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DOCTORAL THESIS

supervised by Dr. Allan Donald Mackie

Departament d’Enginyeria Qúımica
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papás José e Hilda, mi hermano Sergio, mis abuelos y demás familiares por siempre estar a mi lado a pesar de

la distancia.

Finalmente, quiero dedicar este trabajo a la memoria de mi papá-abuelo José Daza; sin él, estas palabras nunca
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Abstract

Surfactant molecules are composed by hydrophilic and hydrophobic moieties whose opposite interactions with

the solvent medium result in a particular self-aggregation behavior. However, despite the wide number of simu-

lation, experimental and theoretical works, a microscopic understanding of the self-assembly process seems to be

still incomplete. Looking for a deep knowledge of the micellization mechanisms and their impact on microscopic

and macroscopic properties, this work is aimed to use the so-called single-chain mean-field (SCMF) theory for

a diverse set of surfactant systems represented by a series of coarse-grained models.

In particular, the work coverages the following: (i) the study of static equilibrium properties of different sur-

factant systems, and, (ii) the development of a dynamic version of the SCMF to study the kinetic exchange

phenomena in micellar systems. From the results, we obtained a detailed description of the surfactant architec-

ture effects on equilibrium properties, as well as a microscopic analysis of the CMC deviations with increase of

hydrophobic weight for nonionic gemini systems, and, a new coarse-grained model for Pluronic molecules. From

the dynamic SCMF simulations the kinetic exchange of single monomers was studied through the calculation

of autocorrelation functions, additionally, conformational changes of the copolymers when crossing the micellar

region are calculated for the expulsion mechanism of Pluronic surfactants systems in equilibrium regime.
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Chapter 1

Introduction

The term amphiphilic refers to those compounds containing both, molecules that have affinity for water (water-

like) and molecules that have affinity for oil (oil-like). Typically, amphiphilic molecules have molecular weights

on the order of 500 g/mol. In particular, we can refer to the so-called surfactants, whose molecules are made

up of one hydrophilic moiety (or heads) that are covalently bonded to one hydrophobic moiety (or tails) which

can be branched or linear. The degree of the chain tail branchin, its length and the position of the head group

as well as its length are parameters of importance for the physicochemical properties or the surfactants [1].

Depending on the nature of the hydrophilic group the surfactants can be classified as

• Nonionic: composed on noncharged head groups, e.g. those based on poly(ethylene oxide) segments

O

O

O

OH

• Anionic: composed of negatively charged head groups, e.g. an alkyl sulfate

O S

O

O

O− Na+

• Cationic: composed of positively charged head groups, e.g. an alkyl quaternary nitrogen system

N+

CH3

CH3 Cl−

OH

• Zwitterionic: composed of both positively and negatively charged head groups, e.g. an amine oxide

N+

CH3

CH3

O−

Additionally, there has been a recent interest in certain oligomeric surfactants, usually known as gemini, con-

taining two hydrophobic tails and two head groups linked together with a short spacer. Also, it is of utmost

interest amphiphile molecules whose molecular sizes are 10-100 times bigger than the common surfactants; these

larger amphiphiles, known as block copolymers, are composed by blocks of one type of homopolymer and are

joined in a sequential order to blocks of another type which are made up of hydrophilic and hydrophobic blocks.

The hydrophilic block may be nonionic (e.g. poly(ethylene oxide)) or ionic (e.g. poly(acrylate)). In this thesis

the term surfactant is used to refer to conventional surfactants as well as to oligomers or amphiphilic block

1
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copolymers.

Because of the amphiphilic nature of a surfactant, the two parts of the same molecule interact very differently

with the surrounding solvent (e.g. water); contacts of tail units with water molecules are energetically unfavor-

able in comparison to interactions of head units with the solvent. For hydrophobic blocks to avoid contacts with

the solvent, some surfactants tend to accommodate at the air-water interface with the hydrophobic group placed

in the air side of the interface while the heads are within the water volume, in consequence, an adsorbed layer of

surfactant is formed and a reduction of the water surface tension is produced. As the surfactant concentration

in solution is increased, the number of surfactants at the air-solution interface increases until the interface be-

comes saturated by the adsorbed surfactants, then, if more surfactants are added in the aqueous phase they will

coexist in a molecularly dispersed form. Accordingly, as the concentration of surfactants in the bulk solution

increases, the number of unfavorable contacts of tail units with water will also increases resulting in a rise of

the free energy of the system, forcing, at a surfactant concentration known as the critical micelle concentration

(CMC), the surfactants to self-associate into micelles to prevent further increases of the free energy. The phys-

ical mechanism responsible for this self-association in known as the hydrophobic effect, which arises from the

tendency of surfactants to avoid contacts with water molecules, therefore, hydrophobic segments are in contact

with one another forming an oily core surrounded by a shell composed by hydrophilic groups as can be observed

in Figure 1.1 where the aggregation of surfactant molecules into spherical micelles is illustrated, in there, free

monomers and aggregated surfactants are continuously exchanged in the equilibrium regime. Because of this

Figure 1.1: Schematic representation of the micellar structure and equilibrium exchange of
singly dispersed and aggregated surfactants. Grey and red beads correspond to
hydrophobic and hydrophilic units, respectively.

special aggregation behavior, surfactants have gained great importance in diverse industrial, technological and

research processes including improving of solubility, stability and targeting of certain nanoparticles by coating

surfactants on its surface [2], also, in the cleaning industry where the CMC is related to the concentration at

which solubilization in the soil removal process occurs [3], as templates for the synthesis of mesoporous materials

[4], in the purification of waste waters by solubilization and separation of toxic ingredients [5], and, in medical

2
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research where surfactants have proven to increase drug potency in cancer therapy [6]. In particular, surfactants

performance with specific attributes for the drug transport have been investigated, for instance, those with low

CMC to decrease the concentration of surfactants precipitated in the blood [7], or, with non-linear architecture

which improves the antitumor activity and therapeutic efficacy [8].

Depending on the structural and chemical properties of surfactants, micellar systems have been extensively

studied by different experimental methods as surface tension [1], spectrophotometry, pyrene fluorescence [9],

nuclear magnetic resonance, fluorimetry [10], light scattering [11], capillary electrophoresis [12], temperature

jump [13], small-angle neutron scattering [14], fluorescence correlation spectroscopy [15] and time-resolved small-

angle neutron scattering [16]. Nevertheless, time, cost, and accuracy constraints have encouraged researchers

to seek alternative theoretical and simulation methods to study the micellization process.

In particular, computer simulations aim to provide a more complete understanding at a microscopic level than

the current experimental techniques, to do so, thermodynamic observables (e.g. CMC, aggregates distribution,

interfacial tension, micellar shape among others) must be predicted and compared with experiments in order to

validate the simulation procedure and the surfactant model.

1.1 Modelling Techniques

The main purpose behind modelling surfactant systems is to predict macroscopic observables from an idealized

microscopic level. In this sense, theoretical and simulation techniques have been widely developed and imple-

mented to model a diverse set of surfactant systems through the years. Most relevant methods include Monte

Carlo (MC) simulations [17, 18] where equilibrium of the system is reached by a series of random moves that

are accepted depending on their energetic favorability, these moves generate an alteration of the phase space

giving, in the long term, an appropriate sampling of the phase space, and in consequence, equilibrium can be

accessed. Under this scheme, the ensemble averages for a system of N particles in a volume V at a temperature

T are found to be

〈A〉ensemble =
1

Q

∫
e−U(~r1,...~rN )/kTA(~r1, . . . ~rN )d~r1 . . . d~rN , (1.1)

where Q and k are the partition function of the system and the Boltzmann’s constant, respectively, ~ri and

U(~r1, . . . ~rN ) are the position of particle i and the potential energy of the system. Nonetheless, the time

dimension is absent in MC simulations given the lack of a realistic dynamic trajectory, this is in contrast to

molecular dynamics (MD) simulations [19, 20] which are based on the classical laws of motion from where it is

possible to study equilibrium, structural and transport properties of diverse systems. Basically, MD is based

on solving the Newton’s second law for every particle i of the system

~Fi = mi
d2~ri(t)

dt2
= −~∇iU(~r1(t), . . . ~rN (t)), (1.2)

where Fi is the force exerted on particle i by remaining particles and mi is its corresponding mass. By computing

the above equation it is possible to determine all the trajectories ~ri(t) and velocities ~vi(t) for all the particles

of the system at any time t to reproduce the time evolution of the system in a dynamic form. The average for

observable A obtained from MD simulations is calculated from

〈A〉time = lim
τ→∞

1

τ

∫ τ

0

A(~r1(t), . . . ~rN (t))dt. (1.3)

3
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However, only a short window of time can be reached by MD simulations because of the large amount of

computation time needed to evolve the system according to the Newton’s laws of motion, in general, this will

cause difficulties in reaching equilibrium in certain systems as discussed further on.

In addition to MC and MD simulations, stochastic methods have been also considered. For instance, Brownian

dynamics [21] includes frictional and random forces in the Newton’s equations to correct the exclusion of

the explicit solvent, that is, particles are considered to be in a continuum medium which in turn speed up

the simulation time in comparison with standard MD simulations. In a similar manner, dissipative particle

dynamics [22], simulations also obey the Newton’s laws considering, extra dissipative and random force terms

to include the viscous resistance of the monomers within the solvent and a correction in the energy due to the

degrees of freedom suppressed in the coarse-grained process.

Alternative methods arising from mean field theories are also considered to predict macroscopic properties for

a wide range of surfactant systems. In general, the free energy energy of the system, which is written in terms

of sampling chains representing the surfactants, is minimized in order to address an equilibrium regime. In

particular, the self-consistent field (SCF) [23, 24] and the single-chain mean-field (SCMF) [25, 17, 26] theories

have been used in the study of short surfactants and block copolymer systems proving their effectiveness in

the prediction of diverse equilibrium properties. In both cases the intermolecular interactions are considered

through mean molecular fields while the intramolecular terms depend on the particular method, indeed, the

SCF theory considers the sampling chains as ideals, that is, overlapping conformations are permitted affecting

the intramolecular interactions and hence the free energy of the system. In contrast, the SCMF method can

take into account self-avoiding conformations resulting in a more realistic model of surfactant systems and an

accurate estimation of the free energy of the system. This thesis aims to study a series of static and dynamic

equilibrium properties for a series of surfactant systems in an off-lattice space representation through a series

of SCMF simulations.

1.2 Problem Statement

Although the wide number of simulation, experimental and theoretical works, a microscopic understanding of

the self-assembly of surfactants into micellar aggregates seems to be still incomplete. For instance, theoretical

free energy models [27] present a loss in the explicit microscopic information of the system given their semi-

empirical foundations. Equilibration problems associated to slow dynamics events have been reported in MD

simulations [20] for a series of nonionic short surfactants in a coarse-grained representation; despite reaching

time scales close to milliseconds, static properties like aggregation numbers or the CMCs still deviate from their

equilibrium values. Also, lattice space discretization used in MC or SCF simulations represents a difficulty when

comparing with experiments either for static [28] or dynamic [29] equilibrium quantities. At a microscopic level,

given that SCF simulations consider overlapping chain configurations to represent surfactants, excluded-volume

interactions are missing in the intramolecular energetic terms of the system’s free energy, thereby, it is unclear

how this affects the prediction of several properties for surfactant systems, in particular, when the architecture

of the surfactants is modified, or, explicit conformations of dispersed and aggregated monomers need to be

taken into account. In light of the above arguments, it is expected that static and dynamic equilibrium proper-

4
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ties to be difficult to predict given the sampling, spatial and temporal limitations in the current simulation and

theoretical methods. This overall scenario is aggravated when copolymer surfactant systems are also considered.

In consequence, a detailed microscopic description of the micellization phenomena must be addressed by alter-

native methods able to guarantee equilibrium, and thereby, static and dynamic properties of the systems under

study. Looking for a deep knowledge of the micellization process and its impact on microscopic and macroscopic

properties, this work is aimed to use the SCMF theory for a diverse set of surfactants represented by a series of

coarse-grained models. Therefore, the main purposes in this work are (i) to study static equilibrium properties

of different surfactant systems by using SCMF simulations, and, (ii) to obtain dynamic equilibrium properties

of block copolymer surfactant systems by development of a dynamic version of the SCMF scheme. In all cases,

the results obtained are compared with experimental data when available.

1.3 Objectives

To attain the goals mentioned above the following objectives are proposed

1. To study the effect of the surfactant architecture on static equilibrium properties for a set of nonionic

surfactants. In this work simulations are performed within the one dimensional spherical off-lattice SCMF

scheme. Also, to understand how the monomers architecture impact on the aggregation process, calcula-

tion of the excess enthalpy and entropy quantities are carried out from simulations. The chain models and

the energetic parameters are taken from a previous model for diblock poly(ethylene oxide) alkyl ethers

C-PEO.

2. Based on the previous objective, we look for establishing a model for dimeric poly(ethylene oxide) surfac-

tants to study, through SCMF simulations, the unexpected behavior of the CMC with the increase of the

hydrophobic block length that has been reported in experiments. For this purpose, a combination of the

results obtained by SCMF calculations with a kinetic model of micelle formation is proposed.

3. To develop a coarse-grained model for a series of poly(ethylene oxide)-poly(propylene oxide)-poly(ethyle-

ne oxide) molecules (PEO-PPO-PEO) at a constant temperature. Additionally, to determine structural

and energetic parameters from the comparison between predicted and experimental CMCs for a set of

PEO-PPO-PEO copolymers within the SCMF simulations in continuous space.

4. To develop a dynamic version of the SCMF theory to study the dynamic equilibrium phenomenology of

surfactant systems when aggregate into micelles. In particular, to study the monomer exchange kinet-

ics of PEO-PPO-PEO systems, and, to obtain detailed microscopic information of monomers when are

exchanged between the micelles and the bulk solution.

1.4 Thesis Outline

The thesis is organized as follows. The physical considerations to formulate the SCMF together with their

statistical mechanics and free energy formalisms are revised in Chapter 2, in addition, the mass action model

5
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and the basic principles of micellization kinetics are also introduced together with the dynamic formulation of

the SCMF simulations. In Chapter 3 we present the effects of the surfactant architecture on static equilibrium

quantities like the CMC and the aggregation number, the results are obtained by a series of SCMF simulations

in continuous space and subsequently compared with experimental data when available. A model representation

for a set of nonionic gemini surfactants is implemented in Chapter 4, where, by combination of a micellization

kinetic model and the free energy of the system predicted by the SCMF simulations, a deviation between

experimental and theoretical CMC predictions with the increase of the hydrophobic weight is studied. The

results suggest a combination of experimental limitations and a series of nonequilibrium effects as the main

causes of the observed deviation. Chapter 5 is devoted to develop a coarse-grained model for a series of Pluronic

surfactants, PEO-PPO-PEO. Fitting of the energetic parameters is evaluated from adjusting CMCs predicted

by our simulations with the corresponding experimental values available in literature for a group of Pluronics.

Besides, static equilibrium aggregation numbers and CMCs are studied based on the size of hydrophobic and

hydrophilic blocks of the copolymers suggesting in the extreme cases the presence of nonequilibrium effects as

the reported in Chapter 4. Based on the model for Pluronics developed in Chapter 5 and the dynamic versin

of the SCMF developed in this work, we study in Chapter 6 the exchange kinetics mechanisms for copolymers

when single copolymers are exchanged between the bulk solution and the micellar aggregates. In particular,

expulsion rate constants are predicted and compared with available experimental data for the the Pluronics

under study, also, conformational changes of the hydrophobic blocks when leaving the inner micelle core are

analyzed in terms of explicit microscopic information obtained from the SCMF simulations. In Chapter 7 the

relaxation kinetics of the expulsion process is studied from a series of dynamic SCMF simulations for a particular

surfactant. Experimental deviations from theoretical calculations reported for analog systems are analysed in

terms of the results obtained by our simulations together with solutions derived from analytical models. This

enables us to identify the main physical mechanisms, that can not be accessed neither by experiments nor theory,

responsible for these deviations. Finally, in Chapter 8 we present the concluding remarks and considerations

for further research.
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Chapter 2

Theoretical Background

In this thesis the so-called single-chain mean-field (SCMF) theory [1] is considered to model and predict equilib-

rium, statical and dynamical behaviors for a series of surfactant systems described throughout this work. This

theory was originally formulated to study dry core micellar aggregates [1], subsequently, solvent was included

in the formalism for micellar systems [2] and grafted polymers [3]. The main idea behind the SCMF approach

is to consider a central chain, representing the surfactant, in a mean molecular field as the reference state; those

intermolecular fields (coming from the solvent and other surfactants) are determined by mean averages of the

probability distribution function of the chain conformations together with the volume filling constraint, whereas

the intramolecular interactions of the chain are known in an exact way. In this work the chains are self avoiding

in nature, that is, they are non-Markovian because of the correlation between segments of the chain due to the

excluded volume interactions, which implies the need of a complete knowledge of all chain conformations.

In this chapter we review the theoretical basis related to the SCMF scheme, in particular, statistical mechanics

and free energy approaches are introduced and subsequently their equivalence is shown. Thereafter, we establish

the thermodynamic and static kinetic relations used throughout this thesis together with their connection with

the SCMF to later introduce the dynamic version of the SCMF along with some dynamic basic quantities.

Incompressibility Assumption Outlines

Consider a system of N chains, representing the surfactants, which are found to be surrounded by solvent

molecules. We assume that the solution is incompressible, namely, the accessible volume is filled by either

solvent or surfactant molecules. Considering the direction r in which the densities of the surfactants and solvent

are inhomogeneous, we can adopt the term layer r which define the region of the space between r and r + dr

as shown in Fig. 2.1. As the available space in every layer is occupied by surfactants and solvent molecules, the

volume fraction can be written as

φs(~r) + 〈φ(~r)〉N = 1, (2.1)

where φs(~r) is the solvent volume fraction at point ~r while the brackets represent the ensemble average of the

chain volume fraction φ(~r) with the excluded-volume contributions taken into account. The ensemble averages

can be related through the probability distribution, P [α1, . . . , αN ], of the N chains where αi represents the

conformation of surfactant i, and the total volume fraction, φ(α1, . . . , αN ;~r), of the chains at layer r

φs(~r) +
∑

{α1,...,αN}

P [α1, . . . , αN ]φ(α1, . . . , αN ;~r) = 1, (2.2)
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r

r

r+dr

Figure 2.1: Diagram showing a set of surfactant molecules immersed in a solvent solution. Sur-
factant tail and head groups are represented by lines and filled red circles, re-
spectively, while solvent is represented by dotted circles. In this example spherical
symmetry has been considered where a layer r is the enclosed volume between shells
r and r+dr.

where the sum is taken over all the possible configurations of the N chains. Also, the total volume fraction can

be decomposed into contributions of the individual conformations αi

φ(α1, . . . , αN ;~r) =
N∑
i=1

φ(αi, ~r). (2.3)

In order to construct a mean-field approach, it is necessary to consider that the N chains are equivalent, namely,

the N configurational sum in Eq. 2.2 can be replaced by a single-chain average in the form

φs(~r) +N
∑
α

P [α]φ(α,~r) = 1, (2.4)

with P [α] being the probability of finding a chain in conformation α while the sum goes over all the possible

configurations of a single chain. The above equation can be written as

φs(~r) +N〈φ(~r)〉 = 1, (2.5)

where the term inside the angular brackets denote the average over all the possible conformations of a single

chain molecule, thus, Eq. 2.5 represents the mean-field manner of how surfactant molecules and solvent are

distributed to fill the available space. From here, it is necessary to determine the surfactant profiles that

fulfill the incompressibility condition represented by the above equation, whereby, it will describe properly the

thermodynamical properties of the system under study. This can be abridged in the properly prediction of the

single chain probability distribution functions, (pdf ), P [α]. In particular, in this work we adopt the SCMF

theory which is able to predict the pdf from the interactions of mean molecular fields with a single-chain.

2.1 Single-Chain Mean-Field Theory: Static Equilibrium Formula-

tion

This theory assumes a central chain, whose interactions are taken to be: (i) intramolecular, which are deter-

mined in an exact way, and, (ii) intermolecular, with solvent and other surfactant chains considered through a
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mean-field approach; this can be diagrammatically observed in Fig. 2.2. The associated probability of a chain

Figure 2.2: Representation of the central chain surrounded by the intermolecular mean field
whose magnitude is depicted by the gray scale. Surfactant tail and head groups are
represented by lines and filled red circles, respectively. The geometry and changes
in the corresponding mean fields depend on the direction of the inhomogeneous
density of surfactants and solvent.

configuration depends on its intramolecular and intermolecular interactions given by its distribution of segments

coupled with the mean molecular fields. These molecular fields are given in terms of average properties of the

chain, stating that, there is a relation between the average chain conformations and the probability for the chain

to be in any conformation. Any thermodynamic property can be calculated from the chain averages, linking

then the macroscopic behavior of the system with the explicit molecular properties of the chain molecules.

In view of this, the main purpose is to calculate the pdf for chain conformations to obtain the solvent and sur-

factant equilibrium densities together with average thermodynamic properties. In what follows two equivalent

approaches to obtain the corresponding pdf are introduced.

2.1.1 Statistical Mechanics Formalism

Consider a canonical ensemble of N surfactant molecules and Ns solvent molecules in a volume V at a temper-

ature T . The configurational partition function is

Z(N,Ns, V, T ) =

∫
d3r1 . . . d

3rNs
∑

{α1,...αN}

exp [−βU(~r1, . . . , ~rNs ;α1, . . . , αN )] , (2.6)

where β = 1/kT and k is the Boltzmann’s constant, while U(~r1, . . . , ~rNs ;α1, . . . , αN ) is the total interaction

energy of the N surfactants in configurations α1, . . . , αN and the Ns solvent molecules in positions ~r1, . . . , ~rNs .

The sum in Eq. 2.6 represents a multiple integral including all the coordinates of the surfactants, indicating

that the partition function consists of N × Ns × n integrals, where n is the degree of polymerization of the

chains. The probability of finding surfactant chains in configurations α1, . . . , αN is

P [α1, . . . , αN ] =

∫
d3r1 . . . d

3rNs exp [−βU(~r1, . . . , ~rNs ;α1, . . . , αN )]

Z(N,Ns, V, T )
. (2.7)
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In particular, the singlet pdf, e.g. the probability for surfactant 1 to be in conformation α1, can be obtained by

integrating the all-chain probabilities in Eq. 2.7 over the N − 1 remaining configurations

P [α1] =

∫
d3r1 . . . d

3rNs
∑
{α2,...αN} exp [−βU(~r1, . . . , ~rNs ;α1, . . . , αN )]

Z(N,Ns, V, T )
. (2.8)

Taking now α instead of α1 to refer to the central chain and decomposing the interaction total energy

U(~r1, . . . , ~rNs ;α1, . . . , αN ) = u(α, ~R) + U(~r1, . . . , ~rNs ;α2, . . . , αN ), (2.9)

where, the first term in the right side of the above equation refers to the interactions of the central chain α with

the remaining N − 1 chains and the solvent molecules whose positions are represented by vector ~R, and, the

second term represents the interaction between the N-1 chains and the Ns solvent molecules. Hence, the pdf in

Eq. 2.8 can be written in the following form

P [α] =

∫
d3r1 . . . d

3rNs
∑
{α2,...αN} exp [−βU(~r1, . . . , ~rNs ;α2, . . . , αN )] exp

[
−βu(α, ~R)

]
Z(N,Ns, V, T )

. (2.10)

The central chain energy can be expressed as the sum of three terms; the first one depends on the intramolecular

interactions of the central chain, uintra(α), the second one takes into account the intermolecular mean-field

interactions of the central chain with other surfactants and solvent molecules, uinter(α). Both terms are position

independent given that only depend on the central chain conformation and the mean density fields of solvent

and remaining chains. Finally, the third term represents the repulsive interactions of the central chain with all

other molecules, urep(α, ~R). With this, Eq. 2.10 can adopt the form

P [α] =
exp [−β (uintra(α) + uinter(α))]

Z(N,Ns, V, T )

∫
d3r1 . . . d

3rNs

×
∑

{α2,...αN}

exp [−βU(~r1, . . . , ~rNs ;α2, . . . , αN )] exp
[
−βurep(α, ~R)

]
. (2.11)

Considering repulsive interactions of the hard-core type, means that, on the one hand, the term urep(α, ~R) = 0 if

no overlapping is produced between the central chain and other molecules, and, on the other hand, urep(α, ~R)→

∞ if it does. This choice leads to interpret the integral in Eq. 2.11 as the partition function of a system

composed by N − 1 chain surfactants and Ns solvent molecules at a temperature T in an available volume

{V (~r)} −
∫
φ(α,~r)d~r, that is, the total volume of the system minus the volume occupied by the central chain

α. With this, Eq. 2.11 can be written as

P [α] = exp [−β (uintra(α) + uinter(α))]
Z
(
N − 1, Ns, {V (~r)} −

∫
φ(α,~r)d~r, T

)
Z(N,Ns, {V (~r)}, T )

, (2.12)

where the volume V is taken as the sum of the individual volumes {V (~r)}. Expanding now logZ(N −

1, Ns, {V (~r)} −
∫
φ(α,~r)d~r, T ) around logZ(N,Ns, {V (~r)}, T )

logZ

(
N − 1, Ns, {V (~r)} −

∫
φ(α,~r)d~r, T

)
= logZ(N,Ns, {V (~r)}, T )−

(
∂ logZ

∂N

)
−
∫ (

∂ logZ

∂V (~r)

)
φ(α,~r)d~r, (2.13)

replacing Eq. 2.13 in Eq. 2.12 and reorganizing the terms we obtain the pdf for the central chain as

P [α] =
1

Q
exp

[
−β
(
uintra(α) + uinter(α) +

∫
π(~r)φ(α,~r)d~r

)]
, (2.14)
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where logQ = ∂ logZ/∂N = −βµ is the work associated with the insertion of a chain to the system, while

βπ(~r) = ∂ logZ/∂V (~r) represents the negative change in the free energy of the layer r as its volume increases

and is interpreted as the lateral pressure acting on the chains. Normalization of the pdf,
∫
dαP [α] = 1, indicates

that

Q =

∫
dα exp

[
−β
(
uintra(α) + uinter(α) +

∫
d~rπ(~r)φ(α,~r)

)]
, (2.15)

which is the definition of the single-chain partition function.

