
Appendix A

Plasma geometrical description

A.1 General parametric equations

The last closed magnetic surface (LCMS) may be modelled by the following
parametric equations: � = �1 (�) ; � = �1 (�) ,

with � = x=a , � = z=a wherea is the plasma horizontal minor radius. The coor-
dinate origin is taken at the middle of the horizontal axis ofthe LMCS, and� is a
poloidal angle which varies between0 and2�.

The other magnetic surfaces, characterized by the similarity factor �, are sup-
posed to be similar to the LCMS. Note that we have� = 0 at the magnetic axis and� = 1 at the plasma boundary. The parametric equations of the magnetic surface are
then � = ��1 (�) ; � = ��1 (�) ,

where the variables�; � are the integration variables. The corresponding Jacobian
determinant is found to beJ = �a2J�1 (�) with J�1 (�) = �1� 01 � �1�01.

Using the parametric equations for the magnetic surface we obtain the following
poloidal surface integration of an arbitrary function F:1Sp ZSp F (�) dSp = 1Sp�a2I�1 Z 10 F (�) 2�d�, (A.1)

where I�1 = 12� Z 2�0 J�1 (�) d�. (A.2)

In the particular caseF (�) = 1 the poloidal surface is deduced from Eq. (A.1),
resulting inSp = �a2I�1 .
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A. Plasma geometrical description

In the same way, the volume integration of an arbitrary function F leads toZV F (�) dV = 2�R� �a2I�1 Z 10 F (�)�1 + �A I�2I�1 � 2�d�, (A.3)

where I�2 = 12� Z 2�0 �1 (�) J�1 (�) d�. (A.4)

Introducing �1 = �23 I�2I�1 (A.5)

we finally obtain1V ZV F (�)dV = 11� �1=A Z 10 F (�)�1� 32 �1A �� 2�d�, (A.6)

and the plasma volume can be expressed asV = 2�R� �a2I�1 �1 + 23 I�2I�1 1A� (A.7)

or V = 2�R� �a2I�1 �1� �1A � . (A.8)

A.2 Geometry description with 8 parameters

We consider the plasma magnetic surfaces are described by 8 geometrical pa-
rameters�(1)X , �(2)X , Æ(1)X , Æ(2)X ,  �(1),  +(1),  �(2), and +(2), where�X , ÆX are the
elongation and triangularity at the X-point, and �,  + are the angles between the
last closed magnetic surface and the horizontal plane at theinternal and external
sides of the torus, respectively. The superscripts(1), (2) refer to the upper and lower
parts of the poloidal cross–section, respectively (see Fig. 2.8). In addition to this, we
suppose that the contact points of the vertical sides of the rectangular envelope with
the poloidal section are situated on the same horizontal axis.

A.2.1 Parametric expressions for the LCMS

Considering the above assumptions the LCMS may be describedby one curve
for each of the four segments of the surface: the inner-upperpart, the inner-lower
part, the outer-upper part, and the outer-lower. Dependingof the parameter values
such curves will be ellipses, parabolas, hyperbolas, or straight lines.
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A. Plasma geometrical description

Inner side of the LCMS:

The upper and lower part of the inner last closed magnetic surface, which is rep-
resented by the� sign, may be processed together by considering the corresponding
superscripts(1) or (2), respectively.� Iftan �(i) < �(i)X2(1� Æ(i)X ) i.e. t�(i) < 12 with t�(i) = 1� Æ(i)X�(i)X tan �(i)

the upper or lower inner part of the poloidal section of the last closed magnetic
surface may be modelled with a portion of ellipse with the following paramet-
ric equations (� = x=a, � = z=a), wherex is the distance measured outwards
from the major radiusR :� � = ��(i)0 + ��(i) os �� = ��(i) sin � for

