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A.5 Energy estimation by the leastsquaresmethod

Now, thatwe establishedur separatioomethodswe would lik e to usethe selectedevents
to calculatethe physicalquantitieshatwe areinterestedn. Thefirst stepis to estimatehe
enegy from the imageparametersindto determinethe enegy resolutionthatwe canget
for CT1.

Herel useavery simplemethodbasednimageparameterandthe method of linear
least squaresto estimatethe energy. As we will see,the formalismis quite similar to
thatof the LDA.

The method of linear leastsquaresand its application

We have a setof parameteror eacheventi

1.

S_| B i

p=|". |=Pi (A.81)
vl

which parameterizé¢heimage. The’ONE’ in thefirst row is importantasit is neededor
the offset. We wish to find an estimatorE;,, for the enegy E* of eacheventi in sucha
way thatthe sum of differ ences

S=Y (Bi, - E) (A.82)
with thelinearansatz . .
Ei, =PiuwF (A.83)

est —

beingminimal. Thisis thecasef

08 j

o = 2 (PT)] (Piw* - EY) =0 (A.84)
[(PT)]Pi]wt = (PT)]F’ (A.85)
wk = [(PT)jP;;]_l (P7)! B (A.86)

This procedurds calledlinear leastsquaresandcanbe solved analytically . (It is almost
identicalto thecalculationof theweightsof theLDA. In caseof theLDA the E¢ correspond
to the differentgroups. For the caseof 2 groupsit becomesE?! = —1 for gammasand
E* = +1 for protons. The 'ONE’ above correspondso the subtractionof the average
outputgivenby Equ.A.61). It only remainsto calculatethe weightsw* usingEqu.A.86
which involvesthe calculationof an inversematrix . The inversematrix calculationwas
doneby the Gaussiareliminationalgorithmusinga precisionof 24 digits.

Thefollowing parametertiave beenusedto estimatethe (log) enegy.

po = log(SIZE) (A.87)
po= log (SIZE)
p» = log’(SIZE)
1
P = os (ZenithAngle)

ps = log(LENGTH)
ps = DIST
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The main estimator is SIZE (andexpressionf it) which is correctedwith the cosine
of the zenith angle (shower distancechangesith cosine). The otherparametersirein-
troducedto obtain small corrections SIZE is dependenbn the impact parameter(->
estimatorDIST). For the traininga MC-gammadatasamplewasused.A preselectiorcut
of ZenithAngle < 50deg, SIZE > 60 PhE and0.5deg < DIST < 1.05deg was
appliedbeforehand.

Additional enegy dependentveights E'-5 on eacheventhave beenintroducedin the
methodto correct for the factthatthe MC wasproducedwith a steepspectrumof £—1-5
while we wantthat high enegy eventsaretreatedwith the samepriority aslow enegy
events. The whole procedureis calculatedin the log-scale. Equ. A.85 and Equ. A.86
become:

[(DIPL() wt = (T () g () (a9)
wh = [(PT)] P} (Ei)”]_lx (A.89)
(PT)! (B log (EY)

Theresultcanbeseenn Fig. A.33. SIZEwasintroducedn parallelwith severalexponents
(1,0.5and2). Thisimprovesthe linearity of theestimation.

Impr ovement of the energy resolution by including the LEAKA GE parameter into
the Least square fit

Now we will seehow the resolutionandthe shapecanstill be improvedby introducinga
new parameter called LEAKA GE into the leastsquaréfit. It is introducedasan addi-
tional input to theleastsquaresnethodof Equ.A.87:

Ps = LEAKAGE (A.90)
pr = LEAKAGE? (A.91)

Theresultcanbeseerin Fig. A.34. Thedistributionbecomesnorenarr ow and Gaussian
The distribution is not perfectlylinear and exhibits a slight curve. Without unfolding the
spectrunthiswould introducea systemati@rror. Theunfoldingprocedurecorrectdor this
andin factary shapeof the enegy estimatiorwould betranslateccorrectlyaslong asit is
monotonically.

A.5.1 Conclusion about the enemgy estimation using the linear least
squaresmethod

Usinganalgorithmlike linear leastsquaresto estimateheenegy hasthemainadwantage,
asthe LDA, thatthe problemis analytically solvable (reproducibility no dependencen
initial values)unlike othermethoddik e neuralnetsor nonlinearequationsvhich needan
iterati ve optimization. A matrix of the size 8x8 hasto be inverted (bestdonewith 24
digits precisionor more). Theappliedenegy estimationis doneby calculationof asimple
polynomialwhich is fast. The enegy estimationis linear (above 1 TeV) and Gaussian
distributed. Theintroductionof the LEAKA GE parameteincreasegheresolutiona little
andresultsin anoutputwhich is moreGaussian.

