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Abstract

Within the framework of algebraic geometry and commutative algebra, this
thesis makes advances in the Grobner’s longstanding problem of determin-
ing whether a monomial projection of the Veronese variety X,, 4 C PVnd™!
is an aCM variety, where N, q = ("Zd); and it contributes to the funda-
mental problem of describing the internal structure of the ring of invariants
of a finite subgroup of GL(n + 1,K). Our approach towards these subjects
involves combinatorics with an application to the Lefschetz properties of ar-
tinian ideals. The heart of this dissertation is expounded in four chapters
with an introductory Chapter 1 collecting all the basic notions and results
needed onwards; and an Appendix A containing two algorithms and imple-
mentations with the software Wolfram Mathematica [91].

In Chapter 2, we treat Grobner’s problem and we study the invariants of
the cyclic extension G C GL(n+1,K) of a finite diagonal abelian group G C
GL(n+1,K) of order d. We prove that the set B; of monomial invariants of G
of degree d minimally generates the ring R” of invariants. We establish that
B parameterizes an aCM monomial projection Xy of X, 4, we call to Xy a
G —variety with group G. They form a family of aCM monomial projections
of X, 4 blending commutative algebra, algebraic geometry, combinatorics
and the Lefschetz properties.

In Chapter 3, we study the geometry of G—varieties Xy with group
G. We investigate their Hilbert function and series from the perspectives
of invariant theory and combinatorics. We prove that their homogeneous
ideals I(X) are generated by binomials of degree at most 3 and we exhibit
examples reaching this bound. We identify the canonical module wx, of
X, with an ideal I(relint(H4)) C R and we prove that it is generated by
monomial of degree d and 2d. We characterize the Castelnuovo-Mumford
regularity of X in terms of wx,.



In Chapter 4, we investigate the invariants of finite supgroups of SL(3, K)
and we relate them to the weak Lefschetz property. We consider the cyclic
extension Dsyg of a representation in SL(n+1,K) of the dihedral group Dyq of
order 2d. We prove that R”2¢ is minimally generated by a set of monomials
and binomials of degree 2d which generates a non monomial GT —system
with group Ds; and parameterizes an aCM projection Sp,, of X4 We
describe a minimal graded free resolution of Sp,, and we compute a minimal
set of generators of I(Sp,,) of degree 2.

In Chapter 5, we introduce RL—varieties Xy: a family of smooth rational
non aCM monomial projections of X, 4 related to G —varieties X with group
G. They are parameterized by a set of monomials of degree d determined
by wx, which defines an embedding of P". These properties allow us to
describe their normal bundles Ny, and to contribute to the classical problem
of computing the dimension of the cohomology of the normal bundle of
projective varieties.
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Notation

M q

Nn,d

Qnd

Hond

Xnd

Un,d

Yoa

CM

aCM

pdim

h.s.o.p

GL(n + 1,K)

an algebraically closed field of characteristic zero
the polynomial ring K[z, ..., 2]

the n—dimensional projective space over K

the set of all monomials of degree d in R

the cardinality (":d) of M,, 4, equivalently the dimen-

sion of the K—vector space Ry
a subset of M,, 4
the cardinality of €2, 4

the Veronese variety in PVn.d—1

parameterized by M,, 4
the dth Veronese embedding of P™.

the variety in P#nd~! parameterized by Q, 4
Cohen—Macaulay

arithmetically Cohen-Macaulay

projective dimension

homogeneous system of parameters

the group of invertible (n + 1) x (n + 1) matrices with
coefficients in K



il NOTATION

SL(n + 1,K) the subgroup of GL(n + 1,K) of matrices with deter-
minant £1 € K.

diag(Bo, - - -, On) a diagonal matrix of GL(n + 1,K) with fy,..., [, in
the main diagonal

Sni1 the group of permutations of n + 1 elements

Maag....an diag(e®, ..., e*) with d € Z>o and e a dth primitive
root of 1 € K

A a finite subgroup of GL(n + 1,K) of order |A|

A the cyclic extension of A

RA the ring of invariants of A

G a finite diagonal abelian subgroup of GL(n + 1, K)

G the cyclic extension of GG

K[H] the semigroup ring of an affine semigroup H

Xy a G—variety with group G

A(Xy) the homogeneous coordinate ring of Xy

I(Xq) the homogenous ideal of X,

WLP weak Lefschetz property

GT Galois—Togliatti

J! the inverse system of an ideal J C R

HF Hilbert function

HS Hilbert series

relint relative interior

wx, the canonical module of A(X,)
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il

reg

N,
H'(X,€)
h'(X, €)

Castelnuovo-Mumford regularity

an RL—variety

the normal bundle of A}

the ith cohomology of a coherent sheaf £ on X
the dimension of H' (X, &)






Introduction

This thesis presents progress of research on two problems of relevant sig-
nificance that thrive unsolved and encompass the imposing edifices of com-
mutative algebra and algebraic geometry. First, it contributes to the re-
markable Grobner’s longstanding problem regarding the arithmetic Cohen—
Macaulayness of projections of Veronese varieties. Second, it makes advances
in the fundamental problem of determining the internal structure of the al-
gebra of invariants of finite groups. We work under a determined effort to
evince the symbiosis between these two subjects and to understand their
connection, a priori unexpected, with Lefschetz properties of artinian ideals.

The third main ingredient of this dissertation is, undoubtedly, combina-
torics. It provides a vantage point from which to tackle these fascinating
topics. On one hand, a unified and alternative treatment of the above-
mentioned questions that not only stresses close connections between them
and other branches of mathematics, but appeals to a broad audience. On the
other hand, it provides a wealth amount of machinery that has leaded us to
investigate geometric aspects of arithmetically Cohen-Macaulay projections
of Veronese varieties. In this direction, our utmost is towards finding explic-
itly the minimal free resolution of arithmetically Cohen—Macaulay projection
of the Veronese variety.

Without further ado, let us contextualise and introduce the aims of this
thesis.

A monomial projection of the Veronese variety X,, 4 C P41 parame-
terized by the set M,, 4 C R of all monomials of degree d is a variety Y, 4
parameterized by a subset €, 4 C M, 4 of 1 < p, ¢ < N, 4 monomials. In
1967, Grébner [39] showed that the Veronese variety X, 4 C PNV»a=!is an
arithmetically Cohen—-Macaulay (shortly aCM) variety and exhibited exam-
ples of aCM and non aCM monomial projections of X, ;. Motivated by

A%



vi Introduction

this phenomenon, he posed the problem of determining whether a mono-
mial projection Y,, 4 C P#nd~! of the Veronese variety X,, 4 C P¥»471 is an
aCM variety. Since then, Grébner’s problem (Problem 2.1.1) has been the
center of attention of many works and it has been tackled from different
perspectives as geometry, algebra or combinatorics.

One point of view consists of determining the aCM property of a mono-
mial projection Y, 4 C Ptnd~! of the Veronese variety X, , C P¥»a™! in
terms of either the set of monomials €2, 4 parameterizing Y,, 4 or the deleted
monomials M,, 4 \ Q4. In this setting, Y, 4 is called a simple monomial
projection if €2, 4 is obtained from M,, 4 by deleting one monomial. Analo-
gously, double and triple monomial projections of X,, 4 are defined if two or
three monomials are deleted, respectively. Otherwise, Y, 4 is called a multi-
ple monomial projection of X, ;. This standpoint is based on the fact that
the homogeneous coordinate ring of Y,, 4 is the semigroup ring K€, 4], i.e.
the K—subalgebra of R generated by €2, 4. Thus, Grobner’s problem can
be regarded as determining whether a semigroup ring is a Cohen-Macaulay
(shortly CM) ring, in addition, it provides algebraic and combinatoric tech-
niques to tackle it. This insight was first applied by Schenzel [72] to pos-
itively answer Grobner’s problem for simple monomial projections of X,, 4
and, subsequently, by Trung [84] and Hoa [48] for double and triple monomial
projections of X,, 4, respectively. To the same extent, monomial projections
of the rational normal curve X4 C P4 (Example 1.3.13(ii)) were treated
by Cavaliere and Niese [11] and by Trung [85]. Notwithstanding, Grébner’s
problem for multiple monomial projections of X, 4, with the exception of
the rational normal curve X, 4, remains open and barely known.

Our purpose in this thesis is fourfold. First, we contribute to Grobner’s
problem for multiple monomial projections of the Veronese variety X, 4 C
PNna~1 in any dimension n > 2 (Chapter 2). Our approach blends algebra,
combinatorics and invariant theory of finite groups with an application to
an active area of research: the weak Lefschetz property of artinian ideals.
Second, we study the geometry of the family of aCM monomial projections
of the Veronese variety X, 4 C P¥»47! parameterized by monomial invari-
ants of degree d of a finite abelian group G of order d linearly represented
in GL(n + 1,K), we call them G—varieties with group G (Chapter 3). Our
investigation addresses their Hilbert function and series, a minimal set of
generators of their homogeneous ideal and the canonical module of their
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homogeneous coordinate ring, all three are key ingredients to describe how
looks like their minimal free graded resolution. Third, we investigate projec-
tions Sp,, of the Veronese surface X5 4 C PV2¢7! parameterized by invariants
of a dihedral group Doy C SL(3,K) of order 2d. We prove that Ss; is an
aCM surface and, as in Chapter 3, we concern about the geometry of Sp,,.
We compute their minimal graded free resolution and a minimal set of gen-
erators of their homogeneous ideal. Fourth, we introduce a family of smooth
rational monomial projections of the Veronese variety X,, ; C PVed~! related
to G—varieties with group G € GL(n + 1,K), we call them RL—varieties
and we present their normal bundles Ny,. To determine the cohomology of
the normal sheaf of an arbitrary variety X C P¥ is a very difficult problem
and it is out of reach in most cases. RL—varieties X; are achievable for
this matter since they are smooth rational projections of X,, ; C PVud=! pa-
rameterized by a subset 2, 4 C M,, 4 determined by the action of G which
induces an embedding. These facts allow us to compute the dimension of
the cohomology of Ny, (Chapter 5).

Let 2 < n < d be integers and e a dth primitive root of 1 € K. We
consider an abelian group G = I'1 @ --- & I's € GL(n + 1,K) of order
d = dy---ds, where each I'; C GL(n + 1,K) is a cyclic group of order d;
generated by a diagonal matrix
6?21'(0) N o (m) )

R

i oy Oymy diag(
where 0; € Syi1, €; = e¥% is a d;th primitive root of 1 € K and 0 < ah <

- < o, < d; are integers such that GCD(d;,a,...,a’) = 1 (Notation
2.2.1).

The cyclic extension of G is defined as the finite abelian group G C
GL(n+1,K) generated by G and My, 1 = diag(e, ..., e) (Definition 1.3.2).
The ring of invariants of G is R = {p € R | g(p) = p, Vg € G} and it
inherits a natural grading from R

R =P R{, R} := RN R°.

t>0

The graded K—subalgebra RG .= &P £>0 R% C R® C R is the ring of invari-
ants of its cyclic extension G C GL(n + 1,K), it is called the dth Veronese
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subalgebra of RY. Since G acts diagonally on R, each graded component
RY = RS has a monomial K—basis, we denote it by B;.

The first main result of this thesis concerns the problem of determining
a minimal set of generators of R (see, for instance, [77] and [81]). We prove
that the set By = {m4,...,m,,} of all monomial invariants of G' of degree
d minimally generates the ring of invariants of G, i.e R® = K[B;] (Theorem
2.2.11). The set B; is called a minimal set of fundamental monomial invari-
ants of G. The proof is based on showing that any monomial of degree td
in B; can be factored as a product of ¢ monomials in B;. It is developed in
a purely combinatoric way and the main tools we use are a combination of
results on normal affine semigroups H C Z% (Definition 1.2.12) appear-
ing as the Z’%l—solutions of linear systems of congruences (see Subsection
1.2.1) and zero-sums over finite abelian groups (see Section 2.2).

In [52], Eagon and Hochster proved that the ring of invariants of any
finite group acting linearly on R is a CM ring (Theorem 1.3.10). This re-
sult provides the motivation for our perspective to contribute to Grobner’s
problem as well as further developments in this thesis. The minimal set B;
of fundamental monomial invariants of G C GL(n + 1,K) parameterizes a
monomial projection Xy C Pta~! of the Veronese variety X,, 4 C PVna=l,
We call a G—variety with group G C GL(n+1,K) to X4 (Definition 2.2.17).
As a consequence of Theorem 2.2.11, we establish that the homogeneous
coordinate ring A(X,) of X is isomorphic to RY (Theorem 2.2.18). Thus,
G—varieties Xy with group G C GL(n + 1,K) are aCM monomial projec-
tions of X, 4 parameterized by the set B; of all monomial invariants of G of
degree d. B

From a combinatoric point of view, the ring R is the semigroup ring
K[H 4] of the normal affine semigroup H4 C Z2;' of the Z2}'—solutions of
the linear system of congruences: - -

Yo + + 0+ Un = Omodd
()4 04(1,1(0)?/0 + Ck},l(l)yl + o+ ail(n)yn = 0 mod d;
A -
QYo T oag Y o g Y = 0 mod d;.

This strategy gives an alternative way to show that any G —variety X, with
group G C GL(n + 1,K) is an aCM variety, since Hochster in [51] proved
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that the semigroup ring associated to a normal affine semigroup is a CM
ring. In addition, this approach is computationally friendly and we have
implemented it with the software Wolfram Mathematica [91] to compute the
examples related to the set B; of fundamental monomial invariants of G.
Both points of view were studied by Stanley [78] and they play a central
role in this thesis.

In addition to Grobner’s problem, the second line of motivation of this
thesis concerns the weak Lefschetz property of artinian ideals. This area of
research has made considerable progress in recent years, in part due to its
interplay with, among other, algebra, algebraic and differential geometry,
combinatorics and representation theory. In Section 1.4, we introduce this
notion and we review recent developments in this area. Given an integer 7
and an artinian ideal J C R, we say that J fails the WLP in degree iy if for
any linear form L € (R/J); the multiplication map

X(L) = (R)T)ig — (R} J)ig11

does not have maximal rank, i.e. it is neither injective nor surjective.

In [59], Mezzetti, Mir6-Roig and Ottaviani established a connection be-
tween the failure of the WLP and the existence of varieties satisfying at
least one Laplace equation. The precise result is known as the Tea Theorem
(Theorem 1.4.6). It shows: let J C R be an artinian ideal generated by
r < N,_14 forms Fy,..., F, of degree d and J~! its inverse system (Defini-
tion 1.4.4). Then, the artinian ideal J fails the WLP in degree d — 1 if and
only if the variety Y = ¢ ;-1 (P") C PNna=m=1 where R PNn,a—r—1
is the rational map defined by J, ! satisfies at least one Laplace equation
of order d — 1. They called a Togliatti system to such an ideal J, a Togliatti
variety to the variety Y C PN~ agsociated to J; ' (Definition 1.4.7) and
a monomial Togliatti system to any Togliatti system which can be generated
by monomials. The name is in honour of the italian mathematician Togli-
atti, who proved that for n = 2 the only smooth monomial Togliatti system
(i.e. its associated Togliatti variety Y is smooth) of cubics is the monomial
ideal

T = ( g,@’?,x%,xol’ll‘g) C K["melaxﬂa

known also as Togliatti’s example. In addition to the Togliatti variety Y C
PNna=r=1 to a Togliatti system J we associate the variety X = ¢;(P") C
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P! image of the morphism ¢; : P* — P"~! defined by (F} : ---: F}). In
[17], the authors called X the variety parameterized by the Togliatti system
J.

In [57], it was introduced the notion of a Galois—Togliatti system (shortly
GT—system) I; C R with a finite cyclic group Z/dZ (Definition 1.4.10). A
Togliatti system I; generated by g forms of degree d is called a GT'—system
with group Z/dZ if the associated morphism g, : P* — Pra~! is a Galois
covering with group Z/dZ (Definition 1.4.11). This geometric condition on
1, translates into the variety X, parameterized by I;. The subgroup A of
Aut(P™) commuting with ¢y, is isomorphic to Z/dZ and A acts transitively
on any fibre @Ll(p), p € X4 For instance, the quotient variety P"/A of
P™ by the action of A C Aut(P™) gives rise to a Galois covering with group
A € GL(n + 1,K). Moreover, the coordinate ring of P"/A is the ring of
invariants of A which makes the study of this variety appealing.

Motivated by these facts, the authors of [17] considered a finite cyclic
group I' = (My.u....0n) € GL(n 4+ 1,K) of order d and they proved that
the ideal I; generated by all monomial invariants of I' of degree d is a
GT—system with group I', provided g < N,_14 (Theorem 1.4.6). For
instance, Togliatti’s example T = (z3, 23, 23, voz179) C Klxg, 21, 72 i a
GT —system with group I' = (Ms,012) C GL(3, K) since it is generated by a
minimal set of fundamental monomial invariants of L. If ta < Np_q 4, they
call Xy a GT—wvariety with group I'. From the perspective of this disserta-
tion, GT—systems and GT—varieties with cyclic group I' € GL(n+1,K) are
studied in [57], [18], [20] and [17]. Later in [19], the notions of a GT—system
and a GT —variety with cyclic group I' C GL(n+1, K) have been extended by
considering any finite subgroup A C GL(n+ 1,KK), even not abelian, and the
authors investigated GT—systems and GT—surfaces with a dihedral group
linearly represented in SL(3, K).

Resuming our previous discussion, the ideal I; C R generated by the
minimal set B; of fundamental invariants of G is an artinian ideal inducing a
Galois covering oy, : P — P#a~1 with group G. Actually, the terminology
G—variety with group G C GL(n + 1,K) has been conceived not only to
emphasize the roles of the abelian group G and the ring R, but the Galois
covering as well. Furthermore, if the condition pg < N,_;4 is satisfied
(Theorem 1.4.6), we prove that I, is automatically a GT'—system with group
G C GL(n + 1,K) (Proposition 2.3.1). Thus, GT—varieties with group
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G C GL(n + 1,K) are aCM monomial projections of the Veronese variety
Xna C PNna=1 parameterized by a minimal set B; of fundamental monomial
invariants of G which generates an ideal I; failing the WLP in degree d —
1 and such that the monomial projection of X, 4 induced by (I, By is a
Togliatti variety satisfying at least one Laplace equation of order d — 1.

In contrast to G—varieties Xy with group G C GL(n + 1,K), there are
examples of non aCM varieties X parameterized by a monomial Togliatti
system (see, for instance, Section 2.4). In view of these facts, in [17] we posed
the analogous of Grobner’s problem for this kind of monomial projections of
the Veronese variety X,, 4 C PNna=1 This thesis contributes to this question
in Section 2.4 with a family of aCM monomial projections of the Veronese
surface Xy 4 C PN247! parameterized by Togliatti systems arising from the
GT—system T = (x3,23, x5, rox122) With cyclic group T' = (Mz012) C
GL(3,K), but their coordinate rings are neither the ring of invariants of a
finite group A C GL(3,K) nor the semigroup ring associated to a normal
affine semigroup (Theorem 2.4.10).

The heart of this thesis (Chapter 3) deals with the geometry of any
G—variety X, with group G C GL(n +1,K). The frame of reference of this
objective is, first, [57] where the authors computed a minimal graded free
resolution of GT—surfaces with cyclic group I' = (My012) C GL(3,K) of
order d > 3 and, second, [20] where we computed a minimal set of binomial
generators of the homogeneous ideal of any GT—threefold with cyclic group
I' = (Mgo123) C GL(4,K) of order d > 4. The results obtained in both
works agree that the homogeneous ideal of these varieties are minimally
generated by binomials of degree 2 and 3 and they rose the interest of these
varieties.

As we have pointed out before, any G —variety X, with group G is an
aCM variety whose homogeneous coordinate ring A(X,) is isomorphic to
RY = K[B)] = K[H4] (Theorem 2.2.18). These facts provide, on one hand,
a motivation for determining a minimal free graded resolution of A(X,) and,
one the other hand, techniques from invariant theory and combinatorics to
explore this problem and to tackle the geometry of X;. Along Chapter 3, we
work on these subjects which generalize and extend the results obtained so
far for G—varieties with a finite cyclic group I' = (Mgog....0n) € GL(n+1,K)
in [57], [20], [17] and [21].

We take new variables wy, ..., w,, and we set S = Klwy,...,w,,]. Since
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Xy is an aCM variety, a minimal graded free S—resolution of A(Xj,) is an
exact sequence of length ¢ := codim(Xy) = g —n — 1:

Fo: 0—F.— - —FK—F—5—AXy) —0,

where

Ji
R @ si-i- i)

Jj=z1
with 8; r, > 0and 8; = i1, ..., Biy, is the ith graded Betti number of A(X,),
1 < i < ¢ (see Section 1.1). The minimal free resolution encodes a large
quantity of geometric information of X, including for instance its Hilbert
function and series. The first graded Betti number 8, = 811,..., 815 col-
lects the cardinality 3, of generators of degree 1 +j, 7 = 1,...,f1, in a
minimal set of generators of the homogeneous ideal I(X,;) C S of X,;. Simi-
larly, the last Betti number 8, = (.1, ..., B s, defines the CM-type dim(F%)
of A(X4) and collects the cardinality S.; of generators of degree ¢+ j in a
minimal set of generators of wx,(p4), 7 =1,..., f., where wx, is the canoni-
cal module of A(X;). On the other hand, f.+1 is the Castelnuovo—Mumford
reqularity reg(A(Xy)) of A(Xy) (Definition 3.1.13). In the opposite direction,
the knowledge of the Hilbert function and series of Xy, the ideal I1(Xy), the
canonical module wy, and reg(A(X,)) plays an important role in determin-
ing a minimal graded free S—resolution F, of A(Xy), as well as how complex
F, could be (see Section 3.1).

Our first concern is the Hilbert function and series of A(X,) (Section
3.1). We interpret both numerical functions from the invariant theory point
of view which allows us to describe them in terms of the monomial invariants
of G and to conclude that X, is a variety of degree 4—— (Pr0p081t10n 3.1.2).

The Hilbert series of A(X,) is

IG\

02+ +02+1
(1 —z)ntt ’

HS(A(Xq), t) =

where 41, ..., d,, the so called h—vector of A(X,), is the sequence of multi-
plicities of the degrees of the monomials z(° - - - 2% € By U---UB,, satisfying
ag < d,...,a, < d. Exploring different strategies, we compute explicitly
the Hilbert function and series of different families of G—varieties, for in-
stance: for any G—variety with cyclic group G = (My.a....a, ) C GL(n+1,K)

,,,,,
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of prime order d and oy < --- < «, in any dimension n > 2; for any
GT—surface with cyclic group G = (Ma0.ay.0,) € GL(3,K) of order d > 3
and a3 < ag (Theorem 3.1.21); and for any GT —threefold with group
G = (Mgo123) C GL(4,K) of order d > 4 (Theorem 3.1.26 and Corol-
lary 3.1.27).

Afterwards, we focus our attention on the structure of the homogeneous
ideal I(X,) of X; and we determine a minimal set of generators of I(X})
(Section 3.2). The ideal I(X,) is the kernel of the morphism

p: S — Km,...,my,]

deﬁ_ned by p(w;) = m;, it is called the ideal of syzygies among the invariants
of G. I(Xy) is the homogeneous binomial prime ideal generated by the set
of binomials:

{wi, - wy, —wjywy €5 [ My, e emg, =my,ceomy,, k> 23

k k

Our main result in this direction proves that I(X},) is generated by binomials
of degree at most 3 (Theorem 3.2.6). The proof is inspired by the theory
of Markov basis of lattice ideals, which we have previously used in [20],
and the main technique is to use zero-sums over abelian groups. Moreover,
by means of families of examples in any dimension n > 2, we show that
this bound is sharp and it depends strongly on the group G. To explore
the minimal generation of 1(Xy), we focus on GT—threefolds with group
G = (Mgo123) C GL(4,K) (Theorem 3.2.24 and Corollary 3.2.25).

Lastly, we study the canonical module wy, of G—varieties X, with group
G C GL(n + 1,K) (Section 3.3). Stanley [78] and Danilov [22] proved inde-
pendently that the canonical module of the semigroup ring K[H] associated
to a normal affine semigroup H C Z2}" is the ideal of K[H] induced by the
relative interior relint(H) of H (Definition 1.2.7). Thus, we can identify the
canonical module wy, of A(X,) = K[H 4] with the ideal

I(relint(H 4)) = (22 - 2% € R® | ag- - - an # 0).

Our main result regarding wx, shows that I(relint(H4)) is generated by
monomials of degree at most 2d (Theorem 3.3.3). The approach we develop
is similar to the one performed in the proof of Theorem 2.2.11. Moreover,
it allows us to characterize the Castelnuovo-Mumford regularity reg(A(X,))
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in terms of the set I(relint(H 4)); of generators of I(relint(H 4)) of degree d.
We establish that

n <reg(A(Xy) <n-+1

with equality reg(A(X,)) = n+1 if and only if I(relint(H 1)), # @ (Theorem
3.3.5). For the sake of completeness, we end this block discussing how a
minimal graded free S—resolution of A(Xy) looks like in view of the devel-
opments on the Hilbert series HS(A(Xy), ), the ideal I(X,), the canonical

module wy, and reg(A(X,)). Among others, we gather the results obtained
so far for GT—surfaces with group G = (M4.0,0;,0,) C GL(3,K) in [17].

One of the advantages of the strategy built to study G —varieties X, with
group G C GL(n + 1,K) and, in particular, Togliatti systems, GT'—systems
and GT —varieties, is that it applies for any finite subgroup A of GL(n+1, K)
of degree |A| (Proposition 1.4.17). In addition, when A C GL(n + 1,K) is
a non abelian group, the generators of R} are not necessarily monomials.
Hence, if they generate a non monomial artinian ideal J, to prove that J
is a Togliatti system, i.e. it fails the WLP in degree |A| —1, we only need
to check that dim(Rj}) < N,_1z| (Proposition 4.1.1). Any development
in this direction shed new light on non monomial Togliatti (GT) systems,
while the majority of works towards these notions deal with the monomial
case. Furthermore, if R* is minimally generated by forms of degree |A[, then
they parameterize an aCM projection of the Veronese variety X, 4 C PNna=!
from the linear system (J~')5;. In view of these facts, we investigate the
invariants of non abelian finite groups A C GL(n+1,K). This thesis presents
our progresses (Chapter 4) in this area.

It is worth to mention that, when dealing with invariants of finite groups,
there are certain points that make difficult to work with a non abelian group
A C GL(n + 1,K) of order |A|. The landmark of our approach is finding a
minimal set of fundamental invariants of the cyclic extension A of A. How-
ever, elements in such a set of generators could be very cumbersome to
describe or manipulate (see, for instance, Section 4.1). In addition, when
taking the cyclic extension A, the computational complexity increases con-
siderably.

Thus far, we have considered the classification of finite subgroups of
SL(3,K) given in [6] and [90], which we include in Section 4.1. They
are classified in types A-L, only A being abelian. Among them, groups
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A C SL(3,K) of types B,C,D,H and I give rise to a Togliatti system, i.e the
condition dim(Rf}u) < |A] 41 is satisfied. However, showing that they are
GT —systems with group A C SL(3,K) is, in general, out of reach. In this
context, our main contribution positively answers this question for a repre-
sentation in SL(3,K) of the dihedral group Dy of order 2d, d > 3 (Section
4.2). We take a cyclic group I' = (M40,1,4-1) C SL(3,K) of order d > 3 and
the linear transformation

1 00
c=10 0 1
010

which fixes the variable xq and permutes x; and x,. They generate a di-
hedral group Dag = (Mao1,4-1,0) C SL(3,K) of order 2d and we consider
its cyclic extension Dyy C GL(3,K). Our main result proves that the ring
RP2¢ is minimally generated by monomials and binomials of degree 2d which
we completely describe (Theorem 4.2.6). Our approach is based on the
knowledge of the rings R' and RP2¢ and the natural structure of RP2 as
a subalgebra of RP2¢. Thus, the ideal generated by a minimal set of fun-
damental invariants of Dyg is a GT—system with group Dy (Proposition
4.2.9). The associated GT—surfaces Sp,, with group Dy, are treated subse-
quently (Subsection 4.2.1). We establish that Sp,, is an aCM surface whose
coordinate ring is isomorphic to RP2¢ (Theorem 4.2.12). We compute its
Hilbert function and series and the CM—type of its homogenous coordinate
ring A(Sp,,) in terms of the Hilbert function and series and the CM-type of
the ring R'. In addition to that reg(A(Sp,,)) = 3, we determine how a min-
imal free graded resolution of A(Sp,,) looks like (Theorem 4.2.14). Finally,
we address the problem of finding an explicit minimal set of generators of
the homogeneous ideal I(Sp,,) of Sp,,. We show that 1(Sp,,) is minimally
generated by quadrics and we describe them (Theorem 4.2.17).

The last objective of this thesis appears lately, motivated by the results
obtained so far from the study of the canonical module of G —varieties with
group G C GL(n+ 1,K) (Section 3.3) and the recent methods developed by
Alzati and Re [4] to compute the cohomology of the normal bundle of smooth
rational varieties embedded in PY. As seen before, the canonical module wy,
of a G—variety X, with group G C GL(n + 1,K) is identified with the ideal
I(relint(H 4)) induced by the relative interior of the normal affine semigroup
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H,y C 7% associated to RY = K[H,]. We call X, a level G—variety
with an enough general group G C GL(n + 1,K) (Definitions 5.1.1 and
5.1.6) if the following two conditions are satisfied: I(relint(H 4)) is generated
by monomials of degree d, i.e. A(Xy) is a level ring with reg(A(Xy)) =
n+ 1; and the abelian group G C GL(n + 1,K) contains at least one matrix
diag(e?o, ... e/*n) with at least three entries two by two distinct, where e/
is a d'th primitive root of 1 € K. If so, we associate to Xy a smooth rational
variety X; embedded in PY¢ by a monomial parametrization f; : P" — PNa
defined by M, 4 \ I(relint(H4)); where Ny = N, q — |I(relint(H4))| — 1
(Proposition 5.1.11). We call X; C PYe an RL—wvariety associated to X4 and
we give examples in any dimension n > 2 (Definition 5.1.7). The name has
been conceived to stress the link with the relative interior and the levelness.

In contrast to its associated G—variety X, the RL—variety X; is a non
aCM monomial projection of the Veronese variety X, 4 C PVn47! parame-
terized by a set of monomials M,, 4 \ I(relint(H 4)) generating an artinian
ideal J; which has the WLP (Definition 1.4.1 and Proposition 5.1.10). The
interest of RL—varieties X; C P™ resides in as being a rational smooth
projection of X, 4 from the linear system (I(relint(H 4));) and to deduce, if
any, which role plays the action of the group G C GL(n + 1,K). This thesis
contributes to this point. We compute the dimension of the cohomology of
the normal bundle Ny, of an RL—variety X, associated to a level G —variety
with an enough general group G C GL(n+1,K) (Section 5.2). We presented
the normal bundle My, of X; by an exact sequence

0 — O (1) — 0Nt (d) — Ny, — 0,

leading to h'(X;, Nx,(—k)) with the exception of i = n—1,n and k > d+n+1
(Proposition 5.2.3). For the remaining cases, we determine h’(X,;, N, (—k))
applying the results of [4] where we strongly use the action of the abelian
group G C GL(n + 1,K). Theorem 5.2.6 gathers the cohomology table of
No,.

Part of the results of this thesis have been published in:

1. L. Colarte-Gomez, E. Mezzetti and R. M. Mir6-Roig, On the arith-
metic Cohen—Macaulayness of wvarieties parameterized by monomial

Togliatti systems. Annali di Matematica Pura ed Applicata. (2021).
https://doi.org/10.1007/s10231-020-01058-2
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2. L. Colarte-Gomez, E. Mezzetti, R. M. Mir6-Roig and M. Salat, On
the coefficients of the permanent and the determinant of a circulant
matrix. Applications. Proceedings of the American Mathematical So-
ciety. 147:2 (2019), 547-558.

3. L. Colarte-Gémez, E. Mezzetti, R. M. Mir6-Roig and M. Salat, Togli-
atti systems associated to the dihedral group and the weak Lefschetz
property. Israel Journal of Mathematics, to appear.

4. L. Colarte-Goémez and R. M. Mir6-Roig, Minimal set of binomial gen-
erators for certain Veronese 3—fold projections. Journal of Pure and
Applied Algebra. 224:2 (2020), 768-788.

5. L. Colarte-Gémez and R. M. Mir6-Roig, The canonical module of G'T-
varieties and the normal bundle of RL-varieties. Mediterranean Jour-
nal of Mathematics, to appear. (2022).

This thesis is structured in five chapters, each of them is accompanied
by an introduction we refer for further details; and an Appendix A.

Chapter 1 is a compilation of all the basic notations, definitions and
tools needed in the main body of this dissertation. Each section is illus-
trated with examples which have been prepared to familiarize the reader
with subsequent chapters. Section 1.1 gives an introduction to CM rings
and modules towards algebraic geometry. Section 1.2 is devoted to affine
semigroups and their associated semigroup rings. The definition of a nor-
mal affine semigroup is given along to examples coming from combinatorics
and the Cohen—Macaulayness of their associated semigroup rings. In Sec-
tion 1.3, we give an introduction to the theory of invariant rings of finite
groups. Lastly, Section 1.4 deals with the WLP of artinian ideals. In par-
ticular, the notions of having/failing the WLP (Definition 1.4.1), Togliatti
systems (Definition 1.4.7), Galois coverings (Definition 1.4.11), GT—system
and GT—varieties (Definition 1.4.18) are defined and exemplified.

Chapter 2 treats the Grobner’s problem and presents our main contribu-
tion to this area based on invariant theory of finite groups and combinatorics
with an application to the WLP. The results of this chapter are illustrated
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with examples, to this end we have implemented a routine to solve lin-
ear systems of congruences with the software Wolfram Mathematica [91],
which is collected in Appendix A. 2.1 presents and reviews historically the
Grobner’s problem (Problem 2.1.1). A criterion to determine the Cohen—
Macaulayness of semigroup rings associated to a simplicial affine semigroup
is introduced (Theorem 2.1.4), which plays an important role in the last sec-
tion of this chapter. In Section 2, we study the invariants of finite abelian
groups G C GL(n+1,K) and their cyclic extensions G € GL(n+1,K). This
section contains an introduction to zero—sums over abelian groups. In the
main result of this Chapter we prove that a minimal set B; of fundamental
monomial invariants of G is the set of monomial invariants of G’ of degree d
(Theorem 2.2.11). In Subsection 2.2.1, we define the notion of a G—variety
X4 with group G C GL(n+ 1,K) (Definition 2.2.17) and we show that X, is
an aCM monomial projection of the Veronese variety X,, 4 C PV»4~! param-
eterized by B; (Theorem 2.2.18). In Section 2.3, we study the connection of
the monomial artinian ideal I; generated by B; and the WLP (Proposition
2.3.1). In section 2.4, we investigate Grobner’s problem for surfaces param-
eterized by Togliatti systems. We prove using Theorem 2.1.4 the arithmetic
Cohen—Macaulayness of a family of monomial projections of the Veronese
surface Xy 4 parameterized by monomial Togliatti systems which are not con-
nected neither to invariant theory nor to normal affine semigroups (Theorem
2.4.10).

The results of subsequent chapters are illustrated with examples com-
puted or/and checked with the software Macaulay2 [36], as much as the
computational complexity has allowed it.

In Chapter 3, we study G—varieties X4 with group G C GL(n + 1,K)
from a geometric point of view. Section 3.1 is devoted to the Hilbert function
HF(A(X4),t) and series HS(A(X,), ) of A(X,). The notions Castelnuovo—
Mumford regularity and the Betti diagram of A(X,) are given (Definition
3.1.13 and Definition 3.1.10). We interpret HF (A(Xy),t) and HS(A(Xy), 2)
from the invariant theory standpoint (Proposition 3.1.2) and we explore
different strategies to compute them. In Subsections 3.1.1 and 3.1.2, we
we deal with the Hilbert function and series of GT—surfaces with group
G = (Mgo.0y.00) C GL(3,K) (Theorem 3.1.21) and GT—threefolds with
group G = (Mgo123) C GL(4,K) (Theorem 3.1.26), respectively. In Sec-
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tion 3.2, we look at a set of generators of the homogeneous ideal I(X,) of
Xg4. In our main result we prove that I1(X,) is generated by binomials of
degree at most 3 (Theorem 3.2.6) and we show that this bound is sharp,
i.e. it cannot be improved. It is enhanced by Subsection 3.2.1, where we
compute a minimal set of binomial generators of the homogeneous ideal of
any GT'—threefold with group G = (Mg0,123) C GL(4,K) (Theorem 3.2.24
and Corollary 3.2.25). In Section 3.3, we study the canonical module wy,
of X;. We identify it with the ideal I(relint(H4)) C R® and we prove that
I(relint(H 4)) is generated by monomials of degree d and 2d (Theorem 3.3.3).
We characterize the Castelnuovo-Mumford regularity of A(X,) in terms of
the degree of generators of I(relint(H4)) (Theorem 3.3.5). The examples
of this section have been computed or/and checked with routines imple-
mented with the software Wolfram Mathematica [91], which we explain in
Appendix A. In Subsection 3.3.1, we gather all the main results of this chap-
ter for sake of previous and further investigations on the minimal graded free
S—resolution of A(X,).

Chapter 4 deals with the invariants of non abelian finite subgroups of
SL(3,K) and enlarges the family of non monomial Togliatti systems, as well
as GT—systems, considering a representation in SL(3,K) of the dihedral
group Doy or order 2d, d > 3. Section 2.3 contains the classification of
finite subgroups of SL(3,K) given in [6] and [90]; as well as new examples
of Togliatti systems coming from invariant theory (Table 4.1.1 and Example
4.1.2). In Section 4.2, we study the invariants of the cyclic extension Doy C
GL(3,K). In our main results we prove that R”2¢ is minimally generated
by monomials and binomials of degree 2d (Theorem 4.2.6) and we show
that they generate a GT—system with group Ds; (Proposition 4.2.9). In
Subsection 4.2.1, we focus our attention on the geometry of the associated
GT—surface Sp,, with group Dyg (Theorems 4.2.12, 4.2.14 and 4.2.17).

In Chapter 5, we introduce and study RL—varieties: a family of smooth
rational monomial projections of the Veronese variety X,, ; C PVed~! related
to G—varieties with group G' C GL(n + 1,K). In Section 5.1, we define and
investigate the notions of level G—variety with an enough general group
(Definitions 5.1.1 and 5.1.6) and its associated RL—variety X, (Definition
5.1.7 and Proposition 5.1.11). In Section 5.2, we introduce the normal bundle
Nz, of an RL—variety X,; and we compute the dimension of the cohomology
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of Ny, (Proposition 5.2.3 and Theorem 5.2.6).

In Appendix A, we collect two algorithms and their implementation with
the software Wolfram Mathematica [91]. Algorithm 1 computes the mono-
mial invariants of G of degree td, t > 0. Algorithm 2 gives a minimal set
of monomial generators of the ideal I(relint(H 4)). They are based on the
results obtained so far in Chapters 2 and 3. We provide functions in Wol-
fram Mathematica’s language which illustrate them in addition to concrete
examples.



Chapter 1

Preliminaries

This introductory chapter contains the main objects, results and tools that
we shall use in the forthcoming chapters. We do not claim any originality
on this chapter, which is divided in four sections. Section 1.1 is devoted to
introduce Cohen—Macaulay rings and modules as well as their basic proper-
ties. In Section 1.2, we define affine semigroups and semigroup rings, and we
relate them to algebraic varieties. In Subsection 1.2.1, we introduce affine
normal semigroups and we recall the Cohen—Macaulay property of their as-
sociated semigroup ring. A large family of affine normal semigroups appears,
for instance, as the set of Z’;gl—solutions of linear systems of congruences.
In Section 1.3, we present the algebra of invariants of a linear finite group
acting on R. We gather the classical results on its Hilbert function and
series, as well as on the Cohen—Macaulay property. In Section 1.4, we focus
on artinian algebras failing the weak Lefschetz property. In this context,
we introduce Togliatti and Galois—Togliatti systems. Lastly, we relate both
notions to invariant theory of finite groups.

1.1 Cohen—Macaulay rings and modules

We begin with a quick overview of dimension theory. After introducing the
notions height of an ideal and dimension of rings and modules, we present
Noether’s normalization theorem for affine algebras. The content of this
section is addressed towards algebraic geometry, thus in the last part we
focus on graded R—modules. We recall the graded version of Noether’s
normalization theorem, the notions of perfect modules, minimal graded
free R—resolutions, projective dimension and give characterizations of the

1
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Cohen-Macaulay property of graded R—modules. We mainly follow [9], [25]
and [69].

Through this section, A denotes a commutative ring with unit.

Definition 1.1.1. Let p C A be a prime ideal. The height of p is the
supremum of lengths of strictly descending chains of prime ideals contained
in p. The height of an arbitrary ideal I of A is defined as

height(7) = inf{height(p) | p is a prime ideal containing I}.

The Krull dimension of A is the supremum of the heights of its prime
ideals
dim(A) = sup{height(p) | p C A is a prime ideal}.

If I C A is a proper ideal, we have the inequality
height(7) + dim(A/I) < dim(A).
The codimension of I if defined as
codim(/) = dim(A) — dim(A/I).

For noetherian rings, we have the following classical result and a character-
ization for the Krull dimension in the local case.

Theorem 1.1.2 (Krull’s principal ideal theorem). Let A be a noetherian
ring and I = (y1,...,y.) C A an ideal. Then, height(p) < r for every prime
ideal p which is minimal among the prime ideals of A containing I.

Proof. See [25, Theorem 10.2]. O

Let A be a noetherian ring and I C A an ideal. We say that I is an
artinian ideal if dim(A/I) = 0.

Theorem 1.1.3. Let (A, m) be a noetherian local ring. Then, the following
conditions are equivalent.

(1) dim(A) =r.
(i1) height(m) = r.
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(i1i) 7 is the infimum of all m € Zsq for which there are yy,...,ym € A
such that rad(yy, . .., Ym) = m.

() r is the infimum of all m € Zsq for which there are yy,...,y, € m
such that (yi,...,Ym) is an artinian ideal.

In particular, if dim(A) = r, then elements y,, ...,y as in (iii) and (iv) are
called a system of parameters of A.

Proof. See [69, viil §9 Theorem 20). ]
Example 1.1.4. dim(K) = 0 and dim(R) = n + 1.

Let M be a finitely generated A—module and Ann(M) = (0 : M),
its annihilator. We denote by Supp(M) the support of M defined as the
set of all prime ideals of A containing Ann(M). The dimension of M is

defined as dim(M) = dim(A/Ann(M)). If (A,m) is a noetherian local
ring and 0 # M is a finitely generated A—module with dim(M) = n, a
system of parameters for M is a sequence of elements yy,...,y, such that
dim(M/(y1, ..., ya)M) = 0.

Proposition 1.1.5. Let (A, m) be a noetherian local ring and M a finitely
generated A—module. Then, for any yy,...,y. €Em

dim(M/(ys; - .-, yp)) = dim(M) —r,

and the equality holds if and only if yi, ...,y is part of a system of param-
eters of M.

Proof. See [25, Proposition 10.8 and Corollary 10.9]. O

Next, we recall the Noether’s normalization theorem. As usual, a finitely
generated K—algebra will be called an affine K—algebra.

Theorem 1.1.6. Let A be an affine K—algebra, I C A an ideal and set
r =dim(A). Then, there exist yi, ...,y € A such that

(i) y1,...,y. are algebraically independent over K.

(ii) A is integral over Klyi, ..., y,].
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(iii) There exists an integer 0 <t < r such that

IHK[yly"'ayT] = Z yiK[yla-'~7y7”] = (yt-i-l"'wy?")'
i=t+1

If y1,. ..,y satisfy (i) and (ii), then K[y, ..., y,] is called a Noether nor-
malization of A.

Proof. See [69, vi1 §7 Theorem 25] and [25, Theorem 13.3]. O

Cohen—Macaulay modules. Our next goal is to introduce, in terms of
reqular sequences, the notions of grade and depth, and some of the results
needed in the sequel.

Definition 1.1.7. Let M be an A—module. A sequence vy, ...,y, of ele-
ments of A is called an M —regular sequence if the following two conditions
are satisfied:

(i) for each i = 2,...,r, y; is not a zero divisor in M/(y1,...,y;—1)M and
is not a zero divisor in M.

(i) (Y1, y) M # M.

An M —regular sequence vy, ...,y, contained in an ideal I C A is said
maximal in I if for any y,.q € I, y1,...,Yr, Yry1 iS not an M —regular se-
quence in [.

Example 1.1.8. zg,...,x, is a maximal R—regular sequence.

If A is noetherian, any M —regular sequence can be extended to a maxi-
mal one. In this setting, we have:

Theorem 1.1.9. Let A be a noetherian ring, M a finitely generated A-
module and let I C A be an ideal such that IM # M. Then, all mazximal
M —regular sequences in I have the same length n := grade(I, M), called the
grade of I on M.

Proof. See [9, Theorem 1.2.5]. O
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For any ideal I in a noetherian ring A, the bound height(/) < grade([)
is always satisfied. The grade of M is defined as

grade(M) = grade(Ann(M), A).

We focus now on local rings (A, m). For a finitely generated A—module M,
the grade of m on M is called the depth of M, denoted depth M. We have:

Proposition 1.1.10. Let (A, m) be a noetherian local ring and 0 # M a
finitely generated A—module.

(i) Every permutation of an M—regular sequence is again an M—regular
sequence.

(ii) Every M—regular sequence is part of a system of parameters of M.
Proof. See [9, Propositions 1.1.6 and 1.2.12]. O

As a consequence, depth(M) < dim(M). This inequality motivates the
following definition.

Definition 1.1.11. Let (A, m) be a noetherian local ring and M a finitely
generated A—module. We say that M is a Cohen—Macaulay (shortly CM)

module if depth(M) = dim(M). A is called a CM ring if A itself is a CM
module.

In general, for an arbitrary noetherian ring A, a finitely generated A-—
module M is a CM module if the localization M, is a CM module for any
maximal ideal m € Supp(M). Next, we see how CM rings and modules
interact with grade, regular sequences and height.

Theorem 1.1.12. Let (A, m) be a noetherian local ring and 0 # M a finitely
generated CM A—module. Then

(i) grade(l, M) = dim(M) — dim(M/IM) for any ideal I C m.
(i) y1,...,yr is an M —reqular sequence if and only if

dim(M/(y1,...,y-)M) = dim(M) —r.
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(1) v, ..., yr is an M —regular sequence if and only it it is part of a system
of parameters of M.

Proof. See [9, Theorem 2.1.2]. O

The grade and the height of a proper ideal [ in a CM noetherian ring
coincide, i.e. height(/) = grade(I, A). If, in addition, A is local, from the
above theorem it follows that

height(I) = codim(/) = grade(1, A).

Regular rings. Regular local rings are examples of CM noetherian local
rings. Let us recall their definition.

Definition 1.1.13. A noetherian local ring (A, m) is regular if the maximal
ideal m is generated by a system of parameters, called a reqular system of
parameters.

Proposition 1.1.14. Let (A,m) be a noetherian local ring and yy,...,y, a
minimal systems of generators of m.

(i) A is reqular if and only if y1, ..., y, is an A—regular sequence or equiv-
alently r = dim(A).

(i) If A is reqular and I C A is an ideal, then A/I is reqular if and only
if I 1s generated by a subset of a regular system of parameters.

Proof. See [9, Propositions 2.2.4 and 2.2.5]. O

As a consequence, we have that any regular local ring (A, m) is a CM
ring. Furthermore, the following proposition characterizes the CM property
of local rings in terms of their regular subrings.

Proposition 1.1.15. Let (A, m) be a noetherian local ring and A" a reqular
local subring such that A is a finitely generated A'—module. Then, A is a
CM ring if and only if it is a free A’—module.

Proof. See [9, Proposition 2.2.11]. O
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Example 1.1.16. (i) K is regular and a CM ring.
(ii) The localization R, at m = (xq,...,2,) is a regular noetherian local
ring, so it is a CM ring.

In general, a noetherian ring A is called regular if for any maximal ideal
m C A the localization A, is regular. We have the following.

Theorem 1.1.17. Set xg,...,x, indeterminates. A noetherian ring A is
reqular if and only if Alxo, ..., x| is reqular. In particular, R is regular.
Proof. See [9, Theorem 2.2.13]. O

Graded R—modules. Through the rest of this section we deal only with
finitely generated graded modules over R. We denote m = (zg,...,x,). We
see I? as a graded ring with the standard grading R = ®;>0R;, where R,
denotes the K—vector space generated by all monomials of degree t. We
investigate the CM property of finitely generated graded R—modules. In
this setting, we introduce the notions of minimal graded free R—resolutions,
projective dimension and perfect rings.

Theorem 1.1.18. Let M be a finitely generated graded R—module. Then,
M is a CM module if and only if My, is a CM module. In particular, R is a
CM ring.

Proof. See [9, Corollary 2.2.15]. O

The most important graded R—modules arise in algebraic geometry as
the coordinate rings of projective varieties. They are positively graded affine
K—algebras of the form R/I where I C R is an homogeneous ideal. A
projective variety X C P™ is an arithmetically Cohen-Macaulay (shortly
aCM) variety if its homogeneous coordinate ring R/I(X) is a CM ring. In
this context, we have the graded version of Noether’s normalization theorem
(Theorem 1.1.6).

Theorem 1.1.19. Let M be a positively graded affine K—algebra and r :=
dim(M). Then, there exist yq,...,y, € R satisfying the following equivalent
conditions:
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(i) y1,...,yr 1S a h.s.0.p.
(ii) M is integral over K[y, ..., y,].

(iii) M is a finitely generated Klyy, ..., y,|—module.

In particular, yi,...,y, are algebraically independent over K. Moreover,
Y1, .-, Y, can be chosen to be of degree 1.
Proof. See [9, Theorem 1.5.17]. O

Theorems 1.1.18 and 1.1.17 also apply to non standard graded polyno-
mial rings, i.e. K[yo, ..., yn] with deg(y;) > 1,i=0,...,n. We have:

Theorem 1.1.20. Let M be a positively graded affine K—algebra and r :=
dim(M). Then the following conditions are equivalent.

(i) M is CM.

(ii) There is a h.s.0.p y1,...,y, of M such that M is a free K[y, ..., y|-
module.

(iii) For any h.s.o.p y1,...,y, of M, it holds that M is a free K|y, ..., y.]-
module.

Proof. 1t follows from Theorems 1.1.17 and 1.1.18 and Proposition 1.1.15.
O

Keeping the above notation, if yq,...,y, is a h.s.o.p of M and M is CM,
there exist homogeneous 7y, ...,n; € M such that

M =& _niKlys, .., v, (1.1.1)

Such a decomposition is called a Hironaka decomposition of M.

