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1. Introduction

T elecommunication services have been growing at an exponential rate during the last

half century. Many of them rely on radio waves to transport one of the presently most
valuable goods: information. Thus, radio, TV and more recently mobile communication
systems have converted antennas into an ubiquitous device in our everyday life, which can
even compete in diffusion with refrigerators, microwave ovens an other common

appliances.

Antennas are one of the bulkiest parts in a telecommunication system. Wavelength
imposes a rather tight constrain into the size of the antenna. The antenna performance is
usually very sensitive to its geometrical form and size to wavelength ratio. This has two
important consequences. First of all, once the antenna has been designed to operate at a
particular wavelength, it will be rarely useful at other frequencies. Since telecommunication
systems operate at separate frequency (wavelength) bands so that they not interfere with
each other, one has to usually account for an individual antenna for every single system.
Second of all, given a particular service band, the antenna cannot be made arbitrarily small
owing to the same constrain.

Among the different telecommunications systems, mobile communication systems
have experimented the fastest relative growth of the present decade, being cellular telephony
(TACS, GSM, PCN, etc.) and satellite navigation systems (GPS) among the ones with the
strongest social and economic impact. In the near future, some of these and many other
services will integrate into the Personal Communication Systems (PCS) which will keep us
connected to the world. The wavelength constrain on the antenna performance is of an
especial concern in such cases. There is a tough race among companies to achieve small,

low weight, low profile devices to be easily incorporated into portable systems. A
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proliferation of large, single-service antennas to be mounted over a vehicle surface seems to

go exactly in the opposite direction.

But not only the mobile part of such communication systems have to deal with the
restrictions on the performance of antennas. Such restriction concern the fixed part of the
system as well, that is, the base-station network. The huge growth on the mobile telephone
demand imposes a proportional growth on the number of base-stations due to the cellular
nature of the system. Also, demand has started to saturate the available radio spectrum such
that new bands have to be set to support the service. For instance the GSM system currently
operating at 900 MHz is going to be complemented by the PCN system at 1800 MHz. This
means that one should expect a broad proliferation of base-stations (and antennas) to cover
the increasing number of cells and bands. This fact is especially problematic from the urban
planning point of view; being large and quite unsightly, mobile telephone base-stations yield
an important visual impact in urban landscapes, which have already concerned several city

governments and regulatory institutions.

It becomes manifest that the search of multiband (multiservice) and small size
antennas appears as a most interesting topic. Neither of them represents novel research area.
In the late 50°s and early 60’s, several research teams at the University of Illinois, the
University of California and Ohio State University introduced the concept of frequency-
independent antennas. A few geometrical forms featuring scale independent shapes, such as
spirals, cones and other angle defined structures proved that the long believed fundamental
wavelength dependence of the antenna behavior could be broken. Some of those early
designs have been successfully and still are applied to several wide band communication

systems.

Some years prior the development of frequency-independent antennas, L.J.Chu,
H.Wheeler and other workers stated a fundamental limit on the performance of small
antennas. They concluded that there is a physical constrain on the minimum quality factor
and thus on the maximum bandwidth achievable by small antennas. In practice, such
fundamental limit has not ever been reached, so the development of small antennas still

appears as a rather interesting topic, given the new communication services outlined before.

On the other hand, B.B. Mandelbrot coined in the late seventies the term fractal to
commonly name a huge variety of strange geometrical shapes and objects, often considered
mathematical ‘monsters’. He noted that such weird shapes are in fact incredibly common in
nature and real life. Nowadays, fractal theory has set up the proper framework where many
of such shapes can be properly studied and characterized.
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The aim of this thesis is to explore the feasibility of fractal shapes for the design of
multiwavelength and small antennas. Fractals are usually self-similar shapes, which means
that the object global shape is contained at many different scales within its structure. Given
the huge variety and richness of fractal objects, it appears most attractive to exploit their
multiscale nature to design multiband antennas. Also, fractals are highly convoluted shapes
usually featuring many sudden bends and discontinuities. It is well known that radiation is
enhanced by discontinuous and uneven shapes, so it appears natural to assume that fractals

can become good antennas.

This thesis summarizes most of the work the author and his coworkers have been
carrying out during the last years at the Universitat Politécnica de Catalunya (UPC). The
concept of fractal multiband radiating systems was, at the extent known by the author, first
publicly introduced by the author of this thesis during a URSI meeting at Las Palmas de
Gran Canaria, Spain, in 1994 [131]. Some theoretical considerations on fractal arrays
showed that they do hold some multiband features. In Spring of 1995, the author together
with R. Pous, J. Romeu and X. Garcia applied for the first patent on Fractal and Multifractal
antennas [134], and the first papers regarding multiband fractal antennas and arrays
appeared in 1996. On the other hand, Nathan Cohen first suggested in the Summer of 1995
that fractals might indeed become efficient small antennas. He observed surprisingly small
resonant frequencies on some small fractal loops which led him to think on fractal shapes as
good candidates for reducing antenna sizes. Following that work, some features of small

fractal antennas are further analyzed here.

Relying on a rather simple principle, the scaling properties of Maxwell Equations,
most of the work has been carried out experimentally. Many fractal antenna prototypes have
been built and tested to experimentally demonstrate some of the initial assumptions. Some
numerical simulations and theoretical analyses give further insight on the experimental
results. Being a novel approach to antenna design, the work is essentially exploratory. This
means that rather than focusing in a particular fractal antenna, one has tried to cover to the
maximum extent the several aspects concerning fractal antennas and arrays. Of course,
owing to the extremely broad scope of the topic, there is a trade-off between broadness and
depth which one has tried to balance. It is the hope of the author hope that, at least this work
might become a useful starting point for further research in this topic.

The dissertation is organized in eight chapters. Chapter 2 introduces some basic
concepts on the fractal geometry and the antenna behavior dependence on the operating
frequency. Those who feel already comfortable with basic fractal notions can skip Section

2.1. Similarly, those readers that are familiar with antenna theory, their frequency
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dependence and the current work on frequency-independent antennas can go directly to
Section 2.4. In this section, the motivation for investigating fractal antennas is introduced. A
theoretical approach to the potentiality of fractal shapes for becoming multiband antennas
has been essayed, and some of the main issues regarding small antennas are introduced.

Also, most of the current work relating fractals and electromagnetics is outlined there.

Chapter 3 is entirely dedicated to fractal arrays. Being a rather simple but
representative tool, array theory is used to introduce the basic concepts on multiband fractal
radiating systems. The design of multiband arrays is essayed from two distinct points of
view: the design of fractal arrays and the design of fractal array factors. Some properties
regarding the Side-Lobe Ratio and Main Lobe Width of such arrays are also introduced
there. The approach is rather theoretical since one does not consider some practical issues
concerning the physical array construction. However, being a rather broad discipline which
extends far beyond antenna theory, some of the concepts outlined here are expected to give

some insight on the scaling properties of fractal arrays.

The behavior of the first reported multiband fractal antenna, the Sierpinski antenna,
is described in chapters 4 and 5. The first describes the equilateral Sierpinski antenna while
comparing its behavior to the classical triangular (bow-tie) antenna. The second covers
several variations on the basic design to essay the sensitivity of the antenna behavior to
structural perturbations. A mechanism for shifting the operating bands is presented, while

several non fractal variations are explored too.

Chapter 6 and 7 are devoted to random fractal tree-like structures and small fractal
antennas respectively. The former is an attempt at achieving a broad band operation by
coupling several bands into a single broad one, while the later is focused on the performance
of some fractal antennas in the low frequency range. The applicability of the classical

fundamental limit to fractal antennas is discussed there as well.

Finally, although conclusions are derived throughout the whole work, most of the

main results and their consequences are briefly summarized in the last chapter.



2. Fractals, Antennas and
Fractal Antennas

ince the early days of the classical era, man has had the need of describing nature and
Snatural phenomena. Geometry has played a key role in this process and has been one of
the supports for the development of modern mathematics, physics and other disciplines of
science. Modern geometry has its foundation on the ancient work of Euclid who described
most basic geometrical forms such as circles, triangles, squares and other polygons, together
with curves, lines, planes and regular polyhedral objects. These so called Euclidean shapes
has been useful to describe many physical problems that can usually be solved by applying
many reasonable approximations. Some of them allow us to model a bottle of glass as a
superposition of coaxial cylindrical slices to calculate its volume up to a fair degree of
accuracy, or to imagine a point-like rocket over an spherical earth to derive its escape speed.
However, nature often appears rich enough and complex to escape from such simple models
and it is in such a framework of complexity and even chaotic behavior where fractals
emerge as a novel discipline of science. As quoted by Benoit B. Mandelbrot (one of the
fathers of fractal theory) in his book The Fractal Geometry of Nature [1], clouds are not
spheres, coastlines are not circles, mountains are not cones, and bark is not smooth, nor does
lightning travel in a straight line. Fractal theory appears as an alternative way of describing
some of these shapes that have been left aside by traditional mathematics as being
‘formless’ or “pathological’.
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2.1 - Introduction To Fractals And Multifractals

2.1.1 - Fractals as opposed to Euclidean shapes

A classical example is usually used to illustrate the essential difference between
fractal and classical shapes and the pitfalls of the Euclidean geometry: the measure of coasts
and natural borderlines'. When one looks for the length of, for instance, the border between
Spain and Portugal in several bibliographic references, substantially different results would
come out from the search. An encyclopedia in Spain would claim a length of 616 miles
while another one in Portugal would quote 758 miles [1],[2]. A similar result would be
obtained for the coast of Britain. One can think that the difference between them is due to a
careless measurement procedure which is most unlikely with modern satellite remote
sensing systems. The fact is that the measured coastline length is highly dependent on the
resolution of the map we use as a reference, or in other words, on the size of the reference
yardstick . A finer resolution displays a highly irregular coast with an increased number of
bends and wiggles, which results in an increased length. Such an increase of length could be
done arbitrarily large by blowing up the contour line to a scale with a proper degree of
detail. Thus, it can be concluded that the border between Spain and Portugal has no
characteristic length, or in a more mathematical approach, the measure of the length of the

border does not converge to a finite value.

r_/ a —NNA
. e M_\ T \ \;’\_‘f
e, P X L Noa V- |
= 3 | >
& N /
’d ~_ | - —
/ y /s .
8 ! = 8pa 7
[N 1 /55 ™ X
3 {'\ FTaat T ¢ bl 1 a
) T\ ~ g 5 \ /
/ € v;\j"‘\\d s s/ /—J
) g / —_—
¢ PR
<3 } N/

Fig. 2.1 The measure of the border between Spain and Portugal does not converge.

Since length is not a meaningful measure for a coastline and other related fractal

curves, it would be interesting to find an alternative parameter to characterize them. Fractal

! Borders can be considered fractal shapes when they are defined following the contour lines of
natural accidents such as rivers, coasts or mountains. Straight borders defined by man are not fractal.
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dimension (see Section 2.1.3) is such a parameter and gives a measure of the roughness, or

complexity of a fractal shape.

It is important to emphasize that the coastline example establish a fundamental
difference between this kind of shapes and a classical Euclidean one. If we measure the
length of a circumference we will not come out with the same problem of the coastline; a
polygonal form can be inscribed inside the circumference in such a way that the curve can
be approximated by the straight lines of the polygon to any desired degree of accuracy and
the length of the first converges to the length of the later. It is precisely due to such kind of
fundamental differences between fractal and Euclidean forms that fractal geometry appears
as a complementary way of describing some complex problems not successfully described

by the classical approach.

2.1.2 - Early Fractal structures

Although fractal theory is a rather novel discipline, many fractal shapes come from
the last century. Georg Cantor (1872), Giuseppe Peano (1890), David Hilbert (1891), Helge
von Koch (1904), Waclaw Sierpinski (1916), Gaston Julia (1918) or Felix Hausdorff (1919)
were some of the pioneers that introduced some ‘mathematical monsters’ today considered
as fractal structures. The value of fractal theory has been to provide a unifying criteria for
many of such shapes and a successful way of describing some of the fundamental properties
that are common to all of them.

2.1.2.1 -The Cantor Set

The Cantor Set is an infinite set of points in the unit interval [0,1]. It is one of the
simplest and less spectacular examples of fractal shapes. Rather than plotting the set,
usually its construction algorithm is used to describe it (Fig. 2.2). Let us take the unit
interval segment and remove its central part, i.e., the subset (1/3,2/3). Two subsets are left
from this initial subtraction, [0,1/3] and [2/3.1]. Now, the same procedure can be applied to
the remaining subsets to obtain the segments [0,1/9], [2/9.3/9]. [6/9,7/9], [8/9,1]. If such a
procedure is carried out an infinite number of times, a set of totally disconnected points will
be obtained, the Cantor Set.

The Cantor set holds some interesting properties. First of all it is a self-similar
shape. This means that scaled down versions of the whole set can be found within the set
itself. That is, if one looks at the left side of the set (Fig. 2.2), a subset which has exactly the



8 2.-Fractals, Antennas and Fractal Antennas
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Fig. 2.2 The Cantor Set and its classical generating algorithm

shape of the Cantor set but scaled down a factor of three is found. This property is common
to most fractal shapes and plays a key role in the design of the multiband antennas described
later on in this thesis. Second of all, although the set is totally disconnected (and thus forms
what is also called the ‘Cantor dust’), it has the same cardinality as the subset of real
numbers within the unit interval. That is, a one to one correspondence can be established
between each point of the set and each point belonging to [0,1], which is a kind of counter-
intuitive property since the construction of the set lefts an infinite number of gaps within the
unit interval. The proof of such a property is beyond the scope of this thesis and can be
found in many fractal books [1]-[8]. but it is noted here as an example of the singular

features of fractal shapes.

The points of the Cantor set can be numbered in a compact way using a triadic
notation, i.e., representing the numbers with respect to base 3. It can be seen [2] that the
Cantor set is the set of points in [0,1] that only contain numbers 0 and 2 in its triadic
expansion. For instance, 0.200220 or 0.022202 are points that belong to the set but 0.201220

is not. Hence, the name of Triadic Cantor Set is also common in the literature [25].

2.1.2.2 -Koch Curves and Snowflakes

The Koch curve is named after the Swedish mathematician Helge von Koch who
first introduced it in 1904. The curve can be constructed iteratively in a similar way as the
one described for the Cantor set (Fig. 2.3). The central segment of the unit interval is
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replaced now by two segments of length 1/3, both forming the upper part of an equilateral
triangle. The same procedure can be iterated an infinite number of times, each time
replacing the central part of the remaining segments by a triangular cap, to obtain the ideal

Koch curve.

Some special features characterize this fractal form. The Koch curve is again a self-
similar object; many exact copies of the curve scaled down by a factor of three are found
within the structure. Also, the curve is nowhere differentiable, i.e., no point of the ideal
curve has a defined tangent [4]. Actually, the curve was first introduced as another example
for the discovery of Karl Weierstrass who first described, in 1872, a non-differentiable

curve.
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Fig. 2.3 The Koch curve at the fifth stage of its construction algorithm

Other striking properties regard the length and area of the curve. Although its shape
looks basically the same when the number of iterations is large enough, the curve increases
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its length at each iteration up to an infinite length for the ideal fractal shape. That is, the
length ,X°" of the n™ iteration of the Koch curve is given by

l"Kacb -a- (i) [,{(och 560
3 n—=< (2. 1 )

where a is the length of the initial segment if, in a more general case, the interval [0.q] is

taken instead of the unit interval.
On the other hand such an infinite curve covers a finite area. This can be proved by

summing the area of the triangles that are added at each new iteration. The area at each

stage can be written as the following succession

|
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Fig. 2.4 The Koch island, also called Koch snowflake.
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which converges to

AKoch e ﬁal
” 20 (2.3)

Three Koch curves can be stuck to the three sides of an equilateral triangle of side a

to form a Koch island or snowflake (Fig. 2.4). Again, the area AKL of this island is finite

K. _
4.7 =

5 (2.4)

although it has a coastline with an infinite length, which is a common feature to natural
islands and coastlines as discussed in the previous section.

2.1.2.3 - Peano and Hilbert Curves

In the late nineteenth century, Giusseppe Peano and David Hilbert [2] introduced
another set of self-similar curves. The iterative construction algorithm is quite similar to the
one of the Koch curve. The central part of a segment is iteratively replaced by an ‘8” pattern
in the Peano Curve, while a ‘c’ pattern is scaled, rotated and shifted several times at each
iteration in the Hilbert curve (see examples in Fig. 2.5 and Fig. 2.6 ).
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Fig. 2.6 The Peano curve and its construction algorithm
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Fig. 2.5 The self-avoiding space-filling Hilbert curve

Both curves share several interesting properties. Although they can be inscribed in a
finite square area, they have an infinite length (it is easy to see that the Peano curve grows
as 37, where n is the number of the stage in the construction algorithm). Moreover, they are
both space-filling curves, which means that they pass through every point in the squared
region they are inscribed in. The only relevant difference between both curves is that, while
Peano’s one crosses twice some points in the plane, the Hilbert one is self-avoiding, i.e., it
does not intersect with itself anywhere in the plane. Such an space-filling property suggests
that any point in the plane can be addressed by a single parameter (its position on a Peano or
Hilbert curve) instead of a pair of them. This is a kind of a surprising fact if we take into
account that a curve is a one-dimensional object while the square region in the plane is two-
dimensional; hence, it seems that our intuitive way of recognizing the dimensional
properties of an object should be reviewed. As a matter of fact, fractal theory extends the
concept of dimension to take into account the special properties of this kind of objects (see
section 2.1.3).
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Just to finish the introduction to the Peano and Hilbert curves, we should mention
that one could think on a simpler way to fill and area with a curve; for instance. we could
draw a zig-zag curve as shown in Fig. 2.7, and try to fill the two-dimensional space by
successively compressing the angle between lines. We would cover each point of the plane
this way; however, the limit object of such an algorithm is not a curve (see [2] for more
details), while Peano and Hilbert objects are indeed curves even when the construction

algorithm is carried out an infinite number of times.

step 1 step 2 step 3

i

Fig. 2.7. The limit object is not a space-filling curve.
2.1.2.4 - The Sierpinski Gasket

Another classical fractal shape is the Sierpinski gasket or Sierpinski triangle, named
after the Polish mathematician Waclaw Sierpinski (1882-1969) who introduced it. Rather
than the curve-like appearance of the Koch, Peano and Hilbert curves, the Sierpinski gasket
has a surface-like look, although such an intuitive view will have to be carefully re-
examined due to the particular features of fractal shapes. The classical construction
algorithm (Fig. 2.8) can reveal some interesting properties: in a first step the gasket is
obtained by subtracting an inverted equilateral triangle from the center of a larger one. The

same scheme is repeated in the next steps on the remaining smaller triangles, leading to the

AL L8 A

Fig. 2.8 Constructing the Sierpinski gasket.
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ideal fractal shape when the iterative procedure is carried out through an infinite number of
steps. The final structure has 3 exact copies of the whole shape scaled down by a factor of 2,
32 copies scaled down by a factor of 2% and so on. Thus, it is said that the Sierpinski gasket

is a self-similar object.

It becomes apparent that the final object is at half way between the original
triangular two-dimensional surface and a one-dimensional, wired object (it is clear that at
least the sides of all the triangles that appear at each iteration remain untouched at the end of
the subtraction process). The dimensional problem for this particular shape is left for section
2.1.3, although some one-dimensional features of the structure can be glimpsed in Fig 2.9.

(@) (b)

Fig. 2.9 The Sierpinski gasket reviewed either as a continuous curve (a) or as an infinitely branched

one (b).

The fractal shape can be either seen as a continuous curve [2] or as an infinitely branched
one [6]. In both cases, all the points belonging to the ideal gasket are crossed at least once
by the curves in Fig 2.9.

2.1.3 - Fractals as solutions of recursive systems

At this point it becomes apparent that many fractal shapes are generated by means
of an iterative procedure. In this section a formal description of such iterative procedures are
introduced, and it is shown how most fractals can be seen as characteristic solutions of some

recursive systems. Basically, two different recursive systems are used for fractal generation,
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the first based on geometrical transformations and the second on polynomial functions in

the complex domain.

2.1.3.1 -TIterated Function Systems (IFS)

The first family of recursive systems applies to most classical fractals as those
described in Section 2.1.2. It is based on a set of geometrical transformations called linear
and affine transformations. The systems introduced here are described in a two-dimensional
space to allow a convenient graphical representation of the procedures; the generalization to

a three or higher order dimensional space is straightforward.

First of all, let us define a subset (4) of a plane (the subset can be thought as a black
and white image by assigning black pixels to the points belonging to it). A Hutchinson

operator W[A] is a transformation over the subset 4 as follows:

W[A]=wld]ow,[4]0 -+ Uwy[4] @.5)

where w;[4] is an affine transformation [2]. An affine linear transformation is a composition

of a linear transformation F of the kind

0s¢ —ssin
F:(rc ¢ —ss y/)

rsing scosy (2.6)

plus a translation to a point (xo,)0). That is, if (x,)) is a point of the subset 4, the point is
transformed to (x’,y°) in the following way:

(x') | (r cos¢ —ssin V/J[x) +(xo)
V' “r sing scosy \y Y. 2.7)

A linear transformation is a contraction if 0<r<l and 0<s<l. An affine linear
transformation is a similarity transformation if it is only composed by contractions or
expansions (with 7=s ), rotations (with ¢=y/) and translations. One can apply a Hutchinson
operator (i.e. a composition of affine linear transformations) iteratively to a subset 4 in the

following way:
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4, =W[A4]
4, =Wi4]]
4,=W[4,,] (2.8)

This iterative process is called an Jterated Function System (IFS) and can be

understood as a feedback process as shown in Fig. 2.10.

A n=0 W[ ]

v

n>0

Fig. 2.10 The IFS as a feedback or recursive process

It can be proved [2] that if the Hutchinson operator of an IFS is composed only by
contractions, translations and rotations, the sequence 4,41...Ap converges to a subset A,
when iterated a large number of times (n—0).This set A, is called the attractor of the IFS
and is independent of the initial subset 4 applied to the [FS. Hence, the attractor can be seen
as a characteristic solution of the IFS. The convergence criteria applied here is the

Hausdorff distance, i.e., a sequence of subsets 4, converges to a subset A., if the Hausdorff
distance between both subsets tends to zero [2].

An important property that follows directly from the convergence of the recursive

system is that the attractor holds the invariance property with respect to the Hutchinson
operator of the IFS, that is,

4, =WA.] 2.9)

An example of and IFS is the one that generates the Sierpinski Gasket. It is
composed by three similarity transformations
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Figure. 2.11 illustrates the first stage of the IFS and Fig. 2.12 shows how the Sierpinski

attractor is obtained independently of the initial subset 4.

N\

"

Fig. 2.11 First stage of the IFS that generates the Sierpinski gasket.
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The IFS are often named Multiple Reduction Copy Machines (MRCM) in the
literature. The initial subset 4 is also named generator and the Hutchinson operator as
iterator. IFSs are most common algorithms for fractal generation; all the fractal shapes
described in the previous section can be generated by slightly modifying the Hutchinson
operator of the IFS. Other more sophisticated schemes include networks and cascading of

IFSs to generate some complex forms such as the Bamnsley or Sierpinski ferns [2]-[8].
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Subset A stage 1 stage 2 stage 3 stagel0

Fig. 2.12 The IFS converges (following the Haussdorf distance criteria) to the same solution despite
of the initial subset A.

2.1.3.2 - Iterated Systems in the Complex Domain

A completely different set of fractal shapes are obtained by iterating polynomial
functions in the complex domain. The most common are the Julia and the Mandelbrot [1]-
[8] sets. The Julia sets are obtained through the recursive equation

Xyt =%, +C 2.11)

where ¢ is a fixed complex number and xq.x1....,.xn are the points of a succession in the
complex domain. Depending on the initial value x4 applied to the recursive equation (2.11),
the sequence will either become unbounded, i.e., it will leave any circle around the origin,
or it will remain bounded, i.e., at least one circle around the origin exists which is never left
by xp no matter how large the value of » is chosen. The set of points xq that lead to a
bounded sequence are usually called the prisoner set for c, while the set of initial points that
lead to the unbounded sequence are called the escape set for c. Both sets are complementary
and the boundary between them is the Julia set. Thus, the prisoner set can be seen as an
island (or a set of islands) with a fractal boundary, the Julia set, similarly to the Koch
islands described in Section 2.1.2.2. A huge variety of fractal shapes can be obtained by
either modifving the characteristic ¢ parameter of the recursive equation or by changing the
recursive equation itself. In general, the Julia sets are noted as J,, being ¢ the parameter of
the quadratic equation. A look-up table of prisoner sets (and their associated Julia sets J;;)

for several ¢ parameters is shown in Fig. 2.13.
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Fig. 2.13 Look-up table of Julia sets.
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There is a strong relationship between the IFSs introduced in Section 2.1.3.1 and the
recursive complex equations used to compute Julia sets. There is a common procedure to
obtain a Julia set which is analogous to the Hutchinson scheme. The procedure is based on
iterating backwards equation (2.11). That is, an initial subset 4 in the complex plane is taken

as the initial set; then, for each point x5 belonging to the subset equation (2.11) is reversed as follows

X1 :i'\/x.-l —C 2.12)

when such a procedure is iterated an arbitrary number of times, randomly choosing [2] the
positive or negative solution of (2.12) at each step, the Julia set J. is obtained. Either the
plus or minus square root operator in (2.12) can be understood as a transformation
analogous to the affine transformations of Section 2.1.3.1; the whole iterative process can be
interpreted as an IFS as well and the Julia set can be seen as its attractor. The main
difference between both systems is that the one just introduced is composed by non-linear
transformations over the complex plane while the previous IFSs were composed only by

affine, linear transformations over the real plane.

Fig. 2.14 The Mandelbrot set.
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In 1979 Mandelbrot made a numerical experiment consisting on determining what ¢
points of the quadratic equation lead to a connected Julia set. The set of such points ¢ are the
Mandelbrot set (Fig. 2.14). Thus, it can be seen as an index table where the Julia sets are

classified as being connected or disconnected.

The Mandelbrot set is a connected set itself and has a fractal boundary similarly to
the other fractal islands as the Julia and Koch islands.

2.1.4 - Fractal characteristic parameters
2.1.4.1 - Self-Similarity and Self-Affinity

Self-similarity is a rather intuitive concept that can be readily understood by taking
a look to the geometrical features of the fractal examples introduced up to this point. It is
said that an object is self-similar when it is composed by smaller copies of itself reduced to
a smaller scale. A self-similar object can be decomposed in a set of clusters which are
identical to the whole object. Since each cluster is identical to the whole object, it will have
to be composed itself by clusters which will be composed by clusters as well, and so on.
Hence, an infinite number of small copies of the whole object will be found in some part of
the whole structure.

Some times, self-similarity is a too tight concept to describe the similarities found in
several parts of an object. Often, the smaller copies of the whole structure are not identical
to the whole object but are rather distorted, i.e., they might appear skewed or compressed by
a different scale factor with respect axis x and y. In this case, the object is said to be self-
affine instead of self-similar.

A more precise definition of self-similarity can be given based on the
transformation algorithms introduced in Section 2.1.3. An attractor of an IFS is a self-
similar object if it the corresponding generating Hutchinson operator is only composed by
similarity linear transformations, i.e., translations, rotations, contractions or expansions. It is
a self-affine object when the Hutchinson operator is composed by any set of affine-linear
transformations as described by equation (2.7) which includes, for instance, reflecting and
skewing transformations as well.

Again, these definitions of self-similarity and self-affinity are still to tight to
describe some kinds of similarities commonly found in many objects. For instance, we have
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seen that Julia and Mandelbrot sets are obtained through a composition of non-linear
transformations, leading to objects that have an extremely rich set of similarities within
itself but that can not be described by any composition of linear transformations. Therefore,
the words self-similar and self-affine are usually applied in a loose sense also to such kind
of objects, restricting the attributes of strict self-similarity and strict self-affinity to describe
the properties of the attractors of an IFS. Thus, we will say that, the Cantor set, the Koch
curve or the Sierpinski gasket are strictly self-similar objects while the Julia sets are just

self-affine (not even strictly self-affine).

There are other kinds of similarity qualities that should be also taken into account.
Mainly, these are self-similarity at a point and random self-similarity. The first applies, for
instance, to the logarithmic spiral. The spiral is self-similar in the sense that the central part
of its shape is a scaled (and rotated) version of the whole spiral, however, if we take a
portion of the curve, it does not look as a whole spiral. Strictly speaking, only the central
point of the ideal spiral holds the property of similarity, and thus the name of self-similarity
at a point. Usually, this kind of objects, which by the way have been broadly used in the
design of frequency-independent antennas (see Chapter 2.3), are called self-scaleable

objects.

Fig. 2.15 The logarithmic spiral is self-scalable and self-similar at a point.

On the other hand, the random of statistical self-similarity property comes from the
generalization of the fractal generating schemes to random processes. This can be carried

out in many different ways. For instance, a random deviation to the translation or
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contraction transformations of a Hutchinson operator could be added at each step of an IFS.
But randomness can be introduced through many different ways to generate a whole new
family of fractal objects. The most common is the mid-point displacement scheme used to
generate the fractional brownian motion random process [5], which is the base for modeling
fractal landscapes with random mountains, clouds, and coastlines [1]. If. for instance, we
take a piece of random fractal coastline it can not be said that such a piece has the same
shape of the whole coastline due to the random nature of its shape, however, both shapes are
similar in the sense that they hold the same statistical properties and furthermore, they show
the same kind of roughness, the same degree of detail and complexity, and the same
richness of sizes and scales. Actually, statisticai self-similarity is observed in many natural
process and shapes, such as for instance, in cauliflower or broccoli plants, in human kidney,

lung or blood vessels, or even in stream or atmospheric turbulence [1]-[8].

We should end this discussion of self-similarity by stressing that this property only
applies strictly to ideal mathematical objects. Ideal fractal shapes are obtained through an
infinite set of transformations which lead to objects with an infinite set of sizes and scales.
Of course, such an idealization can only be approached in the real world by objects that hold
some similarity properties up to a certain scale. The resulting truncated versions of the ideal
fractal shapes are often named band-limited fractal shapes [14].

2.1.4.2 - Fractal Dimension

The common notion of dimension is rather intuitive and self-explanatory: a straight
line is a one-dimensional object, a square is two-dimensional while a cube is three-
dimensional. We also think of a point as a zero-dimensional object since it does not occupy
any space in a straight line which has dimension 1, the same way an infinite number of
segments can be fitted in a square, or an infinite number of squares fitted in a cube. In a
slightly more mathematical approach, we would describe the dimension of an object as the
number of parameters, i.e. coordinates, which are necessary to describe it. However, such
an intuitive way of understanding dimension is found in trouble when trying to describe
fractal shapes, which we have seen that rather than weird or exceptional objects they are
common in every day’s life. We have described curves that can be fitted in a finite area but
have an infinite length (Koch curves, Julia and natural coastlines ...) and dusts of points that
have a one to one correspondence with the all the points in the unit segment (the Cantor set).
Furthermore, we have seen how some curves fill higher order two-dimensional objects
(Peano and Hilbert curves), and hence how this curves can be used to describe such two-
dimensional objects with a single parameter. Therefore, it appears necessary to carefully
define the notion of dimension to properly include any kind of geometrical shape. The fact
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is that roughly ten different definitions of dimension [2] can be found, all of them with some
common features but each of them with its own differences and particularities. Here, we
will only introduce the concept of topological dimension, which is the one that better fits
our intuitive view of dimension, together with two versions of the fractal dimension: the
self-similarity and box-counting dimensions. The later can be seen as a simplification of the
Hausdorff dimension, which was the basis of Mandelbrot’s work. However, the Hausdorff
definition of dimension is often too complex to be evaluated over fractal shapes and the
box-counting dimension, although slightly different [2], is broadly used instead in most of
the fractal literature. Hence, we hereafter we will take the box-counting dimension as a

definition of fractal dimension.

2.1.4.2.1 Topological Dimension

An object X is said to be topologically equivalent to an object Y if there is an
homeomorphism # such that,

X5y (2.13)

that is, there is a one-to-one and onto mapping / between X and Y that has a continuous
inverse mapping /1. In other words, two objects are topologically equivalent if there is a
biunique transformation that allows us to go from one object to the other. For instance, a
square can be transformed into a circle or even into a Koch island and thus these three
objects are topological equivalents. Henry Poincaré gave an inductive idea of topological
dimension (D), which also fits our intuition of dimension, in the following way: a point has
zero dimension while a curve is one-dimensional because it can be broken in two pieces by
subtracting a lower dimensional object, i.e. a point, from it. Then, a square is two-
dimensional because it can be broken in two pieces by a straight line and a cube is three
dimensional because it can be split by a square. Thus, from the topological point of view,
the Koch curve or a circle are both equivalent and one-dimensional objects.

The problem arises when dealing with some objects such as the Peano or Hilbert
curves. They have topological dimension one according to Poincaré idea, nevertheless a
one-to-one mapping can be established with a surface as the unit square. Thus, the necessity
of introducing other definitions of dimension (the fractal dimension) becomes clear.
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2.1.4.2.2 Self-Similarity Dimension

A definition of fractal dimension, the self-similarity dimension, directly comes out
from the construction of strictly self-similar objects by means of Iterated Function Systems.
If an IFS is composed only by contractions by the same reduction factor » (0<r<1), and none
of the subsets obtained at each transformation overlap, the self-similarity dimension D of

the fractal attractor can be calculated as

_ logN

* " log(1/r) @14

where N is the number of affine linear transformations that compose the Hutchinson
operator of the IFS. In other words, NV is the number of small copies of the whole attractor at
the first stage, and r is their scale factor with respect to the fractal shape. Dg can be also
seen as the exponent of the power-law that relates the number of parts that compose the

object and its scale, i.e.,
N=r 2.15)

This definition of dimension is consistent with our intuitive idea of dimension as
well. For instance, we can consider a square as a composition of 4 squares scaled down by a
factor of 1/2. Then, log(4)/log(2)=2, which is also the topological dimension of the square.
The same argument could be applied to a cube: it can be broken apart into 8 smaller cubes
each one scaled down by a factor of 1/2, which will give a dimension of log(8)/log(2)=3
(see Fig. 2.16).

Fig. 2.16 The self-similarity dimension also works for Euclidean shapes.
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Now, with this definition in mind, the self-similarity dimension of the classical

examples of Section 2.1.2 can be computed as shown in Table 2.1.

Fractal Shape N r Dg Dr
Cantor Set 2 1/3 0.631 0
Koch Curve - 173 1.261 1
Peano Curve 9 1/3 2 1
Sierpinski Gasket 3 1/2 1.585 1

Table 2.1 Some fractal shapes and their self-similarity (fractal) and topological
dimension (Dg and Dt respectively).

This new definition gives a deeper insight on the nature of the fractal shape. Many
of them have a fractional dimension that states a clear difference with common Euclidean
shapes. Also, such a fractional dimension gives an idea of the complexity or roughness of
the shape. For instance, the Koch curve has a fractal dimension slightly larger than its
topological dimension 1; this matches our intuitive idea of a highly convoluted curve that
seems to fill a two-dimensional space at least up to a higher degree than a classical
Euclidean curve. Similarly, the Cantor set has a fractal dimension which is half way
between a zero-dimensional object (a point) and a one-dimensional one (a segment). This is
also consistent with the idea of an infinite set of points, that has a one-to-one
correspondence with each point on the unit interval segment, though it is still a dust of
points, i.e., the set is completely disconnected. Finally, we have a fractal dimension of 2 for
the Peano or Hilbert curves since although they are still curves topologically speaking, they
completely fill a two-dimensional space.

Such a fundamental difference between fractal and topological dimension is the
main characteristic feature of a fractal shape. Although there is not a formal definition of
fractal shape (Mandelbrot intentionally left aside this matter to allow a flexible update of the
fractal concept), it is broadly accepted that this feature is what distinguishes a classical
Euclidean shape from a fractal one.

2.1.4.2.3 Box-Counting Dimension

The definition of dimension just introduced conveniently establishes a fundamental
characteristic parameter for a fractal shape. However, this definition is derived directly from
the self-similarity property of a fractal and thus not cover fractal shapes which are not
strictly self-similar but display self-affinity or statistical self-similarity features. An
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alternative definition of fractal dimension, the box-counting dimension, overcomes such a

problem.

The definition of box-counting dimension readily comes out from its computing
algorithm, which can be described in the following way: firstly, a regular mesh of cell-size
s is placed over the object (the mesh will have the proper topological dimension to
completely cover the object). Secondly, the number of cells or boxes Ny, which contains any
part of the object is computed. This procedure is carried out many times scaling the mesh by
several box-sizes s, and finally a log-log diagram of the number of boxes Np(s) as a function
of 1/s is plotted. The resulting graph is a monotonically increasing function that can be very
well approximated by a straight line, which indicates that the number of boxes and their

sizes are related by a power-law as

N,(s)ocs™® (2.16)

where the exponent is the box-counting dimension Dp. Such a dimension is usually

computed as the slope of the line in the log-log plot

_ log(N,(s))
" log(1/s) 2.17)

Now, this definition is very similar to the definition on equation (2.14), but has the main
advantage that is more general and does not only apply to strictly self-similar objects. For
instance, the fractal dimension of the coast of Britain can be computed this way [2] giving a
value of Dy=1.31. Thus, although the coast of Britain does not have a meaningful length (it
depends on the resolution of our measuring system as discussed before), it does have a
meaningful characteristic parameter, its fractal dimension, which also gives us an intuitive
idea of a highly intricate, convoluted shape (even more than the Koch curve that has a
fractal dimension of 1.261). Finally, we should remark that self-similarity and box-counting
dimension are not identical definition, they can turn different values for the same object in
some special cases [2] (not for any of the examples in Table 2.1). We will take the box-
counting dimension as the fractal dimension due to its wider range of application and due its
accordance with the more complete Hausdorff dimension [1]-[2].
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2.1.4.3 - Lacunarity

Lacunarity is a rather broad concept that concerns the ‘texture’ of fractal shapes.
Many fractal forms present large gaps within the several parts of its structure and are then
said to be highly lacunar® objects. Lacunarity appears as a rather different concept than the
fractal dimension, since several objects holding the same dimension can have distinct

shapes and thus feature a quite different lacunarity.

B. Mandelbrot discusses and suggests in [1] several distinct ways for characterizing
fractal lacunarity. They show to be useful definitions of lacunarity depending on the nature
of the fractal shape. We shall introduce here an alternative parameter, the lacunarity ratio
(L), to characterize the lacunarity of deterministic IFS fractals. It is defined as
L = 1I/Nr = &N, where ¢ is the inverse of the characteristic scale factor r, i.e., &=1/r.
Although this definition is not specially suitable for unevenly distributed gap fractal shapes,
it does give a simple intuitive insight on the average gap to filled structure relation. Also, as
it is shown in Chapter 3, such a lacunarity ratio plays a key role on the Side-Lobe Ratio
characteristic of fractal arrays.

2.1.5 - Introduction to Multifractal Measures

Some forms can even display a higher degree of complexity than the fractal shapes
introduced up to this point. For instance, we can imagine a composition of fractal shapes,
each one with its own fractal dimension and characteristic scale factors. A box-counting
algorithm will yield only the largest dimension on the whole set, and thus will be an
incomplete description of the complexity of the set. Here, the concept of multifractal and
multifractal measures arises to allow such a description. A summary of the main concepts

regarding multifractals are introduced in this section.

