
B.1. LIGHT CURVE AND TIMING OF THE FLARESOF MKN 421 129

Remarks/ bin size Time lag Fit range

1 day -0.5+- 0.39days +- 2 days
0.5day -0.45+- 0.15days +- 2 days
0.25day -0.21+- 0.15days +- 2 days
0.2day -0.35+- 0.15days +- 2 days
0.1day -0.25+- 0.1days +- 2 days
1 hour -0.41+- 0.04days +- 2 days

0.5hour -0.5+- 0.04days +- 2 days

no bin / interpolation -0.38+- 0.07days +- 2 days

jacuzzi/ 1 hourbin -0.36+- 0.1days +- 2 days
jacuzzi/ interpolation -0.45+- 0.078days +- 2 days

TableB.4: Thetablebelow displaysthefit resultsfor differentbin sizes.All measurementsshow a
systematictime lag of x-raysof approximately10 hours.As a crosscheckfor theanalysisprogram
alsothelightcurveof ’jacuzzi’, acompletelydifferentlightcurveprogram,writtenby DanielKranich
in Munich, was taken to calculatethe correlation. It shows the sameresult. To crosscheckthat
the effect is not an artifact of binning the correlationwas also calculatedwithout binning but by
interpolatingbetweenneighbouringCT1 measurements.

The analysisis basedon the ideathat the x-ray flaresconsistof two components: a
slow flare backgroundcomponentand a fast flare componentwhich is fasterthan 0.5
days.Theobjective in this caseis to determinewhetherTeV flaresare correlatedto the
total x-ray flux or only to the fast flarecomponent. Therefore,theempiricalcorrelation
functionis calculatedfor boththetotalx-rayflux andfor thefastx-rayflaresfor which the
slow componenthasbeensubtracted (seeFig.B.14).Theslow componentwasestimated
by fitting theslow flare(of approximatelysevendayduration)with aGaussiandistribution
function.

FiguresB.15 Fig. B.16 displaythe results. The highestcorrelationfor both datasets,
with andwithoutbackground,is achievedfor asmall time lag of a few hours (gamma-rays
arriveearlier).Theeffecthasonly onesigmaandis not significant.

Thecorrelationincreasesfrom 0.63+- 0.18(3.5 Ý ) to 0.70+- 0.16(4.3 Ý ) whenthe
slow x-raycomponent(i.e. thebackground)is subtracted.Theincreaseis not significant.

Time lag betweenthe � -light flux and the x-ray light flux

For systematicstudiesof thetime lag thedatafrom CT1 in 2001weretaken. If onelooks
at Fig. B.17 which useda binning of one1 hour anddisplaystime lags  �£ of +-6 days
onegainstheimpressionthatthecurve is slightly shiftedto theleft. Thiswould imply that� -rays arri veslightly earlier than x-rays.

To clarify thequestionaboutthetime lag,a Gauss-distribution wasfitted to theregion
aroundtheorigin of thecorrelationplot. First thetime lagwasdeterminedfor differentbin
widths.FigureB.18hasa bin width of onehour. Thefit givesa time lag for the x-rays of
9.8+- 0.9hours. Tab. B.4 displaysthefit resultsfor differ ent bin widths.

To crosscheckthat this effect is not an artifact of binning , the correlationwasalso
calculatedwithout binning . Sincethe measurementsfrom ASM/RXTE andCT1 do not
preciselycoincide,for each90smeasurementof ASM/RXTE, thevaluefrom CT1wasin-
terpolated betweentwo measurements,if thepointswerenot furtherapartthan2.5hours.
If thereis no CT1 measurementwhich canbe properly interpolated,the measurementis
discarded.To ensurethatthesinglecorrelationpointsarenot correlated,thestepsizewas
alsochosento be2*2.4=4.8hours(24/5h). Fig. B.19shows thefit to thecorrelationwhen
calculatedwith interpolatedCT1 fluxes.Thefit givesa time lag of 9.1+- 1.9hours. The
rangefor thefit hasbeenchosento be+-2 days.
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FigureB.15: Plot a) shows anASCA x-ray autocorrelationplot that illustratestheperiodicitiesin
the dataset.Plot b) shows the empiricalcorrelationfunction beforebackgroundsubtractionwhich
is maximally 0.63+- 0.18. Plot c) shows the correlationfunction after backgroundsubtraction.It
increasesto 0.71+- 0.16which is insignificant. The two lower plots arevery similar if smoothed.
Theplotsb) andc) show a slight tendency for a time shift of a few hours.
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FigureB.16: Thisplot shows theTeV-gammaFluxesandthex-rayfluxesplottedagainsteachother.
Whensubtractingtheslow flarecomponentfrom the total x-ray flux it wasensuredthat theorigins
of TeV flux andx-ray flux coincide.Thefit of Ó�Ô�Õ�Ú Û revealsanalmostperfectlinearcorrelation
betweenthetwo datasets(b=0.86+-0.2).
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FigureB.17: In this plot with a binningof one1 hour andtime lags åçæ from -6 daysto +6 days
onegetstheimpressionthat thecurve is slightly shiftedto theleft. Which would meanthat ´ -rays
arri ve slightly earlier than x-rays.
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FigureB.18: In this figureonly a small range(between+- 2 days)is plotted.Thebin sizeis only 1
hour. Thefit shows a time lagof 9.8hours+- 0.9hours.
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Figure B.19: In this figure the correlationwas calculatedwithout binning, but by interpolating
betweenneighbouringCT1 measurementswhich arenot furtherapartthan2.5hours.To ensurethat
thedatapointsarenotcorrelatedthestepsizeof thetimeshift waschosento be4.8hours(24/5h) as
well. Thefit givesa time lagof 9.1hours+- 1.9hours.
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All themeasurementswith differentbin sizesareconsistentwithin theerrorsandshow
atimelagof thex-raysof approximatelyÀï²ð¯ñÀ	ò ¤Wó§¤ ¯jÅ"ò*ô¹ò hours.Sincetheshapehaslarge
fluctuations,achangein thefit rangealtersthefittedtimelagconsiderably. Thismeansthat
thisresultalsodependsonthefit range.Thereforethesystematicuncertainty is estimated
to beapproximately3 hours. Taking this into account,theeffect is not muchlarger than
approximatelythreeto four sigmafor smallbin sizes.

