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Chapter 1

An introduction to the concept
of power elements

DC-to-DC switching converters are variable structure systema that can be rep-
resented by a repetitive sequence of topological configurations; namely, 2 con-
figurations for continuous conduction mode (CCM) or, 3 or more configurations
for discontinuous conduction mode (DCM). When operating in CCM, they are
often represented in compact form by an equivalent circuit where topology is
equally valid to describe the switched in the average behavior of the converter,
the difference being established by a control variable that can be a binary signal
u taking 0 or 1 values in a continuous signal ⟨u⟩ corresponding to the average
value of u.

The main elements of a circuit describing in compact form a switching power
converter in CCM are the classical element found in linear circuit theory plus
new elements that have emerged in power processing. The classical elements are
the passive ones, i.e., resistor, inductor, and capacitor plus the ideal transformer.
The controlled sources are not linear since the gain, i.e., the multiplicative factor
is not a constant but a function of the control u. Due to the product of the
controlling variable and the function of u, the resulting controlled source is
of bilinear nature [1]. The exception of this modelling is the buck converter,
which is strictly a linear system. In addition to the bilinear sources, there are
two elements that specifically appear in power processing systems. They are

1
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An introduction to the concept of power elements

the constant power sink and the constant power source, which are represented
respectively in Fig. 1.1a and Fig. 1.1b.

Constant
power

consumption

Constant
power

consumption

(a)

Constant
power

generation

Constant
power

generation

(b)

Fig. 1.1: Power elements. (a) Constant power sink and (b) Constant power source.

To summarize the peculiarity of the circuit-based modelling of power con-
verters, Fig. 1.2 illustrates a compact representation of a boost converter feeding
a constant power load (CPL), or constant power sink in our terminology. The
circuit corresponds to a switched model assuming that variable u takes the
values 1 and 0 during on and off states respectively.

Fig. 1.2: Switched model of a boost converter supplying a CPL.

1.1 Power processing systems modelled by power el-
ements

Power elements exhibit the natural behavior of sink or source in certain power
processing applications, but they can be also the result of forced behavior in
certain converters imposed by an appropriate control law.

2
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Power processing systems modelled by power elements

1.1.1 Natural behavior

1.1.1.1 Power sinks

CPL behavior arises naturally in the cascaded connection of two converters with
tight voltage regulation in the second converter. The first converter is referred to
as source converter while the second one is named load converter as illustrated
in Fig. 1.3. The cascade connection can be modelled as depicted in Fig 1.4 by
modelling the load converter by means of a CPL [2], [3].

Source
converter

Load
converter

Fig. 1.3: Cascade connection of two converters.

Source
converter

Constant
power load

Fig. 1.4: Equivalent system of Fig. 1.3 when the load converter has tight voltage
regulation.

CPL behavior also appears in the powertrain of an electric vehicle (EV) when
the motor operates simultaneously at constant torque and constant speed, and
therefore at constant mechanical power at the motor axis. The mechanical con-
stant power is transmitted backwards to the output of the three-phase inverter
depicted in Fig. 1.5, and then to the output of the bidirectional converter in
the same figure. Hence, the DC bus of the powertrain supplies constant power
to the inverter and can be modelled as shown in Fig. 1.6 [4]–[6].

3
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Battery

dc-dc bidirectional Boost converter 3-phase dc-ac inverter

Electric motor

SCIM

Fig. 1.5: Typical powertrain of an electric vehicle where SCIM stands for squirrel
cage induction motor.

Battery

dc-dc bidirectional Boost converter Constant power consumption

Fig. 1.6: Model of the dc port of the EV powertrain when the motor operates at
constant torque - constant speed.

1.1.1.2 Power sources

Power source behavior arises in the output port of a buck-boost converter op-
erating in DCM [7], [8]. The output port of the converter can be modelled by a
virtual resistor because the steady-state values of input voltage and input cur-
rent are proportional in DCM. Due to the POPI nature of the converter (Pdc

input power = Pdc output power) [9], the power absorbed by the input port
is totally transferred to the output port and modelled by a power source. Fig.
1.7 shows a buck-boost converter and Fig. 1.8 illustrates its behavior in DCM
by means of a two-port representation, in which the input port is characterized
by a virtual resistor where resistance is given by Re = 2Lfs/D

2, D being the
duty cycle and fs the switching frequency. The output port is modelled by a
power source with P = V 2

g /Re, i.e., the input power absorbed by the virtual
resistor. The two-port of Fig. 1.8 is known as loss-free resistor (LFR) because

4
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Power processing systems modelled by power elements

the input resistor is not a real resistive element, but it is rather a virtual one,
and therefore there are no conduction losses in the conversion of energy [10].

Fig. 1.7: Buck-boost converter.

The equivalent circuit shown in Fig. 1.8 corresponds to a parallel LFR be-
cause the virtual resistor and the power source are connected in parallel with in-
put source and output load, respectively. A topological variation of the positive
output voltage buck-boost converter shown in Fig. 1.9 result in the equivalent
circuit depicted in Fig. 1.10 when the converter works in DCM. The model in
Fig. 1.10 is denominated series loss-free resistor (SLFR) because the virtual
resistance Re is connected between the input and output ports and therefore
has not ground connection [11]. The expression of the virtual resistance the
same than the buck-boost converter, i.e., Re = 2Lfs/D

2.

Fig. 1.8: LFR model of a buck-boost converter in steady-state and DCM.

5
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An introduction to the concept of power elements

Fig. 1.9: Topological variation of the positive output voltage buck-boost converter.

Fig. 1.10: SLFR model of the converter of Fig. 9 in steady-state and DCM.

1.1.2 Forced behavior (Synthesis)

1.1.2.1 Power element transformer

A power element transformer (PET) is a two-port circuit where input port is
a power sink and its output port is a power source, the power ratio being one
since the dc power input and dc power output are equal. Fig. 1.11 shows a PET
terminated at a resistor, which is the results of the electronic implementation
represent in Fig. 1.12. The block diagram in the figure corresponds to a generic
dc-dc switching converter with an inductor L in series with the input port. The
control law is implemented by a sliding mode regulation loop where switching
surface Σ = {x| S(x) = 0}, when S(x) is given by S(x) = v1i1 − P [12]. It is
shown in [12] that the power sink-power source transformer can be synthetized
in the boost, boost with output filter (BOF), Ćuk and SEPIC converters.

6
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Fig. 1.11: PET model in steady-state terminated at a resistive load.

dc-dc switching converter

Switching signal

Fig. 1.12: Block diagram of a generic dc-dc switching converter with series inductor
in the input port and SMC imposing a CPL behavior in such port.

1.1.2.2 LFR of parallel type

The naturally behavior of the buck-boost converter in DCM characterized by
the LFR model of Fig. 1.9 can be also synthesized in the same converter with
a series inductor in the input port above mentioned using the block diagram
depicted in Fig. 1.13 [13]. The SMC imposes the proportionality between the
input voltage and input current, which eventually results in the emulated resistor
of the LFR.

7
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dc-dc switching converter

Switching signal

Fig. 1.13: Block diagram of a dc-dc switching converter with LFR characteristics
imposed by SMC.

1.1.2.3 LFR of parallel type in self-oscillating resonant converters

In self-oscillating resonant converters, the change of polarity of the input square
waveform is determined by the change of sign of the current in the inductor in
series with the input port as illustrated in Fig. 1.14 [14]. As a result, the input
current and the first harmonic of the input voltage are in phase, which ensures
a unity power factor to the steady-state operation of the resonant converter.

This fact confers a nature of LFR of the type depicted in Fig. 1.8 to the series
resonant converter (SRC), parallel resonant converter (PRC), LCC resonant
converter, LLC resonant converter, and LCLC resonant converter [15].

Resonant tank

(a)

8
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(b)

Fig. 1.14: (a) Operating principle of self-oscillating resonant converters with LFR
characteristics; using u = 1 to i1 ≤ 0 and u = 0 to i1 < 0 and (b) Steady state
behavior.

1.1.2.4 Photovoltaic chain with maximum power point tracking

A basic photovoltaic (PV) chain consists in the cascade connection of a PV
generator, a dc-dc power converter and a dc load as depicted in a Fig. 1.15
[16]. The control loop in the figure ensures the maximum power point tracking
of the PV panel irrespective of the changes in solar irradiance or temperature
[17]. The maximum power point (MPP) is characterized of the voltage and
current coordinates (VMPP , IMPP ) as illustrated in the voltage-current (v − i)
and voltage-power (v− p) characteristics in the figure. The power P of MPP is
completely transferred to the dc load due to the POPI nature of the converter.
The steady-state operating point in the output port is characterized by the
current and voltage coordinates given by (V ∗

o , I∗o ), which corresponds to the
intersection point of the vo−io characteristics of the MPPT controlled converter
and the vo − io straight line representing the dc load. This is illustrated in Fig.
1.16 where the output port of the converter is modelled by a power source P

and its corresponding vo − io characteristic curve is the hyperbola voio = P .
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dc loadPV
generator

(a)

(b)

Fig. 1.15: (a) Basic PV chain with MPPT and (b) v − i and v − p curves of the PV
generation.

dc load

(a)

(b)

Fig. 1.16: Steady-state output port: (a) circuit model and (b) Operating point.
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Association of power elements

1.2 Association of power elements

1.2.1 Series connection

Power elements can be associated in series as illustrated in Fig. 1.17 for the
particular case of power series connection. The result of the series connection
is a power source where power is the sum of the power of each source.

Fig. 1.17: Series connection of power sources.

The sum of the power is algebraic, so the series connection can present
equally sinks or source or a combination of them as shown in Fig. 1.18 for the
case of two elements.

Fig. 1.18: Series connection of a power source and power sink.
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An introduction to the concept of power elements

Series connection of power source has been used to model the output se-
ries connection of n transformer-less SEPIC converter, each of them supplied
by an individual solar panel with its own MPPT. The resulting system allows
maximum power extraction from each PV source even in cases of non-uniform
irradiance [18]. Fig. 1.19a shows the interconnection supplying a regulated
dc bus while Fig. 1.19b illustrates the steady-state model of the output series
connection.

1.2.2 Parallel connection

Connecting in parallel n power elements results in an equivalent power source,
which supplies the algebraic sum of the corresponding n currents and the alge-
braic addition of the power of each source while supporting the same original
voltage as depicted in Fig 1.20.

(a)
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Association of power elements

(b)

Fig. 1.19: (a) Output series connection of SEPIC converter with individual PV panel
and MPPT and (b) steady-state output port model.

Fig. 1.20: Parallel connection of power sources.

The parallel connection can exhibit equally sinks or source or a combination
of them as shown in Fig. 1.21 for the case of two elements.

Paralleling of power sources has been reported in the modular implementa-
tion of a dc nanogrid that uses the notion of LFR as the main building block
[19]. The nanogrid uses n PV generators and the ac grid to supply a domestic
dc bus of 380V , which feeds dc loads of different type. A storage battery sup-
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An introduction to the concept of power elements

ports the nanogrid ensuring uninterruptible power supply and controls the dc
bus through a bidirectional LFR as illustrated in Fig. 1.22.

Fig. 1.21: Parallel connection of a power source and power sink.

2 LFR 
in Cascade

2 LFR 
in Cascade

2 LFR 
in Cascade

Module 1

Module 2

Module n

Power
factor

correction

LFR

ac
grid

Storage
battery

Bus voltage
regulation

Bidirectional
LFR

CPL

CCL

RL

Constant Power
Load

Constant Current
Load

Resistance-Inductive
Load

380 Vdc

Fig. 1.22: LFR-based dc nanogrid.
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1.3 Motivation

It has been shown that power elements model the transference of power in PV
systems, microgrids or electric vehicles. They appear in the form of one-port
circuits, i.e., a single CPL or a power source, or in the form of two port devices
like the LFR or the PET.

In both cases, the literature review has demonstrated that sliding mode con-
trol (SMC) [20] is an essential element in the regulation of the power transference
due to its versatility, robustness, and systematic design.

A recent report of SMC regulating the output voltage of a boost converter
supplying a CPL has been published in [21], where the unstable on and off

open-loop trajectories are appropriately combined to yield a stable trajectory
using a switching function based on a linear combination of inductor current
error and capacitor voltage error.

With the latter work as main antecedent, it makes sense to explore other
alternatives exploiting the same principle, i.e., disclosing sliding surfaces with
an appropriate switching policy that yields a stable trajectory leading to the
desired equilibrium point (EP) from zero initial conditions and keeps the coor-
dinate of the output voltage constant in spite of input voltage or output power
disturbances.

In addition, it could be interesting that SMC copes with the problem of un-
certainty in the power of the CPL by providing mechanisms of power estimation.
Moreover, the SMC in this context should be flexible, so a simple particular-
ization of the switching function for the voltage regulation in the CPL supply
should result in the switching function for either LFR or PET implementation.

It has to be pointed out that all LFRs or PETs reported in the literature
terminate at a resistor, and it has not been proved that they can exhibit the
same performance if the resistor is substituted by other types of loads. Resistive
load has been the classical approach to model the one-port device supplied by
a centralized converter in telecom or computer equipment, but the increased
use of multi-converter systems in EVs and microgrids has introduced the notion
of constant current load (CCL) plus the concept of CPL introduced at the
beginning of this chapter. Besides, the existing interest for fast charging of EVs
[22] has brought up lithium-ion batteries as candidate for new type of loads in
power converter systems [23].

15

UNIVERSITAT ROVIRA I VIRGILI 
A SLIDING MODE APPROACH TO CONTROL POWER SINKS AND POWER SOURCES IN DC-DC SWITCHING CONVERTERS 
David Alejandro Zambrano Prada



An introduction to the concept of power elements

Charging techniques consist in a first phase of either constant current (CC),
constant power (CP) or other profiles, followed by a phase of constant voltage
(CV) [24]. Hence, the first phase of the battery charging system can be modelled
in some cases by a constant current source or by a constant power source in
other. In both situations, the active source feeds a battery that can be effectively
modelled as a voltage source in series with a resistor.

Therefore, the study of a SMC-based LFR loaded by the parallel connection
of a CPL, a CCL and a battery with internal resistance could give a valuable
insight in the transferences of power to these new types of load.

Power regulation based on the LFR concept, or the PET notion could be
studied in the first phase of a CP-CV protocol for battery charging. Adding
an outer loop for voltage regulation to ensure the CV phase would be the first
step for the power-mode control of dc-dc switching converters, a name taken for
similarity with the current-mode control.

1.4 Objectives

The main goal of this research is to propose SMC strategies that can improve
the performance of the existing ones in the voltage regulation of power converter
supplying CPLs. In addition, the SMC should cope with the uncertain value of
the CPL power and should be flexible enough to be adapted for LFR operation
with different types of loads. The thesis is organized as follows:

Chapter 2 proposes polynomial surfaces of inductor current and capacitor
voltage to regulate the output voltage of a boost converter with CPL.

In chapter 3, an estimation loop of CPL power is inserted in a SMC based
on one of the polynomials surfaces analyzed in chapter 2.

Chapter 4 presents the SMC of a boost converter operating as a LFR, which
supplies a constant power to the parallel connection of three canonical elements,
namely, CPL, CCL, and a dc source with internal resistance. The studied load
is defined as generic nonlinear static load (GNSL).

Chapter 5 studies the implementation of a CP-CV battery charging protocol
and compares its performance with that of the standard CC-CV on equal basis
in electronics terms.

Finally, the conclusions of the thesis are summarized in chapter 6.
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Part I

Power sink elements
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Chapter 2

Sliding surfaces to control a
boost converter with constant
power load

Introduction

The introductory chapter has presented the concept of power elements, catego-
rizing them according to the model of a one-port circuit or a two-port device, or
by describing them by the effects they generate in the electronic systems either
as constant power sink (CPL) or constant power source.

In the classical model approach of power converters, the load is resistive, so
the power demand is variable and depends on the operating point. In addition,
the load introduces the necessary damping in the dc-dc converters making them
stable in the open loop, so classical regulation techniques can be applied to
design closed control loops.

When considering power elements as dc loads, power converters supplying a
CPL are unstable in open-loop and continuous conduction mode (CCM) because
their state-vector trajectories are open and unbounded in both ON and OFF
states and their combination does not result in a stable trajectory irrespective
of the duty cycle value [25]. Nonetheless, they are stable in open loop and
discontinuous conduction mode (DCM) within a limited operation region [26]
and can operate in CCM in closed-loop with an appropriate feedback strategy.

In the linear approach, the power converter models are based on a linear
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Sliding surfaces to control a boost converter with constant power load

averaged model of the converter, in which the CPL has been substituted by
a negative resistor representing its linearized model around the steady-state
operating point as shown in Fig. 2.1.

CPL

Fig. 2.1: Small-signal model of a CPL from linearization of the large-signal model
around steady-state X∗.

As a consequence, the resulting transfer functions relating the control to
output voltage or the control to inductor current are unstable. It is worth noting
that the steady-state values of the state variables required in the converter
transfer functions are the ones desired for its closed-loop operation provided
that an appropriate controller stabilizes it.

Thus, the necessary damping to stabilize the unstable effect of the negative
resistance can be introduced by means of current control [27], i.e., by cascade
control using inductor current feedback in an inner loop whose reference is given
by an outer loop processing the output voltage error [28]. However, the transfer
function relating the output voltage to the control signal can be unstable for
certain values of the converter parameters, so the design of the outer loop must
cope with the stabilization of an unstable plant, resulting from the insertion of
the current loop constraint in the power stage dynamics, and the specifications
for output voltage regulation [29].

Nonlinear approaches to control power converters with CPL use feedback
linearization [30]–[32] boundary control [33], [34] or SMC [35]–[40].

Feedback linearization controllers are based on pulse-width modulation
(PWM) and designed either to directly compensate the nonlinearity introduced
by the CPL [30], [31] or to indirectly create a virtual mesh to both stabilize the
system and regulate the output voltage [32].

Boundary control [33], [34] uses the converter state variables to establish a
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linear boundary with negative slope where switching takes place. on and off

states correspond to trajectories below and above the boundary respectively,
which ensures that trajectories on one side of the boundary are directed to the
other side eventually resulting in a good degree of output voltage regulation.

SMC constitutes a reliable and efficient solution for many open problems in
the control of power converters by offering robustness in the face of parametric
uncertainty and a systematic approach in the controller design [41].

It has been used to regulate the output voltage of a boost converter sup-
plying a CPL in parallel with a resistive load by means of a sliding surface
based on a linear combination of the capacitor voltage error and the difference
between the inductor current and its high frequency component [35]. In that
work simulations have shown the existence of bifurcations for certain values of
the gain of the current error. SMC has also been used as starting point for a
PWM nonlinear control implementation in [36], in which a nonlinear switching
function made up of the product of inductor current and capacitor voltage in
a boost converter was proposed to regulate the output voltage. That function
was modified in [37] by adding a linear term proportional to the output voltage
error to improve the voltage regulation, and by substituting the PWM device
by an ideal comparator, which resulted in a highly variable switching frequency.

Besides, a high-order SMC based on a super-twisting algorithm has been
proven by simulation to be effective in the output voltage regulation of a buck
converter with a CPL [39] while sliding surfaces based either on the current error
or on a linear combination of current and voltage error have been successfully
used to regulate a 380 V dc bus voltage of an islanded DC microgrid with
multiple photovoltaic generators, several boost converters and a battery bank
[38].

A digital cascade sliding mode–based control with PWM was proposed in
[40] reporting a high degree of output voltage regulation and the suppression of
the inrush current in a boost converter prototype with a CPL of 1 kW. In most
of the cited examples, the use of the boost converter is of particular interest
as a case study for its non-linear non-minimum phase behavior in a clear-cut
contrast with the linear dynamic features of the buck converter.

The work reported in [21] has been presented in the introduction as the main
antecedent of this research. It introduced a linear switching function that can be
classified as a one-degree polynomial surface and outperformed previous control
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Sliding surfaces to control a boost converter with constant power load

reports on the subject. Considering that feature, it makes sense to explore
polynomial surfaces with a more general perspective and systematic approach
in an attempt to analyze the potential benefits in terms of stability, disturbance
rejection, conduction losses and inrush current.

As a starting point, this chapter presents an analysis of trajectories of the
boost converter with CPL under SMC and the associated procedure to choose
suitable surfaces. With this aim, it covers exhaustingly the analysis of poly-
nomial surfaces until two-degree by providing their sliding mode existence con-
ditions and resulting characteristics. Simulation and experimental results will
validate the analysis.

Finally, some ideas are presented for the extension of the proposed method
to other types of loads, i.e., CCL or RL, and other types of surfaces.

2.1 Overview of the sliding surface definition

2.1.1 Natural trajectories of a boost converter with constant
power load

Fig. 2.2 shows the circuit diagram of a unidirectional boost converter supplying
a CPL. The converter supplies to the load a current iCPL ≤ 0 , which is defined
by the nonlinear relation P/vC , P being the non-negative power absorbed by
the load and vCPL = vC the output voltage.

Fig. 2.2: Boost converter with CPL.
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Overview of the sliding surface definition

The converter state equations can be expressed as follows

L
diL
dt

= Vg − (1− u) vC (2.1a)

C
dvC
dt

= iL (1− u)− P

vC
(2.1b)

where iL ≥ 0 is the inductor current, Vg is the input voltage and u is a driving
signal that changes the converter structure, so that u = 1 for on state and u = 0

for off state.
It was analytically demonstrated in [21] that the trajectory during on state

is of parabolic type while it was predicted without a proof in the same work
that the trajectory corresponding to off state would result in a growing spiral.
A complete analysis of the trajectories is carried out in the following paragraphs
in order to understand the dynamic behavior of the boost converter with CPL
in open-loop. With this aim, numerical simulations are used, with the set values
shown in Table 2.1.

Table 2.1: Parameter values for numerical simulation of boost with CPL.

Parameter Values

L 500 µH

C 20 µF

PCPL 1 kW

Vg 200 V

Fig. 2.3 illustrates the simulation result of the trajectory of state vector
x = [iL, vC ]

⊺ during on-state in the phase-plane iL − vC .
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Sliding surfaces to control a boost converter with constant power load

Fig. 2.3: State-plane trajectory for on state of a boost converter with CPL.

For this case, an analytical expression of the trajectory was reported in [21]
and given by

iL (t) = iL (0)−
v2C (t) + v2C (0)

λ
(2.2a)

v2C (t) + λ iL (t)−
(
v2C (0) + λiL (0)

)
= 0 (2.2b)

where

λ =
2PL

CVg
> 0 (2.3)

In the figure, iL (0) and vC (0) are the initial values of inductor current
and capacitor voltage, respectively. Equations (2.2) corresponds to a parabolic
curve with vertex in Pvert =

[
iL (0) + v2C (0) /λ, 0

]⊺ and negative slope −λ/2vC

exhibiting a decreasing behavior in voltage and increasing behavior in current
irrespective of the initial condition until the trajectory reaches Pvert as shown
in Fig. 2.3, which means a short circuit in the input power source.

