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Transport equations
via
smooth kernels

by Juan Carlos CANTERO GUARDENO

Throughout this thesis we consider the non-linear non-local homogeneous
transport equation

pe(x,t) +o(x,t) - Vo(x,t) =0,
o(x,t) = [K*p(-,t)](x),
p(x,0) = po(x).

By non-linear we mean that the velocity field is not given: it is also an un-
known of the partial differential equation and it is related to the scalar p. This
makes that if we have p; and p; solutions of the PDE then their sum p; + pp
does not have to be a solution for sure. By non-local we mean that the re-
lation between the velocity field at a time v(-, ) and the scalar p(-,t) is by
the convolution with a kernel K. So, the value of the velocity field at a point
depends not only on the scalar at that point but on its values in the whole
space. This class of equations are also known as active scalar equations.
The two master examples of this type of equation are:

(a) the vorticity formulation of the Euler equation in dimension 2 (2D Eu-
ler), where the scalar is usually written as w (and we call it the vorticity)
instead of p and the kernel is

1

— 5 (—X2,X1),
27 (x% + x3)

Kps(x1,x2) =

for (x1,x) € R?;
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(b) and the aggregation equation when the initial data pg is the characteristic
function of a set. In this case the kernel is

Kag(x) = =VN(x)
for x € R", where N is the fundamental solution of the laplacian.

Other examples of active scalar equations can be found. For instance, the
surface quasi-geostrophic equation it is one.

The thesis is structured in two large blocks and a smaller one. In a few
words, the first one corresponds to the Holder well-posedness of the PDE,
the second one to the persistence of the regularity of the boundary of a den-
sity patch and the third one to the limit structure as time goes to infinity of
a certain type of solutions. We want to mention that each chapter of this
dissertation has its own introduction.

e In Chapters 1 and 2 we prove the C” well-posedness of the transport
equation for some families of kernels in R” and in the complex plane
respectively. Special cases of the theorems presented here recover the
C7 well-posedness for 2D Euler (see [MB, Chapter 4]) and the transport
equation with the aggregation kernel (see [CGK, Theorem 5.3]).

e In Chapters 3 and 4 we prove the persistence of the C"7 regularity of
the boundary of a density patch, that is, we prove that if the initial data
0o is the characteristic function of a C!"Y domain, then the solution p(-, )
of the transport equation is for every time the characteristic function of
such a regular domain. This is done for the same families of kernels
considered in the first block and it also covers the equivalent result for
2D Euler (done first by Chemin in [Ch] and later on by Bertozzi and
Constantin in [BC]) and for the aggregation equation (see [BGLV]).

e Finally, in Chapter 5 we study the skeleton for a one-dimensional ag-
gregation equation. We call skeleton to the limit domain at the blow-up
time when we start with a density patch. This equation is equivalent
to a transport equation for the case of the evolution of the characteristic
function of a domain. This was one of the first questions when I started
my doctoral studies, but we finally did not follow this line of work.

The main technical arduousness appearing is related with the divergence of
the velocity field, which depends obviously on the choice of the kernel. In
2D Euler the velocity field is incompressible, which means that it has zero di-
vergence. For a velocity field obtained by the convolution of the aggregation
kernel Kag with a scalar, the divergence is exactly minus the scalar function,
meaning that the regularity of the scalar is inherited by the divergence. As
we will se later, this is not the situation for the kernels that we consider in the
two first blocks of the thesis.
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1 C! well-posedness in R"

1.1 Introduction

Let p(x,t) a scalar quantity usually known as the density and let v(x,t) a
vector field called velocity both depending on the position x € R" and on
the time t € R . The (homogeneous) transport equation for the pair (p,v) is the
partial differential equation defined by

pt+v-Vp =0,
(1.1)
{P(',O) = po.

We shall now give an explanation of such a name for (1.1). Given a velocity
tield v and a point & € R" we set, whenever it is well defined, the flow map

X(w,-) : R—R",
t— X(a,t)
as the solution of the ordinary differential equation

{%X(“/ t) = U(X(‘X/ t)/ t)/

12 X(a,0) = a.

This map indicates the position at time t of the particle that was initially at «
and that has moved following the velocity field at every moment. It is also
called the trajectory of the particle a.

Then let p the density and set ¢(a,t) = p(X(«,t),t). If we compute the
derivative of ¢ with respect to the time variable, we get, by an application of
the chain rule,

S8(a,t) = (X (@, 1), 1) + Vp(X(a, 1), 1)+ S X(a,1),
and by (1.2),
(13) %g(zx, £ = or(X(a, £), £) + 0 (X (@, 1), £) - Vo(X(a, 1), ).

For a pair (p, v) satisfying the transport equation, the right hand side of
(1.3) vanishes, meaning that ¢(x, t) does not depend on time and hence

p(X(a 1), 1) = p(X(«,0),0) = p(&,0) = po()-
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That means that the density at time 0 and at position « takes the same value
as the density evaluated at t and at the future position of « at time t. So, it
can be said that p is transported with the flow defined by the velocity field v.
This is a good reason for calling transport equation to (1.1).

For a fixed time t, the functions p and v in (1.1) can be related by some
functional T so that v(-,t) = T(p(:,t)) and often T can be expressed as a
convolution with a given kernel. The most important example of a transport
equation of this kind for n = 2 is the Euler equation. Let N be the fundamen-
tal solution of the Laplacian (N(x) = 5 In(|x|)) and let

1

271 | x|

Kgs(xl,xZ) = (—xz,xl) = VLN(X)

(we call Kgg the Biot-Savart kernel). If we set w(-,t) = V x v(+,t), then the
vorticity formulation of the Euler equation is

wt+v-Vw =0,
(14) U(~, t) - KBS * C(J(',t),
w(-,0) = wy,

which is a non-linear transport equation for (w, v).

Another example in R" (see [BLL, Section 4.2] for more details of its
derivation) is the aggregation equation when the initial condition py is the
characteristic function of some domain Dy, xp,. We will call solutions for
this type of initial data density patches and they will be discused in depth in
Chapters 3 and 4 of this dissertation. Let w,, the volume of the n-dimensional
unit ball and set

1 1

(1.5) NG == o e 123

the fundamental solution of the Laplacian in IR". In this case, given
Kag = —VN we get
pt+v-Vp=0,
0(-11) = Kag (1),
0(-,0) = po = XD,-
In the spirit of generalizing these example equations we will consider

throughout this paper a matrix L € M;x,(R) and the corresponding ker-
nel

(1.6) K(x) =L-VN(x)

where - stands for the usual product of matrices and VN(x) is seen as a
column vector. Then (1.6) produces a relation v(-,t) = K p(-,t) as in the
previous cases.
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Our goal is to prove a well-posedness result for the transport equation
and for the kernel (1.6) in some space of functions that will be defined in a
moment.

We would like to anticipate that the divergence of v is an important quan-
tity appearing in the computations and in the proofs that we are going to
develop. For the Euler equation the divergence vanishes everywhere for any
time and for the aggregation equation the divergence at a given time ¢ is
equal to —p(-,t). In both cases, the proofs are easier due to the simplicity of
the divergence.

Definition 1.1. Given 0 < v < land f : R" — R let

x J—
1flle = sup ()] and [f], = sup LI =SW]
x€R” R |x y|
S
We define the norm
AL, = 1Al + 11, -

For F: R" = RY, x — F(x) = (fi(x),..., fa(x)), we define

[[E]l, := sup [Ifill
i =1,..d o

1

and then the space

C7(R%;RY) = {f:lR” R If]], <oo}.

Finally, given an integer m and a multiindex
— ; _ o _ _ d '
a = (a1,...,&) consider |a| = Y1 a;jand 35 = T Then define
0
|F|,,., = |F(0)|+ sup F|| .
" 1<|a|<m dx® 0%
For m = 1 we simply write
d
IVFllo = sup ( sup ||52Al] ],

i=1,..,d \j=1,..n i ||

7

\VF|, = sup | sup |=—fi
T icd =1 ox;”’

and then
|F|y, = |F(O)| + [[VF[|L~ + |[VF], .
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We define the Holder space C™" (R"; R%) as
C™Y (R RY) = {f (R = R : | f]l, < oo}.

When it is clear enough, we will just write C"7.
Additionally, we set C;"" as the space of functions in C"™" which are also com-
pactly supported.

We are ready to anticipate the main theorem of this chapter.

Theorem 1.2. Let N the fundamental solution of the Laplacian in R". Consider
L € Muxn(R). For0 <y < 1,if pg € C""(R",R), then the transport equation

pt+v-Vp =0,
v(-,t) =L-VN=xp(-1),
p(-,0) = po,

has a unique weak solution p(-,t) € C¢"7(R",R) for any time t € R,

The definition of weak solution will be given in Chapter 4 (see Definition
4.7). Nevertheless, in the smooth framework of the present chapter it is pos-
sible to check that a (transported by trajectories) solution is a weak solution
of the PDE.

The reason we have chosen this space is double. Firstly, the result was
proved for the Euler equation (see [MB, Chapter 4]) and for L the identity
matrix, i.e., for the aggregation kernel (see [CGK, Theorem 5.3]). Secondly,
we wanted to be sure about having well-posedness of the smooth case before
moving to other situations (for instance, density patches). The proof pre-
sented here does not change much from the one for the Euler equation, but
at some steps we will need more involved arguments due to the fact that the
velocity field is not divergence free in general. We will stress this fact in the
next sections whenever those differences appear.

1.1.1 Outline of the chapter

The present chapter is structured as follows. In Section 1.2 we give some
preliminary results on Holder spaces and on Calderén-Zygmund Operators
(CZO) acting on them. In Section 1.3 we prove a local-in-time version of
Theorem 1.2. In Section 1.4 we prove that this local solution is actually global.
Finally, in Section 1.5 we explain how to proof higher regularity provided the
initial data is of class C."".

1.2 Preliminaries

First of all, we have the following elementary properties for elements of the
Holder spaces.
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Lemma 1.3. Let f, g be C7 functions, 0 < v < 1. Then

(1.7) 1f&ly < A fl 181y + 1£1y 118l e
(1.8) £8ll, < 1Al T8l -

If moreover X is a smooth invertible transformation in R" satisfying
|det VX (a)| > ¢1 >0,

then there exists ¢ > 0 such that

(19) |vx)7|| <enoxiy,
v

-1 < 2n—1
(1.10) ‘X \M_cmm ,
(111) [f o Xly < If1, IVXIILs,
(1.12) 1f o XL, < IfIl, T+ 1X[,),

— 2n—1
(1.13) [fox|| < Al @+ IXEE ).

The proof of Lemma 1.3 can be found in [MB, p. 159] (see Lemmas 4.1, 4.2
and 4.3). Note that (1.8) implies that C7 is an algebra.

We also have the following bounds for Calderén-Zygmund operators act-
ing on Holder spaces. They will be used repeatedly in the proofs developed
in the upcoming sections.

Lemma 1.4. Let K : R" — R, K € C2(R" \ {0}) a kernel homogeneous of degree
1 —n. That is,

(1.14) K(Ax) = —=K(x), YA >0.Vx#0,

Let P=0,K,i=1,...,n. Set

n

Tf(x):/nK(x—x’)f(x’)dx’; Sf(x):p.v./ P(x —x')f(x')dx.

For0 < v < 1let f € C/(R";R). Set R" := m(supp(f)) < oo, that is, the
measure of the support of f. Then, there exists a constant c, independent of f and R,
such that

(1.15) Tl < R[S0 s

(1.16) 1Sf|]e < c {|f|787—|—max (1,ln§> ||f||Loo} Ve > 0,
(1.17) ISfl, <clfl,-
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Remark 1.5. The proof of Lemma 1.4 can be found in [MB, pp. 159-163] (see Lem-
mas 4.5 and 4.6). There more hypothesis on the kernels K and P are required but we
remark here that they are not needed. In particular, for K as in the previous lemma,
by differentiating with respect to x; the equation (1.14) it is clear that this derivative
is homogeneous of degree —n. Also, we can see that 0;K has zero mean integral on
the sphere. Let 0 < a < b. By Stokes’ theorem we can write

/ 0;K(x)dx =
a<|x|<b

- K(x)n;(x) dor(x) — / K(x)n;(x) do(x),

9B(0,b) 0B(0,a)

(1.18)

where n;(x) is the i-th component of the unitary normal vector to each surface at
the point x. By homogeneity of the kernel K it is clear that the two integrals in the
second line of (1.18) are equal and then the difference is 0. By doing a hyperspherical
coordinates change of variables and again by homogeneity of the kernel, the first line
of (1.18) can be written as

/a K dx = (10g(b) ~Iog(a) /a o, 2K (@) 40 (),

and so we can conclude that
0;K d =0
/ o, K@) do(@)

as it is required in the mentioned proof done in [MB].

Remark 1.6. For N the fundamental solution of the Laplacian, each component of
the kernel K = V N satisfies (1.14) and, consequently, Lemma 1.4 holds.

1.3 Local Theorem

As in the case of Euler equation, a good way to prove an existence and
uniqueness result is by dealing with an, in some sense, equivalent equation
rather than the one presented in Theorem 1.2. Recall that p is transported
with the flow, i.e., p(x,t) = po(X!(x,t)) for X~1(-,t) the inverse of the flow
X (-, t). Therefore by (1.13) we have

o)l < lleoll, (14 1XCHRT).

Thus, o(, t) € C7 provided X(-,t) € C17.

Furthermore, eventually we will need to control the measure of the sup-
port of p(+,t). In order to do it, we have the next lemma, which will be also
needed in the rest of the chapters of this dissertation. Note that in the zero
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divergence case there is no need to control the support of p(-, ) since its mea-
sure is conserved with the time and therefore it is equal to the measure of the
support of po.

Lemma 1.7. Let (p,v) be a solution of (1.1) and let X be the flow map associated to
v(-,t) asin (1.2). Then

m(supp(o(-,t))) < c(n)m(supp(po)) IVX (-, t)]|]e -

Proof. Given A C IR", let x 4 be the function taking value 1 in A and 0 other-
wise. Then

m(supp(p(-+1)) = [ Ksuppiot.n(x) .

Taking the change of variables x = X(«,t) we get

m(supp(p(+1)) = [ Xeupplpt. (X (a,1)) det DX, 1) da

Since p is transported with the flow, it is clear that X(a,t) € supp(po(-,t)) if
and only if « € supp(pp). Thus,

m(supp(p(-,t))) = » Xsupp (o) (@) det DX (a, t) da.

Taking absolute value on the previous equation and having into account that
[[det DX(-,£)][ 10 < c(n) [[VX(-,£)| [} we get

m(supp(p(-,t))) < c(n)m(supp(po)) [[VX (-, )L -
[]

We can focus then on proving existence, uniqueness and regularity for X.
We know X satisfies (1.2) and then, as v(-,t) = K*p(-,t), we obtain

dX

(1) = v(X(a,1),1) = / CK(X(a, 1) = ¥')p(, 1) dx',

Applying a change of variables x’ = X(a/, t)

Ccli—}f(oc,t) = /HK(X(oc, t) — X(a/,t))o(X(a/,t),t) det[DX(a’,t)] da’ =

= [ K(X(a,t)—X(a,t)po(a) det[DX(a/, )] de,
IRn
where, in the last equality, we have used that p is conserved along the flow.
Consequently, we have an ordinary differential equation (ODE) for X.
A standard way to prove existence and uniqueness for an ODE is to apply
Picard-Lindelof’s theorem. It can be stated as follows.
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Theorem 1.8 (Picard-Lindelof). Let O C B be an open subset of a Banach space B
and let F : O — B be a locally Lipschitz continuous mapping.
Then given Xo € O, there exists a time T > 0 such that the ordinary differential

equation

i—f “F(X),  X(t=0)=X, €O,

has a unique (local) solution X € C' [(—T, T);O].

So, in order to apply Theorem 1.8, we first need an equation of type

%—)f = F(X). As we have seen, we have it for

(1.19)  F(X(a,t)):= / K(X(a,t) — X(a/,t))po(a’) det[DX(a', )] da’.
R”

Then we need a Banach space B and an open subspace of B such that the

flow maps X (-, t) belong to Ops. We also need a functional F mapping Oy to

B being this map locally Lipschitz continuous and satisfying that F(X(a, t))
is equal to (1.19). Let B = C}7(R"; R") and

_ . RN n. 1 |X(‘X)_X(ﬁ)|
(1.20) OM—BH{X.]R — R M<i1;}; «—p| <M}.

Remark 1.9. Then we have:

o Oy is non-empty: Id € Opy VM > 1.

e [t is an open set since it is the preimage of the open set (%, M) for some norm
function (which is continuous).

o If X € Oy, then the image of X is open because X is locally a diffeomorphism
and it is also closed because it is complete (X is a bilipschitz function) . Then
the image of X is the whole space and so X is a homeomorphism.

After this, we have to check that the hypothesis in Picard-Lindelof’s the-
orem are satisfied. Since computations of derivatives of F(X) will be needed,
we first look how distributional derivatives of our kernels are.

Lemma 1.10. Given L = (Zij)ijl € Muxn(R), then for K = L - VN we have,
distributionally,
L. n
BZK] = %50 + p.o. Z l]'raiarN,
r=1
where 6y is the Dirac delta at 0.
Proof. It is well known that for N, fundamental solution of the Laplacian, we

have 97N = 16y + p.v.0?N and for i # j we have 9;,0;N = p.0.9;0;N. Then,
since K; can be expressed as

n
Kj =Y _1;9,N,
r=1
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we apply d; and we get the result. O

We are now in position to show that F : Oy; — B.
Proposition 1.11. Let Oy, as defined in (1.20). Then, the functional F defined by

(1.21) F(X)(a) = /IR K(X(a) = X(a'))po(a') det{DX(a')] d

maps Oy to C7(R"; R™).

Proof. Let X € Ops. In order to prove the proposition, we need to verify

)<oo.
¥

If we consider the change of variables x’ = X(a’) in (1.21) we get, for the
j-th component

4 rx

12 IEO) 1o+ sup (] 4

ie{1,..n}

RO = [ Kj(X(@) = x)po(X 1 (x')) dx’ =

n

= (Kj* (po o X™1))(X(w)).

(1.23)

Let R = m(supp (pp o X~1))!/". Then, as in Lemma 1.7, we have, for
Ro = m(supp (pg))'/" that

Since K = L - VN satisfies (1.14) (recall that V N satisfies it and every compo-
nent of our kernel is just a linear combination of components of it), by (1.15)
in Lemma 1.4 we have

[IEO)lg < eR||po o X7Y| = eR llool |1 < euRo ||V X] |1 |lpol |-

which is bounded for X € C'7 and pp € C/.
We focus then on the norms of derivatives of F(X). We write 0; = 3%1" We

have, by definition of the norm, |[0;F(X)||, = supjc(; ||0:Fj(X)] ]7. We

work then with 9;F;(X) fori,j € {1,...,n}. An application of the chain rule,
combined with Lemma 1.10, yields

9;F;(X) (&) = V(K; * (0o o X)) (X(a)) - 9 X () =

= Y 0n(K; * (po 0 X)) (X ()Xo (w) =

(1.24)
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where Sj(a) := p.v. (9K * (pp o X~ 1))(X(«)) and - stands for the usual
scalar product.

Since pg, 9;X; € C7 and C” is an algebra, then it suffices to control the C”
norm of §,;. Clearly, hypothesis in Lemma 1.4 are satisfied if P = arKj. Then

111/
B

wesete = [pgo X~ and apply bound (1.16) in Lemma 1.4 to get

(1.25) Hsr].‘ ‘L°° <c {1 + max (1,%111(1{ ‘Po oX1‘7)> HPO o XlHLw}

where R = m(supp (oo © X~ 1))/".  As previously, R is bounded by

cuRo ||V X]| . Since both ||pg o X 1||  and |pgo X |7 are bounded above
by ||po o X~'[|, and taking also into account that

oo o x| < Hlpoll, 1+ X2 ) < oo,
) ,

then we have that the right hand side of (1.25) is finite. On the other hand,
by (1.17) we have

(2n—-1)

Syl < ¢looo X 1IVXI[Ts < e lpoll, (14X

Then, as we argued before, the C” norm of E)iF]-(X) is finite for any i, so

the supremum in (1.22) is finite as well, completing the proof of the proposi-
tion. O

Hence, we have that F satisfies the first hypothesis in Picard-Lindelof’s
theorem. It remains to check that F is locally Lipschitz. We claim (and prove
later) that if the directional derivative F’(X) is bounded as a linear operator
between Oy and B then F is locally Lipschitz. So, first of all we have to
compute this directional derivative. An auxiliary lemma is useful for this
computation and we need to give a previous definition to write it.

Definition 1.12. Given A € M, x,(R") we define Af; € M(u—1)x (n—1)(R") as
the submatrix of A obtained by erasing the i-th row and the j-th column .

The following lemma is not needed whenever the velocity field is diver-
gence free, as in the Euler equation. In that case, det(DX(-,t)) = 1 and
consequently the functional in (1.21) does not contain the determinant inside
the integral. In the general case, as we will see later, an expression for the
sum of determinants will be necessary.

Lemma 1.13. Given X,Y : R" — IR" differentiable homeomorphisms.

n

d . .
3, det(DX +eDY)| _, = “21(_1)14—]8]'1/1' det(DXJ,).
i,j=
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Proof. First we use a formula for the determinant of a sum of square matri-
ces. The proof can be found in [Ma, pp. 162-163]. Let A,B € M;x»(R)
and let «, B strictly increasing integer sequences chosen from {1,...,n}. Let
|a| (resp. |B|) the number of elements of « (resp. ). If |a| = |B]| then let
Ala|B] € My «|q|(R) the submatrix of A lying in rows a and columns § and
Bla|B] € M(y_ja|)x(n—|a|)(R) the submatrix of B lying in rows complemen-
tary to & and columns complementary to 8. Let s(«) (resp. s(B)) the sum of
the integers in a (resp. ). Then

(126)  det(A+B) = f Yo (1)@ +sB) det(Alx|B]) det(B[a|B)).
r=0 a,B
la|=|B|=r

Note that for a matrix M € M;«s(R) and a constant ¢ € R we have
det(c - M) = ¢® det(M). Then setting A = DX and B = ¢DY in (1.26) we get

det(DX+eDY):ie”_r Y (—1)*@*s(B) det(DX[w|B]) det(DY[w|B]).
=0 Jal=|g|=r

Differentiating with respect to ¢ the previous equation and setting ¢ = 0
make some terms vanish and, in consequence,

%det(DX—i—eDY)\e_O: Yo (—1)*@HsB) det(DX[w|B]) det(DY[a|B]).
la|=[Bl=n—1

Note that a strictly increasing sequence taking n — 1 elements of {1,...,n}
is a sequence avoiding just one of them. So

e=(1,...,i—1,i+1,...,n), p=(1,...,j—1,j+1,...,n),

for i,j = 1,...,n. Then s(a) +s(f) = n(n+1) — (i +j) and hence
(—1)s@+s(B) = (—1)*/. For these special sequences we can simplify and
write DY [a[B] = 0;Y; and DX|«|B] = DX, as in Definition 1.12. Summing
up,

n

d o
- det(DX +eDY)|_, = ‘Zl(—l)lﬂa]-Yi det(DXj;)
1,]=

and the lemma is proved.