A minimal graded free R—resolution of a finitely generated graded R—
module M is an exact sequence

Fo: «+—FSE, —  —R%F—M—0,

where each F; is a finite graded free R—module and for each i > 1, §;(F;) C
mF;_ ;. The free R—module F; is called the ith syzygy module of M and its
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rank ; the ith Betti number of M. The Hilbert syzygy theorem assures that
every finitely generated graded R—module M has a minimal graded free
R—resolution of length smaller or equal to n + 1. The projective dimension
of M is the length of a minimal graded free R—resolution of M, denoted
pdim(M). A finitely generated graded R—module 0 # M is called perfect if
pdim(M) = grade(M). In particular, a graded ideal I C R is called perfect
if R/I is perfect. We have the following.

Proposition 1.1.21. Let M be a finitely generated graded R—module. Then
M is a CM module if and only iof M s perfect.

Proof. See [9, Corollary 2.2.15]. ]

Corollary 1.1.22. Let I C R be an homogeneous ideal. Then, R/I is a
CM ring (or I is a CM ideal) if and only if codim(I) = pdim(R/I).

Proof. Since R is a CM ring, grade(/, R) = codim(I). Now, the result
follows from Proposition 1.1.21. O

We end this section introducing the canonical module of a CM ring R/I.
We set dim(R/I) =d, m; =m/I and K(R/I) = (R/I)/m;.

Definition 1.1.23. A finitely generated graded R/I-module C'is the canon-
ical module of R/I if there exist homogeneous isomorphisms

Extia KR/D.C) = { Yo o2

The canonical module of R is R(—n — 1).
If R/I is a CM ring with canonical module C, then there is an isomor-
phism C = Ext"*'"%(R/I, R(—n — 1)). Therefore, we have:

Remark 1.1.24. Set r = codim(/) and
Fr: 0—F —F,— -+—F—R—R/I—0

a minimal graded free R—resolution of R/I. Dualizing F, we obtain a min-
imal graded free R—resolution of C'(n + 1):

0—R—F — - —F | —F —Ch+1) —0.

The rth Betti number of R/I corresponds to the cardinality of a minimal
set of generators of C'.
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Definition 1.1.25. Let R/I be a CM ring. We define the Cohen—Macaulay
type (shortly CM—type) of R/I as the rth Betti number 5, of R/I. If 5, =1,
then R/I is called a Gorenstein ring, I a Gorenstein ideal and the associated
variety an arithmetically Gorenstein variety. If the canonical module of R/I
is generated in only one degree, R/I is called a level ring, the CM-type of

R/1 is j,.
Example 1.1.26. (i) A minimal graded free R—resolution of R/m = K is
given by the Koszul complex:

0— R(-n—1) — R(—n){"") — ... —

— R(=)") = R(—(i— 1))
— R(-2)("7) — R(—1)™' — R — R/m — 0.
The CM~-type of R/m is 1, so R/m is a Gorenstein ring and, in particular,
it is a level ring of CM-type 1.
(ii) Any Gorenstein ring R/I is a level ring of CM—type 1.

(iii) A ring R/I, or an ideal I, are said to be a complete intersection (CI) if
I is generated by an R—regular sequence. Any CI R/I is a Gorenstein ring,
hence a level ring of CM—type 1. A minimal graded free R—resolution of a
CI R/I is given by the Koszul complex. As a first example of a CI we have
the maximal ideal m. As another example: let hy € Ry, and hy € Ry, be
two irreducible forms of degrees 0 < d; < do. Then R/(hq, h2) is a CI and

is a minimal graded free R—resolution of R/(hq, hs).

(iv) The twisted cubic X C P? is the rational curve image of the morphism
o PL— P o((yo: yr)) = (¥ : Yoy * Youi + ¥)-

The homogeneous ideal I(X) C R = Klxg, 1, z2, z3] of X is generated by
three quadrics I(X) = (woxe — 22, 1123 — T35, ToT3 — T102). A minimal graded
free R—resolution of R/I(X) is

0 — R(-3)> — R(-2)> — R — R/I(X) — 0.
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The equality codim(I(X)) = pdim(R/I(X)) = 2 is satisfied, so R/I(X) is a
CM ring and X is an aCM curve in P3. Moreover, R/I(X) is a level ring of
CM-type 2.

(v) Set R = K|z, 21, o). In P?) we consider the Fermat cubic S; = V (x§ +
r3+23) and the three lines L = V(zo+x1+22), Ly = V(zg—11), Ly = (azo+
T9) where a = —+/2. The Fermat cubic S; and the two conics C; = LU L,
and Cy = L U Ly intersect in four non colinear points

X={1:-1:0),(1:0:=1),(0:1:-1), (1:1:a)} C P~

The homogenous ideal I(X) of X is generated by one cubic and two quadrics.
R/I(X) has a minimal graded free R—resolution:

0 — R(—4)® R(-3) — R(-3) ® R(-2)* — R — R/I(X) — 0.

The equality codim(I(X)) = pdim(R/I(X)) = 2 is satisfied. We have that
R/1(X) is a non level CM ring of CM~type 2.

1.2 Affine semigroups and semigroup rings

An affine semigroup H of Z"*! is a finitely generated semigroup of Z"*!. H
is called a positive affine semigroup if the group Hy of invertible elements
of H is Hy = {0}. Through this thesis we deal only with positive affine
semigroups H of Z"1 which we refer as affine semigroups H C Z’;gl. In
this section, we present the basic definitions, properties and results on this
topic needed in the sequel. We define the semigroup ring associated to an
affine semigroup H C Z%}' and we show that it is the coordinate ring of
an affine variety. We define affine normal semigroups, we see that their
semigroup rings are CM rings and we introduce two families of affine normal
semigroups which play a central role in subsequently chapters. For this

section, we mainly refer to [9] and [63].

Let H C Z’;ng be an affine semigroup. We denote by Z(H ) the subgroup
of Z"1 generated by H. The rank of H is defined as the rank of Z(H)
as the Z—module generated by H. We often refer to the elements of Z"*!
as lattice points. Any element [ = (ag,...,a,) € Z%;" defines a monomial
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my = 2’29 € R and, conversely, any monomial m = zg°---zd" €
R defines an element I,,, := (ag,...,a,) € Z%{'. The assignation H —
M(H) := {m € R | h € H} gives a bijection between the set of affine
semigroups H C Z%l and the set of monomial semigroups M C R, with
inverse M — H(M) := {h,, € Z%5' | m € M}.

Definition 1.2.1. Let H C Z%}' be an affine semigroup. The semigroup
ring K[H] of H is the K—vector subspace of R with a monomial K—basis
{mn € R | h € H}. Endowed with the multiplication defined by my, -my, =
Mhy+hys M1, he € H, the semigroup ring K[H] is the K—subalgebra of R
generated by {my, | h € H}, that is K[H] = K[]M(H)].

Example 1.2.2. (i) Z?gl is a positive affine semigroup and R is its associ-
ated semigroup ring.

(ii) Let 1 < d be an integer. The set Hy = {(t1d, tad, t3d) | t1,t2,t3 € Z>o}
is the affine semigroup of Z2, generated by (d,0,0), (0,d,0) and (0,0, d).

The associated semigroup ring is the polynomial ring K[zd, 2¢, xd].

(iii) Set e; = (3,0,0),e2 = (0,3,0),e3 = (0,0,3),e4 = (1,1,1) and Hy be the
affine semigroup of Z%, generated by them. Then Hy = {(a,b,c) € ZL{!

a=b=c mod(3)} and H; is a subsemigroup of Hy. The semigroup ring of
H, is the subring K[z}, 73, 23, xoz125] C Klxo, 21, 3).

An affine semigroup H C Z%{! and its associated semigroup ring K[H]

are intrinsically related. If I C K[H] is a subset, we denote H(I) := {h €
H | my € I'}. Naturally, if I is a K—vector subspace of K[H], then H(I) is
a subsemigroup of H.

Definition 1.2.3. Let H C Z}" be an affine semigroup. A subset H C
H \ {0} is called an ideal if for all hy,hy € H, hy + hy € H. The radical
rad(H) of an ideal X C H is {h € H | zh € H for some integer 0 < z}.
An ideal H C H is said radical if H = rad(H). An ideal H # H C H is said
prime if given hy 4+ ho € H, then hy € H or hy € H.

Proposition 1.2.4. Let H C Z%l be an affine semigroup and I,1' C K[H]
K—wvector subspaces.

(i) I C 1" if and only if H(I) C H(I').
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(ii) HINI') = H(I) NH(I") and H(I + I') = H(I) UH(I").

(7ii) I is a prime (respectively radical) ideal if and only if H(I) is a prime
(respectively radical) ideal.

(iv) If I is an ideal, then H(rad(I)) = rad(H([)).
Proof. See [9, Proposition 6.1.1]. O

Example 1.2.5. We take e; = (3,0,0),e5 = (0,3,0),e3 = (0,0,3),e4 =
(1,1,1) € Z3, and H; and H, the affine semigroups generated by {e1, ez, €3}
and {ey, ey, €3, €4}, respectively (Example 1.2.2). By construction H;\ {0} is
an ideal of Hy, but not prime. Indeed, hy = (4,4,4),hy = (5,5,5) € Hy \ Hy
and (9,9,9) € Hy. Now let H' be the affine semigroup generated by {ey, es}.
H'\{0} is a prime ideal of H; and Hy. Let hy = (a,b,c), he = (d, e, f) € Hy\
{0} (respectively hy € Hy\{0}) such that hy+hy = (a+d,b+e,c+ f) € H'.
Therefore ¢ = f = 0 and we obtain that hy, hy € H'\ {0}.

A subset F of an affine semigroup H is called a face if the complement
H \ F is an ideal of H. There is a correspondence between the set of prime
ideals of the semigroup ring K[H] and its faces.

Theorem 1.2.6. Let H C Z’;Orl be an affine semigroup. F C H is a face
of H if and only if the ideal I C K[H| generated by the monomials my, with
h € H\ F is a prime ideal.

Proof. See [63, Lemma 7.10]. O

A non-empty subset of the euclidean space R*! is called a cone if it is
closed under R—linear combinations with non negative coefficients. For an

affine semigroup H C Z%l, we define the cone generated by H as

¢
cone(H) := {Z rihi | hi € H, r; € Ry} C RL"
i=1

It is the smallest cone of R"*! containing H. We denote by relint(cone(H))
the relative interior of cone( H) defined as the interior of the R—vector space
(H) C R"*! relative to cone(H ), with the induced topology.
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Definition 1.2.7. Let H C Z%' be an affine semigroup. The relative
interior of H is relint(H) := H Nrelint(cone(H)).

We denote by I(relint(H)) the ideal of K[H] generated by the monomials
my, with h € relint(H). We have:

Proposition 1.2.8. Let H C Z' be an affine semigroup. 1(relint(H)) is
a radical ideal of K[H].

Proof. See [9, Lemma 6.1.6]. O

Example 1.2.9. Set e; = (3,0,0),e2 = (0,3,0),e3 = (0,0,3) and eq =
(1,1,1) € Z%,, H', H" and H the affine semigroups generated by {e;, ez},
{es,eq} and {e1, eq, €3, €4}, respectively (Examples 1.2.2). It holds H \
H" = H'\ {0}. So H" is a face of H and (z3,z}) is a prime ideal of K[H]
(Example 1.2.5). We have that relint(H) = {(a,b,¢) € Hy | abc # 0}.
From this description, it follows that relint(H) C H is a radical ideal and
I(relint(H)) = (zox122) C K[H] is a principal ideal.

Next, we present the geometrical interpretation of the semigroup ring
of an affine semigroup. Let H C Z%5' be an affine semigroup minimally

generated by hi,... k.. We write h; = (aj,...,a}) € ZL' and we set

'

mp, = $86 ezt i=1,...,r. We define the morphism ¢ : A" — A7
by sending an affine point p = (yo,...,y,) to

1 1

oo, ) = (ma, (D), -, () 1= (Y0 - y®), ., (yod - ).

We take new variables wy,...,w, and S = Klwy,...,w,]. We define an
epimorphism of rings

p: S — K[H] by p(w;) :=mp,, i=1,...,7.

Theorem 1.2.10. Let H C Z%l be an affine semigroup minimally gener-

ated by hy,..., h.. Then K[H] is the coordinate ring of the affine variety
X = pu(A") C A". Moreover, 1(X) C S is a binomial prime ideal.

Proof. The kernel ker(p) of p : S — K[H] is a prime ideal of S and we
have K[H] = S/ ker(p). In particular, p structures K[H] as a K—subalgebra
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of S. The ideal ker(p) is a binomial prime ideal generated by all binomials
of the form

T T T T
sza — wa such that Hmiz = Hmhz. (1.2.1)
i=1 i=1 i=1 i=1

By construction, they belong to ker(p). To see the converse, let f =
S, aiwi“’z---w?” € ker(p) with ; € K* and (o, ..., 00,) € ZLH,

we have pa(f) =3 pagmp !t -omy™ = 0. First, we assume that all
my, " - -my,"" are of the same degree, namely d. Since p(f) = 0, we have

that >i_, aymy " +--my”" = 0 is a trivial linear combination of the mono-
mial K—basis of R;. Therefore, for mz m;,"" there exists 2 < j < t

a4 (6%
such that mj 7 ---my™ = m,"" - ' m;):”. Redeﬁmng a; if needed, we ob-
. aq Qp 1 aq [e? aq @
tain 0 = p(f) :C‘él(mh1 ey, =y, TJ)+ZZ 2O‘mh11 my, =
t 1.4 Oé «
> impcimy, - -my ™ We define bl—w1 cowy™t —wi™ o™ and we
a4 a'r 2
iterate the same process for ZZ o QMY . It stops at step s <t and

we get binomials by, ..., b, such that f = lel %b for certain 7; € K*. If
p(f) is not homogeneous, we apply the same argument to each homogeneous
component of p(f). O

The semigroup ring K[H] of an affine semigroup H C ZZi' inherits
from R = @, R: a natural grading K[H] = @>.K[H],, Where K[H]; ==
K[H] N Ry. If h = (ag,...,a,) € H, we denote deg(h) := ag + -+ + ay.
With this notation, each component K[H]|; has a monomial K—basis {m,, |
deg(my) = deg(h) = t}. If H is minimally generated by hy,...,h,, then
K[H] is minimally generated by my,,...,my, as a graded K—algebra and
they generate the homogeneous maximal ideal of K[H]. In addition, if
deg(mp,) = --- = deg(my,.), then the projective version of Theorem 1.2.10
is true. In this setting, K[H]| is the homogeneous coordinate ring of the
projective variety X := @y (P"), where g : P* --» P"~1 is the rational map
sending a projective point p = (yo : ... : y,) & V(mp,,...,mp,.) to

1 T

oo yn) = (ma,(p) : -+, () = (W50 i) ot (g -+ ).

The homogeneous ideal I(X) C S of X is the homogeneous binomial prime
ideal generated by all binomials of the same form as in (1.2.1).
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Example 1.2.11. Take K[H| = K[z}, 23, 23, zo7125] (Example 1.2.2(iii)),
S = Klwy,wq, w3, wy] and p : S — K[H] given by p(w;) = 3, p(wy) =
23, p(ws) = x5 and p(wy) = wer179. The semigroup ring K[H] is the ho-
mogeneous coordinate ring of the cubic surface X = V(w} — wywyws) in
IP3.

1.2.1 Normal affine semigroups

In this subsection, we introduce normal affine semigroups, we recall the CM
property of their associated semigroup rings and we see a combinatorial
application involving linear systems of congruences.

Definition 1.2.12. An affine semigroup H C Z%l is said normal if the
following condition holds: if hy, ho,hy € H and zhy; = zhs + hz for some
2 € Z>g, then there exists h € H such that hg = zh.

The normalization of H is defined as

H:={h€Z(H) | zh € H for some integer 0 < z}.

Since by assumption H is positive, H C Zggl is a positive affine semigroup

containing H. We have that H is normal if and only if H = H.

Example 1.2.13. (i) Let H C Z2, be the affine semigroup generated by
e1 = (3,0,0),e5 = (0,3,0),e3 = (0,0,3),e4 = (1,1,1) (Example 1.2.2(iii)).
We have that H = {(a,b,c) € Z%5' | a=b=c mod (3)} is normal. Indeed,
Z(H) = {(a,b,c) € Z"*' | a=b=c mod(3)} and if h = (a, b, c) € Z(H) is
such that zh € H for integer z > 0, then (a, b, c) € ZZ§' and hence h € H.

(ii) Let d > 1 be an integer and H = {(tid,tad, t3d) | t1,ta,t5 € Z>o}
(Example 1.2.2(ii)). For d = 1, H = Z3, is normal. However for d > 1,
(1,1,1) € H but (1,1,1) ¢ H, so H is not normal.

In [51], Hochster proved that the semigroup ring of any normal semigroup
is a CM ring. In particular,

Theorem 1.2.14. Let H C Zggl be an affine normal semigroup. Then
K[H] is a CM ring.

Proof. See [51, Theorem 1] or [9, Theorem 6.3.5]. O
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For instance, since the semigroup H of Example 1.2.13(i) is normal,
the associated semigroup K[H] = K[z3, 23, 23, mox175] is a CM ring. Ge-
ometrically, K[H] is the homogeneous coordinate ring of the cubic surface
V(w3 — wiwews) in P? (Example 1.2.11). Actually, H is a member of a large
family of affine normal semigroups of Z2}' which can be translated com-
binatorially as the ZZ§'—solutions of linear integral systems. In [78], this
topic and related questions, including the CM property, were treated from
the point of view of invariant theory of finite groups. Next section contains
an exposition of invariant theory of finite groups and we will see examples

pointing out this perspective.

Let 0 < r be an integer and A = (o, ;) a r X (n + 1) matrix of integers.
We denote by (%) 4 the homogeneous linear systems of integral equations:

aoyo + o0+ aipys = 0

Qr0Yo + o+ QrnlYn = 0

The set of Z’;gl—solutions of (x) 4 defines a positive affine semigroup H 4 C
24 Keeping this notation, we have:

Proposition 1.2.15. H4 C Z’;Orl 15 an affine normal semigroup.

Proof. Assume that h = (yo,...,yn) € Z(H4) and z > 0 is an integer such
that zh € H4. We have that (zyo,...,2y,) is a Zggl—solution of (%)4, so
h e Z’;gl and since ()4 is homogenous, we obtain h € H 4. ]

A consequence of Theorem 1.2.14 is that the semigroup ring K[H 4] is
a CM ring. Similar arguments apply to homogeneous linear systems of
congruences. This standpoint plays a crucial role in this thesis. In this
setting, we fix integers 0 < dy,...,d,, A is an r X (n + 1) matrix of positive
integers and H 4 is the set of Z%§'—solutions of the systems:

oY + o0+ any, = tidy

(%) sty :
Qr0Yo + -+ QrnlYn = trdr

where 0 < tq,...,t.. With this notation, we have:
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Proposition 1.2.16. H,4 C Z’;gl is an affine normal semigroup.

Proof. Assume h = (yo,...,yn) € Z(H4) and z > 0 is an integer such that
zh € H,. The first hypothesis implies that h is a Z""!—solution of some
system (%)4.,,.+ . From the second we obtain that h € Z%l. O

By Theorem 1.2.14, K[H 4] is a CM ring. For ¢ = 0,...,n, we set
e; =(0,...,0,1,0,...,0) with 1 in position ith and M := LCM(dy, . ..,d,).
The semigroup H 4 contains all points Me;, it = 1,...,r and ¢ = 0,...,n.
Therefore, cone(H4) = R%;" and, hence, relint(H) is the set of points of
H 4 which are outside any coordinate hyperplane of R"*!. In other words,

relint(H4) = {(ao,...,a,) € Ha | ao---a, # 0}, and since (M,..., M) is
a Z%l—solution of (%) a4+, for some integers 0 < ty,...,%,, we have that

relint(H 4) # 0.
Example 1.2.17. (i) Let d > 0 be an integer and set

(K Yo+ +yp=1td

with ¢ > 0. The semigroup Hy = {(ag,...,a,) € Z%" | ap+ -+ a, =
td, for some integer ¢ > 0} is normal. K[H 4] is the dth Veronese subalgebra
@>0Riq of R, which is minimally generated by the set of monomials of
degree d and it is a CM ring. Let t¢ = min{t € Zso | td > n + 1}.
The ideal I(relint(H4)) C K[H 4] is generated by the set I(relint(H4))s, :=
{0+ x| ap+ -+ a, = tod and ag---a, # 0}. Indeed, let h =
(bo,...,b,) € relint(H4). We have by + -+ + b, > tod and by - - - b, # 0, so
hy = (bo—1,...,b,—1) € Z . Tf deg(h) > tod, then deg(hy) > tod—(n+1).
We define ¢ as the smallest integer 0 < j < n such that

Jj—1 J
(bh—1) <tod—(n+1) and Y (b —1)>ted—(n+1)
=0 =0

and we set B = f;é(bl —1). Therefore, hy := (bg — 1,...,b;_1 — 1,tod —
(n+1)— B,0,...,0) € Z"* has degree deg(hy) = tod — (n+1) and so h' =
hy 4+ (1,...,1) € relint(H,). Hence, we obtain that my, € I(relint(H,));,
divides my,.

(ii) Set e; = (3,0,0), ea = (0,3,0), e3 = (0,0,3),e4 = (1,1,1) and H C Z3,,
the affine semigroup generated by {e, e, es,e4} (Examples 1.2.2(iii) and
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1.2.13(i)). We have that H is a normal semigroup and it coincides with the
set of Z‘;O—solutions of the systems of congruences:

(*) . Yo + v + y2 = 3t
Atz Y+ 2y = 3t

with t1,ty € Zso. K[H] is a CM ring.
1.3 Rings of invariants of finite groups

Invariant theory of finite groups and affine semigroups and semigroup rings
are the main tools we use in this thesis. In this section, we gather the basic
ideas and results needed onwards. We define the ring of invariants of a finite
subgroup of GL(n + 1,K) acting on R. We address the internal structure of
the ring of invariants by means of describing a minimal set of generators and
determining the Hilbert function and series. On the other hand, we discuss
the CM property of these rings and a geometric interpretation, which plays
a central role in next chapter. We mainly follow [77], [81] and [9].

Let A € GL(n + 1,K) be a finite group of order |A|. For any pair
(A, f) € A x R the assignation A(f) = Ao f defines a natural action of A
on R. A polynomial f € R satisfying A(f) = f for all A\ € A is called an
imwvariant of A. Any finite group A admits invariants.

Theorem 1.3.1. Let A C GL(n + 1,K) be a finite group. Then there exist
n+ 1, but not n + 2, algebraically independent invariants of A.

Proof. See [81, Proposition 2.1.1]. O

RM={f € R | MNf) = f, VA € A} is called the ring of invariants of
A or the algebra of invariants of A. It has the structure of a K—subalgebra
of R. The above theorem is equivalent to say that R* has Krull dimension
n+ 1. R® inherits a natural grading R* = @R, R} = R, N RA.

Definition 1.3.2. Let A C GL(n+1,K) be a finite group of order |A| and e
a |A[th primitive root of 1 € K. The cyclic extension of A is the finite group
A C GL(n + 1,K) generated by A and the diagonal matrix diag(e,...,e).
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The ring of invariants of the cyclic extension A of A is the graded
K—subalgebra R* = ®soRY, R = Rﬁ Ap» called the [A[th Veronese subal-
gebra, of RA.

Definition 1.3.3. Let A C GL(n + 1,K) be a finite group of order |A|. A
finite set {f1,..., f,} C R" is called a set of fundamental invariants of A if
fi,..., fr generate R as a K—algebra, i.e. R* =K[f,..., f.].

The existence of a finite set of fundamental invariants of R* is granted
by Noether’s degree bound:

Theorem 1.3.4. Let A C GL(n+1,K) be a finite group of order |A|. Then
R" is generated by no more than Nyq1,a) homogenous invariants of degree
not exceeding |A|.

Proof. See [77, Theorem 1.2] and [87, viir §15]. O

Thus, if B; is a K—basis of the vector space R, i = 1,...,|A|, then
B =B U---U By generates R*. However, B is not necessarily a minimal
set of fundamental invariants and a complete description of such a set of

generators is, in general, unknown.

Example 1.3.5. (i) Let d > 0 be an integer, e a dth primitive root of 1 € K
and we denote by Gy C GL(n + 1,K) the finite cyclic group of order d
generated by diag(e,...,e). RE is the dth Veronese subalgebra of R and
a minimal set of fundamental invariants of Gy is the set of N, 4 < Np114
monomials of degree exactly d (see also Example 1.2.17(i)).

(i) Let e be a 3rd—primitive root of 1 € K and A = (diag(1,e,e?)) C
GL(3,K) a cyclic group of order 3. The set of all monomial invariants of
diag(1, e, e?) is a K—basis of R} By Noether’s degree bound, the following
{xo, 22, 11709, T3, X910, 3, 23} is a set of fundamental invariants of A and
R™ is minimally generated by {wg, 1172, 3, 23}

(ili) Let A be the cyclic extension of A in (ii), i.e. the finite abelian group
of order 9 generated by diag(1, e, e?) and diag(e, e,e). RN = D=0 RS, is the
3rd Veronese subalgebra of RY. We have that {23, 23, 23, zgz12,} € R and

a monomial m = xy°z{'x5? is an invariant A if and only if (ag, a1, a2) is a
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72 ,—solution of the linear system of congruences:

(%) v + o+ oy = 30

At oo+ 2y = 3ty

for some t1,t, € Zso (Example 1.2.17(ii)). R» = K[H 4], where H4 C 73,
is the normal affine semigroup generated by (3,0,0),(0,3,0),(0,0,3) and
(1,1,1).

(iv) The dihedral group Da.3 of order 6 can be represented in GL(2,K) as
the linear group of order 6 generated by the matrices:

e O 01
M:(Oeg) and a:(lo),

where e is a 3rd primitive root of 1 € K. A minimal set of fundamental
invariants of Do is {xg, z172, 23 + 23} and RP** = K[z, 7129, 23 + 23] is a
non standard grading polynomial ring.

Hilbert function and Hilbert series. The Hilbert function
HF(RA7 O) : ZZO — ZZO

of the ring of invariants R is defined by HF(R* t) := dimg R}. Fix t > 1
and a K—basis C; = (f1,..., fn,) of the N, ;—dimensional vector space R;.
If A € A, we denote by A® . R, — R, the induce linear transformation on
Ry, i.e. the N,; x N, ; matrix whose ith—column is the coordinate vector
of A(f;). In this linear setting, R appears as the invariant subspace of R; :

{ve KM | AUy =u, VA€ A},

which provides the following expression:

1
HF(RMt) = — Ztraee(k(t)).
A
The Hilbert series of R*, also called the Molien series of A, is the formal
series:
HS(R,z) = > HF(R"1)2".

>0

In [65], Molien gave an explicit formula for HS(R", z) in terms of the elements
of A C GL(n + 1,K). More precisely,
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Theorem 1.3.6. Let A C GL(n+1,K) be a finite group of order |A|. Then
the Molien series of A is given by

1 1
H A P — - -
SIS 2) = % det(Id —20)’

where Id denotes the identity matrix.

Proof. See [9, Theorem 6.4.8] or [77, Theorem 2.1]. O

Example 1.3.7. (i) Let d > 0 be an integer and RV C GL(n + 1,K)
the dth Veronese subalgebra of R (Example 1.3.5(i)). The Hilbert function
of RY is HF(R®V,t) = dim(R;) = N, if ¢ is a multiple of d and it is
HF (R, t) = 0 otherwise. By Theorem 1.3.6, we have that

D..

-1

1

1
G § —
R 14 Z Nntdz = E W

t>0

>
Il

0

(ii) Let e be a 3rd primitive root of 1 € Kand A = <diag(1, e,e?)) C GL(3,K)
a cyclic group of order 3. We have A = {Id, diag(1, e, €?), diag(1, e? e)}. So,
by Theorem 1.3.6,

Ao 11 2\ 42241
R =s\a= Vo2 " T—au_ar

Expanding HS(R", z), we obtain:

2 .
B30 if ¢ = 0mod (3)

HF (R t) =
t24+3t+2

- otherwise.

(iii) Take the cyclic extension A of A (Example 1.3.5(iii)). As a direct con-
sequence of (ii), the Hilbert function and series of R* are, respectively:

2 .
7 B340 jf ¢ = O0mod (3)

HF (R t) =
0 otherwise.

~ S+ 41
ENTEEE
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The Cohen—Macaulay property. For any finite group A C GL(n+1,K),
R" is a CM ring. This fundamental result was proved by Hochster and
Eagon [52] as a consequence of the existence of a Reynolds operator for the
pair (R, R*) and the fact that R is integral over R*. In general, if A’ is a
subring of a ring A, a Reynolds operators for (A, A’) is an A’—linear map
¢ : A — A’ such that the restriction of ¢ to A’ is the identity. The existence
of such a map is equivalent to the fact that A’ is a direct summand of A as
an A’—module.

Proposition 1.3.8. Assume that there exists a Reynolds operators for the
pair (A, A"). Then,

i) for every ideal I of A" one has IANA" = 1.
(1) f Y

(ii) If A is a noetherian ring, then A’ is a noetherian ring.

(ii) If y1,...,y, is an A—reqular sequence in A’, then it is an A'—regular
sequence.
Proof. See [9, Proposition 6.4.4]. ]

Theorem 1.3.9. Let A be a CM ring and A’ a subring of A such that there
exists a Reynolds operator for (A, A"). If A is integral over A’, then A’ is a
CM ring.

Proof. See [52, Proposition 12]. O
For the pair (R, R"), the assignation
1
o(f) =72 M), feR
bt

defines a Reynolds operator. On the other hand, set z an indeterminate, let
f € R and consider the following polynomial

ps(2) = [[(= = A(f)) € R[Z].

AEA

ps(2) is a monic polynomial in z of degree |A| with coefficients in R*. Fur-
thermore, since Id € A, we have that f is a solution of the equation ps(z) = 0.
So, R is integral over R™.
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Proposition 1.3.10. For any finite group A C GL(n + 1,K), R* is a CM
Ting.

Proof. See [52, Proposition 13]. ]

By Noether’s graded normalization theorem (Theorem 1.1.19) and The-
orem 1.1.20, there exists a h.s.o.p 6y,...,0, of R such that R® is a free
K[0y,...,0,]—module. This approach appears as an standard alternative
for proving R is a CM ring (see, for instance, [77] and [81]). In subse-
quently chapters, we will take advantage of this strategy, which is useful to
understand the structure of R* when A acts diagonally on R, as well as its
Hilbert series.

We end this section with the geometrical interpretation of the ring R*.

Let B ={f1,...,fr} be a minimal set of fundamental invariants of A, take
variables wy, ..., w, and S = Klwy,...,w,]. The assignation p(f;) = w;,
i=1,...,r, defines an epimorphism of rings p : S — RA.

Theorem 1.3.11. Let A C GL(n+1,K) be a finite group, B={f1,..., f+}
a minimal set of fundamental invariants of A and g : A"t — A" be the
morphism defined by (fi,...,f,). Then, R® is the coordinate ring of the
affine variety X := pg(A"™) C A". Moreover, X is an aCM variety. O

The ideal I(X') = ker(pg) of X is often called the ideal of syzygies among
fi,.-., fr, denoted syz(fi,..., f,) (or syz(B) for simplicity). The projective
version of Theorem 1.3.11 is true when B is a minimal set of fundamental
homogeneous invariants of A all of the same degree. Furthermore, since
R? contains an h.s.o.p of R, B induces a morphism of projective varieties
@i P" — P"~!. Hence, R" is the homogeneous coordinate ring of an aCM
projective variety X = pg(P").

Since Veronese varieties play a central role through this thesis, we intro-
duce the following notation.

Notation 1.3.12. Let n,d > 1 be integers and M,, 4 = {my,...,my, ,} C
R the set of monomials of degree d, ordered lexicographically. The Veronese
variety X, 4 C PVn¢7! is the image of the Veronese embedding of P"

Upd: P" — PNna=t

which sends a point p = (yo : ... : yn) € P" to vpa(p) = (ma(p) : -+ :
MmN, q(p)) € Pnal,
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Example 1.3.13. (i) Let n,d > 1 be integers and RV the dth Veronese
subalgebra of R (Example 1.3.5(i)). The set M,, 4 C R of all monomials of
degree d is a minimal set of fundamental invariants of Gy and RV is the
homogeneous coordinate ring of the aCM Veronese variety X,, 4 C PNea™1,

(ii) Let d > 1 be an integer. We set S = Klyo, ..., ya]. The rational normal
curve of degree d is the Veronese curve X4 C P?. Tt is the image of the
morphism

vig: Pt —= P g(moay) = (@ al ey ezt ).

The homogeneous coordinate ring A(X;4) of the rational normal curve
X14 C P? is isomorphic to the dth Veronese subalgebra of K[zg,z;]. The
homogeneous ideal I(X;4) C S is generated by the (g) quadrics obtained
from the 2 x 2 minors of the matrix

Yo Y1 - Yd-1
Yy Y2 - Yd '
A minimal graded free S—resolution of A(Xj,) is given by the Fagon-
Northcott complex:
0 — S(—d)™" — S(1 —d)=2 ... 5 §(i —d)I()
_ay2(9) —9()
— o — 9(=3)"8) — 5(-2)\2) — S — S/1(X14) — O.
A(X1 4) is a level ring of CM—type d — 1.
(iii) Set S = K[yo, y1, Y2, Y3, Y4, ys]. The Veronese surface X,5 C P is the
image of the morphism

. 2 5 . . _ 2. . 2 .2
Vos : P* — P°, was(mo 1t wa) = (25 1 XXy @ ToTa © X7 L T1T2 1 T3).

The coordinate ring A(Xs5) of X55 C P? is the 5th Veronese subalgebra of
K[z, 21, 23]. The homogeneous ideal I(X55) C S of Xy 5 is generated by the
quadrics obtained from the 2 x 2 minors of the symmetric matrix

Yo Y3z Ya
Ys Y1 Ys
Ys Ys Y2
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A minimal graded free S—resolution of A(Xy5) is:
0 — S(—4)* — S(=3)® — S(-2)° — S — S/1(Xy5) — 0.

A(Xy5) is a CM level ring of CM-type 3.

(iv) Take A = (diag(1,e,e?)) C GL(3,K) a cyclic group of order 3, where
e is a 3rd primitive root of 1 € K (Example 1.3.5(iii)). {zf, 2}, 23, zor122}
is a set of fundamental invariants of its cyclic extension A and R* is the

homogeneous coordinate ring of the aCM cubic surface X = V(w3 —wwows)
in P? (Example 1.2.11).

1.4 Artinian ideals and the weak Lefschetz property

We finish this preliminary chapter presenting the weak Lefschetz properties
of artinian algebras. It provides context and motivation for developing the
results of this dissertation. We begin with the following definition.

Definition 1.4.1. Let J C R be an homogeneous artinian ideal and A =
R/J =: ,-, Ai the associated artinian graded K—algebra. We say that A
(or J) has the weak Lefschetz property (WLP) if there exists a homogeneous
linear form L € A; such that for all i > 0, the multiplication map

XL : Az — Ai+l
has maximal rank, i.e. it is injective or surjective.

In [80], Stanley proved that any monomial complete intersection J =
(x5, ..., 2%) of R has the WLP. Since then, the weak Lefschetz property
of artinian graded K—algebras have been extensively studied, from many
different perspectives, as one can see in [86, 67, 61, 62, 41, 40]. The natural
problem of determining which artinian K—algebras hold or fail the WLP
remains open and a deeper research is needed to understand which conditions
prevents such algebras from having the WLP. We say that A fails de WLP in
degree 1 if for any linear form L € A, the multiplication map xL : A;) —
A;,+1 does not have maximal rank. By abuse of notation, we say that the

ideal J has the WLP (respectively fails the WLP in degree 7).
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Example 1.4.2. (i) The ideal J = (23,23 23, (v + 71 + 22)%) C R =
K[xg, x1, 23] has the WLP. Take L = zq + 21 + 3x2, the multiplication map
xL:(R/J); — (R/J)i+1 has maximal rank for all ¢ > 0.

(ii) The ideal J = (z3, x1, 23, 23, voz17273) C R = K[z0, 71, T9, 73] fails the
WLP in degree 5. J is a monomial ideal and, as we will see in Proposition
1.4.3, it suffices to show that the multiplication by z¢g + x1 + 22 + 23 € R;
does not have maximal rank. Indeed,

X(.CEO + 21+ 2o +.T3) : (R/J)5 — (R/J)6
is neither injective nor surjective.

In this thesis, we mainly work with monomial artinian ideals J C R.
For a monomial artinian ideal J C R to check if J has or fails the WLP it
suffices to prove the behaviour of the multiplication map by the linear form
o+ x1+ -+ x, € R. Indeed, we have:

Proposition 1.4.3. Let J C R be a monomial artinian ideal and set L =
ro+x1+---+x, € Ry. Then, J has the WLP if and only if the multiplication
map XL : (R/J); — (R/J)i+1 has mazimal rank for all i > 0.

Proof. See [62, Proposition 2.2]. O

In [7], Brenner and Kaid showed that any ideal of the form

J = (ZL’%, 17?, lga f(l’o, xy, 1’2)) - K[an Ty, $2]7
where f(zg, 21, x2) is a homogeneous polynomial of degree 3, fails the WLP
in degree 2 if and only if f(zq, 21, x2) belongs to the monomial ideal

T = (x5, 23, 23, Tor12) C Klag, 21, 2o, (1.4.1)

On the other hand, in [82] and [83], Togliatti proved that the only smooth
projection of the Veronese surface Xp3 C P? in P° satisfying a Laplace
equation of order 2 and parameterized by an ideal I generated by forms of
degree 3 such that I;' is an artinian ideal, where I~ denotes the inverse
system of I (Definition 1.4.4), is the smooth rational surface parameterized

by

T = (v5r1, om0, ToTT, T3, T2, T175) C Klxg, 1, 72). (1.4.2)
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If we look at the systems 7" and T, we realize that T is the Macaulay’s in-
verse system of T', and vice versa. Motivated by these facts, in [59] Mezzetti,
Miré-Roig and Ottaviani established a connection between artinian ideals
failing the WLP and the existence of rational varieties satisfying at least
one Laplace equation. To state the result we need first to recall the notions
of Macaulay’s inverse system and Laplace equations.

Take new variables z, . . ., 2, and R=K][z, ..., 2,]. Let m = 23 - - - 29 €
Rand § = z°---z» € R be two monomials and we define m o § =
200700 L phnman i > g for all i = 0,...,n, and m o d = 0 otherwise.

Extended by linearity, o induces an operation on R that structures it as an
R—module.

Definition 1.4.4. Let J C R be an artinian ideal. The Macaulay’s inverse
system of J, denoted by J~!, is the R—module {f € R | Jo f =0}.

J~1 inherits a natural grading ®y>¢J; ' from R, where J; ! := J' N R,.
In the monomial case, by abuse of notation, we regard J~! in R by the linear
change of variables which sends z; to x;, ¢ = 0,...,n. In particular, if J is a
homogeneous artinian ideal generated by monomials Fi, ..., F, of degree d,
then Jd_l is the K—vector space with monomial basis M,, 4 \ {F1,..., F.}.

On the other hand, let fi,..., f, € R be homogeneous polynomials of
degree d and ¢ : P" --» P""! be a rational map defined as (f; :...: f,). We

denote Y = ¢(P") and let p = p(po) withpo = (yo : ... 1 yn) € V(f1,-.., fr).
The sth osculating space of Y at p is the K—vector space TISS)Y spanned
by all partial derivatives of ¢ of degree s evaluated at py. We denote by
TI(,S)(Y) its projectivization. The expected dimension of ']I‘és)Y is Nps — 1.
Nevertheless, linear dependences among the derivatives of ¢ at pg may occur,
leading to the following definition.

Definition 1.4.5. Let Y C P" be as above. We say that Y satisfies 0 < y €

Z Laplace equations of order s if the following two conditions are satisfied.

(i) For all smooth points p € Y, dim(TS)Y) < N, — 1.

(ii) There is a general point ¢ € Y such that dim('JI‘gs)Y) =N,s—1—x.
The result relating artinian ideals failing the WLP and varieties satisfy-

ing at least one Laplace equation, also known in the literature as the Tea
theorem, is the following:



Preliminaries 29

Theorem 1.4.6. Let J C R be an artinian ideal generated by r forms
Fi,...,F, of degree d and let J=! be its Macaulay’s inverse system. If r <
Ny_1,4, then the following conditions are equivalent.

(i) J fails the WLP in degree d — 1.

(ii) Fy,...,F, become K—linearly dependent on a general hyperplane H C
P,

(7ii) The n—dimensional variety Y := o(P") satisfies at least one Laplace
equation of order d — 1, where ¢ = P* —-» PNna="=1 s the rational
map associated to J;".

Proof. See [59, Theorem 3.2]. O

As a consequence of the above theorem and in honour to Togliatti, the
authors of [59] introduced the following definition:

Definition 1.4.7. A Togliatti system is a homogeneous artinian ideal J =
(F1,...,F,) C R generated by r < N,,_ 4 forms of degree d satisfying the
three equivalent conditions in Theorem 1.4.6.

Example 1.4.8. (i) J = (z3, 2}, 23, 323, vorizy) C R = K[z, 11, 72) is a
monomial Togliatti system generated by r = 5 monomials of degree d = 4.
The inequality r < N,,_; 4 is satisfied. Take L = z¢y + 21 + 22 € R;. The
multiplication map xL : (R/J);s — (R/.J)4 is not injective. By Proposition
1.4.3, J fails the WLP in degree 3. By Theorem 1.4.6, .J is a Togliatti system.

(ii) J = (2§, xgw1m9, i3, w3d, 28425, 23 (23 +23), vo (2w +2123)) C R =
K[zg, x1, 23] is a non monomial Togliatti system generated by r = 7 forms
of degree d = 6. The inequality » < N,,_; 4 is satisfied. As a consequence of
Proposition 4.2.9, J fails the WLP in degree 5. Indeed, J is generated by a
minimal set of fundamental invariants of the dihedral group D3 C GL(3, K)
of order 6 generated by the matrices:

1
0 and
0

o 0 O
o OO
o O =
—_— o O
O~ O

where e is a 3rd primitive root of 1 € K.
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To any Togliatti system J, we can associate, in a natural way, two pro-
jective varieties which will play a central role in this thesis. In fact,

(i) Since J is an artinian ideal, it induces a morphism ¢; : P* — P!
defined by (Fy : --- : F,). Its image X := ¢, (P") is an n—dimensional
projective variety called a wvariety parameterized by the Togliatti system J.

(ii) The n—dimensional variety ¥ parameterized by a K—basis of J;' is
called a Togliatti variety.

We say that X is apolar to Y, and vice versa.

Definition 1.4.9. (i) A Togliatti system J is called a monomial Togliatti
system if it can be generated by monomials.

(ii) A Togliatti system J is called a smooth Togliatti system if the associated
Togliatti variety Y is smooth.

Let J = (Fy,...,F,) be a Togliatti system generated by r < N,_; 42
forms of degree d. Its Togliatti variety Y exhibits a non expected behaviour:
it satisfies at least one Laplace equation of order d — 1. Since [59], many
works have focused on the study of Togliatti systems, Togliatti varieties and
the varieties parameterized by them, as for example [58, 57, 60, 64, 20, 17,
18, 19, 21, 1, 23]. The earliest ones deal with the problem of classifying
them in terms of number of generators or minimality. Nevertheless, the
failure of the WLP does not impose, in general, other conditions on the
structure of a Togliatti system, neither statements (ii) and (iii) of Theorem
1.4.6. In [57], a new family of Togliatti systems was introduced, the so called
Galois—Togliatti systems (shortly GT—system).

Definition 1.4.10. A GT—system is a Togliatti system J = (F},..., F,) C
R generated by r < N,_;4 forms of degree d whose associated morphism
@y : P" — P is a Galois covering with a finite cyclic group Z/dZ.

Before continuing, we present the notion of Galois covering and gather
some related results needed in the sequel.

Galois coverings. We recall that a covering of a variety X is a pair
(Y, f), where Y is a variety and f : Y — X is a finite morphism. The
group of deck transformations Aut(f) is defined as the subgroup of Aut(Y)
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commuting with f. We say that f : Y — X is a covering with group
Aut(f).

Definition 1.4.11. A covering f : Y — X with group Aut(f) is a Galois
covering if Aut(f) acts transitively on a fibre f~!(x) for some z € X.

When a group A acts on a variety X, there is a natural way to construct
Galois coverings.

Definition 1.4.12. Let A be a group acting on a variety X. A quotient of
X by A is a variety Y and a surjective morphism p : X — Y such that
any morphism p : X — Z to a variety Z factors through p if and only if
p(x) = p(A(x)), for all z € X and A € A.

Remark 1.4.13. If it exists, the quotient variety is unique up to isomor-
phism and it is denoted by X/A. In particular, the morphism p : X — X/A
verifies that if z,y € X, then p(x) = p(y) if and only if A\(z) = y for some
A €EA

Proposition 1.4.14. Let A be a finite group acting on an affine variety X.
Then, X/A is the affine variety whose coordinate ring A(X/A) is the ring of
reqular functions on X invariants of A, and m : X — X/A is the quotient
of X by A.

Proof. See [74, §12, Proposition 18|. [

Proposition 1.4.15. Let A be a finite group acting on a projective variety X
and X /A its quotient space. If the orbit of any point x € X is contained in an
affine open subset of X, then X /A is a projective variety and m : X — X/A
1s the quotient of X by A.

Proof. See [74, §12, Proposition 19]. [

Proposition 1.4.16. Let X be an irreducible projective variety and A C
Aut(X) be a finite group. If the quotient variety X/A exists, then w: X —
X/A is a Galois covering with group A.

Proof. Set A = {\1,...,\,;,1d}. The group Aut(m) consists of all automor-
phisms of X commuting with 7. If f : X — X belongs to Aut(n), then
for all z € X we have 7(f(z)) = m(z). For any x € X, there exists \; € A



32 Artinian ideals and the weak Lefschetz property

such that f(x) = \i(z), and hence X = V(f — A\)U---UV(f —\,). The
irreducibility of X allows us to conclude that f = )\;, for some \; € A.
Therefore, Aut(w) = A and it is clear that given 7(z) € X/A, the fibre
71 (n(z)) = Ay, so Aut(m) = A acts transitively on 7 1(7(x)). O

When X is the n—dimensional projective space P", a finite group A of
automorphisms of X can be regarded as a finite subgroup of GL(n + 1, K).
If B={g,...,9-}is a minimal set of homogeneous fundamental invariants
of A of the same degree deg(g;) = d, i = 1,...,r, then the quotient variety
P"/A is the projective variety of P"~! whose homogeneous coordinate ring
is the ring R* of invariants. In particular, we have the following.

Proposition 1.4.17. Let A C GL(n+1,K) be a finite group of order |A| and

B ={g,...,9-} a minimal set of homogeneous fundamental invariants of
A with deg(g,) = -+ - = deg(g,) =: d. Let g : P" — P! be the morphism
defined by (g1 : -+ : g.). It holds:

(i) R™ is the homogeneous coordinate ring of the projective variety X :=
op(P") C P"=1. Thus X is the quotient variety P" /A and it is an aCM
variety.

(ii) pp: P" — P is a Galois covering of X with group A.

(iii) The homogeneous ideal of X is the ideal syz(B) of syzygies among the
mvariants gi, ..., gr.

Proof. (i) and (iii) They follow from the projective version of Theorem
1.3.11.

(ii) It is a consequence of Proposition 1.4.16. O

The above result evinces a closed connection between G'T'—systems and
the theory of invariants of finite groups and rouses attention for the vari-
eties parameterized by them. Recently in [19], Definition 1.4.10 has been
generalized as follows.

Definition 1.4.18. Let A C GL(n + 1,K) be a finite group of order d
with 2 < n < d. A Togliatti system J C R generated by r < N,_14
forms Fi,..., F,. of degree d is said to be a GT—system with group A if the
associated morphism ¢ : P* — P"~! is a Galois covering with group A. In
this case, X = ¢ (P") is called a GT—variety with group A.
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Monomial G'T'—systems with a finite cyclic group have been treated sub-
sequently in [57], [18] and [17]; while in [19] the authors studied GT—systems
with the dihedral group acting on K|xg, 21, x5]. In fact, GT —systems with a
dihedral group form the first known family of non-monomial G'T'—systems,
which we will study in detail in Chapter 4. In [17] and [19], the authors ap-
plied invariant theory techniques to tackle GT —systems with group a finite
cyclic group or a dihedral group, and their associated varieties.

Example 1.4.19. (i) Take n = 2, d = 3, e a 3rd primitive root of 1 € K
and A = (diag(1,e,¢e?)) C GL(3,K) a cyclic group of order 3. Its cyclic
extension A = (diag(1, e, €?), diag(e, e, e)) C GL(3,KK) is an abelian group of
order 9. A minimal set of fundamental invariants of A is {a3, 23, 23, woz 29}
(Example 1.3.5(iii)). The ideal generated by them is the Togliatti system T'
(see (1.4.1)) described by Brenner and Kaid and, as we pointed out before,
it is the first Togliatti system that appears in the literature. It follows
from Proposition 1.4.17 that 7" is a GT—system with group A (see also [17,

Corollary 3.4)).

(ii) As another example of GT—system with finite cyclic group have: take
n = 3,d = 4, e a 4th primitive root of 1 € K and A = (diag(1,e, €% €?)) C
GL(4,K) a cyclic group of order 4. There are r = 10 monomial invariants
of A of degree 4 (]20, Example 3.2]):

4 4 2 2,2 .2 4 2 2,2 2 4
Loy L1, ToX1 L2, Lnlo, LoX1L3, Loy L1X X3, L1 Ly, LoL2Tg, Tg.

They form a minimal set of fundamental invariants of the cyclic extension
A = (diag(1,e,e? e%),diag(e, e, e,e)) C GL(4,K) of A ([17, Theorem 3.1]).
The ideal J generated by them fails the WLP in degree 3. By Propositions
1.4.17 and 1.4.3, J is a GT—system with group A (see also [20, Proposition
3.3] or [17, Corollary 3.4]).

(iii) The dihedral group Ds.4 of order 8 can be represented in GL(3,K) as
1 00

the group generated by the matrices M = diag(1,e,e?)ando = [0 0 1],
010

where e is a 4rd primitive root of 1 € K. Its cyclic extension Doy =
(M, o,diag(e, e,e)) C GL(3,K) is a non abelian group of order 64. A mini-
mal set of fundamental invariants of Dy 4 is the following set of = 9 mono-

mials and binomials of degree 8: {z§, 25z 79, x3x3x3, x3xied vix], vd(x] +
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x3), w3 (25w + 2123), 2823 + 2328, 28 + 25} (Example 3.3.12(ii)). By Proposi-
tion 4.2.9, the ideal generated by them is a non monomial GT'—system with
group Ds.4.



