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1.1 

𝑉 = 𝛼∆𝑇

𝑉 ∆𝑇

𝛼

�̇�𝜋 = 𝜋𝐼

�̇�𝜋

𝜋

𝛼 𝜋
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�̇�𝜇 = 𝜇𝐼∆𝑇,

�̇�𝜇 𝜇

𝑇ℎ 𝑇𝑐 𝑇ℎ 𝑇𝑐

 

𝜂𝑡

𝜂𝑡 =
𝑃

𝑞ℎ
,

𝑅𝐿 𝑞ℎ

𝑇ℎ

𝑃

𝑃 = 𝐼2𝑅𝐿

𝐼
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𝐼 =
𝛼∆𝑇

𝑅𝑖 + 𝑅𝐿
,

𝑅𝑖

𝑞ℎ = 𝐾∆𝑇 + 𝛼𝑇ℎ𝐼 −
1

2
𝐼2𝑅𝑖 ,

𝐾 𝛼 𝑅𝑖

𝐾∆𝑇

−
1

2
𝐼2𝑅𝑖

𝛼𝑇ℎ𝐼

𝑚 =
𝑅𝐿

𝑅𝑖

𝜂𝑡 =
𝑚

∆𝑇
𝑇ℎ

1 + 𝑚2

𝑇ℎ

𝑅𝑖𝐾
𝛼2 + 𝑚 + 1 −

1
2

∆𝑇
𝑇ℎ

 .

𝑇ℎ 𝑇𝑐 𝑅𝐿

𝑅𝑖𝐾

𝛼2

𝛼 𝑅𝑖

𝑍 =
𝛼2

𝑅𝑖𝐾
 .
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2.1 
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𝑘

𝑘

𝑘𝑒 , 𝑘𝑝ℎ 𝑘 = 𝑘𝑒 + 𝑘𝑝ℎ

𝑘𝑒 𝑘𝑒
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𝑘𝑝ℎ
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𝑅𝐿 𝑆𝑝𝑛

𝑡ℎ𝑝𝑛

𝑇1 = 20 𝑇2 = 30 𝑇ℎ = 150

𝑇𝑐 = 125

2.2 
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𝐶𝑝𝑟

𝑑𝑇

𝑑𝑡
=

𝑑

𝑑𝑥
(𝑘

𝑑𝑇

𝑑𝑥
) − (𝑇

𝑑𝛼

𝑑𝑇
) 𝐽𝑒

𝑑𝑇

𝑑𝑥
+

𝐽𝑒
2

𝜎

 𝐶𝑝𝑟 𝑇 𝑘 𝛼 𝐽𝑒 σ

(𝑇
𝑑𝛼

𝑑𝑇
) 𝐽𝑒

𝑑𝑇

𝑑𝑥
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α 𝛾  𝑘

𝑇 = (𝑇1 + 𝑇2) 2⁄

𝑎 + 𝑏𝑇 +

𝑐𝑇2 + 𝑑𝑇3 + 𝑒𝑇4
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2.3 

𝛼𝑝𝑛𝐼𝑇𝑐

𝑘𝑝𝑛𝑆𝑝𝑛∆𝑇/𝑡ℎ𝑝𝑛

𝐼2𝑅𝑝𝑛/2

𝑄1 = 𝛼𝑝𝑛𝑇1𝐼 −
𝑘𝑝𝑛𝑆𝑝𝑛

𝑡ℎ𝑝𝑛
∆𝑇 −

1

2
𝐼2𝑅𝑝𝑛

𝑄2 = 𝛼𝑝𝑛𝑇2𝐼 −
𝑘𝑝𝑛𝑆𝑝𝑛

𝑡ℎ𝑝𝑛
∆𝑇 +

1

2
𝐼2𝑅𝑝𝑛

𝑄1 𝑄2 𝑘𝑝𝑛 𝛼𝑝𝑛 𝑇1 𝑇2 𝑆𝑝𝑛 𝑡ℎ𝑝𝑛 𝐼 𝑅𝑝𝑛

∆𝑇 ∆𝑇 = 𝑇1 −

𝑇2

𝑉

𝑉

𝑘𝑒𝑓𝑓 = �̅�𝑇𝐸𝐶𝑡ℎ𝑝𝑛/𝑆𝑝𝑛∆𝑇

�̅�𝑇𝐸𝐶 �̅�𝑇𝐸𝐶 = (𝑄1 + 𝑄2)/2

𝐼 = (𝑉 − 𝛼𝑝𝑛∆𝑇)/𝑅𝑝𝑛

𝑘𝑒𝑓𝑓
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𝑘𝑒𝑓𝑓 = 𝑘𝑝𝑛 (
𝑍𝑇𝑉

𝛼𝑝𝑛∆𝑇
− 𝑍𝑇 − 1)