A.6 Mispointing of the telescopeand its correction

Unfortunatelythe hour angleaxis of the CT1 telescopés not perfectly aligned with the
earthsaxis of rotation and in addition, the telescopestructurebendsslightly underits
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Figure A.33: Enegy estimationandits resolution with the LEAKA GE parameter For enegies

abore 10 TeV (the upperplot) it can beenseenthat the effect of truncatedimagesat the camera
borderdisturbstheenegy estimation.Thelower plotsshawvs aratherasymmetricshapewhichis not

Gaussian.
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FigureA.34: The shapeof the estimatedenegy distribution after introductionof the LEAKA GE
parameterTheenegy estimationbecomesharpeandmorepreciseascanbeobseredin theupper
plot. Above 1 TeV theestimationis very linear. Thelower plot demonstratea symmetricGaussian
distribution with a varianceof approximately24 %.
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FigureA.35: A falsesourceplot for a) asmallzenithangle(15°), usedto determinehe mispointing
of the sourceMkn 421. The centerof the sourceappearsasa roundspot. b) Falsesourceplot for a
highzenithangle(45°). Thesourceseemsotto befocusedverywell in onepoint. This effectcould
be partly dueto statisticsbut a mispointingcorrectionon run basis resultsin a shamper ALPHA
distribution, suggestindhatfor differentrunswith the samehourangle(="signed’'zenithangle)the
mispointingis different.

weight. This introducesin a mispointing of up to 0.15 andhasa strongeffect on the
sharpnessof the ALPHA distribution. Monte Carlo studiesshow that the standardievi-
ation of the ALPHA peakshouldbe approximately6® for small zenithanglesandup to
7.5° for high zenithanglesof 45° (shaverswith higherzenithanglesshov awider alpha
distribution dueto a smallerimagein the cameraresultingin a worsedeterminatiorof the
shaver axis). With Mispointing, thesevaluesincreaseto a standarddeviation of up to
15 for high zenithangles.If in sucha scenarioa fixed alphacut of only 12° is applied,
it is easyto imaginethat the measuredlux will suddenlydependstrongly on the zenith
angle.Thisintroducesa largesystematicerror in lightcurve calculation.Thus,apointing
correctionis mandatory

Up to now, so-calledpoint-runshave beenperformedwherethe telescopesystemati-
cally scansa star(whosecoordinatesareknown) in smallsteps.The DC currentinforma-
tion of the pixels allows a precisedeterminatiorof the mispointingat a given hourangle
anddeclination.This procedurecanbe repeatedor mary houranglesanddeclinations A
correctionbasedn valuesobtainedfrom this procedurémprovedthe Mispointing but did
notyield completelysatishictoryresultsanda differ ent strategy hasbeentried herein this
thesis.

The falsesourceplot method

A mispointingcorrectioncanalsobeobtainecdy only usingthemeasurediataof Mkn 421.
The constructionof a falsesourceplot is a simple methodto find the real position of a
sourcein the camera.Sincethe coordinategor Mkn 421 areknown the mispointing can
becalculated.

The algorithmproceedssfollows: The cameracenteris moved artificially (and AL-
PHA s recalculateéccordingly)n agrid aroundthecameracenter A cut of ALPH A,,.,, <8°
is appliedto thenew ALPHA valuefor eachpositionandthe remainingeventsarefilled in
a 2D histogramwhich binnedaccording to thegrid. After the histogramhasbeenfilled, a
tail-cut at the half maximumis performedby subtractinghe half maximumfrom eachbin.
Bins below zeroaresetto zero. The positionof the sourceis obtainedby calculatingthe
mean of the 2D histogram.

Thenew ALPHA is calculatedrom theold (signed)ALPHA asfollows (seeFig. A.36):
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Figure A.36: Schematicof the shift of the old coordinatesystemand the calculationof the new
ALPHA.

_— COS pig — Sin g
Alphaga = ( Sinogg OBy )(Xold (A.92)

<Xnew = <Xold$ + d7 (A93)

Alphaol; : (Xnew)
‘Alphaol?i‘ : ‘(Xnews

ALPHA,,., = arccos

(A.94)

First a vector pointing in the direction of the shaver Alpha,;4 is obtainedby rotating
the meanpositionvector(XO,dS of theimageby ALPHA (ALPH A,;3). The new posi-
tion vector(Xnew; is calculatedby translatingthe old centerwith d7 Thenew ALPHA

ALPH A, (unsigned)s obtainedrom thescalamproductof theold directionvectorand
the new positionvector

Binning the datain (signed)zenith angles

The mispointingis assumedo be a function of the hour angleandthe inclination. The
inclination remainsconstant for astronomicalobjects. Sincethe parametethour angle
wasnot availablein the dataset binning in signed zenith anglewas performedinstead
(positive sign for azimuthangleslarger than 180°, and negative sign for azimuthangles
smallerthen18(°). This binningis equivalent to binningin shaft-encodevalues(andto

thehourangle)of thetelescope.