Chapter 2

Invariants of finite abelian groups and aCM
projections of Veronese varieties.
Applications

In this chapter, we relate invariant theory of finite groups to the longstand-
ing problem, posed by Grobner in [39], of determining when a monomial
projection Y,, 4 of the Veronese variety X, 4 C PNna=1 is an aCM variety.
Y,.q C P#na~1is a projective variety parameterized by a subset Qpag CMpq
of ptna < N, 4 monomials of degree d. As a nice family of examples we
prove: the set B; of monomial invariants of degree d of a finite diagonal
abelian group G C GL(n+ 1, K) of order d parameterizes an aCM monomial
projection X, of the Veronese variety X,, 4 C PV¢~! (Theorems 2.2.11 and
2.2.18). We call Xy a G—variety with group G and we show that the homo-
geneous coordinate ring of Xy is isomorphic to the dth Veronese subalgebra
of R, i.e. thering RY of invariants of the cyclic extension G C GL(n+1,K)
of G. Set |B;| = g and ¢p, : P* — P*a~! the morphism defined by B;. We
show that ¢p, is a Galois covering with group G' and that the ideal I, C R
generated by B; is a GT—system with group G (Definition 1.4.18), provided
pa < Np—14 (Proposition 2.3.1).

This chapter is structured as follows. In Section 2.1, we give an outlook
on the state of the art of the Grobner’s problem from a historical point of
view. We gather the main results, techniques and contributions towards
this subject from the standpoint of deciding when a monomial projection
Y,a C PHna=l of the Veronese variety X,, 4 C PVud=! is an aCM variety in
terms of the deleted monomials M,, 4\ Q4.

In Section 2.2, we study the ring of invariants of a finite diagonal abelian
group G C GL(n+1,K) of order d. We focus on determining a minimal set of
fundamental invariants of its cyclic extension G C GL(n + 1,K) (Definition

35
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1.3.2). Our main result proves that the set 13; of monomial invariants of G
of degree d generates the algebra R“ (Theorem 2.2.11). The arguments we
develop to achieve our goal are combinatorics and involve the notions of zero-
sum sequences and the Davenport constant, which are introduced along some
results on this topic. In Subsection 2.2.1, we give a concrete h.s.o.p of R% and
its corresponding Hironaka decomposition. We introduce G—varieties Xy
with group G and we established that they are aCM monomial projections
of the Veronese variety X,, 4 C PNnd=1 The main results of this section for
finite cyclic groups G C GL(n + 1,K) have been published in [17].

In Section 2.3, we analyse the WLP of the monomial artinian ideal I
generated by the minimal set B; of fundamental invariants of G. We show
that I; is a GT—system with group G, provided pg < N,_14 (Proposition
2.3.1) and we exhibit examples showing that GT'—varieties with group G are
a wealth subfamily of G—varieties. Moreover, they are monomial projections
of Veronese varieties such that their apolar variety (Theorem 1.4.6) satisfies
at least one Laplace equation of order d — 1.

In Section 2.4, we introduce a new family of monomial projections of the
Veronese surface Xy 4 which are aCM surfaces (Theorem 2.4.10 and Corollary
2.4.12). They are parameterized by Togliatti systems which naturally arise
from GT —systems with a finite cyclic group. Nevertheless, their coordinate
rings are neither the ring of invariants of any finite group nor they correspond
to the semigroup ring of a normal affine semigroup. The content of this last
section has been published in [17].

2.1 Monomial projections of Veronese varieties

The Veronese variety X, 4 C P¥na~! is the variety parameterized by set
M, a4 C R of monomials of degree d. As we observed before, the Veronese
variety X, 4 C PNn.a=1 is the image of the Veronese embedding Upg ' P" —
PNna=l defined by M, 4. Given a subset Q,q C Mg of ppa < Nug
monomials, we denote by ¢q, , : P* — P#na”! the rational map de-
fined by €2,4 and we say that Y, 4 := ¢q, ,(P") C Ptna=l is the mono-
mial projection of the Veronese variety X, 4 parameterized by €, 4. Set
PVna=t = Proj K[wmm,Jm,em, o S0, we have the commutative diagram:



Invariants of finite abelian groups. 37

Un.d
Il Xn,d
m
Yn d

)

where 7 is the projection of the Veronese variety X, 4 C P¥»4~! from the
linear subspace generated by the coordinate points (0 : ---:0:1:0:---:
0) € PNna=1 with 1 in position ¢ such that m; € (2, 4 to the linear subspace
V(wp,, m; € Qng) C P¥a=l In particular, Y, 4 C Pti! is called a
simple monomial projection if 2, 4 is obtained from M,, 4 by deleting only
one monomial.

The homogenous coordinate ring of Y;, 4 C P#nd~! is isomorphic to the
semigroup ring K[, 4] C R associated to the monomial semigroup gener-
ated by Q,4. Thus, K[, 4] is the semigroup ring of the affine semigroup
H(Q,q4) C Z%5' (Section 1.2). For the Veronese variety X, 4 C PNna=1
K[M,,.q] is called the dth Veronese subalgebra of R. In [39], Grébner proved
that for any integers n,d > 1, K[M, 4] is a CM ring and showed a
family of simple monomial projections of X, ; whose homogeneous coor-
dinate rings are not CM rings. Precisely, fix integers 2 < n, 4 < d and
let Qpq = Mya\ {28222}, The author proved that K[, 4] is not a CM
ring. Actually, this family generalizes the first known example of a non CM
domain Kxg, z3x1, zox?, z1], given by Macaulay in [55]. Geometrically, it
corresponds to the homogeneous coordinate ring of the rational quartic in
P3 obtained as the monomial projection of the rational normal curve X 14
of degree 4 in P* = Proj(K[wg, w1, ws, w3, wy]) from the coordinate point
(0:0:1:0:0) to the hyperplane V (wy) C P4 Observe that the monomial
projection of the rational normal curve X; 4 C P* from the coordinate point
(1:0:0:0:0) to the hyperplane V (wj) is a rational twisted cubic in P3
and, hence, it is an aCM curve. Motivated by this behaviour, at the end of
[39] Grobner posed the following problem.

Problem 2.1.1. To determine which monomial projections Y, 4 C PHn.a—1
of the Veronese variety X, 4 C PNni™! are aCM varieties.
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From the point of view of semigroup rings, this formulation can be re-
garded as the problem of characterizing when a semigroup ring is a CM ring
in terms of its associated semigroup. The first fundamental contribution to-
wards this topic is due to Hochster [51], who proved that the semigroup ring
of any normal semigroup is a CM ring (Theorem 1.2.14). As an example
of a normal affine semigroup we have H(M,, 4) (Example 1.2.17(i)). Thus,
Hochster’s result provides a nice way of reproving that any Veronese variety
Xpg C PNVea=l ig an aCM variety. Actually, H(M,, 4) belongs to a bigger
family of normal affine semigroups which we have studied in Section 1.2.
Precisely, the Z2{!'—solutions of the linear systems of congruences:

oY + o+ upy, = tidy

(*)A;tl,.“,ts : :
ar0Yo + -+ Qr nlYn = t'rdr

where dy,...,d, € Z>p and A = (o, ;) is a r X (n + 1) matrix with coeffi-
clents o ; € Z>o. In [78], Stanley related these kind of semigroups to rings of
invariants of finite groups and studied the Cohen—Macaulay property. Nev-
ertheless, there are non normal semigroup rings which are CM rings. In
Section 2.4, we will introduce a new family of non normal CM semigroup
rings.

In [72], Schenzel positively answer Grébner’s problem (Problem 2.1.1) for
simple monomial projections of the Veronese variety X,, ; C P¥»a~1 Using
Hochster’s result, the author proved the following:

Theorem 2.1.2. Let n > 1 and d > 2 be integers, m = zy"---x¢" €
M, Qg = Myag\ {m} and Y, 4 the simple monomial projection of X, 4
parameterized by 0, 4. Then'Y, 4 is an aCM variety if and only if one of the
following cases holds:

(i) m = a4, for some 0 <i<n and alln > 1,
(ii) n =1 and m € {xd oy, mozd™ '},
(1)) n=d =2 and m € Mys.

Proof. See [72, Theorem 2, Proposition 2 and §4]. ]
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Notwithstanding, to determine whether a semigroup is a normal semi-
group could not always be an easy task, especially if its generators have been
chosen arbitrarily. The second fundamental contribution to the Grobner’s
problem, or in far greater generality, to determine whether a semigroup ring
is a CM ring is a criterion due to Goto, Suzuki and Watabane [35] and Hoa
and Trung [47] for simplicial semigroup rings. This result has been of key
importance in most of the subsequently attempts to solve Problem 2.1.1. It
will play a central role in Section 2.4.

Definition 2.1.3. An affine semigroup H C Z%}" is called simplicial if there
are Q—linearly independent elements ey, ..., e, € H verifying the following
condition: for any h € H there exist z, 29, 21, ..., 2, € Z>o with z > 0 such
that zh = zgeg + - - - + z,.€,.

For instance, if 2, 4 C M, 4 contains z¢, ..., x%, then H(Q, 4) is simpli-
cial.

Theorem 2.1.4. Let H C Z’;gl be an affine semigroup and set Hy := {h €
H | h+e €H and h+e; € H for some 0 <i# j <n}. Then, K[H] is a
CM ring if and only if H = H;.

Proof. See [35, Theorem 2.6] and [47, Corollary 4.4]. O

Remark 2.1.5. For simplicial normal affine semigroups H C Z;”gl, Theo-
rem 2.1.4 holds automatically since H C H; C H=H.

In [11], Cavaliere and Niese characterized aCM monomial projections of
the rational normal curve X; 4 C P4 whose coordinate rings are semigroup
rings of simplicial affine semigroups. In our notation, they are monomial
projections of X 4 C P? parameterized by a subset of monomials

Oy g = {af, aftaT " afr el 2},
where 1 < r < d—-—1and 1 < dy < dy < --- < d, < d are integers.

The authors combine the theory of numerical semigroups, i.e. semigroups
(21, .., 2p) of Zso with GCD(zy,...,2,) = 1, and Theorem 2.1.4 to give a
specific criterion ([11, Theorem 4.6]) of the CM property of such monomial
projections Y; 4 C P™™!. They applied their result to study the CM-type of
the homogeneous coordinate ring of Y} 4.
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Shortly after in [85], Trung dealt with monomial projections Y} 4 of the ra-
tional normal curve X; 4 C P4 in general. They are defined by non-decreasing
sequence of integers dy,...,ds+1 such that 0 =dy < d; < dy < d3 < --- <
dyr < dyr41 = d. Precisely, Y) 4 is parameterized by a subset of monomials

Qyq:= {xS‘“w‘f | a € U_g[dai, dait1]}s

where [dy;, do; 1] denotes the set of integers z with dy; < 2z < dy;q. The
approach consisted of determining whether the curve Y; 4 C P4 is an aCM
curve in terms of arithmetical relations between dy, dy, ..., ds,.,ds. 1. The
author distinguished the following three cases.

(a) d; = 0 and dy, = d,
(b) diy =0 and dy, < d,
(C) dy > 0 and ds, < d.

For (a) and (b) only partial solutions were found ([85, Theorem 2.1 and
Theorem 3.5]), while case (c) is completely settled in [85, Theorem 4.1 and
Remark 4.2]. Concretely, if d; > 0 and dy, < d, then Y; 4 is an aCM curve
if and only if it is the rational normal curve X;, C P Similarly, many
other works have tackled the Grobner’s problem and other related topics
for monomial projections of the rational normal curve X; 4 C P? (see, for
instance, [53, 44, 5, 46]).

The perspective of Schenzel in [72] was continued in a very natural way
as follows. In [84] (respectively [48]) a monomial projection Y, 4 of the
Veronese variety X,, 4 C P¥nd™! parameterized by €, 4 is called a double
(respectively triple) monomial projection of X, 4 if €2, 4 is obtained from
M.,,.q by deleting two (respectively three) monomials. Grébner’s problem
was successfully answered for double monomial projections of X, 4 by Trung
[84] and, shortly after, for triple monomial projections of X,, 4 by Hoa [48].
We remark that the techniques used in [72] do not apply for double and triple
monomials projections of X, 4 and the authors of [48] and [84] developed
different strategies for tackling these cases. In both works, they divided
the monomial projections in several types according to the classes of sum
representations of the elements of H(M,,4) and they checked case by case
when these monomial projections of X, 4 are aCM varieties. The precise
result for double monomial projections of X, 4 is collected in [84, Table II,
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pag 576-577]. Triples monomial projections of X, 4 are rather complicated,
they are split in nine different types and each one of them in several subtypes.
The result is gathered in [48, Tables A-E and §6].

Outcomes for simple, double and triple monomial projections of the
Veronese variety X,, 4 C PV»471 agree in the following extremal cases. Mono-
mial projections of X, 4 are aCM varieties when the deleted monomials
belong to {z&,...,z¢}. For n > 2, they are not aCM varieties when all
the coefficients of the deleted monomials belong to the relative interior
relint(H(M,,4)) = {(ao,...,a,) € HMpa) | ao---a, # 0} (Definition
1.2.7). We present generalizations of both statements.

Proposition 2.1.6. Let 0 < k < n be an integer and Q,q = Mya\
{xd, ... xi}. Then, K[Q,4] is a CM ring.

Proof. We prove that the affine semigroup H(Q, 4) C Z%}" is normal and
then the result follows from Theorem 1.2.14. We proceed by induction on
k > 0. The initial case k = 0 is H(M, 4 \ {z&}) and it is a CM ring by
Theorem 2.1.2. We fix 0 < k < n, we write (, ; = Q, 4U{z{} and we assume

by induction that H(S2; ,) is normal. We have that H(€2,4) C H(f;, ;) and
H(2,q) is normal. Let [ € H(Q,q4) with 20 € H(€2, 4), therefore [ € H(€], ;)
so | = zrep + ' with I € H(Q,4) and 2l = zzpep + 2I' € H(,4). Since
H(Q,.4) is normal, we obtain that zze, € H(€2, 4), which is a contradiction
unless z; = 0. So, [ =" and then | € H(Q,, 4). O

We set My q = {mq,...,my, ,} and let v, 4 : P* — P¥na~! be the
Veronese embedding given by (my,...,my, ,). We take variables w1,...,wy, ,
and S = K[w,...,wy, ,]. The homogeneous ideal I(X,, 4) of the Veronese
variety X,, 4 C PV~ is the homogenous binomial prime ideal generated by
all binomials of degree 2 of the form:

Nnd Nn,d Nn,a Np,a

H w; — H w’  such that H m;t = H mP, (2.1.1)

i=1 i=1 i=1 i=1
(see [39]). We denote by p,,, the coordinate point (0:...:1:0:...:0) €
PVna=1 with 1 in position i. From (2.1.1), it follows that Dady - - - Pad € Xna-
Moreover, if m; ¢ {z¢,... 24}, then p,,. ¢ X,q Indeed, we write m; =

xg® - - - % with at least a;, ar, > 0 for some j, k € {0,...,n}, j # k. We have
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md = (zd)% .- (z2)%. As a consequence 0 # w¢ — wzg - w;% € I(X,q) and
it does not vanish at p,,,. Geometrically, we have that monomial projections
of X, 4 from the linear space spanned by a set of coordinate points lying on
Xpq are aCM varieties.

We consider now the other extremal case. Given a monomial m =
200 .- 2% € R, we denote by I, = (ag,...,a,) € ZZ5" its associated lattice

point, it holds:

Proposition 2.1.7. Let 2 < n < d be integers and m;,, ..., m;, monomials
such that o, ... ln, € relint(H(M,,.4)). If Qpa = Mpa\ {mi,...,mi},
then K[$2,, 4] is a non CM ring.

Proof. For simplicity, we denote H(€2,, 4) by H and we set m := m,,. For each
i=0,...,n, we denote e; = (0,...,d,...) with d in position i. We consider
Hy :={h€ H | h+ € H and h+e; € H for some 0 < i # j <n}. We
write m = 23° - - - 2% [ := (ao, . . ., a,) € Z(H) and we prove that | € HNH],
by Theorem 2.1.4 it follows that K[(2, 4] is a non CM ring,.

Let M = LCM(ay,...,a,,d) and we set I’ :== MI. Then, we obtain
(Mag, ..., Ma,) = (dko,...,dk,) = Z;L:o k;(0,...,d,...,0), for certain
integers 1 < kg,...,k,. So, ! € H and hence [ € H. Since n > 2,
we set [1 := [ + (d,0,...,0) and I* := [ + (0,d,0,...,0). We see that
I' € H. Indeed, by hypothesis ag + -+ + a, = d and each a; > 0. Thus,
l # (ap + a1,0,a9,...,a,) € H and it follows that

I' = (ap +a1,0,ay,...,a,) + (d —ay,a,0,...,0) € H.
Analogously, I? € H(,,4), so [ € H; and the proof is complete. H

In Proposition 2.1.6 (respectively Proposition 2.1.7), €2,, 4 parameterizes a
monomial projection of the Veronese variety X,, 4 C PVnd¢=! from the linear
space spanned by a set of coordinate points on X, 4 (respectively outside
X,.a). However, this geometric conditions alone are not enough to conclude
whether a monomial projection of X, 4 is an aCM variety. For instance, for
n =2 and d = 3, the monomial projection Y53 C P? of the Veronese surface
X3 C PY parameterized by Qa3 = {23, 23, 23, rox129} is an aCM surface
and Y53 is a monomial projection of X, 3 from the linear space spanned by
a set of coordinate points outside X 3.
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In [49], Hoa considered the complexity of solving the Grobner’s problem
by applying Theorem 2.1.4. It is established that only a finite number of
operations are required to check the aCM property of an arbitrary projection
of the Veronese variety X, 4 C PV=¢71. However, as the author pointed
out, this number is very large and with the exception of projections of the
rational normal curves X; 4 C P?, the arithmetical conditions involved in
the criterion are very cumbersome. Computationally and algorithmically
approaches to Problem 2.1.1 can be found as well in [32, 33, 31]. Since
then, monomial projections of Veronese varieties X,, 4 have been the focus
of many other works from various perspectives either directly related to
Grobner’s problem (see, for instance, [70, 10, 54, 38, 37]) or indirectly (see,
for instance, [8, 50, 12, 44, 13]). Nevertheless, the Grobner problem of
determining the aCM property of monomial projections of Veronese varieties
X4 in terms of the deleting monomials M,, 4 \ €2, 4 remains open [72, 85,
84, 48]. In this thesis, we contribute to Problem 2.1.1 from this perspective
with new families of aCM monomial projections of the Veronese variety X,, 4
and a new family of non monomial projection of the Veronese surface X,
which blends invariant theory of finite groups, combinatorics and the weak
Lefschetz property of artinian ideals.

2.2 Invariants of finite abelian groups

In this section, we study the algebra of invariants of finite abelian groups
acting linearly on R. Precisely, let G C GL(n + 1,K) be a finite abelian
group of order d and G C GL(n + 1,K) its cyclic extension (Definition
1.3.2). We consider the natural action of G on R = K]z, ...,x,] which
sends (g, f) € G x R to g(f) = fog € R. Our main interest relies on the
internal structure of the dth Veronese subalgebra R of the ring of invariants
RY={fe R | g(f)=f, Vg € G} of G. The goal is to determine a minimal
set of generators of R® and to introduce a new family of aCM monomial
projections of Veronese varieties X, 4 C PN#d¢~! naturally related with RC.

For this purpose, we first observe that there always exists a linear change
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of variables
Yo = QooTo+ -+ AopTn

(%)a:

Yn = Qn,0%0 + - F Qpndn

with associated matrix A = (a;;), such that all matrices A~ 'gA, g € G,
are simultaneously diagonal ([6, Theorem 8, Chapter IX]). Thus, the groups
Gp=A"'GA={A'gA | g€ G} C GL(n + 1,K) and G are isomorphic
by A. Since the change of variables (x)4 induces a natural isomorphism of
rings RY = K[y, ..., y.]%4, we may assume that G is diagonal.

As a finite abelian group, G is a direct sum of cyclic groups

G=T1¢ -l CGL(n+1,K)

of order dy,...,ds, respectively, such that d = dy---d,. We write I'; =
(9:;;) € GL(n+ 1,K), j = 1,...,s. It follows that for any element g € G,
there are integers 0 < p; < d;, j =1,...,s, such that g = g* - - g7*. In the
diagonal setting, any matrix g;; is a diagonal matrix diag(Xo, ..., An), where
all A\, are d;th root of 1 € K. So, it is natural to consider the following
notation.

Notation 2.2.1. Fix integers 1 < n < d, ¢ € S5,,1 and e a dth prim-
itive root of 1 € K. We denote by Md 0 (01 () the diagonal matrix
diag(e®e© e ) where 0 < o < --- < a, < d are integers such that
GCD(d, ao, o ,an) = 1. In particular, for o = Id we just write Mg.q,....an

From now onwards, we fix integers 1 < n < d and a finite abelian group
G=I1& -l c GL(n+ 1,K) of order d = d; ---ds, where each
Iy € GL(n+ 1,K), i = 1,...,s, is a cyclic subgroup of G of order 1 < d;
generated by a diagonal matrix

disalg (0)r%, (n)”

We consider G’ € GL(n + 1,K) the cyclic extension of G, i.e. the diagonal

abelian group generated by M, ., e Mg, .0 0 () and the
o1 o1(n Os

diagonal matrix diag(e, ..., e), where e is a primitive dth root of 1 eK.

«
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Remark 2.2.2. With the above notation, let G1 = (M.q,...0,) C GL(n +
1,K) be a cyclic group of order d and o € S, 1. The actions of G; and
Gy = <Md;%<0>,_.7%<n)) on R are isomorphic by the linear change of variables
Yi = To(@;).- Therefore, we have an isomorphism R% =~ R% of rings. The
analogous assertion is not true in general for an arbitrary non cyclic abelian
group (see, for instance, Example 2.2.5(iii)). Nevertheless, for simplicity
we usually exemplify our results with finite abelian groups generated by
matrices Mg.a,...0, With ag < --- < @y, i.e. we assume that 0 =1d € S,4.

The ring R inherits the natural grading of R, that is R is the positively
graded K—subalgebra

RY=EPR{, Rf{:=R,NRC

t>0

We will focus on the subring RY c RC, which is the positively graded
K—subalgebra
R =EPR?. RS =R,
>0

In other words, each component RY is the K—vector space of all homoge-
neous invariants of G of degree td.

One of the fundamental problems of invariant theory of finite groups is
to determine a minimal set of generators of the ring of invariants, also called
a minimal set of fundamental invariants (Section 1.3). Precisely, for a given
finite group A C GL(n + 1,K) of order |A|, one wants to find a minimal set
of invariants {f1,..., fe} of A such that R* = K[fi,..., fx]. We recall that
one positive answer is Noether’s degree bound (Theorem 1.3.4). In a non
constructive way, it establishes that R* is generated as a K—algebra by at
most Ny, 1,5 invariants of A, of total degree not exceeding |A|. See Example
1.3.5(i) for a simple but relevant example.

However, a precise description of a minimal set of fundamental invariants
of any finite group A C GL(n + 1,K) is, in general, unknown. Using combi-
natorial techniques, we provide a concrete answer for the ring R introduced
above. In order to study the algebra R, it is useful to determine first each
K—vector space RY. For seek of completeness we include a simple proof.
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Remark 2.2.3. All the result we present in this section can be rewritten
in a suitable way for any finite abelian group G C GL(n + 1,K) by undoing
the change of variable (%) 4.

Lemma 2.2.4. For allt > 1, the set of all monomial invariants of G of
degree t is a K—basis of RE.

Proof. We fix an integer ¢ > 1 and a polynomial p € RY. We write p =
Bimy + - - -+ Bymy, where 5; € K* and m; € R is a monomial of degree t, i =
1,...,1. It suffices to prove that each monomial m; € R, i =1,...,1. So we
fix g € G and we check that g(m;) = m;, i =1,... 1. Since p is an invariant
of G and g is a diagonal matrix, we have g(p) = S1g(m1) + - -+ + Big(my),
where each g(m;) is sent to a multiple of m;, namely A\, ;m;, ¢ = 1,... L
Therefore Bymy + -+ + Bymy = Bidigmi + - - + B gy or, equivalently,

(B1 = Brdrg)ma + -+ + (Br = Bidig)mu = 0,

which implies \;; = 1, ¢ = 1,...,[. This proves that my,...,m; € R% and
the result follows. O

As a corollary, for each t € Zs( the set of all monomial invariants of G' of
degree td is a K—basis of RY, we denote it by B;. Even further, we obtain
good information of how a minimal set of fundamental invariants of G' looks
like. Let {my,...,m;} be a set of monomial invariants of G satisfying the
following two conditions: any invariant monomial m of G of degree td, t > 1,
can be factored as a product of ¢ monomials in {my, ..., my}, not necessarily
different; and if m; = m{" - - - mf{*, then all p; = 0 except for p; = 1. The set
{my,...,my} is a minimal set of fundamental monomial invariants of G.

On the other hand, the problem of determining the algebra R® of in-
variants becomes equivalent to study linear systems of congruences (Sec-
tion 1.2). Indeed, for each t > 1 the set B; is uniquely determined by the
74" —solutions of the systems:

Yo + 0 o Un = U

(%) : WG + Gy o+ Qe = Tidy
At r1,rs ¢ .

Oéis(o)?/o + Oéfrs(l)?h + -+ ais(n)yn = Tsds

(2.2.1)
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with 0 < r; < aé?d, t =1,...,s. This point of view is useful for computing

invariants of G. In some particular cases, it provides a complete description
of any K—basis B;.

Example 2.2.5. (i) Take G = (M50,1.4) C GL(3,K) a cyclic group of order
5. We fix t > 1, a monomial z3°z{' 25> € RY if and only if there is an integer
0<r <4t such that (ao,a1,az) € Z2 is a solution of one of the systems:

(*) — Yo + Y1 + Yo = 5t
At.r Y1 + 4y2 = rt.

Solving these systems, we obtain the Z3 ,—solutions: {(5¢,0,0), (0,0,5¢)} U
{(5(1& — 1) 4 3ag, 5r — 4as, az) | max {O, [@1} <ay < |¥F] r= 1,2,3}.
We list B; for t = 1,2 and 3.

— 5 .5 .3 2,2 .5
B, = {xo,xl,xoxle,xgmle,xz}
— 10 ,.3,.6 6 7 3 3 5,.5
5,0 .3 6 10
x :102,:60:1:1:52,3:03:1:62,:1:2 }
— 13 5,10 ,.8,..6 11,.2,.2 .15 ,.3 6,.7
9,3 .3 12,.2 ,.4,.8,3 ,.7,.4,4 ,.10,5 294 5,.56,5 ,.8 6
10,..5 .3 6 6 2 3.8 .2 9 5,10 ,.5,.10 .3 11
2,..12 5
ToTiT3", Ty’ }-

(ii) Take G = (M30,1,2, Ms02:3) C GL(3,K) an abelian group of order 18.
We fix t > 1, a monomial z5°z{'25> € RS if and only if there are integers
0 <r; <2tand 0 <ry <3t such that (ag,a;,as) is a Z;O—solution of the

system:

Yo + v1 + oy = 18t
(*)A;t,rl,m = (A1 + 2y = 3ny
2y1 + 3y2 = 67"2.
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We list B; for ¢t = 1 and 2.

_ 18 6,12 12,6 .18 ..3,.3..12 ..3.9.6 ..3..15 ,.6,.12 ,.6,.6..6 ..6..12
Bi = {x3°, 2023, 21705, 2 y LTIy, TpL1Lo, Ty~ Ty, TpLLo, Ty~
9.3.6 .99 126 12,6 ,15.3 .18
LoliLg, Loly, Ty Lo, Lo T, Lo L, Ty }
_ 36 ..6,.30 ..12..24 18,18 ..24..12 30,6 .36 .3..3..30 ..3..9, .24
B, = {$2 y LTy, 17Ty, Ty Ty, LY To™, Ty Ly, T1 , ToLiLy , Tol1dLy

315,18 3,27, 6 ,.3.33 ,.6..30 ,.6.6,24 612,18 ,.6,18,.12 6,24, .6
Loy LTy, LT Lo, Ty, Ty, ToLiLy , LTy Ty s LTy Ty, Ty Ty,

6,30 ..9,3.24 9,9 18 ,9 15,12 ,.9,.21..6 ,.9..27 12,24 12,618
Loy TeLITy ", ToliLy , ToLy Ty™, Ty T, Lol , Ty Ty, Ty LTy,
12,.12,.12 .12,.18..6 ..12,.24 15..3..18 .15..9.12 ,.15,.15..6 ..15,.21
Lo X1 Lo~y Ty Ty Lo, Ty L1, Ty T1Lg™, Ty L1y, Ly L1 Lo, Lo L7,

18,18 18,612 18,.12..6 .18..18 ~.21,..3,.12 21,96 .21..15 .24, .12
Ty Ty, Ty T1Ty™, Ty L1 To, T L1 , Ty T1X37, Ty LTy, Ty X1, Ty Ty,

(111) Take G1 = <M4;071’2,M4;071’3> and G2 = <M4;0’172,M4;1,073> abelian sub-
groups of GL(3, K) of order 16. Notice that the generators of G5 are obtained
from the generators of G; with the following permutations: o; = Id and o5
is the transposition defined as (0, 1,2) — (1,0,2) (Notation 2.2.1 and Re-
mark 2.2.2). We can check that Go = (My.01.9, My103) = (Ma103, Ma111)-
The rings R and RG'iare not isomorphic, as we have pointed out in Re-
mark 2.2.2). Indeed, R and RS? have 15 and 41 monomials of degree 16,
respectively:

16 4,12 8.8 12,4 16 4,12 4,48 .4 8.4 4 .12 8.8 .8 4.4 8 8
{23°, w1w5”, 2725, 11705, 11°, 057, TETITS, TeTTy, TaT1”, TaTy, TeT Ty, Ty,

12,4 124 16
T x5, 2y wY, 10 }

16 ..4..12 ..8,8 ,.12,.4 ,.16 2,.13 6,.9 10,,.5 14 2,.14

24,10 2,86 ,.2.12.2 3.2 11 .3.6.7 .3,.10,.3 4,12 4, 4.8 .4, 8 4
LoL1Ty", LT Lo, LoTy Lo, ToL1Ly , Lol Ly, Lol Lo, LLy™, LoL1Lg, LT Ly,

4.12°.5.2.9 -5.6..5 510 6,10 64,6 6,82 7.2.7 . 7.6..3 8.8
xox}l 74%%%7%%%7%% L2, ToLo ,xoailxwxoxl%,x0x14xz7xox41x2,xox2,
8 8.8 9.2 5 .96 10..6 1042 11,23 .12 12 13,.2
LoLyLa, Loly, Lol1Ly, Lol1de, Lo Loy Lo T1dy,; Lo L1Ta, Lo Ly Lo L1, Lo T1L2;
14,216
To T3, Tp )

The rest of this section is devoted to prove our main result: B is a mini-
mal set of fundamental invariants of G (Theorem 2.2.11). In next subsection,
we will prove that R® is the coordinate ring of an aCM monomial projection
of the Veronese variety X,, 4 C PV=d¢~! (Theorems 2.2.14 and 2.2.18). To be-
gin with, we introduce the combinatorial objects and techniques needed in
the sequel.

Zero-sum sequences over abelian groups. Let H be an additive finite
abelian group of order |H|. A sequence over H is a finite sequence L =
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(hi,...,h) of elements of H, where the repetition is allowed and the order
is disregard. The length of any sequence L over H is defined to be the number
of elements appearing in L counted with multiplicity, we denote it by [(L).
We define the sum of the sequence L as X(L) :=hy+---+ h; € H. Given a
sequence L over H, a subsequence L' of L is a sequence over H contained in
L. In this case, we naturally define the residue subsequence L\ L' of L by
L. IfL=(hy,...., ) and L' = (h,,... hy) are two sequences over H, we
define the union LU L' := (hy,...,h;, by, ... hy), which is also a sequence
over H.

Definition 2.2.6. A sequence L over H is said to be a zero-sum if £(L) = 0.
The Davenport constant D(H) of H is defined as the minimum positive
integer s such that any sequence L over H of length [(L) = s has a zero-
sum.

Let us see an example.

Example 2.2.7. Set H = Z/57Z, a cyclic group of order 5. Explicitly,
Z/5Z of length (L) = 5 and I(Ly) = 3, respectively. We have ¥(L;) = 2
and X(Lg) = 0+ 2+ 3 = 0. In particular, Ly is a zero-sum. (1,2,4) is
subsequence of L with residue subsequence (1,4). The Davenport constant
of His D(H)=09.

By the fundamental theorem of finite abelian groups, we have that any
additive finite abelian group H is a direct sum of cyclic groups

H=0:¢ -6 C, (2.2.2)
of orders ny, ..., ng, respectively, where ny, is the exponent e(H) of the group
H, |H| =ny---ngand ny | ng | -+ | ng. By [29, Theorem], if H is cyclic,

then D(H) < 2|H|—1 and every sequence S over H of length [(S) > 2|H|—1
has a zero-sum subsequence of length |H|. In general, we have:

Proposition 2.2.8. For any finite abelian group H of order |H| and expo-
nent e(H),
D(H) < |H| +e(H) -1,

and any sequence L over H of length (L) > |H|+e(H) — 1 has a zero-sum
subsequence over H of length e(H).
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Proof. See [30, Proposition 4.5]. O
In particular, we have the following key lemma.

Lemma 2.2.9. Let H be a finite abelian group of order |H| and exponent
e(H). Then, any sequence L over H of length [(L) > 2|H|—1 has a zero-sum
subsequence over H of length |H|.

Proof. We consider H with the decomposition (2.2.2). So, we have |H| =
ny---ng and ngy = e(H). Let L be a sequence over H of length I(L) >
2|H|—1=|H|4+mny---ng— 1. Applying Proposition 2.2.8, we obtain a zero-
sum subsequence L; of L of length I(L;) = nj. Now we define L' = L\ L,
which is the residue subsequence of L by L; and it has length I(L') >
|H| + (ny---np_qy — Dng — 1. It I(L*) > |H| + nx — 1, we apply again
Proposition 2.2.8 to L', as before we obtain a zero-sum subsequence Lo of
L' of length I(Ls) = ny. We consider L'\ Lo, we repeat the same argument;
and so on. We stop the process at step ny - --ni,_1; and we obtain ny -+ -ng_1
zero-sum subsequences of L of length n,. The union of all these zero-sum
subsequences is, by construction, a zero-sum subsequence of L of length |H]|,
as required. O

Before resume our initial discussion, we give an example.

Example 2.2.10. Set H = Z/27Z, a cyclic group of order 2 and we write
H = {0,1}. We have a total of 4 ordered sequences over H of length
3=2|H| -1,

Ly =(0,0,0), Ly = (0,0,1)

Ly =(0,1,1), Ly = (1,1,1).
(0,0) is a zero-sum subsequence of L; and Ly, while (1,1) is a zero-sum
subsequence of Lz and L. Furthermore, (0,1) is a sequence over H of

length 2 which does not admit a zero-sum subsequence. So, the Davenport
constant D(H) of H is 3.

The set B; of all monomial invariants of G of degree td is a K—basis
of RY. Now we ask for a subset of these monomials that minimally gen-
erates R as a K—algebra, or equivalently, we want to find a minimal set
of fundamental monomial invariants of G. We have regarded G as a di-
rect sum of diagonal cyclic groups I'; of order d;, + = 1,...,s. Precisely,
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r, = <M(di;ai.(0)’.__7ai.( ))> C GL(n + 1,K), with 0; € S,41 and integers
0 < ap < . < aln < d; such that GCD(aq,...,q,,d;) = 1. In this
setting, we define the finite abelian group H = Z/d\Z & --- & Z/dsZ of
order d and we denote H = {ag® --- @ as | a; € Z/d;Z, 1 =1,...,s}. For
all j =0,...,n, we have that

1

Yo1(5)

®---@al g € H.

bn
n

With this notation, it follows that a monomial m = z{ - -

is an invariant of G if and only if

-x)m of degree td

b0<a;‘1(0) @ cee @ Oézs(o)) + .. 4 bn(Oé(ljl(n) @ te @ Oéi.s(n)) = 0 c H

In [17, Theorem 3.1], the counterpart of the following theorem is proved for
finite cyclic groups.

Theorem 2.2.11. B; is a minimal set of fundamental invariants of RC.

Proof. Tt is enough to prove that any monomial of RS, ¢ > 1, can be factored
as a product of ¢ monomials of B;. We proceed by induction on ¢. For ¢ =1
the result is true. So, we fix ¢ > 1 and let m = zX°---2P» € RS be a
monomial. For simplicity, we set:

ap = Oéij((]) b P a§5(0)7 e, Oy 1= Oé;.l(n) B P Oég-s(n)?

which are elements of the abelian group H = Zg4, & --- @ Zg4, of order d
associated to G. We define the sequence L = (ag,."., aq,...,ap, e ay)
over H, where the notation means that each «; is repeated b; times in L.
Notice that L is a zero-sum sequence over H. Indeed, m € R® is equivalent
to X(L) = by + - - - + b, = 0. By Lemma 2.2.9, there exists a zero-sum
subsequence L' = (ap, .., ap, ..., Qy, o) of L of length d, i.e. X(L') =
o + -+ + e, = 0 and ¢ + - - - + ¢, = d. We denote by L” = (ayg,be7¢
L Qs - - O, P79 ) the residual subsequence of L by L) it has length
(t—1)d and it is a zero-sum subsequence of L, i.e. ¥(L") = (co—bo)ag+-- -+
(¢n — by)ay, = 0. By construction, we have inequalities 0 < ¢y < ag,...,0 <
¢n < a,. Therefore, the monomial m' = z¢°---z% € By divides m and

the monomial m/m’ = x50~ ... xb~¢n € RS . By induction, m/m’ can be

expressed a product of £ — 1 monomials of By, and the result follows. O
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We illustrate Theorem 2.2.11 with an example.

Example 2.2.12. Take G = (M5,,1,4)) C GL(3,K) a cyclic group of order
5 (Example 2.2.5(1)). We write m; = x3, my = z3, mz = z3x179, my =
rorix3, ms = 5. By Theorem 2.2.11, By = {my, ma,ms3,myg, ms} is a set of

fundamental invariants of G or, equivalently, R® = K[ml, o ,m5].
10 ,.3,.6 6 7 3,3 5,.5

5.5 3. 6 10
23xs, w3 xS, vorial, 10},

and we have factorizations:

10 2 4,..3,.3

z = m? rarded = mamy
ot = mymy ririxy = m32
driTy = myms rory = myms
x1° = m? x5 = mayms
w3x8ry = moms w3ria§ = mams
ISZL’%(L’% = M1y I()Z‘%Ig = TNyMy
lL‘()ZL'II% = TNy CL’%O = mg

However, these factorizations are not unique. For instance, the monomial

6,22 — 2

2.2.1 Varieties parametrized by invariants of finite abelian
groups

In this subsection, we study the CM property of the ring R“. We introduce
a new family of monomial projection of the Veronese varieties X,, 4 C PVnd,
we call them G —varieties. We relate their homogeneous coordinate ring with
the ring RY and we conclude that they are aCM varieties (Theorem 2.2.18).

For any finite group A C GL(n + 1,K), Noether’s graded normaliza-
tion theorem (Theorem 1.1.19) assures the existence of a h.s.o.p. yo, ..., Yn
of the ring R*. We have that R is a CM ring if and only if R" is a free
K[yo, - - -, yn]—module (Section 1.3). For sake of completeness, we particular-
ize this discussion for the cyclic extension G C GL(n + 1,K) of an arbitrary
finite abelian group G' C GL(n + 1,K). We give a particular h.s.0.p. of R
and we include a proof of the fact that R“ is a CM ring.

Proposition 2.2.13. z¢,... 2% is a h.s.o.p. of RC.

n
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Proof. xd ... ¢ are invariants of G (see (2.2.1)). We consider the quotient
algebra A := RE/(x¢,... z%). For t > n + 1, we have that 4; = (0) and

B

for 1 <t < n, a K—basis of A; is formed by the set of all monomials

m = x50 2% € RY of degree td such that ag < d,...,a, < d (Lemma
2.%.4). We write 601, ...,0p the set of all such monomials and 6y = 1. Then,
RY = (0y,0y,...,0p) as aK[zd, ... z¢]—module. O

rn

Theorem 2.2.14. R is a CM ring.

Proof. Let ¢ : R — RE be the so called Reynolds operator, which sends
any p € Rto ¢(p) = 32 ,cq9(p) € RY. We define U = {p—¢(p) | p € R}.
Since the restriction of ¢ to RC is the identity, it follows that ¢* = é. So
UC{peR| ¢(p) =0} Conversely, if ¢(p) = 0, then p = p — ¢(p) is an

element of U. Therefore U = {p € R | ¢(p) = 0} is an R—module and

we have a direct sum decomposition R = R® @ U. Since z¢, ..., 2% is also

an h.s.o.p. for R and R is a CM ring, R is a free K[z, ..., 2¢]—module and
we have R/(z¢,...,2%) = RE/(2d,... . 28) @ U/(xd,... 2¢)U. We consider
the monomials 6y, ..., 0p described in the proof of Proposition 2.2.13 and
we complete it to a basis of R, namely {6y,...,0p,0p.1,...,05}. We lift
Opi1,- .. 05 to a homogeneous elements p.1,...,0p of U. Since R is a CM
ring, we have that R = @/, 0;K[zZ,...,2%] and from the decomposition

R = R% @ U we obtain

D
RY = (P OK[z, ..., 24). (2.2.3)

i=0
Hence R is a free K([zd, ..., z¢]-module which is equivalent to say that R¢
is a CM ring. O

Decomposition (2.2.3) is called a Hironaka decomposition of the CM ring
RY. Tt will play an important role when we compute the Hilbert series of R®
(Section 3.1). So far, we have established that R® is a CM ring and a free
K[zd, ..., 2¢]—module of rank D + 1, where D is the number of monomial

invariants " - - - 2% of G of degree at most nd such that ay < d, ..., a, < d.
Let us see a couple of examples.
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Example 2.2.15. (i) Take G = (M;5,01.4) C GL(3,K) a cyclic group of order
5 (Example 2.2.5(i)). A minimal set of fundamental monomial invariants
of G is By = {x], 23, x3x170, vox?ad, 23}, RE is a CM ring, it is a free

K[z}, x5, xg]—module of rank 4 with a Hironaka decomposition:

= (womaw2)K(zg, af, 23] & (woriad)K[zg, 2f, 23] &
(woriey)Klag, 27, 23] & (agaia;) K[z, 7, 23],
(ii) Take G = (M(3,0,1,2), M(6,023)) C GL(3,K) an abelian group of order 18
(Example 2.2.5(ii)). A minimal set of fundamental invariants of G is
6 .18 3.3 39,6 3,15 .6

{352 7351952 7x1 Ly, T ’750351952 axoml%’xoml 73301’2 )

6..6,.6 6,12 .9.3..6 ..9..9 6 126 ..15..3 .18
ToTiTy, Ty axoxlxmxoxlaxo x5, 2o 0y, 1 w], 1)}

RC is a CM algebra and it is a free K[z12, z12, z12]—module of rank 17 with
a Hironaka decomposition:

R% = (2375°)Klzg?, 7%, 23°] @ (z1°29)Klzg?, 1%, 257 @
(vgri73) Klrg?, 1%, 25°] @ (v52723)K[zg?, 2%, 25°] &
(2§71°)Klzg?, 21%, 23°] @ (573" Klzg?, 7%, 25°] @
(v57325)Klzg®, 212, 25%] @ (2571 K[zg?, 2%, 257] @
(rorie)Klzg?, 71%, 23] @ (w97} Klzg?, 277, 2)7] @
(vg°28)Klzg?, 21%, 23°] @ (z5°2)Klzg?, 7%, 257 @
(v’ Kz, 21%,25°) @ (wpei’wy’) Kz, 212, 23] @
(ro’wi?wy? ) Klzg?, 21,257 @ (25°2725") Klwg?, 21, 23°] @
@ (zg 123, K[z, 217, 257]
We ask under what circumstances we simply has RS = K[z, ..., z9],

that is when RC is a polynomial ring.
Proposition 2.2.16. (i) If n =1, then R® = Kz{, z9].

(ii) For n > 2, R_a is minimally generated by at least n + 2 monomial
mvariants of G.
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Proof. (i) It follows directly from [77, Corollary 4.3].

(ii) It is enough to show that there exists at least one monomial x¢° - - - xy" €
RE of degree d such that ag < d,...,a, < d. We set m = zd---2¢ and
m' := zo---x, and we have that m/m/ = z2° '...2%~1 is a monomial

of degree nd +d —n+1 > 2d — 1. Lemma 2.2.9 assures the existence

of an monomial invariant i --- 2 of G of degree d dividing m/m’, so
bo <d,...,b, <d. O
In the sequel, we write By = {my,...,m,,} the set of fundamental mono-

mial invariants of G (Theorem 2.2.11).

Definition 2.2.17. A G—variety with group G C GL(n + 1,K) is a mono-

mial projection Xy C P#a~! of the Veronese variety X,, ; C PNV»a~1 parame-
terized by B;.
We denote by I; := (mq,...,m,,) C R the monomial artinian ideal

generated by B; and ¢y, : P* — P#¢~! the morphism defined by B;. The
G—variety Xy C P*~! with group G C GL(n + 1,K) is the image Xy =
¢r,(P") C Pta~1. The G—variety X, with group G is also called the variety
parameterized by I;. The following particularizes for G the projective version
of Theorem 1.3.11 and it generalizes [17, Corollary 3.8].

We take new variables wy, ..., w,, and S = Klwy,...,w,,]. We denote
by I(X4) C S the homogeneous ideal of X,.

Theorem 2.2.18. Let X, be a G—variety with group G C GL(n + 1,K).

Then, X4 is an aCM monomial projection of the Veronese variety X, q C
PNn.a=1,

Proof. We denote by A(X,;) = S/1(X;) the homogeneous coordinate ring of

X,4. By Theorem 2.2.11, R® = K[my,...,m,,]. We will see that A(X,) =
K[my, ..., m,,] and the result follows from Theorem 2.2.14. To this end, we
consider the morphism p : § — K[my,...,m,,] given by p(w;) = m;. We
have that K[my,...,m,,| = S/ker(p) and that ker(p) C S is the homoge-
neous prime binomial ideal generated by the set of binomials:

{wi, - -wi, —wjy - wy €5 | mgom, =my,omy,, k> 2

k k

(it follows from the projective version of Theorem 1.2.10). Hence I(X,) =
ker(p). O
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Remark 2.2.19. (i) Theorem 2.2.18 is a new contribution to the Grébner’s
problem [39] (Problem 2.1.1).

(ii) In [57, Theorem 7.3], using another approach it is proved that any

G—surfaces with cyclic group (Mgo12) C GL(3,K) of order 3 < d is an
aCM surface.

In view of Proposition 2.2.16, Theorem 2.2.14 provides an extensive new
family of aCM monomial projections of the Veronese variety X, 4 C PNwa=!
in any dimension n > 2. The interest of G—varieties X; with group G C
GL(n + 1,K) relies on two facts. On one hand, the coordinate ring of X is
isomorphic to R“. Combinatorics and invariant theory of finite groups give
enough techniques to tackle the geometry of X, as we will see in Chapter
3. On the other hand, we will show in next section that the associated
ideal Iy = (mq,...,m,,) fails the weak Lefschetz property provided g <
Ny —1,4. In this case, X, is apolar to a Togliatti variety Y parameterized by
M a\ {m1,...,m,,} which satisfies at least one Laplace equation of order
d — 1 (Theorem 1.4.6).

2.3 GT-systems and GT-varieties with a finite abelian
group

In this section, we analyse whether the ideal generated by a minimal set of
fundamental invariants of a finite abelian group G C GL(n + 1, K) fails the
WLP (Definition 1.4.1). We fix integers 2 < n < dand G =11 & --- &
I's € GL(n + 1,K) a finite abelian group of order d (Notation 2.2.1) and
we consider its cyclic extension G C GL(n + 1,K). In Theorem 2.2.11, we
have proved that the set B; of all monomial invariants of G' of degree d is a
set of fundamental invariants of G. As usual, we write By = {m1,...,m,,}
and we denote by Iy = (m4,...,m,,) C R the ideal generated by B;. Since
{xd ... 23} C I; (Proposition 2.2.13), I; is a monomial artinian ideal. We
ask whether I, is a GT—system with group G (Definition 1.4.18). We obtain
that it depends only on the cardinality |Bi| = pa.

Proposition 2.3.1. If ug < N,_14, then 1; is a GT—system with group
G C GL(n + 1,K).
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Proof. We want prove that I; is a Togliatti system whose associated mor-
phism is a Galois covering with group G C GL(n+ 1, K). The second condi-
tion follows from Proposition 1.4.17. To prove that I; is a Togliatti system
it is enough to see that it fails the WLP in degree d — 1 (Theorem 1.4.6).
Let L € Ry be a linear form and we consider the homogenous polynomial
f= H g(L) of degree d — 1. We will see that the multiplication map
Idg#9€eG
XL (R/1g)a-1 — (R/I4)a is not injective. XL(f) =L~ f =[] cq9(f) is
an invariant of G' of degree d. By Theorem 2.2.11, L(f) € I; and X L is not
injective. Since we are assuming that pg < N,_; 4, we can apply Theorem
1.4.6 and conclude that R/I; fails the WLP in degree d — 1. [

Let us see a few examples of GT'—systems with a finite abelian group.

Example 2.3.2. (i) Take G = (M312) C GL(3,K) a cyclic group of or-
der 3. A minimal set of fundamental monomial invariants of G is B; =
{x}, 23, 23 xor172}. The condition pz < 4 is satisfies, so Proposition 2.3.1
implies that Togliatti’s example T = (23,23, 3, zox172) (see (1.4.1)) is a
GT—system with group G.

(ii) Take G1 = (Ms01.4) and Gy = (M3012, Meo23) cyclic groups of or-
ders 5 and 18, respectively (Example 2.2.15). RS is generated by 5 < 6
invariant monomials and R%? is generated by 16 < 19 invariant monomials.
The condition ptg < N,_14 on the number of generators is satisfied, so by
Proposition 2.3.1, both finite abelian groups give rise to GI'—systems with
groups GG; and G, respectively.

(iii) Take G = (M7.01.1,2, M7.01.1,3) C GL(4,K) an abelian group of order 49.
The ideal I; C K|xg, 21, T2, 3] is generated by 624 monomials of degree 49.
The condition 624 < (2249) = 1275 is satisfied, so by Proposition 2.3.1, I; is
a GT—system with group G.

Remark 2.3.3. Let 2 < n < d be integers and take G = (My01,.1) C
GL(n + 1,K) a cyclic group of order d. A minimal set of fundamental

invariants of G is
By ={zdyu{afo---2% | ay 4+ +a,=d}

and set I; = (By). The cardinality of By is pig = Np—1.4 + 1, so the bound
in Theorem 1.4.6 is not satisfied. Hence, I; is not a Togliatti system. Even
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though, the morphism ¢y, : P — P#¢~! is a Galois covering with group G.
In [2, Theorem 7.8] it is proved that I; has the WLP. For L = zg+ - - - 4+ x,,
the multiplication map

x(L) : (R/1a)i — (R/1a)i+a
is injective for any 0 < ¢ < d — 1 and it is surjective for any ¢ > d.

Proposition 2.3.4. Let 2 < n < d be integers and G = (Mg.aq....0n) C
GL(n + 1,K) a cyclic group of order d. If Mg.a,.. an 7 Mao1...1: Mao. 01,
then Iy 1s G'T'—system with group G.

