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Led by the increasing demand of a strong mathematical theory to support the non-
commutative nature of quantum physics phenomena, Murray and von Neumann defined
von Neumann algebras in the 1920s, laying the first stone of modern non-commutative
algebra, a field that has become a major undertaking worldwide. Later on, Gelfand and
Naimark developed in the 1940s the notion of C*-algebra, which turns out to generalize
the concept of von Neumann algebras. Since those early days, the study of C'*-algebras

has provided an elegant setting for many problems in mathematics and physics.

One of the major concerns across all mathematical areas (and for C*-Algebra
Theory in particular) is the problem of classification. Motivated by the advances of
Connes in the classification of von Neumann algebras, G. Elliot initiated in [17] the
classification of C'*-algebras. He proved that the class of approximately finite dimen-
sional C*-algebras (or simply AF) is completely determined by their ordered Ky-groups.
Throughout the years, it has been proven that all simple separable unital nuclear
C*-algebras with finite nuclear dimension satisfying the UCT can be distinguished by
their K-theoretic invariants, now known as Elliott invariants (see, for example, [53]). As

a consequence, the relevance of the study of K-theory has grown larger over the years.

The search of concrete models for certain classes of C*-algebras has been a topic
of interest ever since. In this sense, the notion of group C*-algebra was naturally genera-
lized to the one of groupoid C*-algebra by Renault in his PhD. thesis [52]. Groupoids are
mathematical objects that generalize the concept of groups, where the unit space does
not need to consist of a single element. In consequence, groupoids are provided with
a partially defined multiplication. This small difference implies major changes in their
structure. Indeed, groupoids provide a unifying model for groups and group actions,
or even higher-rank graphs (and hence, for their associated C*-algebras), among other

structures.

In group C*-algebras, it is common to restrict our study to a more approachable
class of groups, usually the class of discrete groups. The groupoid analogue is what
Renault himself called étale groupoids. This family of groupoids is sufficient to model
a large number of examples (AF algebras, graph algebras, all Kirchberg algebras in the
UCT class, etc.).

Therefore, it is relevant the study of the K-theory of étale groupoids
C*-algebras. In this line, Matui posed a conjecture in [38] where he claimed that the

K-groups of the C*-algebra associated to an étale groupoid could be computed as a direct
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sum of all the even/odd homology groups of the given groupoid, under certain topological

conditions:

Conjecture 2.4.1. [38, Conjecture 2.6] Let G be an effective minimal étale groupoid,
such that G is a Cantor space. Then:

é) Hy(G) = Ko(C(G))
and

;3% Hyi1(G) = 1 (CH(9)).
]

This conjecture has been proven true for several families of groupoids, that in-
clude AF groupoids, transformation groupoids of Cantor minimal systems [38], or Cuntz-
Krieger groupoids [21], [36]. In [46], it was proven that Katsura-Exel-Pardo groupoids
Ga p associated with square integer matrices, with A > 0, satisfy the conjecture. In a
more recent work [6], the authors proved that the conjecture holds for principal groupoids
with dynamic asymptotic dimension at most 2.

Matui also posed a weakened version of this conjecture, obtained by applying a tensor
product (- ® Q) on both sides, in order to avoid extension and torsion problems.

A first counterexample to the strong conjecture was found by Scarparo in [56], and we
found two more shortly after in [47], in a joint work with Eduard Ortega. However, the
study of necessary and/or sufficient conditions for the conjecture to hold remains rele-
vant. The main goal of this work is to further deepen the knowledge of this conjecture,
providing some examples and counterexamples for it and, more importantly, developing
new techniques for the study of the invariants of certain families of groupoids.

The contents of this thesis are outlined below:

Contents and structure:

Chapter 2 will be devoted to setting all the notions required for the study of
Matui’s conjecture. We begin the chapter by providing most of the background that we
will need in the forthcoming pages. We state the basic definitions regarding groupoids
and their C*-algebras, following [1], [3], [52], [58] and [59], among others. We also recall
some of the most important results concerning K-theory, appearing in [5], [53] and [51].
Later on, we provide the definition of homology groups of a groupoid, as appearing in

[14], and show the computation of the homology for some basic groupoids. We show
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special interest in the canonical map ® between Hy(G) into Ko(C}(G)) (introduced in
[36]), given by [1y]m, — [lu]k,, where U is a compact open set of the unit space of G.
This map, always well defined, will play a key role in the discussion of Deaconu-Renault
groupoids, later in Chapter 4.

With all the basic notions set out, we finally introduce the HK conjecture posed by H.
Matui in [38], after a series of articles [36], [37]. We also introduce a second conjecture
appearing in [38], named AH, which we will discuss briefly in Chapter 5. This conjecture
predicts, for essentially principal, minimal étale groupoids whose unit space is a Cantor
set, the existence of an exact sequence relating the homology groups with the topological
full group [[G]]:

In Chapter 3, we aim to collect some of the most important techniques used
to compute groupoid invariants. First, we discuss the notion of Kakutani equivalence,
also known as Morita equivalence (see [36]), appearing in [21], [52] or [58], among others.
Kakutani equivalence has proven to be a powerful tool when studying the HK conjecture,
since it preserves both the homology and the K-theory groups associated to a groupoid
(see, for example, [21]).

After that, we study the concept of groupoid cocycles, their associated skew-product
groupoids, and their relation with the original groupoid. In this line, we show how
the study of groupoid invariants can be approached by studying the invariants of the
associated skew-product groupoid, using the results appearing in [46], [36], and [21].
Crossed product C*-algebras arise naturally from skew product groupoids due to Takai-
Takesaki duality (see [62]-[63]). In order to study those algebras, we follow the strategies
of [4], [29], [48], [51] or [67], among others. Since some of those results require certain
level of understanding about spectral sequences, we facilitate an introduction to that
subject, using [34], [35], [39] and [64] as guidelines.

We then state both Matui’s ([36], [14]) and Kasparov’s ([29]) spectral sequences in par-
ticular, and provide a certain explicit approach to the second one, appearing in [4], [54]
and [57]. We discuss the mapping torus C*-algebra M, (A) associated to a dynamical
system (A, o, Z"), which is known to satisfy

Kgpn(Ma(A)) = Ky(A X0 27).

Moreover, using similar techniques to the ones appearing in [48], we show a new approach

to this isomorphism in Subsection 3.3.4.2, and we prove in Theorem 3.50 that the
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isomorphism satisfies certain naturality conditions which will be of major relevance in
Chapter 4.

We finish this chapter by displaying, in Corollary 3.59, the first counterexample of the
strong version of Matui’s HK conjecture, developed by Scarparo in [56], and consisting

of the transformation groupoid associated to a certain odometer.

The purpose of Chapter 4 is to investigate Matui’s HK-conjecture for Deaconu-
Renault groupoids, following the work of [21]. This family of groupoids is an important
source of C*-algebras; they provide models for crossed products associated to Cantor
minimal dynamical systems or higher-rank graph C*-algebras, among others. Matui’s
HK conjecture, if proven true for this family, could become a very useful tool for compu-
ting the K-theory of those C*-algebras, since the homology groups of Deaconu-Renault
groupoids were completely determined in [21], following the work of [18]. In the same
work [21], the authors prove that Deaconu-Renault groupoids of rank 1 and 2 satisfy
the HK conjecture, and raise the question of whether the HK isomorphism could be
chosen to be natural, in some sense. We shed some light on this by using the picture of
Kasparov’s spectral sequence for K-theory appearing in [4] and [54]. By doing so, we

prove the following:

Propositions 4.14 + 4.15. Rank 2 Deaconu-Renault groupoids satisfy Matui’s HK
conjecture. Moreover, the isomorphism for K, can be chosen such that Ho(G(X,0))
embeds into Ko(CH(G(X,0))) via the canonical map P.

]

Moreover, in [21], the authors conjectured that, for a rank 3 Deaconu-Renault
groupoid, the injectivity of the canonical map ® from Hy(G) into Ko(C!(G)) may
lead to the verification of HK conjecture for this family. In this chapter, we prove
that their conjecture is true. To do so, we use a well-known result relating the
reduced C*-algebra of a Deaconu-Renault groupoid C¥(G) with the crossed product
by ZF of the C*-algebra associated to certain skew product groupoid G x. ZF, via
Takai-Takesaki duality [62], [63], and then we study Kasparov’s spectral sequence
following [4]. By doing so, we are able to identify each one of the components of the
sequence, as well as the maps involved. We use this to construct an exact sequence
containing, in a consecutive way, the only non-trivial map of the third page of the

spectral sequence, and ®. Those techniques are enough to prove that the spectral se-
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quence meets its limit prematurely, which, in this case, is enough to verify HK conjecture.

Theorem 4.18. Let G(X,0) be a Deaconu-Renault groupoid of rank 3. Then, whenever
the canonical map between Hy(G(X, o)) and Ko(C(G(X, 0))) is injective, G(X, o) verifies
Matui’s weak HK conjecture for Kg, and the strong version of HK for K.

[

We then use this in order to obtain:

Theorem 4.26. Let o be an action of Z3 by homeomorphisms on the Cantor set X .
Then the associated Deaconu-Renault groupoid G(X, o) satisfies the HK conjecture for
Ky, and the weak HK conjecture for K.

m

We conclude this chapter by providing a complete description of the group
K (C*(G(X,0) x.ZF) x Z), using the techniques appearing in [3].

Chapter 5 revolves around the groupoid arising from the infinite dihedral group
acting as a self-similar group over certain set X, as studied in [46]. Self-similar objects
are well-known to provide relatively simple examples of exotic structures. In this line, we
expected to find new counterexamples to Matui’s HK conjecture encoded as self-similar
objects.

We begin the chapter with the basic notions of self-similarity and the associated
C*-algebras, following [20], [44], [46] and [43]. We also show some results from Nekra-
shevych [41], [42] relating those algebras with ones constructed via crossed products.
In particular, it was proven in [42] that the C*-algebra associated to a self-similar
groupoid Gr x) is isomorphic to the Cuntz-Pimsner algebra C*(I', X). In the same work,
the author shows how this C*-algebra C*(I', X') can be expressed as a certain crossed
product C*-algebra of the gauge-invariant subalgebra Mr.

We use those results to compute the K-theory of the self-similar groupoid associated to
the infinite dihedral group.

We then proceed to study the homology groups of said groupoid, obtaining, up to iso-
morphisms, the low homology groups, and some useful results on the torsion properties
of the higher ones. We combine all those results to present the dihedrical self-similar
groupoid as a complete counterexample for both strong and weak versions of the HK

conjecture.
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Theorem 5.21. Let D, be the infinite dihedral group, and X = {0,1}. Let (Do, X) be

the induced self-similar group, and let Gip_, x) be the associated groupoid of germs. Then
Q= Ki(Cr(Gpw.x)) ®Q 2 D Hiyor(Gp.o.x)) ®Q =0, 7=1,0.
k=0
]

We finish this chapter with the verification of the AH conjecture for the groupoid
G(p..,x) appearing in Theorem 5.21, using techniques developed in [38] and [44].



Chapter 2

Background
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The main purpose of this chapter is to introduce the HK-conjecture, posed by
H. Matui in a series of articles [36], [37], and [38]. To do so, and since this work aims
to be self-contained, we need first to provide all the definitions regarding this conjec-

ture: groupoids, étaleness, homology, K-theory, etc. The chapter is structured as follows:

In Section 2.1 we provide the basic notions about groupoids, and at the same
time we set most of the notation that we will use in this work. Here we show some of
the most common families of groupoids, as well as the ones we will focus our work later
on. A more detailed account on the groupoid subject can be found in [1], [52] or [59],

among others.

In Section 2.2, we give the definition of homology groups associated to a groupoid
introduced in [14]. These are obtained by computing the homology groups of a certain
chain complex associated to the groupoid. We also provide some basic results regarding

groupoid homology (see, for example, [14], [21] or [38]).

In Section 2.3 we describe how to naturally associate a (reduced) C*-algebra to
an étale groupoid, following [19], [52] and [59]. We also use this section to recall some

basic results about K-theory.

Finally, in Section 2.4, we discuss the main motivation of this work, that is,
Matui’s HK conjecture introduced in [38]. This conjecture anticipated a relation between
the homology and the associated K-theory of an étale groupoid, under certain structure
conditions. As we will show throughout this document, a counterexample for the strong
version of this conjecture was found by Scarparo in a recent article [56]. Shortly after, we
found a counterexample for both the strong and weak version of this conjecture, in a work
made with Eduard Ortega [47]. We finish the chapter by showing a second conjecture
posed by Matui in [38], named AH, which we will discuss for self-similar groupoids in
Chapter 5. The question of whether this conjecture is true or false remain unanswered

yet.
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2.1 Basic notions

2.1.1 Groupoids

As we exposed in the introduction, the main theme of this work is the study of
groupoids, as well as the relation between their invariants. It is therefore mandatory to
begin with a proper definition of groupoid.

In a few words, groupoids are a generalization of groups. More precisely, a groupoid is a
group whose unit may fail to be unique. This change allows a richer and more versatile
structure, making their study worthwile.
If the reader is familiar with category theory, the simpler way to define a groupoid is the
following;:
Definition 2.1. (Groupoid 1). A groupoid is a small category with inverses.
As mentioned, this is a quick and clean way to define a groupoid. However, it may
means very little for a reader unfamiliar with category notions. This work aims to be
self-contained, making it imperative to provide a less abstract, algebraic definition:
Definition 2.2. (Groupoid 2). A groupoid is a set G with a distinguished subset G(©),
together with a collection of maps:
Range and source maps r,s : G — G,
Inversion map g+ g%, for all g € G.
Multiplication map (g, h) — gh € G, for all (g,h) € G? = {(a, B) € G : s(a) = 7(B)}.
Moreover, the following properties must be met:

o 7(x) =x=s(x), forall x € GO,

o 7(g)g =9 =ygs(g) forall g € G.
r(g7!) = s(g), and s(g~*) = r(g), for all g € G.
g9 =s(g), and gg~' =r(g), for all g € G.
r(gh) = r(g), and s(gh) = s(h), for all (g,h) € G,
(gh)f = g(hf), for all (g,h, f) € GO (defined similarly to G*?)).

]

An elemental exercise for a category course would be to prove that, indeed, those two
definitions are equivalent.
Groupoid homomorphisms are defined similarly to group homomorphisms, that is, a

map ¢ : G — H between two groupoids satisfying that, whenever (gi,g2) € G, then
(0(g1),0(g2)) € HP  and

©(g1)e(g2) = ¥(9192)-
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Immediate consequences arise from this:
o o(x) € HO, for all x € GO,
o r(¢(g)) = ©(r(g)), and s(¢(g)) = ¢(s(g)), for all g € G.
° p(g™h) =elg) "
Before advancing further, let us show some basic examples:
Example 2.3. (Groups).
Let G be a group, and let e € G be its unit. Set G©) = {e¢}. Then G, together with the

group operations, is a groupoid. L]

This goes in both directions. If the unit space of a groupoid has one single element, then
the groupoid is a group.

Example 2.4. (Product groupoid).

Let G, ‘H be groupoids. Then the set G x H, together with pointwise operations and

GO x HO) as unit space, is a groupoid. O

Example 2.5. (Equivalence relations).

Let R be an equivalence relation on a set X. Set R := {(x,z) : * € X} C R. Define
r(x,y) = (z,x), and s(z,y) = (y,y), multiplication given by (z,y)(y,z) = (z,z), and
inverse given by (z,y)™' = (y,x). Then R, together with those operations, is a groupoid.

Usually, the elements (z,x) of R©) are simply identified as elements x of X. n

Given a groupoid, one can always construct an equivalence relation subgroupoid as it
follows:

Define R(G) := {(r(g),s(g)) : g € G} € GO x GO Tt is straightforward to check that
R(G) is indeed a groupoid. Moreover, the map g — (r(g), s(g)) from G to R(G) is always
a surjective groupoid homomorphism.

Example 2.6. (Group bundles).

Let X be a set, and let G, be a group for every x € X. Define the sets G := |J {z} X G,
zeX

and G := {(z,eq,) : v € X}. Identify G with X in the natural way. Then the set G
is a groupoid, together with operations r(x,g) = s(x,g) = =, (x,9)(z,h) = (x,gh), and
inverse given by (z,g9)™! = (x,g71). O

Example 2.7. (Transformation groupoids).

Let T' be a group acting on a set X by bijections. Let G := I' x X, and set G =
{e} x X, identified with X via (e, x) — x. Define operations r(g,x) = g - x, s(g,z) = x,
multiplication given by (g, h-x)(h,x) = (gh, z), and inverse (g,x)"' = (g7, g-x). Then G

is a groupoid called transformation groupoid. The usual notation isG =X xI'. [
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Example 2.8. Let ¢ : I' ~ G be an action of a countable group on a groupoid G.
Define the semi-direct product groupoid G x,I" as G x I, together with the following
structure:

e (9,7)(d,7) = (9¢"(¢'),vY'), whenever (g,4"(q')) € G?.

o (9.7 =(¢" (g7H Y.

There exists a natural homomorphism ¢ : G x,I' = T given by (g,7) — 7.
X

then the semi-direct product groupoid is just the transformation groupoid. O]

It is straightforward to check that, whenever G is trivial, in the sense that G = G(©

Y

Some immediate unicity properties arise from the definition of a groupoid:
Lemma 2.9. Let G be a groupoid, and let g € G. Then g~! is the unique element such
that gg~—' = r(g). It is also the unique element such that g~'g = s(g).

Proof. Let gh =r(g). Then h =r(h)h = s(g)h = (g7 g)h = g ' (gh) = g 'r(g) = g~ L.

The second statement is analogous. O]

Lemma 2.10. Let G be a groupoid, and let g,h € G. Suppose that there exists some
~v € G such that gy = hy. Then g = h. The same happens if vg = ~vh.

Proof. If gy = h~y, then g = gyy™' = hyy™! = h. |

Now we want to introduce the concept of isotropy, in order to define some key properties
for the groupoids. Before that, we need to set some notation:
Let z,y € G©. We write

Go={9€G:s(g) =a}=s5"(x),
GV ={geG:r(g) =y} =r""(x),
and GY :== G, N GY.

Some texts refer to G,, G* and GY as Gz, G and yGx respectively (see [36], for example).
Definition 2.11. Let G be a groupoid. For every x € G\, we define the isotropy of x

as G*. We define the isotropy of G to be the set Iso(G) := |J GZ. O
z€G()

The isotropy of a groupoid can be seen as the set of all elements ¢ € G such that
r(g) = s(g) or, in category language, the set of all endomorphisms of G. It is clear that
GO C Iso0(G).

Proposition 2.12. Forevery z € G\, the isotropy of x is a group with unit x. Moreover,

Iso(G) is a subgroupoid of G.
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Proof. The first statement is straightforward to check: G¥ is clearly a subgroupoid of G,
and its unit space contains a single element. Therefore, it is a group.

Then the second statement is immediate. Indeed, 1so(G) is a group bundle as in Example
2.6. Moreover, the unit space of Iso(G) is G©. O

Definition 2.13. For every © € G we define the orbit of x as G(z) = r(G,) =
r(s71(z)). O

Notice that, since every element has a unique inverse, the definition is equivalent to
G(x) = s(G%) = s(r~'(x)).

Definition 2.14. Let G be a groupoid. A subset F C GO is said to be G-full if, for
every v € GO r~l(z) N sTH(F) £ 0. O

Saying that [ is G-full means, essentially, that F' is connected with every unit of
G© . Again, the reader can check that the definition does not change if we switch
r~Hz) N s YF) for s7H(z) Nr Y(F).

From now on, we will refer to G-full subsets simply as full. At least, we will do that
whenever the groupoid they belong to is clear.

The following definition is often denoted as restriction subgroupoid.

Definition 2.15. Let F be a subset of G, The reduction (or restriction) of G to F,

denoted as G|r, is given by:
Glp :=r Y F)Ns(F).
O

It is clear that G| is a subgroupoid of G. Indeed, it is the biggest subgroupoid of G with
F' as its unit space.

We now introduce a well known family of groupoids. In some texts, this definition is
replaced with another (equivalent) one. We use here the one we think is more intuitive.
Definition 2.16. We say that a groupoid G is principal if and only if Iso(G) = G©). [

As we noted before, there are few other equivalent definitions for principality. The most
relevant one is the following:

Lemma 2.17. A groupoid G is principal if and only if it is algebraically isomorphic to
the equivalence relation R(G) under the map g — (r(g), s(g)).

Proof. Suppose that G is principal. The map g — (r(g),s(g)) is always a surjective
homomorphism, so we just need to check its injectivity. Suppose that (r(g),s(g)) =
(r(h),s(h)) for some g,h € G. Then hg™' € Iso(G) = G. Since the inverse is unique,
we deduce that g = h.
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For the other implication, suppose that g — (r(g),s(g)) is an isomorphism. Let g €
I50(G), and denote z = r(g) = s(g) € G®. Then (r(g),s(g)) = (x,z) = (r(z),s(x)).
Since the map is an isomorphism, we deduce g = x, and thus Iso(G) = G, as desired.

[

We can easily study the principality for the examples we introduced in the previous lines.

Lemma 2.18. The following statements hold:
e A group is principal if and only if it is trivial.

e G x H is principal if an only if both G, H are.

A group bundle groupoid is principal if and only if G, is trivial, for every x € X.
Hence, a principal group bundle is just a set.

A transformation groupoid is principal if and only if g - x # x, for all x € X and
all g € G, that is, if and only if the action is free.

]

2.1.2 Topological groupoids.

We aim to build some C*-algebra structures associated to groupoids. In this
line, the first step is to associate some kind of topology to a groupoid, meeting certain
standards.

Definition 2.19. We say that a groupoid G is a topological groupoid whenever G is

endowed with a topology, with the following conditions:
e The topology is locally compact.

e G js Hausdorff in the relative topology.

1

e The mapsr,s, and g — g~ are all continuous.

e The map (g,h) — gh from G® onto G is continuous in the relative topology on
G2,
m
In particular, when considering Hausdorff groupoids, the following property appears.
Lemma 2.20. Let G be a topological groupoid. Then GO is closed in G if and only if
G is Hausdorft.

Proof. Suppose G is not closed. Then there exists some {x;}ic; € G© converging to
some g € G\ G, However, r is continuous, and hence {r(x;)}ic; = {2;}icr converges to
r(g) # g. Therefore, G is not Hausdorff.

Now suppose that G is closed. Let {gi}ier converging to both a and . By continuity,
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we have that {s(g;)} = {g; '¢:} converges to a~'3. Since G is closed, and s(g;) € G,
we deduce that a='8 € G, and therefore o = 5. Hence, G is Hausdorff. H

We can easily add a topology to the groupoids listed previously. For example:
Example 2.21. Every group is a topological groupoid with the discrete topology.
Example 2.22. If G and H are topological groupoids, then G x H is a topological
groupoid with the product topology. O]

Example 2.23. Let X be a locally compact Hausdorff space, and R an equivalence
relation on X. Then R is a topological groupoid in the relative topology of X x X. [

Example 2.24. Let X be a locally compact Hausdorff space, and G a locally compact
group acting on X by homeomorphisms. Then the associated transformation groupoid

is a topological groupoid in the product topology. O

In most cases, when referring to topological groupoids, we will just name them as
groupoids, since it will be clear that they are endowed with a topology.

We now show a couple of more sophisticated groupoids. More precisely, we introduce
two of the families of groupoids that will be studied in the forthcoming chapters.
Example 2.25. (Deaconu-Renault groupoids). Let X be a locally compact Hausdorff
space, and let o := (0y1,...,04) be an action of N¥ on X by surjective local homeomor-
phisms. For p = (p, ...,pr) € N¥, denote o? := o}*...0*.

The associated Deaconu-Renault groupoid G(X, o) was defined in [16] as
G(X,0) =={(z,p—q.y) € X x ZF x X : oP(z) = 0(y)},

together with operations r(z,n,y) = (z,0,z), s(z,n,y) = (y,0,y), and
(z,n,9)(y,m,z) = (z,m +n,z). The set G(X,0)) is usually identified with X via
(x,0,2) — .

The topology is given by the basis of sets Z(U,p,q,V) := (U x {p —q} x V)N G(X,0),
where U,V are open sets of X such that o?(U) = o¥(V'). O

Remark 2.26. For a Deaconu-Renault groupoid to be principal, one needs to ensure
that, for every x € X, there are no integers p, ¢ € N¥, withp # q, such that o?(z) = o%(x).
In that (unusual) case, G(X, o) is principal. ]

Remark 2.27. Deaconu-Renault groupoids, as defined initially in [16], are a more
general family of groupoids, since they do not impose that many topological conditions.
However, whenever they are studied along with Matui’s HK conjecture (which we will
introduce later), they appear as defined above, in order to meet the conjecture’s hypo-
thesis. O
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Remark 2.28. Let X be a locally compact Hausdorff space, and suppose that o :=
(01, ...,0%) is an action of Z¥ on X by homeomorphisms. Then the elements of the

associated Deaconu-Renault groupoid are of the form
(xap_%y> €X XZk X X,

where o?(x) = 0%(y). Since o is an action by homeomorphisms, we can write this equality
as © = 0% P(y), and therefore (x,p — q,y) = (67 P(y),p — q,y). Then, straightforward
computation shows that there is an isomorphism between the Deaconu-Renault groupoid
G(X, o) associated to the action by homeomorphisms and the associated transforma-

tion groupoid (Definition 2.7), given by

(O.q—p(y)7p - Q7y) = (q iy 2 y) €X X Zk

]

We now show another example, used to encode the dynamics of inverse semigroup actions.
Example 2.29. (Groupoids of germs).

Let X be a locally compact Hausdorff space, and let G be an inverse semigroup of
homeomorphisms between open subsets of X. Given g € G, and whenever x is in the
domain of g, we define the germ of (g,x) as the equivalence class (g, z|, where :

lg,z] = [¢/,2'] & = = 2/ and g coincides with ¢’ in a neighborhood of . We define the

groupoid of germs G as the set of all germs, with structure:

GO ={le,x] : v € X}
s([g,z]) = [e, ]
r(lg, z]) = [e, ()]

91, 92(2)][92, 7] = [9192, 7], and
g, 2]t = [g7", g(2)].

The topology of G is given by the basis
uU:g = {[Q7I] HEUIS U}7

where g € G and U is an open subset of the domain of g. O]

Once a groupoid is endowed with a certain topology, we can look for a certain set of
desirable properties.
Definition 2.30. A topological groupoid G is minimal if, for every x € G, the orbit

of = is dense in G0 m
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Given a groupoid G, one of the most natural conditions to expect is for G to be open.
This, however, does not always happens. To meet that condition, we now introduce the
family of groupoids we focus our work on. In some sense, this family is the groupoid
equivalent to discrete groups.

Definition 2.31. (Eta]e groupoids) A topological groupoid is said to be étale if the
source map s : G — G is a local homeomorphism. An étale groupoid is said to be

ample if its unit space is zero dimensional. O]

Before advancing forward, we give two remarks. More precisely, one remark and one
warning:

e The definition is equivalent if instead of the source map, we use the range map.
This one is clear.

e Early documents asked for the source (or range) map to be a local homeomorphism
as a map from G to G, not from G to G, as a way to force G°) to be open in G.
Indeed, G can then be put as G© = Ugeg 5(Uy), where, for every g, U, is an open
neighbourhood of ¢ such that s : U; — r(U,) is a homeomorphism. This condition
is not needed, as we prove in the following Lemma.

Lemma 2.32. [59, Lemma 8.4.2]. If G is étale (as in Definition 2.31), then G\ is open
inG.

Proof. Suppose that G(*) is not open. Then there is a sequence {7,}, in G\ G such
that v, — = € G©. Continuity of s implies that s(v,) — s(z) = . Now take an
open neighbourhood U of z in G. There exists some ng such that v,,, s(7,,) € U. Since
Yno € G\ GO, it is clear that s(Y,) # Yng- But 5(5(Vn,)) = (), and therefore s is not

locally injective. Thus, s is not a local homeomorphism, concluding the proof. O

From now on, we will ask any groupoid homomorphism between étale groupoids to be
continuous. Some texts emphasize this by denoting continuous groupoid homomorphisms
as étale homomorphisms.

Under the proper conditions, all the groupoids listed before are étale.

Lemma 2.33. The following statements hold:
e Every discrete group is an étale groupoid.
e The product of two étale groupoids is étale.

e If G is an étale groupoid, and F is a subset of G, then G|r, endowed with the
induced topology, is an étale groupoid.

A transformation groupoid is étale if and only if the acting group G is discrete.

Deaconu-Renault groupoids, as defined in Example 2.25, are étale groupoids [59,
Example 8.4.6].
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O
Example 2.34. Let G be a Hausdorff étale groupoid, and let Y be a locally compact
Hausdorff space. Supppose that there exists a local homeomorphism v : Y — G©). Then
the associated ampliation groupoid ([66, §3.3]) G is defined as

GY .= {(,v,y) €Y X G XY :9(x) =r(y) and ¥(y) = s(v)},
together with structure:

r(z,7,y) = (z,¢(x),2), s(x,7,9) = (¥, V1), ),
(2,7, 9)(y, 1, 2) = (x,vp,2), and
(z,7,9)~" = (y,7v " 2).

This is a Hausdorff étale groupoid under the topology inherited from Y X G X Y (see
[66]). The unit space (G¥) = {(y,¥(y),y) €Y x GO x Y} is usually identified with Y

via (y,9(y),y) — y. O

One of the most important properties of étale groupoids is that they always have a base
consisting of open bisections. For that sentence to make any sense, we need, of course,
to define the notion of bisection.

Definition 2.35. ([59, Definition 8.4.8]) A subset B C G of a topological groupoid is
called a bisection (of G-set) if there is an open set U O B such that bothr: U — r(U)
and s : U — s(U) are homeomophisms in G. A bisection U is called full if r(U) =
s(U) =GO, O
Then:

Lemma 2.36. ([59, Lemma 8.4.9]) Let G be an étale groupoid. Then G has a countable

base of open bisections.

Proof. Take a countable dense subset {g,} of G. For each g,, find countable neighbour-
hood bases {Uy.i}i, {Vni}i such that r : U,; — r(U,,) and s : V,,; — s(V,;) are all
homeomorphisms. Then the family {U,; N V,,; : n,7 € N} is a countable base of open

bisections. O

Corollary 2.37. Let G be an étale groupoid. Then, for each = € G, G,, G* and gz

are all discrete in the relative topology.

Proof. Take g € G, and choose U, open bisection containing it. Then it is clear that
U, NG, = {g}. Hence, {g} is open in the relative topology of G,. The same argument
applies to G*. For G7, it is then immediate by definition. n



19

As noted before, étale groupoids are a family of well behaved groupoids, granting some
desirable properties. The following one appears, for example, in [59, Lemma 8.4.11].
Lemma 2.38. If§ is a topological groupoid with r an open map, then the multiplication

map is open. In particular, every étale groupoid has open multiplication.

Proof. Let U,V C G open sets, and let (o, 3) € (U x V)N G®. Let {g;} be a sequence
converging to g = af8. We need to prove that g; eventually belong to UV. Let us show
it:

Let {U,}jen be a decreasing neighbourhood base for a contained in U. By hypothesis,
r is an open map, and thus r(U;) is an open neighbourhood of r(«a), for every j. Using
the continuity of the maps, {¢;} converging to af implies that {r(g;)} converges to
r(af) = r(a), so for every j we eventually obtain r(g;) € r(U;). Now choose {a;} C U
with r(coy) = r(g;), and «; € U; whenever r(g;) € r(U;). Then {a;} converges to a.
Therefore, {a;'g;} converges to 3. In particular, ; 'g; eventually belongs to V, and
then g; = a;(a; 'g;) € UV for large 1. O

From now on, all the groupoids appearing in this work will be second counta-
ble Hausdorff groupoids. Many interesting families of groupoids exist outside these
bounds but, at some point, the need to delimit the object of study appears.

Remark 2.39. In the examples of Lemma 2.33, to meet the conditions of being second
countable and Hausdorftf we need the acting group to be countable and X to be second
countable (in the case of transformation groupoids), and X to be second countable (in

the case of Deaconu-Renault groupoids). ]

We define now two families of étale groupoid that play a key role in our study: elementary
and AF groupoids. We will see later that, indeed, those are the groupoid versions of finite
dimensional and AF C*-algebras. The original definition forces their unit spaces to be
compact. However, there is a more recent version developed in [21] that simply requires
them to be locally compact. We provide both of them here.

Definition 2.40. Let G be a second countable étale groupoid, and let G©°) be compact
and totally disconnected. We say that KL C G is a compact elementary groupoid if
is a compact, open and principal subgroupoid, such that K© = G©. O

Definition 2.41. ([21, Definition 4.9]) Let X,Y be locally compact Hausdorff spaces,
and let v : Y — X be a local homeomorphism. Then, considering X as a trivial groupoid,

we can build the associated ampliation groupoid as in Example 2.34:

R() := X" ={(y1,12) €Y XY : (1) = ¥(12)}-
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An ample groupoid is said to be elementary if it is isomorphic to the groupoid R(v)

for some local homeomorphism between two 0-dimensional spaces. O

Straightforward computation shows that both definitions agree whenever the unit space
is compact.

Definition 2.42. Let G be a second countable étale groupoid. We say that G is an
AF groupoid (with compact unit space) if it can be written as an increasing union of

compact) elementary subgroupoids. ]
(comp y subgroup

Any AF groupoid is, by definition, principal, and therefore algebraically isomorphic to
an equivalence relation. The topology, however, may not coincide.
We give now a few technical definitions, that we will require later.
Definition 2.43. We say that a groupoid G is effective whenever the interior of 1so(G)
equals to G, O

Some disparities appear over the nomenclature of this notion. For example, some texts
(see [36]), name this family of groupoids as essentially principal (or topologically prin-
cipal) groupoids. Moreover, some other texts define essentially principal groupoids as
the family of groupoids such that the set {z € G : G = {2}} is dense in G (see
[8, Definition 2.1]). This condition is equivalent to the one stated above whenever G
is a second-countable étale groupoid ([59, Lemma 10.2.3]), which is probably where the
disparities arose from in the first place.

Definition 2.44. ([38, Definition 4.1]) Let G be an effective étale groupoid whose unit

space is a Cantor set.

1. A clopen set F C G is said to be properly infinite if there exist compact
open bisections U,V C G such that s(U) = s(V) = F, r(U)Ur(V) C F, and
r(U)Nr(V) = 0.

2. We say that G is purely infinite if every clopen set ' C G is properly infinite.

O
Purely infinite groupoids has been recently studied in-depth in [33].
Finally, we introduce the notion of topological amenability. There are a few equiva-
lent definitions for this. The most standard one states that a groupoid is topologically
amenable if it admits an approximate invariant continuous mean. We will not be treating
with means in this document. Hence, we believe the following definition, given by [,
Proposition 2.2.13], is more adequate for this work:
Definition 2.45. Let G be an étale groupoid. We say that G is amenable whenever
there is a sequence (h;); C C.(G) such that:
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e The maps m; : G© — R given by m;(z) = 3. |hi(g)|? converge uniformly to 1 on
geg®
every compact subset of G©).

e The mapsn; : G — R given by n;(y) = >. |hi(y"'g) — hi(g)| converge uniformly
gegr("/)
to 0 on every compact subset of G.

O

It is now time to introduce some of the most relevant invariants of groupoids. More
precisely, we will focus our research in two objects:

On one hand, we will study groupoid homology, as defined by Crainic and Moerdijk in
[14].

On the other hand, we will build two C*-algebras associated to an étale groupoid, and
then study its K-theory. This one requires a little bit more setup, so we will leave it for

later.
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2.2 The homology groups of a groupoid

Here we define the homology groups associated to a groupoid G. This definition

was first introduced by Crainic and Moerdijk in [14]. The main idea is to build a chain
complex associated to G, capturing its structure, and then defining the homology of G as
the homology of the chain complex. Let us show it.
Definition 2.46. Let A be a topological abelian group, X,Y be locally compact Haus-
dorff spaces, and let C.(X, A) be the set of continuous functions with compact support
taking values in A. C.(X, A), together with pointwise addition, is trivially an abelian
group. Let m : X — Y be a local homeomorphism. Then, for every f € C.(X,A), we
define the map m,(f) : Y — A as:

]

Remark 2.47. The reader may easily check that, indeed, T, is a homomorphism between
C.(X,A) and C.(Y, A). O

We can now use this to build a certain chain complex associated to an étale groupoid, in
the following way.
Let G be an étale groupoid, and for every n € N, let G™ C G” be the set of composable

n-strings in G, i.e.

g(n) = {(917927 7gn) € gn : S(QZ) = T(gi+1)7i = 15 sy T — 1}

For every i = 0,1, ...,n, define the map d; : G — G~ as:

(g2ag37"'7gn) 1=0
di(gh'"?gn) = (gla"'agigi-‘rl?'“agn) 1<i<n-1
(91’927“'7971—1) 1=n

In the extreme case n = 1, we let do, d; : GV — G© be the source and the range maps,
respectively.

Using the previous result, we can now define the maps 6, : C.(G™, A) — C.(G"V, A)
by:

5= S (=1)id.
=0

The reader can check that, indeed, (C,(G™, A),4,) is a chain complex.
Definition 2.48. Let G be an étale groupoid. We define the homology groups of G
with coefficients in A to be the homology of the chain complex defined above, that is
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H, (G, A) := kerd,/Imb, 1.

Whenever A = 7Z, we just write H,(G), and simply denote them as the homology groups
of G. O

There is an equivalent of the Kunneth formula for groupoids [38, Theorem 2.4]:
Lemma 2.49. (Kunneth theorem for groupoid homology). Let G, H be étale groupoids.
For every n > 0, there exists a natural short exact sequence
0— P Hi(G)®H;(H)—>H,(GxH)— @ Tor(Hi(G),H;(H)) =0
i+j=n i+j=n—1

Moreover, the sequence split, but not canonically. O

There is also a long exact sequence (introduced in [14, Section 3.6]) induced by any short

exact sequence of abelian groups
0— A — Ay — A3 — 0
given by:
o = Hy1(G, A3) — Ho(G, Ay) — Ho(G, As) — Hy (G, Az) — ...

Finally, groupoid homology posess a really useful functoriality property. Let G, H be
ample Hausdorff groupoids, and let ¢ : G — H be a groupoid homomorphism. Then the
maps ¢\ : C.(G™, Z) — C.(H™,Z) induce homomorphisms on homology ¢, : H,(G) —
H,(H) (see [14, 3.7.2]). The induced maps are natural with respect to the composition,
that is, if we have G; 2 Go % Gs homomorphisms between ample Hausdorff groupoids,
then (a0 01), = (¢2)+0 (1)« This allows us to introduce the following result, appearing
in [21, Proposition 4.7].

