. Furthermore AC := C; — C,
and T is a 4M-order isotropic tensor called the Eshelby ten-
sor, originating from Eshelby’s Theorem [102, 103]. The Es-
helby tensor allows us to relate the stresses in the inclusion
with the ones from the matrix material. To build the Eshelby
tensor T, it is necessary to solve an equilibrium equation in
linear elasticity. Two different bodies are considered (inclu-
sion and matrix) with different Young modulus and Poisson
ratios. It must be imposed that very far from the inclusion,
the stresses cancel out for the matrix. Then, we impose the
Eshelby theorem for the inclusion material, which asserts
that the strain field inside the inclusion is constant if the
loading at infinity is constant (zero in this case). Once the
boundary conditions are imposed in both solids, the trans-
mission conditions across the interface of the inclusion and
the matrix must be satisfied. Regarding the stresses, the ex-
terior problem is defined such that the jump of the traction
across the interface must be equal to the normal component
of the given stress tensor. Regarding the transmission condi-
tions on displacements, we must ensure that the jump of the
strains across the boundary must be zero for the inclusion.
This problem is solved via symbolic calculus. Once the Es-
helby tensor is obtained, the computation of the Polarization
tensor is straightforward (see Appendix A to see the whole
procedure).

Considering a plane strain scenario, the Polarization tensor
is computed as

]Pz—%(1+ﬂ){ Tl—Y]I_i(a(Y—Tsz)+ Z(TI_Y)>I®I},

By + 11 ay + 117 By + 11
(4.7)
where
1+ 2v;
o= ! ,B=3—4ve, 1 = Landr, = L. (4.8)
1—2v, 1+, 1-2v,

Considering a plane stress scenario on the other hand,

=Y

I
By + 11

P=—2(1+p)
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7y (ay + 1) By +n
and
1+, 33—y, 14+ 1—v
a= NE <1 = Landr, = L (4.10)
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Independently from the strain/stress assumption, the jump
of stiffness is defined as y = E,/E,, while v, and v; are the
Poisson ratios of the matrix and inclusion material.

Remark 4.2.2 If the same Poisson ratio is used for both
materials v; = v, and therefore, v; = v,, the Polarization
tensors (4.7) and (4.9) reduce to

11—
21+ﬁ

A+pHI+ 5 ( ~P1

} (4.11)

which is the formulation widely used in structural topolog-

ical design [104]. [104]: C.G.Lopes et al. (2015),
“Topological ~ Derivative-based
Topology  Optimization of

In this work, the isotropic 2D plane strain polarization tensor ~ Structures Subject to Multiple
has been used as an approximation for the 3D polarization ~ -°ad-cases
tensor. By using this approximation, infinitesimal cylindri-
cal inclusions are considered instead of spherical ones in the
derivation of the TD. Although spherical inclusions would be
more appropriate, experience shows that infinitesimal cylin- (87 IBaiges et al (2019),
drical inclusions behave properly in 3D examples [87]. “Large-scale stochastic topology
optimization using adaptive

Considering a domain with weak and strong material, we can ~ Mesh rte}flinemﬁnt an‘ti Cfarsl'
expect the following two situations: ;Zzﬁehzatrizﬁgs cherie” woreve
1. An inclusion of the weak material in the strong mate-

rial (x € Qy),
2. An inclusion of the strong material in the weak mate-

rial (x € Q).

Consequently, rewriting the polarization tensor as P (o, f,y, 71, 1),
both cases share the following properties

(4.12)

=P (as,ﬂs,)/, Tl,Tz) x € Qq
]P _P(awaﬁws)_/_l> XEQW

T Ty

where g and f are the Polarization parameters evaluated for
vs and o, and S, evaluated for vy,.
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The properties of the polarization tensor ensure that

e(y,x) : Pg : 6 (y,x)
+(1—y)pb-u(y,x) <0 VxeQq
£(1.x) : Py 1 0 (x.%)
+(1—py)pb-u(y,x) 20 Vx€Qy

DrF (. x) = . (4.13)

We can now define a signed TD such that

o _ 217 (X, x) X€Q
D17 (x.x) = Do (rx)  xeQy (4.14)

Let us now introduce the signed TD interpretation, which
will be used in the subsequent sections of this work. For
a given topology, computing the TD allows one to know,
for each given spatial point, how the cost functional would
change if the material switches. Once the optimal value for
the characteristic function y (x) has been reached, the follow-
ing condition holds

DrF (0, x) 2> DrF (x,Y),vx € Qq, VY € Q. (4.15)

Note that at the interface Q4 n Qy,, the TD has a jump, but the
signed TD is continuous. Eq. (4.15) allows one to construct a
level set function ¢ (y, x), which will implicitly characterize
Qg and Q. This level set function is defined as

Y% =217 (LX) + A, (4.16)

where A € R is a scalar, responsible for ensuring that the
volume restriction in Eq. (4.4) is fulfilled. The level-set func-
tion also allows us to characterize the descrption of the topol-
ogy

>0 x€Qq

. (4.17)
<0 x€Qy

¥ (x X)i

Furthermore, the level-set function allows us to keep a sharp
interface when ¢ (y,x) = 0. The scalar A can be computed by
enforcing

L H W (x,x)) dQ = L|Q, (4.18)

where H is the Heaviside step function

H(¢)=I =0 (419)
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From Eq. (4.17) and Eq. (4.19), it can be observed that for the
solution of Eq. (4.4) there holds

x=HW. (4.20)

Remark 4.2.3 When considering the FE approximation of
the problem, an inconsistency appears in the update of
the level-set function in equation (4.16). According to ex-
pressions (4.7) and (4.9), the TD depends directly on the
stresses and strains. Clearly, this kind of functions are not
continuous which is, in fact, the requirement for updating
the level-set function ¥ (y,x). As a remedy, an element-
to-nodal regularization must be considered. The regular-
ization is carried out by a projection onto the FE space
(smoothing operation) but this results in a loss of a certain
degree of accuracy. Nevertheless, the level-set updating
(4.16) is now possible. In [105] a smoothing of the inter-
face for projecting the TD onto the FE space is proposed,
which allows one to still interpret the TD as an exact dis-
crete gradient.

4.2.4 Topological derivative for incompressible
materials

Referring to expression (4.7), which is valid for both plane
strain and 3D scenarios, we observe that the Polarization ten-
sor becomes ill-defined due to the fact that when v, — 0.5,
a = — oo, It can be clearly seen that the Polarization

1-2v,
tensor cannot be used to compute the TD for incompressible
materials in both cases. In order to deal with nearly and fully
incompressible materials we propose to apply the deviatoric-
volumetric split introduced in Subsection 2.1.1 to the Polar-
ization tensor as well. The volumetric and deviatoric coun-
terparts of the Polarization tensor are
prol_y . p- XA YO oy (4.21)
8 ay + 117
104 B —y)
2 n+py
p = pvol 4 pdev, (4.23)

pdev _ . po— {11-%1@1}, (4.22)

[105]: Amstutz et al. (2018),
“A  consistent relaxation of
optimal design problems for
coupling shape and topological
derivatives”
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Next, we can use the Polarization tensor decomposition to
compute the TD as

DrI (.x)=e(,x) : P:a(y,x)+ (1 -y)pb-u(y,x)

“2) () - P+ P} o (1)

+ (1 =y)pb-u(y,x)

(2;3)3()(, X) : {]PVOl +]Pdev} i {s (X’ X)—P(){’ x) 1}
+(1=y)pb-u(r. %)
= (%) PYY s (%)

—e(,x) : P p(rx) I+ (1 —y)pb-u(y,x).
(4.24)

The last equation holds by imposing that the contraction be-
tween volumetric and deviatoric tensors is identically null.
This fact allows to reduce the formulation further. It is worth
to study the first two components of the decomposed TD
(4.24) in detail. The first summand accounts for the TD due
to deviatoric effects. By introducing the strain field decom-
position (2.15) we can reduce it to

DT (6% =e(rx) PV s s (%)

L9t erm) B s

=e(y,x): pdev . s(x,x). (4.25)
The second summand in Eq. (4.24) accounts for the TD changes
due to volumetric deformations. To solve the singularity which
PVl still presents when dealing with nearly and fully incom-
pressible materials, we need to introduce the pressure field
as,

D7 (%) =€ (%) P p (0]
= —%ev‘ﬂ x) - p(Lx)1: pvol . 1

(2;6) 1 IPVO]

—gv-u()(,x)-p()(,x)lz 0 I

@23) p(.%)
3Ke

—fot P (0
Ke

p(r,x)I: pvol . |

=Pl p? (y,%), (4.26)
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where «, is the bulk modulus of the matrix material and P¥°!
is defined as the volumetric Polarization parameter and it is
expressed as

onl:ll cpvol . = 1+ y-—nmn

. (4.27)
Ke 3E. ay +1m

By introducing the compressibility modulus . in the volu-
metric part of the polarization tensor, we have solved the
singularity that PY°! is presenting.

Remark 4.2.4 In the incompressible limit, no volumetric
changes should appear when both materials are incompress-
ible. Therefore, the contribution to the TD made by P¥O!
must be zero when v = v, = v; = 0.5. Indeed, we have that

pvol _1+ﬁ y-1 4-4y y-1
v=05 " 3E, ay+1 3E _L
e QY e 1_2‘/)/+1
—1
-2 . (4.28)
3E€6y+1

Note that in this case, volumetric effects vanish and the TO
problem is only driven by deviatoric changes.

Finally, the formula for the split TD, which is valid for nearly
and fully incompressible materials and applicable in plane
strain and 3D scenarios, is given as

Linear elasticity. Split topological derivative

Dr7 (1. x) =e (1, %) : P2 1 s (., %)+ PYlp? (1,%)
+(1=y)pb-u(y,x). (4.29)

Remark 4.2.5 It is worth pointing out the main differences
between the two mixed formulations with regards to the
split TD, shown in Eq. (4.29). When considering the up
formulation, both deviatoric stresses and strains are com-
puted from the symmetric gradient of the displacements
VSu, whereas when using the upe formulation, deviatoric
stresses are now computed from deviatoric strains e which
are an unknown of the problem. Therefore, the computa-
tion of the TD is expected to be more accurate.
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[86]: Amstutz et al. (2006), “A new
algorithm for topology optimiza-
tion using a level-set method”
[106]: S.Amstutz et al. (2010),
“Topological derivative for multi-
scale linear elasticity models ap-
plied to the synthesis of mi-
crostructures”

4.2.5 Treatment of the interface elements

Let us discuss an issue related to the FE approximation of the
problem. Interface elements belong partially to the strong
and partially to the weak domain. These elements are there-
fore characterized by the material properties of both domains
and special attention needs to be payed to the behavior of the
TD in those elements. In order to obtain the correct combi-
nation of material properties, a homogenization technique is
used.

Let us construct a conforming FE mesh ., composed of N
elements and let us also split the domain into three different
sub-groups:

1. Elements which fully lie in the domain associated with
the strong material 7,

2. Elements which fully lie in the domain associated with
the weak material 7, and

3. Elements intersecting the interface, thus sharing both
materials 77

The description of the interface is based on the treatment
of the characteristic function y (x), which, in turn, is based
on the treatment of the level-set function  (y,x). For the
description, two different approaches are commonly used in
TO when using the TD: The In-or-Out approach and the P1-
projection approach [86, 106]. In our work a third option,
the continuous regularized characteristic function approach,
is used.

Let us denote by K! the volume of an interface element in 7.
KI and K, are the subdivisions with strong and weak mate-
rial obtained for that specific element when it is cut by the
level-set function. Then we can define the volume fraction

of stiff and soft materials as

KL Ky
%:FE(O’I) and 7W=F=l—%€(0,1)- (4.30)

Furthermore we can redefine the regularized characteristic
function as the volume fraction of the strong material, i.e.
K! r

X(X) = F, x €K . (431)
Note, that when the element fully lies in the domain, asso-
ciated with the strong material KI /KT = 1. In the opposite
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case the ratio becomes KI' /K' = 0. Whenever an element
is cut by the level-set function, we obtain a value between 0
and 1. This definition matches the characteristic function we
have defined in Eq. (4.1). We can now compute the constitu-
tive tensor of the element according to Eq. (4.2).

Remark 4.2.6 In comparison with other approaches, the
regularized characteristic function approach evolves con-
tinuously when moving the level-set function. Then, the
deviatoric constitutive tensor varies between €3¢ and cdev
at the interface between materials.

Remark 4.2.7 With regards to the material interpolation
in the elements intersecting the interface, in this work we
favor to modify the Young modulus depending upon the
regularized characteristic function and to use as Poisson
coeflicient the one of the strong material.

Next, we can compute stresses and strains according this
new, regularized characteristic function, thus allowing us to
obtain continuous values of the properties for the interface
elements. The deviatoric Polarization tensor and the volu-
metric Polarization parameter for elements K' are defined
as

KT K&

P B (1o el o)
KT K&

pvol — _KSF pyol 4 (1 - K—Sr) pyol, (4.33)

Finally, the split TD is also computed according to Eq. (4.29).

4.2.6 The topology optimization algorithm

The last required ingredient is an algorithm to arrive to the
solution of problem (4.4). In this work, we apply the iterative
TO algorithm as it is defined in [87]. The sequence of the
individual steps is shown in the flowchart displayed in Fig.
4.1 and explained in more detail afterwards.

Initially, a level set function ¢ is defined with unit initial
value, which means that we consider the structure to be com-

[87]: JBaiges et al. (2019),
“Large-scale stochastic topology
optimization using adaptive
mesh refinement and coars-
ening through a two-level
parallelization scheme”
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Figure 4.1: Topology optimiza-
tion algorithm for linear elasticity
flowchart

Set initial level-set function value

P =1

l

Compute characteristic function

X =H@y™ )

l

Solve FE problem for displacements, pressure, strains
and stresses

g U, V)=F (V)

l

Check stopping conditions

i iy gilg i1 I yes
i > ipax OF % < tol
X
lno

Compute the signed TD

Ir 7 (i x) =e(x'.x) : pdev . s()(i,x)+PV°1p2 (¥'.x)
+(1—y)pb~u()(i,x)
e P —gTji ()(i,X) X € Qg
DI (4. x) = X
" (x'%) { D7 (), x) x€Qy

l

Compute relaxed and normalized function

doys

increment i

I (Dr_fl ¢ X))
(577 ()

l

Obtain volume control parameter A’ from

# (dx) = + 1=y (%)

H(¢' (', x) + ) dQ =L

Compute level-set function

l//i (Xi’x) :¢i (){i,X)'FAi

posed of strong material everywhere. Obviously, this first ap-
proach does not fulfill the volume constraint. We thus take

P =1 inQ (4.34)

Let /=1 a known level set, where the superscript indicates
the iteration counter. From this level set value, a characteris-
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tic function can be built:

Y ®=H@{'(x) ingQ (4.35)

which allows one to solve the solid mechanics problem and
compute the signed TD Dr 7! (x',x). This is independent
from the use of any formulation. For convergence aspects,
the algorithm also requires an intermediate function ¢ (', x).
This function is initially defined as the projection onto the FE
space of the normalized TD in order to bound the level-set
function with a relaxation scheme introduced as the iterative
process advances, i.e.

II (W (', X))
i (Br7 (9

§ () = (LR g (17 %).

(4.36)
The relaxation parameter ' is computed according to [87],
and IT indicates a projection onto the FE space. In the numer-
ical examples, IT is computed by using a lumped mass matrix
approach for computational efficiency. This approach plays
the role of standard filtering in TO. Finally, the level set func-
tion at the current iteration is defined as

% (Xi,x) =¢ ()(i,x) + AL (4.37)

where A’ is computed by using the secant method to solve the
volume constraint equation

L H(y' (¥'.x)) dQ = L|Q|. (4.38)

As a stopping criteria we consider the evolution of the objec-
tive functional. The algorithm concludes if the functional has
not decreased by a large enough amount. Also, a maximum
number of iterations to be performed is set.

To determine x’, a spatial oscillation indicator is computed
n(Br7 (x))

(D7 ()l
lﬁi_l (Xi—l’ X) _ ¢1—2 (Xi—z’ X)

_ ¢i—1 (Xi_ls X)

& (x',x) = sign (4.39)

Note that & (), x) = 1, if the iterative algorithm for com-

[87]: JBaiges et al

“Large-scale stochastic
optimization  using

(2019),

topology
adaptive

mesh refinement and coars-

ening through a
parallelization scheme”

two-level
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puting the TD is advancing monotonically in the preceding
iterations and & ( X, x) = —1 otherwise. This indicator allows
one to detect if there are oscillations in the iterative process.
If there are oscillations, the value for ' needs to be decreased,
otherwise it can be increased up to a maximum of 1. An in-
termediate function ' ( X, x) is introduced as

kil i E (L x) =1

. A 4.40
ko™t i E ()L x) = -1 (4.40)

i () x) =

Since £ (x',x) is a spatial function, the information on the
oscillations needs to be averaged so that a scalar value for '
can be obtained, which is done as follows

RN -
) , dQ
K = min Jo (4 (%)) 1, (4.41)

Jo ¥ (X', x) dQ

where k; > 1, k; < 1 and k3 < 1 are algorithmic parameters.
In the numerical examples k; = 1.1, k, = 0.5 and k3 = 0.1 are
used.

Remark 4.2.8 The volume restriction is exactly fulfilled at
every iteration of the algorithm unlike in alternative op-
tions. In our experience, this provides a higher global al-
gorithmic robustness.

Remark 4.2.9 The relaxation parameter «' is evaluated node-
to-node to observe the evolution of the TO algorithm. The
spatial oscillation indicator allows us to identify those nodes
which are changing their material phase between iterations.
Then, we are able to slow down the relaxation scheme by
introducing the weighted average equation (4.41).

Remark 4.2.10 The line search algorithm we propose is
not ensuring a monotonic decrease of the cost function:
the TD marks a direction in which the cost is going to
decrease, but if we advance too much in that direction
(and then we are far away from the point where the TD
is computed) there is no guarantee that the cost is going
to decrease in that iteration. This could be achieved by
not allowing the algorithm to progress until the ' param-
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eter is sufficiently small and the cost function decreases.
However, in our experience the algorithm that we propose,
even if not monotonic, performs well and reaches a locally
optimum solution [107].

4.2.7 Numerical examples

In this section, four numerical examples are presented to as-
sess the performance of the proposed formulation for linear
elasticity theory. The first case we consider is a simple test
with different Poisson’s ratio for the strong material v in
order to analyze the evolution of the different formulations
while increasing the incompressibility of the strong material.
Next, so as to analyze the effect of considering either an in-
compressible weak material v, = 0.5 or a compressible weak
one 1y, = 0.4, we study the optimized structure of a bearing
device which is obtained for both scenarios. Thereafter, a
L-shaped beam is explored in order to highlight the main dif-
ferences between the up and the upe formulations. To end
up, a 3D cantilever beam is studied to show the behavior of
our TO algorithm in a 3D case.

With regards to the stabilization methods, both of them can
be applied interchangeably. No specification is given due to
the fact that no significant differences appear in the final re-
sults, as it is expected. For all subsequent numerical exam-
ples, the algorithmic parameters are set to ¢; = 4, ¢; = 2 and
c3 = 0.1. Unless otherwise specified, the weak material is
considered to be compressible, with v, = 0.4. The jump of
stiffness y is fixed to 1073, In all the examples presented, con-
tinuous linear interpolation is used for all the unknowns (P;
elements), both in the up and in the upe formulations. As a
stopping criterion, we impose a relative tolerance for the ob-
jective functional tol = 1073, unless otherwise specified. In
all presented figures, only the positive part of the level set is
plotted, therefore only the strong material part is shown. The
rest is filled of weak material elements, which is interpreted
as the void region.

It is worth to comment about the computational efficiency of
the up and the upe formulations. For the different cases we
have run, more or less between the double and triple of time
is needed to solve the algebraic system for the upe problem
with respect to the up one, depending upon spacial dimen-
sions and number of nodes. Despite this, it has been shown

[107]: Kishida et al. (2021), “Ap-
plication of a weighted sensitiv-
ity approach for topology opti-
mization analysis of time depen-
dent problems based on the den-
sity method”
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[10]: Cervera et al. (2010), “Mixed
Stabilized Finite Element Meth-
ods in Nonlinear Solid Mechanics.
Part I: Formulation”

[11]: Cervera et al. (2010), “Mixed
Stabilized Finite Element Meth-
ods in Nonlinear Solid Mechanics.
Part II: Strain Localization”

[26]: R.Codina (2009), “Finite ele-
ment approximation of the three
field formulation of the Stokes
problem using arbitrary interpola-
tions”

[28]: Chiumenti et al. (2021),
“Stress, strain and dissipation ac-
curate 3-field formulation for in-
elastic isochoric deformation”
[108]: P.R.Amestoy et al. (2001),
“A Fully Asynchronous Multi-
frontal Solver Using Distributed
Dynamic Scheduling”

[109]: P.R.Amestoy et al. (2019),
“Performance and Scalability of
the Block Low-Rank Multifrontal
Factorization on Multicore Archi-
tectures”

[17]: Balay et al. (2015), PETSc
Web page

Figure 4.2: Single-point load
beam. Geometry

4 Topology optimization of incompressible structures

previously in the literature that in many cases it pays off to
use the upe formulation, although this is not the objective
of this chapter and we do not perform this kind of analysis.
In [10, 11, 26, 28] the main advantages and drawbacks of sev-
eral mixed formulations are presented and some situations in
which the extra accuracy in the computation of the stresses
is crucial are shown. For the 2D numerical examples we used
direct solvers [108, 109]. In the 3D final case, the number of
degrees of freedom is quite big to use a direct solver. Then
we moved to iterative solvers from the PETSc package with
preconditioners in the upe case [17].

Single-point load beam

As a first example, we study the TO process for a clamped-
clamped beam with a single-point load (Fig. 4.2). The prob-
lem consists of a rectangular panel, clamped in both the left
and the right sides and subjected to a single-point vertical
load F = 3 N at the middle of the free bottom edge. Stress free
boundary conditions are applied on the remaining bound-
aries. We consider a linear elastic material with a Young
Modulus Eg = 30 Pa.

160 m

20 m

l?ﬂ N

Exploiting the symmetry of the structure, only the left half of
the original domain has been discretized using about 51,200
linear triangular elements. The required final volume is set
to be 40% of the initial one. Let us mention that all figures
only show the left half of the clamped beam.

207N 22>

Dlsplacemem (m)

(@) v, =04

Dlsplacement (m)

(b) v, =05

Figure 4.3: Single-point load beam. Final optimized structure in plane stress scenario.
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First of all, let us consider the displacement-based formula-
tion in a plane stress scenario. As explained in Subsection
4.2.4, considering plane stress, the TO problem presents no
singularities when the incompressible limit is reached. There-
fore, even when using the standard irreducible formulation,
no numerical issues appear in this case. Fig. 4.3 shows the
final optimized structure for both a compressible strong ma-
terial v; = 0.4 and a fully incompressible one, v = 0.5. As it
can be observed, a well-defined solution is reached regardless
of the incompressibility of the stiff material.

Displacement (m& Xﬂmemm ™
0.0 3 6 9 126 0.0 3 6 9 19
— I L — — o —

(a)v, =04 (b) vy = 0.45

00 3 6
—_—

)
9 124

Displacement (m)
3 6 9

—_ I C—

(c) v, = 0.49 (d) vs = 0.4999

Figure 4.4: Single-point load beam. Final optimized structure in plane strain scenario while increasing the incom-
pressibility of the stiff material.

Let us now move to solutions obtained in a plane strain sce-
nario. Fig. 4.4 displays the evolution of the final optimized
structure when increasing the incompressibility of the strong
material. As expected, the obtained result is feasible when
dealing with compressible materials as it can be observed in
Figs. 4.4a-4.4b. However, when the incompressibility of the
stiff material is increased to a level high enough to consider
the material almost incompressible, the algorithm fails to pro-
duce a physically plausible structure (Figs. 4.4c-4.4d). This
phenomenon is caused by the singularities that appear in the
incompressibility limit for both the displacement-based for-
mulation (2.7) and the Polarization tensor expression (4.7).

Let us now apply stabilized mixed formulations with the split
TD expression (4.29) already defined. Figs. 4.5-4.6 show both
displacement and pressure fields of the final optimized struc-
ture, obtained with the up and upe formulations, respectively,
when considering compressible materials. Both figures show
almost the same solution, compared to the one obtained with
a displacement-based formulation, shown in Figs. 4.4a-4.4b.
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20N .

Dlsplucemem (m) Pressure (Pa)

3.6 -3 -2 -1 0 1 22
—_— \
(@) vy = 04. Dlsplacement field (m) (b) vs = 0.4. Pressure field (Pa)
-_——
Dlsplucemem (m) Pressure (Pa)
a7 A 0 12
\ \ ‘ \
(c) vs = 0.45. Dlsplacement field (m) (d) vy = 0.45. Pressure field (Pa)

Figure 4.5: Single-point load beam. Final optimized structure in plane strain scenario for compressible materials
with up formulation.

2O 200N

Dlsplacament (m) Presula (Pu)
(a) v, =04. Dlsplacement field (m) (b) vs = 0.4. Pressure field (Pa)
Dcemen@ Z\ pressr ¢ z
(c) v = 0.45. Dlsplacement field (m) (d) vy = 0.45. Pressure field (Pa)

Figure 4.6: Single-point load beam. Final optimized structure in plane strain scenario for compressible materials
with upe formulation.

Fig. 4.7 presents the results obtained for both mixed for-
mulations when dealing with a fully incompressible strong
material. The obtained design for incompressible material is
quite different to the one presented in compressible scenar-
ios. This structure appears to be made of less, yet thicker,
structural elements.

The minor differences that can be noticed between formu-
lations are caused by the different ways of computing the
strains. In the up formulation the strains are computed from
the displacement field, whereas, in the upe formulation, they
are directly obtained as a nodal unknown.

Moving on to convergence issues, Fig. 4.8 shows a diagram
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Displacement (m) Pressure (Pa) -
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(a) up formulation. Displacement field (m) (b) up formulation. Pressure field (Pa)
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(c) upe formulation. Displacement field (m) (d) upe formulation. Pressure field (Pa)

Figure 4.7: Single-point load beam. Final optimized structure in plane strain scenario for v; = 0.5 for both up and
upe formulations.

referring to the compliance evolution recorded during the it-
erative TO procedure, that leads to the designs shown in Fig.
4.7. A maximum of 100 iterations is imposed as stopping cri-
teria to show the evolution of the objective functional. Both
formulations need less than 100 iterations to minimize the
compliance and achieve convergence.