( ��(1)X < � < � (upper part)� < � < 2� � ��(2)X (lower part)

with ��(i)X = �2 + arsin t�(i)1� t�(i) = � � arsin �1� 2t�(i)�1=21� t�(i) ;os ��(i)X = � t�(i)1� t�(i) ; sin ��(i)X = �1� 2t�(i)�1=21� t�(i) ;��(i)0 = �Æ(i)X � (1 + Æ(i)X )t�(i)1� 2t�(i) ; ��(i) = (1� Æ(i)X ) 1� t�(i)1� 2t�(i) ;��(i) = �(i)X 1� t�(i)(1� 2t�(i))1=2 .� If tan �(i) = �(i)X2(1� Æ(i)X ) i.e. t�(i) = 12
the upper or lower inner part of the poloidal section of the last closed mag-
netic surface may be modelled with a portion of parabola withthe following
equation � = �1 + 1� Æ(i)X�(i)2X �2.
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A. Plasma geometrical description� If tan �(i) > �(i)X2(1� Æ(i)X ) i.e. t�(i) > 12
the upper or lower inner part of the poloidal section of the last closed mag-
netic surface may be modelled with a portion of hyperbola with the following
parametric equations� � = ��(i)0 + ��(i) osh'� = ��(i) sinh' for

( 0 < ' < '�(1)X (upper part)�'�(2)X < ' < 0 (lower part)

with '�(i)X = arcsinh

�2t�(i) � 1�1=21� t�(i) ;osh'�(i)X = t�(i)1� t�(i) ; sinh'�(i)X = �2t�(i) � 1�1=21� t�(i) ;��(i)0 = �(1 + Æ(i)X )t�(i) � Æ(i)X2t�(i) � 1 ; ��(i) = (1� Æ(i)X ) 1� t�(i)2t�(i) � 1 ;��(i) = �(i)X 1� t�(i)(2t�(i) � 1)1=2 :� If tan �(i) = �(i)X1� Æ(i)X i.e. t�(i) = 1
the upper or lower inner part of the poloidal section of the last closed magnetic
surface may be modelled with a portion of straight line with the following
equation � = �1 + 1� Æ(i)X�(i)X �.

Outer side of the LCMS:

The upper and lower part of the outer last closed magnetic surface, which is rep-
resented by the+ sign, may be processed together by considering the corresponding
superscripts(1) or (2), respectively.� Iftan +(i) < �(i)X2(1 + Æ(i)X ) i.e. t+(i) < 12 with t+(i) = 1 + Æ(i)X�(i)X tan +(i)
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A. Plasma geometrical description

the upper or lower outer part of the poloidal section of the last closed mag-
netic surface may be modelled with a portion of ellipse with the following
parametric equations� � = �+(i)0 + �+(i) os �� = �+(i) sin � for

( 0 < � < �+(1)X (upper part)��+(2)X < � < 0 (lower part)

with �+(i)X = �2 � arsin t+(i)1� t+(i) = arsin �1� 2t+(i)�1=21� t+(i) ;os �+(i)X = t+(i)1� t+(i) ; sin �+(i)X = �1� 2t+(i)�1=21� t+(i) ;�+0 = �Æ(i)X + (1� Æ(i)X )t+(i)1� 2t+(i) ; �+(i) = (1 + Æ(i)X ) 1� t+(i)1� 2t+(i) ;�+(i) = �(i)X 1� t+(i)(1� 2t+(i))1=2 :� If tan +(i) = �(i)X2(1 + Æ(i)X ) i.e. t+(i) = 12
the upper or lower outer part of the poloidal section of the last closed mag-
netic surface may be modelled with a portion of parabola withthe following
equation � = 1� 1 + Æ(i)X�(i)2X �2.� If tan +(i) > �(i)X2(1 + Æ(i)X ) i.e. t+(i) > 12
the upper or lower outer part of the poloidal section of the last closed mag-
netic surface may be modelled with a portion of hyperbola with the following
parametric equations� � = �+(i)0 + �+(i) osh'� = �+(i) sinh' for

( 0 < ' < '+(1)X (upper part)�'+(2)X < ' < 0 (lower part)

with '+(i)X = arcsinh

�2t+(i) � 1�1=21� t+(i) ;
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A. Plasma geometrical descriptionosh'+(i)X = t+(i)1� t+(i) ; sinh'+(i)X = �2t+(i) � 1�1=21� t+(i) ;�+(i)0 = (1� Æ(i)X )t+(i) + Æ(i)X2t+(i) � 1 ; �+(i) = �(1 + Æ(i)X ) 1� t+(i)2t+(i) � 1 ;�+(i) = �(i)X 1� t+(i)(2t+(i) � 1)1=2 .� If tan +(i) = �(i)X1 + Æ(i)X i.e. t+(i) = 1
the upper or lower outer part of the poloidal section of the last closed magnetic
surface may be modelled with a portion of straight line with the following
equation � = 1� 1 + Æ(i)X�(i)X �.

