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Chapter 1

Introduction

1.1 A Brief Historical Introduction

The birth of supersymmetry [1] is related with the birth of string theory in the late
1960’s. It was known that the string (bosonic) action was anomaly free only in 26
spacetime dimensions. Ramond, Neveu and Schwarz proposed to add d fermionic
field doublets to the d original bosonic fields of the string. The result was an action
anomaly free in 10 dimensions and invariant under a symmetry relating fermionic

and bosonic variables.
A few years later Wess and Zumino extended the idea of referring fermions and

bosons to four dimensional quantum field theories constructing the first supersym-
metric action consisting on a multiplet of one Majorana fermion, one complex scalar
and an auxiliary (non-propagating) complex scalar. A bit after they found a super-
symmetric action for a multiplet containing a gauge field.

A few years before, in 1967, Coleman and Mandula had proven, under resonably
general assumptions, that the most general symmetry of the S-matrix of a relativis-
tic quantum theory of fields has a Lie algebra consisting on the Poincaré generators!:
P, and J,, and a finite number of operators commuting with all the Poincaré gen-
erators and furnishing a Lie algebra (or subalgebra) of a compact Lie group. This
seemed to discard the Wess-Zumino model as a good quantum theory of fields since

according to the Coleman-Mandula theorem any S-matrix symmetry mixes fermions

'In theories with only massless particles, in addition to the Poincaré algebra, the theorem allows
the conformal algebra.
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with fermions and bosons with bosons, but not fermions with bosons.

Wess and Zumino solved the apparent contradiction pointing out that the Coleman-
Mandula theorem works only with commutation relations between the generators
while the supersymmetry generators satisfy anticommutation relations. In fact,
Gol'fand and Likhtman were those who, in 1971 and independently of Wess and
Zumino, extended the Poincaré algebra to a graded Lie algebra with commutation
and anticommutation relations and demanding invariance under this symmetry they

found a supersymmetric action in four dimensions.

1.2 How many dimensions do we live in?

Along the different attemps to unify fundamental forces (occured from the late of
19th century) the concept of extra dimensions [2] has played an important role:
Once the relativistic invariance of the Maxwell’s theory of electrodynamics was rec-
ognized it became clear (due to Minkowski’s work) that the unification of electricity
and magnetism required space and time unification into a four dimensional contin-
uum “spacetime”.

Gunnar Nordstrom was the one who proposed, before the appearance of Einstein’s
theory of gravity, a five dimensional Maxwell-like theory together with a 5-conserved
current. He noticed that in the cylindrical case (none of the fields depends on the
fifth dimension) one could identify the fifth component of Maxwell’s vector with a
scalar gravitational potential, and the fifth component of the conserved current with
the trace of the energy-momentum tensor. The rest of the fields and current compo-
nents were indentified with the usual Maxwell vector and electromagnetic current,
respectively. Thus, Nordstrom found a unification between electromagnetism and
scalar (newtonian) gravity. When relativistic theory of gravity appeared, its uni-
fication with Maxwell’s theory was a question that quickly arose. In 1919, in the
wake of Einstein’s theory of gravity, the mathematician Theodor Kaluza proposed
an Einstein-like theory in five dimensions, more precisely, in M* x S! | namely, with
the fifth dimension (y) compactified on a circle. In order to avoid bivaluations of the
fields, those must admit a Fourier expansion with respect to the fifth coordinate.

Integrating the action with respect to y Kaluza found an effective 4-d action made
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up of an infinite tower of modes. The zero one consisted on one symmetric 4-tensor
(graviton), one 4-vector (Maxwell vector) and a non propagating sacalar (the so
called: radion), verifying the well-known 4-d equations of Einstein-Maxwell.?

Furthermore, there is no consistent way for building a quantum theory of gravity in
4 dimensions. The candidate to such a theory, the string theory, is consistent in 10

dimensions (with the help of supersymmetry).

1.3 Why supersymmetry

The supersymmetry has a list of nice properties that make it a powerful candidate
to describe some of the physics beyond the Standard Model (SM): supersymmet-
ric lagrangians are not quadratically corrected (the so called non-renormalization
theorem) only logarithmically®, which means that the masses do not receive any
correction [4] (nor infinite neither finite) only wave functions are corrected.

The running of the gauge couplings of the SM do not match exactly at any scale,
nevertheless, taking into account the supersymmetric degrees of freedom all of them

coincide at a scale «~ 1016 GeV.
Furthermore, local supersymmetry invariance implies local Poincaré invariance, namely,

a theory of gravity, in fact a theory of supergravity [4] though it is not a renormal-
izable theory and it is seen as an effective theory of the string theory.

Obviously, the supersymmetry can not be an exact symmetry since none of the su-
persymmetric partners of the SM particles predicted by the theory have been found
yet. The nature of supersymmetry breaking is still an open question although a
commonly accepted and used mechanism is the so called Scherk-Schwarz mecha-

nism to be described later on.

2The Kaluza action gives undesirable constraints on the fields if one takes into account its
variation with respect to the radion, for this reason Kaluza set it directly to 1. Afterward, Jordan
realized that the action presents, in addition to the general change of coordinate invariance, an
invariance under global scale transformations. On the other hand, a possible solution to the action
is the flat Minkowski spacetime. This solution serves as a natural vacuum which is not invariant
under the global scale transformation and thus the scalar serves as a Goldstone boson acquiring a
vacuum expectation value.

3A supersymmetric theory having a U(1) (local) gauge invariance can present a mass renor-
malization and even a supersymmetry breaking by radiative corrections due to the generation of
a Fayet-Iliopoulos term [3]. Nevertheless, one can avoid that problem by imposing a traceless
generator of the U(1) gauge symmetry.
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In the following chapters we will review the the construction of supersymmetric

theories and the process of supersymmetry breaking.

This thesis consists mainly in the application of supersymmetry from extradi-
mensional models to some phenomenological aspects of Physics beyond the Standard
Model such as ElectroWeak Symmetry Breaking (EWSB) and neutrino masses. Ac-
tually these are the central questions around which the present work gravitates. The
main results of the thesis are summarized in the following:

We propose a supersymmetric model in five dimensions, where the fifth one is a fi-
nite interval (at the scale of TeV), with mass-like boundary terms. Supersymmetry
is broken by the boundary conditions a la Scherk-Schwarz and the EWSB is induced
by radiative corrections with a tiny fine tuning of the parameters.

Within the same class of models we exhaustively investigate the possibility for yield-
ing an ultra light mass for neutrinos by letting the right handed neutrino to propa-
gate in the five dimensional bulk with bulk mass M and arbitrary mass-like boundary
terms. We find that in the general case the model yields a sub-eV Majorana mass
for the SM left handed neutrinos. There is, however, a particular bulk-boundary
configuration where a global U(1) symmetry arises and prevents the lepton number
from being violated, yielding thus a Dirac mass connecting left and right handed

neutrinos, whose value is exponentially suppressed by the bulk right handed neutrino
mass.



Chapter 2

Supersymmetric Theories and The

Minimal Supersymmetric
Standard Model (MSSM)

In the previous chapter we mentioned the construction of supersymmetric theories.
In this chapter we will briefly review how to construct them from the supersymmetric
algebra and finally we will present the MSSM as an example of a supersymmetric

theory.

2.1 Construction of a supersymmetric theory

2.1.1 Supersymmetric algebras

Our aim is to construct a relativistic theory of fields respecting supersymmetry and,
possibly, an internal symmetry. According to the Coleman-Mandula theorem [5], the
Lie algebra of the symmetry of our S-matrix must be made up with: The Lorentz-

Poincaré generators J* , P* and a set of generators 7 furnishing a Lie algebra of

9
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a compact Lie group, all of them satisfying [6]:

[P, P] = 0 (2.1)
Qi[J T = g TR gt TV TR JPY g PR (2.2)
i[Pr, Jr°) = n P7 -t PP (2.3)
ifJ™ , T4 = 0 (2.4)
i[Pr, T4 = 0 (2.5)

—i[T*, TP = f48 1¢ (2.6)

With n* the Minkowski flat metric. In addition to (2.1)-(2.6) we have a set of
generators (())) (supersymmetry generators) verifying anti commutation relations
which together should furnish a graded Lie algebra, that is: We can define a parity
operator P such that we can always classify the generators as even ones (those
satisfying [P, M] = 0) and odd ones (those satisfying {P,Q} = 0). Then is easy to

see that the next relations do hold:

0 = [P, [even , even]]
0 = {P, [even , odd]} (2.7)
0 = [P ,{odd, odd}]

Let us write the generalized Jacobi indentities [7]:

= [[B1, Bo], B3] +[[Bs, Bil, Bao] +[[B2, Bs], Bi (2.8)
= [[Bi, Bo], Bs]+[[Fs, B, Bo] +[[B2, F3] , Bi (2.9)

{[Br, o], B3} +{[l5, B, Fxt +[{F2, I3}, Bi (2.10)
= {A, B}y, Bl+{F, B}, Bl +{F, F}, F (2.11)

o o o o
I

Where we have denoted by B the even generators and F' the odd ones. Taking into

account (2.7), the Poincaré algebra and the Jacobi identities one can see that:
QL L ] = A (2.12)
With the matrix A" verifying:

i[AR | AP = P AFT e AVT o AP g AP (2.13)
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and thus, furnishing a representation of the Lorentz group or, in other words: « is
a spinor index !. For that reason, we will briefly summarize the properties of irre-
ducible representations of the Lorentz group in spacetime of arbitrary dimension [8].

Consider the Dirac algebra in a spacetime of dimension d 2
I, IV} =269 (2.14)

withi,j =1,2,---,d, I' hermitian matrices and the usual I'’ is now defined as iI*?.

The dimensionality of the minimal representation of the Lorentz group is, then:

2
2d

We will distinguish between even and odd dimensions:

[JIIoH

for d even

Y for d odd

v ‘

e (d even

The minimal representation is reducible because the hermitian operator I'**! =
I0...79"! commutes with all the generators of the group. So the irreducible
representation of the Lorentz group in d = 2n dimensions has dimensionality

2"~! obtaining thus the representation in Weyl spinors

e d odd
We can use the Dirac algebra in d — 1 dimensions plus I'* matrix to generate
the Lorentz algebra. Therefore, the minimal representation in odd dimensions

is irreducible.

One can prove that it is always possible to define a matrix (charge conjugation
matrix) satisfying:

CL=+Cand I}, = £C.I',CL' (2.15)

Nevertheless, not both signs are possible for all dimensions (for odd dimension only

one of the signs is possible). The charge conjugation matrix allows to define (not in

Index 7 cannot mix non trivially under Lorentz transformation unless it lives in the same
representation as «. Otherwise, we would violate the Coleman-Mandula theorem.

2We will consider only one timelike direction.
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all dimensions) a real constraint on spinors: In general we can have Dirac spinors (D)
(without any constraint), Majorana spinors (M), Weyl spinors (I¥) (only on even
dimension), Majorana-Weyl spinors (MW) or Simplectic-Majorana-Weyl spinors 3
(SMW). All those properties (except the dimensionality of the representation)
depend on the dimension of the spacetime with periodicity d — d+8. The table 2.1
summarizes the different possibilities of spinors. The number in the last column is
the number of real degrees of freedom for the irreducible representation.

In order to have irreducible representations of supersymmetry, the generators )"
should be spanned in the spinor irreducible representation according to the spacetime
dimension, thus, in four dimensions Q" should be a Majorana spinor (or a complex
Weyl spinor) while in five dimensions Q" is a 4-component Dirac spinor. Note
that N = 1 in five dimensions is equivalent to N = 2 in four dimensions. Due
to the periodicity of the spinor representation there are only 8 different types of
supersymmetric algebras. The reader can find an excellent explanation and a whole

derivation of the algebra structure in reference [1]. We will write the supersymmetric

Table 2.1: Spinors allowed in several dimensions

d | spinor allowed | real d.o.f.
1 M 1

2 MW 1

3 M 2

4 M 4

5 8

6 SMW 8

7 D 16

8 M 16

algebras for the cases concerning us (with vanishing central charges [1]):

3Whenever a consistent Majorana condition A\* = C X is not possible it can be defined a
Symplectic-Majorana condition by doubling the number of degrees of freedom: Aj = Q;;C \; with
Q an antisymmetric matrix satisfying Q*Q = —1 .
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e ford=4and N =2

[JNV , Qs] — —ghv Qs
{Q", Qs} = 2i6"0, P+ (2.16)
{Q", @} = 0

e ford=4and N=1
", Ql =~ Q

{Q, QY = 2io,P" (2.17)
{Q@.,QF = 0
ed=5and N=1
{Q", @} = —ie” ¥MCPy (2.18)

With € the total antisymmetric tensor, v = {v* | i75}, C the antisymmetric

charge conjugation matrix and o* = (1, ).

Once we have briefly presented the supersymmetric algebra we will deal with the

representations of the supersymmetry.

2.1.2 Supersymmetric theories

In this section we will construct a supersymmetric action for d = 4, N = 1 super-
symmetry and for d = 5, N = 1 supersymmetry. First of all we will ask ourselves
by the field content on each supermultiplet (the irreducible representation of the
superalgebra). We will distinguish massless from massive particles [1, 6] because its

spin structures are very different:
e 4 dimensional N = 1 supermultiplets

— Massless particle states:
For massless particles we must define what is called helicity h = p - J

with p the normal 3-momentum vector and J the 3-angular momentum.
Each irreducible representation of the homogeneous Lorentz group with
massless particles consists on a single helicity state with eigenvalue A =

% (for some integer number n). Furthermore, if parity is a conserved
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quantity then for each A-helicity state, there is a —A-helicity state because
{P, h} =0" Consider now (2.17) with P* = E(1,0,0,1)

{Q, @i} = 4B (2.19)
{Q,Q:} =0 (2.20)
{Q1, QL =0 (2.21)
{Q1,Q.:} =0 (2.22)

with [J3 | Qi%] = $%Qi%. This tells us that if we have a state of

maximum helicity \,,., then we will have another state of helicity \,qz —
%. Of course, we will have helicities +A,,4, and £(Apae — %) if parity is

conserved. In four dimensions, with N = 1 we have, so, massless on-shell

supermultiplets of the form:

(¥, @) for Az = 1/2 (2.23)
(V#, &) for Apgz = 1 (2.24)

Where ¢ , € are Majorana spinors ® and V# , ¢ are one vector and one

complex scalar, respectively.

— Massive particle states:
For massive particles we can define the spin group (generated by the
three spatial rotations) and now the irreducible representations of the
homogeneous Lorentz group consist on states |7, ¢ > with j some integer
or half-integer positive number, and ¢ running with steps of +1 from —j
to j. Since [P, J|=0,P|j, 0 >=nlj, o > with |5> = 1. For any
supermultiplet there is always at least one spin irreducible representation

l7, a>suchthatQi% 7, 0>=0foroc=—j,--,7].

4The photon is an example of two helicity states because QED preserves parity. On the other
hand the SM neutrinos have only one helicity because SM do not have parity as a symmetry

5For matter we could use complex Weyl representation but the vector multiplet discribes the
gauge sector which is in the adjoint representation, namely: real representation, and hence we use
Majorana spinors.
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x For j = 0 we find a supermultiplet (¢ , ¢) where ¢ is a complex

Weyl spinor and ¢ is a complex scalar.
* For j = 1/2 we find a vector supermultiplet (¥ , ¢, V#) where U is

a Dirac fermion, ¢ is a real scalar and V* is a (massive) gauge vector.

e 5 dimensional N = 1 supermultiplets
As we saw in the previous section the number of supersymmetric charges in the
irreducible representation of N = 1 in 5 dimensions doubles the corresponding
number of the N = 1 4-dimensional case. So from the 4-d point of view, N =1
in five dimensions is equivalent to N = 2 in four dimensions. If we proceed
like we did in the case of N = 1 in four dimensions we find, for the massless

case the following on-shell supermultiplets:

(¢, ¢;) for matter case (2.25)
(Vi &, ¥, Q) for the gauge sector (2.26)

where 1 is a Dirac fermion, ¢; is a doublet under SU(2)g of complex scalars,
VH is a 4-vector, & is an SU(2)r doublet of Symplectic-Majorana spinors °
and X and () are real scalars. In the five dimensional multiplet one of the

scalars is the fifth component of the gauge field.

To derive an invariant action we will furnish a representation of the supersymmetry
algebra with the field content above found. Nevertheless, we need auxiliary degrees
of freedom (obviously non physical) if we want the algebra to close. This is because
the supermultiplets do not have the same number of off-shell bosonic and fermionic
degrees of freedom. In other words, we would need the equations of motion.

For the case of N =1 in four dimensions we have the off-shell supermultiplet

(Y, ¢, F) (2.27)

With F' a complex scalar and we take ¢ as a complex Weyl spinor. v has dimension

of B2, ¢ has dimension of E and F has dimension of £2 7. From (2.17) we see that Q

6See section 3.3.
"Since F is a non propagating degree of freedom the action can not have any derivative of that
field and the simplest way of entering it is quadratically: |F|%.
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has dimension of £/ %, therefore, the supersymmetry parameter e (which is a complex

Weyl spinor valued Grassmann parameter) should have dimension of E-z. Taking
into account the dimensions of the fields and demanding (2.17) to be satisfied we

find the supersymmetric variations [4]:

o) = V2 o"edp+ V2 eF
oo = V2eqp (2.28)
6 F = iv2e"on

with &, = 09(0,)*02. Invariant lagrangians under this transformations are:
Ly = i0,05" + ¢*0%p + F*F (2.29)
L = Lo+m( AF - %W +he) (2.30)
For the vector multiplet we find the off-shell supermultiplet is
&, Vi, D) (2.31)

with D a real auxiliary scalar. If we express £ in terms of its Weyl components

()

and A = ioa\*, the supersymmetric transformations can be written as follows [4]

e Vi = i€ 00y + i€ 5,0\ (2.32)
de A = o"eV,, +ieD (2.33)
6 D = &'\ —ea"I N (2.34)

with V,, =0,V, — 9,V and o = i(a“&” —a’at).

A lagrangian invariant under these transformations is:

1
—D? (2.35)

4 < 1
L =i "0\ + ZVM Viw — 5
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In four dimensions and N = 1 it is possible to derive systematically the invariant
lagrangian as well as the form of supersymmetry transformations themselves, using
the superfield formalism. For N > 2 and with no central charges, we can use the
R — symmetry of the superalgebra to construct an invariant lagrangian from the
most general invariant one with NV = 1. The reader can find exhaustive explanations
in references [4, 1].

Finally, for the case of N =1 in five dimensions we have the off-shell multiplets [9],

and supersymmetric transformations:

o = (¢, ¢, F)
0 ¢ = —V29y
b v = V2iyMOy il + V2FE (2.36)
0 F' = —V2iExMop

for matter multiplet, and

Vo= (VM XN p, X9
6 VM = qgiyM)
5 X' = (SYVVyn =AM Darp)€ — i(X 0% (2.37)
6 p = &'\
0 X* = &(0")IAMDuN —[p, E(0*)7N]

for vector multiplet. Where X is a triplet, under SU(2)g, of auxiliary real Lorentz
sacalars, V = gV *T* with T the generators of the gauge symmetry group and g
the gauge coupling constant, Dy f = O f — i[Viy, f] and ZMY = 1[yM 4N The
supersymmetric lagrangians are given in the next chapter.

Up to now we have reviewed, from a quite general point of view, the properties of
supersymmetry and the construction of an invariant theory. In the next section we

will briefly present a supersymmetric version of the standard model.
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2.2 Supersymmetric version of the Standard Model
(MSSM)

In the previous chapter we presented some reasons to consider supersymmetry as a
good candidate to be the symmetry of the theory beyond the standard model. Let

us concretize a bit more about what we meant with this. The standard model is a
gauge theory describing electroweak and strong interactions with the local symmetry

group: SU(3) x SU(2) xU(1) and, thus having 12 spin 1 gauge bosons: ¢ for strong
interactions, W* for weak interactions and Y for the hypercharge [10]. Its spin 1/2

content is 8:

zi) = (3,2,1/6)

_i — (3, 1, —2/3>

di = (3,1,1/3) (2.38)
LZ-:(Z’:) = (1,2,-1/2)
& = (1,1,1) (2.39)

with i a family index, and its spin 0 content (Higgs particle) is

h= ( ;ﬁ ) =(1,2,—-1/2) (2.40)

the parenthesis gives the representation of (SU(3),SU(2),U(1)) where the corre-
sponding field lies.

In addition to the gauge couplings the standard model has Yukawa couplings between
fermions and the Higgs as well as a potential for Higgs of the form: p2hth+ \(hTh)?,
with 2, X real parameters. For negative values of p? the potential minimizes at
h # 0 giving a Vacuum Expectation Value (VEV) to the Higgs breaking, thus,
spontaneously the electroweak symmetry and giving masses to the rest of the parti-

cles including SU(2) x U(1) gauge bosons [11]. The standard model, nevertheless,

8We are considering neither right-handed neutrino multiplets nor neutrino mass Yukawa cou-
plings for they would not affect the conclusions of this work. They could be easily incorporated.
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is an effective theory of a more fundamental one including gravity at higher scales.
The experimental results show the standard model as a good theory at energies
< 100 GeV, so there should be a cutoff of the theory. The problem with the stan-
dard model arises precisely from its renormalization properties. The standard model
is a renormalizable theory which means that all the divergences appearing in per-
turbation theory can be absorbed by the redefinition of the lagrangian parameters
and therefore there is no natural scale that serves as a cutoff of the theory. On the
other hand, the fermion masses are protected by the gauge symmetry to be zero (if
we want left- and right-handed fermions to be differently affected by the symmetry)

but there is no reason to set to zero the scalar masses. And that is the reason
of the quadratic divergences in the correction of p? parameter. The regularization

of such divergences depends on the scheme introducing new arbitrary mass scale.
Notice that were the theory not renormalizable we would need a scale under which
the theory is valid and this is a natural cutoff of the theory determining the Fermi
masses of the standard model particles. The problem now is that the masses of the
particles depend on the arbitrary scale introduced by the regularization scheme. In
our search of a more fundamental theory containing the standard model as a low
energy description we can not accept such an arbitrariness. The only known way to
protect scalar masses is supersymmetry. As we have seen before, supersymmetry re-
lates fermions with bosons with the same momentum eigenvalue (in particular: with
the same mass). Therefore, if the fermions are massless due to a gauge symmetry
so will the bosons be. Furthermore, the nonrenormalization theorems assure us the
presence of no quadratic divergences. Let us start, so, with N = 1 supersymmetry
and two Higgs supermultiplets’. The most general superpotential allowed contains

the super-Yukawa terms [1]:

(D:HY = U:H)D;) , [(E:H) — N:Hy)Ej] (2.41)

and

(D;HS — U;HY)U;) (2.42)

9We must use two Higgs supermultiplets in order to cancel the SU(2) x U(1) anomalies.
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where we have the supermultiplets:

_ (0 _(H)
H1—<H1) ande—(Hg

According to (2.41)-(2.42) a VEV acquired by HY gives masses to down-type quarks
and leptons while a VEV acquired by HY gives masses to up-type quarks. Notice
that two Higgses, therefore, are needed to give masses to all quarks and leptons.
Nevertheless, the superpotential allows terms which violate lepton and baryon num-
ber conservation. In order to avoid this problem one can make use of the so called
R-parity, which is a discrete subgroup of a continuous U(1)g symmetry '°. This
means that the minimal supersymmetric extension of the standard model comes
from N = 2 supersymmetry. The so called Minimal Supersymmetric Standard
Model (MSSM).

