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Abstract

This thesis consists of three chapters on topics in Macroeconometrics. Chapter 1 develops
a hypothesis test to evaluate economic models and their forecasts robust to instabilities.
The test is particularly powerful in the presence of multiple breaks and can be applied to
in-sample and out-of-sample moment conditions. An application to predictability of the
U.S. equity premium provides evidence in favour of “predictability pockets”. Chapter 2
investigates the evolution of the Federal Reserve information advantage and the information
channel of U.S. monetary policy. It provides evidence that the information channel is
historically relevant, but finds substantially weaker evidence of its presence in recent
years, once instabilities are accounted for. Chapter 3 develops a semi-parametric approach
to conduct inference in non-Gaussian SVAR models robust to “weak” non-Gaussianity.
The method exploits non-Gaussianity when it is present, while yielding correct coverage
regardless of the distribution of the structural errors. An application revisits U.S. labor
supply and demand elasticities and highlights the limitations of using non-Gaussianity for

identification.

Resum

Aquesta tesi consta de tres capitols sobre temes de macroeconometria. EI capitol 1
desenvolupa una prova d’hipotesi per avaluar els models economics i les seves previsions
robustes a les inestabilitats. La prova és particularment potent en presencia de trencaments
multiples i es pot aplicar a condicions de moment dins i fora de la mostra. Una aplicacié a la
predictabilitat de la prima de renda variable dels Estats Units proporciona evidencies a favor
de “bosses de predictibilitat”. El capitol 2 investiga 1’evolucié de I’avantatge informativa
de la Reserva Federal i el canal d’informaci6 de la politica monetaria dels Estats Units.
Proporciona evidencies que el canal d’informacié és historicament rellevant, pero troba
proves substancialment més febles de la seva preséncia en els darrers anys, un cop es
comptabilitzen les inestabilitats. El capitol 3 desenvolupa un enfocament semiparametric
per conduir la inferéncia en models SVAR no gaussians robustos a no gaussianitat “feble”.
El metode explota la no-gaussianitat quan hi és present mentre proporciona una cobertura
correcta independentment de la distribucié dels errors estructurals. Una aplicacio revisa les
elasticitats de la oferta i la demanda de ma d’obra dels Estats Units i posa de manifest les

limitacions de 1’ds del no gaussianisme per a la identificacio.

vii






Preface

This thesis consists of three independent chapters on topics in Macroeconometrics.

In the first chapter, titled “Specification Tests Robust to Multiple Instabilities”, I develop
a hypothesis test for model evaluation which is robust to time-variation in parameters.
The proposed method is general and can be applied to any economic model which is
characterized by moment conditions. The test can be conducted in-sample to select between
two nested specifications of an economic model in the presence of parameter instabilities
or out-of-sample to evaluate the performance of model or judgmental forecasts robust to
time-variation. The key feature of the proposed test is that it is particularly powerful in the
presence of multiple shifts in parameters without imposing a specific form of time-variation.
Further, the test statistic provides narrative evidence on which parts of the sample drive the
rejection of the null hypothesis. Monte-Carlo simulations of the finite-sample performance
of the proposed test show that the test is accurately sized and has high power even when
model parameters only undergo one shift or are constant. Hence, researchers can use the
test even when there is uncertainty about whether and how parameters change over time.
In the empirical part of the paper, I use the test to document the presence of short-horizon
predictability in the U.S. equity premium during the postwar period. I find evidence of
predictability for a large set of variables once time-variation is taken into account. Further,
the test provides evidence of heterogeneity in the location of predictability episodes across
variables. The findings explain why traditional tests often fail to uncover predictability
in the full sample and why studies that split the sample at different dates often arrive at

conflicting results regarding the predictive ability of a wide class of financial variables.

The second chapter, titled “Has the Information Channel of Monetary Policy Disappeared?
Revisiting the Empirical Evidence”, which is joint work with Barbara Rossi and Tatevik
Sekhposyan, explores the empirical importance of the information channel of U.S. monetary
policy. The paper studies two questions related to the information channel, making an
important departure from the literature by explicitly taking instabilities into account. First,
we investigate a sufficient condition for the information channel and evaluate whether

the Federal Reserve has an information advantage relative to market participants when

ix



forecasting the current and future state of the economy. We show that instabilities are an
important empirical feature of the data and find that the Federal Reserve lost its short-
horizon information advantage regarding key macroeconomic variables in recent years.
Second, we study the evolution of the information channel. Specifically, we allow the
nature of monetary policy shocks to vary over time, depending on whether the information
advantage is present in the data. Similar to the information advantage, we find that the
information channel appears to be historically important, but that there is substantially
weaker empirical evidence of its presence in recent years, once instabilities are accounted
for. Our analyses show that in the most recent sample period, (i) market surprises are no
longer predictable by the Federal Reserve’s forecasts, (ii) private forecasters’ responses are
less sensitive to monetary policy shocks, and (iii) impulse responses to monetary policy
shocks are no longer confounded while an information-robust instrument is required to
recover responses with the expected signs in the previous sample period. Our results are
consistent with the hypothesis that the decline in the relevance of the information channel
is linked to improvements in the communication strategy of the Federal Reserve in recent

years.

The third chapter, titled “Robust Inference in Structural VAR Models Identified by Non-
Gaussianity”, which is joint work with Adam Lee and Geert Mesters, develops robust
inference methods for structural vector autoregressive (SVAR) models that are identified
using non-Gaussian error distributions. A growing literature exploits non-Gaussianity
identification to conduct inference in SVAR models. These papers build on a mathematical
result that in a stationary SVAR model with independent shocks, if at least all but one
components of the error term have a non-Gaussian density, all model parameters are
identified (up to signs and a potential re-ordering of the structural shocks). However, as
we show in this paper, existing inference methods in non-Gaussian SVARs are not robust to
situations in which the densities of the structural errors that generated the data are “close”
to a Gaussian distribution. In such cases, local identification deteriorates and coverage
distortions occur. We provide a solution to this problem by treating the SVAR model as a
semi-parametric model and using a semi-parametric equivalent of the Neyman-Rao score
statistic in order to conduct inference on the possibly weakly identified (or not identified)
parameters of the SVAR. We conduct a large simulation study to assess the finite-sample
performance of our method and find that the empirical rejection frequencies of the proposed
test are close to the nominal size, regardless of the true distribution of the structural errors.
Further, we find that the power of the semi-parametric score test comes close to that of
a parametric test which uses the true structural error densities. Finally, we employ the
proposed approach in an empirical study that revisits identification of supply and demand
elasticities in the U.S. labor market. We construct identification-robust confidence regions
for the labor supply and labor demand elasticities and construct robust confidence bands
for the impulse responses. We find that a non-Gaussianity identification strategy is not

sufficient to identify the dynamic response of the economy.
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Chapter

Specification Tests Robust to Multiple

Instabilities

1.1 Introduction

Instabilities in models of economic and financial time series are widespread. For example,
when forecasting U.S. stock returns, financial ratios might contain useful information during
some periods, but have no predictive ability during other periods (Farmer et al., 2019;
Chinco et al., 2019). Similarly, when estimating a structural model of real economic
activity, the absence of financial frictions in economic models might be unproblematic if
the estimation sample covers “normal” periods, but might be a crucial omission during
financial crises (Christiano et al., 2018). Instabilities are often implicitly acknowledged
by conducting sensitivity checks over different subsamples and are sometimes explicitly
addressed by testing for structural breaks in model parameters. However, they are
commonly ignored when evaluating the specification of a model by means of hypothesis
tests. Recently, a growing literature has raised concerns about this practice, arguing that
in unstable environments, traditional specification tests have low power and may give
conflicting results depending on the subsample considered (Rossi, 2013, 2020). This issue is
particularly relevant when estimation samples span long time periods which cover different
policy regimes, making it likely that model parameters undergo more than one shift. In
such an environment, researchers face an econometric problem: “How can we take multiple

instabilities into account when evaluating economic models or their forecasts?”

In this paper, I provide a general approach to test whether a parameter should be included
in a model robust to instabilities. The proposed hypothesis test can be applied in-sample
to select between two nested specifications of an economic model in the presence of

parameter instabilities' or out-of-sample to evaluate the forecasting performance of model

'Such tests are widely used in the macroeconomic and financial literature and many studies document evidence



or judgmental forecasts robust to time-variation.> The main advantage of the proposed test
is that it is particularly powerful in the presence of multiple shifts in parameters without
imposing a specific form of time variation. At the same time, the test is accurately sized in
finite-samples and has high power even when model parameters only undergo one shift or
are constant. This makes the test particularly useful when the researcher faces uncertainty
about whether and how parameters change over time. The test is simple to compute, can be
efficiently implemented by a dynamic programming algorithm provided in the paper and the
test statistic path can be plotted to provide narrative evidence on which parts of the sample

drive the rejection of the null hypothesis.

The proposed test is a joint hypothesis test for both parameter instability and a constant
non-zero value of the parameter. In particular, the null hypothesis of the test specifies that
the parameter, which can potentially be time-varying, has a zero value at every point in time
throughout the sample. The test rejects against alternatives in which the parameter has a
non-zero value atr some point in time over the sample. Therefore, the test detects departures
from the null hypothesis even when they only occur over short periods of the sample. This
makes the test more powerful than traditional hypothesis tests (such as t-tests, Wald or LM
tests) which are based on the full sample and fail to reject the null hypothesis if instabilities
“average out” over the sample. The joint null hypothesis also distinguishes the test from
tests of multiple structural breaks which are designed to detect parameter instability only

and do not reject against constant alternatives.

The novel test statistic is intuitive and flexible. The test statistic jointly considers all possible
splits of the sample at K splitting points into a sequence of consecutive blocks of variable
lengths. For each block, a statistic is computed which evaluates whether the data inside
each block supports a rejection of the null hypothesis. The test rejects if the combined
information from all possible splits supports the alternative hypothesis. This allows the test
to achieve high power in the presence of multiple shifts. The test can be constructed based
on a set of moment conditions involving the parameters of interest using both a Lagrange-
Multiplier (LM) form and a Wald form. The LM form imposes the null hypothesis that the
parameter is zero at every point in time. In contrast, the Wald form estimates the entire
parameter vector for each considered block by a partial-sample Generalized Method of
Moments (GMM) estimator. The test statistic can be computed for a fixed number of splits
or by specifying an upper bound of splits to take into account. Regardless of the number
of splits taken into account, the test statistic can be implemented efficiently by a dynamic

programming algorithm provided in the paper.

of instabilities. For example, Rossi (2006b) evaluates whether exchange rates are random walks and finds
instabilities in the parameters of interest. Similarly, Rossi (2013) finds instabilities when evaluating predictive
models of inflation. Welch and Goyal (2007) and Timmermann (2008) evaluate a wide set of predictive models
for US stock returns and document that predictive ability is time-varying.

There is a large literature evaluating out-of-sample forecast performance by means of specification tests; Clark
and McCracken (2013) provide an overview. Rossi and Sekhposyan (2016) and Rossi (2020) document that
out-of-sample specification tests are affected by instabilities and discuss how to take instabilities into account
when evaluating forecasts.



Finally, the test is widely applicable. In particular, the test can be applied to any economic
model which is described by a set of moment conditions. Moment conditions can be
derived from many reduced form models and structural models such as linear regressions,
vector autoregressions, structural equations identified using instrumental variables or even
dynamic stochastic general equilibrium models. Alternatively, the test can be used to
evaluate out-of-sample forecasting performance by applying it to a moment condition
describing a sequence of out-of-sample forecast errors. These forecast errors can be
obtained either from a forecasting model whose parameters are estimated using a recursive
scheme or from model-free forecasts such as survey or judgmental forecasts. Applications
include testing in the presence of instabilities for forecast unbiasedness, rationality,

efficiency or forecast encompassing.
This paper makes three contributions to the literature.

First, I provide an instability-robust hypothesis test for a general class of models, explicitly
taking multiple discrete shifts in parameters into account. In contrast to structural break
tests which test parameter stability only, the procedure jointly tests parameter stability and
a linear hypothesis on the parameter vector specified by the researcher. Contrary to tests
which assume a single break in parameters and only indicate the location of the largest
shift, the path of the proposed test statistic can be plotted to provide narrative evidence
on which periods of the sample are driving the rejection of the null hypothesis. I derive
the limiting distribution of the test statistic which is a function of independent Brownian

Motions and tabulate its critical values.

Second, I investigate the finite sample performance of the proposed test across a series
of data-generating processes and compare its performance to that of other tests from the
literature. The simulations illustrate that asymptotically, traditional hypothesis tests using
the full sample and tests of structural change, such as the U D max test of Bai and Perron
(1998), have no power against some of the relevant alternatives. In contrast, the proposed
test exhibits significant and monotonic power for these alternatives. The simulations further
show that the proposed test is accurately sized across a variety of sample sizes and various
forms of serial correlation. Finally, I compare the finite sample power of the proposed
procedure to that of traditional specification tests based on the full sample and the QQ LR,
specification test imposing one break by Rossi (2005). I find that the proposed test yields
substantially larger finite-sample power if the data-generating process exhibits multiple
shifts in parameters. Further, if the data-generating process exhibits one shift or constant
coefficients, the power loss compared to existing tests is small. Thus, researchers can use

the proposed test without prior knowledge of whether and how parameters vary over time.

Third, I use the proposed test to document the presence of local short-horizon predictability
in the U.S. equity premium during the 1946-2019 period using a set of financial variables
considered by Welch and Goyal (2007). Recently, various studies have provided theoretical

and empirical evidence that predictability is concentrated in short-lived periods, so-called



“pockets of predictability” (Timmermann, 2008).> This form of predictability is particularly
difficult to detect using traditional specification tests (Rossi, 2020) and previous efforts are
based on repeated tests in overlapping samples of the data, leading to issues associated
with multiple testing (Farmer et al., 2019). In contrast, the test proposed in this paper
explicitly takes the search across multiple subsamples into account, thereby avoiding the
multiple testing problem. Hence, the test can be used to detect predictability even in the
presence of “predictability pockets”. I find that one-month-ahead excess market returns are
predictable from a larger set of variables than typically found in the literature once multiple
shifts in predictability are taken into account. In contrast to traditional predictability tests,
the conclusions from the proposed test are invariant to starting the sample after the 1951
Treasury Accord Act. Furthermore, the paths of the test statistics provide evidence of
heterogeneity in the location of predictability episodes across predictors. The findings
explain why traditional tests often fail to uncover predictability in the full sample and why
studies that split the sample at different dates often arrive at conflicting results regarding the

predictive ability of a wide class of variables.

LITERATURE. Several papers have proposed specification tests robust to instabilities.
However, these focus either on the case of a single break or on a different class of

alternatives than the one considered in this paper.

A related method to the one proposed in this paper which also builds on moment conditions
and tests a joint hypothesis is developed in Rossi (2005) which considers optimal tests for
the case of a single break in parameters. In contrast, the test statistic considered in this
paper allows the researcher to consider an unknown number of shifts in parameters up to
a specifiable upper bound and nests the case of a single break. This makes the test more
powerful in the presence of multiple shifts in parameters while retaining comparable power
if the parameter shifts only once. In addition, the path of the proposed test statistic provides
narrative evidence on which periods of the sample are driving the rejection of the hypothesis
whereas a test imposing one break indicates the location of the largest shift in the parameter

vector.

A different strand of the literature designs hypothesis tests which are robust against
particular alternatives. These include tests for predictability in threshold models (Gonzalo
and Pitarakis, 2012, 2017), tests of relative forecasting performance under Markov-
switching alternatives (Odendahl et al., 2020), automated model-selection in the presence
of instabilities (Castle et al., 2012) and real-time detection of predictability regimes (Harvey
et al., 2020). The advantage of the test which is proposed in this paper is that it remains
agnostic about the specific process driving the changes in parameters and thus offers a

general approach that can be used if the researcher has no prior knowledge on whether

3Timmermann (2008) notes that “[...] there appear to be pockets in time where there is modest evidence of local
predictability; [...] the identity of the best forecasting method can be expected to vary over time, and there are
likely to be periods of model breakdown where no approach seems to work”.
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and how parameters vary over time.

Finally, there is a large literature on testing for multiple structural changes. A seminal
contribution is Bai and Perron (1998) who proposed sup F' tests in a class of linear
regression models. Structural break tests of multiple changes have since been extended
to more general classes of models (Sowell, 1996; Perron and Qu, 2006; Qu and Perron,
2007; Elliott and Miiller, 2006). A related literature provides structural change tests for
predictive regression models; Pitarakis (2017) and Georgiev et al. (2018) are two examples
of recent contributions. In contrast to the approach presented in this paper which tests a
joint hypothesis, structural change tests focus on the null hypothesis of parameter stability

only and therefore do not have power against some of the alternatives considered in this

paper.

OUTLINE. Section 1.2 discusses the hypotheses of interest and proposes the test statistic.
Sections 1.3 and 1.4 discuss the relevant asymptotic theory to conduct in-sample and
out-of-sample inference, respectively. Section 1.5 provides a guide for implementing the
test. Section 1.6 explores the finite sample performance of the proposed test by means of
extensive Monte Carlo simulations. Section 1.7 applies the test to study the predictability

of the U.S. equity premium robust to instabilities. Section 1.8 concludes.

1.2 Specification tests robust to multiple instabilities

This section formalizes the testing problem of parameter inclusion under instabilities and

introduces the test statistic.

1.2.1 Model and hypotheses

Consider a model indexed by a v-dimensional parameter vector f; fort = 1,...,7T. Assume
the parameter vector partitions 6, = (f3;,0) where 3; is (p x 1) and ¢ is (¢ x 1). Further,

assume the model satisfies the following m-dimensional moment condition

E [f(%ﬁtﬁ)] =0 (1.1)

where z; is an r-dimensional random vector of data and f : R" x R? x R? — R™.

Based on the moment condition in (1.1), the researcher wants to test whether the sequence
of possibly time-varying parameters ; should be included when modeling the data. The

relevant hypotheses are

Hy: B4 =0 Vit Vs. Hy: Bt #£0 forsome t>1 (1.2)



Under the null hypothesis (; is zero at any point in the sample and thus can be excluded
from the model. Under the alternative, 5; is different from zero at some point in the sample
and should be included in the model.* The test of parameter inclusion is thus required to
be sensitive to situations in which 3; departs from zero only during short periods over the

sample.

It will be useful to express the null hypothesis as an intersection. Let 3y denote the true
parameter value under the null hypothesis that 3; is constant in which case 8y = (8o, do).

Then, we can express the null hypothesis in (1.2) as

Hy: 8; € Bt n B2 with B' = {8, e RP: B, = By V t}

(1.3)
B*={ByeR’: By =0}

Denote the first part of this null hypothesis imposing a constant parameter vector by

H(gl) : 3; € B! and the second part imposing a zero value by Héz) : B € B2,

It is important to note that the hypotheses in (1.2) are different from those of a test assuming
constant parameters. In particular, if the researcher misspecifies the moment condition in
(1.1) by assuming that # is constant and tests the hypothesis Hy : 8 = 0 against the
alternative H4 : 8 # 0, the test will reject if the constant parameter (3 is different from
zero rather than 3; being zero. Depending on the form of time-variation in f;, it can be the
case that 3 = 0 but that 8; # 0 for some ¢. In that case instabilities “average out” over
the sample and a test of the hypotheses in (1.2) will reject while a test assuming constant

parameters will not.>

One might be tempted to think that a test of the hypotheses in (1.2) is simply a test
of parameter stability. However, as (1.3) shows, the relevant null hypothesis is a joint
hypothesis which simultaneously imposes (i) a constant coefficient vector and (ii) a zero
value on the constant coefficient vector. In contrast, the null hypothesis of a test for
parameter stability only focuses on the first part, that is H(gl). This implies that there are
data-generating processes for which a test of parameter stability does not reject while the test
considered in this paper does. In particular, this would be the case when the true parameter

vector is constant, but different from zero.

The test statistic proposed in this paper detects violations of the null hypothesis in equation
(1.2) by combining information obtained from partitioning the sample into a series of
discrete consecutive blocks. In particular, the test searches over all possible combinations of
K +1 discrete segments and evaluates whether there is evidence to reject the null hypothesis.
While the test does not impose an alternative of a particular form, it has particularly high
power when the parameter undergoes a series of discrete changes. Specifically, assume that

B¢ has a “baseline value” of 54 but that it undergoes a series of K discrete changes where

*Note that by redefining 3; one can similarly test any linear hypothesis on the parameter.
SFor a detailed explanation of this argument see the discussion in Rossi (2005) and Rossi (2013).



the value of 3; departs from [34. Collect these change-points expressed as a fraction of the
sample in a K-dimensional vector A := (\1,..., A\g) where A; € (0,1) and \; > X;_1.
Further, collect the magnitudes of these changes in a K -dimensional vector Sa. Under this

assumption, the alternative hypothesis in (1.2) can be expressed as
Hyp: B = BA+Z (INT] <t < [N T)) - Bay t=1,....,T (14

where S ; denotes the j-th element of A, A\g = 0, Ag41 = 1 and [] is the integer
part operator.® The proposed test statistic searches across all possible values of AX to best
approximate the path of 3; and evaluates for each candidate A whether the null hypothesis
B¢ = 0 Vt can be rejected. If the path of j3; takes the form described in (1.4), there is a value
of K and A\X for which the approximation will be exact. This makes the test particularly

powerful in the presence of discrete changes.

Tests of the hypothesis considered above have many applications in empirical work. At
the end of this section, I provide various examples of problems which have been studied
in the macroeconomic and financial literature and illustrate how they fit into the testing

framework.

1.2.2 Test statistics

This section introduces a class of test statistics which can be used to test the null hypothesis
defined in (1.2). As previewed before, the main idea of the tests is simple: To detect
departures from the null hypothesis, the test statistic jointly considers all possible splits
of the sample at K splitting points into a sequence of K + 1 consecutive blocks of variable
length. For each block, a statistic is computed which evaluates whether the data inside each
block supports a rejection of the null hypothesis. If there is a sample split for which the
sum of statistics computed on each block supports the alternative, the test rejects. In what
follows, I first describe how to construct the test statistic for a fixed number of sample splits

K. Consecutively, I discuss how to robustify the test against the choice of K.

Test with a fixed number of splits K

Assume the researcher wants to test parameter inclusion robust to time-variation according
to the hypotheses in (1.2) on a sample ¢t = T, ..., T where T denotes the first observation
and is typically set to 1. Let A® denote a K -dimensional vector of splitting points
ME = (A\g,..., k) where \; € (0,1) and \; > );_;. Each value of \¥ implies a
different partition of the sample into a sequence of K + 1 consecutive blocks where block
jspans data from ¢t = [\, 1T +1,...,[N\;T] with Ty = [A\oT] + 1 and A1 = 1.

®For example, when 3; = O fort = 1,...,[T/2] and B; = Ba fort = [T/2] + 1,...,T, then fa =
A1 =1/2, K =1 and Ba is a scalar. In contrast, when 3 is constant at 84 for¢t =1, . T, K=0.
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For simplicity of exposition, I first abstract from the choice of the number of splits and
assume that K is a known value. The proposed test statistic for testing the null hypothesis

in (1.2) using K sample splits takes the following form.

K+1
sup (I)T(K) = Ssup Z (I)TJ()\j—l,)\j)
M e, j=1 (15)

AEE{AJ‘: A€ Mo+ 6 k1 —€), A\j > A1 +e, j:l,...,K}

For a given sample split A\, the test statistic is simply the sum of K + 1 statistics
@7 ;(Aj—1, ;) computed on each block of the data. The sup,x part of the test statistic
searches over all possible combinations of K splitting points for the choice of A* which
maximizes this sum. The value at the optimal choice of A which yields the maximum

value for the sum term is the final value of the test statistic.

Note that the search of \¥ is restricted to a set A defined by a trimming parameter ¢ € (0, 1)
which imposes that each of the blocks contains at least [¢T"] observations. This parameter
is set by the researcher prior to conducting the test and its choice depends on the stochastic
properties of the data.” The simulations presented in Section 1.6 provide guidance on
the trade-offs of choosing a lower or higher value of €. In most applications, a choice
of e = 0.05 or € = 0.1 is sufficient.

Choice for @7 (-, -)

The test statistic above crucially depends on the choice for ®7 ;(-,-). In this paper, I
consider two forms, a Lagrange-Multiplier (LM) statistic and a Wald statistic. The LM
form imposes the value of 3; to be zero in each block while the Wald form estimates 3; in
each block. In both cases, the test statistic builds on partial sums of the moment condition

defined in equation (1.1), evaluated at estimates of §.

The tests proposed in this paper can be conducted based on moment conditions formulated
in-sample or out-of-sample. These two cases differ in the portion of the sample on which
the test statistic is constructed as well as the estimation scheme which is used to estimate
0. In the in-sample case, the test is conducted on the full sample setting 7o = 1 and
is estimated based on the moment condition in (1.1). The resulting estimate is denoted 5.
In contrast, in the out-of-sample case the test is conducted on an out-of-sample portion of
the data setting 7p = R where R > 1. Here, ¢ is the parameter of a forecasting model
identified by a separate moment condition which is estimated using a recursive scheme on
an in-sample portion of the data, yielding a sequence of estimators of § denoted {&}tT: R
The in-sample case is discussed in more detail in Section 1.3 while the out-of-sample case

is discussed in Section 1.4 of the paper.

"The use of trimming parameters is standard in tests for structural breaks, see e.g. Andrews (1993) or Bai and
Perron (1998).



LAGRANGE-MULTIPLIER FORM. If the test is implemented using the Lagrange-Multiplier
form, the test statistic is constructed using the following choice for ®7 (-, ).

OEN (o1, \j) = ]:_/T,j x Qrj x Fr;
A ) T B (1.6)
Frj= (T —Ty+1)"Y? 2;1‘1/2 > F.0)

t=[A;_1T]+1

Note that f(-,-) is the moment function which was defined in equation (1.1), by ff s
a consistent estimator of the long-run variance of the sample moments under the null
hypothesis and QT7 j 1s a consistent estimator of the long-run variance of ]:'T7 ;- Formulas to
compute these estimators are given in Section 1.5 of this paper. 0, is a restricted generalized
method of moments (GMM) estimator of 6, that imposes the joint null hypothesis defined
in (1.2) which restricts 8; = B9 = 0 V t while leaving § unspecified.

The difference between testing in-sample and out-of-sample using the statistic above lies
in how the estimate of J, and consequently 6; is obtained. In the out-of-sample case, the
restricted estimator is formed as 6; := (Opx1, 315) where {St}szo is a sequence of estimates
of & which is obtained via a recursive estimation scheme. Section 1.4 discusses in detail
how to obtain these estimates. In contrast, in the in-sample case ét = 6 Vt where 0 is a

constant GMM estimator which is defined as follows.

0 = arg max Qr(0) Qr(0) = Fr(0) Wy Fr(6)
. T
Pr)= (T -To+1)7" > f(a,0) (1.7)
t=Top
subjectto A 0 = 0px1 A= [Ipxp Opxq}

FT(H) is the sample analogue of the moment condition defined in (1.1) and W is a positive

definite weighting matrix.

WALD FORM. If the test is implemented using the Wald form, the test statistic is constructed
using the following choice for ®7 (-, -).

~

SR (N1 A) = (T =To+1) [ BNy, 0) ] x Qb x [B;0y-1,0) ] (18)

The difference between conducting the test in-sample and out-of-sample lies in how the
estimate of Bj(-, -) is obtained. In the in-sample case, Bj()\j_l, Aj) = A éj()\j_l,)\j)

where A = [Ipxp Opxq} and 0j(\;_1, ;) is defined as the following GMM estimator



which assumes the parameter 6 has a constant value in block j.

A~

0, := arg (gneax QTJ(H) QTJ(G) = FT,j(G)’ Wor FTJ(H)

R (T (1.9)
Fr;(0) = (NT] = [\T)) Z f(z,0)

t= [ ],1T]+1

where F'is a partial-sample analogue of the moment condition defined in (1.1) and Wy is a

positive definite weighting matrix.

In contrast, in the out-of-sample case Bj is obtained using a similar GMM estimator.

Bj = arg [uax Qr;(B) Qr;(B) = Fr;(B) Wr Fr;(8)

) T (1.10)
Pri(8) = (INT] = )™ >0 fz,8,60)
t= [)\],1T1+1

In contrast to the in-sample case, the estimator does not define an estimate of J, but evalu-

ates the partial-sample moment at the given sequence of parameter estimates, {5t}tT:TO.

In a given application, both the LM and the Wald form of ® (-, -) can be used to construct
the sup @7 (K) test statistic defined above. However, their performance may differ in finite
samples depending on the application considered. Generally, the LM form of the test
statistic is computationally efficient as it only requires computing an estimate of 6 under
the null hypothesis. In contrast, the Wald form of the test statistic requires re-estimating 6
for each block and every sample partition considered.® Because of its general computational

benefits, the rest of the paper will mainly focus on the LM form of the test statistic.

To implement the LM and Wald statistics, one requires the variance estimators )y 7f and
QT,]-. Formulas to compute these estimators are given in Section 1.5. Computation of the
Supf\( operator in (1.5) can be achieved efficiently by means of a dynamic programming
algorithm which is also provided in Section 1.5. The algorithm computes the LM form in

O(T?) operations computing the sum term in equation (1.5).

Test for an unknown number of splits

The discussion in the previous section has made a simplifying assumption, namely that the
researcher wants to conduct the test with a specific number of splits K in mind. However,
in practice it is unlikely that the researcher has prior information about the appropriate
choice of K. To circumvent this problem, this section presents a robustified version of
the test statistic which abstracts from the choice of K by combining information from

computing the test statistic for different values for K, starting at one and stopping at some

8For linear models, this estimator can be implemented efficiently by a recursion.
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pre-defined ceiling, /.° The proposed test statistic for testing the joint null hypothesis in
(1.2) considering up to K splits of the sample has the following form.

Dsup &7 (K) := max. { sup ®r(k)/k } (1.11)

where sup P is the test statistic defined in equation (1.5).

To compute this test statistic, one computes the sup ®7 (k) statistic for different choices
of k = 1,..., K. The resulting values are then weighted by the number of shifts used to
compute them. The maximal value of this re-weighted series of test statistics is the final

value of the test statistic.

In practice, a choice of K as low as five or ten is often sufficient in applications. In fact,
simulations show that the choice of K has little impact on size and power of the test beyond
these values.!? In general, the admissible values of K are bounded above by the choice of
the trimming parameter e which is used to compute the sup ® statistic since it imposes
a minimum number of observations for each segment and therefore implicitly defines an
upper bound on K. For instance when € = .1, the maximum number of admissible splits

which can be considered is K = 10.

1.2.3 Examples

Tests which are robust to heterogeneity in parameters over time have many applications in
empirical work. In the following, I provide two examples of testing problems which have
been widely studied in the macroeconomic and financial literature and illustrate how they

fit into the testing framework.

PREDICTIVE REGRESSIONS. Consider the following model
Yerh = 6+ X{ B+ et t=1,...,T (1.12)

where y;1, is a scalar series to be predicted in-sample at horizon h, X; is a (p x 1) vector
of predictors which are suspected to have a time-varying relationship with y;., d is the
constant of the regression and 7., is a sequence of unforecastable errors. A large literature
in macroeconomics and finance studies tests of the hypothesis Hy : § = 0 in the model
above e.g. to determine the predictive ability of financial variables (Pitarakis and Gonzalo,
2019) or to evaluate model specifications for variables such as inflation (Rossi, 2005).
However, in recent years many studies have documented that predictive ability in these
models, which is captured by [, is time-varying and that tests based on the full sample may
fail to reject in the presence of predictability (Welch and Goyal, 2007; Timmermann, 2008;
Rossi, 2013).

? A similar method to robustify tests to the choice of K was first proposed in the context of structural break tests
in Bai and Perron (1998).
10The simulation results are available on request.
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To implement the test robust to instabilities in the parameters, replace 3 in equation (1.12)

by 3: and note that the resulting model implies the following moment condition.

Xt (Yegn — 0 — X{4)
1 (Yepn — 6 — X[ft)

E [f(zt, Bt, 5)} =0 f(Zt75t7 5)

where z; = (yin, X{) and 6, = (5, 9)’.

To conduct the D sup ¢ (K) test based on the LM statistic, compute the restricted GMM
estimator 6 via the estimator in (1.7) which imposes the null hypothesis 5; = 0 V¢. Set
Ty = 1 and use the variance estimator in (1.15) or (1.17) to compute )y rf and use (1.18)
to compute QT,J-. Then, compute D sup ®7(K) defined in (1.11) by means of the dynamic
programming algorithm described in Section 1.5. Reject the null hypothesis of no predic-
tive ability if the computed value of the test statistic is larger than the appropriate critical

value reported in Section 1.3.

OUT-OF-SAMPLE PREDICTIVE ABILITY. West and McCracken (1998) proposed a
framework to evaluate out-of-sample predictive ability by testing the null hypothesis Hy :
B =0vs. Hy : 8 # 0in the following linear model

Ven(01) = E(20,00) B+ Doy, t=R,...,T (1.13)

where vt+h((§t) is a sequence of forecast errors derived from a parametric forecasting
model which depend on the sequence of estimated parameters of the forecasting model
b¢. By appropriately choosing the function é (zt,gt), the framework includes popular
test for forecast evaluation such as tests of forecast unbiasedness, forecast rationality
or forecast encompassing. Many studies provide empirical evidence that out-of-sample
predictive ability is time-varying e.g. for forecast rationality of private sector forecasts or
for forecast encompassing tests evaluating the information-advantage of Federal Reserve
forecasts (Rossi and Sekhposyan, 2016; Hoesch et al., 2020).

To implement the proposed test robust to heterogeneity in 3, note that for time-varying [,

the model above implies the following moment condition.

E |:f(zt7/8t7 5t):| =0 £zt By 01) = E(21,0) - (Ut+h(<§t) - é(%gt)/ﬂt) (1.14)

where z; = vy 5 (6;).

For the purpose of this example, focus on a test of forecast unbiasedness which sets
¢ (2, &) = 1. West and McCracken (1998) showed that in this case parameter estimation
error in §; is asymptotically irrelevant (for more details see Section 1.4) so that we can
use the simple formulas for the variance estimators reported above. To conduct the

Dsup &7 (K) test based on the LM statistic, set f; = (0515 6;) and Ty = R and use
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the variance estimator in (1.15) or (1.17) to compute )y ¢ and use (1.18) to compute QT,]-.
Then, compute D sup ®7(K) defined in (1.11) by means of the dynamic programming
algorithm described in Section 1.5. The null hypothesis of forecast unbiasedness can be
rejected if the computed value of the test statistic is larger than the appropriate critical value

reported in Section 1.4.

1.3 In-sample inference

This section describes the relevant asymptotic theory to conduct in-sample inference. In the
in-sample case, the sup @7 (K) test statistic defined in equation (1.5) and the D sup ®7(K)
test statistic in equation (1.11) are constructed setting 7 = 1 and evaluating ®7 (-, -) at the
relevant GMM estimators defined in equations (1.7) and (1.9) for the LM and Wald case,
respectively. This section presents and discusses a set of regularity assumptions which are
sufficient to obtain weak convergence of the test statistics under the null hypothesis to a

function of Brownian Motions. This result is established in the main theorem of this section.

NOTATION. I introduce some notational conventions that are required for this section and
used throughout the rest of the paper. Let (£2, F,P) denote a probability space on which
all of the random elements are defined. Unless specified otherwise, all limits are taken
as the sample size T' — oo0. The symbol 2, denotes convergence in probability and LA
denotes convergence in distribution. Next, = denotes weak convergence for sequences of
measurable random elements of a space of bounded Euclidean-valued cadlag functions on
the product space D0, 1]™ as defined in Phillips and Durlauf (1986) where each component
space DJ0, 1] is equipped with the Skorohod metric. ||-|| denotes the Euclidean norm of a

vector or matrix.

The following regularity assumptions are sufficient to obtain weak convergence of the test
statistics under the null hypothesis to the limiting distribution characterized in the theorem

below.

ASSUMPTION 1.3.1 (Regularity conditions): Assume the following regularity conditions
hold.

(i) {2} is strong mixing with strong mixing coefficients {a(n)}, 322 a(n)!=2/7 < 0o
with v > 2.
(ii) {2} is weakly stationary. In addition E[f(z,00)] = 0 forallt = 1,...,T and
T =1,2,...and the individual elements of f(z,0p) have the finite absolute moment
E [|f(i)(zt,90)|7] <oofori=1,...,mand~y > 2.
(iii) Sy = limroee E[T70 {30, F(20,00) H{ S0, F(20,00)}] € R™>™ s
positive definite.
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(iv) f(z,0) is continuously partially differentiable in 0 in a neighborhood of 0 for every
Oy € OF where OF is some convex or open set that contains ©. The functions
f(2,0) and Vof(z,0) = 0f(2,0)/00 are measurable functions of z for each
9 € © and E [supgce-||Vof(z,0)|]] < oo. E[f(zt,60) f(2t,600)] < oo, and
supgeol|f(2,0)|| < coforallt = 1,...,T and T = 1,2,.... Each element of
f(z¢,00) is uniformly square integrable, forallt =1,... ., T and T = 1,2,. ...

(v) The parameter space © is a compact subset of R".

(vi) limr_ o E [% Zthl f(z, 0)] =0, only when 6 = 6

(vii) The sequence of positive definite weighting matrices W —, EJT}

(viii) M = limp_,o E [ -1 ET 8f£,’ lo= 0] € R™*Y has full column rank.

I now discuss Assumption 1.3.1. Assumptions 1.3.1.(i) and 1.3.1.(ii) are asymptotic weak
dependence and stationarity conditions on the data which are typical of those found in other
literature on nonlinear dynamic models and are closest to the conditions given in Sowell
(1996) or Rossi (2005).'1. Together with Assumption 1.3.1.(iii) which assumes positive
definiteness of the long-run variance of the sample moments, the assumptions are sufficient
to obtain weak convergence of the partial sample moments to Brownian Motions using the
multivariate functional central limit theorem of Phillips and Durlauf (1986). Assumption
1.3.1.(iv) are standard smoothness and boundedness conditions on the sample moment
function under the null hypothesis f(z,6). An analogue of this assumption is used in
Sowell (1996). Together with Assumption 1.3.1.(v) which assumes a compact parameter
space and Assumption 1.3.1.(i), the conditions ensure uniform convergence of the GMM
objective function via the generic uniform law of large numbers of Andrews (1987). To-
gether with Assumption 1.3.1.(vi) which assumes identification under the null hypothesis,
the conditions are sufficient to obtain consistency of the GMM estimators used to construct
the test statistic. Assumption 1.3.1.(vii) restricts the choice of weighting matrices used
to construct the GMM estimators by requiring that an efficient GMM estimator is used.
Finally, Assumption 1.3.1.(viii) which requires the gradient of the sample moment to have

full rank ensures that the test statistic has a well-defined asymptotic variance.

The following theorem establishes the asymptotic distribution of the test statistic under the

null hypothesis.

""The assumptions, in particular the weak stationarity condition, are stronger than necessary and the results
presented in this paper are expected to hold if the assumptions are relaxed to the near-epoch-dependence case
in Andrews (1993).
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THEOREM 1.3.1 (Limiting distribution for in-sample tests): Assume that the regularity
conditions in Assumption 1.3.1 hold. Under the null hypothesis defined in (1.3), it holds
that

sup®r(K) = sup

KZH { I1By(N)) — Bpwl)n?}

)\K c Ae j:1 )\] - )\jfl
K+1 9
i B,(Aj) — By(Ai—
Dsup®p(K) = max (1/k) sup Z {H (M) p(Aj-1)l }
1<k<K AK€ A Aj — )\j—l

j=1
AGE{)\jt )\je(e,l—e), )\j>)\j_1+6, jIl,...,K}

where Ao = 0, \g+1 = 1 and By(-) is a (p x 1) vector of independent standard Brownian

motions on [0, 1].

The proof of this theorem is reported in Appendix C.

One can show that the limiting distribution of sup ®7(K) is equivalent to

[ Xit1 Bp(Ai) — i Bp(Ait1)|? /
sup + B,(1) B,(1
s ; Ai )\1+1(/\z'+1 - Ai) p(1) Bp(1)

where the first term is the same as (1/Kp) times the limiting distribution of the sup F test
for parameter stability of Bai and Perron (1998) and depends on the number of splitting
points K. The second component reflects the additional restrictions on 5 and does not
depend on K. It is equivalent to the x? distribution with p degrees of freedom which is the
limiting distribution of a standard LM test conducted on the full sample. Further, note that
for K = 1, the limiting distribution reduces to the limiting distribution of the ) L 7. model
selection test robust to instabilities which was proposed in Rossi (2005) and imposes one
break.

Critical values of the test statistics can be obtained by directly simulating the limiting
distributions in Theorem 1.3.1 using a dynamic programming algorithm analog to the one
provided in Section 1.5. Table 1.1 reports a selection of critical values for the D sup ®;(K)
test for commonly used significance levels and trimming parameters for p = 1,2. The
critical values were obtained by simulating the asymptotic distributions based on 10,000
Monte Carlo replications and an approximation length of N = 3,600 for the Brownian
Motions. Details and a full tabulation of the critical values for a wide array of values for

p, € and significance levels, o, are provided in Appendix A.