Proof. We denote by I' the cyclic group of order d generated by Mg1,..1.
Let By (respectively A;) be the set of all i, (respectively N, _q 4+ 1) mono-
mial invariants of G (respectively I') of degree d. By Proposition 2.3.1, it
is enough to show that pq < N,,_; 4. To see it, we define a monomorphism
f: RY — RY of K—vector spaces such that f(B;) C A;. This implies that
tta < Nyp—1,4 and the result follows. We distinguish the following cases.

Case 1: there are 0 < o; < a; with GCD(qy,d) = 1. For simplicity we as-
sume ¢ = 1, the remaining cases follow analogously. Given m = zy° - - - 2% €
B; we define:

| m if ag=4d
fm) = { (T2 . 29 otherwise.
Let my = 2l ---abr my = 28 2% € By be such that f(my) = f(my).
Since GCD(ay,d) = 1, we have that f(m) € By if and only if ay # 0,d
and so we can assume that f(my) ¢ By and f(msq) ¢ Bs, or equivalently
0 < by, cog < d. We have:

bg—l—bl =)+ and bi:Ci7 122,,n (231)

with aqby + D7 5 aib; and aqeq + >, oyc; both multiples of d. Combining
this with (2.3.1), we obtain that «a;(by — ¢o) is a multiple of d and hence
by — co = 0. It follows from (2.3.1) that m; = ma.

We set m’ := xwf’l and we assume that m’ = f(m) for some m € B;.
Since oy — a; # 0 is not a multiple of d, we have that m’ ¢ By. Thus m =

xox?_l, but this is a contradiction since m ¢ B;. Therefore, the K—linear
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extension of f to Rlé defines a monomorphism such that f(B;) € A; as
required.

Case 2: for all o; > 0, GCD(ey;,d) > 1. For simplicity we assume 0 <
a1, the remaining cases follow analogously. Notice that there is a1 <
such that GCD(ay, ;) = 1, otherwise G would be a cyclic group of order
strictly smaller than d. Let p be the integer such that GCD(ay,d)? | d

and GCD(ay,d)P™ t d and we set h = m. In particular, 1 <
GCD(wy,d) < h. Given m € By, we define:
m if ag=4d
f(m) = afot@g§? ... gan if kh#ag<d
P gl if gy =kh < d

The arguments are similar to those of Case 1. Let my = a8 ---abr my =

xy’ - aér € By be such that f(my) = f(msg). We have f(m) € B; if and
only if ag # 0,d. Indeed, if 0 < ag < d and ay # kh, then f(m) € By implies
that ajap is a multiple of d and we obtain that a( is a multiple of h, which
is a contradiction. If 0 < a9 < d and ay = kh, then f(m) € B; implies
that a;ag = a;kh is a multiple of d and we obtain that k is a multiple of
GCD(ay,d)P and so kh > d, which is a contradiction.

We assume that kh # by < d and that 0 < ¢y = kh < d, the remaining
cases follow as in Case 1. We have

bi+by=c1, bi=c¢;+kh and b, =c¢;, je{l,....,n}—{L,i}. (2.3.2)

Therefore ay(by + bo) + 22;2 a;b; — a;kh is a multiple of d and we obtain
that a1by is a multiple of h. Since GCD(ay,h) = 1, we have that by is a
multiple of h and we arrive to a contradiction.

Finally, we consider m’ = xle_l € A;. We have that m’ ¢ B;, otherwise
|ai; — a1| < d would be a multiple of d. If m’ = f(m) for some m € By, then
m = zozd™" or m =zt xf 1 We have that zoz¢™ ¢ R, otherwise o
would be a multiple of d. For x’ghxlx?’l’kh we have that oy + do; — o —
a;kh > 0 is multiple of d. We obtain that GCD(«;, d) divides «y, which is a

contradiction.

The number of monomials for the remaining cases G = (M x-14, 1) C
GL(n 4+ 1,K) with 2 < k < n — 2, can be bounded as follows. We may
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assume that & < |3]. If m € By, then either m is a monomial of degree d
in the variables g, ..., x;_1 or it is a monomial of degree d in the variables
Tg, ..., Tp. Thus pg < Nip_14+ Np—kqa. Applying iteratively the identity
Nn—l,d = Nn—l—l,d + Nn—l,d—b n — 1 > 1, we obtain that Nn—l,d > Nn—kz,d +
Nida—1 > Nop—kd + Nig—1.4- [

Remark 2.3.5. (i) For any integer 2 < d and any cyclic group G =
(Ma0.01.00) C GL(3,K) with a3 < ap < d, in [57] the authors showed that
the number p; of monomial invariants of G of degree d is bounded by d + 1
and in [17] we computed a closed expression for ji4, which we will explain in
Subsection 3.1.1.

(ii) Let 2 < n < d be integers and G = (Myp12,.,) C GL(n + 1,K) a
cyclic group of order d. Using different techniques, in [18, Theorem 4.8] we
compute the number of monomial invariants of G of degree n + 1 and we
prove that it does not exceed N,,_1 p41.

(iii) Let d > 4 be an integer and G' = (M0 123) C GL(4,K) a cyclic group
of order d. In [20, Proposition 3.3], we counted the exact number p, of
monomial invariants of G of degree d and we checked that j1g < N34, which
we will explain in Subsection 3.1.2.

_In Chapter 3, we will study the Hilbert function and series of the rings
R, This will lead us to different techniques for counting the number of
invariants of the finite abelian groups G. It is worthwhile to point out that
Proposition 1.4.18 provides examples of GT'—systems with finite abelian
groups G C GL(n+1,K) for any n > 2 and partially motivates the following
definition.

Definition 2.3.6. If I, is a GT—system, we call a GT'—variety with group
G to the G—variety parameterized by 1.

By Theorem 1.4.6, any GT'—variety X, with finite abelian group G C
GL(n+1,K) is an aCM monomial projection of the Veronese varieties X,, 4 C
PNna=1 They are apolar to rational varieties satisfying at least one Laplace
equation. GT—varieties with group G form a subfamily of G—varieties which
blends commutative algebra, combinatorics, invariant theory of finite groups,
geometry and the WLP.
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2.4 A new family of aCM surfaces parametrized by
monomial Togliatti systems

In Section 2.2, we have proved that all G—varieties with group G' C GL(n +
1,K) are aCM varieties (Theorem 2.2.18) and we have seen under which
conditions the ideal generated by a minimal set IB; of fundamental invariants
of G is a GT—system with group G (Proposition 2.3.1). However, being an
aCM variety could fail for varieties parameterized by an arbitrary monomial
Togliatti system. For instance, the ideal

I = {x}, 23, 25, xyr1709, ¥o2 3 19, T T2} C K20, 71, T2)]
is a monomial Togliatti system, since the multiplication map
X (l‘o + 2z + $2) : (K[JZ(), X1, 1’2]/]>4 — (K[I‘m X1, 5132]/1)5

is not injective (Theorem 1.4.6), but the surface X := ;(P?) C P° is
not an aCM surface. Indeed, we have checked that codim(X) = 3 <
pdim(S/I1(X)) = 4. In this section, we prove the aCM property of a new
family of surfaces parameterized by monomial Togliatti systems: their co-
ordinate rings are neither the ring of invariants of a finite group nor the
semigroup ring associated to a normal affine semigroup. Our result is based
on the criterion Theorem 2.1.4.

Through this section R denotes the polynomial ring K[z, z1, x2).
Definition 2.4.1. We define the affine semigroup
H == ((3,0,0),(0,3,0),(0,0,3), (1,1,1)) C Z&,.
Set m = (1,1, 1). Inductively for ¢t > 2, we define
Hs = ((3t,0,0),(0,3t,0),(0,0,3t),m + Hzu—1)),
where m + Hyy—1y ={m+h | h € Hyu_1)}.

Let us illustrate the above definition with the following examples.
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Example 2.4.2.

H¢ = {((6,0,0),(0,6,0),(0,0,6),(4,1,1),(1,4,1),(1,1,4),(2,2,2))

Hy = {((9,0,0),(0,9,0),(0,0,9),(7,1,1),(1,7,1),(1,1,7),(5,2,2),
(2,5,2),(2,2,5),(3,3,3))

Hi, = ((12,0,0),(0,12,0),(0,0,12), (10,1, 1), (1,10, 1), (1, 1, 10),
(8,2,2),(2,8,2),(2,2,8),(6,3,3), (3,6,3), (3,3,6), (4,4, 4)).

We denote by J3; C R the monomial artinian ideal associated to Hs;.

Proposition 2.4.3. For any t > 1, the ideal J3; is a monomial Togliatt:
system.

Proof. For any t > 1, we have that

J3p = (a:St,x:{’t,xi’t,xoxwng(H))
is an artinian ideal minimally generated by us3; = 3t 4+ 1 monomials of degree
3t and pg; verifies the bound in Theorem 1.4.6. We want to prove that
J3; fails the WLP in degree 3t — 1, i.e. for any linear form L € (R/J3)1,
the multiplication map XL : (R/Js)3-1 — (R/J3)s; is not injective. We
proceed by induction on t. The first ideal J3 is Togliatti’s example T' =
(23, 23 23, wor129) (see (1.4.1)), which is the first GT—system with cyclic
group known in the literature. Let ¢ > 1 and we assume that J3;_;) fails
the WLP in degree 3(t — 1) — 1. Let L be a homogenous linear form of
(R/Js¢)1 = (R/J31-1))1- By induction, there is a homogenous form f of
degree 3(t — 1) — 1 such that f' = L- f € J3;_1). We define f” = xoz122f.
The multiplication map XL : (R/Js3;)3—1 — (R/J3)3: sends f” to L(f") =
Tor1To f € ox T2 3(0—1) C Jar, 50 X L is not injective. O

By Theorems 2.2.11 and 2.2.14, we have that K[H;] is a CM ring.
Notwithstanding, for any ¢t > 1 the semigroup Hj; is not a normal semigroup
and K[Hj,] is not the ring of invariants of a finite group A C GL(3,K). In-
deed, Hg is not normal since m belongs to the normalization Hs of Hs,
but m ¢ Hsz;. To check the second assertion, assume by contradiction that
K[Hz] is the ring of invariants of a finite group A C GL(3,K), and let
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¢ : R — R be the Reynolds operator for the pair (R, R*) (Section 1.3).

We have that for all ¢ > 1, (3,3(t — 1),0) ¢ Hs (Lemma 2.4.7), or equiva-
lently x%xi’(t_l) ¢ R™. We observe that (3,3(t —1),0) +tm can be written as
[(t—1)m=+(3,0,0)] + [m+ (0,3(t — 1),0)] € Ha,. So, atatat - 232> e RA
and we have ¢(afztal - x%x?(t Yy = xhatah - (b(xgxi’(t Yy = xhalxh -x%x?(t_l).
Therefore, ¢(z322™) = 232%™ and we arrive to a contradiction.

Our goal is to prove that all rings K[H3;] are CM rings. To this end, we

will apply Theorem 2.1.4. But first we need some technical lemmas. We fix
t > 1 and we set f; = (3t,0,0), fo = (0,3t,0), fs = (0,0, 3t).

Remark 2.4.4. (i) Notice that fi, fo and f3 are Q—linearly independent
and (3t)Hz: C (f1, f2, f3)-

(i) By construction Hy, C Hs, so Hs, C Hs. This means that for all
u = (a1, as,a3) € Hy there exist f > 1 and r € {0,...,2tf} such that u is
a solution of the system:

(%) _ Jatax+az=3ft
At as + 2as3 = 3r.

The converse is not true: (3,3(t —1),0) € Hy \ Hz.

(iii) All generators of Hj, different from f1, fa, f3 have all three components
different from 0.

Remark 2.4.5. By construction, we can describe

3(t—1)+1
Hy = qu=A1fi+Asfo+ Asfs + Z Ajis(m+hy) o C Z2,,

j=1

where A; € Z>o for ¢ = 1,...,3t + 1 and h; is a generator of Hs;_y), for
jg=1,...,3(t—1)+1. Notice that a generator h = (ay, as, az) of Hy, dlfferent
from fi, fa, f3 can be expressed as sm—+h', where 0 < s = min{ay, as, a3} <t
and b’ € {(3(t — s),0,0),(0,3(t — s),0),(0,0,3(t — 5))}.

We give a couple of examples.
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Example 2.4.6. (i) Take Hg. We have (4,1,1) = m + (3,0,0), (1,4,1) =
m+(0,3,0), (1,1,4) = (1,1,1) + (0,0,3) and (2,2,2) = 2m.

(ii) Take Hyg. We have: (7,1,1) = m + (6,0,0), (1,7,1) = m + (0,6,0),
(1,1,7) = m + (0,0,6), (5.2,2) = 2m + (3,0,0), (2,5,2) = 2m + (0,3,0),

(2,2,5) =2m +(0,0,3) and (3,3,3) = 3m.

Any u € Hs; represents a monomial of degree a multiple of 3¢, namely
(3t) f. For any representation

3(t—1)+1
u=A1fi +Asfo + Asfs + Z Ajis(m+ hj)

j=1
in Ha, it holds that S0 A, = f.

Lemma 2.4.7. Let w = (ay, az,a3) € Hy be such that a;,a; # 0 and a, = 0,
for {i,j,k} = {1,2,3}. Then w € Hs if and only if a; and a; are multiples
of 3t.

Proof. We can assume (i, j, k) = (1,2,3). If w = (a1, as2,0) € Hz, then w
cannot be generated in Hj by any element belonging to m + Hs;—1). So
we obtain w = A f; + Asfo with a; = 3tA; and ay = 3tA,. Conversely,
w = (3tAy,3tA,0) € Hy, for all integers Ay, Ay > 0. O

Corollary 2.4.8. If w € Hs is as in Lemma 2.4.7, then either w € Hg; or
w+fz,w+fj ¢ H3t-

Remark 2.4.9. If w = (a1, a9, a3) € Hs only has one nonzero component,
namely a;, then w = A; f;, where a; = 3tA;.

We are now ready to prove the main theorem of this section.
Theorem 2.4.10. For any t > 1, K[Hjy| is a CM ring.

Proof. By Theorem 2.1.4, it is enough to prove that H' = {w € Ha |
w+ fi,w+ f; € Hy for some i, 5 € {1,2,3},i # j} C Hs. We claim that
this inclusion is a consequence of the following condition:

Condition (x): if w = (ay,a9,a3) € Hjz is such that ajasas # 0 and
w+ f; € Hy, for some i € {1,2,3}, then either w € Hs, or w+ f;, w+ fi ¢ Hs
for {i,j,k} = {1,2,3}.



Invariants of finite abelian groups. 65

Proof of the claim. We have already shown the same statement for el-
ements w with ajasaz = 0 in Corollary 2.4.8 and Remark 2.4.9. Since
H' ¢ Hsy, C Hs, an element w € H' satisfying w + fi,w+ fr € Hy, for
some 7, k € {1,2,3} such that j # k, belongs to Hs;. This proves the claim.

Proof of Condition (x). We can assume (i,7,k) = (1,2,3). Set w +
fi = Aifi + Aofo + Asfs + Zj Ajis(m + hj) € Hs. We may suppose
that A; = 0, otherwise the result is trivial. We observe the following. Let
u=m+h; =s;m+ (3(t—s;),0,0) and v =m+h; = s;m+ (3(t —s;),0,0),
with s;,s; > 0, be two generators of Hs,. Therefore, we can write u +v =
[(s; —=1)m+(3(t—s;4+1),0,0)] 4+ [(si +1)m+[(3(t —s; —1),0,0)]. Similarly,
if we replace hj, h; by (0,3(t — s;),0),(0,3(t — s;),0) or (0,0,3(t — s;)),
(0,0,3(t — s;)), respectively. So, after doing suitable transformations on the
summands of w + f1, we reduce it to one of the following forms.

Case 1: w+ f1 = Asfo + Asfs + [s1m + (3(t — $1),0,0)] + [sam + (0,3(t —
$2),0)] + [s3m + (0,0,3(t — s3))] with 0 < s; < t. Since $1 + 3 + $3 +
3(t — s1) = 3t + ay, we have 0 < s9,83 < t, where s5 > 0 or s3 > 0. Let
us assume that so,s3 > 0, the other cases follow in the same way up to
minor modifications. By hypothesis, w + f; can be written as a sum of
Ay + A3z + 3 generators of Hs;. The first component of w + f; corresponds
to a; + 3t = s; + 3(t — s1) + S2 + S3, SO a1 = S9 + s3 — 2s7. Notice that
w = (Sa+83—281, 51+ 5o+ 83+ A3t +3(t—$2), 51+ 89+ 83+ A33t+3(t—s3)).
If 9,55 > s1, we have w = Agfo+ Az fs+ [(s2 — s1)m+(0,3(t — s+ 51),0)] +
[(s3—s1)m=+(0,0,3(t—s3+s51))]. Indeed, s1+s2+83 = $3— 81+ 53— 81+ 351,
hence w € Hs;. Otherwise, suppose for instance that sy < s; and write

w = (s9+83—251)m~+ (0, A3t +3t —3s2+ 351, A33t+3t —3s3+3s1). (2.4.1)

If w € Hs;, then w is a sum of Ay + Az + 2 generators of Hz;. We observe
that A93t + 3t — 359 + 3s; > (Ag + 1)3t, A33t + 3t — 3s3 + 351 > A33t and
So + 83 — 281 < s3 < t. This means that we can write w as a sum of at least
Ay+2 generators of type sm+(0,3(t—s), 0) plus at least A3+ 1 generators of
type sm+(0,0,3(t—s)), where all s < t. Indeed, since a1 = 9+ 53 —2s1 < t,
a generator in w cannot be of the form tm, otherwise w+ f; does. If this was
the case, such generator would be either f5, or f3, or it would correspond
to sm + (0,3(t — s),0) or sm + (0,0,3(t — s)) with 0 < s < t. But this
is a contradiction, because that would give rise to an expression of w with
at least A + A3z + 3 summands (Remark 2.4.4(iii)). Performing the same
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kind of arguments, we see that w + fo,w + f3 ¢ Hs;. The case s3 < s is
analogous.

Case 2: w+ f1 = Ay fo+ Asfs+tm+[sym+ (3(t —s1),0,0)] + [som+ (0, 3(t —
$2),0)]+ [s3m+ (0,0, 3(t — s3))], where s; > 0 and some s; > 0, i = 2,3. We
assume so, s3 > 0 for simplicity. By hypothesis, w+ fs is a sum of Ao+ A3+4
generators of Hy;. If s > s1 (respectively s3 > s1),

w = Asfo + Asfs + (t — s1)m + (0,3s1,0) + som + (0, 3(t — s2),0)+

(s3 —s1)m + (0,0,3(t — s3+ s1)),

hence w € Hsz. We see that if s, 3 < s1, then w ¢ Hsz. If not, w can be
written as a sum of Ay + Az + 3 generators and we have:

w =m(t+ s2+ s3 — 251) + (0,3t Az + 3t — 3s9 + 351, 3t Az + 3t — 353 + 351).

Notice that t + s + s3 — 251 < t, 3tAs + 3t — 3s9 + 3517 > (A + 1)3t and
3tAs + 3t — 3s3+ 3s1 > (A3 + 1)3t. So, w is a sum of at least Ay + Az +4
generators of Hsz;. Arguing in a similar way, we also obtain that w + fo, w +
f3 & Ha.

Case 3: w+ f1 = Asfo+ Az fz+2tm~+[sym+(3(t—s1),0,0)]+ [som+ (0, 3(t —
$2),0) + s3m + (0,0,3(t — s3))]. Here the situation is slightly different. If
s1 > 0, then w € Hs;. Indeed, w = Ay fo+ Az fs+[(t—s1)m~+(0,3(t—s1),0)]+
[(t—s1)m~+(0,0,3(t—s1))]+ [sam~+ (0, 3(t — s2),0)] + [s3m+ (0,0, 3(t — s3))].
So we suppose s; = 0, in which case ss, s3 > 0 and we have:

w = (s2+ s3 — t)m + (0,3t Ay + 3t + 3t — 3s9, 3t A3 + 3t + 3t — 3s3),

with So+853—1 < T, 3tA2+3t+3t—382 > (A2+1)3t and 3tA3—|—3t+3t—383 >
(A3 + 1)3t. If w € Hjy, then it should be written as a sum of at least
Ay 4+ Az + 4 generators, which is a contradiction. Performing the same
arguments we also obtain w + fo, w + f3 ¢ Ha,.

Case 4: w+ f1 = Aofo + Asfs + K(tm) + [sym + (3(t — $1),0,0)] + [sem +
(0,3(t — 52),0)] + [s3m + (0,0,3(t — s3))], with K > 3. We always have
w € Hs, indeed tm +tm +tm = fi + fo + f3.

This proves Condition (x) and the theorem follows. O

Let us see how Theorem 2.4.10 is applied to K[Hg].
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Example 2.4.11. Case 1. The only possibility is w + f; = A42(0,6,0) +
A3(0,0,6) + [(1,1,1) + (3,0,0)] + [(1,1,1) + (0,3,0)] + [(1,1,1) + (0,0, 3)],
where necessarily a; = 0. For simplicity, we set Ay = A3 = 0. If 51,59 > 0,
then w = (0,14+4+1,14+144) = fo + f3 € Hg.

Case 2. We consider w + f1 = (2,2,2) + [(1,1,1) + (3,0,0)] + [(1,1,1) +
(0,3,0)] + [(1,1,1) + (0,0, 3)], with s = s = s3 = 1. Th n, we have:

=1(2,2,2)+(0,2+4,24+4) = [m+(0,3,0)] + [m + (0,0, 3)] € H.

Case 3. We consider w + f1 = (2,2,2) + (2,2,2) + [(1,1,1) + (0, 3,0)]
[(1,1,1)+(0,0,3)], with a; = 0. Then, we have: w = (0,9,9),w+ (0,6,0)
(0,15,9),w + (0,0,6) = (0,9,15) ¢ Hs.

I+

Fix an integer k > 1. For each integer ' > 0, we define H§(1+t,k) =
((3(1+1t'k),0,0),(0,3(1+t'k),0),(0,0,3(1+t'k)), k;m—i—H’“(H(t, 1)k )> C Z%,
We have:

Corollary 2.4.12. K[H»
t'>0.

1+kt,)] is a CM ring for all integers k > 1 and

Proof. Tt follows from the same proof as Theorem 2.4.10 replacing m by
km. O]

Remark 2.4.13. (i) H§(1+t,k) is generated by 3(¢' + 1) + 1 elements in Z3.

(ii) Our initial family Hs; can be rewritten as H3(1+t, for t' > 0.

To prove Theorem 2.4.10, we have strongly used the particular shape
of the generators of H3. The same arguments do not apply, in general, if
we replace Hs; by an arbitrary GT'—system. This evinces the complexity
of checking the arithmetical condition H; = Hjs; of Theorem 2.1.4, as it is
remarked in [49].






Chapter 3

The geometry of G—varieties

As we have seen in Subsection 2.2.1, any G —variety X, with a finite abelian
group G C GL(n + 1,K) of order d is an aCM monomial projection of the
Veronese variety X,, 4 C PN»¢~! related to invariant theory of finite groups
and to the theory of semigroup rings. The homogeneous coordinate ring
A(X,4) of Xy is a graded CM ring isomorphic to the ring R® (Theorem
2.2.18). Combinatorially, A(X}) is isomorphic to the semigroup ring of the
normal affine semigroup Hy C Z%{' associated to R¢. These features en-
dow the homogeneous coordinate ring A(X4) with a rich structure. Along
this chapter, we take advantage of these connections to study the geom-
etry behind a G—variety Xy with group G C GL(n + 1,K). We pursue
to determine the Hilbert function and series of A(X,) (Propositions 3.1.2
and 3.1.15), to understand the structure of a minimal set of binomial gen-
erators of the homogeneous ideal I(X;) of X, (Theorem 2.4.10), to inves-
tigate the canonical module of A(X,) (Theorem 3.3.3), to characterize the
Castelnuovo-Mumford regularity of A(Xy) (Theorem 3.3.5) and to describe
the Betti diagram (Definition 3.1.10) of a minimal graded free resolution of
A(X4) (Subsection 3.3.1).

This chapter is organized as follows. In Section 3.1, we deal with the
Hilbert function and series of A(X,). We interpret both functions from
invariant theory which allows us to describe them in terms of the Molien
series of G and the monomial basis of R (Proposition 3.1.2). Moreover,
this provides us with a range of strategies to compute the Hilbert func-
tion and series. In particular, we give an explicit combinatorial description
of the Hilbert function and series of G'T'—varieties with a cyclic group of
prime order (Proposition 3.1.4). In Subsections 3.1.1 and 3.1.2, we give a
closed formula for the Hilbert function and series of any GT'—surface with fi-
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nite cyclic group (Theorem 3.1.21) and for GT—threefolds with cyclic group
(Mgp123) C GL(4,K) of order 3 < d (Theorem 3.1.26 and Corollary 3.1.27).
The results of Subsection 3.1.1 has been published in [17].

Section 3.2 is devoted to study the homogeneous ideal 1(X,) of any
G—variety with group G C GL(n + 1,K). Our main result proves that
I(X,) is generated by binomials of degree at most 3 (Theorem 2.4.10). Fur-
thermore, we give examples of G —varieties X4 with group G € GL(n+1,K)
whose ideal I(X}) is minimally generated by binomials of degree 2 and 3. We
characterize combinatorially when a binomial of I(Xj) belongs to a minimal
set of binomial generators of I(X,) (Proposition 3.2.4). In Subsection 3.2.1,
we deal with a minimal set of binomial generators of any GT'—threefold with
cyclic group G = (My0,123) C GL(4,K) of order 3 < d. We prove that their
homogeneous ideals are generated by binomials of degree 2 if d is even and
by binomials of degree 2 and 3 if d is odd (Theorem 3.2.24 and Corollary
3.2.25). For d odd, we provide a complete description of the binomials of
degree 3 belonging to a minimal set of generators of I(X,). The results of
Section 3.2 for finite cyclic groups have been published in [21]. The results
of Subsection 3.2.1 have been published in [20].

In Section 3.3, we investigate the canonical module wx, of any G —variety
Xg4 with group G C GL(n + 1,K). We identify wy, with I(relint(H4)) =
(zgo - 2% € RY | ag---a, # 0) C RY (Theorem 3.3.1). Our main result
shows that wy, is generated by monomials of degree d and 2d (Theorem
3.3.3). This leads us to characterize the Castelnuovo-Mumford regularity
reg(A(X,)) of A(Xy) in terms of the set of monomials I(relint(H4)), of
I(relint(H 4)) of degree d (Theorem 3.3.5). Finally in Subsection 3.3.1, we
gather all the results obtained along this chapter to tackle the Betti diagram
of X4. We introduce families of G—varieties with group G € GL(n + 1, K)
whose homogeneous coordinate rings are level rings (Proposition 3.3.8). We
focus on G—surfaces with group G C GL(3,K). Using the knowledge of
the Hilbert series, Castelnuovo-Mumford regularity and the structure of
their homogeneous ideal (Corollary 3.1.24 and Corollary 3.2.8), we describe
the Betti diagram of their homogeneous coordinate ring and we explicitly
compute it for GT—surfaces with cyclic group (Mg0.0,.00.) C GL(3,K) of
order 2 < d with 0 < a; < ay (Theorem 3.3.14). We end this chapter
discussing the complexity of finding the Betti diagram of any G—variety
with group G C GL(n + 1,K). The results of Section 3.3 for finite cyclic
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groups have been published in [21]. The results of Subsection 3.3.1 for
GT—surfaces with a finite cyclic group have been published in [17].

3.1 Hilbert function and Hilbert series

We consider a finite abelian group

G = <M(d1;04i1(0) ..... a}Tl(n))a s M(ds;ass Us(n))> - GL(TL +1, K)

of order d = d; - - - dy and its cyclic extension G C GL(n+1,K) (see Notation
2.2.1). As usual, we denote by I; the ideal generated by the set B; =
{mi,...,m,,} of all monomial invariants of G of degree d and by X, C PHa~1
the associated G—variety with group G C GL(n + 1,K).

The Hilbert function of X4 is defined as the Hilbert function of its coor-
dinate ring A(Xy) :

HF(A(Xq4),®): Zsoy — Z>o
t  — HF(A(Xy),t) := dimg A(Xy)

and, analogously, the Hilbert series of X, is the formal series:

HS(A(X,),2) = Y HF(A(Xq),1)2".

>0

Both numerical invariants codify geometrical information of X,;. For in-
stance, for ¢ large enough, the Hilbert function HF(A(X}y), t) is a polynomial
in Q[t] of degree dim(Xy) = n, called the Hilbert polynomial of X, and de-
noted HP(A(Xy),t). The degree deg(X,) of Xy is defined algebraically as n!
times the leading coefficient of HP(A(Xy),t). It corresponds geometrically
to the number of points of intersection of X, with a sufficiently general linear
subspace of P#¢~! of dimension uq —n — 1 (see, for instance, [43, Chapter 1
§7]). In general terms, we have:

Proposition 3.1.1. There exists a polynomial Q a(x,)(2) = Y i_o hiz" € L[]
of finite degree s satisfying the following conditions:

(i) ho=1,h; >0 and 3 7_ hi <3S hey forall j=0,...,s.
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(it) Qa(x,(1) = deg(Xa).
(iii) The Hilbert series of A(Xyg) is

Qax,(2)

HS(A(X),2) = 7550

The sequence (hy, ..., hs) is called the h—vector of A(Xy).

Proof. (i) Since A(X,) is a CM domain (Theorem 2.2.18), we apply [9, Corol-
lary 4.1.10 and Theorem 4.4.9] obtaining the first assertion.

(ii) and (iii) They follow from [9, Corollaries 4.1.8 and 4.1.9]. O

Since A(X4) & RY (Theorem 2.2.18), HF(A(Xy),t) and HS(A(X,), 2)
can be interpreted from the invariant theory point of view. On one hand,
HS(A(Xy), z) can be described by means of the Molien series of R®, which
is expressed only in terms of the finite abelian group G C GL(n + 1,K).

On the other hand, in Proposition 2.2.13, we have seen that zg,... a:d is

a h.s.o.p. for RY, also called a set of primary invariants of G c GL(n +
1,K). By Theorem 2.2.14, R® is a free K[z, . . ., 2¢]—module with Hironaka

rrn
decomposition

@GK:EO,..., z%],

where 0y, 61, . ..,0p, called a set of secondary invariants of G, are the mono-
mial invariants of degree at most nd representing the monomial K—basis of
the quotient algebra B
RE/(zd, ... 9)RC.
Any set of primary and secondary invariants of G determines the Hilbert
series of A(Xy).
Proposition 3.1.2. (i) HF(A(X,),t) = dimg RS = |B,].

(ii) HS(A(X,), z%) = HS(RC, z), where

1 1
G S -
HS(RY,2) = G| EZG det(Id —zg)
g

is the Molien series of G.
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(iii) Letdy, ..., 6, be the multiplicities of the sequence (deg(6:), deg(62), . . .,
deg(0p)) of degrees of the secondary invariants 0y, ...,0p of G. Then,

02 + 0y 12" P4+ G2+ 1
HS(A(Xa), 2) = 1(1 oy -

In particular, deg(Qa(x,)(2)) < n.

(iv) deg(Xy) =D+ 1= drc;

Proof. (i) and (ii) They follow from Lemma 2.2.4 and Theorem 1.3.6.
(iii) We denote A := K[zd,...,2¢]. Then, A is a polynomial ring and

’rrn

The Hilbert series of A and ;A equal to, respectively,

HS(A4, z) = =

m and HS(@ZA,Z) =

Since the Hilbert series is additive with respect to direct sums, we obtain

HS(RC,2) = = = !
S(R%,2) =) (129 (1 zdyn+l

i=1

The statement now follows from the fact HS(A(X,), 2%) = HS(RC, 2).
(iv) With the notation of Proposition 3.1.1, by (iii) we have

deg(Xa) = Qacx,(1) = Y _ 6.
i=0

From (ii) and (iii) we obtain the equality

5nznd+”'+5lzd+1_iz 1
(1 — zd)nt1 |G e det(Id —zg)’
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and, hence,
) =5 S it “ S E S G
|G| det(Id —zg) |G| = Id#gea det Id zg)

Taking the limit z — 1 in both sides, we get Q(x,)(1) = @l , so deg(Xy) =

dn

T G| as required. O

The degree deg(Xy) of X, equals to the rank of R as a free K[zd, ... z¢]-
module. Proposition 3.1.2 provides us with new methods to determine
HS(A(X4), z). For instance, it can be deduced from the set of secondary
invariants {0y,...,0p} of G. The complexity of this strategy relies on the
fact that one needs first to compute By, ..., B,. We illustrate it with a few
examples.

Example 3.1.3. (i) Take G = (M3,12) C GL(3,K) a cyclic group of order
3. The G—variety X3 C P? is the cubic associated to the GT—system
I3 = (23,23, 23, xgz125) with group G, known as Togliatti’s example (see
(1.4.1)). We have

_ {3 3 3
By = {xp, 27,75, v07172}

_ [6 3.3 4 6 o oA 2,22 3.3 33 6
By = {aS, 2323 xfwima, 28, xoriny, viaiad, xdad, w3a3, wox 2], 25}

x5, 13 a3 is a h.s.o.p of RY and {xox 29, x32323} is a set of secondary invari-

ants of G. By Proposition 3.1.2(iii), the h—vector of A(X3) is (1,1, 1), as in
Example 1.3.7(iii), we get:
224241

(1—2)°
(ii) Take G = (M3.01.1, M3012) C GL(3, ]Ig) an abelian group of order 9. A
minimal set of fundamental invariants of G is

HS(A(X3),2) =

_ .9 .3.6 .63 .9 3.6 .3.3.3 3.6 .63 6.3 .9
By = {xy, wiwy, 23235, 17, THTY, THATTS, TR, Ty, TeTT, To ) -

The G—variety Xo C P? is a GT—surface with group G (Proposition 2.3.1).
We have

6 9,.9 6 ..15.3 .18 ..3..15 ..3..3 3..6..9
{xQ »331552 75U1352 »$1$2ax1 Lo, L1 Xy, Ty , LyTg ax0$1x2 7x0x1x2a
3.9.6 .3..12..3 ..3..15 ,.6..12 ,6.3..9 .6,.6..6 ..6,.9..3 .6 9.9
THTI Ty, ToT1 Ty, ToTy”, Ty ,xoxlxz,xoxlmz,xox xz,xoxl , LTy,

93,6 9,63 9,9 126 1233 6 15,3 153 18
TS, ToTITS, TT Y, T W, T T, 1w, 2 w3, 2572, 37}
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9 .9 .9 3,6 6.3 3.6 3.3.3 3.6 6.3 6.3 666
g, 71, T3 18 a h.s.o.p and {@yad, 2wy, whay, whaiy, 1pTY, Txy, TeTY, LTI T}

is a set of secondary invariants of G. By Proposition 3.1.2(iii), the h—vector
of Xy is (1,7,1) and

2247241

HS(A(Xy), z) = 1=2)

(iii) Take G = (Mep01.23) C GL(é K) a cyclic group of order 6. A minimal
set of fundamental invariants of G is:

— 6 ,.6 4 2,.2,.2 2.3 .33 3 2,4 .6 4

22,2 .33 .2 3 .3 4,..2 ,.6

The G—threefold Xg C P'® is a GT—threefold with group G (Proposition
2.3.1). We have

{12 6,6 7,4 8,22 8.3 19,3 9 2,10 .12 10

w3l warkal, adabad, waadalwy, adwlad, vaxwiaded, vivial, piaial,
w3rdrded 2adatag, 1828, vyabe xy, i3S ad, adalad, vlvld,
r3xlrimy, vrs, 85, xxlad, piadad a3x), voxiwd, xywox s, 3o,
Ti3worlmy, v3x2as, xsxdaial, piadatad, dadatad, viadal, xind,

w3xdr al, wiadaal, wdndadad, wiwdatn,, vivdal, viviw ], i daie,

5,4,3 ,4,.,5.,.3 ,.5,..5 6,.6 .12 10 ,.2,.2,.8 ,.3,3,6 ,4,4,4

5:5.2 .6..6 .2 9 .3 7 4 2.5 .5 3.3 .6 4 4,..2,.6
5.2 4 ,.6,2,.2..2 ,.7,.2,.3 ,.6,.3,3 7,3 8,4 ,.6,.6 .7 4
8,22 9,3 ,.8 3 .9 10,.2 .12

There are 9; = 12 secondary invariants of degree 6 and there are d, =
21 secondary invariants of degree 12, which correspond to the underlined
monomials in By. By Proposition 3.1.2(iv), the sum of the sequence h—vector
equals to deg(Xg) = 36. Since 1+ §; + 62 = 34 < 36, applying Proposition
3.1.2(iii) we have that the h—vector of A(Xg) is (1,12,21,2) and

B 223 + 2122+ 122 + 1

HS(A(Xg), 2) = T .

Alternatively, one can proceed as in (i) and (ii), and determine the set Bs.
But it contains 226 monomial of degree 18.
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The Molien series of G gives an expression of the Hilbert series of A(Xg)
in terms of the elements of the group G. Precisely,

1 1
HS(A(Xy), 2% = — _—
geG
This formula is, however, far from the reduced form in Proposition 3.1.2:

hp2™ 4+ bz + 1
(1_Z)n+1

To transform the Molien series as above could not always be an easy task
depending on the group (. This strategy appears more tractable when we
deal with cyclic groups of prime order.

Proposition 3.1.4. Let 2 < n < d be integers with d prime and G =
,,,,, an) € GL(n 4+ 1,K) a cyclic group of order d and 0 < o9 < -+ <
ap, < d. Then, for anyt € Z>q

1/td+n d—1

Proof. Since HF(A(Xy),t) = HF (R, td), we can determined HF(A(Xy),t)
from the expansion of the Molien series of R®:

d—
1 1 1
d gEZG det(Id — zg) d kz:: det(Id —2Makao,...kan)

Fix 1 < k < d — 1, therefore

1 1
det(Id =2 Moy, k) (1= 2)(1 = eFo0z) oo (1 — ehonz)’

Since d is prime and the exponents 0 < ap < --- < «,, < d, the classes of
koo, ..., ka, modd are represented by two by two distinct integers in the
set {0,...,d —1}. Using the factorization (1 — 2¢) = H;l;é(l —€lz), we can

write it as: .
1= ) H (1—¢2z),

Jj#ko;modd
1=0,...,n
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which gives us the following expression:

HS(RY, 2)=

1 .
(1_Zn+1 1_2dz H (1_6JZ)

k=1 j#ka; modd

1=0,..., n

SN

|
| —
(]
|
[
~
/\\
\_/
_|_
M8
&
—
|
)
<
&
ey
al

1= 0 k=1 j#ka; mod d

i=0,...,n
Therefore, HF(A(X4), ) is the coefficient of the tdth term of the expansion
of HS(RY, z). The expansion of the first summand at 2'¢ provides (td:;").
For each 1 <k <d—1, [[j£ka modd(l —¢e92)) is a polynomial in z of degree

1=0,...,
strictly smaller than d, so the second provides d — 1 at z'¢. Thus,
1/td+n d—1
HF(A(Xy),t) = = —
(e =3(" ")+ 5

]

Remark 3.1.5. Notice that any G —variety with group G as in Proposition
3.1.4 is a GT —variety with group G (Proposition 2.3.4).

As an examples, we analyse some particular cases of Proposition 3.1.4
for small values of n. For n = 2, the Hilbert function of any GT'—surface
Xy with group G is

dt* + 3t + 2
2
For n = 3 and any G'T'—threefold X,; with group G we have:

HF(A(Xq),t) =

d*t2 +6dt> + 11t + 6
3!

and, analogously, for n = 4 and any G'T'—fourfold X, with group G:

HF(A(Xq),t) =

d3t* + 10d?t3 + 35dt? + 50t + 24
4!

HF(A(Xq), 1) = , vt=0.
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Next, we continue with the general case. For n,x € Z, we write

n

(D _a(z—1); nl(:n —n+1) St

=0

The s,,; are called Stirling numbers of the first kind. In particular, s, o = 0
and s, , = % However, a closed formula for an arbitrary s, ; is not available.
In terms of the Stirling numbers of the first kind, the Hilbert function of any
GT—variety X, with cyclic group G as in Proposition 3.1.4 is

n—1 n
k dn—ltn
HF(A(Xg), ) =1+ ) (Z Sk (m) nkmdm1> g 0
m=1 m ’

k=

From this expression and by means of the so called Eulerian numbers, which
we next introduce, we can give a similar expression for the Hilbert series of
Xg. Let 0 <k < m be integers, the Eulerian number A, is defined as

Ay = g(—w‘ (mj 1) (k—j+1)m

In particular, A, o = 1, Ay, = 0 and it holds that )" A, = ml

Moreover, we have
m
§ : m—k
oo AmJgZ

(1 —z)mtt -

t=0

For simplicity, we denote HF(A(Xy),t) = > _ Cp,t™ where

m=0 —m

dr! B k
Co=1, C, = and Cm:an,k( )nk_mdm_l,mzl,...,n—l.
n! = m

With this notation,

ZZIZO ZZL:O CmAm,k Z?:_én(—l)J (n;m) mekJrj

HS(A(Xd>7 Z) = (1 o Z)n—i—l
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We obtain the following formula for the number of secondary invariants of
G of degree nd

-1 n n—
_ Z (Z Sk <:;> nk—mdm—l) n dn!l'

k=m

For GT—surfaces X, with group G:

Clr2+ddz 41
HS(A(Xd)7 Z) = 2 (1 _ 2)3 )

for GT—threefolds Xj:
d®—6d+5 3 + 2d2-2 2 + d’+6d-7 +1
HS(A(X4), 2) = : (i — ) : 5

and for GT—fourfolds Xy, HS(A(X,), 2) equals to

d3—10d%4+35d—26 11d3—30d2 35d+54 11d3 30d2 35d—6 d®4+10d?4+-35d—46
21- 4+ + 3+ + 2+ + 21‘ +1

(1—-2)°

Let us see some particular examples, which show that Proposition 3.1.4 is
not longer true for cyclic groups G = (Mg.q,....0n) C GL(n + 1,K) of prime
order d with o; = a; for some 4,5 € {0,...,n} with i # j.

Example 3.1.6. (i) Take G = (M3,12) C GL(3,K) a cyclic group of order
3. The Hilbert series of the GT'—surface X3 with group G is

24241

HS(A(X3),2) = NS

verifying as well Example 3.1.3(i).

(i) Take G = (Ms5.0123) C GL(4,K) a cyclic group of order 5. The Hilbert
series of the G'T'—threefold X5 with group G is

16,2 +82—i—1
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We have checked that RC has 8 secondary invariants of degree 5, 16 sec-
ondary invariants of degree 10 and none secondary invariants of degree 15,
verifying Proposition 3.1.2.

(iii) Take G = (Mi1.01.4710) C GL(5,K) a cyclic group of order 11. We
have:

2024 + 44523 + 74522 + 1202 + 1
(1—2)° '
We have checked that RY has a total of 1331 secondary invariants: 120 of

degree 11, 745 of degree 22, 445 of degree 33 and 20 of degree 44, verifying
Proposition 3.1.2.

HS(A(X11),2) =

(iv) Proposition 3.1.4 is not longer true if we drop the hypothesis on «;. For
instance, let G = (Ms01.12) C GL(4,K) be a cyclic group of order 5. We
have checked that R has 10 secondary invariants of degree 5, 12 of degree
10 and 2 of degree 15. By Proposition 3.1.2,

HS(RE z) _ 223 412224102+ 1
b) (1_2)4 b)

which does not agree with the formula obtained for a cyclic group G C
GL(4,K) of order 5 satisfying the hypothesis of Proposition 3.1.4:

1622 4+ 82 + 1
(1—2)

Combinatorics is a third perspective from which the Hilbert function and
series of G—varieties Xy with group G can be examined. We take

For any t € Zso, HF(A(X4),t) equals to the number of ZZ{"'—solutions of
the associated linear systems of congruences

Yo + n o Y td
1

Ao + Gyt o Qe = Tidy

(*)A;tﬂd,...,rs :

s

Oécrs(o)yo + O‘frs(l)yl +oeee + O‘frs(n)yn = T
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0<r< oz:itd’ i=1,...,s (Section 2.2).
In Subsection 3.1.1, we will use this strategy to compute the Hilbert function
and series of any G'T'—surface with finite cyclic group and, in Subsection
3.1.2, of any GT —threefold with cyclic group G = (My01.23) C GL(4,K) of
order d > 4. Now, we study this point of view and we present a result due
to Elashvili and Jibladze [28]. We focus on the following family of linear

systems of congruences. Let 2 < n < d be integers and

(Fage:d Yo T oo T 2 A td
At - n + 2y2 + ... 4+ NYn = rd

t>0,r=0,...,nt.

Remark 3.1.7. (%)4., is the linear system of congruences associated to
any GT—variety X, with cyclic group G = (Mgo12.. ) C GL(n + 1,K) of
order d > n.

The systems ()., are distinguished from the following perspective.
Take G; = (Mgay,...an) C GL(n + 1,K) a cyclic group of the same order
d with oy < --- < a,,. Set N = «,,, take new variables z,..., 2y, R =
Klzo,...,2n] and consider Gy = (Mgo12,. ~n) C GL(N + 1,K). Therefore,
any monomial 2§’ - -- 2% € R is identified with a monomial

ag a1 a /G2
ZadZer  Zgr € (R)™2.

In other words, monomial invariants of (G; are monomial invariants of G,
in the variables z,,,...,24,. Thus, if one is interested, for instance, in
describing the monomial invariants of any cyclic group Gy, it suffices to
focus on the family {(Mgo12..~) | 2 < N < d} (see [42]). Moreover,
equations in (%) 4., are more tractable than those associated to Gj.

Theorem 3.1.8. Let n > 2 and t > 0 be integers and G = (M, 11,01
GL(n + 1,K) a cyclic group of order n+ 1. Then,

HF (A(Xp41),t) = m > (k) (HT%J; 1)),

-----

where p(k) is the Euler function evaluated at k.
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Proof. See [28, Theorem 1]. O

With Theorem 3.1.8, we recover Proposition 3.1.4 when d = n + 1 is
prime. Indeed, making use of the basic properties of binomial coefficients,
we have:

HF(A(X,), t)=

1 ((t+1)(n+1) n(t+ 1)

DL\ th+1) )+ G+ Dn+1)

n

B 1 t+Dn+1)/t+)(n+1)—1 n
S (t+D)(n+1)  n+1 ( )+n—|—1

1 (t(n+1)+n) L

:n+1 n n+1

Nevertheless, Theorem 3.1.8 and the discussion accompany Proposition 3.1.4
expose the complexity of determining an explicit formula for the Hilbert
function or series of a G—variety X, with group G € GL(n + 1,K) from
which more information could be inferred. For instance, manipulating the
systems (%) 4.¢.», we obtain the Hilbert function HF(A(X,),t) of a G—variety
Xg with group G = (Mgo12..») C GL(n+1,K) as a result of summing the
following series:

nt—1 %) | s S
55 SR DS
r=1 | an=max{0,(r—(n—1)t)d} \ an—1=max{0,(r—(n—2)t)d a;=max{0,(r—(i—1)t)d—
—2an} 2a;+1——(n—i+1)an}
er—4a4g~-v—nanj
Z (1—1—\_”1_3(13_#]—max{O,(T—t)d—Qag—-~~—(n—1)an}) SR ,

az=max{0,(r—2t)d

—2a4——(n—2)an}
Dealing with the above expression in high dimensions is out of reach. We
will resume this discussion in the following two subsections.

The Hilbert function and series of a G—variety X, with group G C
GL(n + 1,K) can be computed from the graded Betti numbers of A(Xj).
Even though the converse is not true, both numerical invariants play an im-
portant role in finding the Betti numbers or, even further, a minimal graded
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free resolution of A(Xy) (Proposition 3.1.12). The graded Betti numbers
contain significantly more information of X, than the Hilbert function and
series (see, for instance, [26]). To determine the graded Betti numbers or a
minimal graded free resolution of a variety Y C P" is a classical and difficult
problem. Next, we study how these notions are related and we introduce
the Castelnuovo—Mumford regqularity of A(Xy).

In Theorem 2.2.11, we have proved that the set By = {my,...,m,,}
of all monomial invariants of G of degree d minimally generates R®, i.e.
RY = K[B,]. Take wy,...,w,, new variables and S = K[wy,...,w,,]. The
homogeneous ideal I(X ;) of X, is the kernel of the morphism p : S — K[B]
defined by p(w;) = m;, i =1,..., ug. Concretely, [(Xy) is the homogeneous
binomial prime ideal generated by the set of binomials:
=my, - -my, k2> 2}

{wi, - wi, —wj, -wy, €5 [ may oy,

(see the proof of Theorem 2.2.18).
Remark 3.1.9. I(X,) does not contain any linear form. Indeed, a linear
form | = Y 1 auw; € 1(Xy) if and only if Y 14 aip(w;) = Y 4 aymy; = 0.

Since it is a trivial combination of elements in the monomial K—basis of Ry,

it follows that oy = --- =, = 0.

A(Xy) = S/1(Xy) is a CM ring (Theorem 2.2.18) and, hence,
pdim(A(X,)) = codim(Xy) = g —n — 1.
To simplify the notation, from now on we set
¢ := codim(Xy) = g —n — 1. (3.1.1)
We consider a minimal graded free S—resolution F, of A(X,):
Fo: 0—F.— - —F—F—5— AXy —0,

where
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and fB; 5, > 0, 1 <14 < c. The ith graded Betti number of A(X,) is 8; =
Bits--., B and it does not depend on the choice of F,. A(X,) is a level
ring if

E, =2 S(—f.— c)fete.
If so, B, =0,...,0, 0. and B,y is the CM-type of A(X,).

Definition 3.1.10. The Betti diagram or Betti table of A(X,) is a labelled
table of 1+ ¢ columns and 7 + 1 = 1 + maxj<;<.{ fi} rows whose entries are
the graded Betti numbers of A(X,):

0] 1 2 || ¢
ol1] = = |---] =
— Bl,l 62,1 CU Bc,l
21— | Bz | Bog |- | Pep

—_

| = Bl,'r‘ ﬁ2,r Bo,'r

where '—’ symbolises 0.

Remark 3.1.11. The ith column of the Betti table of A(X,) describes the
free graded S—module F;. The jth row of the Betti table of A(X,) gives
partial information of the S—linear maps (d;)1<;<c-

Proposition 3.1.12. Let F, be a minimal graded free S-resolution of A(Xy).
For each 1 < k < w := maxjcicc{ fi} + ¢, we set By := >, . (=1)"Bi;.
Then,

(i) for each 0 <t,

HF(A(X,),t) = ;B (’“‘d St k)

pa — 1
where (“d;iﬁ*k) =01ift<k.

(ii) Conversely, the alternate sums By can be deduced inductively from
HF(A(Xq),t) as

14 k-1
B, = HF(A ZBk<“d +1 >
iy —

<k
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Proof. See [26, Corollaries 1.2 and 1.10]. O

Definition 3.1.13. Let F, be a minimal graded S—resolution of A(X,).
(i) P11+ -+ Bu,p, is the minimal number of generators of 1(Xy).

