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Chapter 1

Introduction

This thesis concerns about global instability in nearly-integrable Hamiltonian systems,
also called “Arnold diffusion”. In [Arn64], V.I. Arnold proposed an example of a nearly-
integrable Hamiltonian with 2 + 1/2 degrees of freedom

1
H(q,p,p,1,t) = 3 (p2 —1—12) +e(cosq — 1) (1 + p(sinp + cost)),

and asserted that given any §, K > 0, for any 0 < p < ¢ < 0, there exists a trajectory of
this Hamiltonian system such that

I(0) <dand I[(T) > K for some time 7" > 0.

Notice that this a global instability result for the variable I, since

_oH
Oy

is zero for € = 0, so I remains constant, whereas I can have a drift of finite size for any
€ > 0 small enough.

Arnold’s Hamiltonian can be written as a nearly-integrable Hamiltonian with 3 degrees
of freedom

I = = —cu(cosq— 1) cosy

1
H*(q,p,0,1,5,A) = 5 (p* +1I?) + A+ e(cosq — 1) (1 4 p(sin ¢ + cos s)),

which for € = 0 is an integrable Hamiltonian h(p, I, A) = 3 (p? + I?) + A. Since h satisfies
the (Arnold) isoenergetic non-degeneracy
D?h  Dh
‘ DRT 0 ‘:_17&0’

by the KAM theorem proven by Arnold in [Arn63|, the 5D phase space of H is filled, up to
a set of relative measure O(y/¢) , with 3D-invariant tori 7, with Diophantine frequencies
w = ((,L)l,(,L)Q, 1)

\klwl + k’z&)g -+ k0| > ’)//lk"‘r for any 0 7é (]{71, k’g, k'o) S Z,
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where v = O(y/¢), and 7 > 2.

Since the 3D KAM invariant tori do not separate the 5D phase space, there can exist
irregular orbits ‘traveling’ between tori. Arnold conjectured in the KAM theorem in 1963
that this was the general case.

In the first part of this thesis we consider an a priori unstable Hamiltonian with 241/2
degrees of freedom

2 2
H.(p,q,1,0,5) =+ (%+cosq—1) +%+8h(q,<,0,3) (1.1)
consisting of a pendulum and a rotor plus a time periodic perturbation h(q, ¢, s).

A priori unstable Hamiltonian systems like the above one were introduced by [Loc92,
CGY94]. They consist on a rotor in the variables (I, ) as an integrable Hamiltonian in
action-angle variables, a pendulum in the variables (p,q) which carries out a separatrix
associated to a saddle point, plus a small perturbation of size €. For ¢ = 0, Hamiltonian
(1.1) is integrable and, in particular, the action I is constant. We want to describe the
global instability in the variable I for |¢| non-zero but otherwise arbitrary small.

For simplicity, we refer to global instability in this paper simply as Arnold diffusion.
Nevertheless, it is worth remarking that originally the term Arnold diffusion was coined
for a priori stable Hamiltonian systems, which are perturbations of integrable Hamiltonian
systems written in action-angle variable. See [Berl0] for a careful exposition of a priori
unstable and a priori stable Hamiltonian systems. For instance, replacing V' (¢q) by €V (q),
our Hamiltonian (1.1) becomes a priori stable. In that case, Arnold diffusion would con-
sisting on finding trajectories with large deviations (p(T), I(7T")) — (p(0), 1(0)). This would
be a much more difficult problem that the one considered here, because one has to confront
to exponentially small splitting of invariant manifolds with respect to the parameter ¢ as
well as to the passage through double resonances in the action variables p, I. In particular,
exponential large estimates of the time of diffusion with respect to € due to Nekhoroshev
[Nek77, LMO05, BM11] would apply.

The main characteristic of an a priori unstable Hamiltonian system with 2+1/2 degrees
of freedom is that there exists a 3D Normally Hyperbolic Invariant Manifold (NHIM) which
is a large invariant object with 4D unstable and stable invariant manifolds.

Inside this NHIM there exists an inner dynamics given by a Hamiltonian system with
1+ 1/2 degrees of freedom. This Hamiltonian possesses 2D invariant tori which prevent
global instability inside the 3D NHIM.

For € = 0, the stable and unstable invariant manifold coincide along a huge separatrix
filled with homoclinic orbits to the NHIM.

For small |e] # 0, the unstable and stable manifolds of the NHIM in general do not
coincide, but otherwise intersect transversely along 3D homoclinic invariant manifolds.
Through each point on each 3D homoclinic manifold, there exists a homoclinic orbit which
begins in a point of the NHIM and finishes on another point of the NHIM, not necessarily
the same one. This assignment between an initial and the final point on the NHIM is called
the scattering map. In practice, one must select an adequate domain for any scattering
map.



Under the action of a scattering map, the variable I can increase (or decrease). The
geometric mechanism of global instability consists on looking for trajectories of the scatter-
ing map with a large change on the variable /. Standard shadowing arguments provide the
existence of nearby trajectories of Hamiltonian (1.1) with a large change on the variable I.

We are going to assume that the perturbation h(g, ¢, s) depends on two harmonics in
the variables (¢, s):

h(q,¢.s) = f(a)g(e,s),
flq) =cosq,  g(p,s) = aicos(kip + l15) + as cos(kayp + l28),
with k?l, k‘g, ll, l2 € 7.
One of the main goals of this thesis is to prove that for any non-trivial perturbation

il ZQ # 0, there is global insta-

(1.2)

aiae # 0 depending on any two independent harmonics

bility of the action I for any € > 0 small enough.
Our first result is that the global instability happens for any arbitrary perturbation
(1.2).

Theorem 1. Assume that ajay # 0 and kily — kaly # 0 in Hamiltonian (1.1)-(1.2). Then,
for any I* > 0, there exists e* = €*(I*,ay1,a9) > 0 such that for any e, 0 < € < €*, there
exists a trajectory (p(t), q(t), I(t), o(t)) such that for some T > 0

1(0) < —I* < I* < I(T).

Remark 2. For a rough estimate of e* ~ exp(—nI*/2) at least for |a;/as| < 0.625, ky =
lo=1andly = ko =0,and T = T'(e*, I*, a1, az) ~ (Ts(I*, a1, as)/e) log(C(I*, a1, as)/e) for
the diffusion time, see 2.4. Analogous estimates could be obtained for all the other values
of the parameters.

The proof is based on the geometrical method introduced in [DLS06] and relies on the
concrete computation of several scattering maps. A scattering map is a map of transverse
homoclinic orbits to a NHIM. For Hamiltonian (1.1), the NHIM turns out to be simply

A:=A={(0,0,1,0,5): (I,p,5) €RxT*}. (1.3)

In the unperturbed case, i.e., e = 0, for any I* > 0 the NHIM A possesses a 4D separatriz,
that is to say, coincident stable and unstable invariant manifolds

WOA - {<p0(7)7%(7')a[79075> ‘T E ]R, Ie [_1*71*] ’ (9078) < Tz} ’

where (po, qo) are the separatrices to the saddle equilibrium point of the pendulum

cosht

(o(8),q0lt)) = ( —

,4arctan eit) .

In the perturbed case, i.e., for small € > 0, W*(A.) and W*¥(A.) do not coincide (this
is the so-called splitting of separatrices), and every local transversal intersection between
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them gives rise to a (local) scattering map which is simply the correspondence between
a past asymptotic motion in the NHIM to the corresponding future asymptotic motion
following a homoclinic orbit. Since the NHIM has also an inner dynamics, an adequate
combination of these two dynamics on the NHIM, the inner one and the outer one provided
by the scattering map, generates the Arnold diffusion as long as the outer dynamics does
not preserve the invariant objects of the inner dynamics.

Necessity of the assumptions

If the determinant A := kqly — ksly or some coefficient aq, ao vanishes, for instance,
if there is only one harmonic in g, there is no global instability for the action I. Indeed,
looking at the equations associated to Hamiltonian (1.1)

G=*+p p = [£1+ € (aj cos(kip + l15) + as cos(kap + las))] sing
o=1 I = ecosq (kray sin(kip + 118) + kaag sin(ka + 195)) (1.4)
s=1

this is clear for k; = ky = 0, since in this case [ is a constant of motion. If &y or ko # 0,
say ki # 0, the change of variables

¢ =kip+lis, rg — 8 = kap + las, I =kl +1y,

where r = ky/k; can be assumed to satisfy 0 < r < 1 without loss of generality, casts
system (1.4) into

g=+p p = [£1 + ¢ (ai cos @ + as cos(rg — 5))] sing
p=1 I= eki cos q (ay sin ¢ + ray sin(rg — 3))

which is a Hamiltonian system with the Hamiltonian given by
Hpalos) -+ + N L
e\, 4, 1,9,5) = Y Cosq — Y
P22 2 1 2 (1.5)

+ ek cos q (ay cos @ + ay cos(rp — 3)).
If A = 0 Hamiltonian (1.5) is autonomous with 2 degrees of freedom, and therefore a
global drift for the action [ is not possible. Only drifts of size /¢ are possible due to KAM

theorem. Analogously one easily checks that for ajas = 0 Hamiltonian (1.1) is integrable
or autonomous.

Reduction of the harmonic types

Under the hypothesis (kila — koly) ajas # 0 of Theorem 1, the case ks = 0 of Theorem 1
is proved in Chapter 2. Indeed, ks = 0 implies r := ko/k; = 0 and it turns out from (1.5)
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that Hamiltonian (1.1) is equivalent to the one with ky = 1,ky = 0,1; = 0,1y = 1:

2 ]2
H.(p,q,I,¢,t) ==+ <‘% + cosq — 1> + > + ecosq (aj cosp + ascoss) (1.6)

which is just the Hamiltonian studied in Chapter 2. In Chapter 3 we prove Theorem 1 for
kiks # 0 or equivalently for r € (0,1]. For the sake of clarity we will explain in full detail
and prove Theorem 1 along Section 3.3 just for » = 1, which by (1.5) is equivalent to the
case k1 =1, ko = 1,1, =0, = —1:

2 ]2
H.(p,q,I,p,t) ==+ (% + cosq — 1> + > +ecosq(a;cosp+ascos(p—s)).  (1.7)

To finish the proof of Theorem 1, in Section 3.3 we will sketch the modifications needed
for the case r € (0,1).

Scattering map types

By the definition given at Section 2.2.2, a scattering map is in principle only locally
defined, that is, for a small ball of values of the variables (I, p, s) or (I,0 = ¢ —Is), since it
depends on a non-degenerate critical point 7% = 7%(I, ¢, s) of a real function (2.6), depend-
ing smoothly on the variables (1, ¢, s), already introduced in [DLS06]. In the study carried
out in Section 3.2, it will be described whether, in terms of the parameter p := ai/ay
and the variable I, a local scattering map can or cannot be smoothly defined for all the
values of the angles (¢, s) or § = ¢ — Is, becoming thus a global or extended scattering
map. This description will depend essentially on a geometrical characterization of the func-
tion 7%(1, ¢, $) in terms of the intersection of crests and NHIM lines, following [DH11]. Any
degeneration of the critical point 7% = 7%(I, ¢, s) may give rise to more non-degenerate crit-
ical points and a bifurcation to multiple local scattering maps or to a non global scattering
map. Different critical points 7 = 7*(I, ¢, s) give rise to different local scattering maps,
and putting together different local scattering maps, one can sometimes obtain piecewise
smooth global scattering maps, which are very useful to design paths of instability for the
action I, and are simply called diffusion paths.

For instance, in Chapter 2 devoted to the Hamiltonian (1.6), it will be proven that
for 0 < pu = ay/az < 0.625, there exist two different global scattering maps. Among
the different kinds of associated orbits of these scattering maps, there will appear two of
them called highways, where the drift of the action I was very fast and simple. As will be
described in Section 3.2, such highways do not appear for Hamiltonian (1.7). Nevertheless,
as will be proven in Section 3.4, there exist piecewise smooth global scattering maps, and
the possible diffusion along the discontinuity sets opens the possibility of applying the
theory of piecewise smooth dynamical systems [Fil88].

About the model chosen and related work

Hamiltonian (1.1) is a standard example of an a priori unstable Hamiltonian sys-
tem [CG94] formed by a pendulum, a rotor and a perturbation. It is usual in the literature

8



to choose a perturbation depending periodically only on the positions—which turn out to
be angles in our case—and time. Our perturbation h(q, ¢, s) (1.2) is a little bit special since
it is a product of a function f(¢) times a function g(p,s). This choice makes easier the
computations of the Poincaré-Melnikov potential (3.11), which is based on the Cauchy’s
residue theorem. Theorem 1 can be easily generalized to any trigonometric polynomial or
meromorphic function f(q), although the computations of poles of high order become more
complicated. In the same way, it could also be generalized to more general perturbations
h(q, ¢, s), as long that h is a trigonometric polynomial or meromorphic in g. The depen-
dence on more than two harmonics gives rise to the appearance of more resonances in the
inner dynamics, which requires more control of their sizes, see for instance [DH09, DS97].
Apart from more difficulty in the computations of the Poincaré-Melnikov potential and
the inner Hamiltonian, we do not foresee substantial changes, so we believe that Hamilto-
nian (1.1) could be considered as a paradigmatic example of an a priori unstable Hamilto-
nian system.

Chapter 3 is a natural culmination of Chapter 2, which deals with the simpler Hamil-
tonian (1.6), and where a detailed description of NHIM lines and crests is carried out. An
“optimal” estimate of the diffusion time close to some special orbits of the scattering map,
called highways, is also given there. The study in Chapter 3 of Hamiltonian (1.7) is more
complicated, due to a greater complexity of the evolution of the NHIM lines and crests
with respect to the action I and the parameters of the system. In particular, the absence
of highways prevents us of showing an estimate of diffusion time close to them.

Let us mention that results about global instability are not new. Indeed one can find
related results in [Loc92, BCV01, Cre01, CG03, Cre03, DLS06, KL08a, KL08b, CY09,
DHO09, BKZ11, DH11, Zhall, Mat12, Trel2, KZ15, GT14, LMS16, Mar16, Chel7, GM17,
LPS17] involving the geometrical method or variational methods. Our approach is very
similar to [DH11], and one of the novelties of the present thesis is that we can prove the
existence of global instability for any value of u = a1 /as # 0, whereas in [DH11] this was
only proven for 0 < |p] < 0.625. Let us mention [DT16] which contains a similar approach
to the function 7* of [DLS06] and the crests of [DH11]. Nevertheless, the main purpose of
this work is to describe the paths of instability that can be chosen as well as to estimate
the time of diffusion for some cases.

We notice that in this thesis we stress the interaction between NHIM lines and crests,
since this allows us to describe the diverse scattering maps, as well as their domains, that
appear in our problem. In more complicated models of Celestial Mechanics the Melnikov
potential is not available. In these cases the computations of scattering maps rely on the
numerical computation of invariant manifolds of a NHIM or some of its selected invariant
objects, and the search of diffusion orbits is performed in a more crafted way (see [CDMRO6,
DMRO08, DGR13, CGL16, DGR16]).

Partial results for a case with 3 + 1/2 degrees of freedom

A natural question is whether the results presented in Chapter 2 and Chapter 3 hold for
more dimensions. In Chapter 4, we consider an analogous nearly-integrable Hamiltonian



system with a similar perturbation but now, with 3 4+ 1/2 degrees of freedom, i.e., the
following Hamiltonian given by

2
Ha(paQ7[17[279017 30275) ==+ (% + CoOSq — 1) + h(Ila [2) + Ef(q) 9(9017 50273%

where f(q) = cosq, h(Iy, ) = Q13/2 + Q,12/2 and
9(p1, P2, 8) = aj cos p1 + ag cos pa + azcos(k - ¢ — s),

with k = (ky, ke) € Z* and ¢ = (1, p2) € T

This case is much more complicated than the case studied in Chapter 2 and Chapter 3.
There are 7 parameters and to handle them it is not easy. In this thesis we present the
results obtained until now for an analogous Hamiltonian studied in Chapter 2 and we
expect to complete this study in a future work. We emphasize that we do not know other
work with a similar approach for this dimension.

In Chapter 4, our object of study is the Hamiltonian given by

2

Holpa T Tocgoes) = (B + cosg = 1) 4 AL+ 2@ atorens), (18)

where f(q) = cosq, h(I1, 1) = O 1}/2 + Q13 /2 and
g(p1, P2, 8) = aj cos p1 + ag oS Yo + a3 COS S. (1.9)

As in the previous chapters, we begin by describing the crests and its dependence with
respect to the parameters py := a1 /ag and pg := as/asz, and the values of I; and I,. We
detect a new behavior for the crests, since they can form a unique surface. In consequence
we restrict our study to the case where || + |p2| < 0.625. In this case, the crests are
horizontal and there is no tangency between NHIM lines and the crests. This case is very
similar to the case in [DH11] and the simplest case in Chapter 2.

In Chapter 4 the main result is

Theorem 3. Consider the Hamiltonian (1.8)4(1.9). Assume ajazasz # 0 and 1|+ |pa] <
0.625. Then, for every § there exists 0 < g¢ such that for every 0 < |e| < &g, given
I. € 75\ {(0,0)}, there exists an orbit T(t) and T > 0, such that

1(@(0)) ~ 1| < C6
I(#(T)) - L] < C5

Besides, in Section 4.3 we explicit the symmetries of the scattering map. In Section 4.4
we show an initial study about the Highways with a description to a very special case and
for I; and I close to infinity. The final chapter of this thesis contains some open questions
related to the problems considered in this thesis. Some of these open questions have not
been solved simply by lack time, whereas other open questions require more substantial
time, since they are related to deeper problems.

We finish this introduction by noticing that the first two chapters of this thesis are very
based on the papers [DS17a, DS17b] and we apologize for any repetition.
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Chapter 2

The first case for 2 + 1/2 degrees of
freedom

2.1 The System

We consider the following a priori unstable Hamiltonian with 24-1/2 degrees of freedom
with 27-periodic time dependence:

2 2
P 1
HipaLpos) =+ (B +oosg —1) + 5 + 2 (0ha(v.), (2.1)
where p, I € R, q, i, s € T and ¢ is small enough.
In the unperturbed case, that is, ¢ = 0, the Hamiltonian H, represents the standard
pendulum plus a rotor:

P 2
HO(pa(L[a(;p?S) = 5 +cosq — I+ 57
with associated equations
. OHy : OHy "
= —_— = = ——— —= SIn

q p p p g q

. 0H, . 0H,

LY Do

s=1

and associated flow

oe(p, a1, 0,8) = (p(t),q(t), I, o+ It, s +1).

In this case, (0,0) is a saddle point on the plane formed by variables (p, ¢) with associated
unstable and stable invariant curves. Introducing P(p, q) = p*/2 + cos ¢ — 1, we have that

11



P~1(0) divides the (p, q) phase space, separating the behavior of orbits. The branches of
P~1(0) are called separatrices and are parameterized by the homoclinic trajectories to the
saddle point (p,q) = (0,0),

(Po(t), qo(t)) = ( ,4arctan eﬂ) : (2.2)

cosht

Phase space (g,p) Phase space (p,) s

X

.
= [

@

Fig. 2.1: Phase Space - Unperturbed problem

For any initial condition (0,0, I, ¢, s), the unperturbed flow is ¢;(0,0, I, ¢, s) = (0,0, I, o+
It,s +t), that is, any torus 72 = {(0,0,1,¢,s); (p,s) € T?} is an invariant set for the
flow. T2 is called whiskered torus, and we call whiskers its unstable and stable manifolds,
which turn out to be coincident:

WOT? = {(po(7), qo(7),I,0,5);7 € R, (p,s) € TH}.

For any positive value I*, consider the interval [—7*, I*] and the cylinder formed by an
uncountable family of tori

K = {7}0}16[—1*,1*} = {(070’ 17@’ S);] € [_1*71*] ) (9073) € TQ}'

The set A is a 3D-normally hyperbolic invariant manifold (NHIM) with 4D-coincident
stable and unstable invariant manifolds:

WA = {(po(r). o(7). L0, 8):7 € R T € [=I'I'], (p,s) € T},

We now come back to the perturbed case, that is, small |¢|] # 0. By the theory of
NHIM (see for instance [DLS06] for more information), if f(¢)g(p,s) is smooth enough,
there exists a smooth NHIM A, close to A and the local invariant manifolds W (A.) and

We (A.) are e-close to WP(A). Indeed,

Wes(Ao) = | Wis(@),

loc loc

FEAL

12



where W, (Z) are the unstable and stable manifolds associated to a point & € A. (more

precise information about the differentiability of A. and W*5(A.) can be found in [DLS06]).
Notice that if f(0) = 0, A. = A, that is, A is a NHIM for all . But even in this case, in

general W*(A.) and W*(A.) do not need to coincide, that is, the separatrices split.
Along this chapter, we are going to take

f(q) = cosq and  g(p,s) = agy + a10cos @ + ap1 cos s, (ajpap # 0) (2.3)

so that there exists a normally hyperbolic invariant manifold A, = A in the dynamics
associated to the Hamiltonian (1.1)+(1.2)

2 I2
H.(p,q,1,p,s) ==+ (%—l—cosq— 1) + 3+scosq(aoo+alocos<p+a01coss).

Remark 4. We are choosing f(¢) as in [DH11] and a similar g(p, s). Indeed, in [DH11],
9(p, 8) = D1 1yenz W cos(kp — s — oy,) is a full trigonometrical series with the condition
apFrt <lag| < ap®r,
for 0 < p < p*and 0 < r < r*, where p*(\, o, &, 8) and r*(\, o, &, §) are small enough.
Under these hypothesis, the Melnikov potential, after ignoring terms of order greater or
equal than 2, is the same Melnikov potential that we will obtain in subsection 2.2.2. How-
ever, the inner dynamics in [DH11] is different. In our case, as we will see, it is integrable,
therefore it is trivial and we will not worry about KAM theory to study the perturbed

dynamics inside A..