Let us take a measure f4(A4) over a subset 4, for instance a fractal attractor. Such a
measure can be understood as a probability density function over the support 4. A measure
(A) can model several physical parameters: the mass distribution over a fractal attractor,
the probability of hitting a point on the attractor when a dart is thrown over it, or the current
density distribution over a metallic antenna with a fractal shape, to name a few. A point-

wise dimension at a point (x,y) can be defined as the exponent ¢ in the power law which

? Lacuna (related to lake) is Latin for gap, [1].
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specifies how fast the measure (i.e. the mass, probability, current etc.) is reduced when a
ball B(x,y) of radius # is shrunk around that particular point. i.e., assuming

,u(B(x,y))ocr” (2]8)
then the point-wise dimension is
B(x,
a= lim—'u( (x.9)
e logr (2.19)

which is also called the Holder exponent at point (x.y). In practical cases, the radius r is
never taken to zero to compute (2.19) but a ball (or a cell in a regular mesh) of size £ is used
instead; in this case the approximation of (2.19) is called the coarse Holder exponent. A
frequency distribution of coarse Holder exponents of a measure can be computed by

covering it with a regular mesh of box-size £ and counting the number of boxes N (&) that

have an exponent within a certain range & + de . Usually, the function f{¢) is defined at this

point as

" log N, (@)
f(a)=lim ——————=
#a loge (2.20)

which can be loosely interpreted [2] as the fractal dimensions of the subsets in the support

having a coarse Holder exponent ¢ since

~ ~—Sla)
N(a)~& @221

The function f{@) holds some interesting properties. It is a concave function and lies under
the bisector g(@)=ca. The maximum of the function is equal to the box-counting dimension
of the support 4 of the measure y(4). Also, the intersection of f{@) with the bisector, i.e.

J(a)=w is the so called information dimension [2],[7].

The concept of multifractal measures can be easily extended to geometrical shapes
or images. The trick is to assign a uniform measure (i.e. a uniform distribution of mass or
probability) over the fractal support, that is, define an index function which is 1 if a point
belongs to the fractal set and 0 otherwise. This way, not only measures but also multifractal
shapes can be characterized.
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2.2 - Common Antennas And Bandwidth Limitations

2.2.1 - Radiation mechanism and main antenna parameters

An antenna can be viewed as a transition device for electromagnetic waves between
an electric circuit or system and free space. The electromagnetic waves are coupled from the
electric system to free-space by means of a mechanism called radiation. The behavior of
electromagnetic waves, and consequently the behavior of antennas and their radiation
mechanism, is fully characterized by Maxwell equations and the boundary conditions.
Assuming a time-harmonic behavior in a homogeneous isotropic media, such equations can

be written as

(2.22)

where E and H are the electric and magnetic fields, £ and u the electric permittivity and the

magnetic permeability, J and M are electric and magnetic current densities and pge and gy
are electric and magnetic charge densities respectively. Both magnetic current and charge
densities do not have physical meaning and are thus equal to zero, but they appear as a
result of applying the theorem of equivalence. Also, the usual relations among the speed of
light ¢, the wavelength A and the characteristic impedance of the medium Z, should be

taken into account

c:———l k=£=-——27[ Zo=\/’-'lZ
Jue [ oyue e (2.23)

The frequency dependence of the electromagnetic fields becomes already apparent
in the curl equations in (2.22). The dependence of the electromagnetic fields on the antenna
size is more clear when the relation between the radiated fields and the current over the
antenna is written. In the far field region, i.e., when the distance from the antenna relative to

its size to wavelength ratio is large [52],[53], such a relation can be written as
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~jo( 4,0+ 4,)
) NS
Z (2.29)
where 4 is an auxiliary vector potential function conveniently defined as
Ao =L[[ I
4y ;
¥ (2.25)

being ./ the antenna current distribution, ¥ an arbitrary volume enclosing the antenna, & the
wave number defined as usual as k=274, and R the distance of any point (x,,2) in free-
space to any point on the antenna (x'y’,z’). Also, when the distance from the source is large
enough, equation (2.25) can be approximated as

p e ﬂew

A(F k)——

J'HJ(x V.2V P & F = N(k)

(2.26)

An auxiliar vector N named the radiation vector has been introduced in (2.26). Such vector
can be interpreted as the Fourier transform in the spatial spectrum domain {k, ky, kz} of
the current distribution over the antenna. Now, the equivalence theorem states that any
configuration of electromagnetic fields outside a volume ¥ enclosed in a surface S can be
unanimously determined by the tangential components of electric and magnetic fields to the
surface S. In particular, such a tangential components are proportional in magnitude to the
current density over the antenna when § is taken as the antenna surface [52],[53]. Thus, the
electromagnetic fields outside an antenna are fully characterized by its current distribution
plus equations (2.24), (2.25) and (2.26). The frequency dependence becomes explicit again
in such equations and the dependence with the size of the antenna comes out from the
integral domain ¥ which encloses the antenna. For a very small antenna located at the
coordinate origin, equation (2.25) can be approximated as

e
A( k) = sy z )W'~ _ chVamenna

(2.27)

where 7 is the distance from the antenna (the origin), Vantenna is the volume enclosing the
antenna and J,, is an equivalent uniform current distribution conveniently defined to allow

the integral over an arbitrary current distribution to be written as the product in (2.27). Now,
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by writing @ as @=27c/A and substituting (2.27) into (2.24) we find that the magnitude of

the electric and magnetic fields are proportional to the antenna volume and wavelength ratio

T

i Vanlenna

2] =

A (2.28)
Roughly speaking, this means that for a given current magnitude. the size of the antenna has
to be comparable to the wavelength to radiate efficiently. The smaller the size of the antenna
relative to the wavelength, the smaller will be the radiated electromagnetic fields and their

associated radiated power.

The radiation mechanism can be also understood as the natural result from
accelerating electric charges. The general time dependence of the far-field electric field can

be derived from (2.24) by summing the contributions from all time harmonic components

&, i.e., taking its inverse Fourier transform

EF,0)= z— Jjo- A(w)e’™ dw = —22(?,:)

(2.29)
where the time-dependent vector potential A(7,7) is given by [53]
—_ J(F',t=Rfc) .
A(r,t)=ﬁ”j—( = )
¥ (2.30)
The electric current can be seen as a flow of electric charges moving with a velocity v
j(;,t):p-v(f,f) (2.31)

where pis a volumetric charge density. Then, combining equations (2.29), (2.30) and (2.31),
and assuming an homogeneous charge density distribution, the radiated electric field can be

written as

EG,1) =ﬁm %‘P'%v(?")dw:ﬁm %'p S @35



2.2.- Common Antennas And Bandwidth Limitations 33

where a(r,t) is the acceleration of the charge distribution p. The simplest example of
radiating element is a point-like charge with charge g linearly accelerating in the z direction.
In this particular case, the charge density pis a delta function which gives the overall charge

g inside the volume ¥ when integrated, and the radiated electric field is given by

EF.0)="%ing &
47R (2.33)

which means that the strength of the radiated electromagnetic fields is directly proportional
to the acceleration a (see [109] for a further explanation of this result). Such a result is
consistent with the common knowledge that discontinuities, sharp edges. corners and pins,
that introduce sudden changes on the current direction and thus to the velocity vector, are to
be avoided to prevent radiation when designing low-loss microwave circuits. On the
contrary, this fact can be useful when enhancing radiation from antennas.

In general, the performance of an antenna is determined by three main features: its
radiation pattern, input impedance and polarization. The radiation pattern P(6.¢) is a
normalized function that describes how the antenna spreads the radiated power in free-space

and can be calculated from the radiated electromagnetic fields as

P(6.9)=

Re{E X FI}
max{Re{E‘ x H

}} [W / cmz]

(2.34)

Some fundamental properties of the antenna are derived from the radiation pattern such as
the directivity D, which is the ratio between the maximum radiated power density in a given
direction and the power density that would deliver an isotropic antenna that radiated the
same total power, and the side-lobe ratio (SLR) which is the ratio between the power
density in the maximum direction and the power density radiated in the direction of the next

relative maximum of the radiation pattern.

The input impedance Z;, is the impedance seen by a generator when connected to
the antenna terminals. Usually, the input impedance has both resistive and reactive parts,
i.e., Zin= Rin+ j X;n and the resistive component is due to two effects: the power absorbed
and radiated by the antenna into free-space (R,), and the power absorbed by the antenna and
dissipated due to the ohmic losses in its metallic structure (Rp). Thus the input resistance is

usually written as
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Rin = Rr +RQ (') 35)

The ratio between the power delivered to R, and the total power delivered to R;, is the
ohmic efficiency of the antenna. The radiation resistance R, can be computed as,

2%,

¥,

Il

Rr =
(2.36)
where W, is the total power radiated by the antenna and /;, is the the current at the input

terminals.

Other interesting parameters related to the input impedance are the normalized input

reflection coefficient 75, and the voltage standing wave ratio VSWR

r,=Zn=% o
Z,+Z, 1~|T| 2.37)

where Z, is a reference impedance usually taken to be 50Q in typical microwave systems.

The magnitude of 73, is called the input return-loss, which is usually expressed in decibels
(dB) and gives the ratio between incident and reflected electromagnetic power at the
antenna input terminals. A common criteria is to say that an antenna is well matched to a
reference impedance Z, when the input return-loss is below -10dB, more precisely when the
voltage standing wave ratio (VSWR) is VSWR<2.

An antenna can be linearly, circularly or elliptically polarized, depending on the
polarization status of its radiated waves. Depending on each particular application, a linear
or circularly antenna might be preferred. If an antenna is to be linearly polarized, the cross-
polar ratio is a figure of merit of the antenna, while if it is to be circularly polarized, the

ratio between the left and the right-handed polarization define its performance.

The bandwidth of antenna is the range of frequencies where the antenna
characteristics (pattern, input impedance and polarization) are within an acceptable value.
Such an acceptable value is completely dependent on the particular application the antenna
is designed for, and thus there is not a unanimous definition of bandwidth for an antenna.
However, an antenna performance is usually highly frequency dependent as stated in
equations (2.22) through (2.28), which often means a narrow-band behavior. In the
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following sections, some examples of classical antennas with their main characteristic

parameters are introduced to illustrate such a frequency dependence.

2.2.2 - Linear wire antennas

Dipoles and monopoles are among the oldest, simplest and best known examples of
antennas. They basically consist on a couple of collinear straight wires (dipole) or a single
straight wire over a ground plane (monopole) both fed by a generator with its terminals

connected between the two wires or between the wire and the ground-plane respectively.

o~
-

o

Fig. 2.17 Two simple antennas: the dipole (left) and the monaopole (right).

Both antennas have the same performance, that is, they have the same radiation pattern in
the upper half-space for the same wavelength; nevertheless the input impedance of the
dipole is twice the one of the monopole. In many cases, a monopole is preferred due to its

simpler feeding scheme and mechanical simplicity.

2.2.2.1 - Small Dipole and Monopole

A dipole is said to be small when its length it is smaller than one tenth of the
operating wavelength [52]. A good approximation of the current over such an antenna is a
triangular function, with its maximum at the input terminals and two nulls at the tips of the
antenna (a single null in 2 monopole). The radiation resistance of a small dipole of length /
is given by the following equation [52]

i 2
R = 207:2(—)
A (2.38)
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where the size to wavelength ratio dependence is clearly stated. The radiation pattern when

the antenna is aligned along the z axis is given by

P(6,4)=sin 6 (2.39)

which leads to a directivity of D=3/2. The antenna is linearly polarized along the € direction.
It is interesting to notice that the shape of radiation pattern (and thus the directivity) is
almost frequency independent, which is a common feature to all small antenna that can be
directly derived from the approximation in equation (2.27). Thus, in this particular case the
bandwidth of the antenna will be limited by its input impedance behavior.

The small size, poor directivity together with the H-plane omnidirectional pattern
makes this kind of antennas suitable for mobile communication systems where the position
of the base-station is not known or is changing rapidly. However, special care must be taken
regarding to its size: if the antenna is made too small compared to wavelength, the radiation
resistance would decay rapidly (2.38) making the antenna highly inefficient. In practical

cases, this is the most severe limit to the operation of such small antennas.

2.2.2.2 - Finite Length Dipole and Monopole

A dipole or monopole is no longer small when its length and wavelength are
comparable. The current distribution over a finite length dipole or monopole can be
approximated by a sinusoidal distribution [52]-[53]. The radiation pattern is proportional to

- {kl ) {kz) :
cos| —cosé |-co >
P(0.9) | —2

siné

the following expression

(2.40)

which is a function of the operating frequency. The pattern has a characteristic donought
shape similar to that of the small dipole (which can be seen now as a particular case of a
finite length dipole) when / < A . When the antenna is made larger, the number of lobes of
the pattern begins to increase, which is not a desirable feature since it means that the
antenna spreads the radiated power in several directions of space (see Fig. 2.18).
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Fig 2.18 Evolution of the radiation pattern of a finite length dipole with the operating frequency.
Sinusoidal current distribution is assumed. Length 1 is expressed in wavelengths with 0.54
increments (from top to down and left to right)
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Radiation Resistance ()

The input and radiation resistance of a linear dipole or monopole are highly
frequency dependent as well. Such a dependence together with the directivity dependence
are illustrated in Fig. 2.19. Usually, a dipole is operated at the first resonance, i.e., when A ~
A/4 and the total length of the dipole is a half wavelength. The directivity of such a dipole is
slightly larger (D=1.64) than that of a small dipole and its input impedance is real (due to
resonance) and equal to 73Q, which is a very convenient impedance since it is well matched
to typical 75Q and 50Q coaxial cables. The current distribution has its maximum at the
input terminals, so the input impedance and radiation resistance are identical in this case.

4

400

| R -
300 % s
’ \ Pid \ )
l ,' ) /-\\’ ‘1 !

S

” U e i e

d TN /¢

o 0 N AN A
100 // \\_// \'/ 1

0 0,5 1 1,5 2 2.5 3
2hiA

Fig. 2.18. Dependence of a finite length dipole radiaton resistance and directivity with the length
(2h) to wavelength ratio.
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2.2.3 - Frequency dependence of loop antennas

Another kind of simple, well known antennas are loop antennas. Loop antennas take
many different forms (square, circular, triangular,...) being the circular one the most
popular one. Loops can also be classified into small loops when its radius @ is much smaller
than the wavelength, and large loops otherwise. The radiation pattern of a small loop is
basically the same of a small dipole, with the only difference that the electric field is

linearly polarized along ¢. The radiation resistance for a single turn circular loop of radius a

is given by

2 4
wr5(8) (S
3 A4

2.41)

where § is the loop area, i.e., S=na2, and C its perimeter ,i.e., C=27za. If length was the
characteristic size for a dipole, in the loop case, the characteristic size is either the perimeter
or the area. Although equation (2.41) is derived for a circular small loop, it also applies for
other shapes (square, triangular...), provided the area inside the loop is taken as the
characteristic parameter. Again, when the size of the antenna is made small compared to
wavelength, the radiation resistance decreases which can be translated in a loss of efficiency
as discussed before. However, such a radiation resistance can be made arbitrarily large by
stacking multiple loops, i.e., by making a multiturn loop in such a way that the magnetic
field crosses all loops. This way, the overall effective area crossed by the magnetic flux is
made N times larger (being AN the number of turns) and the radiation resistance is increased
by a factor of N2

2 4
R,:nz—” B .v=20 ) .42 N - turn circular loop
A A

3 (2.42)

Unfortunately, increasing the number of turns also increases the ohmic resistance due to the
longer length of the whole wire. Furthermore, the proximity effect between turns produces
an additional increase on the ohmic losses which further decreases the overall efficiency.
Actually, in practice the efficiency of the antenna can not be made arbitrarily large for very
small loops [52] as equation (2.42) seems to suggest.
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2.2.4 - Fundamental Limits of Small Antennas

The examples of small dipoles, monopoles and loops that have been just introduced
illustrate some limitations of small antennas with respect to their radiation efficiency and
frequency behavior. Actually, there has been a thorough analysis of the fundamental limits
of small antennas in the literature [58]-[64]. The basic assumption in such an analysis
consists on considering a radiansphere (i.e. an sphere of radius 427 ) enclosing the small
antenna and the electromagnetic fields radiated by the antenna as a linear superposition of
orthogonal spherical modes. Then, independently of the current distribution over the
antenna, both the radiated power flowing across the sphere and the stored reactive energy
can be calculated by summing the contribution of each independent mode. The quality

factor O of the antenna can be calculated then as usual in any resonant system as

Energy stored at resonance

O=0

® Power lost in a oscillation period (2.43)

where @) is the resonant frequency. For O>>1, the quality factor can be seen also as the
inverse of the fractional bandwidth (FWHM)

FWHM _fsys _ 1
fo fo @ (2.44)

It has been shown that the higher order modes within a sphere of radius a become
evanescent when ka<1, then for a very small linearly polarized antenna its O has the only
contribution of the lowest TM mode which reduces to [52],[59],[62]

1 1 ka<<l 1

(2.45)

The equation above is important because establishes an upper bound to the fractional
bandwidth of an small antenna no matter what its shape is. Whether a small antenna reaches
such a limit or not depends on how efficiently it utilizes the available volume within the
sphere. In practice, common antennas such as small dipoles or loops are far away from such
a limit; only some special cases such as the Goubau antenna [60] are about a 65% percent

away from it.
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2.2.5 - Microstrip Antennas

Microstrip antennas are a special case of antenna which has awaken a great interest
due to their particular features [73]-[78] . They basically consist of a metallic patch printed
over a dielectric substrate slab which is backed by a metallic ground plane (see Fig. 2.20).
The structure is basically the same as that of standard microwave microstrip printed circuits,
which is a convenient feature since it allows, in principle, the integration of an antenna and
its associated microwave system (i.e., receiver, transmitter, etc.) in a single, compact layout.
The shape of the patch can be easily modified without increasing the complexity of
manufacture since it is printed using standard photolitographic techniques. Also, the antenna
has a very low profile, low weight and it is rather flexible, which are very useful features

when the antenna is to be integrated on the surface of a mobile, aerodynamic vehicle.

patch

substrate

ground plane — ==

Fig. 2.20 Typical structure of a microstrip antenna.

Nevertheless, some of the main advantages of microstrip antennas are also the
source of their major drawbacks. Since the patch is very close to the ground plane, the
current flowing over it has an equivalent virtual image at the other side of the plane, which
has the opposite sign and thus tends to cancel radiation due to the proximity with the
original current source over the patch. Such a phenomenon is clear if one takes into account
that the origin of microstrip antennas are microstrip transmission lines and circuits, which
tend to confine electromagnetic waves within the substrate (between the printed circuit and
the ground plane). Thus, a lot of reactive power is stored under the patch of a microstrip
antenna and only a small part of the stored energy is radiated from its leaking border.

With this picture in mind, it is easy to understand that the frequency behavior of a
patch antenna is usually analyzed by considering its structure as an energy storage resonant
cavity. The equivalent cavity would be bounded by two electric walls (the metallic patch
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and ground plane), surrounded by magnetic walls that model the open circuit at the border
of the patch. Since the thickness of the substrate is usually much smaller than the operating
wavelength, this model can be approached by a two-dimensional resonator with dominant
TM,,, modes at the lower resonant frequencies. In general, the patch is operated at its
fundamental mode, and its corresponding frequency is determined by the cavity model
approach [74]. Since the ratio between the stored energy versus the radiated power is large
(i.e. the O factor of the antenna), a patch antenna is usually a very narrowband device, with
fractional bandwidths around 1% ~ 2%. This is a major drawback when the antenna is
intended to work in a telecommunication system that requires multiple channel operation or
a high bit rate, and several systems have been essayed to improve its bandwidth [74],[77].
Among them, the most common consist on either enlarging the spacing between the patch
and the ground-plane, or stacking patches of several sizes. Both schemes have shown to be
useful to achieve fractional bandwidths up to a 10% ~ 20% [74],[77], but present the
awkward problem of increasing the small thickness of the antenna, which was one of its

major advantages. Thicker substrates are also related to ‘leaky waves” and ‘blind angles’.

2.2.6 - Frequency dependence of antenna arrays

An array of antennas is a set of antennas spatially distributed in a set of points.
When all the antennas in an array have the same current distribution shape, the array
radiated fields can be described in a compact way by means of equation (2.26). That is, if
the ' element of the array is located at a points (x,. yn, zp), the overall current distribution
can be conveniently written as a convolution of a set of delta functions located at each point

of the array with the current distribution of a single element, i.e.,

N
JArruy(x"y"z') = JEIemem (x.ﬁyliz') *Zan '5(x'_xn’y'_yn 32'—211)
n=1 (2.46)

where a term a,, is included to allow an individual weighting of each element to the overall
current of the array. Now, since the Fourier transform of a two-term convolution is the

product of the Fourier transform of each term, equation (2.26) can be split in three terms,

‘}kf

A(x,y,2) =4 EF(ky.ky ) AF (ko K, )

r (2.47)

the first one being the vector potential of an isotropic radiator located at the origin, the
second one EF(ky, ky, k,) being the so called element factor (the Fourier transform of the
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current distribution of a single antenna of the array), and the third one being defined as the
array factor AF(ky, ky, kz), which is the Fourier transform of the spatial distribution of
elements within the array. Such a compact notation allows an independent analysis and
design of the array distribution and its elements. A complete theory has been developed to
describe the behavior of arrays and array factors, mainly based on uniform space
distribution of elements. In the following subsections, the frequency dependence of this kind
of arrays is illustrated for some simple cases.

2.2.6.1 - Uniformly Spaced Linear Arrays

Let us assume a linear array of elements aligned along the z axis, all of them spaced
by a common distance d. Although the shape of the current distribution of each element is
assumed to be the same, each element can be weighted independently by an amplitude term
ay, and phase-shifted by a term f,. If each element of the array is phase-shifted by the same
progressive phase factor [ with respect the previous element of the array, then the array

factor can be rewritten as

N-1
AF(®)=> ae™
n=0 (2.48)

where ¥is defined as

W=k -d+pB=k-d-cosf+p (2.49)

Equation (2.48) is formally a Discrete Fourier Transform (DFT) which is commonly used to
describe the spectral properties of digital discrete signals [107],[108]. Hence, most signal
processing design techniques can be applied to the design of linear arrays. It is well known
[107] that the Fourier Transform of a discrete sequence is a periodic function with period
27, hence the array factor AF(¥) is completely characterized by the interval (-7,7). On the
other hand, although the function in equation (2.48) is formally defined for any real value
¥, equation (2.49) restricts the possible values of ¥ within the interval (-kd+p, kd+p). This
interval is known as the visible range of the array factor, and plays a key role in the shape of
the radiation pattern of the array.

Figure 2.21 shows the array factor of a uniformly spaced, uniform amplitude

distribution, ten-element array in both ¥ and € domains. It becomes apparent that once the



44 2.-Fractals, Antennas and Fractal Antennas

array factor in the ¥ domain is fully defined through the number of elements and current
distribution, the overall shape in the & domain is mainly dependent on two parameters: the

visible range and the progressive phase . Depending on the size of the visible range, the
number of lobes included on the final pattern will be enlarged or reduced, and the main-lobe

width will be widened or narrowed as well. Depending on the progressive phase, the main

lobe can be steered to point in a &) direction

6, = arccos(i)
kd (2.50)

Two typical array configurations come out from such a relation: the broadside and the
endfire arrays. A broadside array has its maximum pointing to the orthogonal direction to
the array, i.e. 8=90°, and it is achieved by feeding all the elements in phase, i.e., f= 0. An
endfire array has its maximum pointing in the same direction the elements of the array are
aligned in (the z-direction in our case), which is achieved by phasing the elements by a

Y=—kd Y=kd

b o
2%

\ range
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Fig. 2.21 Array factor of a uniformly spaced, uniform amplitude array in'¥ and © domains.

progressive phase f=-kd. In the particular case of Fig. 2.21, the spacing among elements has

been chosen to be @=4/4 so the visible range is (-#/2,772) for the broadside case and (-7, 27)
for the endfire one.
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The main point here is noticing that both the direction and shape of the final pattern
is clearly dependent on the kd product, i.e., on the spacing to wavelength ratio d/A. In

particular, if the spacing is chosen such that d/A>1, more than two entire periods in the ¥
domain will be included in the visible range and several grating lobes will appear in the
array pattern, which is an undesirable feature since it introduces an ambiguity in the
pointing direction and an overall decrease of the array directivity. Hence, an array has to be
designed with a particular d/4 in mind, which means that the resulting pattern will be highly
frequency dependent. Such a dependence is analogous to the length to wavelength
dependence of a dipole or monopole as described in Section 2.2.2.2 , nevertheless, here the
spacing between elements rather than the overall length is the characteristic size of the
radiating system which conditions the frequency dependence.
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2.3 Frequency-Independent Antennas

It was a common belief before the 1950s that the frequency dependence of an
antenna behavior upon its characteristic size to wavelength ratio would be a major limitation
for their broadband operation. However, several works [39]-[45] mainly carried out at the
University of Illinois at Urbana-Champaign and the University of California at Berkeley in
the late 1950s and early 1960s, leaded to the invention of some frequency-independent
antennas. Such antennas were the demonstration that practical bandwidths of 1:40 could be
achieved, which far exceeded the typical 1:2 bandwidths performed by former antennas. In
this chapter an overview of the main principles of the frequency-independent antenna
design, together with some of the antennas developed are introduced [39]-[50].

2.3.1 - Scaling Properties of Maxwell Equations

The main principle for the design of frequency-independent antennas, the scaling
principle, directly comes out from Maxwell Equations. The following development is
basically the same as the one described in [45],[48] and establishes a useful sufficient
condition for an antenna to be frequency independent. Let us write the rotational Maxwell

Equations for a loss-less medium

VxE=—jouf

now, let us define a normalized space R3’ with coordinates x’, y°, z’ that are related to the

original coordinates x.y.z in R3 as
x'= x//?. y’= y//l Z'=Z//1 (2.52)

where A is the wavelength. The rotational operators with respect to the (2.52) coordinates in

both domains hold the following relationship

VxE(x',y',2") =4 -Vx E(x',)',2") (2.53)
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hence, Maxwell Equations can be written in R3’as

V'xE(x',y'.2') = —jouH(x',y'.2")-A
V'xfl(x',y’,z')=ja)gE(x',y',z')-l (2.54)

which leads to the Frequency Independent Maxwell Equations

V'xE(x',y,2') = -ijZOI_i'(x',y',z')

VxH(x',y',2) = j2n Z,E(x',y',2") (2.55)

From (2.55) one can conclude that if a particular solution of Maxwell Equations self-scales
with wavelength, that is,

E'(x,y,z)=E(
— ~( x

H 2> = A ]
(x,5,2) H(A )

then the solution will be also a solution of the Frequency Independent Maxwell Equations.

N
N
N——

2

& | =
|
N n

) (2.56)

The equivalence theorem tells us that the fields radiated by an antenna are uniquely
determined by the electric and magnetic fields tangential to an arbitrary surface enclosing
the antenna. In particular, the antenna surface can be taken as such an arbitrary surface and
in this case, the tangential fields are proportional to the current density distribution over the
antenna. Thus, if the current over the antenna (electric and magnetic fields) and the antenna
itself (surface over the antenna) self-scales with wavelength, then the radiated fields and
hence the antenna behavior will be independent of frequency. From this principle,
V.H. Rumsey [45] concluded that an antenna with a shape only defined by angles would be
a frequency-independent antenna, since it would not have any characteristic size to be
scaled with wavelength. Spiral, conical and conical spiral antennas are some examples of

antennas that were designed attending this criteria.

2.3.2 - Self-complementary Antennas

A metallic planar structure is said to be self-complementary if its shape remains
unchanged when the metallic and void parts are exchanged. It is shown in [49],[52],[53]
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that the input impedance of a metallic structure and its complementary part are related to the

characteristic impedance of the medium by

Zg-Z = Z
4 (2.57)

which leads to the following impedance for a self-complementary antenna (Z=2Z.=Z,)
Z,=2,/12=60z (2.58)

It follows from equation (2.58) that a self-complementary antenna has an input impedance
which is independent of frequency. Such an important result is taken into account in the
design of some frequency-independent antennas such as the planar logarithmic spiral. It is
important to remark though, that equation (2.58) is neither a necessary condition nor a
sufficient one for an antenna to be frequency independent. It only implies frequency
independence from the input impedance point of view, but it does not guarantee, for
instance, a frequency independent pattern. Furthermore, several frequency-independent
antennas have been developed which are not self-complementary [39],[42],[46]. Therefore,
it can be concluded that self-complementarity is a desirable although not necessary feature

to take into account when designing frequency-independent antennas.

- i

Fig. 2.22 Some self-complementary shapes.
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2.3.3 - Cones and Spirals

2.3.3.1 -The Biconical Antenna

The conical dipole is maybe the simplest ideal structure which follows Rumsey’s
principle. It is a structure which is only characterized by the apex angles of the two cones
that compose the antenna shape [45],[52],[67].[68]. It can be easily shown [45],[52] that the

biconical structure behaves as an ideal spherical wave guide with characteristic impedance

; 4 _ln(tane,)

“ 2r | tané, (2.59)

being 6 and & the two apex angles of the cones as shown in Fig. 2.23. When infinite, the
input impedance of such structure is equal to its characteristic impedance given by equation

(2.59), which is pure resistive and independent of frequency.

Fig. 2.23 The biconical antenna.

Such a theoretical model only applies strictly to the infinite shape. Of course, any
feasible implementation of a biconical antenna would necessarily require a truncation of the
infinite structure. Here, a tough problem arises since the truncated version of the infinite
shape is no longer truly self-scaleable; it has a characteristic size (the height of the cones)
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which does not scale with wavelength. The result is that a real biconical antenna does not
have a frequency independent behavior but a broadband behavior instead. That is, it has a
large bandwidth with respect to a dipole or monopole but a narrow bandwidth compared

with frequency-independent antennas.

The truncation effect plays a key role in the development of frequency-independent
antennas. The point is that the Rumsey principle alone is not practical since a shape only
defined by angles is necessarily an infinite shape, and any truncation of such a shape will
introduce a characteristic size on the antenna which is not scaleable with wavelength.
However, such a problem can be overcome if the antenna structure provides a way of
reducing the current over the antenna when it travels away from the feeder. That is, if the
antenna current is small enough at a certain distance from the feeding point, the remaining
antenna structure does not support any current with a significant contribution on the overall
performance and thus, it becomes effectively disconnected. In this case, the antenna
structure can be truncated at such a point without significantly perturbing its behavior. This
states the so called truncation principle [39],[45] and must be taken into account when
designing frequency-independent antennas. Unfortunately, the biconical antenna does not
hold such a principle. Since it is a particular case of loss-less transmission line, the current
is kept constant with distance instead of decreasing when traveling away from the feeding
point (the apex). Therefore, when the current reaches the truncated end of the antenna it
becomes reflected in a similar way a wave is reflected from an open circuit in an ideal
transmission line, resulting in a frequency dependent standing wave over the antenna
structure. Fortunately, some other self-scaleable structures hold the truncation principle and
effectively behave as frequency-independent antennas.

2.3.3.2 - Spiral and conical spiral antennas

The shape of a logarithmic spiral can be described in polar coordinates (0,¢.z) by
the following equation

plp)=e” (2.60)

where a is an expansion factor which controls how fast the spiral is enlarged at each turn.

Such a shape is invariant when scaled by an arbitrary scale factor 4. That is, if the radius is

scaled such that p’=p-b, then by defining a rotation angle @, as
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b
@y = ln(-)
@ (2.61)

then the spiral equation can be written as
P(9)=b-e® =" = plp+p,) 2.62)

which means that the scaling transformation is equivalent to a rotation by an angle @q
Therefore, it can be concluded that an antenna which had an spiral shape would be
frequency independent except for a rotation of the radiated fields, which is not a major
drawback. Actually, spiral antennas [40],[41],[44] are usually designed with a balanced two-
armed shape which is also made self-complementary to enhance its frequency independent
behavior (see Fig. 2.24). Also, practical spiral antennas are obviously truncated, being the
largest and the smallest size in the structure what determine the longest and shortest
operating wavelength and thus the bandwidth of the antenna.

Fig. 2.24 The logarithmic spiral antenna.



52 2.-Fractals, Antennas and Fractal Antennas

Contrary to what happened to the conical structure, the spiral antenna holds the
truncation principle, i.e., the current is decreased when traveling away from the feeding
point (the center of the spiral) mainly due to the curvature of the structure [45]. It is said that
an active region is formed on the antenna surface, which is the region where most of the
current concentrates and mainly contributes to radiation. Such an active region is enlarged
or reduced depending on the operating frequency but it keeps a similar shape and size with

respect to wavelength, performing thus a wide-band behavior.

Conical spiral antennas are basically a combination of the conical and spiral shapes.
They mainly consist on an spiral shape that wraps around a cone. It can be geometrically
described by the equation

r=gmte (2.63)
which is also a shape only defined by angles (see Fig. 2.25). The main difference with
respect to the planar spiral case is found on the radiation pattern. The antenna enhances
radiation towards the nose of the cone and lowers radiation on the opposite direction. Such a
behavior can be explained through a description of an electromagnetic wave traveling along

the structure, inward toward the feeding apex [45].

Fig. 2.25 The conical spiral antenna.
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2.3.4 - Log-periodic antennas and antenna arrays

2.3.4.1 - Log-periodic planar structures

A structure is said to be log-periodic when it is composed by an infinite succession

of cells which only differ by a constant scale factor z. Figure 2.26 shows a general form of a
log-periodic structure, where the lengths L and dj, hold the relation

d,=17-d,., (2.64)

A log-periodic structure self-scales only when an integer power of the characteristic scale

factor 7 is applied in the scaling transformation. Strictly speaking thus, an antenna which

»
h
A
N
-
v

dy dz dy dy

Fig. 2.26 General form of a log-periodic structure.

had a log-periodic shape would display a log-periodic behavior rather than a frequency
independent behavior, i.e., the basic features (input impedance, radiation patterns) would be
repeated at frequencies f, , fi , f2...../n such that

Ja=to 7" (2.65)

which are a set of uniformly spaced frequencies in the logarithmic domain. If a log-periodic
structure shows only small variations on its main features within a log-period, then the
antenna becomes approximately frequency independent.
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The form of the first successful log-periodic antennas is shown in Fig. 2.27. It
basically consisted on two metallic circular sectors with some teeth log-periodically sized
and distributed in the radial direction [39],[48],[45]. The antenna featured a 10:1 bandwidth
with best results achieved with the self-complementary shape [45]. The radiated
electromagnetic fields were linearly polarized in the direction of the teeth rather than in the
radial direction, which suggests that the frequency-independent behavior depends on a

highly selective resonance of the transverse component of the current [45].

Fig. 2.27 The form of the first log-periodic antenna.

The pattern of the antenna presented a two-lobe shape which was not suitable for
applications where directivity were a must. In order to enhance radiation in a particular
direction, the two sides of the metallic shape were inclined and measured at several ¥
angles (see Fig. 2.28) [48],[45]. It resulted that the antenna displayed a directional pattern
indeed, although the direction of radiation was just the opposite than the expected one [48].
The antenna again radiated toward the feeding point (the apex of the circular sector) which
again suggested a wave traveling inward through the structure. Best results where achieved

with inclination angles 60°> ¥>30°.
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Fig. 2.28 The inclined version of the log-periodic antenna of Fig. 2.27

2.3.4.2 - Log-periodic arrays of dipoles

The invention of the log-periodic dipole array (LPDA) [39],[42],[45],[46],[48] was
the next natural step after the development of the planar and inclined structures just
described. Its shape can be seen as the limit case of the log-periodic sheet structure when the
angle of the circular sectors is made equal to zero, the teeth are made straight and the
inclination angle ¥is taken to be #=0°. Again, the array is characterized by an scale factor
7 (see Fig. 2.29) which relates the lengths (/;) and radius (a,) of the dipoles and their
distance from the apex (xp) and relative spacing (dy) as described in (2.64). That is,

n-1 (2.66)

n (2.67)

which together with the scale factor 7, fully characterizes the LPDA.
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The array is usually fed by a transmission line with the dipole terminals log-
periodically distributed along the line. These connections are switched at each dipole with
respect the previous one to provide an extra 180° progressive phase shift. Again, the antenna
radiates in the backward direction toward the apex similarly to the inclined log-periodic and
conical spiral antennas.

g
8

R
Ryl

Fig. 2.29 The log-periodic dipole array.

2.3.4.2.1 Radiation mechanism and current distribution

The radiation mechanism of the array can be interpreted in the following way. The
waves generated at the source start traveling along the transmission line at the apex of the
array. If the first elements are short with respect to wavelength, they do not contribute
significantly to radiation due to their size. Also, radiation is minimized because adjacent
small dipoles are very close and their currents have opposite signs due to the phase reversal
on the feeding network. Therefore, such dipoles mainly act as reactive elements and do not
withdraw a significant amount of power from the traveling wave, which continues its way
toward the larger dipoles. Where the traveling wave finds a set of dipoles which have a
length comparable its wavelength, the electromagnetic power is removed from the line
while being radiated into space. In such region within the array, the progressive phase and
spacing between elements is such that radiation is enhanced backwards in a similar way as
described in an endfire array (see Section 2.2.6). Since most of the power is removed in this
region, the traveling wave becomes extinguished and the longer elements further away from
the feeder become effectively disconnected. This region where most of the radiation takes
place is called the active region, similarly to the active region of the spiral antenna. In
practice, the infinite succession of dipoles is truncated as usual, and the bandwidth of the
antenna becomes limited to the spectral band where the active region remains basically
unaffected. Roughly speaking, the longest and the shortest dipoles determine the edges of



2.3.-Frequency-Independent Antennas 57

the pass-band of the antenna, which can be theoretically enlarged as much as desired by
properly choosing their length.

The first to properly describe the behavior of the log-periodic dipole array was R.L.
Carrel in [46]. He modeled the array as two N-port networks connected in parallel (see
Fig. 2.30). The first network is the transmission line with its N connections log-periodically
distributed, while the second one is the equivalent network formed by the N dipoles of the
array. Both networks can be characterized by means of their admittance matrix [Yf] and

impedance matrix [Z4] respectively.

dipole array \ /[
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Fig. 2.30 The log-periodic array modeled as two N-port networks connected in parallel.

The transmission line admittance matrix [Yg] can be easily derived by means of basic
microwave network theory and it is given by [46],[48],[54]

Yr =Xy cot fid; ) L) cscﬁdl 0 0
-t <;sc:,8dl —jYO(colﬂa’, +cotﬂd2) —jYO cscﬂd2 0
[YT] = 0 ‘jYO cscwz -jYO(COtMZ +cotW3) ses 0
0 0 0 "‘_]YO CSCﬁiN_l 'on COIMN_]
(2.68)

where again d, is the distance between adjacent dipoles, Y7 is the terminal load at the end of
the line and ¥ and f are its characteristic admittance and propagation constant respectively.
The impedance matrix [Z4] of the dipole network can be computed by the method of
moments [81]-[85] by identifying each element of the matrix either as a self-impedance
(diagonal elements) or as a mutual impedance between each pair of dipoles (off-diagonal
elements). Carrel used a Galerkin [48],[52],[531,[85] approach to the moments method
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assuming a sinusoidal current distribution over the elements [46],[48]. Also, he computed
the self-impedance terms from the mutual impedance relation assuming an equivalent
separation d between elements of d = +/2a , being a the radius of the corresponding dipole.

