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Chapter 1

Introduction and

Preliminaries

1.1 Introduction

1.1.1 Cooperative game theory

Game theory is the field that studies situations of strategic interaction
between rational decision makers. Von Neumann and Morgenstern
(1944) distinguish between non-cooperative games and cooperative
games.

The objective in non-cooperative games is to predict the best
strategy for each agent, whereas in cooperative games, also known

as coalitional games, the agents are allowed to write binding agree-

1
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ments with each other. The sinificant issue here is to predict which
coalitions will form and the sharing of the value they obtain when

they cooperate.

A classical model studied from the cooperative game theory is the
bankruptcy situation (Auman and Mashler, 1985). Following is an

example of a bankruptcy problem.

Example 1.1.1. A company got bankrupt and left an estate £ =
10000 euro. There are 4 creditors who claim, respectively, dy = 3000
euro, do = 2000 euro, dg = 5000 euro and dy = 8000 euro. We
define the cooperative game (N,v) where the players are the creditors
N = {1,2,3,4} and the worth of the grand coalition, N, is v(N) =
E = 10000.

Fvery coalition S in N can receive the estate if it pays the debt
claimed by the creditors out of the coalition. The value of a coalition
S in N is what remains from the estate E after paying the debt to the
creditors in N\ S .

For instance, if S = {1,4}, then, v({1,4}) = max{0,E — dy —
ds} = mazx{0,10000 — 2000 — 5000} = 3000. Purther, if S = {2,3},
then, v({2,3}) = max{0,E — d; — dy} = max{0,10000 — 3000 —
8000} = 0.

This way we define the game (N,v) as follows:
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(1) =0, v({1,2})=0, v({1,2,3}) = 2000
. o({1,3}) =0, w({1,2,4}) = 5000
3 =0, v({2.3})=0, w({1,3,4}) =8000
v({4}) =0, o({1,4}) = 3000, v({2,3,4}) = 7000
v({2,4}) = 2000
v({3,4}) = 5000,  v(N) = 10000

(
(
(
(

We also distinguish between two classes of cooperative games.
They are transferable utility games with side payments and non-
transferable utility games.

A cooperative game is said to be a transferable utility game if
there is some medium, for instance money, of exchange between
the agents, and the agents utilities are linear in money. In non-
transferable utility games, such medium is not present or, if it is, the
agents utilities are not linear in it.

In this dissertation, we focus on cooperative games with transfer-
able utility.

In this games, the grand coalition N will form and the challenge
will be to suggest a way of allocating the worth of the grand coaltion
among agents.

Different solution concepts have been defined in the literature.

Gillies (1959) defines the core of coalitional games which is a set-
solution concept. According to the definition, the player of any coali-

tion receives at least as much as the joint revenues that they obtain
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by the cooperation.

Further, Shapley (1953) introduces the Shapley value which is a
point-solution concept and assigns to each cooperative game, an effi-
cient weighted average of all possible marginal contribution vectors.
Furthermore, other point solutions, the 7—value introduced by Tijs
(1981) and the Nucleolus introduced by Shmeidler (1969), are dis-
cussed. In the next sections, all definitions of these solution concepts
are introduced.

In this dissertation we focus on some models of cooperative games.

Throughout the next four chapters, the different models are studied.

1.1.2 Information market games

In the second chapter we focus on some cooperative games defined
from information markets. They are a generalization of information
market games. Many papers appeared dealing with the issue of in-
tentional sharing of information assuming perfect patent protection,
we can find Gallini (1984) and Kamien et al. (1985), they exam-
ined licensing in oligopolistic markets. Muto et al.(1989) define the
information market game. They analyse the cooperative behaviour
of economic agents (firms), faced with the introduction of new tech-
nology, indispensable for the manufacturing of a new product. They
consider that the market is divided into submarkets. For each sub-

market one knows the maximum profit achieved by producing and
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selling the new product in that submarket. They study the core
and some point-solutions as the Shapley value and the 7-value. In
this thesis we wonder what happens when we have more than one

informed player (we can say they form a clan of patent holders).

Similar to Muto et al. (1989), the aim of this chapter is to analyze
the cooperative behaviour of firms, faced again with the introduction
of some new technologies owned by different patent holders, which
are essential for manufacturing a new product. This situation, where
more than one informed player is needed to produce the good, is

considered. We name it clan information market.

In this new situation, the information is divided into several parts
(or technologies) and each patent holder initially possess just one of
the parts. As we assume perfect patent protection and also that
the production of the new commodity needs all those patents, no
single informed player has the technology required to produce the

new commodity.

Each firm or group of firms has the possibility to manufacture
the new product if they have all the technological information. They
can obtain the maximum profit in the submarket they have access to
only if they know the new technologies. By sharing these technologies
with other firms (licensing), the clan may access and make a profit
indirectly in other submarkets where the clan has no access by itself.

Therefore, faced with this situation, cooperation is beneficial.
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The corresponding cooperative game with side payments is de-
fined in Chapter 2. It is named clan information market game (CIG).
Muto et al. (1989) showed that the class of information market games
is generalized by the class of big boss games, where the presence of
the big boss is necessary for a coalition to attain any profit. When
more than one agent is indispensable, Potters et al. (1989) intro-
duced the class of clan games. In a short note, Tijs (1990) introduced
clan information market games as an example of clan games with no
further development of the model. Clearly, every clan information
market game is a clan game, although the opposite is no longer true.
The existence of population monotonic allocation schemes (PMAS) is
studied. We show that the T-value of a clan information market game
also has some population monotonicity property: it yields a bi-mas.
Finally, the final section characterizes the class of clan information
market games and provides conditions on the market, under which

the Shapley value belongs to the core.

1.1.3 Information interval games

In the third chapter we focus on other generalization of information
market games. This time we consider that the profit attainable in
each submarket is uncertain, it is given by an interval of real numbers.
This way, we get a class of interval games. In interval games, the

characteristic function assings a closed and bounded interval to each
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coalition.

Cooperative interval games are introduced by Branzei et al. (2003)
to handle banckruptcy situations where the estate is known with cer-
tainty while the claims are given by bounded intervals of real num-

bers.

Carpente et al. (2005) propose a method to associate a coalitional
interval game with each strategic game. Later, Alparslan Gok et al.
(2009) consider selections of cooperative interval games which are

classical cooperative games.

If we consider an OR problem with interval data, the correspond-
ing cooperative game can be an interval game. For instance, this is
the case of some connection problems (Moretti et al., 2008), lot siz-
ing problems with uncertain demands (Drechsel and Kimms, 2008)
or sequencing problems (Alparslan-Gok et al., 2008). A survey on

cooperative interval games can be found in Branzei et al. (2010).

In Chapter 3 we study information interval games corresponding
to information markets where the profit attainable in each submarket
is uncertain. The aim of this chapter consists of providing interval
solutions. Such a solution yields an interval of individual payoffs to
each player such that the interval profit the gran coalition can obtain

by cooperation, is allocated among the players.
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1.1.4 Assignment games

In the second part of the thesis, Chapters 4 and 5, we consider another

kind of markets, the assignment markets.

Shapley and Shubik (1972) defined assignment games as a model
for two-sided markets where an indivisible product (houses, cars, etc.)
is exchanged for money, and where sellers and buyers supply or de-
mand exactly one unit respectively. The unit needs to be similar,
and the same unit may have different values for differents partici-
pants. Each buyer has a value for every house and each seller has
a reservation value. A valuation matrix represents the joint profit

obtained by each mixed pair.

In Chapter 4 we study a class of assignment game where there is
an agent who has a double role as a seller and as a buyer and who
is needed for any exchange in the market, it is named the central
player. We define a market where there is also a set of buyers N!
and a set of sellers N2, however these two sets are not disjoint but
have one agent, the central player, in common, who can act both as
a buyer and as a seller. As in Shapley and Shubik assignment game,
each buyer wants to buy at most one unit and each seller has one unit
on sale. A matrix A = (a;;) .c N1 summarizes the profit that players ¢

JEN
and j get when the transaction between both players takes place.

However, an additional feature of our model is that no trade is
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possible if the central player does not participate in it. We can assume
that this player, denoted by h, allows the trade between buyers and
sellers. Therefore, the profit matrix is such that a,; = 0 if h ¢ {i,j}.

We can think of a social bank of flats where customers can sell
and buy houses with reasonable prices under the supervision of the

bank that can also buy and sell.

In Chapter 4 we define assignment games with a central player.
We study its core and we analyze if it is a stable set. We give two
point solutions, the 7-value and the nucleolus and we study when the
first one lies in the core. Finally, we generalize the model allowing
the central player to sell and buy more than one item and we study
the competitive equilibria.

A different generalization of assignment games is introduced in
Chapter 5.

We consider there that there is more than one player with a double
role as a seller and as a buyer. In fact, these are middelmen who
neither produce any good nor consume it. They buy the goods to
the sellers and sell them to the buyers. Without any middelman, the
trade is not possible. We assume that buyers and sellers cannot meet
on their own. Further, each middelman may trade more than one
unit. So,we assume that there is a third side in the market formed by
a finite set of middlemen (disjoint with the set of buyers and sellers).

This situation may represent a real estate market in which value is
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generated by the matching of a buyer and a seller but typically real
estate agencies act as intermediaries. Moreover, the same house can
be advertised in the website of several agencies, and each buyer can

also search in several of these sites.

This situation resembles the firm-supplier-buyer in Stuart (1997),
but there the value of a triplet is the sum of the value generated
by firm and supplier and the value generated by supplier and buyer.
In our case the middleman does not modify the value of the buyer-
seller pair, that is, the profit generated by the trade of a buyer and
a seller does not depend on who is the intermediary that connects
them. Stuart’s model is a particular instance of three-sided assign-
ment game. Because the value of a firm-supplier-buyer triplet is
defined additively, it can be guaranteed that the core of the asso-
ciated three-sided assignment game is non-empty. It is also known,
see Kaneko and Wooders (1982), that three-sided assignment games
where values of triplets are defined arbitrarily may have an empty

core.

In contrast to our model, each supplier in Stuart’s model has uni-
tary capacity, that is, each supplier can only connect one firm-buyer
pair. The assignment markets with middlemen that we consider, are
three-sided assignment markets with multiple partnership (on the
side of middlemen). Two-sided assignment markets with multiple

partnership have been studied for instance in Kaneko (1983), Thomp-
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son (1980), Sotomayor (1992, 2002) and Sénchez-Soriano (2001).
When both sides of the market allow for multiple-partnership these
games are sometimes called transportation games.

Transportation games have a non-empty core and this core con-
tains the set of competitive equilibrium payoff vectors but, different
to the one-to-one assignment game, this inclusion may be strict, that
is, not all core allocations are supported by competitive prices. It is
shown in Sotomayor (2002) that most of the properties of the core
of the one-to-one assignment game, such as the lattice structure and
the opposition of interests between the two sides of the market, are
lost when we allow for multiple partnership.

In Chapter 5, after defining assignment games with middlemen,
we provide some sufficient conditions for the non-emptyness of the
core. The set of competitive equilibrium payoff vectors coincides with
the solutions of the dual linear program corresponding to the linear

program that is solved to obtain the worth of the grand coalition.

1.2 Preliminaries and solution concepts

This section deals with the preliminaires we need in order to explain
the findings and contributions of this dissertation. In this section we
recall some concepts related to cooperative games and assignment

games. Further, some necessary notation about interval games is
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also included.

Besides these preliminaries, since each chapter in this thesis cor-
responds to a potential paper, each of them is self-contained. This
means that the preliminaries needed in each chapter are also kept in
the corresponding chapter, as well as the references corresponding to

each chapter.

1.2.1 Cooperative games

This section is devoted to introduce some basic definitions from clas-
sical cooperative game theory. We will use these concepts throughout
the thesis.

A cooperative game (with side payments) with player set N is a
map v : 2¥ — R such that v(@)) = 0. Here, v(95) is the maximal profit
obtainable by the coalition S C N, without the help of any player
outside coalition S.

A cooperative game v is called monotonic if v(S) < v(T) for any
two coalitions S,T" C N with S C T. It is called superadditive if
v(S) +v(T) <v(SUT) for any disjoint pair of coalitions S and T

Shapley (1971) introduced the notion of convexity. A game (N, v)
oN

is conver if its characteristic function, v : — R, satisfies any of

the following two equivalent conditions:

(i) v(S)+v(T) <v(SUT)+v(SNT) for all S, T C N.
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(i) v(SU{i}) —v(S) < v(T'U{i}) —v(T) for all i € N and all
S,T C N such that S C T C N\{i}.

So, from condition (ii), we can say that a game is convex if it satisfies
the property of non-decreasing marginal returns when coalitions grow
larger. A game (N, v) is concave if the oppossite equation holds, i.e.
v(SU{i}) —v(S) > v(TU{i}) —v(T) for all i € N and all S, C N
such that S C T C N\{i}.

A game (N, v) is simple if v(S) € {0,1} for all S C N and v(N) =

We denote v = ug, s,.....s, the monotonic simple game with mini-
..... 5. (8)=1ifS; C S
5. (S) = 0 otherwise. If

mal winning coalitions Sy, Sy, ..., Sk, 1.e. ug, g,
for some S; € {S1,5,...,Sk}, and ug, s,
the nonempty coalition 7" C N is the only minimal winning coalition,
the game (N, ur) is called the unanimity game. The dual of a game
(N, v) is denoted by (N, v*) and is defined by v*(S) = v(N)—v(N\S)
for all S C N.

The theory of cooperative games offers some solution concepts.
The set of imputations is the set of efficient and individually ra-
tional allocations, i.e. I(v) = {x € RN|ZxZ~ = v(N) and x; >
v({i}) for all i € N}. Further, Gillies (195261)\[ added the coalitional
rationality and defined the core of a game (N, v) as the set C(v) =

{z € RN\Za:i = v(N) and sz > v(S) for all S € N}. Note

1EN €S
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that if a core allocation z is proposed, then no coalition S has an
incentive to split off from the grand coalition N.

The core is said to be stable if for any imputation y ¢ C(v), there
is a core allocation z € C'(v) and a nonempty coalition S C N such
that x; > y; for all i € S and x(S) < v(S), where x(S) = ) .. ;.

A game (N, v) is said to be balanced if it has a nonempty core,
while it is said to be totally balanced if the core of every subgame
is nonempty, where the subgame corresponding to some coalition
T C N, T #0,is the game (T, vy) with vp(S) =v(S) for all S C T

Sprumont (1990) introduced population monotonic allocation schemes.
Such schemes provide an allocation vector for any coalition. Given a
game (N,v), the table X = (2g;)gecan fp},:e5 1s said to be a popula-
tion monotonic allocation scheme (PMAS for short) if the following

two conditions hold:
(i) efficiency: for all S € 2N\{0}, we have }°, o xg; = v(S);

(ii) monotonicity: for all S,T € 2N¥\{@} with S C T, and for all

i €S, we have xg; < x7;.

Note that a PMAS provides a core element for every coalition in the
corresponding subgame in a monotonic way.
Finally, we recall three point solution concepts: the 7-value, the

nucleolus and the Shapley value.
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The 7-value (Tijs, 1981) of a game is essentially a compromise
value between an upper bound payoff vector and a lower bound payoft
vector. Let (N,v) be a game and let the vector M(v) € RY be such
that its coordinates are the marginal contribution of each player to
the grand coalition, i.e. M;(v) = v(N) — v(N\{i}), for all i € N.
The vector M (v) is called the utopia vector and each M;(v) can be
regarded as a maximal payoff (not always attainable) that player i

can expect to obtain in the core of the cooperative game.

By using the utopia vector, we can now compute what remains for
player i € N when coalition S forms, i € S, and all players in S\{i}
are paid their utopia payoff. The remainder for player i, R"(.S,14) is
defined by R"(S,) = v(S) — > cq iy Mj(v).

Now, the vector m(v) € RY is defined by m;(v) = maxg.,cs{R"(S,4)}
for all i € N. The vector m(v) is called the minimal rights vector.
Note that player i € N can be guaranteed the payoff m;(v) by offer-
ing the members of a suitable coalition (the one where the maximum
is achieved) their utopia payoffs.

Let us now consider a coalitional game (N, v) such that m(v) #
M(w), > enmi(v) < v(N) < Yoy Mi(v) and m;(v) < M;(v) for
all © € N. Then, the 7-value of that game is the unique efficient
payoff vector on the line segment between m(v) and M (v). Formally,
7(v) = dm(v) + (1 — A\)M(v), where A\ € [0,1] is unique satisfying
> ien Ti(v) = v(N).
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The nucleolus was introduced by Schmeidler (1969). This solution
concept is based on the excess of a coalition S at x € RY in the game
v. For any z € RY and S C N the excess of the coalition S is
e(x,S) = v(S) — x(S5). It measures the gain or loss of the coalition
S if its members depart from the allocation x in order to form their
own coalition. Further, for any imputation x, let us define the vector
0(z) € R*"72 of excesses of all non-trivial coalitions at z, arranged
in non-increasing order. That is to say, for all k € {1,2,...,2" — 2},
O(x)r = e(Sk,x), where {S1,Ss,...,Sk,...,5m o} is the set of all
nonempty coalitions in N different from N, and e(Sk, ) > e(Sk11, ).

Then the nucleolus of the game (N,v) is the imputation pu(v)
which minimizes 6(z) with regard to the lexicographic order over the
set of imputations: 0(u(v)) < 0(x), for all x € I(v).

The last point solution considered in this section is the Shapley
value (Shapley, 1953). According to the Shapley value ¢(v) of the
game (N, v), the value of player i € N is

i(w) = — > (P ui) = w(P(i))
o€lI(N)
where n = |N|, m(N) is the set of all permutations o0 : N — N and
P7(i) is the set of players that precede player i, i.e. P7(i) = {r €
N such thato=!(r) < 071(i)} where 0! denote the entrance number

of player i. In other words, the Shapley value of player ¢ € N is
6i(v) = Ysc gy AS) (0(S U{i}) — v(S)) where a(s) = H5=E,
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s = |S| and n = |N|. Some properties of the Shapley value are
efficiency, ie. ), .y @i(v) = v(IN), and linearity, i.e. ¢(v +w) =
o(v) + ¢(w) and ¢(av) = ap(v). The Shapley value may lie outside
the core of the game, but if the game is convex, then the Shapley
value is a core allocation.

If we consider an unanimity game up and its dual )., the Shapley
value can be easily calculated as follows

= ifieT
o(ur) = ¢(up) = {

0 otherwise

1.2.2 Assigment games

Since Chapters 4 and 5 deal with assignment markets, we include
here some notation related to these markets and the corresponding
games.

Given a two-sided market, the assignment problem is defined by
the triple (My, M3, A) where A = (a”)ﬂg is a non-negative real
matrix. To solve the problem we must look for an optimal matching
in A. A matching between M; and M, is a subset p of My x My
such that each k € M; U M, belongs at most to one pair in . When
(1,7) € p we also denote with some abuse of notation j = pu(i) and
i = p(j). We will denote by M (M, Ms) the set of matchings. We
say a matching p is optimal for the problem (M;, My, A), in short p is

optimal for A, if for all y' € M(My, M), 3= ie, @is = D6 jyep Y-
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The set of optimal matchings of the problem (M, Ms, A) is denoted
by M (M, Ms). Given S C M; and T'C M,, we denote by M(S,T)
and My (S,T) the set of matchings and optimal matchings of the
submarket (S, T, Agxr) defined by the subset S of buyers, the subset
T of sellers and the restriction of Ato SxT. If S =0 or T = (3, then
the only possible matching is u = () and, by convention, Z(m.)e@ ajj =
0.

Given an assignment problem (M;, M, A), Shapley Shubik (1972)
define a related coalitional game with transferable utility, the assign-
ment game (M; U My, w,), as follows. The profits of the mixed-pair
coalitions, {i,j} where i € M; and j € M,, are given by the non-

negative matrix A,
wa({i,j}) = a;; 2 0,

and this matrix also determines the worth of any other coalition SUT
, where S C M; and T C M, wa(S UT), in the following way
wa(SUT) =max{d; jic,aij| 1 € M(S,T)}.

1.2.3 Interval games

Let us name I(R; ) the set of all closed intervals in R,.. If we consider
the interval R = [r, 7|, we say that r is the lower bound and 7 is the
upper bound. In order to operate with cooperative interval games we

first need to recall basic interval notation and calculus. The lenght of
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an interval R = [r,7] is defined by |R| =7 — r. Let Ry = [ry,71] and
Ry = [ry, T2 be two intervals, Ry, Ry € I(R;), and let be o € R;.
Then, Ry + Ry = [r] + 1y, 71 + 72| and aRy = Ryav = [ary, aT]. Let
Ry, Ry, ... R, be a finite set of intervals, we denote by Y " | R; the
sum of those n intervals, ie. > R = Do r;, > . T:|. Before
defining the substraction of intervals, we need a preference relation.
We say that R is weakly preferred to Ry (R; = Ry) if and only if
r, > ry and 7; > 75, Notice that it is only defined for not nested
intervals. The substraction of two intervals R, and Ry, with R; =
Ry, is defined by Ry — Ry = [r; — 19,71 — T2) only if |Ry| > |Ra|
(Alparslan et al., 2009). This last condition guarantees that the lower
bound of the substraction interval is smaller or equal than its upper
bound. Let R, Rs,... R, be a finite set of not nested intervals, the
Ry = R;

maximum interval is defined by max;cp1 2, {Ri} = {Rs-

for all i € {1,2,...,n}}.

A cooperative interval game is an ordered pair (N, w) where N =
{1,...,n}is the set of players and w : 2V — I(R) is the characteristic
function such that w(@) = [0,0]. Then, w(S) = [w(S), w(S)] where

w(S) is the lower bound and w(S) is the upper bound of w(S). We

can associate three coalitional games to an interval game. Two of
them are the border games (N,w) and (N, w) and the third one is
the lenght game (N, |w|) where |w|(S) = |w(5)]| for each S C N. Note

that if all the worth intervals are degenerate intervals, w(S) = w(95)
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for all S C N, then the interval game (N, w) corresponds to the
coalitional game (N, v) with v(S) = w(S) for all S C N.
The interval imputation set Z(w) of the interval game (N, w) is

defined by

Z(w) = {(1y,.... I,,) € I(R)] ZIi =w(N) and I; = w({i}) for all i € N}

1EN

and its interval core C(w) is defined by

C(w) = {(I1, ... I.) € Z(w)| > I; = w(S) for all S C N}.
ieS
An interval game (N,w) is called size-monotonic if (N, |w]) is
monotonic, i.e. |w|(S) < |w|(T) for all S € T'C N. Let us name
SMIGYN the class of size monotonic interval games with player set
N. For each w € SMIGY and each i € N, the interval marginal
contribution of player i to the grand coalition in the game w is defined
by My(N, w) = w(N) — w(N \ {i}).
The interval Shapley value ® : SMIGY — I(RY) is defined by
Alparslan-Gok et al. (2009) as follows,

O(w)=— Y m?(w), for cach w € SMIGY
o€ll(N)

where II(N) is the set of all permutations ¢ : N — N. The interval
marginal operator m? : SMIGY — I(R) corresponding to o, asso-

ciates with each w € SMIGY the interval marginal vector m?(w)
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defined by w(P?(i) U {i}) — w(P?(i)) for each i € N. So, in other

words, the interval Shapley value is given by

Oi(w) = — Y (w(P (i) U{i}) —w(P(i)))

o€ll(N)

for any player i € N.
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Chapter 2

Clan information market

games

2.1 Introduction

This Chapter is based on El Obadi and Miquel (2017).

Muto et al. (1989) introduced information market games. They
modelled the trading of information between one informed firm and
some other initially non-informed firms. Later, Potters and Tijs
(1990) allowed more than one initially informed firm to exist.

In both cases, in information market games with one informed
player (Muto et al., 1989) and with more than one informed player
(Potters and Tijs, 1990), the information is unique. In the first case,

only one firm has the information, and in the second, more than one

29
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player has that same information.

Like Potters and Tijs (1990), we consider that more than one
player has information. However, the information that each player

has is not the same, but complementary.

Similarly to Muto et al. (1989), the aim of this chapter is to ana-
lyze the cooperative behaviour of firms, faced with the introduction
of some new technology, which is essential for manufacturing a new
product. However, now we ask what happens if the new product
needs more than one new technology to manufacture it. In this chap-
ter, this situation, which implies that more than one informed player

is needed to produce the good, is considered.

Let us consider a simple example ! : the production of waterproof
books. Two technologies are needed to produce these: one for the
paper and another for the suitable ink. Thus, we need two players,
two patent holders, in order to be informed and be able to develop
the new product.

