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incorporacions, al Gerard a qui li desitjo lo millor pel seu doctorat (que segur que ho
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CHAPTER 1

Preface

In this thesis, we explore systems of ultracold atoms in which quantum tunneling is

the fundamental mechanism driving the dynamics. The theory describing the tunneling

phenomenon was developed in the late 1920s [1–3] in order to explain the α-radioactivity

emission at low energies. Since then, this theory has proven to be very successful to study

quantum phenomena in a wide range of different fields such as nuclear physics [4, 5],

quantum chemistry [6, 7], biophysics [8, 9], among others. Moreover, tunneling is a key

element in many devices, such as scanning tunneling microscopes [10], superconducting

quantum interference devices (SQUIDs) [11], atomic analogs of SQUIDs [12–15] and

atomic interferometers [16]. In particular, nonlinear systems, in which tunneling occurs,

can exhibit new phenomena such as the Josephson effect, which has been largely studied

in superconducting devices [17, 18] and in ultracold atomic systems [19–22]. In addition,

tunneling is also playing an important role in new emerging fields such as Atomtronics

[23], where neutral atoms are used to build analogues of electronic circuits and devices

[13, 14, 24–26].

The tunneling phenomenon is considered to be a purely quantum mechanical process

in the sense that it lacks a classical analog. In particular, tunneling occurs when a

particle is in a potential landscape with a classical energetically allowed region and a

forbidden region, which are typically separated by a potential barrier. In general, a

tunneling event takes place whenever a quantum particle is able to access the classically

forbidden region without having the necessary kinetic energy. In order to see the main

differences between the classical picture and the quantum picture we can juxtapose

the two cases. In the classical picture, for a given initial velocity of the particle, two

different situations can occur, either the particle has enough kinetic energy to overcome

the potential barrier or otherwise the particle is completely reflected (see Fig. 1.1 top

1



2 Preface

Figure 1.1: The first row shows a classical particle being reflected by a potential barrier.

The second row shows the density profile of a quantum particle begin partially reflected

and partially transmitted after a collision with a potential barrier. The length of the

horizontal arrows gives a qualitatively indication of the modulus of the velocity of the

classical particle and of the group velocity of the wavepacket.

row). On the other hand, in the quantum picture, where the wave character of the

particle emerges, we find three different situations, the particle can be totally reflected,

totally transmitted or partially reflected and transmitted (see Fig. 1.1 bottom row). This

behavior is studied in many textbooks of Quantum Mechanics (see [27] for example)

being the typical examples the ones of a free particle colliding with a delta barrier or

with a rectangular potential barrier for which the reflection and transmission coefficients

are calculated.

Up to now we have been discussing the tunneling of a single quantum particle through

a potential barrier however, there is nothing that prevents us to consider larger systems

or multiple particles. There are many examples where a mechanical system can be

described within the theory of Quantum Mechanics and whose spatial scale is larger

than the one of a single quantum particle. In fact, a very interesting question arises

when considering macroscopic systems: how can we characterize the limits of quantum

mechanics in macroscopic objects? A.J. Leggett in [28] addressed this question and

proposed two strategies to determine the existence of macroscopic quantum behavior.

The first consisted on designing an experiment where macroscopic quantum tunneling

(MQT) could be observed and the second one creating a system where macroscopic

quantum coherence was preserved over time.

One of the most appealing systems to study MQT are Bose–Einstein condensates

(BECs), a state of matter where all the particles macroscopically occupy a single quan-

tum state. BECs were predicted in 1924 by S. N. Bose while studying the quantum
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statistics of photons [29] and was then extended to massive bosons by Einstein in 1924

[30, 31]. They predicted that, below a critical temperature, bosons undergo a quantum

phase transition in which all particles occupy a single quantum state. In the atomic

case, this phase transition occurs in a temperature range where de Broglie wavelength

(which for free particles reads λdB =
√

2π~2/mkBT with m being the mass of the

particle and T , ~ and kB are the temperature, Planck constant and Boltzmann con-

stant, respectively) becomes comparable to the average distance between particles and,

the individual atomic wavefunctions overlap one another. BECs in atomic gases were

first observed experimentally in 1995 by Eric Cornell and Carl Wieman [32], Wolfgang

Ketterle [33] and Randall Hulet [34] after being able to cool down the atoms to tem-

peratures of the order of nanokelvin. These remarkable experiments that required such

low temperatures were only possible thanks to the previous advances on laser cooling

techniques [35]. These achievements led to two Nobel prizes, one for the development of

methods to cool and trap atoms with laser light awarded to Steven Chu, Claude Cohen-

Tannoudji and William D. Phillips in 1997 and the second one for the achievement of

Bose-Einstein condensation in dilute gases of alkali atoms, and for early fundamental

studies of the properties of the condensates for Eric A. Cornell, Wolfgang Ketterle and

Carl E. Wieman in 2001.

It is important to remark that atomic BECs are intrinsically nonlinear systems due to

atom-atom interactions. In many situations, BECs can be described using a mean field

theory, in which the nonlinearity is reduced to two-body contact interactions that leads

to a cubic nonlinear term characterized by the s-wave scattering length, as. Depending

on the atomic species, as can be modified, both in magnitude and in sign through

Feshbach resonances using an external magnetic field [36–41] or by optical means [42, 43].

An interesting situation occurs when the scattering length vanishes and null nonlinear

interactions are obtained. Then, the description of the BEC takes the form of a single

quantum particle problem that can be described using the Schrödinger equation.

In the presence of nonlinearity, other macroscopic objects that are particularly com-

pelling for studying MQT are matter-wave bright solitons [44, 45] created in BECs.

These states propagate without distortion due to the compensation of nonlinearity and

dispersion and are characterized by a density maximum and a constant phase. They can

exhibit a particle-like behavior [46, 47] despite that their evolution is given by the same

mean field nonlinear wave equation describing BECs. Nonetheless, sufficiently strong

perturbations such as potential barriers [48] are able to overcome this localization and

make the wave character of the soliton emerge. This particular behavior is crucial to

applications such as interferometry where the splitting mechanism of matter-wave bright

solitons through the interaction with a potential barrier has been largely studied in dif-

ferent situations: collisions with square barrier [49–51], with delta and narrow Gaussian

potential barriers [52–58] and with finite width barriers [48] (a further discussion can be

found in chapter 3).

Another form in which the tunneling phenomena can appear is through oscillations
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between neighboring potentials. This behavior appears both in linear systems [59] and in

nonlinear systems, and have been largely studied in two and three tunnel-coupled traps.

In BECs, interactions bring new effects such as the macroscopic quantum self-trapping

in double well potentials [19, 60], in which large amplitude coherent oscillations of the

density are inhibited. Moreover, interactions can also enrich the dynamics of tunneling-

based phenomena like the Josephson effect [19–22].

Generally, in tunnel-coupled systems it is assumed that atoms do not acquire any

particular phase when a tunneling event occurs since, typically, tunneling amplitudes

are real. However, it is possible to engineer systems where tunneling introduces a non-

trivial phase into the atomic state, and thus, tunneling can then be regarded as an

effective complex tunneling. Different proposals to generate these complex tunneling

amplitudes have been recently reported, for instance, introducing a suitable force into an

optical lattice [61], using a combination of radio-frequency and optical Raman coupling

fields [62] and by employing angular momentum states in sided coupled cylindrically

symmetric traps [63] (this last approach will be discussed in chapters 6 and 7). Complex

tunnelings are particularly appealing for the generation of staggered fluxes [64, 65],

implementation of the Hofstadter Hamiltonian and the observation of large homogeneous

artificial magnetic fields [66], as well as the realization of the topological Haldane model

[67] and of the Harper and Weyl Hamiltonians [68, 69].

In this thesis, we will explore some of the rich phenomena that tunneling provides in

BECs and single atom systems. In chapter 2, we introduce some preliminary concepts,

starting with the basic formalism describing BECs, which includes the derivation of the

Gross-Pitaevskii equation and a discussion of its validity. We also review how the BEC

description is affected by the dimensionality of the system by looking at the low dimen-

sional Gross-Pitaevskii equation. Afterwards, the Thomas–Fermi approximation for the

limit of strong nonlinear repulsive interactions is introduced. The mean field description

of two-component BECs is also considered in this chapter. In addition, we present the

soliton solutions of the one dimensional Gross-Pitaevskii equation and discuss some of

their properties. Different trapping techniques for ultracold neutral atoms are reviewed,

focusing on optically generated trapping potentials which are the more suitable to ex-

perimentally implement the potentials considered in this thesis. Finally, we introduce a

model to describe the dynamics of a single atom in a system of weakly tunnel-coupled

subsystems, using a subspace of eigenstates of the individual subsystems. Due to the

generality of these few-state models they can be applied in many different situations; in

particular, we will use them in chapter 5, chapter 6 and chapter 7.

In chapter 3, we study the implementation of a matter-wave interferometer using

bright solitons in one dimensional BECs [48]. The system consists of a harmonic po-

tential trap with a potential barrier located at its center on which an incident soliton

collides and splits into two solitons. After the splitting event, the two solitons undergo

a dipole oscillation in the harmonic trap and recombine at the position of the barrier.

Our main focus is the characterization of the splitting process which we compare with



5

previous works where analytical solutions can be found [52, 53, 57]. We pay special at-

tention to the case where the reflected and transmitted solitons have the same number

of atoms. By means of a thorough analysis of the equally size splitting, we perform a

characterization of the phase difference evolution during the whole process. We also find

a semi-analytical formula to determine the main dependencies of the velocity of the split

solitons and the phase difference on the velocity of the incident soliton, the nonlinearity

and the width of the barrier. The implementation of the full interferometer sequence is

tested by means of the phase imprinting method [70].

Chapter 4 is devoted to study the boundary regions of a harmonically trapped two-

component BEC within the miscible phase [71]. We develop an analytical universal

equation describing the boundaries separating different components in one, two and

three dimensions. We also present a general procedure to solve the Thomas–Fermi

approximation in all three spatial dimensionalities and find the frontier between the two

different density patterns obtained within the miscible phase. These results aim to be

used on precise analytical estimations of the ground state kinetic energy [72] and on

calculations of the tunneling amplitudes to neighboring potentials [73].

In chapter 5 we study spatial adiabatic passage (SAP) processes [59] for a single atom

in concentric tunnel-coupled traps [74]. We focus on ring geometries, and by making

use of SAP techniques we provide a mechanism to load and transport an ultracold atom

between the potentials in a robust way. First, we use the matter-wave analog of the

RAP technique [75] to study the loading of an atom from a harmonic potential to a

ring potential, and also to study the transport between two concentric ring traps. In

addition, we use the matter-wave analog of the stimulated Raman adiabatic passage

(STIRAP) technique [76] in a system of three concentric rings to transport the atom

from the innermost to the outermost ring. In all the cases, we use a few-state model to

describe the dynamics of the RAP-like and STIRAP-like processes obtaining an excellent

agreement with the numerical simulations of the two-dimensional Schrödinger equation.

In chapter 6 we demonstrate that complex tunneling amplitudes appear naturally in

the dynamics of orbital angular momentum states for a single ultracold atom trapped

in two dimensional systems of sided coupled cylindrically symmetric identical traps [63].

Specifically, in this chapter we consider two in-line ring potentials and three rings in

a triangular configuration whose Hilbert space consists of a set of decoupled manifolds

spanned by ring states with identical vibrational and orbital angular momentum quan-

tum numbers. Recalling basic geometric symmetries of the system, we determine that

the tunneling amplitudes between different ring states, named cross-couplings, with

(without) variation of the winding number, are complex (real). Moreover, we also show

that a complex self-coupling between states with opposite winding number within a

ring arises due to the breaking of cylindrical symmetry induced by the presence of ad-

ditional rings. All these complex couplings can be controlled geometrically. We also

demonstrate that, although for two in-line rings, the complex couplings are shown to

give a non-physically relevant phase, in a triangular ring configuration they lead to the
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possibility of engineering spatial dark states, which allows manipulating the transport

of angular momentum states via quantum interference.

In chapter 7, we demonstrate that quantum interference leads to the appearance of

robust edge-like states of a single ultracold atom in a two-dimensional optical ribbon

[77]. We show that these states can be engineered either within the manifold of local

ground states of the sites forming the ribbon, or of states carrying one unit of angular

momentum. In the former case, we show that the implementation of edge-like states can

be extended to other geometries, such as tilted square lattices. In the latter, we propose

the use of the winding number associated to the angular momentum as a synthetic

dimension to quantum simulate 3D systems in 2D optical ribbons.

We conclude in chapter 8 by summarizing the work presented in this thesis and

discussing future perspectives.



CHAPTER 2

Introduction

In this chapter, we give a brief overview of the main theoretical tools and concepts

that we will use along the thesis to describe the different systems investigated. First, we

introduce the Gross-Pitaevskii equation (GPE) (Sec. 2.1), a mean field wave equation

that can be used to describe the dynamics of ultracold bosonic gases in a wide range

of experimentally feasible parameters without using a full many-body description. In

Sec. 2.1.1, we focus on BECs in different dimensionalities and discuss the validity of the

mean field description when reducing the system dimensions. Section 2.1.2 is devoted

to the limit of large interatomic interactions where the Thomas–Fermi approximation

gives an analytical description of the ground state density profile of a repulsive BEC. In

Sec. 2.2, we present the matter-wave soliton solution of the one dimensional homogeneous

GPE. The GPE is extended to two-components in Sec. 2.3, where we also show the

different phases appearing in these systems. Section 2.4 is devoted to the discussion of

optically generated potentials using the dipole force and, finally, in Sec. 2.5 we derive

a general technique to analytically describe a single atom trapped in tunnel-coupled

systems using a subspace of subsystem eigenstates.

2.1 Gross–Pitaevskii equation

In this section we introduce the GPE, a mean field equation that describes the zero-

temperature properties of a BEC in the weakly interacting regime.

From the microscopic theory, the many-body Hamiltonian in second quantization

7
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describing a system of N bosons [78] reads:

Ĥ =

∫
dr Ψ̂†(r)

[
− ~2

2m
∇2 +Vext(r)

]
Ψ̂(r)+

1

2

∫ ∫
dr dr′ Ψ̂†(r′)Ψ̂†(r)V (r−r′)Ψ̂(r′)Ψ̂(r),

(2.1)

where Ψ̂†(r) (Ψ̂(r)) is the creation (annihilation) bosonic field operator with commu-

tation relation [Ψ̂(r′), Ψ̂†(r)] = δ(r−r′) and [Ψ̂†(r′), Ψ̂†(r)] = [Ψ̂(r′), Ψ̂(r)] = 0. The first

term in Eq. (2.1) corresponds to the single particle contribution, being −(~2/(2m))∇2

the kinetic energy operator where m is the mass of the atomic species and Vext(r) the

external potential acting on the external degrees of freedom. The second term corre-

sponds to two-body elastic collisions, with V (r − r′) being the interatomic interaction

potential.

For a sufficiently dilute gas at very low temperatures, only two-body s-wave collisions

are relevant and thus, we can consider short-range isotropic interactions. In this regime,

the interaction potential can be approximated to a pseudo-potential V (r−r′) = g3Dδ(r−
r′) [78–80] with strength g3D = 4π~2as/m, characterized by the s-wave scattering length,

as, [27] which can be positive (as > 0) or negative (as < 0) indicating that the effective

interactions are repulsive or attractive, respectively. Note that as can be tuned in

magnitude and sign using magnetic [36–38, 41] or optical [42, 43] Feshbach resonances.

Introducing the pseudo-potential potential V (r) = g3Dδ(r − r′) in Eq. (2.1) and

integrating over r′ we obtain:

Ĥ =

∫
dr Ψ̂†(r)

[
− ~2

2m
∇2 + Vext(r) +

g3D

2
Ψ̂†(r)Ψ̂(r)

]
Ψ̂(r). (2.2)

Using the Heisenberg picture, i~∂tÂ(t) = [Â(t), Ĥ] with Â(t) = eiĤt/~Âe−iĤt/~, and

the commutation relations of the bosonic field operators introduced above, we obtain

the temporal evolution of the field operators:

i~
∂Ψ̂(r′, t)

∂t
= [Ψ̂(r′, t), Ĥ] = Ψ̂(r′, t)Ĥ − ĤΨ̂(r′, t),

= Ψ̂(r′, t)Ĥ −
∫
dr Ψ̂†(r, t)

[
− ~2

2m
∇2 + Vext(r) +

g3D

2
Ψ̂†(r, t)Ψ̂(r, t)

]
Ψ̂(r, t)Ψ̂(r′, t)

= Ψ̂(r′, t)Ĥ −
∫
dr

(
Ψ̂(r′, t)Ψ̂†(r, t)− δ(r− r′)

)[
− ~2

2m
∇2 + Vext(r) +

g3D

2
Ψ̂†(r, t)Ψ̂(r, t)

]
Ψ̂(r, t)

+

∫
dr δ(r− r′)Ψ̂†(r, t)

g3D

2
Ψ̂†(r, t)Ψ̂(r, t)Ψ̂(r, t)

= Ψ̂(r′, t)Ĥ − Ψ̂(r′, t)Ĥ +

[
− ~2

2m
∇′2 + Vext(r

′) + g3DΨ̂†(r′)Ψ̂(r′, t)
]
Ψ̂(r′, t)

=

[
− ~2

2m
∇′2 + Vext(r

′) + g3DΨ̂†(r′)Ψ̂(r′, t)
]
Ψ̂(r′, t). (2.3)
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Within the mean field description, we can write the bosonic field operator as its

expectation value plus an operator that accounts for thermal and quantum fluctuations

Ψ̂(r, t) = 〈Ψ̂(r, t)〉+δΨ̂(r, t). By considering the zero temperature limit and a large num-

ber of particles, the thermal and quantum fluctuations can be neglected, and Eq. (2.3)

gives the time evolution of the condensate wavefunction Ψ̂(r, t) = 〈Ψ̂(r, t)〉. It is the

well-known Gross–Pitaevskii equation:

i~
∂Ψ(r, t)

∂t
=

[
− ~2

2m
∇2 + Vext(r) + g3D|Ψ(r, t)|2

]
Ψ(r, t); (2.4)

introduced by Gross [81] and Pitaevskii [82] in the 60’s. In the above equation

the wavefunction is normalized to the particle number
∫
dr |Ψ(r, t)|2 = N . The time

independent GPE is obtained by considering Ψ(r, t) = Ψ(r)e−iµt/~:[
− ~2

2m
∇2 + Vext(r) + g3D|Ψ(r)|2 − µ

]
Ψ(r) = 0, (2.5)

where µ is the chemical potential, i.e., the energy required to extract a single atom

from the system, and the total energy of the system within the mean field approach is

given by [78]:

E =

∫
dr

[
~2

2m
|∇Ψ(r)|2 + Vext(r)|Ψ(r)|2 +

g3D

2
|Ψ(r)|4

]
. (2.6)

2.1.1 Dimensionality

The effective dimensionality of a BEC can be reduced by confining the particles

motion to zero point oscillations in one or two directions, obtaining a two dimensional

(2D) [83–94] or a one dimensional (1D) [95–104] kinematical system, respectively. In

particular, if we use a tightening harmonic potential with frequency ω⊥ the condition

µ � ~ω⊥ [105], with µ being the chemical potential, has to be satisfied in order to

“freeze” the particles motion in the trapping direction.

When studying low dimensionalities, it is important to recall that BEC requires long-

range order in the one-body density matrix ρ(r, r′) = 〈Ψ̂(r)Ψ̂(r′)〉. In 3D, ρ(r, r′) has a

finite value [106], which permits the existence of true BEC for temperatures below the

BEC transition temperature Tc [78]. In low dimensionalities, however, it has been found

that at finite temperature, phase fluctuations of the bosonic field provide a power law

(in 2D) or exponential (in 1D) decay of the one-body density matrix [107]. Nonetheless,

for low dimensional trapped ultracold Bose-gases there are some temperature ranges

where Bose–Einstein condensation exists. In particular, in the 2D case well below the

transition temperature Tc true condensation occurs, however, for temperatures just be-

low Tc only “quasicondensates” or condensates with fluctuating phase exist [108]. The

superfluid transition in 2D BECs was first introduced by Berezinskii, Kosterlitz and

Thouless (BKT) [109–111] in homogeneous systems, however, it has been shown that
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in trapped systems the BKT transition [85, 112] is the one bringing the superfluid be-

havior in interacting 2D BECs. On the other hand, in 1D trapped ultracold Bose-gases

there are three different regimes depending on the temperature, number of particles and

nonlinear interactions [113]. For sufficiently low temperatures and large number of par-

ticles the phase fluctuations are suppressed due to the finite size of the system and true

condensation occurs; however, for temperatures just below the degeneracy temperature

Td (see [113]) only quasicondensation or condensate with fluctuating phase exists. In

addition, another regime emerges in the limit of infinitely strong repulsive interactions,

the Tonks gas or gas of impenetrable bosons [114]. In this thesis, however, we will

investigate weakly interacting low dimensional trapped systems, in which by assuming

T = 0, true condensation is always possible.

An additional condition to describe BECs within the mean field is ξ � d, where d

is the interparticle separation, which strongly depends on the dimensionality, and

ξ =
1√

8πnas
(2.7)

is the healing length, that corresponds to the distance at which the kinetic energy

term and the nonlinear interaction term balance.

Two-dimensional Bose–Einstein condensates

Let us consider a homogeneous BEC in the x and y directions which is confined in z

by a harmonic trap, V (z) = mω2
zz

2/2, with an associated length scale az =
√
~/mωz .

Assuming a sufficiently tight confinement (µ� ~ωz), the BEC wavefunction can be

factorized to first order approximation into two parts, Ψ(r) = φ(z)ψ(x, y) [78, 115]. The

z dependent part of the wavefunction can be written as:

φ(z) =
√
n2Df(z′)/

√
az (2.8)

where n2D =
∫
dz |Ψ(r)|2 = N/S is the two-dimensional density, with N/S being the

number of particles over the total surface, f(z′) is a normalized function and z′ = z/az
is the dimensionless z coordinate. Introducing the previously factorized wavefunction

into Eq. (2.5) we obtain a wave equation for the order parameter φ(z) that takes the

form of a one-dimensional time-independent dimensionless GPE:

(
− 1

2

∂2

∂z′2
+

1

2
z′2 + 4πasn2Df(z′)2

)
f(z′) =

µ

~ωz
f(z′). (2.9)

The solution of this dimensionless differential equation, Eq. (2.9), is governed by the

parameter asn2D. Therefore, if we assume asn2D � 1, the nonlinear part can be treated

perturbatively and f(z′) can be approximated by the ground state of the tightening
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harmonic potential in z′, fh.o.(z′). By imposing the normalization condition of fh.o.(z
′)

in Eq. (2.9), we obtain the two-dimensional chemical potential:

µ2D =
~ωz
2

+ g2Dn2D, (2.10)

with a two-dimensional nonlinear parameter

g2D =
√

8π
~2

m

as
az
. (2.11)

If we now consider Eq. (2.4) with a shallow confinement in the x and y directions,

Vext(x, y), such that the trapping frequency on z is much larger than the x, y associated

one and that asn2D � 1 is satisfied everywhere, the total wavefunction can be factorized

as Ψ(r, t) = φh.o.(z)ψ(x, y, t), where φh.o.(z) is the ground state of the harmonic potential

in z. Introducing the factorized wavefunction into Eq. (2.4) multiplying by φ∗h.o.(z) and

integrating over z, one obtains the 2D Gross–Pitaevskii equation:

i~
∂ψ(x, y, t)

∂t
=

[
− ~2

2m
∇2 + Vext(x, y) + g2D|ψ(x, y, t)|2

]
ψ(x, y, t). (2.12)

One-dimensional Bose–Einstein condensates

Let us consider a longitudinally homogeneous BEC trapped in a tight radial har-

monic potential with an associated length scale ar =
√
~/mωr. For µ � ~ωr we can

separate the wavefunction as Ψ(r) = ψ(z)φ(r), where the radial wavefunction reads

φ(r) =
√
n1Df(r′)/ar with n1D =

∫
rdr dθ |Ψ(r)|2 = N/L being the homogeneous one-

dimensional density, N/L is the number of particles over the total length, r′ = r/ar is

the dimensionless radial coordinate and f(r′) is a normalized function. Introducing the

factorized Ψ(r) into Eq. (2.5) we find that the radial equation describing the BEC can

be written as a two-dimensional time-independent dimensionless GPE:

(
− 1

2

∂2

∂r′2
− 1

2r′
∂

∂r′
+

1

2
r′2 + 4πasn1Df(r′)2

)
f(r′) =

µ

~ωr
f(r′). (2.13)

Considering the limit of asn1D � 1, Eq. (2.13) can be solved, to first order ap-

proximation, by treating the nonlinear part perturbatively obtaining the ground state

of the radial two-dimensional harmonic trapping potential fh.o.(r
′). By imposing the

normalization condition on fh.o.(r
′) in Eq. (2.13) we find the following 1D chemical

potential:

µ1D = ~ωr + g1Dn1D (2.14)
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with

g1D = 2~ωras, (2.15)

being the one-dimensional interaction parameter.

Assuming a shallow confinement in the z direction, Vext(z), in Eq. (2.4) such that

the radial trapping frequency is much larger than the associated z one and asn1D � 1,

we can still factorize the total wavefunction as Ψ(r, t) = ψ(z, t)φh.o(r), where φh.o.(r)

is the two dimensional ground state of the radial harmonic potential. Introducing the

factorized wavefunction into Eq. (2.4) multiplying by φ∗h.o.(r) and integrating over r and

θ the 1D GPE is obtained:

i~
∂ψ(z, t)

∂t
=

[
− ~2

2m
∇2 + Vext(z) + g1D|ψ(z, t)|2

]
ψ(z, t). (2.16)

2.1.2 Thomas–Fermi approximation

The Thomas–Fermi approximation (TFA) [116, 117] can be applied when the spatial

variation of the density is much smaller than the healing length, Eq. (2.7). Under this

condition, the kinetic energy or quantum pressure term of the GPE can be neglected in

front of the nonlinear interaction term.