60 T
\ up —
\ ulple
— 50
=
(o3
(5]
S 40
B
8 30
Figure 4.8: Single-point load
20 beam. Convergence diagrams in
0 20 40 60 80 100 plane strain scenario for vy = 0.5

Nunber of Iterations for both up and upe formulations.

Bearing device

As a second example, the TO of a bearing device is explored.
Since such devices are usually made of rubber we only con-
sider the incompressible case. The geometry consists of a
rectangular panel, clamped in the bottom side and subjected
to a load distribution on the upper edge, t = 1,80 N/m. Stress
free boundary conditions are applied on the remaining bound-
aries. We consider a linear elastic material with a Young Mod-
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ulus Eg = 100 Pa. The geometry of this problem is shown in
Fig. 4.9.

1.2 m

1.8 N/m

| I

0.4 m

Figure 4.9: Bearing device. Geom-
etry

Exploiting the symmetry of the structure, only the left half of
the original domain has been discretized, using about 19,200
linear triangular elements. The required final volume is set
to be 35% of the domain. The study is conducted using the

up formulation.
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(a) Displacement field (m) (b) Pressure field (Pa)
Figure 4.10: Bearing device. Final optimized structure in plane strain scenario for v; = 0.5 and v, = 0.5 for up

formulation.
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(a) Displacement field (m) (b) Pressure field (Pa)
Figure 4.11: Bearing device. Final optimized structure in plane strain scenario for v; = 0.5 and v, = 0.4 for up

formulation.

Fig. 4.10 shows the optimal structure obtained by using strong
and weak materials, which are both incompressible. Because
of the incompressibility of the weak material we obtain an ex-
tended zone of weak material elements, enclosed by a struc-
ture made of strong material, as outlined in a similar exam-
[93]: MBruggi et al. (2007), plein [93]. To avoid this kind of designs, the weak material
“Topology optimization of in-  muyst be considered compressible, for example with v, = 0.4.

compressible media using mixed . . . Ly .
finite elements” Fig. 4.11 illustrates the optimal topology which is obtained
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when this is taken into account. By considering a compress-
ible weak material, widespread areas of elements made of
weak material are not able to transfer the external pressure
to the supports.

v,=0.5, vs=0.5 ——
vﬂ:o. 4 vz=0. 5
0.08
=
o 0.06
Qo
c
< \
= 0.04
g
8
0.02 \
0
10 20 30 40

Nunber of Iterations

For the sake of completeness, Fig. 4.12 shows the evolution of
the compliance along iterations for the previous two consid-
erations of the weak material. A maximum of 40 iterations is
imposed as stopping criteria. In the fully incompressible case,
the widespread area of weak material is able to transfer the
external pressure to the constraints, which results in a very
low compliance. This is the reason why the algorithm tends
to this kind of ‘optimal’ design, where the compliance is even
lower than the one obtained with a compressible weak mate-
rial consideration.

It becomes evident, that weak material - if considered incom-
pressible — can heavily contribute to the stiffness of the final
structure, a behavior which goes against our assumption that
the weak material is simulating void regions.

L-shaped beam

The third example is an L-shaped beam, a commonly exhib-
ited problem in TO. The specific feature of this problem is the
geometrical singularity. The structure is clamped at the top
and a single point force is applied at the middle of the right
edge. Stress free boundary conditions are applied on the re-
maining boundaries. A linear elastic material is set with a
Young Modulus E; = 1 MPa. The geometry of this beam is
shown in Fig. 4.13.

The domain has been discretized using roughly 22,800 linear
triangular elements. The objective of this problem is to high-
light the main differences between the mixed formulations

Figure 4.12: Bearing device. Con-
vergence diagrams in plane strain
scenario for up formulation con-
sidering both v, = 0.4 and v, =
0.5.
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Figure 4.13: L-shaped beam. Ge-
ometry.

Figure 4.14: L-shaped beam. Dis-
placement field for the optimized
structure for v = 0.5

Figure 4.15: L-shaped beam. Pres-
sure field for the optimized struc-
ture for v; = 0.5

lm

1.5m

2.5 m

3N 1m

proposed in this work. The required final volume is set to be

50% of the initial domain.

Displacement Field (m) Displacement Field (m)
0.00 0.05 0.1 0.14 0.00 0.05 0.1
\

0.15
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(a) up formulation (b) upe formulation

Pressure field (Pa) Pressure field (Pa)
-12.3 5 o) 8.9 -12.2 5 0
[ ; | . ) — | . . ]
(a) up formulation (b) upe formulation

By using the deviatoric strains as an additional primary un-
known in the upe formulation, the whole solution converges
faster (upon h-refinement). Therefore, also the pressure and
displacement fields are more accurate. This effect, however,
is more dominant on coarser meshes. Due to the relatively
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fine discretization of our problem, we can only observe slight
differences between the displacement and pressure fields of
Figs. 4.14-4.15 in the final design of the optimized topol-

ogy.

Strain XX (-) Strain XX (-)
0 0.01 0.026 -0.022 -0.01 0 0.01 0.026
. N ] . J

-0.020 -0.01

(a) up formulation (b) upe formulation

Strain YY (-) Strain YY (-)
-0.03 002 -001 0 001 002 003 -0.025 -0.01 0 0.01 0.024
— . ‘ X ‘ ‘
(c) up formulation (d) upe formulation

Strain XY (-)
-0.025 0 0.03 -0.039 -0.025
. } J [ |

Strain XY (-)
0

-0.05
[

0.030
-

Figure 4.16: L-shaped beam. De-

(e) up formulation (f) upe formulation viz}toric strain field for the opti-
mized structure for v, = 0.5

On the contrary, Fig. 4.16 shows the deviatoric strain field,
obtained from both formulations. Utilizing the up formula-
tion, the strains are computed from the displacement gra-
dient and therefore defined element-wise. Because, linear
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Figure 4.17: 3D Cantilever beam.
Geometry.

triangular elements were used, the strains are element-wise
constant, hence particularly imprecise. Using the upe for-
mulation however, the deviatoric strains are also a primary
unknown of the problem, and therefore defined at the nodes.
The result is a continuous field, which is more precise in the
first place and, secondly, does not require nodal smoothing
for postprocessing. As a consequence the accuracy of the
stresses is also increased.

Remark 4.2.11 This extra level of accuracy in stresses and
strains can be very interesting for several problems, such
as Fluid-Structure Interaction or stress-constraint problems,
among others. Note, however, that the rate of convergence
of stresses and strains is expected to be the same for both
the up and the upe formulations.

3D Cantilever beam

The final example is a 3D Cantilever beam. The structure is
clamped at the left face and a uniform traction is applied at
the lower edge of the right face. Stress free boundary con-
ditions are applied on the remaining boundaries. A linear
elastic material is applied with a Young Modulus E; = 1 MPa.
The geometry of this beam is shown in Fig. 4.17.

0.5 m ‘

1m

DN

2 m

14 N/m

Taking into account the symmetry of the problem, the left
half of the design domain is discretized into 380,000 linear
tetrahedral FEs. The required final volume is set to be 10% of
the initial one. In Figs. 4.18-4.19 show the displacement and
pressure fields for both formulations.
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(a) up formulation (b) upe formulation

Fig. 4.20 presents the L?(Q)-norm of the deviatoric strain
field (Strain Magnitude) for each formulation. Again, a higher
level of accuracy is obtained for the strains computed from
the mixed upe formulation. The optimized structures are
identical. The results of this problem indicate that it is rea-
sonable to approximate the proper 3D polarization tensor
with its isotropic 2D plane strain counterpart.

Figure 4.18: 3D Cantilever beam.
Displacement field for the opti-
mized structure in a 3D scenario
for v, = 0.5.

Figure 4.19: 3D Cantilever beam.
Pressure field for the optimized
structure in a 3D scenario for v; =
0.5.

Figure 4.20: 3D Cantilever beam.
Deviatoric strain field magnitude
for the optimized structure in a
3D scenario for vg = 0.5.
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4.3 Topological-derivative based
topology optimization in finite
strain hyperelasticity

4.3.1 Setting of the problem

In the following, the TO problem is stated under the assump-
tion of finite strain hyperelastic isotropic materials. To do so,
let us consider the system of equations for the mixed up and
upS’ formulations in finite strain hyperelasticity presented
in Chapter 3.

As explained before., the description of the topology is deter-
mined by the characteristic function y, which now is defined
as a function of the material coordinates X as

1 Xe€Q,

X) = ;
xX) 0 XeQw

(4.42)

where the domain Q, has been split into two parts, Q, =
Qs U Qo> Qs N Qw = ?. The sub-domains Qj ¢ and Qg y,
are made of different materials. The material corresponding
to the domain Q , exhibits a very small stiffness approximat-
ing the absence of material. In fact, in this work, it is consid-
ered as linear elastic material to ease the highly nonlinear
behavior of the problem. The material parameters of both
regions are identically related with the jump of stiffness y as
explained in the linear elastic case. The characteristic func-
tion allows us to rewrite the deviatoric constitutive tensor
defined in the whole domain as

C (X)) = xCs (X) + (1 = Y)C5, (4.43)

where C; (X) is the tangent and CY;, are the total fourth order
deviatoric constitutive tensors of the stiff and the soft mate-
rials, respectively.

To obtain structures with minimum flexibility, a functional
# is minimized. In topological optimization problems this
functional is usually referred to as the total potential energy
functional and is defined as

70 =J ¥ (C (1, X)) dOy - jQ pob - u(1.X)

Q
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—J ty - u(y, X) dly, (4.44)
Ton

where ¥ has been introduced in Eq. (3.9) as the strain en-
ergy function. The whole TO problem is then formulated as
the minimization of the total potential energy functional sub-
jected to the maximum material allowed, which is written as
follows

min (1) = j 7(C (1. X)) dQO—j pob - u (. X) d€
XeXy Q Q

—J ty - u(y, X) dly
Ton
st.: A (U, V)=F (V) VVeW,,

X, = {x € 1™ (0. 10.1). L 2 () dQ = L|Qo|},
(4.45)

where now X is the feasible domain restricted to a volume
constraint denoted as a fraction 0 < L < 1 of the reference
domain Q. Finally, o and & are the forms which have been
obtained in Chapter 2 for the displacement-based formula-
tion as (2.84-2.85) and in Chapter 3 depending upon the for-
mulation, defined as (3.40-3.41) for the up formulation and
as (3.82-3.83) for the upS’ formulation.

4.3.2 Material interpolation

Following the same procedure as the one discussed in Sub-
section 4.2.2, we consider the soft material to be compress-
ible. Therefore, both Young modulus and Poisson ratio are
modified depending on the value of the characteristic func-
tion. Next, we can compute Lame’s parameters to define in
a proper way the hyperelastic material under study.

4.3.3 An attempt to obtain the topological
derivative expression for the linearized
problem

Let us suppose that Q is subject to a singular circular per-
turbation confined in a small region B.(X) = X + ew with
radius ¢, where w is a fixed domain. Then we assume that
the total potential energy functional 7, (y) associated with
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[104]: C.G.Lopes et al. (2015),
“Topological ~ Derivative-based
Topology  Optimization  of
Structures Subject to Multiple
Load-cases”

the topologically perturbed domain Q, = Q) \ B,, admits
the following topological asymptotic expansion

Je () =F (0 + f(©2r (. X) + 0(f(e)), (4.46)

where # () is the functional associated to the unperturbed
domain and f(¢) is a positive function such that, f(¢) — 0
when ¢ — 0. The function 97 (), X) is called the topological
derivative of # (y) and it can be seen as a first order cor-
rection to approximate 7, (y). We end up with the classical
definition for the topological derivative as

L0 -7 )
f(e) ’

In linear elasticity, the total potential energy is a linear func-
tion and an analytical expression for the topological deriva-
tive can be derived (see for example [104] for further details
on the procedure). However, for finite strain hyperelasticity,
the total potential energy becomes nonlinear and it is depen-
dent upon the specific material law that is desired to study.
In this work, we pretend to linearize the problem and obtain
an incremental topological derivative according to a load pa-
rameter which controls the evolution of the problem. To do
so, we solve the nonlinear equilibrium equations in an incre-
mental manner n = 0,..N — 1 being N the maximum number
of load increments. The external forces are controlled by an
incremental load factor A, at a given load increment n + 1,
such that A,,; = (n+ 1)/N. At load increment n + 1, the in-
cremental weak form of the problem reads: find U such that
the Dirichlet condition is satisfied and

Pr (x.X) = lim (4.47)

dU,V) =1, F (V) YVeW,. (4.48)

The next step is consider that for each load increment n + 1,
we can compute an increment for the total potential energy
functional for both the perturbed and the unperturbed do-
mains such that

IO =IO+ 07" (), (4.49)
0= "0+ AF (). (4.50)

The main idea in this approximations is to consider that the
hole is created during the load increment n+ 1, and therefore,
both expansions start from the same unperturbed functional
J" (). Taking this is mind, we can define the total potential
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energy functionals as

N-1

FO =L+ Y, AT (D), (4.51)
i=0
N-1 )

L00=I00+ D, AZH (). (4.52)
i=0

And introducing this approximations in Eq. 4.47 we obtain
N-1, o N-1 , o
Yimo AFT Q0 =Yiso AFT (D)
f

e AT 0 =AM ()
2l @

Zr (1. X) = lim

N-1 )
=Y ADH (1. X). (4.53)
i=0

In this manner, we can approximate the topological deriva-
tive as the sum over increments computed for each load in-
crement n + 1. We can approximate the strain energy func-
tion ¥"*! (C) by means of the following Taylor series expan-

sion
¥ (C)"
PO~ ¥ (O + 5 aé )" ac
n
+ lAcn+1 . w . Cn+1
4 aCaC
= (0)+ 58" 1 ACTH 4 ZACTT €7 ACT,

(4.54)

Therefore, we can compute the increment of each functional

as
Agi :J {25 act 4 2acrt: er s acytag
Q£,0
AFH =J {25 acm 4 2act s e acmde
a,

(4.55)

From this point on, computing the increment of topologi-
cal derivative consists in obtain the subtraction of the func-
tional, which must result in an integral over the inclusion.
Several unsuccessfully attempts have been performed dur-
ing this thesis to obtain an analytical expression for this lin-
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[110]: C.E.L.Pereira et al. (2008),
“Topological sensitivity analysis
in large deformation problems”
[111]: C.E.L.Pereira et al. (2010),
“Topological sensitivity analysis
for a two-parameter Mooney-
Rivlin hyperelastic constitutive
model”

earized topological derivative. Therefore, this work line is
postpone for future works.

4.3.4 Topology optimization using a
minimization direction

When moving to solve the TO problem (4.45) for finite strain
hyperelastic materials a few methodologies exist in the liter-
ature. In this thesis, we favor using an approximation to the
TD concept together with a level-set approach.

Unfortunately, there is no way to obtain an analytical expres-
sion for the TD as the one obtained in linear elasticity in
Eq. (4.5). However, an approximation can be found in [110,
111]. In this set of works, the topological sensitivity analy-
sis is applied to finite strain deformation based on the total
Lagrangian formulation. This analysis is represented by the
TD, that gives for each point of the domain the sensitivity
of the total potential energy function when an infinitesimal
hole BY of radius e is created. In these works, the topological
derivative in absence of body forces is given by the following
expression

R T 0
I (030 =~ lim LBE ¥ (C (4, X)) doB?

= lin’é dr 7 (x.X) (4.56)

where f(€) is aregularizing function typically chosen as f(e) =
—me?. In order to obtain the topological derivative, it is nec-
essary that the limit for e — 0 be calculated. For the present
nonlinear problem, an analytic asymptotic analysis becomes
impracticable. An alternative procedure based on numerical
experiments for the calculation of this limit is adopted. The
numerical study of the asymptotic behavior of the function
dr 7 (x, X) with relation to the radius € is developed.

The TD 97 # of this functional at a point X can be approxi-
mated by the minimization direction (MD) ./ p #

DrF (. X) = MpF (3. X) =¥ (C(x, X)+(1=y)pob-u (x,X),
(4.57)

We can now define the signed MD such that

MpF (X, X) = |MpF (x X (4.58)
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Once the optimal value for the characteristic function y (X)
has been reached, the following condition holds

MpF (. X) > MpF (x.Y) VX € Qos, VY € Qo (4.59)

Note that at the interface ?.’S n m, the MD has a jump,
but the signed MD is continuous. Eq. (4.59) allows one to
construct a level set function ¢ (y, X), which will implicitly
characterize Q) and Qg as it was done previously in the
linear elastic case in Subsection 4.2.3. From this point on,
the same procedure is performed.

Remark 4.3.1 Let us discuss some important aspects about
the TD approximation we are using when the infinitessi-
mal strain assumption is considered. In such case, the TD
approximation is written as

D17 (1:3%) = 56 (13 £ 0 (1 0+(1-y)pbu (1. ). (460)

By comparing this approximation with the analytical TD
obtained for linear elastic materials given in Eq. (4.5) it is
quite simple to observe that these two equations match, if
and only if, the Polarization tensor, P reduces to the 4th.
order identity tensor, I (up to constant values which does
not affect the direction of the TD). In Eq. (4.11) the Po-
larization tensor definition is given. It is noted that, to
remove the contribution given by tensor I ® I it must be
satisfied that @ = f. This only happens when v = 0.25.
Therefore, the TD approximation only matches the analyt-
ical one when v = 0.25 and it must be taken as an approxi-
mation otherwise.

4.3.5 Numerical topological derivative for
incompressible materials

In this subsection, we are interested in performing the TO
process for incompressible materials in finite strain hyper-
elasticity theory. Therefore, as mentioned in Section 3.3 it
is convenient to adopt the decoupled representation of the
strain energy function presented in Eq. (3.10). The MD in Eq.
(4.57) is rewritten as

MpF (3. X) =W (C(x.X))+U (J (x, X)+(1=y)pob-u (3, X) .
(4.61)
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It is important to remark that the volumetric energy function
U (J) = kG (J) presents a singularity for fully incompressible
materials. In the incompressible limit, when v — 0.5, k — o
and G(J) — 0. Therefore, an indeterminate form appears
and it would cause the breakdown of the MD. This problem
can be easily solved by introducing the pressure p according
to Eq. (3.25). This expression allows us to find, for every
volumetric strain energy function, a specific function g (J)
such that

lim g (J) =0, (4.62)

and we can redefine G(J) = _T‘D g (J). Finally we can intro-
duce this expression to obtain U (J) = K_Tpg ) = —pg ().
This expression allows us to avoid the singularity while giv-
ing us null volumetric strain energy in the incompressible
limit, as it is expected.

Finally, the formula for the split MD, which is valid for nearly
and fully incompressible hyperelastic materials is given as

Finite strain hyperelasticity. Split minimization direc-
tion

MpF (0, X) =W (C(x,X)) - p (1, X) g (J (1, X))
+ (1 =y)pob-u(x.X). (4.63)

With regards to the treatment of the interface elements, the
same methodology as the one applied for linear elasticity is
considered.

4.3.6 The topology optimization algorithm

The last required ingredient is an algorithm to arrive to the
solution of problem (4.45). In this work, we apply an itera-
tive TO algorithm very similar to the one defined in Subsec-
tion 4.2.6. The sequence of the individual steps is shown in
the flowchart displayed in Fig. 4.21. Due to the nonlineari-
ties that can be presented in the problem, it is highly recom-
mended to introduce the scalar ny,, to reduce progressively
the required volume fraction until the final goal during the
first TO iterations as it can be seen in the flowchart displayed
in Fig. 4.21
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increment i

Set initial level-set function value

P =1

i

Compute characteristic function

X (X)=H @Y1 (X)

i

Solve FE problem for displacements, pressure, strains
and stresses

o (U, V)=F (V)

l

Check stopping conditions

FOH - 77 00h

7l < tol

i > imax O

ll’lO

Compute the signed MD

Mp I (3 X) =W (C(x. X)) — p (- X) g (J (x. X))
+(1=p)pob-u(x',X)

Mp I (x,X) = |lpF (x.X)|

l

Compute relaxed and normalized function
—i
(37 (4.))

RN (1 _ Ki) l//i_l ()(i_l,X
i (MDf (xf,X))u

¢ (¢, X) =«

l

Obtain volume control parameter A' from

H(¢' (¥, X) + A1) dQ = nyeLIQ)

Compute level-set function

¢i (Xl’X) — ¢i (Xi,X)'FAi

4.3.7 Numerical examples

yes

dojs

In this section, two numerical examples are presented to as-
sess the performance of the proposed formulation for finite

strain hyperelasticity theory. The first case we consider is a
simple test with different Poisson’s ratio for the strong mate-
rial vg in order to analyze the evolution of the different formu-

lations while increasing the incompressibility of the strong
material. To end up, a 3D cantilever beam is studied to show

Figure 4.21: Topology optimiza-
tion algorithm for finite strain hy-
perelasticity flowchart
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the behavior of our TO algorithm in a 3D case.

For all subsequent numerical examples, the algorithmic pa-
rameters are set to¢; = 1, ¢; = 1 and ¢; = 0.5. Unless oth-
erwise specified, the weak material is considered to be linear
elastic and compressible, with v, = 0.4. The jump of stiff-
ness y is fixed to 1072, In all the examples presented, con-
tinuous linear interpolation is used for all the unknowns (P;
elements), both in the up and in the upS’ formulations. As a
stopping criterion, we impose a relative tolerance for the ob-
jective functional tol = 103, unless otherwise specified. The
volume fraction is reduced progressively during the first 15
TO iterations for both examples. The first 5 TO iterations is
fixed to 0.9 and then is reduced linearly to the final desired
fraction. In all presented figures, only the positive part of the
level set is plotted, therefore only the strong material part is
shown. The rest is filled of weak material elements which is
interpreted as the void region.

Single-point load beam

As a first example, we study the TO process for a clamped-
clamped beam with a single-point load (exactly the same ge-
ometry as the one used for the linear elastic case in Fig. 4.2).
The problem consists of a rectangular panel, clamped in both
the left and the right sides and subjected to a single-point
vertical load F = 3 N at the middle of the free bottom edge.
Stress free boundary conditions are applied on the remain-
ing boundaries. We consider a Neo-Hookean material with a
Simo-Taylor law for the deviatoric part of the stresses, with
a Young Modulus Eg = 30 Pa.

Exploiting the symmetry of the structure, only the left half of
the original domain has been discretized using about 51,200
linear triangular elements. The required final volume is set
to be 40% of the initial one. Let us mention that all figures
only show the left half of the clamped beam.

Fig. 4.22 displays the evolution of the final optimized struc-
ture when increasing the incompressibility of the strong ma-
terial when considering a displacement-based formulation
presented in Subsection 2.1.2. As expected, the obtained re-
sult is feasible when dealing with compressible materials as it
can be observed in Figs. 4.22a-4.22b-4.22c. However, when
the incompressibility of the stiff material is increased to a
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Figure 4.22: Single-point load beam. Final optimized structure while increasing the incompressibility of the stiff
material.

level high enough to consider the material almost incompress-
ible, the algorithm fails to produce a physically plausible struc-
ture (Fig. 4.22d). This phenomenon is caused by the sin-
gularity that appears in the incompressibility limit for the

u formulation (2.7). Obviously the problem crashes in the

running stage when the strong material is considered fully

incompressible, vs = 0.5.

j Displacement (@

00 2 4 6 8 10
— U r—

(a) vs = 0.4. Displacement field (m)

Pressure (Pa)

Displacement (m)
4 6 9.7 3.0 2 -1 [ 1 2 30

00

2 8
— D — — ! C —

(c) vs = 0.45. Displacement field (m) (d) vs = 0.45. Pressure field (Pa)

Figure 4.23: Single-point load beam. Final optimized structure for compressible materials with up formulation.

Let us now apply the stabilized mixed formulations devel-
oped in Section 3 with the split MD expression (4.63). Fig.
4.23 shows both displacement and pressure fields of the final
optimized structure, obtained with the up formulation, when
considering compressible materials. Both figures show al-
most the same solution, compared to the one obtained with a
displacement-based formulation, shown in Figs. 4.22a-4.22b.
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Fig. 4.24 presents the results obtained for both mixed formu-
lations when dealing with a fully incompressible strong ma-
terial. As it can be observed, plausible physical solutions are
obtained and therefore, the TO problem for incompressible
structures at finite strains can now be performed.
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30 2 -1 0 1 2 30
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(a) up formulation. Displacement field (m) (b) up formulation. Pressure field (Pa)
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(c) upS’ formulation. Displacement field (m) (d) upS’ formulation. Pressure field (Pa)

Figure 4.24: Single-point load beam. Final optimized structure in plane strain scenario for v; = 0.5 for both up and
upS’ formulations.
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Figure 4.25: Single-point load beam. Deviatoric stress field for the optimized structure for v; = 0.5

The minor differences that can be noticed between formu-
lations are caused by the different ways of computing the
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stresses. In the up formulation the deviatoric stresses are
computed from the displacement gradient, whereas, in the
upS’ formulation, they are directly obtained as a nodal un-
known.

For the sake of completeness, Fig. 4.25 shows the deviatoric
stress field, obtained from both formulations. Using the up
formulation, the deviatoric stresses are computed from the
displacement gradient and therefore defined element-wise.
Because linear triangular elements were used, the stresses
are element-wise constant, hence particularly imprecise. Us-
ing the upS’ formulation however, the deviatoric stresses are
also a primary unknown of the problem, and therefore de-
fined at the nodes. The result is a continuous field, which is
more precise in the first place and, secondly, does not require
nodal smoothing for postprocessing.
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Figure 4.26: Single-point load beam. Convergence diagrams for the displacement-based formulation.
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Figure 4.27: Single-point load beam. Convergence diagrams for up formulation.

Moving on to convergence issues, Figs. 4.26a-4.27a show
a diagram referring to the total potential energy evolution
recorded during the iterative TO procedure for both the u
and up formulations, respectively. A maximum of 100 iter-
ations is imposed as stopping criteria to show the evolution
of the objective functional. Both formulations need less than
100 iterations to minimize the compliance and achieve con-
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vergence. To end up this numerical examples, Figs. 4.26b-
4.27b present the evoluton of the volume fraction during the
TO iterations. As previously commented, it is necessary to
decrease the volume fraction professively due to the nonlin-
earities of the problem, in this case, until the required final
volume fraction of 0.4.