Furthermore, we assume that the market for waterproof books is
the whole of Europe, which is divided into submarkets (each corre-

sponding, for instance, to a set of European regions). The firms or

LA recent example (Source: South China Morning Post, 2014/05/17): “Apple
and Google have declared a ceasefire in their intellectual property wars. The
two Silicon Valley technology giants said they are dropping lawsuits against one

another and will work together to reform patent law.”
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group of firms have the right and possibility to enter one or another
submarket. For each submarket, the maximal profit which can be
achieved by producing and selling waterproof books is known.

In this new situation, the information is divided into several parts
(or technologies) and each patent holder initially possesses just one
of the parts. Let us call clan the finite set of patent holders. As we
assume perfect patent protection and also that the production of the
new commodity needs all those patents, all the members in the clan
together may monopolize every submarket the clan has access to.
Nevertheless, no single informed player, has the technology required
to produce the new commodity.

Each firm or group of firms has the possibility to manufacture the
new product if they have all the technological information. They can
obtain maximum benefit in the submarket they have access to only
if they know the new technologies. By sharing these technologies
with other firms (licensing), the clan may access and make a profit
indirectly in other submarkets where the clan has no access by itself.
Therefore, faced with this situation, cooperation is beneficial.

Formally, such an information market where complementary pieces
of information are distributed among more than one player, is defined
by

v = (N,C, (rr)renrzo),

where N = {1,2,...,n} is the set of firms, and C' C N is the clan, i.e.
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Figure 2.1: Market partition (example with N = {1,2,3,4}). For
each submarket in the partition, only agents of a given coalition T' C
N have access to and rp € Ry stands for the maximal attainable

profit in that submarket.

the set of patent holders. Further, Figure 2.1 shows the partition of
the consumers market into submarkets. For each submarket, there
is a set of firms 7" C N who are the only ones able to access this
submarket. Muto et al. (1989) named M7y the submarket where
only firms in 7" C N have access to it. Since this notation becomes
superfluous here, we don’t use it. The maximal profit obtainable
in a submarket controlled by T C N (whenever the information is
available) is rp € R..

It seems clear the convenience of cooperation among firms. The

question is to which firms the informed players will sell their license

2For simplicity of notation, we write 7;,,,. ;, instead of T{i1i,e.yin} -
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rights and at what price.

Cooperation among players in information markets was also stud-
ied by Slikker et al. (2003) and Branzei et al. (2001). They followed
Aumann (1999) in assuming that players do not have perfect informa-
tion on the true state of the world. They consider that the outcome
of the decision that any player makes depends on the true state of the
world. In the first case, different players have to make decisions and
sharing their information might increase joint profits. In the second
case, only one action taker can improve its action choices by gather-
ing information from some players who are more informed about the

situation.

This chapter is organized as follows. The next section presents
concepts on cooperative game theory that will be referred to through-
out the chapter. In section 2.3, the cooperation in information mar-
kets with more than one player owning part of the information is
considered. The corresponding cooperative game with side payments
is defined. It is named clan information market game (CIG). Muto
et al. (1988) showed that the class of information market games is
generalized by the class of big boss games, where the presence of the
big boss is necessary for a coalition to attain any profit. When more
than one agent is indispensable, Potters et al. (1989) introduced
the class of clan games. In a short note, Tijs (1990) introduced

clan information market games as an example of clan games with no




“tesi-2” — 2019/9/11 — 19:50 — page 34 — #44

34 CHAPTER 2. CLAN INFORMATION MARKET GAMES

further development of the model. Clearly, every clan information
market game is a clan game, although the opposite is no longer true.
The existence of population monotonic allocation schemes (PMAS)
is studied in section 2.4. Section 2.5 shows that the 7-value of a
clan information market game also has some population monotonic-
ity property: it yields a bi-mas. Finally, section 2.6 characterizes the
class of clan information market games and provides conditions on

the market, under which the Shapley value belongs to the core.

2.2 Preliminaries

This section is devoted to introducing some basic definitions from
classical cooperative game theory. We will use these conceps through-
out the chapter.

A cooperative game (with side payments) with player set N is a
map v : 2V — R such that v()) = 0. Here, v(S) is the maximal profit
obtainable by the coalition S C N, without the help of any player
outside coalition S.

A cooperative game v is called monotonic if v(S) < v(T') for any
two coalitions S, T C N with S CT. And v is called superadditive if
v(S) +v(T) <wv(SUT) for any disjoint pair of coalitions S and T

Shapley (1971) introduced the notion of convexity. A game (N, v)

is convez if its characteristic function, v : 2V — R, satisfies any of
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the following two equivalent conditions:
(i) v(S)+v(T) <v(SUT)+v(SNT) for all S,T C N.

(i) v(SU{i}) —v(S) < v(T U{i}) —v(T) for all i € N and all
S,T C N such that S CT C N\{i}.

So, from condition (ii), we can say that a game is convex if it satisfies
the property of non-decreasing marginal returns when coalitions grow
larger. A game (N, v) is concave if the oppossite equation holds, i.e.
v(SU{i}) —v(S) > v(TU{i}) —v(T) for all i € N and all S, T C N
such that S C T C N\{i}.

A game (N, v) is simple if v(S) € {0,1} for all S C N and v(N) =
1. A simple game (N, v) is proper if, and only if, v(S) +v(N\S) < 1
for all S € N. We denote v = ug, s,.... s, the simple game with mini-
..... 5. (8)=1ifS; C S
5. (S) = 0 otherwise. If

mal winning coalitions Sy, Ss, ..., Sk, i.e. ug,.s,
for some S; € {S1,59,...,5:}, and ug, s,
the nonempty coalition 7' C N is the only minimal winning coalition,
the game (N, ur) is called the unanimity game. The dual of a game
(N,v) is denoted by (NN, v*) and is defined by v*(S) = v(N)—v(N\S)
for all S C N.

The theory of cooperative games offers some solution concepts.
The set of imputations is the set of efficient and individually ra-
tional allocations, i.e. I(v) = {x € RN|in = v(N) and x; >

1EN

v({i}) for all i € N}. Further, Gillies (1959) added the coalitional
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rationality and defined the core of a game (N,v) as the set C(v) =
{z € RN|Z$1‘ = v(N) and Zx, > v(9) for all S C N}. Note
that if a CZ)er]g allocation z is pzr%i)osed, then no coalition S has an
incentive to split off from the grand coalition N.

The core is said to be stable if for any imputation y ¢ C(v), there
is a core allocation z € C'(v) and a nonempty coalition S C N such
that x; > y; for all : € S and x(S) < v(S), where x(S) = ) .. ;.

A game (N,v) is said to be balanced if it has a nonempty core,
while it is said to be totally balanced if the core of every subgame
is nonempty, where the subgame corresponding to some coalition
T C N, T #0, is the game (T, vy) with vp(S) =v(S) for all S C T

Sprumont (1990) introduced population monotonic allocation schemes.
Such schemes provide an allocation vector for any coalition. Given a
game (N,v), the table X = (2g;)geon f9},ics is said to be a popula-
tion monotonic allocation scheme (PMAS for short) if the following

two conditions hold:
(i) efficiency: for all S € 2¥\{0}, we have }_, s xg; = v(S);

(ii) monotonicity: for all S,T € 2VM\{@} with S C T, and for all

i €S, we have xg; < x7p;.

Note that a PMAS provides a core element for every coalition in the

corresponding subgame in a monotonic way.
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Finally, we recall three point solution concepts: the 7-value, the
nucleolus and the Shapley value.

The 7-value (Tijs, 1981) of a game is essentially a compromise
value between an upper bound payoff vector and a lower bound payoff
vector. Let (N, v) be a game and let the vector M (v) € RY be such
that its coordinates are the marginal contribution of each player to
the grand coalition, i.e. M;(v) = v(N) — v(N\{i}), for all i € N.
The vector M (v) is called the utopia vector and each M;(v) can be
regarded as a maximal payoff (not always attainable) that player i
can expect to obtain in the core of the cooperative game.

By using the utopia vector, we can now compute what remains for
player i € N when coalition S forms, i € S, and all players in S\{i}
are paid their utopia payoff. The remainder for player i, R"(S,i) is
defined by RY(S, i) = v(S) = 22 ;co iy M (v).

Now, the vector m(v) € RY is defined by m;(v) = maxg.cs{R"(S,4)}
for all i € N. The vector m(v) is called the minimal rights vector.
Note that player i € N can be guaranteed the payoff m;(v) by offer-
ing the members of a suitable coalition (the one where the maximum
is achieved) their utopia payoffs.

Let us now consider a coalitional game (N, v) such that m(v) #
M), > eymi(v) < v(N) < 37y Mi(v) and m;(v) < M;(v) for
all 7 € N. Then, the 7-value of that game is the unique efficient

payoff vector on the line segment between m(v) and M (v). Formally,
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7(v) = Am(v) + (1 — A\)M(v), where X € [0, 1] is unique satisfying
2 ien Ti(v) = v(N).

The nucleolus was introduced by Schmeidler (1969). This solution
concept is based on the excess of a coalition S at z € RY in the game
v. For any z € RY and S C N the excess of the coalition S is
e(x,S) = v(S) — z(5). It measures the gain or loss of the coalition
S if its members depart from the allocation x in order to form their
own coalition. Further, for any imputation x, let us define the vector
O(x) € R¥ 2 of excesses of all non-trivial coalitions at z, arranged
in non-increasing order. That is to say, for all k € {1,2,...,2" — 2},
0(x)r, = e(Sk,x), where {S1,Ss,...,Sk,...,Son_o} is the set of all
nonempty coalitions in N different from N, and e(Sk, z) > e(Sk11, ).

Then the nucleolus of the game (N,v) is the imputation pu(v)
which minimizes 6(z) with regard to the lexicographic order over the
set of imputations: 0(u(v)) < 0(x), for all x € I(v).

The last point solution considered in this section is the Shapley
value (Shapley, 1953). According to the Shapley value ¢(v) of the
game (N, v), the value of player i € N is ¢;(v) = g p 5y @(5)(0(SU
{i}) — v(S)) where a(S) = 22D s — |S| and n = |[N|. Some
properties of the Shapley value are efficiency, i.e. Y.\ ¢i(v) = v(IV),
and linearity, i.e. ¢(v+ w) = ¢(v) + ¢(w) and ¢(av) = ap(v). The
Shapley value may lie outside the core of the game, but if the game

is convex, then the Shapley value is a core allocation.
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If we consider a unanimity game up and its dual 7., the Shapley

value can be easily calculated as follows

BT
d(ur) = p(up) = { 1 ifi €T

0 otherwise

2.3 Clan information market games

A clan information market, that is an information market with more

than one player owning a part of the information, consists of

Y= (N7 C, (TT)TQN,T;éQJ)

where N = {1,2,...,n} is the set of players and C' = {1,2,...,c¢} C N
is the set of players in the clan, with 0 < ¢ < n.

For each T € 2N¥\{0}, r > 0 (see Figure 2.1) is the maximal
profit obtainable from the submarket, which only the firms of T have
access to.

From such an information market, we define a cooperative game
with side payments in the same way as Muto et al. (1989) did for
information market games.

Now, when considering our information market, for each coalition
S not containing the fully informed clan C, i.e. C' € S, the value is
v(S) = 0.

If the clan C', with the whole information, belongs to the coalition

S, then the firms in S can produce and sell to each submarket to
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which at least one of the firms of S has access. Then, they can
earn the profit from all these submarkets. That is to say, v(S) =
ZTHS#)TT ifC CS.

So, we can define the corresponding cooperative game associated

with a given clan information market as follows.

Definition 2.3.1. Let v = (N, C, (rr)rcnrzo) be a clan informa-
tion market. Then the corresponding clan information market game

(N,v7), v7: 2N = R, is given by

dorp if CCS
v7(S) = TS

0 otherwise

Firstly, we show below that the above-defined game is monotonic

and superadditive.

Proposition 2.3.2. Let v = (N, C, (rr)rcnr0) be a clan informa-

tion market. Then, vV is monotonic and superadditive.

Proof. First we show v? is monotonic. Let R C .S C N with C C S.
Then,

v7(S) = Z ry = Z rr + Z rp > v (R),

TNS#D TNRAD TNS#D
TNR=0

since rp > 0 for all T C N. Note that v7(S) =v"(R)=0if C € S.
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Now we show v” is superadditive. Let S, R C N with SN R =0
and C C SU R. Then,

VI(SUR)= > rp= > re >
TN(SUR)#D (TNS)U(TNR)#D

max{0, > rp, Y. 771}

TNS#D TNRAD
On the other hand, since SN R = () and C C SU R, we just consider

the following three cases:

i) if C C S, then C' ¢ R and we have v?(S) +v"(R) = Y rr

TNS#D
ii) if C C R, then C' ¢ S and we have v7(S) +v"(R) = Y rr
TNRAD
iii) if C ¢ S and C' € R, then v?(S) + v?(R) = 0.
In all cases we obtain v7 (S U R) > v7(S) + v"(R) O

A cooperative game v : 2V — R is called a clan game (Potters et

al., 1989) if the following holds:
(1) v >0 and M;(v) =v(N) —v(N\{i}) >0 for all i € N, and
(2) there is a nonempty coalition C' C N such that

(a) v(S)=01if C € S (clan property) and

(b) v(N) =v(S) = > cms Mi(v) if C €S (union property)

Next, we show that every clan information market game is a clan

game, although the opposite inclusion does not hold.
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Proposition 2.3.3. Fvery clan information market game is a clan

game.

Proof. Let v7 be a clan information market game. Now we check that

v7 fits the clan game definition.

(1) v > 0 since rp > 0 for all 7" C N. Moreover, M;(vY) =
VI(N) — vV (N\{i}) = r; > 0 for all i € N\C, and M;(v") =

vI(N) — vV (N\{i}) =v"(N) >0 for all i € C.

(2) There is a nonempty coalition C' C N, the one formed by the

informed players, such that
(a) v7(S)=0if C € S (by definition).
(b) Let S C N such that C C S. Then,
VUN)=0(S) = D rr = Y =y M)
TCN\S 1EN\S 1EN\S

]

Remark 2.3.4. A clan game is not necessarily a clan information

market game since it is not necessarily monotonic.

After this remark, a question arises. Does the class of clan in-
formation market games coincide with the class of monotonic clan
games? The answer is negative as the following counterexample

shows.
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Example 2.3.5. Let (N,v) be the following monotonic game with
N ={1,2,3,4},

(L2 =14 o({1,2,3}) =8

v{1H) =1 o({1,3}) =4  o({1,2,4}) =7 o(N)=10

v({1,4}) =3 v({1,3,4}) =7
and v(S) =0 forall S C N\{1}.

It can be checked that v is a clan game with clan C = {1} C N =
{1,2,3,4}.

However, it is not a clan information market game. If v were a
clan information market game, then ry = My(v) = 3, r3 = M3(v) =3

and ry = My(v) = 2. Furthermore,

(i) Fromv(N)—v({1,4}) =7 and v(N)—v({1,4}) = ro+1r3+13,

we have ro3 = 1.

(i1) Fromv(N)—v({1,3}) =6 and v(N)—v({1,3}) = ro+ry+ra4,

we have roq = 1.

(i7i) From v(N)—v({1,2}) =6 and v(N)—v({1,2}) = r3+rs+134,

we have r3y = 1.

Finally, since 9 = v(N) —v({1}) = ro+1r3+rs+ 123+ 704+ r3s + 7234
and ro3q should be non-negative, we conclude that v is not a clan

information market game.
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As a consequence of Proposition 2.3.3, many of the results given
by Potters et al. (1989) allow us to provide results in terms of the
market data for clan information market games. Specifically, it al-
lows us to describe the core of the game, and determine under which
conditions it is stable and the game is convex. It also allows us to
determine the nucleolus from the market data.

Certainly, the core of a clan information market game is nonempty.
Moreover, it can be easily described as the following corollary of

Proposition 2.3.3 shows.

Corollary 2.3.6. Let v = (N, C, (rr)rcnrz0) be a clan information

market. The core of vV is
C(v")={z €R} :x(N)=v"(N) and 0 < z; <r; for all i € N\C}

Proof. With Proposition 2.3.3 and Potters et al. (1989), taking into
account that M;(v?) = r; for all i € N\C. O O

Note that the set {x € R} : x(N)=0v"(N) and 0 < z; < 1y
for all i € N\C'} is not empty since r; > 0 foralli € N and v7(IV) >

Zz’EN\C T
Corollary 2.3.7. Clan information market games are balanced games.

Corollary 5.3.1 provides a nice expression of the core of a clan in-

formation market game. The bargaining set is another well-known set
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solution concept for cooperative games (see Aumann and Maschler,
1964).

Potters et al. (1988) proved that any cooperative game (N, v)
with the properties: (i) there is a player iy € N such that v(S) = 0 if
ip ¢ S, and (ii) for all coalitions S C N we have 0 < v(S) < v(N); is
such that the bargaining set M(v) equals the core C(v). Since clan
information market games satisfy both conditions, the bargaining set
and the core coincide for this class of games. So, the bargaining set

of a clan information market game is

M(v) = C(v)
={z eR?|z(N)=v(N) and 0 < z; <r; forall i € N\C}.

The core of any convex game is nonempty. However, the opposite
does not hold. In general, a clan information market game is not

convex as the following example shows.

Example 2.3.8. Let v = (N, C, (rr)rcnrz0) be a clan information
market with N = {1,2,3,4}, clan C = {1,2} and ry = ry = 13 =
ry =134 = 1 and otherwise rp = 0. Let (N,v") be the corresponding
game.

Since vV({1,2,4}) — v'({1,2}) = r4 +r3e = 2 and v'(N) —
v7({1,2,3}) = r4 = 1, the marginal return of player i = 4 decreases

when coalition grows larger. Therefore, v7 is not conver.

The next proposition characterizes convexity for clan information
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market games in terms of the data of the market.

Proposition 2.3.9. Let v = (N, C, (rr)rcnrz0) be a clan informa-
tion market.

Then, the following statements are equivalent:
(1) v7 is convex
(1) ro = 0 for all coalitions T'C N\C' with |T'| > 2
(111) the core C(v7) is stable

The reader will easily check that it follows from Theorem 5.1 in
Potters et al. (1989) once its statement (2) is proved to be equivalent
to our statement (ii) for clan information market games.

Note that, from Proposition 2.3.9, the condition under which clan
information market games are convex, is quite restrictive. However,
clan information market games always satisfy some concavity condi-

tions.

Remark 2.3.10. Notice that the concavity condition v(P U {i}) —
v(P) > v(QU{i}) —v(Q) for P C Q is satisfied whenever C' C P.
In fact, v(PU{i})—v(P) = Z re > Z ry = v(QU
TweT TueT
T\{i} S N\P T\{i} S N\Q
{i}) = v(Q) since N\Q C N\P.
Until now, we have analized several properties of the class of clan

information market games and obtained a simple description of the
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most relevant set solution concepts for these games: the core and the
bargaining set. What remains of the chapter deals with the study
of point solution concepts and their monotonicity properties when

coalitions grow larger.

2.4 A population monotonic allocation
scheme

The previous section shows that the core of a clan information market
game is not empty. In other words, clan information market games
are balanced games. Now we ask whether balancedness also holds for

all the subgames.

Proposition 2.4.1. Any subgame of a clan information market game

1s again a clan information market game.

Proof. Let v = (N, C, (rr)rcn,r20) be a clan information market and
(N,v7) its associated clan information market game. Take R C N
and v}, the corresponding subgame. That is to say, (R, v}) is defined

by v5(S) = v7(S) for all S C R.
(i) If C € R, then v}(S) = v7(S) =0 for all S C R, which means
that v}, is the zero-game. It is the clan information market

game corresponding to the market 7 = (R, C’, (7)rcrr40)

with C' = R and 17, = 0 for all T C R.
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(ii) If C C R, we will prove that (R, v}) is the clan information mar-
ket game corresponding to the market 7' = (R, C’, (v)rcrr+0)
with ¢’ = C and, for all T C R, T # 0,

p

Z TTUA if T g O
ACN\C
rr=q Y. rop if TNC=0 (2.1)
BCN\R
0 otherwise

\

Take any S C R. If C ¢ S, v}(S) =v"(S)=0. If C C S,

VHS) =07(8) = Y rg= Y o+ > g

QCN QCN QCN
QNS#D QNS#D QNS#D
QNCH#D QQNC=0
= Z rTuA + Z TTUB
TCCCR TCR
TNS#D TNS#D
ACN\C TNC=0
BCN\R
=D D trat D Y, rrus 0
TCCCR ACN\C TCR BCN\R
TNS#D TNS#D
TNC=0
= Yt ¥kt Y
TNS#D TNS#D TNSH#D
TCC TNC=0 TNCH#D
T¢C
=) rhr=0(5)
TNS#)

where the fourth equality follows by taking 7= QN C and A = Q\C
in the first summation, which implies that TN S # () since C C S
and that A C N\C since @ C N. On the other hand, the second
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summation follows by taking T'= QN R and B = Q\ R, which implies
that TNS # 0 since S € R and SNQ # (0, and that TNC = () since
QN C =0, and also that B C N\R since @ C N. ] ]

Since any subgame of a clan information market game is again a
clan information market game, every such subgame is balanced and

the next corollary follows.

Corollary 2.4.2. Clan information market games are totally bal-

anced games.

We already know that the core of a clan information market game
is nonempty. Moreover, each subgame has a nonempty core. The
question now is whether there is a PMAS for any clan information
market game.

Voorneveld et al. (2002) proved the existence of a PMAS for
total clan games. A game (N,v) is a total clan game, with clan
C € 2M\{0, N}, if (S,vg) is a clan game (with clan C) for every
coalition S C N such that C C S.

Notice that a clan information market game is a total clan game.
Indeed, by the proof of Proposition 2.4.1, part (ii), if C' C S, any
subgame v is again a clan information market game and it is a clan
game by Proposition 2.3.3. Thus, clan information market games
with C' # N are total clan games and, by Voorneveld et al. (2002),

the existence of a PMAS is guaranteed. Moreover, a clan information
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market game with C' = N trivially has PMAS since all subgames are
Z€ero games.

Furthermore, our aim is to show a particular PMAS that is de-
scribed in terms of the data of the market. In this particular PMAS,
the non-clan members get nothing while the clan members share
equally the profit corresponding to the submarket they have access

to.

Proposition 2.4.3. Let v = (N, C, (rr)rcnrz0) be a clan informa-

tion market and let X = (g;)pean icr be a table such that

(i) if C € R, xp; =0 for alli € R,

(i) if C C R,
SY ey 3 iec
rp. — J TSCACN\C 7] TCR\C BCN\R ]
Ri = €T T#0
0 if i € R\C

Then, X is a PMAS of v".

Proof. First we show the efficiency for each R € N. When C ¢ R,

ecasily we have that xp; = 0 for all ¢ € R is an efficient allocation.

Let us now consider R C N such that C' C R, and show the
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o1

efficiency of (zg;)icr. Cleary, if C C R, we have

= E TRi = E TR,i

i€ER icC

:ZZ Z T|T7L7J\A Z Z Z TTUB

i€C TCC ACN\C i€C TCR\C BCN\R

i€T TH#0
T’TUA TuB

- Y ey Y o
TCCCR ACN\C TCR\C BCN\R
T#Q T+0
D et ) o
QNC#D QNC=0
QCN QNRAD

QCN

= > ro=v"(R)=v}(R)

QNRAD
QCN

Secondly we show the monotonicity of the scheme. Note that zz; > 0

for all R € 2V and for all i € R, since rp > 0 for all T C N. Let

P,Q € 2V with P C . We show that zp; < zg, for all i € P. Let

us consider three cases:

) C € Q. In this case we have that C ¢ P and 2p; = 2g; = 0

for all 7 € P.

(ii) ¢ € Q and C' ¢ P. In this case we have that zp; = 0 < 2g;

for all7 € P.
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(i) C C P. If i € P\C, then zp; =0 < zg,. If i € C, then

Z Z TTUA Z Z TTuB

TCCCQ ACN\C TCQ\C BCN\Q
T#0
=X Y Y Y ety Y
chcp ACN\C TCP\C BCN\P TCQ\P BCN\Q
T#0 T#0

= 2p; + Z Z T’TUB

TCQ\P BCN\Q
T40

]

Note that the PMAS given above is such that the payoff of all
non-clan agents is zero. Below, we will consider another notion of
population monotonicity, the bi-monotonic allocation scheme, which

allows for positive payoffs to non-clan agents.

2.5 A bi-monotonic allocation scheme

In this section we focus on the 7-value and we will see it always
belongs to the core of the clan information market game.

The expression of the 7-value of a clan information market game
with |C| = 1 follows from Muto et al. (1989). Let us see what

happens when more than one player belongs to the clan.

Proposition 2.5.1. Let v = (N, C, (rr)rcnrz0) be a clan informa-

tion market with |C| > 2. Then, the T-value of the associated game
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V7 18

vI(N) "
O VW) fied

Ti ('U’y) =

CAICLI RS ifi¢C

O N +3ygcrs |

Moreover, T(vY) € C(v7).