Proposition 2.50. Let G be an ample Hausdorff groupoid, and let {G;} be an increasing
sequence of open subgroupoids of G, such that fj Gi=G. Then H,(G) = ligq(H*(Qi), Li)-

i=1
Proof. Since G; are open subgroupoids of G, all of them are ample and Hausdorff. Then,

each inclusion map ¢; o : G; = G induces homomorphisms
(Lioo)s + Hi(Gi) — H.(G).
Hence, the universal property of the direct limit provides homomorphisms
0, : lig(H*(gi),L*) — H.(G).

The maps 6, are all surjective. Indeed, take an open compact subset U C G™. Then

there exists some ¢ such that U C G;, and hence [1y]m, ) = (ti,o0)n1u]H,(0:)-
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On the other hand, the maps 0, are all injective. Take some a € lim(H,(G;), ), and
suppose 6,(a) = 0. There exist some i € N and some f € Cc(gl-(n),Z) such that 6,(a) =
[tico(f)]. But, since [f] = 0 in H,(G) = ker(d,)/Im(d,41), there exist some j € N and
some g € CC(QJ("H), Z) such that 6,41(g) = f, and hence [f] = 0 in H,(Gmaa{i,j3). Hence,
a = 0, and 6, is an isomorphism, for every n € N.

]
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2.3 The (C*-algebras associated to a groupoid
As with groups, we can associate two C*-algebras to any étale groupoid: the full
C*-algebra and the reduced one. Let us build both.
Lemma 2.51. Let G be an étale groupoid, and let v € G. Then the set {(a, 3) € G2 :
aff =~} is discrete in the topology of G.

Proof. The proof is standard. If a8 = v, then a € G" and 8 € Gy(,). Since G is étale,
both G and Gy, are discrete (see Lemma 2.37). Hence {(a, 8) € G@ : af =~} C
G x Gy is also discrete. O

Corollary 2.52. Let G be an étale groupoid, and let C.(G) be the set of continuous
functions over G with compact support (and taking values in C). Then, for any given
v €G,and f,g € C.(G), the set {(a, ) € G? : aB =+, and f(a)g(B) # 0} is finite.

Proof. Using the previous lemma, {(a,8) € G@ : af = v, and f(a)g(B) # 0} is the
intersection of a discrete set, with supp(f) and supp(g), both compact. Thus, it is
finite. [

This result allows us to define the convolution C*-algebra of an étale groupoid G.
Definition 2.53. Let G be an étale groupoid. We define the convolution algebra of

G as the space C.(G), together with the usual vector structure, and operations given by:

o (fx9)(v):= > fla)g(B).

m
See that the étaleness provides a key property that allows to define the convolution
product as a finite sum. There is a more general definition, covering non-étale groupoids,
in which the finite sum is replaced with integrals (see [52]). All the groupoids appearing
in this document will be étale, so we can stick to this definition.
As we noted before, the topology of an étale groupoid has a base of open bisections. In
this line, we can also build the convolution algebra using this type of sets [59, Lemma
9.1.3]:
Lemma 2.54. Let G be an étale groupoid. Then we have

Ce(G) = span{f € C.(G) : supp(f) is a bisection}.

Proof. Let f € C.(G). Recall that G has a base of open bisections. Hence, since supp(f) is

compact, we can find a finite subcover Uy, ..., U, of supp(f) consisting in open bisections.
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Take a partition of unity {h;} on | U; subordinate to the U;. Then f; := f - h; € C.(G)
verifies supp(f;) C U;, for every i = 1,...,n, and f = >_ f;, as desired. ]
i=1

Immediate consequences of this lemma arise:
Corollary 2.55. Let G be and étale groupoid, f,g € C.(G), and U,V open bisections
such that supp(f) C U and supp(g) C V. The the following statements are true:

e supp(f*g) CUV.
o (fx9)(7) = f(a)g(B), fory=aB eUV.
o supp(f* * f) = s(supp(f)).

Proof. Let v € supp(f *g). Then 0 # (f xg)(y) == >_ f(a)g(5). We deduce that
af=y
s(B) = s(v) and () = r(7). Recall that both f, g are supported on bisections, and thus

the only non zero element of the sum must correspond to a8 € UV. This proves the first
two statements.

The third statement is then immediate. O

2.3.1 The full and reduced C*-algebras

There are a few equivalent definitions for the full C*-algebra of an étale groupoid.
Once again, we show here the one we think is more intuitive. In that line, we will provide
a certain C"-norm, that will allow us to define the universal C*-algebra of an étale
groupoid. From now on, C.(G) will denote the convolution algebra of G. The following
description appears in [19, Definition 3.17]:
Proposition 2.56. Let G be an étale groupoid. For each f € C.(G), there is a constant
Ky > 0 such that |7(f)|| < K; for every s-representation m : C.(G) — B(H) of C.(G)

on Hilbert space. Moreover, if f is supported on a bisection, we can take Ky = || f|| .-

Proof. Fix f € C.(G). We can write f = Y f;, with f; supported on a bisection, for all
i=1

i, and then define Ky := > || fill .-

i=1
Let 7 be a *-representation. Then 7| o)) is a *representation of the commutative
s-algebra C.(G). Therefore, ||7(h)| < ||hll.., for every h € C.(G). Since every f;  f;
is supported on GO, and |7 * fill.. = || fill%, we deduce:

eI = Im(fi o Sl S Wi+ fillo = Il

and so each ||7(f;)]| < ||f,||io The triangle inequality gives ||7(f;)| < K.

As we noted, if f is already supported on a bisection, then we can just take Ky =
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We can then define the universal C*-algebra of an étale groupoid:

Theorem 2.57. There exist a C*-algebra C*(G) and a *-homomorphism T, : Ce(G) —
C*(G) such that Tp..(C.(G)) is dense in C*(G), and such that for every representation
7 : Ce(G) — B(H) there is a representation ¢ of C*(G) such that ¢ o Ty, = m. The

norm on C*(G) satisfies
1 Tmaz ()| = sup{||7(f)|| : 7 is a * —representation of C.(G)},
for all f € C.(G). The algebra C*(G) is denoted the full C*-algebra of G.

Proof. See [59, Theorem 9.2.3]. O

There is an alternative, previous definition of the full C*-algebra of a groupoid, given by
Renault in [52]. This definition generalizes the one we just introduced, in the sense that
it does not ask for the groupoid to be étale. It was proven in [59, Theorem 9.2.4] that,
indeed, the two definitions agree whenever the groupoid is étale. Since all the groupoids
involved in our work are étale, we will just stick to this simpler definition.

Example 2.58. The full groupoid C*-algebra of a group G coincides with the usual full
group C*-algebra. O]

Example 2.59. The full C*-algebra of an AF groupoid is an AF C*-algebra. m

We now introduce a second C*-algebra associated to an étale groupoid, known as the
reduced algebra.
Lemma 2.60. Let G be an étale groupoid. For each x € G, there exists a %-
representation m, : C.(G) — B((*(G,)) such that

To(f)oy = 22 f(@)day,

€Yy (4)

for each f € C.(G), and each v € G,. Then , is called the regular representation of
C.(G) associated to .

Proof. See [59, Theorem 9.3.1]. O

Definition 2.61. Let G be an étale groupoid. The reduced C*-algebra C!(G) of an
étale groupoid G is the completion of
(D m)(C(9) S D (B(*(G)))
z€G(©) zeG©®)
O
The following one is a well known result when dealing with the two C*-algebras of a
groupoid. The first statement can be found, for example, in [59, Theorems 10.1.4-10.1.5].

A counterexample for the converse can be found in [65].
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Lemma 2.62. Let G be a locally compact, Hausdorfl étale groupoid. Then C*(G) is
nuclear if and only if G is amenable.

Moreover, if G is amenable, then C*(G) = C(G). However, the converse is false. O

Most of the groupoids we will be using throughout the document are amenable. Thus,
the C*-algebras will coincide.
Example 2.63. [59, Example 9.3.8] Let X xT" be the transformation groupoid associated
to an action of a discrete group I' on a compact Hausdorff space X. Recall that the unit
space (X xT')©) can be identified with X. Let a be the induced action of ' on C'(X), and
let C.(I', C(X)) be the convolution algebra associated to the dynamical system, as in [67,
Section 1.3.2]. Then the map ¢ : C.(G) — C.(I',C(X)) given by ¢(f)(g)(z) := f(g,x)
is an isomorphism. For any fixed x € X, this isomorphism intertwines the regular
representation 7, of C.(G) with the induced representation of C.(I', C(X)) associated to
the character of C(X) given by the evaluation at x. Then, using [67, Example 2.4.2], we
deduce that C}(G) is isomorphic to the reduced crossed product C(X) %, I'.

O

2.3.2 K-theory
The study of K-theory of C*-algebras has brought the interest of researchers for

a few decades, making the literature on this subject quite extensive. If the reader wishes

to expand its study in this area, a broad study of it can be found in [53] or [5], among

others.

In this brief section, we remind the basic notions of K-theory.

Definition 2.64. Let A be a C*-algebra, let P,(A) be the set of all projections over

the matrix C*-algebra M, (A). Denote Ps(A) = Ej P.(A). Given two projections
n=1

p € Pn(A), q € Pn(A), we say that p ~q q if there is an element v € M,, ,,(A) such that
p =v*v, and g = vv*.

One can check that, indeed, ~q is an equivalence relation on P (A). We denote the
equivalence class of p as [plo-

Then, the set (P (A)/ ~o,+) is an abelian semigroup, with operation given by:

[plo + [glo = [P © dlo

Definition 2.65. ([53, Definition 3.1.4]) (K, group of a unital C*-algebra).

Let A be a unital C*-algebra, and let (D(A),+) be the abelian semigroup defined above.
Then we define the K, group of A as the Grothendiek group of D(A). We denote it as
Ky(A). O
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It is a well known result that any homomorphism between C*-algebras ¢ : A — B induces
a group homomorphism between K, groups, given by Ko(¢)[plo := [©(p)]o-

Definition 2.66. (K, group of a non-unital C*-algebra).

Let A be a non-unital C*-algebra, and denote by A its unitization. Consider the split

exact sequence

0A—-ASC—0

We define Ky(A) to be the kernel of the homomorphism Ky(m) : Ko(A) — Ko(C). We
denote by X : C — A the lifting of w. The scalar mapping is defined as

s=Nom:A— A

O
By definition, the above short exact sequence induces a short exact sequence in K-theory.
This, however, must not be expected to happen in general. Instead, short exact sequences
of C*-algebras induce six-term exact sequences in K-theory. We will show that later on.
Proposition 2.67. ([53, Proposition 4.2.2]) (The standard picture of Ky(A)).
For each C*-algebra A, the K, group is given by:

Ko(A) = {lplo — [s(p)]o : p € Poc(A)}.

Moreover, the following conditions hold:

e For each p,q € Py (A), the following are equivalent.
L [plo — [s(p)lo = la)o — [s(a)]o-
2. There exist natural numbers k,l such that p ® 1 ~o ¢ ® 1; € Pso(A).
3. There exist scalar projections 1,1y such that p & ry ~g q @ ro.
e Whenever [plo — [s(p)]o = 0, there exists a natural number m such that
P& 1, ~os(p) @ L.
e I[fo: A — B is ax-homomorphism, then:

Ko(e)([plo — [s(p)lo) = [(P)lo — [s(&(P))lo,
where ¢ : A — B is the map induced by ¢.

[
On the other hand, the K; group is defined using the unitaries of the matrix algebra:
Definition 2.68. Let A be a unital C*-algebra, let U,(A) be the set of unitary elements
on M, (A), and define Uy, :== |J U,,(A). We define a relation ~; on Uy, in the following
n=1
way:

Foru € U,(A),v € Uy, (A), u ~1 v if there exists a natural number k > max{m,n} such



30

that there exists a continuous path in Uy(A) between u & 1;_, and v @ 1j_,,, that is,
some f :[0,1] — U (A), such that f(0) =u® 1y, and f(1) =v S 1. O

One can check that this is indeed an equivalence relation (see [53, Proposition 8.1.2]).
Then, we can define the K; group:
Definition 2.69. For each C*-algebra A, the group Ki(A) is given by:

Kl(A) = Z/{OO(A)/ ~1,
with operation given by [u]; + [v]; = [u @ v];. O

As with the K, group, we can give an standard picture of Kj.
Proposition 2.70. ([53, Proposition 8.1.4])(The standard picture of K;). Let A
be a C*-algebra. Then:

Ky (A) = {[uls s v € U (D)}

Moreover, the map [-|; : Us(A) — K;(A) verifies:
o [u®v]y = [ul; + [v]:.
[ ] [1]1 = 0.
o Ifu,v €U, (A), then [uv], = [vu]; = [u]; + [v];.

o Foru,v € Uy (A), [u]y = [v]; if and only if u ~4 v.

[
As we said before, there is more literature on K-theory that we could possibly put in this
document. However, there are a few statements that we believe we must write down here,
to serve, at least, as a reminder of their existence. The following results will probably
sound familiar for the reader.
Theorem 2.71. ([53, Theorem 10.1.3]) For every C*-algebra A, denote by SA the
suspension of A, that is, SA = {f € C(T,A) : f(1) = 0}. The suspension is an
endofunctor on the category of C*-algebras. Then the groups Ki(A) and Ky(SA) are
always isomorphic. Moreover, the isomorphism is natural in the following sense:
Let A, B be C*-algebras, and denote by 0,,0p the respective isomorphisms. Suppose

that ¢ : A — B is a *-homomorphism. Then the following diagram commutes:

Ki(A) Ki(e) K (B)
QAB %B
Ko(SA) Ko(SB)

KO(SsO)
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The isomorphism 64 has the following explicit description. Let u € U, (A), such that

s(u) = 1,. Let g € C([0,1],Us,(A)) such that g(0) = la,, g(1) = diag(u,u*), and
s(g(t)) = 1s, for every t € [0,1]. Put

(1.0,
r=9ly )9

Then p is a projection in 732”(521), s(p) = diag(1,,0,), and

0a([ul1) = [plo — [s(P)lo-
[l

Theorem 2.72. ([53, Theorem 11.1.2]) (Bott’s periodicity) For every C*-algebra A,
there exists an isomorphism 4 : Ko(A) — Ki(SA). Moreover, 4 has the following

explicit description for unital C*-algebras:
For every n € N, and every p € P,,(A), define f, : T — U, (A) by

fp(z) =zp+ (]-n —p), z e T.

By identifying M, (SA) with {f € C(T,M,(A)) : f(1) € M,(Cl,)}, we obtain that
f» € U,(SA). Then the isomorphism is given by Ba([plo) = [f»)1, and it is called Bott
map.

For non-unital algebras, the Bott map is defined using the following universal property:
Let A be a non-unital C*-algebra. Then there is a unique group homomorphism [, :

Ko(A) — K (SA), making the next diagram commute:

0——— Ko(Ad) ———— Ky(A) ———— Ko(C) ———— 0

Theorem 2.73. ([53, Theorem 12.1.2])(The six-term exact sequence). Every short

exact sequence of C*-algebras
0—-1—-A—-B—0

induces a six-term exact sequence
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Ko(I) ——— Ko(A) ——— Ky(B)

|

Ki(B) +— Ky(A) «+— K;(I)

where the horizontal maps are induced by the ones of the short exact sequence. Moreover,

the vertical homomorphisms are explicitly described in [53]. [

We conclude this section by providing a picture of the canonical map between the groups
Hy and K| associated to an étale groupoid, appearing in [36].

Definition 2.74. (Canonical map ¢ : Hy(G) — Ko(C!(G))).

Given an étale groupoid G such that G is locally compact, metrizable and totally
disconnected, one can always build a canonical map between Hy(G) and Ko(C}(G). It is
deduced from the following reasoning:

By definition of C*(G), we can consider the canonical inclusion ¢ : C.(G®) — C*(G),
which induces an homomorphism in K-theory Ky(1) : Ko(C.(G®)) — Ko(C(G)). Now,
since there are no non-unit elements in G\, a straightforward computation shows that
Ko(C.(G)) = C.(G®,Z). Let us take U some compact open bisection of G, and define
u = xy. Then u is a partial isometry of C}(G) such that uu* = x4y, and v*u = x,u),
which means X4 and @) belong to the same equivalence class in Ko(C}(G)).

Then the differential map of Definition 2.48, 6, : C.(G,Z) — C.(G",Z) defining the
homology groups verifies (Ky(t) o 61)(u) = 0, since 01(u) = Xsw) — Xru), by definition,
from where we deduce that Im(6;) C ker(Ko(c)). Since every étale groupoid has a
countable basis consisting in open bisections, it follows that there exists a canonical
homomorphism ® : Hy(G) — Ko(C}(G)) such that ®([f]) := Ko(¢)(f). The question
about when this map is injective is open, even for some simple groupoids. In chapter 3

we study this problem for Deaconu-Renault groupoids. [

It is worth to mention that there exists a counterpart of this result providing a canonical
map between H;(G) and K;(C}(G), for a certain class of groupoids (see [36, Corollary
7.15]).
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2.4 Matui’s conjectures

In 2016, two conjectures were presented by H. Matui in [38], both involving some
groupoids invariants. The first one predicts some relation between the homology groups
and the K-theory of the associated C*-algebra of a certain family of étale groupoids.
The strong version of this conjecture was disproven by Scarparo in [56], using a coun-
terexample we will show later. In later chapters, we will also provide the first complete
counterexample for both strong and weak versions of the conjecture. This counterexam-
ple was obtained with the help of Eduard Ortega, appearing in [47].

Even though the main object of study in this work is this first conjecture, there is a
second one relating the lower homology groups of a certain family of groupoids, with its
topological full group. So far, the conjecture still holds, meaning that no counterexample
has been found. We will show that conjecture in this chapter, as well as some results
involving it. In chapter 5, we will show how the counterexample to the first conjecture

verifies the second one.

2.4.1 Matui’s HK conjecture

[38, Conjecture 2.6] Let G be an effective minimal étale groupoid, such that G is a
Cantor space. The (strong) HK conjecture states that:

é Hy(G) 2 Ko(CH(G))

and

D Hoi+1(G) = K1 (Cr(G)).
i=0
There is, however, a weakened version of HK conjecture that ignores any torsion problems.

Under the same hypothesis, the weak HK conjecture states that:
Zé%H%(Q) ® Q= Ky(C(G)) ®Q
and
Zégoﬂzm(g) ® Q= Ki(C7(9)) ® Q.

In the next chapter we will provide some of the most common tools used to compute the
groupoid invariants, and then use them to verify Matui’s HK conjecture for some basic
groupoids. Here we just present a couple of immediate results.

Lemma 2.75. Let G = G be a trivial groupoid, with G the Cantor set. Then G

satisfies HK-conjecture.
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Proof. The proof is standard:

Since G = G, we deduce that G = GO for all n € N. Hence, definition of homology
implies 6; = 0, and, in general, d,(f)(z) = i(—l)if(x), for all n > 1. Thus, 6, = 0
if n is odd, and §,, = id whenever n is even.ZV(\)fe deduce that Hy(G) = C.(G©,Z), and
H,(G) =0 for all n > 1.

On the other hand, since G has no non-trivial composable elements, it is clear that its
associated algebra is C,(G, C). Hence, Ko(C*(G)) = C.(G©,Z), and K,(C*(G)) =0
(see,for example, [53]). Therefore, Matui’s HK conjecture holds, and the isomorphism is

given by the natural map [1y]x, — [1v]k,, for any compact open U C G0, O

Proposition 2.76. Let G, H be effective, minimal étale groupoids whose unit space is
a Cantor set, and suppose C*(G) is nuclear and verifies the UCT. Then, if HK is true for
both G and H, it is also true for G x H.

Proof. The result is a consequence of combining the Kunneth theorem for groupoids
(Lemma 2.49) and the Kunneth theorem for C*-algebras (see [53]). O

2.4.2 Matui’s AH conjecture

Here we introduce all the notions involved in Matui’s second conjecture, named
AH. Even though it is not the main object of study of this work, it will be discussed in
chapter 5 for a certain groupoid. If the reader is only interested in Matui’s HK conjecture,
this section can be skipped. Most of the early literature about this conjecture can be
found in [36] and [38].
Definition 2.77. Let G be an étale groupoid, and let U be a full compact open bisection
of G. We define the map 7y : GO — GO as:

s(y) = r(y), for y € U.

If U verifies that r(U) N s(U) = 0, we can define U as U LU LUGO\ #(U) Us(U). Then
U is clearly full, and the map 7 is said to be a transposition. O

The maps 7y capture the dynamical properties of a groupoid. In this line, one can note

the reason behind the name transposition: by definition, ﬂ% is always the identity map
in GO Tt is natural to study the structure of the set of all 7.

Definition 2.78. The topological full group is defined as the set
[[G]] := {7y : U full bisection},

together with the product given by composition, i.e. , mymy = myy. The unit of [[G]] is

7Tg(0) == idg(o) . ]
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Notice that this product always makes sense, since both U and V are full, and hence
UxVegG? and UV is full.

There is always a natural map between the topological full group and the homology group
H.(G).

Definition 2.79. (/36, Definition 7.1]) We define the index map I : [[G]] — H1(G) as
the map given by 7y — [1y]. O

Immediate properties arise for this map.

Lemma 2.80. ([36, Lemma 7.3]) The following statements are true:

1. Let U,V C G full compact open bisections. Then the set
O={(91.92) €G® 191 €U, 92 € V}
is a compact open subset of G?), and 6,(1p) = 1y — 1yy + 1y.
2. [1y] =0 € Hy(G), for any clopen subset U C G). In particular, I(ry) = 0.

3. I(rymy) = [lu] + [1v] = I(my) + I(wy) € Hy(G), for U,V full compact open
bisections of G.

4. [1y] + [1y-1] = 0 € Hi(G), for any full compact open of G. In particular,
I(my) + I(my—1) = 0.

5. The index map is a group homomorphism.

Proof. The statements are straightforward:
1. This follows directly from definition of the homology maps.
2. The claim is immmediate after noticing that, whenever U C G then U = UU.

3. Using the first result, we obtain that [1y] — [lyv] + [1y] = 0 € H1(G). Therefore,
I(7TU7Tv) = I(ﬂ'U\/) = [1UV] = [1U] + [1\/]

4. Note that UU™! = GO, Thus, [1y] + [1p-1] = [lyy—1] = 0 € H (G).

5. Follows from 1 — 4.

O

Remark 2.81. Recall that H,(G) is an abelian group. Thus, we can induce a homo-
morphism Iy, : [[Gllay — H1(G), where [[G]|ay denotes the abelianization of [[G]]. O

With all the previous notions, we can already enunciate the conjecture. It appeared

firstly in [38], and predicts the existence of a certain exact sequence
Ho(G) ©Z 2 [[G)]a % Hi(G) — 0

for essentially principal minimal étale groupoids whose unit space is a Cantor set [38,

Conjecture 2.9]. This conjecture is known as Matui’s AH conjecture.
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The map j : Hyo(G) ® Z — [[G]]ap is explicitly described in [38].

The first (strong) version of the conjecture predicted the existence of a short exact
sequence. This was, however, early discarded by Nekrashevych (see [38, Remark 2.10]).
This weakened conjecture has been confirmed for several cases, and so far no counter-
examples have been found. It has been proven, for example, for principal almost finite
groupoids [36], or transformation groupoids associated to odometers [56], which happen
to provide the first counterexample for Matui’s HK conjecture. Among other cases the
conjecture has been confirmed there are the Katsura-Exel-Pardo groupoids (see [44]), or
what is the same, the groupoids of a special self-similar action of Z over a finite graph.
We remark those because we will use some of the techniques developed there in later
chapters.

There is quite a extensive literature around this conjecture. For example, an in-depth
study of the index map can be found in [36]. However, since this is not the main theme
of this work, we will just state the results we will use later in chapter 5. The proof of
those results can be found in [36] and [38].

Denote by T(G) to be the subgroup of [[G]] generated by all transpositions.

Lemma 2.82. Let [ : [[G]] — H1(G) be the index map. Then T(G) C ker(I) always
holds.

Proof. See [36, Lemma 7.7 (3)]. O

The relation between T (G) and ker(I) is closely related to the verification of the AH-
conjecture, in the following way.

Definition 2.83. Let G effective, Hausdorff, ample groupoid, and let T(G) be the sub-
group of [[G]] generated by all transpositions. We say that G has Property T R whenever

T(G) = ker(I). O

Remark 2.84. It was proven in [38, Theorem 4.4] that, whenever G is minimal and
purely infinite, then Property TR is equivalent to the verification of Matui’s AH conjec-
ture. However, it is not known if all minimal, purely infinite groupoids have Property
TR. O]



Chapter 3

Useful strategies for the computation of the

groupoids invariants
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Throughout the last decades, the study of groupoids and their invariants has
been approached using different strategies. This chapter provides to the reader with
some of the most common tools about groupoids used when studying the invariants
involved in Matui’s HK-conjecture. More techniques can be found, for example, in [38],

[14], [18] or [20], among others. The chapter is structured as follows:

In Section 3.1, we study one of the many notions of groupoid equivalence
existing in the literature. More precisely, we study the concept of Kakutani equivalence,
sometimes named as Morita equivalence (see [36]). Other types of equivalence can be
found, for example, in [21], as well as the relation among them. Kakutani equivalence is
known to preserve all the invariants involved in Matui’s HK conjecture. Hence, it is a

common tool in its study.

In Section 3.2 we introduce the notion of cocycles, that is, groupoid homomor-
phisms from G to an abelian group I' (considered as a groupoid). We then relate the
invariants of a groupoid, under certain conditions, with the invariants of the associated
skew-product groupoid arising from the cocycle. We show special interest in the case
I' = ZF. This technique has been broadly used in the study of Matui’s HK conjec-

ture (see, for example, [46]), usually in combination with Kakutani equivalence (see [21]).

We devote Section 3.3 to give the basic notions concerning spectral sequences.
For a more detailed account, we direct the reader to [39] or [64]. Following that, we use
the techniques appearing in [4] in order to explicitly build Kasparov’s spectral sequence
for K-theory (see [29]).

We finish the chapter recalling in Section 3.4 the work of Scarparo, published in
[56], where the author builds the first counterexample to the strong version of Matui’s

HK-conjecture.
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3.1 Kakutani equivalence

In [21], the authors introduce a serie of different types of groupoids equivalence,
and the relations among them. Here we describe one of them: Kakutani equivalence. This
notion will play an important role throughout this document. Indeed, it has been proven
that Kakutani equivalence preserves all the invariant objects involved in our work, that
is, the homology groups and the associated K-theory (see, for example, [21]). We recall
those results here.

We should note that some texts refer to this notion as Morita equivalence (see [38]),
since whenever two étale groupoids are Kakutani equivalent, their reduced C*-algebras
are strongly Morita equivalent.

Definition 3.1. Let G,H be étale groupoids, with both G© and H® compact and
totally disconnected spaces. We say that G is Kakutani equivalent to H if there exist
full clopen subsets Y C g<0>, Z C HO such that Gly = H|z. O]

Kakutani equivalence is, indeed, an equivalence relation. Symmetry and reflexivity are
trivial, so we must just prove transitivity. Before proving it in Lemma 3.5, we need to
show a couple of results. Throughout this subsection, all groupoids will be étale, with
compact and totally disconnected unit space. We also keep our standing assumptions
stated in section 2.1.2.

Definition 3.2. Let G be a groupoid, and let f € C(G),Z), with f > 0. Define

Gr = 1{(9.1,) € G X Zx L:0<i < f(r(g)), and 0 < j < f(s(g))}.

Then Gy is a groupoid, under the following structure:

G\ = {(2,4,1) € GO XL x Z:0< i < f(a)},
(gvinj)il - (gilaj} Z); and
(g7l7j)(h7j7l) = (gh7ll7 l)7
whenever (g,h) € G®. O

Straightforward computation shows that the groupoid Gy, together with the topology

induced from G x Z x Z, is an étale groupoid. Moreover, the subset
{(2,0,0):2€G"} c g

is full in Gy.

Lemma 3.3. ([36, Lemma 4.3]) Let G be a groupoid, and let Y C G be a full clopen
subset of G. Then there exists f € C(Y,Z), and an isomorphism 7 between (G|y); and
G, satisfying 7(g,0,0) — g, for all g € Gly.
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Proof. Take x € G \ Y. Since Y is full, we can always find g € r~*(z) N s~ (V). Take
a compact open bisection U, such that g € U,, r(U,) C GO\ Y, and s(U,) C Y. It
is clear that {r(U,) : # € G \ Y} is an open covering of G(® \ Y. Hence, we can find
Ty, Ty € GO\ Y such that 7(U,,),...,r(U,,) form a finite subcover of GO\ Y. We
can refine this to make it a mutually disjoint cover, defining the following open compact

bisections inductively:
Vi = lev

Ve =U, \r ' (r(Vi U...UV41)).
Then r(V1), ...,7(V,) are mutually disjoint, and their union equals to G \ Y.
Now, for each subset A C {1,2,...,n}, fix a bijection ay : {1,...,|A|} = A. Fory € Y,
define A(y) :={l e {l,...,n} :yes(Vy)},and f: Y — Z as f(y) = |A(y)|]. Each s(V}) is
clopen, hence f € C(Y,Z). Fixy € Y. Then, for any 7 < f(y), define [; := a(,(¢). Note
that this is just a way to enumerate the Vs whose source contains y, and then choosing
the @ — th one. Then we can define 6 : (Q|y)§c0) — G as

. Y t=20
0(y,i,1) = :
(slv,)"'(y) otherwise
The reader may check that
©(g,4,7) = 0(r(9),i,7) - g - 0(s(g), 5, 7) "

defines an isomorphism between (G|y) and G. O
The following result, appearing in [36, Lemma 4.4], shows that two reduction sub-
groupoids of the same groupoid are Kakutani equivalent whenever the subsets are full.

Lemma 3.4. Let G be as above, and let Y,Y' C G© be full subsets of G. Then Gly is

Kakutani equivalent to Gly-.

Proof. Take f € C(Y,Z), and let 7 : (G|y); — G be as in Lemma 3.3. Define the clopen
subset Z C Y given by
Z={yeY n(y.k,k)eY' forsome0<k< f(y)}

Since Y is full, we can see that Z is also full. Let
g(2) :==min{k € {0, ..., f(2)} : 7(2, k, k) € Y'},

for each z € Z, and define U = {n(z,9(2),0) : z € Z}. Then U is a compact open
bisection of G, satisfying s(U) = Z, and r(U) C Y'. Thus, r(U) is clearly a full subset
of G contained in Y”, such that G|z is isomorphic to G|,). Hence, G|y and G|y are

Kakutani equivalent. O
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Lemma 3.5. ([36, Lemma 4.5]) Let G1,Gs,Gs be étale groupoids with compact, totally
disconnected unit spaces, such that G, is Kakutani equivalent to G, and Gy is Kakutani

equivalent to Gs. Then G, is Kakutani equivalent to Gs.

Proof. The hypothesis implies the existence of Y;,Y5, Y5, Y3 full clopen subsets of
G1, Go, G3 respectively, together with maps m, 7', such that m : Gsly, — Gily,, and
7 : Galy; — Gsly, are both isomorphisms. Using the previous lemma, there exist Z C Y3,
Z' C Yy full clopen subsets of Gy such that Go|; = Gy|z. Hence, Gilr(z) = Gslw(z),
concluding the proof. O

Corollary 3.6. Kakutani equivalence is an equivalence relation. O

A different approach to the proof of the last statement can be found in [11, Theorem
3.2], where the authors prove that, for ample groupoids G, H with o-compact unit spaces,
Kakutani equivalence is equivalent to the condition G x R = H x R, where R is the
full countable equivalence relation, that is, R = N x N. This condition is referred to as
groupoid equivalence.

Among other applications, we can use Kakutani equivalence to study the HK-conjecture:
Lemma 3.7. Let G, H be Kakutani equivalent groupoids. Then C}(G) is strongly Morita
equivalent to C*(H), that is, C(G) ® K = C*(H) @ K. Hence, K;(C}(G)) = K;(C(H)),
fori=0,1.

Proof. Let Y C G© be a full clopen subset. Then C*(G|y) is canonically isomorphic
to the hereditary subalgebra 1y C*(G)1ly of C(G). Therefore, if G and H are Kakutani
equivalent, their reduced C*-algebras are strongly Morita equivalent. Thus, their K-

theory groups coincide. O]

The first proof of the following theorem appeared in [14, Corollary 4.6]. However, it is
quite technical, and so we will go with the one appearing in [36, Propositions 3.5-3.6].
Before that, we need to define the notion of similarity.

Definition 3.8. Let G,H be étale groupoids. Two étale homomorphisms p,o : G — H

are said to be similar if there exists a continuous map 6 : G©© — H such that

0(r(g))p(g) = a(g)0(s(g)),

for all g € G. If such 0 exists, it is automatically étale.
Two groupoids G and ‘H are said to be homologically similar if there exist two étale
homomorphisms p : G — H and 0 : H — G such that o o p is similar to idg, and p o o is
similar to idy.

O
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With this in mind, we can use the results of [36] to prove the theorem below.
Theorem 3.9. Let G,H be Kakutani equivalent ample groupoids, and let A be an
abelian group. Then

H,(G,A) = H,(H,A),

for all n € N.

Proof. The proof has two steps. First, we prove that groupoid homology is invariant
under similarities. Second, we will prove that G is homologically similar to G|r. Let us
show it:

Suppose that p,o : G — H are similar étale homomorphisms. Then there exists a
continuous map 6 : G — H such that 0(r(g))p(g) = o(g)0(s(g)), for all g € G. For
each n € NU {0}, define h,, : C.(G™, A) — C,(H™+Y, A) as follows. Let hg := 6,, and
B = 3 (= 1)ky., with k; : G® — HOH) given by:

(Q(T(gl))>p(gl)>p<92)> s p(gn)) ] =0
ki(gis-gn) =S (0(g1), .-, 0(95),0(5(95)), p(gj1)s - p(gn)) 1<j<n—1
(a(g1);0(g2), -+, 7(gn), 0(s(gn))) j=n.

The reader may check that §; o hg = pfko) — aio), and

5nJrl o hn + h/nfl o (Sn = pin) - 0£n)7

where p(™ denotes the induced map p™ : G — H™  Note that this means that pin)

and o™

are homotopic. Hence, we get H,(p) = H,(0).
Now, if G is homologically similar to H, we have two homomorphisms p, ¢ such that poo

is similar to idy, and o o p is similar to idg. But then:

H,(idg) = idu,g) = Hn(o 0 p) = Hy(0) o Hn(p), and
Hn(Zd’H> = ZdHn(’H) = Hn(p o U) = Hn(p) o Hn(a)
Hence, H,(p) = H, (o)™, and H,(G, A) = H,(H, A). This completes the first step.

For the second step, we use similar strategies to the ones used in Lemma 3.3.

First, take an open full subset F C G and suppose that there exist some continuous
map 6 : G — G, such that r(d(z)) = =, and s(d(z)) € F, for all z € G©. Define
p:G—Glrasplg) =0(r(g) 'gb(s(g)), for all g € G, and o : G|p — G as o(g) = g, for
all g € G|p. The reader may check that, under those maps, G is homologically similar to
G|r. Hence, all is left to do is to prove that the map 6 always exists.

Take a countable family of compact open bisections {U,,} such that {r(U,)} covers G,
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and s(U,) C F, for all n. Define compact open bisections Vi, ..., V}, inductively by
Vi ="U;, and
Vi =U, \r ' (r(ViU ... UV,_1)).

Then the map 6 : G© — G given by 0(x) = (r|y,) '(z), for x € V,, satisfies the

assumptions stated above, concluding the proof. O

Corollary 3.10. Let G,H be Kakutani equivalent groupoids. Then, if G satisfies HK

conjecture, so does H.
Proof. Immediate combining the previous results. O]

As shown above, Kakutani equivalence is a powerful tool in the study of the HK conjecture
for certain families of groupoids. Here we show some of the most direct results.
Lemma 3.11. Let G be a compact elementary groupoid, that is, a compact and principal
étale groupoid. Then G is Kakutani equivalent to a trivial groupoid, i.e. a groupoid H
such that H = H©.

Proof. The proof is deduced from [22, Lemma 3.4]. Since G is totally disconnected,
we can find a clopen partition G = | |°, X; where each X; satisfies that |G(x)| = i
for all z € X;, where G(z) denotes the orbit of 2. Compactness of G0 implies that this
partition is finite, and that X., = 0. Indeed, suppose = € G such that |G(x)| = oo,
and let {v,}n := {2G}, where 2G := r~!(z), as in Corollary 2.37. Since G is compact,
{Vn}n must have an accumulation point v € G. Then {z},, = {r(y.)}n — 7(7) = z, by
continuity of the range map. Finally, since zG is discrete in G (see Corollary 2.37), we
deduce that there exists some m € N such that v, = v for all n > m. Therefore, the
orbit G(z) is not infinite, and X, = (.

With this in mind, we can write G as the disjoint finite union G = |_|?:1 Glx,, for some
n € N. Since G is principal, all G|, are also principal. Each G|y, is isomorphic to an
equivalence relation where each class contains exactly ¢ elements, and hence, for each
i, there exist some G|y -full clopen subsets Y/ C X; such that X; = |_|;.:1 Y/, and

Glys =Y/, for all 1 < j <. Therefore, denoting Z := | ] V;', we have that G|, = Z, as
; i=1
desired. O

Corollary 3.12. Let G be a compact elementary groupoid. Then G verifies the HK-
conjecture, with K,(C}(G)) = 0, H,(G) = 0 for all n > 0, and Hy(G) = Ko(C!(G)).
Moreover, the isomorphism is the natural one, given by [1y]n, — [lv]k,, for any compact
open U C GO,
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Proof. Immediate after using Corollaries 2.75 and 3.10, combined with the last lemma.
O

We can extend this result to AF groupoids.
Lemma 3.13. Let G be an AF groupoid with compact unit space. Then G satisfies the
HK-conjecture. Moreover, the isomorphism is the natural one, given by [1y]|uy, — [1v]k,,

for any compact open U C GO,

Proof. Let G = |J K;, with ; elementary groupoids. Then C(G) is given by the closure

=0

of the increasing union of C}(k;) (i.e., it is an AF algebra). Since K, is a continuous
functor, we can compute K;(C*(G)) =0, and K(C!(G)) = @(KO(C:(Ki))).