Thedata,especiallythatfrom theASM/RXTE, is toonoisyto giveananswerof greater
precision.Yet, it canbestatedthatin all of theplots,withoutexception,asystematicshift
to the left ( � -photonsarrive a few hoursearlier)hasbeenobserved. The resulthasbeen
crosschecked with the light curve calculatedby ’jacuzzi’ (written by Daniel Kranich in
Munich), anotherlight curve calculationprogramof a completelyseparateanalysissoft-
ware.

Still, it cannot be clarified whetherthetime lag in thediscretecorrelationfunctionis
dueto a realphysical time lag. Thissubjectwill bediscussedin detail in chapter4.

B.1.5 Conclusionabout the õ -ray/x-ray correlation studies

CT1- � -flux and ASM-x-ray-flux:

It canbeconcludedthat thereis a significant correlation of 0.74+- 0.05(in 1 daybins)
betweenthex-rayflux andthe � -rayflux. Thecorrelationbetweenthesefluxescanclearly
beseenevenby eyein Fig. B.13. A fit of a function �ö��÷"ø�ù showsthatthecorrelation is
almost linear (b=1.0+-0.2).Theempiricalcorrelationcoefficient increasesmonotonically
with bin sizeprobablydue to the improved statisticsof the bins that are involved. It is
possiblethatthis increasewith binssizehasa physicalreasonaswell.

The hint abouta possibletime lag betweenthex-raysandthegammasof a few hours
(~ Àï²<¯öÀbò ¤Wó.¤ ¯0Å"ò*ô¹ò ¤ hours)is of considerableinterest. This time lag hasnot only been
observedwith the CT1 lightcurve calculatedby this programpackagein C++/ROOT, but
alsousingthelightcurvecalculatedby the ’jacuzzi’ programwrittenby DanielKranichin
Munich. This provesredundancy of the lightcurve calculation. The apparenttime lag of
thex-rayscanbealsoexplainedwith anasymmetricshapeof the(longer)flares.Different
parametersfor therise(acceleration)andfall time (cooling)couldresultin suchaneffect.

ASCA-x-ray measurement:

TheASCA x-raysmeasurementfrom aflareof Mkn 421in April/May 1998is muchmore
detailedthanthe ASM measurements.The x-ray flarescanbe divided into a slow flare
component (of ~seven daysduration)and a very fast flare component (shorterthan
0.5 daysduration). Also for the measurementfrom ASCA a clear correlation between
x-ray flux andTeV � -flux canbe observed. It wasstudiedwhetherthe � -flux is mainly
correlatedto the fastx-ray componentor to the total x-ray flux. For both casesa rather
high correlationwasfound. Themaximumcorrelationfor theTeV flux andthetotal x-ray
flux is 0.63 +- 0.22. If the slow component is subtracted the correlationincreasesto
0.71+- 0.16which is insignificant.

The correlationbetweenthe TeV � -flux andx-ray-flux is almostlinear just asabove
(b=0.85+-0.2)and,asbefore,a weakhint of a time lag betweenx-raysand � ’s of approx-
imately4 hourswasbeobserved.

The observed timelag:

Theobservedtimelagof thex-rayshasonly anestimatedsignificanceof thr eesigmasince
thesaidsystematicalerroris large.However, apotentialtimelagcouldoriginatefrom either
opacity effects(x-raysescapelaterand � escapeimmediatelyfrom thesurface)or cooling
effectsof theVHE electronsin thejet (in thebeginningmany � -raysareproducedbut later
whentheelectronscooleddown they only emit x-ray-synchrotronradiation).
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The timelagcouldevenbe a first sign of quantumgravity effectswheretheoreticians
expectchangesin thespeedof light for photonswith energiescloseto thePlanckmass.The
time lag of x-rayswould point to an increaseof the speedof light for increasingphoton
energies.Eventhat theenergy of TeV photonsis far away from thePlanckscale,thelong
distancefrom Mkn 421to earthcouldhelpto amplify eventiny effects.

Still, it cannot be clarified whetherthetime lag in thediscretecorrelationfunctionis
dueto a realphysical time lag. Theeffect couldalsobedueto a veryasymmetric shape
of thex-rayflares.This subjectwill bediscussedin chapter4.

B.1.6 The hardnessratio asmeasured by CT1 in 2001

The hardnessratio describesthe steepnessof a differentialspectrumfor a given source
(e.g. Mkn 421) in small time bins (which correspondto single runs in our case). It is
calculatedtogetherwith the lightcurve aswasdescribedin detail earlier. Its advantage
over a spectrumis that it needslessstatistics andcanbecalculatedfor singleruns. The
hardnessratio givesus thepossibility to seewhetherthespectralindex of thepower law
spectrumchangesduring different flare states. FiguresB.20, B.21 and B.22 show the
hardnessratio for differentenergy intervalsasa functionof thetotal flux.

Thehardnessratio is theratioof theintegratedflux of ahigherenergy interval andthat

of a lowerenergy interval. For anassumedpower law spectra,ú.û � ¤Rü �ú.ý �6�$þ � £ ��ÿ�� � , there
is aclearrelationbetweenthehardnessratioandthespectralindex. Thehardnessratiofor a
timebin
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For agivenhardnessratio thedifferentialspectralindex M � canbeobtainednumerically.
To detecta changein thehardnessratio asa functionof theflux in thedataof thevery

fastflaringsourceMkn 421thefollowing procedurewasapplied.
First the fluxes in the lower andupperenergy interval werecalculatedfor eachrun.

Unfortunatelythe statisticsof a single 20 minute run doesnot containenoughstatisti-
cal informationto calculatethe hardnesswithin that run. To collect more statistics, the
measurementsof thefluxesin thelow energy interval andthehighenergy interval werere-
binned into totalflux bins(consistingof approximately10bins),asdescribedin Equ.E.35
(AppendixA). Sincesomeof themeasurementshadhugeerrors,a quality cut of � �ON Ý �
wasintroduced.This quality cut did not changetheshapeof thefit resultbut it did reduce
thefluctuationsin there-binssignificantly.

