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Summary

In this thesis, we study the Reeb and Hamiltonian dynamics on singu-
lar symplectic and contact manifolds. Those structures are motivated

by singularities coming from classical mechanics and fluid dynamics.

We start by studying generalized contact structures where the non-
integrability condition fails on a hypersurface, the critical hypersur-
face. Those structures, called b-contact structures, arise from hyper-
surfaces in b-symplectic manifolds that have been previously studied
extensively in the past. Formerly, this odd-dimensional counterpart
to b-symplectic geometry has been neglected in the existing vast lit-
erature. Examples are given and local normal forms are proved. The
local geometry of those manifolds is examined using the language of
Jacobi manifolds, which provides an adequate set-up and leads to un-
derstanding the geometric structure on the critical hypersurface. We
further consider other types of singularities in contact geometry, as for
instance higher order singularities, called b™-contact forms, or singu-

larities of folded type.

Obstructions to the existence of those structures are studied and
the topology of b™-contact manifolds is related to the existence of
convex contact hypersurfaces and further relations to smooth contact

structures are described using the desingularization technique.

We continue examining the dynamical properties of the Reeb vec-
tor field associated to a given b™-contact form. The relation of those
structures to celestial mechanics underlines the relevance for existence
results of periodic orbits of the Hamiltonian vector field in the ™-
symplectic setting and Reeb vector fields for b"-contact manifolds. In
this light, we prove that in dimension 3, there are always infinitely

many periodic Reeb orbits on the critical surface, but describe exam-
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ples without periodic orbits away from it in any dimension. We prove
that there are traps for this vector field and discuss possible exten-
sions to prove the existence of plugs. We will see that in the case of
overtwisted disks away from the critical hypersurface and some ad-
ditional conditions, Weinstein conjecture holds: more precisely there
exists either a periodic Reeb orbit away from the critical hypersurface
or a l-parametric family in the neighbourhood of it. The mentioned
results shed new light towards a singular version for this conjecture.
The obtained results are applied to the particular case of the re-
stricted planar circular three body problem, where we prove that after
the McGehee change, there are infinitely many non-trivial periodic or-

bits at the manifold at infinity for positive energy values.



Resumen

En esta tesis, estudiamos la dindmica de Reeb y Hamiltoniana en
variedades simplécticas y de contacto con singularidades. El estudio
de estas variedades estd motivado por singularidades que tienen su

origen en la mecénica clasica y la dindmica de fluidos.

Empezamos estudiando una generalizaciéon de las estructuras de
contacto, en la cual la condicion de no integrabilidad falla en una
hipersuperficie, llamada la hipersuperficie critica. FEstas estructuras
geométricas, llamadas estructuras de b-contacto, surgen de hipersu-
perficies en variedades b-simplécticas, estudiadas en el pasado. Hasta
el momento, este equivalente de dimensién impar de la geometria b-
simpléctica ha sido desatendido en la literatura existente. Después
de los primeros ejemplos, probamos la existencia de formas locales.
Estudiamos la geometria local de estas variedades usando el lenguaje
de variedades de Jacobi, que resultan ser técnicas adecuadas para en-
tender la estructura geométrica en la hipersuperficie critica. Con-
sideramos también singularidades de orden superior, formas de b™-

contacto, y singularidades de tipo folded.

Continuamos con el estudio de las obstrucciones a la existencia
de estas estructuras y relacionamos la topologia de variedades de 0™-
contacto con la existencia de hipersuperficies convexas. Describimos
relaciones entre formas de b™-contacto y formas de contacto diferen-

ciables usando técnicas de desingularizacion.

Examinamos las propiedades del campo de Reeb asociado a una
forma de b™-contacto dada. La relaciéon de estas estructuras con la
mecanica celeste pone en relieve la importancia del estudio de 6rbitas
periddicas de este campo vectorial. Comprobamos que, en dimensién

3, el campo de Reeb en la hipersuperficie critica admite infinitas
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6rbitas periddicas. Sin embargo, describimos ejemplos sin Orbitas
periodicas fuera de la hipersuperficie critica en cualquier dimension.
Comprobamos la existencia de traps y discutimos la posible existencia
de plugs. En el caso de un disco overtwisted fuera de la hipersuperficie
se satisface la conjetura de Weinstein: en concreto, o bien existe una
orbita periddica de Reeb fuera de la hipersuperficie de contacto o bien
existe una familia de orbitas periddicas en un entorno de la hiper-
superficie. Estos resultados sugieren una version singular de dicha
conjetura.

Aplicamos los resultados obtenidos al caso del problema de los tres
cuerpos restringido circular: comprobamos que después del cambio de
coordenadas de McGehee, existen infinitas orbitas periddicas en la

variedad en el infinito para valores positivos de la energia.
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Chapter 1

Introduction

Ce qui nous rend ces solutions périodiques si précieuses, c’est quelles
sont, pour ainsi dire, la seule breche par o nous puissions essayer

de pénétrer dans une place jusqu’ici réputée inabordable.
Henri Poincaré, Les méthodes nouvelles de la mécanique céleste

The branch of symplectic and contact geometry emerged as a set-
up for the study of classical Hamiltonian systems, as for instance ce-
lestial mechanics. The equations of motion of the Hamiltonian system
can in this light be geometrically interpreted as the flow of the Hamil-
tonian vector field associated to the smooth energy function H, called
Hamiltonian, on a symplectic manifold (W, w). In view of the epigraph
due to Henri Poincaré, the holy grail in Hamiltonian systems is the

existence of periodic orbits.

Symplectic and contact geometry flourished to an independent field
of research over the last decades. The quest for periodic orbits mo-

tivated several important conjectures that gave rise to spectacular



CHAPTER 1. INTRODUCTION

development. One such example is the Weinstein conjecture asserting
that for a compact contact manifold, there always exists a periodic or-
bit of an intrinsically defined vector field, called the Reeb vector field.
For Hamiltonian systems, this is saying that the Hamiltonian vector
field always admits a periodic orbit on a special kind of level-sets. In
the view of the chronological order of appearance of the theories, it
is natural to apply the known cases of this conjecture and the devel-
oped techniques to the initial context, as for instance to examples of

celestial mechanics.

The three body problem consists in studying the dynamics of three
massive bodies in space whose motion is determined by Newton’s law.
A simplification of this problem is obtained assuming that one of the
bodies is massless and therefore does not alter the motion of the two
others. This configuration models the movement of the earth, sun
and a satellite, which corresponds to the massless body and whose
periodic orbits one would like to compute. For simplicity, we further
assume that the motion of the earth and the moon is described by
circular motions around their center of gravity and that the movement
of the satellite is bound to happen in the same plane. This problem is

classically known as the restricted planar circular three body problem.

In [AFKP12], the authors study the level-set of the Hamiltonian for
low energy values and use classical regularization methods to regular-
ize collision of the satellite with the earth. They show that a connected
component of the regularized level-set of H is a compact contact mani-
fold whose associated Reeb vector field describes the Hamiltonian dy-
namics. As a consequence of the positive answers to the Weinstein
conjecture, there exist periodic orbits of the Hamiltonian vector field

on that regularized level-set.

Due to collision, the existence of the periodic orbit is guaranteed



center of mass

Figure 1.1: The three-body problem: Earth-Moon-Satellite model.

only on the regularized level-set. Ignoring those classical regulariza-
tion techniques yield singularities in the symplectic form and there-
fore classical results from symplectic geometry do not apply. More
precisely, while the Weinstein conjecture on contact manifolds is well-
studied and fairly well understood (see [Hof93, [TauQ7]) there is an
important gap in the current state of art, namely the consideration of
singularities in those theories.

We now describe the singularities occurring in the planar restricted
three body problem as in [BDM™19]. The Hamiltonian of the satellite
is given by

2
p
H@nwzg

where the potential is given by

—Ul(q,t),(q,p) € R* x R?,

1_
Ulgt) = — +
|q—Q1| |q—Q2|

where ¢; = ¢1(t) the position of the planet with mass 1 — p at time ¢

and ¢z = ¢2(t) the position of the one with mass u. Passing to polar

3



CHAPTER 1. INTRODUCTION

coordinates through a symplectic coordinate change (that is changing

the momenta accordingly) given by
(X,Y,Px,Py)— (r,a, P, =y, P, =: G)

followed by the classical McGehee blow-up (z,«,y,G), where r =
m%, x € RT, the standard symplectic form on the cotangent bundle of
R? gives then rise to a geometric structure which is singular. It is
given by

—;de Ady + da N dG.

This non-smooth differential form is symplectic away from the line at
infinity but is singular on the hypersurface given by {x = 0}.

Those geometric structures are called b*-symplectic structures and
play the central theme in this thesis. Over the last decade, the geom-
etry and topology of b"-symplectic manifolds has developed into an
active field of research. However, the study of the odd-dimensional
counterpart has been neglected. As motivated by this example, the
understanding of the global Hamiltonian dynamics on b™-symplectic
manifolds are of fundamental importance, and in particular the one
on level-sets of b™-symplectic manifolds.

This thesis main goal is therefore to consider hypersurfaces of con-
tact type in b™-symplectic manifolds. The so obtained geometric
structures are called 0™-contact structures and this thesis is a first
step towards filling the gap in the existent literature of understanding
the dynamics on symplectic and contact manifold in the presence of
singularities.

We study the local properties of those structures, as well as their
topology. Last but not least, we investigate the dynamical properties
of the associated Reeb vector field of those and apply the results to

the motivating examples of the planar restricted circular three body

4



1.1. STRUCTURE AND RESULTS OF THIS THESIS

problem described above. We give a more detailed outline of the

results below.

1.1 Structure and results of this thesis

We outline the content of each of the chapters of this thesis and un-

derline the main results.

1.1.1 Chapter 2: Preliminaries

We introduce the geometric structures studied in this thesis, that is
symplectic, contact, Poisson and Jacobi manifolds. We give a biased
review on the most important results on contact topology and Reeb
and Hamiltonian dynamics. We end this chapter with an introduc-
tion to b-symplectic geometry and more general singular symplectic

structures, called F-symplectic structures.

1.1.2 Chapter 3: i"-Contact geometry

This chapter is devoted to the study of the geometry of contact struc-
tures that cease to be contact along a hypersurface, but where some
degeneracy conditions are met. This constitutes the odd-dimensional
analogue to b-symplectic manifold. Geometrically, the hyperplane

distribution becomes tangent to the given hypersurface.

Definition 1.1.1 (Definition [3.0.1)). Let (M be a (2n+1)-dimensional

manifold and Z C M a given hypersurface. A b-contact structure is
the distribution given by the kernel of a one b-form ¢ = kera C *T'M,
a € PQL(M), that satisfies a A (da)™ # 0 as a section of A2 (°T*M).

5



CHAPTER 1. INTRODUCTION

We say that « is a b-contact form and the pair (M,§) a b-contact

manifold.

Associated to a b-contact form, there exists a unique vector field,

called the Reeb vector field, defined by the following equations:

L, da =0
a(R,) =1

We give first examples and prove a local normal theorem for those

structures.

Theorem A (Theorem . Let o be a b-contact form inducing a
b-contact structure & on a b-manifold (M,Z) of dimension (2n + 1)
and p € Z. There exists a local chart (U, z, 1, Y1, ..., Tn,Yn) centred
at p such that on U the hypersurface Z is locally defined by z = 0 and

1. if Ry #0

(a) &, is singular, then
dz &
aly = dr + e + > xidy;,
=2
(b) &, is regular, then

dz dz n
Ot‘z,/ =dx + y1? -+ ? -+ indyi,
=2

2. if R, =0, then @ = fa for f(p) # 0, where

- dz &
ap=— + > idy;.

=1



1.1. STRUCTURE AND RESULTS OF THIS THESIS

We study b™-contact manifolds in the language of Jacobi manifolds
and prove that they are dual to Jacobi manifolds that satisfy certain

transversality conditions.

Theorem B (Theorem 3.2.5)). Let (M***1 ker ) be a b-contact man-
ifold. Then (M, A, R) is a Jacobi manifold, where A is the bi-vector
field computed as in Equation satisfying the following transver-
sality conditions A™ A R th 0. Conversely, any odd-dimensional Jacobi
manifold that satisfies that transversality condition defines a b-contact

structure.

Viewing b-contact manifolds as a particular case of Jacobi mani-
folds opens the door to study the induced structure of the b-contact
structure on the critical set. Indeed, the Jacobi structure induces
a characteristic foliation on the manifold. Depending on the parity
of the dimension of the leaf, the induced structure is either contact
in the odd-dimensional case or locally conformally symplectic in the
even-dimensional case. In the case of a b-contact manifold, the induced

structure on the critical set is as follows.

Theorem C (Theorem [3.3.1)). Let (M?*"*1 ¢ = kera) be a b-contact
manifold and p € Z. We denote F, the leaf of the singular foliation
F going through p. Then

1. if &, 1is reqular, that is F, of dimension 2n, then the induced

structure on F, is locally conformally symplectic;

2. if &, is singular, that is F, of dimension 2n—1, then the induced

structure on JF, is contact.

We finish this chapter by describing other singularities in contact

geometry, as for instance folded contact structures.

7



CHAPTER 1. INTRODUCTION

1.1.3 Chapter 4: Obstructions and constructions

on O"-symplectic and 0"-contact manifolds

This chapter is devoted to topological constructions and the study of

obstruction theory of b™-contact and b™-symplectic manifolds.

We open the chapter by studying the cohomological obstructions

to the existence of b-symplectic manifolds.

We related the study of 0™-contact manifolds to the study of
smooth contact geometry. In the case of even powers, we prove the

following.

Theorem D (Theorem [£.2.4). Let (M?*"*! ker a) a b*-contact struc-
ture with critical hypersurface Z. Assume that o is almost convex.
Then there exists g > 0 and a family of usual contact forms a. for all
€ € (0,¢e0) which coincides with the b*-contact form « outside of an
e-neighbourhood of Z. The family of bi-vector fields A,, and the fam-
ily of vector fields R, associated to the Jacobi structure of the contact
form a. converges to the bivector field A, and to the vector field R,
in the C*~'-topology as € — 0.

A similar result is proved for b***!-contact structures, where the

desingularization yields folded contact structures, see Theorem [4.2.5]

We prove that convex hypersurfaces in contact manifolds can be
realized as critical sets of b™-contact manifolds. In the case of b?-

contact structures, we prove the following theorem.

Theorem E (Theorem [4.3.1)). Let (M, &) be a contact manifold and

b _contact

let Z be a convexr hypersurface in M. Then M admits a
structure for all k € N* that has Z as critical set. The dividing set

of the convex hypersurface ¥ C Z, a codimension 2 submanifold, cor-

8



1.1. STRUCTURE AND RESULTS OF THIS THESIS

b2k

responds to the set where the rank associated b*"-contact distribution

drops and the induced structure is contact.

b*+1_contact structures, where

As before, a similar result holds for
we consider two connected components of the hypersurface to over-
come orientation issues, see Theorem [4.3.5

In particular, in the 3-dimensional case, every generic surface is
the critical surface of a b™-contact manifold (Corollary [£.3.2). A com-
bination of the before mentioned results yield the generic existence of
folded contact forms in dimension 3 (Corollary [4.3.8)).

Similar techniques yield the realization of b"-symplectic manifolds

for cosymplectic hypersurfaces in symplectic manifolds.

Theorem F (Theorem [4.4.1). Let Z C (W?",w) be a hypersurface in
a symplectic manifold and assume that there exists a symplectic vector
field X that is transverse everywhere to Z. Then Z can be realized as

the critical hypersurface of a family of b**-symplectic structures.

Once more, a similar result is proven for b***!-symplectic struc-

tures.

1.1.4 Chapter 5: 0"-Reeb dynamics and the sin-
gular Weinstein conjecture

We study the dynamics of the Reeb vector field on b™-contact mani-

folds.

We show that in dimension 3, there are always infinitely many

periodic Reeb orbits on the critical set.

Theorem G (Proposition |5.1.1)). Let (M, «) be a 3-dimensional b™-

contact manifold and assume the critical hypersurface Z to be closed.
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Then there exists infinitely many periodic Reeb orbits on Z.

In contrast to this, we show that there are examples in any dimen-

sion without periodic orbits away from Z.

In order to produce counter-examples to existence results of peri-
odic orbits, a common strategy is to introduce local modifications to
the flow of the given vector field to destroy a finite number of periodic
orbits. This construction is known in the literature as trap construc-
tion. A plug additionally demands that no new periodic orbits are
created. See Subsection for precise definitions.

Based on the existence result proved in Chapter [4 we prove that

there are traps for the flow of the Reeb vector field in any dimension.

Theorem H (Theorem [5.2.1). There exist b™-contact traps in any

dimension.

We continue by discussing possible approaches to strengthen this
result that potentially could lead to the existence of plugs for the
b™-Reeb flow.

We further apply Hofer’s methods to open overtwisted contact
manifold that are R*-invariant in the open ends. More precisely, the
R*-action originates from a strict contact vector field that exists in
the open ends, that it is transverse to the boundary of the open ends
and complete for positive time, see Definition [5.5.4 We prove that in
the presence of an overtwisted disk there is either a periodic orbit in
away from the RT-invariant part or a l1-parametric family of periodic
Reeb orbits see Theorem [5.5.8 As a consequence of this more general

theorem, we obtain the following result.

Theorem I (Theorem [5.5.2)). Let (M,«) be a compact b™-contact

10
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manifold with critical set Z. Assume there exists an overtwisted disk
in M\ Z and assume that a is R* -invariant in a tubular neighbourhood

around Z. Then at least one of the following statement holds:
1. There exists a periodic Reeb orbit in M \ Z.

2. There exists a family of periodic Reeb orbits approaching the

critical set Z.

Furthermore, the periodic orbits are contractible loops in the symplec-

tization.

We examine possible applications of our techniques to a conjecture
on the existence on infinitely many periodic Reeb orbits on overtwisted
contact manifolds.

By the aforementioned results, we are lead to formulate a general-
ization of Weinstein conjecture for b™-contact manifolds, that conjec-
tures the existence of singular periodic orbits away from the critical

hypersurface.

1.1.5 Chapter 6: Applications of 0"-contact ge-
ometry: the three body problem and fluid

dynamics

We end this thesis with applications of the results mentioned in the
previous chapters to a particular case of physical systems: celestial
mechanics and fluid dynamics.

In the case of the restricted planar circular three body problem,
we will prove that the dynamics are described by a b*-Reeb vector
field on positive energy level-sets and that there are infinitely many

periodic orbits on the critical set.

11
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Theorem J (Theorem [6.2.2). After the McGehee blow-up, the Li-
ouville vector field Y in the fibres of the phase-space is a b3-vector
field that is everywhere transverse to energy level-set ¥, = H(c) for
¢ > 0, where H denotes the Hamiltonian associated to the RPC3BP.
The level-sets (X, tyw) for ¢ > 0 are b3-contact manifolds. Topolog-
ically, the critical set is a cylinder and the Reeb vector field admits

infinitely many non-trivial periodic orbits on the critical set.

Due to non-compactness of the critical set Z, the proof does not
use directly Theorem G, but does use that the Reeb vector field on
the critical set is a Hamiltonian vector field (Corollary [3.1.5).

In the case of fluid dynamics, we show that so-called rotational
b-Beltrami vector fields exhibit different dynamical behavior than ro-
tational Beltrami vector field by means of studying the dynamics of the
latter ones on an invariant hypersurface. We end this thesis with the
description of possible further applications of the theory of b™-contact

forms to fluid dynamics.

1.2 Publications resulting from this the-
sis
The results mentioned above can be found in the following articles:

e An invitation to singular symplectic geometry, joint with Roisin
Braddell, Amadeu Delshams, Eva Miranda, and Arnau Planas.
International Journal of Geometric Methods in Modern Physics
16, no. supp01 (2019): 1940008.

o The geometry and topology of contact structures with singulari-
ties, joint with Eva Miranda, arXiv 1806.05638, (submitted for

12
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publication).

o The singular Weinstein conjecture, joint with Eva Miranda, arXiv
2005.09568.

and the following conference proceedings:

e Do overtwisted contact manifolds admit infinitely many periodic

Reeb orbits?, to appear in Extended Abstract, Birkhauser.
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Chapter 2

Preliminaries

"El mundo es eso — revelo —. Un monton de gente, un mar de
fuegquitos.”

Eduardo Galeano, El libro de los abrazos.

In this section we introduce the main objects of this thesis. We will
first briefly introduce two well-known geometric structures: symplectic
and contact structures. We assume the reader familiar with the basic
notions and only include the necessary material to make this thesis
somewhat self-contained. We include a section on contact topology,

especially focusing on the theory of convex contact geometry.

We include a section on dynamical results concerning the Reeb and

Hamiltonian vector field.

We then introduce two generalizations of those geometric struc-
tures, namely Poisson and Jacobi manifolds. We analyse the interplay

between those geometric structures.

Motivated by the examples in the introduction, we introduce cer-

15
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tain kinds of mild singularities of symplectic structures, called -
symplectic structures and will see that they correspond to a particular
case of Poisson manifolds.

The next chapter then consists in introducing those mild singulari-
ties on contact manifolds. We remark that the dynamical understand-
ing of Poisson manifolds, or even Jacobi manifolds, are out of reach, as
the global picture of those is too complicated and far from being un-
derstood. This thesis can be summarized as a first step to understand

the dynamics of those by considering the upcoming generalizations.

2.1 Symplectic manifolds

Definition 2.1.1. A symplectic manifold W is a manifold equipped
with a non-degenerate closed 2-form w. The form w is called the

symplectic form and (M, w) symplectic manifold.

By non-degeneracy, symplectic manifolds are always even dimen-
sional and we will always assume in what follows that the dimension
is 2n. Furthermore, as w” is a volume form, W is orientable.

Any orientable surface with the area form is an example of a sym-
plectic manifold. An important example is given by the cotangent
bundle.

An obstruction for a closed even dimensional manifold to admit

a symplectic structure lies in the second cohomology class. Assume
H?*(M) =0, so w = dn. By Stokes theorem,

0#/ w”:/ nAwt=0.
M oM

This implies in particular that S?" does not admit a symplectic struc-

ture for n > 1.

16
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The importance of symplectic structures in classical mechanics

originates in the following example.

Example 2.1.2. Let X be any manifold of dimension n and take its
cotangent bundle 7*X. Taking coordinate charts (U;xy,...,x,) of
X, the manifold T*X of dimension 2n admits an atlas

(T*U;x1, ..., Ty Y1, - - - Yn), Where y; are the coefficients of A € T*X
in the basis given by (dxi,...,dz,). Let us take the 2-form w =
> dx; A\ dy;. This form is globally defined and it is symplectic.

The only local invariant of symplectic manifolds is the dimension,

as every symplectic manifold is locally described by the last example.

Theorem 2.1.3 (Darboux theorem for symplectic manifolds). Let
(M,w) be a symplectic manifold of dimension 2n and let p € M. Then
there exists an open neighbourhood U > p with coordinates

Tlyeoos Ty Yy -+ Yn Such that wly = Y0 dx; A dy;.

The chart (U, x1, ..., Tn, Y1, - - ., Yn) is called Darboux chart. Loosely
speaking, Darboux theorem implies that the deep results concerning
symplectic manifolds are global result, hence the difference between

symplectic geometry and topology.

Definition 2.1.4. Two symplectic manifolds (M7, w;) and (M, ws) are
symplectomorphic if there exists a diffeomorphism ¢ : M} — M,

preserving the symplectic structure, i.e. p*ws = wy.

In this thesis, we are mainly interested in the study of the Hamil-
tonian vector field. From the non-degeneracy of the symplectic form

follows that for each smooth function f : W — R, we can associate

17
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a unique vector field X defined by the equation ix,w = —df, where
© denotes the interior product. The Hamiltonian vector field is sym-
plectic, that is it preserves the symplectic form: Lx,w = 0.

The Poisson bracket associated to a symplectic manifold is defined

as follows:
{19} = w(Xy, Xy).

By closeness and non-degeneracy of the symplectic form, the associ-
ated Poisson bracket turns C*°(W) in a Lie algebra and furthermore,
the bracket satisfies Leibniz rule. Poisson brackets will play an impor-
tant role in what follows and will be explained in see Section [2.5

We conclude this section by motivating the name of Hamiltonian
vector field as was promised already in the introduction. We point out
that the flow of a Hamiltonian vector field in R*" with the standard
symplectic structure is described by the Hamilton equations. Indeed,

a direct computation yields

" O0H 0 OH 0
Ao = Z <ayi Ox; B ox; ayi>

=1

and the trajectory (x(t),y(t)) of the vector field X satisfies the equa-

tions

which are exactly the Hamilton equations.

2.2 Contact Manifolds

Contact geometry can be considered as the odd-dimensional analogue
of symplectic geometry with many links between those two theories

that we will underline.

18
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Definition 2.2.1. Let M be a manifold of dimension (2n + 1) and
let £ be a hyperplane distribution on M locally described by & =
ker v where o € Q'(M). We say that (M, &) is a contact manifold
if a A (da)™ # 0. The hyperplane distribution £ is called contact

structure or also sometimes contact distribution.

The geometric meaning of being non-integrable is that the hyper-
planes twist too much to be even locally tangent to a hypersurface.
The contact condition o A (da)™ # 0 is at the opposite of integrability
as stated in Frobenius theorem.

Locally, it is always true that the hyperplane distribution £ can be
written as the kernel of a 1-form «. In what follows, we always assume
that & is cooriented, hence we can assume that & = ker a where « is
a globally defined 1-form. The form « is called contact form. We see
that for each p € M, (¢, dal,) is a linear symplectic vector space of
dimension 2n.

Let us remark that if « is a contact form, then fa, where f : M —
R\ {0} is a non-vanishing smooth function, is also a contact form, as

can been seen from the computation
(fa) A (d(fa))n = faA(fda+df Na)" = f"la Ada # 0.

