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Abstract

The main topic of this thesis is the theoretical and computational investigation of the
optoelectronic properties of large arrays of semiconductor quantum dots embedded in an
insulator matrix. For that purpose, an electronic transport model has been formulated

and implemented in a code for numerical simulations.

The relevance of this research is given by the possibility to simulate from basic design
parameters, such as the device geometry and basic material constants, the electrical
response of quantum dot based devices which are promising candidates to enhance and

further downscaling the actual electronics.

Quantum dot properties have not analogous in the standard bulk semiconductor theory.
Their electrical and optical properties are dominated by the quantum effects arising from
the quantum confinement. This fact creates discrete energy level spectra and makes the

electrical response of this kind of system different to the bulk case.

The developed electrical transport methodology is based on rate equations within the
Transfer Hamiltonian approach in the ballistic regime. A set of non-coherent rate equa-
tions can be written for a random distribution of interacting quantum dots embedded in
a dielectric media and the interaction among the quantum dots and between the quan-
tum dots and the electrodes are introduced by transition rates and capacitive couplings.
The effects of the local potential are computed within the self-consistent field regime.

The electrical transport model has been developed and expressed in a matrix form in
order to make it extendable to larger systems. Transport through several quantum dot
configurations has been studied in order to validate the model. Despite its simplicity,
well-known effects are satisfactorily reproduced and explained. The results qualitatively

agree with more complex theoretical approaches

While the description of the theoretical framework is kept as general as possible, a
realistic modelization of: the capacitive couplings, the transmission coefficients, the
electron/hole tunneling currents and the density of states of each quantum dot have been
taken into account. Creating a new simulation tool that can foster the development of
quantum dot based nanosystems aiding in their design.

To illustrate the kind of unique insight that these numerical simulations can provide,
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two specific prototypical devices, an arbitrary array and a transistor device based on
quantum dots, have been simulated.
To conclude, the previous developed transport model has been completed including

illumination effects being able to study an design optoelectronic devices.
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Chapter 1

Introduction

The invention of the solid state transistor and the semiconductor integrated circuits
started a rapid development towards faster and smaller electronic devices. Nowadays,
our way of life can not be imaginable without the use of electronics and therefore,
semiconductor materials. Further progress in the integrability of these devices to achieve
new capabilities and their miniaturization has arrived to the nanometric scale. Although
the precise control of atoms is still a challenge, the nanoscale reflects behaviors that
are intrinsically associated to atomic properties only well described by the quantum
mechanics. Thus, these devices are reaching the regime where the quantum mechanical
description of the system is of major importance and the classical models can not describe
it correctly. Additionally, many new possible applications are rapidly emerging from

these small quantum systems.

Up to now, all the developed semiconductor technology has grounded on Silicon (Si)
since it is an abundant material; its impurity concentration can be easily controlled; it
exhibits a semiconductor behavior at higher temperatures than germanium; its native
oxide is easily thermally grown and forms a better semiconductor/insulator interface
than any other material. Furthermore, the non-toxicity and the economic value of this
material have made the Si as the widest used material for electronic devices being the
nucleus of the CMOS (Complementary Metal-Oxide-Semiconductor) transistor technol-
ogy. Nevertheless, the complete development of the optoelectronic technology based on
Si is strongly limited by the band structure of the material and its indirect band gap,

limiting the efficiency of these devices.

The progress in the fabrication techniques has opened the possibility to create structures
of size ranging from few to tens of nanometers, which consist on hundreds to thousands
of atoms called quantum dots (QDs). In these structures, the electrons are confined in
all three spatial dimensions being the ultimate goal in the semiconductor technology.
In the last decades, there was a lot of interest in QDs since their electrical and optical

properties differ from their bulk counterparts. Due to the strong electron confinement,

1
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AlGaAs
~InGaAs
— AlGaAs

n-GaAs

Source

FIGURE 1.1: (a) Scanning electron microscopy (SEM) picture of a lateral quantum dot
structure. Six metallic gates that create the confinement potentials are deposited on
top of a GaAs/AlGaAs heterostructure. The picture has been extracted from Ref. [1].
(b) Scheme of a vertical QD structure [2]. (¢) Transmission electron microscopy (TEM)
image of large array of Si Qds in a Si02 matrix with low magnification, extracted from

Ref. [3].

a single QD exhibits a discrete energy spectrum [4] and it is usually called an “artificial
atom”. This system constitutes an excellent candidate for the study of the electronic
quantum transport on mesoscopic length scales. Two main systems based on QDs can
be distinguished: lateral and vertical structures. Lateral QDs take advantage of the two
dimensional electron gas (2DEG) formed at the interface of two different semiconductor
materials (usually GaAs/AlGaAs [1]) whereas the confinement in the other directions
is achieved by external gates that deplete the electron gas in the other two directions
(Fig. 1.1(a)). Using this strategy, one and two QDs can be created.

Vertical QDs are formed by layered semiconducting heterostructures. The different
band gap of the materials produce the confinement potential in the transport direction
whereas the lateral confinement is provided by pillars that are etched out of the layered
heterostructure [2] (see the scheme in Fig. 1.1(b)).

The previous described fabrication methods are based on sophisticated combination of
growth techniques and lithographical /etching methods. However, there are also tech-
nologies available to obtain QDs via chemical methods. Their size and shape can be
controlled by the duration, temperature and ligand molecules used in the synthesis [5].
Other growing technique is based on heteroepitaxial systems with different lattice con-
stants. During the growth of a layer of one material on top of the other, the formation of
nanoscale islands takes place [6, 7] if the thickness of the layer (so called wetting layer)
is larger than a certain critical value. Ensembles of millions of more or less homogeneous
QDs in a small volume can be obtained in these manners being the preferred fabrication

methods to create large QDs arrays (Fig. 1.1(c)).
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1.1 The quantum confinement:

QDs properties

The MOS (metal-oxide-semiconductor) transistor is the archetype of a confined two-
dimensional system [8]. Nevertheless, the possibility to enhance this confinement by
embedding low-dimensional structures in an insulating matrix has opened new way for
further downscaling. Compared to the standard bulk technology, the corresponding de-
vices based on these structures have increased the structural and conceptual complexity.
The study of devices based on quantum confinement began in 1969 when Esaki et al.
suggested a multilayer structure consisting in different bilayers of ultra-thin semicon-

ductors creating the so called resonant tunnel diode [9, 10].

Quantum confinement describes the variation of the electronic and optical properties
respect to the bulk case when the sampled material is sufficiently small. The phenomena
results from the spatial confinement of the electrons and holes. In such small systems,
the electronic properties of the material differ from the bulk case since the wave functions

of the carriers have extra boundary conditions.

Three different nanostructures emerge as a function of the number of the confined dimen-
sions: 1D confinement structure is a quantum well, 2D confinement forms a quantum
wire and 3D confinement is called quantum dot (QD). Concerning QDs, the main prop-
erty is that the energy states are discrete and well separated. Thus, the density of states
(DOS) is now represented by a sequence of delta functions. Moreover, from the quan-
tum confinement the energy gap of the QD is strongly dependent on the QD size. For
spherical QDs, the relation is usually written as [11, 12]

A

d
Eﬁp:Egalﬁ—ﬁ, (1.1)

where Eyq, is the bulk band gap and A is a constant that involves several material
parameters. The QD radius is R and d is usually fitted as d € [1,2]. This property
makes the QDs valuable objects that can be exploited in order to build light absorbers
or emitting devices (LEDs) for photovoltaic applications [13, 14, 15].

Concerning Si QDs, the first device that emits visible light was presented in 1990 [16].
The interest in Si nanostructures arises from the possibility to overcome the limitations
of bulk Si which are: (1) small band gap for optical purposes and (2) it is an indirect
band gap semiconductor. With the carrier confinement, the emission wavelength is tuned
by the QD size and the radiative paths (in absence of extra phonons) are favored [17]
increasing dramatically the photon emission efficiencies. Moreover, these systems show
lower operation currents due to the strong reduction in layer thickness and increased
quantum efficiency. Thus, the light emitting device can provide the same optical output

power with a lower injected current.
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1.2 Electronic transport in the nanoscale

The conventional description of the electronic motion is based on the drift-diffusion
equations which means that the electron takes a random walk or it travels along the
direction of the applied field for some length before getting scattered into some random
direction. The electrical resistance of the materials is directly related to the scattering
processes that suffer the carriers. However, the miniaturization of the electronic devices
from pm to nm sizes has led to the limit of the classical theory. When the size of the
device is shorter than the mean free path of the carriers, described as the length that
the carriers can travel without suffer an scattering process, the transport changes from
diffusive to ballistic regime.

According to Ohm’s law (diffusive transport), the resistance R of a material with cross-

sectional area A and length L is given by

v L
R=—=p— 1.2
7=/ (1.2)
being p the material resistivity. When the device length is decreased, the resistance
tends to zero. However, numerous experiments since the 1980’s have shown that this is
not the usual behavior at the nanoscale and the resistance of the material at this scale

becomes independent of the length. In the case of ballistic transport, the resistance

follows L 1
R= — — 1.3
q2 M’ ( )
~—
25.9 kQ
h

where M is an integer described as the number of conducting channels. The factor Z
is associated to the channel-contact interfaces [18]. The minimum of conductance for
ballistic transport is G = 38.6 uS.

The total resistance of a device that includes both transport regimes (diffusive and

ballistic) can be written as

h 1 L
- - (1= 1.4
R q2M<+A>, (1.4)

where A and L are the mean free path and the device length, respectively. From this
expression, the two limits are clearly visible for L >> A, diffusive transport, and L << A,
for ballistic regime. We must note that in the case of L = 0, there still is a resistance

associated to the contacts.

From the semiclassical semiconductor theory, the simulation and modeling of semi-
conductor devices are based on a set of partial-differential equations. These so-called
semiconductor-device equations describe the static and dynamic behavior of carriers in
semiconductors under the influence of external fields that cause deviations from the ther-
mal equilibrium. The set of equations is known as drift-diffusion equations, it consists

on the Poisson equation, the continuity equations and the current density equations for
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electrons and holes, respectively. The drift-diffusion equations are macroscopic equations
which describe the flow of charged particles using appropriate models for their macro-
scopic physical behavior. They are based on semiclassical approximations (parabolic
bands, effective masses). However, when the devices become smaller, the quantum limit
is achieved and some quantum mechanicals effects that do not have equivalent in macro-

scopic physics appear and dominate the final response of the system.

Concerning QDs, they possess discrete energy levels and quantum properties more simi-
lar to natural atoms or molecules than to infinite semiconductors due to the strong con-
finement in all three directions. This fact affects dramatically the electronic transport
properties. Until now, the research has mostly concentrated on single QDs and many
novel transport phenomena have been discovered, such as the staircase-like current-
voltage I(V) characteristic [19], Coulomb blockade oscillation [20], negative differential
capacitance [21] and the Kondo effect [22] which can not be explained with the semi-

classical theory.

From experimental point of view, rapid progress in microfabrication technology has made
possible coupling QDs system with aligned levels [23, 24, 25]. Although one single QD
contacted to the leads has been obtained, creating a so called single electron transistor
(SET) [26, 27], the research mainstream is focused on the properties of structures with
many QDs to create non-volatile memories [28], light-emitting devices [29] or solar cells
devices [30]. An experimental route, the superlattice approach (SL) [31], was developed
to create Si QDs embedded in SiOy matrices. Where thin silicon rich oxide (SRO) and
thin S70- layers are deposited alternatively making feasible that the SiO9 layers act as
a diffusion barriers. In a later temperature annealing process, the QDs are formed in
the SRO layer. Thus, the QD size can be controlled tuning the thickness of the Si layer.
However, the large band offsets between Si and SiO2 (=~ 3.1 and 4.5 €V for conduction
and valence band, respectively) focus the problem on the charge transport through the

oxide matrix.

From a theoretical perspective, researchers have recently paid much attention to electron
transport through several QDs, since multiple QDs provide more Feynman paths for
the electron transmission [32]. The complexity of structural and physical mechanisms
as well as the prominent role of dimensional and quantum effects characterizing the
operation of these novel QDs devices preclude the use of standard macroscopic bulk
semiconductor transport theory. If the transport description for an electronic device
requires the inclusion of quantum mechanical properties of the carriers, the choice is

between two models:

e Dynamical models based on equations of motion for the Non-Equilibrium Green’s
Functions formalism (NEGFF) or for quantum-phase-space distributions such as

Wigner functions.
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e Kinetic models that use time-independent representations of the quantum-mechanical

states solving kinetic- or rate equations.

Concerning dynamical models, NEGFF has been used to study the different transport
material properties, such as electron conductance [33, 34] or thermoelectric characteris-
tics [35]. Generally, NEGFF is used in combination with Tight Binding (TB) approach
or Density Functional Theory (DFT) in order to describe from first principles the elec-
trical transport. However, the computational effort demanded by NEGFF computa-
tions for systems with a large number of atoms exceeds the capabilities of the current
high-computing facilities being unfeasible to simulate realistic devices. Thus, several
approximations have to be done like decreasing the system size; considering only one or
two QDs; a simplified description of the energy level spectra of the QDs or assuming
constant transitions rates [36, 37, 38, 39, 40]. Although some extra implementations
have been included in NEGFF, like the potential due to the self-charge [41, 42], nobody
has done a fully quantum transport study in an extended arbitrary array of QDs using
this framework since this approach is usually unfeasible to implement for large systems
being large QD arrays a computational challenge.

The kinetic models are usually used due to their simplifications and the possibility to
explain the electron transport from an intuitive point of view [43]. However, for large
QD arrays, the number of possible states of the system increases dramatically being also
impossible to solve it.

On the other hand, the single computations of transport in an extended QD array have
been done by Carreras et al. [44], which use a semiempirical tunneling current model.
However, their model is based on semiclassical current expressions and can not reproduce

the intrinsic properties of the QDs.

Therefore, we can see that there exists a mismatch among the theoretical tools that
allow to simulate in detail devices based on QDs and the current experimental ones.
Although no substantial new physics can be inferred from QD matrices, they are the
cheapest systems obtained by the experimentalists and thus, the preferred structure for
the new devices based on QDs.

For this reason, the possibility to develop a transport methodology that includes: the
intrinsic properties of the QDs (discrete energy levels), the nature of the carrier transport
(tunneling processes) and the effects of the accumulated charge in the QDs (Coulomb
blockade or self-charge effects) for describing large QDs arrays can be a valuable tool if

it only depends on basic material constants and the device geometry.

1.3 From theory to applications

Currently, cell efficiencies of large scale production silicon solar cells are around 17%

and will be increased to the 20% in the future [45]. To increase further this efficiency,
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FIGURE 1.2: (a) Scheme of the Si-based tandem solar cell. (b) Bulk energy band
alignments between crystalline silicon and its carbide, nitride and oxide.

tandem cells are proposed based on Si QDs multilayer embedded in a dielectric matrix
allowing the band gap tuning by controlling the nanocrystal size and density. By these
means, it is possible to optimize the band gap of the cell. This property can be used to
solve the fundamental problem existing with silicon photovoltaic technology allowing to
increase the photo-response of the device in a wide range of the solar spectrum. Silicon
multi-junction solar cells have the potential to reach efficiencies above 30% — 40% in the

near future [46, 47]. Moreover, Si QDs have low production costs.

In order to overcome the Shockley-Queisser limit [48, 49], i.e. the maximum theoretical
efficiency of optoelectronic devices, the spatial confinement in the QDs provides a size
dependent energy gap that in combination with bulk material overcome the efficiency
limit. Tandem solar cells [3, 50] are stacks of individual cells with different energy
thresholds each absorbing a different photon energy of the solar spectrum, usually con-
nected together in series. The NASCEnt European project (FP7-NMP-245977) aims to
develop new nanomaterials with new production technologies based on QDs materials

for the enhancement of tandem solar cells efficiencies. To achieve this objective, the
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understanding and correct description of the electrical transport as well as the optical
interactions in these new materials are needed in order to overcome the efficiency limits

of conventional solar cell concepts.

Fig. 1.2(a) shows the scheme of the proposed tandem solar cell of the NASCEnt project.
To fabricate the Si QD matrix, several experimental techniques can be used but the
multilayer approach, as proposed by Zacharias [31, 51|, shows an accurate control of
the QD size by stoichiometric diffusion barriers. However, the main problem in the
QD matrix is the extraction of the photogenerated carriers [52] through the embedding
matrix. Thus, in order to obtain high efficiencies not only carriers have to be created,
besides, these carriers have to be extracted from the QDs before they recombine again
imposing sufficient carrier mobility and hence, a reasonable conductivity. Therefore, the

electrical transport properties of these matrices have to be also studied.

It is noted that the quantum confinement imposes localization of the carrier wave func-
tions but, the carrier transport takes place through the insulator matrix by tunneling
processes. Therefore, overlapping of the wave functions is necessary which requires close
spacing between the QDs and/or low barrier height. Concerning Si QDs, engineers have
embedded them in different insulating matrices: SiO2, Si3N4 and SiC' matrices tuning
the transport properties. In Fig. 1.2(b), the different band alignment between the bulk

Si and the matrices are shown.

In conclusion, the optoelectronic device response can be decomposed in two different
parts: (i) a pure electrical carrier transport and (ii) the inclusion of the light interaction
via the carrier generation. However, these two parts are directly correlated since the car-
riers have to be efficiently extracted from the QDs before recombining. Thus, although
the QD band gap will govern the light absorption threshold, the final electrical response
will be dependent on the carrier tunneling processes which are strongly dependent on the
insulator material and also on the geometrical arrangement of the QDs. Here is where
this thesis provides a valuable tool not only to understand the electronic processes, but

also to design and simulate these optoelectronic devices.

1.4 Objectives of the PhD Thesis

A realistic theoretical estimate of the specific device performance is highly desirable in
order to be able to asses the potentials and capabilities of the various novel devices
concepts based on nanostructures. Within this context, theoretical simulations of such
devices must be performed not only to understand but also to predict experimental
behaviors. Moreover, from a physical point of view, one can learn a lot from these
simulations if they are independent of high-level experimental parameters (as tunneling
rates, defective interfaces...) and are based solely on low-level concrete ones (geometrical

data, barrier height...). Despite the tremendous progress in the computational power
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and the possibility to use supercomputer facilities, a complete theoretical description
in large nanostructures based on first principles/atomistic description is still far to be
achieved. This impractical computational time, forced us to write a compact model
with some assumptions and relaxing the expectation of accuracy when treating with

few-electron devices operating through quantum features.

The aim of this Thesis is to cover the gap between the theoretical electronic
transport studies and the built experimental optoelectronic devices based on
large QDs arrays. To achieve this purpose, two boundary conditions emerge: (i) the
here proposed model has to reproduce the well-known theoretical behaviors and (ii) it

also has to agree with the experimental data.

Here, a compact electronic transport model is developed in order to describe these
nanostructures. It is based on rate equations, which have been previously used to model
lasers or light-emitting diodes often offering a satisfactory description of the charge
transport. Moreover, they present a more transparent vision of the electron transport.
Thus, this model is easier to thinker with, in order to deal with more complicated
nanostructures based on QDs. The here presented model was used to explain the bal-
listic electronic transport through a random distribution of interacting QDs embedded
in a dielectric media taking in mind the simulation of realistic devices. The method
underlying the model depends only on fundamental material parameters and the system
geometry and it is based on the Transfer Hamiltonian approach. A set of non-coherent
rate equations can be written and the interaction among the QDs and between the QDs
and the electrodes is introduced by transition rates and capacitive couplings. The effects

of the local potential are computed within the self-consistent field regime.

First of all, the electronic transport model was used to explain and highlight the main
parameters that govern the response of the QDs under an external applied voltage. Once
the transport model was validated, the light carrier generation/recombination was also
included. This work was focused on Si QDs embedded in Si0s matrix however, it can
be used to describe other materials changing the material parameters. The two unique
features of this work are: (i) the model is based on just a few basic material parameters
and on the device geometry and, (ii) it is simple enough to tackle problems involving a
large number of QDs, which is the case of real devices. Besides, the complete framework
has been implemented in a MATLAB® code creating a new theoretical tool, the SimQD
simulator, that can foster the development of new QD-based nanodevices by aiding in

their design.

1.5 Outline

As in any “theoretical” methodology, first of all the basic equations that conforms the

model are presented and in a second stage, they are developed to include extra effects or
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the parameters that initially were considered as constant are further developed. Within
this form, a bottom-up strategy is followed (from simplest or basic cases to more complex
ones). This strategy also allowed us to study in detail each sequence of this building up
process.

Following this process, this PhD Thesis is organized as:

e In Chapter 2, the fundamental theory of the here developed electronic transport
methodology is presented. In a second section, the main results for simplest cases
allow us to highlight the parameters that will govern the electrical response of
the system. To conclude this chapter, a direct comparison between our transport

model and the well-known methodology based on NEGFF is also presented.

e In Chapter 3, the fundamental parameters that govern the electrical response
(transmission coefficients, density of states and capacitive couplings) are described
in a realistic form. Moreover, the computational strategies followed to the imple-
mentation of this transport methodology in a compact simulator tool to deal with

large and arbitrary array of QD are also presented.

e In Chapter 4, the simulator tool is used to study the electrical response of QDs
arrays. Furthermore, the single gate as well as a double gate transistor struc-
tures based on QDs are also presented and studied. To conclude, experimental

measurements are well reproduced.

e In Chapter 5, the light interaction with the QDs is included creating an optoelec-
tronic simulator. Again, the theory used to describe the optical transition rates is
presented as well as the code implementation. Prior to simulate a realistic device,
several examples are studied. To conclude this chapter, the simulation of a realistic

device is presented and compared to experimental measurements.

e Finally, in Chapter 6, the main conclusions of the Thesis as well as the future work

with possible ideas to extend this model are presented.
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Chapter 2

Model fundamentals

Confined structures have been available to the experimentalist for a very long time, the
MOS transistor is the archetype of a confined two-dimensional system [1]. Nevertheless,
the possibility to enhance this confinement by embedding low-dimensional structures in
an insulating matrix has renewed the interest. These structures (quantum dots, wires
or layers) can be used in single-electron device [2], new memory concepts [3] and photon

or electroluminescent devices [4].

Concerning quantum dots (QDs), they are particularly attractive because they possess
discrete energy levels and quantum properties similar to natural atoms or molecules.
From a fundamental point of view, research has been mostly concentrated on single
QDs. These simple systems have been studied using many-body approaches, including
Non-Equilibrium Green’s Function Formalism (NEGFF) [2, 5]. From a practical point
of view, many novel phenomena have been discovered, such as the staircaselike current-
voltage I(V) characteristic [6], Coulomb blockade oscillation [7], negative differential
capacitance [8], and the Kondo effect in QDs [9].

Researchers have recently paid much attention to electron transport through several
QDs since multiple QD provides more Feynman paths for the electron transmission [10].
Furthermore, due to the current fabrication processes, all these structures are created
in a multi layer structure. Thus, the final structure intrinsically is a superlattice of
insulator-semiconductor bilayers. In this configuration, transport occurs in series, from
one layer to the next one [11]. In the case of QDs, this makes the serial transport

between QDs the most relevant case of study.

In this chapter, we present the basis of the electron transport methodology that we are
going to use and expand in the rest of this thesis in order to simulate systems based on
QD arrays. Here, we are interested in the electrical response of the system under an
external applied bias voltage. First of all, the description of the electrical transport focus

our attention on the importance of the tunneling junctions. From the decomposition
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of these junctions, the two equations that govern the system which are similar to the
Kirchhoft’s laws are found. Expression for the tunneling currents is also presented within
the Transfer Hamiltonian approach and the non-equilibrium distribution functions for
each QD are obtained. Concerning the potential in each QD, it is evaluated in the
self-consistent field regime. The interactions among the QDs, and between the QDs
and the electrodes are introduced by transition rates and capacitive couplings. Electron
transport and charge densities inside the QDs depend on the tunnel transparency of the

barriers limiting each dot.

Once the basis of the electron transport are presented, three main QDs configurations
are studied in detail to elucidate the main parameters that govern the system response.
Finally, a direct comparison with a pure quantum approach as the NEGFF is presented.
This chapter gives analytical expressions to the current for several QDs arrangements,
and it is used to elucidate the main features of the electrical transport in these systems.
Once the basis are presented, in next chapters, some parameters will be described in
detail.

2.1 System decomposition

The system under study is composed by several QDs embedded in a dielectric matrix
placed between two leads (or electrodes). In the equilibrium state, all the system is
described by a common energy Fermi level and the Fermi Dirac equilibrium distribution
function. When an external voltage is applied, one lead acts as an electron reservoir
and injects electrons to the QD array. The electrons cross through different pathways
among the QDs (as we will see later) and arrive to the other lead creating a net current.
When the steady state is reached, the occupations in the QDs are not well described by
the equilibrium distribution functions and these new non-equilibrium QD distribution
functions are, a priori, unknown. Therefore, the accumulated charge in each QD in this

new steady state can differ from the accumulated charge in the equilibrium state.

We are going to study the electronic transport in such systems assuming ballistic regime,
this means that we are not going to include scattering processes that involve energy loss
of the carriers. Therefore, carriers start in one lead at a given energy, they cross through
the QDs and the oxide matrix and arrive to the other lead with the same energy. Then,

a basic question emerges: how does the electron cross the oxide?

In order to answer this question, in Fig. 2.1(a) we present a 1D energy band scheme of
the system. Here, it is clearly visible the kind of structure that the electrons have to
deal with: they have to cross the oxide matrix by tunneling processes from one QD to
the other QDs. Since the tunneling processes are strongly dependent on the tunneling
distance, we are going to neglect direct tunneling between the leads. Thus, an electron

starts in one electrode and assisted by tunneling processes between the different QDs, it
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FIGURE 2.1: (a) 1D Energy band scheme of the structure of the system. The QDs
are described as wells in the band structure of the oxide matrix. Since we are only
considering ballistic transport, the electron crosses through the potential barriers by
tunneling events. (b) Equivalent electrical scheme of a QD array embedded in an
insulator matrix. The QDs (circles) are connected between them and the leads (color
blocks) by tunneling junctions. The tunneling junctions can be described as a capacitor
in parallel with a current path.

crosses to the other lead. We are going to assume that each tunneling process is indepen-
dent from the other. From this basic assumption, the electrons do not have “memory”
of the previous tunneling processes. Therefore, the tunneling events are independent
and each electron can be treated independently neglecting the coherence between them.
According to this, the electron transport occurs as following: (i) some external pertur-
bation drives the leads out of the equilibrium state and one of them injects an electron;
(ii) the electron tunnels from the lead to a QD; (iii) the electron in this QD crosses
to other QD (or lead) according to some probability; (iv) the process is repeated until
the electron arrives to the other lead; (v) the transport process is repeated again for
other electrons. This transport scheme is known as sequential tunneling and it basically
assumes that the electron is treated as a particle that resides in a particular QD instead

of a coherent wave that is delocalized over different QDs [12].

The basic parameter that contains all the information necessary to describe the electrical
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response of the system under external voltage polarization is the non-equilibrium distri-
bution functions of each QD. These functions contain information about the occupancy
of the QD energy levels. The net current that crosses the structure and the accumulated

charge in the QD array can be inferred from them.

Following this strategy and taking into account that the electron transport is dominated
by the tunneling processes among the different parts of the system, the first step is the
description of the tunneling junctions in order to be able to write the dynamical equations
that finally govern the system response. The tunneling junctions are usually modeled as
a capacitance and a resistance placed in a parallel configuration. The resistance includes
the electron tunneling probability through the potential barrier whereas the capacitance
represents the electrostatic potential coupling between both elements of the junction.
The equivalent electrical scheme of the system for a random QD arrangement is shown

in Fig. 2.1(b), where we have included the tunneling junctions between the QDs.

From an electrical point of view, when an external bias voltage is applied to the electrodes
a net current appears. The current crosses through the different pathways created by
the QD arrangement being the total current decomposed in partial currents. We have to
note that these partial currents (i.e current between two QDs or current among a QD and
lead) will depend on the difference voltage of these two elements. These partial currents
will also depend on the transmission coefficients of the potential barriers (reflected as the
resistance of the tunneling junctions). Therefore, we can describe the electrical response
as a function of the different partial currents among the different elements that form the

system and their voltages.

In the steady state, the charge conservation for this system is analogous to the electronic
Kirchhoff’s current law (i.e. the total current that crosses the system is conserved).
Thus, using the decomposition of the tunneling junctions in partial currents from the
i'" QD to the j"* element (either QD or lead) we can write

0=>I; i€N, (2.1)
J

where NN is the number of QDs and the summation takes into account all the linked
elements to this QD. On the other hand, it is necessary a second equation that describes
the voltage in each QD, quite similar as the Kirchhoff’s voltage law. These two coupling

equations will govern the electrical response of the system.

Now, we are going to describe in deep the two basic equations that govern the elec-
tron transport in our approach. As we will see, both equations are linked by the non-
equilibrium distribution function. First of all, we are going to present in detail the
analytical expressions for the tunneling currents through a junction in order to solve

Eq. 2.1 for each QD. Then, the non-equilibrium distribution functions can be obtained.
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In a second part, the Poisson equation is used to obtain the QD voltage. Moreover, the

influence of the QD accumulated charge in the final electrical response is also discussed.

2.1.1 Electron transport in the nanoscale: The Landauer-Bittiker ap-
proach

Sticking to the level of quantum mechanics, the electron transport is simply treated
in absence of phase breaking scattering processes, being referred as quantum-ballistic
transport or ballistic transport. The ballistic transport assumption strongly depends
on the device dimensions that should not exceed the coherence length of the charge
carriers or in other words, in the ballistic transport regime the device dimensions are
much smaller than the carriers mean free path [13, 14, 15]. However, ignoring this
prerequisite, the ballistic transport approach is still used to study the performance limit

of an ideal device [14].

We will sketch briefly the Landauer-Biittiker approach [16, 17, 18] and explain the results
for the current in a non-equilibrium situation assuming ballistic transport. Within this
formalism, a two terminal device is decomposed in three main regions: two leads (or
electrodes) and a central region. The current flowing through the device is related to
the probability of a charge carrier injected from one lead to be transmitted through
the central region to the other lead. The leads are treated as two electron reservoirs
which are in thermal equilibrium. Thus, they can be described by Fermi functions fr,
and fg for left an right leads, respectively. We assume that the scattering matrix which
contains information about the transmission and reflection properties of the central
region is already known from previous quantum mechanical calculations. Applying the

Landauer-Biittiker formalism, the average current can be written as
9
[= 25" [aBMEITLE) 2(F) - fn(E)] 22)
n

where the Fermi functions are described by the corresponding electrochemical potential
wr, and pgr. T, (E) are the eigenvalues of the transmission matrix reflecting the transmis-
sion probability of eigenchannel n and M (E) is the number of propagating modes in the
channel. This result illustrates that there is only net current from lead to lead when the
electrochemical potentials of the leads are different, uy, # g, therefore fr(E) # fr(E).
This difference is created by the external voltage, ur, — ur = qV. For the system under
study (depicted in Fig. 2.1(b)), the central region is all the insulator matrix in which
the QDs are embedded. Thus, the transmission probabilities and the eigenchannels are

the solutions of the whole QD matrix.

From a direct comparison between this methodology and the system decomposition that
we have used, the main difference appears in the quantum calculation of the transmission

probabilities. From pure quantum calculations, when the transmission through a system
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like the one depicted in Fig. 2.1(a) is evaluated, the total transmission coefficient takes
into account the transmission through each individual barriers but it also includes the
reflections in the intermediate barriers. Since we have assumed that each tunneling event
is independent from the previous ones, we loose these “intermediate” reflections. As we
will show later, in a direct comparison between the here proposed transport model and
a pure quantum transport calculations based on NEGFF, our model can not reproduce
the coherent effects related to the calculation of the transmission coefficient of the whole

system.