On the other hand, combining Proposition 2.50, Lemma 2.75 and the previous corollary,
we deduce that H,(G) = 0 for any n > 0, and

Hy(G) = lim(Ho(K5)) = lim (Ko (G (K))) = Ko(Cr(G)),
concluding the proof. O

Moreover, it was shown in [21] that this result extends to the case of non-compact ele-
mentary and AF groupoids. The techniques used in the proof are similar to the ones
used for the compact version. Hence, we just show here the result, and direct the reader
to the original source for further details.

Theorem 3.14. ([21, Theorem 4.10]) Let X,Y be locally compact Hausdorfl spaces
such that Y is o-compact and totally disconnected, and let ¢» : Y — X be a local
homeomorphism. Then H,(R(¢)) = H,(X) = 0 forn > 1, and Ho(R(y))) = Ho(X) =
C.(X,Z) under the map given by [¢.(1y)] — [1y].

Moreover, the groupoid C*-algebra C*(R(1))) is an AF algebra, the map 1, induces an
isomorphism Ko(C*(R(v))) = C.(X,Z) such that the diagram

C'C(Y, Z)
Z. ‘ ),
Ko(C*(R($))) ———— Cu(X, Z)

commutes, and K;(C*(R(v))) = 0. In particular, R(v) verifies the HK-conjecture.

Corollary 3.15. AF groupoids satisfy Matui’s HK-conjecture. O]
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3.2 Cocycles
Cocycles usually provide a way to simplify the study of both homology and K-

theory associated to an étale groupoid. They transform the direct computation to the
study of either a certain exact sequence of homology or a crossed product algebra. In
this line, we will show special interest in cocycles over ZF.

A cocycle is a continuous groupoid homomorphism ¢ : G — ', with [ an abelian group
(considered as a groupoid).

Definition 3.16. Let ¢: G — I' be a cocycle. We define the associated skew product
groupoid G x.I" as the set G x I, together with structure:

r(g.7) = (r(9),7),
s(g,7) = (s(g9), v + c(9)),
(9,7)(h, v+ c(9)) = (gh,7), and
(9,77 = (97", v +clg)), whenever (g, h) € G*).

Moreover, there is a natural action ¢ : T’ ~ G x.T" given by ¢,(g,7) = (9,7 + ). H

One can usually study G x.I' indirectly, through the consideration of ker(c):
Lemma 3.17. Let G be a groupoid, and let ¢ : G — I' be a cocycle. Suppose that
GO x {0} is full in G x.T'. Then G x.I' is Kakutani equivalent to ker(c).

Proof. Tt is clear that G(©) x {0} is a clopen subset of (G x,T')©® = G© x I Then
(G X D)lgo oy = {(9,0) € G x.T': c(g) =0} = ker(c), as desired. O

Some of the most useful applications of cocycles arise when considering I' = Z*. The
following results will provide a powerful tool when computing either the homology or the

K-theory associated to a groupoid.

3.2.1 Long exact sequence in homology

Given a cocycle ¢ : G — Z, we can compute the homology groups of G by studying
a certain long exact sequence in homology. Note that, for clarity matters, we make a
slight abuse of notation, using the same symbols to denote the maps induced in homology
and the maps induced in the algebras.
Theorem 3.18. (/46, Lemma 1.3]) Let G be an étale groupoid with G a locally
compact, Hausdorff and totally disconnected space, and let ¢ : G — 7Z be a cocycle.

Then there exists a long exact sequence

1d—&?

0~ Ho(G) ~—— Ho(G X Z) < Hy(G % ) ~— Hy(G) ~—— H\(G x.Z) (3.1)

Tm-eﬁ)
1d—e{?

v H3(G) —= Ha(G X Z) —= Hy(G X Z) — Hy(G) — H1(G x.Z)
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where the maps égz) are induced by the action ¢ : Z ~ G X Z, with ¢,(g,1) = (g,i + 1).

Proof. Let ¢; be as above, and consider

Idfag")

0— C.((G x.2)™.7)

where 7™ is induced by the map 7™ : (G x. Z)™ — GM™ given by

C.((G x.Z)™,7Z) " —> C.(G™,Z) = 0, (3.2)

((91,71), ---(gnyin)) — (g1, .-, 9n). Those are short exact sequences Clearly, 7™ is a
surjective map, and Id — &) is injective. Moreover, '™ o (Id — é§§ﬁ )(f) =0, for all
f€C.((G x.Z)™,Z). Thus, all is left to do is to prove that ker(7\™) C Im(Id — &\™).
Let us show it.

Denote by (G X, Z)Z(-n) the set of elements

{((91,9), (g2, i+ c(91)), -, (Gus i+ (g1) + oo 4 €(Gn-1))) : (91, -, Gn) € G} C (G % Z)™.

For clarity matters, we will write the elements of (G X.. Z)En) as (g1, -, In)i-

Now take f € k:er(m(fl) ). Since it has compact support, we can always find some m € N,

f:Zfzu

for some f; € C.((G x. Z)™, 7Z) verifying supp(f;) C (G x. Z)Z(-n), for each 1.
We claim that

and write

S+ 60 1) + G2 Fon2) + o+ (@2 (fom) = 0.
Indeed, if f € k:er(ﬂin)), then
Z f((gla >gn)z) - Oa

for all (g1, ..., 9,) € G™. Then, for an element of (G x.. Z)ﬁf), we have:

Pt & ) + (B2 (Frna) + oo+ @2 Fo)) (91, s Gn)m) =
=Fn (g1, s Gn)m) + (91, s Gn)m1) + oo A Fom (G150 Gn)—m) =

=3 F(g1s e g0)i) = 0.

i=—m

Moreover, for an element of (G X, Z)(-n)

(it &2 (Ft) + (G2 (Fna) + oo+ @DV i) (915 0n 00);) =
:fm((glu -‘-agn)j> + fm—l((gla "'7g7l>j—1> + ot f—m((Qb -‘-7gn)—j) =
=0+..+0=0,

, with j # m, we obtain:
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hence concluding that the equality

o+ & (fr) + (@0 (frum2) + oo+ (602 (fom) = 0

holds. Therefore, using this equality, we deduce

F=3 fi=furt et fom = & Fnt) = (@2 (frrz) = oo = G (o) =

i=—m

= (frrr = A F 1))+ oz = &2 (fn2)) + (@7 (fra) = EE (f))) +
b (fom = A2 (Fo) + o+ (@D fo) = EED ™Y (fom)) € Im(Id — &),

making (3.2) a short exact sequence, as desired.
Then, the long exact sequence of homology associated to (3.2) gives us the exact sequence
(3.1) as claimed. O

There is a more general result relating the homology of a groupoid with the homology
of the associated skew product groupoid G x. I', involving a certain spectral sequence.
If the reader is unfamiliar with the basics of spectral sequences, we will devote a short
introductory section about them later in this chapter.

Theorem 3.19. ([36, Theorem 3.8]). Let G be an étale groupoid, A an abelian group,
and let I' be a countable discrete group, such that there exists some cocycle ¢ : G — T'.

Then there exists a spectral sequence
Eliq = HP(F’ Hq(g Xe FvA)) = Hp+q(g7A):

where H,(G x.TI', A) is regarded as a I'-module via the action ¢ : I' ~ G x. T
Moreover, whenever there exists an action ¢ : I' ~ G, then there exists a spectral

sequernce
Eliq - Hp(rv Hq(ga A)) = Hp+q(g Ny I, A)
[]

The proof of this theorem is out of the scope of this work.
We have shown how groupoid homology can be studied when there is a cocycle involved.

Let us now introduce some results concerning its associated K-theory.

3.2.2 Crossed product C*-algebra associated to a cocycle

Recall that, given a cocycle ¢ : G — T, there is an induced action ¢ : I' ~ G x. T’
given by ¢,(g,7) = (g9,7+p), for € I'. Since every automorphism of a groupoid induces
an automorphism on its associated C*-algebra, we obtain an induced action « of I' on
C*(G x.T"). We can use this in order to study the C*-algebra of G.
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Lemma 3.20. ([21, Lemma 6.6]) Let G be an amenable, Hausdorff, second countable
étale groupoid, and let ¢ : G — Z¥ be a cocycle. Denote by « : ZF ~ C*(G x. ZF) the
associated action. Then the crossed product C*(G x.7Z) x, Z* is stably isomorphic to
C*(G). This isomorphism extends to an isomorphism C?(G x . ZF) x, ZF =2 C*(G) @ K.

Proof. A cocycle ¢ : G — Z* determines an action of T* by automorphisms of C.(G)
given by (z - f)(y) = 20 f(y), for all v € G. This extends to an action ¢ of
T* by automorphisms on C*(G). Straightforward computation shows that the map
0 : C*(G x.ZF) — C*(G) x, T* that carries f € C.(G x {n}) C C.(G x.ZF) to the
function z — (y — 2" f(v,n)) € C(T*, C*(G)) C C*(G) x, T* is an isomorphism.

By construction, it follows that the map 6 intertwines with both « and the dual action
¢ on C*(G) x, T*. Hence, Takesaki-Takai duality (see [63, Theorem 4.5]-[62, Theorem
3.4]) implies that C*(G x,Z*) x4 Z* is stably isomorphic to C*(G). Indeed, we have that

C*(G X ZF) o ZF =2 (C*(G) 1, TF) x4 ZF 2 C*(G) ® K.

For further details about this isomorphism, see [49, Theorem 7.9.3].
Finally, the amenability of the skew product G x. Z* follows from that of G (see [52,
Proposition I1.3.8]), extending the result to the reduced C*-algebras. O]

The above result is a particular case of [27, Theorem 5.9], where the group Z* can be
replaced for any discrete group, and dual actions are replaced by coactions in the non-
abelian case. Both of the families of groupoid involved in our work (Deaconu-Renault
groupoids and self-similar groups) can be studied using a cocycle ¢ : G — ZF. Thus, we
stick to the simpler statement, and direct the reader to the work of Kaliszewski, Quigg
and Raeburn for further details.

Remark 3.21. Throught this work, we will usually write A X, Z simply as A x Z, with
« an action of Z on a C*-algebra A. We will, however, keep the subindex whenever we

want to outline the action involved. O

Lemma 3.20 stablishes a stable isomorphism between the C*-algebra associated to
a groupoid and a certain crossed product C*-algebra associated to its skew product
groupoid. It is a well known fact that stable isomorphisms of C*-algebras preserve the
K-groups (see, for example, [53]). Hence, all is left to do is to find a way to describe
the K-theory of a crossed product algebra A x ZF, given that we know K,(A). There
are two major results in this matter. The first one is the Pimsner-Voiculescu exact se-
quence, a six-term exact sequence that relates K,(A) with K,(A xZ). The second one is
Kasparov’s spectral sequence, a more general result that allows us to study K, (A x Z*).

Both approaches are strongly related. In fact, it is shown in [5, Proposition 10.4.1] that
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the Pimsner-Voiculescu exact sequence can be deduced using the same techniques that
the ones used to study Kasparov’s spectral sequence.

We begin studying the Pimsner-Voiculescu exact sequence. We will provide a sketch of
the proof, and direct the reader to the original source for further details: [51, Theorem
2.4] for the unital case, and [51, Remark 2.7] for the non-unital one.

Theorem 3.22. (Pimsner-Voiculescu exact sequence for K-theory).

Let A be a C*-algebra, and let o be an action of 7Z on A by automorphisms. Denote
by A x 7Z the associated crossed product C*-algebra (see, for example, [53]). Then the

diagram

id — Ko(o) Ko(j)

Ko(A) ———— Ko(A) ——— Ko(A x 2)

| |

Ki(AxZ) W Ky (A) ‘m K (A)

is exact, where A is considered as a subalgebra of A x 7, under the embedding j.

Proof. Let C*(S) be the C*-algebra generated by a non-unitary isometry S. The Toeplitz
algebra T(4.) associated to the action o : Z ~ A is defined as the subalgebra of
(AXZ)®C*(S), generated by A® I, and u® S*, where u denotes the unitary associated
to the crossed product. We will use that there exists an isomorphism K, (7(a,q)) = K.(A)
(see, for example, [51]).

By construction, one has the short exact sequence
0—-K—C*S)— C*(T) =0,
which induces a short exact sequence
0> ARK S Tian — AXZ — 0.

It can be proven that the isomorphism K.(7(a,)) = K.(A) can be described by the
following commutative diagram

K. (A®K) K*—(L)> K. (Tam)

]

(A) m’ K.(A)

2
1%

K

*
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The Pimsner-Voiculescu exact sequence is then obtained as the six-term exact sequence

of the extension above. O

In a more general setting, the following result studies the K-theory of a crossed product
by ZF, via spectral sequences. Here we just state the theorem, appearing in [29, Theorem
2]. In the following section, we fully build the cohomological spectral sequence using the
strategies of [4] and [54].

Theorem 3.23. (Kasparov’s spectral sequence).

Let A be a C*-algebra, and let « be an action of Z* on A by automorphisms. Then,

there is a homological spectral sequence:
Eg,q = Hy(Z", Ky(A)) = Kpig(AXZF),
and a cohomological spectral sequence
Byt = HY(ZF, Ky(A)) = Kpiqrn(A % ZF),

both converging to the K-theory of the associated crossed product. O]
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3.3 Spectral sequences

So far, we have introduced two major results involving spectral sequences, without
talking the least about what is a spectral sequence. For this reason, in this section we
provide a (very brief) guide to spectral sequences, for those who just want to understand

the statements above. An in-depth guide on spectral sequences can be found in [39].

3.3.1 Terminology

Definition 3.24. A (cohomological) spectral sequence in an abelian category A is a
family { EP9} of objects in A, for all p,q € Z, r € N, together with maps

qd . 5 q— 1

art . EPt — E7{’+Tq r+

that are differentials, in the sense that dP? o dP="97"~1 = (), satisfying that
EPY = ker(dP?)/Im(dp=7—1),

The bigraded object { EP9} will be called the r-th page of the spectral sequence. One

can picture the first page of a spectral sequence as follows

EY? E}? E?? ) —
EY? E}? E?? ) —
B! B! B! ) —
EY? E}° E>° ) —i

We say that a spectral sequence reaches its limit at the ro-th page if E?4 = EP:?, for

every p,q € Z, and for every r > rq. O

Remark 3.25. Analogously, one can define a (homological) spectral sequence by in-
All of the

results shown here can be rephrased to the homology counterpart. O]

verting the bidegree of the differential maps, that is, d;q B, B i

One can see that E7, is a subquotient of EP4, for all r,p,q. More precisely, denote
Zy = ker(dy), and By = Im(dy). Although Z;, By are bigraded objects, we drop the
superindexes p,q for a matter of clarity. The differential condition over the maps d,
implies By C Z; C E,. Write Zy = ker(dy : Ey — E,). Clearly Zy C Ey = Z,/By, and
hence it can be written as Z,/ By, for some Z, C Z;. Similarly, we can find some B, such
that I'm(dy) := By = By/B;, and so

B, € By C Z, C Zy.
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Moreover, Es & Zy/By = (Zy/B1)/(By/B1) = Zy/ Bs.

Iterating this process, we obtain an infinite tower
By C By CBsC...CZ3C 7, C 7y,

satisfying F, 4 = Z,./B,, for each r € N.
Definition 3.26. Let (EP?,dP?) be a spectral sequence in A. Define the bigraded
objects:

B, = U B, and

r=1

Zoo = () Zo.
r=1

Then we define the limit term as EP4 := 7%/ BP1.

If the spectral sequence reaches its limit at some ro-th page, then E%7 = EP4. O

We now provide the definition of convergence. We show two definitions: one for the
homology and another for the cohomology case, since the extrapolation from one to

another may not be trivial.
Definition 3.27. ([64, Definition 5.2.11]) Let H, := {H,},, be a family of objects in A.

e We say that a homological spectral sequence (E;jq, d;,q) weakly converges to H,
if, for every n, H, has a filtration

..C F,1H,C F,H, C F,,H, C..CH,,

such that, for every p, q, there exists an isomorphism EJ5 = F,H,,, JFp1Hptq.

e We say that (£} ,,d,,) approaches H, if it weakly converges to H,, and it

satisfies H,, = UF,H,,, 0 = NF,H,.

e Then (E} ,,d; ) converges to H, if all of the following conditions hold:

47 Dy

1. (E} . d ) approaches H.,.

D9’ 7Py

2. (B}, d; ) is regular, meaning that, for each p,q, the differentials d; , are all

eventually zero for large enough r.
3. For each n, H,, = I'Ln(Hn/FpHn).

The usual notation for a convergent homological spectral sequence is:

r
Ep,q = Hp+q
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Definition 3.28. Let H* := {H"},, be a family of objects in A.

e We say that a cohomological spectral sequence (EP9, dP?) weakly converges to
H* if, for every n, H" has a decreasing filtration

.. C Fptlgn C pr™ C PP C ... C H™,

such that, for every p,q, there exists an isomorphism EP4 = FP P4 /[Pl pta,

o We say that (EP? dP?) approaches H* if it weakly converges to H*, and it
satisfies H® = UFPH"™, 0 = NFPH™.

e Then (E?? dP9) converges to H* if all of the following conditions hold:
1. (EP9, dP7) approaches H*.

2. (EP1 dP9) is regular, meaning that, for each p,q, the differentials d>? are all
eventually zero for large enough r.

n o __1; n D IJNn
3. For each n, H" = mpafoo<H JFPH™).
The usual notation for a convergent cohomological spectral sequence is:

Equ = Hp+q

]

Note that we can ignore the last condition whenever the filtration is finite, in the sense
that, for all n, F*H™ = F''H" for large enough ¢, and F*H"™ = Fs~1H" for small
enough s. Finite filtrations such that F*H™ = 0 and F*H"™ = H" are usually called
bounded. A similar argument can be made in the case of homological spectral sequences.
We provide here a few examples of convergent spectral sequences, for both the homology
and cohomology cases:

Example 3.29. We say that a spectral sequence collapses at the r-th page (r > 1)
if there is only one non-zero row (or column) in {E] }. A collapsing spectral sequence
reaches its limit at the r-th page, since the differential maps are forced to be zero.
Straightforward computation shows that a collapsing spectral sequence converges to the
limit term H, := E” = E> where q is the only non-zero row. Indeed, consider the

n—q,q n—q,q’

trivial filtration F,H, of H, given by
..C0C..COCH,CH,C..

where F;H,, = H,, whenever j > n — q, and 0 otherwise.
Then, for any fixed n, E;° = H, = H,/{0} = F,_(H,/F, 4 1Hy,, as desired.
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It is important to note that a great number of applications of spectral sequences rely on
spectral sequences that collapse in the early pages.
Example 3.30. Suppose that a homological spectral sequence converging to H, has

E;q = 0 unless p = 0,1. Then there are short exact sequences of the form
0—E§, > H,—E}, | =0

Indeed, the differential maps d,, , : E, , — E,_, ., are trivial for all r > 2, since either
domain or codomain lies on a row different than 0,1, forcing them to be zero. Hence
the spectral sequence reaches its limit at the page 2. Then, convergence of the spectral

sequence means that there exists a filtration F,H, of H,, such that, for each p, q, we have
FpHerq/pralJrq = Ez%,q‘

Then, for all p < 0, we have F,H,,/F,_1H,+, = 0, and therefore F,H,,, = F,_1H,,.
Since the spectral sequence approaches H,, we deduce that F,H,,, =0 for allp < 0. A
similar argument can be made to show that F,H, , = H,, for all p > 1.

Then, for p =1, = n — 1, we have that
FiH,/FoH, = H,/FoH, = B}, _ ),

and forp=0,g=n
FyH,/F_H, = FyH, = E?

0,n

Therefore, we deduce that there exists a short exact sequence
0— Ej, =~ H,—E;, | =0

as claimed.

]

The following two examples will appear when dealing with Deaconu-Renault groupoids
later in this document. They are, mostly, the same one, but one refers to a homological
spectral sequence, and the other to a cohomological one. We believe it is worthwhile to
put both here, so the reader may notice the subtle differences.

Example 3.31. Suppose that a homological spectral sequence (E;’q, d") converging to
H, has Eﬁ,q = 0 whenever q is odd, and suppose that Eiq = 0 unless p = 0,1,2. Then

we have
1,n—1 n

whenever n is odd, and
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0— E§, = H,—E3, ,—0

whenever n is even. Let us show it:

First, note that, since all the odd rows are zero, the differentials of the second page
a2, B, — E2, ., are all zero (since either domain or codomain lies in an odd row),
and hence Eiq = E;’vq. Moreover, since E’g’q is zero unless p = 0, 1, 2, the differentials d;, ,
are also zero for every r > 2 (since either domain or codomain lies in a column different
than 0,1,2). Hence, we conclude that the spectral sequence reaches its limit at the page
2.

For each n € Z, let F,H,, be the filtrations for H,, associated to the convergence of the
spectral sequence. Using similar arguments as the ones in the previous example, it is
straightforward to check that F,H, = 0 whenever p < 0, and F,H, = H, whenever
p > 2. Hence, the filtrations are of the form

{O}::-FLIELLQ;PBELLQEPHELLQEPEELLZZELV

We study the filtrations of H,, considering separately the two cases, n odd and n even.
First, suppose that n is odd. Then FyH, /FH, = E227n72 = 0, and hence H, = FyH, =
F\H,,. Moreover, FoH, /F_1H, = Eg}n =0, and thus FyH, = F_1H, = 0. Therefore

}affn/ﬁbfﬁlzzfﬂlgéﬁﬁmfl7

as desired.

Now, suppose that n is even. Then FyH,/F\H, = E227n72. Moreover, F\H, /FyH, =
Ein_l = 0, meaning that F\H, = FyH,, and FyH,/F_H, = FoH, = Eg,n. Combining
those three results, together with the fact that FyH, = H,, we obtain a short exact

sequernce
0— E§, = H,— E3, 5 —0

as claimed.

A similar study can be made for any finite number of columns, although the extension
problems grow.

The reader may note that, if the rows repeat periodically (in the sense that E;Z- = Equ iy
fori = 0,1, and all p,q), then Hs, . ; and H; agree up to extensions problems, with n € Z
and v = 0,1. This is usually the case when dealing with K-theory.

]

Example 3.32. Suppose that a cohomological spectral sequence (EP,d,) converging
to H* has E5% = 0 whenever q is odd, and suppose that EY? = 0 unless p = 0,1, 2. Then

we have
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Ey" Tt Hn
whenever n is odd, and
0— Ey"? = H"— EJ" =0

whenever n is even. Let us show it:
Using the same argument as before, we can conclude that the spectral sequence reaches
its limit at the page 2.
For each n € Z, let FPH"™ be the decreasing filtrations for H™ associated to the con-
vergence of the spectral sequence. As before, straightforward computation shows that
FPH™ = 0 whenever p > 2, and FPH" = H"™ whenever p < 0. Hence, the filtrations are
of the form

{0} = F°H" C F’H" C F'H" C F°H™ = H™.

We study the filtrations of H" considering separately the two cases, n odd and n even.
First, suppose that n is odd. Then F2H"/F3H" =~ E3""* = 0, and hence F?H" = 0.
Moreover, FOH" /F*H™ =~ Eg’" =0, and thus F°H" = F'H" = 0. Therefore

H" — FOHn _ FlHn _ FlHn/FZHn ~ Ele,n—l7

as desired.

Now, suppose that n is even. Then F'H"/F?H" = E;™ ' = 0, meaning that F'H" =
F2H"™. Therefore, since F*H" = 0, we have E3" * = F?H"/F3H" = F?H" = F'H".
Then, using the isomorphism Eg’” ~ FYH"/FYH", together with the fact FPH™ = H™,

we obtain a short exact sequence
2,n—2 n 0,n
0— Ej — H" = E;" =0

as claimed.
Both remarks at the end of Example 3.31 can also be used here.

m
We show one last example, similar to the previous one. We will use this in Subsection
4.4.1.
Example 3.33. Suppose that a cohomological spectral sequence (EP,d,) converging
to H* has EY? = 0 whenever q is odd, and suppose that EY? = 0 unless p = 0,1,2, 3.

Then we have exact sequences
0,n—1 n 1,n—1
0 — coker(ds" ") - H" - Ey" =0

whenever n is odd, and
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0— E3"? = H" — ker(dy™) — 0

whenever n is even. Let us show it:
Reasoning as in Example 3.32, we have that all the differential maps of the second page

are zero, and hence Fy = F3. Moreover, the third page of the spectral sequence is of the

form
0 0 0 0 0 0
0 EY° By’ E2° E° 0
dy°
0 0 0 0 0 0
0 Egiz E;.’*Q E§_f2 Eg’f2 0

where the only maps that may not be zero are dg’", with n even. Therefore, for all q

even, we have:

EP% = EY? whenever p = 1,2,
E% = EY = ker(dY?), and

3,q — 37q — 07q+2
E>1 = By = coker(dy®™).

Trivially, we have EP:? = (0 whenever q is odd.
We keep the convention n = p + q. Then, straightforward computation shows that
FPH™ = 0 whenever p > 3, and FPH"™ = H"™ whenever p < 0. Hence, the filtrations are
of the form

{0} = F*H" C F°H" C F*H" C F'H" C F°H" = H".
Suppose that n is odd. Then we have:

FYH"/F'H™ = E%" =0, and hence F°H" = F'H" = H".
F'H"/F?H" =~ Eln=1 = ot
F?H"/F3H" = E2"2 =0, and hence F*H™ = F*H".
F3H"/FAH™ = E3"=3 = coker(dy™ ™).

Since F*H™ = 0, the last equality translates into F3H" = coker(dy™™"). Then, combi-

ning all four equalities, we have a short exact sequence
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0,71—1 n 177’1,—1
0 — coker(d3" ") — H" — E, — 0,

as desired.

Now suppose n even. Then we have:
FOH™/FYH" = B9 = ker(dy™).
F'H"/F*H" = EL"1 =0, and hence F*H" = F?H™.
F2H"FPH™ & 22 = 3772
F3H"/F*H" = E3"3 =0, and hence FPH" = F*H" = 0.
Therefore, combining all four equalities (and since FOH™ = H™), we obtain a short exact

sequence
0— E3" % — H" — ker(dy™) — 0,

concluding the proof. O]

3.3.2 Exact couples

We have already shown what is a spectral sequence, but it remains to be seen how
they are built. In this section, we introduce one of the more common ways of creating a
spectral sequence. More methods can be found in [64, Chapter 5].
Definition 3.34. An exact couple is a pair of objects (D, E) in an abelian category

A, together with three morphisms i, j, k, such that the following diagram

D ! D
FE

is exact at every vertex, that is, ker(j) = Im(i), ker(k) = Im(j) and ker(i) = Im(k). O

Given an exact couple, one can always build the associated derived couple.

Let (D, E,i,j,k) be an exact couple. The map d; := j o k verifies d; o d; = 0, since
(jok)o(jok)=jo(koj)ok =0. Then, it makes sense to consider the associated
homology Fs := ker(dy)/Im(d;). Consider then the diagram
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where the morphisms are defined as:

i' = ilyp),
7' (i(a)) :=[j(a)], a € D, and
K'([e]) = k(e), for [e] € Es.

Let us check that those maps are well defined. If i(a) = 0, then a € Im(k), and hence
a = k(e) for some e € E. Therefore, j(a) = j(k(e)) € Im(j o k). In particular, i(a) =0
implies [j(a)] = 0 in Es.

On the other hand, k'([e1 +7(k(e2))]) = k(e1+j(k(e2))) = k(e1)+(kojok)(ex) = k(er) =
K'([e1]). Also, e € ker(j o k) implies that (j o k)(e) = 0, and thus k(e) € ker(j) = Im(i).
Hence k/'([e]) = k(e) € i(D), and k" is well defined.

Proposition 3.35. The triangle (i(D), Es, 4, j', k') is an exact couple. We called this
exact couple the derived couple of (D, E,i,j, k).

Proof. To check the exactness, let’s start with the upper left vertex:

Consider [e] € ker(j o k)/Im(j o k). Then i'(K'[e]) = i(k(e)) = 0, so Im(k") C ker(i').
For the other inclusion, take a € Im(i) such that i'(a) = i(a) = 0. Then a = k(e)
for some e € E. Since a € Im(i), write a = i(a’) for some o’ € D. Then
j(k(e)) = j(a) = j(i(a’)) = 0, therefore e € ker(jok). Taking [e] € ker(jok)/Im(jok),
we have k'[e] = k(e) = a, and so ker(i') = Im(k').

Let us now study the upper right vertex:

Let a € Im(i), and o’ € D such that i(a’) = a. Then j'(i'(a)) = j'(i(a)) = [j(a)] =
[7(i(a’))] = 0, hence Im(i") C ker(j"). On the other hand, let a = i(a’) for some a’ € D,
such that j'(a) = [j(a’)] = 0. Then j(a') € Im(j o k), so there exists some e € E such
that j(a’) = (j o k)(e). Then j(a' — k(e)) = 0, so @’ — k(e) € ker(j) = Im(i). Hence
we can find some b € D such that ' = k(e) 4+ i(b). In particular, a can be written as
a=1i(a") =i(k(e))+ (i0i)(b) = (i04)(b) € Im(i), and so ker(j") = Im(3').

Finally, for the lower vertex:

Let a € Imf(i), with a = i(a’) for some o' € D. Then we have k'(j'(a)) =
K'j(a)] = k(j(a)) = 0, and so Im(j’) C ker(k’). On the other direction, consider
le] € ker(jok)/Im(jok) such that k'([e]) = k(e) = 0. Then e € ker(k) = Im(j). Hence
e = j(a) for some a € D, and we have [e|] = [j(a)] = j'(i(a)), concluding the proof. [

As the reader may have noticed, this process can be iterated indefinitely. We can use
this to build a spectral sequence.
Proposition 3.36. Let D := DPY and E := EPY be bigraded objects in A, together

with morphisms
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i1:D—D
j:D—=F
k:E—D

of bidegree (—1,1), (1,0) and (0,0) respectively, and such that the triangle is exact, in

the sense that

Im(i) = ker(j),
Im(j) = ker(k), and
Im(k) = ker(i).

Fix £y := E, Dy := D, iy := i, j; :== j, and k; := k. Then, for each r > 1, define
(Eri1, Drgt, i1, Jri1, k1) to be the derived couple of (E,., D, i,,j., k), and denote
d, := jr o k.. Then the pair (E,,d,) is a (cohomological) spectral sequence.

Proof. By definition, the maps d, are all differentials. Straightforward computation shows

that their bidegree is (r, —r + 1), concluding the proof. O

Strictly speaking, one can allow k to have bidegree (m, —m), with m € N, and still obtain
a spectral sequence (starting at the (m + 1)-page, instead to the first one).

Moreover, a homology exact couple can be defined in a similar way, replacing the bidegrees
of i,j,k for (1,—1), (0,0) and (—1,0), respectively. This allows the differential maps d"

of the homology spectral sequence to have bidegree (—r,r — 1).

3.3.3 Spectral sequences associated to cofiltrations of
C*-algebras

One of the most common ways to build convergent spectral sequences is associating
an exact couple to a finite filtration or cofiltration. Here we show how.
Definition 3.37. A finite cofiltration of a C*-algebra B is a family of C*-algebras

F,, F,_1,...,F_1, together with surjective maps T;:

B=F,2F ™ 3 F3F,=0.

Any finite cofiltration of a given C*-algebra B induces a series of exact sequences:
0oL 5 55 F_, -0, (3.3)

where [, := ker(m). We can use this to build an exact couple.
Proposition 3.38. A finite cofiltration of a C*-algebra B induces a bigraded exact
couple (i.e. an exact couple with bigraded objects) and, hence, a (cohomological) spectral

sequernce.
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Proof. Consider the bigraded objects Dy, Ey given by Dy := DV E; := EP? where
DV = K, 4(F,) and EY? = K, ,(I,) Denote by 5% the boundary maps from K.(Fy—_1)
to K.;1(Ix) appearing in the respective six-term exact sequences. This, together with

the induced maps in K-theory associated to i, 7, defines the morphisms
K*(’ﬂ'*) : D1 — D17
0r: Dy — FEq, and
K*(l*) B — Dl,
of bidegree (—1,1), (1,0) and (0,0), respectively. The six-term exact sequences of (3.3)

ensures that the following triangle is exact

p— ),
K. (i) or
E,
and hence (D, By, K, (7.), 0%, K.(i,)) is a cohomology exact couple. O

This spectral sequence converges to the K-theory of the C*-algebra B. This is conse-
quence of the following two theorems, which we just state here, and direct the reader to
their original sources for further details:

Theorem 3.39. ([57, Theorem 2.1]). Suppose given a filtered C*-algebra

Agc AyCc...CA,C..CB

with |J A, = B. Define the bigraded objects L' := L, , = Kp14(A,), and E' .= E} =
Kyiq(Ay/A,), and denote by 0% : E}, — L, the respective index maps. Then the

homology spectral sequence associated to the exact couple

converges to K,(B), where i,, w, are the respective inclusion and projection maps.
If the filtration is finite, with A, = B for n > N, then E} = 0 for p > N + 1, and
EN = E>. ]
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Theorem 3.40. ([54, Theorem 9]). The spectral sequence for K-theory of a C*-algebra
B associated with a finite filtration of B by ideals A,, and the spectral sequence associated
with its corresponding finite cofiltration by quotients F,, = B/A,_,_1, are isomorphic, in
the sense that their associated exact couples are equivalent (see [54, Definition 17]). [

Combining both statements, we conclude:
Corollary 3.41. Let

B=F,2%F ™" 3F3F, =0

be a finite cofiltration of a C*-algebra B. The spectral sequence arising from the exact
couple (Dy, Ey, K. (m.), 0f, K.(i.)) associated to Equation (3.3), converges to K,(B).

P

Moreover, E¥" =0 forp >n+ 1, and E,, = E.

Proof. For each p, we have a surjection A, : B — F),, given as the composition of the
consecutive maps 7,. Then the kernels of A, provide a filtration of B, which satisfies
the relation of Theorem 3.40. Using Theorem 3.39, this spectral sequence converges to
K.(B), concluding the proof. O

Remark 3.42. There is a disparity of notation between both sources [57] and [54]. In
the first one, the author uses a filtration with increasing subindexes. In the second one,
the authors use decreasing subindexes. We have adapted the notation appearing in the
second one ([54, Theorem 9]), in order to match the convention of [57] (which is the one

we use throughout this work). O

Finally, we provide a picture of the consecutive differential maps of the spectral sequence.
In [4], the author gives a general description of the differential maps of the r-page, follo-
wing the work appearing in [54].

Lemma 3.43.  Let [z] € EP? be represented by = € K,.,(I,), and con-
sider its image under the map induced by the natural inclusion, given by
K, 4(ip)(x) € Kpiq(F,). Then there exists a lift y € Kpiq(Fpir—1) for Kyi,(ip)(2)
under the map K, yq(Fpir—1) = Kpiq(F},), such that

dpe([a]) = 63 (v)] € Bprer .

3.3.4 A spectral sequence for the crossed product by an
action of Z*

Here we show a method appearing in [4] and [54], in which Kasparov’s cohomo-
logical spectral sequence (see Theorem 3.23) is built explicitly from a cofiltration asso-

ciated to the crossed product algebra. Recall that, for a C*-dynamical system (A4, a, ZF),
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Kasparov’s cohomological spectral sequence is of the form
By = HP(ZF, Ky(A)) = Kpigin(A 3 ZY).

The construction goes as follows.

First, we define M (A), the mapping torus C*-algebra associated to a dynamical sistem
(A, o, ZF). This C*-algebra satisfies K, x(M,(A)) = K,(A x ZF). After that, we find
certain cofiltration of the mapping torus, and apply the previous section. This technique

appeared originally in [54]. Let us show it.

3.3.4.1 The mapping torus

We give here a definition for the mapping torus associated to a ZF-action. It can be
generalized to any abelian group (see [45]).
Definition 3.44. Let (A, «,Z") be a C*-dynamical system. The associated mapping

torus C*-algebra is defined as

MQ(A) = {f € C([O, 1]k,A) . f(tl, ---vtiflu 17ti+17 7tk> =
Oéi(f(tl, ...,ti_l,o,ti+1, ...,tk)), fO’l“ all 1 S 1 S k‘},

where a; denotes the action of the generator e; of ZF. O

Remark 3.45. We give two remarks on this definition:
e There is an equivalent definition of M, given by
Ma(A) = {f € CR* A): f(z +2) = a.(f(2)), z € Z'}.

e Moreover, the mapping torus of a ZF-dynamical system can be defined inductively.
Indeed, let o = (ay, ..., ). Then the reader may check that

O
The K-theory of the mapping torus has been broadly studied (see [5], [4], [48] or [54],
for example). The following theorem, a special case of [45, Corollary 2.5], relates the
K-theory of the mapping torus with the one of the crossed product. A proof of this
particular case can be found in [4, Theorem 1.2.6], or [48]. In the following section, we
show an explicit description of this result, appearing in [48]. Moreover, we prove some
key properties for the isomorphism. We will use this to prove Theorem 3.50, one of
the main technical results of this document, which will allow us to study the associated
K-theory of Deaconu-Renault groupoids in Chapter 4.
Theorem 3.46. ([45, Corollary 2.5]) Given a C*-dynamical system (A, «,Z"), there

exists an isomorphism
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U K, (Ma(A) 2 KL (A g ZF).

3.3.4.2 Naturality of the isomorphism

Here we prove that the isomorphism W, is natural in various senses, similar
to the axiomatics presented by Alain Connes [13]. We will use the following explicit

description appearing in [48].

We first recall various basic definitions and facts.
Let A be a C*-algebra and « an automorphism of A. There are two natural sequences

associated to (A, «). The first one involves the mapping torus M, (A):
0—95SA—— M, (A) —A——0 (3.4)
where M, (A) — A is given by evaluation at 0. The second one is the sequence

0—AQK—>Tua AxgZ—=0 (3.5)

associated to the Toeplitz extension of the crossed product A x, Z.
The first sequence (3.4) gives rise to a 6-term exact sequence

¢

K1 (A) —= Ko(Ma(A)) — Ko(4) (3.6)

| 0

K1(A) =— K1(Ma(A)) =— Ko(A)

where (4: Kij(A) — Kg(My(A)) is the composition of the Bott isomorphism
0a: K1(A) — Ko(SA) and the map Ky(SA) — K¢o(Ma(A)) induced by the inclusion
SA — M,(A), and similarly for (Y.

On the other hand, the Toeplitz extension (3.5) gives rise to the Pimsner-Voiculescu

6-term exact sequence (see Theorem 3.22 and its proof)

id—Ko (o)
_

Ko(A)

|

Ki(A Xy Z)<— K (A)

Ko(A) —— Ko(A x4 Z) (3.7)

|

K1(A)

id—Ki(a)

Paschke showed in [48] that the vertical maps in the sequence (3.6) are equal to
id— K,(a), and that there are isomorphisms K;(M,(A)) = K;+1(A x4 Z) which provide
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an isomorphism from the exact sequence (3.6) to the exact sequence (3.7).