We have said nothing about supersymmetry breaking yet and it is obvious from
experimental results that it can not be present at energies of the validity region
of the standard model. One could think that supersymmetry is broken in a way
similar to the breaking of SU(2) x U(1). Nevertheless, there are some rules not
affected by the symmetry breaking (protected by color and electric charge symme-
tries). For instance, the fermions with electric charge —e/3 are: d, s and b, for which:
m2+mi+m? = (5 GeV)?, and if there are no other fermions their supersymmetric
partners should hold a similar relation: > m? = (5 GeV)? which is excluded by ex-
perimental data (there is no evidence of scalar matter at energies below 7GeV). The
breaking of supersymmetry, therefore, must come from higher scales. For instance
it could be performed in extra dimensions (via the VEV acquired by other fields).
For this reason, in the next chapter we will present some breaking mechanisms of

supersymmetry in five dimensions.

0Coming from the SU(2)p symmetry that N = 2 supersymmetry presents.



Chapter 3

Compactification of Extra
Dimensions, Orbifolds and
Supersymmetry Breaking

3.1 Motivation

The motivation for the compactification of the extra dimensions is rather simple: Up
to quite high energies (E ~ 100 GeV') we do not detect the presence of more than
four spacetime dimensions in nature. This means that all of the extra dimensions (if
real) must be very small (the smaller distance you want to reach the higher energy
you must spend to). The idea is that the known particles live in our four dimensional
world, while there are very massive particles living in the (4 4+ d)-dimensional bulk,
and they are so massive that a large amount of energy must be spent in order
to produce them. In addition to this, all the extra dimensions must be space-
like, otherwise we would have closed time-like curves (because extra dimensions are
compactified) and this violates causality [2]. An elegant procedure to “reduce the
size” of the extra dimensions is the compactification [12]. Althogh we have loosely
introduced the notion of compactification as the process of reducing the size of a
space it has a precise meaning in the context of topological spaces. There is a natural
way of compactifying a given (non compact) topological space through the action
of a group. In the following we will briefly describe this method starting by giving

the basic notions on topological spaces and differentiable manifolds.

21
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3.2 Compactification of spaces

Previously, we have given an intuitive notion of compactification as reducing the
size. Nevertheless, this process has a precise definition in the context of topolog-
ical spaces. In the following two sections we will briefly review the basic notions
about topological spaces and differentiable manifolds. The interested reader can

find excellent introductory courses on these topics in Ref. [13, 14, 15].

3.2.1 Topological spaces

The notion of topology on a general space is a generalization of the natural notion of
closeness between points in R”, derived from the Euclidean metric, where a neighbor-
hood of a given point x is defined as the open ball B.(x¢) = {z € R"| |x — 2| < ¢, € > 0}.
For a general set X we define a topology, denoted by 7 (X), as a collection of subsets

of X verifying the following properties

1. X e T(X).
2. ) € T(X) where () denotes the empty set.

3. If {Uy, -+ ,U} is a (finite) collection of elements from 7 (X) then
Uyn---NnUgeT(X).

4. If {U,} is a collection, with an arbitrary number (perhaps infinite), of elements

from 7 (X) therefore U, U, € 7 (X).

Thus the open sets of X are the elements of 7 (X) while the closed sets are those
whose complementary belongs to 7 (X). Notice that according to that definition
the whole set as well as the empty set are both open and closed at the same time. A
set (or space) X with a defined topology is called a topological set (or space). One
can define, as a generalization of the corresponding Euclidean notion, the closure of
a set as: if A C X is a subset of a topological space then the closure of A, denoted
by A, is the set of points € X such that for any open set U > x, UN A # (). Then
an alternative definition of a closed set is that any set A is closed if, and only if,
A=A
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It is clear that given a set one can provide many different topologies for it, for
instance, the most naive topology of a given set X is 7(X) = {X,(} from where
the only open sets are the whole space X and the empty set. At the other extreme,
the finest topology that can be given to X is 7 (X) = P(X), the set of all possible
partitions (subsets) of X, where every element of X is an open set. As these extreme

cases illustrate, the notion of open set can be totally different from the intuitive open
balls in R".

Induced topology

Suppose we have provided the set X with a topology 7(X). A subset Y C X
inherits a topology from X in the following way: V' C Y belongs to 7(Y') if, and
only if, there is U € 7(X) such that UNY = V. It is easy to check that this
definition is indeed a topology but the open sets of Y may not be open sets in X.
For instance, consider in R, with the usual Euclidean topology, the closed unity

interval Y = [0, 1]. Then the open sets of Y are of the from

(,0) 0<e6<1
0,0) 0<d<1
(,1] 0<e< 1

where the last two class of sets are not open in R.

Continuous functions

Let X and Y be two topological spaces and f : X — Y an application between
them. We say that f is a continuous function if f~%(V) € 7(X),VV € T(Y), that
is, the set of points in X whose mapping by f is a given (arbitrary) open set in
Y, form an open set in X. The induced topology defined above makes the natural
inclusion ¢ : Y — X to be continuous. Nevertheless, the image by a continuous
function of an open set is not necessarily an open set. As an example, consider
the function f : R — R given by f(z) = x?. The image of the open interval
(—1, 1) is [0, 1) which is not open although the function is perfectly continuous.
This is true, however, for any homeomorphism. A function h : X — Y is called

a homeomorphism if it is continuous, 1 to 1 and exhaustive and if, in addition,
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h=':Y — X is as well continuous. Notice that in this case the spaces X and Y are

topologically equivalent, since to any open set V € T (Y) we can assign a unique

open set h™ (V) € T(X) and vice versa.

Derived topologies

1. The product topology.
Let X and Y be two topological spaces. The topology of their cartesian
product, X x Y, is defined as follows: Y C X x Y, ie. U = Ux x Uy, is
an open set if, and only if, the canonical projections IIx(U) = Ux C X and
Iy (U) = Uy C Y are open sets in X and Y, respectively. Again this topology

makes the canonical projections to be continuous functions.

2. The quotient topology.
Let X be a topological space and Y C X. We can define the quotient space
X/Y by the set of equivalence classes defined by the equivalence relation:
x,x’ € X are equivalent if, and only if, x € Y and 2/ € Y. The topology on
the quotient space is then defined through the quotient projection

XY

P: X
x []

—_
—
as: U C X/Y is open if, and only if, there is U € 7(X) such that P(U) = U.

As the cases above, with this topology the quotient projection is a continuous
map.

Topological properties of spaces

1. Separability (Hausdorff spaces).
A topological space X is said to be Hausdorff (or separable) if for any pair of
points x, 2z’ € X there are open sets U, > x, U,y > 2’ such that U, N U, =
(). The Hausdroff spaces have topological properties which are close to the
intuitive notion of Euclidean topology in R™: if X is a Hausdorff space, any

single point € X is a closed set, if {z1,--+ , 2} C X is a finite subset then
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each point z; is an isolated point from the rest, as a consequence of this we

have that if A C X then x# € A if, and only if, any open set U > x contains

an infinite number of points of A.

2. Connectedness.
X is connected if only X itself and () are subsets being open and closed at

the same time. An equivalent definition is: X is connected if it can not be

expressed as the disjoint union of open sets.

3. Arc connectedness.
A topological space, X, is arc connected if for any pair of points x,2’ € X

there is a continuous function ¢ : [0, 1] € R — X where the closed interval
has the topology induced by R, such that ¢(0) = z and ¢(1) = 2/. It turns out

that any arc connected space is connected but the reciprocal is not necessarily
true.

4. Compactness.

Let X be a topological space and {U;},.;, where I is a set of indices, a collection

of open sets of X such that U;c; U; = X. We then say that {Ui}iel is an open

covering of X. Let now I' C I, if Ujep U; = X we say that {U;},.;, is a

subcovering of X.

A topological space X is said to be compact if for any open covering {U;},.,
there is a finite subcovering, that is, if from the set {U;},., we can take a
finite number, say {Uy,--- ,Ux} such that Uy U---U Uy = X. For instance
consider the set (0,1] € R, with the induced topology. An open covering can
be {(%, 1} }n>0. Non the less, by taking an arbitrary but finite number out
of the covering, say {U,,,--- ,U,,} we cover the set (1/nmqeq, 1] With 1,0, =
max {ny,- - ,ng}. Thus (0, 1] is not a compact space. In fact, it can be shown

that a subset of R™ (with the usual topology) is compact (according to the

previous definition) if, and only if, it is closed and bounded.

All these properties are preserved by homeomorphisms, that is, if X,Y are two

equivalent topological spaces (i.e. related by a homeomorphism) then X verifies
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some of the above properties if, and only if, Y verifies it /them as well. Moreover, the
image by a continuous function of a connected (arc connected) and/or compact space
is as well connected (arc connected) and/or compact. The separability, however,
is not preserved by continuous functions, in general. Finally, if X and Y are two
topological spaces then X x Y is Hausdorff and/or connected (arc connected) and/or
compact if, and only if, each space holds the same(s) property(ies).

Once the notion of continuity is properly defined on a general space, one can add a
richer structure by requiring smoothness, that is: differentiability, which generalizes
the regular surfaces in R3. These are the so called differentiable manifolds, which
we immediately define. In what follows we will think of R™ as a topological space
provided with the usual Euclidean topology and any subset of R™ will have the
induced topology.

3.2.2 Differentiable manifolds

An intuitive definition of a manifold is a space which locally looks like R™, although
its global structure can be very different. The sphere in R3, S?%, is an example. An
open neighborhood of a given point p € S? is an open sheet containing that point,
which is homeomorphic to an open ball in R?. However the whole sphere is very
different from R?, actually S? is a compact space (since it is a closed and bounded
subset of R?) while R? is not. In fact any regular surface in R® is an example of a
differentiable manifold since by definition a surface is regular if one can locally and
univocally parameterize it with an open set of R2. A precise definition of a general
manifold is given now:

A differentiable manifold of dimension n consists of:
1. A topological space, M 1.

2. An atlas of M, which is a collection of pairs {(U;, ¢;)} where {U;},.; is
an open covering of M and ¢; : V; C R" — U; C M is a homeomorphism
between U; and an open set, V;, in R™, such that whenever U; N U; # 0 the

i€l

LStrictly speaking one should require certain restrictions on the topology of M since we finally
want it to locally look like an open set of R™
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homeomorphism
¢t oo (Uin Uj) CR" — ¢ (U;N Uj) CR™,
is a differentiable function. Each pair (U, ¢;) is called a local chart.

3. An equivalence relation between atlas given by: If {(U;, ¢;) },c; and {(Va, ¥a) }aea

are two atlas of M we say that they are equivalent if, and only if, {(U;, Vs, ¢i, ¥a) tie 1
ac

is again an atlas of M. That is the union of the atlas is an atlas.

Notice that the only non trivial requirement in (3) is that whenever U; N V,, # () the

homeomorphisms
o7t oy U (U;N V) CRY — ¢ (U;N VL) C R,
v log ot (U;NV,) CR" -y N (U;NV,) CR",

2

are differentiable functions. The rest of requirements for {(U;, Va, ¢i, o) Yier  to be
a€A

an atlas are immediately satisfied since each collection is already an atlas.

A differentiable manifold is then a space that locally can be univocally parameterized
by n real coordinates such that this parameterization changes smoothly over the
whole space. For this reason the open set in a local chart is often referred to
as a coordinate neighborhood. In addition, such a neighborhood is topologically
equivalent to R™. Examples of manifolds are: R” itself, any smooth surface in R3
like the sphere and the torus.

A very important structure associated to any differentiable manifold is the tangent
bundle, which loosely speaking is the space obtained from the manifold itself by
attaching to each point p € M the set of all tangent vectors to the manifold at that
point. For a regular surface S C R3? it is clear what is the tangent space at each
point p € S, denoted by T,S: it is the set of all vectors in R?* with origin at p and
which are tangent to the surface. The tangent bundle of S, denoted by T'S, is then

the set of pairs

TS = Upes (p7 V) .

VET,S
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For a general manifold, however, we could have no ambient space to which refer a
tangent vector. Instead we give a formal definition of tangent vector which depends
on the manifold structure only. First of all we have to specify the notion of differ-

entiable functions defined on the manifold: let M be a differentiable manifold with
an atlas

{Us, ¢ : Vo CR"™ = U, }

ace?l

and f : M — R be a continuous function. Then f is said to be differentiable if
foor!:V, CR" — R is differentiable for any local chart. We denote D(M,R) the
set of real valued differentiable functions defined on M. Let now ¢ : (—¢, ) CR — M
a (differentiable) curve in M such that ¢(0) = p € U, C M and € > 0 is small enough
so that ¢(—e¢,€) C U,. We say that c is differentiable if ¢, 0c: (—€¢,€) — V, CR"is
a differentiable curve. A vector tangent to M at p, V,, is then defined as an operator

acting on any differentiable function f € D(M,R) such that V,[f] = < f(c(t))i=o-

dt
Let (z',--- ,2™) € V, C R" be local coordinates of the coordinate neighborhood
U, C M and (c'(t),---,c™(t)) the local expression of ¢ in this system of coordinates

with v* = (%ck(t))tzo. Then, by the chain rule we have

0
V;)[f] szkﬁfp-
k

Since this is for any differentiable function f we can identify the vector with the

differential operator
0
_ k
h=2 v (w) =

where the subscript indicates the point where the partial derivative is evaluated.
This is a linear operator verifying the Leibniz rule, i.e. V,[fg] = f V9] + g V,[f]. In
addition, for any v = (v!,--- ,v") € R" the differentiable curve (v't,---  v"™t) has v
as tangent vector. Moreover, for any pair of vectors u,v € R" and for any pair of
real numbers A, 4 € R the differentiable curve (Au + pov)t has Au + pv as tangent
vector. Thus the set of tangent vectors to M at p, T,M, has structure of vector

space and it is isomorphic to R™. The isomorphism is explicitly given by



3.2 Compactification of spaces 29

R" — T,M
0
(00 de0) = ),
Since the coordinates (z!,- -+, 2™) are globally defined on the coordinate neighbor-

hood U,, the partial derivatives 9/0x* form a basis globally defined on the whole
tangent space to U,, TU,.
Suppose that U, N Uz = W # () with 2% and m’é being the corresponding local

coordinates, i.e., related by the diffeomorphism zf = (¢5' o gzﬁa)k (o). Then if V is

a tangent vector to M at p € W, its expressions in the above local coordinate basis,

0 0
_ E k _ § : l
k a/p l B P

are related via the Jacobian of the above diffeomorphism as
E_ 0 -1 ko1
=2 57 (65" 0 %) v
!

This shows that the tangent bundle itself has structure of differentiable manifold

with local charts

fa: VaxR' —  TUy2UyxR"
(:B,U) — <¢a(x)72k vt (%)qﬁa(x))

However, the global structure of the tangent bundle T'M may not be the direct
product M x R™. This is due to the fact that, unlike the case of R™, in a general
manifold one has no naturally defined global basis for the tangent vectors. Thus
the components of a vector determine it univocally on a local chart but one has to
specify the change of coordinates with the neighboring charts in order to consistently

describe the vector.
Finally, a vector field, is a map that to each point in M (or in an open subset of M)

assigns a unique tangent vector. A vector field is said to be differentiable if its local

expression in any local chart is a differentiable R™ vector field.
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Once we have a notion of what is a manifold we will describe the process of com-
pactification a given non compact manifold through the action of a group starting

by the definition of the action of a group on a manifold.

3.2.3 Compactification by the action of a group

Let M be a manifold and G a group acting on M in the sense that there is a

differentiable map

I MxG — M
(p,g) = Typ)eM

verifying

1. T = Id where e € (G is the identity element in G and Id is the identity map
in M.

2. Vg9, € G, Tyol'y =Tyy.

Thus it makes sense if we simply write I'y(p) = g p.

We will further assume that the action of G on M is properly discontinuous, namely:
Vp € M there is an open neighborhood U of p such that g(U)NU # 0 if, and only if,
g = e, which is to say that the set of points in M which are connected to each other
by a group transformation, known as an orbit of ¢, is a discrete set in the topology
of M. Notice that the properly discontinuous action implies that any element of G
(except the identity) leaves no invariant point on M, i.e. Vg # e, gp # p, Vp € M.
It is then said that G acts freely on M.

The compactification of M follows from the identification of all the points in an
orbit, that is: p,q € M are identified if, and only if, p = g ¢ for some g € GG. The
compactified space is, thus, the set of orbits in M, that is M/G. Recall that M

induces a topology on M /G such that the canonical projection

M/G

II. M
p ]

—
—
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is a continuous function. A sufficient condition for M/G to be a compact space is
that there is a compact set C' € M, such that Uyeq g(C) = M. Hence M /G =11(C)
being the image of a compact space by a continuous function is compact itself.

Furthermore, It can be shown that M /G naturally inherits a structure of differen-
tiable manifold from M such that the above projection is a differentiable function
(more precisely it is a local diffeomorphism, i.e. a smooth 1 to 1 function with

locally smooth inverse [13]). Let us give some examples of what we have stated:

1. The circle S*
Consider in R the action of the group of translations by a multiple of the unity,

that is

gn: R R
x +

H
= T4n
with n € Z, hence G = Z. The action is, in addition, properly discontinuous.

To see this notice that Vo € R the open interval J, = {y € R||y — z| < 1/2}
verifies g, (J;) N T, = 0, Vn # 0 since

ly+n—zf=|n] —ly—a|[>n] -1/2>1/2, n#0.

In this case the compact set C' can be taken as C' = {z € R||z| < 1/2}, thus
R/Z = S' is a compact differentiable manifold.

2. The n dimensional torus x"S?!
The case above can be directly generalized to higher dimensions as the action
of ®"7Z over R".

3. A less trivial example: The Klein Bottle
Consider the group, say G, of homeomorphisms on R? generated by 7, (x,y) =
(x+1,y) and 7 (z,y) = (—z,y + 1), that is: the set of all possible composi-
tions of these elements and their inverses. This group is nor abelian neither
freely generated since 71797 = 7. However, this identity allows us to express
any element of Gk as (Tg)kz (Tl)kl with ki, ko € Z, although this correspon-

dence is not a group homomorphism.
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Consider now the open set
Uap) = { (,9) € R?|||(z —a,y = D)[| < 1/2} ,

since (72)" (1) (z,y) = ((=1)*2(z + k1), y + k2) we thus have a properly dis-
continuous action. Moreover, C = {(z,y) € R?|||(x,y)|| < 1/2} is a compact
subset of R? which covers R? under the action of G, therefore R?/G is a

compact and differentiable manifold (In fact it is homeomorphic to the Klein
Bottle).

The last example serves as an illustration of the compactification procedure, non
the less it is not suitable for a field theory to be defined on it since the Klein
Bottle is a non orientable space and hence non integrable. In the context of a
(special) relativistic (quantum) field theory, which will be defined on My x R, M,
being the 4D Minkowski space, the compactification will concern only the k extra
dimensions. Thus the SO(1,3 + k) space symmetry group will be spontaneously
broken to SO(1,3) x SO(k).

It is clear that at the level of a (quantum) field theory we must demand certain
restrictions on the fields to be well defined on the compactification manifold. This

can be done in two different ways:

e The usual compactification (a la Kaluza).
Here we restrict the fields to be invariant under the group action, namely: If
f is a field defined on the manifold M and g : M — M is an element of the
considered group, we require f o g = f. Thus f will be naturally defined on
M/G as f([p]) = f(p). Applied to My x R — M, x S compactification,
we have that any 5D, ¥(z,y) field has the symmetry ¥ (z,y) = ¥(z,y + 27R)

with R the circle radius. Thus they may be written as a Fourier expansion,

Y(@,y) = 2p Yalz) R,

e A non trivial compactification.

Suppose the action for the field theory is

S:/M.C(f). (3.2)
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In this case we do not restrict the fields themselves but we require them to
transform as a symmetry of (3.2) under the group action. That is, fog =t, f
where t is some homomorphism of G acting on the space of the fields and
leaving the action of the theory invariant. Over M /G thus we would have a
multivalued field, this problem can be formally avoided by thinking of f as
defining a non trivial fiber bundle on M /G. This kind of compactification was
introduced by Joel Scherk and John Schwarz [16] in 1979 as a mechanism to
break supersymmetry spontaneously by generating masses to some (but not
all) of the fields of the supergravity multiplet. We will describe this symmetry

breaking mechanism at the end of this chapter.

3.2.4 Orbifolds

In the process of compactification we start with a smooth manifold to end up with
another smooth space. Non the less, if the compactified theory has to reproduce
the known low energy physics it has to describe 4D chiral fermions, however, if the
compactification is taken to be ”smooth”, like the cases above, that is not possible.
To illustrate this consider the previous 5D compactification. As it was pointed out
in the previous chapter, the irreducible minimal representation of the Dirac algebra

consists on 4 components Dirac spinors

U= ( i; ) : (3.3)

thus, after the compactification (take it trivial, for simplicity) we are left with a
tower of Dirac spinors W™, hence no chiral states are present. But with a non
smooth compactification we can be left with a theory describing chiral fermions,
as we will show in a moment. Before that, let us define what is a non smooth
compactification.

Now M will denote a connected (possibly compact) and differentiable manifold while
G will be a group acting non freely on M, leaving invariant a discrete set of points,
say ©® C M. Moreover we will assume the action of G on M\® (M minus the set
D) to be properly discontinuous. First notice that this action is itself well defined

since if there were p € M \®© and g € G such that gp € ®, then by definition there
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would be ¢’ € G, with ¢’ # e, such that ¢'gp = gp and hence g~'¢'g p = p, which is
a contradiction with the fact that p ¢ D since g7'¢'g # e. By the same argument
G(®)Co.