A.2.2 Poloidal surface integration

For all the above cases and using the plasma geometrical description with 8
parameters, the functionI�1 introduced in Eq. (A.2) can be expressed asI�1 = �(1)X + �(2)X2 �Sp, (A.9)

and the poloidal plasma surface becomesSp = �a2�(1)X + �(2)X2 �Sp. (A.10)

On the other hand, the poloidal surface integration of an arbitrary functionF
defined in Eq. (A.1) leads to1Sp ZSp F (�)dSp = Z 10 F (�)2�d�. (A.11)

The coefficient�Sp ��(1)X ; �(2)X ; Æ(1)X ; Æ(2)X ;  �(1);  +(1);  �(2);  +(2)� is the cor-

rection with respect to the pure elliptical plasma case. It may be related to the partial
correction coefficients of the upper and lower parts of the LCMS as�Sp = �(1)X �(1)Sp + �(2)X �(2)Sp�(1)X + �(2)X , (A.12)
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A. Plasma geometrical description

where�(i)Sp may be again related to the inner and outer part of the LCMS by splitting
the poloidal surface into the inner-upper part, the inner-lower part, the outer-upper
part, and the outer-lower part. Hence,Sp = S�(1)p + S+(1)p + S�(2)p + S+(2)p (A.13)

with S�(i)p = 12�a2�(i)X ��(i)Sp ; S+(i)p = 12�a2�(i)X �+(i)Sp , (A.14)

giving �(i)Sp = ��(i)Sp +�+(i)Sp . (A.15)

Inner side:

We have the following expressions for the upper or lower correction coefficients
of the inner side depending on the kind of curve of the corresponding portion.� If t�(i) < 12 : ��(i)Sp = 12 �1� Æ(i)X � (1� t�(i))2(1� 2t�(i))3=2 artan(t�(i)),

whereartan(t�(i)) = 1� 2� arsin t�(i)1� t�(i) � 2� t�(i)(1� 2t�(i))1=2(1� t�(i))2 . (A.16)� If t�(i) = 12 : ��(i)Sp = 4�1� Æ(i)X �3� .� If 12 < t�(i) < 1 : ��(i)Sp = 1� Æ(i)X� (1� t�(i))2(2t�(i) � 1)3=2arctanh(t�(i)),
where

arctanh(t�(i)) = t �2t�(i) � 1�1=2(1� t�(i))2 � arcsinh

�2t�(i) � 1�1=21� t�(i) . (A.17)� If t�(i) = 1 : ��(i)Sp = 1� Æ(i)X� .
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Outer side:

We have the following expressions for the upper or lower correction coefficients
of the outer side depending on the kind of curve of the corresponding portion.� If t+(i) < 12 : �+(i)Sp = 12 �1 + Æ(i)X � (1� t+(i))2(1� 2t+(i))3=2 artan(t+(i)),

whereartan(t+(i)) = 1� 2� arsin t+(i)1� t+(i) � 2� t+(i)(1� 2t+(i))1=2(1� t+(i))2 . (A.18)� If t+(i) = 12 : �+(i)Sp = 4�1 + Æ(i)X �3� .� If 12 < t+(i) < 1 : �+(i)Sp = 1 + Æ(i)X� (1� t+(i))2(2t+(i) � 1)3=2arctanh(t+(i)),
where

arctanh(t+(i)) = t �2t+(i) � 1�1=2(1� t+(i))2 � arcsinh

�2t+(i) � 1�1=21� t+(i) . (A.19)� If t+(i) = 1 : �+(i)Sp = 1 + Æ(i)X� .

In the special case � =  + = 0 (no X-points), we obtain�Sp = 1 and the
poloidal surface, as well as the poloidal surface integration of an arbitrary functionF , are independent of the plasma triangularityÆ(i)X .