15



Table 1.1: Selected critical values for D sup @7 tests

e=.05 e=.1 e=.15
p 10% 5% 1% 10% 5% 1% 10% 5% 1%

1 10.12 1157 1520 939 1099 1454 8.84 1048 14.17
2 14.01 1579 1996 1330 15.06 19.20 12.80 14.65 18.62

Notes: This table reports simulated quantiles of the limiting distributions of the D sup ® tests. The critical values were
obtained based on 10,000 Monte-Carlo replications and an approximation length of N = 3, 600 observations for the partial
sums to simulate the Brownian Motions. Appendix A provides the full table.

1.4 Out-of-sample inference

This section describes the relevant asymptotic theory to conduct out-of-sample inference.
The limiting distributions derived in this section apply when the test statistics proposed in
Section 1.2 are used in conjunction with a moment condition formulated on out-of-sample
forecast errors. I start by discussing the forecasting environment, in particular how to obtain
the sequence of estimates {&}tT:TO which are used to construct the test statistics proposed
in Section 1.2. I then present and discuss the required regularity conditions and derive the

limiting distribution of the proposed test statistics.

Assume the available sample is of size T 4 / and that the data z; = (y;, , ;) includes a
random variable y; to be predicted h steps ahead as well as a vector of predictors, ;. The
sample is divided into an in-sample portion of length R and an out-of-sample portion of size
P such that R + P = T' + h. Given the sample split, forecasts of y;,p fort = R,..., T
are generated using parametric models of the form y;.p, = g(x¢,9) + uyp for a known

function g(-, -) and an unknown ¢-dimensional parameter vector d.

The parameters of the forecasting model are estimated based on a d-dimensional vector
of moment equations E[h(z,d)] = 0. This allows for a variety of estimation methods
such as (nonlinear) least squares, maximum likelihood or generalized methods of moments.
The parameters of the forecasting model are assumed to be estimated using a recursive
scheme where the parameter vector is estimated at each t = R, ..., T using all available
information which yields a sequence of parameter estimates {5,5}th r- The predictors and
parameter estimates are used to generate forecasts i1, = Grin(Tt, &) fort =R,...,T.
which are used in turn to construct a series of forecast errors, Uy1p = Ys1p — Ysrp- Figure

1.1 illustrates the out-of-sample forecasting environment described above.

The following regularity assumptions are sufficient to obtain weak convergence of the test
statistics under the null hypothesis to the limiting distributions characterized in the main

theorem of this section.
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Let &(z140,0) = [f(2144,8,6) h (5)’]/ be an (m + d x 1) vector stacking the moment

functions. Further, let F' = E of (z“ € R™*4. The following regularity conditions

lo=60

are assumed to hold under the null hypothesis.

ASSUMPTION 1.4.1 (Regularity conditions): Assume the following regularity conditions
hold.

(i) Assume that h < oo and that K is fixed while R — oo, T — oo and limp_,oo R/T =
€ (0,1).

(ii) The estimate St satisfies & — 0o = ByH where By is a (¢ X d) matrix which satisfies
By 3 B where B has rank q and Hy is (d x 1) with H;, = t='3"L_ h(z,d0)
(recursive estimation scheme) for a (d x 1) moment condition h(z,,0).

(iii) For somep > 3 > 2, £(2z14h, 00) is zero mean, strong mixing with mixing coefficients
o, of size —pB/(p — B) and it holds that sup;>[|§(z¢4n, 00)||p, = C < 0.

(iv) {ze4n} is weakly stationary. In addition, B [§(zy4n,00)] = 0 forallt = 1,...,T
andT =1,2,....

(v) = lmroe B [T {0 €2, 00) {0 €(zuns 00) )] € ROTHD > (mtd)
is positive definite.

(vi) f(z,0) is continuously partially differentiable in 0 in a neighborhood of 0y for every
Oy € OF where ©F is some convex or open set that contains ©. The functions
f(2,0) and Vof(z,0) = 0f(2,0)/00 are measurable functions of z for each
0 € O and E [supgeo-||Vaof(zt,0)]] < oo. E[f(zt,60) f(zt,600)] < oo, and
supgeollf(2,0)|| < oo forallt = 1,...,T and T = 1,2,.... Each element of
f(zt, 60) is uniformly square integrable, forallt =1,... . Tand T =1,2,....

(vii) The parameter space © is a compact subset of R".

(viii) limp_oo E [% Zthl f (2, 9)] = 0, only when 0 = 0y

(ix) The sequence of positive definite weighting matrices W —,, 2]7}

(x) M =limyr_ E [ ZT 8f829t,’ lo= O] € R™*Y has full column rank.

(xi) i 00 SUP, g0, 1) 55r5p T /2 Zr[fﬂ{m 11 (Vs fe(00,00) — F)BH; = 0p(1)

(xii) iy o0 SUD,e(0,1),5575p T2 F X001 (B — B)Hy = 0,(1)

(xiid) T 00 SUD,ge(0,1) 55055 T2 00141 (Vafilbo, 60) — F)(By — B)H, =
op(1)

(xiv) limp_so SUDPy se(0,1),s>r>p T! Z,ESJETT]_H (Veftwo, 50) - M) = Op(l)

I now discuss Assumption 1.4.1. Assumption 1.4.1.(1) defines the relevant asymptotic
experiment as one where both the size of the in-sample and out-of-sample portions di-
verge to infinity while the size of the in-sample and out-of-sample portions remains a fixed
proportion of the total sample size. Assumption 1.4.1.(ii) is a regularity assumption on
the sequence of parameter estimates of the forecasting model. It allows for a variety of

estimation methods such as (nonlinear) least squares, maximum likelihood or generalized
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Figure 1.1: Illustration of the out-of-sample forecasting environment

T

{ F (s Br, 00) }

t=R

Notes: The figure shows how the data sample is partitioned into an in-sample and out-of-sample portion at R. A forecasting
model specified by the researcher is used to generate a sequence of parameter estimates {St} using data from the in-sample
portion of the sample up to a specified point in time. The forecasting model is used to obtain a sequence of forecast errors
for the out-of-sample portion of the data which enters the moment condition. The test builds on the sample moments in the
out-of-sample portion of the datat = R, ..., T.

methods of moments. In addition, the assumption describes the recursive parameter estima-
tion scheme. This assumption is typical of the literature on forecast evaluation, see West and
McCracken (1998) or Rossi and Sekhposyan (2016). Assumptions 1.4.1.(iii) and 1.4.1.(iv)
are weak dependence assumptions equivalent to the ones discussed in the previous section.
Together with Assumption 1.4.1.(v) which assumes positive definiteness of the long-run
variance, the assumptions are sufficient to obtain weak convergence of the partial sample
moments to Brownian Motions using the multivariate functional central limit theorem of
Phillips and Durlauf (1986). Assumption 1.4.1.(vi) are standard smoothness and bound-
edness condition on the sample moment function under the null hypothesis f(z,60). An
analogue of this assumption is used in Sowell (1996). Together with assumption 1.4.1.(vii)
which assumes a compact parameter space and Assumption 1.4.1.(viii) which assumes
identification under the null hypothesis, the conditions are sufficient to yield consistency
of the GMM estimator used to construct the test statistic. Assumption 1.4.1.(ix) restricts
the choice of weighting matrices used to construct the GMM estimators by requiring that
an efficient GMM estimator is used. Assumption 1.4.1.(x) ensures that the test statistic has
a well-defined asymptotic variance. Finally, Assumptions 1.4.1.(xi)-1.4.1.(xiv) are bound-
edness conditions which guarantee that the remainder of a mean-value expansion of the

sample moments around ¢ is asymptotically negligible.

Before I derive the limiting distribution, I provide some intuition on why the limiting dis-
tribution in the out-of-sample case differs from the limiting distribution in the in-sample
case which was derived in Section 1.3. The crucial difference to the in-sample case is that
the moment functions f(z, -, -) depend on the sequence of estimated parameters {St}?: R
which were obtained from a separate moment condition. This makes it necessary to take
parameter estimation error in § explicitly into account when evaluating the limiting distri-

bution of the test statistics proposed in Section 1.2 (see West (1996) for a similar argument).
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Under the regularity conditions provided in Assumption 1.4.1, the following mean-value

approximation of the partial sample moments evaluated at {5t}tT:  holds.

LEMMA 1.4.1 (OOS Mean-Value Approximation): Under the regularity conditions in
Assumption 1.4.1 and the null hypothesis defined in (1.3), for any r,s € [0,1] with
s > r > pit holds that

[sT]
p2 Z f Zt-i—haBO;(st)
t=[rT]+1

[sT] [rT]
(T/P)"/? {\fo (2t+n B0, 60) — fo Zt+h,50,5o)}

[sT] [rT]
+(T/P)'? FB { ZHt 80) — ZHt 50) }+oprs( )

where Hy, B are as defined in Assumption 1.4.1.(ii) and x¢(r,s) = o0p,s(1) denotes that

SUPy s€[0,1], s>r>p HJIt(T‘, S)H = Op(l)'

The proof of the Lemma is reported in Appendix C.2.

The expansion in Lemma 1.4.1 decomposes the partial sample moment into two terms. The
first term on the right hand side represents uncertainty that is present even if dg is known.
The second part reflects uncertainty about Jy originating from estimating the parameters of
the forecasting model J based on the moment function E [h(zt, 9)] = 0. This is in contrast
to the in-sample case where ¢ is estimated using the same moment condition which is used
to construct the test statistic, £ [ f (2, Gt)] = 0. Further, note that whether parameter esti-
mation error in d needs to be taken into account crucially depends on F' having a non-zero

value.

The following theorem establishes the asymptotic distribution of the test statistic under the

null hypothesis.
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THEOREM 1.4.1 (OOS Inference): Assume that the regularity conditions in Assumption
1.4.1 hold. Under the null hypothesis defined in (1.3), it holds that

K+1
supPr(K) =  sup Z Pi(Nj—1,Aj)
MCeN, 51
K+1
Dsup®p(K) = max (1/k) sup Y ®;(Aj1, )
1<k<K M e A, =

Aap:{)\j,j:l,...,Ki )\jE(p—l—E,l—E), )\j>)\j71+6},

with A\g = p, A\k+1 = 1 and where

®;(\_1,\; E[Bm</ uAjl,A)(uAjl,A)duN'x

-1

—N—

/D)\]w (u, Aj_1, Aj) w(u, Aj—1, Aj) du}
x| B </ (1, Aj1, M) )w (1, Aj_1, ;) du>]
with
wu,r,s) = M' S5} (1= p) 2 |L,, FB] x { (9w, 9)/2 = Q) 2] 1w < 1)
+ Qu, )2 1(r <u < s)} /2

and where S)(s, T) is as defined as

Q(S 7)1/2 = (1(8 = p) ’ IT” 07n><d >
) Odxm {[IHT—lnp]]l(SSp)+[ln(7)_]n(8)]]l(p<s§T)}_Id

The proof of this theorem can be found in Appendix C.2.

Note that in the general case, the limiting distribution in Theorem 1.4.1 depends on nuisance

parameters of the data-generating process and has to be simulated for each application.!?

"2Critical values for this limiting distribution can be simulated by a dynamic programming algorithm similar
to the one discussed in Section 1.5 of this paper where ®; is simulated using a modification of the algorithm
described Rossi and Sekhposyan (2016).
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Forecast unbiasedness, efficiency tests and survey forecasts

The general result presented in Theorem 1.4.1 above simplifies considerably in two cases

that are of great interest to practitioners.!?

The first case applies when parameter estimation error in § is irrelevant i.e. if it holds that
F' = 0. This case is particularly of interest when the tests are used to evaluate the out-of-
sample predictive ability of survey forecasts where the model which generated the forecasts
is not available and thus the correction for parameter estimation error can not be applied.
Relevant examples of such forecasts are survey and judgemental forecasts produced by
central banks such as the Greenbook projections produced by the Federal Reserve Board or
private sector forecasts such as the Survey of Professional Forecasters (SPF) or the Blue-
Chip Economic Indicators (BCEI).

The second case applies when the parameter estimation error is asymptotically negligi-
ble. This case was discussed in West and McCracken (1998) Corollary 5 for the case of
regression-based tests of out-of-sample predictive ability based on the full-sample and is
also considered in Rossi and Sekhposyan (2016). In such cases, a special condition holds
which considerably simplifies the asymptotic distributions of the proposed test statistic.
The condition is given in Corollary 1.4.1 below. This condition is satisfied in many ap-
plications of interest to empirical researchers, particularly tests for forecast unbiasedness
and efficiency under general conditions as well as several other tests under more specific

assumptions. These cases are discussed in West and McCracken (1998).

The limiting distribution for the special cases is provided in the following Corollary of
Theorem 1.4.1.

COROLLARY 1.4.1 (OOS Inference in Special Cases): If (a) F' = 0, that is parameter

estimation error is irrelevant, or (b) the following condition holds
1
Yir= _i(FBth + X, B'F') = FBY,, B'F’

then, the result of Theorem 1.4.1 simplifies to

K+1
1By(As = p) = Bp(Aj1 = p)II?
sup @7 (K) = /\zujgp Z { A — Aj1

i=1

K41
Dsup®@r(K) = max_ (1/k) sup i { 1Bp(Aj — p) — Bp(Aj—1 — P)’2}

1<k<K NeAo, o Aj = Aj-1

The proof of this corollary can be found in Appendix C.2.

BThese special cases were also considered in Rossi and Sekhposyan (2016).
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Note the similarities between the limiting distribution in the in-sample case which was
discussed in Section 1.3 and the limiting distribution in the special cases provided above.
In particular, the limiting distribution of the in-sample case is obtained when setting p = 0.
Under the special cases, the critical values do not depend on the data-generating process and
can be tabulated.'* In the case where the tests are applied to survey or judgemental forecasts,
the only sample available to researchersis ¢t = R, ..., T'. In particular, the researcher cannot
specify a value of p as the length of the in-sample portion is unknown. In these cases, critical
values for the proposed tests can be obtained by setting p = 0 in the limiting distribution

above and the critical values provided in Section 1.6 can be used to conduct the test.

1.5 Implementation

This section gives detailed instructions on how to implement the tests.

1.5.1 Variance estimators

To implement the test statistics defined in (1.5) and (1.11), we require the estimators )y rf
and Qrﬂ ;j that appear in the formulas of the LM and Wald statistics.

Computation of )y depends on whether there is serial correlation in the moment conditions.

When f(z,6p) consists of mean-zero uncorrelated random variables, a consistent estimator

is given by
. 1 T L o
= ; (£0,0) = Fr@)] [1(20.0) - @] 19)
o 1 T _
fr(0) = T-To+1 th:O f(2t,0) (1.16)

where fr(f) is the mean of the sample moments. Alternatively, if f(z;,6y) consists of
mean-zero but serially correlated random variables, then a consistent estimator is given by
a kernel-based HAC estimator such as

iff—TZ_l{ K0/ar) S (£(4.0) - (@) (f(zt_l,é>—fT<é>)'}

=0 t=I+Ty

1 - NY
+ Z { W) =57 ;T (£(zem1.0) = Fr(8)) (£(0.0) = Fr(0)) }
where k(-) is a kernel and g7 a bandwidth parameter which can depend on the data. A ker-
nel choice that guarantees that the estimator ) #f 1s positive semi-definite is the Quadratic
Spectral Kernel discussed in Andrews (1991).

14 A table of these critical values is available upon request.
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Next, consider the estimator Qj,T. This estimator crucially depends on whether the test is
conducted in-sample or out-of-sample. In the case where the test is conducted in-sample,

QTJ can be computed from simple formulas. Specifically, Qj,T can be computed as

Qir =\ — N L eeeH e
C = Mj(I, — Ps)

Ps = NMs(M{Ms) ™ M} (1.18)
T
- 1 0 ft(2t, 0r)
M =35} ’ ;
T —-Ty+1 tzT: op =0
=10

where Mz and M; are obtained from partitioning M = (Mg, Mj). 6 is the restricted GMM

estimator defined in (1.7).

1.5.2 Dynamic programming algorithm

This section discusses how to compute the test statistics described above via an efficient
dynamic programming algorithm. First, note that given a fixed vector of sample splits, A, the
computation of the ®7 ; parts of the test statistic defined in equation (1.6) is straightforward.
It simply requires computing the restricted GMM estimator defined in equation (1.7) and
computing the components of equation (1.6) via the estimators provided in the previous

section.

However, to compute the sup &y and Dsup @ test statistics which allow for an
unknown vector of sample splits, one has to compute the sup operator over A € A..
This is computationally challenging as it involves computing a series of test statistics
{Pr(Nj—1, )\j)}]K: ! for every possible partition of the sample into K segments, respecting
the minimal segment length implicitly defined by the trimming parameter, €. In principle, a
grid search procedure could be used, but with K > 2 this becomes quickly infeasible as it

involves the computation of ®7(-) of order O(TX).

To solve the computational problem, I employ a dynamic programming algorithm which
efficiently computes the sup ®7 and D sup ® statistics in O(7?) operations, regardless of
the value of K. The algorithm is based on the early work of Hawkins (1976) and extensions
by Bai and Perron (1998, 2003) and Qu and Perron (2007).13

The basic idea of the algorithm is as follows. For any given number of changes, K,

the sup @7 test statistic in equation (1.5) is given by the sum ®p;(-) statistics for

5The dynamic programming algorithm of Bai and Perron (1998, 2003) computes the sum of squared residuals
(SSR) of a linear regression model for every possible partition of the sample into K+1 regimes. Qu and Perron
(2007) extend this algorithm to compute QMLE estimates assuming a linear pseudo-model with gaussian
errors. In contrast, I modify the dynamic programming algorithm to directly compute the sup-® test statistics
which are functions of sums of partial sample moments as well as the restricted GMM estimator.
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j = 1,... K + 1, which are associated with a specific partition of the sample defined
by A = (M\1,...,Ak). The problem of computing the sup over all possible values of
A € A. can therefore be transformed into several steps which are described in the following
algorithm.

ALGORITHM 1.5.1 (Computation of sup ®7(K) and D sup ®7(K) tests): The sup @7 (K)
test is computed by implementing Steps 1 and 2 of the following algorithm. The D sup @
test is computed by implementing Steps 1-3, setting K = K for the first two steps.

Step 1: Compute and store all possible segments of the test statistic O ;(T,,,T,) =
O7 i (AT, [NT)) for Tp,, Ty, € t = 1,..., T which satisfy T,,, > Tp, and T, := [\, T.
In the case of the LM test, @ ; is as defined in equation (1.6).

Step 2: Recursively maximize the sum of k+1 of these partitions for k = 1,2, ..., K using

the following Bellman equation.

or({r}) = max [@r({M-113}) + @7 (Tj +1,T)] (1.19)
where @1 ({1, }) denotes the value of the sup @1 statistic associated with an optimal
partition based on k changes and using observations t = 1,...,Tj and h = [€T] is the

minimum segment length implied by the trimming parameter. The recursion is initialized
with CI)T({)\O,Tj}) = (I)T(TJ +1, T)

Step 3: Carrying out Steps 1-2 with K = K yields a series of test statistics under k changes,
{or({Me,r}) }szl. Then, compute D sup ®1(K) as in equation (1.11) by first normalizing

each element of the series, dividing by the respective k, and computing D sup @1 (K) as

the maximum element of the normalized series.

An efficient software implementation of the steps above is described in Appendix A.
Note that the computation of all possible segments in Step 1 requires computing less than
T(T + 1)/2 times the ®7 test statistics and is therefore of order O(7?).1¢

As stated previously, the test presented in Section 1.2 can be conducted based on a
Lagrange-Multiplier form (®Z*) or a Wald-form (®)V). If all coefficients of the model
are to be tested (i.e. § = [ is the full parameter vector), both the LM and Wald tests
can be computed via the algorithm described above. However, when the test is carried
out on a subvector of #, the algorithm above needs to be modified to compute the Wald

test. One has to augment the steps above with another layer, conditioning on estimates

'Depending on the value of the trimming parameter, ¢, substantially less than T'(T + 1)/2 computations are
needed. This is because one only has to consider segments which have a minimum length of h = [T
observations. Further, for specific models, additional computational simplifications are possible by using an
updating rule to compute $r.
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é under the alternative hypothesis and iterating until convergence.!” Therefore, the LM
test has considerable computational benefits over the Wald versions as it only requires the

computation of the restricted GMM estimator under the null hypothesis.

1.6 Simulation studies

To investigate the finite sample performance of the specification tests proposed in this paper,
I conduct a series of Monte-Carlo experiments using several data-generating processes. The
goal of the simulation exercises is three-fold: First, they illustrate the difference between
the proposed model specification test, tests of multiple structural breaks and traditional
hypothesis tests assuming a constant parameter. Second, they assess the finite-sample
properties of the proposed tests for a variety of data-generating processes. Third, they study
under which conditions allowing for multiple shifts in the coefficient vector leads to power
gains relative to tests imposing one break. In what follows, I describe each simulation

exercise, define the respective data-generating processes and discuss the simulation results.

1.6.1 Asymptotic power illustration

Before studying the finite-sample approximation quality of the limiting distributions, I
conduct an asymptotic power exercise to illustrate why it is useful to jointly test the
hypotheses in (1.3) rather than relying on traditional hypothesis tests or traditional structural
break tests. Recall from the discussion in Section 1.2 that traditional tests are designed
to test either Hél) or H(()Q) and therefore might not reliably detect departures originating
in the other part of null hypothesis. In contrast, the tests proposed in this paper, jointly
test Hél) and Hé2) and reject against any combination of these hypotheses. To illustrate
this argument, I conduct a simulation exercise using the following simple data-generating

process:
Yer1 = B e+ xy,my ~ iid N(0,1) (1.20)

I simulate data from this model using a large sample size of 7' = 1, 000 and inspect rejection
rates of (i) a full-sample LM test, (ii) Bai and Perron (1998)’s UDmax(5) test, (iii) Rossi
(2005)’s QLR test and (iv) the D sup(5) test proposed in this paper against two stylized
data generating-processes capturing a departure from Hél) and H(SQ), respectively.!® The
next two paragraphs briefly describe the two considered designs and discuss the simulated

power curves which are reported in Figure 1.2.

17 A similar strategy to compute Wald tests has been used in the structural break literature, see e.g. the algorithms
in Qu and Perron (2007) and Bai and Perron (2003). Details on the modified algorithm are available from the
author on request.

8 All tests are conducted at 95% level and a trimming parameter of € = 0.05 is used for tests (ii)-(iv).
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Figure 1.2: Asymptotic power illustration
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Notes: The figure shows simulated rejection rates for tests of the null hypothesis Hg : 8 = 0 in model (1.20) with 5%
nominal size. D sup(5) denotes the proposed instability-robust test with a maximum of K = 5 shifts in the parameter
vector. LM denotes a traditional full-sample Lagrange-Multiplier test. QLR* denotes Rossi (2005)’s QL R}, test which
imposes one break. "UDmax(5)” denotes Bai and Perron (1998)’s UDmax test with a maximum of 5 breaks. Rejection rates
are based on 5,000 replications and 7" = 1, 000 observations.

DESIGN AP1. The first design has 3; 7 = 54 V t i.e. the parameter which is tested is not
time-varying. Figure 1.2 panel AP1 shows the “asymptotic” power of the tests as a function
of Ba. It illustrates that when the parameter is not time-varying, the full-sample parameter
test (L M) is the most powerful test among the four tests considered. In contrast, the test for
a structural break (UDmax(5)) has a flat power function equal to the nominal size 5%. The
test robust to multiple instabilities proposed in this paper (Dsup(5)) exhibits high power

against this alternative.

DESIGN AP2. The second design has 8,7 = 4 1(t < T'/2) — S 1(t > T/2) i.e. there is
a single shift in the parameter which is tested. Figure 1.2 panel AP2 shows the “asymptotic
power” of the tests as a function of 4. It illustrates that this shift is not detected by a
traditional hypothesis test (L M) which has a flat power function equal to the nominal size
5%. In contrast, the structural break test (U Dmax) and the instability-robust tests (Q L R*
and D sup(5)) exhibit substantial power against this alternative. Finally, it is important to
note that while the ()L R* test is optimal for the case of one break, both the structural break
test and the proposed D sup(5) test exhibit virtually the same power.

1.6.2 Finite-sample size

Next, I assess the quality of the finite-sample approximation of the limiting distribution of
the test. I first focus on the finite-sample size of the proposed test procedure. Size control
in finite-samples is an important feature of any test procedure since a researcher choosing
a particular significance level « expects the test to reject only in (1 — a))% of cases when
the null hypothesis is true. I study a data-generating process resembling a linear regression

which predicts a scalar series, y;, with past values of a predictor, x;, and a control variable,
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wy correlated with the predictor. Both the prediction error and the predictor variable admit
serial correlation in the form of an AR(1) process. This class of models has received
considerable attention in the predictability literature, both in macroeconomics and finance
(see the reviews in Pitarakis and Gonzalo (2019) and Rossi (2013)). The data-generating

process is defined as follows

yr = B v + 0w + 1y N = On -1+ G (L.2D)
Ty = ¢p Ty—1 + & Wt = Prw Tt + Ut (1.22)

where (;, &, 1 are independent and i7d N (0, 1) and x, ng are drawn from the unconditional

distribution of the respective AR process.

To assess the finite-sample size of the tests, I simulate 10,000 samples from the model
above, imposing the null hypothesis 3; 7 = 0, and compute rejection rates for (i) the tradi-
tional LM test, (ii) Rossi (2005)’s Q LR’ test and (iii) the D sup(5) test proposed in this
paper. All tests are conducted on the 5 subvector while leaving § unspecified. I simulate
specifications with sample sizes 7 € {125,250, 500, 1000} and various degrees of serial
correlation in the predictor and prediction errors, ¢y, ¢, € {0,0.25,0.5} and consider tests
both with and without HAC correction.!® In all specifications, the correlation between the

predictor and control variable is fixed at p,,, = 0.25.

RESULTS. Table 1.2 reports the results regarding the empirical size of the model
specification tests for the model in equation (1.21) for 5% nominal size and a trimming
parameter of ¢ = 0.05. First, consider the case in which no serial correlation is present in
the data (¢, = 0, ¢, = 0). When constructed using a heteroskedasticity-robust variance
estimator (upper-left corner of Panel A), we observe that the proposed D sup test allowing
for up to K = 5 shifts exhibits good size control with finite-sample size being virtually
identical to the size of Rossi (2005)’ QQ L R test which imposes one break. In comparison to
the traditional L M test, both instability-robust tests are slightly undersized in small samples,
but size quickly converges to the nominal level as 7" grows. Using a variance estimator with
HAC correction as described above yields similar size results; only in small samples are the
D sup(5) and Q L R} more conservative than without the HAC correction (upper-left corner
of Panel B). Next, consider the case with serial correlation in the predictor and/or prediction
error. If serial correlation is ignored and the tests is constructed using a heteroskedasticity-
robust variance estimator, size control crucially depends on the structure and amount of
serial correlation in the data. The table illustrates that when serial correlation is present only
in the predictor variable or the prediction errors (second and third row/column of Panel A),
finite-sample size is barely affected. However, when serial correlation is present in both

model components, all three tests become oversized with rejection rates growing both with

9The HAC correction is based on AR(1) approximation using Andrews (1991) data-dependent method and a
Quadratic-Spectral kernel.
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¢ and ¢, In that case, the instability-robust tests have significantly larger size-distortions
than the LM tests with the proposed D sup(5) test exhibiting mildly worse size control
than the QLR* test. However, when the serial correlation is acknowledged and the test
is constructed using the variance estimator with HAC correction provided in Section 1.2,
the D sup(5) test recovers good size control and nominal size is close to 5% in medium to
large samples. Finally, it is interesting to assess the robustness of these findings to choosing
a larger trimming parameter. As Table B.5 in the appendix shows, increasing the trimming

parameter to € = 0.1 yields nearly identical results.

To conclude, the simulation exercise shows that, when constructed using the appropriate
variance estimator, the Dsup(K) test exhibits good size control across a variety of
specifications with finite-sample size comparable to that of Rossi (2005)’s () L R test. This
implies that it is possible to allow for more than one break under the alternative without

incurring a penalty with respect to the finite-sample size of the testing procedure.

1.6.3 Finite-sample power

Finally, I examine the finite-sample power of the proposed test. Understanding the power
properties of (correctly sized) testing procedures is important as a researcher ideally would
like to choose the testing procedure that maximizes the chances of correctly detecting a
departure from the null hypothesis based on an available data sample. As power properties
typically depend on the data-generating process considered, a careful analysis of finite-
sample rejection rates helps to understand under which conditions testing procedures should
be used. To assess finite-sample power of the proposed tests, I focus on a class of
alternatives where (3, 7 exhibits local departures from the null hypothesis, 3y. Specifically,
I focus on alternatives in which the coefficient has a value of zero for the majority of the
sample, but there are multiple short episodes during which the coefficient departs from zero.
This type of data-generating process has received considerable attention in the predictability
literature in recent years (see e.g. the “pockets of predictability hypothesis” in Timmermann
(2008) and Farmer et al. (2019) and empirical studies Gonzalo and Pitarakis (2012, 2017)
and Rossi (2020).

As in the size simulations discussed in the previous subsection, I employ the following

data-generating process

Yt = BT T+ 0wy + 1y = ¢Qn -1+ G (1.23)
Ty = Qp Tp—1 + & Wt = Pgw Tt + Lt (1.24)

where (;, &, ¢ ~ iid N(0,1) and xq, 79 are drawn from the unconditional distribution of

the respective AR process.

To assess the finite-sample power of the tests, I simulate 5,000 samples from the model
above and compute rejection rates for (i) the traditional LM test, (ii) Rossi (2005)’s QLR
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Table 1.2: Finite-sample size for e = 0.05 (nominal size 5%)

T ¢ Dsup(5) LM QLR* Dsup(5) LM QLR* Dsup(5) LM QLR*
Panel A: Heteroskedasticity-robust

125 0.00 0.043 0.052 0.040 0.047 0.051 0.044 0.057 0.051 0.048
250 0.00 0.042 0.046  0.040 0.043 0.047 0.041 0.049 0.047 0.042
500 0.00 0.044 0.049 0.042 0.045 0.049 0.044 0.051 0.048 0.045
1,000 0.00 0.047 0.050 0.046 0.047 0.050 0.048 0.049 0.052 0.050

125 0.25 0.043 0.051 0.040 0.074 0.065 0.064 0.133 0.081 0.102
250 0.25 0.046 0.045 0.042 0.074 0.061  0.068 0.130 0.078  0.108
500 0.25 0.043 0.051 0.044 0.080 0.066 0.075 0.138 0.079 0.120
1,000 0.25 0.049 0.051 0.046 0.083 0.064 0.078 0.143 0.081 0.128

125 0.50 0.054 0.051 0.045 0.126 0.080  0.101 0.265 0.118 0.194
250 0.50 0.049 0.048 0.044 0.130 0.080 0.110 0.289 0.121 0.224
500 0.50 0.048 0.048 0.045 0.135 0.080 0.119 0310 0.119 0.247
1,000 0.50 0.048 0.053  0.050 0.141 0.085 0.125 0.330 0.125 0.263

Panel B: HAC - AR(1) approximation, QS kernel, Andrews (1991) bandwidth

125 0.00 0.032 0.047 0.030 0.031 0.048 0.032 0.036 0.046 0.035
250 0.00 0.036 0.044 0.034 0.036 0.045 0.035 0.039 0.044 0.036
500 0.00 0.043 0.049 0.041 0.041 0.049 0.042 0.046 0.048 0.042
1,000 0.00 0.045 0.049 0.044 0.045 0.050 0.046 0.046 0.051 0.048

125 0.25 0.030 0.046  0.030 0.034 0.052 0.035 0.039 0.053 0.038
250 0.25 0.037 0.044 0.036 0.041 0.050 0.041 0.045 0.052 0.043
500 0.25 0.040 0.049 0.042 0.048 0.054 0.049 0.054 0.054 0.048
1,000 0.25 0.047 0.050 0.045 0.054 0.053 0.052 0.057 0.055 0.054

125 0.50 0.033 0.047 0.034 0.038 0.053 0.039 0.035 0.053 0.036
250 0.50 0.040 0.045 0.038 0.046 0.052 0.046 0.045 0.053 0.044
500 0.50 0.042 0.048 0.040 0.051 0.054 0.048 0.050 0.052 0.049
1,000 0.50 0.047 0.052 0.046 0.055 0.056 0.056 0.055 0.054 0.053

Notes: The table reports simulated finite-sample size for tests of the null hypothesis Hy : 8 = 0 with 5% nominal size.
D sup(5) denotes the proposed instability-robust test with a maximum of K = 5 breaks, LM denotes a traditional LM test
and Q L R* denotes Rossi (2005)’s instability-robust test imposing one break. Rejection rates are based on 10,000 replications
from the model in equation (1.21) using a sample of 7" observations where the serial correlation of the predictor and prediction
error is controlled by ¢, ¢, respectively.
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test and (iii) the D sup(5) test proposed in this paper. All tests are conducted on the (3
subvector while leaving ¢ unspecified. The instability-robust tests use a trimming parameter
of e = 0.05. I focus on a sample size 7' = 400 to ensure all tests have a similar
size and raw power can be compared between the tests. As in the size simulations, the
correlation between the predictor and control variable is fixed at p,,, = 0.25. For clarity of
exposition, the main text presents results for the case without serial correlation and using
a heteroskedasticity-robust variance estimator. Appendix B reports additional results for
¢x = 0.5,¢, = 0.5 and a variance estimator with HAC correction, based on an AR(1)
approximation using Andrews (1991) data-dependent method and a Quadratic-Spectral

kernel.

I consider power curves based on three designs for the time-varying coefficient vector, 3; 7
which are denoted P1 - P3. Figure 1.3 Panel D illustrates the three designs which differ in
the number and location of the local departures from the null hypothesis 3; 7 = 0 over the
sample as well as the sign of the shifts. The width of the predictability pockets is fixed at
5% of the sample size i.e. each pocket has a duration of 20 observations. The magnitude of
the shifts is uniform over the pockets and scaled by a scalar parameter 34, where 54 = 0
implies no predictability at any point in time. In what follows, I briefly discuss the consid-

ered designs and the corresponding power curves in Figure 1.3.

DESIGN P1. Figure 1.3 Panel P1 shows power curves for the predictability process P1
which features two predictability pockets of opposite signs, located at one-third and three-
fourths of the sample, respectively. The simulation illustrates the need for predictability
tests that take instabilities into account. It is evident that the traditional LM test exhibits no
power against alternatives of this form; the rejection rate of the LM test stays constant at
nominal size 5%, regardless of the magnitude of the shift, 54. In contrast, the predictability
tests that allow for instabilities have power in detecting predictability of this form. Further,
we note that the power of the D sup test uniformly dominates that of Rossi (2005)’s test,
showing that allowing for multiple shifts in the coefficient vector under the alternative leads

to power gains in finite-samples.

DESIGNS P2 & P3. The bottom two panels in Figure 1.3 show power comparisons for the
predictability processes P2 and P3, respectively. These processes are calibrated to empiri-
cal results from Farmer et al. (2019) who conduct non-parametric regressions to study the
presence of predictability pockets in various commonly considered predictors of the equity
premium. When evaluating power of the proposed test in the presence of predictability
pockets, there are many choices of processes for 3; 7 that differ with respect to number of
the pockets, their location and duration as well sign and magnitude of the implied coeffi-
cient shifts. Calibrating 3; 7 allows to assess the test’s performance under conditions that

could be encountered in “real-world” empirical examples and therefore provides a good
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benchmark for assessing the power of the test. I calibrate the processes P2 and P3 to the
empirical findings of Farmer et al. (2019) by matching the number of simulated pockets,
the relative location of the pockets over the samples as well as the sign of the implied shifts
to the results reported by the authors in predicting excess returns from (i) the term spread
using daily data (P2) and (ii) the T-bill rate using monthly data (P3).2° For both processes,
the power of the proposed D sup test uniformly dominates the power of the test imposing
one break. This confirms that allowing multiple shifts in the coefficient vector under the
alternative leads to power gains in empirically relevant scenarios. Further, as with P1, the
traditional LM test shows substantially lower power for P2 and almost no power for P3
which features both negative and positive pockets, reiterating the need for predictability

tests that explicitly take instabilities into account.

SENSITIVITY CHECKS. I assess the sensitivity of the conclusions drawn above to variations
in the specification of the considered tests. Figure B.5 reports finite-sample power curves
for the same data-generating process without serial correlation (¢, = 0, ¢, = 0), but using
variance estimator with a HAC correction is used. All conclusions regarding relative power
of the tests discussed above remain unchanged. Finally, I inspect power in the case where
both ¢, = 0.5 and ¢,, = 0.5. Figure B.6 shows that the power of all of the three test
decreases considerably relative to the case without serial correlation, but that the proposed

D sup test remains the most powerful among the three tests considered.

Specifically, Farmer et al. (2019) find 3 pockets which have “less than a 5% chance of being spurious™ for
predicting from the term-spread using daily data. These pockets are located at 12%, 21% and 37% of the
sample with all pockets exhibiting positive coefficient shifts. For predicting using the T-bill rate in monthly
data, using the same criterion, they find 3 pockets which are located at 6%, 30% and 65% of the sample with
the first two pockets exhibiting negative shifts of the coefficient and the third pocket having a positive shift.

31



Figure 1.3: Finite-sample power for ¢ = 0.05
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Notes: The figure shows simulated rejection rates for tests of the null hypothesis Hy : 5 = 0 against different designs for the
alternative, 3; 7, denoted P1 - P3. Panel D illustrates the different designs for 3; 7. Power curves are reported for increasing
size of the shifts, 34, under the alternative. All tests are conducted at o = 5% significance level. The solid black line
denotes the proposed D sup(5) instability-robust test with a maximum of K = 5 breaks. The blue shaded line denotes Rossi
(2005)’s QL R7, test imposing one break and the red dotted line denotes a traditional L M test. Rejection rates are based on
5,000 replications for a sample of 7" = 400 observations from the model in equation (1.23) where the serial correlation of
the predictor and prediction error ¢ = 0, ¢, = 0, respectively.
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1.7 Local stock return predictability

Are stock returns predictable by financial valuation ratios or term-structure variables? This
question is at the center of an important research agenda in finance and has been analyzed
by a large array of seminal studies.”?! However, despite a significant volume of research
being devoted to this question, the predictability debate has not yet reached a consensus.
For example, while some studies find evidence of predictability by valuation ratios or
consumption ratios (Lettau and Ludvigson, 2001), other studies find that these results are
unstable and crucially depend on the stochastic properties of the predictors or the sample
period studied (Campbell and Yogo, 2006). Welch and Goyal (2007) came to the conclusion
that “[...] the literature has yet to find some variable that has meaningful and robust

empirical equity premium forecasting power [...]” (p. 1505).

One explanation for the difficulty of establishing a consensus is that predictability can
vary over time. For example, Pesaran and Timmermann (1995) find that the ability of
various economic variables to predict stock returns changes with the volatility of returns
and Rapach and Wohar (2006) provide evidence of parameter instability in predictive
regressions. Recently, some studies have presented evidence that predictability is a local
phenomenon and is concentrated in short subsamples of the data. Timmermann (2008)
concludes that the “[...] empirical findings suggest that most of the time stock returns are
not predictable, but there appear to be pockets in time where there is modest evidence
of local predictability.” Pesaran and Timmermann (2000) note that oil prices were an
important predictor for stock prices during the 1970s but that their importance subsequently
vanished. Similarly, Gonzalo and Pitarakis (2012, 2017) and Henkel et al. (2011) find that
predictability is linked to measures of business cycle conditions, leading to short episodes
of significant predictability. Further theoretical support for local predictability is given
in Timmermann (2008) who argues that investors’ successful search for good forecasting
models itself might generate ”’pockets of predictability*i.e. short-lived periods of significant
predictability that are followed by long periods without predictability. In a recent study,
Farmer et al. (2019) argue that such pockets of return predictability are consistent with an
asset pricing model featuring incomplete learning and provide ample empirical evidence in

support of the predictability pockets hypothesis using non-parametric regressions.

Empirical support for or against predictability crucially relies on specification tests in
predictive regressions. However, as argued throughout this paper, when predictability
varies over time, traditional hypothesis tests may have low or no power against potentially
important alternatives. Simply testing for predictability at each point in time or over a
collection of various subsamples does not offer a good alternative as it suffers from a

multiple testing problem affecting size and power of the tests. The test proposed in this

2IFor early research on this topic see for example Fama and French (1988) and Campbell and Shiller (1988).
Ang and Bekaert (2007), Welch and Goyal (2007) and Timmermann (2008), Cochrane (2008) provide more
recent discussions.
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paper, however, is robust to multiple shifts in magnitude and signs of the parameter vector
and can be applied to a general class of models. This makes it a good choice to investigate

the hypothesis of local predictability in return prediction.