3D Cantilever beam

The second example is the 3D Cantilever beam whose geom-
etry is already shown in Fig 4.17. The structure is clamped at
the left face and a uniform traction ¢ = 14 N/m is applied at
the lower edge of the right face. Stress free boundary condi-
tions are applied on the remaining boundaries. We consider
a Neo-Hookean material with a Quadratic law for the devi-
atoric part of the stresses, with a Young Modulus E; = 0.1
MPa. Taking into account the symmetry of the problem, the
left half of the design domain is discretized into 380,000 lin-
ear tetrahedral FEs. The required final volume is set to be
20% of the initial one

Displacement Field (m) Displacement Field (m) Displacement Fisld (m)
[ 006 004 00t oo 00

000 002

008 000 002 008 000 ooz
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L ke — l C—

(d)v, =03 (e) v, =04 (f) vy = 0.45

Figure 4.28: 3D Cantilever beam. Displacement field (m) for the optimized structure for compressible materials
with irreducible formulation.
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First of all, in Fig. 4.28 the final optimized structures for sev-
eral Poisson ratios are displayed with the displacement-based
formulation. As previously commented, the algorithm is ca-
pable of dealing with the TO problem for compressible mate-
rials.

Displacement Field (m)
2 0.04 0.06

Displacement Field (m) 0.00
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| 1 " —  —
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L | | |
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0o 5000 19000 15000

(a) up formulation (b) upS’ formulation

Figs. 4.29-4.30 show the displacement and pressure fields for
both formulations for a fully incompressible material. Fig.
4.31 presents the L?(Q)-norm of the deviatoric PK2 stress
field (Deviatoric Stress Field) for each formulation. Again,

Figure 4.29: 3D Cantilever beam.
Displacement field for the opti-
mized structure in a 3D scenario
for vg = 0.5.

Figure 4.30: 3D Cantilever beam.
Pressure field for the optimized
structure in a 3D scenario for v, =
0.5.

Figure 4.31: 3D Cantilever beam.
Deviatoric stress field for the op-
timized structure in a 3D scenario
for v = 0.5.
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a higher level of accuracy is obtained for the stresses com-
puted from the mixed upS’ formulation.

4.4 Conclusions

In this chapter we have proposed a new method for handling
TO problems based on the TD concept for nearly and fully
incompressible materials. First of all, for linear elastic ma-
terials and by departing from the splitting of the Polariza-
tion tensor into its deviatoric and spherical components, a
new and simple expression for the TD has been found. With
this formulation, the study of linear elasticity TO problems —
while dealing with incompressible materials — is now possi-

ble.

The key to solving problems involving incompressibility was
the introduction of two mixed stabilized FE formulations in
Section 2.1. On one hand, the well-known up formulation,
in which the pressure is added as an unknown - the funda-
mental one, when dealing with incompressible materials. On
the other hand, a relatively new three-field formulation upe
which also adds the deviatoric strains as an unknown. In this
setting, extra accuracy — particularly for strains and stresses
— is obtained. This is due to the strains being no longer com-
puted through the symmetric gradient of the displacement
but directly as nodal unknowns. The computation of the TD
benefits directly from this extra accuracy, since it depends
directly on strains and stresses.

Thanks to the volumetric/deviatoric splitting, we have ob-
tained two components for the Polarization tensor, one for
computing the changes of the compliance shape functional
caused by deviatoric effects and one for changes caused by
volumetric effects. When the incompressible limit is reached,
the former one presents no singularities, since it is being com-
puted through both the deviatoric strains e and deviatoric
stresses s. The latter one depends on the pressure p and is
formulated in terms of the bulk modulus x to avoid singular-
ities.

Regarding the topology optimization algorithm presented in
Section 4.2.6, we have developed an iterative computation
scheme for the TD. This was coupled with a level set strategy
for the definition of the stiff and soft materials, which allows
to keep a sharp track of the interface.



In Subsection 4.2.7 several numerical examples have been
shown to asses the performance of the new split TD expres-
sion for linear elastic materials. Our formulation can auto-
matically deal with the TO of structures regardless the in-
compressibility of the given material. We have shown the
effects of considering an incompressible weak material and
explained why this leads to undesired designs. Next, we have
presented the main differences between the up and the upe
formulations with respect to the accuracy obtained for the
main unknowns of the mechanical problem. Finally, a 3D ex-
ample was shown to demonstrate the good performance of
our implementation in a 3D case.

Next, we have proposed a methodology for handling TO prob-
lems using a MD for nearly and fully incompressible finite
strain hyperelastic materials. Departing from an approxima-
tion for the TD, a simple expression for the MD has been
found for incompressible materials.

Again, the main ingredient to solve problems involving in-
compressibility is the introduction of the two mixed stabi-
lized FE formulations developed in Section 3.

In Subsection 4.3.7 several numerical examples have been
shown to asses the performance of the new split MD expres-
sion for finite strain hyperelastic materials. Our formulation
can automatically deal with the TO of structures regardless
the incompressibility of the given material. Finally, a 3D ex-
ample was shown to demonstrate the good performance of
our implementation in a 3D case.

4.4 Conclusions
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Numerical simulation of FSI

problems with viscoelastic
fluid flows

5.1 Introduction

Fluid-Structure Interaction (FSI) problems are nonlinear multi-
physics phenomena found in many fields of engineering and
applied sciences, such as aircraft and ship building [112], safe
bridge design or biomedical applications [113]. They model
the two-way coupling corresponding to a structure and the
fluid that surrounds it. FSI problems considering Newtonian
fluids have been widely studied and modeled in the past
decades [114-116]. However, in some cases, fluids have a
complex rheological behavior and classical Newtonian fluid
models are not suitable.

A very interesting family of non-Newtonian fluids are vis-
coelastic fluids, which exhibit both viscous and elastic prop-
erties. Their complex internal structure and high-molecular-
weight explain this particular combination of properties [117].
Moreover, viscoelastic fluids have the ability to store and re-
cover shear-energy [118]. This justifies the necessity of con-
sidering an irreducible tensorial constitutive equation that
allows one to describe their elastic nature. Numerically, this
yields a coupled three-field problem where the unknowns
are the elastic deviatoric stress, the velocity and the pressure
[119]. In our case, both this problem and the coupled solid
mechanics problem will be approximated using the FEM.

Viscoelastic Fluid-Structure Interaction (VFSI) problems are
mainly encountered in biomedical research, such as blood
flow in arteries or veins [120-123]. In addition, viscoelastic
behavior of fluids is prevalent in a wide range of applications,
including food processing, pharmaceuticals or the chemical
industry [124]. One of the most important applications is
in microfluidic devices, for instance memory and control de-
vices [125] and microfluidic rectifiers [126]. However, VFSI
problems in which the elasticity is dominant have not been
addressed significantly. This could be explained due to the
fact that computing viscoelastic fluid flows leads to several
instabilities in such scenarios [127]. The dimensionless num-
ber known as the Weissenberg number, which is a ratio be-
tween elastic and viscous forces, is high. This number is de-
fined as We = Au/L, where A is the characteristic relaxation
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time of the material, u is the characteristic velocity of the
flow, and L is the characteristic length of the domain. The
numerical instability is brought about by the failure to com-
pute the proper balance between the deformation rate and
convection term. It is a fundamental instability, present in all
constitutive models and standard numerical methods. Never-
theless, it is demonstrated that constitutive methods can pre-
dict other instabilities of mathematical character [128, 129],
referred to as constitutive instabilities.

The difficulties when simulating high Weissenberg number
flows are commonly known as the High Weissenberg Num-
ber Problem (HWNP) [130]. This is a well-known numerical
phenomenon that causes the iterative non-linearity compu-
tations to breakdown for relatively low Weissenberg num-
bers. Usually, this manifests as a lack of convergence in the
iterative method due to the hyperbolic nature of the differ-
ential constitutive equations. The source of the HWNP was
recently identified: firstly, the loss of positive-definiteness of
the conformation tensor, an internal variable which should
be symmetric positive-definite to be physically admissible
[131, 132]; secondly, regions with particularly high defor-
mation rate, or near stagnation points, favor the breakdown
of the numerical method, as it is explained by Fattal and
Kupferman in [127, 131]. They describe the cause of this
phenomenon as the use of inappropriate approximations to
represent the stress tensor, remarking the importance of pre-
serving its positivity.

By following these ideas, a new formulation was proposed in
[131], the so-called log-conformation reformulation (LCR), a
representation of the standard equations of viscoelastic flu-
ids, which alleviates the instability and linearizes the expo-
nential stress profiles near the stress singularities. The aim
is to treat the exponential growth of the elastic stresses, and
therefore allowing to extend the range of Weissenberg num-
bers for computing the fluid flow. This technique will be
applied in the present paper for simulating VFSI problems
with high elasticity, following the modifications introduced
in [15]. Although there are a variety of proposals to deal with
the lack of positive-definiteness of the conformation tensor,
the LCR representation is the only one capable of linearizing
a exponential stress profile.

Due to the difficulties enumerated previously, few works can
be found in which the VFSI problem is solved. For example,



in [133] some simulations for a fluid flow in a two-dimensional
channel with a deformating wall are performed. Also, [134]
studies the effect of the initial configuration of the govern-
ing equations on flows in a collapsible channel with an upper
elastic wall. More recently, in [135], the interaction between
an Oldroyd-B fluid and an elastic structure is explored by ap-
plying an implicit partitioned coupling algorithm.

In this chapter, we stabilize the approximation of the flow
equations using the Variational Multi-Scale (VMS) method,
introduced in [6] for the scalar convection-diffusion-reaction
problem and later extended to the Navier-Stokes problem
in [13, 25, 136]. In this last reference, the space of the sub-
grid scales of the formulation was taken as orthogonal to the
FE space. This idea was adapted to the viscoelastic flow prob-
lem in [14]. Finally, for the LCR in viscoelastic fluid flow
problems several methods were developed in [15].

The objective of this chapter is to study the interaction be-
tween Oldroyd-B viscoelastic fluids and hyperelastic solids
using numerical schemes in a FEM framework. Moreover,
the reformulation of the viscoelastic classical equations will
be considered so as to be able to compute converged solu-
tions for fluids with high elasticity. Therefore, the novelty
of the work is the development of a method able to compute
problems with high elastic regimes for FSI problems through
the use of a stabilized LCR representation.

This chapter is organized as follows. In Section 5.2 the solid
dynamics equations are summarized for hyperelastic mate-
rial models. In Section 5.3 the Navier-Stokes problem in the
three-field formulation for Newtonian and viscoelastic fluids
with an Arbitrary Lagrangian-Eulerian (ALE) description of
the fluid equations is presented. Next, in Section 5.4, the VFSI
problem is presented to solve the coupled problem in a stag-
gered approach. In Section 5.5 several VFSI numerical ex-
amples are presented and discussed to study the interaction
between a viscoelastic fluid and an elastic solid. Finally, in
Section 5.6 some conclusions are drawn.
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5.2 Solid dynamics problem

5.2.1 Conservation equations

Let us start from the conservation equations already presented
in Section 3.2. The conservation of linear momentum prob-
lem in finite strain theory for an ULF framework reads

azus

ot?

Ds —-V-05=pb 1in Q) x]0,T], (5.1)
where p; is the density at the current configuration, uy is the
displacement field, o is the Cauchy stress tensor and b the
field of body accelerations. Mass conservation implies that

PsJs = Pso in Qg(t) x [0, T, (5.2)

where J; = det Fy is the Jacobian, F; = ‘%’2 is the deformation
gradient and pg( is the density at the initial configuration.
With regards to the balance of angular momentum, it implies
that the Cauchy stress tensor must be symmetric.

In this chapter, we restrict ourselves to isotropic hyperelastic
models written in their coupled form as introduced in Subsec-
tion 2.1.2.

5.2.2 Governing equations

We introduce now the solid dynamics problem in detail. Let
Ds = {(x,1)x € Q4(t), 0 < t < T} be the space-time domain
where the problem is defined. The problem consists of find-
ing a displacement ug : D3y — R? such that

Finite strain hyperelasticity. u formulation. Governing
equations in ULF

ps— — V05 = psb in Qq(t) x 0, T, (5.3)

ug = Ugp on T p(t) x 10, T[, (5.4)
ng-os =tg N on I n(1) x 10, T, (5.5)

ug = ul in Qg(0), t =0, (5.6)
Ju
— =vg=V) in Q,(0), t = 0. (5.7)



5.2 Solid dynamics problem

A set of boundary conditions is considered which can be split
into Dirichlet boundary conditions (5.4), where the displace-
ment is prescribed, and Neumann boundary conditions (5.5),
where the value of tractions tg y is prescribed. Vector ny is
the geometric unit outward normal vector on the boundary
of the current configuration I'y(t). The governing equations
must be supplied with initial conditions for both the displace-
ment field (5.6) and the velocity field (5.7) in Q4(0), with u?
and v? given.

5.2.3 Variational form

Let Q be the domain where a problem needs to be solved. In
the case of the solid dynamics problem we are now consider-
ing, Q = Q4(#). Let U := {u € H'(Q4(1))? | u = ug p on Ty p(t)}
be the functional space where the displacement solution is
well-defined for each fixed time ¢ €]0, T[. We denote by U
functions in H!(Q(#))? which vanish on the Dirichlet bound-
ary I's p(t). Note that these spaces vary in time.

The variational statement of the problem is derived by test-
ing Eq. (5.3) against arbitrary test function, Su € U,. The
weak form of the problem reads: find ug :]0,7[— U such
that initial conditions are satisfied and

Finite strain hyperelasticity. u formulation. Variational
form in ULF

az
<5u, psi>+(vséu, os) = (5u, psb)+(Su, ts’N>r . véu € Uy,

or? s,
(5.8)

where V56u is the symmetrical part of Véu. As usual, integra-
tion by parts has been used in order to decrease the continu-
ity requirements of the unknown ug.

5.2.4 Galerkin spatial discretization

We denote by 9, a FE partition of the domain Q of the prob-
lem. The diameter of an element domain K € 9, is denoted
by hg and the diameter on the FE partition by h = max{hg|K €
PA,}. Now we consider the case in which Q = Qg(t) is the solid
domain. From the FE partition we can construct conforming
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FE spaces U, C U, as well as the corresponding subspace
Upo € Uy being made of functions that vanish on the Dirich-
let boundary.

The Galerkin discrete version of problem (5.8) is: find ugy, :
10, T[— Uy, such that

Finite strain hyperelasticity. u formulation. Galerkin
discrete problem in ULF

o’u h
<5us,h, psT;’> +(VS8ugp,055) = (Sugp, psb)

4 <5us,h, tS’N>rs,N vouy, € Uy,
(5.9)

and satisfying the appropriate initial conditions. This sys-
tem can be solved by using a Newton-Raphson linearization
scheme (see [9] for further details on linearization methods).

5.2.5 Time discretization

For the sake of conciseness, in this work only the implicit
BDF2 is considered (see Section 3.4 for further details). In our
problem, we have to approximate the second time derivative

2
of the displacement 3825 = a1, Therefore
tVl
52u 1
% = p[ZUZ“ —5u”+4u""! —ug’_z] = a4+ 0 (A1?).
t n+1 t
t

(5.10)
Appropriate initializations are required for n = 1,2. Note
that the resulting time integration scheme will not be energy-
conserving (geometric or symplectic), but has the well-known
dissipation of the BDF2 scheme.

5.3 Viscoelastic fluid flow problem

In this section the governing equations that model the vis-
coelastic fluid flow in both standard and LCR representations
are presented. The approach followed can be understood as
the traditional one in a broad sense, where an ULF is used to



5.3 Viscoelastic fluid flow problem

deal with the solid dynamics problem while the fluid prob-
lem is solved by means of an ALE formulation to cope with
the time dependency of the fluid domain.

5.3.1 ALE formulation of the fluid flow
equations

Let now Q¢(t) be the domain where the fluid flows, with bound-
ary T'e(t) := 9Q(t) = I't y(t)uT¢ p(t), where Dirichlet boundary
conditions are prescribed on I't p(t) and Neumann conditions
on I'f y(t). These boundaries may be moving.

Let y, be a family of invertible mappings, which for all ¢ €
[0,T] map a point X € Qg(0) to a point x = x,(X) € Q(®),
with y, = L the identity. If y, is given by the motion of
the particles, the resulting formulation would be Lagrangian,
whereas if y, = I for all t, Qg(t) = Qp(0) and the formula-
tion would be Eulerian. Let now ¢’ € [0,T], with t’ < t, and
consider the mapping

Xer @ Q(t") — Q)
X x =y, 0 xp (X, (5.11)

Let D¢ = {(x, )|x € Qft), 0 <t < T} be the space-time domain
where the flow problem is defined. Given a function f :
D¢ — R we define

g » (X, t) = %(X’,t), X € Qf(t), x' € Qf(t,).

(5.12)

In particular, the domain velocity taking as a reference the
coordinates of Qf(t’) is given by

ox
Vdom = 27| | (x, ). (5.13)

Using the ALE reference, the only modification with respect
to the purely Eulerian formulation is to replace the transport
velocity vy of the advective term by v, := vi—Viom- fViom =
0 we would recover a purely Eulerian formulation for the
viscoelastic fluid.

When the flow equations are approximated using the FE meth-
od, v4om needs to be computed. It is assumed to be given on
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the boundary I'¢(¢), obtained from its position at two consec-
utive time steps, say t" and t"™!; thus, ¢’ = t" and t = ¢"'!
using the above terminology. To compute the values for the
interior of the domain, a mesh equation must be solved. The
mesh equation we use is proposed in [137]. The method con-
siders the mesh as a fictitious linear elastic body subjected to
prescribed displacements at the selected moving boundaries.
The mechanical properties of each mesh element are appro-
priately selected in order to minimize the deformation and
the distortion of the mesh elements. The mesh equation is
explicitly shown in Algorithm 1.

5.3.2 Governing equations

We present now the equations associated to the incompress-
ible viscoelastic fluid flow in Q(#), accounting also for the
motion of this domain. The problem to be solved is written
as follows: find a velocity vi : ®f — R, a pressure py :
®r — R and a deviatoric stress tensor Ty : ®f — R? @ RY,
such that

Viscoelastic fluid flow. vpo formulation. Governing
equations in ALE approach

av

pa—tf+pfvc-va—V~Tf+fo:f in Q¢(t) x 10, T,
(5.14)
V-vp=0 in Q(t) x |0, TT,
(5.15)
2]
Lpaf — Vvg+ Lp(ﬂ + V¢ - Vog
2 25 ot
R -af) =0  inQt)x]0,T][,
(5.16)
ve=vep onTgp(t)x]0,T[,
(5.17)
ne-of=try  on Ff)N(t) x 10, T[,
(5.18)

Vi = V? in Q(0),t = 0,
(5.19)
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op = a(f) in Q¢(0),t = 0,
(5.20)

where pr denotes the constant density and f is the force field.
Note that the convective term in both the momentum and
constitutive equations has been written in non-conservation
form. Despite having large gradients, the solution to these
equations are expected to be smooth, without discontinuities;
these would require the conservation form of the convective
terms.

In general, Ty is defined in terms of a viscous and a viscoelas-
tic contribution as T¢ (v, a¢) = 2V°ve + o, where oy is the
viscoelastic or elastic stress tensor. Note that the effective
(or solvent) viscosity ¢ and the polymeric viscosity yf can
be written as function of the total viscosity ,u? = pf+ ,uf .
Therefore, an additional parameter f € [0, 1] is introduced to
define pf = ﬁ,u? and ,uf =(01- ﬁ),u?. To complete the system
which models the viscoelastic fluid, the constitutive equation
for the viscoelastic stress tensor is defined. We employ the
Oldroyd-B model (5.16), where 1 is the relaxation time. Re-
garding the boundary conditions, v¢p is a prescribed veloc-
ity on the boundary It (), try is a prescribed traction on
the boundary I’z 5(t) and ng is the normal to the boundary of
the fluid domain. Finally, V? is the prescribed initial velocity,

and 0'? the prescribed initial elastic stress in Q¢(0).

In order to distinguish operators between standard and LCR
formulations, we use the subscripts “std” and “log” from this
point on. Also, we define operators g4 and Py, useful
in the next subsections. Let us introduce V := [vg, py, O'f]T,
fq = [£0,0]7. Then, we define

—V-o¢— Z,UEV - (V3vg) + prVe - Ve + Vpyp

- V'Vf
Zsd(V; V) = La sy +L(* Vo — 205 V)
2,uf 2/1f

(5.21)
where V. = Vf—V4om. The notation vy is introduced to distin-
guish the different arguments in which the velocity appears.

Likewise
ovg
Pr 5%

Dsq (V) = 5 Oaaf . (5.22)

——
2y ot
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As a consequence, Egs. (5.14)-(5.16) can be rewritten, consid-
ering 9 = Dgpq, & = Lsq and f = f4, as

P, (V) + L(vpV) = £ (5.23)

We will now briefly describe the viscoelastic equations when
the LCR is considered. The LCR representation basically con-
sists of a change of variables in terms of the matrix-logarithm
of the conformation tensor, in other words, the conforma-
tion tensor is replaced by a new variable ¢ = log(zs). Recall
that this method is employed for addressing the incapabil-
ity of the standard equations of solving problems with high
elasticity. The change of variables allows one to preserve
the positive-definiteness property of the conformation tensor
and therefore it eliminates the instability and linearizes the
exponential stress profiles near the stress singularities. The
complete development employed is extensively explained in
[15]. This reformulation is derived basically from that change
of variables, where the stress tensor is replaced by

op = yf A5 (z¢ — 1), and in turn, the conformation tensor z¢
is written as 7y = exp(¥¢) in Eqgs. (5.14)—(5.16). A is defined
as Ag = max {kA, Ao min}, k being a constant and Ay i, a given
threshold. Therefore, the new equations of the LCR approach
are expressed as follows:

Viscoelastic fluid flow. LCR formulation. Governing
equations in ALE approach

p
avy K
I _ty.
Por "7 exp(Yr)
—2[1?7 - (VSVp) + peve - Vve + Vpp = £ in Q¢(t) x 10, TT,
(5.24)
V-vp=0 in Qg(¥) x [0, T[,
(5.25)

i (exp(p) — 1) — Vovy

7]
e (22292 )

—% (—exp@g) - Vovg—2V5v) =0 in Qt) x J0, T,
0
(5.26)
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ve=vgp onTgp(t)=x]0,T[,
(5.27)

p
ng(t) - i—i(exp(lllf) —D =ty onTen()x]0,T[,

(5.28)
Vg = V? in Qg(0), t =0,
(5.29)
Ye=9) inQg0), t=0,
(5.30)

where the unknowns are the velocity, the pressure, and ten-
sor ¥5. Note that the last variable depends directly on the
stress tensor oy. Analogously to what was done for the stan-
dard formulation, calling V := [vg, pg, ¢¢]”, flog = [£.0, %I]T,
we introduce '

p
He
—5 -V expp) — 24V - (VPvp)
0
x10,T[ + peVe - Vv + Vg

glog({’f; V) := V-vg
L exp¥) — VoV + o (Ve Vexp@p)
0 0
—exp(y) - Vg — (V)T - exp(¥yp) + 2Vivy)
(5.31)
and v
£
Pf;
Drog(V) = 0 . (5.32)
_A_dexp(¥y)
20 ot

Egs. (5.24)-(5.26) can be expressed as Eq. (5.23), where now
Dy = Diogs & = Log and f = f,. Similar considerations as
for the standard approach can be done for this formulation
referring to the boundary conditions. In this case tensor ¢
is not prescribed, similarly to what is done with the elastic
stresses oy in the standard formulation.

5.3.3 Variational form

Let V = {v € Hl(Qf(t))d | v.= vgp(t) on I'gp(t)} be the
space where the velocity needs to be sought for each time
t €]0,T[, and V, the corresponding space of test functions,
vanishing on the Dirichlet boundary I'¢ p(¢). Let P = L2(Qf(t))
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be the pressure space (up to constants if all boundary condi-
tions are of Dirichlet type), and Y C Lz(Qf(t))dXd the space
for the stresses, with appropriate regularity. Let also W :=
VxPxYand Wy := Vy x P xY. The weak form of the stan-
dard viscoelastic problem consists of finding V = [vg, pr,0¢] :
10, T[— W such that the initial conditions are satisfied and

ad
(Pfaltf’ 5V> +(0p, VSOV) + 2(1f Vv, VEGV) + (ppv - Vv, 6V)

=(p, V- 6v) = (£,6v) + (te N, 6V)ry s

(5.33)
(5p,v . Vf) =0,
(5.34)
—(af, do) — (Vévy, o)
24
o
A ( of | V. - Vo — 207 - Vovy, 60') =0,
Zup ot

(5.35)

for all 6V := [6v,8p,80] € W, where it is assumed that
is such that (f, 5v) is well defined and likewise for (tg, 5v)r£ V-
In compact form, the problem can be written as: find V :
10, T[— W such that

Viscoelastic fluid flow. vpo formulation. Variational
form in ALE approach

Gstd(V, 8V) + Bsq(ve; V, 8V) = Lgig(6V), (5.36)

for all 6V € W, where

o
FaaV.oV) = (oL ov) + 25 (25, (5:37)
2/115 ot

Bgq(V; V, V) = 2(pf Vi, V3OV) + (pVe - Vi, 8V) + (0, Vo6V)

—(pp, V-6v) + (V- vy, dp) + —(af, o0)

2
— (Vv o) + — (VC Vot — 207 - V3V, 60),
24
(5.38)
Lta(6V) = (£,6v) + (tgn, OV)rp - (5.39)

Let us consider now the LCR. The spaces for the velocity and
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pressure for the continuous problems are the ones defined
above for the standard formulation. The space for tensor ¢
is now denoted by Y for each fixed time ¢; it is a subspace
of L2(Q¢(t))>? of tensor fields with the appropriate regular-

ity.