2.1.2 Expression for the electric current:
the Transfer Hamiltonian approach

There are several ways to describe the tunnel effect in quantum mechanics. The first
approach is the exact solution of the total Hamiltonian of the system obtaining the
eigenstates and eigenfunctions and then, calculate the transmission coefficient via the
probability current conservation. However, this approach is limited by a practical reason:
only a few number of Hamiltonians can be solved exactly. Thus, several approximations

are needed.

The Transfer Hamiltonian approach was introduced by Bardeen [19] based on the time
dependent perturbation theory. Later, it was developed by Harrison [20] and formu-
lated in a most familiar second quantization form by Cohen et al. [21]. This approach
has been widely used in many tunneling transport studies [21, 22, 23, 24] through po-
tential barriers since the perturbative treatment of the tunneling events simplifies the
calculation of the transmission coefficient. Although there are many effects that can be
included in the tunneling currents such as: the coupling with phonons [25], displacement
and oscillations of the junction structure [26, 27], fluctuations of charges [28, 29] and
temperature effects [30, 31]. Here, we are going to consider a pure tunneling process

neglecting these extra sophistication and assuming only ballistic transport as said before.

Bardeen viewed the tunneling current as the net effect of many independent scattering
events that transfer electrons across the tunneling barrier. Since the eigenvalues and
eigenfunctions of a general Hamiltonian can not be usually obtained, the main idea is
to decompose the total system (see Fig. 2.2(a)) as the sum of three subsystems. From
a mathematical point of view, the total Hamiltonian H is written as: left Hy, right Hg

and the tunneling Hp parts as follows

H=H;,+Hr+ Hrp. (2.3)
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FIGURE 2.2: (a) Band energy scheme of the tunnel junction. The electron tunnels
from an eigenstate E;, on the left side of the barrier to the eigenstate Er on the right
side. (b-c¢) The decomposition of the total Hamitonian H into two subsystems: Hj, and
Hpg. The wave function ¥, and ®g are also presented showing the exponential decay
in the barrier region.

Following the decomposition proposed in Fig. 2.2(b-c), we can write

Hiyrp = Eryy,
Hpyr = ERYR,

where we have assumed that the eigenenergies (Ep,, r) and the eigenfunctions (¢, / r) of
these parts can be obtained exactly. Considering tunneling from a left eigenstate ETp,
into a right eigenstate F'r using the time-dependent perturbation theory, the Schrodinger
equation ih% |1y = H|¢) has to be solved imposing that the particle is in a left eigenstate

at t = 0. If the tunneling is weak, we can anticipate that ¢ (¢) will be close to Yre e/
when ¢ is small enough. So, we can write
t) = e HEL/ + ar(t , 2.4
¥(t) Yr XR: rRO)YVR (2.4)
at ¢ = 0, the electron s

is in an cigenstate of H, due to the tunneling effect,
there is some probability that
the electron will be in each Hg

eigenstates later (¢t > 0)

where the sum is over all the right eigenstates. We use ar(0) = 0 as initial condition

and |agr(t)] << 1 which implies a small tunneling probability. The projection of the
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wave function into the right eigenstates can be written as

(WrIV(E) = ar(t) + (YrlpL)e He/m, (2.5)

Assuming that Ey, and ERr eigenstates are nearly orthogonal (¢r|ir) =~ 0, the transmis-
sion coefficient is defined as Pr_.g = [(¥gr[1(t))|?> =~ |ag(t)|? where we have neglected
the second term due to the nearly orthogonality of the eigenstates. The transmission

coefficient reads as
9 2w 2
lar(t)|” = ft|<¢L|HT|¢R>’ d(Er, — ER). (2.6)

We must note that this final expression looks like the Fermi’s Golden rule for transitions
between two eigenstates assisted by a perturbation described by Hr. The matrix element

reads as

2
— (wulHrl) = 5 [ (690 -~ nFun] d (27)

It can be demonstrated that the matrix element is symmetric, i. e. Pr_r = Pr_p.
Doing the sum over all the initial and final states, the final expression for the tunneling

probability assuming continuous states in both sides of the barrier is written as
27
PL—>R = ?t‘MF(S(EL — ER>pR<ER)pL(EL)dELdER, (28)

where pr /g are the density of states in the L /R sides, respectively.

Up to now, we have an expression for the tunneling probability. However, in order to
obtain a tunnel current, we have to define the tunneling frequency rate which will give
us the number of particles that tunnel in the ¢ and ¢ + dt time step. We must include
the occupancy of the initial and final states since we are treating with electrons. Thus,

we can write the tunneling frequency as

oo pHo0 o
Coon= [ [ SMEpu(BL)on(Er)6(En—Fr) fu(EL)X[1 = fa(Er)] dELdEn
(2.9)
where fr /g are the distribution functions that describes the occupancy of the energy
levels in each side of the barrier. The last factor fr(Er) x [1 — fr(ER)| takes into
account that the initial state is fill and the final state is empty. Then, the net current
that crosses a tunnel junction can be written as

47.[.(] +o0o )
I=q[lLsr —Tror] = h/ [M[pr(E)pr(E) [fL(E) — fr(E)]dE,  (2.10)

where the symmetry in both directions of the element matrix |M|? has been considered
[17]. Moreover, we have included a factor 2 to take into account the spin degeneracy.
We have written explicitly the obtained expression for the tunnel current in order to
compare it to the previously presented Landauer-Biittiker expression (Eq. 2.2). From a

direct comparison with Eq. 2.2, the transmission matrix is M (E)T,(E) = 472|M|?pLpR.
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Hereafter, we are going to define the matrix element as the transmission coefficient
|M|?> = T(E) of a single energy channel that includes the “opacity” of the barrier
whereas the number of conductive modes are given by the multiplication of both density

of states.

It is interesting to show how, a tunnel resistance can be inferred from Eq. 2.10. As-
suming that f7, g are the Fermi functions, at low temperatures they restrict the energy
integration to the energy range E € [ur, ug| . If the matrix element and the density of
states are constant in the energy range and taking into account that puy; — ur = qV, we
can write

Vv h
I= i where R; = (2.11)

) Arq?prpr|M|*
R; is the tunnel resistance and it can be defined as a constant if the current voltage
curve I(V) follows a linear trend. However, these approximations are too restrictive and
the tunneling transmission coefficient is strongly dependent on the energy as we will

show in next chapters.

2.1.3 The Non-equilibrium Distribution Functions

Since the tunneling current through a single tunneling junction is well described by
Eq. 2.10, we go back to the system under study. We assume that the leads can be treated
as perfect electron reservoirs and they are described by the equilibrium Fermi Dirac
distribution function but taking into account the applied bias voltage that modifies the
electrochemical potentials as ur, — pur = qV. Where pr, and pg are the electrochemical
potentials of the leads and V is the applied bias voltage. Hereafter, we will use the
subscripts L and R to refer to the left and right leads, respectively. The QD time charge
evolution can be written as a rate equation as a function of the sum of the different

partial currents. Using Eq. 2.10 to describe the tunnel currents, we can write

dN; 4w
I = ?q {/TLiPLPi(fL —ni)dE + /TRiPRPi(fR —n;)dE
(N-1)
JF#i

Where we have written explicitly all the current terms: the leads current contributions
(first and second term) and the neighbor QDs contributions (the last term). p; and
pr/r are the density of states (DOS) of the it" QD and the leads, whereas T;j is the
transmission probability. IV; and n; are the electron number and the non-equilibrium
distribution function of the i** QD, respectively. Eq. (2.12) can be rewritten for the

steady state and n; can be obtained as a solution of this set of equations (one equation
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per QD)

N-1
—Tr1pL — TrR1pR — 25-751 )lepj ‘o TinpN ni

Nf
Tinp1 ... —Irnpr —TrNpPR — Z§¢N1) INjp; N
~Triprfr — Triprfr

—Tinprfr — TrnprSR

From this system of non-coherent rate equations (NCRE), the function that describes
the occupancy of the QD energy levels under external polarization can be inferred. The
total number of electrons Nj inside the i** QD can be easily obtained as the sum of all

the occupied energy levels

where we have included the spin degeneracy factor. From these equations, we can
see that the occupancy of the energy levels of the QDs is strongly dependent on the

transmission coefficients of the different conduction channels.

2.1.4 Charge effects

Physicists often focus their attention on the low-bias conductance regime (the “linear

regime”) in which the current can be written as [32]
242 dfo
I= [h/M(E)T(E)< SHIE) |V, (2.15)

where we have used fr — fr = (—%) qV, being fo the equilibrium Fermi Dirac distri-
bution and V' the applied voltage. The response in this regime is determined solely by
the properties of the energy levels around the equilibrium electrochemical potential .
However, from the point of view of the design of new electrical devices, this regime is
not enough and the full current-voltage characteristics are necessary. Then, one has to
take into account the potential created in the device (not only the difference potential
among the leads) as a response of the applied external voltage. We must note that this
potential modifies the energy levels and therefore, it affects to the final response of the
system. Basically, we can obtain a exact solution of this problem solving simultaneously
the Schrédinger equation and the Poisson equation [33, 34, 35] since the the transmission
function includes potential dependence. When the device is connected to the contacts,
there is some charge transferred into or out of the device, which creates a potential U.
The Schrodinger-Poisson solvers iterate the Poisson equation, which gives the potential
U for a given electron density n relative to that required for local charge neutrality.

However, the electron density is related to the wave functions and the Hamiltonian of

(2.13)
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the system includes the potential U. It is interesting to note that this approach is quite
similar to the Density Functional Theory (DFT). However, the last one includes extra

terms in the potential in order to reflect the exchange-correlation effects [36].

Now, we are going to describe in detail the two main regimes observed in the nanoscale:
the Coulomb blockade (CB) and the self-consistent field (SCF) regimes. In the CB
regime, the electron-electron interaction is included explicitly and the charge is assumed
as an integer. Whereas, in the SCF regime the potential is simple given by the Poisson
equation (Hartree potential) and it neglects the exchange-correlation term using a mean-

field treatment.

2.1.4.1 Single electron charging effect: the Coulomb blockade regime

The Coulomb blockade (CB) or single-electron charging effect, which allows for the
precise control of small numbers of electrons, provides an alternative operating principle
for nanometre-scale devices. Single electron devices differ from conventional devices
in the sense that the electronic transport is governed by quantum mechanics. These
devices consist of an “island”, a region containing localized electrons, isolated by tunnel

junctions with barriers that allow the electron tunneling.

The evolution of a consistent theory for single-electron tunneling goes back to the early
1950s. It was first suggested by Gorter as an explanation for the observation of anoma-
lous increase of the resistance of thin granular metallic films with a reduction in tem-
perature [37, 38]. More than 30 years later, Fulton and Dolan [39] observed CB effects
in a microfabricated metallic sample and initiated a huge number of experimental and
theoretical studies. Nowadays, there are many text books and reviews [40, 41, 42, 43]
on single electron systems, both in metals and in semiconductor QDs, that explain the
orthodox CB theory as a function of the capacitive coupling of the tunneling junctions
and the accumulated charge in the QD. Besides, the theory has been extended to explain

the conductance oscillations of the single electron transistor (SET) [12, 44].

An entirely classical model for electron-electron interaction is based on the electrostatic
capacitive charging energy. The interaction arises from the fact that for every additional
charge dq, which is transported to a conductor, extra work has to be done against the
field generated by the already present charges residing on the conductor. Charging a

QD with capacitance C' with an electron of charge —g requires and extra energy

q2

E.= o (2.16)

This energy suppresses electron transfer unless extra energy is given to the electron by
either thermal excitations T = % or by an externally applied voltage V; = % = %.
For this electron transport suppression, a new term was coined: CB tunneling. The

temperature effects were firstly reported by Gorter. Independently from Gorter, this
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effect was observed and explained by Neugebauer and Webb [45]. Yet another effect,
Coulomb exclusion became known in the late 1960s through the work of Giaever and
Zeller [46] and Lambe and Jaklevic [47]. If the applied voltage V is less than the
threshold voltage Vr, the system is in the Coulomb blockade state and the current is
blocked. When the voltage V exceeds Vr, an electron tunnels through the barrier into
the QD. However, due to the Coulomb repulsion, it can not be followed by another
electron unless the external applied voltage V' is increased even further by AV = %.
Thus, the charge in the QD as well as the current follow a staircase-like function with

the applied voltage, commonly known as the Coulomb staircase.

The first quantitative theory for two barrier systems was given by Kulik and Shekhter in
1975 [48] using a master equation to calculate the system states probabilities and their
time evolution. An state is defined as a function of the number of accumulated electrons
inside each QD. This approach conforms the basis of the so called orthodox theory of
single-electron tunneling. This theory was generalized in the pioneering papers of Meir
et al. [2], Averin et al. [44] and Beenakker [12] with the inclusion of effects of both

charge and energy conservation in semiconductor structures

The formulation of the classical or the orthodox CB theory assumes:

e Electron is localized in the QDs. In a classical picture this assumption is clear, an
electron is either on a QD or not. The electron localization is implicitly assumed
in a classical treatment. However, a more precise quantum mechanical analysis
describes the number of electrons N localized in a QD in terms of an average
value, (V) which is not necessarily an integer. The condition that the charge has
to be an integer value can be summarized as |[N — (N)|? << 1. Clearly, if the
tunnel barriers are not present or are insufficiently opaque, one can not speak of
charging or localizing electrons on a QD, because nothing will constrain an electron

to be confined within a certain volume.

e The orthodox theory focuses on the charging of metallic QDs assuming a continu-
ous density of states. However, the theory was extended to include semiconductor
QDs by Van der Wiel et al. [49].

e A qualitative argument is to consider the Heisenberg energy uncertainty of an
electron AEAt > %. The charging energy associated with a single electron is E,
and the characteristic time for charge fluctuations is related to the time constant for
charging a capacitance C through a tunnel resistor Ry, At =~ RpC. Therefore, we
obtain a condition for the tunnel resistance Ry > ﬁ = 25813 ). This condition

implies that the tunnel transmission has to be lesser than one.

e The thermal kinetic energy of the electron must be less than the Coulomb repulsion
energy E. > kpT. Doing some numbers, an estimation of the capacitive value can

be obtained. At room temperature kg1 =~ 0.025 eV, the capacity is in the order
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of C =~ % << laF where 1 aF=10"'8 F. Assuming spherical QD, the capacity
is C' = 4me,ggR and the QD size is estimated as R = 5 nm for &, = 10.
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FIGURE 2.3: (a) I(V) curves of a single metallic QD in the Coulomb blockade regime
for different temperature ranges. The current step-like behavior is recovered when the
external bias voltage increases in multiples values of Vp. (b) Electron number in the
QD as a function of the applied bias voltage. The accumulated charge also increases in
discrete steps. In the inset, the energy band scheme, the Fermi levels of the leads (pr,
and pr) as well as the QD states with NV and N + 1 electrons are shown. The energy
separation among the N + 1 and N states is E..

The main transport features as a function of external polarization V for a single QD in

the Coulomb blockade regime can be explained as:

e V < Vp The electron does not have enough energy to overcome the repulsion effect
inside the QD. Therefore, it is blocked in the lead being zero the total current that
crosses the system. Besides, the value of Vp can be tuned as a function of the QD

radius.

o Vr < |V| < 2V One electron crosses from the left lead to the QD increasing the
energy of the QD and avoiding the possibility of a second one coming from the
left electrode. Then, the electron crosses to the right lead emptying the QD and
the process is repeated for another electron. Thus, this single electron transport
creates a net current. Furthermore, no more electrons can crosses simultaneously
through the structure until the energy of the incoming electrons are grater than

2Vr being constant the current in this voltage range.

e 2V < |V| < 3Vp Two electrons have enough energy to cross simultaneously the

system. Therefore, the current value is the double as in the previous case. This
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description is repeated for larger voltages, allowing the simultaneous tunneling of

three, four,... and so on electrons.

The current and the accumulated charge in a metallic QD are shown in Fig. 2.3(a-b),
respectively. The current and charge increase by steps instead of a continuous form. In
the inset of Fig. 2.3(b) we show the energy band scheme of the system, the Fermi levels
of the leads (uz, and pur) and the position of the last filled energy level of the QD as a
function of its occupancy. The energy separation between the state with NV and N + 1

electrons is E. and it is reflected in the current and the accumulated charge curves.

Up to now, we have focused on the CB in metallic QDs, however, it has also been
observed in semiconductor QDs. From a theoretical point of view, the explanation
is analogous to metallic ones, but due to the strong confinement regime, the internal
electronic structure of the QD is discrete, i.e. the energy levels in the QD form a discrete
spectra. Therefore, when the charge increases in discrete form the separation between
the energy states with NV and N +1 electron is Ec+AFE, where E. is the energy repulsion
as in the metallic QD and AFE takes into account the energy separation between two
consecutive discrete energy levels of the QD. Thus, the step-like behavior in the current

and the accumulated charge is not periodic with Vp as in the previous case.

2.1.4.2 Self-consistent field regime

In the self-consistent field regime (SCF), the electron-electron problem is approximated
directly by the solution of the Poisson equation. The Poisson equation reads as follows
- - qAN

V- (e,VV) = — 21—, 2.17

&9V = -1 (2.17)

where ¢, is the relative permitivity, 2 is the QD volume and AN is the increment of

the electrons in the QD respect to the original number. If we treat each QD as a single

point, ignoring any spatial variation of the potential inside it, the potential solution can

be expressed in terms of the different capacitive couplings of the tunneling junctions

[50, 51] and the boundary conditions described by the external voltage applied in the
leads. The general solution for the local potential energy U; = —qV; in the it QD is

Cij ¢
v JZ# Ctot,i( q‘/]) * Ctot,i ( 8)

where the subscript j runs over all elements of the system, Cj; is the capacitive coupling
between the different components and Ciorj = ik C;j is the total capacitive coupling
of the ##"QD. The first term is usually called the Laplace solution and reflects the
potential created by the different elements (V;) surrounding the QD. Therefore, in this

term, the influence of the voltage applied to the leads is included. When a voltage
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difference is applied between the two leads, the common electrochemical potential is
splitted and the potential in the intermediate QDs will lie within the applied potential

on the leads.

The second term reflects the possibility that the QD increases its charge. The charge
energy constant Up; = ¢%/ C'ot,; 1s the potential increase as a consequence of the injection
of one electron into the QD and AN; is the change in the number of electrons, calculated
respect to the number of electrons Ny initially in the i**QD. We have to note that Up;

plays the same role as the charging energy in the CB regime.

The effects of the local potential on each QD U;, which will modify the QD charge
and the currents, should be taken into account in the QD DOS p;(E) — pi(E — U;),
that is the local potential in each QD shifts the energy levels. Thus, the external
applied voltage affects to the QDs energy levels shifting their positions. Therefore, the
electron transport will take place through different conductive channels modifying the
QD distribution function. Thus, the local potential depends on the increasing charge
density but at the same time the charge depends on the DOS that it is modified by the
local potential. These considerations impose a self-consistent solution of Eq. (2.14) and
Eq. (2.18). Within this form, the effect of the charge and the external applied voltage

are included in the transport approach.

2.1.4.3 Comparison between the Coulomb blockade and the self-consistent

field regimes

We have explained two different ways to introduce the charge effects in the calculation
of the local potential of the QD. As it is expected, in nanoscale systems the effects of
the charge interaction plays an important role in the final response of the device. Here,
we are going to compare the two previous explained regimes. The range of validity of

each regime can be summarized as:

e Self-consistent field regime: if kgT" and/or Tj;p;p;/h is comparable to Up.

e Coulomb blockade regime: if Uy is well in excess of both kg7 and Tj;p;p;/h. The

orthodox theory based on the multi-electron master equation has to be used.

Thus, for strong localized electrons in the QD (low transmission coefficients) and low
temperatures, the pure quantum nature of the system is recovered reflecting that the
charge increases by integer values and the electron-electron repulsion effect dominates
the response of the system. However, for larger temperature values or greater transmis-
sion coefficients, the effect of the electron-electron interaction decreases and the SCF
approximation can be used. Moreover, we have to take into account that the charging

energy (E. or Up) decreases when the QD radius increases.
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FIGURE 2.4: Obtained I(V) curves for single semiconductor QD with a spin degener-
ated energy level for the two studied regimes: the self-consistent field (SCF) and the
Coulomb blockade (CB).

Fig. 2.4 shows the obtained I(V) curve for a single semiconductor QD with one energy
level (spin degenerated) in the two studied regimes: the CB and the SCF. For the CB,
two current steps are obtained whereas for the SCF only one step is recovered. We focus
on the 1}y voltage point, the energy level enters in the conduction window and the current
increases. For the CB case, the current is blocked as we have explained previously until
the voltage reach the point Vg + V then, the current increases again. However, for the
SCF case, the current increases monotonically from Vj to Vy+ V. We have to note that
the total current at the Vi + Vr voltage point are common in both regimes reflecting
that the final energy level position is the same in both cases. Thus, what’s it wrong?

The differences can be explained by:

e The charge is not quantified in the SCF regime.

e In the SCF regime, two energy levels with the same energy (degenerate) are always

degenerate as long as they feel the same potential.

The second difference can be rewritten as the electron does not feel any potential due
to itself. Suppose that the up-spin level gets filled first, causing the down-spin level to
float up by E.. But the up-spin level does not float up because it does not feel any
self-interaction, recovering the two steps in the I(V) curve (CB regime). Whereas in the
SCF, we are using a mean field treatment and both energy levels (spin up and down)

are shifted by the same potential neglecting the splitting of the two energy levels.

From the point of view of the mathematical treatment, the CB is described using the

master equation approach presented in detail in Ref. [52]. Different states are defined as
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a function of the number of electrons accumulated in each QD and a set of rate equations
is written for the state dynamics. When the number of QDs increases, the number of
different states increases dramatically being impossible to use this approach for large
systems. However, the SCF methodology can be easily implemented via rate equations
in order to obtain the non-equilibrium distribution function of each QD using Eq. 2.13

and Eq. 2.18 as we have presented before.

2.2 Examples with simple cases

(b)

FIGURE 2.5: Equivalent electrical scheme of the three basic systems under study: (a)
single QD, (b) two QDs in serial configuration and (¢) two QDs in a parallel arrange-
ment. We also show the notation used to describe the tunneling junctions, the capacities
and the transmission probabilities.

Now, we are going to show in detail the applicability of the previous explained method-
ology: the rate equations in the SCF regime. In order to expose clearly all the physics
behind the electron transport process and the main parameters that govern the final
response of the system, we will focus on the simplest cases: one and two QDs described
by a single energy level. The systems formed by two QDs include extra “sophistication”
since we have to write two rate equations (one per QD) and they also include the current
among both QDs. From the solution of the Poission equation, the Laplace term will also
include the capacitive coupling between the QDs. Therefore, each QD will influence
its neighbor. Two possible arrangements appear for a system composed by two QDs:
a serial or parallel configurations. From hereon, we are going to define the serial case
as the case in which each QD is only connected to one lead and its neighbor QD. The
parallel configuration will be the case in which each QD is connected to both leads and
also connected to the other QD.

The electrical scheme of the three systems under study are shown in Fig. 2.5(a) for the
single, two QDs in (b) serial and (c) parallel configurations, respectively. We are going to
assume constant transmission coefficients and the QDs are described by a single energy
level (€p) placed above the equilibrium Fermi level. The value of the charging energy
is Up = 0.25eV to show clearly the effect of the accumulated charge in the electrical

response and we assume py = gV and pur = 0 for the left and right leads, respectively.
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2.2.1 Single QD: energy level position and transmission coefficients

The study of the electron transport through a single QD conforms the basis of the here
presented model and it will give us the main features and the most important parameters
that govern the final response. Thus, prior to study more complex systems, we are going
to present in detail this system (see Fig. 2.5(a)). The rate equation that describes the
non-equilibrium distribution function for the single QD reads as

dn 2w
= (T pf1 + Taprfr — n(Tipr, + Topr)), (2.19)

Tat =~ h
being in the steady state
n— DipnfL+ Toprfr
Tipr +Topr

(2.20)

The electron number stored in the QD can be easily obtained as N =2 [ p n dE where
p is the QD DOS. However, due to the discrete nature of the QD energy levels, the

integration in the energy range is restricted to the value of the single QD energy level e.
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FIGURE 2.6: (a) Band scheme for the cases: V = 0 upper, V > 0 left and V < 0
right figures, respectively. (b) I(V) curves as a function of the QD energy level. (c¢) I(V)
curves as a function of the charging energy and (d) varying the transmission coefficients
of the leads. In the insets, the accumulated electrons in the QD (V) for each case is also
shown. The used parameters were: kg1 = 0.025e¢V, T1 = Ty = 0.005, Uy = 0.25¢V,
Cyq =Cs, ere9g =1 and ¢y = 0.2¢V. The varied parameters are shown in the legend of
their respective figures.
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Since the QD non-equilibrium distribution function is obtained, the current that crosses

the system can also be evaluated. If we focus on the left contact, we can write

Ty Toprppr

_ 4mq 4mq
Tipr + Topr

1= [ Tppp(fy - n)dE = = /

; - (fo—In)dE,  (221)

where we have substituted the value of n for the expression presented in Eq. 2.20. We
obtain the same expression for the current if we focus on the right contact. As in
the evaluation of the charge, we can consider that the integration is restricted to the
QD energy level. Thus, in order to obtain a net current the following condition has
to be fulfilled: fr(€) # fr(e). We have to recall that the Fermi functions depend on
the electrochemical potentials of the leads, therefore, the transport conditions can be

rewritten as

ur > €>pug for I >0
up <e<pupgfor I <O0. (2.22)

Where, basically, the transport condition imposes that the energy level of the QD has
to lie between the electrochemical potentials of the leads (see Fig. 2.6(a)). The sign of
the current is related to the current convention that we have used assuming positive
currents when the current enters the QD and negative when the current goes out from
the QD.

On the other hand, we can see (Eq. 2.20) that the accumulated charge in the QD increases
when the transport process occurs. Assuming the same transmission coefficient, the
non-equilibrium distribution function will be n &~ 1/2. However, this value can be tuned

changing the transmission coefficient respect to the leads.

In Fig. 2.6(b-c-d) several I(V) curves are shown as a function of the main parameters
that govern the system. The transport conditions are summarized in Fig. 2.6(a) for both
voltage polarizations. From Fig. 2.6(b), the current and the accumulated charge (see
the inset) are presented for different QD energy levels. In order to explain this figure,
we are going to write the voltage evolution of the energy level. Using the solution of the

Poisson equation we can write

(V)=

Cs
= ——qV +UyAN 2.2
€ + C.+ qu + Ug ; (2.23)

where V is the external applied bias voltage. Cj is the capacity coupling between the
QD and the left lead while Cy is the coupling with the right lead. As we can see, if we
assume pr, = qV and pr = 0 and taking into account the transport condition obtained
previously, for positive voltages the electron transport will occur when puy, > ¢ > 0. The
minimum bias voltage or the threshold voltage that fulfills this condition is

y > Lot UoaN UOCAN.

> (2.24)
q 1 B Cs+cd
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For the cases under study (Cs = Cy), it can be approximated as V = (2¢9 +2UyAN) /q.
Therefore, as we can see, the position of the QD energy level respect to the equilibrium
Fermi level is a crucial point that controls when the conduction channel is open. This
behavior is clearly shown in Fig. 2.6(b) when the energy level increases. For the same
reason, the QD starts to accumulate charge at higher applied voltages as we present in

the inset.

In Fig. 2.6(c), the I(V) curves as a function of the value of the charging energy Uy are
presented. Here, we use a constant value for €. However, as we have explained before,
the threshold voltage depends on the value of Uy (see Eq. 2.24). Then, for the smallest
Uy, the transport condition is fulfilled for lowest external voltages. We can see how the

current tends to saturate since the QD has only one conductive channel.

Finally, in Fig. 2.6(d), the current and the accumulated charge dependence with the
transmission coeflicients are also presented. The main results can be summarized as:
the current increases when the transmission coefficients increases and the symmetry of
the I(V) curve is broken when the QD is asymmetrically coupled to the leads. This
result reflects the balance between the incoming charge from the lead and the facility
that the QD can evacuate it to the other lead. Therefore, the QD occupation is governed
by the strong lead coupling and the lead distribution function.

2.2.2 Two QDs in serial configuration: the role of the capacitive cou-
plings

Now, we are going to study the serial case (the scheme of the system is shown in

Fig. 2.5(b)). The rate equation for each QD can be written as

dny  2mq

I = T(TlpoL + Tapang — n1(Tipr + Top2)) (2.25)
dn 2
ant2 = %(T:sPRfR + Tapiny — no(Top1 + T3pR)). (2.26)

Finally, the expression for the current is

I dmq Ty T2T3pLp1p2pr
ho ) Tileprpr +ThT3prpr + ToT3p2pR

(fr — fr)E. (2.27)

As in the previous case, there is only a net current if the condition f; # fg is fulfilled
(i. e. pur # pr). The energy level of each QD must lie between the electrochemical
potentials of the leads as we can see from Eq. 2.27. The current is governed by the
term prp1p2pR, this means that the electrons need available states in each part of the
system in order to transport from left lead to the right lead trough the two QDs. Thus,
a new transport condition is imposed: the electron transport only takes place when the
position of the energy levels of the QDs are the same, i.e. energy level alignment. We can

summarize the two transport conditions for a system of N QDs in a serial configuration
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as

WL > € = =€ ="+-"=€N > R, (2.28)

where ¢; is the energy of the i*» QD. We must note that this condition is a direct
consequence of the ballistic treatment of the electron transport. Besides, from the
electrical point of view, the expression for the current can be interpreted as follows:
the three barriers in the QD stack act as a series connection of resistors Ryytq; = va R;.

Where R; has been defined previously as the tunnel resistance of a junction.
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FIGURE 2.7: (a-b) I(V) curves and (c-d) conductance characteristics obtained for the
serial arrangement depicted on Fig. 2.5(b) for different capacitive coupling. (a-c) As a
function of the left lead QD capacity Cs, showing a rectifying effect when the system is
weakly coupled with the left lead. (b-d) As a function of the inter-dot capacity C.. In
both cases, NDR is obtained since when the voltage increases the overlapping between
the energy levels decreases and the current also decreases. The simulation parameters
were: pur = qV, pp = 0, Th = T = T3 = 0.005, kgT = 0.025¢V, Uy = 0.25¢V,
€ = 0.2eV and ¢,e9 = 1. Cy is fixed at the initial C value.

For simplicity, we have considered the same transmission probability in all the tunneling
junctions 77 = T = T3. In addition to this, we assume that the boths QDs are identical.
Therefore, the energy level is the same in each QD with a value €. As we have shown in
the electrical scheme (Fig. 2.5(b)), we do not consider direct transmission between the

leads. Using the general solution of the Poisson equation, the local potential in each QD
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is written as

Cy C.
U, = (qV) + Us + Up ANy (2.29)
C'tot,l Ctot,l
U; = Ce Ui + UgAN, (2.30)
tot,2

where V' is the applied bias voltage to left lead, whilst the right lead remains at zero (i.e.
ur, = qV and pr = 0). Cj is the capacity coupling between the first QD with the left lead
while Cy is the coupling between the second QD with the right lead. C. is the capacity
between QDs. So, we define the total capacitive coupling of each QD as Cyot,1 = Cs+ Ce.
and Cyot2 = Cgq + C, for the first and the second QD, respectively. Figs. 2.7(a-b) show
the obtained I(V) curves varying the QD-lead and the QD-QD capacitive couplings with
different C/C, ratios, ranging from zero to one. Besides, the corresponding conductance
defined as dV//dI is also depicted in Figs. 2.7(c-d) for the same cases as before. From the

conductance plots, we can see clearly when the transport channels are opened or closed.