𝑍𝑇 𝑍𝑇 = 𝛼𝑝𝑛
2𝑇/𝑘𝑝𝑛𝜌𝑝𝑛 𝑇 =

(𝑇ℎ + 𝑇𝑐)/2 𝑉

𝐼

𝑇1 𝑇2 𝑘𝑒𝑓𝑓

𝑘𝑒𝑓𝑓

∆𝑇𝑎𝑚𝑏 = 𝑇𝑎𝑚𝑏1 − 𝑇𝑎𝑚𝑏2

𝑘𝑒𝑓𝑓

∆𝑇𝑎𝑚𝑏

 𝑘𝑒𝑓𝑓

𝑄1

�̅�𝑇𝐸𝐶 𝑘𝑒𝑓𝑓

𝑄1
𝜕𝑄1

𝜕𝑉
→ 𝑉 = 𝛼𝑝𝑛𝑇2

𝑘𝑒𝑓𝑓

𝑘𝑒𝑓𝑓
𝐴 = 𝑘𝑝𝑛 (

𝑍𝑇𝑇𝑐

∆𝑇
− 1)

 𝑘𝑒𝑓𝑓

𝑘𝑒𝑓𝑓
𝐵 = 0
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𝛼𝑝𝑛∆𝑇 𝑉

𝑇1 < 𝑇2

𝑉+ 𝑇2 <

𝑇1 𝑉−

𝑉 = 𝛼𝑝𝑛∆𝑇 (
1

𝑍𝑇
+ 1) 𝑘𝑒𝑓𝑓

𝐵 = 0

 𝑉 =

0 𝑉 = 0

𝑅𝐿 = 0

𝑘𝑒𝑓𝑓
𝐶

𝑘𝑒𝑓𝑓
𝐶

�̅� 𝑘𝑒𝑓𝑓
𝐶

𝑇1 𝑇2

𝑘𝑒𝑓𝑓
𝐶 = 𝑘𝑝𝑛(1 + 𝑍𝑇)

 𝑘𝑒𝑓𝑓

𝑄2

𝑄2

𝜕𝑄2

𝜕𝑉
→ 𝑉 = −𝛼𝑝𝑛𝑇1

𝑘𝑒𝑓𝑓
𝐷 = 𝑘𝑝𝑛 (−

𝑍𝑇𝑇1

∆𝑇
− 1)
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𝑉 𝑘𝑒𝑓𝑓 𝑘𝑒𝑓𝑓

𝑉 𝑇𝑎𝑚𝑏1 = −20 𝑇𝑎𝑚𝑏2 = 70 𝑘𝑒𝑓𝑓 𝑉 𝑇𝑎𝑚𝑏1 = 0

𝑇𝑎𝑚𝑏2 = 50 𝑘𝑒𝑓𝑓 𝑉 𝑇𝑎𝑚𝑏1 = 20 𝑇𝑎𝑚𝑏2 = 30

𝑘𝑒𝑓𝑓 𝑉 𝑇𝑎𝑚𝑏1 = 30 𝑇𝑎𝑚𝑏2 = 20 𝑘𝑒𝑓𝑓 𝑉



 
27 

𝑇𝑎𝑚𝑏1 = 50 𝑇𝑎𝑚𝑏2 = 0 𝑘𝑒𝑓𝑓 𝑉 𝑇𝑎𝑚𝑏1 = 70

𝑇𝑎𝑚𝑏2 = −20

𝑘𝑒𝑓𝑓

𝑘𝑒𝑓𝑓

∆𝑇

∆𝑇𝑎𝑚𝑏 𝑘𝑒𝑓𝑓
𝐴 𝑘𝑒𝑓𝑓

𝐷

𝑘𝑒𝑓𝑓 = 0

∆𝑇𝑎𝑚𝑏

𝑘𝑒𝑓𝑓 ∆𝑇 = 0

 