Tab. B.5 shows the quantitati ve fit results for differentenergy intervals (LI=Lower
energy interval, UI=upperenergy interval). For eachplot a constant( P �(÷ , denotedas
’CO ’) and a straight line ( P � ÷RQTS ø denotedas ’SL ’) were fitted and the quantityU � /NDF andits significanceof rejection(of the constantfit only) werecomputed.For a
straightline, the parameters(in units of hardnessratio) are’ ÷ ’ (a constant)and’ S ’ (the
slope). For a constantfit thereis just the single parameter’ ÷ ’. The last two columns
containthe spectralindex for an assumedpower law spectrumfor a flux of � � °¾½ ²WVÀï² � J3J	X S � �ZY � J andfor �ö�öÀ\[�½ ²]V�Àï² � J�J�X S � ��Y � J .
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Figure B.20: These plots display the hardnessratio for the intervals [0.7, 1.3] TeV and
[2.5, 10.0] TeV and the correlationbetweenthe flux in the lower energy interval and the higher
energy interval. a) Thehardnessratio clearly changeswith flux . A constantfit wasrejectedwith
4.2 sigma. In figure b) the flux in the lower energy interval [0.7, 1.3] TeV is plotted againstthe
flux in theupperenergy interval [2.5, 10.0] TeV asa crosscheck. This is a plot to crosscheckthe
distribution. The i�j /NDF valuesarelistedin Tab. B.5.
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Figure B.21: a) This plot displays the hardnessratio for the intervals [0.9, 1.3] TeV and
[2.0, 5.6] TeV. It shows that the hardnessratio again increaseswith flux . Although the effect
is smallerthanthatof thepreviousplot, a constantfit wasrejectedwith 3.3 sigma. In figureb) the
flux in the lower energy interval ([0.9, 1.4] TeV) is againplottedagainstthat in the upperenergy
interval ([2.0, 5.6] TeV), asa crosscheck.The i1j /NDF valuesarelistedin Tab. B.5.
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LI/TeV UI/TeV Fit ÷ / Àï² � � S / À	² � � U �Zn�oqp � Sig

[0.7,1.3] [2.5,10] CO [É° ¯±° 57.3/9 4.2
[0.7,1.3] [2.5,10] SL Ä�½TÀ�¯r[�½�Ã À³½ ¿ç¯Â²�½ Å 17.5/8

[0.9,1.4] [2.5,5.6] CO ÀÇÃ�¯±° 83.5/7 5.6
[0.9,1.4] [2.5,5.6] SL È�½�È3¯r[�½ Å [�½ À�¯Â²�½ Å 12.6/6

[1.0,2.0] [2.5,5.6] CO [É° ¯>Å 15/9 1.2
[1.0,2.0] [2.5,5.6] SL [D[4¯s[�½ ² ²¾½ [3¯Â²�½9[ 13.9/8

[1.6,2.2] [2.5,5.6] CO Ä³²"¯�Ã 9.47/12 0.4
[1.6,2.2] [2.5,5.6] SL Ä³²&¯�Ã ½ ² ²ç¯0À�½ ² 9.47/11

LI/TeV UI/TeV Fit M � �ut%v�øs��° ½ ² � M � �ut%v�øs�öÀ\[�½ ² �
[0.7,1.3] [2.5,10] CO [�½ È&¯Â²�½TÀ
[0.7,1.3] [2.5,10] SL [�½�Ã4¯Â²�½TÀ [�½ Åç¯ ²¾½ À
[0.9,1.4] [2.5,5.6] CO [�½ ÃÉÈ&¯Â²�½TÀ	È
[0.9,1.4] [2.5,5.6] SL Å¾½ À�¯Â²�½TÀ	È [�½ °3¯Â²�½TÀ	È
[1.0,2.0] [2.5,5.6] CO [�½ Æ"È4¯Â²�½9[
[1.0,2.0] [2.5,5.6] SL [�½ Æ³Ä&¯Â²�½ Å [�½ ÆD[&¯ ²¾½ Å
[1.6,2.2] [2.5,5.6] CO [�½ Ä3¯Â²�½9[
[1.6,2.2] [2.5,5.6] SL [�½ Ä3¯Â²�½9[ [�½ Äç¯ ²¾½ [

TableB.5: The tableshows the quantitati ve fit results for differentenergy intervals (LI=Lower
energy interval, UI=upperenergy interval). For eachplot a constant( w�Ô Õ , denotedas’CO ’) anda
straightline ( w�Ô ÕÁ×sØ�Ú denotedas’SL ’) werefittedandthequantity i j /NDF andits significance
of rejection(of the constantfit only) werecomputed.For a straightline, the parameters(in units
of hardnessratio) are’ Õ ’ (a constant)and’ Ø ’ (theslope). For a constantfit thereis just thesingle
parameter’ Õ ’. Thelasttwo columnscontainthespectral index for anassumedpower law spectrum
for a flux of ÓÂÔ ¸³¶ xOyZz	x�{}|�|�~ Ø {�j3�\{�| andfor Ó Ô z*�É¶ x�y�z*x-{}|�|�~ Ø {�j	�Z{}| .
It canbe seenthat the hardnessratio increaseswith increasingflux but only for the lower energy
interval just above thethreshold.There,theconstantfit wasrejectedwith 4.2sigma.
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FigureB.22: Plota)shows thehardnessratio for theintervals[1.0,2.0] TeV and[2.5,5.6]TeV. The
changein hardnessratio becomesmuchsmallerfor higherenergies. In the region above 2 TeV the
hardnessratio is almost constant but still displaysa slight increasewith increasingflux. Figureb)
displaysthecrosscheckfor theintervals [1.0, 2.0] TeV and[2.5, 5.6] TeV. Herethecorrelationplot
shows almosta straightline. Thehardnessratio is virtually constant.The i j /NDF valuesarelisted
in Tab. B.5.

It canbe seenthat the hardnessratio increaseswith increasingflux but only for the
lower energy interval just above the threshold.There,the constantfit was rejectedwith
4.2sigma.Lowerenergy intervalsabove1.6TeV show aconstanthardnessratio. Thiswill
bediscussedin detail in theconclusionsbelow.

Conclusionconcerning the hardnessratio calculation

In the figuresabove it could alreadybeenseenthat the hardnessratio increaseswith
increasingflux . However, the changeincreaseswith decreasingenergy. The effect is
largestjust above the threshold. Above 2.0 TeV the hardnessratio staysvirtually con-
stant.To determinewhetherthis is a significanteffect, potentialsystematicerrorsmustbe
discussedcarefully.