On the other hand, the OFF-state trajectory can be described by the fol-
lowing equations:
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iL (t) =
Vg

L
t+ iL (0)− 1

L

∫ t

0
vC (τ) d (2.4a)

C
d2vC
dt2

− P

v2C

dvC
dt

+
vC
L

=
Vg

L
(2.4b)

Although it is not possible to find an analytical solution for (2.4), an equi-
librium point (EP) in xeq = [P/Vg, Vg}⊺ can be predicted. Besides, the first
equation in (2.4) suggests the existence of a harmonic solution with an un-
bounded behavior since the term −P/v2C on the first time-derivative of vC is
always negative. Fig. 2.4 illustrates a numerical solution of (2.4) showing a
growing spiral with focus in xeq, which turns out to be an unstable EP. The
spiral grows until it collapses at vC = 0.

Fig. 2.4: State-plane trajectory for off state of a boost converter with CPL.

2.1.2 Equilibrium point locus and forced trajectories

The analysis of the natural trajectories of on and off states has revealed that
both are unstable. However, an appropriate transition between states under
a correct choice of a control law would allow a stable trajectory leading the
converter to a desired EP. That point must be contained within the equilib-
rium point locus EPL if the latter exists. This can be obtained assuming that
the derivatives of the trajectories in the state-plane for on and off states are
opposite with equal absolute value [42]. Therefore
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∣∣∣∣dvCdiL

∣∣∣∣
on

=

∣∣∣∣dvCdiL

∣∣∣∣
off

(2.5)

Fig. 2.5 shows graphically the EPL in the phase-plane overlapping the vector
field of both states of the converter. From Equation (2.5) and Fig. 2.2, we
deduce that the EPL will be given by IL = P/Vg and vC ≥ Vg. Note that this
EPL equation reflects the POPI nature of the converter in steady-state regime,
i.e., the dc output power P equals the dc input power ILVg [9].

Fig. 2.5: Equilibrium point locus after overlapping on and off vector field.

Within the sliding mode frame, it is apparent that an EP can result from the
intersection of a sliding surface Σ = {x| S(x) = 0} and the EPL provided that
an appropriate switching policy can be imposed to the converter. The switching
policy has to combine the on and off unstable trajectories to create a stable
trajectory that slides on average along Σ to attain the desired EP. This idea
is illustrated in Fig. 2.6 for an arbitrary sliding surface, the switching policy
consisting in turning on the converter when the state vector trajectory is below
the sliding surface and turning off the converter when it is above the surface.

The ideal sliding behavior in Fig. 2.6 requires an infinite switching frequency,
so in order to relax this constraint, a hysteresis band is introduced around the
sliding surface as illustrated in Fig. 2.7.
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Fig. 2.6: Combining unstable trajectories results in a stable trajectory leading to the
EP.

By adding this hysteresis band, the control law outside the hysteresis band
can be expressed as follows

u =


0, if, S(x) > +δ

1, if, S(x) < −δ
(2.6)

Fig. 2.7: Modified sliding surface by a hysteresis band adding a) state-plane vector
field and switching policy b) zoom around EP.
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Fig. 2.8: (a) Forced trajectories reaching the EP for four different initial conditions.
(b) Zoom in the vicinity of the EP.

Inside the hysteresis band u maintains its previous value when the last
switching has taken place. Fig. 2.8 shows the resulting trajectories for four
different initial conditions reaching the EP in finite time.

2.1.3 Operating region

The closed-loop trajectories presented in the examples in Fig. 2.8 reveal the
advantage of constraining the converter start-up within the operating region
vC = Vg; it is high likely that initial points below Vg will imply a high peak
current surge. In the case of a start-up with null initial conditions xnull =

[0, 0]T , the converter will handle a large input current.

Fig. 2.9: Boost converter with complementary diode.
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Polynomial sliding surfaces and conditions for existence and stability of sliding
motions

Adding a complementary diode between ports of the converter as shown in
Fig. 2.9, the starting point will be actually x0 = [0, Vg]

⊺, which eventually
guarantees sliding mode motion for the first instant when trajectories intersect
the switching boundaries.

2.2 Polynomial sliding surfaces and conditions for ex-
istence and stability of sliding motions

As can be inferred from Fig. 2.6-2.7 the first requirement for the switching
surface is to contain the EP [Ie = P/Vg, Ve]

⊺ in its analytical expression and,
at the same time, divide the state-plane in two regions so that an appropriate
switching policy can eventually drive the forced trajectory to that point irre-
spective of the initial conditions. A first attempt to substitute the generic sliding
surface Σ = {x|S(x) = 0} of the previous figures by a concrete mathematical
description consists in considering a surface of polynomial type according to the
following general expression

S (x) =

n∑
i=1

(n
i
ai i

i
L

)
+

n∑
j=1

(
n

j
bj vC

j

)
+

n−1∑
i=1

n−1∑
j=1

(
n

ij
hiji

i
Lv

j
C

)
+ e (2.7)

Where n is the degree of the polynomial. The first and the second terms cor-
respond to only iL and vC components. The third term is the multiplication
between the state variables, and finally e = f (Ie, Ve) determinates the desired
EP. The coefficients ai, bj and hij will be selected according to the sliding motion
conditions as shown in the paragraphs that follow.

Surfaces described by polynomials of degree zero, one and two are next
analyzed in depth checking their capability to generate stable sliding motions.

2.2.1 Surfaces of degree zero

The surfaces of degree zero are defined here as those where only one of the sate
variables is present. Thus, two sliding surfaces Σ0a and Σ0b of degree zero are
possible:
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Σ0a = {x|S0a(x) = 0} (2.8a)

S0a (x) = iL − Ie = iL − P

Vg
(2.8b)

Σ0b = {x| S0b (x) = 0} (2.9a)

S0b (x) = vC − Ve (2.9b)

The first case represents a current mode control and results in stable sliding
mode behavior while the second one corresponds to a voltage mode control
leading to unstable sliding mode motions when considering in both cases a
resistive load [43]. In the CPL case here analyzed, S0b (x) still results in unstable
behavior while the ideal sliding dynamics yielded by S0a (x) will evolve through
the EPL line but the resulting voltage coordinate of the EP can take infinite
possible values since the expression of S0a (x) coincides with that of the EPL.
This is in a clear-cut contrast with the case of a resistive load in which there is
only one EP that is always stable.

2.2.2 Surfaces of degree one

The general expression of a sliding surface Σ1 of degree one is described by
particularizing the expression (2.7) with n = 1, resulting in the following affine
function

Σ1 = {x| S1 (x) = 0} (2.10a)

S1(x) = a1iL + b1vC + e (2.10b)

In order to make the notation of S1 (x) simpler, the subindices will be omit-
ted from now onward in the coefficients. The value of e is derived from the
coordinates of EP following the description in (2.8) and (2.9), and is given by

30

UNIVERSITAT ROVIRA I VIRGILI 
A SLIDING MODE APPROACH TO CONTROL POWER SINKS AND POWER SOURCES IN DC-DC SWITCHING CONVERTERS 
David Alejandro Zambrano Prada
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motions

e = − (aIe + bVe) = −
(
aP

Vg
+ bVe

)
(2.11)

Sliding motions will exist if the condition S1 (x) Ṡ1 (x) < 0 is satisfied [20].
From (2.1) and (2.10), the expression for Ṡ1 (x) is obtained

Ṡ1 (x) =

(
aVg

L
− bP

CvC

)
−
(
avC
L

− biL
C

)
(1− u) (2.12)

Imposing S1 (x) Ṡ1 (x) < 0 and particularizing expression (2.12) for u = 0

and u = 1 leads respectively to expressions (2.13a) and (2.13b).

lim
S(x)→0+

Ṡ1 (x)

∣∣∣∣
u=0

=

(
aVg

L
− bP

CvC

)
+

(
biL
C

− avC
L

)
< 0 (2.13a)

lim
S(x)→0−

Ṡ1(x)

∣∣∣∣
u=1

=

(
aVg

L
− bP

CvC

)
> 0 (2.13b)

Expressions can be compacted as follows

iL <
P

vC
+

aC

bL
(vC − Vg) (2.14)

Inequality (2.14) establishes the region for the existence of sliding motions
(ESM), in which the combination of on and off trajectories can be described on
average by a sliding trajectory along the switching surface. The sliding motion
along the switching surface implies the fulfilment of the invariance conditions
S1 (x) = 0 and Ṡ1 (x) = 0 [20], which results in the equivalent control u1eq with
0 ≤ u1eq ≤ 1, and corresponding ideal sliding dynamics given by
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Sliding surfaces to control a boost converter with constant power load

u1 eq = 1−
aVg

L − bP
CvC

avC
L − biL

C

(2.15a)

iL =
P

Vg
− b (vC − Ve)

a
(2.15b)

C
dvC
dt

=
− bVg

L (vC − Ve)

avC
L − b

C

(
P
Vg

− b(vC−Ve)
a

) (2.15c)

It is worth to note that (2.15) is nonlinear and linearizing around its EP
vC = Ve leads to the following small signal dynamics.

dṽC
dt

≈
−bVg

L

C
(
aVe
L − bP

CVg

) ṽC = −B

Λ
ṽC (2.16)

where the superscript (∼) means small variations around the EP, and B a Λ

are given by

B =
bVg

LC
(2.17a)

Λ =
aVe

L
− bP

CVg
(2.17b)

Since B > 0 we deduce from (2.16) that the system will be stable if Λ > 0,
which implies the existence of an upper limit Pmax the power of the CPL.
Therefore, for stability the follow condition must be satisfied.

P <
a

b

CVgVe

L
≜ Pmax (2.18)

Besides, condition (2.18) requires that a
b > 0. A geometrical interpretation

of this result can be associated with the slope of S1 (x) in the phase plane. The

32

UNIVERSITAT ROVIRA I VIRGILI 
A SLIDING MODE APPROACH TO CONTROL POWER SINKS AND POWER SOURCES IN DC-DC SWITCHING CONVERTERS 
David Alejandro Zambrano Prada



Polynomial sliding surfaces and conditions for existence and stability of sliding
motions

slope of the surface is defined as

∆S1

∣∣∣∣
Xe

≜ −
∂S1(x)
∂iL

∂S1(x)
∂vc

∣∣∣∣∣
Xe

= −a

b
< 0 (2.19)

If the condition ab>0 is satisfied, the choice of an affine surface is limited
to any straight line with negative slope in the phase plane iL − vC and whose
absolute value satisfies (2.18). Since the switching surface is a straight line,
the slope is constant and stability is guaranteed at any point on the surface
within the ESM region. From (2.19), it can be established the relation between
the slope of the surface and ∂vc

∂iL
of the converter in EP. The absolute value of

∆S1

∣∣∣∣
Xe

and ∂vc
∂iL

∣∣∣∣
Xe

are equal, and to be define by

R1 ≜
a

b
(2.20)

We can use as an estimate value of the inrush current the value of the current
corresponding to the first intersection of the state trajectory and the switching
surface [44], [45]. Since the converter starts up from x(t0) = [0, Vg]

⊺ due to
the action of the complementary diode Dr, the inrush current Iinrush can be
estimated as

Iinrush =
(Ve − Vg)

R1
+

P

Vg
(2.21)

2.2.2.1 Special case: Linear surface

The expression (2.10) is an affine surface, where the coefficients a1 and b1 are
independent of EP according to e in the expression (2.11). This is a systematic
procedure in order to generalize the surface of degree one for any operating
condition. Nevertheless, there exists a special case when e=0 resulting in a
linear surface given by
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Sliding surfaces to control a boost converter with constant power load

Σ1b = {x|S(x) = 0} (2.22a)

S1b (x) = aiL + bvC (2.22b)

Here, in order to ensure the intersection of EP and the linear surface, the
coefficients must take the following values

a = −Ve (2.23a)

b =
P

Vg
(2.23b)

Applying the same control law and method as in the previous section, the
following results are obtained.

Surface time-derivative:

Ṡ1b (x) =

(
VgVe

L
+

P 2

CVgvc

)
−
(

P

CVg
iL +

Ve

L
vc

)
(1− u) (2.24)

Invariance condition:

iL =
PvC
VgVe

(2.25a)

u1beq = 1−
VeVg

L + P 2

CVgvC

Ve
L vC + P 2vC

CV 2
g Ve

(2.25b)

Ideal sliding dynamics:

C
dvC
dt

=
P
L (vC − Ve)

vC

(
Ve
L + P 2

CV 2
g Ve

) (2.26)
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Polynomial sliding surfaces and conditions for existence and stability of sliding
motions

Linearizing around its EP :

d

dt
ṽC =

P
L

C
(
Ve
L + P 2

CV 2
g Ve

) ṽC (2.27)

From (2.27), it is easy to determine that the boost converter supplying a
CPL controlled with a linear surface is unstable. This validates the conclusion
obtained from the analysis for the affine surface, since

∆S1b

∣∣∣∣
Xe

=
VeVg

P
> 0 (2.28)

2.2.3 Surface of degree two

Particularizing (2.7) for n = 2, equation (2.29) is obtained. This is the gen-
eral expression of a conic curve illustrating the sliding surface of second degree
considered below in the analysis.

Σ2 = {x| S2 (x) = 0} (2.29a)

S2 (x) = a2i
2
L + b2v

2
C + 2h11iLvC + 2a1iL + 2b1vC − e (2.29b)

To simplify the notation, h11 is written as h. The intersection of the surface
and EP implies

e = a2
P 2

V 2
g

+ b2V
2
e + 2h

PVe

Vg
+ 2a1

P

Vg
+ 2b1Ve (2.30)
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Sliding surfaces to control a boost converter with constant power load

In this case, the ESM region can be expressed as

α (iL)
2 − βiL − γ < 0 (2.31)

where parameters α, β and γ are given by

α =
h

C
(2.32a)

β =

(
a2
L

− b2
C

)
vC − b1

C
− a2Vg

L
− hP

CvC
(2.32b)

γ =
hVgvC + a1

L
(vC − Vg) +

b2P

C
+

b1P

CvC
(2.32c)

In that region, the ideal sliding dynamics can be expressed by

u2eq = 1−
Vg

L
(a2iL + hvC + a1)− P

CvC
(b2vC + hiL + b1)

vCiL
(
a2
L

− b2
C

)
+ h

(
v2
C
C

− i2
L
L

)
+

(
a1vC

L
− b1iL

C

) (2.33a)

iL = −hvC + a1

a2
±

√(
hvC + a1

a2
+

P

Vg

)2

+
2Ph(Ve − vC)

a2Vg
− (b2 + 2b1) (v2C − V 2

e )

a2

(2.33b)

dvC
dt

=
1

LC

(a2iL + hvC + a1) (VgiL − P )(
a2
L

− b2
C

)
iLvC + h

(
v2
C
L

− i2
L
C

)
+

(
a1vC

L
− b1iL

C

) =
N (iL, vC)

D (iL, vC)
≜ g (x) (2.33c)

Note, on the one hand, that (2.33) is a 1-dimensional system, since iL is
related to vC through the sliding surface expression (2.29). Observe, on the
other hand, that the EP of that expression is given by iL = P/Vg, which, after
substitution in (2.29), leads to the equation

(vC − Ve)

[
b2 (vC + Ve) +

2hP

Vg
+ 2b1

]
= 0 (2.34)
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Polynomial sliding surfaces and conditions for existence and stability of sliding
motions

Equation (2.34) has two solutions. The first one is vC = Ve and the second
one is vC = −Ve− (2hP + 2b1Vg) / (b2Vg). With the assumption that b1, b2 and
h are all positive, the second solution has no physical meaning.

Linearization of (2.33) around the EP requires the calculation of ∂g (x) /∂vC
at the EP. Differentiating g (x) with respect to vC , one gets

∂g (x)

∂vC
=

(
∂N(iL,vC)

∂vC
+ ∂N(iL,vC)

∂iL
∂iL
∂vC

)
D (iL, vC)−

(
∂D(iL,vC)

∂vC
+ ∂D(iL,vC)

∂iL
∂iL
∂vC

)
N (iL, vC)

D2 (iL, vC)
(2.35)

Since at the EP P = VgiL, N (iL, vC) = 0 and consequently (2.35) becomes

∂g (x)

∂vC

∣∣∣∣
Xe

=

(
∂N(iL,vC)

∂vC
+ ∂N(iL,vC)

∂iL
∂iL
∂vC

)
D (iL, vC)

∣∣∣∣∣∣
Xe

(2.36)

Developing the numerator of (2.36) yields

∂g (x)

∂vC

∣∣∣∣
Xe

=

(a2P + hVgVe + a1)

(
∂iL
∂vC

∣∣∣
Xe

)
Vg

L

(
a2

P
Vg

+ hVe + a1

)
− P

CVg

(
b2Ve + h P

Vg
+ b1

) (2.37)

In order to obtain the term ∂iL/∂vC

∣∣∣
Xe

, observe that the ideal sliding dy-
namics in the inductor current is given by

LC
diL
dt

= − (b2vC + hiL + b1) (VgiL − P )(
a2
L − b2

C

)
iLvC + h

(
v2C
L − i2L

C

)
+
(
a1vC
L − b1iL

C

) (2.38)

Dividing (2.38) by vC in (2.33) and particularizing the result at EP results
in

∂ iL
∂ vC

∣∣∣∣
Xe

= −
b2Ve +

hP
Vg

+ b1
a2P
Vg

+ hVe + a1
≜ − 1

R2
< 0 (2.39)
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Sliding surfaces to control a boost converter with constant power load

Note that we have assumed in (2.39) that numerator and denominator are
both positive

(
b2Ve +

hP

Vg
+ b1

)(
a2P

Vg
+ hVe + a1

)
> 0 (2.40)

Finally, the small signal dynamics around EP will be expressed as follows

dṽC
dt

= − 1

R2

Vg

LC

(
a2P
Vg

+ hVe + a1

)
Ve
L

(
a2P
Vg

+ hVe + a1

)
− P

CVg

(
b2Ve +

hP
Vg

+ b1

) ṽC (2.41)

From (2.40) and (2.41), it can be deduced that the system will be stable if
the following condition is satisfied.

0 <
LP

CVgVe
<

a2P
Vg

+ hVe + a1

b2Ve +
hP
Vg

+ b1
(2.42)

Note that the conic sliding surface given by S2 (x) becomes the sliding surface
S1 (x) of degree one when a2 = b2 = h = 0. Indeed, one has

S2 (x)

∣∣∣∣
a2=b2=h=0

= 2

(
a1iL + b1vC − a1

P

Vg
− b1Ve

)
(2.43)

By calculating the slope of the curve at the equilibrium point, we obtain

∆S2

∣∣∣∣
Xe

≜ −
∂ S2(x)
∂ iL

∂ S2(x)
∂ vc

∣∣∣∣∣
Xe

= −
a2P
Vg

+ hVe + a1

b2Ve +
hP
Vg

+ b1
= −R2 < 0 (2.44)

From (2.40), it can be deduced than R2 is always positive. Therefore, the
system controlled in sliding mode through the surface given by a general conic
curve will be stable if the slope of the curve at EP is negative and smaller than
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Polynomial sliding surfaces and conditions for existence and stability of sliding
motions

the bound given in (2.42) in terms of the system parameters.

These results allow establishing the stability necessary condition, i.e. for
any higher order geometric curve used as the sliding surface, the slope of the
surface on the trajectory and at the desired equilibrium point must be negative
to ensure the stability of the system.

The conditions (2.18) and (2.42) can be unified in a unique stability condi-
tion, where the maximum power limit is defined by

P < R
CVgVe

L
≜ Pmax (2.45)

where

R =

∣∣∣∣r (x) ∣∣∣Xe

∣∣∣∣ (2.46)

Here, R is the absolute value at EP of the incremental resistance r (x) of
the converter. When the boost converter with CPL is in sliding motion, its
incremental resistance and the slope of the surface are equivalent.

r (x) ≜
∂ vc
∂ iL

= −
∂ S(x)
∂ iL

∂ S(x)
∂ vc

(2.47)

Thus, from the general expression for surface of degree n presented in (2.7),
the general incremental resistance is equal to

r (x) = −

∑n
i=1

(
ai i

i−1
L

)
+
∑n−1

i=1

∑n−1
j=1

(
1
j hiji

i−1
L vjC

)
∑n

j=1 (bj vCj−1) +
∑n−1

i=1

∑n−1
j=1

(
1
i hijiiLv

j−1
C

) (2.48)

In the case of surfaces of degree two (n = 2), expression (2.39) is derived
from (2.48) particularizing at EP.
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Sliding surfaces to control a boost converter with constant power load

r (x)
∣∣∣
n=2

∣∣∣∣∣
Xe

= − a2iL + hvC + a1
b2vC + hiL + b1

∣∣∣∣
Xe

= −
a2P
Vg

+ hVe + a1

b2Ve +
hP
Vg

+ b1
= −R2 (2.49)

Similarly, for the case of surface of degree one, expression (2.50) is obtained

r (x)
∣∣∣
n=1

∣∣∣∣∣
Xe

= −a1
b1

= −R1 (2.50)

2.2.3.1 Types of conic curves

The general expression of a conic curve given by (2.29) can be represented as
follows

S3 (x) = a2

(
iL − P

Vg

)(
iL +

P

Vg

)
+ 2a1

(
iL − P

Vg

)

+ b2 (vC − Ve) (vC + Ve) + 2b1 (vC − Ve)

+ 2h

(
iLvC − PVe

Vg

) (2.51)

which will reduce the number of arithmetic operations eventually required in its
implementation. Note that h2 < ab implies that S3 (x) corresponds to an ellipse
while h2 = ab represents a parabola, and h2 > ab leads to a hyperbola.

Table 2.2 summarizes 4 particular cases of expression (2.51), which result
from (i) b2 = a1 = h = 0 (current parabola), (ii) a2 = b1 = h = 0 (voltage
parabola), (iii) a2 = b2 = a1 = a2 = 0; h = 1/2 (cross power hyperbola), and
(iv) h = a1 = b1 = 0 (ellipse in Cartesian form centered at the origin of the
plane iL − vC). The stability condition (2.45) and the estimated value of the
inrush current Iinrush are shown in the four cases.

It is worth mentioning the case a2 = b2 = a1 = 0 and h = 1/2, which results
in the following sliding surface, similar to the one reported in [39].

S3e (x) = iLvC − PVe

Vg
+ 2b1 (vC − Ve) (2.52)
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Polynomial sliding surfaces and conditions for existence and stability of sliding
motions
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Sliding surfaces to control a boost converter with constant power load

2.2.4 Analysis summary

Fig. 2.10 summarizes the analysis of the sliding surfaces of degrees zero, one and
two by illustrating the main features associated to eight surfaces correspond-
ing respectively to expressions (2.8)-(2.10), and (2.22) plus the four ones shown
in Table 2 and expression (2.51). Ideal sliding behavior, i.e., infinite switch-
ing frequency has been assumed in the represented trajectories. Besides, only
trajectories for surfaces of degree one and degree two are considered since tra-
jectories of degree zero either result in an infinite number of EPs or are unstable.
The set of parameter values used for converter and sliding surface coefficients
are collected in Table 2.3 and Table 2.4, respectively.