Hence contact forms are defined only up to multiplication of a non-
vanishing function.

As in the symplectic case, the manifold needs to be orientable as
a A (da)™ is non-vanishing and hence a contact form.

The standard example is the following.

Ezxample 2.2.2. 1. Take R?"*! with coordinates 1, ..., Tn, Y1,- - -, Yn, 2

and consider the hyperplane distribution given by the kernel of
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the form o = dz + > | z;dy;. This 1-form satisfies the non-

integrability condition.

As in symplectic geometry, there do not exist other local invariants

than the dimension of the manifold.

Theorem 2.2.3 (Darboux theorem for contact manifolds). Let (M, «)
be a contact manifold of dimension 2n+ 1 and let p € M. Then there
exists an open neighbourhood U > p with coordinates

L1y ooy Loy Yl -« -y Yn, 2 SUch that aly = dz + X0, x;dy;.

On contact manifolds, there exists one particular vector field: the
Reeb vector field.

Definition 2.2.4. The Reeb vector field R, of a contact manifold
(M, ker @) is defined by the equations

’iRaa =1

’iRadOé =0.

Those equations defined R, uniquely: as da is skew-symmetric
form of maximal rank 2n, so it has a one dimensional kernel. So the

second equation defined a line field on M. The first condition then
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normalizes this line field: the contact condition implies that « is non-
zero on that line field.

In the example of a Darboux chart, the Reeb vector field is given
by %. We will discuss the Reeb vector field, together with the Hamil-
tonian vector field in Section 2.4l

As in the symplectic case, it is possible to define contact Hamilto-
nian vector fields. Given a function H € C*°(M), the two following

equations define a unique vector field by the same arguments as before:

iXHOl =H

ix,do = —dH + Ro(H)a.
The following lemma is well-known:

Lemma 2.2.5. Let (M, a) a contact manifold and let H € C*(M) be
a positive Hamiltonian, that is H > 0. Then the Hamiltonian vector
field Xy is the Reeb vector field of the contact form %a.

Definition 2.2.6. Two contact structures (M, ker ay) and (Mo, ker as)
are called contactomorphic if there exists a diffeomorphism ¢ : M; —

M, such that p*as = fay, where f is a non-vanishing function.

2.2.1 Symplectization and hypersurfaces of con-

tact type

Symplectic and contact are even respectively odd-dimensional cousins:
a contact manifold times the real line always admits a symplectic
structure, the symplectization.

Let (M, ker ) be a contact manifold. Then (R x M, d(e'a)), where

t is the R-coordinate, is a symplectic manifold. The symplectic man-
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ifold R x M is called the symplectization of M. Note that the sym-
plectization is a non-compact manifold.

The other way around, hypersurfaces in symplectic manifolds ad-
mitting a Liouville vector field that is transverse to it are contact.

Those hypersurfaces are hypersurfaces of contact type.

Definition 2.2.7. A vector field X on a symplectic manifold (W,w) is

called a Liouville vector field if Lxw = w.

This vector field is defined up to addition of a symplectic vector
field. In the case of the standard symplectic structure on R?", this
vector field is given by the radial vector field X = % ) (xia%i—i-yi%).

Let (W,w) be a symplectic manifold of dimension (2n + 2), with
Liouville vector field X. Let H be a hypersurface in W, transverse
to the Liouville vector field. Then (H,ixw) is a contact manifold of

dimension (2n + 1):

1
n+1

which is a volume on H provided that the Liouville vector field X

n+1)

(ixw) A (dixw)" =ixw Aw" = ix(w

Y

is transverse to the hypersurface H.

This method gives rise to a lot of examples.

Ezample 2.2.8. Take R?" with its standard symplectic structure. The
Liouville vector field is given by the radial vector field % 2?21(%% +
yiaiy), which is transverse to the (2n + 1)-dimensional unit sphere

S?+l Hence (52" ixw) is a contact manifold.

The method of going back and forwards between symplectic and

contact manifolds has been fruitful in the past as we will see for ex-
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ample in Section [2.4.4]
In the case of level-sets for a Hamiltonian function that are of

contact type, the Hamiltonian vector field is a reparametrization of
the Reeb vector field.

Lemma 2.2.9 ([Gei08], Lemma 1.4.10). Let H € C®(W,w) be a
Hamiltonian function and assume that H1(0) is a a regular level-
set that is of contact type (with contact form o = yw for Y some

Liouwille vector field). Then the Reeb flow of « is a reparametrization
of the Hamiltonian vector field on H~'(0).

2.3 Review on contact topology

We move on to results that have a more topological flavour. Those

results will play an important role in Chapter [4]

2.3.1 Existence of contact structures

First of all, we mention that Gromov’s h-principle proves that on
open odd-dimensional manifolds [Gro69], there is no obstruction to

the existence of contact structures.
Theorem 2.3.1. FEvery open odd-dimensional manifold is contact.

The case of closed manifolds is much more intricate: the 3-dimensional
case was proved by Martinet—Lutz [Mar71l, Lut77] and the higher di-
mensional case was eventually solved by Bormann-Eliashberg—Murphy
[BEM™15].

Theorem 2.3.2. [Eli89,IBEM™ 15] Every almost contact structure on

a closed manifold M is homotopic to a contact structure.
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A particular class of 3-dimensional contact manifolds plays an im-
portant role in this proof: that of the overtwisted ones. The notion
exists also in higher dimensions, see also [BEM™15] but its definition
is more involved. Let ¥ C (M? kera) be an embedded surface in
a 3-dimensional contact manifold. The characteristic distribution is
defined by the intersection of the tangent space of 3 with the contact
distribution. The rank changes as the intersection can be transverse
or the tangent planes coincides. It follows from the contact condition
that the tangent planes can only coincide at isolated points. Therefore

the characteristic distribution integrates to a singular foliation of X.

Definition 2.3.3. A 3-dimensional contact manifold (M, = ker «) is
called overtwisted if there exists an embedded disk D? such that the
boundary of TOD C &|sp and T D N¢E defines a 1-dimensional foliation
except on a unique ellipticﬂ singular point e € intD with T, D = §,.
The disk D is called overtwisted disk and we will denote it by Dor.
The point e is called the elliptic singularity.

A contact manifold that is not overtwisted is called tight.

Figure 2.1: An overtwisted disk

1For a precise definition of elliptic singular point, we refer to Page 55 of [ATI19].
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The notion of overtwisted contact manifolds was generalized to
higher dimensions in [NieQ6] and is non-trivial. See also [BEMT15],
where another definition of overtwisted contact structures in higher

dimension was introduced. Both have been proved to be equivalent in
[CMP19].

2.3.2 Convex hypersurfaces

The theory of convex hypersurfaces was introduced by Giroux [Gir91),
Gir99]. The main of convex theory in contact topology is to recover
the data of a contact structure using an isotopy class of curves, called

the dividing set.

Definition 2.3.4. A contact vector field on (M, ker @) is a vector field
X such that X preserves the contact structure, that is Lxa = ga
for g € C°(M). A hypersurface Z C M is convex if there exists a
contact vector field that is transverse to it. The dividing set of a convex

hypersurface Z is given by the set of points ¥ = {z € Z| X, € ker o, }.

Lemma 2.3.5 (Theorem 2.3.1 in [GeiOf]). Contact vector fields are

in a bijective correspondence with contact Hamiltonian vector fields.

It follows from the contact condition that the diving set is a codi-
mension 2 submanifold without boundary and can be shown to be a

hypersurface of Z. Convex hypersurfaces exist in abundance.

Theorem 2.3.6 ([Gir91]). Let (M, ker ) be a 3-dimensional contact

manifold. Then any closed surface is C*°-close to a convex surface.

In higher dimensions, this result does not hold for generic hyper-

surfaces, see [Morl1]. However, even though genericity does not hold,
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examples are given by boundaries of Legendrian neighbourhoods. For
a proof of this fact, see Page 35 of [AHI9].

Using the flow of the transverse contact vector field, there exist
coordinates in a semi-local neighbourhood around the convex hyper-

surface that we are going to use in later chapters.

Lemma 2.3.7. Let ¥ C (M, ker «) be a convex hypersurface and let X
be a contact vector field transverse to Z. Then there exist coordinates
around Z such that o = f(udt+ 3) where u € C*(Z), 8 € QY(Z) and
f € C*(M) is positive. In this coordinates o = X.

Proof. We take the flow of the contact vector field X. By definition,
it satisfies Lxa = ga. By Lemma [2.3.5] X = Xy where H = a(X).
The transversality condition implies that H > 0. A straightforward
computation yields that £ X(%a) = 0, and we can hence assume with-
out loss of generality that the contact form defining the distribution
satisfies Lxa = 0. As X is transverse to Z, the flow defines a coordi-
nate t around Z. The 1-form writes a = udt 4+ 8 where u is smooth
function and  a 1-form. We want to show that both u and S do not
depend on the coordinate . We compute the Lie derivative of a with
d

respect to ;. By Cartans formula,

Loa=dioa+toda
ot ot ot

=du+ L%(dut Adt +dp, + dt A aaf)
o 3ut 35
(9ut 86
= —dt — —
ot ot’
and hence 24 = 98 — (), O

ot ot

Giroux proved a criteria, based on the connectedness of the divid-

26



2.4. AN EXCURSION ON THE DYNAMICS ON CONTACT AND
SYMPLECTIC MANIFOLDS

ing set, whether or not a neighbourhood of the convex hypersurface

admits an overtwisted disk or not.

Theorem 2.3.8 (Giroux criterion [Gir99]). Let (M3, ker o) be a con-
tact manifold of dimension 3 and Z C M a convex surface with divid-
ing set given by X. The convex surface Z has a tight neighbourhood if

and only if one of the following conditions is satisfied:
1. no component of X bounds a disk in Z,

2. Z is a sphere and X is connected.

Note that in the case where Z = S? and f|X| = 2, the contact

manifold is overtwisted.

2.4 An excursion on the dynamics on con-

tact and symplectic manifolds

In this section, we give a review on classical, but also some rather
recent results on Hamiltonian and Reeb dynamics. As both symplectic
and contact geometry historically arise from classical mechanics as
pointed out in the direction, existence result of periodic orbit plays a

central role in the theory.

2.4.1 On Reeb dynamics

In contact geometry, the main actor is the Reeb vector field associated
to a contact form. In 1979, Weinstein [Wei79] formulated the following

conjecture:
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Conjecture 2.4.1 (Weinstein conjecture, [Wei9]). Let (M, «) be a
closed contact manifold. Then there exists at least one periodic Reeb

orbit.

At the time of stating the conjecture, several particular cases were
already known, as for example the case of star-shaped level sets of a
Hamiltonian function on (R?",w,;), see [Rab78a]. The quest for pos-
itive answers of the conjecture has lead to spectacular development
in contact topology. Most notably, Hofer proved in [Hof93] that over-
twisted contact manifolds always admit periodic orbits. He proved
that the existence of periodic orbits is equivalent to the existence of

finite energy J-holomorphic planes in the symplectization. We outline
the proof in a Subsection [2.4.4]

In dimension three, the conjecture is known to be true in full gen-

erality since the work of Taubes [Tau07].

A refinement of Weinstein conjecture is about the minimal num-
ber of periodic Reeb orbits. There are examples of compact contact
manifolds exhibiting only finitely many periodic Reeb orbits, namely

ellipsoids of irrational axis in the standard symplectic space.

Ezample 2.4.2. Consider the unit sphere S in the symplectic manifold
(R*, w = dzy A dyy + edxy A dys) where € is fixed. The contact form is
given by contracting the symplectic form with the radial vector field.
When e = 1 all the orbits are periodic and they are in fact described
by the Hopf fibration of S®. When e is irrational, the only two Reeb
orbits that are preserved under the change of the contact form are the

ones given in the (x;,y;)-plane.

The other example of contact manifold having finitely many peri-

28



2.4. AN EXCURSION ON CONTACT AND SYMPLECTIC
DYNAMICS

odic Reeb orbits is the quotient of the last example to Lens spaces.

The authors [CGH™16] proved the following dichotomy: in dimen-
sion 3, there are 2 or infinitely many. In the sequel [CGHP19], it
is shown that there are always infinitely, under the condition that
the contact form satisfies some non-degeneracy condition and being
torsion-free.

It is well-known that the contact structure given in Example [2.4.2
is tight. This follows directly from symplectic fillability. We therefore

conjecture

Conjecture 2.4.3. Compact overtwisted contact manifolds always

admit infinitely many periodic Reeb orbits.

The novelty of this conjecture is that there is no condition of non-
degeneracy or being torsion-free involved. In a later chapter, we will

come back to this conjecture.

2.4.2 On Hamiltonian dynamics

As already mentioned, the Reeb flow can be viewed as a particular case
of Hamiltonian flow on a fixed level-set. As hypersurfaces of contact
type consists of special kinds of Hamiltonian level-sets with periodic
orbit, it is natural to ask if in general the Hamiltonian vector field
Xp admit periodic orbits in all level-sets of H € C*°(W,w). A good
formulation of this questions is assuming that the level-sets are com-
pact as for example the standard symplectic space with Hamiltonian

function {z; = ¢ € R} answers this question negatively.

Conjecture 2.4.4 (Hamiltonian Seifert conjecture). Let H € C™°(R?", wy;)
be a smooth Hamiltonian and assume that the level-set H™'(a) is

proper. Then there exists a periodic orbit of Xy on H™'(a).
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This question has been open (and is still open in full-generality
as we will see) for many years. A good reason to believe this conjec-
ture to hold is the fact that for a large class of symplectic manifolds,
the Hamiltonian flow admits periodic orbits on “almost all” level-sets.

More precisely, let us mention the following almost-existence theorem:

Theorem 2.4.5 ([HZ11]). Let (W,w) be a symplectic manifold of fi-
nite Hofer—Zehnder capacity. Then for all H : M — R such that

{H < a} is compact, almost all level-sets contain periodic orbits.

This theorem is proved using powerful variational methods arising
from the least action principle. Periodic orbits of Xy are in a one-
to-one correspondence with the critical points of the action functional
Ap. The action of a contractible loop on a symplectic manifold (W, w)
is given by

Au() = [ ww+ [ HO@),

where u : D?* — W is such that u(0D?) = ~. Here v is assumed to be
periodic.

A value a of a Hamiltonian H is called aperiodic if the level {H =
a} carries no periodic orbits and we denote by AP g the set of aperiodic
values. Theorem [2.4.5| can be restated that APpg is of measure zero
for many symplectic manifolds and the Hamiltonian Seifert conjecture
can be restated by saying that APy for H a proper, smooth function
in (R*", wy) is empty.

Even though the almost existence theorem (Theorem pro-
vides a good motivation for Hamiltonian Seifert conjecture, this con-

jecture turns out to be false.

Theorem 2.4.6 (|Gin97|). Let 2n > 6. There exists a proper smooth
function H : R*® — R such that the flow of Xy does not have any
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periodic orbits on the level set {H = 1}.

The theorem was independently proved by Herman [Her95] for C-
Hamiltonian functions. In dimension 4, a C%-counterexample is proved
in [GGO3].

We conclude from the last two results that for many manifolds,
APy is of measure zero but can be non-empty. In [Gin01], the follow-

ing question is raised:

Question 2.4.7. Let M be a symplectic manifold of bounded Hofer—
Zehnder capacity and H a smooth proper function on M. How large

can the set APy of reqular aperiodic values be?

For a review of the known results concerning this question, see
[Gin01]. The proof of Theorem is based on a plug construction.

2.4.3 Traps and Plugs

By the flow-box theorem, the flow of a non-singular vector field on a
n-dimensional manifold locally looks like the linear flow, that is: on
D! x [0, 1] the flow is given by U, : (z,s) — (z,s +t), where t € R

and D" 1 denotes a disk of dimension n — 1.

Definition 2.4.8. A trap is a smooth vector field on the manifold
D"~ x [0, 1] such that

1. the flow of the vector field is given by % near the boundary of
0D x [0, 1], where ¢ is the coordinate on [0, 1];

2. there are no periodic orbits contained in D x [0, 1];

3. the orbit entering at the origin of the disk D x {0} does not leave
D x [0, 1] again.
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If the vector field additionally satisfies entry-exit matching condition,
meaning that the orbit entering at (x,0) leaves at (x,1) for all z €
D\ {0}, then the trap is called a plug.

As a result of the flow-box theorem, traps can be introduced to
change the local dynamics of a flow of a vector field and “trap” a given
orbit. However, the introduction of a trap can change the global dy-
namical behaviour drastically. A plug additionally asks for matching
condition at entry and exit in order not to change the global dynamics
of the vector field. The vector field in question often satisfies some ge-
ometric properties (as for example volume-preserving, a Reeb vector
field, a Hamiltonian vector field,..., etc). The crux in the construc-
tion of traps and plugs is to produce a vector field satisfying the given

geometric constraint.

Traps and plug have been successfully used to construct counter-
example in existence theorem for many geometric flows. For instance,
Kuperberg constructed a plug in [Kup94] to find a smooth non-singular
vector field without periodic orbits on any closed manifold of dimen-
sion 3. The special case of S? is known as counter-example to the
Seifert conjecture. In the contact case, by the positive answers of We-
instein conjecture, there cannot exist plugs for the Reeb flow. Further-
more, it is a corollary of a theorem of Eliashberg and Hofer [EH™94]
that in dimension 3, Reeb traps do not exist. The same was conjec-
tured in higher dimension, but Reeb traps were later proved to exist
in dimension higher than 5, see [GRZ14].

Theorem 2.4.9 ([GRZ14]). There is a contact form a on R*"*! for
n > 2, defining the standard contact structure, that is kera = &g

satisfying the following:
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1. R, has a compact invariant set (and hence orbits bounded in

forward and backward time).

2. There are Reeb orbits which are bounded in forward time and

whose z-component goes to —oo for t — —oo.
3. a = ag outside a compact set.

4. R, does not have any periodic orbits.

2.4.4 Hofer’s proof for overtwisted contact mani-
fold

Existence of periodic Reeb orbits where successfully proved by Hofer
[Hof93] for overtwisted contact manifolds. The proof is thoroughly
explained in the book [AHI9].

We will review the proof which is based on J-holomorphic curve
techniques applied in the symplectization of the contact manifold
(M,a). The almost-complex structure J in the symplectization is
compatible with the contact form.

More precisely, the almost-complex structure considered in the
symplectization of the contact manifold (M, «) is constructed as fol-
lows. First fix a complex structure J¢ on the plane-field £ = ker o that
is compatible with «, i.e. da(Je, Je-) = da(-,-) and do(-, Je-) > 0.
We then extend the complex structure Je¢ on £ to an almost complex
structure J on M X R, compatible with w = d(e’«) in the following

way:
hd ‘]‘5 = ‘]§7
° CU(J', J) — W(', .),
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¢ w('? ']) >0,
o J() = Ra.

A J-holomorphic curve is a map from a Riemann surface punctured
in a finite set I" to the symplectization u : (X \ I',5) — (R x M, J)
satisfying the non-linear Cauchy-Riemann equation du o j = J o du.
Given a J-holomorphic curve, the energy is defined by

Ew%—ﬁgzwudwm

where C is the set of all smooth maps ¢ : R — [0, 1] satisfying that
¢ > 0. In what follows, we will always denote u = (a,u), where
a:X\T = Rand u:X\T — R. The horizontal energy, also called
the da-energy, is defined to be

EM"(u) = /\ uw*da.
S\A

It is clear from the definitions that E"(u) < E(u). Hofer proved the
following result, reducing the quest for periodic Reeb orbits to the ex-
istence of non-constant finite energy planes. Those finite energy planes

arise from a careful bubbling-off analysis a la Uhlenbeck—Sachs.

Theorem 2.4.10. Letu : C — RxM be a non-constant J-holomorphic

plane such that E(u) < oco. Then there exists a periodic Reeb orbit in
M.

The J-holomorphic curve u as in Theorem [2.4.10] is called finite
energy plane.

Out of the data of the overtwisted disk, Hofer proved the existence
of family of J-holomorphic curves emanating from the elliptic point e
of the overtwisted disk Do and that satisfy some additional properties
which are key to study this family. We denote by D}, = Dor \ {e}.
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Theorem 2.4.11. Let D be the 2-disk. There is a continuous map
U:Dx[0,e) >Rx M
such that for each @, () = (-, )
1. uy: D — M x R is J-holomorphic,
2. u(0D) C Dy C {0} x M fort € (0,¢),
3. Ulap : 0D — Dy has winding number 1 for t € (0,¢€),
4. W|px(0,) i a smooth map,
5. U(z,0)=e forall z € D,
6. Ind(u;) = 2.

The family {@;}ico,[ is called Bishop family. It is then studied
whether or not the family can be extended. First, as an application of
the maximum principle, the Bishop family restricted to the boundary
is necessarily transverse to the characteristic foliation on the over-
twisted disk and foliate a neighbourhood of the elliptic singularity e

by circles.

Lemma 2.4.12. The Bishop family is transverse to the characteristic
foliation of the overtwisted disk §|py, NTDoyp.

It is shown that if the gradient of w; is uniformly bounded in the
interval [0, 77, then the family {u;}icpo, can be maximally extended.
However, this results leads to a contradiction with the transversality
in Lemma [2.4.12] Hence the norm of the gradient blows up. There are
basically two different possibilities for the gradient to blow up: it can

blow up at the boundary of the J-holomorphic disk or in the interior.
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A careful analysis then shows that in the case where the gradient blows
up on the boundary, so called disk bubbling happens, which once more
contradicts transversality of the Bishop family with the characteristic
foliation. The only possibility is that the Bishop family blows up in
the interior. The blow-up of the norm of the gradient in the interior
of the disk is giving rise to bubbling phenomena. A carefully chosen
reparametrization of the bubble converges uniformly to a non-constant
finite energy plane. Hence by Theorem there exists a periodic
Reeb orbit.

2.5 Poisson manifolds

Poisson manifold come as a natural generalization of symplectic man-
ifolds. First, by non-degeneracy of the symplectic form, to every
smooth function is associated a Hamiltonian vector field. Poisson
structure can be seen as a relaxation of the symplectic condition for

which it still makes sense to talk about Hamiltonian vector fields.

Definition 2.5.1. A Poisson manifold M is a smooth manifold equipped

with a skew-symmetric R-bilinear map
{3 CF(M) x CF(M) = C*(M)
that satisfies

1. Jacobi identity, i.e. Vf,g,h € C°(M),{{f, g}, h}+{{h, f},g}+
{{g.h}, f} =0 and

2. Leibniz’s rule, i.e. Vf,g € C°(M),{fg,h} = f{g,h} + {f, h}g.

This definition can be summarized by saying that a Poisson bracket

on a manifold M is a Lie bracket on the space of smooth function
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C*(M) that satisfies Leibniz property. By the skew-symmetry and
Leibniz rule, the Poisson bracket is a bi-derivation and hence given by
a bi-vector field II, defined by

I(df,dg) = {f, g}

The Jacobi identity is translated by the fact that the Schouten—Nijenhuis
bracket of IT with itself is zero, i.e. [II,II] = 0. We don’t go into de-
tails about the Schouten—Nijenhuis bracket, but only say that it is a
generalization of the Lie bracket to multi-vector fields, see [LGPV12]
for a reference.

Hence an equivalent definition of Poisson manifold is the following:

Definition 2.5.2. A Poisson manifold is a manifold M equipped with
a bi-vector field II satisfying [II, II] = 0.

First note that there are no topological obstructions for the ex-
istence of a Poisson structure. Every manifold M admits the trivial
Poisson structure II = 0.

We continue by giving some examples of Poisson manifolds.

Example 2.5.3. 1. We already pointed out that symplectic mani-
folds (M,w) admit a Poisson bracket as can be seen from the
formula {f, g} = w(Xy, X,). We denote the associated Poisson
bi-vector field by II = w~!. The Jacobi identity for this bracket
is a consequence for the closeness of the symplectic form: ex-
panding, one can check that dw(Xy, X,, Xp) = 2({{f,g}, h} +

{{g.h}, £} + {{h. f}. 9}).

2. Consider R?>" equipped with the bi-vector field II = 3313%1 A

gy T 2i=2 35, N ;- Lhis is a Poisson structure, but not a
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symplectic structure due to the factor x;. Taking the inverse of
the Poisson structure, we get a 2-form id:{:l Ady1+>070 5 dx; Ady;,
which is not smooth at x; = 0, but symplectic outside of this
critical locus. This example is important to keep in mind for
the next chapter as we will rigorously give meaning to this kind

symplectic structures with singularities.

Each Poisson structure admits a characteristic distribution, which
is spanned by the Hamiltonian vector fields. This distribution is called
characteristic space and its dimension is called the rank of the Poisson
structure. The rank of the Poisson structure depends of course on the
base point x € M and we say that a Poisson structure is reqular if the
rank is constant all over the manifold and it is said to be singular if

the rank varies. It is immediate that the rank is an even integer.

The theorem of Frobenius says that a regular distribution is in-
tegrable if and only if it is involutive. As the rank in general is not
constant, the arguments are a little bit more involved but the Stefan—
Sussmann theorem [Sus73| asserts that a singular distribution inte-
grates to a singular foliation if and only if the distribution is by a
family of smooth vector field and invariant with respect to this fam-
ily. The theorem of Stefan—Sussmann is satisfied by the characteristic
space and we therefore speak about the characteristic foliation of the

Poisson structure.

The behaviour of this foliation is explained by the Weinstein split-
ting theorem [Wei83], which studies the local normal form of Poisson

structures:

Theorem 2.5.4 (Weinstein splitting theorem). Let (M, II) be a Pois-
son manifold of dimension n and let the rank be 2k at the pointp € M.
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Then on a neighbourhood of p there exists a coordinate system

(xlayl) vy Tl Ykey 215 - - - 7ZN—2k)

such that the Poisson structure can be written as

IT= i — 2.1
;axﬂalefﬂ 92" 02 21)
i= i,J
where fi; are functions which depend only on the variables (21, . .., Zn—ok)

and which vanish at the origin.