The weak form of the problem consists of finding V = [vy, pg, ¢¢] :

10,T[— W := V x P x Y, such that the initial conditions are
satisfied and the following equations hold

HpUe - Vg, 8v) = (pg, V- V) = (£,6V) + (ten, SV)r,,» (5:40)
(6p,V-vp) =0, (5.41)
A
2 (- exp@y) - Vvg — (Vvp)T - exp(¥p) + 2VSvy, 50)

A ( 9 exp(¥y)

2o ot

+i(exp('/'f), §6) — (Vovy, 60) = i(l, 5o, (5.42)

+ v - Vexpyp), 56)

for all 5V = [6v,5p,d0] € W. Again taking into account the
new definition of V for this formulation, the problem can be
written as

Viscoelastic fluid flow. LCR formulation. Variational
form in ALE approach

‘glog(V, ovV) + Blog(Vf; V,6V) = Llog(év)» (5.43)

where each term is defined as

ov A [oexp(yr)
Gog(V.0V) = (p5L o) + 1 (%"'f

5 5.44
24 ’U)’ (5.44)

p
Blog (@5 V. 8) = L (expp), V°0v) + 204 7°vg, 76v)
0

+{pVe - WV, 6V) — (p, V- 6V) + (V- v, q)

+ —(exp(¥y). 60) — (Vv 56)
22,
Ao .
+ e (Ve - Vexps) — 2 exp(yy) - VoV, 60)
0

A
— (2v8 4
+ 2 (2V8vy, da), (5.45)
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[14]: Castillo et al. (2014), “Vari-
ational multi-scale stabilized
formulations for the stationary
three-field incompressible vis-
coelastic flow problem”
[15]: Moreno et al
“Logarithmic

(2019),
conformation
reformulation in  viscoelastic
flow problems approximated
by a VMS-type stabilized finite
element formulation”

1
Liog(8V) = (£, 6v) + (te N, SV)ry + Jd, do). (5.46)
0

5.3.4 Galerkin spatial discretization

In this section the Galerkin FE approximation for problems
(5.36) and (5.43) is described. The same notation regarding
the FE discretization as for the solid problem will be used.
In the particular case of the standard formulation, from %,
we may construct conforming FE spaces for the velocity, the
pressure and the elastic stress, Vj, ¢ V, P, C P, Y, C Y, re-
spectively. We will consider all these FE spaces to be made
of continuous functions, even though discontinuous approx-
imations could be used for the pressure and the stress. So,
calling Wy, := Vp, x P, x Y}, the Galerkin FE approximation
of the standard problem consists of finding v;, :]0, T[— Wy,
such that

Viscoelastic fluid flow. vpo formulation. Galerkin dis-
crete problem in ALE approach

Gstd(Vh: 6V) + Bsta(Vep; Vi, 6Vy) = Lgia(6Vy),  (5.47)

for all 8V, = [6vy, dpy, o] € Wy, and satisfying the appro-
priate initial conditions.

For the LCR, from %, we construct the FE space for the new
variable /¢, Y, ¢ Y. Thus, if W, : = Vj, xPj, x Y}, the Galerkin
approximation consists of finding V, :]0,T[— Wy, such
that

Viscoelastic fluid flow. vpo formulation. Galerkin dis-
crete problem in ALE approach

B1og(Vn: 0V) + Biog(Ven; Vi, 6Vi) = Ligg(6Vy),  (5.48)

for all 5V}, = [8vy, Spy, o] € Wy,

It is well known that the Galerkin approximation is unsta-
ble unless convective terms are not relevant and appropriate
compatibility conditions between Pj, and V}, and between Vy,
and Y, are met (see for example [14, 15]). To tackle with



5.3 Viscoelastic fluid flow problem

these instabilities we employ a VMS-based stabilized formu-
lation described later.

5.3.5 Time discretization

Regarding the time discretization, the BDF2 is also used to
approximate the first order time derivative, based on the ap-
proximation described in Subsection 2.2.2

52\/'

1 3vn+1
5t 20t

= o [3v"*1 —av +v* 1] =
i+l

+0 (Af).
(5.49)
By using the approximations of the exponential described in

[15], for the LCR we obtain the next expression using the
BDF2 scheme:

S An+ Ant
2(6X£(¢f)) s ﬁ[Bexp(;bf 1)_¢rfl+1+3exp<¢f 1)
“sexp(yi )41 —dexp(yy) + exp(yy )]
d(exp(¥r)) n+
_ %t*”fﬂm +0 (a2 + 0 ((ayp)"),
(5.50)

An+1
where ¢ stands for a previous guess of Y} that depends

on the linearization scheme and Ay = ¢! — ¢

In any case, the stabilized FEM which will be exposed is in-
dependent of the time scheme used.

5.3.6 Stabilization

As it was stated above, the viscoelastic fluid flow problem
is stabilized following the VMS framework. VMS methods
consist in the splitting of the unknown v in a component vy,
which can be captured by the FE space, and the remainder
v, that will be called sub-grid scale (SGS). The framework
is based on the work by Hughes et al. [6]. In the context
of a three field formulation for flow problems, see [46] and
[14]. The SGS needs to be approximated in a simple man-
ner, with the goal of capturing its effect and yielding a sta-
ble formulation. The final number of degrees of freedom is
the same as for the Galerkin method. Different approaches
can be followed to approximate the SGSs and to choose the
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[16]: Moreno et al. (2020), “Solu-
tion of transient viscoelastic flow
problems approximated by a term-
by-term VMS stabilized finite el-
ement formulation using time-
dependent subgrid-scales”

[138]: Badia et al. (2009), “On a
multiscale approach to the tran-
sient Stokes problem. Transient
subscales and anisotropic space-
time discretization”

[139]: Codina et al. (2007), “Time
dependent subscales in the sta-
bilized finite element approxima-
tion of incompressible flow prob-
lems”

[38]: Codina et al. (2018), “Vari-
ational Multiscale Methods in
Computational Fluid Dynamics”

space where they are defined. In particular, we will present
a stabilization in which the SGSs are time-dependent. That
allows to compute problems with anisotropic space-time dis-
cretizations, in which the time step is small in relation with
the mesh size [16, 138, 139]. Additionally, the stabilization
employed for the fluid is not residual-based; it is a term-by-
term approach which neglects terms that do not contribute
to stability. It is a non-consistent method, but it presents
optimal convergence regardless the order of the elements.
This method turns out to be more robust than residual-based
methods for solving viscoelastic fluid flow problems (for more
details, see [14, 15]).

The problem that we pretend to approximate is Eq. (5.23) in
strong form for both formulations: in variational form, the
standard one is expressed in Eq. (5.36) and the logarithmic
one in Eq. (5.43).

We shall start with the standard formulation. Observe that
Zitd(V5;-) is a linear operator for a given V¢ Introducing
the SGS decomposition and integrating by parts, the method
leads to find Vy, :]0, T[— W}, such that

Viscoelastic fluid flow. vpo formulation. Stabilized weak
form in ALE approach

Gstd(Vi, 6Vp) + Bsta(Ve s Vi, 6V)
+ Y (V. L (v SV = Lta(6Vi).
K

(5.51)

for all 6V), € Wy, where Z*(vgj;6Vy) is the formal adjoint
operator of L4 (Vy; -), typically without considering bound-
ary conditions, and V is the SGS, which needs to be approxi-
mated and has components V := [¥, p,6]. To justify Eq. (5.51),
see e.g. [38], and recall that we are considering all approxi-
mations continuous. Also, note that the SGS contribution is
neglected for the non-linear contribution of the velocity vy,
This simplification is introduced in order to improve the non-
linear convergence of the problem and in our experience has
little effect in the final accuracy of the solution for this kind
of problems.

Analogously, for the LCR the method leads to find Vj, :]0, T[—
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W), such that

Viscoelastic fluid flow. LCR formulation. Stabilized weak
form in ALE approach

?log(vhs 5Vh) + Blog({'f,h; Vi, 5Vh)
+ DAV, L (Ve V) = Liog(BVi).
K
(5.52)
for all 5V, € Wy, Let us remark that for both formulations

(standard and logarithmic) the same operator &* (Vy; -) will
be employed, following the process described in [15]:

V60 — 21V - (V36V) — pVe - V6V — Vép

PR —V- v
L*(Vg V) = 1 1. .
—p50' + VS56v — — (V. - Vo0 + V5 - 60)

(5.53)
This is due to the fact that we have not changed variables in
the stress test function.

Once operators 9, and £ are defined for both formulations,
the SGSs can be written in terms of the FE component as

v

Pl a WV =T1I[f - D,(Vy) — L(vep: Vi),

(5.54)
where we denote as I the L? projection onto the space of
SGSs. In this chapter II is taken as the orthogonal projection
to the FE space, denoted as = Hﬁ, and therefore the Orthog-
onal SGS Stabilization (OSGS) method [24] is employed. Let
us remark that & is taken as a diagonal matrix of stabilization
parameters, & = diag (a1, @3, a313xg), with I; the identity on
vectors of R, I;xq the identity on second order tensors, and
parameters o, i = 1,2,3, being defined as in [14]:

0 -1
He  pelveal
o =|c;—= +c¢ : , 5.55
1 [ 1h§ 2 Iy ( )
hZ
@ = ——, (5.56)
o
-1
1 A Iverl 2
o3 = |:C3_P +cy <_ph_ + —p|VVf’h|):| s (557)
2 2pp 2 He

[15]: Moreno et al. (2019), “Log-
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lation in viscoelastic flow prob-
lems approximated by a VMS-
type stabilized finite element for-
mulation”

[24]: Codina (2001), “A stabilized
finite element method for gener-
alized stationary incompressible
flows”

[14]: Castillo et al. (2014), “Vari-
ational stabilized
formulations for the station-
ary three-field incompressible
viscoelastic flow problem”

multi-scale
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[16]: Moreno et al. (2020), “Solu-
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by-term VMS stabilized finite el-
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dependent subgrid-scales”

where h; is the characteristic length calculated as the square
root of the element area in the two-dimensional case and the
cubic root of the element volume in the three-dimensional
case, and h, is another characteristic length calculated as the
element length in the streamline direction (see [140] for more
details). Term |vgy| is the Euclidean norm of the velocity and
|Vvgp| is the Frobenius norm of the velocity gradient. The
constants ¢;,i = 1,..,4 are algorithmic parameters in the for-
mulation. The values employed in this thesis for the numer-
ical simulations using linear elements are: ¢; = 4.0, ¢; = 1.0,
¢c3 =4.0,c4 = 0.25.

As it was introduced previously, the stabilization approach
employed in the computations is of term-by-term type, de-
noted from this point as “S-OSGS”, developed and justified in
[16]. To sum up, this stabilization has been proved to be more
robust when large stress gradients are present. Essentially
the method allows splitting the SGS associated to the momen-
tum equation V as V = V; + V4 + V3, while the stress SGS re-
mains as 6. Therefore, the term-by-term FE formulation pro-
posed consists of finding V, = [v¢p, pep.ogp] 110, T[— Wy
such that

Gstd (Vi Vi) + Byya (Ve s Vi, 8Vi) + Y (V1 —ppvgy, - VOV
K

+ > (Vo —Vppk + Y (V3. V - S0p)k
K K

S5V v+ Y <&, —60, + vsavh>
K K Zuf K

+ Z <&, —Lp (Vc,h - Voo, + VSVﬁh '56h)>
K 2u¢ K

= Lga(6Vp), (5.58)

for all 6Vj, = [0vy, Spy, do,] € Wy, where By is the bilinear
form defined in Eq.(5.38), and the SGSs V4, V3, V3, p and & are
the solution of the evolution problems

vy .

prt Yy = Tl [ ppven - Ve, (5.59)
vy ..

Pt ¥y = —I: [V, (5.60)
Vs ..

pr ot 3 =1 [V - o], (5.61)

ay ' p =TI [V - vgp), (5.62)
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A d6 4. 1
—PE+Q31 :Hﬁ ——pa'fh+v th
2u 2Hg
A (90¢h
+Hh ——p( o +Ven Vot — 205, - Vth)]

(5.63)

In this method, there are three terms that stabilize the mo-
mentum equation, the first one giving control on the con-
vective term (5.59), the second term on the pressure gradient
(5.60) and the third one on the divergence of the viscoelastic
stress (5.61). This term-by-term stabilization point of view is
in fact previous to the OSGS method, based on the approxi-
mation of the sub-grid scales. It is proposed in [25] and ana-
lyzed in [136].

Recall that IT;- denotes the orthogonal projection to the FE
space. Although this method is not residual-based for the
momentum equation (as justified in [16]), and therefore it
is not consistent in the sense used in the FE context, it has
an optimal consistency error regardless the order of the ele-
ments.

Finally, the term-by-term stabilization proposed for the LCR
approach consists of finding Vi, = [vgp, pep.¥epl 110, T[—
W}, such that
Glog (Vi Vi) + Biog (Vips Vi SVR) + Y (¥4, —ppvies, - VOVR) K

K

+ Z<{’2’ _V5Ph>K + Z<‘~739v : 56h>K
K K

+ Z(p —V- Sk + ), < — 60y + V55Vh>
f K
+ Z < (Vch Vo, + 2V° Vep 50‘h)>
f K
= Loy OV (5.64)

for all 6Vy, = [dvy, Spp. 6o,] € Wy, where By is the bilinear
form defined in Eq. (5.45), the SGSs V3 and 6 are now defined
as the solution of the equations

vy 1~

P
He
p— +oq V3 = Hﬁ A—OV . eXp(lﬁf’h)] . (565)

[25]: Codina (2000), “Stabiliza-
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[136]: Codina (2008), “Analysis of
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ing orthogonal subscales”

[16]: Moreno et al. (2020), “Solu-
tion of transient viscoelastic flow
problems approximated by a term-
by-term VMS stabilized finite el-
ement formulation using time-
dependent subgrid-scales”
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Figure 5.1: Sketch of a general FSI
problem.

A 96 | 1. [ 1 s
——+a3 0 =1l |- exp(¥,) + Vvg
Zﬂf ot 3 h ZAO ( )
1 [9exp(¥n)
e (222 v vl

+ Hi [—% (—2 exp(t//f’h) - Vivgy + ZVSVf’h)] , (5.66)
0

and the SGSs v, V,, and p are solutions of Egs. (5.59), (5.60),
(5.62), respectively.

5.4 Fluid-Structure Interaction

5.4.1 The FSI problem

Let Q(#) be the whole domain of the FSI problem, formed by
a fluid sub-domain Q(t) and a solid one Qg(¢). These two
sub-domains do not overlap, so that Q(t) = Q¢(t) u Q4(t) and
ﬁf(t) n (is(t) = @, as shown in Fig. 5.1. The sub-domains
have their own boundaries I'f(t) and T4(¢), and the interface
between the two sub-domains is Tj(¢). Its unit normal with
respect to the spatial configuration is denoted n;, pointing
from the fluid side to the solid one.

5.4.2 Governing equations

Borrowing the notation developed in previous sections, we
can expand it to account for a moving domain and to take
into account the interaction between sub-domains. The FSI
problem can be stated as: find a displacement uy in the solid
problem, an associated velocity vg = %, and V = [vy, pp, o]
for the standard formulation of the flow problem, or V =
[vg, pr. ¥¢] for the LCR one, such that
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FSI problem. Governing equations

azus .
s V-os=pb  in Q) x]0,T[, (5.67)
ug=ugp onlgp®)x]0,T[, (5.68)
ng-o, =ty onTgn@)x]0,T[, (5.69)
ug = ul in Q(0), t =0, (5.70)
Vg =Vv0 in Q4(0), t = 0, (5.71)
V)+ZLEpV)=1f in Q¢(t) x [0, T[ , (5.72)

ve=vip onTep(t)x]0,T[, (5.73)
ne-or = ten onTen(t) x]0,T[, (5.74)

Vi = V? in Qg(0), t =0, (5.75)
or = o‘? in Q(0), t =0, (5.76)
ug = uy onT;(t) x |0, T, (5.77)
Vg = Vg on I[(¢) x [0, T[, (5.78)
ts+tr=0 on T;(t) x |0, T, (5.79)

where 9;, & and f are identified depending upon the kind of
formulation applied for the fluid, as seen in Section 5.3, and
ty = —n;-0,. The last three equations are known as the trans-
mission conditions between sub-domains. In order to ensure
accurate and stable dynamic simulations of FSI problems, dy-
namic and kinematic continuity must be guaranteed on the
interaction interface. They are in charge of imposing same
velocities and tractions on the interface boundary T;(¢). Let
us recall that t; is computed according with the kind of for-
mulation selected for the fluid as

tr=n;-o¢ (5.80)

for the standard formulation and

p
U
t = my - = (exp(yp) 1) (5:81)
0
for the LCR.
The problem described has been written in the monolithic

version, in which all unknowns are solved at once, in a fully
coupled way. Coupling conditions are treated implicitly.



178

[114]: Kiittler et al. (2008), “Fixed-
point fluid—structure interaction
solvers with dynamic relaxation”

[141]: Bogaers et al. (2014),
“Quasi-Newton methods for
implicit black-box FSI coupling”
[142]: Haelterman et al. (2016),
“Improving the performance of
the partitioned QN-ILS procedure
for fluid-structure interaction
problems: Filtering”

[143]: Zorrilla et al. (2023), “A
memory-efficient ~ MultiVector
Quasi-Newton method for black-
box Fluid-Structure Interaction
coupling”

[144]: Abas et al. (2016),
“Adaptive FEM with Domain
Decomposition ~ Method  for
Partitioned-Based Fluid-

5 Numerical simulation of FSI problems with viscoelastic fluid flows

5.4.3 Block iterative scheme

Rather than solving the monolithic version of the problem, in
this work a block-iterative coupling is considered, in which
the solid and the fluid mechanics problems are solved se-
quentially. Strong coupling is considered; this is achieved by
block-iterations that converge to the solution of the mono-
lithic problem. This is essential to guarantee correct inter-
face coupling as mesh displacements and velocities should be,
up to a certain tolerance, equal, and continuity of tractions
is also required. This coupling is of Dirichlet-Neumann type:
the solid is solved with the loads computed from the fluid in a
given iteration and then the fluid is computed with the veloc-
ities on the interface obtained from the solid (see below).

Dynamic sub-relaxation is an efficient way to minimize the
amount of sub-iterations necessary to achieve convergence.
We have implemented an Aitken relaxation scheme, in par-
ticular Aitken A%, detailed in [114]. Within each time step,
let us denote by a superscript k the k-th block-iteration of
any variable. For clarity, let us omit the superscript with the
time step counter. Suppose that from values at the k-th iter-
ation, the solid is solved, obtaining the boundary velocities

V’li+sl Then, the fluid is solved from the boundary velocities
k41
VL computed as
k+1 _ ok k+1 k+1
Vi = vp ot (5.82)
where
CAUCARE
rk+1 - Vk+1 _ Vk wk+1 — k i i i (5 83)
T Ti,s Iy’ |rk+1 _rk 2 ’
N T

The algorithm is initialized taking a constant relaxation pa-
rameter (usually 0.1) in the two first coupling iterations.

Remark 5.4.1 We have just considered a classical Aitken-

accelerated partitioned approach to deal with the VFSI prob-
lem. Several new techniques have been developed over

the last years to improve transmission conditions, such

as quasi-Newton methods [141-143], domain decomposi-

tion techniques [144] or weak boundary transmission con-

ditions [145], which could also be applied to the current

problem.



5.4 Fluid-Structure Interaction

Remark 5.4.2 In some works, it is recommended to apply
relaxation of the displacement field instead of the veloc-
ity one. From our experience, the latter option is more
convenient. If only the velocity field is relaxed, the in-
terface between sub-domains from which the fluid solver
computes tractions matches perfectly with the interface
displacements.

Using the Dirichlet-Neumann iteration-by-subdomain cou-
pling approach described earlier, the coupling algorithm to
solve the problem is given in Algorithm 1. This algorithm
will not be energy conserving for several reasons. First, the
time integration schemes employed are second order, but dis-
sipative, both for the solid and for the fluid. Second, the flow
equations have been written in non-conservation form and,
furthermore, the stabilizing terms add dissipation to the sys-
tem. However, conservation will be approximated up to the
accuracy order in space and time, always introducing some
dissipation and therefore stability to the time evolution of the
coupling.

179
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Algorithm 1: VFSI

1 n = 0; loop over the number of time steps.
n<n+l1.
k = 0; iterate until convergence.
k < k + 1 (block iteration counter omitted in the
following).

« Solve the equations for the solid, taking into account
the tractions coming from the fluid problem t;. At
time ", omitting the superscript for the unknowns,
these equations are:

2
Ps 5;;25 V.o, = psb in Qs(tn):
ug = lls,D on Iﬂs,D(tn)s
n,-o = ts,N on Fs,N(tn)’
n;-o, =t on I;(t").

« Compute relaxed velocities on the interface
boundary vy, with an Aitken relaxation scheme from
the solid velocities vy, s = 62;5 I

« Compute the domain veloc1ty in the fluid by solving

the problem (see [137]):

—V-A{C : V'Vt =0 in Q((t"),
Vdom = Vrj on ri(tn)’
Viom =0 on [y(t") \ T;(t"),

where C (Ejom (X) , Vgom) 1S the Constitutive 4th order
tensor in linear elasticity, Eq,, () is the Young
Modulus of the mesh computed at each node
according to [137] and vy,, = 0.065 is the Poisson
coefficient of the mesh.

« Solve the ALE equations for the fluid, taking into
account the mesh velocity vy, and using the
interface velocity vr,. If 9, is a BDF2 approximation to
9,, the equations to be solved at " are:

V) +LEsV)=f in ("),
Vi = Vip on T'gp(t"),
ng-op = tey on Ty y(t"),

Vi =, on I;(t").

« Check convergence and update unknowns. Coupling
convergence is checked based on the norm of the
relative error between coupling iterations of
displacements at the interface, i.e., [ur, ; — ur, ¢z, and
tractions, i.e., |tr, s — tr, ¢li2(r,) properly normalized.
Convergence is achieved when this norm is below a
given tolerance.

End block-iterative loop.
End loop over the number of time steps.
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5.5 Numerical Examples

In this section, three numerical examples are presented to
assess the performance of the proposed FSI solution strat-
egy. In the first one, a flow through a channel with a flexible
wall is considered to study the stationary solution. The main
idea is to analyze the differences between the standard for-
mulation and the logarithmic one when increasing the Weis-
senberg number of the problem. Next, so as to examine the
effect of the viscosity, the well-known Turek’s test [146] is
presented. In this case, the behavior of a laminar channel
flow around an elastic object is studied when elasticity be-
comes dominant in the fluid. To end up, the influence of ar-
terial mechanical properties in the blood flow in an aneurysm
is analyzed. In particular the blood is modeled as a viscoelas-
tic fluid.

Concerning the iterative scheme, for all examples a maxi-
mum of 15 iterations are set for both the fluid and the solid
sub-problems, whose numerical relative tolerance in the L2
norm is 107>, Also, for the transmission conditions on the
interface boundary (using again the L? norm), the relative
tolerance is 1073, In order to solve the monolithic system of
linear equations for each sub-problem, we use the Biconju-
gate Gradients solver, BiCGstab [71], which is implemented
in the PETSc parallel solver library [17].

It is important to mention that mesh convergence results and
their corresponding error estimation for the fluid alone and
the structure alone are already performed in previous works.
In the case of the standard three-field formulation for the vis-
coelastic fluid, it can be found in [14]. With respect to the
LCR it is performed in detail in [15]. On the structural side,
the classical displacement-based formulation for finite strain
theory is considered. This formulation is widely used and its
error analysis results are presented, for example, in [9].

5.5.1 Flow through a channel with a flexible
wall

This first problem is a simplified test case of a flow in an
elastic tube. This test is the standard one used by many au-
thors as a reference benchmark for both Newtonian (for ex-
ample [147, 148]) and shear-dependent non-Newtonian flu-
ids (see [149, 150]). Moreover, more recently, the works of

[146]: Turek et al. (2007), “Pro-
posal for numerical benchmark-
ing of fluid-structure interaction
between an elastic object and lam-
inar incompressible flow”

[71]: Vorst (1992), “Bi-CGSTAB:
A fast and smoothly converging
variant of Bi-CG for the solution
of nonsymmetric linear systems”

[17]: Balay et al. (2015), PETSc
Web page

[14]: Castillo et al. (2014), “Vari-
ational multi-scale  stabilized
formulations for the station-
ary three-field incompressible
viscoelastic flow problem”

[15]: Moreno et al. (2019), “Log-
arithmic conformation reformu-
lation in viscoelastic flow prob-
lems approximated by a VMS-
type stabilized finite element for-
mulation”

[9]: Bonet et al. (1997), Nonlinear
Continuum mechanics for finite el-
ement analysis

[147]: Luo et al. (1995), “A numer-
ical simulation of steady flow in a
2-D collapsible channel”

[148]: Luo et al. (1996), “A numer-
ical simulation of unsteady flow
in a two-dimensional collapsible
channel”

[149]: Lukacova-Medvidova et al.
(2008), “Numerical modelling of
shear-thinning non-Newtonian
flows in compliant vessels”

[150]: Lukacova-Medvidova
et al. (2013), “Kinematic splitting
algorithm for fluid-structure
interaction in hemodynamics”
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[151]: Chakraborty et al. (2012),
“Fluid-structure interaction in de-
formable microchannels”

[135]: Chen (2014), “Numerical
Modeling of Fluid-Structure Inter-
action with Rheologically Com-
plex Fluids”

[152]: Cai et al. (2003), “A fluid-
beam model for flow in a collapsi-
ble channel”

Figure 5.2: Flow through a chan-
nel with a flexible wall. Geometry.

5 Numerical simulation of FSI problems with viscoelastic fluid flows

Chakraborty et al. [151] and Chen et al. [135] also con-
sider viscoelastic fluids to explore new possible effects. Es-
sentially, the model consists of a steady flow in a channel
where a part of the upper wall is replaced by an elastic plate.
To sum up, firstly a study considering a Newtonian fluid will
be performed, and later the effect of the viscoelasticity will
be investigated, comparing the results with those that can
be found in the literature. The benefits of the LCR approach
proposed here will be highlighted.

Set up

The problem is defined according to the parameters proposed
in [135, 152]. The scheme of the domain can be observed in
Fig. 5.2. Regarding the channel measures, the rigid channel
has height D = 0.01 m. The flexible wall has a length of
5D, located at 5D from the channel entrance. The length of
the channel downstream of the flexible wall is 30D. For the
computations, the flexible plate thickness d varies between
0.01D and 0.1D.

Tin > Qf D Cout

5D 5D 30D

Regarding the properties of the fluid, the density is pr = 1000
kg/m? and the viscosity is p? = 0.001 Pa - s. For the elastic
plate the properties are as follows: an initial density ps =
1200 kg/m3, a Young’s modulus E; = 35.9 kPa and a Pois-
son’s ratio v = 0.45. A Saint Venant-Kirchhoff material law
is employed (see Subsection 2.1.2 for a detailed description)
and the plane strain assumption is considered.

Concerning the boundary conditions, in the inlet boundary
of the fluid domain T}, a steady Poiseuille flow with aver-
age velocity %, = 0.03 m/s is assumed; on the walls Iy,
no-slip boundary conditions are imposed, and in the outlet
Tout the pressure is set to poyt = 0 Pa. A rectangular plate
is considered as the solid domain, where an external pres-
sure pext = 1.755 Pa is distributed on the upper edge and it is
clamped in both the left and the right sides. Therefore, the
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considered Reynolds number is Re = p¢iy, D/ ,u? = 300, where
1, is the average inlet velocity in the channel direction.