2.2 The inner and the outer dynamics

We have two dynamics associated to A., the inner and the outer dynamics. For the
study of the inner dynamics we use the inner map and for the outer one we use the
scattering map. When it be convenient we will combine the scattering map and the inner
dynamics to show the diffusion phenomenon.

2.2.1 Inner map

The inner dynamics is the dynamics in the NHIM. Since A. = A, the Hamiltonian H.
restricted to A, is

2
K(I,¢,s;¢) = 5 + € (agp + a1 cos ¥ + apy cos s) , (2.4)

with associated Hamiltonian equations

p=1 I =caysing §=1. (2.5)

13



Note that the first two equations just depend on the variables I and ¢, thus using that

2

F(I,p):= %—1—5@10 (cosp —1)=K(I,p,s) —e(agy + ajpcoss — 1)
is a first integral and, indeed, a Hamiltonian function for equations (2.5), one has that the
inner Hamiltonian system (2.4) is integrable. Therefore, here does not appear a genuine
“big gap problem”, and KAM is not needed theorem to find invariant tori, since there is
a continuous foliation of invariant tori simply given by F' = constant. When ¢ is small
enough we have that the solutions are close to I = constant, that is, the level curves of F’
are almost ‘flat” or ‘horizontal” in the action I (see Fig. 2.2).

w

-5
0 T 27

13

Fig. 2.2: Inner dynamics in the variables (¢, I) for a;9 = 0.6 and ¢ = 0.01

2.2.2 Scattering map: Melnikov potential and crests

The scattering map was introduced in [DLS00] and is our main object of study. Let A
be a NHIM with invariant manifolds intersecting transversally along a homoclinic manifold
[. A scattering map is a map S defined by S(z_) = 7 if there exists Z € I satisfying

|p1(2) — d(Z4)] — Oast — Foo
that is, W*(Z_) intersects (transversally) W#(Z, ) in Z.
For a more computational and geometrical definition of scattering map, we have to

study the intersections between the hyperbolic invariant manifolds of A.. We will use the
Poincaré-Melnikov theory.

Melnikov potential
We have the following proposition [DH11, DLS06].

Proposition 5. Given (I,p,s) € [—I*,I*] x T2, assume that the real function

TeER+— L(I,p—IT,s—T7) € R (2.6)
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has a non degenerate critical point 7% = 7*(1, ¢, s), where

—+00

LI, p.s) = / (F(ao(0))gle + Io, 5+ 0:0) — F(O)glp + o, 5+ 030)) dor

o0

Then, for 0 < |e| small enough, there exists a unique transversal homoclinic point Z to A,

which is e-close to the point Z*(I,¢,s) = (po(T*), q0(7%), I, p,5) € WO(A):
F=3(I1,0,8) = (po(7*) + O(e), qo(7*) + O(e), I, p,5) € W™ (A h W3(A).  (2.7)

The function £ is called the Melnikov potential of Hamiltonian (1.1). In our case, from
(2.2) and (2.3)

L(I,p,8) = Ago + A1o(I) cos p + Ap; cos s, (2.8)
where or] i
w1 a T Qo1
Agp=4ag, Apw(l)=——~ and Ay = — 2.9
o0 0 10(7) sinh(ZL) o1 sinh(%) (2:9)
6
2
Fig. 2.3: The Melnikov potential, ;1 = a19/ap1 = 0.6 and I = 1.
We now look for the critical points of (2.6) which indeed are the solutions of
oL
E(I,(,D—IT,S—T) =0.
Equivalently, 7 = 7%(I, ¢, s) satisfies
I Ay(I)sin(p — I 7°) + Ajpsin(s — 7%) = 0. (2.10)

From a geometrical view-point, for any (I, ¢, s) € [—I*, [*] x T?, finding 7* = 7*([, ¢, s)
satisfying (2.10) is equivalent to looking for the extrema of £ on the NHIM line

R(I,p,8)={U,p—I1,s —71), T € R}, (2.11)
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which corresponds to the unperturbed trajectory of Hamiltonian Hy through (I, ¢, s) along
the unperturbed NHIM.

Thus we can define the scattering map as in [DH11]. Let W be an open subset of
[—1I*, I*] x T? such that the map

(I,p,8) e W= 11, p,s),

where 7*(1, ¢, s) is a critical point of (2.6) or, equivalently, a solution of (2.10), is well de-
fined and C?. Therefore, there exists a unique Z satisfying (2.7). Let T' = {Z(I, ¢, s;¢), (I, ¢, 8) €
W}. For any 2 € T there exist unique Z,_ = i, _(I,p,s;¢) € A. such that z €
We(z_)NWH(z4). Let

HJr,* = U{i‘+,*([7 ¥5 S5 5)7 <[7 ¥, 3) € W}
We define the scattering map associated to I' as the map

S cH_ — H+
I_ > S(i'_) :i’+.

By the geometric properties of the scattering map (it is an exact symplectic map
[DLS08]) we have, see [DH09] and [DH11], that the scattering map has the explicit form

S(Lps) = (145 (10) + 09— L) 1 OE)s) . (212
where
L*(I,p,8) =L, p—I7(I,p,5),s—1"(I,¢,5)). (2.13)

The new variable 6 = ¢ — Is

Notice that if 7%(I, ¢, s) is a critical point of (2.6), 7*(1,p,s) — o is a critical point
of
T— L(I,o—I(t+0),s—(t1+0)=L(I,o—Ic—IT,s—0—T). (2.14)

Since 7*(I,¢ — Io,s — o) is a critical point of the right hand side of (2.14), by the
uniqueness in W we can conclude that

™(l,p—1lo,s—0o)=7"(1,p,s) — 0. (2.15)
Thus, by (2.13),

L*(I,p—Io,s—o) =LUI,p—Ilo—I(T"—0),s—0—7T%
=L(I,o—It"s—7")=L"(I,¢p,s),
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and, in particular for o = s,
L*(I,p—Is,0) = L*(1,p,s).

Introducing the new variable
0=¢p—1Is,

we define the Reduced Poincaré function
L(I1,0) :=L*(I,p—1s,0) = L*(1,,s). (2.16)

We can write the scattering map on the variables (I,6). From (I',¢',s") = S(I, ¢, s),
we have that

b oL* oL* 5
0 =¢ —1I's —(gp 581([,gp,s)> (I+€a¢(1,go,s))8+(9(€)

- oL oL ,
—e—e(af (1.5 + 5 (I,w,8)8)+0(8 )
Stnce o1 oL oL oL* oL
I _ 9% e~ I _ 9%
R () R U T R )
we conclude that
0=60—¢ (%EI (I,@)) + O(£?) and I'=1+¢ (0;9 (I,@)) + O(£?).

Then, in the variables (I, ), the scattering map takes the simple form

S(I1,0) = (1 4B )+ 0(2),0— 885; (1,0) + 0(52)) , (2.17)

00

so up to O(e?) terms, S(I, 0) is the —e times flow of the autonomous Hamiltonian £*(I,6).
In particular, the iterates under the scattering map follow the level curves of £* up to

O(e?).

Remark 6. We notice that the variable # is periodic in the variable ¢ and quasi-periodic
in the variable s. Fixing s, then 6 becomes periodic.

Remark 7. Note that if for some values of (I,60) we have that VL*(I,0) = O(e), then
edL*/00(1,0) = O(e?) and e0L* /OI(I,0) = O(£?). In this case, the level curves of L*(1,6)
do not provide the dominant part of the scattering map S. Therefore, we will be able to

describe properly the scattering map through the level curves of the Reduced Poincaré
function on the set of (I,0) such that |VL*(I,0)] > e.
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Remark 8. Using Eq.(2.15) and setting s = o, we have that 7*(1, o —1s5,0) = 7*(1, ¢, s) —
s. So we can define
7(1,0) :=7"(1,p,5) — s (2.18)

and from (2.13) and (2.16) we can write £* as
L£(1,0)=L(1,0—I7"(1,0),—7"(1,0)). (2.19)

Remark 9. In the variables (1, 0), the variable s does not appear at all in the expression
(2.17) for the scattering map, at least up to O(e?). However, s does appear in the expression
(2.12) in the original variables (I, ), so we have in (2.12) a family of scattering maps
parameterized by the variable s. Playing with the parameter s, we can have scattering
maps with different properties. See Lemma 14 for an application of this phenomenon.

The crests

For the computation of the scattering maps, we use an important geometrical object
introduced in [DH11], the crests.

Definition 10. Fixed I, we define by crests C(I) the curves on {(I,p,s),(p,s) € T?},
satisfying
oL oL
I—(1 — (7 =0.
é)90( 1#,8) + 51, 0,5)
In our case
I Ayp(I)sinp + Agy sins = 0. (2.20)

Note that a point (I, ¢, s) belongs to a crest C(I) if it is a minimum or maximum, or
more generally, a critical point of £ along a NHIM line (2.11), that is, 7(,¢,s) = 0 in
(2.10), see Fig. 2.4.

Fig. 2.4: Level curves of £ for y = aj9/ap1 = 0.5 and I = 1.2. Crests (dashed) in blue and green and the
NHIM lines in black.
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Remark 11. Note that any critical point of £(, -, -) belongs to the crest C(I). In general
we have two curves satisfying Eq.(2.20), the mazimum crest Cy([), and the minimum
crest Cpy (7). The maximum crest contains the point (I, = 0,s = 0), and the minimum
crest the point (I, = m,s = 7). For a;g > 0, ag; > 0, the Melnikov function £(7,-, ")
given in (2.8) has a maximum point at the point (I, ¢, s) = (I,0,0), and a minimum at
(I,m, ), and the function (2.6) has a maximum on Cy(/), and a minimum on C,, (/). For
other combinations of signs of ayg, agi, the location of maxima and minima changes, but
for simplicity, we have preserved the name of maximum and minimum crest.

We now proceed to study the crests. By (2.9) we can rewrite Eq. (2.20) as

pa(l) sinp +sins =0, (2.21)
where p LT 72
I 1 inh(%
a(l) = w(l) _ sin (2)1 and  p= 20 (2.22)
Ao sinh(%") ao1

Note that if |ua(l)| < 1 we can write s as a function of ¢ for any value of ¢. On the
other hand, if |ua(I)| > 1 we can write ¢ as a function of s. So, we have two different
kinds of crests:

e For |a(l)] < 1/|u|, the two crests are horizontal, see Fig. 2.5(a), with
Cam(d) = {1, 0, 8mm(L, 9)) : 0 € T},

Em(l,p) = —arcsin(ua(l)sing) mod 27 (2.23)
Em(l,p) = arcsin(ua(l)sing) +m mod 27.
Ry(I
T @ =nu(l,s)
sm/2
ot L) 0 e=ny(l,s)
_W/20 /2 us 3r/2 -W/ZO /2 T 3m/2
L ®
(a) Horizontal crests: pu = ajg/ap = (b) Vertical crests: u = aip/apr =
0.6 and I =1.2. 1.2and I = 1.
Fig. 2.5: Types of crests.
e For |a(l)] > 1/|u|, the two crests are vertical, see Fig. 2.5(b), with
Cum(I) ={I,num(l,s),s):seT},
nu(I,s) = —arcsin(sins/ (pa(I))) mod 27 (2.24)

Nm(I,s) = arcsin(sins/ (pa(l))) +m mod 2.
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Remark 12. The case |a(I)| = 1/ |ul is singular, since both crests are piecewise NHIM
lines and they touch each other at the points (¢, s) = (7/2,37/2), (37/2,7/2). See Fig. 2.6.

s /2

0

/% /2 ®  37/2

¥

Fig. 2.6: Singular case: Crests for I =1 and p = 1.

We can describe the relation between the crests C(/) and the NHIM lines R(7, ¢, s)
through the following Proposition:

Proposition 13. Consider the crest C(I) defined by (2.21) and the NHIM line R(I,p,s)
defined in (2.11).

a) For |u| < 0.625 the crests are horizontal and the intersections between any crest and
any NHIM line is transversal.

b) For 0.625 < |u| < 0.97 the two crests C(I) are still horizontal, but for some values of
I there exist two NHIM lines R(I,p, s) which are quadratically tangent to the crests.

c¢) For |u| > 0.97, the same properties as stated in b) hold, except that for |ua(l)| > 1,
the crests C(I) are vertical.

Proof. The “horizontality” of a) and b) and the “verticality” of ¢) are due the upper bound
of |u|. Since |a(I)] < 1/0.97 (see Fig.2.7), for |u| < 0.97, the crests are horizontal, that is,
they can be expressed by equations (2.23).

The condition of transversality is proved in [DH11]. Essentially, the proof is to ob-
serve that |Ia(])| < 1.6 and that there exists a ¢ such that 0¢(1,¢)/dp = 1/I if, only if,
|[Ia(I)| < 1/ |u|(we will prove it in a slightly different context, see the proof of Proposi-

tion 20.)
About the amount of NHIM lines tangents to C(I), the proof is given in subsection
2.2.2. O

In Figs. 2.5(a) and 2.5(b) we have displayed a segment of the the NHIM line R(I, ¢, s),
|7| < m, and we see that it intersects each crest Cy(I) and Cy,([) transversally, giving rise
to two values 73; and 7.7 , therefore to two different scattering maps. We denote by 73; the
7 with minimum absolute value such that given (1, ¢, s), (I, —I71,s—71) € Cy(/) and 7%
is defined analogously when (I, — IT,s — 7) € Cy,(I) (see [DH11]).
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Fig. 2.7: Graph of |a()]

Scattering maps and crests

Note that 7% and 73} are associated to different homoclinic points to the NHIM A, and
consequently, to different homoclinic connections. From this we build different scattering
maps. The most natural way is to associate one scattering map to each crest. And we will
do this on the variables (I, ¢, s) and (I, 6), where § = ¢ — Is.

Before, we make some considerations about the NHIM lines defined in (2.11). Note that

)m o Ts= (o I7)— 1(s— 7).

that is, 6 is constant on each NHIM line R(I,¢,s), so we will also introduce another
notation for a NHIM line R(/, ¢, s), namely

Ro(I) :={(I,¢,5): p—1s=0}.

Since (p,s) € T?, R(I, ¢, s) is a closed line if I € Q, whereas it is a dense line on T? if
I ¢ Q. In this case, R(I, ¢, s) intersects the crests C(/) along an infinite number of points.

Recall (see Remark 6) that 6 is quasi-periodic in the variable s € T. To avoid mon-
odromy with respect to this variable, we are going to consider from now on, in this Chapter,
s as a real variable in an interval of length 27, —7/2 < s < 37 /2. Under this restriction,
the NHIM line R(I, ¢, s) defined in (2.11) becomes a NHIM segment

R(I,p,8)={(I,p—I1,s—7);—71/2 < s—T1 < 3m/2}, (2.25)
as well as Ryp([), which can be written as
Ro(I) ={(L,p,5):p—Is=0,(p,s) € T x (—n/2,3m/2]}. (2.26)

From now on, when we refer to R(I,p,s) and Ry(I), they will be these line segments.
Notice that # € T.

We begin to consider the primary scattering map Sy associated to the maximum crest
Ch, that is, we look only at the intersections between the segment R(I, ¢, s) given in (2.25)
and Cyy(I), parameterized by (1, ¢, s) = m1(1,0) + s (see (2.18)):

CM(I)HR(L‘:D?S) = {(1790_]7_13[([79073)’&\/[(]’@_]TK/I<I’<P78)))} (2'27)
= {([790_ITK/I([79075>78_T]T4<17§075))} (228)
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Equation (2.27) motivates us to introduce a new variable ¢ = ¢ — I'T3;(1, ¢, s) that will
be useful in many contexts.

The variable ¢): a variable on the crest.

Let C(I) be a crest such that it can be parameterized by (I, ) as in (2.23). Since
(1, ¢, s) is the value of 7 such that R(I,p,s), given in (2.25), intersects C(/), we define

ve=p—I1"(1,p,s). (2.29)
By (2.18) we can also write ¢ in terms of the variable 6:
Yp=9o—1(t"(1,0)+s)=0—17"(1,0). (2.30)
By (2.27) and (2.28),

S — T*(Iv ¥, S) = 5(17 ¥ - ]T*<]7 @, 8)) = 5(17 1/}) (231)

In particular, for s =0, £(I,v) = —7*(I, ¢,0) = —7*(I, 0) again by (2.18) and from (2.30)
we have the expression of 6 in terms of :

0= — IE(I,0). (2.32)

All the relations between the variables (¢, s), 6 and v are written in Table 2.1 and are
displayed in Fig. 2.8. By the definitions of L*(/, ¢, s) in (2.13), and £*(/,0) in (2.16) and
(2.19), we have that

LNL,0) = L*(1, ¢, 8) = LI, 4, €(1,4)), (2.33)

So we can define the reduced Poincaré function in terms of (1,) simply as the restriction
of the Melnikov potential £(I,p,s) on the crest C(I) = {(I,v,&(1,v), ¢ € T)}, ie.,

L(L,) = L1, ¥, §(1,9)), (2.34)
which in our case takes the simple and computable form
£5(1,4) = Ag + Awo(I) cos b + Aoy cos £(I, 1), (2.35)

for a horizontal crest (3.21).

Therefore, as (I,1,&(1,1)) are points on the crest, the domain of L*([,-,-) is a subset
of C(I). So, if there exist different subsets where L*(1,-,-) can be well defined, we can
build different scattering maps associated to C(I).

Denote LI(1,0) = L(I,p — I/ (I,¢,8),s — 7(1,,s)), i« = m,M, and £f(I,¢) =
L(I,,&(1,7)) from (2.33) and (2.34). We state the following lemma

Lemma 14. a) The Poincaré Reduced functions £5,(1,%) and L},(1,0) are even func-
tions in the variable I, that is, £3,(1,¢) = £3,(—=1,v¢) and L3,(1,0) = L3,(-1,0),
and consequently Sy(1,0) is symmetric in this variable I. The same happens for
Sn(I,0), that is, for the scattering map associated to Cy, ().
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™
| 0=v—II,y) | w=0-Ir"(1,0) |
m/2} | 0=p—1Is | p=0+1s |
| v=p—Im"(I,p0,8) | p =0+ 1(s—&(1,0)) |
0 Table 2.1: Relation between variables.
§(1y)
/25 /2 - 31/2

Fig. 2.8: The three variables on the plane (¢, s):
p, 6 and .

b) The scattering map for a value of pu and s = m, associated to the intersection between
Ry(I) and C\,(I) has the same geometrical properties as the scattering map for —u
and s = 0, associated to the intersection between Ry(I) and Cy(I), i.e.,

Sum(Lp,m) = S_m(l,0,0) =S m(1,0)

Proof.  a) This is an immediate consequence of the fact that function Ao(/) is even and
Em(, o) is odd in the variable I, see (2.9) and (2.23).

b) First, we look for 7% such that the NHIM segment Ry(I) intersects the crest Cy,(1).
If we fix s = m, we have by (2.13) and (2.8):

szm(l, o, m) = Ago + Aro(I) cos(p — I (I, p,m)) + Ay cos(m — 75 (I, 0, m)). (2.36)
Besides, we have by (2.10)
TAy(I)sin(e — IT)) + A sin(m — 7)) =0,
which, introducing p (2.22), is equivalent to
pa(l)sin(e — ITy) +sin(m — 70) = 0, (2.37)
or
—pa(l)sin(p — ITy) + sin(—7,;) = 0. (2.38)
By (2.31) and (2.23) we have that 71 — 78 = & (L, @ — IT)) for /2 < &, < 37/2 and
therefore —7 /2 < —7 < 7/2.
By looking at (2.37) and (2.38), 75 (I, , ) for p is solution of the same equation
as Ty (1, ¢,0) for —p, and lies in the same interval —7/2 < —73; < /2. Therefore
(L, @, ) for pu is equal to 73(1, ,0) for —u. From (2.36), L7 (I, ¢, 7) satisfies
L w(Lp,m) = Ao+ Aio(l) cos(p — 7y (1, ,0)) + (—Ao) cos(—my (1, 9, 0))
= L \(T,,0).
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Since L7 .(+,-,m) and L* (-, -,0) coincide, their derivatives too and this implies
that Sym(L, o, m) =S_,m(L,,0) =S_,m(L,0).
[

The importance of the part b) of this lemma is that, concerning diffusion, the study for
a positive p using Sy(7,0) is equivalent to the study for —p using Sy, (1, ¢, ), i.e., if we
ensure the diffusion for a positive u, we can ensure it for a negative one (just changing the
scattering map). Besides, since Sy(1, ) symmetric in the variable I (from the first part of
the lemma), from now on we will consider always I > 0, > 0 and Sy;.

Now we are going to describe the influence of the intersections between the crests and
the NHIM segments with respect to the parameter p described in Proposition 13 on the
scattering map associated to such crests.

Single scattering map: pu < 0.625

As in [DH11], assuming ¢ < 1/1.6 = 0.625, the crests are horizontal and there is no
tangency between Ry(I) and Cy(I), so that (7, 0) is well defined and by (2.19) and
(3.11) the reduced Poincaré function takes the form

‘CK/I(I7 9) = AOO + Alo([) COS(Q — [T&([, 9)) + A()l COS(—TK/[([, 0)), (239)
and therefore Sy(7, 6) takes the form (2.17).

Example To illustrate this construction, we fix 4 = 0.6. In this case the crests are
horizontal for all I, and we display Cy([) parametrized by &y (see (3.21)) in Fig.2.9 for
I =1.2. We can see how Ry([) intersects transversally Cy (1), as well as the phase space
of scattering map Sy generated by this intersection given by the level curves of £3,(1,6).