2.4 

∆𝑇

 𝛼𝑝𝑛 𝑉 = 𝛼𝑝𝑛∆𝑇
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𝐼𝑅𝐿

 𝐼𝑅𝐿

𝑄ℎ =
𝑘𝑝𝑛𝑆𝑝𝑛

𝑡ℎ𝑝𝑛
∆𝑇 + 𝛼𝑝𝑛𝑇ℎ𝐼𝑅𝐿 −

1

2
𝐼𝑅𝐿

2𝑅𝑝𝑛

𝑄𝑐 =
𝑘𝑝𝑛𝑆𝑝𝑛

𝑡ℎ𝑝𝑛
∆𝑇 + 𝛼𝑝𝑛𝑇𝑐𝐼𝑅𝐿 +

1

2
𝐼𝑅𝐿

2𝑅𝑝𝑛

𝑄ℎ 𝑄𝑐 𝑘𝑝𝑛 𝛼𝑝𝑛 𝑇ℎ 𝑇𝑐 𝑆𝑝𝑛 𝑡ℎ𝑝𝑛 𝐼𝑅𝐿 𝑅𝑝𝑛

𝑅𝐿

𝑘𝑒𝑓𝑓 = �̅�𝑇𝐸𝐺𝑡ℎ𝑝𝑛/𝑆𝑝𝑛∆𝑇

�̅�𝑇𝐸𝐺 �̅�𝑇𝐸𝐺 = (𝑄ℎ + 𝑄𝑐)/2

𝑅𝐿

𝐼 𝐼𝑅𝐿 = 𝛼𝑝𝑛∆𝑇/(𝑅𝑝𝑛 + 𝑅𝐿)

𝑘𝑒𝑓𝑓 𝑅𝐿
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𝑘𝑒𝑓𝑓 = 𝑘𝑝𝑛 +
𝛼𝑝𝑛

2 (
𝑇ℎ + 𝑇𝑐

2
) 𝑡ℎ𝑝𝑛

(𝑅𝑝𝑛 + 𝑅𝐿)𝑆𝑝𝑛

𝑘𝑒𝑓𝑓

𝑡ℎ𝑝𝑛 𝑆𝑝𝑛 𝑅𝐿 =

0 𝑅𝐿 = ∞

𝑘𝑒𝑓𝑓
𝑅𝐿=0

= lim
𝑅𝐿→0

[𝑘𝑝𝑛 +
𝛼𝑝𝑛

2 (
𝑇ℎ + 𝑇𝑐

2
) 𝑡ℎ𝑝𝑛

(𝑅𝑖𝑛 + 𝑅𝐿)𝑆𝑝𝑛
] = 𝑘𝑝𝑛(1 + 𝑍𝑇)

𝑘𝑒𝑓𝑓
𝑅𝐿=∞

= lim
𝑅𝐿→∞

[𝑘𝑝𝑛 +
𝛼𝑝𝑛

2 (
𝑇ℎ + 𝑇𝑐

2
) 𝑡ℎ𝑝𝑛

(𝑅𝑖𝑛 + 𝑅𝐿)𝑆𝑝𝑛
] = 𝑘𝑝𝑛 

𝑍𝑇 𝑘𝑒𝑓𝑓



 
30 

 