Furthermore M \ ® is open in M and thus it is a differentiable manifold, therefore
by the properly discontinuous action of G, M = (M \ D) /G is again a differentiable
manifold. In this way we can see the space M /G as the disjoint union MUD, where
D=9 /G and clearly belongs to the closure of M. Thus the latter discrete set can
be thought of as a set of singular points attached to a smooth space. Nevertheless
this does not necessarily imply that the space M/G is singular itself in the sense
that it has points where the differentiable structure breaks down, as the next two

examples illustrate.

1. M={z€eC||z| =1} 28" and G = {Id, €} = Z, with I[d(z) = z and €(z) =
2*,Vz € M. Clearly, G has {—1, 1} as invariant points and its action on S\
{—1, 1} is properly discontinuous. Actually (S'\ {-1,1})/G = (-1,1) C
R?, hence S'/G = [—1, 1]. However, an open set in [—1, 1] containing the
point {1} (alternatively {—1}) is of the form (e, 1] (alternatively [—1, €)) with
le| < 1 which is not homeomorphic to any open interval in R. Thus the

differentiable structure is broken at the fixed points.

2. M = C and G the cyclic group generated by €27x n > 2. ie. G =~ Z,. The
only invariant point in C' under G is the origin and one can easily check that
the action of G on M \ {0} is properly discontinuous. Finally, it turns out
that C/G is the upper half of a cone with deficit angle 27 /n. In contrast to
the previous example the cone admits a global differentiable structure since it

is globally homeomorphic to R2.

At the level of field theories, we demand the fields to transform under the action of

the orbifolding group as a symmetry of the corresponding action. More concretely,

fog=T1,f, (3.4)

with 7" some homomorphic image of G in the group of symmetry transformations. If

go is the generator of the orbifolding group verifying gy = e, therefore 7" = T7 = 1.
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An interesting consequence gives rise when we consider the action on a fixed point,
say gpo = po. In this case f(gpo) = f(po) = T,f(po), thus we have a constrain
on the fields at the fixed points. The operator T is called the parity operator.
Applied to My x S'/Z, orbifold and considering 5D Dirac spinors ¥, we can take
T = 75, thus on the fixed points we have the constrain ¥ = 5 W, i.e. a well defined
chirality. In what follows we will review the process of supersymmetry breaking by
the Scherk-Schwarz compactification in orbifolds. For simplicity we shall restrict to

a five dimensional case.

3.2.5 Scherk-Schwarz compactification in orbifolds

Our starting point was a smooth manifold M modulated by a discrete group G ,
acting freely on the former (with operators 7 and represented in the field space
by operators T), defining, thus, a compact smooth manifold C = M/G . Now we
introduce a second identification by another discrete group H acting non freely on
C' (with operators ¢ and represented in the field space with operators Z) defining an
orbifold C'/H. We can think of (;, and 7, as functions acting on the covering space
M, in this way we are taking G and H as subgroups of a larger discrete group J
acting on M. In general, g - h # h - g which means that J # G x H (it is not the
direct product). As before, if we want our theory to be defined in the orbifold C'/H
the operators R acting on field space and furnishing a representation of [J must

leave the action invariant. There are, nevertheless, constraints on the operators T’
and Z as we can see by analyzing the simple case of S'/Z, = [0, 7R]:
The freely acting group Z is the translation 7(y) = y + 2n R while the orbifolding
group Zs is the reflection with respect to the origin ((y) = —y . It is easy to see
that ¢ - 7-¢ = 77! (the group J is the semi direct product between Z and Z,) or
equivalently 7-( -7 = ( and analogous constraints must satisfy the operators 7" and
Z

Z-T-Z=T"'"+=T-Z-T=2Z (3.5)

and

72 =1 (3.6)
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Equality (3.6) implies that Z is diagonalizable with eigenvalues +1 . Since T and

Z are global symmetries of the theory we can write
T =P (3.7)

With A; hermitian and traceless matrices. With this, the constraints (3.5) translates
into:

(X, Z} =0 (3.8)

In the special case when [T, Z] = 0 the condition (3.5) reads 72 = 1 . The operator
T is called the twisting operator while Z is called the parity operator.

3.3 Supersymmetry breaking by Orbifolding

We will analyze the different supersymmetry breaking mechanisms due to the exis-
tence of extra dimensions. In order to simplify the analysis we will consider the case
of a five-dimensional N = 1 supersymmetric theory compactified in M* x S1/Z, .
Basically, we will follow the formalism used in [9]

We start with 5-d spacetime with metric nyn = diag (+1,—1,—1,—-1,—1), M = pu,5

and Dirac matrices yM = (7“, 75) 2 with

7= ) = (50) o

where o = (1,) and 6" = (1, —&) . The off-shell vector multiplet consists on
(AM, 5, AX') (3.10)

Where A); is a five dimensional vector, ¥ is a real scalar, X = (X1, X5, X3) is a
real auxiliary field transforming as a vector in the adjoint representation of SU(2)g

and A" are Symplectic-Majorana spinors transforming as a doublet under SU(2)x .

2The dot is used to distinguish it from the usual v° = ( (1) _01 )
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In addition, all the fields carry an index a living in the adjoint representation of a

3

gauge symmetry group. Symplectic-Majorana spinors® are defined

i )\Z N _ . i\ ¥
M= ( Eijij ) . AL = —io” () (3.11)

where A\;, are Weyl spinors and ¢;; is the total antisymmetric 2-tensor with the con-

vention €2 = +1

As we have seen in the previous chapter, the off-shell matter multiplet (hypermul-
tiplet) consists on
(A%, F") (3.12)

Where A are two complex scalars transforming as a doublet under SU(2)g , % is a
Dirac fermion and F? are two auxiliary complex scalars transforming as a doublet
under SU(2)g. The supersymmetric transformations in the vector multiplet are
given by (2.37):
SN = (YMVFyy —yMDy¥Y) € —i(X - 5)7¢
06X = &G(oM)IAMDyN — i [8,&6(0%) T NV] (3.13)
where all fields are Lie algebra valued, namely:

V = gvere (3.14)

with T generators of the gauge symmetry group and g the gauge coupling. While

the supersymmetric transformations in the matter multiplet are given by (2.36):
GeAT = —V2e9E51)
S0 = iV2yMDy AT+ V2FE
SF' = —iN26M Dy (3.15)

3In five dimensions there are no dynamical Majorana spinors because the kinetic term ¢y™ dp1)
is a total derivative.
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Both, supersymmetry parameters and supersymmetry generators are Symplectic-
Majorana spinors. This supersymmetry structure is valid in flat 5-d spacetime as well
as toroidal 5-d spacetime (M* x S') . In the case of orbifolds, M?*x S /Z,, there are
four dimensional branes at the fixed points (y = 0, y = 7R) where supersymmetry
is reduced from N = 2 to N = 1 as we will show bellow. As discussed above, due

to the orbifold group a parity assignment arises on the fields:

where Zy = 1 are the intrinsic parities. Obviously, parities must be assigned such
that they leave the bulk lagrangian invariant. Fields with negative parity must
vanish at fixed points but have non vanishing derivatives 05¢p which can couple
with fields living in the boundaries, while fields with positive parity are not forced
to vanish at the boundaries. We will separately consider the cases of matter and

vector multiplets.

3.3.1 Vector multiplet

We will consider here the vector multiplet (3.10) and orbifold conditions that do
not break the gauge structure. The parity assignments are chosen to be those in

table 3.1, where we have also included the parities of the supersymmetric parameters.

Table 3.1: Parities of the vector multiplet

Z=+41|2=-1
AM | pe AP
DM %

i AL A2
Xa X3 X1,2
13 33 &

Notice that ¥ is odd and so it does not couple to the wall, while D5Y = 053 is then

even and gauge-covariant on the wall.



3.8 Supersymmetry breaking by Orbifolding 39

From table 3.1 we can see that £} is the parameter of the N = 1 supersymmetry
on the wall. The supersymmetric transformations (3.13) reduce on the walls to the

following transformations generated by &} on the even-parity states:
Se AR = igtaral —inTarel
0Ap = Y€ — (X7 - 3:8)¢;
0 X% = &6 DAL — i€ DsA2 + hec.
0c05sY = —if} DsA2 + h.c. (3.17)
From the last two equations in (3.17) we have:
0e(X? — 95%) = &1a" D, AL (3.18)

which shows that the N = 1 vector multiplet on the brane in the Wess-Zumino (WZ)
gauge is given by (A*, A}, D) where the auxiliary D-field is D = X® — 953 [17, 18].

In this way the five dimensional action can be written as

S = /d5x {,65 + Zé(y - yi)£4i} (3.19)

where y; = 0, 7R in the present case. The bulk Lagrangian should be the standard

one for a five dimensional super-Yang-Mills theory
_ 1o 2 | Y M 72 3
L5 =tr QFMN + (D) + Ay Dy A+ X° — A2, A (3.20)

with trt4t? = §48 /2. The boundary Lagrangian should have the standard form cor-
responding to a four-dimensional chiral multiplet localized on the brane, (¢, v, F')
and coupled to the gauge N = 1 multiplet (A*, A}, X3 — 053). The chiral multi-
plet is supposed to transform under the irreducible representation R of the gauge
group and we will call t4 the generators of the gauge group in the corresponding

representation. The brane Lagrangian is then written as
Ly = tr[|Dug]® + Yric" Dy, + |FI]

— igV2(\P Tt + YrtadAl) + g oTtpd( X5 — 9:84)  (3.21)



40 Compactification of Extra Dimensions, Orbifolds and Supersymmetry Breaking

The Lagrangian involving the auxiliary field X3' and the scalar field ¢ is

[ {50+ gomatiors - osh | (3.22)

Integrating out the auxiliary fields X3' yields the boundary Lagrangian

g6 tho05 — Lg (61460 (0) (323)

As we can see the formalism provides singular terms 6(0) on the boundary which
arise naturally from integration of auxiliary fields. These singular terms are required
by supersymmetry and they are necessary for cancellation of divergences in the

supersymmetric limit. These terms can be formally understood as

5(0) :% i ! (3.24)

n=—oo

Using Egs. (3.20) and (3.21) we can write the five dimensional Lagrangian for
the ¥4 fields as

L; = —%(85EA)2 —0(y)g ¢tRpds S — %g2 (o'th0)” 6% (y)
= —% (0554 + 6(y)goitae]” (3.25)

We can see that the Lagrangian (3.25) is a perfect square and the corresponding

potential has a minimum at

1
B = —Sge(y)o'tho (3.26)

where €(y) is the sign function. We can see that if ¢ acquires a VEV, also %4
acquires one breaking the gauge group. The function ¥4(y) is an odd function and
has jumps at the orbifold fixed points. This behaviour is typical of odd functions in
orbifold backgrounds [19, 20, 21, 22].
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3.3.2 Matter multiplet

Hypermultiplets on the walls can be treated in the same way as we have just done
with vector multiplets. A hypermultiplet is defined by (A% ¢, F*), where F is a
doublet of complex auxiliary fields. A consistent set of assignments which yields

N =1 supersymmetry on the wall is

Table 3.2: Parities of the hypermultiplet

Z=41|2=-1
At Al A2
P YL YR
F F! F?
¢ 33 3

Similarly to the vector multiplet case, supersymmetry on the wall is generated

by £} and it acts on even-parity states as

At = V26

Setbr, = V2010, AN — V205 A%} + V2FEL

SeF' = V209,00 + V26, Ostbn

0c05A° = V2 sur (3.27)

Putting together the last two equations of (3.27) leads to
0e(F' — 05A%) = iv/2¢;640,1y, (3.28)

which shows that A = (A, ¢, F'' — 05A?) transforms as an off-shell chiral multiplet
on the boundary. Notice that, as it happened with the case of the vector multiplet,

the auxiliary field of a chiral N = 1 multiplet on the brane does contain the 05 of

an odd field.
We can now write the coupling of the bulk hypermultiplet to chiral superfields

Oy = (¢, %o, Fo) localized on the brane through a superpotential W that depends
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on ¢y and the boundary value of the scalar field A!,
W =W(®d,A) (3.29)

The five dimensional action can then be written as in Eq. (3.19) with a bulk La-

grangian
L5 = |0y A2+ ipy™MOpph + | F)? (3.30)
and a brane Lagrangian
aw
= (F' = 0sA4%)— + h.c. 31
£4 ( 85 )dAl + h.c (3 3 )

Integrating out the auxiliary field F'* yields

aw

F'=—8(y) 7 (3.32)

and replacing it into the Lagrangian (3.30) and (3.31) gives an action

} (3.33)

where we again find a singular coupling §(0) as required by supersymmetry. Col-

2

dw

- 4(y) JAL

dA!

(05/12@ + h.c.) +6(y) ’

lecting in (3.33) the terms where A% appears we get a potential

2

dW
_ 2
V =|0sA +5(y)dA1 (3.34)
that is a perfect square and is then minimized for
1 dW
A= —— — )
Sel) (3.3)

Then if supersymmetry is spontaneously broken in the brane, i. e. if

(1) #!
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then A? acquires a VEV. This behaviour is reminiscent of a similar one in the

Horava-Witten theory [23, 24, 25] in the presence of a gaugino condensation.

3.4 Supersymmetry breaking by Scherk-Schwarz
compactification

One could think of breaking supersymmetry by a "super Higgs” effect via some
Goldstone spinor contained in a matter supermultiplet (maximum helicity 1/2).
This method, however, can not be general [26] since for extended supersymmetric
theories with N > 3 there is no supermultiplet with helicity less than 1. As an
alternative, consider an N = 1 five dimensional supersymmetric theory. As shown
in the previous chapter, this corresponds to N = 2 four dimensional supersymmetry
whose filed content consists (for the matter multiplet) in one dirac fermion, ¥, and
two complex scalars, ®°, transforming as a doublet under the internal SU(2) group

of automorphisms. Now the compactification, My x R — M, x S, is carried out
at the level of the fields as

U(z,y) =V(x,y +271R), (3.36)
O (z,y + 27R) = {€2FFN ®i (1 ) | (3.37)
VS M4 ) ) € R?

with & € su(2), & a constant vector and R the S' radius. Then by redefining the
fields as

(z,y) = {797} @ (z,y). (3.38)
with ©'(x,y + 27 R) = ©'(x,y) we can spontaneously generate different masses for

scalars and fermions, breaking thus the supersymmetry. This breaking is sponta-

neous since the supersymmetric algebra
{Qi, Q]} = Eij’)/MC PM + EijC Z, (339)

survives the dimensional reduction promoting Ps to a central charge with respect to

the 4D Lorentz-Poicaré group. In the original work by Scherk and Schwarz the non
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trivial compactification is applied to the N = 1 4D supergravity multiplet to reduce
the theory to N = 2 3D. As it is shown, the fourth component of the gravitino, 5,
serves as the Goldstone spinor.

Let us explicitly analyze the effect of Scherk-Schwarz compactification in the cases of
matter and vector multiplets of an N = 1 five dimensional supersymmetric theory.

As before we compactify the theory in the orbifold.

3.4.1 Bulk breaking

In the previous section we saw how compactification in the orbifold breaks half
of the supersymmetry at the branes. Now we will analyze how Scherk-Schwarz
compactification breaks the supersymmetry in the bulk:

Consider the 5-d on-shell (free) lagrangians (3.20) and (3.30)

L5 = tr —%Ffm + (D) + My Dy h — A2, A (3.40)
Ls = |0y H'|? + inpy™ Oprep (3.41)
With
H= (H', ) (3.42)
the on-shell matter multiplet and
V= (A, S, \) (3.43)

the on-shell vector multiplet. Recall that only H’® and A\’ transform as doublets
under SU(2)g , the rest of the fields are singlets.

The parity assignments are given by:

H(‘Ta _y) :PH(JI,y)

Y(r, —y) = i’f’@b(x, Y)
AN, —y)  =Q®in" Az,y)

where P and @) act on SU(2)g indices, 75 acts on spinor indices and

1 M=upu
,W_{—1M25
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H=PH

. o . o WP = iy B
Notice that (3.44) implies constraints at fixed points: at y =

Anm =TuAu

A=Q®i1y° A

0, 7R that work as boundary conditions. The SS-twists are given by:

H(z,y+27R) = ™7 H(z,y) (3.45)
Mz, y+21R) = 2% \(x,y) (3.46)

where & and 177 are two real valued 3-vectors. As we have discussed in section 3.2.5

{P,&-6} = 0 (3.47)
{Qi7-0t = 0 (3.48)
Trivial solutions to (3.45) are:
H(z,y) = “7% ¢(z,y) (3.49)
Aay) = €7 €(a,y) (3.50)

where ¢(x,y) and £(z,y) are periodic functions with respect to y. Notice that due
to constraints (3.47) and (3.48) ¢ and & have the same parity transformations that

H and X | respectively. Therefore, we can expand the fields as

Sry) =%, (Prcosint) + Posin(n) 6,()
) =%, (Qreostnf) + Qsin(nf)) &) (3.5)
v(z,y) =3, (Ticos(n¥) + T_sin(n)) ¢n(z)
Ap(z,y) =3, (Tuscos(nd) + Ty sin(ni)) g\’}[)(x)
Where we have defined
Py =(1+P)/2
Qi =(1£Q®17")/2
TR L 32
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In the case of global SU(2)g symmetry, solutions (3.49) break the symmetry with
the fifth component of their kinetic terms. In the case of local SU(2)g symmetry *

(in section 3.5 we will see how can this be performed) we have a gauge field By . If
By acquires a non-vanishing VEV such that <1§5> = % all non-singlet fields acquire

a mass shift. Consider the actions with the lagrangians (3.40) and (3.41) with the
VEV acquired by the gauge field (we consider SU(2)g doublet fields only)

TR
/ dy / d'e (Do) DY + ity Dusé (3.53)
0

with Dy = Oy + i%& dns - If we expand the covariant derivatives and plug (3.51)

in, we find
/ d'z > {aw;auqsn — %@t (n® + w? + 2in(Py — P_)J5) ¢}
+y {z'waugn + 26 (0 -Gy +iao) ﬁn} (3:54)
While the SU(2)g singlet fields split into a Kaluza-Klein tower of modes with mass
m, = —

R

SU(2)r doublet fields acquire masses which are the eigenvalues of their correspond-
ing mass matrix breaking, thus, supersymmetry.

The N = 1 supersymmetry of the brane lagrangian (3.21) is broken by radiative
corrections through the coupling with gauginos [27, 28].

3.5 Hosotani breaking mechanism

In this section we will show the equivalence between Hosotani breaking and Scherk-

Schwarz compactification mechanism °. In the five dimensional formulation of local

4Now the redefinitions (3.49) are absorbed by means of local invariance.

5In five dimensions it is always possible to resolve the Scherk-Schwarz compactification as a
Hosotani breaking. A general discussion of the issue for arbitrary number of dimensions can be
found in [29] .
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supersymmetry the SU(2)g global symmetry is promoted to a local symmetry me-
diated by an auxiliary gauge field [30, 31, 32, 33, 34, 35, 36, 37]. We will use the

formulation of Ref. [30] where two multiplets are necessary to formulate the five

dimensional off-shell supergravity: the minimal supergravity multiplet (405 + 40F)

and the tensor multiplet (85 4+ 8p). Their parities are summarized in Tables 3.3

and 3.4. Only graviton, gravitino and graviphoton are physical fields, the rest, in-

cluding those in Table 3.4, are auxiliary fields. The SU(2)r gauge fixing is done by

fixing the compensator field [30]

(3.55)

that breaks SU(2)r — U(1)r = {0?}. The invariant Lagrangian Lg,qp = Lninimar +

Table 3.3: Minimal supergravity multiplet

Field Z=+1 | Z=-1
JMN graviton Guvs 955 Jus
m gravitino Vurs V3L | Yirs Ysr
Bu graviphoton Bs By,
Vir | SU@2)r-gauge | V3, Vi | V3, V12
vMN | antisymmetric vHd vk
i | SU(2)g-triplet 12 t3
C real scalar C
¢ SU(2) g-doublet 1 &/

Liensor contains the term (1—e*)C and then the equation of motion of C' yields u = 0.

The relevant terms in L4, containing these fields are [30]

Egrav = - —¢P7

+ (V)2 —12(t")* — 48(+*)* — 12N t* — N*?

2

T - 1
PMND, 4y — — MNPQR

12

VA248NBPQR

(3.56)
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Table 3.4: Tensor multiplet

Field | Z=+1| Z=-1
Y ylz2 y3
Bynpe | Buwp Bvs

N N
p PL 1)

N

where vPM¥ is the normalized antisymmetric product of gamma matrices,

Dy = Dy +i0*Vy (3.57)

and D), is the covariant derivative with respect to local Lorentz transformations.

The field equations for the auxiliary fields yield
Vi=N=t'=t=0 (3.58)
while the field equation for the 3-form tensor By;yp gives

V2 =0 (odd field)

V2 = constant (even field) (3.59)

where K is an odd field and the last implication is suggested by the simplest choice

K=y (3.60)

= E

which leads to the background

V2= (3.61)

w
R
and makes the connection between Hosotani and Scherk-Schwarz pictures. Notice
that by allowing the fields to have non trivial twist conditions under compactifica-

tion group we recover the Scherk-Schwarz solutions.

Once we have summarized the basic mechanisms of supersymmetry breaking, we
will aply them in the following chapters in order to obtain some phenomenological

results concerning the Standard Model.



Chapter 4

Supersymmetry in the Orbifold

One of the key points of the Standard Model is the Higgs mechanism of symme-
try breaking [11, 38, 39]. As we saw in section 2.2 it consists on the spontaneous
breaking of a symmetry via the VEV acquired by a (scalar) field, non-singlet under
the symmetry group. This VEV is acquired spontaneously as the configuration that
minimizes the effective action * [41]. In the framework of the Standard Model it
is used to break SU(2); gauge symmetry giving masses to both, the SM matter
particles (quarks and leptons) and the gauge bosons of weak interaction (W= and
ZY). Nevertheless, the nature of the Higgs particle is quite mysterious, since as far
as the Standard Model is concerned, it is the only matter field which is a Lorentz
scalar. Because of that, it is worth investigating supersymmetry breaking to induce
Higgs mechanism; after all, supersymmetry provides the same number of fermionic
and bosonic degrees of freedom, and therefore it has scalar matter fields which could
play the role of the Higgs particle.

In this chapter we will present some approaches to the electroweak symmetry break-

ing from a supersymmetric theory in five dimensions.

Tt could happen that a symmetry is not broken at tree level but breaks spontaneously with
quantum contributions & la Coleman-Weinberg [40].