We already have the tools to compute the directional derivative of F.
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Proposition 1.14. Let X € Oy, Y € B. For F = (Fj);lzl defined in (1.21) we have
Fj’ (X)Y =I+II where

I:= o VK;(X(a) — X(a")) - (Y(a) = Y(a"))po(a’) det(DX) (a") da’,

M= Y (=17 [ Ki(X(w) = X())po(a)2:Y; (@) det(DX; ) (a')

r,s=1

Proof. Letj =1,...,n. Consider X € Op and Y € B. Firstly, we apply the
chain rule to see

where - is the usual scalar product. Thus having into account the above com-
putation and applying Lemma 1.13 we get

(FX)Y)(@) = S (B(X 4 eY)(@))emo =

= Jen VEK;(X(a) — X(a")) - (Y(a) = Y(a))po(a) det(DX) (a) da’+
+ i (—1)”5/ Ki(X(a) — X(a'))po(a")0sY;(a") det(DX] ;) (a') da,

r,s=1 "
as we wanted to prove. [

Remark 1.15. Note that there is no need to write principal value in the term I of
the proposition because the singularity of VK; when a = ' is compensated with the
term Y (a) — Y(a').

The directional derivative computed in Proposition 1.14 has been decom-
posed as the sum of two terms. The second one is very similar to the one
treated in Proposition 1.11, but the first one looks different. It can be written
as an integral with respect to a kernel which is not of convolution type and
so its derivatives may be tricky to handle. In the following lemma, which is
somehow technical, we compute exactly those derivatives.

Lemma 1.16. Let I defined in Proposition 1.14. Then I = Y1 ; I;(x) where

h@) = [ Kj(X(@) — X (@) (Y(a) ~ Yi(a))po(a') det(DX) (o) di!,
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and its distributional derivatives are 9;I;(a) = VI;(X(a)) - 9, X () where
li(x) =
=po [ 8K (x =) (H(X () = V(X () (po o X)) '+
o Yo X Y(x)p.o. /}R 9K (x — ) (0o 0 X 1) (') da'+
+ep(V[Yio XY (x) - &) (po 0 X71) (%),

where Gy, is a vector in R" depending on k.

Proof. Consider & = X~1(x), then after the change of variables &' = X~1(x'),
we have

Li(x) = (X7 '(x)) =
—/ 0iK;( (x — ) (VX Hx)) = V(X 1(x"))po(XH(x)) du'.

Following the scheme in [MB, p. 165] for the Euler equation, let
R(x,x") = 9;Kj(x — x')(Y;(X~(x)) — Y;(X"'(x'))). Firstly, we compute the
partial distributional derivative with respect to xj of R(x + x’,x"). In order to
do that, note previously that, given # > 0 and a € R", |a| = 1, we have, by
Taylor expansion of Y o X1,

lim R (x+ah, x)h" 1 =
h—0

= lim ain(ah) (Yi(X Yx +ah)) = Y:(X Y x)))h ! =
1.27
(27 — }111_%81(( ) "H Y (VY0 XY (x) -ah +o(h)) =

= BZK]( )V[Yl o X_l](x) - a.

We then compute the distributional derivative of R(x + x/,x"). Let
¢ € CP(R"; R) a test function. Then

(0x, R(-+x',x"), @) = — o Oy, @(X)R(x + x/, x") dx =
T I .
= gl_;% R B0 @(x)0x R(x + x', x") dx
— lim Ox, [@(x)R(x+x,x")] dx.

e—0 JR"\B(0,¢)
Applying Stokes’ theorem, and since ¢ has compact support we obtain
(0, R(- +¥,x'), 9) = p.(3yR(- + ¥, x'), )+

li R "X d ,
tlim [ RG Y, my(x) dor(x)
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where 1 (x) is the k-th component of the unitary normal vector to dB(0, ¢) at
the point x. We apply the observation made in (1.27) to conclude that

lim [ o QEORG 2 )m(x) dox) = 9(O) VYo X)) - &

where the [-th component of (j is
@)= [ o, K@ mela) o doa).
Therefore, distributionally
O R(- 4, x') = pv. By R(- + x,x') + (e V[Y; o XT1](x') - E)o.
Then, since 9y R(x,x") = 9y [R(- + ¥/, x")](x — x’) we finally get for
H(x) = [go R(x,x")f(x") do’,
dH(x) = p.v. /]R” kR (x, x") f(x") dx'+
+ [ dolx = ¥)e VYo X&) - Ef (¥ i’ =
=pV /]Rn iK; (x — x") (Yi(X ™ (x)) = V;(X 1 (x"))) f () dx'+
+3[Y; 0 X Y(x)p.v. /}R 9K (x — ) f(2) da'+
+ i V[Yio X1 (x) - Gif ().
The proof is completed setting f = pg o X1 in the previous expression

and applying the chain rule to I;(x) = L(X(«a)).
0

Remember that our goal is to bound the C7 norm of the map
a — F/(X)Y(a) in such a way that we get

‘P/(X)Y}Lr), S ¢ |Y|1,fy

for ¢ depending maybe on 7, py and X in order to have that F/(X) is bounded
as a linear operator. Note that the first term in d;[; in Lemma 1.16 is an in-
tegral containing dy0;K;, which is a hypersingular kernel. Nevertheless, the
term Y (a) — Y (') will, in some sense, kill this excess of singularity. We quan-
tify this effect in the following Lemma.

Lemma1.17. Let H : R" — R, H € C'(R" \ {0}), be a kernel homogeneous of de-
gree —n — 1 such that Hi (x) = x;H(x),i =1,...,n, define a CZO of convolution
type. Let g € CY7(R";R) and f € CJ(R";R). Then for

n

Tf(x) =po. [ Hlx—¥)(g(x) = g(x))f(x') ¥
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we have
TSI, <clgli, £,

for ¢ depending on m(supp(f)).

Proof. Since ¢ € C17 we can write its Taylor series centered at x’ as
n
g(x) = g(x') + }_ 9ig(x') (xi — xj) + R(x,x')

with [R(x,x")| < c gl |x — x'['*7. Now, if we add and subtract some term
we obtain

T = / JHE=2)(8(x) = g(x) = Vg (x) - (x =) f(x) dx'+
+ iP-V- /]Rn(xi —xH(x — x")9;¢(x') f(x') dx’ =: T f(x) + Tof (x),

The kernel Hy(x,x") := H(x — x’)(g(x) — g(x") = Vg(x') - (x — x")) satisfies
the bound |Hg(x, x)| < Uhy  and its gradient

i

VaHg(x,x") = VH(x — x') (g(x) — g(x') = Vg(x') (x — x))+
+ H(x = x)(Vg(x) — Vg(x'))

satisfies ‘Vng(x, x’)| < lx_cx‘?%.
an usual argument. We can see |T;f(x)| < c||f]|,~ (gl for every x € R".
Then [|[Tifl[e < cllflli~ 18l Now, let x1,x, € R" and

B := B(x1,3 |x1 — x2|). We decompose

To check that T; f belongs to C” we use

Tlf(xl) — Tlf(xz) = ‘/]R”\B(Hg(xl’x/) _ Hg(xz, x’))f(x/) dx’'+
+/BHg(x1,x')f(x')dx'—/BHg(xg,x')f(x')dx'.

Then, by the Mean Value Theorem and the bounds for Hy and VHg, we
have

f (D]

Tif(x1) —Tif(x2)| <c X]— X
Tif (1) = Tuf ()] < |gh,y{| vl o e

icoIn
dx’ +/ /}S
/|x1—x’|” T B |xp —x/|"77

1
< gl {1 = xal 1110 l1 = 22" [ fl] o |1 = 327} <

< clglyy fll 21— xaf "

dx'+
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So [Tifl, < clIfllp~1gly,- To finish we need to bound Tof. If we set
Hi(x) = x;H(x), which is a CZO of convolution type by hypothesis, then
since Tof = Y.I' | H! % (f9;¢), by Lemma 1.4 we have

||T2f||'y < C||fvg||'y < C|g|1,7||f||7/

finishing the proof of the lemma.
O]

The constant c in Lemma 1.17 is finite whenever f is compactly supported,
but we know this is true by Lemma 1.7. In a few words, Lemma 1.7 states that
p(-,t) is compactly supported when it is transported by a flow with bounded
gradient as it happens, in particular, if X € Ops. We are ready to check that
F'(X) is bounded. As promised, taking into account that boundedness, we
can verify that the second hypothesis in Picard-Lindelof holds for F.

Proposition 1.18. Let Oy as defined in (1.20). Then, the functional
F:Op — CYY(R";R") defined in (1.21) is locally Lipschitz.

Proof. First of all, by the Fundamental Theorem of Calculus, given
X1, X2 € Om,

1d
FX0) = FXl, = | [ 5o+ e = X0) de|
Y

<
1,y

_ ‘ (/01 Fl(X) +e(Xo—X1)) - (X2 — X1) de)

< { [P+ 0 = X0 g e 13— Xl

where F/(X) is the operator defined by ¥ — F/(X)Y. So, provided
[|F'(X)]|g_p < oo for every X € B then the integral in the previous ex-
pression is finite and therefore F is Lipschitz. Thus, it suffices to prove this
boundedness in order to prove the Proposition.

By Proposition 1.14 we have seen that every component of F/(X)Y can
be written as the sum of two terms I and II. The arguments in Proposition
1.11 can be repeated for each element appearing in the sum in which I1 is
decomposed, just by changing the role of pg to ppdsY;. Then we can conclude,
similarly, that

11],,, < c(n,p0) Y1y, X[},

Hence, we just have to work with the first term, I, and bound its cly
norm. Before considering derivatives, note that I can be compared to any
derivative of II, so also in similar fashion to Proposition 1.11, we get

]l < e(n,p0) Y1y, X1, -

We then need to consider derivatives of I. By Lemma 1.16 we write
I=Y",Iandalso 9;L;(a) = Y }_; 9k L;(X(a))d,; Xy (). Since C7 is an algebra
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and also, by (1.12), we have
n
|19iLi]],, < Z [0k o X || 101 Xkll,, <
< Z [owi|[, (1 +[XI7,) |X]q,,-

Now we focus on |[9;];] ‘7. We consider the expression given by Lemma 1.16

oli(x) =
=pav [ 3K (x =) (Y(X (1) = Yi(X (@) (oo o X ) () d'+
+9[Y;0 XL pv/ 3iK;(x — x') (0o 0 X 1) (x') d'+

+ee(V[Y; 0 XT1(x) - §x)(po © X~ (x) = A(x) + B(x) + C(x).
A straightforward repetition of the arguments done before let us verify that
[ICll, < e(mp0) Y]y 1XIT

where m is a finite constant depending on y and n. Also, as in Proposition
1.11, we get

1Bl < c(n,p0) [Y]1, [XI7, -

The term A is more involved than the rest in the decomposition of d;1;.
Nevertheless, we claim that we can apply Lemma 1.17 for H = 049;Kj,

¢=Y;0X tand f = pgo X! to obtain also
HA| ”y < C(T’l,p(), R) ’Y’L'y |X‘T'y'
where R = m(supp(pg o X~ 1)) = m(supp(p)). We conclude that

|I|1,'y < C(Tl,po, R) |Y|1,'y |X|111,'y’

where c(n,p, R) is finite by Lemma 1.7.
Summing up, for any X € B and any Y € Oy we have seen

[F/(X)Y],,, < clnp0,R)IXI} Y1y,

so F/(X) is bounded as a linear operator from Oy, to B and then the Proposi-
tion is proved. O

Remark 1.19. We have been able to apply Lemma 1.17 since the kernels
x;0;0x0;N are CZO. In general, if K satisfies the hypothesis in Lemma 1.4 then its
second derivatives 00K satisfies Lemma 1.17. It is clear that d;0;K is homogeneous
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of degree —n — 1. Also, if i # | (and similarly if i # k),

/lw:l w;0;9 K (w) do(w) = /|w|:1 9w 3K (w)] der(w) = 0.

The last integral vanishes for similar reasons as explained in Remark 1.5.
Otherwise, ifi = j = k,

/IWI—lwiaiK(w) do(w) =

— 9;[w;d;K (w)] dor(w) — / 9:K(w) do(w) = 0

|w|=1 |w|=1

since both integrals in the right vanishes, similarly as before. If K = 9N then we
have seen that x;0;0;0;N are CZO.

Finally, since all the hypothesis in Theorem 1.8 are verified, we prove the
existence result for the trajectory maps.

Theorem 1.20. Let pg € CJ(R";R). Then there exists T* > 0 such that the
ordinary differential equation

X (a,t) = F(X(a,t)),
X(a,0) = a,

F(X(a,t)) = / K(X(a, 1) — X (', £))po () det[DX(, )] da’,

has a unique solution X(-,t) € CY7(R%;R") for t € (—T*,T*).

Proof. Let B = CY7(R";IR") and let Oy defined in (1.20). Then, by Proposi-
tions 1.11 and 1.18 the functional F satisfies the hypothesis of Picard-Lindelof’s
theorem 1.8 and therefore we conclude that the statement holds. [

Given the flow map X(+, t) we can define the solution to (1.1) in an unique
way: since the velocity field is smooth enough, any solution of the transport
equation (1.1) can be described through the trajectories. So we have the main
result of this section: well-posedness in the Holder class for the transport
equation and the family of kernels L - VN described in (1.6).

Theorem 1.21. Let pg € CJ(R%;R). Let L € Myxn(R) and consider
K = L-VN, where N is the fundamental solution of the Laplacian. Then there
exists T* > 0 such that the transport equation

pt+0v-Vp=0,
(1.28) v(-,t) =Kx*p(,1),
p(+,0) = po.
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has a unique solution p(-,t) € CJ(R%;R), v(-,t) € CUHT(R"R") for
te (=T*T%).

Proof. By Theorem 1.20 up to time T* there exists a unique solution
X(-,t) € C1*7. We define p and v via the flow X as p(+,t) = po(X!(-,t)) and
v(-,t) = L- VN *p(-,t). Assume there exist j € C} and & € C!*7 satisfying
(1.28). Then we can find a trajectory X(-,¢) associated to (-, t) such that f is
transported by X. Since we have uniqueness of trajectory by Theorem 1.20
then X = X. Therefore

A1) = po(X7 (1)) = po(X' (-, 1)) = p(- 1)

and hence, by convoluting the density with the kernel K we can see that
U =n0. O

1.4 Global Theorem

We want to show that the solution defined in Theorem 1.20 does exist for any
time, that is, we want to show that T* = co. In order to do that, we need
to invoke a Continuation Theorem which gives us a necessary condition for
that to happen. The theorem is stated as in [MB, p. 148] and a proof for a
general version of it can be found in [LL, p. 161]. We would like to remark
that it is valid since we have been able to state the problem with a functional
F which does not depend explicitly on time.

Theorem 1.22. In the situation of Theorem 1.8 the wunique solution
X € CY((=T,T);0) either exists globally in time or T is finite and X (t) leaves
the open set O as |t| approaches T.

In a nutshell, we need to check that at time T* the flow X(-, T*) still be-
longs to Oy;. As we will see later, it is enough to verify that the C"Y norm
of X(-,T*) is a priori bounded. The following lemma is an auxiliary result
needed in order to achieve bounds that allow us to prove that boundedness.

Lemma 1.23. Let X(-,t) defined in (1.2). Then for the inverse flow at time t, we
have X 1(-,t) = X(0,t,-), where X (s, t, x) is the solution of the integro-differential
equation

~ t ~
X(s, t,x) =x —/ v(X(r,t,x),r)dr.
S
Proof. We define a generalized flow map X : R x R x R" — R” satisfying
A t A
(1.29) X(s, t,x) =x +/ v(X(s,r,x),r)dr.
S

Then X (s, t, x) is the position at time t of the particle that was at the position
x at time s. It is clear that X(x, t) = X(0, t, x).
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First, we can check that X has the semigroup structure
(1.30) X(s,t,x) = X(1,t,X(s,T,x)).

By definition of X in (1.29), the right hand side of (1.30) can be expressed
as

131 R(t,t,X(s,7,x)) = X(s,7,%) + / Co(X(t,u, X(s, T, %)), 1) du.

We differentiate (1.31) with respect to T to get

0:(X(1,t,X(s,7,%))) = 0:X(s,7,x) —v(X(7,7,X(5,7,%)),T) =
=o(X(s,7,x),7) —0(X(s,T,x),7T) = 0.

So X(t,t,X(s,T,x)) does not depend on T and hence
X(t,t,X(s,7,%)) = X(7,t, X(s5,T, %)) | =t = X(t,t,X(s,t,%)) = X(s,t,%),

which proves equation (1.30).
Secondly, we want to see that X satisfies a transport equation. Differenti-
ating (1.30) with respect to s we obtain

0sX(s,t,x) = VX(1,t,X(s,7,%))0s X (s, T, %) =
(1.32) = —VX(t,t,X(s,7,x))0(X(s,5,x),s) =
= —VX(1,t,X(s,7,x))v(x,5),
and putting T = s in (1.32)
(1.33) 05X (s,t,x) +v(x,5)VX(s, t,x) = 0.

Thus, X (-,t,-) : R x R" — R" satisfies a transport equation.
Then, we define amap X : R x R x R" via

(1.34) X(s,t,x) = x — /tv(X(r, t,x),r)dr.

We want to check that for any ¢,s € R and any x € R" the maps X and X are
inverse in the following sense

(1.35) X(s,t,X(s,t,x)) = x.
In order to prove (1.35) we differentiate its left hand side with respect to s

0sX(s,t, X(s,t,x)) + VX(s, t,X(5,t,x))9sX(s,t, x).
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By (1.34) we can see that 9;X(s,t,x) = v(X(s,t,x),s) and then the above
expression can be written as

A ~

05X (s, t, X(s t, x))+v(5<( s,t,x
= [3,X +o(, ) VX(,

since X (-, , -) satisfies the transport equation (1.33).
Thus, the left hand side of (1.35) does not depend on s and hence

x),8)VX(s, t,X(s,t,x)) =
t,)] (x,X(s,t,x)) =0

X(s,t, X(s,t,x)) = X(t,t, X(t,t,x)) = x,

as we wanted to prove. 3
Taking s = 0 we get X(0,t,X(0,t,x)) = X(X(0,tx),t), so
X(x,t)~! = X(s,t,x)|s=0 and the Lemma is proved. O

As a consequence of the previous Lemma, we see that the flow map X (-, t)
and its inverse X ~!(, t) share the same regularity properties since its integral
expressions are similar. We will use this fact later on.

The next lemma is a well known and very classical fact in the theory of
ordinary differential differential equations. For its proof see, for instance,
[Pa, p. 13].

Lemma 1.24 (Gronwall Lemma). Let u and f be continuous and nonnegative

functions defined on I = [a, b], and let n be a continuous, positive and non-decreasing
function defined on 1. If

u(t) <n(t)+ [ f(s)u(s)ds

a

fort € I, then
t

u(t) < n(t) exp( a f(s)ds> .

We are ready to give a first condition ensuring the a priori C'"* bounded-
ness of the flow map at any time. The following bounds are very similar to
those obtained for the Euler equation. The only difference that appears in the
proof is the fact that the measure of the support of p(+, t) is not constant over
time, because the divergence is not zero in general.

Proposition 1.25. Let X (-, t) be the solution given in Theorem 1.20 and c(n) a con-
stant depending on the dimension n. Then, for a certain function

G : R — R with G(t) < oo whenever fot||Vv(-,s)||Loo ds < oo, we have
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the following inequalities
X(0,0)] < clnm(supploo)) " lpolle [ 119X ()1l ds,
19Xl < exp ([ 1900,5) 1 ds),
V(0L < 600w (¢ [[11Vol 9]l ds )

In particular, | X(-,t)|, ., is bounded provided fot |Vo(-,8)||; dsalsois.

Proof. By definition (1.2) we have, for any a« € R”,

X(a,t) =a+ /Otv(X(zx,s),s) ds.

Setting « = 0 and taking absolute value we get

Ot|—‘/ X(0,s),s)ds /||v )|l ds.

Since X(+,s) is an homeomorphism then ||v(X(-,s),s)||;~ = ||v(-,5)|| .~ and
therefore we simply have

0t|</||v $)|| e ds.

Now let R(s) = m(supp(p(+,5)))*/". Thenas v(-,s) = K * p(-,s) by (1.15)
we get the bound

(1.36) [[0(/8)]| o < eR(s) [lp(-,8) [ = R (s) [loo | »

where the last equality stands provided p is transported with the flow and
s0, the L® norm is conserved in time.
By Lemma 1.7 we have a control for R(s) and then

X(O.0)] < clnm(supp(oo)) /" lpoll i [ 119X(,9)] | .

In order to achieve bounds on derivatives of the flow map, we compute
the partial derivative with respect to «; (denoted as d; from now on) of the
j-th component of (1.2). By the chain rule, we get

i . ¢ avj(X(tx,t),t)
dt(ale(“’ H) = k_Zl 0Xi(a,t)

= Vo;(X(a,t)) - 0;X(a, 1),

(1.37) %iXile ) =
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where - stands for the scalar product between vectors in R".
Taking L* norm on (1.37) and considering supremum over i, j we get

d
= IVXC D) < |[Vo(X( 1), )] 1= [[VXC D)1 =
dt

= [IVo(, Ol VX, )] -

(1.38)

Therefore, by direct integration on (1.38) we have the desired bound

t
(139) 190l < exp ([ 1900,5)1- ds).

Finally, taking the |-, seminorm and considering supremum over i, j on
(1.37) we have

d

L]

(1.40) !

< ¢ (1900, 1)l [VXC, D), + [To(X(, 1), D)1, VX, 1)1

where we have used inequality (1.7) to bound the |-|, seminorm of a product.
By (1.11) we have

(1.41) [Vo(X (-, t),1)], < [Vo(, )], IVX(, t)|[]w-

Also, by (1.16),

. Y
) |Vo(,0l, <clp(, 0, < clool, [[FXC0)||T

where we have used that p(-,t) = po(X~!(-,t)). Using the equation for
X~1(-,t) described in Lemma 1.23 and similarly as done in (1.38) we have

(1.43) HVX’l(,t)HLw < exp (/Ot 1Vo(-, 5)]] o ds) .

Combining inequalities (1.38), (1.41), (1.42), (1.43), we get a bound for
(1.40)

d

5 1VXC 81, < e (11900, O] 1 [VXC, D), +

(1.44) t
+ lpol., exp ((1 +2’Y)/O 1Vo(-,8)]| e ds)) :
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Setting

3(0) = clpol,exp (1427 [ 190051 5 )

and G(t) := fot ¢(s) ds, and then applying Lemma 1.24 to (1.44) we get

V(0 < 60w (¢ [ Vo) ),

which completes the proof of the proposition. O

Having proved the inequalities in Proposition 1.25 we can see that, in fact,
the C1Y norm of the flow is finite for any time which was our first goal.

Proposition 1.26. Let X (-, t) be the solution given in Theorem 1.20. Then | X (-, t)

|1 v
is finite for any time.

Proof. By Proposition 1.25 [X(,t)|; ., is finite provided fot |Vo(-,8)|| [ ds
is. Then it suffices to check that this integral is bounded for any time. Let
i,j €{1,...,n}. By Lemma 1.10 we have

I
(1.45) 0;vi(-,t) = fp(-,t) + p.v.9iK; % p(-, t).