For each signedzenithanglebin a false source plot is calculated.By examiningthe
false sourceplots one can seethat for high zenith anglesespeciallythe pointing is not
sharmp in onespot(seeFig. A.35). This effect could be partly dueto statistics, but as
we will seeamispointingcorrectionon run basisresultsin asharperALPHA distribution,
suggestinghat for differentrunswith identicalhour angle(equivalentto ’'signed’ zenith
angle)themispointingis different.
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Figure A.37: a) The ALPHA distribution beforeapplyingthe pointing correction. The sigmaof
the ALPHA peakis 9.3. The Off-datadistribution (muchlower statistics)hasbeenincludedinto
theplot for illustration. b) The ALPHA distribution afterapplyingthe pointingcorrectionprocedure.
Thedistribution getssignificantlysharper The averagesigmaof the (full) Gaussiariit curve is only
7.6° . Thetail of the ALPHA distribution betweer?0° and30° doesnotfit very well to the Gaussian
function. This is causeddy a still imperfectmispointingcorrection. The high zenithangleshave a
wider ALPHA distribution. To avoid confusionit hasto be statedthat he datausedhereis the full
datasebf Mkn 421 of 250hoursof obsenationtime. This datasetontainsmoresignalthanthetest
datasetusedfor thedevelopmentof animprovedanalysis.

Binning in runs

To circumwentthis problem,in additiona pointing correctionfor eachrun wasintroduced.
A falsesourceplot wasthencalculatedor eachrun. Thecorrectionin runbinsis only pos-
sibleif thereis enoughsignalin thatspecificrun data(theproblemof aflaring source).The
procedureappliedwasthe following: If the signalin the run datawas too small (smaller
than5 sigma of the backgroundluctuations)the pointing correctionon zenith angle bin

basiswasapplied(the zenithanglebinshave a much lar ger statisticsand thereis no dan-

ger of optimizing on fluctuations).If the signalwaslarge enoughduringthatrun (larger
than5 sigma) thenthe mispointingbasedon single run binsis chosen.The mispointing
correctionon a run to run basisimprovesthe sharpnessf the ALPHA distribution sig-

nificantly whencomparedo a mispointingcorrectionon the basisof signedzenith angles
only. This seemdo point outthatthe mispointingfor the samehouranglebut on different
daysis different.

Resultsof the mispointing correction

Tah A.7 shows the resultsafter the pointing correction. Listed arethe variances of the
alphadistribution for eachsignedzenithanglebin. The total standarddeviation wasim-

provedfrom 9.3 (beforecorrection)to 7.6 (aftercorrection).Thecorrectionon the basis
of signedzenithanglebinsonly gave a standardieviation of approximately8.3. Thetable
clearlyshowvs how the alphadistribution becomesvider with increasingzenithangle.For

all zenithanglebinsthe alphadistributionis wider thanthe correspondinglistribution in

the MC which pointsto still imperfect mispointingcorrection.

Conclusion

In conclusionjt canbestatedthattheresultis still not perfect. Thevariancef thealpha
peakshouldbe more narrow. However, they are good enough to ensurea reasonable
(without systematiceoming from the ALPHA distribution) lightcurve. In the following
chaptersall of the cutson the alphadistribution are performedvery high at 18°. In this
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| Signedzenithangle | Sigmaof alphadistribution |

-(45-50) 10.3 £ 0.15
-(35-45) 8.9+0.10
-(25-35) 6.7+0.12
-(15-25) 70+0.11
(-15)-(+15) 724013
15-25 74+007

25-35 814011

35-45 86+0.15

45-50 89+0.18

| Total | 7.6+ 0.08

TableA.7: Thetableshavs thefinal variancesf the ALPHA distribution for differentzenithangle
bins. Thevariancesncreasewith increasingzenithangle.

way it canbe madesurethatmostof the signaleventsareinsidethe cutlimit andthatthe
resultingmeasurediux no longerdepend®n the zenithangle.