This paper is not the first to address the issue of robustifying inference in return prediction
to episodic predictability. For example, Gonzalo and Pitarakis (2012, 2017) analyze return
predictability in a threshold model that links time variation in predictability to the state of
the economy (for example a variable measuring business cycle fluctuations). Henkel et al.
(2011) follow a similar approach. In general, however, predictability might be linked to a
variety of features of the economic environment that are not necessarily tied to the business
cycle. The advantage of using the test proposed in this paper over existing approaches is
that the researcher does not need to condition predictability on a set of known variables
measuring the state of the economy. Rather, the test can be used as a first step to establish
whether there is evidence of local predictability before the researcher comes up with a

hypothesis about potential driving forces of the predictability process.

1.7.1 Data

The issue of stock return predictability has been analyzed using a large variety of specifi-
cations. To keep the exposition in this paper compact and to ensure comparability with the
literature, I focus on the most commonly employed specification which predicts monthly
US stock market excess returns over the post-war period 1946-2019 using the set of finan-
cial variables considered in Welch and Goyal (2007).22 In the following, I give details on

the construction of the excess return series and the predictor variables.

EQuITY PREMIUM. The dependent variable is constructed based on a CRSP (Center for
Research in Security Prices) dataset that is widely used in the literature. Specifically, I
construct the excess return on the US stock market (equity premium) as the difference
between a measure of the US stock market log return and a risk-free log return. The US
stock market return is measured by the value-weighted S&P 500 total stock market return
including dividends. The risk-free rate is the three-month T-bill rate from FRED. This mea-
sure of the equity premium is widely used in the literature e.g. recently by Welch and Goyal
(2007) and Kostakis et al. (2015). For robustness, I also present results using an alternative
measure of the excess return where the US stock market return is the value-weighted CRSP
stock market return including dividends for NYSE, AMEX and NASDAQ and the risk-free
rate is proxied by a 1-month Treasury bill rate from Ibbotson and Associates Inc. This
alternative measure of the equity premium has been used recently in Gonzalo and Pitarakis
(2012) and Gonzalo and Pitarakis (2017). Figure B.7 Panel A shows the equity premium

series used in the empirical analysis.

2Studies of excess return prediction often restrict the sample to the post-war period, see e.g. Gonzalo and
Pitarakis (2012).
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PREDICTOR VARIABLES. The source of the predictor data is an updated version of
the monthly dataset used in Welch and Goyal (2007).2> This predictor dataset has been
considered in numerous studies in the literature and has become a benchmark in the
predictability literature. I focus on the same set of predictors recently considered in Kostakis
et al. (2015), namely the dividend-payout ratio, defined as the difference between the log
of dividends and the log of earnings, the earnings-price ratio, defined as the difference
between the log of earnings and the log of stock prices, the long-term yield, defined as the
long-term US government bond yield from Ibbotson’s Stocks, Bonds Bills and Inflation
Yearbook, the T-bill rate which after 1934 is the 3-month T-bill rate from FRED and before
is extracted from the NBER Macrohistory database, the ferm-spread which is the difference
between the long-term yield and the T-bill rate, the dividend-price ratio, defined as the
log of dividends over stock prices, the dividend-yield, defined as the log of dividends over
lagged prices, the default yield spread, defined as the difference between the BAA and
AAA-rated corporate bond yields taken from FRED, the book-to-market ratio which is the
ratio of book value to market value for the DJIA, the net equity expansion, defined as the
ratio of the twelve month moving sum of net equity issues by NYSE listed stocks divided by
the total end-of-year market capitalization of these stocks and the inflation rate calculated
from the Consumer Price Index of the Bureau of Labor Statistics. Figure B.7 panels B-L

show the predictor series used in the empirical analysis.

1.7.2 Predictability tests robust to instabilities

As is customary in the literature, I study the individual predictive ability of each of the

financial variables using the following univariate predictive model
Tie1 = @+ B o + Mg (1.25)

where 77, ; denotes the one-month-ahead excess return and z; is the considered predictor.
Predictability studies typically conduct tests of the hypothesis Hy : 8 = 0 over the full
sample or specific subsamples. However, as illustrated in the previous sections, these tests
are not robust to the presence of instabilities and might therefore fail to detect locally oc-
curring predictability. The test proposed in this paper considers the same null hypothesis,
but explicitly takes local predictability into account. Using the proposed test, I revisit the
specification above and re-evaluate the predictability of the set of predictors described in the
previous subsection. As in the simulation studies discussed in Section 1.6, T use a D sup(5)
test with 5% trimming. All tests are conducted based on the HAC variance estimators
reported in Section 1.2 based on an AR(1) approximation with Andrews (1991) automatic

bandwidth selection procedure and a Quadratic Spectral kernel

The dataset updated until December 2019 was downloaded from Amit Goyal’s website and at the time of
writing this paper could be found at http://www.hec.unil.ch/agoyal/.
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RESULTS. Table 1.3 reports the predictability tests robust to instabilities for each of the
potential predictors. To facilitate comparison with the literature, the left panel reports
the full-sample least squares estimates (BO 1s), the R? of the full-sample regression (in
percentage points) as well as the traditional predictability tests using a t-ratio with HAC
correction for the full-sample (t74¢) and a subsample starting in 1952 (tﬁ%‘g ). The right
panel reports the results from the instability-robust D sup(5) predictability tests proposed

in Section 1.2 for the same subsamples.

I first discuss the traditional inference approach using test statistics constructed over the full-
sample. Note that standard least-squares inference indicates that only few of the financial
variables have significant predictive ability for the equity premium at 5% level, namely
the T-bill rate, the dividend-price ratio, the dividend-yield and the inflation rate. Further,
when considering a slightly different subsample starting in January 195224 (t{{,‘gg ), the
significance of the dividend-price ratio and the dividend-yield disappears and only the
T-bill rate remains significant at 5% level. The results are in line with findings from
traditional predictability tests reported in Kostakis et al. (2015) and, more generally, match
the conclusion of previous studies documenting that predictive ability of valuation ratios
crucially depends on the subsample considered (see e.g. the discussion in Campbell and
Yogo (2006) or Welch and Goyal (2007)).%

The picture changes considerably when looking at the instability-robust tests. The D sup(5)
test conducted on the 1946 - 2019 sample shows additional significant (local) predictability
at 5% level for the dividend-payout ratio, the earnings-price ratio, the default yield spread
and net equity expansion; only the long-term yield, the term-spread and the book-to-market
ratio are not significant at 5% level. In addition, contrary to the traditional tests, the findings

from the D sup(5) test are robust to moving to the post-1952 subsample.

The test results support the hypothesis that predictability from financial variables is a local
phenomenon and therefore difficult to detect with traditional tests which do not take insta-
bilities into account. The findings generalize those found in earlier studies which document
evidence of episodic predictability for specific variables (e.g. Gonzalo and Pitarakis (2012)
document episodic predictability for the dividend-yield.). Further, they explain why studies
that split the sample at different dates have often come to conflicting conclusions regarding
the predictive ability of a wide class of predictors and highlight the need for robustifying

inference to local instabilities.

**The post-1952 subsample is often considered in predictability studies since term structure variables are
thought to be more informative after the passing of the 1952 Treasury Accord which separated government
debt management from monetary policy.

BIn particular, the tests results in Gonzalo and Pitarakis (2012) also indicate vanishing excess return
predictability for the dividend-yield and Kostakis et al. (2015) find the same variables to be significant in
the post-1952 period when using traditional tests. Finally, all regressions have low explanatory power with
R? below 1%, a feature documented e.g. in Welch and Goyal (2007).
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Table 1.3: Predictability tests for the Equity Premium

Traditional Robust
Predictor BoLs R2? (%) tHAC t{{)’ég Dsup(5) Dsup(5)i952

Dividend payout ratio  0.002 0.03 0.30 0.45 13.72%* 14.42%%*
Earnings-price ratio 0.005 0.28 1.10 0.61 13.86%* 12.24%%*

Long-term yield -0.086 0.34 -1.62 -1.52 8.57 8.50
T-bill rate -0.110 0.66 -2.39%x _240%* 12.07%* 11.50%*
Term spread 0.192 0.38 1.70%* 1.89% 8.40 9.30
Dividend-price ratio 0.006 041 1.98*%* 141 16.01%*% 14 86%*
Dividend-yield 0.006 0.46 2.08*%* 153 15.68%%% 14 85%*
Default yield spread 0.154 0.03 0.30 0.36 13.89%: 13.54 %3
Book-to-market ratio 0.004 0.06 0.63 0.29 6.55 5.76

Net equity expansion  -0.041 0.04 -0.37 -0.45 21.43%%% D] G2H**
Inflation rate -0.915 096 -2.58**% _-1.85% 17.46%**  11.03*

Notes: The table presents the results of conducting predictability tests of the null hypothesis 5 = 0 for the post-war sample
1946-2019 in model (1.25) using the S&P 500 Equity Premium. The left panel reports the full-sample least squares estimates,
ﬁo s, the R? of the full-sample regression (in percentage points) as well as the traditional predictability tests using a t-ratio
with HAC correction for the full-sample, t74C, and a subsample starting in 1952, tfgg‘QC . The right panel reports the results
from the instability-robust D sup L M model-specification tests with a maximum of K = 5 shifts and trimming parameter set
at € = 0.05 for the same subsamples. For all test statistics, the stars denote a rejection the null hypothesis of no predictability
at significance levels 1% (¥*%*), 5% (**), and 10% (*), respectively.

ROBUSTNESS. To assess the robustness of the results documented above, I repeat the
predictability tests using a different measure of the equity premium based on CRSP stock
returns including dividends for NYSE, AMEX and NASDAQ with a 1-month treasury bill
rate as the risk-free rate (see data section above). Table B.6 reports the test results from
this alternative measure of the equity premium. All conclusions discussed in this section
are robust to this change. I also address a potential concern regarding the persistence of
the considered predictor variables. The predictors typically studied with predictive models
such as the one in equation (1.25) are often highly persistent and recently, studies have
started to model these predictors as near-unit-root predictors when conducting predictabil-
ity tests (see e.g. the discussion in Pitarakis and Gonzalo (2019) and the IVX approach
proposed by Kostakis et al. (2015)). While it is in principle possible to apply the proposed
test to an IVX moment condition, I focus here on exploring the robustness of the results
discussed above by using first-differenced values of the predictors, Ax; = xy — 1. Table
B.7 presents the results from the predictability tests using first-differenced predictors. In
comparison to the results discussed above, the evidence of predictability indeed disappears
for the earnings-price ratio, the dividend-price ratio, the dividend-yield and the inflation
rate, all variables for which there is evidence of near-unit-root behavior, highlighting the
importance of carefully assessing the stochastic properties of each predictor before applying
predictability tests. However, for the remaining predictors the main conclusions discussed
above continue to hold in the first-differenced model. Most importantly, the traditional tests
still give conflicting evidence when considering the two subsamples while the proposed

instability-robust tests provide stable inference.
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Figure 1.4: Predictability paths
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The graph shows the ® 7 ; components of the D sup LM (10) model-specification tests for the S&P 500 Equity
Premium based on the model in equation (1.25) with trimming parameter e = .02. The number of coefficient
shifts is selected via the BIC criterion discussed in Bai and Perron (2006). Gray vertical bars denote NBER
recessions.

PREDICTABILITY PATHS. The evidence discussed above that predictability from financial
variables is a local phenomenon, raises an interesting question: Is there heterogeneity in the
location of predictability for different predictors? And if yes, how does predictability evolve
over the sample? Is predictability really concentrated in short “predictability pockets” such
as hypothesized by recent studies or are there larger episodes of predictability? While
the tests proposed in this paper do not allow to draw precise inference on which periods
over the sample are significant or not at a given significance level,”® the components
of the Dsup(K) test statistic do provide a narrative view on how predictability might
evolve over the sample. Figure 1.4 shows the evolution of the ®7 ; components of the
Dsup(K) test over the sample. In contrast to the previous section, I consider a larger
upper ceiling of shifts, K = 10 and a lower trimming parameter, ¢ = .02. I adopt this

specification of the tests since Farmer et al. (2019) who assess predictability paths using a

%Since the proposed tests are joint hypothesis tests, it is not straightforward to extend the methods to a
sequential procedure in the spirit of Bai and Perron (1998)’s Fr(k + 1|k) test as the researcher would need to
add an intermediate step that tests whether the rejection occurred due to constant predictability or the presence
of an additional shift in the coefficient vector. However, developing repeated testing procedures that correct
for the multiple testing at each stage is an interesting avenue for future research.

38



non-parametric testing procedure based on multiple t-tests report evidence of particularly
short-lived predictability episodes. Simulation studies available on request show that the
tests still exhibits good size control and has the same power properties against the data-
generating processes discussed in Section 1.6 when using a sample of the size available
here. To choose the number of shifts, I adopt the BIC criterion discussed in Bai and Perron
(2006) and only report predictability paths for the variables for which the criterion detects
at least one shift. The figure provides evidence that predictability is indeed concentrated
in different periods over the sample, depending on the predictor considered. Specifically,
while the predictive ability of the dividend-yield seems concentrated in the pre-1956 period,
the earnings-price ratio and the default yield spread predictors to have an episode of large
predictive ability during the Great Recession period. Finally, the predictive ability of the
term spread variable seems concentrated in a brief period during the early 1980s.

1.8 Conclusion

This paper develops a general approach to test whether a parameter should be included in an
economic model robust to time-variation in parameters. The hypothesis test can be used to
evaluate any economic model described by a set of moment conditions in-sample or out-of-
sample. In-sample, the test selects between two nested model specifications in the presence
of parameter instabilities. Out-of-sample, the test can be used to evaluate the performance
of model forecasts or model-free forecasts such as survey or judgmental forecasts robust
to time-variation. The key feature of the proposed test is that it is particularly powerful in
the presence of multiple breaks in parameters without imposing a specific form of time-
variation. Further, the test statistic provides narrative evidence on which parts of the sample

drive the rejection of the null hypothesis.

The approach jointly tests for both parameter instability and a constant non-zero value of
the parameter. This allows the test to detect departures from the null hypothesis, even when
they only occur over short periods of the sample and makes the test more powerful than
traditional hypothesis tests which are based on the full sample. The test statistic jointly
considers all possible partitions of the sample up to an upper bound of K splits to evaluate
whether there is evidence to reject the null hypothesis. It can be constructed based on
a Lagrange-Multiplier or a Wald form and can be efficiently implemented via a dynamic

programming algorithm provided in the paper.

Extensive Monte-Carlo simulations show that the proposed test is accurately sized in finite
samples and is more powerful than tests assuming constant coefficients or a single break if
the data-generating process exhibits multiple breaks in parameters. At the same time, the
test has high power when model parameters only undergo one shift or are constant. This
makes the test particularly useful when the researcher faces uncertainty about whether and

how parameters change over time.
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The empirical study uses the test to document the presence of local short-horizon
predictability in the US equity premium during the 1946-2019 period from a set of financial
variables considered in Welch and Goyal (2007). There is significant predictive ability
with respect to one-month ahead excess market returns for a large set of predictors, once
time-variation is taken into account. In contrast to traditional predictability tests based
on the full sample, the conclusions from the proposed test are invariant to changes in the
considered sample. Furthermore, the test provides evidence of heterogeneity in the location
of predictability episodes across variables. The findings explain why traditional tests often
fail to uncover predictability in the full sample and why studies that split the sample at
different dates often arrive at conflicting results regarding the predictive ability of a wide

class of variables.
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Appendices

A Critical values & implementation

This section provides additional details on the implementation of the tests. The first section
reports the critical values for the tests and describes the simulation procedure used to obtain
them. The second section describes a software package accompanying the paper available

from the author.

A.1 Asymptotic critical values

Critical values of the test statistics can be obtained by directly simulating the limiting
distributions listed in Theorem 1.3.1 using a dynamic programming algorithm.?’” The
table below reports critical values for the predictability tests discussed in the paper. The
significance levels considered in the tables are 10%, 5%, 2.5% and 1%. The critical values
were obtained by simulating the asymptotic distributions based on 10,000 Monte Carlo

replications and an approximation length of N = 3, 600 for the Brownian Motions.?

A.2 Software implementation

Accompanying the paper, the author makes available a software package that can be used
to conveniently use the tests for applied work and for simulating the critical values reported
in Table A.4. The code is mainly written in C++ using the Armadillo C++ linear algebra
library (Sanderson and Curtin, 2016) and offers an R interface provided in the form of an R
package using the Rcpp library (Eddelbuettel and Francois, 2011). The routines carrying out
the dynamic programming algorithm have been parallelized using the OpenMP application
programming interface (Dagum and Menon, 1998). The software package can be obtained

from the author on request.

%7 Alternatively, one could obtain the critical values from an approximation strategy for functions of Brownian
motions discussed in Bai (1999).

ZSimulations of critical values were carried out on the Amazon Web Services Elastic Compute Cloud (AWS
EC2) using a c¢5.xlarge instance type (4 vCPUs, 8 GB memory) running Amazon Linux 2.
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Table A.4: Asymptotic critical values for sup ®7(K) and D sup &7 (K) tests

€ p a Dsup(5) sup(l) sup(2) sup(3) sup(4) sup(h)
0.05 1 0.100 10.115  9.644 17.542 23.162 28.471 33.017
0.05 1 0.050 11.566 11.293 19.593 25.721 30.974 35.638
0.05 1 0.025 13.180 13.048 21.542 27.837 33.124 38.112
0.05 1 0.010 15.196 15.155 24.182 30.330 36.257 41.303
0.05 2 0.100 14.008 13.810 23.920 31.926 39.282 46.025
0.05 2 0.050 15.789 15.647 26.053 34.516 42.134 49.096
0.05 2 0.025 17.468 17.361 28.146 36.901 44.720 52.020
0.05 2 0.010 19953 19915 30.832 39.694 47.824 55.510
0.10 1 0.100 9.386  9.131 15.605 20.002 23.664 26.368
0.10 1 0.050 10985 10.813 17.555 22.215 26.101 28.879
0.10 1 0.025 12.555 12462 19.423 24315 28.143 31.150
0.10 1 0.010 14.528 14.528 21.754 26.888 31.063 34.225
0.10 2 0.100 13.301 13.185 21.621 28.170 33.857 38.278
0.10 2 0.050 15.054 15.007 24.040 30.691 36.529 41.426
0.10 2 0.025 16.703 16.690 25.863 33.087 39.379 44.537
0.10 2 0.010 19.189 19.162 28.168 36.201 42.386 47.949
0.15 1 0.100 8.833  8.670 14.007 17.367 19.426 18.791
0.15 1 0.050 10474 10.335 16.057 19.726 21.857 21.349
0.15 1 0.025 12.113  12.075 18.036 21.777 23.950 23.486
0.15 1 0.010 14.163 14.163 20.391 24.511 27.025 26.211
0.15 2 0.100 12.800 12.734 19.997 25.229 28.851 29.077
0.15 2 0.050 14.651 14.627 22.291 27.870 31.651 31.824
0.15 2 0.025 16.262 16.230 24.231 30.194 34.195 34.773
0.15 2 0.010 18.613 18.581 26.794 32.879 37.592 37.952

Notes: This table reports simulated quantiles of the limiting distributions of the sup ®7(K) and D sup &7 (K) tests.
The critical values were obtained based on 10,000 Monte-Carlo replications and an approximation length of N = 3,600
observations for the partial sums to simulate the Brownian Motions.
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B Additional tables & figures

Table B.5: Finite-sample size for ¢ = (0.1 (nominal size 5%)

¢77 = O (z)n - 025 ¢77 = 05
T ¢  Dsup(5) LM QLR* Dsup(5) LM QLR* Dsup(5) LM QLR*

Panel A: Heteroskedasticity-robust

125 0.00 0.032 0.052 0.034 0.032 0.051 0.035 0.036 0.051 0.035
250 0.00 0.037 0.046 0.039 0.040 0.047 0.038 0.040 0.047 0.040
500 0.00 0.042 0.049 0.042 0.042 0.049 0.040 0.042 0.048 0.044
1,000 0.00 0.045 0.050 0.045 0.045 0.050 0.045 0.046 0.052 0.048

125 0.25 0.031 0.051 0.034 0.054 0.065 0.054 0.086 0.081 0.084
250 0.25 0.038 0.045 0.041 0.066 0.061  0.065 0.105 0.078 0.104
500 0.25 0.041 0.051 0.042 0.071 0.066 0.071 0.114 0.079 0.113
1,000 0.25 0.046 0.051 0.046 0.078 0.064 0.076 0.122 0.081 0.118

125 0.50 0.036 0.051 0.037 0.085 0.080 0.084 0.176 0.118 0.172
250 0.50 0.043 0.048 0.041 0.105 0.080 0.102 0.227 0.121  0.210
500 0.50 0.043 0.048 0.043 0.110 0.080 0.111 0.244 0.119 0.230
1,000 0.50 0.046 0.053  0.047 0.120 0.085 0.117 0.260 0.125 0.240

Panel B: HAC - AR(1) approximation, QS kernel, Andrews (1991) bandwidth

125 0.00 0.024 0.047  0.025 0.022 0.048 0.025 0.024 0.046 0.025
250 0.00 0.033 0.044 0.032 0.033 0.045 0.032 0.032 0.044 0.032
500 0.00 0.040 0.049 0.041 0.040 0.049 0.040 0.039 0.048 0.041
1,000 0.00 0.044 0.049 0.043 0.044 0.050 0.045 0.042 0.051 0.046

125 0.25 0.023 0.046  0.024 0.026 0.052 0.028 0.027 0.053 0.028
250 0.25 0.034 0.044 0.034 0.037 0.050 0.039 0.038 0.052  0.039
500 0.25 0.039 0.049 0.040 0.044 0.054 0.046 0.045 0.054 0.045
1,000 0.25 0.044 0.050 0.044 0.051 0.053  0.050 0.051 0.055 0.052

125 0.50 0.024 0.047 0.028 0.028 0.053 0.031 0.025 0.053 0.027
250 0.50 0.037 0.045 0.037 0.040 0.052 0.044 0.037 0.053 0.039
500 0.50 0.039 0.048 0.039 0.045 0.054 0.047 0.043 0.052 0.045
1,000 0.50 0.045 0.052 0.044 0.051 0.056 0.053 0.050 0.054 0.052

Notes: The table reports simulated finite-sample size for tests of the null hypothesis Hp : S = 0 with 5% nominal size.
D sup(5) denotes the proposed instability-robust test with a maximum of K = 5 breaks, LM denotes a traditional LM test
and QL R* denotes Rossi (2005)’s instability-robust test imposing one break. Rejection rates are based on 10,000 replications
from the model in equation (1.21) using a sample of T" observations where the serial correlation of the predictor and prediction
error is controlled by ¢, ¢n, respectively.
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Figure B.5: Finite-sample power for ¢ = 0.05 (HAC correction)

B for P1 P1 Opposite signs
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Calibrated (term-spread) P3  Calibrated (T-bill)
= Dsup(5) = QLR* -+ LM 10{ = Dsup(5) = QLR* - LM

Notes: The figure shows simulated rejection rates for tests of the null hypothesis Hy : 5 = 0 against different designs for the
alternative, 3; 7, denoted P1 - P3. Panel D illustrates the different designs for 3; 7. Power curves are reported for increasing

size of

the shifts, 84, under the alternative. All tests are conducted at « = 5% significance level. The solid black line

denotes the proposed D sup(5) instability-robust test with a maximum of K = 5 breaks. The blue shaded line denotes Rossi

(2005)°

s QL R, test imposing one break and the red dotted line denotes a traditional LM test. Rejection rates are based on

5,000 replications for a sample of 7" = 400 observations from the model in equation (1.23) where the serial correlation of
the predictor and prediction error ¢ = 0, ¢, = 0, respectively.
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Figure B.6: Finite-sample power for e = 0.05 (HAC correction, Serial correlation)
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Notes: The figure shows simulated rejection rates for tests of the null hypothesis Hp : 8 = 0 against different designs for the
alternative, 3; T, denoted P1 - P3. Panel D illustrates the different designs for 3; 7. Power curves are reported for increasing
size of the shifts, 34, under the alternative. All tests are conducted at @ = 5% significance level. The solid black line
denotes the proposed D sup(5) instability-robust test with a maximum of K = 5 breaks. The blue shaded line denotes Rossi
(2005)’s QL R7, test imposing one break and the red dotted line denotes a traditional LM test. Rejection rates are based on
5,000 replications for a sample of 7' = 400 observations from the model in equation (1.23) where the serial correlation of
the predictor and prediction error ¢ = 0.5, ¢, = 0.5, respectively.
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Figure B.7: Data used in Equity Premium prediction
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Notes: The figure shows the equity premium series y¢41 in panel A and the raw predictor data used in the empirical
application, x; in panels B to L. Shaded gray bars denote recessions as measured by the NBER indicator.
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Table B.6: Predictability tests for the Equity Premium

Traditional Robust
Predictor BoLs RZ? (%) tHAC t{gég Dsup(5) Dsup(5)i9s2
Dividend payout ratio ~ 0.003 0.05 043 0.58 14.58%%  15.47*%*
Earnings-price ratio 0.005 0.24 1.02 0.57 11.80%* 10.71%*
Long-term yield -0.086 0.32 -1.57 -1.48 7.25 7.18
T-bill rate -0.112 0.65 -222%%  223%% 11.29% 10.66*
Term spread 0.205 041 1.70%* 1.87* 8.09 8.71
Dividend-price ratio 0.006 042 1.90%* 1.42 13.83%*  12.62%*
Dividend-yield 0.007 0.49 2.06** 1.61 13.60%*  12.58%%*
Default yield spread 0.271 0.07 0.49 0.54 12.71%%  12.40%*
Book-to-market ratio ~ 0.005 0.08 0.74 0.43 5.66 5.72
Net equity expansion  -0.038 0.03 -0.32 -0.39 18.86%**  19.12%**
Inflation rate -0.940 0.97 -2.67*%¥* -1.89%  17.37¥*%* 10.86%*

Notes: The table presents the results of conducting predictability tests of the null hypothesis 5 = 0 for the post-war sample
1946-2019 in model (1.25) using the CRSP Equity Premium. The left panel reports the full-sample least squares estimates,
Bors. the R2 of the full-sample regression (in percentage points) as well as the traditional predictability tests using a t-
ratio with HAC correction for the full-sample, t774C and a subsample starting in 1952, t{gg‘zc_. The right panel reports
the results from the instability-robust D sup LM model-specification tests with a maximum of K = 5 shifts and trimming
parameter set at e = 0.05 for the same subsamples. For all test statistics, the stars denote a rejection the null hypothesis of

no predictability at significance levels 1% (¥***), 5% (**), and 10% (*), respectively.

Table B.7: Predictability tests for the Equity Premium (first differences)

Traditional Robust
Predictor Bors R% (%) t7AC tHAC Dsup(5) Dsup(5)ig52
Dividend payout ratio  -0.061 045 -2.14%*  229%%  20.21%%*  2(0.00%**
Earnings-price ratio 0.018 0.07 0.88 0.96 4.87 4.72
Long-term yield -1.590 1.04 -3.02%** .2.92%** 1].89%*  12.86%*
T-bill rate -1.102 1.06  -3.30%** -326%%* 19.37%k* 17.8]%**
Term spread 0.350 0.11 0.96 1.00 11.37* 10.42%*
Dividend-price ratio ~ -0.037 0.14 -091 -1.04 9.11 9.65
Dividend-yield 0.027 0.07 0.81 0.72 3.65 3.82
Default yield spread 0.261 0.00 0.15 0.19 13.50*%*  13.32%%*
Book-to-market ratio  -0.069 0.20 -1.33 -1.64 7.69 7.90
Net equity expansion  -0.674 035 -1.52 -1.68* 11.25% 10.82*
Inflation rate -0.265 0.08 -1.22 -1.98** 3,14 4.87

Notes: The table presents the results of conducting predictability tests of the null hypothesis 5 = 0 for the post-war sample
1946-2019 in model (1.25) using the S&P 500 Equity Premium where all variables are transformed to first-differences. The
left panel reports the full-sample least squares estimates, ,éo s, the R? of the full-sample regression (in percentage points)
as well as the traditional predictability tests using a t-ratio with HAC correction for the full-sample, t74€ | and a subsample
starting in 1952, t{g‘gzc . The right panel reports the results from the instability-robust D sup LM model-specification tests
with a maximum of K = 5 shifts and trimming parameter set at ¢ = 0.05 for the same subsamples. For all test statistics,
the stars denote a rejection the null hypothesis of no predictability at significance levels 1% (***), 5% (**), and 10% (*),
respectively.
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C Mathematical derivations

NOTATION. Before presenting the derivations, recall some notational conventions that are
used throughout the rest of the appendix. Let ({2, F, [P) denote a probability space on which
all of the random elements are defined. Unless specified otherwise, all limits are taken
as the sample size 7' — oo. The symbol 25 denotes convergence in probability and A
denotes convergence in distribution. Next, = denotes weak convergence for sequences of
measurable random elements of a space of bounded Euclidean-valued cadlag functions on
the product space D[0, 1]7 as defined in Phillips and Durlauf (1986) where each component
space DJ0, 1] is equipped with the Skorohod metric. ||-|| denotes the Euclidean norm of
a vector of matrix and [-] is the integer part operator. For notational simplicity, I say that

(1, s) = oprs(1) if it holds that sup,. 017,557 ll2(r, 8)[| = 0p(1).

C.1 In-sample inference

THEOREM 1.3.1 (Limiting distribution for in-sample tests): Assume that the regularity
conditions in Assumption 1.3.1 hold. Under the null hypothesis defined in (1.3), it holds
that

sup®r(K) = sup

KZH { I1By(N;) — Bp<Aj1>||2}

2\K ¢ A j=1 )\j - )\jfl
K+1 9
o By(A\j) — By(\j—
Dsup®p(K) = max (1/k) sup Z {H (M) p(Aj-1)ll }
1<k<K AK€ A = /\j — )\j—l

A={N: Ne(el-a, 4> Nate j=1... K}

where \og = 0, \x1 = 1 and By(-) is a (p x 1) vector of independent standard Brownian

motions on [0, 1].

Proof. Note that under the null hypothesis in (1.3), it holds that §; = 6y = (0,x1,0) V .
Therefore, under the null hypothesis, the function defining the moment condition
f(zt,0¢) = f(zt,P,0) can be written as a function of a constant parameter f(z,6).

This notation will be used in the subsequent derivations.

To prove the weak convergence results stated in the theorem, I start by showing that the

partial sample moments satisfy the following invariance principle under the null hypothesis.

[s7]
T2 W2 N f(2,00) = Buls) s€(0,1]
t=1
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Recall the following result from Corollary 2.2 of Phillips and Durlauf (1986) which

generalizes the stationary version of the univariate invariance principle by McLeish (1975).

Corollary 2.2, Phillips and Durlauf (1986): Let {u:};2, be a weakly stationary
sequence of random n x 1 vectors satisfying Elu;] = 0 V t. If (a) E|u;1|® < oo (i =
1,...,n) for some 2 < 8 < oo and (b) either y > @ifl/ﬁ < ooor B> 2and
> a711—2/5 < o0, then

Y = lim E[T7'SrS7| = E[uguj] + Z {E[uwiuy] + Elugu)]}
k=2

where S; = Zgiq wj. If ¥ is positive definite, then X1 (t) = ﬁzflﬂsm] = W(t)

asT — oo.

Choose u; := f(z¢,6p) and verify the conditions of the Corollary. The first requirement and
condition (a) follow from Assumption 1.3.1.(ii) and Assumption 1.3.1.(iv). Condition (b)
follows from 1.3.1.(i). The last requirements follows from Assumption 1.3.1.(iii). Applying
the Corollary, using Assumption 1.3.1.(vii) and Slutsky’s Theorem, it follows that

[sT]

T2 W2 N7 far,60) = Buls) (26)
t=1

LAGRANGE-MULTIPLIER FORM, ®LM

The Lagrange-Multiplier form builds on the restricted GMM estimator defined in (1.7). 1
start by proving that this estimator is consistent under the null hypothesis in (1.3) i.e. that
[N fo. Recall from equation (1.7) the definition of 0.

0= dr(0 bjectto Af =0
arg max Qr(0) subject to

Qr(0) := Fr(0) Wy Fr(0)
T

Fr(9) = %Zf(zt,é?)

t=1

where Tp = 1 and A = [Ipxp Oqu]-

To prove consistency of 0, 1 first show consistency of the unrestricted estimator 6 which
is defined as the estimator above, but ignores the constraint A6 = 0. Define the limiting
objective function Qy(0) = E[Fp(6)) E;} E[Fr(0)] and apply Theorem 2.1 of Newey
and McFadden (1994) to show 6 5 6. The theorem requires that (i) Qo(6) is uniquely
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maximized at 6y; (ii) © is compact; (iii) Qo(#) is continuous and (iv) QT(H) converges
uniformly in probability to Q(6). Requirement (i) is satisfied by the identification assump-
tion in 1.3.1.(vi) and positive definiteness of Y, in 1.3.1.(iii). Requirement (ii) is satisfied
by 1.3.1.(v). Requirement (iii) is satisfied by 1.3.1.(iv). The uniform convergence require-
ment in (iv) follows from verifying Assumptions Al, B1, and A5 in Andrews (1987) and
applying the main theorem. Assumption Al of Andrews (1987) follows from Assumption
1.3.1.(v), Assumption B1 follows from Assumption 1.3.1.(1) and Assumption A5 follows
from 1.3.1.(v) and 1.3.1.(iv). Having shown that all requirements are satisfied, we apply
Theorem 2.1 of Newey and McFadden (1994) and get 02 0. Consistency of the restricted
estimator § — 0 then follows from the argument of Theorem 9.1 of Newey and McFadden
(1994).

Next, I derive a preliminary asymptotic result characterizing the limiting distribution of the
normalized partial sample moment for any block of the sample with ¢t = [rT|+1,. .., [sT],
r,s € [0,1] and s > 7. Start again from the constrained GMM estimator 0 defined in
equation (1.7). Define the following Lagrangian for 6:

oy

1
= argmax L7(0, ) Lr(O,1) =5 Fr(0)WrFr(0) + a(9) pr

a(0):=A0=3 A= 1, 0y]

where pp is a (p x 1) vector of Lagrangian multipliers which will be non-zero if the

constraints are binding. The first-order conditions of this optimization problem are
O —_—
0

An element-by-element mean value expansion of f(z;, 8) around 6y, evaluated at 6 yields

VT V(;FT(é)’WTFT(Né) — Voa(0) VT

27
o(0) 27

8f(ztv 9) 0

F(2,0) = f(z1,00) + a0 (0 — o)

where = [0V, ..., 0] and §©) = (DD 4+ (1 — a(i))Géi) for some o) € [0, 1] and
eacht=1,...,Tandi = 1,..., k. Summing these terms from 1 to 7", dividing by 7" and
pre-multiplying by /7T gives

VT Fr(0) = VT Fr(00) + VoFr(0) VT (0 — 6,) (28)

A similar mean-value expansion of a(0) about 6, evaluated at 0 gives

VT a(0) = VTa(by) + AVT(0 — 6) (29)
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Substituting the expansions into the first order conditions and rearranging yields

VoFr(0)WrVoFr(0) A
A 0

VT(6 — 6o)
VTir

—VT Vo Fr(0)WrFr(6)
—VTa(bp)

(30)

Using the consistency result proved above that 6 5 6, and uniform convergence of

Vo Fr(6) following from the assumptions of the theorem, we get

D A
A 0

_MI-1/2 E;fl/? \/TFT(HO)
—\/Ta(eo)

VT(6 — o)
VTjir

+op (31)

where D = M'S~'M = M'M.

From the formula for inverses of block matrices, we have

D A
A 0

D71/2(I . P>D71/2 DflA/(ADflA/)fl
(AD~'A)~1AD! —(AD—1AN!

(32)

where P = D~ Y2A/(AD-'A")"YAD~'/? is an m x m idempotent matrix of rank ¢.
Solving for /T (é — 6p) using the formula for the block-inverse and re-arranging, we get

VT(0 — 00) = — D7V2(1 — PYD™V211' ;1% VT Fr(6o) )
— D'A(AD7' AW Ta(bo) + o,

Next, we calculate an alternative form for f(z, 5) An element-by-element mean-value

expansion of f(z, ) around 6y gives

VT f(2,0) = VT f(z,00) + Vo f(z,0) VI(0 — 6o)

where again @ = [#1), ..., 8®)]) and ) = o + (1 — a()6" for some oV € [0, 1]
andeacht=1,...,Tandi=1,...,k.

Take any r,s € [0,1] with s > 7. Summing the expansion above between [r71] 4+ 1 and

[sT'], multiplying by ﬁWT{/ ? and using the expression for v/T (0 — 6o) (33), we get
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[sT] [sT]

WS f(a) wy!? Z f (24, 00)
VT t=[rT]+1 \/T =[rT]+1

[sT]
~ w2 (1) Y. V@)DV~ P)DV T
t=[rT]+1
x VT 5712 Fr(6y)
[sT]
w2 ( 1/T ) Y Vo) DA (ADLA) T W Ta(bo)
t=[rT]+1
+ op
(34)

where under the null hypothesis a(6p) = 0,1 so that the third term disappears.
To derive the limiting distribution, we inspect the convergence of each component of the

sum above. First, note that since (RN 0y, it follows that 6 N 0o and under the assumptions

of the theorem we have that

[sT]
(1/T) > Vofu(d) & (s—r)-M (35)
t=[rT]+1
Further, one can show that
MD~Y2(1 — P)DY?}I' = P; (36)

where M and Pj are as defined in the main text of Section 1.3.

Inspect the first term of the expression in (34). Rewriting the partial sum as a difference of
two partial sums, applying the result proved in 26 above as well as the continuous mapping

theorem, we get

[sT] [sT] [rT)

ﬁ W1/2 Z f Zt790 \/» W1/2 Zf(zt,eo) Z Zt’GO

t=[rT]+1 t=1 =1
= B(s) — B(r)
37

Next, inspect the second term of the sum in (34). By the same result in (26), we have that
VT E;;QFT(@O) = By, (1). Then, using the results in equations (35) and (36) as well as
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the continuous mapping theorem, we have that

[sT]
1/2 1/T Z A D_1/2(I P)D D251 \FZ 1/2 Fr(6)
T (38)

= (s — 1) PsBnu(1)

Using the two convergence results in (37) and (38), the continuous mapping theorem and

regrouping terms, we get

[sT]
T2 W2 N e, 0) = Z(r,s) (39)
t=[rT]+1

Z(r,s) = pg[BBm(S) — BBm(r)] + (I, — Ps) [Bm(s) — Bm(r)] (40)

for any r, s € [0, 1] with s > r where B B,,,(1) := B,,(I) — [ B,,(1) denotes a m x 1 vector
of independent Brownian bridges for [ € [0, 1].

Finally, I derive the limiting distribution of the sup ®%M (K) test statistic. To characterize
the limiting distribution, I follow the strategy employed in Sowell (1996) by deriving a
continuous functional®® mapping from D[0, 1]™ to R which defines the test statistic when
applied to the normalized partial sum of the sample moments betweent = [rT|+1, ..., [sT]
for some r, s € [0,1], s > 7 in (39). The same continuous functional is then applied to the
limiting stochastic process Z(r, s) defined in (39) to characterize the limiting distribution
of the test statistic under the null hypothesis, which follows from the continuous mapping

theorem.

Consider the following functional defining the sup @%M (K) test statistic for given K and
given \X € A where A = (\1,..., k), Ao = 0and A\g 1 = 1 where the consistent

variance estimators 3 7f and QT,]- have been replaced by their limits.

K+1
sup(I)%M(K) = EUIZ)\ Z]:Tj G— 1,)\) QTJ(Ajfl,Aj) FT,j()\jflv)\j)
AKe
€ ] 1

Fir(Nj—1,Ag) = Mp(Im = Ps5) x —= 2_1/2 Z (2,0
t j 1T]+1

_ —1
Qi (N1, A7) == (A — Aj—1) ™! [Mg (I — Pcs) Mg]|~

Apply this functional to the limiting stochastic process Z(r,s) defined in (39) to

characterize the limiting distribution of the test statistic. The limiting stochastic process

»Continuous with respect to the uniform metric.
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is defined by the mapping

K+1
sup LM (K) := sup Z A;N) V(0T A0
Aere 5
Aj(N) = Mp(Iy — Ps) Z(A\j-1,\))

Vi(A) = (Nj = Ajm1) Mg (I — Ps) Mg
Consider first A;()). Using the properties of the projection matrix, Ps, we have
(Im = P5) Z(N\j-1,25)
(Im - P&) pé[BBm(/\]) - BBm()‘j—l)]

()~ Bu(A;1)] }
= M (In = B5) [Bu(A) = Bu(Aj-1)]

>

Define C := M[’g(lm — Pj) € RPX™_ Using the result above, we have that

/

AN V(0T A;(N) = [C Z(0-1, 0]
X (CC/)_l X [C Z(Aj—laAj)]

X (A — Ajo1) 7

= {(/\j — X)) TP [ Bu(N) - Bm(%’—l)]} x
{()\j = Xj_1) T (CC)TIC [ B(N) — Bm(/\j—l)]}

where the last step follows since (CC")~! is a square, symmetric and positive-semidefinite
matrix and therefore has a matrix square root (CC’)~* = (CC")~1/2 (CC")~1/? (Newey
and McFadden, 1994, Lemma 9.6).

