
Appendix B

Analysis of the flaresof Mkn 421
in 2001

In chapter1 andA thenecessaryfoundationwasestablishedto now discusstheanalysisof
theMkn 421data.This datawasrecordedbetweenFebruary 2001and May 2001 when
Mkn 421exhibitedlargeflares.Thetotalobservationtime amountsto 249hours.

Two maincharacteristicswill beexamined.Oneis thelightcurvewhich containstim-
ing information of the flaresandtime correlationsto x-ray measurements.The second
concernsthespectralproperties of theflux. Calculatedwill bethetotalaveragespectrum
andthespectrumin differentflarestatesincludinghardnessratiochanges.

B.1 Light curveand timing of the flaresof Mkn 421

In this section,the measurementof the lightcurve usingthe CT1 telescopeandotherin-
strumentslike the x-ray satellitesRXTE andASCA andthe CT-system telescopesare
describedandcompared.In addition,fundamentaltiming propertiesandtime correlations
arediscussedhere.

B.1.1 The light curve of Mkn 421asmeasured by CT1

Thealgorithmof thelightcurvecalculationwasexplainedin detail in chapterA. Thedata
is binned in runs which are typically of 20 minutes duration . Smallerbinning was
disregardedbecausethestatisticswould beunacceptablylow. Thelightcurveof thewhole
periodis shown in Fig. B.2 andthe completenight by night setcanbe seenin Appendix
B. Somerunshave high fluxesof up to

¼ ã�½>� ã í Åoã�½²äuå�å ¼ Çoæ�ç éQë1ì�Å�ä	å
. The lightcurve

exhibitsfivemainobservationperiodswhichareinterruptedby moonperiodsduringwhich
observationswasonly restrictedpossible.In threeof thesefive periodsMkn 421showed
highfluxes.Moonobservationdatais not includedin thisplot andwasnotanalyzedin this
document.A lightcurvewith daily averageswasalreadyshown in Fig. A.41.

Estimation of rise and fall times

Measurementstaking during twelve daysandcontainingsignificantflareswereselected
andareshown in FiguresB.3, B.4 andB.5. Thereis someevidencethatsomeof theflares
arefasterthantheresolutionof therun bins. It is difficult to estimatetherisetime in some
cases.To obtainnumbersfor thedoublingrisetime, thehalvingfall time andtheaverage
FWHM durationof a typical flare,thr eedifferentapproacheswereused.
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FigureB.1: This figureshows the total excessof theMkn 421datasetwhich amountsto 17400+-
210 signal eventsover approximately8800 backgroundeventsand which was recordedbetween
February2001andMay 2001with a total observationtime of 249hours.
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FigureB.2: Thelight curvefor thecompleteperiodbetweenFebruary2001andMay 2001is shown.
Eachpoint correspondsto a singlerunwhich is typically of approximately20 minutesduration.
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FigureB.3: Selectedflux measurementsfrom thenights51928,51929,51930and51934.Theflares
have beenfittedwith a simpleflaremodeldescribedbelow.
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FigureB.4: Selectedflux measurementsfrom thenights51938,51939,51942and51968.Theflares
have beenfittedwith a simpleflaremodeldescribedbelow.
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FigureB.5: Selectedflux measurementsof thenights51988,51990,51991and51993.Theflares
have beenfittedwith a simpleflaremodeldescribedbelow.
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FigureB.6: Fit to obtainthedoublingtime. Theflaretakenoccurredin thenight 51967.It shows a
doublingtime of 8.2� 7.0minutes.Eventheworstcasescenario(blueline) still hasa doublingtime
of only 23 minutes.

1. For a simplecharacterization,a flaremodel hasbeenfitted to eachnight.

 ¼hø Å«Æ � ; Oß�P ×RQ�×TS.UV ; ß ä P ×WQ�×TSXUY (B.1)

This function behaves like an exponentialin the limits of minusandplus infinity.
Risesandfallsaresupposedto haveexponentialcharacter(correspondingto sudden
outburstandexponentialcooling). It hasdoublingriseandhalving fall times

è
and

Ü . This modelassumesthat several small fastflarespile up to a singlevery large
flare. This meansthat the flare doesn’t start from zerobut ratherfrom a constant
background whichis estimatedby

�
. Thisfit isusedto estimatetheaverageduration

of fastflaresandtheriseandfall timesstartingfrom a constantbackground.