Once both matrices are determined, the amplitude of the sinusoidal current
distribution can be computed as follows [46],[48]

[1,]= [[U]+[YF][Z,,]]" -[1]

(2.69)

where [/A] is an N-element vector containing the current amplitudes at each dipole, [U] is
the identity matrix, and [/] is a an N-element vector containing the current amplitudes of the
current sources connected at each terminal of the transmission line. Usually the array is only

fed at the first terminal (at the apex) as discussed before, therefore, if a normalized current
source is taken, [/] becomes
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Fig. 2.31 Current distribution at several wavelengths over a log-periodic dipole array.
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L (2.70)

Figure 2.31 reproduces the analysis of Carrel [93], taking an equivalent radius a, of [84]
a, =a(1—0.40976a/H) (2.71)

being a the dipole radius and H its length, for computing the self-impedance between
dipoles, as suggested in [84]. The analyzed LPDA has eight elements (NV=8), an scale factor

7=0.888, and a normalized spacing of 0=0.089 between elements. The array is fed through a

Z,~100Q transmission line, terminated with a short-circuit at 1;/2 of the longest dipole.

The dipoles have a constant size () to radius (a) ratio of H/a=250.

The current distribution over the array (Fig. 2.31) is plotted for eight different
wavelengths. In particular, the first resonant frequency for each dipole (A = 4k, = 2-I;) has
been considered. It becomes clearly apparent that an active region is formed which only
includes some elements of the array. Such an active region is shifted toward the longer
elements when the wavelength is increased, and its shape is proportionally enlarged such
that a constant size to wavelength ratio is kept. Such a behavior plays an essential role for
the frequency-independent operation of the array.

2.3.4.2.2 Input Impedance and Radiation Patterns

The frequency independent behavior of an LPDA is demonstrated by means of the
computed input reflection coefficient and radiation patterns. Figures 2.32 and 2.33 show
both features at each computed wavelength. It can be seen that the antenna is well matched
at the center frequencies, which means that almost all the power of the transmission line
traveling wave is withdrawn and radiated by the dipoles; that is, the traveling wave is almost
fully attenuated before reaching the short-circuit at the end of the line. Also, the patterns
hold a notable degree of similarity among bands, with only some significant deviations from
the common patterns at the end of the band.
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Fig. 2.32 Input reflection coefficient of the LPDA at the eight wavelengths.

A8 A7 A6 AS M 3 A2 Al
TN = N sl 27N == PSR oy A
N - . ,
e (Q(O (SO (Q(S(D
\_— — ~ /' = _— o /s o L
s Y e W . S S N - ST s S Sl
H-pl ' (Y | O N f Y 'f /‘\‘ Q

Fig. 2.33 E-plane (¢=0°) and H-Plane (©=90°) patterns of the LPDA (linear scale).
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2.4 - Why Fractal Antennas ?

Once the main fractal characteristics have been introduced and the most common
antenna features have been outlined, the reason for investigating fractal antennas should
become apparent. Actually, such a reason is twofold. First of all, fractals have no
characteristic size. They have an infinite range of scales within its structure, being
composed of an infinite number of clusters which are equal to the whole shape but at a
smaller scale. It has just been shown that characteristic sizes have to be avoided to design a
frequency-independent antenna or at least, the antenna structure has to include many
characteristic sizes to allow a multi-wavelength operation. Thus, it becomes presumable that
fractal shapes, having a geometrical form which is self-similar and including multiple
copies of themselves within their structure at several scales, are good candidates for
becoming frequency independent (or at least multiwavelength) antennas. Section 2.4.1 deals
with this particular issue from a theoretical point of view; the scaling properties of fractal
shapes and their recursive generation algorithms are used to explore the potentiality of a

multiwavelength operation.

On the other hand, fractals are highly convoluted, irregular shapes. As a matter of
fact, they are the most irregular shapes described up to now. It is well known that sharp
edges, comers and discontinuities enhance radiation from electric systems. Thus, it seems
logical to expect that curves and surfaces which have discontinuities everywhere, that have
a characteristic highly uneven shape (which is fundamentally different from that of classical
Euclidean shapes) should become efficient radiators. This particular issue is introduced also
in Section 2.4.2.

Finally, the idea of relating fractals and electromagnetics is not new. Several works
[14]-[38] have already explored some interesting properties of fractal bodies when
interacting with electromagnetic waves. The main results regarding this issue are
overviewed in Section 2.4.3.

2.4.1 - Frequency Scaling Properties of Fractal Shapes

2.4.1.1 -TheIFS as a convolution operator

An IFS process can be described in an alternative way by means of delta functions
and convolution operators. First of all, we have to translate the set theory notation to the
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function theory notation. That is, a subset of the plane A can be assigned to an index
function G(x,y) as follows

1 if (x,y)ed

K )={o it (x.y)e4 2.72)

Then, a translation of 4 to a point (xq,yo) can be described as a convolution transformation

in the following way

G(x =%y, ¥ =) = G(x,¥)*8(x — x5, Y= ¥,) (2.73)

A Hutchinson operator composed only by similarity transformations will be noted as

N
WIG(x, M= Grx,ry)*S(x—x,y=¥,)
= 2.74)

where N is the number of similarity transformations of the operator and 7; is the reduction
factor of each transformation. Once the Hutchinson operator has been defined as a linear

combination of convolution operations, an IFS can be readily understood as a sequential
procedure were the operator in (2.74) is applied iteratively to the function Grx,y).

2.4.1.2 - GIFS and scaling properties of fractal attractors

Let’s take an IFS where all the contractions reduce the input subset by the same
scale factor 7. Then one can separate the contraction and translation parts of (2.74) such that

-
WIG(x,y)]= G("x,"y)*;&x ~%:Y =) (2.75)

and write the Hutchinson operator in 2 more compact way,
WIG(x,y)] = G(rx,ry)* IF(x,y) (2.76)

where the function /F(x,y) has been properly defined as
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N
IF(x,y)= > 6(x—x,.y-¥,)
e 2.77)

The function [F(x,y) would be the equivalent of the iterator in fractal terminology, and
G(x,y) would be the equivalent of the generator. Now, the IFS can be described in a more
compact way by a series of convolutions as

n-1
G,(x,y)=G@"x.r"y)* IF(r" ' x, 7" y)*- % [F (rx,ry) = G(r"x,r"y) X IF(r"x,r"y)

m=0

(2.78)

where X indicates the convolution operator. Now, if 7 is a large enough number, G(*"x,7"y)
tends to collapse into a single point if the original subset 4 is finite. Since the attractor of the

IFS G.(xy) is the same irrespective of the shape of the generator G(x,y) due to the
invariance property stated in (2.9), one can take a delta function as a generator (i.e. a point-
like generator) and simply describe the IFS as

n-1
G,(x,y)="X IF(r"x,r"y)
X (2.79)

Then, the attractor function will be described by

G.(x,y) = X IF("x.r"y)
<3 (2.80)

which is not strictly speaking a self-scaleable function since

G, (sx,sy) = i[F(sr”’x,sr”’y) #=iG (. 9)
=0 (2.81)

which is due to the finite size of the attractor. However, we can generalize the concept of
IFS by defining a Generalized Iterated Function System (GIFS) in such a way that
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n~l

G,(x,y)= X IF(@F"x,r"y)
m=~(n-1) (282)

That is, not only smaller copies of the whole shape are added at each iteration, but also a
larger copy which is the union of N objects obtained from the previous iteration is
constructed. Then, the attractor will have an infinite size and will be defined by the equation

G (x.2)= )2 IF(r"x,r"y)
i) (2.83)

This attractor of the newly defined GIFS is self-scaleable by its characteristic scale factor »

and any power of it , that is

G,(rx,r’y) = }? IF(r™ P x,r™?y) = {g=mep} = X IF(r'x,r?y) =G, (x.,)

m=—x g=-x
(2.84)

Therefore, if one takes a set of log-periodically spaced wavelengths A,,=r"4, and thinks of

Gw(x,y) as a current density distribution over a fractal antenna of shape 4.. one would
conclude from (2.84) that such an antenna would have a multiband behavior with the bands
log-periodically spaced by a factor ». Of course, an infinite structure is assumed which is not
feasible for a real antenna. However, such a limitation is also found in shapes only defined
by angles as for instance the spiral antenna, but a frequency independent behavior is still
supported by those antennas because they hold the truncation principle. Similarly, it can be
stated that a practical (finite-size) fractal antenna will have a multiband operation behavior
provided that the truncation principle is observed.

2.4.1.3 -IFS and Maxwell Equations

It was shown in Section 2.3.1 that the self-scaling principle for frequency-
independent antennas can be directly derived from Maxwell equations. The scaling
transformation described in (2.52) can be seen as a particular case of the affine linear
transformations used to formally state the IFSs (Section 2.1.3.1). Therefore, it appears

natural to look for a similar reasoning to explore the frequency dependence properties of
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IFS fractal attractors. First of all, let us generalize a contraction transformation (plus

translation) w;(x,y,z) to a three dimensional case, that is

Y (» 0 0)x) (x

o

X
V(=10 r Ofy|+ Y,

o

4 0 0 r)\z 2z (2,85)

Now, the curl operators in both domains applied to an arbitrary vector function
F(x',y',z") are again related by

V‘xﬁ(x',}",z')=l'vxF(x',}",z')
r (2.86)

which shows that the curl operator is independent of a translation transformation. This leads

to the Maxwell Equations in the transformed domain R>

leE(x"y',z’) = _j(ﬁ).)/l E(x"y"z')
i g

V'xH(x',y',2") = j(g)sﬁ(x',y',f)
d (2.87)

As noted in (2.5) a Hutchinson operator W/A] can be written as a composition of N
transformations like that in (2.85). Similarly, if W/A4] is applied to a vector function

F(x',y',2'), a linear combination of N vector functions each one corresponding to a
transformation in W/A4] will be obtained, i.e.,

— - A’ —
FT(X',.V',Z') = W[F(x:yaz)]= ZE(X',}"J')
i1 (2.88)

where the subscript 7 indicates the transformed vector function and

F(x.y'2)=w[F(x.y.2)] 2.89)

Now, since Maxwell Equations are linear, if each function of the linear combination in

(2.88) is one of their particular solutions, then the transformed function F(x',y'.2") will
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be also a solution. In particular, if all the transformations are contractions by the same factor

r, then the linear combination F5(x',',2') will be also a solution of the linear equations
(2.87) in the R3’domain. On the other hand. the fractal attractor 4, of an IFS is invariant

with respect to its Hutchinson operator as stated in (2.9). Thus, one can define an index

vector function Gr(4.)over the attractor, similarly to the scalar index function in (2.72),

and such an index vector function will be also invariant and thus self-similar, i.e.,

G (4,)=W[G(4.))] (2.90)

Such an index function could be interpreted as a uniform current density distribution over a
fractal antenna of shape 4... The invariance property held by such current implies that the
fields over the antenna would simultaneously attain Maxwell equations at frequencies f and
f/r; therefore this automatically implies a log-periodic behavior since the same behavior

would be held at any frequency f}, such that

fi= 4 n e{0,1,2,--~}
r (2.91)

It is important to stress that a particular current distribution (the uniform
distribution) has been assumed to conclude a log-periodic behavior of the antenna.
However, any other distribution holding the invariance property (2.90) (i.e. any fractal
current distribution) would also lead to a log-periodic behavior. What it is not still obvious
is that a fractal metallic structure A.. has necessarily to support a fractal current distribution.
The problem here is that the antenna structure is actually a boundary condition for the
electric field, and Maxwell Equations do not explicitly deal with boundary conditions.
However, a similar assumption has been always made when deriving the frequency
independent behavior of self-scalable antennas, and such an assumption has been proven to
be true in many cases (but not always [48]). Thus, it is not unreasonable to expect a similar
behavior from fractal antennas and consequently, they should be considered as good

candidates for multifrequency operation.

Finally, it should be noted that the self-similarity concept exploited in this section
is quite different than the self-scaleability property of the previous one. In Section 2.4.1.2,
the GIFSs algorithms were introduced to describe fractal self-scalable infinite structures. On
the contrary, an infinite extent structure has not been assumed here and an invariance
property with respect to a composition of contractions rather than a scaling transformation
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has been used to derive the log-periodic behavior. Thus, self-scaling is not necessarily the
only way of achieving a multifrequency response; self-similarity can provide it as well. The
key point here is to take into account that the classical Hutchinson operator is always
composed by contractions (#<1) which means that the log-periodic behavior will be held in
only one direction, i.e. for the upper log-periods towards the larger frequencies, or for the
lower log-periods towards the shorter wavelengths in the 4 domain. Since the fractal
structure has not an infinite extent, arbitrarily large wavelengths might not necessarily hold

the same behavior as the smaller ones that better fit the antenna size.

2.4.2 - Small Fractal Antennas

Some fractal bodies have highly uneven shapes which might result specially suitable
for radiating. The Koch curve, for instance, is an example of an specially irregular one. If
we could made an antenna with its shape (for instance a dipole or a monopole) the antenna
would display an infinite set of sudden bends and sharp corners. The velocity vector
associated to the current flowing along the curve would experiment abrupt changes in
direction in such bends, which means that the electrical charges would be highly
accelerated. Actually, the curve has no defined derivative anywhere, which means that such
a sudden acceleration would be held everywhere within the curve. Since the radiated electric
field is proportional to the volumetric integral of the acceleration within the antenna
(equation (2.32)), it is not clear that such an integral would be bounded when applied to a
fractal contour; at least, one could reasonably expect an enhancement of radiation from such

an antenna.

The topic is specially interesting when considering small antennas. As shown in
Section 2.2.4, small antennas have a small radiation resistance, which decreases their
radiation efficiency. Also, the ratio between stored (reactive) and radiated energy, i.e. the
quality factor Q, is high, which also means a narrowband behavior. Thus, the idea of having
an small but highly efficient and broadband antenna appears very attractive. Nevertheless, a
theoretical fundamental limit has been established [58]-[64] which seems to discourage any
improvement beyond such limit. However, it is arguable that such fundamental limit also
applies for ideal fractal shapes since it was established with classical Euclidean geometry in
mind, that holds common mathematical properties that are not always valid for fractal

objects.

For instance, let us go back again to the Koch curve dipole example. The vector
potential equation (2.25) for a linear current along an arbitrary one-dimensional wire

reduces to
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AF B =2 [TayE—ar
4 R
c (2.92)

which is a line integral with respect to the arch length, where C' is the curve path defining
the wire antenna shape and /(1) is the linear current flowing along it. If C is the Koch or a
similar fractal curve, can it be assumed that the integral along a finite size but infinite length
curve is going to be bounded ? . Actually, line integrals with respect to the arch length are
defined for rectifiable (finite length) curves [110],[111] and the Koch curve is non-
rectifiable. It could be argued that the exponential phasor term is also weighting the integral
and might introduce some cancellations within the integral in case of a sign reversal due to
proper phase retardation. In fact, the radiation mechanism is also understood as a process
where, a system which is comparable in size to wavelength, introduces a sufficient phase
retardation within the several parts of the system to allow an in-phase radiation contribution
from them [55]. Therefore, an arbitrarily long (but not tall) Koch curve could fit any long
wavelength which, contrasting to less convoluted non-fractal shapes, could provide the
necessary phase retardation in an otherwise reduced space to constructively contribute to the

radiation mechanism.

On the other hand, it has been shown in (2.26) that equation (2.92) can be reduced to
a Fourier transform when evaluated at large distances from the source (i.e. in the far field).
Such a Fourier integral can be also interpreted as a linear combination of an infinite set of
plane waves, each one weighted by its own amplitude coefficient derived from the current
distribution. Nevertheless, the Fourier transform has been proved to converge for piecewise
continuous functions with a piecewise continuous derivative [112]. Again, the Koch curve is
continuous but does not have a piecewise continuous derivative and consequently, it has not
been proved that the implicit Fourier integral in (2.92) converges for this particular case.

Similarly, the derivation of the fundamental limit for an small antenna is based on
the assumption that any field distribution around the antenna (in particular any current over
the antenna) can be written as a linear combination of orthogonal spherical modes [58]-[59].
For an small antenna, the larger modes are said to be negligible because their argument kr
(being r the largest distance from any part of the antenna to the origin) is very small and
their real part becomes highly reduced. Consequently, only fundamental TEg) and TMy;
modes are considered when deriving (2.45). Again, such an assumption should be
reexamined when dealing with ‘pathological’, nowhere differentiable curves. The linear

combination of modes does not need to converge, which might suggest that the fundamental
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limit could not hold for a fractal curve and an arbitrarily short but electrically long antenna

could be made from a fractal shape.

One could argue that an ideal fractal shape is unfeasible precisely due to its
infinitely detailed structure and, in case of wired structures, due to the infinite length
involved in their construction. Certainly, this would establish a technological practical limit;
nevertheless a technological limit is a rather different concept than a fundamental limitation.
In particular, the ideal fractal shape can be understood as a limit object obtained from a
series of non ideal objects, which progressively approach the ideal fractal shape at each
iteration of the recursive generating algorithm (the IFS described in 2.1.3). That is, the ideal
fractal shape can be approached to an arbitrarily degree of similarity (i.e. with an arbitrarily
small Hausdorff distance from the ideal fractal set [2]) with a non-ideal, non-infinite and
maybe practical and technologically feasible shape. If the ideal fractal antenna had no limit
on its Q factor, there should be a non-ideal and maybe technologically feasible shape which
would go beyond the classical limit established for Euclidean shape antennas. In other
words, its O factor might be made arbitrarily small by choosing the suitable truncated non-
ideal object to properly design the antenna shape.

As a matter of fact, Nathan Cohen has recently suggested in [100]-[103] that some
fractal small dipoles and loops based on the Minkowski fractal shape can have a drive
resistance larger than the expected one for their corresponding Euclidean countermates. His
suggestions are based on numerical experiments carried out by means of the NEC version of
the wire Method of Moments algorithm [71]. His results showed a shift on the resonant
frequencies to larger wavelengths when increasing the length (not the size) of such loops
and fractal dipoles. A further work in such a direction will be carried out in Chapter 6
through numerical and experimental results,

2.4.3 - Fractals and Electromagnetics

2.4.3.1 - Fractal Electrodynamics

The term fractal electrodynamics was first introduced by D.L. Jaggard about a
decade ago [14]-[31] . Such a neologism was coined to describe a novel branch of science
relating fractals and electromagnetics. The aim was to investigate whether the main
properties of fractal bodies (such as the fractal dimension) could be derived from their
interaction with electromagnetic waves. That is, wavelength could be taken as an
electromagnetic yardstick to explore and measure the geometry of fractal bodies. Other
several authors have significantly contributed to fractal electrodynamics [14]-[38], both
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from fundamental [13],[32]-[34] and applied [35]-[38] points of view; here some of the
main topics regarding this field will be outlined. Also. some of first works exploring the
fractal design of radiating systems will be outlined [87]-[106],[16].

2.4.3.2 - Scattering from fractal targets

The main interactions between electromagnetic waves and fractal bodies currently
investigated are scattering, reflection, transmission and diffraction. Scattering appears an
especially interesting topic for several reasons. First of all, an important branch of
geoscience research is carried out through modern satellite remote sensing techniques,
which require proper models for scattering from rough surfaces and terrains. Fractional
Brownian motion has been shown to be an accurate model for many natural landscapes and
forms [1],[5] such as mountains, coastlines, clouds, river or lakes. Thus, it becomes apparent
that a scattering model for fractal rough surfaces [21]-[23] should conveniently fit the
requirements for such models. Similarly, the intrinsic fractal properties of natural forms
could be used in pattern recognition and classification of synthetic aperture radar images
[37]-[38]. Other interesting works relating remote sensing and fractals are those that model
turbulence as a fractal phenomena and study the propagation of electromagnetic waves
through such a chaotic media [17]-[19].

Second of all, scattering is also important when dealing with antennas. Actually, an
antenna can be modeled as an scatterer, placed close to a source, that properly perturbs its
fields to efficiently radiate in the desired directions. Again, Dwight L. Jaggard et al.
described the scattering properties of a circular Cantor target [25],[26]. Their work revealed
some interesting features of the radiated fields: the same kind of similarities found between
different construction stages of the fractal target were also found in the scattered fields. That
is, when the number of iterations was increased, the fractal structure appeared basically the
same while displaying some finer details at smaller scales. Similarly, the radial pattern of
the scattered fields showed basically the same envelope at each growing stage, but the
degree of detail (i.e. the lobe structure) was increased also at each iteration. The most
important conclusion that could be derived from that work is that electromagnetic waves
acquire some fractal properties when interacting with fractal objects. Since fractal features
are quite different from those of classical Euclidean shapes, one could expect novel

applications in electromagnetic systems not already developed by means of classical

geometry.
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2.4.3.3 - Fractals and Optics

Linking with the Cantor target diffraction experiment, the diffraction of fractally
serrated apertures has been also investigated [29],[30]. Diffraction was obtained at optical
wavelengths from computer generated apertures. Again, some fractal properties were found
to determine the features of diffracted fields, i.e., the Fourier transform of the fields over the
illuminated aperture surface. Mainly, the angular dependence of the far field pattern was
found to decrease when increasing the fractal dimension D (1<D<2) of the aperture’s fractal
perimeter. Such results are to find some application in optical pattern recognition schemes
and image quality determination [29],[30].

Thin film layer structures are also of great interest in optical systems. The most
selective compact optical filters are made by stacking several dielectric layers of different
refraction indexes on both sides of a half-wavelength spacer. This way, an optical cavity is
formed, (i.e. a Fabry Perot resonator) with both multilayer structures operating as reflecting
mirrors at both ends of the cavity. Many of the microwave filter designing techniques can be
also used in optics to develop optical filters of arbitrary characteristic spectral responses (i.e.
Butterworth, Chebyschev, elliptic...). The main idea behind such designs is to modify the
index of refraction of the layers the same way one modifies the characteristic impedance of

the transmission lines in microwave band-pass cascading filter.

The filtering properties of a fractal distribution of layers based on the Cantor set
(D.L. Jaggard and X. Sun [27],[28]) have been already investigated. Again, some interesting
conclusions can be derived from that work. First of all, the similarity fractal properties
found on the structure are also found in their reflection or transmission response. That is, an
increase in the number of iterations of the fractal layer construction provided a finer degree
of detail to the structure, which was also found in the reflection and transmission responses;
such responses kept basically the same envelope at each growing stage although they
displayed an increasing number of finer lobes. This result is comparable to that of the
scattering from the circular Cantor target described previously. Therefore, it suggests that
electromagnetic waves tend to become imprinted with fractal properties when interacting
with fractal bodies, and that happens for remarkably different structures and kinds of
interactions. Second of all, not only the similarity properties but also some of the main
fractal characteristics such as fractal dimension can be retrieved from the response of the
structure. This suggests that simple electromagnetic probing of fractal shapes could be used
for scatter identification and classification. That might be a significant result if again, one
takes into account that many natural forms are basically fractal and that remote sensing
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techniques in geoscience relay on interactions of electromagnetic waves with such bodies to

derive their features.

Finally a clever, efficient computational technique was also developed in the Cantor
multilayer work. The developed algorithm allowed an iterative procedure to calculate the
structure response, analogous to the iterative procedure for generating the structure itself.
Basically, the algorithm required the same number N of computing stages as that of the
fractal construction ones. If one takes into account that the number of layers grows
exponentially as 3N, the huge saving in computational time with respect to classical matrix
cascading techniques, becomes especially interesting . If a similar result were generalized
for a general self-similar fractal structures, it would become a major advance for analyzing

otherwise rather complex and time-consuming fractal shapes.

2.4.3.4 - Early investigations in fractal arrays

Array theory is a rather broad discipline which far exceeds the scope of antenna
theory. Arrays are used not only in antennas but also in several branches of mathematics,
physics and engineering, namely, clustering in chemical aggregates, in crystalline lattice
structures or even in galaxies spatial arrangements. Also, array theory is tightly linked to
discrete signal processing as discussed previously [107],[108]. Some work has been carried
out on fractal arrays although not always taking into account their specific properties when

considering antenna systems. Here, some of them are briefly introduced.

One of the earliest works relating fractals and arrays came out in 1986 [16]. The aim
was to investigate the side lobe ratio (SLR) of random fractal arrays compared to classical
random ones. Such random classical arrays display a better tolerance to element position
errors than their deterministic counterparts, although they present the inconvenient feature
of large secondary lobes. The random fractal array element distribution was generated by
taking a classical random array as the initiator, and a periodic deterministic one as the
generator. The most important result from that work was the SLR improvement achieved
with the fractal array.

C. Allain and M. Cloitre [106] analyzed in 1987 some of the spatial spectrum
properties of a general family of self-similar arrays. They used an iterative convolution
scheme, analogous to the one described in Section 2.4.1, to generate the array structure and
derive its spatial spectrum (the power array factor in antenna terminology). Mainly, they
derived their asymptotic behavior for infinitely large arrays and described a recursive
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notation for the spatial spectrum. Also, they established some similarity relattons among the

several construction stages for the recursively generated spectrum.

A similar convolution scheme had been also previously described in 1986 [13] by
A. Lakhtakia et al when mvestigating the fractal properties of the spatial spectrum of
Sierpinski arrays. It was established in such work that the fractal dimension (actually the
similarity dimension) could be again derived from the array factor. The authors suggested
that this feature might be exploited in pattern recognition and identification as well. A vear
later, the same authors 1105) considered an ideal array of dipoles arranged spatially over a
Sierpinski gasket grid, and analyzed its time dependent radiation. The main conclusion was
that the bifractal array (the term bifractal rath »r than two-dimensional was used to clearls
distinguish the spatial arrangement over a plane from the fractional dimensional properties
of the structure) displaved a bifractal spatial spectrum and a unifractal (i.e.. one vanable

dependent) time response as well.

Another significant work regarding the fractal design of antenna arrays was carnied
out by C. Goutelard in 1992 [104]. He described some fractal distributions for an antenna
array. mainly based on a generalization of the Cantor structure, and investigated the
relationship between the fractal dimension and the SLR and main lobe width of the array. It

was concluded in that work that the SLR was dependent up on the fractal dimension D as

SLR = M- D-10log(d) (2.93)

being d the characteristic scale factor among the Af stages of the Cantor array construction.
Such a relation was dzrived from the ratio between the maximum field intensity in the main
lobe direction, and the power-law envelope of the array factor in other directions. Although
this approach appears basically correct for directions at large angular distances from the
main lobe, it is not  ccurate fo: some specially lacunar arrays as it is shown in next chapter
of this thesis. Actually, it will be shown that the SLR can dangerously become arbitrarily

small if a maximum lacunarity criteria is not taken into account.

2.4.4 - Concluding remarks

Maybe ‘he most important conclusion one can take from the current work in fractal
clectrodynamics is that fractal bodies do provide fractal properties to scattered, diffracted or
reflected electromagnetic fields. Furthermore, some work in general theory of arrays have

deronstrated that some of those properties appear especially attractive for antenna systems,
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namely, high side-lobe ratios and pattern self-similarities. Given the previous work in
frequency- independent antennas, it appears natural to extend such work to fractal shapes to
exploit their multiscale nature. Fractal geometry can provide the proper framework for such
a purpose, introducing a huge and rich new set of shapes to explore in the design of

multifrequency antennas.

in this thesis. the multifrequency properties of fractal antenna systems will be
explored. First of all, the performance of fractal arrays and array factors will be
investigated. Although maybe sometimes too ideal or simple, array theory provides a
compact analytical way of exploring the feasibility of multi-frequency operation. This
approach will be used in Chapter 3 where arrays and array factors will be theoretically
investigated. On the other hand. experimental research in array systems is rather expensive
and has little motivation when lacking of a particular application behind. Furthermore. any
practical multifrequency array  system would require multifrequency  elements. 1.e.
multifrequency antennas, to operate correctly. Thus, it appears clear that fractal antennas
rather than arrays should be experimentally investigated. Such an approach will be held i
Chapter 4 and subsequents. Also. we should not forget the interesting numerical results from
N.Cohen regarding small fractal antennas, which gives an additional motivation for

experimental research in fractal antennas.



3. Fractal Arrays and
Array Factors

rray factors are highly dependent on the operating wavelength. As described in the
Aprevious chapter, an increase in the operating frequency is translated into an
expansion of the visible range, which means that grating lobes will appear in the radiation
pattern at high enough frequencies. This is a strong inconvenient because, although many
different techniques allow us to synthesize array factors with a desired directivity or side-
lobe ratio (SLR), the design is strongly frequency dependent. Most of these techniques
assume a uniform spacing between elements, which becomes the main bandwidth limiting
factor. In this chapter two novel techniques are introduced. In the first one a fractal
distribution of the array elements is suggested, while in the second one the multiband

features are achieved by fractally shapping the array factors.

3.1 - Fractal Arrays

In this section we will analyze a fractal, non-uniform spacing for the element
distribution of an antenna array. An ideal current feeding system to each array element is
assumed as usual in array theory. The structure is based on the Cantor set, one of the
simplest fractal structures. Although other fractal structures could be used for designing
arrays, this particular one has been chosen for the analysis because it provides a simple, well

known fractal set of discrete points that can describe a linear array.

3.1.1 - Multiband properties of the ideal Cantor array

One of the main features of the Cantor set (also named Cantor dust) is its self-
similar shape. It contains an infinite number of sub-structures or sub-clusters at different
scales, which are all identical to the whole set. Thus, if one built an array by placing the
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elements at the points of the Cantor set (Fig.3.1), one could expect these smaller sub-
structures to radiate at shorter wavelengths in the same way the whole structure radiates at

longer wavelengths.

A bandlimited [14] version of the fractal structure can be constructed iterating
several convolutions which leads to an analytical expression for the array factor, providing a
compact way of deriving the properties of the resulting array. Such a procedure is a
particular case of the IFS and GIFS processes described in Section 2.4.1.2. The procedure
starts by taking two delta functions, spaced a distance d in the z axis, as the basic structure
(usually known as generator in fractal terminology). Then, the generator is scaled by a
factor of three to obtain another structure composed by two delta functions spaced d/3. If we
apply the convolution operator to these two structures, we will have a set of four delta
functions located at the points of a Cantor Set constructed with only two iterations. It can be
seen that this convolution could be extended to an infinite number of terms to obtain the
complete set. That is, if we call f{z) the two delta function generator, the whole Cantor set

¢(z) can be written as

e(2) = f(2)* f(3-2)* F(9-2).. £ (3" -2)... 3.0

It should be noticed that this procedure can be carried out with a different generator
(with an arbitrary number of delta functions) and with a different scaling factor & instead of

&=3. In this case, we could define a generalized Cantor structure (hereafter Cantor array) as

follows

(2= X{r@a) 62)

n=—w

where X symbolizes the convolution operator. Here, the IFS generating algorithm has been
generalized to a GIFS algorithm (see Section 2.4.1.2 ) to allow growth to both smaller and
larger scales, which is accomplish by letting both positive and negative powers of the
scaling factor 8. Now, the array factor corresponding to ¢(z) can be written in terms of the

Fourier transform of the generator F('¥#) as

C(¥)=...8% - F(8*¥)-6-F(5 ¥)- F(¥)- F(Y;/ 2. F(Y; 7) = ﬁF(?’/(S”)

n=—wm

(3.3)
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where ¥ is defined as usual in array theory as ¥=kd-cosf +f3, being d the spacing of the
generator array, € the angle between the direction of propagation and the axis of the array,
and S the progressive phase-shift of the generator array. Now, a frequency change by a
factor of » implies a proportional scaling of both the ¥ parameter and the array factor C(¥#).
That is, C(%#) becomes

C(r¥)=...F(r89)- F(ry)- Fr# 8)-F(r¥| &)...Fr ¥ §') = f[F(rsr//é")

n=—x

(3.4)
If one takes the frequency shift » to be 57 then the array factor becomes
P A — - -7y — -
C(&"¥) -EF(&” st//é")_ﬂF( v/ & )-”QF( ¥/ &) =C(P) 3.5)

which implies that the array factor generated by the Cantor structure is a log-periodic (LP)

function with a log-period . That is, in logarithmic scale

Clog(log( SV)) = Clog(log(w) w2 22k lOg(é')) (36)

being p an integer. The main conclusion derived from (3.6) is that the infinite Cantor array
would have the same array factor at an infinite number of bands, which is a remarkable
property not shared by common uniformly spaced arrays. Before going any further in our
conclusions, we should point out some important facts. Firstly, that this would be a
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Fig. 3.1. Camtor Array based on the classical Cantor Set. The array has 128 elements and it is
constructed from a two element generator and a log-period §=3.
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multiband system, not a frequency-independent system, since Equation (3.6) only implies
that the behavior will be the same at several bands spaced by a factor of &, but it does not
imply a uniform behavior within each band. Secondly, this property would apply only to the
infinite array. Any implementation of such an array would necessarily limit its number of
elements, which will affect the multifrequency behavior of the system. Thirdly, the log-
periodicity applies only to the array factor, not to the antenna pattern.
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Fig. 3.2 Array factor for the Cantor array on Fig.3.1. The array factor is plotted for five operating
wavelengths: Ag=d/2 (a); A1=3g (b); L1=9 (c); L1=27Ag (d); A1=814 (e). It can be noticed the
similar lobe structure of the patterns at those frequencies.

In order to analyze the truncation effect, the array factor for a Cantor array
generated with only 7 iterations (27=128 elements) has been computed for several
wavelengths. The array is shown in Fig. 3.1 and the corresponding array factors Fig. 3.2.
The patterns on Fig. 3.2 present some interesting features. They look similar in the sense
that they show an alike distribution of the main secondary lobes, and that the SLR is kept
almost constant through the whole set of bands. Nevertheless, the patterns also show some
undesirable characteristics. First of all, the similarity properties are held only for a finite
number of bands due to truncation. Second, the patterns present very high secondary lobes.
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And third, the width of the main lobe increases as the frequency is reduced, increasing at
each band shift by a factor equal to the log-period of the array (in this particular Cantor
structure by a factor &=3), as a consequence of the corresponding reduction of the visible

range.

3.1.2 - Uniform generators and SLR protection

The problem of the high secondary lobes of the pattern is related to the lacunarity of
the fractal array (Fig. 3.3 and Fig. 3.4) A fractal structure is said to present high lacunarity
when it has large gaps between the different fractal substructures [1],[8]. In terms of the
array of Fig. 3.1 the gaps between sub-arrays are too large compared to the smallest
operating wavelength, which has been chosen to match twice the distance between two
elements of the smallest sub-structure. To illustrate this fact, the array factors in Fig. 3.4
correspond to another particular case of the generalized Cantor set. It is based on a
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Fig. 3.3 Cantor Array for 6=2.2, N=2, M=7. Notice the lower lacunarity with respect the classical
Cantor array (6=3, N=2) .

two-element generator as the array of Fig. 3.1, but has a log-period of §=2.2 instead of &=3.
The array generated this way is shown in Fig. 3.3, where one notices a gap reduction
between sub-structures, i.e., a lower lacunarity. The corresponding patterns show a smoother
shape and lower side-lobes than in the previous example, yet keeping the same interesting

similarity properties at frequencies spaced 2.2".

In order to analyze the effect of the lacunarity and the log-period in the pattern
conformation, we are going to particularize our analysis to the simplest case, i.e., Cantor
arrays constructed from an N-element uniform linear array generator. Such arrays are

constructed by means of a generator f{z) such as
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f(z)=ic5(z—nd+N_'l

n=l1

4) (3.7)

Therefore, according to Equation (3.3), the normalized array factor for a Cantor array
generated after A iterations with the above generator can be written as

35 sin(N%Pé")

H={——0—%

n=0 mnl =
Nsm( 5 é") G.8)

where N is the number of elements of the generator in (3.7) and & is the log-period. The
ratio /N is strongly related to the lacunarity of the fractal structure: the larger the ratio, the
larger the gaps among subarrays. Also, this ratio can be related to the fractal dimension D,
which can be calculated as [1].[2]
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Fig. 3.4 Array factor for the Cantor array on Fig.3.3. The array factor is plotted for five operating
wavelengths: dg=d/2 (a); Ay =2.20¢ (b); Ap =2.2%Ag (¢c); A3 =2.2° g (d); Aa=2.2*2g (e). It can be
noticed the similar lobe structure of the patterns at those frequencies, and the larger SLR with
respect to the classical array due to a lower lacunarity
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D= log(N)
"~ log(d) (3.9)

For instance, Equation (3.9) gives us a fractal dimension of D=0.63 and D=0.79 for the
cases presented in figures 3.1 through 3.4. In general, these two examples suggest that a low

lacunarity (small &/N) and large fractal dimension (D—1) are required for enlarging the
SLR.

3.1.2.1 - The classical uniformly spaced uniform amplitude array

The classical uniform amplitude array with a uniform element spacing can be seen

as a particular case of the Cantor array and is described here for the sake of completeness.

The case under study is now 6=N. Again, by taking the general expression in (3.8), we get

sin(N;/) sin(Nzgl) Sin(NMg) . sm(NMg)

Nsin(lj) N sin(N Z) Nsin(NM" f) NM sin(f)
2 2 2 2 (3.10)

which is the array factor for a uniform distribution of N elements. The construction of this

c(¥y) =

uniform array as a convolution of M uniform distributions at different scales can be seen
again as a particular case of the GIFS process described previously. The scaling parameter is
such that at each iteration, the separation between subarrays is equal to the spacing between
two elements of those subarrays. In this particular case, the array is no longer fractal and
loses some of their related properties, such as the self-similarity property. The uniform
amplitude, uniformly spaced array has a SLR around 13dB, regardless the value of the
parameters N and M.

3.1.2.2 - Optimum Lacunarity for SLR protection

We are now ready to analyze the relationship between the lacunarity of the fractal
structure and the SLR of the patterns for a more general case. As we pointed out in (3.3), the
Cantor array factors can be understood as a product of M sub-patterns at different scales.
Each time we convolve the structure with the next wider sub-array, the pattern is multiplied
with a compressed version of the generator's array factor. If § is made large enough, the
compression will be such that many grating lobes of the larger sub-arrays will appear within

the visible range. The limit case, as shown in Fig. 3.5, is given by the condition &N, i.e.,
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the uniformly spaced array just discussed. For this particular case the main grating lobe of a
sub-array is placed (in the ¥ domain) at the first null of the previous sub-array in the
iteration and thus becomes canceled. As a matter of fact, Equation (3.10) demonstrates that
the product of these two sinc functions results in a narrower sinc function as well and thus
the SLR is kept around 13 dB.
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Fig. 3.5 When 6=N, the Cantor array reduces to the uniformly spaced and weighted array. The main
grating lobe of the subarray falls at the first null of the larger array. The result is again the typical
sinc pattern of the uniform amplitude array.

The SLR degradation becomes specially important when the d/V ratio is made larger
than unity. The grating lobes appear within the main lobe of the previous array factor of the
iteration and, if such lobes fall near the maximum of this previous array factor, they will be
greatly enhanced. Figure 3.6 illustrates this fact. The log-period was chosen to be 12 while
the number of generating elements was 5 (i.e. §/N=12/5=2.4). The array presents a highly
lacunar distribution and consequently large secondary lobes. Such a phenomena was not
taken into account in [104] where only the power-law envelope of the pattern was
considered (which is valid for the lobes far away from the main lobe).