Next, it is easy to verify that (CC’)~%/2C' is an orthonormal p x m matrix so that it
holds that {(CC")~1/2C} {(CC/)*VQC}/ = I,. Since (CC")~'/2C is orthonormal,
(CC")~Y2C B,y (s) has the same distribution as B,(s) and we have

AN Vi)™ A5 (A) = [By(Ag) = Bp(Aj—1)]” (A = Ajm1) ™" [Byp(Aj) — Bp(Aj-1))]

_ 1By (N) = Bp(Aj-)IP
Aj - )\j—l

and therefore

K+1
s { 1B,(N;) — Bpw_l)n?}
)‘j - )\];1
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so that in conclusion we have shown that

sup XM (K) =  sup
MeAe 5

KL (1B,y(0) = By(Aily)|?
3 {II p( ]A)j—;;(_lj ol }

The limiting distribution of the D sup @%M statistic follows then from the continuity of the
max operator in (1.11) and the continuous mapping theorem. This concludes the proof of

Theorem 1.3.1 for the Lagrange-Multiplier form.

WALD FORM

The proof for the Wald form follows the same strategy as above, first showing consistency
of Bj 2 Bo under the null hypothesis, then deriving the limiting stochastic process of
VT (BJ — Bp) based on the estimator defined in (1.9) and finally applying a continuous
mapping to form the test statistic and to characterize its limiting distribution. The full proof

is available on request.
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C.2  QOut-of-sample inference

LEMMA 1.4.1 (OOS Mean-Value Approximation): Under the regularity conditions in
Assumption 1.4.1 and the null hypothesis defined in (1.3), for any r,s € [0,1] with
s > r > pit holds that

[sT]
p2 Z f(ze4ns Bo, 0¢) =
t=[rT]+1

[sT] [rT]
(T/P 1/2 {\/*Zf Zt+haﬁ0750 fo Zt-i—h?BUa(SO)}

[sT] [rT]
+(T/P)? FB { ZHt ZHt (80) } + 0prs(1)

where Hy, B are as defined in Assumption 1.4.1.(ii) and x(r,s) = 0prs(1) denotes that

SUPr se[0,1], s>r>p th(rv S)H = Op(l)'

Proof. A second-order element-by-element mean value expansion of f(zyp,3,0) around
do and evaluated at St fort = R,...,T yields.

F(zerns Bos01) = f(2etms Bos 0) + Vi f (2e4m, B0, 80) (6 — 80) + wern (41)
where the i-th element of w;j, is

, 02 fi (21, Bos Ot.i)
06 0’

(6, — o)’ (6, — &) (42)

1
Wt4+hi = 5

and Sm lies between 5t and 4.
Summing between ¢t = [rT] 4 1,...,[sT] and pre-multiplying by P~1/2 gives

[sT] [sT]
pi2 Z f(Zt4n: Bo, 0t) = P2 Z f(zt4n: Bo; 00)
t=[rT]+1 t=[rT]+1
[sT)
1+ pl2 Z Vs f(zt4h Bo, 90) (0t — do) 43)
t=[rT]+1
[sT)
+ p1/2 Z Wi+th
t=[rT]+1
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The second term in (43) can be written as

(571
P72 3" V5 f (21, Bo, 60) (B — 60) =
t=[rT]+1
[57]
Pil/z Z V§f(zt+ha Bo, 5O)Bth((50)
t=[rT]+1
(571
_ p-l2pp ZHt((SO)
t=[rT]+1
44
7] (44)
t P71/2 Z (véf(2t+h7/807 60) - F)BHt(é())
t=[rT]+1
[sT]
+ P Z F(B; — B)Hy(d)
t=[rT]+1
[sT]
+ P Z (Vsf(zi4n, Bos00) — F) (By — B) Hy(do)
t=[rT]+1

where the first step follows from Assumption 1.4.1.(ii) and the second step by adding and
subtracting the relevant terms involving F' and B. The second term after the last equality is
op.rs(1) by Assumption 1.4.1.(xi), the third by part 1.4.1.(xii) and the fourth by 1.4.1.(xiii).
Further, it can be shown that the remainder term P~1/2 ZLSIETT 11 Wern(r, 8) = oprs(1)

from an argument similar to the one in the proof of equation (4.1) in West (1996).

Substituting into (43) gives

[sT [sT]
P2 N F(zipns Boy01) = P72 f(z1em, Bos 60)
t=[rT|+1 t=[rT]+1
45
7] (45)
+P7V2FB Y " Hi(60) + oprs(1)
t=[rT]+1

Finally, multiplying and dividing by v/T', splitting the sums and re-arranging terms gives

[sT]

P2 N F(ziens Bos 0r) =

t=[rT]+1

[sT [T‘T]
(T/P) 1/2{ Zf Ziths Bo, 00) — \sz Zt+h750,50)}
[sT} [T‘T]

(T/P)1/2 FB {IZHt 50 \}—ZHt 60 }+Op,rs( )
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which proves the Lemma. O

THEOREM 1.4.1 (OOS Inference): Assume that the regularity conditions in Assumption
1.4.1 hold. Under the null hypothesis defined in (1.3), it holds that

K+1
supPr(K) =  sup Z Pi(Nj—1,Aj)
AK€ Aep j=1
K+1
Dsup®r(K) = max (1/k) sup Z Di(Nj—1,Aj)
1<k<K MK €A, =

A€7p:{)\j,j:1,...,Kt )\jG(p—I—E,l—E), )\j>)\j,1+€},

with \g = p, Ax+1 = 1 and where

® (A1, A E[Bm</ uA“,A)(uAjl,A)duN'x

-1

—N—

by
/qu )\J 1A ) (ua)‘j—l?)‘jy du}
0

x [Bm(/ W, Ay, A)w(u, Aj_1, ), du>]
with
wu,r,s) = M' S5} (1= p) V2|1, FB] x { (90,92 = Q) 2] 1w < 1)
+ Qu, )2 1(r <u < s)} /2
and where Q(s, 7) is as defined as

Q(S 7_)1/2 — (1(5 < p) I Omxa >
7 Odsxcm {In7—Inp]1(s < p)+[In(r) —In(s)]L(p<s<7)} - Iy

Proof. Note, as in the in-sample case above, that under the null hypothesis in (1.3), it holds
that 6, = 6y = (Opx1,0) V t. Therefore, under the null hypothesis, the function defining
the moment condition f(z;,60;) = f(z, t,d) can be written as a function of a constant

parameter f(z, #). This notation will be used in the subsequent derivations.

To prove the weak convergence results stated in the theorem, I start by showing that the

partial sample moments satisfy the following invariance principle under the null hypothesis.
Zt-i—haﬁ()a(so) /S 1/2
= Q(u, s)™= dé(u) (46)
\F Z ( Hy(do) ) 0
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1/2 is as defined in the theorem and &(u) = $'/2 B, 4 q(u) where By, ;.q(u)

is an (m + d) x 1 vector of independent standard Brownian motions.

where Q(u, T)

This result can be proven by following the same reasoning as in the proof of Proposition
1 of Rossi and Sekhposyan (2016). Start by defining br;; = 1(t > R). Then, by direct
calculations, for any j > R, it holds that
J J
> F(zeen Bo:60) = D braj f(zerns Bos d0) (47)
t=1

t=R

Under the recursive estimation scheme in Assumption 1.4.1.(ii) and defining
apr;j =R+ 45 LE<R) + T+ 4+ L(R<t<H)  48)

for any j > R it holds by direct calculation that
J

J
> o) - Y-t (zhzr,ao) zam,] (0.0 @9)
t=R

Using (47) and (49) it holds that
[SZT:] (2t4n,Bos00) | [SZT: bRt [sT] Omxd f(zt+n, Bo, do) (50)
\f Hy (o) f Ode ap,t,s7) - ld h¢(d0)

To derive the limiting distribution, as in Rossi and Sekhposyan (2016), I consider an
asymptotic approximation for the weights ar; ; and br; ;. From Assumption 1.4.1.(1),
we have p := lim7_,, R/T and thus

brtj =1(t > R) = 1(s > p) s= lim t/T (51)

T—o00

Following West (1996) and Rossi and Sekhposyan (2016) it can further be shown that

71 i1
A Sdk)1(t < R) + /dk)]lR t<
At </Rk ) I ) (t k (R<t<j) (52)

= [In(7) —In(p)] (s < p) + [In(7) —In(s)]L(p < s < 7)

To prove the weak convergence in (46), I employ the result for weak convergence of
stochastic integrals based on mixing sequences of Hansen (1992). In particular, define

{&;, 1} to be the following normalized stochastic sum process

j I Bo.
Z Zt-i-h?ﬁ(]v(s() = TZ( St 5()) O)> (53)

t=1

59



where £ (241, 0) is defined in the main text of Section 1.4. Further, define the stochastic

integral of interest as

T(op(s) Im  Omxd dén — 54
/O ( Ogxm Uh(sv 7—) ’ Id) & o4
1 brtj - Im 0 f(zt+n, Bo, do)
1 . 55
ﬁ; ( 0 ARt - Id) < h (o) o)

To apply Theorem 3.1 of Hansen (1992) we need to verify its conditions. The first
requirement is Assumption 1 of Hansen (1992) which is satisfied by the mixing condition
in Assumption 1.4.1.(iii) and Assumption 1.4.1.(v). To satisfy the second requirement,
we need to show that T%/2 & = %~12¢ where £(s) = $Y2B,,,4(s). This follows
from applying Corollary 2.2 of Phillips and Durlauf (1986) under Assumptions 1.4.1.(iii),
1.4.1.(v), 1.4.1.(v) and 1.4.1.(vi).

Applying Theorem 3.1 of Hansen (1992), we get

1 < brij Im 0 f(zt4h; Bo, do) «
_ b - C 56
ﬁ;( 0 aR,t,j'Id> < hi(do) ) o0
~ /T Q(s, )"/ de(s) 7
0

where

[rT]
brii - Im 0 bri—1. - Im 0
citr) = {re g [ (M — (e Ja
— 0 arytj-la 0 aRt-151a

_ bri—1-1 0
0 aRt—1,j - 1a

with j := [77] and ¢; = Y o E; <[f(zt+h+k, 00)', h(zt, 50)’] /). Using the same
reasoning as in Rossi and Sekhposyan (2016), based on the steps in the proof of Cavaliere
(2005), Theorem 4 and the fact that the variances o ¢(s), o4 (s, 7) are square integrable and

bounded, we get

[sT]
1 j : f(Zt-f—haﬁO,(sO) T 1/2
\/Tt:R< Hi (o) ) - /0 e, 7)™ dls) o9
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LAGRANGE-MULTIPLIER FORM, ®LM

To derive the limiting distribution of the sup ®p(K) test statistic, we follow the same
strategy as in the proof of Theorem 1.3.1. The test statistic is formed by applying a
continuous functional to the stochastic process derived above. We then derive the associated
limiting stochastic process under the null hypothesis and apply the same functional to

characterize the limiting distribution of the test statistic. Given K, define the continuous
mapping

K+1

sup OFM (1) = sup Y A (V) {Vir(W)} T A0 (V) (59)
MEeAe, T
where
AT )
Ajr(N) = M'S7} PN (2, o, 6) (60)
t=[)\j,1T]+1

To characterize the limiting stochastic process of A; (), note that under the regularity

conditions in Assumptions 1.4.1, we can apply Lemma 1.4.1 to get

X T]
pz Zf(zt+h>50,5t) =
t—[ G— 1T]+1
1 T 1 Aj—1T]
(T/P) 1/2{\F > F(zt4ns Bos 60) — Wi Z f Zt+h750,50)}

[)‘] T] [)‘J -1 T]

+(T/P)Y? FB {\/1:7 ; H,(5o) — \}T t:ZR Ht(ag)} + 0p.rs(1)

Plugging into (60) and grouping terms and omitting the o, term, we get
1/2 R (2t+1, Bo, 00)
Air(3) =M'STHT/P)? 1, FB| {\F 3 < . )
1 [/\jziT] (f(2t+h,50,50)> }
VT =, h(d0)

Using the weak convergence result we derived in (58) above, we get

(61)

STt Crns Bo, 60) A
t+hs P05 00 ’ N1/2@l/2
TF § :( P ) N /0 Q(s, A)) /2512 d By a(s) 62)
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and applying the continuous mapping theorem,
Aj
Ajr = M's7}(1-p) 21, FB /0 (s, \j) 25V d Byya(s)
)\]'_1
/ Os,0j-1)"/25"2 d By ya(s)
0

Ajo1
M=) 1 FB {/ 25, 2,)172 25,0,

Aj

x SY2 d Bpia(s) +/

Q(s, A;) /2812 dBm+d(s)}
>‘j—1

= M'S;H1 - p) [Im FB] x (63)
)\.
7 { s = 250507 165 2 00
0
+Q(s,0) 21\ < s < Aj)}
x S d B yals)
Aj
= / w(s, Aj, Aj—1) dBmya(s)
0
Aj
— Bm </ w(s,)\j,)\j_l)w(s,/\j,/\j_l)’ dS)
0
where
w(s, )\j—la )\j) =
M'S;H1 = p)7 2 |1, FB] { Qs )2 = Qs )2 U S A1) (g

+ Q(S, )\j)l/2 ]l()\jfl <s< )\j)}SI/Q

The result of the theorem then follows from applying the continuous mapping theorem to get

the distribution of ®7(\) and the distributions of sup @7 (K ) and D sup ®7(K) as defined

in the theorem and analogue to the proof of Theorem 1.3.1.
WALD FORM

The proof of the Wald form follows similar steps and is available on request. O
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COROLLARY 1.4.1 (OOS Inference in Special Cases): If (a) F' = 0, that is parameter

estimation error is irrelevant, or (b) the following condition holds
1
Eff = _i(FBEhf + thB/F/> = FBEth/F/

then, the result of Theorem 1.4.1 simplifies to

sup r(K) = sup Kir:l { 1Bp(Aj = p) = Bp(Aj-1 — P)”2}

AEAep =1 Aj — )\j—l
K+1 9
7% A — — N —
Dsuwp®r(K) = max (k) sip 3 4 1B =) = Bp(hion =)

Proof. The proof follows from directly calculating fo)‘j w(s, Aj, Aj_1)w(s, Aj, Aj—1)" ds,
imposing the condition given in the corollary. The proof follows similar steps to the proofs
of Proposition 3,4, & 7 of Rossi and Sekhposyan (2016). 0
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Chapter

Has the Information Channel of
Monetary Policy Disappeared?

Revisiting the Empirical Evidence

This paper is co-authored with Barbara Rossi and Tatevik Sekhposyan.

2.1 Introduction

The recent literature has found that, in response to unexpected increases in interest rates,
survey-based estimates of expected output growth rise while those of inflation decline
(Campbell et al., 2012, 2017). This is contrary to the common New Keynesian wisdom
that contractionary monetary policy causes a decline in output growth and inflation as
well as their expectations. An explanation for this puzzling behavior is the so-called
“information channel” of monetary policy. According to the information channel, agents
update their beliefs after an unexpected monetary policy action not only because they
learn about the current and future path of monetary policy, but also because they learn
new information about economic fundamentals. The intuition is that the Federal Reserve
communicates not only the future path of monetary policy but also how optimistic it is about
the current and future state of the economy: if the Federal Reserve’s expectation of future
fundamentals is different from the state of the economy perceived by market participants,
market participants will update their expectations. In this case, the responses to a monetary
policy shock may not be estimated correctly. In fact, if the monetary policy tightening is
the endogenous reaction to a future state of the economy that is more positive than markets
anticipate, market participants might expect an increase in future output and inflation and

update their expectations accordingly.
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A sufficient, but not necessary, condition for the information channel is that the central
bank has superior knowledge about the state of the economy relative to market participants;
that is, it has an “information advantage”. When that is the case, it is likely that market
participants will update their information about the state of the economy based on the new

information contained in central banks’ announcements.

How important is the information channel empirically? Does the Federal Reserve indeed
have an information advantage in forecasting macroeconomic variables beyond what is
known to private forecasters? And does this matter when estimating the response of the

economy to monetary policy shocks?

We revisit the empirical evidence by making an important departure from the previous
literature; namely, we allow for instabilities. That is, we allow the information advantage
of the Federal Reserve relative to market participants to change over time. As we show,
this is an important empirical feature of the data. Furthermore, we also allow the nature
of monetary policy shocks to vary over time, depending on whether the information
advantage is present in the data. We show that the latter matters when estimating
the effects of a monetary policy shock in the economy. When the central bank has
an informational advantage, the information channel is at work: the macroeconomic
responses are confounded and the researcher may estimate an expansionary response to a
contractionary monetary policy shock. On the other hand, when the information advantage
disappears, the information channel loses importance: the perils of confoundedness

disappear and researchers are able to correctly recover the response in the data.

Once we take instabilities into account, we find substantially weaker evidence for the
empirical relevance of the information channel in the most recent period: (i) The Federal
Reserve lost its short horizon information advantage regarding the state of the economy
relative to market participants; (ii) market surprises are no longer predictable by the Federal
Reserve’s internal forecasts; and (iii) macroeconomic responses to a monetary policy shock
are no longer confounded and private forecasters’ responses are less sensitive to monetary
policy shocks. Our results are consistent with the hypothesis that the decline in the relevance
of the information channel is linked to the improved communication strategies of the Federal

Reserve in recent years.

RELATED LITERATURE. Our paper is related to various strands of the literature. First,
our paper is related to the large literature estimating the effects of monetary policy shocks
— see Christiano et al. (1999, 2005), among others. Traditional Vector Autoregressions

(VAR) conventionally estimate a positive, hump-shaped response of output and inflation to

"Note that this is a sufficient but not necessary condition. The private sector might be updating its expectations
on the state of the economy even when the central bank does not have an information advantage. For
example, Timmermann (2006) has shown that forecast combination may improve forecast accuracy even if
the combination uses noisy or biased forecasts as long as they are not perfectly correlated with the forecasts
already included in the pool. Furthermore, Morris and Shin (2002) develop a theoretical model where public
information can affect the equilibrium outcomes even if it is noisier than private information.
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an expansionary monetary policy shock measured by an exogenous increase in the Federal
Funds Rate (FFR). However, as Campbell et al. (2012) and Nakamura and Steinsson (2018)
show, survey expectations of output growth typically rise after an unexpected monetary

policy tightening, thus contradicting the predictions of standard economic models.

Melosi (2017) and Nakamura and Steinsson (2018) develop theoretical models to rationalize
this “real activity puzzle”. In Melosi (2017)’s model, policy actions are publicly observable,
but private information about the economy’s fundamentals is “dispersed” across market
participants and policymakers. Thus, a change in the current policy rate not only affects
real interest rates but also provides the public with information on the central bank’s view
about macroeconomic developments. Melosi (2017) refers to the latter channel as the
“signaling channel” of monetary transmission and provides the first econometric analysis of
such “signaling effects”. He finds that his model can explain the forecast errors observed in
the data while perfect information models cannot. Nakamura and Steinsson (2018) suggest
a similar explanation based on the information channel of monetary policy. In their model,
monetary policy shocks affect not only the real interest rate but also the private sector’s
belief about the path of the natural rate of interest; this happens because, as the central bank
tracks the natural rate of interest, its announcements are likely to contain news about it.
They find strong empirical support for both the Federal Reserve (Fed) information channel

of monetary policy and the conventional one.

The presence of the information channel and its evolution over time is the objective
of our paper. Miranda-Agrippino and Ricco (2020) investigate the responses of core
macroeconomic aggregates to monetary policy announcements using an identification
strategy robust to information frictions. Their instrument is the component of high-
frequency market-based monetary surprises at the time of a policy announcement that is
orthogonal to both the central bank’s own forecasts as well as previous market surprises.
In a similar spirit, Jarocifiski and Karadi (2020) use sign restrictions to separately identify
monetary policy and “information shocks” from stock price dynamics. Andrade and Ferroni
(2021) investigate the information channel in forward guidance announcements in the euro

area and find evidence of information effects.?

A series of papers have investigated the empirical importance of the information channel of
monetary policy, including Cieslak and Schrimpf (2019), Lunsford (2020), Paul (2020)
and Bauer and Swanson (2020). Cieslak and Schrimpf (2019) and Lunsford (2020)
classify central banks’ announcements according to their characteristics. Cieslak and
Schrimpf (2019) distinguish among different types of central bank communication news:
news about monetary policy, economic growth and financial risk premia. Their analysis
results in a comprehensive database of international monetary policy events classified

according to their information content. They show that news about monetary policy

20On the other hand, Bundick and Smith (2020) and Inoue and Rossi (2021) show, using completely different
methodologies, that the response of the economy to forward guidance shocks is indeed consistent with standard
New Keynesian models’ predictions.
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prevails in announcements about monetary policy decisions; news about economic growth
prevails in press conferences; and the importance of risk premium shocks increases in the
unconventional monetary policy period. However, they do not investigate time variation
in the effects of monetary policy news. Lunsford (2020) investigates whether the type of
forward guidance language used by the Fed can influence information effects. He shows that
forward guidance shapes the private sector’s responses to Federal Open Market Committee
(FOMC) monetary policy statements and that forward guidance on the economic outlook
has stronger information effects than communication on the policy inclination. Similarly
to us, he finds time variation in the transmission of monetary policy shocks. In particular,
analyzing the period from February 2000 to May 2006, he finds evidence of a structural
break in the magnitude of the Federal Funds Rate surprises in August 2003. He argues that,
before this break, FOMC statements only included forward guidance about the economic
outlook, while they also included information on the FOMC policy inclinations after the
break. He concludes that financial markets, survey forecasters as well as the macroeconomy
react differently depending on the type of forward guidance. Our analysis differs from
Lunsford (2020) in that we formally evaluate the relative importance of changes in the
economic outlook versus pure monetary policy in a larger sample rather than focusing
on different forms of forward guidance in a specific sample period. Paul (2020) and
Bauer and Swanson (2020) instead focus on alternative explanations for the puzzling
response of survey forecasters to monetary policy statements. Paul (2020) finds that
the puzzling increase in private forecasters’ expectations of output growth to unexpected
increases in interest rates is present only when including unscheduled meetings. Bauer and
Swanson (2020) find that the puzzling estimates are consistent not only with the central
bank’s information channel of monetary policy but also with the central bank’s response
to macroeconomic news. According to the latter, economic news simultaneously causes
changes in the Fed’s monetary policy as well as in the private sector’s forecasts and there is
little role for an information effect. Differently from Paul (2020) and Bauer and Swanson
(2020), we focus on the interrelation between the information advantage and the information

channel of monetary policy and investigate their evolution over time.

Second, there is a large literature that focuses on the evaluation of central banks’ forecasts
as well as the quality of the Fed’s internal forecasts relative to the private sector’s. In a
seminal contribution, Romer and Romer (2000) showed that the Federal Reserve has an
information advantage relative to the private sector when forecasting inflation. On the other
hand, both D’ Agostino and Whelan (2008) and Rossi and Sekhposyan (2016) find evidence
of instabilities in the information advantage. D’ Agostino and Whelan (2008) show that the
Federal Reserve’s superior forecasting performance relative to survey forecasts deteriorated
since the early 1990s across medium to long forecast horizons. Our contribution is instead
to document that even the central bank’s short-horizon forecast advantage disappeared in
the most recent period. In addition, while the analysis in D’ Agostino and Whelan (2008)

is based on ad-hoc sub-samples, we consider general patterns of time variation and let
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the data uncover the time period when the forecast advantage appears/disappears. Rossi
and Sekhposyan (2016) also show that the evidence of central banks’ forecast advantage
in predicting inflation depends on the time period, and has deteriorated over time. Our
paper considers instead a wider range of macroeconomic variables (such as real output
growth, unemployment and, especially, interest rates) and links the forecast advantage to
the information channel of monetary policy. In relation to this literature, our paper conducts
a comprehensive analysis of the information channel of monetary policy, looking at various

dimensions considered in the literature beyond forecast evaluation.

Lastly, our work is more distantly related to the literature on forecast rationality, in particular
Faust and Wright (2009), Patton and Timmermann (2012), Croushore (2012) and Rossi
and Sekhposyan (2016). Faust and Wright (2009), Patton and Timmermann (2012) and
Croushore (2012) note that rationality of inflation forecasts depends on the sample period
used for forecast evaluation, while Rossi and Sekhposyan (2016) formally investigate the
rationality of the central bank as well as the private sector inflation forecasts in the presence

of instabilities.

The remainder of the paper proceeds as follows. Section 2.2 presents our analysis of
the Federal Reserve’s information advantage. Section 2.3 investigates the time-varying
information content of high-frequency market-based monetary surprises typically used in
the literature to identify monetary policy shocks. Section 2.4 investigates the empirical
relevance of the information channel for determining the economy’s response to monetary
policy while Section 2.5 investigates the reaction of private forecasters. Section 2.6

concludes.

2.2 Does the Federal Reserve have an information advantage?

This section revisits the empirical evidence on whether the Federal Reserve has more
information than the private sector when forecasting key macroeconomic variables. We
establish that, while the Federal Reserve historically had an information advantage when
forecasting real GDP growth and inflation, at least at short horizons, this advantage
disappeared in the recent period. We also estimate several important change-points in
the information advantage that coincide with changes in FOMC communication policy.
Finally, we discuss the relationship between the information advantage and relative forecast
accuracy (measured by a mean squared error loss function, MSFE) and show that, based on

the latter criterion, the Federal Reserve’s advantage deteriorated as well.

2.2.1 The evolution of the Federal Reserve’s information advantage

To assess whether the Federal Reserve has an information advantage over the private

sector in forecasting a macroeconomic variable, x, we consider the following information

69



advantage regression:

BCEI GB BCEI
Ti+h — xt—&-h\t =0+ BGB xt+h|t + ﬁBCEI xt—&-h\t + Netn (21)

BCEI
t+hlt

forecast from the Blue Chip Economic Indicators’ (BCEI) survey at horizon h, z;, denotes

where aztcfgl' ' is the Greenbook/Tealbook forecast at horizon h, x is the consensus
the real-time realization of the variable of interest and 7. is an unforecastable error term.
Our goal is to test whether S equals zero. In fact, the Fed’s forecasts provide additional
information above and beyond that in the private sector’s forecasts if S p is different from
zero. In other words, a value of Sgp different from zero indicates that forecasters would
prefer to put weight on both Greenbook/Tealbook forecasts as well as BCEI forecasts if they
had a choice.

Because the coefficients in the above regression could be time-varying, we investigate
whether Bqp is different from zero using tests robust to instabilities. Tests based on the
full sample characterize the average out-of-sample performance, which might mask the
evolution of the information advantage over time (Rossi, 2006a). Instead, we base our
analysis on what we label as the “Information- Advantage Fluctuation test” using the general
framework in Rossi and Sekhposyan (2016). Specifically, we estimate the information
advantage regression in eq. (2.1) in rolling windows of m forecasts.? Let B¢ B,t be the time-
varying parameter and let BG B,t denote the parameter estimated sequentially in regression
(2.1) fort = m/2,...,T—m/2 using observations centered around time ¢ — that is, the most
recent m/2 observations as well as the following m /2 ones. We then construct a t-statistic

at each point in time ¢:

TaBt = Bapi/\/ 0% /m 2.2)

where 6% g 1s the Newey and West (1987) HAC estimator of the asymptotic variance of the
parameter estimate in the rolling window centered at time ¢.* The Information-Advantage

Fluctuation test statistic is:
FaB = maxy |TaB.4 (2.3)

which we use to test the null hypothesis that Sgp; = 0 at every point in time ¢ against the

alternative that Bgp; # 0 at some point in time ¢.

Figures 2.1 and 2.2 depict 7 ¢ over time. The largest (absolute) value in the sequence
of 7¢p, is the Information-Advantage Fluctuation test statistic, Fgp. The (red) dashed
horizontal line denotes the corresponding five percent critical value.> When Fp is outside

3Without loss of generality, 7 is an even integer.

*The variance estimate is based on a Newey and West (1987) HAC estimator using a truncation lag equal to
m*/*. For details on the variance estimator, see Rossi and Sekhposyan (2016). The results presented in this
section are robust to using a heteroskedasticity-consistent variance estimator instead of the HAC estimator.

5The relevant critical value is the t-statistic analog to the Wald test critical values for the survey and model-free
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the critical value lines, the test rejects the null hypothesis that 5o = 0 for every ¢, and
we conclude that the central bank had an information advantage at some point in time.
Importantly, the critical value properly controls size and guards against sequential testing
bias.

The path of 7gp 4 is a local measure of forecast advantage over the rolling window, which
we attribute to the center point of the window itself (similarly to usual non-parametric
approaches).” Since the rolling-window approach involves smoothing, by construction the
date is only indicative of when the forecast advantage started/ended; later in this section, we
complement our results with Bai and Perron (1998)’s test of multiple discrete breaks. Also,
for completeness, we report the coefficient estimates (EG B,t), which have the same sign as

TG B,t» in the Not-for-Publication Appendix.

DATA. To implement the Information-Advantage Fluctuation test in eq. (2.1), we require
data on the central bank’s and private sector’s forecasts as well as the corresponding real-
time realizations for key macroeconomic variables. In our analysis, we consider forecasts
of inflation, GDP growth, unemployment and the interest rate. We also require a strategy to
match the forecasts and realizations so that their targets align. As a measure of central bank
forecasts, we use the Greenbook/Tealbook forecasts between February 1984 and December
2015, which are prepared by the staff of the Federal Reserve prior to each regular FOMC
meeting (eight times per year). These forecasts are based on a maintained assumption
about monetary policy and are made available to the public after a five year lag. This lag
constrains the end of our sample period. For inflation, we use the forecasts of the annualized,
chain-weighted quarter-over-quarter growth in the GDP deflator. For GDP growth, we use
the forecasts of the annualized, chain-weighted quarter-over-quarter real GDP growth rate.
For the unemployment rate, we use the Greenbook/Tealbook projections for the quarterly
average unemployment rate in percentage points. Finally, for the interest rate, we use the

projections of the three month Treasury bill rate.

As a measure of private sector forecasts, we use the Blue Chip Economic Indicators (BCEI),
which is a monthly commercial survey-based dataset containing consensus (average)
forecasts for 16 macroeconomic variables collected from approximately 50 business
economists. We consider only forecasts up to four quarters since the series exhibit missing
values occurring systematically beyond this horizon. Since the BCEI forecasts are for fixed
events, i.e. for selected quarters in reference years, forecasts beyond four quarters are

not available for every FOMC round.® For inflation, we use the annualized quarter-over-

forecasts reported in Table II Panel C of Rossi and Sekhposyan (2016).

®Note that a rejection does not simply indicate time-variation: the test rejects the hypothesis that the central
bank never had an information advantage relative to the survey forecasters. Importantly, the test would also
reject if there was no time variation, but the central bank had a constant information advantage. Thus, the path
of 7g B, contains valuable information on the reason behind the rejection.

"Therefore, note that the last year in the figures is 2011 only because that is the center point in the last window
we consider: our sample in fact ends in December 2015.

8For example, for the five-quarter-ahead forecasts of all the variables considered in our analysis, the BCEI
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quarter BCEI consensus forecasts of the GDP deflator price index. For GDP growth, we
use the annualized quarter-over-quarter consensus forecasts of real GDP growth and for the
unemployment rate the consensus forecasts of the quarterly average of the unemployment
rate in percentage points. Finally, for the interest rate we use the forecasts of the quarterly
average yield on a three month Treasury bill in percentage points. The forecasts are
available for our entire sample from February 1984 - December 2015. At the beginning of
the sample, the BCEI survey was conducted over three days, beginning on the first working
day of each month, and was subsequently shortened to two days starting in December 2000.

The BCEI consensus forecasts are released on the 10th of each month.

To implement the regression in eq. (2.1), we match the BCEI forecasts to the
Greenbook/Tealbook forecasts so that the BCEI forecast is always strictly before the
FOMC meeting associated with each Greenbook/Tealbook forecast. This results in the
BCEI forecasts sometimes being published before the Greenbook/Tealbook forecasts and
sometimes after, but both forecasts are made strictly before the FOMC announcement.
Appendix A reports sensitivity analyses using an alternative timing assumption that strictly

orders BCEI forecasts before the Greenbook/Tealbook forecasts.

For the realizations, we use real-time data from the Philadelphia Fed’s ‘“Real-Time Data Set
for Macroeconomists”. We use the quarterly first-release values where available and, in a
handful of cases, we impute any missing values using second-release values. We use the
first-releases because of their timeliness. The Not-for-Publication Appendix shows that our
results are robust to using second and third releases for output growth and inflation (interest
rates are never revised and revisions to the unemployment rate are negligible). We do
not consider final releases since they include ex-post re-definitions and major classification
changes that the forecasters would not have known at the time the forecasts were made. For
realized inflation, we use the annualized quarter-over-quarter growth rate in the GNP/GDP
deflator price index in percentage points; for realized GDP, we use the annualized quarter-
over-quarter growth rate in real GNP/GDP in percentage points; for the unemployment rate,
we use the quarterly average of the monthly history of (quarterly) vintages provided by the
Federal Reserve Bank of Philadelphia. Interest rate data is not revised, thus we use the
average quarterly secondary market rate of the three month Treasury bill (TB3MS), which
we obtain from the FRED database maintained by the Federal Reserve Bank of St. Louis.

Details on the Greenbook/Tealbook forecasts, the BCEI forecasts, real-time data as well as

the data sources are documented in the Not-for-Publication Appendix.

forecasts for any FOMC meeting occurring in the last quarter of each year is systematically missing, as survey
respondents were only asked to forecast until the last quarter of the next year. This corresponds to two or three
meetings out of the eight regular FOMC meetings per year.
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Figure 2.1: Information advantage fluctuation test: Inflation and GDP growth

Notes: The figure shows 7g g ; from eq. (2.1) based on m = 60 meetings rolling windows using a Newey-West covariance

estimator with a truncation lag of m1/4. Horizontal axes correspond to mid-window dates. Dashed (red) lines denote 5%
critical value lines based on Rossi and Sekhposyan (2016)’s two-sided Fluctuation test.

RESULTS. Figures 2.1 and 2.2 plot 7gp+ on the y-axis for the nowcast, the one-quarter-
ahead forecast and an average of forecasts from two to four quarters ahead. Recall that
the largest absolute value of 7 is the Fluctuation test statistic, g p, and the timing
reported on the x-axis is the mid-point of the rolling sample used to estimate 7 p ¢ over time.
The figure also reports the five percent critical value lines for the Information-Advantage

Fluctuation test.

First, consider the results for inflation and real GDP growth reported in Figure 2.1. The
figure shows that, for both variables, the Greenbook/Tealbook had an information advantage
for the nowcast and one-quarter-ahead forecasts, which deteriorated in the early 2000s.
At longer horizons (two-to-four-quarter-ahead quarter ahead), the information advantage is

only sporadic and, for most of the sample, Greenbook/Tealbook forecasts do not seem to
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Figure 2.2: Information advantage fluctuation test: Unemployment and interest rates

Notes: The figure shows 7g g ¢ from eq. (2.1) based on m = 60 meetings rolling windows using a Newey-West covariance
estimator with a truncation lag of m1/4. Horizontal axes correspond to mid-window dates. Dashed (red) lines denote 5%
critical value lines based on Rossi and Sekhposyan (2016)’s two-sided Fluctuation test.

provide additional information relative to the BCEI consensus forecasts. For unemployment
and interest rate forecasts in Figure 2.2, the information advantage weakened substantially
in one- and two-to-four-quarter-ahead forecasts, yet persists throughout the whole sample

only for the nowcast.

REMARKS. Note that our regressions shed light on whether the central bank has an
information advantage relative to survey participants from a historical point of view: finding
that the central bank lost its information advantage in a given year does not imply that survey
participants were aware of it in real time, as Greenbook/Tealbook forecasts become public
with a delay of five years. However, the private sector might have been able to gauge

the relative accuracy of the Greenbook/Tealbook forecasts in other (informal) ways. For
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example, Ericsson (2016) shows that FOMC minutes contain useful information which can
help infer the staff’s Greenbook/Tealbook forecasts of real GDP growth rate years before

the public release of these forecasts.

Finally, it is important to note that the Greenbook/Tealbook projections condition on a
hypothetical, counterfactual policy path that is not supposed to be a monetary policy
forecast. As discussed in Faust and Wright (2008), the conditional nature of the forecasts
can be neglected when “the conditioning paths are not too far from the central bank’s
unconditional expectation for policy and/or that policy feedback is not too large over
the relevant horizon”. As discussed in Faust and Wright (2008), these assumptions may
be reasonable at the very short forecast horizons we focus on. On the other hand, as
information on the current interest rate and projections of monetary policy are readily
available to private forecasters (e.g. through summaries/analyses/projections published by
the FOMC), there is reason to believe that BCEI forecasts might be conditional forecasts as
well. Berge et al. (2019) provide a framework to study the conditionality of survey forecasts
and analyze both Greenbook/Tealbook and BCEI consensus forecasts. They report that
interest rate projections were incorporated efficiently into both central banks’ and private
sector’s forecasts of common macroeconomic variables, leading to the conclusion that both

forecasts are conditional.

ROBUSTNESS. Appendix A investigates the robustness to the relative timing assumptions
of Greenbook/Tealbook and BCEI forecasts. Specifically, we report Information-Advantage
Fluctuation tests for the case where BCEI forecasts are always published before the
corresponding Greenbook/Tealbook forecasts. The Not-for-Publication Appendix reports
additional sensitivity analyses to different window sizes as well as the second and third
vintages for the real-time realizations (instead of the first release). Our results remain robust

to these changes.

2.2.2 Discrete breaks and changes in FOMC communication

The analysis in the previous section establishes that the information advantage of the
Federal Reserve weakened in recent years. This section sharpens the evidence by testing

for structural breaks and estimating break dates in the information advantage regressions.

While the Information-Advantage Fluctuation test robustly shows that there is little
evidence to reject the hypothesis that Sgp is zero in recent years, the rolling-window
nature of the test makes it difficult to precisely identify the exact point in time in which
the departure from zero has taken place. In fact, the non-parametric approach we adopt is
designed for smooth changes. When the changes are of a discrete nature, our approach may
smooth them out over the rolling windows, thus making it difficult to identify exactly when
the change happened. Therefore, we present complementary evidence based on Bai and

Perron (1998)’s test, which is designed to identify multiple sharp breaks in parameters.
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However, in the context of our analysis, the Bai and Perron (1998) test has several
drawbacks. First, it requires that all the parameters change discretely and at the same time.
The Fluctuation test, instead, is a non-parametric test that summarizes the time path of
the parameter of interest (in this case the coefficient on the Greenbook/Tealbook forecast),
while allowing other regression parameters to change (or not) in a data-driven way. Second,
and most importantly, while the Bai and Perron (1998) test identifies multiple and discrete
change-points, it cannot be used to test the joint hypothesis we are interested in, namely
Bap,: = 0 at every point in time.” Therefore, the Information-Advantage Fluctuation and
the Bai and Perron (1998) tests complement each other: we report the latter here to shed

additional light on the estimated break dates.

We conduct Bai and Perron (1998)’s test on 3¢ ¢ in the information advantage regressions
in eq. (2.1).!° Table 2.1 reports results for forecasts of inflation, real GDP growth,
unemployment and the interest rate for several forecast horizons: the nowcast, one-quarter-
ahead and the average over two-, three- and four-quarter-ahead forecasts. For each variable
and forecast horizon, consistently with Bai and Perron (1998)’s notation, the table reports
the UDmax test statistic as well as the estimated number of breakpoints according to
two criteria: the sup F'(k + 1]k) (denoted by ks,,r) and the BIC (denoted by kprc). In
most cases, the two criteria agree on the number of breakpoints, although there are some
differences. We follow Bai and Perron (1998)’s recommendation and base our inference on
the kg, criterion. The last column in the table reports the estimated break dates, together

with their 90 percent confidence intervals.

For inflation, there are broadly three break-points, dating to the early 1990s, 2002/2003, and
2008. For real GDP growth, there are breaks in the early 1990s and late 1990s/early 2000s
for the one-quarter and the average of two-to-four-quarter-ahead forecasts. For the nowcast,
on the other hand, the break date appears to be in 2010. For the unemployment rate, there
are no detected breaks in the nowcast and one-quarter-ahead forecasts, consistent with the
Fluctuation test results, while 2007 shows up as a break date at longer horizons. For the
interest rate, 2007 is detected as a robust break-point across horizons; however, there are
also breaks in 1992 and 2000 at the longer horizons.

As we emphasized earlier, Bai and Perron (1998) test for parameter stability, while the
Fluctuation test jointly evaluates parameter stability and whether the parameter equals to
zero. Nevertheless, the 2002/2003 break date is robustly detected by both tests. This date
is related to a major change in the communication strategy of the FOMC, which in August

For example, in the case that the true S¢p coefficient is constant but different from zero, the Fluctuation test

will reject, while the Bai and Perron (1998) test will not reject as there is no instability.