The domains are discretized by using bilinear structured el-
ements (Q;). Two meshes have been used for this example,
whose numbers of elements are summarized in Table 5.1. The
meshes M1f and M1s are employed for the Newtonian fluid
flow study, and finer meshes M2f and M2s are used for study-
ing all the viscoelastic cases.

Fluid mesh Elements Solid mesh Elements

Mif 3000 M1s 600
Maf 10500 Mz2s 1500

FSI problem using a Newtonian fluid

Firstly, the validation considering a Newtonian regime is per-
formed. For that, six different thickness have been consid-
ered to see the effect on the plate deformation. The distribu-
tion of velocities, pressures and stresses in the channel can
be seen in Fig. 5.3. Note that the solution fields are similar
for all six cases and, for this reason only one case is shown
here. In these pictures, only the part of the domain where
the plate is located has been plotted. The maximum veloc-
ity is reached in the narrowing of the channel produced by
the deformed wall. Also, a peak of pressure and stress is ob-
served in this area as a consequence of the local reduction of
the channel width.

Velocity (m/s)
0.00 0.02 0.03 0.04 0.05 0.07

— ! r——
Stress (Pa)
0.00 0.01 0.02 0.03 0.04
— ' —

Table 5.1: Flow through a chan-
nel with a flexible wall. Main char-
acteristics of the computational
meshes.

Figure 5.3: Flow through a chan-
nel with a flexible wall. Distri-
bution of the velocity field (top),
pressure (middle) and the stresses
(bottom) in the fluid domain
around the plate location for the
plate thickness d = 0.01D. Veloci-
ties and stresses are plotted using
their Euclidean norm.



184 | 5 Numerical simulation of FSI problems with viscoelastic fluid flows

Figure 5.4: Flow through a chan-
nel with a flexible wall. Compari-
son of the vertical displacement of
the plate for different thicknesses
d using a Newtonian fluid.

[134]: Luo et al. (2007), “On the
initial configurations of collapsi-
ble channel flow”

[135]: Chen (2014), “Numerical
Modeling of Fluid-Structure Inter-
action with Rheologically Com-
plex Fluids”
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The vertical displacement of the flexible plate for different
thicknesses, from d = 0.1D to d = 0.01D, can be observed in
Fig. 5.4. As expected, the thickest plate is the less deformed
one. The effect reported is that the slenderer the plate is, the
higher the deformation of the plate becomes. Moreover, as
the thickness increases, the lowest point of the wall moves
upwards gradually due to the increment of forces exerted by
the fluid. These results are in agreement with those reported
in [134] and [135].

FSI problem using a viscoelastic fluid

Once the Newtonian fluids have been tested, the study of the
deformation for the thinnest plate (of thickness d = 0.01D)
is carried out, but now varying the elasticity of the fluid. In
other words, the problem using a viscoelastic fluid for several
Weissenberg numbers is computed, so as to study the evo-
lution of the flow when elasticity becomes dominant. The
physical parameters have been set as in the previous section,
with the exception of the relaxation time of the fluid and the
J parameter, that now is set to 0.5.

Firstly, the deformation changes in the plate will be explored
when the Weissenberg number increases, by using both fluid
formulations (standard and LCR). This study is plotted in
Fig. 5.5, where the deformation of the plate in each case is
drawn from We = 0 to We = 1.2, which corresponds to relax-
ation times from A = 0 s to A = 0.4 s, respectively. Note that
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6.4% 1073 Standard formulation 6.4% 10~3  Logarithmic formulation
' T —We=1.20 / ' " [—We=120
. —We = 0.90 —We = 0.90
63 We = 0.60 6.3 We = 0.60
—We =0.30 —We =0.30
6.2 —We =0.15 6.2 —We =0.15
We = 0.00
6.1 | 6.1 |
B | B ‘
> 6F | = 6 1
| |
590 | 5.9 |
| |
5.8 ! 585 !
| |
| |
571 } = . E 5.70 . - . E
0.07 0.075 0.08 0.085 0.07 0.075 0.08 0.085
z (m) z (m)
(a) Standard formulation (b) LCR formulation

Figure 5.5: Flow through a channel with a flexible wall. Comparison of the deformation of the plate with thickness

d = 0.01D for several We numbers.

the results with We = 0 correspond exactly with the New-
tonian fluid behavior. The classical Navier-Stokes equations
written in a three-field formulation setting are automatically
recovered (see Subsection 2.2.4).

It is interesting to highlight the phenomena produced when
the elasticity becomes dominant. An attenuation of the defor-
mation in the plate is produced. This effect is also reported
in [135], and it is explained by the presence of a higher elas-
ticity in the fluid: when elasticity increases, stresses do so
significantly.

So as to clarify this physical effect, Table 5.2 shows a sum-
mary of the fluid forces on the solid and the momentum with
respect to the center of gravity of the flexible wall. The ex-
ternal pressure pey; acting over the plate causes a vertical
force equal to 0.8775 - 107! N. As it can be observed in Ta-
ble 5.2, the resulting vertical fluid force increases as We num-
ber increases. That force is acting in the opposite direction
to the one coming from the external pressure, reducing the
deflection of the plate. It is important to mention that a small
movement upwards is also appreciated in the lowest point of
the wall in Fig. 5.5. Clearly it is caused by the reduction of
momentum at the center of gravity of the membrane.

Both formulations (standard and LCR) show similar results
for the plate displacement, although slight differences can

[135]: Chen (2014), “Numerical
Modeling of Fluid-Structure Inter-
action with Rheologically Com-
plex Fluids”
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Table 5.2: Flow through a chan-
nel with a flexible wall. Horizon-
tal and vertical forces and momen-
tum with respect to the solid cen-
ter of gravity.

[135]: Chen (2014), “Numerical
Modeling of Fluid-Structure Inter-
action with Rheologically Com-
plex Fluids”

We F [10°N] F,[100'N] M,, [107° N-m]

0.0 0.6225 0.4018 —0.3704
0.15 0.6056 0.4130 —0.3545
0.3 0.6098 0.4399 —0.3389
0.6 0.5734 0.4554 —0.3344
0.9 0.5416 0.4754 —0.3155
1.2 0.5534 0.5186 —0.3085

be reported for We numbers up to 0.3. These are explained
by the different treatment of the stresses. However, when
the element size is small enough, the solution converges ex-
actly to the same solution, independently of the employed
formulation.

Furthermore, we also study the distribution of pressure and
first component of stress in the flexible wall for each com-
puted case, plotted in Fig. 5.6. We have displayed the com-
ponent oy, instead of the others because it is the most char-
acteristic component of the stress tensor in this location. As
expected, both solutions become higher when the elasticity
of the fluid increases.

First of all, let us remark that for the highest elastic case com-
puted (We = 1.2), results do not show a smooth solution for
stresses when the standard formulation is employed, prob-
ably due to a lack of mesh resolution in this location; this
can be clearly seen in Fig. 5.6a. This non-smoothness is also
reported in [135], in which the smooth solution is reached us-
ing finer meshes. Note that this area presents large stress gra-
dients, regions with particularly high deformation rate, and
therefore this location is highly sensitive to the instability
caused by the HWNP. However, through the application of
the LCR approach, able to deal with the instability, a regular
solution can be obtained, as it can be observed in Fig. 5.6b.

For We numbers up to 0.3, the LCR is able to capture higher
values for the peaks of stresses than the standard formula-
tion; concerning the pressure field, a bad solution is obtained
for We = 1.2 for the standard formulation, as it can be ob-
served in Fig. 5.6c. Despite the fact of obtaining a smooth so-
lution, it should be higher than the one obtained for We = 0.9.
A correct solution is obtained if the LCR for the viscoelastic
fluid is used, as it is shown in Fig. 5.6d.

All the cases reported until We = 1.2 have a converged solu-
tion using both formulations. It is important to remark that
the employed formulation does not affect significantly the
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Figure 5.6: Flow through a channel with a flexible wall. Comparison of the first component of stress and pressure
in the plate with thickness d = 0.01D using the standard and the LCR representation.

final displacement of the plate, even for the fluid flow with
high Weissenberg number, as it can be seen in Fig. 5.5. How-
ever, the iterative scheme suffers a breakdown for the stan-
dard formulation when We > 1.2. This breakdown seems to
be caused by the incapability of the formulation of capturing
suitably both the stress and the pressure fields for the chosen
mesh with We = 1.2 (see Fig. 5.6).
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[146]: Turek et al. (2007), “Pro-
posal for numerical benchmark-
ing of fluid-structure interaction
between an elastic object and lam-
inar incompressible flow”

Figure 5.7: Turek’s test. Geome-
try.

5.5.2 Turek’s test

In this case, we study the FSI between an hyperelastic struc-
ture and a laminar flow. This benchmark is used by many
authors as a reference test to check their implementations of
the FSI problem [146]. The configuration consists of a lam-
inar channel flow around an elastic object which results in
self-induced oscillations of the structure. Firstly, a study con-
sidering a Newtonian fluid will be performed and compared
with the literature, and then the effect of the viscoelasticity
will be investigated.

Setup

The geometry of the problem is displayed in Fig. 5.7. The
rigid channel has height H = 0.41 m and length L = 2.5 m.
The circle center is positioned at point C = (0.2,0.2) m (mea-
sured from the left bottom corner of the channel) and its ra-
dius is r = 0.05 m. The structure bar has length [ = 0.35 m
and height h = 0.02 m. The right bottom corner is positioned
at (0.6,0.19) m, and the left end is fully attached to the fixed
cylinder.

T H Qf Tout

Lwan

(0,0)

With regards to boundary conditions, a parabolic profile is
prescribed at the left channel inflow, given by

_ _yH-y)
%(0,y) = 15, - , (5.84)

2

such that the mean inflow velocity is 1, and the maximum
of the inflow velocity profile is 1.5%,. A smooth increase of
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the velocity profile in time is prescribed, given by

1—cos It
2

(0, y)— t<20s

(0, y,t) = (5.85)

(0, y) otherwise

The outflow condition is considered stress free. Finally, a no-
slip condition is prescribed for the fluid on the other bound-
ary parts. Concerning the boundary conditions of the struc-
ture, fixed null displacement is considered in the left edge.

Two FSI tests are performed: on the one hand, FSI1, which re-
sults in a stationary solution; on the other hand, FSI2, which
has a periodic solution. Table 5.3 shows the parameter set-
tings for each FSI case. Note that here the viscosity of the
fluid v¢ = ,u? / pr is the kinematic one.

Parameter FSI1  FSI2

k;
pso [10° 5] 110
vs [-] 04 04
E, [106mk—sgz] 14 14
k;
pe [10° 5] 1 1
2
v [107°7] 1 1
T [T] 0.2 1
Re [-] 20 100

The domains are discretized using P; (linear) elements for
the fluid domain and Q; (bilinear) elements for the solid one.
Regarding the distribution of the elements, the mesh is finer
around the cylinder and the bar, while downstream the mesh
is coarser, as it can be observed in Fig. 5.8. In total, the
fluid mesh is formed by 25000 unstructured elements, and
the solid mesh by 10 000 (20 x 500) structured elements.

FSI problem using a Newtonian fluid

The aim of this section is to compare our results with the ones
coming from the benchmark in [146] by using a Newtonian
fluid and a Saint Venant-Kirchhoff solid material. First of all,
the stationary case FSI1 is validated with reference [146] in
Table 5.4, which includes displacements, drag and lift forces.
The results completely agree with the reference ones, as it

Table 5.3: Turek’s test. Parame-
ter settings for the FSI1 and FSI2
cases.

[146]: Turek et al. (2007), “Pro-
posal for numerical benchmark-
ing of fluid-structure interaction
between an elastic object and lam-
inar incompressible flow”
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Figure 5.8: Turek’s test. Mesh do-
main.

Table 5.4: Turek’s test. Displace-
ment at point A and forces ex-
erted by the fluid on the whole
submerged body (cylinder and
beam) for FSI1 benchmark.

(b) Zoom around the cylinder and bar and mesh of the solid domain

can be observed. For these computations the LCR represen-
tation has been employed, but note that the solution would
be exactly the same for the standard one due to for We = 0
(and therefore A = 0) we recover exactly the Navier Stokes
equations written in three-field form.

uy, [107F m] uy[lo_3 m] drag [N] lift [N]
Current 0.2241 0.8202 14.263 0.7657
[146] 0.2270 0.8209 14.295 0.7638

Moreover, the dynamic case is also tested, namely FSI2. Fig.
5.9 shows the solution for three different times. The bar dis-
placements observed and the lift and drag obtained are also
in agreement with the reference paper. We can conclude that
the FSI algorithm has been suitably checked.

Finally, the three-field based formulation (with fluid unknowns
velocity, pressure and stresses as stated in Subsection 2.2.4)
and a two-field based one (where the unknowns are veloc-
ity and pressure as presented in Subsection 2.2.3) are com-
pared. It is done to stand out the principal differences and
to explain why the three-field one is better in terms of ac-
curacy. The differences between stresses are highlighted in
both cases in Fig. 5.10: while in the two-field algorithm the
stresses are computed from the velocity gradient, and there-
fore constant over elements for linear FEs, in the three-field
formulations the stresses are linear. The accuracy of the fluid
traction computed and transmitted to the solid on its surface
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is enhanced by using the three-field formulation due to the in-
crease of accuracy of the stresses. See [39] for further details
between the comparison of both formulations with regards
to enhanced accuracy of stresses.

FSI problem using a viscoelastic fluid flow

In this subsection, the same problem is developed using a vis-
coelastic fluid and a Neo-Hookean model for the solid. First
of all, numerical results are presented for the FSI1 case. Ta-
ble 5.5 shows the displacement of the end of the beam struc-
ture at point A and the resulting forces exerted by the fluid
on the whole submerged body. In this case the effect of
viscoelasticity can be clearly analyzed. When the elasticity
of the fluid increases, the vertical force exerted by the fluid
(lift) also becomes higher. This phenomenon is in accordance
with the study done in [15] in the classic flow over a cylin-
der case. One can conclude that higher vertical forces on the
FSI boundary will cause the beam to show higher values of
deformation.

Figure 5.9: Turek’s test. Plot of
the velocity norm for test FSI2 at
different times.

[39]: Castillo et al. (2014), “Sta-
bilized stress-velocity-pressure fi-
nite element formulations of the
Navier-Stokes problem for fluids
with non-linear viscosity”

[15]: Moreno et al. (2019), “Log-
arithmic conformation reformu-
lation in viscoelastic flow prob-
lems approximated by a VMS-
type stabilized finite element for-
mulation”
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Stress (Pa) Stress (Pa)
200 300 400 500 600 753.3 0.1 100 200 300 400 500 631.3

(a) vp formulation

(b) vpo formulation

Figure 5.10: Turek’s test. Comparison of distribution of the stress field between the two-field formulation and the

three-field one for the FSI2 test.

Table 5.5: Turek’s test. Displace-
ment at point A and forces ex-
erted by the fluid on the beam for
case FSI1.

We u, [107% m] Uy, [107°m] drag [N] lift [N]

0.0 0.2241 0.8202 14.263 0.7657
0.2 0.2107 0.9384 14.703 0.7748
0.4 0.1959 1.0650 15.250 0.7800
0.6 0.1765 1.2020 16.089 0.7873
0.8 0.1572 1.3100 17.038 0.7774
1.0 0.1435 1.3440 18.003 0.7396
1.2 0.1386 1.2520 19.054 0.6669

For the FSI2 problem, the evolution in time for displacements,
lift and drag is computed for several We numbers. The max-
imum We number regime that the algorithm is able to simu-
late using this mesh is We = 0.4. Let us remark that the “char-
acteristic” We number can vary depending on the problem
configuration or the Reynolds number of the problem. In this
case, the Reynolds number is higher than for the FSI1 prob-
lem, and therefore the maximum We number for which the al-
gorithm is able to reproduce well-defined solutions is smaller
than for case FSI1. In Fig. 5.11 the tracking of the solution of
point A along a second is performed to compare the differ-
ent fluid flows. Note that the phases between plot cases have
been conveniently adjusted in order to ease the comparisons.
In the y-displacements, minimum and maximum peaks have
slight variations. While for low Weissenberg numbers, higher
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Figure 5.11: Turek’s test. Results for FSI2.
than zero, a reduction of y-displacement is reported, when
it grows up to We = 0.3 or We = 0.4 the displacements
increase. This effect is connected with lift and drag force
changes, which show a similar effect (see Fig. 5.11).
[153]: Gharabi et al. (2016),

5.5.3 Abdominal aortic aneurysms

As a final example, an abdominal aortic aneurysm is ana-
lyzed. The study of blood flow is important to understand the
mechanisms behind the onset and progression of atheroscle-
rosis [153, 154]. Many studies related to abdominal aortic
aneurysms consider the blood as a purely viscous fluid with
constant viscosity, that is, a Newtonian fluid. In [155, 156] it
is explained that blood can be modeled as an homogeneous
shear-thinning and viscoelastic fluid characterized by the

Oldroyd-B model. This is justified due to blood exhibiting
non-Newtonian characteristics, mainly due to shear thinning
viscosity and viscoelasticity related to stress relaxation and

“Computational fluid dynamic
simulation of human carotid
artery bifurcation based on
anatomy and volumetric blood
flow rate measured with mag-
netic resonance imaging”

[154]: Siasos et al. (2018), “Local
low shear stress and endothe-
lial dysfunction in patiens
with nonobstructive coronary
atherosclerosis”

[155]: Zaman et al. (2012), “Blood
flow of an Oldroyd-B fluid in
a blood vessel incorporating a
Brownian stress”

[156]: Anand et al. (2013), “A new
generalized Oldroyd-B model for
blood flow in complex geome-
tries”



194 | 5 Numerical simulation of FSI problems with viscoelastic fluid flows

[157]: Elhanafy et al. (2019), “Nu-
merical simulation of Oldroyd-B
fluid with application to hemody-
namics”

[158]: Lopes et al. (2019), “Influ-
ence of arterial mechanical prop-
erties on carotid blood flow: Com-
parison of CFD and FSI studies”

normal stress effects. Moreover, in the case of small arteries,
the microstructure and rheological behavior of blood should
not be neglected since the dimension of the blood particles is
of the same order as that of the vessels. The parameters we
used for modeling the blood flow are taken from [157].

In [157] a two-dimensional numerical study is performed in
which the blood is modeled as a viscoelastic fluid, in which
the Oldroyd-B constitutive model is used to represent the vis-
coelastic properties of the blood. Results show that at higher
volumetric flow rates, which correspond to low shear rate
situations, vortices are observed. The relative error with re-
spect to the Newtonian flow model in these cases is of order
40 % and cannot be neglected. Furthermore, in [158] the influ-
ence of arterial mechanical properties on carotid blood flow
is shown by comparing models with rigid and elastic walls.
The conclusion that can be quickly drawn from the study is
that the reciprocal influence of both fluid and solid (blood and
artery) must be taken into account, so as not to overestimate
the effect of rigid walls in the blood flow. In this example, we
carry on a VFSI study to approximate the behavior of blood
flow as a viscoelastic flow and to consider the artery as an
hyperelastic Neo-Hookean material.

Setup

The geometry of the problem is displayed in Fig. 5.12. In this
picture, one can observe the geometry of a channel with one
single aneurysm. Particularly, in Fig. 5.12a the fluid arterial
domain is plotted and in Fig. 5.12b the solid domain, where a
membrane thickness of d = 0.001 m is considered, following
the one described for the carotid case in [158]. Finally, the
fully coupled model is drawn in Fig. 5.12¢, where a transver-
sal cut is done to indicate the lengths adopted for the 3D do-
main generation. In our case, D = 0.008 m is the diameter
of the artery at the inlet and outlet sections, R = D/2 is the
aneurysm ratio, Ly = 7.5D is the domain total length, and
the other dimensions are set as L; = 2.5D and L, = 5D. Also
D; = 2D is the maximum diameter adopted in the domain
for the artery. Moreover, the geometry has been constructed
using the curve

D;-D 2 - L
y:< ! )[1+sin(”(x—1)—£)]+2 Li <x <Ly,
2 L, 2)] "2

(5.86)
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which has been revolutionized over the longitudinal axis (x).

Q

TN

(a) Fluid domain

(c) Full domain

Once the geometry has been defined, the fluid and solid prop-
erties will be described. First of all, the blood in the artery
is considered as a Newtonian fluid, and later as a viscoelastic
one. For the Newtonian cases performed, the blood density is
pr = 1060 kg/m? and the dynamic viscosity y¢ = 3.5-107> Pa-
s; for the viscoelastic fluid model, the properties are ;i = 3.19-
1073 Pa- s for the solvent viscosity and yf =4-10"*Pa-s for
the polymeric viscosity. In other words, the total viscosity is
set to ,ug =3.49 Pa-s and = 0.88. Concerning the relaxation
time, it is set to A = 0.06 s. Secondly, for the solid domain,
which models the vessel wall deformation, an hyperelastic
Neo-Hookean law is considered. Regarding the mechanical
properties, the density is pso = 1120 kg/m?, the Poisson ra-
tio is v = 0.45 and elastic modulus is E; = 1.106 - 10° Pa.

For the fluid domain, a no-slip boundary condition is im-
posed over the walls and a fully developed flow is assumed
at the artery inlet, following the expression

(22 +y%)
vx(0, ¥, 2,1) = Vimax (1 ) (5.87)
vy(O, v,z,t) =v,(0,y,z,t) = 0. (5.83)

Note that v, is the main direction of the flow in the artery;
the average velocity at the inlet is ¥ = 0.05968 m/s taking
Vmax = 0.11936 m/s as the maximum velocity reached at the
inlet. The flow rate is Q = 3-107° m3/s. This is the maxi-

Figure 5.12: Abdominal aortic
aneurysms. Geometry.
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mum flow rate adopted by the reference paper [157]. While
in the Newtonian regime stresses are considered free in the
inlet, for the viscoelastic fluid flow case those have been fixed
associated to the parabolic velocity profile. The artery exit
is considered stress free, but to avoid fluid recirculations in
the exit only the first component of the velocity is set to be
free. Lastly, note that the Reynolds number associated to
this regime is 139.7 and, for the viscoelastic fluid flow, the
We number is 0.447.

Relative to the solid model, the boundaries adjacent to the
inlet and outlet are fixed. On the remaining boundaries of the
solid, a stress free condition is considered, which basically
allows the solid to deform in any direction.

Concerning the generated mesh, it is unstructured and the
domain is discretized using 582 804 tetrahedral FEs for the
fluid domain, while the solid one has 286 597 hexahedral el-
ements. The minimum element size, found on the walls of
the fluid domain and in the solid domain, is about hy;, =
0.00025 m. The time step size is set to ¢ = 0.0025 s.

Results

As mentioned earlier, a similar study is performed in [157]
for a 2D case to highlight the importance of choosing a vis-
coelastic fluid for modeling the human blood; however, we
also incorporate the interaction with a solid membrane, as
suggested in [158]. Its effect is quantified in the following.

Fig. 5.13 shows the fluid flow streamlines. Specifically, Fig.
5.13a plots the streamlines in the full 3D model. Here, the
vortices of the flow, which are located close to the aneurysm
walls, can be clearly observed. For a better comprehension of
these vortices, both Fig. 5.13b (Newtonian case) and Fig. 5.13c
(viscoelastic case) are displayed in a transversal cut in the
z = 0 plane. Note that this plane is in the middle of the do-
main. In contrast with the Newtonian fluid, it is remarkable
how the center of vortices is moved on downstream for the
viscoelastic case. Note that for this Reynolds number the so-
lution has axial symmetry.

In Fig. 5.14 the distribution of the dominant component of
the stresses is shown on the plane z = 0. The Newtonian case



5.5 Numerical Examples | 197

Velocity (m/s)
0.00 0.04 0.06 0.08 0.10.12

(a) Streamlines in the full 3D model

Velocity (m/s) Velocity (m/s)
0.00 0.04 0.06 0.08 0.10.12 0.00 0.04 0.06 0.08 0.10.12

| om—

(b) Streamlines of the Newtonian(c) Streamlines of the viscoelastic
fluid in a cut in the z = 0 plane.  fluid in a cut in the z = 0 plane.

Oxx (Pa) Oxx (Pa)
-0.19 -0.1 -0.05 0 0.08 -6.26e-03 0.2 0.4 0.6 9.06e-01
—— ' — — |

e

(a) Newtonian fluid (b) Viscoelastic fluid

shows smaller values than the viscoelastic case and the max-
imum peaks are reached at the center of the channel. How-
ever, the viscoelastic case accumulates stresses on the walls
immediately downstream of the aneurysm. This is graphi-
cally evaluated in Fig. 5.15, where the norm of stresses over
the top line in the z = 0 plane is plotted. The difference of
magnitude in this location is notable, as reported in [157].
The vertical lines indicate the region of the aneurysm. This
effect is important when dealing with aneurysms, and should
not be neglected. Finer elements around the walls would be

Figure 5.13: Abdominal aortic
aneurysms. Streamlines in the full
domain and in a transversal cut,
coloured with the norm of the ve-
locity.

Figure 5.14: Abdominal aortic
aneurysms. First component
of the stresses. Comparison
between Newtonian and vis-
coelastic regimes in a fluid
domain transversal cut.
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Figure 5.15: Abdominal aortic
aneurysms. Comparison for the
stress norm along the top wall in
the plane z = 0 of the fluid do-
main.

needed to obtain smoother solutions.
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5.6 Conclusions

In this chapter, a numerical approximation for VFSI problems
with viscoelastic fluids in which elasticity can be dominant
has been presented. The main idea is to reproduce scenar-
ios with a viscoelastic fluid model and particularly using the
so-called log-conformation reformulation. This technique al-
lows to treat the exponential growth of the elastic stresses
and, therefore, extend the range of Weissenberg numbers in
which the VFSI problem can be solved.

Several numerical examples have been run to assess the per-
formance of the proposed VFSI problem and its applicability
to viscoelastic flows with high elasticity. First of all, some
examples with Newtonian fluids have been performed to val-
idate our FSI model and to show that both the standard and
the logarithmic formulation presented in Section 5.3 match
with the classical Navier-Stokes equations written in a three-
field setting when We = 0.

Regarding the elasticity of the fluid, we have shown the ef-
fect of increasing it. When elasticity increases, stresses do
so significantly. This effect causes elastic forces to grow up
and, therefore, fluid tractions on the solid become higher.