Energy intervalscloseto thethresholdintroducelargesystematicerrorsin thecalcula-
tion of thehardnessbecausetheslopeof theeffectivedetectionareais very steepin those
regions.However, thesesystematicerrors in the calculation of the hardnessare static,
they do not changewith time or run. To excludeany bias from varyingthresholdsdueto
differentzenithanglesonly eventswith zenith anglesbetween10� and 20� wereconsid-
ered.Thethresholdremainsvirtually unchangedin thisregion. Evenif therearesystematic
errorsin the flux calculation(andthusin the hardnessratio calculation),dueto incorrect
collectionareastoo closeto thethreshold,theeffectof a changein thehardnessratio will
persist.

Thespectral indices, obtainedfrom thehardnessratios,areconsistentwith the spec-
trum which is presentedin the following section. In general,they clearly show that the
spectralindex (at energiesof approximately1 TeV) is increasingfr om about M ��[�½ °
up to about Mö� Å�½ ² from low fluxes( � �(° ½ ²�V�À	² � J3J*X S � ��Y � J ) to high fluxes( � �ÀZ[�½ ²�V³Àï² � J�J*X S � ��Y � J ).

How could a different hardnessratio behavior for different energy intervals be ex-
plained? An explanationcould be that the peakemissionof inverseComptonscattered� -photonsis not far away from themeasurement(letssayat about10 to 100GeV).Below
1 TeV thespectrumdoesnot havea power-law shapeanymore.It is curvedthereandonly
above 1 TeV it getsa power law shape.During flare the peakmovesslightly to higher
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energies. The hardnessratio only changesif partsof the lower energy interval is below
approximately1 TeV. This resultwill becomparedwith observationsfrom thespectrum.

B.2 Spectrumof Mkn 421

Thelastaspectof theMkn 421datasample,thatis goingto beanalyzedis theshapeof the
spectrum.Theenergy bin size (in logarithmicscale)hasbeenchosento beof thedouble
size(two sigma)of theaverageenergy resolution(~23%).

In thesecondstagethespectraof differentflux-statesarecomparedto eachother. As
predictedby thestudiesof thehardnessratioachangein theslopeof thespectrumat lower
energiesis expected.

B.2.1 The spectrum averagedover all flares

Theaveragespectrumwascalculatedout of thecompletedatasetof theflaresof Mkn 421
in 2001(whichaccumulateto 259hoursof observationtime).

Power law with exponentialcutoff hypothesis

FigureB.23 shows theaveragespectrumof Mkn 421 for theperiodbetween59125MJD
and59250MJD. Two differentialflux û>= ý ?� ý functionshavebeenfitted to thespectrum.

1. Thefirst hypothesisis a simplepower-law spectrum with spectralindex M :

��� ÿ��. ÿ � � þ ÿ � � (B.6)

2. Thesecondhypothesisis a power-law with an exponentialcutoff ÿ�� :
��� ÿ��. ÿ � � þ ÿ � ��� � HH�� (B.7)

Thefirst hypothesisof a power-law spectrumgavea spectralindex of M � 2.96+- 0.04but
hasbeenrejected with a chi-squareof UI� /NDF=74/9. This hasa probabilityof p= ��� � � J
or 6.6sigma(Gaussiannormaldistribution).

The spectrumhasbeenfitted with a power law having an exponentialcutoff (upper
plot). The spectral index is M � 1.88+- 0.15 andthe cutoff is located at ÿ�� � 3.1 +-
0.5 TeV. Thepointswith differ ent colors represent6 differ ent zenith anglebins rang-
ing up to 50� . Theblack points aredatafrom all zenith anglescombined.In the lower
left handplot theexpectedexcesseventdistribution for a power law with cutoff hasbeen
fitted to the experimentalexcessevent distribution. The fit to the excessevent distri-
bution is expectedto yield the preciserresultsbecausethe unfolding procedureintro-
ducesadditionalerrors. The spectralindex found hereis M � 2.1 +- 0.07with a cutoff
of ÿ � � 3.1+- 0.26TeV andis thereforeperfectlyconsistentwith theupperplot. Theplots
for the backgroundestimationfor each(unfolded)energy bin canbe found in Appendix
B . Thebackgroundfor themeasurementat12TeV wasdifficult to estimateandcouldhave
a highersystematicuncertainty.

Thesystematicuncertainties,asalreadydiscussedin thelastchapter, have their origin
mainly in imperfectcalibrationof theabsoluteenergy scaleandin imperfectMC studies.
It is estimatedthat thesystematicuncertaintyof thespectralindex is � �<�>����� � � ����� , that
of theenergy cutoff is � �<� ������� � � � �!  andthatof theflux is � �6�'¡ � � ���K¢ �I¡

.
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FigureB.23: Plota)showstheaveragespectrum.It wasfittedwith apowerlaw having aexponential
cutoff. The spectral index is 1.88+- 0.15 andthe cutoff is locatedat 3.1 +- 0.5 TeV. Thepoints
with differentcolorsrepresent6 differentzenithanglebinsrangingup to 50§ . Theblackpointsare
datafrom all zenithanglescombined.In plot b) theexpectedexcesseventdistribution for a power
law with cutoff wasfitted to theexperimental excessevent distrib ution . This avoidstheunfolding
procedureandyieldssmallererrorsfor thefit parameters.The spectral index found here is 2.1 +-
0.07 with a cutoff of 3.1+- 0.26TeV. Plot c) shows thefit of a purepower law fit which is rejected
with a ¨1© /NDF=74/9.
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FigureB.24: Thecurvaturein thespectrumshown heremight not only originatefrom a cutoff, but
from anintrinsiccurvatureof thespectrum,sincewhatis observed,is supposedto beaportionof the
inverseComptonpeak.A functionthatis proportionalto theluminosityandcontainsaparabolicterm
wasfitted here: «­¬¯®R°3±°	²r³¯´1µ ®·¶G¸G¶K¹1º » ² . Thechisquareis ¼�½*¾3¿ÁÀ ´ =4.1/6,which is perfectly
acceptable.The fit givesa value for the curvatureterm of a=0.22,which will be usedlater when
thespectraof differentflux statesareanalyzed.Thespectrumwasplottedin unitsof ®�½3Â ´ ¾�Â-® for
betterillustration.

Power law with a parabolic term

Theobservedcurvaturein thespectrummight not only originatefrom a potential cutoff
(for examplefrom the absorptionof the cosmic infrared background)but also from an
intrinsic curvature of the spectrum. What we aresupposedto observe is a portion of
the inverseCompton peak, which naturallypossesa curvatureratherthana purepower
law shape.This ideawill be studiedfurther whenthe spectraof differentflux levels are
examined.