Lete = |p(-,t)|;1/7 and let R(t) = m(supp(p(-,t)))/" and apply inequality
(1.16) to the equation (1.45) to obtain

(1.46) 119:2;(, )| oo < c{1+I[R(t) |o(-, )13/ ] [lo0]| o }-

Since p(+, ) = po(X (-, t)) then loC B, < leol, IVX(-,t)||]~. Also, taking
into account Lemma 1.7 we get

R(8)p(-, 1)1/ < e(m)m(supp(p0))" lpoly " IVX(:, ) [ -
By Proposition 1.25 we can bound ||VX(,t)||;~ and then
RO oI < clnm(supp(eo)) /" ooly " exp (2 [ 190,5) - ).
Therefore inequality (1.46) can be written as
i)l < clnpo) +¢ [ 17009

Taking supremum over i,j € {1,...,n}

t
IVo( )l < cln,po) +¢ [ [[70(,9)][1 ds.
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and applying Gronwall’s Lemma (1.24) we finally get
[IVo(, )l < e(n, po) exp(ct),

which makes fot |Vo(-,s)| 1= ds finite for any time. O

Finally, as we anticipated at the beginning of the section, using the a priori
bound for the flow and by the Continuation Theorem 1.22 we can prove that
the solution X (-, f) is global in time.

Theorem 1.27. Let pg € C) (R";R). Then the ordinary differential equation

X(a, t) = F(X(a, 1)),
X(a,0) =,

for
F(X(a,t)) = / K(X(a,t) — X(a/,1))po(a") det[DX (&, )] da’

n

has a unique solution X(-,t) € CY7(R";R") for any time t € R.

Proof. We want to apply Theorem 1.22 in order to ensure the globalness of the
solution X(+,t). So, we need to check that, for any given T, the map X(-, T)
belongs to Oy where

OMm=BN{X:R" = R": i<sup|X(06)_X(’B)| <M5;.
M aFp |‘X_:B|

Let us first prove that we can avoid to check that the condition for M is satis-
tied at time T. By the Mean Value Theorem,

[ X(a,t) = X(B, )| < [[VX( )| [ = B < [X (-, £ [ = B,
and also since we can express
a=X"'((X(at),1)) and p=X"1((X(B1)1)),

we then get

=Bl < || VXTI 0| IX (@) = X (B0 < XC 05 X (@) = X(B)]-

Consider now M’ such that

X( O < M < oo

sup max{|X(-,t) Ly

|1,’y ’
te[-T,T]

Such an M’ exists since |X(+,t), , is finite for every time by Proposition 1.26.
For this choice of M' it is sure that X(+,t) € Oy for every time t € [T, T|.
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Throughout the proofs of Proposition 1.11 and 1.18 we can check that
those statements are independent of M. Due to this independence we can
modify Oy to Oy without changing neither the solution nor the maximal
time of existence given by Picard-Lindel6f’s theorem.

Then as soon as | X(+, t); ,, is finite at time T, X(-, T) € Opy. But we know
that this is true by Proposition 1.26. So X(:,T) € Oy and this does not de-
pend on the choice of T so we have existence and uniqueness of
X(+,t) € CV for any time t by Theorem 1.22. O

As a direct consequence of Theorems 1.21 and 1.27 we finally have the
next result, which corresponds to Theorem 1.2 for m = 0.

Theorem 1.28. Let N the fundamental solution of the Laplacian in R". Consider
L € Myuxu(R). For0 < v < 1,if pg € C/(R",R), then the transport equation

pt+0v-Vp=0,
v(-,t) =L-VN=xp(-t),
p(+,0) = po,

has a unique solution p(-,t) € CJ(R",R) for any time t € R.

1.5 Higher regularity

Up to now we have proved a special case of Theorem 1.2. In this Section, we
explain, skipping most of the computations (which are much more tedious
in the general situation), how to move from m = 0 to the general version. We
will sometimes focus on m = 1 since some detail for it can be given explicitly
and also the reader can deduce the behavior of m > 2 from this case.

For pg € C."7 we expect p(-,t) € C.7, v(-,t) € C™17 and hence
X(-,t) € C"tL7 as well, so this will be a natural working space in order
to apply Picard-Lindelof’s theorem to the ODE satisfied by X (-, t). Then, for
B = C"™*tL7, we take

(1.47) o+l = cmtlan {X (R = R": [ X, < M}

As in Section 1.3, we need to prove first that F : Oﬂ“ — C™"FL7 Roughly
speaking, we have to deal with the m + 1-th derivatives of the functional

F(X(a,t)) := / K(X(a,t) — X(«, t))po() det[DX (a, t)] da’.

n

The first derivative can be applied to the kernel K as it was done in Propo-
sition 1.11, obtaining again Equation (1.24). Then the difficult term will be

Sij(x) =p.v. - 9iK;(X () — X(a'))po(a’) det DX (a’) da’.
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We want to use the fact that now pg is more regular than in Section 1.3. So we
want to put the rest of derivatives up to the m 4 1-th on it. We can undo the
change of variables performed and get

Siia) = puv. /IR K (X () — ¥)po(X (') dx’ =
— pv. (9K, * (pp 0 X)) (X ().

Since pg € C;"" and X € O} the term py o X! can receive up to the m + 1-
th derivative. For instance, if m = 1

9Sij(a) = p.v. (9iK;j * (Vlpo 0 X)) (X () - 9 X (a).

Therefore, repeating the arguments on Proposition 1.11 we can get

’Sij‘m = HakSiJ'Hy < C(|P0|1,7/ |X|1,7) |X|2,7-

In general, and dealing with the rest of the terms (which are easier) we
have the following statement, analogous (and more precise) to Proposition
1.11.

Proposition 1.29. Let OTAH as defined in (1.47). Then, the functional F defined in
(1.21) maps O% 1 to C™+17(R™; R"). In particular,

[ECXC ) 1,y < €000z o 1XCr 8 ) 1XCo ) -

We need to verify that F : OK’/I“ — C™*+17 is locally Lipschitz continuous.
Again, it suffices to bound F’(X) as a linear operator. The expression for
F/(X)Y in Proposition 1.14 and the derivatives of the tricky term that were
computed in Lemma 1.16 remain both valid. We need to adapt the Lemma
1.17 to the higher regularity of pg. For example, for m = 1, we have the
following Lemma.

Lemma 1.30. Let H € C?(IR" \ {0}) be a real-valued kernel, homogeneous of degree
—n — 1 and such that

o foranyi € {1,...,n} the kernel Hi(x) = x;H(x),
o and foranyi,j,k € {1,...,n} the kernel H;’j’k(x) = x;x;j0H(x)

both define a SIO of convolution type. Let g € C>7(R™;R) and f € C"(R"; R).
Then for

Tf(x) =po. [ Hix—x)(g(x) - g()f(x') d¥

n

we have

ITf
for ¢ depending on m(supp(f)).

1,y <c ‘g|2,'y Hf”l,’y’
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Proof. Since ¢ € C>7 we can write its Taylor series centered at x’ as

n
g(x) = g(x') + ) 0ig(x') (x; — xj)+
i=1
101 / / , /
T 2 3 Zaia]’g(x )(xi — x3) (xj — x5) + R(x, x")
i=1j=1
with [R(x, x")| < c|gly, [x — x'[*"7. Now, if we add and subtract the terms in

the Taylor series written above, we obtain, by defining H;] (y) == viy;H(y),

(1.48)
TF(x) = / CH(x —x)R(x,2')f(x') dx'+

+va/ Hi(x — x")0;g(x") f(x') dx'+

—l—ZZ/nH]x—x )9 (x') f(x') dx’ =:

i=1j=1

= Tyf(x) + Z(Hl* (faig))( ;gj * (f0i9;8)) (x),

i=1

The operator T; can be treated similarly to the respective term in the proof
of Lemma 1.17 and we can benefit from the fact that first derivatives of
H(x — x')R(x, x') are bounded by a constant times |x — x’| """ (as it hap-
pen to the kernel in T; from the mentioned Lemma) and second derivatives

are bounded by a constan times |x — x’ |_n_1+7 (as happened with deriva-

tives of the kernel in T; from the Lemma). Arguing in a similar way then we
can verify that

(1.49) Tifly, <clfly,[8la, -

Since H! is a SIO of convolution type,

x[Hi = (f(8:g))]| = |Hi* (0(f(@ig)| < clflyy 18y
Y v

and then taking supremum over k we can see
(1.50) Hi« (F@))], < clfly lsh,-

To finish we need to bound derivatives of H;] * (f(9;9;g)). Since sec-
ond derivatives of g are involved in this term and ¢ € C*>7 if we want to
differentiate the convolution these derivatives must go to H;] . Recall that
ﬁ;] (y) = yiyjH(y). Then if we consider, for instance, the partial derivative
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with respect to k of this term, it may contain terms of type H! and terms of

type H;’j’k (as in the statement of the Lemma) depending on the values of
i,j,k € {1,...,n}. In any case since all of them are SIO of convolution type
we also have

(1.51) Ay« (f(8:9;9))

L Sclfliy I8l

Combining (1.49), (1.50) and (1.51) into (1.48) the Lemma is proved.
O

Remark 1.31. Note that we can apply the previous lemma to the hypersingular
kernels 90,0+ N because of Remark 1.19 and because of the fact that also

xrxsara]-alatN

define CZOs. In fact, if K satisfies the hypothesis in Lemma 1.4 then its second
derivatives 9;0,K satisfy the second item in the hypothesis in Lemma 1.30. Since the
homogeneity of x,x50;0;0;K is clearly of degree —n then we just have to verify that
we have the zero mean integration over spheres. So, we have to check that

/| _ e dRAIK(w) do ) = 0.
w|=1
If i (similarly for j,1) is such that i # r and i # s then

/|w|:1 W, ws0;0;9)K(w) do(w) = / 3 [w,wsd;9K (w)] do(w) =0,

|w|=1

the last inequality being true for similar reasons as arqued in Remark 1.5. Otherwise,
if at least one of the elements in {r,s} (namely r) is equal to one in {i,j,1} (namely
i) then

/lw_lwrwsarajalK(w) do(w) =

= 0 [w,ws0;0;K(w)] do(w) —/ ws0,0;9;K(w) do(w) = 0.

jw[=1 jw[=1
The two integrals in the last expression vanishes similarly as seen in Remark 1.19.

We can apply this bound to the first term in Lemma 1.16 (the rest of the
terms involved are easier to handle) and in similar fashion to what was done
in Section 1.3 get

[F'(X)Y],, < c(m,p0,R) X[, Y], -
In general we have an equivalent result to Proposition 1.18.

Proposition 1.32. Let Oﬁ“ as defined in (1.47).  Then, the functional
F: 0%t — Cm+17 (R RY) defined in (1.21) is Lipschitz.
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Then by Propositions 1.11 and 1.18 we can apply Picard-Lindel6f’s theo-
rem again and obtain local-in-time existence and uniqueness of solution for
the trajectory map X(-, t) and thus for (p(-,t),v(-,t)).

For the global-in-time version of the theorem, notice that the precise bound
given in Proposition 1.29 is very important. By making use of it, we can see

mo) [X( )]

d
a7 1 XC D gy S TEXC ) s = ol 01X 1) M1y 0

which implies

t
XCDlniny < XC Oy e ([ el 1XC5)y) ds).
Thatis, [X(+,t)|,, 1, isbounded a priori if [ X(-, t)|,, ., is and so on. Hence we

can reduce to bound |X(-, t)|; , and we know by Proposition 1.26 that this is
finite for any time. This is sufficient to ensure the globalness of the solution.
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2 C) well-posedness in C

2.1 Introduction

We want to translate Equation (1.4) to the two-dimensional euclidean space
seen as the complex plane. So, we consider x = (x1,x2) = x1 +ixp = z. We

note that x* = (—xp,x1) = —x +ix; = izand ]x]2 = zZ. Hence,
1l xt iz
S 2m|x?  2mzz 2mZ

Kps(x) = Kps(z) = V1N(z),

that is, we can reformulate the original problem using complex variable and
the corresponding kernel still has a simple form. Our goal is to study the
mentioned transport equation (1.4) but changing the kernel Kgg for a simi-
lar one (with the same regularity properties). In the case of the aggregation
equation the kernel can be written in complex variable as

-1

Kag(z) = iz

= —VN(z).

A natural way to choose a kernel that resembles to Kps and Kag is to take

where C stands for Cauchy.

Despite there is no physical model described by the transport equation
with the Cauchy kernel (at least as far as we are aware), the problem makes
sense from the mathematical point of view and by comparison with Kgs and
Kag it seems very reasonable to consider it.

Since for a velocity field in the complex plane v(z) = vy + iv, the deriva-
tive with respect to z ~-which we denote by 0—- can be computed as

1

9v(z) 5

. . 1 .

That means that in complex notation the divergence of v can be expressed
simply as 2%(0v). So, if v(z) = K¢ * p(+, t) then

divo(z) = 2R[p.v. 9K * p(-, £)] = 2R[B(p(-, )],
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where B is the Beurling Transform. This Cauchy kernel produces then a ve-
locity field with a more singular divergence than in the previous cases.

Nevertheless, in Chapter 1 we dealt with kernels of type K = L - VN (as
in equation (1.6)). We can easily check that

1 _ (1 0

Thus, the C well-posedness for the Cauchy transport equation has been al-
ready proved as a special case of Theorem 1.2. In fact, when we consider the
kernels

L-VN(z), L= (Z Z)

in the case of the complex plane we see that they correspond to

(Z) B 1 wiz +wyz W n woH
S 2m g2 2mz 277
for the complex numbers
a+d c—b. a—d b+ec.
wp = — + 5 and w; = > + i

Since the hypothesis in Picard-Lindel6f’s theorem are satisfied for linear com-
binations of functionals satisfying them, we can say that we dealt with ker-

nels of type 7 and g for &, B € C. In the spirit of generalizing the kernels for
which the transport equation is well-posed we consider a wider class con-
taining those two simpler cases. We will consider kernels of the type

1 =\k 1 (z k
(2.1) Ki(z) = ;% or Kp(z) =Kq(z) = ;%,

fore € R, le] <1, k € NU {0}, so setting k = 0 and € = 0 we recover the
kernels in the previous chapter.

The reason to this choice (and not a more general class) will become clear
in Chapter 4. Nevertheless, we will explain at the end of the chapter how
—for the C! well-posedness— we can consider other kernels as soon as they
satisfy certain conditions.

2.1.1 Outline of the chapter

The chapter is structured as follows: in Section 2.2 the distributional deriva-
tives of the kernels (2.1) are computed and so we have an expression for the
derivatives of the velocity field. Then, in Section 2.3 we prove local-in-time
well-posedness for the transport equation and these kernels. This can be
done —since derivatives of the velocity field behave likely to the ones there—,
at almost every moment, as a repetition of the arguments in Chapter 1, so we
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will write the partial results without a proof and just mention the little differ-
ences. In Section 2.4 we check that the local solutions are indeed global also
by a straightforward repetition of the results in the previous chapter. Finally,
Section 2.5 is a remark about how one can consider a bigger family of kernels
for which we have C! well-posedness.

2.2 Distributional derivatives of the kernel.

Since the velocity field is computed by v(+,t) = K x p(-, t) in order to control
its partial derivatives we need to compute the distributional derivatives of
the kernels.

Lemma 2.1. Let

1 (z4e2)k

Ki(z) = Tzt

Then, distributionally we have

8K1 = p.o. aK1 — €k50,
0K, = p.v. 0Ky.

Proof. Let ¢ € C* function with compact support. Then,

(3 (Ky% f), @) = —(Ky* f,09) =
(2.2) T /o: {/C Ki(z — w)f(w) dA(w)} dp(z) dA(z) =

= — /C {/CKl(Z_ w)dg(z) dA(z)}f(w) dA(w),

where we have applied Fubini’s theorem to change the integrals.
Having into account that for 0 = 9, and at points z # w we have

IKi(z —w)g(2)] = 9K (z — w)¢(2) + Ki(z — w)ag(2),

we can write the last integral in (2.2) as

b [ tim { [y 21z = )0 (2) 4A } f(w) dA(w)+

+ Cflsii% {/C\B(w,&) ¢(2)0 (Ky(z — w)) dA(z)}f(w) dA(w) =1+11,

and applying again Fubini’s theorem, we can see that the term II is equal to

(p-v. 0Ky * f, ).
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On the other hand, by Stokes’ theorem, the term I in (2.3) can be written as

i

—5 Jim{ [ K= w)e() dz | flw)dAtw) -
= — [ g(w)f(w) da(w),
where we have used that, for z = x + iy, we have
dA(z) =dxAdy = édz Ndz
and that ¢ has compact support. Furthermore, we have defined

i
== 1li Ki(z — z.
gw)i=glim [ Kz w)p(z) d2
Now, for g we have

- Eglgg) Josa K12~ @)(0(2) — pla0) + g(w)) d2 =

~ L lim o Kz 0)(0() — () dz+

—I——l Ki(z — dz=A+B.
jlim [ K= wp(w) s

We check that the integral in A vanishes as we let 5 — 0. Let C, the
modulus of continuity of ¢. Thus,

— 7| <
glm [ Kalz=w)(p(z) - p(w)dz) <
— z <
_Zm/aw Ki(z = )] [9(2) — ()] dz <
2}55%/83505 (z,w) |z —w||Ki(z —w)|dz =0,

because Cy(z,w) — 0 as é — 0 and |K;(z — w)||z — w| is bounded. There-
fore,

_ ip(w) o) ds
g(w) = 5 (1512% aB(w,é)Kl(z w) dz.
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By a change of variables z = w + de'? we can simplify the computation of the
complex line integral around dB(w, §) appearing in g(w).

] 2 . .
g(w) = —Z(NTw) (lsin% Kq(de)ise " do =
—0.Jo
_ip(w) .. /2” (6e + edeiO)
- 2m (151&1) 0 ((5e*i9+8(5e"9)k+115e a6 =
B Zqo(w) 27 (e19+8e*19)k ) _Zed B

(2.4)

i(p(w) 27 (eie 4 ge—ie)k ieif 40 —
T 2 /0 (e10 4 geid )1 gi20 7
iplw) Lt D
2 2(L 1 en)krl 7
3B(01) z2(5 + ez)k+

27T

ip(w) 1 (z+ s%)k

__ip(w) dz.
277 /BB(O,I) z(1+ez2) (1 4 ez)k :

In order to compute the integral in the right hand side of (2.4) we will use the
Residue Theorem (see [Ru, p. 215] for instance). Since |¢| < 1, the only pole
of the function

1 (z+e)f
z(1 + ez?) (% + ez)k

inside the unit ball is z = 0 and for it

Res 1 (z4eb)k 0)) = timz 1 (z+el
z(1+ez?) (L 4 ez)k’ 20 z(1+ez?) (L 4 ¢z

zZz—

k

~—

= Sk.

k

~—

Thus, by Residue Theorem

g(w) = —%2%1’81‘ = (p(w)sk

and hence
= — k pl\w w) dA(w

Summing up,

(0(Ky ), @) = (p.v. 9Ky x f + €°f, )

so, distributionally,
8K1 =pV. 8K1 — Skd(),

where Jj is the Diract delta at the origin.
Repeating the arguments above one can see that

(0(Ki*f), ) =1I'+1I'
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for
P Lim{ [ A - w)p) AR fw) dA)
= ['(w)f(w) dA(w)
and

= [ [ R CLICICRD) 4A(2) | ) dA ) =

6—0
= (p.v. 9Ky * f, ¢).

Similarly as done before, by the continuity of ¢ and by a straightforward
application of Stokes’ theorem we get

B i(p(w)/ Z (z+e%)k
g(w) = 2t JaB(o1) 1+ €z? (% + ez)k dz.

Since the function inside the integral has no poles in B(0,1) then it is equal
to 0. Then g(w) = 0 and we simply have that distributionally

gKl =pV gKl
O

For the conjugate kernels we have a similar expression for their distribu-
tional derivatives.

Lemma 2.2. Let

1 (Z4ez)k
K>(z) = ;ﬁ

Then, distributionally we have

8K2 = p.0. aKZ,
51(2 = p.0. 5[(2 - Eké().

Proof. Since K»(z) = Ki(z) we then have, by Lemma (2.1),

0K, = 9Kq = 5_K1 =p.v §_K1 =p.v. oK = p-v. 0Ky
and similarly

ng = 8T<1 = a_K1 = p.V. a_Kl—% = p.V. 5K2 — €k50.
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2.3 Local Theorem

In this section we will explain the reasons why we have C! well-posedness
for the kernel K as in (2.1). Since K is the complex conjugate of K; the result
holds immediately for it too.

We want to apply Picard-Lindel6f’s theorem for an ODE satisfied by the
flow map. We need, as in Section 1.3 in Chapter 1 a space of functions B, a
subspace O of B and a functional between O and B. Since the flow satisfies
(1.2), we have

i—f(a,t) =o(X(a,t),t) =
= /CK(X(zx,t) — X(a/,t))po(a’) det[DX(a/,t)] dA(a).
Thus, we can consider

@5 FX)() = [ K(X(@®) = X(@)po(w') detlDX(«)] dA(w)

and so $X(-,t) = F(X(-,t)). We now set B = C7(C;C) and

26) Oy=BNi{X:C—oC: — <sup|X((X)_X(ﬁ)| <M}V,

M aF#pB |“ o :B |
We then have, as in Remark 1.9 that Oy is an open, non-empty subspace
containing homeomorphisms of the complex plane.

Then, first of all, we need to check that F maps Oy, to B. That is, we need
to proof Proposition 1.11 for our functional. If we take a look to that proof
we conclude that it will remain valid for our complex kernel as soon as the
partial derivatives of F are comparable. Applying the Complex Chain Rule
to (2.5), we obtain

- SE(X(a)) = X (w)po(a)+
' +pov. /C VK (X(a) — X (&) DX (a)po(«') det DX(a') dA(a)

for

VK; := (9Ky, 0Kj) (row vector),

0X

DX := (BX) (column vector).
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Also,
. S F(X(w)) = X (@)po(a) +

+p.v. /CVKl(X(oc) — X())DX(a)po(a') det DX (a') dA (')
for

= 0X
DX .= (87) (column vector).

Comparing the expression (2.5) with (1.21) on one hand and the expres-
sions (2.7)-(2.8) with (1.24) on the other hand, one can see that they are likely
the same. The derivatives of the functional are the sum of a constant times
the scalar pg plus a SIO acting on pg det DX. So, a repetition of the arguments
in Proposition 1.11 in Section 1.3 yields the following.

Proposition 2.3. Let Oy, as defined in (2.6). Then, the functional F defined by (2.5)
maps Oy to C17(C; C).