Proof. 1f (N,v7) is a clan information market game with clan C' C N,
then M;(vY) =v"(N) ifi € C and M;(vY) =r; it i ¢ C.

Secondly, we compute m;(v?). Let us first consider a player ¢ ¢ C.
Then, if C NS # 0, since v?(S) < v7(N) and My (v?) = v7(N) for
each k € C, v7(S) = X jcqn Mj(v7) < 0. If NS = 0, since
v(S) =0, v7(S) = X iy Mj(v7) < 0. This implies m;(v”) = 0 for
all i ¢ C.

Next we consider a player i € C. If C' C S, since My (v7) = v7(N)
for each k € C and [C] > 2, v7(S) = 37 gy M;(v7) < 0. IEC L S,
since v7(5) = 0, v7(S) = X2y M;(v7) < 0.

Finally, if S consists of only one player, then v7(S5)—=>_,c g\ iy M;(v7) =
v7({i}) = 0. Thus, m;(v") =0 for any i € N.

Therefore, the 7-value is proportional to the marginal contribu-
tions. Since the sum of all marginal contributions is ). M;(v?) =

|ClvY(N) + 3,407 and the 7-value is efficient,

(V) L
e, V) i€ O

Ti('l}’y> =

v (N) ‘ P
CRr (V4350 o itig¢C
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Moreover, with Corollary 5.3.1, 7(v?) € C(v”). Clearly, 7(v") is

()
TNy per; = b

efficient and 7;(vY) < r; for all 7 ¢ C since 0 <

O

This proposition can be extended to arbitrary clan games (Potters
et al., 1989) simply by replacing r; with the marginal contribution
M;(v) for all i ¢ C.

There is another point solution concept, the nucleolus, which al-
ways exists and it belongs to the core whenever the core is nonempty.
Potters et al. (1989) provided a way for finding the nucleolus of a
clan game. Their expression in terms of the market data of a clan
information market game, which is a subclass of the class of clan

games, would be the following:

t ifieC
/J’l - . .
min{t, ir;}  ifi ¢ C
where t > 0 is the only real number that guarantees efficiency.
Voorneveld et al. (2002) introduced the notion of bi-monotonic
allocation scheme. Let (N,v) be a monotonic clan game with clan
C € 2M\{0, N}. A bi-monotonic allocation scheme (bi-mas for short)

for the game is a table X = (2g;)scon\(0},ics Of real numbers such

that

(1) Yicsxsi = v(S) for each S € 2V\{0},
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(11) TS, < T if S,T c 2N\{®}, SCTandie SN O,
(iii) zg; > xp; if S, T € 2M\{0}, S C T and i € S\C,

(iv) (xs;)ics is a core element of the subgame (S, v) for each coali-

tion S € 2M\{0}.

Furthermore, they showed that the nucleolus applied to a mono-
tonic clan game and its subgames does not necessarily yield a bi-mas.
The following example shows that this is also the case for the T-value

applied to a CIG and its subgames.

Example 2.5.2. Let (N, v") be a clan information market game with
set of players N = {1,2,3,4,5} and clan C = {1,2} such that
r3 = ry5 = 1 and r7 = 0 otherwise. Then vY(N) = 2 and the
T-value is T(vY) = (%2, %2, %1,0,0). Now, for the subgame v} with

S = {1,2,3}, vi(S) = 1 and 7(v}) = (51,31,51). We can eas-
ily check that T5(vY) > 73(v)) and hence the T-value applied to all

subgames is not a bi-mas.

However, if we just consider convex CIGs, then the T-value applied

to the game and its subgames yields a bi-mas.

Proposition 2.5.3. Let v = (N, C, (rr)rcn,rz0) be a clan informa-
tion market with |C| > 2 and rp = 0 for all coalitions T C N\C
with |T'| > 2. Let (N,v") be the corresponding convex CIG. Then the

T-value applied to the game v and its subgames yields a bi-mas.
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Proof. For all S C N with C' C S and for all j € S\C, by Proposition
251,

¥ 2
! (N and 7;(vl) = ! (S

|CvY (N Z 7“1 ' |Clor (S Z T

1EN\C 1€S\C

(V7)) =

where v} is the subgame with player set S and corresponding clan
information market 7 = (S5,C, (r})rcsrz0). Next we show that
7;(v7) < 7;(v}). Since rp = 0 for all coalitions 7 C N\C with

|T| > 2, from (2.1), r; = r; for all i € N\C. Thus, we show

that W(N) < W(S) , which is equivalent
|CoY (N Z ri  |Cl(S Z T
iEN\C ies\c
to proving that v7(N) Z r; <v7(S) Z Ti.
1€S\C iEN\C

Indeed, as a consequence of Proposition 2.3.9, if the CIG is convex,

then vY(N) = v7(5) + > ;cpmgri for all S € N with €' C S, so

v7(N) Z ri <U7(S) Z T

1€S\C iEN\C
= Z T Z ri§v7(8)< Z ri — Z rz-)
1EN\S i€S\C 1EN\C 1€S\C
— Z T Z r; <v7(S) Z T
iEN\S  ieS\C iEN\S

Either ). s i = 0 and then the last inequality holds, or ), msTi >
0 and we obtain » .\ o < v7(S) which also always holds. O

Voorneveld et al. (2002), in their Example 1, provided a convex

game whose nucleolus applied to the game and its subgames does not
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yield a bi-mas. This game can be seen as a convex CIG (N, v7) with
N ={1,2,3,4}, clan C = {1,2} and where the maximal profit ry is
7193 = 6, 1194 = 99, 71934 = 5 and rp = 0 otherwise. Thus, even in
a convex CIG, the nucleolus applied to the game and its subgames

may not yield a bi-mas.

2.6 The Shapley value

This section is devoted to the Shapley value of a clan information
market game. In general, it is not a core allocation. Therefore, it does
not yield a PMAS neither a bi-mas. However, after a characterization
of the class of clan information market games, we obtain an expression
of the Shapley value in terms of the market data.

The class of clan information market games with player set N and
clan C = {1,...,c} C N (CIGMY) can be characterized in terms of
some simple games and their dual games, similarly to what Muto et
al. (1989) did for information market games.

In particular, we consider the simple game (N, ur ;,..) Where,

forall S C N,
1 ifT CSoriesS for somei e C
UT fi},e0 (S) =
0 otherwise

and its dual (N, u7 ), with

Ui}v{i}iec (S) = uTv{i}iec(N) - uTv{i}iEC(N\S)'
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Proposition 2.6.1. CIGNC is the cone generated over Ry by uc

and {ur, ¢y, | T S N\C, T # 0}. Specifically, for any v € CIGNC:

i€

— * —
VY =ruc + ZTQN\C T UL Gy where r = ZTHC?&@ rp.

Proof. Let be v € CIGNC and r = ZTOC#, rr. We show that

v *
v =ruc+ ZTQN\C T UT (i} iec

(i) If C € S, then uc(S) = 0 and C' N (N\S) # 0 which implies
that up gy,., (N\S) = 1 for every T C N\C, T # (. There-
fore, for every T' C N\C, T # 0, w7 1y, . (S) = urgij,cc (V) —
U fiieo (N\S) = 0. Thus, (ruc + X rene 1 Ur (iy,.0)(5) =
0 =v7(9).

(ii) If C C S, then uc(S) =1 and C'N(N\S) = 0. Let us consider
T C N\C, T # 0. Then, ur },..(N\S) = 0if, and only if, T ¢
N\S, which is equivalent to TN .S # (. So, uz (. (S) = 11if,
and only if, TNS # 0. Thus, (ruc+> ey e 1 Up y,..)(S) =

r+ ZTms;éw re = Z:ms;éw rp = v7(S).
TCN\C

Secondly, we show that v = ruc + ZTgN\C rp U*T,{i}iec is a clan
information market game. Let v = Auc + 3 pcp o Arur, {i}iee With
MAr >0 for all T € N\C, T # (. Then v is the clan information
market game with the following market data ro = Ap it T C N\C

and ZT:COT;&@ rr = A
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Next, we provide the Shapley value of a clan information market

game in terms of the market data.

With Proposition 2.6.1, clan information market games can be
expressed as vV = rugc + ZTQN\C rp ui}’{i}iec. On the other hand,
like any game, the monotonic simple game ur (3, ., may be linearly
decomposed into unanimity games in a unique way. Lange and Kdczy
(2013) were interested in voting games which are monotonic and
proper simple games. They proved that the decomposition of a vot-

ing game (N, v) with set of minimal winning coalitions {S,..., S}

is given by v = ZA§{517...,Sm}:A;£Q)(_1)‘A‘71u/17 where A = UAi for
i=1

any family of coalitions A = {Ay,..., A, }. It is not difficult to check

that their proof also holds for any monotonic simple game, with a

nonempty set of minimal winning coalitions, with no need to require

properness. Therefore, for any 7" C N\C,

UT {i}icc = E : (_1>|A|71UA> (2'2>
AQMT’C
AH#D

where MTC = {T {i};ec} and A = U A;forany A ={A4,...,A,} C
i=1

MTe
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Then,

P(v7) =rd(uc) + Z rr (U (i)
TCN\C

= rduc) + Y rr o)

TCN\C

=ro(uc)+ > rTqb( > (—1)A_IUA>

TCN\C ACMT-C
A£D

—rotue) + 3 (3 (0 el

TCN\C ACMTC
AH(

=Llc+ Y. ( > (—1>A'-1|j\|1;\>)

TCN\C ACMTO
A£D

Note that the first and the fourth equalities follow from the lin-
earity of the Shapley value, the second one because a game and its
dual game have the same Shapley value (Funaki, 1995), the third one

by (2.2) and the last one since ¢(ur) = ﬁlT (Shapley, 1953).

Example 2.6.2. Let (N,vY) be a clan information market game

with set of players N = {1,2,3,4} and clan C = {1,2}. Let r =

Z rT.
Tn{1,2}#0
Then, the Shapley value is

o) = Flpay+
ra(gsy + 1oy + gy — 51y — 5l — sloey + 5lpes)+
ra(Lpgy + 1y + Loy — 5oy — 3l — 1l + glpea)t
(3l + 1y + 1y — 31 — 5lesg — sl + 3 lpesy)
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Furthermore, after the above vectorial operations,
(1,1 1 5 1., 1 1 5 1 1 1
(V) = (3r+3r3+3rat 15734, 57+ 573 F 570+ 15734, 373+ 15734, 5T+

%7"34).

Remark 2.6.3. When a clan information market v is such that ro =

0 for all T C N\C with |T| > 2, the Shapley value is

Pi(v7) =
o ifi¢C

Thus, since ICIﬁT" < 1y, it belongs to the core, which we already knew

because of the convexity of this game.
Remark 2.6.4. In case r0 = 0 for all T with |T| > 2 (the game is
convex) and N = C U {i} such that vV(N) = r;, we have ¢p(v7) =

T(v7) = p(v?).
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Chapter 3

Information interval games

3.1 Introduction

Muto et al. (1989) define a class of cooperative games intended to
model the trading of information between one informed firm and
other initially not informed firms. The information needed to pro-
duce a new commodity is initially only possessed by one firm, the
patent holder. The market is divided into several submarkets ac-
cording to the group of firms which have the possibility to enter this
market. The maximum profit attainable in each submarket by pro-
ducing and selling the new commodity is obtained by the set of firms
that control that submarket provided the informed firm has entrance
to the submarket. By sharing the information with other firms, the

patent holder can also gain profit from submarkets he has no access

67
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to. The corresponding cooperative game to this situation is named

information market game.

Coalitional games have been extended to coalitional interval games.
Branzei et at.(2003) introduce coalitional interval games to handle
bankruptcy situations with uncertainty on the claims. These claims
are, then, depicted by known bounded intervals of real numbers.
They study these situations by using tools of interval analysis (Moore,
1979). Alparslan-Gok et.al (2009) consider selections of cooperative

interval games which are classical cooperative games.

The model of information market games was extended by El
Obadi and Miquel (2017) by considering that the initial owner of
the information is not only one agent but it is a set of agents. In
this chapter we consider a different extension of information market
games. It is natural to think that the profit attainable in each sub-
market of an information market may not be known with certainty
and this is what we assume in this chapter. So, the class of informa-

tion market games is extended to information market interval games.

The aim of this chapter consists on providing solutions for sharing
the profits obtained in the market where a patent holder is needed
for the production of a new commodity with the particularity that
the profit attainable in each submarket is uncertain. Such solutions
provide an interval of individual payoffs to each player such that the

interval profit that the grand coalition could obtain by cooperation,
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is distributed among the players.

The chapter is organized as follows. After the premilinaries sec-
tion, in Section 3.3 we define information interval games and we give
some properties. Next sections are devoted to different solutions. In
Section 3.4 the interval core of the game is considered. Section 3.5
provides the interval Shapley value in terms of the market data and
Section 3.6 shows how to find the interval T-value of an information

interval game.

3.2 Preliminaries

We start this section with definitions related to the model of infor-
mation market games of Muto et al. (1989). After that, we add
some basic concepts of coalitional games and, in particular, simple
games. Later, we recall basic interval calculus (Moore, 1979) and de-
fine cooperative interval games. Some solutions for cooperative game
theory under interval uncertainty are also considered in this section.

In fact, our model generalizes the one introduced by Muto et al.
(1989). They defined an information market as the tuple (N, {1},
(rr)renT20), where N is the set of players and rp € Ry is the max-
imum profit obtainable from the submarket to which the firms of T’
have access to and no other firms.

Given such a market, the corresponding information market game
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(N,v) is defined by v(S) = > g rr if {1} € S and v(S) = 0 if
{1} € S. This is a model of cooperative games.

A cooperative (coalitional) game with player set N, (N,v), is a
map v : 2¥ — R such that v(@)) = 0. The subgame of (N, v) restricted
to a coalition T C N, (T,vT), is the map v : 27 — R defined by
vT(S) = v(S) for all S C T. A game (N,v) is monotonic if S C T
implies v(S) < v(T).

The class of big boss games is another model of cooperative games.
The cooperative game (N, v) is a big boss game if there is one player,

denoted by ¢*, satisfying the following conditions
(i) v(S)=0ifi* ¢ S

(i) v(N) =0(S) = 2iems(v(N) —o(N\{i})) if i* € S

A big boss game is a total big boss game if it is monotonic and any
subgame containing player ¢* is a big boss game again.

Indeed, any information market game is a big boss game (Muto
et al., 1988).

A game (N, v) is simple if v(S) € {0,1} for all S C N and v(N) =
1. Given a monotonic simple game (N, v), the coalition S is a winning

coalition if v(S) = 1. We denote v = ug, s, . s, the simple game

-----

with minimal winning coalitions Si, Sa, ..., Sk, i.e. ug, 5, .5, (S) =1

if S; C S for some S; € {51752,...,Sk}, and US; S5 sk(5> =0

.....

otherwise. If the nonempty coalition 7" C N is the only minimal
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winning coalition, the game (N, ur) is called the unanimity game.
The dual of a game (N,v) is denoted by (N,v*) and is defined by
v*(S) =v(N) —v(N\S) for all S C N.

According to the Shapley value ¢(v) of the cooperative game
(N,v), the value of player i € N is ¢;(v) = & > sen(vy(0(P7 (i) U
{i}) — v(P7(i)) where n = |N| and II(N) is the set of all permuta-
tions 0 : N — N. Given a permutation o, the set of players that
precede player i is the set P?(i) = {r € N such that c7'(r) < c71(7)}
where 071(7) denotes the entrance number of player i. Some prop-
erties of the Shapley value are efficiency, i.e. ) ..\ #i(v) = v(N),
and linearity, i.e. ¢(v+w) = ¢(v) + ¢(w) and ¢(av) = ap(v). The

Shapley value of the unanimity game uy and its dual game . is

1 e
o(ur) = ¢(uy) = 7] ifeeT

0  otherwise

The Shapley value of ur; and its dual u7., are equal and can be found
by linearity of ¢. Since ur, = ur +uy — gy, ¢(up,) = ¢(ury) =
¢(ur) + ¢(ur) — ¢(urupy) = 11+ 11 — p%llTu{l} 1 where t = |T).

Let us name I(R,) the set of all closed intervals in R. In order to
operate with cooperative interval games we first need to recall basic
interval notation and calculus. The lenght of an interval R = [r,7]
is defined by |R| =7 —r. Let Ry = [r;,71] and Ry = [ry, T3] be two
intervals, Ry, Ry € I(R,), and let be a € R,. Then, Ry + Ry =

Y(1p)y=1ificT and (Lp);=0ifi ¢ T
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[ry + 1y, 71 + 7o) and aRy = Ria = |ary,ar]. Let Ry, Rs,... R,
be a finite set of intervals, we denote by > . | R; the sum of those
n intervals, ie. > " Ry = D7 1. >+ Ti|. Before defining the
substraction of intervals, we need a preference relation. We say that
R, is weakly preferred to Ry (R; = Rs) if and only if r; > r, and
71 > To. Notice that it is only defined for not nested intervals. The
substraction of two intervals R; and Ry, with R; = R, is defined
by Ry — Ry = [ry — 1y, 71 — To) only if |R;| > |Ry| (Alparslan et al.,
2009). This last condition guarantees that the lower bound of the
substraction interval is smaller or equal than its upper bound. Let
Ry, Ry, ... R, be a finite set of not nested intervals, the maximum

{Ri} = {Ri~ € {R;} such that

interval is defined by max;eq; o

.....

R+ = R; for all i € {1,2,...,n}}.

A cooperative interval game is an ordered pair (N, w) where N =
{1,...,n} is the set of players and w : 2 — I(R) is the characteristic
function such that w(0) = [0,0]. Then, w(S) = [w(S), w(S)] where
w(S) is the lower bound and w(S) is the upper bound of w(S). Note
that if all the interval worths are degenerate intervals, i.e. @ =
w(S) for all S C N, then the interval game (N, w) corresponds to
the coalitional game (N, v) with v(S) = w(S) for all S C N. We can
associate three coalitional games to a given interval game (V,w).

Two of them are the border games (N, w) and (N, @), where w(S) =

w(S) and wW(S) = w(S) respectively, and the third one is the lenght
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game (N, |w|) where |w|(S) = |w(S)] for all S C N.
The interval imputation set Z(w) of the interval game (N, w) is

defined by

I(w) = {(X1,..., X,,) € IV(R)|
Yoien Xi = w(N) and X; = w({i}) for all i € N}

and its interval core C(w) is defined by

C(w) = {(X1,..., X,) € Z(w)] Y X; = w(8S) for all S C N}.

ieS

An interval game (N,w) is called size-monotonic if (N, |w|) is
monotonic, i.e. |w|(S) < |w|(T) for all S € T'C N. Let us name
SMIGN the class of size monotonic interval games with player set
N. For each w € SMIGY and each i € N, the interval marginal
contribution of player ¢ to the grand coalition in the game w is defined
by Mi(w) = w(N) = w(N\ {z}).

The interval Shapley value ® : SMIGN — IV (RY) is defined by
Alparslan-Gok et al. (2010) as follows,

d(w) = — Z m? (w), for each w € SMIGN

o€II(N)
where II(N) is the set of all permutations ¢ : N — N. The interval
marginal operator m? : SMIGN — IN(R) corresponding to o, as-
sociates with each w € SMIGY the interval marginal vector m?(w)

defined by w(P?(i) U {i}) — w(P?(i)) for each i € N. So, in other
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words, the interval Shapley value is given by

i(w) = — Y (w(P(i) u{i}) — w(P(D))

" o€ll(N)

for any player i € N.
An interval game (N, w) is said to be a big boss interval game
if its border game (N, w) and its lenght game (N, |w|) are total big

boss games.

3.3 Information market interval games

In this chapter we study information markets where the maximum
profit obtainable in each submarket is uncertain. We address the
uncertainty by considering the profit attainable in a submarket con-
trolled by T C N is given by the interval Ry = [rp,7r]. In this
section, first of all, we introduce information markets with interval
uncertainty and, later, the corresponding coalitional interval games.

We also show some properties that these games satisty.

Definition 3.3.1. An information market with interval uncertainty
is defined by the tuple (N, {1}, (Rr)rcnrzo) where N = {1,...,n}
18 the set of firms and 1 € N is the patent holder who owns the infor-
mation. Ry = [rp,Tr| is the interval of profits potentially attainable

in the submarket to which the firms of T' have access to.
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For instance, an information market under uncertainty is the fol-

lowing one.

Example 3.3.2. We can consider (N, {1}, (Rr)rcnr20), an infor-
mation market under uncertainty, with three firms N = {1,2,3},
where firm 1 is the patent holder, and with profits attainable in each

submarket given as follows.

Ry =[3,5] Ry =1[56 R =1[2,3
Rpugy =1[2,4] Rpus =[0,0] Rz =[2,6]
R{17213} = [176]

Definition 3.3.3. Let (N, {1}, (Rr)rcnrz0) be an information mar-
ket with interval uncertainty. The corresponding information (mar-

ket) interval game is defined by (N, w) where

TNSH#)

if 1 €S, and w(S) = [0,0] otherwise.

We name ITGY the set of all information interval games with
player set V.

Notice that the class of the classical information market games is
a particular case of the class of information interval games. When an
information interval game is such that, for each submarket controlled

by T' C N, the lower bound and the upper bound of the interval profit
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Ry = [rp, Tr| coincide, r, = T, then we have a classical information
market game with same player set and the profit attainable in the
submarket controlled by 7' C N given by rp = rp = 7.

Next, we show the information interval game corresponding to

the market given in Example 3.3.2

Example 3.3.4. Let us consider the information market under un-
certainty in Example 3.3.2. From this market, we can define the

information interval game (N, w), with characteristic funcion w(S) :

2N — I(R), as follows.

w({1}) = By + Rpoy + Ry + By + Rpggy = [6,19)
w({L,2}) = w(l) + Ry + Rz = [13,27]
({1,3}) = w(l) + Rysy + Rya5y = [10,24]
w({1,2,3}) = w(1,2) + Rz = [15, 30]
and w(S) = [0, 0] otherwise.

(
(

w

Notice that

w(S) =Y raszo Br = D rnspeolre Tl
= [ZTms;sw T'r, ZTns;é@ Tr] = [w(S), w(5)].
In fact, the border games (N, w) and (N, w) are the classical informa-

tion market games obtained from the information markets (N, {1},

(r7)renrz0) and (N, {1}, (Fr)rcnre0), respectively.

Proposition 3.3.5. Let us consider an information market with in-

terval uncertainty (N, {1}, (Rr)rcnr0)-
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Then, the length game (N, |w|) is the classical information market

game corresponding to the information market (N, {1}, (|Rr|)rcnr20)

Proof. The length game is defined by [w| = w(S) —w(S). So, for any
coalition S C N with 1 € S, |w|(S) = X rns20TT — DrnszoTr =
> 1rn520TT — 1) = D s [ Rr|. While for any coalition S C N\
{1}, [w[(5) =0-0=0

Thus, the corresponding information market is (N, {1},

([Rr|)renTr0)- O

As a consequence of the above proposition, information interval
games are size monotonic interval games (SMIG) since the corre-
sponding length game is an information market game and, therefore,
a monotonic game.

Further, by Muto et al. (1988), any information market game
is a big boss game. Besides, they are total big boss games because
they are also monotonic games. If we take into account that the
border games, (N,w) and (N,w), and the lenght game (N, |w|) are
information market games and, therefore, they are total big boss
games, by Alparslan et al. (2011), information interval games are big
boss interval games 2.

In fact, the border game (N,w) can be obtained as the sum of

2An interval game (N, w) is a big boss interval game if its border game (N, w)

and lenght game (N, |w]) are total big boss games.




“tesi-27 — 2019/9/11 — 19:50 — page 78 — #88

78 CHAPTER 3. INFORMATION INTERVAL GAMES

the border game (N, w) and the lenght game (N, |w|). That is to say,
w=w+ |l

A nice property, which is satisfied by all big boss interval games in
general, is satisfied by information interval games in particular. This
property is called 1-concavity and states that the interval marginal
contribution of a player i € N \ {1} to a coalition containing the
informed player does not increase with the size of that coalition.
That is, w(S U {i}) — w(S) = w(T U {i}) — w(T) for all S,T € 2V
with 1 € S C T C N\ {i}. It can easily be proved for information

interval games.

Proposition 3.3.6. Let (N, {1}, (Rr)rcnrzo) be an information
market with interval uncertainty and let (N,w) be the correspond-
ing information interval game. Then, (N, w) satisfies the 1-concavity

property.