2. For very fast flares four points are taken with the rise or fall in the middle (see
Fig. B.6). Threesegmentsof straightlinesarefitted to thesefour pointsby integrat-
ing over therun period. In this mannerwe canapproximatetheslopeof themiddle
segmentby usingtheinformationfrom thepointson theleft andtheright andobtain
its error from thefit. Thefit containstwo fr eeparameters which aretheslopesof
thefirst andsecondsegments.Theoffset from zeroon is givenby thefirst andlast
point which lay on the first and last straightline. The doubling time is calculated
hereby assumingthe a flare startsfrom zero andnot startingfrom an offset asby
fitting theflaremodel.In this way therisetime is calculatedconservatively.

3. Sincethe4 point fit is notusefulin all thecases,thedoublingrisetimebetweentwo
neighbouring points is calculatedby meansof a simple line connectionbetween
two points.Theerror is obtainedfrom theerrorsof thefluxes.Sincethis methodis
verysensitive to statisticalfluctuations,thedoublingandfalling timesarecalculated
by taking the worst casescenario. The flux valuesusedare the measuredfluxes
plus/minustheir onesigmaerrors. (The endsof the error barsareconnected,see
Fig. B.6).
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FigureB.7: FWHM durationof 21largeflaresobtainedby fitting theflaremodelabove. Thetypical
durationfor fastflaresrangesbetweenonehour and thr eeand a half hours. Thedistribution of
thedurationis obtainedby filling Gaussiandistrib utions into a histogram.Themeanandsigmaof
suchanGaussiandistributioncorrespondsto themeasuredvalueandits errors.Theunderlying blue
line is the noisebackground thatwasobtainedby simulatinga lightcurve with Gaussianrandom
distributeddatapointsarounda meanof thedaily averageflux. Thenthesameflaremodelwasfitted
asto thereal light curve. For eachnight 100 lightcurvesweresimulated.Theblue line shows that
for randomlightcurvessignificantly lessflaresarefound.
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FigureB.8: Thesetwo plotsshow theparametervalues¡ (doublingrisetime)and ` (halvingfalling
time, seeEqu. B.1) obtainedfrom fitting 21 large flares. Typical time scalesin this model range
from upwards25 minutes. The distributionsareobtainedby filling Gaussiandistrib utions into a
histogram.Themeanandsigmaof theGaussiandistribution correspondsto themeasuredvalueand
its errors. The underlying blue line is the noisebackground that wasobtainedby simulatinga
lightcurve with Gaussianrandomdistributeddatapointsarounda meanof the daily averageflux.
Thenthesameflaremodelwasfitted asto thereal light curve. For eachnight 100lightcurveswere
simulated.Theblueline shows thatfor randomlightcurvessignificantly lessflaresarefound.
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Type MJD Doubling/halfingtime (in minutes)

Fall 51967.05 11.7+- 11.3
Fall 51990.06 14.1+- 16.3
Fall 51991.12 12.8+- 14.9

Rise 51934.18 13 +- 10.7
Rise 51956.06 15 +- 15.2
Rise 51967.17 8.24+- 6.9

TableB.1: Theresultsof thefour point, threesegmentfit arepresentedhere.Theshortestfall time
is 12.8+- 14.9minutesandtheshortestrisetimeis 8.24+- 6.9minutes.Takinginto accountthelarge
errors,thereis evidenceof flaresthathave riseandfall timesof 15 to 25 minutes.

Fitting the flaremodel

The starting valuesfor the fit are set as follows:
�
=averageflux during night,

�
=8.0,è

=30 minutesrise time,
è
=30 minutesfall time and

ø Þ
=the position of the highestflux

in thatnight. In orderto selectnightswith significantflares,first a straightline fit is per-
formed. If the reducedchi-squareis lessthen1.5, î ëba ´dce gf ã à í

, thenthenight is not
usedfor thefit of Equ.B.1. Themostinterestingmajorflaresareshown in Fig. B.3, B.4
andB.5 while thecompletesetcanbeseenin AppendixB.