2.1.2 Free Energy Formalism

A less detailed formalism based on the minimization of the free energy of the system subject to the incom-

pressibility condition given in Eq. 2.5 may be used to determine the pdf of surfactant chain conformations P [α],

accordingly, the density profiles of surfactants and solvent among other thermodynamic properties in equilib-

rium. The intermolecular repulsive interactions are included in the volume-filling constraint, as well as the

intramolecular repulsions that are already implicitly taken in the set of single chains configurations, i.e. are

self-avoiding in nature. The free energy terms are:

Internal energy: The intramolecular mean-field energy for a system composed by N surfactants, 〈uintra〉 =

N
∫
dαP [α]uintra(α), that is, the ensemble average over the pdf and the individual internal energies of the

chains.

Intermolecular energy: Has the form 〈uinter〉 = N
∫
dαP [α]u(α), where the individual chain contributions

are calculated through their interaction volumes together with the surrounding mean molecular fields.

The fields for the central chain to interact depends on the pairwise interactions considered. In particular,

considering the intermolecular energy in terms of chain-chain and chain-solvent interactions,

〈uinter〉 = N

∫
dαP [α]

[
N − 1

2
εcc

∫
d~rΦccint(α,~r)〈c(~r)〉+ εcs

∫
d~rΦcsint(α,~r)cs(~r)

]
, (2.16)

where εcc and εcs are the interaction parameters for chain-chain and chain-solvent interactions, respectively.

d~rΦint(α,~r) is the available volume at ~r for central chain to interact with chains and solvent through the

average concentration fields 〈c(~r)〉 and cs(~r), respectively. The number of interaction parameters as well

as the number of species represented by the concentration fields will depend on the coarse-grained level.

Entropy: Two entropic contributions are taken into account: −kN
∫
dαP [α] logP [α], the conformational en-

tropy of the chains, and, −k
∫
d~rcs(~r) log φs(~r), the translational entropy of the solvent molecules.

When summing all these contributions we obtain for the free energy F = 〈E〉 − T 〈S〉 the equivalent mean-field

expression

F = N

∫
dαP [α] (uintra(α) + u(α)) + kT

(
N

∫
dαP [α] logP [α] +

∫
d~rcs(~r) log φs(~r)

)
. (2.17)

The pdf and the solvent concentration cs(~r) are found by minimization of the free energy F subject to the

incompressibility condition in Eq. 2.5; namely, by insertion of a set of Lagrange multipliers π(~r) in the free
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energy expression to then determine δF/δP [α] = 0 and δF/δcs(~r) = 0. Once this procedure is complete, it is

possible to obtain the set of chain probabilities P [α] as can be reviewed in detail in Appendix A,

P [α] =
1

Q
exp

[
−β
(
uintra(α) + uinter(α) +

∫
d~rπ(~r)φ(α,~r)

)]
, (2.18)

where Q is the term that ensures the correct normalization of the probabilities (
∫
dαP [α] = 1) and agrees with

the expression given in Eq. 2.15. From the minimization procedure (see Appendix A for details) is obtained

that φs(~r) ≈ e−βvsπ(~r), with vs as the volume of a solvent molecule, which reveals the physical meaning of

the Lagrange multipliers: they are the osmotic pressure needed to hold constant the solvent chemical potential

value as has been formally indicated from the partition function formalism. Nevertheless, as the Lagrange

multipliers π(~r) emerge from the volume-filling constraint they can also be understood as the average repulsive

intermolecular energy experienced by the chains due to the presence of surrounding solvent and surfactant

molecules. In addition, the pdf in Eq. 2.18 obtained by the free energy formalism is the same as the one

determined from the explicit expansion of the partition function as given in Eq. 2.14 and demonstrated in

Section 2.1.1, thus validating the free energy procedure. From here, any equilibrium quantity, 〈A〉, can be

estimated from the individual chain contributions, A(α), by means of

〈A〉 =

∫
dαP [α]A(α). (2.19)

Depending on the system under study different geometrical approaches can be taken into account; this work

is devoted to study the self-aggregation phenomena in micellar systems, then, a reduction in the degrees of

freedom can be made when only considering one dimensional spherical geometry which is found to be adequate

to study this kind of systems, this can be admitted given simulation studies suggesting the earlier presence

of spherical aggregates when micellization process is occurring [4]. Equilibrium properties for a system of N

monomers through the SCMF formalism is achieved by determination of the single-chain probabilities P [α],

the concentration average fields 〈c(~r)〉 and the Lagrange multipliers π(~r) ≈ −kT log φs(~r)/vs by evaluation

of equations 2.5, 2.18 and 2.19. Solution of the system of nonlinear equation can be addressed by several

numerical techniques. In this thesis we have discretized the space in spherical shells and in consequence all the

concentration and interaction fields are given in terms of their individual contributions in the corresponding

shell, in Appendix B a detailed description of the discretization procedure to solve the SCMF equations is

shown.

Once the equations are solved, it is important to link the microscopic equilibrium quantities of the system with

macroscopic observables; this can be reached when relating the mass action model with the quantities obtained

within the SCMF theory as described in the following section.

2.1.3 Mass Action Model

A system of free and aggregated molecules in solvent medium is considered to be in thermodynamic equilibrium

when the chemical potentials of surfactants in bulk solution (µ1) or in aggregates (µ2, . . . , µN−1, µN ) have the

same value [5],

µ1 = µ2 = . . . = µN−1 = µN . (2.20)
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The chemical potential is taken to be composed by ideal and excess contributions, µ = µid+µexc, in particular,

for surfactants in bulk solution

µ1 = µ∗1 + kT logX1, (2.21)

where X1 is the concentration of free surfactants, and µ1∗ = µ0
1+µexc1 with µ0

1 as the standard chemical potential

for free surfactants. Similarly, for surfactants in aggregates of size N the chemical potential is

µN = µ∗N +
kT

N
log

XN

N
, (2.22)

where XN is the concentration of surfactants in aggregates of size N , and, µ∗N = µ0
N+µexcN where µ0

N corresponds

to the standard chemical potential of aggregated surfactants. The second term in the right side of Eq. 2.21 is

known as the translational entropy and implies that singly chains are free to move independently in space, in

contrast, the analog term in Eq. 2.22 denotes that all surfactants in aggregates are forced to move together.

Relating Eqs. 2.21 and 2.22 through Eq. 2.20 and assuming the surfactant system to behave ideally, that is, there

are no interactions between the free surfactants (µ1∗ = µ0
1) and likewise between the aggregates (µ∗N = µ0

N ),

can be found the following relation

XN = N
(
X1e

−(µ0
N−µ

0
1)/kT

)N
. (2.23)

The above equation is the expression of the mass action model (MAM) and states that formation of aggregates

occurs when a difference between the free energies of singly and aggregated surfactants is produced (µ0
N < µ0

1).

Based on the former equation, the free surfactant concentration X1 increases with total surfactant concentration

XT =
∑
N XN , subsequently, from a specific XT value X1 takes a constant value referred as the CMC stating

that any surfactant added to the system will prefer to aggregate rather than stay free in the bulk solution, this

overall behavior is depicted in Fig. 2.3. To obtain the equilibrium distribution of micelles, XN/N , from the
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Figure 2.3: Schematic representation of the concentration of free (X1, solid line) and aggregated
(
∑
N=2XN , dashed line) surfactants with total concentration of surfactants.

SCMF formalism it is necessary to relate the standard chemical potentials in Eq. 2.23 with the thermodynamic

quantities obtained from the theory, to do so, a connection between the chemical potential of particles and the
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SCMF is made by means of the following equation based on the mean-field approximation [6]

Q = N e−µ/kT , (2.24)

where Q is the partition function in the SCMF scheme, as stated in the preceding section this can be calculated

from the normalization of the single chain probabilities P [α] = e−H[α]/kT /Q where H[α] is known as the SCMF

Hamiltonian for configuration α and can be obtained from Eq. 2.18

H[α] = uintra(α) + uinter(α) +

∫
d~rπ(~r)φ(α,~r), (2.25)

therefore, the following expression for Q can be obtained

Q =

∫
dαe−H[α]/kT . (2.26)

As can be observed, a direct way to relate the chemical potential of surfactants in a solvent medium with the

SCMF theory is to equating the expressions of the partition function Q in Eqs. 2.24 and 2.26 to obtain

e−µ/kT =
1

N

∫
dαe−H[α]/kT . (2.27)

Nevertheless, free and aggregated surfactants must be discussed separately; on the one hand, the SCMF scheme

holds that the micelle is fixed in space which means that the chemical potential for aggregated surfactants in

Eq. 2.22 does not contain the translational contribution, namely, µN = µ0
N in Eq. 2.27, then

e−µ
0
N/kT =

1

N

∫
dαe−HN [α]/kT , (2.28)

where the subscript N in the SCMF Hamiltonian is attached in order to distinguish from the case of free

surfactants H1 [α]. On the second hand, singly surfactants are free to be located in any region of space, as

a consequence, when comparing with the expression for surfactants in micelles in Eq. 2.28 it is necessary to

remove the translational contribution in the chemical potential when replacing in Eq. 2.27 in order to keep the

same degrees of freedom in both cases, this is manifested by the emergence of the volume V of the system, thus

e−µ
0
1/kT =

1

V

∫
dαe−H1[α]/kT . (2.29)

Combining Eqs. 2.28 and 2.29, the following relation can be obtained

e−(µ
0
N−µ

0
1)/kT =

V

N

∫
dαe−HN [α]/kT∫
dαe−H1[α]/kT

. (2.30)

Integrals in the previous equation include all possible chain configurations, nevertheless, a finite representative

sample of these non-Markovian configurations can be considered as well, as a consequence, an approximation

in these integrals must be taken in order to include this assumption [6]

e−(µ
0
N−µ

0
1)/kT ≈ V

N

∑
α e
−HN [α]/kT /W (α)∑

α e
−H1[α]/kT /W (α)

, (2.31)

where the term W (α) is known as the Rosenbluth and Rosenbluth weight [7] and has been introduced to consider

the inclusion of self-avoiding chain configurations α representing the surfactant. Importance of Eq. 2.31 lies in

the fact that represents the connection between the macroscopic quantities X1 and XN through the MAM in

Eq. 2.23 and the microscopic chain model in the SCMF approach. The procedure to generate nonoverlapping

conformations and hence the Rosenbluth and Rosenbluth weight is introduced in the next section.
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2.1.4 Self-Avoiding Random Walk

Chain configurations are obtained based on the Rosenbluth and Rosenbluth algorithm [7] which has been widely

used in lattice [6] and off-lattice [8] SCMF simulations. The generation in continuous space of a chain surfactant,

α, composed by m monomers proceeds as follows

• The first monomer is inserted at a random position into a cubic box of volume V , a partial weight

w1(α) = k is assigned to this monomer, where k is the number of initial trial positions as shown in

Fig. 2.4.

• The next monomer, i, is located at one of the k new possible trial directions with probability

pi(j) =
e−βu

i
intra(j)

wi(α)
,

where j refers to one of the k trial directions with intramolecular energy uiintra(j). The partial weight for

the monomer is defined as

wi(α) =
k∑
j=1

e−βu
i
intra(j).

• The above steps are repeated until the chain is completely grown.

• The total weight of the chain is calculated as

1/W (α) =

m∏
i=1

wi(α)

k
. (2.32)

i-1

i-2

i-3

.

.
.

1

2

3
k

Figure 2.4: Chain generation based on the Rosenbluth and Rosenbluth self-avoiding procedure,
where k trial directions connected to monomer i− 1 are generated in order to place
the next monomer i.

The values of the intramolecular energy uiintra(j) depend on the molecular model to study the surfactant system.

Up to this point we have introduced the main theoretical aspects of the SCMF scheme to predict equilibrium

properties, like the CMC and size distribution XN , for systems of two compounds that exhibit a self-aggregation
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nature. In this sense, SCMF simulations predict a linear decreasing in the logarithmic scale [8] of the CMC

with increasing the size of the chain hydrophobic block, nevertheless, experimental results for copolymer systems

[9, 10, 11, 12] exhibit a deflection in this trend which is not observed in MC [13] or SCMF molecular simulations.

This motivates us to relate kinetic association process with the SCMF in order to understand the physical

nature of the CMC abnormality aforementioned. To do so, below are presented the basic concepts related to

micellization as an activation process and its corresponding connection with the SCMF equations.

2.1.5 Micellization Kinetics

According to Nyrkova and Semenov [14], micellization and relaxation of surfactants can be expressed in terms

of activation processes relating collective energy barriers, which, depending on their values, may suppress or

diminish some relaxation paths. Essentially, fast and slow relaxation mechanisms are predicted, corresponding

to unimer exchange and variation of the number of micelles respectively. The equilibrium distribution of

aggregates,N , in a dilute solution of surfactants and aggregates is

XN

N
= X1e

−F(N,X1), (2.33)

where F(N,X1) is the grand thermodynamic potential, that is, the difference between the total free energy of

a micelle, F (N), compared with that of unimers, F (1),

F(N,X1) = F (N)−N F (1)− (N − 1) logX1, (2.34)

by considering the thermodynamic potential to be only described by the aggregation number and the concen-

tration of free monomers, can be stated that single surfactants to associate into equilibrium micelles must be

under a regime of minimal energy. Local minima along this path represents metastable micelles, which can

suppress the growth to the equilibrium micellar state, and occasionally, completely reduce and stop growth.

This means that micellization can be interpreted from the existence of collective energy barriers, arising from

F(N,X1), to overcome to form micelles from unimers. From the definition of the thermodynamic potential it

is possible to define the CMC and the aggregation number, Nagg, in equilibrium by means of

F(Nagg,CMCeq) = 0,

∂F(N,CMCeq)

∂N

∣∣∣∣∣
N=Nagg

= 0, (2.35)

where CMCeq is taken as the CMC in the equilibrium regime. Depending on the values of X1 and taking as

a reference CMCeq, it is possible to visualize the behavior and aggregation significance of F(N,X1) as shown

in Fig. 2.5. As can be observed, can be identified an activation, Fa, and dissociation, Fd, barriers which

are responsible of the formation and disintegration of micelles depending on the enthalpic/entropic balance

influenced by the free monomer concentration, promoting: (i) association of monomers to form aggregates when

the free monomer concentrations are higher than CMCeq, (ii) release of surfactants from aggregates in the

opposite case, and, (iii) an equal rate of association and dissociation of micelles meaning a constant number of

aggregates over time when the concentration of free surfactants is the same as CMCeq. The characteristic time

for micellization is

Ta = T0e
Fa , (2.36)
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Figure 2.5: Grand thermodynamic potential F in kT units in function of X1. The free energy
of aggregated surfactants is calculated from F (N) = βN3/2 + γN2/3 with β = 1
and γ = 60. The curves from top to bottom are calculated for free monomers
concentration close to 0.6CMCeq, CMCeq and 10CMCeq. Association, Fa, and
dissociation, Fd, potentials are defined through the maximum and minimum of the
thermodynamic potential respectively.

where the term T0 is the elementary time association time. The association energy barrier is considered to

include an additional entropic term arising from the noncontinuous nature of the aggregation process. Two

mechanisms are considered in the elementary entrance of a surfactant into a micelle; on the one hand, a slow

approaching of unimers to the micellar core, and on the second hand, diffusion of the hydrophobic block of the

unimer into the micellar core. As the second process is usually favorable, the main contribution comes from the

first substep, thus, the thermodynamic potential varies as

F
(
N +

1

2
, X1

)
= F(N,X1)− log Φ1, (2.37)

where Φ1 = X1vp being vp the single surfactant molecular volume. Thus, the association energy in Eq. 2.36 can

be defined as

Fa = max

{
F
(
N +

1

2
, X1

)}
. (2.38)

For copolymer systems has been shown that Ta can assume astronomical values, even in an equilibrium regime

(X1 = CMCeq), for a series of concentrations of free monomers as shown in Fig. 2.6; this suggest that the CMC

measured in experiments can be larger by several orders of magnitude when compared with the equilibrium

CMC. This experimental CMC can be related to the apparent value CMCapp which arises when aggregation

is induced by increasing the concentration of free surfactants in the system up to CMCapp, leading then, to

decrease Fa to F app and in consequence to reach an available experimental time T app through

T app = T0e
Fapp . (2.39)

The importance of the above equation lies in the possibility of determining the value of CMCapp by taking as

an initial guess the experimental time of the micelle formation, T exp, that is T app = T exp in Eq. 2.39. Subse-

quently, an equivalent value of the association barrier F app and finally an estimation of the apparent CMC can
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Figure 2.6: Characteristic micellization times as a function of the free monomer concentration.
Horizontal axis represents the normalization ofX1 with the equilibrium CMC, while,
dashed lines relate specifics times with their corresponding apparent CMCs.

be obtained by means of Eqs. 2.34, 2.37 and 2.38.

Connection of micellization kinetics formalism with the SCMF approach can be made through the aggregate

size distributions predicted by the kinetic model and the MAM given by Eqs. 2.33 and 2.23, respectively

F(N,X1) = N

(
µ0
N − µ0

1

)
kT

− (N − 1) logX1,

according to Eqs. 2.31 and 2.40, the grand thermodynamic potential can be expressed in terms of the SCMF

formalism through

F(N,X1) = N log

(
N

V

∑
α e
−H1[α]/kT /W (α)∑

α e
−HN [α]/kT /W (α)

)
− (N − 1) logX1,

as can be observed, the first term on the right side involves only enthalpic contributions for aggregated and free

monomers which is consistent with the corresponding term provided by the SCMF scheme which resulted from

the procedure to extract the entropic contributions to the chemical potential of free surfactants as stated in

the analysis preceding Eq. 2.29; this means, that entropic contributions to the micellization process come only

from the second term in the right side of Eq. 2.40 corresponding to the translational contributions of the free

monomers.

The importance of Eq. 2.40 comes from the possibility to study experimental deviations from equilibrium values

in surfactant systems based on SCMF predictions.

2.2 Single-Chain Mean-Field Theory: A Dynamical Approach

Once the relevant equations in the SCMF scheme have been identified, we proceed to establish a dynamic

methodology which will allow to study equilibrium and nonequilibrium properties of surfactant systems. To
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do so, we consider the set of sampling chains {α} = α1, . . . , α0 to be under the influence of a concentration

field of solvent and surfactant molecules, then, generating a series of explicit moves which are accepted with

a certain probability which depends on the relative change in the conformation energy caused by the the trial

configuration it adopts. This can be seen as a system with a fixed number of chains which are uncorrelated one

from each other i.e. they are independent by definition, from which a dynamics can be followed by the individual

evolution of each of its members through a MC simulation where a trial move is generated simultaneously for

each chain every MC cycle, then, is expected, in an equilibrium regime, a correct evaluation of dynamic events

by following the collective behaviors of the sampling chains. The procedure to generate the move of the chains

is taken as follows:

1. The starting point is to consider a representative number of configurations of the central chain αo through a

set of independent sampling chains {αo}, with all the interaction volumes d~rΦccint(αo, ~r) and d~rΦcsint(αo, ~r),

concentration c(αo, ~r) and volume fraction φ(αo, ~r) fields and the corresponding mean fields 〈c(~r)〉 and

〈φ(~r)〉 together with the solvent fields cs(~r) and φs(~r) by solution of Eqs. 2.5, 2.18 and 2.19 for the chain

average fields mentioned above.

2. Subsequently, while keeping fixed the average fields 〈c(~r)〉, cs(~r) and φs(~r), a trial move is generated

simultaneously for each chain, αo, with an individual probability of acceptance defined by the Metropolis

formulation as described in the next section

p(αo→n) = min (1, exp(−∆H [αo→n] /kT )) , (2.40)

where αn refers to the new conformation of chain αo given the trial move, ∆H[αo→n] = H[αn] −H[αo]

is the change in the SCMF Hamiltonian, given in the exponential term in Eq. 2.18, for the new and old

conformations. With help of Eq. 2.16 the changes in the SCMF Hamiltonian are

∆H[αo→n] ≈∆uintra(αo→n) + (N − 1)

∫
d~r εcc∆Φccint(αo→n, ~r)〈c(~r)〉

+

∫
d~r εcs∆Φcsint(αo→n, ~r)cs(~r)−

kT

vs

∫
d~r ∆φ(αo→n, ~r) log φs(~r),

where we have used the term π(~r) ≈ −kT/vs log φs(~r) in the last term of the SCMF energy. As can be ob-

served, keeping unaltered the mean fields states that the changes in energy are caused by the changes in the

internal energy, ∆uintra(αo→n), the chain interaction volumes d~r∆Φccint(αo→n, ~r) and d~r∆Φcsint(αo→n, ~r)

and the individual volume fractions ∆φ(αo→n, ~r).

3. Once the moves for all the chains belonging to {αo} have been individually accepted or rejected, a new

set of sampling chains, {αn}, can be stated.

4. After the cycle has been completed, the concentration fields 〈c(~r)〉, 〈φ(~r)〉, cs(~r) and φs(~r) are updated

by solving Eqs. 2.5, 2.18 and 2.19.

5. All the procedure is repeated from step 1 for the new set of configurations after every cycle until equilibrium

is reached.
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Surfactant chains are generated based on the Rosenbluth and Rosenbluth procedure [7] to generate nonover-

lapping chains with a biased probability distribution which is calculated through the chain statistical weight,

W (α), and consequently removed when including in the corresponding SCMF probabilities in Eq. 2.18 as has

been presented in sections 2.1.4 and 2.1.3, respectively.

As has been observed, in this section we have presented a method to study the dynamics of a systems of

molecules in a solvent medium based on an extension of the SCMF scheme by evaluating trial moves over a

set of independent sampling chains under the influence of intermolecular fields which are dependent on the

evolution of individual chains. This method is suitable to study a wide number of phenomena that can not

be deeply investigated by other traditional methods; as stated, dynamic SCMF simulations evaluate moves

of noninteracting chains in a concentration field, that is, no pairwise interactions are calculated which results

in a decrease in the simulation time, in particular this enables the study of polymeric systems which present

interesting physical properties in timescales, e.g. diffusion of block copolymers through micellar aggregates [15],

which are beyond the scope of common simulation schemes.

2.2.1 The Metropolis Method

The main objective is to determine the transition probability π(o → n) of going from an old state o to a new

state n. Considering that in equilibrium the average number of accepted moves when going from o to n is the

same as the opposite case leads to the detailed balance condition

N(o)π(o→ n) = N(n)π(n→ o), (2.41)

where N(o) and N(n) are the probability densities of finding the system in the states o and n respectively.

Formally, the transition probability can be written as

π(o→ n) = α(o→ n)× p(o→ n), (2.42)

with α(o→ n) and p(o→ n) as a symmetric matrix and the probability of accepting the trial move. Considering

that α(o→ n) = α(n→ o) in Eqs. 2.42 and 2.41

N(o)× p(o→ n) = N(n)× p(n→ o),

from the above equation can be found that

p(o→ n)

p(n→ o)
=
N(n)

N(o)
= exp(− (E(n)− E(o)) /kT ), (2.43)

where E(n) and E(o) are the energies of the system for the new and old states, respectively. In the Metropolis

scheme the probability of accepting a move from state o to n is

p(o→ n) = min (1, exp(− (E(n)− E(o)) /kT )) . (2.44)

In this spirit, the procedure to accept or reject a trial move through the Metropolis scheme is as follows: firstly,

a random trial move from an old configuration o to a new one n is generated; secondly, the calculation of the

acceptance probability is calculated from the Eq. 2.44; thirdly, a random number r ∈ [0, 1] is generated from

a uniform distribution, and, fourthly, the trial move is accepted if r < p(o → n) or rejected in the opposite
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case. In our case, the preceding procedure is adapted for calculating the probabilities of acceptance or rejection

in Eq. 2.40 of new conformations of the sampling chains in the dynamic version of the SCMF presented in

the previous section. From here, the dynamical behavior of a quantity across the time with respect to other

variables or itself can be studied by means of time correlation functions which are introduced in the next section.

2.2.2 Time Correlation Functions

For time dependent quantities A(t) and B(t), let the correlation function CAB(t) to describe how the variables

depend each other at a time t, it is defined as

CAB(t) = lim
T→∞

1

T

∫ T

0

dt0 A(t0)B(t0 + t), (2.45)

where T is the temporal length to perform the average, and, t0 is the time origin which is arbitrary due to the

equilibrium definition of the correlation function, i.e. CAB(t) is invariant under temporal translations. In terms

of equilibrium averages, Eq. 2.45 can be written as

CAB(t) = 〈A(t0)B(t+ t0)〉, (2.46)

with the term inside the brackets is taken as the average of quantities A and B in equilibrium. Analysing the

two limiting cases; when t = 0 the temporal separation in Eq. 2.45 is no longer present in the values of the

variables of interest, thereby, the correlation function becomes static

CAB(0) = 〈A(t0)B(t0)〉 = 〈AB〉. (2.47)

In the second case, when t→∞ the two quantities will be decorrelated, that is

lim
t→∞

CAB(t) = 〈A〉〈B〉. (2.48)

If CAB(t) does not decay to zero when A and B are no longer correlated, a shift for each variable around its

mean value forces the convergence through

C ′AB(t) = 〈[A(t)− 〈A〉] [B(t)− 〈B〉]〉 = CAB(t)− 〈A〉〈B〉, (2.49)

the above expression can be normalized as ĈAB(t) = C ′AB(t)/C ′AB(0), then, with help of Eq. 2.47

ĈAB(t) =
CAB(t)− 〈A〉〈B〉
〈AB〉 − 〈A〉〈B〉

.