We now recall the definition of W4, following [48].

Suppose first that A is unital and « is an automorphism of A. Then we define
Ut Kg(Mu(A)) = Ki1(A X, 2Z)

by
Va([p]) = [L*wip(0) + 1, — p(0)].

Here p is a path of projections in M,,(A) such that p(1) = a(p(0)) and {w;} is an imple-
menting path of unitaries in M,,(A) for p(t), and L is the canonical unitary associated to
the action.

We give also the definition for non-unital A. We will denote by A the unitization
of A, and by s: A — A the scalar map of Definition 2.66. In this case the map
Wyt Ko(Mo(A)) = Ki(A x4 Z) is the restriction of W;: Ko(Mga(A)) — A x5 Z to
Ko(Mq(A)), where @ denotes the automorphism in A induced by . We shall always
use a concrete picture of this map, compatible with the usual conventions for suspension
maps.

An element of Ky(M,(A)) is represented by an element of the form [p] — [1,], where p is
a projection in M, (Mgz(A)), such that s(p(t)) = 1, for all t € [0,1]. Now by inspecting
the proof of [48, Lemma 2|, one realizes that the implementing path {w,} can be chosen
such that wy = 1,, and s(w;) = 1,, for all t € [0, 1]. We will always use this representation.
Note that we obtain

Va(lp] = [1n]) = [Lw1p(0) + 1n = p(0)] — [L71n] = [wip(0) + L(1, — p(0))]

with 3(L*w;p(0) 4+ 1,, — p(0)) = L*, where 5: A x5 Z — C(T) is the C(T)-scalar map, so
that s(wip(0) + L(1, — p(0))) = 1,.
Paschke showed in [48] that the diagram

Ch

K (A) —= Ko(Ma(A)) — Ko(A) (3.8)

| | |-

K1 (A) — Ky(A o Z) = Ko(A)

is commutative.
We are now ready for our axiomatic approach.

The map V4 satisfies the following axioms:
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1. Normalization. If A = C, then the map ¢ is the canonical map
Ko(C(T)) — K1(C(T))

sending the generator [1] of Ky(C(T)) to the generator [L*] of K;(C(T)). (Note that
C*(Z) = C(T) by Fourier transform.)
2. Suspension. If « is an automorphism of A, then it induces an automorphism Sa of

SA and we have natural isomorphisms
(SA) Xga Z = S(A X, 7Z), Mo (SA) = S(M,(A)).

We have a commutative diagram

Ko(Mga(SA)) 54 K\ (SA xg, Z)

o

Ko(SM,(A)) K (S(A X, 7))

o~ o~

Ky (Mo (A)) — 2 Ko(A %, Z),

where Ul is the unique map making the diagram commutative.
3. Naturality. If we have dynamical systems (A, «,Z), (B,5,Z) and f: A — B is an

equivariant homomorphism, then the following diagram is commutative:

Ko(My(A)) 25 K (A x4 Z)

| |

Ko(Mgy(B)) 2= K1(B x4 Z),

where the vertical maps are induced by f.

This is readily checked.

Lemma 3.47. With the map VY, defined in 2. above, we have the following commutative
diagram:

A

Kojm — <Mla<A>> — K [A>
Ko(A) — Ko(A x4 Z) ="~ K1 (A).

In particular, the maps W 4 and W', define an isomorphism from the 6-term exact sequence

(3.6) to the 6-term exact sequence (3.7).

Proof. We will only check the commutativity of the left hand square, leaving to the reader
to check the commutativity of the right hand square.
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Let ja: A= AxgZ and ig: SA — M, (A) denote the natural inclusions.

By (3.8) applied to the pair (SA, Sa), we have a commutative diagram:

Ko(52A4) s <MT<SA>>

K(SA) BV (94w, 7)

Applying the natural isomorphisms Mg, (SA) = SM,(A) and SA x5, Z = S(A X, Z),

we get the diagram:

Ko(isa)

KO ($2A) Ko(Msa(SA)) (3.9)

R

Ko(S2A4) "LS’A Mo (A)))

Psa

SA

Osa (SA)

-

K1 (SA)

U Ki(jsa)

K1<SA A Sa Z)

IR

K1(574) Kl(S(A Ao Z))

Here the map Ky(S?A) — Ko(S?A) at the top face of the diagram is the map induced
by the twist function f — f from S2A to itself, where f(t,s) = f(s,t) for s,t € I. It
can be easily seen that the induced map on K-theory is the identity. For instance, if f
is a path of projections, then F.(t,s) = f(rs + (1 —r)t,(1 —r)s+rt), forr € I, is a
homotopy of projections connecting f with f. It follows that the top face of the diagram
is a commutative square.

The left hand and bottom faces are clearly commutative,and the back face is commu-
tative by [48]. The map ¥: Ky(S(My(A))) = K1(S(A x4 Z)) is defined as the unique
homomorphism making the right hand square of the diagram commutative.

Hence all faces of the diagram but possibly the front face are commutative. Now a dia-
gram chasing shows that the front face must also be commutative.

We now consider the following diagram:
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Ksa = K(S(Ma(4) (3.10)
K1(SA) K[(’”“) Kl(Ma(A))/7 7
o ZA(SA) YA |\KSI) | g (S(A xg Z)

Here the back square is the front square of the previous diagram (3.9), so it is commuta-
tive. The map ¥ has been defined so that the right hand square is commutative. The
commutativity of the upper and bottom squares follows from the naturality of the Bott
maps ¢ and [ respectively. The left hand square is obviously commutative. Therefore
diagram chasing shows that the front face is also commutative, which gives the desired
result. O]

If a, B are two commuting automorphisms of a C*-algebra A, then one can easily see that
[ defines an automorphism on M,(A) by the rule 5(f)(t) = B(f(t)), for f € M,(A)
and ¢ € [0,1]. Similarly, @ induces an automorphism on A Xz Z satisfying that a(av’) =
a(a)v’, where a € A and v is the canonical unitary in A x4 Z.

Lemma 3.48. Let o and [ two commuting automorphisms of a C*-algebra A. Then

there is a natural isomorphism
’gbl MQ(A) X g 7 — Ma(A Xg Z)

Naturality means that if we have another C*-algebra B with two commuting automor-
phisms o/, 3" and f: A — B is an equivariant x-homomorphism then the following dia-
gram
Ma(A) x5 Z—22 Mo (A x5 7Z)
lM(f)NZ LM(fNZ)
Me(B) x50 Z -2 Moi(B x4 T)

is commutative.

Proof. We first assume A and B unital.
Let j: A — A x3Z be the canonical injective *-homomorphism. Since j is a-equivariant,

there is a *-homomorphism

Mo(5): May(A) = Mo (A x5 Z)



69
defined by M, (j)(f) = jo f for f € M,(A). Note that, since j is injective, M,(j) is

also injective.

Let u and v be the canonical unitaries associated to the actions o and [ in the respective
crossed product algebras A x, Z and A x4z Z. Define ¢, € M, (A %3 Z) as the constant
function ¢,(t) = v. Observe that ¢, € M,(A %3 Z) because a(v) = v. We show the

covariance property for the homomorphism M := M,(j) and ¢,, that is

M(B(f)) = coM(f)e;

for f € M,(A). For ¢ € [0,1] we have
M@BUN(E) = (o B =3 (B(f() = vi(fD)" = (ceM(f)e)) (1),
which proves the covariance. Hence we get an induced x-homomorphism
w: MO((A) A g 7 — Ma(A X g Z)

such that ¢(fv') = M(f)c for all i € Z.

We now show that 1) is injective. Let E' and E’ be the canonical conditional expectations
from A x5 Z onto A and from M, (A) x5 Z onto M, (A), respectively.

We claim that for each © € M, (A) x3Z and t € [0, 1] we have the equality

M(E'(2))(t) = E((2)()). (3.11)

By continuity and linearity it is enough to show this formula for an element of the form
fv', where f € M,(A) and i € Z. But this is trivially verified, so the formula holds.
Now suppose that z is a nonzero positive element in the kernel of ¢. Note that E’ is
faithful (see [9, Prop. 4.1.9 and Thm. 4.2.4]), and hence we have that E’(x) # 0. Now,
since M = M,(j) is injective, we have M(E'(z)) # 0 and so there is some ¢ € [0, 1]
such that M'(E'(z))(t) # 0. Equation (3.11) tells us that E(¢(x)(t)) # 0; in particular,
¥(x) # 0. This shows that 1 is injective.
To show that v is surjective, it suffices to show that its range is dense. This is done by
a partition of unity argument, as follows. Let a € M (A xp Z) and € > 0 be given. Let
U be a finite open cover of [0, 1], and elements ¢ € U for each U € U with the following
properties:

1. |la(t) — a(ty)]| < e when t € U.

2. There is a unique U € U such that 0 € U, This unique set is denoted by U.
Moreover ty, = 0.

3. There is a unique U € U such that 1 € U, This unique set is denoted by Uj.
Moreover ty, = 1.
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Now let {fy : U € U} be a partition of unity subordinated to the cover U. Define
b= Z a(tU>fU-
Ueu
Then b € M, (A x5 Z), because using conditions (2) and (3) above we get
b(1) =Y alto) fu(l) = alte,) fu, (1) = a(1) = a(a(0)) = a(b(0)).
veu
Moreover we have that for all ¢ € [0, 1]
la(t) = > altw) @)l < Y fu®)lla(t) = altv)]| < <.
veu veu

Hence |ja — b|| < . Now a(ty) € A xgZ for each U € U, and since U is finite we can
find a positive integer N and elements ay; € A, for U e U, —N < i < N, such that

N
la(ty) = ) ap'|| <e.
i=—N

Moreover we can clearly take ag, ; such that ay, ; = a(ay,;) for all —-N <i < N. We

now can build elements a; € M, (A) as follows:
a; = Z avi fu-.
veu

By the same argument as before and since we have that ay,; = a(ay,,) for all i, we
get that a; € M, (A). Hence the element SV ;0% belongs to M, (A) x4 Z and for
t € [0,1] we have

N N

[6(t) = (Y- awDOl = | Y atto)fot) = 3 (3 avatfu(®)l <
<Y fo®llattr) = 3 avafl| <.

Hence [|b— (3N a;v')| < & and

1=

N

N
la=9( Y a)| < la =0l + b —=9( Y aw')| < 2,
1=—N

i=—N

proving the surjectivity.
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We now show the non-unital case. Let a and 8 be two commuting actions on a C*-algebra
A and consider the unitization A of A, and the unital extensions & and 3 of « and A to

A. We then obtain a commutative diagram of short exact sequences

0 —= M (A) x5 Z —= Ma(A) x5 Z—C(T) ® C(T) —=0

o N :

0 — Mo (A x5 Z) —= Ma(A x5 Z) — C(T) ® C(T) —=0

Here the map v ; is an isomorphism by what we have proved before, and the map 14 is
the induced map, which must be also an isomorphism.

The naturality is easily proved. O

Later on (see Theorem 3.50), we will use the above strategies to extend this naturality

to the isomorphism associated to the n-mapping torus.

3.3.4.3 A cofiltration of the mapping torus

First, we set some notation. Let i < k, and consider p = (i1, pa, .., f1;) such that
1 <y < pg < oo < py <k LetT(i,k) be the set of all such elements p. Consider
{e1,€a,....,ex} to be the usual basis of Z¥, and let A"(Z*) be the Z-linear span of the
elements e, 1= e,, Aey, A... ANe,, with u = (p1, po, ..., i) € T(4,k). By convention, we
put A°(Z*) := Z and \'(Z*¥) = 0 for all i > k or i < 0. We also consider T(0, k) to be
the set which contains only the empty tuple, and set e, := 1 when u =0 € T(0, k).
The group A'(Z*) has the set {e, : u € T(i,k)} as a basis. By equipping T'(i, k) with
the lexicographical order, we obtain an order-preserving bijection between 7'(i, k) and
{1,2, ..., (’f)}, which induces a group isomorphism /\’(Zk) =~ 7%).
With this in mind, we can build a cofiltration of the mapping torus associated to a C*-
dynamical system (A, a, ZF).
For i =0, ..., k, define

Xi={te0,1)F:t,, =ty =...=t,_, =0, for some (u, 2, ..., ux—i) € T(k —i,k)},
and set X_; := (). The sequence
D=X,CXy={0}C..CX=10,1)"
is a filtration of the k-cube. From this, we can build a cofiltration of the mapping torus
MA=F3B3F[ ™ FR=A8F,=0,

where each Fj is defined by restricting the respective domain to X;, and the m; maps are

obtained by restricting each domain to X;_;.
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We have enough data to build a spectral sequence using the techniques described in

Section 3.3.3. We show here the most relevant results.

3.3.4.4 E-page of the spectral sequence

The first page of the spectral sequence is defined as EVY := K,.(I,), where
I, == ker(m, : F, — F,_1). Let us compute those K-theory groups, following the
techniques of [4] and [54]:
For p = 1, we have that

X, =[0,1] x {0} 1 U {0} x [0,1] x {0}*2u..Uu {0} x [0,1],

that is, the union of all the edges of the n-cube converging at the origin. Moreover,
Xo = {0}*, and then
I = ker(m : F1 — Fp)

is given by the set of continuous functions f € C(X;, A) such that f is zero in every

vertex of X;. Hence, I; can be identified as:
L =SA®SA®...® SA= (SAF.

The sets X, can be studied similarly to X;. In this line, X, can be seen as the union
of all the faces converging at the origin, X3 as the set of all 3-cubes converging at the

origin, and so on. In general, for 1 < p <k, and p = (p1, ..., ) € T'(p, k) we can write

Xp = U X(:“)?

reT (pk)

with X (u) defined as:
X(u) = {t S [0,1]k :tﬂf =..=1, :0} gXp,

Hr—p

where pt € T(k — p, k) is the unique (k — p)-string disjoint to p. We can consider the
induced ZP-action generated by a,,, ..., a,,, which we denote by o(x). Then (A, a(p), ZP)
is a dynamical system, and we can build the associated mapping torus Mg, (A). Using
the same strategy as before, we obtain a cofiltration of M,)(A), which we will denote
by F(u);. Notice that we can identify M) (A) as the quotient of F), by restricting its
domain to X(u) € X,. By doing so, the following commutative diagram for each p and
each p € T'(p, k) arises:

0 I,

0 SPA Mauya) — F(p)p1 ——— 0
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where the vertical maps are obtained by projecting into the pu-component. Therefore,
we can obtain F), as the iterative pullback of the (1]‘;) mapping tori Mg, (A) of the
natural ZP-subactions, glued together over the (pfl) many mapping tori My (A4) for
A € T(p — 1,k) arising from the natural ZP~! subactions. Denote by x(u) : I, — SPA

the respective map of the diagram above. One can see that the x-homomorphism

k
¥ = ()eroy + I = (57A) )
is an isomorphism. Therefore, we obtain isomorphisms
k k
BT = Ky (1) 2 Ky (574)0)) 2 K, (4)6)
whenever 0 < p < k, and 0 otherwise. We use the convention
(3) k
K (AW = Ky(A) @z N'(ZF).

Moreover, Savignen and Bellisard developed the following method to compute the Fs-
page of the spectral sequence. We direct the reader to the original source [54, Theorem
2] for its proof.

Theorem 3.49. Given a C*-dynamical system (A, o, Z¥), the Pimsner-Voiculescu com-

plex (Cpy,d%) is defined as:

Cpv = Kq(A) @z N (ZF)

D . P p+1,q
dpy : Cpy — Cpy

TR e é(Kq(ai) —id)(z) ® (e A\ e;)

Then the isomorphism EY? = K,.,(I,) = CBl intertwines the differentials dy and

dpy. Therefore, the Fsy-term of the spectral sequence is obtained as the cohomology

Of(va,dpv). ]

We can now state and prove the following result, main technical Theorem of this Chapter.
It shows that the isomorphism between EV? and C%Y. given in Theorem 3.49 is natural
with respect to the isomorphism ¥ described in Subsection 3.3.4.2. We will follow the
notation of [4].

Recall that for n > 2, the functor K, is defined inductively by K, = K, 1 0S5 ([53,
Definition 10.2.1]). We thus have K,(A) = K;(S"'A) for any C*-algebra A and all
n > 2.

Theorem 3.50. Let o be an action of Z" on A and q € {0,1}. Then there exists a

commutative diagram:
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d?il’q Kq+n( n)
Kypn-1(In-1) —— Kgpn(In) —— Kgpn(Ma(A))

1%
I

vy

K,(A) ® /\n_1<Zn>WK J(A) TR Ky (A %o Z")

PV q\Jn
where \I/(:) is a natural isomorphism, and the vertical arrows are the natural isomor-
phisms between EV? and C%Y,, induced by the canonical Bott isomorphisms (3, K,(A) —
Kyin(S"A) = Kyyn(ln) and

n—1 n—1

Bt @ id: Ky(A) @ N\ (Z") = Kpyn1 (S A) @ N (Z") = Kprnoi (Inma).
The maps iy: I, = My(A) and j,: A — A X, Z" are the natural inclusions.

Proof. The left hand diagram is commutative for all n by [4, Corollary 7.2.3].

We show the result for the right hand diagram by induction on n. If n = 1, the result

follows from [48]. Indeed, for ¢ = 0, the right hand square is exactly the left hand square

of the diagram from Lemma 3.47. For ¢ = 1, the right hand diagram is obtained as the

composite

2 Ki( S’LA
K1(S7A) —="K1(S(MaA))

Bsa 5MQ(A)T

Ko(SA) U Ky (M (4))

| Jos

K;(A) Ki(A X, 7Z),

Ki1(ja)

where the lower square is commutative by (3.8), and the upper square is commutative
by naturality of the Bott map f.

Assume that the result holds for some n > 1. We will show that it also holds for n+1. So
let @ be an action by automorphisms of Z"*! on A. We will denote by o™ the subaction
of Z™ on A given by the first n automorphisms a4, ..., a, associated to the action «.
Observe that we have a natural isomorphism M, (A4) = M, ., (M, (A)). We obtain

an exact sequence
0 —— SM g (A) o Mo (A) —= My (A) —0

and applying the case k = 1 we obtain a commutative diagram
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K‘H—n-‘rl(i;z)
Kq+n+1 (SMa(n) (A)) — Kq+n+1 (Man+1 (Ma(") (A)))

5 qJMQ(n) (4)

Kyn(Mgm (A)) Kyin(Mym (A) X, Z)

Kq-i—n(j;z)

where j/: Mw (A) = Mym(A) Xa,,, Z is the canonical map, and (8 is the Bott iso-
morphism.
By using Lemma 3.48 and an induction argument, we get that M ) (A) Xa,,, Z =

M) (A X, Z) canonically through a natural *-isomorphism A,. . Therefore we have

another commutative diagram

Kyin(i)
KMo (4)) ——2 Kyin(Mow (A) X, Z)

Kyin(Mam (4))

- K, +n(Ma(”) (A Nan 1 Z))
Kyen(Mym(5)) )

where j': A = A X, Z is the canonical map, which is a™_equivariant.
Now, since j" is a(™-equivariant, naturality of the *-homomorphism (™ gives another

commutative diagram:

K +H(Moz(") (.7/>>
Kyin(Myom (A)) — Kyin(Maw (A Xq,,, Z))
\I]E:') \IJE:E'OMH—IZ
Ky(A Xy Z7) Ko((Axa,,, Z) Xgm Z7)

KQ(j, Na(") Zn)

The map U5 Kopni1(Ma(A) = K (A Yo, Z) X Z1) = K (A x4 ZM) s

defined as the composition

(n)
\IIAX‘%HZ © An © \IIMa(n)(A).
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It is natural because it is the composition of three natural x-homomorphisms. By induc-

tion, we have another commutative diagram

Kyon(in)
Kyn(S™A) a Kyon(Mgin (A))
Bn R
K (A) - K (A A () Zn)
! Kqy(jn) !

where i,: S"A — M m(A) and j,: A — A X ) Z" are the natural maps.

We obtain thus the following diagram, where all the squares are commutative:

Ko1)ot (M () ) M)
B B U (4)
Ky (574) 0 e M () ) e Moo (4) 2, 2)
id 1d An
Kypen(574) ) e My () M) e (A e, 2)
Bn \I/ff) \I’Eﬂ% Z
K, (A) Ka(dn) K, (A 0 Z%) Koy Xan 2) Ky((A %oy, Z) % Z7)

Using that i,,1 = @, o Si,, and that j,. 1 = (§ X,m Z") o j,, we obtain the following
commutative diagram:
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K, +n+1<in+1>
Kq+n+1 (InH) - Kq+n+1(Ma(A)>
ﬁn-i-l \IJS:H_D
K,(A) . K (A x, 2"
! Ky(jns1) !
This completes the proof. O

Remark 3.51. Observe that, by considering the cokernels associated to the horizontal
rows of Theorem 3.50, we can extend this naturality of W) to the second page of the

spectral sequence, obtaining the following commutative diagram:

n—1 Kq+n(in)
KoL)/ Im(dy™ ) —— Kyin(Ma(A))

1%

e

Ko (A)/Im(dp) W Ky(Ax,Z")

where the horizontal maps are both injective.
[

In chapter 4, we will use the previous strategies in order to compute the K-theory of the
C*-algebras associated to certain Deaconu-Renault groupoids, generalizing the arguments
of [21].
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3.4 First counterexample to Matui’s HK
conjecture

With the basic notions about spectral sequences already explained, we can now
deduce an immediate result arising from Theorem 3.19. This result allows us to compute
the homology groups of any given transformation groupoid, in a straightforward way.
Lemma 3.52. Let ¢ : I' ~ X be an action of a discrete group I' on a totally disconnected

compact Hausdorff space X. Then we have
H,( X xT") =2 H,(I',C(X,2Z)).

Proof. Recall from Example 2.8 that a transformation groupoid X xI'is just a particular
case of a semi-direct product groupoid in which I' acts on the trivial groupoid X. Hence,

Theorem 3.19 ensures the existence of a spectral sequence
E;%,q = H,(I', Hy(X)) = Hpio(X % 1).

The homology groups of a trivial groupoid X (with X totally disconnected) were com-
puted in Lemma 2.75 to be Hy(X) = C(X,Z), and H,(X) = 0, for all n > 1. Therefore,
the spectral sequence collapses at the second page, meaning that this page only has one

non-zero row. Hence we obtain
E;% = E[io =H,(I',C(X,Z)) = Hy(X x T
as desired. O

This lemma, together with Example 2.63, allows us to compute all of the pieces involved
in Matui’s HK conjecture for any given transformation groupoid. In [56], Scarparo uses
the above techniques to compute all the needed data to check that the transformation
groupoid arising from the action of a certain odometer on the Cantor set does not satisfy
Matui’s strong HK conjecture. This is, indeed, the first counterexample to the strong
version of the conjecture. Let us show it.

Definition 3.53. Let I' be a group, and let (I';);en be a strictly decreasing sequence of
finite index subgroups of I'. Denote by p; : I'/T';11 — I'/T; the natural surjections given

by
pi(Wi1) = 1%
Define X := @(F/Fi,pi) ={(x:)ien € [[T/Ts : pi(xis1) = x4, Vi € N}. It is known that

ieN
X is homeomorphic to the Cantor set. Moreover, there is a minimal action of I' on X

given by v(x;) = (vyx;), for all v € ', (x;) € X. This action is called an odometer. [
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Now we recall the definition of the infinite dihedral group.

Definition 3.54. The infinite dihedral group D, is given by the semidirect product
7, X 7o under the action given by multiplication by —1. Thus, the group D, has the
following presentation:

2

Dy = (r,s:s*=1srs=1r"").

O
Note that there exist a few equivalent presentations of this group. For example, in later
chapters we use the one given as the free product Dy, = Zy * Zs = (a,b). The reader
may check that the map 0 : Z x Zy — Zs x Zy defined by 6(r) = ab, 0(s) = a is a group
isomorphism. Unless we state the contrary, in this section we will see D, as Z X Zs.
Let us now build an odometer arising from D,.
Example 3.55. Denote I' = D, , and let (n;) be a strictly increasing sequence of
natural numbers, satisfying n;|n;.1, for all i. Set T'; := n;,Z x Zy. Then (I';);en Is a
strictly decreasing sequence of finite index subgroups of I" with, and hence induces an

odometer. O

For each ¢ € N, the quotient D, /T; is isomorphic to Z,,. Moreover, it was shown in [56,
Proposition 2.1, Example 2.2] that this odometer Dy, ~ l&nZn is topologically free.

In particular, the object of study will be the transformation groupoid associated to this
odometer. All we need to do is to compute both its homology and K-theory, using
Lemmas 3.52 and 2.63. We just provide here a sketch of the proofs, and direct the reader
to [56] for full details.

3.4.1 K-theory of the infinite dihedral odometer.

It was shown in [56, Proposition 2.3] that, given an odometer I' ~ X = @F /T,
we have that C'(X) %, I' = lim My, (C) ® C¥(I';), and hence

K.(C(X) %, T) = lim K. (C7(T')).

Recall that, in the case of the infinite dihedral odometer, we set I' = D, = Z X Zo, and
all I'; are of the form n;Z % Z,, for certain n;. Note that Dy = I'; = n;Z X Zs for all
1€ N.

The Kj-group of C*(Z % Z3) is known to be trivial (see [5, 10.11.5(a)]), and therefore
K1(C(X) % Ds) = 0. In fact, this algebra is AF (see [30] or [7]), and its Ky-group was
determined in [7].

In order to ease the computation, we make a slight abuse of notation: given the action of
D+ on the Cantor set X, we denote by (a,b) € Z xZs the automorphism on X associated
to the element (a, b).
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Theorem 3.56. ([7, Theorem 4.1]) Given an action of Dy, = Z % Zg on the Cantor
set X such that the restricted Z-action is minimal and (0,1), (1,1) € Z x Zs have, at
most, a finite number mo1y and m 1y of fixed points, with m1) + m,1y > 0, then
Ko(C(X) x Dy) is isomorphic to

C(X,7)
(Id — (1,0).)(C(X,Z))

(Id + (0, 1)*) ( ) @ Zmontma

[l
Using this result, we need now to study the number of fixed points of (0,1) and (1, 1).
Here we provide a sketch of the proof.
Theorem 3.57. ([56, Lemma 3.2-3.3]) Let Doy Wm Zy, be an odometer as in Example
3.55. Then:

{BmeZi>1}®Z if ™2 iseven for infinitely many i

uz

Ky(C(X NDOO =
o(C(X) ) {{%:mGZ,izl}@ZQ otherwise.

Proof. First, we compute the number of fixed points. Recall that Z x Zy/n,Z X Zy = Z,,
and that, for every (7;) € m Z,, (0,1)(7;) = (—x;). Hence (73) is a fixed point of (0, 1)

ni

if and only if, for every 7, z; = 0 or x; is even and z; = 7.
On the other hand, the action of (1,1) is given by (1,1)(7;) = (—x; + 1). Hence, any
fixed point is a list of elements z; = "l with n; odd. Straightforward computation

2
shows that

1 if ™t s even for infinitely many i
mey =4 1 if nizz’s odd for every i

2 otherwise

1 if n; is odd for every i
e = { 0 otherwise

Now we apply Theorem 3.56. Then the result follows after noting that (0, 1), acts trivially

C(X,Z ~fm . :
( )Xyz)):{n—i.mGZJZl}. O

ON 7a=(1,0).)(CT

We now investigate the homology groups H, (D, C(X,Z)).

3.4.2 Homology groups of the infinite dihedral odometer

In order to study Hy(Ds,C(X,Z)), we see D, as the free product Zs * Zs,
and then use [64, Corollary 6.2.10] to compute Hy(Doo,C(X,Z)) as the direct sum
Hy(Zy, C(X,Z))® H(Z2,C(X,Z)), for k > 2. We investigate the lower homology groups
in a separate way. Those particular computations are quite extensive, hence we choose

to skip the proof, and redirect the reader to [56, Proposition 2.4-Theorem 3.5] for the
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full computation. Note that in Chapter 5 we use similar techniques when computing
Hi(Dw,C(X,Z)) (for a different action). The reader may just check that.

Theorem 3.58. Let Dy l’&lZm = X be the odometer of Example 3.55. Then
we have Hy(Dso, C(X,Z)) = {;* : m € Z,i > 1}, and for k > 1, we have that
Ho (Do, C(X,7Z)) =0, and

Lo if _n;? 1s even for infinitely many 1

Hor1(Pooy OWX,2)) = { (Zy)* otherwise.

O
Combining Theorems 3.57 and 3.58, together with Lemmas 3.52 and 2.63, we conclude
that:
Corollary 3.59. Let Dy l&nZn be the odometer of Example 3.55. Then, Matui’s

HK conjecture does not hold for the associated transformation groupoid. O]

Remark 3.60. In relation with the weak HK conjecture (see paragraph 2.4.1), we can
see that Scarparo’s counter-example satisfies the conjecture for K, but not for Ky. In
Chapter 5, we present a complete counter-example for the weak HK conjecture, arising
from the self-similar action of the infinite dihedral group over a Cantor set. Note that,
even though Scarparo’s groupoid is also built upon the infinite dihedral groupoid, it
is different to the one we show in Chapter 5. Most important, the C*-algebra of this
groupoid is an AF algebra, while the C*-algebra studied in Chapter 5 provides, as we

will see later, a richer structure.
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The purpose of this chapter is to investigate the HK-conjecture for groupoids
arising from an action of N* by local homeomorphisms on a locally compact Hausdorff
zero-dimensional space. The associated Deaconu-Renault groupoids were introduced by
Deaconu in [16], and later studied by Farsi, Kumjian, Pask and Sims in [21]. In their
recent work [21], the authors studied the HK conjecture for this family of groupoids,
generalizing the techniques of Evans developed in [18] regarding k-graphs. In this work,
the authors prove that rank 1 and rank 2 Deaconu-Renault groupoids satisfy the strong
version of the conjecture. However, this approach cannot be easily extended to rank 3

and higher, requiring more explicit techniques. The chapter is structured as follows:

In Section 4.1, we show the computations of [18] and [21], in which the homology

groups of Deaconu-Renault groupoids of arbitrary rank are completely determined.

In Section 4.2, we use both Pimsner-Voiculescu exact sequence and Kasparov’s
spectral sequence to compute the K-theory of Deaconu-Renault groupoids of rank 1 and
2. We show that Deaconu-Renault groupoids of rank 1 and 2 satisfy the HK-conjecture.
Those results were obtained by the authors in [21]. Two major questions arise from
their work. The first one asks for an explicit expression of the HK isomorphism for rank
2 Deaconu-Renault groupoids. The second, wonders whether this result can be extended
to rank 3 and higher Deaconu-Renault groupoids. We will discuss both questions in the

following sections.

In Section 4.3, we describe the isomorphism mentioned in their first question. To
do so, we explicitly build the spectral sequence associated to our C*-algebra as in Section
3.3.4, using the techniques of [4] and [54]. In particular, we find that the isomorphism
can be chosen in a way that the embedding Hy(G(X,0)) — Ko(C}(G(X,0))) is canonical
(see Definition 2.74).

Finally, in Section 4.4, we attack the second question mentioned above. We pro-
vide a sufficient condition for Deaconu-Renault groupoids of rank 3 to satisfy the con-
jecture. Indeed, we show that Deaconu-Renault groupoids of rank 3 may satisfy the HK
conjecture whenever the canonical map ® : Hy(G(X,0)) = Ko(C}(G(X,0))) of Defini-
tion 2.74 is injective, as the authors suggested in [21]. To this end, we build the associated
spectral sequence to our algebra, and determine the relationship between the respective
differential map and ®. We also prove that this condition is met whenever the group N3

acts on X by homeomorphisms.
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4.1 Homology of Deaconu-Renault
groupoids
The homology of Deaconu-Renault groupoids has been completely determined by
Farsi, Kumjian, Pask and Sims in a recent work (see [21]), where they generalize Evans’
study of the homology of k-graphs (see [18]). In this section, we show the techniques
of [21] to give an explicit formula for all the homology groups of a Deaconu-Renault

groupoid. Throughout this chapter, we use the convention:

n._ _ni Nk
o =07 .0,

whenever o := (a4, ..., 03) is an action of N* on a space X, and n := (ny, ..., n;) € N
We recall the definition of a Deacounu-Renault grupoid, given in Example 2.25:
Definition 4.1. (Deaconu-Renault groupoids). Let X be a locally compact Hausdorff
space, and let o be an action of N¥ on X by surjective local homeomorphisms. The

associated Deaconu-Renault groupoid G(X, o) is given by
G(X,0) = {(z,p—q.y) € X xZ' x X : 0”(z) = 0%(y)},

together with structure operations r(x,n,y) = (z,0,z), s(x,n,y) = (y,0,y), and
(z,n,9)(y,m,z) = (x,m +n,z). The set G(X,0)) is usually identified with X via
(x,0,2) — .
The topology is given by the basis of sets Z(U,p,q,V) = (U x {p —q} x V)N G(X,0),
where U,V are open sets of X such that o?(U) = d?(V).

O
Note that, if we denote X’ := X x ZF, there is an induced action 7 of N* by surjective
local homeomorphisms on X’ defined by 79(x, p) = (¢%(x),p + q).
Lemma 4.2. Let X be a locally compact Hausdorff space, and let o be an action of
N* on X by surjective local homeomorphisms. Then the map c : G(X,0) — Z* given
by (x,p — q,y) — p — q is a cocycle. Moreover, there exists an isomorphism between
G(X,0) x.ZF and G(X',T) given by

((z,n,),p) = ((x,p),n, (y,p +n)).

Proof. For any m,n € Z, and z,y, z € X, we have that (z,m,y)(y,n,z) = (x,m+n, z) €
G(X,0), and then:

m+n=clx,m+n,z)=c((x,m,y)(y,n,2)) =clz,m,y) +cly,n,z) =m+n,

hence c is a cocycle.

The second statement is straightforward to check.



85

In order to compute the homology groups of G(X, ), we will use Matui’s spectral se-
quence given in Theorem 3.19. To do so, we first need to study the homology groups of
G(X,0) x.ZF.

Lemma 4.3. Let X be a locally compact Hausdorff space, and let ¢ be an action of N*
on X by surjective local homeomorphisms. Then the set X x {0} C X x ZF is a clopen
G(X', 7)-full subset of G(X',7)9), and G(X, o) x. ZF is Kakutani equivalent to ker(c).

Proof. ([21, Lemma 6.1]) It is clear that X x {0} is clopen. We need to see that it is full.
Fix (z,n) € X x ZF, and let n = p — ¢, with p, ¢ € N¥. Since o acts via surjections, there

exists some y € X such that o”(y) = ¢%(x). Then we have

™(y,0) = (6"(y),p) = (¢'(z),n + q) = 7% (z,n).

Therefore, if we define v := ((y,0),p — ¢, (x,n)) € G(X',7), we have that r(y) = (y,0) €
X x {0}, and s(vy) = (z,n). Hence, X x {0} is full.

The last statement is then immediate after using Lemma 3.17 and the isomorphism
G(X,0) x . ZF = G(X' 7). O

Corollary 4.4. The skew product G(X,c) X.Z* is an AF groupoid.

Proof. For each n € N¥| define ¢, := {(z,0,y) € G(X,0) : 0"(x) = 0" (y)} C ker(c).

Each ¢, is an elementary groupoid and, for each n, m € N¥, we have ¢,, C ¢,,4.n. Moreover,

ker(c) = U Cn.-

neNk

Combining this with the last lemma, we deduce that G(X, o) x.Z" is an AF groupoid. [

The following Lemma appears in [21, Lemma 6.2]. We write here a sketch of its proof
for a matter of completeness.

Lemma 4.5. Let X be a totally disconnected locally compact Hausdorff space, and let
o be an action of N¥ on X by surjective local homeomorphisms. There is an isomorphism
hgneNk(CC(X’ Z),0m) = Hy(ker(c)) that takes o%>(1y) to [1y] for every compact open
U C X, where ¢ denotes the induced action on C.(X,Z). Then we have

mneNk (OC(Xv Z)v O{:) if g=0
H,(G(X,0) x.ZF) =

0 otherwise

Moreover, the isomorphism Hy(G(X, o) x. ZF) = @neNk(OC(X’ Z), o) intertwines the

action a of Z* on Hy(G(X,0) x.Z*) given by a,((x,m,y),n) = ((x,m,y),n + p) with
the action of ZF on ligneNk(Cc(X, Z),07) induced by o?.

*
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Proof. The fact that H,(G(X,0) x.Z*) = 0 for all ¢ > 0 is immediate consequence of
G(X,0) x.ZF being an AF groupoid. Let us study the case ¢ = 0.

Let U,V C X compact open sets on which o™ is injective, and such that o™ (V') = ¢"(U).
It is clear that [xy| = [xv] in Ho(cn), given that »(U,0,V) = U, and s(U,0,V) = V.
Then, since every W C X can be expressed as a finite disjoint union of open compact
sets W = | |0™(Uj), such that o"|y, is injective, it follows that there exists a unique
homomorphism ¢, : Co(X,Z) — Hy(c,) such that ¢, (67 (xv)) = [xv], for every compact
open U. This map is an isomorphism (see [21]). Let 4y, : ¢y — Cmyn be the natural

inclusion for each m,n € N¥. Then we have the following commutative diagram:

n

C.(X,Z) —— (X, Z)

cpm h h (pm+n

H(] Cm HO Cnt+m
(em) Ty (Cnim)

Then, using Corollary 4.4, we have that

Hy(G(X, 0) % Z¥) = Hy(ker(c)) = lim (Ho(c,),i.) 2 lim (Co(X, Z), o7).

neNk neNk

]

Since Hy(G(X,0) x.ZF) = 0 for all ¢ > 1, Matui’s spectral sequence (3.19) collapses at

the second page, inducing an isomorphism
Hn(g(Xa 0)) = H'ﬂ<Z’k7 HO(Q<X7 U) Xe Zk))? fO’f‘ 0 S n S k?

and zero for all n > k, where Ho(G(X, ) X, ZF) is considered as a Z*-module under the
action induced by o on G(X, o) x,. Z.

The homology groups H,,(Z*,G(X,0) x. Z*) were computed in [21], using techniques
previously developed in [18]. We skip some of the technical proofs, directing the reader
to [21].

The following lemmas allow us to study the homology groups when direct limits are
involved.