Only fitting valueswith errorslessthan100%areallowed(asa quality selectioncut)
for thereminderof theprocess.21 fitted flaresfulfilled this criteria. Theplots in Fig. B.8
andFig. B.7 areobtainedby filling area-normalizedGaussiandistrib utions into a his-
togram. The meanandsigmaof the Gaussiandistribution correspondsto the measured
valueandits error, respectively. In this way, it is possibleto graphicallyillustratethedis-
tribution for only few measurements.In orderto estimatethesignificanceof theobtained
result,thesameprocedurewasappliedto lightcurvesthatweregeneratedby a Gaussian
random generator. The meanof the Gaussiandistribution is the averagedaily flux and
thevarianceis theerrorof eachdatapoint. For eachnight 100lightcurvesweresimulated
andfitted by thesameprocedurelike therealone.Theobtaineddistribution shows thatin
randomdistributedlightcurvesmuch lessflaresarefoundandthusthemeasuredrisetime
distribution is significantlyhigherthanthebackground.

Theaverageduration of fastflaresrangesfrom onehour to thr eeand a half hours
FWHM. Thetypicaldoublingriseandhalvingfall timesin thismodelrangefrom upwards
of 25 minutes.A significantdifferencebetweenriseandfall timesis not observed.

Four point-thr eesegmentfit

Theresultsof the four point, threesegment(threestraightlines)fit arepresentedhere.A
sampleof riseandfall timesfasterthan15minutesarelistedin Tab. B.1. Theflarescanbe
foundin theFig. B.3,B.4 andB.5 by its MJD.

Takinginto accounttheconsiderableerrorsonthemeasurements,thereis evidencethat
thereexist flaresthathavedoublingandhalvingtimesof only 15 to 25 minutes.

Worst casescenario: Two point straight line connection

Sincethe four point fit with two free parametersintroduceslargeerrorsandsincenot all
fastflareshave two neighboringpoints,the riseandfall time werealsocalculatedfrom a
straightline connection,but subtracting onesigma from eachof thetwo points(theworst
casescenario).Someof thepointswhich arefasterthen20 minutesarelistedin Tab. B.2.

Whenconsideringtheerrorsoneshouldtake into accountthat in this worst casesce-
nario alreadyonesigmahadalreadybeensubtracted/addedon eachof thetwo pointsand
oneobtainsstill a rise time of 8.24+- 7.0 minutes.Thereforeit canbe safelystatedthat
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Type NoonMJD Doubling/halfingtime in minutes

Rise 51932.01 8.31+-4.9
Rise 51989.90 9.7+- 6.6

Fall 51929.05 19.4+- 13.8
Fall 51992.14 9.57+- 7.5

TableB.2: In this tablesomefastrise andfall timesarelisted. They have beencalculatedout of
a two point connectionfrom which onesigmahasbeensubtractedalready(worstcasescenario,see
Fig. B.6). It canbestatedthat in a few casesthe doubling rise and halving fall times seemto be
equalor faster than 15minutes.

in a few casesthedoubling rise and halving fall times arefor sureequal or faster than
15 minutes.

Conclusionsfr om lightcur ve,rise and fall time measurements

Thelightcurve measurementmadeby theCT1 telescopeshows a very fast variability of
thesource.Thereis evidencethat thefastestdoubling times andhalvingtimesareequal
or faster than 15 to 25 minutes. Thefit of a flaremodelto the lightcurveshows that the
typical FWHM duration of the fastflaresarebetweenone hour and thr eeand a half
hours while in thatmodelthe typical doubling/halvingtimesareapproximatelyupwards
of 25 minutes.A significantdifferencebetweenriseandfall timeshasnot beenseen.

In addition,highfluxesof up to
¼ ã í âWß Å 2 ã�½
ä	å�å Çoæ�ç ä	å�ì�ä	å�é9ä�ë

canbeobservedspo-
radicallyduringthefour monthsflareperiod.

B.1.2 Comparison of the lightcur ve to the one measured by the CT-
system

To test redundancy, the obtainedflux wascomparedwith the flux obtainedby the CT-
system. This couldonly bedonefor time-coincidentbins. As Mkn 421 is a very rapidly
flaring source,if the flux is not measuredby both the CT1 andthe CT-Systemexactly at
thesametimethenit cannotbeexpectedthatthemeasuredfluxespreciselycoincides.This
resultsin a few points that don’t fit perfectly in the trend. However, it canbe checked
whetherbothmeasuredfluxesarecorrelated,whetherthescaleis thesameandwhetherthe
originscoincideaswell. Fig. B.9 shows thecorrelationof time coincidentbinsof quarter
daysize.Themeasurementsarein goodagreement.A straightline fit with h �ji²�lkmi��on�p
to thedatashows that theoriginsof both telescopescoincide(q ½sr ½

). The CT1 flux is
approximately 13%

â
6% lower than that onedetermined by the CT-System.