In case variables A and B are the same, CAA(t) is known as the autocorrelation function, and, in consequence,

former equation turns into

ĈAA(t) =
CAA(t)− 〈A〉2

〈A2〉 − 〈A〉2
. (2.50)
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Microscopic modeling of surfactant systems is expected to be an important tool to describe, under-
stand, and take full advantage of the micellization process for different molecular architectures.
Here, we implement a single chain mean field theory to study the relevant equilibrium properties
such as the critical micelle concentration (CMC) and aggregation number for three sets of surfac-
tants with different geometries maintaining constant the number of hydrophobic and hydrophilic
monomers. The results demonstrate the direct effect of the block organization for the surfactants
under study by means of an analysis of the excess energy and entropy which can be accurately
determined from the mean-field scheme. Our analysis reveals that the CMC values are sensitive
to branching in the hydrophilic head part of the surfactant and can be observed in the entropy-
enthalpy balance, while aggregation numbers are also affected by splitting the hydrophobic tail of
the surfactant and are manifested by slight changes in the packing entropy. C 2015 AIP Publishing
LLC. [http://dx.doi.org/10.1063/1.4913960]

I. INTRODUCTION

Copolymer surfactants are widely used in industry for
a variety of applications where their ability to self-assemble
into micelles is key to their performance. For example, these
micellar systems are of great utility for the drug delivery of
pharmaceuticals, gene therapy, nanomaterial synthesis, food
processing, and oil spill recovery.1 As a result of the many
applications of copolymer surfactants, much research has been
conducted on the properties and molecular characteristics of
them. Since the surfactants amphiphilic properties drive the
self-assembly into micelles, the molecular structure of the
surfactants is an essential part of the process. It is thus of
great significance to fully understand and predict the effects of
surfactant architecture on micelle thermodynamic properties
as a step towards the design of tailor made surfactants for
specific applications.

Many previous experimental works and reviews have
looked at the utility of polymer architecture in drug delivery2–6

and other applications. For example, Nakamura et al.7 found
star polymers to enhance therapeutic efficacy and antitumor
activity in comparison to linear polymers when conjugated
to drugs. These works highlight the promising potential for
tailoring surfactant structure for unique and desirable charac-
teristics. Numerous previous experimental works have sought
to understand the thermodynamic properties behind the self-
assembly of these complex surfactant shapes using techniques
such as surface tension,8 static and dynamic light scattering,9

elution gel-permeation chromatography, dye solubilization,10

electrical conductivity measurement, steady-state fluorescence

a)Electronic mail: allan.mackie@urv.cat

measurement,11,12 and microcalorimetry13 to study critical
micelle concentrations (CMCs) and aggregations numbers.
Such experimental works have covered a variety of architec-
tures including diblock, triblock, ring, gemini, bolaform, and
branched among others.14 However, time, cost, and accuracy
constraints have spurred researchers in this field to pursue
simulations in their study of copolymer characterization.15

The experimental results have shown that there is a very wide
parameter space to explore the effect of architecture on micelle
formation.16 The large variable space can be covered more
cost effectively with simulations that are capable of providing
detail on a more microscopic level than current experimental
techniques. However, little simulation work has been done so
far to investigate the effect of surfactant structure on micellar
properties systematically.17

A few works have previously simulated the properties of
copolymer micelles based on the effects of surfactant archi-
tecture using Molecular Dynamics (MD) simulations.18,19 La
Rosa et al.18 investigated monolayers of surfactants with MD
successfully. However, MD has limitations in the intensive
computational power that the technique requires and the time
scales necessary to reach equilibrium. While atomistic molec-
ular simulations allow for greater accuracy and detail of the
particles, mesoscale simulations allow for the study of larger
surfactants over longer periods of time using coarse-graining.
As a direct result, several groups have used Dissipative Particle
Dynamics (DPD) to investigate the effects of block archi-
tecture.20 For similar reasons, a lot of work utilizes Monte
Carlo (MC) simulations in this area of research. Between
DPD and MC, the available published work has looked at
the effect of surfactant architecture in monolayers,21 bilayer
membranes,22 and micelles.23,24 These simulations have shown
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success in investigating thermodynamic and micellar prop-
erties such as CMC and aggregation number for a great vari-
ety of surfactant architectures, in particular, Panagiotopoulos
et al.25 studied the micellization, CMC, and phase separation
conditions for a series of diblocks, TH, and triblocks, THT
and HTH, surfactants in a lattice grand-canonical MC. The
abbreviation H is used for the head or hydrophilic group and
T for the tail or hydrophobic group. In a similar fashion,
Kim and Jo26 studied the aggregation numbers and CMC for
THT and HTH block copolymers, predicting higher values of
both quantities for the HTH system at a fixed temperature,
and a quantitative description of the aggregation process was
analyzed in terms of the enthalpic and entropic contributions
derived from the simulations.26,27 Rekvig et al.28 combined
DPD and MC to test the impact of chain geometry for linear
and branched surfactants on their efficiency at the oil-water
interface yielding an advantage for branched molecules in
terms of adsorbance and free monomer concentration in the
bulk. Jackson et al.,29 by means of a two-dimensional MC,
studied the effect of asymmetry for a fixed number of hydro-
phobic/hydrophilic units for linear surfactants exhibiting a
strong dependence on the CMC with respect to the number of
spacers in the gemini-like case in comparison to the asymme-
try. Also, mean-field techniques like the Self-Consistent Field
(SCF) theory have been employed to describe the micellization
process for series of surfactants. In this theory, polymers in
solution are assumed to be ideal chains surrounded by interact-
ing fields and it is possible to study equilibrium and geomet-
rical properties of copolymers systems. Zhou and Shi30 studied
the most stable shape from one-dimensional simulations for
linear diblock surfactants with different lengths. Hurter et al.31

compared the partition coefficients in the case of triblock and
Tetronic Pluronics when solubilized with different compounds.
Symmetric surfactants have also been widely studied predict-
ing phase behavior,32,33 CMC, critical micelle temperature,
and cloud point temperature.34,35 In addition, symmetric and
asymmetric THT and HTH triblocks have been studied by
Monzen et al.36 resulting in a more favorable formation of
spherical micelles for the symmetric HTH case with respect
to the THT system while the opposite case is true when the
end blocks are highly asymmetric.

To our knowledge, there are only a very limited amount
of simulation works, e.g., employing DPD and MC, that have
quantitatively compared results with experimental findings.
More research remains to be completed in order to fully
understand the connection between DPD atomistic length-
scale simulations and macroscopic experimental results. In
addition, the discrete lattice model used in the MC and SCF
simulations also causes difficulties in comparing directly to
experimental results. Because of these limitations of previous
works, this work utilizes the Single Chain Mean Field (SCMF)
theory37 that has been successfully used in previous studies
of surfactant systems to predict and compare quantitatively
with available experimental data.38 The SCMF is a mean-field
technique that is similar in spirit to SCF, nevertheless, the main
difference comes from the connectivity related to the chains
representing the surfactants; in the SCF scheme, the chains are
ideal which means that they are Markovian in nature implying
the possibility of the presence of overlapping configurations.

In contrast, the SCMF considers non-Markovian chains lead-
ing to non-overlapping conformations, which allows for the
explicit consideration of the excluded-volume interactions that
are not considered in SCF.39 This is essential in the present
work where different chain architectures are compared and
can be expected to have a direct impact on the free energy
of the system. In particular, this paper seeks to further the
study of the effects of surfactant architecture with a comparison
between simulation values for CMCs and aggregation numbers
across a more comprehensive set of surfactant structures:
diblock (linear), branched, gemini, and triblock. The study also
compares directly to experimental data when available.

II. SIMULATION AND MODEL DETAILS

A. Single chain mean field theory

The SCMF theory37 is a free energy model that is based on
the individual contributions of a single chain that belongs to the
set of permitted conformations {α} representing the surfactant
by means of its interaction with surrounding fields of solvent
and surfactants. This is provided in the assignation of an indi-
vidual probability P[α] for every conformation which leads to
the calculation of average properties in equilibrium over these
probabilities, particularly, the entropic and energetic effects
due to the surfactant molecular structure. The starting point in
the theory is the consideration of the explicit Helmholtz free
energy FN for an aggregate of size N ,

FN = ⟨UN⟩ − T⟨SN⟩, (1)

where the first and the second terms refer to the energetic and
the entropic contributions, respectively, and are defined by

⟨UN⟩ = N


dαP[α]U(α,cs(r⃗)), (2)

with U(α,cs(r⃗)) = Uintra(α) +Uinter(α,cs(r⃗)) as the total in-
tramolecular and intermolecular energies for the correspond-
ing conformation α depending on the solvent concentration
cs(r⃗). The exact form depends on the coarse-grained model
chosen to represent the surfactant molecules and solvent as will
be shown below. On the other hand, the entropy of surfactants
and solvent is expressed as

⟨SN⟩ = −k N


dαP[α] ln P[α] − k


dr⃗cs(r⃗) ln φs(r⃗),

with k as the Boltzmann constant and φs(r⃗) = vscs(r⃗) the
solvent volume fraction where vs is the solvent bead volume.
To determine the equilibrium state, it is necessary to minimize
the free energy in Eq. (1) together with the volume-filling
constraint, φs(r⃗) + N⟨ϕexc(r⃗)⟩ = 1 by means of a Lagrange
multiplier π(r⃗), where the second term is the volume fraction
of the aggregate occupying the point r⃗ . The physical meaning
of the constraint resides in the condition that all regions of
space are occupied by either surfactant or solvent molecules
deriving from the steric hard-core repulsions for surfactant
molecules. As can be observed from the expressions for ⟨UN⟩
and ⟨SN⟩, variations in the free energy depend on changes of the
single-chain probabilities P[α] and the solvent concentration
cs(r⃗) leading to complete the minimization procedure from
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the evaluation of the functional derivatives δFN/δP[α] = 0
and δFN/δcs(r⃗) = 0. As expected, this provides an expression
for P[α] = e−HN (α)/kT/Q which depends on cs(r⃗) through
the effective SCMF Hamiltonian HN(α) and therefore the
partition function Q ensuring 1 =


dαP[α]. Generally, the

explicit form of U(α,cs(r⃗)) depends on the surfactant model
and the intra and intermolecular interactions taken into ac-
count, while the expression for P[α] is influenced by the
approximations considered in the minimization process. In
this work, we consider a series of surfactants with different
arrangements of the hydrophilic and hydrophobic units, where
in order to describe the moieties involved, we implement
the model developed by Gezae Daful et al.38 for nonionic

poly(ethylene oxide) alkyl ethers, where hydrophobic CH2,
hydrophilic CH2CH2O, and solvent groups are represented by
beads of diameter σ. The distance between the centers of two
consecutive beads belonging to the same surfactant is taken
to be 1.42σ. The intermolecular interactions considered in
the model are included via square well potentials with the
corresponding volume 4π(r3

int − σ3)/3 from the center of each
bead with rint = 1.61σ. This potential has a depth ε, given in
kT units, that depends on the interactions taken into account
which in this case are those between hydrophobic, C, and
hydrophilic, EO, and the solvent medium, S (εC,EO, εC,S and
εEO,S). From these considerations, the interaction energy for
configuration α in this coarse-grained is taken to be

U(α,cs(r⃗)) ≈Uintra(α) +
N − 1

2
εC,EO


dr⃗dβP[β] (ΦC(α, r⃗)cEO(β, r⃗) + ΦEO(α, r⃗)cC(β, r⃗))

+


dr⃗ (εC,SΦC(α, r⃗) + εEO,SΦEO(α, r⃗)) cs(r⃗), (3)

the first term is calculated as the interaction energy εC,EO times
the number of non-consecutive intramolecular EO–C contacts
for conformation α whose distance between centers lie in the
range [σ,1.61σ], the second term indicates the interaction
of conformation α through the available interaction volume
dr⃗Φ(α, r⃗) at r⃗ with concentration fields c(β, r⃗) of conforma-
tion β for species EO and C, while the third term is the
corresponding interaction of conformation α with the solvent
medium (water). Once the interaction terms are known and the
free energy minimization procedure is completed, the SCMF
probabilities that minimize the free energy are found be

P[α] = 1
Q

exp

− 1

kT

(
Uintra(α) + (N − 1)εC,EO

×


dr⃗ (ΦC(α, r⃗)⟨cEO(r⃗)⟩ + ΦEO(α, r⃗)⟨cC(r⃗)⟩)

+


dr⃗

(
εC,SΦC(α, r⃗) + εEO,SΦEO(α, r⃗)

)
cs(r⃗)

− kT
vs


dr⃗φex(α, r⃗) ln φs(r⃗)

)
, (4)

where the term in the exponential is referred to as the SCMF
Hamiltonian HN(α) for conformation α. We have used the
averaged value for the concentration fields of the surfactant
⟨c(r⃗)⟩ =


dαP[α]c(α, r⃗) that along with Eq. (4) and the in-

compressibility condition forms a set of non-linear equations
which can be solved iteratively giving as a result the values of
P[α], cs(r⃗) and hence ⟨cEO(r⃗)⟩ and ⟨cC(r⃗)⟩ for an aggregate
of size N which ensures the minimum value of the free energy
of the system given in Eq. (1).

B. Equilibrium properties

The connection between the microscopic nature and
the macroscopic observables, particularly, the CMCs and

concentration of aggregates in equilibrium is provided by the
multiple equilibrium model40

XN

N
= XN

1 e−N(µ0
N
−µ0

1)/kT , (5)

where XN and X1 are the concentrations of surfactants in
aggregates of size N and in the bulk, respectively, with their
corresponding standard chemical potentials µ0

N and µ0
1, which,

in turn, can be obtained from the SCMF simulations41

µ0
N − µ0

1

kT
= − log

(
V
N


α e−HN (α)/kT/W (α)
α e−H1(α)/kT/W (α)

)
, (6)

with V as the volume of the simulation box, W (α), the corre-
sponding correction to the bias generated in the generation of
non-overlapping conformations according to the Rosenbluth
and Rosenbluth method,42 and HN(α) and H1(α), the SCMF
Hamiltonians for surfactants in aggregates of size N and in
the bulk solution respectively, which can be determined from
Eq. (4)

HN(α) ≈Uintra(α) + (N − 1)εC,EO

×


dr⃗
�
ΦC(α, r⃗)⟨cEO(r⃗)⟩ + ΦEO(α, r⃗)⟨cC(r⃗)⟩

�
+


dr⃗

�
εC,SΦC(α, r⃗) + εEO,SΦEO(α, r⃗)

�
cs(r⃗)

− kT
vs


dr⃗φex(α, r⃗) ln φs(r⃗). (7)

In order to compare the effect of chain architecture on the
energetic and entropic quantities in equilibrium, we can use
the relation between the standard chemical potentials and the
excess enthalpy and entropy per molecule26

µ0
N − µ0

1

kT
=
∆U0

kT
− ∆S0

k
, (8)
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TABLE I. Surfactant chain architectures considered in this work.

Type Chemical structure Abbreviation

Diblock H(CH2)n(OCH2CH2)mOH CnEm

(linear)
Branched [H(CH2)n/2−1]2CHCH2(OCH2CH2)mOH ICnEm

Gemini [H(CH2)n/2−2CHCH2(OCH2CH2)m/2OH]2 GemnEm

Triblock HO(CH2CH2O)m/2(CH2)n(OCH2CH2)m/2OH Em/2CnEm/2

Triblock H(CH2)n/2(OCH2CH2)m(CH2)n/2H Cn/2EmCn/2

where the term on the left is given by SCMF calculations from
Eq. (6), while the excess enthalpy representing the energetic
favorability in the aggregation process,∆U0 = ⟨UN⟩/N − ⟨U1⟩,
for surfactants in aggregates and in the bulk solution can be
obtained directly from the evaluation of Eq. (2). Once the stan-
dard chemical potential and the excess enthalpic contributions
are known, using Eq. (8) it is possible to calculate the entropy
of packing surfactants with a very-well defined architecture in
equilibrium aggregates,∆S0 = ⟨SN⟩/N − ⟨S1⟩. This quantity is
related to the equilibrium size of the micelles depending on
the surfactant geometry26,43 as has previously been demon-
strated for linear diblock and triblock copolymers. The use
of Eq. (8) to calculate ∆S0 is required to avoid translational
entropic contributions contained in the SCMF formalism and
is based on the standard chemical potential41 and the energetic
terms which are independent of the translational degrees of
freedom. The determination of the enthalpic and entropic
excess contributions enables us to directly analyze the effect of
chain architecture on the relevant equilibrium properties such
as the equilibrium aggregation number Nagg and CMC. In this
work, the CMC is defined as the exponential of the minimum
value of the standard chemical difference, namely, CMC
≈ exp((µ0

Nagg
− µ0

1)/kT). We have chosen four types of surfac-
tants with different hydrophobic and hydrophilic block archi-
tectures as given in Table I. Examples of the different types
of surfactants with various chain lengths can be observed
in Figure 1 where typical configurations of surfactants in
aggregates are shown. Note that the conformations are non-
overlapping and flexible and were generated based on the
Rosenbluth and Rosenbluth algorithm.42

FIG. 1. Chain architectures studied using the SCMF scheme: (a) linear, (b)
branched, (c) gemini and triblock with (d) hydrophobic and (e) hydrophilic
central chains. In all cases, red and gray sticks refer to hydrophilic and hy-
drophobic units, respectively. The beads representing the moieties are omitted
to represent the surfactants in a clear manner.

A series of simulations using a parallel OpenMP environ-
ment were performed for a set of 10 million conformations {α}
for each surfactant system in simulation boxes with volumes
between (25σ)3 and (60σ)3 depending on the total length of the
surfactant under study. A one-dimensional spherical geometry
has been assumed to discretize all the fields, this choice is due
to our interest in the properties related to the initial appear-
ance of micelles close to the CMC,44,45 neglecting then the
possibility of shape transitions which is beyond of the scope
of this work. Both, 24-core and 32-core AMD workstations
with RAM memories of 32 Gb and 128 Gb respectively, were
used. After solving the SCMF equations, we obtained the
standard chemical potential difference, (µ0

Nagg
− µ0

1)/kT , the
concentration profiles for each aggregate and solvent, ⟨cC(r⃗)⟩,
⟨cEO(r⃗)⟩,and cs(r⃗), together with the probabilities distribution,
{P[α]}, the excess enthalpy contributions,∆U0, and from here
the excess or packing entropy per surfactant, ∆S0.

III. RESULTS AND DISCUSSION

Our results reveal the formation of spherical aggregates
with a defined size distribution for a free monomer concentra-
tion close to the CMC. In Figure 2 are presented the schematic
diagrams of the micelles for a series of surfactants with 16
hydrophobic and 18 hydrophilic units for the different surfac-
tant architectures given in Table I. The micelles shown in these
diagrams are not real conformations as obtained in standard
MC, MD, or DPD simulations but instead are constructed from
the most-probable configurations of the single-chain represent-
ing the surfactant in the equilibrium state. In this context, the
configuration with the greatest probability is highlighted for
every aggregate, which is a useful tool to help visualize the
distribution of the different species composing the surfactant
inside the micelles. As can be observed, the micelle cores are
occupied by hydrophobic blocks and are surrounded by a non-
uniform shell of hydrophilic units. The aggregation numbers
Nagg and the CMCs predicted in this work at 25 ◦C under the
SCMF theory are presented in Table II together with experi-
mental available data. As expected, an increase in the aggre-
gation number and a decrease of the CMC are found with
an increase in the number of hydrophobic units for a given
chain architecture. The validity of the results can be supported
when comparing the CMC values predicted in this work with
available experimental data for diblock (linear) and branched
surfactants, where in both cases, a good quantitative agree-
ment is obtained. The same trend has been reported in theo-
retical,48 simulation,27,38,49,50 and experimental14,46,51,52 works.
Of particular interest in this article is the behavior of the CMC
with respect to the surfactant architecture keeping constant the
total number of hydrophobic and hydrophilic blocks. To do
so, we have chosen three series of surfactants with a constant
number of units, see Figure 3, where a significant difference
for the CMC depending on the surfactant geometry can be
observed for all systems. For the sake of simplicity, we abbrevi-
ate the notation given in Table I for diblock (linear), branched,
gemini, and triblock with central hydrophobic and hydrophilic
blocks chain architectures to CE, ICE, GemE, ECE, and CEC
respectively. Starting from the CE linear diblock surfactants, a
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FIG. 2. Schematic cross-sections of aggregates corresponding to the minimum of the standard chemical potential for surfactants with n = 16 and m = 18
hydrophobic and hydrophilic units, respectively, for the geometries specified in Table II. The highlighted conformations refer to the surfactants with the highest
probability while the others are half of the total aggregation number of the following most probable configurations.

slight increase of the CMC is observed for the branched ICE
geometry which can be attributed to an increase in the steric
interactions in the interior of the aggregates for the branched
tail in comparison to the linear case, producing a higher free
energy that causes the process to be less favorable thereby
increasing the CMC. This result has also been reported in DPD
simulations49 and experimental measurements for nonionic
surfactants14 and can be explained also in terms of the enthalpic

TABLE II. Experimental and predicted CMCs from the SCMF theory to-
gether with aggregation numbers for the chain architectures under study.
CMC values are given in mmol/L.

Surfactant CMCSCMF CMCexp Nagg

Diblock (linear)

C6E6 117 68.5a 112
C8E6 10.4 9.80b 190
C8E8 13.6 10b 170
C10E9 1.46 1.30a 227
C12E20 0.518 0.1c 273
C16E18 0.0051 0.0003,b 0.002d 405

Branched

IC6E6 124 96.4a 94
IC8E6 12.4 21.4a 138
IC8E8 15.4 . . . 120
IC10E9 1.89 2.98a 143
IC12E20 0.551 . . . 156
IC16E18 0.0080 . . . 193

Gemini

Gem8E8 42 . . . 56
Gem12E20 2.37 . . . 54
Gem16E18 0.0207 . . . 96

Triblock

E4C8E4 39 . . . 64
E10C12E10 2.13 . . . 65
EC16E9 0.0210 . . . 120
C8E18C8 0.151 . . . 89

aFrom Ref. 46 at 25 ◦C.
bFrom Ref. 47 at 25 ◦C.
cValue from Ref. 47 for surfactant C12E25.
dValue from Ref. 46 for surfactant C16E12.

and entropic excess quantities for both cases as can be observed
in Figure 4. Here, the enthalpy for the CE geometry is more
negative than for the ICE case, indicating a more favorable
energetic state, however, the entropy is slightly less negative
for the ICE surfactant giving the opposite effect; that is, the
packing of branched molecules is less adverse in comparison
to the CE architecture. Despite this, the enthalpic-entropic
balance favors the CE aggregation manifested in the lower
CMC as stated. When considering triblock ECE and gemini
GemE configurations, a general increase in the CMC of at least
two times can be observed when comparing with the reference
CE geometry. This is mainly due to a higher excess enthalpy
produced by an increase of the interfacial core-water contact
per surfactant coming from the two hydrophobic-hydrophilic
contacts. On the other hand, a smaller loss of packing en-
tropy is observed because of the hindrance of packing head
groups outside the core. This can be observed when comparing
analogous linear tail systems ECE and CE or branched tail
GemE and ICE, but changing in both cases the number of
hydrophilic blocks, as can be observed in Figure 4, this change
will be consequently reflected in the changes of entropy and
enthalpy excess values. Nevertheless, the enthalpic contribu-
tion is dominant in both cases with respect to the packing
entropy, resulting in a less negative standard chemical poten-
tial indicating that the surfactants become more soluble thus
giving a higher CMC as was reported in experiments53 and in
lattice MC simulations25 for similar linear triblock and diblock
systems.

A similar situation can be observed in the case of the
triblock copolymers with two hydrophobic ends, CEC, where
a high CMC is predicted in comparison with the other geom-
etries. In this case, a less negative entropic penalty is found
together with a less negative enthalpic compensation. In the
case of the enthalpy, the two hydrophobic extremes of a surfac-
tant must enter into the core of the micelle thus increasing
the steric interactions and consequently the excess enthalpy
similar to the GemE situation. For aggregates to form, the
surfactants must form a loop, which is not the case of any of the
other systems. Effectively, this situation will produce a packing
entropy contribution. According to our calculations, for the
ECE case, a surfactant in an equilibrium aggregate possesses
a packing entropy ⟨SN⟩/N = −19.19 k and enthalpy ⟨UN⟩/N
= 29.69 kT in contrast to the values of −17.04 k and 34.26 kT
for the CEC surfactants, which means that packing surfactants
in CEC aggregates have a gain in entropy but a high energetic
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FIG. 3. Predicted CMC depending on the block architecture for three sur-
factants with defined numbers of hydrophobic, Cn, and hydrophilic, Em,
units. Empty squares refer to surfactants with {n,m} = {8,8}, empty circles
represent the set {n,m} = {12,20}, and empty diamonds depict {n,m}
= {16,18}. The solid line is included to help guide the eye.

cost when comparing to the ECE system. In both cases, similar
excess contributions were found for the free surfactants in the
bulk solution (⟨S1⟩ ≈ 1.1 k and ⟨U1⟩ ≈ 65 kT). Our results for
the excess quantities are qualitatively similar to those found in
previous lattice MC simulations26 for triblock HTH and THT
copolymers, as well as experimental CMCs10,53 together with
simulation predictions.25,27,49

Given that for the same number of monomers, similar
CMCs are obtained in the case of CE and ICE or ECE and
GemE, we turn our attention to another equilibrium property,
namely, the equilibrium aggregation numbers Nagg which are
presented in Figure 5. As can be observed, a systematic varia-
tion of the aggregation numbers depending on the block archi-
tecture is found. This situation is in contrast to the CMC where
different architectures can exhibit a similar value. Keeping
constant the hydrophilic block and varying the hydrophobic
configurations, as in the case of CE and ICE, produces a
decrease of the aggregation number for the branched case. This
can be explained in terms of a compacting of the core for the

ICE species in comparison with the linear one, resulting in a
reduction of the free energy for a lower aggregation number,
which is similar to some reported simulation results.15,49 In
the case of surfactants with two hydrophilic segments such as
ECE and GemE, an increase of the interfacial area per surfac-
tant between the core and the solvent is produced, leading to
a decrease in the steric repulsion between hydrophilic units
in the shell of the aggregate, thus requiring a lower number
of surfactants to minimize the free energy in contrast to the
diblock (linear) case. In addition to this, we have found a
higher aggregation number for ECE surfactants compared to
GemE. Despite a similar arrangement of the surfactants in
the aggregated state, a slightly higher packing entropy pen-
alty is imposed for the geminis due to the restriction in the
accommodation of tails in the core because of the branch-
ing in the hydrophobic segments; contrarily, the triblock case
can accommodate the tails more readily. This small entropic
difference affects quantitatively the aggregation number in a
similar manner for diblock (linear) surfactants with different
head groups.43 On the other hand, we have found a smaller
value of the aggregation number for CEC when comparing
with ECE case which is contrary to previous results given by
grand-canonical MC techniques.25–27 In particular, Kim and
Jo26 determined the excess entropy and enthalpy for symmetric
triblock systems HTH and THT with fixed length. The excess
quantities of the THT surfactants are found to be less negative
in comparison to the HTH case,26,27 which is qualitatively
similar to the results presented in Figure 4. The behavior of
the packing entropy is related to the value of the equilibrium
aggregation number, Nagg, as has been stated before for linear
triblock26,27 and diblock43 systems. For this reason, we believe
that the qualitative discrepancy between our predictions for
the aggregation numbers and the ones reported by Kim and
Jo26,27 and Panagiotopoulos et al.25 is possibly due to the
absence of dangling and bridge conformations in our SCMF
calculations for the CEC surfactant which has been demon-
strated to be relevant for the packing entropy and therefore
the aggregation numbers. Despite the fact that we are limited
by the one-dimensional geometry effectively at infinite dilu-
tion imposed in our simulations leading to neglect the possi-
bility of dangling and bridge conformations that enables the

FIG. 4. Excess enthalpy and entropy
per surfactant as a function of the sur-
factant architecture. Symbols and lines
are as in Figure 3.
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FIG. 5. Aggregation numbers for surfactants with different architectures.
Symbols and lines are as in Figure 3.

possibility of connected aggregates, we expect that this will
not substantially affect the calculation of the excess enthalpy
but may result in an incomplete estimation of the packing
entropy affecting directly the aggregation number. Although a
two or even three-dimensional geometry can be implemented
in the SCMF scheme to evaluate the impact of these kind of
conformations, it is beyond the scope of the present work.
On the other hand, these excess quantities depend on a fine
balance between several contributions and so this difference
with previous studies may be due instead merely to the model
used or to inaccuracies from the mean-field approximation.