To first orderthepeakshapecanbeapproximatedby a quadratic term . Theresulting
function is a parabola(in log-log scale).UsuallySSCmodelpredictionsarepresentedin
termsof luminosities. For this reasontheansatzfor thefit functionis proportional to the
luminosity ÃsÄ �ÆÅ	ÇÅ	È . Naturally, thequadratictermis introducedin log-log scaleandthe
parabolaansatzbecomes:

�­ÉKÊÉ � Ë ÌDÍ1ÎZÏÑÐ Ò È Í}Ð Ò È�Ó3Ô;Õ�Ö*×%Ø�Ù'Ú (B.8)

Ë Ì ÚBÛ Ì Í�ÎÜÐ Ò ØKÈ Í1Ý3ÎÞÐ Ò È Ð Ò È Ó3Ô;Õ�Ö Ù Í1ÎÜÐ Ò ØGÈ Ó3Ô;Õ�Ö
Ë Ì Ú Û Ì Í�ÎÜÐ Ò È�Ó3Ô;Õ�Ö Û � Ù Ý3ÎÞÐ Ò È�Ó3Ô;Õ�Ö Í�Î�Ð Ò È
Ë Ê ¡ Û � Í�ßÜÍ�àIÐ Ò È (B.9)

Thelastline shows thattheansatzis equalto a usualpower law with aquadraticterm á if

Ê ¡ Ë Ì Ú Û ÌDÍ1ÎÜÐ Ò È�Ó3Ô6Õ�Ö (B.10)� Ë â�ãåä�æ �èç�é Î�êá Ë ã
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Instrument Cangaroo Whipple CAT

Years 1992-1996 1995-1998 1996-2000
Range[TeV] 7-50 0.5-5 0.3-20Ê ¡ âÜ� ë ÙIì*í îÍ ì	í Ý ï � â�ð�ñrð���ò\ó�ñrð�� ô âÜ�9âOñrð�� ðDõ�ñrð�� ô� âÜ�9õ ï ñrð���ò�ë â�� öK÷�ñrð�� ð�ô�ñrð�� ð-ö â�� ëDð�ñrð�� ð ï ñrð�� ð�ë

Reference [Tan98] [Hil98] [Mas01]

Instrument CT-System CT1

Years 1997-1999 2001
Range[TeV] 0.5-20 0.7-20Ê ¡ âÜ�Ñó!÷�ñrð�� ðDâ�ñrð��9õ ï � ð�ñøðÞ� ïDï ñøðÞ� õ� âÜ�9õ-÷�ñrð�� ð ï ñøðÞ� ðKõ âÜ�9õ�ñrð���òùñrð���ò

Reference [Aha00] [TW]

TableB.6: Thetableliststheactualflux measurementsof theCrabnebulawith differentinstruments.

Fig. B.24showsthatthisansatzfits quitewell to theshapeof thespectrum.Thechi-square
is ú Ý /NDF=4.1/6. Thefit givesusa valuefor thequadratic term of a=0.22,which will
beusedlaterwhenthespectrumfor differentflarestatesis examined.Thefit alsoprovides
usavaluefor thepeakof theparabola.Sincetheshapeof theinverseComptonpeakis not
known andsinceSSCmodelsdo not predicta parabolicinverseComptonpeak,this value
only providesavery roughhint of thepositionof thereal luminositypeak.

B.2.2 The Crab nebula spectrumfor consistencycrosscheck

TheCrabnebula is a pulsarthatpermanentlyfeedsa shockfront which producesû -rays.
Thespectraof shockwave accelerationhave a power law shape.It hasbecomea standard
candleor calibrationlight sourcesinceit emits a time constantflux with a power law
spectrum,givenby: ÉDÊÉ � Ë Ê ¡\� Í1ß (B.11)

where
�

is thespectralindex and Ê ¡ is theflux constant.Thespectrumof theCrabNebula
wasmeasuredby many experiments.It canbeusedto checkif the one’s own analysisis
consistentwith commonacceptedresults.

Fig. B.25shows thespectrumasrecordedby CT1 duringthesameperiodasMkn 421
in 2001. Thespectrumis flatter(or harder)thanthatof Mkn 421.SincetheCrabnebula is
in ourgalaxynoabsorptionfrom thecosmicinfraredbackgroundis expected.Thespectral
index, as measured in this work, is

� ËüâÜ�9õ·ñýð���ò�ñþð���ò and the flux constant Ê ¡ Ë
ï � ð�ñÿð�� ï�ï ñÿð��9õ>��Ì   Í ì���� Í}Ý��-Í ì . The energy rangeis, as can be seenin the figure,
650GeVto 15TeV. Thesecondfigurebelow showsthezenithangledependenceof theflux
which is negligible (asis shouldbe). Tab. B.6 shows the resultsfrom several Cherenkov
telescopes.

B.2.3 Analysisof the Mkn 421spectrumduring different flare states

Rememberingthe resultsfrom the analysisof the hardnessratio we expecta changeof
curvaturein the spectrumin the region at approximately1 TeV and eventually a slight
changeof thespectralindex of thespectrumin dependenceto differentflarestates.

Thedatahasbeenseparatedin essentiallyfive intervalsof differ ent fluxes (
� ðÞ� õ���ò�� ð	�
�� ô�� ð���òZð	� and

� òZð���ò\õ�� in ò�ð Í ì�ì ��Ì   Í ì���� Í1Ý
��Í ì ). For all of theseflarestatesthespectrum
hasbeencalculated.
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FigureB.25: TheCrabnebulahasbecomeacalibrationlight sourcefor Cherenkov telescopessince
it emitsa constantflux of � -rayswith a power law spectrum.Plota) shows thespectrumwhenfitted
by a power law. As usual,differentcolorsrepresentdifferentzenithanglesbinsandtheblackpoints
arethesumof all zenithanglescombined.Thefit givesa spectral index of � ³ �	� �����
��� anda flux
constantof ´ µ ³ �
� ������� �
�

. b) A straightline fit (  ³"! �$# ! �&%(' ) shows that thezenithangle
dependenceof theflux above 1 TeV is negligible.