It shouldbe mentionedthata completelydifferentcalibrationprocedurefor CT1 and
andCT systemhasbeenused. In this respectthe differenceof 13%

â
6% is surprisingly

good.

B.1.3 The 2 keV-12 keV lightcur ve measured by the All Sky Monitor
of the RXTE satellite

Flaresof February2001 to April 2001have alsobeendetectedin the x-ray domain at
2 keV to 12 keV by the All Sky Monitor (ASM ) of the RXTE satellite. This allows
multi-wavelengthobservations. Somebasicpredictionsof theSSCmodelcanbetested.
It claimsthat X-rays areproducedby synchrotronradiationof saidacceleratedelectrons
while theGeV/TeV t ’s areproducedby inverseComptonupscatteringof saidx-ray pho-
tons.

Unfortunatelythe measurementsof the All Sky monitor are only a few, short, 90 s
measurementsperdaywith very poorstatisticsandbig errors.Thisdoesnot allow precise
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FigureB.9: Correlationof theflux above 1 TeV obtainedby theCT-systemwhencomparedto the
fluxesof CT1 for time-coincidentbinsof quarterdaysize. A straightline fit with h�� i���ksi��
n
p
shows that the origins of both telescopescoincide andthat the CT1 flux is approximately13%
smaller thanthe oneof the CT-System.The pointswhich aresignificantlyaway from the straight
line fit area resultfrom notcompletelytime coincidentmeasurementsof thetwo instruments.
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measurementsof the developmentof the flares. However the measurementscanbe aver-
agedoverbiggertimebins.FigureB.10shows(middleplot) theASM lightcurveaveraged
over12 hourbinsand(above)a 24 hoursampleof theday51966.On thesmalltime scale
the datais highly noisy. Almost simultaneouspointsshow largedifferences.If the datais av-
eragedover a bigger time periodacceptableresultsareobtained. In the bottomplot the
correspondingCT1half daybin lightcurveis displayedfor comparison.In thenext session
thetime correlationbetweenthetwo instrumentswill bediscussedin detail.

B.1.4 Thediscretecorrelation function applied to TeVandX-Ray light
curves

LookingatFig.B.10,onemaysurmisethatthefluxesof CT1andRXTE arecorrelatedwith
eachother. Suchacorrelationprovidesveryimportantinformationabouttheprocessesthat
createx-rayphotonsand � -photons.

The empirical correlation function

Theempirical correlation � of two vectors��� and ��� is generallydefinedas:

��� ���3� � ������ � ����� � � �� ��� � ���X��
� ��� � ������ � � �X��� � ��� � ������ � � ��� �

(B.2)

In our casethesituationis morecomplicatedsincethemeasurementsarecompletelynon-
equidistantdistributedin time. Both datasetshave beenre-binnedinto equidistant time
binsof size  ¢¡ , asdescribedin Equ.E.35(AppendixA). Thecorrelationis measuredfor
systematictime shifts  �£ betweenthe two datasets,the flux bins for � -rays � � � £ � � and
for x-rays � � � £ � � , to seeif thelight of the � -flaresarrivesearlieror later thanthe light of
the x-ray flares. Only the time coincidenttime bins aresummedup, usingthe following
formula:

� �  �£ � � �0¤W¥§¦¨¤R©�ª¬«
¤ � � � � £�­ � ��� � �"�X� � � � � £ � � ��� � ���®��
� ¤W¥§¦¨¤ © ª$«
¤ � � � � £ ­ � ��� � � �®� � � �3� � � � £ � � ��� � � �X� �

(B.3)

The finer the bin sizeis chosen,the fewer coincidenttime bins arefound. The error in-
creasesbecausethefluctuationof smallerbinnedmeasurementsarelargerandbecauseless
time-coincidentbinsarefound. Theerrorcalculationof theempiricalcorrelationfunction
is describedin AppendixA.