Lemma 4.6. ([21, Lemma 6.3]) Let A be an abelian group, and let o be an action of N
on A. Denote by o; the subaction associated to the generator e; and, for each 1 < p < k,
we write \’ ZF as in Chapter 3. Define

6 NPZF R A= N ZF @ A
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by
(1) e AN é A Nei, @ (id —oi)a if p>1
op(ei, Ao Nej, ®a) =
1®(1-0’Zl)a Zf p:l
where the symbol é;; means that this element is removed.
Then the maps d, are differentials, in the sense that 6,0 6,11 = 0, and (\"Z* ® A, 6,) is
a complex. Moreover, the homomorphism id ® o; : N"ZF @ A — N ZF @ A commutes
with ¢, and the induced map (id ® 0;.) in homology is the identity map.
0
This extends to a more general result.
Lemma 4.7. ([21, Lemma 6.4]) Let A be an abelian group, and o : N* ~ A be an action.
Let 6, : N"Z* @ A — N\'"'ZF ® A be as in I:emma 4.6, and denote A = ligneNk(A,?").
For i < k, let &; be the automorphism of A induced by o;, and let 6, : N'ZF @ A —
/\p*1 ZF © A be the boundary maps of Lemma 4.6, applied to A and ;. Then the
homomorphism o(©>) : A — A induces an isomorphism H,(\*Z*® A) = H (N ZF® A).

Proof. The homology is a continuous functor (see [61, Theorem 4.1.7]), and hence
H(N\'ZF o A) = lim  (H.(\"Z* ® A), (id ® 0"),). Lemma 4.6 ensures that (id ® 0”).
is the identity in homology, and therefore
H(N'ZF® A) = H(\ ZF 2 A).
O

Combining all the previous results, we can now compute the homology groups
HA(G(X, 0)).

Theorem 4.8. ([21, Theorem 6.5]) Let X be a second countable totally disconnected
locally compact space, and let o be an action of N* by surjective local homeomorphisms
on X. For1 <p <k, let A7 := A" 7k @ C.(X,Z), and define A7 = {0} for p > k. Define
op: A — A7 4 by

( Ej(—l)j+1€i1 AL A éij NN eip X (Zd — Uij*)f Zf 2 S P S k

5p(6i1/\-~-/\€ip®f) — 1® (1 — Uipk)f Zf p= 1

[ O otherwise

Then (A7, 0.) is a complex, and

H.(G(X,0)) = H(Z' Ho(G(X, 0) x. ZF)) = H.(A7,5.).
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In particular, H,(G(X,0)) =0 for all n > k.

Proof. For an abelian group A and an action ¢ : N¥ ~ A, the homology groups
H,(\'ZF ® A) were computed in [18, Lemma 3.12] and [21, Lemma 6.4] to be:

H(N\"ZF ® A) = H.(ZF, A),
where A is a ZF-module under the action induced by o.
Now, define A := C.(X,Z), and then A := lim ~_ (Ce(X, Z),o0m). Using Matui’s spectral
sequence, together with the previous results, we obtain an isomorphism:
H,(G(X,0)) = H(Z*, Ho(G(X,0) x. Z¥)) = H(Z* lig _ (Ce(X,Z),07)) =
~H.(\ZF;® A) = H (N ZF ® A) = H,(A?,6,).

The last statement is immediate. ]
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4.2 Rank 1 and rank 2 Deaconu-Renault
groupoids

In [21], the authors use the above results, together with Lemma 3.20 in order
to verify Matui’s HK conjecture. We show their strategies here, as well as the open
questions arising from their reasoning.
Theorem 4.9. ([21, Theorem 6.7]) Let X be a second countable locally compact totally
disconnected space, and let 0 : X — X be a surjective local homeomorphism (that is,
an action of N on X ). Denote by o, : Co(X,Z) — C.(X,Z) the induced map. Then the
groupoid G(X, o) satisfies Matui’s HK conjecture, with

Ko(CHG(X,0))) = Hy(G(X,0)) = coker(id — o),
K (CHG(X,0))) = Hi(G(X,0)) = ker(id — o0.), and
H,(G(X,0)) =0, for all n > 2.

Proof. Lemma 3.20 provides a stably isomorphism
CHG(X,0) @ K2 CHG(X,0) X, Z) Xy L.

As noted before, we will drop the subindex « of the crossed product whenever the involved
action is clear.

The groupoid G(X, o) X.Z is an AF groupoid (see Corollary 4.4) and hence, using Lemma
3.13, we have that:

Ky (CHG(X,0) X.Z)) =0, and
KO(C:(Q(Xv U) XCZ)) = HO(Q<X7 U) XCZ),

under the map given by [1yx 1]k, — [Lux{n})#, for any compact open U C X. Therefore
if we denote A := C*(G(X,0) X.Z), the Pimsner-Voiculescu exact sequence (3.22) is of

the form:

id — Ko(a)
0(A) ———— Ko(A) —— Ko(A X Z)

Ki(Ax 7Z) 0 0

In particular, we have that
Ko(CHG(X,0))) = Ko(A X Z) = coker(id — Ko(«)), and
Ki(CHG(X,0))) =2 K1(AXZ) = ker(id — Ko(a)).
On the other hand, we can use Theorem 4.8 to compute the homology groups of G(X, o)

as the homology groups of the chain complex given by
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0— Cu(X,Z) "= C.(X,Z) = 0
and therefore
Ho(G(X,0)) = coker(id — o),
H,(G(X,0)) = ker(id — 0.), and
H,(G(X,0)) =0 for n > 1.

Moreover, it was shown in Lemma 4.5 that the isomorphism

Hy(G(X,0) % 2) = limy _ (Cu(X, ), 07)

n

intertwines the action of Z on hﬂneN(Cc(X ,Z),07) induced by o, with the action «
of Z on Hy(G(X,0) X, Z). Then, using Lemma 4.7 and the canonical isomorphism
Ho(G(X,0) x.Z) = Ko(C}G(X,0) X, Z)), we conclude that

Ko(CHG(X,0))) = coker(id — Ko(a)) = coker(id — 0,) = Ho(G(X,0)), and
K1 (CHG(X,0))) = ker(id — Ko(a)) = ker(id — 0,) = H1(G(X, 0)),

Il

as desired. ]

Theorem 4.10. ([21, Theorem 6.10]) Let X be a second countable locally compact
totally disconnected space, and let o',0? : X — X be a pair of commuting surjective
local homeomorphisms (that is, an action of N? on X ). Definedy : C.(X,Z) — C.(X,Z)®
Ce(X,Z) by da(f) == ((02. —id) f, (id — 014) f), and dy : Co(X, Z) & Ce(X, Z) — Co(X, Z)
by di(f,g) := (id — 014) f + (id — 024)g. Then the groupoid G(X, o) satisfies Matui’s HK

conjecture, with

Ko(Cr(G(X,0))) = Ho(G(X,0)) © Ha(G(X, 0)) = coker(dy) @ ker(dy),
Ki(CHG(X,0))) = Hi(G(X, 0)) = ker(dr)/Im(dy), and
H,(G(X,0)) =0, for all n > 3.

Proof. First, recall that C*(G(X,0)) is stably isomorphic to C*(G(X,0) x. Z?) X, Z*
(see Lemma 3.20), and hence we can consider Kasparov’s homological spectral sequence
from Theorem 3.23:

EZ,q - HP(ZQv Ky(Cr(G(X, o) %, 77))) = Ky o(CHG (X, 0))).

Before advancing further, we should note that the spectral sequence above, used by the
authors in [21], is a homological spectral sequence, in contrast with the cohomological
one introduced in Section 3.3.4. In this line, the reader may note that both spectral
sequences are symmetrical with respect to each other. In this subsection, since we are

just stating the results obtained by the authors in [21], as well as their reasoning, we
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have chosen to keep their convention. We will, however, use the cohomological approach
in the next sections.

Recall that G(X,0) x.Z* is an AF groupoid (see Corollary 4.4). Hence, we have that
Ki(CHG(X,0) x.Z?%)) = 0. In particular, we deduce that E} = 0 whenever ¢ is an odd

integer. Moreover, Lemma 3.13 provides an isomorphism
Ko(Cr(G(X,0) x. Z7)) = Ho(G(X,0) . Z7)

under the map given by [lyxmyx, — [lux{n}]m,- This isomorphism intertwines the
actions of Z? on Ko(C*(G(X, ) x.Z?)) and Hy(G(X, o) x.Z?) induced by the translation
on the second coordinate o, ((z,n,y),p) = ((z,n,y),p +m). Thus, it follows that

ETQL,[] = Hn(ZQa Ko(Cr(G(X, o) X, ZQ))) = Hn(ZQa Ho(G(X,0) x, ZQ));

whenever ¢ is even. Therefore, using Theorem 4.8, the differential maps in the second
page of the spectral sequence have bidegree (—2,1), and the second page of the spectral

sequence is of the form

0 0 0
Ho(G(X,0)) . Hi(9(X,0))  H(G(X,0))

\
0<\0 0

Hy(G(X,0)) Hi(G(X,0)) — Hy(G(X,0))

o o o o

Since all the odd rows of the page are zero, we deduce that all the differentials df,’q
are trivial, and hence E? = E3 . Moreover, for any integer r > 2, the bidegree of
d , is (—r,7 —1). Since there are only three non-trivial columns, we conclude that the
differential maps are trivial for all » > 2, and then the spectral sequence reaches its limit
at the second page, that is, Eiq = B Then, as in Example 3.31, convergence of the

spectral sequence implies the existence of an isomorphism
K\(CHG(X,0))) = Eqy = Hi(Z?, Hy(G(X, 0) x. Z%)) = Hi(G(X, 0)),

and an extension
0— E§72 — Ko(C*(G(X,0))) — Eio -0

where
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Ef, = Ho(Z?, Ho(G(X, 0) % Z*)) = Ho(G(X,0)), and
E3 = Hy(Z?, Ho(G(X, 0) x. 27)) = Hy(G(X, 0)).
The groups H,,(Z*, Hy(G(X,0) x.Z?*)) were computed in Theorem 4.8 to be isomorphic
to the homology groups of the chain complex (AZ, d,.), which is defined as:
0— Cu(X,2) B CUX,Z) & C.(X,Z2) B C.(X,Z) = 0

Therefore, we deduce that
Ky (CHG(X,0))) = ker(dy)/Tm{dy) = Hy(G(X, ).

On the other hand, it was shown in [21, Lemma 6.9] that C.(X,Z) is a free abelian
group whenever X is a second countable locally compact Hausdorff space. Hence, since

E3 o = ker(dy) € C.(X,Z), the extension of Ky splits, and we obtain an isomorphism
Ko(Cr(G(X,0))) = coker(dy) @ ker(dy) = Ho(G(X,0)) ® Ho(G(X,0)),
concluding the proof. O

Two major questions arise in [21, Remarks 6.11-6.13]. The first one aims to determine
the maps involved in the verification of Matui’s HK conjecture for Deaconu-Renault

groupoids of rank 2. As we just saw, there is an isomorphism
Ko(Cr(G(X,0))) = Ho(G(X,0)) ® Hy(G(X,0)) = coker(dy) ® ker(ds).

However, the explicit expression of the isomorphism is unknown.
The second question tries to determine if Matui’s HK conjecture is still satisfied for
Deaconu-Renault groupoids of higher ranks. In particular, the authors suggest that, for

the rank 3, the conjecture could be related with the injectivity of the natural map
®: Ho(G(X,0)) = Ko(Cr(G(X,0)))

described in Definition 2.74.
Throughout the remaining of this chapter, we answer both of this questions. To do so, we

need to study Kasparov’s spectral sequence under last chapter’s point of view (Section
3.3.4).
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4.3 The HK isomorphisms for
Deaconu-Renault groupoids of rank 2

In this section, we provide information about the HK isomorphisms previously

obtained for Deaconu-Renault groupoids of rank 2:

I

Ko(CH(G(X, 0))) = Ho(G(X, 0)) @ Hy(G(X, 0)),
Ki(CrHG(X,0))) = Hi(G(X, 0)).

To this end, we will use two different approaches, leading both to the same conclusion:
the HK isomorphism for Ky can be chosen such that the map between Hy(G(X, o)) and
Ko(CH(G(X,0))) is the natural one, given in Definition 2.74. In this line, we show the

strengths and limitations of each strategy.

Our first approach is based on the Pimsner-Voiculescu exact sequences shown in
Theorem 3.22. Since Lemma 3.20 implies a stable isomorphism between C}(G(X,0))
and C*(G(X,0) X, Z*) x, Z*, we can find the desired K, group, up to isomorphism,
encoded in the second iteration of the Pimsner-Voiculescu exact sequences. However,
we will see that this approach fails to provide any information about the isomorphism

associated to K. This strategy will be used later, in Section 4.4.2.

In order to obtain information about the K; isomorphism, we use a second approach
based on Kasparov’s spectral sequence, using the techniques from Section 3.3.4, that is,
building the spectral sequence associated to a certain cofiltration of the mapping torus.

We will also use this strategy in Section 4.4.

Let us start with the approach via Pimsner-Voiculescu sequences:

Lemma 4.11. Let X be a second countable locally compact totally disconnected space,
and let 01,09 : X — X be a pair of commuting surjective local homeomorphisms (that is,
an action of N? on X ). Then the homology group Hy(G(X, o)) of the Deaconu-Renault
groupoid embeds canonically into Ko(C}(G(X,0))).

Proof. Recall that C*(G(X,0)) is stably isomorphic to C*(G(X,0) X, Z?) x4 Z* (see
Lemma 3.20). The proof of Lemma 3.20 shows that this result is deduced from the
isomorphism

CHG(X,0) x.Z%) 2 CHG(X,0)) x, T?,

where ¢ is the gauge action. By inspecting this map as defined in Lemma 3.20, one can

see that this isomorphism sends 1y oy to 1y, for each open U C X. Then naturality
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of Takai-Takesaki duality implies that the stable isomorphism is canonical, in the sense
that 1y ®ego € C*(G(X,0)) @K is sent to the element 140y € CF(G(X, 0) X Z*) X Z2.
From now on, we denote A := C*(G(X,0) x.Z?*), and drop the subindex a. Recall that
G(X,0) X.Z? is an AF groupoid (see Corollary 4.4), and hence K;(A) = 0. Therefore,

the Pimsner-Voiculescu exact sequence associated to the action oy is as it follows:

o) Ko(a) Ko(A) ) Ko(A x Z)
|
Ki(Ax2) 0 0

where, in order to ease the notation, we simply write j; instead of Ky(j1).
J
From the diagram above, we deduce that Ky(A x Z) = Ko(A)/Im(id — Ko(ay)), and

5
Ki(A % Z) = ker(id — Ko(ay)). Then the second Pimsner-Voiculescu exact sequence

associated to the action «y is of the form

K id — K()(Oég) j2 9
O(A D Z) Ko(A X Z) K()(A X 7 )
Kl(A ><]ZZ> Kl(ANZ) Z’d_Kl(O@) K1<A>QZ>

Naturality of the Pimsner-Voiculescu exact sequences implies that the following diagram

commutes
id — K()(Oég)
ker(id — Ko(ay)) ker(id — Ko(ay))
| = =14
K{(AxZ Ki(AxXZ
1( ) ’Ld — Kl(OéQ) 1( )

Hence we obtain an extension for Ky(A x Z?) given by

0— KO(A)/(i Im(id — Ko(a,))) 23" Ko(A % 22) % ﬁ ker(id — Ko(aw)) — 0,

i=1 i=1
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2 o
where the map Ko(A)/(> Im(id — Ko(oy))) 723" Ko(A x Z?) is induced by the canonical
i=1

inclusions j1, j2, and thus is given by

Lusgny] = [Luxgny]-

This extension induces Matui’s HK isomorphism for K. Indeed, by Theorem 4.10 we

have isomorphisms

Hy(G(X,0)) = (ker(id — 0,) 2 () ker(id — Ko(ay)),

and B B
Ho(G(X,0)) = C.(X,7Z) /(Z Im(id — 03,)) = Ko(A) /(Z Im(id — Ko(o))).

The isomorphism Hy(G(X,0)) = KO(A)/(i Im(id—Ko(a))) is given by [1y] — [1yxoy)-

Indeed, the isomorphism is consequence olf_ the following chain of isomorphisms:
HO(Q(X7 U)) = H0<Z2> HO(Q(X, U) Xe Zz))ﬂ

provided by Matui’s spectral sequence, which sends [1y] to [1yxoy] (see [14, Theorem
4.4] for further details), where Hy(G(X, o) x.Z?) is a Z*>-module under the action given
by «a.

Ho(Z?, Hy(G(X, 0) x. Z*)) = Ho(Z? ker(c)),
where ker(c) is a Z*-module under the action given by ¢. This isomorphism is conse-
quence of the Kakutani equivalence between Hy(G(X, o) X.Z?) and ker(c) described in

Lemmas 4.3 and 3.17, given by [1y 03] +— [1y], which intertwines the respective actions

a and o (see Lemma 4.5).
Hy(Z?, ker(c)) = Hy(Z?, lim (C(X,Z),07)),
neN?
since ker(c) is an AF groupoid.
HO(Z27 hﬂ (CC(X7 Z)? O-:L)) = %ﬂ (CC<X7 Z)? 0-:)/ Z Im(Zd - Ui*)?
neN? neN?

by definition of group homology. Then, using Lemma 4.5, Lemma 4.7 and Theorem 4.8,

we have

lim (Ce(X,Z),07)/ Y Imlid — 04) = Ko(A)/ Y Imfid — Ko(v)).

neN2
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~

Hence, following the involved maps one has that the isomorphism Hy(G(X, o))
2
K()(A)/(Z Im(@d — K()(Oéz))) 18 given by []-U] — [1U><{0}]~
i=1
The isomorphism for Hy(G(X,0)) comes from the same reasoning. Finally, using the
isomorphism Ko(A x Z?) = Ky(C#(G)) deduced from Lemma 3.20, which sends [1yx 03]
to [1y ® epo] (as we noted at the beginning of the proof), we conclude that the HK iso-

morphim for Ky can be chosen to be natural, in the sense that the group H, embeds

canonically into the group K. O]

This approach, however, does not provide a description of the isomorphism for the K;-
group. From the last Pimsner-Voiculescu exact sequence, we deduce an extension of
K1(A x Z?) of the form:

0 — ker(id—Ko(a1))/Im(id—Ky(ay)) — K (AXZ?) — ker(id—Ko(as))/Im(id—Ky(ay)) — 0

which does not give us enough information. To this end, we follow a second strategy,

and investigate Kasparov’s spectral sequence as in Section 3.3.4.

Denote by M, (A) the mapping torus associated to the action «, as in Definition 3.44.
Then we have
K.(AXZ) 2 K. (M,(A)),

as we noted in Theorem 3.46. In Subsection 3.3.4.3, we associated a finite cofiltration of

the mapping torus M, (A) arising from an action of Z* on A, given by:
MA=F, 3 F_, ™S B335 R3S F,={0}
where each Fj is obtained by restricting its domain to
Xi={te0,1)F:ty, =ty = . =ty =0, (11, 2, .., ix—i) € T(k — i, k)}.
In our case k = 2, we have:

F, = {0}, for all i <0,
Fy = C({0}, 4) = A,

Fr={fe€C(X1,A4): f(0,1) = az(f(0,0)), f(1,0) = a1 (£(0,0))},
Fy = M,(A), and
F,=F,, for all 1 > 2,

where X; = [0, 1] x {0} U {0} x [0,1]. For each i, we have a short exact sequence
0o L5 R F -0 (4.1)

where I; := ker(m;). Recall that we have isomorphisms:
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o= Fy = A,
I = (SA)?
I, = S?A, and

I; =0, for ¢ > 2.
Proposition 4.12. Under the above assumptions, we have that Ko(F;) = Hy(G(X, 0)).

Proof. All the information of the first page of the associated spectral sequence is contained
in the following periodic diagram, obtained by concatenating the six term exact sequences

(see Theorem 2.73) of the above extensions (4.1):

0 K1 (Fp)
K1(7T1)
KO io Kl 7;1
s Ko(Io) # Ko(F) L} K (I) # L(FY) L Ko(Iy) - -

Ko(ﬂ'l) K1(7T2)

Ko(ir)

o Ko([}) ————— Ko(F)) ————— K () ———— Ky (Fy) —— -

Ko(ms)

Ki(Fy) L Ko(1) M Ky(Fy) 0

Kl(Fg)

In order to outline the maps appearing in our reasoning, we denote by ¢, 1 the respective
index maps appearing in the diagram.

First, note that, since G(X,0) x. Z*> is AF (see Corollary 4.4), we have
that Ko(I;) = Ky (SA)? = K|(4)? = 0. Therefore, we deduce that
Ko(m) : Ko(F1) = Ko(Fp) is injective, and hence Ko(Fy) = ker(). Moreover, Iy = Fy,
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and hence Ky(Iy) = Ko(Fo). Therefore, the differential map Ko(ly) — K;([;) defined as

1 o Ky(ip) equals to 1. Thus, Ky(m) induces an isomorphism:

Ko

—~

1)

I

Ko(Fh) ker(i) = ker (i o Ko(io)),

where ker(i o Ko(ip)) equals to the term ES° by definition (see Proposition 3.38).

Moreover, by Theorem 3.49, we have an isomorphism
EY° = ker(id — Ko(ay)) Nker(id — Ko(as)) € Ko(A),

which is isomorphic to ker(id — o1,) N ker(id — 09.) C C.(X,Z) (see Lemmas 4.5 and
4.7). Therefore:

Ko(m

—~

1)

125

2
Ko(F) EY° gﬂ er(id — Ko(a;)) ﬂker id — 03,) = Hy(G(X,0)),

=1

as desired. n

Remark 4.13. This result can be generalized for any Deaconu-Renault groupoid. In-
deed, building the suitable cofiltration, and using the above strategy, we can deduce that
the term Ky(Fy) is always isomorphic to the higher homology group of G(X, o). In the
case of a Deaconu-Renault groupoid of rank n, we have that Ko(F) = H,(G(X,0)).

O

We can now provide an alternative picture of the HK isomorphism

Ho(G(X,0)) ® Ho(G(X, 0)) = Ko(CF(G(X, 0)))-

[

Proposition 4.14. Under the above assumptions, we have that Hy(G(X,0)) =
Ko(Is)/Im(¢), and G(X, o) satisfies the HK conjecture for K,. Moreover, the HK
isomorphism for K, can be chosen such that Hy(G(X,o)) embeds canonically into

Ko(Cr(G(X,0))).

Proof. Note that, since we can identify Fy = A, we have that K;(Fp) = 0, and
hence K(i;) is surjective. In particular, Im(¢ o Ki(i1)) = Im(¢), and then E2° =
Ko(Iy)/Im(¢po Ky(iy)) = Ko(Iz)/Im(¢). This, together with Theorem 3.49 and Lemmas
4.5, and 4.7, shows that

Ko(I)/Im(¢) = B3° = Ko(A)/ Y Im(id—Ko(ay)) = Co(X,Z)/ > Im(id—0:.) = Ho(G(X, 0)).

Moreover, since K;(Iy) = 0 and Ko(Fy) = Ho(G(X,Z)) is free, we have a split exact

sequence:
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)

0 = Ko(L)/Im(¢) " Ko(F) "% Ko(F) — 0

By using the isomorphism Ko (Iy)/Im(¢) = Ho(G(X, o)), and Proposition 4.12, the above

extension of Ky(F3) induces a commutative diagram:

Ko(lé) K0(7T2)
0 —— Ko(L)/Im(¢) Ko(F>) Ko(F1) — 0

S

0 —— Ho(G(X,0)) ————— Ko(C}(G(X,0))) ———— Hy(G(X,0)) —— 0

I

where the vertical isomorphism between K (F3) and Ko(C*(G(X,0))) is given by Lemma
3.20 and Theorem 3.46 . Observe that we can apply Remark 3.51 (which is a consequence
of Theorem 3.50) to the left square, and conclude that the map between Hy(G(X,0))
and Ko(C¥(G(X,0))) is the canonical one given by [1y]|m, — [lu]k,. This provides an

alternative description for the HK isomorphism for the K, component. O

Finally, we provide a picture of the isomorphism for the K; component.
Proposition 4.15. Under the above assumptions, we have that H,(G(X, o)) = ker(¢),
and G(X, o) satisfies the HK conjecture.

Proof. Reasoning as above, we have that K(i) is surjective, and so it induces an iso-

morphism
ker(¢) = ker(¢p o Kq(i1))/ker(K1(i1)) = ker(¢ o Ki(i1))/Im(v).

Ki(m2)
Also, Ki(I5) = 0, and therefore Ky (Fy) = Im(Ky(m)) = ker(¢). By Theorem 3.46

and exactness of the diagram, we have
K1(Cr(G(X,0))) = Ki(F2) = ker(¢) = ker(¢ o Ki(ir))/Im(v), (4.2)

which equals to E21’0 by definition (see Proposition 3.38). Moreover, by using Theorem
3.49 and Lemma 4.5, we have that

EY’ =~ H(G(X,0)). (4.3)

Combining equations (4.2) and (4.3), we obtain a picture of the HK isomorphism for the
K, component, as desired.
O]
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4.4 Rank 3 and higher Deaconu-Renault
groupoids: an open problem

In order to study the K-theory of the C*-algebra associated to a Deaconu-Renault
groupoid of rank k, we use two approaches previously introduced. The first one involves
the use of the spectral sequence described in Section 3.3.4. The second one consists in
iterating the Pimsner-Voiculescu exact sequences (see Theorem 3.49) k-times, and study
the extensions arising. This section will be structured as follows:

e First, we will give a sufficient condition for the verification of HK-conjecture for a
Deaconu-Renault groupoid of rank 3, as it was suggested in [21].

e In the second part, we use this in order to prove that rank 3 Deaconu-Renault
groupoids arising from actions by homeomorphisms satisfy the rational HK-
conjecture.

e Finally, we will provide an explicit picture of the group K;(A x Z), in order to set
the first step in the study of whether rank-3 Deaconu-Renault groupoids satisfy
HK-conjecture in the general setting.

4.4.1 A sufficient condition for the verification of HK for
Deaconu-Renault groupoids of rank 3

In this subsection, we answer positively in Theorem 4.18 the question appearing
in [21, Remark 6.13], where the authors suggested that, for Deaconu-Renault groupoids
of rank 3, the verification of the HK conjecture may follow from the injectivity of the
natural map @ : Hy(G(X,0)) = Ko(C}(G(X,0))) described in Definition 2.74.

To do so, we use Kasparov’s cohomological spectral sequence (Theorem 3.23), as des-

cribed in Subsection 3.3.4. In this case, the spectral sequence is of the form
Eg’q = Hp(ng Kq(A)) = Kp+q(Ma(A)) = Kp+q71(A A ZS) = Kp+q71(C:<g(Xa ‘7)>>7

where A := C*(G(X,0) x.Z?). Notice that the last isomorphisms follow by Lemma 3.20
and Theorem 3.46.

Since G(X,0) x.Z3 is an AF groupoid (see Corollary 4.4), and hence K;(A) = 0, we can
provide the specific picture of the above spectral sequence. Indeed, all the odd rows of
the spectral sequence are trivial. Then, reasoning as in Example 3.33, we have Ey = Fjs,
and the third page of the spectral sequence converging to the K-theory of M, (A) is of

the form:
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The spectral sequence reaches its limit, at most, at the fourth page, since either domain
or codomain of the following differential maps lie in a zero row. Its convergence in the

fourth page induces two short exact sequences (see Example 3.33):
0 — coker(dy®) — K1 (Mq(A)) = Ey° =0
and
0— Ey% = Ko(My(A)) = ker(dy®) — 0

If the map dy° happens to be trivial, then ker(dy”) = ES° and coker(dy®) = E3°.
Observe that we always have E*? = EP°| by periodicity of K-theory.
As we noted in Theorem 3.49, the objects E¥ Y can be computed as the cohomology of the

Pimsner-Voiculescu complex (Cpy, dpy). More explicitly, we have the cochain complex
42:0

0 = Ko(A) 2 Ko(A? B Ko(A)? ™Y Ky(A) — 0,

where d%), : Ko(A) @ NP 72 — Ko(A) @ NPT 72 is given by

3
e Y (Ko(og) —id)(z) @ (e Aey).
i=1
Lemma 4.16. Let X be a second countable totally disconnected locally compact space,
let o be an action of N*¥ by surjective local homeomorphisms on X, and denote by

G(X,0) the associated Deaconu-Renault groupoid. Let B = hﬂnezk(CC(X’ Z),0m), and
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let B = C,(X,Z). Denote by (B?, 5*) and (B, 0,) the respective chain complexes as in

Lemma 4.6. Then we have isomorphisms

d0,0 k—1,0
O%KO(A)(@/\OZk&KO(A)@/\leH “*KQ(A)@/\kilzkLKQ(A)@/\kaHO

’317'0 1“17'1 %’lTkl %’lTk

0— BoNZtk——— BoN\N"'ZF — - — BN ZF—— BN\ ZF—0
Ok 1

Moreover, the isomorphisms intertwine the differential maps d’;;?/ and Sk_p, making the

diagram commutative. Therefore:

H(Cpy,dpy) = Hyp(B?,06.) = Hyp(BY,6.) = Hyp(G(X, 0)). (4.4)
Proof. The skew product groupoid G(X, o) x. ZF is AF (see corollary 4.4), and hence
Ko(A) = Hy(G(X,0) x.ZF) = B, as shown in Lemma 4.5. Then, by symmetry of the
exterior product, we have the isomorphisms 7, : Ko(A)®@ A” Z* = Bo A" 7 Z*. Denoting

by 6 the isomorphism between Ky(A) and B, we can write 7, as:
(z®e,) =0(2) ® €pt,

where p1 € T(p, k), and ut € T'(k — p, k) is the unique (k — p)-string disjoint to p (see
paragraph 3.3.4.4).
The intertwining of the differential maps %), and Sk_p follows from Lemma 4.5 and

definition of those maps. Therefore, we obtain
H?(Cpy,dpy) = kap(BNf, 5*)

The isomorphisms

Hy_p(B2,5.) = Hy_(B,6.) = Hi_y(G(X, 0))

were proven in Lemma 4.7 and Theorem 4.8, respectively.
0

With the second page of the spectral sequence already computed, our goal is to study
the necessary conditions for the map d§’° to be trivial. More precisely, we will prove that

it is trivial whenever the canonical map

®: Ho(G(X,0)) = Ko(Cr(G(X,0)))
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of Definition 2.74 is injective. We will do so in Lemma 4.17 and Theorem 4.18.
To this end, we first build the cohomological spectral sequence as in Subsection 3.3.4.3:
The associated finite cofiltration of the mapping torus M, (A) arising from the action of

72 on A is given by:
M (A =FK23KRL3FH5S D F,={0}.
Each Fj is defined by restricting the domain to X;, where:

X; =10, forall j <0,
Xo ={(0,0,0)},

X1 = ([0, 1] x {0} x {03) U ({0} x [0,1] x {0}) U ({0} x {0} x [0, 1]),
Xy = ([0,1] x [0,1] x {0}) U ([0, 1] x {0} x [0,1]) U ({0} x [0, 1] x [0,1]), and
X; =10,1]3, for all j > 3.

For each j, we have a short exact sequence
0135 F S F -0 (4.5)

where [; := ker(m;). Recall that, as we noted in Subsection 3.3.4.4 we have isomorphisms:

Iy=F, =~ A,
I = (SA),
I, = (S*A)?,
I; = S3A, and

[j:O,fOl"]>3

Reasoning as in Proposition 4.12, we can put together all the six term exact sequences

associated to Equation 4.5, in order to obtain the following periodic diagram:



104

+~

0 K, (Fy)
Ko(io) (0 Ky (i) Falm)
o —— Ko(Iy) ———— Ko(Fo) ———— Kq([;) ——— Ki(F}) —— Ko(l) — -
Ko(m) Ky ()
% Ko(ir) K (i)
o Ko([) ———— Ko(F) ———— Ky(ls) ———— K (Fy) —— Ko(I3)
Ko(ms) Ky (m3)
(R () ) e ey S k) S e ()

K0(7T3>

Kl(Fg) —_— K()(Ig> _— K()(Fg)

Ki(F3)

Recall that, by definition, EY? := K),,,(I,). Since K;(A) = 0, straightforward computa-
tion shows that K,,(I,) = 0 whenever ¢ is odd. The differential maps d;”™ : E}"* — E}""

are defined as the composition

d?q : Kp+q(Ip) - Kp+q(Fp) = Ky (Ierl)-

The second page is defined as E2? := ker(d?9)/Im(d?~"?), and its differentials d5? are
all zero, since either domain or codomain are trivial. Therefore we have that EY? = ED?)
for all p, ¢. In the third page, there is only one differential map that may not be zero (up

to periodicity), more precisely:
dy° : ker(v) — Ki(I3)/Im(€ o Ko(is)),

where we have used that [y = Fy, making Ky(ig) : Ko(Iy) — Ko(Fp) the identity map,
and hence ker(¢ o Ko(ip)) = ker(y). If the map dg’o happens to also be zero, then

EYY = EP1 and the result would follow.

Lemma 4.17. Under the previous assumptions, dg’o = 0 if and only if the canonical map
EY = Ky (I3)/Im(€ o Ko(is)) — K1(F3) induced by K (i) is injective. If that happens,
the spectral sequence reaches its limit at the second page, and therefore we have two

short exact sequences
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0— E3Y — Ky (F3) = Ey° =0
0— E° = Ko(F3) = E9° =0

Proof. 1t is clear that dg,o = (0 implies the injection of E;’ Y into K (F3), by the convergence
of the spectral sequence, so we only need to prove the other implication.

Looking at K (F3), we have the following exact sequence:
0— k@T(Kl(ﬂ'g)) — Kl(Fg,) — Im(Kl(ﬂ'g)) —0

Considering ker(Ky(m3)) = Im(K;(i3)) € K;(F3), we obtain a canonical isomorphism
Im(K;(i3)) = Ki(I3)/Im(§) via the map [v] — [v] for every v unitary of M, (I3), and
therefore Ki(I3)/Im(§) embeds canonically onto K;(F3).

We claim that, if the canonical map E5° = K;(I3)/Im(€ o Ko(iy)) — Ki(Fs) is also
injective, then I'm(§) = Im(& o Ky(iz)). This is straightforward, since the kernel of the
map K (I3)/Im(§ o Ko(iz)) — Ki(F3) is precisely Im(§)/Im(€ o Ko(i2)). Therefore, if
the kernel is trivial, we have that I'm(&) = Im(& o Ky(iz)) as intended.

In our sequence, the map d§’° is defined as follows (see Lemma 3.43). Take an ele-
ment fy of ker(y). Find any lift fo, € Ky(F3), and consider &(f2) € Ki(I3). Then
dy’(fo) = [€(f2)] € Ki(I3)/Im(€ o Ky(iz)), which is independent of the choice of f,.
Since Im(§) = Im(§ o Ko(i2)), we have that &(f2) € Im(€ o Koy(iz)), and therefore
dy’(fo) = 0 € E3Y = K (I3)/Im(& o Ko(iy)), for any f, € ker(1)).

Since dg’o = 0, we deduce that the spectral sequence reaches its limit in the second page.
Then, reasoning as in Example 3.33, and using the periodicity E?*? = E?°, we obtain

the two exact sequences

0— E3Y — K (F3) —» Ey° =0
0— By’ = Ko(F3) — E9° = 0

]

Theorem 4.18. Let X be a second countable locally compact totally disconnected space,
and let o = (01, 09,03) be an action of N* on X by surjective local homeomorphisms. Let
G(X, o) be the associated Deaconu-Renault groupoid. Then, whenever the canonical map
between Hy(G(X,0)) and Ko(C}(G(X,0))) is injective, G(X, o) verifies Matui’s weak HK

conjecture for Ky, and the strong version of HK for K.

Proof. As we noted in Equation 4.4, we have

Ey" = Hy(G(X,0)),
Ey" = Hy(G(X, 0)),
E%O = Hl(g(X? U))?
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E3° = Hy(G(X,0)).

Observe that, by periodicity of K-theory, we have E2? = EP° for all even q.
Since K,(F3) = K.(My(A)) 2 K, 1(AxZ3) = K, 1(C*(G(X,0))) (see Theorem 3.46
and Lemma 3.20), the short exact sequences of Lemma 4.17 are enough to prove that

Matui’s weak HK conjecture is satisfied for G(X, o), whenever the map
K1(13)/1m(§ o Ko(lg)) — Kl(Fg)

is injective.

Finally observe that, by using Remark 3.51, we have a commutative diagram

. K(is)
Kl(Ig)/]m<§ @) K()(ZQ)) —_— K1<F3)

I

v

Ko(A)/ > (Im(id — Ko(v))) Kl Ko(A % Z7)

As we observed in Lemma 4.11, the isomorphism Ky(AxZ3) & Kq(C*(G(X,0))) induced

by Takai-Takesaki duality is natural, and hence the following diagram commutes

| Ko(j) 3
Ko(A)/ > (Im(id — Ko(w))) — Ko(A x Z7)

1%
I

Co(X,2)) Y (Um{id = 1)) — Ko(C}(G(X. )

Therefore, we can translate the injectivity condition of Lemma 4.17, to the injectivity of

the canonical map
®: Ho(G(X,0)) = Ko(CF(G(X, 0))).

Hence, the injectivity of ® implies the existence of exact sequences
0— Ho(G(X,0)) = Ko(Cx(G(X,0))) = Ha(G(X,0)) =0
0— Hi(G(X,0)) = K1(CX(G(X,0))) = H3(G(X,0)) — 0

Therefore G(X, o) satisfies the weak HK conjecture whenever @ is injective.
Finally, since C.(X,Z) is free (see [21, Lemma 6.9]), we deduce that H3(G(X,0)) C
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C.(X,Z) is also free, and hence the short exact sequence for K splits, obtaining the
isomorphism

K1(C(G(X,0))) = Hi(G(X,0)) @ H3(G(X, 0)),

that is, G(X, o) satisfies the strong version of the HK conjecture for K.

4.4.2 Actions by homeomorphisms Z*> ~ X on a Cantor set

We now study the specific case of a Deaconu-Renault groupoid associated to an
action by homeomorphisms, with compact unit space. So let o = (01,09,03) : Z> ~ X
be an action of Z* by homeomorphisms on a Cantor set X. We keep our standing
convention o™ := g{toy?0y?, for n = (ny,n9,n3) € Z*, and denote o, the induced action
in C'(X). Observe that, by using Remark 2.1.2, we can identify the Deaconu-Renault
groupoid associated to the action o with the transformation groupoid X x Z3. The
C*-algebra of X x Z3 is isomorphic to C(C) x,, Z* (see, for example, [58, Example
3.3.8]).
Throughout this section, we write A = C'(X) and, as usual, we write the crossed product
A X, 72 simply as A x Z3.