Secondly, we need to prove that the functional F is locally Lipschitz be-
tween Oy and B. Again, it will be sufficient to have a bound for the direc-
tional derivative F/(X)Y. The computation giving an expression for F'(X)Y
is easier in the two-dimensional space. For instance, in dimension 2, the for-
mula for the determinant of a sum of two square matrices A and B can be
stated easily as

det(A+ B) = det A + det B+ trAtrB — trAB.
Then, we simply have

det(DX +eDY) = det DX + e?det DY + ¢(trDXtrDY — trDXDY)

which yields

d
s det(DX + eDY)|,—9 = trDXtrDY — trDXDY

and one can compute the directional derivative as in Lemma 1.14 to get

F/(X)Y () = %F(X—l—EY)(zx) _

= /C VK (X(a) = X(a)) (Y(2) = Y(a'))*po(a') det DX (a) dA(a') +

5@mmmwxmwmww
x [trDX (2" )trDY (&) — trDX (") DY (a')] dA(a'),

(2.9)

where

(Y(a) = Y(a))" = (W) , (column vector).
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The expression (2.9) is equivalent to the one obtained in Proposition 1.14.
Following up the procedure in Chapter 1, we can see that the each of the dis-
tributional derivatives of the first term in (2.9) can be written as some expres-
sion similar to the one in Lemma 1.16, so again the proof in Proposition 1.18
can be adapted and so we have the second hypothesis in Picard-Lindelof’s
theorem.

Proposition 2.4. Let Oy as defined in (2.6). Then, the functional
F: Oy — CY7(C; C) defined in (2.5) is locally Lipschitz.

Then we can apply Picard-Lindel6f and so we have assured existence
and uniqueness of a flow map X(-,t) for t € [—T* T*] and this time T*
does not depend on the constant M in (2.6). With this flow map, we can
define in an unique way the density p(-,t) = po and the velocity field as
v(-,t) = Ky % p(+,t) and then we finally have the local theorem.

Theorem 2.5. Let pg € CJ(C;R) and Ky as in (2.1). Then there exists T* > 0
such that the transport equation

pt+v-Vp=0,
(2.10) v(-,t) =Ky *xp(-, 1),
p(+,0) = po.

has a unique solution p(-,t) € CJ(C;R), o(,t) € CY7(C;C) for
te (=T T%).

2.4 Global Theorem

The validity of the a priori bound for the planar case is even easier to check.
The proof of Proposition 1.25 does not depend on the choice of the kernel
as soon as it was locally integrable. This integrability of K was the one that
produces the bound

[o(, )l = [[Kxp(-, ) [lL= < eR(E)|po[ 1=

as in (1.36). The rest of the proof of Proposition 1.25 concerns bounds de-
pending implicitly on Vv and thus they hold for any given kernel K such
that v(-, ) = K p(-,t). We can state it in a compact way as follows.

Proposition 2.6. Let X(-,t) be the solution of

d
X8 = F(X(,1), X(,0) =14,

for F as in (2.5). Then |X(-,t)| ., is finite provided

|1,’y

t
@.11) /0 1V0(-,5)|| 1 ds < co.
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Now it all reduces to check again that the integral in (2.11) is finite for any
time. The proof for this does depend on the choice of the kernel. However
it relies on the derivatives of the velocity field. Since for K; those derivatives
are equal to a SIO applied to the density p plus a constant times p the bound-
edness proved for the kernels in Chapter 1 can be proved also for K;. Indeed,
we can substitute the expression for 9v(-, t) and 9v(+, t) in (1.45) and then fin-
ish the proof in the same way to check that the integral in (2.11) is finite for
any time and so we have the following;:

Proposition 2.7. Let X(-,t) be the solution of

d
SXCH = FX(,0), X(,0) =14,

for F as in (2.5). Then |X(-, )|, , is finite for any time t.

We state then the global result which is a consequence of the local theorem
2.5 and Proposition 2.7. Also, since Ky = Kj, by Lemma 2.1 we see that the
derivatives of the velocity field obtained by v(-,f) = Ky * p(+,¢) are also a
combination of the density p and a SIO acting also on p. So all the procedure
can be restated for K instead Kj. To sum up we have the main theorem of
the chapter.

Theorem 2.8. Let pg € CJ(C;R) and K;, i = 1,2 as in (2.1). Then, the transport
equation

pt+0v-Vp =0,
(2.12) (-, t) =Kixp(-,t), i=1,2
p(-,0) = po.

has a unique solution p(-,t) € CJ(C;R), v(-,t) € CI*7(C;C) for t € R.

2.5 Further comments about C! well-posedness

We want to stress that for the relationship v(-,t) = Kx*p(-, t) we have focused
on kernels of the type

e L - VN for N the fundamental solution of the Laplacian and
L € M;xn(R) for the transport equation in R”, as done in
Chapter 1,

e K;, i =1,2asin (2.1) for the transport equation in the complex plane.

The reason to choose these kernels is the following: we have a well-posedness
result for them in the case of a density patch. Although the C] result is not
necessary for the study of patches, we strongly thought it would be good to
prove it too for completeness.
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Notwithstanding, if we take a closer look to the proof in Chapter 1 and
the remarks for it to be adapted in Sections 2.3 and 2.4 we see that a wider
class of kernels could have been considered instead of L- VN or K;, i = 1, 2.
In fact, note that by Remark 1.5 we reduced the hypothesis in [MB, Lem-
mas 4.5 and 4.6] to produce Lemma 1.4. Then, in conclusion, for any kernel
K € C3(R"\ {0}) homogeneous of degree 1 — n we have bounds (1.15), (1.16)
and (1.17) and so we can repeat the proof of the C} well-posedness for K pro-
vided distributional derivatives of K are a combination of Dirac deltas and
SIOs. Observing the proof of Lemma 2.1 we see that the Dirac delta appears
since the terms

lim Ki(z —w)dz or lim Ki(z —w)dz
0—0 JoB(w,d) 0—0 JoB(w,d)
are equal to a well defined quantity. In general, in dimension n and for a

kernel K € C2(R" \ {0}) homogeneous of degree 1 — 1, when repeating the
proof of Lemma 2.1 one has to take care of a term

I K(z — do(z),
o L s (z — w)ni(z) do(z)

where ny(z) is the k-th component of the unitary normal vector n(z) at the
point z € d0B(w, §). By a change of variable z = w + Js, s € dB(0,1) and by
the homogeneity of the kernel K, we have

lim [ K= w)n(e)do() = /a o, K (5)do(s),

which is equal to a quantity independent of w. If this quantity is equal to
0 then no Dirac delta appear but in any case since it is well defined for the
kernel K we would have for the partial derivative in the direction i

aiK =pVv al’K + Ci50

for ¢; € R and then the C! well-posedness works also for K.
On the other hand, the arguments in Chapter 1, Section 1.5 can be adapted
for K this way and finally we can conclude that the following theorem holds.

Theorem 2.9. Let pg € C;"7(C;R) and let K € C>(IR" \ {0}) be a kernel homo-
geneous of degree 1 — n. Then, the transport equation

pt+v-Vp=0,
v(-,t) =Kxp(-,t), i=1,2
o(+,0) = po.

has a unique solution p(-,t) € C¢""(R";R), v(-,t) € C"TL7(R"; R") for t € R.
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3 Cl7 regularity for patches and
for the kernel L - VN in R”

3.1 Introduction
The vorticity form of the Euler equation in the plane is

Jdiw—+v-Vw =0,
(3.1) v(-,t) = VEN xw(-,t),
w(-,0) = wo,

wheret € R, N = % log |x| is the fundamental solution of the laplacian in
the plane and wj is the initial vorticity.

A very well-known result of Yudovich [Y] states that the vorticity equa-
tion is well-posed in L! N L*® the measurable bounded and integrable func-
tions. In particular the result holds for vorticities in Lg°, that is, vorticities
measurable bounded and with compact support.

We call a vortex patch to a special weak solution of (3.1) for an initial con-
dition which is the characteristic function of a bounded domain Dj. Since the
vorticity equation is a transport equation, vorticity is conserved along trajec-
tories and thus w(x,t) = xp,(x) for some domain D;. A challenging problem,
posed in the eighties, was to show that boundary smoothness persists for all
times. Specifically, if Dy has boundary of class Cl7, 0 < v < 1, then one
would like D; to have boundary of the same class for all times. This was
viewed as a 2 dimensional problem which featured some of the main diffi-
culties of the regularity problem for the Euler equation in IR3. On one hand,
and based on numerical simulations, it was conjectured that the boundary of
D; could become of infinite length in finite time [M]. Nevertheless, Chemin
proved that boundary regularity persists for all times [Ch] using paradiffer-
ential calculus, and Bertozzi and Constantin found shortly after a minimal
beautiful proof in [BC] based on methods of classical analysis with a geomet-
ric flavor.

Later on, the density patch problem (when the initial density is equal to
XD,) Was considered for the aggregation equation with newtonian kernel in
higher dimensions in [BGLV]. The equation is

9ip + div(pv) =0,
(3.2) v(-,t) = —(VN=xp(1)),
p('/ 0) = Po,
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x € R"and t € R. In [BLL] a well-posedness theory in L® was developed,
following the path of [Y] and [MB, Theorem 8.1]. When the initial condition
is the characteristic function of a domain one calls the unique weak solution
a density patch, analogously to the vorticity equation. One proves in [BGLV]
that if the boundary of Dy is of class Cl7, 0 < 9 < 1, then the solution
of (3.2) with initial condition pg = xp, is of the form p(x,t) = 5 Xp,(x),
x € R", 0 <t < 1where D; is a C" domain for all t < 1. The restriction
to times less than 1 obeys a blow up phenomenon studied in [BLL]. Hence
the preceding result is the analog of Chemin’s theorem for the aggregation
equation.

Equation (3.2) is not a transport equation, but for density patches and
after a change in the time scale it becomes the non-linear transport equation

oo +v-Vp =0,
(33) v(-,t) = =(VNxp(- 1)),
‘0(,0) = XDy~

x € R", t € R, where N is the fundamental solution of the laplacian in R"
and Dy is a bounded domain. Due to this equivalence, the result in [BGLV]
proves that if Dy is of class C!"7, then there is a solution of (3.3) of the form
xp, (x) with D a domain of class C'*7.

To the best of our knowledge there is no well-posedness theory in L' N LY
(or even in L) for (3.3), so that there could be other weak solutions in L
with initial condition xp,. Nevertheless, one has uniqueness in the class of
characteristic functions of domains with C*7 boundary.

In this chapter we consider, as in Chapter 1, that the velocity field can be
recovered from the density by v(-, ) = L- VN % p(-, t), for L an n-dimensional
square matrix and N the fundamental solution of the laplacian defined by

L 1o , n=2,
N(x):{ZH g1|y| ) I

a2 a2 2

where w,, is the volume of the n-dimensional unit ball.

Theorem 3.1. Let L € My, (R) and Dy a domain with boundary of class C17,
0 < v < 1. Then the non-linear transport equation

oip+v-Vp=0,

(3.4) o(,t) = (L-VN) p(-, 1),
p(+,0) = Xy (%)

x € R", t € R, has a weak solution of the form

p(x,t) = xp,(x), x€R", teER,

with Dy a domain with boundary of class C1/7.
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This solution is unique in the class of characteristic functions of domains with
boundary of class C'-7.

We recall what we mean by weak solution of the transport equation. We
say (p,v) is a weak solution to equation (3.4) if, forany 0 < t < T, we have
p(-,t) € L}, _(R"), the relationship v(-,t) = L- VN % p(-, t) holds and for each

¢ € C*(]0, T] x R") with compact support we have

T T
_ ddt—/ L0)d —/ di dxdt = 0.
/0 o PP X i P09 0)dx = o | pdiv (o) dx

The proof of Theorem 3.1 follows the scheme of [BC] and overcomes dif-
ficulties related to the fact that the velocity field has a non-zero divergence
and to the higher dimensional context.

The results in this chapter belong to a joint work with Joan Mateu, Joan
Orobitg and Joan Verdera (see [CMOV]). We present them here with a differ-
ent and more detailed structure in their proofs.

In the next chapter we will prove a result analogous to Theorem 3.1 for
a wider class of kernels replacing those of the form L - VN but reducing to
dimension 2.

3.1.1 Outline of the chapter

The chapter is structured as follows. In Section 3.2 we give an important in-
strument, the -non unique- defining function, used to measure the smooth-
ness of a domain in R". Also, we define some quantities strictly related to
the boundary of a domain that will be used throughout the chapter. Then a
version of the classical logarithmic inequality for the gradient of the velocity
tield is established. Again, this new inequality relies just on the behavior of
the domain at its boundary. Later on, it will become clear why these adapta-
tions have to be made. In Section 3.3 we set a Contour Dynamics Equation
(CDE) for the evolution of the domain describing the patch and we state a
local-in-time existence and uniqueness result for this equation. We take profit
of the work done in [BGLV] for L equal to the n dimensional identity matrix
and adapt it to the general case.

Once we have proved the existence and uniqueness of local solutions,
the goal of the chapter is to check that these solutions are in fact global. In
Section 3.4, we choose a good defining function for the transported domain
and compute a partial differential equation for its material derivative. In
Section 3.5 we get rid of a disturbing term appearing when computing the
material derivative of the gradient of the defining function. Once this term,
that we will call solitary, is controlled we will verify that in fact those ma-
terial derivatives are equal to a difference of commutators when looked at
the boundary of the domain. Since the equality to commutators is just valid
at the boundary, in Section 3.6 we extend, via Whitney’s Extension theorem,
the defining function at the boundary to the whole space. Finally, in Section
3.7 we combine all the results coming from previous sections and we prove
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the global-in-time version of the existence and uniqueness results and so we
have Theorem 3.1.

3.2 Smoothness of domains and the (refined) loga-
rithmic inequality

We start this section by giving some basic information about how to quantify
the smoothness of a domain. Classically, we define a C'¥ domain D as a
bounded domain whose boundary is locally, and possibly after a rotation,
the graph of a C'7 function. An important tool when dealing with these
kind of domains is the following.

Definition 3.2. Let D a bounded domain in R". We say ¢ : R" — R isa C7-
defining function for D if

(@) ¢ € CYI(R";R),

(b)) D={x €R": ¢(x) <0},

(c) 0D = {x e R" : ¢(x) =0},

(d) Veo(x) #0, forx € oD.

A standard argument based on a partition of unity shows that if D isa C1”
function then there exists a C1"7-defining function ® (which is not unique)
and on the other hand, by the Implicit Function Theorem, if there exists ®
satisfying Definition 3.2 then the domain D is of class C!7 in the classical
sense.

For these domains we can define some important quantities that will be
used in the next sections. Set

|f|%aD = sup {M

7 7 aD
x—y Y }

and
|fling = inf{|f(x)|, x € 9D}.

Then we define ¢ (D) as the n — 1 dimensional surface measure of 9D and
also

. |VCI)|’y,aD . 1 Y . . .
g(D) := inf Vol : @ is a C"-defining function for D ;.
inf

Furthermore, if in the numerator inside the infimum we consider the Holder
norm in the whole space, we can define the bigger quantity

Vo,
Vo)

inf

(3.5) Q(D) :=inf { : @ is a C1"7-defining function for D} :
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The classical definition -given at the beginning of the section- of being D
a C"7 domain means that given any x € 9D, there exists a radius r such
that the points of the boundary of D closer than r, to x are a graph. The
following Lemma quantifies the size of a radius » which does not depend on
the point x € 9D and such that the property holds for every point. In [BGLV,
see Lemma 6.4], this universal radius is related to the quotient appearing in
Q(D) as in (3.5). The following lemma is a new version of that result where
the dependence is on the quotient in g(D) as defined in (3.2). The proof
is very similar to the one presented in [BGLV], but for convenience of the
reader we repeat it here adding the mentioned improvement.

Lemma 3.3. Let D a CYY domain and let ® a Cl'”Y-deﬁning function for D. If we
consider 6 > 0 such that

then for each x € 0D the set 9D N B(x, d) is, after a rotation around x, the graph of
a CY7 function @ and D N B(x, ) is the part of B(x, 8) lying below the graph of ¢.
Also we have the estimate

V|, 5p 17 0
(3.6) N <V —X=— for |¥| <r < —.
S

Proof. Without loss of generality we can assume x = 0 and

V&) = (0,...,0,0,9(0)) with 9,P(0) > 0. Consider p,q € aD N B(0,9)

and set p = (p/, pn) with p’ = (p1,...,pn—1) and equivalently g = (4',qx)-
Then, by doing a Taylor expasion of ® around 0 we get

0=2(p) = (0) +VO(0) - p+ E(p) = [VP(0)| pn + E(p),

and similarly
0= |VP(0)|gn + E(q).

Subtracting and taking absolute value we get, since ® € C17,

[V®(0)||pn —gul = [E(p) = E(q)| < sup |VE(x)|[p—4g| =

x€[p,q]
= sup |V®(x) — VO(0)[[p—q| <
(3.7) xe[pg)
< sup [x["|[V®[ [p—q| <
x€[p,q]

< |V, 8" (|p" = q'| + [pn — qgul)-

Thus

P —q'| ~ |V P —q'|

inf
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which implies, by setting ¢ satisfying (57% < %, that
|p7’l — ’ <1.

IP—q|

This inequality states that 9D N B(x, d) is the graph of a Lipschitz function ¢
with p, = ¢(p’) with domain an open subset U of {x’ € R"~! : |x/| < 6} and
it satisfies |[Vo(x')| < 1 for x’ € U. By the Implicit Function Theorem ¢ is of
class C!7 on its domain.

We can get a better bound in Equation (3.7) now that we know that the
surface dD is smooth. In particular, given p,q € 0D consider the (differen-
tiable) curve ¢ C dD parametrized by arc length (i.e. |c/| = 1) such that
c(0) = p, c(I) = q, and minimizing [ the length of c between p and g. Then,
by the Mean Value Theorem, there exists s € [0, ] such that

E(q) — E(p) = E(c()) — E(c(0)) = IVE(c(s)) - ¢'(s),

and thus
IV®(0)| |pn — gu| = [E(p) — E(9)| = |E(c(I)) — E(c(0)))]| <
€ VE() 166)| =TIV EE()] <1 sup [VE(e(s)] <
<Isup |V®(c(s)) — VP(0)| < |Vd>]%aD o71.
s€[0,1]

Since c is chord-arc then ! < c|p — g| and hence
IVO(0)| [pn —gqn| < ¢ |V¢’7,8D &' lp—al,

which allow wus to repeat the argument done before but setting

V®lop 1. V| 1
r i Y Y i
o ~— < 5 instead of 6 NI < 3.

By implicit differentiation we have fori =1,...,n —1,

0= 0i[@(x, p(x'))] = % @(x, p(x')) + 0D (x', @(x")) i (x),

and then

-2

Since |V¢(x')| < 1 we have, taking supremum over i

Vo, p(x)] < |22, p(x'))].



3.2. Smoothness of domains and the (refined) logarithmic inequality 49

Note that the ball B(x/, %) is contained in U. Then, since 9;®(0) = 0 for

e . . . L
j=1,...,n—1,if we consider r < ﬁwehave

Vo) < Y 2hoo (V217

/
< Vo) , for |x'| <7,

inf
completing the proof of the Lemma. O

We need a logarithmic inequality for the L norm of the gradient of the
velocity field. Such a bound has been established both for Euler (e.g. [MB,
Proposition 8.12]) and aggregation (e.g. [BGLV, Corollary 6.3]) equations.
Since the kernel L - VN has the same regularity properties than the kernel
—VN (each one of them can be recovered as a linear combination of the
other) the results in [BGLV] can be adapted to the present case. Since second
derivatives of the fundamental solution of the laplacian has zero mean inte-
gral on the sphere and recalling Lemma 1.10, then the distributional deriva-
tives of the velocity field can be computed as in the following lemma.

Lemma 34. Given v = L -VN=xxp, let x & 9D, and set
¢ = ¢(x) = dist(x,0D). Then for j, k € {1, ...,n}, distributionally we have

l'k n
0vj = %XD + Z; liiOk9iN * XD\B(x,e)-
=

The following estimate can be recovered by repeating the proof of Theo-
rem 6.2 in [BGLV] step by step but changing the value of § from

57 ]V<1>|7 1
|vq)|inf 2

to the refined choice that is emerged from Lemma 3.3,

57 ’vq)|fy,8D . 1

|vq)|inf 2

At some point in the proof we need to split integrals in two parts: one
for the region of integration of points closer to a distance related to § and the
other one for the complementary. Furthermore, estimate (3.6) (depending
on |[V®|, 5, instead of [V®|, as in [BGLV]) is used to give the following

theorem.

Theorem 3.5. Let D a CY7 domain and let ® be a C'"-defining function for D.
Then, for every i,j € {1,...,n}, x € R" and ¢ > 0 there exists a constant cy
depending on n such that

Cn 1/d |vq)"Y,3D
9;0;N (x — dy| <= (1+1log” [ ID|"" == | |,
[, NG = o) d] ,Y( 5 <| R
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where log* x = max{log x,0}.

Finally, as a combination of Lemma 3.4 with Theorem 3.5 we get the de-
sired logarithmic inequality that will be used later on.

Theorem 3.6. Let D a domain in R" with a CYV-defining function ®. If
v = L- VN * xp, then for R := m(D)"" we have

Cn + |vq>|'y,aD
w < — | 1+1 R—— .
HVUHL — v ( + 0g ( ’vq)|

inf

3.3 Local Theorem

As we have said, in [BGLV] the proofs were developed for the kernel —VN.
In the case of local well-posedness of regular patches we do not have to re-
peat a similar argument since we can reduce to the situation for that kernel
and take advantage of the work done in that paper.

Let DX be the differential of the flow X as a differentiable mapping from
9Dy into R". Take B € 0Dy and set n(B) the normal vector to 0Dy at  and
T1(B),..., Ty—1(B) an orthonormal basis of the tangent space to 9Dy at f.
We choose all of them in such a way that n(B), T1(B), ..., Ty—1(B) gives the
standard orientation in R". Then, consider, as in [BGLV, Eq. (2.3)],

FA9(X)(a) = |

3Dy

n—1
N(X(a) = X(B)) /\ DX(B)(T;(B))do(B)
j=1

(where Ag stands for aggregation). Having into account the way the func-
tional has been computed we have

FAD(X(-, 1)) (a) = (=VN* xp,) (X(a, 1)),

meaning that component-wise Fi(Ag) = (—0;N * xp,)(X(a,t)). As usual, the
functional F defining the Contour Dynamics Equation satisfies

dX(-, )
= F(X(-,1t)).
8 _ ()
Since in our working case v(,t) = (L-VN) x xp, and so
vi(,t) = Lj_1 1;jOjN * xp,, then we write the i-th component of I as

n

F(X(,£)(a) = vi(X(a,t),) = } 19N = xp,) (X(a, 1)) =

j=1

= — i liij(Ag)(X(_’ t)) (‘X)
j=1

(3.8)
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That is, each component of F is a linear combination of components of F(A8).

In the paper by Bertozzi, Garnett, Laurent and Verdera, they proved (see
[BGLV, Theorem 2.2]) that F(A8) satisfies the hypothesis of Picard-Lindelof’s
theorem. More precisely, for

Q= {X € CL7(dDy, R") for which 3 > 1 such that
1
X(2) = X(B)| 2 5 15— Bl ,f € 9Do

then F(*8) : OO — C17(dDy,IR") and also F*8) is Lipschitz with constants
depending on some parameters referring to Dy (one of them being Q(D) as
in (3.5)). Also, as the functional F whose components are defined in (3.8) is
a linear combination (with the coeficients of the matrix L) of FA8) we then
conclude with the same result but depending also on L.

Theorem 3.7. Let F defined component-wise in (3.8). If X € (), then

(39) IE(X)

2n+4
1y < (X)L X[,

and

(3'10) ‘ ‘FI(X) ‘ ‘C1,7—>C1/Y S CV(X)3H+8(1 + |X|?7y+7)r

where c is a constant depending on L, n, q(Dy), 0(Dy) and diam(Dy) and

w(X) = inf{]/t > 0: foreverya, B € 0Dy, | X () — X(B)| > i |l — ﬁ|} .