Thespectrunbeforeandafterapplyingthis pointingcorrectiorremainghesamewhich
canbetakenasa proofthatno artificial effect hasbeenintroducedby optimizing on fluc-
tuations.

A.7 Differential flux spectrum calculation

Thedifferentialflux is oneof the main physicalguantitiesthatwe areinterestedn. It is a
measuremenwhich canbe comparedvith thetheoryandthattells ussomethingaboutthe
mechanisnthat producegets and high enegy gammasnsidethe jet. The calculationof
thedifferentialflux is arathercomplicatedorocedurdhatinvolvesseveral steps.

1. Theenepgy of theobseredeventsis reconstructedThenthe excessvents N, .
for differentenegy binsaredeterminedy estimatinghebackgroundn eachenegy
bin (this resultsin the excessevent distrib ution). The reconstructecnegy can
derivate,both systematicallyandstatistically from thetrue one.

2. Thereforethe spectrumcalculationrequiresthe unfolding of theseeffects (of the
excesseventdistribution).

3. Finally, thediffer ential flux is obtainedby dividing eachbin by thetotal obsenation
time T,3,, the bin width A E'g;,, andits effective collectionarea. The obsenation
time hasto betakenseparatelyor eachzenithanglebin.

ClF1Z ANgzcess,unfolded (A 95)

dB ~ AEj,, S Ths AL (6:)

obs

A.7.1 Determination of the energy excessvent distrib ution

The enegy excessevent distribution is the first step to the differential flux spectrum
(dF/dE). Theeventsaresortedin enegy bins accordingto their estimatecenegy. The
binning hasbeenchosento be of the size of the averageenegy resolution(~24 %). In
logarithmic scalea constantbinning (for simplicity) wasintroduced. The resolutionis
to first orderconstanin this frame(SeeFig. A.38).

For eachenegy bin, a histogramfor the ALPHA distribution wasfilled andthe corre-
spondingbackgroundvasestimatedy performinga fit aswasdoneearliet
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FigureA.38: a) This figure shavs the excessvent distrib ution of thetotal Mkn 421 datasetfor

all six zenithanglebinsin differentcolors(red:0°-16°, blue:16°-21°, green:21°-28°, yellow: 28°-

33, violet: 33°-40°, light blue:40°-50°, black:all together) Thefigureillustrateshaw thethreshold
changeswith zenithangle.Dueto differ ent obseration timesthe total amountof excesseventsis

differentfor differentzenithangles.Theblack pointsarethe sum of the dataof all thezenithangles.
b) The estimatedenegy andthe MC enegy are plotted againsteachotherand normalizedto one
(Probability distribution of the estimatedenegy). It demonstratethatin first orderthe resolution
is constantin logarithmic scale The curved shapeof the distribution for enegiesbelav 1 TeV is

correctedateron by the unfoldingprocedure.

7 _ ATE 7
NEwcess,Data - NAlpha<15 deg — NBackgound<15 deg (A96)

The ALPHA distributionsandtheir backgroundit arelistedin AppendixB. The sys-
tematicerrorintroducedby the backgroundestimationis believedto be smallerthan5%-
10%. The effect of all possiblesystematicerrors,which canaffect the spectrumwill be
discussedn detailin the conclusion.As will be shown, the spectralshaperemainsvirtu-
ally unchangedby artificial changesn theamountof backgroundf +-10%.

The enegy distribution of the excesseventscanbe seenin Fig. A.38. The different
zenithanglesarerepresentedy differentcolors(red: 0°-16°, blue: 16°-21°, green:21°-
28°, yellow: 28°-33°, violet: 33°-40°, light blue:40°-50°, black:all together) As expected
thethresholdincreasesvith increasingzenithangle.

A.7.2 Unfolding the spectrum

The spectrumof a real sourceshouldbe unfolded with the distribution of the estimated
enepgy. Thisis importantnot only to correctfor nonlinearities in the energy estimation.
It alsocorrectsfor spill over from eachenegy bin into the neighborbins on the left and
right sideanda possiblecutoff would changdts position.

The enegy estimationallows usto determinethe transferfunction of the telescopeas
the simulationdescribeghe total system.As in Fig. A.34, we canfill a matrix M which
yieldsusfor each(real,simulated)enegy bin the probability distrib ution (normalizedo
one)of the estimatedenegy. Naturally, the binning of M andthe binning of the excess
eventdistribution (i.e. datadistribution D) mustbe the same.Knowing M we cancan
calculatethe spectrunof the folded spectru for agivenunfolded spectru mo -

MU =F (A.97)
Thereverseof this proceduras calledunfolding:

M-F =T (A.98)
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Eventhoughthis procedurés mathematicallyalid, it doesnotusuallyyield decentesults.
Sincethespectrum/ector? andM alsohasstatisticalfluctuationgit hasbeendetermined
by Monte Carlostudies)theresultingvectortendsto artificial oscillations betweemeigh-
boring vector entries (in 'energy’-space). There are various methodsavailable which
attemptto suppresshesecompletelyunphysicahigh frequenciedy meansof regulators
or low pasdfiltersin thefrequeng space.