Table 2.3: The used converter’s parameter values.

Parameter Values

L 500 µH

C 20 µF

PCPL 1 kW

Vg 200 V

Ve 380 V
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Sliding surfaces to control a boost converter with constant power load

Table 2.4: Surface coefficients used in Fig. 2.10.

Surface a2 b2 h a1 b1 Stability status

S0a(x) 0 0 0 P/Vg 0 Infinite number of EPs

S0b(x) 0 0 0 0 Ve Unstable

S1(x) 0 0 0 4 0.26 Stable

S1b(x) 0 0 0 −Ve P/Vg Unstable

S3a(x) 1 0 0 0 0.42 Stable

S3b(x) 0 0.001 0 5.2 0 Stable

S3c(x) 0 0 1 0 0 Stable

S3e(x) 1.9 0.002 0 0 0 Stable

S3e(x) 0 0 1 0 1.25 Stable

2.3 Characteristics of polynomial sliding surfaces

2.3.1 Incremental resistance

In all the cases above studied, the dynamics of the system is of first order in
sliding motion. Thus, expressions (2.16) and (2.41) can be described in a unified
form as follows

˜dvC
dt

= − Vg

CvC

(
r (x)− LP

CVgVe

)∣∣∣∣
Xe

ṽC (2.53)

Similar ideal sliding dynamics can be expected in all surfaces if we select
the parameter values resulting in the same incremental resistance at EP. This
fact can be observed in Fig. 2.10 for the five surfaces S1 (x), S3a (x), S3b (x),
S3d (x) and S3e (x) yielding stable trajectories, whose incremental resistance at
EP is r (x)

∣∣∣
Xe

= −15 Ω. The exception is surface S3c (x), which in spite of

yielding a stable trajectory, its incremental resistance r (x) does not depend on
the surface coefficients. In general, quadratic functions yield smaller values of
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Characteristics of polynomial sliding surfaces

estimated inrush current than the affine function, the exception being surfaces
S3c (x) and S3e (x) since they use the multiplicative term iLvC . Besides, note
that S3c (x) coefficients are fixed, so that Iinrush only depends on the converter
parameters.

Furthermore, Fig. 2.11a illustrates a complementary approach based on
imposing the same value of the estimated inrush current Iinrush in all surfaces
to facilitate the comparison, and to reduce the reaching time of the sliding
surface. The value corresponding to surface Σ3c (x) has been chosen, i.e., a
value of Iinrush = PVe/V

2
g = 9.5 A has been used in all cases. The exception is

Σ3e (x), which results in a value of Iinrush = 0.5 A higher than the established
reference as it can be deduced from (2.52) and the value of parameter b1 in
Table 2.5.

Table 2.5: Surface coefficients used in Fig. 2.10.

Surface a2 b2 h a1 b1

S1(x) 0 0 0 4 0.1

S3a(x) 1 0 0 0 0.1812

S3b(x) 0 0.001 0 11.5 0

S3c(x) 0 0 1 0 0

S3e(x) 3.2 0.002 0 0 0

S3e(x) 0 0 1 0 0.5

On the other hand, Fig. 2.11b shows the variation of r (x) all along the
trajectory from the inrush point (iL = Iinrush, vC = Vg) to the EP for the
different surfaces considered in Fig. 2.11a. The horizontal axis corresponds to
the number of points (iL, vC) considered in the calculation of r (x) given by
expression (2.48).

Other observation is that the initial value of r (x) in the quadratic surfaces
is higher than that in linear surfaces, ensuring a small value of the inrush cur-
rent. The corresponding behavior of the output voltage in the time-domain is
illustrated in a PSIM© simulation in Fig. 2.12, the fastest response being the
one corresponding to the elliptical sliding surface Sed (x).
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Characteristics of polynomial sliding surfaces

Fig. 2.12: Simulation of output voltage during start-up for different sliding surfaces.

2.3.2 Existence of sliding motion region

It can also be observed from Fig. 2.10 that a high value of inrush current will
imply a large region in which the converter follows its natural dynamics before
it reaches the surface and slides to the EP. It would therefore seem that a high
inrush current value corresponds to a smaller ESM region. However, the inrush
current is a consequence of the shape of the surfaces in the state-plane and the
condition imposed by the complementary diode, and it is more appropriate to
associate the ESM region to the type of surface rather than just to the surface
intersection point. Taking the surface S1(x) for example, condition (2.14) of its
EMS region can be rewritten in terms of its incremental resistance as follows

iL < l (vC) =
P

vC
− C

L
r (x) (vC − Vg) (2.54)

Where l (vC) is the limit function of EMS dividing the phase plane in two sides,
and r (x) = R along the affine surfaces when the converter is in sliding motion.
Fig. 2.13 shows three trajectories from null initial conditions to EP for three
different values of R and their respective EMS regions appropriately highlighted.
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Sliding surfaces to control a boost converter with constant power load

EP

Fig. 2.13: ESM region of the surface S1(x) for three values of R.

The function l (vc) approximates a linear relation with slope equal to R.
Consequently, a lower value of R, means a smaller ESM region, and given that
the surface is a straight line, such lower values of R will generate an intersection
with vC = Vg further away from the null initial conditions together with a higher
IInrush. If the converter takes longer to reach the surface and follows its natural
trajectories, this will allow a faster reaching of the equilibrium point as shown
in Fig. 2.14, at the cost of an increment in the initial current and power.

Fig. 2.14: Start-up of boost converter with CPL using the surface S1(x) for three
values of R.
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Sliding surfaces to control a boost converter with constant power load

The same results can be seen with the conical surfaces S3 (x) expressed in
(2.51) and seen as a set in Figure 2.15. If the expressions (2.31) and (2.32)
are rearranged in terms of the incremental resistance, the expression (2.54) is
retained, which guarantees a general description for ESM region for the poly-
nomial surfaces that have been studied so far.

Regarding the quick reaching of the surface, the quadratic surfaces yield a
larger ESM region with respect to the affine ones under similar r(x)

∣∣∣
Xe

values,
the ones with the best results being those with quadratic term of current such
as the surfaces S3a (x) and S3d (x). The surface S3c (x) leads a to unique region.

2.3.3 Effect of conduction losses at EP

It has to be pointed out that our analysis is based on the lossless model given
by (2.1), so it can be expected that parasitic resistances modify the theoretical
start-up trajectory in a laboratory prototype. In order to estimate the influence
of the parasitic resistances in reaching the EP, we have introduced a resistance
RL in series with the inductor in the converter model, and defined the steady-
state errors Ei = IL −P/Vg and Ev = VC − Ve, where IL and VC are the actual
coordinates of the EP. Thus, Ei and Ev will give a measure of the deviation of
the actual EP with respect to the ideal EP as illustrated in Fig. 2.16 for Ei,
where different values of input voltage and output power together with three
values of parasitic resistance RL have been considered. Note that the expected
maximum error is below 3.5%, which for Ie = 5 A will be 175 mA.

In addition, error Ev can be derived as a function of Ei from expression
(2.51) for the five main surfaces. The results are illustrated in Table 6. Fig. 17
shows the voltage error Ev for the mentioned five curves assuming R = −15 Ω

and R = −76 Ω in all of them. It is worth noting that Ev is mainly defined
by R as it was the case in the ideal sliding dynamics. For the operating range
illustrated in Fig. 17, no significant differences of Ev can be observed in Fig.
17 for the same value of R, i.e., 1% in the worst case. For small values of either
Ei or R, the approximation Ev = REi can be used.

50

UNIVERSITAT ROVIRA I VIRGILI 
A SLIDING MODE APPROACH TO CONTROL POWER SINKS AND POWER SOURCES IN DC-DC SWITCHING CONVERTERS 
David Alejandro Zambrano Prada



Characteristics of polynomial sliding surfaces

Fig. 2.16: Percentage steady-state current as a function of input voltage and output
power, and three values of parasitic resistance.

Table 2.6: Voltage error equation at steady-state.

Surface
Voltage Error, Ev

Coefficient in (2.29) Respect to R

S1(x) −a1
b1
Ei −REi

S3a(x) − a2
2b1

Ei

(
Ei +

2P
Vg

)
−REi

(
Vg

2P
Ei + 1

)

S3b(x) −Ve

(
1−

√
1− 2a1Ei

b2Ve

)
−Ve

(
1−

√
1− 2REi

)

S3c(x) − VeEi

Ei+
P
Vg

− REi(
Vg
P

Ei+1
)

S3e(x) −Ve

(
1−

√
1− a2Ei

b2Ve

(
Ei +

2P
Vg

))
−Ve

(
1−

√
1−REi

(
Vg

2P
Ei + 1

))
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Fig. 2.17: Steady-state voltage error Ev versus steady-state current error Ei for two
different values of the incremental resistance R at the EP.

2.4 Experimental results

In order to validate the theoretical analysis in Section 2.3, a 1 kW prototype has
been built with the set of parameters sliding surface values shown in Table 2.2.
The circuit schematic of the boost converter with CPL and control circuit are
illustrated in Fig. 2.18 and Fig. 2.19 respectively. Also, a detailed implemen-
tation of switching functions S1 (x) and S3a (x) is depicted in Fig. 2.20. The
power semiconductors are a dual diode STPSC40H12C-Y (both D and Dr) in
the Fig. 2.9 and a MOSFET STW25NM60ND, which is activated by an isolated
driver TLP350.

The currents iL and iCPL are measured by sensors LEM LA25 with gains
of 1/5 and 1/2, respectively, while the input and output voltages are both
sensed with LEM LV-25 with a gain of 1/100. The power generator PSI-9750-
40 has been used as input voltage source and the CPL has been emulated by
the electronic load ELR-9750-44.
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Fig. 2.20: Circuit scheme for the switching functions: (a) S1 (x) and (b) S3a (x).

The control stage has been implemented analogically using the operational
amplifier LF324 for simple arithmetic operations, while the CPL power, refer-
ence current and both the voltage and current quadratic errors are obtained
by means of the IC ADD663. The control law has been implemented with a
hysteresis comparator made up of a comparator LM319 and J-K flip-flop 4027,
the hysteresis width having been adjusted for a switching frequency of 100 kHz
approximately. A dual DC power supply 0-30 V 72-10505 has been used to sup-
ply the control stage and the signal data and images have been obtained with
a multimeter U3401A and a MDO3024 oscilloscope. A picture of the complete
experimental setup is shown in Fig. 2.21.

CPL emulator

DC Power supply

Control board

Boost converterControl supply

OscilloscopeMultimeter

Fig. 2.21: Picture of the experimental setup. (a) overall view, (b) detail showing
boost converter and its control board.
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Experimental results

2.4.1 Prototype efficiency

Fig. 22 shows the ratio κ of the output power to the power losses κ of the
prototype in two operating points, namely around 80 kHz and 100 kHz. The
switching function S1 (x) has been used for the test because its incremental
resistance does not depend on the EP. Measurements have been carried out
over an operating range of 500 W – 1 kW with steps of 50 W. Note that the
index κ can be expressed in terms of the efficiency η as follows

κ =
η

1− η
(2.55)

It is worth mentioning that using the κ index as a performance metric instead
of the efficiency η provides more insight on the losses effect for high values of
the efficiency [46]. It can be derived from Fig. 2.22 that the converter efficiency
ranges from 96.15% to 97.36% with an average value of 96.87% for 80 kHz and
96.54% for 100 kHz.

kHz

kHz

Fig. 2.22: Performance of the boost converter with SMC using the ratio κ.
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Sliding surfaces to control a boost converter with constant power load

2.4.2 Measurements of steady-state performance

Fig. 2.23 illustrates the steady-state voltage error caused by conduction losses
in the converter. A load of 750 W has been taken as a nominal reference to de-
termine the percentage deviation of the output voltage with respect to Ve, i.e.,
Vc

∣∣
750 w

= 380 V . Fig. 2.23a illustrates the influence of the incremental resis-
tance over the steady-state voltage error in the case of S1 (x) switching function
and three values of the incremental resistance R. The increase in resistance re-
sults in a proportional increase of Ev, which confirms the theoretical analysis.
The maximum value of error corresponds to R = −120 Ω and is around 3%
implying a variation of ±11.4 V.

On the other hand, Fig. 2.23b shows a comparison between the affine and the
current parabola switching functions with the same incremental resistance R =

−15 Ω and equal nominal power of 750 W. In contrast to the switching function
of degree one, the incremental resistance of all quadratic switching functions
depends on the EP. According to the theoretical estimations, the incremental
resistance changes from −10 Ω to −20 Ω within the range of operation.

2.4.3 Measurements of dynamic performance

The steady-state measurements show that switching function S1 (x) with R =

−15 Ω exhibits the best performance. For that reason, that switching function
with the same incremental resistance has been selected to measure the response
of the regulated system to disturbances in input voltage Vg and output power P.
A PSIM© simulation with the parameter values shown in Figs. 2.18-2.20 and
the inclusion of the measured series parasitic resistance of the inductor (0.6 Ω) is
used to compare the theoretical predictions with the experimental results. Fig.
2.24 illustrates the good agreement between both simulated and experimental
results of the converter loaded with a 750 W CPL in the response to repetitive
input voltage variations taking place every 50 ms.

The input voltage variation between 180 V and 220 V is symmetrical with
a slope of 4V/ms. The current reference, consequently, changes between 4.16
A and 3.41 A. When the disturbance varies gradually, the inductor current
follows the reference, and the output voltage does not exhibit any overshoot.
Nonetheless, the steady-state output voltage changes from 380.66 V to 384.39
V for input voltage values of 180 V and 220 V respectively, which represents
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(a)

(b)

Fig. 2.23: Static voltage error: (a) control with S1 (x) and three values of incremental
resistance and (b) Effect of the equal value of the incremental resistance R = −15 Ω
in switching function S1 (x) and S3a (x).

a steady-state error of 1% with respect to the output voltage. Fig. 2.25 and
Fig. 2.25 show the corresponding steady-state waveforms for the two operating
points.
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Sliding surfaces to control a boost converter with constant power load

(a)

(b)

Fig. 2.24: Transient response for input voltage variations from Vg = 180 V up to
Vg = 220 V : (a) Experimental, and b) PSIM© simulation.

(a) (b)

Fig. 2.25: Steady-state waveforms of the converter with SMC for Vg = 180 V and
P = 750 W . (a) Experimental and (b) PSIM© simulation.
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Extended notions

(a) (b)

Fig. 2.26: Steady-state waveforms of the converter with SMC for Vg = 220 V and
P = 750 W . (a) Experimental and (b) PSIM© simulation.

Finally, Fig. 2.27 shows the transient response to repetitive abrupt changes
of the power load between 500 W and 1 kW with a period 50 ms. Similar results
are observed in both simulation and measurements, the settling time being 3
ms in both cases. The average steady-state error of the output voltage is 3.84
V (1.02%) and the maximum voltage variation is 5.6 V (1.5%).

2.5 Extended notions

2.5.1 Control versatility and performance under other types of
loads

The development of the proposed SMC has been focused on a boost converter
with CPL because this is the worst-case scenario in comparison to other types
of canonical loads such as RL or CCL presented in the introduction.

Fig. 2.28 and Fig. 2.29 show the PSIM© simulated response of the boost
converter with SMC and a switching affine surface S1 (x) = 3(iL˘P/V g) +

0.2(vC − Ve) to abrupt changes of RL and CCL, respectively. The values of
resistance and current loads have been selected to correspond to power changes
between 500 W and 1 kW like in the CPL case in section 2.4.3. Also, the same
circuitry for measurement of power and input voltage depicted in Fig. 2.18 has
been used in simulation. In both cases, similar steady-state and transient-state
responses are obtained, which in turn coincide with the response in the CPL
case to the power variation from 500 W to 1 kW in Fig. 2.27.
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Sliding surfaces to control a boost converter with constant power load

(a)

(b)

Fig. 2.27: Transient response for abrupt load power variations between 500 W and 1
kW: (a) Experimental and (b) PSIM© simulation.

Fig. 2.28: PSIM© simulation of the boost converter with SMC supplying a RL.
Response to a step load change between 288.8Ω and 144Ω.
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Fig. 2.29: PSIM© simulation of the boost converter with SMC supplying a CCL.
Response to a step load change between 288.8Ω and 144Ω.

Similarly, Fig. 2.30 and Fig. 2.31 show equal transient response to input
voltage gradual variation between 180 and 220 V in the RL and CCL case
respectively. As in the CPL case, in both responses the inductor current absorbs
the disturbance effect, while the output voltage is regulated.

Fig. 2.30: PSIM© simulation of the boost converter with SMC supplying a RL.
Response to variations over input voltage from 180 V to 220 V.

The similar performance in the three types of loads is due to the way Ie is
calculated within the switching surface (2.8) using instantaneous measurement
of P and Vg, this producing an adaptive reference in correspondence with the
EPL in each load as evidenced by following expression.

61

UNIVERSITAT ROVIRA I VIRGILI 
A SLIDING MODE APPROACH TO CONTROL POWER SINKS AND POWER SOURCES IN DC-DC SWITCHING CONVERTERS 
David Alejandro Zambrano Prada



Sliding surfaces to control a boost converter with constant power load

Fig. 2.31: PSIM© simulation of the boost converter with SMC supplying a CCL.
Response to variations over input voltage from 180 V to 220 V.

Ie =
P

Vg
=

IovC
Vg

=
vC

2

RV g
(2.56)

Fig. 2.32 shows the EPL and the trajectories for a CPL, CCL, and RL
from null initial conditions to EP, where the output power in steady-state is
equal to 1 kW for the three cases. Complementary, Fig. 2.33 provides the
power time-response associated to the different state trajectories until reaching
the corresponding equilibrium value. For CCL and RL , the adaptive current
reference produces a translation between null load (zero W) and nominal power,
allowing the surface to be reached earlier. Eventually, regardless of the type of
load, the converter reaches EP, where all EPLs intersect. Finally, Fig. 2.34
illustrates the difference in terms of current and voltage for each type of loads
corresponding to Fig. 2.32. As expected, the inrush current in active loads like
CPL and CCL is larger than in passive ones. The CPL is the worst case because
imposes a stricter demand of power respect the others. However, the dynamic
behavior after reaching the affine surface is very similar in all cases.

In conclusion, the proposed technique of the polynomial surfaces with adap-
tive current reference allows controlling any type of static load, for either con-
stant or variable power demand provided that the maximum power condition
for stability is fulfilled.
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EP

CPL

CCL

RL

Fig. 2.32: Trajectories of the three canonical loads from null initial conditions to EP.

Fig. 2.33: Measured power response for each type of canonical load corresponding to
the state trajectories to EP.

Fig. 2.34: Current and voltage of three canonical loads presented in Fig. 2.32.
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2.5.2 Implicit functions

This chapter has been focused on polynomial surfaces in order to propose a
systematic procedure with fixed coefficients. The goal has also been achieving
consistent and generalized results, both from the analytical point of view and
in terms of their real implementation. In addition, it has to be pointed out that
some results can be extrapolated to other types of functions expressing curves
in the phase plane. In particular, we refer to the conditions of the surface
exhibiting a negative slope around the desired EP.

In general, the polynomial surfaces studied are included in implicit func-
tions. Thus, it can be assumed that any implicit function formed with the state
variables and the appropriate coefficients will result in a surface that guarantees
stable control for a boost converter with CPL.

As a matter of example to support this hypothesis, let’s consider the follow-
ing parabolic surface

Σ4 = {x| S4 (x) = 0} (2.57a)

S4 (x) = (vC −MVg)−
(Ve −MVg)Vg

2

P 2
i2L (2.57b)

EP

Fig. 2.35: Implicit function in a parabolic surface.
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Extended notions

In contrast to polynomial surfaces, S4 (x) has a time-varying coefficient due
to the measured current reference V 2

g /P
2. Fig. 2.35 presents the surface S4 (x)

on the phase plane. It can be deduced from a geometrical inspection and taking
into account the condition of the incremental resistance at negative EP that
(Ve −MVg) < 0.

Table 2.7 summarized the parameters and sliding conditions for the existence
of sliding motions using the surface S4 (x).

Table 2.7: Parameters and sliding conditions for S4(x).

Parameter or condition Equation

Parameter M
M >

Ve

Vg
(2.58)

Sliding surface coefficient
Υ =

(Ve −MVg)Vg
2

P 2
< 0 (2.59)

EMS region
iL <

LP3

vC

LP 2 − 2cV 2
g (MVg − Ve)(Vg − Ve)

(2.60)

Equivalent control ueq4 1−
P
vC

+
2ΥCVg

L
iL

iL

(
1 + 2ΥC

L
vC

) (2.61)

Ideal sliding dynamic iL =

√
vC −MVg

Υ
(2.62)

dvC

dt
=

2Υ
L

Vg

(
iL − P

Vg

)
1 + 2ΥC

L
vC

(2.63)

Linearized around at EP dṽC

dt
=

1
L

V 2
g

P

1 + 2ΥCVe
L

ṽC (2.64)

Incremental resistance r4 (x) = 2ΥiL < 0 (2.65)

R4 ≜ r4 (x)

∣∣∣∣
Xe

=
2 (MVg − Ve)Vg

P
(2.66)
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Sliding surfaces to control a boost converter with constant power load

The system will be stable if the denominator in (2.64) is positive, this setting
a maximum power limit. If we rewrite the limit by introducing the incremental
resistance at EP defined in (2.66), the same expressions for polynomial surfaces
will be obtained, and a general stability condition for any implicit function used
as a sliding surface can be proposed as follows

P < R4
CVeVg

L
≜ Pmax (2.67)

2.6 Conclusions

Sliding surfaces of polynomial type constitute a simple and reliable alternative
for SMC of a boost converter loaded with a CPL. Combining the natural un-
stable trajectories of the converter in the plane iL − vC for on and off states
with an appropriate switching law in a polynomial–type sliding surface results
in a stable trajectory leading the average dynamics to a desired EP.

From a generic formulation of the surface with the previous features, the
analysis of the existing conditions for sliding motions and the study of the sub-
sequent stability in polynomial curves of degree zero, degree one and degree two
have demonstrated that all feasible surfaces must exhibit a negative incremental
resistance r(x)|EP at the EP smaller than an equivalent resistance imposed by
the values of the CPL power, the input voltage and the desired output voltage.

The incremental resistance at the EP is also the main distinctive feature
when measuring both static and dynamic performance of the regulated converter
as reveals a comparative analysis among five switching functions, namely, an
affine function, a current parabola, a voltage parabola, a cross-power hyperbola,
and an ellipse. In particular, a conduction loss analysis for a plausible rank of
values of the inductor parasitic series resistance has shown that the resulting
output voltage steady-state error does not depend of the type of the sliding
curve used in the control but it is rather proportional to the inductor current
steady-state error, the proportionality constant being the incremental resistance
at the EP. Regarding the dynamic behavior, the ideal sliding dynamics is a first
order system with a time constant proportional to the incremental resistance at
the EP.

The mentioned comparative analysis has demonstrated that quadratic sur-
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Conclusions

faces result in both small inrush current and settling time except the cross-power
hyperbola that has presented a low general performance.