2.6 Jacobi manifolds

In this section, we introduce a further generalization of Poisson mani-
folds. The reason for this is that contact structures are not a particular
case of Poisson structures. By replacing the Leibniz rule for Poisson
manifolds by a weaker condition, namely that the bracket is a local
derivation, we obtain what is called a Jacobi structure and covers also
contact structures.

A bracket on C'*°(M) is said to have the property of being local if
supp({f, g}) C supp(f) Nsupp(g) for any f,g € C°(M). We also say
that the bracket gives rise to a local Lie algebra structure. Lichnérowicz
proved in [Lic78] that this definition of Jacobi manifold is equivalent to
the following definition. The fact that the bracket is a local derivation
implies that the bracket is of the form

{f,9} = Aldf,dg) + fR(g) — gR(f)

where A is a bi-vector field and R a vector field. This bracket satisfies
Jacobi identity if and only if

[AA]=2RAA, [AR]=0 (2.2)
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where the bracket in the last equations is the Schouten-Nijenhuis
bracket.

Definition 2.6.1. A Jacobi structure on a manifold M is a triplet
(M, A, R) where A is a bi-vector field and R is a vector field satis-
fying the compatibility equations ({2.2)).

Fzxample 2.6.2. Every Poisson manifold is a Jacobi manifold by taking
A =1I and R = 0. In particular, symplectic manifolds are Jacobi

manifolds.

Another important example of Jacobi manifold is the one of contact
manifold, see [Vai02]. Let (M, «) is a contact manifold, then (M, A, R)
is a Jacobi structure, where R is the Reeb vector field and the bi-vector
field A is defined by

A(df,dg) = da(Xy, Xy),

where Xy, X, are the contact Hamiltonian vector fields of f and g. We
give an alternative way to define the Jacobi structure associated to the
contact structure and we will make use of this alternative description
in later chapters.

Let us denote the bi-vector field dual to da, by II. More precisely,
as « is contact, (da)|¢ is symplectic and hence the dual is well-defined.
Furthermore, we denote by X a Liouville vector field relatively to da,

i.e. Lxda = da. Eventually, we define the bi-vector field
A=II+RANX. (2.3)
The vector and bi-vector fields satisfies the following equations:
o LxII =TI,
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o L RH = O,
e [ILII] =0.
The following lemma characterizes the Jacobi structure.

Lemma 2.6.3. The Jacobi structure associated to (M, ) is given by
A and R if and only if RA[X,R| AN X = 0.

Proof. Let us check the two conditions of a Jacobi manifold, which
are [A,A] =2R A A and [A, R] = 0. The second equation writes

[A,R]=[IT+RAX,R]=[II,R] + [lI, RA X]
=0+ [I,RIAX —RA[II,X]=RAIl=0.

As for the first one, we do the following computation:
[A,A] = [IL I 4 2[I, RAX]+ [RANX, RN X].

Here, the first term is zero. The second term, using a well-known

identity of the Schouten-bracket, gives us
2L RAX]| =2, RINX —2RAN[I, X] =0+2R A1l = 0.
For the third term, using the same identity, we obtain

[RAX,RAX]
=RAX,RINX+[RRINXANX—-RARA[X,X]-RA[RX|NX
=2R AN [X,R] AN X.

]

Note that a sufficient condition for (M, A, R) to be a Jacobi man-
ifold is to ask that X and R commute.

41



CHAPTER 2. PRELIMINARIES

For each smooth function f, the Hamiltonian vector field on the
Jacobi manifold is given by Xy = A(df,-) + fR. Note that this defini-
tion is compatible with the one of Hamiltonian vector fields on Poisson
manifolds (i.e. when R = 0). Furthermore, as in the Poisson case, the
distribution spanned by those Hamiltonian vector fields can be shown
to be integrable and integrates to a singular foliation. However, this
foliation does not need to have only even dimensional leaves. One
can show that the Jacobi structure induces two different structures on
the leaves. If the leaf is of odd dimension, the induced structure is
contact. In the even-dimensional case, the leaf is locally conformally

symplectic, see [Vai02] for instance for the proof.

Definition 2.6.4. A locally conformally symplectic manifold is a man-
ifold of even dimension W?" equipped with a non-degenerate two
form w € Q*(W) that is locally conformally closed, that is for ev-
ery p € W, there exists function defined on an open neighbourhood
U>p, oeC®U,R) such that e“wly is closed.

The condition of the 2-form w to be locally closed is equivalent
to the existence of a closed 1-form o € Q'(W) such that dw = a A
w. Locally conformally symplectic manifold regained recent attention,
notably in the work of [CM16].

A theorem similar to Weinstein splitting theorem in the set-up of
Jacobi manifold has been proved by [DLM91]. To state it, let us first
introduce some notation.

We recall local structure theorems of Jacobi manifolds, proved in
[DLMO1]). To state it, we first introduce some notation. The subindex
of the multi-vector fields here denotes the dimension of the Euclidean

space that those multi vector fields are considered in.
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V¢ o) 0
A2q - =1 8$i+q A ox;

_ N4 e}
Z2q - Zi:l Litq it q

_ 0
R2q+1 - 87[:0

— \¢ 0 0 0
Aogi1 = Zz‘:l(xi-&-an«o - 8%) A Dirq

The local structure theorem states as follows.

Theorem 2.6.5 ([DLM91]). Let (M™, A, R) be a Jacobi manifold, x
a point of M and S be the leaf of the characteristic foliation going
through xg.

If S is of dimension 2q, then there exists a neighbourhood of x
that is diffeomorphic to Usq X N where Usq is an open neighbourhood
containing the origin of R*? and (N, Ay, Ry) is a Jacobi manifold of
dimension m—2q. The diffeomorphism preserves the Jacobi structure,

where the Jacobi structure on Uy, X N is given by
Ry, ,xn = An, Ry, xn = Aog + AN — Zyy N Ry

If S is of dimension 2q+ 1, then there exists a neighbourhood of x
that is diffeomorphic to Usqi1 X N where Usgiy is an open neighbour-
hood containing the origin of R*7* and (N, Ay, Ry) is a homogeneous
Poisson manifold of dimension m — 2q — 1. The diffeomorphism pre-
serves the Jacobi structure, where the Jacobi structure on Usy x N is

given by

Ry, xn = Ragy1, Ayyyixn = Nogy1 + An + Eagy1 A Zn.
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2.6.1 Geography of symplectic, contact, Poisson

and Jacobi manifolds

We depicture the relation between the four geometric structures in-

troduced. We schematically can visualize them as follows.

Jacobi

Poisson

Symplectic Contact

Figure 2.2: Geography of Jacobi, Poisson, Symplectic and Contact

manifolds

We already mentioned that the symplectic and contact world are
connected via the symplectization or taking hyperplanes transverse to
the Liouville vector field.

Poisson and Jacobi manifold behave in the same way by taking the

Poissonization.

Proposition 2.6.6. Let (M, A, R) be a Jacobi manifold. Then (M x
R,II = e "(A+ 2 AR)) is a Poisson manifold. Furthermore, the vector
field T = a% satisfies

Lyl = —II
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The Poisson manifold (M xR, IT) is the Poissonization of the Jacobi

manifold.

Proof. (M x R,II:=e™"(A + £ A R)) is a Poisson manifold because

-7 -7 —T 772 77'& 772
LI =[e "A, e TA] +2[e "Ae 5 ANR]+ [e 57 AR, e 5 A R]

=e 7[AA] -2 "AANR=e"(2RAAN—-2AAR) =0,
where we used the compatibility condition (Equation . O

Furthermore, the later is said to be homogeneous because the vec-
tor field T = % satisfies

LpIT = —IL

2.7 Symplectic structures with singular-
ities

In this section, we introduce geometric structures that are symplectic
away from a given hypersurface. On the hypersurface, the symplectic
form is singular. The singularities are of the simplest possible type.
These geometric structures can be viewed as a particular case of Pois-
son manifolds, but are close enough to symplectic manifolds to import
well-known techniques from symplectic geometry and topology, that
generally fail to exist in Poisson geometry.

There is a one to one correspondence between symplectic forms
and non-degenerate Poisson structures on manifolds. This section fo-

cuses on an exposition of structures which are the “next best” case,
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i.e. manifolds where these structures are non-degenerate away from a
hypersurface of the manifold and behave well on the singular hyper-

surface.

Definition 2.7.1 (b-Poisson structure). Let (M?" 1I) be an oriented

Poisson manifold such that the map
p€ M (I(p)" € N> (TM) (2.4)

is transverse to the zero section, then Z = {p € M|(Il(p))" = 0} is a
hypersurface and we say that IT is a b-Poisson structure on (M?",7)
and (M?", Z 1I) is a b-Poisson manifold. The hypersurface Z is called

singular hypersurface.

We already gave an example of a b-Poisson manifold, see Example
2.5.3] where both the non-degenerate and the b-Poisson case are given.
In the non-degenerate case, the dual of the Poisson bi-vector field gives
rise to the symplectic form. We cannot simply take the dual in the
b-Poisson case, as we will obtain 2-form which is not smooth anymore.
In what follows, we give a formal sense to this singularities.

Let us remark that the classification of b-Poisson structures on
compact surfaces was initiated by Radko [Rad02]. The study of b-
Poisson in higher dimension was then studied in [GMP14] by Guillemin,

Miranda and Pires.

2.7.1 b-Geometry

The notion of b-manifold was initiated in the work of Melrose [Mel93],
hence the letter “b”, coming from boundary. In the scenario of b-
Poisson manifold, we view a distinguished hypersurface in the manifold

as boundary.
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Definition 2.7.2. A b-manifold (M, Z) is an oriented manifold M to-

gether with an oriented hypersurface Z. A b-map is a map
f . (Ml, Z1> — (MQ, ZQ) (25)

so that f is transverse to Z, and f~1(Zy) = Z;. A b-vector field is a
vector field on (M, Z) which is everywhere tangent to Z.

One easily sees that the set of b-vector fields is a Lie subalgebra
of the Lie algebra of vector fields. The surprising result is that they
are in fact sections of a vector bundle of M. Take U to be an open
neighbourhood around a point p € Z and assume that Z is locally
given by the level set of a locally defined function f. We call f the
defining function. Then the vector field f a% is tangent to Z. Take a
coordinate chart on U of the form (f, zo, ..., z,) for which the b-vector
fields restricted to U form a free C*°-module with a finite basis given
by

2. 2 )
Of dxg? """ Bz )°

According to a theorem of Serre-Swan [Swa62], there exists a vector
bundle having the b-vector fields as sections. This vector bundle is
called b-tangent bundle and we denote it by *T'M. At pointsp € M\ Z,
the b-tangent space coincides with the usual one, i.e. *T,M = T,M.
On points p € Z, the restriction of a b-vector field to Z yields a vector
field on Z. The vector bundle morphism

"TM|; — TM|z

is in fact surjective and the kernel is the line bundle generated by f a%?

which is called the normal b-bundle.
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From here on, we can imitate the construction of classical differen-
tial geometry to define the co-vectors associated and differential forms
of this vector bundle. The b-cotangent bundle *T*M of a b-manifold
is defined as the dual of 7'M and a local basis is given by

d
(—f,dxg, oy dxy)

f

where the form % is well-defined on the b-tangent bundle. Differential

forms for this vector bundle are called b-forms. A b-form of degree k is
defined as section of the vector bundle *QF(M) = A*(*T*M). Fixing
a defining function f, every b-form of degree k can be decomposed as
follows:

a/\ﬁ—l—ﬁ where o € QF"H(M), B € QF(M). (2.6)

f

This decomposition makes it possible to define an exterior derivative
by
d d
d(aA—f+6):daA—f+d6, (2.7)
f f
the notion of closed and ezact forms are naturally extended, d*> = 0
and so de Rham cohomology can be extended to the b-setting. By
a theorem of Mazzeo—Melrose, it can be computed in terms of the

cohomology of M and Z, see [GMP14].

Theorem 2.7.3 (Mazzeo—Melrose for b-cohomology). The b-cohomology
can be computed as follows: "H*(M) = H*(M)@ H*~(Z).

Equipped with the theory of b-calculus, we are now ready to rig-

orously define the dual of b-Poisson structures.
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2.7.2 b-Symplectic Manifolds

Definition 2.7.4. Let (W?", Z) be a b-manifold. Let w € *Q?(W) be a
closed b-form. We say that w is b-symplectic if w,, is of maximal rank
as an element of A*(*T*W) for all p € M.

Let us give some examples of b-symplectic manifolds.

FExample 2.7.5. 1. A compact example of a b-symplectic manifold is
given by (52, 4 Adf). The critical surface is given by Z = h=1(0).

2. Take R*" with coordinates (x1,y1,...,Tn, yn) and the b-form
dl’l

T

ANdyy + Y dx; A dy;.

=2
This is a b-symplectic manifold and we will see that this consti-

tutes the local model.

There exist two approaches to prove Darboux theorem for b-symplectic

manifold. One is using Moser’s trick and translating some classical re-
sults from symplectic geometry to the b-setting. Another is to first
prove that there is a one to one correspondence between b-Poisson
manifolds and b-symplectic manifolds and then to use Weinstein’s
splitting theorem. The transversality condition then guarantees the

local normal form.

Theorem 2.7.6 (b-Darboux theorem for b-symplectic manifolds, [GMP14]).

Let w be a b-symplectic form on (W?" Z). Let p € Z. Then we can
find a local coordinate chart (x1,v1,...,%n, Yn) centred at p such that

hypersurface Z is locally defined by y; = 0 and

d n
w:dxl/\ﬂ—i-dei/\dyi.

Y1 i=2
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The dual of the b-Darboux theorem gives a local normal form of

type

Moy @ q 0 0 0
_yla$1 oy i—2 Ox; ayi.

(2.8)

Viewing b-symplectic manifolds from the Poisson point of view
gives us a nice interpretation of the characteristic foliation: away from
the critical set, the rank is the same as the dimension and therefore
has one leave of maximal dimension. However as II" cuts the zero
section transversally, the rank drops by 2, and we therefore have a
codimension 1 foliation of symplectic leaves, which is given in the

local Darboux coordinates by ker dx;.

There exists a intrinsically defined vector field, that can be shown
to be transverse to the symplectic leaves: the modular vector field.

Take a volume form €2 on W. The map

Lx,.Q

f==q
is a derivation, hence a vector field denoted by vy0q. It can be shown
that it is independent on the choice of the volume form and that it is a
Poisson vector field, i.e. £, II = 0. In the Darboux coordinates, it is
given by 6%1. The existence of this transverse vector field implies that
the critical set Z is in fact a cosymplectic manifold: the one form, dual
to this vector field together with the symplectic form on the leaves of

the symplectic foliation defines the cosymplectic structure.

Definition 2.7.7. A cosymplectic manifold is a manifold M?"™! to-
gether with a closed one-form 7 and a closed two-form w such that

n Aw" is a volume form.
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bm-symplectic manifolds

In the same way we defined b-forms, we can define higher order singu-

larities by taking the C'"*°-module with a finite basis given by

m 9. 9 9
1 9x17 0z27 " " "7 Ozp,

where the critical hypersurface is defined by x; and by the Serre-Swan
theorem, consider the vector bundle admitting those vector fields as
sections. Repeating the same construction, we obtain b™-symplectic
manifolds. Those higher order singularities were extensively studied
in [Scol6]. We only mention here that a Darboux theorem for those
structures has been proved in [GMW19], asserting that locally, b™-

structures are of the form

d n
b =

Desingularizing b™-symplectic structures

We briefly describe the main theorem of [GMWI9]. It relates the
topology of b™-symplectic manifolds to the one of symplectic and
folded-symplectic manifolds. Folded-symplectic structures are in some
sense dual to b-symplectic structures as will be clear from the defini-
tion, and their study has been initiated in [GSW00].

Definition 2.7.8. A 2-form w € Q?*(W) on a 2n-dimensional mani-
fold W is folded-symplectic if w™ is transverse to the zero-section and

w" 1|z # 0, where Z denotes the hypersurface give by Z := (w™)~1(0).

Similarly, by replacing the transversality by higher order singular-

ities one obtains m-folded symplectic forms.
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The relation between symplectic, b™-symplectic and m-folded sym-
plectic structures is being done by ingeniously desingularizing the b™-

symplectic structure, depending on the parity of the singularity.

Theorem 2.7.9 ([GMW19]). Given a b™-symplectic structure w on
a compact manifold (W?", Z):

o [fm = 2k, there exists a family of symplectic forms w,. which co-
incide with the b™-symplectic form w outside an e-neighbourhood
of Z and for which the family of bivector fields (w.)™* converges

1

in the C**~1-topology to the Poisson structure w™ as e — 0 .

o [f m = 2k + 1, there exists a family of folded-symplectic forms
we which coincide with the b™-symplectic form w outside an e-
neighbourhood of Z .

It follows immediately from this theorem that b™-symplectic man-
ifolds are symplectic for m even and folded-symplectic for m even
and therefore the obstruction of existence of symplectic (respectively
folded-symplectic) translate directly to obstructions for the existence
of b™-symplectic manifolds depending on the parity of m. Note that
every four dimensional manifold admits a folded-symplectic structure
[DST10]. However, there are cohomological obstructions to the exis-

tence of b™-symplectic structures as we will see in Section

2.7.3 Quick guide through 0"-symplectic litera-

ture

As the central theme of this thesis are b™-symplectic structures, we
include here a guide through 0™-symplectic geometry. Beside the main
sources already cited [Rad02, (GMP14l, I(GMPS15], IGMPS17, GMW18|,
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Scol6], we would like to mention that b™-symplectic structures also
appear under the name of log-symplectic structures, see [Cav17, |GL14,
GLPR17, [CK16] to name a few.

2.7.4 FE-symplectic structures

We briefly discuss a far-reaching generalization of b"*-symplectic struc-
tures, studied in [MS18]. Note that the b™-(co)tangent bundle is de-
fined by the Serre-Swan theorem. This construction, along with the
extension of the exterior derivative, opens up the door to study sym-
plectic structures over the b-tangent bundle. It is possible to generalize

this by imposing the necessary condition to mimic this construction.

Let E be a locally free submodule of X(M). Hence by Serre—
Swan theorem, there exists a vector bundle, that we denote F-tangent
bundle, T'M whose sections are given by E. The dual, respectively
sections of k-wedge powers of the dual, are denoted by 1M, respec-
tively FQ(M).

To extend the exterior to “QP(M), we further ask that E is in-
volutive, that is [E, E] = E and then define the exterior derivative
via Cartan formula. In what follows, we always assume that F is an

involutive, locally free submodule of X(M).

The bundle *TM — M is a Lie algebroid, whose bracket is the

standard bracket for vector fields and the anchor map is given by the
inclusion £ C X(M).

Definition 2.7.10. A closed non-degenerate 2-form of #Q(M) is called
an E-symplectic form. The manifold (M, F,w) is an E-symplectic

manifold.
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It is clear that b™-symplectic forms are a particular case of FE-

symplectic forms. We enumerate other examples.

1. C-symplectic: this is generalization of b-symplectic manifolds
where the hypersurface is allowed to have self-intersections. Here

C stands for corner.

2. Elliptic-symplectic: the C*module E C X(R?) is generated by

the two vector fields x% + ya% and xa% — y%.

3. regular symplectic foliations: FE is spanned by the vector fields

tangent to the foliation.

In addition, many other examples can be constructed by describing

explicitly the submodule F.

2.8 Contact structures with singularities

We briefly resume the preliminaries and also will give the main lines
of the following chapters.

Besides the classical geometric structures, the preliminaries exclu-
sively treats the appearance of singularities in symplectic geometry,
where Poisson geometry provides the right viewpoint. Having intro-
duced the odd-dimensional counterpart to symplectic manifolds, we
investigate the analogue of those kind of singularities in contact man-
ifolds. In view of the geography map shown in Figure 2.2] it is clear
that Jacobi manifolds will provide the proper set-up. The following
chapters are going to be dedicated to complete the geographical pic-
ture given by Figure [2.3]

We will analyse the interplay between contact geometry (to be pre-

cise, Moser’s trick) to prove local normal forms and use the structural
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Jacobi

Poisson

b-Symplectic b-Contact

Symplectic Contact

Figure 2.3: b-symplectic and b-contact geography

theorems of Jacobi manifolds (that is Theorem to analyse the
set where the contact form is singular. In the light of Section and
we are going to study the topology of those manifolds, but also
the dynamical behaviour of the Reeb vector field and the Hamiltonian

vector field.
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Chapter 3

b"'-Contact Geometry

Connaitre ce n’est pas démontrer, ni expliquer. C’est accéder a la
VISLON.
Antoine de Saint-Exupéry, Le Petit Prince.

In this chapter, we introduce the local geometry of the contact
counterpart of b™-symplectic manifolds. Inspired by the definition of

b-symplectic manifolds, we define the contact case as follows:

Definition 3.0.1. Let (M, Z) be a (2n+1)-dimensional b-manifold. A
b-contact structure is the distribution given by the kernel of a one b-
form € = kera C *TM, a € *QY (M), that satisfies a A (da)™ # 0 as
a section of AZ"F1(*T*M). We say that « is a b-contact form and the

pair (M, &) a b-contact manifold.

Analogous to the symplectic case, the hypersurface Z is called

critical hypersurface. In what follows, we always assume that Z is
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CHAPTER 3. BM-CONTACT GEOMETRY

non-empty. Away from the critical set Z the b-contact structure is a
smooth contact structure. The former definition fits well with what
is standard in contact geometry where coorientable contact manifolds
are considered (i.e. there exists a global defining contact form whose
kernel defines the given contact structure). We only consider the case
of coorientable b-contact structures in this thesis, that is we assume
that & C *T'M is given by the kernel of a globally defined b-form of
degree 1.

Ezample 3.0.2. Let (M, Z) be a b-manifold of dimension n. Let z,y;,1 =

2,...,n be the local coordinates for the manifold M on a neigh-
bourhood of a point in Z, with Z defined locally by z = 0 and
x;,i = 1,...,n be the fibre coordinates on *7*M, then the canoni-

cal Liouville one-form is given in these coordinates by
dz &
£ =2

The bundle R x *T* M is a b-contact manifold with b-contact structure

defined as the kernel of the one-form

d n
a:dt+$1j+ E .Tldyl,
< =2

where ¢ is the coordinate on R. The critical set is given by Z = Z x R.
Using the definition of the extended de Rham derivative,

d
a/\(da)”:n!?z/\dt/\dxl/\d@/\dy2~~/\d:cn/\dyn7&0.

Away from Z, £ = kera is a non-integrable hyperplane field distri-
bution, as in usual contact geometry. On the critical set however,
¢ is tangent to Z. This comes from the definition of b-vector fields.

Viewed as smooth distribution, we cannot say that £ is a hyperplane
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field since the rank of £ may drop by 1. In this example this is the

case for the codimension 2 submanifold z; = 0.

As we will see in the next example, the rank does not necessarily

drop.

Ezample 3.0.3. Let us take R*" ™! with coordinates (z, 1, ..., Tpn, Y1, - - -

We consider the distribution of the kernel of av = % +>0, xdy;. The
critical set is given by z = 0 and the rank when ¢ is viewed as (that
is through the inclusion of *X(M) C X(M)) a smooth distribution
does not drop on the critical set: on the critical set, the distribution

is spanned by {%, a%i,z' =1,...n}.

Using the two last examples and a generalization of Mébius trans-
formations, we can construct b-contact structures on the unit ball with

critical set given by the unit sphere.

Example 3.0.4. Let us denote the unit ball of dimension n by D™ and
the half-space, that is R™ where the first coordinate is positive, by
R? . The Mébius transformation maps the open half-space diffeomor-

phically to the closed 2-ball minus a point by the following map:

®:{zcCIR(z) >0} — D*\ {(1,0)}
— z—l‘
z+1

This map can easily be generalized to all dimension and the inverse is
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CHAPTER 3. BM-CONTACT GEOMETRY

given by

W D"\ {(1,0,...,0)} - R"

1 n
T1yenoyTy) - 11— x?,Qx,...,an.
(@ ) (z1 — 1>2+Zi:2‘rz2( ; ’ )

We now provide RY"™ with the b-contact structures described in Ex-
ample m (respectively and pull-back the b-contact form. We
obtain hence two different b-contact structures on the unit ball minus
a point and the critical set is given by the unit sphere S?*~2 minus
the point (1,0,...,0).

It is not possible to compactify this example by adding the point.
This can be seen when computing the hyperplane distribution of the
pushforward under ®. Alternatively, this follows as we will see in one
of the two cases from Theorem [3.1.5 However, we will see that the
3-sphere does admit a b-contact structure, induced by a b-symplectic

structure, see Example |3.4.3|

Ezxample 3.0.5. A compact example admitting a b-contact structure is
given by S? x S'. Let us consider the 2-sphere S?, with coordinates
(6, h) where 6 € (0,27) is the angle and h € (0,1) is the height, and
the 1-sphere S!' with coordinate ¢ € (0,27). Then (S? x S',a =
sin pdf + cos gp%) is a b-contact manifold. Once more, the rank on
the critical set changes when cos¢ = 0, where instead of a plane-

distribution, we are dealing with a line distribution.

Example 3.0.6 (Non-orientable example). Coorientable contact man-
ifolds are always orientable as a A (da)™ is a volume form. There
are b-contact forms on non-orientable manifolds. Consider the ex-

ample of the b-contact form on the 3-torus given by (T? x S',a =
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3.1. THE B-CONTACT DARBOUX THEOREM

cos@sifﬁ + sinfdy). Consider the group action Z/2Z that acts on
(z,y) € T? by Id-(x,y) = (z,y) and —Id-(z,y) = (1 — z,y). The
orbit space by this action is the Klein bottle. The b-contact form
is invariant under the action of the group and therefore descends to
K x St where K is the Klein bottle. The manifold K x S is of course

non-orientable.