49
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4.1 Approach to the MSSM from supersymmetry
in the orbifold

The starting point is an N = 1 supersymmetric five dimensional theory built up with

on-shell matter and vector multiplets analogous to (3.12) and (3.10), respectively 2:

(Var, Ai, 23 (4.1)
(v, Hy)* (4.2)

With o = (¢, ¥r)" , N = (N, €7 iag)\zj)T and v, , ¥ and A;, Weyl spinors.

a is an index of an extra SU(2)y group in its fundamental representation. The
vector multiplet is Lie algebra valued as in (3.14) and the two scalar doublets of the
matter multiplet will be associated to the two Higgs doublets of the MSSM. The

whole on-shell lagrangian is given by [42]:

1 1 I i Y ‘
Ly = Etr {_§FJ‘2/1N + (DuX)? + iy Dy A — N[5, )\Z]}

+ |DyH?? 4 o (iyM Dy — 2) — (iV2H Np® + h.c.)
2 . 2
~ HUtsrHe - % (HfTagTAH;)

+ L (4.3)

Where Dy = 0y — iV is the covariant derivative with respect to the gauge sym-
metry group.

L, is a brane lagrangian like (3.21) built up with chiral matter and coupled to vector
multiplets as explained in section 3.3.1. In this case the vector multiplet lives in
the adjoint representation of SU(3) x SU(2) x U(1) gauge group while the Higgs

multiplet lives in the fundamental representation.

2We will follow the formalism introduced in [42] (from now on, let us work in units of R (the
radius of compactification), therefore, by y we will understand: yR and any mass m should be

understood as: ).
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The parity assignment is analogous to (3.44)

H({L‘,—y) :O'3®0'3.H(£L',y)

w(% _y> =03Q® Z’)/52/)($, y) (4 4)
AM(x7 _y) :PMAM(x7y> ‘
ANz, —y)  =03@i7° Az,y)

Where, obviously, each o acts on either SU(2)g or SU(2)y indices, depending on

the case. The SS twist is chosen to be
H(LIZ', y + 27’(’”) — 6i27rnw02 ® ei27rchrg H(.T, y)

Mz, y + 2mn) = 2oz A(zy) (4.5)
U(z,y) = €M 4 (2, y)

Taking into account the redefinitions (3.49) and proceeding like in section 3.4 we

find a 4-d mass lagrangian [42]

1(n)
My = > {(Agn) Xi(")) <°; Z > ( i%n) )

n#0
~ 1(n)
~1(n) 72(n n —w VP
+ <L()¢L()) (J} n ) ( ]2%(”)) + h.c.
R
n?+w? —2inw_
. 2 2
i 2inw_ n° + w* , , I
n®+wy —2nwy
2w, N+ wl
+ wAONO L POy e
W HY? + Wl HYP? (4.6)
A"
H

with H = ) ,wy =wFwand H = H,(c")¢ , o* = (1,5) .
2
HY

If we diagonalize mass matrices from (4.6) for n # 0 , we have:
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e Two Majorana fermions: )le(") + )\i(n) , with masses: |n +w| , respectively,
e Two Dirac fermions: '™ 412"  with masses: |n #+ &| , respectively and

e Four scalars: Hén)iiHén) and Hl(n)iHén) with masses: [ntw_|and [ndtw,|,

respectively.

While for n = 0 we have
e One Majorana fermion: )\i(o) , with mass: |w]| ,

2(0)
e One Dirac fermion: ( Zf(o) > , with mass: |©| and
R

e Two scalars: H(()O) and Héo) , with masses: |w_| and |wy| , respectively.

The rest of the fields are singlets and thus, acquire the usual KK spectrum.

We could have massless scalars if either w_ = 0 or w, = 0 is satisfied. Thus, after
SS compactification we could reduce the model to SM with one or two massless
Higgs doublets, but there is a problem that will be clear with the help of the next
particular example:

Consider w_ = 0 and wy # 0 and compute the self interacting quartic term from
(4.3)

2
Lo = 87 % { (Re{HgTAﬂl} + Im{HgTAHQ})
A

+ (Jm{HgTAﬂl} - Re{HgTAHQ})Q} (4.7)

All the scalar fields except H(()O) are massive, which means that (H) = 0 for them,

but as we can see from (4.7) there is no self interacting quartic term for Hy 3, in

fact, there is no potential for H((]O) because H; and H, are odd fields, and hence

we can not reproduce the Higgs mechanism. Notice that setting w_ = n is totally

3By radiative corrections we could shift the massless Higgs to a tachyon, which is a necessary
condition for the scalar to acquire a VEV if there is a self interacting quartic coupling.
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equivalent to the previous case. It is easy to see from (4.5) that a shift in either
w or w by an integer quantity leaves the conditions totally invariant. Radiative
corrections will provide a small quartic coupling that will yield a Higgs mass below

present experimental bounds.

4.2 Supersymmetric bulk mass

A useful technique to localize dynamically the fields on the branes is to introduce a
supersymmetric and odd bulk mass [43, 44]. We will deal with a model containing

one irreducible matter multiplet. Nevertheless, as we will see, it is not appropriate
to describe the MSSM.
Consider the lagrangian (3.30) with an odd bulk mass M

S = [ @ {JouAT + i ouw + |G

+ My — MG A — M AG;) (4.8)

Where we have defined

G = €IFI
Notice that with that redefinition G transfoms under SU(2)g like A . We think of
M as a periodic step function of the fifth coordinate:

1 >y >0

M(y) = Me(y) with e(y) = { 1 r<y<0 with periodicity 27

Then, the supersymmetric variation of (4.8) under the transformations (3.15) gives [44]:
55 — / Pr (~iVEMsely) U A + hc.) (4.9)

where 05¢(y) = 2(0(y) — 6(y — m)). In order to cancel the variation (4.9) we add to
(4.8)
/d5a: —2M (5(y) — 0(y — 7)) APA (4.10)

with P the parity operator. Now, the whole supersymmetry variation gives:

5eS = / &z 22M(5(y) — (y — 7)) {—MSAZ'@ _GEPA + h.c.} (4.11)
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and taking into account the parity constraints at fixed points: A = PA and —il/_ws =
Y at y = 0,7, (4.11) cancels exactly and thus, the on-shell action

S = /df’x {100 A + iy O — MPA'?
+ Me(y)vy —2M(6(y) — 6(y — m))APA} (4.12)

is invariant under (3.15). Consider, so, the Hosotani mechanism with parity operator
P = 03. We can then redefine the fields like in (3.49) with a twist operator 7' = oy

obtaining thus:
5 — /d% {100 A + ithyM Dy — MP|ATP?
+ Me(y)vy — 2Mo(y)APyA+ 2M6(y — m) AP, A} (4.13)
with Py = P and P, = e""™2 P ¢'™2, Computing the variation of (4.13) we find:
OMOy A+ M (M +26(y)Py —26(y —m)P;) A = 0 (4.14)
Moy — Me(y)y = 0 (4.15)

Integrating (4.14) around y = 0 and y = 7 and considering the parity constraints,

we find the following boundary conditions:

(1= Pp) Aly=y, = 0 (4.16)

(1+ Py) (A — MA) = 0 (4.17)

ly=us

with f = 0,7, A’ = 0sA and we have used (1+ Pf) P = 1+ P;. While for the

fermions the boundary conditions read:

(1—i7") Yly—or =0 (4.18)

It is convenient, for reasons that will become clear below, to obtain an equation for

¢’ at the boundaries using the fermionic equation of motion on top of (4.18) :

1 +7°) (@' = M) |y—ox =0 (4.19)
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Consider, now, the stability of the boundary conditions under supersymmetry, ob-
viously when w = 0:

First of all, let us make the following definitions:

A = %(1”3),4 (4.20)
ve = 0719 (1.21)
& = ST ¢ (1.22)

(4.23)

With these definitions, the boundary conditions can be expressed:

A, =0 (4.24)
A —MA. = 0 (4.25)
e = 0 (4.26)

Where we have eliminated the subscript f for simplicity. Consistency of the boundary

conditions with supersymmetry requires:

oc Ay = 0 (4.27)
0¢ AL — Mo A = 0 (4.28)
og Yy = 0 (4.29)

It is easy to see that supersymmetric variations (3.15) of AL and 14 are given by:

0 Ar = —vV2 (&4 + &) (4.30)
b v = iVE{Y" L0y +E0A) +77 (A + &A1)}
+ V2M (E2AL +ELAL) (4.31)

(4.27) implies £ = 0. With this constraint (4.28) is satisfied taking into account
(4.19) and, finally, (4.29) is as well satisfied with the necessity of no other constraint.
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The constraint on £ tells us nothing but the fact that supersymmetry is broken by
the process of orbifolding as we could see in section 3.3.

If we express the solution of the bulk equations of motion as
Al(z,y) = A(z)¢' (y)
_ o x=@)f(y) )
vi@y) ( §(x)g(y)
with A(z) and ( x(@) ) solutions of 4-d Klein-Gordon and Dirac equations, re-

§(x)

spectively, with a mass m each 5-d bulk equation reads:

"+ (m*>— M) = 0 (4.32)
F/—Z<m 02+iM O'3)F =0 (433)
N A C) - - .
with F' = o) ) The solutions of (4.32) and (4.33) are given by:
o(y) = acosQy + bsinQy (4.34)
F(y) = M ostmody | (4.35)

where 2 = v/m? — M2. With this prescription (4.18) reads:

(1—03) F|,_,. =0 (4.36)

y=0,m

By enforcing (4.34) to be consistent with boundary conditions (4.16) and (4.17), we
find out that for {2 # 0

a = Pyp (4.37)
Qb = MPa+ P_y (4.38)

and
0 = {Peiwm (ng + <%(P + MPP+)) SQ>
+ P e®™2[(P_+ MPP,)Cq — QP,Sq]

| 1
—  MPetm [P+CQ + <§(P_ + MPP+)> SQ} } © (4.39)
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Where we have defined Cq (Sq) = cos Qn (sinQr), Py = (1 £ P)/2 and ¢ € C%. If
we want a non trivial solution the determinant of the matrix in (4.39) must vanish.

After a tedious calculation, that requirement leads to:

m2

sin? wrr = %l sin? Qr (4.40)
For 2 = 0 the consistency relation is given by the limit of (4.39) when Q — 0 and
thus a relation between M and w is required. For that reason there is no consistent
solution for that case. Let us, nevertheless, analyze some interesting solutions to

(4.40):

e |M| — 0 In this case Q@ ~ m and (4.40) can be written as sin® wr ~ sin® mr

and therefore m ~ w + n which is the usual orbifold spectrum.

e |M| — oo In this case Q ~ iM and from (4.40) we find m? ~ % which

means that the physical mass is exponentially suppressed. By solving (4.39)

and normalizing the solution we find

eM(yfﬂ-)

o(y) ~ O(1) ( ~tanwr (M) _ oMy >

for M > 0 and

- IM(y+m)
¢(y) ~ O(l) ( tan wm (6|M|(y_7r) o €—|M|(y+7r)) )

for M < 0 . As we can see, component 1 of ¢ is exponentially localized at
y = m or y = 0 depending on whether M > 0 or M < 0, respectively, while

the component 2 is always exponentially localized at y = .

For the case of fermions (4.36) tells us:
PV, P, ®=0 (4.41)

where Py = (1 +03)/2, Fy = P, ® € C? and V, = eMos=mom (4 41) is sat-
isfied for ® # 0 for every value of Q. On the other hand, rank(P_-V,P;) < 1
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because rank(P_) = rank(P,) = 1, nevertheless, we want ® ¢ Ker(P,) but if
rank(P-V.P.) =1 then Ker(P_V,P.) = Ker(P,) and the solution is trivial. The
condition for non trivial solution is, therefore, P_V, P, = 0. This condition gives us

the spectrum:

5 {n2~|—M2 n #0 (4.42)

My = 0 n=0

which coincides with (4.40) when w = 0. This fact manifests the compatibility of
the boundary conditions with supersymmetry.

In any case, we are left with no massless Higss, except the limiting case above dis-
cussed. But in that case we have only one scalar degree of freedom localized at
y=0.

Since localizing dynamically the fields on the branes is equivalent to put mass ma-
trices on fixed points, in the following section we will change the point of view and
develop a theory in the interval instead of orbifold with masses localized on the

branes.



Chapter 5

Supersymmetry in the Interval

5.1 Supersymmetry with boundary terms

Along this chapter we will develop a supersymmetric theory in the interval. First
we will use a component field formalism instead of superfields. For that aim we shall
not use complex hypermultiplets [45], instead we change to a formalism of “real”
hypermultiplets (the formalism used, for instance, in [32]), that is: we make the
hypermultiplets to lie in the fundamental representation of an extra SU(2)y group
and impose a reality contidtion respecting the new symmetry. In this formalism,
the boundary conditions corresponding to odd bulk masses in the orbifold case,
(4.16)-(4.17), are easier to reproduce. Furthermore, within this model we find an
interesting source of supersymmetry breaking (mass boundary terms). In the next
chapter we shall rewrite the model in terms of superfields. We will consider the
hypermultiplet

H* = (v, ®,, F;), (5.1)

where i is an SU(2)g index and « is an SU(2)y index. The reality constraint for

the scalar as well as the auxiliary field is:

(D), = (D) = € en5®] (5.2)

« (2

While for the fermion the reality constraint is a symplectic Majorana condition:
\Tja = (\Ija)T’)/O = Eaﬁ(lpﬁ)Tca (53)

29
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We will consider the total action & = Sy +Shq as the sum of a bulk (Sp, = S9 +S5)

and a boundary (Spq) term, as

1. - -
Stk :/ (——(I) 020 + ~TyM Oy + 2FF) (5.4)
M\ 2 2
_ 1-
S :/ <2z‘F/\/l<I> + —mMm) (5.5)
M 2
1. 1, 1.
Spa :/ (—qfsq; + —(PR®)' + —PN(—1+ R)@) (5.6)
o \ 4 4 4

We take M, S and R as hermitian matrices in the SU(2)y and SU(2)g x SU(2)n

indices while NV is a real number '. We choose R = T'® S wtih T a hermitian matrix

in SU(2)g because is a natural choice and it makes sense with supersymmetric
transformation laws. The reality of the whole action (5.4)-(5.6) imposes a restriction

on the above matrices [44]:

M= M, MT = —0* Mo? (5.7)
St=5, ST = —5?S0? (5.8)
TN =T, " = —0*To? (5.9)

The solution to these constraints are:
M=Mp-é, S=3.d, T=1¢¢ (5.10)

Where 5, p and t are real and dimensionless vectors (7 is a unit vector), and M is
a mass parameter. First of all, let us check the supersymmetry invariance of the

action. The supersymmetric variation of (5.4)-(5.6) can be written as [44]:

_ 1- - -
0cSpx = / (—Fe(i75)\11 + 5@67“8M(i75)\11 + %(PE\II' — eCI>M75\I/) (5.11)
oM

LOf course S, R and N can take different values at the two boundaries. The subindices 0 and
7 have been omitted for simplicity.
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1 - 1 .-
(56de :/ (——Ef}/#aﬂq)sqj — —E’}/Sq)ls‘y
oM 2 2
+EF ST + %@’Rap +%<T>RE\I!’ + %Ni)(—l + R)E\If) (5.12)
Discarding a total 4D derivative we can rewrite the sum of (5.11) and (5.12) as
5.8 = (3@(1 + R + —(® + NB)(—1+ R)ew
om \ 2 2

—%€75<I>M(1 +i7° S — iery” (F - fch) (1-— @'755)\1/> (5.13)

\)

Using the BC’s, (5.15), (5.16) and (5.17) the first three terms vanish. Finally we
use the EOM for F

F= —%/wp, F= %(I)M (5.14)

to deduce that the whole variation is zero.
We can deduce the boundary conditions (BC’s) by aplying the variational method

to the action (5.4)-(5.6) taking into account the boundary terms. The resulting BC’s
are:

(14+iy°S) ¥ =0, T (1-ir"5)=0 (5.15)
(1+R)® =0, P(1+R)=0 (5.16)
(=14 R)[®' + N®] =0, [+ N®| (-1+R)=0 (5.17)

The action is supersymmetric upon the use of BC and the equations of motion for
the auxiliary fields, hence the supersymmetric of the action requires the stability
of the boundary conditions. To see this consider a second order supersymmetric
transformation, that is, if = = = + 0= then take Z” = E + §,=" and suppose that
the boundary conditions are not stable, thus if BC[Z] = 0 is the functional that
gives the boundary conditions then, in general, BC[= + 6.Z] = BC[).ZE] # 0 and

since the variation of the action under the second supersymmetry transformation is
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~ [ou BCIZT it will not cancel. Therefore, proceeding like we did in section 4.2 we

find that the BC’s (5.15)-(5.17) are compatible with supersymmetry if:

N
Ty = T,p- 5 = Mf (5.18)

Let us now find the general spectrum. First of all notice that (5.15)-(5.17) overde-

termine the system unless the 8 x 8 matrix

0 1+ R
( “1+R N(-1+R) ) ' (5.19)

has null determinant. This translates into (1 — |5y |f7|)* = 0 which vanishes if

§ and t are unit vectors. If we solve the equations of motion imposing the BC’s
(5.15)-(5.17) (similarly as we proceeded in section 4.2) we find the equations for the

mass spectrum of bosons and fermions [44]:
A+A, = O

with

Ny — N, Ny N,
Ay =% — % tan(Qm) — [ci + ?22 W} tan?(Qm) (5.20)

for bosons and

2

M M
1—c—2 (C() — Cw)ﬁ taIl(Qﬂ') - ll +c+ 200 Cﬂﬁ] tan2(Q7r) =0 (521)

for fermions.
Where we have made use of the following definitions:

S+ = sin[m(w + @)] ¢+ = cos|m(w + )] 0 =m? — M?
and

S0+ 8r = cos(2m@) to-tr = cos(27w) ¢ = cos(2m®) cy = cos(2may) = p- 5
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m being the physical mass. Notice that w is a Scherk-Schwarz-like parameter?. On
the other hand, it is straightforward to see that if w = 0 and ¢; = % (5.20) and

(5.21) are the same expression, confirming thus (5.18). Some interesting particular
cases are:

Ny = M = 0. The bosonic spectrum (5.20) gives m,, = n+w =+ while the fermionic
condition (5.21) yields m,, = n+ & which is in agreement with the model studied in
Refs.[27, 42].

For the case w = 0, ¢y = ¢, = 1 and Ny = M the bosonic spectrum is given by

02+ M?

o5 sin?(Qn) (5.22)

sin?(rw) =

2 = n? + M?*(1 — 6,0) in agreement with the

while the fermionic spectrum is: m:

results found in [46].

Another interesting case appears when w =@ = 1/2, i.e.,

co = —cy and Ny = N, = N 3. The fermionic spectrum (5.21) reduces to:
M
- gy tan(Qn))> =0 (5.23)

While (5.20) reads:

tan?(Qm)

Q2 + N?) 0

=0 (5.24)
From (5.23), setting ¢o = 0 we find m2 = M2+ (n+1/2)?. For ¢y = 1 there is a light
Dirac fermion when MR > 1: m ~ 2Me~™ (which is exponentially localized on
the brane). Notice that the modes n and —n — 1 may be paired to furnish a Dirac
fermion with mass M? + (n + 1/2)? which could prevent the 4 — D effective theory
from being anomalous if one would like to identify the zero mode of the hyperscalar
field with the Higgs doublet of the Standard Model *.

2In agreement with (5.18), w does not spoil supersymmetry if it takes integer values.
3In that case the supersymmetry is broken by both, SS-like parameter and boundary masses.
4We will consider such situation in section 5.2.



64 Supersymmetry in the Interval

On the other hand, (5.24) yields the following bosonic spectrum:

3 N

= n*+M* n#0
= M?- N? (5.25)

m

N
|

m

Notice that if M < N the bosonic spectrum presents a tachyon. The last particular
case we would like to show explicitly is when w = @ = 1/2, M = 0, Ny = 0 and
Ny =—N #0. From (5.20)-(5.21) we see that, as before, the Higgsinos are vector-
like and their (Dirac) mass spectrum is given by: m,, =n+1/2 (n > 0). While the
bosonic spectrum is given by: m,, = n (n > 0) and for N > 0 we have a tachyonic

zero mode m3 = —m? with m the solution of the equation:
m tanh(mnm) = N (5.26)

We would like to finish this section by sheding light on the general conditions that
the parameters of our model should satisfy to yield such spectra. First of all notice
that the model we are presenting depends on seven parameters: w, w, M, Ny and
ay. As we have seen w acts as a Scherk-Schwarz breaking parameter, w accounts
for a supersymmetric shift of the mass and the rest of the parameters can break or
preserve supersymmetry depending on whether
% —cos(2may) =0

is satisfied or not. These seven parameters are not completely free because the
angles between the vectors s, s, and p are subject to triangular inequalities that
lead to the constraint:

(co+cx)?  (co—cn)?

cos?(mw)  sin*(7@)

<4 (5.27)

Which defines an elliptical disk. On the other hand the condition that N; should
satisfy to allow an exacly massless mode in the bosonic spectrum can be easily read
off from (5.20):

(no— 77" (ng +77") = cos®[r(w £ Q)] (1 —772) (5.28)
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where ny = % and 7 = tanh(Mm). The hyperbola (5.28) divides the (ng,n,) plane
into diferent regions depending on whether a tachyonic mass mode is allowed or not.
In figure 5.1 we show two particular cases in which the elliptic disk of allowed values

of (co,cr) is plotted as well. Note that for w = 0 the elliptic disk can not overlap

Figure 5.1: The hyperbola of massless modes for tM R = 1.5, w = 0 and @ = 0.15
(left panel) and @ = 0.44 (right panel) in the plane (ng,n,). The clear region to the
upper left has no tachyonic modes, the darkly shaded (blue) region between to the
two branches has one tachyonic eigenvalue, and the region to the lower right has two
tachyonic modes. The ellipse corresponds to the allowed points in the plane (co, ¢y ).
The two dots mark the points where the fermions are massless.

with the shaded region, otherwise the fermionic spectrum will present a tachyon.
Nevertheless, for some values of M and @ there are two points where the ellipse
is tangent the hyperbola (5.28) allowing the fermionic spectrum to have massless

modes (This is the case in the left panel of fig. 5.1). They are given by [44]:

Co 1 sin? 7@ £ cos T/ 12 — sin® 7@ (5.29)
=T )
Cr —sin® 7@ + cos TN/ 72 — sin® 7@

and are obviously constrained to

7% > sin? 1. (5.30)
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The right panel shows a case where hyperfermions do not have massless modes (there
is no intersection between the ellipse and the hyperbola), there the supersymmetric

spectra (ny = cy) is not massless anymore.