The I(V) curves are strongly dependent on C and C, trough the Laplace solution of the
system. The value of the capacity indicates how the system is coupled. When Cj tends
to zero, the two QDs are electrically decoupled with the leads; this case implies a weakly
coupled system. The other limit case is when the value of the capacity between QD (C.)
goes to zero which means that there is no electrical influence between QDs. The Poisson
term follows the charge ¢qIV; in each QD, therefore, it is always positive inducing a shift
on the potential. In order to explain the I(V) curves, we can write the evolution of the
energy level of each QD as a function of the applied bias voltage. Taking into account

only the Laplace terms, they read as

Cs C.
e1l(V)=€e+ V) + U- 2.31
1(V) Ctot,l(q ) Ciot,1 2 (2:31)
Ce
GQ(V) =€+ Uy, (232)
CtotZ

for the first an the second QD, respectively. U; and Us are the Laplace solutions of the
potential in its respective QD. In order to analyze this set of recursive equations, we
have used the relation a+ar+ar?... = a/(1—r) for a geometric series to write them as

a function of the applied bias voltage. Finally, the energy level evolution can be written

as
+ < (qV) (2.33)
€1 = € .
! Crot — C2/Clopy
€ = CeCo (qV). (2.34)

=€+
Ctot,lctot,2 - Cg

As we can see from the previous expressions, €] increases faster than e when the voltage
increases. Thus, the transport condition €; = €2 can not be fulfilled in all the voltage

region. Introducing a energy broadening in the QD energy level (we will explain in detail
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this energy broadening in the next chapter) relaxes this restrictive condition and electron
transport takes place as a result of the energy channel overlapping. When the voltage
increases, the separation between €; and €9 increases. Therefore, the energy overlapping
decreases and the current trough the system also decreases. As a consequence, a negative
differential resistance (NDR) appears due to the different QD electrostatic coupling [53].
NDR was previously observed in several experimental current measurements for QD
stacks as it was reported in [54, 55, 56, 57]. Concerning the current peak, it is related to
the maximum overlapping between the QD energy levels and its width is directly related

to the energy broadening.

On the other hand, if the system is decoupled from the left lead (Cs = 0), the position
of the energy levels become independent on the applied bias voltage. Therefore, electron
transport only occurs in one polarization direction obtaining a rectifying effect in the
current. The current would be constant once the energy levels lie in the conductive
energy window. Nevertheless, in Fig. 2.7(a), we do not observe this behavior because
the first QD increases its charge. Therefore, the charge term dominates the Poisson
solution while the charge in the second QD is not the same as in the first QD creating
different potentials in each QD, changing the energy level position. This case is a
particular situation that Eq. 2.33 and Eq. 2.34 do not consider because they are first
approximations. Furthermore, we must note that in this configuration we obtain the
maximum current since the position of the two energy levels are practically identical

until the charge modifies the local potential and the overlapping decreases.

2.2.3 Two QDs in parallel configuration: double current paths

Since the single and the serial cases have been studied, now we are going to focus on the
third arrangement: the parallel configuration (see Fig. 2.5(c)). The rate equation can

be written as

dn 21

antl = ?Q(TIPLJCL + T3prfr + Topane — ni(Thpr + Tapr + Top2)) (2.35)
dn 21

qdii = —hq (TlpoL -+ TngfR + Thp1ng — n2(T1pL + T3pRr + T2p1)) (236)

for each QD, respectively. Since both QDs are connected to the leads, the current

expression has two terms (one per QD) and it reads as

;. _ Ama NWT5(Tipr + Tspr + To(p1 + p2))pLPRP:
‘R (Thpr + T3pr)? + T3Topr(p1 + p2) + ThTopr(p1 + p2)

(fr — fr)dE, (2.37)

where the subscript ¢ runs for all the QDs being the total current I;,; = va I;. Moreover,
we can see from this equation that if the QDs are decoupled (7% = 0), we will recover

the expression for the current as in the single QD arrangement (Eq. 2.21). Using the
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general solution of the Poisson equation, the local potential in each QD is written as

Cs Ce
U, = (qV) + Us + UgAN; (2.38)
Ctot Ctot
Cs C.
U; = (qV) + —U; + Uy ANs. (2.39)
Ctot C’tot
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FIGURE 2.8: I(V) curves for two QDs in the parallel arrangement for different capac-
itive couplings: (a) as a function of the left lead QD capacity Cs and (b), as a function
of the inter-dot capacity C.. In the inset the band scheme of the two QDs are also
shown. The simulation parameters were: ur = qV, ug = 0, Ty = To = T3 = 0.005,
kgT = 0.025eV, Uy = 0.25eV, € = 0.2eV and e,e9 = 1. Cy is fixed at the initial C;
value.

As in the previous cases, the I(V) curves can be obtained as a function of the different
capacitive couplings. We present the simulated I(V) curves as a function of the coupling
to the left lead Cs in Fig. 2.8(a) and the coupling among the QDs C. in Fig. 2.8(b),
respectively. We have used the same parameters for all the capacitive couplings and
transmission coefficients as in the previous cases. The two QDs are described by a single
and identical energy level. As we have demonstrated previously, the I(V) curves are
dominated by the evolution of the energy level of each QD as a function of the applied
bias voltage. Thus, taking into account only the Laplace solution for each QD, we can

write the energy level evolution as

Cs
= A 2.4
€1 — €+ C.+C, (qV) ( 0)
Cs
= —_ 2.41
62 € + CS + Cd (qv)? ( )

where we have assumed that both QDs are symmetrically coupled to the leads (Cs = Cy).
The summation of the geometric series a + ar + ar?... = a/(1 — r) has also been used.
An unexpected result is obtained from Eqs. 2.40 - 2.41, the voltage evolution of the

energy level is independent from the capacitive coupling among the QDs.

In Fig. 2.8(a), a rectifying effect is obtained when the QDs are capacitive decoupled from
the left lead Cs = 0. Using Eq. 2.40 and Eq. 2.41 and the transport condition py > ¢; >
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1R, we can see that this condition is only fulfilled for positive voltage polarization since
pwr =qV, ur = 0 and € > 0. Thus, the energy level only lies in the conductive window
for positive voltages obtaining the rectifying effect. The effect gradually disappears when

Cs increases and the current recovers the symmetric trend.

From Fig. 2.8(b), we observe that the I(V) curve is practically independent of the cou-
pling among the QDs. This coupling can be treated as a small perturbation (it does
not appear in Eq. 2.40 and Eq. 2.41) and it shifts to higher voltages the opening of
the conduction channel. As we can see from Egs. 2.38 - 2.39, it has different sign than
the applied voltage thus, the local potential is slightly smaller than in the single case.
Therefore, the external voltage needed to put the energy level in the conduction window

increases.

2.3 DModel validation: comparison with NEGFF

Since we have presented and studied the electron transport model based on the non-
coherent rate equations (NCRE), now, we have to validate it. We are going to compare
it to the Non-Equilibrium Green’s Function Formalism (NEGFF). The NEGFF has
been widely used to calculate current and charge densities in nanoscale conductors (e.g.
molecular and semiconductor) under an external bias. This method is mainly used for
ballistic conduction but may be extended to include inelastic scatterings. Thus, this is
the preferred methodology when we are dealing with systems that need a pure quantum

mechanical description.

For macroscopic systems, the transport properties are well described using the semi-
classical Drude model whereas for micro- and nano- sizes the quantum effects become
important and we need a quantum mechanical treatment. Our transport methodology,
the non-coherent rate equations, lies in the frontier between these two approaches since
it is based on continuity equations and also takes into account some quantum effects as

the tunneling rates.

Now, we are going to describe briefly the NEGFF in order to obtain a new vision of a pure
quantum mechanic treatment. In the second part, we will present a direct comparison
between the NEGFF and the here presented transport model. This comparison includes
different QDs arrangements being able to elucidate the major differences and common

aspects between both approaches.

2.3.1 NEGFF: the Non-Equilibrium Green’s Function Formalism

NEGFF is usually used to calculate current and charge densities in nanoscale under

external bias. Several overviews of this methodology can be found in Ref. [58] for
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molecular electronics and Ref. [59] for semiconductors devices, respectively. Since we
only want to provide and intuitive overview and a general vision of this theory, we are
going to explain the basics following Ref. [60]. However, complete tutorials of NEGFF

can be found elsewhere [61, 62].

We start from the Schrodinger equation
Hn) = Eln), (2.42)

which is divided in three different subspaces: contact (Hi 2, [11,2)) and device (Hy, [¢q))

regions. We can write

H 7w 0 Y1) |[41)
o Hy 7 ) | =E| lva) |- (2.43)
0 7 H» [12) [U2)

where H; and |1;) are the Hamiltonian and the wave function in the i subspace whereas
71,2 describes the device and contacts interactions. We must note that we have assumed

that each contact is independent to the other (no cross terms between them).

The Green’s function is defined as

(E-H)GE)=1 (2.44)
and it gives the system response to a constant perturbation |v) as

) = =G(E)|v). (2.45)

This scheme is used since it is easier to calculate the the Green’s function than to solve
the eigenvalue problem of the total Hamiltonian. From the previous definition and using

Eq. 2.43, the wave function in the second contact (]i)2)) reads as

Hs|va) + m2|va) = Elt2)
(E — Ha)[th2) = m2[tba)
[V2) = g2(E)T2[ba), (2.46)

where (E — Hg)ge = I is the solution in the isolated second contact. Hereafter, we
use the lowercase for the Green’s functions of the isolated subsystems while the capital
letter for the whole Green‘s function. It is important to note that we have two different
solutions: the retarded and advanced solutions reflecting the outgoing and the incoming

waves in the contacts (we will denote G for the retarded and G for the advanced one).
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From the definition of the Green’s function we obtain

E — H1 —T1 0 G1 Gld G12 I 00
—7  E-H; -7 Gy Gy Gao |=]101 0 (2.47)
0 —1T9 E — H2 G21 sz G2 0 0 I
We can obtain Gy using G14 = ¢171Gq and Gaog = go1oGy. 1t is simple to find
Gi=(E—-Hy—% — %)Y (2.48)

where Y7 = TlT g1 and Yo = TZT goTo are the so called self-energies which contain the

interaction of the contacts and the device.

Another important use of the Green’s function is the spectral function A defined as
A=i(G -G, (2.49)

which gives the density of states (DOS) and all solutions of the Schrodinger equation.

We are not going to show in detail its derivation but, it can also be written as [60]

A=2m) " 5(E — e)|k) (k] (2.50)
k

where |k) is all the eigenvectors of H with the corresponding eigenvalues €.

It will be useful to have expressions for the device wave functions |¢4) and contact wave

functions (|11,2)). The device part is

[a) = Gar{ [v1) (2.51)

and using Eq. 2.46, the wave function of the second contact can be expressed as a

function of the wave function in the first contact as

[2) = gamaltba) = gamaGar th1). (2.52)

In the non equilibrium case, we are interested in two quantities: the current and the

charge density matrix. The charge density matrix is defined as

n= " f(k,p)len) (W, (2.53)
k

where the sum runs over all states with the occupation number f(E}y, ). The occupa-
tion number is determined by the reservoir filling of the incoming waves (i.e. injects
electrons). We assume that it is well described by the Fermi Dirac distribution func-

tion with the corresponding Fermi level. The occupation of the device from the contact
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labeled as one is written as

ni= [ dB S FE)O(E - Bl vl
o0 k

oo
= / dEf(E,,ul)GdTlTﬂTlGIl (2.54)
—o 2
where we have expanded |¢4) as a function of the incoming waves of the contact one.
We have used aj/2w, the spectral function of this contact. Introducing the quantity
Iy = 7'1T arm =i(3 — EI) and performing the summation for the second contact we can
write:

n=o— [ dEY  f(E.1u)GdliGy, (2.55)

i

T o oo

where we have included a factor 2 to count for the spin an the sum runs over all the

contacts.

Having different chemical potentials in the reservoirs filling the contacts gives rise to a
current. We derive an expression for the current from the probability continuity equa-
tion. In the steady-state, the probability to find an electron in all the device (3, 1|
where the sum runs over all the subspaces) is conserved:

03 lwil* _ i

0= B Ta <[<¢1|T1\1/1d> - <¢dH|¢1)] + [<¢2|T2Wd> - <¢dyTQT|¢2>D . (2.56)

This equation takes into account the incoming probability fluxes from the leads to the
central region and the outgoing ones being similar to the rate equations that we have
used previously. Generalizing to an arbitrary contact j, the electric current (at one
energy) can be inferred from the product of the probability current and the charge (—q).

Thus, for a single contact we can write

i3 = = (sl loa) — (walr193)) (257)

where i; is defined positive for current from contacts to device. To calculate the total
current, we expand the wave functions into the contacts and device wave functions. We

perform the summation over all the energy channels obtaining

by =2 [ AEFE,m) 3 8(E - ) r nGlLaGarl )

- 27;1  dBf(E, 1) Y 6(E — Ey) (@1 |ri|m) (m|GiTaGoar Jyn)
= | AESE ) 3 (mIG LG} (Z O(E ~ En>w1><w1|>n|m>

= [ BB TG, (259
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for the current that crosses from contact two to the central region. To get the total
current, the current through the other contact has to be subtracted obtaining the net

current as
[oe)

-7
mh J_o

I AE(f(E,m) — f(B, p2)) Tr(GIT2Gl) (2.59)

which coincides with the Landauer formula for the current Eq. 2.2. Thus, from a pure
quantum mechanical treatment of the system and decomposing the Hamiltonian in the
contacts (leads or electrodes) and the device (the central region) parts, the current and

the occupancy of the system can be calculated.

Once a pure quantum electron transport methodology has been explained, in the next

section we are going to compare it with the here developed approach.

2.3.2 Comparison

In order to validate the model, we are going to compare it to the Sun et al. work [63].
In this paper, they studied the electron transport using NEGFF for different systems
based on QDs in several configurations. The basic structure is basically the same that
we studied previously: two electrodes (L lead and R lead regions) and a central region (C
region). The central region will contain several QDs in different arrangements forming
the system under study. The QDs are assumed to be weakly coupled to the leads. In
the spirit of the NEGFF, the total Hamiltonian of the system can be written as

HZHL,R'FHC‘FHT, (260)

where the different parts of the system are clearly visible: the Hamiltonians that describe
the leads, left (L) and right (R), and the Hamiltonian of the central region (C). The
Hrp term includes the interaction between the QDs and the leads. Using the second

quantization representation of the Hamiltonian, each part of the system reads as

Hpgr= Z EkyoéCL,a,ack,a,m
k,ae(L,R),0
N
HC = Z Ejd}o_djp + Z(ti,jd;o—dj,a + H_c_)’
j:l,o’ i7j70'
Hy = Z (Vkva:jclt:,oa7dj70 + H'C')v (261)
k‘,OéE(L,R),j,o’
where C/t,awd}a(ck,a?a,dj,g) are the electron creation (annihilation) operators of the

continuous states in the leads and the discrete state in the j%* QD (j = 1,2,...,N),
respectively. N is the number of QDs in the central region whereas o € (L, R) denotes
the left and right lead indexes. €, and ¢; are the corresponding continuous energy

spectrum in the leads and the discrete energy level in the j** QD, respectively. t;; is the
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interdot coupling coefficient between the i** and j** QD, and Vi,a,; denotes the coupling
strength between the j** QD and the two lead regions. The spin subscript o in energy

levels and couplings coefficients is omitted since no magnetic field is involved.

In the Hg part, we must note that only one energy level per QD has been assumed and
the electron-electron interaction are not considered. The coupling coefficients Vj,  ;, t;
are simplified as constants with no energy dependence under the wide-band approxima-
tion [64]. In order to make the comparison, we have used the same value parameters
for the QD energy levels and the transmission coefficients as Sun et al. The I(V) curves
and the number of accumulated electrons in the i QD, N;, are presented. Analytical
expressions for the current in the simplest cases and the evolution of the QD energy
level as a function of the applied bias voltage are also shown. The expressions for the
transmission coefficients derived from the NEGFF and the Hamiltonian described in

Eq. 2.61 for each configuration are presented in the Annex I.

The electrochemical potentials in the two leads are set at ur, = 0 and pr = —qV. We
must note that we have changed the lead reference respect to the previous simulations.
Within this form, we also demonstrate that the obtained results are independent of the
energy reference. Electrons flow from the left lead to the right one for positive voltages.
We do not consider direct transmission between the leads. For clarity, the DOS of the
leads are considered to be constant over the whole energy range and we set a constant
charge energy for all QDs: Uy = 0.25 eV.

2.3.2.1 One single QD

We briefly review electron transport through one QD. Using the rate equations and only

taking into account the lead contributions, the current can be written as

_4rq [ TmTiprpipr

I
h Tripr + Tripr

(fL = fr)AE. (2.62)
Fig. 2.9(a) shows the numerical result for the current I(V). In the calculation we as-
sumed symmetric coupling with respect to the right and left leads Tr; = Tr; = 0.21,

respectively. The evolution of the energy level with the applied bias voltage is
61(V) =1- V/2 + Uy AN, (263)

where the second and third terms are due to the electrostatic effect. As expected, the
current increases with the bias when the energy of the QD moves across the left lead,
which is ur, = €1(V) — V ~ 2. When V is high enough, the current saturates to a
constant value, as €1(V) lies between the two electrochemical potentials of the leads.

Fig. 2.9(b) shows the dependence of the electron number on the applied bias. Since the

1We use similar transmission values as Sun et al. in order to make possible the qualitative comparison
between the models
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FIGURE 2.9: (a) The I(V) curve for one single QD obtained using the NCRE. We also
show the NEGFF results for the same system. The NEGFF data have been taken from
Sun et al. [63] (b) The electron number in the QD as a function of the applied bias
voltage. The inset shows the connection geometry. The rectangles represent the two
leads and the circle represents the QD.

two tunneling lead couplings are equal, when the energy enters in the conductive region

the QD remains half charged.

2.3.2.2 Two QDs

We now study the case of two QDs. There are four different connection geometries
between the QDs and the leads. In our calculations, we assume symmetric coupling
with respect to the leads, Try = 171 = 0.2, and the QD coupling T2 = 0.2. We use the
same energy level as Sun et al. [63] in order to make possible the qualitative comparison

between the two models.

2.3.2.3 Serial case

The first configuration of two QDs is the case that they are in series. The system is
shown in the inset of Fig. 2.10(a). Each QD only interacts with one lead and the other

QD. In this case, the expression for the current is

4 Tr1T1oT:
7= amq L14L12L2RPLP1P2PR (fL _ fR)dE (2.64)
h TriTiopipr + TraTorprpr + Ti2T2rp2pR
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FIGURE 2.10: (a) The normalized I(V) curve for two QDs in a serial configuration
obtained using NCRE. We also show the NEGFF results for the same system, the
NEGFF data are taken from Sun et al. [63]. The inset also shows the connection
geometry. (b) The electron number in the QDs as a function of the applied bias V.

and the evolution of the energy level of each QD with the applied bias voltage is

61(V) =1- qV2/2 + Uy ANy (2.65)
e2(V) =3.5—-qV/2—qV1/2+ Uy AN, (2.66)

where we assumed that the QDs are only coupled to each other and to one lead. In
order to have current flowing through the system, the energy levels must lie between
the electrochemical potentials of the leads and overlapping of the QD energy levels is
necessary as we have explained previously. When the energy levels are equal, €; = €2 —
V = 7.5, this is a maximum overlapping between QD DOS, the system is in a resonance
state being the current maximum. When the voltage increases further, the QD DOS
overlapping decreases and NDR appears. In Fig. 2.10(b), we show the evolution of the
electrons in each QD N; as a function of the applied voltage V. Initially, N; increases
since the channel between the first and second QD is closed. At the resonant condition,
the channel between the QDs opens and some charge stored in the first QD flows to the
second QD. At higher voltages the channel closes again and Ny stores all the incoming

charge, while N3 loses its charge.

2.3.2.4 Parallel case

The second type of arrangement is the case of two QDs in parallel configuration. Both

QDs are coupled to all elements of the system, the leads and the neighbor QD. In this
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FIGURE 2.11: (a) The total and partial I(V) curves obtained using NCRE for a parallel

configuration. The NEGFF results are taken from Sun et al. [63]. (b) The electron
number in the QDs as a function of the applied bias V.

configuration the expressions for the current are

_Anq [ TiTri(Trapr + Tirpr + Tia(py + p2))pLpre:

1 A D (fL fR) ( )
I Tq L1 Rl( L1PL 1RPR2 12(/71 p2))pLPRP2 (f f ) ZE, (2.68)

where Dy = (TIRPL + TleR)2 + TILTIQPR(PI + pg) + TL1T12PL(p1 + pg). The position
of the energy level of each QD is

€1 (V) =1- qV/3 — qV2/3 + Up ANy (2.69)
e(V)=35—qV/3—qV1/3+ Uy ANs. (2.70)

We show the total and partial currents in Fig. 2.11(a). The I(V) curve shows two steps
when the energy levels of the QDs are placed between the electrochemical potentials of
the leads. This case is equivalent to a single QD with two energy levels (1eV and 3.5eV).
Fig. 2.11(b) shows the electron number N; (i = 1,2) with the applied bias voltage. The

charge increases until it reach the saturation value similar as in the single QD case.

2.3.2.5 Other two QDs configurations

More possible QDs arrangements arise changing the couplings among the different parts

of the system. In order to complete the transport study, we are going to simulate these
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FIGURE 2.12: (a) The I(V) curve, for the configuration plotted in the inset, obtained
using NCRE. We also show the NEGFF results for the same system, the NEGFF data
are taken from Sun et al. [63]. (b) The electron number in the QDs as a function of
the applied bias V.

system configurations based on two Qds.

We first examine the case in which one QD interacts with the two leads and it is also
connected to the second QD, while the second QD is only connected to the first QD.

The current is

drq [ TriTr1pLpipr
I =— — dF 2.71
h Tripr +Tripr (e = Ir) 271

and the position of the energy levels are

er(V) =1-qV/3—qV2/3+UpAN: (2.72)
ea(V) = 3.5 — qV1 + UpANs. (2.73)

The obtained current expression Eq. 2.71 is the same as the one we have obtained for
the single QD case. The non-equilibrium distribution function in the second QD is the
same as in the first QD therefore the current between the QDs is zero. The results are

presented in Fig. 2.12.

The second arrangement of QDs is shown in the inset of Fig. 2.13. The expressions for

the partial currents are

I — dmq / Tirprpr(Tr2prTL1pL + Ti2p1TrapL)

h D
drq [ Torp2prTi2p1TL1pL
h D

(fr — fr)AE (2.74)

I, = (fr — fr)dE, (2.75)
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Voltage (V)

FIGURE 2.13: (a) The total and partial I(V) curves obtained using NCRE for the
configuration showed in the inset. The NEGFF results are taken from Sun et al. [63].
(b) The electron number in the QDs as a function of the applied bias V.

where D = TopprTripr + TmiTrop® + TroprTi2p2 + Ti2p1Trapr + TriprTi2p1 being
the total current I = I1 + I5. The energy levels position is

er(V) =1-qV/3—qV2/3+ UpAN (2.76)
ea(V) =3.5 —qV1/2 4+ UyANs. (2.77)

In this case, we show the total and partial currents. The current through the first QD is
similar to the single one QD configuration but the current through the second reminds
the slope of a resonant state. This fact can be easily understood in the following way:
if the channel between the two QDs is closed the current only flows through the first
QD. When the QD1-QD2 channel is opened the QD2 also conducts. In the same case
as before, when the voltage increases the overlapping decreases and the QD2 current
decreases. Here, the main difference appears in the voltage position of the current peak
associated to the second QD. This fact can be explained since we consider different
capacitive coupling than Sun et al. For the energy level position of the second QD, they

assume that it is fixed at eo = 3.5eV whereas we have included the capacitive coupling
to the neighbor QD.

2.3.2.6 Three QDs

The transport methodology developed previously can be easily extended into more com-
plicated systems. Here, we present the results for some configurations based on three
QDs. The I(V) curves and the accumulated charge are presented in Fig. 2.14(a-c-e) and
Fig. 2.14(b-d-f), respectively. As we have shown before, the position of the energy levels
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FIGURE 2.14: (a-c-¢) I(V) curves and (b-d-f) accumulated electron number for three
different QDs arrangement. The insets show the connection geometry. The NEGFF
results are taken from Sun et al. [63].

plays an important role in the I(V) and N(V) curves. Using the solution of the Poisson

equation, we can write the position of the each energy level as a function of the applied

bias voltage in a general form as

e(V)y=1-

e(V)=2-—

e3(V)=35- G5

C 15
Ctotal 1
Co;
Ctotal 2

Vi + Uy ANy

>
>

Vi + Uy ANy

Vi + Uy AN3,
J total3

(2.78)

(2.79)

(2.80)

where the subscript j runs over all connected elements of the system. The QD-lead

coupling and the interdot coupling are set equal T;; = 0.2. In the insets of Fig. 2.14, we

show the scheme of the system under study.

2.3.2.7 Large QDs arrangements

To conclude, we present the results for larger systems which they are closer to the exper-

imental devices. The systems are formed by 100 QDs placed in a parallel configuration,

serial configuration and in an array geometry (10 x 10). The total I(V) curves and the

geometries are presented in Fig. 2.15. The QD-lead coupling and the interdot coupling
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FIGURE 2.15: The I(V) curves for the largest systems: (a) 100 QDs in parallel con-
figuration, (b) 100 QDs in serial configuration and (c) 100 QDs in an array disposition
10 x 10.

are set equal Tj; = 0.2. The capacitance between the linked elements are also equal. In
order to represent an experimental system we considerer that the value of the energy
level of each QD follows a normal distribution with mean value 1eV and deviation 0.2eV.
This fact represents the usual distribution size that appears in the experiments [65]. The
relationship between the QD radius and the energy level position is a well known effect
and it is related to the quantum confinement of the electrons [66].

The I(V) curves show an interesting behavior. First, in the parallel case, Fig. 2.15(a),
the I(V) curve shows a staircaselike behavior and saturates to a constant value at high
bias. As we have seen before in the parallel configuration, each QD acts as an indepen-
dent channel therefore the total current is the sum of all partial currents. As expected,
the saturation current is 100 times the saturation current of a single QD.

For the serial configuration, Fig. 2.15(b), the current peak is recovered since the resonant
state is necessary to have electron transport. The maximum value of the peak is hard
to determine because it depends on the transmission coefficient, but it also depends of
the overlapping between the DOS of the QDs.

Concerning the array configuration, Fig. 2.15(c), the I(V) curve is determined by a
combination of the two previous cases. In order to have transport, the resonant state
condition must be fulfilled. Therefore, a current peak appears but the total current is

the sum of the partial currents of each row being grater than in the previous serial case.
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2.3.3 Conclusions of the comparison with NEGFF

The conclusions of the comparison between the transport model proposed in this thesis

an the NEGFF can be summarized as:

e The results presented in Figs. 2.9, 2.11, 2.10, 2.14(a) and 2.14(c) are in accordance
between the two approaches. For the serial configuration (Fig. 2.10) the differences
are due to the different values of the QD coupling, we also obtain a resonant peak
when the energy levels of the QDs are placed in a resonant state. The resonant state
is strongly dependent on the capacitive coupling of the QDs since the position of the
energy level with the applied bias voltage depends on these capacitive couplings.
In the parallel configuration Fig. 2.11, we obtain the same staircase shape but, in
our case, we also take into account the energy charge terms. Thus, the current

steps occur at higher voltages.

e The main difference appears in the case described in Fig. 2.12. For this config-
uration Sun et al. predicts an antiresonance effect [67]. We do not recover this
effect because our model considers each QD as a separate quantum system. For
this reason, our approach is known as a non-coherent model. The antiresonance
is a pure quantum mechanical effect, it is related to scattering that suffers the
electron by the new state (the second QD). For incident electron energies equal to
the energy level of this scattering state, the propagation of the incident electron
encounters the state and then, it is completely reflected back to the left. Thus,
the transmission coefficient becomes zero and the incoming electron is trapped in
the second QD.

e For the systems presented in Figs. 2.13 and 2.14(b) we obtain similar results. The
position of the current peak is different because Sun et al. assume that the bias is
uniformly applied throughout the whole system meanwhile we take into account

all the electrostatic coupling between the different parts of the system.

2.4 Conclusions

In this chapter, we have presented the basis of the electron transport formalism to
explain the electrical response of a QD array embedded in a dielectric matrix. This
approach assumes that the whole system can be separated in small subsystem in order
to describe the non-equilibrium properties. The electron transport between the two
leads takes place as a consecutive tunneling events among the QDs assuming ballistic
transport. This QD-QD and QD-lead couplings were described by tunnel junctions.
These junctions can be described as a tunneling resistance that includes the quantum

transmission coefficient and a capacitance in a parallel arrangement. Assuming that two
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consecutive tunneling events are independent, the whole QD system was decomposed in

different parts and the current conservation was applied to each QD.

Analytical expressions for the tunneling current among the different parts of the system
were obtained within the Transfer Hamiltonian approach. It is based on the time de-
pendent perturbation theory and the tunneling current can be expressed as the different
electron occupancy in each side of the barrier. Moreover, in the current expressions, the

transmission coefficient is also included.

From the system decomposition and the Transfer Hamiltonian approach, the non-equilibrium
distribution function for each QD in the steady state was obtained, being possible to
calculate the current that crosses the system and the accumulated charge in the QDs.
Furthermore, we included the local potential of the QDs in the model. There are two
main regimes in the nanoscale: the Coulomb Blockade (CB) and the Self-consistent field
regime (SCF). Each one treat the charge effects in different ways, however, for its sim-
plicity and the possibility to its application to larger systems, we chose the SCF regime.

Despite these advantages, a direct comparison between both regimes were done.

The general solution of the SCF regime for a QD involves a Laplace term that takes into
account the different capacity couplings of the elements and a charge term. Since the
local potential shifts the energy level of the QDs, the accumulated charge in the QDs
also changes and these considerations impose a simultaneous solution of the accumulated
charge in the QDs (that depends on the non-equilibrium distribution function) and the

solution of the Poission equation.

Once the basic model was explained, it was used to simulate three basic systems in order
to obtain the main features that dominate the electrical response. From these simple

systems, the transport conditions were highlighted being:

1. There is a net current flux only when the occupancy of the different elements given

by the non-equilibrium distribution function are different.

2. The energy levels of the QDs have to lie between the electrochemical potentials of
the leads.

3. The transport among two or more QDs takes places only when there is a resonant

state. Thus, overlapping of the energy levels of the QDs is needed.

Besides, the basic current and charge trends were also observed: current steps reflecting
the discrete nature of the energy levels in the QDs, resonant current peaks and NDR
when the resonant state is opened and closed due to the different capacitive couplings.
Furthermore, from the capacitive coupling studies that we done, the importance of the
local potential inside each QD and how the capacitive coupling dominates the final I(V)

curve were highlighted. Therefore, from these basic studies, the main parameters that
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govern the final electrical response are: the transmission coefficients, the energy levels

of the QDs and the capacitive couplings.

To conclude, we have compared the transport framework based on non-coherent rate
equations in the SCF regime to a pure quantum transport approach, the NEGFF. Several
configurations were studied obtaining very similar results in both cases. The success of
this comparison shows that the here presented approach is a powerful and intuitive
method for describing the electron transport. However, our transport approach can not
reproduce the antiresonance effect since it is based on the system decomposition. Due

to its simplicity, the model was extended to analyze arbitrary large arrays of QDs.

The here presented methodology are the fundamentals of the electronic transport for-
malism whereas, in the next chapters, the constant parameters used here are going to

be realistically described.