IV. SUMMARY

In this work, we have studied the equilibrium CMC and
aggregation number for a series of poly(ethylene oxide) alkyl
ethers surfactants with different block architectures but con-
stant number of hydrophobic and hydrophilic groups. Our
results reveal that, in general, triblock or branched conforma-
tions increase the solubility of the surfactants while the aggre-
gation numbers exhibit a decreasing behavior. The behavior
of the corresponding CMCs is evaluated from the excess
enthalpic-entropic balance where an increase in both quantities
is observed for different copolymer architectures taking as
reference the diblock (linear) architectures. The results re-
ported in this work highlight the ability of the SCMF theory to
quantify the impact of the surfactant geometry on the relevant
macroscopic quantities. This was carried out by means of an
analysis of the thermodynamic excess variables involved in the
aggregation process.
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Low Critical Micelle Concentration Discrepancy between Theory and
Experiment
Fabiań A. García Daza and Allan D. Mackie*

Department d’Enginyeria Química, ETSEQ, Universitat Rovira i Virgili, Avinguda dels Països Catalans 26, 43007 Tarragona, Spain

ABSTRACT: Experimental measurements for a variety of surfactants unexpectedly show
that the critical micelle concentration (CMC) becomes constant with respect to increasing
the size of the hydrophobic tail. This observation disagrees with theoretical models where it
is expected to continue to decrease exponentially. Because of the lack of a satisfactory
explanation for such a discrepancy from theory, we have studied these systems using a
coarse-grained model within the single-chain mean field (SCMF) theory combined with
relevant micellar kinetic effects. In particular, a microscopic model for poly(ethylene oxide)
alkyl ether was applied to describe a series of nonionic gemini surfactants. When kinetic
effects are used to correct the equilibrium CMC values from the SCMF scheme together
with the loss of surfactants due to adsorption on the experimental recipient, it is possible to
reproduce the correct order of magnitude of the experimental CMC results. Hence it
appears that the experimental values disagree with the theoretical predictions because they
are not true equilibrium values due to the fact that the time scales for these low CMC
values become astronomically large.

SECTION: Glasses, Colloids, Polymers, and Soft Matter

Surfactant molecules are of the utmost importance in a wide
range of industries including environmental, pharmaceut-

ical, material synthesis, and oil recovery, among others.1−3 Key
to their importance is their ability to associate into aggregates
with well-defined geometrical shapes above a free surfactant
concentration known as the critical micelle concentration
(CMC). The ability to design surfactants to have specific
properties can be expected to play a major role in various
technological applications; for example, in the cleaning industry
a lowering in surfactant CMC allows for a decrease in the
concentration at which solubilization in the stain removal
process occurs,4 in emulsion polymerization the CMC and
particle nucleation processes are related,5 and in pharmacology
surfactants with low CMC values are preferred to transport
drugs to reduce the number of free monomers that can
precipitate in the blood.6

Experimentally, surfactant systems exhibit an exponential
decrease in the CMC value with respect to the size of the
hydrophobic tail at constant temperature;7,8 such a behavior has
been predicted by theoretical models9−11 and simulation
studies.12−14 However, for very low CMC values, a
nonexponential decrease in the CMC can be observed starting
from a certain length of the hydrophobic component, which
depends on the surfactant chosen. This phenomenon has been
reported in the case of ionic15−17 and nonionic18,19 surfactants.
This Letter is aimed at understanding and explaining this
discrepancy between the experimental CMC observation and
expected theoretical behavior.
Theoretical models have been proposed for the formation of

micelles in surfactant systems9−11 to calculate the main factors
that give rise to micelle shape, phase behavior, and the CMC. In
particular, a description of cationic dimeric (gemini) surfactants

has been realized.20 These models are based on an arbitrary
division of the free energy into several contributions, and a
direct link to the underlying microscopic system is lost. The
CMC is estimated mainly from the free energy contribution
related to the transfer of the hydrophobic tail of the surfactant
from the bulk to the inner core of an aggregate, together with
additional contributions. Because this free energy can be related
linearly to the size of the surfactant tail and the CMC depends
on the exponential of the free energy of micelle formation, this
results in an exponential decrease in the CMC on increasing
the tail length.
Within the computational framework, molecular dynamics

(MD) and Monte Carlo (MC) simulations have been widely
used to explore micellization;12,21−25 however, problems can be
found when trying to determine the CMC. In particular, MC
and MD calculations appear to be limited by spatial and
temporal factors, resulting in sampling and equilibrium
problems, a lack of long time kinetic effects, nonconvergence
in the aggregate size distribution due to the slow dynamics of
the aggregates, and in some cases no satisfactory CMC
prediction. These effects have been reported in recent MD
simulations using graphics processing units for a series of
nonionic poly(ethylene glycol) surfactants for hydrophobic tails
composed of 6 to 12 carbon atoms.26

In a similar fashion, mean-field methods have also been used
such as the self-consistent field theory in lattice discretized
space27−29 and in continuous space;30,31 however, the chains
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representing the surfactants are described by Gaussian
distributions, which implies the inclusion of overlapping
conformations that ignore excluded volume intramolecular
interactions terms in the free energy. Another mean-field
simulation technique that has been successful in predicting the
CMC is the so-called single-chain mean field (SCMF) theory,32

which has been directly compared with MC33,34 and MD35

simulations. Recently, accurate predictions of the CMC for a
wide number of polyoxyethylene alkyl ethers surfactants were
performed by Gezae Daful et al.,13 where a comparison with
experimental values showed an excellent quantitative agree-
ment.
In view of the concerns with standard simulations, which can

be expected to be even more important for longer surfactants,
the SCMF theory presents itself as an interesting alternative.
This method uses the solution of a mean-field Hamiltonian and
can be applied to relatively long surfactants. The main idea is to
use nonoverlapping conformations of a single molecule that can
be described at any desired coarse-grained level. The
interactions with the other molecules and solvent medium are
described in terms of mean molecular fields; these fields take
into account the concentrations of the different species of the
molecule and an incompressibility condition. The molecular
fields are calculated from a self-consistent condition that
specifies that the individual molecule conformations depend on
the mean molecular fields, while these mean fields are
calculated from the average values of these individual
conformations. The microscopic level is close to the one
employed in MC and MD simulations. The main advantage is
that the free energy involved in the micellization process can be
calculated directly, whereas it is difficult to obtain from MC or
MD simulations. We employ the SCMF combined with a
model for micellization kinetics to calculate the CMC to
understand the deviations found between experimental data
and the expected theoretical exponential decrease. In particular,
we have chosen the nonionic gemini surfactant (H(CH2)n−2-
CHCH2O(CH2CH2O)mH)2(CH2)6 synthesized by FitzGerald
et al.19 and denoted as GemnEOm. This system has a strong
deviation in the measured CMC with respect to the values
predicted by theoretical free energy models as a function of the
hydrophobic tail length n.
To describe nonionic gemini surfactants, we used the coarse-

grained model developed in a previous work by Gezae Daful et
al.13 for poly(ethylene oxide) alkyl ether surfactants. Two
classes of beads with the same diameter are employed: one type
representing the group that contains a central carbon atom (C)
and the other representing an ethylene oxide unit (EO). All
length units are given in terms of the diameter of the beads: the

distance between two consecutive beads is 1.42, and the
interactions of a bead with the surrounding fields are given by
means of square well potentials with internal and external radii
of 1.0 and 1.6, respectively. Finally, the only interactions
considered are those between unlike molecular type of the
surfactant and the solvent, that is, C-EO, C-Solvent, and EO-
Solvent, with values of 0.34, 3.984, and 0.5, respectively. (In the
original work, ref 13, a factor of 1.66 was missing and is
incorrectly stated. The value should be 3.984, as given in this
work to correctly reproduce the CMC values.) It should be
noted that no additional adjustment of these parameters was
made for the gemini surfactants. The chemical formula and a
typical configuration of the coarse-grained model adopted in
this work is shown in Figure 1 for a Gem12EO10 surfactant.
In the SCMF, a set of nonoverlapping conformations, {α}, of

the surfactant molecule is generated, and each one of these
conformations is represented by an associated probability P[α]
enabling the calculation of any average property by means of
<A> = ∫ dα P[α]A[α], where A[α] is the quantity measured
for each conformation. This probability follows a Boltzmann
distribution, which means that P[α] = e−HMF

N[α]/kT/Q, where
HMF

N [α] is the SCMF Hamiltonian for a system containing N
surfactants, k is the Boltzmann constant, T is the temperature,
and Q is the partition function, which ensures the correct
normalization of the probabilities. The mean-field Hamiltonian
includes: (i) the exact internal energy of configuration α, (ii)
the interaction of the configuration with the surrounding fields
of solvent and surfactants molecules calculated in a self-
consistent way, and (iii) a steric repulsion term representing the
incompressibility condition of the system. The concentration of
aggregates in equilibrium can be extracted from the equality of
the chemical potential between aggregated and free surfactants
according to the mass action model36

= μ μ− −X
N

X[ e ]N kT N
1

( )/N
0

1
0

(1)

where X1 and XN are the concentrations of surfactants in the
bulk and those in aggregates of size N, while μ1

0 and μN
0 are the

corresponding standard chemical potentials for free chains and
surfactants in aggregates of size N, respectively. The macro-
scopic connection with the SCMF is obtained from the relation
of eq 1 with the Hamiltonian,34 which is given as
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where HMF
1 [α] refers to the SCMF Hamiltonian for free

surfactants in the bulk solution and V and W(α) are the

Figure 1. Coarse-grained model for Gem12EO10. Left: Chemical structure for the selected gemini surfactant. Center: The most probable
conformation in the bulk. The groups with a central carbon atom and ethylene oxide unit are represented by gray and red beads, respectively. Right:
Cross section for an aggregate of 100 gemini surfactants predicted with the SCMF, where the most probable configuration is highlighted.
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simulation box volume and the statistical weight associated with
the Rosenbluth and Rosenbluth method used to generate
nonoverlapping conformations37 of the surfactants.
It is possible to establish a direct relationship between the

standard chemical potentials and the association/dissociation
thermodynamic potential F(N, X1), which gives rise to the
energetic barriers38,39 involved in micelle formation. To do so,
we relate the concentration of aggregates given by the mass
action model in eq 1 with the dimensionless potential F(N, X1)
by means of

= −X
N

X eN F N X
1

( , )1

(3)

From the relation between eqs 1 and 3, we can state that

μ μ= − − −F N X N
kT

N X( , )
( )

( 1) logN
1

0
1
0

1 (4)

The first term on the right-hand side of eq 4 is related to the
interaction between surfactants in aggregates as compared with
those in the bulk solution and can be determined by the SCMF
method by means of eq 2. The second term is related to the
translational entropy of free monomers. From here, the CMC
in equilibrium (CMCeq) can be defined as the free surfactant
concentration at which F(Magg, CMCeq) = 0 and
[(∂F(N,CMCeq))/(∂N)]|N=M

agg = 0, where Magg is the
aggregation number in the equilibrium state.
A series of simulations were performed for a set of 16 gemini

surfactants GemnEOm, with n = 6, 8, 10, 12, 14, 16, 18, and 20
and m = 10 and 15. Sets of 3 to 8 million conformations were
generated to represent the corresponding surfactant config-
urations. From the solutions of the SCMF equations, we can
derive all equilibrium properties such as the average volume
fractions for aggregates of size N and estimate the standard
chemical potentials favoring the micellization process in eq 2,
leading to the determination of the association/dissociation
potentials from eq 4. In Figure 2, the potential F(N, X1) for
three values of the free surfactant concentration is presented,

where Fa and Fd, the activation and dissociation energy barriers,
are given for the lowest surfactant concentration of CMCeq/10.
It should be noted, however, that they are defined for any free
surfactant concentration. As can be seen, when X1 < CMCeq

(green line), the association barrier is higher than the
dissociation one, meaning that the energetic cost for surfactants
to associate into aggregates is higher, in comparison with the
dissociation, indicating that most surfactants will be in a
nonaggregated state. When X1 = CMCeq (black line), the
association/dissociation rates are the same, indicating that over
an interval of time the number of aggregates per unit volume
per unit time that associate is the same as the ones that
dissociate (Fa = Fd). Finally, if X1 > CMCeq (red line), the
barrier Fa to form aggregates can be more easily overcome;
however, the dissociation barrier is relatively higher, making it
more difficult to pass in the opposite direction (i.e., releasing
surfactants from the aggregates), leading to the possible
formation of aggregates that are not in equilibrium. This last
state is of particular importance to understand the experimental
results for the gemini surfactants studied in this work.
To obtain a reasonable correspondence between the

association/dissociation scheme with the step-by-step nature
of the micellization process, we have to include an entropic
contribution related to the probability for surfactants to be in
contact with aggregates in the estimation of the potential F(N,
X1) and hence the values of Fa and Fd. This negative
contribution is taken to be −logΦ1 and modifies the
aggregation potential given in eq 4 as follows38

+ = − Φ⎜ ⎟
⎛
⎝

⎞
⎠F N X F N X

1
2

, ( , ) log1 1 1 (5)

where Φ1 refers to the free surfactant volume fraction of the
system and is taken in this Letter to be approximately X1Vmol,
with Vmol being the single surfactant molecular volume.8 The
effect of such corrections in the association/dissociation
potentials can be observed in the inset in Figure 2, which
exhibits a step behavior due to the intrinsically discrete
mechanism of micelle formation, where one chain has to be
added at a time. From the information provided by F(N,
CMCeq) and F(N+1/2, CMCeq), an estimation of the
characteristic time scale of micelle formation can be performed
by means of Ta = T0e

Fa, where T0 is the primary association
time that is taken to be T0 = 6πηsolR1

3/MaggkT, where ηsol is the
solvent viscosity and R1 is the surfactant hydrodynamic radius.
This time scale is obtained from the relationship of maximum
free chain concentration in aggregates with the rate of micelle
formation per unit volume and unit time and the dimer
lifetime.38 In our case, we have roughly estimated the
hydrodynamic radius for each selected surfactant to be in the
interval R1 ≈ 0.42 to 0.56 nm; in all cases, the aggregation
number is Magg ≈ 54−203, the viscosity of water at 298.15 K is
ηsol ≈ 8.91 × 10−4 kg/m·s, and kT ≈ 4.11 × 10−3 kg·nm2/s2.
From here we find that T0 is on the order 10−12 s. Given that
we are considering micellization as a closed association process
carried out by a step-by-step growth, the activation barrier Fa
must be overcome to achieve a complete micellization process
at the CMCeq. By considering that according to the SCMF
results Fa ≈ 35−293, we can infer for n ≥ 12 (where Fa > 150)
that the time needed to obtain a complete micelle formation in
equilibrium becomes astronomical, Ta ≈ 1050 to 10100 s, leading
to the conclusion that it is not feasible to determine
experimentally the correct CMC for the longer surfactants on
the time scales available in the laboratory.

Figure 2. Aggregation potentials F(N, X1) as a function of aggregation
number, N, for surfactant Gem16EO10 with Fa, Fd, and Magg as the
association/dissociation barriers and the equilibrium aggregation
number, respectively. From top to bottom, X1 ≈ CMCeq/10, X1 ≈
CMCeq, and X1 ≈ 10CMCeq. The inset shows the maximum for X1 ≈
CMCeq in the range N = 73−87.

The Journal of Physical Chemistry Letters Letter

dx.doi.org/10.1021/jz500790b | J. Phys. Chem. Lett. 2014, 5, 2027−20322029

UNIVERSITAT ROVIRA I VIRGILI 
COARSE-GRAINED MEAN-FIELD SIMULATIONS OF SURFACTANT MICELLES: STATIC AND DYNAMIC EQUILIBRIUM PROPERTIES 
Fabián Alonso García Daza 



In Figure 3, the equilibrium CMCs calculated in this work
using the SCMF theory for the nonionic gemini surfactants

(filled squares) studied in this Letter are shown as well as the
available literature experimental values. As can be observed,
CMCeq is found to follow a linear behavior on the logarithmic
scale with respect to the number of carbon atoms in the alkyl
chain, as has already been found in experiments for shorter
CxEOy surfactants and has been predicted in theoretical
models.8,13 When the experimental data (empty circles) are
compared with the predictions obtained from SCMF for
CMCeq, a discrepancy of four orders of magnitude is observed
for geminis with the shorter hydrophobic chain (n = 12). Such
a deviation dramatically increases as the number of methylene
CH2 units rises, reaching a difference of 11 orders of magnitude
in the case of Gem20Em. A similar scenario was presented in a
previous work20 for a free energy model for bis(quaternary
ammonium bromide) surfactants. The authors justify the
difference by suggesting that a recoil or collapse of the free
surfactants, an effect not included in the empirical model used,
may be responsible for changing the intramolecular interactions
and thereby the transfer free energy and result in an increase in
the CMC in the experimental systems. However, this is not
observed in the SCMF calculations performed in this Letter,
where the free chain conformations are explicitly included in a
homogeneous concentration field. Indeed, we have not noted
any collapse of the surfactants either in the bulk or in the
aggregates, as can be observed in Figure 1. Thus, we need to
look to other possible explanations to understand the
discrepancy between experimental and theoretical CMC values
and so we turn our attention to the kinetic effects.
As already mentioned, from the estimation of the time Ta

needed to achieve the micellization process in equilibrium, we
can infer that the aggregation process is extremely slow for
these systems. However, the formation of aggregates can be
modified by means of an arbitrary increase in the free surfactant
concentration X1 above CMCeq following eqs 4 and 5, leading
to a nonequilibrium formation of micelles in the experimental
time scales Tapp that are typically used. This action of arbitrarily

increasing the surfactant concentration above the unattainable
CMCeq reduces the activation energy barrier Fa = max{F(N +
1/2, X1)} until a value F

app, which can be overcome during the

experimental time scale Tapp = T0e
Fapp. The observed result will

be an equivalent or apparent CMC (referred to here as
CMCapp), as previously suggested.38 In this work, we arbitrarily
consider that the necessary experimental time to observe a
complete micellization for the geminis in the laboratory is Tapp

= 1 m; this is equivalent to a reduction of Fa until F
app ≈ 30,

resulting in a correction in the CMC predicted values seen in
Figure 3 (filled triangles). The CMCapp and CMCeq from the
SCMF scheme show a relative difference that increases
progressively to 107 with respect to the number of hydrophobic
units in the gemini surfactants. Comparing the CMCapp with
the experimental values, we observe an improved agreement,
where the predicted values are now within a factor of 102 of the
experimental values when n = 12 or 14. However, the difference
between these values increases for n = 20 to a relative difference
of ∼104. Although no experimental CMC values are available in
the case of n = 16, 18, we can expect an intermediate difference
between these two values when comparing with the predicted
CMCapp, in contrast with n = 6, 8, 10, where minor
discrepancies can be expected. Experimental data are
unfortunately also unavailable for these shorter surfactants.
The cause of the deviation between CMCapp and the
experimental CMC is still unclear; however, we have not
considered the possible effects of the loss of surfactants due to
adsorption and how this might affect the equilibrium CMC and
equivalent CMCapp predicted values. In this respect, FitzGerald
et al.19 suggested that for measured CMCs close to 10−7 to 10−6

mol/L it is plausible to estimate that the concentration of free
surfactants in the bulk should be around 10−10 to 10−8 mol/L.
Such an assertion is based on the assumption that an important
amount of surfactant can be adsorbed onto the walls of the
recipient that contains the solution, leading to an increase in
the measured experimental CMC. This means that an
experimental CMC of ∼10−7 mol/L would possibly correspond
to 10−10 mol/L in the bulk, which is on the same order of
magnitude with the predicted CMCapp in this Letter for n = 12,
14 and relatively close in the case of n = 20.
According to our calculations for geminis with n = 6, 8, and

10, we have observed that the aggregation numbers N
corresponding to the association barriers Fapp = max{F(N +
1/2, CMCapp)} lie in the range 10 ≤ N ≤ 20. In every case this
barrier is easily overcome, producing a small relative difference
between the apparent and equilibrium CMC, as can be
observed in Figure 3. This is contrary to the case when geminis
with n ≥ 12 are considered where the barriers Fapp are usually
found in the range N ≤ 10. At these very low aggregate
numbers the limit of validity of our spherical mean-field
approximation can be reached, and it would be interesting to
check these calculations with other techniques. However,
precisely in the case of these longer gemini such as Gem20EO15,
there are 76 beads representing each surfactant, and we expect
that the mean-field approximation may be reasonable even at
very low aggregation numbers. Furthermore, the inclusion of
the standard chemical potential difference (μN

0 − μ1
0)kT in the

corresponding association/dissociation potentials F(N, X1) for
very small aggregation numbers, such as dimers and trimers,
which are currently missing from our mean field approach and
kinetic calculations, is expected to lead to an increase in
CMCapp. This change is not expected to be large and would

Figure 3. Experimental CMC data (○) as a function of the number of
hydrophobic tail units, n, taken from ref 19 for nonionic gemini
surfactants, predicted equilibrium values from the SCMF (CMCeq, ■),
and corrected for kinetic factors (CMCapp, ▼). The lines are guides for
the eye, where the dashed line represents GemnEO15 and the solid line
represents GemnEO10.
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give rise to an improved agreement with experimental data. We
thus believe that despite these limitations to our calculations
our overall conclusions will not be significantly affected,
namely, that the difference between the simulation SCMF
value and the experimental one can be attributed to both
kinetic and adsorption effects in the experimental measure-
ments.
To identify the effect on CMCapp determined with SCMF

and kinetic theory with respect to the time scale used to study
micellization in the laboratory, Tapp, we performed a series of
calculations with Tapp = 1 s, 1 h, and 6 h. The CMCapp obtained
in every case shows a tendency to decrease with respect to
increasing Tapp, as expected. In the extreme cases, a decrease of
two orders of magnitude and an increase of one order of
magnitude were obtained for Tapp = 6 h and Tapp = 1 s,
respectively, with respect to our reference time of 1 m. These
results reveal that although the kinetic effects are susceptible to
changes in the laboratory time scales the changes are not so
large so as to affect our overall conclusions. To finish, we
propose that the experimental values disagree with the
theoretical predictions for the gemini surfactants studied in
this work because they are not true equilibrium values. This is a
consequence of the extremely large time scales found for the
equilibration of micelles for these low concentrations values,
leading to apparent CMCs that are orders of magnitude above
the equilibrium values. When these kinetic factors are used to
estimate an apparent CMC, and are combined with the possible
adsorption effects on the experimental equipment as reported
in the literature, we are able to find the same order of
magnitude between the experimental CMCs and our predicted
values. We also observe a change in the exponential decrease in
the CMC with tail length, where the CMC decreases less
rapidly in our calculations. Although we have only calculated
the case for nonionic gemini surfactants, we expect the same
conclusions to be valid for all surfactants with sufficiently low
CMCs.

■ AUTHOR INFORMATION
Corresponding Author
*E-mail: allan.mackie@urv.cat.
Notes
The authors declare no competing financial interest.

■ ACKNOWLEDGMENTS
F.A.G.D. acknowledges financial support from URV through his
Ph.D. scholarship.

