Appendix A

Plasma geometrical description

A.1 General parametric equations

The last closed magnetic surface (LCMS) may be modelled byfahowing

parametric equations:

£=61(0), (=G0,
with ¢ = z/a , ( = z/a wherea is the plasma horizontal minor radius. The coor-
dinate origin is taken at the middle of the horizontal axighef LMCS, and is a
poloidal angle which varies betweérand?2r.

The other magnetic surfaces, characterized by the sityil&ctor p, are sup-
posed to be similar to the LCMS. Note that we have 0 at the magnetic axis and
p = 1 at the plasma boundary. The parametric equations of the etiagrurface are
then

§=p&i(0), ¢ =pC(0),
where the variableg, # are the integration variables. The corresponding Jacobian
determinant is found to be
J=pa®Jy (0) with Jy(0) = &G — GEL

Using the parametric equations for the magnetic surfacebtaarothe following
poloidal surface integration of an arbitrary function F:

1 1 .1
S_/ F(p) dS, = 5—7?@2]1/ F(p) 2pdp, (A1)
pJS, D 0
where
L 6) do A2
I; = — !’ . .
=5 s (a2)

In the particular casé’ (p) = 1 the poloidal surface is deduced from Eq. (A.1),
resulting inS, = Ta’I}.
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A. Plasma geometrical description

In the same way, the volume integration of an arbitrary fiomcE leads to

1 *
/ F(p)dV = 27R x TraQI{‘/ F(p) (1 + ﬁl—) 20dp, (A.3)
where
1 2w
I = 2—/ & (0) J7 (0) db. (A.4)
™ Jo
Introducing
2 I}
=--2 A5
=37 (A5)

we finally obtain

—/ PV = — (191/A /1 F(p) (1 _ ;%p) 2pdp,  (AB)

and the plasma volume can be expressed as

2051
or
2 % @1

A.2 Geometry description with 8 parameters

We consider the plasma magnetic surfaces are described bgr8ajrical pa-
rameterss\, &, 67, 6%, =0, y+O) =@ andy+®, wherexy, oy are the
elongation and triangularity at the X-point, arid, ¢ are the angles between the
last closed magnetic surface and the horizontal plane aihtbenal and external
sides of the torus, respectively. The supersciipts(2) refer to the upper and lower
parts of the poloidal cross—section, respectively (seeZ8). In addition to this, we
suppose that the contact points of the vertical sides ofatiangular envelope with
the poloidal section are situated on the same horizontal axi

A.2.1 Parametric expressionsfor theLCMS

Considering the above assumptions the LCMS may be desdopede curve
for each of the four segments of the surface: the inner-upgdy the inner-lower
part, the outer-upper part, and the outer-lower. Dependirige parameter values
such curves will be ellipses, parabolas, hyperbolas, argttt lines.
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Inner sideof the LCMS:

The upper and lower part of the inner last closed magnetfaseirwhich is rep-
resented by the sign, may be processed together by considering the comdspp
superscript$1) or (2), respectively.

o If
(4)

tany~ ) < '{7’((2) ie. t7W <> with ¢ = &

1— 4% .
X tan ¢y~

N | —

the upper or lower inner part of the poloidal section of thet tdosed magnetic
surface may be modelled with a portion of ellipse with thédi@wing paramet-
ric equations{ = z/a, ¢ = z/a), wherez is the distance measured outwards
from the major radiug :

{ ¢ =0y + a0 cosh for 0 < <7 (upper part)
¢(=p"Wsing m<0<2r—0,"  (lower part)
with
0 _ T AU C(1—2 )
X' =5 + arcsin =0 T — arcsin vy
. (i) . 1 gfm)l/?
) _ __t ) _
cosfy ' = T Sin 0 =
(4) ()1 —(i —(i
FPLCI. el ) L U ek A
: 1—2t-( 7 X1 -2t @)
FRUPNOIE St S
(1 —2t-0)"?
o If "
. ! ) - 1
tan wf(z) = ﬁiX(l) l.e. ti(l) = =
2(1 —0y) 2

the upper or lower inner part of the poloidal section of th&t [Hosed mag-
netic surface may be modelled with a portion of parabola withfollowing
equation
1— 4%
£=—1+—q75; ¢
Kx
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o If .
. ! ) . 1
tan wi(z) > ’{7)(() l.e. ti(l) > —
2(1 — 6%) 2
the upper or lower inner part of the poloidal section of th& dosed mag-
netic surface may be modelled with a portion of hyperboléwhe following
parametric equations