Themethodusedhereis a stepwiseiterati ve method which is especiallysuitablefor
our situation.It is describedn [Des94. Theprocedurénasbeenslightly modifiedto work
efficiently for our case.The algorithmsystematicallyadjusts the folded MC distribution
Fy}, to the real data distribution Dy, until the chisquarebetweenthe two distributionsbe-
comesminimal. The original unfolded MC distribution is thenthe distribution that we
areinterestedn. Theregulationhereconsistsof interrupting the iterationbeforeit can
develophigh frequeng oscillations.

Theexactproceduras asfollows:

1. Firstainitial unfoldedspectrumis estimated. The closertheinitial distributionto
thefinal result,the betterthe corvergence n this casesimply the folded data spec-
trum is taken (alongwith its errors)sinceit is alreadyvery similar to the expected
unfoldedresult.

2. In aniterativeloop thefollowing stepd areexecutedor eachbin i:

(a) The folded spectrum is calculatedfrom the unfoldeddistribution with (same
asabove)

Fl = Z M, U! (A.99)

(b) The ratio of the folded MC F}, and the real datadistribution Dy, is back-
propagatedinto proportionalfactorsi;

ag

Fl
A ="My, (D—’;> (A.100)
k k
which arethenappliedto the unfolded data distribution
Uit = N\l (A.101)

in suchaway thatthe folded MC distribution cornvergesto the real datadis-
tribution. The row vectors(estimatedenegy distribution) of the matrix M,
mustbenormalizedn a mannersuchthatfor eachindex ¢ the sumoverall en-
triesk give one. N'*! is anormalizatiorfactorwhich ensureghatthe integral
over the previous spectrumandafter applicationof the proportionalfactorsj;
is presered.

(c) Theratio Equ.A.100is potentiatewith exponentsay, € [0,1] which depend
monotonically on the differencebetweenthe datadistribution andthe folded
MC distribution, weightedby its error (x2 for onebin), in orderto achieve
smooth and equivalent corvergence simultaneously alongthe entire spec-

trum.
(F{ - D})°
sp = Ak k. (A.102)
Opt T 0pt
o = Sigmoid (si) (A.103)
. . 2
Sigmoid () = (1 e 1) € [0,1] (A.104)
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Figure A.39: The unfolding procedureis illustratedin the two plots. a) The experimentaldis-
tribution (blue) is stepwiseapproximateddy a folded MC distribution (red). b) The unfoldedMC
distribution is shawvn in the plot belov. a) Thefolded spectrumchangests shapeafter unfoldinges-
peciallyin theenepy regionbelav 1 TeVandabore 10TeV (log(E /GeV') = 4.0) thecutof appears
stronger Above log(E /GeV') = 4.2 themethodbecomesnaccuratelueto very low statistics.
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The sigmoid-like function hasbeenintroducedto assurethat the exponents
ay, arewithin the interval [0, 1]. Excessrely large oy, valuesacceleratehe
cornvergenceupto apointwherethe oscillationscanno longerbe controlled.

(d) Theerrorsontheunfoldedspectrumarecalculatedby Gaussianerror propa-
gation from theinvolvedunfoldeddatabinsandfrom the erroron thetransfer
matrix M;y,.

(e) Thex? of thedifferencebetweerthe dataspectrumD andthefoldedMC F is
computedor eachstep

X = sk (A.105)
k

in eachstep.Whenthe y? startsto increasetheiterationprocedurgerminates.

3. The procedureconvergesrapidly within five iterations. However, aftera maximum
of eight iterationsthe procedures terminatedo ensurethatthe high frequeng os-
cillationsdo notdevelop.

Conclusion

The procedurebeginswith the excesseventdistribution obtainedby usingthe enegy esti-
mationdescribedibove. Theiterationprocessorrectsthespectrunfor nonlinearities and
biaseghatwereintroducedy theenegy estimation.In particular it correctdor spill over
effects from lower enegy bins into higherenegy bins. Without applicationof this un-
folding proceduretheresultingspectrumwould beflatterthanthe true oneanda possible
cutoff would be measureétawrongposition.