Here, we calculate within the TFA, the density profile of a D dimensional BEC

trapped in an isotropic harmonic potential V (r) = mω2|r|2/2 and where a tight harmonic

confinement in the “frozen” directions is applied for the D = 1 and D = 2 cases. We

start from the Thomas–Fermi approximated time-independent GPE in D dimensions,

i.e. neglecting the kinetic term in Eq. (2.5):

i~µDψ(r) =

[
1

2
mω|r|2 − |gD||ψ(r)|2

]
ψ(r), (2.17)

from which we obtain the density, n(r) = |ψ(r)|2, to be:

n(r) =
µD − 1

2mω|r|2
gD

. (2.18)

Note that the dimensionality is indicated as a subindex in the chemical potential,

µD, and in the nonlinear interaction parameter gD. The Thomas–Fermi radius (TFR),

RTF , is defined as the distance from the trap center at which the density vanishes, i.e:

R2
TF =

2µD
mω

. (2.19)

By imposing the normalization condition,
∫
drn(r) = N , into the density given in
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Eq. (2.18) we find the chemical potential:

µ
D+2
2

D =
gD
NβD

D(D + 2)

2D

(mω
2

)D/2
. (2.20)

where βD = 2 (π) for D = 1 (D = 2, 3).

Finally, introducing Eq. (2.20) into Eq. (2.18), the density profile of the BEC within

the TFA for any given dimension, D = 1, 2 and 3, is obtained. Note that the resulting

density profile takes an inverted parabola shape instead of the Gaussian profile obtained

in the noninteracting case, gD = 0, corresponding to the ground state of the harmonic

confining potential.

2.2 Matter-wave solitons

In general, solitons are solutions of nonlinear equations that fulfill three main proper-

ties: they are localized solutions, they propagate without changing their form, and they

emerge unchanged after interacting with other solitons [118]. These solutions appear

due to the presence of both, nonlinearity and dispersion, which can exactly compen-

sate each other giving rise to non-dispersive waves. Strictly speaking, the term soliton

is used for localized solutions of integrable models [119] such as, for instance, the 1D

homogeneous GPE, equivalent to the 1D homogeneous nonlinear Schrödinger equation

(NLSE), that takes the form:

i~
∂ψ(z, t)

∂t
=

[
− ~2

2m
∇2 + g1D|ψ(z, t)|2

]
ψ(z, t). (2.21)

Soliton solutions can appear in different forms depending on the value and sign of the

nonlinear interaction term. For example, two different soliton solutions exist in the 1D

homogeneous GPE [119]: dark solitons which appear for repulsive interactions (as > 0)

and whose density profile presents a dark region or notch with a sharp phase jump;

and bright solitons, which appear for attractive interatomic interactions (as < 0) and

are self-contained localized wavepackets with constant phase in which their own density

produces the self-focusing effect. In Fig. 2.1, we present a schematic plot of the density

profile of a dark and a bright soliton with their corresponding phase distribution. Note

the characteristic π phase jump that dark solitons exhibit at the position of the notch

and that bright solitons present a constant phase all across their density.

For concreteness, here we show the bright soliton solution of the homogeneous 1D

GPE, Eq. (2.21). This solution is obtained through the inverse scattering transform

technique [119–121] and reads:

ψ(z, t) =

√
α

2
sech [α(z − z0 − vt)] eiφ(z,t), (2.22)
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where:

φ(z, t) =
mv

~

(
(z − z0)− vt

2

)
+

~
2m

α2t+ θ, (2.23)

v is the soliton velocity, z0 is its initial position, θ is an arbitrary initial phase and

α = Nωrasm/~ with N , ωr, as and m corresponding to the atom number, frequency of

the radial confinement, s-wave scattering length and atomic mass, respectively.

Note that in experiments, there usually is a weak harmonic axial trap V (z) =

mω2
zz

2/2 which breaks the integrability of the 1D homogeneous GPE. However, the sys-

tem still admits soliton-like solutions [47, 122]. These solutions are localized wavepackets

that propagate without distortion and are also known as solitary-wave solutions. Nev-

ertheless, solitary waves are not always unconditionally stable as true soliton solutions

are. Therefore, new phenomenology appears associated to the breaking of the stability

of these states. In particular, in attractive 2D and 3D trapped BECs, collapse occurs

[123]. In 2D BECs, collapse takes place when the number of particles exceeds a critical

value [124, 125] while in 3D BECs [126], collapse can occur for any number of particles,

and it is only suppressed for a small range of trapping and nonlinear interaction strength

parameter values for which a 3D BEC metastable state exists [127–129]. Hereafter, and

following the nomenclature used by the ultracold atom community, we will use the term

soliton and solitary wave indistinctly.

Matter-wave bright solitons were first observed in lithium as soliton trains [44] and

individual wavepackets [45], and few years later with rubidium atoms [128] in attractive

BECs. Nonetheless, there are other situations in which it is possible to create bright

solitons even with repulsive atom-atom interactions, it is the case when a wavepacket

is prepared at the edge of the first Brillouin zone of a weakly periodic potential that

presents anomalous dispersion [130]. The experimental realization of dark solitons,

typically with rubidium, required new techniques and procedures due to its particular

phase pattern (see Fig. 2.1b), so a different number of approaches were developed:

phase-imprinting method [131, 132], density-engineering [133, 134], interference methods

[135, 136] or using a fast moving barrier across the BEC [137].

In this thesis, we will study an application that makes use of the robustness and

dispersionless behavior [138] of matter-wave bright solitons in 1D attractive BECs, which

makes them ideal candidates for applications that require large coherent propagation

lengths as they do not require a continuous wavepacket refocusing [139], a matter-

wave interferometer. In particular, in chapter 3, we discuss the proposed matter-wave

interferometer consisting of a harmonic potential trap with a potential barrier at its

center in which an incident matter-wave bright soliton collides and splits into two solitons

[48]. The two split solitons recombine after a dipole oscillation in the trap at the position

of the barrier producing two output matter waves. This scheme presents an interesting

property: after the recombination, the number of atoms at the outputs provides a

measure of the phase difference between the two arms of the interferometer.
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Figure 2.1: Schematic figure of the density and phase of a bright (a) and a dark (b)

soliton. Bright solitons are characterized by a density maximum together with a constant

phase, while dark solitons exhibit a density notch and a phase jump at the position of

the minimum.

2.3 Two-component Bose–Einstein condensates

In this section, we review the mean field description of two-component BECs

(TCBECs) in which two quantum states are macroscopically occupied. TCBECs have

been experimentally obtained using different approaches, such as using mixtures of two

atomic species [140–144], two isotopes of the same species [145] or two hyperfine states

of the same isotope [146–153].

These systems exhibit a large variety of complex density profiles [154–156] that

have been subject of many theoretical and experimental studies. Some examples of the

different density profiles appearing in TCBECs are symmetry-breaking states [157–159],

vortex lattices [152, 160, 161] and skyrmions [162]. All these phenomena are possible

thanks to the large number of controllable parameters in the system, going from atom

number, masses, inter- and intra-species interactions, to the trapping frequencies that

can be varied for each species independently. Consequently, analytical models are of

great interest in order to explore the whole parameter space and then use numerical

simulations for specific regions of interest.

First, we look at the theoretical mean field description that can be obtained by
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generalizing the derivation of the GPE, Sec. 2.1, when assuming that there are no spin-

exchange collisions. Two-coupled GPEs with an extra nonlinear interaction term, that

accounts for the collisions between atoms in different components, are obtained from such

a generalization [154, 163–165]. Thus, we refer to these equations as the two-component

Gross–Pitaevskii equation (TCGPE), that reads:

i~
∂Ψs(r, t)

∂t
=

(
−~2∇2

2ms
+ Vs(r) + g̃sNs|Ψs(r, t)|2 + g̃12N3−s|Ψ3−s(r, t)|2

)
Ψs(r, t) ,

(2.24)

where s = 1 or 2 refers to each component of the BEC, whilst ms, Ns and Vs(r)

are the mass, number of atoms and external potential of the s component, respectively.

The intra- and inter-species interaction coefficients are given by g̃s = 4π~2as/2ms and

g̃12 = 2π~2(m1 +m2)a12/m1m2 where as and a12 are the s-wave intra- and inter-species

scattering lengths, respectively; and both wavefunctions are normalized to unity.

2.3.1 Overlapping and segregated phases

The ground state of TCBECs exhibit two different phases depending on the ratio of

the intra- and inter-species nonlinear interactions; an overlapping and a segregate phase

[154]. Here we use the time-independent TCGPE of two homogeneous BECs, Vs(r) = 0,

which, by considering particle conservation, leads to the following expressions for the

chemical potential of each component, µ1 and µ2 [80, 155, 166, 167]:

g1N2n1 + g12N2n2 = µ1

g2N2n2 + g12N1n1 = µ2, (2.25)

where n1 = |Ψ1(r)|2 and n2 = |Ψ2(r)|2 are the densities of component 1 and 2, respec-

tively.

In order to study the stability of the two-component homogeneous solution we look

at how the energy increases for small density deviations (see Eq. (2.6) for the energy of

a single component BEC). Since the first order density deviations cancel due to particle

conservation, we analyze the second order ones:

δ2E =
1

2

∫
dr

[
∂µ1

∂n1
(δn1)2 +

∂µ2

∂n2
(δn2)2 +

∂µ1

∂n2
δn1δn2 +

∂µ2

∂n1
δn1δn2

]
. (2.26)

This second order variation of the total energy must be positive, as we assumed that

the homogeneous solution is a stable solution. Thus, we obtain the following stability

conditions:

∂µ1

∂n1
> 0,

∂µ2

∂n2
> 0,

∂µ1

∂n1

∂µ2

∂n2
− ∂µ1

∂n2

∂µ2

∂n1
> 0. (2.27)
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The first two conditions along with Eq. (2.25) and Eq. (2.26) translate into g1 > 0 and

g2 > 0, i.e. repulsive interactions, and the third condition gives g1g2 > g2
12. Therefore,

the so called miscible (overlapping) phase will satisfy the previous inequalities, otherwise,

immiscibility (segregation) appears between the two components. Both phases, miscible

and immiscible, have been experimentally observed in [142, 145] and [143, 145, 148],

respectively.

In Fig. 2.2 we present an example of these two phases when using the TFA in

harmonically trapped TCBECs. Figure 2.2 (a) shows the miscible phase where the two

components overlap and Fig. 2.2 (b) shows the immiscible phase which, within the TFA,

has no overlap between components.

|Ψ
s
(r
)|2

r

(a) (b)

|Ψ
s
(r
)|2

r

(a) (b)

Figure 2.2: Examples of Thomas-Fermi density profiles of a 3D repulsive TCBEC

trapped in a harmonic potential for the miscible, g1g2 > g2
12, (a) and the immiscible,

g1g2 < g2
12, (b) phases.

In a real experimental situation, the density of each component of a trapped TCBEC

always exhibits a small overlap, even in the immiscible phase [168, 169]. Therefore,

an analytical characterization of the density around these areas, beyond the TFA, is

important in order to understand the transition from the miscible to the immiscible

phase in trapped systems [170, 171]. In addition, a description of these boundaries is

not only important from the theoretical point of view, such as for estimating the kinetic

energy [72, 73] or the penetration of one component into the other [168], but also for

applications involving tunneling to neighboring potentials [73] or to study instabilities

[172]. Thus, in chapter 4 we look at these boundary regions and develop an analytical

formulation to study how one component penetrates into the other. We also compare

our results with the ones obtained within the TFA and by integrating the GPE in the

1D, 2D and 3D cases [173].
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2.4 Optical dipole traps

In this section, we discuss how the potentials that we have introduced so far as

Vext(r), can be generated in current ultracold atom experiments. Ultracold neutral

atoms can be trapped either magnetically, by means of the state-dependent force that

an atom feels in the presence of an inhomogeneous magnetic field through the magnetic

dipole moment [174], or optically, through the dipole force that appears due to the

electric dipole interaction between the atoms and a far-detuned laser beam [175]. Note

that in the literature we can also find the use of the radiation-pressure force to trap

neutral atoms [176, 177]. However, even though it generates typical depths of the order

of few kelvin, which allows to directly trap atoms from a thermal gas, it requires quasi-

resonant light, leading to a temperature limit given by the photon recoil and thus, it

cannot be used to trap BECs or single ultracold atoms in the ground state of potential

traps, as we are interested here.

Magnetic traps are conservative traps which can reach trapping depths up to hun-

dreds of milikelvin and are commonly used for the evaporative cooling process of BECs

[178]. One of their main downsides is that they relay on the internal state of the atom,

therefore, limiting their application to experiments that do not have internal state dy-

namics. Moreover, the geometries available are also limited, as magnetic traps are mostly

generated using fix coils. Nonetheless, atom chips have opened new possibilities in this

sense, creating complex circuitry arrangements [16, 101, 102, 179–181].

Optical traps based on the dipole force, which can also be understood in terms

of a position dependent light shift due to spatial variation of light intensity [182], are

generally weaker than magnetic traps, with depths under the milikelvin. However, they

present some advantages, such as their independence of the ground-state sublevel being

trapped, absence of excitations and the possibility to implement many different trapping

geometries, specially with new techniques and tools such as spatial light modulators

(SLM), [183–185] or time averaged potentials [186, 187]. Thus, in this section we will

focus on optical dipole traps [188–191].

The dipole force obtained through the interaction of an atom with a far-detuned laser

field is given by the gradient of the spatial intensity distribution of the field, I(r) [182],

offering a high flexibility on the possible trapping geometries that can be generated. Its

sign is determined by the detuning δ = ωL − ω0 (where |δ| < ωL, ω0) with ωL being

the frequency of the laser field and ω0 the atomic resonant frequency. When using the

optical dipole force two different situations occur: (i) if δ > 0, the laser is detuned

towards the blue and the force acts repulsively from high intensity regions and (ii) for

δ < 0, the laser is red-detuned and the atom is attracted to high intensity regions.

Both, red-detuned and blue-detuned traps present advantages and drawbacks when

applied to ultracold atoms. In red-detuned traps the atomic level structure suffers

from different energy shifts depending on the specific state and intensity of the field,

and moreover, some coherence losses appear caused by inhomogeneous differential light
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shifts [192]. Blue-detuned traps are typically experimentally more demanding than red-

detuned ones. However, they have some advantages such as a large reduction of photon

scattering and of light-assisted losses, as atoms are placed in dark intensity regions.

In this thesis, we consider systems of ultracold atoms trapped in harmonic potentials

of different dimensionalities and in ring potentials. Optical dipole potentials obtained

by a focused light beam exhibit a Gaussian spatial profile. These potentials can be ap-

proximated by harmonic ones for the ground state of the system considering that, close

to the center, the Gaussian intensity profile of the laser beam can be approximated by

e−x
2 ≈ 1 − x2. Therefore, for simplicity harmonic-approximated potentials are typi-

cally created with red-detuned dipole traps [191, 193, 194], despite that there are also

proposals to create them using a blue-detuned approach [195–199]. The generation of

ring geometries is more involving, and has recently been investigated in the context of

the emerging field of Atromtronics [23] and for applications to atomic interferometry

[16]. Ring potentials are created using both, magnetic and dipole traps. Magnetic ring

traps can be generated, for instance, with static magnetic fields [200–203], time-averaged

magnetic fields [204–206], induction [207, 208] and radiofrequency adiabatic potentials

[209]. Examples of red-detuned ring dipole traps include: optically plugging magnetic

traps [210, 211], the use of static Laguerre-Gauss beams [212–216], painting potentials

[183–185] and time averaged potentials [186, 187]. Blue-detuned ring traps have been

performed using Laguerre-Gaussian (LG) beams generated with SLMs [217], amplitude

masks [14, 218, 219] and the conical refraction phenomena [92] in which the region of

minimum intensity is exactly zero due to interference. This last approach has the ad-

vantage of being an easy way to generate a toroidal dark trap, as a focused Gaussian

beam undergoing the conical refraction phenomena in a biaxial crystal, makes the beam

evolve in a double cone whose transverse intensity pattern at the focal plane is formed

by a pair of concentric bright rings split by a dark intensity ring. It also provides the

full conversion of the input power into the toroidal dark trap, in contrast to the pre-

viously reported methods which introduce losses due to diffraction in the generation of

LG beams or due to the opaque regions of a mask. In addition it also presents a smooth

intensity distribution, contrary to methods that use a limited number of pixels (SLMs).

2.5 Few-state model

In this section, we derive the few-state model. This model is able to describe the

dynamics of systems formed by weakly tunnel-coupled multiple connected trapping po-

tentials. First we focus on single atoms, however at the end of this section we discuss

its application to other systems such as BECs.

We consider a single atom in a system formed by weakly tunnel-coupled subsystems
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whose full dynamics is described by the Schrödinger equation (SE):

i~
∂Ψ(r, t)

∂t
= ĤSEΨ(r, t) = − ~2

2m
∇2Ψ(r, t) + V (r)Ψ(r, t). (2.28)

We assume that the dynamics of the total system can be enclosed within a subset of

eigenstates of the individual subsystems and no excitations to other states occur. Let

us define an orthogonal subset of eigenstates, {Φ1(r, t), ...,Φi(r, t), ...,Φn(r, t)}, of the

individual subsystems, with Φi(r, t) = ai(t)ψi(r), such that:∫ ∞
−∞

drψi(r)ψj(r) = δi,j . (2.29)

By inserting Ψ(r, t) =
∑n

i Φi(r, t) into Eq. (2.28) we find a set of n linearly coupled

equations:

i∂tφ1(t) = E1 + J1,2φ2 + ...+ J1,nφn

i∂tφ2(t) = J2,1φ1 + E2 + J2,3φ3 + ...+ J2,nφn

...

i∂tφn(t) = Jn,1φ1 + Jn,3φ3 + Jn,4φ3 + ...+ En (2.30)

with

Ei =

∫ ∞
−∞

drψ∗i (r)ĤSEψi(r)

Ji,j =
2

~

∫ ∞
−∞

drψ∗j (r)ĤSEψi(r), (2.31)

where Ei is the eigenenergy of the ith subsystem eigenstate and Ji,j is the coupling

(or tunneling amplitude) between subsystem eigenstates i and j.

The previous set of linearly coupled equations can be written in matrix form,

i~∂ta(t) = ~
2ĤFSa(t) with a(t) = (a1(t), a2(t), ..., an(t))T with ĤFS being the few-state

Hamiltonian, as:

i~∂t


a1(t)

a2(t)
...

an(t)

 =
~
2


E1 J1,2 · · · J1,n

J2,1 E2 · · · J2,n

...
...

...
...

Jn,1 Jn,2 · · · En



a1(t)

a2(t)
...

an(t)

 . (2.32)

The above few-state model is able to describe the population dynamics of

each subsystem eigenstate whenever the initial state lies within the manifold

{Φ1(r, t), ...,Φi(r, t), ...,Φn(r, t)} and the dynamics of the system does not introduce
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excitations to states Φj(r, t) 6∈ {Φ1(r, t), ...,Φi(r, t), ...,Φn(r, t)}. Note that, few-state

models provide a state-like description of the dynamics, i.e. |ai(t)〉 = 〈r|Φi(r, t)〉, where

the information of the actual shape of the wavefunction is enclosed within the coupling

parameter Ji,j .

Few-state models describing single atom dynamics have been successfully applied

to spatial adiabatic passage (SAP)processes [59] to transport ultracold atoms between

different types of traps and waveguides, to perform state filtering and also to build an

interferometer in systems of 2D harmonic traps. In chapter 5, we derive a two- and a

three-state model to describe the loading and the transport of a single ultracold atom

in a system of cylindrically symmetric concentric traps by means of SAP.

Few-state models are mostly applied to spatially separated subsystem eigenstates,

however, the model is not limited to that situation and can be applied to systems in

which there are several eigenstates within the same subsystem, as long as they are

orthogonal to each other. Examples are found when angular momentum states of a

single atom trapped in 2D systems are considered. In this context, few-state models

have been applied to the generation of angular momentum states [220] or in systems

of 2D sided-coupled cylindrically symmetric potentials [63, 77]. This last case will be

discussed in detail in chapters 6 and 7. In chapter 6, we use a few-state model to study

the dynamics of angular momentum states for a single atom in systems of two and three

tunnel-coupled rings. We demonstrate how the transport of orbital angular momentum

states can be manipulated by means of geometrically engineering spatial dark states. In

chapter 7 we propose a scheme to generate robust edge-like states of a single ultracold

atom trapped in an optical ribbon [77]. In this chapter, a few-state model is used to

characterize the manifold of local ground states and states carrying one unit of angular

momentum spanned in the harmonic oscillators forming the ribbon.

Finally note that, few-state models can be generalized to nonlinear systems, and

in particular they can be used to describe BECs in multiple trap systems. The main

difference with respect to the linear case is that a nonlinear term appears in the diagonal

of Eq. (2.32) that depends on the population of the subsystem eigenstate. For double

well trapped BECs, where the model is known as two-state model or two-mode approx-

imation, the model predicts Josephson-like dynamics [19, 60, 221, 222] and reproduces

effects such as the macroscopic quantum self-trapping [19, 60] in which large amplitude

coherent oscillations of the density are inhibited. A four state model has been applied

to a BEC trapped in a double harmonic potential considering the ground state and first

state of each well [223], having two subsystem eigenstates in each trap. The role of

nonlinearity in SAP processes has also been explored within few-state models [59, 224].

Worth to mention is how few-state models have become a powerful and successful

approach to untangle many complex effects observed in matter-wave systems. The main

reason is that, within its limits of validity, they present an excellent agreement with the

dynamics observed on their primitive equation of motion, either the SE or the GPE, as

will be shown in chapters 5, 6 and 7 where we compare the results obtained with these
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models with the numerical ones obtained by direct integration of the equation of motion

describing the system.



CHAPTER 3

Matter-wave bright soliton interferometer

In this chapter, we study the implementation of a matter-wave interferometer using

bright solitons in 1D Bose–Einstein condensates (BECs) [48]. In particular, the interfer-

ometer here investigated consists of a harmonic potential trap with a potential barrier at

its center on which an incident soliton collides and splits into two. Then, after a dipole

oscillation in the harmonic potential, the two split solitons recombine at the position

of the barrier. One of the key elements of this scheme is that, the number of particles

at the two outputs gives a measure of the relative phase acquired by the two solitons

undergoing the dipole oscillation.

Matter-wave interferometers make use of the wave character of the atoms in order to

produce interference effects [16]. Inherent atomic properties, like mass or polarizability

make atom interferometers ideal for high precision measurements of, for instance, iner-

tia [225], rotations [226–229], accelerations [230–232], fundamental constants [233–237],

testing general relativity [238–240] or gravitational waves [241, 242].

Atomic interferometers that use BECs may increase phase sensitivity since they

present larger coherence length than single atom systems [135, 243, 244]. However, elas-

tic collisions in BECs can produce phase diffusion which reduces the phase coherence

[245–247]. Nonetheless, these limitations due to phase diffusion can be overcome using

Feshbach resonances [248, 249] or introducing nonclassical correlations between the two

arms of the interferometer [250, 251]. In addition, nonlinear interactions can give rise

to squeezed states which allow to surpass the standard quantum limit [252–258]. Ex-

amples of BEC interferometers are: a three-path interferometer which have been used

to measure h/m and the fine structure constant α [259], Michelson interferometer-like

schemes [260, 261] or interferometers that use Bloch oscillations [248]. Other propos-

als explore the robustness against phase fluctuations in elongated BECs [262] and the

23
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miniaturization of BEC interferometers [235, 263].

The use of matter-wave bright solitons [44] for interferometry was proposed by R.

Hulet in [264], considering their potential to increase the phase sensitivity of atom inter-

ferometers even further due to their dispersionless coherent propagation which should

allow for large interrogation times, localization, large visibility provided by the large

number of atoms and robustness inherent to solitons [265]. These advantages have

brought the attention of researchers leading to many theoretical proposals [71, 266–270]

and experiments [104, 271].

One of the key elements in any interferometer is the splitting mechanism and, in

matter-wave soliton interferometers it also plays a crucial role in their implementation.

Thus, different methods have been reported to produce such splitting, for instance,

applying a resonant π/2 pulse to an internal state transition of the atoms [267], using

an accurate control of the scattering length in space or time [272], or using collisions

with different potential barriers like square [49–51], narrow Gaussian [52, 56] and delta

type [53–55, 57, 58] potential barriers.

In our case, we consider a finite width barrier known as Rosen–Morse barrier, similar

to the ones used in experiments [104, 270]. We pay special attention to the splitting

mechanism and how the phase difference between split solitons is affected by the colli-

sion process of the incident soliton with the potential barrier. In particular, we focus on

the characterization of the equal-sized splitting, i.e., when the reflected and transmitted

solitons have the same number of atoms. In general, it is assumed that the reflected

soliton acquires an extra π/2 phase after the collision. However, our study indicates

that, after the first collision, the soliton only acquires a π/2 phase for high incident ve-

locities and very narrow barriers, otherwise the relative phase after the collision strongly

depends on the nonlinearity, width of the barrier and incident velocity. Moreover, we

also observe that the velocity of the reflected and transmitted solitons also depend on

these parameters and, in general, the reflected soliton is slower than the transmitted

one. Finally, we test the implementation of the full interferometer sequence by means

of the phase imprinting method [70].

This chapter is organized in five sections. In the first section we describe the physical

system under investigation. In Sec. 3.2 we study the dependencies of the transmission

coefficient on the nonlinearity and width of the barrier. Section 3.3 is devoted to the

analysis of the splitting process focusing on the equal-sized splitting case, i.e., when the

reflected and transmitted solitons have exactly the same number of particles. Section 3.4

is dedicated to the recombination process and Sec. 3.5 to the conclusions.
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3.1 Physical system

We consider a BEC at zero temperature in a tight transverse harmonic confinement

such that the effective dynamics is 1D, and thus, it can be described within the mean

field approximation using the 1D GPE (Eq. (2.16) derived in Sec. 2.1.1), in which the

wavefunction was normalized to N . We will be considering negative scattering lengths,

as < 0, corresponding to attractive interactions for which matter-wave bright soliton

solutions appear. Nonetheless, recall that the bright soliton solution shown in Sec. 2.2,

Eq. (2.22), is only valid in the homogeneous case, but it can still be used to describe the

ground state of an attractive BEC in a quasi-one dimensional geometry for sufficiently

weak axial confinement [273].