(i) min;<p,{f1; # 0} is the initial degree of 1(X).

(iii) f1 + 1 is the maximum of the degrees of elements in a minimal set of
generators of I(X,).

(iv) The Castelnuovo—Mumford reqularity of A(X,) is defined as

reg(A(Xq)) = max{fi} +1.

Graphically, reg(A(Xy)) coincides with the total number of rows of the
Betti diagram of A(Xy). Since A(Xy) = S/1(Xy) is a CM ring, reg(A(Xq)) =
fe+ 1, i.e. it is measured at the end of the resolution [71, Theorem 3.11].

Example 3.1.14. (i) Take G = (M3,,12) a cyclic group of order 3. By =
{23 23 23 romi2,} is a minimal set of fundamental invariants of G. The
homogeneous ideal of the cubic surface X3 C P? is I(X3) = (w] — wiwows).
reg(A(X3)) = 3 and the Betti diagram of A(X3) is

011
0] 1|—
1= =
21 -1

(i) Take G = (My0,123) C GL(4,K) a cyclic group of order 4. A minimal
set of fundamental invariants of G is

4 4 2 2.2 2 4 2 2.2 2 4
By = {xg, 2], xox T2, THLS, T3TGL1, T, T3T1X5, TZLT, T3T0T2, T3}

The homogeneous ideal I(X,) of the GT—threefold X; C PY with group G
is minimally generated by the following 12 quadrics:

Wg — W4aW1o WsWy — W3Wg
WwgWg — W3Wio WsWe — WaWr7
w§ —  WaW1io w% — Wi1Ws
WaWg — WsaWy WqaWs — wWLwy
WsWs — Wyl w? — wws

Wy — WeWg W3 — WalWy.
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reg(A(X,)) = 3 and the Betti diagram of A(X}) is

0/1 1234 |56
R e e e e el
1/—(12]16 |6 | — | — | —
20— —136]96]100|48| 9

Proposition 3.1.15. Let F, be a minimal graded S—resolution of A(Xy)
with Hilbert series:
_ Qaxn(?)

HS(X(Aa),2) = {250

(1) fi+1 <reg(A(Xa)).

(i) reg(A(Xq)) = deg(Qa(x,)) + 1. In particular, reg(A(Xq)) < n+1 and
the h—vector of A(Xq) is of the form (1,¢, ha, ..., hregia(x)—1)-

(iii) If2 < hreg(axa))—1 < h1, then I(Xg) is generated by binomials of degree
at most reg(A(Xy)) — 1.

Proof. (i) From the definition of the Castelnuovo-Mumford regularity, the
inequality f; +1 < reg(A(Xy)) holds automatically.

(ii) For j € Z>o, HS(S(—j),2) = ﬁ Since the Hilbert series is additive

on exact sequences, we obtain
P(z)

HS(A(Xq), 2) = A= 2y’

where P(z) =3¢, Z;;l B; ;7 is a polynomial of degree ¢ + f.. Therefore,

P(z)  Qawxy(?)

(I—zpa (1—z)ni

Hence, Qa(x,)(2) = (f_(‘zg is a polynomial of degree f. and we get

reg(A(X)) = deg(Qagxy () + 1.

The second part of the assertion is Proposition 3.1.2(iii).

(iii) It follows from [88, Proposition 3]. O
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Example 3.1.16. (i) Take G = (Ms012) C GL(3,K) a cyclic group of
order 3 (Examples 3.1.3(i) and 3.1.14(i)). The Hilbert series of cubic surface
X3 C P3 is
22+z+1

(1—2)*"

reg(A(X3)) = 3 and I(X3) is generated by one binomial of degree 3.

(ii) Take G = (M401.23) C GL(4,K) a cyclic group of order 4 (Example
3.1.14(ii)). The Hilbert series of the GT—threefold Xy C P? with group G
is

HS(A(X;), 2) =

922 +62+ 1
HS(A(X4), 2) = NS

reg(A(X,)) = 3 and I(X}) is generated by 12 binomials of degree 2.

Later in Section 3.3, we will investigate the canonical module wy, of
the coordinate ring A(X,) of any G—variety X, with group G C GL(n +
1,K). We will see a combinatoric interpretation of the last component of
the h—vector of A(X,) and we will characterize its Castelnuovo-Mumford
regularity. Both results will allow us to say more about the Hilbert series
and the minimal graded free S—resolution of A(Xy).

3.1.1 The Hilbert function of GT-surfaces

Through this subsection R = K[zg, z1,22]. We restrict our attention to
GT —surfaces with cyclic group G' = (Mg0,01,00) C GL(3,K) of order d > 2
and 0 < a1 < ay < d. The ideal I; C R generated by the minimal set
B, of fundamental monomial invariants of G is a GT—system with group
G (Theorem 2.2.11 and Proposition 2.3.4). Our main goal is to compute
the Hilbert function and series of A(X,) in terms of oy, s and d (Theorem
3.1.21). This leads us to prove that A(Xy) is a level ring and to determine
the CM—type and the Castelnuovo-Mumford regularity of A(X,).

To begin with, we recall that HF(A(Xy), t) coincides with the number of
Z3,,—solutions of the systems of congruences:

(*)A-t _ Yo + U1 + Y2 = td
o oy + oy = rd

with r =10,..., ast.
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In Propositions 3.1.2 and 3.1.15, we have seen that the Hilbert series of
X, is of the form:
5222 + 512 +1
HS(A(X =
( ( d)?’z) (1 —2)3 )
where §; = codim(X,) = g — 3 and J; is the number of monomial invariants
xy’x]t x5 of G of degree 2d such that ag, aq,as < d.
Through this subsection, we will use the following notation.

Notation 3.1.17. If z, 2’ € Z, we write GCD(z, ') simply by (z,2). We
denote

’ aq ’ 9 d d

ol = ,Oé — ,d,: ,d”: .
o d) (o, d) (a1, d) (az,d)

From now onwards, A and p are the uniquely determined integers such that
0<A<d and aj = Ao} + pd'.

We have the following.

Lemma 3.1.18. HF(Xy,t) equals the number of Z3,—solutions (yo,y1, y2)
of the systems:

. yO + yl + (azfd) - td .
(**)t,’f’ - { yl + )\(ayIQd) — ,r.d/ 7T — 07 . e ;t)\.

satisfying y1 + y2 < td.

Proof. Let (yo,y1,y2) € Z3, be a solution of a system ()4, for some
r € {0,...,ast}. We observe that (aq,d) divides y;. We have

Y1 + QoY = aqyr + A Ay + pd'ys = rd.
We write y) = ﬁ, hence,
ayyr + gAYy = (r — pys)d'.

This implies that o) divides (r — pyh). Then, we obtain y; + Ay = r'd’,
where necessarily 0 < 7’ < At. Thus, (yo,y1,y2) induces a unique solution of
the systems (xx);, such that y; + yo < td.
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Conversely, let (yo,y1,v5) € Z%, be a solution of (xx), for some r €
{0,...,tA} such that y;+ (o, d)ys < td. Since y1 + Ay = rd’, ayy1+a1 \yh =
rafd. Using that o\ = ay — pud', we obtain

Q1y1 + 041)\?/; = oy + as(a, d)?Jé - Md/(@h d)?/é = m/ld:

hence, a1y + a?(ahd)yé = (TO/I + ﬂ’yé)d We set Y2 = (alyd)yé Then)
(Yo, y1,y2) verifies any; + asys = r'd for some 0 < v’ < tb. So, (yo, Y1, Y2)
induces a unique solution of some system (x)4., if and only if y; + yo <
td. O

Example 3.1.19. (i) Take G = (Mg, 35) C GL(3,K) a cyclic group of order
8. In this case, A = 7 and p = —2. We observe that Mg 35 = Mg;O’N and
Mgo17 = Mgoss, 50 G = (Mgg,1,7). The systems ()4, and ()1, give
the same minimal set of fundamental invariants:

By = {a, 2bx2e, wiadad, af, piadas, xixg, 25}
(ii) Take G = (Mg,023) C GL(3,K) a cyclic group of order 6. A minimal set
of fundamental invariants of G is:

_ (6 3.3 4.2 6 . 3.2 24 6
By = {ay,xpxy, xyrs, af, woxrias, xiry, T}

In this case, A = 2 and d’ = 3. The Z2,—solutions (yo, y1,¥2) of the systems

_ Y + 1 + Yy = 6 _
(**)LT_{ v+ 3yy = 3 r=20,1,2,3,

are: (6,0,0), (3,3,0), (5,0,1), (0,6,0), (2,3,1), (4,0,2), (1,3,2), (3,0,3),
(0,3,3), (2,0,4), (1,0,5) and (0,0,6). Among them, only the following
seven vectors (6,0,0), (3,3,0), (5,0,1), (0,6,0), (2,3,1), (4,0,2), (3,0,3)
satisfy the condition y; + 2y, < 6.

Remark 3.1.20. (i) Assume (a1,d) = 1 and write & = e*. Therefore,
Lemma 3.1.18 says that HF(A(X,), ) coincides with the Hilbert function
of the GT—surface with group (Mgo1.) C GL(3,K). From this, we can
suppose either (a1,d) =1 or (aq,d), (a2,d) > 1. In both cases 1 # A.

(i) If (v, d), (a2,d) > 1 with (aq,d) < (a9, d), then we can choose integers
p and A with (aq,d) < A < d and such that as = Ao + pd'.
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Our main result is the following.
Theorem 3.1.21. Set 0(ay, s, d) := (aq,d)+(\, d)+(A—(aq,d),d’). Then,
(i) HF (X4, t) = 4% + 10(aq, o, d)t + 1.

d—0 d)+2 d+0 d)—4
(Gfl,ag, )+ 22 + + (al,QQ, ) z + 1

(ii) HS(Sy, 2) = =

Proof. (i) By Lemma 3.1.18, it suffices to count the number of Z2 ;—solutions
(Yo, y1,y2) of the systems

Yo + Y1 + _ay2d = td
(**)t,r:{ - ;l’yg _ gy T=0t

satisfying y; + yo < td. Without loss of generality, we may assume that
(oq,d) < (ag,d). Fix r € {0,...,tA}. The Z%,—solutions of (xx),, are
determined by r and

rnax{(), [(T _i(il’ld))d,]} <y2 < Lr_d/J

and they are of the form (td — rd' + (A — 1)ys, 7d’ — Ay, y2). Imposing y; +
(o, d)ya < td, we obtain that rd — Ay < td — (ag,d)ys if and only if
(A= (aq,d))y > rd —td. Fixed 0 < r < tA, counting the number of y, in

the range max {O, (%1} <y < "] we get:

HF(A(X _2+”Zl( )— Azl (WA_—(CZ;C,ZZ))lel)'

r=t(a1,d)+1

Given two positive integers m and n, it holds that

—_

— m, _ (m—-1)(n-1)+(mn)—1
|y - : .

1

n
%
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Therefore,

HF(A(X,),t)=2 + tr — 1 (L DAZ D AT -

t(A=(on,d))—1

o (%1 (0 = (an,d)) = 1).

r=1

We observe that (%} = L#td)tj if rd' is a multiple of A — (ay, d),
otherwise [ - ’(”gltd w1 = loo 7"31 o) +1. We set

S={reZ|1<r<t(A—(a,d)—1) and t(A — (o, d)) divides rd't}.

An integer r € S if and only if rd’ is a multiple of LCM(d', A —

(ala d)) =
% We determine the multiples of % in the set {1,...,t(A—
(av1,d)) — 1}. Hence, |S| = t(A

— (aq,d),d) — 1 and we have:
(A (a1,d))—1

rd't (td = 1)(tA — (o, d) — 1)
g; e T 5 *

tA — (an,d)) — 1 — t(d X — (a1, d)).

We check that

HE(A(X,),t) = th M(CER G ; (@ A=(nd)), g (319

(ii) By definition, HS(A(X4), 2) = D50 HF(A(X4),t)2". Thus,

HS(A(Xq4),2) = Z gt2zt + Z Mt?f + Z 2t

>0 >0

t>0

do(z+1) Blor,0z.d) 1

— 2

=25 T - T1232

d—=60 d)+2 d+0 d)—4
(041,2042, )+ 22 4 + (oc1,2a27) 241

(1—2)°
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Corollary 3.1.22. (i) The Castelnuovo—Mumford reqularity of X4 is 3.
Hence, 1(Xy) is minimally generated by binomials of degree at most 3.

(i1) A(Xy) is a level ring of CM-type M.

Proof. (i) Since 1, is a GT—system with group G = (My0,0,.0,) C GL(3,K),

it holds .y Do
g = + (O[1,2052, )+ S d+1

which implies that §; = ug — 3 < d — 2. On the other hand, deg(A(X,)) =
09 +01 +1=d, so we have that 6o =d —0;, —1>d—-1—-d+2=1.

(ii) Any CM homogeneous domain over K with Castelnuovo-Mumford reg-
ularity less or equal than 3 is a level ring [88, Corollary 3.11]. Then, the cth
graded Betti number of A(X,) is the CM—type of A(Xy). Let (1,c, hy) be
the h—vector of A(X,). Computing HS(A(X,), z) from a minimal graded
free S—resolution of A(X,) as in the proof of Proposition 3.1.15, we obtain
that hoy is the CM-type of A(Xy). O

We look at the function 0(aq, as, d) = (a1, d) + (N, d') + (A — (a1, d), d').
It follows from the definition itself that 6(aq, ae,d) = 3 if and only if 1 =
(a1,d) = (az,d) = (ap—1,d). IfO(ay, a0,d) = 3, then we have ¢ = hy = &1
and the Hilbert function and series of A(X,) appears plainly as

5 -

dt®> + 3t + 2

HE(A(X,),t) = ;

Gl +ddz 41
HS(A(Xg),2) = = = ;)3

Example 3.1.23. Let 0 < a3 < as < d be integers with d prime and
G = (Mg0.01.0,) C GL(3,K) a cyclic group of order d. Then (ay, as,d) =3
and we are in the hypothesis of Proposition 3.1.4. So we can check that

HF(A(X,),t) =

1(td+n +d—1_dt2+3t+2
d n d 2

d-l2 1 &1y 1
HS(A(Xd)7 Z) = 2 (1 N ;)3
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Otherwise 0(ay, ag,d) > 3, then dy < d; and we obtain 2 < d5. Thus, we
are in the hypothesis of Proposition 3.1.15(iii) and we obtain:

Corollary 3.1.24. If0(aq, s, d) > 3, then 1(Xy) is minimally generated by
homogeneous binomials of degree 2.

Proof. Since reg(A(X4)) = 3 and I(X;) does not contain any linear form,
the results follows form Proposition 3.1.15(iii). [

For instance, we always have 0(ay, ag, d) > 3 when d is even. However, if
d is odd but not prime, the casuistry increases and the fact 0(cq, s, d) > 3
depends further on the values of aq, as.

Example 3.1.25. (i) Take G = (Mg, 23) C GL(3,K) a cyclic group of order
6. We have that 6(2,3,6) = 4 > 3 and the Hilbert series of A(Xj) is

2244241

HS(A(Xs),2) = TS

We have checked that the ideal I(Xg) is minimally generated by 9 binomials
of degree 2.

(ii) Take G = (My,15) C GL(3,K) a cyclic group of order 9. In this case,
6(1,5,9) = 3 and the Hilbert series of A(Xy) is

422 + 42+ 1
HS(A(Xy), 1) = T

We have checked that the ideal I(Xy) is minimally generated by 6 binomials
of degree 2 and 4 binomials of degree 3.

3.1.2 Hilbert function of GT-threefolds

Here we extend the combinatoric approach applied in Subsection 3.1.1 to
compute the Hilbert function and series of GT'—threefolds X, with cyclic
group G = (Mg012,3) C GL(4,K) of order d > 4.

HF(A(Xy),t) is the number of Z%,—solutions of the linear systems of
congruences: -

(*)A;t,r5{y0 Tt ot = dd

y1 + 2y» + 3y = rd
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For » = 0 (respectively r = 3t), there is only one solution (t¢d,0,0,0)
(respectively (0,0,0,td)). Fixed 0 < r < 3t, we choose y3 and y, as
independent variables of the system (x)4.,. Then, any Z%,—solution of
(%) a1, can be expressed in terms of y; and y. as a vector of the form

(fo(r, ys, y2), f1(r, Y3, y2), Y2, y3) where:
ys€ {max{0,d(r —t)},..., %]},
yo€ {max{0,d(r —t) — 2yo}, ..., [“522 |},
Ji(r, ys, y2)=rd — 3ys — 2y»,
Jo(r, ys, y2)=(t — 7)d + y2 + 2y3.

This produces the following expression for any ¢ > 0:

3t-1 15 ] rd — 3
HF(A(Xa),t) = 243 ) (1 * {—2 ng
r=1 yz3=max{0,d(r—2t)} (3.1.3)

—max{0,d(r —t) — 2ys} ) .

Our result is the following.

Theorem 3.1.26. Let d > 4 be an integer and set 0(1,2,3,d) := 21 +
12(2,d) + 12(3,d) — (3,d)?. Then,
2

d 0(1,2,3,d
HF(A(Xq),t) = 6t3+dt2+M

t+ 1.
24 *

In particular,

d23 2 11 .
SO+ St i (2,d)=(3.d) =1

d2
E7¢3+dtQ + gt+ 1 if (2,d)=1and(3,d) =3,
HF(A(Xy),t) =

2
%t3+dt2+§t+1 if (2,d)=2and(3,d) =1,

d2
\ Et?’+dt?+3zs+1 if (2,d) =2 and (3,d) = 3.
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The proof is based on summing the series (3.1.3) and it is developed in
a purely combinatoric way. Let us first analyse which information regarding
X4 can be inferred from the above expressions. For instance, we have the
following corollaries.

Corollary 3.1.27. The Hilbert series HS(A(Xy), 2) of A(Xq) is
(L g 00280 1,3 4 (2800234 4 3y,2 4 (&4 g4 02343y, 1

i -

In particular,

2_ 2_ 2 _
( d gd+5 3+2d3 2z2+d+6d 7Z—|—1

z
6 2,d)=(3,d)=1
(1—2)4 ( ) ) ( ) ) )
d?—6d+9 .3 | 2d%>—6 .2 | d’4+6d—3
- - +1
- 3 : — T 2d)=1, (3,d)=3,
—z
HS(A(Xa), 2) = 2648 3 | 2d°-5 .2 | d’+6d—d, |
6~ 3 ~ 6~
2.d)=2. (3,d)=1
A (2.d4)=2, (3,d)=1,
d>~6d+12 ,3 | 2d°=9 79 e +6d
004128 4 24 29,2 4 $46d, 1)
6 2,d)=2(3,d)=3.
\ T 2.d)=2(3.d)
Proof. Tt follows directly from Theorem 3.1.26. ]

Corollary 3.1.28.

eeacx) = { § 0 4207

In particular, A(Xy) is a level ring for d = 4,5.
Proof. We distinguish four cases dependlng on the values of (2,d) and (3, d).
If 1 = (2,d) = (3,d), then 03 = €=85 > 1 if and only if d > 7. If (2,d) = 1
and (3,d) = 3, then 65 = & gd+9 > 1if and only if d > 9. If (2,d) = 2
and (3,d) = 1, then 63 = €848 > 1 if and only if d > 8. And finally, if
(2,d) = 2 and (3,d) = 3, then dy = L=0412 > 1 if and only if d > 6. This
proves that reg(A(Xy)) = 4 for all integer d > 6.

For d = 4, we have that d; = # = 9 and, for d = 5, we have that
d3 = 2d2 = 16. This shows that reg(A(X,)) = 3 for d = 4 and 5, now the
result follows from [88, Corollary 3.11]. O
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The Castelnuovo-Mumford regularity reg(A(X,)) gives an upper bound
for the degrees of a minimal set of binomial generators of 1(X,;). Thus,
we can assure that 1(X,) is generated by binomials of degree at most 4 for
d > 6. However, this bound can be improved as follows. We denote by G; =
(Md;0,1,2>, Gy = (Md;o,l,?,), Gs= <Md;0,2,3> and Gy = <Md;1,2,3> cyclic subgroups
of GL(3,K) of order d acting on K[zg, 1, 22|, K[z, 21, 23], K[xg, 22, 23] and
K21, 29, 73], Tespectively. Hence, R® contains all monomial invariants of
Gi, i = 1,2,3,4. This implies that for any GT—threefold X, with group
G = (Mgo123) C GL(4,K) of order d > 4 and h—vector h = (1, hy, ha, h3),
we have h; = codim(X,) > 2. Moreover,

Corollary 3.1.29. Let d > 4 be an integer and Xy a GT—threefold with
cyclic group G = (Mgo123) C GL(4,K) of order d > 4. Then, I(Xy) is
manimally generated by binomials of degree at most 3.

Proof. By Proposition 3.1.15(i), I(X,) is generated by binomials of degree
at most reg(A(Xy)). For d = 4,5 we have that reg(A(Xy)) = 3.

Fix d > 6 and let h = (1, hq, hg, h3) be the h—vector of A(Xy). By
Corollary 3.1.27, hy = % —d+ w — 1. Since d > 6, we have 0 <
hs. The inequality hy < h; = % +d+ w — 3 holds for all d > 2.
Therefore, we are in the hypothesis of [88, Proposition 3|, we can conclude

that I(X,) is minimally generated by forms of degree smaller or equal than
reg(A(Xy)) —1=3. O

Example 3.1.30. (i) Take G = (My0123) C GL(ZL_,K) a cyclic group of
order 4. A minimal set of fundamental invariants of G is

By = {x},z], voxize, x323, x32in, 05, v3w123, 2303, 2370070, T3}
The Hilbert series of A(X}) is

922 + 62+ 1
HS(A<X4)7 Z) = (1 _ 2)4 )

reg(A(X,)) = 3 and I(X}) is generated by 12 binomials of degree 2.
(ii) Take G = (M50,123) C GL(4,K) a cyclic group of order 5. A minimal
set of fundamental invariants of G is

— 5 .5 3 2 2 2,.2 3 5 3 .2,.2 2 2

3 5
T3T0T1, T3}
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The Hilbert series of A(X5) is

162% + 8z + 1
HS(A(X =
S( ( 5)7Z> (1 — 2)4 )
reg(A(X;5)) = 3 and I(Xj;) is generated by 20 binomials of degree 2 and 8

binomials of degree 3.
(iii) Take G' = (Ms0,123) C GL(4,K) a cyclic group of order 6. A minimal
set of fundamental invariants of G is

_ 6 .6 4 2,29 2.3 3.3 3 2.4 .6 4

2,.2,.2 .3..3 .2 3 .3 4.2 .6

The Hilbert series of A(Xg) is

223 421224+ 122+ 1
HS(A(Xo).2) = =

reg(A(Xs)) = 4 and I(Xp) is generated by 57 binomials of degree 2.

In Subsection 3.2.1, we will describe a minimal set of binomial generators
of I(Xy) for any GT—threefold X, with group G = (Mgzp123) of order
d > 4. In particular, we will prove that I(X;) is minimally generated by
binomials of degree 2 if d is even; and I(X,) is minimally generated by
binomials of degree 2 and 3, if d is odd. Furthermore, in Section 3.2, we
will demonstrate that the homogeneous ideal of any G—variety with finite
abelian group G C GL(n+1,K) is generated by binomials of degree at most
3. To achieve our goal, we will expound a combinatorial approach based
on zero-sums over abelian groups, far from the strategies described in this
section.

The rest of this subsection is devoted to prove Theorem 3.1.26. We fix
an integer d > 4 and a GT—threefold X, with group G = (Mgo123) C
GL(4,K) of order d. As we have seen at the beginning of this subsection
(see (3.1.3)):

HR(A(X)8) = 2+ Y }(Mﬂ@J

r=1 ys=max{0,d(r—2t)

—max{0,d(r —t) — 2ys} ) .
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So, it suffices to see that the sum of the above series coincides with
d? 0(1,2,3,d)
— % dt?
6 tatt 24
where 0(1,2,3,d) = 21 + 12(2,d) + 12(3,d) — (3, ).
We first observe that the series (3.1.3) can be rewritten as

2+ (A)—(B)—-(C) =

t4 1,

z%q =i )z“ v 355 (5] )

We treat separately each series (A), (B) and (C). Let us start with some
notation and a couple of technical lemmas needed in the sequel. For a,b € Z,
we denote by @’ the unique integer in {0,...,b— 1} such that a = @’ mod b.
In particular, it holds |¢] = ¢(a —@).

Lemma 3.1.31. Giwen b,k,t,d € Z>o, we have:

bt—1 Nk ﬁ_l
3 (m ) — 1(b, )<+ i,
r=1 =0
For k=1, we have:
bt—1 bt—1
_ — -1 1 _
Zrdb:tb(b (b,d)) and Z (tb— 1)(dt — 1) 4+ t(d,b) 1.
— 2 2

Proof. The first equality follows from

bt

> (i) = i (r/d) = t0d) 3 (i)

r=1 =0
bl il \
We observe that ; i ; (rd —rd ) and we get the second identity.

]
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Lemma 3.1.32. Given d,t € Z>(, we have:
2—1 o 3t—1 _ (3=(3,d)(6—(3,d)t
(i) SIS rd )2 = 2= (d2))t and YT (rd)? = BG-GB,

3t—1 2 _ (3t—1)(3td+1 3t—1 4.2)(3t—1
(ii) Yoo, Zvo’y—rd _ (GeN@E) | Gen) @@

Proof. (i) It follows from Lemma 3.1.31 with £ = 2 and taking b = 2,3,
respectively.

(ii) We assume that ¢ is odd and so 3t — 1 is even. The other case follows
analogously. We rewrite the sum as

3t-1 L% 3t-1 rd 3t—1rd—| 41
Sy A =33 A 7
r=1 v=0 r=1 v=0 r=1 v=0

Hence, it is enough to study each summand:
3t—1 rd — 3t—1 r
Y YT = o 1M
= 10 (rd+1-rdHT)

(Bt=1)(3td+1) _ (d,2)(3t—1)
4 i

2315 1Z"rd 15— 1 _ oyl rd*L%JJ _ gl
- r=1 2 - r=1 3
— ISl —rd ¥ T

_ (3t—1)(3td+1) 3t— 1 ——3
= GEDBRR) LS
_ (3t=1)(3td+1)  (3t—1)
- 6 3

We have:
(A) = ZBt 1ZL_ 1_|_er 3”

SR RIS S IR S uh Dr (C B SENT

_ 3t 1)d 3t— 1 3(3t71)(6t71)d2
= (3t — 1) DL 1Sl ed ) SO0

L5
P - s e =
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Applying Lemmas 3.1.31 and 3.1.32 to the last expression, it yields:

2 3d(d—6 d(d—18)4+9(2,d)— (3,d) ((3,d)—12)+27 2,d)+6
(A):%t?’— (g)t2+( )()2(4)(())t_(é%)'

Analogously, we expand the second summand (B) and we apply Lemmas
3.1.31 and 3.1.32 to obtain:

2y dd—1), d(d—6)—3(2,d)+6
3 2 12

(B) =
Finally, for the last summand we have:
(0) = o (1+157))
MDA i) - AT S

Making use of the following fact:

rd— 1 dtt 1 d,2)(t—1
Z Z _ __|_ =1 _ ( )i )7
it follows that
—d? , dld+2), dd+6)+3(2,d)—-6 2-—(2,d)
t* — .
12 e 8 24 + 8

Reconstructing the sum 2 + (A) — (B) — (C) and setting 6(1,2,3,d) :=
21 4+ 12(2,d) + 12(3,d) — (3,d)?, we obtain the desired formula:

(€)=

&’ 6(1,2,3,d
HF (A(Xq),t) = —t° 4 dt* + 9(1,2,3,d)

.y
6 op T

3.2 The homogeneous ideal of G—varieties

In this section, we look at the homogeneous ideal I(X,) of G—varieties X
with finite abelian group G C GL(n + 1,K) of order d. From the invariant
theory point of view, I(Xy) is the ideal of syzygies among the minimal set 3;
of fundamental monomial invariants of GG. We have established that I1(X,) is
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a binomial prime ideal and we have described a set of binomial generators of
I(X4) in terms of By (see the proof of Theorem 2.2.18). Using the information
of the Hilbert series and Castelnuovo-Mumford regularity of A(Xy), I(X4)
can be generated by binomials of degree at most n + 1 (Proposition 3.1.15).
We have improved this bound for the homogenous ideal of any GT'—threefold
with cyclic group G = (Mg123) C GL(4,K) of order d > 4; precisely it is
minimally generated by binomials of degree at most 3. In view of these facts,
we ask for a sharp bound of the degrees of binomial generators of I(Xy).

Using zero—sum sequences over finite abelian groups and the structure
of RY, we prove that I(Xy) is generated by binomials of degree at most 3.
We give examples of G—varieties X4 with group G € GL(n + 1,K) in any
dimension n > 2 reaching this bound. We characterize the binomials in a
minimal set of binomial generators of I(Xy). This criterion is combinatoric
and non constructive. We devote Subsection 3.2.1 to describe a minimal set
of binomial generators of the homogeneous ideal of any G'T'—threefold with
cyclic group G = (Mg0123) C GL(4,K) of order d > 4.

From now onwards, we fix integers 2 < n < d and a finite abelian group

P M S s L n 1 K
(171(0) ..... a‘lfl(n)7 ’ ds’aas(O) """ O[‘Us(n)> C G ( + ) )

of order d = dy---d,. We recall RS = K[B,] (Theorem 2.2.11), where
By = {m,...,m,,} is the set of monomial invariants of G of degree d.
We take new variables wy, ..., w,, and S = Klwy,...,w,,]. We have that

A(Xy) = S/1(X,) = RS and 1(X,) is the kernel of the morphism
p: S —K[Bi], plw;)=m i=1,...,uq.
It is the homogeneous binomial prime ideal generated by the set

{wh"'wik_wjl'”wjk €5 | Mgy = e Mgy = Mgy === My k22}

For each integer k > 2, we denote by I(X4)x the set of all binomials of I(X,)
of degree k. With this notation, we have

I(Xa) = > (I(Xa)).

k>2
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Our main goal is to determine the integer 2 < K < n + 1 such that

=

-1

(I(X0)) © 1(X) and 3" (I(Xa)) = 1(Xa).

2 k=2

=
[|

We begin introducing some definitions and notation needed in the sequel.

Definition 3.2.1. Let £ > 2 be an integer.

(i) We call a k—binomial to any non zero binomial w® = w* — w* =
Hle w;, — Hle w;, € 1(Xy) of degree k, i.e. Hle mi, = Hle m;,.

(i) For any k—binomial w* = w* — w®~ € I(X4)x, we denote supp, (w®)
(respectively supp_(w®)) the support of the monomial w*+ (respectively
support of w®~). We say that w® is a non trivial k—binomial if supp, (w®)N
supp_ (w®) = ). Otherwise, we call w® a trivial k—binomial.

Definition 3.2.2. Let k£ > 3 be an integer and w® = w* — w* € (X )
a non trivial k—binomial. An I(Xy),—sequence from w®+ to w*- is a finite
sequence (w?, ..., w') of monomials of S of degree k satisfying the following

two conditions:
(i) w' = w*+ and w® = w-

(ii) for all 1 < j < ¢, w/ —w/*! is a trivial k—binomial.

Example 3.2.3. Take G = (Mg 123) C GL(4,K) a cyclic group of order
6. A minimal set of fundamental invariants of G is

— 4,..2 .3 3.3 12,3 2,22 ,.2,.4 4 3

3 6 3 3 2,..2,..2

(Example 3.1.30(iii)). We set S := K[wy, ..., ws] and we consider the mor-
phism p : S — R given by p(w;) = x§,.... The following homogeneous
binomials wjws — wi and wiwipws — wewywyy are 2 and 3—binomials, re-
spectively. On the other hand, {wswi2w;s, wWswewss, Wewews4} is an 1(Xg)3—

sequence from wswiswis 10 Wewow4.

Proposition 3.2.4. Let k > 3 be an integer and w® = w* — w* €
[(Xa)r a k—binomial. Then w* € (I(Xy)k—1) if and only if there exists
an 1(Xy)r—sequence from w+ to w*-
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Proof. See [20, Proposition 5.4]. O

Remark 3.2.5. Let k£ > 3 be an integer. A trivial k—binomial of I(X,)
belongs to the ideal (I(Xg)x_1).

The main result of this section is the following.
Theorem 3.2.6. 1(X,) = (I(Xy)2, [(Xy)3).

Proof. First, we prove that for all £ > 4, any non trivial k—binomial ad-

mits an [(X,)r—sequence. By Proposition 3.2.4, this implies (I(Xy)x) C

(I(X4)k—1). Fix k > 4 and let w® = w* —w* =w;, -~ w;, —wj, - - - w;, be
af

l
anon trivial k—binomial. For each w;, (respectively w;,), let m;, = z,

k
Qa.
...l‘n”

. . . . bl bl
be its associated monomial (respectively m;, = xy" ---xy*), { =1,..., k. We

have that
k k
dal=>"b, 0<s<n (3.2.1)
1=1 1=1
We consider the monomials m;, and m;, and for each 0 < s < n we define:

{0 if a! > b}
Cs =

bl —al  otherwise.

This gives rise a non zero monomial m =z’ --- 2% € R of degree strictly
smaller than d. Clearly, m divides my, ---m;, (see (3.2.1)). Thus, we

consider m' = (my,---m;_)/m, which is a monomial of degree at least
(k —2)d > 2d. We write m’ = zl°---z/» and we define the sequence
of integers L = (g, .0, a,...,ap, /7, a,). Since L has length at least

(k —2)d > 2d, by Lemma 2.2.9, there is a zero-sum subsequence
L' = (ag, 2., a0,...,0,, 9% a,) C L.

So, the monomial x’ - - - x9" € RY. By Theorem 2.2.11, we can do a factor-

ization:

_ 1 1
ngmzk _miQ...mik7

where all m}l € Ré, 2 <[ < k, are monomials of degree d and, in particular:

T .90 90
m; = T zy".
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Notice that we have my, - --m;, = m;m,, ---m;, . We define w* € S to be

the monomial p~'(my, )p~'(mj,) - -- p~'(m], ). By construction, w*+ —w?is a
trivial k—binomial. Observe that m =z - - -z divides mj, ---mj _, thus
my;, divides m;mj, ---m] . Applying the same argument as before, we do
a factorization:
1 12, 2 2
milmig .. mik_1 e milmiz .. m’ik_17

where m? = m;, and all m?l € RC, 2 <1< k—1, are monomials of degree d.

We set w? = pfl( 2)opHmi ). pt(my,). Since mymy, ---my,_ m; =
2 3

mym;, ---m7_ m , w® —w?® is a trivial k—binomial. Furthermore, since
2

m; =my,, also w® —w*- is a trivial k—binomial. Therefore,

(wi1 o Wiy, w27 ’LUS, Wy~ - 'wjn)
is an I(X,)r—sequence, from which it follows that (I(Xy) (I(Xa)k—1)-

k) C
The argument we have developed only requires that (k — 2)d > 2d, which it
is satisfied for all £ > 4. Thus, we obtain

C (I(Xa)k) € U(Xa)p-1) C -+ C (I(Xq)s).
U]

Example 3.2.7. Take G = (M5,01234) C GL(5,K) a cyclic group of order
5. A minimal set of fundamental invariants of G is:

— 5 .5 3 2 2 2.2 3 3 5 3 2,2
2,.2 3 .2 2 3 .3 2 2 2,.2
T4T{T5, TaT3TY, T3LTS, TaToTs, T3LOT1, T4T3TOT1T2, TTOT], T4T3LE,
2,.2 5 3 2 2 .2,..2 3 3 5
TyXngLo, Ly, Lalglo, TyL3Ly, TyX3L1, Lyl1X2, L4I3L0, LL’4}.

[(X5) is minimally generated by 150 2—binomials and 20 3—binomials.

The arguments in the proof of Theorem 3.2.6 are false, in general, for a
binomial w* = w* — w*- € [(Xy)s. For instance, the homogeneous ideal
of the GT—fourfold with group G = (Ms,1234) C GL(5,K) in Example
3.2.7 is minimally generated by binomials of degree 2 and 3. However, there
are G —varieties whose homogeneous ideal is generated only by binomials of
degree 2 (Corollary 3.1.24).
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Proposition 3.2.8. Let 2 < d be an integer and G = (Mgo.ay.0,) C
GL(3,K) a cyclic group of order d with 0 < oy < ag < d. If GCD(ay,d) =
GCD(ag,d) = GCD(ay — 1,d) = 1, then the homogenous ideal of any
GT—surface with group G is generated by homogeneous binomials of degree
2 and 3.

Proof. The ring R has codim(A(Xy)) = pg — 3 > 1 secondary invariants of
degree 2d. This means that there are py — 3 different monomial invariants
of G of degree 2d of the form xgoxﬁlxgz such that by, by,by < d, namely
fiy-oos fug—3. Set m = xdz{xg and m; =m/fi, i =1,...,uqa — 3. This gives
(g — 3 different monomial 1nvariants of G of degree d satisfying supp(m;) =
{0, 1, 22}. Indeed, let fZ = 2225 2% be a secondary invariant of degree 2d.
Then, m/ f; = xg box‘f b1247b2 hag degree d and its exponents 0 < d—b; < d,

1 =20,1,2. So, we obtaln

= {ad 2¢ 2y U {m;, i=1,..., pa — 3}.

Let w* = w* — w* € I(Xy4)2 be a 2—binomial. We write p(w®+) = mymay
and p(w*-) = mgmy, for m; € B;. The homogeneous ideal I(X,) does not
contain any linear form, so {my, ma} N {ms, ms} = 0. Since w® € I(X,), we
have that myms = msmy. Thus, from the above description of By, it follows
that m;my can not be of the form zdx ], for i, j € {0,1,2}, otherwise w® = 0.
Reordering if necessary, we may assume that p(w;) = zd, p(ws) = ¢ and

p(ws) = xd. The last statement is equivalent to say that there is no a
2—binomial w* = w** — w® such that w* = w;w; or w* = w;w; for

i,j € {1,2,3}. We have that p(wjwyws) = m. Moreover, m is divisible
by each monomial m;, i = 1,...,uq — 3. Fix m;, by Theorem 2.2.11, for
each monomial m; we have a factorization m = m;gtgi where g1, 92 € By \
{xd, 2, x4}. This factorization induces a non trivial 3—binomial

wywaws — p~ (M) p~ (g1)p ™ (92)

which does not admit an I(X4)s—sequence. Indeed, if (w!,... w¥) is an
[(X4)o—sequence from wiwows to p~t (M) p~(g1)p~(g2), then by definition
w' is of the form wyw;wy, and wews — wjwy, € [(Xy)a. As we have argued
before, this implies that w! = wywows. Continuing in this way, we obtain
the same assertion for each monomial in the sequence (w!,...,w"). So
wywowz — p~ L (my)p~t (gl)p_ (g2) is necessarily trivial, which means that g;

or go belong to {xd, 2¢, 23}, and we arrive to a contradiction. O
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As the following proposition shows, we can find G—varieties in any di-
mension n > 2 whose homogeneous ideal is generated by binomials of degree
2 and 3. In this sense, the bound established in Theorem 3.2.6 is sharp.

Corollary 3.2.9. Let 3 < n < d be integers and G = (Mgoay...an) C
GL(n + 1,K) a cyclic group of order d. If d is odd and there are a; < «;
such that GCD(«y;,d) = GCD(¢oy,d) = GCD(«; — 1,d) = 1, then the homo-
geneous ideal 1(Xy) of a G—variety Xy with group G is minimally generated
by binomials of degree 2 and 3.

Proof. Weset I' = (My0,0,,0;,) C GL(3,K) a cyclic group of order d acting on
Kl[zo, z;, z;]. We denote by V; the GT'—surface with group I' := (My0,;,0;) C
GL(3,K). By Proposition 3.2.8, a minimal set of binomial generators of
I(V4) contains a binomial w* = w** — w®- of degree 3. Under a suitable
identification of variables, we have

I(Va) = I(Xa) A Ko™ (20), " (1), 7 ()]

So, we can see any element of I(V;) as an element of I(X,). In particular,

w* € 1(Xy). Now if (w',..., w") is an [(X4)s—sequence from w to w-,
then

p(w') = p(w?) = - = p(w") € Klxo, s, ;).
Hence, we can regard (w', ..., w*) as an I(V;);—sequence from w®* to w®-,
which is a contradiction. O]

Proposition 3.2.4 characterizes the 3—binomials in a minimal set of bino-
mial generators of I(X,) in terms of I(X,)3—sequences. It is natural to ask
when such a [(Xj)s—sequence exists, and in case to design a procedure to
find them. These objectives require a precise description of the set of gener-
ators By of R and the binomial generators of 1(Xy), which are out of reach
for an arbitrary G —variety Xy with group G’ € GL(n+1,K). Notwithstand-
ing, there are examples of rings R“ which are achievable for that matter.
In the rest of this section, we deal with a family of GT'—threefolds which
provide a wealth field to investigate these questions.

3.2.1 A minimal set of binomial generators of GT-threefolds

In this subsection, we compute a minimal set of binomial generators of any

GT—threefold X, with cyclic group G = (Mgo123) C GL(4,K) of order
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d > 4. We prove that I(X;) is minimally generated by binomials of degree 2
if d is even and it is minimally generated by binomials of degree 2 and 3 if d is
odd. To this end, we develop a procedure for constructing I(X,),—sequences,
which lead us to determine, for d odd, the 3—binomials in a minimal set of
binomial generators of I(X;). The key ingredient is a complete description
of the set By of fundamental invariants of G (Theorem 2.2.11).

The content of this subsection has been published in [20]. In this article,
we study I(Xy) from a different perspective: lattice ideals and Markov basis,
and it is inspired by [14, 15, 16, 24, 27, 45].

As we have seen in Subsection 3.1.2, a monomial m = z¢z}z32] € B,
if and only if («,3,6,7) is a Z%,—solution of one of the linear system of
congruences: -

e A A R RS AR
For r = 0 (respectively r = 3), we obtain (d, 0,0, 0) (respectively (0,0,0,d)).
For r = 1,2, we obtain Zéo—solutions (fo(r,ys, y2), f1(r,ys,y2), Y2, y3) where

ys€ {max{0,d(r — t)},..., %]}
Yo € {maX{O, d(r —t) — 2y}, ..., LW%J}
fi(r,ys, yo)=rd — 3ys — 2y»
fo(r,ys, y2)=(t — r)d + ya + 2ys.
We write d = 2k +¢ = 3k"+ p where € € {0,1} and p € {0, 1,2}. Therefore,
any monomial of By is uniquely determined by the following set:
Wi = {(r,7,0) €2, |0<r <3,0 <y <7rk' + [F],
max{0,d — 2y} < ¢ < [“52|}.

Let us see the some examples that illustrate the set W,; and a couple of
minimal set of fundamental invariants B; of G.

Example 3.2.10. (i) We take d = 4. We compute the Z,—solutions of the
systems (%) 4.1,. For r = 0 (respectively r = 3) there is only one possible
solution (4,0,0,0) (respectively (0,0,0,4)). For r = 1, the solutions are:

{((5—1—2%4—2(5—37,5,7)]76{0,1},56 {0,...,{4_237J}}.
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For r = 2, we have:
{(v+20 —4,8—26—37,6,7) | v€{0,1,2},6 € {max{0,8—27},...,[ 22 ]}}.
We obtain:

_ 4 .4 2 2,2 2 4 2 2,.2 2 .4
By = {xg, 2], xoxiTe, x5x5, LTI T, Ty, T1T5T3, T3T3, ToTaTs, T3 )

W, = {(0,0,0),(1,0,0),(1,0,1),(1,0,2),(1,1,0),(2,0,4), (2,1, 2),
(2,2,0),(2,2,1),(3,4,0)}.

(ii)) We take d = 5. Arguing as in (i) we obtain:

By ={x}, 23, xorizy, xR 23, 13303, T3T0T3, T, X1 THT3, TITLX3, ToTITS,
ToT1Ts, 13}

Ws = {(07 0, 0)7 (17 0 0), (1 )7 (1 0, ) (17 1, O), (L L, 1)7 (27 0, 5)? (2> L, 3)7
(2,2.1),(2,2,2), (2,3,0), (3.5,0)}.

This motivates the following notation.

Notation 3.2.11. For each (r,v,0) € Wy we set a variable w(,, s and
S = K[w(ry.6) (ry,0)ew,- The ideal I(Xg) is identified with the kernel of the
morphism

¢: S — K[By], (b(w("r,%é)) = xg+2'y rdxrd 2 37&331'3 == M(r,y,6)-

It is the binomial prime ideal generated by:

k k k k
{H w(rjia'yjiuéji) _H w(rhi 77hi76hi) H m(rjivﬂ/jivéji) = H m(rh Yhy 6h k > 2}

i=1 i=1 i=1 i=1

Definition 3.2.12. Let w = Hle W y,5,) € S be a monomial of degree
k> 2.

(i) We say that w admits a suitable k—binomial if there exists a mono-
mial w' = [[-, Wit 51 € S of degree k such that w — w’ is a non trivial
k—binomial.

(i) We say that the variable w5 € S admits a special k—binomial if
there exists a suitable k—binomial w — w' € I(Xy) such that (r,~,d) =
min{supp(m — m’)}.
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Determining whether a monomial w admits a suitable binomial or a
variable w(,,s) admits a special binomial gives us a method to construct
I(X4)r—sequences. For instance, if w = w, 41,6,) * Wiy yp,00) A0 Wiy 4,60
admits a special k—binomial w — w!, then it is a trivial k—binomial. If
supp(w') \ {w(r 1,6} contains a variable admitting a special k—binomial
w?, then w! —w? is trivial and (w,w!, w?) is an I(Xy),—sequence from w to

w?.

Example 3.2.13. (i) The variable w0y € S admits a special 2—binomial.
Indeed, wo,0,0)w2,2k,0) — W(1,k7,0)W(1,k,0) 1S @ non trivial suitable 2—binomial
and (0,0,0) = min{(0,0,0), (2,2%',0),(1,k",0)}. Unlike, w( a0y does not
admit a special k—binomial for any k > 2.

(ii) For d = 4, the set of variables admitting a special 2—binomial are in-
dexed by Wi\{(1,1,0),(2,1,2),(2,2,0), (2,2,1),(3,4,0)}. And for example,

w(1,1,0) admits a special 3—binomial: wy,1,0)w(2,1,2)W(3,4,0) — w(27270)w(22,271).
Consider sets:
Wa\ {(2,2K —1,0),(2,2k' — 1,1),(2,2k",0),(3,d,0)} if p =0,
Wa\ {(2,2K —1,2),(2,2K',0),(2,2K',1),(3,d,0)} if p =1,
Wa\ {(2,2K,0),(2,2K',1),(2,2K',2),(3,d,0)} if p = 2.

We will see through a series of lemmas that a variable wy, . sy admits a
special 2 or 3—binomial if and only if (r,7,d) belongs to one of the above
sets. Moreover, it allows us to establish which monomials of degree 2 admit
a special 2—binomial.

Lemma 3.2.14. Fach monomial w = w(mg)w(&d’o) € S admits a suitable
2—binomial w — w' except: (v,6) = (K, [2]) if p# 0, and v =6 = 0 if
e=1.
Proof. Fix (1,7,d) € Wy. If there exists such a suitable 2—binomial w — v/,
then

w' = W(2,y1,61) W(2,72,02)
for some 0 < ; < 2" + | 2], max{0,d — 27;} < §; < 2521, i = 1,2, and
the following equalities are satisfied:

v+d=v +v and § = d; + 9.
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From this it follows that for p = 1 and v = k' (d = 3k’ 4 p), there are no 7,
and 7, such that v+ d = 4k’ + 1. Analogously, for p = 2 we have 71 = 75 =
2k’ + 1, which implies 0; = d, = 0. Hence, the equality §; +d, = 0 = 1 is
not satisfied.

For the rest of 7's, we set 71 := || and 7, := [©2]. Observe that we
always have k < 71,7, < 2k + |£]. Using the basic properties of the floor
and ceiling functions, we obtain

L2d—2371J+L2d—2372J < L4d—3§d+7)J _ Ld—23’yJ’

where the equality holds if and only if 7, and 7, are not both odd. If
so, we can find values d; and do such that d; + 6o = ¢, as long as & >
max{0,d — 2y, } + max{0,d — 292}. The last condition always happens
except for y =0 =0 and ¢ = 1.

Finally, if v; and 7, are odd, hence v > 2, the result follows taking
m = w(2m+1,de_g(glﬂ)ﬂw(?ﬁz—l,de_3(;2_1)J)‘ ]
Proposition 3.2.15. All w5 € S admit a special 2 or 3—binomial.

Proof. It is enough to treat the three exceptions of Lemma 3.2.14. Fore =1
and (1,v,0) = (1,0,0), we observe that w00 We2r,0) — Wa,1,0)W(2,2k—1,0)
if p =0, W(1,0,0)W(2,2k’,1) — W(1,0,1)W(2,2k’,0) if p =1, and W(1,0,0)W(2,2k'+1,0) —
W(1,1,0W(2,2k,0) if p =2, are all three special 2—binomials.

For (1,7,9) = (l,k’, ng) and p # 0, the monomial W w2y does not
admit a special 2—binomial. However, for p =1 and p = 2,

2
W(1,k,0)W(2,2k'—1,2)W(3,d,0) — W(2,2k",0)W (2 2k 1)
2
WAk, 1) W22k, 1)W(3,d,0) — W(2,2k",2)W(2,2k"+1,0)
are special 3—binomials, respectively. O]

Proposition 3.2.16. All we.s € S admit a special 2 or 3—binomial ex-
cept:

(Z) {w(2,2k'—1,0), W(2,2k"—1,1,)> w(2,2k’70)} if p=0,

(ii) {weow—1,2), W2k 0) Weown} if p=1,
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(i41) {w2.2m 1), WK 2), W2k 1,00} if p = 2.

Proof. For any (2,7,6) € W, different from the excluded cases, we consider
the monomial

W= W(2y0)We2k+|5],151-15])
For convenience we denote:

1o P PP

and we set y; := v+ 1 and 5 := ' — 1. We distinguish the following cases:
Case 1: If v or 4" are odd, and § = (2d — 3v)/2 (hence p # 2), there exists
6; with max{0,d — 2v;} < &; < 2522 such that &; + o =0 +&".

Case 2: If v and +" are even, 6 = (2d — 37v)/2 and v < 2k — 2 we take
v =7+ 2 and 75 := 2k’ — 2. Then, there exists ¢; with max{0,d — 2v;} <
0; < LQd_—;’%J such that 0; + 9o =90+, If y =2k —2 and p =1,

2
W(2,2k"—2,4)W(2,2k',0) — W2 2k'—1,2)

is a special 2—binomial. Finally, if p = 0, v = 2k’ —2 and 0 = 3, the element
(2,2k" — 2,3) does not admit a special 2—binomial but it admits a special
3-binomial:

W(2,2k'—2,3)W(2,2k'—1,0) W(2,2k’,0) — w(3272k/_171)-

]

Lemma 3.2.17. Any monomial w = wp,0)Wys € S admits a suitable 2
binomial w—w', with the following exceptions: (v,8)=(2k"+ |5],[5] — 5])
ifp#0, and y=0ife =1.