OWe follow the recommendations in Bai and Perron (2006) and Bai and Perron (2003), and use their U Dmax
statistic with a maximum of K = 5 breaks. When the test rejects the null hypothesis of no break, we
estimate the number of breaks by the sequence of sup F'(k + 1|k) tests and estimate the break dates by
globally minimizing the sum of squared residuals in eq. (2.1). Confidence intervals are constructed based on
the asymptotic approach provided in Bai and Perron (1998), assuming serially correlated, but homogeneous
residuals across segments.
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Table 2.1: Results from multiple break tests

Horizon UDmax kspr kprc Break date [90 % CI]
GDP Deflator Inflation
Nowcast 11.99 3 3 10/1991 [10/1990 - 07/1992]

12/2002 [08/2000 - 08/2005]
09/2008 [12/2006 - 11/2009]

1 q ahead 12.16 3 3 03/1991 [05/1990 - 12/1991]
09/2003 [06/2001 - 09/2005]
06/2008 [05/2006 - 11/2009]

Avg. 2-4 q ahead 19.53 3 4 10/1990 [05/1989 - 08/1991]
03/2003 [11/1995 - 08/2008]
03/2008 [08/2003 - 04/2011]

GDP Growth

Nowcast 13.17 1 0 03/2010 [03/2005 - 10/2013]

1 q ahead 17.98 2 2 07/1993 [10/1991 - 03/1995]
03/2000 [11/1998 - 12/2001]

Avg. 2-4 q ahead 13.95 2 2 10/1992 [02/1991 - 02/1994]
10/1999 [11/1998 - 08/2001]

Unemployment Rate

Nowcast 4.44 0 0

1 q ahead 4.11 0 3

Avg. 2-4 q ahead 22.19 1 3 03/2007 [07/1990 - 12/2015]

Interest Rate

Nowcast 84.25 1 1 06/2007 [06/2005 - 09/2007]
1 q ahead 89.76 1 1 06/2007 [02/2005 - 09/2007]
Avg. 2-4 q ahead 238.65 3 3 08/1992 [08/1984 - 07/1996]

02/2000 [02/1989 - 06/2006]
03/2007 [08/1992 - 12/2009]

Notes: The trimming parameter is 0.15 and the maximum number of potential breaks is five. The HAC covariance is estimated
based on Andrews (1991)’s AR(1) bandwidth selection (no prewhitening). The break dates are based on kgyp .
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2003 started including time-dependent forward guidance in its post-meeting statement. This

is an important break-point, documented in several studies (see Lunsford 2020).

The break dates in the early 1990s overall appear to coincide with many changes introduced
by the FOMC in its communication strategy, starting with the decision to publish minutes in
March 1993 and subsequently issuing statements following every meeting in May 1999. Bai
and Perron (1998)’s tests also detect break-dates in the period between 2007 to 2009. These
appear to be related to the release of the quarterly Summary of Economic Projections (SEP)
in November 2007 (which reported ranges and central tendencies of participants’ forecasts
for up to three years ahead) and the subsequent quarterly press conferences related to the
SEP in April 2011.

2.2.3 Relationship to forecast accuracy

In addition to information advantage regressions, one could consider other, potentially
different test statistics. In this section, we provide complementary evidence based on MSFE
comparisons. Just as a preview, the results confirm our main finding: the forecasting
performance is time-varying, and Greenbook/Tealbook forecasts were not significantly

more accurate than the BCEI in the latest part of the sample.

It is important to clarify at the onset that information advantage regressions and MSFE
comparisons are two very different ways of comparing forecasts: in general, finding
that a forecast has an information advantage over a competitor does not imply that the
former has a lower MSFE. In fact, information advantage regressions investigate whether
a forecaster that has access to both Greenbook/Tealbook as well as BCEI forecasts will
use both or will prefer only one of them. Hence, there is a tight link between information
advantage regressions and the forecast combination literature. As we discuss in Section
II.A in the Not-for-Publication Appendix (see also Winkler and Clemen, 1992), the optimal
forecast combination (based on the MSFE measure of accuracy) weights each forecast
proportionally to its forecast accuracy when the underlying forecasts are unbiased and
uncorrelated. When forecasts are correlated, instead, the most accurate model still gets
a higher weight in the combination, yet the weight does not reflect its accuracy because it is
“distorted” by the correlation. In addition, when the forecasts are biased, it is possible that,
depending on the direction and magnitude of the biases, the most accurate forecast in terms
of MSFE gets a lower weight than the less accurate forecast. These insights suggest caution
in interpreting the magnitude of the coefficients (that is, the weights) in the information
advantage regression (see also Sims, 2002), as they cannot always be interpreted as a

measure of forecast accuracy.

As the discrepancy between the forecast advantage and the relative MSFE measures may
depend on the correlation between the forecasts as well as their bias, we empirically
investigate them in our data. Section II.B in the Not-for-Publication Appendix shows the

existence of a time-varying (and, at times, strong) cross-correlation between the central bank
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and private sector forecasts. The cross-correlations are particularly large for the nowcasts of
the unemployment rate, real GDP growth and interest rates and have been growing over time
for the latter two. In addition, Sections II.C and II.D in the Not-for-Publication Appendix
show that both Greenbook/Tealbook forecasts as well as the BCEI exhibit time-varying

biases and failures of rationality (see also Rossi and Sekhposyan, 2016).

Given this evidence, we complement our information advantage regressions with a time-
varying analysis of forecast accuracy. Figures 2.3 and 2.4 depict rolling estimates of
relative predictive accuracy, measured by the difference between the MSFEs of the BCEI
consensus forecasts and the Greenbook/Tealbook forecasts, scaled by its standard deviation
(labeled 7gR,). We implement a Fluctuation test in a regression similar to that in eq. (2.1),
where the left-hand side is the MSFE difference and the only regressor is the constant.
The null hypothesis is that the Greenbook/Tealbook and the BCEI forecasts have the same
predictive accuracy; under the alternative, positive values of the test statistic indicate that
the Greenbook/Tealbook predictive performance is more accurate. The dashed (red) line

indicates the five percent critical value of the Giacomini and Rossi (2010) test.

The figures show that the equal predictive accuracy of these forecasts is rejected for all
the variables and all horizons. The time path of the test statistic indicates that the forecast
accuracy of Greenbook/Tealbook in predicting inflation worsened in the early 1990s for
the nowcast and the one-quarter-ahead forecasts, while the deterioration dates to the late
1990s for the average two-to-four-quarter-ahead forecasts. For the real GDP growth rate,
the central bank either had no comparative advantage in forecasting or, in the case of the
nowcast, the information advantage disappeared in the late 1990s. For unemployment, the
performance of Greenbook/Tealbook and BCEI forecasts is broadly the same, with some
sporadic outperformance of Greenbook/Tealbook at the two-to-four-quarter-ahead horizon.
In terms of the interest rate, the central bank appears to have more accurate forecasts only
for the nowcast and that advantage disappears around 2003. Thus, even based on the relative
forecast accuracy criterion, either the central bank had no forecasting advantage or, in some
cases, the advantage disappeared even earlier than our estimates suggest, namely in the
1990s.
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Figure 2.3: Forecasting performance fluctuation test: GDP growth and inflation

Notes: The figure shows 7 g, based on m = 60 meetings rolling windows using a Newey-West covariance estimator with
a truncation lag of m!/4. Horizontal axes correspond to mid-window dates. Dashed (red) lines denote 5% critical value lines
based on Giacomini and Rossi (2010)’s one-sided Fluctuation test.
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Figure 2.4: Forecasting performance fluctuation test: Unemployment and interest rates
Notes: The figure shows 7g g+ based on m = 60 meetings rolling windows using a Newey-West covariance estimator with

a truncation lag of m!/4. Horizontal axes correspond to mid-window dates. Dashed (red) lines denote 5% critical value lines
based on Giacomini and Rossi (2010)’s one-sided Fluctuation test.
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2.3 Do monetary policy surprises contain information effects?

The previous section provided empirical evidence that the Federal Reserve had an
information advantage in predicting key macroeconomic variables historically, but lost such
an advantage recently. A related and important question is whether the importance of the
information channel of monetary policy has similarly decreased over time. As discussed in
the introduction, the existence of the central bank information advantage is a sufficient,
but not a necessary condition for the presence of the information channel of monetary
policy. This is because the private sector might update its expectations on the state of the
economy even if the central bank does not have an information advantage (see e.g. Morris
and Shin, 2002). When studying the reaction of the economy to information effects, it is
therefore important to recognize that potential time-variation in information effects might
exist independently from the results we already established in Section 2.2. Therefore, we
investigate whether high-frequency market-based surprises can be explained by the Federal

Reserve’s economic outlook and whether this information content has changed over time.

Similarly to our information advantage analysis in Section 2.2, we find that, while high-
frequency surprises can be historically predicted by Federal Reserve staff forecasts, this
relationship has become insignificant in the recent period. Building on this finding, we then
construct an updated version of Miranda-Agrippino and Ricco (2020)’s policy instrument,
which is a monetary policy surprise cleaned from information available to the Federal
Reserve. We explicitly take time variation into account when constructing the instrument,
which is used in Section 2.4 to estimate the response of the economy to monetary policy
shocks as well as in Section 2.5 to establish whether professional forecasters revise their

forecasts in response to monetary policy.

2.3.1 The information content of market surprises

We start by investigating the information content of high-frequency market-based surprises
identified in a short window of time around FOMC announcements. Our main objective
is to establish whether market surprises are predictable by the information available to the
Federal Reserve staff and whether this predictability has changed over time. High-frequency
surprises are widely used in the literature on information effects and several papers highlight
the importance of controlling for the Fed’s private information. For example, Romer and
Romer (2004) show that Greenbook/Tealbook forecasts significantly predict changes in the
intended Fed Funds Rate around FOMC meetings. Campbell et al. (2017) demonstrate
that the “Delphic component” of high-frequency surprises (i.e. the component that reflects
the Federal Reserve’s private information on current and future macroeconomic conditions)
can explain the puzzling decrease in unemployment survey expectations after a monetary
policy tightening (Campbell et al., 2012). Jarocifiski and Karadi (2020) construct an
instrument for monetary policy shocks by controlling for the central bank’s assessment

of the economic outlook, revealed by stock market surprises. Finally, Miranda-Agrippino
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and Ricco (2020) construct a monetary policy shock instrument that controls for the
Federal Reserve information by extending the approach of Romer and Romer (2004) to
high-frequency-identified market surprises; they show that their instrument accounts for
information effects across a large number of Structural VAR (SVAR) specifications. In our
analysis, we follow Miranda-Agrippino and Ricco (2020)’s and Romer and Romer (2004)’s
approach and study the correlation of high-frequency market-based monetary surprises
with the Federal Reserve’s internal forecasts at different horizons. Specifically, we project
surprises in the three month Federal Funds Futures Rate (F'F'4) on Greenbook/Tealbook
forecasts of real GDP growth, GDP deflator inflation and the unemployment rate as well as

their revisions for different forecast horizons, via the following regression:

! F GB@ j h) h
S; = a™ £ 57 g ( o\t e (2.4)
Zj: TO\FCP @i gin) = FER (wy010))

where S; is the high-frequency market-based surprise, F72 (z j.q+n) denotes the h-quarter-

ahead Greenbook/Tealbook forecast of variable x; associated with the FOMC meeting at
(h)
j

coefficients associated with the forecasts and forecast revisions of variable x;, where j

time t; FCB (2 41n) — FE5 (2j4+5) denotes the forecast revision; and 6" collects the
denotes the variable to be forecasted (j = GDP growth, inflation and unemployment). We
estimate eq. (2.4) for one quarter backcasts, nowcasts as well as one- and two-quarter-ahead
forecasts (i.e. h = —1,0,1, 2).

Miranda-Agrippino and Ricco (2020) find, in a similar specification over the full sample,
that the null hypothesis of no correlation between the market surprises and Fed forecasts
((9](.'1) = 0) can be rejected. They interpret this result as evidence of an information channel
via FOMC announcements. Given our findings from Section 2.2, however, we are interested
instead in studying how this correlation evolves over time. Therefore, similarly to the
approach in Section 2.2, we define the Fluctuation test statistic for the regression in eq.
(2.4) as:

FrED :m?X\WtL (2.5)

with
Wy =m 0" {6 fort =my2,... T —m/2, (2.6)

where 9}@ and V;h) are computed in rolling windows of m observations.
DATA.  To implement the regression in eq. (2.4), we choose as our baseline measure

of interest rate surprises the change in the three month Fed Funds Futures in a half-hour

window starting 10 minutes before and ending 20 minutes after the announcement.'! This

"EF4 contracts exchange a constant interest for the average Federal Funds Rate over the course of the third
calendar month. In most of our sample, regular policy meetings are spaced roughly six weeks apart.
Therefore, the three month futures rate can be interpreted as the shift in the expected Federal Funds Rate
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surprise measure was used by Gertler and Karadi (2015), Jarocinski and Karadi (2020), Paul
(2020) and Miranda-Agrippino and Ricco (2020). We study surprises around 234 FOMC
meetings from February 1990 to December 2015 using an updated version of the Giirkaynak
et al. (2005) dataset. While market-based monetary surprises are also available for more
recent dates, our dataset is constrained by the availability of Greenbook/Tealbook forecasts,
which are only released with a five-year lag.!> The dataset contains both scheduled as
well as unscheduled FOMC meetings and other important announcements. We associate
each Greenbook/Tealbook forecast to the relevant FOMC announcement. For scheduled
meetings, these forecasts have a direct mapping to the announcements, as they were
prepared specifically for the respective FOMC meeting. For unscheduled announcements,
we use the latest available Greenbook/Tealbook forecast made before the announcement
and correct the forecast horizon when the target quarter of the forecasts changed. We then
compute the revision of each Greenbook/Tealbook forecast as the difference between the
forecast associated with the current FOMC meeting and the previous meeting, correcting

the forecast horizon of the earlier forecast when necessary.'?

RESULTS.  Figure 2.5 reports W; for the regression in eq. (2.4) for the one-quarter
backcast, the nowcast, as well as the one- and two-quarter-ahead forecasts together with
the 5% critical value line for the Fluctuation test. The largest (absolute) value of W} is the
Fluctuation statistic, Frgp. When Frgp is above the critical value line, the test rejects the
null hypothesis that market surprises were never predictable by the Greenbook/Tealbook
forecasts. As in the previous sections, the timing reported on the x-axis is the mid-point
of the rolling sample used to estimate IW; over time. The figure illustrates that high-
frequency market-based surprises were significantly predictable by the Fed staff before the
mid-2000s, but that the predictability disappeared in the most recent period, regardless of
the forecast horizon. Importantly, the results hold for both scheduled as well as unscheduled
announcements. Thus, it is important to account for information effects in the first part of

the sample, but less so in the most recent period.'*

2.3.2 An information-robust instrument of monetary policy

In the next two sections, we study the impact of monetary policy announcements on
the macroeconomy and forecasters’ expectations using an information-robust instrument.
Given our previous findings, namely that accounting for the Federal Reserve information is

more important in the earlier than in the later part of the sample, we modify their instrument

following the next policy meeting.

12Greenbook/Tealbook forecasts are currently available up to December 2015.

3Note that by definition, the forecast revision associated with unscheduled FOMC meetings is zero as the
forecasts have not been updated since the last scheduled FOMC announcement.

"In addition to regressions at individual horizons, Miranda-Agrippino and Ricco (2020) also consider F-tests
in a regression including all variables and horizons, following the specification in Romer and Romer (2004).
Table B.4 in the Appendix replicates the full-sample results in Miranda-Agrippino and Ricco (2020) and
shows that our conclusions are robust.
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Figure 2.5: Information content of market-based monetary surprises
Notes: The figure shows W; from eq. (2.6) based on m = 60 meetings rolling windows using a Newey-West covariance

estimator with a truncation lag of m1/%. Horizontal axes correspond to mid-window dates. The dashed (red) line denotes the
5% critical value based on Rossi and Sekhposyan (2016)’s Fluctuation test.
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series by: (i) extending the sample to the latest available Greenbook/Tealbook data;'
and (ii) taking the time-variation in the information content of surprises into account by

estimating the instrument separately in the relevant sub-samples.

To construct the informationally-robust instrument for monetary policy shocks, we closely
follow Miranda-Agrippino and Ricco (2020). First, to control for the central bank’s private
information, we project the FF4 surprises (S;) on Greenbook/Tealbook forecasts as well as

their revisions for macroeconomic variables at the meeting-level frequency:

3 2
St = o+ Z Q;FtGB(xq+h) + Z (5; [FtGB(l'q+h) — Ftci?(l'q+h):| + SiWPI
h=—1 h=1 2.7)
S?BINFO—FS]{WPI,

where FGP (2¢4) is a vector containing the central bank’s forecasts of output, inflation
and unemployment. The residual of this projection (SM77) is the monetary policy shock
“cleaned” from the Federal Reserve’s information on the economic outlook, whereas
its orthogonal component (StCBI NFOY measures the Federal Reserve’s own information.
Motivated by our analysis from the previous sub-section, we explicitly take instabilities
into account by separately estimating the regression above in the two sub-samples before
and after August 2003.

Second, we aggregate the resulting meeting-level series to a monthly frequency, as the
meeting-level series are irregularly spaced and the analyses in Sections 2.4 and 2.5 are
conducted at the monthly frequency. Therefore, as in Miranda-Agrippino and Ricco (2020),
we transform SM P and SCBINFO o monthly series by summing the individual surprises
occurring in each month and setting them to zero in months in which there is no FOMC

announcement. 16

Figure 2.6 reports our updated instrument series. The top panel shows the FF4 surprises,
S¢, at the monthly frequency while the bottom panel shows their decomposition into the
information robust monetary policy instrument (S} ©'7) and the central bank’s information
shock (Stc BINFO) " The (red) vertical line in the bottom panel separates the two sub-
samples. The correlation with the original MPI shock of Miranda-Agrippino and Ricco
(2020) 1s 0.912 for the full sample, 0.936 for the first sub-sample and 0.868 for the second
sub-sample. In addition, our series preserves almost all of the large realizations of their

original shock.!”

'5The original Miranda-Agrippino and Ricco (2020) series is available from February 1990 to December 2009
whereas, at the time of writing this paper, Greenbook/Tealbook forecasts are available until December 2015.
!Miranda-Agrippino and Ricco (2020) also adjust the resulting monthly instrument series to account for
potential serial correlation by estimating an AR(12) on the S;{”F7 series. As we construct our instrument
in two sub-samples, to mitigate small sample concerns we rely on the BIC criterion to select the lag length
for the AR(p) process. The BIC selects p = 0 for the SMF series, which is what we use to obtain our
information-robust instrument. The results are robust if the lag length were selected in individual sub-samples.

'"Note that the original shock is only available until December 2009 so that the second sub-sample only partially
overlaps with Miranda-Agrippino and Ricco (2020)’s original sample.
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Figure 2.6: Contributions to the surprises in the three-month Fed Funds Futures

Notes: High-frequency market-based surprises are aggregated to monthly frequency, expressed in basis points. The
decomposition is based on eq. (2.7).

2.4 The impact of information effects on the macroeconomy

After having established that the information content of market surprises has disappeared
over time, we next turn to assessing whether the information channel played a role in
the transmission of monetary policy in the U.S. and how its importance evolved over
time. According to the information channel theory (Nakamura and Steinsson, 2018), in the
presence of informational rigidities, informationally constrained private agents could infer
from an increase in the central bank’s policy rate not only that the central bank is deviating
from its rule, but also that it is endogenously responding to stronger than expected future
fundamentals. If the latter component is not correctly taken into account, the estimated
responses to the monetary policy shock could potentially mix the response to the actual
monetary policy shock and to the signal about the future state of the economy. Several
papers have shown that impulse responses to high-frequency market-based surprises can be
contaminated by information effects and that model-consistent impulse responses can be
obtained by using an instrument that controls for the information channel (see Miranda-
Agrippino and Ricco, 2020 and Jarociniski and Karadi, 2020).
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To investigate the information channel of monetary policy, we study impulse responses
of several key macroeconomic aggregates to a monetary policy shock using a SVAR with
high-frequency instruments. We consider both high-frequency surprises in the three month
Federal Funds Futures Rate (FF4), as well as our updated version of the information-
robust instrument discussed in Section 2.3. Since FF4 market surprises do not control for
information effects, the implied impulse responses reflect both the effect of the change in
the policy rate as well as any potential response of the economy to information effects. In
contrast, the impulse responses obtained using the information-robust instrument control
for the information set of the central bank, and therefore only reflect changes in the policy
rate.!® The only difference between the two impulse responses is thus whether we control
for information effects or not. By comparing the impulse responses in sub-samples, we can
thus assess how the information effect has changed in the recent period relative to the earlier
part of the sample.

2.4.1 The VAR model

We estimate a six-variable SVAR model where the vector of endogenous variables are
the industrial production index, the unemployment rate, the consumer price index, the
commodity price index, the excess bond premium by Gilchrist and ZakrajSek (2012)
and the one year nominal policy rate.!” This is the same SVAR used in Miranda-
Agrippino and Ricco (2020) and it is similar to that in Coibion (2012) and Gertler and
Karadi (2015). Details on the data series and their sources can be found in the Not-for-
Publication Appendix. All variables are monthly from January 1979 to December 2019.
The SVAR is estimated in (log) levels with 12 lags. As discussed above, the impulse
responses are identified using two external instruments: (i) the FF4 surprises (S;) and
(ii) our updated version of the information-robust instrument of Miranda-Agrippino and
Ricco (2020), Sg” PIIn both cases, the impulse responses are normalized such that the
monetary policy shock increases the policy rate by one percent on impact. As discussed
in the previous section, due to the lagged release of the Greenbook/Tealbook forecasts,
the external instrument series is only available from February 1990 to December 2015.
The impact responses in the SVAR are therefore identified from a proxy regression over
the common sub-sample, February 1990 to December 2015. The VAR is estimated with
standard Bayesian Normal Inverse-Wishart priors and the tightness of the prior is set as in
Giannone et al. (2015).

2.4.2 The role of information effects

Figure 2.7 shows the BVAR impulse responses identified using: (i) the FF4 surprises (S;,

dashed blue line) and (ii) the information-robust series (Sé” PI solid black line). We report

18Because the FF4 horizon is three months, it can also capture some near-term forward guidance in addition to
policy rate changes. However, it also mitigates the effect of the zero lower bound.
“Both the commodity price index as well as the one year nominal rate series are end-of-month values.
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impulse responses for two sub-samples: January 1979 - July 2003 and August 2003 -
December 2019.%°

First, focus on the sub-sample from January 1979 - July 2003 (left panel of Figure 2.7).
Using the FF4 market surprises as instruments, in response to a contractionary monetary
policy shock industrial production increases and unemployment decreases. However, using
the information-robust instrument, we recover impulse responses that are consistent with
economic theory: output decreases and unemployment increases. The large discrepancy
between the responses thus corresponds to the economy’s reaction to the information
effects. These findings are similar to Miranda-Agrippino and Ricco (2020) for their full
sample (1979 - 2014).

However, these conclusions change when we consider the second sub-sample, August 2003
- December 2019 (right panel in Figure 2.7). In this case, the responses based on the FF4
surprises are more in line with economic theory than in the earlier sample: output decreases
and unemployment increases in the short run. Overall, the discrepancy between the impulse
responses based on FF4 and those based on the information-robust instrument is negligible
in the later part of the sample, while it was substantial in the first sub-sample. Thus, we
conclude that, while information effects were important historically, they are much less

important in the most recent period.

ROBUSTNESS.  Figure C.11 in the Appendix shows that our conclusions are robust
to comparing the information-robust instrument (S;/7) with the associated information
component, (S¢B/NFO) We also address potential misspecification concerns by repeating
the analysis using a local projection approach. If the VAR is correctly specified,
local projections are less efficient than BVARs but have the advantage of being robust
against dynamic misspecification. Figure C.12 in the Appendix shows that, although
the local projection-based response bands are much larger than BVAR-based ones, our
main conclusions remain robust. Finally, the Not-for-Publication Appendix shows that
our conclusions remain robust regardless of whether we estimate SM”/ using scheduled
meetings only or if we remove potential serial correlation in the shock series via an AR(12).
We also show that, in our full sample, the responses based on our updated instrument are

consistent with the full sample results in Miranda-Agrippino and Ricco (2020).

DSpecifically, note that while the impact parameters are identified in each sub-sample, the lag parameters are
estimated on the full sample to improve the efficiency of the parameter estimates. Our results are robust to
re-estimating the SVAR in each sub-sample separately.
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2.5 The impact of information effects on forecasters’ expecta-

tions

Finally, we characterize the response of private forecasters to monetary policy
announcements. As is customary in the literature, we regress monthly revisions in the BCEI
consensus forecasts on a series of high-frequency market-based surprises in Federal Funds
Futures Rates around FOMC meetings. Using a similar regression with monetary policy
surprises that reflect both current and future short-term rates, Nakamura and Steinsson
(2018) find that the way survey forecasters update their predictions is inconsistent with
standard New Keynesian models. Their results support the existence of an information
channel according to which professional forecasters believe that FOMC policy surprises
contain useful and otherwise unavailable information to the public. Campbell et al. (2012)
come to a similar conclusion by decomposing monetary policy surprises into orthogonal
“target” and “path” components. Campbell et al. (2017) show that the puzzling signs can
be explained by decomposing the surprises into a “Delphic” component, associated with
information releases by the central bank, and an orthogonal (“Odyssean”) component: the
signs remain puzzling for the former while are consistent with economic theory for the
latter. Finally, Paul (2020) shows that there is little evidence of information releases in short
horizon Federal Funds Futures Rate when focusing on scheduled FOMC meetings, while

including unscheduled meetings leads to significant forecast revisions.

In line with the existing literature, we consider the following regression to analyze whether

forecasters revise their expectations after a monetary policy announcement:

Axff,ﬁf =a+BS;+en (2.8)

BCEI
t+hlt

meetings and S; is the FF4 surprise. We also consider an alternative specification where
S¢ is the surprise in 30 day Federal Funds Futures Rates (MP1), used in Paul (2020) and

Lunsford (2020). Furthermore, to account for potential information effects in monetary

where Az denotes the BCEI consensus forecasts revision at horizon h between FOMC

policy announcements, we decompose the surprises, S;, into the robust monetary policy
shock and the information shock described in Section 2.3, and estimate the following

regression:
A'rici;ﬁj . +61 SiWPI + 62 StC'BINFO + Dot (29)

where SM T is the surprise component “cleaned” from the Fed information and S{'B/NFO
is the information component (see eq. 2.7). We analyze this specification both in the full

sample as well as in the two sub-samples identified in the previous sections.

DATA.  To implement the regressions in eqs. (2.8) and (2.9), we focus on the same

sample of monetary policy announcements that we used to analyze the information content
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of monetary policy surprises in Section 2.3. To study the forecasters’ response, we augment
this dataset with a measure of revisions to the private sector forecasts which we calculate for
each meeting, variable and forecast horizon as the difference between the BCEI forecasts
bracketing each FOMC announcement.>! As in Nakamura and Steinsson (2018) and Paul
(2020), we drop those FOMC announcements in which the meeting date falls into the
BCEI survey period (first three business days of each month until December 2000; first two
business days of each month after December 2000) to ensure that the FOMC announcements
are after the BCEI survey dates.?? Further, as in Nakamura and Steinsson (2018), we focus
on scheduled FOMC meetings only. This is consistent with our analysis of the information
advantage from Section 2.2. Appendix D reports results for the sample which includes
unscheduled FOMC meetings.

RESULTS.  Table 2.2 shows the results based on the full sample (February 1990 -
December 2015). When considering FF4 surprises (first column), the sign of the coefficient
B in eq. (2.8) is inconsistent with the responses of real GDP growth forecasts in the New
Keynesian model across all forecast horizons. In contrast, for inflation, unemployment
and the interest rate, all coefficients except for the one-quarter-ahead responses of inflation
and the unemployment rate exhibit signs consistent with economic theory. Across all
regressions, none of the coefficients are statistically significant.>> Hence, based on the
full sample, there is no evidence that regularly scheduled monetary policy announcements
lead to significant forecast revisions by private forecasters. This evidence is consistent with
the results in Paul (2020), who considers the regression in eq. (2.8) on a similar sample.
In fact, by analyzing the average of the current quarter to four-quarter-ahead responses of
the BCEI to FF4 surprises, Paul (2020) also finds a positive sign for the real GDP response
and negative signs for inflation and the unemployment rate and no evidence of a statistically
significant reaction based on scheduled meetings (see his Appendix A.10). Our results are
robust to using Paul (2020)’s shorter 30-day Federal Funds Futures surprises (MP1, see the
last column of Table 2.2).

Next, we repeat the analysis using the surprises decomposed as in eq. (2.9). A comparison
of the second and third columns of Table 2.2 with the first column highlights two important
results. First, accounting for the Federal Reserve’s information content corrects some of

the puzzling signs: the effects of the robust (MPI) surprises, particularly at the one-quarter-

2 Specifically, we use the same procedure as Nakamura and Steinsson (2018) and compute the forecast revision
as the difference between the BCEI forecast from the month following the FOMC announcement and the
forecast which falls in the same month as the FOMC announcement. Since BCEI forecasts are collected at
the beginning of each month, the latter typically falls before the announcement. When the target dates of the
two forecasts used to calculate the revision are different, we use the previous BCEI forecast and adjust the
forecast horizon to keep the target date fixed.

2The strategy adopted in Nakamura and Steinsson (2018) and Paul (2020) is slightly different as they drop all
FOMC meetings occuring in the first week of each month whereas we drop only those meetings occurring
during the BCEI survey period, leading to a slightly larger sample. The results presented in this section are
robust to adopting their strategy.

2Here we use robust standard errors since the left-hand side variable is a forecast revision, which is not
correlated over time.
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ahead horizon, are more consistent with economic theory than those of FF4 surprises and yet
none are significant. Second, accounting for the information content of the surprises reveals
that survey participants react to the information component of FOMC announcements
(CBINFO) with the expected signs and the responses are large in magnitude and statistically

significant for GDP and inflation at short horizons.

Finally, Table 2.3 reports the forecasters’ response in the same sub-samples considered in
Section 2.4: February 1990 - July 2003 and August 2003 - December 2015. By comparing
the coefficients on the FF4 surprises in both sub-samples with the ones for the full sample
(reported in Table 2.2), we note that the coefficient signs and magnitudes in each of the
sub-samples are consistent with the results obtained for the full sample. Similarly, there is
no evidence of a significant reaction in any of the sub-samples. These results continue
to hold for the surprises cleaned from the Federal Reserve information (MPI). In fact,
there is only mild evidence that survey participants react to the discretionary component of
monetary policy shocks: apart from the GDP growth response in the first sub-sample, which
is significant only at a 10% level, there is no significance in either sub-sample. Similarly,
the MPI responses mostly have the expected signs across the two sub-samples.”* A striking
difference between the two sub-samples is the response of interest rates’ survey forecasts to
the central bank’s information component in monetary surprises (CBINFO): the response
is highly significant in the first sub-sample and insignificant in the second one. Again, this
evidence suggests that the information channel was relevant prior to 2003 but weakened

substantially after that.

ROBUSTNESS.  We explore the robustness of our findings to including unscheduled
FOMC meetings. Such meetings may be more likely to be associated with the release of a
central bank’s private information since they often take place as a reaction to important
economic events. Tables D.5 and D.6 in the Appendix report results from including
unscheduled meetings in the full sample and sub-sample regressions, respectively. Most
of our results are robust to this change. The most important difference is that, in both
the full sample as well as in the earlier sub-sample, the inclusion of unscheduled meetings
leads to a significant reaction of interest rate forecasts to all surprises as well as a significant
reaction of short horizon GDP growth forecasts in the earlier sub-sample. This is consistent
with the findings in Paul (2020), according to whom the inclusion of unscheduled meetings
leads to statistically significant coefficients while excluding unscheduled meetings leads to
insignificant responses. Importantly, as Table D.6 shows, the significant reaction disappears

in the later sub-sample, consistently with the results presented earlier in our paper.

*There is one exception: the unemployment response at short horizons in the second sub-sample.
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Table 2.2: Forecasters’ response - Full sample, scheduled meetings

Horizon FF4 MPI CBINFO MP1

GDP Growth

Nowcast 1.02 0.93 2.51%%*%  0.40
(0.90) (0.74) (0.83) (0.60)

1 q ahead 0.70 0.45 1.27* 0.39

(0.67) (0.66) (0.67) (0.40)
Avg. 2-4 qahead 0.07 -0.21 -0.02 0.16
(0.31) (0.27) (0.63) (0.29)

GDP Deflator Inflation

Nowcast 0.10 -0.22 0.74* -0.06
(0.42) (0.22) (0.41) 0.27)

1 q ahead -0.01  -0.08 0.51**%*  -0.04
(0.20) (0.18) (0.17) (0.14)

Avg. 2-4 qahead -0.08 -0.12 0.21 -0.05
(0.17) (0.14) (0.16) 0.11)

Unemployment Rate

Nowcast 0.03 002 -0.39 0.07
(0.22) (0.19) (0.17) (0.14)

1 q ahead -0.13  0.05  -0.67 0.06

0.29) (0.25) (0.21)  (0.20)
Avg. 2-4qahead 006 004  -0.49 0.18
0.41) (031) (0.41)  (0.26)

Interest Rate

Nowcast 0.47 0.60 1.43*%** (.19
0.47) (0.56) (0.47) (0.33)

1 q ahead 0.78 0.87 1.99*** (.22

(0.55) (0.70) (0.49) 0.41)
Avg. 2-4 qahead 0.61 0.79 1.29%%* 0.15
(0.67) (0.74) (0.60) (0.48)

Notes: The results are based on scheduled FOMC meetings that do not fall into the BCEI survey period (first week of the
month). Robust standard errors in parentheses.
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Table 2.3: Forecasters’ response - Sub-samples, scheduled meetings

Feb 1990 - July 2003 Aug 2003 - Dec 2015

Horizon FF4 MPI  CBINFO FF4 MPI  CBINFO

GDP Growth

Nowcast 0.87 1.42%  2.58*%* 130 0.05  4.19%%*
(0.86) (0.82) (0.85) (1.86) (1.29) (1.96)

1 q ahead 0.70  0.34 1.34% 0.84 032 285
(0.47) (0.59) (0.69) 1.52) (1.17) 1.77)

Avg. 2-4 qahead 0.12  -0.36 -0.03 0.06 -0.15 1.36
(0.29) (0.35) (0.71) (0.66) (0.31) (1.42)

GDP Deflator Inflation

Nowcast -0.18 -0.15 0.26 0.51 -0.46  2.66%**
(0.37) (0.24) (0.40) (0.89) (0.42) (0.91)

1 q ahead -0.02  -0.04 0.50%*%*  -0.02 -0.16 0.63
(0.22) (0.21) (0.19) (0.39) (0.31) (0.43)

Avg. 2-4 qahead -0.08 -0.11 0.08 -0.11  -0.13  0.36
(0.23) (0.22) (0.18) (0.19) (0.15) (0.54)

Unemployment Rate

Nowcast 0.07 0.12  -047 -0.07  -0.05 -0.54
(0.16) (0.15) (0.12) (0.50) (0.35) (0.53)

1 q ahead -0.12  0.16  -0.73 -0.14  -0.06 -0.73

0.23) (0.21) (0.15)  (0.66) (0.45) (0.71)
Avg. 2-4 qahead -0.09 006  -0.69 031 005 -0.49
(0.20) (0.20) (0.19)  (1.12) (0.57) (1.93)

Interest Rate

Nowcast 0.15 0.40 1.64%** 1.01 0.81 1.28
(0.37) (0.43) (0.56) (1.03) (1.11) (0.84)

1 q ahead 0.38 0.52 A 1.43 1.25 1.88*

0.46) (0.51) (0.57)  (1.21) (1.36) (1.00)
Avg. 2-4qahead 030 045 129% 125 109 243
0.51) (0.54) (0.50)  (1.69) (1.33) (2.30)

Notes: The results are based on scheduled FOMC meetings that do not fall into the BCEI survey period (first week of the
month). Robust standard errors in parentheses.
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2.6 Discussion

This paper explores the empirical importance of the information channel of U.S. monetary
policy, paying particular attention to how it changed over time. We find that the
information channel of monetary policy weakened around the early to mid-2000s since:
(i) impulse responses to monetary policy shocks have the expected sign only when using
the information-robust measure of monetary policy shocks before 2003, while after that the
responses have the expected sign no matter whether the shock is cleaned for information
effects or not; (ii) monetary policy surprises are correlated with central bank’s forecasts
only before 2003 but not afterward. Furthermore, the information advantage of the central
bank in forecasting the state of the economy disappeared at the same time as the information
channel weakened. These changes are related to improvements in the Fed’s communication
and transparency. Our results are robust to different estimation procedures and break tests,

no matter whether we focus on scheduled or unscheduled meetings.
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Appendices

A Information advantage and forecast timing

This section provides a sensitivity analysis to the time-ordering of the Greenbook/Tealbook
and Blue Chip Economic Indicator forecasts in Section 2.2. Recall that, in order to compare
Greenbook/Tealbook and BCEI forecasts, each Greenbook/Tealbook forecast (which is
specifically prepared prior to each scheduled FOMC meeting) needs to be assigned a
corresponding BCEI forecast. While the BCEI forecasts are always published on the tenth
of each month, the publication day of the Greenbook/Tealbook forecasts varies with the
date of the FOMC meeting. To match BCEI forecasts to Greenbook/Tealbook forecasts, in
Section 2.2 we chose the BCEI forecast which occurred just before each FOMC meeting.
Note that while this ensures a fixed ordering between BCEI forecasts and the FOMC
announcements, it does not fix the publication order of Greenbook/Tealbook forecasts.
In fact, in our dataset, there are 210 meetings for which the Greenbook/Tealbook is
published after the BCEI forecast, while for 46 meetings the Greenbook/Tealbook forecast
is published either on the same day as the BCEI or before.

Given the variation in the timing of Greenbook/Tealbook and BCEI forecasts, one might
be concerned that a systematic change in the ordering of the forecasts over time, resulting
from variation in the publication date of the Greenbook/Tealbook forecasts, might bias our
findings of the informational advantage. For example, if Greenbook/Tealbook forecasts are
systematically published after BCEI forecasts in the first part of the sample while this is
not the case in the later part of the sample, the loss of information advantage could simply
arise from this change in timing over the sample. News arriving between the publication of
the forecasts could then create systematic differences in the information sets of the private
sector and the central bank or forecasters could simply have had more time to process
available information in one part of the sample than in the other, incorrectly leading us

to conclude that there is time-variation in the information advantage.

To assess the importance of delays between the publication of both forecasts and to
inspect whether the timing undergoes a systematic change over the sample, we calculate
the difference between the publication dates of the Greenbook/Tealbook and the BCEI
forecasts for two alternative timing assumptions which are used to match BCEI forecasts
to their Greenbook/Tealbook equivalents. Figure A.8 reports boxplots for the number of
days between the publication of the Greenbook/Tealbook forecasts and the BCEI forecasts.
Positive values of the difference in publication dates imply that the Greenbook/Tealbook
was published after the BCEI while negative values imply the reverse ordering. The
difference between publication dates is computed using two different strategies for matching
the BCEI forecasts: The left panel of Figure A.8 reports the difference between the

publication dates for the baseline timing of Section 2.2 where BCEI forecasts are matched to
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Figure A.8: Difference between forecast publication dates

Notes: Number of days between Greenbook/Tealbook and BCEI forecast publication for the baseline timing of Section 2.2
and an alternative timing where the BCEI is always published before the Greenbook/Tealbook forecasts.

FOMC announcements by ensuring that they are strictly ordered before the FOMC meeting,
but without enforcing a particular ordering relative to the Greenbook/Tealbook forecasts.
In contrast, the right panel of Figure A.8 reports the difference between publication
dates when matching forecasts such that BCEI forecasts are published strictly before their

Greenbook/Tealbook counterparts.?>

By inspecting the boxplots for the baseline timing in the left panel of Figure A.8, we note
several key points. First, for the majority of FOMC meetings, the Greenbook/Tealbook
forecast is typically published within two weeks after the BCEI forecasts. There are some
cases in which the Greenbook/Tealbook was published first. For those cases, the BCEI is
typically published within a week of the Greenbook/Tealbook publication.”® Second, the
distribution of the delay in Greenbook/Tealbook forecasts relative to the BCEI forecasts has
changed over time. In particular, the mean lag between BCEI and Greenbook/Tealbook
publication dates increased from about 6-7 days to about 12 days for the mid-2000s sample
period. However, in the most recent period, this lag decreases to 6 days. Note that this
change in the timing could in principle affect the results from our information advantage
tests. However, importantly, this timing change would bias our analysis towards finding
an information advantage for the Fed forecasts in the later part of the sample rather than
the earlier part of the sample. As we find the opposite, namely a disappearance of the
information advantage in the most recent sample, removing such potential bias would

further strengthen our conclusion that there is no information advantage in recent years.

Next, compare these results with the boxplots in the right panel of Figure A.8, which reports
the Greenbook/Tealbook publication lag for the alternative matching strategy where BCEI

21In practice, this matching strategy implies that if a Greenbook/Tealbook publication date falls after the 10th of
each month, the relevant BCEI forecasts is the one published in the same month as the Greenbook/Tealbook
while for Greenbook/Tealbook forecasts which are published before the 10th of each month, the previous
month’s BCEI forecast is associated with the meeting.