In the absence of external potential, the total energy of the soliton can be separated

into three contributions [274]:

Et = Epk + Evk + Eint, (3.1)

where:

Epk =
~2

2m

∫
dz

∣∣∣∣∂|Ψ(z)|
∂z

∣∣∣∣2 =
α2~2

6m
, (3.2)

Evk =
~2

2m

∫
dz

∣∣∣∣|Ψ(z)| ∂
∂z

exp [iϕ(z, t)]

∣∣∣∣2 =
m

2
v2, (3.3)

Eint = −g1D

2

∫
dz |Ψ(z)|4 = −α

2~2

3m
, (3.4)

being Epk the quantum pressure term, Evk the kinetic energy given by the gradient of the

phase of the soliton, and Eint the energy due to the nonlinearity.

For the implementation of this interferometer, first a matter-wave bright soliton is

created in a harmonic external potential trap. Then, the potential trap is suddenly

displaced a distance d in the z direction making the soliton acquire potential energy

(Fig. 3.1 (a)). As we discussed in Sec. 2.2, in many situations, solitons can be described

using particle models [46, 47, 275]; here we use this approach to estimate the kinetic

energy of the soliton. The particle models suggests that the potential energy, given

by the displacement, is fully converted into kinetic energy once the soliton reaches the

center of the trap, therefore, Evk = Ep = 1
2mω

2
zd

2 with ωz being the frequency of the

axial confinement. At this time, a potential barrier on which the soliton will collide, is

located at the center of the displaced harmonic trap.

Here we use a Rosen–Morse potential barrier, instead of the previously investigated

narrow Gaussian [52, 56], delta [53–55, 57, 58] and square [49–51] potential barriers,

which reads:

VRM = Vb sech2
( z
σ

)
(3.5)
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Figure 3.1: Schematics of the interferometer sequence: (a) the initial situation, in which

the soliton is displaced with respect to the center of the harmonic potential trap by a

distance d; (b) the two split solitons obtained after the collision with the barrier separate

from each other and (c) the two solitons return to the position of the barrier and collide.

where Vb and σ are the strength and the width of barrier, respectively. This barrier is

a sech-squared-shape potential that presents an analytical solution in the linear regime

in the same fashion as the square and delta potential barriers do. However, the Rosen-

Morse potential barrier provides a far better approximation of the potential created

by a focused light beam by means of the dipole light force (Gaussian shape) [276–280].

Moreover, the absence of sharp edges in the Rosen–Morse barrier, contrarily to the delta

and squared potentials, avoids sharp point effects [279] that can introduce errors when

reproducing the behavior of realistic experimental barriers.

Therefore, the total potential used after the displacement d is given by:

V (z) =
1

2
mω2

zz
2 + Vb sech2

( z
σ

)
. (3.6)

In the next step of the interferometer sequence the incident soliton splits into two

solitons which propagate in opposite directions undergoing a dipole oscillation in the

harmonic potential (Fig. 3.1 (b)). Finally, the two solitons recombine at the position of

the barrier (Fig. 3.1 (c)) producing two outputs which number of particles provides a

measure of the phase difference between the two arms of the interferometer.
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3.2 Transmission coefficient

The first requirement for the implementation of a matter-wave bright soliton interfer-

ometer is to possess a mechanism to coherently split the incident soliton in two identical

solitons. In our system, such a mechanism is provided by the interaction between the

soliton and the Rosen–Morse potential barrier as described in Sec. 3.1.

In Fig. 3.2 we show the transmission coefficient as a function of the kinetic energy of

the incident soliton, Evk , for different values of the nonlinear interaction term. Evk does

not contain the quantum pressure term, i.e., it is only due to the gradient of the soliton

phase as shown in Eq. (3.3). The transmission coefficient is defined as:

T =

∫ ∞
0
|Ψ(z, t = π/ωz)|2 dz, (3.7)

and it is obtained numerically at a time such that the two split solitons are well separated

from each other (t = π/ωz).
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Figure 3.2: Transmission coefficient as a function of the kinetic energy of the incident

soliton for different values of the nonlinear interaction term. The solid line corresponds

to the analytical solution of the Rosen–Morse potential barrier obtained in the linear

regime. The parameter values are: Vb = 17.14~ωz, σ = 0.67 µm and ωz = 2π × 78 Hz.

From Fig. 3.2, it can be seen that the nonlinearity dominates the behavior of the

transmission coefficient. The kinetic energy of the incident soliton necessary to obtain a

fixed value of the transmission coefficient decreases (increases) with the nonlinearity for

T > T (T < T ), where T is a value around transmission coefficients of 0.5, being T = 0.57

for the case shown in Fig. 3.2. Taking into account that the nonlinearity tends to hold all

the atoms together, as g1D increases, the shape of the transmission coefficient becomes
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sharper, favoring the transmission (reflection) for T > T (T < T ). For large enough

strength of the nonlinear interactions, the transmission coefficient exhibits a step-like

behavior in which the incident soliton is either completely transmitted or completely

reflected. This step-like behavior has also been reported for square barriers [281, 282]

which resembles the classical particle behavior shown in Fig. 1.1. The analytical linear

transmission coefficient of a Rosen–Morse potential of strength Vb and width σ when
8mVbσ

2

~2 > 1 [283]:

TRM =

sinh2

(
σπ

√
2mEvk
~2

)
sech2

(
σπ

√
2mEvk
~2

)
+ cosh2

(
π
2

√
8mVbσ2

~2 − 1

) , (3.8)

is plotted also in Fig. 3.2 (solid line) for comparison, in good agreement with the

numerical results in the limit of low nonlinearity.

A comparison of the transmission coefficients of a delta, square and Rosen–Morse

potential barriers can be found in Appendix A.

3.3 Equal-sized splitting

In this section we focus on the case where the two split solitons have the same number

of atoms, i.e., T = 0.5, reproducing the behavior of a 50-50 beam splitter.

First, we consider a fixed width of the barrier and fixed nonlinearity, and modify

the potential strength, Vb, in such a way that we obtain the equal-sized splitting for

different velocities of the incident soliton. We consider incident velocities and widths of

the barrier achievable in current experiments [264] but also we study very high incident

velocities and very narrow barriers to approach the limit of the delta potential barrier.

In all the cases Evk < Vb, i.e., we ensure that the system remains in the tunneling regime.

For the analysis of the splitting mechanism we switch off the external harmonic po-

tential trap in order to take into account only the effects produced by the interaction

between the soliton and the barrier and we focus on three main issues: in Sec. 3.3.1 we

calculate the area of the potential barrier required to obtain the equal-sized splitting; in

Sec. 3.3.2 we study the difference between the velocity of the transmitted and reflected

solitons and its relation with the velocity of the incident soliton; and in Sec. 3.3.3 we

characterize the phase difference between the transmitted and reflected solitons.
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3.3.1 Rosen–Morse vs. Delta barrier

In Fig. 3.3 we show the area of the Rosen–Morse potential barrier, A = 2Vbσ,

required to obtain a fixed transmission coefficient of 0.5, as a function of the velocity of

the incident soliton for different values of the width of the barrier and a fixed nonlinearity

(Fig. 3.3 (a)) and for different values of the nonlinear interaction parameter and a fixed

width of the barrier (Fig. 3.3 (b)).

For high velocities of the incident soliton and very narrow barriers (Fig. 3.3 (a))

the area of the barrier has approximately a linear dependence with the velocity of the
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Figure 3.3: Area of the Rosen–Morse barrier as a function of the velocity of the incident

soliton, while keeping the transmission coefficient fixed at T = 0.5, for different values

of the width of the barrier and a fixed g1D/~ = 25.74 µm/ms (a) and for different values

of the nonlinear interactions and a fixed width of the barrier σ = 0.085 µm (b).
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incident soliton. Thus, retrieving the behavior for a delta potential barrier, for which

the transmission coefficient, Eq. (A.4), of a free particle as a function of the incident

velocity reads [284]:

TD =
1

1 +
V 2
D

~2v20

, (3.9)

with VD being the strength of the delta potential barrier and v0 the velocity of the

incident particle. From Eq. (3.9), in order to keep TD equal to 0.5, the strength of

the delta potential barrier must have a linear dependence with the incident velocity

VD = ~v0. In the Rosen–Morse barrier for T = 0.5, we recover a linear dependence of

the area with respect to the incident velocity only for Vb →∞ and σ → 0 while keeping

the product Vbσ constant, but with a different slope than in the delta potential case

that depends on the nonlinearity.

For wider barriers (Fig. 3.3 (a)), we have found an approximately quadratic behavior

of the area of the Rosen–Morse potential barrier with respect to the incident velocity

for a fixed width of the barrier and a fixed nonlinearity. We can also see that the growth

of the area of the barrier with respect to the velocity of the incident soliton is steeper

as the width of the barrier increases. Note that, we only take the limit of high incident

velocities for very thin barriers as for wider barriers the incident soliton splits in more

than two pieces.

In order to analyze the effects of the nonlinearity, in Fig. 3.3 (b) we study low

incident velocities and we observe that as g1D increases, for a fixed width of the barrier,

the area of the barrier necessary to keep T = 0.5 decreases. This effect is consistent

with the dependence on the nonlinearity of the transmission coefficient as a function of

Evk (shown in Fig. 3.2). For a fixed Evk and for T < T = 0.57, as g1D increases, the

transmission coefficient decreases. Thus, the potential strength of the barrier should

decrease in order to maintain the equal-sized splitting. Note also that all these effects

introduced by the nonlinearity decreases as the incident velocity increases.

3.3.2 Velocity of the split solitons

In this section we present an interesting effect that we have observed in the considered

nonlinear system when the incident soliton undergoes the collision with the barrier. Even

if the reflected and transmitted solitons have the same number of atoms after the splitting

event, they do not behave symmetrically. In particular we observe that in general, the

reflected soliton is slower than the transmitted one and the velocity difference between

the two split solitons depend on the width of the barrier and on the strength of the

nonlinear interaction.

Figure 3.4 shows the numerically calculated ratio between the absolute value of the

velocity of the reflected (transmitted) soliton and the velocity of the incident soliton

as a function of the velocity of the incident soliton, for different values of the width
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Figure 3.4: Ratio between the modulus of the velocity of the reflected (transmitted)

soliton and the velocity of the incident soliton as a function of the velocity of the incident

soliton for a fixed T = 0.5 for different values of the width of the barrier for a fixed

g1D/~ = 25.74 µm/ms (a) and for different values of the nonlinear interactions for

a fixed width of the barrier σ = 0.668 µm (b). The velocities of the transmitted and

reflected solitons are represented with the same line type, being in each case the velocity

of the reflected soliton the lower curve.

of the barrier for a fixed g1D (Fig. 3.4 (a)) and for different values of the nonlinearity

for a fixed σ (Fig. 3.4 (b)). In each case, the lower curve corresponds to the reflected

soliton. The difference between the absolute values of the velocities of the transmitted

and reflected solitons increases as the width of the barrier increases (Fig. 3.4 (a)). We

also observe that, for low velocities of the incident soliton, as the nonlinearity increases

(Fig. 3.4 (b)), the split solitons are slowed down and eventually they become trapped
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at the position of the barrier. This effect also appears in rectangular barriers [282] and

limits the maximum value of the nonlinearity in order to maintain the 50-50 splitting.

Notice also that the mean of the absolute value of the velocities of the two split

solitons, ∆v = (|vT | + |vR|)/2, is practically independent of the width of the barrier

(Fig. 3.4 (a)) but it is strongly affected by the nonlinearity (Fig. 3.4 (b)). Also, ∆v

approaches the velocity of the incident soliton for high incident velocities i.e., the ratio

∆v/v0 tends to one as the incident velocity increases. In Fig. 3.4 we can also see that

the velocity of the transmitted soliton is, in some cases, higher than the velocity of

the incident one. Nevertheless, the increase of velocity of the transmitted soliton is

accompanied by a decrease of the velocity of the reflected soliton and therefore the total

energy is conserved.

We recall that the difference in velocity of the split solitons introduces an accumu-

lated phase difference between the two arms of the interferometer as they phase evolution

due to the velocity is given by e−i
mv
2~ t, as we can see in Eq. (2.22). This effect does not

reduce the sensitivity, but requires a calibration of the interferometer.

3.3.3 Phase difference

Here we analyze the phase difference introduced during the splitting process when the

two split solitons have the same number of atoms. By performing a detailed analysis

of the phase evolution during the splitting of a soliton colliding with a Rosen–Morse

potential barrier, we are able to observe a strong dependence on the width of the barrier,

velocity of the incident soliton and nonlinearity. These dependences go beyond the single

soliton solution (Eq. (2.22) and Eq. (2.23)) of the GPE and requires to consider the n-

soliton solution obtained by Zakharov and Shabat [119, 285], which shows that neighbor

solitons make their presence felt through phase and position shifts:

Ψ(z, t) =
n∑
j=1

Ψj(z, t), (3.10)

with:

Ψj(z, t) = Aj

√
α

2
sech [Ajα(z − z0j − vjt) + qj ] (3.11)

× exp

[
i

{
mvj
~

(
(z − z0j)−

vjt

2

)
+

~
2m

A2
jα

2t+ θj + ψj

}]
,

where Aj corresponds to the amplitude of the jth soliton, qj and ψj are the position

and phase shift, respectively, which are given by [285]:

qj + iψj =
∑
k 6=j
± ln

[
Aj +Ak + i(vj − vk)m/2~α
Aj −Ak + i(vj − vk)m/2~α

]
. (3.12)

In fact, we find that the phase difference introduced during the splitting of a matter-

wave bright soliton into two solitons by colliding with a potential barrier arises from two
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main sources: the interaction between the soliton and the barrier and the interaction

between the reflected and transmitted solitons. The influence of this soliton-soliton

interaction has been recently discussed [52] when two solitons collide at the position of

a potential barrier.

High incident velocities

Figure 3.5 shows the phase difference between transmitted and reflected solitons for

a fixed transmission coefficient, T = 0.5, as a function of the mean of the absolute

values of the velocities of the two split solitons, ∆v, for high incident velocities and for

different widths of the barrier and a fixed nonlinearity (Fig. 3.5 (a)) and for different

nonlinearities and a fixed width of the barrier (Fig. 3.5 (b)). We compute the phase

difference of the two split solitons when they are separated 10 µm in order to avoid

the self-interferences that appear in the reflected soliton just after the splitting. We

observe that the phase difference increases as ∆v increases, and its growth depends

on the width of the barrier (Fig. 3.5 (a)). For a fixed width of the barrier (Fig. 3.5

(b)), the phase difference introduced during the splitting process in the case of high

incident velocities increases as the nonlinearity increases. Taking into account these

dependences with the parameters of the system and the phase shift due to the presence

of two neighboring solitons, we approximate the phase difference introduced during the

splitting of a matter-wave bright soliton by interacting with a Rosen–Morse barrier for

high velocities of the incident soliton (solid line of Fig. 3.5) as:

∆φ(∆v) = −2 arctan

(
g1D

2~∆v

)
+ C1 + C2

√
∆v (3.13)

where Ci, with i = 1, 2, are independent of ∆v but depend on the parameters of the

system, and in our case have been adjusted numerically. The first term of the right

hand side of Eq. (3.13) corresponds to the phase shift associated to the soliton-soliton

interaction derived from Eq. (3.12)) and that is highly affected by g1D. The second term

provides a phase difference due to the interaction of the incident soliton with the barrier

that does not depend on ∆v but in general is strongly affected by the nonlinearity,

growing as the nonlinearity increases. The third term depends on
√

∆v, and its growth

is determined by C2 which is highly affected by the width of the barrier. Our results

recover the analytical phase difference predicted for a delta potential barrier in the limit

of σ → 0 and very high incident velocities (see Fig. 3.5 (a) with σ = 0.011 µm). In

this limit, the first term of Eq. (3.13) tends to zero due to its inverse dependence on

∆v, the last term, which depends on the width of the barrier, also tends to zero and

only remains the term C1 which tends to π/2 for high enough incident velocities. Thus,

retrieving the delta potential barrier behavior [53, 286].
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Figure 3.5: Phase difference between the transmitted and reflected solitons as a function

of the mean of the absolute values of the velocities of the two split solitons for a fixed

transmission coefficient of 0.5 and high velocities of the incident soliton for different

values of the width of the barrier and a fixed g1D/~ = 25.74 µm/ms (a) and for different

values of the nonlinear interactions and a fixed σ = 0.085 µm (b). Solid lines correspond

to the semi-analytical fit given by Eq. (3.13) with the parameters Ci (i=1,2) adjusted

numerically.

Low incident velocities

Here we focus on velocities of the incident soliton and widths of the barrier compati-

ble with the range of parameter values available in current experimental setups [264]. In

this regime, we obtain similar general dependences with the width of the barrier and the

nonlinearity as the ones described for high incident velocities, but with a considerable

deviation with respect to the semi-analytical fit given by Eq. (3.13). This may be due

to the increase of the interaction time between soliton and barrier for low velocities. As
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for the case of high velocities of the incident soliton, the width of the barrier determines

the growth of the phase difference with the mean of the absolute values of the veloc-

ities of the two split solitons (Fig. 3.6 (a)), while the nonlinearity affects mainly the

arctangent dependence of the phase difference as shown in Fig. 3.6 (b). From Fig. 3.6

(b) we can also notice that the range of represented points is shifted to higher values of

the mean of the absolute values of the split solitons as the nonlinearity decreases. This

is related with the slowing down of the split solitons (discussed in Sec. 3.3.2) for large

nonlinearities. Thus, the same velocity of the incident soliton, v0, leads to different ∆v

for different nonlinearities.
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Figure 3.6: Phase difference between the transmitted and reflected solitons as a function

of the mean of the absolute values of the velocities of the two split solitons for low

velocities of the incident soliton, for a fixed transmission coefficient of 0.5, and for

different values of the width of the barrier and a fixed g1D/~ = 25.74 µm/ms (a) and for

different values of the nonlinear interactions and a fixed width of the barrier σ = 0.668

µm (b).
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3.4 Recombination

In this section we study the complete evolution of the interferometric sequence de-

scribed in Fig. 3.1. Figure 3.7 shows the phase evolution of the incident soliton (solid

line) and of the two equal-sized split solitons (dashed and dotted lines) as a function

of time during the interferometric sequence: (i) the incident soliton (solid line) moves

towards the potential barrier, during the first 2.8 ms of the evolution, converting its po-

tential energy into kinetic energy; (ii) the soliton collides with the Rosen–Morse barrier

(gray area between 2.8 and 3.7 ms) and splits into two solitons with different phases

and different velocities (dashed and dotted lines); (iii) the two solitons perform a dipole

oscillation in the trap for approximately 5.4 ms which provides an oscillatory behavior

of the phase, different for each of the solitons due to their different velocities after the

splitting (see Sec. 3.3.2); (iv) finally, the two solitons recombine at the position of the

barrier (gray area starting at 9.1 ms) giving two output solitons.

The number of atoms at the two outputs of the interferometer depends on the phase

difference between the transmitted and reflected solitons at the position of the barrier

during the recombination process. We have tested the implementation of the interfer-

ometer by means of the phase imprinting method [70], modifying instantaneously the

phase of one of the arms of the interferometer.
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Figure 3.7: Phase evolution of a matter-wave bright soliton of 7Li with 4 × 103 atoms

(solid line) and the two split solitons (dashed and dotted lines) as a function of time

during the complete interferometric sequence. The parameter values are: Vb = 16.09~ωz,
ωz = 2π × 78 Hz, σ = 0.67 µm, ωr = 2π × 800 Hz, d = −20 µm and as = −0.16 nm
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Figure 3.8: Contour plot of the atomic density, |ψ(z, t)|2, during the splitting and re-

combination processes for an incident soliton of 7Li with 4× 103 atoms and as = −0.16

nm centered at d = −20 µm in a harmonic external potential with ωz = 2π × 78 Hz,

ωr = 2π × 800 Hz and a Rosen-Morse barrier with height Vb = 16.09~ωz and width

σ = 0.67 µm. We plot three different imprinted phases: (a) ϕ = 0 rad, (b) ϕ = 1.7 rad,

(c) ϕ = 2.4 rad, which produce 92%, 75% and 50% of the initial number of atoms at

the right output, respectively.

Figure 3.8 (a) shows the density evolution of the incident and split solitons without

any imprinted phase. Figure 3.8 (b) and (c) correspond to the cases of imprinted phases

of ϕ = 1.7 rad and ϕ = 2.4 rad, respectively. Clearly, the number of atoms at the

outputs of the interferometer is dominated by the phase difference between the two

solitons in the recombination stage.

3.5 Conclusions

In this chapter we have studied the implementation of a matter-wave bright soliton

interferometer composed of a harmonic external potential trap with a Rosen–Morse

potential barrier at its center. We have focused on the analysis of the splitting process

for the case where the two split solitons have exactly the same number of atoms. First,

we have shown that the area of the Rosen-Morse barrier necessary to obtain the equal-

sized splitting retrieves the delta behavior for very thin barriers and very high incident

velocities. Otherwise, a quadratic behavior of the area of the barrier with the velocity of

the incident soliton appears. We have also reported that the velocities of the reflected

and transmitted solitons are strongly affected by the nonlinearity being both solitons

slowed down, and eventually trapped at the position of the barrier, for high enough

nonlinearities. In addition, we have found that, in general, the reflected soliton is slower

than the transmitted one. We have also characterized the phase difference between

the two split solitons. For high velocities of the incident soliton we have derived a

semi-analytical fit that reproduces the main dependences on the velocity, width of the
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barrier and nonlinearity for the equal-sized splitting, recovering the delta behavior in the

limit of high incident velocities and extremely thin barriers. Finally, we have analyzed

the recombination process, studying first the phase evolution in the full interferometric

sequence, and then we have tested the performance of the interferometer, introducing

a phase difference between its two arms by means of the phase imprinting method [70]

showing that the number of atoms at each of the outputs is strongly affected by the

relative phase of the two arms of the interferometer.



CHAPTER 4

Density profiles of a miscible two-component Bose-Einstein

condensates

In this chapter, we investigate the density profile of a harmonically trapped two-

component Bose–Einstein condensate (TCBEC) within the miscible phase [173]. We

develop an analytical formulation that is able to describe the boundary regions of each

component beyond the Thomas–Fermi approximation (TFA) using a universal equation

in 1D, 2D and 3D trapped systems. We also present a general procedure to solve

the TFA for all three spatial dimensionalities and find the frontier that separates the

two different regimes existing within the miscible phase, the coexisting and spatially

separated regimes.

Many theoretical studies have addressed the density profiles of TCBECs depending

on the ratio between the intra- and inter-species interaction strengths [154, 156, 168,

287, 288]. However, most of these theoretical studies are numerical or based on the

TFA [116, 117]. The Thomas–Fermi (TF) approach neglects the kinetic energy term in

the time independent Gross–Pitaevskii equation (GPE), on the grounds that its con-

tributions are, to a significant extent, dominated over by those due to the nonlinear

interaction term (see Sec. 2.1.2 for further details on this approximation). Thus, it can

give good approximations of, for instance, the condensate chemical potential or the order

parameter near its maximum value, however, close to the order parameter boundaries,

where the atomic densities are low, the TFA can no longer provide the condensate den-

sity profile. Knowing the wavefunction of the condensate around these boundaries is

very important to characterize, for instance, the actual kinetic energy [72, 73], the tun-

neling rate across a potential barrier [73, 289, 290], dynamics where the two components

coexist [291], characterizing the transition between miscibility and immiscibility in trap

systems [171], or in the case of immiscible TCBECs, the penetration of one component

39
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into the other [168], which has been reported to be highly relevant when characterizing

physics at the interface [165, 169, 292] and Wetting phase transitions [293, 294].

Several works have proposed new analytical approximations beyond the TFA for sin-

gle component BECs [72, 73, 295–299], and for the two component case in the immiscible

phase [165, 168, 292] as well as for the miscible, in spin-1 and spin-2 BECs [300]. In this

chapter, we present a new analytical approach to study the density profile of a miscible

TCBEC around the regions where the TFA fails, by deriving a universal equation that

generalizes to two components the approach presented in [72, 73] for single component

BECs. We also introduce a general procedure to solve the TFA of TCBECs in 1D, 2D

and 3D, and we provide an analytical formula that determines the frontier between the

different regimes of the system [154]. In addition, we have observed that the 1D and

3D TF approximated density profiles, within the spatially separated regime, can not be

solved analytically, thus, we provide a formulation that reduces the complexity of the

numerical inversion required in the solution [158, 288].

This chapter is organized in five sections. In Sec. 4.1, we present the time-

independent two-component Gross–Pitaevskii equation (TCGPE) and the general form

of the two-component TFA. In Sec. 4.2, we derive a universal equation governing the

behavior of the density profile close to the different boundaries of the system. Section 4.3

is dedicated to the development of a procedure to solve the two-component TFA in the

case of isotropic harmonic potentials in 1D, 2D and 3D. We compare our approach,

for each dimensionality, with the numerical solution of the coupled Gross–Pitaevskii

equation in Sec. 4.4, and present our conclusions in Sec. 4.5.