Proof. Let be i € N\ {1} and let S,T € 2V be two coalitions with
1€ SCT CN\{i}. Then,

w(SU{ih)—w(S) = > Ro— Y Rg

QN(SUi})#0 QNS#D

:ZRQ

ieQ
Q\{i}CN\S

= ZRQ
cQ

Q\{i}CN\T

=w(TU{i}) —w(T)
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where the third step follows since N\ T C N\ S. O

3.4 The core of information interval games

Alparslan et al. (2011) show that the interval core of a big boss
interval game (IV,u) is equal to the set C(u) = {(Xi,...,X,) €
IN(R) : >y X = w(N),[0,0] < X; < M;(u) for all i € N\ {1}}.
Let us recall that any information interval game is a big boss
interval game. Then, we can easily determine the interval core of an
information interval game in terms of the market data. We just need
to find the marginal contribution of any player ¢ € N \ {1} to the

grand coalition.

Corollary 3.4.1. Let (N, w) be an information interval game asso-

ciated to the market (N,{1}, (Rr)rcnrz0). Then,
Clw) = {(X1,....,Xn) € IN(R) : >,y Xi = w(N),
0,0] % X; < [r;, 7] for alli e N\ {1}}.

Proof. Let (N,w) be an information market interval game. Since it is
also a big boss interval game, by Alparslan et al. (2011), the interval
core payoff of a player i € N\ {1} is in between [0, 0] and its interval
marginal contribution to the grand coalition M;(w). Further, this
interval marginal contribution M;(w) is

Mi(w) = w(N)—w(N\{i}) = > Rr— Y.  Rr=Ru =7l

TNN£D TA(N\{i})A£D
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Since the class of information interval games is a subclass of the
class of big boss interval games, the condition [0,0] < X; < [r;, 7]
Vi € N\ {1} together with the efficiency contition, Z X; = w(N),
define the interval core of the game w. < ]

Let us recall the information interval game (N, w) in Example
3.3.4, where N = {1,2,3}. By Corollary 3.4.1, its core is the interval
set C(w) = {(X1, Xo, X3) € B(R) : X; + X, + X3 = [15,30], [0,0] <
Xy = [5,6] and [0,0] < X3 < [2,3]}. Notice that the interval al-
locations ([15,30], [0, 0], [0,0]) and ([8,21],[5,6], [2,3]) belong to the
interval core of this example. In the first one, the informed player
benefits the most while, in the second one, the other players are the
biggest winners.

Indeed, an immediate consequence of the interval core structure

is that it always contain these two extreme interval allocations,

(i) X; =w(N) and X; =[0,0] for all i € N\ {1}, and
(i) X1 =w(N)=> icnylri: 7o) and X; = [r;, 7] for all i € N\{1}.

Following the notation of Alparslan et al. (2011), we can name the
first one as the big boss interval point, B(w), and the second one as
the union interval point, U (w).

Once we know what is the interval core of the game, we wonder
how stable is this solution. The definition of a stable set for an inter-

val game is given by Alparslan et al. (2008). They, first, define the
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domination between two interval allocations. Let X = (Xy,...,X,,)
and Y = (Y1,...,Y,) be two interval imputations and let be S €
2N\ {0}. Tt is said that X dominates Y via coalition S, which is
denoted by X domg Y, if

(i) X; =Y, forallie S,

(i) Yics Xi < w(S).

For an interval game (N, w) a subset A of the interval imputation set

is a stable set if the following conditions hold:

(i) (Internal stability) There does not exist X,Y € A such that
X domY.

(ii) (External stability) For each X ¢ A there exists Y € A such
that Y dom X.

We show that the interval core of an interval information market
game is not always a stable set. However, certain conditions on the

market prove to be enough to guarantee the stability of the core.

Proposition 3.4.2. Let (N, {1}, (Rr)rcnrz0) be an information
market with interval uncertainty, let (N, w) be the corresponding game
and let C(w) be its interval core. Then, C(w) is a stable set if and

only if Rp =10,0] for all T C N\ {1} with |T| > 2.
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Proof. In order to show that the interval core is a stable set, we
should check that it holds both, the internal stability and the external
stability. However, the internal stability is always satisfied by an
interval core of an interval game (Alparslan et al., 2008). So, we only

need to show that the external stability is satisfied.

First, we prove the “if part”. Let us consider an interval infor-
mation market with Ry = [0,0] for all 7" C N \ {1} with |T] > 2.
Then, the corresponding interval information market game is such
that w(S) = w({1}) + 3 ,cq 1y Rysp for all S € N with 1 € S and
w(S) = 0 otherwise. In particular, for S = N, w(N) = w({1}) +
ZiEN\{l} Ryiy.

Hence, any interval imputation X € Z(w) is such that X; = [0, 0]
and >,y Xi = w({1}) + X icp 1y Byip- Now, by Corollary 3.4.1, if
X € Z(w)\C(w), there exists a player i € N\ {1} such that X; >~ Ry;.
Let be A = {i € N\ {1} such that X; > Ryy}. Further, take
Y € Z(w) such that Y; = Ry foralli € A, Yy = Xh+>, 4 (Yi—Ryyy),
and Y; = X; for all j € (N \ {1}) \ A. Notice that, by Corollary
3.4.1, Y € C(w). Moreover, notice that Yy = X for all k € N\ A
and Yy cxa Ve = (WL + Sy Bii) = Siea By < w(V\ 4),
where the first equality holds by efficiency. So, if we take S = N\ A,

we have Y domg X.

Secondly we prove the “only if part”. Actually, we show that if
there exists 7' C N \ { 1} with |T| > 2 and Ry # [0,0], then C(w)
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is not a stable set. Let be T'C N \ { 1} with |T'| > 2 such that
Ry > [0,0]. Then, take the imputation X € Z(w) \ C(w) such that
X; =R+ +Ry for alli € N\ {1} and X; = w({1}) + L Ry.

Next we look for an interval Y € C(w) that dominates X. Since
for all i € N\ {1}, ¥; < Ry by Proposition 3.4.1 and, further,
Ry < X;, noY € C(w) can dominate X via a coalition containing
players in N\ {1}. So, X can only be dominated by Y via coalition
{1}. However, any Y € C(w) with Y} = X; = w({1})+ 1 Ry does not
satisfy V) < w({1}). Hence,no Y € C(w) dominates X € Z(w)\C(w).
So, C(w) is not a stable set. O

Together with Muto et al. (1989), a consequence of Proposition
3.4.2 is that the core of an information interval game is a stable set

if and only if the core is stable for its border games w and w.

3.5 Shapley value

Some characterizations of the interval Shapley value are given by Al-
parslan et al. (2010) and Palanci et al. (2015) for interval cooperative
games. In the first reference, the characterization is given on those
games generated by the additive cone K = {Isug|S € 2V \ {0}, Is €
I(R)} (KIG™) and, in the second one, on size monotonic interval
games (SMIG"). Next, we recall some properties of the interval

Shapley value on size monotonic interval games, ® : SMIGN —
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IV(R).

Efficiency: For every w € SMIG" it holds that ),y ®;(w) =
w(N).

Null Player Property: If « € N is a null player in an interval
game w € SMIGN  ie. w(SU{i}) = w(S) for each S € 2N\i},
then ®;(w) = [0, 0].

Fairness: If i,j € N are symmetric players in w € SMIGY,
Le. w(SU{j}) —w(S) = w(SU{i}) — w(S) for each S with
i,j ¢ S, then ®;(w' + w) — &;(v') = ¢;(w' + w) — ®;(w’) for
all w' € SMIGV.

Since information interval games are size monotonic interval games,
by Palanci et al. (2015), its interval Shapley value is ® : SMIGYN —
I™(R) defined by @;(w) = % ZUGH(N) (w(P?(i)U{i})—w(P?(i))) and
it is characterized by efficiency, the null player property and fairness.

In this section we find an expression for the interval Shapley value
in terms of the data of the information market under uncertainty. To
this end, we first provide a definition of information interval games

equivalent to the one given in Definition 3.3.3.

Proposition 3.5.1. Let (N, {1}, (Rr)rcnrzo) be an information

market with interval uncertainty. Then (N,w) is the corresponding
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information interval game if and only if w = Ruy + Z Ryupy,
TCN\{1}

where R = Z Ry.

T:1€T
Proof. Firstly we show the “only if” part. If 1 ¢ S, then w(S) =

0,0], u1(S) = 0 and U*T,1(S> =ur1(N) —upi(N\S)=1—-1=0.
Further, if 1 € S, then u,(S) = 1 and u7,,(S) = 1if TNS # 0
while u}(S) = 0 otherwise. So, (Ru; + Z Ryup,)(S) = R+

TCN\{1}
T:TNS#0 T:TNS#)
TCN\{1}
Next, we show the “if” part. Let w = Au; + Z Apup, with
TCN\{1}

A Ar € I(Ry) for all T C N\ {1}, T # 0.
Then, this game is generated by the information market under

uncertainty with Rp = Ap if T C N\ {1} and > ;. .r Rr = A. O

After defining information interval games in terms of some simple
games, we focus now on some properties of the interval Shapley value

on the set of information interval games.

Lemma 3.5.2. Let be o, 8 € R and let (N,w) and (N, ws) be the

two size-monotonic information interval games. Then,
P(awy + fws) = a®(wy) + 5 (ws).

Proof. Notice that for all S C N with 1 € S, w(S) —w(S\ {1}) =
w(S). Meanwhile, w(S) —w(S\{i})= > RrforanyiecSC

€T
T\{i}CSN\S
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N\ {1}. On the other hand, if 1 ¢ S C N, then w(S) —w(S\ {i}) =
[0,0] for any ¢ € N. Then,

D, (cvwy + Bws)

Z Z a Rip + B Rap

”EH(N) T\ CN\P7 ()

=4 Z Z a Rip + Z B Rar

o€ll(N) T\{i}é‘:}vT\pom T\{i}gl\’T\P"(i)
a Z Z Rip + Z Z Ror
TN 1 ENPe ) €N iy ENpe o)
A SIS RTE D SR SR
UGH(N) T\ENAPO (8 o) 1y e

= a@i(wl) + 6®1<UJ2)
]

If we consider an interval, say A = [a, a], multiplied by a coopera-
tive game (IV,v), then we get an interval game, w = Av. Its interval
Shapley value can be found by means of the Shapley value of the

cooperative game as the following lemma shows.

Lemma 3.5.3. Let (N,w) be an interval cooperative game with w =
Av where A = [a,a] € I(R) and (N,v) is a cooperative game. Then,
O(w) = Ap(v).

Proof. Notice that w is size-monotinic since |w(S)| = 0 for all S C N.

So we can calculate the interval Shapley value of w. For each player
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i €N,

o€ll(N)
=L 3 (Au(P7(i) U{i}) — Au(P7(i)))
c€ll(N)
=AL > (P U{i}) —v(P7(i))
o€ll(N)
= A¢;(v)

Next, we discuss one more property of the interval Shapley value.
The interval Shapley value of an information interval game and the
interval Shapley value of its dual coincide. Actually, as can be seen

above, this property holds for the Shapley value of cooperative games.

Lemma 3.5.4. Let (N, {1}, (Rr)rcnrz0) be an information market
under uncertainty and let (N,w) be the corresponding information

interval game. Then, ®(w) = ®(w*).

Proof. The dual game w* of the information interval game w is

w*(S) = w(N)—w(N\S) = ZTQN RT—ZTm(N\S);A@ Ry = ZTQS Ry
for all S C N.
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Then, since w and w* are size-monotonic interval games,

Oi(w) = D (WP ULi}) — (w(P7()))

o€Il(N)

a2 | > Bre Z Ry
aeH(N) TC P (i)U{i} TCPo(i
D DRED U
UGH(N) T\HENPI (D)

= ®;(w)

]

The two Lemmas 3.5.2 and 3.5.3 allow us to find the interval
Shapley value of an information interval game following the steps
given in Muto et al. (1989) for information market games. Once
information interval games have been defined in terms of some simple
games (Proposition 3.5.1), we find their interval Shapley value taking
into account some properties of simple games and their corresponding

Shapley value.

Proposition 3.5.5. Let (N, {1}, (Rr)rcnrzo) be an information
market under uncertainty and let (N,w) be the corresponding in-

formation interval game. Then, its interval Shapley value ®(w) :

1IGN — [(R)Y

T |
(6} =R-1 —1 — 1 .
(W=RnL+ 3 RT(\T\+11+\T|<\T\+1>T

T:TCN\{1}
T50




“tesi-2” — 2019/9/11 — 19:50 — page 89 — #99

3.5 Shapley value 89

Proof. Since w = Ruq+ Z Ryur, by Proposition 3.5.1 its Shap-
TCN\{1}
ley value can be obtained as follows.

®(w) =Ro(w)+ > Rro(up,)
TCN\{1}
1 1
=R-1;+ Rr (_1T +1;+ —]-TU{l})
TZT;{I} |T| |T|+1

T |
~R-1 B el I S |
Relis ) P”T<|T|+11+|T|<|T|+1>T

T:TCN\{1}
T#£0

where the first equality holds by Lemma 3.5.2 and Lemma 3.5.3. [

Then, the interval Shapley value of the information interval game
of Example 3.3.4 can be obtained as follows: first we find R = [3, 5]+
[2,4] +[0,0] 4 [1,6] = [6,15] and then, ®;(w) = [6,15] + +5[5,6] +
8 A1), ®o(w) = $505,6] + 55(2,6] = [, 4] and

- (2512 3)

which belongs to the interval core. This can be easily checked by

Corollary 3.4.1.

Corollary 3.5.6. Let (N, {1}, (Rr)rcnr20) be an information mar-
ket under uncertainty and let (N, w) be the corresponding information
interval game. Let (N,w) and (N,w) be the corresponding border
games. Then, ®(w) = [¢p(w), ¢(w)].
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Although the interval Shapley value of a size-monotonic interval
game satisfies good properties as efficiency, null player property and
fairness, it may lie outside the interval core. We just need to consider
the information market with interval uncertainty in Example 3.3.2
with Ry 3y = [2,10] instead of Ry3y = [2,6] and the corresponding
information interval game ({1,2,3},w’). Then, ®3(w’) = [3, 2] £
2,3] = Ry3 and therefore ® does not belong to the interval core of
w' (by Corollary 3.4.1).

Actually, Corollary 3.5.6 also shows that the interval Shapley
value may not belong to the interval core since the upper bound
of ®(w) is the Shapley value of the information market game w, that
is ¢(w), and it may not belong to the core of w beacuse there may

exist a player ¢ € N \ {1} with ¢;(w) > 7; (cf. Muto et al., 1989).

3.6 Interval core allocations with mono-

tonicity

The interval Shapley value studied in the previous section is an inter-
val solution for information interval games which can easily be found
from the market data. However it may lie outside the interval core.
This section is devoted to an interval solution that belongs to the

interval core.
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Before defining this interval solution, we need to introduce a prop-
erty that interval games migth meet. Further, we will show that it is

satisfied by any information interval game.

Definition 3.6.1. Let (N,w) be an interval game. We say that w
satisfies the size iT-condition if for any coalition S C N and any
T C S with |T| =S| —1,
w(S)[+ Y (N {i})] = [T - [w(N))| (3.1)
ieT
Notice that this property is neither implied by size-monotonicity
nor implies it, as next examples show.
First, we consider an interval game which is size-monotonic but

does not satisfy the size iT-condition.

Example 3.6.2. Let us consider the interval game (N,w) with N =
{1,2,3} and

w({1}) = w({2}) = w({3}) = [0,0]
w({1,2}) = w({1,3}) = w({2,3}) = [3,3]
and w({1,2,3}) =[5, 6]

It is size-monotonic since |w|(S) = |w(S)| = 0 for any S C N
with |S| < 3 and |w|(N) = |w(N)| = 1. So, |w| is a monotonic
game. On the other hand, if we consider S = {1,2} and T = {1} in

expression (3.1), we can check that size iT-condition is not satisfied.

Indeed, |w({1,2})[ + [w(N\{1})] =02 (2 = Dfw(N)| = 1.
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Now, we show an interval game which satisfies equation (3.1) but

1S not size-monotonic.

Example 3.6.3. Let us consider the interval game (N, w) with N =
{1,2,3} and

w({1}) = w({2}) = w({3}) = [0,0]
w({1,2}) = w({1,3}) = w({2,3}) = [1.2
and w({1,2,3}) =[5, 5]

We can check condition (3.1) for S = {1,2,3} and any T =
{i,7} € N, [w{L1,2,3P)] + [wN\ {i})] + [wN\ {7} =2 > (3 -
D)|w(N)| =0, and for any S with |S| =2 andi € S, |w(S)|+ |w(N\
{1 =1=@2-Dw(N)|=0.

However w is not size-monotonic since, for instance |w|({1,2}) =
1 £0=|w|(N).

If we consider the class of information interval games, both prop-
erties are satified. Any information interval game is size-monotonic
by Proposition 3.3.5. Further, next proposition shows that also the

size iT-condition is satisfied.

Proposition 3.6.4. Let (N,w) be an information interval game.

Then w satisfies the size iT-condition.

Proof. An interval game satisfies the size iT-condition if for any coali-
tion S C N and any 7' C S with |T'| = [S| — 1, [w(S)| + > ,cp [w(N'\
{HI =T [w(N)].
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If we consider information interval games, for any coalition S C N

and any 7' C S with |T| = |S| — 1,

[w(S) + Y fwN\{D] = [w(S) + ) w(N\ {i})]

= u(S) + 3 (w(N) — Reo)|
= 7] jw(N)| + [u($) = 3 Ry
> (7] ()|

Indeed, |w(S) — ZR{i}| is non-negative since w(S) — ZR{Z} =

€T €T
Ry + Z Rg where {j} = S\ T and the sum of intervals is an
Qns
IT|>2

interval. Therefore, its lower bound is smaller or equal than its upper

bound and its length is not negative. ]

The interval T -value

We generalize here the 7-value defined for coalitional games by

Tijs (1981) to the class of interval cooperative games.

Definition 3.6.5. Let (N, w) be an interval game that satisfies size-
monotonicity and size iT-condition. The interval T -value of w is
the interval allocation AM (w) + (1 — A\)m(w), with 0 < X\ < 1, that
satisfies interval efficiency, i.e. Y .oy AM;(w)+> ;o n (1= m(w) =
w(N), where M;(w) = w(N)—w(N\{i}) and m;(w) = maxg.;cs{w(S)—
> jes\iiy Mj(w)} for each i € N.
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Notice M;(w) is well defined by the size monotonicity of w. Fur-
ther, m;(w) is well defined by the size iT-condition. Both properties
are satisfied by information interval games.

Furthermore, it is not difficult to find the interval T-value of
an information interval game in terms of the market data. Indeed,
Mi(w) = w(N) —w(N \ {i}) = Ry for all i € N\ {1}. Further,
My(w) = w(N) = w(N \ {1}) = w(N).

With respect to m(w), notice that for all S C N with 1 € 5,
w(S) — ZjeS\{l} Ryjy = ZTQS;&@ Ry — ZjeS\{l} Ryjy = ZT‘OSN Ry +

T|>2
Ry So,mi(w) = w(N) =30y By since w(N) =325 a1y Mj(w) =
ZTgN Rr + R{l} = ZT‘mls;e@ Ry + R{l} = Rw(S, 1) for any S C N
T|>2

IT|>2

with 1 € S. Next, for any i € NV \ {1},

i) If1es wbd) - EjeS\{i} M;(w) = w(S) — ZJ'E]S;;IU} Ry —
w(N) < [0,0].

(i) If 1 ¢ S and [S| = 2, w(S) — X cq iy Mj(w) = [0,0] —
> jes\iiy Mj(w) < (0,0

(iii) f 1 ¢ Sand [S| =1, w(S) = X2cq iy Mi(w) = w({i}) = [0,0].
So, m;(w) = [0,0] for all i € N'\ {1}. Thus,

M(w) = (w(N), R{g}, R{g}, e ,R{n}), and

m(w) = (w(N) - ZjeN\{l} R{j}? [07 0]7 [O’ O]’ SRR [O’ 0])
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Now, in order to find the interval T-value, we first calculate A in
the equation Aw(N)+A 225 n 1y By A=A (w(N) =2 e ny 1y Bigy)) =
w(N). From this equation, we get (2A—1) >~y 11y Bg53 = [0, 0]. So,
cither A = £ or Ry;y = [0,0] for all j € N\ {1}.

If Rijy =1[0,0] for all j € N\ {1}, then

T = M(w) = m(w) = (w(N),0,0],[0,0],...,[0,0]).
On the other hand, if A = 1, then

T = (w(N) — % > Ry %R{g}, %R{g}, o %R{n}).
JEN\{1}

This corresponds to the definition given by Alparslan et al. (2011)
for the interval T -value of a big boss interval game, where the interval
T-value is defined by T(w) = sU(w) + 3B(w).

For any interval game w, we can consider the set of coalitions
containing the informed player P, = {S C N |1 € S}. The scheme
I = (Igs) Jss is an interval allocation scheme for w if (I;5);cs belongs
to the interval core of the subgame (S, w®) for each coalition S € P;.
Such allocation scheme I is called a bi-monotonic interval allocation
scheme (bi-mas) for w if, for all S,7° € P, with S C T, we have
Ly < Ly for all i € S\ {1}, and @15 % I17. That is to say, the
informed player is weakly better off in large coalitions while the other
players are weakly worse off.

Since information interval games are big boss interval games, by

Alparslan-Gok et al. (2008), any allocation in the interval core of an
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information interval game is bi-mas extendable. In particular, the

interval T-value of an information interval game yields a bi-mas.
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Chapter 4

Assignment game with a

central player

4.1 Introduction

A class of assignment markets is analyzed in Shapley Shubik (1972)
by using the theory of cooperative games. In these markets, the set
of agents is divided into two sectors (let us say sellers and buyers),
and the model assumes that the objects of trade are indivisible, in
such a way that each seller has a supply of exactly one item and
each buyer desires exactly one item. In our market there is also a set
of buyers N' and a set of sellers N2, however the two sets are not
disjoint, but have one agent in common, who can act both as a buyer

and as a seller. We call it the central player, and it is denoted by

99
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h. As in Shapley and Shubik assignment market, each buyer wants

to buy at most one unit and each seller has one unit for sale. A

matrix A = (a;;) eyt summarizes the profits from trades, where a;;
jEN2

represents the amount that player ¢ and j jointly obtain when the

transaction between them takes place.

An additional feature of our model is that a trade is possible only
if the central player participates in that trade. Therefore, the profit
matrix is such that a;; =0if h ¢ {i,5}.

We may extend this model allowing the central player to trade
several units. We can think then of a social bank of flats which acts as
a referee in the housing market to ensure reasonable prices. The aim
of establishing a social bank is to avoid a real estate bubble. Thus,
the owners of flats in this market can only sell them to the social
bank and buyers can only buy a flat from the social bank. However,
the social bank may keep its flats as its own property and rent them
(hence the bank may obtain some profit, a, > 0, by renting them),

or it may sell them to the buyers.

Another model of a rental housing market can be found in Kaneko
(1983). The market in our model is different due to the reservation
value of the central player, and also different from other markets
with middlemen, Oishi Sakaue (2014), Stuart (1997), Kaneko and
Wooders (1982) and Johri and Leach (2002), where their competitive

equilibria are studied.
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The total value created in the market should be divided among the
agents and this is the aim of this chapter. First we consider that the
central player can sell and buy just one unit and we show how to find
the core of the game. Any core allocation ensures that no coalition of
players has an incentive to split off from the market. The nucleolus
and the T-value are single-point solutions, and can be found from the
market data. Later, we consider that the central player may trade
any finite number of units and show that any competitive equilibrium
provides a core allocation.

We organize the chapter as follows. After Section 4.2, where no-
tation and game theory definitions are provided, in Section 4.3, we
define assignment games with a central agent. In Section 4.4 we ana-
lyze what the core looks like and some related set-solutions. Section
4.5 is devoted to point-solution concepts: the nucleolus and the 7-
value. Finally, we generalize the model allowing the central player to

buy and sell more than one item in Section 4.6.

4.2 Preliminaries

Given a two-sided market, the assignment problem is defined by the
triple (M, My, A) where M; is the set of buyers, M, is the set of
sellers, and A = (a;j)iem, is a non-negative real matrix. To solve

JjEMo

the problem we must look for an optimal matching in A. A matching
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between M; and M, is a subset y of My x M such that each k € MU
M belongs at most to one pair in . When (i, 7) € p we also denote
with some abuse of notation j = p(i) and ¢ = u(j). We will denote by
MMy, My) the set of matchings. We say a matching u is optimal for
the problem (M, My, A); in short u is optimal for A and it is denoted
by pa, if for all p/ € M(My, My), Z(i,j)e;m a; > Z(i,j)eu/ a;;. The
set of optimal matchings of the problem (M;, Ms, A) is denoted by
Mu(My, My). Given S C My and T C Ms, we denote by M(S,T)
and M4(S,T) the set of matchings and optimal matchings of the
submarket (S, T, Agxr) defined by the subset S of buyers, the subset
T of sellers and the restriction of A to SxT. If S =0 or T = (), then
the only possible matching is ;1 = () and, by convention, Z(i,j)e@ a;j =
0.