With regards to the three-field formulations presented in this
work, several conclusions can be drawn. Firstly, we have



shown the effect of considering the stress as a primary un-
known. It becomes crucial when dealing with viscoelastic
flows due to the need to solve an additional differential equa-
tion for the stresses. Furthermore, more accurate results are
obtained for stresses with respect to the classical two-field
formulation in which these stresses are computed as a post-
process. This is clearly a benefit when computing fluid trac-
tions to be imposed in the solid problem. When facing high
elasticity cases for the same mesh, the standard formulation
fails to obtain smooth solutions, whereas the logarithmic for-
mulation is able to handle these situations and regular solu-
tions are obtained.

To end up, we have demonstrated the good performance of
our implementation in a 3D problem. Furthermore, the ef-
fect of considering the blood flow as a viscoelastic fluid and
to mimic the arteries as hyperelastic materials has been stud-
ied. The results prove that differences between Newtonian
and viscoelastic models should not be underestimated and
that viscoelastic constitutive modeling is necessary, specially
when the flow rate in the artery increases.

5.6 Conclusions
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Topology optimization of
incompressible structures
subject to FSI

6.1 Introduction

Fluid-Structure Interaction (FSI) problems involve the inter-
action between a fluid and a deformable solid structure. These
problems arise in various engineering and scientific appli-
cations, including aerospace [112], civil engineering [159],
biomechanics [113, 160], and offshore structures [161]. Nu-
merical methods play a significant role in solving FSI prob-
lems by providing efficient and accurate solutions. These
methods combine fluid dynamics and structural mechanics
algorithms to simulate the coupled behavior of fluids and
structures. The interaction between the fluid and the struc-
ture is typically modeled by exchanging information at the
fluid-structure interface [115]. Understanding and accurately
simulating FSI phenomena is crucial for designing and opti-
mizing systems where fluid and structure interact [116, 162].

One common approach for simulating FSI problems is the
partitioned approach, where separate solvers are used for
the fluid and structural domains. In this approach, the fluid
solver calculates the fluid flow field while treating the struc-
ture as a rigid body or prescribing its motion based on the
interaction forces. The structural solver computes the defor-
mation and stress response of the solid structure based on the
fluid-induced loads. The coupling between the two solvers is
achieved by iteratively exchanging information at the fluid-
structure interface until convergence is reached [114, 163].

Fluid-structure interaction (FSI) problems involving incom-
pressible structures are a subset of FSI phenomena where the
solid undergoes negligible volume changes when subjected
to external forces or deformations. In such problems, the
fluid interacts with a solid object that remains essentially in-
compressible, maintaining its volume throughout the interac-
tion [90]. The study of FSI involving incompressible solids is
crucial in numerous fields, including biomechanics, bioengi-
neering, soft robotics, and material science [164, 165]. Ex-
amples of incompressible structures include soft tissues, elas-
tomers, gels, and certain biological materials [166-168]. Un-
derstanding the complex interactions between the fluid and
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the incompressible solid is essential for designing and opti-
mizing systems in these domains.

Mixed formulations are commonly used in the context of in-
compressible structures to handle the incompressibility con-
straint. These formulations introduce additional unknowns,
such as the pressure field, to enforce volume conservation.
The most widely used mixed formulations are the displacement-
pressure mixed formulations [23, 91] or the three-field formu-
lations which add some extra unknown to increase its accu-
racy [27, 28, 169]. These formulations provide stable and ac-
curate solutions for incompressible problems by coupling the
displacement and pressure fields, and in this work, they are
employed to model FSI simulations involving incompressible
structures.

Topology Optimization (TO) is a powerful computational de-
sign approach that aims to optimize the material distribution
within a given design domain to achieve desired performance
objectives. The goal is to find the optimal arrangement or
layout of material that meets specified criteria while consid-
ering design constraints [79]. The primary objective of TO
of incompressible structures is to improve structural stiffness
while ensuring volume conservation. In these problems, the
incompressibility constraint needs to be satisfied throughout
the optimization process, meaning that the total volume or
the fraction of occupied material within the design domain
remains constant [2, 88].

TO is an efficient method to improve mechanical systems de-
sign in engineering. In the last decade, several methods have
been developed to find optimal structures inside predefined
design domains by minimizing objective functions and con-
straints [79, 80, 82—84].

Although the field of structural optimization has become ma-
ture, many applications, such as aeronautics or biomechan-
ics, require multiphysics design [92, 170-173]. As a conse-
quence, methodologies for structural TO in FSI problems have
become popular as they provide a framework to include FSI
models in the TO design procedure.

These methodologies were classified in [174] according to the
treatment applied on the interface between the fluid flow and
the structure. Therefore, those cases in which only the in-
ternal part of the structure is optimized are named “dry” or



design-independent optimization whereas the wet” or design-
dependent optimization are referred to those cases in which
the geometry of the FSI boundary can be changed during the
TO process.

Regarding the latter, several methodologies have been pro-
posed during the last years. In [175] the idea of using a mono-
lithic approach to interpolate both structural and fluid equa-
tions based on the density method was proposed for steady-
state FSI problems. These ideas were lately extended to stress-
based TO [176]. Another option was proposed in [177] to ex-
tend the XFEM-Level-set method reported in [174] to "wet”
optimization. The bi-directional evolutionary structural op-
timization is also applied in [178] to disjoint the problem
into two subdomains and be able to tackle them in a sepa-
rate way. A body-fitted mesh evolution technique integrated
into a level-set method can be found in [179]. Finally, the
reaction-diffusion equation-based level-set methods are ap-
plied to solve the FSI optimization problem presented in [180].
All these works concern the interaction between a linear elas-
tic compressible structure and viscous fluid flows governed
by the incompressible Navier-Stokes equations.

In this chapter, we are interested in "dry” TO for FSI prob-
lems. In particular, FSI problems which are two-way cou-
pled. The flow depends on the structural displacements and
the structural behavior depends upon the fluid forces. As the
FSI boundary remains constant over the TO procedure, we
can use a staggered approach to solve individually the fluid
and the structure sub-problems and satisfy the interface con-
ditions in a strongly-coupled manner.

In this study, we propose a new “dry” TO framework for
strongly-coupled FSI systems with incompressible structures.
To the best of our knowledge, this is the first attempt to use
TO of incompressible structures in FSI problems. Further-
more, the structural model can be either linear elastic or hy-
perelastic, allowing for finite strain deformations. In addi-
tion, the study of transient FSI problems is also performed.

This chapter is organized as follows. In Section 6.2 the set-
ting of the whole TO problem of incompressible structures
subject to FSI is presented. Next, the algorithm developed to
reproduce such problems is presented in Section 6.3. Some
numerical examples are shown in Section 6.4 to assess and
validate the proposed methodology. The chapter is closed
with some conclusions in Section 6.5.
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6.2 Setting of the problem

6.2.1 Solid dynamics problem

This section focuses on the analysis and behavior of solid
structures that can reach the incompressible limit under dy-
namic loading conditions. It explores the response of mate-
rials and structures. This section aims to provide an intro-
ductory overview of the fundamental concepts and princi-
ples related to solid dynamics for incompressible structures.
Let us start by summarizing the conservation equations for
both linear elasticity and finite strain hyperelasticity in solid
dynamics.

Linear elasticity. Governing equations

According to Chapter 2, the equations of motion of linear
elasticity can be presented as follows. Let Qg be the solid
domain. Any point of the body is labeled with the vector
x. The boundary of the domain is denoted as I'y := 9Qg and
is split into a Dirichlet boundary T p, where the prescribed
displacements are specified and a Neumann boundary T v,
where prescribed tractions are applied. The interface bound-
ary with the fluid is Tj. We denote as ]0, T[ the time interval
of analysis.

The continuum problem for solid dynamics, suitable for the
incompressible limit, is defined by the following system of
equations

Linear elasticity. Solid dynamics problem accounting
for fluid tractions on T

2

Ds aal:;s —V-sg+ Vps = psb in Q;x[0,T[, (6.1)
ss—Cdev i e =0 in Qg x 10, T, (6.2)
V-us+%:0 in Qg x 10,77, (6.3)

S
es—D:Vsug=0 in Qg x [0, T[, (6.4)
ug=usp onlgpx]0,T[, (6.5)
ng-ss— psng =tgy  onTgnx]0,T[, (6.6)
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n-Sg— psn; +tr=0 onT;(t)x]0,T[, (6.7)

where pg is the density, ug the displacement field, sy the de-
viatoric stresses, psb the body forces, C9¢V the 4th-order de-
viatoric constitutive tensor, eg the deviatoric strains, ps the
pressure field, x; the bulk modulus and D the deviatoric 4th
order tensor.

With regards to the boundary conditions, ug p is a prescribed
value for the displacements on the Dirichlet boundary, t 5 a
prescribed value for the tractions on the Neumann boundary
and t; are the tractions coming from the fluid on the interface
boundary.

Two different formulations are considered to manage this
problem. On the one hand, the mixed two-field up formu-
lation, on the other hand, the mixed three-field upe formula-
tion, both of them presented in Subsection 2.1.1.

Finite strain hyperelasticity. Governing equations

According to Chapter 3 the equations of motion of finite strain
hyperelasticity can be presented as follows. Let Q¢ := Q  (0)
be the reference configuration of the solid body, whereas
the current configuration of the body at time ¢ is denoted
by Qs (t). The motion is described by a function ¢ which
links a material particle X € Qg to the spatial configuration
x € Qg (¢) according to

¥ Qo — ), x=y¢(X1), VXeQ, t>0.(68)

The boundary of the reference configuration is denoted as
Ts0 = 0Qg and Is (t) = 9Q (t) represents the boundary of
the current configuration at time t. We always assume that
the mapping between both boundaries is defined through the
motion, i.e., Y(Iso,t) = I's(t). The interface boundary with
the fluid at the reference configuration is Ij . We denote as
10, T[ the time interval of analysis.

We want to deal with compressible materials that can reach
the incompressible limit. The governing equations in finite
strain hyperelasticity in a TLF framework are defined by
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Finite strain hyperelasticity. Solid dynamics problem
accounting for fluid tractions onT; ; in a TLF framework

azus ' T 1
Pso g ~ Vo - {Sst } +Vo - {ps JF5 '}
= psob in Q0 x]0,T[,
(6.9)
ps dG .
K_:+E:0 in Qg x10,T[,
(6.10)
L, oW :
SS—Za—Cszo in Qg x10,T[,
(6.11)
Us =Ugp on rS,O,D X ]0’ T[ >
(6.12)
Ngo - {S’ng - Ps]st_l} = ts,O,N on 1—‘s,O,N X ]0’ T[ >
(6.13)
n; - {SiFL — poJiFs 1} = JFlte on Ty x 10, T[,
(6.14)

where p,q is the density at the reference configuration, S;
the deviatoric PK2 stress tensor, F, the deformation gradient,
Js the Jacobian, d—? a term related with the volumetric part
of the strain energy function U, W the deviatoric part of the
strain energy function and Cg the right Cauchy tensor.

With regards to the boundary conditions, ug p is a prescribed
value for the displacements on the Dirichlet boundary, t; 5
a prescribed value for the tractions on the Neumann bound-
ary and ty are the tractions coming from the fluid on the inter-
face boundary. Note that a pull-back transformation must be
applied to fluid tractions t; to apply them on the boundaries
at the reference configuration.

Two different formulations are considered to manage this
problem. On the one hand, the mixed two-field up formula-
tion presented in Section 3.5. On the other hand, the mixed
three-field upS’ formulation presented in Section 3.6.
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6.2.2 Fluid flow problem

The next step is to define the governing equations that model
the fluid flow problem for an incompressible Newtonian flow
which is modeled with the well-known Navier-Stokes equa-
tions. The approach followed can be understood as the tra-
ditional one, where the fluid problem is solved by means of
an ALE formulation to cope with the time dependency of the
fluid domain.

ALE formulation of the fluid flow equations

Let now Qg(t) be the domain where the fluid flows, with bound-
ary T¢(t) := 0Q¢(t), where Dirichlet boundary conditions are
prescribed on Tt p(t) and Neumann conditions onT¢ 5 (¢). These
boundaries may be moving. According to Subsection 5.3.1, a
mesh equation must be solved to obtain the domain velocities
which are needed to solve the fluid equations. Let us directly
show here the system of equations that is solved according
to [137] for a given velocities in the interface boundary with
the solid vr, at time ¢"

ALE formulation. Mesh equation accounting for solid
velocities on T

—V-{C : V’vgom} =10 in Q(t"), (6.15)
Vdom = VT, on T;("), (6.16)
Viom =0 on [e(t") \T;(@"),  (6.17)

where C (Egom (X), Vgom) 1S the Constitutive 4th order tensor
in linear elasticity, Egop, (x) is the Young Modulus of the mesh
and vy, is the Poisson coefficient of the mesh.

Using the ALE reference, the only modification with respect
to the purely Eulerian formulation is to replace the transport
velocity v¢ of the advective term by v, :== vf — Vyom-

Governing equations

According to Chapter 2 the equations of the Newtonian in-
compressible fluid flow assumption are presented. Let Q)
be the fluid domain in the time interval ]0, T[, accounting also

[137]: Chiandussi et al. (1999), “A
simple method for automatic up-
date of finite element meshes”
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for the motion of this domain. Let T¢(t) := 9Q¢(t) be its bound-
ary. The continuum Navier-Stokes problem for Newtonian
fluid flows is defined by the following system of equations

Newtonian fluid flows. Navier-Stokes problem in ALE
approach accounting for solid displacements on I}

a
Pf% + ppve - Vv — Vv + Vpe = in Q(t) x [0, TT,
(6.18)
V-vi=0 in Q(t) x [0, TT,
(6.19)
Vi=Vgp on rﬁD(t) x 10, T[,
(6.20)
n¢-0f = tf,N on rﬁN(t) x 10, T[,
(6.21)
Vf=Vr, on L) x 10, T[ .
(6.22)

where v¢ is the velocity field, pf the pressure, f the vector of
body forces, pr the density, y¢ the dynamic viscosity and V2(-)
is the Laplacian operator.

With regards to the boundary conditions, v¢ ) is a prescribed
value for the velocities on the Dirichlet boundary, t;y the
prescribed value for the tractions on the Neumann bound-
ary and vr, is the velocity field coming from the solid on the
interface boundary.

In this chapter, the two-field vp formulation presented in
Subsection 2.2.3 is considered.

6.3 TO of incompressible structures
subject to FSI

6.3.1 Fluid-structure interaction

Let Q(t) be the whole domain of the problem, formed by a
fluid sub-domain Qg(¢) and a solid one Q4(¢) which will be
optimized during the process. These two sub-domains do not

overlap, so that Q(t) = Q(t) u Qg(t) and Q(t) n Q5(¢) = @. The
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sub-domains have their own boundaries T'¢(¢) and Tx(¢), and
the interface between the them is I;(¢). Its unit normal with
respect to the spatial configuration is denoted n;, pointing
from the fluid side to the solid one. We also define T's as
the solid boundary in the initial configuration and its unit
normal with respect to the material configuration is denoted
by ;.

In this chapter, a block-iterative coupling is considered, in
which the solid and the fluid mechanics problems are solved
sequentially with a strong coupling. A Dirichlet-Neumann
coupling is considered: the solid is solved with the loads com-
puted from the fluid in a given iteration and then the fluid is
computed with the velocities on the interface obtained from
the solid. An Aitken relaxation scheme is implemented. Us-
ing the Dirichlet-Neumann iteration-by-subdomain coupling
approach described earlier, the coupling algorithm to solve
the problem is very similar to the one given in Algorithm 1
in Chapter 5. Let us remark that in this case, for hypere-
lastic materials, the solid problem is solved in a TLF frame-
work, which means that we need to pull-back tractions com-
ing from the fluid domain.

6.3.2 The TO of incompressible structures
subject to FSI algorithm

The sequence of the individual steps is shown in Algorithm
2. Let us explain in detail the proposed strategy.

The main goal of the proposed methodology is to obtain op-
timized incompressible structures which are subjected to FSI
loads. In this sense, we need to specify both a delay for the
TO to start nge] and a time window N, which will take into
account the number of steps to do a TO iteration. Obviously,
the selection of this time window is not simple, and it de-
pends upon the FSI problem. For real transient FSI prob-
lems, the problem is supposed to be statistically stationary,
which means that there exists a period in the movement of
the flow unless the fluid flow becomes turbulent [181-183].
The steps needed to cover this period is a suitable choice to
be the time window. In this work, as a first approximation, a
fixed value for the time window is imposed during the whole
procedure.
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[181]: Hughes et al. (2001), “Large
eddy simulation of turbulent
channel flows by the variational
multiscale method”

[182]: Codina et al. (2010),
“Finite element approximation
of turbulent thermally coupled
incompressible flows with nu-
merical sub-grid scale modelling.”
[183]: Colomes et al. (2015),
“Assessment  of  variational
multiscale models for the large
eddy simulation of turbulent
incompressible flows”
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The following ingredient is to compute an additive TD Q%ddj
for all the steps along the time window. In each time step,
we iterate until convergence our block-iterative FSI method.
Once a converged solution is obtained, we can compute the
split TD associated with the solid converged state according
to the results obtained in Chapter 4

Dr7 (1. x) =e (1, %) : P 1 s (., %)+ PYlp? (1,%)
+(1—-y)pb-u(y.x), (6.23)

for linear elastic materials or

17 (LX) =W (C(X) - p(1.X) g(J (1. X))
+ (1 =y)peb-u(y,X), (6.24)

for hyperelastic ones. The idea is to sum the contributions
for all the time steps inside the time window. To do so, a
simple additive function is defined as

@?ddjnvﬁl _ g%ddjnw + D g, (6.25)

where ny, is the time window counter. Once the time win-
dow is achieved, ny, = Ny, a single TO step is performed
for the solid domain with the additive TD according with the
flowchart presented in Fig. 4.1 for linear elastic materials or
the flowchart presented in Fig. 4.21 for hyperelastic mate-
rials. The counter of steps and the additive TD are reset to
Zero.

An important aspect to mention is that ’dry” TO is performed.
This means that only the interior of the structure is opti-
mized, whereas the interface boundary remains constant along
the problem. To do so, we split the solid domain Qg into two
sub-domains, Q,, and Qg,. The former contains the inte-
rior of the structure and it is allowed to be optimized during
the TO procedure, the latter contains the external layer of
the structure in contact with the fluid and is fixed as strong
material during the whole TO procedure. Let us remark that
a bi-material TO problem is performed. The material corre-
sponding to the weak domain exhibits a very small stiffness,
approximating the absence of material. The material param-
eters of the strong domain are denoted by ps, Es and vs
and the parameters of the weak domain are considered as
Pw.o = YPs0> Ewo = YEs and vy, o where y stands for the jump
of stiffness. Note that y > 0 is a parameter, small enough for
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modeling void regions and large enough to entail invertibil-
ity properties to the stiffness matrix.
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Algorithm 2: TO of incompressible structures subject to
FSI

1 Fixed delay steps ny, to start the TO procedure and a time
window N, to do a TO step. n = 0; loop over the number of
time steps. n,, = 0; time window counter to 0.

n«<n+l

if n > ny, then n, < n,, +1

k = 0; iterate coupling iterations until convergence.
k < k + 1 (block iteration counter omitted in the
following).

« Solve the equations for the solid, taking into account
the tractions coming from the fluid problem t;.

« Compute relaxed velocities on the interface
boundary vy, with an Aitken relaxation scheme from
the solid velocities vy, ; = 62;5 Ir,-

« Compute the domain veloc1ty in the fluid by solving
the mesh equation.

« Solve the ALE equations for the fluid, taking into
account the mesh velocity v4,,, and using the
interface velocity vr,.

+ Check convergence and update the unknowns.
Coupling convergence is checked based on the norm
of the relative error between coupling iterations of
displacements at the interface, i.e., [ur, ; — ur, ¢l;2r,) and
tractions, i.e., |tr, s — tr ¢li2(r;) properly normalized.
Convergence is achieved when this norm is below a
given tolerance.

End block-iterative loop.
« Compute the additive TD associated to the already
converged solution at time ¢"

gjgddjanrl — g_lqddj'nw + 9]‘]"‘”:

where 9, 7™ is the TD associated with time window
counter n,.
« Check if n > ny, and n,, = N, then
« Perform a TO step with the additive TD according
with the flowchart presented in Fig. 4.1 for linear
elastic materials or the flowchart presented in Fig.
4.21 for hyperelastic materials.
n,, = 0; restart time window counter.
@244 gnw = 0; restart additive TD.
« endif
End loop over the number of time steps.
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6.4 Numerical examples

In this section, three numerical examples are presented to
assess the performance of the proposed TO of incompress-
ible structures subject to FSI strategy. In the first one, a flow
through a channel with a flexible wall is considered to study
a stationary solution. The main idea is to analyze the differ-
ences between mixed formulations when considering either
linear elastic structures or hyperelastic ones. Next, so as to
examine the effect of transient FSI solutions, the well-known
Turek’s test FSI2 is presented. In this case, the behavior of
a laminar channel flow around an elastic object is studied
when several volume fractions are considered for the opti-
mized structure. To end up, a three-dimensional case with
an incompressible flexible plate in a flow channel is consid-
ered.

On the one hand for the fluid sub-problem, we select the
S-OSGS method with dynamics subscales. The algorithmic
parameters are set to ¢; = 4, ¢ = 2. As a time integra-
tor we select the BDF2 scheme for all cases. As previously
discussed, the nonlinearities in the problem are solved via a
Picard scheme. A maximum of 10 iterations is set, and the
numerical tolerance for the L? (Qf) norm is 107.

On the other hand for the solid sub-problem, the stabilization
technique is selected to be the S-OSGS method. The algorith-
mic parameters are settoc; = 1,¢; = 1 and ¢3 = 0.5 depending
on the chosen formulation. As a time integrator we select the
BDF2 scheme for all cases. As previously discussed, the non-
linearities in the problem are solved via a Newton-Raphson
scheme. A maximum of 10 iterations is set, and the numeri-
cal tolerance for the L? (Q) norm is 107,

In order to solve the monolithic system of linear equations for
each sub-problem, we use the Biconjugate Gradients solver,
BiCGstab [71], which is already implemented in the PETSc
parallel solver library [17].

Concerning the iterative scheme, a strong-coupling staggered
approach is considered as mentioned in Algorithm 2. There-
fore, for the transmission conditions on the interface bound-
ary T; (using again the L2 norm), the relative tolerance is set
to 1073

With regards to the TO parameters, the weak material is con-
sidered to be compressible, with v, = 0.4. The jump of stiff-

[71]: Vorst (1992), “Bi-CGSTAB:
A fast and smoothly converging
variant of Bi-CG for the solution
of nonsymmetric linear systems”

[17]: Balay et al. (2015), PETSc
Web page
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[174]: Jenkins et al. (2015),
“Level set topology optimization
of stationary fluid-structure
interaction problems”

[180]: Li et al. (2022), “Three-
dimensional topology optimiza-
tion of a fluid-structure system
using body-fitted mesh adaption
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ness y is fixed to 1072, As a stopping criterion for the TO algo-
rithm, we impose a relative tolerance for the objective func-
tional tol = 1072, unless otherwise specified. The volume
fraction is reduced at once except where otherwise stated. In
all presented figures, only the positive part of the level set is
plotted, therefore only the strong material part is shown. The
rest is filled of weak material elements which is interpreted
as the void region.

6.4.1 Beam in a flow channel

In this first problem, we seek to determine the optimal topol-
ogy of an structure immersed in a flow channel. This exam-
ple is very similar to the one presented in [174, 180]. The
problem presented here has a fixed interface boundary be-
tween the fluid flow and the structure. Therefore, we opti-
mize the interior of the structure. The geometry of the prob-
lem is shown in Fig. 6.1

based on the level-set method” AT:: T
1
A ,Qﬁ
Y h
s 0,
N Qf
Fin I H Fout
— I‘Wall Er
(0,0)= -

Figure 6.1: Beam in a flow channel. Geometry.

Regarding the channel measures, the rigid channel has height
H = 1 m. The flexible wall is located at 2H from the chan-
nel entrance. The length of the whole channel is L = 5 m.
The structure bar has length [ = 0.1 m and height & = 0.5 m.
The solid domain Q is divided into two subdomains Q,,, and
Qi The former contains the interior of the structure and
it is allowed to be optimized during the TO procedure, the
latter contains the external layer of the structure of width
r = 0.01 m which is in contact with the fluid and is fixed as
strong material during the whole TO procedure.

Regarding the properties of the fluid, the density is pf = 1
kg/m? and the dynamic viscosity is g = 1 Pa-s. For the elastic
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plate the properties are as follows: an initial density pso =
1 kg/m3, a Young’s modulus E; = 40 kPa and a Poisson’s
ratio vg = 0.5. The plane strain assumption is considered. A
final volume of 50% of the initial one is stated as a volume
restriction for Qy,;.

Concerning the boundary conditions, in the inlet boundary
of the fluid domain T}, a steady Poiseuille flow with average
velocity ¥y, is assumed, given by

_ _YyH=-y)
(0,y) =15 vinyH—zy. (6.26)

2

On the walls Ty, no-slip boundary conditions are imposed,
and in the outlet Ty the pressure is set to py, = 0 Pa. A
rectangular plate is considered as the solid domain, and it is
clamped at the bottom side.

The domains are discretized using P; (linear) elements for
both fluid and solid domains. Regarding the distribution of
the elements, both meshes are unstructured. In total, the
fluid mesh is formed by 12446 elements, and the solid mesh
by 12 720 elements.

(a) Velocity field

(b) Pressure field
To start the problem, a smooth increase of the velocity profile
in time is prescribed, given by

1—cos It
2

(0, y)— t<1.0s

v(0, y,t) = (6.27)

v(0, ) otherwise

We select the time step At = 0.005 s. During the first 2.5 s, we
let the FSI problem run without performing any TO iteration.

Figure 6.2: Beam in a flow chan-
nel. Distribution of the velocity
field (top) and pressure (bottom)
in the fluid domain with average
velocity #, = 1 m/s. Velocities
are plotted using their Euclidean
norm.
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To do so, we impose a delay in the TO procedure of 500As. At
this moment, the problem has already converged to a station-
ary solution. From this point on, we select a time window of
50At = 0.25 s to store the additive TD and perform a TO it-
eration. We continue the same procedure until a converged
optimized solution is obtained for the structure.