4.1 Ground-state of a two-component Bose–Einstein con-

densate

The ground state of a TCBEC at zero temperature within the mean-field approx-

imation is well described by the time-independent TCGPE (see Sec. 2.3 for the time

dependent TCGPE):(
−~2∇2

2ms
+ Vs + g̃sNs|Ψs|2 + g̃12N3−s|Ψ3−s|2 − µs

)
Ψs = 0 , (4.1)

where s = 1 or 2 refers to each component of the BEC, whilst ms, Ns, Vs(r) and

µs are the mass, number of atoms, external potential and chemical potential of the s

component, respectively. The intra- and inter-species interaction coefficients are given by

g̃s and g̃12, respectively. In this chapter we consider repulsive intra-species interactions

for both components, i.e., g̃s > 0. For simplicity, we also assume that the TCBEC under

consideration is formed by atoms of the same species in two different spin states [146–

153]. This means that we can set m1 = m2 = m. Similarly, we consider equal trapping

potentials V1(r) = V2(r) = V (r), which in our case will be isotropic and harmonic.

Nevertheless, our results can be straightforwardly generalized for cases with m1 6= m2
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and for V1(r) 6= V2(r). At this stage it is useful to redefine the interaction coefficients

as gs = g̃sNs and g12 = g̃12

√
N1N2, obtaining a TCGPE of the form:(

−~2∇2

2m
+ V + gs|Ψs|2 + g12Πs−3/2|Ψ3−s|2 − µs

)
Ψs = 0 , (4.2)

with Π = N1/N2.

By considering the TF limit, which neglects the kinetic energy terms (∇2Ψs = 0)

when compared with the nonlinear interaction terms, we are able to write down density

profiles for either component. Adopting this limit the TCGPE, Eq. (4.2), become:(
V + gsns + g12Πs−3/2n3−s − µs

)
Ψs = 0 , (4.3)

where we define ns(r) = |Ψs(r)|2 for s = 1 and 2. Then, by solving the two coupled

equations (Eq. (4.3)), one obtains the general form of the TF density profile for each

component in the region where both components coexist, i.e. ns 6= 0, for both values of

s:

ns(r) =
(g12Πs−3/2 − g3−s)V (r) + µsg3−s − µ3−sg12Πs−3/2

g1g2 − g2
12

. (4.4)

Note that in order to have positive-definite solutions within the TFA the denominator

in Eq. (4.4), g1g2 − g2
12, must be positive [301]. A system fulfilling this condition is

commonly said to be in the miscible phase, otherwise it is in the immiscible phase (see

Sec. 2.3). Throughout all this chapter, we will only consider intra- and inter-species

interaction coefficients such that the system remains miscible.

In the regions where one component is absent (ns = 0 for s = 1 or 2), the density

profile of the other component, within the TFA, reads:

ns(r) =
µs − V (r)

gs
. (4.5)

4.1.1 Boundaries within the Thomas–Fermi approximation

In a TCBEC, the external potential and the interaction parameters determine the

density distributions of the two components. In the following, we consider an isotropic

harmonic potential V (r) = V (r) = mω2
rr

2/2, where ωr is the associated angular fre-

quency. With such a potential we can observe two different regimes: (i) the coexist-

ing regime, where one of the components occurs only in coexistence with the other

Fig. 4.1(a,b); and (ii) the spatially separated regime where both components occur

partly in coexistence with each other and partly in isolation Fig. 4.1(c). In general,

we will denote the component with largest support (meaning the component with the

largest spatial extent) with the subscript s. Within the TFA, we can distinguish two

cases, when g3−s > g12Πs−3/2 (equivalently g̃3−s > g̃12) in which case both compo-

nents have their density maxima at the center of the trap Fig. 4.1(a), or otherwise,

when g3−s < g12Πs−3/2 in which case component 3 − s has its maximum of density at
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the center of the trap while component s has it at a certain distance from the center

Fig. 4.1(b,c). One can then note that if ns(0) > 0 (= 0) we are in the coexisting regime

Fig. 4.1(a,b) (spatially separated regime Fig. 4.1(c)). The condition separating these

two regimes is derived in Sec. 4.3.

The Thomas–Fermi limit, as introduced above, can provide us with a handle on

the relative extent of each component. As such, we define the TF radii Rs, R3−s and

R̃s of a TCBEC trapped in an external harmonic potential by imposing ns(Rs) = 0,
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Figure 4.1: Different density distributions obtained within the TFA (solid lines) from

Eqs. (4.4) and (4.5) and by numerically integrating (dotted lines) the TCGPE, Eq. (4.2),

for the coexisting (a,b), and spatially separated (c) regimes. The different boundaries

obtained in the TFA, Eqs. (4.6), are highlighted. In this plot we assume gs > g3−s with

Π = 1.
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ns(R3−s) = 0 in Eqs. (4.4) and ns(R̃s) = 0 in Eq. (4.5), respectively:

R2
s =

2

mω2
r

g12Πs−3/2µ3−s − g3−sµs
g12Πs−3/2 − g3−s

, (4.6a)

R2
3−s =

2

mω2
r

g12µs − gsΠs−3/2µ3−s
g12 − gsΠs−3/2

, (4.6b)

R̃2
s =

2

mω2
r

µs. (4.6c)

In Fig. 4.1 we plot the density profiles of the TCBEC within the TFA and indicate the

three boundaries given in Eq. (4.6); the outer boundary (R̃s) that gives the maximum

extent of the BEC, and the inner (R3−s) and innermost (Rs) boundaries delimiting the

regions where the two components coexist. Note that the innermost boundary appears

only when ns(0) = 0 (i.e. Rs is only defined when the system is in the spatially separated

regime). Figure 4.1 also shows the numerical solution of the TCGPE, Eq. (4.2), in all

the discussed cases, demonstrating that the TF approach cannot accurately describe the

density profiles close to the boundaries. Next section is devoted to develop an analytical

approach beyond the TFA and, thus, enabling an improvement on the approximated

analytical profiles close to the boundaries.

4.2 Universal equation

In this section, we derive a universal equation that describes the density profile of

a TCBEC around the outer, inner, and innermost boundaries, generalizing to TCBECs

the method developed in [73] for the single component case. This generalization will

require additional approximations for the inner and innermost boundaries, beyond those

for the one component case. Note that in all the expressions shown in this section the

subscript s refers to the component with largest support.

4.2.1 Outer boundary

First we focus on the outer boundary, R̃s (present in both coexisting and spatially

separated regimes), where TCBECs behave effectively as single component BECs do.

Therefore, we can follow the lines of [73] where the analytical description of the outer

boundary is obtained by linearizing the harmonic potential around R̃s:

V (r) ' V (R̃s) +mω2
r R̃s(r − R̃s) +O((r − R̃s)2). (4.7)

We then introduce this linearization into Eq. (4.2) with Ψ3−s = 0, obtaining:[
− ~2

2m

∂2

∂r2
+mω2

r R̃s(r − R̃s) + gs|Ψs|2
]

Ψs = 0 , (4.8)

where we have used that µs = V (R̃s) (see Eq. (4.5)), and we have only kept the second

derivative term of the radial part of the Laplacian, i.e., in two (three) dimensions we
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impose r−1∂Ψ/∂r � ∂2Ψ/∂r2 (2r−1∂Ψ/∂r � ∂2Ψ/∂r2). This approximation applies

for values of R̃s much larger than the thickness of the boundary given by Eq. (4.10), as

discussed in [73].

Finally, by defining the dimensionless variable

ξ̃s =
r − R̃s
d̃s

, (4.9)

with

d̃s =

(
~2

2m2ω2
r R̃s

)1/3

, (4.10)

and the dimensionless wavefunction φs through

Ψs(r) =
~

d̃s
√

2mgs
φs(ξ̃s), (4.11)

we obtain the following universal equation describing the density profile of the outer

boundary [73]:

φ′′s − (ξ̃s + φ2
s)φs = 0. (4.12)

4.2.2 Inner and innermost boundaries

Around the inner and innermost boundaries, Rs and R3−s, respectively [see

Fig. 4.1(c)], both components coexist, and we must therefore consider the full cou-

pled Eqs. (4.2). Thus, in order to obtain the density profile around the s component

boundary (the innermost boundary) we linearize the potential around Rs:

V (r) ' V (Rs) +mω2
rRs(r −Rs) +O((r −Rs)2). (4.13)

Introducing this linearization into Eqs. (4.2), one obtains the following two coupled

equations for the s and 3− s component, respectively:[
− ~2

2m

∂2

∂r2
+
g12Πs−3/2(µ3−s − µs)
g12Πs−3/2 − g3−s

+mω2
rRs(r −Rs) + gs|Ψs|2 + g12Πs−3/2|Ψ3−s|2

]
Ψs = 0 ,

(4.14a)[
− ~2

2m

∂2

∂r2
+

g3−s(µ3−s − µs)
g12Πs−3/2 − g3−s

+mω2
rRs(r −Rs) + g3−s|Ψ3−s|2 + g12Π3/2−s|Ψs|2

]
Ψ3−s = 0 ,

(4.14b)

where the term V (Rs) in both equations has been rewritten using the expression (4.6a).

As for the outer boundary, we only keep the second derivative term of the Laplacian.

The influence of the first derivative is much less than that of the second derivative in the

limit of large Rs. Thus, this approximation will not be valid in the cases for which Rs
is close to the origin. Specifically, Rs must be larger than the thickness of the boundary

Eq. (4.17) [73], or, in other words, the relationship between the nonlinear parameters
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has to be such that the system is far from the crossover condition between the coexisting

and spatially separated regimes, for which Rs = 0 (the analytical expression is shown in

Sec. 4.3).

In order to solve the two coupled Eqs. (4.14) for the s component, we use the TFA

for the 3− s component by assuming that, close to Rs, the density of component 3− s
is large enough to ignore the kinetic energy terms, i.e., we impose ∂2Ψ3−s/∂r2 = 0

in Eq. (4.14b). Two limiting cases where this assumption cannot be applied exist: (i)

when R3−s − Rs = O(ε), which occurs when g12 → √g1g2, because the TF approach

is at the limit of its applicability and (ii) when R̃s − R3−s = O(ε), which occurs for

g12 → 0, because there is no interaction between components and the system reduces to

two noninteracting BECs.

Then, by combining the TF form of Eq. (4.14b) with Eq. (4.14a), one obtains:[
− ~2

2m

∂2

∂r2
+mω2

rRs

(
1− g12Πs−3/2

g3−s

)
(r −Rs) +

(
gs −

g2
12

g3−s

)
|Ψs|2

]
Ψs = 0 . (4.15)

By following a similar procedure, the equivalent equation for the 3−s component around

R3−s at which n3−s(R3−s) = 0 can be found. The resulting equation has the same form

as Eq. (4.15) but with 3− s and s exchanged. In order to solve the innermost and inner

boundaries we first define the dimensionless variable:

ξs = ±r −Rs
ds

, (4.16)

with ds given by

ds =

[
~2

±2m2ω2
rRs

(
1− g12Πs−3/2/g3−s

)]1/3

, (4.17)

and the dimensionless wavefunction φs defined through

Ψs(r) =
~

ds

√
2m
(
gs − g2

12/g3−s
)φs(ξs). (4.18)

In Eqs. (4.16) and (4.17) the + (−) sign applies for the inner (innermost) boundary,

and for the inner boundary s has to be interchanged by 3− s and 3− s by s.

Finally, one obtains the same universal equation derived in Sec. 4.2.1 (Eq. (4.12))

for both boundaries:

φ′′s − (ξs + φ2
s)φs = 0, (4.19)

where the s (3− s) applies for the innermost (inner) boundary.

Summarizing, in this section we have obtained the universal Eqs. (4.12) and (4.19)

that describe the density profiles at the boundaries of a TCBEC trapped in a har-

monic potential. Note that we obtain the same universal equation for the three bound-

aries, however, they require different transformations, Eqs. (4.9) and (4.11) for the outer

boundary and Eqs. (4.16) and (4.18) for the inner and innermost boundaries, in order

to retrieve the actual wavefunction at each boundary.



46 Density profiles of a miscible two-component Bose-Einstein condensates

4.2.3 Universal equation solution

One can recognize Eqs. (4.12) and (4.19) in the literature [302, 303] as being a

Painlevé type-II equation, which for positive defined solutions with no divergences or

sinusoidal behaviors has a Hastings–McLeod (HM) solution1 [302] with the following

asymptotics:

φHM(ξ) ∼
{√

2Ai(ξ) for ξ → +∞,
√−ξ for ξ → −∞,

(4.20)

where Ai(ξ) is the Airy function.

Here, we are interested in the ξ → +∞ limit, where the density is small and the TF

approach is not applicable. Equation (4.20) shows that, for ξ → +∞ the wavefunction

takes the form of
√

2Ai(ξ), whose asymptotic formula reads:

φ(ξ → +∞) '
√

2Ai(ξ) ' 1√
2πξ1/4

e−2ξ3/2/3. (4.21)

0
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1√

2πξ1/4
exp ( 2

3 ξ
3/2)√

2Ai(ξ)

Figure 4.2: Numerical solution of the universal equation, Eq. (4.12) and Eq. (4.19),

(black solid line), and the two asymptotic behaviors given by the Hastings–McLeod

solution Eq. (4.20)): the Airy function (green dotted dashed line), and
√−ξ (red dashed

line). We also plot the asymptotic behavior of the Airy function Eq. (4.21) for ξ → +∞
(blue dotted line).

1Note that the Painlevé type-II equation has a factor two in front of the nonlinear term that makes

the prefactor in front of the Hastings–McLeod solution equal to 1 instead of
√

2.
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Figure 4.2 shows the asymptotic forms of the HM solution, Eq. (4.20), and the nu-

merical solution of Eq. (4.12) or Eq. (4.19) for comparison. We also plot the asymptotic

behavior of the Airy function, Eq. (4.21). Even though the approximation given by

Eq. (4.21), is obtained at ξ → +∞, the two functions coincide even for low values of

ξ, which makes this asymptotic approximation very useful as an analytical expression

to describe the universal equation for ξ > 0. It remains for us to find appropriate ex-

pressions for the TF boundaries in order to complete the transformations to retrieve the

actual wavefunctions near each boundary.

4.3 Thomas–Fermi solutions

In this section, we present a general procedure to obtain the TF radii and chemical

potentials within the TFA of a TCBEC trapped in an isotropic harmonic potential in

1D, 2D and 3D. We study both the coexisting and the spatially separated regimes, and

we determine the frontier between them for each dimensionality.

The TF solution, in either the coexisting or in the spatially separated regime, can

be found by following three general steps (a similar procedure was presented in [154],

extending to two components the single component case discussed in Sec. 2.1.2): (i)

normalization of the density using the proper limits of integration, (ii) isolation of the

chemical potential of each of the components, µs and µ3−s, as a function of the param-

eters of the system from the normalization integrals, and (iii) insertion of µs and µ3−s
into Eq. (4.4) (Eq. (4.5)) for the coexisting (non-coexisting) region, to obtain the density

profile.

In some cases these steps can be laborious, and in particular step (iii) may not be

possible to do analytically. Specifically, we have found that in the 1D and 3D cases

the chemical potentials cannot be inverted analytically within the spatially separated

regime. Thus, here we show how to reduce the two coupled algebraic equations to a

single equation, reducing the complexity of the numerical problem [158, 288]. In all

other cases, fully analytical expressions can be found.
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4.3.1 Coexisting regime

The coexisting regime can be solved in a fully analytical fashion for all three dimen-

sionalities. In this case, the normalization conditions for the s and 3 − s components

read:

R3−s∫
0

(ζs + ηsr
2) dDr +

R̃s∫
R3−s

(λs + κsr
2) dDr = 1, (4.22a)

R3−s∫
0

(ζ3−s + η3−sr2) dDr = 1, (4.22b)

where D = 1, 2 or 3 depending on the dimensionality. The dDr differential represents

the volume element for each case: d1r = 2dr, d2r = 2πrdr, d3r = 4πr2dr, (note that in

the 1D case we add a factor 2 due to the fact that r should go from −∞ to ∞). We

assume cylindrically and spherically isotropic configurations in the 2D and 3D harmonic

potentials, respectively, and λs, κs, ζs and ηs are given by:

λs =
µs
gs
,

κs = −mω
2
r

2gs
,

ζs =
µsg3−s − µ3−sg12Πs−3/2

g1g2 − g2
12

,

ηs =
mω2

r

2

g12Πs−3/2 − g3−s
g1g2 − g2

12

.

(4.23)

By carrying out the integrations in Eq. (4.22a) and Eq. (4.22b) we reach:

ΩDR
D+2
3−s + εDR̃

D+2
s = 1, (4.24a)

βDR
D+2
3−s = 1, (4.24b)

where ΩD, εD and βD read:

βD = −∆D
2mω2

r

3

g12Π3/2−s − gs
g1g2 − g2

12

,

ΩD = ∆D
2mω2

r

3

g12

gs

(
g12 − gsΠs−3/2

g1g2 − g2
12

)
,

εD = ∆D
2mω2

r

3

1

gs
,

(4.25)

and where the scaling factors

∆1 = 1, ∆2 =
3π

8
, ∆3 =

6π

15
, (4.26)

account for the different dimensionalities. Note that βD is related to ΩD through βD =

−(gs/g12Πs−3/2)ΩD.



4.3 Thomas–Fermi solutions 49

Then, using Eqs. (4.24) and the definitions of Eqs. (4.6) we obtain:

µs =
mω2

r

2ε
2/(D+2)
D

(1− ΩD/βD)2/(D+2) , (4.27a)

µ3−s =
g12µs

Πs−3/2gs
+
mω2

r

2

(
gs −Π3/2−sg12

gs

)
β
−2/(D+2)
D . (4.27b)

Finally, by introducing these two chemical potentials into Eq. (4.4) and Eq. (4.5) one

finds the solution of the TF density profile of a TCBEC in the coexisting regime.

The analytical expression, within the TFA, of the frontier between the coexisting

and spatially separated regimes, can be found by using the fully analytical expression of

the density profile obtained by inserting Eq. (4.27a) and Eq. (4.27b) into Eq. (4.4) and

setting ns(0) = 0:

g3−s =
g2

12

gs
− g12(g12 −Πs−3/2gs)

(
gs + Πs−3/2g12

g
−D/2
s Πs−3/2g12

)−2/D

. (4.28)

Note that Eq. (4.28) gives the condition that separates coexisting, Fig. 4.1(a,b), and

spatially separated, Fig. 4.1(c), regimes as a function only of the nonlinear parameters

and ratio of the number of particles. All the calculations shown in this subsection are

valid for D = 1, 2 and 3.

4.3.2 Spatially separated regime

As mentioned previously, the full solution of the two chemical potentials in the spa-

tially separated regime cannot be found analytically in the one and three dimensional

cases. Here we present a procedure to reduce the complexity of this numerical prob-

lem. We start by using the normalization conditions for the s and 3 − s components,

respectively:

R3−s∫
Rs

(ζs + ηsr
2) dDr +

R̃s∫
R3−s

(λs + κsr
2) dDr = 1, (4.29a)

Rs∫
0

(λ3−s + κ3−sr2) dDr +

R3−s∫
Rs

(ζ3−s + η3−sr2) dDr = 1, (4.29b)

where λs, κs, ζs and ηs are defined in Eq. (4.23). After integrating Eqs. (4.29) and

rearranging the terms, we obtain the two coupled equations:

γDR
D+2
s + ΩDR

D+2
3−s + εDR̃

D+2
s = 1, (4.30a)

αDR
D+2
s + βDR

D+2
3−s = 1, (4.30b)
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where αD and γD read:

αD = −∆D
2mω2

r

3

g12

g3−s

(
g12 − g3−sΠ3/2−s

g1g2 − g2
12

)
,

γD = ∆D
2mω2

r

3

g12Πs−3/2 − g3−s
g1g2 − g2

12

, (4.31)

with the scaling factors accounting for the different dimensionalities given in Eq. (4.26),

and where ΩD, εD and βD are defined as in Eq. (4.25).

In the 1D and 3D cases the chemical potentials of both components cannot be

obtained analytically from Eqs. (4.30), therefore in order to reduce the two coupled

equations into a single equation we rewrite RD+2
s and RD+2

3−s from Eq. (4.30) as:

RD+2
s =

g3−s
(g1g2 − g2

12)γD

(
gsN

′ + g12Πs−3/2
)
, (4.32a)

RD+2
3−s =

g12

(g2
12 − g1g2)ΩD

(
g12N

′ + g3−sΠs−3/2
)
, (4.32b)

where N ′ = 1− εDR̃D+2
s . Introducing Eqs. (4.32) into the relation between the TF radii

obtained from Eqs. (4.6) yields

R̃2
s =

gs(g3−s − g12Πs−3/2)

g1g2 − g2
12

R2
s +

g12(gsΠ
s−3/2 − g12)

g1g2 − g2
12

R2
3−s, (4.33)

and one obtains a single equation that only depends on µs and on the parameters of

the system. This equation has two roots that need to be inverted numerically in order

to find µs (the root power depends on the dimensionality). By using the expression

for R3−s from Eqs. (4.32a) and (4.6a) we find an analytical formulation for µ3−s as a

function of µs. Once we have the two chemical potentials, we introduce them into the

densities [Eqs. (4.4) and (4.5)], obtaining the TF solution of a TCBEC in D dimensions

in the spatially separated regime.

In the 2D case, however, Eqs. (4.30) can be solved analytically using the definitions

of α, β, γ, Ω and ε from Eq. (4.25), Eq. (4.26) and Eq. (4.31) for D = 2. In this case,

using the expressions of the TF radii from Eq. (4.6) we obtain:

µ
(2D)
3−s =

√
mω2

rg3−s(Π3−2s + 1)

π
, (4.34a)

µ(2D)
s = µ3−s +

√
mω2

r (Π
s−3/2gs − g12)(Πs−3/2g12 − g3−s)

πΠ2s−3g12
, (4.34b)

and by substituting into Eq. (4.4) and Eq. (4.5) we get the density profiles of the TCBEC

in 2D in the spatially separated regime.
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Figure 4.3: Comparison between the results of the density profiles obtained through

the universal equation, Eqs. (4.12) and (4.19), the TFA (Sec. 4.3) and the numerical

solution of the TCGPE, Eq. (4.2) for a 1D TCBEC. In (a) we show the TF density

profile (blue dotted line) and the numerical solution of the TCGPE (solid lines) of a

TCBEC in the spatially separated regime for the 1D case and for two different values

of g2. We also plot a magnification around R1 (b), R2 (c) and R̃1 (d) where we include

the asymptotic approximation of the universal equation
√

2Ai(r) (dotted-dashed line)

derived in Sec. 4.2. The parameter values used are: χ = 0.985, g2 = 200 (black lines) and

g2 = 1000 (red/gray lines). Note that the magnifications only include the component

under study. For a complete description of the dimensionless parameters and scalings

see the text.
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Figure 4.4: Comparison between the results of the density profiles obtained through

the universal equation, Eqs. (4.12) and (4.19), the TFA (Sec. 4.3) and the numerical

solution of the TCGPE, Eq. (4.2) for a 2D TCBEC. In (a) we show the TF density

profile (blue dotted line) and the numerical solution of the TCGPE (solid lines) of a

TCBEC in the spatially separated regime for the 2D case and for two different values

of g2. We also plot a magnification around R1 (b), R2 (c) and R̃1 (d) where we include

the asymptotic approximation of the universal equation
√

2Ai(r) (dotted-dashed line)

derived in Sec. 4.2. The parameter values used are: χ = 0.9, g2 = 1000 (black lines) and

g2 = 10000 (red/gray lines). Note that the magnifications only include the component

under study. For a complete description of the dimensionless parameters and scalings

see the text.



4.3 Thomas–Fermi solutions 53

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

n s
(r

)/
n 1

(0
)

r/R̃1

(a) (b)

(c) (d)

3D

0

0.04

0.08

0.12

0.16

0.2

R1
R̃1

0.52 0.580.34 0.4 0.46
n s

(r
)/

n 1
(0

)
r/R̃1

(a) (b)

(c) (d)

3D

0

0.1

0.2

0.3

0.4

R2
R̃1

0.55 0.6 0.7 0.75 0.8

n s
(r

)/
n 1

(0
)

r/R̃1

(a) (b)

(c) (d)

3D

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

10.98 1.02 1.04 1.06 1.08

n s
(r

)/
n 1

(0
)

r/R̃1

(a) (b)

(c) (d)

3D

Figure 4.5: Comparison between the results of the density profiles obtained through

the universal equation, Eqs. (4.12) and (4.19), the TFA (Sec. 4.3) and the numerical

solution of the TCGPE, Eq. (4.2) for a 3D TCBEC. In (a) we show the TF density

profile (blue dotted line) and the numerical solution of the TCGPE (solid lines) of a

TCBEC in the spatially separated regime for the 3D case and for two different values

of g2. We also plot a magnification around R1 (b), R2 (c) and R̃1 (d) where we include

the asymptotic approximation of the universal equation
√

2Ai(r) (dotted-dashed line)

derived in Sec. 4.2. The parameter values used are: χ = 0.9, g2 = 1000 (black lines) and

g2 = 10000 (red/gray lines). Note that the magnifications only include the component

under study. For a complete description of the dimensionless parameters and scalings

see the text.
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4.4 Density profiles around the boundaries

In this section, we present the comparison between the density profiles in 1D, 2D and

3D of a TCBEC around the boundaries defined in Eq. (4.6) obtained: (i) within the TFA

(Sec. 4.3), (ii) using the universal equation derived in Sec. 4.2 and (iii) by numerically

integrating the TCGPE (Eq. (4.2)) for the spatially separated regime. To reduce the

parameter phase space we consider the same number of atoms for both components, i.e.,

Π = 1, g12 =
√
χg1g2 and gs = 2g3−s, in such a way that the parameter χ determines

the ratio between the different TF radii (Eq. (4.6)) and g3−s determines the strength

of the nonlinear interactions. In addition, we rescale the densities of both components

to the maximum value of the density of the 3− s component at the origin (considering

the s component to be that with largest support) and the r coordinate to the maximum

extension of the TCBEC (R̃s). We also use harmonic oscillator units, which is equivalent

to setting ~ = m = ωr = 1. These settings allow us to compare the behavior, graphically,

of the density profiles close to the boundaries for different values of the nonlinearity on

the same axis scale.