Proof. If w' admits a suitable 2—binomial w — w’, then
w' = W(1,y1,61)W(1,72,62)

such that 0 < v < K, 0 < 9; < Ld*%j for i = 1,2, and the following
equalities are satisfied:

’Yl+72:’78411d51+52:5.
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From this it follows that (2,7,6) # (2,2k' + 1,0) if p = 2 and (2,7,0) #
(2,2K',1)if p=1land y=0if e = 1.

Otherwise, we set v, := |2] and 7, := [3]. If d is even and ~; and 7,
are odd or d is odd and v, and 7, are even, we take

!/
w =w - w — — .
(17’71+17\_%J) (17’72_17|_%J)

Or else, we take
!/

W =Wy | 2200 )W (3, | =202 )y

Lemma 3.2.18. Assume that d is odd. Then,

(i) any monomial w = w(1,0,0)W(2,,5) admits a suitable 2—binomial w — w'
except for v =10,...,k+ 1 and § = max{0,d — 2v}.

(i) Any monomial w = w1 .5 W20,a) admits a suitable 2—binomial w — w'
except fory=0and 0 =0,...,k ory=1and d =k — 1.

Proof. We write w' = W 4,,6,)W(20,6,)- (1) If 6 > max{0,d — 27}, we take
(17 715 51) = (17 0, 1) and (27 V25 52) = (27 s o — 1)a

which satisfies that w —w’ € I(X;). The remainder cases are

(2,v,max{0,d —2v}), ~v=0,...,2k' + LgJ

If v > k+ 1, we have (2,7, max{0,d — 2v}) = (2,7,0) and we take
(1771751) - (17 170) and (27’72752) - (277 - ]-7 0)

If 0 < < k+1, then the equalities 7, + v, = v and 6; + 02 = 0 imply 13 =@
and v =y — i for some 0 < i <~,0< 6§ < L%j and d — 2(y —1) <0y <
LWJ Then, we obtain a contradiction § < d — 2(y — 1) < 1 + Js.
(ii)) [f2<~yisevenor y=1and 6 < k — 1, we take

(1,’)/1,61> - (L’Y - 176+ 2) and (2772752) = (27 17d - 2)
If 2 < v is odd, we take

(17’71751) - (177 - 275+4) and (2772752) - (2727d - 4)



The geometry of G—varieties 113

In all these cases, w — w' € I(Xy). For v = 0, 91 = 72 = 0 and, hence,
w =w. Forvy=1and § =k — 1, we have 94 = 0 and 75 = 1, so ; < k and
0o =d—2. Weobtain 0; + 6 <d—-2+k<d+k—1. O

Remark 3.2.19. (i) The monomial w0 w,4,0) admits a non trivial suit-
able 2—binomial if and only if p = 0. Indeed, assume that w,0,0)w(,4,0) —
W(1,71,6,)W(2,9,55) 1S @ suitable 2—binomial. Then we have v, 4, = 3k +p =
K + 2k +p. So vy =k and vo = 2k' 4 p = 2k" + [ 4] if and only if p = 0.
(i) If p = 1, then any monomial w w 0)W(2,4,s) admits a suitable 2—binomial
except when v = 2k’. Indeed, if v < 2k’ we take (ry,7,01) = (1,k' — 1,4)
and (rg,ve,02) = (2,7 + 1,02) with 6 = ;1 + g, 0 < 07 < L%J and
max{0,d— 2y —2} <y < LW’TV*:SJ If v = 2K, since y; < k’ and ~, < 2K/,
v =y + ¥2 will never occur.

(iii) If p = 2 and € = 0, the monomials w1 1)W2,2k+1,0) A0 W(1 k7 1)W(2,2,2)
2dg37, we take
In any other case we take w' =

do not admit a suitable 2—binomial. If d — 3~ is even and ¢ =

/!
W= Wi g, 2=307o2) |\ Wip oy g | 2423042) |-

w(l,k’—LL%Mj)w(Z’Hl,LWD' Any monomial W1,k ,1)W(2,7,5) admits a

suitable 2—binomial except: v = 2k’ +1 and (v,0) = (2k’,2) when ¢ = 0. In
a similar way, we see that any monomial w(; 5 5yw(22x'41,0) admits a suitable
2—binomial except v = k’.

Proposition 3.2.20. Assume that d is odd. The following monomials admit
a suitable 3—binomial.

(1) W©,00W20dWa006, 0=0,...,k—1;
(1) (0,0,0)W(2,0,d)W(3,d,0);
(iii) W(0,0,0)W(1,0,0)W(3,d,0)
(1v) W1,00)W2ry,d—29)W3Ed0), Y =0,...,k—1.
The following three monomials do not admit a suitable 3—binomial:
W(0,0,0)W(2,0,d)W(1,0,k)> W(1,0,0)W(2,k,1)W(3,d,0), W(1,0,0)W(2,k+1,0)W(3,d,0)-

Proof. For (i) to (iv), it suffices to exhibit explicitly a 3—binomial in each
case.
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(i) For any 6 € {0,...,k — 1} we take
W(0,0,0)W(2,0,d)W(1,0,6) — W(1,0,k)W(1,0,k)W(1,0,6+1)-

(if) We take w(0,0,0)t0(2,0a)W(3,d,0) = W(1,06)Wa,p, [ EEL7) W(a 1, | B )

(iii) We take w(o,0,0yw(1,0,0)W(3,4,0) — K4 W(2,2k'+| £],0)-

Y8 )Y K e )

(iv) For any 0 <y < k — 1, we take

W(1,0,0)W(2,y,d—27)W(3,d,0) — W(2,y+1,max{0,d—2y—2}) W(2,k,1)+(2,k,1)-

Assume that w 0,00y (2,0,0)W(1,0,k) = W(1,71,60)W(1,79,62)W(1,73,55) 1S & suitable 3-
binomial. Therefore, 7v; = 9 = 73 = 0. Hence, ¢; < k, 1 = 1,2,3 and the
equality 61 + 0o + 03 = 3k + 1 is not satisfied.

Now assume that w,0,0)W2,k,1)W(3,d,0) = W(2,1,61) W (2,7,62) W(2,73,55) 1S @ Suit-
able 3—binomial. Then, we have §; + 2 + 03 € {0,1} and v + 2 + v3 =
d+ k = 3k + 1. The first condition implies v; > k, i = 1,2,3. So, there is
some 7; = k which forces (2,7;,0;) = (2,k,1). The arguments for the last
monomial are analogous using that there is some «; = k + 1. O

Proposition 3.2.21. Assume that d is odd. Let w* = w*t —w*~ be a non
trivial 3—binomaial. If w*t or w*= is one of the following monomials:

(i) w(0,0,0W200W106; 0=0,... Kk
(i) W(0,0,0)W(2,0,d)W(3,d,0) and p # 0;
(i4) W(0,0,0)W(1,00)W(3.d0) and p#0;
(iv) W1,0,0)W2ry.d—29)W3,d0), Y =0,...,k and wa 00)Wek+1,0)W3,40);
then there is no an 1(Xy)3—sequence from w to w*-.

Proof. Let {w',... w'} be an I(X,)3—sequence from w to w®-. By defini-
tion, it exists a variable w5 € supp(w®+) and a suitable 2—binomial w®
such that w* —w? = w(r,%(;)w“/. In particular, supp(w®+) and supp(w®-)
contain a variable admitting a special 3—binomial.

If w**+ belongs to the above list, then by Lemmas 3.2.17, 3.2.14 and
3.2.18, any monomial of degree 2 that we can form from supp(w“+) in (i),
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(ii) and (iii) do not admit a non trivial suitable 2—binomial. Thus, for these
cases w® does not admit an I(X,)3—sequence from w*+ to w®-. In case
(iv), it suffices to see that the monomials w 0,0)W(2,d-27), ¥ = 0, ..., k, and
W(1,0,0)W(2,k+1,0) do not admit a suitable 2—binomial.

We fix v € {0,...,k + 1} and we assume that there are (1,v;,01) #
(1,0,0) and (2,72, 02) in W, such that

N+v2=vand b+ =d—2y, y=0,...,k

and such that v, +7v = k + 1 and d; + 6 = 0. We write 75 = v — 71, so
02 > 0 4+ 2v;. From this we deduce that d; + 9, > §; + 0 + 27,. Hence,
01 + 271 = 0 and we arrive to a contradiction. O

We see a couple of examples, which shows that the last two propositions
are false if d is even.

Example 3.2.22. Take d = 4. We only have to check that all monomi-
als as in Proposition 3.2.20(ii) contain a submonomial of degree 2 admit-
ting a non trivial suitable 2—binomial. Indeed, w,0,0)w(2,0,4) — w(217072) and
W(1,0,0)W(3,4,0) — w(227270) are suitable 2—binomials of I(X}y), from which the
result follows.

A consequence of Propositions 3.2.20 and 3.2.21 is that, if d is odd, then
a minimal set of binomial generators of 1(X) always contains 3—binomials.
Moreover, we will prove that Proposition 3.2.21 describes them. By Theo-
rem 2.4.10, 1(X}) is minimally generated by binomials of degree at most 3.
Applied to I(Xy), we have that for any integer £ > 4 and any k—binomial
w* = w* — w*, there exists an I(X,),—sequence from w* to w*-. The
proof of Theorem 2.4.10, however, does not show a systematic way to con-
struct such I(X,)r—sequences.

Notation 3.2.23. Let d > 5 be an odd integer. We denote
0 ._ k-1 k-1
%3 T {w(O,O,O)w(Q,O,d)w(LO,é)}620 U {w(lvovo)w(Qv’%d_Q'y)w(37d70)}’YZO

By =B = {w000W0aWw0s) izo U {W100)Wamd-29) 0300 =0
) {w(0,0,0)w(Q,O,d)w(S,d,O)> w(o,o,o)w(l,o,o)w(s,d,o)}-
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Our main result is the following.

Theorem 3.2.24. Let d > 4 and k > 3 be integers and w® = w* — w* €
[(X4) a k—binomial. Then,

(i) if d is even, there exists a 1(Xq)r—sequence from w* to w*-

(i1) If d is odd and k > 4, there exists a 1(Xy)r—sequence from w* to
w-.

(iii) If d is odd and k = 3, then there exists a 1(X4)3—sequence from w+
to w*= if and only if neither w*t nor w*= belong to Bf.

As a direct corollary, we have:

Corollary 3.2.25. Let d > 4 be an integer.
(1) If d is even, then 1(Xy) = (I(X4)2).
(1) If d is odd,

I(Xd) = (I(Xd)g) + (wo‘ € I(Xd)g | wt € %g or w € %g)

The rest of this subsection is devoted to prove Theorem 3.2.24. In Propo-
sition 3.2.21, we have shown the converse part of Theorem 3.2.24(iii), so
it remains to see that for any £k > 3 and a k—binomial w® such that
wt, w* ¢ BE, there exists an I(X,)r—sequence from w** to w*-. For
simplicity, we often use the following notation for o, and «a_, respectively:

b
a(0,0,0) + Y "(1,4}.9; +Z 72,0%) + (3, d,0)
=1

C

A(0,0,0) +Z L0+ ) (2.97,67) - E3,d,0),

r=1

where 0 < a,b,c,e, A, B,C, E < n are integers and aA = 0 = eE. Since w®
is a suitable k—binomial, we have restrictions

a+b+c+e=A+B+C+FE and b+2c+3e=B+2C + 3F.
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The following proposition allows us to focus on k—binomials of the form

k

k
H Wirs, pyi;6i;) — H W(rn; vn;,0n5)
Jj=1

j=1
with all 7,74, € {1,2}. With the above notation, a =e = A= E = 0.

Proposition 3.2.26. Let w* = w* — w® be a non trivial suitable k-
binomial such that w0y € supp(w®) or weae) € supp(w®). If w w* ¢
ME, then there exist 1(Xy)r—sequences

{fw .. w} and {w-, ... w*}
such that w0,0), W3,4,0) ¢ supp(w™) U supp(w®-).
Proof. We write a™ = a(O,O,O)+Zs:1(1,%l,5})—4—2?:1(2 2.6?)+e(3,d,0)

and we assume that a > 0 or e > 0. Analogous we deal with cjy_ JIt is enough
to see that we can always decrease the value of a 4+ e until we reach 0. We
analyse separately several cases according to the value of d = 2k+¢ = 3k +p,
e€{0,1} and p € {0,1,2}.

Case 1: Assume ¢ = 0 and p = 0. The hypothesis w® non-trivial implies
(b,c) # (0,0) or (b,c) = (0,0) and a = e. If (b,c) = (0,0) and a = e we have

W(0,00)W(3.40) ~ Wtk .0)W(2.2k0)-
Otherwise, since m = w(s,4,0)W(1 41 ,51) (respectlvely m = w(p,0,0)W2n2,2)) ad-

mits a special suitable 2—binomial m —m' with m’ = = Woa2, | 52, VW2, ,.02,,)

(respectively m' = w( we can write

1 1w 1 1
7’Yb+1 76b+1) (177b+2765+2))’

b c+2

ai .
w w(ooo H (1,77 :68) Hw(ZvQ 5%) w 3, ,0)

=

b+2 c
(respectlvely w = wip, N 0) H W14 60 H w(2’7]275‘72_)w537d70)>

and build an I(Xy),—sequence (w**+,w*) such that

degw(o,o,o) w4+ degyanw™ <a+e= degw(o,o,O) Wt + degys,a0wT.
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As a result, we have decreased by one the value of a + e.

Case 2: Assume € = 0 and 1 < p < 2. The hypothesis w® non-trivial implies
(b,c) # (0,0) and we can argue as in Case 1 unless

ay __ ,.a b c e
W = Wip,0,0)W1,k,0)W2,2k 1) W(3,d,0)

: ay __ ,..a b c e
(respectively w™ = w{g o o)W1 1 1)W(220/4+1,0)0(3,4,0))

which are monomials not admitting a suitable k—binomial w®+ — w*-.
Case 3: Assume € = 1 and p = 0. Since w(o,0,0)W3,4,0) — W1 ,k',0)W(2,2k/,0) €

I(X4), we can argue as in Case 1 unless

ay __ ,,.a b c ar _ ,.b c e
W= = W0,0,0)W(1,0,0)W(2,0,d) OT W = W(1,0,0)W(2,0,d)W(3,d,0)

The fact that w*t — w®- is non-trivial implies b, ¢ > 0 and the hypothesis
w ¢ BY implies a + b+ ¢ > 3 (respectively b+ c+ e > 3). Set m =
W(0,0,0)W(1,0,0)W(2,0,,d) (respectively m = 1U(170,0)W(270,d)w(3,d70)). By PI‘OpOSitiOH
3.2.20, we have

W(0,0,0)W(2,0,d) W(1,0,0) — W(1,0,k)W(1,0,k)W(1,0,1) € I(X4)

(respectively W(1,0,0)W(2,0,d) W(3,d,0) — w(271,d—2})w(2,k,1)+(2,k,1)) € 1(Xq)

and we apply the same game decreasing a (respectively e) by one.
Case 4: Assume € = 1 and 1 < p < 2. From the hypothesis w® non trivial,

we have (b, ¢) # 0. So we proceed as in Case 1 unless

at _ a b c f g e
W= = W0,0,0)W(1,0,0)W(1,k",0)W(2,0,d)W(2,2k,1) W (3,d,0)

. ar __ ..a b c f g e
(respectively w™* = w(o,o,o)w(1,o,o)w(1,k/,1)w(z,o,d)w(z,zk'+1,0)w(3,d,0))

with (b,¢, f,g) # (0,0,0,0) (respectively (b,c, f,g) # (0,0,0,0)). Since
w* ¢ B3, it follows that (¢,g) # (0,0) or a+b+ f+g+e > 3. By
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Proposition 3.2.20, we have non trivial 3—binomials:

W(0,0,0)W(1,0,0)W(2,0,d) — W(1,0,k) W(1,0,k)W(1,0,1)

)
W(0,0,0)W(2,0,d)W(3,d,0) — W(1,0,k) Wk, kL |y Wi k1, B |)
W(0,0,0)W(1,0,0)W(3,d,0) — W(1,1,0)W(1,k’,0)W(2,2k ,0)
W(1,0,0)W(2,0,d)W(3,d,0) — W(2,1,d—2)W(2,k,1)W(2,k,1)

(respectively W(0,0,0)W(1,0,0)W(2,0,d) — W(1,0,k)W(1,0,k)W(1,0,2)
W(0,0,0)W(2,0,d)W(3,d,0) — W(1,0,k) Wk, kL ) Wi k1, B |)
W(0,0,0)W(1,0,0)W(3,d,0) — W(1,1,0)W(1,k’,0)W(2,2k'+1,0)
W(1,0,0)W(2,0,d)W(3,d,0) — w(2,1,d—2)w(2,k,1)w(2,k,1))-

Then, we argue as in Case 3 decreasing a and e by one unless

ay _ ,0 c g e
W= = W0,0,0)W(1,k,0)W(2,2k,1)W(3,d,0)

(respectively w?O,O,O)w(clyk’,l)wé,?k’+1,0)w?3,d70))’
but such monomials do not admit a non trivial suitable k—binomial. O

Remark 3.2.27. Any suitable k—binomial of the form

b c b c
H W(ant61) H W(2,42,62) — H W,43,6%) H W(2,44,6%)
i=1 j=1 i=1 j=1

satisfies b = b and ¢ = (.
Example 3.2.28. (i) Take d = 4 and consider the non trivial 3—binomial
W(0,0,0)W(1,0,0)W(2,0,4) — W(1,0,1)W(1,0,1)W(1,0,2)-
Since w(0,0,0)W(2,0,4) — w(21,o,2) is a non trivial 2—binomial, we define w* =
w(1’070)w(217072) and we get an I(X4)3—sequence
(w(0,0,0)w(l,0,0)w(2,0,4)a w(1,0,0)w?1,072), w(l,o,l)w(l,o,l)w(l,o,z))
from w(0,0,0)w(1,0,0)W(2,0,4) tO W(1,0,1)W(1,0,1)W(1,0,2) Where w*+ = w.

(ii) Take d = 5 and consider the non trivial 4—binomial

2
W(0,0,0)W(1,0,00W(2,0,5)W(3,5,0) — W1,1,00W(2,1,3)W(2,2,2)-
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We take the 3—binomial w(,0,0)w(1,0,0)W(2,0,5 — W(1,0 1)11%’ 02) and we define

wM = w(l,O,l)w(QLo’Q)w 3,5,0)+ Observe that w (0,0,0) ¢ supp( 1) W(1,0,1)W(3,5,0)
admits a suitable 2— blnomlal W(1,0,1)W(3,5,0)— W2,2,1)W(2,3,0)- We define w? :=
w(217072)w(27271)w(2’370) and we get an I(X5)4—sequence

(0(0,00)W(1,0.0)W(205)W(3.5.0), W(L0.HW(1 02)W(350) W(1,02)WE21)W(250))
with U}(07070), w(3,5,0) ¢ Supp(wa2)‘

In view of Proposition 3.2.26, we analyze when a monomial w of the
form Wy, 4, 6,)W(ra 0,8, With 71,7 € {1,2} admits a suitable 2—binomial
w —w With W' = Wy 45,6 Wramae,) and 73,74 € {1,2}. This problem can
be reformulated as follows. For which integer s > 0, setting v3 := 7, & s and
Y4 i= 2 F s, there exist max{0, (r; — 1)d — 2y;} < &; < 2520, i = 3,4,
such that 03 + d4 = 01 + J9.

Lemma 3.2.29. With the above notation, there are d3 and o4 with the fol-
lowing exceptions:

(1) for any 1 < ry,ro < 2, if (ridy — 3v1) and (rody — 37y2) are even, s is
odd, and 6, and 6o are the maximum ones. We call it the maximum bound
problem (MBP).

(11) Assume ry = 2.

1. If ry = 1, when doing v, + s and 5 — s we have v, — s < k + ¢ and
0 + 9y < max{0,d — 2vo — 2s}.

2. If ry =2, when doing v, + s and y2 — s we have §; + §y < max{0,d —
2y1 — 2s} + max{0,d — 2y, + 2s} and we have one of the following
cases:

(a) 1 > k+eand vy —s < k+e,
(b)) m<k+emn+s>k+e,vw>k+eandy >y —s,
(C) ’}/1,’}/2</€+5771+5>k+6.

We call it the minimum bound problem (mbp).
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Proof. We have max{0, (r; —1)d — 27, } + max{0, (ro — 1)d — 272} < d1+0d2 <
[P ]+ | 2572 | and max{0, (r1 — 1)d — 2(v1 + 5)} +max{0, (r, — 1)d —
2(p—s)} < G340, < |2dBnts) |y r2d8029) | Therefore, the result holds
for values: max{0, (r; — 1)d — 2(71 + $)} + max{0, (ro — 1)d — 2(y2 — s)} <
Oy + 0y < |Rd=Sute) | | redems) |

(i) Using the basic properties of the floor and ceiling functions, we obtain

|< L7“1al— 3(1 +s)42rr2d—3(72 — s)J

rod — 3(’72 - 5)
2

ng — 3’72
2

rd — 3m

3

I+1

rid —3(71 + $)
2

<l

J+1 ] +1.

Furthermore, | 29=20te) | 4| r2d30eze) | o mdzdm |y rodo3w | if and only

if (r1d — 3v1) and (red — 37,) are even and s is odd.

(ii) It is obtained determining which values satisfy max{0, (r —1)d — 2y, } +
max{0, (ro—1)d—27v2} < 01+02 < max{0, (11 —1)d—2(71+s) }+max{0, (ro—
1)d —2(y2 — s)}. O

Let w* = w* — w* be a non trivial k—binomial such that w*+, w*- ¢
B5. By Proposition 3.2.26, if w(g0,0) € supp(w®) or wz 4,0y € supp(w®), then
there are I(Xy)z—sequences (w®,...,w*+) and (w®-, ... ,wo‘—) such that
W(0,0,0), W(3,d,0) ¢ supp(w®-) U supp(w®-) and we have w® = w® — w*- €
I(X4). Now, w® could be trivial or zero. In the first case,

(W™, o w wr L wT)

is an I(Xy)r—sequence. In the second case, let t,,t_ > 0 be the length
of the respectively I(X,)r—sequences. Since w® is non trivial, ¢, > 0 or
t_ > 0. Assume t; > 0 (analogously, for ¢, = 0 and ¢_ > 0). Therefore,
(W, ..., w1 we= .. w®) is an I(Xy),—sequence. Next, we deal with
w®t — w*~ being neither trivial nor zero.

Proposition 3.2.30. Let w® be a non trivial suitable k—binomial of the

form
t k k

[ wans TT wens — Hw ey ] weans-

=1 i=t+1 i=t+1
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There are 1(Xy)r—sequences (w*t, ..., we*) and (w*, ..., wS) with
k
a+ o
H W(iytel H Wizt sty and wy Hw(lm 7:67) H W(2,92,62)
i=t+41 i=t+41

and such that v} =~ foralli=1,... k.

Proof. We may suppose that 3 > -+ > v, 41 > -+ > 7, (respectively 77).
Let 7, be the first such that v; # v;. We may also suppose that v, = v, + s
with s > 0. Hence > .7 +s = >_;,,7- Let 7 be the first such that
vi < i with ¢ > ¢ and let s; > 0 be such that v; + s; = ;. We distinguish
two cases.

Case 1: s < s;. According to Lemma 3.2.29, when doing v, — s and 7; + s
the mbp does not occur and the MPB appears when r,d — 3~,, r;d — 3v; are
even, s is odd, ¢, = ”d_% and §; = LQ?’% If MBP does not occur, we
define:

a2 — “ .. - .« .. - .« ..
w T w(71171761)w(r27’72752) w('r‘z,’yz—S,(Sz) w('f’i,"/i-f's,di) w(""nv'andn) .

Then (w®,w) is an I(X,) — ksequence and w2, w?- share the same v in
position ¢. Now we assume that the MBP occurs. We divide the discussion
in several subcases based on the parity of d.

1.1 e =0, v and ~; even and s odd.

1.1 e=1,r=r; =2, v and ~; even and s odd.
1.3 e=1,r=7r=1,v and 7; odd and s odd.
14 e=1,r=1,r,=2, vy odd, 7; even and s odd.

We treat 1.1, the remaining cases follow analogously. We proceed by
modifying both w® and w®-. Doing v, — (s + 1) and v; + (s + 1), the MBP
does not occur. Since «y, and ~; are even and s is odd, we obtain that ~; is
odd. If v; < r;k" + [ %], then we do 7; — 1 and 7; + 1, since the mbp does
not occur. We set

a2 P— DY = DY = DY
W= = W(ry,y,61) W(rg,yp—(s+1),6¢) W(r;yi+s+1,8;) W(rp,vn,0n)
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ah _ I I
W= = Wiryy1,60) " Wirgyy—1,8,) " Wirg i +1,87) " W(rn,yh,00)-

(w*, w*=) and (w, w*-) are I(Xy)s—sequences and w®, w® share the same
v in position /.
If 7f = rsk" + [ %2], we can consider v, + 1, 7; — 1 and set

a2 P— . e 3 .« o o 3 .« . o
W = W(ry,m,61) W(rgye(s—1),50) W (s i+ (s—1),8;) W(ry,vn,0n)

[V — Ty e e Sy e e e
W= = Wi m,61) " Wrgyy+1,5;) " Wiy =1,87) " Wirnv,00) -

In any case, w® and w® (respectively w®) share the same + in position /.
Case 2: s > s;. Arguing as in Case 1, we distinguish cases 1.1, 1.2, 1.3 and

1.4 and we treat the first one. Assume that v, and ~; are even, s is odd and

d_
o= =

Tid — 3’%
5 .

We have that 7/ is odd and we can argue as in Case 1 if we do y,+1 and v, —1.
Since s > s;, w* and w*- (respectively w“é) verifies the same hypothesis
as w* and w*- with v, — s; and 7, (respectively v, — (s; — 1) and v, + 1)
in position £. We apply the same strategy to w* and we continue until, in
step t > 1, the resulting monomial w® verifies Case 1.

The result follows from iterating the above argument. O

Remark 3.2.31. If w* — w(- is trivial, we obtain an I(X,);—sequence
from w* to w-.

Example 3.2.32. In Example 3.2.28(ii), we had
W(0,0,0)W(1,0,0)W(2,0,5)W(3,5,0) — w?1,170)w(2,1,3)w(2,2,2)
and we have build the I(X5),—sequence
(w(0,0,0)w(1,0,0)w(2,0,5)w(3,5,o), w(l,o,l)w(zl,o,z)w(:s,ao), w(21,o,2)w(2,2,1)w(2,3,0))-
Now we apply Proposition 3.2.30 to the non trivial 4—binomial
w(21,1,0)w(2,1,3)w(2,2,2) - w(gl,o,g)w(zz,l)w(z,&())-

We have 71 = 75 = 0,73 = 2,74y = 3 and 7] = 75 = 1,93 = 1,y =
2, with v = 7] + 1. The first 7; < 4/ corresponds to 3 with s3 = 1.
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Then we choose the suitable 2—binomial w(Ll’O)w(Q’l,g) — W(1,0,1)W(2,2,2) and
we define w2 = w(17071)w(171,0)w(227272). Note the +’s involved in w* by 7,
1 = 1,2,3,4. Now T = 71,’72 =139 =3 = 2 The first Yi > 72/ is
Y2 = Y, + 1 and the first 7; < v} with j > 3 is 44 = 2 with s, = 1. Then we
choose the suitable 2—binomial w 1,0)w(2,22) — W(1,0,2)W2,3,0) and we define
W™ = Wa,01)W,02)W222)Wes0- We have obtained an I(X5),—sequence
from W(0,0,0)W(1,0,0)W(2,0,5)W(3,5,0) to w(21’170)w(2’173)w(2 2,2)- Premsely,

2 2
(W(0,0,00W(1,0,0/W(2,0,5)W(3,5,0) W(1,0,1)W(1,0,2)W(3,5,0), W(1,0,2)W(2,2,1)W(2,3,0)>

2 2
W(1,0,1)W(1,0,2)W(2,2,2)W(2,3,0), W(1,0,1) W(1,1,00W(2,2 2)> w(l,l,o)w(zl,S)WZQ,?))-

Finally, as a consequence of Proposition 3.2.30, to prove Theorem 3.2.24
if suffices to show that any non trivial non zero k—binomial:

t

t
o o
wr _wu —H 7,)/1(51 H w 7,}/161 —H 252 H w ,’)/2(52
=1

i=t+1 =1 1=t+1

with ! = 42 for all 1 <4 < n admits an [(Xy)r—sequence. We proceed as
follows.

Let 1 <14 < k be an integer. If 6} < 67, we set a; = 62 — &} and b; = 0,
otherwise we set a; = 0 and b; = 6} — §?. Therefore,

Si4ar—bi+- 40+ a,—b, =0+ +05,

and we have the equality a; +---+a, = by +-- -+ b,. We may assume that
ap; > 0. Hence, 63+ - -+81 > 62+ --462. Without loss of generality, we can
suppose that for all 2 < i < n, §; > 6. So, b; > 0 and 4} + b; = 67. Thus,
a; < by +---+ b, and we can consider ¢; < b; such that a; = ¢y + -+ ¢,.
We set

a2 f— DY
w - w(rlvfyll’aiJrCQ)w(TQv’Y%vJ% 762)w(r37’7§76§) w(rn7’y}1ﬂ5717.)

(wo+, w=) is an [(Xg)p—sequence. If 63 — ¢y = 05, then (wo, w2, w-) is
an I(Xy)r—sequence and we finish. Else, inductively for 2 < i < k, we define
w* as:

wy ) w(Tz‘,'Yil,5}*Ci)w(7‘i+1,7}+175}+1) C Wiy 60

Tl"Y%75}+02+"'+Ci)w(r27’7575%7C2) o
At some step 2 < i < k, we achieve w® — w®- trivial. As a result, we con-
struct an I(Xy)r—sequence (w*, w, ... w*, w*"). The proof of Theorem

3.2.24 is now complete.
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3.3 The canonical module of G—varieties

In this section, we study the canonical module wy, of any G —variety X, with
finite abelian group G C GL(n+1,K). In Theorem 2.2.18, we have seen that
A(X4) = RY. Moreover, R is the semigroup ring associated to the normal

affine semigroup Hy C Z%l, ie. RC = K[H 4]. This connection allows

us to identify wy, with the ideal of RS generated by all monomials m =
x50 - 2% € RY of degree d and 2d satisfying ag - - - a, # 0 (Theorem 3.3.3),
to derive information of the Hilbert series of A(X,), and to characterize the
Castelnuovo-Mumford regularity reg(A(X,)) of A(X,) (Theorem 3.3.5). In
Subsection 3.3.1, we focus the relation between wx, and a minimal graded
free S—resolution F, of A(X,). We investigate the CM-type of A(X,) and
we give families of examples of G—varieties whose homogeneous coordinate
ring is a level ring and, in particular, a Gorenstein ring, i.e. of CM-type
one. For sake of completeness, we gather all the results we have obtained so
far for the Hilbert function and series, the Castelnuovo-Mumford regularity,

the homogenous ideal and the canonical module in the interest of the Betti
diagram of A(X,).

We fix integers 2 < n < d and we consider an abelian group

1) oy (m)” Massas, gm0, ) © G + 1K)

of order d = dy---ds. As usual, we denote by By = {my,...,m,,} the
minimal set of fundamental monomial invariants of G (Theorem 2.2.11).
K[H 4] is the semigroup ring associated to the normal affine semigroup H4 C
Z?gl of all Z?gl—solution of the linear system of congruences:

Yo + 0 o+ Y = U
(%) : WG + Gy o+ Qe = nid
At 1, .
ajs(o)yo + Oéf',s(l)?h + -+ Oé(s,s(n)yn = Tsds
altd
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We recall that the relative interior of H 4 is the set relint(H 4) of all points
(ag,...,a,) € Hy such that 0 # ag---a,. Given a subset H C Hy4, we
denote by I(H) C K[H,4] the ideal generated by all monomials m,; with
[ € H. With this notation, we have

I(relint(Hy4)) = (m € By | 1, € relint(Hy)) C K[H 4],

and by Proposition 1.2.8, I(relint(H 4)) is a radical ideal of K[H 4].
Stanley [79] and Danilov [22] proved independently that I(relint(H)) is

the canonical module of the semigroup K[H] of any normal affine semigroup
H C Z%'. Then, we have:

Theorem 3.3.1. I(velint(Hy)) is the canonical module of RC.
Proof. See [79, Theorem 6.7] or [9, Theorem 6.4.5]. O

As usual, we take variables wy,...,w,, and S = Kwy,...,w,,]. The
canonical module wy, of A(X,;) = S/I1(Xy) is the ideal of A(X,) gener-
ated by the classes mod 1(Xj) of the monomials w € S such that p(w) €
I(relint(H 4)), where p : S — K[B,] is the morphism defined by p(w;) = m;,
1 =1,...,muy. Let us see an example.

Example 3.3.2. Take G = (M3012) C GL(3,K) a cyclic group of order
3. K[H 4] is the semigroup ring associated to the normal affine semigroup
H 4 C Z3, of the Z3 ,—solutions of the linear system of congruences:

Yo + N1+ Yo = 3t
g > =0,... .
(*)A,t,r { v+ 2 — 3 t>0,r=0, , 6t

By Theorem 2.2.11, H 4 is minimally generated by
{(3,0,0),(0,3,0),(0,0,3),(1,1,1)}.

We have that I(relint(H4)) is the ideal generated by all monomials m
'z xy? such that 1 < a;, ¢ = 0,1,2. Therefore, any monomial m
I(relint(H 4)) is divisible by zox129 € K[H 4] and we obtain I(relint(H 4)
(xox1m9). By Theorem 3.3.1, the canonical module of RY is the principal
ideal (zox122) C RE. Indeed, Xj is a cubic surface in P3. The canonical

module of any cubic surface X C P? is wx = Ox(1).

Im



The geometry of G—varieties 127

Thus, Theorem 3.3.1 provides a combinatoric interpretation of the canon-
ical module of A(X,) in terms of the monomial invariants of G. For each
1 < t, we denote by I(relint(H 4)); C I(relint(H 4)) the set of all monomials
of degree td. With this notation,

I(relint(Hy4)) = Y _(I(relint(H.4)),).

1<t

It is natural to ask what can be said about a minimal set of generators of
[(relint(H 4)).

Theorem 3.3.3. I(relint(H 4)) = (I(relint(H4))1, [(relint(H 4))2).

Proof. We fix an integer k£ > 3, it is enough to show that any monomial m €
I(relint(H 1))y is divisible by a monomial m’ € I(relint(H))g—1. Let m =

280 . g0 € I(relint(H ), and set my = m/(zg---x,) = 200 ... gon—?
Since d > n+ 1 and k > 3, m’ is a monomial of degree kd — (n+ 1) > 2d.
We define the sequence of integers L = (ag, =1 g, ..., an, %71 ). By

Lemma 2.2.9, there exists a zero—sum subsequence
/
L' = (ag, b aq, ..., a, br,ap) C L.

Therefore, L’ gives rise a monomial my := xgo cooabn € RY of degree d
which divides m;. Hence, we can factorize m = mom’ and, by construction,

m’ € I(relint(H 4))x—1 is the required monomial. O
We illustrate Theorem 3.3.3 with an example.

Example 3.3.4. Take G = (Mg 123) C GL(4,K) a cyclic group of order
6. We have that

I(relint(H 1)) = {23212023, Tow 10275 }

and I(relint(H A))2 is the following set of monomials:

3 7 4 2 3.3 .2 4 6 4 ,.2,.6 2 2

7 5 6,..3 .3 7 3 6 2,244 ,.3,2,5 2

3 7 2.3 5 313,343 3 3 5.5
3 7 5 .5 3 3 ,.6 5 6 7.3

9
xgxoxle}.



128 The canonical module of G—varieties

~ : 5.5 6,3,2 23,6 24,42
Only the following four monomials xox{T57s, Torirsxs, LEX] XT3, TEXTTHTE €

I(relint(H 4))2 do not belong to the ideal (I(relint(H 4));). From this obser-
vation and Theorem 3.3.3, we obtain I(relint(Hy)) = (z3z12273, 1071223,

5,.5 6,32 2,306 2,.4,.4,.2 G

We concern about the Hilbert series and the Castelnuovo-Mumford reg-
ularity of A(X4). By Theorem 2.2.14, R¢ is a free K[z, ..., z¢]-module
with a Hironaka decomposition

D
RY = @ O.K[xd ... 2d].

1=0

We called 6o, 01,...,0p a set of secondary invariants of G. They are the
monomial invariants of G' of degree at most nd representing the monomial
K—basis of the quotient algebra R%/(z¢, ..., 2¢)RE. By Proposition 3.1.2,
we have 02" + + 01z +1
nZ e 12
HS(A(X, =
( ( d)7z) (1 _ Z)n'H )
where (1,61, ...,d,) is the sequence of multiplicities of degrees of 6y, ..., 0p.
Moreover, from Proposition 3.1.15

reg(A(Xy)) =1+ deg(d,2" + -+ - + 012 + 1).
A consequence of Theorem 3.3.3 is the following.

Theorem 3.3.5. For the Castelnuovo—Mumford regqularity of A(Xy) the fol-
lowing inequality yields

n < reg(A(Xq)) <n+1.
The equality reg(A(X4)) = n+ 1 holds if and only if () # I(relint(H 4));.

Proof. For each 1 <1 < n, J; is the number of monomials m = x° - - - 2% €
RY of degree id such that ag < d,...,a, < d. We have that reg(A(X,)) =
n + 1 if and only if §, > 0. By Theorem 3.3.3, I(relint(H 4)) is generated
by monomials of degree d and 2d. Assume that I(relint(H 4)); is not empty
and let m = a3® -+ a8 € I(relint(H4));. Since deg(m) = d, it follows that

1 b0 bn _ (pd d -
0 < ag,...,a, < d. Therefore, the monomial x’ - --a)» = (xf---x%)/m is a
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secondary invariant of degree nd, so 0 < ¢,, and hence reg(A(X4)) = n + 1.
Conversely, if reg(A(X,4)) = n + 1, then there exists a secondary invariant

xgo -+ 2P of degree nd. Since by < d, ..., b, < d, we directly obtain that

280 g8t I(relint(H4)):.

This proves that reg(A(Xy)) = n + 1 if and only if § # I(relint(Ha));.
Suppose that ) = I(relint(H4));. By Theorem 3.3.3, I(relint(H4))s con-
tains at least one monomial m = z¢° - - x%". We see that necessarily ap <
d,...,a, < d. Notice that by hypothesis 0 < ag,...,0 < a,. We distin-
guished the following two cases. If for some index 0 < i < n, it holds d < a;,
then m/z¢ € I(relint(H4)); and we arrive to a contradiction. Thus, a; < d,
i=0,...,n. Since deg(m) = 2d, if a; = d, then for all0 < i # j <n, a; < d.
If a; = d occurs, then m/z; is a monomial of degree 2d — 1. Hence, there
exists m’ € By dividing m/z;. By construction, the monomial (x¢ - - - x) /m/
is a secondary invariant of degree nd and so reg(A(Xy)) = n + 1, which
contradicts our assumption () = I(relint(H(A)));. O

3.3.1 On a minimal free resolution of G—varieties

In this subsection, we focus our attention on a minimal graded free S—
resolution of the coordinate ring of any G—variety X, with group G C
GL(n+1,K). We gather the results obtained along this chapter to investigate
the CM—type and the Betti diagram of A(X,). In particular, the results on
the Hilbert series, the homogeneous ideal and the Castelnuovo-Mumford
regularity (Theorems 2.4.10 and 3.3.5) allows us to complete the picture in
the case of G—surfaces with group G C GL(3,K).

As usual, we denote ¢ := codim(X,;) = pg—n—1. We have the following.
Proposition 3.3.6. (i) $1 = f11, 12,0,...,0.

(i) If reg(A(Xq4)) = n+ 1, then the cth Betti number of A(Xy) is of the
form

ﬂc = 07 B aov Bc,n—h 5n-
Otherwise, A(Xy) is a level ring of CM-type 6,,—1 and reg(A(Xq)) = n.

Proof. (i) It follows directly from Theorem 2.4.10.
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(ii) The cth Betti number of A(X,) describes the degrees of a set of minimal
generators of the canonical module of A(X,). Hence, the result follows from
Theorems 3.3.3 and 3.3.5. []

Any GT—surface with cyclic group G = (My0.ay.0.) € GL(3,K) of or-
der 3 < d with 0 < a1 < ay < d is an example of a @—Variety with
level homogeneous coordinate ring and Castelnuovo-Mumford regularity 3
(Corollary 3.1.22). Next, we introduce a family of arithmetically Goren-
stein GT—varieties Xy in dimensions n > 2 with reg(A(Xy)) = n+ 1. We
use the structure of their homogeneous coordinate rings to construct from
them families of GT'—varieties X, with level coordinate rings A(X,) and

reg(A(Xy)) =n+ 1.

Proposition 3.3.7. Let n > 2 be an even integer andfG = (Mp11.01.2,..n) C
GL(n + 1,K) a cyclic group of order n+ 1. Then RS is a Gorenstein ring
and reg(R%) =n + 1.

Proof. Notice that m = zq---x, € RY. Indeed, m is of degree n + 1 and
its associated point (1,...,1) verifies 1 +2 + --- +n = F(n + 1). Since
I(relint(H4)) = {28°...2% € R® | 0 # ag---a,}, then any monomial of
I(relint(H 4)) is divisible by m and, hence, I(relint(H 4)) = (m) is a principal
ideal. Thus, RS is Gorenstein and by Theorem 3.3.3, reg(R¢) =n+1. O

Proposition 3.3.8. Fix integers k > 1 and 2 < n < d with n even and

,,,,,

Gorenstein ring, then R is a level ring.

Proof. We denote by I(relint(H%)) the canonical module of RC* (Theorem
3.3.1). The hypothesis R' is a Gorenstein ring implies I(relint(H})); =
(m), where m € RE. By Theorem 3.3.3,

I(velint(H%)) = (I(relint(H%))y, I(relint(H%))s).

Thus, the result follows from proving that any monomial m’ € I(relint(H%)),
is divisible by a monomial m € I(relint(H%));. We fix m’ = zf°-- -z €
I(relint(H%))s. Notice that m' is an invariant of Gy, so m’ € I(relint(HY))s.
Then, m divides m’. We define m; = % Since m; € R is a monomial of



The geometry of G—varieties 131

degree (2k —1)d, by Theorem 2.2.11, we can factorize m’ as a product of 2k
monomials of R, namely

m1:m2...m2k.

Hence m’ = mmsy - - - mg,. For each monomial m;, 1 < i < 2k, there is a
unique integer r; > 0 such that the lattice point /,,, is a solution of the linear
system (%) 4.1, of congruences associated to G;. By Lemma 2.2.9, there is
a zero-sum subsequence (7;,,...,7;,) C (r1,...,79) over Z/kZ. Therefore,
we obtain that m;, ---m;, € RG* and

m=m'/(my ---my,) € I(relint(H%));
is the required monomial. O

Corollary 3.3.9. Fix integers 1 < k and 2 < n with n even. Let G} =
(Myns1):01,2,..n) C GL(n+1,K) be a cyclic group of order k(n+1). Then
RC* s a level ring.

Proof. Tt follows directly from Propositions 3.3.7 and 3.3.8. O

One of the parameters that measures the complexity of a minimal graded
free resolution if the Castelnuovo-Mumford regularity. In Theorem 3.3.3,
we have proved that

n < reg(A(Xq)) <n+ 1.

On the other hand, reg(A(X,)) is the number of rows of the Betti diagram
of A(Xy4). This relates reg(A(Xy)) with the number of linear strands in a
minimal graded free S— resolution F, of A(X,).

Definition 3.3.10. Let N, be a complex of graded free S—modules:
N, : ---—>Nii>]\[i_1_>...

with N; = @, S(—a;,)% generated in degrees j > i and d;N; C mN;_;.
The linear strand of N, is the free subcomplex N} C N, of free S—modules
N} = S(—i)P. The Betti diagram of N? is the ith row of the Betti table of
N,. The second linear strand of N, is the linear strand of the free complex
N./N!(1), denoted N2. Continuing in this way, one can define the rth linear
strand of N, whose Betti diagram is the rth row of the Betti table of N,.
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Graphically, the non trivial rows of the Betti diagram of A(Xj) shows
us how many strands a minimal graded free S—resolution F, of A(X,) is
made of. One can consider these strands as the building blocks of the reso-
lution (see, for instance, [26]). In Theorem 2.4.10, we have proved that the
homogeneous ideal I(X) of X is generated by binomials of degree at most
3. Moreover, I(X;) does not contain any homogeneous linear form, so for
the the initial degree jo of I(X,;) we have 2 < j, < 3. Hence, the number
of non zero strands in a minimal graded free S—resolution F, of A(X,) in-
creases linearly with the dimension of X,;. Moreover, the last Betti number
B. shows that the lengths of these strands are, in general, strictly smaller
that ¢ = codim(X,) = pdim(Xy) (Proposition 3.3.6).

Let us focus now on G—surfaces. We fix a finite abelian group G C
GL(3,K) of order d = d; - - -ds > 3. We set d = d°/|G|. By Theorem 3.3.5,
a GT—surface X, with group G has reg(A(Xy)) < 3. Therefore, A(X,) is a
level ring (see [88]). There are three main types of G —surfaces Xy with group
G depending on the Castelnuovo-Mumford regularity and the CM-type of
their homogeneous coordinate rings:

(A) reg(A(X,)) = 2.
(B) reg(A(Xq4)) = 3 and A(X,) is a Gorenstein ring.
(C) reg(A(Xy)) = 3 and A(X,) is level of CM~type strictly greater than 1.

(A) By Theorem 3.3.3, reg(A(X4)) = 2 if and only if the minimal set B,
of fundamental monomial invariants of G does not contain any monomial
m = x’x] x5* such that 0 # apaiae. By Proposition 3.1.15,

cz+1

[(Xy) is minimally generated by binomials of degree 2. The CM-type of
A(X,) is |G| and the Betti diagram of A(Xy) is of the form:

0] 1 N N
ol 1] = [ = [ ]=
1| - 51,1 52,1 | C
By Proposition 3.1.12, the graded Betti numbers of A(X,) can be deduced
inductively from the Hilbert function HF(A(Xy),t) of A(Xy).
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Example 3.3.11. Take G = (My11) C GL(3,K) a cyclic group of or-
der 4. We have By, = {z8, 21, 2359, 2323, 123, 23} and ¢ = codim(X,) =

3. The Hilbert series of A(Xy) is HS(A(Xy),z2) = (?Zj;)lg. We set S =
K[wy, we, w3, wy, ws, we]. The ideal 1(X,) is generated by the maximal mi-

nors of the 1—generic matrix of linear forms:

M:(w2 W3 Wy U}5)

w3 Wy W5 We

([26, Chapter 6, §6B, Theorem 6.4]). Therefore, I(X4) is a standard de-
terminantal ideal and a minimal graded free S—resolution of 1(Xy) is the
Eagon—Northcott complex. The Betti diagram of A(X}) is

0111213
1= =1=
1/—16]8]3

(B) By Theorem 3.3.3, reg(A(X4)) = 3 and A(X,) is a Gorenstein ring if
and only if B; contains only one monomials m = xy° 2] 5> with 0 # aga;as.
By Proposition 3.1.15,

2 +cz+1

HS(A(X).2) = ==

If I(X ) is minimally generated by 2—binomials, the Betti diagram of A(X})
is of the form:

0 1 2 3 |- |lc—3|c—2|c—1]c
ol 11 = _ I _ _ _ _
T =1 Bia|Boa | Bsa|--| Bsa | Bax | Big | —
2 =1 = _ N _ _ _ 1

Else, I(X,) is a cubic surface of P? (Example 3.1.14).

Example 3.3.12. (i) For any cyclic group G = (My0,0;.0,) With 0 < oy <
ag < 4 of order 4, the associated GT'—variety X, with group G is a CI of
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two quadrics. The Betti diagram of I(X,) is

0112
0|1 ]|—|-—
1] —-12 |-
21 —1—11
(ii) Take G = (Mg,023) C GL(3,K) a cyclic group of order 6. A minimal set

of fundamental invariants of G is By = {28, 2323, 23, 28, woxda3, 23, 5}

We have ¢ = 4, the Hilbert series of A(Xj) is

2B +d4z41

HS(A(Xe), 2) = ==

and the Betti diagram of A(Xy) is
0(1]2 3|4
1

O _
1[—=[9[16]9]—
2 —==1=11

For any cyclic group G = (Mg.0.0,.0,) C GL(3,K) of order 6 with 0 < oy <
ag < 6 and such that (a1, as) € {(1,3),(1,4),(2,3),(2,5),(3,4),(3,5)}, the
associated GT —surface with group G is arithmetically Gorenstein with the
above Betti diagram.

(C) By Theorem 3.3.3, G—surfaces of type (C) are characterized from the
fact that B; contains at least two monomials m = zg°z{'x5> such that 0 #
apaiay. We set d := d®/|G| and 6 = 214 — d — 2. From Proposition 3.1.15
we have that

dt? 4+ 0t + 2 A0+ .2 | dt6-4,
HF(A(Xq),t) = % and HS(A(X,),z) = —2 Z<1+ )23 G
—Zz

Thus, A(X,) has CM-type .2 = 02 = 3;;*2. If 1(Xy) is minimally gener-
ated by 2—binomials, the Betti diagram of A(Xj) looks like

0 1 2 3 |- |lc—3|c—2|c—11|c
ol 11 = _ N _ _ _ _
T =1 Bia| Bon | Bsa || Be=si | Be—21 | Be—11 | —
20— | — | Bo2| B2 | | Be=s2 | Be22 | Be—12 | 02
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Else, if A(Xj) is minimally generated by binomials of degree 2 and 3, we

have
0 1 2 3 |---]lc—3|c—2]|c—1]c¢c

o1 =1 =1 =]
|- 51,1 52,1 /83,1 e /66—3,1 50—2,1 60—1,1 —
2| - 51,2 52,2 /83,2 e /8673,2 ﬁcf2,2 5071,2 52

The Betti numbers of A(X,) can be deduce inductively from HF(A(Xy),t)
of A(X4) (Proposition 3.1.12).

Example 3.3.13. (i) For any cyclic group G = (Mg.0.0;.0.) C GL(3,K) or
order 6 with 0 < oy < a < 6 and such that (aq,a0) € {(1,2),(1,5),(4,5)},
the associated GT'—surface Xg with group G has Betti diagram:

011123
o1 |—-|—1]—
1/—14]2]|—-
2| —|—13|2

(ii) For any finite group G = (Mg.0.0y.0,) € GL(3,K) or order 8 with 0 <
ap < ag < 8 and such that (g, a0) €{(1,4),(1,5),(3,4),(3,7),(4,5), (4,7)},
the associated GT'—surface Xg with group G has Betti diagram

0[1]2]3]4]5
o/l | = [=[=[=[=
1| —[13]30[25|4 |-
2 === =152

Otherwise, Xg has Betti diagram

11234
Ol 1|—=|—|—1|—
11— 7183 |~—
2| —|—16[8]3

For any cyclic group G = (Mgo12) C GL(3,K) of order d > 3, the
minimal graded free resolution of A(X,) is determined in [57, Theorem 7.3].
In particular, for d odd, the minimal graded free resolution is the Eagon—
Northcott complex (see [26]). For any cyclic group G = (Ma0.0y.00) C
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GL(3,K) of order d > 3 with a3 < ag, we have the following result which
appears in [17, Theorem 4.14].