(1)

{ ¢ =ay" + o~ cosh for 0< <y (upper part)
¢ =B Dsinh¢p —o7®? <p <0 (lower part)
with
) (260 —1)"”
) _ . ‘
©Ox arcsmh—1 —
4 (i) 4 94— () _ 1)1/2
-G _ 1 o
cosh ¢ r=ot sinhp " = =
o) (OO )y L gy L=t
% TR R S S e
L 1=t
i — 0 ,
5 X (2t — 1)1/2
o |f .
. o) .
tan ¢~ = X(Z.) ie. =1

the upper or lower inner part of the poloidal section of tle¢ thosed magnetic
surface may be modelled with a portion of straight line whle following
equation
10y
E=—-1+ mX C.

Kx

Outer sideof theLCMS:

The upper and lower part of the outer last closed magnetfaseirwhich is rep-
resented by the- sign, may be processed together by considering the comdspp
superscript$1) or (2), respectively.

o If
(4)

tan w-{-(l) < L(l) |e t+(z> < == i
2(1+46y) Ky

DN | —
=
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A. Plasma geometrical description

the upper or lower outer part of the poloidal section of trst dosed mag-
netic surface may be modelled with a portion of ellipse wiik following
parametric equations

{ ¢ =ag® +a*t®cosf for { 0<6 <6V (upper part)

¢ = B+ ging —0:® <9 <0  (lower part)
with 1/2
I I (B 210
X = 5 — arcsin m = arcsin Wa
| ) s (1= )
—|—(z) . t . +(l> _ (—
coslly ' = 1T+ sinfy = 1— ¢+6)
59 4 (1 — 60y ‘ 51—+
+_  Ox X (i) _ Oy -—"°
@0 = 1 — 2+ - o= N o
g+ — ) 1—¢t® '
T (1 -2t @)'?
o |f )
(3
fan g @ = X e g0 L
2(1+6Y) 2

the upper or lower outer part of the poloidal section of trst tdosed mag-
netic surface may be modelled with a portion of parabola withfollowing

equation
140y
Kx
o If .
) H(Z) ) 1
tan 0 > 7)(() e ¢t > =
2(1+6y) 2

the upper or lower outer part of the poloidal section of trst tdosed mag-
netic surface may be modelled with a portion of hyperboléwhe following
parametric equations
_ 0 +(0) +(1)
{ E=a; " +atlcoshy 0<p<pr (upper part)
¢ = pB+Wsinh ¢ —oi® <o <0 (lower part)
with
(2640 — 1)

+0) _ i
x| = aresinh——- 7 —,
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‘ +) ‘ 94+() _ 1)1/2
@ _ ¢ o (
coshpy ' = 0 sinhp" = @
) (@O +(0) (1) ) _ 4+
v (=0t + 0% 6 O
% = 2+ — 1 ot = (140 )2t+(i> -1’
. N1 =t
+(i) _ n(” _
o |f .
4 @ .
tanyt® = X(.) ie. 70 =1
1+dy

the upper or lower outer part of the poloidal section of tis¢ ¢dosed magnetic
surface may be modelled with a portion of straight line while following
equation
1 (5(i)
K

X

A.2.2 Poloidal surfaceintegration

For all the above cases and using the plasma geometricalijtest with 8
parameters, the functialf introduced in Eq. (A.2) can be expressed as

(1) (2)
Ky + K
%@SW (A.9)

and the poloidal plasma surface becomes

I =

W, @
2%@%. (A.10)

On the other hand, the poloidal surface integration of aitrarlg function F’
defined in Eq. (A.1) leads to