■ REFERENCES
(1) Shah, D. Micelles: Microemulsions, and Monolayers: Science and
Technology; Marcel Dekker: New York, 1998.
(2) Schramm, L. L.; Stasiuk, E. N.; Marangoni, D. G. Surfactants and
Their Applications. Annu. RepProg. Chem., Sect. C: Phys. Chem. 2003,
99, 3−48.
(3) May, A.; Pasc, A.; Steb́e,́ M. J.; Gutieŕrez, J. M.; Porras, M.; Blin, J.
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ABSTRACT: The microscopic modeling of surfactant systems is of
the utmost importance in understanding the mechanisms related to
the micellization process because it allows for prediction and
comparison with experimental data of diverse equilibrium system
properties. In this work, we present a coarse-grained model for
Pluronics, a trademarked type of triblock copolymer, from
simulations based on a single-chain mean-field theory (SCMF).
This microscopic model is used to quantify the micellization process
of these nonionic surfactants at 37 °C and has been shown to be able
to quantitatively reproduce experimental data of the critical micelle
concentration (CMC) along with other equilibrium properties. In
particular, these results correctly capture the experimental behavior
with respect to the lengths of the hydrophobic and hydrophilic moieties of the surfactants for low and medium hydrophobicities.
However, for the more highly hydrophobic systems with low CMCs, a deviation is found which has been previously attributed to
nonequilibrium effects in the experimental data (Garcıá Daza, F. A.; Mackie, A. D. Low Critical Micelle Concentration
Discrepancy between Theory and Experiment. J. Phys. Chem. Lett. 2014, 5, 2027−2032).

■ INTRODUCTION

Poly(ethylene oxide)-poly(propylene oxide)-poly(ethylene
oxide) molecules, a type of linear triblock nonionic copolymer
surfactant commercially available as Pluronics, Synperonics, and
Poloxamers, have gained popularity for a wide variety of
applications including biomedical uses. Pluronics contain a
central hydrophobic poly(propylene oxide) (PPO) chain
connected to two hydrophilic poly(ethylene oxide) (PEO)
chains. At sufficiently high concentrations of surfactant, the
molecules spontaneously self-assemble into micelles1 and later
into worm-like aggregates.2 The broad use of Pluronics stems
from their unique properties in solution as well as their
customizable length and size. As a result, it is very valuable to
be able to accurately predict the structure, dynamics, and
properties of Pluronics under a variety of conditions such as in
vivo, and this study works toward that goal.
These nonionic surfactants have been used in a wide variety

of important industrial sectors including pharmaceuticals,
cosmetics, oil recovery, and drug and gene nanocarriers for
targeted drug delivery.3 Some of the surfactants have been
coated on the surface of nanoparticles to improve desirable
qualities of the particles such as solubility, stability, and
targeting.4 Recently, medical research has shown some of the
copolymers to elicit biological responses in vitro and in vivo.5

Certain classifications of Pluronics have enhanced gene
transcription,6 improved drug potency of chemotherapeutics
such as doxorubicin against cancer cells,7 and modified other

biological responses. The copolymers can be blended into
polymeric matrices to form hydrogels and other drug carriers
with highly specific release rates.
The self-assembly of micelles is caused by the forces of

chemical equilibrium,1 where the interactions between the
hydrophilic and hydrophobic groups with the solvent and each
other must all balance with any effects of entropy changes due
to organization; therefore, the self-assembly of surfactants into
micelles is controlled by changes in free energy. Such assembly
into aggregates comes about over a small range of surfactant
concentrations. This narrow range can be quantified as a useful
parameter known as the critical micelle concentration
(CMC),8,9 which represents the point of spontaneous micelle
aggregation from free surfactants. This transformation in
conformation and aggregation exhibits changes in the physical
and chemical properties of a solution such as surface tension,
osmotic pressure, solubilization, detergent activity, turbidity,
and conductivity.10 The transition at the CMC is very
important for applications of the product micelles as well as
for models of the micellization process.
The CMC of many surfactants has been determined

experimentally through a number of techniques including
surface tension, light scattering, spectrophotometry, nuclear
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magnetic resonance, fluorimetry, and capillary electrophore-
sis.11 The micellization and subsequent experimental CMC
values for Pluronic surfactants have been studied extensively;
however, experimental concentrations for PEO-PPO-PEO
block copolymer micelles have faced issues in reproducibility
and speed.12 Such inconsistencies and costs have pushed
researchers to seek alternative methods of studying micelliza-
tion.
Computer simulations have been used to predict the

thermodynamic properties of only a select group of simple
surfactants. Thermodynamic parameters of the micellization
process for surfactants include the CMC, phase behavior, and
associated free-energy change. Previous works have included
the analysis of free-energy contributions,13 molecular dynamics
(MD),14 Monte Carlo simulations (MC),9 and mean-field
models.15

MD and MC simulation methods have proven to be effective
for the simulation of atom-based models of surfactants in the
micellization process when the micelles are preassembled;
however, these methods are computationally expensive for the
determination of the CMC and other equilibrium properties
when the systems are required to self-assemble16 due to the
slow kinetics of micelle formation. This is particularly the case
for Pluronic micelles because of the large size of the
surfactants.17,18 As a result, MD and MC methods have been
found to take prohibitive amounts of time to reach equilibrium
even for short nonionic diblock surfactants.14 These computa-
tional problems associated with MD and MC simulation efforts
suggest that alternative techniques need to be explored in order
to be able to adequately study the formation of micelles in
surfactant solutions. One such technique is the single-chain
mean-field theory19 (SCMF) used in this work where a coarse-
grained model similar to that in conventional molecular
simulations is used; but the estimation of the equilibrium
properties is simplified by solving for single chains in a mean
field of the other species in the system. In this sense, the SCMF
is similar to the standard self-consistent field theory2,18,20

(SCF), where surfactants are modeled as Gaussian chains
interacting with surrounding concentration fields. Nonetheless,
the possibility of overlapping chains in the SCF comes from its
Markovian nature, implying the absence of excluded-volume
repulsions and, as a consequence, an incomplete estimation of
the free energy of the system. In contrast, the SCMF considers
non-Markovian connections between segments of the same
chain, and thus only nonoverlapping configurations are used to
estimate the free-energy contributions. The SCMF has already
been successfully employed in the study of diblock
surfactants9,15 as well as gemini surfactants21 and has been
recommended specifically for the study of Pluronic micelles.22

To our knowledge, a comprehensive list of theoretical CMCs
for Pluronic micelles has not been published, and the extension
of the SCMF to Pluronics in this study attempts to reach this
goal.
In the current study, we have conducted a series of

simulations within the SCMF to construct a coarse-grained
model for the PEO-PPO-PEO surfactants in water for a
temperature of 37 °C focused mainly on the reproduction of
experimental CMCs. First, the details of the microscopic model
and the simulation protocols are given. Afterward, the related
model parameters are optimized and a series of SCMF
simulations are implemented for a set of Pluronics to obtain
predictions of the CMCs together with the corresponding
aggregation numbers and micellar profiles. In the Results and

Discussion section, the SCMF predictions are compared to the
available experimental data including CMCs, aggregation
numbers, and the volume fraction profiles. The results are
discussed in the context of observed experimental discrepancies
manifested by several authors and the deviation found in this
work of the CMC between experimental and predicted data for
the most hydrophobic surfactants.

■ MODEL AND SIMULATION METHOD
Single-Chain Mean-Field Theory. In the SCMF scheme,

the intermolecular energetic contributions of surfactants
belonging to an aggregate of size N are taken into account
through the interactions of a single coarse-grained chain,
representing the surfactant, with a set of concentration fields of
solvent and surfactants while the intramolecular interactions are
obtained in an exact manner. The expression for the energy in
this system is given in terms of averaged energetic values of
configurations of the surfactant, {γ}, weighted by its individual
probabilities, P[γ], and is given by

∫ γ γ γ γ⟨ ⟩ = +E N P U Ud [ ]( [ ] [ ])intra inter (1)

where Uintra[γ] is the exact internal energy of conformation γ
and Uinter[γ] refers to the intermolecular energy related to the
interactions of the configuration with the other surfactants and
solvent medium and is given as

∫
∫
γ β β γ β

γ

= − ⃗ ⃗
+ ⃗ ⃗ ⃗

U
N

r P U r

r c r U r

[ ]
1

2
d d [ ] [ , , ]

d ( ) [ , ]

inter inter

s inter (2)

The first term on the right side represents the intermolecular
surfactant interactions of conformation γ with the remaining N
− 1 surfactants in the system by means of the interaction with
configuration β together with its associated probability P[β]
and the corresponding energetic contribution Uinter[γ, β, ⃗r ]
=∑i,jϵi,jΦi(γ, ⃗r )cj(β, ⃗r ). The terms in this summation are the
interaction parameters, ϵi,j, together with the interaction volume
d ⃗r Φi(γ, ⃗r ) available for configuration γ to interact at ⃗r with the
remaining conformations {β} through their corresponding
concentration, cj(β, ⃗r ), for the appropriate species i, j that make
up the surfactant in the coarse-grained model. The second term
represents the interaction of configuration γ with the solvent
medium through its concentration field cs( ⃗r ) at ⃗r by means of
Uinter[γ, ⃗r ]= Σi ϵi,sΦi(γ, ⃗r ) with respect to the coarse-grained
solvent and surfactant−solvent interaction parameters ϵi,s. The
terms given in eq 2 account only for attractive intermolecular
interactions, for which the repulsive terms are included by
means of steric hard-core repulsions given by the following
volume-filling constraint

∑ϕ ϕ⃗ + ⟨ ⃗ ⟩ =r N r( ) ( ) 1
i

is
exc

(3)

which means that all regions of physical space are occupied
either by solvent or surfactant molecules by means of the
corresponding volume fractions ϕs( ⃗r ) and ⟨ϕi

exc( ⃗r )⟩ respec-
tively, with this last term representing the correct excluded-
volume contributions. The term inside the angular brackets in
eq 3 comes from the single-chain values of ϕi

exc(γ, ⃗r ),
interpreted as the total physical volume fraction of species i
of conformation γ at ⃗r that cannot be accessed by solvent or
other surfactant molecules, weighted by the individual
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probabilities giving the average excluded-volume fraction of the
surfactant

∫ϕ γ γ ϕ γ⟨ ⃗ ⟩ = ⃗r P r( ) d [ ] ( , )i i
exc exc

(4)

Similarly, the concentration fields of the surfactant monomers
can be predicted in general from

∫ γ γ γ⟨ ⃗ ⟩ = ⃗c r P c r( ) d [ ] ( , )i i (5)

From here, the determination of the associated probabilities
P[γ] is given by a minimization of the system free energy ⟨F⟩ =
⟨E⟩ − T⟨S⟩, where the entropy contains the configurational
surfactant contributions and the solvent translational entropy

∫ ∫γ γ γ ϕ⟨ ⟩ = − − ⃗ ⃗ ⃗S Nk P P k r c r rd [ ] log [ ] d ( ) log ( )s s

(6)

with k and T as Boltzmann’s constant and the temperature of
the system, respectively. Minimizing ⟨F⟩ from δ⟨F⟩/δ P[γ] = 0
subject to the volume-filling constraint in eq 3 with the
inclusion of Lagrange multipliers λ( ⃗r ), which in turn can be
found from the evaluation of δ⟨F⟩/δcs( ⃗r ) = 0, provides the
individual probabilities in equilibrium

γ =
γ−

P
Q

[ ]
e H kT[ ]/N

(7)

where Q is the partition function of the system ensuring the
normalization of the associated probabilities. Finally, from eq 7
we can establish the SCMF Hamiltonian HN[γ] associated with
conformation γ that contains the intramolecular and
intermolecular interactions for the corresponding surfactant
with the surrounding fields. In addition, intermolecular steric
repulsions are also derived from the Lagrange multipliers
definition with constraints in eq 3. The analytical expression of
the Hamiltonian is found to be

∫
∫

∫

∑
∑

∑

γ γ ϵ γ

ϵ γ

ϕ
ϕ γ

≈ + − ⃗ Φ ⃗ ⟨ ⃗ ⟩

+ ⃗ Φ ⃗ ⃗

− ⃗ ⃗ ⃗

H U N r r c r

r r c r

kT r
r

v
r

[ ] [ ] ( 1) d ( , ) ( )

d ( , ) ( )

d
log ( )

( , )

N
i j

i j i j

i
i i

i
i

intra
,

,

,s s

s

s

exc

(8)

where vs is the volume of the solvent molecules. From the set of
nonlinear equations given in eqs 3−5, 7, and 8, it is possible to
determine the individual probabilities P[γ] in eq 7 and hence
the equilibrium properties for aggregates of size N and densities
and concentrations through eq 5. In the SCMF approach the
necessary inputs are the set of conformations {γ} of a single
surfactant in the simulation box with the estimation of the
concentrations ci(γ, ⃗r ), excluded-volume fractions ϕi

exc(γ, ⃗r ),
and interaction volume fractions Φi(γ, ⃗r ) for each con-
formation.
To relate the SCMF to the full micellization process, it is

necessary to link the properties of the single micelles to the
macroscopic system. This is achieved by calculating the
standard chemical potentials of free chains, μ1

0, and those
from micelles of size N, μN

0 , and substituting them into the well-
known equilibrium condition between free surfactants in
solution and micelles of an arbitrary size, namely,1

= μ μ− −( )X
N

X eN kT
N

1
( )/N

0
1
0

(9)

where XN and X1 are the concentrations of aggregated and free
surfactants, respectively. The calculation of the standard
chemical potential in the SCMF can be achieved in terms of
the following expression23 that has been used in earlier studies
related to the prediction of equilibrium properties for surfactant
systems in solvent media such as poly(ethylene oxide) alkyl
ethers15 and more recently a series of nonionic gemini
surfactants,21

μ μ γ

γ

− ≈ − ∑
∑

γ
γ

γ
γ

−

−

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟kT

V
N

W

W
log

e / [ ]

e / [ ]
N

H kT

H kT

0
1
0 [ ]/

[ ]/

N

1
(10)

where H1[γ] is the Hamiltonian for surfactants in the bulk
solution, V is the volume of the simulation box, andW[γ] is the
statistical weight associated with the Rosenbluth and Rose-
nbluth algorithm to generate nonoverlapping chain conforma-
tions.24

Simulation Protocols. In this work, the Pluronic block
copolymers are modeled as linear chains composed of two
kinds of beads with the same diameter σ; the first one
represents the hydrophilic CH2CH2O groups, and the second
one represents the hydrophobic CH(CH3)CH2O groups. The
choice of the same-sized EO and PO units is similar to that
employed by other research groups for coarse-grained models
of Pluronic surfactants.25,26 The distance between the centers of
two consecutive beads is taken to be σ. The chain stiffness, as
indicated by the number of Kuhn segments, has been included
by using rigid sections of four consecutive monomers in the
case of PO and five monomers in the case of EO species27,28

whereas the joints between the segments are free to rotate (e.g.,
Figure 1). The intermolecular interactions in eq 8 are modeled

by means of square well potentials with a hard core repulsive
interaction up to σ and then an attractive well up to rint. The
interaction radius rint has been adjusted to a value of 1.62σ for
all species composing the surfactant in order to have a
coordination number of 26 as was used in previous models.15,21

This gives a volume for attractive interactions of vint =
4/3π(rint

3

− σ3) for each monomer. Three independent intermolecular
interactions have been used, namely, EO−solvent, PO−solvent,
and EO−PO with their corresponding numerical values ϵEO,S,
ϵPO,S, and ϵEO,PO. With these assumptions for the interactions
and species, we can state the specific complete nonlinear set of
equations in order to describe the equilibrium properties. In the
first place, the indexes in the whole equation system are
reduced to i, j = EO, PO, and in the Hamiltonian in eq 8, we

Figure 1. Coarse-grained model for Pluronic L44 EO10PO23EO10.
Right: Typical self-avoiding conformation generated by the Rose-
nbluth and Rosenbluth method. Left: Detailed coarse-grained
extrapolation in the SCMF technique employed in this work, where
red and blue beads represents EO and PO groups, respectively.
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have to relate interaction parameter ϵi,j to the analogous Flory−
Huggins parameter in the symmetric case χi,j = χj,i by means of
ϵi,j = kTχi,j/z, where z = 26 is the coordination number. This
choice will affect the excluded-volume term in the SCMF
Hamiltonian. For more details, see ref 15. The Hamiltonian can
be written now as

∫
∫
∫

∑
∑

∑

γ γ χ γ

χ γ

ϕ
ϕ γ

≈ + − ⃗ Φ ⃗ ⟨ ⃗ ⟩

+ ⃗ Φ ⃗ ⃗

− ⃗ ⃗ ⃗

≠
H U N

kT
z

r r c r

kT
z

r r c r

kT r
r

v
r

[ ] [ ] ( 1) d ( , ) ( )

d ( , ) ( )

d
log ( )

( , )

N
i j

i,j i j

i
i,s i

i
i

intra

s

s

s

exc

(11)

Once the relevant intermolecular interactions and the species
describing the surfactant and solvent in the coarse-grained
model are defined, the SCMF equations can be solved. To do
so, we divide the procedure into two stages. In the first stage, a
set of nonoverlapping conformations {γ} are randomly
generated according to the Rosenbluth and Rosenbluth
algorithm24 in a simulation box of volume V, and all of the
intrinsic properties such as concentrations ci(γ, ⃗r ), excluded-
volume fractions ϕi

exc(γ, ⃗r ), interaction volume fractions Φi(γ,
⃗r ), and intramolecular energy Uintra[γ] are calculated for every
conformation γ. In the second stage, the SCMF system of
equations is solved self-consistently, that is, from calculated
fields ⟨ci( ⃗r )⟩ and ⟨ϕi

exc( ⃗r )⟩ in eqs 4 and 5; calculations of
ϕs( ⃗r ), HN[γ], and the corresponding probability P[γ] can be
realized by means of eqs 3, 7, and 11, respectively, again
enabling the calculation of the mean fields over the calculated
probabilities, making the whole process self-consistent. Once
the structural characteristics are assigned, only the intermo-
lecular interaction parameters χEO,S, χPO,S, and χEO,PO need to be
determined. For this purpose, we have performed an error
minimization of the difference between predicted and
experimental CMCs by means of the gradient method. To
capture the overall CMC dependence with respect to the
numbers of EO and PO monomers, we have chosen to
optimize the experimental CMCs for three Pluronics
surfactants, two in which the number of EO units is smaller
than the corresponding number of PO units L44 and L64, and
F87, a surfactant which has significantly more EO than PO
units.
Optimization Procedure. To find the optimal values of

the Flory−Huggins parameter, we take as initial estimates, χEO,S
= 0.4 and χPO,S = 2.0 from ref 29 and χEO,PO = 0.006 from refs
30 and 31. These parameters are obtained directly or indirectly
by fitting to experimental data. To continue, we start by
considering the minimization of the function

∑χ = −
=

F
n s

[ ]
1 (CMC CMC )

i

n
i i

i1

sim exp 2

2
(12)

where n = 3 is the total number of data points, which in our
case consists of the experimental CMCs for Pluronics L44, L64,
and F87 represented by CMCi

exp with its associated uncertainty
si
2 and the SCMF predictions CMCi

sim. The minimization
procedure can be done via the gradient method32 by
determining in an iterative scheme the optimal values from

χ χ α χ= − ∇F[ ]j j j
new old old

(13)

where α is the step size and index j refers to the energy
parameter to be adjusted. In particular, from eq 12 we can state

∑χ
χ

∇ = − ∂
∂=

F
s

[ ]
2
3

(CMC CMC ) CMC
j

i

i i

i

i

j1

3 sim exp

2

sim

(14)

To find the derivatives in the last equation, we can start from
the definition of CMCsim adopted in this work, namely, that the
CMC is taken based on the micelle of size M with a minimum
standard chemical potential, log CMCi

sim = min((μN
0 − μ1

0)/
kT) = ((μM

0 − μ1
0)/kT). The relevant derivatives for this

specific case are then ∂CMCi
sim/∂χj = CMCi

sim(∂/∂ χj)[(μM
0 −

μ1
0)/kT]. To develop the partial derivative, we made use of the

relation between the standard chemical potentials in the SCMF
theory given in eq 10
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where Q1 = ∑γ e
−H1[γ]/kT/W[γ] and QM = ∑γ e

−HM[γ]/kT/W[γ]
are the unbiased partition functions for free and aggregated
chains, respectively. From the SCMF Hamiltonian in eq 11 and
assuming that the concentration fields and the probabilities
remain invariant with respect to the interaction parameters
close to the minimum in F[χ], we can find in general the
following set of partial derivatives

∫

∫
∫
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γ

γ
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(16)

This set of equations can be exactly determined in the SCMF
simulations for every surfactant chosen to adjust the energy
parameters. With this, the fitting procedure for the energy
parameters can be done by means of eq 13. To this end, the
partial derivatives in eq 14 must be solved through the values
given in eq 15 which in turn can be evaluated from the SCMF
results obtained in order to calculate the expressions in eqs 16.
The coarse-grained dimensions as well as the optimized

energy interaction values are presented in Table 1 upon
completion of the fitting process. As can be seen, the final
values are close to the parameters derived from experiment,
thus validating the physical model that we have used in our
study. Although the differences from the initial guesses are
small, they do have a significant effect on the CMC values, and

Table 1. Coarse-Grained Structural and Energy
Specifications

diameter (σ) 1.0
bond length (σ) 1.0
interaction radius (σ) 1.62
EO−PO interaction parameter (χEO,PO) 0.006
EO−S interaction parameter (χEO,S) 0.5
PO−S interaction parameter (χPO,S) 2.1
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the optimization procedure gives an important improvement in
the final fit. The success of the optimization can be observed by
a decrease of the objective function in eq 12 from 47.2 to 2.7
when going from the initial guesses, χPO,S = 2.001, χEO,S = 0.48,
and χEO,PO = 0.006 (these values were used after a preliminary
study rather than the aforementioned literature Flory−Huggins
parameters), to the fitted values of {χi,j}, respectively, indicating
that the difference between the experimental and SCMF results
is close to the reported experimental error, assumed to be 30%
in all cases. For the optimization procedure and final results, a
series of simulations were performed where space was
discretized into concentric layers separated by a distance δ =
0.8σ for shorter surfactants with less than 100 monomers,
whereas for longer surfactants we assume δ = 1.4σ. In all
simulations, the radius of the first layer is taken to be 2δ to
improve the statistics. This choice provides 1D spherical
symmetry where the only coordinate is the radial distance to
the center of the simulation box and is supported by
experimental evidence using small-angle neutron scattering
(SANS),33 static light scattering (SLS), and dynamic light
scattering (DLS),34 which suggest a spherical shape for micellar
aggregates of Pluronic systems for concentrations close to and
above the CMC. Depending on the Pluronic under study, we
used simulation boxes with dimensions of between 40 × 40 ×
40 and 100 × 100 × 100 in units of the beads diameter σ.
Between 5 and 10 million conformations {γ} were generated
for each Pluronic, and the simulations were run on 12-core
Intel machines and 24-core and 32-core AMD machines with
RAM memory of 64, 32, and 128 GB, respectively.

■ RESULTS AND DISCUSSION
In Table 2, the physical properties of Pluronics EOnPOmEOn at
a temperature of 37 °C are given, including the molecular
weight MW, the number of PO and EO units (m and 2n,
respectively), the predicted CMCs, and aggregation number
values of the SCMF from this work together with available
experimental data. The CMCs reported in this work follow the
expected behavior with respect to the length of the hydro-
phobic PO units. An increase in the PO length increases the
repulsive interaction between the surfactant and solvent

medium, causing a decrease in the free energy of micellization,
thus yielding a lower CMC together with an increase in the
aggregation number. The increase in aggregation number
occurs as additional PO monomers increase the available
volume to be occupied by the hydrophobic species that can be
accommodated in the core of the micelle. Both of these results
are exemplified for Pluronics F68, F88, and F127, where the
hydrophilic contribution is almost constant (Table 2). In the
reverse case, an increase in the number of EO units while the
number of PO units remains constant was shown to increase
the solubility of the Pluronics in the solvent medium, leading to
a gradual increase in the CMC. The increase in the number of
EO units leads to higher repulsive interactions between
hydrophilic units in the corona of the micelle, forcing the
formation of micelles with smaller aggregation numbers. These
expected trends were evidenced within all three of the
subdivisions of Table 2.
From an analysis of the aggregation numbers presented in

Table 2, clear differences can be observed between the
experimental and SCMF values. In some cases, the
experimental data reported by different groups are similar, for
instance, for P85 where Mortensen and Pedersen33 using SANS
reported aggregation numbers of 37−78 in the range of 20−40
°C, similar to the value 57(16) given by Kabanov et al.38 at 37
°C and the values 37−55 based on SANS with a concentration
of 1−5% at 40 °C as reported by Goldmints et al.43

Nonetheless, in other cases the aggregation numbers derived
from experimental measurements can be highly variable. For
example, Yang et al.36 reported a value of 37 for a temperature
of 37.5 °C in the case of L64; however, Wu et al.44 using SANS
reported an aggregation number of 69(7) at 35 °C, in contrast
to Almgren et al.45 who reported a value of 19 for 40 °C. These
values are contrary to the expected increase in aggregation
number with an increase in temperature. A similar situation is
presented in the case of copolymer F127, where Wanka et al.37

and Mortensen28 presented aggregation numbers of 82 and
145, respectively, for a temperature of 35 °C. In the case of
F108, Alexandridis et al.8 reported aggregation numbers of 43−
61 between 35 and 40 °C, in contrast to the value of 13 for a
temperature of 37 °C reported by Kabanov et al.,38 giving a

Table 2. Physical Properties and Predictions for Pluronics Block Copolymers under Study

aggregation number CMC [mol/L]

polymer MW m 2n pred. exp. pred. exp.a

L44 2200 23 20 145(1) 4.00(0.01) × 10−3 3.6 × 10−3

L64 2900 30 26 187(7) 37b 3.55(0.04) × 10−4 4.8 × 10−4

P65 3400 29 36 145(12) 11−21c 0.84(0.01) × 10−3 2.94 × 10−3 j

F68 8400 29 152 33(1) 22d 18.9(0.5) × 10−3 0.48 × 10−3, >8.33 × 10−3 k

P84 4200 43 34 279(10) 44−54e 3.87(0.05) × 10−6 71 × 10−6

P85 4600 40 52 218(4) 57(16)f 2.55(0.03) × 10−5 6.5 × 10−5

F87 7700 40 122 66(10) 1.77(0.04) × 10−4 0.91 × 10−4

F88 11 400 39 208 46(11) 17g 6(1) × 10−4 2.5 × 10−4

F98 13 000 45 236 40(9) 1.51(0.05) × 10−4 0.77 × 10−4

P105 6500 56 74 318(17) 1.54(0.05) × 10−7 62 × 10−7 l

F127 12 600 65 200 120(16) 145h 1.3(0.3) × 10−7 28.0 × 10−7

F108 14 600 50 266 34(10) 13(3)i 2.0(0.3) × 10−5 2.2 × 10−5

aTaken from ref 35. Measured through a pyrene solubilization technique at 37 °C unless otherwise specified. bFrom ref 36 at 37.5 °C using SANS.
cIn the range of 36−40 °C from ref 37, obtained from SLS. dAt 54 °C from ref 21 cited in ref 38. eBased on SANS in the range of 35−40 °C from ref
39. fFrom light scattering and centrifugation at 37 °C from ref 38. gAt 40 °C from ref 40. hFrom ref 28 at 35 °C based on SANS. iAt 37 °C from ref
38. jUsing the dye solubilization technique at 36 °C from ref 41. kTaken from ref 41 at 40 °C. lTaken from ref 42 at 37 °C.