A.2.3 Volume integration

In the same way, the plasma volume is expressed asV = 2�R� �a2�(1)X + �(2)X2 �V , (A.20)
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where�V ��(1)X ; �(2)X ; Æ(1)X ; Æ(2)X ;  �(1);  +(1);  �(2);  +(2)� is the correction coeffi-

cient with respect to the pure elliptical plasma case. It maybe expressed as�V = �(1)X �(1)V + �(2)X �(2)V�(1)X + �(2)X . (A.21)

Splitting the plasma volume into the inner-upper part, the inner-lower part, the
outer-upper part, and the outer-lower part, we obtainV = V �(1) + V �(2) + V +(1) + V +(2), (A.22)

with V �(i) = �R� �a2�(i)X ��(i)V ; V +(i) = �R � �a2�(i)X �+(i)V , (A.23)

giving �(i)V = ��(i)V +�+(i)V . (A.24)

The following expressions for the correction coefficients for the plasma volume
are deduced depending on the kind of portion of curve, for theinner and outer side.

Inner side:� If t�(i) < 12 :��(i)V = 12 �1� Æ(i)X � ��1� 1A Æ(i)X �(1+Æ(i)X )t�(i)1�2t�(i) � (1�t�(i))2(1�2t�(i))3=2 arctan(t�(i))� 43� 1A �1� Æ(i)X � 11�2t�(i) i ,

whereartan(t�(i)) is given by Eq. (A.16).� If t�(i) = 12 : ��(i)V = 4�1� Æ(i)X �3�  1� 1A 2 + 3Æ(i)X5 !
.� If 12 < t�(i) < 1 :��(i)V = 1�Æ(i)X� ��1� 1A (1+Æ(i)X )t�(i)�Æ(i)X2t�(i)�1 � (1�t�(i))2(2t�(i)�1)3=2 arctanh(t�(i))+23 1A �1� Æ(i)X � 12t�(i)�1i ,

where arctanh(t�(i)) is given by Eq. (A.17).� If t�(i) = 1 : ��(i)V = 1� Æ(i)X�  1� 1A 1 + 2Æ(i)X3 !
.
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Outer side:� If t+(i) < 12 :�+(i)V = 12 �1 + Æ(i)X � ��1� 1A Æ(i)X +(1�Æ(i)X )t+(i)1�2t+(i) � (1�t+(i))2(1�2t+(i))3=2arctan(t+(i))+ 43� 1A �1 + Æ(i)X � 11�2t+(i)i ,

whereartan(t+(i)) is given by Eq. (A.18).� If t+(i) = 12 : ��(i)V = 4�1 + Æ(i)X �3�  1 + 1A 2� 3Æ(i)X5 !
.� If 12 < t+(i) < 1 :�+(i)V = 1+Æ(i)X� ��1 + 1A (1�Æ(i)X )t+(i)+Æ(i)X2t+(i)�1 � (1�t+(i))2(2t+(i)�1)3=2 arctanh(t+(i))�23 1A �1 + Æ(i)X � 12t+(i)�1i ,

where arctanh(t+(i)) is given by Eq. (A.19).� If t+(i) = 1 : ��(i)V = 1 + Æ(i)X�  1 + 1A 1� 2Æ(i)X3 !
.

In the special case � =  + = 0, we obtain�V = 1� �1� 83�� ÆXA .

Finally, from Eq. A.5 the following expression for the fuction I�2 is deducedI�2 = �32 �(1)X + �(2)X2 �Sp�1.
Comparing the definitions of�Sp and�V in Eqs. (A.10) and (A.20) with the

definitions ofI�1 , I�2 and�1 in Eqs. (A.2), (A.4), and (A.5) we obtain the relation
(A.25) between�1; �Sp; �V . �1A = 1� �V�Sp . (A.25)
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In the special case �(1) =  +(1) =  �(2) =  +(2) = 0, �(1)X = �(2)X , Æ(1)X =Æ(2)X = ÆX we obtain �1 = �1� 83�� ÆX .