We begin by describing the K-groups appearing in the first iteration of the Pimsner-
Voiculescu sequence. To do so, we use a certain family of elements u; € A X Z, under
the following construction:

Consider f € C(X,Z) such that f = o01.(f). Since oy acts on X by homeomorphisms,
we can write f = > n;xy,, for n; € Z distinct, X = | |U;, and o,(U;) = U;, for all i. We
define uy € A X Z as

U= Y Xpr (Ul

where u; € A x 7Z is the unitary of the crossed product associated to the action oy,.

Lemma 4.19. Let X be the Cantor set. Let o be an action of Z3 on X by homeomor-
phisms, and denote A = C(X). Let f € C(X,Z) be of the form f = > n;xy,, forn; € Z
distinct, X = | |U;, and 01(U;) = U;, for all i. Then the element uy defined as above is

an unitary in A x 7Z.
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Proof. The proof is standard:
whug = (O u™x 1 omp) QX (mp ) = DU X (Ul =
= Zuimixf—l({m})u?i = Zal*(XUi) =
= ZX(U(UZ') = ZXUi = Ix.

The proof that uyu} = 1x is analogous, after checking that, for each n # m, one has
that

Xf=1({np Uy X =1 ({my) = 0.

Indeed, suppose that n > m, and then we have

XF-1({nh UL Xp=1(fm}) = Xf-1({nh UL Xf=1({m}) =

= uy "X (U X () =

= uy” "ot " (X1 ((ny) XL (fmy) =
= wy” " X1 () X1 ({m}) = 0.

The same result is obtained when considering n < m. O

We can use this in order to describe K;(A x Z).

Lemma 4.20. Let X be the Cantor set. Let o be an action of Z* on X by homeomor-
phisms, and denote A = C'(X).

Then, Ko(A x Z) = coker(id — Ko(01)) = coker(id — o1, : C(X,Z) — C(X,Z)), and the

index map induces the isomorphism:
Ki\(AXZ) = {{us) := 2, xpr(qmputh : f € C(X,Z) is 01, — invariant},
where u; denotes the unitary of the crossed product associated to the action oy,.

Proof. Recall that Ky(A) = C(X,Z). The first Pimsner-Voiculescu exact sequence (see

Theorem 3.22) reads as follows:

id — Ko(O'l)
Ko(A) Ko(A) Ko(A % Z)
Ki(AXZ) Ky (A) Ki(A)

id — Kl(O'l)
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where ¢ denotes the respective index map.

The terms K;(A) are zero and, therefore, exactness of the diagram gives us the first
isomorphism, and also K(A x Z) = ker(id — Ko(o1) : Ko(A) = Ko(A)).

Note that the latter map can be identified with id — o1.: C(X,Z) — C(X,Z), where

(id —ou)(f) = f = foor.

Therefore we can identify ker(id — Ko(o1)) with the set of functions f € C(X,Z) such
that f = fooy. If we write f = > n;xy, for n; € Z distinct and X = | |U; mutually
disjoint clopen subsets of X, then we have that f € ker(id—oy,) if and only if o, (U;) = U;
for all 4.

Let’s consider [xy]o for some U clopen oj-invariant, generator of ker(id — Ko(o1)) C
Ky(A). This element identifies with [y ® egolo under the isomorphism Ky(A) = Ky(A®
K). We claim that its preimage under the index map is [u,, |1 := [xvw1 + xve]:1. Let’s
see 1t:

Let f = xvu, and vy = (xu ® 1)(u ® S*) + (xve ® 1) € Ta,,, be a preimage of uy under
7, where Ty 4, is the Toeplitz algebra as defined in Theorem 3.22 (for further details,
see [15, Proposition 5.8]), that is, the subalgebra of (A x Z) @ C*(S) generated by A® I
and u ®@ S*.

Straightforward computation shows that vyv; = 1®1, and vjvy = 1®1— xu ®ego, which
means that vy is a partial isometry in T4, , and so the index map is defined as ([53],
0.2.4):

Slugly = [1 = vjvrlo — [1 —vpvilo = [xv ® eoolo = [xulo
To extend this result for every f € C(X,Z) oy,-invariant, it is enough to check that

Uply = Usyqy. Indeed,

upty = ) Y X Xetgm T =)D Xyt g m ) = ZX (F+o) {KUT = Uty

k n+m=k

Having this identity, and since ¢ is a homomorphism,

P([ugrglr) = ol[usugl) = ([usl + [ugli) = [flo + [go;
thus concluding the proof. O]

Remark 4.21. Iterating for the second time we obtain the following Pimsner-Voiculescu

six term exact sequence:
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id — K()(O'Q)
Ko(A D Z) Ko(A X Z) K()(A X Z2)
Kl(A><]Z2> Kl(ANZ) K1<ANZ)

id — Kl(O'Q)

Now, we aim to prove that there exists some lifting v of § (and so Kyo(A x Z?*) =
ker(8) @ ~v(Im(d))), which verifies a key property. It is clear that § has a splitting

because
Im(9) C Ki1(A X Z) = ker(id — Ko(o1)) = ker(id — 01.) C C(X,Z)

is free, but we need an additional key property. We will find an explicit expression of the

lifting ~y. m

Lemma 4.22. With the above notation, there is a homomorphism
v: Im(8) — Ko(A x Z?)
such that Ko(o3)yd = v7Ky(03).

Proof. To show the result, we will study the trivial case of Z3 acting on the trivial algebra

C, and then we will expand the result for A = C'(X). First, we set some conventions:

e When working with the algebras arising from this action over the trivial algebra,
we will add a subindex 0 to all the maps involved, for clarity matters.

e Recall that, if Ay = C, then Ay x Z* can be identified with C'(T?).

e Bott’s periodicity gives, for every C(*-algebra B, two isomorphisms
Ko(B) = K(S(B)) and K;(B) = Ky(S(B)), where S(B) denotes the sus-
pension of B (see [53]). For convenience, both isomorphisms will be denoted by 6,
since it will be clear which one we are applying in each case.

Lastly, recall that, by 4.20, K1(AXZ) = {[us] .= D_ xs-1(mputh : f € C(X,Z)is oy, —
invariant}, where u; is the unitary of the crossed product of A x Z associated to the
action oy,. In particular, one may check that Im(d) = ker(id — Ky(02)) C Ki(A x Z)
can be identified as {[us]: == D xp-1(qmputh : f € C(X,Z) is 01,,09, — invariant}.
Let w,v be the canonical unitaries generating C(T?).  There exists a unique
s-homomorphism ¢: C(T?) — A x Z? sending u to u; and v to us.

We will make use of the following map between short exact sequences
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0 O(T) ® K — Ty ——= O(T) % Z ——0 (4.6)
Lm sz |+
0—=(AXZ) QK —Taxz,op — A X 7> ——0,
where we identify C(T) x Z = C(T) ® C(T) with C(T?).

Consider the diagram:

Ko(C(T2) — P ky(s(c(1)
5 5
Ry (C(T)) ——5—— Kl S(C(T))

associated to the second iteration of the Pimsner-Voiculescu exact sequence of the trivial
algebra C. We will take a lifting for dy, and extend it in order to find liftings [Vy]; €
K1(S(A x Z?)) for the elements 0([uy];) € Ko(S(A x Z)) in the general case

5 K1(S(A Z2)) — Ko(S(Ax7Z)).
Let us show it:

P

Let [V]; € K1(S(C(T?))) be such that §,([V]1) = 6o([u]1)), where V' € U,(S(C(T?2))),
and we assume without loss of generality that s(V') = I,., where s is the scalar map of
Definition 2.66. Define

—_——

Vf = fo-l({n})vl” € UT(S(A X Z2)),

neL

where V; := Sp(V), and

—_——

S« M,(S(C(T2))) — M, (S(A x Z2))

is the homomorphism on matrices induced by Si. Then the map ' : O([uslr) — [Vi is
a lifting of &' : K1(S(A x Z?)) — Ko(S(A x Z)).

First, we need to prove that, for each f € C'(X,Z) such that f is o1,, 09, -invariant, the
element Vy := 3" Xffl({n})g\;/p(‘/) is a unitary in M, (S(A x Z?)). Let us show it:
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Recall that we can identify M, (S(A x Z2?)) with the set of those elements a €
C(T, M,(A x Z?)) such that a(1) € M,(Cla) (see [53, Chapter 11]). We think of V
as an element in C(T, M,(C(T?))) such that V(1) = I, € M,(C).

We have %(V)(z) € M,.(C*(uj,ug)) for all z € T. Since f is oj.-invariant and
og,-invariant, it follows that So(V)(z) commutes with Xs-1({nh1r for all z € T and con-
sequently V;(z) is a unitary in M, (A x Z?) for all z € T. Moreover, since Se(V)(1) = I,
it follows that Vy(1) = I,, and we conclude that V; € UT(S(m2)).

We can now define the map \: Im(8) — K1(S(A x Z?)) by

AM[ugl) = [Vila

for each f € C(X,Z) which is 01, and o9,-invariant. Let us prove some properties for
the map A. First, we prove that it is a homomorphism. For this, it suffices to realize
that usu, = uypiy, as we proved earlier. The same computation shows that ViV, = Vy,

for f, g 014~ and og,-invariant functions in C(X,Z). This implies

AMlugh + ugl) = Mugiglt) = Virgh = ViVoli = [Vili + [Vl = A[uglr) + AM[uglh),

showing that A is a homomorphism.
Naturality of both the index map and Bott’s isomorphism implies that the following

square is commutative, that is, 86 = ¢'0:

Ko(Ax 72— K (S(A % 22))

Im(8) € Ky(A % Z) ——— Ko(S(4 % Z)

We want to show that
vi= 0" o N Im(8) S K1(S(A % 22) T Ko(A x Z2)

is a section of 9, that is, 6 = d oy 0 9. By the commutativity of the above square, it
suffices to check that

Y = Ao 07 0(Im(5)) S Im(5) > K (S(A x Z2))
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is a section of ¢’, that is, 0’ = 0’ 04’ 0 ¢’, and for this it is enough to check that &'\ = 6.
We first check that we have 6'(A([u]1)) = 6([u1]1). This follows from the naturality of

the involved maps. Indeed, we have

§'(A([uihh)) = &' ([Se(V)h) = (8" 0 K1(S@))([V]) =
= (Ko(Se1) 0 6)([V]1) = (Ko(Seon) © o) ([u]1) =
= (0 o K1(p1))([ul1) = 0([us]1).

To show that ¢’ o A = 6, it suffices to check that ¢'(A([up]1)) = 0([uy)1), for any projection
p = Xu, where U is a clopen subset of X such that 0,(U) = 02(U) = U. The element

Vi = Sp(V) will play an important role in our computations.

We now study Bott’s isomorphism 6:

In order to simplify notation, we put B := (A X Z) ® K and T := Taxz.,. and j : jauz.
Then B is a closed ideal of the unital C*-algebra 7 and we have S(B) C S(7). We
will look at elements in Mk(:‘?\’f) as continuous functions a: T — My(7T) such that
a(1) € M(Cly). Analogously, we will look at elements in M;(SB) as those elements
a € My,(ST) such that a(t) = a(1) + b(t), where b(t) € My(B) for all t € T.

With these definitions, note that the element [u,]; € K;(AXZ) is represented in K;(B) =
K1 (AR Z) by [u, ® ego + (1 — ego)]1, where egg = 1 — SS*.

By definition of the Bott’s isomorphism,

O([up @ eoo + (1 = eqo)|1) = [wp (; 8)1”;]0 B [((1) 8)}0’

where

u, ®ego+ (1 —ego) 0\ [cos(5t) — sin(p%t_) uy @ ego + (1 — ego) 0 cos(5t)  sin(5t)
0 1) \sin(5t) cos(5t) 0 1) \ —sin(5t) cos(5t)

In our case, this can be simplified, since an easy computation shows that, if we denote

by w; the element as above associated to u; ® ego + (1 — ego), then:

XU ® eoo 0 1 —xv ® eno 0
Wy = wy +
0 XU ® €qo 0 1 —xu ® eqo

and therefore, since xyy and xy. are orthogonal central projections:

wp (s 2wzl = (( o =10 ou)uwi(s o)uile =105 bl
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On the other hand, we will apply the definition of the index as given in [53, Definition
9.1]. We first compute & ([Vi];). There exists 1 € Us, (ST) such that Sj(u;) = <‘fj ‘/[1)
We then have 0'([Vi]1) = [ (1(')” 8) wilo — [(10"' 8)]0. Indeed, it will be important to make
a special choice of p;. First we take pu € Uzr(S?C\(q;id) such that Sjcer)(p) = (‘g VO)
Note that necessarily we have p(1) = 1y,.. Now we take up := gf/)(p) It is clear that p
satisfies the desired conditions. Observe that p;(1) = 1g,.

Since we already know that §'([V1]) = ¢'(A([u1]1)) = 6([u1]1), and

Oiusls) = O((us]y) — [wl (1 ®0600 8>wﬂ0 - [<1 ®Oeoo 8)}07

we conclude that

[ 1®eyp O *] [ 1®eyp O :| |: 1, 0 *] [ 1, 0 ] (47)
w wi| — = - . )
Lo o) o o o)lo "o o)No" \o o)l

in Ko(SB).

For any projection p = xy, where 0;(U) = 02(U) = U, we have V, = xyVi +
xvel,. We need to find an element in Us, (STaxze, ) such that its image is equal to

<VO” V°> Since U is 01- and os-invariant, our choice of p; enables us to check that

0

= (xu ® 1) + (xve ®1) <10T 1T> is a unitary matrix over the unitization of STxz g,
satisfying the required conditions. Indeed, pu; = %(u), and so, for t € T, all the entries
of u1(t) belong to the C*-subalgebra of 7 generated by u; ® 1 and uy ® S* (where here
S is the unilateral shift), so all these entries commute with yy ® 1. Indeed, we have
that xy ® 1 is a central projection in 7. Using this, it is straightforward to check that
Wy € Us,(ST) and that pp(1) = 1.

Therefore we have
(V) = [ (5 )il = [(5 )l =
@ Dm (5 i+ w5 Oo—1(5 5,

Note that the projections (xy ® 1)u (1(; 8) wi and (xpe ® 1) (10" g) belong to
C([0,1], M5,(T)), but they do not belong to Mzr(gﬁ:) (except when U = X or U = ).
However their sum belongs to Ma, (SB).
Now by (4.7) there exists p € N and a matrix X € M (E\E), where k = 2r + 2 + p, such
that

XX* — <10T 8) D wy (XUQSEOO 3) wI o) 1p
and

XX =m(s Duie(viw e,
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Write sX(t) = X(1) = C € M(Cly). Then we have C*C = CC* =1,  0® 1,,. Hence
we can complete C' to a unitary matrix C' so that (1L, a0 1,,)5 =C = 6’(1T ®041,)
and (0, @ 1,10 ®0,)C =0, ® 1,42 D0, = C(0, ® 1,458 0,).

Set Y = C*X. Then Y € M(SB) and s(Y(t)) = V(1) = C*(1, ® 0 ® 1,)C = C*C =
1, ® 0® 1,. Moreover we have YY" = XX* and Y*Y = X*X. Hence, by replacing X
by Y, we may assume that s(X(¢)) = X(1) =1, &0 1,.

Now let p = xp as before, and define

Xp= v @ DX + (xve @ 1)(L, 0@ 1),

Then we have sX,(t) = X,(1) = (xoe @ DX(1) + (xpe @ 1)(1, 04 1,) =1, &0 1,.
Using this, it is easy to verify that X, € M, (SB). Moreover, we have

XX*—(“ 8)@101(”%’600 g>w{®1p
and
XX, = (e Du(y ui+twen(y 0)o (e i) e,
This shows that
Olupl) = [on (5 3)wil = (5 $)lo =
= lwem (s Dui+ e Jo—[(v o=
= & (M([up)));

as desired.

Finally, we check that Kq(o3)(v0) = (70)Ko(o3). Observe that we have:

0—>B—>T —=Ax7Z>*—=0 (4.8)

jag JU3 Lag,
0 B T AxZ?——0,

where the squares are commutative, and we simply denote by o3 all the maps induced

by o3. By naturallity of the connecting map we get that 6 Ky(o3) = K1(03)0.
We now show that AK;(o3) = Ki(So3)\. Let f be a 01, and og,-invariant function in
C(X,Z). Then we have

AL (o3)([ugh) = Mt fog;1]1) = Voot = Ki(Sos)([Vilr) = Ki(Sos)(A[ugh)).

This shows our claim. Now using the naturallity of the Bott map we get that 0 Ky(o3) =
K1(Sos3)6. Hence

’}/Kl(O‘g) = 9_1)\K1(0'3) = 9_1K1(SO'3)/\ = Ko(O'g)H_l)\ = K()(O’g)’y.
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Combining this with the equality dKy(o3) = Ki(o3)d we get that Ky(os)(y0) =
(v0)Ko(o3), as desired. O

We are now going to use the fact that § splits. The third iteration of the Pimsner-

Voiculescu exact sequences is of the form:

id — Ko(O'g)
Ko(A x Z2) Ko(A x Z2) Ko(A % Z2)
Ki(A % Z?) Ki(A x 72 K (A %72

id — K1(0'3)

If we study the upper row, we obtain the following exact sequence:
Ko(A x 22) ) KA 22) = Gy = 0

where Gy C Ky(A xZ?) denotes the image of the respective map. Our goal now is to split
this exact sequence according to §. To do that, we first need to prove that id — Ky(o3)
is well defined in both parts of this splitting.

Lemma 4.23. With the above notation , we have that for 6 : Ko(A xZ?) — K,(A % Z)
as in Remark 4.21, the map (id — Ky(03)): v(Imd) — v(Imd) is well defined.

Proof. Immediate from Lemma 4.22. m

Now, we need to find an analogous statement for the kernel of 9, in order to prove that
the map id — Ky(o3) respects the splitting.

Lemma 4.24. With the above notation, with § : Ko(AxZ?) — K,(AXZ) as in Remark
4.21, the map (id — Ko(03)): kerd — kerd is well defined.

Proof. Recall that ¢ arise from the following diagram:

% id — K()(O'Q) K(](L) 9
O(A X Z) K(](A X Z) Ko(A X 7 )
Kl(ANZQ> Kl(ANZ) Z’d_K1<O-2) K1<ANZ)

where A = C(X). By exactness of the diagram, ker(d) = Im(Ky(t)). Note that Ko(¢)
is induced by the natural inclusion t: A X Z — A x Z? . Since 103, = 03, we get that
Ko(t)Ko(o3) = Ko(o3)Ko(), and the result follows. O
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Corollary 4.25. Given an action o of Z* by homeomorphisms on the Cantor set X, the

following diagram is commutative:

0 0 0
ker( id ~ Kolow) ker(d) Go 0
id — KQ(O'g)
Ko(A x Z?) o(A % Z?) Gs 0 (I)
id — K0(0'3>
7(Im(0)) Y(Im(0)) Gy 0
0 0 0

where A = C(X), Gy, G1, Gy are the groups that make the respective rows exact, and all
the columns are split-exact.

Moreover there is a commutative square

GO—>H0(Q(X, 0')) (49)

Pk

G2 I Ko(A A Zs),

where ®: Hyo(G(X,0)) — Ko(A x Z?) is the natural map from Hy of the Deaconu-
Renault groupoid G(X,0) to Ko(A x Z3) = Ky(C*(G(X,0))), the top horizontal map
is an isomorphism and the bottom horizontal map is injective. Therefore, the canonical
map between Hy(G(X,0)) and Ko(C*(G(X,0))) is injective.

Proof. Split-exactness of the columns is immediate after the last two lemmas, and G5 C
Ko(A x Z3) is clear, by construction.

To prove Gy = Hy(G(X,0)), diagram chasing suffices to prove

3

Go = Ko(A)/ > Im(id — Ko(0y)).

i=1
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Indeed one may check that

ker(0) = Im(Ky(1)) = Ko(A)/ Z Im(id — Ko(03)) = C(X,Z)/ > Im(id — 0,),

i=1

and so ,

Go = Ko(A)/ Y Im(id — Ko(0y)) = C(X,Z)/ Y " Im(id - 0;,)

i=1 i=1

3
naturally. By [21, Theorem 6.5], Hy(G(X,0)) = C(X,Z)/ > Im(id — o0;,), and so we
=1

(2
obtain a commutative diagram

Gy = C(X, Z)/Zillm(id —0;,) — Hy(G(X,0))

lL ®

G2 K()(A X Z3),

concluding the proof. O

Theorem 4.26. Let o be an action of Z* by homeomorphisms on the Cantor set X.
Then the associated Deaconu-Renault groupoid G(X, o) satisfies the HK conjecture for
K4, and the weak HK conjecture for K.

Proof. Immediate after Corollary 4.25 and Theorem 4.18.

4.4.3 A complete description of K(C*(G(X,0) x.ZF) x Z)

Finally, we extend our previous study to the general case. This section aims to
provide the first step in the study of the HK conjecture for rank-3 Deaconu-Renault
groupoids (and higher), in the general setting.

Again, we focus on our second approach, that is, by iterations of the Pimsner-Voiculescu
exact sequences. In order to successfully investigate the iterations, it is important to
have an explicit expression of the elements of some of the K-groups arising from those se-
quences. Contrary to the previous section, the results that follow are valid for a Deaconu-
Renault groupoid of arbitrary rank.

In this document’s main technical section, we provide a complete description of the ele-
ments of K1(C*(G(X,0) x.7Z*) x Z), as well as their images under the index map.

Before starting, we recall some important notation. Given an action a of Z on a C*-
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algebra A, we can build the Pimsner-Voiculescu exact sequence ([51]):

id — Ko(a)

Ko(A) ——— Ko(A) —— Ko(A % Z)

| |

Ki(AXZ) +——— Ki(A) m K1(A)

which is obtained by applying the six-term exact sequence of K-theory to the short exact

sequemnce:
05 ARK = Tae > AXZ—0

Here, T4, denotes the generalized Toeplitz algebra ([15], 5.8), which can be identified as
the subalgebra of (A x Z) @ C*(S) generated by the elements of the form A ® 1, u ® S*.
Now, let X be a locally compact Hausdorff space, and let o := (074, ..., 0%) be an action
of N¥ on X by surjective local homeomorphisms. Denote by G(X, o) the associated
Deaconu-Renault groupoid of rank &, and let o := (ay, ..., ay,) the induced action of Z*
on G(X,0) X.Z*. We simply write o when referring to the action on C/(G(X, o) x.Z*)
induced by a.

By identifying C;(G(X,0) X Z*) %o ZF = CF(G(X,0) X ZF) X, L Xy, LX ... X, T, We
obtain k consecutive Pimsner-Voiculescu exact sequences, with the desired information
contained in the k-th one. We warn the reader that, for clarity matters, we will drop
the subindexes in the crossed product, since it will be clear which action is being used in
each case.

Before advancing further, we provide a technical lemma:

Lemma 4.27. Let X be a zero-dimensional locally compact Hausdorff space and let
o0: X — X be a surjective local homeomorphism. Let U and V' be open compact subsets
of X such that o(V) = U. Then there exist n > 1 and decompositions V = | | V;
into mutually disjoint open compact subsets V; such that each V; can be decomposed as
V, = |_|;::1 Vi; for mutually disjoint open compact subsets V;;, such that the following
properties hold:

1. oly,; is a homeomorphism from Vi; onto o(Vy;) for all i, j,
2. Foreachi=2,...,n we have 0(V;;1) = 0(Vjs) = --- = a(Vy).
3. U= L] o(Va).

In particular, there exists an open compact subset W C V' such that oy is injective and
o(W)="U.
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Proof. Since ¢ is a local homeomorphism, X is zero-dimensional, and V' is compact,
there is a finite partition V = | |, A; of V such that 0|4, is injective for all i. Setting
B; := 0(A;), we observe that U = (V) = |J;_, B;. Now we can refine this decomposition

to a disjoint decomposition into open compact subsets U = | |_, C,., where
C,=BiNByN---NB,,
and, for 1 <r<n-—1,

C, = || [(BilmBhw--mBir)\[ U (Bilmma---mBirmBj)H.
1< <ig-<ip<n G {i1,0in}
Now forr=1,...,nand 1 <75 <r, set

Vo= L @) (BunBun-0BN| U (BunBun-nB,NB)).

1<i1 <<ir<n Je{i1,...ir}

Then the sets V,. = |_|;:1 V,; satisfy the required conditions.
Finally observe that W :=| |'_, V}; is an open compact subset of X satisfying that o|y
is injective and (W) = U. O

We now develop some basic properties of the projections and unitaries.
Lemma 4.28. Let A = C*(G(X,0) x.Z*). For p € Z* and n € N* we have

1. Let U be an open compact subset of X, and suppose that o™|y is injective. Then
we have

[Xux{ptlo = [Xom@)xfntp}o
in K()(A)

2. Let U be an open compact subset of X. Then we have

[XUx{p}]o = [(U”)*(XU)ner]o

in Ko(A), where for f € C.(X,Z)*, we denote by f, the corresponding projection
in matrices over C.(X x {p}),

Proof. (1) Suppose that ¢"|y is injective. Then we may consider the compact open
bisection

Z ={((z,n,0"(z)),p) : x € U}.

Then we have xzXx7 = Xvux{pr and XZXz = Xon(U)x{ntp}, and we get the result.

(2) Write U = |_|ZN:1 Ui, where o"|y, is injective for all i. Then we have

[Xux{ptlo = Z[XUix{p}]o = Z[Xanwi)x{nﬂz}]o = Z[(U”)*(Xui)nw]o = [(6")« (XU )ntplo-

O
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In particular, we obtain that all the projections are represented in degree 0, because
given n € N¥, every open compact subset of X can be represented as a disjoint union of
sets of the form ¢"(U), where U is open compact and ¢"|y is injective. In this way we

obtain an explicit realization of the isomorphism
Ko(A) 2 Ting (CL(X, Z), (").).
neNk

Now suppose that we have a compact open subset U of X such that o1(U) = U and 04|y

is injective. Then we have

Ko(a1)([xux{olo) = Xuxtertlo = [Xo1@)x{ert]o = Xuxqorlo

where we have used Lemma 4.28 in the last step.
Therefore we have identified an element in ker(id — Ko(aq)). For this element we can

produce a unitary in A x Z which is the pre-image under the isomorphism
K1(A xZ) 2 ker(id — Ko(on))

Let U be a compact open subset of X such that oy(U) = U and o4y is injective. Set
f = Xvuxjoy, and let Z = Z(U) be the compact open bisection defined by

Z ={((z,e1,01(x)),0) : xz € U}.

Then the element
Uf = XzU + Xx\Ux{0}
is a partial unitary in A x Z with uyu} = ujup = Xxx{0}-

Lemma 4.29. With the hypothesis above we have that 6([us]1) = [xv]o-

Proof. Let f = Xuxo}, and vy = (xz ® 1)v* € Taq, be a preimage of uy under 7. Recall

that v = v ® S* is an isometry in 74 o, such that

and 7(v*) = u. Straightforward computations, using the representation in [15, Proposi-
tion 5.8], show that vpvE = Xux{oy ® 1, and vjvp = XUx{oy ® SS*, which means that vy

is a partial isometry in T4 ,,, and so the index map can be computed as ([53], 9.2.4):
8((usle) = [1 = vjvrlo — [1 = v707lo = [xoeio) © (1~ S5,
which is the class of xyxoy in Ko(A ® K). O
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Consider now nonzero integers a;, with ¢ = 1,...,n and let {U; : 1 <1i < n} be pairwise

disjoint compact open subsets of X such that o4y, are injective and o, (U;) = U; for all

i. Note that the above hypothesis imply that 07|y, are injective and o7 (U;) = U; for
all ¢ and all n € N. Then the element f = 7" | a;[xv;x{01]o belongs to the kernel of

id — Ko(aq). For each ¢ we consider the compact open bisection
Zi = {((.I', ‘ai|7o-|1ai|($));o) S Uz}

Write u; := yzul%l for all i, and let
“~ a
i
Up 1= E — ;.
! = lail Z

Then uy is a partial unitary in AxZ such that ufu; = u;uf = Xux{o}, Where U = |_|?:1 U;.
As before, straightforward computation proves the following lemma:
Lemma 4.30. With the hypothesis above, we have that d([us];) = f. O

We now present more elements in the kernel of id — Ky(ay ). This is inspired by the theory
of graph C*-algebras.
Let Vi, ..., V, be pairwise disjoint non-empty compact open subsets of X. Suppose that

for some non-negative integers aj;, with 1 <+, j < n, we have decompositions

n Qg

k
j=1k=1
where Vj(zk) are compact open subsets of X, 01|V(k) is injective for all 7.5, k and
Ji

(VI =V, (1<ij<nl<k<ay).

Consider the matrix A = (a;;) € M, (Z"). Note that, since V; # 0 for all i, we get that
all columns of A are nonzero. We will also assume that all rows are nonzero.

Lemma 4.31. With the above notation, let x = (xy,...,x,)" be a column vector in Z"

such that (A—1I)z = 0. Let f =" | xi[xvix{o})o € Ko(A). Then f € ker(id — Ko(o)).
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Proof. We have

(1d — KO(QI))(Z i[Xvix{o3lo sz XVix{0})o — sz [XVix{ei})o
1=1 i=1 i=1
- Z%(ZZ XV(k>><{0} ) sz‘[XVix{el}]o
7j=1 k=1 i=1
- Z%(ZZ Xo1 (V) x {er}10 > Z%’[Xvix{el}]o
j=1 k=1 i=1

=3 (S eenb - S =
=1

1=

Note that this covers the case considered before, in which A = I.

We are going to build a suitable unitary element uy, lifting for an f defined as in the
statement of the lemma. This follows the construction for graph C*-algebras. Indeed
we are going to use the same notation as in [10]. For this, we consider a finite graph
E = (E° E',r,s) with E° = {1,...,n} and E' = {egf) 01 <k <aj,l <i,j<n},
where s(e(k)) =i and r(e (.]?)) = j for all allowed indices 1, j, k.

Let Z(k) = {((y,e1,01(y)),0) : y € V[i}. Then, as before, Z](f) is a compact open bisection

(k)

and the element u;;" := x ,mu is a partial isometry in A x Z such that
e

k k)\ % k)N x
uﬁz)(u‘gz)) - XVj(ik)X{O} and (U§2)) uﬁz) = XVJ x{0}-

It is easy to show that the assignments v ~— Xy, x{0} and 65-’;) — ugf)

define a
s-homomorphism p: C*(E) — A x Z such that p(1) = xvx{o}, where V = | |, V.
Now observe that © = (x1,...,z,)" defines an element in K;(C*(E)) as described in [10],
and concretely we can define a unitary U, € M,(C*(E)) (see below) representing this
element. We then define

usp = p(U;) € Mp(AXZ),
which is a partial unitary with uyu} = ujur = xv @ 1.
We now recall the definition of U,. We keep the above notation. Define

L = {(e,i) lec BN 1<i < —xs(e)}U{(v,z’) lve E°1 gzng}, and

Lo = {(e,z’) lec E'1 §i§x8(e)}U{(v,i) lve E%1<i< —xv}.

By [10, Lemma 3.1] and [10, Lemma 3.2], L} and L have the same number of elements

(4.10)

and there are bijections

] : LF —{1,--- ,h} and (y: L, —{1,--- ,h}
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with the property that [z,i] = (y, j) implies r(x) = r(y). Here h is the common number
of elements in L and L] .

With notation as above, define two matrices V, and P, by

V, = Z eEw,i e,y + Z € Ele,i], (w,i)

1<i<ay 1<i<—ay
s(e)=w s(e)=w

and

P, = Z WE 4], [w,i) T Z VEe i [e,i]

1<i<tw 1<i<—zy
s(e)=w,r(e)=v

where E, . denote the standard matrix units in the h x h-matrix algebra M, (C*(E)) (see
[10, Definition 3.3]).
In addition, we define

U=V, +(1—-F,). (4.11)

The matrix U, is invertible and U, ' = U¥ = V* + (1 — P,) (compare [10, Lemma 3.4
and [10, Fact 3.6]).

Now set uy :=m(U,) € My(A X Z).

Lemma 4.32. With the above notation, we have that §([us];) = f.

Proof. As before, we consider the element v = u* ® S in T4 4, and we set

Ug(‘f) = (XZ;;C) ® 1) = ugf) ® S*.

o)

Then replacing each occurrence of ugf) in uy by v;;”, we obtain an element vy € Ta 4, -

We now compute

O([ush) = [1 = vjvglo = [1 = vyvglo

n n

= (Z( Z awvxv)[XVwX{O} ® (1 - SS*)]O) - <Z( Z awv(_xv))[XVwX{O} ® (1 - SS*)]())
— wa[XVwX{O} ® (]_ — SS*)]O = f

]

We now consider another type of element, this time connected with a certain separated

graph. Suppose we have a set of vertices I' = |_|?:+11 [;. We force T'; # ) for i =

1,...,n, but allow I',,;; to be empty. Now suppose that we have non-empty compact
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open mutually disjoint open sets Z,, v € I'. Set V; = | | Z,. Moreover suppose that

vel';
for each i € {1,...,n} there are decompositions

Qyi

vi= v

vel k=1

where Vv(i are compact open sets such that O'1|V(k) is injective and 01|V(k)(V(k))

Zy
for all allowable values of v,4, k. Let A = (ay;) € Mrxpn(Z'), where we denote [1,n] =
{1,...,n}. Let also I € Mpypn(Z") be the matrix with all entries in {0,1} such that
in the i"* column has 1’s exactly at the position that belongs to I';, for i = 1,...,n.
Lemma 4.33. With the above notation, let x = (x1,...,2,)" € Z™ be a column vector
such that (A —I)x = 0 and let p € N*. Let f = " zi[xvixptlo € Ko(A). Then
f € ker(id — Ko(ay)).

Proof. We have

(id — Ko(our) Z% XV; X{p} ZQTZ XV; X{p} 0— Z% XV; ><{p+e1}

=1
a”UI

S ILIP3) IR HES ST

vel k=1
o ZIZ(Z Z 01 V( ))><{p+e1} ) ij Z XZ, ><{p+51}
vel' k=1 vely
= Z (Z avzafz) XZyx {pte1}]0 Z Z T5[X 2, x fp+er} o
vell =1 Jj=1vely
— Z Z (Z Qi i — Ij) [XZUX{p+el}]O + Z (Z ama:i> [Xva{p—s—el}]O =
j=1lovely =1 vE€l 41 i=1

]

Our objective now is to show that the above covers indeed all the elements in ker(id —
K()(Oél)).

Theorem 4.34. Let f € ker(id— Ko(ay)). Then there are non-empty mutually disjoint
compact open sets Z,, v € I', where I' = |_|?:+11 I'; is a finite set, p € N*, such that with

Vi = |U,er, Zv, we have for each i € {1,...,n} a decomposition

Ayj

vi= v

vel k=1

where VU(Z- are compact open sets such that al\v(k is injective and 01|V(k) (V( )) Z, for
all allowable values of v,1,k. Let A = (a,;) € MI‘X[Ln] (Z7"), and let I € Mpy,(Z") be
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the matrix with all entries in {0,1} such that in the i column has 1’s exactly at the

positions that belong to T';, fori = 1,...,n. There exists x = (x1,...,2,)" € ker(A—1)
such that f = Y"1, &i[Xv,x{p}o-

Proof. We can write f = Z’Ll 2 [Xv/x{oy)o, where x; € Z and V{, ...,V are non-empty
compact open subsets of X.

Since f € ker(id — Ko(aq)), we have

Z $§[(01)*(X\@’)e1]0 = Z xQ[XV;x{el}]o
i=1 i=1

Since Ky(A) = hﬂneNk(Cc(X’ Z),(c™).), we get that there is some p € N¥ such that

n’ n’

PRGNS PELONCTOL

=1 =1
where now this is an identity in C.(X,Z), and

n’

E +e E !
f Up 1 XV’ p+e1 xz Up XV’ }
=1

Writing each (07).(xv;) as a Z-linear combination of characteristic functions and rearran-

ging, we can therefore write
f= Z%[Xvix{p}]o
i=1

where x; € Z, {V; : 1 <i < n} are mutually orthogonal compact open subsets of X, and

sz Jl XVz pter — szXV x{p+e1}- (4'12)

We will assume that z; > 0fori=1,...,rand z; <0 fori =7r+1,...,n. Then we have

Z xz Ul XV p+er + Z xz Xv; x{pt+e1} — Z TiXv; x{p+e1} + Z XV )p+61
i=r+1 i=r+1

(4.13)

Using Lemma 4.27 we get decompositions

t;
-Um

where W; ; are compact open sets, 01w, ; are injective for all i, j, and there is t; < t; such
that

(V) = | o (W),

J=1
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and for each | =, 4+ 1,...,¢; we have oy (W;;) = o1(W;;) for some j € {1,...,t}.
Looking at the supports of the functions in the equality (4.13), we obtain a set equality:

v = U (U)o () = (0w) v (U (Leon))

i=r+1j=1 i=1j=1 i=r+1 j=1
(4.14)

Here we need to introduce some further notation. Set

t!

k3

B := LTJ (ﬂgl(WiJ))’ C .= CJ <|_| O'1<Wi’j)>.

i=r+1 j=1

For 1<i <ip<---<iy<rand1<j,<t;,s=1,...,1[ set

Biy ). ivg) = (o1 (Wi )0 'm(Tl(VVil,jz))\[ U o1 (Wi )N 'mal(I/Viz,jz)ﬂal(m/ilﬂyjlﬂ) ’

(f141-J141)

where (4,41, ji+1) ranges on all pairs with 1 < 443 < r and 1 < j;1 < t;,,,» with
i1 ¢ {i1,...,4}. By Lemma 4.27, we have B = | | B(, j1),...(,j,)- Similarly we define
sets Cliy j),on(igy), Wherenow 7 +1 <4y <--- < <nand 1< j, <t; fors=1,...,1,

so that C' = |_| C(il,jl),...,(iz,jz)'

Now write
0 . 0 —_
B(il,j1),...,(il,jl) = B(il,jl),m,(iz,jz) \ [ |_| W]» C(’il,jl),---(iz,jl) = O(ihjl)v'--’(il:jl) \ “_l Vz‘]-
i=r+1 i=1
Moreover, set, for r +1 <17 < n,
V[/i(,)d - Wi,d \ B,
and, for 1 <17 <,
WP, =W;a\ C.
Applying the formula appearing in the proof of Lemma 4.27 to the middle term of (4.14)
we get
Y = I_I B?’il,jl),...,(il,jl) I_l |_|<B(i17j1)"“’(il7jl) m Wi’d) l—l |_| Wl?d (415>
Here, in all the unions on the right, the indices (i1, j1), ..., (i, Ji) are extended over all
possible indices with 1 <4; <--- <4 <rand 1< j, <t;,s=1,...,1. For the indices

(1,d), we have r + 1 <i<mand 1 <d <t
Similarly, we obtain, applying the same formula to the term appearing at the right hand
side of (4.14),

Y = |_|CZ1,]1, S(1,41) |—||_| (41,515 ,lel)ﬂWZd |—||_|Wzd) (4'16>
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Here, in all the unions on the right, the indices (i1, j1), ..., (i, Ji) are extended over all
possible indices with r +1 < ¢; < --- <4qy<mand 1 < j, <t;,s=1,...,1. For the
indices (i,d), we have 1 <i <rand 1 <d <t,.