A transferable utility coalitional game (a game) is an ordered pair
(N,v) where N = {1,2,...,n} is the set of players, and v : 2% — R is
a real-valued function on the set 2%V of all subsets of N, with v(()) = 0.
If no confusion regarding the set of players arises, we denote the game

(N, v) only by v. The size of the set of players N is denoted by n.

Given an assignment problem (M, My, A), Shapley and Shubik
(1972) defines a related coalitional game with transferable utility,
the assignment game (M; U Ms,w,), as follows. The profits of the
mixed-pair coalitions, {i,j} where i € M; and j € M,, are given by

the non-negative matrix A, wa({i,j}) = a;; > 0, and this matrix
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also determines the value of any other coalition SUT , wa(SUT) =
max{} e, aij | p € M(S,T)}, where S C My and T' C M.

A game is monotonic if v(S) < v(T) for all S C T C N. It is
convez if v(S) +v(T) < v(SUT)+v(SNT) for all S, 7 C N, or
equivalently, v(S U {i}) —v(S) <v(T'U{i}) —o(T) forall S C T C
N\ {i} and for all i € N.

A payoff vector is x € R"™, where, for all i € N, x; represents
the payoff to player i. We denote z(S) = >, g x;. The set of payoff
vectors that are efficient, (N) = v(V), and individually rational,
x; > v(i) for all i € N, is the set of imputations I(v).

The core of a game, C(v), is the set of payoff vectors z € R”
which, besides being efficient, meet the coalitional rationality princi-
ple, that is z(S) > v(S) for all S C N. A game (N,v) is said to be
balanced if it has a non-empty core. It is said to be totally balanced
if the core of every subgame is non-empty, where the subgame corre-
sponding to some coalition T C N, T' # (), is the game (T, vr) with
vp(S) =wv(S) forall S C T.

The marginal contribution of a player ¢ € N to the grand coalition,
N, is defined by b; = v(N) — v(N\{i}). A marginal worth vector
m?(v) is a payoff vector defined for each ordering of the set of players
o: N —{l,....,n} asmf(v) =v({j € Nlo(j) < o(i)}) —v({j €
Nlo(j) < o(i)}) for all i € N.

A balanced game (N, v) satisfies the CoMa-property if and only




“tesi-27 — 2019/9/11 — 19:50 — page 104 — #114

CHAPTER 4. ASSIGNMENT GAME WITH A CENTRAL
104 PLAYER

if C(v) = conv{m?(v)|m?(v) € C(v)}, that is to say, the extreme
points of its core are marginal worth vectors.

Let be z € I(v). The excess of a coalition S € 2V \ {(), N}
at x is the real number €(S,z) = v(S) — z(S). At any z, denote
by 6(x) € R?"~2 the respective excesses arranged in non-increasing
order, i.e. 0;(z) > 0y(x) whenever | < I'. The nucleolus v(v) is the
unique imputation that lexicographically minimizes the vector 6(zx).
The nucleolus belongs to the core whenever it is non-empty.

The utopia vector M(v) € RY is defined by M;(v) = b; for all
i € N. M;(v) can be regarded as a maximum payoff (not always
attainable) that player ¢ can expect to obtain in the core of the game.
The minimal rights vector m(v) € RY is computed by using M (v).
For all i € N, m;(v) = maxg.es{R"(4,5)}, where R"(i,S) is what
remains for player ¢ € N when coalition S forms, ¢ € S, and all
players in S \ {i} are paid their utopia payoff, R"(i,S) = v(S) —
> jes\(iy Mj(v). Then, the T-value of that game is the unique efficient
payoff vector on the line segment between m(v) and M (v) whenever

Yoienmi(v) < v(N) < .oy Mi(v) and my(v) < My(v) for all i € N.

4.3 Assignment games with a central player

Let us consider an assignment market where there is one player, say

player h, who is necessary for any trading among agents. So, h has
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veto power. Moreover, this player has a double role as a seller and
as a buyer. Thus, player h has a central position in the market
structure. Such a market is an assignment market with a central
player, ({h}, N1, No, A), where N = {h} U N; U N is the set of
players: N; # () is the set of sellers, No # () is the set of buyers
and h is the central player. Since h is necessary for any trade among
agents, matrix A with a;; € Ry is such that a;; = 0if h ¢ {4, j}. The
profits of the mixed-pair coalitions {h,i} where i € Ny and {h,j}
where 7 € N,, can be obtained from the non-negative matrix A.
They are a;, and ap; respectively. Finally, the matrix entry ay, is a
reservation value and may represent the profit obtained by the central
player while keeping its ownership. For instance, this ownership can

be rented to provide some profit.

Definition 4.3.1. Let ({h}, N1, N2, A) be an assignment market with

a central player. Then, the corresponding assignment game with a

central player (N, vy) is defined by v4(S) = maxiesnn, {ann, an; +an}
JESNNy

if h €S, and va(S) = 0 otherwise.

The deal between players in a coalition S'is only possible if h € S.
Each coalition S C N, with h € S and at least one seller 7 € N; and
one buyer j € Ny, maximizes among apy, and a; +a;, with b, 7,7 € S.
In case SN Ny =0 (or SN Ny = (), coalition S maximizes between

app and ap; (or a;p).
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Example 4.3.2. Let ({h},{1,2},{1',2'}, A) be an assignment mar-

ket with a central player, where

h 1 2
h 2 3 4

A= 1 5 0 01,
2 5 0 0

where the rows correspond to sellers and the columns to buyers. No-
tice that the first column and the first row correspond to player h
who has a double role as a seller and a buyer. Since the transaction
among players in a coalition S C N is only possible if player h € S,
the characteristic function is given by the following table.

S [{h} {p1} {n2} {n1'} {h2'}
va(S) | 2 5 5 3 4

S [ {nr12} {hr1l'} {n12'} {h21'} {h22'} {h1'2'}
va(9) 5 8 9 8 9 4

S | {n121'} {h122'} {n112} {h21'2} N

valS)| 8 9 9 9 9
and va(S) =0 for any other S C N.

Notice that assignment games with a central player are not as-

signment games since v4({h}) may be greater than 0.

'We write {i...j} instead of {i,...,j} for simplicity throughout the text. It

is unlikely to lead to confusion.
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Although assignment games are hardly ever convex games, we
wonder if assignment games with a central player are convex. The
answer is negative as shown by Example 4.3.2. Since v4({h121'2'}) —
va({h121'}) = 9—-8 = 1 and va({h122'}) —va({h12}) = 9—5 =4, we
have that v ({h121'2'}) — va({h121'}) # va({R122'}) — va({h12}).
This means that the game is not convex.

Without loss of generality, henceforth, we will assume that buyers
and sellers are respectively ordered by their non-increasing gains. So,
matrix A is such that a;, > ayp for all 4,7 € Ny with ¢ < ¢ and
apj > apj for all j, j" € Ny with j < j'. Hence, 1 = argmaz;en,{an}
and 1" = argmaz;en,{an;}.

Observe that v4(N) = ap, means that an, > a1 + ap and, by
the assumption above, apy, > ai + ap; for all ¢ € Ny and j € Ny, In
this case we say that the assignment game with a central player, vy,
is trivial. The central player would rather keep its ownership than

be involved in any trade. The opposite situation is named intrinsic.

Lemma 4.3.3. Let (N,vy) be a trivial assignment game with a cen-

tral player. Then, va = app - ugny, where ug,y denotes the unanimity

game * for {h}.

Proof. Notice that if any, > aip +api, then v4(S) = apy, for all S C N

2The unanimity game uz, where T C N, is defined by ur(S) = 1if T C S

and ur(S) = 0 otherwise.
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with h € S, and v4(S) = 0 otherwise. On the other hand, u,y(S) =1
for all S C N with h € S, and vy (S) = 0 otherwise. O

When v, is a trivial assignment game with a central player, it is a
convex game and there is only one core allocation. Indeed, C(va4) =
{(apn,0,...,0)}3. Actually, since va(N) = ap, and va(N\{i}) = apn
for all i € N\ {h}, b; = 0. Being trivial is sufficient to guarantee
the convexity of assignment games with a central agent but it is not

necessary, as we will see later on in the chapter.

4.4 The core

We have seen above what the core of a trivial assignment game with
a central player is like. This section is devoted to studying the core
of any assignment game with a central player.

On first consideration, the balancedness of any assignment game
with a central player is guaranteed by Bahel (2016) where veto games
are introduced. Actually, (N, v) is a veto game if there exists a coali-
tion T € 2V \ {N, 0} satisfying v(S) = 0 for any S € 2V such that
SNT # (. Therefore, any assignment game with a central player is

a veto game with 7' = {h}. An algorithm for finding extreme core

3The order of the components of an allocation =z € R"™ is

) Ty, P geee ).
(Th,z1, 21, T2, 200, .. .)




“tesi-27 — 2019/9/11 — 19:50 — page 109 — #119

4.4 The core 109

allocations of any veto game is provided by Bahel (2016). Moreover,
by Bahel (2016) the core and the bargaining set? coincide.

Furthermore, assignment games with a central player are matrix-
based pairing situations as defined by Tejada, Borm and Lohman
(2014). Actually, we only need to consider a matrix-based pairing
situation (N*, N2, A) with N!' = {h}UN;, N? = {h} U N, and notice
that matrix A is such that a;; = 0if h ¢ {7, j}.

Following Tejada, Borm and Lohman (2014), we consider the as-
signment game (MU M? w,) corresponding to an assignment game
with a central player ({h}U N; U Ny, vy4) just by splitting the central
player h into two players: player h! acting as seller and player h? act-
ing as buyer, such that M! = h'UN; and M? = h?UN,. Then, for any
core allocation of the assignment game, (u,v) € C(w,)® the merger
m((u,v)) = (upr +vp2, U1, Ug, . .., UN,|, V1, V2, - - -, U|n,|) 1S & core allo-

cation of the assignment game with a central player ({h}UN{UNy, v4)

4The bargaining set of a game is the set of all imputations at which no player
i has an objection (against some j) that is not met by a counter-objection (of 7).
Let « € I(v). An objection of i against j to x is a pair (S,y),i € .S C N\ {j} and
y € R, with y(S) = v(S) such that y; > xy, for all k € S. A counterobjection of
j to (S,y) is a pair (T,2), j € T C N\ {i} and z € R, with 2(T) = v(T) such

that z;, >y, forall k € TNS and 2, >z forall k € T'\ S.
A non-negative payoff vector (u,v) € R™ x R™2 belongs to the core of an

assignment game (M; U M, wy) if and only if for any optimal matching pg4,
u; +v; = ay; for all (4,5) € pa, u; +v; > a;; for all (4,7) ¢ pa, and u; = 0 and
v; = 0if i € My and j € M, are unmatched by p4.
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since

C(va) = m(C(wa)). (4.1)

The next proposition shows that the set of extreme core allo-
cations of the assignment game with a central player v4 coincides
with the merger of the extreme core allocations of the associated as-
signment game wy. This result does not hold in the more general
matrix-based pairing situations where several agents have the double

role of buyers and sellers.

Lemma 4.4.1. Let (N,v4) be an assignment game with a central

player and let be x € C(va). Then x; =0 for alli € N\ {h,1,1'}.

Proof. Let us take i € N \ {h,1,1'}. Then, va(N) = va(N \ {i}).
So, b; = 0. Therefore, x; < 0 in any core allocation. Moreover, x; >
va({i}) = 0 for these players in any core allocation. Consequently,
for any x € C(va), x; =0 for alli € N\ {h,1,1'}.

[

As a consequence of Lemma 4.4.1 the core of an assignment game
with a central player can always be described only by the payoffs of
the three players h, 1 and 1’.

Proposition 4.4.2. Let ({h} U N; U Ny, v4) be an assignment game
with a central player and let (M* U M? wy,) be the corresponding
assignment game. Then, ext(C(va)) = m(ext(C(wa))).
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Proof. Let us first consider a trivial v, where v ({h} U Ny U Ny) =
apn- S0, wa(MYU M?) = apip2. Notice that ap, = apipe.

In this case, by Shapley and Shubik (1972), the core is a line
segment with two extreme core allocations. When w1 = aj1,2 we get
one of them and when v,z = a,1;,2 we get the other one. By merging,
both of them collapse to the only core allocation of the assignment
game with a central player v4. Thus, in this case, (ap,0,...,0) =
ext(C(va)) = m(ext(C(wa))).

Next, we consider an intrinsic va, where va({h} U Ny U Ny) =
wa(M' U M?) > apy,. In this case, pua(h') = 1" € Ny and pa(h?) =
1 € N;. Hence, by Shapley and Shubik (1972), up: + v1 = ap
and u; + vp2 = aqp, for any (u,v) € C(wa). For this case, first we
show that for any two allocations (u,v), (v/,v") € C(wa), if uy = v
and v; = v}, then (u,v) = (¢/,v"). Indeed, v; = v} implies that
Upt = ap1 — V1 = ap1 — U] = Uy, , and u; = u) implies that v, =
aip — Uy = aip, — Uy = v,. Therefore, if two allocations in C(w,) are
not equal, then the corresponding mergers are not either. Finally, we
show that if (u,v) € ext(C(wa)), then x = m((u,v)) € ext(C(va)).
Let us consider an allocation x ¢ ext(C(va)). Then, there are two
allocations 2/,2” € C(va) such that z = 12’ + 12”. Since #/,2” €
C(va), by Tejada Borm Lohman (2014), there exist (u/,0"), (u”,0") €
C(wa) such that 2’ = m((v/,v")) and 2" = m((v”,v")). Now, u; =

3

_ / 1 . _ 1. 7 1. .1 L 1. 1. .mn
T = 571 + 5%] = juy + su and similarly v, = jv] + jv{. Further,
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1. 1. 1 / 1 " 1,7
Upt = ap1—v1 = ap1— (301 +507) = 5(an —v))+5(an —v7) = 5up +
1. .1 I 1,0 1. .
53Uy, and similarly vy = 5v).+5v;>. Therefore, (u,v) ¢ ext(C(wa)).
Notice that when v4(N) is intrinsic, there are as many extreme

core allocations in v4 as extreme core allocations in wy. Both sets

are homeomorphic. O

We must remark at this point that there are simple algorithms
to compute the extreme core points of an assignment game Izquierdo
Nunez and Rafels (2007). Hence, the above proposition guarantees
that these algorithms also provide all the extreme core points of our
assignment game with a central player.

In fact, we can easily find a core element. It constists in giving

the value of the grand coalition, v4 (), to player h.

Proposition 4.4.3. Let (N,v4) be an assignment game with a cen-
tral player where N = {h} U Ny U Ny. Let x € R™ be an allocation
with xp, = va(N) and z; =0 for alli € N\ {h}. Then, x € C(va)

Proof. Notice that x(S) = 0 > wvu(S) for all S C N \ {h}, and
z(S) = va(IN) > va(S) for all S € N with h € S. Besides, v4(N) =
zp, = x(N).

[

Since the game is balanced, one might wonder whether its sub-

games are also balanced.
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Proposition 4.4.4. FEvery subgame of an assignment game with a

central player is again an assignment game with a central player.

Proof. Let us consider T'C N with h € T. The subgame vy4,., where
VA, (S) = va(S) for all S C T, is an assignment game with a central
player and corresponding matrix A7 such that the rows correspond to
players in 7'M N; and columns to players in TN No. If T C N\{h},
then we have the zero-game which is an assignment game with a

central player, say player 1, with A = (0).

As an immediate consequence of the two results above, assignment

games with a central player are totally balanced.

Corollary 4.4.5. The assignment game with a central player is to-

tally balanced.

Next, we show which is the structure of the core of an assignment

game with a central player.

Proposition 4.4.6. let (N,v4) be an assignment game with a central
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player with N = {h} U Ny U Ny. Then,

C(va) = {x € R" such that x({h,1,1'}) = va(N)
z; =0 for alli € N\{h,1,1'}
0<z1<h
0<zy <by

and xp, > app}
(4.2)

Proof. 1f the game is trivial, then by Lemma 4.3.3, the only core
allocation is x € Cx(v) with z;, = ap, and z; = 0 for all i € N \ {h}.
Further, b; = by, = 0.

Let us now consider an intrinsic v4. First, x; = 0 for all ¢ €
N\{h,1,1'} by Lemma 4.4.1. Further, we can consider a classical
assignment game w4 with set of sellers M; = {h'} U N; and set of
buyers My = {h*}U N, as considered in (4.1). Let be (u,v) € C(wa).
Then, by Shapley and Shubik (1972),

(Z) U1 -+ Vp2 = A1p, ZU) Up1 Z ap2,

(17)  upt + vy = ap, V) vpz > aop,

(130)  upr + vpz > app, vi) wu; >0 forall i € My and

(
(
(
(vii) v; >0 for all j € M,

Next, the core of vy can be obtained by (4.1). Actually, all = €
C(va) are obtained by merging the allocations (u,v) € C(w,4). That
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is to say, xp = up + vz, x; = u; for all © € Ny and x; = v; for all
i € Ny. Therefore, by (iii), we get x, > app; by (i) and (ii), we get
Tp+x1+xy = ajptap = va(N); by (vi), (i) and (v), we get 0 < 1 <
ajp—asgy; and by (vii), (ii) and (iv), we get 0 < z1 < ap;—ape. Finally,
since 1+ x1 = ap +ap1 — xp < a4+ apr — app, and o > 0, we have
that x1 < ayp, + apy — apy. Further, since the marginal contribution
of the first seller to N is by = min{ay, + ap1 — apn, a1, — azp}, we can
write 0 < 21 < by. Similarly, we get 0 < xy < by,

O

In fact, if we consider a three-player (N, v4), all extreme core

allocations can be simply obtained as the following corollary shows.

Corollary 4.4.7. let (N,vs) be an assignment game with a cen-
tral player with N = {h,1,1'}. Then, C(va) = conv{(va(N) —
b1,b1,0), (0a(N)—=b1r,0,b1/), (app, b1, v4(N) —ap, —b1), (app, va(N) —
anp = br; brr), (va(N),0,0)}

Proof. When the game is trivial, all five vectors coincide. The core
is a unique point, C(v4) = {(ann,0,0)}. On the other hand, when
the game is intrinsic, by (4.2), the core is the set of efficient vectors
such that 0 <z < by, 0 <z < by and ap, < 7 < va(N).

Since by +apn, = arp+ap —max{apy, ap }+ap, < va(N), all lower
and upper bounds are attainable in the core. Hence, we can obtain

all five extreme core allocations by just combining the lower bound
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of a player with the upper bound of another player and determining
the payoff of the third player by efficiency. Notice that some of them

may coincide.

Since all extreme core points are marginal worth vectors, the
three-player game ({h,1,1'},v4) has the CoMa-property. Moreover
it is easy to check that each marginal worth vector coincides with one

of these extreme points and hence the game is convex.

Remark 4.4.8. If we consider more than three players, the core given
by those five vectors in Corollary 4.4.7 no longer determines the core.
Ezxample 4.3.2 is a counterexample: va(N) =9, by = 0 and, therefore,
the vector x € R® where x, = ap, = 2 and x1 = by = 0 does not belong

to the core of the game since x({h,1}) =2 % vs({h,1}) = 5.

Notice that from any matrix A, we may consider another matrix
A" where aj;, = va(N\{1,1'}) and a}; = a;; otherwise. Then, the
assignment games with a central player v4 and vy have the same
core, C'(v4) = C(vas), and the set of vectors (z, 21, x1/) such that
x € C(va) coincide with the core of the subgame (T, v, ) with T' =
{h,1,1'} whose extreme points are given in Corollary 4.4.7.

When matrices A and A’ are equal, i.e. ap, > a9y + apo, the

extreme core points are marginal worth vectors where the order 6 is
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such that the first three positions are occupied by players in {h, 1,1'}.
So, when ay;, > agy, + apo, v4 satisfies the CoMa-property.
Once the structure of the core of the game is analyzed, let us

study whether this core has additional stability properties.

Definition 4.4.9. Let (N,v) be a coalitional game and let C'(v) be
its core. The core C(v) is a stable set if for eachy € I(v)\ C(v) there
exist v € C(v) and a nonempty coalition S such that (i) x; > vy; for
alli € S and (i1) x(S) < v(S). Then, we say that x dominates y.

By definition, core elements are not dominated by any imputation,
while an allocation outside the core is always dominated by some
imputation. However this may not be a strong enough argument
to discard an out-of-the-core allocation since the imputation that
dominates it may also be outside the core. On the contrary, when
the core is a stable set, each imputation outside the core is dominated
by some core imputation.

First we consider assignment games with a central player with
only three players, i.e N = {h,1,1'}. From the proof of Corollary
4.4.7, the core of this three-player game is the convex hull of the
marginal worth vectors. Thus, the game is convex and its core is a
stable set Shapley (1971). However, the question still remains open
for more than three players. Let us regard Example 4.3.2 where we

exchange the two last columns so that ap; = 4 > ape = 3. It allows
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us to show that a non stable core of an assignment game with a
central player can be found. Indeed, any x € C(v4) is such that
rh+r1+ 2 =9 29 =290 =21 =0and 0 <z < 1. Let us take
y = (7.5,0,1.5,0,0) € I(v) \ C(v4). Next we show that there is no
core allocation x € C(v4) that dominates y. If x domgy, then h € S
and {2,2',1} ¢ S. So, it must be S = {h,1’}, but then, x;; > 1.5
which contradicts the core condition 0 < z1 < 1.

Although, in general, the core is not a stable set, we look for

matrices such that the corresponding game v, has a stable core.

Proposition 4.4.10. Let (N,v4) be an assignment game with a cen-

tral player.

(i) In case apy = agp =0, then C(va) is a stable set.

(ii) In case agp, > 0 (apz > 0), then C(va) is a stable set if and only

if apn > aon + apy (apn > a1 + apz).

Proof. (i) Notice that whenever aps = a9, = 0, the game is equivalent
to an assignment game with a central player with N = {h, 1,1’} and
we have already seen that its core is a stable set.

(ii) In this case we first prove the “if” part. Let us consider the
trivial v4. The core then becomes a unique point {(v4(N),0,...,0)}
which dominates any other imputation via coalition S = {h}.

Next, we consider the intrinsic v4. Since apn, > a1, + ape and

app > Gop + apy, then by = by = va(N) — app,. Further, since any
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imputation y € I(vy4) is such that y, > ap, and y(N) = va(N),
then y; < va(N) — apy = by and, similarly yyr < by So, y satisfies
these core conditions in (4.2). The only core condition in (4.2) that
y may break is y; = 0 for all i € N\ {h,1,1"}. So, we can consider
without loss of generality that yo > 0. In this case, y is dominated via
coalition {h,1,1'}. Indeed, since yo > 0, yp, < va(N) and y; < by =
va(N) — app, (similarly 11 < by/). So, we can define the allocation
x € C(va) such that z, = yp + @ < va(N), 21 = y1 + 5 < by,
xy =y +7v < by and o, 5,7 € Ry, with a + 8+ v = 9. It holds
that x({h,1,1'}) <wva({h,1,1'}) = va(N) and 5, > yp, 1 > y; and

x> Y. So, xdomyy1 1y y. Thus, the core is stable.

Secondly, we prove the “only if” part. Let us suppose that ag, > 0
and ap;, < aop + ap1. We show that the core is not stable in this case
by providing an imputation y € I(v4) \ C(va) such that there is no
core allocation z € C(v4) which dominates y. Take the imputation
y = (asn + ap1 — €, a1, — agp, + €,0,...,0). Since ap, < agy + ap,
va(N\{1}) = agn+api. So, by = ayp, —ag, and y; = a1 —agp+€ > by.
Therefore, y ¢ C(va). If there exists a coalition S C N and a core
allocation z € C(vy4) such that zdomgy, then 1 ¢ S, since z; > by,
and any ¢ € N \ {h,1,1'} cannot belong to S either, since z; = 0
for these players in the core. So, it must be S = {h,1’}. However,
z({h,1'}) > y({h,1'}) = aon +ap — € > max{ann, an1} = va({h,1'}).

Notice that the last inequality follows since agp,+ap1 —€ > ayy, because
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app < Gsp + apt, and asy, + ap — € > apy because ao, > 0. So, there is
no S, such that a core allocation x € C'(v4) can dominate the above
imputation y.

We would proceed in a similar way when apy > 0 to prove that
apn > a1, + apo is necessary for the core to be a stable set.

]

Thus, core stability is achieved when the reservation value of the
central player is above certain bounds. When the core is not stable
it remains open whether stable sets exist for this model as they exist
for the classical Shapley and Shubik assignment game Nunez and

Rafels(2013).

4.5 The nucleolus and the 7-value

We already know how to find the core of an assignment game with
a central player which, moreover, coincides with the bargaining set.
However, it is a set-solution. In this section we present how to select
just one allocation of the profit obtained by N. Well known point-
solution concepts are the nucleolus, v(v), and the 7-value.