A.2.4 Plasma surface integration

Proceeding in the same way of the previous poloidal surface and volume inte-
grations, the surfaceS of the plasma may be written asS = 2�R� 2�aE1 �(1)X + �(2)X2 !�S (A.26)

with �S = 12 hE1 ��(1)X ��(1)S +E1 ��(2)X ��(2)S iE1��(1)X +�(2)X2 � , (A.27)

where E1(�X) = 2��XE �(1� 1=�2X)1=2� , (A.28)

andE(x) is the complete elliptic integral of the second kind.
Splitting into the inner and the outer sides, and into the upper and lower parts,

we have S = S�(1) + S�(2) + S+(1) + S+(2) (A.29)

withS�(i) = �R� 2�aE1(�(i)X )��(i)S ; S+(i) = �R� 2�aE1(�(i)X )�+(i)S , (A.30)

giving �(i)S = ��(i)S +�+(i)S . (A.31)

Introducing ��(i) = �(i)X1� Æ(i)X ; �+ = �(i)X1 + Æ(i)X ,

the following expressions for the partial correction coefficients for the surface inte-
grations are derived.
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Inner side:� If 0 � t�(i) < 12 � 12��(i)2
then��(i)S = �(i)X�E1(�(i)X ) 1�t�(i)(1�2t�(i))1=2 ��1� 1A Æ(i)X �(1+Æ(i)X )t�(i)1�2t�(i) ��E �� � ��(i)X ;�1�2t�(i)�1=��(i)21�2t�(i) �1=2�� 1A 1�Æ(i)X2 1(1�2t�(i))1=2�"(t�(i)2+1=��(i)2) 121�t�(i) + 1�t�(i)(1�2t�(i)�1=��(i)2)1=2 arsin (1�2t�(i)�1=��(i)2) 121�t�(i) #)

.� If t�(i) = 12 � 12��(i)2
then��(i)S = 12�E1(�(i)X ) �2X + �1� Æ(i)X �21� Æ(i)X� " 1 + 12A �(i)2X + Æ(i)2X � 11� Æ(i)X ! arsin 2�(i)X �1�Æ(i)X ��(i)2X +�1�Æ(i)X �2 � �(i)XA #

� If 12 � 12��(i)2 < t�(i) < 12
then��(i)S = 1�Æ(i)X�E1(�(i)X ) 1�t�(i)1�2t�(i) ��1� 1A Æ(i)X �(1+Æ(i)X )t�(i)1�2t�(i) � hEn�1� �1� 2t�(i)���(i)2�12o� E n��(i)X � �2 ; �1� �1� 2t�(i)���(i)2� 12oi� �(i)X2A "�t�(i)2+1=��(i)2�1=21�t�(i)+ 1�t�(i)(2t�(i)�1+1=��(i)2)1=2 ln �t�(i)2+1=��(i)2�1=2+�2t�(i)�1+1=��(i)2�1=21�t�(i) #)

.
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A. Plasma geometrical description� If t�(i) = 12
then ��(i)S = 12�E1(�(i)X ) (r�(i)2X + 4�1� Æ(i)X �2 �1� 1A 8�1�Æ(i)2X ���(i)2X16�1�Æ(i)X � �+ �(i)2X2�1�Æ(i)X � �1� 1A 16�1�Æ(i)X �+�(i)2X16�1�Æ(i)X � �

arcsinh
2�1�Æ(i)X ��(i)X �

.� If 12 < t�(i) < 1
then ��(i)S = �(i)X�E1(�(i)X ) ��1� 1A (1+Æ(i)X )t�(i)�Æ(i)X2t�(i)�1 � "(t�(i)2+1=��(i)2) 12t�(i)+ 1�t�(i)(2t�(i)�1)1=2 �F � �'�(i); k�(i)�� E� �'�(i); k�(i)���+ 1A 1�Æ(i)X2 1�t�(i)2t�(i)�1 "�t�(i)2+1=��(i)2�1=21�t�(i) + 1�t�(i)(2t�(i)�1+1=��(i)2)1=2� ln �t�(i)2+1=��(i)2�1=2+�2t�(i)�1+1=��(i)2�1=21�t�(i) #)

.

where'�(i) = arsin �2t�(i) � 1�1=2t�(i) ; k�(i) = 1��(i) (2t�(i) � 1)1=2 ;F � ('; k) = Z '0 1p1 + k2 sin2 �d� = 1p1 + k2 hK� kp1+k2�� F ��2�'; kp1+k2�i ;E� ('; k) = Z '0 p1 + k2 sin2 �d� = p1 + k2 hE� kp1+k2�� E ��2�'; kp1+k2�i .� If t�(i) = 1 then��(i)S = 1�E1(�(i)X )r�(i)2X + �1� Æ(i)X �2 1� 1A 1 + Æ(i)X2 !
.