We can establish an upper bound to safely design fractal Cantor arrays without
increasing the side-lobe level above the one of uniform generator. By choosing a ratio
O0/N=1.2 (Fig 3.7 ) we place the first grating lobe at a ¥ point within the main lobe such that,
when weighted by the amplitude of this main lobe, it becomes reduced to the level of the
first secondary lobe (i.e., around 13 dB). Therefore, we could state that Cantor arrays should
be designed with a lacunarity ratio such that
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W(l.Z (3'11)

The array in Fig. 3.3 and its corresponding array factors in Fig. 3.4 are a particular
case of an array designed by following such a criteria. We should notice that the safe
lacunarity ratio just established only strictly guarantees SLR>13dB for large values of N
(for low values the digital sinc function deviates from the classical sinc function and has a
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Fig. 3.6 Highly lacunar array with large secondary lobes (6=12, N=5, M=3). The array factor is
plotted at the upper two bands to show its similarity properties.

SLR smaller than the asymptotic 13.46 dB). In fact the limit lacunarity ratio which prevents
a SLR deterioration depends on the number of elements of the generator as shown in Table
3.1 . However, for N>2 such a dependence becomes less significant and Equation (3.11) can

be taken as a rule of thumb when designing Cantor arrays.

N 2 3 4 5 6 7 8 9 10

IN 1.112 | 1.194 [1.207 | 1.214 | 1.217 | 1.219 | 1.221 | 1.222 | 1.222

Table 3.1.- Lacunarity ratio for SLR=13dB as a function of the number of elements in the generator

N).
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An interesting feature of Cantor arrays are their narrow main lobe with respect to
classical uniform arrays of the same number of elements. The main lobe width (full width at
half maximum) and directivity of the generalized Cantor array are plotted in Fig. 3.8 for the
broadside case. The same parameters for a classical uniform array (with the same overall
number of elements) are plotted for comparison as well. The Cantor arrays have been
designed by following the lacunarity ratio criteria such that their SLR is kept at 13.46 dB
(the asymptotic SLR of the uniform array). Both features are plotted as a function of the
number of elements in the generator (N) for several iteration numbers (M), such that the

number of elements within the array are the same for both kinds of arrays (i.e., NM).
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Fig. 3.7 Safe lacunarity for SLR control. The first grating lobe falls where the main lobe has the
same level as the first secondary lobe.

Even though the directivity is basically the same for both kind of arrays, the main-
lobe of the Cantor arrays is significantly narrower. This is mainly due to the larger extension
of the Cantor arrays with respect to classical uniform arrays. Although both arrays have
exactly the same number of elements and a uniform current distribution, the larger log-
period of Cantor arrays makes their whole shape longer than uniform arrays. On the other
hand, Cantor arrays present some larger gaps within its structure which enhances the
number of significant side-lobes; however, such lobes never exceed the level of those of the
classical uniform array due to the safe lacunarity ratio criteria that has been applied. Such an

increase in the number of significant side-lobes explains also why the directivity is not
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improved with respect the uniform array: the narrowing of the main-lobe is compensated by

the power density spreading in the side-lobe directions.

3B (deg.)

directivity (dB)

full beamwidth ot
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numberof generator elements (V) numberof generator elements (V)

Fig. 3.8 Main beam width (half width at half maximum) and directivity (right) for the generalized Cantor
array compared to a classical uniform array. Both arrays are broadside and have a minimum spacing of
d=A/2 between the closest elements.

3.1.3 - Non uniform generators for a further SLR protection

The development in Section 3.1.2 was based on a uniform amplitude generator.
Although this might be the optimal choice for directivity considerations, other shapes could
be essayed to improve the SLR. For instance, instead of convolving M uniform distributions
of different scales, M triangular distributions could be used. Since a triangular distribution
t(z) can be written as the convolution of two identical uniform distributions #(z), a triangular
Cantor array fc(z) could be generated as follows

M-1 M-1
te(z) = X #(z+ ") = X {u(z+ 6" yru(z 6")}

3 rd (3.12)
The corresponding array factor TC('¥) can be written now as
M M . M 2
reery=[]reeren=]](veess) =(]‘[ UCY/ 5"))
n=0 n=0 n=0 (3 1 3)

which implies that the SLR has been doubled with respect to the uniform Cantor set C('#).

Equation (3.13) also implies that the triangular Cantor array is equivalent to the convolution
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of two equal uniform Cantor Arrays, an alternative procedure for its construction algorithm.
The shape and the pattern of this triangular Cantor array are shown in Fig. 3.9.
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Fig. 3.9 Triangular Cantor (M=6,6=3, N=2) array (a) and its array factor(b). The SLR has been
doubled with respect the uniform case (Fig. 3.2).

Although this construction scheme may be useful for SLR improvement, it
introduces the inconvenience of non-uniform amplitude distribution of the elements. This
problem could be solved by substituting the triangular generator by a Cantor generator that

would approach the same basic pattern as it will be shown in Section 3.1.5.

3.1.4 - The Cantor Fishbone Antenna

A practical design for a Cantor array is explored in this section. A transmission line
is chosen to feed an array of short dipoles spatially arranged in a Cantor array configuration.
The transmission line feeding scheme is suggested because it provides a simpler mechanism
than feeding each element individually. Also, the traveling wave along the transmission line



3.1.-- Fractal Arrays 87

provides a progressive phase shift to the array elements that might enforce endfire radiation.
Actually, such an scheme is the same as that of the classical fishbone antenna [51]. The
fishbone antenna is composed by an array of identical linear dipoles, uniformly distributed
along a terminated transmission line. The matched load at the end of the transmission line
prevents reflection of the traveling wave, such that the convenient progressive phase among
elements is not distorted by a stationary wave configuration. Such a load makes the whole
antenna highly inefficient and the antenna is seldom used for transmitting purposes.
However, it has been shown to be very effective as a receiving antenna in discriminating
against noise [51].

The array dipoles are placed at the points of a Cantor set, constructed after 5
iterations (M=5) from a two-element generator (N=2). In order to prevent a high side lobes a
log-period &=2.4 has been chosen following the criteria established in (3.11). The dipoles
are short at all wavelengths such that their radiation pattern is kept constant through the
bands. This makes the whole antenna highly inefficient for transmitting purposes as just
discussed, but is the only way of keeping a constant element pattern through the five bands
(waiting for the development of fractal multiband antennas which is the topic of next
chapters). Bands are chosen as usual such that the minimum spacing between elements is a
half of the shortest wavelength.

A Method of Moments algorithm has been used to numerically simulate the Cantor
fishbone antenna. The algorithm is basically the same as the one used in Section 2.3.4.2 to
reproduce Carrel’s analysis of the log-periodic dipole array [46],[93]. That is, the
transmission line and the array of dipoles are considered as two multiport networks which
are connected in parallel. A sinusoidal current distribution is assumed for the short dipoles
to compute the mutual impedance matrix of the array, while the admittance matrix of the
feeding network (the transmission line) is basically that of Equation (2.68).
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Electric Field Pattern (E-planc)

Electric Ficld Pattern (H-planc)

Cantor Fishbone Antenna (M=5, §=2.4, N=2)
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Fig. 3.10 E-plane patterns of a Cantor Fishbone array at the five operating bands.

Cantor Fishbone Antenna (M=5, $=2.4, N=2)
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Fig. 3.11 H- plane patterns of a Cantor Fishbone array at the five operating bands.
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The resulting patterns at the five bands are plotted in figures 3.10 and 3.11 (£ and H
planes). It is interesting to notice that the lobe structure is basically the one described in Fig.
3.4, although radiation is directed to the endfire direction due to the progressive phase
introduced by the transmission line. Mainly the lobe structure is kept similar through the
bands in the same way it has been described for the ideal Cantor array. On the other hand,
the main-lobe widens at larger wavelengths, which is an inconvenient feature that could be
expected from the analysis of previous sections. Nevertheless, it should be noticed that the

main lobe widening is not as large as one could think at first glance (i.e. a §=2.4 factor): the

non-linear transformation from the ¥ domain to the polar 8 domain tends to expand further
the narrow lobes than the wider in such a way that roughly only 1.6 lobe widening factor
within bands is obtained.

band #1 band #2 band #3 band #4 band #5
E-plane Jv} : Xg} )<] ><C >€:

e e frequency
tplane | [ | Q >< B ===

Fig. 3.12 Cantor Fishbone array patterns at five operating bands (M=35, 6=2.4, N=2).

It is also remarkable that, although the smaller spacing between elements is d=4/2,

radiation takes place in only one of the two endfire directions (i.e. 8=0°). Such a behavior is
mainly due to the progressive phase introduced by the wave propagating along the
transmission line, and the non-uniform spacing among elements. This can be readily derived
from the array factor of a four-element fishbone Cantor array (with characteristic parameters

M=2, N=2, 52 .4) that can be written as

AF(G) (eJ" <Ay + + eJ“ <1+ [, + eJ/‘ A3+ p, i eJk i+ By ) (3 14)

being d; the distance of any of the four elements from the origin and f; the progressive

phase introduced by the transmission line, i.e., £ = —kd; . A uniform amplitude distribution



50 3.-Fractal Arrays and Array Factors

has been assumed since the dipoles do not significantly perturb the wave traveling along the

line due to its short length. If the center of the array is placed at the origin, the distances
become d;=-0.854, dy=-0.354, d3=0.354, d4=0.854, which leads to

AF(6)= %[cos(o.hr(cosﬁ ~1)) + cos(1.7z(cos 8 — ]))] (3.15)

that can be approximated as

1 =0
AF(H)z%[co{%(cosﬁ—l))+cos(?7”ﬂ(cosﬁ—l))]z 0 O=x
0 8=n/2 (3.16)

thus, it becomes apparent that the log-period §=2.4 is shown to be useful in both providing a

safe SLR level and a directional endfire pattern.

3.1.5 - Low Side-Lobe Arrays Based on the Cantor Set

The convolution GIFS algorithm we have been introduced for generating the Cantor
array can be further extended to non self-similar shapes. It has been shown that classical

uniform arrays can be constructed with the same algorithm when &=N. Similarly, other
positive real numbers for §<2 could be taken as the characteristic scale factor, in particular

any value within the range 1<8<2 (the case ¢<0.5 is the same as #>2). It is shown here that
the array loses its self-similarity properties (and its multiband behavior) in such cases,

however, they still appear useful for designing single-band, low side-lobe arrays.

3.1.5.1 - The binomial array as a particular case of the Cantor array.

The particular case &1 represents the convolution of M equal distributions. In this

case, (3.18) can be rewritten as

M
sin[N z)
c(y=| ——22

Nsin(—)
2 (3.17)
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The binomial distribution can be obtained thus, by taking a generator with only two
elements, i.e., N=2 and a log-period &=1. A larger number of elements in the generator will
implement a triangular distribution for A/=2 and a distribution that tends to a Gaussian shape
for increasing values of M (central limit theorem ). In this later case (NV>2), the SLR in dB
decreases linearly with the number of iterations, which is a convenient method for designing
low-side lobe arrays. Nevertheless, this method has a great inconvenient: the dynamic range
of the element amplitudes within the array is so large that small errors in the feeding
network change the weight of smallest elements, distorting the final pattern. However, a low

side-lobe, equal amplitude array can be obtained by slightly deviating the log-period & from
unity.

3.1.5.2 - Uniform amplitude, nonuniformly-spaced arrays for near-binomial
pattern design

The log-period & can be chosen in general to be any real number. Some values for
such a log-period have been shown to be specially interesting. For instance, we can generate
a pattern without any side-lobe based on the binomial distribution we described before
(&=1). Now let us take a generator with two elements and chose a log-period close to 1, for
example &1.1. We can expect this pattern to look very similar to the binomial pattern since
the expression for the array factor (3.18) will be almost the same. Nevertheless, there is a
fundamental difference between the shape of this array and the binomial one. In the &=1.1
case none of the elements of the M convolving subarrays overlap, thus having a final array

with a uniform-amplitude distribution over i non-uniformly spaced elements. The array
factor of this array is plotted in Fig. 3.14 , and the array structure in Fig. 3.13.

The main feature of this array is that, although the pattern is very close to the
binomial one, the amplitude distribution of the elements is uniform, which greatly simplifies
the feeding network. Furthermore, since the total number of elements is a power of two,
such a feeding network could be conveniently implemented by successive cascading of
symmetrical power dividers. A uniform current amplitude distribution through all the array
elements can be obtained by means of a combination of A/4 and A/2 transmission lines,
regardless of mutual coupling effects [51]. Also, it becomes apparent that this scheme could
be repeated to generate very close patterns to any of the family described in (3.17), but with
uniform distributions of elements. In particular, a large SLR self-similar triangular Cantor
array pattern could be synthesized by replacing the initial triangular generator by an

approximate array with a uniform current distribution.
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Fig. 3.13 Array element distribution for nearly binomial pattern conformation. It has been generated

The graphs in Fig. 3.15 can give us an insight of the main features of the Cantor
array just described. They show SLR, spacing between the two closest elements in the array,

and directivity versus log-period (&) for a Cantor Array constructed with a two-element
generator (N=2) of equal amplitude. In these graphs, &=1 corresponds to the binomial array
of 2M elements, =2 to the uniform array of M elements, and &=3 to the classical Cantor set
array of 2" elements. In Fig. 3.15(a) we can see that secondary lobes start to raise above -
30dB when the log-period is made larger than &=1.2. Thus, the criteria of choosing a log-
period 6<1.2 could be established for designing near-binomial array factors with very low
side-lobe levels. However, by looking at Fig. 3.15(b) we can realize that such an array
would have some elements within a2 minimum spacing below 0.15A and that can be a design
limiting factor. Thus, the designer could choose the proper log-period which satisfies the
SLR requirements (Fig. 3.15(a)) keeping a feasible spacing between elements (Fig. 3.15
(b)).
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The minimum spacing between elements converges to 0.54 when the log-period is made
larger than two (&>N), a most logical result if we take into account that in these cases the
convolving sub-arrays never overlap and the minimum spacing is always the distance
between elements of the smallest sub-array. Also, at some specific points the minimum
distance between elements becomes zero; at these points, some elements of the convolving
arrays overlap into a single element with a larger weight. And this is precisely what we try
to avoid: a non-uniform amplitude distribution between elements. Hence, Fig. 3.15(b) can
also be used in the design process to identify those undesireable log-periods which imply a
non-uniform amplitude distribution of the array elements.

| / \ binomial
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Fig. 3.14 Array Factor of a nearly binomial array with a uniform amplitude current distribution.

Another interesting feature of the array factor, the directivity, is shown in Fig.
3.15(c). It is remarkable that the directivity increases with the log-period until it reaches the
maximum value for &=2: the log-period corresponding to a uniform distribution, as we
discussed before. As usual, the price we pay for a large directivity is a poor SLR. On the
other side, it can be seen that the directivity can be improved by increasing the number of
iterations (M) we use to construct the array, parameter that has a low effect on the SLR
degradation, which mainly depends on the log-period. Thus, we can design an array with a
desired SLR by choosing the proper log-period (&) and increase the directivity by adding
more elements to the array by iterating the generating process a larger number of times.
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Fig 3.15. SLR (a), minimum spacing between elements (b) and directivity (c) for Cantor set based
arrays. All features are plotted for several iteration numbers as a function of the log-period é.
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Fig. 3.16 Design of a uniform amplitude low side-lobe (M=4, N=2, 6=1.385, SLR=25dB) array.

To illustrate the fractal design, figures 3.16 through 3.18 show a design example
using the graphs in Fig. 3.15 . A SLR larger than 25 dB suggest a selection of a log-period

<1.5 according to Fig. 3.15(a). Then, by looking at Fig. 3.15(b) we can see that the largest
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Fig. 3.17 Sensitivity to positioning errors (Gaussian error, 0=0.0252).
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minimum spacing between elements has a maximum for M=4 at a log-period &=1.385. With
these two parameters the array is fully characterized. The resulting array is plotted in
Fig. 3.16. The graphs in figures Fig.3.17 and Fig.3.18 show a sensitivity analysis of the
resulting pattern with respect to slight variations on the element position and weight. It can
be seen that the design keeps its main features for reasonable deviations from the nominal

value.
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Fig. 3.18 Sensitivity to feed network errors (Gaussian error, standard deviation 5%).
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3.2 - Fractal Array Factors

In the previous section a fractal analysis and design of several array factors has been
developed. Fractal element distributions have shown to be useful for designing low side-
lobe array factors with a uniform amplitude distribution of elements. On the other hand.
these fractal arrays have shown some interesting similarity properties at several
wavelengths. However, these similarity properties do not satisfy some requirements one
would desire for a truly multifrequency array: the directivity and the main-lobe width are
not held constant at each band. In general, one would like to have an array factor which had
the same shape at different scales to keep the same radiating parameters at several
wavelengths. This leads to the approach presented in this section: the design of fractal array

factors.

3.2.1 - Multiband behavior of Koch array factors

The patterns designed in this section are based on the family of self-similar Koch
curves [1],[4],[8]. The pattern construction algorithm is quite similar to that of such curves,
but they are modified to provide a functional form. The shape and the principle of work of

this kind of array factors is summarized in Fig. 3.19.
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Fig. 3.19 The Koch array factor. The curve keeps its similarity properties at 6 different scales
( 6 iterations, M=6). By adding a progressive phase f=kd the visible range is always centered
at a secondary lobe that has the same shape as the total pattern. The frequency change by a

Jactor 6=1/3 reduces the visible range around this similar sub-pattern.
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The main feature of this pattern is that each lobe of the curve is a scaled-down copy
of the whole pattern. When the array radiates at a longer wavelength, the visible range is
reduced and only a fraction of the whole array factor appears in the radiation pattern. Thus,
if we were able to design an array with an array factor like that on Fig. 3.19, and if we could
reduce the visible range around one of the secondary lobes, the resulting visible pattern
would be the same as the original one. The visible range can be centered to any arbitrary
point of the ¥ domain by adding a progressive phase /3, as stated in (2.49). It can be seen
that if we take such a progressive phase to be

B =kd (3.18)

the visible range will cover the interval {0, 2kd} at any frequency. Hence, for the particular
case of Fig. 3.19, a frequency reduction by a factor of ( 1/3)n would reduce the visible range
around a secondary lobe which has the same shape as the whole pattern. In other words, we
would have an array factor with the same radiation parameters for a set of bands spaced a
factor of 1/3. It is also interesting to point out that, although the progressive phase in (3.18)
is usually intended for endfire arrays, the Koch patterns are here designed to radiate in the

broadside direction.

It should be noticed that, although the arrays just described would have a similar
radiation pattern at several bands, the pattern magnitude is reduced when the operating
wavelength is increased. That means that for the same current distribution, the electric field
intensity is reduced at lower bands, or in other words, neither the radiation resistance nor the
radiation efficiency are held constant through the bands. This is an intrinsic constraint of
such an array design which should be faced in the physical implementation of the array.

3.2.2 - Analysis of the array element distribution

Once the fractal array factor has been defined to have a multiband behavior, its
relative current distribution among elements should be derived. Such a distribution can be
numerically derived by taking the Inverse Fourier Transform of the Koch array factor. The
result, shown in Fig. 3.20 in a semilogarithmic scale, indicates that the magnitude of the
relative current distribution has a 1/|z| shape, which is a self-affine function as shown in
Section 3.2.4.
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Another important issue concerning the computed array structure is that it is defined

for 35=729 points or elements. This quantity comes from the design of the Koch curve itself,
which needs a minimum of N points to achieve the desired degree of detail

)ucratrom' 554

N =(log - period (3.19)

The number M of iterations we use to construct the curve determines the number of times
the curve will look similar under a & factor scaling transformation. In other words, M is the
number of bands or log-periods in which the array will have a similar pattern. Hence, there
is a trade-off between the size of the array and the number of operating bands. Of course,
here arises what can be an intrinsic inconvenient of these arrays: the number of elements

grows exponentially with the number of log-periodic bands. Thus, a method to reduce this
number should be essayed before going any further.
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Fig. 3.20 Magnitude and phase of the array elements that conform the Koch patiern on Fig 3.19. The
current magnitude has a hyperbolic like shape.

3.2.2.1 - Reducing the number of elements: array truncation

All different Koch patterns that have been analyzed [87](see some Fig. 3.28) have the
common characteristic of concentrating the most important current contribution around the
central element. Also, all relative current distributions have shown to decay near the tips of
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the array. Hence, one could think that the number of elements could be reduced by merely
truncating the array at its tips thus keeping only the central part. Figure 3.21 shows the result
of truncating the array of Fig. 3.20 from 729 elements to only the first 84 around the
maximum.
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Fig. 3.21 Truncation of the Koch array to the central 84 elements (a). The resulting patterns
only keep similarity properties up to four bands at wavelengths Ag=d/2 (b); A1 =3¢ (c);
A2=9¢ (d) and A3 =274 (e).

It is clear that the truncation in the spatial domain has low-pass filtered the patterns
reducing their degree of detail. As a result, the pattern looks only similar at four different
scales (four different bands), which is understandable if we take into account that (3.19)

implies that the curve for only 4 bands could be defined with 3=81 elements. A deeper
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analysis of the Koch array structure will help in both understanding its behavior and
reducing the number of elements.

3.2.2.2 - Analysis of the array element distribution for Koch-pattern
conformation

A key point for understanding the array current distribution derived from the fractal
patterns is the Koch-pattern construction algorithm itself (see Fig. 3.22) . Let us take a
periodic pulse train in the spatial-frequency domain ¥ and scale its width by a factor d and
its amplitude by a factor of ad. After iterating this scheme M times, the M resulting patterns
are then added, obtaining a Koch pattern like that on Fig. 3.19 . In particular, for the pattern
on Fig. 3.19, a rectangular pulse, a log-period =3, and an amplitude factor o=1 was chosen

for generating the pattern with A/=6 iterations.
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Fig. 3.22 The Koch patterns can be constructed by adding several pulse trains at M different scales.

The analytical expression for each generating pulse train can be written as

F(¥p Y8 #-n¥) (3.20)

n=-=

where F(¥) is the single pulse function, which in general could be taken to have any
arbitrary window shape, and ¥7is the period of the pulse train. From (3.20), the analytical
expression for the Koch pattern K(¥) after adding the M scaled pulse trains is
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K(¥)= ZF(5”Y')*{

p=0

Z (¥-n } (3.21)

n=-coc

Again, for the Koch-pattern on Fig. 3.19, the reduction factor was chosen to be a=1, i.e., no

extra reduction or magnification was applied. Several combinations of ,d and M are
essayed in the arrays of Fig. 3.28. A rectangular generating pulse is chosen on the first three
examples, and a Blackman window on the last one. Once an expression for the Koch pattern
has been derived, an expression for the Koch array element distribution 4(z) can be easily
found by taking the Inverse Fourier Transform of (3.21).

1 z 1 <
—fl = |-1— z—n-d-&8 322
ﬁf(ép){a";f( )} ==
The train of delta functions in (3.22) samples the current distribution at the discrete set of

points z = n-d - 6" where the array elements are located. Hence, taking into account that
¥ =kd =— (3.23)

one can write

= M'{( ],, S £(nd)-&z—n-d- 5P)} (3.24)

27&2’ p=0

n=-=x

which gives an insight into the shape of the resulting array: the Koch array is a
superposition of M arrays that have the same element distribution but a wider spacing
between elements, depending on the iteration stage to which they belong (Fig. 3.23). That is,

the elements are uniformly spaced within the same array, but the spacing changes at each

sub-array by a factor 6” . When the arrays are added, some elements might fall at the same
position as other elements from the other arrays; in such a case the result is a single element
whose weight is the sum of the weights of all the elements that would fall at that point. In
particular, it can be seen that all the arrays have a common element at

z=n-d.-6"" (3.25)
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Fig. 3.23 Construction of a Koch array as the superposition of M arrays of equal shape but
different scales.

Equation (3.24) can give us an insight on the power-law shape of the current
distribution that generates the Koch pattern in Fig. 3.19. For this particular case, the squared

pulse generator has an inverse transform

sin(—”—z)
f(2)= &P (3.26)
nz

which give us the shape of all the M sub-arrays that conform the Koch array. The weight of
each element can be easily found by sampling (3.26) at z = m-d. It can be seen that for the

case we have been studying (53)

{5
sin| —m
3 |

= 327
md 1 (327)

-

—ﬁ s m# 3"
27d| |m|
|f (md)| =
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which is, in absolute value, a power-law (hyperbolic) function of the index element m.
Another important property can be seen if we realize that (3.27) is null for those m such that

m=¢35" (3.28)

being W an integer. From this property, we can conclude that all the sub-arrays contribute
on the weight of the central element, but that they do not overlap at any other point since the
nulls of each array is filled by an element of an array corresponding to the next iteration
stages, Therefore, the global array obtained after M iterations can be seen as an array
composed by interleaving the elements of M-equal arrays at M-different scales. The result
for the particular case &=3 and a squared pulse generator, is an equally spaced array with a
hyperbolic distribution of the element- current magnitudes (Fig. 3.24).

Relative Current

Fig. 3.24 Construction of the Koch array with §=3. M hyperbolic arrays at M different scales are
superimposed. The resulting hyperbolic pattern can be seen as an spatial interleaving of the different
array elements.



3.2- Fractal Array Factors 105

Two important conclusions can be derived from the analysis of the generalized
Koch array k(z) and the particular case we have just studied. First, the shape of the M-
superimposed sub-arrays depends on the shape of the pulse generator. Second, the
superposition of the sub-arrays might result in the confluence of many elements in a single
location or might result into an interleaving of the elements. As we show in the following
subsection, both conclusions will help in the reduction of the number of elements of the
Koch array.

3.2.3 - The Blackman-Koch array factor

Since the array current distribution is basically a superposition of the inverse
transforms of the pulse generator, we should choose a pulse generator with a low side-lobe
level transform to allow a better truncation of the Koch arrays just shown. The Blackman
window is characterized for having low side-lobes in the transformed domain [108].
Therefore, one could chose a train of Blackman pulses to generate the Koch patterns instead
of the rectangular ones. The results of applying such a technique are shown in Fig. 3.25
through Fig. 3.27.

Blackman-Koch Pattern - M=6 0=4 §=3 Blackman-Koch Pattern - M=6 0=4 §=3
0 — :
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Fig. 3.25 The Blackman-Koch pattern. The main construction parameters are M=6, 5=3 and

a=4. The reduction factor a=4 has been chosen here to improve the SLR with respect to the
previous case on Fig.3.19.

It can be noticed that the pattern results in a smoother shape that keeps the same
similarity properties of the Koch array factor of Fig. 3.19 (see Fig. 3.25). The main
advantage of this pattern is that the array relative current distribution has lower side-lobes
and a better confinement around the central elements (Fig. 3.26(a)). Thus, it seems that the
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array simplification will be much easier in this case. The logarithmic plot of the current
distribution reveals some important isolated current peaks well beyond the center of the
array. One should expect a significant contribution of these isolated elements to the global-
pattern conformation. Thus, instead of just truncating the tips of the array, a threshold level
can be set to discern which elements are important in the pattern synthesis and which are
not. The result is the simplified array of Fig. 3.26(b) . It can be seen (Fig. 3.27) that,
although the array has been simplified to only 75 elements (as opposed to 729), it keeps its
self-similar behavior at five bands through a whole 81:1 frequency range, with a lower
degree of pattern distortion with respect to the rectangular pulse case.

(a) 729 elements (b) 75 elements
0. : 1 0. ‘. |
o 20 | -20| “ .
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& -60. l 60| ‘ 1
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Fig. 3.26 The Blackman-Koch array: current distribution, logarithmic scale (a). Current distribution
after truncation to 75 elements (b).

The resulting array is no longer a uniformly-spaced array since the main 75 current
elements are not placed together near the midpoint of the array. Thus, some elements are
placed further from the origin than in the truncation scheme which means that faster
variations will appear in the dual domain (the pattern domain). This explains why this
scheme can better keep the multiband behavior in a larger number of bands than the
truncation scheme: the further the elements are placed form the origin, the finer will be the
resulting lobe structure which will allow the pattern to keep the same shape for a further
reduction of the visible range.
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Penta-band 75-element Blackman-Koch array array factors
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Fig. 3.27 Resulting Blackman-Koch patterns after truncation to only 75 elements. The array factor is

plotted for Ag=d/2 (a); A1 =34¢ (b); 22=9 (c) ; A3 =27 (d) and 23 =814 (e). Notice the low

degree of pattern distortion (5 bands) as opposed to the patterns on Fig.3.24 (4 bands).

3.2.4 - Self-similarity and self-affinity in spatial and spectral domains

The goal now is to gain an insight into the array properties that make its pattern self-

similar. A structure is said to be self-similar if its shape and size remain constant under a

change of scale, while it is said to be self-affine if the structure keeps only its shape, but not

necessarily the same aspect ratio, after the scaling process. If we use those definitions to

characterize mathematical functions, we could state that a function is self-affine if
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F2=81(%) (3:29)

where Jis the scale factor and £ is a real number. If £=0, then the scaled function is equal to
the original one, having thus, a self-similar function. The infinite Koch patterns designed in

Section 3.2.1 show a 1/3 reduction on the amplitude when expanded by a factor of 3. Hence,
they can be seen as particular cases of (3.29) for 5=3 and f=1. It can be easily seen that a
function that held property (3.29) would have a Fourier transform F('#) such that

F(?f)=8“*‘~F(5-7f)=5’-F(%) (3.30)

which has been conveniently reduced to (3.29) by properly defining the parameters & = &'
and f =—(f+1). That is, the spectrum of a self-affine function as defined in (3.29), is also

a self-affine function. Examples of functions satisfying (3.29) can be easily found in power

law functions since

fm:zvl 1 B (3.31)
v b = =y 3:
H7)=5==5r@
fm:i = B (3.32)
15 2 = =-v 3
75)=5"-Z=61)

We saw in Section 3.2.2 that the Koch pattern had a power-law (hyperbolic) shape
for the magnitude of the current distribution. In that case properties (3.29) and (3.30) do not
strictly apply because the fractal pattern is truncated and repeated periodically, resulting in a
sampled version of a hyperbolic function. However, most of the analyzed fractal patterns
seem to be generated by structures that result from interleaving power-law self-affine
functions. Fig. 3.28 shows several configuration of Koch patterns and their corresponding
array distributions in a log-log scale. Again, ¢ is the log-period or band ratio, M is the

number of iterations (and the number of bands), and ¢ is the amplitude weight factor that
adds an extra degree of freedom in the pattern design as discussed previously. Only the half
right-side of the array current distribution is displayed since it is symmetrical around its
central element. The linear shape of the current distributions suggest such an interleaving of
power-law sub-arrays, which provides their self-scaling properties and thus their multiband
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Fig. 3.28 Koch patterns are conformed with arrays constructed by interleaving hyperbolic
distributions.
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behavior. We should stress that feature is quite different from current frequency-
independent antennas or arrays. Such antennas are based on an active region of the antenna
that changes its size with frequency. On the contrary, the fractal arrays introduced here
assume a current distribution that does not change with frequency but have a scale-

independent shape.

3.2.5 - The Weierstrass array

Weierstrass functions are among the best known, non-differentiable fractal
functions [14],[136]. The classical bandlimited Weierstrass function w(z) is given by [14]

Ny
w(z)=w, Z5<D'2)" cos(27k,6"z + 6,

n=N,;

—~
(W8}
(O8]
(98]

S’

being & an scale factor (&1), koo M the fundamental spatial frequency, w, and arbitrary
constant, D the fractal dimension of the function (1<D<2) and g, the phase of the spatial
harmonic (which is usually taken as a random distribution on [0,27]). When an infinite
number of harmonics is taken (Ny——c0, Ny—0) all of them with a null phase, w(z) becomes
a self-affine function which holds (3.29) with f/=2-D. Hence, it has also a self-affine Fourier
transform. Its power spectral density function is of the form

N,
P(¥)=P, ;&“"'2)"[5(‘1' —k8")+ (¥ +k,5")] s

which is quite similar to the power-law arrays described for the Koch array factors. In
general, (3.33) could be extended to other bounded periodic even functions g(z) such as a
generalized Weierstrass function #(z) could be defined as [136]

W(z)= %ié'w"z)"g(é"z)

n=]

(3.35)

It is apparent that such generalized Weierstrass function could be used for
synthesizing fractal arrays and patterns with self-similarity properties as well. As a matter of
fact, X. Liang et al. [136] have recently described some scaling properties of a circular array
based on (3.35). Such an array is actually an array of concentric ring arrays of radius
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a, = 0" (3.36)

with a power-law function relating the relative current amplitude /, among the concentric
arrays

L =T 5% (3.37)

All rings are densely composed by a large number M of equally spaced elements lying on

the xy plane. By defining #as
Y = ka, sin@ ‘ (3.38)

the overall array factor W('¥) can be written as [136],[79]

.
(W)= 1,5 Jo(¥5")

n=1

(3.39)

being Jy the Bessel function of the first kind and zero-order. The array factor is thus a
particular case of self-similar Weierstrass function, provided that Jj is almost periodic for
large arguments.

The similarity properties of the array factor W('¥) are shown in Fig. 3.29. It displays
the array factor of a concentric ten-ring array having a fractal dimension D=1.9, and a
characteristic scale factor 6=2.34. The array factor is plotted at five operating bands
logarithmically spaced by J. While a scale factor of 10 is used in [136] to compare two
scaled array factors, the characteristic factor J is taken here because the agreement among

patterns is better at frequencies such that f,=£,6" .

The alike behavior among bands becomes clear in the plot. However, it should be
noticed that the vertical scale used in Fig. 3.29 changes from band to band. Such a scaling
becomes necessary to get the perfect agreement among bands. This fact becomes clearer
when looking at a horizontal logarithmic plot of the half right side of the array factor (Fig.
3.30).



112 3.-Fractal Arrays and Array Factors

The array factor has a log-periodic distribution of lobes which makes possible the
similarity among bands when the visible range is compressed around the origin. However, it
is apparent that a constant field level should be subtracted from the pattern (which is what is
has been actually done in Fig. 3.29) to keep similarity. Actually, such a kind of behavior is

the same one obtains if the visible range is contracted by a factor of § around the main-lobe
in any of the Koch patterns described in sections 3.2.1 through 3.2.3. Obviously, neither the
directivity nor the SLR would be kept constant in this case. A possible solution to this
problem would be controlling the current amplitude of the central element of the array. By
subtracting the proper amount of current amplitude to such a central element, the DC field
level could be adjusted in the pattern domain to achieve the desired behavior through the
bands. In the case of arrays with no central element, which is actually the case of the
concentric ring array, an additional central element with an adjustable negative current

amplitude level would be required.

Fractal Ring Array Factor
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Fig. 3.29 Weierstrass array factor from a fractal concentric ring array (D=2, 6=2.34, M=10). The
patterns correspond to the five upper bands Ay=d/2 (a); ] =62y (c); A2 =& A0 (¢); /13=53A0 (d) and
A4 =¢)4 A (e). Notice the variation on the vertical axis scale.
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Fig. 3.30. Logarithmic plot of the half right side of the array factor of Fig. 3.29(a). Notice the

10-2
log(‘¥/ka,)
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similarity among lobes which, however, are located at different levels (self-affinity).
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3.3 - Conclusions

A novel approach to the design of frequency independent radiating systems has been
presented in this chapter. Fractal structures are used in the design because of their self-
similarity properties. The effort has been focused in describing a technique to design low
side-lobe and multiband arrays, which has always been difficult due to the sensitivity of

most current design techniques to variations on the operating wavelength.

Two main approaches have been followed in sections 3.1 and 3.2 respectively: the
placement of the array elements on a fractal set of points (the Cantor set), and the design of
array factors with a fractal (Koch) shape. Although the Cantor arrays have shown to have
similar patterns at several bands, some important properties such as main-lobe width and
directivity are not held constant through the bands. On the other hand, such structures have
shown to be useful to synthesize low side-lobe patterns with uniform amplitude current
distribution arrays. Some design rules have been established for synthesizing uniform
amplitude arrays with a nearly binomial shape taking into account minimum spacing among
elements and directivity constraints.

The Koch array factors designed in Section 3.2 do keep the same directivity, lobe
structure and SLR at each operating band. A Koch pattern designed by using a Blackman
window generator can be conformed with seventy-five elements, resulting in an array factor
that would operate at five bands, covering a total 81:1 frequency range. Such an array would
present a multiband behavior rather than a frequency independent behavior and its radiation
resistance is not held constant through the bands. The current distribution that would
generate such a pattern can be seen as an interleaving of power-law arrays, which present

some interesting self-similarity properties as well.

The similarity properties of Weierstrass array factors have been also discussed. The
example of a fractal concentric circular array shows that such arrays can present a multiband
pattern, provided that a proper amplitude correction on the central element of the array is

done.

Any practical implementation of the fractal multiband arrays and array factors

would require multiband antenna elements. This issue is covered in next chapters.



4. On the Behavior of the
Sierpinski Antenna

ractals have shown to display some interesting self-similarity properties which might
Fprovide multifrequency features to radiating systems. Some theoretical aspects upon
this issue were investigated in Chapter 2, while a first design approach to multiband fractal
antenna arrays has been introduced in Chapter 3. The present and next chapters deal with the
design of fractal antennas. Both experimental and numerical results are presented to
describe the operation of some fractal antenna prototypes.

4.1 - Multiband features of the Sierpinski monopole

The triangular Sierpinski gasket was chosen as the first candidate to explore the
multiband properties of fractal antennas. Several reasons led to that choice. First of all, its
behavior can be readily compared to the well known [67]-[69] triangular (bow-tie) antenna.
Second of all, its overall triangular shape provides a convenient way of feeding the antenna
structure through one of its apex. Given the self-similarity property of its shape, one could
expect electromagnetic waves traveling from the apex to the tips becoming radiated by the
smaller subgaskets when the wavelength properly matches any gasket size. One could
assume that for a particular wavelength, smallest details (i.e., the small fractal iterations)
could not be resolved by such waves and thus not significantly contribute to the overall
performance of the antenna. Analogously, if the traveling waves become efficiently radiated
in some part of the antenna, the rest of it could become effectively disconnected such that
the larger scale would not contribute much to the radiation process either. This way, only a
finite range of scales would intervene in the antenna behavior. Since such a range is
available at several sizes within the antenna structure, a similar performance among the
wavelengths matching such sizes should be obtained, yielding this way, a multifrequency

operation.
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4.1.1 - Input impedance and return-loss

Several prototypes of Sierpinski monopoles were constructed and tested
[89],[93],[95].[96] the first of them being a four-iteration structure (Fig.4.1) of thin
triangular copper plate properly welded together to conform the antenna shape [93]. The
standard printed circuit technique has been shown to be the easiest and most reliable method
for constructing the antenna. Applying such a technique, a five-iteration gasket was single-

side printed on a standard microwave Cuclad 250 GT substrate (dielectric permitivity

£=2.5, thickness #=1.588 mm) to provide a stiff support to the thin copper antenna shape.

Fig. 4.1 The prehistory of fractal antennas: the Sierpinski monopole first prototype.
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The printed structure was mounted over a 80 X 80 cm’ aluminum ground plane and
fed through a 50Q coaxial probe. The monopole configuration was chosen because it
provides a simple way of feeding the antenna and avoids using a balun transformer. Since
the main goal was investigating the input impedance behavior through a very large
frequency range, a broadband balun would had been necessary for a dipole configuration.
Although some schemes have been already described for designing broadband baluns
[45],[70], a proper deembeding algorithm should be applied to subtract the balun effect from
the measured input impedance and thus derive the true fractal antenna performance.

80 cm

Fig. 4.2 The Sierpinski monopole (five iterations). Each subgasket (circled) is an scaled version of the
whole fractal shape.

The 8.89 cm tall fractal monopole (Fig. 4.2) was measured in an HP-8510B network
analyzer in the 0.05 GHz - 16 GHz frequency range. Also the antenna was numerically
analyzed both using an FDTD algorithm [94],[113],[114] (see more details in Section 4.2.3)
running on a Connection Machine (a CM-200 at the CEPBA! and a CM-5 at the CNCPSTz),

" CEPBA is Centre Europeu de Paral.lelisme de Barcelona.