In order to have some reference values of the strength of the considered nonlinear in-

teractions (g3−s) we compare our rescaled nonlinear parameters with typical experimen-

tal values. We consider a TCBEC of 87Rb trapped in a harmonic potential with a radial

trapping frequency ωr = 2π × 20 Hz, transverse trapping frequency ω⊥ = 2π × 150 Hz

(for the one and two dimensional cases) and as = 100a0, with a0 and as being the Bohr

radius and the s-wave scattering length, respectively. In the 1D case, g3−s ' 200 cor-

responds to a BEC with Ns = N3−s ' 1× 104 particles, while in the 2D and 3D cases,

g3−s = 1000 corresponds to an approximate value of Ns = N3−s ' 5× 104 particles.

Figures 4.3, 4.4 and 4.5 show the density profile of a 1D, 2D and 3D TCBEC trapped

in an isotropic harmonic potential in the spatially separated regime using the TFA

(Eqs. (4.30)–(4.33)), the universal equation (Eqs. (4.12) and (4.19)) and the results of

the TCGPE (Eq. (4.2)) for different nonlinearities. Note that we have fixed s = 1 for

the component with largest support.

We observe that in 1D (Fig. 4.3) the asymptotic behavior of the universal equation

at the different boundaries is in excellent agreement with the numerical solution of the

TCGPE, even for values of g2 corresponding to a relatively small number of particles in

a typical experimental TCBEC.

In 2D (Fig. 4.4) we can see that the universal equation around the boundaries

(Sec. 4.2) gives a good insight of the numerical solution of the TCGPE in a fully ana-

lytical way for g2 = 1 × 104. However, for relatively small nonlinearities (g2 ∼ 1000),

the universal equation close to the innermost boundary cannot describe the density of

the TCBEC, as discussed in Sec. 4.2.

In 3D (Fig. 4.5) we see that the outer and inner boundaries are in very good agree-

ment for both nonlinearities, showing that this approximation can be used to describe

the density of a TCBEC around the boundaries provided that the conditions mentioned



4.5 Conclusions 55

in Sec. 4.2 are fulfilled. The universal equation close to the innermost boundary, on the

other hand, hardly reproduces the density of the TCBEC for low values of g2, however,

the approximation appears to have broad validity for values of g2 above 10000.

4.5 Conclusions

In this chapter, we have presented an analytical approximation to the ground state

density profiles of a TCBEC trapped in an isotropic harmonic potential within the mean

field approximation around the boundaries of each component, where the TFA is no

longer valid. We have derived universal equations that provide a good estimation of the

behavior of the density profile at the boundaries of each species, softening the sharp edges

produced by the TFA. We have compared our analytical results with the numerically

integrated TCGPE, obtaining an excellent agreement between them. The method we

have proposed also offers the possibility to calculate analytically, as proposed in [72, 73]

for single component systems, the kinetic energy of the system, tunneling between double

well potentials and other possibilities such as calculating an equivalent healing length

in a TCBEC in the miscible phase, similarly to the penetration depth defined in the

immiscible phase by [168]. Moreover, this approach can be easily extended to different

species (i.e. different masses), and also, due to its generality, the procedure may be

extended to other trapping potentials.

We have also studied the TFA for 1D, 2D and 3D. We have shown that the coexisting

regime can be treated analytically in all three cases. However, the spatially separated

regime only has analytical solution in 2D. In 1D and 3D we can decrease the complexity

of the numerical inversion required by reducing the resulting system of two coupled

equations to a single one. Finally, within the TFA, we have determined, analytically,

the frontier between the coexisting and spatially separated regimes.





CHAPTER 5

Transport of ultracold atoms between concentric traps via spatial

adiabatic passage

In this chapter, we study the transport of a single ultracold atom in cylindrically

symmetric concentric potentials [74]. Specifically, we use 2D spatial adiabatic passage

(SAP) techniques to obtain a robust and high fidelity loading from a harmonic trap to a

ring potential and for the transport between two ring potentials using the matter-wave

analogue of the rapid adiabatic passage (RAP) process [75]. The matter-wave analogue

of the stimulated Raman adiabatic passage (STIRAP) [76, 304] in systems of three

concentric rings is also investigated for the transport of localized ground states and of

orbital angular momentum (OAM) states between the innermost and outermost rings.

The dynamics of the RAP-like and STIRAP-like processes is described using few-state

models (see Sec. 2.5), obtaining an excellent agreement with the numerical simulations

of the corresponding 2D Schrödinger equation.

We focus on toroidal trapping potentials [92, 183, 185, 194, 211, 305–313] for ul-

tracold atoms which are essential in many quantum metrology implementations, e.g.,

for matter-wave Sagnac interferometry [71, 314], and as elementary building blocks in

the emerging field of Atomtronics [24, 315–319]. In fact, ring potentials constitute the

simplest nontrivial closed-loop circuits and offer unique features to investigate, for in-

stance, superfluidity and persistent currents [25, 320–326]. Angular momentum in such

systems can be transferred to the atoms using either light [324] or by rotating a tun-

able weak link [25]. The latter has been one of the key elements that has opened the

possibility to study matter-wave analogues of superconducting quantum interference

devices (SQUIDs) [12–15, 327–329]. Recently, hysteresis, which is a basic ingredient in

electronics, has been observed experimentally between quantized circulation states of a

Bose–Einstein condensates (BEC) trapped in a ring [330].

57
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In this context, the development of techniques allowing for a high fidelity and robust

transport between ring potentials is a topical issue and it is the main purpose of this

chapter, where we provide mechanisms to load, and transport ultracold atoms in ring

potentials. SAP processes [59] have been proposed for the transport of single atoms [331–

338], electrons [339], and BECs [340–343] between the outermost traps of in-line triple-

well potentials. Moreover, 2D SAP processes for three tunnel-coupled harmonic wells in

a triangular configuration have recently been discussed for matter-wave interferometry

[344], and for the generation of atomic states carrying orbital angular momentum [220].

It is also worth to highlight that SAP has already been experimentally demonstrated

for light beams propagating in three evanescently coupled optical waveguides [345–348],

and recently discussed for the manipulation of sound propagation in sonic crystals [349].

Both SAP processes studied here rely on the ability to vary the frequencies and

radii of the trapping potentials. For optically generated potentials, the frequency can

be modified by varying the laser intensity that produces the potential [92, 194], and the

radius of the ring can be changed dynamically using time-averaged adiabatic techniques

[312, 313].

This chapter is structured as follows. The physical systems under investigation are

introduced in Sec. 5.1. Section 5.2 is devoted to the transport of a single atom between

two concentric cylindrically symmetric potentials by means of the matter-wave RAP

technique, whereas Sec. 5.3 focuses on the transport of an atom between the inner-

most and outermost traps of a triple-ring potential through the matter-wave STIRAP

technique. Section 5.4 presents the conclusions.

5.1 Concentric traps

We consider a single atom trapped in 2D cylindrically symmetric external potentials

formed by different concentric combinations of harmonic and harmonic ring potentials

as the ones shown in Fig. 5.1. Figure 5.1(a) corresponds to the total potential used

to study the loading of an atom from a harmonic potential centered at the origin to

a concentric harmonic ring potential. Figure 5.1(b) shows the system where we study

the transport between two concentric ring potentials. In both cases we use the matter-

wave analogue of the RAP process by varying the trapping frequency and the radius of

the outer ring potential, which allow us to adjust the tunneling rate and energy bias

in such a way that the atom adiabatically follows the ground states of the localized

traps. In Fig. 5.1(c) we show a system of three concentric ring potentials in which the

STIRAP-like protocol have been used to transport a single atom between the innermost

and outermost rings. In particular, in the STIRAP protocol we keep the same radial

trapping frequencies for the three harmonic rings and modify the rings separations in

order to achieve the transport.

Using cylindrical coordinates (r, φ), the harmonic potential with trapping frequency
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Figure 5.1: Sketch of the trapping geometries formed by the combination of concentric

(a) harmonic and harmonic ring potentials; and (b) two and (c) three harmonic ring

potentials. Transport will always take place from the innermost trap to the outermost

one. The top row shows three-dimensional representations of the trapping potentials.

The bottom row shows 2D schematics of the three configurations, with traps represented

in gray, and including labels for trap frequencies and radii. ωh is the radial trapping

frequency of the harmonic potential; rj and ωj with j = i,m, o are the radii and radial

trapping frequencies of the inner, middle, and outer rings, respectively.

ωh for an atom of mass m reads

Vh(r) =
1

2
mω2

hr
2, (5.1)

and its ground state wavefunction is

Ψh(r) =

√
mωh
π~

e−
mωh
2~ r2 . (5.2)

The harmonic ring potentials of trapping frequencies ωj and radii rj are given by

Vr,j(r) =
1

2
mω2

j (r − rj)2, (5.3)

with j = i,m, o labeling the inner, middle and outer rings, respectively, as shown in

Fig. 5.1. In order to obtain the lowest energy eigenstate of a single atom in a harmonic

ring potential, we use a variational approach with the ansatz

Ψr,j(r) = Nje
−αj(r−βjrj)2 , (5.4)

where αj and βj are the variational parameters, and Nj is fixed by the normalization

condition 2π
∫∞

0 |Ψr,j(r)|2rdr = 1, which leads to

Nj =

√
2αj/π

e−2αjβ2
j r

2
j + βjrj

√
2παj

(
erf
(
βjrj

√
2αj
)

+ 1
) . (5.5)

The joint potentials VT (r) sketched in Fig. 5.1 are modeled as piecewise combinations

of the corresponding potentials given by Eq. (5.1) and Eq. (5.3), and are truncated at



60 Transport of ultracold atoms between concentric traps via spatial adiabatic passage

the points where they coincide (see Eqs. (5.14), (5.16) and (5.17)). Truncated harmonic

potentials have shown to give qualitatively similar results for SAP as smooth Gaussian

[338], Pöschl–Teller potentials [335], or atom-chip systems [336]. Moreover, they allow

to use a simple ansatz for the localized ground states such as the ones given in Eqs. (5.2)

and (5.4).

The dynamics of a single atom trapped in these concentric potentials is governed by

the 2D Schrödinger equation

i~
∂

∂t
Ψ(r, φ, t) = HΨ(r, φ, t), (5.6)

where the Hamiltonian is

H = − ~2

2m

(
∂2

∂r2
+

1

r

∂

∂r
+

1

r2

∂2

∂φ2

)
+ VT (r). (5.7)

Note that the azimuthal dependence φ in Eq. (5.6) does not play any role in the dynamics

if they are restricted to the ground states of the harmonic and harmonic ring potentials

for which Ψ(r, φ, t) = Ψ(r, t). In the following, we will focus mainly on these states,

although states carrying OAM (and thus having an azimuthal phase dependence) will

be addressed at the end of Sec. 5.3.

Throughout this chapter, we will express all variables in dimensionless harmonic

oscillator (h.o) units with respect to Vh (m = ~ = ωh = 1).

5.2 Spatial Adiabatic Passage between two concentric po-

tentials

In this section, we use the matter-wave analogue of the RAP to study the loading

of an atom between a harmonic potential to a ring and the transport between two

concentric rings. In both cases the transport is from the localized ground state of the

inner potential to the ground state of the outer one. Therefore, we can use the few-state

model approach, introduced in Sec. 2.5, to describe the dynamics of these two systems.

In both cases we first derive the corresponding few-state model and then study the SAP

process using both the model and the numerical simulations of the 2D SE.

5.2.1 Two-state model

In this section, we introduce the two-state model for the trapping configurations

shown in Figs. 5.1(a) and (b). Let us assume that at any time the total atomic wave-

function can be written as a superposition of the two orthonormalized localized states

of each individual potential as

Ψ2S(r, t) = ai(t)Ψ̃i(r) + ao(t)Ψ̃o(r), (5.8)
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where ai (ao) is the probability amplitude for the atom to be in the inner (outer)

potential.

Introducing the ansatz Ψ2S into the Schrödinger equation (Eq. (5.6)), one obtains

the two-state model,

i~
d

dt

(
ai
ao

)
= ~

(
0 −J/2
−J/2 ∆

)(
ai
ao

)
, (5.9)

where

J =
4π

~

∫ ∞
0

Ψ̃∗i (r)HΨ̃o(r) rdr, (5.10a)

∆ =
2π

~

(∫ ∞
0

Ψ̃∗o(r)HΨ̃o(r) rdr −
∫ ∞

0
Ψ̃∗i (r)HΨ̃i(r) rdr

)
, (5.10b)

are the tunneling rate and energy bias, respectively. The values of J and ∆ used in

the two-state model simulations are obtained by performing these integrals numerically

with the corresponding wavefunctions. The states Ψ̃j for j = i, o are obtained by

orthonormalizing the states Ψh and Ψr,o for the configuration in Fig. 5.1(a) or Ψr,i and

Ψr,o for the configuration in Fig. 5.1(b).

The eigenvalues of the standard two-state Hamiltonian in Eq. (5.9) are

E± =
~
2

(
∆±

√
∆2 + J2

)
, (5.11)

with corresponding eigenstates

Ψ+(θ) = sin(θ)Ψ̃i − cos(θ)Ψ̃o, (5.12a)

Ψ−(θ) = cos(θ)Ψ̃i + sin(θ)Ψ̃o, (5.12b)

where the mixing angle θ is given by

tan(2θ) =
J

∆
. (5.13)

5.2.2 RAP-like protocol

The RAP-like protocol can be understood in terms of the previously derived two-

state model. By adiabatically following either Ψ+ or Ψ−, Eqs. (5.12), a single atom

initially loaded into the localized ground state of the inner potential can be efficiently

and robustly transferred to the outer one. Let us assume that initially, at t = t0, one has

∆ < 0 with |∆| � J , such that the mixing angle in Eq. (5.13) is given by θ(t0) = π/2

and, according to Eq. (5.12a), Ψ2S(t0) = Ψ+(t0) = Ψ̃i. To transfer the atom to the

outer potential by adiabatically following Ψ+, one needs to slowly modify the energy

bias and the tunneling rate such that at the end of the process, at t = tf , ∆ > 0

and |∆| � J , which, in turn, means θ(tf ) = 0 and Ψ2S(tf ) = Ψ+(tf ) = −Ψ̃o. To
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avoid diabatic transitions and keep the atom in the energy eigenstate Ψ+ for the whole

dynamics, it is important to reach significant tunneling rates when the sign of the energy

bias is reversed such that even at this moment the energies of the two eigenstates are

substantially different, see Eq. (5.11).

First, let us consider the transfer of a single atom trapped in a harmonic potential

into a harmonic ring, see Fig. 5.1(a). In this case, the joint potential profile reads:

VT (r) =

{
Vh(r) for r < r̄hr,

Vr,o(r) for r ≥ r̄hr,
(5.14)

with r̄hr = roωo/(ωh + ωo).

Therefore in our system in order to investigate the RAP-like process we modify the

ring trapping frequency ωo and radius ro according to (see Figs. 5.2(a) and (b))
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Figure 5.2: Numerical simulations using the two-state model. Matter-wave RAP process

to transport a single atom from the localized ground state of a harmonic potential to

the ground state a harmonic ring one, see Fig. 5.1(a). As a function of time: (a)

trapping frequency ωo and (b) radius of the harmonic ring potential ro; (c) tunneling

rate J (black solid line) and energy bias ∆ (red dashed line); (d) mixing angle θ; (e)

eigenvalues E± of the energy eigenstates Ψ+ (black solid line) and Ψ− (red dashed line);

and (f) populations Pi = |ai|2 (black solid line) and Po = |ao|2 (red dashed line) of the

harmonic and harmonic ring potentials. All variables are expressed in h.o. units with

respect to the potential Vh.



5.2 Spatial Adiabatic Passage between two concentric potentials 63

ωo(t) = ω0 + δω
1+( 2

3)
a

1+

(
t
tf

+ 1
2

)−a , (5.15a)

ro(t) = R0 + δRe
−

(
t
tf
− 1

2

)2

2σ2 , (5.15b)

with the parameter values tf = 400, R0 = 4.5, δR = −1, ω0 = 1.7, δω = 0.6, a = 8,

and σ = 2/15. These modifications of the potential yield the temporal variations of the

energy bias and tunneling shown in Fig. 5.2(c), calculated with Eqs. (5.10).

The temporal evolution of the mixing angle is plotted in Fig. 5.2(d), while Fig. 5.2(e)

shows the evolution of the energy eigenvalues (Eq. (5.11)), revealing the existence of an

energy gap during the whole dynamics. The populations of the harmonic and harmonic

ring potentials are shown in Fig. 5.2(f), which demonstrate the high fidelity of the

transport protocol. Let us comment here that, as in all adiabatic protocols, the exact

time dependence of the parameters is not crucial for the technique to succeed, and even

withstands some noise [337, 338]. We have chosen this particular time dependence as it

allows for shorter total times tf of the protocol with respect to other simpler temporal

variations of the parameters.

To check the validity of the two-state model we have also performed numerical sim-
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Figure 5.3: Numerical integration of the 2D Schrödinger equation. Final population

transferred to the harmonic ring trap from the inner harmonic trap as a function of the

total time of the process and the minimum radius of the ring trap during the process.

All other parameters are as in Fig. 5.2. Black lines correspond to contours at Po(tf ) =

0.99 and the cross indicates the parameter values that were chosen in the two-state

simulations shown in Fig. 5.2. All variables are expressed in h.o. units with respect to

the harmonic potential Vh.
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ulations of the RAP-like protocol using the 2D Schrödinger equation (Eq. (5.6)) for the

same parameters as in Fig. 5.2. Fig. 5.3 shows the final population transferred from the

harmonic inner potential to the outer ring, Po, as a function of the total time of the

process and the minimum radius of the ring during the process. A population transfer

above 99% is achieved for a broad range of parameter values evidencing the fidelity

and robustness of the process. The parameters corresponding to the transport protocol

investigated within the two-state model above are marked with a cross in Fig. 5.3.

The previously described RAP-like technique can also be applied to the configuration

shown in Fig. 5.1(b) corresponding to two concentric harmonic ring potentials described

by the potential

VT (r) =

{
Vr,i(r) for r < r̄io
Vr,o(r) for r ≥ r̄io

(5.16)

with r̄io = (riωi + roωo)/(ωi + ωo).

As shown in Figs. 5.4(a) and (b), we change the frequency and radius of the outer

1.7

1.8

1.9

2

2.1

2.2

2.3

F
re
q
u
en
cy

(a)

3

4

5

6

7

8

R
ad

iu
s

(b)

−0.2

0

0.2

0.4

0 200 400 600 800 1000

J
,
∆

(c)

0

0.1

0.2

0.3

0.4

0.5

θ/π

(d)

0.8

0.9

1

1.1

1.2

E
n
ergies

(e)

0 200 400 600 800 1000

0

0.2

0.4

0.6

0.8

1

P
op

u
lation

s

(f)

ωi

ωo

ri

ro

time

J

∆

E+

E−

time

Pi

Po

Figure 5.4: Numerical simulations using the two-state model. Matter-wave RAP process

to transport a single atom between two concentric ring potentials, see Fig. 5.1(b). As a

function of time: (a) trapping frequencies ωi (black solid line) and ωo (red dashed line)

of the inner and outer rings; (b) radii ri (black solid line) and ro (red dashed line) of

the inner and outer rings; (c) tunneling rate J (black solid line) and energy bias ∆ (red

dashed line); (d) mixing angle θ; (e) eigenvalues E± of the energy eigenstates Ψ+ (black

solid line) and Ψ− (red dashed line); (f) populations Pi = |ai|2 (black solid line) and

Po = |ao|2 (red dashed line) of the inner and outer rings. All variables are expressed in

h.o. units with respect to the harmonic potential Vh.
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ring in time following Eqs. (5.15) with parameters ω0 = 1.7, δω = 0.6, R0 = 7.5, and

δR = 2, while leaving the inner ring fixed with radius ri = 3.5 and frequency ωi = 2.

Then, the temporal profiles of the energy bias and the tunneling rate, see Fig. 5.4(c),

are such that the mixing angle θ evolves from π/2 to 0, see Fig. 5.4(d). In this case, the

followed eigenstate Ψ+ is transformed from initially being the inner ring ground state

to finally being the outer ring one. Therefore, the single atom is transported from the

inner ring to the outer one with very high fidelity, see Fig. 5.4(f).

5.3 Spatial Adiabatic Passage between three concentric

potentials

In this section we consider three concentric ring potentials to study the transport

between the innermost ring to the outermost one following the STIRAP-like protocol. In

particular, we transport a localized eigenstate state of the inner ring to a degenerate (or

quasi degenerate) localized eigenstate of the outer one. As in the previous section, we can

again use the few-state model approach introduced in Sec. 2.5 to describe the dynamics

in terms of localized eigenstates of the rings. Few-state models and the numerical

simulations of the 2D SE are both compared in the two cases investigated here, obtaining

excellent agreement.

5.3.1 Three-state model

We now consider the trapping configuration depicted in Fig. 5.1(c) consisting of three

concentric ring potentials, constructed from truncated harmonic potentials

VT (r) =


Vr,i(r) for r ≤ r̄im
Vr,m(r) for r̄im < r < r̄mo
Vr,o(r) for r ≥ r̄mo

(5.17)

with r̄im = (riωi + rmωm)/(ωi + ωm) and r̄mo = (rmωm + roωo)/(ωm + ωo).

In analogy with the previous section, we assume that the total atomic wavefunction

can be written at all times as a superposition of the three orthonormalized localized

ground states of each individual potential as

Ψ3S(r, t) = ai(t)Ψ̃i(r) + am(t)Ψ̃m(r) + ao(t)Ψ̃o(r). (5.18)

The equations of motion for the probability amplitudes ai, am, ao of the inner,

middle, and outer ring potentials, respectively, read

i~
d

dt

 ai
am
ao

 = ~

 ∆i −Jim/2 0

−Jim/2 0 −Jmo/2
0 −Jmo/2 ∆o


 ai

am
ao

 , (5.19)
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where we have taken the energy of the ground state of the middle ring as the en-

ergy origin, and the definitions of the tunnelling rates and energy biases are obtained

analogously to Eqs. (5.10) with the corresponding localized wavefunctions.

For ∆i = ∆o = 0, the eigenstates of the Hamiltonian read:

E+ =
1

2

√
J2
im + J2

mo, (5.20)

E− = −1

2

√
J2
im + J2

mo, (5.21)

Ed = 0, (5.22)

with eigenstates:

Ψ+(Θ) =
1√
2

(
sin ΘΨ̃i + Ψ̃m + cos ΘΨ̃o

)
, (5.23)

Ψ−(Θ) =
1√
2

(
sin ΘΨ̃i − Ψ̃m + cos ΘΨ̃o

)
, (5.24)

Ψd(Θ) = cos ΘΨ̃i − sin ΘΨ̃o, (5.25)

where Ψd(Θ) is the so-called spatial dark state, which involves only the localized

ground states of the inner and outer rings, with:

tan Θ =
Jim
Jmo

. (5.26)

5.3.2 STIRAP-like protocol

In this chapter we introduce the matter-wave analogue of the STIRAP protocol in

terms of the three-state model presented in the previous section. This SAP process for a

single atom being transfered between the innermost and outermost rings can be achieved

by adiabatically following Ψd (Eq. (5.25)). Starting with the atom in the inner ring,

Ψ3S(t0) = Ψd(t0) = Ψ̃i, and employing a temporal variation of the tunneling rates such

that Θ, see Eq. (5.26), slowly changes from 0 to π/2, one obtains Ψ3S(tf ) = Ψd(tf ) =

−Ψ̃o at the end of the process. Note that this temporal variation of the mixing angle

means to favor first tunneling between the middle and outer rings and later on, and with

an appropriate temporal delay, tunneling between the inner and middle rings.

Fig. 5.5(a) shows the specific temporal variation of the inner and outer rings radii that

has been used to achieve the proper variation of the tunneling rates, shown in Fig. 5.5(b).

In this case, the time dependences of the radii are described as in the previous cases by

Eq. (15b), with R0 = 3, δR = 2 for the inner ring and R0 = 12, δR = −2 for the outer one.

The middle ring has a fixed radius rm = 7.5, and, since no detuning is necessary, all ring

trapping frequencies are kept constant and equal to ωi = ωm = ωo = 2. The parameter
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setting chosen implies that the orthonormal localized ground states are not fully resonant

during the whole dynamics, see Fig. 5.5(c). However, since |∆o−∆i| � Jim, Jmo in the

time window where tunneling is non-negligible, it is possible to follow Ψd from Θ = 0 to

Θ = π/2 in this interval, as depicted in Fig. 5.5(d). This adiabatic following results in a

high fidelity single atom transport from the inner ring to the outer one, with an almost

negligible population in the middle one for the whole dynamics, see Fig. 5.5(f).
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Figure 5.5: Numerical simulations using the three-state model. Matter-wave STIRAP

process to transport a single atom from the innermost to the outermost potential of

three concentric rings, see Fig. 5.1(c). As a function of time: (a) radii ri (black solid

line), rm (green dotted line) and ro (red dashed line) of the inner, middle and outer

rings; (b) tunneling rates Jim (black solid line) and Jmo (red dashed line); (c) energy

bias ∆i (black solid line) and ∆o (red dashed line) of the inner and outer rings with

respect to the middle one; (d) mixing angle Θ; (e) eigenvalues of the energy eigenstates

Ψ+ (black solid line), Ψd (green dotted line), and Ψ− (red dashed line); (f) populations

Pi = |ai|2 (black solid line), Pm = |am|2 (green dotted line), and Po = |ao|2 (red dashed

line) of the inner, middle, and outer rings. All variables are expressed in h.o. units with

respect to the harmonic potential Vh.