Ezample 3.0.7 (Product examples). Let (N*"*! «) be a b-contact man-
ifold and let (M?™, d)\) be an exact symplectic manifold, then (N x
M, a + )\) is a b-contact manifold. It is easy to check that & = o + A
satisfies & A (d&)" ™™ 2 0.

In the same way if (N?"*1 «) is a contact manifold and (M?™, d)\)
be an exact b-symplectic manifold (where exactness is understood in
the b-complex), then (N x M, + A) is a b-contact manifold.

3.1 The b-contact Darboux theorem

In usual contact geometry, the Reeb vector field R, of a contact form

« is given by the equations

tp,do =0

a(R,) = 1.

In the case where we change the tangent bundle by 7'M, the existence
is given by the same reasoning: da is a bilinear, skewsymmetric 2-form
on the space of b-vector fields *T'M, hence the rank is an even number.
As a A (da)™ is non-vanishing and of maximum degree, the rank of da
must be 2n, its kernel is 1-dimensional and « is non-trivial on that line

field. So a global vector field is defined by the normalization condition.
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By the same reasoning, we can define the b-contact vector fields:
for every function H € C°°(M), there exists a unique b-vector field

Xy defined by the equations

txyo0 =H

txyda = —dH + R,(H)a.

A direct computation yields that in Example[3.0.2] the Reeb vector
field is given by %. In Example W7 the Reeb vector field is given by
z% and hence singular. We will see that, roughly speaking, the Reeb
vector field locally classifies b-contact structures.

We now prove a Darboux theorem for b-contact manifolds. The
proof follows the one of usual contact geometry as in [Gei08]. More
precisely, it makes use of Moser’s path method. There are two differ-
ences from the standard Darboux theorem: the first one is that there
exist two local models, depending on whether or not the Reeb vector
field is vanishing on the critical set Z. The second one is that in the
case where the Reeb vector field is singular, the local expression of
the contact form only holds pointwise, see for instance Example|3.1.3
Furthermore, in the case where the Reeb vector field is singular, this
linearisation is done up to multiplication of a non-vanishing function.
The proof is not following Moser’s path method in this case as the

flow of the Reeb vector field is stationary.

Theorem 3.1.1. Let a be a b-contact form inducing a b-contact struc-
ture & on a b-manifold (M, Z) of dimension (2n+ 1) and p € Z. We
can find a local chart (U, z, 21, Y1, ..., Tn, Yn) centred at p such that on
U the hypersurface Z is locally defined by z = 0 and

1. if Ry #0
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(a) &, is singular, then

dz n
aly = dzy + n— + > wdy;,
1=2

(b) &, is reqular, then

dz dz n
Oé|u = d(l}l -+ yl? + ? -+ Zl’zdy“
=2

2. if R, =0, then @ = fa for f(p) # 0, where

_ dz "
ay = ~ + indyi.
i=1

Proof. We may assume without loss of generality that M = R2?**!
and that p is the origin of R?**!1. Let us choose linear coordinates on
T,R***1. By the non-integrability condition, da has rank 2n and « is
non-trivial on the kernel of da. We first choose the vector belonging
to the kernel of da and then complete a symplectic basis of da.

Let us first treat the case where ker dae C T,Z: We choose z; such
that 8%1 € kerda and a(a%l) = 1. Now let us take V' € kera, but
V & T,Z such that tyda # 0. As V € T,Z, V belongs to the kernel

of the a vector bundle morphism
"TM|; — TZ

as explained in |[GMP14]. We take the coordinate z such that V =

z%. We then choose a coordinate y; such that 8%1 € kera and
o 9
dOé(ZE, 671,/1> =1

We complete a symplectic basis of da and we can choose the re-
maining 2n — 2 coordinates x; and y; in both cases so that for all

1=2,...,n that %,%_ETPZ
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We now set
dz <&
ag=dry +y1— + indyi when kerda C 7 (3.1)
7=
when &, is singular and when &, is regular we set

d d v
G = dz; + ylj + & > x;dy; when kerdo C Z.
< 2=

By the choice of the basis, it is clear that at the origin,

a =
do = day
when §, is singular. We only work out the details in this case, as the
case , regular works analogously.
Note that, until this stage, we only used linear algebra arguments,
which are more involved due to the structure of the vector bundle

TM. Let us now apply Moser’s path method. In a neighbourhood of

p, we consider the family of b-forms of degree 1
ar = (1 —t)ag +ta for te|0,1].
By the choice of basis, it is clear that at the origin,

Ay = X

dOét = da

and so oy is a path of b-contact forms in a neighbourhood of the origin.

We want to show that there exists an isotopy 1, : U + R?"*! satisfying

W‘at = Qp
Yi(p) =p (3.2)
¢t|Z Cc Z.
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Differentiating the first equation, we obtain Lx,a; + & = 0, where
Xi(p) = %(z/}{l(p))‘ " Inserting the splitting X; = HyR,, + Yi,
where H; € C*°(M) and Y; € ker oy, and applying Cartan’s formula,

we obtain

LYtdOét + dHt + dét = 0. (33)

Evaluating this differential equation in the Reeb vector field R,,, we

obtain

dH,(Ra,) + &u(Ra,) = 0. (3.4)

This equation can be solved locally around the point p, as we can
assume without loss of generality that R,, does not have closed orbits
around that point. This is due to the fact that R,, # 0. In fact, by
the construction of the coordinate system R, = 3%1' Furthermore, as
a¢(p) = 0, dH¢(p) = 0, and we can choose the constant of integration
such that H,(p) = 0. Once H, is chosen, let us take a look at Equation

(:3), given by
LYtdOét = —(dHt + Oét)

We want to solve this equation for Y;. By the previous observation and
the fact that day is a b-symplectic form, we obtain that Y;(p) = 0, so
Xi(p) = 0. Furthermore, it is clear that Y; is a b-vector field because
da is a b-form. Integrating the vector field X; gives us the isotopy
1y, satisfying the conditions of . This proves the first part of the
theorem.

Let us now consider the case where kerda ¢ T,Z, which corre-
sponds to the case where R, = 0 and da is a smooth de Rham form.
A b-form decomposes as f % + (3, where z is a defining function. As
da is smooth, the function f can only depend on z on Z and hence,
f(p) # 0 as we would be in the smooth case otherwise. We choose a

neighbourhood U around the origin such that f is non-vanishing on
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that neighbourhood. By dividing by f, the b-form & = % + 3 defines
the same distribution. Now take a contractible 2n-dimensional disk
D > pinlU. As (D,da) is symplectic, we know by applying Darboux
theorem for symplectic forms (we assume the disk D small enough),
that there exist 2n functions z;, y; such that locally da = =7 | dx;Ady;.
Now consider the b-form o — 3, 2;dy; — %. This form is closed and
smooth. Hence by Poincaré lemma for smooth forms, there exists a
smooth function g such that
a = Ciz +dg + z;:cidyz-.
We can change the defining function by Z = e™9z, so that % = % +dg.
Now .
a= d; + Z; x;dy;.

As a A (da)* = n% A dx; Ady; # 0, the functions 2, z;, y; form a
basis. ]

Remark 3.1.2. It follows from the b-Darboux theorem that if (M, ker )
is a b-contact manifold and ker «, is regular for p € Z, then there is

an open neighbourhood around p where ker «v is regular.

The following example shows that it is possible to have both local
models appearing on one connected component of the critical set. Fur-
thermore, it shows in the case where the Reeb vector field is singular,
we can only prove the normal form pointwise and does not hold in a

local neighbourhood as when the Reeb vector field is regular.

Ezample 3.1.3. (S? x S', a = sindf + cos ) where (6, h) are the
polar coordinates on S? and ¢ the coordinate on S*. The Reeb vector

field is given by R, = sin gp% + cos goh%.
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We will prove that there are at least two points where the Reeb
vector field is singular in the compact, 3-dimensional case. This will be
a corollary of the following. By definition of the b-tangent bundle, the
Reeb vector field is tangent to the critical set. We can prove that in
dimension 3, the Reeb vector field is in fact Hamiltonian with respect
to the induced area form from the contact condition. We will prove

the following theorem:

Theorem 3.1.4. Let (M, = u% + ) be a b-contact manifold of
dimension 3, where u € C*®(M) and B € QYM) as in Equation
2.0. Then the restriction on Z of the 2-form © = udf + [ A du is
symplectic and the Reeb vector field is Hamiltonian with respect to ©

with Hamiltonian function —u, i.e. t1g© = du.

Proof. In the decomposition, « is given by a = u% + [, where u €
C>(M) and B € Q'(M). As «a is a b-contact form, we compute
op

L ag+dn 2’

da=d —
o u N . 5’

where df is the exterior derivative on Z. Hence

oz/\doz:dzz/\(udﬂ—i-ﬁ/\du)—i—ﬂ/\dz/\gf.

As «a is b-contact, this last expression is non-zero as a b-form of degree
3. We claim that at a point p € Z, © := udf+ [ Adu is non-vanishing.
Assume by contradiction that (udf + 8 A du), = 0, but then a A da
is a smooth contact form at p which is a contradiction because p € Z.

Hence the b-contact condition implies that © := udf + 8 Adu is an
area form and dim Z = 2, it is symplectic. In the same decomposition,
let us write the Reeb vector field as R, = g2 +X, where g € C>(M)
and X € X(Z). As R,, is the Reeb vector field, we obtain the following
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equations:

g-u+pB(X)=1,
—gdu + 1xdp = 0,

txdu = 0.

A straightforward computation using those equations yield that . x© =
du, hence the restriction of R, to Z is the Hamiltonian vector field for

the function —u. O

In the compact case, the function v attains a minimum and maxi-

mum and therefore we obtain:

Corollary 3.1.5. Let (M, «) be a 3-dimensional closed b-contact man-
ifold. Then there are at least two points where the local normal form

of a is described by the singular model of the Darboux theorem.

We furthermore notice that « is not constant on the critical set in

the compact case.

Proposition 3.1.6. Let (M,a = u% + ) be a 3-dimensional closed

b-contact manifold. Then the function u|z is non-constant.

Proof. Assume by contradiction u|z to be constant. Then the area
form on Z given by © = udf is exact. As the dimension of M is 3, it
is an exact symplectic form on the closed surface Z. This contradicts
Stokes theorem. n

Remark 3.1.7. As shown in Example [3.0.4] there is a b-contact struc-
ture on the unit disk under the pull-back under the Mébius transfor-
mation of the regular local model. It follows from the last corollary,

that this example can not be compactified.
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Ezample 3.1.8. As before, consider (S? x S, o = sin ¢df + cos o).
The Reeb vector field on the critical set is given by Hamiltonian vector
field of the function — cos¢ with respect to the area form dy A df.
Hence, on the critical set, the Reeb vector field vanishes when cos ¢ =
0 and there are no periodic orbits of the Reeb vector field on the

critical set.

A well known result in contact geometry is Gray’s stability theo-
rem, asserting that on a closed manifold, smooth families of contact
structures are isotopic. The proof uses Moser’s path method that
works well in b-geometry. One proves in the same line the following

stability result for b-contact manifolds.

Theorem 3.1.9. Let (M, Z) compact b-manifold and let (&), t € [0, 1]
be a smooth path of b-contact structures. Then there exists an isotopy
¢y preserving the critical set Z such that (¢y).&o = &, or equivalently,

oy = Mg for a mon-vanishing function A;.

Proof. Assume that ¢, is the flow of a time-dependent vector field X;.

Deriving the equation, we obtain
dix,ap + tx,doy + & = pyoy

where p; = % o ¢;'. If X, belongs to &, the first term of the last

equation vanishes and applying then the Reeb vector field yields
dt(Rat) = .
The equation given by

L doy = oy — ay
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then defines X; because (pa; — ) (R, ). We integrate the vector field
X; to find ¢, and as X; is a vector field, tangent to the critical set,

the flow preserves it. O

The compactness condition is necessary as it is shown in the next

example.

Ezample 3.1.10. Consider the path of b-contact structures on R? given
by ker oy, where a; = (cos 2t — ysin Z¢)%2 + (sin 2t + ycos 2t)dz. As
oy = % +ydx and o = dx — y%, the two b-contact structures cannot

be isotopic.

In the same lines, we prove the following semi-local result.

Theorem 3.1.11. Let (M, Z) be a b-manifold and assume Z compact.
Let &y = ker ag and & = ker ay be two b-contact structures such that
aglz = ai|z. Then there exists a local isotopy ¢y, t € [0, 1] in an open
neighbourhood U around Z such that oy = Mg and Y|z = 1d where

A¢ is a family of non-vanishing smooth functions.

Proof. The proof is done following Moser’s path method. Put & =
(1 —t)& + t&, t € [0,1]. Because the non-integrability condition
is an open condition and &|z = &|z = &i|z, there exists an open
neighbourhood U containing Z such that &; is a family of b-contact
structures. We will prove that there exists an isotopy vy : U — M
such that ¥;a; = Mg, where \; is a non-vanishing smooth function
and M|z = Id. Assume that ¢, is the flow of a vector field X; and

differentiating, we obtain the following equation:

dix,ap + tx,doy + &y = ppoy,
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where 1, = g (log|\d) o ¢y "

down

Taking X; € &, this equation writes

dt + LXtdOét = Q. (35)

Applying the Reeb vector field to both sides, we obtain the equation
that defines p;:

Mt = dt(Rat)'

As ¢y|lz =0, |z = 0 and hence X, is zero on Z. By non-degeneracy
of day on & there exists a unique X; € & solving Equation [3.5 Inte-
grating X; yields the desired result. [

Note that this proof fails if one wants to prove stability of b-contact
forms, that is we cannot assume that A\, = Id in a neighbourhood of
Z.

3.2 b-Jacobi manifolds

We already mentioned that in the b-symplectic manifolds, it is often
helpful to look at b-symplectic manifolds as being the dual of a partic-
ular case of Poisson manifold. In contact geometry, Jacobi manifolds
play this role as explained by the geographical map, see Figure
Recall that a Jacobi structure on a manifold M is a triplet (M, A, R)
where A is a smooth bi-vector field and R a vector field satisfying the

following compatibility conditions:
[A,A] =2R A A, [A,R] =0. (3.6)

Definition 3.2.1. Let (M, A, R) be a Jacobi manifold of dimension 2n+
1. We say that M is a b-Jacobi manifold if A" A R cuts the zero section
of A*"*(T'M) transversally.
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Note that this definition is similar to the one of b-Poisson mani-
folds, in the sense that it also asks the top wedge power to be trans-
verse to the zero section. We denote the hypersurface given by the
zero section of A*"*1(TM) by Z and we call it the critical set.

We will prove that b-contact manifolds and b-Jacobi manifolds are
dual in some sense, as will be explained in the next two propositions.
Before doing so, let us note that in the case where the dimension of
the Jacobi manifold is dim M = 2n, we can given an similar definition
to the one of Definition by asking that A" cuts the zero-section
of A*"(TM) transversally. It should be possible to prove in the same
lines that this case corresponds to locally conformally b-symplectic

manifold.

Proposition 3.2.2. Let (M, ker «) be a b-contact manifold. Let A be
the bi-vector field computed as in Equation[2.3 in Section and let
R be the Reeb vector field. Then (M, A, R) is a b-Jacobi manifold.

Proof. As being b-Jacobi is a local condition, we can work in a local
coordinate chart. Outside of the critical set, « is a contact form.
Hence we can compute A as in Equation in both local models of
the Darboux theorem and A can smoothly be extended to the critical
set Z. A straightforward computation now yields that for both local
models A" A R 0. ]

Recall that to every Jacobi manifold (M, A, R), one can associate
a homogeneous Poisson manifold obtained through Poissonization, see
Proposition The same stays true in the b-scenario, although we
need to assume that the b-Jacobi manifold is of odd dimension, as

b-Poisson manifold are defined only for even dimensions.
Lemma 3.2.3. The Poissonization of a b-Jacobi manifold of odd di-
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3.2. B-JACOBI MANIFOLDS

mension is a homogeneous b-Poisson manifold.

Proof. The proof is a straightforward computation:
+1 —(n+1) d
[ = —e """V — AA" AR.
or
It follows from the definition of b-Jacobi that II is transverse to the

zero-section. OJ

We now prove that there is a one-to-one correspondence between
b-Jacobi and b-contact manifolds. The proof is based on the local
normal form of Jacobi structures, recalled in Section in Theorem
2.6.5

Proposition 3.2.4. Let (M*""' A, R) be a b-Jacobi manifold. Then

M is a b-contact manifold.

Proof. Let (M, A, R) be the b-Jacobi structure, so that A A R M 0.
As usual, denote the critical hypersurface by Z = (A™ A R)™(0).
First note that outside of Z, the leaf of the characteristic foliation is
maximal dimensional. This is saying that outside of Z, the Jacobi
structure is equivalent to a contact structure.

Consider a point p € Z and denote the leaf of the characteristic
foliation by L. By the transversality condition, the dimension of the
leaf needs to be of dimension 2n or 2n—1. Indeed, as (M xR, 6*7(5% A
R+ A)) is b-Poisson, the critical set of M x R is foliated by symplectic
manifolds of codimension 2, that is of dimension 2n. Hence the critical
set restricted to the hypersurface {r = 0}, which is identified to be
the critical set Z of the initial manifold M, is foliated by codimension
1 and codimension 2 leaves.

Let us first consider the case where at the point x € Z, the leaf

is of dimension 2n. We will prove that this case corresponds to the
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case where the R is singular, vanishing linearly. Let us apply Theorem
2.6.5. Hence the Jacobi manifold (N, Ay, E) is of dimension 1, hence
Ay is zero. Hence A is given by

n

A= Zaxz

We now use the transversality condition on A" A E to conclude
that EFy = 2= 6

associated to the b-contact form o = % + 370 | x;dw;y .

sz+na EN

axz—‘rn H—n

. which is the same expressmn for the b-Jacobi structure

Let us consider the case where the leaf is of dimension 2n — 1. We
will see that this corresponds to the case where the Reeb vector field

is regular. According to Theorem the bi-vector field is given by
A=Ay 1 +AN+ENZy

where (N, Ay, Zy) is a homogeneous 2-dimensional Poisson manifold

and )
f 0 0 0
Nopy = Z(%Jrn—l% — 67) A

i=1

OTitq

The transversality condition implies that AL, %, A AN A o= 0,
hence Ay is a b-Poisson manifold. By [GMPSIA], Ay = 22 A2 8 . The
homogeneous vector field Zy is determined by equation EZNAN =

—Ay. Hence Zy = ya%. Hence the Jacobi structure is given by
E= ai and
z0

n-l 0 0 0 0 0 0 0
A — Y v
Z(an Yo, Gmi) A OTiyq “oz dy  Oxg 4 yay’

i=1

which is the Jacobi structure associated to the contact form o = dxg+
y% + 2?2_11 xidl’i+q. ]

Combining Proposition [3.2.4] and [3.2.2] we obtain the following

correspondence.
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Corollary 3.2.5. Let (M*"*! kera) be a b-contact manifold. Then
(M, A, R) is a Jacobi manifold, where A is the bi-vector field computed
as in Fquation satisfying the following transversality conditions
A" AR 0. Conversely, any odd-dimensional Jacobi manifold that

satisfies that transversality condition defines a b-contact structure.

3.3 Geometric structure on the critical

set

To determine the induced structure of the b-contact structure on the
critical set, we compute the associated Jacobi structure. As already
mentioned in Section [2.6] the Hamiltonian vector fields defined by
Xy = AN(dH) + HR integrate to a foliation, where the leaves are
either of contact or locally conformally symplectic type, depending on
the parity of the dimension of the leaf.

The computation of a Jacobi structure associated to a contact
structure is explained in Section As we have proved a local norm
form theorem, we can use the two local models to compute the as-
sociate Jacobi structure and check in both cases if R € Af. We will

prove

Theorem 3.3.1. Let (M*""! & =kera) be a b-contact manifold and
p € Z. We denote F, the leaf of the singular foliation F going through
p. Then

1. if & s regular, that is F, of dimension 2n, then the induced

structure on JF, is locally conformally symplectic;

2. if &, is singular, that is F, of dimension 2n—1, then the induced

structure on JF, is contact.
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CHAPTER 3. BM-CONTACT GEOMETRY

Proof. By Theorem 1} if &, is singular, the Reeb vector field is not
singular and the contact form can be written locally as o = dxy +
yl— + 30, xidy;). The Reeb vector field is given by R = 6%1’ the
dual of da by IT = 25>~ ay A 8Z + i, aa: 8%;1-' As Liouville vector field
with respect to do, we take X = >, yia%i' The Jacobi structure
associated to this b-contact structure is given by A =11+ R A X.

On the critical set, we have

0

Zl 3yz

Z

Let us check if we can find a one form « such that A‘j(a) = 8%1. For
y1 = 0, this cannot be solved, hence the set {z = 0,y; = 0} is a leaf
with an induced contact structure.

If £, is not singular and the Reeb vector is regular, the contact form
can be written locally as @ = dx; + y1 £ 4+ dz + 30, zidy;). A direct
computation implies that the Reeb vector ﬁeld lies in the distribution
spanned by the bi-vector field A, hence the b-contact structure induces
a locally conformally symplectic structure on the set {z = 0,3, # 0}.

Last, if &, is not singular and the Reeb vector is singular, The-
orem yields that the Reeb vector field can be written as z%.
As the Reeb vector field is vanishing, the critical set equals the 2n-
dimensional leaf spanned by ImA?. The induced structure on F,, is

locally conformally symplectic. ]

Remark 3.3.2. Let us consider the case where dim M = 3 and the dis-
tribution ¢ is singular. Then the induced structure on the critical set
is given by A|z = ylaiyl A 8%1' As the critical set is a surface, it is clear
that this is a Poisson structure and furthermore, that it is transverse
to the zero section. Hence we obtain an induced b-symplectic structure

on the critical set. Note that this is not true for higher dimensions.
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3.4. SYMPLECTIZATION AND CONTACTIZATION

3.4 Symplectization and contactization

We will see that the symplectization of a b-contact manifold is a b-

symplectic manifold.

Similarly, particular types of hypersurfaces in b-symplectic mani-

folds are b-contact.

Example 3.4.1. Let (R*,w = %dz A dt + dx A dy) be a b-symplectic
manifold. A Liouville vector field is given by X = %(z% —l—2t% +a:a% +
ya%). Note that Liouville vector fields are defined up to addition of
symplectic vector fields, that is a vector field Y satisfying Lyw = 0.

Another Liouville vector field is for example given by t% + x%.

Let us take a b-symplectic manifold (W, w) of dimension (2n + 2)
and a Liouville vector field X on W that is transverse to a hypersurface
H of W. Then (H,txw) is a b-contact manifold of dimension (2n + 1)
as Lxw A (dixw)” = —ix (W) is a volume form provided that X is
transverse to H. If H does not intersect the critical set, one obtains of
course a smooth contact form. Due to the b-Darboux theorem, there
are two local models for b-contact manifolds and we will see that we
can obtain both structures, depending on the relative position of the

hypersurface with the Reeb vector field on it.

Ezample 3.4.2. Let us take (W = R*, w = 1dz A dt + dz A dy) and
the Liouville vector field X = t% + xa%. The contraction of X with
the b-symplectic form yields txw = —%dz + xdy. Let us take differ-
ent hypersurfaces transverse to X and compute the induced b-contact

form.
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e If we take as hypersurface the hyperplane
Ml = {(L y, —t, Z)? Y, t,z € R}a

which is transverse to X, we obtain a = dy + t%, which is the

regular local model.

e [f we take as hypersurface the hyperplane
M2 = {(f]ﬂ', Y, _17 Z)? z,Y,z c R}a

which is transverse to X, we obtain a = % + xdy, which is the

singular local model.

FExample 3.4.3. The three dimensional sphere admits a b-contact struc-
ture. Consider the R* with the standard b-symplectic structure w =
‘%1 A dy, + dxs A dys and denote by S® the unit sphere in R*. The
Liouville vector field X = %xla%l + y18iy1 + %(xga%z + yga%Q) is trans-
verse to the sphere and hence ¢ xw defines a b-contact form on S3. The
critical set is a 2 dimensional sphere, S?, given by the intersection of

the sphere with the hyperplane z = 0.

Example 3.4.4. The unit cotangent bundle of a b-manifold has a nat-
ural b-contact structure. Let (M, Z) be a b-manifold of dimension n
with coordinates z,y;,4 = 2,...,n as in Example [3.0.2] It is shown
in [GMP14] that the cotangent bundle has a natural b-symplectic
structure defined by the b-form given by the exterior derivative dA =
d(xl%—FZ?:z xldyl) The unit b-cotangent bundle is given by *T} M =
{(z, 92, Yny X1, -y T) € PT*M| S0 22 = 1}. The vector field
Yo xia%i defined on the b-cotangent bundle *7*M is a Liouville vec-
tor field, and is transverse to the unit b-cotangent bundle, and hence

induces a b-contact structure on it.
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3.4. SYMPLECTIZATION AND CONTACTIZATION

From a Riemannian point of view, the Reeb vector field describes
the geodesic flow associated to a b-metric, that is a bundle met-
ric on °T'M. In the coordinate chart (z,y;), a b-metric is give by
g= Z%dz@derZf’:Q dy; ®dy; and induces a bundle metric g* on *T* M.
The unit cotangent bundle is alternatively described by *Ty M = {X €
“T*M|g*(X, X) = 1} and the associated Reeb vector field to the as-
sociated contact form as described above, is the push-forward under

the bundle isomorphism of the geodesic vector field on *T'M.

We will compute a particular case of the unit cotangent bundle of

a b-manifold.