B.2. SPECTRUM OFMKN 421 143)�*,+ Ì�-�.Gã0/ �2143 � Ê ¡ � ú Ý�57698 Ê
in TeV in h �]Ì   Í ì7�7� Í1Ý
��Í ì Fixedcutoff, freeslope� ðÞ� õ���òD� ð
� â�ò��Ñó âÜ� ðDõ�ñrð��9â-ô�òZð Í ì3ì âÜ�9õ-ð�ñrð��9â òD� ð 5 ö� òD� ð:�3â�� õ	� ëKâÜ� ÷ ï ��ò\óOñrð���ò\óèòZð Í ì3ì âÜ�9â�â�ñrð�� ð�ë â�� ï 5 õ� â�� õ���ö�� õ	� ó-÷�� ë óG� ðKóOñrð��9â-ë�òZð Í ì3ì âÜ� ð-ö�ñrð�� ð-ö ï � ÷ 5 õ� óÜ� ð:��ò�ðÞ� ð
� â ï � ÷ ò ï � ö�ñrð��9õ ï òZð Í ì3ì ò�� ë�ë�ñrð�� ð-ö â�� ë 5 õ� òZð�� ð���ò\õÜ� ð	� òDò�� ë ò�÷Þ� ð�ñrë���ò ï òZð Í ì3ì ò�� ë ï ñrð�� ðDõ õ�� ë 5 õ

TableB.7: A power law with fixed cutoff of ®<; ³ �
� �,=?>�@
(result from overall spectrum)was

fitted. For lower fluxesthespectrumbecomessteeper.)�*,+ Ì�-�.KãA/ �21B3 � Ê ¡ ú Ý�5�698 Ê
in TeV in h ��Ì   Í ì���� Í}Ý��-Í ì Fixedcutoff, fix slope� ðÞ� õ���ò�� ð	� âÜòD�9ó âÜ� ðDõ�ñøðÞ� â�ô�ò�ð Í ì3ì ò\óG� ë 5 õ� òD� ð:�3âÜ�9õ�� ëDâ�� ÷ ï ��ò\óOñøðÞ��ò!óèò�ð Í ì3ì ï ð��Ñó 5 ô� â�� õ���öÞ�9õ�� ó!÷Þ� ë óG� ðKóOñøðÞ� â�ë�ò�ð Í ì3ì â�õÜ� ô 5 ô� óG� ð���ò�ðÞ� ð
� â ï � ÷ ò ï � ö�ñøðÞ� õ ï ò�ð Í ì3ì öÞ� ð 5 ô� ò�ðÞ� ð:��ò\õÜ� ð	� ò�òD� ë ò�÷�� ð�ñøëÞ��ò ï ò�ð Í ì3ì õÜ� ë 5 ô

TableB.8: A power law with fixedcutoff of
� Ú Ë ï �9â>��Ì

 
andfixedslope(slopeof high-

estflux curve) wasfitted. The fixed slopehypothesiswas rejectedby ú Ý /NDF=30.7/6
(maximumvalue)or 3.7sigma.

Power law with exponentialcutoff

Thefirst hypothesistestedis apowerlaw with cutoff. FigureB.26showsthe
� Ý Å	ÇÅ	È spectra

plotsof thesefiveflux intervals.
a)A power law with fixedcutoff of

� Ú Ë ï �9â>��Ì
 

(resultfrom overallspectrum)hasbeen
fitted. It wasnecessaryto fix oneparameterto reducetheerrorson thefit parametersto
obtainmeaningfulresults.Thespectralindex of thedifferentflarestateschanges
considerably. For lower fluxesthe spectrum becomessteeper. Thefit resultsarelisted
in Tab. B.7.

b) To checkthesignificanceof thechangein slopeduringdifferentflaresthe slopewas
fixed to

� Ëÿò�� ë , thatwith thehighestflux (greenpoints)andthe ú Ý wasobtainedfrom
eachfit. The fixed slopehypothesiswasrejectedby ú Ý /NDF=30.7/6(maximumvalue)
or 3.7sigma (for a Gaussiannormaldistribution). Tab. B.8 shows thatnoneof theother
four curvesfit thefixedshapewell.

c) In thefirst fit ’a)’ thecutoff hasbeenfixedandthespectralindex wasfree.Now we
checkif thefit is alsocompatiblewith afixed slopeof

� ËDC�âÜ� ð (slopeof overall,
averagespectrum)anda fr eecutoff . Thefit provesthatthedatais alsoperfectly
compatible with afixedslopeanda freecutoff. Thecutoff movesto higher energies
with increasingflux. Theinformationavailableis not sufficient to differentiatebetween
thedifferentmodels.Tab. B.9 lists thefit results.
d) To checkthesignificanceof theexistenceof acutoff (or acurvature)a purepower
law wasalsofitted. The pure power law wasrejectedby a chisquareof ú Ý /NDF=49/5
(maximumvalue).Thefit resultsarelistedin Tab. B.10. Thevaluesin thetableillustrate
how thespectrumhardens with increasingflux.
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(a)Powerlaw with fix cutoff
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(b) Lowerlaw with fix cutoff and fix
slope
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(c) Purepowerlaw fit

FigureB.26: Theseare ®�½K°3±°3² spectraplotsof variousflarestates.Thedatawasseparatedinto five
intervalsof differentfluxes. a) Thespectrafor eachinterval wascalculatedanda power law with a
fixed cutoff of ® ; ³ ��� �E=?>
@ wasfitted to thedata.To obtainmeaningfulresultsit wasnecessary
to fix oneparameterso that the errorson the fit parametersarereduced.The spectralindex of the
differentflarestateschangesconsiderably. In theplot b), to checkthesignificanceof thechangein
slopeduring differentflares,the slopehaswas to the onewith the highestflux (the greenpoints)
andthe ¼�½ wasobtainedfrom thefits. Thefixedslopewasrejectedby ¼�½ /NDF=30.7/6 (maximum
value),or 3.8sigma. c) To checkthesignificanceof theexistenceof a cutoff a purepower law was
fitted to thedata.Thepurepower law wasrejectedby ¼ ½ /NDF=49/5 (maximumvalue).
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FigureB.27: This figure shows the fit of a power law with a fixed spectralindex of � ³GF �
� �
anda free cutoff. The ¼ ½ -valuesalsoagreeto sucha solution (SeeTab. B.9). The cutoff moves
from 1.9 TeV up to 4.3 TeV. The datais not good enoughto distinguishbetweenthesedifferent
possibilities.