2.5 Annexes

2.5.1 The Hamiltonian in a second quantization: transmission coeffi-
cients

Here, we are going to use the method of the equation of motion in order to obtain the
NEGFTF for the basic cases presented previously. It allows us to compute the transmis-
sion coefficient as well as the occupancy of the device region. From a physical point of
view, the description of the Grenn’s Functions are more intuitive if we speak in terms
of incoming or outgoing wave functions than if we describe the system as a function of
creator and annihilator operators. However, the operator description allows us to treat
the mathematical problem in a easily way. Starting from the decomposition of the total
Hamiltonian in the different parts that forms the system (we use the same notation

defined previously) and using the equation of motion method [17, 63], we can write

N N
(E—€e)Ghi0— D tiaGrio— > 551,Glip = 0ji, (2.81)
=1 =1
where we have defined the retarded self-energy function

Yo (E) = Z VioniViail (B = €ka)- (2.82)
k,a

The imaginary part can be approximated as X" ~ —iI'/2 where I' = I'' 4- T'F that takes
into account the coupling among the central region and the leads. The usual definition

of the retarded Green’s function is used being

GL(E) =[E —He - S,(E)] . (2.83)
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Finally, the transmission function is defined as
T(E) = Tr[x*G"vRG9, (2.84)

where G%(E) = [G"(E)]" is the advanced Green’s function. Using these simple relations
and taking into account the matrix form of the self-energies and the Green’s functions,

the transmission coefficients can be obtained.

2.5.1.1 One single QD

The coupling matrix and the GF matrix are one dimensional (numbers). Denoting
'ty = T (T8 = I'py) for the left QD-lead and right QD-lead couplings, respectively.
Being I'y = 'z + 'ry the total lead coupling. The transmission coefficient can be

written as
I'il'ri

(E—e)?+T3/4

T(E) = (2.85)

where €] is the single energy level of the QD. If we recall the expression for the single
QD, both expressions are quite similar. A product of the couplings is present and in the

NEGF case, the broadening of the QD energy level (e1) appears “naturally”.

2.5.1.2 Two QDs in series

In the case of two QDs in series, all the coupling matrices and GF matrices are two

dimensional. Hgo can be written as

t
Ho=|( ¢ "2, (2.86)
liz €
where €;(y) are the energy levels of the QDs ant ¢12 is the coupling between them. From

this Hamiltonian, the single energy level of each QD and their coupling are described.

T 0 0 0
The coupling matrices to the leads are 't = L and 't = ) where

0 0 0 I'ro
I'z1(Rr,) are the coupling constants. It is obvious that each lead is only coupled to one

QD. The transmission coefficient is
T(E) = 1T gat?y/ D1, (2.87)

where Dy = [(E — &1)(E — €2) = Trilre/4 — t1,]> + [[L1(E — e1) + Tro(E — e2)]? /4.
Here, the energy level resonance condition in order to obtain the maximum current is
clearly reflected in the first term of the D;. For the resonant case, D; is minimum and
the transmission has its maximum value obtaining the current peak. The NDR appears

from the different electrostatic potential dependence of the QDs energy levels.



58 Chapter 2. Model fundamentals

2.5.1.3 Two QDs antiresonance configuration

r 0
The coupling matrices of the first QD and the leads are I'V = ( (1;1 0 ) and I'F =
T'r1 O

0
isolated to the leads and it is only coupled to the first QD. The transmission coefficient

. t12 is the coupling among the QDs. We must note that the second QD is

reads as
T(E) =Tnlri(E — €2)?/Da, (2.88)

where Dy = [(E — €1)(E — €2) — t35)*> + [[1(E — €2)]?/4. In this case, the antiresonance
effect is clearly visible when the energy is sweeping across the the energy of the level of
the second QD. For E = ey, T(E) = 0.

The last system in which an analytical expression can be found is the configuration de-

r 0
scribed in Fig. 2.13. The coupling matrices are 'l = . and T =
0 0 Fri2 T'r2

and the transmission coefficient is

T(E) = {TiTri[(E — €2)* + Th1a/4] + TLalra(t3y + Thin/4)
—I—ZFLerlg[tlg(E — 62) — FR12F32/4]}/D3. (2.89)

Where Dy = [(E — @1)(E — €2) = T1Tra/4 = 5 + Thuo/4” + [[1(F — €2)/2 + Dol
€1)/2+t1olr12]> T1 =1 + TRi.

I'r1 T'ri2

)
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Chapter 3
Model implementation

In the previous chapter we have presented the electron transport methodology based
on rate equations and the Transfer Hamiltonian Formalism in the self-consistent field
regime. This formalism was used to study the electrical response of several quantum
dot (QD) configurations and it was compared to Non-Equilibrium Green’s Function
Formalism (NEGFF) obtaining similar results. From these simulations, the main pa-
rameters that govern the final response of the system have been identified: the position
of the energy levels, the transmission coefficients and the different capacitive couplings.

Therefore, it is necessary a detailed and realistic description of these main parameters.

In order to be able to asses the potentials and capabilities of the various novel devices
based on QDs, a realistic theoretical estimation of the specific device performance is thus
highly desirable. Within this context, the simulations of such devices must be performed
not only to understand but also to predict experimental behaviors. Moreover, from a
physical point of view we can learn a lot from these simulations if they are independent
on high level experimental parameters (as tunneling rates, defective interfaces...) and

they are only based on low-level concrete ones (geometrical data, barrier height...).

In this chapter, first of all we present a formal derivation of the internal structure of the
QDs based on effective mass approximation in order to obtain realistic densities of states
(DOS). We also include the hole transport in the second part. In the third section, the
transmission coefficients have been studied. Realistic capacitive couplings are evaluated

in the fourth section. Finally, the code implementation is presented.

3.1 The Density of States

Quantum dots are nanostructures in which electrons and/or holes are confined into a
small region [1]. The confinement is usually achieved by having a nanometer sized piece

of low band gap semiconductor surrounded by a wider band gap material.

65
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The wave function of the confined electrons and holes in the QD is the basic feature
to determine its electrical and optical properties. These properties can be understood
from the perspective of what happens when a cluster of atoms grows, or by considering
what happens when the size of a bulk semiconductor is decreased. These perspectives

are represented by top-down and bottom-up approaches, respectively.

e Top-down presents a convenient way to obtain qualitative results of the energetic
structure of the QD. The main objective is showing how the electronic structure
varies form energy bands to discrete energy levels when the system goes from bulk
to QDs.

e Botom-up is focused on the study of the energetic structure of the QD as a function
of a combination of the atomic orbitals that describes the surrounding electron of

the nuclei that conforms the nanostructure.

In order to describe the electronic properties of the QD in an easy way, we use the
top-down approach that gives an intuitive approximation of the nanostructure. Several
models have been used to study and describe the internal electrical properties of the
QDs using the top-down approach as the finite/infinite spherical potential well [2] and
the k - p model [3, 4].

For its simplicity, we use the finite spherical potential well under the Effective Mass
Approximation (EMA). In a following chapter, we will show how complex frameworks
as the Density Functional Theory (DFT) can be included in order to describe accurately
the electrical properties of the QDs. Here, we only want to describe the fundamental
properties of the QDs (the discrete energy spectrum) and study how it affects to the

electrical response of devices based on these nanostructures.

First of all, we write the assumptions that we have used to describe the QDs:

e The bulk effective masses are used to describe the electrons and holes. Although
the Bloch theorem was derived only for large crystals and periodic potentials,
it is commonly applied also to QDs which have crystalline order but dimensions
corresponding to some tens of the lattice constant [5]. This is called the Effective
Mass Approzimation (EMA) [6].

e For multi-dot systems, we consider each QD independent from the other. There-
fore, the electrical properties of each QD are independent of the surrounding QDs.
This assumption is valid for weak tunnel coupling between the QDs, being the

electrons localized on the individual QDs [7].

e For simplicity, we consider spherical QDs. However, different QD shapes (such as
pyramid [8], lens [9] and disk [10]) are often reported and their energy levels are

studied exploiting their symmetry.
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e The electrical properties (the energy level spectra) are obtained in the independent
particle framework. The discrete states arise as a solution of the Schrodinger
equation assuming an effective finite potential barrier outside the QD. Since the

system has spherical symmetry, we restrict the solution to the I = 0 case.

e The electron-electron interaction due to injected charge is included in the self-

consistent field (SCF) treatment and in the Poisson equation.

e The electronic properties of the QDs are independent of the applied electric field.
This requirement could appear dramatic for small systems in which, even the small-
est excitation would modify the system geometry. This effect is generally smaller
for larger (bulk) structures, in which the big number of atoms produces a much
more stable environment, able to withstand the perturbations. The inclusion of

the electric field only shifts the energy levels, as a solution of the Poisson equation.

3.1.1 Discrete energy spectrum

We are going to solve the single particle Schrodinger equation in order to obtain the
internal electronic structure of the QD. We assume a finite spherical potential well in

the EMA approximation and we only consider the [ = 0 energy states.
The Hamiltonian that describes the QD can be written as

h? h?
V- —Vi+Ve+ Vi + E, (3.1)

H =
2my,

B 2me

where V. and V}, are the electron and hole finite confinement potentials. m. and my, are
the electron and hole effective masses and £ is the bulk band gap of the material. We
must note that we have neglected the Coulomb interaction between electron and holes.
The electron confinement potentials inside and outside for a given QD of radius R can

be written as

Vo(r) = (3.2)

Oforr < R
Ve for R > r

The hole confinement is also well described by the previous equation but using a different
potential V},. These potentials arise from the band offset between the material that forms
the QD and the surrounding media. We have to include the discontinuity of the effective
masses: we use different masses inside (m./,) and outside the QD (mgéh) for electrons

and holes, respectively.

We present here the derivation of the wave function and the energy levels for the electron
case. Concerning the hole case, the calculi are similar. The electron wave function for
QDs can be represented as the product of the periodic Bloch function u,(r) and an
envelope function [11]. The envelope function ¢¢,, describes the motion of particles in

the confinement potential. This “envelope function approximation” is valid when the
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QD diameter is much larger than the lattice constant of the crystal. The electron wave

function can be written as

¢5 = Ug - ¢em}- (33)

The envelope function is the solution of the single particle Schrodinger equation.

Using the symmetry of the system, the electron Hamiltonian can be written in spherical

coordinates as

{ h? [62 28] (1 +1)h?

92r ' ror 2m1r2

. + V;(r)} Ri(r) = E{R(r), (3.4)

where the angular solution of the wave function is given by the spherical harmonics
Y™ (0, #). The radial solution is written for [ = 0 case

RIM(r) = Asm(:i?o?“) forr < R (3.5)
K
RS (r) = Bmp(rr) for r > R (3.6)

inside and outside the QD, respectively. Where kg = \/%, kK = MXE_EO) and
we have used the different effective masses. The wave function must meet the continuity

condition and the probability flow conservation in the boundary (r = R) [12]

Ry (R) = R§“(R) (3.7)
1 OR 1 ORg“
- —p= — |,—p. 3.8
me Or Ir=r mé, Or Ir=r (3:8)
Substituting Eq. 3.5 and Eq. 3.6 into Eqs. 3.7-3.8, we get
e 2
cotx = —y | Loz (Q) -1, (3.9)
Me x

where op = 27”577;‘/&]%2 and z = 4/ 27;‘5”” R2¢;. The energy eigenvalues ¢; (the Ey used
previously) can be obtained solving Eq. 3.9. This equation does not have an analytical
solution and has to be solved using numerical techniques, such as the Newton-Raphson
method. The solutions of Eq. 3.9 form the discrete binding energy levels of the QD. For

the hole case, the discrete binding energy levels can be obtained in a similar form.

Finally, in order to obtain the correct description of the electron and hole states we have
to include the bulk band gap Ej, since we have solved the Schrédinger equation assuming
that the zero energy origin is located at the bottom of the well and the solutions have

to be energy shifted.
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3.1.2 From discrete energy states to the continuum DOS

Up to now, the QD energy spectra is formed by electron and hole discrete energy levels

and the density of states (DOS) can be written as
n
p(E) =) §(E—e) (3.10)

where n is the total number of binding states (holes and electrons). These binding states
are the solution of the isolated QD in the weak coupling regime in which we consider that
the electronic properties of the QDs can be explained independently to the surrounding
elements. However, the couplings between the QD and an external element (electrodes
or other QDs) make energy levels acquire a finite lifetime, since an electron inserted
at t = 0 in the state E = ¢; will gradually scape from this state. Therefore, the time

evolution of the wave function is

exp(—ie;it/h) — exp(—ieit/h) exp(—|t|/2T) (3.11)
isolated QD coupled QD

where 7 is the life time. This corresponds to a Fourier transform of a Lorentzian function
centered in ¢; with width //7 [13, 14]. In general, the scape of electrons from a level does
not follow a simple exponential law and the corresponding lineshape is not a Lorentzian

function. However as we will see latter, for tunneling processes, this is the case.

Therefore, instead of a series of discrete energy levels, the QD DOS can be written as a
sum of Lorentzian functions centered in each binding state forming a quasi-continuous

DOS
n al

PE) =Y o TR (3.12)

s

where « is the broadening of the level. Although we have written the total DOS of the
QD, for the electronic transport purpose we need to take into account if the energy level
belongs to an electron or hole state since the transport coefficients are not equal for both
types of carriers.

From a computational point of view, the approximation of a continuous DOS avoids

several numerical problems that arise from the discreteness nature of the energy levels.

3.2 Electron & Holes

Before describing the transmission coefficients, we are going to focus on the distinction

between electrons and holes.

In standard bulk semiconductor theory [15], two kinds of energy bands are defined:

the conduction and the valence bands separated by an energy range called energy gap
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(Ey). They are defined as a function of their position respect to the energy Fermi
level (Ef): the valence band is below, whereas the conduction band is above Ef. The
intrinsic characteristic of semiconductor is that Ey falls within the energy gap at room
temperature. This means that the valence band is almost filled, whilst the conduction
band is almost empty. For this reason, an intrinsic semiconductor at room temperature
has bad conductivity since there are few mobile carriers. In order to explain the mobile
carriers, the electron-hole scheme is used. The holes are defined as the absence of
electrons in the valence band, whereas the electrons are only computed in the conduction
band (Fig. 3.1(a)). Thus, the conductivity has two contributions: electrons and holes

terms.

(a) (b) (c)

E E ,
t / t /
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Bulk semiconductor Tunnel junction Tunnel processes

FIGURE 3.1: (a) Electron (fo) and hole (1 — fp) distribution functions, Fermi level
(Ef), DOS (pcp and pyp) and electron (fopcp) and hole populations ((1 — fo)pv i)
for an intrinsic bulk semiconductor. (b) Scheme of the tunneling junction and the tun-
neling transitions under external polarization. (c) Schematics of the different tunneling
processes in bulk materials. Electron from conduction band to conduction band (ECB),
electron from valence band to conduction band (EVB) and tunneling from valence band
to valence band (HVB) processes.

From the Transfer Hamiltonian formalism, we can write the tunnel current as I o
[(fr — fr)dE, this means that if there are energy states at both sides of the barrier the
carriers will move from filled to emptied states. Therefore, we can neglect the distinction
between electrons and holes and treat all the carriers as electrons that move through
different energy levels. Nevertheless, we have to include the different parameters of
electrons and holes associated to the tunnel transport as the different effective masses
and the barrier heights. Thus, we can treat the hole conduction as electron conduction
restricted to the valence band (see Fig. 3.1(b)).
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In comparison to the bulk semiconductor theory in which we talk about conduction and
valence bands, in QD we have discrete energy states and we talk about electron and hole

energy states.

3.2.1 Transport tunneling processes

A variety of tunneling processes can be identified in a semiconductor-dielectric- semicon-
ductor structure. Several studies have been done in N/P-MOS structures in inversion
and accumulation regimes and three main processes were observed [16, 17, 18]: electron
tunneling from conduction band to conduction band (ECB), hole tunneling from valence
band to valence band (HVB), and hole tunneling from valence band to conduction band
(EVB). Since the transmission coefficients are symmetric, the EVB process also involves
the inverse case, tunneling from conduction band to valence band. Fig. 3.1(c) shows
an scheme of these tunneling processes. We must note that the N/P-MOSFET was ex-
perimentally used in order to obtain a dominant current component (electrons or holes)
doping the semiconductor contact, but, the same transport mechanisms are present in

undoped systems.

We include the three tunneling mechanisms in the rate equation via the Transfer Hamil-
tonian Formalism using the appropriate DOS and transmission coefficient for each pro-

cess.

3.3 Transmission coefficients

This section aims to present a brief description of the transmission coefficients. The
invention of scanning tunneling microscopy (STM) by Binning, Rohrer, Gerber and
Weibel [19] stimulated additional interest in the theory of tunneling. The Transfer
Hamiltonian formalism was used to explain the three dimensional tunneling in STM
measurements [20, 21, 22, 23]. With the advance of the atomic spatial resolution, many
authors [22, 24] concluded that in the general case of three-dimensional tunneling current
cannot be calculated using the simple formula described by the Transfer Hamiltonian

Formalism. This simple relation is only valid in the one-dimensional case.

The carriers in the QD are confined by a potential barrier created by band offsets of
the QD material and the surrounding matrix. Thus, in order to extract it, they have
to cross through the oxide. Assuming elastic processes, the carriers scape via tunneling.
Therefore, a realistic description of these tunneling processes are desirable. Moreover,
as we saw in the previous chapter, the final electrical response of the system is strongly

dependent on these coeflicients.

Here, we present two methodologies in order to obtain the one-dimensional transmission

coefficients: the transfer matrix approach and the Wentzel Kramers Brillouin (WKB)
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approximation. We consider only one dimensional tunneling since we expect that the

tunnel process takes place along the direction that minimizes the tunneling distance.

3.3.1 The transfer matrix approach

There are a few cases in which we can obtain an exact solution of the Schrédinger equa-
tion that involves a spatial varying potential. Thus, numerical methods or approximate

solutions are needed in order to solve it and obtain the transmission coefficient.

The transfer matrix is a fruitful object that it has been used in the treatment of layered
systems or supperlatices [25, 26, 27]. It is based on a very simple strategy: the dis-
cretization of the spatial varying potential. Since we can obtain the exact solution for
a constant potential, it is decomposed in spatial regions in which its value is constant.
From this simple and elegant idea, and imposing the usual wave function boundary

conditions, the transmission coefficient can be easily evaluated.

@) 400

FIGURE 3.2: (a) Scheme of arbitrary spatial varying potential ¢(x) barrier and the in-
put (A and D) and output (B an C) amplitudes. (b) Scheme of the spatial discretization
of the previous presented potential barrier.

Let us start describing one dimensional incident planar wave that transmit through the
space in which there is a spatial varying potential barrier, Fig. 3.2(a). The transmission
coefficient is defined as |T'|* = t*t where t = C'/A, where the parameters C' and A are

the wave amplitudes in each side of the barrier. In a general form, the solution of the
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Schrodinger equation can be expressed as

Aeik(l‘—a) +Be—ik(z—a) T <a
P(z) = Yap(2) a<z<b . (3.13)

Ceik:(x—b) + De—tk(z—b) r>b
Where k£ = %, FE is the energy of the incident particle. The positive and negative
exponential terms indicate the propagation of the waves to the right and to the left,

respectively.

To solve the problem in a closed form, we must work out the Schrédinger equation in the
x € (a,b) region to compute 14 (z) and impose the appropriate boundary conditions:
the continuity of 1(x) and also of its derivative. Thus, two linear relations among the
coefficients A, B and C, D appear which can be solve for any amplitude pair in terms of
the other two: the result can be expressed as a matrix equation, which translates the

linearity of the problem. The linear relation between the wave amplitudes on both sides

(1)+(2)

The transmission coefficient can be easily obtained assuming that we have only incident

waves in the left side (A # 0 and D = 0), therefore the transmission is t = % = M(11,1)'

of the barrier can be written as

Now, it is time to describe the M matrix.

The M matrix takes into account the boundary conditions of the wave function in
the space. This means, if we use the strategy presented before, discretization of the
potential in small regions with constant potential (see Fig. 3.2(b)), we have to solve the

Schrodinger equation in each region. The wave function is described by plane waves

Yy = AEeikNx + A]*Ve_“‘/’f\”C where ky = Mh—%’) in the N*" region. From the
boundary conditions between the N** region and the (N + 1) region, we can write
k k
1 1 + N+1 1 _ FN+1
S(N) = 3 kiﬁl ki’il . (3.15)
-5 1+ 5%

We need to include a phase factor that takes into account the new origin of the space

coordinate x + x ) — x and it reads as

—ikn (z —zN)
P(N) = ( e 0 ) (3.16)

0 eikN(ﬂ?N-o-l*IN)

From Eq. 3.15 and Eq. 3.16, we can build the matrix propagation across the space in an
easy way
M = S(zq)P(xq)S(x1)P(x1)...5(xp). (3.17)
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Thus, the transmission coefficient is |T|? IR From this presented methodology,

_ 1
= i
the transmission coefficient can be obtained numerically. Regrettably, we can not write

an analytical expression.

Now, we are going to present another approximation that allows us to evaluate the

transmission coefficient in a simple form, and it provides an analytical expression.

3.3.2 'Wentzel Kramers Brillouin approximation

The Wentzel Kramers Brillouin (WKB) approximation is a method for finding approxi-
mate solutions to linear partial differential equations with spatially varying coefficients.
In quantum mechanics, it is used to expand semiclassically the wave function in which
the amplitude and the phase varies slowly compared to the de Broglie wavelength. This
method allows to obtain approximate solutions to the time-independent Schrédinger

equation in one dimension and it is widely used to calculate the tunneling probabilities.

The WKB is based on the solution of the wave function for a constant potential (¢p),

it reads

2m(E - ¢B)
72

If the potential (¢p — ¢p(x)) changes slowly with x, we assume that the solution of the

Y(x) = Aet™ where k = . (3.18)

Schrodinger equation has the form
)(w) = Ax)e ), (3.19)

where ¢(x) = xk(x) and A(z) is the amplitude. In a slowly varying potential, ¢(z)
should vary slowly from the linear case, £kxz. The wave vector as a function of the

energy can be written as

k(z) =/ 22ELBE) for B> gp(a)

2m(¢p(z)—F) (3:20)
k(r) = —iy/ = for £ < ¢p(z).
Using this ansatz (Eq. 3.19),the Schrodinger equation becomes
A" 2 A + i AP — Ap? = —kA. (3.21)
The set of equations is
A" — AP? = —kA (3.22)
20/ A' + A" = 0. (3.23)

From the second equation we obtain A = C /¢’ where C is a real constant. In order to

solve the first term, we assume that the amplitude varies slowly. Thus, the term A” is
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negligible. The final wave function solution is

W(z) ~ faeﬂf k(z)de (3.24)

In order to calculate the transmission coefficient trough a potential barrier, and taking
into account that the wave function (Eq. 3.24) conserves the density probability |(x)|? =
|10]?, we are going to separate the wave function in each part of the potential barrier.
Let us assume that the barrier extends from z; to x3 and ¢p(z) > E inside the barrier.

The solution is written as

() = doewp { /O b z’k:(x)da:} exp {— / |k:(x)|d:x} , (3.25)

U1

where we have neglected the growing exponential solution for physical reasons. The 1)1
term can be viewed as the wave function in the left part outside the barrier. It is readily
shown that the probability decays exponentially inside the barrier. The probability in

the other side of the barrier is

ol = fonPeap {2 [~ ey} (3.26)

1

The ratio of the probability densities to the right and to the left side of the barrier is
the tunnel probability |T|? and it is written as

2 2
7 = 1220 = eap {2 [ o (3.2

where 21 and x4 are the classical turning points defined by the region where ¢p(z) > FE.
We must note that the difference xo — x1 defines the actual tunnel distance covered by
the carriers through the barrier. It is worth noting that two important assumptions have
been taken in Eq. 3.27: (i) the energy momentum dispersion relation is considered as

parabolic, (ii) the electron mass is isotropic (effective mass approximation in the oxide).

The derived formulas using the WKB approximation are valid when the de Broglie wave-
length (\) of the electron is much smaller than the characteristic length over which the
potential varies appreciably [28]. For the Si/SiO; electron barrier, A can be estimated
as follows:

1 h

A=—-=—— ~15—2A. 3.28
k V 2moac¢B ( )

Where we have used the electron and hole tunneling parameters: ¢p. = 3.1 €V, ¢pp, =
4.5 eV, m¢, = 0.3m, and mlgx = 0.3m, for electrons and holes, respectively. This result
shows that the WKB approximation should be valid for oxide thickness as thin as 10-15
A which is 6-10 times larger than the electron de Broglie wavelength [29].

Finally, we consider that the tunneling barrier is bended when there is a potential
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difference between its sides. This potential difference creates an electric field across the
barrier, assuming that the barrier has a linear dependence on the applied electric field,

¢p(x) can be expressed as
¢B(x) = ¢o — ¢Egia, (3.29)

where ¢ is the unmodified barrier height, Eg;.; = V/d is the created electric field defined
as the drop voltage V and the width of the tunnel junction d. To obtain an analytical
expression of the tunnel probability, still it is necessary to distinguish between the regions
where direct tunneling or Fowler-Nordheim conduction take place. The main difference
between these two types of tunneling processes is the shape of the barrier that the
carriers have to overcome. In direct tunneling, the carriers see a trapezoidal barrier,
whereas in Fowler-Nordheim there is a triangular barrier. In the next section, we are

going to derive the expressions used for these two tunneling mechanisms.

T R R
Oxide %////////// Oxide (77777

ET_,X . 5

FIGURE 3.3: Scheme of the band diagram for the: (a) direct tunnel and, (b) the
Fowler-Nordheim processes.

L

3.3.2.1 Direct tunneling

The direct tunneling (DT) takes place when E < ¢(d). If the barrier has a linear
dependence on the applied field, ¢p(x) = ¢g — qFEgiel, the electric field through the

dielectric layer is Fgiep = % where, d is its overall thickness. Thus, the transmission
probability
9 d
T2 = exp (-h / V2Moe (b0 — qEgicz — E)dx) (3.30)
0
leads to
4/ 2mey
T2 = eap |~ =0 (6 — B)Y2 — (8(d) — E)*?) | (3.31)
3hqE el

Here, E is the energy of the incident carrier. Fig. 3.3(a) shows the band diagram scheme

for the DT process.
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3.3.2.2 Fowler-Nordheim tunneling

The Fowler-Nordheim (FN) tunneling takes place when E > ¢(d) and the turning point

T9 is given by the relation

¢(x2) = E = ¢o — qEgic122. (3.32)

This means that the carrier has enough energy to overcome the barrier before tunneling
the overall barrier thickness. Thus, the carrier sees a triangular barrier. The transmis-

sion probability is expressed as

2 (72
IT)? = exp <_h / V2moz (00 — qEgie1r — E)dx) (3.33)
0
which leads to
4
T 2 _ ox _E 3/2 .34
[T = cap | g2 20 (o0 = £ (3.31)

where F is the energy of the incident carrier. Fig. 3.3(b) shows the band diagram scheme
for the FN tunneling.

It should be noted that the observation of DT or FN processes strongly depends on the
thickness of the energy barrier, the applied electric field and the energy of the incident

carrier.
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FIGURE 3.4: (a) Transmission coefficient as a function of the energy of the incident
carrier for different polarization voltages. An scheme of the band bending is also shown
in the inset. The value of the potential barrier is ¢g = 3.1 eV, m,, = 0.3m,, and barrier
width d = 3 nm. The vertical dashed lines represent the transition from DT to FN
tunneling processes. (b) Representation of the different tunneling process as a function
of the voltage and the incident carrier energy for the previous barrier. We must note
that the transport only occurs when the carrier is inside the transport window created
by pr and pr. We fix pr, =0 and up = —qV.

In Fig. 3.4(a), we show the evolution of the transmission coefficient for different applied
voltages. The carrier must lie between uy, and ppg in order to obtain a net current. If we
fix up, = 0 and pr = —qV, the different regions in which each transport regime occurs
can be observed in Fig. 3.4(b).
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3.3.3 Transfer matrix vs. WKB approximation: a comparison

In this section, we are going to present the different obtained curves using the two
methodologies described before, the transfer matrix an the WKB approximation. A
comparison to an exact solution of the problem for a rectangular potential is also shown.
The systems under study are a potential barrier of 3.1 eV height and 1 nm and 3 nm
width. We have used m,, = 0.3my.

0 0
(a) 103 Exact solution ' (b) 10 o T T
—— WKB approx.
1075
107+
o™ 10-2- o
A RN () - 0 .
= 3 = T
10 w0t A :
5 WV =3 1eV|
—— WKB approx. :
104 £&— kA w12/ - T. matrix N=5
777777 - ==-T. matrix N=20 1— 1o
5 i T. matrix N=100
1 0 T T T T T T T 1 0 T T T T T — T
0 1 2 3 4 0 1 2 3 4
Incident electron energy (eV) Incident electron energy (eV)
0 0
(c) 101 Exact solution ' ' (@ 10 EE T
T— WKB approx. 1
1074
-
. . 104
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FIGURE 3.5: (a-b) Transmission coefficients for a rectangular and triangular potential
barrier of 1nm width, respectively. The exact solution and the WKB approximation
are shown for the rectangular barrier. The solution for the triangular case using the
transfer matrix with different space discretization and the WKB approximation are
also shown. In the inset, an scheme of the system is presented. (c-d) Transmissions
coefficient for a rectangular and triangular potential barrier of 3 nm width, respectively.

In Fig. 3.5(a), we compared the transmission coefficient as a function of the incident
energy for a rectangular potential barrier of 1 nm width. The WKB approximation
and the exact solution are also presented. For this case, the transfer matrix approach

coincides with the exact solution of the Schrodinger equation.

The comparison between WKB and the transfer matrix approach for the triangular case
is also presented in Fig. 3.5(b) for different space discretization. In order to obtain a
triangular barrier, a voltage V' = 3.1 V has been applied. The limitations of the WKB

approximation are clearly presented in Fig. 3.5(b) since the assumptions of this approach
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are not fulfilled (A << d). We can also note the differences in the classical turning point,

when the incident electron energy equals the height of the barrier F = ¢p = 3.1 eV.

In Fig. 3.5(c) and (d), the transmission is presented for the same cases as before but
using a wider barrier (3 nm). In this structure, the WKB solution is closer to the exact

and the transfer matrix solutions since the barrier is wider than in the previous case.

In order to develop a suitable methodology capable to deal with several QDs, we have to
sacrifice some accuracy in the calculation of the transmission coefficients. Although we
have observed differences between the WKB, the exact and the transfer matrix solutions,
the major ones appear for the rectangular barrier. However, we must note that the
transport trough a rectangular barrier represents that there is no voltage difference
between the two sides of the barrier being the net current equal to zero. Thus, the oxide
band will be bended when we calculate the net currents. Therefore, we can use the

WKB approximation without lack of much precision.

3.4 Capacitive couplings

As we have seen in the solution of the Poisson equation, the local potential in each QD
can be decomposed in two terms: the Laplace term plus the charge term. Concerning the
Laplace term, the solution is expressed as a function of the capacitive couplings between
the QD and the rest of the elements of the system. Moreover, we have demonstrated the
importance of these capacitive couplings in the final current trend since the Laplace term
is the dominant term in the local potential. Therefore, these capacitive couplings govern
the movement of the DOS changing the number of energy levels that can contribute to
the transport processes.

For this reason, we are going to present a realistic modelization of these couplings. Using
the image charge method, the capacitance among the QDs and the leads and between the
QDs can be obtained as the sphere-to-conducting-plane capacitance and sphere-sphere,

respectively.

3.4.1 Image charge method

In order to obtain the different capacitive couplings among the parts of the system, we

are going to describe briefly the image charge method.

The essence of this method consists in the replacement of the boundary conditions
effects by imaginary charges which replicate the boundary conditions of the problem.
The validity of the image charges method rests upon a corollary of the uniqueness

theorem, which states that the electric potential in a volume is uniquely determined if
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both the charge density throughout the region and the potential value on all boundaries

are specified.