5.2 Induced ElectroWeak symmetry breaking

In this section we will present a realistic model of electroweak symmetry breaking
induced from supersymmetry breaking by boundary terms. The nature of that
breaking will be discussed [44].

Of course, if we want to reproduce EW symmetry breaking we should arrange an
SU(2) x U(1) gauge symmetry group to be broken, but here it is a little objection
with our formalism. We can not introduce the symmetry by hand because the
hypermultiplet can not transform under SU(2) in its fundamental representation
due to the reality constraints (5.2)-(5.3) °. Instead, we generalize the formalism
introduced at the end of the previous section by doubling the number of fields with
an index of a new SU(2) group which will be labeled in a suggestive manner: SU(2) .
The reality condition (5.2) is now written as:

Ol = € p,s®) (5.31)

where the tensor p,s can be written in the form [47]
p=diag(e®e) =1®€ Or pag = Oa1p,€asps (5.32)
In particular the reality condition for hyperscalars ®¢ = & is given by

(I)gl,Z _ (@?1,1)* = (i)l

aq, 1

(I)Sn,l _ _(@?1,2>* = _@1

a1,2

(5.33)

It is now easy to see that the generators of the symmetry group that preserve the

reality constraint must satisfy

pT4 = —T%p. (5.34)

SWhich is the case of symplectic-Majorana fermions.
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The largest possible symmetry group is thus generated by
{o2®1, 01 ® 0y, 03®@0;, 1®0;} (5.35)

which is the spinor representation of SO(5). As we will see the BC’s will however
break this to a subgroup and so does a nonzero mass term in the bulk. The reality

constraints on boundary matrices S and M now read:
STp=—pS M'p=—pM (5.36)

We expect the biggest unbroken subgroup if we choose Sy o S o« M, in fact all such
choices are equivalent and leave an SU(2) x U(1) unbroken subgroup. A convenient

choice is Sy oc 1 ® ¢® which leaves the unbroken generators:

{02®1, 01 ®03, 03®03, 1® 03} (5.37)

The formal proof for the mass eigenstates of bosons and fermions is equivalent to the
previous section. As before, the parameters w, @ and a; do make sense now 5. Let
us follow with the case w = © = 1/2 and Ny = M =0, N, = —N. The spectrum
for bosons is (5.26), while the fermionic one is given by m,, = n+ 1/2 (n > 0).
Solving the boundary conditions for bosons (5.16)-(5.17) we find the eigenstate for
the tachyonic mode (5.26) [44]:

(S Yxms (ot ) sy

all other components vanishing. Here H(z) is the 4D physical Higgs field and &
fulfills the BC’s with Sy = =S, =1 ® o3 and Ty = =T, = —o3,

1
5(1 + Rp)®(x,y;) =0, Rj=-0"®1®d (5.39)

The normalization factor is determined to be

2 2mm

AT [1 N Sinh(27rm)}

®We could have chosen M = 1 ® p- & and Sy = 1 ® §f - &, of course, we would not be left
with the desired unbroken symmetry, but it is explicitly clear that the parameters @ and oy make
sense. The case we are considering is obtained when @,ay € {0,1/2}.
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Notice that SU(2), @ U(1)y acts on the physical Higgs field H in the standard way,

10 1

i.e. by the generators ” {30", 3} The effective 4D theory is obtained by integrating

over the extra dimension. The mass Lagrangian becomes
L, =m?|H? (5.40)

The self-coupling quartic term comes out from the integration of X auxiliary field

form the super-Yang-Mills action (4.3):
1 2 = A 2
Lp=—304 (PFreT* @) . (5.41)

Next we particularize (5.41) to the zero mode Higgs doublet 8 of Eq. (5.38). We get
the Lagrangian °

4 cosh?(my)

1 ,
Lo = — (¢ +9?) 1" Y (5.42)

Putting together Eqgs. (5.40) and (5.42), expanding the neutral component of the
Higgs doublet as H® = h/v/2 + ix® (where h is the normalized Higgs field with

a vacuum expectation value (h) = v = 246 GeV) and integrating over the fifth

dimension we obtain for the Higgs field the tree-level potential

1 1
V= —§m2 h? + 5 (¢*+¢'?) k(rmR) h* (5.43)

where g and ¢ are the corresponding 4D gauge couplings '° and x(mmR) defined by

122 + 8z sinh(2z) + x sinh(4x)
B 2 [2x + sinh(2x)]?

K (z) (5.44)

"We normalize the generators to tr{TAT7} = 1545,

8We can assume here that non-zero modes with masses controlled by 1/R ~ few TeV are much
larger than the weak scale and they have been integrated out.

9For the SU(2)r, ® U(1)y group with 5D gauge couplings g5 and gp.
104D and 5D gauge couplings g4 and g5 are related to each other as g2 = mRg3.
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Fixing the minimum of the potential to the physical value v one finds the tree-level

Higgs mass as a function of the Z-boson mass my

m3 = k(mmR)m3,

1
N? — M? = §qu (5.45)

From the electroweak breaking condition (5.45) and the expansion k(z) = 1+
4zt /45 + ... we can see that m ~ mpy ~ my and for values of the compactification
radius 1/R ~ few TeV mmR < 1. In this region the mass eigenvalue of Eq. (5.26)

can be solved analytically as

me o~ — (5.46)

which, along with Eq. (5.45) allows to fix the value of the mass parameter N required

by the electroweak breaking condition to

N~ gm‘gR (5.47)

The electroweak breaking and the Higgs mass we have presented are both at tree
level. The electroweak breaking condition (5.47) should be modified by radiative
corrections. In particular from those arising from the Yukawa couplings between
Higgs and the localized matter sector. On the other hand, the Higgs mass receives
one-loop corrections controlled by top-quark mass and (logarithmically) by the mass
and mixing angle of the third generation of squarks. Furtheremore, in order to
avoid higher sensitivity of the Higgs mass on the cutoff A we should demand the
condition trY = 0 to be fullfilled, otherwise a FI term could be generated [3].
The radiative corrections commented above are model-dependent nevertheless we
postpone its analysis until chapter 7, where they shall be exhaustively studied within
a mildly modified framework. For the moment, however, let us consider the radiative
corrections to the Higgs mass comming from the degrees of freedom propagating in

the bulk within the present model.
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5.3 Stability of the Higgs mass

The Scherk-Schwarz supersymmetry breaking is known to be one-loop finite. Never-
theless here we encounter another source of supersymmetry breaking: the boundary
masses [Vy. We now want to analyze the stability of the Higgs mass under radiative
corrections in the presence of such breaking. For that purpose let us return to the
toy model described at the beginning of this chapter. Let w, @, Ny, N, and M
take values such that supersymmetry is respected (or at most it is broken by SS
parameter only). We will call M, the departure of Ny from its “supersymmetric”
value. We should solve the equations of motion for the “supersymmetric” values

of the parameters and treat M; as a perturbation. Therefore we must calculate

" For simplicity we can take

one loop diagrams with one or more M} insertions
w=w=1/2and Ny = M = 0. The spectrum is m,, = n and the eigenstates can

be read off from (5.20):

1 0 1
H, = —H()x + — g cos N H(n)x
1 \/% 1 () \/Enfl Yy 11y ()
1 Zoo : (n)
Hy = — H 5.48
2 \/Enil s ny 1 (x) ( )

where we have defined:

o1 =H,, &= H,
P2 =H,, »*=—H,

The quartic self-coupling potential is now given by:

1
Vb = 2g5([Hal* + | Ha[*)? (5.49)

1 The zero M ¢ insertion diagrams might be quadratically divergent due to a generation of a
Fayet-Iliopoulus term [48]. Nevertheless it can be seen as a renormalization of the bulk mass,
clearly separable from the renormalization of the boundary masses. Of course such divergence
Eoul(li{. be avoided with a second Higgs which does not interfere in the Electroweak symmetry

reaking.
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Using (5.48) we can write the lagrangian (5.6) as [44]:

]' G m-+n rr\lm n
L=~ ST My — (1)) B H) (5.50)

m,n=—00

The renormalization of the boundary masses is given by loops induced by the quar-

tic potential with M; insertions. The leading contribution comes from the one
M insertion diagram and therefore we will concentrate on that kind of loops (see

figure 5.2):

[MO _ (_1)m+nM7r]

3=

Hl(n—i-k) H(m+k)

Figure 5.2: One-loop diagram renormalizing M.

The contribution from the diagrams in Fig. 5.2 is proportional to the factor

I==[My— (-1)""M,| g*T (5.51)

™

where g = g5/+/7 is the 4D gauge coupling, J is given by the Feynman integral

1
J = Z/ p+k+m) P2+ (k +n)?

d*pdz 1 1 oint
= ez 5.52
Zoo/ o P e P 552)
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and we have made use of Poisson resummation.

The propagators in (5.52) have poles in the complex z-plane at locations z =
—n £ ip and z = —m =+ ip. In this way for ¢ # 0 the z-integrations contour can
be closed by an infinite semicircle. Picking the residues of the corresponding poles

provides the factor

that makes the integrand in the remaining integral to exponentially converge in the
limit p — oo and the corresponding integral to be finite. However for ¢ = 0 there

appears a linear divergence. In fact one can write

d*pd 1 1
J = / paz + finite terms
A p?2+(z4+m)? p2+ (2 +n)?
= @ A + finite terms (5.53)

where A is the ultraviolet (UV) cutoff. One can interpret the result in (5.53) as a

linear renormalization of the brane mass terms as

2
Ny=M;(1+A), A=—=—AR+- (5.54)

647T
Notice that to leading order the radiative corrections to the boundary mass terms
A are boundary independent. Therefore the condition My = M, is not spoiled by
the (leading) correction in (5.54).
Now that we have the loop-corrected localized soft masses one can go back to
(5.20) and recalculate the renormalized bosonic spectrum. In fact for the model
under consideration (Ng = N, = N) the bosonic zero mode is a tachyon with a

mass [see Eq. (5.24)]
mg = —N?*(1+A)?. (5.55)

As we can see this breaking is soft from the point of view that it does not induce any
cubic counterterm in the 5D theory. However the mass term renormalizes linearly
on the boundary, which induces in turn a linear renormalization in the Higgs mass.
However this sensitivity does not destabilizes the Higgs mass for values of the cutoff

AR < 10% in fact considering for simplicity the weak coupling, g?/64m ~ 2 x 1073
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and A $ 0.2. Finally, in models with a single Higgs the quadratically divergent
FI term is the dominant effect and we would require a lower cutoff (AR < 10) to
keep this effect small. In fact the quadratically divergent FI term can be avoided
if we introduce several (e.g. two) Higgs hypermultiplets with charges satisfying the
condition tr@ = 0, while the linear divergence can be cancelled if the condition
trOM; = 0 is fulfilled for them.

Finally, let us examine the transmission of supersymmetry breaking to the mat-
ter sector through loop effects. The sensitivity on the UV cutoff crucially depends

on where matter lives.
If it is localized on a brane where supersymmetry breaking occurs we expect to gen-

erate local soft mass terms for squarks, and by simple power counting these must
scale as g2A2M/|Q|?5(y — yy). If matter lives in the bulk a similar dimensional anal-
ysis gives giAM f@\?é (y — yy), while if localization of matter and supersymmetry

breaking occur at different branes, no local mass terms are generated and we instead

obtain finite (nonlocal) soft masses which are insensitive to the cutoff. Again on di-

mensional grounds, these effective 4D soft terms scale as gz R—>M f|Q|2. In the latter

case, which we have examined in detail in section 5.2, these are in fact subdominant

to the finite contribution from the SS breaking, g2R~3|Q[?, as M; < R~' in order

to decouple the Higgs scale from the compactification radius.

5.4 Comparison with the Orbifold approach

In order to compare the previous formalism with the more usual orbifold approach,
and to also shed light on the nature of the previously considered supersymmetry
breaking, we show in this section that the same physical theory can be obtained if

one considers the orbifold S'/Z,. We assign the following parities to the fields

U(—y) =iv’os¥(y),  W(-y)=—V(y)ir o3, (5.56)

D(—y) =03 ®@03P(y),  P(—y) = P(y)os @03, (5.57)

F(-y) = —03@0sF(y),  F(—y) = ~Fy)os ® 05, (5.58)
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We also could introduce Scherk-Schwarz twists for the SU(2)g and SU(2)y symme-
tries. However since the presence of an @ # 0 parameter amounts to a supersymmet-
ric mass, while the nature and interpretation of a Scherk-Schwarz twist w # 0 has
been widely clarified in the literature [19, 22, 49, 46], we will simplify our disscussion

in this section by assuming w = @ = 0. Furthermore, we replace the action given in
Egs. (5.4)—(5.6) by

Sty :/ (—%@ O*® + %\PVM@M\I/ + QFF) : (5.59)
Sh :/ (ZiFM(ID + %@M\lf) : (5.60)
de = / (Noé(y) — Nﬂé(y — W)) 5)(1) (561)

In order to have well-defined parity for the mass terms, we take the vector p’ defined
in Eq (5.10) to be

p = (p1,p2,€(y)ps) . (5.62)

where €(y) is the sign-function. Choosing p; = p2 = 0 one reproduces the odd mass
terms for hypermultiplets previously considered in the literature [46, 50, 51, 48].
The boundary mass terms involving the Ny parameters are similar to the ones
encountered in Eq. (5.6). In fact the boundary conditions (5.57) require R = —03 ®
o3, so that by using this in Eq. (5.6) we find Eq. (5.61). The additional factor
of 2 comes from the fact that the support of the delta function on the circle is
twice the one on the interval, while the relative sign of the two boundaries reflects
our convention of taking the orientation of the boundary at y = 0 to be negative.
Boundary mass terms —which in the interval give rise to boundary conditions— on
the orbifold generate jumps for the profiles of wave functions across the brane. It is
easy to calculate these jumps for the special kind of mass terms of Eq. (5.61). All

fields are continuous except the 05 derivatives of even bosonic fields, which satisfy
(1+ 03 ® 03)[®'(07) + Ny®(0)] =0, (5.63)

(1+03®03)[®(77) + N ®(7)] =0. (5.64)
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Here we write the matrix (1 4+ 03 ® 03) to project on the even fields only. The
spectrum can now be directly inferred from section 5.1. The bosonic one is given by
Eq. (5.20) with w = @ = 0. For the fermionic one, notice that in order to produce
our orbifold boundary conditions, we have to choose s, = 3, = (0,0, —1) and hence
must use ¢y = ¢; = —ps in Eq. (5.21).

Let us next study supersymmetry of this action. The supersymmetry variation

of the bulk action is now given by
6Sp, =0, OSI = —2psM [0(y) — d(y — 71)] €@y’ 030 (5.65)
while the boundary piece varies into
0Sha = 2i [Nod(y) — N6(y — m)] €W . (5.66)

Making use of our parity assignments Eq. (5.56) we conclude that for these two

pieces to cancel we must have
ng = Ny = —Ps. (5.67)

To compare with the interval approach, we note again that there ¢y = ¢, = —p3 and
thus we find that for the action to be supersymmetric, relation (5.18) must hold.
Therefore departure from the supersymmetric relation (5.18) implies supersymmetry
breaking. Notice that the breaking here is explict and can be viewed as coming
from localized soft masses for the even hyperscalars. Splitting the masses Ny into a
supersymmetric and a soft piece, Ny = —p3 M + My we can write the localized soft

breaking Lagrangian as

shper _ / (Moé(y) Mooy — w)) 5. (5.68)

Supersymmetry breaking produced by the soft mass terms for even scalars in the
action (5.68) bears strong similarities with the usual Scherk-Schwarz supersymmetry
breaking by twisted boundary conditions in the gaugino (and gravitino) sector. In

fact twisted Scherk-Schwarz boundary conditions for the gauginos A* (i = 1,2) can



76 Supersymmetry in the Interval

be produced by localized gaugino soft masses with an action [19, 22, 49, 46]

geaee / N (Mod(y) — Mad(y — 7)) A + hc. (5.69)

However the nature of supersymmetry breaking by boundary scalar masses is very
different from that of the Scherk-Schwarz supersymmetry breaking (which provides
a supersoft or finite breaking).

The real formalism has been useful to develop a supersymmetric model in the interval
with dynamically obtained boundary terms. However this formalism is not suitable
to incorporate coupling terms. For that reason in the next chapter we will show
the translation of the real formalism into the superfileld one. The later makes the
model closer to what usually appears in the literature and sheds light on the nature

of supersymmetry breaking.



Chapter 6

Superfield approach to real
formalism

As we mentioned previously, the real formalism is suitable to make contact between
an interval approach with boundary matrices and an orbifold model with odd bulk
mass. However it is convenient to translate this formalism into superfield language
where the coupling terms are easily implemented. This is what we will do in this
chapter. The model developed in the previous chapter is defined in a 5D manifold
with boundaries ¥ = M, x I with M, the 4D Minkowski space and I the interval
[0, 7R], R being the compactification radius. The field content of the hypermultiplet
in 5D is (®;, ¥, F;) where ®; are complex scalars and F; are auxiliary fields and both
transform as doublets of SU(2)g. V¥ is a Dirac fermion. To have a manifest SU(2)g

covariance in the superalgebra it is used the N = 2 5D structure [32]
with a symplectic Majorana (SyM) constrain
i — NHTA0 — g OHT
Q'=Qy = EJQJ'C7 (6.2)

where €% is the total antisymmetric tensor and

C=-1®is, = ( —loz 0 ) , (6.3)

0 —iUQ

7
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is the 5D charge conjugation matrix verifying C ™ C = — (4™ )T. Py are the
spacetime translation generators and Z is a central charge. Consistency with (6.2)

imposes Z to be hermitian. The supersymmetric transformations on the fields are

given by
0, Py =iy, ¥,
6 Vo = —YMX 0P + 2} FP (6.4)
5sz'a = _%XWMaM\Ija7

with

X' =€y C, (6.5)

a symplectic Majorana spinor. Under these transformations the variation of the ac-
tion (5.4)-(5.5)-(5.6) vanishes upon the use of boundary conditions and the equation
of motion for the auxiliary field. This is expected since the boundary term is on-
shell' and as it is shown in Ref. [52], the supersymmetry of the on-shell formulation
of the boundary picture requires the boundary conditions to be satisfied. This will

be explicitly shown applied to our case in the next section.

6.1 Superfield description

To recast the action in superfields we will take ¢y = &, = t and Ny =p-5;: M,

according to what we saw in the previous chapter. For simplicity we will take

—

t =p=(0,0,1). Notice that we can always do so by means of global rotations of
SU(2)r and S(2) g, respectively.

!There is no auxiliary field present although it is a mass term.
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The reality constrains (5.2)-(5.3) can be solved as

®;

03
_cpé*

ol

'l = < ;L% ) (6.6)

o —

and, as it is shown at the end of this chapter, the fields can be split into two

chiral multiplets according to

H = ®+V20 + Fo*, (6.7)
H, = O+ V200, + F.0%, (6.8)

just redefining them as

VN

Sl

N——
If

il
—ip!
il
() 69

[ 2R 050
=\ 2F + 00

e N
SRSEINES
~_
Il
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Therefore, the whole action can be rewritten as?

5:/p@w@m+mw@¢—wwfwm¢ﬂﬂf+wf
b

+ Fu (=05 + M) ¢+ 6o (=05 + M) F + 5. (95 — M)+ h.c]

1 1 1
b [ |K = (Goubet = sttt qsbu e
o5 2 4 4
+ §Mp-sg0 (—1+S)<p+§(90 Sep) (6.10)
where K is a Gibbons-Hawking-like term given by

(Veth + V) + ¢ F + ¢LF*

N | =

1
K = 205 (|od” + 16) + M (lod]* ~ 19I*) -

¢

is already N = 1 invariant without any boundary contribution, which implies that

Sty = Sba + faz K has to be so. Let us check it explicitly:

Sy = $1 £ 189, §= (81, 59,53) and p = ( P ) Notice that the bulk term of (6.10)

The fermionic component of §;, is given by

/ P§u+@ww+iuMM—ﬁaw¢+Mﬁ (6.11)
ox

while for the bosonic sector we have

1 1
/ bMﬁ§@P1+$¢+§@W1+$¢Y+Mﬁ%¢+%F+@Fﬂ
)

1 , |
—/‘{?ﬂ—1+$h%+Mpsﬂ+§¢Wl+@w
o

+ol + Mplosp + ¢ F + ¢iF*} . (6.12)

2For simplicity we omit the subscript f.
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Using the boundary conditions

(=1+9)[p +Mp-5p] =0, 1+S)p=0
and the equations of motion for the auxiliary fields

F+4+ M¢:+ 05¢0: =0, F.+ M¢*— 050" =0,
(6.12) reduces to

O F* + ¢ F (6.13)
)

then it can be easily checked that

1 1 1
OF; + b = S(1+53) (Fed + @ F) + 55 0 F — 55160k + hee

1 1
- §<pTiaQ (1+9)F+ 5?*10—2 (1+S%) ¢, (6.14)

where F = ( ];f ) and the last two terms separately cancel due to the boundary

conditions. To see this, notice that
(L+S)F=(1+95)ioy [¢" + Mozp*] =0y (1 — S*) [¢™* + Mosp?]
=ioy (1 = S%) [@" + Mp-5p*] +ioy (L + 5" p* =0

where we have used the identity o5 5 09 = —S5*.
This is expected since we are working with supersymmetric boundary conditions
and hence they have to be writable in a supersymmetric way.

Thus, as claimed, we can write the whole action in terms of superfields as

S = / do* [HH + H.H,| — / d69*H. (05 — M)H + h.c.
P X

1 _

+/ d6? {ﬂHH + 1 - S—’LHH] +he. (6.15)
o5 2 4 4

Recall that we have taken 7 = (0,0,1). To have a general mass configuration we

simply undo the SU(2)y rotation. Explicitly, (6.15) can be rewritten in a compact
way as
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1
S = / do* HH — 3 / d6* [H"iooH' — MH o1 H] + h.c.
by Y

- }l / A0 H iy (1 +S) H + hoc. (6.16)
Os,

where H = (H., H)T (already SU(2)y covariant®) therefore, an arbitrary SU(2)

rotation leaves the kinetic term invariant while the mass term is brought into the

0 «
M ( o —p ) (6.17)
with o € R. In fact, this is, not only, the most general mass term compatible with
the N = 2 structure (see Chapter 8) but the most general compatible with the 5D

form

Lorentz invariance. In terms of a 4 component 5D Dirac spinor the most general

mass term can be written as
QU+ BUTCTU + 3 UiC o, (6.18)
with C' the 5D charge conjugation matrix. One can easily check that (6.18) expressed

in terms of 2 component Weyl spinors yields precisely the mass matrix (6.17).