)H*,+ Ì�-�.KãA/ �21B3 � Ê ¡ Cutoff ú Ý�57698 Ê
in TeV in h ��Ì   Í ì ��� Í}Ý � Í ì in TeV Freecutoff, fixedslope� ð��9õI��ò�� ð	� âÜòD�9ó âÜ� ö]ñøðÞ� õDõOò�ð Í ì3ì ò�� ÷�ñøðÞ� ö ðÞ� ë 5 ö� ò�� ð��	âÜ�9õ�� ëDâ�� ÷ ï � ö]ñøðÞ� âKóèò�ð Í ì3ì âÜ�9õOñrð��9â ï ï � õ 5 õ� âÜ�9õI��öÞ�9õ�� ó!÷Þ� ë óG��ò ñøðÞ� ï õOò�ð Í ì3ì ï ��òùñrð���ò�ë ö�� ð 5 õ� óG� ð���ò�ðÞ� ð
� â ï � ÷ ò ï � ð�ñøðÞ� ôDð�ò�ð Í ì3ì öÞ� ð�ñrð��9â�õ â�� ë 5 õ� ò�ðÞ� ð:��òZõ�� ð
� ò�òD� ë òZë���òåñøðÞ� ë�ö�ò�ð Í ì3ì öÞ� ï ñøðÞ� ï ï � ö 5 õ

TableB.9: Herethe slopewasfixed andcutoff was kept fr ee. As expectedthecutoff movesto
higher energiesfor increasingflux. Thechisquarevaluesareacceptable.Theslopeandthecutoff
arehighly correlatedparameters.Theinformationavailabledoesnot permit to differentiatebetween
differentmodels.

)H*,+ Ì�-�.KãA/ �21B3 � Ê ¡ � ú Ý�57698 Ê
in TeV in h ��Ì   Í ì7��� Í}Ý
��Í ì Purepowerlaw� ð��9õI��ò�� ð	� âÜò��Ñó òD�9ó�ñrð���ò�÷�ò�ð Í ì�ì ï � õ�ð�ñøðÞ��ò�ö óÜ� ö 5 ö� ò�� ð��	âÜ�9õ�� ëDâÜ� ÷ â�� õ�ñrð���òZâ�ò�ð Í ì�ì â�� ÷Dð�ñøðÞ� ðDô òDò�� ô 5 õ� âÜ�9õI��öÞ�9õ�� ó!÷�� ë õ�� ë�ñrð��9â-ð�ò�ð Í ì�ì â�� ë ï ñøðÞ� ð�ö öK÷�� ð 5 õ� óG� ð���ò�ð�� ð	� â ï � ÷ òZð�� ÷�ñøðÞ� ï óèò�ð Í ì3ì â�� ôDô�ñøðÞ� ð�ö öGâÜ�9õ 5 õ� ò�ð�� ð���òZõ�� ð
� ò�ò�� ë ò\õÜ�9õ�ñøðÞ� õ�ë�ò�ð Í ì3ì âÜ� ô�ñrð�� ð-ö â ï � ö 5 õ

TableB.10: To checkthe significanceof the existenceof a cutoff (or a curvature)alsoa pure
power law wasalsofitted. The purepower law wasrejectedby a chisquareof ¼ ½ /NDF=49/5.



146 APPENDIX B. ANALYSISOF THE FLARESOF MKN 421IN 2001

Energy  (TeV)
1 10

 )
-2

 c
m

-1
 d

F
/d

E
  
(T

e
V

 s
2

E

10
-13

10
-12

10
-11

10
-10

Energy  (TeV)
1 10

 )
-2

 c
m

-1
 d

F
/d

E
  
(T

e
V

 s
2

J

E

10
-13

10
-12

10
-11

10
-10

FigureB.28: A power law with a quadratic term describesthe curvatureof the spectrumvery
well. In plot a) Eachspectrumhasbeenfitted with a fixed curvatureof a=0.22. This value was
measuredpreviously from theoverall spectrum.Fromthefit thepeakpositionof theparabolawas
calculated.It movessignificantly fr om 13 GeV to 78GeV. Plot b): Thepeakpositionwasfixedto®LK�MON�P =78.8GeV in orderto checkthesignificanceof themovement.It is evident that theresulting
curvesdo not describetheshapeof thelower flux spectra.Thefits arerejected with a chisquareof¼�½ /NDF= 33/6 (maximumvalue).Thiscorrespondsto aprobabilityof

�Q��� ¶AR .
Power law with a quadratic (parabolic) term

As alreadymentioned,thecurvatureof thespectrumcanalsobeexplainedalsoby thefact
thatoneobservesapartof theinverseComptonpeak.Therefore,it makessenseto perform
a fit usinga power law with a quadratic curvature term . This meansthat the inverse
Comptonpeakis approximatedby aparabola.SSCmodelsnormallygivepredictionsabout
luminosities. Our ansatzfor thefit functionis

Ã Ä �qÉKÊÉ � Ë )*¡\� Í�ßÜÍ�àIÐ Ò È
where á is the curvature,

�
is spectral index and

)*¡
is the peak intensity (flux times

energy). Using Equ.B.10, the peak position of the parabola canbecalculated.It must
be kept in mind that this value is not the position of the luminosity peak but rathera
very rough estimate sincethe inverseComptonpeakdoesnot have a parabolicshape!
Fig. B.28 shows thespectrafor thefive differentflux intervalsto which a power law with
quadraticacurvaturetermwasfitted.

Whatwewantto testis whetherthechangein spectralindex (or equivalentthecutoff),
canbe explainedby the idea of a moving peak. The curvaturewasfixed to a valueof
a=0.22aspreviouslymeasuredfrom theoverall spectrum.Thehypothesisis thatthepeak
only moveswith increasingfluxesbut doesnot changeits shape. Thefixing of ã is also
necessaryto limit thenumberof freefit parametersto two (just aswasdonefor thecutoff
fit). This reducestheerrorson thefit parameterssufficiently to obtainmeaningfulresults.

Thefit resultsshow that the peak of the parabola movesfr om 13 GeV to 78 GeV.
Thevaluefor the intensity

)7S
, which is proportionalto thepeak luminositysuggeststhat

the luminosity at peak doesnot changevery much. This simplemodelseemsto show
thattheincreasein flux (in theTeV) is mainlycausedby ashift of thepeak!Tab. B.11lists
theexactnumbers.