Fig. 5.6(a) shows the temporal evolution of the populations in the inner, middle, and

outer rings, respectively, obtained from the numerical integration of the corresponding

2D Schrödinger equation for the same parameter values as used for Fig. 5.5, and where

the initial ground state is obtained via imaginary time evolution. The fidelity of the

SAP process is above 99%. Fig. 5.6 (c) shows snapshots of the 2D probability density

for the three different times indicated in the temporal evolution. The same protocol

applied to a state with OAM is plotted in Figs. 5.6(b) and (d). The initial ground state
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Figure 5.6: Numerical integration of the 2D Schrödinger equation to simulate the

matter-wave STIRAP process to transport a single atom from the innermost to the

outermost potential of three concentric rings, see Fig. 5.1(c). Time evolution of the

populations of the inner, middle and outer rings when the initial state (obtained from

imaginary time evolution) (a) does not posses OAM or (b) carries one unit of OAM. (c)

Snapshots of the 2D atomic probability density for the three times indicated in (a). (d)

Snapshots of the 2D atomic probability density (top row) and phase distribution (bottom

row) for the three times indicated in (b). Parameters are the same as in Fig. 5.5.
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is taken to be the one obtained via imaginary time evolution with an added azimuthal

phase exp(iφ), and thus with a winding number of one. The time evolution of the

populations from the 2D Schrödinger equation in Fig. 5.6(b) shows a final fidelity above

97%. Moreover, Fig. 5.6 (d) shows snapshots for the three different times indicated in the

temporal evolution of both the 2D probability density (top row) and the corresponding

phase distribution (bottom row). Note, comparing the phase distribution in (d,i) with

that in (d,iii), that initial and final states have the same OAM winding number. This

is because the joint trapping potential consists of three concentric rings and, therefore,

cylindrical symmetry is preserved during the whole dynamics.

5.4 Conclusions

We have investigated SAP processes for the transport of a single-atom from an inner

trap to an outer one in three different configurations of cylindrically symmetric con-

centric potentials. The energy eigenstates followed, have been transformed from the

localized ground states of the inner potentials to the localized ground states of the outer

rings by manipulating the trapping frequencies and/or the radii of the rings. In particu-

lar, we have studied the matter-wave analogues of the RAP and STIRAP techniques. In

the latter case, we have also investigated the possibility to use SAP processes between

three concentric ring potentials to transport OAM states. Such transport can play a very

important role in future atomtronic devices, where OAM states are one of the building

blocks to study SQUIDs [12, 13, 15, 327–330]. While in 1D systems the energy biases

are only affected by the difference in frequencies of the traps, in 2D SAP systems, the

energies also depend on their radii and thus, coupling and detuning cannot be treated

as independent parameters. This is more evident for OAM states where extra degrees

of freedom are present. Nevertheless, here we have shown, with an example, that OAM

states of an ultracold atom can still be transported using the STIRAP protocol.

Time-averaged adiabatic potentials would be ideal systems to perform these tech-

niques because of their strong confinements on the order of kHz, their possibility of

realising trapping lifetimes on the order of up to one minute [313] and their ability

to dynamically change the radius of the traps [312]. Our estimations show that the

techniques presented in this chapter can be implemented in these systems with a total

process time on the order of seconds. Similar total times can be expected for the painted

potentials [183, 185].

We have demonstrated the high efficiency of these SAP processes by means of simple

two- and three-state models. Additionally, we have checked the accuracy of these models

by comparing their predictions with the numerical integration of the corresponding 2D

Schrödinger equation. Moreover, the fidelity and robustness of the RAP process has

also been investigated, showing that SAP techniques are not subject to specific temporal

variations of the parameters as long as the considered eigenstate of the system is followed

in an adiabatic way.





CHAPTER 6

Geometrically induced complex tunnelings for ultracold atoms carrying

orbital angular momentum

In this chapter, we investigate the dynamics of angular momentum states for a single

ultracold atom trapped in 2D systems of sided-coupled ring potentials [63]. By using

the symmetries of the system, we show that tunneling amplitudes between different

ring states with variation of the winding number are complex. This is particularly

interesting considering that the complex character of the tunneling appears naturally in

these systems. In a triangular ring configuration, complex tunneling amplitudes allow

us to geometrically engineer spatial dark states to manipulate the transport of orbital

angular momentum states via quantum interference. The dynamics of these systems is

described using few-state models whose comparison with numerical simulations of the

2D Schrödinger equation (SE) give an excellent agreement.

As discussed in the introduction of this thesis, tunneling is one of the paradigms

of quantum mechanics and, the tunneling control in the context of ultracold neutral

atoms has been a subject of intense research in recent years. Pioneering experiments

demonstrated dynamical tunneling suppression for a single-particle in a strongly driven

double-well potential [350] and for a Bose-Einstein condensate (BEC) in a strongly driven

optical lattice [351]. The dynamical modification of tunneling rates allowed experimen-

tally realizing [352] the driving-induced superfluid-Mott insulator transition [353, 354]

and, by independently tuning the coupling rates in different directions of a triangu-

lar lattice, simulating a large variety of magnetic phases and different types of phase

transitions [355].

The generation of artificial vector gauge potentials for ultracold atoms in 1D optical

lattices has been demonstrated by inducing controllable complex tunneling amplitudes.

These effective complex couplings can be realized, for instance, by a suitable forcing

71
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of an optical lattice [61] or by a combination of radio frequency and optical Raman

coupling fields [62]. In 2D optical lattices, the engineering of complex tunnelings has

lead to the generation of staggered fluxes [64, 65], the implementation of the Hofstadter

Hamiltonian and the observation of large homogeneous artificial magnetic fields [66], as

well as the realization of the topological Haldane model [67] and of the Harper and Weyl

Hamiltonians [68, 69].

In this chapter, we demonstrate that complex tunneling amplitudes appear naturally

in the dynamics of orbital angular momentum states for a single ultracold atom trapped

in 2D systems of sided coupled cylindrically symmetric identical traps. We focus on ring

shaped potentials, which are currently implemented for ultracold atoms by means of the

optical dipole force (see Sec. 2.4) or magnetic trapping. Techniques for the first case

include optically plugging magnetic traps [210, 211], the use of static Laguerre-Gauss

beams [212–216], painting potentials [183–185], time averaged potentials [186, 187] and

conical refraction [92]. Alternatively, magnetic ring traps can be implemented using

static magnetic fields [200–203], time-averaged magnetic fields [204–206], by induction

[207, 208] and using radiofrequency adiabatic potentials [209]. The importance of ring

traps for ultracold atoms comes from the fact that they are one of the simplest geometries

that lead to non-trivial loop circuits in the emerging field of Atomtronics [24, 356], which

explores the use of neutral atoms to build analogues of electronic circuits and devices.

Specifically, BECs in a ring trap with one [12, 25, 330, 357] or two [13, 14, 358] weak

links have been shown to resemble the physical behaviour of superconducting quantum

interference devices (SQUIDs). Atomic SQUIDs in a ring lattice have also been proposed

[15, 359].

In particular, the present chapter considers the dynamics of the angular momentum

states of a single atom trapped in two 2D in-line ring potentials (Sec. 6.1) and three 2D

rings in a triangular configuration (Sec. 6.2). In Sec. 6.1 we show that the full dynam-

ics Hilbert space consists of a set of decoupled manifolds spanned by ring states with

identical vibrational and orbital angular momentum quantum numbers. By recalling

basic geometric symmetries of the system, we demonstrate that the tunneling ampli-

tudes between different ring states, named cross-couplings, with (without) variation of

the winding number, are complex (real) and that a complex self-coupling between states

with opposite winding number within a ring, arises due to the breaking of cylindrical

symmetry induced by the presence of additional rings. In Sec. 6.2 we show that, although

for two in-line rings the complex cross-coupling contribution gives a non-physically rel-

evant phase, in a triangular ring configuration it leads to the possibility of engineering

spatial dark states, allowing the manipulation of the transport of angular momentum

states via quantum interference.



6.1 Two in-line ring potentials 73

6.1 Two in-line ring potentials

We consider a single atom trapped in a 2D system consisting of two in-line ring

potentials of radius r0 separated by a distance d, see Fig. 6.1(a). We define the radial

coordinate rj and the azimuthal angle φj with respect to the center of each ring, where

j = L, R accounts for the left and right potentials, respectively. The angular momentum

eigenstates of each individual ring potential read:

Ψn
j,m(rj , φj) = 〈~r|j,m, n〉 =

1√
N
ψm(rj)e

in(φj−φ0), (6.1)

where j = L, R; n = ±l is the winding number with l ∈ N0 being the orbital angular

momentum quantum number, ψm(rj) with m ∈ N0 is the radial part of the wave function

for the m transverse vibrational state, φ0 is a free phase parameter, defined with respect

to the x axis, which sets the azimuthal phase origin, and N is a normalization constant.

Figure 6.1: (a) Schematic figure of two in-line ring potentials. (b) Sketch of the energy

spectrum of the angular momentum eigenstates |j,m, n〉 for a single atom trapped in each

of the two in-line rings, where j = L, R indicates the ring, m the transverse vibrational

state, n = ±l the winding quantum number, and l the orbital angular momentum. The

Hamiltonian corresponding to the (m, l) manifold is indicated by Ĥm,l.
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Without loss of generality, we assume ψm(rj) to be real and, thus, the phases of

the, in general, complex tunneling amplitudes will be only determined by φ0. To obtain

these phases, we recall that two identical in-line rings present two symmetries, the x

and the y mirrors defined as:

M̂x : (x, y) −→ (x, −y), (6.2a)

M̂y : (x, y) −→ (−x, y), (6.2b)

respectively. The effects of such transformations on the angular momentum eigenstates,

Eq. (6.1), are:

M̂x|j,m, n〉 = e−2inφ0 |j,m,−n〉, (6.3a)

M̂y|j,m, n〉 = e−2inφ0einπ|k,m,−n〉 for j 6= k. (6.3b)

Assuming σm � r0 � d, where σm is the radial width of the atom in the m vibra-

tional state of any of the two rings, the total Hamiltonian of the system reads:

ĤT =
∑
m≥0

Ĥm,0 +
∑
m≥0

∑
l>0

Ĥm,l
FS , (6.4)

where Ĥm,0 accounts for the two-state Hamiltonian associated to |L,m, 0〉 and |R,m, 0〉,
and Ĥm,l

FS corresponds to the four-state Hamiltonian (FSH) for each (m, l) combination

with l 6= 0, whose basis is formed by four degenerate angular momentum eigenstates

|L,m,±n〉, |R,m,±n〉, see Fig. 6.1(b):

Ĥm,l
FS =

~
2

∑
j,k=L,R

∑
n=±l

(
Jk,nj,n (m)|j,m, n〉〈k,m, n|+

Jk,−nj,n (m)|j,m, n〉〈k,m,−n|
)
, (6.5)

where (~/2)J j,nj,n (m) are the eigenenergies of a single atom in an uncoupled ring, J j,−nj,n (m)

are the self-coupling tunnelings, and Jk,−nj,n (m) and Jk,nj,n (m) with j 6= k are the cross-

coupling tunnelings.

The Hamiltonian describing this system is invariant under M̂x and M̂y transforma-

tions and, consequently, under parity P̂ = M̂xM̂y. Using the symmetry transformations

acting on the angular momentum states, Eqs. (6.3), we obtain that:

M̂x : Jk,nj,n = Jk,−nj,−n , (6.6a)

e−2inφ0Jk,−nj,n = e2inφ0Jk,+nj,−n , (6.6b)

M̂y : Jk,nj,n = J j,−nk,−n, J j,nj,n = Jk,−nk,−n for j 6= k, (6.6c)

e−2inφ0Jk,−nj,n = e2inφ0J j,nk,−n for j 6= k, (6.6d)

e−2inφ0J j,−nj,n = e2inφ0Jk,nk,−n for j 6= k, (6.6e)
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These relations between the couplings along with the Hermiticity of the Hamiltonian,

reduce the parameter space to only three different couplings: a real coupling JR,nL,n and

two complex ones JL,−nL,n = |JL,−nL,n |e2inφ0 and JR,−nL,n = |JR,−nL,n |e2inφ0 . For two rings, we

can fix φ0 to any arbitrary value. Thus, for φ0 = 0 all couplings become real and the

four-state Hamiltonian Ĥm,l
FS reads:

Ĥm,l
FS =

~
2


0 JL,−nL,n JR,nL,n JR,−nL,n

JL,−nL,n 0 JR,−nL,n JR,nL,n

JR,nL,n JR,−nL,n 0 JL,−nL,n

JR,−nL,n JR,nL,n JL,−nL,n 0

 , (6.7)

where we have subtracted the common energy from the diagonal. In fact, the complex

nature of the self-couplings and cross-couplings with winding number exchange does not

play any physical role in the two in-line ring configuration. However, as detailed in

Sec. 6.2, it will become crucial when studying the dynamics of more than two coupled

rings. Note also that, although for a single ring J j,−nj,n = 0, in the case of two in-line

coupled rings a non null coupling appears between opposite winding number states in

the same ring. This coupling emerges due to the breaking of cylindrical symmetry in

the system [360], produced by the presence of the second ring.

To numerically investigate the free dynamics of a single atom of mass M in two in-

line rings, Fig. 6.1(a), we consider two truncated harmonic ring potentials of frequency

ω:

V (x, y) =

{
1
2Mω2(

√
x2 + y2 − r0)2 for x ≤ d/2

1
2Mω2(

√
(x− d)2 + y2 − r0)2 for x > d/2

. (6.8)

The atom is initially trapped in state |L, 0, 1〉. The distance between rings is kept

fixed during the dynamics at d = 14 and r0 = 5, all in 1D radial harmonic oscillator

(h.o.) units.

Fig. 6.2(a) shows the temporal evolution of the populations of the four angular

momentum states of the (0, 1) manifold by using the FSH, Eq. (6.7), and the numerical

integration of the full 2D SE (see appendix C for the specifics of the numerical methods).

The perfect agreement has been achieved by taking JR,1L,1 = 3.06× 10−3, JR,−1
L,1 = 3.28×

10−3 and JL,−1
L,1 = −4.06×10−4 in the FSH, in h.o. units. These values of the tunneling

amplitudes for the FSH have been obtained by numerically constructing the eigenstates

basis of the total system. Then, by taking states with angular momentum n = ±1,

that are degenerate in the basis |j, 0,±1〉 (with j = L, R), we are able to build a FSH

whose diagonalization gives rise to a simple relation between the eigenenergies of the

total system and the tunneling amplitudes of the mentioned FSH (for further details see

appendix B).

The dynamics shows that the population is being initially transferred from |L, 0, 1〉
to states |R, 0,±1〉 to come back again (B in Fig. 6.2(a)) to the left trap but mostly
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Figure 6.2: (a) Temporal evolution of the population of each angular momentum state

involved in the dynamics, ρj,±1 = |〈Ψ(t)|j, 0,±1〉|2, where j = L, R, using the numeri-

cally integrated 2D SE (points) and the FSH, Eq. (6.7), (lines). (b) Atomic probability

density (upper plots) and phase distribution (lower plots) of the state of the system at

times A, B, C in Fig. 6.2(a). The phase is only plotted where the probability density is

non negligible. For the parameters see text.
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with opposite winding number, i.e., to state |L, 0,−1〉. From the FSH numerical sim-

ulations, we have checked that there are no complete population oscillations between

states |L, 0, 1〉 and |L, 0,−1〉 due to the self-coupling contribution JL,−1
L,1 . Note that since

the self-coupling appears due the asymmetry of the system and the cross-coupling has

two contributions, the asymmetry and the tunneling through the kinetic energy term

between the two rings, the tunneling amplitude of the self-coupling is in general smaller

than the cross-coupling. In particular, in our example the self-coupling is roughly one

order of magnitude smaller than the cross-couplings (see Fig. B.1).

From the integration of the 2D SE, Fig. 6.2(b) shows the atomic probability density

and the phase distribution at times A, B and C in Fig. 6.2(a). A corresponds to the

initial state |L, 0, 1〉. In B, we observe the appearance of two minima in the left ring

probability density produced by the coexistence of states |L, 0, 1〉 and |L, 0,−1〉. Finally,

C corresponds to the state formed by an approximately equally weighted superposition

of the four states of the (0, 1) manifold. Accordingly, two density nodes appear in each

ring.

6.2 Triangular configuration

We consider now three identical ring potentials (labeled L, C, R from left, central

and right) of radius r0 in a triangular configuration with distances between their centers

dCL = dCR ≡ d and dLR = 2d sin(Θ/2), see Fig. 6.3.

Considering the angular momentum eigenstates of each ring, Eq. (6.1), the bare en-

ergy spectrum of a single atom trapped in any of the three ring potentials is formed by

a set of manifolds of six degenerate angular momentum states, for each (m, l) combina-

tion with l 6= 0, |L,m,±n〉, |C,m,±n〉 and |R,m,±n〉 plus manifolds of three degenerate

states of null orbital angular momentum |L,m, 0〉, |C,m, 0〉 and |R,m, 0〉. Following the

procedure developed for the two in-line ring configuration, the total Hamiltonian of the

system can be written as a direct sum of the three-state Hamiltonians with l = 0, plus

six-state Hamiltonians (SSH) for each (m, l) combination with l 6= 0.

When assuming that the rings L and R are decoupled, i.e., dLR � d, we can de-

scribe the system as two sets of two in-line coupled rings (C-L and C-R). By setting the

free phase parameter φ0 = 0 with respect to the C-L axis, we can use Eqs. (6.6) with

φ0 = 0 and j, k = L,C to determine the C-L couplings, which will be real. Similarly,

the relations between the C-R couplings can be obtained using Eqs. (6.6) with φ0 = Θ

and j, k = R,C. Thus, by means of the geometrical parameter Θ one can manipu-

late the phases of the complex tunnelings. Using the M̂y symmetry of the triangular

configuration we find an additional relation:

e−inΘJL,−nL,n = einΘJR,nR,−n, (6.9)

which relates the two sets of two in-line systems C-L and C-R. Considering the full

system L-C-R, one can see that the central self-coupling can be regarded as a com-
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bination of the self-couplings of the two sets of systems, C-L and C-R, therefore, the

central self-coupling can be written as JL,−nL,+n + JR,−nR,+n = JL,−nL,+n (1 + e2inΘ). Note that

setting Θ = π in Fig. 6.3 would correspond to three in-line ring potentials for which

JC,−nC,n = 2|JL,−nL,n |, while Θ = π/2, the case investigated here, corresponds to an isosce-

les triangle configuration with dLR =
√

2d, and JC,−nC,n = 0, which is described by the

following SSH:

Ĥm,l
SS =

~
2



0 JL,−nL,n JC,nL,n JC,−nL,n 0 0

JL,−nL,n 0 JC,−nL,n JC,nL,n 0 0

JC,nL,n JC,−nL,n 0 0 JC,nL,n JC,−nL,n e−iπ

JC,−nL,n JC,nL,n 0 0 JC,−nL,n eiπ JC,nL,n

0 0 JC,nL,n JC,−nL,n e−iπ 0 JL,−nL,n e−iπ

0 0 JC,−nL,n eiπ JC,nL,n JL,−nL,n eiπ 0


, (6.10)

when taking φ0 = 0 with respect to the C-L axis. Recall that this specific choice

implies that JL,−nL,n , JC,nL,n and JC,−nL,n are real and JC,−nR,n = JC,−nL,n e−2inΘ, JC,nR,n = JC,nL,n and

JR,−nR,n = JL,−nL,n e−2inΘ.

To numerically study the free dynamics of a single atom trapped in a three ring

configuration, Fig. 6.3, we consider three harmonic ring potentials of frequency ω cen-

tered at the vertices of an isosceles triangle with Θ = π/2. In Fig. 6.4(a) we plot the

Figure 6.3: Schematic figure of three ring potentials in an isosceles triangular configu-

ration.
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Figure 6.4: (a) Temporal evolution of the population of each angular momentum state

involved in the dynamics, ρj,±1 = |〈Ψ(t)|j, 0,±1〉|2, where j = C, L, R, using the

numerically integrated 2D SE (points) and the SSH (lines) when the initial state of the

system is |C, 0, 1〉. (b) Probability density (upper plots) and phase distribution (lower

plots) of the state of the system at times A and B in Fig. 6.4(a). (c) Temporal evolution

of the population of the dark state |D+, 0〉 using the numerically integrated SE (points)

and the SSH (lines) when the system is initialized in this state. Phase is only plotted

where the probability density is non negligible. For the parameters see text.
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temporal evolution of the populations of the angular momentum states |j, 0,±1〉, with

j = L, C, R, using the SSH (Eq. (6.10)) and the numerical integration of the full 2D

SE, with the atom being initially in |C, 0, 1〉. We observe, that the population oscillates

between states |C, 0, 1〉 and an equally weighted combination of |L, 0,±1〉 and |R, 0,±1〉.
The values of the couplings in the SSH are JC,1L,1 = 1.12× 10−3, JC,−1

L,1 = 1.18× 10−3 and

JL,−1
L,1 = −7.76× 10−5 and we fix r0 = 5 and d = 14.5, in h.o. units. Note that the ratio

between the self-coupling of the lateral rings and the cross-coupling tunneling ampli-

tudes in this triangular configuration is smaller than for the two-ring case. This simply

occurs since we are considering a larger distance and the exponential decay of the self-

coupling is faster than for the cross-coupling (see Appendix B). Note that, as discussed

after Eq. (6.9), for this particular triangular geometry the self-coupling contribution of

the middle ring is completely suppressed.

Fig. 6.4(b) shows the density and phase snapshots at times A and B in Fig. 6.4(a).

A corresponds to the initial state |C, 0, 1〉. In B we can see that the initial state has

been fully transferred to an equally weighted combination of |L, 0,±1〉 and |R, 0,±1〉,
as given in Eq. (6.13), which corresponds to an almost equally weighted combination of

the four states |L, 0,±1〉 and |R, 0,±1〉.

6.2.1 Spatial dark states

In chapter 5, we already introduced the concept of spatial dark state when studying

a system of three concentric ring potentials (see Eq. (5.25)). We saw that the system

presented an eigenstate with no contribution of the middle ring, which allowed us to

use the matter-wave analogue of the stimulated Raman adiabatic passage [76, 304] to

study the transport of an ultracold atom between concentric ring traps (see Sec. 5.3.2

for further details). Here we show that the manifold of angular momentum states of

sided-coupled ring potentials in a triangular configuration also present dark states in

which the central ring has no contribution.

First, by taking into account that the self-coupling tunneling amplitudes of the left

and right rings are one order of magnitude smaller than the cross-couplings and that

by taking Θ = (2s + 1)π/2n, with s ∈ N, the central ring self-coupling of each six-

state manifold is suppressed due to quantum interference, all angular momentum states

within each six-state manifold are coupled only through the cross-couplings (see first

row of Fig. 6.5). By performing a change of basis from the localized angular momentum

states |j,m,±n〉 with j = L,R,C to the symmetric and antisymmetric base

|S,m,±n〉 =
1√
2

(|L,m,±n〉+ |R,m,±n〉) , (6.11a)

|A,m,±n〉 =
1√
2

(|L,m,±n〉 − |R,m,±n〉) , (6.11b)
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Figure 6.5: First row shows the |j,m,±n〉 states with j = L,R,C that form the local-

ized basis. By defining a symmetric and antisymmetric basis, Eq. (6.11), the previous

manifold can be mapped two decoupled three level systems as shown in second row.

Third row shows that these two three level systems can be written in a bright-dark

basis obtaining two two-level systems plus two spatial dark states decoupled from the

dynamics.

while keeping the |C,m,±n〉 states unchanged, the system can be mapped to two

decoupled three level systems (second row of Fig. 6.5). These two subsystems can then

be diagonalized, following a similar procedure as the one shown in Sec. 5.3.1, finding

two eigenstates corresponding to spatial dark states:

|D±,m〉 ≡
1

J

(
JC,−nL,n |S,m,±n〉 − J

C,n
L,n |A,m,∓n〉

)
. (6.12)

plus two spatial bright states:

|B±,m〉 ≡
1

J

(
JC,nL,n |S,m,±n〉+ JC,−nL,n |A,m,∓n〉

)
, (6.13)

with J =
√
|JC,nL,n |2 + |JC,−nL,n |2. This change of basis results in two two-level sys-

tems |C,m, n〉 ↔ |B+,m〉 and |C,m,−n〉 ↔ |B−,m〉 plus two dark states com-

pletely decoupled from the dynamics (see last row of Fig. 6.5). In particular,
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from these definitions, it is straightforward to check that: 〈C,m, n|Ĥm,l|D+,m〉 =

〈C,m,−n|Ĥm,l|D−,m〉 = 0 and that the only remaining couplings are:

〈C,m, n|Ĥm,l|B+,m〉 = 〈C,m,−n|Ĥm,l|B−,m〉 =
√

2J .

In Fig. 6.4(c), we demonstrate the existence of spatial dark states, Eq. (6.12), by

using both the SSH and the numerically integrated 2D SE. Specifically, we select as initial

state |D+, 0〉 and let the system evolve freely. We observe that the dark state remains

decoupled from the dynamics and, therefore, states |C, 0,±1〉 are never populated.

6.3 Conclusions

We have studied the dynamics of the angular momentum states of a single ultracold

atom trapped in 2D systems of sided coupled identical ring traps. We have demonstrated

that the couplings between states of different rings with different winding number are

complex and that the breaking of the cylindrical symmetry induced by the presence

of the neighboring rings produces a complex self-coupling between angular momentum

states with opposite winding number within the same ring. Worth to highlight, the

results here derived are solely based in the mirror symmetries that exhibit sided coupled

cylindrically symmetric identical potentials carrying angular momentum atomic states.

Thus, they could be applied not only to rings but also, for instance, to 2D identical

isotropic harmonic traps (see chapter 7). On the other hand, although this study has

been focused on the single atom case, it would be interesting to extend our results

to BECs trapped in ring potentials to investigate the role of the non-linearity in the

self and cross-coupling tunneling amplitudes. Note that, even though most of current

experimental setups consider ring radii larger than those discussed here, one of the main

experimental short-term goals in atomtronics is to build-up smaller rings. For instance,

rings with radii of 4µm were used to build and investigate a SQUID in [13]. The ring

radius of our examples shown here would correspond to approximately 5.6µm when

using the same radial trapping frequency as in [13].