The main difference between Theorem 3.7 and its equivalent version in
[BGLV, Theorem 2.2] is that the universal radius of Lemma 3.3 (with norms
referring to the boundary of the domain) is used in the proof instead of the
one given in [BGLV, Lemma 6.4]. The proof of Theorem 3.7 can be done
following the one in [BGLV] with this new choice of 6 when needed. The new
dependence on the matrix L relies on equation (3.8). In particular, Theorem
3.7 implies that hypothesis in Picard-Lindel6f’s theorem 1.8 are satisfied and
so local-in-time existence and uniqueness for the CDE holds. Thus, we have
the following theorem.

Theorem 3.8. Let Dy a C17 domain. Let F(X(-,t)) = (F;(X(-,t)))", defined by

mmwmm=—iaﬁwmumw>
£
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Then there exists T* > 0 depending on L,n,q(Dy), o(Dy) and diam(Dy), such that
the ordinary differential equation

{C%X(zx,t) = F(X(a, 1)),
X(a,0) =,

has a unique solution X(-,t) € CY7(dDg; R") for t € (—T*, T*).

The Contour Dynamics Equation in Theorem 3.8 can be thought of as an
ODE in the open set (). We want to show that a solution X(-,t) to the CDE
in an interval (—T,T) provides a weak solution of the non-linear transport
equation (3.4).

Theorem 3.9. Let L € My x,(R") and Dy a domain with boundary of class Cl7,
0 < v < 1. Then, there exists T* > 0 depending on L,n,q(Dy),c(Dy) and
diam(Dy) such that the non-linear transport equation (3.4) has a weak solution of
the form p(-,t) = xp, fort € (=T*,T*), with Dy a domain with boundary of class
CY7. This solution is unique in the class of characteristic functions of domains with
boundary of class C17.

Proof. Clearly X(-,t) maps 0Dy onto a n — 1 dimensional hypersurface S;.
The goal now is to identify an open set D; with boundary S;. First assume
that 0Dy is connected, and hence a connected n — 1 dimensional hypersur-
face of class C17, then the analog of the Jordan curve theorem holds [GP, p.
89]. Then the complement of dDy in R" has only one bounded connected
component which is Dy. In the same vein, the complement of S; has only one
bounded connected component, which we denote by Dy, so that the bound-
ary of Dy is Sy.

Secondly, if we drop the assumption that dDy is connected then we pro-
ceed as follows. Let S{f, 1 <j < m,be the connected components of S;. Denote
by U] be the bounded connected component of the complement of S} in IR".

Among the U] there is one, say U}, that contains all the others. This is so
at time t = 0 because Dy is connected and this property is preserved by the

flow X (-, t). We set Dy = U} \ (U}“ZZU]t), so that the boundary of Dy is S;.
Thus, we define a velocity field by

(3.11) o(,t)=L-VNxxp, te(=T,T).

Since its gradient is a SIO acting on a bounded function, a first look to (3.11)
tells us that v(+, t) belongs to the continuous Zygmund class. Nevertheless,
since D; has boundary of class CL7, the field v(-,t) is Lipschitz for each
t € (—T,T) and the equation of the flow (1.2) has a unique solution which
is a bilipschitz mapping of R" onto itself whose restriction to dDj is the so-
lution of the CDE we were given. Thus X(Dy,t) = D; and xp, is a weak
solution of the non-linear transport equation (3.4).

O
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3.4 The choice of the defining function

In Theorem 3.9, we have seen that the unique solution to (3.4) at time ¢ is the
characteristic function of a C1*¥ domain D; up to a certain time T*. From now
on, we want to proof that this weak solution is indeed global, that is, that
we have T* = co. We make use of the C1"7-defining functions introduced in
Section 3.2 to measure the smoothness of D;. By Definition 3.2 it is clear that
given a C17 domain the defining function associated to that domain is not
unique (for instance multiplying by a positive constant the function does not
change the validity of the requirements in the definition). A natural ansatz
in order to get a C1"7-defining function for a domain evolving with a flow is
the following. We consider ¢g a C!"7 defining function for the initial domain
Dy. For the domain D; = X(Dy, t) we consider

(1) = go(X7'(, 1)),

that is, we also let the defining function evolve with the flow. In the case of
Euler equation the function ¢(-, t) defined this way is a C1"7-defining func-
tion for the domain D; determining the density patch and we can develop an
argument using ¢(-, t) to prove that the domain keeps the C17 smoothness
for any time. For the aggregation equation one can see in [BGLV] that this
function ¢ does not behave well and a correction (depending, as usual, on
the divergence of the velocity field) has to be made in order to addapt the
proof of the Euler case. In this section we get the good correction to ¢ in the
case of the kernel L - VN.

We start with a technical lemma that will be used when proving that our
choice is a nice defining function. This is a result that was not needed neither
for the Euler nor the aggregation equations.

Lemma 3.10. Let Q) a subset of R" and let
u € Har(QQ) N C7(Q)).
Then there exists a constant ¢ such that

Vu(x)| <clul,q d(x,00)771,

Proof. Let ¢ be a C* function, radial and supported in the unit ball and such
that [p, ¢(x)dx = 1. Let x € Q) and consider r > 0 such that r < d(x,00}).

Define ¢, = L ¢(y/r). Since u is harmonic on B(x, r) then by the mean-value
property
u@) = [ uly) gi(x—y)dy.
x—y[<r
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We compute the partial derivative 0; as
ou(x) = [ u(y)digi(x—y)dy.
|[x—y|<r

Since by Stokes’” theorem we have

/|x_y<r digr(x —y)dy =0,

then
du(x) = [ (uly) ~ u()dig(x — y) dy

and so

) = [ luty) — (0] Pigr(x —y)] dy <

u _
<! ’Z'Q/ y—x|" 51‘[(P<x y)deS
¥ |x—y|<r ¥

< c—|u|'7’Q /r 5715”*1 ds = c—|u 18 yrtn=l — ¢ |M|7QT'Y*1.
- rh 0 S rh ’

Letting r — d(x, 0Q)) we obtain the result. O

With this lemma we will set in a moment a right defining function for D;
in terms of a partial differential equation. The lemma will be used to verify
that the partial derivatives of the divergence of the velocity field blow up at
the boundary but in a controlled way since they satisfy the hypothesis. Note
that for the Euler equation, since the velocity field was incompressible these
partial derivatives are equal to 0 so the previous lemma is not needed. In the
aggregation case although the divergence is not equal to 0, its partial (spatial)
derivatives vanishes almost everywhere and we can also avoid this general
argument.

Proposition 3.11. Given {D;}o<;<7+ a family of C¥"7 domains in R". If we con-
sider a velocity field v(-,t) = (L - VN) x xp,, then the solution ® : R" — R of the
linear non-homogeneous partial differential equation

Do .

is a CY"V-defining function for Dy whose gradient is continuous.

Proof. Let ¢y a C17 Firstly we see that the solution of (3.12) is

0, X € aDy,
3.13 d(x,t) =
349 (1) {det VX(X Yx,t),t) o(x,t), x ¢ 0Dy,
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where X(-,t) is the flow map defined in (1.2) and ¢(x,t) = @o(X!(x,t)) for
@ a C"7-defining function for Dy. We check it by computing the material
derivative of ®.

Do _ D¢ 1
Df (x,t) = Df (x,t)det VX(X™ " (x,t),t)+
(3.14) + DBt(detVX(X_l(x, 0, Do(x ) =
_ %(det VX(X (%, 1), )g(x, 1),
since % = 0 because it is a function transported by the flow map. The

evolution of the jacobian of the flow map
(3.15) J(a,t) = detVX(a,t)
is determined by the equation (see [MB, Proposition 1.2])

dJ

(3.16) o

(a, t) = div(v(X(a,t),t))](a,t).

If we apply this to (3.14) we simply get the partial differential equation (3.12).
Now, we have to verify that the gradient of ® defined in (3.13) is contin-

uous. The Main Lemma in [MOV] states that if T is an even smooth con-

volution homogeneous Calderén-Zygmund operator and D a domain with

boundary of class C!*7, 0 < 4 < 1, then T(xp) satisfies a Holder condition

of order 7 in D and in R" \ D. Then

(3.17) Vo ()|l + [IVO(,8)[], rmp; < C(F), 0<s <t

where C(t) denotes here and in the sequel a positive constant depending on
tbutnotons € [0, t]. Equation (3.17) implies a similar bound for the gradient
of @, that is,

V(- s)|[y,p, + [IVO(,s)[|, gmp; < C(), 0<s<t,

and this way ®(-, s) is of class C!7 both in the interior of Ds and in the com-
plement of the closure of Ds. Then we just have to check the continuity of the
gradient of ® in the boundary of the domain. It will ensure that ®(-,s) € C1
in the whole euclidean space.

As it was pointed out in [BGLV, Section 8] if one transports a defining
function @q of Do by ¢(-,t) = @go X~ 1(-,t), then V¢(-,t) may have jumps
at the boundary of D; for t # 0 and so ¢(-, t) is not necessarily differentiable.
In [BGLV] one shows that, for x € dDy,

: _ 1y oy V(X )]
(3.18) Dtl;rerquo(y, t) = Dtlaligx detVX " (y,t) detD(x) #(x)
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and
(3.19)
. . _ Vo(X1(x,t)]
1 Vo(yt)= 1 dtvxl,t| (x),
" oy, t) D (v, ) det D(x) (x)

where X~1(-,t) is the inverse mapping of X(-, t), ##(x) is the unitary exterior
normal vector to dD; at x and D(x) is the differential at x of the restriction of
X~1(,t) to 9Dy, as a differentiable mapping from dD; onto dDy. Equations
(3.18) and (3.19) can be interpreted as follows. The gradient of ¢(-,t) at a
point x € dD; may have a jump and this jump is related with the jump of
the jacobian at x. By equation (3.16) we see that the possible discontinuity at
the boundary has to be related with the divergence. We are going to check
that this jump appearing when the divergence is not continuous is in fact
compensated with the determinant in equation (3.13).
In particular, if we take gradient in (3.13) we get, for x & oDy,

Vd(x,t) = det VX(X (x,t),1) Vo(x, t)+

(3:20) +V (det VX(X(x, t),t))) ¢(x,t) = I(x) + I(x).

Since second order derivatives of the velocity field are harmonic on the
complement of dD; an application of Lemma 3.10 yields that for x ¢ 0D; and
forany0 <s < tandanyj ke {1,...,n}

(3.21) 0;0k0(x,s)| < C(t) dist(x,0D;)7 L.

As we have seen in Chapter 1 (see Lemma 1.23 and Proposition 1.25) both
the flow map and its inverse satisfy

t
622)  IVXCls [VXT ) S exp [ IVo(.s)]ids
and then
(3.23) CH) ' < |IVX(-,s)||e < C(t), 0<s<t.

Consequently, foralla € R”, and for 0 <s < ',
(3.24) C(t) ! dist(x,0Dg) < dist(X(a,s),dDs) < C(t) dist(a,dDy).

Now let us turn to the second term in the right hand side of (3.20). We
write

(3.25) 11(x) = po(a) VJ (1, 1),
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where we have set x = X(«a,t) and J(«a,t) as defined in (3.15). The jacobian
satisfies (3.16) and so

J(a,t) = exp /O ' div(o(X(a,5),5)) ds.

Hence V] (a,t) is
(3.26) J(a,t) /Ot div (Vo) (X(a,s),5)) VX(a,8)ds VX 1(x, 1),

where the divergence of a matrix is the vector with components the diver-
gence of rows. Combining (3.21), (3.22), (3.23), (3.24), (3.25) and (3.26) we
get

[II1(x)| < C(t) |@o(a)] /Ot dist(X(a,s),dDs)" 1 ds

< C(t) |@o(a)| dist(a,dDg)7 1
< C(t) dist(a,9Dg)7.

If dist(x, 9D;) — 0 then dist(«, 90Dy) — 0 and thus II(x) — 0.
Therefore, if we let x — dD; equation (3.20) becomes

(3.27) Vd(x,t) =det VX(X 1(x,t),1) Vo(x,t)

and then a straightforward application of equations (3.18) and (3.19) shows
us that V®(+, f) can be extended continuously to any point x € dD; and, in
particular, we have

: _ Veo(XH(x, )]
]Rn\alllDlgy—)x VCI)(X,t) - detD(x) n(x).

]

As we have pointed out in the proof of the previous lemma, the function
®(-,t) is a CY7-defining function for D; for t up to the time T* given by
Picard-Lindel6f’s theorem. The problem is that we need an a priori control
of the smoothness of the domain for bigger times. For this reason, in the next
section we describe the evolution of the derivatives of this defining function
in terms of commutators (as in the Euler equation or the aggregation one).
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3.5 Commutators for the material derivative of V&

At the moment we have set a defining function ®(-, ¢) for the domain D; for
0 <t < T* and we have seen that this ® satisfies

Do
D = div(v)®.

This partial differential equation for ® is general and does not depend
on the choice of the kernel K such that v(-,t) = K * xp, (as soon as we can
invoke Lemma 3.10 or a similar result) but the divergence of the velocity
tield does. For instance, if K is such that the velocity field is divergence
free then the material derivative of ® vanishes and we simply have that
O(-,t) = @o(XI(-,t)) for ¢g a defining function for Dy. Also if we con-
sider the aggregation kernel then div(v(-,t)) = —xp, (note that the spatial
derivative of this divergence is 0 except maybe at dD;) and then we recover
the defining function ® computed in [BGLV]. Nevertheless, in general, the
divergence of the velocity field for K = L - VN will be a SIO acting on the
characteristic of a domain.

Both in Euler and aggregation equations one can see that the material
derivative of the gradient of a good defining function is equal to a commuta-
tor with a singular kernel, that is, it is equal to an expression of the form

pv. [ K(x=y)f(x) = fly)lely) dy.

The importance of having a commutator is that it allows us to have a proper
bound for the Holder norm of it, and this will be needed later on in our
arguments. More specifically, we have the next control of the Holder norm.

Lemma 3.12. Let K be a Calderon-Zygmund kernel, homogeneous of degree —n,
with mean zero on spheres, satisfying |VK(x)| < C x| ™", For f € C"and
w € L* set

n

G =po [ Kx=y)lfx)~ f)lwy)dy.
Then, there exists a constant Cqy depending on <y and n such that

Gl < Colfl, (K wl|pw + [w@]i).

Proof. See [BGLV, p. 355]. O

The goal of this section is to show that the material derivative of the gra-
dient of ® is equal to a commutator also when the kernel is L - VN. Notice
that taking the gradient of div(v)® a term involving second derivatives of v
appears. This is

V(div(v))®
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and it is annoying for our purposes. It does not combine with the rest of the
terms to yield a commutator. Also, apparently this is the most singular term
appearing. If our velocity field is divergence free this solitary term vanishes,
and for the aggregation equation, although the is not equal to 0, it also dis-
appears because div(v) is constant on each component of R" \ 0D; and ®
vanishes on dD;. In general, the solitary term is present but, as we will see in
a moment, at least it vanishes when we look the PDE for V® just at points of
the boundary of the domain.

To simplify the computations instead of a general matrix L we consider
n-square matrices having an entry equal to 1 and the rest of them null. It is
clear that these matrices form a base of the space M, «,(R) and then, as we
discuss later, it will be sufficient to get the results in this section for them. We
define the basis in a precise way.

Definition 3.13. Let i,j = 1,...,n. We define the matrix M € Myuxn(R) as
MY = (M) for

1 ifk=iandl =],

0 otherwise.

(MY)y = {

First of all we get the PDE involving the commutator for matrices of the
basis and for points of the boundary of the domain. The restriction to the
boundary has to be done, as already mentioned, due to the presence of the
solitary term.

Lemma 3.14. Let M the matrix defined in (3.13) and let
v = M" - VN % xp. Then, for ® a defining function of D satisfying

E = le(U)q)

we have that for every k = 1, ..., n the material derivative of 0;® restricted to 0D
is either equal to 0 or equal to the difference of two commutators, each one of them of
the form

Sijk[q)] =p.o a,a]N * (XDak(I)) — (pU 818]N *XD)akq).

Proof. In the conditions of the lemma, the field v is 0 en each component
except v;. Also, we have v; = 9;N * xp. Then, the equation for ® can be
written as

Computing the partial derivative 9y of the previous equation and rearranging
terms we obtain

D(3,D)

(3.28) 5

= 8k8]0]¢ + a]U]akq) - akv]8]d>
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We claim that the term 0;d;v;® vanishes when we restrict to dD. On one
hand, since ® is equally 0 and its gradient is not null at dD one has, by
Taylor expansion, that near the boundary ®(x) ~ d(x,0D). On the other
hand, By Main Lemma in [MOV], derivatives of the velocity field belong to
CY(D N D). Also, these derivatives are harmonic in this region because of
the choice of the kernel L - VN defining the velocity. Thus, having into ac-
count these facts and Lemma 3.10 we have

9k0;0;® < Cd(x,0D)? 'd(x,0D) = Cd(x,0D)” -0 asx — aD,
which proves the claim. Then equation (3.28) can be written at the boundary
as

D(3,®)

(3.29) =5,

= 8]0]8k<I> - akU]a]q) = (ala]N * XD)akq) — (akaiN * XD)a]q)

As i, j,k € {1,...,n} then different combinations and repetitions of the in-
dexes can appear and we have to distinguish between some cases.
First of all, if i = j = k then the two terms in the right hand side of (3.29)

are equal and D(la)kt@ = 0.

- 219f)i':j # {c, since E)IZN = %(50 +p.v E)ZzN foranyi =1,...,n then equation
29) 1s equal to

D(9;P
D) _ 32N 4 xp)3 — (30N # x0)3ib —

330) Dt )
= EXDaqu + (p-v. B?N * xp )0k P — (p.v. 99;N * xp)9;®.

The first term of the right hand side can be expressed as

1 1
(331) E}(pakq) = Edo * (XDakq)) = 812N * ()(DakQD) —p-V. 812N * (XDakq))

Since @ vanishes in 0D then xpoy® = I (xpP). Thus, switching derivatives
in the convolution we have

IZN * (xpok®) = 9;(9;N) * (I [xpP]) = 9 (9:N) * (3;[xpP])) =
= akai * (XDE)ZCI)) =pV aiakN * (XDBiCI>),

and we can write (3.31) as
1
(3.32) EXDakcp = p.v. 90;N * (xp9;®) — p.v. 3N * (xpo D).

Putting (3.32) inside (3.30) we get

D(3;P)
Dt

= p.v. 99;N % (xp9;®) — (p.v. 99;N * xp)o;P
= [p-v. N * (xph®@) — (p-v- 9N * xp) 9P| = Spi[®] — Siix[P].
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Up to now we have discussed the cases where i = j, that is, when the matrix
MY has the non-zero value at the diagonal. Consider now i # j,k = i. Then
D(9;9)
Dt

= (a,a]N *XD)al‘q) - (alzN*XD)a]q)

Note that the above expression is very similar to (3.30). Then, a straightfor-
ward repetition of the argument in that case shows

D(9;®)
Dt
If i # jbutk = j then (3.29) is

= Siij[®@] — Siji[D].

D(3;®)
Dt

= (pV ala]N*XD)a]CI)) — (pV ala]N*)(D)a]CI)) =0

and there is nothing to prove.
Finally, if the three indexes i, j, k are pairwise different the expression in
(3.29) can be written with principal values for sure. That is, in this case

D(9,®)

(3.33) o

= p.v. (0;0;N * xp)9x®P — p.v. (9x9;N * xp)9; D,

since no Dirac deltas appear.

Note that since i, j, k are different from each other (and therefore the prin-
cipal values can be avoided), then we can switch derivatives in the following
convolutions and get

p-v. ala]N*()(Dakq)) = E)la]N * (XDak(I)) =
= akaiN * (XDa]CD) =pWVv 8kaz~N * (XDa]CD)
Then we can add and subtract some term in (3.33) to have

D(3,®)
Dt

= Skij[®] — Sijk[P].

]

If we apply Lemma 3.12 we see that the Holder semi-norm of order <y of
each of the commutators appearing in the previous lemma can be estimated
by

Co [[Vo(, )l VR, £) [l -

This is not enough in our situation. Since the commutator is just valid at
the boundary of the domain then we need that the presence of the factor
|V®(-,t)||,,r (Which appears since the region of integration of the commu-
tator is the whole space) is replaced by a boundary quantity like
|V®(-, t)]|,,p,- This attempt could be tried since we can transform the dif-
ferences of commutators obtained in Lemma 3.14 in what we call boundary



62  Chapter 3. CU7 regularity for patches and for the kernel L - VN in R"

commutators, that is, commutators described by an integral just taking values
of points in the boundary of the domain.

In order to simplify the proof of the equivalence between differences of
solid commutators and differences of boundary ones we have the following gen-
eral relationship between them.

Lemma 3.15. Let f € C2(R",R) and D a smooth domain in R"™. If we define

Bilf(x) i= (<1 | aiN(x—y) [0 () = 3 ()] dy
fordyr = dy1 A ... Adyk—1 Adygr A ... Adyy, then we have

Sijklf] = —Bjxilf] + 0N * (xp9iokf).

Proof. Let Ac = DN B(x,¢). Thus,

(3.34) Sijk[f](x) = lim b 9;9;N (x — y)[0xf(y) — o f (x)] dy.

Fory € D\ A, we have

(3.35) a%i(afN(x —)okf(y) — wf(x)]) =
= —0;0;N(x — y)[0xf(y) — Ik f(x)] + ;N (x — ¥)0;0rf (y)

By (3.35) we can write (3.34) as

Sijk[f](x) = lim OiN(x —y)9;9f(y) dy—

e—0 D\ A
d
- ~lim [ O k() ()] dy =
=lim [ NG —y)af (y) dy-
() tim [ d @G~y y) ok ()] i)
where

dy; =dyy A Adyi—1 Adyipg Ao Adyg.
If we apply Stokes” Theorem to the last integral in (3.36) we get

Sijk[f](x) = ll_{% " diN(x —y)9;9f(y) dy—

(3.37) ~(=Dp [ aN(x = B (1) — 3uf ()] dyg =
= 0;N(x —y) * (xp9i9kf) — Bji[f](x),
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because the term

lim S N (x — y)[0xf (y) — 9 f (x)] dyg

vanishes since d f is continuous at x. O

The above result needs the function f to have two derivatives but we
want ® to take the role of f and in general we just can assure that ® € C17.
We need the following technicalities to justify that we can use the previous
lemma. We start by setting a new space of functions related to the Holder
space.

Definition 3.16. Let 0 < v < 1. We define the little-Holder space of functions
¢ (R"; R?) as

(R RY) = { f e C'"(R%;RY) : lim sup &) =)l 0

x,y€RM |x o y|’7

|x—y|<é
Remark 3.17. One can check that, given 0 < 7y < 1 then for every e > 0,
CTH(R™%RY) € ¢7(R™;RY) € C7(R%;RY).

We have that this space we just defined is the closure of the classical
Holder space.

Proposition 3.18. Let 0 < o/ < 1and let v > «/. Then ¢ (R"; R?) is the closure
of C7(R™; R?) in C7' (R";RY).