We focus on the sphere-to-conducting-plane case. The two elements are subjected to
a potential difference V. The conducting plane is placed at z = 0 and grounded. The
sphere radius is R and its center is placed at a distance z = zg from the infinite plane.
The minimum distance between the sphere and the grounded plane is d = 29 — R. We
start considering the isolated sphere with charge go that generates the potential V at

the surface. This charge can be expressed as
qo = 47T50€7~RV, (3.35)

where ¢, is the relative dielectric constant of the material and g is the vacuum permit-
tivity. This charge generates an image charge with —gqp located at z = —zg. The image

charge also creates an image charge in the sphere with position and magnitude given by

R2
Z1 = 20 — TZO (336)
R
= — 3.37
q1 = 220 q0- ( )

If the process is repeated and for the i** charge, we can write

R2
Z; = 20 — m (338)
R
i = o di-1- 3.39
¢ 20 + 2zi—1 i1 ( )

The derivation of Egs. 3.36 to 3.39 can be found in many textbooks [30]. It is convenient
to define the normalized charge & = ¢;/qo.

The potential for the sphere-plane is equivalent to the potential of these two groups of
charges

Qi

L& 4
 Arweoe, ; \/T2 + (2 — 2)2 \/Tz (2 + 2)

o(r,2) (3.40)
where, we have used polar coordinates. We must note that Eq. 3.40 is a solution for
point charges, which is not the actual system of a sphere-plane. Both solutions are equal
only for (z — 29)? +r? > R? (outside the sphere) and for z > 0 (above the plane). Inside
the sphere ¢ = V at any point and beneath the plane ¢ = 0 at any point.

Once ¢ is given, the electric field can be obtained. From E (r,z) = —V¢ it reads as

iz + 2
RVZ 2 4 7?2]3/2 (2 _Ez(l)g n 22]3/2, (3.41)
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where we have omitted the r-component of the field since the electric field on a conductor

surface is perpendicular to it. Evaluating the electric field at z = 0 we can write

(3.42)

2§zzz
E.(r,z=0) = RVZ Rk

Using the Gauss theorem, we can obtain the charge in the plane as [ E-ds = Q/erep.

The capacitance is expressed as C' = Q)/V, thus, the capacitance can be written as

—2mepe, [
C=_—0r / E.(r,z = 0)rdr. (3.43)
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FIGURE 3.6: (a) Lead-QD capacity for different QDs radii as a function of the distance.
(b) QD-QD capacity for different Rs radii, the radius of one QD is hold at B; = 1 nm.
In both cases, we have used ¢, = 3.9.

3.4.2 QD-lead coupling

Using the image charge method the coupling between the QD and the lead is obtained
as the sphere-to-conducting-plane capacitance. From Eq. 3.43, it is derived an analytical

solution that it is written as [31]

1
CLead —4 /72 — R2 3.44
mrerco Z sinh(n - arccosh(g))’ (344)
Where, r is the distance among the center of the QD and the lead and R is the QD
radius. The value of the capacitance is shown in Fig. 3.6(a) as a function of the distance
and QD radius.
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3.4.3 QD-QD coupling

For the QD-QD capacitance, sphere-to-sphere coupling, we also need to use the image
charge method but there is not an analytical solution. Therefore, the evaluation must
be numerically, which converges to the desired value within an acceptable number of
iterations [32]. The value of the capacitance is shown in Fig. 3.6(b) as a function of the
distance among the QDs and the QDs radii.

3.5 Putting all together: final equations

Summarizing the theory exposed in the previous sections and including the realistic
parametrization that was done in this chapter (DOS, transmission coefficients and ca-
pacities) and the inclusion of the different transport mechanisms (ECB, EVB, HVB),

the rate equation for each QD in a general system can be written as

dN; 4 oo 47
i \Tecs*pLoi(fr — ni)dE + 4 / Ty sl pLo} (fr — ni)dE
dt h ) h J_ s
Left lead contribution
4mq dmq
+—= |TECB!2PRPf(fR —n;)dE + h/ Trve|*prel (fr — n:i)dE(3.45)
—00 —00
Right lead contribution
Nelg(;]bjormg + hq Z N fj-;o |TECB’207?P§( i)AE + f ]THVBPthp;L(nj —n;)dE
S 4 + “+o0o

contribution % Ej7j¢i f—oooo ‘TEVBprP?( dE + f |TEVB’2'OJ'01 | ni)dE

where ¢ = 1...N, being N the number of QDs. We have written explicitly all the
current contributions for an arbitrary i** QD. The first pair of terms is related to the
left lead contribution, the electron and the hole contributions. For simplicity, we assume
infinite metallic leads therefore we only write the continuum DOS of the leads (pr),
meanwhile in the QD we write the DOS in separately terms: electron (p¢) and hole (p)
DOS. Similar contribution is obtained for the right lead. In these two contributions,
we use the Fermi Dirac distribution function to describe the leads with ur — pp = qV
electrochemical potentials. In each current term, we use the appropriate transmission
coefficient. The last two pairs of current terms represent the current from the neighbor
QDs. The subscript j runs over all the QDs except the QD that we are considering. In
these terms, we take into account the different processes: tunneling from the electron
to electron states and tunneling from hole to hole states. We also need to describe the

tunneling that mix electron and hole states (EVB process).

The set of Egs. 3.45 (one per QD) can be solved for the steady state. Under our

assumption that there is no inelastic scattering, the system can be written in a matrix
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form and solved for each energy step to obtain the non-equilibrium distribution function
for each QD (n;).

On the other hand, from the solution of the Poisson equation, the capacitive coupling

term (Laplace solution) can be expressed in a matrix form for a general system. It reads

as

Uk 1/Ciota 0 0 Clead

L= 0 : 0 X : (—aV)

Uk 0 . 1/Ciotn Ckead
0 01,2 CLN %
Cor 0 ... Coy m

- . S : (3.46)

: SR v
Ovi Onz ... O o

)

C;j is the capacitive coupling between the different components, QD-lead and QD-QD
capacities, and Cipr; = ) j it Cj; is the total capacitive coupling of the ith QD, where
the subscript j runs over all the components of the system except the i** QD. The
first term in the previous equation is the electrostatic influence of the lead in which the
bias voltage (V') is applied, whereas the second term is the electrostatic coupling with
the neighboring QDs. The neighbors capacitive matrix is defined as N x N symmetric
matrix with zero in the diagonal terms. Both terms are multiplied by the inverse of the

total QD capacity.

The general solution of the Poisson equation for each QD can be written as

q2
AN; (3.47)

Ui:UiL—i_Ctt‘ 79
ot,i

where the first term is the capacitive coupling described before and the second term
reflects the charge increasing in the QD respect to the original charge.
Summarizing the here presented methodology:

1. For a given external bias voltage, Eqgs. 3.45 are solved and the distribution func-

tions are obtained. The electron number in each QD is computed as N; =
2 [ pi( Eyni(E)dE.

2. The local potential in each QD is obtained using Eq. 3.47.

3. The DOS are modified p;(E) — p;(E — U;) and the transmission coefficients also

change.

4. Repeat step 1 and 2 until the potential converge.
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3.6 Code implementation: the SimQD simulator

Here, we are going to describe briefly the code implementation and some computational
strategies that we have used in order to create a computational tool capable to simulate
these devices, the SimQD simulator. The previous formalism has been implemented in
MATLAB® code taking advantage of its matrix-oriented syntax. In Fig. 3.7 we show the
SimQD scheme flowchart and the general strategy behind the code is presented below.

*Device Start
description

*Geometrical
arrangement

Y

*Material
parameters

Qd energy spectra

Next voltage step?
Yes

Initial potential

Desired
error?

No

Shift energy levels

Calculate transmission
coefficients

Solve rate equations
Compute the charge

*Capacitive
couplings

Evaluate
outputs

FIGURE 3.7: Scheme flowchart of the SimQD that implements the methodology de-
scribed in this chapter.

The code is divided in 3 main parts:

1. Input parameters: Define the geometrical and the material parameters that form
the device. The number of QDs is also defined. Calculate all the voltage indepen-

dent parameters.

2. SCF process: Start the voltage loop. For each voltage point, the SCF process is

repeated until it converges to the desired error.

3. Output: Calculate the output values.
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3.6.1 Input parameters

First of all, we start describing the input parameters that define the system under
study. They can be decomposed in two types: material and geometric constants. The

code inputs are shown in Fig. 3.8.

Material parameters Geometrical inputs

Energy barriers Device description:
é BB BB Device area
b ox
EVB EVB Number of layers
¢b ox QDs per layer
¢ HVB m HVB Number of QDs
b ox
Dielectric Layer spacing

. . . QD position distribution:
Oxide dielectric constant
) *Fixed position
Device temperature
«Random...

QD material
Band gap

QD mean size

QD dielectric constant QD size Std. Dev.

Effective masses
*Electron

*Hole
FIGURE 3.8: List of the input parameters that describe the device.

After the system is described, the QD array can be generated both randomly or in a
fixed positions. The QD size is also generated using a normal distribution with a mean
radius and standard deviation. However, in both cases all the QDs must fulfill two
conditions: (1) no overlapping between QDs and (2) the QDs must lie entirely in the

oxide matrix. The distances between all the elements of the system are also calculated.

The capacitive couplings are calculated at this point. The electron and hole energy levels
are also obtained, since they only suffer a shift when an external voltage is applied. The

Newton-Raphson method is used to compute the electron/hole binding states.

As we pointed out previously, the set of rate equations can be described for each energy
step. Since we are describing ballistic transport, the electron/hole always has the same
energy. Therefore, an energy grid is created and the rate equations are solved for each

energy grid point.

3.6.2 Self-consistent field process

For each voltage step the SCF process is initiated. The Laplace term of the local
potential is evaluated using the capacitance matrix. The energy levels of each QD is

shifted by the local potential. The transmission coefficients are calculated for each QD
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in each point of the energy grid taking into account the voltage difference among the two
sides of the barrier. Thus, the rate equations can be written: one equation per QD and
evaluated at each energy point of the grid. In order to solve this set of equations, the
Moore-Penrose pseudoinverse method [33] is used since the matrix is not always directly
invertible. Thus, the non-equilibrium distribuion function is obtained and the stored
charge in each QD can be evaluated. The charge term in the local potential is added
and the process is repeated until the system converges to a desired error. In order to

accelerate this process, the Anderson mixing method is implemented.

3.6.2.1 Computational strategies: Anderson mixing

The self-consistent solution of coupled, nonlinear equations is a treasured topic in numer-
ical analysis for obtaining stable and computationally efficient convergence for iterative
solutions. It is interesting to know that this kind of computational strategy is widely
used in electronic-structure calculations since the Kohn-Sham equations [34] have to be
solved self-consistently. The charge density n(r) depends on the potential V' (r) which
depends nonlinearly on n(r). The prescription for obtaining V(r) from n(r) is given
within density-functional theory via Poisson’s equation. The self-consistency condition
for this type of calculations can be written as F'(n) = neuw(n) —n = 0, where n is the
input density. Therefore, in essence, one is just solving a system of simultaneous non-
linear equations F'(n) = 0. This kind of equations is also obtained by the Schrédinger
Poisson solvers [35]. From the previous developed rate equation model, we have to solve

simultaneously the charge in each QD and the Poission equation.

In an iterative procedure, convergence can be defined as continuously minimizing the
“distance” between the input and the output potential. The terms input and output
refer to the potential before and after the solution of the system of equations. When this
distance is zero, i.e. input and output potentials are equal, the system has converged
to the fixed-point solution. The simplest definition of distance between the input (Uj,)
and output (Uyy) potential is

D[Uout7 Um] = (< Uout - Uin’Uout - Uzn >)1/2 =< F|F >1/27 (348)

where < Uy — Usp| is the vector of the differences for each QD.

Now, we are going to describe the used method to solve simultaneously the charge and
the Poission equation in each QD. It is based on the Anderson’s method [36, 37]. Two
“average” mixed potentials are defined for each iteration step as

Tingouty >= (1= By > +BIUS >, (3.49)

n(out) in(
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where m is the current iteration. The aim is to obtain the “best” 3 value for the current
iteration that minimizes the distance between these two average quantities. It reads as
< F(m)|F(m) — plm=1) 5

B = D . (3.50)

Finally, to obtain the new guess for the next iteration, we simply mix the average Uj,
and U, potentials
UM S>= (1 —a)|07, > +a|U >, (3.51)

where « is chosen empirically.
This method is implemented in the code as following:
1. Initialize the variables with the last value of the previous voltage point. For the
first voltage point, the variables start in zero.
2. Calculate the solution of the Poisson equation U, for given Uy,.
3. Calculate the value of .
4. Calculate the average mixing for the input Us,.
5. Calculate the average value for the output Uyy;.
6. Do the simple mixing between the input and output average potentials.
7. Save values for the next iteration.

8. Repeat steps 2-7 until the desired convergence is achieved.

3.6.2.2 From equations to code: oriented matrix language

Previously we have presented the two main set of equations that govern the response
of the system: the rate equations and the solution to the Poisson equation. Since for
each QD we have to write a rate equation and a solution of the Poisson equation, we

can write them in a matrix form.

Concerning the rate equations, we have to solve them numerically, since no analytical
solution of the distribution function of each QD can be obtained. As the transport is
ballistic, we can write a set of rate equations for each energy point. Thus, an energy
grid discretization has been done and the distribution function is obtained at each grid
point. Therefore, the problem is decomposed in a set of N equations (where N is the
number of QDs) that has to be solved N times (where Ng is the number of the energy
grid points). Obtaining the distribution function of each QD at each energy point of the

grid. To compute the currents and the charge we sum over all the energy grid.
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FIGURE 3.9: (a) Band diagram scheme of a single QD and the energy grid. All the
energy dependent parameters are evaluated at these grid energy points. Moreover, the
“interesting” transport region is highlighted by the red square. As we saw previously,
the transport only occurs in the energy window created by py and pg. Since we are
doing the transport calculus at room temperature, we also include an energy region
above and below the electrochemical potentials. (b) Computing strategy to obtain the
distribution function at each energy grid point. The set of rate equations are solved for
each energy being P and A the transport matrices.

In Fig. 3.9(a) we show a band energy scheme of a single QD connected to the leads. The
energy grid is also shown. Following the previous strategy, the transmission coefficients
and the DOS of the QD are evaluated at each energy point. Thus, the we need to
solve the rate equation for each energy point to obtain the distribution function (see
Fig. 3.9(b)).

Finally, from the Poisson solution we compute the variation of the charge respect to the
initial value. The easiest way to obtain the initial charge is to perform the summation of
the DOS up to the common electrochemical potential at zero bias. However, when the
local potential raises or lowers the DOS, a fraction of the DOS enters or leaves the fix
energy grid changing “artificially” the charge. In order to avoid this effect, we restrict
the calculations of the charge to the transport energy window and a small energy region

above and below it (red square in Fig. 3.9).

3.6.3 Code outputs

In the final stage, the code calculates the outputs for each voltage point. Occupancy of
each QD respect the initial charge as a function of the applied voltage, the individual
current voltage curve, as well as the total device I(V) curve and the local potential in

each dot for the applied voltage.
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The total current is decomposed into electron and hole terms for a system of N QDs

and reads as

dmq e 2 e e 2 h
Irora(V) = —= > Tecsl prpi(fL —ni)dE + Ty sl prei (fo —ni)dE ¢ .
i=1 /7% —o©
(3.52)
The electron number in the i*» QD under external polarization can be obtained using
“+o0o +o0o
Ni(V) =2 / p°nidE + 2 / pnidE, (3.53)
—00 —00

where we have decomposed explicitly the DOS in the electron (p¢) and hole (p") parts.
Here, we must note that we are summing for all the electrons of the QD since n; gives
the occupation of the energy levels. Therefore, to compute the electron increment (AN)
we have to subtract the electrons in the QD in the equilibrium state (NZQ), which reads
as
+00
N = 2/ " f(E)dE, (3.54)

—00
where, f(F) is the equilibrium Fermi Dirac distribution function and we have neglected
the filled electron states.

3.6.4 Computational performance
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FiGURE 3.10: Computational time vs. number of simulated QDs. The time is referred
for a single voltage point. Simulations were done in a dual core 2.60 GHz.

To conclude, we present here the computational efficiency of the code. In Fig. 3.10 we
show the computational time needed to obtain results for one voltage point as a function
of the number of QDs. The computational time grows with the number of QDs but it is

still reasonable and allows to simulate large QD arrays. The most computational time is
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spend in the recursive calculation of the transmission coefficients that is a N x N x Ng
matrix, where IV is the number of QD and Ng is the number of energy grid points. This

matrix has to be obtained in each iteration of the SCF process.

Besides, in order to increase the computational efficiency of the code and accelerate the
SCF convergence, the simulation at each non-zero voltage is started using the potential

solution obtained at the previous voltage as initial guess

MATLAB® allows to execute the code in parallel using computers with several cores.
Thus, the simulations can be run in a parallel cluster decreasing further the computa-

tional time.

3.7 Conclusions

In this chapter, we have extended the rate equation transport methodology. In order to
create a simulator tool, we have described as realistically as possible the main parameters

that govern the final response of the system.

Concerning the energy level spectra of the QDs, we have seen that play an important
role in the final response. Therefore, a realistic DOS that takes into account the discrete
energy spectrum of the QDs has been obtained using the EMA. As a first order approx-
imation, we have used a finite spherical potential well within the EMA. This framework
allow us to describe the internal structure of the QDs as a function of three basic pa-
rameters: the confinement potentials, the effective masses and the QD radius.

Besides, we have also included the hole carriers so; the DOS is decomposed in hole and
electron energy levels. Therefore, a new contribution to the current is included. Thus,

different tunneling processes are described for electron and holes.

Since the tunneling junctions dominates the final response of the system, an effort has
been done in order to describe accurately the tunneling transmission coefficients. Re-
grettably, the exact solution can not be obtained analytically. Therefore, two different
approaches has been studied: the transfer matrix and the WKB approximation. A
comparison between the two approaches was done and finally, the WKB was chosen for
computational reasons to describe the tunneling probabilities.

Two different tunneling regimes have been considered as a function of the deformation of
the oxide barrier and the incident energy electron: direct tunneling and Fowler-Nordheim

for trapezoidal and triangular barriers, respectively.

On the other hand, the capacitive couplings have been described using the image charge
method: a sphere-to-conducting-plane for the QD-lead and sphere-sphere for QD-QD

couplings, respectively.
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To conclude, we have presented the implementation of the transport model in a MATLAB®
code. The computational issues, numerical strategies to achieve the convergence, as well
as the code implementation were also discussed. Probably, the code implementation is
one of the most important part of this thesis since it allowed us to simulate realistically

different kind of systems as we will see in the following chapters.
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Chapter 4

Study of the electronic transport
in Silicon QDs

In this chapter, we use the previous developed formalism and its code implementation,
the SimQD code, to simulate different systems based on silicon quantum dots (Si QDs)
embedded in a SiOy matrix (Si/SiOy QDs). First of all, we show the shape of the
obtained density of states (DOS) using the Effective Mass Approximation (EMA). As
this approximation has several limitations and can not reproduce exactly realistic DOSs,
we introduce the possibility to use the density functional theory (DFT) to describe the
electronic properties of the QDs; opening the possibility to use the DOS of the QDs as
an input parameter. In the second part, we obtain the I(V) and the accumulated charge
curves for a single QD in different configurations. The simulations of large systems
based on multilayer structures are also presented reflecting the capability of the here
presented transport model to deal with experimentally relevant structures. Once the
transport features for Si/SiOy systems are explained, potential applications of these
systems are studied: the single electron transistor and the double gate transistor. In
the last section, a comparison with experimental results and with other macroscopic
transport models is done. Moreover, we present the possibility to use the transport

model to describe ballistic transport through material traps or defects.

4.1 From DOS to current: preliminary discussion

In Chapter 2, we have described a general theoretical framework to calculate the elec-
trical response of a system based on QDs. The total tunneling current incoming from
left lead to all the QDs can be written as

1=y / T2 E)or(B)pi(B)(f1(E) — ni( E))dE, (4.1)

95
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where the subscript i corresponds to the " QD. The total current that crosses the whole
device can be obtained summing all the individual currents through each QD, since we

do not consider direct current between the two electrodes.

Up to now, we have not introduced the nature of the leads. The final response of
the system is strongly dominated by the injection properties of the carrier reservoirs
(leads). As we are interested in the transport properties of the QDs and in order to
present clearly the different features of these systems, we treat the electrodes as infinite
metallic contacts well described using the Fermi Dirac distribution function. Moreover,
we assume a constant DOS in the leads.

Concerning the DOS of the QDs, we have used the approximation described in the
previous chapter, the EMA. Although this approximation gives a discrete spectrum
of energy states, it fails to reproduce all the internal structure of the QD, and the
most important issue is how to include the degeneracy of the energy levels. Up to
now, we only considered spin degeneracy but it is well known that there are other
degeneracies associated to the quantum numbers, i.e. for the [ # 0 cases, each state is
20 + 1 degenerated.

Since the values of the used DOS (lead and QD) are only qualitative and not quantita-
tive, the obtained current values can not be directly compared to experimental results.
We restrict our calculations to a number of QDs embedded in an oxide block of given
dimensions. Therefore, to compare directly the simulations and the experimental results
the QD density has to be known. Thus, although Eq. 4.1 has units of current (A), it
can not be directly compared to experimental current values. Then, we try to reproduce

the measured experimental trends and features instead of the measured values.

4.2 Running the simulations

In this chapter, we are going to show several results from different QD arrangements
simulated using the implemented code, the SimQD. As we saw, the code only needs two
types of inputs: the device description (oxide size, disposition and QD number) and the

material parameters to describe the QDs, the oxide matrix and the tunneling processes.

4.2.1 Device description

First of all, we must define the system: the geometrical disposition of the QDs and the
size of the embedding oxide. Here, the most important dimension, which will dominate
the value of the current, is the length of the device, since the tunneling current decreases
exponentially with the tunneling distance. In order to avoid future confusion we assume:

x-direction (length), y-direction (width) and z-direction(height). The transport direction
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is in the x-direction and the leads are placed in the y-z plane (z = 0 and x = L where
L is the device length).

4.2.2 Material parameters

Up to now, we have proposed a transport model to simulate the electrical behavior of a
device based on QDs. Here, we are going to focus on the specific case of silicon QDs (Si
QDs) embedded in a Si02 matrix (Si/SiO2 QDs). The inputs needed to describe this

system are the material constants given in Table. 4.1.

mpop (mo) 040 [1, 2] || ¢1.ecp (eV) 3.1 [3, 4]
meyp (Mmo)  0.30 [1 é1,ave (€V)  -4.5 [3, 4]
miy g (mo)  0.32[1 Egap (V)  1.12[3, 4]

]
]

5] 57‘51’02 (60) 3.9 [4, 6]
)

[
[
mzzd,CB mo) 0.33 |
[ ersi(€0) 11.7 [4, 6]

(
mHavp (mo) 028 [5

TABLE 4.1: Parameters used in the simulation in order to describe Si QDs embedded
in Si09 insulator matrix.

Myop, Mpyp and mi, 5 are the effective masses for the different tunneling processes
(see the previous Chapter). m*Qd’CB and m*Qd’V p are the geometric averages of the
anisotropic Si bulk effective masses for the electrons and holes [7]. ¢1 gcp is the electron
confinement potential whereas ¢1 fv p is the one for the holes. Ey,), is the bulk Si band
gap and we assume that the Fermi level is placed in the middle. We must note that the
position of the Fermi level is an important point, since it modifies the energetic distance

between the zero energy level and the first electron and hole energy levels.

Although the electron and hole energy levels position depends on the parameters pre-
sented in Table. 4.1, the HOMO (first hole energy level) and the LUMO (first electron
energy level) are placed approximately at the same energy distance respect to the Fermi
level. This means that when an external voltage is applied both energy levels will start
to conduct at the same time. Moreover, in these energy levels the charge will change
(filling the electron level and emptying the hole one). This effect can be changed moving
the position of the Fermi level, if the Fermi level is close to an electron state it will start
to conduct before the hole state. The similar case is obtained for the Fermi level close to
the hole state, the hole state will conduct before the electron one. Thus, the alignment
of the QD Fermi level and the leads is not a trivial question and will govern the current
and charge trends.

On the other hand, the difference position between the Fermi levels of the leads and the
oxide matrix defines the electron and hole energy barrier. Thus, the material parameters
have to be changed as a function of the simulated system.

Finally, €,5i0, and €, ; are the dielectric constants of the bulk Si0O9 and Si, respectively.



98 Chapter 4. Study of the electronic transport in Silicon QDs

In order to focus on the intrinsic properties of the electron transport through the QD
array, we have assumed a continuous DOS for the leads. Therefore, the leads act as an

infinite carrier reservoir.

4.2.3 Example with the Effective Mass Approximation DOS

Since the materials that form the QDs (Si) and the surrounding insulator matrix (Si0O2)
are well described, we can use the EMA and the finite spherical confinement potential
to obtain the energy binding states that define the discrete energy spectra of the QDs.

From the previous chapter, we use the following equation to obtain the electron binding

* 2
ot = —, | LECB. (@) -1, (4.2)
mZQd,CB €

2m* 2m%, . E . ..
where o = y/ Z2ECBILECE B2 and ¢ = 4/ 22EGE0 R2 - B i the electron energy binding
h h
states. For the hole case, we use mj;, 5, ¢1,5vp and médyB.

energy levels

An example of the obtained DOS for a QD of radius R = 1 nm, where the discrete energy
levels have been broadened, is presented in Fig. 4.1. The confinement potentials, the bulk
Si band gap and the position of the equilibrium Fermi level are also shown. Moreover,
as a first approximation we have assumed a continuous DOS for energies above the
confinement potentials of the insulator matrix. This fact reflects the continuous energy

level spectra out of the confinement region.

électron states
h'ole states

"""""_""f""""
|

DOS (state/eV)

N .

Energy (eV)

L

FIGURE 4.1: Obtained DOS for a QD of R=1nm. The broadened binding electron
and hole states are shown. The position of the Fermi level Er (zero energy point),
the confinement potentials ¢1 rcp and ¢1 yv e and the Si bulk band gap Ey,, are also
shown. For energies above the confinement potentials, continuous DOSs are assumed.

On the other hand, from Eq. 4.2 the energy position of the electron and hole energy

levels are dependent on the QD radius. Obtaining the well know relation between the



Chapter 4. Study of the electronic transport in Silicon QDs 99

QD energy gap and the QD radius. Besides, the number of binding states increases with
the QD radius.

4.2.4 Example with Density Functional Theory inputs

Up to now, we have described the electrical properties of the QDs using the simply
model based on the finite spherical potential well within the EMA. As we have seen,
this approximation allows us to deal with discrete energy levels. This approximation
also reproduces the well know dependence of the Fy,, with the QD radius, as we will
see in the next chapter.

From the proposed transport model, the DOS of the QDs (the energy level spectra) only
appears in the calculation of the tunneling currents and the QDs charge. In fact, since
we have presented a general carrier transport method the QD DOSs can also be viewed
as another input parameters. Hence, we can use other approaches in order to describe

the QDs electronic properties.

Here, we discuss briefly the inclusion of Density Functional Theory (DFT) outputs as
inputs for our transport model. This work has been presented in Ref. [8] and all the
details of the DFT simulations conform the PhD Thesis of Dra. Nuria Garcia-Castelld.

As in any atomistic calculation, the main work can be decomposed in two fundamental
parts: the construction of the structure under simulation and the structure relaxation.
The relaxation process moves the initial atomic positions in order to find the minimum
energy configuration of the system. Two types of structures have been studied: the -
cristobalite Si0s and amorphous SiOy. All the structures have been obtained from the
supercell Sio160432. The QD is created removing all the O atoms inside a cutoff sphere
of given radius. The relaxations of all the systems and the calculation of the DOS have
been computed with the DFT code SIESTA [9, 10]. Due to the large computational
time needed to relax these structures, only a few cases have been studied. Different QDs
have been created in the crystalline and amorphous 5702 matrices ranging from 1.27nm
to 1.60nm of QD diameter.

The projected density of states in the atoms that forms the QDs has been calculated and
it was compared to the embedding SiOy matrix DOS. From this direct comparison, the
confinement potentials (band offsets between the conduction and valence bands of the
Si/Si04 interface) can be obtained. The main results as functions of the QD diameter

can be summarized as:

e The band offsets increase with the QD size (more pronounced for valence band
than for conduction band) consistently with the planar value corresponding to the

bulk case.
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FIGURE 4.2: (a) Relaxed structure of the QD of 32 Si atoms in crystalline (left panel)
and amorphous (right panel) SiOs matrix. Red spheres are O atoms, green spheres
are Si atoms and the yellow thick sticks represents the Si atoms that form the Qd.
(b) Simulated DOS using DFT for different Si QD sizes embedded in amorphous a-
or crystalline c- Si0Oy matrix. The subscript is the number of Si atoms that form the
QD. For comparison, the amorphous silica (a-Si02) is shown in all the plots. From
this comparison, the band offsets for each QD radius can be obtained. The figures have
been taken from Ref. [8]. The position of the Fermi level is the vertical dashed line and
it is located in the middle of the QD Eyq).

e In crystalline systems, the valence band offsets are lower than in the amorphous
ones for similar QD diameters. In contrast, for the conduction band offsets, a clear

trend is not observed.

e In a general trend, Ey,, decreases when the QD size increases. Some fluctuations
in the expected trend were found due to the oxidation degree at the interface and
the strain induced by the embedding matrix. Due to the small size of the QDs,
they are basically formed by surface atoms and the embedding matrix has a strong

influence in the QD properties.
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To conclude the DFT study, the obtained DOS (see Fig. 4.2) have been used to simulate
the charge transport in a single QD. We are not going to reproduce here again the

obtained results because, as we have seen previously, the current basically represents
the DOS of the QD. The I(V) curves are presented in Ref. [8].

Thus, we have shown the possibility to combine two different simulation techniques to
obtain the electronic transport. We use the realistic and complete description that the
DFT provides of the electronic structure of the QD and then, the obtained DOS is used
as an input to the here presented transport methodology. Although there are other
codes that treat to solve the electronic transport from DFT calculations using NEGFF,
such as TRANSIESTA [11], and the transport module of GPAW [12], the atomistic
procedure is infeasible for large systems. Thus, our model is perfect to combine the
realistic description of the QDs within DFT codes and the large system capability of the

transport model in order to simulate devices based on QDs.

4.3 One single Si/Si0, QD

Before simulating a complete device based on large arrays of QDs, we are going to
describe a single Si/SiOy QD in different configurations. From this small system, we
will show the general trends obtained for the current voltage curves (I(V)) and the

accumulated charge.

In Fig. 4.3, we present the obtained I(V) curves and the accumulated charge for a system
composed of: two leads separated by bnm and a single QD of R = 1.5 nm connected
to them at different positions. The position of the QD z is measured from the left
lead. An external bias voltage is applied to the right lead, whereas the left one is kept
as a reference, this means puy = 0 and up = —qV. Concerning the variation of the
number of electrons (AN = N — Np), it reflects the variation of electrons (V) respect
to the initial number (Ng). Therefore, if the variation is negative, it implies that the
system looses charge (hole accumulation). If the variation is positive, this implies that
the system increases its charge (electron accumulation). Concerning the values of the
charging energy Uy, it is around tens of meV similar to the thermal energy (7" = 300 K)

being in the self-consistent field regime.

Fig. 4.3(a) shows the total I(V) curve and the hole and electron currents for a QD
connected symmetrically to both leads, z = 2.5 nm. Concerning the partial currents
(electron and hole contributions), the electron current is the dominant term since the
electron barrier (3.1 €V) is smaller than the hole barrier (4.5 eV). Besides, the opening
of the discrete electron/hole conductive channels are clearly visible in the current steps
at different voltages due to the position of the discrete electron/hole energy levels. Since
the system is symmetrically coupled to the leads, the total current is symmetric in both

polarization directions. From the I(V) curves, we must note that negative differential
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FIGURE 4.3: A single Si/Si0O2 QD of R = 1.5 nm placed in different positions between
the two leads. x is the distance from the left lead to the center of the QD. The separation
among the leads is 5 nm. (a-b) I(V) curve and accumulated charge for a centered QD.
The hole and electron currents are also shown. (c-e) I(V) curves for different QD
positions and (e-f) accumulated charge in the same cases.

resistances (NDR) are obtained. The nature of this effect is different from the other
cases that we have seen previously (the decreasing of the QD DOS overlap). In this
case, the NDR is obtained because the transmission coefficients are energy dependent
and the ratio between the right and left lead couplings changes as a function of the
applied bias voltage.