%Note that at the time of “publication”, the Greenbook/Tealbook forecasts are still not available to private
forecasters as they are only released to the public with a five-year delay.
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forecasts are always published before Greenbook/Tealbook forecasts. We note that using
this matching strategy the mean publication lag of the Greenbook/Tealbook is generally
higher by about 12-15 days and there is also no systematic change in timing which could
explain a loss in information advantage. Thus, under the alternative matching scheme, the
Greenbook/Tealbook should on average have more information advantage compared to the

baseline scheme.

To verify that a difference in timing of the forecasts does not lead to a dramatically
different conclusion regarding the disappearance of the information advantage, we repeat
the Information-Advantage Fluctuation test from Section 2.2 using the alternative timing
assumption where BCEI forecasts are always published before Greenbook/Tealbook
forecasts. Figures A.9 and A.10 show the path of the 7¢p; with the alternative forecast
timing (blue-dashed line) compared to the baseline timing of Section 2.2 (black solid line).
The figures clearly show that the disappearance of the information advantage in the most
recent sample period remains robust to changing the timing of the forecasts. Specifically, the
paths of T7gp+ are very close to the original ones. There is more evidence of an information
advantage in the recent sample period relative to the baseline only for the nowcast and

one-quarter-ahead forecasts of GDP growth and the interest rate.
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Figure A.9: Information advantage timing: GDP growth and inflation

Notes: The figure shows 7 g ¢ from eq. (2.1) based on m = 60 meetings rolling windows using a Newey-West covariance

estimator with a truncation lag of m1/4. Horizontal axes correspond to mid-window dates. Dashed (red) lines denote 5%
critical value lines based on Rossi and Sekhposyan (2016)’s two-sided Fluctuation test.
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Figure A.10: Information advantage timing: Unemployment and interest rate
Notes: The figure shows 7¢ g ¢ from eq. (2.1) based on m = 60 meetings rolling windows using a Newey-West covariance

estimator with a truncation lag of m1/4. Horizontal axes correspond to mid-window dates. Dashed (red) lines denote 5%
critical value lines based on Rossi and Sekhposyan (2016)’s two-sided Fluctuation test.
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B Additional evidence on the information content of high-
frequency market-based surprises

In addition to the horizon-by-horizon projections reported in Section 2.3, we also consider
a specification similar to Romer and Romer (2004) which jointly includes the forecasts
and their revisions for all horizons. This specification is the same used to construct the
information-robust instrument in Section 2.3.B. Miranda-Agrippino and Ricco (2020) also
consider this regression and report that in their sample (1990-2009), an F'-test rejects the
null of joint significance of the coefficients (at the 5% level).

Table B.4 below reports the same F'-test for our dataset. Column (1) shows that for the
sample considered in Miranda-Agrippino and Ricco (2020), we replicate their F-statistic
exactly. Column (2) shows that the coefficients continue to be insignificant at the 5%
level even when extending the dataset to 2015. Finally, columns (3) and (4) show that our
result from Section 2.3 continues to hold in this specification: High-frequency market-based
surprises were significantly predictable by the Federal Reserve staff before the mid-2000s
(the F-test rejects at 5% level), but that the predictability disappeared in the most recent
period (the F-test does not reject at 5% level).

Table B.4: Projection on Fed information (all horizons)

Feb 1990 - Dec 2009 Feb 1990 - Dec 2015 Feb 1990 - Jul 2003  Aug 2003 - Dec 2015

F 1.651 1.598 2.170 1.575
p 0.039 0.046 0.004 0.070
N 186 234 127 107

Notes: The table shows F-tests, p-values and number of observations from regressing the FF4 surprises on all the forecasts
and at all horizons. F-statistics and p-values are based on heteroskedasticity-robust standard errors. Note that column (1) is
the original sample of Miranda-Agrippino and Ricco (2020).
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C Additional SVAR evidence

We assess the robustness of our SVAR conclusions in Section 2.4 by carrying out two

additional exercises.

Figure C.11 compares impulse responses obtained using the information-robust instrument
(S{” PIy to the associated information component (SiM PIy for the two sub-samples
considered in Section 2.4. Our conclusion that information effects were important
historically, but much less important in the most recent sample period is robust to this
change: In the earlier sub-sample, the two sets of impulse responses have the opposite
sign for real activity variables, and their differences are even more pronounced. In contrast,
in the later sub-sample, both impulse responses become indistinguishable. In addition, the
information component shows large estimation uncertainty in the later part of the sample.
This is consistent with the result established in Section 2.3 that the information associated
with the economic outlook of the Federal Reserve becomes less relevant in the most recent

period.

Figure C.12 addresses potential misspecification concerns by repeating the analysis using
a local projection approach rather than a BVAR. As the figure shows, our conclusion from
Section 2.4 continues to hold, even though the confidence bands obtained from the local

projections are much larger than the BVAR credible intervals.

D Additional evidence on the impact of information effects on

forecasters’ expectations

We explore the robustness of our findings in Section 2.5 to including unscheduled FOMC
meetings. The latter are more likely to be associated with the release of central bank’s

information as they often take place as a reaction to important economic events.

Tables D.6 and D.6 report the results. Consistent with the findings in Paul (2020), the
inclusion of unscheduled meetings leads to a larger number of statistically significant
coefficients compared those based on scheduled meetings. Importantly, Table D.6 shows
that most of the significance disappears in the second sub-sample. Overall, the coefficient

estimates are similar to those based on scheduled FOMC meetings.
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Figure C.11: Responses to a monetary shock: Decomposition

Notes: Impulse responses from Bayesian SVAR with standard macroeconomic priors and external instrument identification.
VAR sample: January 1979 - December 2019. Instrument samples: February 1990 - July 2003 (left panel) and August 2003
- December 2015 (right panel). Shaded areas correspond to 90 percent credible intervals.
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panel). Shaded areas correspond to 90 percent confidence intervals.
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Table D.5: Forecasters’ response - Full sample, all meetings

Horizon FF4 MPI CBINFO MPI

GDP Growth

Nowcast 1.20*%*  0.39 2.74%%% 1 57%*
(0.60) (0.57)  (0.89) (0.67)

1 q ahead 0.66 0.14 1.26%* 0.89%#*
(0.40) (0.44) (0.63) (0.33)

Avg. 2-4 q ahead -0.12 -0.17  -0.07 -0.02
(0.18) (0.20)  (0.58) (0.13)

GDP Deflator Inflation

Nowcast 0.15 -0.19  0.81%* 0.10
(0.23) (0.19)  (0.38) (0.13)

1 q ahead 0.12 -0.12  0.57*** Q.11

(0.14)  (0.14) (0.17)  (0.10)
Avg. 2-4 qahead -0.04  -0.15  0.27% 0.02
0.09)  (0.10) (0.15)  (0.07)

Unemployment Rate

Nowcast -0.20 -0.05  -047 -0.22
(0.12) (0.13) (0.16) (0.09)

1 q ahead -0.22 0.04 -0.78 -0.24
(0.15) (0.16)  (0.21) (0.14)

Avg. 2-4 qahead -0.15 0.02 -0.66 -0.31

(0.20) (0.18)  (0.39) (0.19)

Interest Rate

Nowcast 1.08***  Q.74%* 1.57%**%  (.98%**
(0.31) (0.34) (0.41) (0.19)
1 q ahead 1.32%%%  (0.84%  2.06%**  ].]15%**

(0.37) (0.43) (0.44) (0.24)
Avg. 2-4 qahead 0.99*%*  0.78*  1.40%**  1.01%*%**
(0.40) (0.44)  (0.51) 0.27)

Notes: The results are based on all (scheduled and unscheduled) FOMC meetings that do not fall into the BCEI survey period
(first week of the month). Robust standard errors in parentheses.
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Table D.6: Forecasters’ response - Sub-samples, all meetings

Feb 1990 - July 2003 Aug 2003 - Dec 2015
Horizon FF4 MPI CBINFO FF4 MPI CBINFO
GDP Growth
Nowcast 1.26%* 0.54 2.62%** 1.13 -0.09  4.58**
(0.65) (0.61) (0.91) (1.31) (1.28) (1.93)
1 q ahead 0.65%* 0.08 1.26* 0.97 0.23 3.11%*

(0.32) (0.35) (0.66) (1.09) (1.17) (1.83)
Avg. 2-4 q ahead -0.11 -0.18 -0.02 0.07 -0.19 159
(0.19) (0.24) (0.67) (0.40) (0.31) (1.4D

GDP Deflator Inflation

Nowcast 0.06 -0.08 0.32 036 -0.52  2.85%%*
(0.23) (0.22) (0.37) (0.56) (0.43) (0.88)

1 q ahead 0.13 -0.09 0.52%** 0.05 -0.20 0.77*
(0.16) (0.16) (0.20) (0.28) (0.33) (0.44)

Avg. 2-4 q ahead -0.06 -0.15 0.13 -0.05 -0.16 0.58

(0.11) (0.12) (0.16) (0.13) (0.16) (0.57)

Unemployment Rate

Nowcast -0.22 -0.06 -0.55 -0.18 -0.02 -0.62
(0.10) 0.11) (0.12) (0.33) (0.35) (0.53)

1 q ahead -0.21 0.07 -0.84 -0.24 -0.02 -0.84
(0.12) (0.13) (0.18) (0.44) (0.45) (0.70)

Avg. 2-4 q ahead -0.21 -0.00 -0.80 -0.03 0.10 -0.80
(0.12) (0.11) (0.26) 0.68) (0.57) (1.93)

Interest Rate

Nowcast 1.14%*% Q72%** ] 76*%*%* (093 0.78 1.37
(0.26) 0.21) (0.48) 0.92) (1.11) (0.84)

1 q ahead 1.30%** (.69*** 2 26%**k* ] 4] 1.22 1.97*

031) (025 (051  (1.11) (1.35) (1.01)
Avg. 2-4 qahead 0.90%%% 0.66%%  1.39%# 129  1.07  2.60
0.26)  (0.28)  (0.49)  (1.31) (1.32) (2.29)

Notes: The results are based on all (scheduled and unscheduled) FOMC meetings that do not fall into the BCEI survey period
(first week of the month). Robust standard errors in parentheses.
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Chapter

Robust Inference in Structural VAR
Models Identified by Non-Gaussianity

This paper is co-authored with Adam Lee and Geert Mesters.

3.1 Introduction

In this paper, we develop robust inference methods for structural vector autoregressive
(SVAR) models that are identified using non-Gaussian error distributions. To outline our

contribution, consider the K -dimensional SVAR model
Yi=c+BY 1+ - +BY: ,+A e (3.1

where Y; is a K x 1 vector of macroeconomic variables, c is an intercept, By, ..., B, are
the (K x K) autoregressive matrices, A is the (/K x K) invertible contemporaneous effect
matrix and ¢; is the K x 1 vector of independent structural shocks, whose components are

assumed to have mean zero and unit variance.

It is well known that, without further restrictions, the first and second moments of the
process {Y;} are insufficient to identify all parameters of the SVAR (e.g. Sims, 1980).
Interestingly, however, when at least K — 1 components of ¢ admit a non-Gaussian
distribution, all parameters of the SVAR can be recovered up to sign and permutation
of the columns of A~!, see e.g. Comon (1994) and the discussion in Gouriéroux et al.
(2017). Several recent papers have exploited such a non-Gaussian identification strategy to
conduct inference in SVAR models (e.g. Lanne and Liitkepohl, 2010; Moneta et al., 2013;
Lanne et al., 2017; Maxand, 2018; Lanne and Luoto, 2019; Gouriéroux et al., 2017, 2019;
Tank et al., 2019; Herwartz, 2019; Bekaert et al., 2019, 2020; Fiorentini and Sentana, 2020;
Velasco, 2020; Guay, 2020; Braun, 2021; Sims, 2021).
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Unfortunately, as we show in this paper, existing inference methods in non-Gaussian SVARs
are not robust to situations in which the densities of the structural errors that generated
the data are “close” to a Gaussian distribution. Intuitively, what matters for correctly
sized inference is not non-Gaussianity per se, but a sufficient distance from the Gaussian
distribution. When the true distributions of the structural errors are close to the Gaussian
distribution, local identification deteriorates and coverage distortions occur.! The problem is
somewhat analogue to the weak instruments problem where it is well known that a non-zero
correlation between the instrument and the endogenous variable is not sufficient to conduct
standard inference, but that the correlation must be sufficiently large in order to yield
strong identification. Similarly, in our setting, non-Gaussianity alone is not sufficient for
standard MLE or GMM methods to yield correct inference, if the distance to the Gaussian
distribution is not sufficiently large.

In this paper, we propose a solution to this problem by combining insights from the
econometric literature on weak identification robust hypothesis testing as well as the
statistical literature on semi-parametric inference approaches. Specifically, we treat the
SVAR model as a semi-parametric model where the densities of the structural errors
form the non-parametric part. We use a semi-parametric equivalent of the Neyman-Rao
score statistic in order to conduct inference on the possibly weakly identified (or not
identified) parameters of the SVAR. More precisely, the semi-parametric score statistic that
we employ is based on the quadratic form of the efficient score function, which projects
out the infinite dimensional nuisance parameters (i.e. the densities of the structural errors)
from the conventional score function. Similar as for the parametric score test, being
able to fix the weakly identified parameters under the null hypothesis, circumvents the
identification problem (e.g. Andrews and Mikusheva, 2016) and we show that the semi-
parametric score test has a standard y? limit under the null hypothesis. Additionally, if
the normalizing matrix, i.e. the efficient information matrix, is non-singular, the test is
asymptotically uniformly most powerful within the class of invariant tests (e.g. Choi et al.,
1996). Implementing the score test is computationally easy as it only requires estimating
the log density scores of the structural errors. For this, we use a B-spline methodology
that was developed in Jin (1992) and also considered in Chen and Bickel (2006) for
independent component analysis. This approach allows us to consider a wide variety of
possible distributions for the structural errors without committing to a specific distribution.
The efficient score test allows us to construct confidence regions for the possibly weakly
identified (or not identified) parameters of the SVAR. These regions can then be used to
construct bands for the structural impulse responses while exploiting efficient estimates for

the well identified parameters (e.g. van der Vaart, 2002, Chapter 7).

We assess the finite-sample performance of our method in a large simulation study and find

that the empirical rejection frequencies of the semi-parametric score test are always close

'Simulation studies in, among others, Gouriéroux et al. (2017, 2019) and Lanne and Luoto (2019) have
previously highlighted such coverage distortions in the case of “weakly” non-Gaussian distributions.
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to the nominal size, regardless of the true distribution of the errors. This is in contrast
to existing methods that are not robust to weak non-Gaussianity, which show substantial
size distortions for some of the non-Gaussian distributions considered. We also analyze
power of the proposed procedure and find that the power of the semi-parametric score test
comes close to the power of an “oracle”-approach where the test is conducted based on a
parametric score statistic using the true densities of the structural errors (which are unknown

in practice).

Finally, we employ the proposed approach in an empirical study that revisits identification
of supply and demand elasticities in the U.S. labor market based on the model of Baumeister
and Hamilton (2015), but using a frequentist procedure. This model was recently studied by
Lanne and Luoto (2019) using a non-Gaussian identification strategy. They find evidence
to reject some of the restrictions imposed in Baumeister and Hamilton (2015). Using our
semi-parametric approach, we construct confidence regions for the labor supply and labor
demand elasticities and show that the labor demand elasticity is only very weakly identified
by non-Gaussianity of the structural shocks. In fact, our confidence regions for the demand
and supply elasticities are consistent with the posterior distributions reported by Baumeister
and Hamilton (2015). We also construct identification-robust confidence bands for the
impulse responses for labor demand and labor supply shocks based on our semi-parametric
approach. We find that a non-Gaussianity identification strategy is not sufficient to identify

the dynamic response of the economy.

The remainder of this paper is organized as follows. Continuing the introduction, we briefly
discuss the related literature. In Section 3.2, we illustrate how non-Gaussian distributions
can help with identification and how the weak identification problem arises. Section 3.3
casts the SVAR model as a semi-parametric model and establishes a number of preliminary
results. The semi-parametric score testing approach is derived in Section 3.4. Section 3.5
evaluates the finite-sample performance of the proposed method. Section 3.6 presents the

empirical study. Finally, Section 3.7 concludes.

Related literature

This paper relates to three strands of the existing literature: (i) identification robust testing,

(i) semi-parametric modeling and (iii) structural VAR models.

First, the econometric literature has developed a great number of methods and approaches
for conducting inference on parameters that are weakly identified or not identified. Both
general approaches (e.g. Kleibergen, 2005; Andrews and Cheng, 2012) and model specific
solutions have been developed, see for instance the solutions to the weak instruments
problem in the linear IV model summarized in Andrews et al. (2019). The crucial difference
in our setting is that the nuisance parameters are infinite dimensional. In fact, in our case,
the distance between the distributions of the structural shocks and the Gaussian distribution

determines the strength of identification. Despite this difference, conceptually our approach
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is similar to the score testing approach developed for parametric models in Andrews and
Mikusheva (2016).

Second, we consider the SVAR model as a semi-parametric model and we build on the
general statistical theory discussed in Bickel et al. (1998) and van der Vaart (2002). While
the majority of the statistical literature focuses on efficient estimation in semi-parametric
models, a few papers have contributed to testing in well identified models (e.g. Choi et al.,
1996; Bickel et al., 2006). The difference to our paper is that in our setting, a subset of the

parameters of interest is possibly not identified.

Third, the SVAR literature has produced numerous identification strategies including
imposing short run, long run or sign restrictions, relying on external instruments and
exploiting statistical features such as heteroskedasticity and non-Gaussianity (see Ramey
(2016) for a recent review). The last category is potentially attractive as it does not require
taking a stand on any economic mechanism, nor does it rely on the availability of strong
instruments. The non-Gaussian approach has been considered in an increasing number of
papers mentioned in the introduction above. For this approach, an important contribution
is Guay (2020) who provides a pre-test that is useful to determine whether identification
is sufficiently strong. Our paper removes the need for such pre-tests, as it provides an
efficient inference procedure that does not assume that the structural errors are sufficiently

non-Gaussian.

Last, but not least, this paper builds on Lee and Mesters (2021) who consider a similar
score testing approach. The crucial difference is that Lee and Mesters (2021) require that
the observations are independent across time. Allowing for dependence is non-trivial in
the semi-parametric setting as the majority of the theory is developed for random samples
(e.g. Bickel et al., 1998; van der Vaart, 2002). For instance, here we rely on LAN results
developed in Hallin and Saidi (2007), but numerous other differences in the approach exist.

3.2 Illustration of non-Gaussianity identification

In this section, we illustrate briefly how non-Gaussian distributions of the structural errors
can help to identify the parameters of the SVAR model. Furthermore, we provide an
intuitive explanation of the weak identification problem that is the main problem of interest

in this paper.

For illustration, consider a bivariate SVAR model as defined in eq. (3.1) in the introduction
to this paper, but assume for simplicity that (i) the number of lags is zero (p = 0) and (ii)
that the contemporaneous effect matrix A is orthonormal.> Under these assumptions, the

(2 x 2) matrix A can be parameterized by a scalar parameter « and the model can be written

*Note, that the assumption of an orthonormal A matrix can be asymptotically justified if the data Y is jointly
re-scaled to have mean zero and identity variance matrix (pre-whitening). For details, see Gouriéroux et al.
(2017).
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as follows:

Y, = A-le, where Al [ cosa —sina ]

sin o CcOS &

In this model, the coefficient of interest is the scalar o that determines the angle of the
rotation matrix A. If, for example, « = 0, A equals the identity matrix and each of
the structural shocks only impacts its respective component in Y;. For 0 < o < m, or
integer multiples thereof, the off-diagonal elements are non-zero so that the shocks affect

all variables, with signs depending on the value of «.

To illustrate how non-Gaussian distributions for €, may help to identify a, we study the
log-likelihood of Y; in the model above using different choices for the distributions of the
structural shocks €, ;. Figure 3.1 shows contour plots of the log-likelihood of the bivariate
SVAR(0) model for four choices for the distributions of the structural shocks: A Gaussian
distribution, a student-t distribution with 5 degrees of freedom, a skewed distribution and a
bimodal distribution.? In addition to the likelihood contours, each of the plots also shows a
red and a blue line. These indicate the vector Y; (i.e. a linear combination of the structural

errors €;), corresponding to two different choices for a.

Focus first on the Gaussian case (top-left panel). When the structural errors have an
exact Gaussian distribution, the value of the log-likelihood is identical for all choices of
« and the red and blue vectors reach the same level curve of the likelihood. Therefore,
« cannot be identified from the likelihood of the model. This illustration reflects the
standard identification problem of an SVAR model where, without additional identification

restrictions, the impact effects of the structural shocks are not identifiable.

In contrast, consider next the cases where the structural errors follow non-Gaussian
distributions. These cases are depicted in the remaining panels of the figure. Notice that in
each of the non-Gaussian cases, the blue and red vectors end on different contour lines. This
means that different choices of « lead to different values of the log-likelihood and hence,
« is identifiable. More precisely, when we change the value of « i.e. rotate the red and
blue vectors, the only values that end up on the same contour lines are those values of «
that lead to the same elements of A, up to permutation and sign changes of the columns
(i.e. exchanging the four quadrants of each plot). These examples illustrate, how non-
Gaussianity of the structural errors can help to identify parameters up to permutation and

sign changes of the columns.

Finally, we turn to the problem of weak non-Gaussianity identification which arises, when
the distance from the Gaussian distribution is not very large. In such scenarios, changes in
« only imply minor changes in the level of the likelihood, so that the likelihood ends up
being rather flat in the direction of a. Compare for instance, the panels corresponding to
the ¢(5) distribution and the bimodal distribution. In the case of the bimodal density, the

3For simplicity, both structural errors are assumed to have identical distributions.

113



Figure 3.1: Identification with non-Gaussian distributions
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Notes: The figure shows the log-likelihood contours of Y; in the SVAR(0) model with scalar parameter o for different
distributions of the structural shocks, € ;. The red and blue lines in each plot denote the vector Y; corresponding to two
different choices for a.

red and blue vectors end on clearly distinguishable contour lines of the log-likelihood. In
contrast, for the student-t density, the level difference is small and the red and blue vectors
almost reach the same contour line. In the extreme case of weak identification, we end up
in the Gaussian case (upper-left panel of Figure 3.1) where a is completely unidentified.
More importantly, however, there are many empirically relevant scenarios, including the

t(5) density, where o always remains weakly identified.*

*“In fact, the theoretical likelihood plots shown in Figure 3.1 correspond quite closely to the power results
obtained in our simulation study below; see Figure 3.2 in Section 3.5.
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3.3 Semi-parametric SVAR model

In this section, we cast the SVAR model as a semi-parametric model and state the

hypotheses of interest. For convenience, we adopt the following notation
Y; =c+ BX; + A(a, 0) tey t=1,...,n, (3.2)

where X; = (Y} ,...,Y{ ) and B := (By,...,B,). The contemporaneous effect
matrix A(q, o) is parameterized by the vectors o and o, where we adopt the convention
that o cannot be recovered from the second moments of {Y;} but o can. We provide some
examples below. Further, we let n = (11, ...,nx) correspond to the density functions of

€ = (€14y...,€ K¢)’ and summarize the parameters in

0= (77 77) ’ Y= (O‘aﬁ) ’ B = (Ja ¢, b) ) (3.3)

where b = vec(B). Let Y™ = (Y1,...,Y,) and let P} denote the distribution of Y

conditional on the initial values (Yi_p,...,Yy). The semi-parametric SVAR model is
defined by

Ps=1{P}:0€0O O=AxBxH, 3.4

6 =1{Fs ¥ - (3.4

where T' € R” and # = [];—, H with

H:= {g e LiNNCYN) : g(z) > 0,/g(z) dz = 1,/zg(z)dz = O,/n(z)g(z) dz = 0} ,

where A denotes Lebesgue measure on R, C1()) is the class of real functions on R which are
continuously differentiable A-a.e. and x(z) = 22 — 1. The parameter space for the densities
. 1s restricted such that that €, ; has mean zero and variance one. Further restrictions,
required to estimate certain quantities consistently, will be placed on the parameter spaces

below.

To allow for different parameterizations of the SVAR, we refrain from imposing additional

structure on A(a, o). The following examples illustrate various options.

EXAMPLE 3.3.1: Consider A(a, 0)~' = XY2(0)R(a) where $V/2(o) is lower triangular
with nonzero entries determined by o and R(«) is a rotation matrix parameterized by
a. Different choices for « — R(«) are possible including the Cayley and trigonometric
transformations. We note that o is identified by the second moments of {Y;} and the

identification problem is isolated in the rotation matrix R as in Section 3.2.
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EXAMPLE 3.3.2: Consider a bivariate SVAR(p) model for Zy = (Z1 4, Za )" which defines

a demand and supply equation
—a? 1
—a® 1

where ¢; = (€2, €?)' contains a demand shock and a supply shock with standard deviations

P
Zy = Z Q7 i+ e
i=1

oq and o, respectively. o captures a supply elasticity and o a demand elasticity. Let

o = (04,05) and o = (B¢, 3%). Then A=Y (v, 7) can be parameterized as

oga’ _ osa
a’s—ad as—ad

ad _ Os
— _nd —_nd
A Ha,0) = |©-a @

The standard deviations of the supply and demand shocks o can be identified by the second
moments of {Z;} and the identification problem consists in determining the demand and

supply elasticities contained in a.

3.3.1 Assumptions

Before discussing the testing methodology, we discuss our assumptions. Broadly speaking,
we have two types of assumptions: (i) the main assumptions that are required for deriving
and estimating the efficient score function and (ii) an additional assumption that imposes
that the density scores can be consistently estimated. We separate the two as different
density score estimators can be considered which then only need to satisfy the second
assumption. In the Appendix, we show that the density score estimator that we adopt in
this paper satisfies this assumption under mild conditions on the densities, 7. Our main

assumption is stated as follows.

ASSUMPTION 3.3.1: For model (3.2), we assume that

L |Ix = Y20 Bj2!| # 0 forall |2] < 1withz € C

""is independently and identically distributed across t, with

2. € = (61,15, e 7€K,t)
independent components € that have a nowhere vanishing density n;, with respect
to the Lebesgue measure on R. The densities ny, are continuously differentiable with

log density scores denoted by ¢i(z) = 0logni(z)/0z, and forallk = 1,... K

(@) Bepy =0, Ee?, = 1, Byt < oo, B(ef,) — 1> E(e} ) and B¢ (exy) <
oo (for some 6 > 0);

(b) E¢k(€k,t) =0, E(z)]%(ﬁk,t) > 0, IEd)k(ek,t)ek,t = —1, Egbk(ﬁk,t)ﬁi,t = 0 and
E ¢r(ers)ep, = =3

Part 1 imposes that the SVAR is stationary and causal. Part 2 imposes that the densities of

116



the errors are continuously differentiable and certain moment conditions hold. Specifically,
part (a) normalizes the errors to have mean zero, variance one and finite four+d moments.’
Additionally, we require the log density scores ¢ (x) = 0logmni(z)/Ox evaluated at the
errors to have finite four+d moments. Part (b) simplifies the construction of the efficient
score functions. Whilst this may at first glance appear a strong condition, Lemma S8 in Lee
and Mesters (2021) shows that if the first part holds, then a simple sufficient condition is
that the tails of the densities 75 converge to zero at a polynomial rate. We define Hg as the
subset of H that satisfies Assumption 3.3.1 part 2. Similarly, By C B satisfies Assumption
3.3.1 part 1.

Together, these assumptions ensure that (i) the LAN result of Hallin and Saidi (2007)
holds (see Theorem 2.1 in their paper) and (ii) the efficient score function can be derived

analytically.

Next, we assume that the density scores can be consistently estimated

ASSUMPTION 3.3.2: Let f3,, be a deterministic sequence with \/n(3, — ) = O(1) and let
0 = (o, Bn,n) for some (5,n) € By x Ho and suppose we have an array of estimates
{Qf;k,n(An,ko(Yt —cn — BpXi)) nsi4<n for k = 1,..., K where A, = A(ag,0p) such
that for each k # j:

L-Ts
=3 [Ben(Ank(Ye = en = BuXi)) = 6u(An o (¥i = n = BaX2))] Win = or,, (n712),
t=1

(3.5)
and for v, = vj, with p = min{l + §/4,2} and vy, = n(=P)/P if p € (1,2) or
Unp = n=1210g(n)Y2*°, for some p > 0, if p = 2, we have
n R 2
Z (|:¢k,n(An,ko(}/t — Cp — BnXt)) - ¢k(An,ko()/t — Cp — BTLXt)):| Wt,n) = 0py, (Vn)-

t=1

3.6)
where Wy ,, is some arbitrary random variable that is independent from A, o(Y; — ¢ —

P,
B, X:) and such that % Sy Wt%n 2 By, Wt2,n < oo.

3=

The assumption imposes that certain functions of the log density scores can be estimated
sufficiently well. The assumption is stated for deterministic sequences [3,, which simplifies
verification for specific choices of &k,nﬁ In the Appendix, we show that the B-spline based
estimator of Jin (1992) and Chen and Bickel (2006) satisfies this assumption under mild
regularity conditions on the densities 7.

E(ex.¢) — 1 > E(e;,)? always holds; this is known as Pearson’s inequality. See e.g. Result I in Sen (2012).
Assuming that ]E(ei,t) 1> IE(eiy,g)2 rules out (only) cases where 1, ¢x ¢+ and ei,t are linearly dependent
when considered as elements of L>. See e.g. Theorem 7.2.10 in Horn and Johnson (2013).

®More specifically, it implies that under Pp, we have that A, e (Y; — ¢ — BnX:) = €, and terms involving
€k,+ are easy to handle using Assumption 3.3.1
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3.3.2 Efficient score function

One of the key ingredients in our framework is the efficient score function for v = («, 3)
with respect to 7. Loosely speaking, the efficient score function is defined as the projection
of the scores for v on the space orthogonal to the tangent space of 7 (e.g. Definition 2.15 in
van der Vaart, 2002).

When 7 is finite dimensional, the tangent space is merely the linear span of the scores of
7, but when 7 is infinite dimensional, constructing the tangent space and the subsequent
projection requires more care. A formal derivation is provided in Lee and Mesters (2021);

here we merely state our main result.

LEMMA 3.3.1: Given Assumption 3.3.1 we have that the efficient score function for vy in
the semi-parametric SVAR model P& at any 6 = (v,n) with v = (o, ), a € Ao,
B = (0,b,c) € Byandn € Hy is given by {,, g(y") = Z?:l Lo(ye, xt), where

ge(yt,fﬂt) = ((Ze,az (ytvxt))llill ) (ge,az (Z/tvxt))f: ) (geﬂiz (ytaxt))ll{cl ) (EQJH (yuxt))f:)

with components

K K K

oo w) =Y Y (i Or(Akeve) Ajeve + Y Gk [Th1 Akevt + Th 2 (Apevy)]
k=1 j=1j#k k=1
K K K

looy (i) = D> G ibr(Arevt) Ajevi + Y o [ Akets + Th gk (Agevr)]
k=1 j=1,j#k k=1
K

g@,cl(ytvxt) Z¢k(Akovt) X [_AkoDcJ

~ kKl

Co (e 1) = Gr(Apeve) X [~ ApeDy, (1 — (1) @ )]

T
I

where v, = y; — ¢ — By, (% ; = [Da,(a, )]k.A with Dy, (o, 0) = 0A(a,0) /00y,
Cry = [D(,.l(a,a)]/rc.A_.1 with Dy, (o, 0) = aA(a,U)/aal, e = 0c/0c¢, Dy, =
OB/ob, p= (I — By —...— By) 'cand 7y == (11 1, To.1,)" is defined as

0 1 Eg(Apev:)?
T = Mk_1 ,  where M} = 3 o(A vi) )
—2 Eg(Agevt)” Egp(Agevy)® — 1

The derivation of the efficient scores follows by combining results from Amari and
Cardoso (1997) and Bickel et al. (1998). For future reference, we partition gg(yt, xy) =
(gg,a(yt,.%'t),ggwg(yt,l‘t)) where Zgja(yt,xt) = (ggyal (yt,xt))l}i“l and also we have
59,6 (yt, xe) = (gﬁ,oz(ytv mt))l[&p (ge,cl (Yt »’Ut))l]icp (Ee,bl (t, l’t)){iﬁ)-
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Based on the efficient scores, we define the efficient information matrix for v by

5 o - I, I,
Ip=Elyl,  withpartitioning Ip= | 20 0o%) 3.7)
Iy ga lgpp

With Lemma 3.3.1 and the efficient information matrix in place, we can define the efficient
score function for o with respect to 5 and 7. In particular, from Bickel et al. (1998), it

follows that this score can be computed by the second projection

Fo(y, wt) = Lo.o(ye, 1) — Tpaply jslo.s(ye, Tt) - (3.8)

The efficient score kg can be easily computed once the efficient scores for v (i.e. Lemma

3.3.1) are estimated. The corresponding efficient information matrix is given by
j'g = I~97aa — je,aﬁjg_’égj&/ja . 3.9

Building tests or estimators based on the efficient score function &y is attractive as efficiency
results are well established, see Choi et al. (1996), Bickel et al. (1998) and van der Vaart
(2002). A crucial difference in our setting is that the efficient information matrix might
be singular. For instance, if more than one component of ¢, follows an exact Gaussian
distribution, Zy is singular, see Lee and Mesters (2021). The singularity plays an important
role in the construction of the test statistic below.

3.4 Hypothesis testing in the semi-parametric SVAR

To conduct inference on o without a priori assuming that « is identified, i.e. assuming that at
most one component of ¢; has a non-Gaussian distribution, we consider testing hypotheses

of the following form.
Hy:a=qap,e€B,neH against Hi:a#ay, 8B, neH. (3.10)

The main idea is to consider test statistics whose computation does not require evaluation
under the alternative H;, thus avoiding the need to estimate «. Clearly, based on the
trinity of classical tests, the score test is the only viable candidate and we will proceed by
constructing score tests in the spirit of Neyman-Rao, but adapted for the semi-parametric
setting (e.g. Choi et al., 1996). Such test statistics can then be inverted to yield confidence
intervals for o with correct coverage. In our setting, we rely on the efficient score functions

for the SVAR model to construct test statistics.

Using Assumption 3.3.2, which implies the existence of a suitable density score estimator,
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we can estimate the efficient scores for y, as defined in Lemma 3.3.1, by

ge(yt)_(@gm(yt)) (o0 ) (F0 (1) :1,(€9,bl(1ft))z>

with components

K K K
loor (YD) = D Gt (Arev) AjeVi+ > (i (o1 Ake Vi + T2 (Ape Vi)
k=1j=1,j#k k=1
K K K
lo.o,(Y2) = Z Z ka]¢k(Ako‘/t)A]O‘/t + Z Gk [Tr1Ake Vi + Tr 2k (Age Vi)
k=1j=1,j#k k=1
K
é@,cl (Y;‘/) = Zﬂgk(AkoV;‘,) X [_Ak:oDcJ]
kKl
lop (Ye) =Y br(AreVi) X [~ Age Dy ( Xy — X)]

B
Il
—

where V; = Y; — ¢ — BX; and X,, = % Z?Zl X;. The estimates for the 7;’s are obtained
by replacing the population moments by their sample counterparts in the definition of 7:

. . 1 LS5™ (AreVi)3
%kzsz1<02>, where N} = (1 , w L= (AkeV2) 1). (3.11)

g (ArVi)? £ 300 (Are Vi)t —

We obtain the estimates for the efficient scores and information
1 n
lnp(Y™) Zee Y, Xp)  and  fp=- Zeg(yt,xt)eg(yt,xt) . (312

With the estimates for the efficient scores for v, we can estimate the efficient score and

information for . We have that
Ro(Ye, X1) = Lo, (Ye, Xo) — To.0p15 b5lo s(Yi, X1) (3.13)

and
_'2'9 = j@,aa — f@,aﬁjg_’é/gje,b’a . (3.14)

Since the information matrix estimate may be singular, we need to make an adjustment.
Specifically, given the truncation rate v, defined in Assumption 3.3.2, we define a truncated

eigenvalue version of the information matrix estimate as

I = Uphn(vn)U! (3.15)

where f\n(yn) is a diagonal matrix with the v, -truncated eigenvalues of fg on the main
diagonal and U, is the matrix of corresponding orthonormal eigenvectors. To be specific, let

{An.i}2 | denote the non-increasing eigenvalues of Zy, then the (,4)th element of A, (v,)

120



is given by 5\7”1(5\7” > vp).

Based on this, we define the singularity and identification robust score statistic as follows.

. 1 n R /A 1 n R
Sght = (\/ﬁ;%a(lft,Xﬂ) il <ﬁ;me<n,xt>>, (3.16)

where fg’T is the Moore-Penrose pseudo-inverse of fg. The limiting distribution of g(;gR is
characterized in the following theorem, which implies that we can use the estimated rank of

fg to compute the critical value for S(ER.

THEOREM 3.4.1: Let Bn be a /n—consistent estimator of 3 and let S, = n~1/2¢ zl2
for some C' > 0 and let B, be a discretized version of Bn which replaces its value with

the closest point in S,. Define 0, = (ag,Bn,n), suppose that Assumptions 3.3.1 and
7)ej
(a,0) — [Dgl(a,a)]k.A(a,a):jl are Lipschitz continuous. Let r, = rank(Zf ) and
denote by c,, the 1 — a quantile of the X%n distribution, for any a € (0,1). Then, under Hy

3.3.2 hold, that Iy, gp is nonsingular and the maps (., o) — [Dg, (v, 0)|ke Ac, o), and

lim Py, (51(;_9"1% > c¢,) < a,

n—oo

with inequality only if rank(igo) =0.

Note the following comments on this theorem.

First, the theorem imposes that 5 is well identified as igo, 33 18 required to be nonsingular.
We do not impose which estimator Bn should be adopted as the theorem holds for any /-
consistent estimator. However, given that the efficient scores of v need to be computed
anyway, it is attractive to rely on one-step efficient estimates for 3 as discussed in van der

Vaart (1998), as this improves the power of the test.

Second, the score statistic is evaluated at the discretized estimator 3,. This is merely a
technical device due to Le Cam that simplifies the proof, see Le Cam and Yang (2000, p.
125) or van der Vaart (1998, p. 72-73) for more discussion. Since the discretization can be

arbitrarily fine, this has no practical implications.

Third, the eigenvalue truncation rate has little effect on the results and can be viewed as a
technical device as well. In practice, we always truncate at machine precision which implies
that fé’T is similar to fg , the generalized inverse of Zy. Experimenting with different, but

small, truncation rates shows that the differences matter little in practice.

Fourth, if igo has full rank, the singularity adjusted score statistic is asymptotically
equivalent to its non-singular version that is computed with jfg_ ! instead of fg’T, see Lee
and Mesters (2021) for a proof. Given this equivalence, it follows from Choi et al. (1996)

that non-singularity tests based on S 95 R are asymptotically uniformly most powerful within
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the class of rotation invariant tests (when L. = 1, the rotational invariance can be dropped
for one-sided tests and replaced with unbiasedness for two-sided tests). This implies that
asymptotically when testing the hypothesis (3.10), the power of the test is the greatest
possible in the class of rotationally invariant tests. This makes tests based on S’(;n attractive
for scenarios where there is no explicit direction in which one wants to maximize power.
When such directions are given, alternative test statistics, also based on the efficient score
function, can be considered (e.g. Bickel et al., 2006).

3.5 Finite sample performance

This section presents a collection of simulation studies to evaluate the size and power of the
proposed hypothesis testing procedure. We also compare the performance of our method to

existing approaches available in the literature.

3.5.1 Size

We start by evaluating the finite sample size of the proposed hypothesis test in the semi-
parametric SVAR model. We consider SVAR(p) specifications with p = 1,2,4, 8,12 lags,
K = 2,3 variables and T' = 200, 500, 1000. We simulate the SVAR(p) model for ten
different choices of the distributions of the structural errors €5 ; with k = 1,..., K. The
density function of each distribution and their abbreviated names are reported in Appendix
D of the paper. For the size simulations, we assume that all components of the error term

are distributed identically.

We parameterize the contemporaneous effect matrix as in Example 3.3.1, choosing A~! =
»/2(0) R(cr) where ¥1/2 is lower triangular and the rotation matrix R(c) is parameterized
using a trigonometric transform. In the bivariate case, K, = 1 and we choose oy = /5
for the data-generating process. In the trivariate SVAR, K, = 3 and we use ag =
(37/5,2m /5, —m/5)’. Furthermore, we choose X such that the diagonal elements are equal
to one, 0;; = 1 fore = 1,..., K, and we set the off-diagonal elements to o;; = 0.2 for
i # j. The SVAR coefficient matrices, A1, ..., A, are generated as diagonal matrices with
diagonal elements drawn from a N0, 1) distribution.” Importantly, even though the data-
generating process assumes diagonal coefficient matrices, the test is carried out treating the
coefficient matrices as full ' x K matrices. We use 250 burn-in periods to simulate the
SVAR(p) model and use M = 5,000 Monte Carlo replications to compute the finite-sample

rejection rates of the test procedure.