2 CNCPST is Centre National de Calcul Parallele en Sciences de la Terre in Paris.
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Sicrpinski Monopole - Input Impedance and Return Loss
0: : > T

Reul(Zin) Q

(9]

imag(Zin)

4 5 6 78910
Experimental ——

FDTD S
DOTIG4 - - -

Fig 4.3 Input reflection coefficient, I'in, relative to 5082(a), input resistance Rin(b) and input
reactance Xin(c) of a five-iteration Sierpinski monopole.

and the DOTIG4® software package running on a Sun Sparc workstation. The input
resistance R;, and reactance Xj,, together with the magnitude of the input reflection

coefficient I, relative to 5082 (also named the input return loss Z,) are plotted versus a
logarithmic frequency scale in Fig. 4.3.

* The DOTIG4 simulation is a courtesy of Dr. Rafael Gomez from the University of Granada.
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The multiband behavior of the fractal antenna is precisely stated in this plot. Five
log-periodically spaced bands are clearly distinguished in all three parameters. Experimental
and numerical results are in a good agreement and both yield to such a multiband behavior.
To show the manifest agreement among experimental and numerical results a proper linear
phase correction has been applied to the measured input reflection coefficient. Such a
correction (which does not perturb the measured return-loss characteristic) is necessary due

to the non-ideal point-like feeding source in the experimental setup.

While a point-like source can be theoretically placed at the antenna apex in the
numerical simulations, the finite SMA-connector size can not be avoided in the real antenna.
Nevertheless, the results show that the effect of the non-ideal terminal region can be simply
modeled by a short piece of a 50Q transmission line of length d, which only introduces a
reference plane displacement on the measured input impedance. Such a length was

empirically adjusted by shifting the input reflection coefficient reference plane as
I, =T,e/ % (4.1)
until the best agreement was found.

The Sierpinski monopole is well matched (VSWR<2, L,<9.5 dB) at five bands
because the input resistance approaches 50Q where the input reactance becomes negligible

(odd resonances). The main features of regarding the band locations, width and spacing are
described in Table 4.1.

w bandn®) | fa (GHo) | BW (%) | L, @) | Judls | hih,
1 0.52 7.15 10 3.50 0.153
2 1.74 9.04 14 2.02 0.258
3 3.51 20.5 24 1.98 0.261
4 6.95 22 19 2.00 0.257
5 13.89 25 20 - 0.255

Table 4.1. Main parameters of the measured Sierpinski monopole

The five bands frequencies (fy) are picked up at the lowest input return-loss points
(band number in column 1, frequencies in column 2). The third column describes the
relative bandwidth at each band for VSWR<2; the fourth one the input return-loss; the fifth
one represents the frequency ratio between adjacent bands, and the sixth one the ratio
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between the height (4,) of the five subgaskets (circled in dashed lines in Fig. 4.2) and the

corresponding band wavelength (4,,).

It is interesting to notice that the bands are log-periodically spaced by a factor of
=2, which is exactly the characteristic scale factor that relates the several gasket sizes
within the fractal shape. The number of bands is directly associated with the number of
fractal iteration stages, which indicates that one could freely design the number of operating
bands by properly choosing such a construction number. The antenna performance is kept
similar through the bands, with a moderate bandwidth (~21%) at each one. From the band
location and the height to wavelength ratio numbers, an empirical design equation for the
Sierpinski monopole can be derived

c "

where ¢ is the vacuum speed of light, % is the height of the largest gasket (i.e. the whole
antenna) and J is the log-period (&~2). The bands are slightly deviated from those reported
in [89], where 4/A~0.29. This is related to the thicker substrate (4#=1.588 mm as opposed to
#=0.127 mm) and its higher permitivity (&§=2.5 as opposed to &=2.17), which makes the
whole antenna structure appear slightly longer [65],[66].

A significant deviation from the log-periodic behavior can be stated at the first
band. Neither the bandwidth and return-loss, nor the spacing with respect the next band is
kept similar to the rest of the bands. Such a phenomena can be mostly related to the
truncation effect; the largest gasket (the overall structure) lacks of larger fractal iterations
breaking this way the symmetry with respect to the central bands. To get a deeper insight on
the antenna behavior and the truncation effect, the antenna is compared in Section 4.2 to a

classical Euclidean triangular antenna through numerical and experimental results.

4.1.2 - Radiation patterns

A truly multiband performance can not be solely stated from the antenna input
impedance behavior; the agreement among bands has to be proved too. While in many
antennas usually the bandwidth constrains come from the input impedance rather than from
the radiation patterns, here the whole frequency range is very large (1:8) and the agreement
among patterns can not be assumed. The antenna is about 4 wavelengths long at the highest

bandwidth and one could expect many grating lobes appearing within the visible range,
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similarly to what is found in common antennas (an example of the increase of the number of
grating lobes with frequency for a common monopole has been already shown in Fig. 2.19,
Section 2.2.2.2).

The full radiation patterns of the Sierpinski monopole, measured at the minimum
VSWR frequency points, are shown in Fig. 4.4. It becomes apparent that their main features
are kept similar through the bands: a two lobe structure with some tendency to enhance
radiation in the x direction. Such a propensity could be expected if one takes into account that
the antenna is planar and displaying the larger extension in the yz plane, orthogonal to the
maximum direction. The antenna is basically linearly polarized in the € direction, with an

average

band %2 oanc#3

(o ¢ T e}

<3 oth €0

Fig. 4.4. Radiation patterns (E, component) of the Sierpinski monopole at the four upper bands. The
patterns have been measured at VSWR minimums.

cross-polar ratio around 20 dB in the maximum direction. The valley between the main two
lobes is kept approximately at 30° at all wavelengths. The patterns also display a minimum
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along the longitudinal direction (z axis), which could have been anticipated from the

antenna geometry as well.

Beyond the overall similarities the patterns exhibit some disagreements among
bands too. Mainly, the lobe closest to the zenith tends to display a higher ripple for
increasing frequencies. One could link such behavior to the non multiband performance of
the finite ground plane; the currents flowing over it can become reflected at its edges
resulting in a standing wave distribution which would have the most important
contribution to radiation along the plane’s orthogonal direction. Since the square plane is
not self-scaleable, its size relative to wavelength is larger at the upper bands, resulting in a
interference pattern with faster variations which might explain the pattern ripple at the upper
bands. Also, the expected null in the z-axis direction is hidden by the contribution of the
antisymmetrical mode of the ground plane to the overall radiated power [51] .

A more detailed view of the antenna frequency behavior is displayed in Fig. 4.5 and
Fig. 4.6 .The main cuts (front-to back ¢=0°, left-to-right ¢=90° and azimuth 6=90°) are
displayed for both the E, and £, components with a 30dB dynamic range. All cuts are
normalized with respect to the absolute pattern maximum, and two cuts are shown for each
band: the cut at the VSWR minimum and the cut at the band edge. It is interesting to notice
that the multiband behavior appears even more clear near the band-edge, at frequencies 2, 4,
8 and 16 GHz. The E, component is almost negligible everywhere except for the @=90° cut
at the upper bands. Such an increase of the crosspolar component could be explained
through the thickness of the antenna substrate (#=1.588mm) which becomes barely one
tenth of a wavelength at the highest frequency. A surface wave similar to that of thick
microstrip antennas [73],[116] can be trapped within the substrate and become radiated at
the antenna’s edges. Anyway, such a crosspolar component should be related to the antenna
behavior rather than to a parasitic ground plane effect, since the shape of the pattern is kept

constant through the bands for this component as well.
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4.2 - Comparison with the Euclidean triangular antenna.

A deeper understanding on the antenna performance can be gained through the
study of the Euclidean mate of the fractal Sierpinski antenna. The triangular (bow-tie)
antenna was developed as a natural approach to the conical antenna. Featuring a convenient
planar form, it was expected that the triangular shape presented a broadband behavior since
it is ideally a shape only defined by angles. However, the results where discouraging since
the truncation principle was not held, similarly to what happened to the conical model, and a
frequency-independent behavior was not supported by the antenna. A thorough
experimental study of the bow-tie antenna was carried out by Brown and Woodward in [67].

4.2.1 - Input impedance and Return-Loss

Five copper bow-ties of the same size (8.9 cm, 4.45 cm, 2.23 cm, 1.11 cm and 0.55
cm) as each one of the gaskets on the Sierpinski antenna (circled in dashed lines in Fig. 4.2),
were measured to compare the results between the fractal and the Euclidean shape. The
input return loss (L,) of the six antennas are shown in Fig. 4.7 . While the fractal antenna
features a log-periodic band distribution which follows the law in Equation (4.2), the
measured bow-tie antennas have a harmonic (periodic) distribution of resonant frequencies
which can be described by the following rule

2
£, =(017+ 0.44n); (43)

being n the frequency number and % the height of the triangle. These results basically agree
with those of Brown and Woodward [67] who measured, from a thinner bow-tie, a first
match at 0.194¢/k and a second one at 0.43¢/k from the first (a broader frequency range is
shown here since the results in [67] only showed the performance for the first two match
frequencies).

The second match of the bow-tie antenna is always better than the first one
(L~>15dB as opposed to L, =8dB), which might suggest that it can have a more significant
effect on the Sierpinski behavior. Thus, if we assimilate each of the lowest subgaskets to a
bow-tie, the Sierpinski bands could correspond to the second one of the triangular antennas.
The frequency shift towards the origin experimented by the fractal antenna resonances with
respect to the ftriangular ones can be related to the capacitive loading of the upper
subgaskets. Such a capacitive loading becomes enhanced by the dielectric substrate bearing
the fractal structure.
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Fig. 4.7 Input return-loss (relative to 5082) of the five bow-ties scaled as each one of the five
subgaskets on the Sierpinski monopole (from top to down 8.9cm, 4.45¢m, 2.23cm,1.11em,0.55¢m).
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The truncation effect appears clear now: the first Sierpinski band is located at the
same position of the first bow-tie resonant frequency because the largest gasket lacks of
larger iterations to follow the log-periodic rule. Being the antenna height less than one sixth
of the operating wavelength, the holes within the fractal structure have a negligible
contribution to radiation and the antenna behaves basically as if it were an Euclidean

triangular one.

One could think that the triangular antenna also features a multiband behavior, with
a periodic rather than log-periodic distribution of bands. However, each matched frequency
on the bow-tie antenna corresponds to a higher order mode with a rather different current
distribution. As it is shown in the next section, the radiation pattern is not held through the
bands and a truly multiband behavior is therefore not supported by the antenna.

4,2.2 - Dipole radiation patterns

To properly distinguish the real influence of the Sierpinski structure on the antenna
radiation patterns, a Sierpinski dipole was constructed and measured. The antenna was fed
by means of a coaxial tapered balun similar to that described in [70] to balance and match
the dipole through the whole 1-16 GHz frequency range (see Fig. 4.8). Both arms of the
antenna were printed on the same substrate used in the monopole. The measurements where
carried out in a roll over azimuth configuration with the balun mounted along the y an x axis

alternatively to minimize the effect of both the rotation axis and the balun on the ¢=0° and

@=90° patterns respectively. The same procedure was used to measure an equilateral bow-

tie antenna the same size as the Sierpinski one.

The patterns of both the Sierpinski dipole and a bow-tie antenna of the same size
(arm height 8.9 cm) can be compared in Fig. 4.9 through 4.11. Each row displays three
patterns within each one of the four upper bands of the Sierpinski antenna. Only the most
significant polarization component E, is shown. The cuts corresponding to the Sierpinski
one are represented on the left half-side of the figure, while the same cuts corresponding to
the bow-tie antenna are plotted on the right. Each one of the three figures displays a cut
through the main planes (¢=0°, @=90°, 6=90° ) for both antennas. The 6=90° cut is less

significant in this situation due to the roll over azimuth measurement scheme.
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That is, the antenna is mounted on a vertical post (along the z direction) with the balun
being orthogonally mounted parallel to XY plane; when measuring the azimuth cut, the post
is rotated around the z-axis such that the antenna becomes necessarily hidden by the support
for some angular range. Furthermore, the spurious radiation from the non-ideal balun (see
the 3D full pattern measurements in Fig. 4.12) yields the most important contribution to

radiation in this plane.

Bow-tie Sierpinski

Fig. 4.8 Bow-tie and Sierpinski dipoles. The tapered balun was mounted alternatively along the x and
y axis to measure the p=90° and the @=0° cuts respectively.



U 1ysurdialg ay) fo (101avyaq uapuadapur fouanbaf v jou) sutinjod Suown
saouasaffip ay1 01 pasoddo s (101aDYaq PUDGIIINNY) SKOL UIBMIDG KILID]IIS DY] 2ION PUD] DUO UNHIM SIND 22.41y) SADJSIP M0 YovT “Nuauoduod by oy
01 puodsa.ios suiayod 2y “(1314) vuuap 211-m0q ayp pup (Ya}) udennd uonwipva ajodouow rysurdiaiS ay) yioq Jo \ccns ) 110 Yonq 0} 10 6'f St

s,

SUONE B

00
HO09'L=)

o] i
; 0LT 06( -+

bk
HO09'e=)
081

vgl |
00 00
THO00T=) HD06'L=) ZHO0L' L=} X HO05'L=) ZHD 08'L=)

Wwid6 8=y euusjuy al] -mog wog'g=y euusjuy psuldiaig

pUUIUY DYSUIALIS YT f0 401aDYag ) UO=F 671



puuanw vysurdaats ayi Jo (1o1avyaq juapuadapui douanbaif v jou) suunjod Suowiv

saouaaffip a1 0) pasoddo sp (101aDyaq PUDGIIALL) SAOL UDINIDG KHLAD[IULS Di] DITJON PUDG JUO UIYIM SIND 224t} SADYSIP MO Yovs] “uauoduod by
ay) 01 puodsa.os suianvd ay [ (yS14) buuaiuw an-moq ay) puv (ifay) uwnpd wouvipv. ajodovow 1ysuidialg ay1 y1oq jo «o@q.n& ) 12 1y 01 127 O] "By

HO00'C=)
WG 8= BUUBIUY I] -MOg

HO 00'v=}
08l

00 00 00
HO00Z=) HO06' L= HO09'1=)

Wwog'g=y euusuy Hsuidieig

DUUAN Y 1YSULAIBIS DY) fO AOIADYIE D1 U~}

0€l



wipind Sunnsas ayl S10ISIp QY1 2WaYIS JUUINSDIU YINUNZY JDA0-]]OA DY | PUDY DUO UIYIIM SIND 2D41f] sdpydsip mo. yovy Juauoduwos
a1 01 puodsa.iioo suddynd a1y “(1YS14) DUt 21j-M0q i puv (ifa)) winvd uouvIPL.L djodouot rysurdaois a1 4109 Jo (06=0) M2 ymuazy [ [y Biyf

—.xfﬂ?(l\i g1e
00
ZHOOY' P L=)

,,.._w

gror e
00
HO0Z L=

8

00
HOO9'C=4

~%%oo_m =) am% 0nz=l Nm% 06'L=)
wog'8=Y euusiuy al]-mog wop'g=y euusjuy psuidiaig

€1 "BUUA)UER re[nuery uedpijong ay) yum uospedwo) -z



4.-On the Behavior of the Sierpinski Antenna 132

In general, the pattern similarities among bands (rows) appears clear for the
Sierpinski antenna. Again, such similarities are specially remarkable at 2, 4, 8 and 16 GHz.
These results are clearly different to those of the bow-tie antenna. Although the bow-tie
antenna has many resonant frequencies, each one features a different pattern. The behavior is
more similar to that of a single-band linear dipole in which increasing the operating frequency
results in an increment on the number of grating lobes of the pattern. On the contrary, the
Sierpinski antenna must be considered a multiband antenna owing to its coherent behavior
through the bands. Nevertheless, it is not a frequency-independent antenna, since both the
input return-loss and the radiation patterns yield significant variations within each log-period.
A three-dimensional view of four patterns is plotted in Fig. 4.12 as well.

‘When comparing the dipole patterns to the monopole ones, the non-ideal performance
of both the balun and the ground plane can be detected. The balun does not perfectly balance
the current between both arms of the dipole, consequently the cuts over the planes orthogonal

band #3

pand #4 band £5

Fig. 4.12 Full patterns of the Sierpinski dipole at the four upper bands (p=80° view).
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to the XY plane display a slight asymmetry. Such an asymmetry enhances radiation towards
the -z axis (see the ¢=0° cut at 3.6 GHz and 7.2 GHz) and tends to hide some nulls of the

pattern. However, the lobe structure becomes apparent and the similarity among bands
appears clearly. Furthermore, the expected nulls along the z axis can be distinguished now,
which supports the idea that the former ripple and lobes that appeared in the monopole were
due to the ground plane.

Another interesting feature of the Sierpinski patterns is the characteristic three-lobe
structure on the ¢=0° cut. Such a pattern is comparable to that on the third matched
frequency of the bow-tie antenna (/~3.34 GHz for the #=8.9 cm case); if we compare the
third band frequencies (Eq. (4.2)) of the five bow-ties to those of the Sierpinski one (Eq.
(4.3)), one can notice that those on each bow-tie are very close to a Sierpinski one. Hence,
instead of relating each Sierpinski band to a bow-tie one, this suggests that the fractal
antenna actually opeartes at each band in a combination of two modes corresponding to two
bow-ties at different scales, the larger working on its third resonance and the smaller on its

second one.

4.2.3 - Current Density distribution

In order to get a deeper physical insight on the behavior of the Sierpinski antenna, a
Finite-Difference in the Time Domain algorithm (FDTD) was developed to calculate the
current density distribution over the fractal surface. The FDTD method
[94],[113],[114],[115] basically consists on sampling both time and space and solving
Maxwell differential equations by approaching spatial and temporal derivatives by sample
increments. This way one can calculate the evolution of electromagnetic waves, when
interacting to an arbitrary object, for any point in time and space. This method is
particularly suitable for analyzing transient effects. Also, it appears very convenient when
analyzing an electromagnetic problem on a wide spectral range : a narrow pulse containing
a wide spectrum of frequencies can be easily launched into the FDTD algorithm, then the
spectral response over the whole frequency range can be easily derived by Fourier
transforming the time domain response.

4.2.3.1 - The FDTD Sierpinski Antenna Analysis

The FDTD algorithm was written in a C* code and run on a Connection Machine
CM-5 using a 32 X 256 X 256 cell space. That is, the (x,,z) rectangular coordinate system
was sampled such that six matrices (one for each of the three components of electric and
magnetic fields) of the same size as the cell space contained all the electromagnetic
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information at every discrete instant of time. The space samples became described by three
indexes (i,7,k) being the space among such samples (Ax,Ay,Az) the so called Yee cell [113].
To simulate the Sierpinski antenna problem, the Yee cell dimensions were chosen to be
Ax=0.463 mm, Ay=0.267 mm, Az=0.463 mm [94]. Tipically, one has to pick a high enough
sample rate such that any side of the Yee cell is smaller than 4/10, being A the shortest
considered wavelength. This criteria ensures a smooth variation of the fields from one cell
to the other such that the finite difference becomes a good approach to the derivative of the
differential equation governing the field evolution. Similarly, the time increment Ar is

chosen to follow the Courant stability criteria [115], which states

-112
v-At < 12 -+ 12 + 12
Ax® A Az 4.4)

being v the maximum phase propagation constant (the vacuum speed of light ¢ in our case).

Although (4.4) just establishes an upper bound for 4¢, it is not convenient to pick an
arbitrary small value. This would lead to a larger number of calculations to cover the same
overall simulation time interval, and that might convey an increase of the cumulative

numerical errors.

To minimize both memory space and computing time, the object symmetry was
properly taken into account in the modeling process. Being the antenna placed on the YZ
plane with the apex at the coordinate origin, the lower half-space (z-) does not need to be
simulated if an electric wall is placed at the XY plane. Also, the even symmetry with respect
to the XZ (left to right) and YZ (front to back) planes can be taken into account by placing
there two magnetic walls. Electric walls can be conveniently introduced by forcing the
tangential components of electric fields to vanish at the wall position. Analogously,
magnetic walls are implemented by forcing the equality among the tangential electric field
components from neighbor cells at both sizes of the wall. By following such a procedure,
the simulation space becomes reduced to 1/8" of the whole space, i.e., the space sector

defined by the positive directions (x+,y+,z+).

Even though the use of electric and magnetic walls considerably reduces the size of
the simulation space, it still remains infinite unless it is properly truncated at some point.
This was achieved by placing second order Mur absorbing boundary conditions [114] at the
three remaining walls, i.e., /=32, j=256 and k=256. The absorbing boundary conditions
predict the value of electromagnetic fields at the outer limits of the simulation space such

that the field boundary values inside it can be computed. Such a prediction must be accurate
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to avoid residual numerical induced reflections of the waves reaching the space limit, which
would interfere the true solutions of the problem [113]-[115].

Once the simulation space and the antenna structure were properly modeled, a
voltage source (i.e., an electric field source) was placed at the antenna apex (iy,/,.kp). When
computing the antenna input impedance Z;,(®), a short Gaussian pulse in the time domain
was chosen to explore the whole frequency range. That is, the £. component of the electric

field was forced to be

ngpe . 1 —a((n— 2
E:(‘03J0$k0)=—'A_Ze K=pann)

(4.5)
where ¢ and S defined the pulse time length and position. They were taken to be
4 2
a=|——-
[7)
B=32 (4.6)

with 4r=0.804 ps. Such values ensured an almost flat response through the whole frequency
range covering the first five antenna bands (the -3dB cutoff frequency was placed at
22.3 GHz). While running the FDTD algorithm through N=4096 time increments, the input
current was computed as the circulation of the magnetic field along a closed path around the
feeding point (Ampére’s law [52],[53]). Knowing the input voltage and current responses,
the input impedance was computed applying the Fourier Transform (by means of an FFT
algorithm) to both responses such that

)= @ @7

The computed results displayed a good agreement with the experimental ones as shown in
Fig.4.3.

4.2.3.2 - Sierpinski Antenna Current Density Distributions

A sinusoidal signal at each of the four upper bands was used to excite the antenna
and compute the current density distributions at each matched frequency. Figures 4.13

through 4.17 display the magnitude |j| of the overall current density vector, and the
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magnitude and phase of both vertical (J;) and horizontal (J;) current density components
(all magnitude plots are normalized with respect to its maximum and covering a 30 dB
dynamic range). To calculate the current amplitude, the current density maximum at each
point was detected at the first period after the transient interval. Analogously, the phase
distribution was calculated by computing the time needed by each cell over the antenna
structure to reach the current maximum from the first instant of the steady state period.

The right column of the plots in figures Fig. 4.13 through Fig. 4.17 present an
expanded view of the region where most of the current is concentrated at each frequency.
All of them are scaled by a factor of two, the scale factor existing among bands. The most
interesting feature of such plots is noting that the current density distributions on the right
column are very similar among them. That becomes specially apparent when one neglects
the effect of the smaller holes at the lower bands. This is a reasonable approximation since
such holes are small compared to the wavelength and the current density is lower at the

regions where holes are placed.

The similarity among the patterns shown in the previous section can now be readily
explained: at each band the current concentrates over a properly scaled substructure on the
antenna which has the main contribution to the overall antenna performance. When
frequency is increased, this region becomes smaller and the current does not reach the top of
the antenna at the highest bands. This way, a large area of the structure becomes effectively
disconnected. Such a phenomenon is equivalent to the active region found in the log-
periodic arrays described in the early sixties by Carrel and Mayes [46],[48], that has been
properly introduced in Section 2.3.4, Fig. 2.31. Now, an additional explanation on the
behavior of the fractal antenna can be given. When an electromagnetic wave is fed through
the tip of the antenna it starts to propagate over the structure towards the flat end of the
gasket. When the wave finds a cluster comparable in size to its wavelength it becomes
radiated; this way the power of the traveling wave is lost and no current reaches the end of
the antenna. The structure has many discontinuities that enhance radiation and emphasizes
such a process. If the wavelength is long, the small triangles of the shape contribute less to
the overall radiation process such that the current can travel further over it. Then, a larger
active region is formed (which will have a similar shape to that of a shorter wavelength) and
a similar radiation pattern for such a lower band will be obtained.

Likewise, the current reconstruction also give some insight on the truncation effect
outlined before. Although it is difficult to precisely establish the bounds of the active region,

it is clear that it actually covers a wider area than the encircled clusters of Fig. 4.2 which,

roughly speaking, are about A/4 tall. Actually, such a large extent of the current in the z
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direction (larger than one wavelength) could explain the similarity of the ¢=0° pattern to

that of a 1.5 dipole [52]. Therefore. to properly model the antenna behavior at least an
additional scale level should be taken into account. Hence, it becomes clear that the whole
antenna is not large enough to support an equivalent active region at the lowest band; this
way the active region becomes distorted and the antenna looses the self-similarity properties
with respect the higher bands. This way, one could say that the antenna operates in a “bow-
tie mode” rather than into a true Sierpinski multiband mode. The first resonant frequency is
barely the same as the triangular antenna except for a slight shift towards the shorter
wavelengths due to the extra self-inductance introduced by the holes of the gasket.

Finally. it is remarkable that the current similarity is held for both components of
the current density as well as for the phase maps. Therefore, it can be naturally assumed that
such an agreement is not a matter of chance, but it is due to a translation of the self-
similarity geometrical properties of the fractal shape to its electromagnetic behavior.

For the sake of completeness, the current density distribution over the bow-tie
antenna is also displayed in Fig. 4.18. The plots show the distribution at the first six match
frequencies of the antenna. The main difference among these and the former Sierpinski
antenna plots is that the bow-tie antenna does not operate through a self-scaleable active
region. The current easily flows from the apex to the tips of the antenna traveling along the
structure edges; the current distribution keeps always the same size (the antenna’s size) and
does not scale with wavelength making the whole antenna to remain single-band. It is
interesting to notice that the current forms a sort of standing wave distribution, with faster

variations at the higher frequencies.
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Fig. 4.13 Magnitude of the current density distribution over the Sierpinski antenna (FDTD). The
right column displays a zoomed view of the active region at each band. Notice the similarity among
regions when scaled by wavelength.
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Fig. 4.14 Magnitude of the current density vertical component (J.) over the Sierpinski antenna
(FDTD). The right column displays a zoomed view of the active region at each band. Notice the
similarity among regions when scaled by wavelength.



140 4.-On the Behavior of the Sierpinski Antenna

A v "v:,,.iv: LAY ‘2,3,.; v

N

3+ zoom X 1
5 % R ;

- )

© ¥ % ;

L — e

o

3

e

==

w©

O

3 7

o v zoom x 4
|

©

£ “‘1 oY

£

= Zoom X 8
c )

© L 3

0 =

§) 1:/ 3w/2 2;

Fig. 4.15 Phase of the current density vertical component (J.) over the Sierpinski antenna (FDTD).
The right column displays a zoomed view of the active region at each band. Notice the similarity
among regions when scaled by wavelength.
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Fig. 4.16 Magnitude of the current density horizontal component (J,) over the Sierpinski antenna
(FDTD). The right column displays a zoomed view of the active region at each band. Notice the
similarity among regions when scaled by wavelength.
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Fig. 4.17 Phase of the current density horizontal component (J,) over the Sierpinski antenna
(FDTD). The right column displays a zoomed view of the active region at each band. Notice the
similarity among regions when scaled by wavelength.
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Fig. 4.18 The triangular (Bow-tie) antenna current density distributions (magnitude) at the first
six matched frequencies. The current reaches the tips of the antenna at all bands.



144 4.-On the Behavior of the Sierpinski Antenna

4.3 - Wire Model of the Sierpinski Antenna

A common method for analyzing the interaction of electromagnetic waves with
objects of arbitrary shape, consists on modeling the object by covering its surface with a
wire mesh. This way, a surface current distribution is replaced by a set of linear current
elements, which greatly simplifies the problem. The interaction of linear current elements in
a three dimensional space has been extensively studied [81]-[84]. In particular, the wire
Method of Moments (MoM) approach is based on a decomposition of the wire mesh current
into a set of small straight segments supporting a known current distribution, that is,

N N
j(x,y,Z) = Zin(xn’yn’zn) = Zln "i;(xn!yn’zn)
n=1

s (4.8)
Given a common current distribution iy(x,y,z) to all elements, the problem of computing the
unknown parameter J(x,y.z) reduces to computing the set of coefficients 7, which weights
the current on each small straight segment. In general, the current distribution iy(x,y,z) can
have any arbitrary shape as long as the linear combination of the currents over all segments
is able to reproduce the desired solution J(x,y,z). A widespread technique consists on
assuming a sinusoidal (triangular) current distribution over each segment; this way the
approach can be physically interpreted as a decomposition of the object structure into a set
of small dipoles. Then, the interaction of the several parts of the structure can be easily
derived from the interaction of several dipole pairs, which is a considerably simpler problem
than dealing with the whole shape at once.

To minimize computing errors, the length / of the dipoles is to be small compared to
the wavelength, typically /<4/10. Thereby, the electric field over the dipole can be assumed
uniform and proportional to the voltage across the dipole terminals. The voltage ¥}, and
currents /,, at each element is related to the voltage and currents at the remaining elements
through an impedance matrix [Z] such that [V]=[Z][I], i.e.

VN ZNl ZNN [N (4.9)
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where Z;; can be physically interpreted as the mutual impedance between elements 7 and j
and Z;; as the self-impedance of the i dipole. A thorough discussion of a proper method for
computing the self and mutual impedance between straight and skewed dipoles in any space

position and orientation ¢an be found in [81]-[83].

When the electromagnetic problem consists on evaluating an antenna performance,
usually the input impedance and the radiation patterns are the desired unknown parameters
which can be directly derived from the current distribution. Usually, antennas are fed
through a single terminal, while the remaining small dipoles composing the structure are
shorted. This way, the current distribution over the antenna when it is fed by a voltage

source at the n*” terminal can be derived through

M~
=<
o
=
=}

n

'|::\'

L %, ~ Fylo (4.10)

where the admittance matrix [Y] is calculated as usual as [Y]=[Z]']. Also, the input

impedance can be then computed as

(4.11)

The wire Moment Method approach just described is just a particular case within a
large set of Moment Method techniques. In general, any set of orthogonal functions can be
used to describe electromagnetic fields either in time, space or spectral domain. Such
functions can have either a finite or infinite extent, and have a linear, surface or volumetric
shape. A complete description of the Moment Method can be found in [48],[52],[53],[85].

4.3.1 - Moments Method and Experimental Analysis

Being a simple but flexible algorithm, the wire Moments Method assuming
sinusoidal current distributions over short linear elements has been used to model the
Sierpinski antenna. Only the contour of the triangular elements of the antenna has been
modeled. We know from fractal theory, that the shape of the initial set 4, (also named as

initiator) one uses to generate the fractal attractor is not significant, since the fractal solution
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will naturally arise from the iterative construction itself. Thus, one should not expect a

major deviation of the wire Sierpinski antenna behavior from the solid one.

Contrary to the FDTD algorithm, the MoM just outlined is not particularly suitable
for analyzing wide spectral ranges. The mutual impedance matrix [Z] has to be evaluated
and inverted for every particular wavelength to apply Equation (4.10) and derive the desired
antenna parameters. Being this method highly computational time consuming, only the first
two Sierpinski modes of a three-stage wire Sierpinski monopole are displayed here.

Figure 4.19 displays measured and computed data for a 8.9cm tall, three-iteration wire

measured ———— computed MoM — — — -

S . S : A
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| |
o TR 1 A S NS S B SN S
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2073 2 3 4 45 5
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Fig. 4.19 The Wire Sierpinski monopole constructed after 3 iterations. Only the two Sierpinski modes
are shown for comparison to the solid model.
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Sierpinski monopole. A copper wire with a diameter of 0.4 mm was used to build the
antenna structure.

Basically the antenna features two Sierpinski bands spaced by a factor 6=2. The
bands are slightly shifted to the higher frequencies with respect to the solid model. Two
main reasons should explain such a phenomena. First of all, the wire model is not backed by
a dielectric support which tends to enlarge the antenna. Second of all, the finite fractal
structure is rather different whether it is made up of solid or void triangular shapes; if one
considers each triangle as a loop which inductively contributes to the input impedance, the
wire model has a larger number of loops which makes the whole antenna appear slightly

shorter.

Computed (MoM) Measured

f=1.80 GHz £=3.60 GHz
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Fig. 4.20 Computed (MoM) and measured (right) p=90° cut of a three-iteration wire Sierpinski
monopole radiation pattern (Ey). Only the two upper bands are shown.

Computed and measured radiation patterns are also shown in Fig. 4.20 through Fig.
4.22. The patterns are basically the same as those of the solid model, although again, they
appear slightly shifted towards shorter wavelengths. The similarity among the two bands is
more evident in the 2.1~2.3 GHz and 4.2~4.6 GHz frequency range. Below such ranges it
seems like the number of lobes increases from one band to the next, such that the similarity
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Fig. 4.21 Computed (MoM) and measured (right) ¢=90° cut of a three-iteration wire Sierpinski
monopole radiation pattern (E,). Only the two upper bands are shown.
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Fig. 4.22 Computed (MoM) and measured (right) p=90° cut of a three-iteration wire Sierpinski
monopole radiation pattern (Ey) . Only the rwo upper bands are shown.
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among bands is lost. This suggests that former disagreements among patterns found in the
monopole and dipole solid models where not due to environmental measurement effects,

i.e., the non ideal balun and ground plane, but due to a performance of the antenna itself.

4.3.2 - Iterative Transmission Line Network Model

The accuracy of a numerical analysis technique is usually directly related to its
complexity. An accurate numerical model of an electromagnetic problem is often highly
computer memory and time consuming. Sometimes, algorithms become highly specialized
for a particular kind of structure and they are not flexible enough to essay many different
set-ups. This way. the cost in time and resources of experimental work can become even
lower than those of numerical analysis. From the engineering point of view, it is sometimes
of more value having a simpler but less accurate model to support experimental work by

predicting tendencies instead of precise behaviors.

Network models can be very useful when predicting the input impedance behavior
of antennas. The LPDA has been successfully analyzed from a two-network model (see
Section 2.3.4.2); similarly, the gross behavior of a dipole input impedance can be
approximated from that of a lossy transmission line. Also, we know that not only the input
impedance but the overall current distribution over a wire antenna can be approximated by
that of a transmission line. Here, an iterative network model based on a combination of

transmission lines is suggested for the Sierpinski antenna.

@) T (3) @") <)
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Fig. 4.23 lterative model for a Sierpinski Network.
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The FDTD analysis of the antenna suggests that most of the current density
concentrates at the apex and borders of the triangular clusters. Therefore, it is not senseless
to assume that most of the current flowing through any triangle come from the direct ohmic
contact from its neighbors. This way, a general Sierpinski structure could be analyzed as

shown in Fig. 4.23.

That is, such a Sierpinski network can be seen as an iterative nesting structure of
three-port networks. It is interesting to notice that the whole information upon the network
behavior can be subtracted from only two basic relations: the characteristic [S] matrix of the
basic network (the initiator in fractal terminology). and the generator constitutive relations
that link the [S] parameters of a particular stage of the fractal construction to the [S’]

parameters of the next stage.

Regardless of the particular value of the [S] matrix of the triangular initiator, we
know that due to the equilateral symmetry of the structure and its reciprocity, it has to be of
the form

a p B
[S]=|p a B
B B a (4.12)

After some algebraic manipulation, it can be shown that the generator relates the
[S’] parameters of the following stage with the [S] of the previous one as

2,62(a+ £ ]
. -
a=a+ 7
l—-(a+ﬂ)(a+ — ] —_—
2 B
ﬁ (a-l"lTa-)
p= =
1—(a+ﬂ)£a+1_a) .14)

Although [S] parameters have been used here due to its widespread use in
microwave systems, similar relationships could have been also derived for [Z], [Y] and

other related circuit matrices. One of the most interesting features of the recursive relations
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(4.13) and (4.14) is that they allow us to efficiently predict the antenna (network) behavior
at any iteration stage without an increase of the model complexity. Such equations can be
easily programmed even in a portable scientific calculator because it only requires a
minimum memory capacity to store the two parameters from the previous stage. The
advantage with respect to any full model of the antenna such as the FDTD or MoM
algorithms is clear: while the cost in memory and time of the later grows exponentially with
the number of fractal iterations, the iterative network model complexity grows linearly with

the number of iteration stages.
In general, any symmetrical reciprocal three-port network could be used to model

the triangular initiator. However, a transmission line network appears a natural approach as
discussed before. In particular, the three models shown in Fig. 4.24 have been tested.

(€3 G3) (2) 3) (2) 3)

(1) (1 (M
Fig. 4.24 Three simple approximate models for the triangular initiator.

The length / of the triangular side has been chosen to match the side of the measured
Sierpinski antenna, i.e., /=6.423 mm, which gives a length a of the Y-branch model of

a=3.7mm. In order to take into account the losses due to radiation, a finite O has been

accounted for the transmission lines by introducing an attenuation factor & such as

_B
0= (4.15)

which has been empirically adjusted to O=10. Also the transmission line characteristic
impedance has been also empirically adjusted to 5Z,, being Z, the reference impedance used
to compute the input reflection coefficient. Such coefficient for the whole three-port fractal
structure can be calculated as
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I,+I+2(B-a)LT;

g (1-al,)(1~aT;) - TSI (4.16)

in =a+ﬂ2

where I and 773 are the normalized reflection coefficients of any couple of loads connected
to ports 2 and 3 respectively. When modeling the one-port antenna network, such ports can

approximately be considered to be open-circuited such that Equation (4.16) becomes

o & +a(p-1)-24
i a+f—-1 (4.17)

Combining equations (4.12) through (4.17), the input reflection coefficient (Fig. 4.25) of a
five iteration Sierpinski transmission line network has been computed for the three models
of Fig. 4.24.
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Fig. 4.25 Input reflection coefficient for a 5-iteration Sierpinski network. The three initiators yield a
log-periodic behavior.
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It is apparent that the three network models yield to a log-periodic behavior similar
to that of the Sierpinski antenna. From these plot one could erroneously conclude that only
four bands are predicted by the model instead of the expected five bands. However, as
shown in Fig. 4.26, the network input impedance clearly evinces the five bands within the
same frequency range. The problem here is that the finite O transmission-line model
underestimates the network losses due to radiation at lower frequencies. Thus, the input

resistance is lower than the expected value from the Sierpinski antenna results and leading

to a mismatch between the network and the input normalized 50Q transmission line. If one
loads the network with some resistance to take into account the additional radiation at the
lowest band, the best agreement is achieved (see dashed reflection coefficient in Fig. 4.26).
In particular, the Sierpinski network of Fig. 4.26 has been loaded with a frequency
dependent resistance R; such as

h 2
R, *(Zf J 4.18)

being 4 the whole fractal monopole size, to take into account the parabolic characteristic
radiation resistance of a small monopole at low frequencies. It is interesting to notice that
such an extra load does not significantly affect the performance of the higher bands since it
becomes large enough there to be rather considered an open circuit. On the other hand, quite
presumably the load resistance was not going to be significant at the higher bands, even if it
were an arbitrary small, non-frequency dependent resistance. The current, both in the
network model and in the measured antenna, becomes highly attenuated (radiated) at high
frequencies before reaching the antenna tips and only the lower bands, suffering from a
lower attenuation (lower radiation), would be sensitive to high reflections at the end of the

-antenna which would affect the input terminal behavior.