Let 1 <ip < -+ <rand1 < j, <t fors =1,...,[. Notice that for each non-
empty subset T' of B, j,),.(i,j) and each s with 1 < s <, the preimage (o1|v, )~ (T
of T in V;, is the union of m(ig, j5) sets, where m(is, js) is the cardinality of the set of
indices j € {1,...,t;,} such that oy (W, ;) = o1(W,,,,). Moreover, we have 0,(Z) =T
for each of these m(is,js) sets. In addition, we have that (oy|y,) " (T) = 0 for i €
{1,...,r}\ {ix, ... 0}

A similar observation holds for the non-empty subsets of C(;, j,),....¢i,,j,), Where now r+1 <
<<y <n.

We can use a lighter notation, and set, using (4.15) and (4.16),

n t;
Y = |_|BOI_||_| |_| |_|BgﬂI/Vzd |_| |_|Wi?da
B i=r+1j=1 i=r+1j=1

where B, Bs are subsets of B satisfying the above conditions for suitable subsets of
{1,...,r}, and BY N (L™, ., V;) = 0. Similarly, we write

Y = |_|00u|_||_||_| (Cs N Wia) u|_||_| it
§ i=1j5=1 i=1j=1

where C’S,Cg are subsets of C' satisfying the above conditions for suitable subsets of
{r+1,...,n}, and CY N (U_,V;) = 0.

We now refine these two decompositions of Y. Observe that for each i, d with r4+1 < i < n

Wi S| o).
v

Similarly, for each i, d with 1 <7 < r we have

Wia C |_| BY.

we have

We thus obtain

Y = |_|B°m00u|_||_|B°mW0du|_| | | BInCsnW; 41 |_| | | CInBsnW; 410 |_| | |corwy,.
i=1 a,d =1 a,y,,d i=r+1~,5,d i=r+1 ~,d

We are now ready to define the set I' = |_|?:+11 [';. Let I',,11 be the set of all the non-

empty sets B N CS, for all values of a and 3. For ¢ = 1,...,7 let I'; be the set of all

the non-empty sets of the forms By N WY, and B) N Cs N Wi 4, for all possible values of
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«,90,d. Finally, for i = r+1,...,n, let I'; be the set of all the non-empty sets of the
forms C9 "W, and C2 N Bz N W, 4, for all possible values of 3,7, d. For each v € I, we
set Z, = v, to keep in line with the notation previously introduced.

Finally we define the matrix A = (a,;). For each i = 1,...,n and v € T'| there is
ay; € ZT such that V; contains exactly a,; mutually disjoint subsets, all of them having
the property that the restriction of oy to them is injective and that its image under oy is
exactly Z,. Note that for v of the form By N W?,, one has a,; = 0 for i =r+1,...,n,
and that, for v of the form CY N W7, one has a,; =0 fori=1,...,7.

We therefore have subsets Vv(ik) foreachv eI, 1 <i<nandl<k<a, such that

vi-LILve

vel k=1
Observe that we have, for e =1,...,r and 1 < d < t;, that
Wia=||CSnBsnWiqu| |CINWY,,
7,8 v

so that we obtain V; = | |
There is an extra term (possibly empty), disjoint to all the V;’s with i = 1,...,n, which

is Vier = [, BONCY = er,,, Zon
Now observe that equation (4.12) gives us

Z(Z AviTi)Xz, = Z Z TiXZy-

vell i=1 i=1 vel;

ver, Zv- Similarly we get that V; = |_|U€Fi Zyfori=r+1,...,n.

Since Z, are mutually disjoint and non-empty, we get that (A — I)z = 0 and so

> TiXvix{py is of the desired form. 0

We now observe that the formula for the unitaries in K;(C*(E)) can be generalized to
separated graphs.
Let (E,C) be a finitely separated graph. Following [3], we define the map:

A: 7€) — 7
by A(dx) = > epo ax (v, w)dy, where X € C,. We also define the map
I: 729 — 77)

by I(6x) = 0, for X € C,.
It will be useful in the sequel to use the notation s(X) = v for X € C,. Now recall from
[3, Theorem 5.2] that

MKNEC»%M%U—A)%@%ZWU.
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We are going to find an explicit formula for the isomorphism
X ker(([ —A): 29 - z<E°>) — K, (C*(E, C)).
Let 2 = (zx)xec € ker(I — A) C Z©). Then we set:
LE={(X,i)|1<i<zx}n{(ei)]eec X, 1<i<—wx},
L, ={(X,i)|1<i<—-ax}U{(e,i) ]| ee X,1<i<uzx}.
Note that the condition that « € ker(I — A) translates into the equations:

Z Tx = Z ay (v, w)zy, (w e EY).

XeCy YeC

Therefore we get |Lf(w)| = |L; (w)| for all w € E°, where

Li(w)={(X,i): X e C,,1 <i<zx}U{(e,i):ee€Y,r(e) =w,1<i< —zy},

T

and similarly

L (w)={(X,i): X e€Cyp, 1 <i<—zx}U{(e,i):e€Y,r(e) =w,1<i<uxy}

In particular we get |L}| = |L, | and we fix bijections
[]: LF —{1,...,h} and ():L, —{1,...,h}

such that [L] (w)] = (L,

T

(w)) for all w € E°.

We now consider:

Ve, = Z ebxi] (e T Z € Efe,i),(X.i)-

1<i<zx,e€X 1<i<—zx,e€X

Then we have V,V = P, = VV,, where

Z Z s(X)E [X,i],[ X, T Z Z E[ez][ez.

X:xx>01<i<zx Xixx<01<i<—zx

In this way, we obtain that the map x is defined by x(z) = U, :=V, + (1 — P,) for all
x € ker(l — A).

We are going to relate this with our previous situation. Let f € ker(id — Ko(aq)). By
Theorem 4.34 there are non-empty mutually disjoint compact open sets Z,, v € I', where
I = [/ T, is a finite set, p € N¥, such that with V; = | |

a decomposition

ver, v, and we have for each ¢

(23

vi= v

vel k=1
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where Vv(ik) are compact open sets such that Ul‘vv(ik) is injective and 0'1|Vv(ik) (Vv(ik)) = Z, for
all allowable values of v, 1, k.

Let A = (ay) € Mpxpn(Z7), and let I € Mpyp»(Z") be the matrix with all entries in
{0, 1} such that in the i** column has 1’s exactly at the positions that belong to T';, for
i=1,...,n. There exists z = (x1,...,2,)" € ker(A —1I) such that f =" | zi[xvix{p})-
We define a separated graph (E,C') which locally reflects the above situation. This will
be a bipartite separated graph, with a partition E° = E%° 1 E%! such that all arrows
from FE go from E°? to E%!. Set E%? = {v! ... v"} and E%' =T. For each v’ € E*° we
have Ci = {X;,Y;}, where | X;| = |[';| and there is an arrow e,; in X; from v’ to v € T'; for
each v € I';. On the other hand, there are exactly a,; arrows, denoted quf ), 1 <k < ay,
in Y; from v* to v, for each v € I'. In this way, we obtain a bipartite separated graph
(E,C).

The proof of the following lemma is straightforward.

Lemma 4.35. With the above notation, we have a group isomorphism
ker([ — A) = ke?"([(E’C) — A(E,C))-

This isomorphism sends an element © = (x1,...,x,) € ker(I — A) to the element
>im1 Ti(dy, — 0x,) € ker(Ipc) — Ap,0))-

[
We now define a homomorphism p: pC*(E,C)p — A x Z, where p = Y v is a full
projection in C*(E,C). We first obtain a presentation of the algebra pC*(E,C)p. We
have X; = {e,; : v € T;} and Y; = {fgi) cw e 1 <i<ay}. Nowforvel;, wel
and 1 < k < ay;, set

g% = ex, f1¥) € pC* (B, C)p.

Then pC*(E, C)p is generated by the elements gé’f,} with the relations:

Qi

DD 9@l =v (el (4.17)

wel k=1

> el =w,  (wel, 1<k <au). (4.18)

'UEFZ'
Using this we can define a suitable representation. For v € I';, w € I' and 1 < k < ayy,,

we set
Zélfu) ={((y,e1,01(v)),p) 1y € V,Lf,lf) NZ,}.

and ui’fﬁ = X mu € A X Z. Then we have

W) = Xzt
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and

k k) _
(U522 W) = X (20 B ()

Consequently we get

Qi

ZZ“ = XZ,x{p}» (vely)

wel' k=1

and
Z(uz()]fg) ( ) = XZwx{p}> ('LU € F: 1 < k < awi)-

vel'y;
By (4.17) and (4.18), we get a unique *-homomorphism p: pC*(E, C)p — A x Z defined
by
p(w) = Xzuxipys  PL90) = ulh)

foreachv el;, w el and 1 <k < ay;.

Let g=>_, eur 1, V- Then ¢ < p and we have an isomorphism

Vi C*(E,C) - (g 0) Ms(pC*(E, C)p) (g 0)

e*ae e*ap
Y(a) = ( ) ,
pae  pap

where e = 37" | 37 1 ey It follows that we have a homomorphism

- plg) 0 plg) 0
cower (100 Yuann (40 1)

obtained by composing 1) with the extension to matrices of p. Using this morphism, we

given by

will define the unitary u; as the image of the canonical unitary constructed before in
matrices over C*(E,C). So let f = Y"1, &ixv,x{p} as in Proposition 4.34, and keep all
the notation above.

Since z € ker(I — A), by Lemma 4.35 we get the element a = Y"1 | z;(dy, — 0x,) €
ker(Iigcy — Awcy). Let [|: LT — {1,...,h} and (): L, — {1,...,h} be bijections
satisfying the conditions above.

We get

Z ZeUlE[XhiHeUbi)_’_ Z Ze:lE[euzviHXz,i)

1<i<—a; vely 1<i<z, vel

+ Z Z fur By arws t Z Z (fﬁ))*E[fi’?,iLm,z»

1<i<z; wel',1<k<a, 1<i<—z; wel 1<k<ay,
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Then U, =V, + (1 — F,) is a unitary element in M,(C*(E,C)). Applying
E: Mu(C*(E,C)) = Mp(M2(AXZ)) = My(My(AxZ)),

we obtain

up = 0 Zlgig—ml Zuerl XZUX{p}E[sziHevz,i) 4 0 0
0 0 Zlgigxl Zuerl XZUX{p}E[evz,iL(Xz,i) 0

(k)
" (0 ZISigml Zwel",lgkgawl (Zyen va)E[yl’ﬂ&ffﬁ),w)
0 0

0 0
+ k)N % + 6(1 - Pa)
(Zlgig—axl Zwer,lgkgawl(zverlw&g) )Emk) i],(Y7,4) 0)

wl b

This is a partial unitary in My, (A X Z) and thus it defines an element [us] € K;(A % Z).
Write
By = {((y.e1.01(0)).0) 1y € Vi)

Then Bg? are bisections and we may consider ug? = Xpwu € A x Z. Note that
ug;)(uffl))* = Xy® 1 and (ul(fz))*ug) = XZux{p}- Moreover ZUEFZ qufg = uz(fl), so that

we can simplify the above formula for uy as follows:

up = 0 Zlgig—ml Zverl XZuX{p}E[sziHevz,i) 4 0 0
0 0 Zlgigxl Zuerl XZUX{p}E[evz,iHXz,i) 0

(k)
4 (0 Zlgigzl Zwel",lgkgawl Ul E[Yl’i]7<f$)7i>>
0 0

0 0
+ k)N + 5(1 - Pa)
(Zlgzg—xl Zwer,lgkgawl (uz(ul)) E[fgi)ﬂHYM) 0)

We can now show the desired property of u;.
Lemma 4.36. With the above notation, we have that §([us];) = f.

Proof. As before, we consider the element v = v* ® S in T4 ,, and we set

wi *

vh) = (xpm @ D" =ul)) @ S°.

k) k)

Then replacing each occurrence of ugul in us by vz(ul , we obtain an element vy € Ty q,-
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We now compute

O([urh) = [1 = vjvglo = [1 = vyvglo

= (Z( Z 1) [X 2o x {py © (1 — SS*)]O) — <Z( Z At (—20)) X Zuxfpy @ (1 — SS*)]())

wel' l:x;>0 wel l:x;<0
= Z(Z awlxl)[XZwX{p} ® (1 =55
wel' =1
=D il zuxp ® (1= 55%)o)
=1 wEFi

=D wilXvixp © (1 =857 = f.
=1
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Chapter 5

Self-similar groups and their groupoids
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Self-similarity is a type of symmetry appearing in fractal geometry and dynamics.
Self-similar structures first appeared in early eighties, when they were used to build
a group which is neither of polynomial nor of exponential growth (see [25]). To some
extent, an object is said to be self-similar if its structure repeats at all scales. A natural
way to study a self-similar space is to encode it as the algebra associated to a certain
groupoid of germs, as in [20]. In the last decades, their exotic nature has drawn the
attention of researchers from many different areas. Indeed, very simple self-similar
constructions could generate complicated structures with uncommon properties, hard
to find with more standard approaches. In this line, new counterexamples to Matui’s
HK conjecture were expected to appear encoded as self-similar objects. This chapter is

structured as follows:

Section 5.1 provides the basic facts and notions regarding self-similarity, as well as
the groupoids associated to self-similar groups. The self-similar infinite dihedral group, as

well as its associated groupoid of germs, is displayed as the main example of this chapter.

In Section 5.2 we analyze the C'*-algebra associated to the groupoid arising from
the self-similar infinite dihedral group, as well as its K-theory. To do so, we build a
suitable crossed product stably isomorphic to the initial C*-algebra. This approach
was developed by Nekrashevych in [42], where a more detailed account can be found.
The section ends with the computation of the K-theory invariants for the mentioned
C*-algebra.

Section 5.3 displays a standard strategy for the computation of the homology
of a groupoid associated to a self-similar group. The results are then applied to the

particular case of the self-similar infinite dihedral groupoid.

Immediate consequences of the first two sections regarding the HK conjecture are
shown in Section 5.4. There, we display the self-similar infinite dihedral groupoid as the
first complete counterexample to both HK and weak HK conjectures, in contrast with
the one found by Scarparo in [56]. Another minor counterexample will also be shown

here. The chapter ends with a discussion on Matui’s AH conjecture.
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5.1 Self-similar groups (I', X)
The section begins stating the basic notions and notation that will be used

throughout the chapter. The reader can find further details about self-similarity in [41],

and about its associated C*-algebras in [42].

Definition 5.1. Let X be a finite alphabet, and let X* be the set of finite words over
X. A self-similar group action (I', X) is a faithful action of a group I over X* such
that for every g € I" and every x € X, there exist h € I' and y € X such that

g(zw) = yh(w),
for every w € X*. O]

It is clear that, given g € I', x € X, the element y is unique. Moreover, the faithful
condition implies that h is also unique.

From now on, we will denote h := g|,, and then we will just write

G- =Y"gle

In general, for every g € I', and every finite word v € X*, there exists a unique element

gl, € T, and a unique z € X"l such that

glow) = zglu(w).

The word z will be denoted as g(v), and the element g|, will be called the restriction

of g at v. In particular, for every g, g1, g2 € I" and every v,v;,vo € X* we have that:

L. g|v1112 = (9|U1)|v2
2. (9192)|v = gl|gz(v)g2|v

In the literature, self-similar group actions usually appear simply as self-similar groups.
We will also stick to that nomenclature.
The following properties will play a notorious role throughout this chapter.
Definition 5.2. Let (I', X) be a self-similar group.
1. (I, X) is pseudo-free if, whenever g - x = x - e for some g € I' and x € X, then
g=e.
2. (T, X) is contractive if there is a finite set N' C T" such that for every g € T', there
exists n € N such that g|, € N, for all v € X* of length greater or equal that n.

3. (', X) is self-replicant or recurrent if, for any x,y € X, there exists g € I" such
that g-x =1y -e.
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We now introduce the self-similar infinite dihedral group, which will be our main example
throughout this chapter.
Example 5.3. Let D, be the infinite dihedral group, that is

Do :={a,b:a®>=b* =e),

and let X = {0,1}. It was shown in [24, Example 4] that the group (D, X) is a

self-similar group with relations
a-0=1-e¢, a-1=0-e, b-0=0-a b-1=1-b.

m
As it will be shown later, this simple example provides a groupoid with structure rich
enough to contradict Matui’s HK conjecture.
Proposition 5.4. The self-similar infinite dihedral group (Du, X) is pseudo-free. More-
over, (Dy, X) is contractive with N' = {e, a, b}.

Proof. We begin with the first statement.
By definition, we need to prove that whenever g-x = x - e, with z € X, then g = e.
Take g € Do. Then g is of one of the following forms: (ab)"a, (ab)™, (ba)"b, or (ba)",
with n > 0. The reader may check that:
(ab)-0=1-a, and (ab)-1=0-b.
Therefore
(ab)>*-0=0-(ba)", (ab)*-1=1-(ab)",
for the even exponents, and
(ab)>" ™. 0=1-a(ba)”, (ab)>™-1=0-0b(ab)",

for the odd ones.
This shows that whenever ¢ is of the form (ab)", g -z = x - e implies g = e.

If g = (ab)"a, we have:
(ab)?*"a-0=1-(ab)”, (ab)*a-1=0-(ba)",
(ab)* a-0=0-b(ab)", (ab)*a-1=1"a(ba)"
so then again, we have that g - x = = - e implies g = e, whenever g = (ab)"a.

The two remaining choices, g = (ba)™ and g = (ba)"b, are left to the reader.
We now prove that (D, X) is contractive with N' = {e, a, b}.
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As noted before, the elements of D, are of the form (ab)", (ab)"a, (ba)"b, or (ba)", with
n > 0. The proof is analogous for every case; we check here the statement for the first
one.

Let g € Do, be of the form (ab)”. Then we claim that, for every word v of length greater
or equal than n, (ab)"|, € N. We use an induction argument:

If n =1, then (ab) -1 =0-b, and (ab) -0 = 1-a. Since for any word z of arbitrary length
we have that a|,,b|, € N, the condition holds. Suppose now that the statement is true
for n, and let us prove it for n + 1. First, note that for every word w of length n + 1,

(ab)|, = e whenever w # 1"+ 1"0. Therefore, for every w # 1"+ 1"0:
(ab)" M w = (ab)™(ab)w = (ab)™w'e,

where w’ = (ab)(w). By induction, (ab)"!|,, € N.

Now suppose that w = 1"*!, and we have:
(ab)n-H X 1n+1 — (ab)”(ab) . 1n+1 — (ab)” .01 - b

By the induction hypothesis, (ab)"|p»-1 € N, and so we have that (ab)" - 1" is of one

of the following forms:

we-1-b=w'l-0,
wa-1-b=w0-0b, or

wh-1-b=w'l-e.

Thus the statement holds.
On the other hand, if w = 1"0, we have:

(ab)"*t - 1"0 = (ab)"(ab) - 1"0 = (ab)™ - 01" *0a.

As before, by the induction hypothesis we have that (ab)"|g;n-1 € A, and then (ab)"**-1"0

is of the form:

we-0-a=uw0-a,
wa-0-a=w'l-a,or

wb-0-a=w0-e.

Since al,,b|, € N for any given word z, we conclude that for any word wz of length
greater or equal than n + 1, (ab)"|,, € N, as desired.
The three remaining choices, g = (ab)"a, g = (ba)" and g = (ba)"b, are left to the

reader. O

Finally, it is shown that the self-similar infinite dihedral group verifies a strong version

of recurrence.
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Proposition 5.5. Let (D, X) be the self-similar infinite dihedral group. Then, for any
n € N and any o, € X", there exists g € D, such that g -« = [ -e. In particular,

(Do, X)) is recurrent.

Proof. Let us first show that, given z,y € {0, 1}, there exist g, y, hsy € Do such that:

Jey X =Y - Q,

hay-x=19y-0
The reader may check that:

g()’o = b, 9071 = ab, gLO = ba, 9171 = aba
ho’(] = aba, h(),l = bCL, h170 = ab, hl,l =b

Since a, b generate D, we deduce that, for any z,y € X and any h € D, there exists
g € Dy such that g-x =1y - h.

We now proceed by induction over n = |a| = |f|.

If n =1, then «, 8 € X, and then:

96,8908 ¢ =gap-B-a=p-a>=p-e,
as desired. Note that this result already implies that (D, X) is recurrent. Suppose now
that the property is true for all words of length n, and consider o = xy25...7,41, and
B =11Y2...Yns1. Let 6 € Dy, be the element such that ¢ - xoxs...0 11 = Y2ys3...Yns1 - €, and
let v € Dy such that v -7 = y; - § (which exists by the first part of the proof). Then

Y T1X9e Tyl = Y1 - 0 » ToX3...Tpr1 = Y1Y2.--Yni1 - €, concluding the proof. O

In a similar fashion that it is done for groups and groupoids, we can associate a C*-
algebra to any self-similar group. The following definition was introduced in [42]; we
recall it here for a matter of completeness:

Definition 5.6. The (universal) Cuntz-Pimsner algebra C*(I',X) associated to
a self-similar group (I', X) is the universal C*-algebra generated by a set of unitaries

{U,}ger and isometries {S, },ex satisfying the following relations:

1. The map g — U, is a unitary representation (that is, U, is a unitary element for
every g € I', UyUy = Uy, and U, = 1.)

2. 38,8 =1, and S;S, =1 for every x € X.

rzeX

3. For all g € T and = € X, whenever g-x =y - g|, we have that
UySe = SyUy,
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With the basic notions about self-similarity already set up, we can now introduce the

groupoid associated to a self-similar group.

5.1.1 Groupoid associated to a self-similar group.

In this part, we associate a groupoid of germs (see definition 2.29) to any self-
similar group (I", X'). This technique can be found, for example, in [20].
Define X*° to be the set of infinite words over the alphabet X, and associate to it the
topology given by the cylinders:

Z(a) :=A{az:x € X},

where « is any finite word in X*. Notice that, with this topology, X*° is homeomorphic
to the Cantor set, whenever | X| > 2.
We define the natural action of I' on X*° given by:

g - T122T3... = Y1Y2Ys3...

with ¢, - T, = Yn - gns1, Where we define g; := g, and g,41 := (gn)|e, -
Then, for each (a, g, ) € X™ x I' x X™ with n,m € N, there exists a homeomorphism

S(agp) : Z(8) = Z(a)
fbxr— ag-x

The set (I', X) = {S(ag,) : o, f € X*, g € '}U{0} defines an inverse semigroup of partial
homeomorphisms on X (i.e., homeomorphisms between cylindrical subsets), with the

product given by the composition, that is:

5(01,9192,52) if Bi =g
S(a1,g1ﬂ1)5(a2,gz,62) = 8(0191(7)791|7927/32) if o = Py

S(Oll,glg2|g—1(u)76292—1(#)) if B1 = aaopt
2

Indeed, if ay = 17 for some v € X*, then Sa, g,,8)5(as,90,82) (B27) = S(ar,g2,80) (B1792%) =
Q1917927 = 11 (7)9”79217‘

The last row can be checked in a similar way.

Definition 5.7. Given a self-similar group (I', X'), we define the associated self-similar

groupoid Q(F,X) as the groupoid of germs of (I, X).
Grx) = {[Swgp; fr] o, f e X* gel,x e X7},

where [S(a,g.8); 8] = [S(a,g,p); B'@'] if and only if fx = 'x" and there exists a neighbor-
hood U of Bx such that S(a.q4p(y) = S q.p)(y) for ally € U.

The unit space is given by:
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Giryy = {[S@e0;a] - v € X}
The groupoid structure maps are of the form:

r([S(a,9,8); B2]) = [S(8.e,8): B] = [S(0,e.0); B],
S([S(Chgﬂ); ﬂl’]) = [S(a,e,a); ag - l‘] [ (0,e,0)5 G - l’]
[S(a’:g’,ﬁ/ﬁ B'a] - [S(ayg,ﬁﬁﬁm] =[S (o’ ,g'g,8) ,ﬁﬂ

whenever 3’2’ = ag - x. The inverse is given by

[S(ang.8); B2 " = [S(p.g-1,0); @9 - 7]

The topology of G x) consists of open sets of the form:

Z(c,9,5;U) :={[S(ag8): 2] - © € U},
with U an open subset of Z(f), a, 8 € X*, and g € I'. H

With this topology, we have that Gr x) is a locally compact, effective, ample and locally
contractive (in the sense of [20, Section 17]). Moreover, if (I', X) is recurrent, then G x)
is minimal [20, Section 17].

It is shown in ([20, Propositions 8.6, 12.1]) that, whenever (I, X') is pseudo-free, the

groupoid Gr x) is Hausdorff, and we have

[Sta,0,8); Bx] = [Sta,y,8); B]

if and only if g = ¢'.
From now on, we will identify g((?)x) with X through the map [S(p ;2] — z. We will
also denote the elements [S(a,¢,4); Bz] simply as [, g, 5; fz].

Remark 5.8. Notice that, following the definition of G x), we have that:

[, 7, Br; Bifax] = [ary - 52/7’5275152; B152].

This gives us an easy way to enlarge the words defining a representative of an equivalence

class. This fact will be used in later sections. O

Let us finish this section relating the Cuntz-Pimsner C*-algebra associated to a self-
similar group (I', X), with the full C*-algebra associated to its groupoid of germs. This
relation was described in [42]; we provide here a sketch of the proof, for a matter of
completeness.

Theorem 5.9. Let (I',; X) be a self-similar group. Then the C*-algebra C*(I', X) is

isomorphic to the full convolution C*-algebra of Gr x).
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Proof. For every o, 8 € X*, g € I, consider the set of all germs of S, 4 ), that is, the
cylinder Z(a, g, 8; Z(B)) := |, g, B; Z(5)]. This is a compact, open Hausdorff subset of
G(r,x), and such sets cover the groupoid. We deduce that every element of C.(Gr x)) is
a finite sum of continuous complex valued functions f; with supp(f;) C Z(«, g, 5; Z(5)),
that is:

ClGrx) = > ClZ(a,9,52(9))),

S(ar.g.8) €T, X)

where C(Z(a, g,0; Z())) denotes the algebra of continuous complex valued functions
over the cylinder Z(«, g, 8; Z(53)).
Let @ = z1x9...7, € X", and define the elements S, := S;,S,,...S;,, € C*(I', X), and
Sk = (8,)*. Then the map

F:C*T, X) = C*(Grx))
SaUgSh > 17(0,9,8:2(8))

is an isomorphism [42, Theorem 5.1]. O

It was proven in [42, Theorem 5.6] that, if (I', X') is a contractive recurrent group such

that G(r x) is Hausdorff, then G x) is an amenable group. In particular,

C:(Grx) = C*(I'. X).
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5.2 K-theory of a groupoid associated to a
self-similar group
We are interested in Matui’s HK conjecture for the self-similar group (D, X)
defined before. To this end, we will use the techniques developed by Nekrashevych in [42],
where he computed the K-theory of the C*-algebra associated to a pseudo-free, recurrent
and contractive self-similar groupoid as the K-theory of a certain crossed product C*-

algebra.

5.2.1 Nekrashevych’s approach via crossed products

We begin this section defining a gauge action on the Cuntz-Pimsner C*-algebra
C*(T', X) associated to a self-similar group. This action will be used later in order to
compute the K-theory of C*(T', X).
Definition 5.10. Let (I', X) be a self-similar group, and denote C*(I', X) its associated

Cuntz-Pimsner algebra. Then, for each z € T, we define

z-(Uy) = U,, and
2+ (8;) = 28,,

for all g € T', and all x € X. One can notice that this extends to an automorphism
of C*(I', X)), and defines an action of T on C*(I',X) [42]. This is called the gauge

action. ]

Now, given a self-similar group (', X), consider the universal C*-algebra Mr generated
by elements of the form S,U,S;, with g € I and v,u € X* such that |v| = |u|, together

with the relations given by:
1. g = U, is a unitary representation.

2. SngSZ = Z Svg(:v)UgleZw and

zeX

3. For |ui| = |vy|, we have S, Uy, Sy 8,,Uy, S, = S0,Uy, 4,55

7S, > Whenever u; = vy, and
0 otherwise.

Since the above relations are satisfied in C*(I', X'), we deduce that the gauge-invariant
sub-algebra of C*(I', X) is a quotient of Mr. In fact, it was shown in [42, Theorem 3.7]
that the gauge-invariant sub-algebra of C*(I", X) is isomorphic to M.

From definition of Mr, it follows that

MF = MF ®Md7

where My is the algebra of square matrices of size d = |X| over C. The isomorphism
above is given by the map S,,U,;S;, — S,U,S; & e;(fg, for x,y € X. It is then clear that

MF = MF ®Md”a
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iterating the argument.

Any fixed z € X induces a non-unital homomorphism E, : Mr — Mp given by
S,U,S, — S.U, S
If we use the identification Mr = Mr ® My, then FE, : Mr — Mpr ® My is given by:
SUySs = S,U,S; @ el).
Let us denote by Br the direct limit of

MF Mr Mr MF BF

We have that Br = Mr®K. Moreover, the map E, induces an automorphism of Mr®K,
which will be denoted by E..

This automorphism plays a key role in the study of the K-theory of C*(I', X). The
following result appears in [42, Theorem 3.7]. We show here a sketch of the proof.
Theorem 5.11. Let C*(I', X) be the Cuntz-Pimsner C*-algebra associated to the self-

similar group (I, X'). Then we have an isomorphism
C*(F,X) QK = (MF(XJK) NE‘Z 7

Proof. Fix z € X, and denote by Ml@) the n-th component of the direct limit
liﬂ(/\/lp ® Myn, E,) . Denote by A, the subalgebra of (Mr ® K) x 5. Z generated by
M(Fn) and the elements:

™ = S,Stu,

where u is the generator of Z, and S,S.« is seen as an element of /\/l(rn).

The subalgebras A, are naturally isomorphic to C*(I', X) under the identification
T S, and S,U,S; — S,U,S%, for S,U,S: € M C A, on the left-hand side,
and S,U,S; € C*(I', X) on the right-hand side of the equality. Moreover, the maps from
A, to A, 41, after identifications of C*(I", X') with A,, and A, .1, given by

SU,S; = S.8,U,S;S:
S — S.8.S;
are all injective.

It can be proved that the direct limit of these embeddings is isomorphic to C*(I", X) ® K,
and (J A, is dense in (Mr ® K) x5 7Z, as desired. O
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Alternatively, we can build Mr as the following inductive limit. Let C(I") be the usual
group algebra over C. Let d = | X|, and note that we can embed both the group *-algebra
C*(T') and Oy into C*(T", X), where Oy denotes the usual Cuntz algebra generated by d

isometries. Now consider the map:

¢o : C(I') = C(I') @ My
Uy s 3 Uy, @ el

zeX

when ¢g - x =y - g|,. We can then define ¢,, by:

¢n : C(I') @ Mgn — C(I') @ Mygn+1
Uy @ el = ¥ Uy, ® el
zeX
forgeI', v,w € X" and y € X such that g-z =1y - ¢g|,.
One can easily check that every ¢, is an *-homomorphism of algebras. Thus, the maps

¢, extend naturally to unital *-homomorphisms

The maps ®,, will be called the matrix recursion maps.
Then

MF = hg(C’*(F) (%9 Md”y (I)n)
under the identification S,U,S; — U, ® el where |v| = |u| = n ([42, Proposition 3.8]).

5.2.2 K-theory of the groupoid associated to the self-similar
infinite dihedral group

In this section, we use Nekrashevych’s approach in order to study the infinite
dihedral self-similar group (Duo, X). Let us start with the basics:
The K-theory of C*(D) is well-known. Indeed, the group D,, can be represented as
the free product Zsy * Zs. Then, using for example [32, Theorem 5.4] , we have the short

exact sequences:

(Ko(x1), —Ko(x2)) Ko(C*(Z)) & Ko(CH(Zo) Ko(er) + Ko(ez) Ko(C*(D)) + 0

0 — Ky(C)

(Ki(x1), —Ki(x2)) K, Ki(e1) + Ki(e2)

0 — K,(C) (C*(Z2)) ® K1(C*(Z2)) Ki(C"(Dx)) + 0
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where x; denote the embeddings of C into the respective algebras C*(Zs), and ¢; are the
embeddings of each C*(Zs) into C*(Dy ). Then the following lemma is straightforward
to check:

Lemma 5.12. Let D, be the infinite dihedral group. Then

Ko(C*(Do)) = ([1], [H], [F57]) = 27
Ki(C*(Dy)) =
where U,, U, are the unitaries associated to a,b respectively. O

For the self-similar infinite dihedral group (D, X), the matrix recursion maps are of the
form:

Oy : C" (Do) = C* (Do) ® My
Uy 1@el] +1@e)
Up = Uy @ ey + Up @ e,
and in general

@n . C* (DOO) ® M27L — C*<DOO> ® M2n+1

U, ® eq(f;) —1® eff:;) +1® 61(]217;(1))

n n—+1 n+1
Up@eZ) s Uy @ el + U@ el ).

In particular, we will use the characterization
Mp,, = 1im(C" (Do) @ Mion, Or) .

given in paragraph 5.2.1.
Proposition 5.13. Let (D4, X) be the self-similar infinite dihedral group. Then we
have that:

Moreover, the isomorphism Vo between Ko(Mp_ ) and Z]

Uo ([ 00(1 @ e$2))]) = (54, 0),
Vo ([@ 00 (2 @ e))]) = (551, 0),
W ([@ 00 (HL @ e7))])

I
—~
|
1=
no
=
T
—_
S~—

for every v € X".



148

Proof. Since K, is a continuous functor and K;(C*(Dy)) = 0, one has the equality
Ki(Mp, ) =0 trivially. Let us now focus our effort into the computation of Kyo(Mp_).
This will be computed using again the continuity of Kj, meaning that Kyo(Mp_, ) =
lim (Ko(C*(Doo) @ Mipn ), @7,), where @7 is the homomorphism in the Ko groups induced

by ®,,. In particular, if we denote P := %, Q= %, then ®f is given by:

(1) = [( - )] = 2[1] € Ky(C* (D)),

B3((F]) = ( )]:Ké g)lzmem(cwm)),
and
®i([Q) = (]; g) = [P]+[Q) € Ko(C*(P0)),

For a general n > 0, if we consider 1,, := &, (1 ® 6(()?:3n), P, :=®,,(P® 6(()%:())71) and
Qn =D, 0(Q® e((]{j())n), we obtain the following relations in Ko(Mp_):

[1n] = 2[Lnt4],
[Pn] = [1n+1]a
[Qn] = [Qni1] + [Pas1] = [Qnia] + [1nga)-

We notice that Ko(Mp_) is generated by the classes [1,] for n € N, and [Qo], since
all [@Q,] can be generated in an inductive way, using [Q,] = [@n-1] — [ln+1], for n > 0.

The identifications [1,] — (3r,0) and [Qo] — (0,1) determine the desired isomorphism

between Ko(Mp_ ) and Z[3] ® Z. O
The map Ey : Mp_ — Mp_ defined in section 5.2.1 induces a map
€ 1im(C* (Do) ® M, ) — lim(C* (Do) © M, B,
given by
Doz ® ) = Brs o @ €.
With a slight abuse of notation, we define
Bp,, = mn(Mpw,E) = Mp, @K

Then clearly Ko(Mp_,) is isomorphic to Ky(Bp,_,) under the map induced by the inclusion
m +— Eo(m), for m € Mp__.
Finally, we define the automorphism & : Bp., — Bp,, given by:
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E(Ehoo(Pro (T ® v0'))) = Ek—1,00(Proo (T ® v ) = Ek oo Prt1,00(T @ €0v,0w )

Then, by Theorem 5.11, Bp, g Z is isomorphic to C*(Ds,X) ® K. Hence, using

Proposition 5.9, and since G(p_ x) is amenable, we deduce that
C:(g(Doo,X)> QK = BDoo Ng 7.

All is left to do is computing the K-theory of Bp_ x¢ Z.
Lemma 5.14. Let (D, X) be the infinite dihedral self-similar group. Then the K-
theory of Bp_ X ¢ Z is given by:

Ko(Bp,, ¢ Z) = coker(1 — Ko(£)) = Z, and
K\(Bp., xzZ) = ker(1 — Ko(€)) = Z,

where Ky(€) : Ko(Bp..) = Ko(Bp..) is the map induced in K, by &.
Proof. Using the Pimsner-Voiculescu exact sequence given in Theorem 3.22, we have

A

id — Ko(é)
K0<BDOO> EEE—— KO(B’DOO) —_— KO(B’DOO Né Z)

| |

K\(Bp % 7) «— K\(Bp.) «—— K,(Bp_.)
id — K, (€)

Now, since K, (Bp.,) = Ki(Mp_) = 0, we have that Ko(Bp,. xg7Z) = coker(1 — Ky(€))
and Ky (Bp,, xgZ) = ker(1 — Ko(€)). In order to prove the second set of isomorphisms,
and using Lemma 4.7, we then need to study the map Ky(&).

With the notation used in Proposition 5.13, the set {[1,], [Qo]}nen generates Ko(Bp,,).

Then we have:

Ko(€)([1n]) = [E(1)] = [Lus], and
Ko(€)(1Qn)) = [E(Qu)] = [Quit] = [Qu] — Lo,

for every n € N. Using the identification Ko(Mp_ ) = Z[3] ® Z, with [1,,] — (55, 0), and
[Qn] — (0, 1), we have that Ko(€) : Z[3] ® Z — Z[3] & Z is given by

Therefore:
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(1= Ko(€))(3r,0) = (5557, 0),
(1_K0(5))(071) (2%7 )

In particular, the kernel and image are given by:

ker(1 — Ko(€)) = ker(1 — Ko(€)) = (L, —1)) 2 Z, and

27
Iim(1 = Ko(€)) = (Z[3],0).
Hence coker(1 — Ko(€)) = coker(1 — Ko(£)) = Z, concluding the proof.
[l

The following corollary is then immediate, after using the results obtained at the begin-
ning of this chapter.
Corollary 5.15. Let (D, X) be the self-similar infinite dihedral group, and let Gip__ x)

be its associated groupoid of germs. Then

1%

Ko(CH(G(po.x))) = Ki(CrH(G(po x))) 2 Z.
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5.3 Homology groups of a groupoid
associated to a self-similar group

In this section, we provide a strategy for the computation of the homology groups
defined in paragraph 2.2 of the groupoid associated to a self-similar group. To do so, we

will make some use of the skew-product construction defined in chapter 3.