Remark 15. Recall from Remark 9 that s does not appear in the expression (2.17) for
S(1,0) and is a parameter in the expression (2.12) for S(I,p,s). Computationally, one
difference is that in expression (2.12), once fixed a value of s, one throws from any “initial
point” (¢, s) the NHIM segment R(I,p,s) until it touches the crest C(I) after a time
(I, p, s), obtaining a value for L*(1, ¢, s) given by (2.13), while in expression (2.17), s is
fixed equal to 0 or, equivalently, the initial point to throw the NHIM segment Ry(I) is of
the form (0,0) (see Fig. 2.8).

Multiple scattering maps: 0.625 < u < 0.97

As said before, for 4 < 1/1.6 = 0.625 and any value of I, the two crests Cy(I) and
Cw(I) are horizontal, and the NHIM segment Ry(/) intersects transversely each of them,
giving rise to a unique scattering map Sy and S,, associated to each crest. We will now
explore larger values of p to detect tangencies between C'(I) and Ry(I), that is, when there
exists (¢, I) such that

S
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s=t(l4)
A1)
ool Ry(I B 3
1
sm/2 @
a1
g s=&ulLe) -3
-7r/?0 -5
/2 ™ 3m/2 0 /2 T 3m/2 2m
12 0
(a) Intersection between Ry(I) and (b) The level curves of £3;(,6).
Cum(I) (in blue) for p = 0.6 and
I1=1.2.

Fig. 2.9: RQ(I) N CM(I) and SM(I,Q)
where £(1, @) is the parameterization (3.21) of the crest.

Tangencies between C(I) and Ry(/) and multiple scattering maps

We take Cyp(/) parameterized by &y as in (3.21). For the other crest Cy, (1) is analogous.
Suppose that there exists a tangency point between Cy(1) and Ry(I). This is equivalent to
the existence of ¢ such that 0y /0v(I,v) = 1/1. Using (3.21), this condition is equivalent
to

I 1
___paDeosy 1 (2.40)
V1= p2a(l)?sin?y 1
where «([]) is introduced in (2.22). Therefore

PPpla(l)? -1
w = + arctan (\/TO&(I)Q + m,

where the expression under the square root is non-negative for 0.625 < p < 0.97 for some
values of I by Proposition 13. We are considering just these values of I.

Equation (2.40) implies cosi < 0, say ¢ € (7/2,37/2). Denote the two tangent
points by v, and v, and, without loss of generality, ©; < 1 with ¥y € (7/2,7] and
o = 2w — Yy € [m,37/2).

We consider the function relating the variables 6 and ¢ (see Table 2.1)

and define
01 = 1 — 1&u(1, 1) and Oy = by — I&0i(1,92).
The function 0(¢)) has only two critical points, ¥; and 1, except for the case where
1 = Y9 = w. Besides, we have

Om _ Tpa()cosy
5y () = e <0 W (0,7/2) U (37/2,27)

25

I




Therefore, —10&y; /0 > 0, thus df/di) =1 — 10&y /0 >0 Vb € (0,7/2) U (37w/2,27).
By continuity of df/diy and since 6(v)) has only two critical points, we have

% > 0 Vi€ (0,¢1) U (¢hy, 27)
% < 0 Ve ().

Therefore 0, = 6(1p1) > 02 = 0(1)5). Note that 0([vg, 27]) = [02,27]. As 6, € [02,27],
there is a 1)1 € [1)y, 2] such that () = 1. As df/dip is positive, ; is unique in that
interval. Analogously, we have QZQ € (0,v1) such that 9(152) = #,. We have 152 <y <
¥y < 1. We can build, at least, three bijective functions:

O, Dy = [o, 1/?2} U (s, 27] 5 [0, 27] (2.42)
0p - Dy = [0,41) U [@El, 2%} 5 [0, 2]

Oc: D¢ := [0,%] U (¢1,%2) U [121727T} — [0, 27]

If ¥ < 19, that is, the tangency point is different from 1) = 7, we have, at least, three
scattering maps associated to Cy, the scattering map associated to L*(1,0;), j = A, B, C.

Remark 16. Those three scattering maps appear because the NHIM line Ry(]) intersects
Cw (1) three times for 6 in the interval (64, 62).

Definition 17. We call tangency locus the set

o€ 1
1,0 c—(1 =—and [ €[-I"I"] ;.
{owy: Giuw) = jadrer-rory

Fixed I such that there exist tangencies, as we have seen before, there exist #; < 65 such
that (I,6,), (I, 602) belong to the tangency locus. We have that for any 6 ¢ (6,,62) there is
only one scattering map. But we have three different scattering maps for 0 € (6;,605). We
can see this behavior on the example below.

Example We illustrate the scattering maps of Cy(I) for = 0.9 in Fig. 2.10. We can
see the three scattering maps and we emphasize their difference showing a zoom around
the tangency locus. In this zoom, we can see curves with three different colors. Each color
represents a different scattering map.

The scattering maps “with holes”: p > 0.97

We study now the case when p is large enough such that pa(I) > 1 for some I, that
is, for ;> 0.97. In this case, the horizontal crests become vertical crests for some values
of I. But locally, the structure of the parameterizations & and &, are preserved, that is,
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(¢) Zoom around the tangency locus

Fig. 2.10: Tangencies: Multiple scattering maps.

even if the crests are vertical from a global view-point, these crests are formed by pieces
of horizontal crests. So, some intersections between Ry(I) and C'(I) parameterized by the
vertical parameterization 7, given in (2.24), can be seen, indeed, as intersections between
Ry(I) and C(I) parameterized by &, given in (3.21). Using this idea, we can extend the
scattering map associated to the reduced Poincaré function, given in (2.34), for the values of
(I,¢) such that ua(l) > 1 but |ua(I)sing| < 1. For some values of ¢ like ¢ = 7/2,37/2,
this is not possible, and for those values of ¢ some “holes” appear in the definition of the
scattering map when the horizontal parameterization ¢ is used.

Remark 18. For the diffusion, a priori, the existence of such values can be a problem.
However, one can avoid these holes using the inner map, or using another scattering map
associated to the vertical parameterization 7 given in (2.24).

Example We illustrate this case in Fig. 2.11. We display in (a) an example of intersection
between Ry(I) and Cy(I) and in (b) the level curves of £3,(1,6) (recall that they provide
an approximation to the orbits of the scattering map Sy (7, #)). The green region in (b) is
the region where the scattering map is not defined, that is, for a point (7, 6) in this region,
Ry(I) does not intersect Cyi(1).
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Fig. 2.11: Scattering map with holes

Summary of the scattering maps

Taking into account the results of the last three sub-subsections 2.2.2-2.2.2 on the
primary scattering map Sy, Sy, for > 0 as well as Lemma 54 we can complete Proposition
13.

Theorem 19. Consider the crests C(I) defined in (2.21) and the NHIM lines R(I,6)
defined in (2.26)

o For 0 < |u| < 0.625 the two crests are horizontal and the intersection between any
crest and any NHIM lines is transversal. There exist two primary scattering maps

S(1,0) defined on the whole range of 6 € T.

e For 0.625 < |u| < 0.97 the two crests are still horizontal, but for some values of 1
there exist two NHIM lines Ry, (I), Rg,(I) which are geometrically tangent to the
crests. There exist two or six scattering maps defined for 6 # 601, 5.

e For |u| > 0.97, the same properties stated in b) hold, except that for some bounded
interval of |I| there exists a sub-interval of 0 € T such that the scattering maps are
not defined.

2.3 Arnold diffusion

In the rest of the chapter, our goal will be the study of Arnold diffusion using adequately
chosen scattering maps. For this diffusion, it will be important to describe the level curves of
the reduced Poincaré function £*(1, 9), since the scattering map is up to an error O(g?), the
—e time flow of the Hamiltonian £*(7,6). Among the level curves of £L*(1,0), we will first
describe two candidates for fast diffusion, namely the ones of equation £*(I,0) = Ao+ Ao,
that will be called “highways”. Indeed, such highways will be taken into account in the two
theorems about the existence of diffusion that will be proven in this section.
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In the next proposition we prove that L£*(1,0) = Ay + Ao1 is a union of two “ver-
tical” curves in a rectangle T x B, that is, it can be written as H; U H, where H, =
{(1,0(I)) : I € B}, 0x(I) is a smooth function, and the index k takes the value 1 for left
(0 < 6(I) <) or for right (7 < 6,(I) < 2m). To prove this, we only need to prove that

aaceM.(I, 0) #0 Y(I,0) € {(1,0): L3;(I,0) = Ay + Aos and I € B}.

2.3.1 A geometrical proposition: The level curves of L*(1,0)

Proposition 20. Assuming aigap; # 0, the level curve L*(1,6) = Ago+ Ao1 of the reduced
Poincaré function (2.16) is a union of two “vertical” curves on a cylinder (0,1) € T x B,
where the set B is given by

o for |u| < 0.625, B is the real line.

o for0.625 < |u|, B=(—oc0,—1;4)U (=14, I4)U (L4, +00), where

Bsinh(r/2) 1
Iy = I R Sl St A —
" ma"{ = (I 2) !u!}
and
— I, =min{I > 0: 3sinh(7/2)/sinh(I7/2) = 1/ |p|}, for |u| <1
— I, =min{I > 0: [*sinh(7/2)/sinh(I7/2) = 1/ |u|}, for |u| >1

Proof. Consider the real set A:

A:{120:|a(1)|§ﬁ}. (2.43)

For I € A, the maximum crest Cy(I) is horizontal and can be parameterized by the
expression (3.21) and &y(7,0) = &u(I, m) = &u(L, 2m) = 0.
Consider now the subset of A

B = {I € A : there is no tangency between Cy(/) and Ry(I)}. (2.44)

As already mentioned, for I € B one has 0&/0y(I,v) # 1/I, Yy € [0,2x]. In par-
ticular, for I € B the change (2.32) v € T — 0 = ¢ — I{(1,¢) € T is smooth with
inverse

V=0 Iry(1,0) VoeT. (2.45)

Then we can rewrite for I € B and 0 € T the reduced Poincaré function £3;(,0) of (2.39)
in terms of this variable v as

Lyl ) = Aoo + Aio(I) costp + Agi cos&u(l, ).
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Notice that £5;(1,) is well defined for all (1,1) € Ax T and it is immediate to see that
for any I € A there exists exactly one ¢y € (0,7) and another one ¥, € (m,27) such that
L3(I,10) = L£x(1,41) = Ao + Ap1. Restricting now to I € B, the same property holds
for £*(I,0), since the relation between € and v is a change of variables sending 6 = 0, =
to ¥ = 0, 7 respectively. In other words, introducing the projection II : R x T — R,
I1(1,0) = I, B CII (L3 (Ao + Aor))-

We can characterize B defined in (2.44) by the following property

1
< —.
|

Indeed, by definition (2.43), A is characterized by I € A < a(l) < 1/ |u|, where a(I) > 0
is defined in (2.22), and it satisfies lim; ,o+ a(/) = 0 = lim; 1 (/) and it has a unique
positive critical point I, ~ 1.219 which is a global maximum, see Fig.2.12. Therefore

I € Be B(I) = Ia(l) (2.46)

1
all) < a(l,) = A 1.03. (2.47)
On the other hand, for I € A there exist tangencies between Cy(I) and Ry(I) as long as
the condition (2.40) holds, which can only take place for |[Ia(I)| > 1/u, which justifies the
characterization (2.46) for B.
The function B(I) is very similar to «([), that is, (1) is always positive for I > 0 , it
has a unique positive critical point Ig = 1.9 and 5(I) = 0 as I — 0 and I — +oo. This
positive critical point is a global maximum point,

B(I) < B(I5) = 1.6. (2.48)

Besides, by (2.46), for I < 1, 5(I) < a(I), (1) = a(l) = 1 and for I > 1, B(I) > ().
See Fig. 2.12.

1.6

1.03]

1/w

Fig. 2.12: Graph of a(I), in red, and §(I), in blue (dashed).

Now we consider the three case of the proposition, that is, 1) |u| < 0.625, 2) 0.625 <
[ul <1 and 3) [u > L.
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e Case 1 |u| < 0.625, that is, 1/ || > 1.6. Then, by (2.47) and (2.48),

1 1
u m

for all I, that is, for I > 0, B = [0, +0) .

e Case 2 Note that for 0.625 < |u| < 0.97

1
a(I) <1.03=1/0.97 < i < 1.6 = B(Ip),

and by (2.47), A = [0,+00). But, now S(I,) > 1/ |u|. Then there exist two values
I € A such that S(I) =1/ |p|. Define

I, =min{l:5(I)=1/|u|} and I, =max{l:p(I)=1/|p}. (2.49)

By the characterization (2.46) of the set B we have B = [0, 1) U (114, +00).

For 0.97 < |u| < 1, there exist I, < I such that a(l;) = 1/|ul|, j € {a,a} and
A =10,1,) U (Iz,+00). Analogously, there exist I, < [ such that 5(I;) = 1/|ul,
j € {bb}. As I, < I, and I; < I}, we have B = [0, 1) U (I, +0), see Fig. 2.12.
But this the equivalent to B = [0, 1) U (I+4,400), where I, and I, are given by
(2.49).

e Case 3 This case is similar to the Case 2 for 0.97 < |u| < 1. But now, as |u| > 1, we
have I, < I. So, in this case we have B = [0, I,)U([;,00), or B = [0, [ )U([ 4, +00),
where I, =min{l : (/) =1/ |u|} and I,y =max{l: =1/|pu|}.

Finally, we see that £3(1,60) = A + Ao1 is composed by two curves in rectangles
(0,1) € ((0,7) U (m,2m)) x B. This is equivalent to prove that the derivative of this curve
with respect to the variable 6 is different from O for all [ in B. For any I € B, we compute
the expression for 0Ly, /06(, ) which using (2.10) and the change of variables (2.45) takes

the form
0Ly

06

and never vanishes for ¢ € (0,7) U (m, 27), or equivalently, for § € (0,7) U (m,27). Then
L3(I,0) = Ago + Ao is composed by two vertical curves on B.

As we have seen in Lemma 54, L*(—1,0) = L£*(1,6). Then, the level curve £3,(1,6) =
Ago + Ap1 is also defined for I < 0, which concludes the proof. ]

(1,6) = — Ay (1) sin(e), (2.50)

Remark 21. Using the expressions above for I, and I, one can check that

™

] Y
T 2| u|sinh(7/2)

2
and [, ~ (—) log(|2sinh(mw/2)pu|), as |u| — +oc.
T
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Definition 22. We call highways the two curves H; C (0,7) x T and H, C (7, 27) x T such
that £*(1,0) = Ago + Ao1. By Proposition 20, they exist at least for I € (—oo, —I;4) U
(=14, 1)U (I44,+00) for |u| > 0.615 and for any value I for |u| < 0.625. If aj;p > 0,
by (2.50), OL*/00 is positive (respectively negative) along the highway H, (resp. H)). If
a9 < 0, change H; to H,.

Proposition 23. Consider the Hamiltonian
p2 I2
H.(p,q,1,p,s) ==+ (5 + cosq — 1) + 5 + ecosq (aj cosp + azcoss) ,

ayay # 0. The highways take the form

arccos ( 228=JUD ) 4 Tarccos(f(I)), I <0;

9}1(]> — Al(l)
arccos %&3@) — Tarccos(f(I)), I >0;
and
(1) — arccos fb(jl;&‘)(f)) — Tarccos(f(I)), I<0;
H pu—
— arccos %&0)@) + T arccos(f(I)), I > 0;

where 0, € (0,7) and 0y € (7, 27).

Proof. From (2.20), (2.33) and the definition of the highways, we have the following two
equations

Ai(I)cos(0 — I7") + Ay cos(—7%) = Ay (2.51)
TA (I)sin(6 — IT") + Ay sin(—7") = 0.

Multiplying by I the first equation we obtain

TA(I)cos(0 — IT") + T A (cos(—7") — 1) =0
TA(I)sin(0 — I7*) + Agsin(—71") = 0.

or equivalently

TA(I)cos(0 — IT") = —1 Ay (cos(—T1") — 1)
TA{(I)sin(0 — IT") = — Ay sin(—77).

We sum these two equations squared and we obtain
IPA(I) = [T A, (cos(—7%) — 1)]* + A2sin®(—7%).

After some arithmetical manipulations we obtain the following equation of second de-
gree in cos(—7")

(I* — 1) A cos®*(—7*) — 212 A3 cos(—7") + AS(I* + 1) — I?A(I) = 0.
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Solving this equation we have

212A2 £ \JAT*AS — A(12 — 1)AZ[A3(12 + 1) — I2A%(1)]
2(12 — 1) A2 ’

cos(—7") =

After more arithmetical manipulation and considering that —1 < cos(—7*) < 1 we have

. IPAy — /A3 + 1)I12A3(1)
cos(—T1%) = = 1)A2 :
In order to simplify the notation we define
I’A A+ ( 1)12A2(1
iy = BV 0
(12 — 1)A2

And therefore,
—7%(1,0) = + arccos(f([)).

Remember that we have two highways. This explains why we have found two different
values for the function 7*. Then we can rewrite the first equation of (2.51) as

Ai(I) cos(f £ Iarccos(f(I))) + Aaf(I) = As.
This immediately implies

Ay (1= f(1))
Ai(I)

From the four possibilities, by comparing with numerical results we obtain

0 = + arccos < > F I arccos(f(1)).

arccos M + Tarccos(f(1)), I<0;

On(I) = As(1 o )I
arccos 2(—“ — Tarccos(f({ 1> 0;
( ) ) Y
and
() — arccos % — Tarccos(f(1)), I <0;
u(l) = :
— arccos %&’)(I)) + I arccos(f(I)), I>0;

2.3.2 Results about global instability

Now we are going to prove two results about existence of the diffusion phenomenon
in our model. The first one is a direct application of the geometrical Proposition 20 just
proved and describes the diffusion that takes place close to the highways. The second is a
more general type of diffusion, valid also for the values of the action I where there are no
highways.
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Fig. 2.13: Highways in black for u = 0.6.

Diffusion close to highways

Theorem 24. Assume that ayoagy # 0 in the Hamiltonian (2.1)+(2.3). Then, for any
I* there exists e¢* = ¢*(I*) > 0 such that for 0 < & < &*, there exists a trajectory
(p(t),q(t), I(t),p(t)) such that for some T >0

where the admissible values for I* = I*(u) satisfy
o For |u| < 0.625, I* is arbitrary I* € (0, +00).

e For0.625 < |u| <1, 1" €(0,1,), where I, = min{I > 0: I*sinh(7w/2)/sinh(7[/2) =
1/ |pl}-

o For|u|>1, I* € (0,1,), where I, = {I > 0: I*sinh(7/2)/sinh(71/2) = 1/ |pul}.
Proof. Recall that the reduced Poincaré function, given in (2.39), is
Ly(1,0) = Ago + Aro(I) cos(0 — Iy (1,0)) + Aoy cos(—my(1,6)).

During this proof, we denote 73;(1,0) simply by 75;. For € small enough, the scattering
map Sy (7, 0) takes the form (2.17) for L* = L3, so that orbits under the scattering map
are contained in the level curves of the reduced Poincaré function £3;, up to error of O(e?).

Proposition 20 ensures the existence of the highways as two vertical level curves £,(1,0) =
Aog + A()l for I in

e (—o0,+00) for |pu] < 0.625.
o (—I,1,), where

— I, =min{l > 0: I*sinh(7r/2)/sinh(7/2) = 1/ |p|} for 0.625 < |u| < 1;
— I, =min{l > 0: I*sinh(7w/2)/sinh(7/2) = 1/ |p|} for |u| > 1.
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Take a9 > 0. Then given I* > 0 (with the restriction I* < I if |u| > 0.625), 9L3; > 0
along the highway H,. Note that (I, 0y) := (0,37/2) € H,. Taking any (;,6;) € H,, I, > 0,
its image under the scattering map (EH, 5@41) = Sm([;, 0;) satisfies E+1—I¢ = O(e) > 0 and
is O(e?)-close to H,. Using the inner map on A, we find (Liv1,0i1) = ¢ti+1(fi+1, g’iﬂ) € H,
with ;11 — I; = O(e) > 0. Continuing recursively in this way, we get a pseudo-orbit
{(1;,0;),i =0,...,N} C H, with Iy > I* formed by applying successively the scattering
map and the inner map. Using the symmetry of H,, introducing I; = —I; for i < 0,
we have the pseudo-orbit {(I;,0;),|i| < N} C H,. Using standard shadowing results
in [FMO00, FMO3] based on the existence of transverse heteroclinic orbits between non-
resonant tori (changing slightly I; to obtain an irrational frequency of the inner map, if
necessary) or newer results like the corollary 3.5 of [GLS14] where the recurrence property
of the inner dynamics is also used, there exists a trajectory of the system such that for
some T, Iy < —I* and I(T) > I*. If ajp < 0, changing H, to H, all the previous reasoning
applies. O

—

0 /2 ™ 3m/2 2
0

1
(9]

Fig. 2.14: The diffusion trajectory in Sy for p = 0.6.

The general diffusion

Now we present a theorem that ensures the diffusion for all values of the parameter
a0, ap1 (as long as ajpag; # 0) and for any value of I*. Besides, we prove it using the
geometrical properties of the scattering map that we have explored up to now.

Theorem 25. Assume that ajpapr # 0 in the Hamiltonian (2.1)+(2.3). Then, for any
I* > 0, there exists €* = €*(I*) > 0 such that for any e, 0 < & < €*, there ezists a trajectory
(p(t),q(t), L(t),p(t)) such that for some T > 0

I(0) < —I* < I* < I(T).

Proof. Our proof consists on showing the existence of adequate orbits under several scatter-
ing maps, whose orbits will be given approximately by the level curves of the corresponding
reduced Poincaré functions, in such a way the value of I will be increasing. Later on, we
will combine them with orbits under the inner map to produce adequate pseudo-orbits for
shadowing.
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We begin with the simplest case. Assume || < 0.625. In this case the highways, by
Proposition 20, are defined for any value of I € R and Theorem 24 ensures the diffusion
phenomenon.