Regarding to the accumulated charge, Fig. 4.3(b), the QD remains practically uncharged.
The obtained trend reflects the position of the electron and hole energy states respect
to the equilibrium Fermi level and the effect of the self-charge. An electron state is

the first energy level that starts to be conductive but a hole conductive channel is
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opened immediately being the accumulated charge the difference of the electron/hole
filled states.

The I(V) curves and the accumulated charge are shown in Fig. 4.3(c-d) and Fig. 4.3(e-f)
for different non-symmetric configurations x < 2.5 and x > 2.5, respectively. As can
be seen, the symmetry in the total I(V) curve has been broken due to the different
capacitive coupling among the leads, as we studied in Chapter 2. The QD gains/losses
net charge. We are going to explain this effect in the next section. Besides, we must
note that the obtained trends for the x < 2.5 cases are complementary to the = > 2.5

cases.

4.3.1 Accumulated charge trends

From the band diagram scheme of the system under study, and taking into account
that the transmission coefficients are strongly dependent on the width and the height
of the barrier, the accumulated charge trends obtained in the previous section can be

explained.

As we have seen before, when an external polarization is applied different incoming/out-
going fluxes are created and the occupation of the states differ from the initial case.
Besides, the transport only takes place in the energy region between puy and pgr. Thus,
only the energy states placed in this energy region can gain or lose charge.

From the rate equation, the QD steady state distribution function can be viewed as a
balance between the two leads that strongly depends on the transmission coefficients
and the occupation of the leads. Since the leads occupation are well described by the
electrochemical potentials iy (g, the QD energy level occupation is dominated by the
highest transmission coefficient. Therefore, the lead connected to the QD with the

highest transmission coefficient dominates the QD occupation.

In Fig. 4.4(a-b), the band diagram schemes for both polarization regimes (V' > 0 and
V < 0) and z < 2.5nm are shown. The discrete electron (blue) and hole (green) states
are also represented. In equilibrium, the hole states are filled, whereas the electron
states are emptied. However, under external bias polarization net fluxes are created.
Therefore, for low voltages, the width of the barrier dominates the transmission since
the oxide bands are still not enough bended. Thus, the position of the QD (x) is crucial.
In the band scheme, the highest transmission coefficient is represented by wider arrows.
For the x < 2.5 nm case, the QD is strongly connected to the left lead and its occupation
is governed by pr: increasing the QD charge (electron accumulation) for V' > 0 and
loosing charge (hole accumulation) for V' < 0 case.

The z > 2.5 nm case can be explained using the same arguments but now, the occupation
of the QD is governed by up ( Fig. 4.4(c-d)). The hole accumulation is obtained for the

V > 0 case, whereas the electron accumulation appears for V < 0.
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FIGURE 4.4: Band diagram scheme of the single Si QD in different positions (x)
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transmission probabilities whereas the widest ones are the most probable transmissions.
The conduction window, py, — g, and the several electron (blue lines) and hole (green
lines) energy levels are also shown. (a) and (d) reflect an electron accumulation regime
whereas in (b) and (c¢) the QD losses part of its initial charge (hole accumulation).
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From these analysis, the obtained accumulated charge curves presented previously
(Fig. 4.3(d-f)) can be explained. Nevertheless, for larger voltages the band bending of
the wider oxide increases giving an smaller effective tunneling distance and being that

the dominant process. Thus, the QD recovers its initial charge.

4.4 Multilayered structures

In order to present the capabilities of the here presented methodology and the possibility
to simulate realistic devices based on large arrays of QDs, we are going to present several
simulations of QDs distributed in a multilayer structure. We focused on this arrangement

because from the fabrication process it emerges as the most fundamental structure.

From the experimental point of view, in the last decade, the superlaticce approach

(SL) [13] was developed to create Si QDs embedded in SiOy matrices. Thin silicon
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rich oxide and thin pure SiO2 layers are deposited alternatively by means of plasma-
enhanced chemical-vapor deposition (PECVD) making feasible that the SiOs layers act
as a diffusion barrier. In a latter temperature annealing process, the Si atoms of the
silicon rich oxide layer aggregate and form the QDs. The different growth stages of the
Si QDs are well described in Ref. [14, 15, 16], being the final physical properties of the
layers strongly dependent on the annealing conditions [14, 15, 17]. Overall, a relative
broad Si QD size distribution is obtained and it is usually fitted with Gaussian or log-
normal distributions [17, 18]. Therefore, a tight control of the Si QD size can be easily
obtained by adjusting the inter-distance of the SiOy diffusion barriers, allowing for a

self-organized array of size-controlled Si QDs embedded in a Si0O- matrix.

Here, we present the I(V) and the total accumulated charge for two simulated systems
in a multilayer structure. The structure is formed by 2 Si QD layers. The leads are
placed perpendicular to them, therefore, the electronic transport takes place laterally.
Both layers are spaced bnm and the layer size is 20 nm length and 20 nm width. We
simulate 10 randomly distributed QDs per layer and a normal distribution with 1.75
nm mean value, and 0.3 nm standard deviation for the QDs radii. The Qds layers are

separated by 3 nm of Si0.

In Fig. 4.5, the obtained results are shown for the two different systems. The I(V)
curves and the electron and hole currents are presented in Fig. 4.5(a-c); in the inset,
we also show the QD radius distribution for each system. Besides, in Fig. 4.5(b-d) the

accumulated charge and a top view of the structure (inset) are presented.

Before explaining in detail each case, we are going to focus on the common aspects of the
obtained results. Concerning the I(V) curves, the step-like current shape is still present
since it is a consequence of the opening of the conductive channels. In these cases, the
transport involves several tunneling processes between the QDs. Therefore, the energy
level alignment is necessary. However, the NDR is not clearly visible since there are
many electron/hole pathways and the sum of the different conduction channels masks
this effect.

From the I(V) curves, two different regimes are obtained. For low and medium voltage
ranges, the current reflects the discrete nature of the QDs energy spectra. However,
for the largest voltages, the continuous part of the QD DOS begins to be conductive
and the current increases in a continuous form loosing its step-like shape. Concerning
the electron/hole current components, the electron term dominates since its potential

barrier is lower than the hole one.

Regarding the accumulated charge plotted in Fig. 4.5(b-d), it is the total sum of the
accumulated charge in each QD (q > ; AN; where i=1..20). The geometrical disposition
of the QDs strongly affects the final response of the system. However, the two main
trends discussed in the previous section are obtained: electron accumulation for positive

voltages (first system) and hole accumulation for positive voltages (second systems).
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FIGURE 4.5: (a-c) Obtained I(V) curves for two layers of Si/SiO; QDs (the systems
details are described in the text). The total current as well as the electron and hole
partials currents are also shown. In the inset, the QD radius distributions are shown. (b-
d) Total accumulated charge (3, AN;, where i = 1..20) of the structures as a function
of the external bias voltage. In the inset, a top view of the systems are presented where
the left and right leads are L and R, respectively.

For these systems, since there are many electronic conduction channels and a complex
capacitive interaction between the QDs, it is hard to explain clearly the accumulated
charge trends. Reflecting that, the geometrical disposition of the QDs influences directly

in the final response of the system.

4.5 Electronic devices based on QD

Up to now, we restrict our simulations to systems in witch the QDs are connected to two
electrodes (source and drain). However, it is possible to include a third electrode (gate)
to create a gate controlled or gated QDs. These systems have attracted much interest
in both physics [19, 20, 21, 22] and quantum engineering [23, 24, 25] since the properties
of the confined electrons can be modified by the external gate voltage. The gated QD
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is a very important nanoelectronic device because it is a prototype of a single-electron
transistor (SET) [23, 26, 27, 28]. Possible applications of SETs are expected to yield
an extremely high speed of nanoelectronic devices at low power consumption. Another
exciting field of future applications of electrostatics QDs is quantum computation [29,
30, 31, 32]. The QDs can be used to represent quantum bits (qubits) [33, 34, 35] and to
perform a readout of qubits as well as logic operations on the qubits, the so-called logic
gates [36, 37, 38]. Other possible applications of these kind of systems are: as a single
electron pumps [28, 39|, as a temperature standards [40, 41], resistance standards [42]

and supersensitive infrared radiation detectors [43, 44].

Concerning the SET, it is a highly charge-sensitive device capable to detect charge vari-
ations of one electron. This remarkable property allows SETs to be used as extremely
responsive electrometers, making them a useful tool in experiments where very high
charge sensitivity is required [45, 46]. A SET fabricated on the tip of a scanning probe
has been reported [47] creating a new type of scanning microscopy, combining submicron
spatial resolution with sub-single-electron sensitivity. This technique has been used to
observe single charged impurities in GaAs/AlGaAs heterostructures. Another attrac-
tive possibility is the ability to measure addition energies (and hence the energy level
distribution) in QDs and other nanoscale objects [48]. Respect to the applicability of
this device to digital electronics, the basic application is use it as a usual FET transistor
controlling with the gate voltage the high/low current states. Moreover, several concept
memories have been developed taking advantage of the transport properties of this sys-
tem [49].

While in the previous section we have described the transport processes in an extended
array of QDs, now, we are going to deal with a prototypical application of these kind of
systems: the SET.

4.5.1 Transistor structure: the single electron transistor

The transistor structure includes metallic source and drain electrodes bridged by a QD
(metallic, semiconductor or a molecule) plus a gate electrode. Although we consider
the QDs as particles created inside an embedding matrix, the first device was created
using two confining electrodes and a MOS type structure, in order to achieve the 3D

confinement of the carriers in a small space region [23].

The electron transport is carried by sequential tunneling through the QD coupled by
tunneling junctions to the source and drain. Besides, the QD is capacitive coupled to the
gate electrode which is used to shift the QD energy levels and control the charge transfer.
The electron transfer between the QD and the gate electrode is assumed negligible.
Two main approaches have been used to describe the device working principle: the

classical Coulomb blockade regime and the quantum Coulomb blockade [50], for metallic
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or semiconductor respectively. In the quantum Coulomb blockade, the discrete energy
spectra of the QD is also included [23, 51].

The transport mechanism in the transistor is as follows: when there is no energy level
of the QD between the Fermi levels of the source and drain leads, electron transport
through the device is blocked, leaving the number of electrons, N, in the QD unchanged.
In the quantum Coulomb blockade, in which the charge is an integer, when the energy
level plus the charging energy lies in the conductive region the electron transport takes
place, and the charge is increased (N+1). The resultant transport suppression is called
the Coulomb blockade. However, the Coulomb blockade may be lifted by applying
voltage to the gate electrode, which adjusts the QD electrostatic potential. However, as
we discussed in chapter 1, in the SCF regime the condition that the charge is an integer
is not considered being the transport condition less restrictive and the current is not
suppressed. Nevertheless, the charging energy is included in the solution of the Poisson
equation being the local potential in the QD the same when the charge is an integer
value.

The main differences between our model and the orthodox Coulomb blockade is seen in
metallic QDs in which the energy levels form a continuous spectra. In this situation,
each time that one electron crosses through the QD it has to overcome the charging
energy and the current increases once this condition is reached. This situation plus the
condition of the charge has to be an integer make that the current increases in discrete

steps, 1. e., the current is blocked until the condition is satisfied.

4.5.2 Device simulation

In order to simulate a transistor device based on QDs, we need to include the third
electrode: the gate. We consider that the gate electrode only changes the local potential
(i.e, moves the DOS) of the QD and injects no current. This new term in the Laplace
solution is included as —Cyate,i/Crot,i(—qVgate), Where Ve is the applied gate polar-
ization and Cyqgte; is the capacity coupling between the gate electrode and the ith QD.

Moreover, Cyqte,; is also included in the Cho .

What follows is the discussion of the transistor structure in a device formed by a single
Si/Si02 QD. The scheme of this structure is shown in Fig. 4.6(a), the band diagram is
shown in Fig. 4.6(b) under no external polarizations and in Fig. 4.6(c-d) under negative
and positive gate polarization, respectively. The local potential in the QD can be written
as

Cs Cate q2
U= —qViys 9T (—qVoate) + ——
Ctot( 1vd )+ Ctot ( 1 gat )+ Ctot

where Cj is the capacity coupling to the source (we consider that the drain is fixed to

AN, (4.3)

the ground). As we have studied in the chapter 2, the transport takes place when an
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FIGURE 4.6: (a) Structure of the system under consideration. The scheme shows the
three electrodes (source, drain and gate) and the QD is placed in the middle. The QD
is connected with the source and drain by 1nm and 2nm tunnel junctions respectively.
The QD radius is Inm. The gate electrode is placed at 7.5nm distance from the center
of the QD. This tunneling distance justifies the assumption that the current between
the QD and the gate is negligible. (b) Band diagram of the structure without applied
voltage, under negative gate polarization (¢) and under a positive gate polarization (d).
The oxide barriers, the equilibrium Fermi level and the electron and hole energy levels
are also shown.

energy level of the QD lies in the conductive channel (ug — us = qVgs). Thus, from
Eq. 4.3 this condition can be achieved by combination of Vg and Vygge.

@), x10°
2
1<

® €
5 o
> 0=
o
-1
2
4 2 0 2 4
(b) Vs
i U ‘ TR -
=
2 10 ﬁ"’
05 &
(5}
2 o
50 11100 @
> ©
05 3
E
-2 1810 3
Q
<
15
4
4 2 0 2 4
v

ds

FIGURE 4.7: (a) Current map as a function of the applied Vys and Vjg4e. Current
suppression is obtained until the energy levels are placed between the electrochemical
potentials of the drain and source (14 and us). Once a conducting energy level is open
the current increases dramatically. Important voltage points are also highlighted. (b)
Accumulated charge (¢AN) in the QD map as a function of the applied voltages.

In Fig. 4.7(a), the current is shown as a function of Vg and Vygse. For small Vg, ~ 0,
the current is blocked until the first energy level is placed between the electrochemical

potentials as a result of the applied V4. For the Viqe = 0 case, the explanation is
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similar but in this case only Vs contributes to the local potential. Therefore, the current
is blocked until the previous condition is achieved. This effect corresponds to the central
diamond. The shape of the current diamonds is related to the relationship between the
different capacity values and the position of the energy levels. Once an energy channel is
open, the current increases. Several diamond structures are obtained when the electron,

hole and both energy levels contributes to the current [23, 52].

Several important voltage points are remarked in the current map (A, B, C, D, E, F).
We can write the evolution of the first electron and hole energy level for these voltage

points neglecting the charge term of the Poisson solution as

Cate
A) E. -~ =
( ) Ctot VA 0
Cs
B) E.— —2Vg=—
(B) CtotVB VB
Cs
C) Ec——Ve=0
(©) o ve
Cate
D) E, - % =
(D) Ep Cror Vb =10
Cs
(E) Ep— 7 Ve=—Ve
tot
Cs
F) Ej, — V=0
( ) 4 C’tot F

(4.4)

where F. and Ej, are the first electron and hole energy levels, respectively. The (Vy)
and (Vp) points correspond to the energy levels cross the equilibrium electrochemical
potentials of the leads whereas the other points reflect that the energy levels enter in
the conductive channel for positive (V, Vr) and negative (Vp, V) bias voltages. From
these voltage points, the value of the first electron and hole energy levels as the different
capacitive couplings can be obtained. Therefore, this kind of structures can be used to

make an energy level spectroscopy of the QD [23].

We also show the QD accumulated charge (¢AN), Fig. 4.7(b). The QD remains un-
charged in a large region since the energy value of the electron and hole energy levels are
similar. Therefore, the QD begins to charge when the electron transport is the dominant
processes. If the hole conduction is preferred, the QD losses its initial charge. Applying
Vyate the charge in the QD is also changed. The physical process is different, as Ve
moves upward/downward the energy levels across the electrochemical potentials of the
leads and the QD losses/gains charge [23].
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4.5.3 QD array transistor

Now, we present the results for an array of QDs in a transistor structure. Since the
the single QD transistor and the electron transport through an array of QDs embedded
in the dielectric matrix have been previously presented, the following step is create a
transistor structure but using several QDs. From an experimental point of view, the
fabrication of this device (many QDs in a transistor structure) is easier than the single
QD structure.

Current (A)

FIGURE 4.8: Obtained current map as a function of Vg, and Vygse. The single current
diamonds corresponding to each QD are overlapped but they are still recognizable. In
the inset, an scheme of the transistor device is presented. The system is formed by 3
Si QDs randomly generated inside the SiOs insulator matrix.

Keeping our model as general as possible, we assume a SiO2 block of 15nm width, 4
nm length and 15 nm high where three Si QDs are embedded. The dielectric matrix is
placed between two electrodes, source and drain, and a gate electrode is located at 15
nm on the top. A top view of the system is shown in the inset of Fig. 4.8. The current
crosses the 4 nm of oxide where the QDs are placed and we neglect current from/to
the gate electrode. The simulated current as a function of Vg and Vi is presented in
Fig. 4.8. As we can see from the scheme of the system, the QDs are placed in a parallel
configuration thus, the obtained current map is very similar to the single transistor
structure. The single current diamonds corresponding to each QD are overlapped but

they are still recognizable.

As we have demonstrated that the spatial arrangement of the QDs is a fundamental
parameter that governs the final response of the system, we simulated different QD
arrangements. In Fig. 4.9, we present another system composed by four Si/SiOs QDs.
The size of the system is: 10 nm width, 9 nm length and 15 nm high. The gate electrode
is located at 15nm on the top of the oxide. An scheme of the system is shown in the
inset of Fig. 4.9. The current crosses the 9 nm of oxide where the QDs are placed and

we neglect current from/to the gate electrode. Current suppression is obtained until
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FIGURE 4.9: Obtained current map as a function of Vg, and V4. Current suppression
is obtained until the energy levels lie between the electrochemical potentials of the drain
and source. Once a conducting energy level is open, the current increases dramatically.
In the inset, an scheme of the transistor device is presented. The system is formed by
4 Si QDs randomly generated inside the SiOs insulator matrix.
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the energy levels lie in the conduction window. However, for this spatial configuration,
the complete diamond structure is not recovered due to the many electronic transport

pathways and the DOS overlapping condition.

4.5.4 Double gate transistor

To conclude the transistor-like structures based on QDs, we are going to study the next

logical step: a transistor structure based on two QDs and two electrodes.

From a theoretical point of view, a complete review of the physics behind this kind of
system is presented by van der Wiel et al. [53]. They described the electrical response for
metallic and semiconductor double gate transistor in the linear transport regime using

the classical theory (Coulomb blockade and quantum Coulomb blockade).

(a) ()

FIGURE 4.10: (a) STM image of the device showing the two QDs D (), tunnel-coupled
to the source and drain (S/D) leads and capacitively coupled to the gates Gy(2). (b)
Close-up of the two QDs. Both figures have been extracted from Ref. [54]. Reprinted
with permission from ACS.
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From the experimental perspective, Bent Weber et al. [54] showed the possibility to
create a double gate transistor based on QDs using lithographicall techniques [55]. Two
QDs of &~ 4 nm diameter separated by ~ 10 nm from the drain and source, as well as
two gate electrodes conform the whole experimental device. See Fig. 4.10(a) and (b) for
a close-up image of the QDs. They demonstrated that each QD is electrically coupled
to one gate and studied the best QD geometrical configuration. This structure is based
on Si(001) layer in which the two QDs are created by selective P doping. The possibility
to control the doping position and the limited diffusion of these atoms create the Si:P
QDs. In order to fabricate the four electrodes, a process based on selective etching of the
hydrogen resist monolayer that covers the whole structure and a subsequent exposure of
this surface to phospine (PH3) gas and posterior annealing treatment allows to create

quasi-metallic leads.

R=2nm
R,=2nm

V,.=0.25V _
Z

FIGURE 4.11: Scheme of the double gate transistor under simulation. The tunnel
junctions and the capacity couplings are also shown. Due to the QD configuration, we
assume that each QD is only coupled to one gate and one lead. Thus, the electronic
transport occurs as in the serial QDs cases studied before. The QDs radii are 2 nm and
Vis =0.25 V.

To present here the possibilities of this methodology and how it can be used to simu-
late realistic devices, we studied a double gate transistor. A second gate electrode was
included modifying independently the potential of each QD. We used two Si/SiO2 QDs
described by the material parameters presented before (Table. 4.1) in order to focus on
the physics behind the structure and not on constant material parameters. The struc-
ture under study is presented in Fig. 4.11. Within this configuration, each QD is only
coupled to one gate and one lead. Therefore, each gate tune independently the potential
of each QD and the QDs are placed in serial configuration.

We must note here that, one of the seminal result of the Bent Weber work is the indi-
vidual control of the electrostatic potential of each QD. This fact is accomplished by the
QD spatial configuration that minimizes the influence of the cross gate capacitive cou-
pling (G; against @Dy and Gy against ()D1). This can be directly related to some QD

capacitive screening that it is not included in our simple capacitance model calculation.
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Therefore, we need to skip “manually” these couplings. The applied bias voltage among
the drain (D) and the source (S) leads is Vgs = 0.25 V. Thus, the Laplace solution in
each QD can be written as

~ Cia(dV2)  Cay(9Var)

L1 1 1 (4.5)
CsqVas  Ci2(gV1)  Ca,(qVa2)
U _ _ _ 4.
L2 (s Oy Oy ’ (4.6)

where C7 and C5 take into account all the capacitive couplings of QD1 and Q) Do, respec-
tively. In these expressions, we can see the capacitive coupling among the QDs (Ci2)

and the couplings to the four electrodes. V; and V5 are the potential of each QD.

Qd1 Qd2
4 4
2 2
= =
g, O —
Qd1 Qd 2 > 3
4 4 o @
c || c
Wl u_,
—_— ——
1| S 2 | —
_—
s s 4 [
L} prmmmm—— L0 |l
______ fi—————— S——————
3 |F 3 0 10 20 30 0 10 20 30
o i DOS (arb. units) DOS (arb. units)
c c -8
[T uw 5
—
4 4
0 10 20 _30 0 10 20 _30 Qd1 Qd2
DOS (arb. units) DOS (arb. units) 4 4
Qd1 Qd 2
4 4 2 2
S S
= =
2 . — SI—— %
. _ g M ————— g Of o
O — = o
o | e : | S—
3 Qe O & |p———— &,
@ 5} — —
| e - |
-2 2 Y 4
4 4 0 10 20 30 0 10 20 30
DOS (arb. units) DOS (arb. units)
0 10 20 30 0 10 20 30
DOS (arb. units) DOS (arb. units)

IS
~
&
EN

N

]
N
N
N

Energy (eV)

=)

S

|

|

1
Energy (eV)
X )

|

i

Energy (eV)
Energy (eV)
|

T

A
IS
A
A

0 10 20 30 0 10 20 30 0 10 20 30 0 10 20 30
DOS (arb. units) DOS (arb. units) DOS (arb. units) DOS (arb. units)

FIGURE 4.12: Simulated current map for the previous presented structure as a function
of the applied gate voltages, Vg1 and Ve, for Vs = 0.25 V. Moreover, in the insets an
intuitive explanation of the obtained current trend are also presented as a function of
the DOS of each QD. The conduction window is also shown (dotted line).

Once the system is described, in Fig. 4.12 we present the simulated current map as a
function of the two gate voltages, Vg1 and Vgo. The obtained current trend can be easily
explained thinking in terms of the energy level overlapping between the two QDs. Each
time that one energy level of the first QD (either electron or hole energy level) is aligned

with an energy level of the second QD (either electron or hole energy level) and both



Chapter 4. Study of the electronic transport in Silicon QDs 115

levels lie in the conduction window a charge transport process occurs. This necessary
condition can be achieved by a combination of Vig; and Vo obtaining the hexagonal
current structure. The previous explanation is consistent with the theory reported in
Ref. [53].

4.6 Carrier transport mechanisms in Si/SiO, structures

In this section, we are going to compare the previous developed formalism to experi-
mental measurements. First of all, a brief description of the most relevant transport
mechanisms is presented. Then, using the same ballistic transport mechanism and mod-
eling the defects as punctual QDs described by a single energy level, a methodology
capable to explain the transport between QDs and defects are presented. Moreover, for
thin oxides and large voltages the direct current between the leads is included. Finally,

the complete approach has been used to compare to experimental measurements.

4.6.1 Si/SiO, transport mechanisms

Up to now, we have described and proposed an elastic transport model based on rate
equations in order to describe the electrical response of a system based on QDs embed-
ded in a dielectric matrix. However, there are several transport models that describe
the different transport mechanism observed from the experiments. There was during the
development of the MOS technology, specially the Si/SiOs technology, when the MIM
(metal-insulator-metal) and MOS (metal-oxid-semiconductor) structures have been ex-

haustive studied and different transport mechanisms have been observed and described.

As we described previously, when two different materials are placed in contact due to
the band offsets differences between the materials, a potential barrier is created. For a
metal insulator junction, we can describe two main situations: the oxide is thick enough
to govern the transport mechanism of this system and the transport is related to the
bulk properties of the oxide (bulk limited current). For thinner oxides, the transport
are governed by properties of the metal-oxide interface (electrode limited). Thus, the

conductivity in such system is dominated by the interface properties of the junction.

Here, we are going to present and describe briefly the usual transport mechanism used

to model the experimental I(V) curves in MOS structures.

4.6.1.1 Poole-Frenkel emission

The Poole-Frenkel (PF) conduction consist in the successive emission of trapped elec-

trons into the dielectric conduction band, where they can freely move for a certain time
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before relaxing in other localized state [56, 57]. The emission process, governed by ther-
mal excitation, is enhanced by the presence of a uniform electric field since it lowers the

trap barrier height. The PF current density can be written as

v (@ PV (dwgr))
Jpr =~ —exp | — )
d kT

(4.7)

where V is the applied voltage, d the total oxide thickness, ¢, is the trap energy taken
from the bottom of the conduction band, kg is the Boltzmann constant, 1" is the tem-
perature and &, is the relative material permittivity in units of the absolute permittivity
(€0)-

This transport mechanism is usually used [58, 59, 60] to explain the electrical conduc-
tion in systems where trap states are induced by the Si/SiOs interface defects, or even
the embedded QDs themselves assuming a thermal hopping through these shallow trap
states. This mechanism is a clear example of the bulk limited mechanism. The energy

levels of the traps are inherent to the oxide properties.

4.6.1.2 Schottky emission

This mechanism is usually observed for low energy barriers or when the barrier is too
thick to allow carrier tunneling processes. This mechanism consist in the thermionic
emission of carriers over the insulator potential barrier. The Richardson-Schottky equa-

tion, the expression for the thermionic emission, reads as [61]

o oy
~ T2 B 0 ATepEnod 4.8
s wp( k:BT> erp kT ’ (4.8)

where ¢g is the barrier height and e, is the high frequency dielectric constant. This
mechanism is an example of electrode limited mechanism since the barrier is created in

the junction interface.

4.6.1.3 Tunneling processes

In general, in MIM or MOS structures, two different tunneling processes may be observed
depending of the shape of the injection barrier. Previously, we have described the
transmission coefficients among the different parts of the system as a function of the
shape of the barrier: trapezoidal, direct tunneling (DT), or triangular, Fowler-Nordheim
(FN). In this case, the tunneling process takes place directly between the two leads.

Assuming that: (i) the energy momentum dispersion is considered as parabolic; (ii) in

each of three regions of the space the electron mass has the same value m* and (iii) the
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validity of the Tsu-Esaki formula [62, 63|, the expression for the DT tunneling reads as
[64]

1v/2m* gy v
Jpr ~ (V/d)? — O 1—(1-2=)1]). 4.9
In the same way, the FN tunneling current can be written as [65]
44/ 2m*¢3/2
~ (V/d)? —————2 . 4.1
Jrn =~ (V/d) €$P< ShqV/d (4.10)

It should be noted that both mechanisms are grounded on the same assumptions and
the only difference appears in the transmission probability through the insulator barrier.
Hereon, we are going to refer the tunneling between the two leads as direct tunneling

including the appropriate transmission coefficient as a function of the barrier shape.

4.6.1.4 Trap assisted tunneling

This mechanism can be described as a charge carrier tunneling between two electrodes
assisted by an intermediate traps [66, 67]. These intermediate traps can be inherent
to the dielectric material or can induced by the nanostructures embedded in the oxide.
The trap assisted tunneling (TAT) takes into account the multistep tunneling among the
traps being strongly dependent on the trap concentration. Several authors have studied
the elastic [77] and inelastic [69] TAT processes assuming different traps distributions
being the energy level and the trap concentration the main parameters that describe
the process [70]. If an uniformly distributed trap concentration is assumed with a mean

trap energy ¢, the TAT current can be written as[71]

4\/W¢f/2>

ShaV/d (4.11)

Jrar = exp <—

4.6.2 Beyond the QD model

Now, we include the direct tunneling process between the leads and the trap assisted
processes. As shown in Fig. 4.13, all the possible elastic tunneling transport processes
are: (I and II) through the total oxide, (III) assisted by an intermediate trap and (IV)
assisted by a QD. Since we considered that the electrodes act as an infinite electron
source, the total current that crosses the structure will be the sum of the different
current contributions. The total current trough the structure (Ijo1q;) can be expressed

as
Liotar = IrN + ITraps + IQD' (412)

We must note here that we are neglecting the interaction between the QDs and the

traps since we have considered both processes as independent transport channels. This
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(a) Process | (b) Process ||

Trapezoidal barrier K

FIGURE 4.13: Energy band diagram of the system under external electric field. The
different elastic tunneling transport processes are also shown: (I and II) tunneling
through the oxide from the left to right leads, (III) elastic trap assisted tunneling and
(IV) tunneling through the discrete energy levels of the embedded QD. The Fermi levels
of each lead (uy and pg) and the Fermi functions (fr, and fg) are also shown. pup, is
fixed as a energy reference.

assumption, that seems dramatic, can be justified thinking in terms of the tunnel current
values. The tunnel current depends on the DOS at both sides of the barrier. Therefore,
the current among a QD and a single trap is lower than the current among QDs. Thus,
the first can be neglected. For the same reason, the current between traps is not consid-
ered (i.e. the transport processes that involves two or more intermediate traps). Using
this approximation, the current through the traps can be easily obtained and in the QD

rate equations we avoid to include extra terms.

4.6.2.1 Tunneling through the total oxide

The expression for the current associated to the tunneling mechanism (Fig. 4.13(a-b))
can be written using the Transfer Hamiltonian formalism as

4mq +00

Ipn = - | T(E)pr(E)pL(E)(fL(E) — fr(E))dE, (4.13)

where pr,(E) and pr(F) are the density of states (DOS) of the left and right lead. The
occupation distribution functions of the leads are well described by the Fermi functions,

fo(E) and fr(FE), with the corresponding electrochemical potential for the left and right
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leads, puy, and pg respectively. We choose the Wentzel-Kramers-Brillouin approximation
to describe the tunneling probability T'(F) (as we have done in previous simulations).
As a result of the external applied bias voltage, the oxide bands are bended and the

tunneling probability is written as

cop { <L (6~ B = (00— £)%) L or on > B

T = (4.14)

exp{—él%(cﬁ - E)3/2} for ¢ > E > ¢o
where, the electric field is defined as F' = “Lq;d’m, ¢ is the potential barrier height, ¢ is
the modified potential barrier height (¢(d)), d is the tunneling distance and mJ,,, is the
electron oxide effective mass. pup —pr = qV reflects the different applied bias voltage in
each side of the barrier. From Eq. 4.14, the tunneling probability is decomposed in two
regimes as a function of the modified potential barrier height and the carrier incident
energy (E): trapezoidal (process I) and triangular barrier (process II).