The general expression of the conic curve given in (2.51) has allowed the
reduction of the required number of operations to implement the switching sur-
faces. Thus, only two summers have been used for S1(x), three summers and
one multiplier for S3a(x) and S3b(x), and five summers and two multipliers for
S3d(x). The ideal switching decision required by SMC, which theoretically leads
to an infinite switching frequency, has been substituted by a hysteresis compar-
ison, resulting in a finite switching frequency. It is worth mentioning that the
chattering produced by the comparators is inherent to the nature of the switch-
ing conversion. The energy is absorbed from the input source in a fast repetitive
action to be stored in the inductor magnetic field and then transferred to the
dc output load. This mechanism is the foundation of power conversion and it is
also the way that chattering (or ripple) is produced. Dc-dc switching converters
are variable structure systems where classical (first-order) SMC is the natural
way to regulate them.

PSIM© simulations and experimental results have verified the theoretical
predictions. The static performance has been measured in terms of steady-
state output voltage regulation error and prototype efficiency. The dynamic
performance, in turn, has been evaluated for large-signal variations of input
voltage and output power.

A final global assessment that takes into account static and dynamic per-
formance as well as implementation allows concluding that the best polynomial
alternative for the sliding surface is the affine function.
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Chapter 3

Sliding mode control with power
estimation for a boost converter
with CPL

Introduction

Chapter 2 has analyzed in detail the sliding mode control of a boost converter
with CPL using polynomial surfaces. This approach has provided a systematic
and generalized methodology, resulting in a robust control, a simple implemen-
tation, and a fast recovery of the regulated voltage in response to external
disturbances.

Nevertheless, there are two drawbacks in the proposed control:

(i) There is a non-zero voltage error at steady state due to losses in the con-
verter. The computation of the sliding surface is established considering
the ideal power balance of the converter, which does not take into account
the losses. Since there is no integrating action that reduces to zero the dif-
ference of the output voltage with respect to its reference, a steady-state
error results reflecting the actual power balance.

(ii) The current reference requires the instantaneous value of the CPL power,
which in our implementation is achieved by measuring it directly.

Regarding point (i), small values of the steady-state voltage error below 2%.
can be obtained with the appropriate choice of the sliding surface coefficients.
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Sliding mode control with power estimation for a boost converter with CPL

In the case of the point (ii), the need to measure the instantaneous power
requires at least one additional sensor. In the case of the boost converter,
this implies a current sensor at the output and a filtering stage due to the
discontinuity of the signal. To avoid the measurement, two approaches are
found in the literature.

Most of the existing controllers are designed using the nominal value of the
CPL power in the converter model, so the measure of the robustness for a large
variation of that parameter indicates the controller performance quality. Their
design requires a complex off-line mathematical analysis to establish the optimal
value of the controller parameters, which are not modified once the converter
operation starts [47].

In a clear-cut contrast, adaptive controllers estimate the value of the CPL
power online to modify the controller parameters accordingly. Therefore, they
deal initially with an uncertain parameter that should be included in the control
strategy. An example of that is the output voltage regulation of a buck-boost
converter with an unknown power load analyzed in [48] and modified in [49] by
means of a change of coordinates and partial linearization. The latter procedure
is extended to a buck converter [50], which has been the subject of several
studies, the estimation of the CPL power being one of their main features [51]–
[53] together with the use of high-order sliding mode observers [54], [55].

Similarly, some papers have been devoted to the boost converter with un-
certain power in the CPL. Namely, the energy shaping control approach used in
[48], [49] is extended in [56] to a boost converter while the use of a nonlinear dis-
turbance observer confers adaptive behavior on a passivity-based control in [57]
and provides feedforward compensation to regulate the output voltage in [58].
The mentioned adaptive controllers are characterized by a rigorous continuous-
time theoretical analysis and by a complex digital implementation in which the
lack of a previous discretization phase makes the experiments interpretation
difficult.

Regarding the implementation using analog electronics, the main antecedent
is the pulse width modulation–based nonlinear control presented in [59], in which
the power of the CPL is estimated by means of the integral of a nonlinear
function of the output voltage error. In that work the analysis is based on a
continuous–time model.
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Integral SMC with polynomial surface for zero voltage error

3.1 Integral SMC with polynomial surface for zero
voltage error

Fig. 3.1 shows the boost converter where a resistor RL in series with inductor
L is introduced to model the effect of the parasitic resistances. This model
concentrates all the conduction power losses of the converter or PL.

Fig. 3.1: Boost converter with complementary diode supplying a CPL.

In order to reduce to zero with the influence of parasitic resistances in the
voltage regulation, the sliding switching surface Σ1 = {x| S1 (x) = 0} is modified
the by adding the integral of the voltage error ev = vC − Ve multiplied by a
constant.

Considering the properties for polynomial surfaces analyzed in Chapter 2,
the affine surface is taken for simplification.

Σi1 = {x| Si1 (x) = 0} (3.1a)

Si1 (x) = a

(
iL − P

Vg

)
+ b (vC − Ve) + β

∫ t

− ∞
(vC − Ve) dt (3.1b)

Thus, we can rearrange the system of equations in (2.1) in order to introduce
the dynamics of the integral of the voltage error as a new state variable.
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Sliding mode control with power estimation for a boost converter with CPL

L
diL
dt

= Vg − (1− u) vC (3.2a)

C
dvC
dt

= iL (1− u)− P

vC
(3.2b)

dx3
dt

= β (vC − Ve) (3.2c)

From surface (3.1), the expression of its derivative Ṡi1(x) is derived

Ṡi1 (x) =

(
aVg

L
− aRLiL

L
− bP

CvC

)
−
(
avC
L

− biL
C

)
(1− u)+β (vC − Ve) (3.3)

The sliding dynamics will exist if the reachability condition Si1 (x) Ṡi1(x) < 0

is satisfied. Particularizing expression (3.3) for u = 0 and u = 1 leads to the
following two expressions

lim
S(x)→0+

Ṡ1 (x)

∣∣∣∣
u=0

=

(
aVg

L
− bP

CvC

)
+

(
biL
C

− avC
L

)
+ β (vC − Ve) < 0 (3.4a)

lim
S(x)→0−

Ṡ1(x)

∣∣∣∣
u=1

=

(
aVg

L
− bP

CvC

)
+ β (vC − Ve) > 0 (3.4b)

By combining them into a compact expression, we obtain the inequality
(3.5), which describes the ESM region.

iL <
P

vC
+

RC

L
(vC − Vg)− β(vC − Ve) (3.5)

Within the ESM and after reaching the switching surface, the trajectory of
the ideal dynamics satisfies the invariance conditions S1 (x) = 0 and Ṡ1 (x) = 0

when it slides along the surface. Under these operating conditions, the dynam-
ics of the system corresponds to the ideal sliding dynamics by replacing the
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Integral SMC with polynomial surface for zero voltage error

equivalent control (3.6) in (3.2). At this point, it is worth to note the reduction
of dynamical order of the system to a second order.

u1eq = 1−
aVg

L − aRLiL
L − bP

CvC
+ β (vC − Ve)

avC
L − biL

C

(3.6)

iL =
P

Vg
− (vC − Ve)

R
− x3

a
(3.7a)

dvC
dt

=

aVg

CL

(
iL − P

Vg
− RLiL

2

Vg

)
+ βiL (vC − Ve)

avC
L − b

C

(
P
Vg

− (vC−Ve)
R − x3

a

) =
N (iL, vC , x3)

D (iL, vC , x3)
≜ y1(t) (3.7b)

dx3

dt
= β (vC − Ve) ≜ y2(t) (3.7c)

At EP, the final value of the voltage error integral function (in t = Te and
vC − Ve = 0) will depend on the starting point and the value of the constant β.
Without a set-point value, it is fixed to a constant as expressed in (3.8).

X3 = ⟨x3⟩
∣∣∣∣
Xe

= β

∫ Te

− ∞
(vC − Ve) dt = −F (3.8)

Thus, the state variables in steady-state will take the following values.

IL =
P

Vg
+

F

a
(3.9a)

vC = Ve (3.9b)

Linearizing the ideal sliding dynamics at EP requires the calculation of par-
tial derivatives respect to vC and x3 of iL, y1 and y2. In sliding motion, iL is a
function of these two variables and its partial derivatives are constants as shown
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Sliding mode control with power estimation for a boost converter with CPL

in (3.10).

∂iL
∂vC

= − 1

R
(3.10a)

∂iL
∂x3

= −1

a
(3.10b)

For y1 and y2, the general expression (3.11) with j = 1, 2 presents the
reduced equation for the partial derivatives because N (iL, vC , x3) = 0 at EP.

∂yj
∂vC

∣∣∣∣
Xe

=

(
∂N(iL,vC ,x3)

∂vC
+ ∂N(iL,vC ,x3)

∂iL
∂iL
∂vC

)
D (iL, vC , x3)

∣∣∣∣∣∣
Xe

(3.11a)

∂yj
∂x3

∣∣∣∣
Xe

=

(
∂N(iL,vC ,x3)

∂x3
+ ∂N(iL,vC ,x3)

∂iL
∂iL
∂x3

)
D (iL, vC , x3)

∣∣∣∣∣∣
Xe

(3.11b)

Finally, the small signal dynamics around EP will be expressed as follows

dṽC
dt

= −
Vg

CR

(
1− 2ILRL

Vg
− βRL

aVg
IL

)
Ve − L

RC

(
P
Vg

+ F
a

) ṽC −
Vg

Ca

(
1− 2ILRL

Vg

)
Ve − L

RC

(
P
Vg

+ F
a

) x̃3 = −B

Λ
ṽC − Γ

Λ
x̃3 (3.12a)

dx̃3

dt
= βṽC (3.12b)

Therefore, the Jacobian matrix corresponding to (3.12) will be given by

AI1 =


∂y1
∂vC

∣∣∣∣
Xe

∂y1
∂x3

∣∣∣∣
Xe

∂y2
∂vC

∣∣∣∣
Xe

∂y2
∂x3

∣∣∣∣
Xe

 =


−B

Λ −Γ
Λ

β 0

 (3.13)
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Integral SMC with polynomial surface for zero voltage error

The characteristic equation corresponding to the previous Jacobian matrix
is

|sI−AI1| =


s+ B

Λ
Γ
Λ

−β s

 = s2 +
B

Λ
s+

Γβ

Λ
(3.14)

According to (3.14), the system will be stable if all coefficients of the char-
acteristic equation are positive. For Λ > 0, we obtain

P <
RCV eVg

L
− VgF

a
= Pmax − PL (3.15)

Note that (3.15), extends the expression obtained in (2.19) relative to the
maximum allowed power without parasitic resistances. By considering the power
losses, the new power limit is reduced by the magnitude of the power losses. It
is worth to note that the value of PL is proportional to X3 as it can see in (3.16).

PL =
VgF

a
= −βVg

a

∫ Te

−∞
(vC − Ve) dt (3.16)

For B > 0, we find the maximum limit for IL.

IL <
Vg

2RL
≜ ILmax (3.17)

And for B > 0, the maximum value of the parameter β is given by

β <
bVg

LIL

(
1− 2ILRL

Vg

)
≜ βmax (3.18)
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Sliding mode control with power estimation for a boost converter with CPL

We can deduce from (3.16) that the state variable x3(t) is an estimation of
the power losses in the converter. Therefore S1(x) can be rewritten as follows

S1 (x) = a

(
iL − P + P̂L

Vg

)
+ b (vC − Ve) (3.19)

with

P̂L = −βVg

a

∫ t

−∞
(vC − Ve) dt (3.20)

In the equations above, the superscript (∧) stands for the estimation of a
power value. Fig. 3.2 shows the PSIM© simulation of the power loss estimation
in the converter with the parameters´ values of Table 3.1 . The figure illustrates
the transition from an EP with a load of 1 kW to another load of 750 W for
three values of β, where a parasite resistance RL = 0.5 Ω generates a power loss
of 12.85 W and 7.20 W, respectively. In the three cases, the estimated power
reaches the actual value, the best performance is obtained for a = 100. Higher
values of this parameter produce an underdamping behavior and higher peaks
in the oscillation.

Table 3.1: Parameters‘ values used in Chapter 2, section 2.2.

Parameter Values

L 500 µH

C 20 µF

PCPL 1 kW

Vg 200 V

Ve 380 V
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Integral SMC with polynomial surface for zero voltage error

Fig. 3.2: Estimation of power losses for RL = 0.5 Ω from a load change between 1
kW and 750 W with three values of β.

The previous simulation and analysis has tested the transition performance
from one equilibrium point to another. Regarding the start-up of the converter
from null initial conditions to a load of 1 kW, the power estimation loop has a
large deviation during the transient even when an appropriate value of β has
been chosen, as can be observed in Fig. 3.3. This dynamics may be appropriate
for estimation of larger values of power rather than power losses. In contrast,
the inductor current and the capacitor voltage keep close to the surface after
reaching it, not being strongly affected by the estimation loop. Fig. 3.4 shows
two perspectives of the trajectory of the system, where it is possible to see the
translation range of the sliding surface plane Si1(x).

Fig. 3.3: Dynamic of measured power loss in RL and the estimated power loss P̂ from
null initial conditions.

77

UNIVERSITAT ROVIRA I VIRGILI 
A SLIDING MODE APPROACH TO CONTROL POWER SINKS AND POWER SOURCES IN DC-DC SWITCHING CONVERTERS 
David Alejandro Zambrano Prada



Sliding mode control with power estimation for a boost converter with CPL

EP

(a)

EP

EP

Range

(b)

Fig. 3.4: Trajectory from null initial conditions for integral SMC. (a) 2D phase plane,
and (b) 3D phase plane view.

3.2 Adaptive sliding controllers with power estima-
tion

3.2.1 Power estimation description

The previous section has demonstrated how a simple integrator loop used in
conjunction with a polynomial sliding surface could estimate a fraction of the
power flowing through the converter, specifically the power losses. By observing
expression (3.19), and the adaptive property of the current reference, we can
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Adaptive sliding controllers with power estimation

assume that the same methodology would estimate the total power handled by
the converter by replacing P + PL by a single estimated parameter.

Taking all this into consideration, a linear power estimator is now presented,
adding it to the system description in (2.1), where the extended state variables
will be x =

[
iL, vC , P̂

]⊺
. For convenience of the subsequent analysis, power

losses are neglected, i.e., PL = 0.

L
diL
dt

= Vg − (1− u) vC (3.21a)

C
dvC
dt

= iL (1− u)− P

vC
(3.21b)

dP̂

dt
= −β (vC − Ve) (3.21c)

3.2.2 Polynomial surface of second degree

Chapter 2 has demonstrated the versatility of the general analysis of polynomial
surfaces, which has allowed the extrapolation of the results of a surface of higher
degree to surfaces of lower degree. In order to synthesize the current analysis,
the polynomial surface of degree two is chosen now to cover all the surfaces
studied and analyzed in that chapter.

Then, the general sliding surface of second degree in (2.29) is modified with
the power estimation loop as follows

Σp2 = {x| Sp2 (x) = 0} (3.22a)

Sp2 (x) =a2

(
i2L − P̂ 2

V 2
g

)
+ b2

(
v2C − V 2

e

)
+ 2

(
hiLvC − P̂ Ve

Vg

)

+ 2a1

(
iL − P̂

Vg

)
+ 2b1 (vC − Ve)

(3.22b)

where P̂ corresponds to the estimated output power, whose dynamic behavior
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Sliding mode control with power estimation for a boost converter with CPL

is given by (3.21).

3.2.2.1 Conditions of existence and stability of sliding motions

Sliding motions on switching surfaces Σp2 will exist if the condition S2p (x) Ṡ2p (x) <

0 is satisfied. From (3.22) the expression for Ṡ2p is given by

Ṡp2 (x) =
Vg

L
(a2iL + hvC + a1)−

P

CvC
(b2vC + hiL + b1)

+
β (vC − Ve)

Vg

(
a2P̂

Vg
+ hVe + a1

)
− vC(1− u) (a2iL + hvC + a1)

L

+
iL (1− u) (b2vC + hiL + b1)

C
(3.23)

The above expression can be written in such a way that it includes the
definition of incremental resistance in (2.48) as

Ṡp2 (x) = −Vg

L
r (x)− P

CvC
− β (vC − Ve)

Vg
r̂ (x) + (1− u)

(
vC
L

r(x) +
iL
C

)
(3.24)

with

r (x) = −a2iL + hvC + a1
b2vC + hiL + b1

(3.25)

and

r̂ (x) =

a2P̂
Vg

+ hVe + a1

b2vC + hiL + b1
(3.26)

Equation (3.25) corresponds to the incremental resistance of the converter
in the phase plane iL− vC , and equation (3.26) represents its estimation. Thus,
there is a region of EMS given by
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Adaptive sliding controllers with power estimation

lim
S(x)→0+

Ṡ1 (x)

∣∣∣∣
u=0

=
Vg

L
r (x)− P

CvC
− β (vC − Ve)

Vg
r̂ (x) +

vC
L

r (x) +
iL
C

< 0 (3.27a)

lim
S(x)→0−

Ṡ1(x)

∣∣∣∣
u=1

= −Vg

L
r (x)− P

CvC
− β (vC − Ve)

Vg
r̂ (x) > 0 (3.27b)

Then, combining the expressions in (3.27) in a compact form, the result in
the EMS region is obtained.

iL < l (vC) =
P

vC
− Cr (x) (vC − Vg)

L
+

Cβr̂ (x) (vC − Ve)

Vg
(3.28)

Within the ESM region and after reaching the switching surface, the dynam-
ics along Σ2p guarantees the fulfillment of the invariance condition S2p = 0 and
Ṡ2p = 0. As a result, the ideal sliding dynamics of the system can be described
in terms of an average model, which is based on the equivalent control up2eq the
latter being bounded between 0 and 1, i.e. 0 ≤ ueq ≤ 1.

up2eq =

Vgr(x)
L + P

CvC
+ β(vC−Ve)r̂(x)

Vg

vCr(x)
L + iL

C

(3.29)

Introducing the equivalent control (3.29) in (3.21), the ideal sliding dynamics
is obtained.

iL =

√(
hvC + a1

a2

)2

+
P̂ 2

V 2
g

+
2P̂

Vg

(
hvC + a1

a2

)
− b2

a2
(v2C − V 2

e )−
2b1
a2

(vC − Ve)

− hvC + a1

a2

(3.30a)

dvC
dt

=

VgiLr(x)

L
+ βiL(vC−Ve)r̂(x)

Vg
− Pr (x)

L

CvCr(x)
L

− iL
≜ y3(t) (3.30b)

dP̂

dt
= −β (vC − Ve) ≜ y4(t) (3.30c)
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Sliding mode control with power estimation for a boost converter with CPL

It is worth to note that the system dynamics given in (3.30) is nonlinear.
It has to be pointed out that the core of the ideal sliding dynamics is the state
variables vC and P with equations y3(t) and y4 (t), which corresponds to a
second order system. Instead, iL is a function of vC and P̂ and its partial
derivatives correspond to the expressions (3.31) and (3.32).

∂iL
∂vC

∣∣∣∣
Xe

= r (x)|Xe
=

a2P
Vg

+ hVe + a1

b2Ve +
hP
Vg

+ b1
= − 1

R
(3.31)

∂iL

∂P̂

∣∣∣∣
Xe

=
1

Vg
(3.32)

The linearization of the dynamics around Xe = [I∗L, V ∗
C , P ∗] = [P/Vg, Ve, P ]⊺

leads to the small-signal dynamic model that will be used to determine the sta-
bility conditions. Also at this point, the incremental resistance, and its esti-
mation are equal, i.e., r(x)

∣∣
Xe

= r̂(x)
∣∣
Xe

= −1/R. For y3 and y4, the general
expression (34) with j = 3, 4 presents the reduced equation for the partial
derivatives because N

(
iL, vC , P̂

)
= 0 at EP.

∂yj

∂vC

∣∣∣∣
Xe

=

(
∂N(iL,vC ,P̂)

∂vC
+

∂N(iL,vC ,P̂)
∂iL

∂iL
∂vC

∣∣∣∣
Xe

+
∂N(iL,vC ,P̂)

∂r
∂r
∂vC

∣∣∣∣
Xe

+
∂N(iL,vC ,P̂)

∂r̂
∂r̂
∂vC

∣∣∣∣
Xe

)
D
(
iL, vC , P̂

) ∣∣∣∣∣
Xe

(3.33a)

∂yj

∂P̂

∣∣∣∣
Xe

=

(
∂N(iL,vC ,P̂)

∂P̂
+

∂N(iL,vC ,P̂)
∂iL

∂iL
∂P̂

∣∣∣∣
Xe

+
∂N(iL,vC ,P̂)

∂r
∂r
∂P̂

∣∣∣∣
Xe

+
∂N(iL,vC ,P̂)

∂r̂
∂r̂
∂P̂

∣∣∣∣
Xe

)
D
(
iL, vC , P̂

) ∣∣∣∣∣
Xe

(3.33b)

82

UNIVERSITAT ROVIRA I VIRGILI 
A SLIDING MODE APPROACH TO CONTROL POWER SINKS AND POWER SOURCES IN DC-DC SWITCHING CONVERTERS 
David Alejandro Zambrano Prada



Adaptive sliding controllers with power estimation

Note that when developing (3.11), the terms concerning the partial deriva-
tives of r(x) and r̂ (x) are cancelled at EP because the value I∗L = P/Vg and
V ∗
C − Ve = 0. Hence, the small-signal dynamic is equal to is given by

dṽC
dt

= −
Vg

L − βPR
V 2
g

RCVe
L − P

Vg

ṽC +
R
L

RCVe
L − P

Vg

p̃ = −B

Λ
ṽC +

Γ

Λ
˜̂
P (3.34a)

dp̃

dt
= −βṽC (3.34b)

Therefore, the Jacobian matrix corresponding to (3.34) will be expressed as
follows

Ap2 =


∂y3
∂vC

∣∣∣∣
Xe

∂y3
∂P̂

∣∣∣∣
Xe

∂y4
∂vC

∣∣∣∣
Xe

∂y4
∂P̂

∣∣∣∣
Xe

 =


−B

Λ −Γ
Λ

β 0

 (3.35)

The characteristic equation corresponding to the previous Jacobian matrix
is given by

|sI−Ap2| =


s+ B

Λ
Γ
Λ

−β s

 = s2 +
B

Λ
s+

Γβ

Λ
(3.36)

From (3.36), the system will be stable if all coefficients of the characteristic
equation are positive. By simple inspection, the following necessary conditions
for stability are derived. For Λ = 0 the maximum output power load is defined

P <
RCV eVg

L
≜ Pmax (3.37)

And for B > 0, the maximum value of the parameter β is given by
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Sliding mode control with power estimation for a boost converter with CPL

β <
V 3
g

LPR
≜ βmax (3.38)

It has to be pointed out that the maximum output power limit does not
depend on the value of the linear estimator gain and its value is the same than
that found in expressions (2.18) and (2.42). Furthermore, the maximum limit
that the estimation loop gain can take is independent of the type of surface; this
limit is only associated with the converter input and output voltages, the value
of the input inductor and the incremental resistance at EP. Therefore, surfaces
with the previous conditions equal, will result in the same limit value.