Proof. See e.g. [Lu, Proposition 0.2.1]. O

We have all the tools to check that the PDE for the gradient of ® can be
expressed (at least at the boundary of the domain) as a difference of boundary
commutators.

Lemma 3.19. Let MY the matrix defined in (3.13) and let
v = M" - VN x xp. Then, for ® a defining function of D satisfying

r = div(v)®

we have that for every k = 1, ..., n the material derivative of 0, restricted to 0D
is either equal to 0 or equal to the difference of two commutators on the boundary of
D, each one of them of the form

Bijk[f1(x) = (=1 | aiN(x —y)[9;f (y) — 3;f (x)] dy.
oD
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Proof. There are two type differences of commutators that appear in the proof
of Lemma 3.14. When i = j # k (similarly for k = i # j) the material
derivative of ;P at the boundary can be written as Sy;;[®] — S;ix[P]. Assume
® € C2. Then, by Lemma 3.15 we have

Skii[P] — Siik[®] = —Bix[P] + 9;N * (xp9;0x D)+
+ Biti[®] — 0;N * (Xp0;0kP) = Bixi[®] — Bjix[P].
Also, for i, j, k pairwise different we saw that the material derivative of

9P was equal to S;;[P] — S;jx[®]. Again assuming @ € C? we can apply
Lemma 3.15 to get

Skij | P ] z]k[q)] Skij @] — Sjik[P] =
= —Bjjk[®] + 9N * (xp9j0xP) + Biyj[®] — 0iN * (xp9;0P) =
= sz][ ] 1]k[ ]

where we have used that S;j[®] = S;;[®] which is clear by definition.

If ® ¢ C?, consider ¢ a smooth mollifier and ¢, = ¢ "¢(x/e). Let
D, = @ * P. In particular, O, € C2. Let Ty one of the differences of com-
mutators appearing in Lemma 3.14 and let T, the corresponding difference
of commutators on the boundary, as computed above. Thus, since ®, € C?,

we have
Tl®£ = T2®€‘

Since the operators T;, i € {1,2} are linear we have

lim T;(®,) — T;(®) = im T; (P, — ®) =0
e—0 e—0

where the limit has been taken in the C?’ norm for 9/ < . The second limit
is equal to 0 by virtue of Lemma 3.12 and Proposition 3.18 since

Consequently, in the C" norm we get

T1 (CI)) = lim Tl(q)g) = lim Tz(q)g) = Tz(q))
e—0 e—0

even though ® ¢ C2.
A straightforward argument shows that T;(®) = T»(P) pointwise and
hence the proposition holds.
0

At the moment, we have the commutators satisfied by the material deriva-
tive of the components of V®. Unfortunately, we cannot apply Lemma 3.12
directly as some difficulties appear. We explain the nature of this problem
and how to solve it in the next section.
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3.6 The (controlled) extension of ®

As we explained before, our objective is to bound the C7 norm of the gradient
of the defining function ® at the boundary of the domain. In order to do
that, we bound the material derivative of this gradient in such a way that we
can apply Gronwall’s Lemma and get what we desire. As stated before, we
cannot do it for the material derivative written as the difference of two solid
commutators since that would lead us to a bound depending on the C7 of the
gradient of ® in the whole space. On the other hand and with respect to the
boundary commutators, if we try to adapt the Lemma 3.12 to the underlying
measure doy on dDy, we would get a constant of the type

(B )

Ct = sup sup

XGaDt r>0

The constant C; can be estimated by the Lipschitz constant of X (-, ), namely,

exp fot |Vo(-,s)||e ds, but this exponential constant is far too large. The goal
of the present section will be to solve these problems and achieve the right
estimate for the material derivative of the gradient of ® (at the boundary) in
terms of the quantity ||V®(-,t), ap,- We will make use of Whitney’s Exten-
sion theorem (see e.g. [Ste, Chapter VI, p.177]) and also we will take profit
again of the equivalence between solid and boundary commutators, in this
case turning back to the solids once the extension is done.

We start by giving a technical lemma that will be used to control the future
extension by just its behavior at the boundary.

Lemma 3.20. Let D a domain with C1"-defining function ®. Then

sup { |V‘I’>(x) : |(i/+: x)| Y £ X, Y,xE aD} <22V, o -
y—x

Proof. Let x € dD. Without loss of generality we can consider x = 0 and
Vo(0) = (0,...,0,0,P(0)) with 09,P(0) > 0. We define § = 6, by

LI

S = e

Lety € B(0,6) NaD. Since

Vo0
Va(y) — Vo(0)] < [V, 567 = Lo,
then we have that V®(y) € B(V®(0), m). That is, the tangent hyper-
plane to dD at y forms an angle less than 30 degrees with the horizontal plane
and thus 9D N B(0,6) is the graph of a function v, = ¢(y,,) which satisfies
a Lipschitz condition with constant less than 1. The function ¢ is defined in
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an open set U which is the projection of B(0,5) N dD into R"~! defined by
v = (v, yn) — y'. By the Implicit Function Theorem ¢ is of class C'7 in its
domain.

Note that the segment [0,y'] = {ty’ : 0 < t < 1} is contained in U since
for any 2z’ € [0,y'] we have

o(z) = 0(0)| = o) <[] < |¥'|-
The Mean Value Theorem on the segment [0,y'] for the function

t — @(ty’) yields

[Ve0) -y _ [VOO)|le()I _
1+ |y|1+7

< Ive()

(3.38) i

sup {|Vo(Z')]|: 2" e U, |z

By implicit differentiation

,0(2, (2
%j9(z) = =3 q)(é.,, Z(é,)))),

1<j<n-1
and recalling that 9;®(0) = 0,1 < j < n —1and thatz = (Z/, (2)) we get

Ve[l op

(3.39) ‘V(P(Zl” < W

<y

We also have

[0, P(2)| 2 [0, P(0)[ — [0, D (2) — 9, P(0)] >

(3.40) v
> Vo)~ [V, 567 = T

and
(3.41) izl = (|Z)* + 9(2))V2 < v217].

Putting (3.40) and (3.41) into (3.39) we get

Vo(z | IV, 5272 |27, 2] < Jy|.

)| < 2
~ Vo)
Thus, by the inequality above we can bound (3.38) as

[VO(0) -yl

14+v/2
e 2R
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Otherwise, if y € 0D \ B(0,9)

V0(0)-y] _ [VR(0) _ [V(0)
P

= 2|V, 5p

completing the proof of the lemma. O

Then we can state the result that we anticipated in the beginning of the
section.

Proposition 3.21. In the situation of Lemma 3.19, the ||, 5, norm of each of the
differences of two commutators on the boundary of D appearing for the material
derivative of 0, is bounded by

Cu [[VOl[ 1= [V, 5D s
where C,, is a constant depending on the dimension n.
Proof. We start by considering the jet
(0,019,...,0,P)

on dD. By Whitney’s Extension theorem there exists ¥ of class C1*7(IR") such
thatY = 0and VY = V® on dD, satisfying

Vo (x) - (y —x
9%l < Co (19010 + sup P25y 2, g3 a0},

This estimate is not stated explicitly in the theorem in [Ste, p. 177] but it fol-
lows from the proof. In Lemma 3.20 the supremum in the expression above
has been bounded and then we have the simpler bound

HVTH%JR" < Cnqu)Hv,aD-

We set DS as a difference of solid commutators described in Lemma 3.14
and DB the associate difference of boundary commutators as in Lemma 3.19.
Then, since V¥ = V@ on dD the differences of solid commutators DS(®P)
and DS(¥) are equal. Thus

IDBl|y,0p = IDS(¥)lly,00 < IDS(E) ||,k
< Ca ||Vl [V [y re < G [[ V|12 [[VRly00

and so the proposition is proved. O

Finally we have achieved a good control of the commutators. This would
lead us to an a priori control of the smoothness of the domain.
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3.7 Proof of the Main Theorem

Before proving Theorem 3.1, we present the a priori estimates for the defin-
ing function ®. Getting these estimates is the core of the proof and are a
direct consequence of the bound obtained thanks to have a commutator for
the material derivative of V®. The same estimates were obtained both for
the Euler and for the aggregation equations.

Lemma 3.22. Let v(-,t) = L- VN x xp, and let ®(-,t) the defining function for
Dy determined by

D®
Dt
Then, for |V®(-,t)||1=ap, 1= [[VP(-, ) Xap, || L we have

(3.42) = div(0) ®.

t
643 9001 liman, < [T, 0)iwam, exp (20 [ Vol 91 )

t
(B4 V(1)) > [VO(-,0)];, exp (—z JALECOI ds),
and

t
(3.45) VO, t)], ap, < IVD(+,0)[, 5p, eXP <Cn/0 IVo(-,s)| L ds) .

Proof. Getting rid of the solitary term 9 (div(v))® —we know it vanishes
at the boundary by an application of Lemma 3.10 as done in the previous
section—, we get by taking a partial derivative to equation (3.42) and after a
rearrangement of terms,

D(9,®) L L

(3.46) Di = div(v)ade - Z% akU]a]CD = Z%(a]U] akq) - akv]8]<b)
= =
If we consider the || - ||z~ 5p, norm in the previous equation we obtain

D n
D 10k® ()l 2D, < Zl (19795 (-, )]l ap, 10k ® (-, £) | L2 2D, +
1=

+ 110k0; (-, ) | L= o0, 10;@ (-, ) | L= 9D, ) <
<2n||Vo(-,t)||r=ap, | VO (-, )| L= oD,

Taking supremum over k then

D
ﬁ”vq)(’/t)HL‘”,aDt < 2nl|Vo(-, t)||r=ap,[|VP(, )| 1~ aD,
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which yields

t
IV, lms, < [V 0)lliman,exp (20 [ [T0(,5)]1ds).

Secondly, for x € 0D; choose k € {1,...,n} such that 9;P(-,t) does not
vanishes at x —such a k exists since V®(-, t) is not zero for every point in the
boundary since ® is a C'"7-defining function—

o8 D)) = g (1) =

1 D

> e 0 P(x,t)].
Z [va(, - Dt !

By equation (3.46) we can bound - |9;®(x, t)| from below by
—2n[|Vo(, )| = [ VO(-, 1) || L=
and obtain
D
(3.47) D—t[log(]8k®(x,t)|)] > —2n||Vo(-,t)|| L.

Taking supremum over k and by direct integration we get, for x € dD;

IV®(x,t)| > |VP(x,0)| exp (—Zn /Ot IVo(-,s)] e ds)

which implies inequality (3.44).
We finally prove inequality (3.45). Since the right hand side of (3.46) de-
pends linearly on v then the material derivative of dy is a linear combination

of differences of commutators on the boundary of D;. Therefore, by Proposi-
tion 3.21

D
5 @, ap, < Cull Vo, 8) 1 [V( 1)

’)’/aDt :

Taking supremum over k € {1,...,n} and integrating we get inequality
(3.45). O

We already have all the ingredients to complete the proof of the main
theorem of the chapter.

Proof of Theorem 3.1. By Theorem 3.8 there exists a solution X(-, ) with max-
imal time T*. By this we mean that X(-, ) is defined for t € (—T%,T*) but
cannot be extended to a larger interval. We want to prove that T* = oco. For
that it suffices to prove that for some constant C = C(T*) one has

(348) diam(Dt) + U't(aDt) + I](Dt) <(C, te (—T*, T*)
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If the preceding inequality holds, then we take ty < T* close enough to T*
so that after the application of the existence and uniqueness theorem for the
CDE to the domain Dy, at time ¢y we get an interval of existence for the solu-
tion which goes beyond T* (the same argument applies to the lower extreme
—T7).

Given xp, the weak solution to the transport equation given by Theorem
39 and v(-,t) = L- VN % xp,, we consider the function ®(x, ) defined by
the partial differential equation

%@(x,t) — div(v(x, )P (x, ).

By Proposition 3.11 we know that ®(+,t) is a C1"7-defining function for Dy.
Also, by inequalities (3.44) and (3.45) in Lemma 3.22 we get

V(- ¢t Vo(-,0 f
VeC,Olyap, _ | (”W%W%QAHWMMW$)

[VO( Dline —  [VE(,0)]
By an application of Lemma 1.7 and the classic bound

(3.49)

inf inf

t
(3.50) IVX(, 1)l < cexp (/0 1Vo(-,8)| = ds)

we also have for R(t) = m(D;)!/"

(3.51) R(t) < R(0)exp (/Ot V(- s)| e ds) .

Combining now the bounds (3.49) and (3.51) and the logarithmic inequality
in Theorem 3.6 one gets, for a dimensional constant C,

t
Vo, 1)l < C+C [ {1700, 9)] i ds
which yields, by Gronwall,
(3.52) |Vo(-, t)||re < Ce™t, —T* <t< T

Inequality (3.52) allow us to control the left hand side of (3.48). Indeed, as
seen in [BGLV, Section 7], one has

t
01(0Dy) < (n — 1)1/2(70(8D0) exp ((n -1) /0 |Vo(-,s)]|Le ds)
and then by (3.52), for —T* <t < T%,
0t(aD;) < (n—1)Y200(0Dg) exp (Cexp(Ct)).

An argument similar to the one developed in the proof of Lemma 1.7 allow
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us to give an expression for the diameter of D; in terms of the gradient of the
flow map and therefore by (3.50) and (3.52), for —T* < t < T* we have

diam(D;) < diam(Dy) exp(C exp(Ct)).
Finally by inequalities (3.49) and (3.52) it is clear that
q(Dt) < q(Do) exp(Cexp(Ct))

which completes the proof of the theorem. O
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4 Patches in C

4,1 Introduction

Throughout this chapter we will study the density patch problem as done in
Chapter 3 but reducing to dimension 2. This reduction allow us to consider
more kernels than the ones of the form L- VN. As in Chapter 2 we will
work in the complex plane (details describing the change of language and
the notation used can be found in Section 2.1) and we will deal with the same
general family of kernels described in (2.1), namely

1 (z4e2)
T (z + ez)k+1°

1 (z4e2)
7T (Z + ez)kt1

Ki(z) = or Ky(z) =Kq(z) =

For these kernels we will recover the C17 regularity result for the boundary
of a domain, exactly as in Chapter 3. That is, the main result of the present
chapter is the following.

Theorem 4.1. Let K;, i = 1,2 as defined in (2.1) and let Dy be a simply connected
CY7 domain in the complex plane. Then the transport equation

pt+0v-Vp =0,
4.1) v(-,t) =Kixp(-,t),
p(,O) = XDy~

has a unique weak solution in the sense of (4.8) such that p(-,t) = xp, for Dy a
simply connected CY domain in the complex plane, for every time t € R.

We will write the proof just for the kernel K, but since Kj is the conjugate
of it, a straightforward repetition of the argument will work for K; too. We
want to stress that at some steps —specially in the last section— we will refer to
the previous chapter to see details that are not presented here. However, we
will highlight the differences and difficulties appearing when dealing with
the kernels in (2.1) when these come up. In particular, we prove in detail
a local version of Theorem 4.1, that is, for short times. The proof of the lo-
cal Theorem was avoided in Chapter 3 because it could be reduced to the
proof for the case of patches for the aggregation kernel, and this was done in
[BGLV]. Nevertheless, for the kernels in (2.1) we cannot reduce to that case
and so the proof is needed.



74 Chapter 4. Patches in C

Recall that the kernels K; and Kj; (or its sum) are a generalization of the
kernels L - VN considered in Chapters 1 and 3, so Theorem 4.1 encompasses
the equivalent result for L - VN when reducing to dimension 2.

4.1.1 Outline of the chapter

The chapter has the following structure. In Section 4.2 we present some
Holder estimates around integral operators acting on a curve in C. In Sec-
tion 4.3 we have a complete proof of the local-in-time version of Theorem 4.1
by using again the Picard-Lindel6f’s theorem. Finally, in Section 4.4 we adapt
the proof in Chapter 3 in order to check that the local patch solution is in fact
global. We explain the details concerning the differences appearing and refer
to Chapter 3 whenever we need results that were already done there.

4.2 Holder estimates

In order to show Theorem 4.1, we need some auxiliary results concerning the
kernels K; and Kj; that should be used on the proof. The techniques used
in this section might be already known, but we prefer to write the proofs in
detail for the sake of the reader.

Definition 4.2. Let D be a simply connected domain with boundary I' = 9D, a
Jordan-Ahlfors reqular curve. Let

(Z +ez)k

Nie(z) = (2t ez’

ke NU{0}, 0<le| <1.
We define the operator Cy ; as

Cee1(2) = po. [ Niez —w)f(w)dw, z€T

for sufficiently good functions f.

Definition 4.3. For I as in Definition 4.2 we define the norm

A llipcrr) = sup £(z)] +sup 1fz) = fw)]

z,wel ‘Z - w|')’
z#W

= [ fllp + 11,

Also, we define the space Lip(~y,T') of functions having this norm bounded.

This norm presented here is not new and we write it using this notation
when working with curves in the plane.

The result of this section shows that the operator C;, sends the space
Lip(v,T) into itself. First of all, we verify that the result holds for the function
taking constant value 1, as this would be used in the proof later on.
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Lemma 4.4. Let Cy as in Definition 4.2. Then, for each k € IN U {0} and each
¢ € Rsuch that 0 < |e| < 1, we have

[Chel](2) € Lip(y,T).

Proof. First of all, recall that by Plemelj’s Formula (e.g. [To, Thm. 1.1]),

Cell(z) = % (G 1E +1C,1@),  aezeT;
where
CalE = im [ Ny —w) f(w)do,
non-tangencially
Catle) = tim [ Ny~ ) f(w) dw

non-tangencially

We observe that for dB(y,d) := {|w —y| = ¢}, by a change of variables
w = y + de’® we have

27 . . 21 ) ,
/ Nie(y — w) dw = / Nje(0e”)ise® dg = / Nie(e)ie® do,
9B(y,9) 0 0

where the last equality stands due to the homogeneity of the kernel Ny .. If
we do now a change of variables z = e’ we then have

Nely =) dw= | - Ni(z)dz =t e
Jopisy Nesly =) dw= [ Ni(2) de =z

Lety € D. We observe then that ¢, is a well-defined quantity which is inde-
pendent of 6. Thus, we can subtract the integral around 9B(y, §) by paying
the quantity ¢y .

/rNk,s(y —w)dw = /rNk,s(y —w) dw—
(4.2) - /a Bs) Nie(y — w) dw + ¢ =

= N, —w)d .
T\0B (1) ke (y ZU) w + Ck,e

We just have to focus on the integral in the right hand side of (4.2). Applying
Stokes” theorem

Nie(y — w) dw = 2i Nk (y —w)dA(w) =T, ,
/r\aB(y,a) ey — w) dw Z/D\B(W;) ke(y —w) dA(w) ke(XD) ()
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where Tj . denotes the Calderén-Zygmund operator with kernel

sz)k_l

(z + ez)k

These operators are even, smooth homogeneous Calderén-Zygmund opera-
tors and by the Main Lemma in [MOV, p. 407] we have

Ty.e(xp) € Lip(7, D)
because I' = 9D is a curve of class C"7. Proceeding in a similar way, we get
when y € D°

/r Nie(y — w) dw = =Tie(C\ xp) (y) = Tie(xp) ()

and by the mentioned Main Lemma in [MOV] Ty . (xq) € Lip(7, D°).
Therefore [C/,1] and [C; 1] belong to Lip(7, T) and finally

(Ceel] = 3([C71) + G 1)) € Lip(,T),

proving the lemma.

We also need the following lemma in order to prove our goal.

Lemma 4.5. Let Ny, as in Definition 4.2. Given 1 > 0, we set for z € T and
ke NU{0},

CL A =P [ Neelz = w)f(w) do,

M\D(z)

Then,

[C;Z A1](z) ‘ < C, where C is a constant independent of 1.

Proof. Recall the definition of the maximal singular operator

Ciof (2) i= sup (€] f1(2)]
n>

Now, since |dw| on I is a doubling measure we can apply Cotlar’s in-
equality (e.g. [Ar, Thm. 3.7]) to have the estimate

Cref (2) < C(M([Cref])(2) + M(f)(2)),

where M denotes the Hardy-Littlewood maximal operator. In particular,

Crel(z) S CM([Crel])(z) + M(1)(2)),  z €T,
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By Lemma 4.4 we have that Cj .1 is bounded. Obviously, 1 is bounded on
I' and Hardy-Littlewood Maximal Operator preserves bounded functions.
Then,

1¢/A)(z)| < Ciaz) < ©
as we claimed. O
Now, we are in position to prove the boundedness of Cy . in Lip(-y, T).

Proposition 4.6. Let Cy . and T as in Definition 4.2. If T is a C1'7 curve, then the
operators Cy ., k € NU{0},0 < |e| < 1, are bounded on Lip(y,T) for 0 < ¢ < 1.

Proof. Let f € Lip(vy,T). We write

(Coef)(2) = [Cref1(2) — FRCel)(2) + F(2) Ceell 2) =
@3) = [ Nielz = 0) (f(w) = £(2)) dw+ F@)[Cuel)(2) =
= Toef () + F () Crel 2).

Note there is no principal value in Ty, because the term f(w) — f(z)
makes it integrable.

By Lemma 4.4 the second term in the right hand side of (4.3) belongs to
Lip(y,T) and it is enough to check that T . f € Lip(-y,T'). Clearly,

Mef @)l < [V f P el < ifl, [ oy il <€ 1A,

|w — 2|
Now, let z1,z; € T and let d := |z; — z;|. By definition,
Tyef(z1) = T, ef(Zz)
= / [(f 21))Nie(z1 — w) — (f(w) — f(22))Nie(z2 — w)] dw.
Hence, by taking absolute value, we get
| Tef (21) = Thef (22)| =
/F\D1 [(f(w) = f(z1))Nie(z1 — w) = (f(w) — f(22)) Nie(z2 — w)] dw| +

+/ f(w) = flz1) |dw]| + f(w) = f(z) |dw| =: T4 II+1II,
r'\D;

| — 2] no, |w—2z)

where Dy := D(z1,2d) and D; := D(z,3d).
The term II can be estimated by
|dw|

4.4 II< _—
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Let o(p) = length(I' N D(z,p)). Recall that I is Ahlfors, so (p) ~ p. Hence

H<C/2dd‘7 7(p) * olp)

—cd' +C / 07 1dp = Cd".
0

Pl_7 0
An estimate for III follows in similar fashion and so we have

|dw] < Cdr.

I < S D
- |f|7 TND(zp,3d) |w —Zz|177 -

Now, we focus on I. Adding and subtracting

(f (w) — f(22)) Nie(z1 — w)

we get

I<

[ )~ e Neater — w) o] +
(4.5) 21| >2d
+ \ a0 = F22) Wiz = ) = Nz — ) dw‘ |

By Lemma 4.5 the first term of (4.5) is bounded by C|f(z2) — f(z1)|. The
second one is bounded by

|dw| /°° do(p)
C — - <(Cd =
Wl 1 =22 w-zi[>2d [w — 2|77 T S 92*7
=Cd () + Cd () —CdV.
027 |y 21 P37 74

Therefore, I, I and III are bounded by Cd” = C |z; — z»|”, which proves
the proposition.
]

4.3 Local Theorem

4.3.1 Contour Dynamics Equation

We derive an equation for the boundary of the domain of the patch at any
time. Such a derivation will be done formally and the equation will make
completely sense whenever the existence theorem is proved. Our goal is to
prove that the C17 regularity of the boundary is preserved.