Tables 3.1-3.2 report the empirical rejection frequencies of the semi-parametric score test
defined in Section 3.4 for testing the hypothesis Hy : « = ag vs. H1 : a # «agp. In order
to estimate the log density scores, we use the B-spline methodology based on four cubic

B-splines. Table 3.1 reports results when estimating the nuisance parameters (3 using OLS

"To ensure stationarity of the SVAR(p) model, the coefficient matrices are sampled until inspection of the roots
of the corresponding SVAR(1) companion matrix indicates that the SVAR passes the stationarity condition.
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while Table 3.2 reports results from using the one-step efficient estimates for § which update
the OLS estimates using one Gauss-Newton iteration. All tests are conducted assuming 5%

nominal size.

Table 3.1 shows the empirical rejection frequencies of the proposed testing procedure when
using OLS estimates for the nuisance parameters. Focus first on the case of a small sample
(T" = 200) reported in the first panel of the table. For the SVAR(p) with K = 2 variables,
the size of the test is very close to the nominal size of 5%. Importantly, this holds regardless
of the distribution of the structural errors — even when the shocks are normally distributed
and hence « is not identified, the test is correctly sized. As the number of parameters
in the SVAR increases with the lag size p or the number of variables K, the rejection
rates increase and the test starts to over-reject in small samples. For an increase in the
number of lags, rejection rates only increase slightly, but when the number of variables
increases, the number of parameters grows quadratically and hence rejection rates show
a more substantial increase. For the trivariate SVAR with twelve lags, the test shows
pronounced over-rejections in small samples. However, importantly, as a comparison with
the panels reporting rejection rates for a medium sample size (I' = 500) and large sample
size (T' = 1,000) shows, size distortions quickly disappear as the sample grows and the
rejection frequencies converge to the nominal size of the test. Thus, even in the case of an
SVAR with a larger lag length, the testing procedure gives correct inference, as long as the

sample is not too small.

Table 3.2 reports the empirical rejection frequencies for the same simulations when one-step
efficient estimates are used for the nuisance parameters. The one-step efficient estimates
of B are obtained by updating the OLS estimates of the nuisance parameters § towards
the efficient estimates by one Gauss-Newton iteration. The procedure is computationally
efficient as it does not require full numerical optimization routines to obtain estimates of
the nuisance parameters. Comparing the rejection rates in Table 3.2 with those reported in
the case of OLS estimates of the nuisance parameters in Table 3.1, shows that using the
one-step estimates yields substantial improvements in the size of the test in small samples,
especially when the number of lags is large. For example, for the case of an SVAR with
three variables and 12 lags, the size of the rejection rates are very close to the nominal
size of 5%. As the sample size grows, the difference between the two approaches becomes
less pronounced and the procedures yield comparable rejection rates. For medium and
large samples, either of the procedures can result in rejection rates closer to the nominal
size, depending on the number of lags, the number of variables and the distribution of the

structural errors that generated the data.
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Table 3.1: Empirical rejection frequencies using OLS estimates

K p N(@O1) t15 t10) t(5) SKU KU BM SPB SKB TRI
T =200

2 1 0049 0.055 0.048 0.045 0.043 0.041 0.046 0.045 0.039 0.042
2 2 0055 0.051 0.049 0.049 0.044 0.037 0.048 0.047 0.045 0.050
2 4 0057 0.059 0.056 0.052 0.046 0.029 0.052 0.056 0.050 0.047
2 8 008 0.069 0.066 0.060 0.060 0.039 0.065 0.074 0.062 0.062
2 12 0.086 0.081 0.074 0.075 0.071 0.041 0.082 0.092 0.073 0.084
3 1 0072 0.066 0.071 0.085 0.057 0.048 0.047 0.052 0.060 0.045
3 2 0074 0.084 0.079 0.082 0.061 0.042 0.049 0.055 0.059 0.047
3 4 0100 0.102 0.091 0.109 0.080 0.039 0.069 0.080 0.081 0.064
3 8 0166 0.151 0.145 0.135 0.122 0.060 0.135 0.151 0.132 0.124
3 12 0228 0.225 0.216 0.188 0.178 0.092 0.232 0.249 0.179 0.218
T =500

2 1 0052 0.046 0.043 0.040 0.036 0.035 0.042 0.043 0.042 0.041
2 2 0046 0.049 0.047 0.045 0.037 0.035 0.039 0.040 0.041 0.043
2 4 0045 0.044 0.047 0.044 0.039 0.031 0.042 0.044 0.043 0.046
2 8 0055 0.053 0.046 0.043 0.041 0.029 0.049 0.052 0.047 0.049
2 12 0.061 0.059 0.054 0.044 0.046 0.031 0.055 0.060 0.051 0.056
3 1 0046 0.052 0.049 0.055 0.039 0.043 0.044 0.038 0.041 0.037
3 2 0053 0.055 0.048 0.056 0.040 0.039 0.046 0.043 0.045 0.042
3 4 0065 0.058 0.061 0.054 0.048 0.031 0.043 0.049 0.046 0.043
3 8 008 0.078 0.073 0.071 0.055 0.032 0.061 0.069 0.063 0.055
3 12 0.106 0.097 0.098 0.087 0.070 0.028 0.081 0.100 0.077 0.067
T =1,000

2 1 0045 0.040 0.035 0.030 0.039 0.032 0.042 0.042 0.039 0.037
2 2 0048 0.040 0.037 0.035 0.038 0.037 0.043 0.044 0.040 0.037
2 4 0042 0.042 0.045 0.036 0.038 0.030 0.045 0.047 0.043 0.047
2 8 0048 0.053 0.045 0.037 0.042 0.030 0.049 0.048 0.042 0.042
2 12 0.048 0.049 0.048 0.037 0.040 0.025 0.050 0.051 0.044 0.046
3 1 0046 0.043 0.038 0.039 0.036 0.036 0.037 0.037 0.039 0.041
3 2 0045 0.042 0.042 0.043 0.036 0.034 0.036 0.039 0.038 0.042
3 4 0051 0.048 0.049 0.042 0.038 0.034 0.042 0.040 0.039 0.043
3 8 005 0.050 0.056 0.046 0.044 0.029 0.048 0.050 0.047 0.044
3 12 0.060 0.058 0.064 0.059 0.039 0.027 0.050 0.052 0.053 0.048

Notes: The table reports empirical rejection frequencies for the semi-parametric score test of the hypothesis Hy : o =
ag vs. H1 : a # ap in the K -variable SVAR(p) model with nominal size 5%. The nuisance parameters /3 are estimated by
OLS. The columns correspond to different choices for the distributions of the structural shocks, €, ; fork = 1,..., K. The
distributions are reported in Appendix D. Rejection rates are computed based on M = 5,000 Monte Carlo replications.
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Table 3.2: Empirical rejection frequencies using one-step efficient estimates

K p N@O1I) 15 10) t5 SKU KU BM SPB SKB TRI
T = 200

2 1 0071 0074 0066 0.059 0.064 0051 0.052 0.053 0.048 0.051
2 2 0068 0.067 0058 0052 0.060 0.055 0.050 0.050 0.051 0.056
2 4 0066 0062 0.058 0058 0061 0053 0047 0.049 0.053 0.048
2 8 0057 0.057 0055 0.050 0.062 0044 0.045 0.048 0.052 0.047
2 12 0058 0.054 0059 0.066 0.083 0050 0.052 0.051 0055 0.049
3 1 0095 0.09 009 0089 0.081 0062 0.059 0.063 0078 0.059
3 2 0093 0.097 0.100 0.092 0.080 0.079 0.057 0.067 0.069 0.055
3 4 0091 0099 0102 0.117 0.091 0072 0.057 0.069 0078 0.048
3 8 0057 0055 0063 0.073 0.057 0055 0.031 0.032 0051 0.028
3 12 0043 0042 0.043 0.059 0.049 0.042 0.038 0.040 0.042 0.039
T = 500

2 1 0068 0069 0061 0058 0.057 0051 0.050 0.055 0052 0.051
2 2 0065 0063 0065 0.055 0059 0047 0.047 0.047 0.052 0.049
2 4 0060 0.061 0058 0051 0.054 0.049 0.045 0.046 0.052 0.050
2 8 0062 0060 0054 0.050 0.057 0.047 0.047 0.046 0.049 0.049
2 12 0065 0.062 0.056 0052 0061 0044 0050 0.055 0.052 0.052
3 1 008 0081 008 0071 0069 0067 0.057 0.055 0061 0.053
3 2 0092 0085 0074 0072 0.065 0.066 0.053 0.057 0.062 0.060
3 4 0093 0.087 0084 0074 0.072 0.060 0.058 0.066 0.065 0.054
3 8 0093 0.095 0094 0085 0.069 0062 0.053 0.059 0.072 0.052
3 12 0100 0.094 0086 0.092 0.087 0.060 0.051 0.057 0077 0.044
T = 1,000

2 1 0064 0.056 0057 0.050 0.063 0048 0.050 0.052 0.051 0.044
2 2 0068 0058 0053 0052 0059 0052 0051 0.055 0.052 0.047
2 4 0063 0.058 0062 0053 0.057 0044 0.051 0.052 0.055 0.055
2 8 0062 0068 0061 0049 0.059 0.048 0.051 0.052 0.049 0.048
2 12 0060 0.063 0061 0051 0.057 0041 0.049 0.049 0.055 0.054
3 1 0078 0076 0067 0.058 0.064 0053 0.051 0.058 0.055 0.055
3 2 0078 0076 0.068 0064 0065 0051 0055 0.058 0.057 0.057
3 4 008 0079 0077 0.063 0060 0053 0.049 0.053 0.055 0.057
3 8 008 0076 0078 0.068 0.070 0061 0.058 0.064 0062 0.053
3 12 0091 0.084 0088 0.074 0.067 0063 0.060 0.061 0069 0.051

Notes: The table reports empirical rejection frequencies for the semi-parametric score test of the hypothesis Hy : o =
ag vs. H1 : a # o in the K-variable SVAR(p) model with nominal size 5%. The nuisance parameters /3 are estimated by
the one-step efficient procedure. The columns correspond to different choices for the distributions of the structural shocks,
€r,¢ for k = 1,..., K. The distributions are reported in Appendix D. Rejection rates are computed based on M = 5,000

Monte Carlo replications.
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3.5.2 Comparison to alternative approaches

Next, we compare the size of the proposed testing procedure to a variety of different
approaches based on (pseudo-) maximum likelihood and the generalized method of
moments. In particular, we consider standard maximum likelihood Lagrange-Multiplier
(LM) and Likelihood Ratio (LR) tests based on a standardized student-t density for €.
Note that when the structural errors that generated the data are distributed according
to a t-distribution, these tests correspond to exact maximum likelihood tests. For all
remaining distributions, the standard maximum likelihood tests are misspecified. In addition
to the parametric MLE tests, we consider the pseudo-maximum-likelihood procedure of
Gouriéroux et al. (2017) and the GMM-based approach of Lanne and Luoto (2020). These
procedures have been employed in various empirical studies to test hypotheses in non-
Gaussian SVAR models. Our aim in this section is to study how such methods perform in the
case of “strong” and “weak” non-Gaussian distributions and to compare their finite-sample
size to that of our proposed method. It is important to note that, unlike our approach, none
of the alternative methods listed above are designed to be robust against cases where the
true densities are “close” to Gaussian. In fact, previous simulation studies have documented

size distortions in those cases (see e.g. Gouriéroux et al., 2017; Lanne and Luoto, 2020).

To evaluate the finite-sample performance, we focus on an SVAR(1) model with K = 2
variables and a sample size of 7" = 500. We use the same parameterization and parameter
values as described in the previous subsection to generate the data. However, different to
the previous simulation study evaluating the size of the score test, we report results both
for the case where the structural errors €7 ¢, €2 ¢ are identically distributed, but also for the
case where the first error is fixed to have a Gaussian distribution while the distribution of
the second structural error varies. Note that in the latter case, theoretically non-Gaussianity
can still be used to identify the parameters of the SVAR if the second structural error does
not follow a Gaussian distribution. However, we suspect identification to be weaker in this

case.

We implement the tests as follows. For the semi-parametric score test, we use one-step
estimates of the nuisance parameters, as in Table 3.2. The density scores are approximated
using the same procedure described in the previous subsection. For the alternative methods,
we do not estimate the nuisance parameters, but rather use the true nuisance parameter
values that were used to generate the data. We do so to have a strong benchmark against
which we evaluate the performance of our method and to ensure that any differences
in the finite-sample performance of the tests does not originate in the procedure that is
used to estimate the nuisance parameters. Importantly, note that since the true nuisance
parameters are always unknown in practice and hence need to be estimated, this constitutes

an “oracle” benchmark which is expected to perform better than when nuisance parameters

8Note that the standardized student-t density requires the degrees of freedom parameter, v, to be larger than 4
as otherwise the density has infinite kurtosis.
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are estimated.’

Since the nuisance parameters are fixed at their true values, implementation of the
maximum-likelihood LM test amounts to estimating the restricted model where « is
fixed under the null hypothesis and only requires estimating the degrees of freedom of
the standardized student-t distributions, v, 2. To compute the LR test, we also need to
estimate the unrestricted model in which « is an additional parameter to be estimated. For
the numerical optimization, we use a Quasi-Newton algorithm with initial values of v = 8
and & = /4.

To implement the procedure of Gouriéroux et al. (2017), we first obtain standardized
residuals of the reduced form VAR errors using the true values for the nuisance parameters.
We then compute the pseudo maximum likelihood LR test using a standardized student-t
distribution with 5 degrees of freedom. For the unrestricted model, we estimate « using a

Quasi-Newton optimization algorithm with initial value of & = 7 /4.

Finally, to implement the GMM approach of Lanne and Luoto (2020), we use the two-step
GMM estimator based on the following moment conditions: (i) E[e; ® x¢—1] = 0 where
-1 = (1,Y/)), (i) E[e;t] = 1for k = 1,2, (iii) E[e; t€2¢] = 0 and (iv) the asymmetric
co-kurtosis condition E[fiteh] = 0. The same set of moment conditions was used in
Lanne and Luoto (2019). In our SVAR(1) model, this yields ten moment conditions which

just-identify the ten parameters of the SVAR model.!°

Table 3.3 reports the results of the simulation study and compares the size of the alternative
testing procedures to the size of the score test (S). The first panel reports the case where the
two structural errors, €1 ¢, €2+ are drawn from the same (non-Gaussian) distribution while
the second panel reports the results where € ; is fixed to have a Gaussian distribution. First,
note that the rejection rates for the score test (S) in the case of identically distributed shocks
are the same rejection rates reported in Table 3.2 and are close to the nominal size of 5%,
regardless of the distribution of the structural shocks. Inspecting the second panel of the
table, we note that the performance of the score test does not deteriorate when the first
structural error is Gaussian; the rejection rates continue to be close to the nominal size of

5% regardless of the distribution of the second error.

Second, we inspect the performance of the parametric maximum-likelihood tests (LM
and LR). We find that the tests perform well, as long as the densities are not “heavily”
misspecified. In particular, for the student-t densities and the unimodal densities, either
the LR or the LM test have a size close to the nominal level. This makes sense as the
parameter « is fixed under the null and thus no identification problem arises. However,

when the density is strongly misspecified (e.g. bimodal, separated bimodal or trimodal), the

°In a simulation not reported in this paper, we verify that this is indeed the case and that performance of the
alternative procedures deteriorates when estimating nuisance parameters e.g. by OLS.

1We also ran simulations using an additional over-identifying symmetric co-kurtosis condition; however this
gave worse finite-sample performance than the just-identified case.
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Table 3.3: Empirical rejection frequencies for alternative tests

Test N(,1) t(15) t(10) t(5) SKU KU BM SPB  SKB TRI

€11, €2,¢ identically distributed

S 0.068 0.069 0.061 0.058 0.057 0.051 0.050 0.055 0.052 0.051
LM 0.166  0.117 0.100 0.088 0.078 0.083 0.239 0.261 0.115 0.209
LR 0.054 0.082 0.069 0.053 0.064 0.001 0.000 0.000 0.083 0.000
LREM 0590 0282 0.166 0.057 0.147 0.007 1.000 1.000 0.388 1.000
LR 0115 0.123 0.126 0.174 0.126 0.101 0.056 0.062 0.123 0.062

€1,+ Gaussian

N

S 0.068 0.067 0.068 0.059 0.063 0.048 0.049 0.052 0.054 0.052
LM 0.166 0.132 0.117 0.103 0.103 0.083 0.254 0.233 0.143 0.276
LR 0.054 0.078 0.075 0.042 0.073 0.003 0.018 0.018 0.077 0.012
LRGM 0590 0.408 0325 0.142 0.291 0.061 0.999 0990 0.497 0.999
LR 0115 0.110 0.100 0.092 0.101 0.092 0.081 0.088 0.119 0.071

Notes: The table reports empirical rejection frequencies for tests of the hypothesis Ho : o = ag vs. Hy : o # g with 5%
nominal size for the SVAR(1) model with K = 2 and T = 500. S denotes the semi-parametric score test using one-step
efficient estimates for 3, LM denotes the parametric score test based on a standardized student-t density, LR denotes the
associated parametric likelihood-ratio test, LREM denotes the pseudo maximum-likelihood-ratio test of Gouriéroux et al.
(2017) and LREL denotes the GMM-based test of Lanne and Luoto (2020). The columns correspond to different choices
for the distributions of the structural shocks, €, ¢ for k = 1,..., K. The distributions are reported in Appendix D. Rejection
rates are computed based on M = 5,000 Monte Carlo replications.

LM test substantially over-rejects and the LR test is strongly conservative. Further, when
we move to the case where the first shock is Gaussian, most rejection rates of the LM and

LR tests increase further.

Next, we inspect the performance of the pseudo maximum likelihood approach of
Gouriéroux et al. (2017) (LREM). We find that the test shows substantial over-rejections,
unless the distribution is close to the pseudo distribution. In fact, only in the case of the ¢(5)
distribution, where the approach is an exact maximum likelihood test, does the test yield a
rejection rate close to the nominal level. Interestingly, for the kurtotic unimodal distribution
(KU), the test is strongly conservative. Further, when we move to the case where the first
component is fixed at a Gaussian distribution, the performance of the test significantly
deteriorates for most of the densities. Finally, we evaluate the GMM-based approach of
Lanne and Luoto (2020). Compared to the pseudo-maximum likelihood procedure, the
GMM approach performs much better and yields rejection rates closer to the nominal level.
Compared to the maximum likelihood tests, the procedure yields more accurate inference

for the bimodal or trimodal densities, but leads to over-rejections for the other distributions.

To summarize, most of the alternative procedures lead to incorrect inference if the
distribution of the structural shocks is not “sufficiently” non-Gaussian. Furthermore, the
identity of the best-performing alternative procedure crucially depends on which non-
Gaussian distribution generated the data. In contrast, the semi-parametric score test

proposed in this paper gives correct inference regardless of the distribution of the structural
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errors and whether one or both errors are non-Gaussian.

3.5.3 Power

Finally, we study the power of the proposed procedure and compare it to the power of the
parametric maximum likelihood LM test described in the previous subsection. The LM
test is the natural counterpart for the first four densities considered in the simulations and,
together with the LR test, is the only procedure that controlled size comparably in some of

the size simulations reported in the previous subsection.

To evaluate the finite-sample power of the tests, we focus on an SVAR(1) model with K = 2
variables and a sample size of 7' = 500. We use the same parameterization and parameter
values as used in the other simulations to generate the data. As in the size simulations for the
score test, we report results for the case where the structural errors €7 ¢, €24 are identically
distributed. We compare three tests of the hypothesis Hy : o = g vs. Hy : a # ag with
5% nominal size: (i) the semi-parametric score test using OLS estimates for the nuisance
parameters, (ii) the semi-parametric score test using one-step efficient estimates for the
nuisance parameters and (iii) the parametric maximum-likelihood LM test. All tests are

implemented as described in the previous simulation studies.

Figure 3.2 reports the raw (i.e not size-adjusted) power for the semi-parametric score test
using one-step nuisance parameter estimates (black solid line), the semi-parametric score
test using OLS nuisance parameter estimates (dot dashed blue line) and the parametric
maximum-likelihood LM test (green dashed line). Each panel of the figure corresponds to a
different choice for the distributions of the structural shocks. We use the same distributions
as in the simulation studies described earlier. The x-axis of each plot corresponds to
different alternatives for v around g = 7/5 that were used to generate the data. Each
point on the curve is based on M = 2,500 simulations. We first inspect the power of the
semi-parametric score tests. Comparing the power curves for the different distributions of
the structural shocks, we find that power of the test substantially increases with the distance
to the Gaussian distribution. In particular, for the kurtotic unimodal density, the bimodal
density or the trimodal density, the rejection rates quickly increase with o departing from
its value under the null hypothesis. For the densities which are very similar to a Gaussian
distribution (¢(15) and ¢(10)), power is much smaller, but still non-negligible. Comparing
the two variants of the semi-parametric score test, we note that using the one-step efficient

estimates yields generally larger power than using the OLS nuisance parameter estimates.

Finally, comparing the power of the semi-parametric test to the parametric LM test, we note
that for the distributions where the tests are similarly sized, the power of the parametric test
is larger when the density is correctly specified (£(15), (10) and ¢(5)). For all other density
choices, the semi-parametric test convincingly outperforms its parametric counterpart or the
parametric test shows substantial size distortions so that a comparison is infeasible. Finally,

it is important to note that even under non-Gaussianity, « is only identified up to scale and
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Figure 3.2: Power in the SVAR(1) model

t(15 t(10 t(5
N (15) N (10) N (5)
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Notes: The figure reports unadjusted empirical power curves for tests of the hypothesis Hy : &« = a vs. H1 : o # «p
with 5% nominal size for the SVAR(1) model with K = 2 and T" = 500. The x-axis corresponds to different alternatives
for o around g = 7/5. The solid black line reports the empirical rejection frequencies for the semi-parametric score test
using one-step nuisance parameter estimates, the blue dot dashed line corresponds to the semi-parametric score test using
OLS nuisance parameter estimates and the green dashed line denotes the parametric LM test based on standardized student-t
densities. Rejection frequencies are computed using M = 2, 500 Monte Carlo replications.

permutation of the columns. Hence for a € [0, 27|, there are multiple optimal points. This
is the reason why the figures show a decrease in power for alternatives that are far away from
ayp, but close to the next value of o under which the null hypothesis holds. In summary, we
conclude that the semi-parametric score test has adequate power even when compared to

correctly specified parametric tests.
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3.6 Application

In this section, we revisit identification of labor supply and labor demand elasticities in a
frequentist version of the model of the U.S. labor market from Baumeister and Hamilton
(2015). We employ our semi-parametric approach for SVAR inference to construct
identified regions for the labor supply and labor demand elasticities. We also construct
identification-robust confidence bands for the impulse responses based on our inference

approach.

Baumeister and Hamilton (2015) study a simple bivariate SVAR model of the U.S. labor
market using a Bayesian approach that includes carefully motivated priors on the short-
run labor supply and demand elasticities based on estimates in the micro-econometric and
macroeconomic literature. In addition, they impose a long-run restriction on the effect of
labor demand shocks on employment. Their posterior densities provide evidence in favor
of a negative demand elasticity and favor estimates of the short-run supply elasticity that
fall into the lower range of the micro-econometric literature (below 0.5) rather than values
around or above 1 that are often used in macroeconomic studies. Recently, Lanne and
Luoto (2019) revisited this specification and criticized the use of the long-run restriction.
Instead, they proposed to exploit non-Gaussianity of the data to identify the labor supply
and demand elasticities by means of the GMM approach of Lanne and Luoto (2020) which
relies on moment conditions that are informative under non-Gaussian structural errors.
Using non-Gaussianity identification, they find a significant and persistent effect of the
labor demand shock on employment and reject the long-run restriction of Baumeister and
Hamilton (2015).

Similar to Lanne and Luoto (2019), in this section, we revisit the bivariate SVAR relaxing
the prior specifications in Baumeister and Hamilton (2015) through the use of non-
Gaussianity identification. However, we use the semi-parametric approach proposed in
this paper which is robust to weak non-Gaussianity. This is particularly important, since
both our and Lanne and Luoto (2020)’s simulation studies show that the adopted GMM
approach can lead to invalid inference when the structural shocks only have weak non-

Gaussian distributions.

The specification of Baumeister and Hamilton (2015) is a bi-variate SVAR(p) model of the

U.S. labor market for Y; = (Awy, An)’, where Awy is the growth rate of real compensation

-84 1 DZJ%O
- 1|’ 10 o3

In the model, 3¢ is the short-run wage elasticity of demand, and 5 is the short-run wage

per hour and A7y is the growth rate of total U.S. employment:

BoY; = p+ ®1Yi 1 + -+ @Y, + D¢, Bo =

elasticity of supply. The number of lags used in the SVAR is p = 8 and sign restrictions
imposed on the supply and demand elasticities require that 5° > 0 and 5% < 0.
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Rewriting their model using our notation, we get

g1 g2
Vi=c+BY1+ - +BYi, + A, 0) &, ATl = lﬁjiﬁd B;Q_/fdd] ,
Bs_ﬁd Bs_ﬂd

where the structural shocks, €1 ¢, €2 ¢+ are independent and have unit variance. Note that the
impact multiplier matrix, A~! depends on four parameters: The standard deviations of the
structural shocks, o = (01, 092)" with o, > 0, that can be identified from second moments
of {V;}, and the elasticity parameters o = (3%, 3%)’ that are only identified if the demand

and supply shocks are (sufficiently) non-Gaussian.

3.6.1 Confidence regions for labor demand and supply elasticities

We start our analysis by constructing confidence regions for the implied elasticity
parameters of the model. Our approach relies on Theorem 3.4.1 as it effectively computes
the bands for each vector « that is (i) not rejected by the score test and (ii) satisfies the
sign restrictions that pin down the permutation and sign of A. Specifically, we construct a
grid of parameter values that satisfy the sign restrictions 3¢ < 0 and 5° > 0 and record the
region of parameter values (3%, 3°) that satisfies S@gR > ¢, where ¢, is the critical value
for the X?«n distribution associated with the desired significance level. To construct the grid,
we use 1,000,000 equally spaced combinations of (3%, 3%) in the interval (0, 2] x [—2,0).

Figure 3.3 reports the joint confidence regions for the labor demand (3¢) and labor
supply (8°) parameters of the model for a 95% significance level (light gray) and a 67%
significance level (dark gray). The red circle indicates the values associated with the
minimum score statistic while the blue diamond marks the estimates of labor demand and
supply elasticities reported in Lanne and Luoto (2019). As the figure shows, the short-
run supply elasticity is reasonably well identified from non-Gaussianity: The hypothesis
3% = 0 can be rejected at the 95% level and the 67% confidence region contains elasticities
3% € (.1,.8), depending on the value of 3¢. Furthermore, for sufficiently negative demand
elasticities, the supply elasticity is precisely identified and falls into the range supported
by the posterior densities in Baumeister and Hamilton (2015). In contrast, the demand
elasticity is poorly identified by non-Gaussianity: The confidence region is wide in the

direction of 3¢ and spans almost all values in the inspected grid.

Our results differ significantly from Lanne and Luoto (2019). While the labor demand
elasticity implied by the minimum score statistic is reasonably close to their estimate, the
corresponding labor supply elasticity is much smaller. In addition, they report substantially
narrower confidence intervals for the elasticity parameters. In fact, our identification-robust
confidence regions are consistent with the posterior distributions reported in Baumeister
and Hamilton (2015) which place most posterior weight on a supply parameter between

zero and 0.5, while supporting a large range of negative demand elasticities.
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Figure 3.3: Confidence regions for labor demand and supply elasticities
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Notes: Confidence regions for labor demand and supply elasticities (95% in light gray, 67% in dark gray) obtained using
1,000,000 equally-spaced grid points for (8%, 3%) € (0,2] x [—2, 0). The red circle denotes the elasticities associated with
the min. score statistic, the blue diamond denotes the estimates of Lanne and Luoto (2019).

3.6.2 Impulse responses for labor demand and supply shocks

After having established that non-Gaussianity is not sufficient to precisely identify both
labor supply and demand elasticities, we turn to evaluating the consequences for identifying

the impulse responses associated with labor demand and supply shocks.

The semi-parametric inference approach proposed in this paper can be used to construct
identification-robust confidence bands for the structural impulse responses of the SVAR.
Similar to our approach to constructing confidence regions discussed in the previous
subsection, we rely on Theorem 3.4.1 to compute the bands for each vector o that is (i) not
rejected by the score test for a given significance level and (ii) satisfies the sign restrictions
that pin down the permutation and sign of A. For each vector oy satisfying these conditions,
we then compute and store the upper and lower pointwise asymptotic confidence intervals
of the impulse responses based on the one-step efficient estimate for the nuisance parameter
of the test, 5. The final confidence bands are then simply taken as the widest intervals within
the set of admissible bands for any level of confidence. Appendix C provides details on the
algorithm that is used to compute confidence bands for the impulse responses and reports
the necessary formulae to implement the method. We use the approach to construct robust
confidence intervals for the impulse responses for labor supply and labor demand shocks.

As in the previous subsection, we construct a grid of 1,000,000 equally spaced grid points

133



Figure 3.4: IRF confidence bands for labor demand and supply shocks
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Notes: Impulse responses for labor supply and labor demand shocks with 67% identification-robust confidence bands based
on 1,000,000 grid points for (3%, 3%,) € (0,2] x [~2,0).

(IB57 Bd) in the interval (O, 2} X [—2, O)

Figure 3.4 shows the 67% confidence intervals (gray shaded area) for the impulse responses
together with the impulse response associated with the minimum score statistic (red solid
line). Comparing the impulse response implied by the minimum score statistic to the IRF
estimated by Lanne and Luoto (2019), we note that the impulse responses are overall very
similar and show long and persistent responses to the supply and demand shocks; only
the response of employment to a demand shock has a more pronounced hump shape in
Lanne and Luoto (2019) than what is implied by the minimum score IRF estimate. Further,
focusing on the impact effect, at a 67% level, a demand shock has significant and positive
effects on both real wages and employment, while a supply shock has a significant negative
effect on the wage and a significantly positive effect on employment. These results are in
accordance with the posterior distributions reported by Baumeister and Hamilton (2015)
and are similar to the ones reported by Lanne and Luoto (2019). However, inspecting the
dynamic responses to the labor supply and demand shocks, there are substantial differences
to the results of Lanne and Luoto (2019). Specifically, they find a strong and significant
dynamic response of both the real wage and employment to the labor demand shock,
inconsistent with Baumeister and Hamilton (2015)’s prior on the restriction that the long-
run labor demand elasticity is zero. In contrast to their findings, our confidence intervals,
using an approach robust to weak non-Gaussianity, show that the data cannot rule out that

the long-run response of either variable to the demand shock is zero and hence imply that
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the long-run restriction cannot be rejected solely on the basis of non-Gaussianity.

3.7 Conclusion

This paper develops robust inference methods for structural vector autoregressive (SVAR)
models that are identified using non-Gaussian error distributions. We treat the SVAR
model as a semi-parametric model where the densities of the structural errors form the
non-parametric part and use hypothesis testing to conduct inference on the possibly weakly
identified or non identified parameters of the SVAR, using a semi-parametric equivalent of
the Neyman-Rao score statistic. We assess the finite-sample performance of our method
in a large simulation study and find that the empirical rejection frequencies of the semi-
parametric score test are always close to the nominal size, regardless of the true distribution
of the errors. For the power of the score test, we find that it comes close to the power
of a correctly specified maximum likelihood test using the true (unknown) distributions of
the structural errors. Finally, we employ the proposed approach in an empirical study that
revisits the identification of supply and demand elasticities in the U.S. labor market as in
Baumeister and Hamilton (2015), but using a frequentist procedure. We show how our
approach can be used to construct confidence regions for the labor supply and demand
elasticities as well as identification-robust confidence bands for the impulse responses.
Our confidence regions for the demand and supply elasticities are consistent with the
posterior distributions reported in Baumeister and Hamilton (2015). Further, we find that
a non-Gaussianity identification strategy is insufficient to precisely identify the economy’s

response to labor supply and labor demand shocks.
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Appendices

A Proofs

The proof of Theorem 3.4.1 is structured as follows. We first state an intermediate lemma
with convergence results based on which the theorem can be proven. The proof for the

lemma is included below.

LEMMA A.1: Let 9 = (v, B) and 0y = (o, 8,1m) for any (8,7m) € B x H. Additionally,
let v, = {(@0, Bn) tnen be a deterministic sequence such that \/n(~y, — v) = O(1) and
define 0,, = (Yn,n) for each n € N. Then, under the conditions of Theorem 3.4.1, we have
that

L =¥, oo (Yi, X1) ~ Z ~ N(0, Iy, ) under Py,

2. We have that

n

1 5 > _
=3 (fo, (Ve X0) = B, (Yi. X)) = or,, (n71?)
t=1
3. Py, (Hfgn —Ipll2 < I/n) — 1 where v, is defined in Assumption 3.3.2 .

4. We have that )
/ |to,ap,* — tgyary? | an 0.

Note: The following proof of Theorem 3.4.1 uses the parameterization A~! = »/ 2R(a)
(see Example 3.3.1) and assumes that Lemma 7.3 of van der Vaart (2002) holds, given
Lemma A.1 part 4.

Proof of Theorem 3.4.1. We break the proof into steps. First, we show that under Lemma

A.1 we have

1 « N
—= Y Fo, (Y, Xy) ~ Z ~ N(0, Tp,) (17)
Vn t=1
under Py = P,, where 0, is defined in Lemma A.1, and

NG [zfgn - Egn} P50 and Py (Hfgn —In,

< un) Sl (18)

Define h,, = /n(B, — () and let (nm)m>1 be an arbitrary subsequence of (n),>;. It
is sufficient for equations (17) and (18) that we can demonstrate that there is a further

subsequence (7,y,( k)) k>1 along which the claimed convergence holds. There exists a sub-
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subsequence such that h — h for some h € R¥# 11 Taking such a subsequence will

Tem(k)
suffice since as we will now demonstrate, the claimed convergence holds for an arbitrary

convergent sequence h, — h.

Let ), denote the law of Y™ corresponding to 6,, and Py that corresponding to 6. Let
Ay 6, /6,(Y™) be the corresponding log-likelihood ratio. Given Assumption 3.3.1 we have
that Theorem A.1 implies that

) 1 .
A g0 (Y") = VnPuhinly, 5 = S dog pshn + Ra,

where R,, — 0 in probability under Py, Iy, 35 = Var(fg,), and

1. . .
A, 0,(Y") > N <_2h,190,65h7 h'feo,ﬂﬁh> ;

under Fj’, from which we can conclude that Py <> @) (e.g. van der Vaart and Wellner,
1996, example 3.10.6). This mutual contiguity and Le Cam’s first lemma (e.g. van der
Vaart, 1998, Lemma 6.4) ensure that (18) holds. Next, by Lemma 7.3 in van der Vaart
(2002) we have that

N [ eeo} + I, (0,0 2 (19)
It follows that

1 o 5 - B 1 <. - B
%Znen(n,xt)—m(nxt)z[l — Ioy0815 55 \/ﬁZ@en(n,Xt)—feO(Y;,Xt))
t=1 t=1

. . oo oo oo 0
— —[I _IGO,QﬂIG:)IﬁB] 100, 100,03
’ Ioy,8a  1oy,88 h

+ OPO(l)

as well as

Zﬁéen Y, Xi) = Zﬂao Yi, Xi) + Z Fo, (Yi, X1) — gy (Y2, X1)]

= % ZRGO(Y;HXt) + OPO(]‘) ~ N(07190)7
t=1

under Fy by Lemma A.1-part 1, establishing (17).

Next we show that (17) and (18) continue to hold if 8, is replaced by 0,, as defined in the
theorem. We will start with the first expression in (1 8).12 Since /3,, remains \/n-consistent
thereis an M > 0 such that Py (v/n||Bn — Bol| > M) < e. If /n||Br—Bol| < M then B, is
equal to one of the values in the finite set S¢ = {3 € n=1/2C 252 . || — Bo|| < n~Y2M]}.

'"Such a subsequence and h exist by the Bolzano-Weierstrass theorem.
2The proof that (18) continues to hold is adapted from the proof of Theorem 5.48 in van der Vaart (1998).
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For each M this set has finite number of elements bounded independently of n, call this

upper bound B. Let
R (B) = V/nP, [59 - (79}

where 6 = (g, 3,m). We have that for any v > 0

Fo (HRn(Bn)H > U) <e+ Z P (”Rn(ﬁn)n > VAP = /Bn)

Brn €SS

<e+ D Po([Ra(Bu)ll > v)

Bn€SY;
< e+ BR([IRa (8] > v),

where 3} is chosen from S, to maximize Py (|| R, (5r)| > v). Since the sequence (37;),,>1
is a deterministic y/n-consistent sequence for /3, we have that Py(||R,,(5;;)]| > v) — 0 by
equation (18).

The second term in (18) follows from the same set-up. But we now let

R,(B) = {Hfg - 1:90 < Vn}, with 6 = (ag, 5,m0)-

We have

Py (Rn(Bn)) <e+ Z Py (Rn(ﬂn) N Bn = Bn)

Br€SE

Br€SE
<&+ BPy(Ru(5)),

where 3 is chosen from S¢ to maximize Py(R,(53,)). Since the sequence (/3};),>1 is a
deterministic /n-consistent sequence for /3, we have that Py(R,(f;;)) — 0 by equation
(18).

Also, for (17) we can argue somewhat similarly. For any S let Z,,(8) = \/nPykg, where
0, = (a0, ,n) and let Z ~ N(0,Zy,). Let f be an arbitrary bounded continuous function:
|f| < F, say, and fix ¢ > 0. Since /1|3, — B|| = Op,(1) there is a M > 0 such that
Vnl||Bn — Bl £ M with probability at least 1 — /(4F) for all sufficiently large n € N.
Note that by the construction of SS (a) Py(B, ¢ SS) < &/(4F) for all sufficiently large
n € N and (b) as previously mentioned S, is finite and the number of elements it contains,

B, is bounded independently of n.

For each n, we can partition the sample space W" as follows:

wr={B ¢ Sipu U {Bu= 5}

Bn€SE
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Therefore, we can write

|Pof(Zn(Bn)) = Pof(2)] < Po|f (Zn(Bn)) — f(2)|1{Bn & Sy}
+ > R|f (ZalBn) = F(2)| 1{Bn = Bu}

Br€Sn
< 6/2 + Z Py |f (Zn(ﬁn)) - f(Z)| 1 {Bn = ﬁn}
Bnesrcz
< 5/2 + Z PO |f (Zn(ﬁn)) - f(Z)|
Bnesrcz

<e/2+BR|f (Za(B})) — [(2)],

where each 8 € S¢ is chosen to maximize Py |f (Z,(8)) — f(Z)|. The corresponding
sequence (3} )nen is \/n-consistent by construction and deterministic. Therefore, for the
sequence (0 ),en with 0% = (g, 8, 1), by (17) we have Z} == Z,(B}) ~» Z under P.
By Skorohod’s representation theorem there is a probability space (Q, F, f’) on which we
can define random vectors (X),>1 and X such that the law of each X is the law of Z
and the law of X is the law of Z and X*(w) — X (w) for each w € €2.'> Then, since f is
bounded, the sequence (f(X,'))n>1 is uniformly integrable and so by e.g. the Corollary to

Theorem 16.14 of Billingsley (1995, pp. 217 — 218) we have that
Py|f(Zy) = f(Z)| = P|f(X5) = f(X)| = Oasn — oo,
By combining the last two displays we have that for sufficiently large n € N,
|Pof(Zn(Br)) — Pof(Z)] < e.

We conclude that Py f(Z,(B,)) — Pof(Z). Since f was an arbitrary bounded continuous

function, we have that Z,,(/3,,) ~ Z under P, as required.
Next, let Z,, .= ﬁ > ke, (Y;) and re-write it as

1 — 1 &
Ly = — ks (Y; — S Y) = ks (V5
"= 7 2 () 7 2 (R (%) = 7, (4),
to conclude that Z,, ~~ Z ~ N (0, feo)- We have

I@o - I@o <

9 Ie_n,aa - 19070406

. sy s - D
9 + ngn,a,é’lg_nﬁglén,ﬁa - 1907046190,5,3]90,@“2-

By repeated addition and subtraction along with the observations that any submatrix has a

smaller operator norm than the original matrix we obtain and the matrix inverse is Lipschitz

BSee e.g. Billingsley, 1999, Theorem 6.7.
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continuous at a non-singular matrix we obtain

iGo — igo

2 S HIQ_“ — 1oy

5

Hence by equation (18) with 8, replacing ,, we have P, (Hfgo — fgo

< Dn> — 1 where
2

Up, = Cuy, for some positive constant C' > 1.

Now to complete the proof we first consider the case where rank(i};o) =17 > 0. We first
show that i’éo i 7Ty, and the rank estimate 7, = rank(igo) satisfies Po({r, =r}) — 1.