Note that for trivial assignment games with a central player, the
core consists of a unique allocation. This coincides with the nucleolus
since it always belongs to the core whenever it is nonempty, it also

coincides with the 7-value. Indeed, since b, = v4(N) and b; = 0
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for all i € N\ {h}, M, = my, = va(N) and M; = m; = 0 for all
i € N\ {h}. So, the 7-value is 7(v) = (v4(N),0,...,0).

The remainder of the section is devoted to intrinsic assignment
games with a central player.

Since any assignment game with a central player is a veto game,
its nucleolus can be calculated as shown by Bahel (2018). Then,
v(va) = x*(va) ¢ if and only if

e(S,x*(va)) < —max{%, %} for all S € N*(va), (4.3)

where N*(v4) = {S > h such that £(S,z*(v)) > (N \ S,2*(v))}.

Lemma 4.5.1. Let vy be an intrinsic assignment game with a central

player. Then, z*(va) = (va(N) — % — l%’, b %’,O...,O).

Proof. We show that the upper bounds zj(va) = %, 23,/(va) = %’

and zf(va) = 0 for all i € N\ {h,1,1'} are attainable and then

zj(va) = va(N) — & — %’ since xj(va) > % and 27 (va) > b—é’.

v

The first of these two inequalities is equivalent to 2v4(N) — by
2by, which in turn is equivalent to va(N \ {1'}) + 2v4(N \ {1}) >
va(N). Likewise, the second inequality is equivalent to v (N \ {1})+
204(N \ {1'}) > va(N). Both inequalities are always satisfied since
va(N\{1'}) > a1y, + apg and va(N \ {1}) > aop + an1.

]

SWhen there is only one veto player h, 2*(v) = 3o i ) min{t”, § ¢! +¢Veh
where ¢* is the unique ¢ > 0 such that v(N) =t + 3, \ g5y min{t, by
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Notice that z*(v,4) is a core allocation.

Lemma 4.5.2. Let vy be an intrinsic assignment game with a central
player. Then, N*(va) = {h} U{T }rcn\thay of a1n > aon, apn > aps

and app, > asp, + apa, and N*(vy) = () otherwise.

Proof. First we show that players 1 and 1’ do not belong to any coali-
tion in N*(v,s). Let us consider S D {h,1,1'}, then &(S,z*(vs)) <
e(N\ S,x2*(va))} = 0 since z*(va) € C(va). So, S ¢ N*(va). Let
us now consider {h,1} C .S C N\ {1'}, then &(S,2*(v4)) = va(S) —
va(N) + % < U = o(N\ S, 2%(v4))} since va(N \ {1'}) > va(S).
Again, S ¢ N*(v4). Similarly, it is shown for a coalition S containing
1" but not 1.

Next we show that, for all S = {R}U{T }rcn\ (n1,11}, (S, 2%(va)) >
e(N\ S,x*(va)) if a1y, > asp, apy > apz and app > agp + apa. Ac-
tually, for all S = {h} U{T}rcn\(ni1y, (5,25 (va)) = ann — 2}, =
app —va(N)+ 2 + %’ > - l%’ =¢e(N\S,z*(va)). Indeed, the in-
equality by +by = 204(N) —max{2ann, a1n+ap1 +aon+an2, app+ain+
ap2, pptapitasn} > va(N)—ap, holds since vA(N) > app, > agp+ans
implies v4(N) — app, > 0 and va(N) — (agn + ap2) > va(N) — app.
Furthermore, since the game is intrinsic and ay;, > ag, and ap; > aps
, we obtain va(N) — (a1 + ap2) > 0 and va(N) — (agp + apr) > 0.

On the other hand, if a1, = agy, then by = 0. Therefore, for all

S = {h} U {T}TQN\{h,l,l’}a 8(8, IE*(UA)) S app — Iz = Aphp — UA(N) +
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%’ < —%’ = (N \ S,2*(va)), where the last equality holds since
by = min{vs(N) — app, va(N) — ayp, — apz} which implies that by, <
va(N)—=apn. So, N*(v4) = 0. Similarly, it can be shown for ap; = ape.

Finally, if an, < agn + apg, then ap, < aip + ape and ap, <
asp, + ap1. Therefore, by = ayp — agp and by = apy — aps. So, for any
S = {h} U{T}rcn\(ni,11y, we have £(S,2*(va)) < agn + ane — @), =
asp + apg — (a1 + ap1) + %1 + %’ = —%’ — %1 =e(N\ S,2%(va)). In

this case, N*(v,4) is also an empty set.

Next, we find out what intrinsic v4 with v(va) = x*(v4) look like.

Lemma 4.5.3. Let vy be an intrinsic assignment game with a central

player. Then v4 is a big boss game if and only if N*(v4) = 0.

Proof. By Lemma 4.5.2, N*(v4) = 0 if and only if ay, = a9, or
ap1 = Gp2 O app, < aon + ans. Let us consider a coalition S 3 h.
If 1,1" € S, then va(N) —va(S) = 0 = >, cpgbi. 11 €5 but
1" ¢ S, the required condition for big boss games also holds since
vA(N) —va(S) = va(N) —va(N\{1'}) = >_;cp s bi by monotonicity
of va. Likewise, the condition holds if 1’ € S but 1 ¢ S.

"The monotonic game (N,v) is called a big boss game if there is one player
i* € N satisfying the two conditions: (i) v(S) = 0if i* ¢ S, and (ii) v(N)—v(S) >
Yiems VIN) —o(NA\{i}) if i* € S




“tesi-27 — 2019/9/11 — 19:50 — page 124 — #134

CHAPTER 4. ASSIGNMENT GAME WITH A CENTRAL
124 PLAYER

However, when 1,1 ¢ S, then vs(N) — va(S) > by + by =
ZieN\S b; if and only if ay, = ag, or ap; = apy or apy < asp, + aps.
Let us start with the “if” part. Indeed, va(N) — va(S) = va(N) —
MAaxX iesnny\(1} {Aph, Gip + Gnj}. If a1 = agy, since by = 0, we obtain

JESAN\{1/}
va(N) = va(S) = va(N) — maxjesnny\(11{ahn, a1n + anj} = by =
ZZEN\S b;. Similarly, it can be shown for ap; = aps. Further, if
app, < agp + apz, then apy, < ayp + ape and ap, < agp + apr. So, we
get by = ayp, — ag, and by = apy — apz. Thus, vA(N) — va(S) >
aip + apt — max{ann, azn + ana} = b1 + by =3 ;g bi-

Next, we show the “only if” part. If a1, > asn, apn > any and
app, > Qo + ape, then va(N) —va({h}) = va(N) — app < va(N) —
VAN\{1})+va(N)—va(N\{1'}) < by +by. Actually, va(N\{1})+
va(N\{1'}) — ann = max{ann, a1n + ang, agn +any, va(N) + agp + ang —
apn} < aip + apy = va(N), where the last inequality holds because
the game is intrinsic, apy, > ap2, a1, > agp and app > agp + apa,
respectively. Therefore, v,4 is not a big boss game.

]

Proposition 4.5.4. Let vy be an intrinsic assignment game with a

central player.
(i) If va is a big boss game, then v(vy) = x*(va).

(ii) If v(va) = x*(va), then either vy is a big boss game or A is

such that ap, < ayp, + apa and app, < agp, + ap1 when vy s not a
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big boss game.

Proof. (i) Let us recall that v(vs) = 2*(v4) if and only if (4.3) holds.
Obviously, if v4 is a big boss game, since by Lemma 4.5.3, N*(v4) =
(), then, (4.3) is satisfied and, therefore, v(v4) = z*(v4).

(ii)) We now show that if v4 is not a big boss game and ap;, >
aip + apg Or app > asy + apg, then condition (4.3) does not hold.

Let us first consider that ap, > a1, + ape while ap, < asp, + apq,

s0 by = va(N) — (agn + apy) and by = va(N) — apy. Take S = {h}.

e({h}, 2*(va)) = apn — (Va(N) — UA(N)_;%_“M _ UA(N%—ahh,)

— Qpp _ G2pt0Gn1
2
vaN)—apn _ _ by
2

b;
> —maXen\{n} 5

where the first inequality holds since, by Lemma 4.5.3, ay, > aop
which implies v4(N) > agp + ap1. Likewise it can be proved if we
consider ayy, > aop, + ap; while apy, < agp + aps.

On the other hand, if an, > a1, + ape and ap, > ag, + api,

then by = by = va(N) — ap, > 0 since the game is intrinsic. So,
e({h}, 2" (va)) = amn — (va(N) — 2245570 ) = 0 > — maxien(ny §-
O

The opposite implication of statement (ii) in Proposition 4.5.4

does not hold true as shown by the next counterexample.
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Example 4.5.5. Let vy be an intrinsic assignment game with a cen-
tral player where N = {h} U{1,2} U {1’,2'} and let A be such that
app, =7, apy = 6, ape = 3, a1, = 5 and ag, = 2. Notice it 1s not a
big boss game and ap, < ayp + apg and ap, < agp + apy. However,
condition (4.3) does not hold since by = by = 3, so x}(va) = 8 and

therefore e({h},2*(va)) = =1 > =3 = —z}(va) = —7,(va).

Although the nucleolus in Example 4.5.5 is not z*(v4), it can
be obtained by taking into account the set of players that maximize
xf(va) with i € N\ {h} is U*(va) = {1,1'}, and it does not contain
players in any set of N*(va4). Its size is u* = 2. Now, following

Bahel (2018), since slh}a” (va)) Amaxie vy ny 7 (v4)

1 .
s 5 the nucleolus is

[\ o)

)

[

v(va) = (Yn,y1,y1,0,...,0) with yi(va) = af(va) — § =
yi(va) = 23, (va) — 5 = 5 — § and ya(va) = o, + 25 = 8 + 2.

In general, for any intrinsic v4 with matrix A such that ay, >
a1p, + apa Or app > asp + app while aqy, > ao, and ap > ap, the

nucleolus can be found in a maximum of two steps following Bahel

(2018). Another algorithm is provided by Arin and Feltkamp (1997).

Until now we have found out how to obtain the nucleolus. A
different point-solution is the 7-value wich can be easily found for
the classical assignment game. Indeed, the T-value of an assignment
game wy is the middle point between the two bounds M(w,) and

m(w,) (see Nuniez and Rafels (2003). We have shown above that
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this is also the case of trivial assignment games with a central player,
where the core is a unique point which coincides with M (w,4) and
m(wy4). However, when the game is not trivial but intrinsic, this
only happens if the matrix entry for the central player is low enough

as the next proposition shows.

Proposition 4.5.6. Let (N,v4) be an intrinsic assignment game
with a central player, where N = {h} U Ny U Ny. The T-value is
sM(va) + 3m(va) if ann < agn + ana

T(va) =

sM(va) 4+ 2m(va) otherwise

Proof. Let us firstly find the upper bound M (vy4). Foralli € N\{h,1,1'},
b; = 0 since va(N\{i}) = va(N). Further, b, = va(N). Finally,
by = va(N) — app if app, > aon + apy and by = ayy, — agy otherwise.
Similarly, by = va(N) — app, if app, > arp + apz and by = apy — ape
otherwise.

Next, we find the lower bound for each player. Clearly, for all
i € N\{h}, m; = 0 since va(S) = 0if b ¢ S and v4(S) — by, =
v4(S) —va(IN) < 0 by monotonicity. Further, if ap;, < agp + ape, then
R(h, N) = R(h, N\{1}) = R(h, N\{1'}) = va(N\{1})+0a(N\{1'}) -
va(N) = agn + apz = va(N\{1,1'}) = R(h, N\{1,1'}). Therefore,
my = Qop + apo if app, < agp + ape. Otherwise, m;, = ay), since
R(h, N) = R(h, N\{1}) = R(h, N\{1'}) = va(N\{1})+0a(N\{1'}) -

vA(N) = max{2ap, —va(N), ann — (ap1 — anz2), apn — (@1, — agn), agp +
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ahQ} < app = UA(N\{LlI}) = R(h’N\{LlI}) So, mp = apy if
App 2 Gop + Apa.

Let us consider the following two situations.

i) If app, < agp + apg, then ap, < ayp + ape and ap, < agp +
apq- Thus, M = (Mh,Ml,Ml/,MQ,MQI,...) = (/I)A(N),Cllh -
Aop, Ap1 — ap2,0,...,0), and m = (my, my, my, mo, Moy, ...) =

(asn + an2,0,...,0)). Therefore, 7(va) = M + 3m.
11) If Ahh Z G2n + (h2, then M = (M}hMl?Ml’?MQ;MQ/,...) =
(a(N), v4(N) = apn, va(N) = aps, 0, ..., 0), and m = (mp, my,

my, ma, My, ... ) = (an,0,...,0)). Thus, 7(va) = M + Zm.
0

In fact, we can provide the 7-value in terms of the matrix entries

from the above proposition.

aip+ap1+asp+a A1p—02n Qp1—0h :
(1 122 h2’ 122 12 2) 1f@hh<ah2+a2h

Y

T(UA)h,l,l’ =

aiptani 2app  @1ptap1—apn  G1ntAR1—Ann :
(HrTonL 4 ZChh : L ) otherwise

and 7;(va) = 0 for all i € N\{h, 1, 1’?];.

Although the nucleolus always lies in the core since it is nonempty;,
this is no longer true for the 7-value. We just need to consider the
game in Example 4.5.5 with a,; = 20. Then, 7(v4) = (13,6,6,0,0) ¢
C(va). However, 7(v4) € C(v4) when the 7-value is the middle point
between the two bounds, i.e. 7(va) = M + m, as the following

proposition shows.
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Proposition 4.5.7. Let v4 be an intrinsic assignment game with a

central player where matriz A is such that ap, < aon + apa. Then,

T(UA) c C(’UA).

Proof. 1f the T-value is a core allocation, then 7, (va) > app, 71(va) <
by, T1/(va) < by. We already have 7;(va) =0 for alli € N\ {h,1,1'}
and the efficiency is already guaranteed by the definition of the 7-
value.

Let us consider that ap;, < apg+ag,. We first check that 7, (v4) >
apn. Indeed, if apy, < apa + aon, T(va) = (a1, + ap1 + asp + ap2) >
Qop + Qp2 > App.

Finally, since ap, < apa + asn, 71(va) = 3(a1p — agz) = 5by < by
and 71/ (v4) = %(ahl —apg) = %blx < bys. Thus, it is a core allocation.

]

4.6 A central agent with multiple part-

nership

In this section we allow the central player to sell and buy more than
one item. Let us think that the social bank has capacity to manage
r flats. Thus, player h may sell and buy r items. This situation is
given by the tuple (h, N1, No,r, A) where h is the central player, the
sellers are denoted by i € Ny, and the buyers by j € Ny. So, the set
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of agents is N = {h} UN; UN,. Matrix A with a;; € Ry is such that
a;; =0if h ¢ {i,5}.

This situation is similar to the transportation situation defined
by Sanchez Soriano (2001). Nevertheless, since there is one player
that has a double role as a seller and a buyer, we will refer to this
situation as an assignment market with a central player with multiple
partnership.

Given an assignment market with a central player with multiple
partnership, (h, Ny, Ny, 7, A) and a coalition S C N with h € S, we
can consider the optimization problem 7'(S),

T(S): max Z Z a;;%ij

i€SNNL jeSNN?2

s.t. Z Tpy <1

jESNN2

Z Tip <1

1€SNN1
ZIUSL ZESﬂNl

FESNN?2
injgl, jGSONQ
ieSNN1!
IijZO, (i,j)GSHN1XSﬂN2,
where N' = N; U {h} and N? = N, U {h}.
Notice that we can work with the LP relaxation of the integer
problem because of the total unimodularity of the coeficients of the

matrix defining the feasible set. In this way, the solutions will be
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integer numbers. On the other hand, since the feasible set is bounded,

we can guarantee the existence of an optimal solution.

Definition 4.6.1. Let (h, Ny, Na, 7, A) be an assignment market with
a central player with multiple partnership, where the set of agents is
N = {h}UN; U Ny. Then, the corresponding assignment game with
a central player with multiple partnership (N,va) is defined by

(i) va(S) equals the optimal solution of T'(S) if h € S, and

(ii) va(S) =0 otherwise.

Since buying and selling flats is only possible if h € .S, assignment
games with a central player with multiple partnership are veto games
and, therefore, its core is nonempty. In order to study this core
we may consider the dual problem associated to the optimization
problem that defines the characteristic function of the game (as is

done in Sanchez Soriano et.al (2001) for transportation games).

If we consider the optimization problem that defines the assign-

ment game with a central player with multiple partnership 7'(S), the
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associated dual minimization problem is given by

TP(S): min r(up +wvy) + Z u; + Z v;

1€SNNy JESNN,

s.t. Uup, + vp, Z Qpp
uh—l—ijahj jGSﬂNQ
w; +v > a; 1€SNN;

Ui, Uy > 0.

Notice that we have removed the constraints u; + v; > a;; for all
t € Ny and 7 € N, from the set of constraints that determine the
feasible set of the dual problem because they are superfluous since
a;; = 0 when h ¢ {i,j}. Actually, we already have u;,v; > 0 which

implies w; +v; > 0.

Proposition 4.6.2. Let (h, Ny, No,r, A) be an assignment market
with a central player with multiple partnership and let (N,v4) be the
corresponding game. Let (u*,v*) € R¥HNIFIN be an optimal solution

of TP(N). Then
(T(Uz + U;),UT, s 7UTN1\;UT7 s 7UrN2|) € O(UA)'

Proof. Take an optimal solution of TP (N), (u*,v*). By the duality

theorem, r(uj + vy) + Z u; + Z v} coincides with the maximum
€N, jEN2
T(N) and, by definition, it is v4(/N). Therefore, the payoff vector

(r(uj, +vp)iui, - Uiy, 30T, - - -5 Uy, ) s efficient.
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For any coalition such that h € S, v4(S) is equal to the optimal
value of TP(S) by the duality theorem. For all S C N, let us name
SOANy = {i1, .. yit, .o ingy and SONy = {j1, ..., Jt, - - -, Jmg } Where
we assume without loss of generality that ng < mg and 1 <t < ng
is such that a;,, + anj, > apn > ary1n + apryr. Then, for all S > A,

va(S) = 2521 @iyh, + Zle apj, + (r — t)apy. Further,

uh+vh +Z“u+z Yy,
:Zu +v}) —|—Zu”+2”u +r(uf +v))
=1

I=t+1 I=t+1
t

t ns mgs
= Z(u;; +0f) + Z(u; Fn) Y un > v+ (=) (uf, + vp)

I=t+1 I=t+1
>Za,lh+2ah]l (r —t)ap, = va(S)

where the last inequality follows because u} +vj, > a;n, uj,+vj, > an,

and uj +v; > app, since (uy, vi;ui, ... Uy [ U5 - ,U‘N2|) is a solution
of TP(N).
So, (r(uj + vp)iui, ... uny ;07,5 - - -, Uy,) satisfies coalitional ra-

tionality whenever h € S and individual rationality for h.

Finally, the coalitional rationality when h ¢ S and the individual
rationality for any player in Ny U Ny also hold by the constraints
u;,v; > 0 and the fact that v4(S) =0if h ¢ S.

O

The opposite inclusion no longer holds as the following counterex-
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ample shows.

Example 4.6.3. Let us consider an assignment market with a central
player and multiple partnership with set of sellers Ny = {1}, set of
buyers Ny = {1'} and r = 2 items that player h may sell and buy.
So, N ={h,1,1'}. The unitary profit is given by the following matriz
A,

h 1
h 47
1 20

The core of vy is the convex hull of the following four vectors, (13,0,0),
(8,0,5), (8,2,3) and (11,2,0). Let us take the extreme core alloca-
tion (13,0,0), the corresponding solution of the dual problem TP (N)
should have uy = vi = 0. Then, up+v, = % Therefore, up+v; < %,
which contradicts that any feasible solution of the dual problem should

hold uy, + vy > 7.

Besides that, not all core allocations of our assignment games
with a central player and multiple partnership are supported by
competitive prices. To show that, let us split A into A! and h? fol-
lowing Tejada, Borm and Lohman (2014) and, further, split A' and
h? each of them into r copies of itself, {hy,hj,... h} } = H' and
{ni,h3, ... h2} = H? respectively. We then have a one-to-one as-

signment market where each h! has one object on sale and each h?




“tesi-27 — 2019/9/11 — 19:50 — page 135 — #145

4.6 A central agent with multiple partnership 135

wants to buy one object, such that pip2 = Qhn for alli e {1,...,r}
and 7 € {1,...,r}, apty = apy for all k € Ny and @ € {1,...,r}, and
(p2 = Qgh forall k € Ny and j € {1,...,7}.

Let (p11, P12, - - - P1rs P15 - - -, Pny ) b @ vector of non-negative prices,
one for each object on sale. We add a null object, 0, the price of which
is always pp = 0 and is valued at 0 by any buyer, Ggp2 = Aok = 0 for
all j € {1,...,r} and k € {1,...,n2}. Then, a pair (p, u) where p is
a vector of prices and p a matching between H' U N, and H? U N, is
a competitive equilibrium if (i) p; = 0 for all [ € H' U N; unassigned
by u, and (ii) for all k € H*U Ny, u(k) € Di(p) = {l € H' U N; such
that ay, — pr = maxXee 1N, ufop{ Gk — Pet}-

It is well known Gale (1960) that in one-to-one assignment mar-
kets, all core allocations come from competitive equilibria. This is
not necessary the case in many-to-many markets like transportation
games. Also, in our particular case, not all core allocations are sup-
ported by competitive prices. Take Example 4.6.3 where we know
(13,0,0) € C(v4). However, this allocation does not come from any
competitive equilibrium of the related one-to-one market with corre-

sponding matrix

B2 R v
hl 4 4 7
hl 4 4 7

1 2 2 0
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Assume (p11,p12,p1) are competitive prices and take any optimal
matching, for instance p = {(hi, 1), (hl, h3),(1,h})}. Moreover,
(13,0,0) = (up + upy + vpz + vpz,ur,v1). Then, u; = 0 implies
p1 =0, and vy = 0 implies 7—py; = 0, so p11 = 7 = uy,1. For the vec-
tor (uh%,uh%,ul;vh%,vh%,vl) = (7, uh%,O;vh%,vhg,O) to be in the core
of the related one-to-one assignment game, upy+uy > 7. So, upy > 7,
which contradicts w1 +vy,z = 4. Then, the core element (13,0, 0) does
not come from any core element (or any competitive equilibrium) of
the related one-to-one assignment game.

Notice that in the case where » = 1, which indeed is the class of
assignment games with a central player, by equality (4.1) the core
is the solution of the dual problem T”(N). Moreover, when it is
intrinsic, the correspondence is one to one, as is shown in the the

following proposition.

Proposition 4.6.4. Let (h, N;, No, A) be an assignment situation
with a central player and let be N = {h} U Ny U Ny. Let (N,vy4) be
the corresponding game with va(N) = ayp + apy. Then, there exists
a unique solution to the dual problem TP (N) corresponding to each

core allocation.

Proof. Let (N,v4) be an intrinsic assignment game with a central
player. Let be z € C(v4). We may define a solution of the dual

problem TP (N), (u,v) € R2+HNiIHIN2l qych that u; = o for all i € Ny
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and vy = xy for all i’ € Ny. Then uy, + vy, = va(N) — 2y — 1y = 2
since z; = xy = 0 for alli € N1\ {1} and i € Ny\ {1’} by Proposition
5.3.1.

Further, since (u,v) is a solution of the dual problem TP (N),
up+vr 2> ap and ug +vp > arp. S0, up+1 > apy and T +v, > ap,.
In other words, u, > ap, — xry and v, > a1, — x1. Let us sum
the two inequalities, u, + vy, > ap1 — 1 + a1, — x1. Next, since
va(N) = ayp+apt, xp = up+ vy > va(N) — 21 — 1 = 3. Therefore,
the two inequalities are in fact equalities. So, u, = an1 — x1v and
vp = a1 — 1 are uniquely determined.

Finally we check that the inequality of the dual problem w4+ v, >
app, is satisfied. Indeed, since x € C(va), up + v, = xp > va({h}) =
Ap,-

On the other hand, inequalities uy + vy > ayp; for all i' € Ny \ {1’}
and u; + vy > ay, for all i € Ny \ {1} are also satisfied. Let us take
the first ones, u, + vy = apy — x1 + xry = apy — vy > ay; for all
i" € Ny \ {1'}. Since z € C(va), we know that z1, < by = min{ay, +
An1 — Appy p1 — Apa} < apy — apz < apy — apg S0, ap; < apy — 1. In
a similar way we obtain that w; + vy, > a;, for all i € Ny \ {1}.