Some relevant conclusions can be extracted from the iterative mode] just
introduced. First of all, the log-periodic behavior is directly related to the antenna fractal
geometry; no matter the details of the initiator, the multiband behavior is always obtained
from the recursive model. Second of all, one can conclude that the overall behavior is
mostly influenced by the direct ohmic contact of the triangular clusters with their neighbors.
That is, it has not been assumed anywhere any kind of mutual coupling effects between
clusters, yet the model still reproduces the expected multiband behavior. Also, the
transmission line based model suggests that the antenna input impedance performance is
mostly influenced by electromagnetic waves being propagated and reflected from the
several parts of the metallic fractal structure, which must be linked to its geometrical shape.
The algorithm even predicts the double resonant behavior found within each band.
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Input Return Loss (dB)

Rin (Q)

Xin (@)

=30

300

200

100

open circuit terminated

resistively terminated

f (GHz) 10

Fig. 4.26 The Sierpinski network input impedance and return loss. The solid line displays the open
circuit loaded network, while the dashed line displays the behavior of the resistively loaded network.

As mentioned previously, maybe the most significant features of this model are its

simplicity and high computational efficiency. For instance, the evolution of the input return

loss frequency behavior with the fractal structure growing sequence can be readily

simulated as shown in Fig. 4.27. Up to 12 growing stages have been included in that plot. It

should be stressed that a twelve-iteration Sierpinski structure is composed by 311=177.147

triangular elements, which is by far too complex a structure to be analyzed by any other

means. To keep an order of magnitude in mind, the five iteration (3=81 elements)
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Sierpinski monopole required about 6 days running the DOTIG4 algorithm on a Sun Sparc
station (which could be reduced to 2 days using a parametric estimation model [120]), or
about 2 hours running the FDTD algorithm on the CM-5 parallel machine. This suggests

gl gLl 1 =0
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Fig. 4.27 Twelve iteration stages of the fractal network construction. Each iteration adds a new lower
band since the structure grows outwards.
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that such a kind of iterative algorithms, which explicitly take into account the fractal nature
of the structure, should become the most appropriate for analyzing fractal antennas. A major
improvement on traditional numerical methods would be achieved if they were modified to
take advantage of such recursive properties when analyzing fractal structures.

It becomes manifest from Fig. 4.27 that each new stage in the fractal construction
adds a new band (a log-period) to the antenna performance. Thus, one could freely design
an antenna with an arbitrary number of bands by merely choosing the proper number of
fractal iterations, as suggested previously. In particular, the structure is shown to expand to
lower bands when growing outwards because at each iteration the overall antenna size is
doubled. Conversely, the number of bands would be expanded to higher frequencies if the
structure grew inwards, i.e., by using a classical contractive IFS algorithm as described in
Section 2.1. Except for slight frequency shifts and input return-loss variations at the extreme
bands, most of the remaining antenna behavior is kept essentially unaffected by increasing

the number of bands, which makes the whole design process simpler.

4.4 - Conclusions

The first reported multiband fractal antenna has been introduced in this chapter. The
antenna, which is based on the fractal Sierpinski gasket, has been shown to fulfil a
multiband behavior from both the input reflection coefficient and radiation patterns points
of view. Both experimental results and numerical simulations confirm such a behavior. The
bands are log-periodically distributed with a spacing factor of 2, which is exactly the
characteristic scale factor displayed by the geometrical fractal form. The input return-loss
characteristic is essentially repeated at each band (~20% bandwidth at VSWR<2), except at
the extreme bands due to the truncation effect. The link between the antenna performance
and its geometrical design is also apparent on the number of bands, which is equal to the
number of fractal construction iterations. A simple and efficient algorithm has been
introduced to predict the antenna overall behavior at any iteration stage, which can become

a powerful tool for engineering purposes.

The main goal of this chapter, which was demonstrating that fractal multiband
antennas are feasible, has been achieved. Whether such a fractal shape can by modified for

designing purposes is the central topic of next chapter.



5. Perturbing the
Sierpinski Antenna

O nce the multiband performance of the fractal Sierpinski antenna has been
demonstrated, the next logical step is exploring whether the shape of the antenna can
be modified to tailor the antenna performance for several application requirements. Also, it
is most interesting to investigate which are the limitations on distorting the antenna shape
yet not perturbing its multiband behavior. This chapter is devoted to the description of the
antenna response when some variations are introduced upon its geometrical structure;
mainly, by adjusting the flare angle, bending the antenna arms, changing the scale factor or
essaying non-fractal variations of the antenna. The ultimate goal would be to explore the
changes that would allow the antenna designer to modify the input impedance, radiation

pattern, directivity, band spacing and mechanical structure of the antenna.

5.1 - Variations on the flare angle

Brown & Woodward first described in their classical work [67] the input impedance
behavior of triangular and conical antennas when modifying the feeding apex angle (flare
angle). Basically, they showed how both the input resistance and reactance variations
decreased for large flare angles. Conical monopoles with 90° angles featured a broad-band
behavior due to a fairly constant input impedance around 50 and a small reactance
(X;n<1082) within the 90° ~ 270° electrical length range (i.e., /=A/4 ~ h=3/4 being  the
triangle height). Analogously, triangular antennas also displayed smaller variations upon the
input impedance when opening the apex angle, however, such variations were significantly
larger than those of their conical counterparts. Also, given a fixed height of the triangular
arm, the antenna resonant frequencies were shifted towards longer wavelengths for large
flare angles. This phenomenon can be understood if one takes into account that most of the
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current propagates along the antenna edges (as shown in the FDTD current reconstruction in

Chapter 4 ), which become larger when increasing the apex angle.

Brown & Woodward paper also included the measured E-plane co-polar radiation
pattern cuts over the 60° to 270° electrical length range. All patterns displayed a
characteristic two-lobe structure (similar to that of the Sierpinski antenna) when the antenna
was made larger than 195 electrical degrees (i.e., /~0.5417c/h) and was operated well
beyond the first even resonance. Although conical dipoles featured a convenient filling of
the null between the two-lobe pattern for a 50° flare angle, such a behavior was not observed
for the triangular antenna. Since both the pattern and the input impedance were not held
constant with frequency, the antenna could not be considered frequency independent
(actually, the concept of frequency-independent antennas did not come out until a few years
after Brown & Woodward work).

Three Sierpinski antennas of 90° 60° and 30° flare angles (@) (Fig. 5.1) have been
constructed and measured at several frequencies, all of them having the same height. The
same Cuclad 250 GT dielectric substrate has been used for the all three antennas. Their

input parameters together with the radiation patterns are shown in the following sections.

17.8 cm ) 10.27 cm 4.77 cm

Fig. 5.1 Several configurations of the Sierpinski monopole for a=90°, @=60° and a=30° flare angles.

5.1.1 - Low frequency input parameters

The plots in Fig. 5.2 show the input parameters of the three Sierpinski monopoles,

together with the same parameters for the analogous bow-tie antennas (results from [67]).

The parameters are plotted with respect the antenna’s electrical length ¢, i.e.,
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fh
#=360"" 5.0

Both results, the measured Sierpinski parameters and the bow-tie ones exhibit a similar
behavior at the first band (first odd and even resonances). The larger the flare angle, the
smaller the input resistance and reactance variations. Also, resonant frequencies are
consistently shifted towards the origin due to an overall increase of the antenna size, in

particular, due to an increase on the length of the equal side edges as discussed before. In

the lower frequency region ( ¢ < 60° ) the similar performance of the two antenna types is
more clear, which was to be expected since the contribution of the etched wholes on the
Sierpinski antenna should be negligible for large enough wavelengths. Roughly speaking,
the measured Sierpinski antenna works similarly to a slightly longer bow-tie antenna. Such
an increase in the effective length when comparing first resonances must be related to the
dielectric substrate supporting the fractal structure.

The performance of both antenna families start to significantly deviate around the
first even resonance. The input resistance and reactance of the Sierpinski antenna suffer
stronger variations at the third and forth resonances. Actually, this phenomenon is on
account of the first Sierpinski mode operation, which becomes significant at the second
band and beyond. The shift of the higher order resonant frequencies to longer wavelengths
is larger than the one obtained from the dielectric coating and should be compared to that of
a transmission line which has its distributed self-inductance increased (the holes on the
Sierpinski structure would provide such an additional self-inductance); the additional self-
inductance would reduce the phase propagation speed along the transmission line making
the whole antenna to appear slightly longer.

5.1.2 - Input parameters through the bands

The input parameters of the three fractal antennas are displayed in Fig. 5.4 to show
their behavior at the four upper bands. The graphic is represented in a logarithmic scale to
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manifest the log-periodic, multiband behavior of the three antennas. As discussed before,
the shift of the resonant frequencies to lower wavelengths for larger flare angles is
consistent through all bands. Both features are clearly stated in Fig. 5.3. It displays the
minimum VSWR frequencies as a function of the band number (») for the three antennas.
The graphic is plotted in a semi-logarithmic scale to show the exponential growing of the
band frequencies. The slope m of the three curves is directly related to the log-period as

m = log(d) = log(2) (5.2)
which again clearly evinces the link between the fractal geometry and the electromagnetic
behavior of the antennas (the thin solid line corresponds to the ﬁZ“’l curve and is shown for

comparison). The truncation effect becomes apparent again on the slope change at the first
band, where the bow-tie operation mode is dominant upon the Sierpinski modes.

o=90"-- a=60"-- @=30" —

Eb“:)n;f S:‘;:Sz‘)n Sierpinski modes : : . 4

frequency (GHz)

1 2 3 4 5
band number

Fig. 5.3 Sierpinski band frequencies(at VSWR minimums) for several flare angles. The slope of the
three curves indicate the log-period (6=2). All three antennas had the same height (h=38.9 cm).
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All antennas evince an alike behavior. with a slight tendency to reduce the
amplitude of the input resistance and reactance characteristic at larger frequencies. The
sharpest angle antenna performs a double resonance behavior at each band, with two
resistance peaks and valleys which leads to a double frequency match within the band. This
phenomenon should be related to the narrow shape of the antenna, which makes the whole
structure approach the shape of a linear wire monopole, and to start deviating its

Sierpinski Antenna o=90° -~ o=60"- - 0=30° —

I, (dB)

Rin ()

Xin (2)

f (GHz)

Fig. 5.4 Input parameters of the three antennas through the whole frequency range.

performance away from the ideal log-periodic one. That is, the double resonances at the
upper bands tend to fill the Sierpinski antenna characteristic band-gaps that would eliminate
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the periodic resonances of the classical linear monopolel. This issue should be related to the
truncation effect as well: being the whole antenna shorter, currents would not have enough
room to radiate all its power away before reaching the antenna tips. Therefore, they become
reflected at the antenna ends and return to the feeding point distorting the whole antenna
log-periodic behavior. The deviation of the Sierpinski-30 antenna from the log-periodic
behavior is also clear in Fig. 5.3.

It is interesting to note that although the bow-tie and Sierpinski antennas work
similarly at low frequencies, the fractal antenna deviates from the classical bow-tie
operation mode at the upper bands. The input resistance is not kept lower for wider apex
angles, nor the antennas maintain the same matching conditions. The antennas are best
matched to 502 at odd resonances, where the input resistance attain their minimum values.
Being such minimums reduced for larger flare angles, the input return-loss decreases below
10 dB in that case.

5.1.3 - The Iterative Network Model

In Section 4.3.2 an iterative transmission line network model for the Sierpinski
antenna was introduced. Being extremely simple and computationally efficient, the
algorithm was basically able to predict the log-periodic performance of the antenna in terms
of its input parameters. An equivalent model can be derived for Sierpinski antennas based
on an isosceles triangle initiator instead of the equilateral one. Due to the different size of
one of the triangle sides, the equilateral symmetry of the network is broken, which must
now be characterized by the following [S] matrix,

a p B
[S1=|8 7 &
B 6 y (5.3)
that is, four parameters are required to fully describe the network. The resulting
mathematical relations that link the initiator parameters with those of the next iteration (see
Fig. 4.23 ) are quite more involved than the corresponding parameters of the equilateral
triangle,

! A sharper 15° Sierpinski antenna is described in [97] such a narrow angles the antennas almost loses
all its multiband features.
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a’=a+2/32(a+l[jzy)- 1 7

1- (}’ +5)[a + :] (54)

[,.=(1+1f7]_ s ﬂz
1- (}/ g 5)((1 + —].——7) (5.5)

. B(EH+G)+5(GB+ H)
7'=y+ _EB (5.6)

e B(EC + F)+8(BF +C)

- 1-BE 67

where the auxiliary parameters B, C, E, F, G, H are defined as

2 [5+ By ]
B=(7+§a+yﬂ J B C= l-ay
l-ar ) ,_ﬂ2(5+72) — 2_ﬁ2(5+7-)
l1—ay & l—ay
S(6a +) ps
1-ay l-ay
E= F:
. 8(6a* + ) 8(6a’ + 7°)
l—ay——l—— l—a}'—l—
(5.8) —ay —ay
5 5
ﬁ7+(1+a)lﬂ Sy +(1+y) L
G= -az}'1 H= 1-ay
5(0a* + B) , B(6+77)
L=ay— 1 1=§ =
—-ay l—ay

Analogously, the normalized input reflection coefficient 75, of the network

described by matrix (5.3) when it is loaded by /3 and 73 at ports 2 and 3 respectively, is
given by,

2 2
l"in=a+—ﬁ—1‘2(l+—§—]+ﬂ I'3(1+ L )

DI 1-yT, ) D2 1-yT, (5.9)
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where again, the auxiliary parameters D/ and D2 are defined as,

2 2
Dlzl-yrz_iﬂzﬂs_ D2=1-7r3_5_1£
(5.10) 1-yT, 1-yT,

Such relations have been used to compute the input return-loss of three transmission
line Sierpinski networks with 30° , 60° and 90° flare angles (the same characteristic
impedance 5Z,, quality factor O=10, and resistive loading as those of the previous chapter
have been used). In general, the results shown in Fig. 5.5 .are consistent with the
experimental data in Fig. 5.4: large flare angles shift the bands towards lower frequencies,

Sierpinski Network «=90° -~ o=60"- - a=30" —
O i :
e e il i o IS I T T e
. ! ¥ : v/ .IA ,

Input Return Loss (dB)

Rin (Q)

Xin(Q)

Fig. 5.5 The equivalent transmission line iterative nerwork input parameters for the Sierpinski-30,
Sierpinski-60, and Sierpinski-90 antennas.
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while narrower angles tend to present a double matching characteristic within each band.
The two input resistance maxima at each band become more separated for the Sierpinski-30°
equivalent network, leading to such an enhanced double resonant behavior. Also, the
resistance minima where the networks are best matched are higher for the narrower angle

case.

5.1.4 - Sierpinski-90 and Sierpinski-30 radiation patterns

The measured Sierpinski-90 monopole radiation patterns for the E, and E,
components are shown in figures Fig. 5.6 and Fig. 5.7, while the same patterns for the
Sierpinski-30 monopole are shown in figures Fig. 5.8 and Fig. 5.9 respectively. Two cuts
are displayed at each band, both around the minimum VSWR point in the Sierpinski-90
case, and one cut at each of the two band VSWR minima for the Sierpinski-30 antenna.
Although the later does not keep the double matching behavior at the lower bands, the
corresponding patterns at the same frequencies but scaled down by the log-period are shown
for comparison as well. Only the three upper bands are shown for the Sierpinski-90 antenna
because the two lower ones (f~=1.4 GHz, /=0.7 GHz) where below the cutoff frequency of
the anechoic chamber receiving antenna; nevertheless, no major deviations from the typical
two-lobe radiation pattern should be expected at such low frequencies.

Both antennas basically agree in their polarization behavior, being the electric field
mainly aligned along the & direction, but with a significant increase of the cross-polar

component on the @=90° cut at the upper bands as described for the Sierpinski-60
equilateral prototype. However, they significantly differ upon their frequency radiation
patterns dependence. While the multiband behavior appears consistent for the Sierpinski-90
case [93],[99], the Sierpinski-30 antenna clearly deviates from the multiband behavior.
There is a notable increase in the number of pattern lobes at shorter wavelengths which
breaks the symmetry among bands. Such a behavior is more typical of a single-band
monopole or bow-tie antenna than that of a multiband fractal antenna. This phenomenon is a
direct consequence of the current distribution over the antenna surface and should be related
to the truncation effect. That is, being the antenna sides shorter than the other ones, the
active region became severely truncated before the currents were attenuated by the
radiation process. As suggested before, such a phenomenon should also explain the
resonance behavior of the antenna, which is half-way between the harmonic periodic
behavior of a monopole, and the log-periodic multiband behavior of the fractal Sierpinski

antenna.
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5.1.5 - The Multiperiodic Traveling Wave V Model

It appears most interesting to investigate an approximate model that would predict
the antenna response to flare angle variations. A traveling wave model looks attractive for
several reasons: we know that the bow-tie antenna performs basically as a traveling wave V
antenna [138] at large enough frequencies, and we assume that the Sierpinski antenna
operates through a propagating wave that becomes attenuated by radiation at smaller gaskets
at large enough frequencies.

5.1.5.1 - The Single V Model

The radiation vector of a uniform linear current 7 of length L lying on the yz plane,

forming a /2 angle with the z-direction, is given by

V7.7 .pmn SU

where # and y are defined as
(5.12) y=y.+y,=k.cos(a/2)+k, sin(a/2)=kcosfcos(a/2)+ksmbsinpsin(a/2)

yL

2 (5.13)

Now, the radiation vector of a symmetrical V structure with flare angle ¢, with both current
elements pointing outwards the apex angle (see Fig. 5.10), has two components N, and Ny
such as

N =i .L.(emUZ Sy | gl Sm%)

) & (5.14)
N, =1I,-L-|ent? _sin_ul_e”zu2 singy
bl 3 U 0, 3
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where .=/ cos(o/2) and L,=I sin(0/2) account for the projections of the current element
along the z and y directions respectively, and ;= Yo+ %, ¥= ¥z-%» 4=¥,L/2 and u-y,L/2 are

the ¥ and u parameters for the upper and lower branches of the V structure respectively.

Fig. 5.10 The single V model.

When one considers that a traveling wave (instead of a uniform amplitude standing
wave) is formed on each branch of the V structure, a phase progression along the wire has to
be added to the current, i.e.,

I, = je'j(p:z‘*pv)') (5‘ 16)
where /3, and S, are the projections of the phase propagation constant 3,

B. = Peos(a/2)
B, =psin(a/2) (5.17)

Such a phase progression introduces a displacement on the ¥ parameter of the radiation

vectors, such that they become
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&L i . 2
N =[..L.(efr'|1,/2 .ﬂu_]_*_ejhug .Slﬂu-_,)

u'| u'y (5.18)
N o T e, sin#/', —elraliz, sinu',
B2 u', u'y (5.19)
where, when both waves propagate from the apex to the tips of wire }’ and %’ become
vi'=vi-B
" }/,"L =,
== i=1,2 (5.20)

For the sake of simplicity but without a loss of generality, we will restrict our
analysis to the radiation properties in the plane perpendicular to the V structure (the ¢=0° or
xz plane). For this particular case, @=0° and ky=0. This leads to =7, and consequently
u=u_, which is a most logical result given the aforementioned symmetry with respect to that

plane. Also the Ny component vanishes, and the remaining /N, radiation vector becomes

sin((y. - A)L/2)
.-BLI2 (5.21)

N, =Icos(a/2)- L.e/7=PL2 o

Now, by introducing # = L cos(a/2) as the height of the V triangular structure, and f, as

B
Pa= cos(a/2) (5.22)

N, can be rewritten as

N.=1I-h-g/kBaIhi2 5. sin((k, — B, )h/2)
' (k. B )h!2 (5.23)

which allows the following interpretation. In the xz plane, the V structure behaves

essentially as an equivalent travelling wave current element of size 4 aligned along the z

direction, which however propagates slower with an equivalent propagation constant /,.
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origin to z=A/2. The second term, i.e., the term sin u "/ u’ (hereafter sinc(u”) ) is the so called
space factor [52],[53], which takes into account that the radiating element has a non-
negligible length 4. The argument of the space factor %" can only take values within the

finite range,
we[(~k+ B, )/ 2,(k+ B, )k /2] (5.24)
which is the so called visible range. Such concepts are analogous to their equivalents in

array theory, with the main difference that the space factor is not periodic due to the

continuous nature of the radiating source. The propagation constant S, shifts the visible
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Fig. 5.11 Effect of the finite visible range on the beam tilt.

range along the x° domain Fig. 5.11, such that a tilted beam is produced, with its maximum

pointing towards the G, direction,

= Be
6, -arcco{ P ) (5.25)

in case of £,=0, radiation is given in the broadside direction. The case |3>|k| accounts for a

slow wave propagating in the z-axis direction. Contrarily to what happens with a source of
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infinite length, traveling slow waves indeed produce radiation for the finite source case. In
the infinite case (for instance a plane surface wave traveling in an infinite media along the z
direction), the space factor sinc(u’) becomes a delta function (with null secondary lobes)
and the visible range covers a null region of the spectral domain (completely out of the
origin where the delta function is located) for the slow wave case. On the other hand. the
finite source case always produces radiation because the sinc(u’) function has an infinite
extent. Nevertheless, radiation is held trough the lower secondary lobes of the space factor
in the slow wave case, which means that the overall field strength is reduced with respect to
the fast wave one (Fig. 5.11). The distinction between finite an infinite models is important
here, because the flare angle « yields a slow wave in the z direction, which however

radiates.

5.1.5.2 - The Balanced V Model

A balanced two-arm model is used to properly model the full Sierpinski antenna.
First, we should consider both antenna arms with just one traveling current wave in both
arms. Although net current is directed towards the positive z+ direction on both arms, waves
propagate towards z+ in the right arm while they propagate towards z- on the left one (see
Fig. 5.12). Such an arrangement is consistent with the equivalent transmission line that

would be formed if both arms were folded and directed to the x direction. This balanced

mode yields the following radiation vector in the principal plane ¢=0°, (xz),

Jk.hi2 sin((kz - B.)h!2) + o Jkh2 sin((k. + 8, )h/Z)]
(k.= B)n!2 (k. +B,)hl2 (5.26)

N:o = zm.e—jﬁahl'l '(e

where a subscript ‘zo’ has been added to the radiation vector to note the waves propagating

outwards from the origin.

The traveling wave model just presented can be made more accurate if the
equivalent V arms are loaded with an end impedance that adds the contribution of waves
being reflected at the extremes. By introducing a current reflection coefficient p. , the

radiation vector of such equivalent reflected waves N, would be,

N, =2Ih-p, o IBah . g=IBahI2 [ pIkchl2 sin((k. + B, )h/2) 4 Ikhr2 sin((k. = B )h/ 2)]

(k. + B )2 (k.— B )2
(5.27)
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where the extra phase term e ¥ can be interpreted as the average phase delay of the waves
traveling from the average |z|=A/2 point to the antenna tips and back towards the start up
point.

y g
left arm A right arm

Fig. 5.12 The balanced V model.

The overall radiation vector N. would reduce for such a full model to,
N, =N, +N,, (5.28)

Naturally, this equivalent model yields the same result as the well known sinusoidal

standing wave pattern of a linear dipole when 0=90°, p.=-1 and S=k.

5.1.5.3 - Propagation Through a Multiperiodic Media

Before illustrating our traveling wave V model with some examples, some
considerations regarding the phase propagation constant must be taken into account. Up to
now, the model reduces the Sierpinski antenna to a double V antenna model that support

edge current traveling waves with a phase propagation constant B Such a propagation

constant should be f=k.n.q to take into account the dielectric antenna coatting (in previous
chapter such an effective refraction index was empirically adjusted to n.r ~ 1.1 by
comparing experimental and computed results). Although this model should be enough for a
continuous shape, the fractal structure appears quite distinct. Again, if propagation along the
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chapter such an effective refraction index was empirically adjusted to ngs = 1.1 by
comparing experimental and computed results). Although this model should be enough for a
continuous shape, the fractal structure appears quite distinct. Again, if propagation along the
antenna edges is primarily considered, the fractal shape comes into view basically as a
periodic structure (see Fig. 5.13).

/)
‘ i) %) /)

Fig. 5.13 The edge of the Sierpinski antenna is a periodic structure.

Propagation through a periodic structure is a rather particular phenomenon which is
basically described in [43],[48],[55],[116]. The solution of the one-dimensional wave
equation in a periodic media yields an infinite superposition of » propagating modes,

EQ)= 3 4,

n=—o (5.29)
with each mode characterized by a propagation constant /3, such that,
27
B.=B,+ 7” (5.30)

being d the characteristic structure period. Often, such modes are called Hartree space
harmonics [116) or Floguet modes and the term corresponding to »=0 is called the

fundamental harmonic or the fundamental mode. One of the most interesting aspects of this

phenomenon is the fact that a slow fundamental propagation constant f, can yield a fast
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mode propagation) or backward direction (radiation opposite to propagation). In particular,
it can be seen that forward radiation is given by modes with negative » numbers such that,

d d
I(""” —1)<|n|<zneﬁr (forward) (5.31)

while backward radiation is supported by modes with
d d
et < n| < E(neﬁ + 1) (backward) (5.32)

being 7.4 the fundamental mode effective index of refraction. Again, some interesting
conclusions can derived from this relations. First of all, given a fixed period length d, there

is a minimum wavelength that yields fast waves
A<d(nyg +1) (5.33)

Such a wavelength can be thought as the cutoff wavelength of a high-pass system, which
however does not imply an abrupt cease of radiation when considering finite sources as
discussed previously. As a rule of thumb and neglecting coatting effects, such a cutoff
wavelength is A/2=d. Secondly, backward radiation is allowed for lower frequencies than in

the forward radiation case. Forward radiation can be thought of as having a smaller cutoff

wavelength A=d"ng (roughly speaking 4=d).

With these basic ideas in mind, some striking conclusions regarding our fractal
Sierpinski antenna can be drawn. One would usually think that in such case the
characteristic period d is the length of the smallest triangle side. This would lead to the
stunning conclusion that increasing the number of fractal iterations should lead to higher
and higher cutoff frequencies that, in the ideal fractal structure, would forbidden
propagation of Hartree harmonics beyond the fundamental one. However, a careful look to
the fractal shape evinces that it is in fact a multiperiodic structure ! (Fig. 5.14)
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Fig. 5.14 The fractal Sierpinski gasket seen as a multiperiodic structure.

With this new picture in mind, the periods dy, 2 do, 4 d,, ..., 2" d, become apparent,
which means that wavelengths A, 240, 44, ..., 2™ Ao and frequencies fo, fo/2, fo/4...., fo/2"
are actually supported. Of course, there must be a longest cutoff wavelength unless the
structure is made infinitely large. In fact, the finite extent of the antenna only implies that
most of the contribution to radiation is held through the fundamental mode. Finally, the
multiperiodic nature of the fractal shape again leads to the underlying idea of this thesis:
since the ideal structure is similar with respect to many characteristic scales, it can be
naturally assummed that it will offer a similar behavior with many characteristic
wavelengths too, all of them related by the characteristic scale factor of the fractal shape.

5.1.5.4 - Comparison with Experimental Results

Let us now briefly reconstruct the picture of the theory just introduced. The
Sierpinski antenna is schematically described by means of a balanced two-V model, which
supports outward traveling waves. Such a model is completed by taking into account the
proper reflected waves at the antenna tips. In the principal @=0° plane, such a model is
equivalent to a straight wire of the same size as the triangle height, aligned along the
antenna axis direction (z axis). Waves propagate through this equivalent wire with a slower
propagation constant £, which depends on the flare angle (see (5.22)). A multiperiodic
media approach suggests that not only a phase propagation constant along the antenna edges
should be considered, but also several Hartree harmonics must be taken into account. The

overall propagation constant can now be anyone within the set
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2z 1
,Bna —(ﬁ0+7n).m (534)

depending on what space harmonic (or harmonics) is considered.

In general it is not trivial either determining how many Hartree harmonics must be
included in the sum (5.29), nor their relative amplitudes 4,. However, we can test the model
at low frequencies where not many modes are expected to contribute to the overall sum. The

plot in Fig. 5.15 displays the result of applying the current analysis to 30°, 60°, 90° flare

Sierpinski-30 Sierpinski-60 Sierpinski-90
0 0 0
ST, S 8o (00 i 8
60 T \/Zm % 60 ’\\/m/—\\ 60
3 } S W i M TR
.., H \ ) 4 _'\ -,»'A":'-‘ \:; > .~’ 2/
L4 B 90 }30// 90
theory ———
experiment - - - -

Fig. 5.15 Experimental data and theoretical analysis for the Sierpinski antenna pattern variation with
changing the flare angle. The three models were tested at 2 GHz. Measured data is shown in dashed
lines.

angles. All antennas had the same phyisicall parameters (4 = 8.9 cm, n.= 1.1) except for
the reflection coefficient at the antenna tips, which was chosen to be g, = -0.8 for the two

narrower antennas and p, = -0.2 for the 90° one. That lower reflection coefficient for the 90°
case has been empirically found to better match the non ideal null characteristic on the
broadside direction of the experiments. All three antennas were tested at 2 GHz and a period
equal to half of the antenna edge length was taken. It can be seen that both the theoretical
model (solid line) and the experimental data (dashed) are in very good agreement in the
Sierpinski-60 and Sierpinski-90 cases. The theoretical model also predicts the overall
pattern shape in the Sierpinski-30 case.
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330 e 30 330 0 30 330 " £ 3 0 30 330 W 30

Fig. 5.16 Hartree Harmonics for the Sierpinski-60° antenna at 3.6 GHz. The harmonics for n=-1 and
n=0 are predominant.

The results just presented validates the theoretical approach at low frequencies,
where the fundamental mode is basically dominant. At higher frequencies one must take
into account additional phenomena such as the reduction of the active region (which can be
taken into account by reducing the effective antena height 4), the attenuation of the traveling

0 Multiperiodic Traveling Wave
330, _=—mpmean 30 Vee Model —
2 ! Pat Measured Data - -
300:_,-"'
270 fsin et
‘.' N _‘_:4’(:’,'
240°.

Fig. 5.17 Theoretical and experimental patterns of the Sierpinski-60° antenna at 3.6 GHz (third
band). The experimental pattern is slightly assymetrical due to an imperfect balance of the balun.

wave due to radiation, and the multiperiodic nature of the system. To illustrate how the
contribution of several space harmonics can modify the pattern that would predict the non-
periodic model, another example is introduced. The Sierpinski-60 antenna at 3.6 GHz is
now considered and space harmonics of first and second order are included. Such harmonics
are shown in Fig. 5.16, all of them with the amplitude that results from evaluating (5.28) for
the corresponding propagation constants given by (5.34).
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The cutoff effect for the slow wave modes becomes clear now. All harmonics
except the fundamental one and the first negative order one (n=-1) become rapidly
attenuated, i.e., they contribute with a little amplitude to radiation. When all modes are
added with a proper amplitude factor (a relative amplitude 4,=2.43 for the fundamental
mode was the only required adjustment ), the resulting pattern is the one in Fig. 5.17. Again,
theoretical and experimental data are found to be in good agreement except for a non ideal
behavior of the tapered balun used in the experimental setup.

It is very interesting to stress that the resulting superposition of modes yields a
rather different result than the fundamental mode (#»=0) alone. That is, the traveling wave V
model itself is not enough to predict the fractal antenna behavior at large frequencies, but

requires the periodic structure approach to give an accurate result.
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5.2 - Bending the arms of the Sierpinski Dipole

From the results of previous sections, one can conclude that the Sierpinski antenna
operates through an active region that self-scales with wavelength. Such an active region is
formed when an electromagnetic wave propagating from the apex to the tips of the antenna
becomes radiated and thus attenuated when interacting with proper size fractal sub-gaskets.
The existence of such a sort of propagating wave is supported by the phase current maps
reconstructed through the FDTD algorithm (see Chapter 4).

Now, one should naturally wonder whether such a propagating wave would lead to a
directional pattern when bending the fractal dipole antenna arms. Actually such a behavior
is observed on the Euclidean version of the antenna, i.e., the bow-tie antenna, which
however does not maintain the pattern lobe structure when increasing frequency (see Fig.
5.18 for the measured field patterns of the inclined-arm version of the bow-tie antenna). One
should also question whether, in case that the fractal antenna displayed such directional

patterns, those were going to be held similar through the bands.

Inclination ’ Y=120° Inclination < ¥=60°
sl 2% G o % G of =% G
fre 300, LT 60 150

WL 30
=3

=3.51 GHz
120 "0 60

180
60 GHz

210 150

E-plane H-plane

Fig. 5.18 Inclined bow-tie antenna radiation pattern cuts for ¥=120° and ¥=60° inclination angles
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5.2.1 - Experimental Results on the Inclined Sierpinski Dipole

Two Sierpinski dipoles of 60° and 90° flare angles were constructed and fed through
a tapered balun as described in the previous chapter. The arms of the antenna were inclined
at angles y=60° and y=120° and measured in an anechoic chamber (see Fig. 5.19 for the

antenna configuration). The results are shown in Fig. 5.20 and Fig. 5.21.

Fig. 5.19 Inclined version of the Sierpinski dipole. The arms are bent towards the x+ axis.

It can be stated from these results that the fractal properties of the antenna are still
held in the inclined configuration, in the sense that the patterns still look similar through the
bands. There are significant variations on the pattern shape within each band, which
however become repeated when frequency is doubled.

In general, one can also state that there is a tendency on impinging directional
features to the radiation patterns, which is more clear in the Sieprinski-90 prototype.
However, some undesirable properties of the patterns rapidly catch the eye. Namely, the
patterns display high side and back lobes, and directivity does not increase as much as one
could expected when bending the antenna arms. Also, it appears quite surprising at first
glance that the Sierpinski-60 tends to enhance radiation in the backward direction at the
measured frequencies. Again, one should look for an explanation to this phenomenon on the
multiperiodic nature of the fractal structure.
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Fig. 5.20 Sierpinski-60° antenna radiation pattern E-plane cuts (¢=0°) for ¥=120° (up) and ¥=60°
(bottom) inclination angles.
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Fig. 5.21 Sierpinski-90° antenna radiation pattern E-plane cuts (¢=0°) for ¥=120 (up) and ¥=60°
(bottom) inclination angles.
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5.2.2 - The Multiperiodic Traveling Wave V Model

The V analysis of previous section can be again applied, with some slight
modifications, to understand the basic behavior of the inclined antenna. For the sake of
simplicity, we will consider that each arm of the antenna can be modeled as a wire current
with a characterisitc propagation constant .. To keep the same notation as in the previous
analysis, both equivalent wire will lying on the yz plane, symmetrically bended towards the
z+ axis. It must be taken into account that both currents flow now from the bottom to the top
of the antenna (Fig. 5.22).

Fig. 5.22 Simple V model for the inclined version of the Sierpinski antenna.

When considering progressive waves traveling outwards from the antenna apex to
the tips, the radiation vector for such currents can be written in a very similar form as that
on equations (5.18) and (5.19), but with a sign reversal such that,

s sinu' o SInud'
A’*azl‘a'(e]rlhlz"_"‘ejy2 2'—2—

3 1 (5.35)
N,=1I-b- 72 s/ 42, sinu,
“y u, (5.36)
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where now the current wire length is the triangle height 4, while @ and b are the A

projections upon the z and y axis respectively. Also, two auxiliary parameters 7’ and " are
defined again for the upper branch (subscript ‘17) and the lower one (subscript ‘2°), as
follows

Y1=y.+y,=k.cos(y/2)+k,sin(y /2)=kcos@cos(y / 2) + ksinOsin psin(y / 2)
(5.37)
Ya=¥.—v,=k.cos(y [2)-k,sin(y /2)=kcosBOcos(y / 2) - ksinfsin psin(y / 2)

(5.38)

If some reflection is to be considered at the tips of the antenna, one can extend the
above equations for the reflected waves by substituting the current amplitude / by 7, defined

as

=/- ~J2Bah
To=1-pe (5.40)

where p; is the current reflection coefficient. Also, ¥’ and %’ parameters must be substituted
by #’” and ’* defined as,

Uy S =2 (5.41)

Finally, the overall radiation vector considering both antenna arms, and both

outward and reflected waves is just the linear superposition,

N=N,+N, (5.42)
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In general, both N, and Ny have to be considered to evaluate the field intensity in the
¢=90° plane. Neither ky nor k; vanish in this plane, and a further simplification of the
radiation vector expression becomes intrincate. However, one can extract some interesting
conclusions upon the pattern directionality in the z axis, which states forward and backward

directions, when considering radiation from outward traveling waves. In this direction ky
vanishes and the y parameter becomes the same in the upper and lower arms. Radiation due

to the z current components cancels too, and only the Ny component remains,

. a
sin( k. - —
No =4.].prg Pay2gikal2 __ ( ' 'Baw) 2
Yo

(. - /’aw)% (5.43)

where now, the equivalent propagation constant £, is defined as,

o B
" cos(a/2)cos(y/2) (5.44)

being /. the phase propagation constant along the antenna edge and ¥ the inclination angle.
The above expression for Ny, can be interpreted as follows. In the z direction, the antenna
behaves as a linear dipole of length 25, which however has its beam tilted towards z+ due to
the outward traveling wave. The strength of the field is proportional to 2b, which is
maximized for y=180° (flat structure). On the other hand, the sinc function term accounts
for a linear uniform current distribution with an equivalent length a along the z direction. As
usual, the larger the length a, the narrower the sinc function and the larger the directivity.
Since a and b are both projections of the triangle height %, it appears clear that there is a
trade-off between field strength and pattern directivity. Narrow angles yield good
directivities but poor field strengths, while the converse holds for almost flat structures.

The above is appropriate for describing, for instance, the bow-tie antenna behavior.
Being current reflections at the antenna tips almost neglegible at large frequencies, the
outward propagating waves yield a radiation enhancement in the z direction. However, when
considering the fractal shape, its multiperiodic structure must necessarily be taken into
account. As stated previously, the propagation along a periodic structure allows several
space harmonics to accompany a zero order fundamental wave. For our particular case, the

edge propagation constant for any particular n'" order mode must be expressed now as,
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Ban=Bet—n (5.45)
which yields an equivalent propagation constant in the z direction,

B. ¥ %Tn
- cos(@/2)cos(y/2) (5.46)

ﬂawn

Even when the fundamental wave propagates forward (and so does the group
velocity, i.e., the energy flow velocity), the phase propagation constant of many space
harmonics can be negative, yielding to backward radiation. When the fundamental wave is
slow, fast waves can be easily obtained for proper values of the period 4 and the order
number n, which will predominate in the radiation process. Actually, the backward radiation
of some frequency-independent antennas such as the log-periodic dipole array is also

explained through this basic space harmonics concept [39],[46].

Now, with these picture in mind, some of the inclined Sierpinski antenna features
can be understood. Either forward or backward radiation can be obtained for several
combinations of the flare angle (@) and frequency, which condition the size of the period d
and the fundamental propagation constant . This is clearly distinct to what is obtained for
the bow-tie antenna which only helds forward radiation. The directivity (and related
parameters such as the back lobe ratio) is increased by enlarging the triangle height %
projection upon the z axis (a). Since the active region is shrunk at large frequencies in the
fractal case, it is clear that the effective size projection @, will be reduced too
( agyr= Alcos(yr2) ) from reconstructed FDTD currents), and this explains why, in general,
patterns are less directive in the fractal case than in the Euclidean bow-tie case
(apfr= 4.5A/cos(w2) ). Nevertheless, such an effective size reduction is the price to pay if
proper multifrequency operation is to be obtained. Besides this, if one takes into account
that the highly uneven shape of the fractal structure can enhance reflections on the gaskets
and subgaskets edges, a further distortion of the directional pattern is evinced.
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5.3 - Shifting the operating bands

It appears clear from the results presented up to this point, that the multiband
behavior of fractal antennas is a direct consequence of the geometric shape of the antenna
body. It has been shown that the self-similarity scale factor is clearly linked to the band
spacing in the log-periodic domain. For the classical Sierpinski gasket form, such a log-
period was 2. Now, one should question whether such similarity relations would hold for
other fractal shapes having different scale factors, and if one could properly modify a given
fractal shape to position the operating bands where necessary.