Let (i, az,d) be as in Theorem 2.4.10. We set h = d —c—2 =
d—6(a,b,d)+2 1
e

Theorem 3.3.14. (i) If 0(a,b,d) = 3, then the Betti numbers of A(Xq)

are
{i@ﬁ if 1<i<c—1,j=1

i(€) if1<i<e, j=2.

(2

Bij =

(ii) If 0(a,b,d) > 4, then the Betti numbers of A(Xy) are

i(5) +e=h=0)(,5) fl1<i<c—h-1,j=1

bij =< i) ifc—h<i<ec—1,j=1

(i—c+h+1)( if c—h<i<c j=2.

Proof. 1f (ay, g, d) = 3, then d = 2c+ 1. Otherwise, c+3 < 0(aq, az,d) <
2¢ for all 9 < d. Indeed, the inequality d > ¢ + 3 is equivalent to

O(ar, az, d)+2=GCD(ay, d)+GCD(\, &) +GCD(A—GCD(ay, d), d)+2 < d,

where d' = m and 0 < A and p are the unique integers such that
as = an A + pd'. We see that it holds for any integer d > 9. We have that

d = GCD(ay, d) GCD(A, d') GCD(A — GCD(av, d), d')d

with d > 1. Now consider the system of inequalities xyzglv— r—y—2—-2<0
with x,y,z > 1. There are no integer solutions for d > 5. For 1 < d < 4,
it holds d < 8. The result follows from [89, Corollary 3.4(i)] and Examples
3.3.12 and 3.3.13. O

We see a couple of more examples.

Example 3.3.15. (i) Take G = (Mi1016) C GL(3,K) a cyclic group of
order 11. The Betti diagram of A(X1;) is
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112131415

1 == =1=71T=
1/—110]20 15| 4 | —
—15120(30]20|5

(ii) Take G = (Ms5,0,1,1, M3,01,2) a finite abelian group of order 9. The asso-
ciated GT —surface Xq with group G is an arithmetically Gorenstein surface
and A(Xy) has Betti diagram

123 ]4]5]6]|7
o1 =] = = =1 =1=1=
1[— 27105189 | 189 | 105 | 27 | —
2 == = = =1 =]=]1

Notwithstanding, in higher dimensions the situation becomes less clear.
Let Xy be a G—variety with finite abelian group G C GL(n + 1,K). The
Castelnuovo-Mumford regularity n < reg(A(Xy)) < n + 1 and [(Xy) is
minimally generated by binomials of degree at most 3. Thus, the complexity
of a minimal graded free S—resolution of A(X,) increases linearly with the
dimension n. Even if we have a complete description of the Hilbert function
and series of A(Xy), only partial information of the Betti diagram of A(X})
can be inferred. The general picture of the Betti diagram of A(Xy) is the
following. If reg(A(Xy)) =n+1,

0] 1 2 3 c—3 c—2 c—1 c
0 1] — — — — — — —
1 — | Bia| Pon B3.1 Be—31 Be—2.1 Be-1,1 —
2 - 51,2 52,2 53,2 5c—3,2 ﬂc—2,2 56—1,2 —
3 - | — 52,3 53,3 5&3,3 5072,3 5&1,3 —
n—1|—] — 52,n—1 53,n—1 ﬁc—g,n—l 5c—2,n—1 Bc—l,n—l /Bc,n—l
n B B ﬁQ,n 63,n 6(:—3,71 /80—2,7’7, 60—1,71 Bc,n
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Otherwise reg(A(X,)) = n and A(Xy) is a level ring,

0] 1 2 3 R c—2 c—1 c

0 1] — — _ .. — _ _ _

1 — | Bii| Po P31 || Besa Be—2,1 Be-1,1 —

2 — | Br2| Pop P32 || Besp Be—22 Be—1,2 —

3 - | — Ba3 B33 || Besgs Be—2.3 Be-1,3 —
n—1|—1] — /32,n—1 53,n—1 ce 5c—3,n—1 5c—2,n—1 Bc—l,n—l 5c,n—1

We end this chapter posing the following problem and we exhibit an example
involving a G—threefold.

Eroblem 3.3.16. To determine a minimal graded free S—resolution of any
G—wariety X4 with a finite abelian group G C GL(n + 1,K).

Example 3.3.17. Take G = (Ms01.23) C GL(4,K) a cyclic group of order
6. I(X,) is minimally generated by binomials of degree 2. A(Xs) is a non
level ring and it has the following Betti diagram

0] 1| 2 3 4 5) 6 7 8 9 10 | 11 |12
11 =1 = | = _ —_ —_ _ _ —_ N I
— | 57322796 | 844 | 258 — — — — e
— | 13 | 184 | 1638 | 5352 | 8811 | 9064 | 6237 | 2850 | 803 | 108 | 4
== = =T =1 =1 =17 =T=T1T-T1T77

W= O
|

As we have pointed out in Remark 1.1.24, if we dualize a minimal graded
free S—resolution of A(Xg), we get a minimal graded free S—resolution of
wx,(16). In this case, we obtain that wy, is generated by two monomials
of degree 1 and 4 monomials of degree 2, as we have computed in Example
3.3.4.



Chapter 4

GT-surfaces with a dihedral group

The aim of this chapter is to investigate and to provide examples of GT-
systems and GT—surfaces with a non abelian finite group A C SL(3,K) of
order |A|. In [6] and [90], a classification of finite subgroups of SL(3,K)
is given and, following this classification, we determine which groups A C
SL(3,K) give rise to a Togliatti system, i.e. the ideal generated by the
invariants of A of degree |A| is an artinian ideal an it fails the WLP in
degree |A] —1. We gather new examples of non monomial Togliatti systems.
To determine the algebra of invariants of the cyclic extension A C GL(3,K)
of these groups requires an individualized approach in each case. We focus
on the dihedral group Doy C SL(3,K) of order 2d generated by a cyclic
group I' = (My0,0.4-a) C SL(3,K) of order d and the linear transformation
o which fixes xyp and permutes z; and z,. We take the cyclic extension
Dyy C GL(3,K) and we prove that RP2¢ is minimally generated by monomial
and binomial invariants of Dy, of degree 2d (Theorem 4.2.6). We establish
that the ideal 54 generated by a minimal set of fundamental invariants of
Doy is a GT—system with group Dy (Proposition 4.2.9). GT —systems Iog
with group Dy, are the first large family of non monomial GT —systems
appearing in the literature [19]. The approach developed in Chapters 2 and
3 allows us to tackle the geometry of any GT'—surface Sp,, with group Dyg.
We prove that Sp,, is an aCM surface and we compute its Hilbert function
and series (Theorem 4.2.12). Furthermore, we compute a minimal graded
free resolution of its homogeneous coordinate ring A(Sp,,) (Theorem 4.2.14).
We show that the homogeneous ideal I(Sp,,) of Sp,, is minimally generated
by quadrics, which we completely determine afterwards (Corollary 4.2.15
and Theorem 4.2.17).

This chapter is organized as follows. In Section 4.1, we recall the clas-
sification of finite subgroups A of SL(3,K) given in [90]. There are twelve

139
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types (A)—(L), with only (A) being abelian. We determine that a group A of
order |A] of any type (E),(F),(G),(J),(K) and (L) does not induce a Togliatti
system since the required bound r < |A| 41 on the number of generators r
of R|/>X| is not satisfied (see Proposition 4.1.1 and table (4.1.1)). We compute
new examples of non monomial Togliatti systems induced by non abelian
groups of types (B),(C) and (D) (Example 4.1.2). In Section 4.2, we focus on
the dihedral group Doy C SL(3,K) of order 2d generated by I' = (My.0.4.4-a)
and 0. We determine the invariants of Dy, and we compute the Hilbert
function and series of RP2¢ (Proposition 4.2.2 and Corollary 4.2.3). We take
advantage of the algebraic structure of RP2¢ as a subring of R”2¢ to prove
that it is minimally generated by invariants of degree 2d (Theorem 4.2.6).
This lead us to establish that the ideal generated by a minimal set of fun-
damental invariants of Dyg is a GT—system with group Dy (Proposition
4.2.9). Subsection 4.2.1 deals with GT'—surfaces Sp,, with group Ds,. After
establishing that Sp,, is an aCM surface and that A(Sp,,) = RP2¢ (Theorem
4.2.12), we compute a minimal graded free resolution of A(S(Dsg)) (The-
orem 4.2.14) and a minimal set of generators of I(Sp,,) (Theorem 4.2.17).
All the results of Section 4.2 have been published in [19].

4.1 GT-systems with a finite group

In Chapter 1 §1.4, we introduced GT—systems and GT—varieties with an
arbitrary finite group A C GL(n + 1,K). We recall that an artinian ideal
J C R generated by r < N,,_; 4 forms Fy, ..., F, of degree d is a GT'—system
with group A C GL(n+ 1,K) if J is a Togliatti system, i.e. it fails the WLP
in degree d — 1, and the morphism ¢ : P* —s P"~! defined by (F} : - : F})
is a Galois covering with group A. If J C R is a GT—system with group A,
then the variety X; = ¢ (P") parameterized by J is called a GT—variety
with group A.

The strategy develop in Chapters 2 and 3 is suitable for any finite group
A C GL(n+1,K). However, it relies on their representation in GL(n+ 1, K)
and on finding a minimal set of fundamental invariants of the cyclic exten-
sion A of A. As we have pointed out in Section 1.3, the last requisite is out
of reach in most cases. When A is not abelian, the invariants of A are not
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all monomials ([6, Theorem 8, Chapter IX]) and it could be cumbersome to
describe or manipulate them (see, for instance, Example 4.1.2(i)). In addi-
tion, taking the cyclic extension A increases significantly the computational
complexity making difficult to provide examples. Nevertheless, if J is the
ideal generated by a K—basis of Rf}x‘, we have:

Proposition 4.1.1. If J is artinian and dim(Rl‘}\‘) < Np—1ap, then J is a
Togliatti system.

Proof. We prove that J fails the WLP in degree |A| —1. Let L € Ry and
F = [T azzea A(L). Therefore

L-F=]] ML) € Rl

Since J is generated by a K—basis of RI/}\I’ we obtain that L - F' € J. Thus,
the multiplication map xL : (R/J)4-1 — (R/J)q is not injective and the
result follows (Theorem 1.4.6 and Definition 1.4.7). O

So, let us fix n = 2 and, as an starting point to investigate GT'—systems
and GT'—surfaces with a non abelian finite group, we focus on the classifi-
cation of finite subgroups A of SL(3,K) as in [90]. Consider the matrices

10 0 010 k 0 0
S=104y 0|, T=[00 1], U=(0 « 0],
0 0 o2 100 0 0 ki
1 1 1 1 ] 1 1 o? a 00
V= L ¢ ), P= Ly 9 [,@=(000
— )2 _ /2
¢¢1w2w ¢¢w1w 0 ¢ O

where x and ¢ are a 6th and a 3rd primitive roots of 1 € K such that x* = ¢?
and abc = —1. The list of finite subgroups of SL(3,K) is the following.

(A) Diagonal abelian groups.

(B) Groups isomorphic to transitive groups of GL(2,K), i.e. each element
has the form of

with  f(gk — hj) = 1.

S O
S O
> > O
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(C) Groups generated by (A) and 7'
(D) Groups generated by (C) and Q.
(E) A group of order 108 generated by S, T, V.
(F) A group of order 216 generated by (E) and P = UVU L.
(G) A group of order 648 generated by (E) and U.
)

(H) A group of order 60 isomorphic to the alternating group As generated
by Q with a = b = ¢ = —1 and matrices

1 0 0 1 1 11
0 € 0 — 12 s t
0 0 e V5 2 t s

where € is a 5th primitive root of 1 € K, s = €2 4 €3 and t = ¢ + €*.

(I) A simple group of order 168 isomorphic to a permutation group generated
by T" and matrices

g 02 0 1 6;‘—62 BQ—B; 64—663
0 5% 0 ——= | =B =5 =P
0 0 54 \/—_7 5_66 54 _53 62 —ﬁ5

where [ is a 7th primitive root of 1 € K.

(J) A group of order 180 generated by (H) and diag(, ¥, ).
(K) A group of order 504 generated by (I) and diag(«, v, ).
(L) A group of order 1080 generated by (H) and

1 1 M N
— 2/\2 S t
\/g 2/\2 t S

where \; = i(—l +4/154) and ) is the conjugate of A;.

In [90], the authors computed a minimal set of fundamental invariants
and the Molien series HS(R", z) of the finite groups A C SL(3,K) of any
type from (E) to (L). However, a minimal set of fundamental invariants of
their cyclic extension A is out of reach. Expanding HS(R",z), we obtain
that the bound dim(Rf}“) < |A| +1 is only satisfied for the groups (H) and
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(I). They are artinian idelas and, By Proposition 4.1.1, they determine a
Togliatti system.

21 12 9
B A 2tz +1 A B
(B) 1A1=108 [HS(”,2) = (= =, HF(R", 108) = 181
B2
F)||A|=216 [HS(R", 2) = - HF (R, 216) =34
( ) ‘ ‘ 6 S<R 72) (1 _26)(1 _29)(1 _212) (R ) 6) 343
36 18
A 2P 420+ 1 A
() IA1=648 [HS(F",2) = 55—y sy HF (2, 648)=1027
(H)|[A|=60 |HS(R, ) il HF(RY, 60) =40
- A T A ma ) s
A A 2241 A
() [IA1=168 [BS(R",2) = 75— o =y [HF(R",168) =97
224 +Z12 + 1
(J)[|A|=180 |HS(R",z2) = = P ) HF(R™, 180) =298
A 220+ 21841 A
(K) 1A =504 [HS(R, 2) = (5 o oy HF (R, 504) =793
(L) ||A] = 1080 HS(R", z) = il HF(R*, 1080) = 1693
~ S D () ) T

(4.1.1)
Our next goal is to prove that the groups of type (B),(C) and (D) also give
rise to examples of non monomial Togliatti systems and GT —systems. In
next section, we will study the invariants of a representation in SL(3, K) of
the dihedral group.

Example 4.1.2. (i) Type (B). We take A C SL(3,K) a tetrahedral group
of order 24 generated by the three matrices:

10 0 100 (2 0 0
0i 0,00 i|land =[0 i+1 i—1
00 —i) \0 i 0 0 i+1 1—3i

(see [90]). The cyclic extension A C GL(3,K) is a group of order 576. We
have determined that the following 15 forms of degree 24 give a minimal set
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of fundamental invariants of A:

x2

ri®riry — xllr 25

2388 + xS + 1425 xx)
ri?rirl® — 2222828 + wl?2 022

wi?xl? + x2xl? — 33x%ial — 33282l

6,.15,.3 6,.11,7 67,11 _ 6,315
xoxi’xy — 3rgrylay + 3rgriry — roriK,
6,.17 6,.13,.5 65,13 _ .6, .17
Ty o — 3dxgrP Ty + 34w Ty’ — T 1T,

10,.13 10,.9,.5 10,.5,.9 10 13

2311® + 28282122 + 198x52 88 + 2828 iwl? + 2516

raridrd + 12032142 — 2625210210 + 12232823t + wia?xl®

ey — 3521828 + 34xital’ + 341zt — 352923® + afad?

zard) — 192321823 — 494xiw1%28 — 494xiafxl? — 192 2l® + 25220
w2xtry + 27wkl wl + 170220132 — 170232 2d® — 272225 2d" — 222y 23!
22 4+237022025 — 872121528 + 1679621222 — 872125216 + 237027230 + 23

10626 735471 2704156 735471 10626
34 W3+ 168 200000 1212 4 250+ rirdd 422,

1025 1 1025 “1 T2 125 L1 1025 1025

The ideal I4 generated by them is a non monomial GT—system with group
A and the variety Xo4 parameterized by Iy is a GT'—surface with group A.
Furthermore, X4 is an aCM projection of the Veronese surface X594 C P32
in P'* from the linear system (I,,')o4.

(ii) Type (C). Finite subgroups A of SL(3,K) of type (C) generated by T
and a diagonal cyclic subgroup I' = (diag(7y1,72,73)) of SL(3,K) were first
studied by Maschke in [56]. The author showed that R is generated by
trinomials of degree t of the form:

ap ..a1 .02 as .ag .01 ai .a2 _.ag
Ty T Ty~ + Ty T Ty + Ty X1~ Ty

where xg° 1 v5?, xg? 21’ x5, xpt 2?25 are monomial invariants of I' of degree ¢
which he described in terms of the ;. As an example, we take A; C SL(3, K)
a group of order 48 generated by the matrices My 15 and T (see [90]). R
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is generated by s = 31 forms of degree 48:
4,.8,.36 36,.4,,.8 8..36 .4

BN W R v

0 L1 T3

o8 4 A8 g a8 T1TaTy + T1Toy Ty + Ty Tl

I 2120503 4 202 al? 4 2P la
Tixn + X5 Ty + 77T

1L 2 Iy 1 Lo 16,,.8,.24 8,.24,.16 24,.16,,.8

8,40 | 40,8 | 40,8 T17To%y + XT3 Ty + XY Ty Lo
riTy + x5 Ty + 7T

1% 2 Ly 1 Lo 8,.20,,.20 20,.8,,20 20,.20,,.8

8,40 | 40,8 | ,.8..40 ToXy Ty + Tg TTy + Tp Ty T
ToTy + X7 o + 27T

2% 1 Lo 172 8,.16,,.24 24,.8,.16 16,.24,.8

4, .44 44,4 4, 44 TiTy Ty + X Ty + Xy Ty Ty
Toly + X7 o+ 27T

2% 1 Lo 1% 8..12,.28 28..8,.12 12,.98,.8

12,36 , 36,12 , ,.36,.12 TITR Ty + T Toy™ + X7 T5 Ty
rilry +as°xy” + a7

1 Lo 2 Ly 1 Lo 2124032 4 04,8212 | 032,124
216432 4 082,16 4 132,16 1 LoZy 122" Ty 1 L2 Ty

1 Lo 2 Ty 1 Lo 16,,.4,.28 4,98 16 28,.16,,.4

20,,.28 28 .20 28,.20 T Ty + T1T5 Ty + T T Ty
xi s + xstxly + xitr

1 Lo 2 Tp 1 L3 20,,.4,.24 4,.24,.20 24..20,,.4

24,24 24,24 24,24 T TyTy + X5 TG X7 T T
rhtry sttt x5

071 2 1 0 T3 4,.20,,.24 244,20 20,.24, 4

20,28 | 28,20 |, 20,28 TyTy Ty + X Ty + XX, Ty
x5 xy” +axixy +axix

2 Ly 1 Zo 1 T 4..16,,.28 28,416 16,.28,.4

16,32 , ..32..16 16,32 TiTy Ty + T Ty + Xy Ty Ty
r5°xy +xy‘xy + x0T

2 Lo 1 2o 1 Lo 412,32 324,12 12,32, 4

12,.36 36,12 12,36 U e i 51 s R A
x5y’ + a7 Ty + it

2 Ty 1 Lo 1 L2 21612020 4 212020016 4 .20,.16,.12
28832 4 p8,32,8 4 132,88 1 L3277y 1 T3 Ty 1 Lo Ty

1L2Z¢ 1227 1 LaZy 212216420 4 2.20,12,.16 4 16,.20,12
28dy36 | 436,84 136,84 1 %2 Ty 1 L3 Ty 1 L3 Xy

1%2%q 1% Zg 1 L2%g x%%?w?—i—x%%%“xéz—I—x%‘lx%%}f.

The ideal 145 generated by them is a non monomial Togliatti system. Indeed,

I4g is an artinian ideal since V(x

16,.16 .16 48 48
0X1 %y, Xy +2x7 +

48 4,44
RS

44 .4
+ x5 % +

r{z3) = 0 and the condition ug < |A;|+1 is satisfied. By Proposition 4.1.1,

145 is a Togliatti system.

(iii) Type (D). Take Ay C SL(3,K) a group of order 96 generated by A; and
Q with a = b = ¢ = —1 (see [90]). Notice that the invariants of Ay are in
particular invariants of A;. Rgg is generated by 61 forms of degree 96:

32,.32, .32
Loy X1 Ty

Igﬁ + 296 4 236
48,.48 48 .48 48 .48
Ty xy +x3°T7 + Ty Ty

riaSedl + x
4,4,.88

T1TaTy + X

+x

8,.44,.44

§xgoxg+xso 8,.8
4,.88,.4 88,4, .4
1Ty Ty + T

44,8 .44 44,44 .8
0 L] +

1 Loxp
1 Loy
0 Lo Ty

20,.20,.56 20,..56,,.20 56.,.20,.20
] xixg —I—x}l%xo —i—x}lxixo
16,.40,.40 0,.16,.40 0,.40,.16
Ty Ty Ty + Ty Ty Ty + Ty Ty Ty

128528150

24..36,,.36
Lo Loy Ty

24,24, 48
L1 Ty Xy

28, 40,28 40,,28,.28
+x +x

1 Lo Ty 1 L3 Ty

+ 2303t w30 + 3030221
| o24,48,24 | 48,54, 24

1 Lo Ty 1 Lo Ty
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16,.16 64—|—ZE16 64 16—|—I'64 16,.16

Ty Ty Ly 1 x% Lo % Ty Tg
12,.12,..72 12,.72,..12 212,12
O o S S W3 U il i 1 R

2as® + 5ad® + 28828 + 2582 + 28258 + 2B

rixd? + wiad? + 2%xd + 23%xd + 2iad? + 29%2)

o ed? + 23tad? + %25t + 252wl + 2 tad? + 2%t

x‘{%gﬁ + :L‘;mxgﬁ + x‘;’%éo + x%%éo + x‘l’toxgﬁ + x?%%o

90700 4 36,60 4 60,86 | 50,36 4 36,60 | 60,36

w3228t + 23228t + 2$423? + 2§03 4 232aSt 4 201232

o388 + 228288 + 9828 4 x§8x28 + 1288 4 28828

ppl? + 224wl + p Pt 4 2022t + 2Mal? 4 2P

x%oxgﬁ + 13%01‘36 + :c{%%o + Ig(jxgo + x%oxgﬁ + JJIG:L'%O

210280 + 235280 + 280280 + 280x)0 + 210280 + 28010

p12g80 4 pl2gBh g 84,02 | B | do 8 B
riaSedt + afxdadt + xiadtald + e¥adad + pfafiad + a¥ada]
r3x30xd® + 21028288 + 2f033 30 + 2B adxl + 210232 + B30 xd

8,.36 .52 36,.8,.52 8,.52,.36 52,.8,.36 36,.52,.8 52,.36,.8
TITH Ty" + T Tox” + 27X Xy + 27757 + YT T + 27T Ty

8 .32 .56 32,.8,.56 8 .56 .32 56 1.8 .32 32,.56,.8 56 .32 .8
TIT°Ty + T3 + T7Xy Ty” + T TTy” + 7Ty Xy + X157 X,

8,.28,.60 28, 8, .60 8,.60,.28 60,.8,.28 28, .60,.8 60,.28,.8
TITy Ty + X7 TTy + X7y Ty + T TXy + T7 Ty Ty + T T T

piatadt + p¥afadt + 2fabtadt + 280l + 2P abtald + 29122t

320288 + 22028258 + 28058220 + 2888220 + 22005828 + 2982202 d

il l? + 2102827 + 282l i + 2?28l + 2102228 + 2722108
x?x%szG + ﬂ%%xéﬁ + x?xg("x(lf + xzﬁxgxéz + ﬂ%g%g + xz%%zxg
ol + odtabed® + odelbolt + o¥abelt + odolbed + odolted
i3 x? + 2102525 + 25?2y’ + x32wxd? + {0252 + 29223 %]

2ia30xdl + 23025250 + 230230 + 230xixd0 + 2300302 + 20230 x]

4,.32,.60 32,.4,.60 4,.60,.32 60,.4,,.32 32,.60,,.4 60,.32,.4
TIX° Xy + X°Toxy + T{Ty Ty” + X7 Xaky” + T]7°To Ty + T TF°T,

4,28, .64 28,.4,.64 4,.64,.28 64,.4,.28 28, .64,.4 64,28, .4
TIT°Ty T T Xy + TITy Ty + Ty Ty + T Ty Ty + T T5° X

4,.24,.68 24 .4 .68 4,.68,.24 68 .4 ,.24 24 .68 .4 68,.24,.4
TITH Ty + T] Xy + T{Ty T + T Ty + T] Ty Ty + T T3 X

21202 + 200252702 + 21al?20 + 2Pad2 0 + 220220 + 27220

rixldxll + 21025200 + 2wt i + 2T0xixl0 + 2{%x0x) + 210210x]

4,..12,.80 12,.4,.80 4,..80,.12 80,.4,.12 12,.80,.4 80,.12,..4
TIX5° Xy + X7 Toxy + T{Ty Ty™ + X7 XaXy” + 17Ty Ty + T 37T

28..32,.36 32,.28,.36 28,.36,.32 36,.28,.32 32,.36,.28 36,.32,.28
17Xy Ty +xtry g a7y gt + 7y ry” + ey g+ 7Ty xg

24,32, .40 32, 24,40 24,40 .32 40,,.24,,.32 32,4024 40,,.32,,.24
T Ty + XX Ty + T Ty T+ T Ty Ty XTIy Ty T XX

w8t + 3Bl + pMad e 4 aMadial® + 2Bt + a8t

22030200 4 30220280 - 20220230 + 270220230 + 230230220 + 20230220
20,.32, .44 32,.20,.44 20,.44,.32 44,.90,.32 32,4420 44,32, .20
T Ty X775y +x] sy +x7Txy Ty g+ xyryxg

20,.28 .48 28,.20,,.48 20,.48 .28 48,.20,,.28 28,.48 .20 48,.28,.20
7T Xy 7Ty Xy + T Ty Xy + Ty Xy + T Ty xy + Ty X
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20,2452 | 24,2052 | ,.20,.52,.24 | 52,2024 | 24,5220 | ,.52,.24,.20
725 x914 + 27775 x24 + x7 xilaro + x}l4x2 Ty + a9 xilxo + x}l Ty Xy

16,36 36,,.16 16 36 16,.36 | .36 16 4,.36,.16
T Ty Ty + XY Ty Ty + T T Ty + Ty Ty Xy Ty Ty T Ty Ty Ty

11023220® + x32wllrd® + 210238 x3% + 1 Pxd0xd? + P22 P xS + {3220

210238202 + 228xilrd? + 210252028 + 122 l0228 + ¥ 232x 0 + 220 P2 0

210231250 + 224 wlCrd0 + 210a50221 + 2021022 + 2230210 + 2031216
:L‘i%%oxgo + x%ox%%go + x%%goxgo + x?%%%%ﬂ + xfoxgox(l)(j + a:‘f%g%(lﬁ
r122302d + 2102228t + 2 Padt w0 + 2P e 2al’ + 20xdtel? + 2120 xl?
12230088 + 230212288 + P83t + aBr2ad0 + 2P 2iBrl? + pPBa3bxl?

1203220 + a3wd?ad? + xPadad? + a2 lad? + o al? + 2% al?
212038200 + a28xd2050 + 2 2adbrd® + 10212028 + p¥Ba30xl? + 230r2 2
:L‘%Qac%‘lxgo + x%‘lxézxgo + x%zxgox?f + .73?0:6%2%‘(2)4 + x%‘lxgoxéz + I?Oxg‘lx(lf
122028 + 2302228 + 222§ 220 + 281212220 + 202500} + 29122022
x%%%%%g + x%%é%gg + x%zxgsx(lf + x?gxé%(l)ﬁ + x%%ggx(lf + $?8$%6$é2.

Arguing as in (ii) we obtain that the ideal Igs generated by them is a non
monomial Togliatti system.

4.2 GT-systems and GT-surfaces with a dihedral
group

In this section, we study the invariants of the dihedral group D4 of order
2d represented in SL(3,K) by a cyclic group I' = (M. 4,4—a) of order d > 0
with 0 < a < g and the linear transformation

Q
I
oo~
— o o
o= O

We consider the cyclic extension Dyg C GL(3,K) of Doy and we describe the
invariants of Dyg. Our main result proves that RP>¢ is minimally generated
by forms of degree 2d (Theorem 4.2.6). As a consequence, we obtain that
the ideal I,y C R generated by them is a non monomial GT'—system with
group Dy, (Proposition 4.2.9). In Subsection 4.2.1, we study the geometry
of the GT—surface with group Dy, as we did for GT —surfaces with a finite
abelian group.
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Since the action of Doy = (My0.a.d-a;0) C SL(3,K) on R fixes the vari-
able xg, we have that RP2 = K[xo] @ K[x1, 72]"2¢ where

/ 0 1
2d — <Md;a,d—a; (1 0)> C SL(Z,K)

is a representation of the dihedral group of order 2d in SL(2,K). Moreover,
K[z, 29]P2a = K229, 2¢ + 24]. Thus, the ring of invariants of Dyg

D d_ .d
R7? = Kz, v129, 2] + x5]

is a non standard graded polynomial ring (see, for instance, [76] and [77]).

In this setting, we see the ring R”?¢ as K—graded subalgebra of R as well
as of RP2d;

D D Dog . D D
RP? = (B R, where R := Ry = Roy N R,

t>0

On the other hand, the cyclic group (Mu04.4-a) = (Ma1,4-1). Hence, from
now on, we fix an integer d > 3 and a dihedral group Dyy = (I', o) C SL(3,K)
of order 2d with I' = (Mgy1,4-1). Our main objective is to describe the

invariants of R”2¢. To do it, we analyse first each graded component Rf) 2,

We start noticing that any invariant of Dyg is an invariant of the cyclic
group I'. So, if f € RP2¢, then any monomial which occurs in f is a monomial
invariant of I' of degree a multiple of 2d. We recall that a monomial m =
xg’ 2 xy? € Ry, if and only if (g, ai, as) is a Z2—solution of the system of
linear congruences:

Yo + U1 + Yo = 2dt . B
(*)A;?t,r { n + (d . 1)3/2 — rd r = O, R 2(d 1)t

The action of (M}, ;_,0) on R is the same as the action of (diag(1,e"!, e)’)
for any 0 <1 < d — 1. Moreover, we have:

Lemma 4.2.1. (i) A monomial m € RE if and only if m is an invariant of
<Md;0,d71,1> C SL(3, K)

(11) There are td + 1 monomial invariants of RDz2a of degree 2td:

{xgdt—Za%tlnxgl | a1 =0,...,td.}
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Proof. (i) Let m = z{°z{'z5*> € R' be a monomial of degree 2td. Then,
ai; + (d—1)ag = rd for some r € Zx¢. Since 0 < (d—1)ay +ay = da; — (a; —
as) = d(ay + az) — rd is a multiple of d, it follows that m is an invariant of
(Mg1.4-11)-

(ii) The action of o on m is 22°2%223'. So, m € RP2 if and only if m € R"
and a; = ay. Solving the linear system of congruences (x).2:, we obtain
the listed monomials. ]

Using the above lemma and the fact that REZ = RD2 we compute the
Hilbert function of R,

Proposition 4.2.2. For any t > 0, we have:

2dt* + (d + GCD(d, 2) + 2)t + 2
5 :

Proof. Since HF(RP24,t) = HF(RP>¢, 2dt), we obtain that

1
HF(RP2 t) 2d Z trace g(%t)) = ﬁtrace ( Z g(th)> :

g€D2y g€Day

HF (RP2 t) =

where g(th) is the restriction of g to Rag. We choose the set Mooy =
{mq, ... ,mNQ,M} C R of all Nsg,y monomials of degree 2dt as a basis of
Rsqi. We denote by M the Nj g X Nagi1q matrix which represents the linear
map 9€p(Daa) g% in the chosen basis and by M;,; its diagonal entries.
Fixed m; € Ma 24, we distinguish two cases:

Case 1: if m; € RT, then by Lemma 4.2.1,

Moo 2d if o(m;) =my
(@) = d if U(ml)#mz

Case 2: if m; ¢ R', then by Lemma 4.2.1(ii), m; is not an invariant of o and
we obtain M;; =1+ &+ -+ + &1 =0, where £ a dth root of 1 € K.
Let 5, denote the number of monomials of degree 2dt in R'. Thus,
(2d) HF (RP2 ) = d(pSy, + td + 1).

As we have shown in Theorem 3.1.21, pS, = dt* + 2t + GCD(2,d)t + 1.
Altogether we obtain the desired expression. O]
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As a direct corollary:
Corollary 4.2.3. The Hilbert series of RP2 is

d—GCD(d,2 3d+GCD(d,2)—2

(1 _ ZQd)S

HS(RP2 z) = (

Thus far, we know that R?E is a K—vector space of dimension

Moge +td 41
—

To determine a K—basis of R} Dai , we complete the set {2~ 2‘“1’11 52 | ay =
0,...,td} of td + 1 monomial invariants of Dag to a basis of Rt 2 using its

relation with RJ,.

Proposition 4.2.4. R?E s generated by

. 2dt ,.2dt—2 2dt—4,.2,.2 td .td .
(i) xg™, xg™ “ryxe, xg™ txtas, . .. 2talt; and

(i1) all the binomials x(°x} x5? + x°x1x5" of degree 2dt such that a1 # as

ai .02 r
and g’z x5® € R

¢, —td—1
Proof. By Lemma 4.2.1, there are M#

the form z(°z{'z3? + z§°x{?x3" € R with a; # as. Since the listed forms

are K—linearly independent, the result follows from Proposition 4.2.2. [

binomials of degree 2dt of

From now on, we denote by By, the set of generators of Rt Dad iy Propo-
sition 4.2.4. Let us see some illustrative examples.

Example 4.2.5. (i) Take d = 3 and Dj3 = (Ms,012,0) C SL(3,K). We
have HF (RP>2 1) =7 and HF(RP?3 2) = 19 with

_ {6 3.3, 3.3 4 6 6 o 4 2,2 2
Bos= {af, adz? + adad, afzixe, 2§ + 25, xoxize + wowi a3, xdaias, i}

_ 3 .10 6 .7 8
Bis= {x§? 2dx3 + xdxd, xllm e, 2828 + 2825, xlxine + xlzi 23, xoa: x3,
w3xd + x3xd, adrley + xoxla:g, ryrias + xjria, xiatad, v1? + xd?,
xox%oxg + xoxlxéo, wiafed + adad q:g, w3xbad + xdadal, vprlad,

9 7
p{xd + p3xd, voxizy + woxial, xkaded, x$a5}.
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(ii) Take d = 4 and Dyy = (Myg13,0) C SL(3,K), we have HF(RP>+,1) =
9 and HF(RP>4,2) = 25 with

_[..8 4.4 4,4 .6 8 | ,.8 .25 2, 5 4,22
82.4 —{xo, ToX] + ToX7, TgL1T2, T] + Ty, ToTiTo + X1y, Loy,

6,.2 2,6 2,33 4.4
TiTy + T, ToTTy, T1Ty
_ 16 12,4 12,4 .14 8,.8 8.8 ,.10,.5 10, .5
Byy={x’, xi’x] + xy°xs, 15 x129, xoX] + ToXS, T X T + Xy T1T3,
12,2,2 4,12 4,12 6.9 6,. 19 ,.8,.6,.2 8,.2,.6 10,33
Ty X1T5, XpT1™ + Toxy™, ToX]To + THT1Ty, Tl Ty + Ty, Ty LT3,
218 + 238 2Py + 2lex®, w0t + ajriad’, afaled + abadald,
8,.4,4 14,2 2,14 2113 2,3,11 ,.4,8, 4 4,4.8 6,55
TGT Ty, Ty Ty + T1Ty, Loy Ty + Tl Ty, ToT 1Ty + Lo Ty, ToTTy,
12,4 4,12 2.9 5 2,5,9 46,6 10,6 6,10 2,77 .8 8
T1°%5 + X{T5", XuT1Xy + THXITY, TaTiXy, T Lo+ X7Tq ,xoxlxz,xle}.
Our main goal is to prove that Byy is a minimal set of fundamental
invariants of Dyy. To achieve it, we use the natural structure of RP2¢ as
a subring of RP2¢. We set yo = z9, y1 = 2122 and yp = :z:‘li + xg. As we
have pointed out at the beginning of this section, RP2¢ = Klyo, y1,92] is a

non standard graded polynomial ring with deg(yo) = 1, deg(y:1) = 2 and

deg(y2) = d. From this standpoint, Rf)m = Klyo, ¥1, y2]ota is the K—vector
subspace with monomial basis

Asar = {yyr v | bo + 2by + dby = 2td}.
In particular, for ¢t = 1 we have a change of basis

p: Klyo, y1, y2)oa — R?Qd given by

(4.2.1)

Yoytyy o ataad (el +ad)2, if 0<by <1
Y3 = (2 + 23%) + 20fad.

Theorem 4.2.6. By is a minimal set of fundamental invariants of Dag.

Proof. We see that for any ¢ > 2, any monomial ygoylfl y’; € Ayy is divisible

by a monomial of Ay;. Then by induction, it follows that Asg is a set of
generators of RP2¢ ¢ RP2¢. Using (4.2.1), we obtain that Bsg is a minimal
set of generators of RP2¢. Let m = ygoyl{l ySQ € Asy: be a monomial of degree
by + 2by + dby = 2dt, t > 2. On one hand, we may suppose that by < 2d,
by < d and by < 2. Otherwise, y2¢, y{ or y3 divide m and the result follows.

On the other hand, if by = 0, by < 2d and b; < d, then we have deg(m) = 2d
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and t = 1. Therefore it only remains to prove the case by < 2d, by < d and
by = 1 with by + 2b; +d = 4d. Since by + 2b; = 3d and b; < d, this implies
that by > d and then yly, € Agq divides m, as required. O

Remark 4.2.7. The change of variables p induces an isomorphism of graded
K—algebras p : K[Asq] — K[Bag].

Example 4.2.8. We take d = 3 and Dy3 = (M30,12,0) C SL(3,K). We
express the invariants of Byg in terms of By, (Example 4.2.5(i)) writing all
monomials of Ay.3 as products of monomials of As.3:

Ass = {u8, ydya, vour, v3. vourye, w3yl i }
Ayz = {y()ay() ybyo?hayoypyo?]pyoypy1ayoy%yoyly%yo%y%yo%y%
yoy1y2>yoyzayoyl?hayoylym?hyzayoymyoylym%}

Then by (4.2.1), we obtain the following factorizations of the monomials and
binomials of By.3:

oy = () ()

2302129 (25) (xgz122)

o1y (20) (zgzi3)

oI = (20) (#23)

i e e

xéxza:g = (xgxéxg)(xi’xg)

LTy = (zy25)

Towt + Tow; = xg (gt + ww3)

wda + ada§ =zp(2] +27)

ity + xirixy = xivize (it + x3ad)

rariey + xirial = xéx;x;(m? +z9)

Tor Ty + 1TiTy = rprias(Teat + vpas)

wiriad + xdxtad = axdalad(af + %)

w3xbad + w3l =axdad(axda? + xdad)

x?x%’ + r3x) =z3x3(2f + 2§)

xgm a:2 + xox%x; = 23x3(voriTs + 10T173)

wpw] + x0$2 = (2] + 23) (w32 + 2373) — i3 (252 + 23w3)
2+:L‘ = (2§ + 25)% — 2(x33)?

Toxi0my + 2oz 230 = (2oxime + o1 23) (28 + 28) — B33 (woiTy + TOT1TF).
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Notice that these decompositions are not unique, for instance z§z?x3 can

also be factored as (zgziz2)?.

Proposition 4.2.9. Let d > 3 be an integer and Dyg = (Mao1,4-1,0) C
SL(3,K) a dihedral group of order 2d. Then, the ideal I, C R generated
by a minimal set of fundamental invariants Doy is a GT—system with group
Do,

Proof. The condition |Bsy| < 2d 4+ 1 on the number of generators of Ipg is
satisfied (Theorem 1.4.6). Indeed, applying Proposition 4.2.2 we obtain:

3d+ 4 + GCD(d, 2)
|Bog| = . .

The right term of the equality is smaller or equal than 2d + 1 for all d > 3.
By Theorem 4.2.6 and Propositions 1.4.17 and 4.1.1, we can conclude that
I5q is a GT—system with group Dog. O

4.2.1 GT-surfaces with a dihedral group

In this subsection, we consider the G'I'—surface Sp,, parameterized by a
GT—system Iq with group Dag = (Mgo1,4-1,0) C SL(3,K). Namely, we
take Isy; C R the ideal generated by the minimal set Bs; of fundamental
invariants of Dyy determined in Theorem 4.2.6. We denote |Bag| = piza.
Then, Sp,, is the image of the morphism ¢,, : P* — Pr2¢~1 defined by
Baa. We relate the homogeneous coordinate ring A(Sp,,) of Sp,, to the ring
RPz24 we establish that Sp,, is an aCM surface in P*2¢~! and we determine
a minimal graded free resolution of A(Sp,,) (Theorems 4.2.12 and 4.2.14).
Lastly, we look at a set of generators of the homogeneous ideal I(Sp,,) of any
GT—surface Sp,, with group D,y and we prove that I(Sp,,) is minimally
generated by quadrics (Theorem 4.2.17).
We begin with some notation needed in the sequel.

Notation 4.2.10. We introduce a new set of variables:

W, = {w(m) | 0<r<2(d-1) and max{0, [%1} <7< 7’}

ordered lexicographically and we set S = K[w(r,)|w,, .,ew,-
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Each pair (r,7v) in W, uniquely determines the exponents of an element
in Byy (Lemma 4.2.1 and Proposition 4.2.4). Hence, the cardinality of Wy

is fiog =d+ 2+ %D@’d). We exhibit a few examples.

Example 4.2.11. (i) Take d = 3 and Dy.3 = (M3012,0) C SL(3,K). We
have

Bos= {xb xdxd + adad, winixe, 28 + 25, woxtze + vomy 25, 232322 2323}
Wi = {w,0), W(1,0), W11y, W(2,0)5 W(2,1)5 W(2,2) W3,3) }-
(i) Take d =4 and Dyy = (Myo13,0) C GL(3,K). We have
5

_ 8 4.4 4,..4 6 8 8 2,.5 2 4,..2,.2
Boy= {xy,x5x] + 2527, vox12, ] + T3, GXI T + THT1 T3, THTT TS,

6,.2 2.6 2,33 4.4
TiT5 + 1Ty, TEX| Ty, 551332}

Wy = {w(0,0)7 W(1,0), W(1,1), W(2,0), W(2,1), W(2,2), W(3,2), W(3,3), w(4,4)}-

(111) Take d = 5 and D2.5 = <M5;0’1’47 O') C SL(3,K) We have:

_ 10 ..5,..5 5.5 .8 10 10 3.6 3., .6 6,22
Bos= {x’ xdal + xxs, xfziza, 210 + x5’ wialxe + xizial, xjaies,
7.2 2,7 4,33 2. 4,4 5.5
ToT 1Ty + ToTITy, THT|Ty, TuT Ty, 551%}
Ws = {w(o,0), 01,00 W(1,1), W2,0) Wi2,1), W22, W3,2), W(33) W(a ), W55) )

In this setting, we have the following.

Theorem 4.2.12. Let Sp,, be a GT —surface with group Dag.

(i) The homogeneous coordinate ring A(Sp,,) of Sp,, is isomorphic to
RPz2¢. Thus, Sp,, is an aCM projection of the Veronese variety Xo .24 C
PN22a=L from the linear system (I5;')aq.

(ii) The Hilbert function and series of A(Sp,,) are

2dt? + (d + GCD(d, 2) + 2)t + 2
HE(A(S),,), 1) = 22 EODUE2 12)

d-GCD(d,2) 2 |, 3d+GCD(d,2)—2
( 5 z° + 5 z*l)

(1—2)°

HS(A(SDy,), 2) =
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(iii) Sp,, is an aCM surface of degree 2d with Castelnuovo—Mumford regu-
larity reg(A(Sp,,)) = 3 and CM-type d*GCZD(dQ).

Proof. (i) The homogeneous ideal 1(Sp,,) C S of Sp,, is the prime ideal
kernel of the ring homomorphism ¢q : S — K[Byq] sending w4y to

22T =m if r =
0 1L = M(ry) wr=v
xéQ—r)d+(d—2)7 (x;d—(d—l)vx’g + xflyx;d—(d—l)ﬂf) = M(m) + M) otherwise.

By Theorem 4.2.6, A(Sp,,) = S/1(Sp,,) = RP> and by Theorem 1.3.10,
A(Sp,,) is a CM ring.

(ii) It is a direct consequences of (i), Proposition 4.2.2 and Corollary 4.2.3.
(iii) The information of the Hilbert series of Sp,, and (i) give (iii). O
Remark 4.2.13. As a consequence of Theorem 4.2.12, a GT'—surface Sp,,

with group Dy is an arithmetically Gorenstein surface if and only if d = 3
or 4.

We denote the codimension of Sp,, by

3d+ GCD(d,2) — 2

C := codim(Sp,,) = 5

Set h := deg(Sp,,) —C —2 = %WH. We have:

Theorem 4.2.14. A minimal graded free S—resolution of A(Sp,,) looks like
0 — SP02(—C —2) — @m0 (-C+1-1) — - —

5 By 280 (—C 4 h — 1) — St (—C 4 h) — - —
— SP1(=2) — § — S/ 1(Sq) — 0

where
i(C)+(C—i-n)(S) f1<i<C—h-11=1
b e d G ifC-h<i<Ci=1
T G-CcHnen(9) fC—h<i<Cl—2

0 otherwise.
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Proof. For d = 3,4 we explicitly compute the resolutions of Sp, ., and Sp,,
in Example 4.2.16(i),(ii). For all d > 5 we check that C'+ 3 < 2d < 2C and
then we apply [88, Corollary 3.4(ii)]. It holds 2d < 3d + GCD(d,2) — 2 for
all d > 3. On the other hand,

3d+ GCD(d,2) + 4

C+3= 5 <2d
if and only if 3d+ GCD(d,2) +4 < 4d if and only if GCD(d,2) +4 < d. The
last inequality holds for all d > 5. O
As a direct corollary, we obtain:
Corollary 4.2.15. I(Sp,,) is minimally generated by % quadrics if d

9d2—4d+3

5 quadrics if d is odd.

18 even and by
Let us illustrate Theorem 4.2.14 with some examples.

Example 4.2.16. (i) For d =3, Sp,, has codimension C' = 4 and degree
deg(Sp,,) = 6, so h = 0. A minimal free resolution of A(Sp,,) is

0 — S(—6) — S%(—4) — S1%(-3) —

— 5(-2)? — S — S/1(Sp,,) — 0.
As we remarked before, Sp,, is an arithmetically Gorenstein surface.

(ii) For d = 4, Sp,, has codimension C' = 6 and degree deg(Sp,,) = 8, so
h = 0. A minimal free resolution of A(Sp,,) is

0 — S(—8) — S*(—6) — S (—5) — SP(~4) —
S(-3) — 8*(-2) — S — S/1(Sp,,) — 0.

As we remarked before, Sp,, is an arithmetically Gorenstein surface.

(iii) For d =5, Sp,, has codimension C' = 7 and degree deg(Sp,,) = 10, so
we have h = 1 and a minimal free resolution of A(Sp,.) is

0 — S*(—=9) — S7(=8) @ S(~7) — S™(—6) — S¥(~5) —

— S18(—4) — §%(-3) — S$*(—-2) — S — S/1(Sp,.)) — 0.
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Our next goal is to describe a minimal set of generators of I1(Sp,,). To
achieve this goal, we take advantage of the natural structure of R as a
subring of RP2¢. We define new variables z(,.) and we set S" = K|z, )]. We
consider the linear change of variables induced by p (see (4.2.1)):

Ary) = W) it W) # W) (4.2.2)
22,00 = W20) T 2W(da)

It gives an isomorphism p : K[z(,,)] — S of polynomial rings. We have the
following commutative diagram

S’ ﬂ K[ Aszd]

|

s 21 K[By]

where

P (a(wes))) i 20 7 2(20)
Y3 otherwise

Ya(2(ry)) = {

(see (4.2.1)). In particular, 14 sends bijectively the variables z(, .y to the

monomials of Ayg = {yl°y2' w2 | by 4+ 2by + dby = 2d} by the formula

d(2—r)+(d—2 r—
¢d<z(r,’y)) :?Jo( I )79392 v

Theorem 4.2.17. (i) ker(vq) is a binomial ideal of S" minimally gener-
ated by quadrics.

(i1) 1(Sp,,) = p(ker(vq)) and a minimal set of generators of 1(Sp,,) are
the following binomials and trinomials:

{w(mm)w(mﬁz) = W(rz,y3)W(ra,ya) | (ri,7) # (2,0), 71+ 79 =13+ 14,

T+ Y2 =73+ Y}

{<w(270) + 2w(d7d)>w(71771) = W(ry,y2)W(rs,ys) ‘ (Tiv%') #* (27 O>7
N +2=ry+713 Y1 ="+ 73}
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Proof. (i) ker(14) is generated by the set of binomials:

l l l
{H Z(rji i) T H Z(Tmi ;) | H wd(z(rji ”sz H 77Z}d Tm Ymy;) l > 2}
=1

i=1 i=1
From this and Corollary 4.2.15, it follows that ker(¢;) is minimally generated

by binomials of degree 2. Using the formula 14(2(,5)) = yg’l@‘”*(d_m%y?”,

we obtain that these binomials are:

{2(7“1/71)2(7"2,72) = 2(r3,y3)?(ra,va) ’ Ti+T2 =T34, 1T =73 _'_74}' (4'2'3)

(ii) Since p and p are isomorphisms of K—algebras, the commutative diagram
(4.2.1) gives I(Sp,,) = plker(¢q)). Applying p to (4.2.3), we obtain the
description of the minimal set of generators in (ii). ]

We end this subsection showing a couple of examples.

Example 4.2.18. (i) Take d = 3 and D3 = (M3012,0) C SL(3,K). The
ideal I(Sp, ) of the GT—surface Sa.5 with group Ds.3 is minimally generated
by the following 6 binomials and 3 trinomials of degree 2:

We0We1) — W)W WaoWEs) — WenWes)
WeoWe2) — Wh Wa0We2 — WanWe)
Wo,0Ws,3) — Wa,)wWe,2) W,1)WesE,3)  — w(2272)

Wi o) - We0We0) — 2W00Wss)

WaoWel) — WanWeo — 2Whs

Wiy 0) — WeoWe2 — 2We2WEs).