Lemma 5.16. Let (I', X') be a self-similar group. Then

C: g(nx) — 7

v, 9, 8; Bz] = |af = |B]

is a cocycle. Moreover, the subgroupoid Hr x) := ¢ '(0) = {[a, g, 5; Bx] : |a| = |B]} is
Kakutani equivalent to the skew-product groupoid G x) X Z.

Proof. We begin by proving that ¢ is a cocycle. First, we need to see that it is well
defined:

Take [«, g, 3; fx] = [/, ¢, f'; f'2’]. By definition, we get that Sz = f'2’. In particular,
we can find a finite word ¢t € X™* such that either § = ('t or 5’ = [t is true. Without
any loss of generality, suppose that the latter equality, 8’ = [t , holds. Since Sz =
p'a" = fta’, we deduce that x = tz’. Then we can use Remark 5.8 to write [, g, 5; fz] =
la, g, B; Bta’] = [ag - t, g|+, Bt; fta’]. Thus, we can assume that § = ', and just study the
case [, g, 8; Bx] = [, ¢, B; fx]. By definition, those two classes are equal if and only
if S(a,9,) and Sy 4 gy coincide in a neighbourhood U of Bx. Without loss of generality,
assume that U = Z(fxg), where © = zqz’ for some 2’ € X*°. Then, for any y € X, the
elements S(qa,4.5)(Bxoy) = ag - xoy, and S ¢ 5 (Broy) = o’g’ - 2y must be equal. Denote
A = ag(xy), A = o/¢'(x9). Then the previous equality can be written as Agly, -y =
A'd|., - y. Hence, we deduce that either A’ = Aag, A = A'ap, or A = A, for some o
such that |ag| > 0.

Suppose that the first statement is true. Then, for every y € X we have the equality
Aglsz -y = Aand'|s, - y, and therefore g, - y = g |4, - y, for every y € X°°. But we can
always choose y = yoy’ such that g|,,(yo) is different than the first letter of «y, arriving
at a contradiction. Thus, A" # Aqg. In a similar fashion, we can also discard the equality
A = Aoy, concluding that A = A, that is, ag(z¢) = o/¢'(zo), and therefore |a| = |/|.
Hence, the difference |o| — | 5| remains constant, and the map ¢ is well-defined.

Let us see that ¢ is a groupoid homomorphism:

It is clear that ¢ maps any [0, e, 0; z] € Q((IQ)X) to 0. Also, recall that

[, g ;g - 2)][a, g, B; Bx] = [, ¢'g, B; Ba],
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and so we have:

c(los g, a5 a(g - ), g, B85 B]) = e([o, g9, B; Bz]) = || — |6, and
([, g, a);alg - 2)]) + c(la, g, ; Bz]) = || = o] + |a] = |8] = |o'] — |B].
Indeed, c is a groupoid homomorphism.
To check Kakutani equivalence, notice that g((g? ¥ < {0} € (Gir,x) x . 7)® is a full clopen
subset of Gr x) X Z, and then (G x) Xcz)|gé§?x)x{0} = H(r,x), under the map given by:

[, g, B; Bz] x {0} = [, g, 8; Bx].

Notice that |a| # |B| implies that c([o,g,0;0x]) = |af — |B] # 0, and there-

fore s(la g, 5; fz] x {0}) = (s(la, g, B; Bz]). lal = 1B]) ¢ (G *e Z)lgo . f)- Hence,

[, g, 8; Bz] x {0} € (G X Z)] 50 <oy if and only if la| = |/, and so the map above is a
(r,X)

well defined groupoid homomorphism. n

We can then study the homology of G x) combining this result with Theorem 3.18. To

do so, we decompose Hr x) as the union |J (Hr x))n, where (Hr x))n is defined as the
neN
subgroupoid of all equivalence classes [«, g, 3; fx] that have a representative such that

la| = [B] = n.
Remark 5.8 shows that (Hr x))n € (Hr,x))nt1- Denoting by ¢y, ., the inclusion map

from (Hr x))n into (H x))m, and ¢, := tyni1, we have that
lnm * (H(F,X)>n — (H(F,X)>m

is given by |a, g, B; fyx] — [a(g - 7). gly, Bv; Bz, for o, f € X", v € X" v € X
and g € I'.

Since the homology is a continuous functor [36], we can compute it as the direct limit
H.(Hrx)) = im(H. (K x))n); (tn)s), where (in), is the induced map in homology.
The topology of (Hr x))» has a basis of open compact sets of the form [o, g, 3; Z(88')],
with o, 8 € X™, ' € X*.

5.3.1 Homology of the groupoid associated to the self-similar
infinite dihedral group.

In this subsection, we study the homology groups of G(p_, x). We first compute
the lower homology groups in a separate way, and then we prove that the higher ones
are all torsion groups.

Lemma 5.17. Let (Dw, X) be the self-similar infinite dihedral group, and let Gip__ x)

be its associated groupoid of germs. Consider Hp, x) as in Lemma 5.16. Then
Ho(Hp..x)) = Z[3].
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Proof. We identify (Hp,., X))%O) with X under [, e, §; Bz| — Px. Then the equivalence
classes on Hy((H(p..,x))n) are generated by elements of the form [1z()]o, with o € X*.
We claim that [17(0)]o = [1z(s))o if and only if |a] = |3].

To show the forward implication, it is enough to observe that if V' = [«y, g, Bo; Z(Bo’)] is
a basic compact open bisection of (H(p_ x))n, With || = |Bo| = n, then s(V') = Z(505'),
and (V') = Z(apgp'), and so |5of'| = |aogf'|.

On the other hand, suppose that |a| = |3]. We can assume |a| = || > n. Set o = o/,
B = Bof, with |ag| = |Bo] = n. Proposition 5.5 ensures the existence of some g € Dy,
such that g - 8’ = . Take V' = [, g, Bo; Z(5of')]. Then s(V') = Z(Bof') = Z(), and
(V) = Z(apwgp') = Z(awa') = Z(a), as desired.

Finally, since 1z@) = 1z(0) + 1z(a1) for every o € X*, it follows that [1zm))o =
2[1z(n+1))o, for every n € N. Hence we deduce that the map Ho((Hp. x))n) — Z[3]
given by [1z(lo — ﬁ is an isomorphism for all n € N.

It remains to study the respective maps (tpm)« in Hy. Those maps are given by
(tnm)s : Ho((H (Do, x))n) = Ho((H (Do, x))m)
1z)]o = [1z)]o;

and hence (,,,)« are all equal to the identity map. Therefore

Hy(H(p.o.x)) = (H (KD x))n), (tn)) 2 Hm(Z[5], id) = Z[3],

concluding the proof. O

We now compute the H; group. Next lemma’s original proof was developed with the help
of professor Ortega in [47]. Here we show a slightly different one, developed afterwards.
Lemma 5.18. Let (Dw, X) be the self-similar infinite dihedral group, and let Gip__ x)
be its associated groupoid of germs. Consider Hp, x) as in Lemma 5.16. Then
Hl(H(Dm,X)) = Zs.

Proof. By definition, we have

H1<<H('DOO,X)>YL) = ker61/fm52 = {[f] . f c Cc((%('pomx))n,Z), s.t. (51(f) = 0}
with 01, d, as defined in paragraph 2.2. Let f € Co((H(p. x))n, Z) such that 6,(f) = 0,
and write it as

k
f=2 ANlzg. 85005
=0

with of, 5! € X", \; € Z, g; € D, and Uj; clopen subsets of Z(/3!). Notice that, replacing
f with tnm(f) € Co((H(po,x))m, Z) for a large enough m, and using Remark 5.8, we can
take
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k
f = ;])‘ilz(ai,giﬁisz(ﬂi))’
where o, 5; € X™, \; € Z, and g; € D..
Then, whenever Z(a, g, 8; Z(8)) x Z(8,h.7: Z(7)) C (H(pa.x))5 , we have that
02(L(2(0.9.8:2(8))x 2(B.hr:2(1)) = 12(0g.8:2(8)) T 12801 2() — 12(aghiri2())»

for every a, 5,7 € X™, g,h € D,,. Hence

1 z(aghrizin))] = [1z(ag8:28)) + 1z nr2(0)] € Hi(H (Do, x))m)- (5.1)

In particular, if we choose 5 = 0™, h = e we obtain

1 z(@g3260] = [Lz(@gomzomn] + [Lzom enszon] € Hil((Hpex))m)- (5:2)
Using the same argument,

1 Z(a,g,0m:z0m)] = [Lz(ae,0m:z(0m))] + [1z(0m,g.0miz(0my)) € Hi(H (Do, x))m)s

and thus we get:

(1297200 = [1z(ae.0m:z0m))] + [Lz0m g.om:z0m))] + [1z0m e qizev)] € Hi((H(Doo,x))m)-
(5.3)

Moreover, if we consider & = 5 = =, and g = h = e in equation (5.1), then we obtain:

[1Z(Oc,e,a;Z(o¢))] - []-Z(a,e,oa;Z(a))] + [1Z(o¢,e,o¢;Z(o¢))] € H1<<H('DOO,X)>m)~

We conclude that [1z(a.ea:2(a))] = 0. Combining this result with equation (5.2), we also
deduce that

[1z(ae,0m;z0m))] + [1z(0m e,0:2(a))) = 0. (5.4)

in Hi((Hp..,x))m). We then use all of the above results to find a representative & of [f]
of the form:
k
h =% Ailzmgomzom) + 20 Halzaeomzom),
= aom
for A\, to € Z. Using that f,h € kerd,, we have:

k
61(h) = 51(2% Ailzom g, omizom)y) + Y Halz(aeomizomy)) = 0.
1= aeXm
a#0m

Notice that r(Z(0™, g;,0™; Z(0™))) = s(Z(0™,¢;,0™; Z(0™))) = Z(0™), and therefore

51(1Z(Om’gi70m;z(0m))) = 1S(Z(Om,gi’0m;z(0m))) — 1T(Z(0m7gi’0m;z(0m))) = 0, for all m € N. Hence

51(h) - 51( Z ,ualZ(oz,e,Om;Z(Om)))) = Z ,ua(lZ(a) - 1Z(Om)) = 0.

acXxm aEXxm
a#0™ a#0™
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This forces p, = 0 for all & € X™\ {0™}.
We have proven that, for every [f] € Hi((H . ,x))n), there is a representative f of [f]

of the form:

f= i—io Ailzm g, om,z(0m))-
Applying equation (5.1) again, we obtain the relation
[12(0m g,0m;z0m))] + [1z0m h0m;z0m))] = [1z(0m gh,om;z(0m))]
for all g, h € D,,. Since the homology groups are abelian groups, it follows that
[12(0m hg0m;z0m))] = [1z(0m ghom;z0m))]-

Hence, since Dy, /[Doo, Do) = <EL, 5> > 7o ® Zo, we deduce:

Lf] = Aal1z0m a,0m;z0m))] + Ao[Lz(0m b,0m:z(0m))],
with A, As € {0,1}. In particular, we deduce that H;(Hpp. x)) is generated by

[1Z(0m7a,0m;Z(0m))] and [1Z(Om7b70m;z(07n)):|7 for m € N.

We now study their behaviour under the inductive limit

Hy (H (Do x)) = M(Hy (K (Do, x) ) ) (tm)+),

that is, we need to study the maps

(Lm,m+1)* : Hl((H(DOO,X)>m) — H1((7'[(DOO,X))m+1)

Those are given by

(tmm+1)«([1z0m g,0m:20m)]) = (bmm1)«([Lz0m,g.0m:20m0)) + 1z0m g,0m:2(00m1))]) =

= [12(0m(g:0).glo,0m+1,2(0m+1)) + 120 (g:1),911,0m1,2(0m1)) -

for every g € Dy. Evaluating this map for g = a, and using equation (5.4), we obtain:

(tmmt1)«((1z@m a,0m,z0m))]) = [Lz@0m1,e,0m+1:20m+1))] + [Lz0m+1 ,0m1,20m1))) = 0.

On the other hand, choosing g = b:
(tmm+1)«([Lzm pomszom)]) = [Lzm+1.a0merzome))] + [Lzomipomizomy]-
Then, using equation (5.3), we have
[Lz0m1,50m1,20m1)] = 1z0m1,e0m+1,z0m+ )]+ [Lz0m+1 pomt1.z@om+1) ] F[Lz0m+1 e.0m1;2(0m 1))
which equals to [1zm+1p0m+1,7m+1y)] after applying equation (5.4). Therefore:

(tmms1)«([1zom pom:zom))]) = [Lz@m+1a,0m+1,z0m 1)) + [Lz0m1 pomt1,z0m 1))
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Gathering all of the above equalities, we conclude that, given f € C.((Hp., x)n, Z) with
01(f) = 0, there exists a large enough m € N such that

/1= () ([f]) = [tnm ()] = N1 z0m pomizomy] € Hi(Hp,x),
with A\, € {0,1}. Suppose that, for every m € N, [1zm p,om;z0m))] # 0 in Hi(Hpe x)m)-
Then we could compute the homology as:
Hy (H(po.x)) = I (Hy (K (Do, x) Jm), (tm)s) = Lo,
under the isomorphism given by
(Lm,oo)*([1Z(Om,b,0m;Z(0m))]) = 17
(Lm,oo)*([1Z(0m,a,0m;Z(0m))]) = 0.

It remains to be proven that [1z(m p,om;zom))] is indeed different than zero. Let us show

it. For every m € N, (Hp.. x))m is Kakutani equivalent to X*° x Dy, and so
H*(XOO X DOO) = H*<<H(DOO,X)>m)

Indeed, for any m € N, the clopen Z(0™) C X is full in (H(p_ x))m, and the elements of
the restriction groupoid are of the form [0™, g, 0™; 0™z]|. Then the map [0™, g, 0™; 0"x]
(g,x) defines an isomorphism between ((H(p.,x))m)|zom) and X x Dy,

Recall that, by Lemma 3.52, H,(X* % D) = H,(Ds,C (X)), which is defined as
Tor?[p‘”](Z,C’(XOO)) (see [64, Definition 6.1.2]). This isomorphism is natural, in the

sense that the following diagram commutes (see [14]):

H, (Do, C(X™)) 5 Hy(X™ x Do)

]

H,,((b), C(X™)) = Ha(X> x (b))

Rl

Let Zp_, denote the augmentation ideal of Z[D]. It was shown in [64, Proposition 6.2.9]
that

Ip,. = (Za) ®zi(@) Z[Dso]) ® (L) Rz Z[Poc])-
Applying the functor TOT*Z[DOO}(', C(X)) to the exact sequence

0= Iz = Z[Ds) = Z — 0
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we obtain an exact sequence

0 7 ®Z[Doo] C(Xoo) Z[DOO] ®Z[Doo] C(Xoo) @ IDoo X C(Xoo)
T§
o ——Tory P Ty, C(X®)) —= Tor!P=N(Z[D..), C(X*)) —= Hy(Da, C(X™))

(5.5)
Note that Z[Dy] is flat, and therefore Tor? P~} (Z|D..], C(X>)) = 0. Hence, £ is injective,
and Hy(De, C(X*)) = Im(&) = ker(w).
The kernel of w is given by:

ker(w) ={(1 —a) Qzay f+ (1 —=0) @z g: f+9g=a-f+b-g}.

Using the same argument,

Hy((b), C(X™)) = {(1 = b) @z g : 9 = b- g}

Observe that given N > 0 we can write X as the disjoint union

N—1

X = (] (Z(1m00) U Z(101))) U Z (1)

n=0
Then, for any g € C(X>°,Z), we can write
g = Zflv:_(Jl( Z (>\1"00a12(1”00a) + >\1n01a1Z(1n01Q))) + >\1N 1z(1N) fOI' some N > O and Wlth

acX*

only finitely many \’s not equal to zero. If we consider that g is in the kernel of (1 — b),

we have that
A1n00a = AMn0las

for each n € N, and each a € X*. But 1zan00a) + 1zan01a) = (1 + 0)1z31n00a), and

therefore
(1 —0) ®zipy 9 = (1 —b) @z Aiv 1z
Moreover,
(1 =) ®zipy 2~ Lzan) = (1 = b) @z (L +b) - Lzan) =0,

hence /\1N I~ {0, 1} Finally, note that 1Z(1N) \ 1Z(1N+1) = 1Z(1N0) = (1 —|—b) . 12(1N00). ThlS
implies that
(1 =) @z 1zav) = (1 = b) @z Lzam)

for each N, M. Gathering all of the above information, we conclude that

Hy((b), C(X™)) = Zo,
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generated by the element (1 —b) @z 1x. This element is not zero in ker(w). Indeed,
(1-b)®@zpy1x~ = 0if and only if there exists some g € C(X>°) such that 1x~ = (1+b)-g.

Suppose that this is true. Then. evaluating in 1°° € X, we obtain
1 =1x<(1%)=(140b)-g(1°) = g(1%°) + g(b- 17°) = 2¢(1*°),

which is impossible. Hence, (1 —b) ®zs)) 1x # 0.
It is not too difficult to check that, whenever ¢ is a homeomorphism of a compact
Hausdorff space X with 1), its induced map in C(X, Z), such that ¢ = Id, then the map

X:C(X,Z) — C(X x (¥),Z)
g—g

given by g(¢, x) := g(z), and g(e,xz) = 0 induces an isomorphism

HL (), C(X, Z)) < ker(1d — ) [Im(Id + 16,) 2 Hy (X x (),

where the isomorphism (), shown in [64, Theorem 6.2.2], is given by (1—v)®zjy9 — [9]-

In particular, the map
(1 — b) ®Z[<b)] 1Xoo — [1(b7Xoo)]
yields an isomorphism between H;((b), C'(X>°)) and H;(X*> x (b)), and hence

[1(b,X°°)] 3& 0.

This, together with the commutative diagram shown above, gives us an isomorphism
between ker(w) = Hi(Dy, C(X*)) and H; (X x Dy) that sends (1 — b) ®zypy Lx~ to
[1(s,x)]. Finally, the Kakutani equivalence between (Hp_ x))» and X x D, described

above gives us an isomorphism that sends

0 # [Lp,xo)] = [Lz(0m pomzom))],

concluding the proof.
O

Once computed the low homology groups of Hp_, x), we focus our study on the higher
homology groups.

Lemma 5.19. Let (Do, X) be the self-similar infinite dihedral group, G(p__ x) its asso-
ciated groupoid of germs, and Hp_ x) be as in Lemma 5.16. Then Hyp(H(p.. x)) = 0,
and Hop—1(Hp.. x)) = Zs, for every k > 1.
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Proof. As noted before, for every n € N, (H(p_ x))n is Kakutani equivalent to X x Dy,
and so H,(X* X D) = H.((H(po,x))n) = H (X X Dy) = H, (Do, C(X*,Z)), where
C(X>,Z) is a left Dy-module by the induced action D,, ~ C(X>°,Z). Using [64,

Corollary 6.2.10], we obtain an isomoprhism

for every k > 2.

Observe that H,({a), C(X*,Z)) = H,(X> x (a)). Note that X x (a) is an elementary
groupoid (definition 2.40): it is clearly compact, and for any (a,z) € X*° x (a), we
have that s(a,z) = (e,z), and r(a,z) = (e,a - x). For any x € X, = # a -z, and
therefore there is no isotropy (i.e. X x (a) is principal). Hence, X x (a) is elementary.
Therefore, Hy({a), C(X>,Z)) =0 for k > 1.

Let’s now show that Hoy((b), C(X*,Z)) = 0 and Hoy41((b), C(X>®,Z)) = Z, for k > 1.
It is shown in [64, Theorem 6.2.2] that

Hop((b), C(X™,Z)) = ker(1+b)/(b—1)(C(X™, Z))

and
Hopp1 ((b), C(X>,Z)) = ker(b—1)/(b+ 1)(C(X>,Z)),

for £ > 1. We begin studying Hoy((b), C(X>,Z)). As before, observe that given N > 0

we can write X* as the disjoint union
N-1

X = (|| (Z(1700) U Z(1"01))) L Z(1")

n=0
Then, for any f € C(X*,Z), we can write

f = ZnN:_01< z (>‘1"00a1Z(1n00a) -+ /\1"01a1Z(1"01a))) + )\1N 1z(1N) fOl" some N > 0 and Wlth
acX*
only finitely many \’s not equal to zero. If we consider that f is in the kernel of (1 + b),

we have that
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N-1

0=(1+b)f=(1+ b)(Z( Z (A1r00alz(1r00a) + Atrotalz(ino1a))) + Avlzany) =

n=0 aeX*

=

= > ( Z (A1n00alz(1m00a) + A1rotalzinota))) + Aiv1zan+

acX*

il
- o

+

( Z (A1m00alz(B-1700a) + A1n010lz(b-17010))) + Mivlzpany =
0 aceX*

3
|

=

( Z (A1n00alz(1m00a) + A1rotal zino1a))) + Aiv1zany+

acX*

z 3
- o

+

( Z (A1ro0alzrota) + Arotal z(inoow))) + Aivlzany =

=0 aeX*

3

=

( Z ((A1mooa + A1ro1a)1z(m00a) + (Anota + Atnooa) L z(1no01a))) + 2A8 1z m)y

acEX*

I
o

n

But this forces A\ingiq + Aingoa = 0 and A\jx = 0. Thus, we have that

N-1 N-1
[ = Z( Z (A1m00alz(1700a) — Arooalzaroiay)) = (1 — b)(z Z A100a 1 Z(1700a))
n=0 aceX* n=0 acX*

Hence, we have that ker(1+b) = (1 — b)(C(X>,Z)), and so Ha({b), C(X>,Z) = 0.
We now study Hoy—1((b), C(X>°,Z)). Let f € ker(b— 1). Here, as before, we write any
element of O(XOO, Z) as f = 27];/;01( Z ()\I"OOOle(l"OOa)+/\1"01a1Z(1"01a)))+/\1N 12(1N) for

acX*
some N > 0 and with only finitely many \’s not equal to zero. Hence, since f € ker(b—1),

replicating the previous techniques we get that Aing1a = Aingoa, SO

N-1
f= Z( Z (A1r00alz(1r00a) + Anooal z(1no1a))) + v 1Ny,

n=0 aeX*
However, if we realize that

N-1

(1+ b)(z Z (A1m00alz(1m000)) + Ainlzan)) =

n=0 aeX*

N-1
= Z( Z (A1n00a12(17000) + A1n00alz(1m010))) + 2A1n 1 z1ny -
n=0 acX*
we deduce that [f] = 0 in ker(b — 1)/(b + 1)(C(X*,Z)) whenever A\~ is even, and
[f] = [1za~)], whenever Ay is odd. All is left to see is that [174~)] = [1zq~5+1)], for all
N, but this is straightforward to check, since 1,4n) =1~y = 1znvg) = (1+0)1 21~ 00),
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which is zero in the quotient. Hence, we conclude that ker(b—1)/(b+1)(C(X*,Z)) = Zs,
concluding the proof.
[l

Theorem 5.20. Let (D, X) be the self-similar infinite dihedral group, and consider
G(p..,x) its associated groupoid of germs. Then Hy(Gp. x)) = 0, and Hi(Gp, x)) =
Hy(Gp.. x)) = Hi(Hwp.x)) = Zy. Moreover, H,(Gp. x)) is a torsion group for all
n > 3.

Proof. We will make use of the long exact sequence of homology given in Theorem 3.18.
As we noted in Lemma 5.16, Hp_ x) is Kakutani equivalent to Gip_ x) X, Z, where c is
the cocycle defined as [, g, 8; Bx] — || —|B|. Moreover, the isomorphism H,(H o, x)) =
H.(Gp. x) XcZ) is induced by the natural inclusion |a, g, 8; Bx] — [a, g, 8; Bx] x {0}.

Here, we study the behaviour of the map in H,(H(p. x)) induced by the shift o :
G, x) Xe Z — G x) Xe Z given by g x {n} — g x {n + 1}, that is, the map 7,

that makes the following diagram commute.

A

O«
H.(Hpox)) ————— H(H . x))

T

H*(g(DOO,X) XCZ) B — H*(g(DomX) XCZ)

*

I

We will focus our study in the cases x = 0, 1.
For x = 0, the map o9 : Ho(Gop.ox) Xc Z) — Ho(Gp.o,x) Xc Z) is given by

[12(0m e,0m2(0m)) x40}] =+ [12(0m,e.0m:2(0m) x{13)-
Consider the bisection U := Z(0", e, 0"; Z(0")) x {1} C Gp.. x) X Z, which verifies

r(U) = Z(0"e,0" Z(0")) x {1}, and
s(U) = Z(0" e, 0mtt Z(0m1)) x {0}.

Then 0,(1y) = s.(ly) — r(ly) = lyw) — Ly implies that [1zn.conz0m)x1}) =
[1Z(0n+1’e,0n+1;z(on+l))X{o}] in HO(Q(DWX) Xe Z), and hence the map 5‘0 : HO(H(DOO,X)> —
Ho(H(p..,x)) is given by [1z(n 0 z0m))] = [Lz(0n+1 ,e,0n+1;2(0n+1y)]. Using the isomorphism

Ho(Hp.. x)) = Z[3] given in Lemma 5.17, we deduce the following description of y:

60« Ho(Hp..x)) = Z[5] = Z[35) = Ho(H(p.. x)
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We now the study the case * = 1.

Let |:1Z(07L,g’07L;Z(On))X{O}] € Hl(g(poo’x) X Z), and let [1Z(On’g70n;z(0n))X{l}] be its image
under ;. Using the same bisection U as before, we obtain

Z(0",g,0m Z(0") x {1} - U = U - Z(0"*!, g, 0" Z(0"1)) x {0}
In particular,

(2(07,,0% Z(0) % {1},U) € (G x) ¥e Z)?, and
(U, Z(07+1, 9,071 Z(0"1)) % {0}) € (Gpnx) Xo Z).

Then we have:
d2(L((z(0m g.0m:2(0m)x (13.0)) = Lz(0mg.0m:z(0m)x {1} + 1o — 1z(0n g.0m:2(0m) x (1)U

and

02 (L, z(0n+1,9,00+1,2(0+1)) x {0})) = Lu+1z(0m+1,g,0n+1,2(0n+1))x {0} — LU 2(07+1,9,00+1,2(07+1)) x {0})-

Gathering all the above facts, we deduce that

12(0m,g.0m520m)x {1} — 1z(0n+1,g,0n+132(0m+1)) x {0} € Lm(32),
and thus it is 0 in Hy(G(p,x) Xc Z).

Then we obtain that

o1([1z0m,g,0m:z00)xq0}]) = [1zn+1,g0n+1,200m 1)) xq0y] € H1(Gpo,x) X Z).

Finally, using the isomorphism H;(H . x)) = Z given in Lemma 5.18, we conclude
that

o1 Hi(Hpo x)) & Zo — Lo = Hi(H(p., x))

is the identity map.

We can now use the long exact sequence introduced in Theorem 3.18, that is

Id—&
0<—— Ho(Gp. x) =— Ho(H(p. x)) =— Ho(H(poo x)) =— H1(G (Do ) 2 H (KD, x))

Tld—&l
Id—69

- —— H3(Gp. x)) — Ho(Hpo x)) —= Ho(H(po x) — H2(G(p x)) — Hi(H(po x))
(5.6)

which, combined with all the previous results, is of the form
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0 <~— Ho(G(pw,x)) Z[3]) <2—Z[}] H1(Gp.. x)) ~— Ly (5.7)
To
R H3(g(Doo,X)) 0 fd—o- 0 Hz(g(pm,x)) — 7

It is immediate from this sequence that Hy(Gp. x)) = 0, and Hy(Gp.. x)) = Zy. More-
over, since £ : Z[5] — Z[3] is injective, the map ¢ is an isomorphism between Hy(G(p. x))
and Zs.

Finally, by Lemma 5.19, we obtain exact sequences for k£ > 1:

1d—d,
0 ¢— Howt1(Gpo x)) $— Zy — Zy <— Hop2(G(p x)) <— 0

from which we deduce that for all n > 3, H,,(G(p..,x)) is either 0 or Z, (and thus a torsion

group).
[
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5.4 HK and AH conjectures

This section sums up all the results obtained and relate them with the HK-
conjecture. In particular, we present the first complete counterexample for both HK
and weak HK conjecture. Moreover, we also draw the attention a minor counterexample
for HK conjecture obtained in the process. The chapter ends with a discussion of Matui’s

AH conjecture for the groupoids involved.

5.4.1 A complete counterexample for Matui’s HK conjecture

The computation of the homology groups in Theorem 5.20, together with the
computation of the K-groups in Lemma 5.14, leads us to the main result of this chapter.
Indeed, below we show that the groupoid Gp, x) associated to the infinite dihedral
self-similar group contradicts both Matui’s HK and weak HK conjectures. Recall that,
as we pointed out in Definition 5.7, the groupoid G(p_, x) is minimal, effective, Hausdorft
and ample, so it lies under the conditions of the mentioned conjecture. Moreover,

C*(Gp..,x)) is a unital, purely infinite simple C*-algebra ([20, section 17]).

Theorem 5.21. Let D, be the infinite dihedral group, and X = {0,1}. Let (Du, X)
be the induced self-similar group, and let Gp_ x) be the associated groupoid of germs.
Then

Q= Ki(Cr (G, x)) ®Q é Hiro,(Gpox) ®Q =0, 1 =1,0
k=0

This means that Gp., x) provides a complete counterexample for Matui’s weak HK con-

jecture and, therefore, for Matui’s HK conjecture.

Proof. Since (D, X) is recurrent, the groupoid Gp. x) is amenable, and thus
C*(Doo, X) = Cr(Gp.,x))- The proof is then immediate after combining the com-
putation of the K-groups in Lemma 5.14, where it is shown that Ko(C; (G x))) =
K1 (C(Gp...x))) = Z, and noticing that all the homology groups are torsion groups, by
Theorem 5.20. O

We close this subsection showing that, in fact, there is a second complete counterexample
for Matui’s HK conjecture (but not for the weak version) hidden among the previous

pages. The homology of Hp_, x) was given by:

Hy(H(p.. x)) = Z[3),

Hi(Hp.. x)) = Zo,
Hop(Hp.. x)) =0, for all k > 1, and
Hop1(H(po,x)) = Zo, for all k > 1.
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On the other hand, it was shown in [42, Theorem 5.3] that, whenever the self-similar
group is recurrent, then Mp_ is isomorphic to the full convolution algebra of Hp_, x).
Moreover, H(p_ x) is amenable [42, Theorem 5.6, and thus C}¥(H o x)) = Mp,. The
K-theory of Mp_ was computed in Proposition 5.13 to be:

Ko(M’Doo) = Z[%] D Z, and K1<M’DOO) =0.

Finally, it is straightforward to check that Hp_ x) lies under Matui’s HK hypothesis.
As we can see, this proves to be another complete counterexample for Matui’s HK-

conjecture. In the case of the weak version, the conjecture fails at the Ky-term, but it

holds for the Kj;.

5.4.2 AH conjecture

As noted in Section 2.4, Matui posed, in addition to the HK, a second conjecture
regarding groupoids, which remains yet to be disproven. Even though it is not the main
theme of this text, it is worthwhile to save a few lines to the study of this AH conjecture
for the self-similar infinite dihedral groupoid, since most of the work is already done. As

pointed out in Section 2.4, this conjecture claimed the existence of an exact sequence:
. L
HO(Q) ® Z2 i> Hg“ab 4 Hl(g) — 07

where [[G]]a is the abelianization of the full group defined in Definition 2.78, and I, is
the index map defined in 2.79.

It was shown in [38, Theorem 4.4] that, whenever a groupoid is minimal, purely infinite
(Definition 2.44) and ample, then the verification of AH conjecture is equivalent to satis-
fying Property T'R introduced in paragraph 2.83, that is, the condition that every element
of the kernel of the index map can be put as a product of transpositions (definition 2.77).
We will use the notation and results displayed in Section 2.4.

Proposition 5.22. Let (D4, X) be the self-similar infinite dihedral group. Then the
groupoid Hp,, x) defined in Lemma 5.16 satisfies Property TR.

Proof. We use a similar strategy to the one used in [44, Lemma 5.3, Proposition 5.4].

First, recall that Hopoxy = U Hpwe x))n, with (H(Dooyx))q(lo) = g((%)oo x), and
n=0 ’

(Hpw,x))n € (H(poo,x))nt1 for all n (see Remark 5.8). Then, the definition of topo-
logical full group implies that [[(H(p. x))nl] € [[(HDw.x))ns1l], and [Hoo x)] =
U [[(Hpe x))nll-

n=0
Let 7y € [[(H(p.,x))n]] such that I(my) = 0, for some n € N. We can assume, without

loss of generality, that U is of the form
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—=

U= Z(a, g, B Z(B3)),

=1

—=

k
where «;, 5; € X", ¢; € Do, and | | Z(cy;) = || Z(B;) = X*°. Then, using the results
i=1

1

1
obtained in Lemma 5.18, we can write:

k

I(my) = ;[12(0"791,0";2(0”))] - DZ(O",Hf:lgi,O”;Z(O"))]’

where [1zna0mz0om)] + 0, and [lz@nponzeny] + 1 under the isomorphism
HI(H(DOO,X)) = 7.

Therefore, we deduce that the condition I(my) = 0 in Hy(Hp., x)) implies that []*_, g;
must be an arbitrary product of elements a, and bab.

Now, define Uy, U, as

Il
-

-
Il
—

U, : Z(ay, g, 045 Z (),

Il
C=~

U, : Z (v, e, Bis Z(55)).

1

-.
Il

It is clear that U = U; - Uy, and hence 7y = my, o my,. It was shown in [44, Lemma
5.3] that m, is product of transpositions. Let us show that 7y, is also a product of
transpositions.

For each 1 < ¢ < k, define the bisections
Vii= Z(alagi;ai§Z<ai))7 Wi = Z(Oéb@,%’; Z(Oéi))'

One can check that

NN ~ A k k
Uy VoaWo. . ViWy = Z(on, [] 9iy 013 Z (o)) U L] Z (e, e, i3 Z(w)).
i=1

=2

Moreover, if we define
W, = Z(a11, e,a10; Z(10)), and Wiy, := Z (11, ba, a10; Z (1 0)),

then we obtain

k A
Z(alua’7 al;Z(al)) L |_| Z(ai767ai;Z<ai)) = Waa
i=2
and
k .
Z(o,bab, ay; Z(on)) U | Z(ay, e, 45 Z () = Whap.
i=2

Indeed, since a-0=1-eand a-1=10-e, we have

Wa = Z(alla €, alo; Z(alo)) U Z<a107 €, 0511; Z(all)) X~ \ Z(al) =

k
= Z(o,a,00; Z(a1)) U || Z(u, e, a3 Z(y)), where we identify Z(ay, e, ay; Z(c;)) with
i=2
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. k
Z (), as usual. A similar argument applies to Wp,,. Now, since [] ¢; is a product of
i=1

elements a, and bab, we deduce that Ul%WQ...Vka is a product of elements Wa, and

Wbab, and therefore

Ty (0, My - T0 T ) = T, Ty, Tii, o0

thus 7y, is a product of transpositions. We deduce that 7y, € T(H(p. x)), and hence

iy € T(Hp.,x)), concluding the proof. O

Finally, let us show that the G x) also satisfies Property T'R, concluding that the
AH-conjecture holds for Gip_ x).
Theorem 5.23. Let (Do, X) be the self-similar infinite dihedral group. Then the

groupoid Gp_ x) satisfies the AH-conjecture.

Proof. As we noted before, since Gp__ x) is a minimal purely infinite ample groupoid, all
we need to do is to check that, indeed, G(p_, x) satisfies Property T'R.

Let Ig,Iy be the respective index maps for G x) and Hp, x), and let ¢
Hi(Hp.. x)) = Hi1(Gp..,x)) be the map appearing in the long exact sequence shown
in Lemma 3.18. Recall that this map was proven to be an isomorphism in Theorem 5.20,
and by definition it is given by ¢ ([1z(onp0mz0m))]) = [1z(0mp0m:z0m)))- It was shown in
[44, Lemma 4.6] that this map is natural with respect to the index map, in the sense that
Ig(mv) = @(Iy(my)), for every full bisection U C Hp_ x). Since ¢ is an isomorphism,
we deduce that, for every U C H(p_ x), Ig(my) = 0 if and only if I (7y) = 0.

Suppose U C G(p__ x) is a full bisection such that Ig(my) = 0, and recall that any full

k
bisection can be written as U = | | Z(«, ¢s, Bi; Z(5;)), for g; € Do, and vy, B; € X* such
i=1

that |i|Z(a,~) = ' Z(5;). Define
' i—1

=1 7

V:

—=

Z(amghai; Z(ai)) - %(DM,X% and

=1

k
W = .|:|1 Z(Oéiv €, 5’” Z(ﬁl)) c g(DomX)'

Then we have that U = VW, and hence

0= Ig(my) = Ig(mv) + Ig(mw).

Define now €2 as the subgroupoid of Gp_, x) given by

Q= {[aae>ﬁ;5x] € g(Doo,X) : Oé,ﬂ e X" xe€ XOO}
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This subgroupoid is isomorphic to the groupoid of one-sided full shift with two letters
(see [37]).
Then we have that my € [[Q]] C [[Gp. x)]]. It was shown in [37, Lemma 6.10] that
mw € T(Q) C T(Gp...x)), and hence Ig(my) = 0.
Finally, Ig(mw) = 0 implies that Ig(my) = Ig(my) = Iy(my) = 0, and therefore we obtain
that 7y € T(Hp.,x)) € T(Gp.,x)). We deduce that 7y € T(Gp,. x), and so Gip_ x)
satisfies Property T'R, concluding the proof.

[

As we can see, the groupoid G(p_ x) satisfies the AH conjecture, which remains yet to
be disproven.

Matui’s AH conjecture provides a useful tool for the computation of the topological full
group of a groupoid. In this line, the last theorem, in addition to Theorem 5.20, implies
an isomorphism [[Gp. x)|Jas = Zs given by the index map. [[Gp.. x| is then generated
by the class 7y, where U = Z (), b, 0; X°°).
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