Ezample 3.4.5. Consider the torus T? as a b-manifold where the bound-
ary component is given by two disjoint copies of S*. The unit cotan-
gent bundle S*T?, diffeomorphic to the 3-torus T? is a b-contact man-
ifold with b-contact form given by a = sin %iﬁf% + cos ¢dy, where ¢

is the coordinate on the fibre and (z, %) the coordinates on T=.

We saw that hypersurfaces of b-symplectic manifolds that are trans-
verse to a Liouville vector field have an induced b-contact structure.
The next lemma describes which model locally defines the b-contact

structure.

Lemma 3.4.6. Let (W,w) be a b-symplectic manifold and X a Liou-
ville vector field transverse to a hypersurface H. Let R be the Reeb vec-
tor field defined on H for the b-contact form o = ixw. Then R € H*,
where H is the symplectic orthogonal of H.
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Proof. The Reeb vector field defined on H satisfies
ZR(dO[)|H = ZR(dew)|H = iRw|H = O
O

Hence if H' is generated by a singular vector field, the contact
manifold (H, «) is locally of the second type as in the b-Darboux the-
orem. In the other case, the local model is given by the first type.

We now come back to the contactization of a b-symplectic manifold.

Theorem 3.4.7. Let (M, «) be a b-contact manifold. Then (M X

R,w = d(e'a)) is a b-symplectic manifold.

Proof. 1t is clear that w is a closed b-form. Furthermore, a direct

computation yields
n+1
((etda)> = at A a A (do),
which is non-zero as a b-form by the non-integrability condition. [

It is easy to see that % is a Liouville vector field of the symplecti-
zation (M x R, d(e'a)), which is clearly transverse to the submanifold
M x {0}. Hence, we obtain the initial contact manifold (M, a). This

gives us the following proposition.

Proposition 3.4.8. FEvery b-contact manifold can be obtained as a

hypersurface of a b-symplectic manifold.

Remark 3.4.9. Another close relation between the symplectic and the
contact world is the contactization: take an exact symplectic manifold,
i.e. (M,dp), then (M x R, + dt), where t is the coordinate on R,

is contact. This remains true in the b-case. Furthermore, it is clear
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that by this construction, we obtain b-contact forms of the first type,

as the Reeb vector field is given by %.

3.5 Other singularities

In this section, we consider other singularities in contact geometry.
The first example is obtained by considering higher order singularities
instead of the transversality condition, obtaining b™-contact struc-

tures.

3.5.1 b"-contact structures

In the light of b™-symplectic structures, we consider contact structures
with higher order singularities. As explained in Subsection [2.7.2] the

bm-tangent bundle *"T'M is the vector bundle whose sections are given

by
(2 )
0z 0x1’ T 0xp_1 )’

As usual, here Z C M denotes the hypersurface given as the zero

level-set of the function z. Similar to 0™-symplectic manifolds, we

define b"-contact forms as follows.

Definition 3.5.1. A b™-contact structure is the distribution given by
the kernel of a one b™-form £ = kera C ""TM, a € " QY(M), that
satisfies a A (da)™ # 0 as a section of AZ"TL(*"T*M). We say that o

is a b-contact form and the pair (M, £) a b™-contact manifold.

The proofs of the theorems of the previous sections, in particular

Theorem and Proposition and the construction carried out
in Section[3.4] generalize directly to this setting. For the sake of a clear
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notation, we do not write down the statements of the generalization,

but only assert that b can be replaced by 0 in the statements.

3.5.2 Folded contact

We briefly introduce another kind of singularities of contact forms.
Those correspond to the odd-dimensional counterpart of folded sym-
plectic structures, see Definition [2.7.8|

Definition 3.5.2. A form a € Q'(M?*"*!) is a folded contact form if

A (da)™ M 0. The hypersurface Z = {z € M|a A (da)"(p) = 0}
is called folding hypersurface. The distribution ker v is called folded
contact structure and we will see that the rank of this distribution can

change (as in the b™-contact case).

As in the b™-contact case, away from the folding hypersurface,
the kernel of folded contact forms define a contact structure. Folded
contact forms are dual in some sense to b™-contact forms and we will

see that they are related through the desingularization technique (see
Proposition [4.2.5)).

Ezxample 3.5.3. The following are examples of folded contact forms on
R3 with folding surface Z:

1. a =dz+ 2%dy with Z = {z = 0};
2. a =dz+ zydy with Z = {y = 0};
3. a =vydz + xdy with Z = {z = —y};
4. a = zdz + xdy with Z = {z = 0}.
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The two last examples are different from the first two: the kernel of the
first two defines a hyperplane distribution that is integrable along the
folding hypersurface. This is contrast to the last two examples because
there are points on the folding hypersurface where a(p) = 0. At those
singular points, the kernel is no longer a hyperplane distribution but
spans the whole space. In other words, the Reeb vector field defined
on M \ Z extends smoothly over Z in the two first examples. In the

singular points of the last two examples, this vector field blows-up.

This behaviour is to be compared to the Darboux theorem of b™-
contact forms, where the Reeb vector field can vanish on the critical

hypersurface.

We don’t enter in a more detailed study of folded contact forms
but only remark that folded contact structures appear in the work of
[Mar70, [JZ01] under the name of singular contact structures that are
structurally smooth (this condition is just the transversality condition
as in Definition . The folding hypersurface is called Martinet

hypersurface.

We also remark that this is a particular case of confoliation, as
studied in [YETT9§].

We will relate the study of folded contact to the one of b™-contact
geometry in Section .2l We also point out that the results, as ex-
plained in Section [3.4]also hold in the folded case: indeed the symplec-

tization of a folded contact structure is a folded-symplectic structure.

We will see in Chapter [4] that in dimension 3, a generic surface in

a manifold can be seen as the folding surface of a folded contact form,

see Corollary [4.3.8|
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3.5.3 FE-contact

In this subsection, we investigate examples of E-contact forms. Those
appear in the literature as contact Lie algebroids, see [IP17]. As in
Subsection [2.7.4] we assume that E is a locally finitely generated sub-
module of X(M) and that it is involutive. It follows from these as-
sumptions that there exists a vector bundle *T'M whose sections are
given by E and that there is a well-defined exterior derivative for F-
forms. We call the set of points such that at the level of germs £TM

does not coincide with T'M the singular locus of M.

Definition 3.5.4. Let a € FQ(M) an E-form of degree 1 and assume
the rank of T'M is given by (2n + 1). We say that « is an E-contact
form if o A (da)™ # 0 as section of the bundle A2*+H(ET*M).

It follows from the definition that away from the singular locus,

FE-contact forms are just smooth contact forms.

We will construct several examples.

Ezample 3.5.5 (C-contact). This is a generalization of b-contact, where

self-intersection of the critical hypersurface are allowed.

Ezample 3.5.6 (Elliptic contact). Consider E = (zZ + ya%,ma% —
y(%, %) on R®. Away from the codimension 2-submanifold (in this

case the line z = y = 0), those forms define a contact structure. We

call the resulting F-contact forms elliptic contact forms.

Ezample 3.5.7 (Isolated singular contact). Consider £ = <x8%, ya%, z%)

on R3. The singular locus is given by the origin of R?.
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Ezample 3.5.8. Consider a regular foliation § of rank (2n + 1) of the
manifold M2 *1+™ and consider E the vector fields tangent to §. A
E-contact form is a smooth differential 1-form such that kera NTF
defines a contact distribution on the leaf §. We call those E-contact

forms foliated contact forms.

Remark 3.5.9. As before in the case of folded contact and folded sym-
plectic structures, the symplectization of a E-contact form yields a

FE-symplectic form.

As in the case of b"-contact forms, every E-contact form a defines
a unique Reeb vector field R, € E C X(M) that can be viewed as a

smooth vector field by the usual inclusion.

Remark 3.5.10. In the case of foliated contact forms, the Weinstein
conjecture has been proved in [dPP18]. In Chapter [5| we will prove
the existence of periodic Reeb orbits of E-contact forms on compact
manifolds under some supplementary assumptions in Theorem [5.5.10]
but do not recover the result proved in [dPPI8§], see also Remark
[£.5.13] In the hypotheses of the theorem that we will prove for compact
E-contact manifold, we ask the overtwisted disk to be contained in the
interior of the complement of the singular locus. However, the singular
locus for foliated contact forms is, in the general case, empty and hence
Theorem does not apply to that case.
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Chapter 4

Obstructions and
constructions on
b"'-symplectic and

b'"'-contact manifolds

Ja, man muss seinen Traum finden, dann wird der Weg leicht. Aber
es gibt keinen immerwahrenden Traum, jeden [0st ein neuer ab, und
keinen darf man festhalten wollen.

Hermann Hesse, Demian.

In this chapter, we analyse the obstructions to the existence of b™-
symplectic structures. We desingularize b™-contact structures to con-
tact and folded contact structures and prove existence of b"-contact
structures through a singularization process. The same techniques

yield the singularization of cosymplectic hypersurfaces in symplectic
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manifold to b™-symplectic manifolds.

4.1 Obstructions to the existence of b"-

symplectic manifolds

The obstruction for the existence of a symplectic structure on an even-
dimensional orientable manifold lies in the second cohomology class
H?(W). A similar statement holds for b™-symplectic manifolds, where
the standard cohomology is substituted by the b-cohomology.

This following theorem has first been proved in [MT™14], here we
use a more direct version involving Proposition 10 of [GMP14]. We

only consider the orientable case.

Theorem 4.1.1. Let (W?",w) be an orientable b™-symplectic mani-

fold with compact critical hypersurface Z. Then there exists an element

c € H*(W) such that "' # 0.

Proof. Let f be the defining function for the critical set Z. Then we
can decompose the b™-symplectic form as
w=aAl ﬁ + 4,
fm

with a € QW) and 8 € Q*(W). By Proposition 10 in [GMP14],
which was strictly speaking only proved for b-symplectic manifold,
but the b"™-case is the same, the forms o and  can be chosen without
loss of generality to be closed. Furthermore, denoting ¢ : 2 — W
the inclusion, ¢*(a A f"71) is nowhere vanishing, hence it is a volume
form on Z. We claim that the class [f] satisfies the assumptions of

the theorem. Indeed, [5]"~! needs to be non-zero. Assuming it to be
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zero leads to a contradiction by Stokes theorem:

07&/ZL*(04/\5”’1):/azb*(a/\dn):O,

where we used that Z is compact. [

This theorem gives cohomological obstructions for the existence of
b™m-symplectic manifolds. It follows for instance that S™ for n > 0
does not admit any b0"-symplectic structure.

We point out that in contrast to symplectic geometry, non-orientable

b*~1_symplectic structures, as for exam-

manifolds do possibly admit
ple the projective plane. This can be described by the 2-colorability of
the graph whose edges are given by the connected components of the

W\ Z and the nodes by the connected components of Z, see [MP18].

4.2 Desingularization of 0"-contact man-
ifolds

The proof is based on the idea of [GMW19]. However, in contrast
to the symplectic case, we need an additional assumption in order to
desingularize the b™-contact form.

Recall that from Equation it follows that a b™-form a €
Q! (M) decomposes a = uZ + 3 where u € C*°(M) and 8 € Q' (M).
In order to desingularize the b-contact forms, we will assume that

is the pull-back under the projection of a one-form defined on Z.

Definition 4.2.1. We say that a b™-contact structure (M, ker o) is al-
most convex if § = 7, where 7 : N'(Z) — Z is the projection from
a tubular neighbourhood of Z to the critical set and 3 € Q'(Z). We
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will abuse notation and write 8 € Q'(Z). We say that a b™-contact
structure is convex if 8 € Q1(Z) and u € C*(Z).

Note that the this notion is to be compared to the one of convex
hypersurfaces, which we will recall in the next section. As we will
see in the next lemma, almost convex b"-contact structures are semi-

locally isotopic to convex ones.

Lemma 4.2.2. Let (M, ker «) be an almost conver b™-contact mani-
fold and let the critical hypersurface Z be compact. Then there exists
a neighbourhood around the critical set U O Z, such that o is isotopic

to a convex b -contact form relative to Z on U.

Proof. Let o = u2 + 8 where u € C*°(M) and 8 € Q'(Z). Put
& = upz + B, where ug = ulz € C*(Z), which is convex. Take the
linear path between the two b™-contact structures, which is a path of
b™-contact structures because ¢ and € equal on Z. Applying Theorem
3.1.11] we obtain that there exist a local diffeomorphism f preserving

7 and a non-vanishing function A such that on a neighbourhood of Z,
ffa = Aa. ]

The next lemma gives intuition on this definition and gives a ge-
ometric characterization of the almost-convexity in terms of the f.-

desingularized symplectization.

Lemma 4.2.3. A b™-contact manifold (M, ker «) is almost-convex if
and only if the vector field % is a Liouville vector field in the desin-
gularization of the b™-symplectic manifold obtained by the symplecti-
zation of (M, ker o). Here t denotes the coordinate of the symplectiza-

tion.
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Proof. Let (M, ker a) be a almost-convex b"-contact manifold. The
symplectization is given by (M x R,w = d(e'a)). The desingulariza-
tion technique of Theorem [2.7.9| produces a family of symplectic forms
we = uetdt Ndf. + etdt A B+ etdu A df. + e'd3. From almost-convexity
it follows that % preserves we, SO % is a Liouville vector field.

To prove the converse, assume that % is a Liouville vector field in

(M, w). It follows from the fact that £ w. = w, that § € 0Y(Zz). O

We will see that under almost-convexity, the b?*-contact forms can

be desingularized.

Theorem 4.2.4. Let (M**! ker ) a b*-contact structure with crit-
ical hypersurface Z. Assume that o« is almost conver. Then there
exists €g > 0 and a family of usual contact forms a., € € (0, €y) which

b2k

coincides with the b*"-contact form « outside of an e-neighbourhood of

Z. The family of bi-vector fields A,, and the family of vector fields
R, associated to the Jacobi structure of the contact form o, converges
to the bivector field A, and to the vector field R, in the C**~1-topology
as € — 0.

We call a, the f.-desingularization of «.

A corollary of this is that almost-convex b"-contact forms admit a
family of contact structures if m is even, and a family of folded-type
contact structures is m is odd.

The proof of this theorem follows from the definition of convexity

and makes use of the family of functions introduced in [GMW19).

Proof. By the decomposition lemma, o = uzd—i + 5. As « is almost

convex, the contact condition writes down as follows:
n dz n n—1
a A (da)" = g A (u(dB)” +nB ANdu N (dB)") # 0.
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In an e-neighbourhood, we replace Zd—i by a smooth form. The expres-
sion depends on the parity of m.

Following [GMW19] we consider an odd smooth function f €
C*(R) satisfying f'(x) > 0 for all x € [—1,1] and satisfying outside
that

L2 for x< -1,
flz) = G0 (4.1)
W + 2 fOI' T > 1

Let f.(z) be defined as e~V f(x /e).

We obtain the family of globally defined 1-forms given by a. =
udf. + [ that agrees with « outside of the e-neighbourhood. Let us
check that a, is contact inside this neighbourhood. Using the almost-
convexity condition, the non-integrability condition on the b™-form «

writes down as follows:

ae A (dae)” =dz N (fl(2)udB + fi(z)B AN du— B N gf)

We see that a. A dae = f/(2)2"a A da and hence a. is contact.

We denote by A, and R, the bi-vector field and vector field of the
b-contact form a. Now let us check that the bi-vector field A,, and
the vector field of R, corresponding to the Jacobi structure of the
desingularization converge to A, and R, respectively.

Let us write R, and A, in a neighbourhood of a point p € Z.

0 0
Razgzz"“@+x, Aazz%@wlﬂ@me

where g € C*®(M) and X,Y; € X(Z) for i = 1,2,3. The Jacobi

structure associated to the desingularization is given by

1 0 1 0
Ry, =g———+X, A, = — AY1+Y5AYs5.
T ee T e T e M TR
The C?*~!-convergence follows from this formulas. O
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It is possible to desingularize b***T'-contact structures following
[GMW19|. The resulting one-form of this desingularization is of folded
contact structure defined in Subsection 3.5.2]

Theorem 4.2.5. Let (M*"*! kera) a b**l-contact structure with
critical hypersurface Z. Assume that o is almost convex. Then there
exist € > 0 and a family of folded contact forms a. fore € (0, €y) which

b2k+1

coincides with the -contact form a outside of an e-neighbourhood

of Z.

Proof. By the decomposition lemma, o = uZ;,i% + B. As « is almost

convex, the contact condition writes down as follows:

dz

A (u(dB)" +nB Adu A (dB)"1) # 0.

In an e-neighbourhood, we replace Z;,i% by a smooth form.

Following [GMW19] we consider an even smooth function given by

fe(x) == 25 f(£) where f € C*=(R) satisfies
e f>0and f(z) = f(—x),
e fl(x)>0ifx <0,
o f(z)=—a?+2ifze[-1,1],
o f(z)=log(lz|) it k=02 € R\ [-2 2]
o f(2) = Grrgere if k>0, 2 € R\ [-2,2].

We define o = udf.+ 5. We see that a.Ada, = fI(z)dzA(u(dB)"+
nB Adu A (dB)" ') and hence «. is folded contact: indeed f! vanishes
transversally at zero, and away from zero, this last expression is non-

Zero.

]
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An alternative proof of the last two theorems would be to use the
symplectization as explained in Section and to use immediately
Theorem in the symplectization. The almost convex condition
makes sure that the vector field in the direction of the symplectization
is Liouville in the desingularization, see Lemma [4.2.3] Hence the in-
duced structure is contact. Without the almost-convexity, the induced
structure of the desingularized symplectic form on the initial manifold
is not necessarily contact. This is saying that almost-convexity is a
sufficient condition, but not a necessary condition to apply the desin-

gularization method.

4.3 Existence of singular contact struc-

tures on a prescribed submanifold

In the present section, we will see that in presence of convex hyper-
surface in contact manifolds, the inverse construction holds.

Existence of contact structures on odd dimensional manifolds has
been one of the leading questions in the field and the necessary results
are contained in Section 2.3

We will prove that convex hypersurfaces can be realized as the
critical set of b?*-contact structures. A similar result holds for b%+1-
contact structures. However, in this case the critical set has two con-
nected components, which correspond to two convex hypersurfaces
arbitrarily close to a connected component of the given convex hyper-

surface.

Theorem 4.3.1. Let (M, &) be a contact manifold and let Z be a con-
vex hypersurface in M with dividing set given by . Then M admits

a b*-contact structure for all k € N* that has Z as critical set. The
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4.3. EXISTENCE OF BM-CONTACT STRUCTURES

codimension 2 submanifold 3 corresponds to the set where the rank of

the distribution drops and the induced structure on Z is contact.

Using Giroux’s genericity result, we obtain the following corollary

in dimension 3:

Corollary 4.3.2. Let M be a 3-dimensional manifold. Then for a

b2k

generic surface Z, there exists a b"-contact structure on M realising

7 as the critical set.

Proof of the Corollary. Using Gromov’s result in the open case and
Lutz—Martinet for M closed (Theorem , we can equip M with a
contact form. By the abundance of convex surfaces in contact man-
ifolds, that is Theorem [2.3.6] a generic surface Z is convex and the

conclusion follows from Theorem [4.3.11 O

Proof of Theorem[{.3.1. Using the transverse contact vector field, we
find a tubular neighbourhood of Z diffeomorphic to Z x R such that
the contact structure is defined by the contact form o = udt + (3,
where t is the coordinate on R, u € C*(Z) and 8 € Q'(Z), see
Lemma[2.3.7] Note that in general, v is multiplied by a non-vanishing
function ¢ that is not vertically invariant. As g is non-vanishing, the
form divided by the function gives a contact form defining the same
contact structure. The non-integrability condition then is equivalent
of saying that u(df)" + nf A du A df is a volume form on Z. We will
change the contact form to a b**-contact form.

Take € > 0. Let us take a function s, (that is smooth outside of
x = 0) such that

1. sc(x) =z for x € R\ [—2¢, 2¢],
2. s5(x) = === for x € [—¢,0[U]0, €],
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3. si(x) > 0 for all z € R.

Now consider a, = uds. + 3. By construction, a. is a b**-form that
coincides with « outside of Z x (R\ [—2¢, 2¢]). Furthermore, . satisfies
the non-integrability condition on Z x| — 2¢, 2¢[ because s. > 0.

The rest of the statement follows from the discussion of Section

3.3 O

Remark 4.3.3. Note that there are many different choices for the func-
tion s, yielding the same result: the function s, only needs to allow
singularities of the right order and have positive derivative. We call

(M, a.) the s.-singularization of the contact manifold (M, «v).

This proof only works for b-contact forms where m is even because
it is essential that s, > 0. In the case where the complimentary set of
the convex hypersurface is connected, the contact condition obstructs
the existence of b?**1-contact structures on M having Z as critical set.
This is because the contact condition induces an orientation on the
manifold, whereas in the b***!-contact case, the orientation changes
when crossing the critical set. The same holds for symplectic surfaces:
see for example [MP18] where this orientability issues were formulated

using colorable graphs.

Lemma 4.3.4. Let M be an orientable manifold with Z a hypersur-
face such that M\ Z is connected. Then there exist no b**1-contact

form with critical set Z.

Proof. Assume by contradiction that there is a b***!-contact form.
Let z be a defining function for the critical set. Around the critical
set, the contact condition writes down as Z%%l/, where v is volume

form on M. This expression has opposite signs on either side of Z.
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4.3. EXISTENCE OF BM-CONTACT STRUCTURES

As M\ Z is connected, a A (doa)™ must vanish in M \ Z, which is in

contradiction with the contact condition. O]

To overcome this orientability issue, we prove existence of b?*+1-
contact structures with two disjoint critical sets contained in a tubular

neighbourhood of a given convex hypersurface.

Theorem 4.3.5. Let (M, &) be a contact manifold and let Z be a con-
vex hypersurface in M with dividing set . Then M admits a b*+!-
contact structure for all k € N that has two diffeomorphic connected
components Z1 and Zo as critical set. The codimension 2 submani-
fold X corresponds to the set where the rank of the distribution drops
and the induced structures on Z is contact. Additionally, one of the

hypersurfaces can be chosen to be Z.

Proof. The proof follows from the same considerations as before, but
replacing the vertically invariant contact form a defining the contact

¢ by a. = udsc + 3, where s, :] — €, ¢[— R is given by

se(t) = |t| for |t]| € [3¢/4, €],

se(t) = log |t — 3¢/8| for |t| € [¢/4,¢/2] if m =1,

o 5.(t) = for |t| € [¢/4,¢/2) if m =2k + 1 # 1,

1
2k(z—3e/8)2k

S is odd, i.e. sc(—t) = —s.(t),

o 5/(1) £0.

As before, s’ # 0 guarantees that «. is a b**1-contact form. As any
other function with non-vanishing derivative and the right order of

bZk-l—l

singularities gives rise to a -contact form, one of the two hyper-

surfaces can be chosen to be the initial convex hypersurface. O
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Remark 4.3.6. Given a contact manifold with a convex hypersurface
such that the complementary set of the hypersurface is not connected,
it may, in some particular cases, also be possible to construct a b?#*1-
contact form admitting a unique connected component as critical set.
This is related to extending a given contact form in a neighbourhood of
a contact manifold with boundary to a globally defined contact form.
More precisely, let a be the contact form. In a tubular neighbourhood
around the convex hypersurface, we replace as before o = udt + [ by

a. = uds, + [ where s, is given by
o s5.(t) =t fort > 2,
o s.(t) =logt for 0 <t <e,
e s (t)>0fort>0,
o s.iseven, i.e. s.(—t) = sc(t).

The form a. is a b**!-contact form that agrees with o for ¢ > 2e.
However, it does not agree with « for ¢t < —2¢ and in fact, it may not

always be possible to extend a.

Remark 4.3.7. Recall that a b™-contact form a = uj—i + [ is convex
if u € C®(Z) and 8 € Q'(Z), see Definition [4.2.1] Note that the

se-singularization of is by construction a convex b™-contact manifold.

As a corollary of Theorem [4.3.5] we will prove that any contact

manifold is folded contact.

Corollary 4.3.8. Let Z be a convex hypersurface in a contact man-
ifold (M,ker ). Then M admits a folded-contact form that has two
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connected components Z1 and Zo as folded hypersurface, diffeomor-
phic to Z. In particular in dimension 3, a generic surface Z C M can
be realized as a connected component of the folded hypersurface of a
folded contact form.

Proof. The proof is a direct application of the existence theorem for
k = 1 and the desingularization theorem. First, by Theorem [4.3.5] the
hypersurface Z can be realized as one of two connected components
of the critical set of a b-contact structure. As the obtained b-contact
form is convex, see Remark [4.3.7, we then use the desingularization
theorem (Theorem to obtain a folded contact structure.

The genericity statement in dimension 3 follows as in Corollary
4.3.2 O

Remark 4.3.9. It follows from [BEM™15| that a necessary and suffi-
cient condition for a manifold to admit a contact structure is that it
is almost contact. It would be interesting to ask whether the almost
contact condition can be relaxed to prove the existence of b™-contact
structures on closed manifolds. For an example it is well known that
SU(3)/SO(3) does not admit a contact structure, see [Gei08]. An-
other indication for this is given by examples of cooriented b"-contact

structures on non-orientable manifolds (see Example [3.0.6)).

4.4 Singularization of cosymplectic hyper-

surfaces in symplectic manifolds

We apply the singularization techniques as introduced in Section
to the existence of b™-symplectic structures. The role of convex hy-

persurfaces in contact geometry are played here by hypersurfaces that
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admit a transverse symplectic vector field.

Theorem 4.4.1. Let Z C (W?" w) be a hypersurface in a symplec-
tic manifold and assume that there exists a symplectic vector field X
defined in a tubular neighbourhood around Z that is transverse every-
where to Z. Then Z can be realized as the critical hypersurface of

b2k

a family of b"-symplectic structures on W, coinciding with the given

symplectic structure away from a tubular neighbourhood of Z.