We now assume 0.625 < |u| < 0.97. In this case for some value of I there may exist
tangencies between the crests Cy (/) and the NHIM lines Ry([). Again by Proposition
20, in this case the highways are defined for all I € (—oo, =1, 1)U (=11, I, ) U (14, +00)
where 0 < I, < I,,. The case I* € (0,1,) is contained in the result of Theorem 24. So,
we are going to consider I* € [I,, +00).

As before, we have one Sy-orbit contained in one highway where [ is increasing. We
have to study the region of I where the highways are not defined.

Our strategy is proving the existence of a scattering map in the side of # where the [ is
increasing, that is, for § € (0,7) or 6 € (m,2m) (this depends on sign(aig)) where 9Ly,/00
is positive. Then, we will use the inner map (or another scattering map S’) for changing
of pseudo-orbit (level curve) of £;;. In this way, we continue the growth of I.

Forany I € (=1, —1;)U (I, I1}), there exist tangencies between Cyy(I) and Ry([),
i.e., there exists ¢ such that 9&,,/0¢ = 1/I, and therefore there exist three different
scattering maps.

Consider the case with i > 0. As we have seen in Subsection 2.2.2, ¢ € T + 6 € T given
in (2.41) is no longer a change of variables, but we have three bijections 6; : D;(I) — T,
i € {A,B,C} (see (2.42)). And for each bijection we have a scattering map associated to
it. Among these three scattering maps, we will chose only one for the diffusion. Consider
first the case ajp > 0 (recall that the highway H, goes from —I, toward I). We chose
for instance, the scattering map associated to the reduced Poincaré function L3 ,(1,0) =

L3,(I,04(1)), ¥ € Da(I) since

oLy,
0

and therefore the iterates under the scattering map Sui.a(/1, 0) (2.17) associated to Ly; 5 (1, 0)
increase the values of I for § € (m,2m). Notice that by definition of D4(I) for ¢ €
Da(I) N (7, 27) = (1o, 2m) with 1y € (7,371/2) (see Subsection 2.2.2) there are no tangen-
cies between the crest and the NHIM segment.

We can now proceed in the following way. We first construct a pseudo-orbit {(1;,6;) :
i =0,...,N} C H, with [j = 0 and Iy = I, as in the proof of Theorem 24. Note
that all these points lie in the same level curve of L3, that is, £y;(1;,0;) = Ago + Ao1, i =
0,..., Ni. Applying the inner dynamics, we get (In;+1, On;+1) = @y, (Iny, O, ) With O, 11 €
(0a(¥2(In,)), 27) and then we construct a pseudo-orbit {([;,6;) : i = Ny +1,..., N1+ M} C
LipalIng11,0x,41) = Inypr with 0 € (Ox,41,27), 27 — Ony o, = O(e%). Applying the
inner dynamics, we get (IN1+M1+170N1+M1+1) = (thl-;_Ml (IN1+M170N1+M1> with 6N1+M1+1 S
Oa(a(In,+M, ), 2m)). Recursively, we construct pseudo-orbit {(/;,6;) : i = Ny +1,..., Ny}
such that In, > I . We finally follow the highway from 7, to I* constructing a pseudo-
orbit {IZ,HZ) 1= NQ, ...,IN3} C Hr with IN3 =1

Using the symmetry properties (see Lemma 54) introducing I; = —I; for i < 0 we
have a pseudo-orbit {(I;,6;) : |i] < N3} with I_n, = —I*, Iy, = I*. Using now the same

(1,04(¢0)) = —Ayo(I)sin(yp) >0 for o € Da(I) N (m,2m)
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shadowing techniques as in the proof of Theorem 25, there exists a diffusion trajectory. If
ayp < 0, changing H, to H) all the previous reasoning applies. O

Remark 26. For the proof of this theorem we have chosen a simple pseudo-orbit, just
choosing the scattering map Sy 4 when it was not unique. Of course, there is a lot of
freedom in choosing pseudo-orbits, and we do not claim that the one chosen here is the
best one concerning minimal time of diffusion.

5

1

i =

[uy
S

_Eb /2 ™ 3m/2 2m _50 7r/2 ™ 3#/2 o
0 0
(a) Sm for p=1.5 (b) Sy combined with inner map (in

red)

Fig. 2.15: For p = 1.5, highways are not preserved. Inner map and scattering map can be adequately
combined

Remark 27. A rough estimate for ¢* = ¢*(I*) of Theorem 25 . The scattering map
S(1,0) (2.17) is the —e time map of the Hamiltonian £*(1, ) given in (2.39), up to order
O(e?). Therefore, as already noticed in Remark 7, if |0L£*/00(1,0)| < € or |0L*/0I(I,0)| <
g, the level curves of £*(I,6) are not useful enough to describe the orbits of S. It is easy
to check that VL*(1,0) only vanishes for I =0, 0 =0, 7 mod 27 and that ||VL*(1,0)| <
87 |ayol| e~™1/2 for |I| — 4o00. Thus, in general one has to avoid small neighborhoods of
(1,6) = (0,0), (0,7) and take care in regions where |I| is very large. In particular, the
highways H,, H, are far from (7,6) = (0,0), (0,7) and on them ||VL*(1,0)| > Aio(I)(1 —
O(B(I)p)) 2 4x |ayl| e ™12 for large |I|, from which we get an upper bound for e*(I*),
which is exponentially small in |I*| for large |I*] :

e*(I") < 4w |ayo| | I*| exp(—m | I*| /2).

For smaller values of I*, one can compute numerically the level curves of |VL*(I,0)| = ¢
and obtain ¢* > ¢*(I*) such that ||VL*(1,0)|| = ¢* implies |I| > |I*|. See Table 2.2 for
some values of /*, and p = 0.9.

2.4 The time of diffusion

In this section we will provide an estimate of the diffusion time. For simplicity, we are
going to estimate the time for a diffusion using a highway (see Definition 22) as a guide,
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r 1 2 3 4
e(I*) 14 075 025 0.07

Table 2.2: Estimates of ¢* for = 0.9

that is, we are going to construct a pseudo-orbit close a the highway. This implies to
iterate the scattering map using as initial point a point on a highway. As we have seen
before, see Subsection 2.2.2, one iterate of Sy(1,0) is approximated by —e time map of the
Hamiltonian £3;(1,60) up to O(g?). However, if we iterate the scattering map a number n
of times, it generates a propagated error with respect to the level curve of £3,(7,6).

So, first we study the error generated by n iterates of the scattering map. Later, we will
estimate the time of diffusion along the highway combining the scattering and the inner
maps.

2.4.1 Accuracy of the scattering map

Equation (2.17) for the scattering map S is good enough up to an error of O(e?) for
understanding one iterate of S. But if we consider §”, that is, n-iterates of S, some

problems appear. These problems are related with the lack of precision of the equation
(2.17):

e Equation (2.17) of the scattering map has a relative error of order O(¢) and an
absolute error O(g?). Therefore, for n-iterates, when n is large, the error is propagated
in a such way that it cannot be discarded.

e Highways are unstable, i.e., the nearby level curves of £* move away from highways
(see instance Fig.2.9.b).

Now, our goal is to show how we can control these errors along a region U in the phase
space (I,0) close to a highway. Basically, the control is to choose a good moment and
interval to apply the inner map to come back to the highway and to maintain the errors
small enough.

The propagated error

After iterating n times formula (2.17) for the scattering map, one gets for (I,,6,) =

Sn(.[o, ‘90)2

n—1 " n—1 *
In:IO+5Z%i9(Ij,9j)+O(ne2), and also Hn:«%—azaai[(lj,&j)—ir(%na?).
=0 =0

(2.52)
From now on, in this section, we will use the following notation:
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e S(I,0) is the scattering map, see (2.17).
o St(1,0)=(1+e0L*/00(1,0),0 —e0L*/II(1,0)) is the truncated scattering map.
o Sou(L,0)=(I(t),0(t)) is the solution of the Hamiltonian system

oL . Yo

i) = So(0,000)  0(0) = =S (10),000), (2:53)

with initial condition (1(0),6(0)) = (1, 0).

Let (Iy,6,) be a point in the highway. The error between the scattering map and the
level curve of the reduced Poincaré function after n-iterates is given by

|S™(In + AL 0y + AO) — Spne(In, 0n)]|, (2.54)
where AT and Af are small. Note that we can rewrite (2.54) as

1(S™(Iy + AL 6y + AO) — SE(I, + AL 6, + AB))
+(Sr7fw(]h + Al G, + AH) — SO,na(Ih + A6, + AQ))
+SO,ne<]h + A]; ‘gh + AQ)) - SO,ne(]ha eh))H

We now proceed to study each subtraction.

e We begin with S™(I, + Al 6, + AO) — Si(I, + AL 0, + Af). From (2.52), we can
readily obtain by induction that

Sn(]h + A6, + AQ) - Sr?(]h + A6, + A@) = O(n€2). (255)

e Now we consider SE(I, + AL 6, + AO) — S pe(In + AL 0, + AB). By the definition
of St we have that S7 is the n-step of the Euler method with step size ¢ in each
coordinate for solving the system (2.53). It is not difficult to check the standard
bound (see, for instance, [SB02])

L
Sl + AL 6+ A6) — Sopel(lu + AL Gy + A0)]| < T [(L+2K)" = 1], (2.56)

where K := maxrgyev || JH(I,0) (JVL(L,0)7||, L = maxqgev||[VL(I,0)| and
H(I,0) is the Hessian matrix of £*(I,0).

e Now we look for the last subtraction So.(I, + AT, 0y + AB)) — Sone(In, 6h). Apply-
ing Gronwall’s inequality on the variational equation associated to the Hamiltonian
vector field —V.L*(I, ), one gets

1S0.cn(In + AL 0y + A8)) — Socn(In, )] < (AL, AG)|| e, (2.57)
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We can now conclude from (2.55), (2.56) and (2.57), that the propagated error is

L
IS™ (I + AT 6y + AB) — Sone(In, )| < O(ne?) + 75 [(1+ eK)" — 1] + (AL AG)|| eK=n

To avoid large propagated errors, one has to choose n such that ne < 1. For instance,
taking
n=c¢e¢ (2.58)

with 0 < ¢ < 1 (which implies ne < 1) and ||[(AI, Af)|| =€, a > 0, one gets

IS™ (I + AL By + AB) — S (I, 0)|| = O(£27¢, £9). (2.59)

2.4.2 Estimate for the time of diffusion

In this section our goal is to estimate the time of diffusion along the highway. We have
three different types of estimates associated to the time of diffusion.

e The total number of iterates N of the scattering map. This is the number of iterates
that scattering map spends to cover a piece of a level curve of the reduced Poincaré
function L£*.

e The time under the flow along the homoclinic invariant manifolds of A. This is the
time spent by each application of the scattering map following the concrete homoclinic
orbit to A up to a distance § of A. This time is denoted by T}, = Ty,(9).

e The time under the inner map. This time appears if we use the inner map between
iterates of the scattering map (it is sometimes called ergodization time) and we
denoted it by Ti.

For each iterate of the scattering map we have to consider the time 7T},. Besides, we have
seen in the previous subsection that to control the propagated error, we iterate successively
the scattering map just a number n = £7¢ of times, 0 < ¢ < 1. From now on we denote
this number n by Ng. So, after Ng iterates of the scattering maps we apply the inner
dynamics during some time 7} to come back to a distance £ to the highway. Therefore,
the total time spent under the inner map is | N5/Ng| T;. We estimate that the diffusion
time along the highway is thus

Ty = N,T;, + | No/Ny| T (2.60)

Theorem 28. The time of diffusion Ty close to a highway of Hamiltonian (2.1)+(2.3)
between —I* to I*, for any 0 < I* < I, with I, given in Proposition 20, satisfies the
following asymptotic expression

T, C
T, = - |:2]0g (;) + O(Eb)] , fore — 0, where 0 <b< 1,
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with "
— sinh(7wl/2)
Ts = Ts I*7 9 = .
(I*, a0, ao1) /0 maiol sin (1)

where V(1) is the parameterization (2.45) of the highway L*(1, ) = Ao + Ao1, and

dI,

1.465
C= C([*,&lo,CLOl) =16 ’am’ (1 + —)

V11— puA?
where A = maxyep,+ a(l), with a(I) given in (2.22) and pn = a9/ ao: -

The proof of this Proposition is a consequence of the following four subsections.

Number of iterates Ng of the scattering map

The scattering map (I',6') = S(1,6) given in (2.17) can be rewritten as

I'—1 oL 0 —6 oL
. 786(1—’9)4_0(8) . f—a](I,H)—l—O(E).

Hence, disregarding the O(¢) terms, we define

al oL
o W(LQ)

o oL

= (1,0). (2.61)

where v is a new parameter of time. Note that £*(7,0) is a first integral of (2.61) and
that the highway has the equation £*(1,0) = Ay + Ao1. Recalling formula (2.50) for
0L*/00(1,0), the equation for I reads as
dl  oL*
82 (1,6) = —Ayp(D)si
dU 89 ( ? ) 10( )Smf/%
where ¢ = 0 — I7%(1,0) as given in (2.45). We choose the highway H, for a;o > 0 (or H
for ag; < 0) to ensure that 0L*/90(1,0) > 0 (see Definition 22). This implies that we can
rewrite the equation above as
dv -1
dl — Aj(I)sinay,
so that

I -1 I —sinh(rl/2
TS::UZ/ : d]:/ smh(rl/2)
1o Aro(I)sinyy (1) 1 2mlaygsinyy (1)
is the time of diffusion in the interval [y, If] of values of I following the flow (2.61).

Remark 29. If we consider an interval of diffusion as in Theorem 25, that is, [—I*, I*],

the time Tj is
, _/I — sinh(71/2) il
"o mlayosinyy(I)
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Remark 30. Observe that

> (Shi <If—7T> _ Shi (]0—”» ,
27TCL10 2 2

where the function Shi(z) is defined as

x : h
Shi(z) ::/ Y o,
0

g

The time T; has been computed from the continuous dynamics (2.61) . But the scat-
tering map generates a discrete dynamics with a e-step. Then for us, the important infor-
mation is the number of iterations of the scattering map (2.17) from I to Iy which is given

by
zm—§u+0@y

Time of the travel 7} on the invariant manifold

Let #_ and Z, be on A such that S(i_) = Z,. We now estimate the time of the flow
from a point d-close to Z_ to a point d-close to T .
Recall that the unperturbed separatrices (2.2) are given by

(po(t), qo(t)) = (2/ cosht, 4 arctan et) )

We have (p.(7),q-(7)) = (2/cosht,4arctane™) + O(e), where (p-(7),q.(7)) € Bs(0) N
W2(0).
Note that when 7 — 400,

4 4
po(r) = (L= e Mt et ) = — (14 0(e™).

Besides, as ¢o(7) = 0Hy/0p = po(T), we also have
4
qQo(7) = Fom (1+ 0(6_2|T‘)) mod 27 when 7 — *o0.
e T

We consider starting and ending points on dB;(0,0). Then, denoting by 7t = —7; the initial
and final points, we have

0o (m) + P (m) = a5 () + pj () = ;iu (1+ 0(6‘%)} + {—;iu (1+0(e™)| =%

where u = |7;|, |7¢|. Therefore,

—= (1+0(e™™)) = 4. (2.62)



Note that by the above equation § = O(e™), thus e 2* = O(§?). Hence, we can rewrite
equation (2.62) as
Y.

e = —— (1+0(5%). (2.63)
So,
u = log [%ﬁ (1+0(6%)| =log <%§> + O(5?).
Since A1 = 2u, we finally have
T, = 2log (%) +O(8%) + O(e). (2.64)

It is now necessary to estimate a value for § and we want ¢ small enough such that this
choice does not affect significantly the scattering map (2.17), that is, that the level curves
of the reduced Poincaré remain at a distance of O(g). From Proposition 5 the Melnikov
potential, using that p3/2 + cosqy — 1 =0, is

1
E(I,g&,S) :§

The reduced Poincaré function (2.16) £*(1,0) is

+o0
/ pa(0) (ago + aig cos(p + Io) + agy cos(s + o)) do.

[e.9]

1 [t
(1.0 =5 [ B (as+ awcosty + 1o~ 7(1,0,9)
+ag; cos(s — (1, p,8) + o)) do.

Considering the diffusion along the highways, recall that v, given in (2.29), is well
defined and, as in(2.35), we can write the reduced Poincaré function on the variables (I, )
as

* 1 e 2
(1Y) = 5 po(0) (ago + argcos(y + Io) + ag cos(§(L,¢) + o)) do
= Aoo + Aio(1) cosp + Agi cos (1, ).

As we want to preserve the level curves of the reduced Poincaré function up to O(e), we
need t¢; and ¢¢ such that the integration above along all the real numbers does not change
much when the interval of integration is [t;, ], more precisely, given a € > 0

S - (Gruw)

where (%(I, @D))é is given, for v € {¢, I} by

0"
o

<e and

<e, (2.65)

' 0L

- (

<I,w>)5

)

S [ 5 (6300 (an + anacosti + 10 = 7 (T, )) + s cos(s = 7°(1,15) +0)) do
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Using that |o/(I)| < 1.465, one computes for ¢; = —t; that

- ()

<Ce™ ye{y, I},

)

where C' = 16 (|a10| + 1.465 |ap1 | |p| //1 — u2A2>, A = max;ejo,+) (I). By (2.63) with
u = t¢, this is equivalent to
- CH(1 + O(6?))

oL* vy
—(,Y) — | =—, .
To satisfy Eq.(2.65) we have to take a ¢ such that the above right hand side is less or
equal than . For simplicity, we take 0 satisfying the equality, that is,

44/2e
C

Inserting this value of ¢ in (2.64), we can conclude that

16 || (1 i %)

3

0

5:

(1+0(s)).

Th = 210g + O((‘E)

Time 7; under the inner map

To build of the pseudo-orbit which shadows the real diffusion orbit, we need, after each
Nys-iterates of the scattering map (N = [e¢], see (2.58)), to apply the inner flow to
return to the same level curve of £* (or close enough). The time spent by the inner flow is
the time 7;, which we are going to estimate.

Recall that A. = A, where A is a NHIM of the unperturbed case (see Section 2.1). We
will calculate the time for the flow of the unperturbed case because in our case it is a good
approximation, that is, along NHIM lines (I, ¢ + It,s +t) (see Section 2.1).

Given € > 0 small enough, our goal is to calculate ¢ > 0 such that

(I, o+ It,s+t)— (I,p,s)| <e? (2.66)

that is, |I(27k) — 27l| < &* for some integer k, [, or equivalently
l
I ——-|<
o

a

€
onk

(2.67)

We now recall the Dirichlet Box Principle:

Proposition 31. (Dirichlet Box Principle) Let N be a positive integer and let o be
any real number. Then there exists positive integers k < N and | < aN such that

[ 1
<

TR RN
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Define N := [27/e® — 1], the smaller natural number such that it is greater or equal
than 27/e* — 1. Then from the Dirichlet Box Principle, there exist k,[ satisfying the
condition (2.67) such that ¥ < N and [ < IN. Then T} = 27k is the time required for
(2.66), called the ergodization time. Note that for any ¢,

2
Tigsz:m{—W—ﬂ,
80/

So that T} = O(7%).

Dominant time and the order of diffusion time

We finally put together the estimates of N, T}, and Ti, jointly with Ny = €7¢ in the
formula for the time of diffusion (2.60). If we look just at the order of the time of diffusion
we have

Ta = NsTi + LNS/NSSJ T = 0(5_1 log 5_1) + O(gc—a—l)'

Choosing 0 < a < c¢ the term containing the time 7; under the inner map is negligi-
ble compared with the term containing the time of travel T}, along the homoclinic orbit:
el <« (1/e)log 1/e. We finally obtain the desired estimate for the time of diffusion

T.
Ty=— [2 logg + O(eb)} :
€ €

where b = ¢ —a. Since ¢ < 1, 0 < b < 1. Notice that by the choice of the parameter
0 < a < ¢ < 1, the accuracy of the scattering map given in (2.59) is O(&%).
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Chapter 3

Second case for 2+41/2 degrees of
freedom

This Chapter, as explained in the Introduction, concerns about the case given by Hamil-
tonian

2 12
H.(p,q,1,p,t) =+ (% + cosq — 1) + > +ecosq(a;cosp+agcos(p—s)).  (3.1)

We notice that this case completes the study of the diffusion for Hamiltonian (1.1)+(1.2).
All considerations about the unperturbed Hamiltonian are exactly the same described in
Section 2.1 and we do not repeat here.

We begin by describing the inner dynamics and a brief description of the resonant
region. In Section 3.2, we describe the scattering maps and their geometrical properties.
In Section 3.3, we prove our theorem of diffusion. Finally, we describe a new kind of
scattering maps in Section 3.4 and the new possibilities of study with them.

3.1 Inner dynamics

~ The inner dynamics is derived from the restriction of H. in (3.1) and its equations to
A, that is,

12
K(I,p,s) = 5‘1‘5(&1 cos ¢ + az cos(p — 9)) , (3.2)
and differential equations
o=1 s=1 I =¢(a;sing + assin(p — s)) . (3.3)

Note that in this case the inner dynamics is slightly more complicated than in Chapter 2
where there was just one resonance, namely, in [ = 0. In the current case we have two
resonant regions of size O(y/¢) where secondary KAM tori appear. To describe these
regions, we use normal forms as in [DLS06].
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Consider the autonomous extended Hamiltonian

— I?
K(I,A,gp,s):5+A+5(alcosg0+agcos(cp—s)), (3.4)

with associated differential equations

o =1 I =¢ (aysin ¢ + agsin(p — s))
s =1 A= —caysin(p — s).