Finally, Table 3.2 presents a particularization of expression (3.22) with the
linear estimator represented in (3.21) for all the basic polynomial surfaces stud-
ied so far.

Table 3.2: Particular cases of polynomial surfaces with power estimation loop.

Polynomial Coefficients
Surface

curves in (3.22)

Affine a2 = b2 = h = 0 Sp1 (x) = a1

(
iL − P̂

Vg

)
+ b1 (vC − Ve)

Current parabola a1 = b2 = h = 0 Sp3a (x) = a2

(
i2L − P̂2

V 2
g

)
+ 2b1 (vC − Ve)

Voltage parabola a2 = b1 = h = 0 Sp3b (x) = b2
(
v2C − V 2

e

)
+ 2a1

(
iL − P̂

Vg

)

Cross-power a2 = a1 = 0
S3c (x) = iLvC − P̂Ve

Vg

hyperbola b2 = b1 = 0

Ellipse a2 = b2 = h = 0 Sp3d (x) = a2

(
i2L − P̂2

V 2
g

)
+ b2

(
v2C − V 2

e

)
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Adaptive sliding controllers with power estimation

3.2.3 Implicit function

Section 2.5.2 has presented the extrapolation of results for polynomial surfaces
to general implicit functions describing curves in the phase plane and their use as
sliding surfaces. As an example, a curve with variable coefficients representing
a parabola in the phase plane has been considered.

Using the similar procedure presented above, it is intended now to extend
the use of the power estimator to implicit functions representing curves in the
phase plane, and, for this purpose, the same parabola curve will be taken as
example.

The results obtained are presented below.

Sliding surface:

Σp4 = {x| Sp4 (x) = 0} (3.39a)

Sp4 (x) = (vC −MVg) +
(MVg − Ve)Vg

2

P̂ 2
i2L (3.39b)

Compact constant :

µ = (MVg − Ve)Vg
2 > 0 (3.40)

Surface time-derivative:

˙Sp4 (x) =
2µVgiL

LP̂ 2
+

2µβi2L (vC − Ve)

P̂ 3
− P

CvC
− iL(1− u)

(
2µvc

LP̂ 2
− 1

C

)
(3.41)

Reachability condition Sp4 (x) Ṡp4 (x) < 0:
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Sliding mode control with power estimation for a boost converter with CPL

iL <
P

vC
+ 1−

2 (MVg − Ve)V
2
g

LP̂ 2
− 2β (vC − Ve)

P̂ 3
(3.42)

Equivalent control :

u4eq = 1−
2µVgiL
LP̂ 2

+
2µβi2L(vC−Ve)

P̂ 3
− P

CvC

iL

(
2µvc
LP̂ 2

− 1
C

) (3.43)

Ideal sliding dynamic:

iL = P̂

√
vC −MVg

µ
(3.44a)

dvC
dt

= −
2µ

LP̂ 2
Vg

(
iL − P

Vg

)
+

2µβi2L(vC−Ve)

P̂ 3

2µCvc
LP̂ 2

− 1
(3.44b)

Partial derivatives and incremental resistance:

∂iL
∂vC

∣∣∣∣
Xe

= r (x)

∣∣∣∣
Xe

= − P̂ 2

2iL (MVg − Ve)Vg
2

∣∣∣∣
Xe

=
P

2 (MVg − Ve)Vg
= − 1

R
(3.45a)

∂iL

∂P̂

∣∣∣∣
Xe

=
1

Vg
(3.45b)

Linearizing around its EP :

dṽC

dt
= −

(
2(MVg−Ve)V

3
g

LRP2 − 2(MVg−Ve)β
P

)
2(MVg−Ve)V 2

g CVe

LP
− 1

ṽC +

RVg

LP

2(MVg−Ve)V 2
g CVe

LP
− 1

p̃ = −
B

Λ
ṽC +

Γ

Λ

˜̂
P (3.46a)

∂iL

∂P̂

∣∣∣∣
Xe

=
1

Vg
(3.46b)

Characteristic equation of the system:
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|sI−Ap4| =

s+ B
Λ

Γ
Λ

−β s

 = s2 +
B

Λ
s+

Γβ

Λ
(3.47)

The system will be stable if all coefficients of the characteristic equation in
(3.47) are positive.

For Λ = 0, the same expression for the maximum output power load for
polynomial surfaces in (3.37) can be found here, where the incremental resistance
at EP is equal to

R =
2 (MVg − Ve)Vg

P
(3.48)

Finally, for B > 0, the maximum value for the estimation loop will be given
by

β <
V 3
g

LRP
≜ βmax (3.49)

Where the maximum limit above is similar to the one attained in (3.38).
Based on the uniformity of the resulting stability conditions for all curves studied
so far and presented in expressions (3.37) and (3.38), it can be expected that
any curve in the phase plane iL − vC that fulfills these conditions can be a
candidate for sliding surface.

3.3 Characteristics of adaptive sliding controller with
power estimation

3.3.1 Small-signal dynamics

All the surfaces discussed in this chapter, both polynomial surfaces and the
implicit function based on a current parabola, can represent their behavior in
sliding motion around EP according to the following linear second-order equa-
tion.
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Sliding mode control with power estimation for a boost converter with CPL

d2ṽC
dt2

+
B

Λ

dṽC
dt

+
βΓ

Λ
ṽC (3.50)

The coefficients B and Γ have been defined in expressions (3.34) and (3.46)
for polynomials and implicit function, respectively. Instead, the coefficient Λ is
common to both.

It is worth noting that equation (3.50) just takes into account the ideal slid-
ing dynamics. Regarding a external variation on power and control references,
Fig. 3.5 shows the block diagram of the linearized system in sliding motion
when disturbances on the output power ∆P and change of voltage reference
∆Ve are considered. Due to the adaptive reference current, the input voltage
disturbances are instantaneously rejected.

Fig. 3.5: Block diagram of a boost converter in sliding motion including output power
and voltage reference perturbations.

By examining the coefficients of the characteristic equation for both polyno-
mial and implicit functions, it can be concluded that the incremental resistance
r(x)

∣∣∣
Xe

= R mainly determines the sliding dynamics, which is a result consistent
with the conclusions attained in chapter 2.
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Characteristics of adaptive sliding controller with power estimation

In the polynomial cases, where the coefficients in the sliding surface are
constant, the same values of R and power estimator will yield the same dynamic
behavior. Fig. 3.6 and Fig. 3.7 present the response of the system under
variations of the power load from 1 kW to 900 W and the voltage reference from
380 V to 390 V using the parameter values of Table 3.1. They also compare
comparising the response of the model depicted in Fig. 3.5 with a PSIM©

simulation for polynomial surfaces with R = −15Ω and a estimator gain β = 10

kA/s. In both responses, the analytical description is in perfect agreement with
the numerical.

Fig. 3.6: Comparison of analytical and simulated responses of power estimation and
output voltage regulation after an abrupt change of the output power load for Sp2(x)
with R = −15Ω and β = 10 kA/s.

After validation of the analytical model near the EP, different values of power
estimation gain β with a fixed value of R are tested under abrupt changes of
power load as illustrated in Fig. 3.8. A high gain value generates a better
rejection of disturbances due to an underdamped behavior in power estimation.
Nevertheless, there is no a large difference in settling time within the range of β
values because a combined effect between the sliding surface and the estimator.
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Fig. 3.7: Comparison of analytical and simulated responses of output voltage to a
change of voltage reference for Sp2(x) with R = −15Ω and β = 10 kA/s.

Fig. 3.8: Comparison of a general polynomial surface of second degree under change
of 100 W power load for several values of gain of the power estimator and a R = −15Ω.

Fig. 3.9 and Fig. 3.10 show the result of variations of output power load and
voltage reference for the implicit function Sp4(x) under the identical pattern of
changes made to the polynomial ones. In contrast to the previous performance,
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Characteristics of adaptive sliding controller with power estimation

the analytical description differs from PSIM© simulations, especially in the
change of voltage reference.

This is a consequence of how the coefficients on the surface Sp4 (x) have
been calculated based on adaptive current reference. The value of r(x) depends
strongly on the power estimation variable P̂ and Ve as it can determined in
(3.45a). In addition, a variation of EP just does not change the value of r(x),
but it changes the shape of the curve. This is explained in more detail in the
next section.

Fig. 3.9: Comparison of analytical and simulated responses of power estimation and
output voltage regulation after an abrupt change of the output power load for Sp4(x)
with R = −15Ω and β = 10 kA/s.
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Fig. 3.10: Comparison of analytical and simulated responses of output voltage to a
change of voltage reference for Sp4(x) with R = −15Ω and β = 10 kA/s.

3.3.2 Large-signal analysis

The analysis and results of the linearized model of the system show certain
key aspects of sliding mode control with power estimation that can provide a
qualitative description in a large-signal analysis. The main one is that the sliding
dynamics can be described in terms of its incremental resistance ∂vC/∂iL.

However, other aspects are not clear. For instance, the stability conditions
imposed on the maximum value of the output power load and the estimation
loop gain are very relaxed and have higher values than the ones used in Table 3.1
, so they do not provide a solid benchmark to understand the system behavior.
For example, with R = −15Ω, P=1 kW and β = 10 kA/s, the value of these
limits are Pmax = 41.5 kW and βmax = 969.7 kA/s. To put the problem in
context, Fig. 11 shows the scale of the chosen parameter values in a red circle
and the calculated limit for a range of each parameter, the blue shaded region
corresponding to the allowed values for stability.

In order to examine the large-signal dynamics, a complementary approach
is to study the evolution of the system during a start-up with zero initial con-
ditions up to the equilibrium point, using numerical simulations in PSIM©and
MATLAB.
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1

Fig. 3.11: Region of stability conditions for feasible values for incremental resistance
R, output power load P, and gain estimation β.

Fig. 3.12 illustrates the start-up from initial conditions xo = [0, Vg, 0]⊺

for polynomials surfaces Sp1(x), Sp3a(x), Sp3b(x) y Sp3d(x) with R = −15Ω

and β = 10 kA/s. Sp3c has a value of R that is only determined for by the
converter parameters , so it cannot be used for control purposes. The converter
parameters and the coefficients of surfaces are shown in Table 3.1 and Table 3.3,
respectively.

Table 3.3: Surface coefficients used in Fig. 3.12.

Surface a2 b2 h a1 b1

S1(x) 0 0 0 4 0.1

S3a(x) 1 0 0 0 0.1812

S3b(x) 0 0.001 0 11.5 0

S3e(x) 3.2 0.002 0 0 0

For the type of polynomial curves considered, the surface maintains its geo-
metrical shape in the phase plane iL − vC . The effect of power estimation loop
on the computing of the current reference can be visualized as a translation of
the curve through the phase plane on the vC = Ve axis in the intersection of the
sliding surface with this axis. This aspect has already been presented in section
3.3.1 for integral SMC and illustrated in Fig. 3.4.
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In Fig 3.12, the surface is shown in dotted line after the trajectory reaches
the desired EP. However, the translation of the curve during the transient may
allow the system to reach the surface at another point in the plane different
from the expected one without power estimation as seen in the figure. Except
in the case of Sp3b(x), the system reaches the surface earlier decreasing the
inrush current.

As the power estimation loop is associated to the current reference, in the
surfaces where algebraic powers and the corresponding coefficients are more
predominant (as Sp3a and Sp3d), the behavior of the system in closed-loop is
more oscillatory given the interaction between the control and the estimation
loop, but the surface is reached in less time. On the other hand, a higher
dominance of voltage terms in the surface results in damped behavior, but at
the expense of a higher inrush current. This can be seen clearly in Fig. 13, where
the power estimation is also presented and its transient behavior corresponds
to the output voltage transient as it could be expected.

It is remarkable that the performance of both Sp1(x) and S3d(x) is the
most well-balanced: a short settling time with adequate voltage overshoot and
inrush current. This seems to imply a sort of proportionality between voltage
and current terms of the same order in polynomial sliding surfaces to achieve
optimal performance. The current reference is controlled by the voltage error
through the power estimation loop, which in turn reduces the voltage difference
until the EP is reached.

Complementarily, Fig. 3.14 illustrates the incremental resistance along tra-
jectory for each polynomial surface, which is calculated by means of (3.25) and
(3.26) because in sliding motion, r̂ (x) = r(x).

Another way to understand the nonlinear sliding dynamics in (3.36) through
its linear approximation is to interpret the trajectory from x0 to EP as a tran-
sition between a set of neighboring linear systems or a time-varying linear func-
tion, where the absolute value of the incremental resistance R and the estimated
power load P̂ are key elements. The latter can be particularly relevant since
the stability conditions were defined in steady state, where P̂ = P . However,
during the transient state, the limit is established by the estimated power value.
Thus, underdamped dynamics in start-up or change of EP can generate unstable
behavior in the vicinity of the boundary illustrated in Fig. 3.11.
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(a)

(b)

(c)

Fig. 3.13: PSIM© simulation of state variables during start-up for polynomial sur-
faces. (a) iL, (b) vC and (c) P̂

Fig. 3.14: Incremental resistance along the trajectory for polynomial surfaces.
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This approach results in the set of pole diagrams of the characteristic equa-
tion for the boost converter with CPL operating with SMC shown in Fig. 3.15.

The three pole diagrams consider the variation of the linearized dynamics
in sliding mode within a range for the incremental resistance, the gain of the
estimation loop and its estimated power, respectively. In each diagram, a single
variable is changed according to a given step value, while the other two are
fixed. Moreover, the area where a damping constant is equal or less than 0.4 is
highlighted.

In the above scenarios, the increase in power generates a damped response
with a shorter settling time. For β, the increase in the gain loop value is pro-
portional to the system speed as would be expected. In contrast, a larger value
of the loop gain does not substantially affect the speed of the response beyond
a value of 5 kA/s but affects the damping making the response more under-
damped; By looking at Fig. 3.15a, it can be observed that the loop gain should
have a value of less than 30 kA/s.

There are three differentiated zones for the incremental resistance From the
minimum allowed value up to about 12 Ω, the behavior is damped. Between
12 and 25 Ω, the system shows the best performance. Beyond that value, the
system is oscillatory and the settling time increases. Taking this analysis into
account, the affine surface with power estimation Sp1(x) would be the best
choice for polynomial surface considering its expected value of R.

The parabolic curve Sp4(x) taken as an example of a general implicit function
also fulfills the characteristics described in the previous analysis for polynomial
curves. Fig. 3.16 shows three trajectories of Sp4(x) for three values of M

illustrated in Table 3.4. Unlike the polynomial cases, the variable coefficient on
the surface changes the shape of the curve during the trajectory, widening or
contracting the parabola about the iL = 0 axis from the estimated value of the
power. As a product of this time-varying modification, the system goes into
sliding motion practically from the initial instant to.
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(a)

(b)

(c)

Fig. 3.15: Pole diagrams for boost converter with CPL and polynomial surface. (a)
Incremental resistance, R, (b) Estimation loop gain β and (c) Estimated power load
P̂ .
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Sliding mode control with power estimation for a boost converter with CPL

Table 3.4: Surface parameters and their respective absolute incremental resistance
value at EP.

M R

2 8 ΩH

2.5 48 ΩH

3 88 ΩH

The same figure shows two polynomial curves for comparison, Sp3c(x) and
Sp1(x). Both show a resistance in EP equal to 76 Ω, the inherent one for
Sp3c(x) according to parameters’ values of Table 3.1. By simple inspection, the
best performance is achieved for the surface with the minimum value of R = 8 Ω

for Sp4 (x). Higher values of R produces an underdamped behavior, regardless
of the type of curve. This assessment validates the previous conclusions: the
appropriate value for incremental resistance produces a good performance when
it is lower than 30 Ω as illustrated in Fig. 3.17.

Another feature of the parabolic curve Sp4 (x) is the inrush current, which
is smoother and longer lasting in contrast to those achieved in the polynomial
curves with the same value of r (x)

∣∣∣
Xe

= R.

Fig. 3.17: Incremental resistance along the trajectory for surfaces in Fig. 3.16.
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Characteristics of adaptive sliding controller with power estimation

3.3.3 Effect of power estimation on the region for sliding motion

In the previous section, observing the trajectories from zero initial conditions to
the EP, it appeared how the system reached the sliding surface earlier in almost
all cases with respect to the instantaneous power measurement studied in chap-
ter 2. By comparing the ESM without power estimation expressed in (2.54) with
(3.28), the estimation loop aggregates a term that extends the sliding dynamics
region because of the estimation. Fig. (3.18) gives an example of how the ESM
region is expanded in proportion to the value of the gain estimation loop taking
the surface Sp1(x), although this spread of the region is not significant with
respect to the original value. It is the combination of the translation with the
extension, i.e. both of them being products of the estimated power, that allows
the system to intersect the surface in a shorter time.

This result is common for both polynomial surfaces. For implicit function in
(3.42), the expansion of ESM region is negligible due to the time-varying form
of the surface during the transient.

ESM

EP

Fig. 3.18: ESM region of sliding surface Sp1(x) for three values of β.

3.3.4 Effect of conduction losses at EP

In section 3.2.2.1, it has been explained how the action of the power estimation
loop calculates the total power supplied by the input source to the converter,
i.e., the power of the load plus the power losses generated in the converter itself.
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Sliding mode control with power estimation for a boost converter with CPL

The estimation error at EP is defined as Ep = P̂ − P that, in the presence of
losses, it will not be zero and will be equal to

EP =
Vg

2RL

(
Vg −

√
V 2
g − 4PRL

)
− P (3.51)

Where RL represent the total parasitic resistance in the converter and is the
main source of losses. The expression (3.51) is the result of power balance in the
converter and is therefore independent of the control method. Thus, the error
of power estimation is a function of parasitic resistance and output power load.
Fig. 3.19 plots the percentage error for an increasingly wide range of resistance
and load power. In practice with a highly efficient converter, it is common to
find RL values of less than 1 Ω, resulting in an error of less than 2%. In the
case of a 1 kW load, this would represent a maximum offset of 40 W (96% of
efficiency).

Fig. 3.19: Power estimation error EP for a range of output power load P and parasitic
resistance RL.

In order to reduce EP to zero, the input voltage Vg can change in the surfaces
to an apparent input voltage V̂g that includes the power losses as follows
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Candidate functions for power estimation

V̂g =
Vg +

√
V 2
g − 4P̂RL

2
(3.52)

Where V̂g < Vg.

3.4 Candidate functions for power estimation

The linear power estimator proposed in the previous sections gives a guidance
procedure for defining a general set of power estimators P̂ within sliding surfaces
computed from the voltage error ev = vC − Ve as follows

dP̂

dt
= f(ev) (3.53)

Where f (ev) is a function of the voltage error. By examination of linear esti-
mator, any candidate function f must satisfy the following three conditions:

(i) It must be a function with odd symmetry, i.e., f (−ev) = −f(ev),

(ii) f(0) = 0 will be the only zero crossing point, at least within the operating
range (stable point), and

(iii) the tangent line to f at the origin must have negative slope (linearized
around at EP), i.e.,

∂f (ev)

∂ev

∣∣∣∣
ev=0

= −F < 0 (3.54)

Where F > 0 is a real number.

These conditions are similar to those applied in classical control loops based
on the integral of the error function. The linear estimator is the simplest one of
these types. Other alternatives have appeared using this methodology. In [59] a
nonlinear voltage error function has been used for power estimation but applied
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Sliding mode control with power estimation for a boost converter with CPL

to a PWM nonlinear control. However, that work is a singular contribution and
there is no selection of the estimator based on a systematic approach.

In the next pages, three main types of candidate functions that satisfy the
requirements based on voltage error will be presented.

3.4.1 Rational functions

Expression (3.55) illustrates a general rational function for power estimation
loop. To achieve the specified requirements, the degree of the numerator must
be odd and that of the denominator even.

f1 (ev) = − βe2m−1
v

1 + αe2nv
(3.55)

The coefficient m and n are integer. Thus, the linear estimator is an especial
case of (3.55) when m = 1 and α = 0, and the nonlinear estimator presented in
[59] corresponds to m = 1 and n = 1. The partial derivative of f respect to ev

are given by

∂f1 (ev)

∂ev
= − β

1 + αe2nv

(
(2m− 1) e2(m−1)

v − 2nαe2(n+m−1)
v

)
(3.56)

By inspection at ev = 0, it can be concluded that the only appropriate value
for m is 1 to guarantee that ∂f1(ev)

∂ev
is −β. For any other value the function

exhibits odd symmetry and at ev = 0 its partial derivative is zero. On the
other hand, there is no constraint on the parameter n, so n ∈ Z with a correct
selection of parameter α.

An advantage of the rational function when n ̸= 0 and the degree of the nu-
merator is lower than that of the denominator is the possibility to constraint the
maximum estimated power value; otherwise, the estimator will be unbounded.
Then there exists a ∥f1∥∞ = Pmax, which takes place at points ev = ±evo with
a value equal to

evo =
2n

√
2m− 1

2nα
(3.57)
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Candidate functions for power estimation

By introducing (3.57) in (3.55), we obtain

∣∣∣∣f (evo)

∣∣∣∣ = ∣∣∣∣β
(
2m−1
2nα

) 2m−1
2n

1 + 2m−1
2n

∣∣∣∣ (3.58)

Fig. 3.20 compares five of the first rational functions in terms of exponents
and estimator parameters listed in Table 3.5 for the surface Sp1(x) and the
parameters in Table 3.1.

Table 3.5: Rational functions and their parameters.

Rational function β α

f1a = −βev −10 kA/s 0

f1b =
βeV

1+αe2v
−10 kA/s 100 n

f1c = − βe3V
1+αe2v

−25 A/s 2.5 m

f1d = − βeV
1+αe2v

−10 kA/s 20 n

f1e = − βe3v
1+αe4v

−20 kA/s 20 m

(a)
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Sliding mode control with power estimation for a boost converter with CPL

(b)

(c)

Fig. 3.20: Rational functions: (a) panoramic view, (b) zoom at origin of the plane,
(c) Output power estimation.
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Candidate functions for power estimation

Fig. 3.20a shows a panoramic representation of the functions, differentiat-
ing two unbounded, f1a and f1c, and three bounded functions. f1b, f1d and f1d.
The latter ones tend asymptotically to zero when the voltage error is very large,
avoiding a saturation of the integrator and overshoot, at expense of a longer set-
tling time. Furthermore, Fig. 3.20b is a zoom in the zero-voltage error vicinity,
visualizing the maximum points of the bounded functions. It is clear that at the
origin, functions with an exponent m greater than one have a flat plateau. As
mentioned before, the function tends to EP, but this plateau produces an error
in the power estimation in steady state, the value being larger the value of m
is smaller as can be seen in Fig 3.20c for f1c and f1e. Functions with a higher
degree of denominator tend to concentrate around ev = 0 axis and f = 0 in the
rest of the response, thus resulting in an excessively large settling time.