Proof. We will first prove that w is symplectomorphic in a tubular
neighbourhood to a A dt + 3 where a € Q'(Z) and 8 € Q*(Z) defines
a cosymplectic structure and ¢ denotes the flow of X. This part of
the proof is done in Section 2.2 in [FTMI17], but we include this here
for the sake of completeness. It can also be found for example in
Proposition 12 in [Bral9]. Let us denote the inclusion i : Z — W.
The 1-form o = ¢xw is non-vanishing due to the non-degeneracy of

the symplectic form and is closed as
dixw = Lxw = 0.

We now claim that @ := i*a and w := i*w defines a cosymplectic
structure on Z. The 2-form @ is closed because dw = 0. Furthermore
a A @™ ! is a volume form on Z. Indeed, consider at p € Z a basis
by {va, ..., v, }, such that {X, vy, ... vy,} is a symplectic basis for @.
We obtain

ANG" vy, ... v0) = i (LxwAW" (v, ..., v9)) = W (X, ..., Vo).

This last expression is non-vanishing by the non-degeneracy of the
symplectic form. Hence Z admits a cosymplectic structure and we

define @ := dt A a + @ which is symplectic and furthermore @ = w
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on Z. By Moser’s path method @ and w are symplectomorphic in a
tubular neighbourhood.
We now apply the same techniques as in Theorem 4.3.1} We define

we :=df. A&+ B

where f. is as in the proof of Theorem [4.3.1. It follows from the
definitions that w, is a b**-symplectic form and that it agrees with w

away from the e-neighbourhood. O

By the same consideration, we can consider two disjoint copies of
the hypersurface to prove a similar result for b?**!-symplectic struc-

tures.

Theorem 4.4.2. Let (W,w) be a symplectic manifold and let X be
a symplectic vector field defined in a tubular neighbourhood around
Z that is transverse to a hypersurface Z. Then W admits a b***1-
symplectic structure for all k that has two diffeomorphic connected
components Z1 and Zs as critical set, coinciding with the given sym-

plectic structure away from a tubular neighbourhood of Z.

Note that in contrast to convex hypersurfaces in contact geometry,
whose existence is generic in dimension 3, hypersurface in symplectic
manifolds that admit a transverse symplectic vector field are much

less common.
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Chapter 5

b"'-Reeb dynamics and the
singular Weinstein

conjecture

It’s a trap!
Admiral Ackbar, Return of the Jedi.

This chapter is devoted to the study of the dynamics of the Reeb
vector field on b™-contact manifolds. The necessary preliminaries
about Reeb and Hamiltonian dynamics are contained in Subsection
241

As pointed out in the introduction, existence results on periodic or-
bits are of great importance on b™-contact manifolds for applications.
Examples to be mentioned are for instance the restricted planar circu-
lar three body problem, but also fluid dynamics (see Chapter @ On

b™-contact manifolds, the geometric structure on the critical hypersur-
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face, and hence also the dynamics, is fundamentally different from the
complement of the critical set, where the 0™-contact form is contact.
At first glimpse, this observation indicates the need to distinguish be-
tween those two cases and therefore examine the existence of periodic
orbits away from the critical set or on the critical set for compact
manifolds separately. We will thereby tackle the Weinstein conjecture
for b™-contact manifolds. Whereas the existence of periodic Reeb or-
bits on the critical set for 3-dimensional compact manifolds will follow
rather easily from earlier results, understanding the Reeb dynamics
away from the critical set is much more subtle and leads ultimately to
a reformulation of the Weinstein conjecture: the singular Weinstein

conjecture.

5.1 About the Weinstein conjecture for

b"-contact manifolds

We will see that there are examples of compact 0™-contact manifolds
without any periodic Reeb orbits away from Z. This implies that ask-
ing for the existence of periodic orbits away from Z is not a meaningful
formulation for the Weinstein conjecture for b™-contact manifolds.
An immediate implication of this is that in the presence of singu-
larities in the symplectic structure, there are b™-symplectic manifolds
that do not admit any periodic orbits of the Hamiltonian vector field
away from the critical set. In particular, we prove that taking the sym-
plectization, there are proper Hamiltonian functions on b™-symplectic
manifolds having no periodic orbits for the Hamiltonian flow away

from Z x R.

In contrast to those non-existence results, we prove that in dimen-
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sion 3, there are always infinitely many periodic Reeb orbits on the

critical set whenever it is compact.

5.1.1 On the existence of periodic orbits on 7

As was observed in Theorem [3.1.4] the Reeb vector field on the critical
set is a Hamiltonian vector field in the 3-dimensional case. This is only
true in dimension 3, which comes from the fact that area forms are
symplectic forms on surfaces. This will imply that on the critical set of

closed 3-dimensional b™-contact manifolds, there are infinitely many

periodic Reeb orbitgT|

Proposition 5.1.1. Let (M, «) be a 3-dimensional b™-contact man-
ifold and assume the critical hypersurface Z to be closed. Then there

exists infinitely many periodic Reeb orbits on Z.

Note that the critical hypersurface Z is closed if there exists a

global function defining Z and the ambient manifold M is compact.

Proof. Let us denote the usual decomposition by a = udz—z + (. By
Proposition [3.1.6] the function u is non-constant on Z. Furthermore
by Theorem [3.1.4] the Reeb vector field is Hamiltonian on Z for the
function —u. Let p € Z be a point such that du, # 0. As the preimage
of a closed topological set is closed and a closed set of a compact
manifold is compact, the level-sets u~!(p) are given by circles and the
Reeb vector field, contained in the level-set, is non-vanishing in view
of

LR, (udfp + B A du) = du

'The author would like to thank Robert Cardona for pointing this out.
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as in the proof of Corollary [3.1.5l Hence the Reeb vector field is
periodic on u™!(p). O

The condition of M to be closed is necessary, as is seen from the

next example.

Example 5.1.2. Consider S? x S\ {(pn, ¢), (ps,®)} where ¢ is the
angular coordinate on S' and (h, ) are polar coordinates on S? and
pn (respectively pg) denotes the north pole (respectively south pole).
The b-form o = <224 hdf) is a b-contact form whose Reeb vector R, =

sin ¢

sin gb% vanishes everywhere on Z and does not admit any periodic
Reeb orbits. However this is a non-compact example and it fact, the
north and south pole cannot be added to compactify this example as
this would yield a trivial Boothby~Wang fibration of S? over S*.

We conjecture that in higher dimension, a similar result to the one
in Proposition holds. However, as noticed before, the dimension

3 is particular here because area forms on surfaces are symplectic.

Conjecture 5.1.3. Let (M,«a) be a closed (2n + 1)-dimensional b™-
contact manifold, n > 1. Then there exists infinitely many periodic
Reeb orbits on Z.

Remark 5.1.4. A 1-dimensional closed b-contact manifold without any

periodic Reeb orbits is given by (S?, sﬁﬁb). In this example the sin-
gularity is transferred from the contact form to the orbit as marked
points on the circle are declared as zeros of the vector field. If we try
to upgrade this example to higher dimensions using circle actions and
transferring the singularity to the orbit of the action it turns out that

it is topologically obstructed. This follows from the remark in the
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Example [5.1.2} Higher dimensional examples without any non-trivial
periodic Reeb orbits cannot come from a S'-action, as this would
yield a trivial Boothby-Wang fibration. We still believe that enlarging
the class of contact to b™-contact structures and thereby admitting
possible vanishing of the Reeb vector field allows to construct such ex-
amples and thus a counterexample to the smooth Weinstein conjecture

for b™-contact structures.

As in the 3-dimensional compact case b™-contact manifolds always
admit infinitely many periodic Reeb orbits on the critical set, a first
naive generalization of the Weinstein conjecture would be that there
are always periodic orbits away from the critical set. However, this is

not true, as we will see in the next subsection.

5.1.2 On the non-existence of periodic orbits away
from 7

Whereas on the critical set, there are always infinitely many periodic

Reeb orbits, this is not true away from Z.

Claim 5.1.5. There are compact b™-contact manifolds (M, Z) of any
dimension for all m € N without periodic Reeb orbits on M \ Z.

In what follows several examples where the Weinstein conjecture
is not satisfied are given thus proving the claim. The first example is

given by Example [3.4.3]

Example 5.1.6. Consider the example of the 3-sphere in the standard
b-symplectic Euclidean space (R*,w) where w = % A dyy + dxg A dys
as in Example [3.4.3] The b-contact form is given by o = txw where
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X is the Liouville vector field transverse to S® given by X = fxl 821 +

yla—yl + 5(:62872 + y28—y2). The Reeb vector field is given by

0 0 0 0
_ 2 o _
Ra = 2$178y1 .lela 1 + 2(L’28 ” 2y 8x2

On the critical set, given by S?, this vector field is giving rise to
rotation and thus infinitely many periodic Reeb orbits, as is proved
in Proposition [5.1.1] Away from Z, the Reeb vector field does not
admit any periodic orbits. Indeed, the vector field can be interpreted
as two uncoupled systems in the (xy,1;), respectively (zs,ys2)-plane.
The flow in the (21, y;)-plane is clearly not periodic.

This example can be generalized to b?**!-contact forms for any
k > 1 by considering (R?, wy;, = gl%}rl/\dyl —i—de/\dyg) and the Liouville
vector field given by X = ’x%kﬂazl + Y1 8y1 + %(@8%2 + yga%Q) that
is transverse to S® and hence a = 1xw is a b™-contact form. The
associated Reeb vector field does not admit any periodic orbits. The
restriction on the parity on the b™-contact form comes from the fact

that transversality of a similar Liouville vector field with respect to

S3 fails.

The next example is given by the 3-torus, as in Example |3.4.5]

Example 5.1.7. Consider (T3, sin gbsf% + cos ¢dy). The Reeb vector
field is given by R, = sin ¢ sin $a% + cos qba%. The critical set is given
by two disjoint copies of the 2-torus T? and the Reeb flow restricted
to it is given by cos gzﬁa%. As in the last example, the critical set Z
is given by periodic orbits (except when cos¢ = 0, where the Reeb
vector field is singular). However, away from Z there are no periodic
orbits.

This example can be generalized to higher order singularities: o =
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dx

sin™ (z)

periodic orbits away from Z.

sin ¢ + cos ¢dy) is a b™-contact form that does not admit any

Armed with these examples we conclude that there are examples
of b™-symplectic manifolds without periodic orbits of the Hamiltonian

flow away from the critical hypersurface.

Claim 5.1.8. There are b -symplectic manifolds with proper smooth
Hamiltonian whose Hamiltonian flow does not have any periodic orbits

away from Z.

To see this, let (M, «) be a compact b™-contact manifold without
any periodic Reeb orbits away from the critical set and consider in
its symplectization the Hamiltonian function e’ (where ¢ is the co-
ordinate in the symplectization). The Hamiltonian vector field is a
reparametrization of the Reeb vector field on the level-sets and there-
fore provides an example of a proper smooth Hamiltonian containing
no periodic orbits in the level-sets away from the critical hypersurface.

We define the set-of aperiodic values for a b™-symplectic manifold
(W,w) and a Hamiltonian H € C*°(W) as follows

" APy :={a € R| Xy does not admit and

periodic orbits on H ™ '(a) away from Z}.

The corollary can be reformulated: on b"™-symplectic manifolds
there is a proper smooth Hamiltonian such that *" APy = R.

This is in stark contrast to the almost-existence theorem (Theorem
in symplectic geometry, but we also remark that there is no
notion of Hofer-Zehnder capacity in this setting. To the author’s
knowledge, there are no known examples of Hamiltonian having no

periodic orbits on all level-sets (or equivalently having APy = R).
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As mentioned before, by the partial positive results on the Wein-
stein conjecture, Reeb plugs cannot exist. The compact counterex-
amples in any dimension in the 0"-contact case however raise the

following question:
Question 5.1.9. Are there plugs for b™-Reeb flows?

More precisely, given a contact manifold, can the singularization
be used to change the contact structure by a b™-contact structure and
thereby controlling the changed Reeb dynamics to destroy a given
periodic orbit for the initial low? A guideline example is Example
b.1.6, where the critical set Z is given by a 2-sphere and there are
no periodic orbits away from Z. In the following section, we give a
first approach towards understanding the existence of plugs. We will
see that spheres can be inserted as hypersurfaces in local Darboux
charts. The dynamics on those spheres is given as in Example [5.1.6
and a given orbit entering the Darboux charge is being captured as it
approaches one of the fixed points of the sphere. This will yield the

existence of traps for b™-Reeb fields.

5.2 On the existence of traps and plugs

for b"-contact manifolds

As explained in Section before, traps for Reeb flows do not ex-
ist in dimension 3, see [EHT94], but do exist in higher dimensions
[GRZ14]. We prove that in the b-category, there is no restriction on

the dimension.

Theorem 5.2.1. There exist b -contact traps in any dimension.
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Proof. We only consider the 3-dimensional case, the higher dimen-
sional being similar. Consider a Darboux ball and denote the standard
contact form by ag. For convenience, we work in polar coordinates,

in which o writes down as oy = dz + r2df. The Reeb vector field is

S
oz

We introduce a convex hypersurface and use the existence result,
Theorem of Section . The vector field X = 22% + 7‘% is a

contact vector field as £xa = 2« and is transverse to the 2-sphere S2.

given by R,

Hence S? is a convex hypersurface and can be realized as critical set
of a b**-contact manifold. More precisely, introducing in a neighbour-
hood around S? the coordinate ¢ such that X = %, the contact form
writes in the Giroux decomposition as follows:

a = g(udt + B)

where u € C*(5?), 8 € Q'(S?) and g is a smooth function, see Lemma
2.3.7. Note that v and 3 are independent of the ¢t-coordinate, whereas
g is not. We now apply Theorem to the form a. We obtain a

b*_contact form given by

ae:g(U’dfe—i_ﬁ): (51>

where f, is as in Theorem [4.3.1L In order to compute the Reeb dy-
namics, let us explicitly compute the functions u, g and the 1-form .

We introduce the following change of variables:

9 22% —I—r%

at —
9 _ .20
875 =T 92°
The dual basis is given by
dt = %dr

d¢ = r%dz — f—idr.
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Hence r = ¢! and z = €%¢. Under this change of variable, the Giroux

decomposition of the standard contact form is given by
g = €2 (2¢dt + d€ + db).

The b*-contact form is given by
ae = e*(28df. + d€ + db)

and a direct computation yields that the Reeb vector field associated
to a. is given by

Cfi-1 50 1 50
.= f’ e 89+f€’6 35'

€

Rq

Close to the singularity, f/ = 5 so that on the critical set S? = {t = 0},
0
%.
the formulas that the orbit entering the Darboux ball at 6§ = 0 limits
to the fixed point on S? and hence is trapped. See Figure where

the dynamics around Z = S? and the trapped orbit is depicted.
p2k+1

the Reeb dynamics is given by R = Furthermore, it follows from

A similar proof holds for the case of -contact structures, where
we apply Theorem to produce a b**!-contact form where the
critical hypersurface is given by two disjoint copies of S? to bypass

the orientation issues. O]

Plugs for the Reeb flow cannot exist by the positive answer to
the Weinstein conjecture. In the case of b™-contact manifolds, we ex-
hibited examples in the last section of compact b™-contact manifolds
without any periodic Reeb orbits away from Z and proved that on
Z there are always periodic Reeb orbits in dimension 3. This means
that the trap constructed in the present subsection is optimal in the
following sense: it has infinitely many periodic orbits on S2. The dy-

namics of the trap that we constructed is narrowly related to Example
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Figure 5.1: The b**-contact trap. The critical set Z is given by S?"~2.
Outside of the e-neighbourhood the dynamics is unchanged. One Reeb
orbit is trapped. One orbit is depicted that does not satisfy the entry-

exit condition.

5.1.6, The dynamics on Z of this example and on the critical set of
the construction in the last proof are the same.

Nik
20’

is not satisfied, meaning that this construction only yields a trap and

In the last proof, due to the term in the entry-exit condition
not a plug. Due to the local changes of the dynamics in the trap
construction, the global dynamics are possibly drastically changed as
well. Therefore, in the next sections, we attempt to improve the above
construction to get a trap. By this we mean that we attempt to change
the Reeb vector field such that it satisfies the entry-exit condition.
Let us denote the entry surface of section (where the flow is linear) by
{—1} x D? where D? is the 2-dimensional disk. We denote by m,,
the map that sends an entry point of the plug p € D? x {—1} to its
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exit point following the flow of R, given by m,, (p) € D* x {1}. The
map m,, is called exit map associated to the form a.. As the above
construction yields a trap and not a plug, m,, # Id.

We introduce two attempts to upgrade the trap to a plug of the
Reeb flow associated to a b™-contact form. This attempts will be
based on defining a contact form (or b™-contact form) & on a flow-box
D? x [0, 1] whose Reeb vector field R agrees with the linear on close
to 0D x [0,1]. This new Reeb vector field induces a new exit map
m2 — D?. This map is given by the identity on dD*. The aim is to
construct the contact (respectively b™-contact form @ in such a way
that m,, omg = Id. Such a contact form, respectively 0™-contact form,
can then be used to concatenate its flow-box with the one associated
to ae. By the condition m,, o mg = Id, the entry-exit condition is
then satisfied and therefore such a concatenation would yield a plug
for the b™-Reeb flow.

In the next section, we mirror the flow of R, to correct the altered
dynamics and we analyse whether or not the mirrored flow can be

realized as the Reeb vector field associated to a b™-contact form .

5.3 An attempt to save the plug I

In this section, we mirror the dynamics of the trap: in fact a mir-
rored copy undoes the dynamical changes that are occurring when
introducing the trap.

b*_contact forms, the case

In what follows, we focus on the case of
of odd powers being solved as usual by considering two concentric
spheres.

As seen in the last section, the trap changes the standard contact

form in a Darboux ball and the linear Reeb vector field R, = % gets
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Figure 5.2: Mirroring a trap

changed to

_fé—l_ztﬂ i—2tg_ 02 52
oo =5 o T e~ Mae T e

To mirror the dynamics of the Reeb vector field Re% + REZ we

98"
would like to produce a b**-contact form whose associated Reeb vector

field writes
0

_ 0
N o &
Fa = =R 55 + R 5.

This vector field is given by the linear vector field % outside of
the e-neighbourhood of S? and therefore generates an exit map by
M,,. As before, this map send an entry point p € D? x {—1} to the
point 7., (p) € D? x {1} following the flow-lines of R,,. We have
that near the boundary of D?, this map is given by the identity. Due
to the change of sign in the 6 direction, the vector field Eae rotates
counter-clockwise, in contrast to the Reeb vector field R, which rotates
clockwise. Therefore, the associated return map satisfies m,, o m,, =
Id.

The aim being to establish a plug for the b™-Reeb flow, we would

investigate in what follows whether or not éaé is the Reeb vector field
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associated to a b**-contact form. In view of Lemma , a necessary
is that IBLQE is a contact Hamiltonian vector field for a Hamiltonian
function H that is positive. In this case, the Reeb vector field of
the contact form a = %a is given by Rae. We furthermore ask that
H =1 away from the e-neighbourhood of S, denoted by N_(S?). This

condition implies that & matches the standard contact form.

A direct computation yields that ae(éae) = 2;,f = H.. Tt follows
from the expression of f. that H. — 1 is compactly supported in a
neighbourhood of 52, Around S?, f.(t) = & and therefore, close to

the critical hypersurface, H, = 2t> — 1 and H, = 0 in two isolated

points.

Resuming, we proved the following proposition.

Proposition 5.3.1. Let o, be the b*-contact form obtained in the

trap construction, as in Theorem|5.2.1. Then Hioze, where H, = 2_,f€,,

is a non-smooth b*-differential form. It is a b**-contact form away
from H, = 0 and the associated Reeb vector field can be continued to

as a smooth vector field over H, = 0.

Furthermore, the associated dynamics controls the dynamics of

R.., meaning that m,_ o m, where m is the exit map induced by ﬁae.

This proposition does not prove that there exists a plug for the
b™-Reeb flow as the form & is a non-smooth b™-form. In the next
section, we investigate another approach to the existence of plugs.
Instead of controlling the dynamics of a., we discuss the possibility
to generate a map m using compactly supported deformation of the
smooth standard contact form into another smooth contact form to

generate the dynamics given by m.
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5.4 An attempt to save the plug II

Similar to the previous attempt to correct the dynamics of the exit
map of the trap, in this section we concatenate the flow of R, by
the Reeb flow of a contact form that is obtained through a compactly
supported deformation of the standard contact form. As before, this
compactly supported change is done in such a way that its Reeb vec-
tor field controls the entry-exit condition. In contrast to the last sec-
tion, this compactly supported change is done through smooth contact

forms and not through b6™-contact forms.

Instead of viewing the incoming surface of section as D?, we regard
is as an annulus A: topologically, the plug is given by a direct product
of the annulus with an interval. The interior boundary is given by the
Reeb orbit that is fixed. On the outside boundary, by the definition of
traps, the Reeb vector field is given by the linear vector field %. The
Reeb vector field is transverse to the incoming boundary A x {z =
0}. As before, we denote the exit map associated to a. by m,,. We
consider the standard contact form o on A x [0, K] given by o = dz+ A,
where z denotes the coordinate on [0, K| (K > 0 is a integer) and
A =r2df € Q'(A). We will do a compactly supported deformation of
« to obtain a new contact form a. As before, following the flow of the
Reeb vector field of R; until it intersects the out coming boundary
A x {z = K}, we obtain the exit map m; : A x {0} — A x {K} that
is area preserving with respect to da. In what follows, we describe
a method to this compactly supported change such that mg; = m;{l.
Hence the concatenation of those two trap construction yields the
existence of a a plug. Unfortunately, we will see in the construction
that the constant K > 0 needs to be big. Therefore, this construction

can not be performed in a Darboux ball and therefore does not solve
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the existence of a plug for the b™-Reeb flow. Hence, we want to show
that starting from an area preserving diffeomorphism m : A — A
(that is given by m_!), we prove that there exists a contact form &
on A x [0, K] whose associated Reeb flow R, induces an exit map mz
satisfies my = m, .

More precisely, we will prove the following theorem.

Theorem 5.4.1. Consider A x [0, K|, where K > 0 is an integer
and consider the contact form o = dz + A(r,0) where A € A and z
denotes the coordinate on the interval. Let m be a compactly supported
diffeomorphism of the annulus that preserves the area d\. Then there
exists an integer K > 0 and a deformation of the standard contact
form a € QY (A x [0, K]) to a contact form & such that the exit map
associated to the flow of its Reeb vector field Ry is given by m.

Remark 5.4.2. For the purposes of this section it is actually enough

to prove this result for the standard contact form \ = r2d#.

We start by proving a small lemma.

Lemma 5.4.3. Let (A,d)\) be the annulus equipped with the symplec-
tic form and let m; be a compactly supported symplectic isotopy. Then

my s a Hamiltonian isotopy.

Proof. By Lemma 10.2.7 of [MS17], for an exact symplectic manifold
and a compactly supported symplectic isotopy, the flux is given by
[A — miA]. To see that this last quantity is zero in the case of A,
we evaluate it against the generators of H!(A;R). As A is in the
interior of the compact manifold A with boundary A, we have that
H(A;R) = H'(A,0A;R). The latter one is generated by the circle.
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We take a representative of the circle v that is close to the boundary

in the region where m; = Id and hence mjA(y) — A(y) = 0. O
We now prove the Theorem 5.4.1}

Proof. Since m is compactly supported in A we know by the last
lemma that it is a Hamiltonian diffeomorphism. We thus obtain a

Hamiltonian functions H;. The vector field X defined by the equation
Lx,d\ = —dH,

has flow &, that such that m = ®. Let K > 0 be a positive integer
that we choose later. It is clear adding K to H; does does not change
X;. We can assume that &, = Id fort < dandt >1—-46, 9 > 0 by
reparametrization of time. It follows that X; = 0 around ¢ = 0 and
t = 1. We now lift the Hamiltonian diffeomorphism on the base to a

Reeb flow on the suspension. We define

H:Ax[0,1]—=R
(a,t) — H(a,t) = Hy(a)

We define @ = (H 4 K)dz+ . We first claim that @ is contact and

we will see later how to interpolate between @ and a. We compute
anda=dzA((H+ K))d\+ XA dH,).

The first term given by dz A d\ is positive by the contact condition.
We choose K > 0 big enough such that this is positive. We claim that
its Reeb vector field is given by a positive multiple of % — X, where
X, denotes the vector field given by X, (z,r,0) = X,. We check that
the vector field in the kernel of contact form:

to_yd@ =10 _x (AN +dH, Ndz) = —ix.d\ — dH. — (ux.dH.)dz.

oz
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The first two terms cancel out due to the definition of the Hamiltonian
vector field and the last term as well, hence this is zero. Hence the
flow of the Reeb vector field is a reparametrization of the flow of
% — X, and therefore its associated exit map mg does the job, that is
mg = m. However it does not match the standard contact form near
the boundary.

We now change the contact form @ to a new contact form & that
matches the initial the contact form « on d(A x [0,1]). First, note

that the dynamics of the contact form < is left unchanged up to

K
reparametrization. It is given by
a H+K 1
— = dz + =\
K~k “TEY

so that the first term indeed matches on (A x [0,1]). We define the

1-form given by -
_H+K

o

dz + X

and we claim that this is a contact form such that & = o on J(A x
[0, KJ).