First of all, let us consider 1, = 1 m/s, which results in a
fluid flow with Reynolds number Re = 1. For this case, the fi-
nal stationary FSI solution is supposed to produce very small
strains in the structure, which can be approximated with the
infinitesimal strain theory. Let us start by showing the final
stationary solution for the fluid domain once the optimized
structure has been obtained for a linear elastic material. Both
velocity and pressure fields in the flow channel are depicted
in Fig. 6.2.

K
N

Displacement (m) ressure (Pa) Devidtoric strain (-)
0.0 0.005 001 0015 0.022 -7000.0 -3500 0 3500  7000.0 0.00 0.008 0.01 0.02
— 1 o — — !
(a) Displacement field (b) Pressure field (c) Deviatoric strain field

Figure 6.3: Beam in a flow channel. Distribution of the displacement field (left), pressure (middle) and deviatoric
strain field (right) in the linear elastic incompressible beam with up formulation and with average velocity ¥, =
1 m/s. Displacements and deviatoric strains are plotted using their Euclidean norm.

We consider two different formulations for the structure. In
Fig. 6.3 the final optimized solution with the up formulation
is shown whereas in Fig. 6.4 the one obtained for the three-
field upe formulation is presented. Both solutions displays
different solutions which are supposed to converge to the
same one with finer meshes.
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Displacement (m) ressure (Pa) eviatoric strain (-)
00 0005 001 0015 0.022 -60000  -2500 O 2500  6000.0 0.00 0005 001 0015 002
| |

— o
(a) Displacement field (b) Pressure field (c) Deviatoric strain field

Figure 6.4: Beam in a flow channel. Distribution of the displacement field (left), pressure (middle) and deviatoric
strain field (right) in the linear elastic incompressible beam with upe formulation and with average velocity v, =
1 m/s. Displacements and deviatoric strains are plotted using their Euclidean norm.

Let us now consider a hyperelastic material by considering a
Neo-Hookean law for the deviatoric law of the strain energy
and a Simo-Taylor law for the volumetric one. The solution
of the channel flow is very similar as the one obtained for
the linear elastic case. Again, the two different solutions pre-
sented in Chapter 3 are applied. Fig. 6.5 presents the final
solution obtained with the two-field up formulation. Fig. 6.6
displays the solution for the upS’ formulation. Again quite
different solutions are obtained due to the nonlinearities of
the problem, the iterative TO algorithm and the coarse mesh
of the solid domain that we are considering.

For the sake of completeness, Table 6.1 shows the forces ex-
erted by the fluid flow on the whole submerged beam struc-
ture and the displacement at the point A for the different
cases we have studied. As it was expected, all cases display
the same final properties due to the fact that infinitesimal
strain theory can be considered.

Finally, in Fig. 6.7 the total potential energy is plotted against
the TO iterations during the whole procedure for all the for-
mulations considered. As expected, all formulations are de-
creasing the objective functional during the TO iterations
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]
|

Displacement (m) Pressure (Pa) Deviatoric stress (Pa)
0.0 0005 001 0015 0.022 -6000.0 -2500 0 2500  5000.0 0.0 1500 3000 5000.0
I

! i — ] l— —
(a) Displacement field (b) Pressure field (c) Deviatoric PK2 stress
field

Figure 6.5: Beam in a flow channel. Distribution of the displacement field (left), pressure (middle) and deviatoric
PK2 stress field (right) in the hyperelastic incompressible beam with up formulation and with average velocity
¥, = 1 m/s. Displacements and deviatoric stresses are plotted using their Euclidean norm.

until a minimum is achieved. Due to the high accuracy of
strains and stresses that are obtained in the three-field for-
mulations, we can see different values for the total potential
energy. Obviously, this difference is expected to be reduced
while refining the solid mesh.

Let us now consider a case which involves finite strains. To
do so, we increment the average velocity to %, = 10 m/s,
which results in a fluid flow with Reynolds number Re = 10.
To perform this study let us consider only the up formula-
tions for both linear elastic and hyperelastic materials. Fig.
6.8 shows the solution for the fluid domain which seems quite
similar in both cases. Figs. 6.9-6.10 show the final optimized
structure for a linear elastic material and for a hyperelastic
one, respectively. In this case, we can observe that strains
are not infinitesimal anymore.

To show that the linear elastic theory hypothesis is not suit-
able in this case, Table 6.2 shows the fluid forces on the beam
interface and the displacement at point A. As it can be clearly
seen, quite different solutions are obtained. This example
clearly shows that even in stationary FSI problems, the lin-
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Displacement (m)

Pressure (Pa) Deviatoric stress (Pa)
0.00 0.005 0.01 0.0158 0.02 -5000.0 -2500 0 2500  5000.0 0.0 2000 4000 6000.0
— ! D — —
(a) Displacement field (b) Pressure field (c) Deviatoric PK2 stress

field

Figure 6.6: Beam in a flow channel. Distribution of the displacement field (left), pressure (middle) and deviatoric
PK2 stress field (right) in the hyperelastic incompressible beam with upS’ formulation and with average velocity
¥, = 1 m/s. Displacements and deviatoric stresses are plotted using their Euclidean norm.
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ear theory of elasticity must be considered only when very
small strains are produced in the structure. From the concep-
tual point of view, in this case there is no physical interaction,
as the solid configuration does not change and thus the solid
does not affect the fluid dynamics.

6.4.2 Turek’s test

In this second case, we study the TO of an incompressible
hyperelastic structure subject to FSI with a laminar flow. This

Figure 6.7: Beam in a flow chan-
nel. Convergence diagrams for
both up and upS’ formulations
with a hyperelastic beam with av-
erage velocity ¥, = 1 m/s. LE
states for a linear elastic material
and HE for a hyperelastic one.
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Table 6.1: Beam in a flow chan-
nel. Displacement at point A and
forces exerted by the fluid on the
whole submerged body with aver-
age velocity %, = 1 m/s. LE states
for a linear elastic material and
HE for a hyperelastic one.

Figure 6.8: Beam in a flow chan-
nel. Distribution of the velocity
field (top) and pressure (bottom)
in the fluid domain with average
velocity %, = 10 m/s. Velocities
are plotted using their Euclidean
norm.

Displacement (m)
00 005 01 01 019
i

(a) Displacement field

uy [100' m]  w,[10°m] drag [N] lift [N]

w/o TO 0.1978 0.2208 86.3563  -11.9159
up, LE 0.2168 0.2791 86.5657  -12.1485
upe, LE 0.2144 0.2791 86.6162  -12.1428
up, HE 0.2218 0.2346 86.2957  -12.1737
upS’, HE 0.2230 0.2304 86.2634  -12.1846

(a) Velocity field

Prassure (Pa)
2000 0 200 400 600 800 10000
1

(b) Pressure field

Pressure (Pa) Strain ()
4650000 -40000 20000 O 20000 40000  65000.0 001 005 01 015 02 024
. | | I | | \ L . \

(b) Pressure field (c) Infinitesimal strain field

Figure 6.9: Beam in a flow channel. Distribution of the displacement field (left), pressure (middle) and infinitesimal
strain tensor field (right) in the linear elastic incompressible beam with up formulation and with average velocity
¥, = 10 m/s. Displacements and strains are plotted using their Euclidean norm.

[146]: Turek et al. (2007), “Pro-
posal for numerical benchmark-
ing of fluid-structure interaction
between an elastic object and lam-
inar incompressible flow”

case derives from the well-known benchmark in FSI used by
many authors [146]. The configuration consists of a laminar
channel flow around an elastic object which results in self-
induced oscillations of the structure.
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Strain ()
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(b) Pressure field

(c) Green Lagrange strain field

Figure 6.10: Beam in a flow channel. Distribution of the displacement field (left), pressure (middle) and Green
Lagrange strain tensor field (right) in the hyperelastic incompressible beam with up formulation and with average
velocity ¥, = 10 m/s. Displacements and strains are plotted using their Euclidean norm.
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w/oTO,LE 01797 02351  1071.6400 -192.8160 fovoq everted by the fluid on the
up, LE 0.1969 0.2531 1081.8600 -214.3030 whole submerged body with av-
w/o TO,HE 0.1758 -0.0972 887.3970  -166.3880 erage }"SIOCiltY Yin l: 10 m/s. LFi
states for a linear elastic materia
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Figure 6.11: Turek’s test. Geometry.

The geometry of the problem is displayed in Fig. 6.11. The
rigid channel has height H = 0.41 m and length L = 2.5 m.
The circle centre is positioned at point C = (0.2,0.2) m (mea-
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sured from the left bottom corner of the channel) and its ra-
dius is r = 0.05 m. The structure bar has a length [ = 0.35 m
and a height & = 0.02 m. The right bottom corner is posi-
tioned at (0.6,0.19) m, and the left end is fully attached to the
fixed cylinder. The solid domain Q is divided into two sub-
domains Q,,, and Qg,. The former contains the interior of
the structure and it is allowed to be optimized during the TO
procedure, the latter contains the external layer of the struc-
ture of width d = 0.001 m which is in contact with the fluid
and is fixed as strong material during the whole TO proce-
dure.

With regards to boundary conditions, a parabolic profile is
prescribed at the left channel inflow, given by

i _ y(H-y)
%(0,7) = 15 5,2 " 2, (6.28)

2

such that the mean inflow velocity is ¥, and the maximum
of the inflow velocity profile is 1.5%,. A smooth increase of
the velocity profile in time is prescribed, given by

pis
1-cos Et

(0, y) > 1<20s
(0, y) otherwise

v(0, y,t) = (6.29)

The outflow condition is considered stress free. Finally, a no-
slip condition is prescribed for the fluid on the other bound-
ary parts. Concerning the boundary conditions of the struc-
ture, fixed null displacement is considered in the left edge.

The main goal of this example, is to perform a TO procedure
of a transient solution. Therefore, the FSI2 parameter set-
tings are taken from the benchmark. Therefore, the mean
flow velocity is fixed to 4, = 1 m/s. Regarding the prop-
erties of the fluid, the density is pr = 1000 kg/m? and the
dynamic viscosity is g = 1 Pa-s. This results in a fluid
flow with Reynolds number Re = 100. For the incompress-
ible elastic plate the properties are as follows: an initial den-
sity pso = 10000kg/m?, a Young’s modulus Es = 14 kPa and
a Poisson’s ratio v, = 0.5. A Neo-Hookean law is considered
for the deviatoric strain energy and a Simo-Taylor law for
the volumetric one. The plane strain assumption is consid-
ered.

The domains are discretized using P; (linear) elements for
both sub-domains. Regarding the distribution of the elements
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in the fluid domain, the mesh is finer around the cylinder and
the bar, while downstream the mesh is coarser, as it can be
observed in Fig. 6.12. In total, the fluid mesh is formed by
13 537 unstructured elements, and the solid mesh by 15 608
unstructured elements equally distributed over the bar.
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(b) Zoom around the cylinder and bar and mesh of the solid domain Figure 6.12: Turek’s test. Mesh do-

main.

We select the time step At = 0.005 s. During the first 12 s,
we let the FSI problem run without performing any TO itera-
tion. This is the time needed to arrive to a periodic solution.
To do so, we impose a delay in the TO procedure of 2 400At.
From this point on, we select a time window of 50At = 0.25 s
to store the additive TD and perform a TO iteration. This
time is very close to the period in the case without TO. We
continue the same procedure until a converged optimized so-
lution is obtained for the structure. For this example, only
the up formulation is considered.

To show the effect of the TO procedure in a transient FSI
problem, we select several volume fractions ranging from
90% to 70%. Let us first impose a final volume of 90% of the
initial one. Fig. 6.13 shows both the velocity field and the
pressure field at different times of the final transient solu-
tion. The final optimized structure is depicted in Fig. 6.14.
As expected all the extracted material is taken from the right
edge of the beam. Next, we select a final volume of 80% of the
initial one. Figs. 6.15-6.16 display both the final solutions for
the fluid domain and the optimized solid domain at different
times, respectively. In this case, oscillations decrease com-
pared to the ones presented in the first case. This reduction
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is clearly explained due to the loss of mass in the structure.
Finally, we impose a final volume of 70% of the initial one. In
this case, an almost stationary solution is achieved as it can
be seen in Figs. 6.17-6.18. From this study, we can draw the
conclusion that TO optimization cannot only be used for re-
ducing material volumes while minimizing an objective func-
tion, but to modify transient solutions in time by changing
oscillations in some coupled problems.
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(e) t = 25.5 s. Velocity field (f) t = 25.5 s. Pressure field

Figure 6.13: Turek’s test. Distribution of the velocity field (left) and pressure (right) in the fluid domain with 90%
of final volume at several times. Velocities are plotted using their Euclidean norm.
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Figure 6.14: Turek’s test. Distribution of the displacement field (left) and pressure (right) in the solid domain with
90% of final volume at several times. Displacements are plotted using their Euclidean norm.

To show clearly the effects that are exposed in the previous
paragraph, both forces exerted by the fluid in the whole sub-



6.4 Numerical examples | 225

Velocky (mis) [e——
00 05 T 15 221 1000 o 100 200
— _ — —  —

(a) t = 25.0 s. Velocity field (b) t = 25.0 s. Pressure field

Velocty (/s Prossre (e
00 05 T 16 221 100 o 1000 200
— ] — C —

(c) t = 25.25 s. Velocity field (d) t = 25.25 s. Pressure field

Prossre a0
o 0 LI

Velocy
> _

(e) t = 25.5 s. Velocity field (f) t = 25.5 s. Pressure field

Figure 6.15: Turek’s test. Distribution of the velocity field (left) and pressure (right) in the fluid domain with 80%
of final volume at several times. Velocities are plotted using their Euclidean norm.
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Figure 6.16: Turek’s test. Distribution of the displacement field (left) and pressure (right) in the solid domain with
80% of final volume at several times. Displacements are plotted using their Euclidean norm.

merged body (cylinder plus beam) and the displacement at
point A are plotted in Fig. 6.19 for all the volume fractions
considered. All volume fractions arrive with the same oscilla-
tions at time ¢ = 12 s. At this point each one decreases to the
final volume fraction required. As it can be seen, drag and
lift are decreasing while decreasing the final volume fraction
and therefore, the displacement at point A is also decreasing.
For the case of 70% of the final volume, we can see that all
figures end with a stationary solution.

To end this example, in Fig. 6.20 the evolution of the total
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Figure 6.17: Turek’s test. Distribu-
tion of the velocity field (top) and
pressure (bottom) in the fluid do-
main with 70% of final volume. Ve-
locities are plotted using their Eu-
clidean norm.

Figure 6.18: Turek’s test. Distribu-
tion of the displacement field (top)
and pressure (bottom) in the solid
domain with 70% of final volume.
Displacements are plotted using
their Euclidean norm.
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Figure 6.19: Turek’s test. Results for TO FSI2.

potential energy for the three cases along TO iterations is
shown. As it is expected, the functional decreases for the
three cases until a point in which we consider that a min-
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imum is achieved. It is worth to mention, that in the 70%
case, the stationary solution means that almost no forces are
done by the fluid flow to the solid, this is the reason why the
energy is almost 0. Let us also point that some oscillations
appear in the 90% case due to the fact that the compliance in
this case depends also upon time. If we want to remove this
effect, a higher time window for the TO iterations should be
considered to neglect this dependence.
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6.4.3 Flexible plate in a flow channel

As a final example we study the optimization of the internal
structural layout of a challenging three-dimensional test case
which exhibits highly dynamic transient FSI. The problem ge-
ometry is depicted in Fig. 6.21. A plate of length [ = 0.07 m,
width w = 0.6 m and height A = 0.35 m is mounted at the
bottom of a flow channel. The plate is located at L; = 0.49 m
from the channel entrance. The channel is a cuboid-shaped
domain of length L = 1.5 m, width W = 1.2 m and height
H = 0.6 m. The solid domain Q is divided into two subdo-
mains Q,, and Qg,. The former contains the interior of the
structure and it is allowed to be optimized during the TO pro-
cedure, the latter contains the external layer of the structure
of width r = 0.007 m which is in contact with the fluid and is
fixed as strong material the whole TO procedure.

A parabolic profile for the velocity at the channel inlet face
is prescribed, given by

_ _ 2500
(0,y,2) = Tnax g1 2 (z—0.6)(y+0.6)(y —0.6), (6.30)

where the maximum velocity is ¥, = 1 m/s and it is varied

Figure 6.20: Turek’s test. Conver-
gence diagram.
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Figure 6.21: Flexible plate in a flow channel. Geometry.

by a temporal factor

_ 1—cos 7t
(0, y, 2) > 1<0.1s . (6.31)

(0, y, z) otherwise

v(0,y,2,t) =

The time t = 0.1 s denotes the final time of the excitation
phase. Therefore, the flow entering the domain excites the
structural flap to initially bend and deform. No-slip wall
boundary conditions at the four sides perpendicular to the
inlet prevent the flow to escape. A stress-free condition is
applied on the outlet boundary. The bottom face of the flex-
ible beam is considered clamped.

The material properties are chosen as follows: the flow is as-
sumed incompressible with kinematic viscosity v¢ = 0.01m? /s
and a density pf = 1 kg/m>. Based on the maximum inflow
velocity and the width of the flap, the Reynolds number Re
ranges from 0-60. The structure exhibits a Neo-Hookean ma-
terial law for the deviatoric part of the strain energy with a
Young’s modulus E; = 3000 Pa, a Poisson’s ratio v; = 0.5 and
an initial density psy = 250 kg/m?® for which large and dy-
namic deformations are expected. A final volume of 60% of
the initial one is stated as a volume restriction for Q,,;.

The domains are discretized using tetrahedral elements for
both fluid and solid domains. Regarding the distribution of
the elements, both meshes are unstructured and with smaller
elements concentrated on the interface boundary Ty. In to-
tal, the fluid mesh is formed by 140 600 elements, and the solid
mesh by 660000 elements.

We select the time step At = 0.001 s. During the first 0.6 s,
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we let the FSI problem run without performing any TO iter-
ation. To do so, we impose a delay in the TO procedure of
600At. At this moment, the problem converges to a station-
ary solution. From this point on, we select a time window
of 50At = 0.05 s to store the additive TD and perform a TO
iteration. We continue the same procedure until a converged
optimized solution is obtained for the structure. For this ex-
ample, only the up formulation is considered.
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Figure 6.23: Flexible plate in a flow channel. Distribution of the velocity field (top) and pressure (bottom) in the
fluid domain. Velocities are plotted using their Euclidean norm.

First of all, let us show the final stationary FSI solution in
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Fig. 6.22. As explained before, *dry” TO is performed and
therefore the boundary of the solid which is in contact with
the fluid flow remains constant. It is important to mention
that strains of the order of 10! are obtained, which means
that the small strain theory is not suitable in this case and
finite strain theory fits better with the kind of problem that
we are modeling. Both velocity and pressure fields in the
flow channel from different points of view are depicted in
Fig. 6.23.
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Figure 6.24: Flexible plate in a flow channel. Distribution of the displacement field (top) and pressure (bottom) in
the final optimized structures. Displacements are plotted using their Euclidean norm.

Let us now move to the solid domain. Fig. 6.24 displays the
final optimized incompressible structure once a stationary so-
lution is achieved and the objective function is not decreas-



ing anymore (according to a tolerance). To show the inte-
rior of the solid, which is the one which is optimized, we are
showing a cut of the middle of the structure from different
viewpoints and the fixed part is shown in gray. For the sake
of completeness, in Fig. 6.25 the evolution of both the total
potential energy and the volume fraction during the TO itera-
tions is shown. As expected, the objective function increases
while we start decreasing the volume fraction progressively,
just to avoid numerical problems due to the highly nonlinear
behavior of the whole problem. Once the volume fraction of
60 % is fixed, the objective function starts decreasing until a
minimum is obtained and, therefore, the problem is ended.
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Figure 6.25: Flexible plate in a flow channel. Convergence diagrams.

6.5 Conclusions

In this chapter, a TD-based TO algorithm has been presented
to deal with incompressible structures subjected to FSI loads.
The main goal of the chapter was to combine an additive
TD with a level set method to optimize the internal struc-
tural layout of FSI problems. The structural response is mod-
eled assuming either infinitesimal strains or finite ones. The
fluid model is studied with the incompressible Navier-Stokes
model and the coupling problem is treated in a staggered way
with strong-coupling between sub-problems.

The key to solving problems involving incompressible struc-
tures was the introduction of the mixed stabilized FE formu-
lations presented in Section 2.1 for linear elastic materials or
in Chapter 3 for hyperelastic ones. On one hand, the well-
known up formulation, in which the pressure is added as an
unknown - the fundamental one, when dealing with incom-
pressible materials. On the other hand, three-field formula-
tions which also add stresses as an unknown. Thanks to the
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split TD formulae that we have obtained in Chapter 4 the TO
algorithm of incompressible structures is possible for both
infinitesimal and finite strain assumptions.

In Section 6.4 several numerical examples have been shown
to assess the performance of the new TO algorithm for in-
compressible structures subjected to FSI loads. First of all,
a flow through a channel with a flexible wall is considered.
This case is supposed to converge to a stationary solution.
Several cases have been performed, showing different opti-
mized structures depending upon the kind of structure that
is considered. The evolution of the total potential energy
is also shown to decrease along TO steps. Next, the well-
known Turek’s FSI2 test is performed. The main idea of this
problem is to show how the TO algorithm works in transient
FSI problems. To do so, several volume fractions for the final
structure are considered. Two final transient solutions are ob-
tained for 90% and 80% of the final volume, but a stationary
one is achieved when considering a 70% of material. Fluid
forces and beam displacements are shown to see the effect
of reducing the mass in the beam and how this can modify
the physics of the FSI problem. To end up, a 3D case is per-
formed to show the good performance of the methodology
in three-dimensional cases.



Conclusions

7.1 Achievements

The main objective of this study was to set the bases for a
general computational framework capable of computing the
topology optimization problem of incompressible structures
subject the interaction with a surrounding fluid ranging from
the formulation to the implementation using the in-house fi-
nite element code FEMUSS (See Section 1.7).

» Chapter 3 In this chapter, two different stabilized FE
mixed formulations in finite strain solid dynamics are
developed to be capable of considering nearly and fully
incompressible materials. Both formulations exhibit
optimal convergence properties. The numerical results
presented in this chapter clearly demonstrate that both
formulations appropriately deal with the incompress-
ibility constraint. Finally, the three-field formulation
exhibits a higher accuracy in the stress field than the
two-field formulation, even for very coarse meshes.

» Chapter 4 In this chapter, we describe the development
of an algorithm for TO based on the topological deriva-
tive concept. A new decomposition of the Polarization
tensor is applied for linear elasticity and the decompo-
sition of an approximation in finite strain hyperelas-
ticity is introduced. We use mixed formulations to ob-
tain a general framework capable of addressing the TO
problem of incompressible structures. The numerical
examples presented in this chapter clearly demonstrate
the capability of this framework to deal with the in-
compressible limit. In addition, the main differences
between the two-and three-field formulations with re-
spect to the accuracy obtained for the main unknowns
are highlighted during the iterative TO process.

» Chapter 5 In this chapter, a numerical approximation
for VFSI problems with viscoelastic fluids in which elas-
ticity can be dominant is presented. To this end, an
LCR formulation is applied. Several numerical exam-
ples are used to assess the performance of the proposed
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VFSI problem and its applicability to viscoelastic flows
with high elasticity.

» Chapter 6 In this chapter, an algorithm for TO prob-
lems of incompressible structures, under both small and
finite strain assumptions, in which the loads come from
the interaction with a surrounding fluid is developed.
This methodology is applied to fluid-structure interac-
tion problems for Newtonian fluid flows to demonstrate
the good performance of this general framework.

7.2 Future work

The framework built for the TO problem of incompressible
structures subjected to the interaction of a surrounding fluid
is an excellent basis for future developments. The possible
future directions are as follows:

» Thermal coupling Consideration of thermal effects in
the context of finite strain solid dynamics is fundamen-
tal to obtain a realistic representation of stresses when
a solid undergoes a complex and rapidly evolving de-
formation pattern. Focusing on thermal problems, the
first law of thermodynamics can be incorporated as an
extra conservation law in the mixed formulations de-
veloped in this study.

[75]: Cervera etal. (2022), "A Com- » Two-field uE and three-field upE formulations In [75],
parative Review of XFEM, Mixed . . . . .

FEM and Phase-Field Models for several methodologies for dealing with quasi-brittle crack-
Quasi-brittle Cracking” ing in fracture mechanics with small deformations are

presented. The mixed formulation ue exhibits supe-
rior computational efficiency in the resolution of linear
problems in solid mechanics, producing mesh objec-
tive results with a fraction of the computational cost re-
quired in the phase-field method. To extend this study
to finite strain problems, it would be extremely inter-
esting to develop a formulation in which the Green-
Lagrange strain tensor E is introduced as main unknown
of the problem to define the mixed two-field uE for-
mulation. Finally, to deal with nearly and fully incom-
pressible materials, the three-field upE formulation would
be very powerful, in which the pressure would also be
added as a primary unknown.



» Fractional step schemes The monolithic resolution of
the system of equations obtained for the mixed formu-
lations presented here (especially for the upS’ formu-
lation) can be computationally expensive, particularly
for large-scale problems or 3D cases. Instead of solving
this system, an alternative is to develop fractional step
methods in time, in which different equations need to
be solved for the different unknowns in an uncoupled
manner. These fractional step formulations exhibit an
important reduction in CPU time with respect to the
monolithic case. See [184-187] for further details on
this topic.

Linearized topological derivative for finite strain hy-
perelasticity In Chapter 4 an approximation of the topo-
logical derivative is applied. Even though this approx-
imation turns out to be efficient in the numerical ex-
amples we run, there is no way to show analytically
that this expression converges to the minimum. There-
fore, it is extremely interesting to study the topological
derivative concept in the finite strain theory. Unfortu-
nately, this problem is not linear, and there is no an-
alytical solution for finding a closed-form expression.
Our first proposal is to linearize the problem and find
a closed-form expression for the topological derivative
of a specific increment. If this step can be achieved,
then the topological derivative would be computed as
a combination of the different topological derivative in-
crements that have been collected along the number of
load factors.

Buckling phenomena in TO problems for finite strain
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[184]: Castillo et al. (2015), “First,
second and third order fractional
step methods for the three-field
viscoelastic flow problem”

[185]: Parada et al. (2020), “A
fractional step method for com-
putational aeroacoustics using
weak imposition of Dirichlet
boundary conditions”

[186]: Parada et al. (2021), “Devel-
opment of an algebraic fractional
step scheme for the primitive
formulation of the compressible
Navier-Stokes equations”

[187]: Parada et al. (2022), “A
VMS-based  fractional  step
technique for the compressible
Navier-Stokes equations using
conservative variables”

hyperelasticity In this study, buckling analysis was avoided.