(ii) Take d = 4 and Doy = (My01,3,0) C SL(3,K). The ideal I(Sp,,) of the
GT—surface S5.4 with group Ds.4 is minimally generated by the following 15
binomials and 5 trinomials of degree 2:

WeoWe2) — Wi Wa0WEs) — WanWEe)
We,0WE3) — Wa,nWe:2) W,0Wa33) — WenWe:2)
We,0WaE2) — W1,0)W2:2) W,0)W4,4) — W1W(33)
We0WEe1 — WaLoWa,) W0 Waa — WeWEe)
We0Way — WanweEs) WanWaa) — WeWEs)
We0Way — Wha We ey — WEaWeEs)
WaoWe2) — WanWe) WeWay —  Wha
WaoWE2) — Wy
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Wi o) We0We0 — 2W00Waa
WaoWe1 — WanwWeoe) — 2Wa1)We)
WaoWE2) — WeoWe2) — 2W(22)W44)
WenWEe) — WeoWEs) — 2W(3E3)Wal)
Wy 9) We0Way — 2wy






Chapter 5

Normal bundle of RL-varieties

Our purpose in this chapter is to study the normal bundle of a family of
smooth rational monomial projections X; C PN¢ of Veronese varieties Xna C
PNna=1 paturally related to G—varieties X; C Pta~! with a finite abelian
group G C GL(n+ 1,K) and whose coordinate rings A(X,) are a level rings
with reg(A(Xy)) = n+1. We take the embedding f; : P* — PV defined by
M, g\I(velint(H 4)); where H4 C Z%}" is the affine semigroup associated X,
and Ny = N, 4 — | I(relint(H4));| — 1. We define the smooth rational variety
X,; C PN as to the image of f; and we call it the RL—wvariety associated to
X4. The name RL—variety is conceived to stress the link with the notions
of the relative interior and levelness. We take advantage of the action of the
group G C GL(n + 1,K) to compute the cohomology of the normal bundle
Nz, of any RL—variety X,; (Theorem 5.2.6).

This chapter is structured as follows. In Section 5.1, we define level
G —varieties X; with an enough general group G C GL(n + 1,K) and the
RL—variety X associated to them (Definition 5.1.7). The RL—variety Xy is
the image of the morphism f; : P* — P™¢ defined by M,, 4\ I(relint(H ));.
We show that the ideal J; generated by M, 4\ I(relint(H4)); is a monomial
artinian ideal having the WLP (Proposition 5.1.10) and that X is a non
aCM monomial projection of the Veronese variety X,, 4 C PNed=1 We give
examples of RL—varieties X; in any dimension n > 2. We prove that A
is a smooth rational variety and that the morphism f; : P* — P is an
embedding (Proposition 5.1.11). Section 5.2 contains the main result of this
chapter. We introduce the normal bundle Ny, of an RL—variety X; and
we present it as the cokernel of the differential map df; of the embedding
fa (Proposition 5.2.1). The rest of the section is devoted to compute the
cohomology of Ny,.

161
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5.1 RL-varieties: a new family of smooth rational
monomial projections of Veronese varieties

In Chapter 3, we have proved that the canonical module wy, of a G—variety
Xy with an abelian group

G = <Md1'a1

1 oM,
oy (0) Yy (n)’ 0s5(0)7"

of order d = d; - - - d; is identified with the ideal
I(relint(H 4)) = (22 - 2% € R | 0 £ ag---a,) C R®

(Theorem 3.3.1) and I(relint(H,4)) is generated by monomials of degree d
and 2d (Theorem 3.3.3). We have characterized the Castelnuovo-Mumford
regularity reg(A(Xy)) in terms of the generators of I(relint(H 4)):

n <reg(A(Xy)) <n+1

and reg(A(X,)) = n+1if and only () # I(relint(H4)); (Theorem 3.3.5). We
have constructed families of examples of G'I'—varieties X, with a finite cyclic
group such that A(Xy) is a level ring and reg(A(X,)) = n + 1 (Proposition
3.3.7 and Corollary 3.3.9) This motivates the following definition.

Definition 5.1.1. Let X; be a G—variety with group G C GL(n + 1,K).
We say that X, is a level G—wvariety if A(Xy) is a level ring and, in addition,
reg(A(Xy)) =n+ 1.

_ Equivalently, a G—variety Xy with group G C GL(n + 1,K) is a level
G'—variety if and only if I(relint(H 4)) is minimally generated by monomials
of degree d.

Proposition 5.1.2. Any arithmetically Gorenstein G —variety with group
G C GL(n + 1,K) is a level G—variety.

Proof. Let X4 be a G—variety with group G. We prove that if reg(A(Xy)) =
n, then I(relint(H 4))2 contains at least two different monomials. There-
fore, if A(X,) is a Gorenstein ring, reg(A(X4)) = n + 1 and the result
follows. Let m = x5°--- 2% € I(relint(H4))2. We construct a monomial
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m’ € I(relint(H 4))2 from m such that m # m’. To do it, we distinguish the
following cases.

Case 1: ag < d—ag and ag — 1 —n > —1. We define

d. .. d
m=al et and my = Yo Tn — n gdootly oy,
We have deg(m) = nd+ap—1—n. Since ag— 1 —n > —1, there are integers
0<c¢<a—10<c¢,...,cpn <d—1such that my = 2°---25* is a
monomial of degree d+ay—1—n and mEQ € RY. Moreover, set (fo, ..., fn) ==
(co+d—ap+1,c1+1,...,¢, +1). Therefore

m' = zl° - xfn = mymy € I(relint(H4))s

and it verifies fo > d —ag + 1 > ay.

Case 2: ag < d—ag and ag—n—1 < —1. Let k£ be the minimum of the indexes
in {0,...,n} such that ap+---+ar —n—12> —1. Since 1 < ay, ..., a,, we
have n — 1 < ag+ -+ 4+ a,_2, hence k < n — 2. We define monomials:

. o ap—1 .a1—1 ap—1_.d—1 d—1
m = :L'g dl'l .I'k $k+1"'l‘n
_ Ty Ty _ _d—ap+1 d—ai+1
mq — %_IO xk xk_’_l...xn‘

Notice that deg(m) = (n — k)d + ap + -+- + ax —n — 1. Since n — k is
at least 2, there are integers 0 < ¢g < a9 —1,...,0 < ¢ < ax — 1 and
0 < Ckt1,---56 < d—1such that mg = 2 - - - 28 is a monomial of degree
d+ag+---+a,—1—mn. Asin Case 1 we set

(fos -y fn) = (co+d—ap+1,c1+d—ay,...,cp+d—ag,cri1+1...,cp+1).

Therefore, m’ = x}° - - - zf» = mymy € I(relint(Hy)) is a monomial of 2d and
it verifies fo > d —ag+ 1 > ag.

Case 3 and 4. The case ag > d —ag and d —ag — n — 1 > —1 follows as in
Case 1 changing the roles of ag and d — ag. Analogously, the remaining case
ag > d—apand d —ag —n — 1 < —1 follows as Case 2. O

Let 2 <n < d be integers and I' = (M y.q,....0n) C GL(n + 1,K) a cyclic
group of order d. If 1 < k is an integer such that GCD(«o, ..., ay,, kd) =
1, we denote I'y = (Miaag...an) C GL(n + 1,K). More general, let 1 <
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ki,..., ks be integers and G =T'1 @ --- @ 'y C GL(n + 1,K) a finite abelian
group of order d = dj - - - dg. If each (I';)y, is a cyclic group of order k;d;, we
denote by Gy = (I'1)k, @ -+ @ (Is)r, € GL(n + 1,K) the abelian group of
order kd where k = ky - - - k. With this notation, Proposition 5.1.2 provides
a direct generalization of Proposition 3.3.8:

Corollary 5.1.3. If Xy is an arithmetically Gorenstein G —variety with
group G C GL(n + 1,K), then Xyq is a level G—variety with group Gy C
GL(n + 1,K). O

Let us see examples of level and non level G —varieties.

Example 5.1.4. (i) All G—surfaces with group G of type (B) or (C) are
level G—varieties (Subsection 3.3.1).

(ii)) Let n > 2 and k > 1 be integers with n even. For cyclic group
G = (Mim+1)0,1,2...n) C GL(n + 1,K) of order k(n + 1), the associated
GT—variety Xpy(,11) with group G is a level GT—variety (Corollary 3.3.9).
(iii) Let n > 2,k > 1 and 0 < 4,5 < n be integers such that i +j = n
and G, = (Mk(nH);07.?'70717_1-'71771“_].> C GL(n + 1,K) a cyclic group of order
k(n+1). Then, X, is a Gorenstein G—variety with group G and for any
k> 1, Xpmir is a level G —variety with group Gy,. Using that the monomial
m = xq---x, € RE!, we obtain that R“* is a Gorenstein ring. The assertion
now follows from Corollary 5.1.3.

(iv) Take G; = (My01,1,2) and Go = (My0013) C GL(4,K) cyclic groups of
order 4. Any G—threefold X, with group G;, i = 1,2, is an arithmetically
Gorenstein G—threefold. For any integer k > 1, Xy, is a level GT —variety
with group (G})g.

(v) Take G; = (My0123) and Gy = (Ms0123) C GL(4,K) cyclic groups
of order 4 and 5, respectively. The associated G'T'—threefolds X, and Xj;

with group G; and G, respectively, are examples of non level G—threefolds.
Indeed, we have reg(A(Xy)) = reg(A(X5)) = 3.

Proposition 5.1.5. Let 2 < n < d be integers and G = (Mgqq.....0n) C
GL(n+1,K) a cyclic group of order d and oy # «; for somei,5 € {0,...,n}.
If reg(A(X4)) = n + 1, then there are at least three indexes two by two
distinct.
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Proof. By contradiction, we assume (ayg,...,a,) = (0,710, a,77 a) with
0 < a < d such that GCD(a,d) = 1. Therefore, for any monomial m € R of
degree d it holds that supp(m) € {zo,...,x;} or supp(m) € {zi41,...,2n}
Hence () # I(relint(H4))1. By Theorem 3.3.5 we obtain reg(A(X,)) = n and
we arrive to a contradiction. [l

In particular, for any integers 2 < n < d, the cyclic groups
(Mao1,.1)s (Mao01,...1), - (Moo,...01) C GL(n + 1,K)

give rise to non level G—varieties.

Any element of a diagonal abelian group G C GL(n + 1, K) of order d is
of the form diag(e, ..., e*), where e is a d’th primitive root of 1 € K for
some integer d’ dividing d. Keeping this notation, we introduce the following

definition and, after, we present RL—varieties.

Definition 5.1.6. Let 2 < n < d be integers and G C GL(n + 1,K) an
abelian group of order d. We say that G is enough general if it contains
at least one diagonal matrix diag(e,...,e’) such that there are at least

three exponents \;, A;, Ay two by two distinct.

Definition 5.1.7. Let X, be a level G—variety with an enough general
group G C GL(n + 1,K). We call an RL—wvariety associated to X4 to any
monomial projection of the Veronese variety X,, 4 C PNn¢~! parameterized
by M, \ I(relint(H 4));.

Let us see some examples.

Example 5.1.8. (i) Take G = (Ms,.1.2) C GL(3,K) a cyclic group of order

5. A minimal set of fundamental invariants of G is
5 5 3 2. 2 5
By = {zg, x}, xoxiTa, T5T1T5, T3}

The ideal I(relint(H 4)) = (zozixg, z371235). The GT —surface X5 with group
G has reg(A(X5)) = 3. So, X5 is a level GT—surface with an enough general
group G. The RL—surface X5 C P'® associated to Xj is the double monomial
projection of the Veronese surface X, 5 C P?° parameterized by

: _ .5 4 2.3 3.2 4 5 4 3 2.2
Mo s\L(relint(Hy))1 = {23, x123, 2725, 725, X1T2, 17, Loy, ToT1L5, LoTiTs,
4 273 279 9.3 3.2 3 3,2 4

4 5
Tyre, T}
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(ii) Take G = (M3z0,1,1, M30,12) C GL(3,K) a cyclic group of order 9. A
minimal set of fundamental invariants of G is
By = {3, 2wy, afa3, 27, aga, wgaies, wgat, wgrs, 2oy, 2o}

The ideal I(relint(H 4)) = (z32323) and the GT—surface Xy with group G is
an arithmetically Gorenstein surface with reg(A(Xy)) = 3. So Xy is a level
GT —surface with an enough general group G. The RL—surface Xy C P
associated to Xy is the simple monomial projection of the Veronese surface
Xs9 C P?* parameterized by

Moo \I(relint(Ha))y = {3, x 25, 232], 23285 xlxd, afxd, 2823, 2]k 2fxs,
23, woxl, vow1 2], oS, Toi S, W Y, T3,
roxSd worlmy, v, 2kl xlv xS, pia?ad, xdxies,
vixiaed wdednd, xkaluy, w2aT, w3, wdx 2l xdxiay,
wixtad, wdaley, adal xiad, viw i xy, xiried xiadad,
roriTe, wowd, xjas, whw X3, w3, ajriwe, AT,
wSa3, abr w3, xlxivy, x8ad, xlad, xlr 1y, 1523, 181,

8 9
Ty, Ty}

(iii) Take G'= (Myp0,1,12) C GL(4,K) a cyclic group of order 4. A minimal
set of fundamental invariants of G is

_ g4 A4 3 292 3 4 2 2 2.2 4
By = {xy, x5, x115, T1T5, T1T2, T], T3TOTs, T3ToX 1T, T3ToLT, T3Lg, Ty -

The ideal I(relint(H4)) = (rox129w3) and the GT—threefold X, with group
G is an arithmetically Gorenstein threefold with reg(A(X,)) = 4. So X, is
a level G'T'—threefold with an enough general group G. The RL—threefold
X, C P33 associated to X is the simple monomial projection of the Veronese
threefold X3, C P3* parameterized by
M \1(relint(Hy)) 1= {z3, 2329, 2323 w323, 23, 2371, 2311209, 232103, 7123,
l‘gl’%, 5(731‘%.172, (L’%ZE%, .1731':%, ZL’?CL’Q, ZL‘AIL, ZL’%CL’(), ZL‘%ZL’()IQ,
ZL‘31‘0£L‘%, ZE()J?%, ZL‘%iEol'l, ZL’OI‘ll‘%, Igl’ol’%, l‘ol'%xg, .I‘O:L'“;’,
T3x3, w32y, 3L, w3xiTy, TET 1o, TR 133 TR0,
3y, 1}
From now onwards, we fix a level G—variety X, with an enough general
abelian group G C GL(n + 1,K) of order d. We set

na = |I(relint(H 4))1| and Ny := Npg — ng — 1.
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The associated RL—variety X; C PN of dimension n > 2 is the image of
the morphism

fa: P — PN
defined by Jj := (M, 4 \ I(relint(H (A)))1).

Remark 5.1.9. J; contains all monomials z° - - - 2% € R of degree d such
that ag - - - a,, = 0 and all monomials of R which are not invariants of G, i.e.
M,.a\ By C Jy. In particular, J; is a monomial artinian ideal.

We ask how does the ideal .J; behave with respect to the WLP (Definition
1.4.1). For instance, J; C R is not a Togliatti system (Definition 1.4.7), since
it is generated by Ny > N,,_1 4 + 1 forms of degree d:

{8 z; | 0<i,j<n}u{aP 2% | a1+ +a,=d} CJy
Actually, we have:
Proposition 5.1.10. J; has the WLP.

Proof. We first prove that (R/Jg)a+1=0. It suffices to see that if x5° - - - 29~ €
I(relint(H 1)), then xg° - - -x?ﬁl coextnoe Jy for any 0 < j < n. Since G
is enough general, it contains a diagonal matrix M = diag(e, ..., eM)
with at least three A\,, Ay, Ao different pairwise. We may assume that M
generates a cyclic group of order d'|d. For any 0 < j < n, o; # ay, for some
k € {a,b,c}. Without loss of generality, we set (a,b,c) = (0,1,2) and j = 1,
the remaining cases follow analogously. Let m = 2§z ™23 ... 2% € R4y
such that m/x; € I(relint(Hy));. In particular, 0 < ag, ..., a,, m/x; € R}

and (ao, ..., a,) verifies the linear congruence Agag + - -+ + A\p,a, = 0mod d'.
Consider m’ = m/xy = x2° 291252 ... 2% We have deg(m’) = d and

)\0(&0—1)—|—/\1(a1+1)+)\2a2+"‘+)\nan:)\oa0+"'+)\nan+)\1—)\0.

Since Ao, \; < d’, 0 # A\ — Ao is not a multiple of d’. Therefore, m’ ¢ RC.
Moreover, m is divisible by m’ and then by Remark 5.1.9(ii) we obtain that
m € Jy. Since all generators of J; has degree d and (R/Jy)4+1 = 0, to prove
that J; has the WLP it is enough to show that the multiplication map

X(x0) : Rg—1 — (R/Ja)q = I(relint(H4)):

is surjective. Let 230 .- 2% € I(relint(H4));. Hence 200 'o$" -+ 29 € Ry,

and X (aco)(xgoflxﬁl ceexlin) = g0 xln, O
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The RL—variety X; C PV of dimension n > 2 is a non aCM monomial
projection of the Veronese variety X,, ; C P¥»a~! (Proposition 2.1.7). The
coordinate ring of A} is isomorphic to the non CM semigroup ring K[M,, 4\
I(relint(Ha4))1]. Mya\ I(relint(H4)); is a non normal semigroup (Theorem
1.2.14) and K[M,, 4\ I(relint(H 4))1] is not the ring of invariants of any finite
group acting on R (Theorem 1.3.10). Geometrically, we have the following.

Proposition 5.1.11. X; is a smooth rational variety and fq is an embed-
ding.

Proof. Xy is a toric variety parametrized by all monomials of degree d in
M,.a \ I(relint(H 4));. Since

{xgo ce Q;Z" c Rd ’ 0= ag: - an} C Mn,d \ I<rehnt(HA))17

X, satisfies the smoothness criterion for toric varieties [34, Chapter 5 - Corol-

lary 3.2]. In particular, M,, 4\ I(relint(H 4)); contains all monomials z¢~'x;
for all 4,7 € {0,...,n}, which is a sufficient condition to f; be an embed-
ding. O

Example 5.1.12. Take G = (Mj3,12) C GL(3,K) a cyclic group of order
3. A minimal set of fundamental invariants of G is By = {3, 3, ¥3, xox 11}
X3 C P3 is a cubic surface and the associated RL—surface X5 C P® is the
smooth rational simple monomial projection of the Veronese surface Xy 3 C
P? parameterized by My \ I(relint(H))1 = {x}, 2311, 2322, To2?, 1023, 23,
x3ry, 123, x5}, The multiplication map X (zo) : (R/J3); — (R/J3)iy1 is
injective for ¢ = 0,1 and it is surjective for ¢ > 2, i.e. J3 has the WLP. The
morphism f3 : P> — P® defined by M 3\ I(relint(H4)); is an embedding of
P2 We set S = K[wy, ..., we]. The ideal I(X3) C S has codim(I(X3)) = 6 <
8 = pdim(I(A%)), i.e. A3 is a non aCM surface. Indeed, a minimal graded

free S—resolution of S/ I(X3) looks like:
0 — S(—10) — S(—=9)° — S(—8)*" — S(—7)% —

5 5(=6)" @ S(=5)° — S(—5) & S(—4)* — S(-4)° @ 5(~3)® —

— S(=2)'" — § — S/1(A3) —0.
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5.2 Normal bundle of RL-varieties

Keeping the notation of Section 5.1, we consider an RL—variety X; C PN
of dimension n > 2 associated to a G—variety Xy with an enough general
group G C GL(n+1,K). Denote by Zx, C Opn, the ideal sheaf of X; C PVa.
Since any RL—variety is smooth (Proposition 5.1.11), Zy,/Z%, is a locally
free sheaf of rank codim(Zy,) = N; — n [43, Theorem 8.17] and the normal
bundle of X; in PN is defined as the locally free sheaf on X; of rank Ny — n:

NXd = HOHl@Xd (de/l%d, OXd)'
We have the following exact sequence of locally free sheaves on X:
0 — Tx, — Tpnvg @ Ox, — Ny, — 0,

where Ty, is the tangent bundle of X; (see [43, 11 §8]). Since f; is an em-
bedding, taking the inverse image f; we obtain the exact sequence of locally
free sheaves on P":

0— Tpn — f;(lﬁwd> — f;(NXd> — 0,

where the first map is given by the differential map df; of fy. The embedding
fa identifies the normal bundle Ny, of X, in PV¢ with the inverse image
f3(Nx,) of Nx, by fq (see, for instance, [4] and [73]).

Proposition 5.2.1. Let X; C P be an RL—variety of dimension n > 2.
There is an exact sequence of locally free sheaves on P™:

0 — Om (1) — Ope(d) — f5(Nx,) — 0. (5.2.1)
Proof. Consider the Euler sequence for PNe:
0 — Opvy — Ot (1) — Tpny — 0.

Taking the inverse image f;, we obtain an exact sequence

my

m
0 — Opn 0 ONatY () £5(Ton,) — 0.
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Therefore, we have the following commutative diagram of exact rows and
columns:

0 0
O]Pm - OIF’"
0 —— Opa (1) —— Opu (@) —— fi(Na)) —— 0
‘ 1%

0 Ten fi(Tena) filNx,) —— 0
0 0

where the first column is the Euler sequence of P* and ¢ is given by the
matrix
Orom1 -+ O,y

al’omNd-‘rl al‘nmNd-‘rl

]

Example 5.2.2. Take G = (M3,12) C GL(3,K) a cyclic group of order
3. As we have seen in Example 5.1.12, the RL—surface X3 C P® associ-
ated to the GT—surface X3 with group G is the smooth rational simple
monomial projection of the Veronese surface X553 C P? parameterized by

M2,3 \ I(I‘elil’lt(HA>>1 - {1%7 x(%‘rh ng% .Tol’%, .Z’QLL’%, lﬂ{{a x%:@, $1$g, LL’%} f?TNXS
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is the locally free sheaf on P? of rank 6 presented as the cokernel of the
differential map dfs : O3,(1) — 03,(3) given by the matrix:

322 0 0
2x0T1 mg 0
2x0x2 0 :vg

:E% 2zxgx1 O
m% 0 2xox2
0 322 0
0 2z122 m%
0 z% 2x112
0 0 3:::%

The rest of this chapter is devoted to compute the cohomology of the
normal bundle Ny, of any RL—variety X; C PVe. After twisting (5.2.1)
by Opn(—k) with k € Z, the long exact sequence of cohomology for (5.2.1)
appears as:

— HY(P", 08 (d — k) — H (X, N, (—k)) — HFLH(P", OB (1 — k) —
| (5.2.2)
As we establish next, the K—vector spaces H*(Xy, Nx,(—k)) can be deter-

mined directly in mostly cases from H'(P", (’)gﬁ“(d— k), H (P, Op (1 -
k)) and the Bott formulas (see [66]):

(”:k t=0and k>0
(_kn_l) i=nand k< -n-—1
0

h'(P", Opn (k)) (5.2.3)

otherwise.

Proposition 5.2.3. Let X; C P be an RL—variety of dimension n > 2.
We have:

(i) for all 0 < i <n—1 and for all k € Z, H' (X, Nx,(—k)) = 0.
(i)
(Nd + 1) (n—O—Z—k) . (TL + 1)(n+i—k) 2 S 1

1< k<d

otherwise.
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(iii)
hn_l(‘)(d?-/\/')(d(_k)):{ (n+1)(k;2) n+2<k<d+n+l1

0 k<n+1.

(iv) For all k < d+n+ 1, H* (X4, Nx,(—k)) = 0.
Proof. (i) From (5.2.3) and the additivity of the cohomology, it follows that
H (X, Nx,(—k)) =0forall 0 <i<n—1and k € Z.
(ii) From (i) we obtain for any k € Z:

0— HO(P" O (1—k)) — HO(P" OR¢ ! (d—k)) — H° (X3 N, (—k)) — 0.

Using (5.2.3) and the above sequence, we get the second assertion.

(iii) and (iv) From (i) and (ii) we have for any k € Z:
0 — H" ' (Xy, Ny, (—k)) — H"(P", Op (1 — k) —

— H*(P", 00 (d — k) — H™(Xy, Na,(—k)) — 0.

Applying (5.2.3), we conclude that for any k < d+n+1, H" (X, Nx,(—k)) =
0 and H" ' (X, Nx,(—k)) = H* (P, O (1 — k). O

Thus far, we have computed the cohomology of the normal bundle N,
of an RL—variety X; C PN¢ with the exception of H" (X, Nx,(—k)) and
H"(X4, Nx,(—k)) with k > d 4+ n+ 1. Since for any k € Z we have the exact
sequence

0 — H" 1 Xy, N, (k) — H*(P", O (1 — k) —

— H*(P", 00 (d — k)) — H"(Xy, Nx,(—k)) — 0,

(see (5.2.2)), to obtain H"(Xy, Nx,(—=k)), k > n + d + 1, it suffices to de-
termine H" (X, Nx,(—k)). In order to do it, we need to introduce some
notation and a technical lemma. Let 0 < i # j <mn, [ >1andt > 1 be
integers. Given a monomial m = zg°---2% € R;, we denote by 0,, the

a
" Oy, -

composition of the linear operators 0,, 20 Oro =+ O,
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Lemma 5.2.4. Let 0 < i # j <n and k > d+ n+ 1 be integers and let
m € Ry_g_n_1 and q,q' € Rj_,_1 be monomials such that m divides both g
and q'. Then x,0,,q and x;0,,q" are linearly independent if and only if x;0,,q
and x;0m:q" are linearly independent for any monomial m’ € Ry_q—n—1\{m}
dividing q and ¢'.

bo

Proof. We write m/ = z°---ab»

n’m:gj‘80~~'x;"’q:gj‘80~'-x7a1", q/:
:178/0 ...z Assume that 2;0mq and z;0,,q" are linearly independent and
there is a monomial m’ € Ry_4_,—1 \ {m} dividing ¢ and ¢’ and such that

2;0pyq and x;0,,q" are linearly dependent. Therefore, we have the equality

b —b+1 _ al—b a’—bj+1 b
g’ L gan bn = g °~~-xj3 Tz So ap = a), 0 <

l#i,j <n,a;=a;—1and a; = a}; + 1. We obtain a contradiction:

a;—c; Y | _
xlamq — Axa() co ., .. T X J .. :L.;L’L ci+ . x;lln Cn
r_ ap—co aj—l—c;+1 a;+1—c; 7an—c *
zj0nq = DBuxj ey coexd iganen A B e K*

]

An RL—variety X; C P™ is a smooth rational variety embedded in PV¢,
In [4], the authors introduced a new method to compute the cohomology
of the normal bundle of varieties of this kind. With the notation of [4],
the embedding f; : P(U) — PY¢ with U = RY. The RL—variety X; =
fa(P(U)) is the projection in P4 of the Veronese variety X,, 4 C PN»a~1 from
the projective space P(T") of dimension N,, 4— Ny, where T is identified with
(I(relint(H4)1). Let 0 <i# j <n,l>1andt > 1 be integers. We denote
D;;: S'U® S'U — S'"7'U @ S*'U the linear map 0,, ® 0y, — 0, @ Oy,

Proposition 5.2.5. Let X; C PV be an RL—wvariety of dimension n > 2
associated to a level G'T—variety Xy, with an enough general group G C
GL(n + 1,K). Then,

N + M (e k=d+n+1
h"_l(Xd,NXd(—k)) =9 (n+1)ng k=d+n+2
0 k>d+n+3,

where ng = | I(relint(H4))1].
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Proof. By [4, Theorem 2], we have that h" '(Xy, Ny, (—d —n — 1)) =
dim(p~Y(T)), where p : U ® S41U — S?U is the multiplication map,
and for all k > d+n +2:

H" (X, Ny (—k) = (S U e T)) ( (| (ker(Dijo Dm)) .

0<i,j,m,s<n

In particular, for k =d+n+1,d + n + 2 we can conclude that

hnil(Xd,NXd(—d_n_l)) :nd_i_w(n-i-s—l)

H" N (X, Ny (—d—n—2))=UT.

Moreover, for k > d + n + 3 we have the following description:

Hn_l(‘)(vaXd(_k)) = {xO Qg+ +2,Q¢qy € Ry ® Ry_n—o |
200m(qo)+ +  + + 210 (q,) €1(relint(H 4)) for all monomialmée€ Ry_g__1}.

We want to prove that H" ™' (X, N, (—k)) = 0 for all k > d+n+3. Assume
that there exist qo,...,q, € Rr_n,_o and a monomial m € Rj_4_,_1 such
that 0 # w, = 200m(qo) + - -+ + ©n0m(qn) € I(relint(Hy)). Therefore, any
monomial appearing in u,, belongs to I(relint(H4)) and, hence, it is an
invariant of G. Let ¢ € Rj_,_o be a monomial such that 0 # ;0,,q is a
monomial which occurs in u,,. Given that G is enough general (Definition
5.1.6), it contains a diagonal matrix of the form M = diag(e, ..., eM) with
at least three \,, Ay, Ao different pairwise. Assuming that (M) C GL(n +
1,KK) is a cyclic group of order 0 < d'|d, the associated point of 2" - - - xfr €
RY satisfies the linear congruence equation Aoy + - -+ + Ay = Omod d'.
Now, from the description of H" (X, Nx,(—k)) and Lemma 5.2.4, we have
that if 7o ® qo + -+ + T, ® ¢, € H" 1 (Xy, N, (—k)), then for any monomial
m' € Rp_g-n_1, Ti0mq € I(relint(Hy)) C RY. We will show that there
always exists a monomial m’ € Rj_4_,_1 dividing ¢ such that z;0,,q is
not an invariant of (M). Thus, it concludes H" (X, N, (—k)) = 0 for
all k > d + n + 3. Furthermore, for the arguments we develop we can
assume, without loss of generality, that G = (Mg.a,....a,) C GL(n 4+ 1,K) is
an enough general cyclic group of order d with o, o, a; different pair-wise.



Normal bundle of RL-varieties 175

Consider monomials ¢ = #2° - - - 2% and m = z%° - - - 2 such that m divides

q and 2;0,,,q € I(relint(H,4)). In particular, we have that b; < a; for all
0<j+#i<nandb; <a; —1. By assumption,

— —b:+1 _ el
miamq::xgo_..x;n:xgo bO.”x?z i+ '__l.f;n bneR?

We distinguish two cases.

Case1: 0 < b;. If oy = 0 or a; > 0 and 20; — a; # Omodd, we define

b bj+1 bi—1 cj—1 i+1
m/:xoo...xlj ...xil ...xgln‘Thenxiam,q:xgo...xj] ...‘/L';,:r"_ ‘ch'Ln
. bi+1 bi—1
Otherwise 2a; —a; Z 0mod d and we define m’ = 0 - - - 2l ... gl ghn,

—1 41 . .
Then 2;0,,q = -+ -2~ -+ af™ ... 2% The point associated to z;0m’q

does not verify the equation agyy + - - - + apy, = 0modd.

Case 2: b; = 0. We take 0 < by, and we can assume that oy, a; are differ-

N ’_ b bj+1 b1 b _

ent pair-wise. We define m’ = ¢’ -~/ " - 2" - apr. Then x;0,q =
1 ) 1 . .

7SR YRRy R 2. 2. The point associated ;0m’q does not ver-

ify the linear congruence equation agyp + - - - + @y, = Omodd. [

The main result of this section is the following.

Theorem 5.2.6. Let Xy be a level G—variety with an enough general group
G C GL(n+1,K) of orderd. Setng := |I(relint(H 4))1| and Ny := Ny, a—na—
1. The cohomology of the normal bundle Nx, of the RL—variety X; C PN
of dimension n > 2 associated to X4 is given by

(i) for 0 <i<n—1 and for all k € Z, h'(Xy,Nx,(—k)) =0. (i)
(Nd + 1) (n-&-z—k) o (n + 1)(n+rlL—k) k S 1
h® (X, N, (—k)) = ¢ (Ng+ 1) (") l<k<d

0 otherwise.
(111)
(n+1)(*?) n+2<k<d+n+1
na+ MR (Y p=d 4+l

(n+1)nq k=d+n+2

h" (X, N, (—k)) =

0 k<n+1 or k>d+n+3.

\



176 Normal bundle of RL-varieties

(iv)

hn(Xd’NXd(—k))={<Nd+1)( )= D() kzdn+3

0 otherwise.
Proof. (i), (ii) and (iii) are Propositions 5.2.3 and 5.2.5.
(v) For any k € Z we have the exact sequence
0 — H" (X, N, (—k)) — H*(P", O3 (1 — k) —
— H"(P", 054 (d — k) — H™(Xy, N, (—k)) — 0.
Form this and the formulas (5.2.3) the result follows. O

We end this chapter with a couple of examples illustrating Theorem 5.2.6.

Example 5.2.7. (i) Take G=(Ms5,01.2) C GL(3,K) a cyclic group of order 5.

: O 4 .23 3.2 4 5 4 3 2.2

Mo \ L(relint(Hy4))1 = {23, 2123, 2725, 2705, 212, T7, ToT3, ToX1L5, TTixs,
4 2.3 22 2,3 3,2 .3 3.2 4. o4 5 :

ToXT, Texs, BRI Te, x3x3, w3as, Xyr X0, T3], XL, w51, 1Y} Nay 1s the coker-

nel of the differential map dfs : O3,(1) — Op2(5)* given by the matrix:

0 0 574
0 :p% 4:1:1:122
0 2x1 zg 3:1:%:1:%
0 31%1% 2:1:?:1:2
0 41‘?{172 x‘ll
0 5r} 0
z% 0 4:ong
:leg zgx% Bzoxlxg
x%w% 2930:21:1:% 22096%3:2
2‘11 4102? 0
2:160:2% 0 3:1:33:%
2x0m§zg Qx%:plxg m%m%
2:1@0:231’ 3:2(2)1% 0
3:1@%‘%% 0 21783:2
3m8m1m2 mgmz rgml
3mgw% 2:232:1 0
418w2 0 x‘é
4mgx1 zé 0
5z4 0 0

(Proposition 5.2.1). The cohomology table from degree —10 to 0 of Nz, is

-0 -9 8 -7 -6 -5 -4 -3 -2 -1 0
2: 150 82 30 . . . .
. 6 26 30 18 9 3 . . .
0: . . : . .19 57 114 190 282 390

—_
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(ii) Take G = (My0112) C GL(4,K) a cyclic group of order 4. We have

- _ 4 03 2,2 3,4 .3 2 2 3
Mg\ I(relint(H4))1 = {23, 2322, 2305, X325, T3, X301, T3T1 X9, T3T1T5, T1X5,
2,2 2 2,2 3 3 43 2 2 3 2 2

2 2 3 2,2 2 2.2 2 2 2.2 3 .3

xory, 25}, N, is the cokernel of the differential map dfy : Ops (1) — O35(4)

given by the matrix

The cohomology table from degree —9 to 0 of the normal bundle Ny, is
-6 -5 -4 -3 -2 -1

3
2:
1.
0

0 0
0 0
0 0
0 0
0 0
0 xg
0 xgmg
0 x%mg
0 x%
0 2xlm§
0 2r12073
0 2xlz§
0 3x%z3
0 3$%12
0 4r%
zg 0
$2$§ 0
m%xg 0
zg 0
mlwg xox§
mlxg xoxg
m%xg 2x0r1T3
m%xz 2xo0r1T2
x? 3x0$%
Qmomg 0
2ror2x3 0
Qmoxg 0
2xor1T3 x%mg
2x0T1T2 x%mg
Zmox% 2w3x1
3x8x3 0
3x8x2 0
ngxl xg
4z} 0

-9 -8 =7
710 344 116

3
0 4x32
3
T3 3zox]
2x2x§ 21%13
2
3r5x3 x%
41% 0
2
0 3z123

xlwg 2r1x203
2xr1T203 zlxg

3x1x§ 0
0 2m%23
x%xg x%xz
Qx%wg 0
0 m?
m? 0
0 0
0 3r0m§

xomg 2ror2xs3

2x0r2x3 moxg

3$0x§ 0
0 2xor1x3
2xror1x2 0
0 xoxf
xoz% 0
0 0
0 2$gm3
x8x3 m%xz
ngxQ 0
0 m%xl
x%wl 0
0 0
0 xg
x% 0
0 0
0 0

A 46 40 16 4

0

34 136 340 676 1174






Appendix

Routines in Wolfram Mathematica

This appendix contains two algorithms which compute a minimal set of
monomial generators of a finite diagonal abelian group G C GL(n + 1,K)
and a minimal set of monomial generators of the canonical module of a
G—variety X, with group G, respectively. These routines are illustrated
with functions written in Wolfram Mathematica’s language in addition to
particular examples in each case.

Let us fix the notation along this appendix. Let 2 < n < d be integers,
e a dth primitive root of 1 e Kand G =T7®--- @& T, € GL(n + 1,K) an
abelian group of order d = d; - - - ds where each I'; is a cyclic group of order
d; generated by a diagonal matrix
%, 0) ()

= diag(e, e

1 A (2

d/d;
/ , 0, € S

dislg (o)1 %g, (m) ), ci=c¢
(Notation 2.2.1). The cyclic extension of G is the abelian group G C GL(n+
1,K) generated by G and Mg, 1 = diag(e,...,e) (Definition 1.3.2). We
prove in Theorem 2.2.11 that a minimal set of fundamental invariants of G
is the set B; of monomial invariants of G of degree d, i.e. R = K|[B].

On the other hand, a monomial z(° - - - 2% € R if and only if (ao, . . ., ay)

is a Z2}'—solution of one of the linear systems of congruences

Yo + U o Un = U
(*).a ) womw oy o T G pte = 1id
NN S Ts * .
g ¥ oo gy o g gy = Tsds
for some integers ¢t > 0 and 0 < r; < a%?d, i=1,...,s.
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In view of these facts, the following algorithm computes the set B; of
monomial invariants of G of degree td.

Algorithm 1

Input : integers dy,...,ds > 1,t > 0 and
1 1 s s
agl(0)7 o e ,Oégl(n), e 7a05(0)’ PR ,Oéo_s(n)
Output : the list B; of monomial invariants of G of degree td
Initialization: d :=d, - - - d; M, := max{oz;(o), j=0,...,n}- 4

i=1,....s; L={}; B:={};
EQO:{((IO,...,CL”)EZ;SI|a0+...+an:td};
for:=1,...,sdo
for k=0,...,M; do
Eqi = Eq; U{(ao, ..., an) EEqO|a0a3i(0)+...+anaii(n):

end
end
L=FEg¢gn---NEkgq;
return B, = {zg° - - 2% | (ao,...,a,) € L};

To exemplify Algorithm 1 in Wolfram Mathematica’s language, we pro-
vide a function which computes B; for any cyclic group G = (Mu0.ay.0,) C
GL(3,K) of order d > 3 with oy < «ay. For convenience, we express the
monomials of B; in the variables x,y, z and we write a = aq,b = as.

InvPoly[d_, t_, a_, b_] := Module[{k, j, M, S, Eql, Eq2, Saux},
S = {}; EqQ0 = {al + be + ga == t*d}; M = bx*t;
For[k = 0, k <= M, k++,
Eql = {a*be + b*ga == kxd};
Saux = Solve[EqO[[1]] && Eqi[[1]] && al >= 0 && be >= 0
&% ga >= 0, {al, be, ga}, Integers];
For[j = 1, j <= Length[Saux], j++,
S = Append[S, Saux[[jl]l];
15
15
x"al*y"bexz"ga /. S
]

In[1]:= InvPoly[3, 1, 1, 2]
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InvPoly[6, 1, 2, 3]

InvPoly[11, 1, 1, 6]
Out([1]= {x73, y°3, x y z, z"3}
Out[2]= {x"6, x"3 y°3, x"4 z°2, y"6, x y°3 272, x"2 z"4, z"6}
Out[3]= {x~11, y~11, x°5 y°5 z, x"4 y"4 z°3, x"3 y~3 z75,
X"2y°2z°7, xy z"9, z711}.

On the other hand, given a G—variety X, with group G C GL(n+1,K),

the canonical module wy, of its homogeneous coordinate ring A(X,) & R
is identified with the ideal

I(relint(H4)) = (22 - 2% € RS | ag---a, #0) C R®

(Theorem 3.3.1). In Theorem 3.3.3, we have proved that I(relint(H4)) is
generated by the subsets I(relint(H 4)); and I(relint(H 4))s of monomials of
I(relint(H 4)) of degree d and 2d, respectively. Thus, a simple modification of
Algorithm 1 provides a routine to compute such a set of generators. However,
it could be non minimal as we have seen in Section 3.3. The following
algorithm determines a minimal set of generators of the ideal I(relint(H 4)).

Algorithm 2

Input : integers dy,...,ds > 1 and
1 1 s s
agl(0)7 e ,Oégl(n), e ,(YO_S(O), “ e ,Oéo_s(n)
Output : a minimal set L of generators of I(relint(H 4))

L, = {Call Algorithm 1 with ¢ = 1} N I(relint(H 4
Ly = {Call Algorithm 1 with ¢ = 2} N I(relint(H 4
L = Ly;
for i =1,...,length(Ly) do
for k=0,...,length(L,) do
|k =length(L) + 1;
end

));
));

end

if k =length(L;) then
| L =LU{Li]};
end

end
return L;
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To illustrate Algorithm 2 in Wolfram Mathematica’s language, we provide
the following implementation. It is based on two functions. The first one
IsDivisible takes arguments the coefficients of two monomials m; and my and
it determines whether my is divisible by m;. The second one SocleDegree
takes arguments two lists L; and Ly containing, respectively, the coefficients
of the monomials of I(relint(H 4)); and I(relint(H 4))2. Using IsDivisible, it
returns the list L of the coefficients of a minimal set of monomial generators
of I(relint(H y)).

IsDivisible[ml_, m2_] := Module[{n, ban, i},
n = Length[ml];

ban = 1;

For[i =1, i <= n && ban == 1, i++,
Ifm1[[i]] > m2[[i]], ban = 0];

1;

Return[ban] ;

]

SocleDegree[L1_, L2_] := Module[{nl, n2, i, j, ban, L},
nl = Length[L1];
n2 = Length[L2];

L =1L1L1;
For[i =1, 1 <= n2 , i++,
ban = O;
For[j = 1, j <= nl && ban == 0, j++,
ban = IsDivisible[L1[[j]], L2[[i]11];
1;
If[ban == 0, L = Append[L, L2[[i]]]];
15
Return[L];

Let us see how it works for GT'—surfaces X, with cyclic group G = (M0 a1 ,00)
C GL(3,K) of order d > 3. We end this appendix with the concrete examples
of Algorithm 1, they verify that A(X,) is a level ring with Castelnuovo—
Mumford regularity 3 (Corollary 3.1.22).
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Remark A.0.1. The function InvPolySurfCanMod is a minor modification
of the function InvPoly. It computes the monomials of I(relint(H4)) of
degree td.

InvPolySurfCanMod[d_, t_, a_, b_] := Module[{k, i, M, S, Eqi,

Eq2, Saux},
S ={}; M= txb; Eql = {al + be + ga == t*d};
For[k = 0, k <= M, k++,

Eq2 = {a*be + bxga == kx*d};

Saux = Solve[Eq1[[1]] && Eq2[[1]] && al > O &&

be > 0 && ga > 0, {al, be, ga}, Integers];
For[i = 1, i <= Length[Saux], i++,
S = Append[S, Saux[[i]]];

1;

1;

Return[S];
]
SurfCanMod[d_, a_, b_] := Modulel[{L},

L = SocleDegree[InvPolySurfCanModl[d, 1, a, b],

InvPolySurfCanModl[d, 2, a, bl];
x"alxy~be*xz"ga /. L

]

In[1]:= InvPolySurfCanMod[3, 1, 1, 2]
InvPolySurfCanMod[3, 2, 1, 2]
SurfCanMod[3, 1, 2]

Out[1]= {{1, 1, 1}}

Out[2]= {{4,1,1},{1,4,1},{2,2,2},{1,1,4}}

Out([3]= {x y z}

In[1]:= InvPolySurfCanMod[6, 1, 2, 3]
InvPolySurfCanMod[6, 2, 2, 3]
SurfCanMod[6, 2, 3]
Out [1]= {{1,3,2}}
Out[2]= {{7,3,2},{4,6,2},{5,3,4},{1,9,2},{2,6,4},{3,3,6},
{1,3,8}}
Out[3]= {x y~3 z"2}
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In[1]:= InvPolySurfCanMod1[11, 1, 1, 6]

InvPolySurfCanModl[11, 2, 1, 6]

SurfCanMod[11, 1, 6]
Out[1]= {{5,5,1},{4,4,3},{3,3,5},{2,2,7},{1,1,9}}
Out[2]= {{16,5,1},{5,16,1},{10,10,2},{15,4,3},{4,15,3},{9,9,4},
{14,3,5},{3,14,5},{8,8,6},{13,2,7},{2,13,7},{7,7,8},{12,1,9},
{1,12,9},{6,6,10},{5,5,12},{4,4,14},{3,3,16},{2,2,18},{1,1,20}}
Out([3]= {x°5 y°5 z, x"4 y"4 z°3, x"3 y°3 z75, x"2 y°2 277,
Xy z"9}.



Resum en llengua catalana

La present tesi contribueix a dos remarcables problemes oberts que s’em-
marquen tant en ’algebra commutativa com en la geometria algebraica. El
primer fa referencia al problema, plantejat per Grobner el 1967, de determi-
nar quan una projeccié monomial de la varietat de Veronese és una varietat
aCM. El segon apunta al problema classic i fonamental de determinar un
sistema minimal de generadors de 'anell d’invariants d’un group finit. El
nostre enfoc fa un s extensiu de la combinatoria, relacionant d’aquesta
manera ambdues qliestions entre si. Aixi mateix, estableix una connexié
entre elles i les propietats de Lefschetz dels ideals artinians.

El contingut d’aquesta dissertacio s’ha organitzat en cinc capitols i un
apendix. El Capitol 1 és introductori i recopila els conceptes i resultats basics
utilitzats en el cor d’aquest text: Capitols 2, 3, 4 1 5. L’Apendix A conté
dos algoritmes i implementacions en el programari Wolfram Mathematica
[91]; amb els quals hem computat i verificat la major part dels exemples
que il-lustren els resultats obtinguts. A continuacié expliquem els principals
avencos i contribucions que es troben a la tesi. Al Capitol 2, adrecem el
problema de Grobner i estudiem els invariants d'un grup G C GL(n + 1, K)
abelia i finit actuant sobre R diagonalment. Després de presentar 1’evolucio
i principals avengos del problema de Grobner, provem que el conjunt B
d’invariants monomials de G C GL(n + 1,K) de grau d generen de forma
minimal I'anell d’invariants R® de Pextensié ciclica G C GL(n + 1,K) de
G. Anomenen G—varietat amb grup G a la projeccié monomial X, de la
varietat de Veronese X,, ; C PNna~1 parametritzada per B;. Aquest resultat
ens permet establir una nova familia de projeccions monomials aCM de
X,.a: les G—varietats X; amb group G. Demostrem que Panell A(X,) de
coordenades homogenies de X és isomorf a I'anell RS d’invariants de G, que
és un anell CM. L’ideal I; C R generat per B; és un ideal artinia i monomial.

185
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Demostrem que I, falla la WLP en grau d — 1 si el cardinal pu, de By verifica
la condicié p1g < N,—141que, en aquest cas, I; és un G'I'—sistema amb grup
G i X4 una GT—varietat amb grup G. Per tultim, estudiem el problema de
Grobner sobre projeccions monomials de la superficie de Veronese X, 4 C
PN2.a=1 parametritzades pels generadors d’un sistema monomial de Togliatti.

Al Capitol 3, considerem la geometria de les G—varietats Xy amb grup
G C GL(n+1,K). Donat que sén varietats aCM, perseguim I'objectiu de de-
terminar explicitament la resolucié lliure i minimal de qualsevol G—varietat
X4 amb grup G. Per aquest motiu, ens centrem en descriure la funcié i
la serie de Hilbert de X,; en estudiar un sistema de generadors de l'ideal
homogeni I(X,) de Xg; en investigar el modul canonic wx, de A(Xy) i en
determinar la regularitat de Castelnuovo i Mumford de A(X,). En final-
itzar, recopilem tots els resultats per tal d’estudiar el diagrama de Betti de
A(Xg4). En primer lloc, interpretem la funcié i la serie de Hilbert de X,
des de la teoria d’invariants i la combinatoria; i les calculem explicitament
per diverses families d’exemples. En particular, trobem explicitament amb-
dues funcions numeriques per qualsevol GT'—superficie amb group ciclic
G C GL(3,K) i per GT'—solids amb group G = (Mg0123) C GL(4,K) i
d > 4. A continuacid, tractem lideal I1(X,) i demostrem que I(X,) és un
ideal binomial i primer que es pot generar per binomis de grau com a maxim
3. Determinem explicitament un sistema minimal de generadors binomials
de I(X,) per qualsevol GT—solid amb grup G = (Mg0123) C GL(4,K) i
d > 4. Respecte el modul canonic wy, de A(Xy), 'identifiquem amb I'ideal
[(relint(Hy4)) C R® i provem que es pot generar per invariants monomials de
G de grau d i 2d. Aquest resultat ens permet caracteritzar la regularitat de
Castelnuovo i Mumford reg(A(X,)): establim que n < reg(A(Xy)) <n+1
i reg(A(Xq4)) =n + 1 siinomés siI(relint(H4)) conté almenys un monomi

de grau d.

Al Capitol 4, investiguem els invariants d’un grup finit A C SL(3, K)
no abelia i la seva relaci6 amb la WLP. Aix0 ens permet proporcionar
nous exemples de sistemes de Togliatti no monomials, fins ara poc estu-
diats. Centrem la nostra atencié en l'anell d’invariants del grup diedral
Dy C SL(3,K) d’ordre 2d. Demostrem que RP2¢ és minimament generat
per invariants monomials i binomials de grau 2d, fet que ens permet establir
que parametritzen una projeccié aCM Sp,, de la surperficie de Veronese
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Xa4. A més a més, ideal Iy que generen és un GT—sistema amb grup
Dyy. L’ltima part d’aquest capitol es dedica a l'estudi geometric de les
GT —superficies Sp,, amb grup Dyy. Determinem explicitament una res-
oluci6 lliure i minimal de A(Sp,,) i un sistema minimal de generadors de
grau 2 de l'ideal I(Sp,,).

Al Capitol 5, introduim una nova familia de varietats racionals i llises X
associades de forma natural a G—varietats level amb grup G C GL(n+1,K),
és a dir, reg(A(Xy)) =n+11iI(relint(H4)) és generat per monomis de grau
d. Les anonenem RL—varietats per emfatitzar el paper de 'interior relatiu
relint i la propietat de ser level. Sén projeccions monomials no aCM de la
varietat de Veronese X, 4 C PNr.a=1 parametritzades pels 7y monomis de
grau d de I(relint(H4)) C R® i submergides en PV, Ny = N, 4 —nq — 1.
Aquestes propietats ens permeten descriure el fibrat vectorial normal Ny,
de X;. Determinar la cohomologia del feix normal d'una varietat X C
PV arbitraria és un problema obert de gran complexitat. En aquesta tesi,
contribuim a aquest topic calculant la dimensié de la cohomologia del fibrat
normal Ny, de qualsevol RL—varietat A;.
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