]

As a consequence, when r = 1, by Shapley and Shubik (1972)
and Gale (1960), all core allocations are suppoted by competitve

equilibria.
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4.7 Concluding comments

The main feature of assignment games with a central player with
multiple partnership is the possibility for a player to buy objects and
simultaneously be the owner of objects to be sold. This double role
and the existence of a reservation value for the central player make
it difficult to consider competitive prices unless we consider his seller
and buyer dimension separately. Further, we split the central player
in as many sellers as objects on sale he has and as many buyers as
objects he wants to buy. Hence we allow different prices for different
objects owned by the central player to be closer to reality where a
first object may be sold at a higher price than the next one. In this
way we get the related one-to-one assignment game. Although in
general not all core allocations are supported by competitive prices,

when the central player has a capacity of just one unit they are.

Actually, in this case, the total profit should be allocated such
that the central player obtained more than his reservation value and
the other players less than their marginal contribution to the whole
set of agents. Otherwise, some players may have incentives to leave
the market. Further, when the allocation is such that x; = %’ for all
i € N\ {h} and the central player receives the remainder, it coincides
with the nucleolus if the reservation value of h is greater than as,+aps

and it is the 7-value if it is smaller.
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We may say that assignment markets with a central player with
multiple ownership are three sided markets with the singularity that
one side has just one player and besides this player has a double role
as a seller and as a buyer. It is left for further research to consider
more than one player in the third side of the market allowing them to
play as sellers and buyers of more than one unit. This would gener-
alize assignment games with a central player with multiple ownersip
besides the markets in Oishi and Sakaue (2014), Stuart (1997) and
Kaneko and Wooders (1982).
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Chapter 5

Assignment games with

middlemen

5.1 Introduction

In a two-sided market there are two disjoint finite sets of buyers and
sellers that want to trade indivisible units of some good. Each buyer
wants to buy one unit and each seller has only one unit on sale. Each
buyer may place different values on the units of different sellers and a
valuation matrix gathers the values of all possible buyer-seller pairs.
This is the setting of the assignment game introduced by Shapley and
Shubik (1972). The worth of a coalition of agents is the maximum
value that can be obtained by matching buyers and sellers in the

coalitions. Utiliy is fully transferable by means of the price a buyer

145
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pays for the assigned object and then the core consists of the set of
payoff vectors (one payoff to each agent) such that no coalition blocks
since it obtains at least its worth. Shapley and Shubik prove that the
core of the assignment game is non-empty and each core allocation
is supported by competitive prices. The core not only coincides with
the set of competitive equilibrium payoff vectors but also with the

set of solutions of the dual assignment problem.

In the present chapter we assume buyers and sellers cannot meet
on their own. Some middleman is needed to connect them, and this
middleman may connect several buyer-seller pairs. We assume then
that there is a third side in the market formed by a finite set of
middlemen (disjoint with the set of buyers and sellers). This situation
may represent a real state market in which value is generated by the
matching of a buyer and a seller but typically real state agencies act
as intermediaries. Moreover, a same house can be advertised in the
website of several agencies, and each buyer also searches in several of

these sites.

This situation resembles the firm-supplier-buyer in Stuart (1997),
but there the value of a triplet is the sum of the value generated
by firm and supplier and the value generated by supplier and buyer.
In our case the middleman does not modify the value of the buyer-
seller pair, that is, the profit generated by the trade of a buyer and

a seller does not depend on who is the intermediary that connects
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them. Stuart’s model is a particular instance of three-sided assign-
ment game. Because the value of a firm-supplier-buyer triplet is
defined additively, it can be guaranteed that the core of the asso-
ciated three-sided assignment game is non-empty. It is also known,
see Kaneko and Wooders (1982), that three-sided assignment games
where values of triplets are defined arbitrarily may have an empty

core.

Different to our model, each supplier in Stuart’s model has unitary
capacity, that is, each supplier can only connect one firm-buyer pair.
Hence, the assignment markets with middlemen we consider here are
three-sided assignment markets with multiple partnership (on the
side of middlemen). Two-sided assignment markets with multiple
partnership have been studied for instance in Kaneko (1976), Thomp-
son (1980), Sotomayor (1992, 2002) and Sanchez-Soriano (2001).
When both sides of the market allow for multiple-partnership these

games are sometimes called transportation games.

Transportation games have a non-empty core and this core con-
tains the set of competitive equilibrium payoff vectors but, different
to the one-to-one assignment game, this inclusion may be strict, that
is, not all core allocations are supported by competitive prices. Also,
the set of competitive payoff vectors (strictly) includes the set of so-
lutions of the dual assignment problem. It is shown in Sotomayor

(2002) that most of the properties of the core of the one-to-one as-
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signment game, such as the lattice structure and the opposition of
interest between the two sides of the market, are lost when we allow
for multiple partnership.

Middlemen are introduced in the Shapley and Shubik assignment
game in Oishi and Sakaue (2014). There, each middleman can take
part in at most one partnership and buyers and sellers can decide
whether to trade directly or indirectly through a middleman. Their
analysis focuses in competitive equilibria.

The chapter is organized as follows. After defining our model of
assignment games with middlemen in Section 5.2, in Section 5.3 we
show that assignment games with middlemen, where the profit of a
buyer-seller pair does not depend on who is the middleman that con-
nects them, have a non-empty core when the number of middlemen
in the market is enough to connect the maximum possible number
of buyer-seller pairs. Further, we provide a sufficient condition to
guarantee the non-emptiness of the core when this is not the case.

Obviously, if the profit of a buyer-seller pair does depend on who
is the middleman that connects them, then the assignment game with
middlemen contain the three-sided assignment game of Kaneko and
Wooders (1982) and hence the core may be empty.

After the analysis of the core, in Section 5.4 we define competi-
tive prices and competitive equilibrium payoff vectors and we study

the relationship between this set and the core. We show that when-
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ever the core is non-empty, the set of competitive equilibrium payoff
vectors coincides with the set of solutions of the dual assignment

problem.

5.2 Assignment games with middlemen

Let us consider a finite set of buyers B, a finite set of sellers S and
a finite set of middlemen M. Each seller £k € S has one object to
sell and a reservation value ¢, > 0. Each buyer ¢ € B wants to buy
one object and values in h;, > 0 the object owned by seller k € S.
But the transaction can only be made by means of some middleman
7 € M. We assume that the profit derived from a transaction does
not depend on who is the middleman that takes part. Hence, for
each triplet (i,7,k) € B x M x S, the profit that can be attained is
a;, = max{hy — ¢, 0}. An assignment situation with middlemen is
defined by the tuple (B, M, S, A) where A = (a;) s is a nonegative
real matrix. It happens that each middleman j € M can take part
in at most r; partnerships.

Given a subset B’ of buyers, a subset S’ of sellers and a subset
M’ of middlemen, a matching p is a set of triplets (i,7,k) € B’ x
M’ x S’ such that each buyer and seller can appear in only one triplet
while each middleman j € M can appear in at most ;. The set of

matchings is M(B’, M’, S’). A matching p is optimal for the market
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(B, M, S, A) if and only if 37 e, @ik = D pe,w @ir for all p/ €
M(B, M, S).
An assignment matrix for that market situation is a 3-dimensional
matrix X = (i) icn with 2,5, € {0,1} foralli € B,j e M,k € S.
keS
Since buyers and sellers can be assigned at most once, while mid-

dlemen may take part in several transactions, we define a feasible

assignment matrix as follows.

Definition 5.2.1. We say that an assignment matrix X s feasible

for the market v = (B, M, S, A) if it satisfies
i) Demand feasibility: for alli € B, 3, xijr <1
i) Supply feasibility: for all k € S, 37, ;i <1
iii) Mediation feasibility: for all j € M, Y, Tiji <1,

Notice that there is a one-to-one correspondence between match-
ings in M(B, M, S) and feasible assignment matrices. Each matching
p € M(B, M,S) has one corresponding feasible assignment matrix
X defined by z;;, = 1 if and only if (4,5, k) € p and z;j, = 0 other-
wise. We denote by X* the assignment matrix corresponding to the
matching . Likewise, we denote by u* the matching corresponding

to the assignment matrix X.

Definition 5.2.2. A feasible assignment matriz X* is optimal for
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the market v = (B, M, S, A) if

DD D @i = ) Y D anty

i€B jeM keS

1€EB jeM keS

for every other feasible asignment matriz X .

Given a market (B, M, S, A), an optimal assignment matrix X is

a solution of the following integer linear program, that we call the

assignment problem,

P(N) = max Z Z Z ik Tijik

such that

i€B jeM keS

szzjkﬁl

keS jeM

szzjkﬁl

i€B jeM

Zzﬁz‘jkﬁﬁ'

i€B keS
Tk € {0, 1}.

Vie B
Vk e S (5.1)

VieM

We then say that the total profit from the market v is P(N) and it

is reached at X.

Given an assignment market with middlemen, we can define a

coalitional game with set of players N = BU M U S as follows.

Definition 5.2.3. Let us consider an assignment market with mid-

dlemen v = (B, M, S, A). We define the assignment game with mid-
dlemen as (BUMUS, wy), where, for allT C BUMUS, if BNT # (),
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MNOT #0 and SNT # 0, then

wa(T) = max E Wife:
HEM(BNT,MNT,SNT) “
(4,4,k)Ep

and wa(T) = 0 otherwise.

Notice that, if BNT # 0, MNT # () and SNT # (), then
wa(T) = P(T), where P(T) is the optimal value of the integer linear

problem:

P(T) = max Z Z Z ik Tiji

i€BNT jeMNT keTNS

such that Z Z T < 1 Yie BNT

keSNT jeMAT

Z Z T <1 VkeSNnT (5.2)

i€BNT jEMNT

Z Z.IiijTj VJEMHT

i€BNT keSNT
T, € {0, 1}

Given a matching p € M(B, M, S) and all j € M, we denote
up(j) = {i € B such that there exists k € S and (i, j, k) € u},

ws(j) = {k € S such that there exists ¢ € B and (i, j, k) € u}.

We say that i € B is unassigned by p if i ¢ U us(jy), k€ Sis
jEM
unassigned by p if k ¢ U ps(j) and j € M is unassigned by p if
jeM
pg(j) = 0 (or equivalently pg(j) = 0).
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We will say that the set of assigned middlemen is M, = {j €
M such that pp(j) # 0}, the set of assigned buyers by p is B, =

Ujens #5(j) and the set of assigned sellers is S, = (J,c5, ps(5)-
Definition 5.2.4. The vector (u,v,w) € RE x RY x RY is called a
feasible payoff vector for (B, M, S, A) if there is a feasible assignment
matriz X such that

Zui + Zvj + Zwk = Z Qi Tijk-

. . B
1€B JjeEM kesS JEnr
keS

Definition 5.2.5. A feasible outcome ((u,v,w); X) is stable if
(1) w; >0, v; >0 and wy >0

(i1) Zui+vj+2wk > wua(B'U{j}us’) forallj e M, B C B
i€B’ kes’
and S" C S with |B'| = 5| < r;
Condition (i) reflects that a player always has the option of re-
maining unmatched and condition (ii) requires that the outcome is

not blocked by any coalition B'U{j}U.S" formed by a single middle-

man and same number of sellers than buyers.

Proposition 5.2.6. Let ((u,v,w); X) be a stable outcome for (B, M, S, A)

and let i be the matching corresponding to the assignment matric

X. Then

(i) Z i +v;+ Z wy, = Z ag, for all j assigned by p™

icuk () kepd (4) (i,5,k)Ep*
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(ii) u; =0 ifi ¢ Byx, v; =04if j ¢ M,x andw, =0 if k ¢ S,x

Proof. From feasibility and stability of ((u,v,w);z), we have

Z @ik Tijk :Zui+zvj+zwk

ngﬁ 1€EB JjEM kesS
keS
= D | D mut Y we |+ Y wt Yt ) w
JEM, x \iepX(j) ke (4) Z¢B X j¢MHX k¢SuX
> Y walp () U {5t U g ()
JjeM  x
> Z Z Qg Zzaikxijk
JEM x (i,j,k)epX Jfﬁ
keSS

Hence, none of the inequalities above can be strict. In fact, they
must be equalities. Therefore, since for all stable outcome, the payoff
of each player is nonnegative, we get that u; = v; = w;, = 0 when
i¢ B,x,j¢ M,x and k ¢ S,x respectively. Moreover, Zzéu u; +
v + Zk@g(j) wy, = Z(z‘,j,k)eux ai, for all j € M,x. O

5.3 The core

Our first aim is to determine whether the core of the assignment game
with middlemen is always non-empty, as it is the case of two-sided
markets with multiple partnership or may be empty in some cases,
as it is the case of three-sided assignment games. To this end, we

first explore if we need to consider all core constrains or if there is
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a smaller subset of constraints that are enough to characterize the

core.

Proposition 5.3.1. Let v = (B, M, S, A) be an assignment market

with middlemen and let (B U M U S,wa) be the corresponding as-

signment game with middlemen. Let u be an optimal matching for

-

The core of this game coincides with the set of stable payoff vectors

that are compatible with L.

Proof. Let p be an optimal matching for v and let us name G the

set of stable payoff vectors compatible with p. Then, by Definitions

5.2.4 and 5.2.5 and Proposition 5.2.6, GG is the following set.

;

\

(u,v,w) € RE x RY x R such that

(1) w; = 0 if 7 unassigned by u
v; = 0 if j unassigned by
wy = 0 if k unassigned by u
(2) forall j € M,

Z u; + v; + Z Wy = Z Ak

i€us(j) keps(j) (i.3,k)Ep

(3) forall B'C B,S" C S with |B'| = |5 <y,
D uit v+ Y wp > wa(BU{IUS)}

i€B’ keS’ )

So, we want to prove that C(w,) = G.
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First we show that C(ws) € G. Let (u,v,w) € C(wa). Then,
for B C B, S’ C S and j € M with |B'| = |5’ < r;, we have that
Yoien Uit Ui+ e Wy > wa(B'U{j}US") by coalitional rationality.

Furthermore, by efficiency of core allocations, ;g ui+);cp, v+
Y okes Wk = wa(B UM US). Then, Proposition 5.2.6 guarantees

u =vj =w,=0wheni ¢ B,, j ¢ M,and k ¢ S,;and ), u; +

i€pup(j
Ui+ D hens() Wk = 2 (iimyen Wik = walpp(f) U {7} U ps(s)) for all
je M.

Next we show that G C C'(wy).

Let be (u,v,w) € G. First, we show its efficiency. We just need to

sum, for all j € M, the equalities Z u;+v;+ Z wy = Z Wik
ZIE;U‘B(j) keﬂs(j) (i7j7k)€“

with 4 optimal for the market v = (B, M, S, A). Indeed,

Zui—l—Zvj—l—Zwk:

ieB JEM kesS
=Y (> wtu+ Y w) Y i+ > v+ Y wg
JEM, icup(5) keps(j) i¢By, JEM, kgS,

=2 2.

JEMy, (i,5,k)€p

=wua(BUMUDS).
where the second equality follows from (1) and (2) in G.

Next we show that all (u,v,w) € RE x R x RY in G are also
coalitionally rational. Let us consider a coalition B’ U M’ U S’ with
B C B, M C M and S C S, and let ¢/ be an optimal matching
for the submarket (B', M',S’, Apixs) where Ap/yg is the submatrix
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of A formed by rows corresponding to buyers in B’ and columns to

sellers in S’. Then,

Sut 3 vt uee

ieB’ jeM’ keS’
=D (3wt D w)k D wt Yy vk Y w
JEM ’ 16,“3/(]) k"eﬂsl 7) Z¢B/ J%ML/ k%S:L,
> Y " walpl () U {5} U s (5))
je,

=2 2. m

JEM!, (ijk)en

=wa(B, UM, US],) =wa(B"UM US").

where the inequality follows from (3) in G and the fact that all payoffs

in G are nonnegative. O

The above proposition gives a characterization of the core of the
assignment game with middlemen, but we still do not know if this
core is always non-empty. With this aim, we first consider a particular
market v = (B, M, S, A) where the set of middlemen is enough to

satisfy all demands of buyers and supplies of sellers. That is to say,

> jen T = minfb, s}

Proposition 5.3.2. Let v = (B, M, S, A) be an assignment market
with middlemen where 3\, 7 > min{b, s} and let (BUMUS, wy) be

the corresponding assignment game with middlemen. Then, C(wy) #

0.
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Proof. In case that ZjeM r; > min{b, s}, if (@ijk) @, k)eBxrxs is op-
timal for the market (B, M, S, A), then (%)@ repxs is also optimal
for the two-sided assignment market (B, S, A).

Also, if i is an optimal matching for the two-sided assignment
market (B, S, A), then we can always define an optimal matching
p for the market (B, M, S, A) in such a way that for all (i,k) €
and some j € M, with j matched in at most r; pairs (i, k), then
(i,4,k) € p.

This implies that the ILP in (5.2) has the same solution as its
LP-relaxation. Then the dual of the LP relaxation of (5.2), when
T =N, is

PP(N) = min ZieBui+2j€M7’jvj+Zkeswk
such that w; +v; +wy > ay,  forall (4,5,k) € Bx M x S
uizouvjzoawkzoa
(5.3)

where (u,v,w) € R® x R™ x R?.

Take (u,v,w) a solution of PP(N). Let us see that (u',v',w’) €
C(wa), where uj = u, for all i € B, vj = rjv; for all j € M and
wy, = wy, for all k € S. By the duality theorem, Zuz + Z 7V +

i€B jeM
> wp=wa(BUMUS).

kesS
Let T = B; U{j}US; where j € M, B; C B and S; C S
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with |B;| = [S;| < r;. Let pr be an optimal matching for T', then

Z ui+rjvj+2wk > Z (u,-+vj +wk) > Z Qi = wA(T).

i€B; kes (4,3,k)Epr (1,5,k)EpT
So, all core conditions are satisfied. Therefore, that allocation

(v, v, w") belongs to the core and hence C'(wy) is nonempty. O]

Although under the assumptions of the above proposition each
solution of the dual LP provides a core point of the game, not all
core allocations can be obtained from solutions of the dual LP as the

following example shows.

Example 5.3.3. Let us consider an assignment game with maiddle-
men where B = {1,2}, M = {1'} withr =2, and S = {1”,2"}. The

profit matriz is the following one

A =
2 4

Notice that an optimal matching is p = {(1,1,17),(2,1',2")} and

(ug, ug; v wy,we) = (3,3;1;0,0) is a core element. If this allocation

came from a solution (uy,us;vi;wi,ws) = (3,3;v1;0,0) of the dual

LP, then uy + ug + 2v| +wy +wy = 7, which means vy = % But then

us + ) + wy = 3.5 < 4 and hence it does not satisfy the constraint

Ug + V] + we > 4.

We have proved that when no more middlemen are needed to

increase the number of trades, the core of the corresponding game is
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nonempty. Nevertheless, when the set of middlemen is not enough, we
don’t know if the core is non-empty. We haven’t found any counter-

example yet.

Although under the scarcity of middlemen, we cannot guarantee
the core is nonempty. However, when there is only one middleman,
the core is always non-empty since we can define an allocation which
always belongs to the core. This allocation consists of v; = wa(N)
for the only middleman j € M and u; = w, = 0 for all : € B and
k € S. Next proposition provides a further suficient condition for the
nonemptyness of the core of an assignment game with middlemen

when » ., 7 < min{b, s}.

To this end, we need to introduce some additional notation. Given
a real number d € R and a matrix A = (aiwffeg’ we define A; =
(agk)ieeg, where a%, = max{0, a;, — d}. Hence, we have a two-sided
market (with no middlemen) (B, S, A%) and its corresponding assign-
ment game (BUS, v44), where as usual v4(R) = max,cam(s,s) Z(i,k)

for any R C B U S containing at least a buyer and a seller, and

va(R) = 0 otherwise.

Proposition 5.3.4. Let (B, M, S, A) be an assignment market with
middlemen and let (BU M U S,wa) be the corresponding assignment

game with middlemen.

en@

d
ik
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If there exists d > 0 such that

wa(BUMUS) =v,4(BUS) + (er> (5.4)

JEM

then C(wa) # 0.

Proof. Take (u',w") € C(v4a). Notice that such a core element exists
since two-sided assignment games have a non-empty core. Define the

payoff vector (u,v,w) € RE x RY x RS by

w; =u;, forallie B,

wy =wj, forall k€S,

v; =r;d forall j € M.

Notice first that (u,v,w) is a feasible payoff vector,

Diep Wit ZjeM Vj + D hes Wk
=D iep Wi+ Dpes Wy + (ZjeM 7’]’) d
=v4(BUS)+ (ZJEM rj> d
=wa(BUMUS),

where the last equality follows from (5.4). Moreover (u,v,w) is a
stable payoff vector. Indeed, take j € M and B" C B and " C S
such that |B'| = |S'| < r;. Let i/ be an optimal matching for the
submarket (B',{j}, 5", Ajpxs) and pi’_; = {(i, k) € B'xS"| (3,5, k) €
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p'}. Then,
D e Uit Dpes Wk = vae(B'US) > Z(i,k)eugj ag,
= Z(i,k)eulj max{0, a;; — d}
2> Z(i,k)e,u’_j (a — d)
= Dmen, wr — |Bld
> Z(i,k)eu’_j Qif — Tjd

wa(B'U{j}US) — ryd.

and hence

Zui+vj+ Zwk >wa(B'U{j}US).

ieB’ keS’

By Proposition 5.3.1, feasibility and stability guarantee that (u, v, w) €
C(wA). ]

Notice that when ., 7; > min{b, s}, equality (5.4) holds with
d = 0. Hence, as we already know, the core is non-empty in this case.
Then, the minimum core payoff of any middlemen is zero.

Given a matching for the assignment game with middlemen, p €
M(B, M, S), we define as u_p; = {(i, k) € B x S such that (i,7,k) €
p} the corresponding matching restricted to the sets of buyers and
sellers.

Notice that, under the assumption (5.4) of Proposition 5.3.4, u is
optimal for (B, M, S, A) if and only if u_, is optimal for (B, S, A4).
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Indeed, if p/ € M(B, S) satisfies 3=, 1y @5 > D pyep_,, ik then

S oads Y > Y aik_<zrj)d,

(i,k)en’ (i,k)Epn—_nr (%k)GM—M JjeEM
which implies v 44(BUS) + (ZjeM 'r’j) d > wa(BUMUS), in contra-
diction with (5.4). The converse implication is also straightforward.
In the next example, we show that there exists d > 0 such that
condition (5.4) is satisfied. Moreover, for different values of d, differ-

ent core allocations can be obtained.

Example 5.3.5. Let v = (B, M, S, A) be an assignment market with
middlemen where B = {1,2,3}, M = {1',2'} with r; = 1 for all
jeM,S=1{1",2"3") and

0 7 4
A=17 10 14
4 8 10

This is a situation where ),y 7; = 2 while min{b, s} = 3.

Let (N,wy) with N = BUMUS be the corresponding assignment
game with middlemen. Notice that wa(N) = 22 since the sum of
the capacities of the middlemen is 2 and, therefore, each optimal
matching is formed by only two triplets. An optimal matching is
j={(2,1,3"),(3,2,2")}.

Instead, if we consider matrix A and the corresponding classi-

cal assignment game (B U S,v4), the worth of the grand coalition is
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va(IN) = 25 which can be obtained by considering the optimal match-
ing p' = {(1,2"),(2,3"),(3,1")}.
Notice that p_pn = {(2,3"),(3,2")} is not included in 1.

However, if we consider d = 3, then

0 4 1
Al=14 7 11
15 7

If we consider the corresponding assignment game with middle-
men (BUMUS, wya) and the corresponding classical assigment game
(B U S,v44), the worth of the grand coalition coincides, wqa(N) =
v4a(N) = 16. Actually, the optimal matching in the market (B, M, S, A%),
po={(2,1,3"),(3,2,2")}, restricted to the set of buyers and sell-
ers, i.e. p_n = {(2,3"),(3,2")}, is now also an optimal matching
in the market (B, S, AY). When we consider the market (B, S, A%),
the two following matchings are optimal: the previous one u' =
{(1,2"),(2,3"),(3,1")} and a new one, p_y;.

Then, if we consider a core allocation of the classical assignment
game vya, (uq,us, us; wy, we, ws) € C(vya), then we can build a core
allocation of the original assignment game with middlemen by adding
a payoff of d for each of the two middlemen, (uy,us, us; d, d; wy, wy, w3) €
C(wa). Forinstance, withd = 3, (0,4,1;0,4,7) € C(v4a) and, there-
fore, (0,4,1;3,3;0,4,7) € C(wa).