5.3.1 - Perturbation of the Sierpinski antenna

In Chapter 4 the Sierpinski gasket was chosen as the first example to explore the
feasibility of multiband operation. There, the height of the main gasket and their children
gaskets (subgaskets) was associated with each operating band. Thus, it appears natural to
assume that one should be able to modify the band spacing by changing the size of the
children gaskets. This is precisely what has been done when designing the so called
P3/5SPK and P2/3SPK antennas, which have been obtained by perturbing the original

Sierpinski antenna structure.

The two novel designs are shown in Fig. 5.23 together with the original Sierpinski
antenna. Both have the overall form replicated at five different scales at the base of the
antenna, the smaller copy being a single triangle. The antennas are designed by means of an
iterative algorithm that basically consists on subtracting a scaled triangle from the original
triangular form as described in [15], which is a rather different approach than the IFS
scheme. At each iteration, a reduction factor of 3/5 is found on the lower triangular cluster
of the first antenna (hereafter P3/5SPK) and a reduction factor of 2/3 is found on the second
one (hereafter P2/3SPK). It is interesting to notice that the two upper triangular clusters that
remain after each subtraction are not proportional copies of the overall shape but are rather
distorted. An affine transformation rather than a similarity one should be applied to go from
the overall structure to these skewed gaskets, and hence the form is said to be self-affine [2]
instead of self-similar. Nevertheless, a similarity relation holds for the lower cluster where
the active region is expected to concentrate in, and hence a self-similar electromagnetic
behavior can be expected for both structures.
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Fig. 5.23 Evolution of the original Sierpinski-60° antenna towards the P2/3SPK and P3/5SPK models.
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5.3.2 - P3/5SPK and P2/3SPK Input Parameters

Both antennas were constructed following exactly the same technique as for the
Sierpinski antenna. That is, the 8.9 cm height fractal shapes were printed over a Cuclad 250
GT dielectric substrate (§=2.5 #=1.588 mm) and measured in the same experimental
conditions. The plots in Fig. 5.24 show the input parameters of the two novel antennas
together with those of the Sierpinski-60. The input reflection coefficient has been

P2/3SPK - P3/5SPK Sierpinski
—~ 0 \ P T 1 l\ ‘ T
8 o P A A X oo
S i vy o S A
g . - f,:'— i /‘/ A . \ I i : :‘.,«'* N
§ 10 - % FiERE S
— < ' i N L
-15 - { S

Real(Zin)

Imag(Zin)

Fig. 5.24Input reflection coefficient relative to 1502 (1'}-,,l 500), input resistance and reactance of the
three antennas.

normalized to a 150Q reference impedance which provides a better matching conditions

than the standard 50Q impedance. The input parameters clearly show a band compression
towards the origin on the novel designs with respect to the original one. Such a compression
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effect is more remarkable in the P2/3SPK case, i.e., the design displaying the most
compressed geometrical structure.

The link of the frequency response with the geometrical features of the antenna is
clearly evinced in Table 5.1. It lists the first five resonant frequencies (odd resonances)
together with the adjacent bands frequency ratio for the three fractal antennas. Clearly, the
novel designs display a characteristic log-period equal to the characteristic scale factor of
the fractal shape, i.e., 6=1.66 (1/6 = 3/5) for the P3/5SPK antenna, and d= 1.5 ( 1/6=2/3)
for the P2/3SPK one. It is interesting noticing that once more, similarity is broken at the first
band where a frequency ratio much larger (& = 3.5) is found between the first two odd
resonances. Again, such an effect must be related to the truncation of the infinite ideal

fractal structure which leads to a bow-tie mode operation at the longest wavelengths.

P2/3SPK P3/5SPK Sierpinski
Jn Jnl Tn-1 Jn In/ In-1 In Jn/ fn-1
0.44 - 0.45 - 0.46 -
1.54 3.46 1.61 3.57 1.75 377
2.43 1.57 2.76 1.71 3.51 2.00
3.69 1.51 4.54 1.65 7.01 2.00
5.43 1.47 7.52 1.66 13.89 1.98

Table 5.1. Band frequencies (odd resonances, GHz) and scale factor between adjacent bands for the
P2/3SPK, P3/58PK and Sierpinski antennas.

5.3.3 - P3/5SPK and P2/3SPK Radiation Patterns

The patterns of the two novel designs were measured at the center of the four upper
bands (minimum VSWR points relative to 150€2). The main cuts display a characteristic
two lobe structure similar to that of a linear monopole (Fig. 5.25). Such a reduction in the
number of lobes with respect to the Sierpinski-60° antenna should be related to the relative

smaller size of the full antenna with respect to the operating wavelengths.

The patterns keep a notable degree of similarity among bands with a slight increase
of ripples at the highest bands mainly due to the non-ideal behavior of the ground plane. In
general, the azimuth (6=90°) cut show an almost isotropic behavior in the H-plane with a
slight tendency to enhance radiation in the direction perpendicular to the antennas’ surface,

which is a common feature shared with the original Sierpinski antenna.
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As a concluding remark, we should state that the Sierpinski gasket can provide a
useful multiband antenna start-point design, which can be modified to match the specific
needs of different applications. The perturbation of the scaling relation among fractal

iterations appears a powerful tool to fulfil band location design requirements.

5.3.4 - The Triangular Honeycomb Antenna

Since there seems to be a clear relationship between the gasket triangle height and
the antenna resonant frequencies, one could be tempted to essay alternative designs
exploiting such feature. Being not a fractal shape, the so called triangular honeycomb
antenna (see Fig. 5.26 ) could display a multiband behavior if one linked the several triangle
height levels within its structure with a resonant frequency.

Fig. 5.26 The Triangular Honeycomb antenna.

5.3.5 - The Triangular Honeycomb Antenna Input Parameters

The experimental data upon this antenna appears quite revealing. The input
reflection coefficient shows 16 minimum return-loss points within 0.1-16GHz, which is
exactly the number of triangle levels within the honeycomb pattern. Although not an
straightforward relationship between such height levels and the matched frequencies has
been found, given the prior results regarding the Sierpinski and bow-tie antennas it seems
reasonable to assume that such a relationship should exist. Thus, this could be thought of as
an alternative, non-fractal way of designing a multiband antenna, provided that the

similarity among the radiation patterns at the several bands is held as well.
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Trangular Honeycomb Antenna
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Fig. 5.27 The Triangular Honeycomb antenna input parameters.
5.3.6 - The Triangular Honeycomb Antenna Radiation Patterns

Figure 1.27 shows the ¢=0° cuts of the E, component radiation pattern. The cuts
have been measured at each one of the minimum return-loss frequency points. The pattern
evolution is the typical one of a single-band antenna, with many increasing grating lobes for
larger frequencies. Such a behavior is comparable to that of a linear monopole or bow-tie
antenna and thus this cannot be considered a successful multiband antenna design. From the
geometrical point of view, the shape of the antenna is clearly not self-similar since none of
the equivalent nested triangular shapes has the same form of the overall object, even in the

ideal case with an arbitrary large number of iterations. One should conclude that a
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multiscale structure alone is not enough to guarantee a proper multiwavelength operation,
yet there must be a strong similarity relationship among the several scales (fractal self-
similarity for instance) to ensure a multiband behavior.

f=1.801GHz f=3.174GHz f~4.463GH
0p 0p 0

B0, mreiio 30 30 e, 30

F8.059GH:
Bl et

90

fF13.79GHz
00
.30

f=12.15GHz
09

’30—\ =30

f=14.43GHz
09
30

Fig. 5.28 Honeycomb antenna E-plane radiation patterns. It is not a multiband antenna.

If one assumes that currents on the Honeycomb antenna propagate mainly along the
edges, it becomes clear that the periodic (but not multiperiodic) nature of its structure
should be considered when analyzing its behavior. Nevertheless, it is clear that being the
single period size d very small (the side length of the smaller triangles), most Hartree
harmonics will be at cutoff at low frequencies. Thus, its behavior should be properly
modeled at such low frequencies by just taking into account the fundamental mode on the
balanced V model. Figure 5.29 displays the theoretical patterns computed following such
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model at the first six matched frequency points. An empirical adjustment of the effective
index of refraction (a ~6% deviation from the expected 7.5~ 1.1) has been applied on the

theoretical model and a current reflection coefficient of p, =-0.65 has been assumed.

Fig. 5.29 Comparison between the measured triangular honeycomb antenna and the balanced V
theoretical model radiaton patterns (@=0°, E,component, frequency in GHz).
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5.4 The Parany Antenna

The structure shown in Fig. 5.30 is the so called Parany antenna, which was
constructed with the aim of exploring the sensitivity of the Sierpinski antenna design to
significant geometrical deviations. Although long believed to be a fractal shape [121],[122],
the antenna should not be considered strictly fractal®. Even though B.Mandelbrot [3] refused
to establish a tight definition of the term fractal, and suggested that such an adjective could
be used in a loose sense to name novel forms with highly irregular or self-similar shapes, he
established a definition of fractal set [1] as a set whose fractal dimension is larger than its
topological dimension. The Parany antenna has a self-scalable shape which, however, has
both a topological and a fractal dimension D=2. This can be readily seen by considering its

80 cm

Fig. 5.30 The Parany antenna.

construction algorithm: an equilateral triangle is subtracted from the center of an inverted
solid triangle in the first stage; in the following stages, a properly scaled triangle is
subtracted only from the bottom remaining triangle. This way, there always remain two-
dimensional surfaces on the upper part of the antenna, which will be responsible for the
overall two-dimensional characteristic of the whole object.

* The Parany antenna is patent pending too.
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On the other hand, the Parany structure is indeed a self-scalable shape, in the same
sense the logarithmic spiral or the log-periodic dipole array are self-scalable too [39].
Nevertheless, there is a significant difference between the former and the later shapes.
While the spiral and log-period arrays smoothly feature a continuous range of scales, the
Parany antenna appears only self-scalable when the proper scale factor (i.e. é=2 for this
particular case) is chosen. This should lead to a multiband rather than frequency
independent behavior similarly to what is stated for the fractal antennas considered up to

this point.

5.4.1 - The Parany Antenna Input Parameters

The input parameters corresponding to the Parany antenna are shown in Fig. 5.31
together with the same parameters regarding the fractal Sierpinski-60 one. The log-periodic
behavior of such an antenna is clearly shown, with a log-period 6= 2 as could be anticipated
from its geometrical shape. It is most remarkable the good agreement between the Parany
and the Sierpinski antenna with respect to their input parameters. Such an agreement
strengthens the idea that smaller details do not play a very important role at large enough
wavelengths, and that the overall antenna performance at its input terminals is determined

by the overall antenna shape.

However, there appears to be a consistent difference between the performance of
both antennas at high frequencies. There is a significant increase in the input return-loss
bandwidth in the fractal case (~40% , ~100% and ~70% at the three upper bands for
1,<10dB). If the agreement among the antenna behaviors is related to their common
geometrical features, conversely the deviation on the performance should be explained
through their geometrical differences. It appears sensible to assume that the high irregularity
of the fractal shape should enhance radiation. Actually, the ideal Sierpinski gasket can be
seen as an infinitely branched structure, as described in the introductory chapters; that is,
any point in the ideal fractal shape would introduce a sudden change in the current direction.
Such abrupt changes would enhance the radiation process with respect to the Parany antenna
that has a smoother shape. This way, the ratio between the stored reactive energy and the
radiated power, i.e., the O factor, would be lowered and thus the overall bandwidth

increased.
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Fig. 5.31 The Parany antenna input parameters. The same parameters for the fractal Sierpinski
antenna are shown in dashed lines for comparison.

5.4.2 - The Parany Antenna Radiation Patterns

The antenna radiation pattern main cuts corresponding to the three upper bands are
also shown in Fig. 5.32 (E, component). At first glance one notices the increase in the
number of lobes with respect to the fractal case. Also, the similarity among the third and the
forth and fifth bands is not so clear. Both phenomena could be linked to the truncation effect
in the following way: assuming that the current distribution extends further away in the
Parany antenna than in the Sierpinski gasket, an increase in the number of lobes should be
expected due to the larger current extent to wavelength ratio. Furthermore, a larger active
region size would make more difficult a successful antenna truncation without affecting the
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current distribution shape. This way, the similarities among bands would be easily lost,
specially at lower frequencies. Such an argument of a smaller active region in the fractal
case would be consistent with the former idea that the irregularity of its shape enhances
radiation and thus introduces a stronger attenuation in the current flowing over the antenna

surface.

pueq g

pueq v

pueq S

Fig. 5.32 The Parany antenna radiation patterns main cuts at the three upper bands.

Similarly, one should notice that even self-scalable, the Parany antenna can not be
considered a multiperiodic structure. Although a quasi periodic analysis approach has been
successfully applied to describe some log-periodic antennas [45],[48], all of them presented
smooth variations on the period d. On the contrary, the Parany antenna has too abrupt a
change in its characteristic scales and neither the periodic nor the multiperiodic approach
applies. Therefore, it is not surprsing to state that, lacking of the contribution of several
space harmonics, the radiation patterns of the Parany and Sierpinski antenna can become
rather different. As a final conclusion, we should state that the Parany antenna does not

present any remarkable advantage with respect to the Sierpinski antenna.
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5.5 Conclusions

Some variations on the Sierpinski Antenna have been investigated. It has been
shown that changing the antenna flare angle introduces some modifications on the resonant
frequencies, impedance level and radiation patterns. In general, broader angles shift the
resonant frequencies toward longer wavelengths due to the longer length of the triangle
sides. Very narrow angles make the whole antenna appear closer to a linear antenna
(a monpole or dipole) such that the multiband behavior tends to vanish. Such a phenomenon
has been confirmed both by the input parameters and radiation patterns.

An analytical model, based on the propagation of current waves along a
multiperiodic media, has been introduced to describe the Sierpinski antenna behavior. Such
a model successfully predicts the variations on the pattern shape when changing, for
instance, the flare angle. The model gives also an insight on the antenna behavior when the
arms of the fractal dipole are inclined. Roughly speaking, the inclined version of the
Sierpinski dipole features a more directional pattern, which is kept similar at the several
bands. The directivity is not enhanced as much as in a bow-tie antenna due to the active

region reduction effect which makes possible the multiband behavior.

It has been shown that the fractal structure of the Sierpinski antenna can be properly
perturbed to shift the operating bands. Again, it has been shown that the band positions are
clearly linked to the antenna geometry and its characteristic scale factor. Other non fractal
configurations have been essayed, but their performance was worse than that of the fractal
one.



6. Random Fractal
Tree-Like Antennas

revious chapters have been devoted to show that fractals can become multifrequency
Pradiating systems, and this has been demonstrated both theoretically and
experimentally. The Sierpinski antenna has been shown to operate similarly at a discrete set
of frequencies and thus, it has been identified as a multiband antenna. Such feature has been
shown to be clearly linked to the antenna fractal geometry, being the spacing among bands
equal to the characteristic scale factor of the several fractal iterations.

One would naturally wonder what happened if such a characteristic scale factor
were made arbitrarily close to unity. One might think that the several bands would become
arbitrarily close and couple together into a single wide band, obtaining this way, a
frequency-independent antenna. Actually, a frequency-independent antenna such as the log-
periodic dipole array can be thought of as a multiscale structure, smoothly varying by means
of a small scale factor from small to large sizes. Therefore, one could reasonably expect that
proper fractal shapes with small scale factors would operate similarly too.

However, it is not easy to find deterministic, regular, self-similar fractal shapes with
scale factors close to unity. Deterministic self-similar fractals such as the Cantor set, the
Sierpinski gasket and carpet, or the Diirer pentagon [2][5], are usually highly lacunar objects
presenting large gaps within substructures and abrupt scale changes among iterations. In
many cases, self-similarity is broken when the scale factor J is made 6<2 and structures
become at most self-affine. Among the fractal object families that allow small scale factors,
the most common are random fractal shapes, and some relatives of Julia and Mandelbrot
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sets obtained by iterative transformations on the complex plane [5],[87]. Random fractal
forms are among those who more clearly evince a continuos set of scales within its shape.
Among the several families of random fractal objects such as Brownian processes, random
IFS systems, etc., maybe the most appealing are the tree-like random ones. Many natural
objects, such as corals, trees, leaves, weeds and ferns have distinct fractal shapes [1].[2]
with a rich scale distribution that look specially attractive for antenna design. Actually, one
of the most popular fractal shapes (which however is not random), the Barnsley fern, is
clearly similar to the log-periodic dipole array. Being extremely simple to feed, fractal tree-
like monopoles have been chosen to investigate the feasibility of fractal wide-band or

frequency-independent antennas.

There are several ways of generating fractal random branching structures. Among
them, the most common is the Diffusion Limited Aggregation (DLA) process [2]. Such
process can be either carried out through an experimental chemical process or by means of
computer simulation. Both approaches have been followed here, and results are compared in

the following sections.

6.1 - DLA Growth of Fractal Structures

The Diffusion Limited Aggregation (DLA) process describes the formation of
clusters that grow from the aggregation of small particles. The general model accounts for a
set of particles traveling randomly in a usually fluid medium. When the particle random-
walk goes through the position of a fixed particle called the seed, it sticks to it becoming a
seed particle too, i.e., a fixed particle that can catch the remaining flowing particles on their
erratic motion. DLA is a probabilistic process that yields the formation of fractal (self-
similar) clusters. The fractal nature of such aggregates has been extensively studied and
characterized [9],[10],[111,[12],[123], and their self-similarity properties have been stated in

a probabilistic sense.

One of the most practical ways of generating real, physical fractal aggregates is
electrochemical deposition [2],[10]. In this case, the fluid media is an electrolyte solution,
and the particles are usually metal ions (frequently copper or zinc). An electrostatic field is
applied to the solution by means of an electrode pair such that the ions become attracted by
its corresponding pole, i.e., the anode or cathode. Although this process can be carried out in
a three dimensional cell where ions can move randomly in any direction, it is customary to
run such experiments in a two-dimensional setting. That is, a Petri-dish is filled with a thin
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layer of the aqueous solution such that particles have their movement restricted on the

almost two-dimensional medium between two glass-plates (Fig. 6.1).
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Fig. 6.1 Typical set-up of an electrochemical deposition experiment.

Depending on the shape of the electrodes, the applied electrostatic potential, the ions
and their concentration, a huge variety of highly complex forms can be obtained, not all of
them being fractal [10]. In general, fractal shapes are obtained when the process that
predominates in the particle motion is diffusion, and hence the name of DLA fractals. When
other process become predominant, more regular, dendritic-like shapes result [10]. A
thorough study of the conditions that allow the formation of fractal aggregates can be found
in [10]. Following such rules, the electrochemical deposition experiments that generated the
fractal tree-like shapes of the antennas presented here were carried out at the Universitat de
Barcelona by F.Sagués, J.Claret and M.Q.Lopez-Salvans [9],[10] ,[11],[92].
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6.2 - The Fractal Tree Antenna

6.2.1 - Structure Design and Antenna Construction

The first prototype of fractal tree antenna was designed as follows. The fractal shape
was obtained by means of a quasi-two-dimensional electrodeposition experiment as
described before. A deposit was grown from a thin layer of an aqueous electrolyte
containing the metal ions to be deposited sandwiched between two glass plates. In this
particular case, the electrochemical cell was formed by two glass plates (11 cmx 11 cm x 5
mm) separated by two copper wires of 100 g#m diameter. The electrode configuration
consisted of a point-like cathode located at 8 cm from the center of an 11 ¢cm long anode,
parallel to a plate side. The electrolyte solution was a non-deaderated aqueous 0.05M copper
sulfate (CuSO4) solution prepared with ultra pure water supplied by a Millipore-Milli Q
system and Merck quality p.a. copper sulfate. The electrodeposits were grown under a
voltage of 12 V between electrodes [92].

Being the fractal deposit obtained this way a good conducting structure, the idea of
using it directly as an antenna looked particularly attractive, since the generation process
was quite simple, inexpensive, and fast (the deposit grew in a few minutes). However, the
resulting structure is often too weak to be kept standing up once the glass plates were
separated, and too thin to handle a significant amount of power. Therefore, the chemical
deposit had to be recorded using a CCD camera, and the resulting image processed and
printed over a Cuclad 250 dielectric substrate (&=2.5, #=1.588 mm) using standard printed
circuit techniques. Finally, the tree was mounted up in a monopole configuration over the

same 80 x 80 cm aluminum ground plane used in previous fractal antenna designs (see
Fig. 6.2).

The fractal dimension of this structure (Dy) was computed by means of the MFRAC
multifractal analysis software [137], leading to a value of D;=1.71. It is interesting to notice
the statistical self-similarity [2] of the tree as shown in the blow-ups in Fig. 6.2. One can
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expand an inner region around the feeding point and the resulting form still keep a similar
shape to the overall tree. An expansion by a factor of a 7 still holds the main features of the
structure and if one neglects the contribution of the smaller parts of the body to the radiation
process at longer wavelengths, a similar electromagnetic behavior might be expected at a
frequency up to seven times larger than the smaller one.

6.2.2 - Input Parameters

The antenna input reflection coefficient (/3,) relative to 50Q was measured from
900 MHz to 8 GHz using an HP8510B vector network analyzer. The resistance and

reactance of the input impedance along with 75, are shown in plots (b), (¢) and (d) of
Fig. 6.3. The same parameters corresponding to a monopole of the same height (7.8 cm) are
also plotted in dash-dotted lines for comparison. The fractal tree clearly displays a rich
spectral structure with many resonant frequencies and is well matched (VSWR<2) to 50Q at
as many as 15 bands within the measured frequency range. This behavior is visibly distinct
to that of the previously tested deterministic fractal shapes, since the distribution of bands is
much denser, as could be anticipated from the antenna geometry. Also, the difference with
the harmonic behavior of the Euclidean linear dipole is manifest. This seems to contradict
the previous work developed in [125], which theoretically predicted a harmonic, periodic

spectral distribution of resonant frequencies for general fractal aggregates.

On the other hand, frequency independent behavior can not be stated for the fractal
tree because the antenna does not consistently keep a uniform matching characteristic in the
whole frequency range. Nevertheless, the tree improves the spectral behavior of the linear
monopole because both the reactance and the resistance of the fractal keep a smaller

deviation from 0 and 502 respectively.

In order to link the spectral response of the antenna to its fractal geometry, the
distribution of lengths on the structure was investigated as well. First, the recorded bitmap
image of the tree had to be vectorized using a standard image segmentation software'. The
several branches of the structure were converted this way to straight segments from which
one could compute a length distribution histogram. However, such a procedure yielded
rather discouraging results since the structure resulted in a large set of very short segments.
The problem of identifying a length distribution over the antenna appears quite involved

! Corel OCR-Trace™, a trade-mark of Corel Corporation.
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when relying on an automatic process, since curved branches become always decomposed
on smaller straight segments. This means that larger branch lengths would not be considered
and their corresponding resonant frequencies not predicted. To take into account the lengths
of larger branches from its root to its tip, the antenna structure was previously manually

straightened as shown in Fig. 6.4.
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Fig. 6.3 Fractal tree antenna input parameters (b),(c),(d), and equivalent distribution of lengths (a).

Once such a simplification process had been applied, a distribution of lengths over
the antenna was computed. Each length class was associated to a matched frequency by
considering each segment of length / to resonate at /~A/4. Finally, an histogram of the
corresponding frequency distribution was computed and the result is shown in Fig. 6.3 (a).
The plot basically seems to denote that a certain correlation between the length distribution
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on the antenna structure and the matched frequencies exists, thus stating a link between the
fractal antenna geometry and its spectral response.

segmented image straightenning process final model

Fig. 6.4 Image segmentation and straightening prior computing the length distribution.

6.2.3 - Radiation Patterns Main Cuts

The radiation patterns were measured in an anechoic chamber at the first 15
matched bands. The main cuts ¢=0° and ¢=90° for the E, and E, components are shown in
Fig. 6.6 and Fig. 6.7 respectively. All plots are normalized to allow a better comparison
among bands. It can be seen that the E, ¢=0° cuts hold a notable degree of similarity among
them up to 5 GHz, which can be understood if one assumes a reduction on the effective
current distribution size at larger frequencies. Although the patterns at 4.94, 5.44 and 7.58
GHz still keep a similar shape to the patterns at lower frequencies, they show a 10 dB dip
approximately at 8=60°. On the other hand, the patterns of the ¢=90° cut seem to randomly
tilt from left to right through the bands, yet the number of lobes are not significantly
increased at larger frequencies.

The random behavior of the patterns over the antenna plane can be related to the
randomness of the fractal structure itself. That is, being the tree not symmetrical with
respect to the xz plane, the active region would extend to a different branch configuration
when a contraction or expansion is produced at the highest frequencies. That behavior was
not held by the other cut due to the symmetry of the antenna with respect the yz plane.
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Fig. 6.5 Fractal Tree Antenna cross-polar ratio for the two main cuts.

Randomness becomes also apparent from the polarization point of view, since the cross-
polar ratio is not held constant through the bands. Figure 6.5 shows the cross-polar ratio
(EJE,) at the fifteen measured bands for the two main cuts. Large fluctuations in the field
polarization state become clear. Variations as large as 30 dB are especially remarkable at
the antenna plane cut, where the randomness of the antenna shape has its main influence.
Contrarily to the theoretical harmonic prediction found in [125], the randomness in the
polarization state seems to basically agree with the conclusions in that particular work.
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6.3 - The Trimmed Version of the Fractal Tree Antenna

Although some multiband features were apparent in the behavior of the fractal tree
antenna of the previous section, a wide-band frequency response was not achieved. In this
section, a truncated version of the previous model is essayed. One could think that some
non-fractal aspects of that prototype would disturb it from a clear wide-band behavior. For
instance, the coupling of the lower branches with the ground plane could store some extra
reactive energy that might rise the antenna overall Q factor, impeding a successful melting
of the several antenna resonances. Being such long branches almost parallel to the ground
plane, a transmission-line, non radiation mode might be locally excited; since those
branches are directly connected to the antenna input terminal, they might behave as parallel

stubs which could modify the antenna input impedance behavior.

With this underlying idea in mind, the original antenna tree was pruned, and another
version of the fractal tree antenna was constructed (Fig. 6.8).
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Fig. 6.8 The truncated version of the fractal tree antenna.
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6.3.1 - Input Return-Loss

Contrarily to what was first expected, the truncated version of the fractal tree
reduced the number of matched bands from 15 to 9, as shown in the input reflection
coefficient ( relative to 50Q ) of Fig. 6.9. The design still overcomes the number of resonant
frequencies of the Euclidean linear dipole due to its multiscale nature, and there seems to

exist a slight tendency to broaden the bands, but results are much far from what one would

desire.
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Fig. 6.9 Input reflection coefficient relative to 50Q for the truncated version of the fractal tree.

6.3.2 - Radiation Patterns and Cross-Polar Ratio

Regarding the antenna radiation patterns, results seem to go also in the opposite

direction. The E, component of the ¢=0° and ¢=90° cuts shown in Fig. 6.10 are in worse
agreement than those of the previous model. The lobe structure consistently changes when
increasing the operating frequency and this way, the antenna clearly deviates from a
multiband operation. The cross-polar ratio is the only parameter that has been improved
with respect to the previous model (Fig. 6.11), being the E, component the most significant
one through the bands. However, this fact is mostly due to the narrower shape of the antenna
rather than to a significant change on the antenna fractal nature.

One possible explanation to the band similarity loss by the current model might be
found in the loss of geometrical similarity due to the trimming process (see Fig. 6.12). It is
apparent that when truncated around the feeding point, the antenna body does not keep an
alike shape as much as the previous model did.
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Fig. 6.10 Pruned tree radiation patterns main cuts for the E,component.
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Fig. 6.11 Pruned tree antenna polarization cross-polar ratio through the matched bands.
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6.4 - The Simulated DLA Fractal Antenna

Even though the fractal tree antennas just introduced present some interesting
features, namely a multiresonant behavior with a dens band distribution, they do not fulfill
the expectations of achieving a wide-band (frequency independent) behavior. If one links
the band distribution to a branch-length distribution, it could be concluded that the antenna
shape does not feature a continuous enough length histogram. Also, the antenna tends to
increase the pattern lobes at large frequencies, which could be related to the lacunarity of
the structure, i.e., the gaps among bands. One could think that, if a denser tree structure
featuring a more continuous length distribution were achieved, the fractal tree antenna

behavior could be improved.

In order to get a better control on the final antenna shape, the diffusion limited
aggregation process was simulated by a computer program. The DLA process can be readily
simulated using a rather simple algorithm as it has been reported by many authors [2],[12].
From the mathematical point of view, the particles (ions) within the glass plates move
following a Brownian motion, which can be approximated by a random-walk where each
step the particle moves to any of the four neighborhood cells on a uniformly sampled two-

dimensional space.

6.4.1 - SDLA Antenna Shape Design Algorithm

First of all, one has to define a finite grid of pixels where particles can be placed on
and travel over. Second, a fixed point where a single sticky particle (i.e. the seed) will be
placed has to be chosen as well. Such a seed point is equivalent to one of the electrodes of
the experimental setup. The next step consists on delimiting a perimeter with an arbitrary
shape around the seed where particles will be injected and start its random-walk. At each
step, one of the four neighbor pixels is randomly chosen as the following particle position.
On such a random path, the particle can either go outside of the defined perimeter and
become discarded, or become stuck to the seed (with some probability) when reaching one
of the its neighbor pixels. Such process would be iterated with many particles until the
simulated deposit is as large as desired.

In general, one can empirically control more or less the resulting aggregate shape by
modifying some of the simulation parameters such as the perimeter shape, seed position, or

sticking probability. To design the new fractal tree antenna shape (hereafter Simulated
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Diffusion Limited Aggregate or SDLA antenna), some special considerations have been
taken into account. The limiting perimeter has been chosen to have a rectangular shape, and
the seed has been placed at the center of one of its sides. By placing the seed at the edge of
the simulation space, some directionality is induced on the growing process such that the
final aggregate has an elongated shape with a main root through which the antenna can be
conveniently fed through.
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80 cm

Fig. 6.13 The SDLA antenna. The fractal dimension is Dy~ 1.83.

To increase the speed of the generation algorithm, two limiting perimeters were
defined instead of one; the first one controls the initial position of the particles, while the
second one is the limit boundary that determines when a particle must be discarded. By
initially choosing a small starting point perimeter, particles begin to stick to the seed more
rapidly than when considering a large initial perimeter. When the aggregate size becomes
comparable to such a perimeter size, this can be conveniently re-scaled to allow a further
growth. The density of the resulting deposit can be controlled by properly establishing the
minimum number of stuck particles prior to the perimeter re-scaling.

Once the deposit shape had been obtained following this basic procedure, it was
printed over a dielectric substrate as usual, and mounted over the ground plane in the

monopole configuration (Fig. 6.13).
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6.4.2 - SDLA Antenna Input Parameters

Having the same size of the other fractal tree structures, the SDLA antenna input
parameters were measured on the same 0.9-8 GHz frequency range. It is clear that again
(Fig. 6.14) the antenna performs in a multiresonant manner. The three input parameters
evince a denser band distribution as one expected from the antenna shape. Although the
antenna is not very well matched to 50Q, up to 16 resonant frequencies (imag(Z;,)=0) are
found within the measured range, which states an improvement with respect to the previous

cases. On the other hand, when one considers the input reflection coefficient with respect to

an impedance Z,=125Q, a better input return loss characteristic is obtained (Fig. 6.15).
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Fig. 6.14 SDLA Antenna Input Parameters.

Up to 26 VSWR minimums are obtained now, with a significant improvement on
the average return-loss on the overall frequency range. However, the antenna still does not
perform as one would desire. That is, instead of melting together into a single broad band,
the multiple matched frequencies tend to be kept separated from the rest. Even though the

denser structure yields a denser distribution of resonant frequencies too, it seems that too
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much reactive energy is stored within coupled tree branches. Such an energy storage would
lower the overall antenna O factor, yielding the narrow band characteristic found at each
band.
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Fig. 6.15 The SDLA Antenna input reflection coefficient relative to 5082 (dotted) and 12582 (dashed).

6.4.3 - SDLA Antenna Patterns

Due to dense distribution of frequency VSWR minimums, the radiation pattern
measurements were carried out this time by sweeping the whole frequency range. The
power pattern ¢=0° and ¢=90° cuts are shown in Fig. 6.16, while the cross-polar ratio
(EJE,) corresponding to each pattern is shown in Fig. 6.17. In general, one might state that
significant variations on the patterns are obtained when increasing the operating frequency.
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Fig. 6.16 SDLA antenna radiation pattern cuts at ¢p=0° and ¢=90°.

Such pattern variations lead to conclude that an active region is not successfully formed on
the antenna structure, most probably due to the proximity among branches that would ease

the coupling and propagation of electromagnetic waves from the feeding root to the antenna
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tips. Also, random pattern tilts are still observed on the ¢=90° plane, which again is on

account of the random antenna shape.
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Fig. 6.17 The SDLA cross-polar ratio (E/E,) at each of the measured bands.

The cross-polar ratio shows an improvement with respect to former designs, being
the vertical component consistently above the horizontal one at low frequencies. In general,
polarization suffers less variations, which should be related to the more elongated shape of
the new design, rather to an improvement of its fractal properties.
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6.5 Conclusions

The performance of several random fractal tree-like antennas has been
experimentally investigated. The designs have shown to feature a multiple resonant
characteristic from the input terminals point of view. The distribution of bands in the
spectral domain is rather denser than that of the previously investigated deterministic
antennas. Such feature can be linked to a smoother distribution of sizes and lengths on the
antenna shape. The radiation patterns of some of the antennas keep a fair degree of
similarity among bands, although some undesired features are clearly shown, mainly due to
the random nature of the antenna structure. Basically, a random pattern tilt is observed on
the antenna plane cut, and large variations on the cross-polar ratio are found from band to
band. It has been shown that the density of the band spectrum can be modified by means of
a simulated DLA antenna structure generation algorithm. Although polarization fluctuations
can be improved this way too, radiation patterns seem to suffer of larger variations from
band to band owing to the closer spacing of antenna branches that would ease the coupling

of electromagnetic fields over the whole antenna shape.



7. Small Fractal Antennas

When the size of an antenna is made much smaller than the operating wavelength, it

becomes highly inefficient. Its radiation resistance decreases, while proportionally the
reactive energy stored in the antenna neighborhood increases rapidly. Both phenomena
make small antennas difficult to match to the feeding circuit, and when matched they
display a high O, i.e., a very narrow bandwidth. The potentiality of fractal shapes for
improving the efficiency of common small antennas has been recently suggested by
Dr. Nathan Cohen in [100]-[103]. Based on a numerical method of moments analysis, he
observed that fractal Minkowski loops presented a low resonant frequency, relative to their
electric size. Also, numerical results upon the so called Cohen dipole evinced that the
directivity of some common antennas such as linear dipoles and Yagi antennas could be

improved.

Many fractal curves such as the Koch, Minkowski, Peano and Hilbert curves [2] can
be fitted in a finite area although they have an infinite length. Such a striking property
should lead to question many common assumptions regarding Euclidean antennas. For
instance, might such long structures support arbitrarily large wavelengths and couple them
efficiently to free space ? Fractal curves are highly uneven curves, being their fractal
dimension a good parameter for their roughness characterization. Since it is well known that
sharp shapes, sudden bends and discontinuities tend to enhance radiation, might fractal
shapes improve the radiation properties of common antennas ? For instance, could fractal
shapes increase the low radiation resistance of a small dipole or loop ? Actually, Nathan
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Cohen observed in [100],[101] that some small fractal loops presented an unusual large
input resistance. Even though their area was very small, their perimeter was not, which led
him to think that some assumptions upon small antennas might not necessarily hold for
fractal shapes. For instance, the radiation resistance of a small Euclidean circular loop can

be consistently written either in terms of its area (4) or its perimeter (C) as [52],

- 55) -e(5) 4

Obviously, such a description is not correct for fractal loops, since area and perimeter are
not as simply linked to each other as they are in Euclidean loops, and the two approaches

would lead to completely different conclusions.

On the other hand, one of the main limiting features of small antennas is their
narrow bandwidth due to its large Q factor. When operated below resonance, the input
reactance of an small antenna increases rapidly, which together with the fast decrease of the
radiation resistance yields a poor Q factor and thus such a narrow bandwidth. Again, some
fractal loops might have surprisingly small resonant frequencies due to their large
perimeters, which together with their larger radiation resistance might lead to a broader

bandwidth than common antennas.

This chapter is devoted to investigating some aspects regarding small fractal
antennas. Firstly, some theoretical considerations upon the fundamental limits on small
antennas are done for fractal shapes, secondly some experimental and numerical results

upon a particular case of a small fractal antenna are introduced and discussed.
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7.1 - Some theoretical considerations upon small fractal

antennas

Several authors have extensively worked upon the fundamental limits of small
antennas [58]-[64],[118],[119],[127],[128] being Chu’s [118] and Wheeler’s work [58]
among the ones that have most influenced further investigations on such topic. An antenna
is said to be small when it can be enclosed into a radiansphere, i.e., an sphere with radius
a=Al2x [581,[591[61]. For such antennas, Chu established a fundamental limitation on their
Q factor based in the following argumentation.

7.1.1 - Fundamental Limitations on Small Antennas

For any arbitrary current distribution and antenna structure, the field outside the
radiansphere can be written as a linear combination of orthogonal spherical waves
propagating radially outwards [118],[119]. When considering circularly symmetrical,
linearly polarized fields, only 7M,,, modes are required to fully describe them [118]. That is,

H,=>"A,P(cosO)h,(kR)

1

Eg= 1Y, 4B, (cos0) x [ Rh (kR

(7.2)

where P,,l (cos®) is the first associated Legendre polynomial of order n, %,(kR) is the
spherical Hankel function of the second kind and order n, k is the free space wave number
and R the distance from the coordinate origin where the antenna is located. From this result,
one can freely interpret that space outside an sphere of an arbitrary radius a essentially
behaves as an equivalent transmission line where each of the orthogonal spherical waves is
an independent propagating mode. Equivalent voltage and current waves, with amplitudes
proportional to the electric and magnetic fields on the sphere surface, can be defined for
such an equivalent transmission line. A characteristic impedance can be associated to the n'™

propagating mode such as

i(ph,.(p))
g gl
" Ph,(p) (7.3)
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where p is defined as p=ka,. Using the recurrence formulas of spherical Bessel functions,

such impedance can be written as [118],

7 n 1

s B~ - BT
Jp 211-1+ 1
jp 2n-3

Jp

3 1
e
Jp (7.4)

which can be interpreted as an equivalent high-pass ladder filter network as shown in
Fig. 7.1.

C=a/nc C=a/(2n-3)¢c C=ule
| 11
I — A
= = = S =
L=a/@n-lc =2 L=a/(2n-5)c %S Rel = L=alc =3 = R=l
= = = =
| | } |
TM,, mode equivalent network Lowest order TM,, mode

Fig. 7.1 Chu's equivalent ladder network for spherical TM,,, modes (left) and for the fundamental,
lowest order mode TM ¢ (right).