In a triangular ring configuration, we have demonstrated that the complex nature of

the couplings between angular momentum states yields spatial bright and dark states

that depend on the geometry of the system. Thus, these complex couplings could be

used in 2D trapping configurations, e.g., 2D optical lattices, of cylindrically symmet-

ric identical traps to manipulate the dynamics of ultracold atoms by means of the

constructive (destructive) quantum interference associated with spatial bright (dark)

states. Note also that the particular dynamical evolutions induced by the complex tun-

nelings may be inferred through density measurements in current experimental setups

[185, 313, 330, 359].

Note that the two few-state models (Sec. 2.5) used to describe the dynamics of the

angular momentum states of a single atom in two in-line rings and three rings in a

tridiagonal configuration have given, in both cases, excellent results when compared to

the numerical integration of the full 2D SE.



CHAPTER 7

Single atom edge-like states via quantum interference

This chapter presents how quantum interference leads to the appearance of robust

edge-like states (ELS) of a single ultracold atom trapped in an optical ribbon [77]. First,

we investigate ELS within the manifold of local ground states of the sites forming the

ribbon. In the same ribbon configuration, we also consider the angular momentum states

of the atom for which, as we saw in chapter 6, complex tunneling amplitudes between

orbital angular momentum (OAM) states appear naturally. In both cases we analyze the

robustness of ELS under relative phase variations in the initial states. Finally, we also

analyze other geometries where ELS can appear and explore the possibility to regard

the angular momentum states within each site as synthetic dimensions.

Ultracold atoms in optical lattices provide an ideal playground for studying con-

densed matter phenomena in a highly controlled and tunable manner [361, 362]. In

recent years, the realization of artificial gauge fields [363–372] in optical lattices has

opened the possibility to explore physics of strong magnetic fields [66, 68, 373–377]. In

particular, edge states predicted in the context of the quantum Hall effect have been

observed both with bosons [376] and fermions [377] in 1D optical lattices extended in

a synthetic dimension by taking profit of the internal atomic degrees of freedom [378].

The robustness of these states makes them useful for instance for quantum information

purposes [379, 380].

Here, we propose a scheme to generate robust ELS in 2D arrangements of discrete

sites without the need to create synthetic gauge fields. The method is based on the use

of spatial dark states (SDS), which appear on tunneled-coupled three-site systems due

to quantum interference [337] and are the basis for some matter-wave spatial adiabatic

passage techniques [59], which have been investigated in chapter 5 for the transport

of single atoms in systems formed by two and three cylindrically symmetric concentric

83
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potentials. In this chapter we focus on single atoms or non-interacting Bose-Einstein

condensates.

SDS can be realized using states carrying OAM l ∈ Z (see chapter 6, Sec. 6.2).

Particularly, here we focus on the use of states with l = 0 and l = 1. When using

the manifold of local ground states, l = 0, quantum interference is based on the phase

differences between the local states of the sites, allowing to create ELS in a large variety

of geometrical configurations. These arrangements of sites could be realized using, for

instance, painting potentials [183, 185, 187, 309] or spatial light modulators [381, 382].

When considering states with one unit of angular momentum, l = 1, quantum interfer-

ence is produced by the complex character of the tunneling amplitudes, whose phases

are modulated by the relative orientation between sites [63] (chapter 6). The manifold

of l = 1 states [383] offers the additional possibility of using the winding number as a

synthetic dimension. This could open the door to the quantum simulation of non-trivial

topologies [384, 385], with the advantage that complex tunneling amplitudes appear

naturally.

In Sec. 7.1 we introduce the physical system investigated in this chapter, a 2D optical

ribbon. Section 7.2 is devoted to the generation of ELS using the local ground states of

the sites forming the ribbon. The quantum interference conditions required to implement

ELS with l = 0 are very flexible, thus, we also explore other geometrical configurations

that could hold ELS. Section 7.3 presents an alternative method for the implementation

of ELS; the use of angular momentum states for which different quantum interference

conditions are required. Moreover, we also discuss how angular momentum may be

associated to a synthetic dimension, which may open the possibility to use the system

investigated here as a quantum simulator of certain 3D solid state systems that exhibit

complex tunneling. Finally in Sec. 7.4 we present the conclusions.

7.1 Two dimensional optical ribbon

We consider a 2D ribbon constructed by placing side by side five-site cells consisting

of a square with a site at each corner plus a central site laying at a distance d from the

other four (Fig. 7.1). Thus, a lattice with n cells has a total of N = 3n + 2 sites. We

assume that sites are formed by harmonic traps of identical frequency ω. Considering

that sites are separated enough, their local eigenfunctions can be used as a basis of the

total Hilbert space associated to the lattice (see Sec. 2.5 for further details). Moreover,

the total set of eigenstates can be split into manifolds of total OAM l, each containing

N · (l + 1) degenerate states corresponding to the eigenstates with z component of the

OAM m = −l,−l + 2, ..., l − 2, l in each site. Therefore, under this assumption the

dynamics of the system can be studied separately for each OAM manifold, leading to a

total Hamiltonian

Ĥribbon =
∞∑
l=0

Ĥl, (7.1)



7.2 Edge-like states within the manifold of local ground states 85

Figure 7.1: Sketch of the considered 2D optical ribbon, with circles representing its sites.

The index i = 1, ..., n refers to individual cells, which are squares with one site laying

at each of their corners plus a central site placed at an equal distance d from the outer

ones. The sites are labelled with the index j = 1, ..., N ; with N = 3n+ 2. As indicated

by the double arrows, we only consider the central sites to be tunneled-coupled to their

four nearest neighbour sites.

where Ĥl is a few-state Hamiltonian describing the tunneling dynamics within the man-

ifold of OAM l.

7.2 Edge-like states within the manifold of local ground

states

Let us consider the l = 0 manifold whose basis is formed by the set of local ground

states of each site, which we denote as {|j〉}, where the index j = 1, ..., N labels the sites

according to Fig. 7.1 and where 〈~r|j〉 ≈ Ψ(rj) corresponds to the wavefunction spatial

distribution of the ground state of the jth site. In this situation, tunneling couplings are

always real and their magnitude only depends on the separation between sites, typically

showing a fast decay as it is increased. Thus, we can assume that the central site of each

cell is only tunneled-coupled to its four nearest neighbours, with a tunneling rate J .

Introducing the tunneling operators â†kâj |h〉 = |k〉 δjh, where k, j, h are labels denoting

sites, the Hamiltonian for the l = 0 manifold of a ribbon with n cells can be written as

Ĥ0 = −~J
n∑
i=1

[
(â†3i−2â3i + â†3i−1â3i + â†3i+1â3i + â†3i+2â3i) + h.c.

]
. (7.2)

Before deriving the general expressions of the ELS existing in a ribbon, we first

consider a reduced system of three sites L,C,R (from left, central and right), with their

ground states |L〉 and |R〉 equally coupled to |C〉 and decoupled between each other.

This system has an eigenstate of 0 energy |D〉 = 1√
2
(|L〉+ eiπ |R〉), the SDS (equivalent

to the one obtained in the three concentric ring configuration derived in Sec. 5.3.1),

which is decoupled from the state |C〉.
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Figure 7.2: Average population of the central sites of a two-cell ribbon over a time

T = 1000ω−1 when choosing as initial state |Ψ(ϕ)〉l=0. Solid lines and points correspond

to the results obtained with the few-state models and full numerical integration of the

2D Schrödinger equation, respectively. The horizontal double arrow indicates the range

of values of ϕ for which the average population remains under 0.05.

In a ribbon of n cells, ELS can be found by building different combinations of the

previous three-site SDS with population only on the edge sites. Thus, after setting them

as initial states, the central sites {|3i〉} (i = 1, ..., n) will remain unpopulated along the

time evolution. For instance, in a single five-site cell there are 3 independent possibilities

for such combinations, which correspond to the different ways in which the wavefunction

at two of the outer sites can have a π phase difference with respect to the other two. In

general, for n cells there are 2n + 1 possible ELS with equal population in the external

sites,

|Dk〉l=0 =
1√

2(n+ 1)
(|1〉+ eiπ |2〉+

n∑
j=1

(−1)B
j
k(n)(|3j + 1〉+ eiπ |3j + 2〉)); k = 0, ..., 2n − 1

|D2n〉l=0 =
1√

2(n+ 1)

n∑
j=0

ej·iπ(|3j + 1〉+ |3j + 2〉), (7.3)

where Bj
k(n) is the jth digit (starting from the left) of the binary representation of

k using a total of n digits. For instance, B7(n = 4) = 0111, B1
7(n = 4) = 0 and

B2
7(n = 4) = 1. It can be checked that all the states in Eq. (7.3) are eigenstates of Ĥ0

with 0 energy.

To numerically check the existence of the ELS predicted with the few-state model,

we consider the l = 0 manifold of a ribbon of 2 cells with the following trial state

|Ψ(ϕ)〉l=0 =
1√
6

2∑
j=0

|3j + 1〉+ eiϕ |3j + 2〉 (7.4)
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Figure 7.3: (a) Density plots of the atomic wavefunction in a single cell of the considered

ribbon when: the atom is located on the central site (A), some population has been

transferred to the outer sites (B) and the central site is unpopulated (C). The separation

between tunneled-coupled sites is d = 5σ. (b) Time evolution of the populations of

the central (red) and outer (blue) sites of the cell during the Rabi-type oscillations.

Continuous lines correspond to the full integration of the Schrödinger equation and dots

to the results obtained with the few-state Hamiltonian Eq. (7.2).

as initial state. Its time evolution is found both with the few-state model and by direct

integration of the 2D Schrödinger equation. We then compute the average value of the

populations of the central sites over the total time T as a function of the relative phase

ϕ:

ρ̄l=0(ϕ) =
∑
i=1,2

1

T

∫ T

0
dt
∣∣∣〈3i

∣∣∣e−iĤt/~∣∣∣Ψ(ϕ)
〉
l=0

∣∣∣2 . (7.5)

In Fig. 7.2 we explore the limits of validity of the few-state model by performing

a comparison of the average population, Eq. (7.5), calculated with the model and by

numerically integrating the Schrödinger equation. We vary the relative phase between

the localized states of the sites forming the ribbon (Eq. (7.4)) and the distance between

sites d, in units of σ =
√

~/mω (m is the mass of the atom). As predicted by the model,
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Figure 7.4: Sketch showing how by illuminating two sites with a pulse of area 2π, it is

possible to induce π phase changes on their local functions. In the leftmost sketch this

is done at the instant C of Fig. 7.3(b), giving rise to an ELS. The other panels show

how sequential application of pulses allows to switch between the different ELS.

the average population of the central sites has a broad resonance at ϕ = π, for which

the trial state is |D0〉l=0. For a range of phase differences ∆ϕl=0 = 0.4π around the

minimum, the average population of the central sites remains below 0.05. Thus, we can

conclude that ELS are robust against variations of these relative phases in the initial

state. The agreement between the model and the numerical integration is excellent for

all the values of d that we have considered. For d < 2σ, the sites become close enough

that their local eigenfunctions have large overlaps, and the few-state description breaks

down.

In order to test the theory introduced in this section, in Fig. 7.3 we study an example

where an atom in a single ribbon cell is prepared in one of the possible ELS of the ribbon,

Eq. (7.3). We present a possible experimental implementation of these states by starting

with only the central site populated Fig. 7.3 (A). By letting the system evolve freely,

the atom undergoes Rabi-type oscillations in which the population is transferred equally

and with the same phase to the four outer sites Fig. 7.3 (B). When all the population

has been transferred to the outer sites (C), a laser pulse of area 2π is applied, inducing a

π change of phase in the states localized in all the sites of either the upper or the lower

row, obtaining an ELS that will not populate the central site. First panel of Fig. 7.4

shows the schematic representation of this last step. Moreover, once the system has been

prepared in this initial ELS, by applying localized 2π pulses in one column or row of

the ribbon it is possible to induce π phase changes in the states localized in any desired

pair of sites, and thus switch from one ELS to another (see examples in the three right

panels of Fig. 7.4). Thus, these phase-change processes allow to explore the whole l = 0

ELS subspace. Also, by applying π pulses to pairs of sites, one could create equally

weighted superpositions of ELS.

ELS can also be implemented in more complex geometries. An example, corre-

sponding to a tilted square lattice, is shown in Fig. 7.7 (a). By populating equally all
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the edge sites but the four corners and setting π phase differences between local states

of adjacent edge sites, quantum interference would prevent population transfer to any

tunneled-coupled site of the total lattice and, an ELS would be created.

7.3 Edge-like states within the manifold of angular mo-

mentum states

We now consider the l = 1 manifold of the 2D ribbon shown in Fig. 7.1. The

basis of this manifold is formed by the set of first excited eigenstates of each site with

winding number m = ±1, denoted as {|j,+〉 , |j,−〉}. Their wavefunctions are of the

form 〈~r|j,±〉 ∼ Ψ(rj)e
±i(φj−φ0), where (rj , φj) are the polar coordinates with origin at

the position of the jth site and φ0 is a free phase parameter. Because of the angular

dependence of the wavefunctions, the couplings between the different states depend both

on the distance between sites and on their relative orientation, and can in general take

complex values. Further details on the complex nature of the couplings can be found in

chapter 6, where an equivalent system using ring potentials has been studied. By using

symmetry considerations, we can show that there are only three independent coupling

rates: a self-coupling rate between the two eigenstates of a site, J1 ∼
∣∣∣〈j,± ∣∣∣Ĥ∣∣∣ j,∓〉∣∣∣,

and two cross-coupling rates between the eigenstates of different sites with equal or dif-

ferent winding number, J2 ∼
∣∣∣〈j,± ∣∣∣Ĥ∣∣∣ k,±〉∣∣∣ and J3 ∼

∣∣∣〈j,± ∣∣∣Ĥ∣∣∣ k,∓〉∣∣∣, respectively.

The phases of the complex tunneling amplitudes depend on φ0 and the winding numbers

of the states involved in the coupling. As for l = 0, the coupling rates decay fast with

the inter-site separation (see Fig. B.2 in appendix B), so again we will consider that

only the central sites are tunneled-coupled to their neighbors. By setting φ0 = −π/4,

all the couplings between the sites 3i−2↔ 3i and 3i↔ 3i+2 are real, whereas between

the sites 3i − 1 ↔ 3i and 3i ↔ 3i + 1 the couplings involving winding number change

acquire π phases (see Sec. 6.2 where these phases have been studied as a function of

the apex angle of an isosceles triangular configuration of ring potentials). By defining

the tunneling operators â†j,α′′ âk,α′ |h, α〉 = |j, α′′〉 δkhδα′α, where α = ± is the winding

number, the Hamiltonian of a ribbon with n cells reads

Ĥ1 = −~
n∑
i=1

∑
α,α′=±1

(U1)αα′(â
†
3i,αâ3i−1,α′ + â†3i,αâ3i+1,α′)

− ~
n∑
i=1

∑
α,α′=±1

(U2)αα′(â
†
3i,αâ3i−2,α′ + â†3i,αâ3i+2,α′)

− ~
∑
α,α′

(S1)αα′(â
†
1,αâ1,α′ + â†N−1,αâN−1,α′)

− ~
∑
α,α′

(S2)αα′(â
†
2,αâ2,α′ + â†N,αâN,α′) + h.c., (7.6)
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Figure 7.5: Average population of the central sites of a two-cell ribbon over a time

T = 1000ω−1 when choosing as initial state |Ψ(ϕ)〉l=1. Solid lines and points correspond

to the results obtained with the few-state models and full numerical integration of the

2D Schrödinger equation, respectively. The horizontal double arrow indicates the range

of values of ϕ for which the average population remains under 0.05.

with coupling matrices

U1 =

(
J2 J3e

−iπ

J3e
iπ J2

)
;

S1 =

(
0 J1

J1 0

)
;

U2 =

(
J2 J3

J3 J2

)
;

S2 =

(
0 J1e

−iπ

J1e
iπ 0

)
.

(7.7)

Note that the complex number sum rule for the contributions to the self-coupling

(see Sec. 6.2) makes this term vanish at all the sites but the four corners of the ribbon.

In addition, |J2| ≈ |J3| and |J1| � |J2|, |J3|, so in a first approximation the self-couplings

can be neglected (see appendix B). Within this approximation, a system of three in-line

sites L, C and R (L and R equally separated from C) with l = 1 local eigenstates |L,±〉,
|C,±〉 and |R,±〉 have two SDS of 0 energy, |D+〉 = 1

2(|L,+〉+ |L,−〉− |R,+〉− |R,−〉)
and |D−〉 = 1

2(|L,+〉 − |L,−〉 − |R,+〉 + |R,−〉). Note that these SDS for the in-line

configuration (φ0 = π) do not coincide with the ones considered in chapter 6 for the

triangular configuration (φ0 = π/2). On a ribbon of n cells, ELS can be implemented

by setting the SDS |D±〉 along the lines 3i− 2↔ 3i↔ 3i+ 2 and 3i− 1↔ 3i↔ 3i+ 1,

that is, setting three in-line-sites SDS along the diagonals and contradiagonals of the

ribbon. Among the many possibilities to do so, two are particularly interesting because

the orientation of the nodal lines of the wavefunction gives rise to global chirality, as

shown in Fig. 7.6. These two ELS read
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Figure 7.6: Density profile of the two ELS Eq. (7.8) of the l = 1 manifold restricted to

one cell of a ribbon with d = 6σ. For each state, the wavefunction has a nodal line with

the same orientation at all sites, giving rise to global chirality.

|D1〉l=1 =
1√

4(n+ 1)

n∑
j=0

(|3j + 1,+〉+ |3j + 1,−〉) + eiπ(|3j + 2,+〉+ |3j + 2,−〉)

(7.8a)

|D2〉l=1 =
1√

4(n+ 1)

n∑
j=0

(|3j + 1,+〉 − |3j + 1,−〉) + eiπ(|3j + 2,+〉 − |3j + 2,−〉).

(7.8b)

To test these ELS, we consider the following trial state in a ribbon of 2 cells

|Ψ(ϕ)〉l=1 =
1√
12

2∑
j=0

(|3j + 1,+〉 |3j + 1,−〉) + eiϕ(|3j + 2,+〉+ |3j + 2,−〉) (7.9)

and compute the average population of the central-site states ρ̄l=1(ϕ) (see Fig. 7.5).

As expected, ρ̄l=1(ϕ) has a resonance at ϕ = π, where it becomes 0, whose width is

even larger than in the l = 0 case: the average population of the central sites remains

under 0.05 for ∆ϕl=1 = 0.5π. Thus, the ELS constructed from combinations of l = 1

SDS are also robust. The few-state model starts breaking down at longer inter-site

separations than in the l = 0 case because the wavefunctions of the first excited states

are more extended than the ground state ones. Note that the numerical simulations

account for the self-coupling terms neglected on the derivation of the ELS expressions.

Thus, although the states shown in Eq. (7.8) are eigenstates of Ĥ1 only for J1 = 0, they
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Figure 7.7: (a) ELS constructed from SDS of l = 0 on a tilted square lattice, with all

edge sites but the corners equally populated. As indicated by the alternating orange

and green colourings, the atomic states at adjacent sites have π relative phases. Double

arrows indicate nearest neighbour tunneling couplings, with the ones involved in the

SDS highlighted in black. (b) Schematics of the extension of the optical ribbon into

the synthetic dimension given by the winding number in the l = 1 case. Each red dot

can host only one state, and tunneling-coupling (represented by the double arrows) can

occur through sites in the same or different winding number planes.

work well as ELS in the sense that they do not populate the central sites for J1 6= 0.

The fact that they are not actual eigenstates is manifested in small oscillations of the

populations of the occupied edge sites. Nonetheless, we have checked that in the longest

time scale of the system, typically 2π
J1
∼ 104ω−1, these oscillations decay as the number

of cells in the ribbon increases. Hence, they may be considered as by finite-size effects

due to the corners of the ribbon, with no relevance in the limit of large number of cells.

So far, we have considered the winding number associated to the OAM as a degree

of freedom that increases the number of states per site. However, one could also regard

it as a synthetic dimension, see Fig. 7.7 (b). In this picture, the 2D ribbon splits into

two layers, each containing only states with a well-defined winding number. Within

each layer, the central sites are connected to their nearest neighbours through J2 cross-

couplings. The two layers are connected by cross-couplings ±J3 between central and

edge sites, and at the four corners there are vertical connections between edge sites

corresponding to self-couplings ±J1. This approach could open the possibility of using

2D optical lattices to simulate three-dimensional systems, in which the high variety of

possible closed paths could yield non-abelian artificial gauge fields [371].
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7.4 Conclusions

In this work we have shown that quantum interference effects can lead to the gen-

eration of robust single atom ELS in arbitrarily large optical ribbons. These ELS may

be built within the manifolds of local eigenstates with total OAM l = 0 or l = 1 and

are based on three-site SDS. We have discussed that when using the local ground states

of the sites, i.e., l = 0, the different possible ELS existing in a ribbon could be coupled

with laser pulses, which would allow to induce oscillations between global eigenstates of

the ribbon. Taking advantage of the versatility of three-site SDS, we have also explored

the possibility to implement ELS in other geometries. When considering the manifold

of angular momentum states, l = 1, we have seen that a large variety of ELS can also

be constructed and, some configurations can present interesting features such as global

chirality in the system. We have also analyzed the robustness of ELS against variations

of the relative phase within the three-site SDS and for different separations between

the localized sites, finding that ELS are robust. Finally, we have briefly discussed that

the winding number can be regarded as a synthetic dimension, which could lead to

quantum-simulate exotic three-dimensional lattices or synthetic gauge fields.





CHAPTER 8

Conclusions

In this last chapter we will summarize the main results presented in this thesis and

outline possible future perspectives.

Tunneling, being one of the paradigms of Quantum Mechanics, has been consid-

ered as the common thread that binds the presented work together. We have investi-

gated tunneling-related phenomena in a variety of ultracold atomic systems, including

matter-wave bright solitons in 1D Bose–Einstein condensates (BECs), two component

BECs (TCBECS) in a single harmonic trap and single atoms in multiple connected

traps. Before delving into the details of our research, in chapter 2 we have reviewed

some preliminary concepts required to describe the physical systems considered through-

out the thesis. Specifically, we have introduced the Gross–Pitaevskii equation (GPE),

the Thomas–Fermi approximation (TFA), the two-component Gross–Pitaevskii equation

(TCGPE), the matter-wave soliton solutions of the 1D GPE, the trapping techniques

available for ultracold neutral atoms and the derivation of the few-state model.

In chapter 3, we have proposed a soliton-based matter-wave interferometer in which

the splitting mechanism is given by the tunneling of a matter-wave bright soliton through

a finite width barrier. Specifically, the interferometer consists of a harmonic potential

trap with a Rosen–Morse potential barrier located at its center with which the matter-

wave soliton, created in an attractive 1D BEC, collides and splits into two. Then, the two

split solitons undergo a dipole oscillation in the harmonic potential to finally recombine

at the position of the barrier [48]. The novel element of this interferometric scheme

is that the number of particles at the outputs gives a measure of the relative phase

between the two arms of the interferometer. We have first focused on analyzing the

splitting mechanism. We have characterized the area of the barrier required to obtain

a 50-50 splitting, the phase difference acquired during the splitting process and the
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velocity of the split solitons. Our results have shown that the phase difference acquired

by the two split solitons strongly depends on the width of the barrier, the nonlinearity

and the velocity of the incident soliton and, that only for extremely thin barriers and low

nonlinearities one recovers the typically assumed π/2 relative phase between transmitted

and reflected matter-waves. In addition, we have seen that the velocities of the split

solitons are different, and in general, the reflected soliton is slower. This is particularly

relevant, as it affects the relative phase that the solitons accumulate over time. Finally,

the full interferometric sequence has been tested by imprinting a phase on one of its

arms and showing that the number of particles at the outputs depends on this imprinted

phase.

Next we consider TCBECs. These systems are formed by two BECs coupled through

a non-coherent collisional term, and they exhibit two different phases, the immiscible

and the miscible one. Both are clearly delimited by the ratio of the inter- and intra-

species interactions in spatially homogeneous systems. However, in trapped systems the

frontier between the two phases is no longer obvious. In chapter 4, we have focused

on the miscible phase, where no previous analytical studies reproducing the density

profile around the boundaries of TCBECs existed. The aim of this chapter has been to

obtain an analytical formulation of these boundaries in TCBECs trapped in isotropic

harmonic potentials of different dimensionalities within the mean field approximation.

This analytical formulation is important in estimating, for instance, the tunneling rate

across a potential barrier or between tunnel-coupled potentials. Note that, around

these regions the density is very low and therefore, the well known TFA is no longer

valid and other approaches are required. Specifically, our analytical procedure consists

on deriving universal equations that provide a good estimation of the density profile

around each boundary [173], softening the sharp edges found in the TFA. Such analytical

approach has several possible extensions, for instance, we could define an analogue

of the healing length for TCBECs which could be useful for studies of instabilities,

or we could apply this method to determine the density at the boundaries in more

involving potential trap configurations. In addition, in chapter 4, we have also studied

the Thomas–Fermi (TF) solution in 1D, 2D and 3D for miscible TCBECs trapped

in isotropic harmonic potentials. These TF solutions have allowed us to analytically

delimit the frontier separating the coexisting and spatially separated regimes within the

miscible phase. In this context, we have found that the spatially separated regime has

no analytical solution in 1D and 3D. For those cases, we have presented a method that

reduces the complexity of the numerical problem to a single numerical inversion instead

of solving two coupled equations.

Whilst in previous chapters we have considered single trap systems, in chapters 5, 6

and 7 we have studied dynamics of single atoms trapped in 2D tunnel-coupled potentials.

In all the cases investigated in these three chapters we have derived few-state models in

order to describe the dynamics of the system using a reduced set of eigenstates of the

local potentials and all the results have been compared with numerical simulations of
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the full 2D Schrödinger equation (SE), obtaining an excellent agreement.