Langmuir Article

DOI: 10.1021/la504884m
Langmuir 2015, 31, 3596−3604

3600

UNIVERSITAT ROVIRA I VIRGILI 
COARSE-GRAINED MEAN-FIELD SIMULATIONS OF SURFACTANT MICELLES: STATIC AND DYNAMIC EQUILIBRIUM PROPERTIES 
Fabián Alonso García Daza 



difference of more than 3-fold. These contrasts between
reported values may be due to the type of experiment and the
model considered to describe the physical properties of the
micelles, such as in the case of results given by DLS and SLS
and discussed by Nolan et al.34 and Yang et al.36 Despite these
differences between experimental values, the SCMF predictions
are in general much larger. This difference may be due to the
model being too simple to correctly capture the correct fine
balance between entropic and enthalpic factors. It may also be
due to the approximations used in the SCMF itself. For
example, in this work spherical symmetry is assumed for the
micelles without fluctuations, which may affect the micelle free
energy of formation by small fractions of kT. Although small
compared to the formation of the micelle, these approximations
may affect the preferred aggregation number.9,15 Despite this,
the model is able to correctly reproduce qualitative trends such
as a decrease in the aggregation number with an increase in the
EO units while maintaining the PO units relatively constant as
in the cases of P84, P85, F87, and F88, which has also been
observed experimentally for P104 and F108 by Alexandridis et
al.,8 P85, F87, and F88 by Mortensen and Brown,46 and P103,
P104, and P105 by Nolan et al.34 Moreover, an increase in the
aggregation number with the number of PO units while EO
monomers remain constant is also observed, as in the case of
P65, L64, and P84, and has been experimentally reported by
Booth and Attwood47 for a series of Pluronic surfactants.
A comparison between experimental CMC values and those

determined with SCMF from Table 2 can be found in Figure 2.

In general, good quantitative agreement between experimental
and predicted values can be observed. For CMCs above 10−6

mol/L, most data points are close to the dashed line, indicating
excellent quantitative agreement between the SCMF predic-
tions and the experimental values, giving a high level of
confidence in the model results. Nevertheless, this is not the
case for F68, where two values are given. This is mainly because
of the discrepancy between the experimental data reported by
Batrakova et al.35 and Alexandridis et al.41 In the latter, the
reported CMC is 8.33 × 10−3 mol/L above 40 °C and 11.9 ×
10−3 mol/L for 33 °C, which establishes an interval for our
target of 37 °C and supports the idea that in the case of F68 the
CMC for a temperature of 37 °C could be near 10−2 mol/L,
which is the same order of magnitude as the value reported in
this work, although contrary to the value reported by Batrakova
et al.,35 which is on the order of 10−4 mol/L. This is also

supported when comparing the experimental CMCs for a
selection of Pluronics in Table 2 with the same PO weight but a
varying EO presence. For example, (i) in the case of P105 and
F108, an increase close to 3 times the EO content results in an
increase in the CMC within the same proportion and (ii)
similar to P85 and F88, where the hydrophilic units increase 4
times as well as the corresponding CMCs, an extrapolation to
the case of L64 and F68 where the PEO increases 5 times leads
one to expect a similar tendency in the CMC value. Another
exception in Figure 2 is that of the most hydrophobic Pluronics
P105 and F127 together with P84, which reveal underpredicted
values by more than 1 order of magnitude with respect to
experimental data.
To understand the nature of such discrepancies, we have

selected a series of Pluronics with hydrophilic units in a specific
range which ensures that the changes in the CMC are not
significantly affected by the increase or decrease in EO units in
this interval. In this case, the effect of the hydrophobic PO
length on the CMC can be better appreciated. Specifically, we
have considered those Pluronics that contain EO units in the
range of 20−74. The CMC dependence when hydrophobic
PPO units increase in both experimental and predicted values
with the SCMF can be observed in Figure 3. Below 40 PO

units, there is a good agreement between predictions and
experimental values that corresponds to high CMCs; however,
above a value of 43 PO units (Pluronic P84), a strong deviation
from the linear behavior in the experimental data is observed
and is not predicted in the results of the model implemented in
this work.
Following this procedure, we can also analyze those

surfactants with a total number of hydrophilic units EO in
the range of 122−266, also including the experimental CMCs
reported by Alexandridis et al.41 in a range of temperature
between 35 and 40 °C with the exception of F68 (n = 29),
whose lowest temperature is 33 °C. The resulting graph is
shown in Figure 4.
As can be observed, the experimental values reported in ref

41 for CMCs above 10−5 mol/L are close to the predictions of
this work. However, on increasing the hydrophobic units above
50 PO units, a deviation between experiment and SCMF is

Figure 2. Experimental CMC versus theoretical values predicted in the
SCMF scheme for Pluronics studied in this work. The dashed line
represents the ideal scenario where experimental and theoretical values
match exactly. Error bars in the theoretical data are smaller than the
diameter of the filled circles.

Figure 3. CMC dependence with respect to the hydrophobic length of
Pluronics EOnPOmEOn for short head lengths (20 ≤ 2n ≤ 74). Empty
circles refer to experimental data given in Table 2 with the exception of
the three most hydrophobic copolymers (P103, P104, and P123,
respectively), which are not included in the table but are given in ref
35. Empty squares are SCMF predictions together with the best fit
represented by the dashed blue lines; the red dotted line is the best fit
for the four highest CMC experimental points.
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found. This break in the logarithmic CMC behavior with
respect to a large number of hydrophobic units is similar to the
experimental reports for diblock copolymers48 and gemini
surfactants.49 From a theoretical point of view, free-energy
models do not predict such a deviation.13 Also, recent
simulations using grand canonical MC simulations for nonionic
surfactants exhibit the usual exponential decrease, rejecting the
collapse of the hydrophobic block as an explanation for such a
deviation.50 Indeed, our previous work on gemini surfactants
suggests that this deviation occurs because the experimental
results are not true equilibrium values due to the long time
scales found for these systems.21 These nonequilibrium effects
would explain the discrepancy between experimental P105 and
F127 CMCs in comparison to the values reported in this work.
In the case of P84, the CMC values are higher and are not
expected to be affected by equilibration issues. However, the
experimental data for the CMC of P84 is clearly inconsistent
with that of P85, where despite having a larger number of PO
and lower EO units, which is expected to give a lower CMC,
P84 has a larger CMC. This suggests that the discrepancy
between experimental and SCMF values for P84 may come
from experimental issues different from nonequilibrium effects.
Although aggregates conformed by real conformations as in

the usual MD, MC, or DPD simulations cannot be obtained
from the SCMF results, it is possible to construct schematic
diagrams of the aggregates for surfactants under study from the
set of the configurations with the highest probability {P[γ]}. In
particular, a micelle for Pluronic F68 is shown in Figure 5,
where the snapshot is generated for visualization purposes and
should not be interpreted as a real aggregate. As can be
observed, the micelles have a large concentration of hydro-
phobic PO units in its core, which decreases with respect to
distance from the center of the micelle. This core is surrounded
by a nonuniform shell of hydrophilic EO units that starts to
increase from the center of the micelle, reaching a maximum
value, and then decays smoothly with distance. A quantitative
description of the density profiles of the micelle is presented in
Figure 6.
In all cases under study, similar behavior in the equilibrium

state volume fraction profile has been observed where the shape
of the PO and EO volume fractions depends on the
corresponding number of units. The number of PO and EO

units of a chosen Pluronic system was shown to modify the
solvent profile which is found to be between 20 and 30% in the
center of the micelle. This hydration in the center of the micelle
has been reported in several simulation works2,17,18,20,22 and is
also derived from the analysis of SANS data for a variety of
Pluronics: P85 with a concentration of 5% was found to contain
a water content in the core between 60 and 10% for a range of
temperature from 31.4 to 40 °C,43 P84 and P104 at
temperatures of 35 and 45 °C in concentrations of 2.6 and
4.2%, respectively,39 contained water content fractions in the
core of 20 and 6%, and L64 at a temperature of 37.5 °C and a
concentration of 2.5% was reported to have fractions of solvent
in the core of 40 and 80% in the corona.36

■ CONCLUSIONS
We have presented a coarse-grained model for Pluronic systems
for 37 °C based on SCMF simulations. The estimates of our
model for the CMC are found to be in excellent agreement
with experimental data for a wide range of surfactants. On the
other hand, the SCMF aggregation numbers are generally much
larger than the ones reported from experiments. However, it is

Figure 4. CMC dependence with respect to the hydrophobic length of
Pluronics EOnPOmEOn for long head groups (122 ≤ 2n ≤ 266).
Empty circles refers to experimental data reported in ref 35, which is
given in Table 2; bars are the CMCs in a temperature range between
35 and 40 °C given in ref 41 and empty squares are the SCMF
predictions together with the best fit represented by the dashed blue
line.

Figure 5. Cross-sectional scheme of an aggregate for Pluronic F108
(EO133PO50EO133) for an aggregation number of 34. The
conformation with the highest probability is highlighted, and the
remaining configurations are half of the next 33 most probable
conformations. Red beads represent the PEO units forming the
corona, and the PPO units are represented in blue.

Figure 6. Volume fraction profile for the most stable micelle in the
case of Pluronic F108 with an aggregation number of N = 34. Blue
lines represents the PO percentage inside and outside the micelle, red
lines refers to the volume fraction of EO units, and black dotted lines
are related to the corresponding profile of the solvent.
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difficult to extract the aggregation numbers from the experi-
ments, and significant discrepancies between different groups
can be found in the literature. Our findings reveal that an
increase in the number of PO units with EO units held
relatively constant yields a decrease in the CMC and an
increase in the aggregation number. Increasing the hydrophilic
EO units results in a slight increase in the CMC and a decrease
in the aggregation number. This overall scenario agrees
qualitatively with the available experimental and theoretical
reports. From a comparison between our CMC predictions and
available experimental data, we find evidence of a deviation
from the expected exponential trend in the case of experimental
CMCs for the most hydrophobic Pluronics. On the basis of our
confidence of the CMCs predicted in this work when compared
to experimental data down to 10−6 mol/L and previous SCMF
and MC studies, we suggest that this deviation can be explained
as a consequence of nonequilibrium effects in the experiments.
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Chapter 6

Micellar Kinetic Exchange of Pluronic

Surfactants by a Dynamic Single-Chain

Mean-Field Method

To be submitted to Macromolecules.
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6.1 Introduction

The ability of amphiphilic block copolymer systems to self-aggregate into well-defined geometric structures is

of paramount importance in a wide range of technological applications including: foaming [1] and emulsion [2]

processes, stabilization of nanoparticles [3], and, transport and controlled release of drugs [4, 5]. This behav-

ior emerges when the concentration of copolymers in a selective solvent exceeds a value known as the critical

micelle concentration, CMC, where diverse physicochemical system properties like surface tension experience

a significant change. Although the equilibrium properties of copolymer systems have been extensively studied

from experimental, theoretical and simulation frameworks, there is a lack of information related to the dynamic

and kinetic behavior. Research on the kinetic mechanisms have been carried out by a broad number of exper-

imental techniques including temperature jump [6], fluorescence correlation spectroscopy [7] and time-resolved

small-angle neutron scattering [8, 9, 10, 11, 12, 13] (TR-SANS). Experiments carried out by these techniques

are considered to be near the equilibrium regime where expulsion and insertion of single monomers in micellar

aggregates is observed to be dominant when comparing with micellar fusion and fission as has been manifested

theoretically for block copolymer surfactants [14] based on the analysis of the Aniansson and Wall mechanism

[15, 16]. In particular, recent experiments for triblock poly(ethylene oxide)-poly(propylene oxide)-poly(ethylene

oxide) copolymer (PEO-PPO-PEO) surfactants, also known as Pluronics, revealed that fusion and fission rates

are six orders of magnitude less than insertion and expulsion events [17].

Even under equilibrium conditions detailed information of the microscopic behavior of chains involving ex-

change processes is still incomplete. For instance, TR-SANS experimental data of experimental correlation

functions obtained from scattering intensities has been contradictory interpreted as indicating both a collapse

[8, 9, 18] or a stretching [12] of the insoluble blocks conforming the surfactant copolymers when leaving the

micellar aggregates. Although theoretical studies [14, 15, 16] can identify the main mechanisms responsible for

the exchange processes, explicit microscopic information is still missing. This motivates the need for computer

simulations given their ability to directly access detailed information at a microscopic level. In this scenario,

Monte Carlo (MC) [19, 20] and Brownian dynamics [21] simulations for diblock copolymers have been imple-

mented to study the exchange of surfactants in the presence of micelles through a series of correlation functions.

Molecular dynamics (MD) [22] was used to determine the effect of aggregates size on the monomer exchange

mechanism for a short nonionic diblock surfactant. Also, the exchange of monomers was studied by dissipative

particle dynamics (DPD) [23] simulations for a set of diblock surfactants where the expulsion process of single

monomers is identified as the dominant mechanism. Notwithstanding, lattice space discretization inhibits a

quantitative comparison with real experimental systems for certain stochastic MC simulations [19], and, diffi-

culties to reach equilibrium prohibits a satisfactory analysis even for the case of short coarse-grained surfactants

[22]. This overall situation and the absence of a reliable model for block copolymer systems, that, together with

an efficient simulation technique, are capable to provide dynamic information in an equilibrium regime, call

for alternative methods. In particular, in this chapter we consider the single-chain mean-field (SCMF) theory

[24] which defines a central chain whose intermolecular interactions are described by mean molecular fields,

thereby, all macroscopic properties can be formulated in terms of the central chain contributions. The sampling

chains used in the SCMF simulations can be constructed in a self-avoiding way at any molecular level of detail,
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which differs from the standard self-consistent field [25] scheme where overlapping conformations are used thus

affecting the estimation of the system’s free energy. Static equilibrium properties calculated from the SCMF

formalism are obtained by minimization of the free energy, and have been reported for nonionic short surfactants

[26, 27, 28], block copolymer systems [29] and have successfully been quantitatively compared with experimental

data [30, 29], standard MC [27, 28] and MD [26] simulations. Although a considerable number of studies on sur-

factant systems in equilibrium based on SCMF calculations have been reported, only a few of them are devoted

to the dynamic properties of these systems, as reported in the case of protein adsorption on surfaces [31, 32]

where the dynamics is determined by solution of combined SCMF and diffusion equations. However, the explicit

evolution of the particles composing the system is lost due to the static nature of the sampling conformations

used to solve the SCMF equations. This is in contrast to alternative SCMF simulations for polymer systems

where explicit dynamics of independent sampling chains are followed by the evolution of the mean molecular

fields [33]. As far as we know, there is a lack in comparisons of simulation studies for copolymer surfactants

with experimental quantities related to kinetic exchange processes in equilibrium, in particular the expulsion of

monomers from micellar aggregates, and this chapter aims to achieve this goal for a series of Pluronic surfactants.

In the present chapter we have carried out a series of simulations based on a dynamic SCMF scheme for a

series of Pluronic systems within a coarse-grained model developed in a recent study [29]. Theoretical aspects

related with the SCMF formalism in equilibrium and dynamic regime are introduced, and the coarse-grained

details are presented under the dynamic version of the SCMF. The autocorrelation function associated to the

kinetic expulsion process is defined to provide information on the expulsion rate constants for the systems

under study. In the Results and Discussion section the predictions obtained in this chapter are compared to

experimental data when available. In particular, the expulsion rate constants, hydrophobic radius of gyration

and angle between blocks are examined. The results are discussed in terms of the conformational changes ex-

perienced by the hydrophobic blocks when diffusing across the micellar region, which differ from the commonly

accepted in analog copolymer systems of collapsed [14, 8, 9] or stretched [12] configurations.

6.2 Computational Methodology

The starting point is to consider a central chain that interacts with the surrounding external mean molecular

fields whilst its intramolecular interactions are explicitly known. All thermodynamic quantities are determined

through the chain probability density functions, pdf, where the individual contributions of the single chain α,

belonging to the set of configurations {α}, are averaged with its corresponding probability P [α]. The pdf is

obtained through the SCMF formalism by considering the free energy of a system of N chains in a solvent

medium at a temperature T ,

F = 〈U〉 − T 〈S〉 (6.1)

where the first term corresponds to the mean energy of the system given in terms of the single-chain individual

contributions, 〈U〉 = N
∫
dαP [α] (Uintra(α) + Uinter(α)), with Uintra(α) and Uinter(α) as the intramolecular

and intermolecular contributions respectively, the latter being dependent on the average concentrations of the

mean-fields of the remaining N − 1 chains and the solvent molecules. The second term includes the configu-

58

UNIVERSITAT ROVIRA I VIRGILI 
COARSE-GRAINED MEAN-FIELD SIMULATIONS OF SURFACTANT MICELLES: STATIC AND DYNAMIC EQUILIBRIUM PROPERTIES 
Fabián Alonso García Daza 



rational and translational entropy of chains and solvent, 〈S〉 = −kN
∫
dαP [α] logP [α] − k

∫
d~rcs(~r) log φs(~r),

respectively; k is Boltzmann’s constant, ~r is a position vector, cs(~r) is the concentration of solvent molecules

at point ~r, and, φs(~r) = vscs(~r) is the solvent volume fraction with vs as the volume of a solvent molecule.

Intermolecular energetic contributions are attractive by definition whereas the repulsive terms are included by

an incompressibility condition

φs(~r) +N〈φ(~r)〉 = 1 (6.2)

where 〈φ(~r)〉 =
∫
dαP [α]φ(α,~r) with φ(α,~r) as the total volume fraction of conformation α at position ~r. The

former equation includes the intermolecular excluded volume interactions, that is, a volume region in space that

can only be filled by either solvent or surfactant molecules. Determination of the single-chain probabilities, and

the solvent concentration profile, is made by minimizing the free energy functional in Eq. 6.1 subject to the

volume-filling constraint given in Eq. 6.2 by the inclusion of a set of Lagrange multipliers and a direct evaluation

of the functional derivatives δF/δP [α] = 0, and, δF/δcs(~r) = 0. Once the minimization procedure has been

completed, the pdf is found to follow a Boltzmann distribution

P [α] =
e−H[α]/kT

Q
(6.3)

where Q is a constant which ensures the normalization of the central chain probabilities,
∫
dαP [α] = 1. The

explicit form of the SCMF Hamiltonian depends on the level of detail in the surfactant and solvent models and

therefore the number of interactions taken into account which will directly affect the number of concentration

mean-fields existing in the Hamiltonian.

After the SCMF equations have been established, the dynamics of the system can be evaluated by local dis-

placements of the set of sampling chains {α}. The local displacement are accepted or rejected with a certain

probability which depends on the change of energy between the trial and the original moves. This procedure is

similar to other mean-field simulations [33] for polymer systems. For a finite set of independent chains repre-

senting the surfactant {α}o, the probability for a chain to change its configurational state αo to a new one αn

is

p(αo → αn) = min
(

1, e−(H[αn]−H[αo])/kT
)

(6.4)

where H [αn] is the SCMF Hamiltonian calculated for the trial state. Once the probability in Eq. 6.4 has been

evaluated for every sampling chain, the new solvent and chain concentration mean-fields are determined by

solution of Eqs. 6.2 and 6.3. The procedure is repeated until the mean-fields agree with the ones determined from

the equilibrium formalism. In addition, to recovering the same equilibrium state of our previous methodology it

is also possible to follow the temporal evolution of the system, and, in consequence, the dynamic properties of

the system under study can be examined. In the following section we present the details of the coarse-grained

copolymer surfactant model chosen in this chapter to study the kinetics of the exit of surfactants in micellar

aggregates and the corresponding SCMF approximations.

6.2.1 Simulation Protocols

In this chapter, the Pluronic copolymers are modeled by a coarse-grained model from a recent work [29] where

hydrophobic PO, CH(CH3)CH2O, and hydrophilic EO, CH2CH2O, groups are represented by beads of the same
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diameter σ. The stiffness of the chain is introduced by a series of Kuhn segments consisting of four and five

consecutive PO and EO beads, respectively. The distance between consecutive beads is taken as σ. Interactions

are considered by square well potentials centered on each of the beads with inner and outer radius σ and 1.62σ

respectively. Only unlike intermolecular interactions between EO and PO, EO and solvent, and, PO and solvent

are considered, where the energetic well depth fitted for each interaction at a temperature of 37 ◦C has values

εEO,PO = 0.006 kT/z, εEO,s = 0.5 kT/z and εPO,s = 2.1 kT/z, respectively, z = 26 is the coordination number.

Due to the selection of two classes of beads to represent Pluronic chains together with the presence of the solvent

medium, three fundamental concentration fields appear in the SCMF Hamiltonian [29],

H [α] ≈ Uintra(α) + (N − 1)εEO,PO

∫
d~r (ΦEO(α,~r)〈cPO(~r)〉+ ΦPO(α,~r)〈cEO(~r)〉)

+εEO,s

∫
d~r ΦEO(α,~r)cs(~r) + εPO,s

∫
d~r ΦPO(α,~r)cs(~r)

−kT
∫
d~r

log φs(~r)

vs
(φEO(α,~r) + φPO(α,~r)) (6.5)

The first term corresponds to the internal energy of configuration α which is taken as εEO,PO times the number

of nonconsecutive and nonrepeating EO and PO beads belonging to the chain found within a distance lesser

than 1.62σ. The second, third and fourth terms relate the intermolecular interactions of the chain with the

surrounding external fields of the N − 1 chains and solvent by interaction of the available space for units EO,∫
d~rΦEO(α,~r), and PO,

∫
d~rΦPO(α,~r), with the mean-field concentration fields of PO, 〈cPO(~r)〉, EO, 〈cEO(~r)〉,

and solvent, cs(r) species and their corresponding interaction parameters. At the same time, these fields can be

calculated from the SCMF averages 〈cPO(~r)〉 =
∫
dαP [α]cPO(α,~r) and 〈cEO(~r)〉 =

∫
dαP [α]cEO(α,~r) where

the arguments inside the integrals are the individual concentrations of each conformation α for the different

moieties. Finally, the fifth term is interpreted as the intermolecular repulsive interactions arising from the

inclusion of the incompressibility condition in Eq. 6.2 by means of the incorporation of a set of Lagrange

multipliers in the free energy minimization, for more details see ref 29. In this scheme the incompressibility

condition includes the individual EO and PO mean volume fractions 〈φEO(~r)〉 =
∫
dαP [α]φEO(α,~r), and,

〈φPO(~r)〉 =
∫
dαP [α]φPO(α,~r), respectively. Basically, Eq. 6.2 is now

φs(~r) +N (〈φEO(~r)〉+ 〈φPO(~r)〉) = 1 (6.6)

Once the SCMF Hamiltonian and the incompressibility condition have been identified, we proceed to perform,

with aid of Eq. 6.4, a series of independent MC moves over the configurational set of sampling chains {α},

recalculating the mean fields by solution the SCMF equations 6.3, 6.5 and 6.6 at every MC cycle according to

the procedure introduced in the preceding section. To ensure a Rouse-like motion of the surfactants [33], the

moves to displace the chains are taken to be end-bond rotation or crankshaft depending on whether the chosen

segment is an end segment or not [35].

As already mentioned, this simulation scheme provides an opportunity to study the dynamic behavior of Pluronic

chains at a fixed temperature. In this chapter we concentrate on the study of the kinetic exchange of monomers

in micellar aggregates in the equilibrium regime. The simulation box is divided into concentric spherical shells

of fixed width between 1.9σ and 2.1σ in the case of short and long Pluronics, respectively, and in consequence

Eqs. 6.5 and 6.6 are reduced to a one dimensional radial coordinate according to the discretization scheme. The
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exchange of monomer chains between the bulk solution and the micellar aggregate can be explicitly studied

by formulation of a series of autocorrelation functions based on the direct monitoring of the evolution of the

chains that initially reside in the micelle. Explicitly, we define the following autocorrelation function to follow

the initially aggregated sampling chains,

F (t) =
f(t)− f(∞)

f(0)− f(∞)
(6.7)

where f(t) is the fraction of labeled chains at simulation time t that were identified as forming part of the

micelle at time t = 0. Initially, all chains in the interior of the micelle are marked, subsequently, when a labeled

chain leaves the interior of the micellar core it stops contributing to the temporal fraction f(t). However, if the

chain returns to the core of the micelle, it will contribute once more to the overall fraction. This autocorrelation

function is close to the one used in TR-SANS experiments for n-alkyl-PEO [11] and poly(ethylene-alt-propylene)-

poly(ethylene oxide) [10] systems where exchange kinetics in equilibrium is investigated by monitoring the

behavior of deuterated and nondeuterated copolymers in micelles on mixing. This is similar to our simulation

scheme where no physicochemical alterations to the system are induced.