Let )\; denote the Ith largest eigenvalue of j@o, similarly define j\l,n for Z)O and j\fn
for fgo. Define the set R, = {r, = r}, let v = A\,/2 > 0 and note that —
P(||Zg, — T, l2 < ) — 1 — implies that || Zg, — Zg, ||2 = op, (1).

1

By Weyl’s perturbation theorem'* we have max;—; . ]/A\l,n—)\ll < || Zo, —Zo, |2 = op, (1).

Hence, if we define F,, = {j\r,n > Uy, }, for n large enough such that 7, < v, we have

PE) =P (A2 0n) 2 P (An20) 2 P (A =Ml <v) = 1.

If » = L we have that R,, D E,, and therefore P(R,) — 1. Additionally, if A Ln = Vn
then j\fn = S\Z,n for each [ € [L] and hence i’go = Ty, Thus, E, N {||Zg, — Zp, || < v} C
{124, — Za, || < v}, from which it follows that Zj, % Zy,.

Now suppose instead that » < L and define F;, = {5‘T+l,n < vp}. It follows by Weyl’s
perturbation theorem and the fact that \; = 0 for [ > r that as n — oo

P(F,) = P(\rs1m < ) > P(||Zo, — Zooll2 < ) — 1.

Since R,, D E, N F,, this implies that P(R,,) — 1 as n — co. Additionally, if S\nn > vy,
5\r+17n < vp and Higo — fgng < v, we have that X’,;n = an for k < r and j\fn =0=X

for ! > r and so

IAn(n) = Allz = max |5, =N = max SNl < JAa=All2 < |22, ~Zonll2 < v,

and hence {||A,, () — All2 < v} N E,NE, € {||Zy, — L, |l2 < v}, from which it follows
~ P
that A, (v,) — A.

To complete this part of the proof, suppose that (A,...,A,) consists of s distinct
eigenvalues with values A' > A2 > ... > X\ and multiplicities my,..., m, (each at
least one), where the superscripts on the As are indices, not exponents. A\**! = 0 is an

eigenvalue with multiplicity mg,1 = L —r. Let (¥ fork =1,...,s+landi = 1,...,my

14E.g. Corollary II1.2.6 in Bhatia (1997).
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denote the column indices of the eigenvectors in U corresponding to each A\*. For each \*,
the total eigenprojection is IIj, :== Y %, upk ugk.ls Total eigenprojections are continuous.'®
Therefore, if we construct f[;m in in an analz)gous fashion to II; but replace columns of
U with columns of Un, we have ﬂkn £> I1j for each k € [s + 1] since jgo’n £> fgo.
Spectrally decompose 1:90 as fgo =>7 AFII;,, where the sum runs to s rather than s + 1

since A*t1 = 0. Then,

s+1 my s+1 myg S
~t N A\t ko o5 kT
Lo, = Z Z )\lf,nulf,nugf,n = Z Z(/\lg,n —A )wg.c,nuﬁf,n + Z A g s
k=1 i=1 k=1 i=1 k=1
and so
S+1 myg S P,
125, = Zoollo < D03 e = Aol sl + - VNI = Tell2 20,
k=1 i=1 k=1

~ P A P . ‘
by Ilg ,, — Ik, Ap(vy,) — A and since we have ||ux 2 |l2 =1 forany i, k,n.
v 70

Hence,~we have that fgo i 7y, and Pg({?:n = r}) — 1. This implies that fég i f;o
where Igo is the Moore-Penrose inverse of Zy, .’

Now consider the score statistic SgR, by Slutsky’s lemma and the continuous mapping
theorem we have that

GSR _ 7 41 171 2

Sgt =2y Ly Zn ~> L1y Z ~ Xy

where the distributional result X := Z ’fgoZ ~ X2, follows from e.g. Theorem 9.2.2 in Rao
and Mitra (1971).

Finally, recall that R, = {r, = r}. On these sets ¢, is the 1 — a quantile of the x>
distribution, which we will call c. Hence, we have ¢, &) cas Py(R,) — 1. As a result,
we obtain 5‘53 — ¢, ~ X — ¢ where X ~ x2. Since the x2 distribution is continuous, we

have by the Portmanteau theorem

P <S§f>cn) —1-p (S’gf—cngo> 1R (X —e<0)=1-P (X <¢)
=1-(1—-a)=a,

which completes the proof in the case that » > 0.

It remains to handle the case with » = 0. We first note that Z,, ~ Z ~ N (0, fgo) continues
to hold by our assumptions, though in this case i—go is the zero matrix and hence the limiting
distribution is degenerate: Z = 0. Let E,, = {r,, = 0}. Part 3 of Lemma A.1 and Weyl’s

15See e.g Chapter 8.8 of Magnus and Neudecker (2019).

1SE.g. Theorem 8.7 of Magnus and Neudecker (2019).

17A necessary and sufficient condition for (M + E, )" — M' as E,, — 0 is that for all sufficiently large n,
rank(M + E,) = rank(M); see, for example, chapter 6.6 of Ben-Israel and Greville (2003).
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perturbation theorem imply that

P()(En) = P(] (rn = 0) = P() <l_H11aXL D‘n,l| < Dn> > P() (ngo —iQOHQ < Dn> — 1.
On the sets F,, we have that 7:'(50 is the zero matrix, whose Moore-Penrose inverse is also
the zero matrix. Hence on the sets F,, we have S é—g R — 0 and ¢, = 0 and therefore do not
reject, implying

P(S55 > ¢p) < 1= Ry(Ey) — 0.

It follows that P(S5% > ¢,,) — 0.

Auxiliary results

THEOREM A.l: Suppose that Assumption 3.3.1 is satisfied. Let 3 € By and 5, =
B+ n"12h,, B, = B+ n"12h, such that |hy| and ||hy|| remain bounded as n — oc.
Deﬁne 977, = (0407671777)7 én = (a()aann)’ 00 = (aoaﬁan)‘for any ag € AO and?? € HO
and

dP[L n K K
- n — en — A =~
A g0, (Y") = log ( 3 Pe’l) ;:1 log ('An|k|:|1 Mk (€k.tn)/ |An|k|:|1 nk(Ek,t,n)> (20)

where A, = Alag,0n), An = Alowg,0n), €ptn = An,k.(Yt — Cp — BnXt) and
€kt = Anke(Ye — cn — BnXy). Then, we have that

. _ 1. . -
oo, (V") = o/l 0,5 = ST do 5P + 0p(1) @1)
under ngl as n — 0o, where

1~ , . dlo
Togs == D lo, sV X0)  with o, (Vi Xp) = 2 (Vi Xy) (22)

= dg
and
Iny 38 = Ely, gly, 5 - (23)
Moreover, we have that
Vil g,.5 ~ N0, Iy, gg) , (24)
under Pg; as n — oo.
Proof. See Hallin & Saidi Theorem 2.1. [

Proof of Lemma A.1. For part 1 we note that Lemma 3.1 implies that under Py, we have
that £,, g, (Y™) = 37, £n.0,(Yz, X;) is the sum of n independent components as A (Y; —
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c—BX;) = e, and ¢, = (€14, ..., €x,) is independent across ¢ by Assumption 3.3.1 part
2. Further, the efficient score lies in Lo(Fy) by construction, hence the convergence follows
from the CLT.

Next, let 8,, = (o, Bn,n) and note that under Py, , each A, ;. (Y; —cp, —BpXy) = €gt ~ k.
Hence we can compute certain properties of the efficient score using the equality in

distribution:
K K K
ooy (Ve X0) =Y D (P irlent)ee+ > Cupn M€ + Thor(eny)]  (25)
k=1 j=1,j#k k=1
} K K K
looy (Y X0) =)0 Y G iOrlenn)eie+ > Gp [Thacrs + Trakilens)]  (26)
k=1j=1,j#k k=1
. K
loe,(Ye, X1) = > dplens) X [~AraDe,l 27
k=1
. K
loy (Y, X1) = duleny) X [—Ape Dy 1(Xy — EXy)] (28)
k=1
where we note that the same observation implies that 74, = 73 for each n.'® By

our assumptions on the map (a,0) — A(a,0), we have (), . — Cg‘o T
[Dq, (a0, 0)] ke Ao, a):jl and (7)o = (s = [De, (0, 0)]ke A, ) . Note that
the entries of D.; and Dy are all zero except for entry [ (corresponding to ¢; or b;) which

is equal to one.

We verify part 2 for each component of the efficient score (25)-(28). Components (25) and
(26) follows similarly and we focus on (25). We define

K K
P1,n yt7 xt E E Clk kg, n¢k n kovt,n)An,jovt,n ,

k=1 j=1,j#k

and
K K

801 n(ytvxt Z Z Cl k.7, n‘bkn( nkovtn)An,jovt,na

k=1j=1,j#k

with vt ,, = Y — ¢, — Bpay, and let ¢, == maxje(r] je[K],ke[K] |Claj & | Which converges to

¢ = maxie(z) je[xke[r] |Cf} .00l < 00- We have that
\/ﬁpn(sal,n - 901,71) <
K K
Vi, ) G

k=1 j=1,j#k

SRS

Z (Z)km(An,ko‘/t,n)An,joV;f,n - d)k(An,k:o‘/t,n)An,ja‘/t,n s
=1

'8In the preceding display we have written Gtk and C7 4 4, tather than ¢ 4, and ¢y ;. to indicate their

dependence on (. E.g. {3, ; 1, ; corresponds to evaluation at the point (o, ,B)
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with V; ,, = Y; — ¢, — B, X;. Since each

1 <~ - _
g Z ¢k,n(An,koW,n)An,joW,n - ¢k(An,ko‘/t,n)An,joV;€,n = 0Py, (TL 1/2)
=1

by applying Assumption 3.3.2 with W; ,, = A,, jeV;, (noting that under Py, , A, e Vi n >~
ept and A, joVin =~ €, are independent with Eg, (AnJ-.Vm)2 = 1 by Assumption
3.3.1-part 2, hence the LLN implies the required convergence under Fy ) and the outside

summations are finite, it follows that

\/ﬁpn(@l,n - @l,n) = 0py, (1) . (29)

Next, we show that 7, , — 7, — 0 in Py, -probability where 7y, ,, is defined in (3.11). First,
note Ay, yeVin = €rt ~ 1 under Py, and the sequences ((ex¢)?)¢>1 and ((Ck,t)4)t21 are
1.i.d. and have finite mean by Assumption 3.3.1. Hence by the law of large numbers we
have that M r — My, Pol) 0. Since M, is nonsingular by Assumption 3.3.1, the continuous

P,
mapping theorem then yields 7 ,, =0 e
Now, consider ¢3 -, (¢, z+) defined by

K

Y2, Tn(yt7 xt = Z gn,l,k k [Tk 1An keUtn + Tk 2'%(An ke Ut n)] .
k=1

Since sum is finite and each (%, , .| — [C%,x k] < oo it is sufficient to consider the

convergence of the summands. In particular we have that

1 n
\fZTknl Tt An ke Vi = [Thn,1 — Tkl\/ﬁ;An,ko‘/t,n

=op,, (1) x Op,, (1)
= 0Py (1),

n

n n
1

§ Tk: n,2 — Tk 2 (An,ko‘/t,n) [Tk n,2 — Tk 2] n H(An,ko‘/t,n)

t=1 =1

1
Vn

— op,, (1) X Op, (1)
=op, (1).

n

since A, koVin ~ €it ~ Ny under Py, and (e +)¢>1 and (k(ext))i>1 are i.i.d. mean-zero

sequences with finite second moments such that the CLT holds.

Together these yield that

\/E]P)n((pQﬁ-n,n - QOQ,T,n) =0py, (1) (30)

144



Putting (29) and (30) together yields the required convergence for components of the type
(25) which follows identically), since lﬁgmal = Q1.n + Y2, and é@mal = Q1 + V2.4, n-

We note that convergence for components of type (26) follows using identical steps.

Next, we consider components (27).

\/ﬁpn(gen,cz - g9n,cz) <
K

Vi)

k=1

1 ;
ﬁ Z st,n(An,ko‘/t,n)An,koDc,l - Qbk(An,ko‘/t,n)An,koDc,l
t=1

=op, (1) .

Since each ‘% Z?ﬂ ng,n(An,kont,n)An,koDc,l - d)k(An,kth,n)An,koDc,l‘ = Opy,, (n_1/2)
by applying Assumption 3.3.2 with the constant A, .o D.; and we note that the outside sum

is finite.

For components (28) let yt,, = (I — Bp1—...— Bn,p)*lcn and note that Eg, X; = ¢, ® fn,.
We have that

1.,
E Z d)k,n(An,koV;f,n)Amkon,l(Xt - EHnXt)
t=1

K
VP, (o, 0, — Lo, ) < \/ﬁz
=1

- ¢kz,n(An,ko‘/t,n)An,kon,l(Xt - EHnXt)
= 0Py, (1)

since each

1,
‘n Z d)km(An,koV;f,n)Amkon,l(Xt - EQnXt) - d)k,n(An,koV;f,n)An,kon,l(Xt - EGnXt)
t=1
=0p,, (n_1/2)

by Assumption 3.3.2 applied with W, = A, reDp (X — Eg, X¢), noting that X; —
Eo, Xt = (Yic1 — pn)', -+, (Ye—p — 1p)’)" which is independent of A, yeVin =~ €t
under Py, by Assumption 3.3.1. Further note that, X is stationary-ergodic by Assumption
3.3.1 and By, (X; — Eg, X;)(X; — Eg, X;)' is finite, hence the required convergence of
Y W = 2300 Anke Dy i(Xi —Eg, Xi) (X —Eo, X;)' Dy AL ., follows from the

ergodic theorem and the continuous mapping theorem.

To verify part 3 we will show that

=

<+ e
2 2

, = 0P, (%), 31
where Iy = IS lo,, (Yi, X))l (Yy, X;)'. To obtain the rates we start with ||I —

f90||2, for which we show that each component satisfies the required rate. To set this
up, let Q’[rfn’tm = gen,m (}/;fa Xt)een,Sm (}/h Xt) - 690,7“1 (}/;fa Xt)geo,sm (}/h Xt)’ where T8 €
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{a,0,c,b} and [, m denote the indices of the components of the efficient scores. Fix any
r,s and [,m and note that under Py, we have A, ,(Y; — ¢, — By X¢) =~ €54 ~ 1) and
1/2)

therefore to show [fgn — fgo] I;m = op, (vn'”) it suffices to show

1 - 7,8 7,8 1 - r,8 7,8 1/2
E Z Ql,m,t,n - GQl,m,t,n + 5 Z G[Ql,m,t,n - Ql,m,t,oo] = OG(Vn/ )7
t=1

t=1

where (G denotes the law corresponding to n and each Q}“fn is shown to satisfy

,t,m

1Q;7 . . llep < oo in Lemma A.4 given below. The convergence of the second term

follows from the assumed Lipschitz continuity of the map defining the (’s and the /n-

consistency of 3, for 3, since n~1/2 = o(yrl/ 2). For the first term, if p = 2 in Lemma A.4

and Theorem 2.5.11 in Durrett (2019), we have that for all . > 0
I ¢ 7,8 7,8 _ —-1/2 1/24+
H Z Ql,m,i,n - GQl,m,i,n =og\n 10g(n) .
i=1
It follows that

o, = Ty ll2 < 1o, — oo | P = 0, ("_1/2 log(n)l/w) :

If, instead, p = 1 + /4 < 2 in Lemma A.4, then by the Marcinkiewicz & Zygmund SLLN
(e.g. Theorem 2.5.12 in Durrett, 2019)

1 n
r,S TS o —k
E Z Ql,m,i,n - GQl,m,i,n = 0a (n P ) ’
=1
and similarly

~ ~ ~ ~ 1-p
Vo, = Togll2 < oyn = Tl = 0, (077" ).

That is, for any p € (1, 2] we have ||Ip, — I, ||l2 = op, (Vnp) = op, (1/71/2).

For the other component of the sum, let r € {«,0,c,b} and let [ denote an index, we
write Un,tﬂ = éQnﬂ“z(Y;vat)’ ﬁtﬂ"l = g9nﬂ”z(Yt’Xt) and D¢y, = éenﬂ”z(YDXt) -
gen,’rl (}/tht)

Since it is the absolute value of the (r, 1) — (s, m) component of Iy, ,, — Iy, n, it is sufficient
. 5 1/2
to show that ‘% >ore1 Untry Dt s, + % > i1 Dot Ut,sm‘ = op, (yn/ ) as n — oo for

any 1, s € {a, 0,c,b} and [, m. By Cauchy-Schwarz and Lemma A.6

L& 1/2 L& 1/2
< (nZUtQ,sm> (nZDi,t,m>

t=1 t=1

1 n
E : : Dnvtvrl Utysm
t=1

= Op,, (1) x op,, (/%) = op, (1),
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1
55 n,t,r; n,t,sm =

for any (r,1) — (s,m). It follows that

2

1 < ’
S 2 [n Z Un,t,rl Dn,t,sm]
t=1
1< 7
. Z Dn»tvrl Utysm
n
t=1

= 0Py, (Vn)

n
1 . -
[')’L g Un,t,mDn,t,sm + Dn,t,rlUt,sm
t=1

and hence || Ip, » — Ipynll2 < o, — Log.nllF = 0P, (y}/Q). We can combine these results

to obtain:

16, .n—1ooll2 < 10,0~ o, mll2+ 110, —Ioo |12 = 0B, (VE/*)+o0p,, (vi/?) = op, (vL/).

It remains to show that part 4 holds. Recall that the dominating measure here is A and

re-write the integral in question as

/ ngnpe —feop

It is evidently sufficient to show that each of the integrals in the sum on the rhs converges

to zero. To this end, let f,., = ngrlpéf and f, = ggo,”péf for r € {a,0,c,b}

dim( Zgn

‘ dA = Z /femlpe —feo,ngg d)\. (32)

corresponding to (25)-(28) for some arbitrary [. By the expressions for ¢y, ,, given in
Lemma 3.3.1 along with the continuity of A, D,,, D,,, D.,, Dy, and each 7, and ¢, (each
of which follows from our assumptions), we have that f,, — f, A-a.e. for all . Moreover,
using the representation in (25) we have
2
) "

K K
> Zéﬁk,j,néﬁb,b,n/(bk(ﬂc,t)ej,i [To,1€0,0 + To26(€p,1)] AG

K
/fi,nd/\:/ (Z [Clkkn [Tk, 1€kt + Th,26(€k,¢)] Z Cloke,jn Ok (€kyt ) €5t

j=1,j#k

K K K K
= Z Z Z Z Cﬁk,j,néﬁb,m,n/¢k(€k,t)ej,t¢b(€b,t)€m,t dG

K
> ek ﬁb7b,n/[7b,1€b,t + To,26(€0,¢)] [T 1€k, + Tw26(€x,1)] AG

where G is the law of € and each of the integrals are finite by Assumption 3.3.1. By the
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continuity of A and D,,,, this converges to

K K
/ffa,gl)d/\:/ (Z [Cﬁ‘k,k,m [Thaeke + Thok(en )]+ D P jooPr(ent)€

J=1,3#k

2
>da

K K K
+ Z | Z ZClofk,j,OOCﬁb,bpo/st(ek',t)ej,t [To,1€0,t + To2k(ept)] AG

K K K K
=> 3 Y > Cffk,j,ooCﬁb,m,oo/¢k(€k,t)€j,t¢b(€b,t)€m,tdG

which is finite by Assumption 3.3.1. By Proposition 2.29 in van der Vaart (1998) we
conclude that f (fan — fa)?dX — 0. Exactly, the same arguments holds for r = o, ¢, b and
we omit the details. The convergence of each f (frm — fr)2 d)\ — 0 in conjunction with

equation (32) is sufficient for part 4. O
LEMMA A.2: Suppose that Assumption 3.3.1 holds and let k, j,s,b € [K| with j # k and
s # b. Then, for any p € [1,2] we have that

(i) l|on(er)ej@s(es)epllap < oo,

(ii) |[¢r(er)€jesllap < oo,

(iii) ||exes||a,p < o0.
Proof. By Cauchy-Schwarz, independence and our moment conditions we have

GlejPPClu(ea) P Gler]?] 7 < oo,
Gl #Gles 7] < o,
€s

(es)Pll el < co.

]
]

/p
G2

b (er)ejds(es)ellap < [Glon(er)]?”
¢k (er)ejesllap < [Glor(er)]*
Ip -

levesllap = ll(er)’(es) gy < Il (ex)”]

k)
k)

O]

LEMMA A.3: Suppose that Assumption 3.3.1 holds and let k, j, s € K] with j # k. Then,
for1 <p<min(1+ 46/4,2), we have

(i) ||on(er)ejres)llap < 0o
(ii) ||exr(AsY)||ap < o0,

(i) |[k(er)r(AY )| < oo
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Proof. By Cauchy-Schwarz, independence and our assumed moment conditions we have

low(en)esmles)lon < |[Glon(e)?Clesl ™)™ + llénte)la] sl < oo
lewr(AY) e < (er)?ll bl () ?llets + llexllap < oo,

Is(ex) (A Yl < (el 11 (es)llelh + N (ex)*lap + () lap +1 < 0.

LEMMA A.4: Define

qf:t,n o Z Z Cn,l,k;,]gbk(ek’ t 6] t + Z Cn l k k Tk’ 1€k ,t + Tk 2'%(6]6 t)]

k=1j=1,j#k
K K
(ﬁ’,t,n = Z Z Cg,l,k,j(bk(ek,t)ej,t + Z Cg,l,k,k [Tk, 1€kt + Th 2k (€x,t)]
k=1j=1,j#k k=1

K

qlc,t,n = Z ¢k(€k,t)An,koDc,l
k=1
K

Bim=—_ brlent)AnkeDyi(Xs — Eo, Xy)
k=1

where the dependence of e.g. Cp 1k, on n is as in Footnote 18. Let Q;’; tn = Gt n Dt
Suppose that Assumption 3.3.1 holds. Then, for 1 < p < min(1 + 6/4,2) we have
1Q1m nllap < 0.
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Proof. We only consider r, s € {«, ¢, b} as o and « are interchangeable. By definition we

have

K K K K
Qi =D 3 > > il on®r(r)eids(est)ens

k=1 j=1,j#k s=1 b=1,b#s

K K K
+ Z Z Z e jnCimos,sn P (€kt ) €5t [Ts 165t + Ts 2k(€st)]
k=1 j=1,j#k s=1
K K K
YD Y bl ks (€s ) ebalThachs + Thok(er)]
s=1b=1,j#s k=1
K K
YN FrrnChhssnlThier + Thak(ere)][Ts 165 + Tak(st)]-
k=1 s=1
K K

K
loj';:b,t,n == Z Z Z Cﬁk,j,n(ﬁk(ek,t)d)s(637t>6j7tA"a5'D57m

k=1 j=1,j#k s=1

K K
3 Frsen [T a€n + Th2k(ert)] Gs(€st) An,seDem
k=1 s=1
K K K
Qimin = =0 D O Ehjm®(ene)Ps(est) e Anse Dom(Xe — Eo, Xo)
k=1 j=1,j#k s=1
K K
- Z Z Cﬁk,k,n [Tk,lek,t + Tk,?’f(ek,t” ¢s(€s,t)An,son,m(Xt - EenXt)
k=1 s=1
K K
Qlc,,:n,t,n = Z Z Qbk(Ek,t)QbS(€s7t)An,koDc,lAn,soDc,m

k=1 s=1

K K

Qlc},l;’tyn = Z Z (z)k(Ek,t)(bs(Es,t>An,koDc,lAn,son,m(Xt - EGnXt)
k=1 s=1
K K

P =3 bulent)ds(€st) Ana Dt (Xe — Eo, Xi) Anse Do (Xi — Eog, Xo)
k=1 s=1

Hence, by Minkowski’s inequality, the independence of X; (with finite second moments)
and Lemmas A.2 & A3, [|Q)7 . |

m,i,n

Gp < 00. L]

LEMMA A.5: If Assumption 3.3.1 holds, then ||Tyn — Tknll2 = 0p, (Vnp) = 0p,, (1/,1/2),

where 0,, is as in Lemma A. 1.

Proof. Under Py, , Ay, (Y — ¢n — BpXy) = €t ~ n, hence the claim will follow if we

show that 73, ,, — 73, = oG(u%/ 2), where

. -~ o 0 . 1 1 n_ €k 3
Tk = Mlmlz ,  where My, ,, = | s n %:t_l( z) ’
—2 s mi(ene)” S (ere)t — 1
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and

. 0 . 1 Gler)?
Thin = Mk_}z ,  where M}, ,, == (€r.i) .
S\2 Glens)? Glens)* —1

Let w = (0, —2)". By the preceding definitions and the fact that the map M ~ M~ is
Lipschitz at a positive definite matrix My we have that for a positive constant C' then for

large enough n, with probability approaching one
7k — Frmllz = | (M s = My wlle < 2| M) — M |2 < 20| My, — Myll2. (33)

If v := §/4 > 4, we have that by Theorem 2.5.11 in Durrett (2019)

% Z[(Ek,t)3 _ G(ek’t)?)] = oc <n71/2 log(n)1/2+L>

l Z 6kt - G Gk t) ] = oq <n*1/2 log(n>1/2+L)

3

for ¢ > 0, which implies that

|81k = Mill2 < 1M — Myl = 06 (n ™"/ log(n) /).

If 0 < v < 4, we have by Theorems 2.5.11 & 2.5.12 in Durrett (2019) that for « > 0,

n -1/2] 1/2+L if 9.4
1 og(n ifvef24)
= llens)’ = Glers)’] = o (n ) . )
ni ( ) ifv e (0,2)

% f:[(ek,t)4 ~Glee)] = o6 (n'7").

which together imply that
- v - v 1-p
[ = Nlille < [ M = Ml = 0 (07" )

Combining these convergence rates with equation (33) yields the result in light of the

observations made at the beginning of the proof. O

LEMMA A.6: Suppose Assumptions 3.3.1 and 3.3.2 hold and 6, = (o, fn,n) where
Vn(Bn — B) = O(1) is a deterministic sequence. Then for each r € {«a,0,c,b} and
l

1 o= /; . 2
=3 (lonn (Ve X0) = U, (Y X2)) = 0, ().

. - 2
Proof. We start by considering elements in % Sy (f@n’al (Y, X4) — Lo,,.0, (Y2, Xt)> . We

define 7y g = Thng — Thyq and Vi, =Yy — ¢, — B, X. Since each |(%, . j| < oo and the
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sums over k, j are finite, it is sufficient to demonstrate that for every k, j, m, s € [K], with
k # j and s #£ m,

% Xn: (O (AnaVin) = Ok (An Vi) | [Boon(AnsaVin) = 0o(AnseVin)|
t=1

(34)
X An,jo‘/;f,nAn,mOV;f,n = OPgn (Vn)a

1T

- Z |:¢k,n(An,k:oV;f7n) - ¢k(An,koV;f,n) An,jo‘/t,n

"= (35)

X [%s,n,lAn,S-Vt,n + 7:5771,2/f(An,soV;f,n)] =0py, (Vn)v
J IR 5 _ .
— Z [Ts,n,lAn,soV;‘/,n + Ts,n,QK(An,soV;f,n)] [Tk,mlAmko‘/t,n + Tk,n,?’i(An,ko‘/t,n)]
"= (36)
=op, (vn)-

For (36), let {1 () = x and &»(x) = k(z). Then, we can split the sum into 4 parts, each of
which has the following form for some ¢, w € {1, 2}

I, .
g Z Ts,n,qu,n,wfq(An,so‘/t,n)fw(An,kov;i,n)
t=1

I e
= Ts,n,qu,n,wE Z gq(An,soV;f,n)gw (An,ko‘/t,n)
t=1

= OPBn (VTL)7

since we have that each 7 5, 4Tk nw = 0P, (Vn) by Lemma A.5.'% For (35) we can argue
similarly. Again let &;(x) = z and &3(z) = k(x). Then, we can split the sum into 2 parts,

each of which has the following form for some ¢ € {1, 2}

TR "
ﬁ Z |:¢k,n(An,koV;f,n) - Qbk(An,koV;f,n)} An,jo‘/t,nTs,n,ng(An,sth,n)
t=1

_ 1
S Ts7n7q ﬁ
t

(3

= OPen (1)

NE

1/2
~ 2
|:¢k:,n(An,koV;€,n) - Qbk(An,ko‘/t,n) (An,jov;f,n)2>
1

n

SHE

1/2
gq(An,so‘/;f,n)2>

1

"The fact that £ 377 | &4 (An,seVi,n)éw(AnkeVin) = Op,,, (1) can be seen to hold using the moment and
ii.d. assumptions from Assumption 3.3.1 and Markov’s inequality, noting once more that A,, e Vi,n ™~ €kt
under P, .
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by Assumption 3.3.2 applied with Wy ,, = Ay, joVin and s n g = 0p, (Vn 1/2 ).20 For (34)

use Cauchy-Schwarz with Assumption 3.3.2:

5 [ (AnieVin) = GxlAnsaVin)] [en(AnsaVin) = 6u(AnsaVin)]

t=1

S

X An,jov;t,nAn,mo‘/t,n

n 1/2
— <i Z [¢k n\/n ko‘/t,n) - ¢k(An,ko‘/t,n)} ’ (An,jo‘/t,n)2>

t=1

S

n 1/2
2
Z ¢8 n n so‘/;f,n) - QSS(An,soV;;n)} (An,mo‘/;f,n)2>
t=1
= op, (n).

This completes the proof for the components corresponding to «;. We note that the

components corresponding to o; follow identically.

. - 2
Next, we consider the elements in + "7, <€9ch (Ys, X¢) — Lo, ¢, (Y2, Xt)) . By Cauchy-
Schwarz with Assumption 3.3.2 we have that for any k, s € [K]

R R
E Z[Qbk',n(An,k-Vt,n) - ¢k (An,kovt,n)][st,n,(An,s-Vt,n) - ¢s (An,s-Vt,n)]An,,koDc,lAn,soDc,l
t=1

n 1/2
(i Y [rn(AnkeVim) — ¢>k(An,k-Vt,n)]2(An,k-Dc,z)2>
t=1

s

. - 2
Finally, we consider the elements in % Yoy <€gmbl (Ye, Xt) — Lo, 5, (Ye, Xt)) , where we
note that

n 1/2
Z ¢s n An so Vi n — ¢ (An,som,n)F(An,soDc,l)2>
t=1

S|

=0py, (Vn)

o vy (Yo, Xt) — Lo, 5y (Yi, X)) =Y Okn (An ke Vin) An ke D1 (X; — Eg, X;)

Mw

?r

=1
¢ ( n, kc‘/t,n)An,k:on,l(Xt - EanXt)

Mw

[¢k n( n ko‘/;&,n) - Qbk(An,kont,n)]An,kon,l(Xt - EenXt)

=
,_.

28ee Footnote 19.
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By Cauchy-Schwarz with Assumption 3.3.2 we have for any k, s € [K]

l Z ¢k n n ko‘/t,n) - (z)k(An,ko‘/t,n)][(Z)S,?’L(An,sov;f,n) - ¢S(An,sov;f,n)]
t=1

.

= opy, (vn)

3

X Ap keDp i ( Xy — Eo, X¢) An se Dp i (X — Eog, X¢)

1/2
[Cbk n( n k:o‘/t,n) - ¢k(An,k:oV;5,n)]2(An,kon,l(Xt - EHnXt))2>

3\*—‘

=1

S|

n 1/2
( Z ¢s n An so‘/t n) (z)s(An,so‘/t,n)]z(An,son,l(Xt - EGnXt))2>
t=1

B Density score estimation

In this section, we discuss the estimation of the log density scores using the B-spline
methodology developed in Jin (1992) and Chen and Bickel (2006). We first discuss the
estimator and then show that this estimate satisfies Assumption 3.3.2 under mild additional

assumptions on the densities 7.

B-spline estimator

Let & < --- < &n be a knot sequence, the first order B-splines are defined according
to bgl)(:c) = 1, ¢,.,) (7). Subsequent order B-splines can be computed according to the

recurrence relation

) (g) = — T8 ey S T T ey (37)
i (@) Sivn1—& " (@) it — &1 T (@)
fork > 1landi =1,..., N — k. A k-th order B-spline is x — 2 times differentiable in x

with first derivative

(%) k-1 (1) k-1 (-1
¢ '(r) = ———b; r)— ——0b; ). (38)
i (@) Civrn1 —& " (@) ivw — &g T (@)
See de Boor (2001) for more details on B-splines.
Let by, = (bknt,--- vbk,n,Bk,n>/ be a collection of By, ,, cubic B-splines and let ¢, =
(Ckon,1s > Chm,B,,) be their derivatives: cg,i(z) = (ﬂ)’“’%ﬂ for each i € [By,).

Let 4, € RPe». The knots of the splines, Ebn = (fkm)fikln are equally spaced in
[Eﬁn,Egn] with 6; = kvt — Ekmyg > 0.2 For each (k,n) pair, the relationship

between the number of knots (K}, ,,), the number of spline functions (B, ;) and 9y, are

*'For each k € [K] the sequences (Zf ,,)nen, (EF.,)nens (Bin)nen and (8k,n )nen are deterministic.
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givenby By, = Kj,,, —4and K, = 1 + (E,Q{n — Egn) [0k n2?

Since the B-splines vanish at infinity for any n € N, integration by parts gives that

/ (61(2) — Aabrn(2))2m(2) dz = / 62 dG, + / (Vb dG
+2 / ViCron (2)1k(2) dz (39)
= Gt + VeGrlbrnbi n] v + 27 GrCiyn-

The solution to minimizing this mean-squared error is given by:3

Ven = —Gp [bk,nbk,n]_leck,n- (40)

Replacing the population expectations with sample counterparts we arrive at our estimate
of Y
1 o T
Ve = — - Z bren (€k,¢) bk (€k) - Z Ceyn (€kyt) 41)
t=1 t=1
where €, ¢ is set equal to Ay, e (Y; —cn — B, X;), which under P, has the same distribution.

Our estimate for ¢y, is given by
Skin(2) = A (2) - (42)

We note that computing (42) effective only requires computing the B-spline regression
coefficients 4, in (41). To implement the score test we need to estimate K density scores,

hence the computational costs is quite modest.

Theoretical results

In this section we demonstrate that the log density score estimate (42) satisfies Assumption
3.3.2 under Assumption 3.3.1 if the following conditions hold. The proof for the following
lemma is given in Lee and Mesters (2021), see their Appendix B.

LEMMA B.1: Let ¢y, == Qbkl[ag =U | and Ay, = Egn - Eﬁn and suppose that for v,

as in Assumption 3.3.2, [E%n, Egn] 1+ 2 O supp(ng) and Ok.n & O such that

(i) Gi(er ¢ [E5 0 ER) = o(vn);

.. — 242, c—(8+2
(ii) For some 1 >0, n 1Ak+ L(Sk( Y= o(vn);

)T 1

(iii) ny, is bounded (||ny|| s < 00) and differentiable, with a bounded derivative: |1 ||s <

oo,

22Implicitly we choose Ky, ,, and the endpoints and dy,, adjusts such that these formulae hold; this way we do
not need to adjust anything to ensure these are integers.
ZThis differs from the expression in Chen and Bickel (2006) by a factor of —1 as they estimate — .
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(iv) For each n, ¢y, is three-times continuously differentiable on [Eén,EkUn] and
32 56 _ 24
1001500k, = 0(vn);

(v) There are ¢ > 0 and N € N such that for n > N we have infte[Eé 2U ] Ik (t)] >

C(Sk,n-

Then, under Assumption 3.3.1, the estimates qgkn satisfy Assumption 3.3.2.

C Algorithm to compute IRF confidence bands

This appendix provides details on the algorithm that is used to compute the identification-
robust confidence-bands for the impulse responses using the semi-parametric inference

approach.

Recall the definition of the SVAR model from Section 3.3:
Y =c+ BD)X: + Ala,0) 7! ¢

where the parameter vectors are defined as v = («a, #) and 8 = (o, ¢, b).

Let 0 := (o, b), then for a fixed value o = ay, the (K2 x 1) vector function collecting all

impulse responses at horizon 5 is defined as a function of §:

Y,
aat+h = gn(6) = vec <JB(b)hJ’A1(ao, a)> (43)
€t
where J = |Ix, Oy K(p—l)} and B is the companion matrix:
By By ... B,.1 B,
Iy 0 ... O 0
B=|0 Ix ... O 0 (44)
0 0 ... Ix O

Define the gradient of g (6) as the (K? x (K, + K})) matrix

Vn(0) = (04(6) /00", Dgn(5)/0V) (45)

The formulae to compute the elements of the gradient matrix are reported at the end of this

section.

*The differentiability and continuity requirements at the end-points are one-sided.
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Algorithm

For a set of sign restrictions fixing the column permutation and signs of the elements in
A~1(0,a), the algorithm to compute the (1 — ¢)-level confidence interval for the impulse

responses to each of the structural shocks, ¢, is as follows.

1. Define a K,-dimensional grid of permissible values for o and discretize it into G,
gridpoints, of, .. ., onga. If possible, construct the grid so that all grid points satisfy
the sign restrictions on A~!(«, o) that are required in Step 4.

2. For a given gridpoint, a? , estimate the nuisance parameter vector 5 = (o, ¢, b) by the
one-step efficient estimate which updates the OLS estimate of 5 using one Gauss-
Newton iteration based on the efficient information matrix, evaluated at the OLS

estimates.

3. Using the nuisance parameter estimates B , conduct the semi-parametric score test for
Ho:a=afvs. Hy: a# of defined in Section 3.4. If the test for o rejects, repeat

Step 2 with the next gridpoint, otherwise continue with Step 4.

4. If the test for oz? does not reject (and A~ (ajg. , &) satisfies the sign restrictions), carry

out the following steps foreach h = 0,1,2,..., H.

(a) Compute the vector of impulse responses g, (d) using the one-step estimates of

g

& (which is a subvector of 8) and @ = « G-

(b) Compute and store the (/K2 x 1) vectors of upper and lower (1 — (/2) pointwise

asymptotic confidence intervals obtained as
vec(gn(0)) £ 2¢/2 Gvec(gy) h=0,1,2,...,H

where

6vec(gh) = \/dlag (VQh(S) ng gh(g)/) /T

and z¢ /o denotes the ¢ /2 quantile point of the standard normal distribution.
Note that 35 can be computed as the inverse of the efficient information matrix
evaluated at the one-step efficient estimates of §. The formulae to compute

~

Vgr(0) are reported in the section below.
5. Repeat steps 2-4 for every of the G, gridpoints.

6. Compute the (1 — () IRF confidence interval as the infimum and supremum of the

stored upper and lower bounds in Step 4.
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Formulae to compute IRF gradient matrix

Recall the definition of the impulse response function at horizon A in eq. (43) above. To
derive the expressions for the components of Vg, (), defined in eq. (45), recall that for
matrices A, B, C of dimensions (k x 1), (I x m), (m x n), the following vectorization rules
hold:

vec(ABC) = (C' ® A) vec(B) vec(ABC) = (I, ® AB) vec(C)

Using the first vectorization rule to compute the gradient of the impulse response function

with respect to b, we get:

vec h !

h—1 ' ' (46)
= [(A(a0,0)™") ® Ix] { [J(B)'1 @ (JBJJ')]}

7=0

Similarly, using the second vectorization rule to compute the gradient of the impulse

response function with respect to o, we get:

gn(0)
oo’

dvec(A(ag, o)1)
o’

= [Ix ® JB"J']

(47)

Note that the expression for (0vec(A(ag,o)71))/(0c’) depends on the specific

parameterization that is chosen for A~!(c, o). For instance, using the parameterization
defined in example 3.3.1 that A~!(a, 0) = ¥/2R(a), we get

Ovec(A(ag, o)t
do’

) _ [valzlﬂ R(ao)] (48)
I=1,..Ko
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D Non-Gaussian distributions

This section reports the non-Gaussian distributions that are used to simulate the structural
errors in the simulation studies in Section 3.5. Apart from the standard Gaussian and
student-t distributions, these distributions are taken from Marron and Wand (1992). For
convenience, they are reproduced in Table D.4 below together with their respective
abbreviations that are used in the column headers of the tables in Section 3.5. Note that
the table reports the unstandardized densities. When we simulate from these distributions,
we standardize the random variates by subtracting the theoretical mean and dividing by the

respective theoretical standard deviation of the respective distribution.

Table D.4: Non-Gaussian distributions

Abbreviation Name Definition
SKU Skewed Unimodal IN(0,1) + IN(L, (2)2) + 3N(13,(3)2)
KU Kurtotic Unimodal ZN(0,1) + SN(0, (5)?)

BM Bimodal (- LGP) + V(LG

SPB Separated Bimodal IN(=3,5)Y) +IN(E (1))

SKB Skewed Bimodal %,/\/'(0, 1) + i/\/(%7 (%)2)

TRI Trimodal A~ (27) + HN (S (2) + HA(0.(3)

Notes: The table reports the (unstandardized) distributions that are used in the simulation studies in Section 3.5 to draw the
structural errors. The distributions are taken from Marron and Wand (1992) and reproduced here for convenience, see their
Table 1.
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