Becauseof statisticaleffectsthe unfolding procedurecan only approximate the true
spectralshape. This hasbeenensurediy usingthe exponentsay, which are obtainedby
weightingwith thevariancedqi.e. statisticalfluctuations)n eachbin.

The resultingdistribution fits betterto the effective areasthat were obtainedby MC
studiesas experienceshoved. Fig. A.39 demonstratethe result. The upperplot shavs
the original datadistribution and the folded MC distribution. The lower plot shows the
unfoldedspectrumAbove 20 TeV virtually no significantsignal(too low statistics)s seen
sothatthis partof thedistributionis discarded.

A.7.3 The spectrum,fitting and reversecheckof the result

The datahasbeensortedinto several zenith angle bins becausehe effective collection
areasandthe telescopeahresholdvary with zenithangle. The obsevation times for each
zenithanglebin werecarefullydeterminedin additionto the spectrdor eachzenithangle,
the total spectrum was calculatedby computingthe effective areasandthe normalized
inversionmatrix M, for the givenzenithangledistribution asfoundin thedataset.

Fig. A.40 shaws in the upperplot the spectrumof the crabnetula andin lower plot
its excesseventdistribution which wasusedto obtainthe spectrum.The spectrum(upper
plot) hasbeenfitted with a normalpower law ansatz:

dFPowerLaw
dE

with a differentialspectralindex o anda flux constantFy. The fit resultshereare Fy =
(3.0£0.3)10 1TeV 1tem 2571, a = 2.5 £ 0.1 with ax?/NDF=5.5/9.

Sinceunfolding processef generalare not completely satisfactory andmathemati-
cally stableonemightwishto crosscheck the obtainedresults.Thereforealsothereverse
procesavasalsoexamined.Out of a givendifferentialflux the expectedhumberof excess

eventsperenegy bin [El’“eft,E’“ ] canbecomputed:

= FyE~© (A.106)

right



106 APPENDIXA. THE ANALYSIS OF SHONVERIMA GES

n 10 S S A A
§ . Chi2/ndf =5.563/9
, 10 p0  =2979%-11+3.274e-12
P pl  =2515+0.110
510
= i
11|
_Lglo .........................................................................
I
T 1w
10 ...............................................................................
-13
10 ...........................................................................
-14
10
-15
10
-16
10
! Energy 1|R Tev
(a) Crabspectrum
o [l I IiEl N O O 0 0 A M
= L + - Powerlaw fit |
.LE) 102 H H H H H HEE H
2]
c
()
>
[0]
[} H :
& FF(28+02)10°
10 =
- i b
C chi’/NDF=6:1/9 S0 A% SO O
L ‘ ‘ e r
1 =i el T:

10 .
Energy in TeV

(b) Excessventdistribution

FigureA.40: a) Theupperplot shavs theunfoldedspectrunof the Crabnehula. Thefit resultshere
areFy = (3.0 +0.3) 107" TeV~"tem™2s71, a = 2.5 + 0.1 with ax2/NDF=5.5/9.

b) The plot shavs the experimentalexcessevent distribution of the Crabnetula. Thetheoretically
expectedexcessventdistributionfor apowerlaw spectrumbluecurve) hasbeerfittedto theoriginal

excesseventdistribution (datapoints). Mathematicallythisis moresatisfictorybecauseasopposed
to anunfoldingprocessis involvedafolding processn this caseandthe expectederrorsaresmaller

Thefit resultsare: Fy = (2.8 40.2) 107" TeV " 'em™2%s™', a = 2.5+ 0.08 with ax*/NDF=6.1/9.
The valuesare consistentwith the resultfrom the upperplot. Thefit errorareslightly smallerdue
to the unfolding procedureappliedin the upperplot. The Crabnehulais usuallyusedasa standard
candleandasa crosscheckto compareanalysisresultswith other~-ray experiments.
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Ngeres, ((FO,a By, B) = (A.107)

Egxcess,i

Erignt dF (FO, o F,
TobsAeff,i Z M'ik / ( ) Cuiaﬂ) dE
k

e b

Thereverseprocessioesnot needan unfolding algorithmof the dataspectrumbput rather
afolding algorithmof anassumedinfoldedspectrum Mathematicallythis is muchmore
satisactory reliableandprecise A foldedpowerlaw functionhasbeerfittedto theoriginal
excessevent spectrumand can be seenin Fig. A.40 (lower plot). The fit results are:
Fy = (28 £0.2)10 1TeVlem 2571, o = 2.5 £ 0.08 with a x2/NDF=6.1/9. Both
methodsgive practically the samefitting resultsand arethereforeconsistent. Thefit to
the original folded excesseventdistribution givesmorepreciseresultsand smaller fitting

errors.