Furthermore, let us consider d equal to the marginal contribution
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of a middleman to the grand coalition, i.e. d = wa(N) — wa(N '\
{j}) =22 —14 =8 with j € M. Then,

00 0
AY=10 2 6
00 2

Again, p_n = {(2,3"),(3,2")} is an optimal matching in the market
(B, S, AY) and condition (5.4) is satisfied. So, for instance,
(0,2,0;8,8;0,0,4) € C(wy) since (0,2,0;0,0,4) € C(vga).

When we look for a value of d such that equality (5.4) holds, some
information about lower bounds of the middlemen payoffs in the core

may be useful.

Proposition 5.3.6. Let v = (B, M, S, A) be an assignment market
with middlemen and let (BU M U S ,w,) be the corresponding game.
Let 1 be an optimal matching for v. If (u,v,w) € C(wa), then for
all j € M,

vj > max {aw} (5.5)
keS\Su

Proof. Take any j € M and (¢, k') € (B\ B,) x (S\ S,) such that

Qi = MaXiep\s, {ai}. Since uy = wp = 0, the core constraint
keS\Sy
Uy + vj + Wi > ayy implies v; > app. -

The next result follows from Proposition 5.3.4.
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Corollary 5.3.7. Lety = (B, M, S, A) be an assignment market with
middlemen such that ., m; < min{b, s}. Let p € M(B, M, S) be
an optimal matching for v and d = maxies\s, {a}-

kES\Sy

If _pr is optimal for (B, S, A?), then C(wa) # 0.

Proof. Since Yy, r; < min{b, s}, and given an optimal matching
p € M(B, M,S), each middlemen j € M is matched by u to exactly
r; buyers and 7; sellers. Moreover, a$, = a;; — d for all (i,j, k) € p.
Indeed, if there exists (i, ko) € B, x S, such that a;x, < d, because
of the definition of d, there exists (i1, k1) € (B '\ B,) x (S'\ S,) such
that a;,p, = d > a;k, and then py = (u \ {(io, ko)}) U {(i1,k1)}
contradicts the optimality of u.
Then,

wa(BUMUS) — (ZW)CZ: Z at, < v4a(BUS)
(

jeM ik)En_n

always holds and the equality follows from the assumption that g,
is optimal for (B, S, A?). Now, Proposition 5.3.4 guarantees that

The core allocations built in the proof of proposition 5.3.4 have
the particularity that each middlemen receives the same payoff d from
each buyer-seller pair this middlemen connects. However, this needs

not be the case in each core allocation.
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Nevertheless, when the number of transactions where a middle-
man can be involved is equal for all j € M, all middlemen get the

same payoff in each core allocation

Corollary 5.3.8. Let (BUM U S, wa) be an assignment game with
middlemen such that r; = r for all j € M and let C(wa) be its
core. Then, in a core allocation (u,v,w), all middlemen get the same

payoff: v; = vy for all j,5' € M.

Proof. We prove that for each (u,v,w) € C(wa), v; = vy for all
g€ M.

Indeed, wa(B'U{j} US") = wa(B'U{j'}US’) for any j, ;" in M.
Therefore, if there is an optimal assignment for the grand coalition,
i, where j € M is assigned to the set of buyers pug(j) = B* and the
set of sellers pg(7) = S*, then there is also an optimal assignment p’
where j' € M, j' # j, is assigned to such set of buyers p/3(j') = B*
and sellers p/s(5) = S*. So, the only difference between p and p' is

the middlemen who is assigned to each subset of buyers and sellers.

Thus, since for all 7 € M we have that Z u; +v;+ Z Wy, =
i€pp(j) keps(5)
Z a;, in each core allocation, then, for that core allocation, it also
(i.4,k)En
holds that Z ui+vj+ Z wy, = Z a;i, for any other j' € M.

icug(j) keps(5) (4,5,k)Ep
S0, vj = vjr. u
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5.4 Competitive equilibrium

In this section we investigate the existence of competitive equilibria
for assignment markets with middlemen and its relation with the
core. In two-sided assignment games, competitive equilibria exist
and the set of competitive equilibrium is equivalent to the core and
to the set of solutions of the dual of the linear assignment problem
(Shapley and Shubik, 1972). When each buyer has capacity one but
each seller can take part in several partnerships, then it is proved in
Kaneko (1976) that competitive equilibria exist, they coincide with
the set of solutions of the dual linear assignment problem, but not

all core element is supported by competitive prices.

For three-sided assignment markets, as introduced in Kaneko and
Wooders (1982), the set of competitive equilibria is equivalent to the
core (see Tejada, 2010), and hence it may be empty.

Our market has three sides, one of them with multiple partner-
ship, but also has some reminiscence of a two-sided market, since the
valuation of a triplet only depends on the buyer and the seller, not
on the middleman that connects them. Let us introduce competitive

prices for this assignment market with middlemen.

Define a price vector as p € RY x RS where p; is the price of
the service provided by middleman j € M and py is the price of the

object of seller £ € S. Now, agents are price takers. Given a price
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vector p € Rf X ]Ri, middlemen and sellers supply units of services or
goods (up to their capacity) to maximize revenues at p, and buyers
demand any combination of middleman and seller that maximizes
his/her valuation at p.

Hence, the supply of middleman j € M at price p; > 0 is

T if pj > O,

sj(p;) = .
{0,1,2,...,7"]'} lfpj:O.
The supply of seller k € S at price pp > 0 is

1 if pr. > 0,
{0,1} if pp =0.

sk(pr) =

The demand of buyer i € B at price vector p € RY x Ri is

Di(p) = {(j, k) € MXS | aw—p;j—pr > ai—pj—pp for all (j',k') € MxS}.

At this point it is convenient to introduce a dummy middleman jq and
a dummy seller £y such that a;;,, = 0 for all « € B, and p;, = pi, =0
at any price vector. Notice that, if the prices are high enough, a
buyer i € B will demand the pair (jo, ko) and in this way we can
guarantee that his/her demand is always non-empty.

Given any matching p € M(B,M,S), if (i,7,k) € pu we will
write (7, k) = p(i). Whenever buyer ¢ € B is not matched by pu, we
understand that (i) = (jo, ko)-

We can now introduce the notion of competitive equilibrium.
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Definition 5.4.1. A competitive equilibrium for a market (B, M, S, A)
is a pair (p,p), where p € RY x RY is a price vector and pu €

M(B, M, S) a matching, such that:
1. For each i € B, u(i) € Di(p);
2. For each j € M, if |up(7)| = |us(j)| < rj, then p; =0;
3. For each k € S, if k is unassigned by p, then py = 0.

If (p,p) is a competitive equilibrium of a market (B, M, S, A),
then we say p is a vector of competitive prices and pu is a compatible
matching.

The first question is whether each core allocation (u, v, w) of an
assignment market with middlemen (B, M, S, A) comes from a com-
petitive equilibrium (p, x). This would imply that wy = py for all
k€ S;v; =r;p; for all j € M and v; = a;; —p; —py for alli € B
such that (i, j, k) € p. Example 5.3.3 shows that the answer is in the
negative. Notice that if the core element (3, 3; 1;0,0) were supported
by a competitive equilibrium (p, 1), then py» = pyr = 0 and py = 3.
Butthen,u1:3—%—0:2.57é3.

Hence, whenever the core is non-empty, core and competitive equi-
librium payoff vectors may not coincide. In the above example, the
core allocation (3, 3;1;0,0) would be supported by different prices of

the middleman for the different connections he/she guarentees. That
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is price 0 to connect buyer 1 and seller 1” and price 1 to connect

buyer 2 and seller 2”.

Like in two-sided assignment markets, the matching in a com-
petitive equilibrium of an assignment market with middlemen is an
optimal matching. And moreover, any optimal matching is compati-

ble with a vector of competitive prices.

Lemma 5.4.2. Let (B, M, S, A) be an assignment market with mid-

dlemen and (p, ) a competitive equilibrium for this matching. Then,

1. p is an optimal matching for this market and

2. given any other optimal matching 1, the pair (p, ') is also a

competitive equilibrium.

Proof. Assume that (p, p) is a competitive equilibrium but p is not

optimal. Then, there exists ' € M(B, M, S) such that

Z @ik > Z @ik

(ig,k)ew (i5,k)en
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and

Z (aw —pj — D) = Z aik—Zijj—Zpk

(1.5.k)er (i,5,k)en JjEM kes
IR DB
(Z',j,k)E,LL JEM kesS
= Z (ai —pj — pr)
(i.g,k)E€p
=Y (=)= > e
JjeEM keS\Su
= Z (@i —pj — pr)
(1.4, k)Ep

where the first inequality follows from the fact that prices are non-
negative and the last equality follows from the fact that (p,u) is a
competitive equilibrium. Then, Z(i7j7k)6u,(aik—pj—pk) > Z(Lj’k)@(aik—
p; — px) implies that there exists ¢ € B such that (i,71,k1) € 1/,
(4, j2, k2) € pu and

Giky — Pjy — Pky = Giky — Pjo — DPko

which contradicts that (p, 1) is a competitive equilibrium.
As for the second statement in the lemma, since both p and u’

are optimal matchings, Z(m}k)@ T Z(iu}k)Eu’ aii, we have

Z Qi — Z TipPj — Zpk = Z Qi — Z Tipj — Zpk 5 6

(i,5,k)ep JEM kes (i,5,k)en’ JEM kesS
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On the other hand,

Z aik_zrjpj_zpk

(i,5,k)Ep jeEM kes

= > (aw—pi—p) =Y (s —r(p = D m
(i,3,k)En JEM keS\Su

> Z (@ — pj — Pr)
(i,5,k)eW

> Z (i —pj — D) — Z(Tj - Tj(ﬂl))pj - Z Dk
(3,9,k)ep’ jeEM k:eS\SH/

= D@m= D = ) P
(i,5,k)Ep’ jeEM kes

where the first inequality follows because (p, i) is a competitive equi-
librium and the second one from the fact that prices are non-negative.
Now, equality (5.6) implies that the inequalities above cannot be

strict and as a consequence
(i) if there exists j € M such that r; — r;(¢') > 0, then p; =0,
(ii) pr =0forall k € S\ S, and

(iii) for all @ € B, if (4,41,k1) € p and (4, ja, ko) € 1/, then ay, —
Dji — Pri = Qiky — Pjp — Pi, and hence /(i) € Di(p).

This guarantees that (p, 1) is also a competitive equilibrium. O

If we go now to the second question, that is, whether competitive

equilibria always exist for assignment markets with middlemen. We

can only give a partial answer.
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We show that whenever an assignment market with middlemen
has a non-empty core, then the set of competitive equilibria coincides
with the set of solutions of the dual assignment problem. We know
from Quint (1991), that an assignment market with middlemen has a
non-empty core if and only if the solution of the assignment problem
(5.1) coincides with that of its relaxation where the variables x;;, for
(1,7,k) € B x M x S, are not constrained to have values in {0, 1}
but just z;;, > 0. In this case, the optimal value of the assignment

problem coincides with the optimal value of its dual linear program.

Proposition 5.4.3. Let (B, M, S, A) be an assignment market with
middlemen such that C(wa) # 0. Then, the set of competitive equi-
librium payoff vectors coincides with the solutions of the dual linear

program (5.3).

Proof. Let (u,v,w) be a solution of the dual LP in (5.3). Define
the price vector p € RY x Ri such that p; = v; for all j € M
and p, = wy for all k € S; and take up € M(B, M, S) any optimal
matching in the market (B, M,S, A). Let us see that (p,u) is a

competitive equilibrium.

Since C(wy) # 0, from the duality theory and the fact that
(u, v, w) is asolution of the dual LP, 3 %, puit 5 cp 10+ pcs Wi =
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D _(i.j ke Qik- Then,

Z azk—Zuz—FZrﬂ]—l—Zwk

(i,9,k)Ep i€EB jeEM keS
= > (wt vy we) + Y (=)o — D wk
(,5,k)Ep JjeEM keS\Su
2 Z Ak,
(4,4,k)Ep

where the inequality follows since (u, v, w) satisfies all the constraints
of the dual LP. As a consequence, if r; —r;(p) > 0, then p; = v; =0
and for all k € S\ S, pr = w, = 0. Moreover, if (7, j,k) € p, then

(i, — Pj — Pk = Qi — Vj — Wy = Ui = Ay — U — Wy = Q1 — P — Diy

for all [ € M and t € S, and this completes the proof that (p, u) is a
competitive equilibrium and its payoff vector is (u, v, w).
Conversely, if (p, 1) is a competitive equilibrium, consider its re-

lated payoff vector (u,v,w) € R¥ x RY x R, that is,

v =p; >0 for all j € M,
wp, =pr >0 for all k € S,

w; = a;; —p; —pr  for all ¢ € B such that (i, j, k) € p.

Recall that when some ¢ € B is unassigned we assume he/she is
assigned to the dummy middleman j, and seller ky and by the con-
vention pj, = pr, = ax, = 0 the above equality also holds. Moreover,

u, >0 for all i € B.
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Now, since (p, i) is a competitive equilibrium,

YIRS VRS DT DRURRTARH

i€B JEM keS (3,9,k)Ep
+> (i =ri(wpi + D> me
jeM keS\Su
= 3 )= Y
(4,4,k)Ep (4,4,k)Ep

where, by duality theory, Z( a;i, is the optimal value of the dual

4,5,k)Ep
linear program, whenever C(w,) # 0.

Moreover, for all (i,1,t) € B x M x S, if (i,],k) € u,
U, = Qi — Dj — Dk > Qi — P — Pr = Qi — V) — W,

which concludes that (u/,v",w’) is a solution of the dual linear pro-

gram (5.3). O

The above result resembles that in Kaneko (1976) for two-sided
markets where buyers have unitary capacity while sellers can estab-
lish multiple partnerships. In our three-sided assignment market with
middlemen, where also buyers have capacity one, the set of compet-
itive equilibria also coincides with the set of solutions of the dual as-
signment problem, provided the core of the assignment market game

is non-empty.
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Conclusions

In this dissertation we focus on the study of some models of coali-
tional games with the particularity of the existence of some special
players who possess some essential information and therefore they
accumulate power.

The power agregation is currently a widespread phenomenon.
Company mergers, takeovers of companies or agreements between
companies in order to avoid competition are more and more frequent.
We study how to allocate a joint profit among all the agents involved
in an economic activity taking into account that only some of these
agents accumulate most of the power.

Indeed, we consider two kinds of markets, information markets
and assignment markets. In the first case, the special players are
patent holders and their knowledge is necessary to produce a new
commodity which will be sold on a market. This market is divided
into submarkets and each of them might be controlled by agents dif-

ferent from those patent holders. On the other hand, we consider

179
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assignment markets where, besides buyers and sellers, some other
players are necessary to make any trade possible. They are the mid-

dlemen who have a double role as buyers and as sellers.

Chapters 2 and 3 are devoted to information markets while Chap-

ters 4 and 5 are devoted to assignment markets.

Actually, in Chapters 2 and 3, two different generalizations of
information market games (Muto et al., 1989) are studied. Firstly (in
Chapter 2), the necessary information to produce a new commodity
is divided into several parts (different technologies) and each patent
holder possesses just one part. Therefore, instead of the existence of
one informed player (as it is in Muto et al., 1989), there might be more
than one informed player. The clan is the set of all informed players.
Thus, the corresponding market is named clan information market.
In the corresponding game, the clan information market game, all the
players in the clan should belong to a coalition to enable the coalition
to produce the new commodity and sell it on those markets controlled
by the players in the coalition. This means that no single informed
player has the technology required to produce the new commodity.
However, all clan members together may share their technologies,
even with other firms (licencing), and they all may access and make

profit in submarkets where the clan formerly had no access.

The second generalization of information market games is related
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to the market data in the problem, that is to say, the profit attainable
in each submarket. Unlike information market games (Muto et al.,
1989), the profit attainable in each submarket is no longer known
with certainty. Actually, we represent the uncertainty by intervals,
so that the profit attainable in each submarket is given by an interval
of real numbers. Thus, we know a lower bound and an upper bound

of profits for each submarket.

A well known solution concept for coalitional games is the core.
A generalized solution to interval games is the interval core. We can
observe in both generalizations of information market games that the
most a non-patent-holder can reach in the core is the profit attainable
in the submarket where this agent is the only one who has access to.
This means that in clan information market games, the core payoff
of each player not belonging to the clan, i € N\ C, is no greater than
r{;y, while in information interval games, the interval core payoff of
any player but the informed one is an interval [z, Ti] < [, Tyl
Further, the core payoff for an informed player might be the worth of
the grand coalition. Moreover, in both generalizations we can impose
conditions on the market data to the core (and the interval core) to

be a stable set.

The point solution concept firstly studied for these games is the
Shapley value. We show how to obtain it in terms of the market data

for clan information market games and, in a similar way, we find
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the interval Shapley value of information interval games in terms
of the interval market data. Although the Shapley value satisfies
desirable properties as efficiency, additivity or null player property
among others, this solution does not always belong to the core of the
clan information market game. Further we have the same problem

with the interval Shapley value of an information interval game.

Therefore, we study another point solution. This is the 7-value,
which, in clan information market games, is always a core allocation.
Moreover, it yields a bi-mas. For information interval games, it was
not so simple. Indeed, we couldn’t find the definition of the interval
T-value in the literature. Hence, we first define the interval 7-value of
an interval game and, afterwards, we study how to obtain this interval
7-value of an information interval game in terms of the market data.
Although the interval T-value can only be well defined for a subclass
of interval games, the point is that information interval games belong
to this subclass and therefore we are able to find the interval 7-value
of information interval games in terms of the market data and even

show that it is bi-mas extendable.

Chapters 4 and 5 are devoted to assignment markets. Indeed, the
model of assignment games with middlemen studied in Chapter 5
considers the existence of one or more middlemen while the model of

assignment games with a central player studied in Chapter 4 considers
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the existence of only one middleman. A particularity of this model
is that the middleman may have a resarvation value. this is not the

case of the middlemen in Chapter 5.

The assumptions in the classical assignment game of Shapley and
Shubik (1972) are slightly modified in Chapter 4. We consider that
there is a central player who has a double role as a buyer and as a
seller. Moreover, the central player is necessary for any trade. This
means that if a coalition does not contain the central player, then the
worth of this coalition is equal to zero. We can think that this player

is a kind of middleman in this market.

The other players are either buyers or sellers and, as in the clas-
sical assignment game, each buyer desires exactly one item and each
seller has a supply of exactly one item. Further, in the first part of
the chapter, we consider that the central player can only buy and sell
one item, whereas after, this condition is relaxed. Then, we allow the
central player to buy and sell more than one item. Furthermore, in
Chapter 5, we consider the possibility that there were more than one
middlemen who have the double role as buyers and as sellers and,
in addition, they may trade more than one item. This assumptions
bring us closer and closer to real situations.

Some results about assignment games with a central player are

discussed in Chapter 4. Actually, its core is always non-empty. We

first show how to obtain the extreme core allocations of an assignment
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game with a central player by means of a related assignment game.
Later, we provide the core as a set of allocations that meet certain
conditions. We also show what is the market data like in order to
guarantee the core to be a stable set. Point solution concepts as the
nucleolus and the 7-value have been provided in terms of the market

data.

When we allow the central player to sell and buy more than one
item, we say the central player has multiple partnership. The core of
the corresponding game is also non-empty and strictly contains the
optimal solution of the dual problem to the optimization problem

solved to find the worth of the grand coalition.

Further, in Chapter 5, we still assume that buyers and sellers
connot meet on their own. Now, however, there is more than one
middleman and each of them can connect several buyer-seller pairs.
With this generalization we are able to show that the correspond-
ing assignment game with middlemen has a non-empty core if the
number of middlemen is enough to connect the maximum possible
number of buyer-seller pairs. Moreover, some sufficient conditions
guarentee the non-emptyness of the core although the capacity of all
middlemen is smaller than the maximum possible number of buyer-
seller pairs. When the core is non-empty, it is characterized and the
set of competitive equilibrium payoff vectors coincides with the set

of solutions of the dual assignment problem.
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With these concluding remarks, we have reached the end of the
PhD Thesis and new questions arise. It would be interesting to study
clan information games under uncertainty and obtain a new class of
interval games. Moreover, we could check if the interval 7-value is well
defined in this new class of interval games. Define and discuss about
an interval nucleolus would also be very interesting. Finally, deeper
discussions within assignment games with middlemen, would allow us
to know the problem much better and to be able to prove if its core
is always non-empty or it is not. Adressing these further problems

might keep us, and possible readers, busy some more months.
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Resum

Aquesta tesi consta de quatre capitols principals. El primer capitol
analitza el comportament cooperatiu de les empreses i considera la
introduccié de noves tecnologies essencials per fabricar un nou pro-
ducte. Proporcionem algunes solucions puntuals en termes de les
dades del mercat per al joc cooperatiu que es deriva d’aquest mercat
d’informacio en el que interves més d’un titular de patent.

En el segon capitol, considerem que el benefici que es pot obtenir
en cada submercat en que es divideix el mercat d’informacié és incert.
Només es coneixen les fites superior i inferior. L’objectiu del capitol
consisteix a proporcionar solucions d’interval per al joc definit per
intervals que es deriva d’aquell mercat.

En el tercer capitol, estudiem una clase de jocs d’assignacié on
hi ha un jugador central amb doble paper com a comprador i vende-
dor, necessari per a qualsevol intercavi comercial. Estudiem el nucli
d’aquest joc i analitzem si és un conjunt estable. Proporcionem al-

gunes solucions puntuals en termes de les dades del mercat. Final-
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ment, generalitzem el model permetent al jugador central vendre i
comprar més dun article.

En el darrer capitol, considerem el cas on hi ha més d'un jugador
amb un doble paper com vendedor i comprador. De fet, aquests sén
intermediaris que compren els productes dels vendedors i els venen
als compradors. De forma que, sense intermediaris, ’activitat com-
ercial no és possible. A més, cada intermediari pot intercanviar més
d’una unitat. Proporcionem condicions suficients perque el nucli del
joc cooperatiu corresponent no sigui buit i estudiem els equilibris

competitius.
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Resumen

Esta tesis consta de cuatro capitulos principales. El primer capitulo
analiza el comportamiento cooperativo de les empresas cuando se de-
sea introducir cierta tecnologia que es esencial para la fabricacion de
un nuevo producto. En el modelo consideramos més de un jugador
con parte de la tecnologia necesaria para producir el bien. Estudi-
amos la existencia de PMAS y mostramos que el el valor 7 de este
juego tiene propiedades de monotonicidad. También proporcionamos
condiciones sobre el mercado, bajo las cuales el valor de Shapley
pertenece a ntcleo.

En el segundo capitulo, consideramos incertidumbre sobre el ben-
eficio que se puede obtener en cada submercado. Este no se conoce
con certeza aunque si se conoce entre qué valores puede estar. De esta
forma consideramos un modelo de juegos definidos por intervalos. El
objetivo del capitulo consiste en proporcionar soluciones dadas por
intervalos para el modelo bajo incertidumbre.

En el tercero capitulo, estudiamos una clase de juegos de asig-
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nacién donde hay un jugador central, necesario para cualquier inter-
cambio que tenga lugar. Estudiamos el nicleo de este juego, anal-
izamos si es un conjunto estable. Proporcionamos algunas soluciones
puntuales en términos de los datos del mercado. También general-
izamos el modelo permitiendo al jugador especial de vender y comprar
mas de un articulo.

Finalmente, consideramos el caso donde hay mas de un interme-
diario que no produce bienes, ni tampoco consume. Compra los pro-
ductos de los vendedores y los vende a los compradores de forma que
sin estos intermediarios, el comercio no es posible. Ademas, cada in-
termediario puede intercambiar mas de una unidad. Proporcionamos
condiciones suficientes para que el ntcleo del juego cooperativo cor-

respondiente no sea vacio y estudiamos los equilibrios competitivos.
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Summary

This tesis consists of four main chapters, the first chapter, entitled
Clan information market games, analyzes the cooperative behaviour
of firms, faced with the introduction of some technology with its
ownership divided among several patent holders. All of them are
necessary for manufacturing a new product. We study the existence
of PMAS of the corresponding cooperative game and show that the 7
value of this game has some monotonicity properties. We also provide
conditions on the market under which the Shapley value belongs to
the core.

In the second chapter, we consider uncertainty on the profit ob-
tainable in each submarket into which the information market is di-
vided. We only know the lower and the upper bounds of that profits.
The aim of the chapter consists in providing interval solutions for the
associated interval game.

In the third chapter, we study a class of assignment games where

there is a central player, with a double role as buyer and as a seller,
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such that the trade is not possible without him. We provide some
point solutions in term of the merket data. Further, we generalize
the model allowing the special player to sell and buy more than one
item.

Finally, we consider the case where there is more than one player
with a double role as a seller and as a buyer. They buy the goods
from the sellers and they sell them to the buyers. So, without any
middleman, the trade is not possible. However, they don’t add value
to the trade. We provide sufficient conditions for the non-emptyness
of the core of the corresponding cooperative game and we study the

competitive equilibrium.
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