Corr elation of the data recordedby CT1 and ASM in 2001

Fig. B.11shows thecorrelationfor time shiftsbetween̄±°³² days.In Fig. B.13 theRXTE
flux andtheCT1 flux areplottedagainsteachotherfor time coincidentbinsandFig. B.12
shows bothlightcurvesfor comparison.For bettervisibility, only coincidenttime binsare
includedin theplot. Tab. B.3 shows thecorrelation for differ ent bin sizes. It increases
with bin size.

Corr elation of the data recorded by the ASCA x-ray satellite in 1998 and several
Cherenkov-telescopes

In the introduction chapterthe measurementof the ASCA x-ray satellite and several
Cherenkov telescopes(Wipple, HEGRA, CAT) betweenApril 23, 1998andMay 1, 1998
werealreadypresented(seeFig. B.14). TheASCA measurementis significantlymorede-
tailedandprecisethanthatof ASM. Unfortunately, theTeV datais presentlyverysporadic
andcontainslargeerrorbars.However, thecorrelation betweenthex-ray flux and � -flux
wasalsoanalyzed.
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FigureB.10: Theupperplot shows: a)A 24hoursampleof aASM measurementfor theday51964.
It canbeseenthattheASM datais very noisy. Almost simultaneouspointsshow largedifferences.
Themiddleplot shows: b)Thelight curve averagedover 12 hour bins. The lower plot shows: c)
The CT1 light curve for comparison.The ASM curve is continuouswhile the CT1 observation is
interruptedby moonperiods.Fromtheuppertwo plotsit is evidentthatwhile theASM is verynoisy
whenaveragedover12hourbinsit displaysthe tr end of theflux. Theflux outburstsseemto happen
simultaneouslyfor x-rays(ASM) andfor ´ -rays(CT1).
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FigureB.11: a) The upperplot shows the correlationbetweenx-ray dataand the ´ -ray flux, as
measuredwith CT1. Themaximum correlation ��¶ ·¹¸3º»��¶ �	¼ is reachedat a time lag of thex-rays
of -12h. It hasto bementionedthat in this plot the timelagis not significant. The time lag will be
discussedlater in detail. Thebin sizewas1.0days.To obtaina smoothcurve, thetime lag between
binswassampledin stepsof 1/3 days.b) Thelower plot is theautocorrelationof theCT1 data.The
dataseemsto containperiodicities,whichalsoappearin theupperplot.

Bin size(days) Correlation

5.0 ²¾½ ¿¾ÀÁ¯Â²�½ ²"Ã
2.0 ²¾½ Ä³Å&¯Â²�½ ²�Æ
1.0 ²¾½�ÃÇ°3¯Â²�½ ²³È
0.5 ²¾½�ÃÉÅ&¯Â²�½ ²³È
0.2 ²¾½ Æ"È4¯Â²�½ ²³È

TableB.3: The tableshows the correlationfor differentbin sizes. It increaseswith bin size. It
cannotbe clarified in this thesiswhetherthis hasa physicalorigin or if this originatesfrom larger
errorswhenusingsmallerbin sizes.
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FigureB.12: a)Theupperplot shows theCT1flux andb) thelowerplot shows theASM flux. Note
that,for bettervisibility only thetimecoincidentbinsof CT1fluxesandASM fluxesareplotted.The
correlationis clearlyvisiblenow.
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FigureB.13: In thisplot thetimecoincidentmeasurementsareplottedagainsteachotherusingabin
sizeof two days.They-axisgivestheCT1flux in andx-axistheASM x-rayflux in counts( Ò Flux).
A functiondefinedas ÓÂÔÖÕ
×ÙØ�Ú�Û wasfitted to thedata.It revealsanalmost linear dependenceof
theASM flux on theCT1 flux , which is givenby anexponentof b=1.0º 0.2. Thechisquareexhibits
a largevaluesincethecorrelationcoefficient hasa valueof smallerthanone(0.83+- 0.06).
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(a)OriginalASCA measurement
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(b) Subtractedbackground

FigureB.14: Theseplotsshow multiwavelenthmeasurementsof Mkn 421for theperiodbetween
April 23, 1998andMay 1, 1998. a) Theupperleft handplot shows TeV measurementsby Wipple,
HEGRA andCAT. Themiddle left handplot shows x-ray measurementsby ASCA. b) In theupper
right handplot thex-raymeasurementis displayedwith abackgroundfit andthelowerright handplot
shows the x-ray measurementwith subtractedbackgroundandwith superimposedTeV datapoints
for illustration.