6.1.1 General boundary term

In this section we will briefly see that the boundary term displayed previously is

indeed on-shell equivalent to the most general boundary term that can be written:

Spa = / 420 [gHH + %HCHC +vHH,) + h.c. (6.19)
0%

where p, A and v are arbitrary complex numbers. The variation of Sy + Spa yields

the boundary term

/ d6? [H, (AH, + vH) + 6H (uH + vH. — H)] + h.c.
ox

1
3p=—i ( g% ) where the upper indices are those of SU(2) .
1
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and hence the boundary conditions are

puH+vH,—H, = 0 (6.20)
AH.+vH = 0 (6.21)

One easily checks that in order to not overdetermine the system the complex pa-

rameters have to satisfy the relation
pA—(@v—-1r=0, (6.22)
and that (6.20)-(6.21) are invariant under the redefinitions
H o HANouyvel-v. (6.23)
In the special case v = 0 the boundary conditions reduce to

A=0, pH—-H.=0
or (6.24)
p=0, H =0

while the case v = 1 is obtained from the previous one by means of the relations
(6.23). In the general case v ¢ {0,1}, (6.20)-(6.21) reduce to

zH.+H =0

with 2 = A/v. This means that we have a lot of redundancy in the parameters v, j1, A
since only the complex number z plays a role in solving the boundary conditions.
Actually, by letting z to take any complex value we cover the whole set of boundary

conditions including v = 0, which corresponds to z — oco. As a matter of fact, the

parametrization
1 1 1 7 . .
1/0:§<1+83),[L0:§S_:§ 1—8%615,)\0:—,&0,
verifies yipXo — (19 — 1)y = 1 (1 — 5%) = 0 and in addition z = ;—zg €71 which

2
covers the whole complex plane since s3 = ;:zl2 is well defined and always less (or

equal) than one, in absolute value, for all |z|.
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6.2 Supersymmetry breaking by boundary terms

As we saw in the previous chapter, the supersymmetry is broken by the boundary
terms whenever t, # t, or N ¢ # p -5y M. The misalignment of the R-matrices is

equivalent to have a local R transformation, €%, such that T, = ™% T, e~ ™7
which is a Scherk-Schwarz-like breaking [44] and therefore a soft breaking. This
breaking has been widely studied in the literature. A very elegant proposal consists
of breaking the supersymmetry at the supergravity level via the expectation value
acquired by some auxiliary field of the supergravity multiplet [53, 54], which implies
that the breaking pattern should have to be expressable in terms of superfields.

Here we will suggest a breaking mechanism [55] very similar to that in ref. [53] where
the case of a warped extra dimension was considered. We will restrict ourselves to

the case of a flat space M* x I, where I is the interval [0, 7|, with the metric
ds® = ndatde” — R*dy” (6.25)

where R is the radion of the compact extra dimension labeled by y, which ranges

fron 0 to m. The supersymmetrization of the radion field is given by
T =R+iBs + 0V + 0*Fr, (6.26)

where Bs is the fifth component of the graviphoton, W% is the fifth component of
the right-handed gravitino and Fr is a complex auxiliary field. The supersymmetric

action will be given by

T+T

S = / & d'6 [AH + ,H,)
— / d’z [d*0 (H.0sH — MTH.H) +h.c] , (6.27)
A
Spa = / d'z [dQG (%HH+ S HeHe + VHHC> +h.c} : (6.28)

Supersymmetry can be spontaneously broken by allowing expectation values for the
auxiliary fields
(T) = R+ 2wb?, (6.29)
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w being a dimensionless constant. One can easily check that the total action, is

on-shell described by the lagrangian

_ 1- 1, -
Ly = i0y*9, ¥ + 5\1:7535\11 — 535%5\1/

1 _
— of0d — D0 + 3 (0'®)" — M2 0T® + M I, (6.30)

1 1
Lna = 50 M @' (=1 = S)p = S (¢ Sp)

1 1
+ { goavhot + go-vhth - scobul +he | (6:31)

with D5 = 05+i%02. Here we have made the change of variables y — Ry. Finally,

by the local (SU(2)g) redefinition: ® — e '7%72 &, we can rephrase (6.30)-(6.31) as

1. - L. o=
Ly = —500°® + %AyMaMA — G M0, (6.32)
1. 1,1
La = 7ASA + £ (BRD) + —¢; M B(~1+ R)®, (6.33)

where the R matrices are given by

RO = —O03 & S() R RW = —T’7r & Sﬂ s (634)

Tﬂ- — elUJTI'UQ 0_3 e*lUJTI'UQ .

To study the nature of the breaking due to the departure of n; from cy, in the

language used in the previous chapter, we shall consider the boundary action (6.15)
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plus an effective coupling such that the new boundary term now is given by

1 _
/ 462 [ﬂHH 5o HE - M| 4+ b
o 2 1 1
1 _ _ _
- d*N N(HH + H.H,), (6.35)
Ox,

with A the scale of the cutoff and N localized superfields whose auxiliary fields

|7 [

A3

acquire VEVs, say F%, such that

1 H, NN . H,

in (bosonic) components they read

= N¢. The new boundary conditions then

read

DO | —

(1-85)) ( 92; ) 0, (6.37)

(1—S¢) {—Mal ( ((% ) +1i0, ( %55% )} + Nyio ( é—f ) =0, (6.38)

where we have already used the on-shell value of the auxiliary fields. Taking the

N | —

complex conjugate of the second equation and multiplying on the right by ioy and

using 10, S;Z ioy = Sy we find

1 gbc a5@50 gbc o
Saesafwon (%) (35 ) (%) =0 o
finally, using {Sy, 03} = 2¢41 and (6.37), we are left with

5-50( %) =0, (6.40)

(1+Sf)[85+ch+Nf]<be):O, (6.41)

N | —

which are the general boundary conditions found in the real formalism. This shows

explicitly that this breaking has a soft nature, result that was pointed out in the
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calculation of the radiative corrections of such term to the Higgs mass coupling.

In the next chapter we will develop a revisited model for ElectroWeak symmetry
breaking from an interval with boundary terms in superfield formalism and the
starting point will a generalization of the action (6.15), non the less, to finish this
transition chapter we will briefly give the splitting of the 5d hypermultiplet into 4d

superfield pieces.

6.3 N=1 splitting

The reality constraint on the supersymmetric parameter (6.5) can be solved as

- (5
v o= ( _’76) (6.42)

and thus for the n-transformations (setting & = 0) * (6.4) can be written as
0y(—i®3)" = n(—itp)
Oy(—ivy) = —io"70,(—i®y)* + n(—2F] + i05P})*
6 (—2F] +i05®1)* = —ino"0,(—ivy) (6.43)

Op(—i®y) = n(—ivy)

Sy(—ithh) = —io"nd,(~i®}) + n(—2F} — ids®})
5,(—2F) — i0s0Y) = —ing"d,(—iv}) (6.44)

which correspond to a pair of chiral superfields [4]

H = 10 + V20 (—iph) + (—2F —i9:91*) 62, (6.45)

H, = (—i®}) +v20 (—ivy) + (—2F) —i0523) 62, (6.46)

4The SU(2)g invariance of the supersymmetric algebra allows us to choose any unitary rotation
of the symplectic supersymmetric parameters.
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in the superspace representation Dy H = Dy H, = 0

Dd == —% + iQO‘aZdaﬂ . (647)



Chapter 7

Electroweak symmetry breaking
from Scherk-Schwarz
supersymmetry breaking.

In chapter 5 it was studied (at tree level) the possibility for iducing the ElectroWeak
symmetry breaking from a model in the interval with boundary terms. In particu-
lar, we found that for a certain boundary configuration the supersymmetry is softly
broken and the lowest mode of the Higgs presents a tachyon at the tree level. This
is a very interesting feature since the one-loop positive radiative corrections to the
Higgs mass coming from the gauge sector could be partially (or even completely)
cancelled by the tree level tachyonic mode and, as a consequence, the negative cor-
rections coming mainly from the top-stop sector (which enter as a two-loop quantum
correction) could trigger the ElectroWeak symmetry breaking non-marginally. This
is to be compared with the the usual scenario, where the positive gauge correction
can not be cancelled by the negative top-stop one and the EkectroWeak symmetry
breaking does not take palce [56].

In this chapter we shall study in detail this possibility within the framework of
Scherk-Schwarz (SS) supersymmetry breaking rather than the soft source intro-
duced in chapter 5, for this we will show how a tree level tachyon can be equally
yielded for the case of SS.

In the next section we will formally present the model.

89
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7.1 Free action
The superfield content will be [55]
H* = (H, H.)*", (7.1)

where « is an SU(2)y index and i lives in the fundamental representation of some
gauge group which will be obviated for the moment. The action is given by & =
Sbk + S}r)?( -+ de where

Spi = / &drd*0 (HH + H.H,) — / &Pz d*0 H05H + h.c. (7.2)
Spo= / &x [d?0 MyH. Hy + DHooHy + pHooHy + peHo Hy +hoe] . (7.3)

de = /d4x [d29 K)HclHl + /Z}HCQHQ -+ )\Hchl -+ )\chlHZ + hC:| . (74)

The gauge indices have been omited. M is a constant with dimension of mass
and the rest of parameters appearing in (7.3)-(7.4) are, a priori, arbitrary complex
numbers. It is not very difficult to see that if v, 7 € R and p = p the bulk action
is invariant under SU(2)g transformations (up to a total derivative). Now (7.3) can

be rephrased as

Sk = /df’x [d?0 H. (Mol + Mp- ) H + h.c.] , (7.5)
where
> 2 AV
My=M22E A= /b i 2 (7.6)
and
By applying the variation principle to the whole action we find the boundary con-
ditions
K Ae H,
Aol N om, | T 0. (7.8)
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We want to extract two independent degrees of freedom out of (7.8) or, in other

words, we want the matrix to have rank 2. This can take place in three different
ways:

e The upper matrix has non vanishing determinant while the lower matrix van-
ishes exactly. This implies Kk = Kk = 1 and A = A. = 0. In this case the
boundary conditions read

H=0. (7.9)

e The upper matrix is zero while the lower matrix has rank 2. For that case we

need kK = Kk = A = A\, = 0 and the boundary conditions are

H,=0. (7.10)

e Both matrices have rank 1. The solution to this is given by
R=1-k, AA—kK(l—K)=0, (7.11)
and the boundary conditions become

/€H1 + )\CHQ = 0, RHCQ — )\chl =0. (712)

Of course, we are interested in the third case since the two formers allow the genera-
tion of a FI term. A simple inspection of (7.12) shows that only the complex number
z = A\./k does matter for the boundary conditions. In fact, given an arbitrary value

of z the conditions (7.11) are satisfied for

1 z
- A= N=— 7.13
TTI R 1+ |22 (7.13)

and, thus, the boundary action (7.4) yields the same boundary conditions as the

action

1
Spa = /d4:): {dze 5 He (1+35-)H +hec.| . (7.14)

With this, (7.12) can be rewritten as

HOQ =0, Q.,H=0, (7.15)
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where we have defined the projectors

The Scherk-Schawarz-like breaking of the supersymmetry will be performed as in
chapter 6, thus, the generalized bulk action including the radion superfield is given
by

T+T - .
Sbik = / d’x d*0 % [HH + H_.H.|
- /d% [d*6 (H.0sH — T H.[Mo1 + Mp- &) H) + h.c] , (7.16)

The breaking of supersymmetry by boundary masses has been used in the litera-
ture to solve the naturalness problem with the u-term in the MSSM, for instance in
Refs. [57, 54], however, as we saw previously, this type of breaking yields linearly
divergent corrections to the Higgs mass. In addition, as will be shown in a moment,
the Higgs spectrum presents a tachyon at the tree level without the necessity of con-
sidering any other breaking than the Scherk-Schwarz-like. For the sake of simplicity,
then, we will concentrate in the latter type of supersymmetry breaking. The action
is given by

T+T .- .
5= / Prd'9—— [HH+H.H]
— / d’z [d*0 (H.0sH — TH.Mp-G H) + h.c.]
1
+ /d4:c [d29 5 He (1+35-6)H +hec| . (7.17)

The traceless election of the bulk mass in (7.17) deserves a further explanation.
In the presence of a U(1) gauge sector the traceness part of the bulk mass may
be absorbed through a redefinition of the real scalar in the vector supermultiplet
yielding a bulk term of the form MV’. Through a partial integration it turns

into localized FI terms at the boundaries [51] which suffer from linear divergent
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corrections. Therefore, in order to reduce the UV sensitivity of the theory we have
discard such mass term.
The boundary conditions derived from (7.17) read

(1+Ry) A=0, (1—Ry) [A+McsAl =0, (7.18)
for the bosonic sector, while for the fermions we have
(1 + 75Sf) T=0, (7.19)

where R; are defined as in (6.34), ¢; = p’- 57, Q% = m? — M? and m is the physical

mass?. Furthermore, we have defined

A_(%), T_(i>. (7.20)

The spectrum predicted by (7.18) is given by the zeros of the equation

CoM C7TM

(COS Qmr —

sin Qﬂ') (COS Qm + sin Q7T> = cos’(w £ O)7, (7.21)

where cos 271w = 5y - §;. The spectrum for the fermions [44] is given by (7.21) with

w = 0.
To finish this section we just give the solution to the equations of motion for the

bosonic sector?:

: B+ sin Q%W ) 9+(y)

| Fax (cosQy — 5= sinQy _ | Ffaly)

Aﬂ: = o (COS Qy _ Coéw sin Qy) N fi(y) 7 (7'22)
+34 sin Qy +g+(y)

where through the last equality we have defined the shorthands f(y) and g(y). The

constants o, B4 verify the relation*

M
Qg (cos Qm — COQ sin Q7r> S4(m) 4+ PesinQmey(m) =0, (7.23)

!Taking into account the local SU(2)x redefinition.
2All the masses are given in units of % and the extra coordinate is given in units of R.
3We have taken 5, = (0,0,1).

41t is understood that © should be replaced by ..
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where sy (7) = sin(w £+ @)7 and cy(7) = cos(w + w)mw. Later on we will indentify
this solution with the two MSSM Higgs doublets which couple to the matter sector
localized on the brane. Before that, let us incorporate the gauge sector to the whole

action.

7.2 Gauge interaction

Consider now an internal symmetry generated by a group G. If we want the sym-

metry to be local we must add a gauge vector supermultiplet which consists of
(AM7 Aia EJX> 9

where A,y is a five-vector, \* are two Majorana spinors which transform as a doublet

under SU(2) g, ¥ is a real scalar and X are three real auxiliary fields which transform
as a triplet under SU(2)g. All of these fields live in the adjoint representation of G.

We can split the vector supermultiplet in N = 1 superfields as
_ _ __ 1
V =—0c"0A, — 1020\" + 1620\ + 50202 D,
1
= (S 414;5) + V20N + 0 F,
X \/5 ( 5) X

where D = X35 — 05X and F), = X; +1X,. Under a (super)gauge transformation the

variation of the superfields are given by

eV UtV U, eV S UTem VU,
2 2
x— U™ (x—%az))U, x— U <X+\/7_55> Ut

and
H—-U'H, H,— H.U,

with U = e4%"Ta, Here K® are arbitrary chiral superfields, T, are the generators of

the gauge group and ¢ is a dimensionless charge. The total action for the matter
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and gauge sectors is given by
1
S = —2/d5xd26TTr (W*W,) + h.c.
493
_ 2 d>xd*0 ! =Tr [D e D e_qv}
gg T + T 5 5
T+T - _
+ / P d'o % [He H + Hee " 1] (7.24)

— /dedzﬁ H, (05 —TMp-&— ix) H +h.e.

V2

1
+ /d4xd20§Hc(1+§-5)H+h.c.,

1

7R and

where g5 is the gauge coupling in units of

1 1 1
Dse? = =05¢e1 — —x et — —=e?'y

q V2 V2 ’

_ 1 1
Dse ™ = -05¢7 + —xe V' + —e
q

\/§X /32 X

are the covariant derivatives® with respect G. For the Abelian case the bulk action

of (7.24) reduces to that in ref. [51], without the radion superfield.

The effect of the Scherk-Schwarz supersymmetry breaking on the gauge sector has

been widely studied in the literature from different approaches [53, 42]. From now

on we will concentrate on the effective action for the lightest mode of the Higgs

field. For that goal we will take into account effective couplings generated by the

integration of the massive modes in the gauge sector. In the next section we will

show explicitly how the integration of ¥ induces an effective quartic coulping on the

Higgs field.

5Notice that x is the connection that makes the derivative 05 covariant with respect the gauge

transformations [18, 17].
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7.3 Effective action for hyperscalars
and induced EWSB

In ref. [9] it was shown that the coupling between the gauge sector propagating
in the bulk and the mass sector located at the boundaries induced singular terms
proportional to §(0). In addition, it was proven that taking into account the effective
couplings generated by the integration of the gauge scalar ¥ one gets rid off the
singular terms. In a similar way we will show that the lower mode effective action
for the scalar matter sector is the MSSM. For that, as we will see, we need to
compute the effective couplings induced by the integration of X. On the other hand,
the integration of the higher modes in the Kaluza-Klein tower (with masses 2 1/R)
makes sense only when we have a light mode (with mass < 1/R). But, as was
shown in [44], the spectrum (7.18) allows massless and very light modes. Actually,

for M — oo (in practice, M > 1, in units of 1/R) (7.18) has the solution

2
2ci

2 2
=24 |1 —F
SO+ CO|: 1+C7T/CO

m2 — TT|C
V:; :| e 2M |0‘, (725)

where cy has been defined in (7.23).

As pointed out above, the effective couplings for the lightest scalar modes will be
given by the integration of the the heavy KK modes. In particular, an effective
quartic self interaction is induced by the integragion of . From (7.24) we extract

the interaction between Y and the hyperscalars

1 1
LS, D, B,) = /dy _ SO, - (85— AT (¢S50 T, + M)? A
295 295

2 .2
- &1 (AWT“A)Q] , (7.26)
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where & acts on SU(2)g space and A is defined as in (7.18). Admiting ¥ to be a

function of the extra coordinate only®, the equations of motion read
02N —2q g2 ATMT A —2¢° 2, ATTP T°A = 0. (7.27)

The term liniar in 3 does not yield a quartic coupling in A, instead it induces a very

complicated exponential dependence. The solution neglecting such a term is

Y 2 ™
S =200t [ de o) -y [aere(e). (7.28)

0

where Fe(y) = [/ d{ATMT*A and we have made use of the boundary condi-
tions X% = 0. Plugging the soultion in (7.26) we find the effective quartic self-

interaction”

ca=2gt [(1ewr-2eq [ [ o] -5 (ow.

where we have defined
D(y) = (ATgT*A)* .

On the other hand, for the mass eigenvalue (7.25), (7.22) can be rephrased as

0 14
Astay) = Hala)/Me | | 1| etmmr— | 205 fetmove | n30)
0 +ty

where we have assumed ¢y to be positive and we have neglected higher order cor-

2
2ci

TFenjeo” tL = tan(w + (;J)?T

rections in e. In addition, we have defined AL = 1 —

6The integration of ¥ neglecting the 4D kinetic term is equivalent to sum up all the diagrams
with ¥ in the propagator for an external 4D momentum, p, such that p <« 1/R. This makes sense
since the boundary conditions for ¥ derived from (7.24) are X|o, = 0 and therefore, there is no
zero mode.

"We have a similar coupling between the hyperscalars A and the fifth component of the gauge
vector field, Ay, nevertheless such an interaction can not produce any effective quartic coupling
since we can always choose a gauge where As = 0.
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and € = e”Mo™ [ () are 4D complex scalars carrying the gauge indices. From
(7.30) and taking into account the definition of A, we can identify the up and down
Higgses of the MSSM as

1
H, = E(H++H_), (7.31)
Hy = 1 (H.—Hy) . (7.32)

V2

By doing such identification we are not considering a correction of order €2 but, for

our purposes, this correction is negligible. For M = M(s,0,co) (7.29) takes the

form

2

Lop = —q2§—5 (H,T*H, — H;T*H,)* + O(¢?) . (7.33)

T
The leading order in (8.52) is precisely the quartic self interaction of the MSSM for
qg=1/2.
For the mass matrix we have (in the basis H, 4)

2 2
we+m b
(3™ e ) (7.34)

where we have made the definitions

.92 ~
sin“ mw cos 27w
m? = 8M?*c; e,  b=4M>c
1+ CW/CQ

sin 27w sin 27w
1 + Cﬂ/C()

with

2 ~
2 2 2 292 COS™ TW 2
=M 4M 1—-2—

being the supersymmetric mass. Allowing sq ~ € then ¢y ~ 1 and ¢; ~ cos27w@. In

this case, the tree-level potential for the H, 4 basis then reads
V =m?2|H,|? + m3|Hy|> +m3 (H,Hy +h.c.)

+ A (H,T°H, — H,T*H,)* (7.35)
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with
mi =mj = M sg + 4M?sin’* mw [1 — tan® 70| €, (7.36)
g2
mj = 4M?sin 27w tan 7@ € and \ = 8—5 . (7.37)
m

The smallness of sy can be understood in terms of spontaneous breaking of a global
symmetry by boundary terms. Actually, the geometrical interpretation of the bulk
and boundary masses tells us that for sg = s, = 0 all matrices are aligned along the
same axis p and hence a U(1) group of rotations around this axis leaves the whole
action invariant being then broken by the misalignment of the boundary matrices.
The zeroth modes of the Higgs feel this breaking at tree level non the less the
breaking at y = 7 is suppressed by the exponential localization of the Higgs while
the breaking at y = 0 is felt at O(1). A dinamical solution to this naturalness
problem could be the effective coupling of the Higgs with a some (spurion) SM filed,
S(x), localized at y =0

%S(x)Hl(x, 0)H?(x,0), (7.38)

with A the 5D cutoff of the theory. If we suppose the U(1) symmetry to be excat
at y = 0 at the cutoff scale and this symmetry is only broken by the VEV acquired

by S(z), (S), then the p-term will be proportional to § = <i—> being then a small

quantity if the breaking take place at a lower scale.