3.4.2 Trigonometric functions

There are two functions that use trigonometric expressions and satisfy the con-
ditions: sine and tangent with the following equations.

f2a (ev) = −β sin (αev) (3.59a)

f2b (ev) = −β tan (αev) (3.59b)

Both functions are limited to the range −π/2 < ev < π/2. So, if the
operating range of the converter is |ev| = 200 V , the parameter’s values are
fixed to α = 0.008 rad/V and β = 1 MA/s with ∂f1(ev)

∂ev

∣∣∣
ev=0

= −β. Out of this
operating range, the estimator reaches another equilibrium point and will have
a non-zero estimation error.

Fig. 3.21 illustrates the trigonometric function for power estimation loop for
an operating range of ±200V . The tangent estimator has overshoot during the
transient state from null initial conditions; close to the limit of the range, the
tangent tends to infinite; see Fig. 3.21b.
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Sliding mode control with power estimation for a boost converter with CPL

(a)

(b)

Fig. 3.21: Trigonometric functions: (a) panoramic view and (b) Output power esti-
mation.

3.4.3 Sigmoid functions

Sigmoids are curves that present a monotonic S-shape characteristic. Conditions
(iii) restrict sigmoid functions to be monotonic decreasing.

There are several equations that represent sigmoid curves. Table 3.6 lists
four of the most commonly used sigmoid functions, their partial derivatives and
slope at ev = 0.

In Fig. 3.22a one of the most characteristic features of sigmoid functions can
be seen: moving away from the origin the function is bounded and constant,
and is parallel to the horizontal axis up to ±∞. The parameters in Table 3.6
have been chosen so that all the functions had their linear range close to the
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Candidate functions for power estimation

Table 3.6: Sigmoid function equation and their parameters.

Sigmoid function Partial derivative Slope at EP β α

Logistic function
−β

(
2αe−αev

1+e−αev

)
−2βα 1 MA/s 0.04

f3a = −β
(
1− 2

1+e−αev

)
f3b = − 2β

3
arctan (αev) − 2β

3
α

1+α2e2v
− 2βα

3
1 MA/s 0.05

f3c = −β tanh (αev) −βα sech (αev) −βα 1 MA/s 0.025

f3d = − βev√
1+αe2v

− β

(1+αe2v)
3/2 −β 15 kA/s 0.002

origin of the same width and the lower and upper bounds equal. Although the
functions do not present significant differences, their corresponding behavior
in the estimator loop provides different performances at start-up due to the
specific morphology in each case and their slope around the origin as can be
seen in Figure 3.22b. The best performance is obtained for rational function
f3d, which also allows an easy tuning of both slope and width because of the
independence of its parameters.

3.4.4 First-order sliding estimator

A special case results when considering the sign function according to (3.60) as
a candidate function for a power estimator. Strictly speaking, the sing function
would only fulfill two of the three conditions, because its derivative at the origin
does not exist. However, similar to the unbounded rational functions with
m > 1, the estimator with f4 will tend to EP, but without remaining there
(because any disturbance would move it away) confined in a permanent sliding
around it.

f4a (ev) = −β sign (ev) =


ev < 0 β

ev = 0 0

ev > 0 −β

(3.60)
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(a)

(b)

Fig. 3.22: Sigmoid functions: (a) panoramic view and (b) Output power estimation.

This fact can be understood as part of an ideal sliding estimator, where its
average value would correspond to the value of the load power. The ideal sliding
estimator means infinite frequency, this being impractical for implementation
as seen in Chapter 2. A bounded approximation referred in [20] and described
in (3.61), produces a finite frequency and also fulfills (iii) condition.

f4b (ev) = f (x) =


β sign(ev) |ev| ≥ ε

−β ev |ev| < ε

(3.61)
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Conclusions

The parameter ε is the bandwidth of the approximation and determines the
chattering frequency of power estimation. On the other hand, parameter β must
be greater than P to reach the sliding surface ev = 0.

Fig. 3.23: Output power estimation for first-order sliding estimator.

Fig. 3.23 illustrates the sliding estimator behavior for three values of β. In
all cases, the average value of estimated power reaches the real power: the larger
the value of β, the faster the estimated value is reached. However, a high value
of gain estimation loop leads to a high value of chattering. In contrast to the
approach proposed for the power converter in this work where the chattering
is a natural phenomenon on switching converters, chattering in the continuous
power estimation loop is undesirable. For these scenarios, an appropriate gain
β will be chosen in order to reduce or reject the chattering.

In general, this section provides evidence of the feasibility of a sliding power
estimator within an SMC. Other higher order sliding estimators can be proposed
to reduce or reject the chattering and obtain better performance. In these cases,
they would no longer represent simple voltage error functions, but more complex
estimation loops and are beyond the scope of this chapter.

3.5 Conclusions

The use of an integral loop of the voltage error added to the polynomial sliding
surfaces has demonstrated the feasible and efficient estimation of the power
losses of the boost converter with CPL guaranteeing at the same time zero
steady-state voltage error. An analysis of this result has led to a procedure for
establishing a loop estimation of the total power flowing through the input port
of the converter that, in the absence of losses, is equal to the power load due to
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Sliding mode control with power estimation for a boost converter with CPL

the POPI nature of power converter.
For both the general polynomial surface formulation and the time-varying

current parabola studied, the inclusion of the power estimation loop based on
an integral of voltage error, i.e. a linear power estimator, satisfies the existing
condition for sliding motion and stability criteria under the appropriate selection
of surface coefficients, following the principles described in Chapter 2.

The dynamics of the system in sliding motion has been well-defined in small
signal from the features of the incremental resistance r (x)

∣∣∣
Xe

= −R and the
gain of the power estimator β, obtaining the best performances for R with
absolute values lower than 30 Ω and β between 5 kA/s and 30 kA/s. These
conclusions could also be extrapolated for the large-signal qualitative description
after analyzing the closed-loop control for start-up from zero initial conditions.
In general, the power estimation loop allows reaching the surface in a shorter
time compared to the same test without estimation in most cases with lower
peak inrush current. For polynomial surfaces, better performance has been
observed when the powers of iL and vC terms are equal, i.e., Sp1(x), Sp3d(x).

Regarding the addition of power losses, the power estimation error is unique
for all surfaces and remains below 2% when normal operating values are consid-
ered. However, if the value of the parasitic resistance in the converter is known,
an apparent input voltage V̂g can be calculated to achieve zero estimation error.

Numerical analysis, PSIM© simulations have verified the theoretical pre-
dictions. A final global assessment that considers dynamic performance as well
as implementation allows concluding that the best surface among polynomial
and implicit function as alternative for the sliding surface is the linear surface
Sp1(x). This is the same choice than in chapter 2.

Finally, a general procedure has been derived to find other candidate voltage
error functions from the analysis and results obtained for the linear estimator.
Four types of candidate functions have been proposed: rational functions of the
type found in [59], trigonometric functions, sigmoid functions and first-order
sliding estimators. Operating conditions have been established for each type of
function with well-defined estimation limits.

A preliminary analysis of a first-order power sliding estimator has shown its
feasibility, so further research would contemplate the developing of higher-order
sliding estimators.
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Part II

Power source elements
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Chapter 4

Power source based on loss-free
resistor terminated at a generic
nonlinear static load

Introduction

The first part of this thesis has discussed the CPL as a challenge for dc-dc
switching converters because the constant power demand at the output of con-
verters operating in CCM and open loop generates instability, making the CPL
the worst-case load in terms of control.

The sliding mode control strategies proposed for the boost converter with
CPL, either through instantaneous measurement or estimation of the output
power, have been proved to be effective and robust by extending their appli-
cation to other types of static loads. The surfaces used in the SMC are based
on implicit functions S(x) = 0 in the phase plane iL − vC , where the proposed
generalized approach (polynomial surfaces) searches a zero error of the inductor
current and capacitor voltage with respect to their references at EP.

Another approach to the constant power demand in a dc-dc switching con-
verter has been already mentioned in chapter 1. It is intuitive to think that the
most direct way to supply constant power to a load is through a power source.
By considering the converter as a two-port circuit, there are three canonical
elements for power processing: the dc transformer, the power gyrator, and the
loss-free resistor.
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Power source based on loss-free resistor terminated at a generic nonlinear
static load

Of the above three, LFRs present a virtual resistor in the input port and a
power source supplying the load in the output port. In addition, LFR behavior
results from the use of SMC, which imposes proportionality between input volt-
age and current in steady-state and CCM in switching power converters with a
series inductor in the input port [13].

Power factor correction (PFC) and impedance matching in PV systems are
currently the main applications of the LFRs synthetized by an appropriate con-
trol. In the first case, PFC is the result of SMC either in a semi-bridgeless
rectifier [60] or in a boost converter [61], while it stems from a current control
with adaptive features in reference [62]. LFR behavior in a power converter for
impedance matching is the result of the inner loop control in a two-loop strategy
for maximum power point tracking in a PV system as described in [63]. In ad-
dition, SMC-based LFRs have been used to adapt a sea wave energy harvesting
transducer to a battery supplying a standalone payload [64].

In all the previous examples, the main objective is obtaining a virtual resis-
tance characteristic at the input port of the converter by means of an appropriate
control. On the other hand, it has to be pointed out that all implemented LFRs
reported in the literature terminate at a resistor, and it has not been proved
that they can exhibit the same performance if other type of loads substitutes
the resistor. This would be the case of CCL or CPL presented in microgrids or
new ones due the emergence of electric vehicles with lithium batteries that can
be effectively modelled as a voltage source in series with a resistor.

Note that an LFR-based converter transferring power to any type of load
would regulate the power indirectly in a relatively simple way by means of the
emulated resistor at the input port. In a clear-cut contrast, a direct regulation
in any converter would require processing the product of current and voltage
of the output port and result in a more complex system for both analysis and
implementation.

For all the previous reasons, it makes sense to explore the SMC-based LFR
design in an appropriate converter loaded by the parallel connection of a CPL,
a CCL, and a battery with internal resistance. The resulting combination will
present a current versus voltage nonlinear static characteristic, i.e., it will con-
stitute a generic nonlinear static load (GNSL). It can be expected that the
particularization of GNSL in the case of CPL, CCL, a single resistor, or a bat-
tery as well as in the combination of pairs of loads or groups of three loads

116

UNIVERSITAT ROVIRA I VIRGILI 
A SLIDING MODE APPROACH TO CONTROL POWER SINKS AND POWER SOURCES IN DC-DC SWITCHING CONVERTERS 
David Alejandro Zambrano Prada



SMC-based LFR in a boost converter with GNSL

can give sufficient insight for the design of power systems feeding loads from a
constant power source.

4.1 SMC-based LFR in a boost converter with GNSL

Fig. 4.1 shows a boost converter loaded by a GNSL, which is the parallel
connection of a CPL, a CCL, and a battery with internal resistance. The small
letters in the figure represent instantaneous values of the converter variables.

GNSL

(a)

(b)

Fig. 4.1: (a) Boost converter loaded with a GNSL and (b) Model of a GNSL.

The objective of SMC is obtaining a two-port circuit whose steady-state
equations are the following:

V1 = rI1 (4.1a)

V1I1 = V2I2 (4.1b)
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Power source based on loss-free resistor terminated at a generic nonlinear
static load

Equations (4.1) and (4.1b) characterize an LFR, so, in steady-state, Fig. 4.1
can be described as illustrated in Fig. 4.2 (Input port: V1 = Vg and I1 = IL,
output port: V2 = VC and I2 = IZ). Letter r represents the virtual resistance
of the LFR ideally transferring the 100% of the absorbed power P from the
input port to the output port. Capital letters stand for steady-state values of
the converter variables.

GNSL

Fig. 4.2: Equivalent circuit of an LFR loaded with a GNSL.

In CCM, the converter in Fig. 4.1 can be described as follows

L
diL
dt

= Vg − vC (1− u) (4.2a)

C
dvC
dt

= iL (1− u)− iz (4.2b)

The current iz is given by

iz =
P

vC
+ Io +

vC
RB

− VB

RB
(4.3)

To fulfil (4.1a), S5 (x) is selected as follows

S5 (x) = riL − Vg (4.4)

which implies
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Equilibrium point analysis

S5 (x) Ṡ5(x) = r (riL − Vg)
Vg − vC (1− u)

L
(4.5)

where

Ṡ5(x) ≜
dS5 (x)

dt
(4.6)

Given that Vg − vC < 0, it can be deduced that S5 (x) > 0 and u = 0 will
result in S5 (x) Ṡ5(x) < 0. Similar result is obtained for S5 (x) < 0 and u = 1.
Therefore, sliding motions will exist in the boost converter of Fig. 4.1 with the
selected sliding surface and the associated switching law described above [13].

4.2 Equilibrium point analysis

4.2.1 Steady-state

The invariance condition Ṡ5 (x) = 0 results in the equivalent control ueq =

1− Vg/vC . Introducing the constraint S5 (x) = 0 in (5), and substituting u by
ueq in the same equations lead to the following ideal sliding dynamics

dvC
dt

=
V 2
g

CrvC
− iZ

C
(4.7a)

iL =
Vg

r
(4.7b)

In equilibrium, vC = V ∗
C , iZ = I∗Z , and dvC

dt = 0, which implies V 2
g /r =

V ∗
CI

∗
Z , or equivalently dc input power equal to dc output power in steady-state.

However, I∗Z is a nonlinear function of V ∗
C , and therefore the equation describing

the possible values of V ∗
C is given by

V 2
g

r
= P + V ∗

CIo +
V ∗2
C

RB
−

V ∗
CVB

RB
(4.8)
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Power source based on loss-free resistor terminated at a generic nonlinear
static load

Assuming V 2
g /r > P , only one equilibrium point Xe will exist and the value

of V ∗
C will be given by

V ∗
C

∣∣∣∣
Xe

=

VB − I0RB +

√
(I0RB − VB)

2 + 4RB

(
V 2
g

r − P
)

2
(4.9)

which corresponds to the horizontal coordinate of the intersection point of
the i-v curve of the power source in Fig. 4.3 given by I∗Z = V 2

g /V
∗
Cr and

the curve I∗Z = P/V ∗
C + Io + V ∗

C/RB − VB/RB corresponding to the GNSL in a
MATLAB simulation for the set of parameter values Vg = 240 V, r = 48 Ω, P =

400 W, Io = 1 A, RB = 100 Ω and VB = 300 V .

EP

Fig. 4.3: Equilibrium point of the output port of the LFR loaded with a GNSL.

Figs. 4.4a-4.4c show respectively the values of the equilibrium point when
the GNSL becomes a resistive load (P = 0, Io = 0 and VB = 0), a CCL (P = 0

and R = ∞) or a voltage source (P = 0, R = 0 and Io = 0). The CPL case, i.e.
R = ∞ and Io = 0 results in an infinite number of equilibrium points because
the load and the power source are characterized by the same curve as illustrated
in Fig. 4.5a.
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Power source based on loss-free resistor terminated at a generic nonlinear
static load

This case corresponds to the connection of a power source in parallel with a
power sink (CPL), which is only consistent when both devices handle the same
amount of power P (Fig.4.5b).

All the six possible combinations of pairs of canonical loads yield attainable
equilibrium points as listed in Table 4.1, where the value of V ∗

C in the equilibrium
point is given in each case.

Similarly, the four possible combinations of three loads lead to a single equi-
librium point as illustrated in Table 4.2. Recall that expressions in Table 4.1
and Table 4.2 are obtained by particularizing expression (4.9) for each type of
load combinations.

(a)

(b)

Fig. 4.5: Infinite number of equilibrium points for: (a) CPL; and (b) circuit interpre-
tation.
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Power source based on loss-free resistor terminated at a generic nonlinear
static load

Table 4.2: Output voltage at equilibrium point for combinations of three loads.

GNSL V∗
C

CPL-Voltage source with R
1
2

(
VB +

√
V 2
g + 4R

(
V 2
g

r
− P

))
(IO = 0)

CPL-R-CCL
1
2

(
−IOR+

√
I2OR

2 + 4R
(

V 2
g

r
− P

))
(VB = 0)

CPL-CCL-Voltage source
VB

(R = 0)

CCL-Voltage source with R
1
2

(
VB − IOR+

√
(IOR− VB)

2 + 4R
V 2
g

r

)
(P = 0)

4.2.2 Stability conditions

The ideal sliding dynamic behavior is described by the nonlinear differential
equation (8), which can be rewritten as follows

C
dvC
dt

=
V 2
g

rvC
− iZ ≜ g (x) (4.10)

The linearized system around the equilibrium point Xe will be given by

C
dṽC
dt

= αṽC (4.11)

where

α =
∂g(x)

∂vC

∣∣∣∣
Xe

= −
V 2
g

rV ∗2
C

− ∂iZ
∂vC

∣∣∣∣
Xe

(4.12)

124

UNIVERSITAT ROVIRA I VIRGILI 
A SLIDING MODE APPROACH TO CONTROL POWER SINKS AND POWER SOURCES IN DC-DC SWITCHING CONVERTERS 
David Alejandro Zambrano Prada



Equilibrium point analysis

On the other hand, by taking (4.3) and applying (4.12), we get

α = −
V 2
g

rV ∗2
C

+
P

V ∗2
C

− 1

R
(4.13)

Note that the system terminated with a GNSL will be always stable because
the input power is always larger than the power absorbed by the CPL, namely,

V 2
g

rV ∗2
C

>
P

V ∗2
C

(4.14)

Which implies α < 0.
It immediately follows from (4.13) and (4.14) that all the particular cases

of GNSL considered in the previous section will be stable with the exception of
the single CPL case. In this case, the system is marginally stable because α in
(4.13) is zero since the left term of (4.14) equals the right term in equilibrium.
This result coincides with the theoretical prediction given in chapter 2 when a
general polynomial sliding surface of first degree takes the particular expression
given by (4.4).

Note that the active damping introduced by the virtual resistance r of the
LFR ensures the stability. This fact is particularly remarkable in the case of a
single CCL of current I0, in which a classical approach based on the converter
dynamic model predicts the presence of imaginary poles in the control to output
transfer function GC(s) due to the absence of resistive elements in the power
stage. In that case GC(s) will be given by

Gc (s) =
Vg

(1−D)2

(
1− sLI0

Vg(1−D)

)
1

1 + s2LC
(1−D)2

(4.15)

where D is the steady-state duty cycle, and the necessary damping should be
introduced by appropriate current feedback [28].
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Power source based on loss-free resistor terminated at a generic nonlinear
static load

4.3 Simulation and experimental results

4.3.1 Experimental setup

To validate the proposed study, several simulations have been carried out in
PSIM software and a prototype of the boost converter has been built in our
laboratory. The prototype utilizes C = 20 µF (MKP1848SE62050JP4C), L =

550 µH, one power MOSFET (STW25NM60ND) and one dual fast-recovery
diode (STPSC20H12CWL). One leg is the diode of the converter, and the other
one is used to give initial voltage vC (0) = Vg to guarantee the existence of
sliding mode conditions at the start-up and therefore mitigate the inrush cur-
rent [65]. The control circuit makes use of Hall-effect sensors measuring in-
put voltage (LEM – LV25P) and inductor current (LEM – LA25NP) and ana-
logue electronics for mathematical operations (AD633, LM324). Gate signal is
applied using an opto-isolated driver (TLP350H) fed by a dedicated isolated
source (TRACO TEN 3-2415N). Switching at a finite frequency in the system is
induced by means of a hysteresis comparator implemented with analogue elec-
tronics (LM319, CD4027). The schematic diagram of the power stage of the
converter prototype is illustrated in Fig. 4.6 while the controller circuitry is
depicted in Fig. 4.6. From left to right, it is possible to observe the condition-
ing circuits for voltage and current measurements, mathematical operations to
define the sliding surface, the circuit creating the limits of the hysteresis band
and the hysteresis comparator based on the SR flip-flop.

The experimental set-up consists of an oscilloscope (Tektronix MDO3024)
with one isolated current probe (U3401A) and two differential voltage probes
(Yokogawa 700924), one power source feeding the power converter (ELEKTRO-
AUTOMATIK EA PSI-9750-40), two power sources feeding the control circuits
(TERMA 72-10505) and three programmable electronic loads (EA ELR-9750-
44, EA EL-3400-25 and EA EL9750-75 HP). Fig. 4.8 is a picture of the experi-
mental setup where the converter prototype, GNSL, oscilloscope, input voltage
source and control supply can be identified.
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Power source based on loss-free resistor terminated at a generic nonlinear
static load

12

11

10

8

6

5

2

1

3

4

7

9

1. Yokogawa 700924. 
2. Tektronix MDO3024.
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11. EA ELR-9750-44.
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Fig. 4.8: Photography of the experimental setup and converter prototype.

4.3.2 Static and dynamic performance

Fig. 4.9 shows the simulated waveforms and the corresponding experimental
results for the set of parameter values Vg = 240 V, r = 52 Ω, P = 350 W, Io =

0.92 A, R = 100 Ω VB = 287 V . Figs. 9a and 9b depict the simulation and
the measured results respectively of the inductor current and capacitor voltage
waveforms in steady-state when the GNSL is composed of all studied elements.
It can be observed that the average value of the simulated output voltage is the
predicted value in expression (4.9).

(a)
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Simulation and experimental results

(b)

Fig. 4.9: Waveforms for GNSL with all the elements: (a) PSIM simulation; and (b)
measured inductor current (dc+ac) and measured voltage (ac).

Fig. 4.10 illustrates the simulation results for the stable transition from a
first equilibrium point to a new one corresponding to a change in the virtual
resistance of the LFR for different combination of loads in the GNSL (CCL,
battery type, battery type and CPL, CCL and CPL, battery type and CCL,
and battery type and CCL and CPL). As it can be observed, all the steady-
states evaluated are stable and the transitions show the expected first-order
dynamic behavior with a settling time given by −4/α as theoretically predicted
by equation (4.11).

Fig. 4.11 shows the experimental results for the same combination of loads
in the GNSL used for simulations. A good agreement is observed between the
steady-state values in simulations and measured waveforms. The time constant
of the transitions is higher in experiments because the input capacitances of the
electronic loads emulating the GNSL behavior are connected in parallel with the
output capacitance of the boost converter, but they have not been considered
in the simulations.
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Power source based on loss-free resistor terminated at a generic nonlinear
static load
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Power source based on loss-free resistor terminated at a generic nonlinear
static load

Finally, we have simulated the case in which the converter controlled as an
LFR feeds a pure CCL and compared its behavior with the one in open loop
feeding the same type of load. Two equilibrium points have been selected cor-
responding to output power values of 350 and 500 W respectively. Considering
an input voltage Vg = 240 V, these points correspond to virtual resistances of
r = 164 Ω and r = 115 Ω in the case of the LFR and duty cycles of D = 0.37

and D = 0.56 in the case of the converter operating in open loop.
As it can be observed in Fig. 4.12a, the system operating as an LFR feeding

the CCL shows a stable behavior in the corresponding equilibrium points and in
the transition between them. Unlike the LFR case, the steady-state for converter
operating in open loop is characterized by a sustained oscillation around the
equilibrium average value whose frequency is derived from expression (4.16)
and given by

f0 =
1−D

2π
√
LC

(4.16)

It can be observed in (4.16) that the oscillation frequency depends on the
duty cycle and hence on the equilibrium point as illustrated in Fig. 12b. A
higher value of the duty cycle results in a smaller value of the oscillation fre-
quency.
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Fig. 4.12: Simulation results for a transition between two equilibrium points when
the load is a CCL: a) change of the virtual resistance of the LFR from 64 to 115 Ω,
and b) change of the duty cycle in open loop from 0.5 to 0.6.