S, =Ta

1 1
5 [ F@is,= [ F(o)2edp. (A11)
pJs, 0

The coefficientOg, (/@E‘?, ng?,af;%(sg?),¢—<1>,¢+<1>,¢—<2>,¢+<2>) is the cor-
rection with respect to the pure elliptical plasma case.ay e related to the partial
correction coefficients of the upper and lower parts of thdlSCas

(1) o) 2) o2

Ky @Sp + Ky ®Sp
@Sp = ,{(1) 4 ,{(2) ’ (A12)
X X
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Wheree)(s?, may be again related to the inner and outer part of the LCM $litying
the poloidal surface into the inner-upper part, the inogrdr part, the outer-upper
part, and the outer-lower part. Hence,

S, =5, M 4 5D 4 52) 4 g+ (A.13)
with
550 %mgﬁ()?@g;i)’ S+ = %ﬂa%g?@;;i)’ (A.14)
giving
0y =0, + ol (A.15)
Inner side:

We have the following expressions for the upper or loweraxdiron coefficients
of the inner side depending on the kind of curve of the comadmg portion.

o If

() _ * (i) _ _( _ (z)) (i)

V< 5 Og, 5 1 -4y ET=OITE arctan(t "),

where
L 2t 2t~ ((1 — 2t~ D)1/2
arctan(t~M) =1 — —aresin ———5 — — (ET=CIra (A.16)
o If
4 (1 - 5@)
) _ 1 o= _
Sp 3

o If

1 . i 1 - W (1- t—(i))? ‘

- —(7) . (i) X —(7)

5 < W<l 1 Bg, = T 1)3/2arctanmt )

where
(2t — )2 (2@ — 1)
arctantft () = ( : )2 — arcsmh(—). (A.17)
(1—t-@) 11—t
o If "
@) _ @ _ 1—0%
=1 O, -



A. Plasma geometrical description

Outer side:

We have the following expressions for the upper or loweraxdiron coefficients
of the outer side depending on the kind of curve of the comedmg portion.

o If
a1 IRP | (1 —tH)? ,
r0<s ey =5 (1Y) g gy arctan (),
where
‘ 9 ) 2 ) (1 — 2¢+()1/2
@)y =1 _ 2 i _z
arctan(t™\") =1 —aresin o —— oy — =) (A.18)
o If ‘
1(1+069)
P e i
2 5P 3m

o If

L N S G € Sk 20 S

5 < < . Sp — T (2t+(z) — 1)3/2 m )1

where
ot (2t 1)t (2440 — 1)
+(i)y — _ h—

arctankit ™) 1) arcsin 0 (A.19)

o If "
“@) . ot _ L+
t (> =1 . ®Sp == T

In the special cas¢~ = ™ = 0 (no X-points), we obtai®s, = 1 and the
poloidal surface, as well as the poloidal surface integratif an arbitrary function
F, are independent of the plasmatrlangulaﬁﬁf

A.2.3 Volumeintegration
In the same way, the plasma volume is expressed as

9 Iig) + H(Q)

V =21R X ma X 0y, (A.20)
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where Oy (1@?, KD, 60 6@ =0 ¢t ® w‘(Q),¢+(2>> is the correction coeffi-
cient with respect to the pure elliptical plasma case. It imagxpressed as
kYey) + kel
RO
Splitting the plasma volume into the inner-upper part, tireer-lower part, the
outer-upper part, and the outer-lower part, we obtain

Oy = (A.21)

V=104 @ Lyt Lyt (A.22)
with
V-0 = 1R % 7ra2/<d(;?@x_/(i>, VO = 7R x W02“§)@¢(i)’ (A.23)
giving
Gg) _ @;(i) 4 @$(i)l (A.24)

The following expressions for the correction coefficiemsthe plasma volume
are deduced depending on the kind of portion of curve, foirther and outer side.