𝑅𝐿 𝑘𝑒𝑓𝑓

𝑘𝑒𝑓𝑓 𝑅𝐿 𝑇 = (𝑇ℎ + 𝑇𝑐) 2⁄

∆𝑇 = 25℃ 𝑅𝐿 𝑘𝑒𝑓𝑓 ∆𝑇

𝑇 = 150℃ 𝑆𝑝𝑛

𝑅𝐿 𝑘𝑒𝑓𝑓 𝑡ℎ𝑝𝑛 𝑅𝐿 𝑘𝑒𝑓𝑓

𝑡ℎ𝑝𝑛 𝑆𝑝𝑛  𝑘𝑒𝑓𝑓

𝑇 ∆𝑇

𝑅𝐿

∆𝑘𝑒𝑓𝑓

𝑍𝑇 𝑍𝑇

𝑇ℎ = 150℃ 𝑇𝑐 = 125℃ ∆𝑘𝑒𝑓𝑓

𝑘𝑅𝐿=0 = 2.33𝑊/𝑚𝐾 𝑘𝑅𝐿=∞ = 1.58𝑊/𝑚𝐾

𝑍𝑇 𝑇

∆𝑇

𝑘𝑒𝑓𝑓

𝑆𝑝𝑛
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𝑡ℎ𝑝𝑛

𝑡ℎ𝑝𝑛

𝑆𝑝𝑛

𝑍𝑇 ∆𝑘𝑒𝑓𝑓 𝑇

𝑘𝑒𝑓𝑓

𝑍𝑇 𝑍𝑇

𝑍𝑇

2.5 

𝑘𝑒𝑓𝑓 𝑘𝑒𝑓𝑓 𝑘𝑒𝑓𝑓

∆𝑇 𝑍𝑇

∆𝑇

∆𝑇

𝑘𝑒𝑓𝑓

𝑘𝑒𝑓𝑓 1 + 𝑍𝑇

𝑘𝑝𝑛
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𝑘𝑒𝑓𝑓 𝑍𝑇

𝑘𝑒𝑓𝑓

𝑘𝑒𝑓𝑓

𝑧𝑇

 𝑍𝑇

2.6 
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𝑉1,…,12 𝑅1,…,12

12𝑅1

12𝑉1/2 𝑅1
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∆𝑇1 = ∆𝑇6 = ∆𝑇7 =

∆𝑇12

∆𝑇2 = ∆𝑇5 = ∆𝑇8 = ∆𝑇11

∆𝑇1 = ∆𝑇6 = ∆𝑇7 = ∆𝑇12 > ∆𝑇2 = ∆𝑇5 = ∆𝑇8 = ∆𝑇11
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3.3 

𝜌𝐶
𝜕𝑇

𝜕𝑡
+ ∇𝒒 = 𝑞 ̇ ,

∇ (𝑱 +
𝜕𝑫

𝜕𝑡
) = 0

 �̇� 𝑱 𝑫

𝜌𝐶
𝜕𝑇

𝜕𝑡
+ ∇([𝑇𝛼]𝑱) − ∇([𝜅]∇𝑇) = �̇�,

∇ ([𝜀]∇
𝜕𝜑

𝜕𝑡
) + ∇([𝜎][𝛼]∇𝑇) + ∇([𝜎]∇𝜑) = 0 ,
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𝜑 𝜅 𝜎 𝛼 𝜀

3.4 
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𝛼𝑝𝑛 = 𝑎1 + 𝑎2𝑇𝑎𝑣𝑔 + 𝑎3𝑇𝑎𝑣𝑔
2 + 𝑎4𝑇𝑎𝑣𝑔

3

𝜅𝑝𝑛 = 𝑎1 + 𝑎2𝑇𝑎𝑣𝑔 + 𝑎3𝑇𝑎𝑣𝑔
2 + 𝑎4𝑇𝑎𝑣𝑔

3

𝜎𝑝𝑛
−1 = 𝑎1 + 𝑎2𝑇𝑎𝑣𝑔 + 𝑎3𝑇𝑎𝑣𝑔

2

𝑇𝑎𝑣𝑔 = (𝑇ℎ + 𝑇𝑐)/2
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𝑅𝑒𝑙𝐶𝑢  𝑅𝑒𝑙𝑛 𝑅𝑒𝑙𝑝

𝑅𝑒𝑙𝐶1, … , 𝐶4
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𝜎−1
𝑒𝑙𝐶𝑢 3.2 × 108 

 𝜎−1
𝑒𝑙𝑛 

𝜎−1
𝑒𝑙𝑝 

  

𝑅𝑒𝑙𝐶1 4.8 × 10−9 

 𝑅𝑒𝑙𝐶2 4.8 × 10−9 

 𝑅𝑒𝑙𝐶3 4.8 × 10−9 

 𝑅𝑒𝑙𝐶4 4.8 × 10−9 

 

𝑅𝑡ℎ𝑐𝑝 2.78 × 10−2 

 𝑅𝑡ℎ𝐶𝑢 2.58 × 10−3 
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Table 3.7 Experimental and simulated results comparison for the operating conditions. 
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