Essentially, the antenna can be also reinterpreted as the coupling network inside the
sphere that draws power from the generator and delivers it to such an equivalent ladder filter
network outside the sphere, i.e., to free space. Since it is a high-pass filter, the larger the
frequency, the larger the power coupled to the terminal resistance which takes into account
power dissipation due to radiation. Actually, the product ka (i.e. the operating frequency
times the sphere radius) rather than frequency alone is what determines the pass-band,
which means that the larger the sphere radius, the lower the frequencies that can become

efficiently radiated.

The Q factor of the whole system is proportional to the stored reactive energy to the
radiated power ratio. Assuming that the whole network operation around a particular
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frequency can be approached by a series RLC circuit, the O factor of the 7" mode (O,) can
be computed. Since the propagating modes constitute an orthogonal set, the whole stored
energy and radiated power can be computed as the sum of the individual stored energies and

radiated powers from each mode [119]. That is,

> 45 .a)

0__
" # 2n+1 ( .5)

It is shown in [118],[119] that the quality factor of all modes increases very rapidly when

ka<n, being the lowest order 7M;y mode the one with the smaller 0. Assuming that higher
order modes only contribute to rise the overall O factor, one can conclude that the lowest
achievable Q is that of an antenna exciting only such mode. The equivalent ladder network
is reduced this way to a second order network (see Fig. 7.1). Its Q factor is given by,

1 1
P ka (7.6)

0=
which establishes the lower, fundamental limit of the O factor that can be achieved by a
linearly polarized antenna. Several authors have reported such result as well [52],[59]
leading to a slightly different expression for equation (7.6). Recently, J. Mc Lean [62] has
reviewed some of these concepts concluding that (7.6) yields actually the correct
expression. He also showed that the fundamental limit upon circularly polarized antennas is
on the order of a half that of the linearly polarized ones [62].

It is important to state that this limit is established regardless of the antenna current
distribution inside the sphere. Actually, the current distribution inside the sphere is not
uniquely determined by the field distribution outside the sphere [118] so several current
distributions can lead to the same Q factor. In practice, such a fundamental limit has not
ever been reached, being the Goubau antenna [52],[60] with O=1.5-O,,;, one of the lowest O
reported antennas. Achieving a low O antenna, basically depends on how efficiently it uses
the available volume inside the radiansphere.

It must be stressed that Chu’s definition of the Q factor is a general concept that
applies even when the antenna is not resonant. Since the Q definition is valid for a resonant
system, it is implicitly assumed that the extra amount of unbalanced reactive energy of a
non resonant antenna is externally compensated by a proper inductor or capacitor at the
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input terminals. Therefore, depending on the nature of the predominating energy the out of
resonance Q factor has to be defined as,

2W,
O=w——= W >W
bt P’ e m (7-7)
0=0e W, >,

F, (7.8)

where W,, and W, are the stored and magnetic energies and P, is the average radiated
power. Of course, both definitions are equivalent if the antenna is self-resonant, which is not

usual for small antennas.

Prior to Chu’s work, Wheeler introduced the Power Factor (PF) concept to
characterize small antennas [58],[61],[117]. He assumed that any small reactive antenna
could be reduced to an equivalent first order network when operating at low frequencies.
Such a network would be either a serial RC network or a parallel RL one depending on
whether electric of magnetic stored reactive energy predominates at low frequencies. He
defined the PF for such networks as

G G

Pf’:,-—-'E —_ I’Ve>mﬂ (79)
R R

PFM—Y —E Wm>W; (710)

being G and R the radiation conductance and resistance respectively. Actually, such
definition can be reinterpreted as PF=I/Q, provided that only the radiation resistance or
conductance is taken into account, and that the contribution of only one of the reactive
components of the antenna input impedance is significant to the overall antenna
performance. Also, he stated that the lowest achievable PF is that of an spherical coil filling
the volume inside the radiansphere, that is,

(7.11)
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which is in agreement with the limit established in Equation (7.6), provided that the sphere

enclosing the antenna is much smaller than the operating wavelength.

7.1.2 - Small Fractal Antennas and the Fundamental Limit

Before describing some experimental results regarding small fractal antennas, some
theoretical considerations should be taken into account. First of all, Chu’s theory is based on
the fact that any antenna current distribution can be developed in a series of orthogonal
spherical functions. Although this is strictly correct for common antennas, it has not yet
been proved to hold for fractal shapes. Field expansion into a series of orthogonal spherical
modes has been proved to converge for well-shaped distributions in the same sense Fourier
series do. That is, the series converge provided that the distribution is piecewise continuous
and has a piecewise derivative [110],[111],[112]. Often considered ‘mathematical
monsters’, many fractal curves are among those ‘pathological’ cases of curves which do not
have a piecewise continuous derivative. Therefore, one should conclude that the

fundamental limit is not formally proven for hypothetical fractal antennas.

A similar problem arises when one analytically deals with the radiation vector of a
uniform linear current on a fractal wire monopole. It is computed as a line integral with
respect to the arch length along the wire as,

Nk = _[ 1™ dr
! (7.12)

again, a line integral is defined for rectifiable curves [110]. and many fractal curves are non-
rectifiable, i.e., they cannot be approached by a finite length polygonal curve. In other
words, the radiation vector expressed in (7.12) might yield, for instance, an infinite value.
This would give an infinite electrical field even when a finite current amplitude over the
antenna is considered, which would mean an infinite radiation resistance. It is important to
stress that such an arbitrarily large radiation resistance would be achieved with a finite size
fractal antenna that could be fitted in an arbitrarily small volume, but that would have an
infinite wire length.

The radiation resistance of an arbitrarily shaped loop has been demonstrated to be
proportional to the square of the enclosed area to the operating wavelength ratio [53]. Such
proof is based on applying Stoke’s theorem to the line integral along the antenna perimeter
to derive an expression of an equivalent magnetic dipole radiating the same electric fields.
Stoke’s theorem assumes integration along a closed curve (the loop perimeter in this case)
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which has a piecewise continuous derivative. Many fractal loops such as the Minkowski
loop and the Koch snowflake loop do not have a piecewise continuous derivative, so one
must be very careful on assuming that Stoke’s theorem can be applied as done for Euclidean
shapes.

Of course, one could argue that such considerations would only apply to the ideal
fractal shapes, for instance, fractal loops and monopoles with infinite lengths. Any feasible
implementation of a fractal antenna would necessary have a finite length, and a finite
number of segments with a continuous derivative. Such a derivative might become
arbitrarily large at some sharp corners of the structure, but never infinite or undetermined.
However, one must take into account that an ideal fractal shape, i.e., the fractal attractor, can
always be thought as a limit object from an infinite succession of non strictly fractal objects,
which can approach the ideal one up to an accuracy as good as desired. That is, an infinite
Koch curve could not ever be obtained, yet it might be approached by a finite but arbitrarily
long, highly uneven Koch-like curve. With this idea in mind, it would be sensible to assume
that given a limit on the performance of the ideal shape (which might not be the same as the
one established by the Chu-Wheeler theory or it might not even exist), the non-ideal fractal
curves on the succession would approach the ideal performance as much as one would
desire. It should be clear that in this case a technological limit (the resolution of our
fabrication process when approaching the fractal attractor) rather than a fundamental one
would be the main limiting factor on the antenna performance, which is a completely

different approach than the classical one.

7.1.3 - An Example: Simple Analysis of the Minkowski Loop.

The Minkowski loop was chosen by N. Cohen as the first example of small fractal
antenna presenting an anomalously large radiation resistance [100],[101]. It is interesting to

notice that the whole loop area decreases as (5/9)" while its perimeter increases as (5/3)",
being » the fractal iteration number. Thus, we have the striking characteristic of a vanishing

area loop which however has an infinite perimeter (see Fig. 6.19).

If one assumes a uniform current distribution along the antenna perimeter, the
antenna can be analytically described as follows. At the n'" iteration the antenna structure is
composed of 5" identical square loops (the fractal initiator), each one having a side length
/3", being [ the side length of the square enclosing the loop. The radiation vector of the

whole structure at the #” iteration can be written, as usual, as the product of the element
factor (the small squared loop initiator) with the array factor. The whole array structure can
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be thought as an infinite series of convolutions similarly to what was described for the
Cantor array of Chapter 3. That is, a five-delta generator is convolved with a scaled version
of itself as many times as iterations in the fractal construction, being the scale factor at each
iteration & = 1/3. The associated array factor can be then written as an infinite product
succession of the individual five-element generator array factor. Therefore, the whole

radiation vector for the Minkowski loop at the n'" iteration can be written as,

Ny (kpky) = N2 (ke e, )- T T (1+4cos(k,t /3" cos(k, 1/ 3" ) -
m=1 g
I /3 /9
= = [ 88 0D
4 if 1 rh s ,:»—:»—v
A v‘ AM‘;':’%‘.
v .
| A A

Fig. 7.2 First iterations on the Minkowski loop.

When considering that the square loop initiator is much smaller than the operating

wavelength (/<<1), its radiation vector can be written, at the n'* iteration as,

= 100 ~ - l » rloo;
N (k) = o P (k= by ) = 2 N (ko) (7.14)

1
32»
Also, following that approximation the five generator elements overlap into a single one,
such that the whole radiation vector can be expressed as,

= 1 A7 o = — Arloo, 5
Nn(kx’ky)z’s.zTNOop(kx’k}')'n(l-"“)—]vo p(kx’ky).(g_n] (7]5)

m=1

which leads to the conclusion that the radiation resistance of such a Minkowski loop (R is

related to the radiation resistance of the square loop enclosing the antenna (R°) as
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2n
n _ po 2
& —R’(g) =l (1.16)

That is, the radiation resistance vanishes for the ideal fractal shape. The decrease ratio
(5/9)2" is due to the area reduction at each iteration, and since the limit object has a null
area, the final loop has a null radiation resistance as well. This seems to be in contradiction
with the original idea that the fractal shape might have a larger radiation resistance than
expected. However, in such a simple analysis one has not taken into account that when
traveling along an infinite length wire, phase shifts along the perimeter might occur even for
arbitrarily large wavelengths. For example, one could consider the picture described in
Fig. 7.3. That is, for a particular wavelength, a 180° phase shift might be introduced such
that currents on the opposite side of the loop become in phase instead of the common out of
phase situation. Now, the radiation vector has to be modified. The initiator loop element

factor has changed yielding,

¥ 3 i k'l ~ . A—rlmp k ,k
N (k,,k}.)=21"1 cos(—k’il—Ji+co Y_ Iy ~21nl(£+y)=u
3 2:3 2-3" 3 3" (7.17)

4

where as usual, it has been assumed that /<<A. This assumption might seem to be in
contradiction to the initial supposition that a phase reversal on the small loop existed,
however one must remember that when considering a fractal loop there is an arbitrarily
large path between any two points on the fractal perimeter. Here, a square loop has been
taken as the initiator to simplify the analysis; nevertheless, a Minkowski loop could be taken
instead and such loop might be fitted into a square much smaller than the wavelength but
with an arbitrarily large side length.

The overall radiation vector can be readily calculated now by just taking into
account the sign reversal on the central loop, i.e.,

N,'(k,,k,)= Ng*® (k,,ky)Bl"-f[(-l +4cos(k,1/3")cos{k,1 /3" ))

m=1

(7.18)

Again by following the approximation /<< one gets,

N, k) = N2 (k)2 T15) = N (k) =205+ 9)

m=]

(7.19)
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that is, the radiation resistance of the null area, ideal fractal loop is the same as the original
initiator,

R'=R° (7.20)

Now, rather than behaving as a conventional loop, the antenna performs as an equivalent
linear dipole of length 2y aligned along the y=x direction. This means that the radiation
resistance of such a fractal loop decreases as the square of the length to wavelength ratio

instead of the forth power as common Euclidean loops.

Fig. 7.3 The Minkowski Loop current distribution taking into account a proper current phase
reversal.

Of course, neither the first analysis, nor the second one perfectly describe the
behavior of such a hypothetical loop. Mutual coupling between loops have not been taken
into account (which might shorten the electrical path along the perimeter), and an unlikely
uniform current distribution has been considered. In practice, the current distribution would
be much similar to a sinusoidal one, and even if an unusually large radiation resistance were
obtained, the reactive energy stored among the antenna loops might increase the overall
antenna Q. Such complex antennas require a computer model together with some
experimental data to give a proper insight on their true behavior; this is the approach carried
out in the following section. Nevertheless, the former analysis becomes useful to stress that
one should take special care before considering that some common assumptions supported
by classical Euclidean antennas hold for fractal antennas as well.
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7.2 - The Small Koch Monopole

First thought of as a candidate to become a simple multiband antenna, the Koch
monopole is an effective example to illustrate that fractals can improve some features of
common Euclidean shapes. Being ideally a non rectifiable curve (its length grows as
(4/3)" ), the Koch curve has neither a piecewise continuous derivative. Actually, it is
nowhere differentiable, which means that its shape is highly rough and uneven. Thus, it

appears as a good candidate for becoming an efficient radiator.

7.2.1 - Antenna Description

The classical Koch curve construction algorithm was described in Chapter 2.
Initially constructed for a straight segment of height %, an IFS algorithm can be applied to
generate the succession of curves that converge to the ideal fractal shape. When analyzing
the fractal antenna behavior, it looks specially interesting to compare it with that of the
closest Euclidean version, i.c., a straight monopole. We will name such a straight monopole
as K0 (the zero™ iteration of the fractal construction), while the remaining objects of the
iterations will be referred as K/, K2 ... KN. Although the fractal shape might look too
convoluted to be of practical application, it can be easily printed over a dielectric substrate
using standard printed circuit techniques. The fabrication complexity in this case is exactly
the same for the Euclidean antennas and for almost all fractal ones. Since one is interested
in examining the low frequency behavior, a high performance (low-loss) microwave

dielectric substrate is no longer required.

Up to five iterations of the fractal succession were constructed, all of them of the
same overall height and using the same substrate. The six antennas (KO...K5) where
mounted over an 80 x 80 cm ground plane and measured over a 0.1 to 2 GHz frequency
range. The antennas were also numerically analyzed using the frequency domain method of
moments algorithm, written in a MATLAB™ code and run on an HP workstation (i.e., the
same code used to analyze the wire Sierpinski antenna in Chapter 4). Figure 7.21 shows the
five iteration version of the Koch monopole (i.e. K3), which has an overall height #=6 cm,
but a whole length of /= h~(4/3)5 =253 cm.
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Fig. 7.4 The five-iteration fractal Koch monopole (K3).

7.2.2 - Input Parameters

The input resistance and reactance of the five measured Koch monopoles, together
with the same parameters for a linear monopole (K0) are shown in Fig. 7.5. All antennas had
the same height =6 cm, but of course a different length /. The method of moments data
corresponding to the Euclidean antenna (K0) and the first three iterations of the fractal one

(K1,K2,K3) are also shown for comparison. The copper etched wire had approximately a

rectangular cross-section of width w=200xm and thickness =35um, except for the K5
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model where the wire width was reduced to w=150um. To get the best match between

experimental and numerical data, an equivalent radius of @=120um was considered

following the equivalent radius approach outlined in [52]. Also, an equivalent input

resistance due to ohmic losses was computed at each frequency by integrating the square of

the current distribution over the whole antenna length. The skin effect was also taken into

account there by assuming an equivalent cylindrical wire cross-section as described in [52]

too. It is apparent that a good match between numerical and experimental data is obtained.

Input Resistance (Q)
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3500 )

K5 ! ‘
3000 )n . §K4 . j |

2500

|

2000 -

1500

1000

500+
l

0

0.4 1.6

0.2

Fig. 7.5 The Koch monopole input parameter evolution for several fractal iterations.
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Some interesting conclusions can be derived from the input parameters plot. First of
all, in the low frequency region the input resistance increases with the number of iterations
when comparing the six characteristics at a given frequency. While the linear monopole
input resistance becomes very small below the first resonance (0.9 GHz), the K5 model is
about its input resistance maximum value. Figure 7.23 shows such a drive resistance
increase with growing fractal iterations for a fixed frequency (the first monopole resonant
frequency has been chosen in this case).
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Fig. 7.6 Input resistance of the linear monopole and the first 5 fractal iteration antennas, measured at
the monopole's first resonant frequency.

Analogously, the input reactance plot evinces that resonant frequencies are
consistently shifted towards the lower frequency region at each fractal iteration. In
particular, even though all the Koch models can be considered small antennas (kh = 1)
below f~ 0.8 GHz, they are self-resonant, i.e., they have a vanishing input reactance without
the need of an external compensating reactive element. The longest antenna (XJ5) reaches its
second at resonance about the same frequency where the linear dipole has its first resonance.

The peculiar behavior of the Koch monopole must be linked to its geometrical
shape. It is apparent that even though all models have the same size, they perform as longer
antennas than what would be predicted from their height alone. It seems that the electrical
current propagates along the whole wire length despite of its shape such that, the longer the

whole wire, the lower the resonant frequencies regardless of the antenna size (height). This
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supports the idea, expressed in the theoretical considerations of Section 7.1, that a
sinusoidal-like current distribution along the whole wire should be considered. Such a
distribution would introduce some phase shifts along the antenna that would enhance
radiation with respect the uniform current case where the contributions from some parts of

the antenna might cancel.
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Fig. 7.7 Frequency evolution of drive resistance radiation and ohmic loss components (K0..K3). Both
features have been computed using the MoM technique.
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7.2.3 - Drive Resistance and Antenna Efficiency

It is important to stress that the input resistance increase is not due to an increase on
the input loss-resistance with the wire length. Both the resistance due to radiation and ohmic
losses behave similarly with frequency, being the ohmic resistance consistently below the
radiation one, as shown in Fig. 7.7. Here, both resistances have been computed using the
MoM technique as outlined before.
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Fig. 7.8 K0...K3 antenna efficiency evolution with frequency.

The antenna efficiency can also be computed from both resistance components.
Figure 7.25 displays the evolution with frequency for the K0... K3 models. Even though there
is a decrease on the overall antenna efficiency for larger iteration numbers, it is kept within

rather acceptable values over the 0.1 - 1.9 GHz frequency range. Nevertheless, at very low
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frequencies the efficiency of all four antennas decreases rapidly as one might expect from
the finite size and length of the antennas.
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Fig. 7.9 Antenna drive resistance at resonance for the K0..K5 models.

Also, one must take into account that although resonant frequencies can be shifted
towards longer wavelengths, that does not mean that the whole antenna behavior is shifted
to the frequency origin too. For instance, the drive resistance at resonance is not kept around
that of the linear monopole when increasing the number of iterations. That is, although the
fractal prototypes drive resistance is always larger for a given frequency than that of the
linear monopole, it decreases with the resonant frequency reduction. Such feature is
apparent in Fig. 7.9, where the drive resistance at resonance is plotted with respect to the
fractal iteration stage number.

7.2.4 - Antenna Size Compression Features

One might be tempted to extract some striking conclusions from the plots in
Fig.7.5. For instance, one might think that an arbitrarily small resonant frequency could be
obtained by increasing the number of fractal iterations as much as desired (or at least up to
the technological limitations). The following figures give an insight on some of these issues.
Figure 7.27 shows the evolution of the normalized effective electrical length (/,) as a
function of the normalized physical antenna length (/). The later is the total wire length
normalized by the antenna height 4, while the former is the normalized physical length that
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should have a linear monopole to resonate at the same frequency the fractal antennas do.
That is,

>~
o
z
=
g
[

(7.21)

where f,KO and j}KN are the measured first resonant frequencies of the linear monopole and
the n”* fractal antenna respectively. The curve in dotted lines shows what could be
considered the ideal case, that is, an electrical length increase equal to the physical wire
length increase (/;=lp).
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Fig. 7.10 Normalized electrical length with respect to physical wire length (solid line). The lo=Ip, line
is shown for comparison (dashed).

It becomes apparent that, although the effective antenna length is increased at each
fractal iteration, it does not grow at the same rate as /, does. It even seems that a saturation
might occur for arbitrarily large iteration numbers. In fact, it is difficult to extract
conclusions on the antenna performance for such large fractal iteration numbers. The
number of segments increases exponentially with the fractal growth which holds up the
computer numerical analysis. From the experimental point of view, effectively increasing
the antenna length becomes complicated for the actual antenna size. The resolution on the
fabrication process was limited around a 100xm strip width, which means that the triangular
bends on the antenna structure can become rounded beyond the forth and fifth iteration. This
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way, the whole antenna shape is made smoother than desired, making the physical copper
path shorter than what would be obtained for arbitrarily narrow strips. Therefore, one should
take into account that the plots in Fig. 7.10 might underestimate the maximum achievable
electrical length.

Instead of considering a fixed antenna size, one might think on the fractal shaping of
monopoles as a technique for antenna size reduction. In that case, one would be interested
on how much the classical linear monopole might be shrunk. The graphic in Fig. 7.11
represents the length compression factor (CF) as a function of the iteration number.
Analogously to the perimeter compression factor defined by Cohen for the Minkowski loops
[100], CF is obtained from comparing the first resonant frequencies of the Euclidean and the
fractal antennas at the several iterations.
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Fig. 7.11 The length compression factor for the first five fractal iterations. The (4/3)" characteristic is
shown for comparison.

Again, the compression factor consistently increases with the number of iterations.
Although far from the ideal (4/3)" physical length expansion characteristic, the graph shows
that a conventional monopole can be shrunk by a factor of ~1.65 and still operate under the
resonance condition. Whether such a compression factor can be further improved by
increasing the number of iterations beyond #=5 appears as a most interesting question which
would require further investigation to be answered.
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7.2.5 - The Quality Factor

It has been shown that the fractal Koch antenna improves some features of a
classical linear monopole when operating as a small antenna. Namely, resonant frequencies
are shifted towards the longer wavelengths at each fractal growth iteration, making the
antenna to be resonant even below the small antenna limit. Such a frequency shift makes the
input resistance to appear consistently larger in the fractal case than in the linear monopole
one. However, one must take into account that not only the input resistance is raised, but
also that the input reactance is increased. Actually, a figure of merit of the small antenna is
its O factor, which can be loosely estimated as the input reactance (Xj,) to radiation
resistance (R,.) ratio.

The Koch antennas Q factor have been computed from both experimental and
numerical data. The Q factor rather than the Wheeler’s power factor (PF) [58] has been
chosen to check the antenna performance because the later might lead to some wrong
conclusions in this case. Both parameters are equivalent at the very low frequency range
when the antenna is operated far from resonance. At such a low frequency region, the
contribution to the input impedance of either the equivalent input inductor or capacitor
almost vanishes and either PF and Q can be computed from the input impedance data as,

PF R (7.22)

In such a very low frequency range, the Wheeler cap method [61],[63] can be used to
estimate the antenna ohmic resistance and subtract it from the input resistance to evaluate
the true antenna radiation resistance. However, even though the measured Koch antennas
can be considered small, neither the Wheeler cap method can be applied, nor its PF
computation is straightforward. Since the fractal monopoles are resonant, the contribution of
the inductive component to the input impedance extends well beyond the small antenna
limit. If one directly applied (7.22), one would get the wrong conclusion that a zero O (and
an infinite PF) were achieved at resonance. Also, the Wheeler cap method might lead to a
wrong radiation resistance measurement since the metallic cap would slightly shift the

antenna resonant frequencies where fast variations on the input parameters are obtained.

To properly evaluate the antenna Q, one must find a proper way to estimate either
the average stored electric or magnetic energy and apply the definitions in equations (7.7)
and (7.8). It is shown in [119] that the average stored electric and magnetic energies of a
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loss-less one-terminal microwave network can be related to the input reactance (X;,) and
susceptance (B;,) as,

2 2
v, =L (e _Xa) P (B, B)

¢ 8\ldo o 8 \do o (7.23)
- ﬂ(ﬂ X_)ﬂ(dB _ﬁ)
" 8\do o 8 \do o (7.24)

where I and V are the input terminals current and voltage respectively. Since the power
dissipated by the antenna is

| |
P, =—|I'R,==V|’G,
L 2| | Rm 2| I m

(7.25)

the O factor as defined in (7.7) and (7.8) can be computed as
2R, \do @ (7.26)

0= @ (dXin Xin) W, > W,
2R, \do @ (7.27)
or equivalently as,
G ax,  |X il

2R\ do | w | (7.28)

One must remind that (7.23) and (7.24) only strictly apply to one-port loss-less network, but
they become a good approximation for low loss, high O networks, which is the case of small
antennas. Actually, the definition in (7.26) is the same L.J.Chu uses in his paper [118] to
derive the antenna Q fundamental limit.

Equation (7.28) has been applied to compute the O factor over the low frequency
range for the Euclidean and Koch fractal antennas (Fig. 7.12). Both experimental and
numerical data have been used. In the later case, ideal loss-less Koch antennas have been

considered to evaluate the antenna Q, that is, only considering power dissipation due to
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radiation. This has been done because the experimental data includes the ohmic resistance
that lowers the overall O, which might lead us to the wrong conclusion that the Q reduction

were only due to an increase of the ohmic losses.

The plot in Fig. 7.12 clearly evidences that the fractal antenna not only presents a
lower resonant frequency and a larger radiation resistance, but it also improves the O factor
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Fig 7.12 Q factor of the linear monopole and Koch antennas computed from numerical (solid lines)
and experimental data (dashed lines). The Chu fundamental limit curve is shown for comparison.
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of the linear monopole. In a loose sense, such O can be interpreted as the inverse of the
fractional bandwidth, which means that the fractal antenna features a broader bandwidth
than the Euclidean one. Up to ~1.6 bandwidth improvement factor is obtained when
comparing the ideal loss-less monopole and K3 antenna, while up to a ~2.25 factor
bandwidth enhancement is obtained when comparing the monopole with the K3 antenna,
which however has the contribution of larger ohmic losses. Anyway, it is clear that the O
factor is reduced at each fractal growth iteration and that, the larger the number of iterations,
the closer the Q to the fundamental limit (the fundamental limit expressed in (7.6) is also
shown for comparison). It is commonly understood that an antenna Q factor depends on
how efficiently it uses the available volume inside the radiansphere. As stated by Hansen in
[59], being the linear dipole a one-dimensional object (D = 1), it inefficiently exploits such a
radiansphere volume. Thus, it is not surprising that a fractal curve, featuring a fractal
dimension D> 1 (D = 1.262 for the Koch monopole), can become a more efficient small
antenna. Actually, fractal dimension is commonly loosely interpreted as a measure of the
space filling properties of the fractal object. Therefore, one should conclude again that there
exists a relation between the fractal geometric properties and the electromagnetic behavior
of the antenna, and that such properties can be readily employed to design antennas with

some useful properties.

7.2.6 - Current Distributions

The method of moments analysis allows the reconstruction of the current
distribution over the antenna. Figure 7.30 shows such a current distribution for the linear
monopole and the K3 antenna. The fractal structure has been unfolded such that the current
is shown over the whole antenna wire length. The wire length of both antennas has been
normalized to the shorter one such that the further point on the longer current distribution

vields the relative physical length, that is, /°=(4/3)°150=2.37.7%°.

Both currents have been computed at four different frequencies. The first one
corresponds to the first fractal resonance; the second one coincides with the small antenna
limit; the third one is computed at the first linear monopole resonance, while the fourth one
is about where the radiation pattern of the Koch antenna start to become asymmetrical. It is
clear that the current distribution over the Koch antenna is very similar to that of a linear
antenna with a length 2.37 times its height. Boundary conditions at the antenna tip force
current to vanish and the wave propagating along the antenna wire becomes reflected
towards the feeding point. Roughly speaking, a typical standing wave sinusoidal pattern is
formed, which makes the input impedance oscillate more or less as it does in a typical
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Fig. 7.13 Current distributions over the monopole and Koch antenna (K3). From top to bottom, the
currents have been computed at the first K3 resonance, the small antenna limit, the first monopole
resonance, and the pattern asymmetry boundary. Length and current amplitude are normalized.

transmission line. For instance, it is apparent that while the linear monopole still features an
almost triangular current distribution, the sinusoidal pattern is already formed in the fractal
case. At the first monopole’s resonance, the current over the K3 antenna is about to reach its
minimum value, i.e., the maximum impedance point. In the last case, the current amplitude
over K3 starts to raise above the minimum point, and a 7 radian phase shift on the current
distribution is obtained in the nearby of the feeding point. These results corroborate the idea
outlined in the Minkowski antenna discussion, that the length increase in the fractal case
might induce some phase shifts over the structure that would enhance radiation, making the

fractal antenna a good small antenna.
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7.2.7 - Radiation Patterns

The power radiation patterns shown in Fig. 7.14 have been computed at the same
frequencies as the current distributions of the previous section. Euclidean and fractal
patterns are represented in the same plot for comparison. It is clear that the Koch and linear
monopole patterns are basically the same below the small antenna limit. At the first

monopole resonant frequency the fractal pattern starts to appear slightly narrower. At the

f=0.5973 GHz

f=0.7957 GHz

0.9052 GHz

f=

1.70 GHz

f=

Fig. 7.14 Radiation pattern main cuts of the fractal Koch antenna(solid line) and the linear monopole
(dashed line) at the same frequencies as the current reconstructions in Fig.7.13. The Koch antenna
performs basically as a typical small antenna from the radiation pattern point of view.

last frequency, symmetry is broken in the antenna plane, basically due to the asymmetrical
shape of the antenna structure and the phase shifts on the current distribution. Also, the null
in the zenith direction is filled up mainly due to the contribution of the cross-polar
component. Such contribution manifests that horizontal currents do not completely
canceled. which can be explained through the phase delay introduced by the long antenna
structure.
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7.3 - The Large Koch Monopole

Given the results of previous chapters it might be reasonable to expect a multiband
behavior for a large Koch monopole, i.e., a Koch monopole operating through a wide range
of short wavelengths in terms of the antenna size. The fractal shape is indeed self-similar
since the lower third of the Koch monopole is also a Koch curve scaled down by a factor of

three. So are the three remaining parts of the antenna. Hence, if multiband, the antenna

should feature a band spacing equal to the scale factor &=3.

S (GHz)

Fig. 7.15 Large Koch antenna input reflection coefficient. It is not a multiband antenna.

However, Fig. 7.15 clearly evinces that the Koch monopole does not perform a
multiband behavior (the K5 and the linear monopole input reflection coefficients are shown
for comparison). The antenna input parameters perform in a harmonic fashion rather than in
a log-periodic one. Nevertheless, such a result is not surprising given the current
reconstruction previously introduced. It seems that current easily follows the antenna wire
path from the feeder to the tip, yielding to a standing wave pattern when current is reflected
at the antenna end. Self-similarity is not enough to guarantee a multiband performance since
the truncation principle must be fulfilled too. Since current seems to extend over all antenna
length, that principle is not held by the Koch antenna and the multiband operation can not be
supported. Actually, we saw in Chapter 5 that very narrow Sierpinski antennas did not fulfill
that principle either, so it is not surprising that a wire antenna such as the Koch monopole
does not either.
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On the other hand, it appears reasonable to think that if the number of fractal
iterations were sufficiently large such that the antenna length (not height) were large enough
too, current attenuation due to radiation might help to follow the truncation principle. It is
possible, therefore, that in such case and for very large frequencies the antenna performed a

true multiband operation.

7.4 - The Small Zig-Zag Antenna

Some other space-filling curves can be considered for designing broadband small
antennas. Usually designed as a large, directive antenna [130], a zig-zag curve my be
thought as a potential good small antenna given prior results (see Fig. 7.16). Given a fixed
height, the antenna wire length can be increased by reducing the pitch angle. If again one
assumes that current propagates all along the antenna wire, an antenna size reduction might

be expected as in the Koch antenna case.

h=6 cm
| |
- |
A / \
| |
G—sy | < |
X \\
\
< —
80 cm

Fig. 7.16 The Zig-Zag monopole.
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Three zig-zag monopoles (Z1..Z3) with the same wire length and dimensions as the

K1, K2 and K3 antennas have been simulated using the MoM algorithm, The antennas were

designed to fit exactly in the same rectangular area any of the fractal Koch antennas can be
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Fig. 7.17 Electrical length versus physical wire length for the K3 and Z3 antennas.

fitted in (6 cm X 1.73 cm). As previously done in the Koch antenna case, the electric length

(Fig. 7.17) and antenna size compression (Fig. 7.18) factor has been computed. Also, the O

factor of the three antennas has been calculated and the results are compared for both kinds

of antennas in Fig. 7.19.
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Fig. 7.18 Zig-zag antenna (Z3) size compression factor. The same feature for the K3 antenna, together

with the ideal case is shown for comparison.
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Fig. 7.19 Zig-zag antenna (solid) and Koch antenna (dashed) quality factor evolution. The
fundamental limit is shown for comparison.

It is apparent that similar results as those of the Koch antenna are obtained. The zig-

zag antenna even slightly improves the features of the Koch antenna, in terms of

compression and quality factor. One must notice that the zig-zag curve can not be

considered a fractal one: it is not self-similar and it holds the same value for the topological

and fractal dimensions (D = 1). One might search the reason of the performance

improvement in that the zig-zag curve tends to fill the two dimensional space better than the

Koch curve. Actually the zig-zag antenna approaches a plane filling curve (D=2) while the
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fractal one (D=1.26) is closer to a linear object than to a surface one. The only objection to
the non-fractal antenna performance is rather theoretical: while the number of iterations can
be increased as much as desired in the fractal case, the zig-zag structure does not converge
to any limit object and it is not a truly space filling curve [2]. Also, the length increase is
obtained by reducing the antenna pitch angle, which might be translated into an increase of
the reactive energy due to coupling among turns, as well as into an efficiency decrease due
to radiation cancellation at the narrow V-shaped segments. On the contrary, the Koch curve
always keep a minimum 60° angle at any bend, no matter the number of iterations and wire
length.

7.5 - Conclusions

The potentiality of fractal antennas to become low-Q resonant small antennas has
been proved through experimental and numerical results. The Koch monopole improves
bandwidth, radiation resistance and reactance of those of a linear monopole of the same
size. Equivalently, it can be thought that the size of a common monopole can be reduced by
fractally shaping the wire. The antenna performance enhancement can be linked to the
irregularity of the fractal shape, as well to its plane filling characteristic. Featuring a fractal
dimension larger than unity, it can be thought that the fractal antenna better fills the
available volume inside the radiansphere that establishes the small antenna limit size.
Another non-fractal but space-filling like curve, the zig-zag antenna, has been shown to
improve the linear monopole features as well.

It has been also shown too that it cannot be readily assumed that Chu’s theoretical
fundamental limit on small antennas also applies for ideal fractal antennas. One might think
that the arbitrarily long length of the later might yield an arbitrarily large radiation
resistance even for arbitrarily small antennas. However, experimental and numerical results
show that it is rather difficult to achieve a performance improvement beyond certain limits,
and that both the electrical length, compression factor and radiation resistance enhancement
characteristics seem to saturate. For fractal shapes, it seems that such limit should be related
to the fractal dimension D since it describes the space filling properties of the fractal object,
but not a straightforward relation between D and such a theoretical limit has been derived. If
so, some highly convoluted cloud-like current distributions featuring a fractal dimension
D>3 [5] might theoretically overcome the performance of any other Euclidean small

antenna.



8. Conclusions

ractal antennas and arrays have been investigated throughout this thesis. Experimental,
numerical and theoretical results have confirmed that fractals can indeed become
effective antennas. Due to the self-similarity property of fractals, it has been theoretically
shown that ideal fractal attractors should behave exactly the same way at an infinite set of

discrete frequencies. Such feature is valid for both fractal antennas and fractal arrays.

It has been shown that ideal fractal arrays feature a multifrequency array factor.
Rather than relying on a current distribution reconfiguration at each frequency, ideal fractal
arrays holding a fixed current distribution feature a constant array factor through the bands
due to their self-similar spatial arrangement. Fractal Iterated Function Systems have been
introduced as a design tool for such arrays, and some design rules concerning the band
spacing and Side-Lobe Ratio (SLR) have been presented.

Although finite size arrays still hold some similarity properties at as many
frequencies as fractal construction iterations, it has been shown that a truncation effect
breaks the equality among bands. Fractal array factors have been suggested as an alternative
scheme to design multiband arrays. Contrarily to fractal arrays, fractal array factor arrays do
keep an almost constant lobe width, directivity and pattern shape at the several bands.
Again, such feature is achieved with a current distribution that does not change with
frequency, which however does not guarantee a constant field intensity through the bands.
In such arrays, the number of elements grows exponentially with the number of bands, but
some low side-lobe fractal generators have been shown to provide a useful mean to
drastically reduce the number of elements without a significant degradation on the array
features.
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Some of the theoretical considerations regarding the multiband operation of fractal
radiating systems have been confirmed experimentally by the Sierpinski antenna behavior.
The antenna features a multiband operation at as many bands as fractal iterations used in its
construction algorithm. The bands are log-periodically spaced by the characteristic scale
factor of the fractal geometrical shape. The multiband operation has been shown to be
consistent from both the radiation pattern and input impedance points of view. It has been
unveiled that a self-scaling current active region allows such a multiband operation. Such an
active region is analogous to that of the previously described spiral and log-periodic dipole
array frequency-independent antennas. However, due to the rather large characteristic scale
factor in the fractal case, bands become separated such that significant variations on the
antenna behavior are held within each band, and hence, a frequency independent behavior is
not attained.

The sensitivity of the fractal Sierpinski antenna to structural perturbations has been
investigated as well. Large flare angles and inclined arms have appeared useful to reduce the
antenna height or to modify its radiation pattern, yet still keeping a multiband behavior; an
analytical model has been introduced to explain the antenna response to some of those
changes. Similarly, variations on the characteristic geometrical scale factor have been tried,
leading to the conclusion that the antenna can be successfully modified to reallocate the
operating bands. Several non-fractal configurations have been essayed as well, which
featured a less constant behavior through the bands. One should conclude that, although
fractally shaping might not be the only way of achieving a multiband performance, it
somehow provides a consistent, robust mean to get it.

A frequency-independent operation of fractal antennas has been essayed by
designing some random fractal tree-like antenna shapes. Featuring a rich variety of
geometrical scales, one hoped that the several bands melted into a single broad one. Such
antennas did feature a denser, richer distribution of bands, but not a frequency independent
behavior. Radiation patterns were kept fairly similar at several bands in some designs, but
the randomness of their shape introduced some undesired features, namely, pattern lobe

random tilts and cross-polarization fluctuations.

Fractal small antennas can improve the features of some common small antennas.
The space filling properties of some planar fractal curves seem to play a key role on taking
advantage of the small volume occupied by such tiny antennas. For instance, the Koch
monopole featuring a fractal dimension larger than one has shown to provide a superior
performance than the classical one dimensional monopole. It has been explained, through
some theoretical considerations, that one should be specially careful on assuming that

classical constrains apply to small fractal antennas as well. As a matter of fact, it has been
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shown that the fractal Koch antenna tends toward the fundamental quality factor limit when
increasing the antenna length (not the size) on the recursive approach of the ideal shape.
However, experimental results seem to point out that some limits to the antenna feature
improvement actually occur. Other planar, non-fractal space filling like curves appeared as
good small antennas too, which might suggest that fractal antennas not necessarily outcome
the properties of all Euclidean shapes, at least for fractal dimensions smaller than three.

As a final conclusion to this work, we should stress that one should not be tempted
to think on fractals as ‘the solution” on the design of multiband and small antennas.
However, fractals have been successfully proven to be a new useful, alternative approach to

antenna design.
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