First of all, we compute the distributional derivative with respect to z for
the indicator function of a domain (), xq. Let ¢ € C° a test function. Then,
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(0.9) = ~(x0.B9) = = [ xalw)dp(w)dA(w) = = | dp(w) dAw
= —%/Qégo(w) dw A dw = %/aa p(w)dw = (%dwbaz )

where we have applied Stokes’ theorem.
That is, dxn = 5 dw|yn. Note that we have used

w) =dxANdy = S(dw +dw) A - (dw — dw) =
dA dx A dy ;d d 211d d

= %(—Zdz NdzZ) = %dz A dz.

Similarly, we can compute dxq.

00, 9) = ~(x0,99) = = [ x0(@)dg(w) dAw) = — [ dp(w)dA(w) =

i

i i _ _
——E/Qaq)(w)dw/\dw——E/mq)(w)dw— <2dw\aQ,(p>.

Thus, dxq = —4 dd|yq.
Consider the kernel K as defined in (2.1)
1 (Z+ez)k

Kz(Z) = EW

Then, given z # 0 we have K(z) = (d — ¢d)H(z) for

1 1 (z +ez)kt1
(1—e2)(k+1) 7T (z + ez)kH1

H(z) :=
We compute the velocity field by

0(z, 1) = (Kp# p(,1))(z) = (@ = cd)H % p(-,1) ) (2) =
= (H+@—ed)o(-1)) (2).

Now, since solutions are transported by trajectories, we know that for
Po = X0, We have p(-,t) = xq, for some domain ();. Let

z:[0,21] x RT — C,
(a, 1) — z(a, t),
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such that z(-,t) : [0,27r] — C is a parametrization of d();, the boundary of
Q. Then, we compute the velocity at time f and at the point z(«, ) of 0Q);.

o(z(at),1) = (H* (@ ed)p(- 1)) (2(a,1)) =
—/H 1) = 2)(d — €)x0, (z) dA(w) =

B aQtH((“t) )dz+€§/aﬂt H(z(a,t) —z)dz =

2 /27T - Z(“// t))zoc (DCI, t) da’+
"% /OZNH@W) — 2(a!, )2 (1) da’ = F(z(-,£))(@),

where z, (', t) = (g;z(+,t))(a’). We have assumed that the parametrization
is differentiable.

Considering z(«, -) as the trajectory starting at &, we have the ordinary
differential equation

gz t) =o(z(at),t) = F(z(,t))(a),
(4.6) { («,0) = zp(a),

for the functional
i 2 !/ / /
:E/ H(z(a) — z(a'))zy(a') da'+
27r
(4.7) +€—/ z(a))zy(a') da’ =

= E[1—“1(,2)(0c) + eFy(z)(a)].

We will check that a solution of (4.6) is a solution of the transport equation
in the weak sense, i.e., satisfying the following.

Definition 4.7. Let p € L' N L®. We say (p,v) is a weak solution of (4.1) if
v(-,t) = Kxp(-,t) and for any ¢ € C®(C x [0, T]) with compact support,
Lo Tip(T)dAR) — [ ¢z 0)p0(z) dA(z) =
(4.8)
—/ / @iz, 1) +div(o(z, t)(z,t))]p(z,t) dA(z) dt

holds.

Before proving that a solution of the Contour Dynamics Equation defines
a weak solution, we have to be sure of the existence and uniqueness of the
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trajectory maps X(-, t) defined by

(4.9) {%i(g,)t):?v(xm, t),1),

Firstly, we assume p(+,t) € L*(C) with compact support. Then since

0v(-,t) = dK xp(-,t)
9v(-,t) = oK x p(-, 1)

and both 0K and 9K are even kernels defining a Calderén-Zygmund operator
of convolution type, we clearly have 9v(-,t),dv(-,t) € BMO(C). That is,
v(-,t) €I(BMO). By [Str], (-, t) belongs to the Zygmund class and hence, it
satisfies a log-Lipschitz condition, which assures existence and uniqueness
of solution of equation (4.9) (see [AL, Thm. 1.5.1], for instance).

Therefore, provided p(-,t) € L*(C) with compact support, the trajectory
maps X (-, t) are well defined.

Proposition 4.8. Assume that for 0 < t < T*, we have z(-,t) solution of (4.6).
Then, the pair (v, p) defined by
i 2 / / /
v(z,t) = E/ H(z —z(a', t))zo(a', t) da’ —
0

. 27T —_
(4.10) n g% / H(z —z(a/, 1))z (o, t) A,
0

p(zt) = po(X "' (z,1)),
is a weak solution of (4.1) in the sense of (4.8).

Proof. For simplicity we will consider k = 0 and € = 0. We have

i (2 z—z(a,t) , ,
)= [ EEEE o (W t)de =
o(z/) 27'(/0 z—z(zx’,t)za(“ ) da

i z—1z
:—/ -dz,
2 Jryz—z

where T'; is the curve defined by z(-, t). Thus,

= i 1 i, .
00(z,t) = 7 /Tt p— dz' = EZmXDt(z) = —xp,(z),
by Cauchy Integral Formula, where D; is the interior of the curve I';. Since
v is one half of the Cauchy operator applied to the density x we verify this
computation is correct. []
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4.3.2 Checking the hypothesis in Picard-Lindelof

This section requires detailed, accurate and sometimes tedious computations
that resemble to [MB, Section 8.3.2].

Once again we want to apply the Picard-Lindel6f’s theorem 1.8. We need
a functional (the one given by the CDE), a suitable function space and a sub-
space of it. Our choice is similar to the one in the previous chapters. We take
B = CY7([0,27];C), the space of functions whose derivatives are bounded
and belong to the Holder class with exponent 7. For the open subset, we
consider the ones that are also bilipschitz, that is,

OM:Bﬂ{f:[O,Zn]—H:: E|M>Osuchthat$<%<M}.

We need to check that F : Op; — B and itis locally Lipschitz continuous. First
of all, we see that F is well defined between Oy; and B. As we will explain
later, due to the likelihood between the functionals F; and F, in (4.7) we can
just check the hypothesis for one of them, in this case for F;.

Proposition 4.9. Let F; defined in (4.7). For Oy defined in (4.7) we have that
F - OM — Cl"y([O,ZT(],‘C).

Proof. First of all, we estimate ||F;(z)]] -

/027r H(z(a) —z(a))zqo(a) da’| <

[[F1(2)[|~ = sup
ael0,27]

27
< sup / |H(z(a) — z(a"))] |za(a')| da’ <
we[0,27] /0
<2mce(k,€) ||za|| e < o0,

where we have used

[H(z)] = n(1—521)(k+1) = el

k,¢).

Secondly, we want to control the L* norm of the derivative. We begin
with the case k = 0 and ¢ = 0 in order to understand better the procedure,
but we will explain later on the differences when k > 0, € # 0.

We have to differentiate with respect to a the functional F;.

d

—Ri(2)(a) =

411) = %p.v /0 27 zy () [z (o) —

1

= —p.v. /OZn L(z(a),z(a’

~—
~—
N
R
—~
2\
~—
Q.
Q\
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where the identity defines L(z(«),z(a)).
The integral can be expressed as the sum of four integrals which are not
singular. In fact, we can write

d 1 & 2 / / /
qeh @@ = 21 [ L) 2@z o) da

where we have defined

(z(a) _i(“/))z ’
(4.12) L(e(a), 2(a')) = 22 ?;Z()“_”z[f%))i ),
L3(Z(DC)Z(9¢/)) _ Zoc(lX’)[Z(“)(Z_(iglx_’)zzlle;)(gl)(a _ “/)]’

Note that, since z € Oy we have |L;j(z(a),z(a))] <

the kernels are summable and we easily have

G

. Therefore
la—a| 1=y !

4@

" < ¢zl < oo.

(4.13) ‘
Lo

Finally, in order to see that the norm ‘%P (z)‘ is bounded we return to
v

. . . d
the original expression for gy F.

%H(Z)(“) = Z“({X)P.V. /Ozn ) da’—

(4.14)
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where we have performed a change of variables z = z(«’) and where Cy is
as in Definition 4.2. Similarly,

= e

(4.15) T _(z(oc)__z(,x/))z w
— zaT((oc) /r (;(;)zfaz))z dz — @[61@1](2(&)).

Then, applying Theorem 4.6 we have [Cyo1](z(«)) and [C101](z(a)) belong
to Lip(7, ). Also, z4,z4 € Lip(7y,I') and since this space is an algebra, we can
conclude that both F, ; and F, » belong to it. Hence, F maps O to B whenever
k=0ande=0.

Consider now ¢ # 0 but k = 0. Then, for L as in (4.11), if we define

Lf(z(a),z(a)) := L (z(a) + ez(a), z(a") +ez(a’)),
it is easy to check that

TR = g [ L), =)z

and then we can repeat the arguments above for ¢ = 0. In fact we can write

4 7T
%Fl( (&) = ﬁ Z/z Li(z(a),z(a'))zq(a") da’

for
Lf(z(w),z(a)) == Li (z(a) + €z(a),z(a") + e2(a')),

and L; as in (4.12).
Also, one can see that

S Fi(2)(a) = Fia(a) + Ea (@)

for

Foo(a) =200 aie, q)(z(a))

Thus, similar arguments allow us to verify that F : Oy — B when k = 0 and

e # 0.

Finally, if k > 0 and € # 0 we can write

{%M)J%%$MMK(D
@)
(

RREW = e [ ), 20 P 20 )
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for
oo 2@+ ex(w) — (@) — ez(a)
P , = —

b(z(#), () z(a) +ez(a) — z(a)) — ez(a!)

Also,
4 lis
RO = i 1 [ IR, )L a0 202
and d
G FE(@) = Fi@) + Fs(e)

for

i) = 2ehemilic 1](z(a)),
Fig(a) =2t 1)(z(w)).

So, for the reasons explained above for the case k = 0 and € = 0 (and since the
operator Cy . sends Lip (v, I') into itself in general) we have that F : Oy — B
generally. O

Before proving the second hypothesis in Picard-Lindelof’s theorem we
need to compute the directional derivative of F;.

Lemma 4.10. Let F; : Oy — CY7([0,27];C) as defined in (4.7). Let z € Oy and
Y € CY7([0,27];C). Let Q : C2 — C defined by

Wrwy — W1Wy

2

Q(wy, wn) := -
1

and
1

m(l—e?)(k+1)
Then, we have F{ (z)w = I(«x) + II(x) for

c(ke) :==

I(a) : = c(k, ) /Ozn Q(ze(a) — ze(a'), we () — we(a')) da’

(4.16) .

I(a): = c(k,s)/ H(z(a) — z(a')) wy (a) da’

0

where

we(ow) = w(a) + ew(a) and ze(a) = z(a) + ez(a).

Proof. Since
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then

F(2)(a) = (j?m(zmwmn o(a) =
27

= d77

27r d
+ / ~ 7)) g (2a(a) + (o) ly=ode’ = (@) + 11(a)

w) +nw(a) — z(a') = nw(a’))]]y=o0 za(a) da'’+

The second integral in the expression above corresponds clearly with

1) = /0 " H(z(a) — 2(e) e (o) e,

To compute I(«) recall the expression for the kernel H,

1 Z4ez\ !
HE = =D <z+ez) /

and after some computations we can see that I(«) can be written as in (4.16).
O

Then, we need to check that F; is locally Lipschitz continuous.

Proposition 4.11. Given k = 0 and ¢ = 0, let F; : Op; — CY7([0,271]; C) defined
in (4.7). Then F, is locally Lipschitz continuous.

Proof. It can be seen that it is enough to prove that the directional derivative
of F; is bounded as a linear operator. Details for this simplification can be
found in Proposition 1.18.

For k = 0, ¢ = 0 the directional derivative computed in Lemma 4.16 can
be simply written as F{(z)w = I(«) + II(«) for

I(zx):l/oan(octx) (@) da, T1() = 1/02”Mwa((x')da',

T T z(a) — z(a/)

Note that we can write

1 2 / / / 1 2m / / /
I(a) = E/o Ki(a,a')zy (') da’,  T(a) = %/0 Ky (o, o w, (a') da’,



4.3. Local Theorem 87

with ‘K]'(tx, o )‘ < M%, j € {11} (because z and w are bilipschitz, and
we let M the bigger of the constants). Recall that z,, w, € L® (because they
belong to C7). Hence,

1] < TM* [|za][ o0 < 00;
]| < M| [0n] | oo < 00

We compute now the derivative with respect to a of F{(z)w. With the
same notation as before, %F{ (z)w = %I + %II. Explicitly for the first one,

%I =L —L—-I3—14—1I5;, where
I = %p v /O o . (;)U“_(O;)(a/)za(oc’) do,
. I = %p / Zw<g;>(<;;<“>z;;g;“:”z“(af) ae’,
N /0 Za (gcz)((iv(f)z—;vggc ))Za(a/) o,
= Lo [T 0G0, (e
o o TS ), 0

and for the second term

%H = 11} + IIp;
_ 1 2 W / /
(4.18) I = EPV/O Wwa(d ) da’,
— 1 27 (“)(m_z(“/)) / /
I, = e /0 (@) — 2() 2 we (') de

In order to see that the seven integrals in equations (4.17) and (4.18) are
bounded in Lip(1y, I') we want to use Theorem 4.6, so we need to write them
in a convenient way. For instance,

_ 1 T wa(a) N A
11 = ;pV/O mza(lx )d[X =

— w“(“)p.v./rz(i = wa(a)[Cool](z(a)).

T a)—z

Thus, I; € Lip(7,T) since w € C"7 and Cypl € C7 (by Theorem 4.6). Also
we have used that Lip(7,T) is an algebra.
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To verify that I, belongs to Lip(vy,I') we have to proceed more carefully. If
we undo the change of variables corresponding to the parametrization in I,
that is, for z(a’) = 2/, we have

_1 27 za(a) (w(a) —w(@)) gy o
I, = ;p.v./o () — 2(@) 2 zy(a') da
() [wor G —wozr (@),
== p- /r @) =27 dz'.

Since w € B and z € O, the composition g := w oz ! is also in B. By
Whitney’s Extension theorem, there exists an extension of g, called G, with
G e CLV(Q*,C), where (" is an open neighborhood of I'. Hence, the com-
plex Taylor expansion for G(z(«)) centered at z’ is

G(z(a)) =
= G(2) +9G(2) (z(a) — 2) + 9G(2) (z(a) — 2') + R(z(w), "),

(4.19)

where R(z(«),z’) is the remainder. Since G € C!7, it satisfies
IR(z(a),2")| < Clz(a) — z"1+7.

Hence, we have,

L = zp;(Toc) "
@) py, [ EIET =) +(ac(s<)1 <;()o;> )+ REW,)
zo (&)

= - ([Cl,OéG] (Z(OC)) + [CO,OaG](Z(“)) + ](Z(DC))) ’

where J(z(x)) = [; R(z(a),z') dz’ and

R(zq,20) = % =
~ G(z1) — G(22) — 9G(22) (71 — Z2) — 9G(22) (21 — 22)

B (21— 22)?
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The derivatives with respect to the first variable of the kernel R are

. 9G(z1) — 9G(z
2R = ) =00
_,G(z1) — G(z2) — 9G(z) (71 — 72) — 9G(z2) (21 — 72)
(21 — 22)3 '
_ . 0G(z1) — 9G(z
i = )
Thus, we have the easy bounds,
. C|G]| . . C|G|
|R(z1,22)| < —ley, 102,R(21,22) |, [0z, R(z1,22) | < —HZW_W
|21 — 22| |21 — 22|

Now, given wy, wp € T, letd = |wy — wy| and let D; = T'N D(wy,3d). Then

J(wy /R wy,z') — R(wn,2') dz’ =
:/ (wy,2')dZ’ —/ R(wy, z") d7’ +/ R(wq,2) — R(wp,2')) dz.
Dy

By taking absolute value of the previous equation, and by triangular inequal-

ity, we have
/ dz’ N / dz’ N
Dy |wy —2/|'"7 Dy jwy, — 2P

- / |R(wy,2") — R(ws, 2')] dz]
\D;

[J(w1) = J(w2)] < C

(4.21)

The first two integrals in the right hand side of (4.21) can be estimated by
Co |wy — wy|” (note that our domain of integration is close to the points w1, w;
along the curve). For the third integral, we can apply the mean-value theo-
rem and obtain

/F\D1 |R(w,2') — R(wo, 2')| d2’ < /F\D1 IVR(E,2)| dz’ |wy — wa| <

dz’

< Clwy — wy = < Clwy —wp|d" ! =

\Dy |ZU1 —Z
=C|w; —wy|”.

Hence, | € CY7 and the other two terms in (4.20) also are bounded by
Theorem 4.6.
In similar fashion with I, we can write

o (@)

s

N

([Co09G](2()) + [C1,00G] (2(a)) + ] (z())),

I =
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where

e = [ e g

and R as in (4.19). For the same arguments above, I3 € Lip(7,T).

U7 wa (@) (z(a) —2(a')) o
R O T
- wo;ioc) /r (;(;)):5/)2 a' = 80, 1) (z(w)),

so, 14 € Lip(7,T) sincew € cl, Similarly to I, we can write

)(Gla(w) ~G())
(@) - 2)7 dz =

- 2l [ G-
_ 2z, o)

where - _
Jetay = [ FERLEIEE = g

([C1,00G] (z()) + [C20G](z(a)) + J (z(a))) ,

and R is defined as in (4.19). As it is done for | and |, we can see
J € Lip(vy,T) as before. Therefore, once again by Theorem 4.6, we can con-

clude thatIs € Lip(v,T).
For the terms related w1th 31l we get

T z(a) — z(a!)
 za(a) 2wy (') zo(a)da’
T PV @) z) —z(@)
_ za(a) we(z71(Z)) dz za(a) Wy 0271
~ T PYL zo(z71(2)) z(0) — 2/ 7 {CO’O zgoz !

Since z € O and w € B we have that the function %%

| (2w

: belongs to

Lip(7,T') and hence, by Theorem 4.6, II; € Lip(+y,T'). Analogously
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= 2, [ G 2

which belongs to Lip(+y,T') for the same reasons explained before.
Summing up, F (z)w is a bounded linear operator from O to B, and hence
F is locally Lipschitz from O to B.
[

Remark 4.12. We have just written the proof of Proposition 4.11 for k = 0 and
e = 0 to keep the expressions simple. Nevertheless, as it can be seen in the proof
of Proposition 4.9 this particular case contain all the information of the proof of the
general case. In fact, the split of the integrals appearing in the proof remain valid
and one just should work with the operators Cy; , instead of C; o when one of them
appears in the computations. But by Lemma 4.6 we know that all of them share the
same regularity properties so the proofs will be valid in general, meaning that we
have the next proposition.

Proposition 4.13. Let F; : Oy — CY7([0,27];C) defined in (4.7). Then Fy is
locally Lipschitz continuous.

4.3.3 The local theorem

As in the previous chapters, once we have verified that the hypothesis are
satisfied, we can apply Picard-Lindel6f’s theorem to prove existence and
uniqueness of solution

Theorem 4.14. Let

1 1(z +ez)k !

HE) = 0t D @ rept

Let zg € CY7([0,27];C) a parametrization of 9Dy, where Dy is a simply connected
domain in the complex plane. Then there exists T* > 0 such that the ordinary
differential equation

{%dmwzpwmwxm,
z(+,0) = zo,
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i 27T
F)(@) =5 /0 H(z(w) — 2(a))za (@) do'+

i 27T , - ,
—|—e§/0 H(z(a) — z(a'))zy(a/) da’ =

%[Fl(z)(oc) + eF(z) ()],

has a unique solution z(-,t) € CY7([0,27];C) for t € (=T*,T*).

Proof. 1t is clear that it suffices to verify the hypothesis in Picard-Lindelof’s
theorem for F;. By linearity and by the likelihood between F; and F, they will
also hold for F. By Propositions 4.9 and 4.13 the functional F; satisfies those
hypothesis (Proposition 4.13 is proved for k = 0, ¢ = 0 in Proposition 4.11),
but by Remark 4.12 it is enough to treat this particular case) and hence, by
Picard-Lindel6f’s theorem the statement holds. O

We can conclude by establishing the corresponding weak solution to (4.1).

Theorem 4.15. Let K, as defined in (2.1) and let Dy be a simply connected C1/7
domain in the complex plane. Then, there exists T* > 0 such that the transport
equation

pt+0v-Vp=0,
o(-,t) = Kp % p(- 1),
10(’0) = XD()/

has a unique weak solution in the sense of (4.8) such that p(-,t) = xp, for Dy a
simply connected C"Y domain in the complex plane, for t € [—T*, T*].

Proof. The result holds by setting p(-,¢t) = xp,, where D; is the domain cor-
responding to the interior of the curve defined by z(-, t). O

Remark 4.16. As we said in the introduction, since Ky and Ky are complex conju-
gate kernels it is obvious that all the intermediate results for K, can be also proved
for Ky. Thus, Theorem 4.15 is valid for Kj.

4.4 Globalness

In this section we will follow the scheme done in Chapter 3 (Sections 3.4 to
3.7), to prove that the local-in-time solution for the density patch given in
Theorem 4.15 is in fact global. We will skip the arguments that are a repeti-
tion of the ones there but we will stress the new difficulties. For instance, in
Chapter 3 we took advantage of the harmonicity of the the velocity field since
it was obtained by the convolution of the density and a kernel involving par-
tial derivatives of the fundamental solution of the laplacian. Thanks to this
regularity we saw that the annoying solitary term vanishes at the boundary
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of the domain defining the patch. For the kernels K; or K; we lose the har-
monicity but a recent result from A. V. Vasin allow us to deal with the solitary
term in a more general situation, as we will explain.

441 The defining function ®

As we recently said, we need to control the disturbing term involving the
blow up of second (spatial) derivatives of the velocity field when approach-
ing the boundary of the domain. The next proposition will help us in this
task.

Proposition 4.17. Let D be a CY" domain in C. Let T be a smooth homogeneous
Calderon-Zygmund operator defined by the convolution with an even kernel. Then,
there exists Cg such that for each z € D we have

9T (xp)(2)|,

5T(XD)(Z)( < Coldist(x,dD)]" 1.

Proof. See [Va, Proposition 5.1] for the proof of a general version of the result.
O

In the simpler case k = 0, that is, when we have the kernel

1 1
mTzZ+ez

(4.22) K(z) =

we can proof the estimate in the previous proposition directly by making use
of the next lemma.

Lemma 4.18. Let f € C7(Q) such that

(0—e€d)f =0 inQ.
Then, we have the following bounds

C

l0f(2)], 5f(z)‘ < W

Proof. If ¢ = 0, then f is holomorphic in (2 and by Cauchy integral formula,
we have, fora € Qand 0 < r < d(a,0Q?),

f(a) = %/B QN

B(ar) (z —a)?

Since f —_ dz = 0, we can write
(z—a)
dB(a,r)

_ 1 f(z) — f(a)
Of(a) = 5 /BBW) et
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Now taking absolute value and having into account f € C7(Q2), we have

9f(a)] = %/E)B(a,r) Ho L dz] < %/&B(m) | 1 &l =

1z —al? z—al* " |

2 1 ) 2 1
B S e W
2t Jo r2Y 2t Jo =7 rl=7

where we have set z = a + re? in the change of variables. To finish just
consider r — d(a, 9Q}).