H+K

1~ 1 . .
anda = ( dz+>\)A(Ede/\dz+d)\) = ?dz/\((H—i-K)d)\—l—)\/\de)
so & is contact. Its Reeb vector field is given by a reparametrization
of the vector field R; = K2 — X.. The induced exit m; equals the

map m and & = « near J(A x [0, K]). This finishes the proof. O

We highlight once more that this does not prove the existence
of the plugs, the reason being the constant K > 0. Indeed, if we
could assure the constant K = 1, the contact form @ as in the proof
would match the standard contact form. The concatenation of the

two trap constructions (that is the trap for the ”-Reeb flow and the
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AND OPEN CONTACT MANIFOLDS

one given in the last proof) would then yield the existence of the plug,.
The reason for this constant to be possibly very big is that the linear
vector field R, and the Reeb vector field R, are not C'-close.

5.5 Overtwisted disks in b"-contact man-

ifolds and open contact manifolds

While earlier sections dealt with the non-existence of periodic Reeb
orbits away from the critical set, we will now see a sufficient condition
to guarantee the existence of periodic orbits away from the critical set.
The techniques are based on Hofer’s proof of the Weinstein conjecture
for overtwisted contact manifolds, recalled in Subsection [2.4.4]

We assume in this section that the manifold is of dimension 3. We
consider b™-contact manifolds that have an overtwisted disk away from
the critical set, the first higher dimensional definition of overtwisted
disk was given in [Nie06], see also [BEM™15].

Definition 5.5.1. We say that a b"™-contact manifold is overtwisted if

there exists an overtwisted disk away from the critical hypersurface
Z.

We will prove that in the case of overtwisted b™-contact manifolds
Weinstein conjecture holds, under the supplementary condition that «
is RT-invariant around the critical hypersurface, see Definition |5.5.4}

More precisely, we will prove the following theorem.

Theorem 5.5.2. Let (M, «) be a closed b -contact manifold with crit-
ical set Z. Assume there exists an overtwisted disk in M \ Z and

assume that o is R -invariant in a tubular neighbourhood around Z.
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Then at least one of the following statement holds:
1. There exists a periodic Reeb orbit in M \ Z.

2. There exists a family of periodic Reeb orbits approaching the

critical set Z.

Furthermore, the periodic orbits are contractible loops in the symplec-

tization.

Remark 5.5.3. The condition of a € *"Q(M) to be R -invariant is a
non-trivial condition, as is pointed out in Remark

The proof is based on Hofer’s original arguments. The novelty
here is that we work in a non-compact set-up, namely on the open
manifold M \ Z. On open manifolds, Hofer’'s method do not apply
directly. However the openness is gentle due to the RT-action. We
will see that this theorem is a corollary of a more general statement:
in fact, we don’t need the geometric structure to be b™-contact, we
only need a contact form on an open manifold that is Rf-invariant
in the open ends of the manifold and overtwisted away from the R*-
invariant part, see Theorem |5.5.8

Under the assumption of R*-invariance, the manifold decomposes
as the union of products of the connected components of the boundary
with RT. We will see that in this decomposition, pseudoholomorphic
curves can be translated in the R*-direction and the compactness of
the boundary of the compact set guarantees convergence. With this

in mind, we define the following:

Definition 5.5.4. Let a € QY(M) be a contact form on an open mani-
fold M. We say that a is R -invariant in the open ends of M if there
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exists a compact set K C M and a vector field X defined on M \ K
that satisfies Lxa = 0, meaning that X is a strict contact vector field
and such that X is transverse to 0K and that is complete for positive
time. We say that an R*-invariant contact form « is overtwisted if

there is an overtwisted disk contained in K.

Remark 5.5.5. In the light of Definition [5.5.4, we will view b"-contact
manifolds as open contact manifolds by considering the manifold with-
out the critical set. It follows from Lemmal2.3.7lthat the R*-invariance
then translates into the fact that the b"-contact form admits a decom-
position given by a = udz + 3, where u € C*(Z) and 8 € Q'(Z).
Hence the R*-invariance here means that the b™-contact form is con-

vex, see Definition 4.2.1

Not every b™-contact form is of course R-invariant: for example
the kernel of ga, where g € C*(M) is positive, defines the same
contact structure as ker «, but a priori, there is no reason for the

function g to be R*-invariant.

We will describe some examples of RT-invariant contact forms.

Ezxample 5.5.6. An example of a R*-invariant b™-contact for is given

by the 3-torus as in Example [3.4.5] The b-contact form is given by

+ cos pdy. The vector field given by sin x% is a strict

dzx
sinx

contact vector field (that is it satisfied Lxa = 0) and it is transverse

o = singp

to the critical set. However, this example is not overtwisted. Indeed,
as we showed in Example there are no periodic orbits away from
the critical set and hence by Theorem [5.5.2] it is not an overtwisted
b"-contact manifold. However, by performing a Lutz twist (see Sec-

tion 4.3. in [Gei0§] for more details on this construction) around a
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transverse know away from the critical set, we obtain an R*-invariant
overtwisted b™-contact form on T%.

This example also shows that the presence of RT-invariance does
not imply that the periodic orbits in Z can be continued away from

the critical hypersurface.

Example 5.5.7. The b-contact form exhibited in Example [5.1.6[is not
R*-invariant around the critical set. The b-contact form does not
decompose @ = vz + 3 where u € C*(Z) and 8 € Q'(2).

The flow of the vector field X generates a RT-action. We often refer
to M\ K as the RT-invariant part of the contact manifold (M, ) and
will denote it M;,,.

In the RT-invariant part of the contact manifold M;,,, we have
coordinates adapted to the action. Indeed, by following the flow of X,
the Rf-invariant part is diffeomorphic to 0K x R*, where K is the
compact set with boundary as in Definition [5.5.4]

For our purposes, we fix notation for those coordinates in the case
of maps from the disk D to M. Consider v : D — M and assume that
for z € D, u(z) € My,,. We will write

u(z) = (d(2), w(z)) (5:2)

where d(z) € RT and w(z) € K. This notation will appear in the
proof of the main theorem of this section, which is given by the fol-

lowing.

Theorem 5.5.8. Let (M3, «) be an overtwisted RY -invariant contact

manifold. Then at least one of the two following statement holds:

1. There exists a 1-parametric family of periodic Reeb orbits in the
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R -invariant part of M.

2. There exists a periodic Reeb orbit away from the R -invariant

part.

Furthermore, the periodic orbits are contractible loops in the symplec-

tization.

It is clear that Theorem [5.5.2] is a straightforward corollary of this

theorem.

Remark 5.5.9. As observed before, Theorem [5.5.2] is a proof of the
Weinstein conjecture in the non-compact set-up. Another approach to
guarantee periodic Reeb orbits on non-compact contact manifolds is by
considering additional topological and geometrical conditions on the
non-compact level-set of the Hamiltonian in the standard symplectic

space. Those Hamiltonian are known as tentacular Hamiltonians, see
[PYW1§].

Similarly, we can generalize Theorem to the E-contact set-

ting, which is also follows directly from Theorem [5.5.8|

Corollary 5.5.10. Let (M, «) be

e cither a compact E-contact manifold

e or a compact folded-contact manifold

that is RT-invariant around the singular set and assume that there
exists an overtwisted disk away from the singular locus, respectively
folding hypersurface. Then there exists a 1-parametric family of pe-
riodic Reeb orbits in the RT -invariant part of M or a periodic Reeb

orbit away from the R -invariant part.
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Ezxample 5.5.11. An example of a compact Rt-invariant E-contact
manifold is given by the 3-torus with the non-smooth differential form
a = sin gzﬁsfff’x + cos gbsfgy. The vector field given by sin xé% + sin ya%
is a strict contact vector field (it satisfies Lxa = 0) and is transverse
to the boundary of a tubular neighbourhood of T> N {z = 0} N {y =
0}. Therefore it is R*-invariant. This is not a a b-contact form as

aANda = —~—d¢ A dx A dy, but instead defines a C-contact form,

sinz siny

see Example [3.5.5]

We include a remark that will be explained in greater details in

the next chapter.

Remark 5.5.12. The author believes that Theorem [5.5.8 can be ap-
plied to other examples as well, such as particular cases of E-contact
manifolds as for Example|3.5.7, This seems especially alluring in view
of the correspondence of rotational Beltrami vector fields and contact
structures as is proved in [EGO00], consult Section for the precise
definitions. This correspondence remains valid for non-degenerate sin-
gularities in [PA19] and the presence of overtwisted disks is proved.
A natural question is therefore to investigate the presence of radial

invariance around the non-degenerate singularities, as is explained in

Section [6.5]

Before continuing with a sketch of the proof of Theorem [5.5.8] let us
highlight the difference between this result and the foliated Weinstein
conjecture proved in [dPP18].

Remark 5.5.13. Foliated contact forms are a particular case of FE-

contact forms, see Example [3.5.8 For foliated contact forms, the
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authors in [dPP18|] consider a compact ambient manifold M that is
foliated by 3-dimensional leaves that are contact, but not necessarily
compact and prove that if the contact structure is overtwisted in one
leaf, there exists a periodic Reeb orbit in the close of the leaf. The
overtwisted disk in the leaf is contained, in the language of E-forms,
in the singular locus and hence the assumptions of Corollary
do not apply to the particular case of foliated contact forms, see also
Remark [3.5.10} Hence we do not recover their result as a corollary of

Corollary [5.5.10

However, as will become clear in the following lines, the proof of
the foliated Weinstein conjecture and main theorem of this section
follows the same main idea: even though the overtwisted disk lies in
a non-compact space (the leaf in the case of [dPP1§] or M \ Z in the
case presented here), Arzela—Ascoli can be applied due to some kind
of compactness (more precisely compact ambient space in [dPP1§]

respectively R -invariance here).

We now sketch the proof of the Theorem [5.5.8, As in the standard
setting, we study the Bishop family emanating from the overtwisted
disk as in Theorem and we aim to prove the existence of a finite
energy plane and conclude by Theorem [2.4.10f As in the standard
case, the gradient blows up in the interior of the disk. However, in

contrast to the standard proof, we distinguish two different cases.

In the first case, we assume that the sequence where the gradient
blows up is contained in a bounded subset of M. In this case, the
standard arguments apply, and there a reparametrization of the bubble
yields a finite energy plane contained in the symplectization of the
bounded subset of M. This yields the existence of a periodic Reeb

orbit away from the RT-invariant part.
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In the opposite case, the sequence of points where the gradient
blows up is not bounded in M. Loosely speaking this means that the
point of blow-up diverges in the non-compact R*-invariant part. This
non-compactness behaviour is settled by translating the J-holomorphic
curves in the direction of the R™-action and therefore, in the decom-
position as in Equation , the first term is being kept constant (so it
trivially converges) and the second term is contained in the compact
set 0K, so Arzela—Ascoli theorem applies to this term. We thereby
obtain a sequence of J-holomorphic disks, contained in the symplec-
tization of the RT-invariant part of M, that converge to a non-trivial
finite energy plane. This yields a periodic orbit in the RT-invariant
part and by Rf-invariance therefore also a 1-parametric family of pe-
riodic Reeb orbits.

Z {0} x M

Figure 5.3: Bishop family blowing-up in the R*-invariant part
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First, we begin by collecting the necessary lemmas to prove the
main theorem. The proof of Theorem is then done in the subse-
quent subsection, Subsection [5.5.2

5.5.1 Necessary lemmas

We denote the overtwisted disk, that exists away from the R*-invariant
part, by Dor and denote its elliptic singularity by e. As usual D},
denotes Dor \ {e}.

Compactness or non-compactness of the Bishop family {@;} de-

pends on the whether or not the gradient Vu, is uniformly bounded.

Lemma 5.5.14 (Uniform gradient bound implies compactness of fam-

ily). Let (M, ) be a RT-invariant contact manifold. Assume that
ﬂt = (at,ut) D — R x M,t € [0,6)

is a Bishop family as in Theorem satisfying the boundary con-
ditions as in Equation [5.4. Assume furthermore that

sup [| V|| o py < 00 (5.3)
0<t<e

Then w; — e in C°(D) as t — € where U, is an embedded pseudo-
holomorphic disk satisfying u.(0D) C {0} x Djyp.

Proof. The proof can be found in Proposition 8.1.2 in [AH19]. O

Let us first do a remark concerning gradient blow-ups.

Remark 5.5.15. As stated in the last lemma, compactness or non-
compactness of the Bishop family {u;} depends on the whether or not

the gradient Vu, is uniformly bounded. Let us remark here that by
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blow-up of the gradient, we mean that the gradient of J-holomorphic
families of disk blows up for a certain parametrization of the disk.
More precisely, it is clear that if u; : D — R x M is a family of

J-holomorphic disks satisfying the usual boundary conditions
u,(0D) C {0} x D and oi<I%£ dist(u(0D),e) > 0 (5.4)

and ¢ : D — D is a conformal automorphism of the unit disk, then
Uy o ¢ is also a J-holomorphic curve satisfying the same boundary
conditions. It is well-known that the conformal automorphism group

is of the disk is non-compact and generated by

ia A %
¢(Z) =€ 1— aza
where o € [0,27) and a € int(D). By choosing a close to 9D,
IV@llco(py becomes arbitrarily large. Therefore, when we say that
the gradient blows up, we mean that it blows up for the infimum of
all possible conformal reparametrization of the disk. More explicitly,

we mean that the quantity

SN inf _
e(tr) st ) |V (@ © &)l copy

goes to infinity when ¢ — €.

As in [AH19], the energy of the family @, is bounded above by the

da-area of the overtwisted disk.

Lemma 5.5.16 (Universal upper bound on the energy). Let (M, «)

be a RYinvariant contact manifold. Assume that
ﬁt = (at,ut) D — R x M,t < [0,6)
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is a Bishop family as in Theorem satisfying

OlgrtlgE dist(ug(0D), e) > 0.

Then there exists a constant C' = C(«, Dor) > 0 such that E(u,) < C.
Proof. See Lemma 8.1.3 in [AHI9]. O

Similar to the arguments in [AH19], the horizontal energy of the
family {@;}; is bounded below independently of ¢. Note that a priori,
compactness is needed in order to apply Arzela—Ascoli theorem. How-
ever, the limit of the Bishop family in the non-compact manifold M

is taken care of by the RT-invariance.

Proposition 5.5.17 (Universal lower bound on the horizontal en-

ergy). Let (M, a) be a RY-invariant contact manifold. Assume that
'ljt = (at,ut) D — R x M,t € [0,6)

is a Bishop family as in Theorem satisfying

inf dist(u(0D),e) > 0.

0<t<e

Then there exists a constant ¢ > 0 independent of t so that
E"(uy) ::/ udo > c.
D

Proof. The proof follows the strategy of the proof of Proposition 8.1.4
in [AH19]. Let us argue by contradiction. We pick a sequence {uy, }
such that t;, — € as k — oo. For convenience, we write 4, = u;,. We
assume by contradiction that [, u;da — 0 as k — co. There are two
possibilities: either the gradient is uniformly bounded or it is not.

Case I: the gradient is uniformly bounded.
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The case where the gradient is uniformly bounded is as in proof
of Proposition 8.1.4: % converges in C*° to some v by Lemma [5.5.14]
which satisfies that E"(v) = 0. Following the original proof, this
implies that v is constant, which is a contradiction with v having
non-zero winding number.

Case II: the gradient blows up.

Let us take a sequence z; € D such that

as k — oo and let us assume that zp — 2o € D (after passing maybe to
a subsequence). We will do the bubbling analysis a la Sacks—Uhlenbeck
around the point 2, to derive a contradiction with the assumption that
Jp uzdoe — 0. Due to the non-compactness of M, care needs to be
taken in the bubbling analysis. Due to the RT-invariance, the non-
compactness is mild and we will see that Arzela—Ascoli theorem can
still be applied to show convergence to some J-holomorphic plane (in
Subcase I) respectively to some J-holomorphic half plane (in Subcase
II).

Take a sequence of €, > 0 such that ¢, — 0 and Rye, — o0o. By
Hofer’s lemma (Lemma 4.4.4 in [AH19]), we can additionally assume
that

Vg (2)| < 2Ry if |z — 2| < €. (5.5)

We distinguish two subcases.

Subcase I: the gradient blows up in the interior.

More precisely, by this we mean that Rydist(z, 0D) — oco. We
will show that in this case a non-trivial finite energy plane bubbles of
and has zero horizontal energy, which leads to a contradiction.

We distinguish two further subcases, depending whether or not the

gradient blows up in the compact subset K C M or the R*-invariant
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part M \ K.

First, let us assume that u(zx) remains in the compact subset K.
Then the standard arguments as in Proposition 8.1.4 in [AH19] apply
and lead to a non-trivial finite energy plane having zero horizontal
energy, which is a contradiction.

Hence, we assume that uy(zy) tends to the R -invariant part. We

use the coordinates introduced in Equation |5.2
ak = (aku dk7 wk)

and we assume that di(z) — oo. If this was not that case, we would
be in the case where uy(z;) remains in the compact subset K.

We now define the following pseudoholomorphic curves, which are
a translation in the invariant direction of a reparametrization of .
We define vy(z) = uy(zx + %) so that vx(0) = uk(zx) is the point
where the gradient blows up. For z € Bpg, (—Ryzi) N v (M), we
define

Uk (2) = (ak(};JFZk) _ak(Zk)ydk(Zk—F];) —dp(2x)+ N, wk(zk+}§k))

and denote the components by vy, := (e, fx, qr) where (fx, q) € OK X
R* are the R*-invariant coordinates. The map (f, gx) is a translation
in the R*-invariant direction of v;, that we do in order to apply Arzela—
Ascoli to the function ¢, that is contained in the compact space 0K.

The family J-holomorphic curves v, satisfies

1. |[Vo,(0)] =1,

2. |VUR(2)] < 2if 2 € Qp := B, py(0)(0) N Br, (—Rizk) Ny (Miny),
3. ex(0) = fr(0) = 0.
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Furthermore

, *da</u*da%0
/BRk(—Rka)ﬂvl(va)(fk Qk> ~Jp "

when k — oo.

We claim that Ug€y = C. As z € Be,g,, |2k — - 2k < €. As
vp(2k) € Miny, we thus obtain that for k large, vy (€) C M;,,. Hence
for k > ko, where kg is large, Q. = Be, r,(0)(0) N Br, (—Rr2i) = Q.
As Rydist(z, 0D) — oo, we have that Ukzkoﬁk =C.

By the Cp2-bounds (Theorem 4.3.4 in [AH19]), we conclude that
(up to choosing a subsequence) v, converges in C22 to a J-holomorphic
plane

v =(b,v):C— R X M,

satisfying |[Vo(0)| = 1, [ev*da = 0. Furthermore E(v) < C. Indeed,
let @ C C be a compact subset and assume k > kg so that v(€) C
M;,.,. We compute

sup | Upd(¢pa) < sup Mud(oa) (5.6)
peC JQ ¢eC J Br, (—Rgzi)
— sup / itd(¢a) = E(@y) < C, (5.7)
peC JD

where C' > 0 is such as in Lemma [(5.5.160 We now take the limit
k — oo and then the supremum over all compact sets () C C to
obtain F(v) < oo.

By Proposition 4.4.2 in [AH19], v is constant, which is in contra-
diction with |[V©(0)| = 1. We conclude that Subcase I cannot happen.

Subcase II: the gradient blows up on the boundary.

More precisely, by this we mean that Rydist(zx, 0D) — [ € [0, 00).
We furthermore assume that the gradient only blows up at the bound-

ary, that is that there does not exist another subsequence such that
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Rydist(zg, 0D) — oo. If this was the case, we would be in Subcase I,
and therefore obtain a contradiction. Due to the boundary condition
u(0D) C Dor, we can assume that the subsequence u, is therefore
contained in the compact subspace K C M and therefore the stan-
dard arguments of the proof of Proposition 8.1.4 in [AHI19] apply and
shows bubbling of a non-trivial finite energy half-plane. This is in
contradiction with the horizontal energy to be zero.

This finishes the proof of Proposition [5.5.17 O

Finally, the next lemma guarantees that bubbling does not happen

at the boundary of the holomorphic disks.

Proposition 5.5.18 (Forbidding bubbling at the boundary). Let {u;},
a Bishop family as before. Assume that the gradient blows up, that is

sup e(@;) = o0
0<t<e

where e(u;) is given as in Equation [5.8 Ift — € and (z)gen C D
are sequences so that Ry = |Vt (zx)] — oo. Then the sequence
Ry dist(zx, 0D) is unbounded.

Proof. See Proposition 8.2.1 in [AHI19). O

5.5.2 Proof of Theorem [5.5.8

We continue by proving the main theorem, that is Theorem using

the collection of lemmas and propositions of the last subsection.

Proof of Theorem[5.5.8, Consider the Bishop family {@}icjo,) ema-
nating from the overtwisted disk as in Theorem [2.4.11] Note that
the loops 4;(0D) never intersect Dor in view of Lemma [2.4.12] If
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e(u;) was bounded, then by Lemma [5.5.14] we could continue the fam-
ily {4}, beyond e which contradicts maximality of the family. Hence
e(ti) is unbounded. Pick a sequence {ty }x such that || Vg || co py — 00

as k — oo. We know that there are lower and upper bounds for the

energy by Lemma |5.5.16{ and Proposition [5.5.17}

Pick a sequence of points (zx)keny C D so that Ry := |V (z)| — o0.
By Proposition [5.5.18] bubbling on the boundary cannot happen and
we therefore can assume (after passing to a subsequence) that z;, — 2
and Rydist(zx,0D) — oo when k — oo.

Here is where the main difference with Hofer’s standard proof oc-
curs: There are two possibilities: either the gradient blows up away
from the R*-invariant part or it blows up inside the R™-invariant part.
This was observed already in Proposition and we repeat similar
arguments here.

For the map ug(zx), this is saying that either for k large (up to a
subsequence to avoid mixed behaviour), uy(z) can satisfy one of the

two cases:

1. ug(z) remains away from the RT-invariant part. In this case,
the standard arguments apply as we can assume that u(D) C
K, where K is compact (the set K is as in Definition [5.5.4).
Therefore Arzela—Ascoli theorem applies, as well as the rest of
Hofer’s arguments. This proves that there exists a periodic orbit
away from the R*-invariant part. This proves the first part of

the theorem.

2. ug(zx) tends to the Rf-invariant part. In this case, as men-
tioned before, we run into compactness issues and therefore the

standard arguments do not apply directly.
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In what follows, we hence assume that for k& — 0o, ug(z;) tends to
the RT-invariant part and we will prove that this implies that there
is a 1-parametric family of periodic orbits in the R*-invariant neigh-
bourhood.

More precisely, we assume that for all & > ko, ug(zx) = (dg(2x), wi(2x))
as in Equation 5.2l Furthermore, we assume without loss of generality
that di(zx) — oo. Indeed, if this was false, we could just enlarge the
compact set K and we would be in the first case.

We will do now the bubbling analysis around the point z, as in
Hofer and in order to apply Arzela—Ascoli theorem, we do a translation
in the RT-invariant direction.

Take a sequence €, — 0 so that Rpe, — oo. We now use the so
called Hofer’s lemma (Lemma 4.4.4 in [AH19]) to additionally assume
that

|Vug(z)] < 2Ry (5.8)

for all z € D with |z — 2| < €x. We define for z € B, (—Ryzi) the

pseudoholomorphic maps vy = (by, vx) given by

() = (an(z + é) — an(za), up (2 + ;k)).

In the standard case (so also in the first case higher up), these
maps are shown to converge to a non-constant finite energy plane
using Arzela—Ascoli theorem. However, in this case, Arzela—Ascoli
theorem does not apply because w; is not contained in a compact
space. More precisely, vi(0) = ug(2x) and therefore vy is contained in
a M;,, around the origin. To overcome this, we define the following
pseudoholomorphic maps, which is just a translation of the previous
one in the R*-invariant direction. For z € Br, (—Rizi) N vy (Miny),

we define:

?719(2) — (Gk(Zk + Rzk) — ak(zk), dk(zk + };j - dk(zk); wk(zk + ;))
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We do this translation in the R*-invariant direction because d(zx) —
oo. We will now prove that v), converges in C}x. to a non-trivial finite
energy plane.

Let us denote the components of the map v = (e, vx) = (€, fr, k)

It is clear from the reparametrization that
ex(0) =0, fx(0) =0, and |V7,(0)| = 1.

The advantage of the reparametrization v, with respect to the one
given by 7y is that the convergence of f; is being taken care of as it
is fixed at the origin and Arzela—Ascoli theorem applies to gx(2) as it
belongs to the compact set 0K . This was not the case for 7.

Consider the domains Q := Bpg, (—Rrzx) N Be, g, (0) N (Min,).

For k sufficiently large, we claim that vy () C M;,,. Indeed, as
2 € Ber,, |2k — B 2| < €. As vg(zk) € Miy,, we thus obtain that
for k > ko, v () C M.

Furthermore it follows from Rydist(zy, 0D) — oo that |J € = C.
k>ko

The gradient boundedness (Equation translates into
|VUp(2)| <2 on Q.

By the C22-bounds (Theorem 4.3.4 in [AH19]), we conclude that (up
to choosing a subsequence) vy converges in C, to a J-holomorphic
plane

v =(b,v): C— R X M,
which is non-constant because |Vo(0)] = 1. We compute that the
energy of v is finite using the standard arguments. Let Q C C be a
compact set and take k > kg large. We obtain

sup | Upd(¢a) < sup Upd(fa) (5.9)
peC JQ ¢eC J Br, (—Rrzk)
= sup/ upd(pa) = E(uy) < C. (5.10)
¢peC /D
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INFINITELY MANY PERIODIC REEB ORBITS?

We now take the limit & — oo and take the supremum over all compact
@ C C to obtain that F(v) < oco. Moreover the image of v lies in a
compact subset of M;,,, to be precise in {0} x JK since this is true
for all the maps vy.

Hence we found a finite energy plane in the Rf-invariant part of
M, and by Theorem this yields a periodic orbit in M;,,. By
the R*-invariance, this yields a 1-parametric family of periodic orbits
in every {cst} x 0K.

m

5.6 Do overtwisted contact manifolds ad-

mit infinitely many periodic Reeb or-
bits?