We must note that in the previous expression the image force effects are neglected.
The image force correction is introduced to explain the positive charge created at the
interface acting like an image charge within the layer when an electron approaches to the
dielectric layer. There is some controversy about the inclusion of the image force in the
calculation of the tunnel current. Some authors argue that its inclusion overestimates
the tunneling current [72, 73] and other authors claim for its inclusion in order to avoid
the thickness-dependent tunneling mass [74, 75]. In any case, the inclusion of the image
force is known to lower and round the barrier [76] an it can be included changing the
barrier height. Thus, in principle, we can avoid the image force, specially if the barrier
height is used as a fitting parameter.

Two main current expressions appear as a function of the energy of the incident electrons
and the band bending of the oxide: a trapezoidal barrier for low fields (process I) and
triangular barrier for high fields (process II), analogous to the DT and FN processes

described previously. We refer to both processes as a Ipy.

4.6.2.2 Defect inclusion

The defects are included in a similar way as we have described the carrier transport
in the QDs. The elastic trap-assisted tunneling (process III in Fig. 4.13) is described
as a two-step process. The electrons come from one lead to the trap and go out to
the second lead. Writing the occupation of a single mono-energetic trap as a net flux
between incoming and outgoing current, and assuming a steady state condition, the net
current that crosses the oxide through the trap from lead to lead can be written as

q Tp(E)Tr(E;)

H(E, V) = 2% TL(E:) + Tr(Ey)

(fr(By) — fr(E) (4.15)
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where we used the Transfer Hamiltonian formalism to describe the partial fluxes. The
occupation functions of the leads are described by the Fermi function fr(E;) and fr(FE:)
with the corresponding electrochemical potential for the left and right leads, respectively.
Tr(E:) and Tr(FE:) are the tunneling probabilities for the left and right contacts. We
have used Eq. 4.14 to describe these tunneling probabilities. We must note here that all
these parameters are evaluated at the energy level of the trap E; since we consider that
the trap is mono-energetic.

On the other hand, the energy level of the trap is located at a constant energy position
from the bottom of the oxide conduction band. We assume that when an external
bias voltage V is applied, the voltage drops uniformly through the oxide, bending the
conduction band and modifying the energy level position of the trap. The position of
the trap energy level is described by

qV

-, (4.16)

Et(.Z‘,V) :Eo— d

where x is the distance respect to the left lead and d is the total oxide thickness. The
unbiased trap energy level Fy is usually measured from the bottom of the conduction
band but for our notation we redefine it and we measure it from the position of the
equilibrium Fermi level.

In Eq. 4.15 the current through a single trap has been presented but, we can use it to
simulate an energy and position trap distribution described by a distribution function

ft(Eg,x) and the total trap current is written as

d Eomas

Trraps(V) = / / " oy ) I(E,, V)da dE (4.17)
0 J Eomin

where d is the oxide thickness and Egin, and Egpq, are the minimum/maximum energy

distance between the traps and the bottom of the oxide conduction band. From Eq. 4.17

and the single trap current Eq. 4.15, we must note that the two main parameters that

govern the final current value, for an externally applied bias voltage, are the trap position

x and the energy level distribution (Ej).

4.6.3 Transport simulations: experimental validation

In this section, we present the comparison between the here developed transport method-
ology and the experimental results. The previous model was used to reproduce the
experimental electrical measurements for three different Si/SiOs structures, which are
basically a MOS structure: a P-type Si substrate and a highly N-type doped polycrys-
talline silicon (Polysilicon) acting as a gate electrode separated by the SiOs layer (active
layer). The different active layers embedded between the electrodes are: (1) a SiO9 layer
of different thicknesses (5i02), (2) Si QDs randomly distributed embedded in a SiO2
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matrix (Si QD/Si02) and (3) a superlattice structure of 6 SRO/SiO; bilayers (SL Si
QD/Si0s).

Usually, the experimental current measurements are presented as a function of the ap-
plied electric field since from this representation, several curve fittings can be done using
the previous described transport mechanisms (Poole-Frenkel, Schottky, tunneling or trap
assisted tunneling ). The applied electric field is defined as F' = V/d where V is the

external bias voltage and d is the total active layer thickness.

4.6.3.1 Si0s layer: pure defects conduction

A Experimental d=2.91nm
O Experimental d=3.22nm

= 4 Experimental d=3.61nm
O 10" o ——simulated
< — Simulated
> Simulated
2
o 6
3 10
=
o
5 SiO
! v ! v ! v ! v I v

Field (MV/cm)

FI1GURE 4.14: Experimental and simulated tunnel current density for different SiO5
active layer thicknesses. The direct current among the leads is not considered. Exper-
imental data has been extracted from Ref. [77].

First of all, we studied the tunnel transport processes through a pure SiO5 film with dif-
ferent thicknesses in order to validate the here presented trap assisted model. Fig. 4.14
shows the simulated and the experimental tunnel current density through SiO5 for differ-
ent thicknesses. Experimental current density measurements were taken from Jimenez et
al. [77]. We have used the SiOy parameters to explain the tunneling processes, whereas
the traps were distributed uniformly in space and a Gaussian distribution function in

energy has been assumed to describe the mono-energetic trap distributions, following

Ny - (BB g1 By € [Eomins Eoma
M%MZ{Oew{(%)}m 0= B Eones (4.18)

0 for Ey §é [El)mim EOma:t:]

where Ny is the trap density, (Fy) is the average of the distribution and the width
is controlled by og,. The best fitted parameters are presented in Table 4.2. Besides,

we compared our fits and the parameters obtained using the approach presented by
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d (nm) No(cm_3) (Eo)(eV) | og,(eV)

5 01nm 6.87 x10%3 1.25 0.48 | This work
' 4 x10M 1.0 0.65 Ref. [77]
3 99mm 1.24 x10%3 1.25 0.48 This work
' 1 x10™ 0.8 0.65 Ref. [77]
3 61nm 5.54 x1012 1.40 0.39 | This work
‘ 3 x1083 1.1 0.65 Ref. [77]

TABLE 4.2: Parameters of the trap distribution used to fit the experimental data
and its comparison to other theoretical approach. We have used FEy,,;n = 0.3¢V and
FEomazr = 3eV for all the fits.

Ref. [77]. They presented a complete theoretical model based on the Transfer Hamilto-
nian formalism to study the trap-assisted elastic tunneling and analyzed the role of the
image force. Detailed expressions for the tunneling probabilities were also presented. In
order to make a direct comparison between both approaches, we have used their fitted

active layer thicknesses: 2.91 nm, 3.22 nm and 3.61 nm.

As we can see, our elastic tunneling trap assisted model reproduces successfully exper-
imental results and the fitted parameters (see Table. 4.2) used to describe the position
and energy trap distribution function are similar to the ones used in Ref. [77]. We have
focused on the thickest active layers since, as they claimed for the thinner ones, the
experimental data were well reproduced taking into account only the tunneling from
one lead to the other without intermediate tunneling processes. In the thickest ones,
the tunnel current through the total oxide underestimates the experimental current and
the inclusion of elastic tunneling assisted by traps are needed to reproduce experimental

measurements.

Small discrepancies arise since they use an energy dependent oxide effective mass whereas
we use the previous constant value. However, both models describe the elastic trap-
assisted tunneling using similar trap densities and energy distribution function. From
this comparison, in the next simulations we consider a fixed value of (Ey) = 1.3 eV and

og, = 0.45 eV for the energy trap distribution.

From the general transport condition, the traps contribute to the current when their
energy level lie in the conduction channel. From Eq. 4.16, this condition can be achieved
as a function of the trap energy level (Fy) and its position respect to the left lead
(z). Traps with deep energy levels will start to conduct before than the shallow traps.
However, the transmission coefficients of these deep traps will be smaller than the shallow
ones being the current practically zero. The position of the trap controls the influence
of the external potential, Eq. 4.16. This compromise is clearly visible in a current map
as a function of the trap energy level (Ey) and its distance respect to the left lead (z)
for different electric fields (Fig. 4.15). Here, we use the fitted parameters obtained for
the thickest SiO2 layer (d = 3.61 nm).
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F1GURE 4.15: Current map for a single trap as a function of the distance to the left
lead and the energy trap level for different electric fields: (a) F' = 2.5 MV /cm, (b)
F=5MV/cm, (¢c) F=75MV/cm and (d) F =10 MV /cm.

In Fig. 4.15, the dominant trap current is shown for different applied electric fields.
When the field increases, the band bending of the oxide increases and the dominant
traps progressively become those closer to the left lead with higher energy levels, since

they see lower potential barriers.

4.6.3.2 Si07 layer: defect and direct tunneling

Now, we simulate another SiO, structure, but thicker than the previous one. The
experimental data has been taken from Ramirez et al. [6] and corresponds to a SiOs
active layer of 50nm thickness. The experimental current density is given as a function
of the electric field.

The simulated current and the experimental data are shown in Fig. 4.16. For low and
moderate fields the elastic trap assisted tunneling mechanism dominates transport and
for high fields the oxide band bending allows direct tunneling from the left to the right
lead. Thus, two different transport processes are observed and this effect is observed in
the current. It is worth to mention that the used trap energy level for our simulations

(1.3 eV, see previous simulations) correlates well with the one fitted by the authors (1.2
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FIGURE 4.16: Experimental normalized current density and simulated current for
the SiOy structure. Trap (I7pqps) and direct tunnel (Ipn) currents are also shown.
Experimental data has been extracted from Ref. [6].

eV). Concerning the tunneling through the total oxide, we assume a continuous and

constant lead density of states.
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FIGURE 4.17: Trapped charge studies for the 50nm SiOs layer. (a) Trapped charge
distribution in the oxide layer for different electric fields and (b) trapped charge as a
function of the applied electric field.

Besides, we present the trapped charge distribution in space for different electric fields
in Fig. 4.17(a) and (b), respectively. The charge injection in the oxide is a balance
between the incoming and the outgoing carrier fluxes to/from the leads and it is strongly
dominated by the transmission coefficients that depend on the position of the trap and
the applied electric field.

Following the derivation that we have done in the second chapter, the number of electrons

in a mono-energetic trap can be written as

~ = T(B) fr(Br) + Tr(E:) fr(E) (4.19)

TL(Er) + Tr(Er)
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As can be observed in Fig. 4.17(a), when the field increases, all the charge is concen-
trated in the interface between the left lead and the oxide layer being possible to create
internal electric field that reduces the contact potential barrier (image charge effects).
However, in Fig. 4.16 the simulated curves matched the experimental trends reflecting
that the image charge effects are not a dominant effect.

The trapped charge as a function of the applied electric field, Fig. 4.17(b), shows a maxi-
mum trapped charge when 77, (E;) > Tr(E:) and E; lies between py, and pugr (fr(E:) ~ 1
and fr(Fr) ~0).

4.6.3.3 Si QD/Si0O; structure
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FIGURE 4.18: Experimental normalized current density and simulated current for the
Si QD/SiOs structure. Current through the QDs (Igp) and the traps (Iryqps) are
shown. Experimental data has been extracted from Ref. [6].

Regarding the Si QD/SiO structure, it is basically a SiOs layer in which the silicon
excess aggregates forming Si QDs. These QDs are randomly created inside the oxide
matrix. We used the QD transport model in combination with the elastic trap assisted
tunneling.

According to microscopic measurements from Ref. [6], we simulated an arrangement of
QDs in random positions and normal radius distribution with (R) = 1.5 nm of mean
radius and op = 0.2 nm of standard deviation. We used the same mono-energetic trap
distribution as in the previous case. The simulated current and the experimental data
Ref. [6] are shown in Fig. 4.18. This figure also shows the different current contributions
due to the transport: through the QDs and through the traps. We distinguish two main
regimes: the QD term displays the step-like behavior in the current as a consequence
of the discrete nature of the QD energy levels and it is the dominant transport mecha-
nism for low fields, whereas for intermediate and high fields the trap assisted tunneling

dominates. We must note that these results can not be achieved by considering direct
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tunneling between the leads, so we concluded that the electron transport process is

assisted by an intermediate QD or a trap.

In this case, the authors of Ref. [6] fitted a TAT expression with energy trap value
(1.8 eV) for moderate and high fields. The fitted value is different to the one used in
the SOy structure and they claim that the transport is assisted by Si QDs and Si0-
traps. However, a further explanation is needed for the obtained current behavior at
low fields. Our simulations reproduce this low field regime and give an explanation as
a pure transport through the discrete energy states of the QDs as we have described
previously. However, some discrepancies appear for higher voltages. We must note here
that we have used the previous trap energy distribution neglecting the possibility that
the QDs change the energy levels of the traps.

4.6.3.4 Superlatice Si QD/SiO, structures
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FIGURE 4.19: Experimental normalized current density and simulated current for the
SL Si QD/SiO, structure. Different current contributions, through the QDs (Igp)
and traps (Irpqps), are also shown. In the inset, the cross section of the structure is
presented. Experimental data has been extracted from Ref. [6].

Finally, the simulated current and the experimental results for the SL Si QD/SiO9 are
shown in Fig. 4.19. An scheme of the structure is also presented in the inset. In order to
properly describe the structure presented by Ramirez et al. [6], we considered 6 layers of
Si QDs with a normal distribution of radius, (R) = 1.5 nm of mean radius and o = 0.2
nm of standard deviation. The QDs are distributed in a perpendicular plane respect to
the transport direction reflecting the layer structure and the layers are spaced 2.5 nm
between them. As in the previous case, we used the QD transport model and the trap

assisted tunneling.
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Concerning the experimental and simulated results: for low and moderate field regime,
we reproduced the experimental current trend as a QD pure transport. For the highest
fields, a pure trap mechanism is enough to explain the experiments. In Ref. [6], the
authors fitted a PF expression for moderate fields and a pure TAT for highest fields
with mean energy trap value (1 eV) neglecting the current peaks at low fields. This
value is close to the one obtained for the SiO9 structure and the authors conclude that
the tunneling in both structures is mediated by deep traps inherent to the SiOs and
not by states created ad-hoc when including Si QDs. This fact is reflected here since we

considered a fixed value for the energy level trap distribution.

4.7 Conclusions

In this chapter, we have used the previously developed transport formalism and its code
implementation to simulate different QDs arrangements using realistic parameters. We
have focused on the Si/SiOy QDs since these kind of systems have been widely studied
in previous chapters. Since an approximate DOS that describes the Si QD is obtained
and the oxide barriers are parametrized, the transport was done. We started studying
the simplest case, a single QD placed between two leads. As we pointed out in the first
chapter, the current reflects directly the internal discrete energy level structure of the
QD. The current increases in step-like behavior every time that an energy level (either
electron or hole) lies in the conduction windows. From the parameters used to describe
the oxide, the hole current is weaker than the electron one since the hole has to cross a
higher barrier. A NDR has also been obtained and it is explained as a function of the
energy and voltage dependence of the transmission coefficients that change the coupling

among the right and left leads.

From this simple system, the accumulated charge trends have also been studied. As we
saw in the first chapter, the accumulated charge reflects directly the ratio among the
incoming and outgoing fluxes from/to the QD. Now, these fluxes are strongly dominated
by the transmission coefficients. Thus, when an energy level lies in the conduction
window its charge changes. The new charge state is dominated by the lead which is
strongly coupled to the QD. Therefore, the electron energy levels can be filled whereas
the hole energy levels can be emptied. A systematic study of the transmission coefficients
was done changing the coupling distance between the QD and the leads obtained electron
or hole charge accumulation as a function of the QD position. Besides, the discrete

nature of the QD energy levels is also viewed in the charge increment.

To conclude the general transport simulations and show the capabilities of the code,
large systems based on QD multilayer structure have been simulated. These structures
have crucial importance since the bilayer QDs arrangement is usually obtained from

experimental fabrication methods. The total current and accumulated charge curves
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were obtained but due to the many charge transport channels, the specific QDs positions
and their interaction a generalized analysis can not be obtained. However, the hole

current is lesser than the electron component as we explained before.

Once the structures based on two electrodes have been presented, we studied the tran-
sistor device. It is based in a third electrode (gate) located on the top of the structure
which is capacitive coupled to the QDs but does not injects current. Thus, this gate
electrode can tune the position of the QD energy levels independently increasing the
QD charge and moving the energy levels trough the conduction window. Current and
charge maps were obtained as a function of the gate and drain source voltages. The
discrete energy spectra of the QDs are reflected in the current and charge curves creat-
ing diamond behaviors. This structure has been studied for a single QD case and for
many QDs. Moreover, the double gate electron transistor has also presented. It is based
on two QDs independently coupled to two different gate electrodes. Thus, each gate
electrode controls its respective QD. From the current map as a function of the two gate
potentials a hexagonal behaviors is obtained. Its explanation is related to the electron

and hole energy level alignment.

Finally, a comparison to experimental measurements and other transport mechanism
has been done. The basic transport mechanisms usually observed in the experiments
are described. Our QD transport model has completed including the current term
from direct transmission between the leads (for thinner oxides or high electric fields)
and a defect component. The defects current was included describing the trap as a
non-interacting mono-energetic level. These three transport mechanisms was used to
describe experimental results obtained from different Si/SiO; structures. The transport
in these structures can be summarized as: for narrow pure Si0- layers, the trap assisted
tunneling dominates at low and moderate fields whereas for high fields the direct tunnel
between the leads is the most important process. In the presence of QDs, the current
reflects the discrete nature of the energy levels for low electric fields and the trap assisted

tunneling appears for moderate and high fields.
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Chapter 5
Interaction with Light

Semiconductor QDs have attracted a great deal of attention for their application in the
field of silicon optoelectronics [1, 2, 3], and as a light absorbing component in the third
generation solar cells [4, 5]. The most well-known property of QDs is that the optical
band gap depends strongly on their size, which means that their absorption and emission

properties can be tuned.

Considerable material fabrication work has been done on the growth and characterization
of Si QDs embedded in dielectric matrices such as oxides [6], nitrides [7] and carbides wide
band gap material matrices [8]. In indirect band gap semiconductors, optical transitions
are allowed only if phonons are absorbed or emitted to conserve the momentum. The
localization of electrons and holes inside a QD relaxes the k-conservation requirement

and creates a quasi-direct band gap.

Several optical effects have been reported under illuminating conditions as: carrier mul-
tiplication [9], the presence of multiexcitons [10] and auger recombination [11] processes.
Therefore, the analysis of the electron hole lifetime is complicated due to the large num-
ber of different generation/recombination processes that can occur in semiconductors.
Instead to consider all these effects, we simplify the problem to a simple and easily un-
derstandable system that takes into account the transport properties described before
and the optical transitions generated by external photon field (i.e. stimulated emis-

sion/recombination).

The term “optoelectronics” is often used to discuss the study and development of elec-
tronic devices that can control, or can be controlled by, the electromagnetic field. The
system response is a non-equilibrium state that results from two different driving pro-
cesses: an electron flux induced by an external potential bias, and a photon flux as-
sociated with an incident radiation field. Since both processes are strongly correlated,

one of these fluxes can appear as a response to the other. Thus, we can encounter
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phenomena where light appears in response to electrical driving (bias potential) or, con-
versely, electronic current appears in response to optical illumination. These multitude

of inter-related phenomena create a rich, and in many aspects still open, field of study.

Here, we describe the inclusion of the light terms in the electronic transport model
developed before. We focus on the optical transitions between the electron and the
hole states, stimulated generation and recombination, and the electrical response of the

system under external perturbations: light and bias voltage.

This chapter is organized as follows: first of all we rewrite the rate equations to include
the optical generation/recombination processes. Then, a toy example is also studied in
order to understand and recognize the physical parameters that govern the electrical
response of the system. In the second section, we recalculate the densities of states
(DOS) and the energy levels assuming [ # 0 because as we will see in the next section, the
optical transitions involve states with different [ quantum numbers. In the third part, a
formal derivation of the QD optical properties is presented: the intraband and interband
transitions. The optical properties are summarized in the absorption coefficient. Device
simulations based on Si/Si02 QDs have been done in the fourth section. To conclude,

a comparison with an experimental device is presented.

5.1 Modifying the rate equations: the light terms

The model developed in the previous chapter was used to evaluate the electrical response
of the system under external bias voltage. Now, we introduce the light effects in this

approach.

Following with the rate equation model, the new processes that govern the occupancy
of the energy levels can be included as net fluxes. The movement of the electrons
under illumination in the QDs is governed by three basic mechanisms: (i) promotion
to an excited state assisted by a photon (photon absorption); (ii) relaxation transitions
from excited states to the ground state (stimulated photon emission) and (iii) tunneling
processes to the neighbor QDs or electrodes. We must note that the first mechanism
involves intraband processes, excitation of electrons to other state of the same type
(electron or hole energy states), and interband transitions that includes promotion from
hole state to electron state. We only consider optical transitions between binding states

neglecting the continuous DOS above/below the valence/conduction band offsets.

In the spirit of the rate equation type model [12, 13], we assume that the optical and
transport processes are independent. Therefore, the rate equations have been modified

in order to reflect the stimulated generation/recombination carrier processes. For each
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energy level, they read as

dn:  2mq ' L 2T ' '
qditj = ?\TleszPE-(ij —n:)+ T‘TRj‘QpRp}(ij —nj)

Left lead ggntribution Right lead contributions

Z —|T” 2 ; ph (n }C—n —I—ZquJp—nk 1—n Zqukn —nb), (5.1)

ki’ #i k J

Neighboring QDs contribution Light terms

where the superscript i and i’ refers to the i*" and i** QDs, respectively. j and k
refer to the j** and k' energy level of the corresponding QD. n; is the non-equilibrium
distribution function of the j** level in the i*"* QD. py, and pg are the DOS of the leads
evaluated at the energy of the energy level j, and pz» is the degeneracy of the j** energy
level of the it" QD. fr; and fr; are the distribution functions of the leads described by
the Fermi Dirac distribution function. |T7;| and |Tg;| are the transmission coefficients
between the QD and the leads. If the j** energy level belongs to the electron binding

states, we will use the barrier for electrons otherwise we will use the barrier for holes.

In Eq. 5.1, we have reordered the different contributions as a function of their physical
“nature”: the left and right lead contributions reflect the charge injection from the leads,
whereas the neighboring QDs contribution is the tunneling between the QDs. The light
processes are included in the two last terms. The first light term represents the stimu-
lated carrier generation/excitation. We describe it as the optical transition probability
R that an electron in an occupied initial state k interacts with a photon. Therefore,
it is promoted to an empty state j. The product of the occupancy of the energy lev-
els involved in the optical transitions takes into account the Pauli exclusion principle
[14, 15, 16]. The second light term represents the stimulated carrier relaxation/recom-

bination and can be described in the same way as the previous one.

From the light terms in Eq. 5.1, it is derived that the incoming flux of electrons due to
optical generation/excitation (positive contribution) in the final state has to be equal to

the outgoing flux (negative contribution) in the initial state.

Now, we are going to focus on the physical differences between the generation and
excitation processes. Up to now, we have treated the hole and the electrons indistinctly
but taking into account the corresponding material parameters to describe the tunneling
processes. In the previous section, we refereed to the hole current as electrons that
move in hole states. This treatment is possible since the difference of the occupation
functions in the tunneling current expression appears explicitly. When we include the
light interaction, we use a similar treatment. The excitation process is easily explained
as a “vertical” transitions in energy (involving states of the same type), either for holes
or electrons. The generation process is usually explained as a creation of an electron-hole

pair but, in our description, it can also be viewed as an excitation process of an electron
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from a hole state to an electron state. From a point of view of the electron distribution
function, the hole state empties (equivalent to generate a hole) and the electron state
fills (electron generation). Thus, the previous rate equations include these two processes

in an easy way.

Before describing in detail the transition probabilities Rj;, we focus our attention on
Eq. 5.1 and on the different scenarios that are derived from it. As in the previous
chapter, this set of non-lineal equations has to be solved simultaneously with the local

potential in the SCF regime.

5.1.1 Toy examples: the role of each coefficient

Left hv Right
Lead \\ Lead
Out current ,,"Electron energy Ieve]\\\ Out current
L= R S N S [ N

Optical ti

In current Hole energy level .- In current

FIGURE 5.1: Scheme of the simplest system under study composed by a single QD
with two energy levels. The QD is connected by tunnel junctions to the leads. The
sense of the different currents terms are also shown for illumination conditions and no
external bias voltage applied.

Now, we are going to simulate a single illuminated QD with a single electron and hole
energy level in order to study the electrical response of this basic system as a function
of the ratio between the electrical and optical terms. This QD is connected by tunnel

junctions to the leads. We rewrite the rate equation for each energy level of the QD as

Ne  27q 2mq
T = TgLe(fLe —Ne) + 79R6(fR€ —ne) + qynn(l = ne) — qyne(l —np) (5.2)
n 2 2
qd*: = quLh(th —ny) + Tiquh(th —np) + qyne(l —np) — gynp(l —ne), (5.3)

where the coefficients gre, gre, grn and ggp, correspond to the electron/hole tunneling
transmission to the left and right lead, respectively. The optical transition probability
is called . The scheme of the system is shown in Fig. 5.1. We have assumed the

same capacitive coupling between the QD and the left and right leads. Several scenarios
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appear as a function of the ratio between the optical and tunneling terms in the steady

state:

(a) (b)

9ie= 9re = 91n = Irn 9ie” 9re = 91h = Irn
(© hv (d) hv
|Le\\ ''''' ke ILS\\/’ '''' Ire
A f‘> ’( A
| v L | ‘ v L
It Irn It Irn
9ie < 9re = 91n = Irn 9e= 9re” 9tn = Irn

FIGURE 5.2: Scheme of a single QD under external illumination conditions and no
external polarization. The QD is composed by two discrete energy levels. The mag-
nitudes of the current components (the arrow size) and their direction are represented
for different values of the tunneling transmissions: (a) gre = gre = 9Ln = 9grh, (b)

gLe > YRe = 9Lh = YRh, (¢) 9re < gre = grh = grn and (d) gre = gre > grLh = GRh-

® gie = gre = 9rn = 9grh > 7: In this case, the optical terms are smaller than
the electrical ones and we can neglect them. Thus, the electrical response of the
system does not change much respect to the dark case studied in the previous

chapter.

® gre = 9gre = 9rh = 9grh < 77: The optical terms dominate the rate equation. Let’s
focus on the V = 0 case. In dark conditions, the hole energy level is fill whereas
the electron one is empty. The light interaction creates a new flux between these
two levels, filling the electron level and emptying the hole one. However, there
are also fluxes from the leads to the hole state in order to keep filled the energy
level. Moreover, the promoted electrons go out to the empty states in the leads
generating a current flux. A simple analysis of the current (using basic Kirchhoff’s
law) can be done: I,y —Ire—Ire = 0 for electrons and I, +1rp —Iop = 0 for holes,
respectively; where I, is the optical flux and Iz, and Ig. are the electron fluxes
whereas Ir, and IRy, are the hole fluxes to the left and right leads, respectively.
We have assumed that the incoming currents to the QD are positive. Since the
tunneling coefficients for electrons and holes are equal, we obtain that the electron
and hole currents compensate each other being zero the net current. In Fig. 5.2(a)

we show the scheme of the different current contributions.
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® gre # Gre = 9rh = grr < - We are going to concentrate in the V = 0 case. We
assume gr. > gre and the symmetry of the system respect to the leads is broken.
The light promotes carriers from hole to electron states whereas the leads inject
carriers. However, the electrons flow from the QD to the left lead faster than
the leads inject electrons to the hole level. This fact also modifies the optical rate.
Thus, the currents incoming and outgoing are not equal creating a net current flux.
This fact is shown in Fig. 5.2(b) where the different magnitudes of the currents
are represented by arrows. In this case, the net current goes from the right lead
to the left one. It is important to note that the system has lost charge respect the
equilibrium state since the electron transmission coefficients are greater than the
hole ones.
A similar result is obtained for the gr. < gge case. In this scenario, the carriers
are injected into the QD hole level faster than the electrons are removed from the
electron level obtaining a net current in the opposite direction as the previous case,

see Fig. 5.2(c), and the QD increases the charge.

® grh # 9Rh = JLe = gre < v We assume grpn > grp. In a similar way as before,
the leads inject carriers faster than electron energy level is empty. Thus, the QD
gains charge and a net current is created.
For the grn < ggrp situation, the fluxes from the hole state can not compensate the
fluxes from the electron state an a net current appears. Therefore, the QD looses

charge.

® gre = gre 7# 91h = grn < 7y For this configuration the net current is also zero
as in the first case, Fig. 5.2(d). The main difference appears in the QD charge:
for the gre = gre > grn = grh case, the system loses charge since the extraction
mechanism is faster than the injection one whereas for the gre = gre < 9.n = 9Rh

case, the injection mechanism is faster. Thus, the charge increases.

Summarizing the obtained results, we have observed that the system is strongly depen-
dent on the relation between the optical and the tunneling terms. In order to obtain
a net photogenerated current in the V' = 0 case, the system must be connected asym-
metrically to the leads. Therefore, the geometry of the system under study appears as
an important point that modifies and controls the electrical response of the system. In

addition, the charge in the QD also depends on the tunneling couplings.

Concerning the V' # 0 case, the occupation of the electron and hole energy levels are
governed by the applied bias voltage. For the V' = 0 case, we expect that the electron
level is empty and the hole level is fill however, this scenario can be changed with the
external applied bias potential. This fact affects to the optical transitions and the simple
cases studied previously can not be used here since both process are strongly dependent
on each other. Nevertheless, we can argue that for lower optical terms than current

terms (small optical transitions rates or high applied voltage) the electrical response of
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the system is similar to the dark case. Thus, for low voltages the optical term dominates
but when the voltage increases, the electrical response of the system recovers the dark

trend.

5.2 Complete energy level spectrum

Up to now, we have described the internal electronic structure of the QD in the simplest
way: as a finite potential well in the Effective Mass Approximation (EMA) and only con-
sidering the [ = 0 solutions. In the previous chapter, we have discussed the importance

for the transport process of the correct description of the QD internal properties.

For light processes, in which photons of sufficient energy can excite electrons from filled
states to empty ones, it seems very reasonable to think that the electronic properties
of the system will also play an important role. Therefore, keeping as simple as possible
the model to describe the electronic properties of the QD, we use the same approach
presented before but unrestricted for the [ quantum number. The Hamiltonian of the
QD can be written as

W, K

H=-

Vi + Ve + Vi + Ve + Ey, (5.4)

2m8 th

where V. and V}, are the finite confining potentials and V},_, is the Coulomb interaction
between electron and holes. As we will discuss latter, we assume that the interaction
potential between the carriers is small in comparison with the kinetic part of the Hamil-
tonian. Therefore, the total Hamiltonian is separable in the electron and hole single
particle contributions. We present here the derivation of the wave functions and the
energy levels for the electron case. Concerning the hole wave function and the energy

levels, the calculi are straightforward.

5.2.1 Single particle properties

The electron wave function for the QDs can be represented as the product of the pe-
riodic Bloch function u(r) and an envelope function [17]. The envelope function ¢ep,
describes the motion of particles in the confinement potential. This “envelope function
approximation” is valid when the QD diameter is much larger than the lattice constant

of the crystal. The electron wave function can be written as

% = Uy - ¢em)- (55)
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The envelope function is the solution of the single particle Schrodinger equation. The

radial part reads as

h? 8—2+23 (1 +1)h?
0%r  ror

+ Ve(T)} Ri(r) = E{R(r), (5.6)

2Mee 2mer?

here, m, is the electron effective mass which is different inside and outside the QD. [ is

the angular momentum quantum number. V(r) is the finite confining potential

Ve(r):{()forr<R ’ (5.7)

Vofor R>r
where R is the QD radius and V; is the value of the confining potential, i.e. the band
offset between the QD and the surrounding material. Ej is the electron energy eigenvalue
and Ry(r) is the radial wave function. The angular dependence of the wave function,
Y, ™(0, ¢), is given by the spherical harmonics.
The solution inside the QD is
Ri(r) = A ji(kor), (5.8)

where ji(kor) = /gprJiv1/2(kor) is the spherical 1" order Bessel function and ko =

2me
\/ 2.