4.4 Effect of conduction losses

Parasitic resistances are present in the final implementation of any power con-
verter, and they mainly affect the resulting efficiency [65] but can also slightly
change the expected value of the equilibrium output voltage in certain cases
[66] or introduce a steady-state error in the estimated value of a load parameter
[59]. In all cases, they model the conduction loss and are usually represented
by a single resistor RL in series with the inductor to characterize equally the
loss effect in the inductor and transistor during on state or in the inductor and
diode during off state.

Assuming a resistor RL in series with the inductor in Fig. 4.1 results in the
following expression of the equivalent control.

ueq (x) = 1− Vg −RLiL
Vg

(4.17)

Hence, the ideal sliding dynamics can be expressed as
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dvC
dt

=
V 2
g

(
1− RL

r

)
CrvC

− iZ
C

(4.18a)

iL =
Vg

r
(4.18b)

By comparing (4.7) and (4.18) it can be observed that the term V 2
g in (4.7)

is modified by the factor (1−RL/r) in (4.18), which represents the effect of the
conduction loss. Therefore, the steady-state power balance given by (4.18) will
be expressed now as

V 2
g

(
1− RL

r

)
r

= P + V ∗
CI0 +

V ∗2
C

RB
−

V ∗
CVB

RB
(4.19)

It can be observed that the left term of (4.19) is the difference between
the dc input power and conduction loss in steady-state. Hence, the horizontal
coordinate V ∗

C of the equilibrium point will be given by

V ∗
C

∣∣∣∣
Xe

=

VB − I0RB +

√√√√(I0RB − VB)
2 + 4RB

[
V 2
g

(
1−RL

r

)
r − P

]
2

(4.20)

In the design here reported the emulated resistance r ranges from 54 Ω to
215 Ω and a realistic assumption for RL is 1 Ω, which implies that in all the
examples considered above the following approximation applies

V 2
g

(
1− RL

r

)
≈ V 2

g (4.21)

Hence, expression (4.20) becomes expression (4.9) and therefore it can be
concluded that the parasitic resistance RL has a negligible effect in the coor-
dinates of the equilibrium point provided that its value is considerably smaller
than the virtual resistance r.

Similarly, the stability condition (4.14) becomes
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V 2
g

(
1− RL

r

)
rV ∗2

C

>
P

V ∗2
C

(4.22)

Condition (4.22) is always fulfilled because the input power is higher than the
sum of the power absorbed by the CPL and the conduction loss. Nonetheless,
the effect of the parasitic resistance RL on the equilibrium point coordinates
can be significant for small values of the emulated resistance r.

Fig. 4.13 shows simulated results regarding the steady-state and transient
behavior of a non-ideal boost converter operating as LFR and feeding a GNSL
composed by the three studied elements (Vg = 240 V, P = 350 W, Io =

0.92 A,R = 100 Ω and VB = 287 V ). The test consists in comparing the steady-
state values and the transient response of the system for three different values of
the parasitic resistance Rl (0 Ω, 1 Ω and 27 Ω) when a sudden change is applied
in the reference of the input virtual resistor value r (from 90 Ω to 54 Ω). As it
can be observed, the difference between the cases of 0 Ω and 1 Ω is imperceptible.
Also, as predicted, for very large values of RL the equilibrium point suffers a
deviation caused by the loss of efficiency in the system. Complementarily, it is
possible to observe that the transient response does not suffer a considerable
deviation with the increment of the parasitic resistance. These results allow to
confirm the validity of the theoretical study based on the ideal converter.
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Fig. 4.13: Simulation results for a transition between two equilibrium points regarding
the effect of the parasitic resistance RL: (a) 0 Ω, (b) 1 Ω and (c) 27 Ω.

4.5 Conclusions

From the observation of the type of load used in a classical power electronics
equipment (resistor) and in new applications like electric vehicles and microgrids
(CPL, CCL, and battery), a parallel combination of three of them to introduce
the notion of GNSL is proposed. A realistic scenario in modern power distri-
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Conclusions

bution systems is a dc bus supplying a combination of the mentioned loads
characterized by GNSL.

The design of a boost converter with LFR characteristics in the role of a dc
bus has allowed the transference of regulated power to the GNSL. The SMC
approach has demonstrated that there is a single equilibrium point, which is
unconditionally stable. The particularization of the GNSL in two cases of single
load, six cases of couple of loads and four cases of three-load combination has also
resulted in a stable equilibrium point in each case. The stability is guaranteed
by the active damping introduced by the virtual resistance of the LFR.

Nevertheless, if the LFR supplies only a CPL, the power of the source and
the power of the sink must be equal to keep the POPI nature of the converter,
which yields an infinite number of equilibrium points with marginally stable
behavior. Setting a stable point in this case requires an external voltage control
loop to ensure a single point of equilibrium.

In the real implementation of the LFR, conduction losses do not affect the
dynamic behavior, but they result in a deviation from EP because of the power
dissipation caused by parasitic resistances. A significant effect due to losses
would only appear if small values of virtual resistance were used.

137

UNIVERSITAT ROVIRA I VIRGILI 
A SLIDING MODE APPROACH TO CONTROL POWER SINKS AND POWER SOURCES IN DC-DC SWITCHING CONVERTERS 
David Alejandro Zambrano Prada



UNIVERSITAT ROVIRA I VIRGILI 
A SLIDING MODE APPROACH TO CONTROL POWER SINKS AND POWER SOURCES IN DC-DC SWITCHING CONVERTERS 
David Alejandro Zambrano Prada



Chapter 5

Potential applications of LFR
and PET: constant power -
constant voltage battery
charging based on a loss-free
resistor approach

Introduction

There is a clear consensus in admitting that the main obstacles that complicate
the market penetration of EVs are the so-called range anxiety (fear of not hav-
ing enough charge in the vehicle), customer price, charging time and charging
availability, all of them related to the battery [67]. To overcome these barriers,
fast charging technique has emerged in the last years, which represents a short
time of charging for both battery and energy supply system [22].

Fast charging is a multidisciplinary problem that requires a joint perception
of the physical phenomena related to the battery technology and the electronic
system interfacing a primary energy source and the battery. Charging is often
measured in terms of C, i.e., the nominal charging capacity of the battery in Ah
[68], so 0.5C or less corresponds to conventional charging while values higher
or equal than C are typical of fast charging. The high currents involved in the
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latter case often result in energy efficiency reduction, thermal runaway, and fast
degradation of characteristics, i.e., a decrease of both capacity and power of the
battery.

It is accepted that ten minutes fast charging could be a suitable target
because it would require batteries made up of abundant and accessible raw ma-
terials at affordable cost. An experiment in that direction is the work reported
in [23], in which the authors succeed in charging an energy-dense battery of
265 Wh/kg to 70% state of charge (SOC) in 11 minutes for more than 2,000
cycles. 4C charging is achieved with correct cooling and safe operation due to
appropriate air convection in a thermally stable electrolyte.

Charging techniques can be classified into open and closed-loop categories
[69]. In the first case, there is no information fed back to the system input while
in the second case the charging process is regulated dynamically. Open loop
techniques are characterized by a profile-based approach whereas closed-loop
procedures are model-based allowing the formulation of an optimization prob-
lem, which is eventually solved by means of fuzzy logic or genetic algorithms.
Profile-based techniques consist in a first phase of either CC, constant power
(CP), multistage constant current (MCC), pulse charging , boost charging or
variable current, followed in most cases by an interval of CV [70]. The most
common charging protocol is the CC-CV.

In the research of methods and profiles about battery charging, a large part
of the literature on the subject focuses on the electrochemical aspects, the re-
ports being mainly technology related papers. Strictly speaking, the first recent
overview of charging methods from a power electronics perspective is the work
described in [71]. In that paper, the authors analyze battery charging methods
in terms of converter topologies, power levels and control strategies. Based on
the current cost of the materials, they also develop an estimation model using
a genetic algorithm to forecast the optimal capacity size of a battery and the
power rating of the associated on and off-board chargers. On the other hand, in
what regards the electrical architecture of a fast charging station, selecting the
appropriate unidirectional dc-dc converter topology for the output stage has to
take into account several factors such as the number of charging points, type
of power distribution in the electrical architecture , and existence of galvanic
isolation as described in [72].

In this context, it makes sense to explore the electronic implementation
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Canonical elements for battery charging

of some of the charging protocols by selecting an appropriate converter and
describing the main features of the resulting experiments in electronic terms;
namely, efficiency, stress, stability, and number of components.

For the purposes of this research, a CP-CV protocol is the most adequate
for a comparative study with respect to the typical CC-CV. Both protocols use
the same number of charging stages and have equivalent parameters for com-
parison. Regarding efficiency, simulations of a CV-CV procedure have shown
improvements of up to 4% in loss reduction and better heat treatment at 50 kW
ultrafast charging from 20% to 90% of SOC in comparison with the traditional
CC-CV technique under the identical conditions [73].

We have shown in Chapter 4 that an SMC-based LFR can supply power to
the particular case of a GNSL made up of a voltage source with a series resistance
yielding a single stable EP. This approach is based on the two-port circuit model
of the dc-dc switching converters, which is not only a formal aspect, but it is
rather an insightful tool in practical cases.

Thus, the same power converter could be used to produce the different charg-
ing phases, synthetizing by control a convenient canonical element that complies
with the required charging specifications.

5.1 Canonical elements for battery charging

The standard protocol for battery charging consists of a constant current charg-
ing interval (CC phase), in which the battery voltage increases up to attain
a desired value VBF

, followed by a constant voltage interval (CV phase) hold
until the current decreases to the vicinity of zero. An alternative protocol of
the type of CP-CV is made up of a constant power interval (CP phase) similar
to that of the standard protocol. Fig. 5.1a. and Fig. 5.1b show respectively
the main features of the CC-CV and CP-CV charging protocols, while Fig. 5.1c
illustrates the power curves during charging.

We assume in this work that the primary energy source is a regulated dc
voltage Vg supplied by an appropriate internal bus of a battery charging station.
Therefore, a non-isolated dc-dc switching converter will be the interface between
the dc bus and the battery in order to perform the required charging protocol.
Irrespective of the function it performs, a switching converter can be modelled
by any of the three canonical elements for power processing: a dc transformer
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[73], a power gyrator [74], and a loss-free resistor [75].

(a)

(b)

CC - CV
CP - CV

(c)

Fig. 5.1: Battery charging protocols (iB=battery current; vB=battery voltage): (a)
standard CC-CV, (b) CP-CV and (c) power curves.
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Canonical elements for battery charging

On the other hand, what distinguishes the standard protocol from the CP-
CV alternative is the first phase, which can be either performed at constant
current or at constant power. Hence, it makes sense to explore the CC phase
under the optics of a dc transformer or a power gyrator, and to study the CP
interval with the LFR approach as illustrated in Fig. 5.2. It can be observed in
the transformer case that the battery current iB in steady-state will be constant
if the input current is constant and an appropriate constant value for the duty
cycle D, and hence the transformer ratio n (D), is used.

dc-dc
Switching Converter BatteryBus dc

(a)

dc-dc
Switching Converter BatteryBus dc

(b)

dc-dc
Switching Converter BatteryBus dc

(c)

Fig. 5.2: Modelling the first phase of battery charging by means of a canonical. (a)
dc transformer, (b) power gyrator and (c) LFR.
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v2 = n(D)v2 (5.1a)

i2 =
i1

n(D)
(5.1b)

i1 = g(D)v2 (5.2a)

i2 = g(D)v1 (5.2b)

i1 =
v1
r

(5.3a)

v2i2 = ri21 (5.3b)

Similarly, using a power gyrator will yield a constant value of the battery
current by imposing proportionality in steady-state between the output current
and the input voltage if an appropriate value of the conductance g (D), and
therefore of the duty cycle, is employed. In a clear-cut contrast, the LFR feeds
the battery with the constant power absorbed by the emulated resistor r at its
input port.

A boost converter is apparently a good candidate for the LFR approach
since it results with LFR behavior in a single stable EP when loaded with a
generic nonlinear static load that can be particularized as a battery as seen in
Chapter 4. However, the output current is discontinuous, which introduces an
undesired ripple in the battery and precludes its control in sliding-mode. This
drawback has led as to include an output filter, and therefore to consider a
BOF as the power converter on which both CC-CV and CP-CV protocols can
be theoretically studied and verified by experiments.
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5.2 SMC-based design of canonical elements

Fig. 5.3 shows the block diagram of a sliding-mode controlled BOF unidirec-
tional battery charger. Transistor Q and diode D are assumed ideal and no
parasitics are considered. Losses on the passive components are neglected. For
the sake of the subsequent implementation, a general sliding surface model up
of a linear combination of both input and output ports variables is represented
in the figure.

Battery

Fig. 5.3: Block diagram of a sliding-mode controlled BOF unidirectional battery
charger.

It is worth mentioning that capacitor C2 is optional since its filtering effects
can be accomplished by the internal capacity of the battery. For that reason,
C2 will not be considered in our analysis and hence the battery charging current
will be i2. Therefore, the expression of the sliding surface S6 (x) will be given
by

S6 (x) = αVg + βi1 + γ vB + δ i2 (5.4)

It can be observed that particularizing expression (5.4) for certain parameter
values might result in: (i) a dc transformer [77], (ii) a power G-gyrator of type
I [78]. (iii) a power G-gyrator of type II [79], and (iv) a loss-free resistor [13].
The four cases and the corresponding parameter constraints are summarized in
Table 5.1
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Table 5.1: Particularizing S6 (x) for canonical elements implementations.

Parameter constraint Sliding surface Canonical element

α = γ = 0 S6a (x) = βi1 + δi2 dc transformer

β = γ = 0 S6b (x) = αVg + δi2 G-gyrator type I

α = δ = 0 S6c (x) = βi1 + γvB G-gyrator type II

γ = δ = 0 S6d (x) = αVg + βi1 LFR

The control law to keep the state trajectory switching above and below
surface S6 (x) is derived from the conditions for existence of sliding motions.

dS6(x)

dt
< 0 if S6(x) > 0 (5.5a)

dS6 (x)

dt
> 0 if S6(x) < 0 (5.5b)

The above conditions are fulfilled when the switching law is given by

u =


0, if, S6(x) > +∆

1, if, S6(x) < −∆
(5.6)

5.2.1 State equations

In CCM, the converter in Fig. 5.2 can be described in compact form by the
following set of differential equations.
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di1
dt

=
Vg

L1
− vC1

L1
(1− u) (5.7a)

di2
dt

=
vC1

L2
− vB

L2
(5.7b)

dvC1

dt
=

i1
C1

(1− u)− i2
C1

(5.7c)

(5.7d)

5.2.2 Existence of sliding mode

Assuming a constant input voltage Vg, the time-derivative of S6 (x) can be
expressed as follows

Ṡ6 (x) ≜
dS6(x)

dt
= β

di1
dt

+ γ
dvB
dt

+ δ
di2
dt

(5.8)

Taking into account condition (5.8) and the switching policy given by ex-
pression (5.6), we study next the existence of sliding mode in the four cases
illustrated in Table 5.1.

5.2.2.1 dc transformer

The constraint γ = 0 in (5.8) yields

dS6 (x)

dt
= β

di1
dt

+ δ
di2
dt

(5.9)

On the other hand, S6 (x) < 0 implies u=1 and therefore expression (5.9)
becomes

dS6 (x)

dt
= β

Vg

L1
+ δ

(vC1 − vB)

L2
> 0 (5.10)

147

UNIVERSITAT ROVIRA I VIRGILI 
A SLIDING MODE APPROACH TO CONTROL POWER SINKS AND POWER SOURCES IN DC-DC SWITCHING CONVERTERS 
David Alejandro Zambrano Prada



Potential applications of LFR and PET: constant power - constant voltage
battery charging based on a loss-free resistor approach

In steady-state vC1 = vB, which implies

dS6 (x)

dt
= β

Vg

L1
> 0 (5.11a)

∀β > 0 (5.11b)

Similarly, S6 (x) > 0 implies u = 0, and hence expression (5.9) results in

dS6 (x)

dt
= β

(Vg − VC1)

L1
+ δ

(
v{C1} − vB

)
L2

< 0 (5.12)

In steady-state, vC1 = vB and Vg < vC1 , which yields

dS6 (x)

dt
= β

(Vg − VC1)

L1
< 0 (5.13)

Therefore, the control law given by expression (5.6) induces sliding motions
in a dc transformer based on BOF.

5.2.2.2 G-gyrator of type I

The constraints in the parameters are β = γ = 0, which results in

dS6 (x)

dt
= δ

di2
dt

= δ

(
v{C1} − vB

)
L2

(5.14)

Since expression (5.14) doesn’t depend on the control variable u and, in
addition, is zero in steady-state, there will be no sliding-mode in this case.

5.2.2.3 G-gyrator of type II

In this case, the constraint δ = 0 in (5.8) results in

dS6 (x)

dt
= β

di1
dt

+ γ
dvB
dt

(5.15)
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Therefore, S6 (x) < 0 and u = 1 leads to

dS6(x)

dt
= β

Vg

L1
+ γ

dvB
dt

> 0 (5.16)

where the second term is greater than zero because vB (t) is a growing function
of time in charging process.

Assuming β > 0, expression (5.16) will be positive if the following condition
is fulfilled

Vg >

∣∣∣∣γL1

β

∣∣∣∣ dvBdt (5.17)

For S6 (x) > 0 and u = 0, expression (5.15) becomes

dS6 (x)

dt
= β

Vg − vC1

L1
+ γ

dvB
dt

< 0 (5.18)

Since Vg − VC1 < 0 in steady-state, expression (5.18) will be negative if
γ < 0. Since expression (5.15) can be positive and expression (5.18) negative
with an appropriate selection of β and γ, it can be concluded that the control
law (5.6) will lead to a sliding behavior in a G-gyrator of type II based on BOF.

5.2.2.4 Loss-free resistor

Introducing γ = δ = 0 in (5.8) results in

dS6d (x)

dt
= β

di1
dt

(5.19)

Hence, for S6 (x) < 0 and u = 1, expression (5.19) becomes
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dS6 (x)

dt
= β

βVg

L1
> 0 (5.20a)

∀β > 0 (5.20b)

which is again inequality (5.11). Also, for S6 (x) > 0 and u = 0, we obtain
inequality (5.13). Therefore, the control given by expression (5.8) will generate
sliding motions in BOF-based loss-free resistor.

5.2.3 Equivalent control and ideal sliding dynamics

In sliding mode, the converter dynamics is subjected to the constraints S6 (x) =

0 and Ṡ6(x) = 0. Therefore, equaling (5.8) to zero leads to the following general
expression of the equivalent control:

u6eq = 1 −
Vg +

L1δ
L2β

(vC1 − vB) + L1γ
β

dvB
dt

vC1

(5.21)

Introducing expression (5.21) in the converter state equations given by (5.7)
and imposing the different constraints of Table 1 will yield the ideal sliding
dynamics for dc transformer, G-gyrator of type II, and loss-free resistor.

5.2.3.1 dc transformer

In this case S6a (x) = 0 implies i2 = −(β/δ)i1, and γ = 0 leads to

u6aeq = 1 −
Vg +

L1δ
L2β

(vC1 − vB)

vC1

(5.22)

Hence, the ideal sliding dynamics will be given by
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di1
dt

= −δ (vC1 − vB)

βL2
(5.23a)

dvC1

dt
=

i1

(
Vg +

L1δ
L2β

(vC1 − vB)
)

C1vC1

+
βi1
C1δ

(5.23b)

5.2.3.2 G-gyrator of type II

In sliding-mode S6c (x) = 0, which implies for this type of gyrator i1 = −(γ/β)vB.
On the other hand, δ = 0 leads to the following expression of the equivalent
control.

u6ceq = 1 −
Vg + L1γ

β
dvB
dt

vC1

(5.24)

Consequently, the ideal sliding dynamics can be expressed as follows

di2
dt

= −(vC1 − vB)

L2
(5.25a)

dvC1

dt
= −γvB

β

Vg + L1γ
β

dvB
dt

C1vC1

− i2
C1

(5.25b)

5.2.3.3 Loss-free resistor

In the LFR behavior, the sliding-mode will be characterized by i1 = −(α/β)Vg.
Besides, the constraints δ = γ = 0 yield the following expression of the equiva-
lent control.

u6deq = 1 − Vg

vC1

(5.26)

Consequently, the ideal sliding dynamics can be expressed as follows
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di1
dt

= −(vC1 − vB)

L2
(5.27a)

dvC1

dt
= −

αV 2
g

βC1vC1

− i2
C1

(5.27b)

5.2.4 Equilibrium point description

By equaling to zero equations (5.23), (5.25) and (5.27), the expression of EP
in the dc transformer, G-gyrator of type II, and LFR cases is obtained. The
value of the capacitor voltage vC1 in equilibrium is equal to that of the battery
voltage in the three cases, i.e., V ∗

C1
= V ∗

B, where the asterisk stands for the EP.

In all three cases, the nature of POPI circuit is verified at the EP while the
particular features of each case are the following

I∗2 = −β

δ
I∗1 dc transformer (5.28a)

I∗1 = −γ

β
V ∗
B G-gyrator of type II (5.28b)

I∗1 = −α

β
Vg LFR (5.28c)

5.2.5 Stability conditions

Linearizing equations (5.23), (5.25) and (5.27) around their corresponding EP
results in the characteristic equation s2+bs+c = 0, whose coefficients are shown
in Table 5.2 for each canonical element together with the conditions to ensure
both stability and the existence of sliding mode.

Among the three synthesized canonical elements, the dc transformer presents
the most restrictive operating and stability condition. If we define n = −δ/β,
the maximum gain value will be bounded by the static voltage gain M =

V ∗
B/Vg > n, thus limiting the maximum power that can be delivered to the

battery. In addition, in open-loop it is not possible to establish an operating
point through the gain n because the synthetized dc transformer by S6a (x) is
a self-oscillating converter in which the transformer ratio depends on the power
stage parameters.
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Table 5.2: Particularizing S6 (x) for canonical elements implementations.

Canonical element b c Stability Sliding motion

dc transformer
δI∗2
βV ∗

B

(
Vg
V ∗
B

− δL1
βL2

)
C1V

∗
C1

1 +
δVg

βV ∗
B

β > 0

β > 0
δ < 0∣∣∣ δβ ∣∣∣ < ∣∣∣V ∗

B
Vg

∣∣∣

G-gyrator of type II − γVg

βC1V
∗
C1

1
L2C1

β > 0
β > 0

γ < 0

γ < 0
βVg

L1
+ γ dvB

dt
> 0

Loss-free resistor − αV 2
g

βC1V
∗
C1

2
1

L2C1

β > 0
β > 0

α < 0

Under these conditions, the best alternative to CC phase would correspond
to a G-gyrator of type II. However, the G-gyrator in open-loop with a fixed
conductance g = −γ/β has not a constant output current i2 during the charging
process and would require the insertion of a closed-loop through the variable g
in order to regulate the current.