Inner side:
o If () < % :
—(i) _ (i) 80 —(146Dy-® 1—¢=
O, = % (1 o 5X> |:<1 - % x 1—2t—X(i) (1(_2 ~o ))3/2 arctar(t )

41 (1) 1
~3a (1 5x> m] !

wherearctan(t~) is given by Eq. (A.16).

o If ¢+ =1:
0" (1) <1 _ lL%Q) .
3 A 5
o lf 1<t @<
o7 — 1—;5%) Kl _ _(1+5;:)1(t_)<1’>16§§)> (2(t1<t> ()))SQ/Qarctanlﬁt i)
+24 (1-69) 54—

where arctanfi~)) is given by Eq. (A.17).

(4) (4)
o _1=0% (11425
v T A 3 '
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) _ 1 (i) 16D a—eDyt @\ (1-t+D)” .
O, =3 (1 5X> [(1 S Ba——e2 0 (1_2#@)3/2arctar{t+(z))
(1)
5X> 1_214—(1')} ’

wherearctan(t*®)) is given by Eq. (A.18).

o If () =

SO [ S —
23 (1400 5
where arctanfi* ) is given by Eq. (A.19).
o If tt0 =1

o 146V 11—25Y
@V(>: 7TX (I—FZTX .

In the special casg ™ = ¢ = 0, we obtain

8\ Ox
o1 (1-5)

Finally, from Eqg. A.5 the following expression for the fumti /; is deduced

_§ mﬁ? + /f()?
2 2

Comparing the definitions dbs, and©y in Egs. (A.10) and (A.20) with the
definitions of [}, I; and©, in Eqgs. (A.2), (A.4), and (A.5) we obtain the relation
(A.25) betweerd,, Og,, Oy.

[5 = ®Sp®1-

—1- 2, (A.25)
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In the special case () = ¢t = ¢=@) = +@ = q, ;@g) = n()?), 6&? =
6&?) = dy we obtain
8
O;,=(1—-—]dy.
! ( 37r> X

A.2.4 Plasma surfaceintegration

Proceeding in the same way of the previous poloidal surfadevalume inte-
grations, the surfac€ of the plasma may be written as

(1) (2)
S =27mR x 2naE, <%) Og (A.26)
with

ot B (s) 0 + B () 0] .
5T JREINES ’ (A-27)

where

2 2\1/2

El(I{X) = ;/{X:E [(1 — I/HX) ] y (A28)

andE(z) is the complete elliptic integral of the second kind.
Splitting into the inner and the outer sides, and into theeagmd lower parts,
we have
S=8W4g5 @45t L g+ (A.29)

with
S~ = 7R x 27aB, (k)07 70 = 7R x 27aE, ()01, (A.30)
giving . ‘ ‘
e¥ =o;" + i, (A.31)
Introducing _ .
() — ’fg? ot = ’igl()
- (1) - (1)
1 -4y 1+0y
the following expressions for the partial correction cadints for the surface inte-
grations are derived.
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Inner side:
o |f | .
0<t™@ <~ —
- 2 2;{‘@)2
then
o= _ k(D) 14~ 1 189146y
SRR (12 0) A 1m0
() (121019
xE [w — 93, (TJE") _ 1k )
1 1
t= (1241, (0)2)2 =D . (1—2t- )1/ (D2)2
X ( 1-t=® ) + (172t—(i1)—t1/n—(i)2)1/2 arcsin ( 1t~ ) } '
o If
11
2 2/{_(”2
then
2 @)
05" = @ @
21E; (kY) 1- (5X
1 /i +<5 §?(1 5“>) ,i(‘?
1+ — : — X X)X
( + 54 L 6&? ) arcsin n;)2+(1—6§§))2 A
o |f 1 | .
- < t‘(” < —
2 9p—()? 2
then

(s 1 5(0 (z) 6(0 1+6(l)) —(2) G G }
05 = Lt gt L1 - 38 B {1 (11— 200) o 02)’ )
] <0 (t_(i)2+1/n_(i)2)1/2

—E{e“—g [1— (1200 2]}

. . 1/2 X X 1/2
(60 2) 2 2t*(1)—1+1/n*(1)2> / ] }
(4) '