7.4 ElectroWeak symmetry breaking

In this section we will investigate in some detail the possibility of EWSB [55]. The
conditions for EWSB and stability of the flat |H,| = £|H,| directions

(1 +mig,) (u* +miy,) < mg
2% +miy, +my, > 2lmj] (7.39)
are incompatible with the tree-level induced SS supersymmetry breaking where

m%{u = m%{d. In this way EWSB should proceed radiatively and we must incor-

porate radiative corrections to the Higgs potential. As matter is strictly localized
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and Higgses are quasi-localized, SUSY breaking will predominantly be mediated by
one-loop gaugino loops that provide a (positive) contribution to the squared masses
of squarks, sleptons and Higgses.

In particular the squark masses will be dominated by the contribution from the

gluinos which is given by [42, 27, 28|

2 2933 2
Amzy = = M f(w) (7.40)

b 371'4 c

where M, = £ and the function f(w) is defined by

Z sin(mkw)? | (7.41)

f(w) k3

o
k=

while electroweak gauginos provide a radiative correction to the slepton and Higgs
masses as

MWy2 — A2
AVmy = AV my, -

M f(w) (7.42)

Furthermore there is a sizable two-loop contribution to the Higgs soft mass terms,
as well as to the quartic coupling, coming from top-stop loops with the one-loop
generated squark masses given by 7.40. This contribution can be estimated in the
large logarithm approximation by just plugging the one-loop squark masses in the
one-loop effective potential generated by the top-stop sector [42, 27, 28]. The good-
ness of this approximation has been shown in Ref. [58, 59, 56] where a rigorous
two-loop calculation of the effective potential has been performed. Since in our case
the EWSB will not be marginal (as we will see later) it is enough to consider the
effective potential in the large logarithm approximation, which yields the two-loop

corrections to the Higgs masses

392 Am?
3y2 Am?
A(Q)m%{d = 8—7;;Am§ log Q; , (7.44)
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where the renormalization scale should be fixed to the scale of SUSY breaking,
i.e. the gaugino mass wM, [42, 27, 28]. Notice that the corrections from the bottom
sector are also considered, which would only be relevant for large values of tan 3.

A word has to be said about the bulk Higgs-Higgsino one-loop contribution to
the soft masses. The reason we did neglect them with respect to the one-loop gauge
contribution (and even the leading two-loop one) above is that they are strongly
suppressed due to their quasi-localization. The leading O(e) corrections come from
the Higgs-Higgsino loop contribution to the stop mass. They are proportional to
the tree level soft Higgs mass m%{u ~ M?e% and hence suppressed as €?loge with
respect to the gluon-gluino contribution of (7.40). We will typically find values of
€ ~ 1072 and thus these corrections are really subleading. In principle we could
easily incorporate in our analysis the radiative corrections to m2 as calculated in
Ref. [60]. However for most of the part of parameter space we are interested in, this
is only a tiny correction to the tree level value, (7.36), and we will neglect it in our
analysis.

Finally, the leading two-loop corrections to the quartic self coupling of H, and

H, in the potential
A‘/quaurtic = A’yu|-[{u|4 + A’yu|]{u|4 (745)

are given by

3y} Am? +m;]

Ay, = 1 , 7.46

T T2 08 (7.46)
3%1 Am% + mg

A~y = ] . 7.47

Yd 167’1’2 0g mg ( )

where m; and m;, are the the top and bottom quark masses respectively.
Electroweak symmetry breaking can now occur in our model in a very peculiar

and interesting way. In fact the tree-level squared soft masses quu, #, given in (7.36)

are suppressed by the factor €

and therefore, for values of M ~ M, they can be
comparable in size to the one-loop gauge corrections A(l)mﬂm u, given by (7.42).
Furthermore the tree-level masses m% 5 are negative for values of & > 1/4 and

then there can be a (total or partial) cancellation between the tree-level and one-loop
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contributions to the Higgs masses. Under extreme conditions they can even cancel,
m¥ g, + AYm% 4, ~0, in which case the negative two-loop corrections A@m3,
will easily trigger EWSB. On the other hand in the limit of exact localization of the
Higgs fields € — 0 the tree-level masses will vanish and the one-loop gauge and two-
loop top-stop corrections have to compete, which will make the EWSB marginal,
as pointed out in Refs. [58, 59, 56]. Similarly for @ < 1/4 the tree level masses
m%{m g, are positive definite making the EWSB triggering to be difficult, albeit
not impossible, for instance, by somehow delocalizing the top-stop right handed
(or left-handed) multiplet as it is done in Refs.[58, 59, 56, 60, 61]. These simple
arguments prove that there is a wide region in the space of parameters (w,®,€)
where EWSB easily happens without any fine-tuning of these parameters. Of course
EWSB also depends on the Higgsino mass p and on the compactification scale M,
(or equivalently on the gluino mass as it happens in the MSSM) and we will be
concerned about the possible fine-tuning in those mass parameters.

It is easy to check that, due to the smallness of the SUSY breaking scale which
will be in the TeV region, as well as the extreme softness of the SS mechanism, the
usual fine-tuning problems of the MSSM can almost entirely be avoided. To see this
consider the Z mass from the minimization conditions of the potential in the limit

1 < tan® 8 < m?/m}
2
M = i+ A0+ A ). (749

As it is intuitively clear, essentially no fine tuning is necessary if we can make
EWSB to work with all terms in (7.48) roughly of electroweak size. Let us quantify
a little further this statement by considering the sensitivy [62] with respect to the

fundamental parameters M;

M? Om?,
m% OM?

(7.49)

M; =

where M; = pu, mp,, M, ® In terms of these fundamental parameters (7.48) can be

8We are defining our fundamental parameters such that the sensitivity on them is really a
measure of fine-tuning in the sense of Ref. [63].
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rewritten as
2 _ 2 2 2
my = —2u° — 2my — kM (7.50)

where typically x ~ 1073, and the corresponding sensitivity parameters are given
by

202
B =g
A
M
z
Appy, = |1+ Ay +sign(k)Apy,| (7.51)

In Fig. 7.1 we plot the three sensitivity parameters in (7.51) for the model, that
we will present in section 7.5, corresponding to w = 0.45, @ = 0.35 and M = 1.65M..
This model gives a viable spectrum and it is consistent with all electroweak precision
observables for M, 2 6.5 TeV. As one sees from Fig. 7.1 and Eq. (7.51) the largest

20

15

10

4 5 6 7 8 9 10

Figure 7.1: The sensitivity parameters in Eq. (7.51) as functions of M, in TeV for
the case w = 0.45, w = 0.35 and M = 1.65M.. From top to bottom the lines are:
Apy, (blue line), Ay, (green line) and A, (red line).

sensitivity appears to be with respect to the parameter my,. In fact for M. = 6.6
TeV the required amount of fine-tuning is ~ 10% while for larger values of M, the
fine-tuning naturally increases quadratically. Thus for instance for M, = 10 TeV

the fine-tuning is ~ 4%
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We can now compare this situation with the one in the MSSM. The gluino mass
for a given value of M, is M3 = wM, so that in our example, for M. ~ 10 TeV we
have M3 ~ 5 TeV. In the MSSM the Z mass squared is proportional to M3 for the
same reason as in our model, but with a much larger coefficient O(1) due to large
logarithms log mz/mgur. A gluino of mass a few TeV in the MSSM will require
a (tan § dependent) fine-tuning as large as 0.01%. A careful treatment of the fine

tuning issues related to the gluino mass can be found in Ref. [64, 65].

7.5 Supersymmetric spectra and Dark Matter

We will now calculate the Higgs and superpartner spectra for some specific values
of the parameters. We would like to plot our predictions as functions of M, with all
other parameters (w,w, M) fixed. Because of the exponential dependence of the tree
level soft masses it will prove convenient to trade M by e (which provides a fixed

ratio of M /M,) when varying over M, in order to avoid excessively large or small
masses.

The parameters w and @ give O(1) coeflicients in the soft parameters. Their
possible values can be further restricted by demanding that the right-handed slepton
mass me,, be above the mass of the lightest neutralino, as there are strong constraints
on charged stable particles [66] and we would like the lightest neutralino to be the
lightest supersymmetric particle (LSP) and a Dark Matter candidate. For the nature
of the latter notice that gaugino masses are given by wM, while Higgsino masses
are essentially controlled by the p-parameter. We thus expect the neutralino to be
almost pure Higgsino with a mass basically given by p. On the other hand the right
handed slepton mass is radiatively generated and proportional to ¢’ M,.. The size of
the p term is determined by the minimization conditions and will increase ~ M,

for large M, (as it has to compensate the negative radiative corrections to m%u).

However the tree level soft mass terms (7.36) increase for smaller @ which in turn
allows for a smaller p. The requirement that the neutralino be lighter than the
charged sleptons thus favours the region w > @.

We then solve the minimization conditions for EWSB which will give us two

predictions, tan # and p as functions of the only left free parameter, M,.. Then all
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masses will become functions of M,. In particular in the Higgs sector all masses are
obtained from the effective potential where the one-loop corrections to the quartic
couplings are included. The mass of the SM-like Higgs is then computed with radia-
tive corrections to the quartic couplings considered at the one-loop level. It is well
known that including just the one-loop effective potential overestimates somehow
the Higgs masses and improving the effective potential by an RGE resummation of
leading logarithms provides more realistic results. In this paper we will neverthe-
less be content by evaluating masses in the one-loop approximation. The squark
and slepton masses are dominated by the gaugino loop contribution and hence grow
approximately linearly with M.. We find [42, 27, 28]

(Mg, Mag, Mg, Mg, , M) = (0.110, 0.103, 0.102, 0.042, 0.025)/f(w)M, (7.52)

where the function f(w) is given in Eq. (7.41) .

On the other hand the gauginos have a mass given by
Ml/g = ch s (753)

and the Higgsinos, charginos and neutralinos, a mass approximately equal to pu,

mg= ~ mgo =~ (. They are quasi-degenerate in mass and its mass difference can be

given to a very good approximation (for p < 0) by [67]

A e
My _ M TR0 (0,35 4 0.65 sin 28)

mw mw 1/2

(7.54)

which means that typically e.g. for M. ~ 10 TeV, Amy ~ 1 GeV. The phenomenol-
ogy for Tevatron and e*e™ colliders of models where charginos and neutralinos are
quasi-degenerate in mass was worked out in Refs. [68, 69]. The most critical ingre-
dients in the phenomenology of these models are the lifetime and decay modes of
x* which in turn depend almost entirely on Amg. Conventional detection of sparti-
cles is difficult since the decay products (y* — x°n%, Y%* vy, ...) are very soft and

alternative signals must be considered [68, 69].

9Numerically f(w) < 1 for the values of w we will be interested in.
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We will now consider in detail a typical example that will be solved numerically
and we will plot all the predictions of the model as functions of M.. We choose
w = 0.45, @ = 0.35 and M = 1.65M, as in the previous example of Fig. 7.1 where

the fine-tuning in these models is exemplified. The results are shown in Fig. 7.2. The
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Figure 7.2: Predictions for the case w = 0.45, © = 0.35, M = 1.65M,. (as in
Fig. 7.1) as a function of the compactification scale. Upper left panel: tan 3. Upper
right panel: the SM-like Higgs mass my. Lower left panel, from top to bottom
the lines correspond to the masses of: left-handed sleptons m; (green line), heavy

neutral Higgs (with a mass approzimately equal to the pseudoscalar mass) my ~
ma (magenta line), right-handed sleptons me,, and neutralinos m,o ~ u (red line).
Lower right panel: the squark masses mg. All masses are in TeV.

SM-like Higgs mass easily satisfies the experimental bound myo > 114.5 GeV for
M, > 6.5 TeV. The LSP is the Higgsino-like with mass ~ p. Electroweak precision
observables also put lower bounds on M, (see e.g. Ref. [28]). For the particularly
chosen model the x?(M,) distribution has a minimum around M, ~ 10.5 TeV and
one deduces M, > 4.9 TeV at 95% c.l.

Finally in the considered class of models where the neutralino is the LSP and
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R-parity is conserved the lightest neutralino is the candidate to Cold Dark Matter.
In fact the prediction of Qh? can be obtained using the DarkSUSY package [70]

and can also be approximated by the expression [71]
Qgoh? 2 0.09 (1u/TeV)? (7.55)

In the particular model of Fig. 7.2 the prediction of Q0h? is given in Fig. 7.3
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Figure 7.3: Qgoh? as a function of M, (in TeV) for the model presented in Fig. 7.2.

Recent WMAP results [72] imply that 0.114 < Q0h? < 0.134. As one can
see from Fig. 7.3 this range in Qgoh? points towards the range ' 49 TeV < M, <
53 TeV. Then for a value of M. ~ 50 TeV the density of Dark Matter agrees with
the recent results obtained from WMAP. Notice that for such large values of M,
the neutralinos are almost Dirac particles. However the non-Diracity is spoiled by
O(mw /My 2)mw ~ 300 MeV which is enough to avoid the strong limits on Dirac
fermions that put a lower bound on the non-Diracity around 100 KeV [73, 74].
On the other hand the WMAP range for M, implies, in the gravitational sector,
gravitino masses ms;, 2 10 TeV (depending on the value of the SS parameter w)
are such that gravitinos decay early enough to avoid cosmological troubles and thus

solving the longstanding cosmological gravitino problem [75].

100f course, such large values of M, require a fine tuning < 1%, see section. 7.4.
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Chapter 8

Neutrino masses from a flat 5D
space

In the previous chapter we presented and developed a model for the electroweak
symmetry breaking defined in the interval. Here we continue with the phenomeno-
logical insight of this proposal. In particular, we wonder whether this model could
predict light mass eigenvalues for standard model neutrinos.

The exponential localization of the Higgs field towards the zero brane induces light
effective Yukawa couplings between the Higgs and the matter localized in (or to-
wards to) the 7 brane and on the other hand, if we allow the RH neutrinos to
propagate in the bulk, the eigenvalues of the mass are naturally m,, > R~!, the in-
vers o the compactifacation radius, therefore, at first glance, it seems to be a chance
for a see-saw-like mechanism. In fact, in the last years a great scientific effort has
been dedicated to this topic [76, 77, 78, 79, 80, 81]. Non the less, before presenting
the model we will briefly review the 4 dimensional (original) see-saw mechanism for

neutrino mass generation.

8.1 4D see-saw mechanism

Standard model neutrinos are fermions with well defined chirality, as a consequence
their mass couplings should be of Majorana type, otherwise the propagator will
mixed the two chiralities, as it is the case of the electron, for example. Thus, the

usual Higgs mechanism for mass generation [82, 83| is not suitable. Instead, the

109
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see-saw mechanism [84, 85] proposes the existence of heavy right handed neutrinos
(RH) which couple with the standard model left-handed ones (LH) through Yukawa
couplings. If we call ¥z and ¥y the RH and LH neutrinos respectively, My the RH

mass and A the Yukawa coupling then we have

L= 4 Mprtp + Abptoy + AR g (8.1)

with h being the Higgs boson. Once it acquires its Vacuum Expectation Value

(VEV), say v, the Lagrangian becomes an effective mass matrix given by

L=t (nin) (4 2 ) (05)- (32)

If Mg > v then the eigenstates of the mass matrix are

A 2)\2
v =YL — L—Rlp}z, with mass  mp = QjMR ,
VA )
VRE@DR‘FM?#L, with mass mpr = Mg,
R

thus, if My is large enough and A is small enough we obtain an ultra light Majorana
mass. Nevertheless, taking a RH mass Mgz 2 100 GeV to yield a Majorana mass of

the order of meV we need A\ ~ 10~7, which is a severe suppression.

8.2 5D mechanism for generation of neutrino masses

Many authors have used a 5D generalization of the See-Saw mechanism for neu-
trino mass generation with a right handed neutrino propagating in the 5D bulk
and thus with a mass naturally at the TeV scale. However, as Dienes, Dudas and
Gherghetta [77] have shown the effect of the Higher modes in the decomposition of
RH neutrino spectrum yields an effective Majorana mass for the SM left handed
neutrinos which in general spoils the See-Saw mechanism, as we will see below. Non

1

the less it is still possible to generate ultra light neutrino masses™ in a way to be

!Majorana and Dirac.
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discussed in a moment. By now let us introduce the model. For it we will con-
sider an extension of the electroweak symmetry breaking model presented in the
previous chapter [86], that is: a supersymmetric (N = 1) theory defined in the
interval ¥ = M* x I with a compactification radius R~! ~ few TeV. In what fol-
lows we first present the action for the RH neutrinos and then we will apply the
general results to the phenomenology of neutrinos and charged leptons. Let us take
Ny = @) + V2 01y + «92F(C) as the content of the RH hypermultiplet. For them
we take the most general supersymmetric action defined in the interval. As we saw

in chapter 6 it is given by:

S = / d'0 [NN + N.N,] — / &0 N.OsN + h.c.
b b

+/ d*0 (aNcN - Pz b 2) +h.c.
5 2 2

. 1
+/ d20 (S—NZ ~ N2y +S3NNC) +he., (8.3)
o 4 1 2

where a € R, b € C are constants with dimension of energy and sy = s; & iso,
§=(s1, $2,53), (8.4)

being a unitary vector. For simplicity we just omitted the subscript indicating the
boundary, although, except explicit mention, we take different parameters at y =0

and y = w. The variational principle on (8.3) yields the boundary conditions

1
5(1-5&5)(%) -~ 0,

%(1+§-6)[8y+;5-§M](q;0) -0, (8.5)
%(1—5’-6)(%) = 0, (8.6)

where we have defined the shorthands

1 /
ﬁ: —(va _b[7 CL) ) M = a? + |b|2 : (87)

a? + ]b\2
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The spectrum allowed by these boundary conditions can be read off from Chap-
ter 5, and it is provided be the zeroes of the function [44, 55]

2

M M
sin?(77) — (co — cw)ﬁtan(wQ R) — |cos*(n7) + CoCr gy tan*(mQ R),  (8.8)

—

with cos(277) = 8y - 8r, ¢f = P+ & and Q* = m? — M? m being the physical
mass. Notice that the spectrum equation depends only on SO(3) invariants related
to the relative configuration of the bulk and boundary matrices. Hence a continuous
group of SU(2) transformations acting on the fields lives the spectrum of the theory

invariant. To see this explicitly let us rewrite (8.3) in a more compact way as

S:(/AM%W—%MN%ﬂENM—%N%NM+hQ
Y

+ L Nea-sa) N, e (8.9)
4 Jos

where

N—(%), (8.10)

7 € su(2) are the Pauli matrices and

e:(flé). (8.11)

Now it is clear that a unitary rotation acting on (N,, N)T translates into an SO(3)
rotation acting on the vectors defining the matrices, thus the spectrum is left invari-
ant. Geometrically, these (global) unitary transformations change the basis where
the bulk and boundary matrices are expressed but the relations between them re-
main unaltered. Notice that these transformations are not symmetries of the action
since albeit they leave the kinetic term invariant, the bulk and boundary mass matri-
ces transform covariantly. Non the less, the solutions connected by them represent,
indeed, the same physical 4D state. In the next section we shall use this spectrum

invariance to solve the equations of motion.
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8.2.1 Spectrum and wave functions

We first note that the general bulk mass configuration displayed above is not really
suitable to solve the equations of motion for the fermions. For them we have a
mixture of Majorana and Dirac mass term, which add difficulty to the resolution.

In particular, as we shall see in a moment, the usual separable solution taken in the

orbifold case, i.e. ¥(z,y) = (f(y)¢(x),g(y)§(m))T, here does not work in general.

However, the set of unitaries

{U@}U{UPp1,p2,0)}, (8.12)

i er 0 l—sp+c; 1—cy— sy
Ty -, i 1
U(ZT) 2 1— Sp ( 0 6_165 ) ( —1 + Cﬁ'+ Sﬁ 1 =+ Cﬁ — Sﬁ ’ (8 3)
with

Cyp = DP3, Sp = 1_(p3)2a

i65 1 . D
el = 1 (\/p1+\/1—(p3)2—1|p—z| —p1+ 1—(193)2) ;

V2 [1- (P3)2]

and U(p1, p2,0) being the limit of U(p) when p3 — 0, i.e.

1 [ elps=0 0 1 -1
U(pbp?’o) - E ( 0 e_i(sPs:O ) ( 1 1 ) s (814)

brings p'to (0,0, 1), i.e., a purely Dirac mass coupling.

In this new basis the equations of motion read

(02 —0—M?) ¢=0 (8.15)
(02 —0—M?) ¢.=0 (8.16)
F+¢.+M¢.=0 (8.17)

F.—¢ +M¢p=0 (8.18)
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1610,1 — Ostb. — M 1. =0 (8.19)
1619, + Osth — M) = 0. (8.20)

The spinorial equations can be gather in a single Dirac equation as

(90, —7°0s — M) ¥ =0, (8.21)

with U = ( Ve ) For simplicity we consider the case §y = s, = (—s,0, ¢) and thus

(8
l—c s O
() (%), 2

the boundary conditions read
I+c¢ —s Gc _
[85+Mc]( s 1_6).((15)0#_0 (8.23)

(i) e

hence the spectrum equation reduces to

2M2 2
which has the solution
1
mg = s*M?, mn:EvM2R2+n2,n:1,2,3,-~- (8.26)

Wave functions

e Bosonic solution
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There is no subtlety to deal with the bosonic solution. As usual we suppose the

eigenfunctions to verify the 4d klein-Gordon equation Dgzﬁ?c) (z,y) = —m?2 (@ (z,y),

hence the general solution to the 5d equations of motion will be given by

O(z,y) = A(z) cos(Qy) + B(x) sin(Qy) , (8.27)

with & = ( Q;C ) The boundary conditions at y = 0 impose the restrictions
14+c—s
4 = (1—c—s)a($>’
Mc (1+c—s —1l4+c+s
B = _ﬁ(l—c—s>a($)+( I+c—s >b(x),

where a(x), b(x) are independent complex functions verifying the above 4d Klein-

Gordon equation. Finally, the boundary conditions at y = 7 impose
b(z)sin(QrR) =0, (8.28)

A M?

a(z) [Q + } sin(Q7R) = 0, (8.29)

which have two possible solutions

1. b(z) = 0 and hence Q2 = (iQ)? = —2M?, whose eigenfunction is
0 __ 1 +c—s . ﬁ . o
oY = ( | o s cos(Q2Ry) q sin(QRy) | o(x) =
14+c—s —McRy
(1_6_5 ) € p(x), (8.30)

2. QR =n € Z,, with eigenstate

" = < pheme > f(y) ¢ ()

l—c—s
+ ( _11 :fjss ) 9" (y) @5 (x) (8.31)

for f"(y) = cos(fy) — HHsin(5y) and g"(y) = sin(Hy).

n
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e Fermionic solution

The formal solution to (8.21) is given by

U= [COS(V—E\ — M?y) + 75;% sin(v—0 — M? y)} O(x),

where O(z) is the initial value at y = 0 and we will assume it to fulfill the 4d
Klein-Gordon equation 0O © +m?0 = 0. Thus the solution for the m-th mode reads
ko, — M

cos(Qy) + fy5w—

\D:
Q

sin(Qy)} O(z), (8.32)

of course, the initial value will be the solution to the boundary condition, (8.6), at
y = 0, that is:

@:((1+C_S>X), (8.33)

(1—c—s)x

with x an arbitrary Weyl spinor. Nevertheless, we are working with a 4d Dirac

spinor satisfying a Dirac equation, namely, there has to be another Weyl spinor?,

say &, such that, together with x, both of them verify the equations
i0t9,& = my, 519, x = mé. (8.34)
Plugging (8.34) and (8.33) in (8.32) we obtain

(U te—8)f()x
Vo= (<1—c—@f4wx)

(1—c—s5)¢ ' sin(Qy)
+ m(_<1+c_8>§) q (8.35)
fe(y) = cos(Qy) + %sin(@y) : (8.36)

2This is a straight analogy of the orbifold case, where we have a Dirac spinor in the bulk
although parity assignment projects out one of the components at the boundary such that there
we have a single Weyl (Majorana) spinor.
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Finally, the boundary condition at y = m imposes the vanishing of

S () () )

).

sin({ln ) ( A ) . < ) ) 0. (8.37)

Equation (8.37) has two possible solutions:

=

which is equivalent to

]_. QR:TL Wlth n = 17273’...
In this case we have two independent spinorial degrees of freedom, £ and Yy,

degenerated in mass.