It is important to observe that in the dynamic SCMF simulations any time dependent property will be given

in terms of the MC cycles, which is the natural simulation time step. To connect these cycles with physical

time units we perform a series of simulations for free chains moving in the bulk solution. This can be done by

taking N = 1 in Eqs. 6.5 and 6.6 and following the evolution of the independent set of free moving chains by

Eq. 6.4. This analysis leads to a diffusive behavior of the sampling chains and we can determine the average

displacement, 〈∆~r(t)2〉, of the center of mass of the chains with respect to their original positions with time in

order to obtain the diffusion coefficient in the dynamic SCMF scheme

DSCFM = lim
t→∞

〈∆~r(t)2〉
6t

(6.8)

where the square displacement is taken as
∑N{α}
i=1

(
~ri(t)

2 − ~ri(0)2
)
/N{α} being N{α} the number of sampling

chains {α} used in our simulations. It is important to note, on the one hand, that all the lengths in the

SCMF simulations are given in terms of the bead size diameter σ, so any position vector and in consequence

the displacement term in Eq. 6.8 is given in units of σ2. On the other hand, the temporal variable in the

above equation is in cycle units in the same way as in the case of the autocorrelation function in Eq. 6.7. The

diffusion constant calculated from the above equation is thus given in units of σ2/cycles. A relation between

the time involved in the experiments and the simulation time in the SCMF simulations can be established when

considering that displacement of the chain monomers can be related to a diffusion coefficient, D, and a time

variable, texp, comparable to the timescales in experiments in the same way as in Eq. 6.8. This means that

if we consider the mean displacement, 〈∆~r(t)2〉, measured in our simulations to be close to the expected in

experiments we can relate the two diffusion equations by this common quantity giving as a result a relation

between the time measured in the simulations with the timescale of the experiments by relation of both diffusion

coefficients, texp = t DSCMF /D. To obtain the diffusion coefficient we consider the Stokes-Einstein expression

for spherical particles, D = kT/ (6πηa) where kT ≈ 4.28×10−21kg m2s−2 at a temperature of 37◦C, the viscosity

of the solvent η = 6.91×10−4kg m−1s−1 that in this case is water, and, the size of the diffusive particle, a, given

in units of σ which is taken as the average hydrodynamic radius of the chains in the free regime. The values

of D, evaluated directly from the Stokes-Einstein, are found to be close to available experimental data. For
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instance, we find for Pluronic P85 (EO13PO40EO13) a diffusion coefficient of 9.9× 10−11 m2s−1 which is close

to the reported value of 3.7× 10−11 m2s−1 in ref 36, in the case of P104 (EO27PO61EO27) we obtained a value

of 9.1× 10−11 m2s−1 which is similar to the interval 3.7− 4.5× 10−11 ms−1 reported in ref 37 for temperatures

between 35 and 40 ◦C, and, a value of 9.8 × 10−11 m2s−1 was calculated for P123 (EO19PO69EO19) being

comparable to the value in the interval 2.8 − 3.3 × 10−11 ms−1 reported from ref 38 at a temperature of 25

◦C. In this chapter we have adopted the value σ = 0.5 nm from the literature [39] which is similar to the one

employed in recent MD simulations for a series of Pluronics in a coarse-grained model [40].

In both cases, corresponding to independent sampling chains in a spherical concentration field of an aggregate

(N >> 1) and in a homogeneous field for a bulk solution (N = 1), simulations were performed in simulation

boxes with volumes between (70σ)3 and (95σ)3 where periodic boundary conditions were included. A total of

500 sampling chains, N{α}, were used for every Pluronic surfactant. Simulations were performed on 12-core

Intel machines and 24-core AMD machines with RAM memories of 64 and 32 GB, respectively.

6.3 Results and Discussion

Evaluation of the autocorrelation function given in Eq. 6.7 for Pluronics, EOnPOmEOn, reveals in general a

relaxation behavior coming from the expulsion process of monomers in equilibrium micelles. In all cases, the

function F (t) was found to follow a decreasing trend that in a logarithmic scale reveals the presence of more

than one relaxation mechanism as can be observed in Fig. 6.1 for Pluronic EO13PO30EO13. In there, conversion

from the simulation cycles to the physical time scales is made by relating the diffusion coefficients obtained by

our simulations DSCMF (L64) = 0.0023σ2/cycle and D(L64) = 1.29× 10−10m2s−1 as discussed in the previous

section. Particularly, two fast exchange and one dominant exponential decreasing processes were identified, the
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Figure 6.1: Autocorrelation function in the logarithmic scale for Pluronic L64 (EO13PO30EO13)
obtained from analysis of the data obtained from dynamical SCMF simulations.
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latter being related to the single relaxation process, ∼ exp (−kt), formulated by Halperin and Alexander [14]

where k is the expulsion rate constant which is found to be independent of the micellar size N . In Table 6.1 the

physical parameters of the Pluronics studied in this chapter are presented: the molecular weight MW, the total

number of PO and EO units m and 2n, respectively, as well as the temperature, T , used in the experiments

together with the equilibrium aggregation numbers, N , of the selected systems, and both the experimental and

predicted expulsion rate constants kexp and kSCMF , respectively. Experimental values are taken from Ref 41

and references therein unless otherwise indicated. As can be observed, our calculations reveal a significant

Table 6.1: Physical characteristics and predictions for the Pluronic systems, EOnPOmEOn,
studied in this chapter.

Pluronic MW m 2n T (◦C) N kexp (s−1) kSCMF (s−1)

L44 2200 23 20 145a 4.8(0.1)× 105

L64 2900 30 26 40 40 2.0× 105 1.9(0.9)× 105

P85 4600 40 52 37.7 40 8.4× 104 4.1(0.6)× 104

P84 4200 43 34 27 40 6.7× 104 1.3(0.5)× 104

P104 5900 61 54 24.2 50 3.8× 103 0.23(0.08)× 103

P123 5750 69 40 21.4 40 1.5× 103 0.27(0.08)× 103

a Taken from Ref 29 at 37 ◦C using SCMF simulations in equilibrium regime.

decrease in the values of the expulsion rate constants with the increase of the insoluble PO units. An increase

in the hydrophobic units of all surfactants produces a growth in the energetic barrier seen by a copolymer in

the interior of the micelle. The escape of the surfactant from the interior of the micelle to the bulk solution is

slowed and the expulsion process is found to be not diffusion controlled as expected. In addition, changes in

the number of hydrophilic units, EO, only moderately affect the values of the expulsion rates as has also been

reported from experiments. This implies that an increase in the width of the soluble micellar shell does not

significantly affect the height of the energetic barrier to be overcome by the copolymers.

This overall behavior is observed for all Pluronic systems in our calculations, and is supported by the experi-

mental data in Table 6.1. In particular, the exit rate constants for the Pluronics show a progressive decrease of

three orders of magnitude when the number of hydrophobic PO units is increased from 23 to 69. Although a

very good quantitative agreement with the experimental data is found for L64, the experimental rate constant

decreases more slowly and for the largest Pluronics, P104 and P123, that only decreases by two orders of mag-

nitude resulting in a difference of one order of magnitude with respect to our model calculations.The nature

of this discrepancy between our calculations and experimental data can be due to several factors. Firstly, in

our simulations the interaction parameters in the Hamiltonian in Eq. 6.5 were fitted to predict properties at

a temperature of 37 ◦C, however, experimental data cover in general a range of temperature below the one

used in our calculations. Secondly, expulsion rate constants are usually obtained from the experimental fast

relaxation times, τ1 and the surfactant concentration, c, combined with the Aniansson and Wall [15, 16] relation

of the exit rate constant, τ−11 = (kexp/N)(N/δN2 + X), where δN2 is the variance of the aggregation number

distribution and X = (c − CMC)/CMC. This means that values of kexp require a precise knowledge of the

aggregation numbers and the corresponding deviation in their distribution. In particular, when determining N
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several discrepancies can be found in the literature: for L64 aggregation numbers between 19 and 69 have been

reported [42, 43] for temperatures of 40 and 35 ◦C, respectively. Similarly, dynamic and static light scattering

measurements reveal aggregation numbers of 53 and 30 for P104 depending on the experimental technique [38]

at a temperature of 25◦C. In the same way, for P123 values of 99 and 120 were reported at the same temperature.

Changes in the conformations of the surfactants entering or leaving the micelles can be followed from the

ensemble averages corresponding to the temporal behavior of the independent chains as presented in Fig. 6.2

where the radius of gyration, 〈Rg(r)〉, of the chains for the different surfactants has been calculated with re-

spect to the radial distance, r, from the center of the equilibrium micelle. Both quantities are given in units

of σ. On average, the surfactants change from their original conformation in the center of the micelle as they
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Figure 6.2: Average radius of gyration for surfactants as a function of distance from the center
of the micelle for Pluronic (a) L44, (b) L64, (c) P85, (d) P84, (e) P104 and (f) P123.
Vertical dashed lines represent the approximate extension of the hydrophobic micelle
core and the head groups.

approach the PO-EO interface. This change is represented by a decrease in the radius of gyration of their PO

blocks to later an even larger increase as the copolymers approach the EO-solvent interface where a maximum

can be observed inside of the micelle corona. Once in the solvent, the chains show a constant value and is in

agreement with our SCMF calculations for homogeneous fields where N = 1. This common behavior for all

Pluronics is illustrated in Fig. 6.3 where L44 chain configurations obtained from the dynamic SCMF simulations

are shown depending on their distance from the center of the micellar region. Despite this general situation, a

marked difference is observed for L44, where the changes in the radius of gyration has a much larger decrease

on reaching the PO-EO interface and a smaller increase towards the EO-solvent interface. This L44 case can

64

UNIVERSITAT ROVIRA I VIRGILI 
COARSE-GRAINED MEAN-FIELD SIMULATIONS OF SURFACTANT MICELLES: STATIC AND DYNAMIC EQUILIBRIUM PROPERTIES 
Fabián Alonso García Daza 



Figure 6.3: Chain conformations for Pluronic L44 when leaving the micellar region. Dashed
blue and red lines represent the inner hydrophobic PO micellar core and EO hy-
drophilic shell boundaries, respectively. From left to right are shown representative
conformations with radius of gyration 5.3σ, 2.6σ, 3.1σ and 3.5σ, respectively.

be understood by considering the relatively large diameter of the hydrophobic core, close to 19σ, being similar

to the length of the fully stretched PO blocks resulting in a high stretching of the hydrophobic block inside

the micelle core allowing to relax on leaving. The size of the hydrophobic core is essentially controlled by the

aggregation number N that in the case of L44 is taken as 145 being more than triple the value used for other

copolymers.

To compare quantitatively our results with the reported data from experiments for similar copolymer sys-

tems we consider two common scenarios where changes in the conformations of the hydrophobic blocks are

obtained from fitting arbitrary parameters in the double exponential dependence of the theoretical relaxation

function R(t) = exp−kt, analogous to the one defined in Eq. 6.7, as a function of the expulsion rate constant

k ∝ exp(−Fa/kT ), where Fa is the energetic barrier in the expulsion process which depends on arbitrary pref-

actors whose election has important consequences for the copolymer conformational information. The two main

analysis come from TR-SANS and fluorescence spectroscopy experiments for diblock and triblock copolymer

surfactants where collapsed [18, 10, 8] and stretched [12, 7, 13, 10] conformations have been suggested to explain

the exit process of surfactants from the interior of micellar aggregates. To compare the former considerations

with the results obtained from our simulations we proceed to calculate, on the one hand, the radius of the

completely collapsed hydrophobic PPO block [14], N
1/3
POσ. In the case of L44 a value of 2.8σ is found which is

well below the minimum of 〈Rg(r)〉 observed in Fig. 6.2 that is close to 3.7σ. On the other hand, a calculation

of the radius of gyration of PO blocks for a fully stretched L44 chains results in a value of 6.6σ being clearly

higher than the values reported in our calculations either inside or outside the micellar region. This tendency

between the sizes from our observations and the calculations for completely collapsed and stretched chains is

also observed for all the others Pluronics considered in this chapter. In this sense, our simulations reveal, as ob-

served in Fig. 6.2, that expulsion of a copolymer from the interior of the micelle involves a more subtle decrease

in the radius of gyration but not a complete collapse or stretching of the insoluble blocks. As stated before,

the results obtained by the dynamic SCMF simulations are not based on initial assumptions, and explicit infor-

mation is obtained from following explicit coarse-grained chains. Contrarily, the conclusions obtained from the

cited experimental analysis require the use of non-independent parameters. For example, based on the analysis

of the free energy of transfer of PO groups and plots of kexp versus the number of hydrophobic blocks NPO
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and N
2/3
PO for copolymer systems Zana [44] manifested the dominance of the linear term and in consequence

the preference for the stretched conformations. However, when temperature corrections are included [41] in

the analysis, the fractional terms N
2/3
PO become relevant and is interpreted as a preference of the system for

collapsed configurations of the chains. This particular case exhibits the sensibility of the conclusions obtained

when different approaches or fitting parameters are considered [18].

To evaluate in more detail the changes in conformation as the copolymers enter or leave the micelle we also

calculated the angle between the center of masses of the PO blocks and the EO blocks as shown in Fig. 6.4. As
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Figure 6.4: Average angle between PEO-PPO-PEO centers of mass for surfactants inside and
outside a micelle for Pluronic (a) L44, (b) L64, (c) P85, (d) P84, (e) P104 and (f)
P123. Vertical dashed lines represent the approximate extension of the hydrophobic
micelle core and the head groups.

observed, in all cases the surfactants in the center of the micelle exhibit a decrease in the angle as they approach

to the PO-EO interface to then increase when crossing the EO corona and finally relax when they completely

leave the micellar aggregate. This situation is readily observed in the case of the shorter surfactants L44 and

L64, but, as the number of monomers increases, the uncertainty in the predictions of the angles unfortunately

becomes appreciable, but the analysis remains unaffected. As the diameter of the hydrophobic core for L44 is

comparable in size with the PPO stretched block length, copolymers belonging to the micelle prefer stretched

conformations near to the center of the micelle with an angle slightly above 130◦ to later fall until close to

105◦ which is consistent with the considerable decrease in its radius of gyration in the same regime as shown

in Fig. 6.2 indicating a significant configurational change for L44 when leaving the micelle. This change in the

average angle is less significant for the other copolymers whose hydrophobic core diameter is smaller than their

stretched PPO block length. In these cases the changes are less significant given that our calculations reveal a
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decrease of about 10◦ with respect to their original values at r = 0 demonstrating the quantitative impact of

the micellar size as compared to the surfactant hydrophobic block size on copolymer conformational behavior.

6.4 Conclusions

In this chapter we present a systematic studio of the equilibrium expulsion kinetics for a series of surfactants

at a constant temperature of 37 ◦C through the implementation of a dynamic version of the SCMF theory.

The estimations obtained for the expulsion rate constants for the Pluronic surfactants under study show an

excellent quantitative agreement with experimental available data. In particular, a significant decrease in the

constants is observed when the number of hydrophobic units increases. Our simulations allow the study of the

conformational changes in copolymers as they enter or leave the micellar region by means of changes in the

radius of gyration of the hydrophobic blocks as a function of the radial distance from the center of the micelle

revealing, in general, a slight shrinking of the hydrophobic blocks when approaching the corona region to finally

relax to almost constant values in the bulk solution. This analysis was supported by also studying the changes

in the angle between hydrophobic and hydrophilic blocks where a subtle decrease in the radius of gyration is

detected in all cases. However, a slightly different behavior is observed if the diameter of the hydrophobic core

of the micelle becomes comparable to the stretched hydrophobic block. Contrarily to the scenarios given in

the literature, the surfactant chains neither fully collapse nor stretch, rather a more subtle effect is observed

in our simulations where the conformation radius of gyration generally becomes slightly more compressed on

leaving the hydrophobic core, before going through a maximum in the corona to finally relaxing towards the

bulk value.
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Chapter 7

Copolymeric Micellar Exchange

Kinetics Controlled by Chain

Conformation Dynamics

To be submitted to Physical Review Letters.
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7.1 Introduction

Surfactant micelles are of special interest in a broad range of academic and technological frameworks given

their ability to spontaneously self-assemble into a very well defined set of geometric shapes when the surfactant

concentration surpasses a specific concentration known as the critical micelle concentration (CMC). The kinetics

of chain exchange mechanisms have been found to be of paramount relevance in diverse industries including

drug transport and delivery systems in nanomedicine [1], foaming processes [2], and, nanosurface design [3].

Experimental and theoretical efforts have focused on kinetic mechanisms like fusion and fission of micellar aggre-

gates as well as the insertion/expulsion of monomer chains into/from micelles. In particular, for block copolymer

systems, the kinetics exchange phenomena has been studied through diverse experimental techniques including

temperature jump [4], ultrasonic relaxation [5], fluorescence cross-correlation spectroscopy [6] and time-resolved

small angle neutron scattering (TR-SANS) [7, 8, 9, 10, 11, 12] which follows the traces of deuterated and hydro-

genated copolymers when they redistribute in equilibrium micelles after mixing. When equilibrium is reached

near the CMC, the expulsion or insertion of single chains from or into micelles have been identified as the

governing mechanisms [7]. The expulsion step is the limiting process and was thought to be represented by

a single relaxation exponential decay function R(t) = exp(−kt) where k is the expulsion rate constant which

is concentration independent. This scenario is supported by theoretical predictions for block copolymers [13]

and coarse-grained simulations [14]. However, TR-SANS experiments revealed an unexpected non-exponential

behavior of the relaxation function R(t) for a series of block copolymer systems suggesting the existence of a

broad distribution of relaxation times [7, 8, 9]. Although these multiple time scales have been attributed to the

polydispersity of the surfactants [6, 9, 10, 11, 15], the lack of explicit information on the monomer exchange

kinetics due to the nanoscale lengths involved has lead to controversy of the model dependence when including

polydispersity and conformational transitions of surfactants leaving the micelle [7, 15, 9], being these two as-

sumptions subject to the fitting procedure.

In this chapter we present dynamic coarse-grained simulations for a monodisperse triblock copolymer that show

the same broad distribution of relaxation times found in experimental systems demonstrating that polydisper-

sity is not necessary to describe this behavior. Furthermore, we put forward a simple model where the energy

barrier is a function of the polymer configuration, which shows several relaxation times. The experimental

results can thus be explained by the effect on the expulsion rate of the conformations of the polymer chains

within the micelle.

Only a few simulation studies based on molecular dynamics (MD), Monte Carlo (MC), dissipative particle

dynamics and Brownian dynamics have been used to study the kinetics of micellization and equilibrium ex-

change for oligomeric and polymeric systems [16, 17, 18, 19, 20, 21, 14, 22], and even fewer have studied in detail

the exchange mechanisms in dynamic equilibrium through a series of autocorrelation functions defined in terms

of master equations [19], or, by monitoring a collection of labeled chains in a simulation box [17, 14, 22, 20].

Furthermore, issues are recognized when studying the equilibrium exchange kinetics phenomena from molecular

simulations; for example, a lack of connection with real systems due to the discretized space used in lattice

simulations [19, 20] and a loss in accuracy for some coarse grained models when comparing with equilibrium
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experimental properties (e.g. the CMC) to validate the corresponding force fields [16]. Indeed most simulation

works are devoted to study short coarse-grained surfactants due to temporal and sampling constraints.

In light of this, alternatives to these standard simulation techniques are required. Mean-field methods are an

interesting alternative for copolymer systems given their proficiency when predicting and comparing results with

available experimental data. In this chapter we employ the so-called single-chain mean-field (SCMF) theory

which has been shown to efficiently predict equilibrium properties for short and copolymeric surfactant systems

[23, 24], and is consistent with MC and MD simulations [25, 26].

7.2 Simulation and Model Details

The SCMF considers a central chain, representing the surfactant under study, subject to the influence of its

intramolecular and intermolecular interactions. The intramolecular interactions are determined explicitly while

the intermolecular interactions with solvent and other polymer chains are calculated in terms of mean molecular

fields of the solvent and the position dependent average chain density, respectively. Formally, the starting point

in the theory is the minimization of the free energy of the system subject to an incompressibility condition stat-

ing that any region in the space is filled by either chains or solvent molecules. The input in the theory comes

from the set of chains, {α}, that represents the surfactant conformations, and the outputs are the probability

density function, P [α], and the solvent concentration profile [23, 24, 25, 26]. The single chain probabilities

are defined as P [α] = exp (−H [α] /kT ) /Q where the SCMF Hamiltonian, H [α], contains the intramolecu-

lar, intermolecular attractive mean-field and repulsive steric interactions for conformation α, k is Boltzmann’s

constant, T the temperature of the system and Q the partition function which ensures the normalization of

the chain probabilities. The SCMF allows for the use of nonoverlapping chains and the intramolecular steric

repulsions are correctly taken into account. This differs from other self-consistent field methods [27] where

Markovian chains are used to represent surfactants leading to a less accurate estimation of the free energy,

particularly for short chains. In this chapter we develop an explicit dynamic version of the SCMF technique

to monitor the entry/exit of surfactant chains into/from a micellar aggregate in order to produce correlation

functions analogous to the ones reported in TR-SANS experiments. To do so, we chose the nonionic triblock

copolymer HO(CH2CH2O)10(CH(CH3)CH2O)23(CH2CH2O)10H also known by the trade name Pluronic L44

(EO10PO23EO10). This surfactant is ideal to study the kinetic exchange mechanisms given: (i) it belongs to

the family of block copolymers which means that deviations in the correlation function can be expected as

inferred from several kinetic experiments for Pluronics [28] or different triblock copolymer systems [10], and, (ii)

since it is a relatively short Pluronic the simulations can be performed in a reasonable amount of computer time.

The coarse-grained model to describe the surfactant is taken from a previous work [24] where a model for

Pluronic surfactants was successfully developed to predict the CMCs via equilibrium SCMF. Both hydrophilic,

EO, and hydrophobic, PO, units are modeled as hard spheres of the same size σ, and individual chains are

conformed by nonoverlapping beads and are separated by the same bond-length distance σ. The rigidity of the

chain is included by way of rigid Kuhn segments of four beads for a PO segment and five beads for EO. Indi-

vidual chain intramolecular and intermolecular interactions are modeled through square well potentials for each
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bead in spherical volumes with inner and outer radii of σ and 1.62σ, respectively. Only three mixed interactions

are considered through Flory-Huggins parameters, namely, EO-PO, EO-Solvent and PO-Solvent with values of

0.006, 0.5 and 2.1, respectively.

To evaluate the kinetics exchange behavior of equilibrium aggregates it is necessary to establish a dynamic

version of the SCMF. In this sense, we consider that the set of sampling chains {α} evolves in time by accepting

or rejecting simultaneous trial moves with individual probabilities

p (αold→new) = min (1, exp (−∆H [α] /kT )) , (7.1)

where ∆H [α] = H [αnew]−H [αold] is the change in energy for the sampling configuration α, belonging to {α},

when a trial change in its configuration is produced. This procedure allows an individual trial move for each

sampling chain in every cycle producing an artificial dynamics of the temporal evolution of each sampling chain.

This technique is similar in spirit to the one proposed by Müller and Smith [29] for polymer blends. In our

simulations, the moves are described by local displacements to guarantee a Rouse motion as follows: first, a rigid

segment is randomly chosen, if this segment is an end segment then an end-bond rotation move is used, otherwise

a trial crankshaft move is attempted [30]. If no overlaps occur between segments of the same chain, the SCMF

Hamiltonian for the new configuration, H [αnew], is calculated and compared with the original conformation,

H [αold]. The move is accepted according to the probability given in Eq. 7.1, otherwise the original configuration

is maintained. The chains are initially distributed homogeneously in the simulation box, then moved according

to the aforementioned scheme. Simulations were performed in the canonical ensemble with N = 145 chains, a

temperature T = 37 ◦C in a simulation box of size (70σ)3 with periodic boundary conditions. To determine the

finite size effects we have run simulations with different sizes of the box also modifying the number of sampling

chains to keep its concentration around a constant value. In the smallest box 182 sampling chains are sufficient

but more are required as the size is increased. The cycle unit of time, tcyc, can be compared with the time

scale in experiments, t, by the relation t = tcycDcyc/D where Dcyc and D are the diffusion coefficients obtained

by the SCMF simulation and the one calculated via the Stokes-Einstein relation, respectively. Given that,

Dcyc = 〈∆~r (tcyc)
2〉/(6tcyc) where ∆~r (tcyc) = ~r (tcyc)− ~r (0) is the vectorial displacement of the center of mass

for a sampling chain at time tcyc from its original position calculated from the dynamic SCMF simulations,

the diffusion of a L44 chain can be calculated from D = kT/ (6πηR1) where η = 6.91 × 10−4 kg/(ms) is the

viscosity of water at 37 ◦C, and, R1 = 4.5σ = 2.3 nm is the average hydrodynamic radius for a L44 surfactant

in the solvent. We estimate the hydrodynamic radius from a series of dynamic SCMF simulations for chains in

a homogeneous solvent medium, where σ = 0.5 nm is taken from the literature [31]. With this, the diffusion

coefficients estimated from the simulations and the Stokes-Einstein relation are Dcyc ≈ 3.3(0.2)×10−22m2/cycle

and D = 1.5 ≈ 10−10 m2/s, respectively, and hence, t ≈ 2.3× 10−12tcyc s/cycle.

7.3 Results and Discussion

A series of autocorrelation functions can be defined based on the exchange of chains in the micellar aggregate.