1—¢— (@)
)1/2 In e

(2t=() —141/k= ()’
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i~ _ 1
2
then
. . . 2 8 176(1)2 7’{(1')2
0 _ (i)2 @[y 1 8(”) sk
O4 _2WE1(KE§)){\//{X +4<1 5X> [1 " (76(”) ]
()2 16(1-6)) +5Q? 1-6
+ s 1—%—( )(Z) arcsintil =) e )
2(1-59) 16(1-0%)
o If |
S <t W<
2
then
o=t _ ¥ . (1+5(>>t_(i)_5§> (=024 1/5-012) %
s = rl( o) — AT =)
D (e () @) B (o) )
+(2t7(i)71>1/2 (F* (o@D k@) — E* (¢~ k ))}
116 14-() (t7(i)2+1/“7(i)2)1/2 1—¢= ()
TATS w1 O (2t - 141/5- 0?7
—(0241 /=220 (9= () 141 /- D22
. (t +1/k ) 1+(_(§) +1/k ) .
_t 1
where

(2= — 1)

—(@) _ .
@ = arcsin — , - : ,
t @ k=) (2-0) — 1)/

>/% e [ () - 7 (5t
/\/1+k281n 0do = 1+k2{E(m>_E(g_%ﬁ>]'

e lf W =1 then

i 1 ; 0 2 1 1—|—5
0, = —— \/n(”%r 1-69) [1-= .
s B (k) VT ( X) A 2

X

In the Special cases~@ = 0, 5 = 0, we have

(4)2
w1 1 arcsiny/1—1/k
7TE1(/€X) 1— 1/HE‘?2
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Outer side:
o If

then

@:gi'(i) —

o If

then

9-1-

o If

then

@;(i) _

o< L1
2 2;§+(i)2
3% 1+ - _5(”+( gy
mE1(k ¢ )) (1 2t+(z))1/2 1—2t+()
+(i) 1 2 1 1485 1
I3
XE HX ’ <1 o (1—2t+(i))h}+(i)2> _|— A 2 (172t+(i))1/2

i

—E{——a+ 1= (1 = 240 02 1””

) oy 1/2 )
1_+() 02 41 /k+ 2 +(2t+(1)

_ NN _ vk
(1 0241/kt02) 2 D) (12t 1 et ® )
o) + (1=2H 01/ 02) arcsin =G :
o 11
2 2/{"‘(”2
1 K%+ (1+6x)
27TE1(I€X) 1+ (SX
1 k% +6%2 —1 2 )
X [(1 _ - Ex oyl > arcsin QKX( i X) H—X] .
1 1 1
Z - tt < =
2 2nt2 S0 T3
1+5§? 14+ 1 6( 2 (1— 6( t+( 1 2t+( i) +(4)2 1/2
- WEl(,éQ) 1—2¢+() TAT  1—ut@® 1 2t+ - ) }

Qthwﬂ“

1—¢+(0)

In :
(2t+(i)f 11—+

2)1/2

141/t

179

Aoy 1/2
—1-I—1/n+(l)2> / ] }



A. Plasma geometrical description

o If
o 1
2
then
. . . 2 8 175(1)2 7’{(1')2
1@ _ (i)2 (i) 1 8(1-08") sk
05" = 2B (k1) \/HX +4 <1 + 6X> [1 T 16(1+5§§)) }
+ G + l—w(lwg))ﬂ%ﬂ arcsinh72(1+§§)> :
2(1+67) A 16 (146%) KD
o If
1 _ o+
5 <t <1
then
+6) _ kY 1 (1=t 469
O = ml) {{1 tare
(t+(i)2+1/”+(i)2)1/2 1—¢+() * i i * i i
X [ i ooy (F* (¢+0), k+0) — B* (57O, 5+ O))
1 1+(5;) 14+ (t+(i)2+1/n+(i)2>1/2 L
TAT 2 tO—1 1—¢+@@) + (2t+(i)—1+1/n+(i)2)1/2
024 e D)2 () _q et 02) 12
X ln( ) 1,t(+(i) ) !
where
@) _ 1)Y/2
o™ = arcsin u k0 = ! .
; ; : : 172
(@) K@ (20 — 1)
o If
i =1
then
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