2. QR ¢ 7
Now the solution should be

mé+sMy=0, (8.38)

however, &, x satisfy the equations (8.34) hence if £ = ky then
- 1
i0t0,6 =m—§ =10"0,kx = mKE <= K=1. (8.39)
K

and therefore
m=—-sM. (8.40)

Thus we reencounter the spectrum (8.26). The corresponding wave functions turn

out to be

v ((1—C—S)fﬁ(y)>2”)

+ ViZ+ MPR? ( _(%1_;6__82)5;” ) Smil%y) , (8.41)

P = ( (Le=sp ) =My (8.42)
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Some comments about these solutions are in order now. First of all the degeneracy
of the higher modes is clearly a consequence of the coincidence in the boundary
matrices. To understand this, consider the bosonic solution corresponding the the

eigenvalue m

(92 + m* — M?) < ﬁj ) =0, (8.43)

(1-5)(%)(”:0, (8.44)

)

(1+S)[85+0M](q;‘3)0 —0, (8.45)

)

both, the boundary conditions and the bulk equations of motion, are invariant under
the transformation

eios a€R, S =Sy=25,. (8.46)

For the sake of simplicity we express the system in the basis were S = o3. Now

suppose that the multiplicity of every mass eigenvalue out of (8.25) is one, then we

( Q;C ) , (8.47)

is the solution corresponding to the eigenvalue m, then

(%), (8.19

which is a linearly independent C? vector, i.e., not proportional to the original state,

fall in a contradiction, since if

is a solution to the same equations of motion and boundary conditions, and hence
it shares the same mass eigenvalue. It is clear that in a particular case of the form
(¢¢,0) or (0,¢) we have not this contradiction. From the supersymmetric structure
of boundary conditions it follows that the statement is extendible to the fermionic
case. Secondly, notice that the solutions are not, in general, factorizable as f(y)g(z)
which reflexes explicitly why the orbifold-like ansatz mentioned previously is not

suitable. We want to remark in addition that the presence of ¢ is not a unitarity
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problem at all. From (8.34) it can be expressed in terms of 0, x which is in con-
cordance with the uniqueness of the solution to (8.21) given a 4D dependence of .
However they can be thought as off-shell independent degrees of freedom.

Finally, it is clear from (8.32) and (8.15)-(8.16) that given a value of Q the solu-

tion corresponding to —(2 is exactly the same, since there is no degeneracy associ-
ated. Actually the spectrum can be thought as the solution to vVm? — M? =
(VM2 —m? = Q) given a solution Qg of (8.8). The sign of the root is, of course,

a matter of convention, but one can not choose both of them at the same time.

For instance, by choosing ¢ M to be negative one has that the lowest RH mode

exponentially localizes towards y = 7 boundary. In fact the sign of Q () can be
absorbed by the redefinition y — mR—y, which shows that both signs cannot coexist

simultaneously since they do correspond to the same eigenstate.

8.3 Effective action

In this section we develop the effective action for RH neutrinos coupled with SM
matter (the Higgs and the left-handed neutrinos (LH)) and we will obtain the lowest
eigenvalue by solving the characteristic polynomial of the effective mass matrix.
As we will show this can be alternatively done through the effective mass matrix
resulting from the integration of the higher KK modes.

For simplicitywe only consider the action concerning the right handed neutrinos,

the left handed neutrinos and the Higgs. For the latter we will consider the action
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developed in Ref [55]. The 5D action under study is 3

1 B _ _ _
Seﬁ - 5 /E i¢c5uau¢c + iqu)co-lt lﬂvz)c + Hpa—“aﬂ¢ + i@Z}O'MaMQﬁ

- %/wc(_gﬂb—‘_Mw)+w(85¢c+ch)+hC
by

= 3 Pl (o= D U [+ s s + e
+ / Y, Yo H. + h.c. (8.49)
Y=Y,

where v, denotes the LH neutrino, Y, is the 5D Yukawa coupling (with dimension
of inverse energy), yy, stands for the boundary where vy, is localized, i.e. f =0 or
f =m and H. is the lowest mode of the Higgs which according to Ref. [55] is given
by H. ~ 2Mpy e MY h(z). Now we take 1) and 1), as

Ve =(1+c— s)e MUnp(x)
+ 3 [T+ = )1 X (@) + 2L = e = s)sin(ny/R) ()|
b =(1 = c = s)e MV (a)

+3 [(1 —c—8)fT(y) X" (z)

n>1

My _ "
- 7(1 +c—s)sin(ny/R)& (IL‘)]
whose components satisfy the (free) equations of motion
icho,n=—sMm, (8.50)

ia—“au(?:):%mn(?é).(g), (8.51)

3The Yukawa interaction terms are strictly localized on the boundaries since they are not
SU(2)g invariant.
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with m,, = v M2R? + n?. By integrating over the fifth coordinate one obtains the

following effective 4D action
o |1 1
Sar = [ dix (k) | ooy + oM

- 1
+>° / d'x [§Ankna—ﬂau/\n — g AgknalAn]
n>1

+/d4XY,, 2Mpes, (1 +c¢—s)nLh

+ Z / d4X YV QMHth(l +c— S) XnVL h+h.c. s (852)

n>1

where kg is the real number

- 2(1 —s —9eMn
(ko) > = (CM ) (1— e MRy (8.53)
k, the tower of matrices
2
M
ky, = sz(”:L’;) (1-s) {1 +s mR 01] , (8.54)
A,, stands for
Xn
An = )
(&)
and
e, = e Mulys, —ysol (8.55)

where f, = 0 or f;, = m depending on the boundary the H,. zero mode is localized

towards. By redefining the modes as

n 1 n n
(A :\/ﬁ—kﬂf) (X" ££"), (8.56)
¢ (8.57)

:k_ona



122 Neutrino masses from a flat 5D space

with

(8.58)

n? My,

(k)2 = 9ppn) )2(1 — ) [1 + sMR] ,

the 4D effective action (8.52) can be rewritten as

Seft —/d X [ C5"0,¢ + —SMC 1 +Z/d4x_ Uteiato Mg _,_era/‘aHler)

n>1

—Z/d4x—mn (v2)" = (v)*] + /d4xY (nh

+Z/d4 My b+ Y P, ]+h.c., (8.59)
n>1
where
MM
YO =Y, (1+c—s) w e e/, (8.60)
— S
and
n 1 n
Yi( )= —Y, (1+0_3) |MH|efh k(i)’ (861)

V2

are the 4D effective Yukawa coupling constants. Here we have defined ey, as

¢, = e 1Ml -vs| (8.62)

where y;, = 0, 7R depending on where the lowest mode of the RH neutrino localizes
towards. Once the Higgs gets its vacuum expectation value, (h) = v, the Yukawa

couplings turn into Dirac mass terms and we are thus left with an effective mass

matrix connecting LH and RH neutrinos given by

Lo =g M+ Y Outu = Y o [(01)* — (u2)]

n>1

+3 v {Yf‘wim + Y_(”)W_‘VL} . (8.63)

n>1
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Notice that RH neutrinos appear in (8.59) as Majorana spinors albeit we started

with Dirac fermions. However if we redefine the fields as
oy =yvr +yh, (8.64)
e =Yt — YT, (8.65)
we recover the expected Dirac mass spinors due to the degeneracy in mass of the
higher modes.

Now we can find the eigenvalues of the infinite mass matrix (8.63) by computing

its characteristic polynomial [77]

—A mg) o mgz)r mgl

mg) sM — X

PO =det | h \ . (8.66)
e o

mp My — A

where m{? = vY® and m{?) = oY, The determinant of (8.66) yiclds
P(\) = (8.67)

0)) 2 n\? n\2
(m5) (m:)" ()
I | B

sM — X\ m;+ A m;— A

A=sM) TV =mi)| S A+

k>1

>1

When s # 0 the smallest eigenvalue, Ay, will not be that vanishing either A—s M

or A —m?. Therefore it should verify the equation

(m) S (i) ()] s565)

A
L+SM—>\L ml—/\L ml+)\L

1>1
Since mgli, mg) are ~ vY, /R, and we will assume it to be much smaller than M,

we can expand the solution in powers of = XE”% as

o

A
=S (8.69)
(=1
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which makes sense whenever the lowest order is small. Substituting back in (8.68)

we find that at lowest order Ay, is given by

AL <m§§)>2 R () )2 ) )2
M+ s M2 :_;an {(mD_> _<mD+> }
201+ 0)sMy (ep,)° Ro*Y? > i (8.70)
s et (n?2 + M2R?)(n? + 2 M?R?) )

Finally the series in (8.70) can be computed analytically by means of a Poisson

re-summation giving

1+¢c

A = —v?Y? My (ep,)? [20(%)2 + coth(rMR) — ccoth(rc MR)| . (8.71)

Alternatively this result can be obtained as the diagonalization of the effective
action induced after integrating out the higher KK modes 97 in (8.63) for momenta
much smaller than their mass (i.e. neglecting their kinetic terms). From (8.63) the
equations of motion for ! are given by

R mgl)i

n

and substituting back in (8.63) we find in matrix form the following effective mass

coupling for vy, and ( = vg

1 m(o) v
2 (ve,vr)- ( ml%) 5]\? ' ( wL«z ) 7 (8.73)

with
p=y " {(m%i)z - (m%i)Q] , (8.74)
n>1 n

are much smaller than M the light and heavy eigenvalues A; g of

2
()

Since p and mg)

the mass matrix in (8.73) are

AL > — A ~sM. (8.75)
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where the light eigenvalue Ay, coincides with that found in Eq. (8.71).
A particularly interesting case is found when s = 0, that is when the boundary
matrices are precisely aligned with the bulk mass matrix. In that case the charac-

teristic polynomial simplifies to

O ,
P\ = [H = mz)] Ml1+2Y % - (mg>) (8.76)

k>1 >1

where

(m§?>2 = 20°M* My R~ a

TE PR (8.77)

Notice that (8.76) is an equation for A* which means that both £\ are solutions and
thus the set of eigenstates of the whole mass matrix are exactly degenerate by pairs

and therefore they can be gathered to yield Dirac fermions. Following the same used

above we find that the lowest eigenvalue is given by

A+ =2V, vep / MyM e ™Mur (8.78)

The effective mass matrix for vy, vz will be given in that case by

( W?D ”BD ) . (8.79)

where we have defined mp = 2Y, v efh\/me_”Myfv. The degeneracy of the
spectrum for s = 0 can be understood in terms of a symmetry which takes place
only within this case. As a matter of fact, s = 0 means that the vectors p, 5y, S
are all aligned along the same direction and hence a U(1) subgroup of unitary

rotations around this direction axis leaves the action invariant. In terms of the
fermion components, these transformations translate into

(i, X") = €% (n,x"), & —e,  w—ety (8.80)

where « is a real parameter. Notice that this symmetry forbids any Majorana term 4,

in particular for vy, and hence g must vanish.

4This symmetry plays the role of the lepton number symmetry of the SM.
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8.4 Discussion on neutrino masses

In this section we will apply the previous results to discuss the possibility of getting,
within this kind of models, an (ultralight) neutrino mass in the sub meV range. The
first task will be to set the range of dimensional Yukawa couplings which appear in

the 5D action in the leptonic sector
/ (YV[HCVLwc + YgHgLGR) (881)
%

i.e. Y,,, with dimension of length, and Y}, with dimension of square root of length,
where ¢ = {7, u,e}. A naive estimate of wave function renormalization correction

to the Yukawa couplings in the 5D theory sets bounds as

Y, - 47 Y, 4

- 7t _ = _ - <
yw—RNARu Yo = RN\/E

(8.82)

so that taking AR ~ 10 we obtain O(1) upper bounds on the dimensionless Yukawa

couplings v,, ¢. We can now distinguish three different scenarios:

8.4.1 Dirac mass

We will assume here that all the SM matter is strictly localized on the y = 0 brane
and the zero mode of the Higgs is localized towards it as well, thus e;, = 1, and
the zeroth mode of RH neutrino is exponentially localized towards y = 7R, i.e.

yy, = 7R, with s = 0 as Fig. 1 shows.

v

As shown in the previous section we obtain a Dirac mass connecting vy, and vg,

which is of order
ml ~20Y,,/M My eg. (8.83)

with e = €"M™®_ In Fig. 8.2 we show the Dirac mass as a function of MR for
1/R ~5TeV, y,, ~1and MyR ~ 1.6 [55] °. We can see from Fig. 8.2 that m/) <1

5As it is shown there for such value of My R the spectrum of the Higgs presents a tachyon at
the tree level, which partially cancels the positive one-loop radiative correction to the Higgs mass
due to the gauge coupling and allows the EWSB to take place at the two loop level with a modest
amount of fine tuning.
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QrL,Ur,Dpr
Li,ER

y=20 y=7R

Figure 8.1: Bulk and brane matter distribution for a neutrino Dirac-like mass.

eV for MR Z 9 although mlz decreases exponentially with M R and thus mfz ~ 1
meV for MR ~ 11. In this scenario there is no wave function suppression for the

charged leptons whose Yukawa couplings should therefore be given by y, ~ my/v.

0

9 9.5 10 10.5 11
MR

Figure 8.2: m[) as a function of MR for MyR = 1.6 and s = 0.

If s # 0 in this scenario the lowest eigenvalue is a Majorana mass given by
my! ~ Y 0 My [2c €72™MIF 4 coth(m M R) — ccoth(re MR)] | (8.84)

which in general will be too large, unless a severe, although not extreme, suppression
of the 5D Yukawa constants, y,, ~ 107% which is similar to the electron Yukawa
coupling in this kind of models ..

Yet another possibility could be to localize the lowest RH mode towards y =
0, corresponding to ¢cM > 0. Considering now MR > 1 the mass eigenvalue
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is proportional to (c + sign(M) + 2€-27IMIR _ 9ce=2me MRy Then by choosing
¢ = —sign(M) we could be left with an exponentially suppressed Majorana mass.
However this value of ¢ is not consistent with the initial hypothesis cM > 0. In fact
the smallness of the Majorana eigenmass is achieved with a different localization of

the quark and lepton sector within the SM as we will see in the next section.

8.4.2 Majorana mass

The main obstruction to get a small Majorana mass eigenvalue out of the effective
mass matrix (8.73) for the s # 0 case is that the Yukawa couplings of the higher
KK modes are not suppressed if the SM matter is located on the boundary where
the Higgs localizes towards. However by allowing the Standard Model matter to be
split into different branes , for instance quarks localized in the same boundary (quark
brane) where the Higgs localizes towards, while leptons are localized in the opposite
boundary (lepton brane) as Fig. 3 shows, then via ey, , the whole tower of effective
Yukawa couplings will be exponentially suppressed by the Higgs localization and so

1 will be.

QLaURaDR LL,ER

Figure 8.3: Bulk and brane matter distribution for a neutrino Majorana-like mass.
The vg propagates in the bulk with mass M.

Such a splitting has its justification within the context of intersecting branes in
String theory. Briefly, it consists of different Dp-branes wrapping non trivial ho-

mology cycles which intersect at M, world volumes. The open strings stretching
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between them reproduce (p + 1)D gauge multiplets and 4D chiral multiplets. Such
Dp-branes intersect (in general) several times, therefore one can replicate 4D chiral
matter. The details of this development takes us far from the aim of the present
work. Non the less the interested reader can find an excellent review in [87] and

references therein.

Now the effective mass matrix is analogous to the previous case except for the
global exponential suppression on the Dirac couplings, namely, u — €% p with ez =
e~ ™MuR Tpn addition, we will assume the lowest mode of the RH neutrino to localize
towards the leptonic brane, i.e. ys, = 0, corresponding thus to cM < 0. We then

find that the lowest neutrino Majorana eigenmass is given by

1
mM = e%ﬂ)QYffinj [2¢ 4 coth(mtM R) — ccoth(emMR)] . (8.85)
s

Vy

Notice the almost independence on the RH neutrino bulk mass M albeit its presence
is absolutely necessary to provide the existence of a lowest Majorana eigenmass © it
is shielded by the higher RH neutrino modes. In Fig. 8.4 we plot m% as a function

of log,q v, for fixed values of ¢ and M R. From Fig. 8.4 we can see that generically

2.6 2.8 3 3.2 3.43.6 3.8 4
b4

M

Figure 8.4: Neutrino Majorana mass, m,, ,

MpR =16 and MR = 5.

as a function of —log;,y,, for ¢ = —1/2,

m% < 1 eV implies y,, S 1073,

6In case of vanishing M we would be left with a lowest Dirac eigenvalue or, at most, with two
almost degenerate Majorana eigenstates.
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The charged leptons, on the other hand, have masses

me ~ vy MgRep , (8.86)

By fixing in this scenario the Higgs localizing mass to its previous value My R = 1.6
we predict the correct value of the 7 mass [66] by means of the 5D Yulkawa coupling
yr ~ 1 while y, >~ my/m, for the first two generations (¢ = e, p).

An interesting particular case arises here. Given that cM is negative, in the limit
when |cMR| > 1 Eq. (8.85) reads

1
mb! ~ Yjv%%{MH% [3c + sign(M) + 2sign(M) e~ 2mMIF 4 9¢ e=2rleMIR]

(8.87)
Considering now the value ¢ = —%sign(M ) we find a doubly suppressed Majorana
eigenmass given. For instance for the case M > 0 and ¢ = —1/3 one gets
2
m ~ g 2y2e e smMR (8.88)

which has a doubly suppressed exponential behaviour both from My and M. In
that case one can get tiny Majorana neutrino masses from the localization of the
zero mode of vi for O(1) values of the 5D Yukawa couplings y,,. This is shown
in Fig. 8.5 where the Majorana mass m% is plotted versus |MR| for y,, = 1 and

c==+1/3.
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Figure 8.5: Neutrino Majorana mass, m%, as a function of |MR| for MyR = 1.6 and

¢ =1/3 (upper curve), ¢ = —1/3 (lower curve).
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Conclusions and Outlook

Along this Thesis we have developed a clear line of research based on models
of High Energy Physics in 5 dimensions with the extra dimension defined in the
closed interval (0, 7R) with R at the scale of few TeV ™' incorporating global su-
persymmetry whose aim is to be applied to phenomenology of Physics beyond the
SM. In particular we have tried to shed some light on two crucial aspects of the SM
Physics: ElectroWeak Symmetry Breaking and the origin of neutrino masses. To
this aim we worked out a supersymmetric model in a five dimensional space with

boundaries motivated from models defined on the orbifold with odd bulk masses.
As we saw, a geometrical interpretation could be given to supersymmetry breaking

by boundary terms, as a mismatch between bulk and boundary mass matrices in
two different ways. We identified one of them as a Scherk-Schwarz supersymmetry
breaking due to the breaking of the global SU(2)g symmetry and the other was saw
as a soft breaking coming from a possible boundary spurion superfield. While the
Scherk-Schwarz breaking is known to be one-loop finte, we checked explicitly that
the latter breaking pattern induced linearly divergent corrections to the Higgs mass
although its stability is warranted for values of the cut off AR < 102. Finally we
used this novel breaking pattern to proposed a model for ElectroWeak Symmetry
Breaking since the Higgs spectrum predicted by the boundary conditions presented
a tachyon at the tree level.

Non the less, the tachyonic mode is still present in the Higgs spectrum with the
Scherk-Schwarz breaking introducing an extra SU(2)y index in the Higgs multi-
plet. Therefore, to reduce the UV sensitivity of the model we further investigated
the ElectroWeak symmetry breaking process within this context. In particular we
exhaustively studied its quantum stability under radiative corrections and we con-
cluded that the tree level tachyon could partially cancel the positive quatum cor-
rections to the Higgs mass coming from the gauge sector and then the EWSB could
be triggered with the negative quantum corrections coming from the top-stop sector

with a mild fine tuning.
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Finally, we continued with the phenomenological insight of this class of models by
investigating the possibility for yielding a light neutrino mass. We developed an
N = 1 supersymmetric action for right handed neutrinos, left handed neutrinos and
the Higgs. We found that using the exponential localization towards one of the
boundaries of the lowest mode of RH neutrino one can yield an ultra light neutrino
Dirac mass while the Higgs exponential localization allows one to get a Majorana
like mass at the meV scale for natural values of the 5D Yukawa coupling constants
~1073R .

Following the lines of our calculation it should be easy to describe textures of RH
neutrino masses describing the different patterns for LH neutrino masses and mixings
(see e.g. [88]). It should be enough to introduce the corresponding three-by-three
mass matrices and carry on the parallel calculation. In cases where Dirac or Ma-
jorana neutrino masses are controlled by the localizing masses, since they depend
exponentially on the latter a modest change in the corresponding RH mass eigen-
values should be able to describe realistic neutrino spectra. Of course since the RH
neutrino masses are an input in our theory, even if correct spectra do not require
to fine-tune any parameters, we cannot call this a “solution to the neutrino mass
problem” until some more fundamental theory (e.g. string theory) would give us the
correct values for the heavy masses. In fact this was not the aim of our work but a
classification of the different solutions of our 5D theory providing realistic spectra

for neutrino masses and yielding hints for possible future discoveries at LHC.
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