This system is equivalent to the system represented by (3.2)+(3.3). We wish to eliminate
the dependence on the angle variables. Consider a change of variables e-close to the identity

(¢,8,1,A) =g(¢,0,J,B) = (¢,0,J,B) + Ole)

such that it is the one-time flow for a Hamiltonian G, i.e., ¢ = g;—1, where g, is solution

of

d
— = JaVeG o gy, where Jj is the symplectic matrix <—0 1 (1)) |

Composing K with g and expanding in a Taylor series around ¢ = 0, one obtains
— — — 1 —
Kog:K+{K,&G}+§{{K,€G},€G}+...,

where {-} is the Poisson bracket. Using the expansion (3.4) of K, the equation above can
be written as

2

J J?
Kog:?—i—B—i—a(alcosgz5+a2cos(gz5—0)—|—{?—i—B,G})

2 72 (3.5)
—1—5 {{? + B,G} ,G} + O(%).
We want to find G such that a; cos ¢ + agcos(¢ — o) + {‘]72 + B, G} = 0, or equivalently,
Jg—i + g—f = a1 cos ¢ + as cos(¢p — o).

Given a < b < 1, consider any function ¥ € C*(R) satisfying ¥(z) = 1 for z € [—a,al
and ¥ (z) = 0 for |z| > b and introduce

G(J,B,¢,0) = “—Jl (1—W(J))sine + ch - (1= (] = 1))sin(6 — o),

Substituting the above function G(J, B, ¢,0) in (3.5) we have

2

Kog:%+B—I—O(€2), (3.6)
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for J,J —1 ¢ [=b,b]. For J € [—a,al,

2

J
Kog:?+B+5a1c0s¢+O(52). (3.7)

Finally, for J — 1 € [—a,a],

2
Kog= J? + B +eay cos(¢p — o) + O(£?). (3.8)
From (3.7) and (3.8), one sees that on J =0 and J = 1 there are resonances of first order
in € with a pendulum-like behavior.

Coming back to the original variables, three kinds of invariant tori are obtained. For
the first order resonance I = 0, there is a positive @ such that the invariant tori are given
by F(I,p,s) = constant with

2

1
FoUI p,s) = 5 +earcosp + O(g?). (3.9)

for I € [—a,al.
Analogously, for the first order resonance I = 1, with

(I - 1)

FYI,p,5) = + caz cos(p — ) + O(?),

for I — 1 € [—a,qa).

Remark 32. As commented in [DLS06], there exists a secondary resonance in I = 1/2,
but the size of the gap in its resonant region is much smaller than the size of gaps in
resonant regions associated to I =0 and I = 1.

Remark 33. For Hamiltonian (1.5) with » # 1, the resonances take place in I = 0 and
I=1/r.

From (3.6), on the non-resonant region the invariant tori has equations F™(I) =
constant with

F™ (1) = %2 + O(&?).

An illustration of the inner dynamics is displayed in Figure 3.1.

3.2 Scattering map
We are going to explore the properties of the scattering maps of Hamiltonian (3.1). The

notion of scattering map on a NHIM was introduced in [DLS00]. Let W be an open set of
[—1I*, I*] x T? such that the invariant manifolds of the NHIM A introduced in (1.3) intersect
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Fig. 3.1: Plane ¢ x I of inner dynamics for ¢ = 0.75 and € = 0.01.

transversally along a homoclinic manifold T' = {Z(1, ¢, s;¢), (I, ¢, s) € W} so that for any

Z € I there exist unique 74 — = %4 (I, p,s;¢) € A such that 2 € Wi(z_) N WX(Z,). Let

H, = U{f+,_(1, ©,s7€): (L, p0,8) € W}.

The scattering map associated to I' is the map

S:H_ — H+

r_ +— S(i'f) :i’+.

For the characterization of the scattering maps, it is required to select the homoclinic
manifold I" and this is done using the Poincaré-Melnikov theory. From [DH11, DLS06], we
have the following proposition (compare with Chapter 2, Prop. 5)

Proposition 34. Given (I,¢,s) € [—I*,1*] x T?, assume that the real function
TeERw+— L(I,p—IT,s—7) €R (3.10)

has a non degenerate critical point 7 = 7*(1,p,s), where

Cltips)i= [ (alo)) ~ FO) gl + 105 + 0300

[e.9]

Then, for 0 < e small enough, there exists a unique transversal homoclinic point Z to A,
of Hamiltonian (1.1), which is e-close to the point

(I, p,8) = (po(T%),qo(7%), I, 0,8) € WO([X):
5= H(0,p,5) = ((r) + 0, ao(r") + O), T, 5) € WAL h WI(AL).
1

The function £ is called the Melnikov potential of Hamiltonian (1.1). For the concrete
Hamiltonian (3.1) it takes the form

L(I,p,s)=A1(I)cosp + Ay(I)cos(p — s), (3.11)
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where
2nlay 2(1 — 1)as

sinh(m[/2) sinh(w(l —1)/2)

The homoclinic manifold I' is characterized by the function 7*(1, ¢, s). Once a 7*(1, ¢, 5) is
chosen, which under the conditions of Proposition 34, is locally smoothly well defined, by
the geometric properties of the scattering map, see [DH09, DH11, DLS08], the scattering
map has the explicit local form

A1<I) = and AQ(I) =

* *

B OL 5 oL 5
S(1905) = (14 5 (10.5) 4 00 = £ (1p.5) 4 0.5
where
L*(I,p,8) =L, p—IT"(I,0,8),s —T7(1,p,5)). (3.12)

Notice that the variable s is fixed under the scattering map. As a consequence, see
[DH11], introducing the variable
0=p—1Is

and defining the reduced Poincaré function
L(1,0) :=L"(I,p—1s,0)=L"(1,p,s), (3.13)
in the variables (1, 0), the scattering map has the simple form

S(I1,0) = (1 + 5%(1, ) + O(e?),0 — gaa.c[* (I,0) + 0(62)) ,

so up to O(e?) terms, S(I, 0) is the ¢ times flow of the autonomous Hamiltonian —L*(I, ).
In particular, the iterates under the scattering map follow the level curves of £L* up to

O(e?).

3.2.1 Crests and NHIM lines

We have seen that the function 7* plays a central role in our study. Therefore, we are
interested in finding the critical points 7% = 7*(1, ¢, s) of function (3.10). For our concrete
case (3.11), 7% is a solution of

TA (I)sin(p —IT")+ (I —1)As(I)sin(p —s — (I —1)7") = 0. (3.14)

This equation can be viewed from two equivalently geometrical viewpoints. The first one
is that to find 7* = 7*(I, ¢, s) satisfying (3.14) for any (I, p, s) € [—I*, I*] x T? is the same
as to look for the extrema of £ on the NHIM line

R(I,p,s)={(I,p—Ir,s—71):7 € R}. (3.15)

Remark 35. Since (¢, s) € T2, R(I,p,s) is a closed line if I € Q and it is a dense line on
{I} xT?if I ¢ Q.
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The other viewpoint is that, fixing (I, ¢, s), a solution 7* of (3.14) is equivalent to
finding intersections between a NHIM line (3.15) and a curve defined by

TA (I)singp + (I —1)Ay(I)sin(p — s) = 0.
These curves are called crests, and in a general way can be defined as follows.

Definition 36. [DH11] We define by Crests C(I) the curves on (I,,s), (¢,s) € T?, such
that

a£(17¢_1775_7—)|7':0 :07 (316)
or
or equivalently,
oL oL
I@(I,Q&,S) + %(179078) = 0.

As in our case L(I, o — IT,s — 1) = Ay (I) cos(o — IT) + As(I) cos(p — s — (I — 1)7),
equation (3.16) takes the form (3.16). Introducing

o=¢—s, (3.17)
equation (3.16) can be rewritten as
pa(l)sing +sino = 0, (3.18)
for I # 1, where Y
§= Z—; and a(l) = flsin;(fs(ii}:é)) . (3.19)

From now on, when we refer to crests C(/) we mean the set of points (1, ¢, o) satisfying
equation (3.18). See an illustration in Fig. 3.3.

Remark 37. In Chapter 2 the crests were described on the plane (¢, s), whereas now such
curves lie on the plane (¢, o). Besides, differently from the cases studied in [DH11] and in
Chapter 2, the function «(7) introduced in (3.19) is not defined for all I. More precisely,
it is not defined for I = 1. For this value of I, equation (3.18) is not adequate, and one
has to use (3.16) to check that for I = 1 the crests are just two vertical straight lines on
the plane (p, o) given by ¢ =0 and ¢ = 7.

Remark 38. For Hamiltonian (1.5) and 7 € (0, 1), a,(I) is not defined for I = 1/r and is
given by

a.(I) =

I*sinh (Z(r] — 11)) (3.20)

(rl —1)%sinh (%)
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We are interested in understanding the behavior of these crests because, as we have seen
in[DH11] and Chapter 2, their intersection with the NHIM lines determine the existence
and behavior of scattering maps.

From (3.18), when |«(])| < 1/ |u|, o can be written as a function of ¢ for all ¢ € T on
the crest C(7). On the other hand, if |a(I)| > 1/ |u|, ¢ can be written as a function of o for
all o € T. These two conditions give us two kinds of crests: horizontal for |a(I)] < 1/ |ul
and wvertical for |a(I)| > 1/ |u|. These names are due to their forms on the plane (p,0).
We consider the same characterization used in Chapter 2:

e For |a(])| < 1/|pl, there are two horizontal crests o = &ym(L, @)

CMJH(I) = {([7907£M,m([7(p)) tp e T}?
v, —arcsin(pa([) sin @) mod 27 (3.21)
1

)
Em(I, ) = arcsin(ua(l)sing) + 7 mod 2.

I

e For |a(])| > 1/|pl, there are two vertical crests ¢ = nyim(L,0)

Cum(l) ={I,npum(l,0),0):0 €T},

nu(l,0) = —arcsin(sinog/ (ua(l))) mod 27
nm(l,0) = arcsin(sing/ (ua(l))) + 7 mod 27.
Remark 39. |«(I)| = 1/ |u| is a singular or bifurcation case. In this case, the crests are

straight lines and are not differentiable in ¢ = 7/2 and ¢ = 37/2. See Fig. 2.6.

Remark 40. The crest containing the point (¢, o) = (0,0) will be denoted by Cy () and
the crest containing the point (¢, o) = (7, 7) by Cw(I).

Note that the function |a(7)] is not bounded, indeed

}1_1?% la(I)| = +o0.
This implies that for any p there exists a neighborhood U of I = 1 such that for all / € U
the crests are vertical. On the other hand, since «(0) = 0 there exists a neighborhood V
of I = 0 such that for all I/ € V the crests are horizontal. We notice here a remarkable
difference with the Hamiltonians studied in [DH11] and Chapter 2, where, for |u| < 0.97,
all the crests are horizontal for all I.

Now take a look at the properties of the function (/) introduced in (3.19) to describe
under which conditions in p the crests are horizontal or vertical. First of all, observe that
for I # 1, a(I) is smooth and «/(I) # 0, and for I =1 «(I) is not bounded, indeed it has
a vertical asymptote

lim o) = —o0 and lim a(l) = +oo.
I—1- I—-1+
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Given a pu # 0, since a(0) = 0, there exists a unique I, € (0, 1) such that |a(I)| = 1/ |u.
So, the crests are horizontal for I € [0, I.) and vertical for I € (., 1).
Others important limits are

lim «(I) = exp(7/2) and lim «(I) = exp(—7/2).
I——o0 I—+o00
The first limit implies that |« (I)| < exp(w/2) for I € (—o00,0). Thus, if exp(7/2) < 1/ |y|
the crests are horizontal for I € (—o00,0). Otherwise, if 1/|u| < exp(m/2), there exists a
unique I} € (—o0,0) such that |a(I)| = 1/ |u| and the crests are vertical for I € (—o0, I))
and horizontal for I € (1;,0).

The second limit implies that |«(])| > exp(—n/2) for I € (1,400). Then, if exp(—7/2) >
1/|p], the crests are vertical for I € [1,400). if exp(—n/2) < 1/|u|, there exists a
unique I, € (1,400), such that the crests are vertical for any I in [1,1,) and horizon-
tal for I € (1, +00).

Summarizing, for 1/ |u| > exp(w/2), crests are horizontal for I € (—oo, I.) U (I, +00)
and vertical for I € (I, I;). For exp(—n/2) < 1/|pu| < exp(mw/2), crests are horizontal for
I € (I, 1.)U (I, +0o0) and vertical for I € (—oo, [})U (I, I;). Finally, if 1/ |u| < exp(—m/2),
crests are horizontal for I € (1), I.) and vertical for I € (—o0, ;) U (¢ +00)-

Remark 41. Forr € (0,1), a,.(I) (3.20) is not bounded on a neighborhood of the resonance
I=1/r,ie, lim; /- o,(I) = —o0 and lim;_,; .+ (/) = +00. The same behavior takes
place for r = 1 and close to I = 1. On the other hand, for I — 400, a,(I) has the same
behavior as in the case for r = 0, lim;_,+., () = 0. This implies that for any value of
w, for I close enough to I = 1/r the crests are vertical, and for |I| large enough the crests
are horizontal.

Example To illustrate this discussion, we present a concrete example. Taking p = 0.5,
we have exp(—7/2) < 1/pu = 2 < exp(7/2). In this case we have I, ~ —1.807, I, ~ 0.701
and [, = 1.367. The crests are horizontal in (—1.807,0.701) U (1,367, 4+00) and vertical in
(—o0, —1.807) U (0.701,1.367). We emphasize that this scenario is very different from the
case in Chapter 2. There, for g = 0.5 the crests are horizontal for all I.

Now, we are going to focus on the transversality of the intersection between NHIM lines
R(I,p,s) and crests C(I). On the plane (¢, ) the NHIM lines can be written as

Ri(p,0) ={(p—Ir,0 — (I — 1)7), 7 € R}, (3.22)

so that its slope is (I — 1)/I in such plane. Therefore, there exists an intersection between
NHIM lines and crests that is not transversal if, and only if, there exists a tangent vector
of C(I) at a point that is parallel to (1,1 — 1), or, using the parameterizations,

o€ I-1 an I

aolhy)=—— or 87([,0):;-
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Considering a horizontal parameterization of C(I), the tangency condition is equivalent

to
+a(l)pcosp 11

V1 — p2a2(I)sin? ¢ T
Therefore, there exists a ¢ satisfying the above condition if, and only if,

Ta(T)
-1

wmzmﬂ, where  B(I) =

= arctan l/lu
P = et (\/(Uu )
)

In an analogous way, for a vertical parameterization n(I,o
only if,

and ¢ takes the form

there are tangencies if, and

L Gith o — 2 arctan (|12 /w2 = B2
OIS wih £ axct (‘ . ‘\/Q(I)Q_(I/M)Q).

Remark 42. Observe that in both cases, horizontal and vertical crests, there are tangencies

i, and only if,
(a1 = ) (1801 - o) <o.

The function |3(/)] is smooth in R\ {1} and d|B(I)| /dI = 0 only for I = 0. Besides,
we have (see Figs. 3.2(a) and 3.2(b))

lim |5(D)] = +oo,  lim_|§(1)| =exp(r/2) and lim |B(7)] = exp(—n/2).

Therefore, there are three possibilities:

o for 1/|u| > exp(n/2), there exist Iy € (1/2,1) and I € (1,400) such that Iy and
I are solutions of |5(I)] — 1/ |u| = 0. Besides, |5(I)| < 1/ |u| for I € (—o0, y) U
(I4,400) and |B(1)]| > 1/ |p| for I € (1p,1) U (1, 1).

o for exp(—m/2) < 1/|u] < exp(w/2), there exist I € (—o00,0), Iy € (0,1) and
I, € (1,400) such that I_, Iy and I are solutions of |3(I)| — 1/ |u| = 0. Besides,
1B(I)| < 1/|p| for I € (I_,1y) U (L4, +00) and |5(I)| > 1/|p| for I € (—o0,1_) U
(I, 1)U (1, 1,).

e For 1/ || < exp(—m/2), there exist I € (—o00,0) and I € (0,1/2) such that I and
Iy are solutions of |3(1)| — 1/ |u| = 0. Besides, |B(I)| < 1/ |u| for I € (I_,Iy) and
|B(I)| > 1/ |p| for I € (—o0,1-) U (Ip, 1) U (1, 00).
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Putting together this description of |5(I)| with the study about vertical and horizontal
crests and adding that
16| < la()] VI € (=00,0) U (0, 1/2)
16| > la(D)] VI € (1/2, 1) (1, +00);
160)] = [a(0)] =0 |5(1/2)] = |a(1/2)| =1
we can state the proposition below.

Proposition 43. Consider the two crests C(I) defined by (3.18) and the NHIM line
Ri(p,0) defined in (3.15) for Hamiltonian (3.1).

o For |u| < exp(—m/2), there exist I, < I, < I4 < Ip such that

— for I < I, or Ig < I, C(I) are horizontal and intersect transversally any
RI(‘:Ov 0-)7'

— for Iy < I < I, or Iy <I < I, the crests C(I) are horizontal, but now, there
exist tangencies between C(I) and two NHIM lines Ri(p,0);

— for 1, < I < 14, the crests C(I) are vertical and intersect transversally any
R[(@,U)-

o Forexp(—m/2) < |u| < exp(m/2) there exist I, < I, < I. < Ic < Iy < Ip such that

— for I < I or Ic < I < Ia, C(I) are vertical and intersect transversally any
RI(@? 0);

— for I, < I < 1,, the crests C(I) are vertical and there exist tangencies between
C(I) and two NHIM lines R;(p,0);

— for I, <1 <1, orlg <1, C(I) are horizontal and intersect transversally any
RI(()D7 O-) 7‘

— for I, < I < Ig, the crests C(I) are horizontal and there exist tangencies between
C(I) and two NHIM lines R;(p,0);

— for 1. < I < g, if I. < 1/2, the crests C(I) are vertical and there exist tan-
gencies between C(I) and Ri(p,0). If I. = 1/2, from the properties of a(I) and
B(I) this interval is just one point. If I. > 1/2, the crests C(I) are horizontal
and there exist tangencies.

o For|u| > exp(m/2) there exist I, < I, < Ix < I such that

— forI <1, orlg<I,C(I) are vertical and intersect transversally any Ri(p,0);

— for I, < I < I, or Iy < I < Ig, the crests C(I) are vertical and there exist
tangencies between C(I) and two NHIM lines Ri(p,0);

— for 1, < I < I4, the crests C(I) are horizontal and intersect transversally any

Ri(p,0).

Remark 44. Note that we are not considering the singular case |«(I)| = 1/ |u| described
in Remark 39.
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Example Again, to illustrate this proposition, we take the case with u = 0.5, see
Fig. 3.2(a). In this case, we have |5(I)| = 1/ for I ~ —2.942, 0.595, 1.85 and

o la(I)| > 1/ |p| = vertical crests
o for I € (—00, —2.942) U (0.701,1) U (1, 1.367) = {!ﬁ(l)| =11l = mo tangencics

_ _ la(I)] > 1/ |p| = vertical crests
e for [ € [ 2.942, 1.807) = {W(I)l < 1/ ’M ~ tangencics

_ la(I)] < 1/|p| = horizontal crests
e for I € (—1.807,0.595) U (1.85, +0o0) = {W(I)‘ <1/|gl = no tangencies

la(I)] < 1/|p| = horizontal crests

e for I € [0.595,0.701) U (1.367,1.85] = {|ﬁ<1)| >1/ |y = tangencies

Once more, we compare with the Hamiltonian (1.6) studied in Chapter 2. For Hamilto-
nian (1.6) and p = 0.5 there is no tangency, but for Hamiltonian (3.1) we can find tangencies
for horizontal and vertical crests. Indeed, for Hamiltonian (1.6) and any 0 < |u| < 0.625
there is no tangency, whereas for any p # 0 there are tangencies for Hamiltonian (3.1).

6

- Ja(D)] - Ja(D)]
— B 51— B
11/l 4 11/l

1L, -1, I Ic Iy Ip

1

(a) |a(I)] and |B(I)|:p = 0.5, I, = —2.942, (b) |- (I)] and |B-(I)]: = 0.5 and r = 0.5.
I, ~ —1.807, I, ~ 0.595, I ~ 0.701, I, ~
1.367 and Ip ~ 1.85

Fig. 3.2: |a(I)| and |B(I)| : Behavior of the crests and tangencies.

Remark 45. For r € (0,1) in Hamiltonian (1.5), 5,(I) is defined by 5,(I) = Ia,.(I)/(r] —
1). In this case, lim;_,1,, |5,(1)| = 400 and lim; 4+ |3-(1)| = 0. In Fig. 3.2(b), a compar-
ison between the functions «,.(1), 5,(I) and the straight line 1/ |u| for r = 1/2 is displayed.

For each crest, where it is well defined, there exists, at least, a value 7* such that
(p—It" 00— -1 =(p—I7"6I,p—I7")) or (n({,0 — (I —1)7"),0 — (I — 1)T7),

which means that R;(p,0) N C(I) # (). This intersection is intrinsically associated to a
homoclinic orbit to the NHIM. To make a choice about how to take such 7 is to choose in
which homoclinic manifold I" the homoclinic points z* lie. Even more, it is to choose what
scattering map we are going to use.
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3.2.2 Construction of scattering maps

We have now several goals. First, to explain, given (7,6), how to find the intersection
between one of the NHIM lines and one of the two crests, and consequently, to define the
function 7*. Second, to show how each crest can give rise to many scattering maps. And
third, to explain the different scattering maps or combinations of them that can be defined.

Let us first study the intersection between NHIM lines and crests. From the definition of
the function 7% = 7*(1, ¢, s) in equation (3.14) and the definition of a NHIM line R(I, ¢, s)
in (3.15) and a crest C(/) in Definition 36, it turns out that

R(I,p,s)NCU)={I,p—I7"(1,0,5),s — 7" (1,p,5))}.