Our first study in chapter 5 was meant to introduce robust and efficient techniques

for the transport and loading of single ultracold atoms between cylindrically symmetric

concentric potentials using spatial adiabatic passage (SAP) processes [59, 74]. First, we

have proposed a mechanism to load and transport a single atom trapped in two cylin-

drically symmetric concentric potentials using the matter-wave analogue of the rapid

adiabatic passage (RAP) technique [75], a technique that consists on adiabatically fol-

lowing one of the eigenstates of the system. The loading is performed from an inner

harmonic potential to a concentric outer ring, and the transport occurs between two

concentric ring potentials. To perform the adiabatic following, in both cases we have

tunned appropriately the frequency and radius of the outer ring obtaining a robust full

population transfer from the localized ground state of the inner potential to the localized

ground state of the outer one. We have demonstrated that matter-wave RAP-like pro-

cesses are robust under parameter deviations obtaining a 99% population transfer over

a 15% deviation from the optimal minimum radial distance between rings in the two

concentric ring configuration. In this chapter 5, we have also investigated the matter-

wave analogue of the stimulated Raman adiabatic passage (STIRAP) [76, 304] for the

transport between the innermost and the outermost rings in a system of three concen-

tric ring potentials. We have shown that, using the few-state model approach, a spatial

dark state (SDS) appears as an eigenstate of the system, with no contribution from

the localized ground state of the middle ring. Thus, it only depends on the localized

eigenstates of the inner and outer rings. Therefore, by adiabatically following the SDS,

one can transfer an atom from the innermost ring to the outermost one with a very

small probability to occupy the central ring during the process. We have also checked

that this STIRAP-like protocol can be applied successfully to transport states carrying

orbital angular momentum (OAM), with potential applications in the field of Atomtron-

ics. When using angular momentum states, we have noted that, for equal total times,

the fidelity of the transport using the STIRAP-like process is slightly reduced when

compared to the fidelity obtained with the localized ground states, from 99% using the

localized ground states to 97%. This reduction in fidelity can be explained by recall-

ing that the local angular momentum eigenenergies of the rings have a dependence on

the ring radius. In this regard, it would be interesting to characterize the adiabaticity

condition of the matter-wave STIRAP in the limit of large angular momenta.

In chapter 6, we have studied the dynamics of single utracold atoms in ring potentials,

but in this case, instead of considering concentric rings we have explored the dynamics of

sided-coupled ring potentials. We have seen that this configuration brings to light new

and interesting features appearing when using the manifold of states carrying orbital

angular momentum. By using geometrical symmetries, we have shown that complex

tunneling amplitudes exist between subsystem eigenstates with different winding number

[63], which represents an alternative method to the generation of complex tunneling

amplitudes with respect to techniques that use external means such as shaking an optical
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lattice [61] or using RF and Raman fields coupled to the atoms [62]. We have also

observed that, due to the breaking of cylindrical symmetry, a complex self-coupling,

which couples angular momentum states within the same ring, arises. The dynamics

of these tunnel-coupled ring potentials appear to be rather complicated, but using few-

state models we have been able to decrypt it in terms of the localized eigenstates of the

local traps. In particular, we have studied two different sided-coupled configurations,

two inline ring potentials and three rings forming an isosceles triangle. In the triangular

configuration, contrary to the two inline ring case, complex tunneling amplitudes play

a crucial role in the dynamics. We have already pointed out that the complex nature of

the tunnelings is related to the geometry. In particular, we have demonstrated that the

self-coupling of the middle ring can be completely suppressed for certain configurations

as a consequence of quantum interference. In addition, by using a change of basis

we have shown that the manifold of six states associated to the angular momentum

states with orbital angular momentum (OAM) l = 1 can be mapped to two two-level

systems plus two SDS decoupled from the dynamics, which can be used to manipulate the

transport of orbital angular momentum states via quantum interference. The natural

extension of this work is to investigate the role of the nonlinearity when using the

angular momentum states of sided-coupled 2D trapped BECs and how tunneling affects

the persistent currents appearing in these systems.

In previous chapters, we have seen SDS appearing in different configurations of

tunnel-coupled potentials. In chapter 7, we have explored the generation of single-

atom robust edge-like states (ELS) as combinations of SDS in an optical ribbon, a

scheme in which ELS are generated without the need to create synthetic gauge fields.

In particular, we have demonstrated the existence of ELS within the manifolds of local

eigenstates with total OAM l = 0 or l = 1 [77]. First, for the l = 0 case we have shown

that multiple ELS consisting on different combinations of phase differences of π between

sites can be implemented and, we have proposed a possible experimental implementation

by introducing phase differences between sites of different rows of the ribbon using laser

pulses. In addition, we have also presented a mechanism to switch from one ELS to

another or to create equally weighted superpositions of different ELS. We have also

found an interesting feature when using the manifold of states with OAM l = 1; some

specific configurations of SDS give rise to ELS with global chirality. To conclude our

analysis of the ELS with OAM l = 0 and l = 1 in a ribbon, we have studied their

robustness against variations of the initial relative phase between sites, showing that

in both cases for a range of phase differences ∆ϕl=1 = 0.5π the average population of

the central sites remains below 0.05 in an optical ribbon of two cells. Moreover, these

ELS can be extended to other geometries as we have briefly discussed at the end of the

chapter. In addition, the existence of ELS with OAM opens the possibility to regard

the winding number associated to the angular momentum as a synthetic dimension [378]

opening the possibility to simulate 3D systems with 2D ribbons. The next step in this

research line would be to include nonlinearity and explore if ELS also exist in the system.
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In conclusion, in this thesis we have investigated several ultracold atom systems

where tunneling-related phenomena was present using numerical simulations, analytical

approaches and semi-analytical models. In all cases we have checked the feasibility of

our proposals by taking into account the experimental parameters available in current

experiments. This work aims at contributing to the fields of Atomtronics and Quantum

technologies, either with applications such as the interferometric proposal and the SAP

techniques presented here, or with fundamental studies, like the generation of complex

tunnelings in sided-coupled systems and the creation of ELS in ribbons.
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APPENDIX A

Transmission coefficients of the delta, square and Rosen–Morse

potential barriers

We compare the analytical transmission coefficients of the delta, square and Rosen–

Morse potential barriers for an incident free particle described by Ψ(z) = 1√
L
eikz where

k = p/~ is the wave number, p is the linear momentum and L is the normalization

length.

The analytical linear transmission coefficients are:

TRM =

sinh2

(
σπ

√
2mEvk
~2

)
sech2

(
σπ

√
2mEvk
~2

)
+ cosh2

(
π
2

√
8mVbσ2

~2 − 1

) (A.1)

for a Rosen–Morse potential barrier of strength Vb and width σ when 8mVbσ
2

~2 > 1

[283],

TSQ =
1

1 +
V 2
SQ sinh2(σ

√
2m(Evk−VSQ)/~2)

4Evk(VSQ−Evk)

(A.2)

for a square potential barrier given by:

VSQ =

{
VSQ for |z| < σ/2

0 for |z| > σ/2
, (A.3)
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with VSQ and σ being the strength and width of the barrier, and

TD =
1

1 +
mV 2

D
2~2Evk

(A.4)

for a delta barrier VD = VDδ(z).

A comparison between the three transmission coefficients, TSQ, TD and TRM for

different input kinetic energies Evk , is given in Fig. A.1. The potential barrier heights for

the square and Rosen-Morse barriers are chosen in such a way that for small widths, σ,

we recover the delta case, that is, VSQ = VD/σ for the square barrier and Vb = VD/(2σ)

for the Rosen–Morse barrier. In Fig. A.1 we show two different widths; an experimentally

feasible one where σ = 0.667 µm (Fig. A.1(a)) and a very thin barrier, σ = 0.067 µm

(Fig. A.1(b)) for which the delta behavior is recovered for both, the square and the

Rosen–Morse barriers.

0

0.2

0.4

0.6

0.8

1

0 5 10 15 20 25 30

Tr
an

sm
is

si
on

T

E3k/~ωz

(a) (b)

0

0.2

0.4

0.6

0.8

1

0 5 10 15 20 25 30

Tr
an

sm
is

si
on

T

E3k/~ωz

(a) (b)

Figure A.1: Transmission coefficients, for a square barrier TSQ (red solid-dotted line),

a delta potential barrier TD (blue dotted line) and a Rosen–Morse barrier TRM (black

solid-line) for two different widths for the square and Rosen–Morse potentials, (a) σ =

0.667 µm and (b) σ = 0.067 µm. The rest of parameter values are: Vb = 17.14~ωz
2σ ,

VSQ = 17.14~ωz
σ , VD = 17.14~ωz and ωz = 2π × 78 Hz.



APPENDIX B

Tunneling amplitudes in sided-coupled ring potentials

Within the few-state model approach (see Sec. 2.5), the tunneling amplitudes that

couple subsystem eigenstates, {Φ1(r, t), ...,Φi(r, t), ...,Φn(r, t)}, are provided by:

Ji,j =
2

~

∫ ∞
−∞

drψ∗j (r)ĤSEψi(r). (B.1)

where ĤSE is the Schrödinger Hamiltonian given in Eq. (2.28) and ψi(r) gives the

spatial dependence of the ith subsystem eigenstate, Φi(r, t) = ai(t)ψi(r), and fulfills:∫ ∞
−∞

drψi(r)ψj(r) = δi,j . (B.2)

Therefore, according to Eq. (B.2) few-state models are valid whenever subsystem

eigenstates are orthogonal to each other or their overlap is zero. However, when subsys-

tem trapping potentials are very close to one another an orthonormalization procedure

is needed, examples being the Gram–Schmidt orthogonalization method [386] or the

Holstein–Herring method [387, 388]. Nevertheless, the tunneling rates obtained through

the orthogonalization protocols provide a qualitative description of the dynamics and

for a quantitative description other approaches are required.

Here we present a method that allows us to calculate the tunneling amplitudes

of the few-state model such that the dynamics resulting from the model is in perfect

agreement with the numerical results of the 2D Schrödinger equation (SE). To illustrate

this approach, we consider a single atom trapped in a system of two sided-coupled

ring potentials (Sec. 6.1). The angular momentum manifold, l = 1, within the zero

vibrational state is formed by four degenerated localized states, two in the left ring that

we denote as |L, 0,±1〉 and two in the right ring denoted by |R, 0,±1〉 (see the general
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case in Sec. 6.1). This manifold of states takes the form of a four-state Hamiltonian:

Ĥ0,1
FS =

~
2


0 JL,−1

L,+1 JR,+1
L,+1 JR,−1

L,+1

JL,−1
L,+1 0 JR,−1

L,+1 JR,+1
L,+1

JR,+1
L,+1 JR,−1

L,+1 0 JL,−1
L,+1

JR,−1
L,+1 JR,+1

L,+1 JL,−1
L,+1 0

 , (B.3)

with eigenstates:

|φ0〉 =
1

2
(− |L, 0,+〉 − |L, 0,−〉+ |R, 0,+〉+ |R, 0,−〉)

|φ1〉 =
1

2
(− |L, 0,+〉+ |L, 0,−〉 − |R, 0,+〉+ |R, 0,−〉)

|φ2〉 =
1

2
(+ |L, 0,+〉 − |L, 0,−〉 − |R, 0,+〉+ |R, 0,−〉)

|φ3〉 =
1

2
(+ |L, 0,+〉 − |L, 0,−〉+ |R, 0,+〉+ |R, 0,−〉) , (B.4)

and eigenenergies:

E0 = JL,−1
L,+1 − J

R,+1
L,+1 − J

R,−1
L,+1

E1 = −JL,−1
L,+1 + JR,+1

L,+1 − J
R,−1
L,+1

E2 = −JL,−1
L,+1 − J

R,+1
L,+1 + JR,−1

L,+1

E3 = JL,−1
L,+1 + JR,+1

L,+1 + JR,−1
L,+1 . (B.5)

with J j,−nj,n (m) being the self-coupling tunnelings amplitudes and Jk,−nj,n (m) and

Jk,nj,n (m) with j 6= k the cross-coupling tunneling amplitudes.

The first step in our approach consists on numerically calculate the eigenenergies

of the total system by integrating the 2D SE. The actual potential used in the SE

consists of two sided-coupled truncated harmonic ring potentials defined in Eq. (6.8).

For concreteness, let us fix the distance between rings to d = 14 and the ring radius to

r0 = 5, both given in harmonic oscillator units. Thus, integrating the SE in imaginary

time (see chapter C) we obtain the eigenenergies E0 = 0.512236, E1 = 0.515710, E2 =

0.515926 and E3 = 0.518584, from which we can infer all the couplings by adding

and subtracting the relations found in Eqs. (B.5) obtaining, for this particular case,

JR,1L,1 = 3.06× 10−3, JR,−1
L,1 = 3.28× 10−3 and JL,−1

L,1 = −4.06× 10−4. Note that, due to

the use of truncated potentials in the numerically approach, the obtained states slightly

differ from the analytical ones Eq. (B.4)

Moreover, it is worth mentioning that this approach is applicable as long as the nu-

merically calculated manifold of states forming the total system is widely separated from

the other manifolds, and thus, the dynamics is enclosed within four states. In addition
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we have also seen that the differences between this approach and the orthonormalization

protocols [386–388] are enhanced in 2D systems when compared to 1D ones.

In Fig. B.1, we show the calculated self- and cross-coupling tunneling amplitudes

as a function of the distance separating the two sided-coupled ring potentials (also

studied in Sec. 6.1) obtained with the numerical approach presented here. Nonetheless,

it is important to recall that few-state models are only valid for distances such that the

overlap of the localized eigenfunctions is small, which for this example implies (d−2r0) >

2σ, i.e., d > 12.

In chapter 7 we study an optical ribbon formed by 2D sided-coupled harmonic poten-

tials using few-state models. However, in order to obtain quantitative values of the self-

and cross-couplings when using the first angular momentum states of the local harmonic

traps we use the procedure developed here. In Fig. B.2 we plot the tunneling amplitudes

as a function of the distance separating two sided-coupled 2D harmonic potentials in

the manifold of states with one unit of orbital angular momentum.

Note that in both figures the self-couplings are always much smaller than the cross-

couplings. In the two in-line ring potentials we see that the self-coupling undergoes a

change of sign, and in the two sided-coupled harmonic potentials we observe that the

self-coupling has a non-monotonic behavior. These behaviors are produced by the fact

that the self-couplings have two contributions, one coming from the kinetic term of the

Hamiltonian and one from the truncated potential (see Eq. (B.1)).
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Figure B.1: Tunneling amplitudes of a single atom trapped in two sided-coupled ring

potentials as a function of the distance that separates them (see schematics in Fig. 6.1)

when using the orbital angular momentum states of the rings with l = 1. Both ring

radius are r0 = 5 in radial harmonic oscillator units.
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Figure B.2: Tunneling amplitudes of a single atom trapped in two sided-coupled 2D

harmonic potentials as a function of the distance that separates them when being in the

manifold of states with one unit of orbital angular momentum. The results are shown

in 2D radial harmonic oscillator units.



APPENDIX C

Numerical methods

In this appendix, we introduce the numerical methods that we have used in the

thesis. In particular, we have numerically integrated the Schrödinger equation (SE), the

Gross–Pitaevskii equation (GPE) and the two-component Gross–Pitaevskii equation

(TCGPE), in different dimensionalities, using the Crank–Nicolson (CN) method [389].

C.1 One-dimensional Crank-Nicolson

In order to introduce the CN method, we consider a BEC described by the 1D GPE

in its dimensionless form (see Sec. 2.2 for the general 1D GPE):

i
∂ψ(z, t)

∂t
= Ĥψ(z, t) =

[
−1

2

∂

∂z2
+ V (z) + g1D|ψ(z, t)|2

]
ψ(z, t). (C.1)

The time evolution of the wavefunction is given by ψ(z, t+ ∆t) = e−i∆tĤψ(z, t). For

numerical purposes the evolution operator, e−i∆tĤ , can be replaced by its Cayley’s form

[390]:

e−iĤ∆t =
1− i∆t

2 Ĥ

1 + i∆t
2 Ĥ

+O(∆t2). (C.2)

Then, by expressing the wavefunction in a discrete time representation such that

ψ(z, n∆t) = ψn(z), we can write the time evolution of the wavefunction after a single

time step as:
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[
1 +

i∆t

2
Hn+1(z)

]
ψn+1(z) =

[
1− i∆t

2
Hn(z)

]
ψn(z), (C.3)

where Hn(z) is the Gross–Pitaevskii (GP) Hamiltonian, Eq. (C.1), at the nth time

step. The left hand side of Eq. (C.3) shows that the CN method uses the so called

backward Euler method. This method calculates the state of the system at a future time

step, t + ∆t, using the state of the system at t + ∆t after going trough the operation

Hn+1(z)ψn+1(z). This makes the CN approach implicit, and, in general, requires solving

a system of algebraic equations to calculate the final state of the system. The right hand

side of Eq. (C.3) shows that the CN method also uses the so called forward Euler method,

which is explicit and depends on the wavefunction at the previous time. Therefore, the

CN method is build as a combination of both Euler methods, making it a second order

method in time. The solution of a linear implicit method is, in general, solved by

writing the system of algebraic equations in a tridiagonal matrix form, which can then

be diagonalized using any of the tridiagonalization subroutines found in the literature

[391].

Note that when applying the CN method to the GPE, we obtain the typical linear

term of an implicit method plus a nonlinear term, |ψn+1(z)|2, coming from the Hamil-

tonian Hn+1. This nonlinear term leads to nonlinear algebraic equations which can be

highly computationally demanding. Therefore, we use an intermediate state approach.

First, we define ψ̃n+1(z) by solving Eq. (C.3), where we replace |ψn+1(z)|2 with |ψn(z)|2.

Then, we use this solution to calculate the nonlinear cubic term, |ψ̃n+1(z)|2, in Hn+1.

With this approach, we can find the solution at time t + ∆t, ψn+1(z) in Eq. (C.3), by

using the tridiagonalization procedure typically employed in the CN method.

We define the discretization in space of the wavefunction as ψn(z) = ψnj , along with

the spatial derivatives of ψnj using finite differences:

∂ψn(z)

∂z
−→

ψnjz+1 − ψnjz−1

2∆z
, (C.4)

∂ψn(z)

∂z
−→

ψnjz+1 − 2ψnjz + ψnjz−1

∆z2
, (C.5)

such that the CN method becomes accurate in the second order, in space and time.

We also need to fulfill ∆t < ∆z2/2 [392] to have an unconditionally stable method.

Using the same CN numerical method presented here, one can calculate the eigen-

states of the system using what is known as imaginary time propagation. The idea

behind this method can be understood by looking at the expansion of an initial trial

state in the basis of its energy eigenstates:

ψ(z, t) =
∞∑
j

φ(z)e−i
Ejt

~ , (C.6)
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where Ej is the eigenenergy of the jth energy eigenstate.

When using an imaginary time, τ = it, only eigenstates with very low energy will

survive long imaginary time propagations. This occurs because high energy eigenstates

have a larger exponential decay-rate. Note that, even the ground state is lost after long

imaginary time propagations, therefore it is necessary to normalize after every imaginary

time step. This method can also be used to calculate excited states by subtracting the

projections to the eigenstates with lower energy at each time step. Another approach for

calculating excited states is to introduce an ansatz orthogonal to the lower eigenstates,

i.e. with no contribution of low energetic states in its eigenstate expansion, which, in

general, will directly evolve to the desired excited state.

C.2 Two-dimensional Crank–Nicolson

The extension of the CN method to two dimensions is typically performed with an

alternating direction implicit (ADI) approach [393] or with an operator-splitting method

[394].

The ADI approach consists on splitting the finite difference evolution equation into

two parts. In a first stage, one takes a half-time step using the backward Euler method

in x (which involves ψn+1/2(x, y)) and the forward Euler method in y; and then in

a second stage, the forward method in x (using the previous ψn+1/2(x, y)) and the

backward method in y are used. As one can see, this approach employs the backward

Euler method in both steps, thus it requires solving two algebraic equations with a

tridiagonal matrix form. Note however, that the ADI method can be difficult to extend

to nonlinear problems or when mixed derivatives appear in the equation of motion.

Here we have used the operator-splitting method to study 2D systems, in some

cases, in presence of nonlinearity. This method is based on the idea of splitting the

evolution operator, e−iĤ(x,y)∆t, into two parts, assuming that Ĥ(x, y) = Ĥ(x) + Ĥ(y),

i.e, e−iĤ(x,y)∆t = e−iĤ(x)∆te−iĤ(y)∆t. This splitting, also known as the Trotter product

formula, is exact whenever the total Hamiltonian is separable and each of its terms

commute, [Ĥ(x), Ĥ(y)] = 0. Nonetheless, even if the operators do not commute, the

error of this splitting is O(∆t2), thus keeping the same local error as the CN finite

difference method.

Note that, for the GPE, the Hamiltonian is never fully separable due to the non-

linear cubic term and, in addition, we can also encounter situations where neither the

potential is separable. Nevertheless, there exist some approaches that can be applied

to use the operator-splitting method for those cases. A simple strategy is to split the

nonseparable elements of the total Hamiltonian between each dimensional separable

Hamiltonian. For instance, let us consider a system described by the 2D GPE with

a nonseparable potential, V (x, y) 6= V (x)V (y). Our approach in this situation would

consist on including in each of the separable terms of the total Hamiltonian, Ĥ(x) and
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Ĥ(y), the term 1
2V (x, y) + 1

2g2D|ψ(x, y, t)|2. Some approaches have been investigated

using similar splitting procedures [395] or using explicit methods with different splitting

arrangements [396].

Operator-splitting methods also benefit from an easy parallelization. Each dimen-

sion can be calculated separately, thus we can parallelize all x steps for each value of y

and vice-versa obtaining good performances. It is also possible to parallelize the tridi-

agonalization of the matrices involved in the CN protocol. However, due to the large

number of iterations in typical simulations, the overall performance in 2D would be

affected by the time that the processor needs to create and gather the information of

each subprocess launched during the parallelization. Therefore, in this thesis we have

only parallelized the e−iĤ(x)∆t and e−iĤ(y)∆t evolutions. With this parallelization, we

obtain a reduction of the total computational time in 2D of up to 5 times in a 8 core

processor, without any further optimization.

Finally, it is worth mentioning that we have also written a 2D numerical code in

cylindrical coordinates to efficiently study ring potentials. This approach is very useful

when studying cylindrically symmetric systems where no radial dynamics is expected,

as we can introduce a larger number of grid points in the angular direction than in the

radial one. The code in cylindrical-coordinates was specially useful to reproduce the

trapping of BECs in a blue-detuned ring [92] with a large ring radius. In particular, we

defined a truncated radial grid around the ring radius, eliminating the entire central part

of the ring where there was no population at any time. Note that a code in cylindrical

coordinates requires cylindrical boundary conditions in the tridiagonalizaton subroutine

of the angular coordinate.
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[181] M. F. Riedel, P. Böhi, Y. Li, T. W. Hänsch, A. Sinatra, and P. Treutlein, Nature

464, 1170 (2010).

[182] J. Dalibard and C. Cohen-Tannoudji, J. Opt. Soc. Am. B 2, 1707 (1985).

[183] S. K. Schnelle, E. D. van Ooijen, M. J. Davis, N. R. Heckenberg, and

H. Rubinsztein-Dunlop, Opt. Express 16, 1405 (2008).

[184] N. Houston, E. Riis, and A. S. Arnold, J. Phys. B: At. Mol. Opt. Phys. 41, 211001

(2008).

[185] K. Henderson, C. Ryu, C. MacCormick, and M. G. Boshier, New J. Phys. 11,

043030 (2009).

[186] S. Franke-Arnold, J. Leach, M. J. Padgett, V. E. Lembessis, D. Ellinas, A. J.
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versitat Autònoma de Barcelona (2015).

http://dx.doi.org/10.1038/nature08988
http://dx.doi.org/10.1038/nature08988
http://dx.doi.org/10.1364/JOSAB.2.001707
http://dx.doi.org/10.1364/OE.16.001405
http://stacks.iop.org/0953-4075/41/i=21/a=211001
http://stacks.iop.org/0953-4075/41/i=21/a=211001
http://stacks.iop.org/1367-2630/11/i=4/a=043030
http://stacks.iop.org/1367-2630/11/i=4/a=043030
http://dx.doi.org/ 10.1364/OE.15.008619
http://dx.doi.org/10.1364/OL.37.002505
http://dx.doi.org/10.1103/RevModPhys.70.685
http://dx.doi.org/10.1103/RevModPhys.70.707
http://dx.doi.org/10.1103/RevModPhys.70.721
http://dx.doi.org/ http://dx.doi.org/10.1016/S1049-250X(08)60186-X
http://dx.doi.org/ http://dx.doi.org/10.1016/S1049-250X(08)60186-X
http://dx.doi.org/10.1103/PhysRevA.81.031611
http://dx.doi.org/ 10.1103/PhysRevLett.57.314
http://dx.doi.org/ 10.1103/PhysRevLett.57.314
http://dx.doi.org/ http://dx.doi.org/10.1016/S0030-4018(01)01107-5
http://dx.doi.org/ http://dx.doi.org/10.1016/S0030-4018(01)01107-5
http://dx.doi.org/ 10.1364/OL.34.001159
http://dx.doi.org/ 10.1364/OE.8.000159
http://dx.doi.org/ 10.1364/OE.8.000159
http://dx.doi.org/ 10.1364/OL.37.000851
http://dx.doi.org/ 10.1364/OL.37.000851
http://dx.doi.org/10.1364/JOSAB.30.000001
http://dx.doi.org/10.1364/JOSAB.30.000001


124 BIBLIOGRAPHY

[200] J. A. Sauer, M. D. Barrett, and M. S. Chapman, Phys. Rev. Lett. 87, 270401

(2001).

[201] S. Wu, W. Rooijakkers, P. Striehl, and M. Prentiss, Phys. Rev. A 70, 013409

(2004).

[202] A. S. Arnold, C. S. Garvie, and E. Riis, Phys. Rev. A 73, 041606 (2006).

[203] P. Weiss, M. Knufinke, S. Bernon, D. Bothner, L. Sárkány, C. Zimmermann,
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Nez, L. Julien, and F. m. c. Biraben, Phys. Rev. Lett. 96, 033001 (2006).
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