At time t = 0 s the chains in the interior of the aggregate are labeled, and the exchange and reorganization of
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chains with time is monitored and represented through the autocorrelation function

F (t) =
f(t)− f(∞)

f(0)− f(∞)
, (7.2)

where f(t) is the fraction of labeled chains in the interior of the micelle at time t. Our simulations show that

for long simulation times on average half of labeled chains stay in the micelle meaning f(∞) ≈ 0.5. This

function is comparable to the one used in the TR-SANS experiments [11, 12] where time dependent fractions of

deuterated or nondeuterated surfactants in micelles are calculated from fitting the scattering intensity and has

been shown to be equivalent to the correlation functions obtained directly from the square root of experimental

scattering intensities [7, 8, 9, 11, 12, 10]. In Fig. 7.1 a series of relaxation functions calculated from the dynamic

SCMF simulations and Eq. 7.2 are presented for different simulation box sizes. As can be observed, the SCMF
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Figure 7.1: Relaxation kinetics of the L44 micellar system predicted from dynamic SCMF sim-
ulations. Red, blue, green and black lines refer to correlation functions obtained
from simulation boxes with volumes (25 nm)3, (30 nm)3, (35 nm)3 and (40 nm)3,
respectively from top to bottom.

simulations are able to span several orders of magnitude in time presenting three well-defined regimes. The first

one extends over one order of magnitude and can be related to a fast reorganization of surfactants close to the

inner core interface when the expulsion is initialised, this trend has been observed for diblock poly(ethylene-

alt-propylene)-poly(ethylene oxide) (PEP-PEO) [11] and polystyrene-block-poly(oligo(ethylene glycol) methyl

ether methacrylate) (PS-POEGMA) [6] surfactant systems. The second region continues over almost three

orders of magnitude; this behavior corresponds to a gradual relaxation of the expulsion process coming from the

reaccommodation of the surfactants near to the hydrophobic core boundary and the subsequent relaxation of

this process. This linear trend has been experimentally reported for different polymeric systems as in the case

of PEP-PEO [7, 8, 11], poly(styrene)-poly(ethylene-co-propylene) (PS-PEP) [9], PS-PEP-PS and PEP-PS-PEP

[10], and, PS-POEGMA [6] systems. In this regime the autocorrelation function is independent of the size of
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the simulation box. However, for longer times, F (t) can be observed to deviate from this linear behavior as

long as the volume of the box is large enough. A labeled chain that has been expelled from the interior of

the micelle is able to encounter the periodic image of the micelle if it diffuses a large enough distance. This

distance is related to the size of the simulation box, which means that for smaller boxes these finite system size

effects are noted earlier in the autocorrelation function. As can be observed in Fig. 7.1, as the size of the box

increases, the autocorrelation function is able to continue this deviation from the linear trend and approaches

the experimental relaxation process near the CMC where the equilibrium aggregates are not close to each other.

Indeed, this deviation from the linear behavior for longer times defines the third regime and has been subtly

observed, but not commented on, in experimental autocorrelation functions based on master curves shifted to

take into account the effects of temperature for a set of diblock [9] and triblock [9, 10] copolymer systems. In

conclusion, at the very least in a qualitative sense, we can state that our results appear to contain the correct

underlying physics in the kinetic exchange processes of single surfactants in the equilibrium regime.

Given that we are able to reproduce the same experimental behavior, we can now perform a microscopic

analysis of the chain dynamics. Of particular interest is the possibility of the surfactants to adopt a particular

configuration to facilitate their exit from the interior of the micelle. During the simulations we calculate the

radius of gyration of the chains, Rg, and average this quantity with respect to time as a function of the distance

from the center of the micelle, see Fig. 7.2. The statistical error is smaller than the size of the symbols and is
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Figure 7.2: Radius of gyration for the hydrophobic block of the surfactant as a function of the
distance from the center of the micelle. Vertical dashed lines represent the inner
hydrophobic core and the hydrophilic shell.

not shown. As can be seen, the hydrophobic block of the surfactants tends to stretch as the chain approaches

the micelle center. Contrarily, a reduction in the radius of gyration is observed as the surfactant approaches the

interface between PO and EO regions (vertical dashed line, 4.75 nm). The radius of gyration then smoothly

increases as the surfactant leaves the micelle and assumes a constant value on reaching the bulk solution (vertical
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dashed line, 7.5 nm). It should be noted that this sequence depends on the size of the surfactant and that longer

surfactants may not show this minimum for the radius of gyration on leaving the micelle, results not shown

here. That is, it appears that the surfactants undergo changes to the radius of gyration as they exit the micelle

revealing a series of transformations in their confirmation that aid in their escape. This suggests the existence

of a wide number of relaxation mechanisms related with the chain conformation instead of only one relaxation

process as suggested in the standard theoretical description [13, 14]. It should be noted that all surfactants in

our calculations have the same chain length demonstrating that this behavior does not require polydispersity

despite the suggestion of recent experimental works to that effect [15, 9, 6, 11, 10].

In order to better elucidate the nature or the simulation results we propose a simplistic model based on the

diffusion of chain surfactants in an aggregate of size N through an energetic barrier. We impose that surfactants

exist in only two states, namely: stretched (state A, populations with Rg > 1.35 nm) , and compressed (state

B, chains with Rg ≤ 1.35 nm). If the chains are in the compressed state then we consider that the depth of

the energy well is less than in the stretched state. In addition, the surfactants have a certain probability of

changing from one state to the other. All the model parameters are taken from the SCMF simulations including

the transition probabilities and the energy wells calculated by way of the concentrations of surfactants in the

different states as a function of distance from the micelle center. The model is solved numerically in spherical

coordinates using the Einstein-Smoluchowski equation coupled with terms relating the transitions between states

A and B,

∂cA
∂t

= −~∇ · ~JA − cAWA→B + cBWB→A, (7.3)

∂cB
∂t

= −~∇ · ~JB + cAWA→B − cBWB→A, (7.4)

where cA,B correspond to the concentrations of species A, B, WA→B and WB→A refer to the transition rates

from states A to B, and, B to A, respectively. The flux ~JA,B = −D (∂cA,B/∂r + (∂VA,B/∂r) cA,B/kT ) r̂ is

defined for each species and is subject to the potential VA,B . The solution of Eqs. 7.3 and 7.4 was achieved

by dividing the space into concentric shells of width 0.95 nm. In every shell i we calculated from the dynamic

SCMF simulations the transition rates which lie in the range 1.9 × 107 and 5.71 × 109 transitions/s for shells

inside the micellar core with radius 4.75 nm and null elsewhere. The energetic barriers are calculated by taking

a mean-force potential of the type VA,B(ri) = exp
(
−φeqA,B(ri)/kT

)
where the term inside the exponential refers

to the equilibrium volume fraction of each species. The minimum values of the potentials were found to be

−4.37 kT and −2.03 kT for species A and B respectively whilst a common maximum value for both species was

found to be 6.91 kT . The initial concentrations were obtained from the SCMF simulations in the equilibrium

regime.

Once the diffusion equations are solved, we can follow the spatial and temporal evolution of the different

surfactant concentrations A and B. In other words, we can monitor the entrance and exit of surfactant chains by

evaluating the change in concentrations with respect to the initial state for the region defined as the hydrophobic

core of the micelle. For simplicity, we compare in Fig. 7.3 the fraction of initial surfactants in the micellar core

with the autocorrelation function N (t) = f (t) /f (0) obtained directly from the dynamic SCMF simulations.

As can be observed, in both schemes the exchange process has more than one relaxation process contrary to the

prediction of standard theory [13]. In addition, the shape of the two autocorrelation functions is very similar
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Figure 7.3: Chain-exchange kinetics analyzed from the logarithmic correlation function ob-
tained through dynamic SCMF calculations (solid line) and solution of the diffu-
sion equation with inclusion of mean-force potentials and transition rates between
stretched and compressed surfactants (dashed line).

to the one reported in experiments for diverse copolymer systems [7, 8, 9]. In both cases a fast decrease of

the autocorrelation function is detected for times below 0.3 µs, subsequently, a transition to slower processes is

produced to finally relax for longer timescales. According to our observations, the initial fast decrease can be

associated to a readjustment in the positions of those surfactants which are near to the interface between the

core and the hydrophilic shell of the micelle at time t = 0 s due to the total absence of marked chains outside

of the micelle, thus promoting the relatively easy exit of these chains. This corresponds to the two first regimes

in Fig. 7.1 as discussed previously. After the initial accommodation of the labeled chains, the surfactants are

subject to being in a mean force potential well which controls the probability to diffuse out of the micelle

affecting the correlation function as shown in Fig. 7.1 in the case of the third regime. Since this potential well

depends on the two model individual chain physical conformations, A and B, the loss of surfactants depends on

the transition rate between the two conformations. The compressed configuration with the smaller well is able

to escape much more easily than the stretched one and so the stretched surfactants are required to wait until

they can become compressed before being able to leave. Our simple model is thus able to capture the mean

features of the SCMF calculations being a process controlled by the ability of the surfactants to escape from

the potential energy well of the micelle. In our model there are only two conformations, which leads to a more

simplified dynamic response with essentially two time scales. On the other hand, the SCMF calculations have

a very large number of conformations, each with its own potential well. This leads to many more time scales in

the SCMF dynamics in agreement with experiments.
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7.4 Summary

Our explicit dynamic SCMF coarse-grained simulations are able to model the exit exchange mechanism of a

triblock copolymer surfactant from a micelle. Furthermore, the simulation relaxation exchange kinetics are

qualitatively consistent with the available experimental data where an unexpected non-exponential behavior is

found. Although previous works attribute this non-exponential behavior to the polydispersity of the polymeric

surfactants in the experiments, our calculations use a strictly monodisperse distribution of chains. We then

conclude that the polydispersity is not necessary to explain the observed non-exponential behavior. To further

understand the nature of our results, we solve a simplistic two conformational state model of the diffusion

equation whose parameters were extracted from the SCMF simulations. We find that this simplistic model

is able to correctly reproduce the multiple time scales found in SCMF calculations, albeit with only two.

The SCMF results, and hence the experimental data, can thus be fully described by the effective potential well

that a particular surfactant experiences depending on its conformation. Given that the potential well essentially

controls the escape dynamics, this results in multiple time scales arising from the different conformations present

in the micelle and the transition rates between them.

80

UNIVERSITAT ROVIRA I VIRGILI 
COARSE-GRAINED MEAN-FIELD SIMULATIONS OF SURFACTANT MICELLES: STATIC AND DYNAMIC EQUILIBRIUM PROPERTIES 
Fabián Alonso García Daza 



References
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Chapter 8

Concluding Remarks

8.1 Significance of the Results

In this thesis we aimed to implement a series of SCMF simulations to study a set of low weight and block

copolymer surfactant systems. In particular, we sought to compare most of the results obtained in this work

with available experimental data, also, we studied unexpected physical behaviors reported in experiments, and,

when possible, we extracted from our simulations microscopic information difficult to reach by others simulation

methods.

This thesis can be divided in two parts: (i) examination of static equilibrium properties for surfactants systems

based on a series of SCMF simulations, and, (ii) study of dynamic properties in equilibrium regime for block

copolymers systems from explicit dynamic SCMF simulations. Accordingly, the contributions reached in this

work can be separated as follows: the first contribution of this work is a systematic analysis of diverse SCMF

simulations when predicting static equilibrium properties for selected surfactants. In Chapter 3 we analyzed

the aggregation properties of a series of nonionic Poly(ethylene oxide) alkyl ether surfactants with different

architectures including linear (diblock and triblock), branched and gemini. We showed that properties like the

CMC and aggregation number can be drastically varied by controlling the organization of the insoluble and

soluble blocks in the surfactants. To understand the cause of this phenomena we evaluated the excess enthalpic

and entropic contributions for all the systems under study, revealing, an increase in the solubility for triblock and

branched surfactants but a decrease in their aggregation numbers. Following the model for gemini surfactants

used in Chapter 3, we model a set of nonionic dimeric poly(ethylene oxide) surfactants in Chapter 4 to study

the unexpected deviation from the logarithmic scale of the CMC with respect to the length of the hydrophobic

units. We combined our estimations of the standard chemical potentials for free and aggregated surfactants

with a micellization kinetic model to determine the possible source of the mentioned deviation. From the results

we determined a series of nonequilibrium effects related with the large time scales for micelles to equilibrate,

that, when are combined by an increase in the number of free surfactants and possible adsorption effects may

account for the deviations of the CMC observed in experiments. In Chapter 5 we presented a coarse-grained

model for poly(ethylene oxide)-poly(propylene oxide)-poly(ethylene oxide) surfactants (PEO-PPO-PEO) under

the SCMF scheme. Equilibrium properties were analyzed and compared with available experimental data for

a wide number of block copolymer systems. In particular, the behavior of the CMC and the aggregation

numbers with the size of the hydrophobic PPO and hydrophilic PEO blocks was found to be consistent with

the experimental information: the increase in PO units results in a reduction of the CMC and an increase of the

aggregation number, while an increase in the PEO length subtly affects the CMC but decreases the aggregation

number. Also, our simulations revealed a deviation of the CMC from experimental data in the logarithmic scale
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for the most hydrophobic surfactants suggesting the existence of nonequilibrium effects similar to the studied

in Chapter 4.

The second contribution of this thesis is a detailed microscopic study of block copolymer systems in a dynamic

equilibrium regime. In Chapter 6 a set of Pluronic surfactants were studied by using the coarse-grained model

introduced in Chapter 5 and a series of dynamic SCMF simulations. By following traced sampling chains

originally placed in a micellar aggregate, a set of autocorrelation functions were defined to study the kinetic

monomer exchange processes. From the fitting of the autocorrelation functions we obtained a set of exit rates

constants which are compared with the data reported in experiments exhibiting a good quantitative agreement.

Additionally, we observed a decrease in the radius of gyration of the PPO blocks when copolymers diffuse

from the center of the micelle to the shell region. These results open the possibility of analyzing explicit

conformational changes involved in the expulsion process evaluating, from a microscopic point of view, the

validity of the assumptions in some theoretical and experimental works where coiled or stretched conformations

have been considered. In Chapter 7 we presented an analysis of the dynamic exchange of a selected Pluronic

surfactant to study a deviation reported in several experimental autocorrelation functions for similar copolymer

systems. We compared the results obtained by our simulations with solutions of a diffusion model for surfactants

interacting with a mean-force potential representing the micellar region. Transitions between coiled and relaxed

conformations in the diffusion model are included based on the conformational changes, observed in the previous

chapter, when surfactants enter or leave the micellar region. The analysis suggest the nature of the deviation

to be a consequence of a diffusive process across an energetic barrier where several time scales can be reached

depending on the number of the permitted size transitions for the insoluble blocks when leaving the micelle.

Our results question the importance of the polydispersity of the hydrophobic blocks effects as the main cause

of recently reported experimental deviations.

8.2 Future Work

The results obtained in this work present the SCMF theory as a suitable tool to study the micellization phe-

nomena in both, static and dynamic regimes. However, it would be interesting to include the fluctuations of

the system together with a more sophisticated model for the implicit solvent to consider the temperature effects

which are not currently accessible from our simulations. Besides, based on the fitting procedure developed in

Chapter 5, a set of different surfactants can be modeled within the equilibrium SCMF formalism to consider

mixtures of surfactants. Also, it is possible to design SCMF simulations to study drug carrier systems by inclu-

sion of a third component, representing the drug molecules, in the free energy formalism. From extension of the

dynamic SCMF simulations in the final chapters of this thesis, detailed information related with the aggregates

and drugs stability could be obtained, as expected, this would be of paramount interest for diverse research

fields. Additionally, dynamic SCMF simulations can also be adapted to test the effects of polydispersity on the

relaxation kinetics of copolymer systems by inclusion of a set of copolymers with different hydrophobic sizes,

and in consequence, a test of the impact on the autocorrelation functions can be followed. Finally, by two

dimensional SCMF simulations it would be also possible to study the effect of the micellar aggregates shape on

the kinetic exchange mechanisms.
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Appendix A

Pdf Derivation from the Free Energy

Formalism

To minimize the single-chain free energy in Eq. 2.17

F = N

∫
dαP [α] (uintra(α) + u(α)) + kT

(
N

∫
dαP [α] logP [α] +

∫
d~rcs(~r) log φs(~r)

)
, (A.1)

subject to the volume-filling constraint given in Eq. 2.5

φs(~r) +N〈φ(~r)〉 = 1, (A.2)

can be done by introducing the set of Lagrange multipliers π(~r) as follows

F =N

∫
dαP [α] (uintra(α) + u(α)) + kT

(
N

∫
dαP [α] logP [α] +

∫
d~rcs(~r) log φs(~r)

)
+

∫
d~rπ(~r) (N〈φ(~r)〉+ φs(~r)− 1) . (A.3)

Before determining the set of unknowns P [α] and φs(~r), we must define the analytical form of the central chain

intermolecular interactions. Taking the single-chain interaction energy from Eq. 2.16

u(α) =
N − 1

2
εcc

∫
d~rΦccint(α,~r)〈c(~r)〉+ εcs

∫
d~rΦcsint(α,~r)cs(~r), (A.4)

the constants εcc and εcs correspond to the associated energies for chains c to interact through the volumes

d~rΦccint(α,~r) and d~rΦcsint(α,~r) with the concentration fields 〈c(~r)〉 and cs(~r) at point ~r, respectively. The values

in brackets as the found in Eqs. A.2-A.4 represent averages over the single-chain conformations, namely, 〈· · · 〉 =∫
dαP [α](· · · ) as previously shown in Eq. 2.19. In particular

〈φ(~r)〉 =

∫
dα P [α]φ(α,~r),

〈c(~r)〉 =

∫
dα P [α]c(α,~r).

Once the intermolecular interactions for configuration α have been established as in Eq. A.4 we proceed to

calculate the probabilities P [α] from
δF

δP [α]
= 0, (A.5)

from Eqs. A.3 and A.4

δF

δP [α]
=N

(
uintra(α) +

N − 1

2
εcc

∫
d~r
[
Φccint(α,~r)〈c(~r)〉+ 〈Φccint(~r)〉c(α,~r)

]
+ εcs

∫
d~rΦcsint(α,~r)cs(~r)

)
+NkT

(
logP [α] + 1

)
+N

∫
d~rπ(~r)φ(α,~r)

=0, (A.6)
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reorganizing the terms

logP [α] =− 1

kT

(
uintra(α) +

N − 1

2
εcc

∫
d~r
[
Φccint(α,~r)〈c(~r)〉+ 〈Φccint(~r)〉c(α,~r)

]
+ εcs

∫
d~rΦcsint(α,~r)cs(~r)

)
− 1

kT

∫
d~rπ(~r)φ(α,~r)− 1, (A.7)

supposing the same size for all the beads of the chains (Φccint(α,~r)〈c(~r)〉 ≈ 〈Φccint(~r)〉c(α,~r)), additionally, taking

β = 1/kT and

uinter(α) = (N − 1)εcc

∫
d~rΦccint(α,~r)〈c(~r)〉+ εcs

∫
d~rΦcsint(α,~r)cs(~r), (A.8)

it is easy to see that Eq. A.7 is now

logP [α] = −β (uintra(α) + uinter(α))− β
∫
d~rπ(~r)φ(α,~r)− 1, (A.9)

with this, the pdf is found to be

P [α] =
1

q
exp

[
−β
(
uintra(α) + uinter(α) +

∫
d~rπ(~r)φ(α,~r)

)]
, (A.10)

where the constant in the right side of Eq. A.9 has been absorbed in q which in turn ensures the proper

normalization of the probabilities (
∫
dαP [α] = 1). In order to find the unknown solvent volume fraction, or

equivalent, the solvent concentration cs(r), it would be necessary to calculate

δF

δcs(~r)
= 0, (A.11)

which according to Eqs. A.3 and A.4, together with the relation between the solvent concentration and volume

fraction, vscs(~r) = φs(~r), with vs as the volume of a solvent monomer

δF

δcs(~r)
= Nεcs

∫
dαP [α]Φcsint(α,~r) + kT

(
log φs(~r) + 1

)
+ vsπ(~r)

= 0. (A.12)

Taking the first term in the right hand side of the above equation as an average value, the solvent volume

fraction will be

log φs(~r) = −βvsπ(~r)− βNεcs〈Φcsint(~r)〉, (A.13)

which leads to the final expression for the solvent volume fraction

φs(~r) = vscs(~r) = exp [−β (vsπ(~r)−Nεcs〈Φcsint(~r)〉)] , (A.14)

from here, considering negligible the chain interaction volume with respect to the surrounding available volume,

it is possible to determine the Lagrange multipliers based on the following approximated expression

π(~r) ≈ −kT
vs

log φs(~r). (A.15)

Equations A.2 A.10 and A.15 form of a set nonlinear equations and from their solutions it is possible to obtain

the values of the variables {P [α], cs(~r), π(~r)} and in consequence any average value or thermodynamic quantities

in equilibrium.
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Appendix B

Numerical Solution of the SCMF

Equations

Solution of the SCMF equations require certain approximations. In the first place the geometry of the system

must be stated in order to the define the elementary volumes dividing the space, namely, 1D planar layers

or concentrical spherical and cylindrical shells, 2D cylindrical and planar layers, and, 3D cubic volumes as

illustrated in Fig. B.1. Once the discretization has taken place, we proceed to formulate the SCMF equations

within this approximation. In this sense, the space integrals become in sums over the discretized Nk shells

each one with volume vk. In consequence, the chain molecular fields c(α,~r) and φ(α,~r) and the corresponding

interaction volume fractions Φccint(α,~r) and Φcsint(α,~r), the solvent volume fraction cs(α,~r) and therefore the

Lagrange multipliers π(~r) will contribute to the shells defined in the discretization procedure. To determine the

contribution of any of the chain volumetric quantities to the corresponding layer k we proceed as follows:

1. To calculate the concentrations c(α, k) of chain α in layer k. We identify the number of units, composing

the chain, located in the layer, then by dividing by the layer volume vk we determine the concentration

of the conformation. However, to complete the calculation we must sum over all the units belonging to

the conformation depending on the moieties taken into account, i.e., there many concentration fields as

species in the chain model. This consideration is also held for calculation of the chain volume fractions

and interaction volumes.

2. In the case of the chain volume fractions φ(α, k) we throw a random number of points Nran inside the

volume enclosed by every unit of the conformation, then, we calculate the number Nk
ran of points located

in layer k to determine the volume fraction of the unit in volume vk by calculating vcN
k
ran/(Nranvk) where

vc is the volume of one unit of the chain α.

3. To calculate the interaction volume fractions Φccint(α, k) we proceed in a similar way as in the previous

item, however, instead of generate random points in the interior of the units volumes vc we throw them

inside the interaction volume vint = 4/3π(r3int − σ3) enclosed by a shell of inner and outer radius σ and

rint, respectively. The interaction radius, rint is the maximum distance for units, of diameter σ, to interact

with the surrounding fields.

Once the contributions of all the molecular fields for every sampling chain α have been calculated with the

former procedure we proceed to calculate the chain probabilities P [α], the solvent volume fractions cs(k) and

the Lagrange multipliers π(k) from the SCMF equations stated in Chapter 2 and Appendix A. To start, the
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(a) (c)(b)

(d) (e)

Figure B.1: Discretization of the simulation box according to the geometry imposed to the
system: 1D (a) spherical shells, (b) planar slices, and, (c) cylindrical shells, 2D (d)
planar layers in cylindrical shells, and, 3D (e) cubic volumes. Arrows indicate the
axis of symmetry for every case.

incompressibility condition in Eq. A.2 is now

φs(k) +N〈φ(k)〉 = 1, (B.1)

with

〈φ(k)〉 =

Nα∑
α=1

P [α]φ(α, k), (B.2)

here, the integrals over all the possible chain conformations are not longer considered given the finite number,

Nα, of sampling chains used in the simulations. In this approximation, from Eq. A.10, the chain probabilities

can be written as

P [α] =
1

q
exp

[
−β

(
uintra(α) + uinter(α) +

Nk∑
k=1

vkπ(k)φ(α, k)

)]
, (B.3)

where the partition function is chosen to fulfill the condition
∑
α P [α] = 1. The intramolecular energies are

calculated as εcc times the number of nonconsecutive units belonging to the same chain which are close to each

other a distance below rint from their centers. From Eq. A.8, the intermolecular mean-field energy for chain α

is

uinter(α) = (N − 1)εcc

Nk∑
k=1

vkΦccint(α, k)〈c(k)〉+ εcs

Nk∑
k=1

vkΦcsint(α, k)cs(k), (B.4)

with cs(k) = φs(k)/vs, and the average concentration fields calculated from the single-chain contributions in a

similar way as the volume fractions in Eq. B.2

〈c(k)〉 =

Nα∑
α=1

P [α]c(α, k). (B.5)

88

UNIVERSITAT ROVIRA I VIRGILI 
COARSE-GRAINED MEAN-FIELD SIMULATIONS OF SURFACTANT MICELLES: STATIC AND DYNAMIC EQUILIBRIUM PROPERTIES 
Fabián Alonso García Daza 



Finally, from Eq. A.15 the Lagrange multipliers are now

π(k) ≈ −kT
vs

log φs(k). (B.6)

In consequence, solution of Eqs. B.1, B.3 and B.6 with aid of Eqs. B.2, B.4 and B.5 will provide the solutions

of the chains pdf together with the solvent concentration fields. Given the discretization scheme all the fields

and probabilities are considered now in a matrix representation: solvent, c(k) and φs(k), and chain, 〈φ(k)〉

and 〈c(k)〉, fields are represented by vectors with Nk components, while the chain probabilities, P [α], as well

as the intramolecular energies are vectors with Nα elements. Terms in the vectorial intermolecular energy

in Eq. B.4 come from operations between the matrices of size Nα × Nk representing the interaction volume

fractions Φccint(α, k) and Φcsint(α, k) with the vectors of size Nk for chain and solvent concentrations 〈c(k)〉 and

cs(k), respectively. Additionally, mean volume fractions values as in Eq. B.2 are calculated from the product

between the vector of the probabilities with Nα elements and the matrix of volume fractions with Nα × Nk
elements resulting in a vector of size Nk representing the average 〈φ(k)〉 values. A similar procedure is considered

in the case of the mean concentration fields in Eq. B.5. From here, solution of the system equations can be

addressed by several techniques including iterative or Newton-Raphson methods, in fact, we found identical

solutions obtained from both methods in the case of short chains. Besides, given the solutions of the system

are given in terms of matrix operations we can fast the calculations by (i) reduction of zero-valued elements,

and, (ii) parallelization of the matrix-vector operations via OpenMP platform. Once the pdf and the solvent

concentrations have been determined from solution of the above equations, any structural or thermodynamic

quantity can be calculated for the system under study.
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