Moreover, from the equation satisfied by the function 7*, one can get (see Eq. (2.15) in
Chapter 2) that for any

T*(I,QO—I’%S—’}/) :7—*(179078) -7
In particular, for the change (3.17) s = ¢ — 0 and v = ¢ — 0 one gets
™, 0,0 —0)=1(1,0)+ ¢ — 0, (3.23)

where § = ¢ — I[s = (1 — I)p + Io. In the variables (I, ¢, o), taking into account the
expression (3.22) for the NHIM lines R(/, ¢, ¢ — o) and again equation (3.14) satisfied by
(1, ¢, s), we have that

R([7907(p_0-)ﬂc([) :{([7()0_[T*([7()0790_O-)70-_([_1)7—*(]790790_0-»}
={(,0—I17"(1,0),0 — (I —1)7"(1,0))},

where (3.23) has been used, and 0 = (1 — I)¢ + Io.

From a geometrical point of view, to find an intersection between a NHIM line and a
crest, one throws from a point (6, 6) on the plane (p, o) a straight line with slope (I —1)/1,
until it touches the crest C(I). The function 7(/,#) is the time spent to go from a point
(0,6) in the diagonal 0 = ¢ up to C(I) with a velocity vector v = —(I,I — 1), see Fig. 3.3.

One has to decide the direction for 7* using the idea explained above. For example, if
we are on a point on the straight line 0 = ¢, we have to decide if we go up or go down along
the NHIM line, i.e., to look for a negative or a positive 7*(1,6) (to look at the past or the
future). In both cases we are going to detect an intersection with the desired crest, but, in
general, different choices give rise to different scattering maps, because we are looking for
different homoclinic invariant manifolds I".

To show another difference between scattering maps from the choice of 7* we begin by
introducing each kind of scattering map. The first one is inspired in [DH11] and Chapter 2
for |u| < 0.97. In these cited cases all scattering maps studied were associated to one of the
horizontal crests like in (3.21). In the same way, we can separate completely the scattering
maps associated to the horizontal crests from the scattering maps associated to the vertical
crests. Notice that the scattering maps associated to horizontal crests are defined only for

o7



— crestc(l) (r=¢(L.¢))
-- NHIM line
D (L)
— It (Ig,s)
— (=) (L)
_I7 (1)
— o=

(p.o)™

o= (I}—l)go +cte.
/2

-TF/QO 7r/ 2

T
¥
Fig. 3.3: Finding 7*(I, #) using the straight line o = ¢.

values of [ satisfying |a(I)| < 1/ |u| whereas the scattering maps associated to the vertical
crests are defined only for values of I satisfying |a(I)| > 1/ |p|.

As noted previously, crests are vertical in a neighborhood of I = 1 for any value of
u. Therefore, close to I = 1 there is no scattering map associated to a horizontal crest.
Analogously, since |«(0)| = 0, crests are horizontal in a neighborhood of I = 0 for any
value of p and, therefore, there is no scattering map associated to a vertical crest close to
I = 0. This implies that these “horizontal” or “vertical” scattering maps are just locally
defined, in other words, they are not defined on the whole plane (0, I). This motivates to
define global scattering maps. Global scattering maps are important because they describe
the outer dynamics for large intervals of I and are defined as follows

Definition 46. A scattering map S(I,0) is called a global scattering map if it is defined
on all # € T for any fixed I.

Note that S(7,0) is a global scattering map as long as 7*(/, ) is a global function, i.e.,
defined on all 8 € T for any fixed I. If 7*(1,0) is smoothly defined, the same will happen
to S(I,0). Tangencies between NHIM lines and crests, as well as discontinuities in their
intersections give rise to non-smooth scattering maps.

Remark 47. For instance, in Chapter 2 devoted to the Hamiltonian (1.6), it was proven
that for 0 < p = ay/ay < 0.625, there exist two different global scattering maps. Let us
add that for 0.625 < p < 0.97, due to the existence of tangencies between the NHIM lines
and the crests, there appear two or six scattering maps, see Section 2.2.2. Such multiple
scattering maps are indeed piecewise smooth global scattering maps, see Figs. 2.9-2.11.
Their discontinuities lie along the tangency locus and were avoided there to construct
diffusion paths, just for the sake of simplicity.

For Hamiltonian (3.1), to extend scattering maps which are in principle only locally
defined we have now two options: to combine a scattering map associated to a horizontal
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crest with a scattering map associated to a vertical crest or to extend the previously
called “horizontal” or “vertical” scattering maps. Although the first option may provide
a global scattering map, they may appear complex discontinuity sets which give rise to a
complicated phase space.

The second option is to apply the same idea used in Chapter 2 when we defined the
scattering map “with holes”. When |a(I)| > 1/|u|, the horizontal crests are no longer
defined for all ¢ € T, indeed, they become vertical crests defined for all ¢ € T. Nevertheless,
the vertical crests are formed by pieces of horizontal crests. This implies that even for
these values of I we can use & given in (3.21) to parameterize some intersections between
R(I,p,0) and C(I). As we can see in Fig. 3.4, the vertical and horizontal crests Cy are very
close in a neighborhood of ¢ = 0. When we have a bifurcation from horizontal to vertical
crests (or vice versa), it is natural just to change the parameterization from &y to my for
these values of ¢. With this choice the orbits of the scattering map are continuous for 6
close to 0 or 2. The same happens with &, and 7, for values of ¢ close to 7. Scattering
maps associated to horizontal crests for values of I satisfying |pua(l)| < 1 are defined for
all o € T. The extension of them to values of I for ¢ € T such that |pua(l)sinp| < 1 are
called extended scattering maps.

Definition 48. A scattering map S(I,0) is called an extended scattering map if it is
associated to horizontal crests for which |pa(I)| < 1, and is continuously extended to the
pieces of the vertical crests where they behave as horizontal crests, that is, for the values
¢ such that |pa(l)sinp| < 1.

Since we have already seen in Proposition 43 that there exist tangencies between NHIM
lines and crests for any value of u, there are no global scattering maps for Hamiltonian
(3.1). However, there exist extended scattering maps with a domain large enough to provide
diffusion paths.

7 0 9 9
e BT R T
14
(a) A piece of & (1, ) for I = 0.68. (b) A piece of nm(I,0) for I =0.72.

Fig. 3.4: Comparison between &\ (1, ) and ny (1, o) for p = 0.5, I = 0.68 and I = 0.72 respectively.

To illustrate the current scenario we will display the level curves of the reduced Poincaré
function £*(I,6) defined in (3.13), which up to O(g?) contain orbits of the scattering map
S(1,0). We begin by considering = 0.6 and the horizontal crest Cy(7). In Fig. 3.5(a) we
display the scattering map built using 7* defined by the first intersection between R;(p, o)
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and Cy (/) from o = ¢ going down along R;(¢,0). In Fig.3.5(b), we use a similar idea,
but now, form o = ¢ going up along R;(p, ). Alternatively, if we choose 7* with minimal
absolute value, independently of going up or down, we obtain the scattering map plotted
on Fig. 3.5(c). In this last case, there are orbits of the scattering maps that are not smooth
in @ = w. This happens because we change the homoclinic manifold I', so we are using,
indeed, two different scattering maps. In Chapter 2 we chose scattering maps associated to
a function 7* with the minimal absolute value, which were called primary scattering maps.
This example show us that is not enough to say what crest is associated to a scattering
map, but it is also necessary to make explicit the criterion used for 7* (going up or down
along the NHIM lines, or choosing a minimal |7*]).

0 /2 ™ 3m/2 ) /2 ™ 3m/2

0 0

(a) Going down along the NHIM (b) Going up along the NHIM lines
lines Ry(yp, o). Ri(p,0).

0 /2 ™ 31/2
0

(¢) Minimal absolute value of 7.

Fig. 3.5: Different phase space of scattering maps S(I,6) associated to the same horizontal crest Cyi(I),
for 4 = 0.6 and € = 0.01. The orbits of scattering maps are represented by the blue lines which are, up to
O(g?), level sets of the reduced Poincaré function £*(I,8). In the red zones the values of I on such orbits
decrease, in the green one the values of I increase. The white regions are regions where |pa(l)sing| > 1
is satisfied.

The next lemma is a good example about the criteria for 7%(7, §) and its consequences,

and is used to prove Proposition 51. Before, a new notation is introduced. An even
subindex k is assigned to the branches Cy(I) of Cy(I) when considering o, p € R

sin o
&1, ) = —arcsin (a(l)psinp) + kr and = —arcsin (—) + km
k(L @) (a(l)psinp) M ()
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and an odd subindex k to the branches Cx(I) of Cp,,(I) when considering o, ¢ € R

&(I, @) = arcsin (a(l)psing) + kr and  n, = arcsin <s1(%)a) + k.
a(I)u

We notice that the crests C(I) are naturally defined for (p, o) € T? and give rise to two
different crests Cy(7), Ci(I) (except for the singular case |pa(I)| = 1). When we run now
over real values of ¢, o, we may have an infinite number of crests Cx([), where even (odd)
values of k are assigned to the branches of Cy(I) (Ci()). Among them, we are going to
use Co(I), Ci(I) and Cy(I).

Lemma 49. Let L}, and L3 be reduced Poincaré functions associated to the same crest
C(I), where for L} we look at the first intersection points “under” o = , that is, with
Co(I), and for L} we look at the first intersection points “over” o = p, that is, with Co(I).
Then we have

oL} oL
1,0)=— 1,27 —0). 3.24
L (1,0) =~ (1,27~ 0) (3.21)
Remark 50. We say “under” ¢ = ¢ and “over” ¢ = ¢ for intersection points going

down or up along R;(¢, o), respectively on (¢,&(1,¢)) and (p, & (1, ¢)), because when
the horizontal crest Cy(I) is defined for all ¢ € T the graphs (¢, & (I, ¢)) of Co(I) and
(p,&(1,¢)) of Co(I) are under and over the straight line o = ¢.

Proof. Let L* be a reduced Poincaré function (3.13)-(3.11), then

oL A (I)sin(0 — I7%(1,0))

a5 (L0) = T—1 '

So, equation (3.24) is satisfied if, and only if
sin(6 — I75(1,0)) = sin(0 — I(—75 (1,27 — 0))). (3.25)

We assume that the crest is horizontal and given by the graph of &, the other cases
are analogous. Indeed, we are going to use

&1, ) = —arcsin(pa(l)sing) and  &(1,¢) = &I, ) + 27 (3.26)

This implies that the intersection point “under” o = ¢ is a point on the curve parameterized
by &(1, ). Otherwise, the intersection “over” o = ¢ is a point on the curve parameterized
by & (1, ). As the slope of the NHIM lines is (I — 1)/1, given a point (6, 6), we obtain

&L,0—Im3(1,0)—0  [—1
0—Ir(1,0)—0 1 °

which can be rewritten as

o+ &(1,0 — It3(1,0)) —60 I —1

—I73(1,0) T
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From this equation, we obtain an expression for 75 (7, 0)

— (27 + & (1,0 — I75(1,0)) —0)
-1

7 (1,0) =

From the expressions of 75 (/, ) above and (3.26),

(1,0 — 1 (—75(1,2m —0))) +0)
-1 ’

15 (1,2 —0) = (
and therefore
00— —1)(=75(I,2mr = 0)) =&(,0 — (I = 1)(=75(1,2m — 0))),

which implies that —7; (1, 27 — 0) is a time of intersection between the NHIM line and the
curve parameterized by &. In the case that there exists only one intersection point, this
implies

0 (1,0) =715(1,27 — 0).
So, condition (3.25) is satisfied. O

Proposition 51. Let S;(I,0) be the scattering map associated to the graphs of §; and n;
of C1(I). Assuming ay,as > 0, for any I there exists a 0, such that I >0 for 6 € (m,0,).
Moreover, 0, > 3w /2 for I ¢ (—1/2,1/2).

Proof. We have

. OL* Ay (I)sin(0 — I7%(1,0)) Ay(I)sin(8 — (I — 1)7*(I,0)
I = 1,0)= = — . 2
50 10 71 7 (3.27)
where A;(I) and Ay(]) are positive, because aq, as > 0. Notice that u = ay/as > 0.
Note that as (I, = m,0 = 7) is always on the crest Cy, (), 7%(I,7) = 0 for all I.
Consider first the case of horizontal crests (Ja(I)pu| < 1).

a) For I < 0, the function (/) introduced in (3.19) satisfies (/) > 0, and from
(3.21), sin(& (1, ¢))sing = —pa(l)sing < 0. Take § = 27; since I < 0, the slope
m = (I —1)/I of the NHIM lines is greater than 1. Therefore, 37/2 — I7](I,37/2) €
(m,3mw/2). This implies that for any 6 € (mw,37/2), 8 — I7{(I,0) € (m,37/2), so
sin(@ — I77) < 0. From (3.27), I > 0.

b) For 0 < I <1, a(I) <0, so sin&; (I, ¢)sing > 0. Besides, m < 0, so if we look for
0, satisfying
O —It=2n (3.28)
0—(I—-1)T=m,
we have that for any 0 € (7,0.), 0 — I € (m,27). By solving (3.28) and defining

6, :=6,, we obtain 6, = (2 — I)m. Then, sin(f — I7{(1,0)) < 0 and therefore I > 0
for any 0 € (7,0, = (2 — I)7). In particular, , < 37/2 if, and only if, I € (1/2,1).
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c)

For I > 1, one more time () > 0 and sin&; (/, ) sin(¢) < 0, but now 0 < m =
1—1/I < 1. We first fix § = 37/2 and search for I such that

Sm —I7"(1,37/2) =0

2
3; — (I —=1)7"(1,37/2) = .

We obtain I =3/2,s0 0 — I7(1,0) € (0,7) for any I > 3/2 and 0 € (7,0, = 37/2).

Consequently, sin(¢ — I7y(,0)) > 0 and I > 0. For the values of I € (1,3/2) we
change the strategy. We look for 6, such that
0—1I7"(1,0) =0
0—(I—-1)7"(I,0)=m.

We have 0, =« and ¢ — I7{(1,0.) € (0,7) for any I € (1,3/2) and 6 € (m,0.), so
I > 0. Note that 0, < 37/2 and we can define 6, := 0,.

Observe that for I = 1 the crests are vertical, and for I = 0, § = 0 — I;(I,0), and I > 0
for 0 € (m,371/2).
Consider now the case of vertical crests (|a(I)p| > 1).

a)

For I < 0, sinn(I,0)sine = —pa(l)sin’c < 0 and m > 1. We fix § = 37/2 and
look for I such that

32 —IT" =7
3n/2 — (I —1)r"(I,37/2) = 0.

We obtain I = —1/2 and therefore, sin(¢ — (I —1)7(1,0)) > 0 for I € (o0, —1/2)
and 0 € (m,37w/2). Consequently, I > 0 from (3.27). For I € (—1/2,0), we have that
0, = (1 — I)7 satisfies

0—It"(1,0)=m
9+ — ([ — 1)7_*([,0+) =0.

Therefore, sin(d — (I — 1)77)(1,0) > 0 and I > 0 for any 6 € (,6.).
For 0 < I <1sinn(l,0)sinoc > 0and m < 0. 6 = (I + 1)7 satisfies

0—Ir"(1,0,)=m
0, — (I —1)71"(I,0.) =2m.

So, sin(f — (I — 1)7(1,0)) > 0 and I > 0 for any 0 € (m,6,). Note that 6, < 37/2
for I € (0,1/2).

Finally, for I > 1, sinn (I,0)sine < 0. We have that 0 — (I — 1)7{(/,0) € (7, 27),
so sin(6 — (I — 1)7(1,0)) < 0 and I > 0 for any 0 € (7, 37/2).
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For I = 0 the crests are horizontal. For I = 1, 8§ = 0 — (I — 1)75(I,6), so I > 0 for
0 € (m,2m). O

Remark 52. If a; < 0, we have that there exists a 6_ such that I > 0 for any 0 € (0_,m).

Remark 53. An analogous proposition holds for Sy(/,0), the scattering map associated
to the graphs of & and 7o of C2(I). In such case, there is a 6, such that I > 0 for any
0 € (0+,2m) where > 3m/2 for I € (1/2,3/2).

Note that this proposition leads us to ensure the diffusion in an analogous way to the
one used to prove Theorem 25. Next, the diffusion mechanism is stated and the Arnold
diffusion is proven.

3.3 Arnold Diffusion

In this section we are going to complete our goal proving the existence of global insta-
bility or Arnold diffusion, that is, Theorem 1.

We begin by presenting some general geometrical properties of the scattering maps that
we have to take into account to prove the theorem of diffusion. The first one reduces the
study of scattering maps to positive values of y. More precisely, we have the lemma below

Lemma 54. The scattering map for a value of ;v and s = 7, associated to the intersection
between R(I, ¢, s) and Cy,(I) (Cy(I)) has the same geometrical properties as the scattering
map for —u and s = 0, associated to the intersection between Ry(I) and Cy(I) (Ch(1)),
1.€.,

San Lo, m) = Sy (L0,0) = Sy (1,6)
Proof. First, we look for 7% such that the NHIM segment R(I,p,s) intersects the crest
Cun(I). If we fix s = 7, we have from (3.11) and (3.12):

L;,m<[7 2 7T) :Al([) COS(@ - IT;:’I(I7 s 7"))

+ Ay(I)cos(p — 7 — (I — V)71, p,7)). (3.29)

Besides, 7* satisfies
pa(I)sin(e — I7)) +sin(p —m— (I — 1)7) =0,
or
—pa(l)sin(p — I7)) +sin(p — (I — 1)7r) = 0.

We have that ¢ — 7 — (I — 1)7 (mod 27) = &, (I, ¢ — I7)) with /2 < &, < 371/2.
Then, for each 7 there exists a K € Z such that

3
g<cp—7r—(l—1)7;1+27TK<§.
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This implies
3 N X
?<¢—(I—1)Tm—|—2ﬂ'K and o— (I -1 +27r(K—-1)<

Therefore,

bo | 3

o— (I —1)7, (mod2m) < g or ¢—(I—1)7, (mod2m)> 37%

We can conclude that ¢ — (I — 1)7%, (mod 27) = &u(1, ¢ — I7). Therefore 75 (I, ¢, ) for
p is equal to (1, ¢,0) for —pu. From (3.29), Ly (I, ¢, ) satisfies

L;,m(L 12 7T) - Al(]> COS(SO - Tf\k/[(I? 12 0)) + (_A2<])) COS(QD - (I - 1)7_1\*/[(17 2 0))
L™ m(,9,0).

Since L7 . (+,-,m) and L* (-, -, 0) coincide, their derivatives too and this implies that

SE(I,p,m) = Sy (1, 0,0) = Sy'(1,0).
O

From now on, just to simplify the exposition, a; and as are considered positive. The
same strategy used in Chapter 2, Section 2.3, is applied to prove the existence the diffusion:
we combine the scattering map in an interval of § where I > 0 and the inner map to build a
diffusion pseudo-orbit. Then we apply shadowing results to get the existence of a diffusion
orbit.

Since I = 0 and I = 1 are resonance values, the application of the inner map must be
more careful, because in these resonance regions, for some orbits, the value of I decreases
in order O(y/2), i. e., the tori cannot be considered flat. We study the transversality
between the foliations of invariant sets of the inner and the scattering map in resonant and
non-resonant regions and its image under the scattering map §. For more details and a
more general case, the reader is referred to [DHO09].

Consider the resonant region associated to I = 0. In such region, the tori can be
approximated by F°(I, ) given in (3.9). The tranversality between invariant sets of the
inner and the scattering map holds if the gradient vectors of the level curves of F and £*
are not parallel vectors, or equivalently,

{F°(1,0),L(1,0)} #0,
where {, } is the Poisson bracket,
_oror oroc
00 oI  9I 90
From (3.9), the partial derivatives of F° are

FO° FO°
8— =1 and 8_ = —cay sin 6,

ol 00

(£, L7}
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and since £*(1,0) = Ay(I) cos(6 — I7(1,0)) + As(I) cos(d — (I — 1)7*(1,0)), we have the
partial derivatives given by

oL  Ay(I)sin(0 — IT")

90 I—-1 ’

oLr
ol

=A(I)cos(8 — IT*) + Ay(I) cos(8 — (I — 1))
+ Ay ()7 sin(0 — I7") + Ax(L) 7" sin(0 — (I — 1)77).

Note that if |I| > O(e), F"/0I dominates OF°/d6, so the Poisson bracket above can

be reduced to
aFOa_ﬁ ~ —TA(I)sin(0 — I7")

oI 00 I-1
Expanding sin(f — I7*) in Taylor’s series around I = 0, we have

(P.r) =~ -

sin(f — I7") =sinf + O(I),

which implies {F°, £*} = 0 if, and only if, § ~ 0, 7, assuming that O(I) is small enough.

Now, we consider I = O(e) and look at the intersections between the NHIM lines and
the graph of &. Note that as the value of [ is close to 0 we can assume that the crests are
horizontal. Using Taylor’s series we can write

sin(@ — I7*) =sinf + O(I)  cos(d — I7") = cosf + O(I)
sin(0 — (I —1)7")=0() cos(0 — (I —1)7")=—-1+0O(I).

This implies

~ TA(I)sing
-1
+ A (I)T*sin @) + O(I? <l).

{FO, L} = —caysinf (A} (1) cos§ — Ay(I)

(3.30)
Taylor expanding the functions A;(I), A} (1) and A4(I) around I = 0, we obtain
Ay (I) = 4ay + O(I?), Ay(I) = O(I) and AL(I) = aym(w coth/2 — 2)esch(w/2) + O(I)
Plugging these expressions in (3.30), we set

0 pey . Aailsind
e} = I—-1

+4a1(m — 0)sin 6] + O(I?, I¢).

— eay sin 0 [agm(m coth /2 — 2)csch(w/2)

Therefore,

{F°, £} = 0 &ay sind [I_—iul — €ayT (7r coth (g) — 2> csch (g))

+ed(m — 0)sinf] = 0.
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In other words, we do not have transversality if, and only if, # = 0, 7 or satisfies

., I m(cothm/2 —2)cschr/2)
(m—0)sinf = o + 1

Y

which is not an horizontal curve in the plane (6, ) and is transversal to an invariant torus
of the inner dynamics.