5.3 Battery charging control

5.3.1 Control diagram description

Fig. 5.4 presents the general diagram block of a battery charging control. It is
divided into two parts: the first is the charging phase, corresponding to (i) CC
stage for the G-gyrator or (ii) CP state for the LFR, and the second phase is a
common CV phase as discussed in section 5.1.

The converter is controlled by the variable k(t),whose value depends on the
type of canonical element and is given as follows
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Sinthetized canonical element

1st phase

CV phase

G-gyrator of type II

Fig. 5.4: Diagram block of battery charging control.

k1 (t) = −γ (t)

β
= ggyr (5.29a)

k2 (t) = −α (t)

β
= gLFR =

1

r
(5.29b)

Where k1 and k2 are related to the transconductance of G-gyrator and virtual
conductance of LFR, respectively. Thus, k (t) is provided by each stage and
tends to a constant value. In order to achieve a soft start-up, the constant value
can be reached after a first order transient state given by

K = Ko

(
1− e−τt

)
(5.30)

which Ko is the desired value and τ is the time constant. For the CP stage, an
appropriate value of Ko guarantees the constant power in the output port. On
the other hand, for CC stage the controller Ci2 is enabled when K1 (5τ) = K1o,
which ensures a constant current to battery.

In CV phase, both G-gyrator and LFR use the controller CvB to regulate the
battery voltage. Ci2 and CvB are activated by the binary variable mode ∈ [0, 1],
where mode ≜ mode = 0 enables the first phase of charging, while mode = 1

allows the CV phase.
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5.3.2 Small-signal dynamics in sliding motion

In sliding motion, the transfer functions of small-signal to output port of the
corresponding canonical elements are governed by equations (5.31) and (5.32)
for the G-gyrator, and (5.33) and (5.34) for the LFR.

I2 (s)

k1 (s)
=

Vg

L2C1
− L1V ∗

Bg∗gyr
L2C1

s

s2 +
Vgg∗gyr
C1V ∗

B
s+ 1

L2C1

(5.31)

Vc1 (s)

k1 (s)
=

Vg

L2C1
s− L1V ∗

Bg∗gyr
C1

s2

s2 +
Vgg∗gyr
C1V ∗

B
s+ 1

L2C1

(5.32)

I2 (s)

k2 (s)
=

V 2
g

V ∗
B L2C1

− L1V 2
g g∗gyr

V ∗
B L2C1

s

s2 +
Vg2g

∗
LFR

C1V ∗
B

2 s+ 1
L2C1

(5.33)

VC1 (s)

k2 (s)
=

V 2
g

V ∗
B C1

s− L1V 2
g g∗gyr

V ∗
B C1

s2

s2 +
Vg2g

∗
LFR

C1V ∗
B

2 s+ 1
L2C1

(5.34)

Assuming an equal dc voltage gain, e.g., V ∗
B = 2Vg, and implementing in

the same converter and with the same parameters both G-gyrator and LFR,
the characteristic equation from (5.31) and (5.32) for the gyrator and LFR is
the same are when power balance is guaranteed, i.e., Vgi1 = i2V

∗
B. This fact is

verified in Fig. 5, where the response i2 and vC1 to a step variation of k1 or k2

using the parameters of Table 5.3.
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Table 5.3: Parameter values of numerical simulation of BOF with battery load.

Parameter Values

L1 100 µH

L2 100 µH

C 20 µF

Vg 24 V

V ∗
B 48 V

5.3.3 Control design considerations

The small-signal behavior in Fig. 5.5 is underdamped in both cases and has a
non-minimum phase zero. In terms of control design, this one of the worst-cases
scenarios. However, in charging process the battery dynamic behavior is slower
than the converter dynamics, this allowing a smooth transition. Therefore, the
smoothness of voltage capacitor vC1 and current inductors i1 and i2 are ensured
all time together with the soft start-up expressed in (5.30),

Under these conditions, the design requirements are more relaxed and clas-
sical linear controllers, such as PI or PID, may be used.

By considering power losses in the converter due to parasitic resistances
RL1 and RL2 in inductors L1 and L2 respectively, the following constraints are
imposed for k1 and k2.

k1 <
Vg

RL1vB
≜ gmax (5.35)

k2 =
1

r
<

1

RL1

(5.36a)

r > RL1 ≜ rmin (5.36b)
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(a)

(b)

Fig. 5.5: Small–signal response to step variations of k1 (gyrator) or k2 (LFR) in sliding
motion. (a) output current i2 and (b) capacitor voltage vC1

Ultrafast charging demands high current at the output port of a single con-
verter which leads to g value in a G-gyrator or a r value in an LFR that may
exceed these limits expressed above. This is especially relevant in the step-up
converter, where the constraints (5.35) and (5.36) are associated with the input
current, which is higher than the output current. In addition , it should be
taken into account reduced efficiency and the required thermal management.

Finally, it would be possible paralleling the output connections of the con-
verters synthetized as output current sources or output power sources. From
a standard BOF converter module, a democratic current (power) distribution
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strategy can could be applied, where the total transconductance (virtual resis-
tance) would be divided among the m different modules. Thus, each module
would synthesize a G-gyrator with g = gTotal/m or a LFR with r = rTotal/m.
This approach would allow increasing the flexibility and the power efficiency
of the system. As an example, Fig. 5.6 shows the control scheme for m = 3,
controlling three BOF converters in parallel.

G-gyrator of type II

BOF
converter

(a)

BOF
converter

(b)

BOF
converter

(c)

Fig. 5.6: Battery control scheme for three standard BOF converters with a democratic
distribution approach.

5.3.4 Simulation results

In order to test the battery charging strategy, simulations in PSIM© for the
scheme presented in Fig. 5.6 have been performed. Table 5.4 summarizes the
parameter values of each BOF using the nomenclature defined in Fig. (5.3), as
well as the nominal value of the main input source, and the battery character-
istics.

The battery dynamics in the charging process is emulated by charging a
capacitor with a capacitance value of 120 F. The value of the battery capacity
has been chosen to ensure the complete charging process in only two seconds, this
representing a trade-off between simulating the low-frequency charging protocols
dynamics and the high-frequency sliding dynamics in BOF converters. Likewise,
Table 5.5 summarizes the control command and controllers for each charging
stage. For both CP-CV and CC-CV protocols, the battery voltage controller
is the same. Fig. 5.7 shows the input and output current of the LFR charger
during start-up, for each module and the total, without a smooth transition
control from the initial conditions to the set power, Fig. 5.8 shows the start-up
when a soft-start circuit is included. An abrupt start-up generates an overshoot
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and a ringing in the output current of the charger during the transient due to the
interaction of the output filter and the battery. This produces a power overshoot
in the battery, as can be seen in Fig. 5.9. This is particularly important in the
case of ultrafast charging, where significant power levels are required, because
this peak is twice the desired power delivery. The proposed soft start-up avoids
this peak by mitigating the impact of the charging process in the battery and
converters.

Table 5.4: Parameters of the standard BOF converter and battery model.

Parameter Values

L1 100 µH

L2 100 µH

C 100 µF

Input voltage source Vg 24 V

Battery nominal voltage
48 V

(CV set point, 80% SOC)

Battery voltage range
[28 – 54] V

(CV set point, 80% SOC)

Nominal battery capacity 60 mAh

Table 5.5: Control command set and controller of the battery charging control in Fig.
5.6

Stage Controller Equation

CC
k1 (t) 1.25

(
1− e−0.01t

)
S

Ci2 0.1 s+1000
s

CP k2(t) 0.6667
(
1− e−0.01t

)
S

CV CvB 0.615 s+6667
s
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Finally, Figs. (5.10) and (5.11) present the charging process for CP-CV and
CC-CV protocols, respectively. The initial battery voltage for all simulation
test is 43.8 V, corresponding to a 60% of SOC, and it is charged until a 80% of
SOC to 48 V.

In the LFR charger with CP stage, each converter provides 240 W for the
battery, with a total power of 720 W and a variable total output current between
15 A and 17 A. In the input port, the total current is 30 A. Just a parasitic
resistor of 0.1 Ω in each converter would cause 100W of input losses for this
current level, decreasing the system efficiency by 12%.

For the G-gyrator charger a constant output current of 16 A has been calcu-
lated, which on average delivers the same power as in the previous case during
the CC stage. This means that the delivered power to the battery increases and
is higher at the end of the CC than the constant power during CP.

The CV stage is similar for both chargers, with the charging being completed
after reaching a minimum value of k(t) in tf that guarantees the existence of
sliding motion in each converter: k1 (tf ) = 0.016 S and k2 (tf ) = 0.03 S for
G-gyrator and LFR charger type, respectively.

Without taking int account the electrochemistry of the batteries, the simu-
lations indicate that there is no significant difference in the duration of the CC
stage with respect to the that of CP, and there is no effect on the subsequent
CV stage either.
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5.4 SMC-based design of power source with buck con-
verter

In section 5.3 of this chapter, we have demonstrated the versatility of the boost
converter with output filter to cope with an static load of battery type while or
operating as a current or and power source through an appropriate choice of a
control law.

However, from an industrial perspective, BOF is not the best candidate to
supply current or power to a battery. The property of reducing gain current
respect to the input port forces to increase the converter power losses when large
amounts of power are delivered to the battery in ultrafast charging protocols
analyzed in this chapter.

It would be more natural to use a buck converter for this purpose but it has
the obstacle that it is not possible to apply the LFR synthesis approach for the
CP phase; instead, it can be used as a G-gyrator of type I [76] as current source
in a CC phase.

Fig.5.12 shows the block diagram of a sliding-mode controlled buck unidi-
rectional power source for battery charging with CP-CV protocol. Transistor Q
and diode D are assumed ideal and no parasitics are considered. The model of
the battery is illustrated in Fig. 5.13.

Battery

Fig. 5.12: Block diagram of a sliding-mode controlled buck-based unidirectional power
source.
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Battery Battery

Fig. 5.13: Block diagram of a sliding-mode controlled buck-based unidirectional power
source.

With the nomenclature used for the two-port circuit model, the inductor
current iL and capacitor voltage vCof the buck converter correspond to the
output current i2 and the output voltage v2, respectively. Thus, the expression
of the sliding surface S7 (x) will be given by

S7 (x) = i2v2 − P (5.37)

The control law to keep the state trajectory switching above and below
surface S7 (x) is derived from the conditions for existence of sliding motions.

dS7(x)

dt
< 0 if S7(x) > 0 (5.38a)

dS7 (x)

dt
> 0 if S7(x) < 0 (5.38b)

The above conditions are fulfilled when the switching law is given by

u =


0, if, S7(x) > +∆

1, if, S7(x) < −∆
(5.39)
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5.4.1 State equations

In CCM the converter in Fig. 7 can be described in compact form by the
following set of differential equations.

di2
dt

=
Vg

L
u− v2

L
(5.40a)

dv2
dt

=
i2
C

− v2 − vB
CRB

(5.40b)

5.4.2 Existence of sliding motion

The time-derivate of S7(x) can be expressed as follows

Ṡ7 (x) =
Vgv2u

L
− v22

L
+

i2 (i2RB − v2 + vB)

v2RB
(5.41)

Imposing the conditions (5.39) in (5.41) leads respectively to expressions
(5.42a) and (5.42b).

lim
S(x)→0+

Ṡ7 (x)

∣∣∣∣
u=0

− v22
L

+
i2 (i2RB − v2 + vB)

v2RB
< 0 (5.42a)

lim
S(x)→0−

Ṡ7(x)

∣∣∣∣
u=1

=
Vgv2
L

− v22
L

+
i2 (i2RB − v2 + vB)

v2RB
> 0 (5.42b)

The inequality (5.42a) implies

Vg > v2 (5.43a)

i2 >
v2 − vB
RB

(5.43b)

The above constraints are part of the operation of a step-down power con-
verter supplying direct current to the load and are always satisfied under nor-
mal operating conditions in the charging process. On the other hand, inequality
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SMC-based design of power source with buck converter

(5.42b) when u = 0 requires

v2 min > i2 max

√
L

C
(5.44)

5.4.3 Equivalent control and ideal sliding dynamics

In sliding mode, the converter dynamics is subjected to the constraints S7 (x) =

0 and Ṡ7(x) = 0. Therefore, equaling (5.41) to zero leads to the following
expression of the equivalent control

u7 eq =
v2
Vg

− Li2 (i2RB − v2 + vB)

CVgv2RB
(5.45)

Introducing expression (5.45)in the converter state equations given by (5.40)
will yield the ideal sliding dynamics for the power source given by

di2
dt

= − i2 (i2RB − v2 + vB)

Cv2RB
(5.46a)

dv2
dt

=
P

Cv2
− v2 − vB

CRB
(5.46b)

where i2 = P/v2. In sliding motion, the order of the system is reduced by one.
So, equations (5.46a) and (5.46a) are not independent.

5.4.4 Stability conditions

By equaling to zero equation (5.46a), the EP for the power source is obtained,
where the asterisk stands for average value.

I∗2 =
V ∗
2 − V ∗

B

R∗
B

(5.47a)

U∗
7 eq =

V ∗
2

Vg
(5.47b)
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Potential applications of LFR and PET: constant power - constant voltage
battery charging based on a loss-free resistor approach

Linearizing equation (5.46a) around EP (5.45), the small-signal dynamics of
power source is given by

dĩ2
dt

=
∂

∂i2

(
− i32
PC

+
i2

RBC
− vBi

2
2

PRBC

)∣∣∣∣
Xe

ĩ2 = −B

Λ
ĩ2 (5.48)

With

B = V 2 ∗ −VB ∗ 3V 2 ∗ −VB ∗RB − P (5.49a)

[10pt]Λ = PRB (5.49b)

Since Λ > 0, we deduce from (5.48) and (5.49a) that the system will be
stable if B > 0, which implies a minimum value for V ∗

2 . Therefore, for stability
the follow condition must be satisfied.

V ∗
2 >

2V ∗
B +

√
V ∗
B
2 + 3PRB

2
≜ V ∗

2 min (5.50)

5.4.5 Battery charging control and simulation results

Fig. 5.14 present the diagram block of a battery charging control based on a
power source. The CP phase just required a fixed power set point and does not
require a soft start due to the linear behavior of the buck converter.

1st phase

CV phase

Sinthetized power source

CP phase

CV phase

Fig. 5.14: Diagram block of Power source battery charging control.
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SMC-based design of power source with buck converter

In CV phase, the battery is regulated by means of the controller CvB , which
operates over the delivered power to the battery.

In sliding motion, the small dynamics of power source based on a buck
converter is a first order and is given by (5.51). In terms of control design,
classical linear controllers may be used.

dṽ2
dt

= −PRB + V ∗
2
2

V ∗
2
2RB

ṽ2 (5.51)

In order to test the power source charger and its control strategy, a simu-
lation in PSIM© for the scheme presented in Fig. 5.14 has been carried out.
Table 5.6 summarizes the values of buck converter components corresponding to
their definition in Fig. 5.12, as well as the input voltage nominal value source,
and the battery characteristics. Likewise for a charger based on canonical ele-
ments, the same power set point of 720 W and the controller CvB in Table 5.2
are used.

Table 5.6: Parameters of the standard BOF converter and battery model.

Parameter Values

L 330 µH

C 1000 µF

Input voltage source Vg 100 V

Battery nominal voltage
48 V

(CV set point, 80% SOC)

Battery voltage range
[28 – 54] V

(CV set point, 80% SOC)

Nominal battery capacity 60 mAh

RB 10 mΩ
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Potential applications of LFR and PET: constant power - constant voltage
battery charging based on a loss-free resistor approach

Fig. 5.15 shows current, voltage and power of the battery during the charging
process. The CP phase is similar to that of the LFR charger type. However,
the CV phase differs respect to that of the charger based on canonical elements,
where the battery current decreases following a first order dynamics. This is
due to the surface used for SMC, which is non-linear in the power source-based
charger. As a result, the battery current decreases is following a straight line
towards zero , and the duration of the CV phase for the power source charger
is longer than the corresponding phase in the canonical elements.

Time (s)
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15
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43

44

45
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48
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200

400

600

800

Fig. 5.15: CP-CV protocol with power source-based charger.
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Conclusions

5.5 Conclusions

DC-DC switching converter modeling in terms of canonical elements for power
processing is not only a conceptual issue, but it is provides a deep insight for
power distribution design. Different control approaches can impose different
characteristics in the same converter. Thus, based on a boost converter with
output filter, the synthesis of the three canonical elements in power processing
have been analyzed, i.e. the dc transformer, the power gyrator and the LFR.

In the specific application of battery charging, the BOF converter allows
the use of the CC-CV and CP-CV charging protocols from the synthesis of a
G-gyrator of type II and a LFR, respectively. In terms of control, the proposed
gyrator requires a control loop for each charging stage, while the LFR can
operate in open loop at the CP stage, thus decreasing the complexity of the
implementation.

The analysis performed on the two elements in the first charging phase, the
requirement of a current control loop in the gyrator suggests the possible design
of a single LFR for both CP and CC phases, where the power output of the
converter is dynamically controlled by output current.

For applications in which the dc bus voltage is higher than the battery
voltage , the buck converter is an interesting choice, since it can perform the
studied protocols, but at the cost of a more complex control.
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Chapter 6

General Conclusion

Constant power operation or constant power mode is often scattered in many
industrial applications. The cascade connection of power converters is one exam-
ple that leads to the notion of CPL, which is also the relevant feature in electric
vehicles operating simultaneously with constant speed and torque. Both exam-
ples are referential cases of power sink, in which the supplying converters have
to cope with the instability in open loop.

Dually, the concept of power sink is also the way to model PV systems oper-
ating at the maximum power point or the procedure to characterize the output
of certain power converters whose input port exhibits resistive characteristics ;
namely, LFRs.

In an attempt to unify the description of power sinks and power sources
out of their natural context, i.e. a one –port device for CPL or a two-port
circuit for LFR, this thesis has introduced in chapter 1 the notion of power
element transformer (PET), which is a two-port circuit that models a switching
converter when a power sink behavior is imposed in the input port or a power
source characteristic is forced in the output port.

The thesis has separated the study of supplying a power sink from the anal-
ysis of generating a power source at the output port of a switching converter.
Hence, two parts have been developed. The first part covers chapters 2 and 3
while the second one corresponds to chapters 4 and 5. The common language
along the main body of the manuscript is provided by the sliding-mode con-
trol acting equally as voltage regulator, analytical tool for LFR applications or
eventually gyrator or PET synthesizer.
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General Conclusion

It has been shown in chapter 2 that sliding surfaces of polynomial type
constitute a simple and reliable alternative for SMC of a boost converter loaded
with a CPL. Combining the natural unstable trajectories of the converter in
the plane iL − vC for on and off states with an appropriate switching law in a
polynomial–type sliding surface results in a stable trajectory leading the average
dynamics to a desired EP.

From a generic formulation of the surface with the previous features, the
analysis of the existing conditions for sliding motions and the study of the sub-
sequent stability in polynomial curves of degree zero, degree one and degree two
have demonstrated that all feasible surfaces must exhibit a negative incremental
resistance r(x)

∣∣
Xe

at the EP smaller than an equivalent resistance imposed by
the values of the CPL power, the input voltage and the desired output voltage.

The incremental resistance at the EP is also the main distinctive feature
when measuring both static and dynamic performance of the regulated converter
as reveals a comparative analysis among five switching functions, namely, an
affine function, a current parabola, a voltage parabola, a cross-power hyperbola,
and an ellipse. In particular, a conduction loss analysis for a plausible rank of
values of the inductor parasitic series resistance has shown that the resulting
output voltage steady-state error does not depend of the type of the sliding curve
used in the control but it is rather proportional to the inductor current steady-
state error, the proportionality constant being the incremental resistance at
EP. Regarding the dynamic behavior, the ideal sliding dynamics is a first order
system with a time constant proportional to the incremental resistance at EP.
The mentioned comparative analysis has demonstrated that quadratic surfaces
result in both small inrush current and settling time except the cross-power
hyperbola that has presented a low general performance.

A final global assessment that takes into account static and dynamic per-
formance as well as implementation allows concluding that the best polynomial
alternative for the sliding surface is the affine function.

Adaptive sliding –mode has been studied in Chapter 3 in an attempt to ex-
tend the analysis of polynomial surfaces-based SMC to the case of uncertainty in
the power value of the CPL. A linear power estimation consisting in the integral
loop of the voltage error satisfies the conditions for existence of sliding motions
and stability for an appropriate choice of the polynomial surface coefficients.
The small-signal ideal sliding dynamics can be determined by the values of the
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incremental resistance at EP and the gain of the power estimator. The addition
of power losses in the converter model shows that the error estimation remains
below 2% in all cases when normal operating conditions are considered.

Chapters 4 and 5 are devoted to power source realization covering exhaust-
ingly the implementation of LFRs and marginally the design of power gyrators
and PETs. Chapter 4 has defined a General Nonlinear Static Load (GNSL) from
the observation of the type of load used in classical power electronics equipment
(resistor) and in new applications like electric vehicles and microgrids (CPL,
CCL and battery).

A realistic scenario in modern power distribution systems is a DC bus sup-
plying a combination of the mentioned loads characterized by GNSL. The design
of a boost converter with LFR characteristics in the role of a DC bus has al-
lowed the transference of regulated power to the GNSL. The SMC approach has
demonstrated that there is a single equilibrium point, which is unconditionally
stable. The particularization of the GNSL in three cases of single load, six cases
of couple of loads and four cases of three-load combination has also resulted in a
stable equilibrium point in each case. The stability is guaranteed by the active
damping introduced by the virtual resistance of the LFR.

The existence of a single stable equilibrium point in the connection of an
LFR and a battery disclosed in Chapter 4 has been used to study a charging
protocol of the type constant power (CP)-constant voltage (CV) in Chapter 5.

In order to compare on equal basis the standard protocol constant current
(CC)-constant voltage (CV) with the new one CP-CV, a boost converter with
output filter (BOF) has been selected. Such converter allows the implementation
of a power gyrator to impose a constant current at the output and can also
behave as LFR. The use of BOF constraints the charging to cases in which
the dc bus voltage is smaller than the battery voltage. It has been shown that
a DC-to-DC switching converter with loss-free resistor (LFR) behavior is an
efficient and reliable solution to impose a CP-CV charging protocol offering
similar performance to that of the conventional CC-CV procedure.

The solution in the case of dc bus voltage higher than the battery voltage
has required a buck converter acting either as PET or as power gyrator. The
CP-CV protocol implemented in the PET approach offers similar performance
than the power gyrator solution for the CC-CV but requires a more complex
implementation than that of the LFR in the BOF case.
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