Tocheckthesignificanceof themovement,thepeakpositionhasbeenfixedto T ç�é Î�ê =78.8GeV.
Thefits arerejectedwith a chisquare of ú Ý /NDF of 33/6 (maximumvalue).This corre-
spondsto a probability of õOò�ð Í�U (or 3.8 sigma). This meansthat the changein spectral
index is indeedcompatiblewith the idea of a moving peak,even if we are not able to
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� Csò GeV� ð:Z õ���ò�Z ð	� âÜòHZ9ó óAZ9âOñrô�Z�òùòZð Í ì S ò ï Z9âOñsõIZÑó òHZ õ 5 ö� òHZ ð:�3âIZ9õ�� ëDâ�Z ÷ âIZ ÷�ñrð�Z ÷�òZð Í ì S ï ð�Z9õOñsõIZÑó â�Z ë 5 õ� â�Z õ���ö:Z9õ�� ó!÷:Z ë ö:Z ð�ñrð�ZÑóèòZð Í ì S öGõIZ ö�ñsõIZ�ò óIZ ï 5 õ� óAZ ð���ò�ð:Z ð
� â ï Z ÷ ö:ZÑóèñrð�ZÑóèòZð Í ì S ôDë�Z ô�ñ¯óAZ ö ï Z9ó 5 õ� ò�ð:Z ð:��òZõ�Z ð
� ò�òHZ ë õIZÑóèñrð�Z ÷�òZð Í ì S ó!ë:Z ë�ñr÷�Z9â�õ â�Z ë 5 õ
TableB.11: The tableshows thefit resultsof thepowerlaw fit with parabolicterm. Thenumbers
show that the peak of the parabola moves from 13 GeV to 78 GeV andthat the increasein flux
(in theTeV) might bemainly causedby a shift of thepeakratherthanby an increaseof the peak
luminosity. )H*,+ Ì
-�.GãA/ V2143XW ú Ý�57698 Ê

in TeV in h Fix curvaturea,fix peakat 78.8GeV� ð�Z9õI��òHZ ð
� â�ò�ZÑó â�ô�Z9â 5 õ� ò�Z ð��3â�Z õ	� ëKâIZ ÷ ï ð�Z ë 5 ô� âIZ9õI��ö[Z õ	� ó-÷�Z ë ïDï Z ð 5 ô� óIZ ð:��òZð�Z ð	� â ï Z ÷ õ�Z ö 5 ô� òZð�Z ð���òZõIZ ð	� òDò�Z ë â�Z ë 5 ô
Table B.12: To check the significanceof the movement, the peak position has beenfixed to® K�MON�P =78.8GeV (curve with highestflux) . Threeof thefits (curveswith lower fluxes)arerejected
significantly.

give a goodestimateof the realpositionof the inverseComptonpeak.Tab. B.12 lists the
chisquarevalues.

B.2.4 Conclusionsand a discussionof the results

Averagespectrumof Mkn 421

Thespectrumof Mkn 421shows clear evidence for a cutoff at T Ú Ë ï Z�òèñsð�Z9õ�ñ ò2V�Ì	\ .
The pure power law was rejectedat the 6.0 sigmalevel. The powerlaw hasa spectral
index of ]¯Ë âIZ ÷�ô]ñ¯ð:Z ð�ö�ñ¯ð�Z�ò . It waspossibleto demonstratethata power law with a
quadratic curvature term of ã Ë ð�Z9â�â�ñ¯ð�Z ðDõ describestheshapeof thespectrumup to
10 TeV equallywell asa power law with exponentialcutoff.

Spectrum of the Crab nebula

The fit of a purepower law to the spectrumof the Crabnebula givesa flux constantofÊ S Ë ï Z ðùñ ð:Z ïDï ñ ð�Z9õLV�Ì	\ Í ì���� Í}Ý
��Í ì andaspectralindex of ]ÆË â�Z õBñ ð:Z�ò'ñqð�Z�ò which
is in goodagreementwith currentmeasurementsof otherexperiments.

Spectraof Mkn 421during differ ent flarestates

Thespectraof differentfluxesshow asignificanthardening with increasingfluxes, which
is in agreementwith theresultsfrom thehardnessratio measurement.Thedecreaseof the
spectralindex with increasingflux wasshown by fitting a power law with fixedcutoff (atT Ú Ë ï Z âLV]Ì�\ ). A fit with afixedspectralindex wasrejectedat the3.7sigmalevel.

Thefit of a power law with fixed spectral index andfr eecutoff alsogivesacceptableú Ý -values.Thecutoff movesfrom 1.9TeV up to 4.3TeV.
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FigureB.29: Thefigureillustratesthemodelof themoving peak.Thefit of aparabolato thespectra
seemsto show thata goodpartof thehigh variability of theflux in theTeV rangeis mainly caused
by a shift of the inverseCompton peak to higherenergies (Fig. B.29 illustratesthe hypothesis)
ratherthanby a high variability of the peak luminosity.

Mkn 421flarespectrafit by usinga powerlaw with parabolic term

By fitting a power law with a quadraticcurvatureterm(which very roughlyapproximates
aninverseComptonpeak)it waspossibleto show that the hardening of the spectrum is
compatible with the idea of an moving inverseCompton peak. The movementof the
peakluminosityof theparabolafrom 13 GeV for low fluxesup to 78 GeV for high fluxes
is significantwhile a fixed parabola peak position wasrejectedwith 3.9sigma. It must
bekept in mind that this roughapproximationis not appropriateto estimatetherealpeak
positionof theluminosity.

The fit seemsto show that a good part of the high variability of the flux in the
TeV rangeis mainly causedby a shift of the inverse Compton peak to higher ener-
gies (Fig. B.29 illustratesthe hypothesis)ratherthanby a high variability of the peak
luminosity.

Conclusionabout spectraduring differ ent flarestates

As aconclusionit canbenotedthatasignificant change(ahardeningfor higherfluxes)in
thespectrumfor differentflux levelscouldbe detected.A fixedcutoff andfixedslopefit
wasrejectedaswell asa purepower law fit.

But it wasnot possibleto differ entiate betweendiffer ent modelsto find out whether
the cutoff changes(fixedspectralindex) or ratherthe spectral index (fixedcutoff). The
hypothesisof amoving peakwith aparabolicfit alsogivesacceptablêQ_ -results.Thetruth
might involvea combinationof theseeffects.