An immediate implication of the conjectural existence of plugs for the
b"-Reeb flow would be examples (in addition to the ones we already
exhibited) without any periodic Reeb orbits away from the critical
set in any dimension. Indeed, let (M, «) be a contact manifold with
only finitely many periodic Reeb orbits. If there exists a plug for the
b™-Reeb flow, it can be introduced in such a way that the periodic
orbit entered the plug and gets captured. As plugs satisfy the entry-
exit condition, in contrast to traps, the global dynamics are not being
altered. The outcome is a closed b"™-contact manifold without any
periodic Reeb orbits.

We have already seen that the Weinstein conjecture is not satisfied
for b™-contact manifolds: there are closed examples without periodic
orbits away from Z. We will now discuss a more surprising conse-

quence of the conjectural existence of plugs. As already discussed
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in Section [2.4] the only known examples of closed contact manifolds
with finitely many periodic Reeb orbits are given by the irrational el-
lipsoid and quotients of it to lens spaces, which are both tight contact
structures. We therefore raised the question if overtwisted contact
manifolds would always admit finitely many periodic Reeb orbits. We
claim that this in fact follows from the existence of an R*-invariant
plug for the b™-Reeb flow. By contradiction, let us assume that there
is an overtwisted contact manifold that only admits finitely many pe-
riodic Reeb orbits. By applying the plug construction centred on
every periodic Reeb orbits to capture it yields a RT-invariant over-
twisted b™-contact manifold without periodic orbit. This contradicts
Theorem [£.5.2] and therefore there must exist an infinite number of
periodic Reeb orbits.

To avoid confusion, the result on infinitely many periodic Reeb
orbits on overtwisted contact manifolds is based on the existence of
plugs for the 0™-Reeb flow, which we have not proved in this thesis.
See the discussion in Sections (.3l and [5.4]

5.7 Singular Weinstein conjecture

We finish this chapter by discussing a singular version of the Weinstein
conjecture and also mentioning further interesting lines of research.

As mentioned before, asking for the existence of periodic Reeb
orbits away from the critical set does not give rise to a meaningful
generalization of Weinstein conjecture.

Indeed, even if overtwistedness for b™-contact manifolds (Theorem
is a sufficient condition for the manifolds to admit periodic b™-
Reeb orbits away from Z, there are examples of compact b™-contact

manifolds without periodic Reeb orbits away from the critical set. We
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are going to formulate a conjecture that guarantees the existence of a
certain kind of invariant dynamical set, that we call singular periodic
Reeb orbits.

Definition 5.7.1. Let v : R — M be an integral curve of the Reeb
vector field R, associated to a b™-contact manifold (M, «). We say
that v is a singular periodic Reeb orbits if v is an orbit that connects
two fixed points on Z, where the Reeb vector field vanishes, that is

limy 400 7(t) = p+ € Z where R,(ps) = 0.

Figure 5.4: A Singular periodic orbit

In the language of dynamical systems, this orbit is a heteroclinic
orbit associated to the b™-Reeb flow. We will now justify the definition
of singular periodic orbits by means of the examples without periodic

Reeb orbits away from the critical set.

Example 5.7.2. Consider the b-contact manifold S* C (R* w) where
w € "Q2(RY) is the standard b-symplectic form as in Example [5.1.6]
As already observed, the Reeb vector field given by

0 0 0 0
Ry = 222 — — — + 20— — 2yp——
Ty o T1Y1 o2, + 272 B Y2 Dy
admits infinitely many periodic orbits on Z = {x; = 0} but none

away from the critical set. However, there is a singular periodic or-

bits. Indeed, consider the two fixed points on the critical hypersurface
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given by (0,%£1,0,0). In the (xy,y;)-plane, the Reeb vector field is a
singular periodic orbit. It converges to the fixed points. The orbit

is topologically given by circle and dynamically speaking, it has two
marked fixed points, see also Figure [5.4]

Ezample 5.7.3. Consider the example of the 3-torus (T3, sin gpsgfz +
cos pdy) as in Example m The Reeb vector field is given by

R, = sin psin xﬁ + cos @g.

ox oy

On the critical set Z = {x = 0,7}, the fixed points are given by
the 1-dimensional submanifold ¢ = £7. Consider the restriction of
the Reeb vector field restricted to {¢ = T}. The orbits a given by
R, = g sin x%, which are all singular periodic Reeb orbits.
Remark 5.7.4. Assume once more that the attempts to save the plug I
and IT work. The (hypothetical) plug construction morally replaces a
periodic Reeb orbit with a singular periodic Reeb orbit. This is saying
that the existence of plugs for the b™-Reeb flow does not contradict

the existence of singular periodic Reeb orbits.

With the last examples in mind, we formulate the following con-

jecture.

Conjecture 5.7.5 (Singular Weinstein conjecture). Let (M, a) be a
closed 0™ -contact manifold. Then there always exist singular periodic
Reeb orbits.

In dimension 3, one is tempted to use the desingularization tech-
nique (Theorem 4.2.4)) in the case of almost convex b**-contact forms

on compact manifolds to prove this conjecture in this case.
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Indeed, assume a € " Q(M) an almost convex b

-contact form,
so that Theorem [4.2.4] applies. Hence there exists a family of contact
forms a, that coincide with « outside of a tubular neighbourhood of
the critical set, denoted N (Z). As the manifold M? is assumed to
be compact, by Taubes complete proof of the Weinstein conjecture
[TauQ7], there exists a periodic Reeb orbit . on the desingularization
(M, a.) for all € > 0. We distinguish two different cases: the periodic
Reeb orbit . is contained in the complement of the desingulariza-
tion neighbourhood N.(Z), or it intersects it. See Figure for a
periodic orbit of the desingularized b**-contact form contained in the
complement of the desingularization neighbourhood, denoted by ~;,

and another one intersecting it, given by ..

Z

>

Figure 5.5: Periodic orbits and the desingularization theorem

In the first case, where the periodic orbit does not intersect the
desingularization neighbourhood, it corresponds to a periodic Reeb
orbit of the initial b**-contact form as is shown by the following ob-

servation.

b2k

Lemma 5.7.6. Let (M, «) be an almost convex b**-contact manifold.
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Consider the family of contact forms o associated to the desingular-
ization. Assume that there exists € such that there is a periodic Reeb
orbit of the Reeb vector field R,, outside of the e-neighbourhood N.
Then this orbit corresponds to a periodic orbit of the Reeb vector field
R,.

Proof. The desingularization does not change the dynamics outside of
the e-neighbourhood. ]

Note that the same would hold for the desingularization of b?*+!-
contact structures, where the resulting geometric structure would be
of folded-contact type.

The more problematic orbits are those that intersect the desingu-
larization neighbourhood (see 75 in Figure : the desingularization
changes the dynamics rather drastically. More precisely, we will see
that the Reeb dynamics change whenever the Reeb vector field is not
everywhere regular or singular around a connected component of the

critical set.

b -contact manifold.

Lemma 5.7.7. Let (M,«a) be a almost-convex
Then in the e-neighbourhood of the critical set, the Reeb flow associated
to the desingularization is a reparametrization of the initial Reeb flow
if and only if semi-locally, the Reeb vector field is everywhere reqular

or everywhere singular.

Proof. Asin Theorem , we write R, = gz%%—i—X and the expres-
sion of the desingularized Reeb vector field is given by R, = g%ﬁ,%vLX .
The flow of the first one is a reparametrization of the second one if
and only if R, = fR,. for a smooth function f. This is clearly only
the case if the Reeb vector field is everywhere singular or everywhere

regular. [
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One is tempted to take the limit of € — 0. However, the continuity
of the family of periodic orbits with respect to € cannot be guaranteed.
Therefore, limit arguments do not work without any further assump-

tions on the b%*

-contact form. A necessary condition is non-degeneracy
for the family of contact forms {ov }scp0,q-

We believe that a first step towards a proof is to verify this con-
jecture by extending variational calculus to the language of piece-wise
smooth loops with marked points (which correspond to the fixed points
of the vector field) instead of C*°(S', M). Using this generalization of
variational calculus, it may be possible to prove special cases of this
conjecture, as in the smooth case [Rab78b], as for example for convex
hypersurfaces in the standard b™-symplectic Euclidean space (R*",w).

Furthermore, we saw that there are b™-symplectic manifolds with
proper smooth Hamiltonian whose Hamiltonian flow does not have
any periodic orbits away from Z. As before, the construction replaces
periodic orbits by singular periodic orbits. We believe that techniques,
similar to [Gin97] and [GGO03] can be adapted to give examples of level-
sets of b™-symplectic manifolds containing no singular periodic orbit.
This would be a counter-example to the singular Hamiltonian Seifert

conjecture.

Conjecture 5.7.8. Let (W,w) be a b™-symplectic manifold. Then
there ezists a H € C*(W) proper, smooth Hamiltonian whose level-

sets do mot contain any singular periodic orbits.
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Chapter 6

Applications of b"'-contact
geometry: the three body

problem and fluid dynamics

It’s not always necessary to be strong, but to feel strong.

Jon Krakauer, Into the Wild

In this chapter, we discuss applications of b™-contact geometry to
two physical system: the restricted three body problem, as discussed
in the introduction, and fluid dynamics.

In the case of the restricted planar circular three body problem,
we will see that the dynamics can be described as the Reeb dynamics
associated to a b*-contact form. We apply the results introduced in
the former chapters to show existence of periodic orbits on the mani-
fold at infinity, which corresponds to the critical set of the b3-contact

structure.
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A part from this example, we will see a narrow connection between
fluid dynamics and contact forms, which remains true in the b-setting
due to [CMPS19]. The results proved in the last chapter have some
direct consequences for the dynamics of the vector fields originating

from this correspondence.

6.1 The contact geometry of the restricted
three body problem

The three body problem (3BP) describes the motion of three point
masses that move under the influence of their own gravity in R®. The
circular restricted three body problem is a simplification of the 3BP
as is explained in the following lines.

A first simplification of the problem consists in considering that
one body has negligible mass and does not effect the movement of the
two other bodies, called the primaries. The primaries move following
Keplers law. We assume further that the primaries move on circles
around their center of mass and that the small body moves in the
plane spanned by the motion of the primaries. This problem is known
as the restricted circular three body problem (RC3BP). Typically, we
assume that the two primaries are given by the earth and the moon
and the body of negligible mass is a satellite, see Figure [I.I, The

Hamiltonian of the satellite is given by

2
p
Hig.p.t) = 20— Ula.0). (0.0) € B\ {as(0). u (D)) x B,
where the potential is given by
1—
Ulg,t) = y ;

e CrErTGlh
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Here qg(t), qu(t) denotes the position of the earth and the moon given
by
qe(t) = (ucost, usint)

respectively

au(t) = (~(1 — ) cost, (1 — 1) sint)

and p = 2 € [0,1] is the relative mass. Instead of the inertial
coordinate system, it is convenient to consider the restricted three
body problem in rotating coordinates. The Hamiltonian under this
time-dependent transformation becomes autonomous but ceases to be
the same of kinetic and potential terms: an additional term, whose
physical interpretation is given by the Coriolis force, appears. The
resulting Hamiltonian is given by
P 1 [

H(q,p) = —&- + + P1g2 — p2qu, 6.1
4P = g Tl TP e (G

where ¢g = (11, 0) and gpr = (1—p,0). We stress that this Hamiltonian
is time independent.
The Hamiltonian in Equation [6.1]is known to have 5 critical points

Ly, ..., Ls that are called Lagrange points, ordered as follows:

H(Ly) < H(Ly) < H(Ls) < H(Ly) = H(Ls).

The Hill’s region are defined by K. = 7(3.) C R?\ {gr, qu } where
7 is the projection to the position coordinates and Y. = H~(c) is the
level-set of the Hamiltonian.

For ¢ < H(L;) there are 3 connected components for .. two

bounded ones (one around the moon, one around the earth that we

denote KM

c )

respectively KF), and one unbounded one. We denote

149



CHAPTER 6. APPLICATIONS OF BM-CONTACT GEOMETRY

the connected component of the level-set that projects to KM by .
Although KM is bounded, X is not, due to collision.

Contact manifolds appear as level-set of Hamiltonian whenever
there exists a Liouville vector field that is transverse to it. In [AFKP12],

the authors prove the following:

Proposition 6.1.1. The Liouville vector field X = (q — qM)a% is

transverse to XM for ¢ < H(Ly) + €, where € > 0 is sufficiently small.

It follows that ¥ admits an induced contact form and the Hamil-
tonian dynamics are described by the Reeb vector field. In order to
apply Weinstein conjecture in dimension 3, the authors show that ¥
can be compactified using Moser’s regularization and that the Liou-
ville vector field extends to this regularization. Therefore by Weinstein

conjecture, there exist periodic Reeb orbits in the regularization.

6.2 The b"-contact geometry of the RPC3BP

Instead of using Moser’s regularization, we make use of the McGehee
blow-up and will prove that it induces a b3-contact structure on posi-
tive energy level-sets of the Hamiltonian of the CR3BP. The existence
of b*-symplectic structures in the restricted 3BP was already observed
by the authors in [DKM17], see also [BDM™T19].

We first pass to polar coordinates (7, a, Py, P,) through a symplec-
tic change of coordinates. This change of coordinates is given by ¢ =
(rcosa,rsina) and p = (P cosa — L2 sina, P, sina + £2 cosa) and
the symplectic form is given by w = 37 | dg;Adp; = dr AdP,+daNdP,.
We then perform the McGehee blow-up, given by

2

x?’

(6.2)

r =
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This is not a symplectic change of coordinates and therefore the sym-

plectic form gives rise to a b3-symplectic form that writes down
d
— 45 AdP, +da A dP,. (6.3)
x

We now look at the level-sets of H under those coordinate changes.
As the McGehee change of coordinate exchanges infinity with the
origin, we consider the level-sets 3, such that m(X.) is unbounded:
indeed, we will only consider ¢ > 0. This contrasts the work of
[AFKP12], where ¢ < H(L;) + e¢. Furthermore, we don’t consider
the Liouville vector field in the position coordinates, that is we don’t
consider X = (¢ — qM)a%, but the one given by momenta given by
Y = pa%. The reason for this is that X is not a b*-vector field and
therefore the contraction txw does not give rise to a b3-form.

We first check that the Liouville vector field in momenta is ev-
erywhere transverse to the positive energy level-sets before doing the

McGehee blow-up.

Lemma 6.2.1. The vector field Y = p% is a Liouville vector field

and is transverse to X, for ¢ > 0.

Proof. The vector field Y is a Liouville vector field as Ly (7, dp; A

dg;) = w and is transverse to X, for ¢ > 0. Indeed

2
P 1-
Y(H):!p\“rplqz—mql:—‘ | + a P4
2 ‘Q—QE| ’q_QM|

H(q,p).

Hence Y (H)|g=c = % + ‘;%g—' + |q_“M‘ + ¢ which is a sum of positive

terms when ¢ > 0. O

We now prove that the vector field Y is also transverse to the level-

sets of the Hamiltonian at infinity. The strategy of this is to do the
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McGehee blow-up and check that the vector field is still transverse to

the level-set of the Hamiltonian.

Theorem 6.2.2. After the McGehee blow-up, the Liouville vector
field Y = pa% is a b®-vector field that is everywhere transverse to %,
for ¢ > 0 and the level-sets (3., tyw) for ¢ > 0 are b*-contact mani-
folds. Topologically, the critical set is a cylinder and the Reeb vector
field admits infinitely many non-trivial periodic orbits on the critical

set.

Proof. Let us compute the Hamiltonian given by Equation first
in polar coordinates and then perform the McGehee blow-up. The
polar coordinates are defined by the position ¢ = (7 cosa,rsina),
(r,0) € R* x S, and the momenta p = (P, cos o — % sin o, Py sin o +
£ cosa), (P, P,) € R% Under this coordinate change, the resulting

Hamiltonian is given by the following expression:

H(r,o, Py, Pa)

1—p
_ P2_ A VAN
( (7")) r2 — 2ur cos o + 2
u

2= 2(1—p)reosa+ (1 —p)?

o

The coordinate change is symplectic and therefore the symplectic
form is given by dr A da + dP. A dP, and the Liouville vector field
: _p 0 0
writes down Y = Prﬁ + Paﬁ.
After the McGehee blow-up r = x%, the Hamiltonian is given by

H(z,a, P, F,)
1 1 1—p
__ P2—* 4P2 4
B = ) = T s a 1
L

4
- P,.
. 422(1 — p)cosa + (1 — p)%a?
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The Liouville vector field does not change under the McGehee
blow-up, but instead of a symplectic form, the underlying geomet-
ric structure is a b3-symplectic structure with critical set given by
{z = 0} given by w = —4% A dPr + do A dP,. We already checked
that the Liouville vector field is everywhere transverse to the level-set
of H and we now check that it is also transverse at the critical set.

On the critical set, the Hamiltonian is given by H = %Pf — P,,
so that Y(H) = P? — P,. On the level-set H = ¢ > 0, we obtain
Y (H) = 5P?+c¢ > 0. Hence it is transverse to the critical set as well,
and therefore the induced b3-contact form on the critical set is given
by @ = (P% + Poda)|p—..

The critical set of the b3-contact manifold is given by
1
Z = {(x7a7PT7Pa)|x = 0,§PT2 _Pa = c}_

Topologically, the critical set of the b*-contact manifold is given by
Z ={(z,a, P,, P,)|z = 0,3 P? — P,}. Topologically, the critical set is
a cylinder, as solutions for $P? — P, = c are given by P, = P> —c:=
P,(P,). The cylinder is described by Z = {0, a, P, P,(P,)} and hence
non-compact.

According to the decomposition lemma, the b*-contact form de-
composes as o = u% + (3 and by Theorem , the Reeb vector field
on the critical set is Hamiltonian for the Hamiltonian function —u.
The Hamiltonian function here is given by P,. As the Hamiltonian
vector field is contained in the level-set of the Hamiltonian, we obtain
that both cylinder are foliated by non-trivial periodic orbits away from
P.=0. O

A reformulation of Theorem from a view-point of dynamical

system is the following:
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Corollary 6.2.3. After the McGehee blow-up in the RPC3BP, there
are infinitely many non-trivial periodic orbits at the manifold at infin-

ity for energy values of H = ¢ > 0 (that is hyperbolic motion).

Periodic orbits at infinity have been studied in the past to success-
fully show oscillatory motions in the RPC3BP, see [GMSI6], as well
as to show global instability, see [DKdIRS19]. The result presented
here in fact generalizes the result on the existence of periodic orbits
in [DKdIRS19], where the authors consider parabolic motions. As we
consider positive energy level-sets, the motion considered here is clas-
sically known as hyperbolic motion. The author believes that it could
be interesting to understand not only the dynamics at the manifold
at infinity, as is presented in the last result, but also away from the
critical set by applying perturbation methods (continuation methods,
KAM theory,...) to the set-up.

6.3 Fluid dynamics and contact geome-
try

Euler equations model the dynamics of an inviscid and incompressible
fluid flow. Their viscid counterpart yield the Navier-Stokes equations.

Euler equations can be generalized from the Euclidean to the gen-
eral Riemannian case as follows: On a Riemannian 3-manifold (M3, g)

they can be described by

X 4 VxX=-VP
divX =0

(6.4)

where X is the velocity, V the Riemannian gradient and P the pres-
sure. The Bernoulli function is given by B = P 4 £9(X, X). We can
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take advantage of the metric ¢ to identify several classical concepts
using Riemannian duality as follows: The vorticity vector w is defined
as

Lo = da

where @ = 1xg and p the Riemannian volume.

Even though the classical work in the subject use the language
of vector calculus, we use here the reformulation of those equations
in the language of differential forms, see for instance [PS16] for the
derivation of those equations.

When the flow does not depend on time we obtain the so-called
stationary solutions.

In terms of o = 1xg, stationary Euler equations can be written as

txda = —dB
. (6.5)
dixp = 0.

An important class of stationary solutions are given by Beltrami
fields.

Definition 6.3.1. A Beltrami vector field is a solution to Equations

(6.5)) that satisfy
curl X = fX, with f € C®°(M).

When f # 0, the vector field is called rotational Beltrami vector field.

Contact forms and Beltrami vector fields are narrowly related, giv-
ing rise to a fruitful interplay between contact geometry and hydro-
dynamics, with important benefits for both fields. Indeed, if X is a

non-vanishing rotational Beltrami then o = tx ¢ is a contact form. In
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order to prove this note that the Beltrami equation in the language of
forms described above can be written as da = fixp. Since f is strictly
positive and X is not vanishing we obtain: a Ada = fa Awxp > 0,
thus proving that « is a contact form.

Further, the vectorfield X satisfies tx(da) = txixp = 0s0o X €
ker da. This implies that it is a reparametrization of the Reeb vector
field by the function a(X) = g(X, X).

This proves one of the implications of the theorem below proved
in [EGO0]:

Theorem 6.3.2 ([EG00]). Any non-singular rotational Beltrami field
is a reparametrization of a Reeb vector field for some contact form and
conversely any reparametrization of a Reeb vector field of a contact
structure is a non-singular rotational Beltrami field for some metric

and volume form.

6.4 b"-contact geometry and fluid dynam-
ics

In view of the correspondence in Theorem [6.3.2] it is natural to gen-
eralize this to the context of b™-contact manifolds.

In [CMPS19] contact manifolds with boundary having a singular
contact structure on the boundary of b-type are identified with contact
manifolds with boundary where the boundary is pushed to infinity (or
manifolds with cylindrical ends). Using this identification, it is proved
in [CMPS19] that the correspondence contact—Beltrami can be ex-
tended to the singular set up thus extending the previous geometrical

picture on Beltrami fields to 3-dimensional manifolds with boundary.
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Theorem 6.4.1 ([CMPS19]). Let M? be a b-manifold. Any rota-
tional Beltrami field and non-vanishing as a section of *T'M on M is
a Reeb vector field (up to rescaling) for some b-contact form on M.
Conversely given a b-contact form o with Reeb vector field X then any
non-zero rescaling of X is a rotational Beltrami field for some b-metric

and b-volume form on M.

We call the vector field X obtained in this correspondence b-
Beltrami vector field.

We will prove the following propositionﬂ that shows that the dy-
namics of the vector fields obtained in the correspondence of Theorem
6.4.1|considerably contrast rotational Beltrami vector fields. The proof

follows the lines as the proof of Proposition 27 in [PS16].

Proposition 6.4.2. Consider a closed surface > C M. Assume that
Y is invariant by a smooth vector field X . Then if X is a rotational

Beltrami, its restriction X |y, cannot be Hamiltonian.

Proof. Let us denote by 7 : ¥ — M the inclusion and let us assume
the opposite, that is that j*X is Hamiltonian, i.e., j*X = Xy for
H € C*(X). Then by compactness, H attains its extrema on X
and furthermore the zeros of j*X are non-degenerate and therefore
isolated.

To see this, let us first denote as before o = 1xg. Note that j*«a
is closed because txda = 0 and therefore locally exact, hence there
exists a function F' € C*(X) such that j*a = dF. As a = g(X, ),
this is saying that the vector field j*X is the gradient of F'. As X is

divergence free, F' is in fact harmonic and therefore the critical points

!The author would like to thank Daniel Peralta—Salas for explaining this result

during the Inauguration of the VLAB virtual Lab meeting.
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of F are isolated.

There exists hence contractible periodic orbits of X around the
extrema of H on Y. Let us denote by v one of these orbits and the
disk supporting v by D. Let o be an area form on the disk. By
Stokes theorem and using the definition of Beltrami vector fields (that
is curl X = fX),

O</Xd3:/cur1X-Nda:/fX-Nda:O
¥ D D

because X is tangent to . This is a contradiction and hence 7*X

cannot be Hamiltonian. O

This result comes as a surprise in view of the following: As an
outcome of Theorem [B.1.4] in the 3-dimensional b-contact case the
Reeb vector field is tangent to the critical set Z and Hamiltonian along
Z. Now consider the b-Beltrami case Theorem [6.4.1l The critical set
of the associated b-contact structure is an invariant manifold which
is Hamiltonian along Z thus proving that new interesting dynamics
emerge from the existence of the critical hypersurface.

The dynamical results proved in Chapter [5| can be applied to b-
Beltrami vector fields. For instance, the next corollary follows imme-
diately from Proposition [5.1.1}

Corollary 6.4.3. Let X be a b-Beltrami vector field on a compact 3-
dimensional manifold. Then there exist infinitely many periodic orbits

on the critical hypersurface.

In particular, if the singular Weinstein conjecture holds true in this

new singular set-up, then we obtain the following corollary.

Corollary 6.4.4 (Corollary of singular Weinstein conjecture, [CMPS19]).

Any Beltrami field in a manifold with a cylindrical end has at least one

158



6.5. AND MORE

of the two:
1. a periodic orbit.
2. an orbit that goes to infinity for t — +oo and t — —oo.

Both situations are illustrated below in Figure [6.1

71 -y L

V2 2

Figure 6.1: Periodic orbits on the regular part and periodic orbits

going to infinity.

6.5 And more

Contrary to considering b-manifolds, the authors in [PA19] prove that
rotational Beltrami vector fields that have non-degenerate singulari-
ties induce contact forms with non-degenerate zeros and thereby gen-
eralizing one implication of the correspondence theorem (Theorem
6.3.2). Furthermore, the authors prove the presence of overtwisted
disk around those non-degenerate singularities. Let us denote the set
of non-degenerate singularities by I'.

This result is especially alluring in view of the Theorem [5.5.8 as the
manifold M \ T" is non-compact, but overtwisted. A natural question

is therefore to investigate the presence of radial invariance around the
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non-degenerate singularities to satisfy the assumptions of Theorem
5.5.8] Potentially, this can be achieved by changing the contact form
around the singularities, while controlling the Reeb dynamics of the

new contact form, as is being proposed in Section [5.3|and Section
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