If ¢ # 0, then for
s = 1 zZ+ £ z
12" 1—¢2

we have d; := a% =0.
Then, as in the previous case

d I£11,

|05 f(a)] := gf(a)‘ > W-

So, since derivatives with respect to z i z are linear combination of deriva-
tives with respect to s and s, we can conclude the proof and get

Pofa) 95 )] < gt

]

If k = 0 then v(-,t) = K * xp, with K as in (4.22), then the partial deriva-
tives of v can take the role of f in Lemma 4.18.

Once this detail is solved, we can obtain the same PDE for a C17 defining
function (see Definition 3.2 in Chapter 3) associated to D;.

Proposition 4.19. Given {D; }o<;<1+ a family of C¥" domains in C. If we consider
a velocity field v(-,t) = K;* xp,, i = 1,2 as defined in (2.1), then the solution
® : C — R of the linear non-homogeneous partial differential equation

D& .

is a C1V-defining function for Dy whose gradient is continuous.

Proof. We can repeat the proof of Proposition 3.11 but with the next change.
When trying to get a bound of type (3.21), we use Proposition 4.17 (or Lemma
4.18if k = 0) since the kernels corresponding of derivatives of K; are even and
hence derivatives of the velocity field are operators as T in Proposition 4.17.
Thus, second derivatives of v should satisfy (3.21) even v is not harmonic
anymore. The rest of the steps in the proof of Proposition 3.11 will follow
then. [
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44.2 Commutators for 0P

Now, in order to control the spatial derivative of the defining function @
we need to check that its material derivative is equal to: first, a commutator
integrating on D; and second, a commutator on the boundary of D;. For the
tirst of them we have the following. Although K; is not included in the family
of kernels in Chapter 3, the procedure in order to achieve this commutator
expression is very similar to the one there. We write it in full detail.

Proposition 4.20. For K; defined in (2.1), let v = Ky * xp. Then, for ® a defining
function of D satisfying (4.23) we have that

D

Dt(acb)(z) = p.v. /D 0Kz (z — w) (0P (w) — 0P (z)) dA(w)—

(4.24) i
— {p.v. /DaKz(z —w)(0®(w) — oP(z))dA(w) |,

that is, the material derivative of P is equal to the difference of two commutators.

Proof. Equation (4.23) can be written in complex variable as
O + 09D + 5oP = div(v)D.

Applying the derivative 9 to the previous expression and rearranging terms
we get

D 30) = (90), + vd(0®) + 73(3®) —

Dt (
d(div(v))® + div(v)od — 900D — dTOD =
d(div(v))® + dvdd — 070D,

(

where we have used that div(v) = 2R(dv). By Proposition 4.17 and since
|®(z)| < Cdist(z,0D) (because P is a defining function) we have

19(div(v))®| < Cdist(z,0D)" dist(z,0D) = Cdist(z,0D)” — 0 if z — aD.
Then we can simply write

D — —
(4.25) E(BCI)) = 0v9P — 9P,

By Lemma 2.1 we have

(4.26) v = p-v. 9Ky * xp — ekxp = p.v. 0Ky % xp — ekXD,

(4.27) 9% = ov = p.v. 9Ky * xp = p.v. 9Kz * XD,
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because K, = Kj. Putting (4.26) and (4.27) into (4.25) we get

D

(4.28) o

(D) = (p.v. 0Ky * xp)d® — e xpo® — p.v. K, * xpoD.
Note that, also by Lemma 2.1 we can write

—efxpo® = —ek5y * (xpod) =
= 9(Ky * (xpo®)) — p.v. 9Kz * (xpo®) =

= 8K2 * (XDch)) —p.V. 51(2 * (XDaCD) =
= p.v. 9Ky * (xpo®) — p.v. 9Ky * (xpod).

(4.29)

Inserting (4.29) into (4.28) we obtain

%(BCI)) = p.v. 9Ky * (xpo®) — p.v. 9Ky * xpoP—
- [p.v. 9Ky * (xpo®) — (p.v. 9K; * XD)GCD]
which is equal to (4.30). ]

Furthermore, we can express the difference of commutators in (4.30) as a
difference of commutators acting on the boundary of the domain.

Proposition 4.21. For K; defined in (2.1), let v = Ky * xp. Then, for ® a defining
function of D satisfying (4.23) we have that

%(aq))(z) _ —ép.v. /a Koz — ) (00 (w) — 9(2)) dro—

(4.30) i _
—5pe /BD Ka(z — w) (0P (w) — 0P(z)) dw,

that is, the material derivative of 0P is equal to the difference of two commutators on
the boundary of D.

Proof. First of all, assume ® € C2. If not check in the proof of Lemma 3.19 to
see how to proceed. Then, since (d is the differentiation with respect to w)

0[Kz(z — w) (0®(w) — 0P (z2))] = — 0Kz(z — w) (0P (w) — 0P(z))+
+ Ky (z — w)00d(w)
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we can write the first integral in the right hand side of (4.30) as

p.v. /D 9Ky (2 — w)(3D(w) — 3d(2)) dA(w) =

= (1512% D\Des) 0Ks(z — w) (0®(w) — 0P (z)) dA(w) =
= —lim 0Kz (z — w) (0®(w) — oP(z))] dA(w)+

5—0 JD\D(z,6)
+ /D Ka(z — )99 (w) dA(w).

If we apply Stokes’ theorem we can write

p.v. /D Ky (2 — ) (3D (w) — 9D (2)) dA(w) —

_ _é Ko(z — w)(3®(w) — 90(2)) da+

-l m /a o — 0)(3D(w) — 9D(2)) dw+

+/ Ka(z — w)aacp(w) dA(w).

D

By continuity of 0® we have
/ Ka(z — w) (3 (w) — 3D (2))d@ — 0 as 6 — 0
oD(z,0)

and hence
p.v. /D Ko (z — ) (3D (w) — 3D (z)) dA(w) =
(431) - [ Koz~ 0)(@30(w) — 39(2)) da+
+ Ky * (xp29®)(z).
Analogously for the second integral in the right hand side of (4.30)
p.v. /D K (2 — w) (0D (w) — 3d(2)) dA(w) =

_ % [ Kalz — ) (00(w) - 30(z)) dw + Ko * (x030P) (2)

(4.32)

Finally, putting (4.31) and (4.32) into (4.30) we get

500)(z) = =5 [ Kalz = 0) (00(w) —9(z)) du-

—5 | Kalz- w) (0P (w) — 9P(z)) dw,
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which proves the Proposition. O

44.3 Global Theorem

As a consequence of being the material derivative of 0® a commutator and
making use of Whitney’s Extension theorem (see Section 3.6 in Chapter 3 for
more details) we get the same a priori estimates than in the previous chapter,
but for 0.

Lemma 4.22. Let v(-,t) = Ky % xp, and let ®(-,t) the defining function for Dy
determined by

D® .

Then, for ||0® (-, t)||r~ oD, := ||0P(-, t) Xap, || L we have

t
439 109, )lmp, < 1000, 0) 1w a,exp (4 [ [V0( )]0 )

t
(435)  [9(, 1)),y > [9D(-,0);pexp (—z JRLCCOI ds),
and

t
(4.36) 0@ (, 1) |, op, < [9P(+,0)], op, eXP (C/o IVo(-,s)| e ds) :

Besides, the well-known logarithmic inequality for the velocity fields of
the form v = K x xp can be derived provided the derivatives of the kernel are
even, smooth and produce a Calderén-Zygmund operator. This is the case
for K; and Kj in (2.1) and for this reason we have the following.

Theorem 4.23. Let D a domain in C with a CYV-defining function ®. If
v = Ky * xp, then for R := m(D)'/? we have

c 9D, 5p
o < — TR ).
V|| e < ; <1+log (R 9

inf

Proof. See [BGLV, Theorem 6.2] and also check Section 3.2 for the adaptation
done in order to get the precise quotient inside the logarithm in the estimate
in Theorem 4.23. O

We prove now the global version of the main theorem of the chapter.
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Theorem 4.24. Let Kq as defined in (2.1) and let Dy be a simply connected Cl7
domain in the complex plane. Then the transport equation

pr+v-Vp=0,
U(', t) — Kl *P(/ t)/
p(,O) = XDy~

has a unique weak solution in the sense of (4.8) such that p(-,t) = xp, for Dy a
simply connected C\"Y domain in the complex plane, for every time t € R.

Proof. First of all, we check that the L™ norm of the gradient of the velocity
tield is finite for every time.

Combining inequality (4.35), (4.36) and the logarithmic inequality in The-
orem 4.23 we get (see the proof of Theorem 3.1 in Section 3.7 for details)

(4.37) IVo(-, )= < Cexp(Ct).

Then, by (4.36) again, we can bound also the Holder norm of the derivative
of the defining function as

0D (-, t)||,0p, < Cexp(Cexp(Ct)).

We know that, for z € 9Dy, the complex number V®(z, t) points in the
direction of the normal vector to dD; at z (see (3.18) and (3.19)). Then, for
nt(z,t) = V+®(z,t), a tangent vector to dD; at z we have

1 1
[ (- 8) 2, = V4@, 1)y, = P2, )llyap, < HCexp(Cexp(CH)).

So, the Holder norm of the tangent vector n' (-, t) is finite for every time
t € R. Since z, is comparable to n" we then have that ||z,(-, )|, ap, is also
bounded by the double exponential term. On the other hand, since

d ( a—ao ) _ C(a—a)(v(z(a,t), t) —v(z(a, 1), 1))

dt \z(w t) — z(@, 1) (z(a t) —z(a, 1)) ’

taking absolute value we get

il (e —wn)

_u(z(a,t), t) —o(z(al,t),t)
(438) N z(a, t) —z(a, t)

z(a, t) — z(a/, t)
o —a

< ||[Vo(-, )| 1 z(a, 1) — z(a/, 1)

7
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by the Mean Value Theorem. By direct integration on (4.38) and using the
exponential bound for ||Vo(-,t)|| L~ in (4.37) once more, we have

a—a
z(a, t) — z(

| < e ([ 19909l ds) < explCenp(cn)

and therefore the bilipschitz norm of z(-, t) is bounded for any time ¢. Hence
by the Continuation Theorem 1.22 the solution z(«,t) in Theorem 4.14 is
global in time, which proves the theorem. O
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5 Skeleton of a one-dimensional
aggregation patch

5.1 Introduction

In the present chapter, we want to study the limit behavior of aggregation
patches, that is, we want to take the limit as t — oo of the solution
p(-,t) = xp, of the transport equation

pt+v-Vp=0,
(5.1) v(-,t) = —=VN=xp(-t),
p(-,0) = po = XDy,

where N is the fundamental solution of the laplacian. In [BLL, Section 4.2]
—after a change of variables in the time coordinate and by a renormalization
of the unknowns p and v- it was shown that the aggregation equation in
its divergence form was equivalent to the transport equation (5.1). In order
to show this equivalence it was completely necessary that the kernel was
exactly —VN (so the divergence of the velocity field was equal to —p) and
that we were in the patch setting (so p?> = p). Alternatively, the transport
equation (5.1) and the continuity equation below are equivalent also if the
velocity field is incompressible.

To achieve the equivalent partial differential equation in the aggregation
case that we are concerned in, consider explicitly

s=1-e’/, p=(1-s)p, v=(1-5)70.

Then, equation (5.1) can be written as

Ps + div(p0) =
(5.2) o(-,s) = —=VN *p( s),
P( 0) =00 = XQp-

Since we have changed the time scale t — s(t) = 1 — e~/ it is clear that the
limit time t — oo corresponds now to s — 1, which is, of course, the time of
the blow-up for the aggregation equation in its divergence form (see [BLL]
for details).
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We can compute an explicit solution to (5.2) along the flow map

(1 o pola)
p(X(@s)s) = (m - S) T s

where X(-,s) defined, as usual, by the ODE

X (a5) = v(X(,5),9),
X(a,0) = a.

Aswe said, we are interested in the case of the evolution of an aggregation
patch, that is, when py = X, for some bounded domain (). In this case we
simply have

1
p(',S) - 1 _ SXQS

where Qs = X(Qy, s). With this expression, it is clear that the blow-up occurs
at time s = 1. It is well known that equation (5.1) preserves the L! norm of
the scalar p, then

1
loCos)llr = 37— 19s] = lleoll Lt =[],

and therefore
Q5| = (1—5) Q] -0 as s — 1.

We want to study in detail the structure of the skeleton, that is, the blow-up
domain
Ql = lim X(QS,S).
t—1—
We consider a toy model which corresponds to equation (5.2) but just for
dimension 1. In this case, the fundamental solution of the laplacian is simply
N(x) = 3 |x|, and so the kernel is

1

K(X) = _N/(x) = —Esign(x) = {1/2 if x <0,

—1/2 ifx >0.

The reason to reduce to this case is the following: as we will see later, the
velocity v(X(a, t), t) is independent of t and hence it can be computed at the
original time as vg(a) = (K * xp,)(a). So the particle trajectories are “straight
lines” (as a function of t) in the sense that it can be written as

X(a,t) = o+ vo(a)t.

In dimension 2 or bigger we lose this nice property which is fundamental to
develop explicit computations around the behavior of the skeleton.
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5.1.1 Outline of the chapter

This chapter has a simple structure: in Section 5.2 we prove the evolution of
an open set towards a numerable collection of Dirac deltas and in Section 5.3
we consider the evolution of a compact set.

5.2 Open domain

As we said in the introduction, we are just considering the one-dimensional
aggregation equation. Explicitly, we have

(5.3) v(-,t) = —=N'xp(-,1),

wherep : RXxRT — Randv: R x RT — R, and N is the fundamental solu-
tion of the Laplace operator, ie. N(x) = J|x|, and therefore
N'(x) = Lsign(x).

Then we have the following theorem, stating the evolution of a general
open domain in R under equation (5.3).

Theorem 5.1. Let O = U, I C R be an open domain satisfying the following:
1) the intervals {I?};cN are open and pairwise disjoint,
2) 100 =2, 10 = 1,
3) Qg C [0,2]and [QoN[5,2—6]] <1Vé>0.
4) Given x € 1,y € Iy amb j # k, we have
[1(x,y) N Qo < [x—yl,

where 1(x,vy) indicates the minimum interval containing x and y.

Therefore,
a) X(Q,1) C[1/2,3/2].
b X(Qo,1) = UP, {xi}.

) Ifdpuy = p(-,t) dx, then py — = Y500 |17] 6y, -

Proof. First of all, let us see that under these assumptions, there exists spatial
derivative for the trajectory map at least for « € (). Recall that, for any
0 <t < 1 the trajectory map X(-,t) is the unique homeomorphism solution

to the ODE X(a
dXleh) — o(X(a,t),t),
X(a,0) = a.
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Hence, differentiating with respect to « the previous equation, we obtain

d (dX(tx,t)) _ % (0(X(a,t),1)) =

da dt
d [1 [t 1 X(a,t)
54 = |= -
(54) i {2 /Xw)p(y, Hdy—5 [ e dy]
L dX(a,t) 1 dX(a,t)
- p(X(tX/ t)/t) dua - 1— tPO(‘X) dua .

Since Schwarz lemma holds for the trajectory map, we can state

d [dX(a,t) 1 dX(a,t)
&( da )——1_tp0((x)( da '
Integrating and using that the homeomorphism X(-,0) is the identity
map, we obtain the spatial derivative (for any a € ().

dX(a,t)
da

=1-t

Secondly, we can prove that the velocity of a particle is constant along the
trajectory, this is,

(5.5) v(X(a,t),t) =v(a,0) =:vo(a).

This just requires a simple computation, involving a change of variable
y = X(a,t).

o(X(w ), 1) = 5 [ sign(X(w 1)~ y)oly, 1) dy =

- %/_:o sign(X(a,t) — X(a’,t))p(X(a’,t),t)%‘Z't)d“/ _

1 e L1 dx(a,t) , ,
= / sign(X(a, 1) = X(@, )7 po(a) = do’ =

1 , L1 dX(@t)
=3 Jueo, sign(X(a, t) — X(a ,t))1 T da

1 ) B p 1 B ;.
=3 Jueo, sign(X(a, t) — X(a ,t))—1 — t(1 t)da' =
1

B z a'eQ)y
1

2 a'eQ)y

da’ =

sign(X(a,t) — X (&', 1)) da’ =
sign(a — &) da’ = vy (a);

where we have used that X(a,t) — X(a/,t) and a — &’ have the same sign
since X(-,t) is a non-decreasing homeomorphism. By (5.5) it is clear that all
particle trajectory maps are straight lines. Indeed, for 0 < t < 1, we have
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oct—DH-/ X(a,s), ds_zx—i-/vo )ds = a 4+ vo(a)t.

Now we can see that any x € [«;, B;] has the same limit point

lim X(x,t).

t—1—

In fact,
X

w(x) =5 [ oo dy—5 [ poly)dy =

[/:po(y) dy—/;po(y) dy—/_ipo(y) dy—/:po(y) dy] =

= vo(aj) — / po(y) dy = vo(a;) — (x —a;),

%

(G.6) =

N~

where we have used the fact that pg = 1in («;, x). Hence, for any x € [a;, B;],
we have

(5.7) X(x,t) = x + (vo(wj) — (x —aj)) t i aj +vo(a;),

which does not depend on the choice of x. From now on, we denote the limit
point for each interval as x; := a; + vo(«;). Finally, we have to see the conver-
gence of the measure p; defined as dur = p(x,t)dx towards
M= Yt |110| Ox;-

In order to prove this, let f be a continuous function on R. Then, recall

> 1
p(x’ t) = 21 1— tX(“i,t//Si,t)’
1=

where ;; = X(a;,t) and B;; = X(B;, t). Summing up, we have

(f ) :%Z/j:t

Letm;; := min f(x)and M;; := max f(x). Then, itis clear that
x€(aiBit) x€(aiBix)
for any i,
1 1 Bit

mi,t(,Bi,t - lXi,t) <

1
<13 ” flx)dx < — - M (Biy — i)

1—t
On the other hand, from (5.7) we can see that

Bit — iy = (1 —1)(Bi —a;)
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and hence
1 Bit
mig(Bi — ) < 7 | f(x) dx < Miy(Bi — ).

Xt

Both the left and the right hand sides of the previous inequality clearly tend
to the same value f(x;)(B; — a;), by definition of m;; and M; ;. Therefore, by
Sandwich rule we have

% ﬁi'tf(x) dx — f(si)(Bi — &),

Xt
ast — 17. Then

o) — <f,iui|<sx,->,

which proves the result.

We can also formulate the converse theorem.

Theorem 5.2. Let {xj};-";l a numerable collection of separate points such that

. 1 3
Ui {x} € [5 +e g —8] :

Let iy = Y52 ¢jdx;, for ¢j > 0 and such that 32 cj = 1, where x; is the Dirac

delta centered at x;. Then there exists an open and bounded set Qg C [0,2] such that
) X(Q01) = U, {xi}.
ii) for O = X(Qo, t), and for the measure

1

dpr = p(x, 1) dx = Exﬂt(‘x) dx

we have that uy — ppast — 1.

Proof. Foranyi € N, let[; := ij<xl cj and define
a; = x; +1;— 3,
bi = 4a; + C;.

Then, if we set Qg := US>, (a;, b;), repeating the construction in the proof of
Theorem 5.1 the theorem is proved. O

Remark 5.3. It is trivial to check that in Theorems 5.1 and 5.2, the original set (g
is not unique and the result also holds for any () such that

a o0 _0 o0
0o € Oy CUZ I = U [a;, byl
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5.3 Compact domain case

On the previous section we have seen that, when () is an open domain,
the limit measure is a numerable combination of Dirac deltas. Therefore,
the Hausdorff dimension of the skeleton (2; is 0. Now, we shall prove that
if we do not require the domain to be open, we can obtain a skeleton of any
Hausdorff dimension. Specifically, we shall prove that given y; supported on
()1 with zero length (but no necessarily having Hausdorff dimension equal
to 0) we can construct (g such that, if pg = xq,, then the solution p of (5.3)
evolves towards y as a measure.

Theorem 5.4. Given yy supported on Ky C [1/2,3/2] such that
|K1| =0 and ‘lll(lR) = “l/ll(Kl) =1

Then, there exists Ko with |Ko| = 1 and such that the solution p(-, t) to the transport
equation (5.3) with initial data
0o = XKy
satisfies
limp(x, t)dx — dpy.
t—1

Proof. Since Kj is compact, then the set U; = [1/2,3/2] \ Kj is open. Then it
can be written as a numerable union of open intervals as

u, = U]?ozl (aj,lrbj,l)-

Then, for a point x € (a; 1, b; 1) we associate the following velocity (recall that
in Theorem 5.1 we saw that velocity is constant along trajectories)

1 a;1+b;1 3 1 a;1+b;
=g (an [ ]) - (ki [ 57 ) -

Now we define

aijpo =4aj1 — 9,
bi1 =ajo+ (bi1—ai1) =bi1 —v;.

and also we let Uy = U2 (a;0, bi) and set Ky = [0,2] \ Up.

The spirit of this procedure is the following: we have observed in the
proof of Theorem 5.1 that the intervals in the complementary set of Ky just
move by keeping its length, because the velocity is constant in these inter-
vals. What we have done here is keeping the length of the intervals in the
complementary of K; and move them with the expected velocity (constant
for each interval) for them.
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Consider now the uniform measure defined on Ky, that is, duy = xg, dx.
It remains to check that g — p;. Let

o(x) = (~sign *xk,) (1) = 5 {|Ko " (x,2)] = [0 N (0,)]}.

Then, the flow can be written as

x+ 5 ifx <o,
X(a,t) =< x+o(x)t if0<x<2,
x—4% if2 < x.

It is clear by construction that U; = X(Up, 1) and hence K; = X(Kp,1) too.
We define p; = (X(-,t))#Ho, that is, for a measurable set A we have

ue(A) = (X(, 1)apo(A) = po(X (A, 1)

We have seen in Theorem 5.2 that the length of K; = X (Ko, t) is uniformly
shrinking with a ratio 1 — ¢, meaning that for any set K C Ky we have

X(&8)| = (1-1)K].
Then we clearly have

1 1
A:/ d:_/ dr = — |ANK|.
pi(A) X-1(A,1)NKy YT ANK; * 1—t| /|

Hence, given (a4,b) C (0,2) we have

pr(a+o(@)t b+ o(b)) = - |(a +o(@)t, b+ o(b)r) N Ki| =

= ](a,b)ﬂK0|,

(5.8)

which is indepenent of t. We want to check that whenever t — 1~ then
ut(A) — u1(A) for a set A. Without loss of generality we can reduce to the
case when A is an interval. An interval (y,z) can be written as
(a+v(a),b+ v(b)) for some a,b since X(-, ) is a homeomorphism. Then,

pe(a+o(a)b +o(b)) - 1(a+v(a) b+o(b)) =
=pt(a+o(a),b+0(b)) — p(a+o(a)t,b+o(b)t)+
+pi(a+o(a)t,b+o(b)t) —pi(a+0(a),b+o(b)) =
=p(a+0(a),b+0(b)) — p(a+o(a)t,b+o(b)t) —

where we have used equation (5.8). So ui(A) — ui(A). Since {ut}o<t<1
are probability measures we can conclude that y; — p1, which proves the
result. O
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