For the other resonant region I = 1, F'! is very similar. Assuming I — 1 = O(g), we
have

(F', L7} = aysin® {4 (%) _ e [ray(2 — 7 coth(m/2) )esch(r/2) + 4as sin e]} |

Applying the same methodology, we obtain an analogous result for the other resonant
region F''. In short, we conclude that the image S(7;) of an invariant torus 7; of the inner
map under the scattering map intersects tranversally another invariant torus 7;,; of the
inner map.

Finally, in the non-resonant region, we notice that

oFm oL IA;(I)sin(f — I7")
or 06 -1 ’

{Fnr,ﬁ*} —

just the same expression as the one for the resonance I = 0, so the transversality between
invariant sets of the inner and the scattering map follows.

Now, a constructive proof of Theorem 1 is presented. This proof is similar to the proof
presented in Subsection 2.3.2 of Chapter 2, but now, there is no any piece of “highway” or
fast vertical lines where |I] is large. So, the inner map is applied more times.

3.3.1 Proof of Theorem 1

Proof. We consider r = 1 in Hamiltonian (1.5). First of all we have to choose what
scattering map we use. This choice depends on the sign of p as explained in Lemma 54.
Assuming p > 0, we take S1(7,0), the global scattering map associated to the graphs of &;
and n;. If a; > 0, by Proposition 51 for any I there exists an interval § € (m,0,) where
I > 0. Define H, the set (p,0;) x [—I*,I*], where p = m + ¢ is such that 7 < p < 6,
and the transversality between NHIM lines and £} holds. We first construct a pseudo-
orbit {([;,6;) : i = 0,..., N1} C H, with I, = —I* and 6y, as close as possible to p.
Note that all these points lie in the same level curve of L7, that is, £i(lo, 60y) = L5 (1;,0;),
i =1,...,N;. Applying the inner dynamics, we get (In,+1,0n,11) = ¢uy, (In,,0x,) with
On,+1 € (p, 0,) and then we construct a pseudo-orbit {(I;,6;) :i = N1 +1,..., Ny +M;} C
Li(Iny11,0x,41) = Inyo1 with 6; € (p,0x,11), 0+ — On, o, = O(2). Applying the inner
dynamics, we get (In4m+1, Oxy 001 41) = Prg g, (I, Ony 0, ) With Ox, v 41 € (0, 04).
Recursively, we construct a pseudo-orbit {(/;,6;) : ¢ = Ny 4+ 1,..., Ny} such that Iy, > I*.
In the same way, as in the proof of Teorem 25, we can apply shadowing techniques of
[FMO00, FM03, GLS14], due to the fact that the inner dynamics is simple enough to satisfy
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the required hypothesis of these references, to prove the existence of a diffusion trajectory.
If a9 < 0, changing H, to H; = (6, ) all the previous reasoning applies.

Considering Remark 33, Remark 38, Remark 41 and Remark 45, for any r € (0,1), an
equivalent diffusion result is readily obtained. And, finally, the case for » = 0 is proved in
Theorem 25 in Chapter 2.

]

3.4 Piecewise smooth global scattering maps

In this section, the geometric freedom of the choice of 7* is explored. Until now, only
two different scattering maps have been used to build a global one, and this was enough
to ensure diffusion. But, with this approach, finding a diffusion pseudo-orbit is not always
easy enough and this pseudo-orbit can be also complicated. This depends simply on the
“aspect” of the scattering map obtained.

We now suggest a new criterion to choose 7*: to take the minimal value for |7*| for
any (0,). This provides us with a piecewise smooth global scattering map with a good
property: the phase space of this scattering map which is O(e?)-close to the level sets of the
reduced Poincaré function £*(1, #) associated to the chosen 7* is simpler and “cleaner” than
the phase spaces of other scattering maps displayed up to now. By a cleaner scattering
map, we mean that we can easily identify and understand the orbits of the scattering maps,
except for a small region which contains the tangency locus.

Besides, the zones where the value of I is increased or decreased under the scattering
map is well behaved. I decreases for § € (0,7) (the red region on all pictures in Fig. 3.6)
and I increases for 6 € (,2m) (the green region on all pictures in Fig. 3.6). So it is easy to
infer that for finding a diffusion pseudo-orbit it is enough to build a combination between
the inner map and this scattering map restricted to (m,27), for example if an increased
value of I is wished. The same idea used in the proof of Theorem 1.

Observe that the scattering maps we are now considering are a mix of the scattering
maps studied previously. As an example, we illustrate the scattering map obtained for
1 = 0.9. Such scattering map can be divided into three regions and in each region, the
scattering map coincides with a scattering map studied before.

In Fig. 3.7, for regions I (0 < 0 < 7/2), Il (7/2 < 0 < 3xw/2) and 111 (37/2 < 0 < 27)
the scattering map has the following correspondence:

I Extended scattering map Sy(7, 6) associated to the horizontal Cy(1) “under” o = ¢.
II Extended scattering map S; (7, #) associated to the horizontal Cy,(]).
IIT Extended scattering map S»(1, 6) associated to the horizontal Cy (1) “over” o = .

If extended scattering maps are not considered and we just use scattering maps associ-
ated to horizontal and vertical crests, one can see that these scattering maps can be divided
into 6 regions, i.e., they can be viewed as a combination of up to 6 scattering maps.
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0 /2 ™ 3r/2 3 /2 7[ 3n/2

a) Piecewise scattering map for p = (b) Piecewise scattering map for u = 0.5.
0.3.

) /2 ™ 3m/2 ~o /2 ™ 3m/2

c) Piecewise scattering map for p = (d) Piecewise scattering map for p =
0.9. 1.5.

Fig. 3.6: Examples of piecewise smooth global scattering maps. The orbits of scattering maps are
represented by the blue lines. In the red zones the values of I on such orbits decrease, in the green one
the values of I increase.

Another property of these scattering maps is the loss of differentiability on the straight
lines # = 7/2 and 0 = 37/2. The vector field associated to the Hamiltonian —£} defined
around these discontinuity lines behaves as the vector fields studied in non-smooth dynam-
ics theory. More precisely, we can find regions with slide and unstable slide behavior [Fil88].
In a future work, we envisage to design special pseudo-orbits along these discontinuity lines
using such theory. Note that these pseudo-orbits would be very similar to the “highways”
defined in 2.3 of Chapter 2, so in principle, one can expect fast and simple diffusion along
these discontinuity lines.
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0 /2 b 3r/2

0

Fig. 3.7: A piecewise smooth global scattering map divided into 3 regions. The vertical black lines are
the boundaries of the domains of smooth scattering maps.
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Chapter 4

A case of 34+1/2 degrees of freedom

After a study about an a priori unstable Hamiltonian system with 2 + 1/2 degrees
of freedom, a natural question is what happens for a similar system with more degrees
of freedom. In this chapter, we try to answer, at least partially, this question. Partially
because we consider a particular case for 3 4+ 1/2 degrees of freedom.

We are going to consider a generalization of the Hamiltonian considered in Chapters 2
and 3, which is given by the a priori unstable Hamiltonian with 3+ 1/2 degrees of freedom

2
H&(p7Qa 117[279017 (1027S> ==+ (% + CoOSq — 1) + h(lla ]2) + 5f(Q) 9(901, (p278)’ (41)

where f(q) = cosq, h(Iy, 1) = Q13 /2 + Q15 /2 and
g1, 92,8) = ay cos p1 + ag cos py + ascos(k - ¢ — s),
with k = (ky, ke) € Z* and (1, p2) € T2
Remark 55. In [DLS16], the authors dealt with £ = (1, 1) as an example for their results.

In this thesis, we restrict our attention to the case with k£ = (0,0). There are two main
reasons for this restriction: First, this system is a direct generalization of Hamiltonian
(2.1)4+(2.3) in Chapter 2. So, for this Hamiltonian, we can expect to find a similar behav-
ior of the crests, the existence of global scattering maps and, moreover, the existence of
highways. Besides, we have a well-known case to compare with the new results obtained.
The second reason is that it is much easier to handle it because we reduced the number of
parameters and its inner dynamics is simplified.

Therefore, from now on, we are always assume

g(p1, P2, 8) = aj cos p1 + ag Cos Y3 + a3 Cos s. (4.2)

For a simpler notation, we denote I = (Iy, I) and ¢ = (1, ¢2).
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4.1 Unperturbed case

In the unperturbed case (¢ = 0), such system is the Hamiltonian system with Hamilto-

nian
2

HO(p7Q7[7g07S) ==+ (% +COSQ— 1) +h([)7

and equations

q=p p =sing
Y1 = wq I, =0
P2 = wa =0
i—1,

where w; = €;1;, i« = 1,2. This system consists of a pendulum plus two rotors. From the
equations above, I; and I are constants and the flow has the form

Ci(p, g 1, p) = (p(1), 4(t), I, ¢ + tw),
where w = (w1, ws). And we have an invariant set (on the extend phase space)
Tr =1{(0,0,1,¢,5);p,s € T*}.
In this case, the NHIM is
A={(0,0,1,p,5):(I,p,s) € R x T3}, (4.3)

4.2 Inner dynamics

The inner dynamics is derived from the restriction of the Hamiltonian (4.1) and its
equations to A, given in (4.3), i.e.,

K.(1,p,s) = h(I)+ e (aycosp; + as cos v + as cos s)

and its equations

()bl = W1 [1 = &a, sin Y1
ng = W9 12 = £Qy sin Y2
s =1.

Note that the inner dynamics is integrable, with first integrals

Q1]12 QQIQQ

Fi(1 =

+ ay (cospr — 1) and Fy(ls, ¢o) =

+ as (cos g — 1)

in involution. The inner dynamics is just the product in the spaces (11, ¢1), (12, p2) of the
dynamics described in Fig. 2.2, so there are two resonances centered at Iy = 0 and I, = 0.
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Remark 56. There is a double resonance in I; = I, = 0. The study of the dynamics close
to double resonances is a very hard problem, and it is out of the scope of this work. For
a interested reader we give some references for about it [Nek77, Las93, CGS03, LMS03,
FGLO05, LGF09, KZ12, GSV13] . As, in our case, the double resonance is just the point
I =(0,0) and we simply avoid it.

4.3 Scattering map

4.3.1 Definition of scattering map

We are going to explore the properties of the scattering maps of Hamiltonian (4.1)+(4.2).
The notion of scattering map on a NHIM was introduced in Chapter 2, Subsection sub:Meln
pot and crests. Let T be an open set of [—I, I] x [—13, 3] x T? such that the invari-
ant manifolds of the NHIM A introduced in (4.3) intersect transversally along a homo-
clinic manifold T" = {2(1, ¢, s;¢), (I, ¢, s) € W} and for any Z € T" there exists an unique
iy =72, (I, s¢) €A such that 2 € Ws(z_) N W¥(i,). Let

Ho_=|J{ic-( ¢,56): (I,p,5) € W}.
The scattering map associated to I' is the map

S:H_ — H+

r_ +— S(i'f) :i’+.

For the characterization of the scattering maps, it is required to select the homoclinic
manifold T" and this be done using the Poincaré-Melnikov theory. Again, from [DLS06,
DH11], we have the following proposition

Proposition 57. Given (I,p,s) € [—I;, I}]x[—1I}, I}] x T3, assume that the real function
TeR— L(T,p—Tw,s—7) € R (4.4)

has a non degenerate critical point 7% = 7(1, ¢, s), where w = (wy,ws) and

Clps)i= [ (o)~ 10D gl + s + 0.

o0

Then, for 0 < e small enough, there exists a unique transversal homoclinic point Z to A,
of Hamiltonian (4.1), which is e-close to the point Z*(I,¢,s) = (po(7%),qo(7%), 1, ,s) €

WO(A):

zZ= 2(17 ¥, S) = (pO(T*) + O(E),QO(T*) + 0(5)’1790’ S) S Wu</(6) 0 WS(/(E)
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The function £ is called the Melnikov potential of Hamiltonian (4.1). The Melnikov
potential takes the form

L(I,p,s) = Ajcosp + Ay cos pg + Az cos s, (4.5)

where

27'('(4.)@'&1' 271'&3

A= Aw) = GGy o0 wdA =T

(4.6)

The homoclinic manifold I' is characterized by the function 7*(I, ¢, s). Once a function
7*(I, p, s) is chosen, by the geometric properties of the scattering map, see [DLS08, DH09,
DH11], the scattering map has the explicit form

S(I,,8)= (I +eV,L"+ (0(%),0(e?)), ¢ — eVL* + (0(e), O(£%)), 5) ,
where
L*=L"(1,0,8)=L(I, o —7(I,0,5)w,s —T7"(I,p,5)). (4.7)

Notice that the variable s is fixed under the scattering map. As a consequence [DH11],
introducing the variable
0=¢p—sw

and defining the reduced Poincaré function

L(I1,0) :=L*(I,p — sw,0) = L*(I,p,s), (4.8)
in the variables (7, 6) the scattering map has the simple form
oL 5 : 5
S(1,0) = I+5W(I,9)+O(e ),6—581_ (1,0)+0(%) ), (4.9)

where O(g?) = (O(e?), O(£?)). So up to O(g?) terms, S(I,0) is the e times flow of the
autonomous Hamiltonian —L*(7, ). In particular, the iterates under the scattering map
follow the level curves of L* up to O(e?).

4.3.2 Crests and NHIM lines

We have seen that the function 7* plays a central role in our study. Therefore, we are
interested in finding the critical points 7" = 7%(1, ¢, s) of function (4.4) or, for our concrete
case (4.5), 7* solution of

oL

or
This equation can be viewed from two equivalently geometrical viewpoints. The first one
is that to find 7" = 7*(I, ¢, s) satisfying (4.10) for any (I, p,s) € [—I}, I] x [-13, 3] x T3
is the same as to look for the extrema of £ on the NHIM line

(I, —wr,s —7) = wi Ay sin(¢1 — wiT) + waAssin(ps — wet) + Assin(s — 7). (4.10)

R(I,p,s)={I,p—Tw,s—7):7 € R}. (4.11)
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The other viewpoint is that, fixing (I, ¢, s), a solution 7* of (4.10) is equivalent to finding
intersections between a NHIM line (4.11) and a surface defined by

w1 Aj sin 1 + wy Ay sin g + Agsins = 0. (4.12)
These surfaces are called crests, and in a general way can be defined by

Definition 58. [DH11] We define by Crests C(I) the surfaces on (I, ¢, s), (¢, s) € T3, such
that

oL
E(I, ©—TW,8 —T)|r=0 =0,
or equivalently,
oL oL
—(1 —(I =0.
w52 Lps) + 5 (Lps) =0

Note that equation (4.12) can be rewritten as

o (I1) pq sin oy + (1) pe sin g 4 sins = 0 (4.13)
where, for ¢ = 1,2,
a; 5 sinh(m/2)
i = d (L) = (W) ——F——%. 4.14
a as and ay(l) = (i) sinh(w;m/2) (4.14)

Observe that «; is well defined for any value of I;. To understand the intersection between
NHIM lines and the crests C(I), first we need to study how these surfaces look like for
different values of y; and w;, for i = 1, 2.

Remark 59. With Eq. (4.13) we wish to emphasize the similarity between such crests
with the crests studied in Chapters 2 and 3, in Sections 2.2 and 3.2 respectively.

As explained before, when we have introduced the crests, we are interested in their
geometrical behavior. For this purpose, we study their possible parameterization. One can
see from (4.13) that if

|y (1) g sin g + a(I) g singo| < 1 (4.15)

we can write s as a function of ¢, and o, more exactly
(1, ) = arcsin (o (1) py sin o1 + as(le) s sin ps)  mod 27
S =
Em(I, ) = —arcsin (o (I1) gy sin o + ag(lo) g sin ) + 7 mod 2.

In accordance with the notation used in Chapters 2 and 3, in Sections 2.2 and 3.2
respectively, the crests C(I) are formed by two surfaces, they are parameterized by &y ([, )
and &, (1, ¢) and are called horizontal crests. From expression of the function a;(l;) given
in (4.14), we have |o;([;)| < 1.03. This implies

oy (1y) p sin 1 + ap(L2) pro sin o | < 1.03(|pa | + [pe2])-
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Fig. 4.1: Horizontal Crests C(I) : p1 = p2 = 0.4 and w1 = wy = 1.

Therefore, if
] + [pe] < 1/1.03 = 0.97,

the two surfaces of the crests C(I) are horizontal for any value of I and Is.

If condition (4.15) is not satisfied, s cannot be written as a function of ¢; and 9, then
we have two possibilities: a) we can write ¢; as a function of ¢; and s, or b) the projection
of the crests C(I) on each plane ( (1, ¢2) , (¢1,s) and (g2, s)) has holes.

Case a) is only possible if ‘ ks gin @ + —Sns ‘ < 1. Then, the crests C(I) are formed

ai(I;)p ai(Lipi | —
by two surfaces, they are called vertical crests and can be parameterized by

mii(1, pj, s) = arcsin (m (sins — o (1;)p; sin goj)>
i =

Nmi(1, p;,$) = — arcsin (W (sins — a;(1;)p;sin gpj)> + .

In case b), Eq. (4.12) defines a unique surface for any crest C(I), see Fig. 4.2(b).
Note that for horizontal and vertical crests C(I) are formed by two surfaces that can be
parameterized separately. In case b), C(I) is called unseparated crest.

To write ¢; as a function of ¢; and s |y;| is needed to be greater than 0.97. In fact,
suppose that there exists an I such that ¢; = ¢;(¢;,s). From Eq. (4.12), we have

A:(I)w:sinw;  Aasi
Singpi:_( i J)w131n909+ 3Slns)’

for any ¢, and s with 4 (ffl)gf)i? £ 4 23(2?:1 < 1. In particular for ¢; = 0 and s = 7/2, so
A 1
’Wj)wz <1, or equivalentely AT <1
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(a) Vertical Crests C(I): p1 = 1.7, uo = (b) Unseparated Crest C(I) : p1 = 0.7,
0.4 and w1 = wy = 1. pe =0.7and wy = wy = 1.

Fig. 4.2: Different kinds of Crests

Therefore, we obtain

1
09T~ — <
1.03

< pl -

As a consequence, if |ui| + |u2| > 0.97, but ||, |u2| < 0.97 then there are no vertical
crests, only horizontal or unseparated crest.

Tangency condition

We now explore the existence of tangency between the crests C(I) and the lines R(1, p, s).
The crests are a family of surfaces, so there exists a tangency such tangency if a tangent
vector of the straight line R(1,p, s) lies on the bundle tangent of one of these surfaces.

The vector tangent of R(I,p, s) at any point is v = —(wy, ws, 1). Consider the function
F T3 =R,

Fr(p,s) = ay (1) pg sin @y + as(Is) o sin o + sin s,
we note that the crests C(I) can be defined as (i, s) € T3 such that Fy(p,s) = 0. Fixing a
point p = (¢, s) in C(I), the normal vector of C(I) at the point p is

VI (p) = (a1 (11)p1 cos o1, az(l2) o cos @z, cos s).

The vector v lies on the tangent space of the crests at the point p if, and only if VF(p)-v =
0. This condition is equivalent to

(65} (]1)w1,u1 COS @Y1 + OéQ(IQ)WQ,UQ COS 9 4+ coss = 0. (416)

From (4.13) and (4.16), there is tangency between a horizontal crest C(/) and the NHIM
lines R(1,p,s) for ¢, and ¢, satisfying

(wiev (I1) s cos gy + waan(I) pta cos 92)° + (a (1)1 sin 1 + aa(Is) pa siny)? = 1
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Denote by

F1(p) = (Wi (1) pr cos @1 + waan (1) g cos o) + (a (I1)ur sin 1 + aa(Iy) g sin pa)? .

Note that, if there are values of u; and pg such that f;(¢) < 1 for any I, there is no
tangency. As commented before, |a;(;)| < 1.03 From (4.14), we obtain |o;(f;)w;| < 1.6.
This implies

F1(p) < (1.6)* (|1 cos ou] + |2 cos pa])* + (1.03) (| sin 1| + |2 i pa)”
< 1.6% || + 1.6 |p2]” + 2| | |2] (1.6% [cos 1 |cos @] + 1.032 [sin 1] [sin o)
< L6 (|| + |p2]).

It is enough to require || + |pe| < 1/1.6 = 0.625 to ensure f;(y) < 1 for any value of I.
It is easy to verify that if |u;| + o] > 1/1.6 there are a I and a ¢ such that f;(p) > 1.

Proposition 60. Consider the crest C(I) defined by (58) and the NHIMlines R(I, ¢, s)
defined in (4.11).

a) For |ui| + |pu2| > 0.625 the crests are horizontal and the intersections between any
crest and any NHIMline are transversal.

b) For 0.625 < || + |pe| < 0.97 the two crests C(I) are still horizontal, but for some
value of I there are NHIMlines which are tangent to the crests.

c) For 0.97 < || + |p2] and ||, |u2| < 0,97, the crests C(I) are horizontal or un-
separated and for some value of I there are NHIMlines which are tangent to the
crests.

d) For For 0.97 < || + |u2| and 0.97 < |u;|, The crests C(I) can be horizontal, vertical
or unseparated and for some value of I there are NHIMlines which are tangent to the
crests.

4.3.3 Symmetry of the scattering map

Proposition 61. a) The reduced Poincaré function Li(1,60) is an even function in the
variable I, that is, L5(1,0) = L5(—1,0), and consequently the image of So(I,0) is
geometrically symmetric in this variable 1.

b) The reduced Poincaré function L(1,60) is symmetric with respect to the straight line
0 = (m, ), that is, L5(1,0) = L§(I,2m — 0), where 2mr — 6 = (2m,27) — (04, 02),
and consequently the image of So(1,0) is geometrically symmetric with respect to
0= (m, ).