In this sense, it would be extremely interesting to in-
clude the study of possible buckling effects along the

TO process and design techniques to remove areas where

buckling can occur. Obviously, the final optimized struc-
ture must not present any buckling effect [81, 85].

Extend to TO problems subjected to FSI loads with
viscoelastic fluid flows In this work, we study the TO
algorithm for incompressible structures subjected to
FSI load when considering Newtonian fluid flows. In
Chapter 5 we propose a methodology for dealing with
viscoelastic fluid flows with a high We number. The

[81]: Ortigosa et al. (2020), “A sta-
bilisation approach for topology
optimisation of hyperelastic struc-
tures with the SIMP method”
[85]: Ortigosa et al. (2019), “A new
stabilisation approach for level-
set based topology optimisation
of hyperelastic materials”
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[188]: Baiges et al. (2020), “A fi-
nite element reduced-order model
based on adaptive mesh refine-
ment and artificial neural net-
works”

next step is to introduce an LCR formulation that is ca-
pable of considering such flows in the TO procedure.

Apply Correction terms to TO problems subjected to
FSI loads In [188], correction terms coming from ANN
to increase the accuracy of the ROM models are devel-
oped. The next idea is to apply the ROM model to the
fluid domain in the TO procedure of a structure when
the loads come from a surrounding fluid.

Extend to "wet” TO problems for FSI In Chapter 6 a
new methodology for performing TO of incompress-
ible structures subjected to FSIis developed. This method-
ology is only capable of optimizing the internal part of
the structure, and the interface boundary between the
solid and the fluid must remain constant. The next step
would be expand this methodology to allow the geome-
try of the interface boundary to change during the TO
procedure.



APPENDIX






Analytical solution of the
isotropic linear elastic
exterior problem

In this Appendix, we aim at solving analytically the exte-
rior problem in order to compute the final expression of the
topological derivative. It consists in solving a two dimen-
sional problem in plane strain for an isotropic infinite domain
(hereafter referred matrix) with a unitary centered circular
inclusion inserted of another isotropic material. Two kind
of boundary conditions are considered,; firstly, at infinity the
stresses are imposed to be zero; and secondly, due to the Es-
helby theorem [189, 190] a constant behavior of the stresses
is imposed in the inclusion. In addition, the transmission
conditions (in stresses and displacements) across the inter-
face of the inclusion and the matrix are also considered. All
that conditions are necessary for solving the free constants
appearing in the problem.

A.1 Equilibrium and Beltrami-Michell
equations

The general equilibrium equation neglecting both body forces
and inertial terms is normally expressed as

V.-o=0.

Using a Cartesian coordinate system, the equilibrium equa-
tion is written as
00y
ox ay 0z

any 00y,

5

ao. do. ao,
Py Dy T
ox ay 0z
aO'xz n ao'yz aO'z
ox ay 0z

If we assume a 2D plane strain behavior, then we have to
impose that

Ox; =0y, =0 and o, =0,(x,y)=v (ax + ay),

[189]: S.A.Nazarov (2009), “Elas-
ticity polarization tensor, surface
enthalpy, and Eshelby theorem”
[190]: V.A Eremeyev et al. (2019),
“On the correspondence between
two- and three-dimensional Es-
helby tensors”
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and the equilibrium equation reduces to

ox 9y

dx  dy ’
Then, the Airy function ¢(x, y) is defined by enforcing the
second derivatives to fulfill

_ % _ 9% _

o = —>, o, = —, Oxy = .
To9y? Y ox? o ayax

Note that with this definition the reduced equilibrium equa-
tion is automatically satisfied. The equilibrium equation is
necessary but not sufficient to be a solution of an elasticity
problem. In addition, the compatibility conditions must be
satisfied, which in terms of stresses (commonly called Beltrami-
Michell compatibility conditions) with considering no body
forces takes the following form

A(O’x+0'y+0'z):A(O'x+0'y+v(0'x+0'y))
=A((v+l) (0x+0y)) =W+ 1A (crx+ay)
=0 o A(ax+oy>:0.

Thus, the Laplacian of the trace of the stress tensor must be
zero. Clearly, in Cartesian coordinates, the Laplacian is de-

noted as ) )
A= (a_ n a_).
ax?  9y?

Inserting the stresses in terms of the Airy function in the
Beltrami-Michel compatibility equation, we obtain

Alo,+o,)=Al—+—]=AAp =0,

( x y) (axz ayZ ) qs

which stands for the biharmonic equation for the Airy func-
tion. Commonly, it is also expressed as

2 2 2 2
<8_+a_)<a_+a_)¢:0,
ax?  ay?)\ox?  9y?
However, since we deal with a circular inclusion, it is more
appropriate to reformulate the problem in polar coordinates.

We can now proceed analogously to the equilibrium equa-
tions which in this case are writing in the following form

do, 190, 90,
ar r 90 0z

1
+=(0; —0g) =0,
,



A.1 Equilibrium and Beltrami-Michell equations

Jo, 12 0
r0 + l 299 " Opr 2
or r o0 0z
90,, 1 dog, 9o, 1
or r 00 0z

If we assume a 2D plane strain behavior, then we have to
impose that

Oxz =0y, =0 = 0,, = 09, = 0 and 0, = 0,(r,0) =v (0, + 09),
and the equilibrium equation reduces to

do, 1dop 1 do,g 100y 2
— += + = (0, —0y) =0, -—+=
or r 90 r( r = %) or raod r

o = 0.
Similarly, the Airy function ¢(r,0) is defined fulfilling

L1 1% __z<1a_¢>
Tooror r2o0?2’ P " "o \ra0)
Note that, again, with these definitions, the equilibrium equa-
tion in polar coordinates is automatically satisfied. Consider-

ing the independence of the first invariant on the system of
coordinates, that is x + y = r + 6 , we have

A(ax+0'y+crz) =A(0, + 0y +0,) =A(0, + 0y + V(0 +0p))
=A((v+1) (0, +0y) =W+ 1A (0, + 0p)
=0 o Ao, +0y) =0.

Likewise, the Laplacian in polar coordinates takes the follow-

ing form,
# 19 10
A=l=+-=+=—].
ar? rar  r?o6?
Substituting the stresses in terms of the Airy function into
the Beltrami-Michel equation, we obtain the biharmonic equa-
tion for the Airy function in polar coordinates, that is,

la—¢+ 182¢+ﬁ>:AA¢:0.

A(or +0g) = Al = - —
(o7 + o) <r or  r2ae%  or?

For simplicity, the biharmonic equation is also commonly ex-
pressed more schematically in the following form

2 2 2 2
(a_+13+1a)<a_+1a 1a)¢:0'

—_ R —_—— + —_——
ot ror r2902)\or:2 ror 2962
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A.2 Boundary and transmission
conditions

For the solution of the biharmonic equation, we need to de-
fine the boundary conditions that must be satisfied. It is
worth mentioning that since we consider two bodies (inclu-
sion and matrix), two Airy function appear as the unknowns
of the problem, one for each body. Regarding the matrix, in
the way that the exterior problem is defined, we impose that
at infinity the stresses cancel, this is,

lim of(r,0) = lim o4(r,0) = lim o7y(r,6) = 0.

r—oo r—oco r—oo
Note that all the variables (Airy function ¢(r,0), the stresses
o and the strains ¢) are hereafter denoted by a super-index
e in the case of the matrix and i in the case of the inclusion
Regarding the boundary conditions for the inclusion, we im-
pose the Eshelby theorem, which asserts that the strain fields
inside the inclusion are constant if the loading at infinity is
constant (zero in this case). Thus, for the case of elastic ma-
terials, the constant value of the strain field brings constant
value of the stress field, i.e.,

or(r,0) = f(r),  op(r.0) = f(),  }(r0) = f().

Note that the dependency is due to the basis (polar) on which
it is expressed, but not on the values of the tensor. If it is
expressed in the principal coordinates no dependency will
appear. This dependency is clearly seen when we impose the
jump on traction across the boundary of the inclusion. Thus,
once the boundary conditions are imposed in both solids, the
transmission conditions across the interface of the inclusion
and the matrix must be satisfied. Regarding the stresses, the
exterior problem is defined such that the jump of the traction
across the interface must be equal to the normal component
of the given stress tensor S, this is

) i ~ (L -a | _[S
{0°(1,0)~0'(1,0)} - n=8-n = [afe(lﬁ) —Uﬁe] - [SVQ] "

Thus, the stresses will be discontinuous across the interface.
Although the exterior problem is solved in polar coordinates,
the data S and the solution must be provided into Cartesian
coordinates. Thus, we try to re-express the tensor S in po-
lar coordinates in terms of its Cartesian counterpart. Pre



A.3 Resolution of the biharmonic equation

and post-multiplying by the standard rotation matrix, we ob-
tain

[Sr S, ] B [ cos 0 sinG] [Sx Sxy] [cos@ —sinG]

So Sy —sinf cos@f|Sy, Sy, |[siné cos6

Accordingly, if we proceed to express the relation in vector
notation as

Y Yy
5 s.is, 5.2 Sy !
So =52 5= —Sxy [|cos 20].
S 0 Sy_sx sin 260
T 0 Sxy =

Thus, both the first and the last equation of the above expres-
sion are going to be considered in the transmission condi-
tions. Note that although the tensor S is constant, a depen-
dency on 6 appears due to its representation on the polar ba-
sis of the tensor. This is analogous to the inclusion stresses
o' dependency that appear in the Eshelby conditions. The
dependency on the angle 6 appears due to its representation
on the polar basis. Regarding the transmission conditions on
displacements, we must ensure, in polar coordinates, that the
jump across the boundary of the inclusion of the component
of the strains must be zero, i.e.,

e5(1,0) — eé =0 Vb.

The biharmonic equation jointly with all these conditions are
the necessary ingredients for solving the exterior problem.

A.3 Resolution of the biharmonic
equation

Since we have to satisfy the transmission conditions and the
tensor S is expressed as a combination of 1, cos(6), sin(), the
Airy function is proposed at least depending on that terms.
More specifically, that is

1

$(r,0) = [¢o(r)  ¢e(r)  ¢s(r)] | cos(26)
sin(20)

= ¢, (r) + ¢.(r) cos(20) + ¢s(r) sin(26).
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Introducing the above expression in the biharmonic equation,
we obtain

AP = N2, (r) + A? (¢.(r) cos(20)) + A? (¢(r) sin(26)) = 0.

Considering the biharmonic operator, the following equations
can be written

a4¢o " g33¢0 1 azd)o 1 9%,

- 20,
art roard r2oar? r3or
g 299 994 90 _
ot roard o pPor 7
a'¢y 20 9 P

¢s+_ ¢s_2 ds 9 ¢s:0.

ot rad Par P
We now proceed to study and solve (up to constant parame-

ters) each term of the Airy function and then we sum them
up. Regarding the term ¢,, it must satisfy

a4¢o n gaaﬁbo 1 32¢o i 1 99,
art rard r2or? r3or

>

and after applying the change of variable r = €', the above
equation becomes the following linear one

¢, Py, Py
—4 +4 =0.
ott or3 or?

Since it has linear behavior, we can solve it through the char-
acteristic equation

tr—ad + 4?2 =,

whose roots (both doubles) are t = 0 and t = 2. Thus the
solution of the equation reads as

$o(t) = Ayt + Byte? + Cpe™? + D,
and after undoing the change of variable, we obtain

¢o(r) = A, log(r) + Bor2 log(r) + Cor2 + D,,



A.3 Resolution of the biharmonic equation

which can be expressible in a vector form as

r2

r2 log(r)
log(r)
1

$o(r) = [Ao B, G, Do] = K(?RO'

We proceed similarly for the function ¢.(r). The compatibil-
ity equation is written as

ort rord r2or2 3 or

ot 3 9? 9
o 207 9970 9 9%

After applying the same change of variable r = ¢’ and solving
the characteristic equation, we obtain that the term ¢.(¢) is of
the form

$o(t) = Ae? + Bee* + Ce™? + D..

Undoing again the change of variable, we end up with the
expression for @.(r) as

¢.(r) = Acr2 + Bcrl2 + Ccr4 + D,

which can be written in a vector form as

r2

1
¢(=[A. B, C. D] ;i =K!IR,.

Since @.(r) has to solve the same equation than ¢(r), it can
be written in the same terms, that is

2
1

Ps(r) = [As B, G Ds] 421 = KsTRs'

_ Y

Thus, the Airy function is compactly expressible as

KI' o o 1
¢r,0)=[R, R, RJ| o0 KI 0 []|cos20)].
0 0 KI'|[sin(20)

The free parameters are collected in the vectors K,, K, and K;
and are going to be determined after applying both boundary
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and transmission conditions.

A.4 Resolution of free parameters

Once we have the expression of the Airy function, we move
to compute the o field. According to previous relations we

obtain
Or _%5 + r%% 1
al|=] L |60 4@ E@]|cos20)
Orp i _9 (1 i) sin(26)
‘KTar(lrﬁa)eR KT(li_i>R KT(li_i)R
0 rar o ¢ rz?raz r2) ¢ S rar(92 r2) s
S| (GR)R KR K(S)R
| o 2K (FE)R KIS ()R
1
- | cos(20) | .
sin(26)

Note that each term of the matrix stands for a scalar product
between the K, K, and K and some derivatives of R,, R, and
R,. Let us define the following relation by

o, KIdr,  KldR: KIdR: 1
op | =|kIdrRS  KkIarR!  K[IdR? ||cos(20)],
) 0  —2k]dR? 2kTdR? || sin(20)
where
r? 2
2 1+2lo
ar; = (12) 7, = (12) | 72loE) | |1+ 2108}
ror rar/| log(r) -
1 0
r? 2
2 2\ | r? 3+2lo
dR? = (‘9_) R, = (9_) relog(r) | _ 1g(r) .
ar? or? log(r) -2
1 0
r? -2
19 4 19 4\|3 _s
dRerer(————)R :(—___> r2 — r¢
‘ * ror r2) ¢ \ror 2/ 0
1 _4
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2_
r 2
1 6
d *\| = 7
dR=drRl = (= |R.=(=]|%|=]."
(6}’2) ¢ (8}’2) rd 12r?
1] 0
-2
r 1
1 _3
o= (2 () - (2 )| £ -
or \r or \r r 3r
1 -1
L re

A.4.1 Boundary conditions in the matrix

To determine the free parameters, we first apply on the ma-
trix the condition of zero stress at infinity which leads to can-
cel the following constants

A =By =Al=A;=C5=C=0.

Since the last term of dR}, and dRY is canceled there is no
reason of keeping the constant Df; hence

Dg = 0.

Consequently, the vectors K,, K, and K become

B¢ B¢
K, = G5, KCZ[D(;]’ Ks:[Dg]
c s -

and similarly the dR vectors becomes

dR), = 12 dRY = - dR. = dR, =
14

6
1 —
_25 4 1>
r -

_3
4
rl .
r2

Substituting all these reduced expression into the stress field
relation, we are ready to compute the term ¢°(1,0) that ap-
pears in the transmission condition just imposing r = 1 as

6
dRY = dr? = [0] dRY = drY =

follows
0£(1,0) —6BS —4D¢ —6B% —4D¢ 1

o’ =104(1,0) —Ce 6B 6B¢ cos20].
ory(1,0) 6B + 2D —6BS —2D¢ || sin 26

247



248 | A Analytical solution of the isotropic linear elastic exterior problem

A.4.2 Boundary conditions in the inclusion

Regarding the conditions on the inclusion, we have to impose
a constant value of the stresses. Thus, all the constants that
multiply terms that depend on variable r are canceled, that
is

Co=B,=B.=B=D.=Di=C.=Ci=0.

And similarly, since D}, is arbitrary and it does not appear on
the stress, there is no reasons to keep it. Hence,

Di = 0.
Consequently, the vector K,, K. and K; become
Ki=Al  Ki=A,  Ki=A,
and the dR vector are reduced to the following expression
drR, =2,  dR) =2,

In order to apply the transmission condition, substituting the
above reduced expression in the stress field equation, we ob-
tain the constant stress field in the inclusion as

_ d(Le) ZAé —zAg —24@ 1
o' = oé(l, 0) | =24 2A; 24 [|cos20|.
a,5(1,0) 0 —2A 2A, ||sin26
Note that since the stresses are constant in the inclusion, the
above expression stands also for the stresses on the interface.

It is worth mentioning that if we write the stresses into the
Cartesian components as

oxtoy,  0x—0y,

. i
ai(1,60) ED > Oxy 1
. . i 4ol ) .
o =|oy(1,0) | = Tty % ~aky | | cos 201,
0';9(1, o) i ol—o sin 20
o Iy T%
xy 2

and we identify all the terms of both matrices, we can relate
the Cartesian components of the stresses with the constants
AL, AL and A! as

op=2(AL-Ay),  oy=2(A+A), oy =-A,
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which in matrix notation is written as

ol 1 -1 0 1[4 Al
=211 0 ||AL|=2T|AL
0 —

1
0 -1/2||AL AL

Q

1
O'xy

That last relation will be useful to find the final expression
for the topological derivative. With all these boundary con-
ditions imposed, we end up with 8 unknowns Af,, Aé , Ai,
B¢ B! ,C¢ D¢ and Dy that are going to be determined after
imposing transmission conditions.

A.4.3 Stress transmission condition

We apply the transmission condition in stresses across the
interface. The first equation imposes continuity on the radial
component of the stress as

of(1,0) —al =S, ¥0.

Considering the matrix representation of the stress S and
comparing it with the difference with the matrix represen-
tation of the stresses on the matrix and the inclusion, we can
identify the 1, cos 26 and sin 26 terms and write the following
equations

S+
C-24p=——= (1),

S-S

—6BS — 4D + 2AL = (cos 20),

—6B¢ —4D5 + 2AL = Sy, (sin26).

Similarly, the continuity of the shear component g,¢ is im-
posed as

Considering again the matrix representation of S, o7y and orie
and identifying the 1, cos 26 and sin 26 terms, we can write
the second group of equations as

0=0 (1),
6B¢ + 2D¢ + 2AL = vy (cos20),

1 1

. Sy X .
—6BS —2D¢ — 2A. = 5 (sin 26).
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A.4.4 Strain transmission condition

The last condition to impose is the strain transmission con-
dition. Since we assume an isotropic material behavior, the
strain can be related with the stresses for both the matrix
and the inclusion through the following inverse constitutive

relation
& 1 v —v 0 0 0 (o
& -v 1 -v 0 0 0 oy
gl _1]—v —v 1 0 0 0 o,
| E|lO0 0 0 (1+v) o0 0 0
&y 0 0 o0 0 (1+v) 0 fo i
&, 0 0 0 0 0 (1 +v)llLoy,

As o,, = 0y, = 0, then ¢, = g, = 0 and rows and columns 5
and 6 can be neglected from the system

Or

09

Oz

0rg

& 1 —v —v 0 0
gl _1|—v 1 —v 0 0
| E|l-v —v 1 0 0
0 0 0
In the plane strain assumption, we consider thate, = 0. There-

0
0
0
&0 0 0
fore,

1
& = E{—vcfr—vog+oz}=0 o o, =v(o +0p),

& = %{o; —Voy — Vo } = %{Gr —voyg — V2o, — v20'9}
-1 _EVZUr - V(1E+ V)Ge =1 ::V {1 —v)o, — vy},

g = % {og —vo, —vo,} = % {og —vo, — v, — vzag}
_ 1 ;Vzag - V(1E+ W, -1 ;V {(1 - v)og — vay }.

Then we obtain for both the matrix and the inclusion,

1+°
Ee

. 1+ . .
9(1,0) = = {(1 -y — V’O'}},

5(1,0) = fa- v9)ag(1,0) — v (1, 0)},



A.4 Resolution of free parameters

where E¢, E!, v¢ and ' represents the Young modulus and
Poisson ratio for the matrix and the inclusion. Regarding
the transmission conditions on strains, we must ensure, in
polar coordinates, that the jump across the boundary of the
inclusion of the component of the strains must be zero, i.e.,

5(1,0) — [:‘é =0 Vé.

Inserting the above relation in the transmission condition,
we can write the last group of equations as

1+v° 1-2M)1+v)
2 i Al

Gt =0 W
e ‘(1+° o
61;1/ Bg+4V(EeV)Dg_2%Aé=o (cos 26),
€ V(1 +1° o
61+VB§+4 ( )Dse_zlL_VAlszo (sin 20).

E¢ E

A.4.5 System of equations for the free
parameters

Adding and rearranging all the group of equations, we can
split them in three groups as

[ 1 2 [cg] Si+s;]

1wt ,a=2)ae) [ A [T 2 |

B 2 E Ao 0

—6 —4 2 -Bg Sx;Sy
-6 -2 -2 ||D¢| =55,
+4 FaHS) 1 i 2

6 27 4 0
—6 —4 2 B Sey
6 2 2 ||D¢| =Sy |-
1+v° a1+ i

6 4 F 27 | As 0

The matrices of the three system of equations are invertible,
thus, all the constants can be uniquely determined. Regard-
ing the Al, AL and A, we provide its values in a matrix form
as _
Al [h —d 0[S Sy
Af=1|d ~d oS, |=:D]s, |,
Al 0 0 ]S, Sey

]
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where the matrix D has been introduced and the dimension-
less constants d; and d, take the following values

1 ay
q = — ey :
1+ B AV) oy + 0T
F(1+v)
2 1+ M ,B)/ + 1 ’
E(1+v*)(3—4v%)
_ 1 _a _ _ 14y _1=2y
where o = o P = 3—4v,, 1 = T Ty = = Thus, we

can write the stresses on the inclusion in terms of the stresses
S as

0',’:( Af? . Sy
O'i, =2T Alq = ZTZD Sy
O'chy Ay Sxy

[ —dirdy 0 ][5 S,
= E —d1 + dz _dl - d2 0 Sy = A Sy .
0 0 ~dy | | Syy Sxy

From here we can obtained the expression for the 4-th order
tensor A

dy—d
Az—dﬂH%I@I
R N

__ﬁy+rl 2 ﬁy+r1_ay+1'11'2

A.5 Polarization tensor

IP can be recognized as the Polya-Szeg6 polarization tensor,
given explicitly by

P= %AC fc;t + ¢},

where AC = C; — C,.

]P:%AC et + ¢t T}:%{Ci—Ce} e+ ot T

1 41 _ 1 1 _
:ECi:Cel—i-ECi:Cil :T—Ece:cel—gce:ql : T

R P s LS S TOR S B
2 2 2 2



A.5 Polarization tensor

We define the Constitutive Tensors C, and C; as

e e, e
E g, EV 3
1+v¢  (1+v9)(—2v%)

Co = 2T+ XI®1 =

L g E EY
C,=2T+M1I®I= T+ - —I®I
1+v A+vH)(a -2
- SR -
1+v¢  (1+v9)(1—-2v%) 11

e T e. e
_ Y {E_ B_ BV ® I} ’
 (1+v¢ 1 (1+v8)(1—21%)
wherey = E s the jump of stiffness and r; = Ly o=l
] E¢ 1 1+ 2 7 1o’
T3 = % are the contrast parameters. Note that, by considering
ve =i, the parameters 7; = 1. And we also define the inverse
Constitutive Tensors C, ! and C; ! as

_1_1+Ve Ve(l"r‘l/e)
C. = e I- e I®I1,
i+
et = Ly YA D ey
E E
(4 €1+ (4
_nledy mnde), g,
vy E y FE
Now we compute
cel= Yot MI@I
v 7 31 ’
ve -1
0t = Ay s Dy

y  y@f-1) )

And the fourth order tensor $ reads as

S=I-CC;! :{1—1}11—

51

P —m),
5)

®L

Now we can compute tensor T as

TzA:$={— by ]I+ly{ﬁﬁy 4 }1@1}

ﬂ)/+7,'1 2 Y+T1_IZ)/+T1T2

: {{1—1}11—@1@1}.

31 52
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We end up by computing the Polarization tensor as

novgo 1 a(Y—71T2)+2(T1—}’) o1l
By +7 4\ ay +0n By +1

P=—1
2

(Hﬁ){

A.6 The plane stress case

A similar procedure can be performed to obtain the expres-
sion for plane stress scenarios. The only condition to change
with respect to the plane strain case is the strain transmission
condition. Since we assume an isotropic material behavior,
the strain can be related with the stresses for both the ma-
trix and the inclusion through the same inverse constitutive

relation
1 v —v 0 oy
-v 1 —v 0 0y
v —v 1 0 o,
0 0 0 (@(1+v) 0 o
0 0 0 0 (1+v) 0 lo
0 0 0

&

&

& _

&0

&z

92 0 0 (1+v)

As 0,, = 0y, = 0, then ¢, = g, = 0 and rows and columns 5
and 6 can be neglected from the system

S o O
o O o O

=

& 1 —v —v 0 0 O0]] or
gl _1]—v 1 —v 0 0 O0f] op
e| E|l-v —v 1 o 0 of]oe
&9 0 0 0 (1+v) 0 0lloyg

In the plane stress assumption, we consider that o, = 0. There-
fore,
& = < {—vo, —vop + 0.} = -2 {or + 0p}.
E E

1 1
& = —{o, —vog —vo,} = E {0, —voy},

E

1 1
=7 {og —vo, —vo,} = z {0y —vo,}.
Then we obtain for both the matrix and the inclusion,

£5(1,0) = {05(1, 0) —vaf(1,0)},

|~ |

&)(1,0) = — {o} —v'ai},

t



A.6 The plane stress case

where E¢, E!, v¢ and ' represents the Young modulus and
Poisson ratio for the matrix and the inclusion. Regarding
the transmission conditions on strains, we must ensure, in
polar coordinates, that the jump across the boundary of the
inclusion of the component of the strains must be zero, i.e.,

5(1,0) — Eé =0 Vé.

Inserting the above relation in the transmission condition,
we can write the last group of equations as

1+1° (1 - V)
- e Co =0 (1)
1 .
E C + 4E" D¢ L'=0 (cos26),
1 Be + 4 De =0 (sin26).
Ee

Changing these equations and following the same procedure
as in the plane strain scenario case, we end up with this ex-
pression for the Polarization tensor

:__(1+ﬁ){ﬁ +Tl
(e Doy 26 n), g )
4 7y (ay + 1) By + 1

where the parameters are defined as

1+ve 3 1+ 1-y
a= ,B= LT = and 1, =
1—ve 1+ Ve
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