In the Special cases �(i) = 0, Æ(i)X = 0, we have��(i)S = 12 241� 1A 1�E1(�(i)X )0�1 + �(i)X arsinq1� 1=�(i)2Xq1� 1=�(i)2X 1A35 .
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Outer side:� If 0 � t+(i) < 12 � 12�+(i)2
then�+(i)S = �(i)X�E1(�(i)X ) 1�t+(i)(1�2t+(i))1=2 ��1� 1A Æ(i)X +(1�Æ(i)X )t+(i)1�2t+(i) ��E "�+(i)X ;�1� 1(1�2t+(i))�+(i)2�1=2#+ 1A 1+Æ(i)X2 1(1�2t+(i))1=2� "(t+(i)2+1=�+(i)2) 121�t+(i) + 1�t+(i)(1�2t+(i)�1=�+(i)2) 12 arsin �1�2t+(i)�1=�+(i)2� 121�t+(i) #)

.� If t+(i) = 12 � 12�+(i)2
then�+(i)S = 12�E1(�X) �2X + (1 + ÆX)21 + ÆX� ��1� 12A �2X + Æ2X � 11 + ÆX � arsin 2�X (1 + ÆX)�2X + (1 + ÆX)2 + �XA � .� If 12 � 12�+2 < t+ < 12
then�+(i)S = 1+Æ(i)X�E1(�(i)X ) 1�t+(i)1�2t+(i) ��1� 1A Æ(i)X +(1�Æ(i)X )t+(i)1�2t+(i) � hEn�1� �1� 2t+(i)� �+(i)2�1=2o�E n�2 � �+(i)X ; �1� (1� 2t+(i))�+(i)2�1=2oi + �(i)X2A "�t+(i)2+1=�+(i)2�1=21�t+(i)+ 1�t+(i)(2t+(i)�1+1=�+(i)2)1=2 ln �t+(i)2+1=�+(i)2�1=2+�2t+(i)�1+1=�+(i)2�1=21�t+(i) #)

.
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A. Plasma geometrical description� If t+(i) = 12
then �+(i)S = 12�E1(�(i)X ) (r�(i)2X + 4�1 + Æ(i)X �2 �1 + 1A 8�1�Æ(i)2X ���(i)2X16�1+Æ(i)X � �+ �(i)2X2�1+Æ(i)X � �1 + 1A 16�1+Æ(i)X �+�(i)2X16�1+Æ(i)X � �

arcsinh
2�1+Æ(i)X ��(i)X �

.� If 12 < t+(i) < 1
then�+(i)S = �(i)X�E1(�(i)X ) ��1 + 1A (1�Æ(i)X )t+(i)+Æ(i)X2t+(i)�1 ��"�t+(i)2+1=�+(i)2�1=2t+(i) + 1�t+(i)(2t+(i)�1)1=2 �F � �'+(i); k+(i)�� E� �'+(i); k+(i)��#� 1A 1+Æ(i)X2 1�t+(i)2t+(i)�1 "�t+(i)2+1=�+(i)2�1=21�t+(i) + 1�t+(i)(2t+(i)�1+1=�+(i)2)1=2#� ln �t+(i)2+1=�+(i)2�1=2+�2t+(i)�1+1=�+(i)2�1=21�t+(i) #)

,

where'+(i) = arsin �2t+(i) � 1�1=2t+(i) ; k+(i) = 1�+(i) (2t+(i) � 1)1=2 .� If t+(i) = 1
then �+(i)S = 1�E1(�(i)X )r�(i)2X + �1 + Æ(i)X �2 1 + 1A 1� Æ(i)X2 !

.
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