Proof.  a) From (4.5), (4.7) and (4.8), we have

L*(1,0) = Ay cos(by —wiT"(1,60)) + Az cos(0y — wer™(1,0)) + Az cos(—71"(1,6)).
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From (4.6), it is to verify that A; is an even function, and therefore,

L(—1,0) = Ay cos(01+wm(—1,0))+ Ay cos(by +wet™(—1,0)) + Az cos(—7*(—1, 60)).

(4.17)
From (4.12) and (4.12), 7*(1, 0) is the solution of
w1 Ay sin(f; — wiT) + waAg sin(fy — wet) + Az sin(—7) = 0. (4.18)
Analogously, 7%(—1, ) is the solution of
—wi Ay sin(0y + w1 T) — waAssin(fy + wet) + Agsin(—7) = 0.
Note that the above equation can be written as
w1 Agsin(fy — wy(—7))weAg sin(fy — wo(—7)) + Agsin(—(—7)) = 0. (4.19)

From the local uniqueness of the solution of (4.18) and (4.19) we can conclude
T(1,0) = —77;(=1,0), so 75(I,0) = —75(—1,0) Applying this equality in (4.17),
we obtain

Li(—1,0) = Ay cos(0y — w1y (1,0)) + Az cos(by — wary (1,0)) + Az cos(ri (1, 6)).

Therefore, £i(1,0) = L{(—1,0).

Let (IT,0%) = Sy(1,0) and (I~,07) = Sy ' (—1,60), where Sy is the inverse image of
the scattering map. We are going to prove that I = —I~ and 7 = 6~. From (4.9)
we have

I+:I—|—68£O(I,0)—|—(’)(52) and 9+:9—58660

3 (1,0) + O(£?).

On the other hand, it is easy to verify that Sy '(—1,0) is

oL
90

oL
o1

Im =T+ (—e)=2(~1,0)+0(*) and 0 =0—(—e)—=2(—1,0) + O(?).

Now, we use the fact that £5(1,0) = L5(—1,0), and so

I"=-1+ (-8)8598<[,9) +0(%) = —1I*
0~ —0— () <—aa£[3 (1,9>> +O(2) = 0+

b) Analogously to the above case, 7%(I, 27 — ) is the solution of
w1 Ay sin(2m — 0 — w1 T) + we Ay sin(2m — Oy — wet) + Assin(—7) = 0.
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Or, equivalently,
w1 Ay sin(0; — wy(—7)) + weAg sin(by — wa(—7)) + Agsin(—(—7)) = 0.

This implies 7%(1,0) = —7*(I, 21 — 6).

As the related scattering map depends on which interval the function 7*(7, 8) belongs,
we can write 77 (1,0) = —7*,(I,2m — 0), j € Z. Therefore, we have 75(I,0) =
—75(1,2m — ). Using this equality and the 27 periodicity of the cosine,

Li(I,2m —0) = Ajcos(—01 +wity(L,0)) + Ay cos(—0y + wory (1,0)) + Az cos(my (1, 0))

= Ajcos(0; —wity(1,0)) + Az cos(f2 — wati(1,0)) + Az cos(—75(1,0))
= L(1,0).

Let (I*,0%) = So(I,27—0) and (I~,07) = Sy (I,60), where S; ! is the inverse image
of the scattering map. We want to prove I~ = I and " =27 — 0.

From (4.9) we have

I =1+ 9k (1,21 —0)+O(*) =1 +¢ 9% (1,0) ) + O(e?)
00 00
=1+ (—¢) 88590 (1,0) +O(*) =1".

In the same way,

*

0t = (2r —0) — 588[}0 (1,27 — 0) + O(e?)

oL
oI

=21 — |0 — (—e)20(1,0) + O(2) | =27 — 0.

O

Theorem 62 (The general diffusion). Consider the Hamiltonian (4.1)+(4.2). Assume
ajasaz # 0 and |ay/as| + |az/as| < 0.625. Then, for every § < 1 there exists eg > 0 such
that for every 0 < |e| < e¢, given Iy € T\ {(0,0)}, there exists an orbit T(t) and T > 0,
such that

1(@(0) - I| < C6
I(#(T) — I,] < C5

Proof. Consider first the case that I, = I, so that I_, I, are joined by a horizontal line
v : [0, t*] — R? such that y(0) =1_, y(t*) =1, I,_ < I, and ¥(t) # (0,0) for t € [0, ¢*].
Given a positive d, define the finite open covering of the image of the curve ~

UBa(V(tz‘)),
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where Bs(y(t:)) = {p € R*: [7(t:) — pllo <0} . |
Let I' € Bg(’}/(tz)) and I* ¢ Bg(’y(tH_l)) This 1mphes I{ < ’Yl(tz) < ’yl(t“_l). We take
the vector u’ = y(t;41) — I'. We want to find a vector v* satisfying

viu! >0 and  viuh > 0.

Assume uh > 0 (u} = 71 (t;41) — I > 0 ). In this case we wish v; > 0, j = {1,2}. This
implies 4 < v5(t;) = Yo(ti11). Since

vt = I(I',0) = (—Ai (L) sin(0] — wit*(I',0%), —As(Io) sin(05 — wi*(I", 6%)))

and assuming ay, az > 0, v; > 0 if, and only if, 6% — wiT*(I*,6*) € (7, 27).

Since the initial values (I',6"), we want to use the inner dynamics to displace 6 to a
point 6% € (m,2m)%. The inner dynamics is very simple and as Chapter 2 we are going to
assume that it is horizontal, i.e., it is described by the equations

;=0 and ¢;=wj;, j=12
And therefore, ¢(t) = wt 4 ¢(0). So, we wish to prove the existence of a ¢* such that
0(t") — w'r™(I',0(t")) € (7, 2m)*,

where 0(t) = 0° + w't.
Define t;(t) = 0(t) —w!*(I',0(t)). Without loss of generality we can assume wj > wj,
we have

Wt -
Py = —?@/)1 + 9,
Wi

where 1) = 0} — Wi} /wi. For wh/wi € R\ Q, (11, 1(31)) is dense in T?, then there exists
a t* such that (¢ (t*),¥2(t%)) € (m, 27).

For wi/wi = p/q € Q, q,p € Z, assume without loss of generality ¢p > 0, this implies
0 < p/q < 1. Now, we look at (1) = 27pip1 /q + 1 as a rotation by the angle 27p/q of

C on the S'. So, we write

r(d) = %Mw.

We want to prove that for any ¢ there exists a I € N such that r;(¢) € (7, 27], so that the
straight lines (¢1,2(¢1)) intersects (7, 27)2.

Suppose by contradiction that r;(¢)) € (0,7], | € N. Note that r(3) is a g-periodic
function. This implies that there exists a I’ € N\ 0 such that 7;(y)) = 1. Therefore,
if 1 € (m,2n] we obtain a contradiction. So, assume ¢» € (0,7] and consider the orbit
0= {0, (), ... ,rq,l(@)}. For ¢ # 1, if we sort the points of the orbit we have to obtain
q equidistant points in S*. Impossible if r,(¢)) € (0,7], 1 € {0,...,q — 1}.

For ¢ = 1, w! = wi and it is easy to verify that (1, 1(20;)) does not intersect (r, 27]?
only for ¢ = w. We first prove the case that it does not happen.
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We want to prove for any k € {0,..., N}, I* is §-close to the curve 7. We have
I =T+ ev' + O(e?). (4.20)
So, I**1 is d-close to v if the following conditions are satisfied
L < yt) +6 and I <y (tigr) + 0.

From (4.20) and if we consider only the terms of the first order, these conditions are
equivalent to

ti) —Ii 40 tiy1) — I 40
7(t) o B 5<%( +1). 170
Uy v
Note that y2(t;) — It < 6 and y(t;41) — I} > 6. Besides, v}, v} < [[vf]|. Therefore, it is
enough to require

e<

t)—Ii+9
] ﬁviu y (4.21)

Define ¢; = sup {5 e < },we obtain for any 0 < € < g;, I'*! is d-close to 7. For
ug <0, (4.21) takes the form
Iy — yo(ti) +0
[ —
Now we wish to obtain a similar result for any iterate of scattering map. Observe that
|v*||l, < 4a, for any i and a = max {a, as}. Therefore, the result is hold if we consider

e<

e < 0
da

That is, we take g = sup {5 0<e< %}, and thus for any € < g5 we obtain a pseudo-orbit
0-close to 7.

Now we come back to the case where wi = w} and 1 = 7. In this case (¢1,1(1))
intersects just ((0,7) x (7, 27))J ((7,27) x (0,7)). Now, we consider a finite open cover
of the image of the straight line v given by

U Bs2((ti)),

where Bspa(v(t:) = {p € R? : |v(t:) — pll, <3/2} . As uj,ul > 0, we take v} > 0 and
vy < 0. The image of the scattering map in the variable I is given by

I =T+ evl + O and LT = L+ evl + O(?). (4.22)
The problem is when I < 45(t;) — §. From (4.22),
IQiJrl > ’}/2<t1) -0 0> ’)/Q(tz) — I; — U;Efé + 0(82).
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As I' € Bs(y(t;)), we have yo(t;) — I3 < §/2. Besides, ||v'||,, < 4a. Therefore,
L > y(t) — 6 & §/2 > 4dae.

Or explicitly, 157 < 45(t;) — 6 for any e satisfying

<5
€< —.
8a

We prove now that this situation is not invariant, we mean, it is not possible in our
) )
purpose to obtain wi™ = wi™ and A5 — Git = 7. We have

0571 — 01" = 0} — evy — 0} + v + O(c?)
=T —c (U; — v}) +O(e%).

Then, 65t — 01+ = 0 if, and only if, —¢ (v} — v}) + O(e?) = 27K, K € Z. Since viv} < 0,
K # 0. From the definition of v*, we have

08 = —A (1)) sin(0; —w (14, 60Y) and vl = —As(I) sin(fy — wer* (1%, 0
1= —Ai(1)sin(0 (I',6")) and vy = —Ay(I2) sin(6 (I', 67)

From w! = w) and 0 = 6% + 7, we obtain Ay(l1) = azA;(I1)/a; and

vh — vl = <a2 +a1> Aq (L) sin(0y —w7(1,0)).

ai

Therefore

. . R
-l < —4 < 0.
e [vs = vi] < g4 @l + laz])

So, —e (vh —vi) + O(e?) = 2nK is satisfied only for a delta satisfying
§ > 21 + O(£?).

But this ¢ is too big and it is out our interest.

For vertical lines, the same result can be stated mutatis mutandis.

For a more general case, that is, Cl'-curve v : [0,#*] — R? such that v(0) = I_,
v(t*) = 14+, we take a stairstep curve 7sep, a combination of horizontal and vertical lines,
in a such way that vgep is a good enough approximation of v, where “good enough” we
mean, the result is hold for v applying the above results (for horizontal and vertical lines)
for Ystep-

Using the shadowing lemmas of [FM00, FM03, GLS14] we obtain the desired orbit. [

4.4 Highways

In analogy with Definition 22, in Chapter 2, we define a Highway as an invariant set
H ={(I,0(I))} of the Hamiltonian given by the reduced Poincaré function £*(I,#) which
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is contained in the level energy £*(I,0) = As. It is therefore a Lagrangian manifold, that
is, ©(I) is gradient function, i.e., there exists a function F'(I) such that ©(I) = VF(I).
As O is a gradient function, it has to satisfy the following condition

00, _ 0,
ol, oI,

This condition is equivalent to
PF  OPF

0,0,  OLOI,

Proposition 63. Consider the Hamiltonian (4.1)+(4.2). Assume ajasas # 0 and |ay/as|+
las/as| < 0.625. For I and Iy close to infinity, the function F takes the asymptotic form

3 2a; sinh(r /2 |
F)=""(L+ L)~ Y w (73w + 67°w2 + 24mw; + 48) ¢/
2 ™ (4.23)

+O(w%w2€ﬂ(w1+w2)/2)

Proof. Assume a candidate of a function F'(I) given by (4.23), such that © = VF(I). ©([)
has to satisfy the energy level for highways in the reduced Poincaré function

Ay (L) cos(©1 —wiT"(1,0)) + As(12) cos(©g — wer™ (1, 0)) (4.24)
+ As (cos(—7"(1,0)) — 1) =0,

and 7%([, 0) has to satisfy the equation of the crest

wlAl ([1) Sin(@l — wlT*(I, @)) + WQAQ([Q) Sin(@g — CUQT*(I, @))

+ Assin(—7"(1,60)) = 0. (4.25)

We want to write their version for I; and Iy close to infinity. Using (4.23) we notice
that ©, = ©;(I) takes the form
©; = 37/2 — a;sinh(7/2)wle ™2 4 O(wiwie™@itw2)/2),

This implies

cos(0; — wiT*) = —a;sinh(m/2)wle ™2 — Wt + O(wWiwiemWrtw2)/2)
and
sin(0; — wit*) = —1 + O(we ™),
Besides,
cos(—7(1,0)) =1— ;‘f +O(),  sin(—7%) = =75 + O(1L),

where 7% is an asymptotic approximation of 7* that we are going to estimate below. First,
we notice that the functions A;(I;) and As(I3) can be approximated by

A1) = draw;e” ™2 (1 +e ™ ) = dra;wie ™ + O (wie’““”/?)
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From (4.13), the function 7*(/, ©) satisfies

Al(Il)Wl
As

Ay (Lo)w

sin(©; — w1 7(1,0)) + A—2 sin(©y — sz*)> )
3

—7%(1,0) = — arcsin (

and therefore,
Z s sinh (7 /2)w? e~ ™wi/2 4 O( _5”“1/2)

=1,2

Applying these estimates in Eq. (4.24) we obtain that the left hand of Eq. (4.24) satisfies

> {4raiwe ™ [—a; sinh(n/2)wie ™/ — w; (2ar sinh(r /2)wie ™2

i=1,2

2
A
+2a; sinh(r/2)ue /%) |} — 22 (Z 2a; sinh<w/2>w?e‘”wi/2>

i=1,2
+ O(WPwie 7r(°‘”+°J2)/2) O(w%wge_”(w”w?)ﬂ).

In the same way, applying in Eq. (4.25) the estimates obtained, we have that the left
hand of Eq. (4.25) satisfies

_ 471'(11(,0%6_7“‘”/2 o 47Ta2w§e_7rw2/2 + A3 <Z 2a; Sinh(ﬂ_/2>wi26—7rwi/2>
1=1,2

+ O(wfw%e_”(“’ﬁw)ﬂ) O(w%wge_”(wﬁ”)/g)

Therefore, up to order O(w?w2e "@1F2)/2)  the equation of the crest and the energy
level of the reduced Poincaré function are satisfied. O

We finish this chapter with an explicit equation of the highway in a special case.

Proposition 64. (Highways in a very special case) Consider the Hamiltonian (4.1)+(4.2)
and a1 = ay = a satisfying 2 |a/az] < 0.625 and Q0 = Qs = Q.
Let O = { 10,09, (_]N oN) } be an orbit in a highway, N € N such that I =19 and
09 = 69. Then, If = ]3 =TI"and 0, = 05 = 0" for any i € {0,..., N} and can be described
by
arccos w + warccos(f_(I)), I<0;

) = i g ;
arccos % —warccos(f-(1)), I>0;
or . _ _
5l — arccos W —warccos(f_(1)), I <0;
mll) = r 7 7 ’
— arccos W + warccos(f- (1)), 1> 0;

where f_(I) = @Az — /A2 + (0 — 1)[2A2(])/ [A3(@? — 1)] and @ = 9.
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Proof. We have that the trajectories of the scattering map are given by the e-time flow
of the Hamiltonian —L£*(I,6) up to order O(g?). And such flow is given by the following
differential equations:

I; = —Ay(I) sin(0; — wit(1,0)) (4.26)
. A;
0; = —Q Ccll (I;) (cos(0; — wit™) + 7°(1,0) A;(I;) sin(6; — w;m*(1,9))),

for i = 1,2. Assuming 2; = Qy =: Q and a; = ay =: a and taking initial conditions

satisfying 7(0) = I° and 0(0) = 0° where I? = I3 and 6 = 69, the solution (I(t),0(t)) of
(4.26) satisfies 61 (t) = 6(t) and I;(t) = I(t). Let O = {(1°,6°), (I',6"),...,(IV,0")} be
an orbit of the scattering map in a e-time flow of the Hamiltonian —L£*(I, ) up to order
O(e?), N € N. Therefore, I\ = I} and 0} = 6, for any [ € {0,..., N}. We simply denote
Il = [2 and 61 = 92.

If the orbit O is a highway, it has to satisfy two equations: the equation of the crests
given in (4.12) and

L(1,0) = As.

But now, as Iy = I, =: I, 6 = 0, =: 0, Q; = Qy and a; = a», these equations can be
rewritten as

)cos(ej (I, 9)7) + Az cos(—7*(1 7__2) =
PA(@)sin(0 — or*(I,0)) + Azsin(—1*(I,0)) =

where @ 1= w; = wy and A(I) = 4nwa/sinh(rw/2). From a similar approach used in
Proposition 23, we obtain the crests are described by

0T arccos A?’(%%(m +warccos(f_(I)), I<0;
n(4) = 7 _
arccos % —warccos(f-(I)), I>0;
and ) ) )
() — arccos MIA%%(I)) —warccos(f_(I)), 1<0;
H = 7 - - )
— arccos %ﬁg(—m +warccos(f_(I)), I >0;
where f_(I) = @Az — /A2 + (0 — 1)1242(])/ [A3(@? — 1)]. O
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Chapter 5

Some open questions

5.1 Highways in piecewise smooth global scattering
maps

As we showed in Section 3.4, in the piecewise smooth global scattering maps there exist
two lines of discontinuity in the vector field of the scattering map. It seems that we can
define two special orbits using the theory developed by [Fil88], such that these orbits lie
on the lines of discontinuity and behave like the highways defined in Chapter 1.

In a future work we plan to perform numerical experiments to verify whether it is
possible to find real orbits of the Hamiltonian behaving like these special orbits in this
region of the phase space. After that we wish to exploit these orbits to obtain fast and
simple diffusion.

5.2 About the case with 3 + 1/2 degrees of freedom

For the case studied in this thesis, i.e., the Hamiltonian system given by (4.1)+(4.2), in
Proposition 63 we obtain an asymptotic approximation of the highways. A next step is to
check that this approximation is good enough in order to continue globally those highways
to obtain a global description.

Besides, here we have presented results for a restricted set of values of a; and as, more
precisely, for a; and ay satisfying |aq| + |az] < 0.625. And we have obtained similar results
to the part of the results in Chapter 2. The next step is to eliminate this restriction over the
values of a; and ay and to study the bifurcation of crests, the bifurcation of the scattering
maps and the existence of the highways.

Finally, we expect to study the case of a complementary perturbation with respect
to (4.2) to cover the complete family case, in an analogous way that we have done in
Chapter 3.
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5.3 About Shadowing lemmas

Taking into account our numerical experiments, the geometrical mechanisms used in
our proof and our estimates for the time, we wish to understand the real role played by
the inner map in this mechanism.

Our main question is: Is it really necessary to use the inner dynamics in the building
of a pseudo-orbit to guarantee the existence of real orbit of the system?

In our theorems we were able to use the results of [FM00, FM03, GLS14]. In [GLS14]
they proved a shadowing lemma for pseudo-orbits built by using a number of iterates of
scattering map. But the result appears not to be very practical for fast diffusion.

In the ongoing work we plan to use numerical experiments to verify the existence of real
orbits close to pseudo-orbits of a scattering map (or a combination of multiple scattering
maps). Besides, in the future we wish to carry out an analytic approach as well.

5.4 Relation between the formulas of the scattering
and separatrix maps

The separatrix map was introduced by Zaslavskii and Filonenko in [ZF68], and has
been studied and developed in [Tre98, Tre02, Pif06, PT07, GKZ16, DT16]. Under certain
conditions we believe that the formulas obtained in [Tre02] can be improved as

I' = T+ 20,051, 5) “”“’0 log| 52| + 0

O =@+ v—ed LI ¢,s) on ‘/iwo‘+01
h* = Hy + 20, (I, 0, 5) — as;"o ’“"0]+02
s* —s+tahwol KMO‘%—Ol,

A

where A, k and p are functions of I*, ¢ is an integer.

_ w KW
s+t+ ho ‘ 0

1 1 B
and O = O(Ez‘()(sg)log_g2 £,0, = 0" (ci)log?e and L* is a reduced Poincaré function.
Since the Scattering map takes the explicit form

S.(1,0) = (I+5%£*(1,0)+0(52),0 e%ﬁu 0) 4+ O(e ))

We expect to verify analytically and numerically these equations.
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5.5 About the amount of diffusion trajectories

Along this thesis, we have proved along only the existence of “a” or “some” diffusing
trajectories satisfying 1(0) < —I*, I(T') > I*. It would be very important to verify, at least
numerically, how many of such diffusion trajectories exist, depending on . This probably
would amount to massive computations, but it would provide a better global understanding
of the diffusion of the diffusion process that really takes place.

5.6 And more and more

There are several problems in Celestial Mechanics which give rise naturally to NHIMs,
like the center manifolds associated to libration points of the elliptic restricted three body
problem, spatial restricted three body problem, the same with Hill problem, double colli-
sion in the mentioned problems. There have been already some numerical approximations
searching for diffusion, but we think that one can get better understanding searching sys-
tematically for crests and (symplectic) scattering maps.

Finally, for general Hamiltonian of 3 + 1/2 d.o.f one expect to have to use several
NHIMs, and combine thus different kinds of scattering maps plus the transition between
the different NHIMs. This problem appears to be more difficult than the case of diffusion
only along one NHIM considered in this thesis, but it is of course more general and deserves
a deep attack.
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