A.7.4 Discussionof systematicerrors and the reliability of the ob-
tained spectrum

The resultsof the analysisdependon several potential systematicerrorswhich are dis-
cussedere.

1. Thefirst errorcomesrom the calibration of the absoluteenergy scale Thepixels
in the camerawere calibratedby the so-calledexcesshoise factor method which
wasalreadydescribedhbore. Dueto severalunknonvn parameteranduncertainties,
amiss-calibratiorof the absoluteenegy scaleof upto 15 % is easilypossible.

A forcedtranslationof the enegy scaleby a small amount(+- 10 %) changeghe

positionof thethresholdof thetelescopeelative to the thresholdn the effective ar

easwhich consequentlychangeghe shapeof the spectrumin the region of theleft

slopeof theexcesseventdistribution. Theresultingspectrumis nolongerlinearand
resultsin a curved spectrum(in thethresholdregion), in eitheranupward or down-

warddirection.

Howeverthetotal shapeof thecalculatedspectrunis not very sensitive to a change
of 10%. The spectralindex of the differentialflux changesslightly. The spectrum
of the crabnelula shows a clearpower law spectrumasit shouldwithout ary dis-

tortion of the power law closeto the threshold.For thisreasorit is believedthatthe

calibrationof the absoluteenegy scaleis not worsethan10 %.

The changein the slopeby artificially changingthe enegy scaleby +-10%is only

aboutoys(a) = £0.1 for a spectralindex of approximatelya = 2.5. Dueto the

uncertaintyin absoluteenegy scalea possiblecutoff position(Mkn 421) cannotbe

determinednore preciselythanapproximatelyo sy s (Ecyt) = £1TeV.

2. The secondsystematicerror originatesin the estimation algorithmfor the back-
ground. The estimatedniss-determinatioof the backgrounds believedto be less
than10%. Surprisingly a forcedchangeof +£10% in the estimatecbackgroundlid
notproduceary significant changein thesteepnessf thespectrumBut for aforced
overestimated/underestimatiedckgroundhe cutoff position (for Mkn 421) moves
down/upby approximately, s (E...) = £1TeV. However, comparisonsvith the
flux of theHEGRA CT-Systemandcorrelationstudiesvith the RXTE/ASM satellite
shaw that the origin of this analysiscoincideswith the origins of the otherinstru-
ments.Therefordt is believedthatthatthebackgroundestimationis better or equal
than5%.

3. The third systematicerror originatesfrom the calculationof the effective areas
which arecalculatedby applyingthe sameselectioncut to the dataandto the MC.
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This assumeshatthe MC describeshaversandtheirimagingin areasonablevay.
Systematierrorson the absoluteflux dueto slightly wrong effective areasare esti-
matedto beapproximatelyl0% or o,,s(Fo) = £0.1 Fp.

A.8 Calculation of lightcur ve and hardnessratio

The lightcurve is anotherimportantmeasurementhich providesus with valuableinfor-
mationaboutthe time structureof the flaresof Mkn 421. It givesus hints aboutthe size
of this objectandits emissionregionsandaboutthe mechanismshat producehigh enegy
gammagSSC).

A.8.1 The mathematicalbackground of integrated flux measuements

The lightcur ve (Fig. A.41) consistof integratedflux measurement®r smalltime bins:

Emaz
N / dEW) (A.108)

Pt el = g = [, "am

The so-calledhardnessratio is the ratio of integratedfluxesof two enegy intervals, an
upperenegy interval andalower enegy interval

Figusser, gaoper] ()

R(t) =

(A.109)
Figiower, praner] (t)
It is usedto detectchangesn the steepnessf the spectrumwhich mightchangewith flare
intensity

For the lightcurve, the datais binnedwith the granularity a singlerun. For eachrun
bin, the durationT,;,, the averagezenithangled andthe centernoon-MJDt are found.

Thr eedifferentenemy intervals weretreatedsimultaneously

1. For the normal lightcurve, anintenval [1.0, 20] TeV wastaken. A hard cut at
E.s > 1.0TeV wasappliedin orderto lease outtheregionthatis too closeto theen-
ergy thresholdof thetelescopesothatthe systematierrorin thelightcurve couldbe
reducedThisregionis very sensitve to thezenithanglebecaus®f stronglyvarying
collectionareaghere.

2. Theothertwo enemy intervals areneededor the hardnessratio calculationand
arekeptvariable(thiswill bediscussedater).

The excess-rateRate pycess (t) andthebackground-rat®ateoy ¢ (t) are

Non (t) - NOff (t)
Tobs

Noysy (t
Rateoys (t) = %() (A.111)

Rateggcess (t) (A.110)

The’On’-e ventsaretheeventsfor whichALPHA is smallerthan 18°. ThecutonALPHA
waschoserto be very genemusin orderto ensurghatmostsignaleventswereretainedso
asto reducethe systematicerror on zenithangledependencéaswasalreadymentioned
above). The backgroundeventsbetweer0® and18° are estimated by fitting the ALPHA
distributionfor eachrunbetweer20® and80° only with apolynomial.Dueto low statistics,
the ALPHA peakwasnotfitted with a Gaussiann this case.

The backgroundrateis useful to detectcorrupted runs (from badwhetheror other
problems). The backgroundrateis slightly dependenbn the zenithangleand decreases
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FigureA.41: a) Thelight curve of the crabnelula from Februaryto April 2001 averagedover one
daybinsandb) anexamplelight curve of the crabnehula of onenightwith runflux points. Thecrab
netulaemitsaconstanflux. Accordingto thex? value,thefluctuationsarein theorderof magnitude
which would be expectedrom the errorson theflux points. This tells usthatthe errorcalculationof

thelightcurve is consistentvith the obseredfluctuations.
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FigureA.42: Consistencycheck of lower energy interval flux ([1.0, 2.0] TeV) and higher energy
intenal flux ([2.0, 20] TeV) calculation(for the Mkn 421 dataset). The sum of both fluxesis
plottedagainsthe total flux (enegy interval [1.0, 20.0] TeV). The backgroundestimationandalso
the effective areacalculationfor the curved spectrumis done separatelyfor the differentenegy
intervals. The plot proves consistencyof the sumandthetotal.

with increasingenithangle.All therunswith backgroundatesof lessthan 10events/hour
(usuallytheratesarein the orderof 40 events/hourarerejectedin a quality selectioncut.

Hence,the integrated flux for a given enegy interval is definedasthe excessrate
for this enepgy interval divided by its averageeffective areafor the correspondingenith
angle:

RateEzcess,[Emin,Emaz‘] (t)
BB o)1) = Aesfint ()

(A.112)

In orderto obtaintheaverageeffectiveareathe differ ential fluxesfrom thespectruncalcu-
lationsareusedbecaus¢hesenumbersarevery dependenton the shapeof the spectrum.
The effective areais interpolated for the zenithangleneeded.The averagezenithangle
changedrom runto run. FigureA.42 shows in a crosscheckthe consisteng of the flux
calculation. The sumof thelower enegy [1.0, 2.0] TeV andhigherenegy [2.0, 20] TeV
interval fluxesareplottedagainsthetotal flux (enegy interval from [1.0, 20] TeV).

The averageeffective areais a weighted average of the flux summedover all enegy
binsinsidethe giveninterval [WitCom.

EEie[Emin,Em”] % (El) : (Emaw - Emin) 'Aeff (Ei’e)
> Fi

E€[Emin-Emaz)

Acsyint (0) =

The eventsare sortedinto the energy intervals by using the estimatedenegy. For
this calculationof the lightcurve no unfolding wasperformeddueto very low statistics.
Sinceratherlarge enegy intervals are integrated, this should not introduceexcessvely
largesystemati@rrors. Theonly potentialsystemati@rrororiginatefrom theregion of the
enegy thresholdthatis lar gely excluded (with thecutat 1 TeV).

Theerrorin theflux is derivedfrom Gaussiarerrorpropagatiorandits natureis purely
statistical.
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. Non + No
Chate = — g (A.113)
obs
2 2 2
Opgte T F20%
o2 = a; 5 eff (A.114)
ef fyint

A.8.2 Discussionaboutsystematicerrors andthereliability of the mea-
sured lightcurve

Two potentialsystemati@rrorscaninfluencethelightcurve measurement.

1. Thefirst oneresultsfrom the impossibility of performingan unfolding procedure
on the basisof run, dueto a lack of availablestatisticalinformation. This errorcan
be significantlyreducedalot by performinga hardcut onthe lower enegy region.

2. Thesecondneis relatedto the background estimation. As explainedin thesection
concerningthe differentialflux measurement maximumsystematicerror of 10%
is assumed.However, comparingthe flux resultsto the one of the HEGRA CT-
systemandalsoto correlationstudieswith the RXTE/ASM satellite(bothin the next
chapter)shav thatthe origin of the flux calculationis in goodagreemenwith the
othertwo instruments.For this reasonit is believedthatthe backgroundestimation
is betterthanor equalto 5%.