The solution in the oxide is

Ri(r) = BRV (K'r), (5.9)

where hj (k'r) is the spherical Hankel function and &’ = i 27"2%(‘/0 — E;). me and mo,
are the electron effective masses in the QD and in the oxide, respectively. A and B
are the normalization constants of the wave function. Therefore, the electron envelope

function is written as
benw = Aji(kor)Y;"™ (0, 9)O(R — 1) + Bh{" (k') Y™ (0,6)O(r — R). (5.10)

Here, we have used the Heaviside step-function ©(r) to separate the different space

regions.

The continuity of the wave function and the probability flow conservation impose the

condition
1 gilkor)le _ 1 b (k)R
mow 2l g o .
or IR Ly

From this condition, the binding states for each [ are obtained. Regrettably, an analyt-
ical expression for the binding states does not exist. Thus, Eq. 5.11 has to be solved
numerically. In Fig. 5.3(a), we show the numerical solutions of Eq. 5.11. The binding
states are the circle points. Moreover, in Fig. 5.3(b) the radial probability distribution

inside and outside of the QD for the [ = 0 case is also shown.
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FIGURE 5.3: (a) Representation of Eq. 5.11 for the first angular quantum numbers.
The binding states for each quantum number [ are the points that cross y = 0. (b)
Scheme of the radial distribution 7?|R;(r)|? inside and outside the QD for the [ = 0
case.

We remark that the degeneracy of each binding state is (2 + 1), which implies that the
number of binding states increases dramatically when the QD radius increases. Here,
we have omitted the value of bulk energy gap of the material because it only adds a
constant shift in the energy levels. Since the wave functions and the energy levels inside

the QD are obtained, the DOS can be computed as in the previous chapters.

5.2.2 Pair states

The above description did not take into account the Coulomb attraction between the
electron and the hole. In the following, we refer to the Coulomb interacting electron-hole

pair as an exciton [18].

If the QD radius (R) is smaller than the bulk-exciton Bohr radius R < ap, which is
defined as ap = 0.529¢,mo(1/me + 1/my) [19] where &, is the dielectric permitivity of
the QD, electron and hole are closer together than they would be in the corresponding
bulk material. This leads to a dramatic increase of the pair energy with decreasing QD
size. As a function of the QD radius, the kinetic part of the energy, that includes the

confining potential, varies like

1
<.H5+Hh > ﬁ, (512)

whereas the interaction part behaves like

1
V. —. 5.13
< h > R ( )
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To estimate the pair energy for small QD radius, R << ap, it is a reasonable first-order
approximation to consider the electrons and the holes essentially as non-interacting
particles and ignore the Coulomb energy in comparison to the kinetic energy. This
corresponds, in the frame of the EMA, to the strong confinement regime [20, 21, 22]:
electrons and holes are considered as independent particles. This yields that the exciton
energy Fe, is the sum of the electron and hole single particle energy states (obtained
from Eq. 5.11)

Eex = Eg+ Eeym + Epm (5.14)

where we have written the different terms: £, is the bulk band gap of the material; E, ;,,,
and FE}, j,, are the single particle energy states of the electrons and holes, respectively.
Therefore, the exciton is well described by the product of the single particle electron-
hole wave functions ©ep(7e, ) = Ye(Te)n(ry) where we have omitted the spin terms

for clarity.

Concerning the Coulomb interaction, it is not possible to solve analytically the electron-
hole pair Schrodinger equation Eq. 5.4. However, in the strong confinement regime,
the Coulomb interaction can be treated as a perturbation [23] adding a new energy
contribution that reduces the optical effective gap [24] (i.e. the first excitonic level). An
estimation of this energy shift can be obtained using the approximation presented in
25]

2¢?

4repe,

R Th
E._ ;~— / thlQ(rh)drh/ rleQ(re)dre. (5.15)
0 0

In the Appendix section, we have included a comparison between the complete DOS
obtained using EMA within the finite potential well and DFT calculations for Si/SiOs
QDs.

5.3 Derivation of the optical properties

In this section, we introduce the calculation basis to simulate the dynamics of the elec-
trons excited by external radiation. The system is subjected to electromagnetic field
(laser/light source), which induces stimulated transitions: absorption and emission. The
calculus starts from the previous obtained wave functions and binding energy levels, and
evaluate inter- and intra- band transitions within the validity of Fermi’s Golden rule.

Here, we describe the approximations that we have assumed:

e Atomic levels: no band dispersion. This requirement includes the discreteness of
the energy levels, as we have shown from the Schrodinger equation. Moreover,
optical transitions from binding states to the continuum of states above the oxide

conduction/valence band offsets are not considered.
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e Energy levels are fixed also after the excitation. The excitonic effects to the energy

are not considered.

e Dipole approximation, exp(ik - x) ~ 1, valid for visible frequencies and lengths on
the order of A.

e Validity of the Fermi’s Golden-rule.

o 2™ order processes are neglected: Raman, Rayleigh, Thomson, etc. These are

generally much less probable with respect to 15 order processes.

We will show in a general trend the derivation of the optical transition probabilities. A

detailed explanation can be easily found in many textbooks [15, 16, 17].

We start with the Hamiltonian that describes the electron-photon interaction. To de-
scribe the electromagnetic field, we introduce a vector potential A(r,t) and a scalar
potential ¢(r,t). Because of gauge invariance, the choice of these potentials is not

unique. For simplicity, we choose the Coulomb gauge [26], in which
¢p=0and V-A =0. (5.16)

Using the minimal coupling [27], that implies p’— 7 — (e/ c)f_l', the interaction Hamilto-
nian that describes the motion of a charge —e due to the presence of the photon field
can be written as

e - e? A2

H=———A-7 )
mc p+2m02

(5.17)

For the purpose of calculating linear optical properties, we can neglect the term e? A2 /(2mc?),
which depends quadratically on the field. Thus, the interaction Hamiltonian can be writ-
ten as

H~-S4.5 (5.18)
mc

With regard to the spatial dependence of the vector potential we can write
A=A, exp [i(Ef + wt)} (5.19)

where, for a loss-less medium, k = nw/c = 2wn/X is a slowly varying function of #
since 2mn /X is much smaller than typical wave vectors in solids. Here n, w, and A are
the real part of the refraction index, the optical frequency and the wavelength of light,
respectively. The electric dipole approximation corresponds to expanding the exp(iE - )
factor in a Taylor series and neglecting the k-dependent terms.

In a general form, using the Fermi Golden Rule the transition probability from initial

state [ to final state I’ per unit volume and time is written as

27
Rll’ = E‘Ml’l‘zd(El' — El :l: hl/) (520)
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The + sign corresponds to photon emission and the — to photon absorption. Using the
dipole approximation A= Apé where é is the polarization vector of the light, the matrix

element reads as
My =< i (r)|é - plpju(r) > . (5.21)

The subscript ¢ and j refer to electron and hole states. The matrix element is composed

by three different terms

l N 4
Ml’l ~< UH6|UH€ >< ¢em},e|e : ﬁ‘qsen'u,e >

+< uﬁh|u’€h >< gﬁle’rw,h|é 'ﬂd)l/env,h >+ < (Z)len'u,e’ l:znv,h >< ufi@’é ' ﬂufih >7 (522)

where we have used the orthogonality property of the Bloch function (< wylug; >=
d5,j). The three contributions corresponds to: (1) intraband transition between electron
states, (2) intraband transition between hole states and (3) interband transitions between

electron and hole states.

The total transition rate between the initial [ and final I’ state under the influence of
the interaction Hamiltonian described in Eq. 5.18 can be written as
R 16”20‘101 )M |28(Ey — E; £ ho) (5.23)
= — 14 ’ ’ = 14 .
1 a0 1 1 1 ;
where « is the fine structure constant (=~ 1/137), €, the QD dielectric permitivity, €2 is
the QD volume, I(hv) is the flux of the incident light and v is the photon frequency.

Ep and Ej are the energy levels of the final and initial states, respectively.

5.3.1 Intraband transitions

The intraband transitions reflect the excitation of an electron inside the same band. For
our case, since our DOS are not continuous, it implies that the electron moves only in
the electron or hole states.

My is the dipole matrix element averaged over all polarizations of the incident light
2 1 2 2 2
| My |* = 3 {lzw* + lyn|® + |21} (5.24)

where the polarization in the z-direction is
o0
2 = / Ry (r)Ry(r)r3dr / Yy Yimcos0dS (5.25)
0

and we have used z = rcosf. Ry(r) is the radial part of the wave function. It is
straightforward to calculate the matrix elements in the other two directions. Here, we
have used the relation < ¢¢|pl¢; >= imwy; < ¢f|Z|¢; > where w = (E; — EJ)/h. The

selection rules for such transitions are determined by the angular part of Eq. 5.25. It
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can be readily shown that the allowed transitions must fulfill the condition |l — '] = +1
and |m' —m| =0, £1.

5.3.2 Interband transitions

The interband transitions involve the electron and the hole states. They represent the
promotion of an electron from a hole state to an electron state. Whereas in the previous
case the transition corresponds to only one electron/hole, in this case, the transition
involves two particles (electron-hole pair generation).

In order to compute the optical response, the dipole matrix element is written as [17]

|My|*> = y/dr%g*(r)(#g(r)ﬁ, (5.26)

where ¢. and ¢y, are the single particle functions. The transition matrix element is only
non-zero for electron and hole with identical quantum number and we derive the optical
selection rules for interband transitions: |lc — | = 0 and |m. —my| = 0. Since we only
consider the single exciton creation, the electron-hole pair is created from the vacuum

state to an state in which the electron an the hole have the same quantum numbers.

5.3.3 Absorption coefficient

The absorption coefficient is one of the most important experimental parameters, which
is defined as the power removed from the incident beam, per unit volume, per unit

incident flux of electromagnetic energy,

(hv) x number of transitions/unit volume/unit time

alhv) = (5.27)

incident electromagnetic flux

Since we have computed the transitions probabilities in the previous section, the ab-

sorption coefficient is easily obtained as

oy = S 0T s A 5.28
OC(V>_Z\/€>Q V‘ ’L‘ ( ) V)? ( )

where the subscript ¢ refers to all the possible processes and AE; is the energy level
difference of the initial and final state. If we wish to calculate the absorption spectra
at finite temperature, we also need to include the Fermi functions that represent the

occupation of the initial and final states.

Summarizing the optical properties, the obtained selection rules are

e Intraband transition: allowed transitions only for Al = +1 and Am = 0, £+1.

e Interband transition: allowed transitions only for Al = 0 and Am = 0.
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FIGURE 5.4: Energy level scheme of the states with zero or one electron-hole pair. We
describe the states as a function of the electron and the hole angular momentum. The
interband transitions are the continuous arrows whereas the intraband transitions are
the dashed ones.

In Fig. 5.4, we plot schematically the energy spectrum of the energetically lowest one-
electron-hole-pair states with angular momentum [ = 0,/ = 1. The solid lines indicate
the most important dipole-allowed interband transitions. The dashed lines show the

intraband transitions involving a change of the state of the electron or the hole.
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FIGURE 5.5: (a) Scheme of the binding states in the QD. Several optical transitions
are shown, interband (blue lines) and intraband transitions (red lines), respectively.
The equilibrium Fermi level (Ey) is also shown. (b) Representation of the absorption
spectra for the previous system. The optical element matrix are shown as a vertical
lines placed at the photon energy of the transitions (red lines for intraband and blue
ones for interband). The absorption coefficient is the sum of individual absorption
peaks related to each transition.

In Fig. 5.5(a) we show and scheme of the optical interband and intraband transitions. It
is important to note that the intraband transitions are not obtained when the absorption
spectra is measured since this measure is usually done without external polarization
bias voltage. Thus, the probability of optical transitions between states of the same
type is practically zero. In contrast, optical transitions that involve electron and hole
states are more favorable. Fig. 5.5(b) shows the difference in the absorption coefficient
for intraband and interband transitions. However, we are going to study the optical
response of different systems under external bias voltage polarization making possible

intraband transitions. Therefore, we include them as a “possible” transitions.
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5.4 Optical device simulations

Since the theory of the light interaction has been studied and the optical transition
rates are obtained, these new terms can be included in the rate equations to simulate

the electrical response of the system under external light illumination.

Start
« Device
description
*QD energy
* Geometrical spectra
disposition .
] *Optical
* Material transitions
parameters .
B «Light
« Capacitive properties
couplings

Desired
error?

No

Compute the
local potential

!
Write and solve the rate Outputs
equations
(One per energy level)

!

Compute the charge in
each QD

!
—| Anderson mixing

FIGURE 5.6: Scheme flowchart of the code that implements the methodology described
in this chapter. The code is based on the previous presented one (SCF core) but several
changes have been done in order to include the light.

The modifications in the rate equations in order to include the light processes have been
included in the code in order to simulate different arrangements of QDs. The scheme
flowchart of the code is presented in Fig. 5.6. It uses several parts of the previous
developed code, such as the capacitive calculations and the transmissions coefficients.

Basically, it is organized as follows:

1. Define the device’s geometry: distance between the different elements of the system

(QDs and leads, QDs-QDs), capacitive couplings.

2. For each QD of given radius, calculate: energy level spectra and optical transi-
tion elements. Solving the Schrodinger equation and obtaining the optical matrix

elements.

3. Initialize the self-consistent field (SCF) for a given bias voltage and/or incident

light conditions and solve the rate equations and the Poisson equation until a
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desired convergence has been achieved. In this case, we write a rate equation per
energy level. To solve them, since they form a set of non-lineal equations, the

Newton-Raphson method has been implemented.

4. Calculate the final outputs.

5.4.1 Si/Si0, QDs: simulations

Here, we are going to simulate different kinds of systems based on Si QDs embedded
in a Si09 matrix to demonstrate the feasibility of the previous developed model. First
of all, the internal properties of the Si QDs are presented: the Eyq, and the absorption
spectra. Finally, a systematic study of the electrical and optical response of the basic

system, an array of QDs placed between two electrodes, has been done.

5.4.1.1 Si QDs: optical properties

mpeg (mo) 040 || ¢1pcB (eV) 3.1
mpyp (mo) 030 | ¢1.uve (V) -4.5
m?—[VB (mO) 0.32 Ega,p (eV> 1.12
MmGacp (Mo)  0.33 || &rsio, (g0) 3.9

—_

ngd ve (mo) 0.28 €rSi 11.7

TABLE 5.1: Parameters used in the simulation in order to describe Si QDs embedded
in Si04 insulator matrix. In all the simulations we assume T=300K.

The study of the energy states of the QD has been done assuming the finite spherical
potential well model developed previously using the Si and 5703 effective masses and the
confinement potentials assuming bulk values. In Table 5.1 we show the list of parameters
used to describe the material: the oxide (mpcp and mjy, p) and QD (mg, o5 and
Moqy p) effective masses as well as the confinement potentials for electrons (¢1,rcB)

and holes (¢1,gvB), respectively.

The wave functions and the binding states appear from the solution of the Schrédinger
equation Eq. 5.6 and Eq. 5.11, respectively. Using the effective masses and the bulk
Si permittivity described in Table 5.1, the bulk exciton Bohr radius is estimated as
ap = 40.86 A[33]. Thus, for QD radius R < ap the strong confinement regime is valid.
Before continuing, we study the obtained Eyq,, the energy difference between the first
electron and hole binding states. In Fig. 5.7, we show the obtained dependence of the
Egqp as a function of the QD radius, and it is compared to experimental data obtained
from photoluminescence measurements [28, 29, 30, 31, 32]. As it is seen, the EMA, using
the values of Table 5.1, can reproduce the measured experimental .

An estimation of the energy shift due to the electron-hole Coulomb interaction for Si QD
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FIGURE 5.7: Dependence of the obtained Ey,, as a function of the radius of the Si
QD without taking into account the exciton shift. For comparison, experimental data
obtained from photoluminescence measurements are presented [28, 29, 30, 31, 32].

of R =1 nm can be obtained using Eq. 5.15. The interaction energy is E._j, ~ —0.138
eV for the first allowed transitions, from vacuum state to the generation of electron and
hole in the first s-state (I = 0). This effect decreases the optical band gap but, as can be
seen from Fig. 5.7, the effective masses used to describe the QD agree with experimental
measurements for small radius, reflecting that this effect is included in the effective mass

value.
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FiGURE 5.8: Simulated absorption spectra in the equilibrium state for different QD
radii. The summation of all the contributions to the spectra has been done according
to the Fermi Dirac distribution function, where for simplicity, the Fermi level has been
placed in the energy origin, ;1 = 0. The arrows represent the value of the Iy, for each
QD radius.

The evolution of the simulated spectra as a function of the QD radius is presented in
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Fig. 5.8. When the QD becomes larger, the number of energy states in the QD increases
obtaining more possible optical transitions. Moreover, the value of Egy,), decreases [34]
thus, a redshift of the spectra is observed. For high photon energies, the absorption
spectrum decreases since we only consider the transitions between the discrete energy
states of the QD. Therefore, we neglect the continuum conduction and valence band

states, and all the possible transitions from/to these bands.

For simplicity, we assume an incident monochromatic light with irradiance I(hv) =

1Wm =2 for all the following simulations.

5.4.1.2 Single QD: the symmetry role

The first system under study is a single Si QD under illumination connected to two
electrodes with a constant external bias voltage applied. From Eq. 5.1, many scenarios
appear as a function of the value of the optical and transport terms. We study the
particular case for V' = 0. If the transport terms are greater than the optical ones, the
non-equilibrium distribution function of the energy levels will follow the Fermi Dirac
distribution function since the optical terms are a small perturbation. When the optical
term increases, equal generation of electron and holes appears. Both carriers tend to
diffuse to the electrodes creating currents and, depending on the probability of these
transitions, the QD could be charged as we have explained before.

When an external bias voltage is applied the distribution functions of the two leads
differ and a net current appears. Overlapped to this, the optical processes appear
filling /emptying levels and adding new conductive channels to the transport enhancing

the total current.

The results of the single QD are shown in Fig. 5.9. We present two scenarios: (a)
the QD symmetrically connected to the leads and (b) in asymmetric configuration.
An interesting result appears for V' = 0. In the symmetrically coupled system (a), the
current is zero since the incoming hole currents for each side equals the outgoing electron
currents. Therefore, the net current is zero because the electron and hole currents
compensate each other. This result derives intuitively from the rate equation, as we
showed previously. Therefore, in order to generate a net photocurrent the symmetry of
the QD respect to the leads must be broken, hence, different coupling to the leads are

needed as is shown in the asymmetric case (b).

When an external bias voltage is applied, the transmission coefficients between the QD
and the two leads change. Thus, the system becomes asymmetric and a net current
appears. The current peaks are related to the maximum transition probabilities for
an incident photon reflecting the absorption spectra. When the voltage increases, the
current tends to be independent of the incident photon energy hv. This effect is the result

of competition between two processes, the pure light current term and the external bias



Chapter 5. Interaction with Light 155

Current (A)

4 6 10
Photon energy (eV)

FIGURE 5.9: Photocurrent as a function of the energy of the incident light with
an external applied bias voltage. In the inset a scheme of the system is presented,
a QD of R = 1.06nm is placed between the two electrodes. (a) Symmetric system
d=d = 1.78nm. For V = 0 case the current is zero while for V' # 0 the symmetry
of the system is broken and net current appears. (b) Asymmetric system d = 1.47 nm
and d’ = 2.09 nm. A net current is obtained even at V = 0. The current peaks refers
the position of the maximum optical transition probabilities.

voltage term. For small voltages, the optical terms dominate and the optical transition
peaks are observed, but when the voltage increases the tunneling currents become the

most important terms and the current appears as a photon energy independent.
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FIGURE 5.10: (a) The total I(V) curve (in absolute value) for the symmetric system
in dark case and under different illumination conditions (incident photon energies). (b)
The total I(V) curve (in absolute value) for the asymmetric system in dark case and
under different illumination conditions (incident photon energies).
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In the same way, in Fig. 5.10 we show the obtained current voltage curve I(V) under
external illumination for the same previous system as a function of the energy of the
incident photon. In Fig. 5.10(a-b) we show the current for the symmetric and asymmetric
structure respectively. As it was demonstrated, the symmetry of the dark I(V) curves
depends on the symmetry of the coupling to the leads, and current plateaus appear when
conduction channels are opened. For the illuminated case, the main differences appear
for small voltages. The I(V) curve looses the step like behavior since the occupancy
of the energy levels are not sequential with the applied bias voltage due to optical
transitions. Moreover, the optical transitions tend to fill the electron states while hole
states become emptied increasing the electron/hole currents. As a consequence, more

conducting channels are opened and the total current is bigger than in the dark case.

5.4.1.3 Parallel case

|Current| (A)

Voltage (V) Photon energy (eV)

F1cUure 5.11: The QDs radii are Ry = 1.0 nm and Ry = 0.8 nm respectively. The
distances between the first QD (QD;) and the leads are d,; = 2.5 nm and for the
second one (QD2) dra = 2.5 nm. The distance between the QDs is djo = 3 nm. All
the distances are measured from the center of the QDs. (a) The total I(V) curve (in
absolute value) for the parallel system in dark case and under different illumination
conditions (incident photon energies). (b) Photocurrent as a function of the photon
incident energy for different applied bias voltage.

Now, we study the system composed by two QD in a parallel configuration. We use two

QD of different radius in order to obtain different optical transitions.

The rate equations for each energy level of the QDs have three contributions: the leads,
the neighbor QD and the optical contributions. In Fig. 5.11(a), we show the I(V)
curve under different incident photon energies. These photon energies are related to
the maximum absorption peaks, for R = 0.8 nm and R = 1.0 nm QDs. In a previous
chapter, we have demonstrated that in parallel configuration the total dark current

trough the system is the sum of the individual QD terms. At low voltages, the optical
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terms dominate in the rate equation and the obtained I(V) curve differs from the dark
curve. As shown before (in the single QD case), this trend is a competition between the
optical transition probabilities and the transmission probabilities. For low voltages, the
barriers are not transparent enough. Therefore, electron/holes are photogenerated in the
QD changing the distribution function of the QD creating net fluxes incoming/outgoing
from the QD to the leads. The electrons tend to move from the QD to leads and the
holes follow the opposite direction, obtaining a net current when both currents do not
compensate each other. When the voltage increases, the barriers are bended and the
tunneling probability increases as well. Then, the optical term becomes smaller than
the electrical terms and the dark trend is recovered. When the energy of the incident
photon increases, the optical transitions involve the higher energy levels, which have the
maximum transmission probabilities increasing the current.

Moreover, in this case, the electrons can also move to the other QD. Thus, a current
between QDs appears and breaks the symmetry respect to the leads obtaining a net
current for the V' = 0V case (Fig. 5.11(b)). Asin the previous case, when the polarization
voltage increases the photocurrent peaks tend to disappear. Since the two QDs have
different radii, the optical transitions occur at different photon energy and the obtained

photocurrent reflects both absorption spectra.

5.4.1.4 Serial configuration
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FIGURE 5.12: The QDs radii are R; = 0.3 nm and Ry = 0.8 nm. The first QD is
placed at dr; = 2.5 nm and dr; = 5.1 nm and the second QD is placed at dpo = 4.8
nm and drs = 2.8 nm from the left and right leads respectively. The distance between
both QDs is dis = 2.3 nm. All the distances are measured from the center of the
QDs. (a) The total I(V) curve (in absolute value) for the serial system in dark case and
under different illumination conditions (incident photon energies). (b) Photocurrent as
a function of the photon incident energy for different applied bias voltage.

The third type of arrangement is two QD in a serial configuration. This kind of ar-

rangement has demonstrated the possibility of filtering the current trough the position
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of the energy levels. Since overlapping between the energy levels of the QDs is necessary,
only a few conduction channels are opened and the current is strongly dependent on the
electrostatic coupling of the QDs obtaining NDR in the I(V) curve. We proceed in a
similar way as in the previous case, the electrical response under an external bias voltage
and under illumination with different photon energy. In this configuration, each QD is

connected to one electrode (left or right) and the neighbor QD.

First of all, we present the obtained dark and illuminated I(V) curves in Fig. 5.12(a).
In the dark case, the NDR and current resonant peaks are obtained. When light is
applied, current increases, since the occupation of the higher energy levels increase,
making favorable the tunneling processes. For certain photon energies, the current
saturates in a voltage region as the transitions involve the higher/lowest energy states of
the electron/hole states. Overlapped to these optical transitions, we have the electronic
transport due to the applied voltage. In order to obtain electronic transport between the
QDs, the condition of the overlapping of the energy levels has to be fulfilled. Therefore
the NDR and the current peaks still remain in the I(V) curve.

In addition, we present the photocurrent generated as a function of the energy of the
incident photon in Fig. 5.12(b). The values of the photon energy have been chosen in
order to maximize the transitions probabilities in each QD obtaining different photo
generation rates in each QD. The cases under external bias voltages are also presented.
We obtained a similar trend as in the previous cases, the current reflects the absorption
spectra of the systems obtaining current peaks when the transitions probabilities are
maximal in the cases when the photon energy equals the difference between the energy
levels involved in the transition. Different to the previous cases, the current saturates
when the voltage is increased as a consequence of the no overlapping between the energy
levels of the QDs. For this reason, we studied this kind of system: a small QD (with few
energy levels) connected in series with a bigger one (with large number of energy levels).
Therefore, the small QD dominates the behavior of the photocurrent since it controls
the number of conduction channels. In this configuration, the photocurrent retains the
current peaks when the external voltage increases since the small QD acts as a current
filter.

5.4.2 Comparison with experiments: PbSe QDs

To complete this chapter, we present the comparison between the presented theoretical
model and a real system. The experimental results have been taken from Prins et al.
[35]. They fabricated a system based on two electrodes separated by 5 nm. A single
layer of PbSe QD of 2 nm in radius was deposited on top of the electrodes. An scheme
of the system is shown in Fig. 5.13. Therefore, they obtained a system of QDs placed

in parallel configuration. This kind of structure is the same as we have studied before.
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FIGURE 5.13: Scheme of the device fabricated by Prins et al. [35]. Two Au contacts
are separated by a trench of ~ 5 nm in which the PbSe QDs are placed. In the inset, a
SEM image of the electrodes is showed. Both figures have been extracted from Ref. [35].
Reprinted with permission from ACS.

5.4.2.1 PbSe QDs: optical properties

In order to simulate this new system, we have changed the material parameters to
describe the PbSe QDs. First of all, we describe the Egy,, and the optical properties of
the material. The PbSe QD is treated as a finite spherical potential well under the EMA
neglecting the Coulomb interaction. PbSe QDs have been widely studied under several
models within EMA [21], K- p Hamiltonian [36], finite barrier version of the EMA [37]
and some variations as proposed in Ref. [37] and Ref. [36]. PbSe is narrow band gap
semiconductor (Egq, = 0.26 eV) with large Bohr radius (ap = 46 nm [38]) and small
effective masses. The value of the effective masses and confinement potentials were taken
from Pellegrini et al. [39]. We used mg),; op = 0.07mg and mg),y,p = 0.06mq for electron
and hole effective masses respectively. The confinement potentials are ¢1 pcp = 1.61 eV
and ¢1 gvp = 1.61 eV. The obtained Eyqp(R) is presented in Fig. 5.14. The dielectric

constant value is &, = 23¢ [36].

As shown in Fig. 5.14, the proposed model (finite EMA) is close to the results obtained
experimentally and using other approaches, reflecting that the parameters used to de-
scribe the PbSe QD (effective masses and barriers) are correct. We can also estimate
the binding energy of the ground-state exciton for a PbSe QD of R = 2 nm. The energy
shift due to the electron-hole Coulomb interaction is F._;, = —0.03 eV, where we have

used Eq. 5.15 that agrees with results presented previously in other works|[37].

We present in Fig. 5.15 a comparison between measured and simulated absorptions

coeflicients for PbSe QDs as a function of the QD radius. Experimental data has been
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FIGURE 5.14: Dependence of the obtained Fg,, as a function of the radius of the
PbSe QD without taking into account the exciton shift (solid line). For comparison,
experimental data (filled symbols) [37, 38, 40] and results from different theoretical
approaches (hollow symbols) are also presented [39, 41, 42].
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FIGURE 5.15: Simulated absorption spectra (continuous line) and experimental one
(dashed line) for different PbSe QDs radii. Experimental data has been taken from
Ref. [43)].

taken from Ref. [43]. The EMA model can reproduce well the value of E,,)p, the first
electron and hole energy level, as the position of the first optical transition. However,
the rest of the binding states are not well reproduced. This fact is visible since all the

optical transitions can not be reproduced.
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5.4.2.2 Simulation vs. Experiments

In order to compare our calculations with the experimental device, we created a system
composed by ten QDs placed in parallel configuration. The QDs radii were generated
randomly using a normal distribution with mean radius (R) = 2 nm and ¢ = 0.1 nm.
The QDs were placed in parallel configuration but the distance between them and the
leads was chosen as a free parameter breaking the symmetry of the system. The leads

separation was 5 nm and direct current among the leads was not considered.
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FIGURE 5.16: Simulated I(V) curve in dark (continuous blue line) and light (dash blue
line) conditions respectively (normalized to the maximum current). In the inset we show
the experimental (square red points) and simulated (continuous blue line) normalized
photocurrent. Both figures are normalized to the maximum current. Measured I(V)
points have been extracted from Prins et al. [35].

Fig. 5.16 shows the current voltage curve in dark and light conditions. The inset also
shows the normalized net photocurrent as a function of the applied bias voltage for light
illumination conditions equivalent to the experiment (A = 532 nm and irradiation of
I(hv) = 0.16Wcm~2). Concerning the current curve in dark conditions, the electron/
hole only crosses from one lead to the other trough the states in the QD. As a consequence
of the discrete nature of the QD energy levels, the current increases step-by-step as the
conductive channels open. The asymmetry reflected in the experimental measurements
is related to the different capacitive coupling between the QD and the leads since the

capacities are strongly dependent on the distance.

For the illuminated case, the behavior of the curve can be explained in an intuitive form
directly from the rate equation type model. Eq. 5.1 shows that the distribution function
in the QD is a combination of pure transport effects (tunnelling processes) and optical
contributions. The optical terms mix the electron and hole states involving electron and
hole pair creation. The response of the system under external perturbations (light and

voltage) depends on the rate between the pure transport effects and the light terms. One
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the one hand, the transport terms are described by tunneling junctions that are function
of the tunneling distances and the energy barriers. Moreover, the rates depend on the
occupancy of the energy levels. On the other hand, the optical terms are described by
the transition probability, but they also take into account the occupancy of the energy
levels. Thus, for low voltages we expect that the optical terms dominate creating a
net photocurrent. When the voltage increases, the tunneling probabilities increase the

transport terms making them larger than the optical terms and the photocurrent tends

to zero [44].
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FIGURE 5.17: Simulated normalized photocurrent curve (continuous blue line) and
experimental curve taken from Prins et al. [35] (dash blue line) as a function of the wave
length of the incident light. Simulated normalized absorption coefficient (continuous
red line) of the QD system and experimental absorption (red dashed line). In the inset,
we show an scheme of the system under external polarization; the band diagram of the
QD, the optical transitions and the band bending of the barriers due to the external
bias voltage V = 750mV . Besides, the electrochemical potentials of the leads are also
presented

We also computed the photo-conductive response as a function of the wavelength of
the incident light as the current at a fixed bias voltage at V' = 750 mV and constant
irradiation for varying wavelengths between 800 nm and 1600 nm , Fig. 5.17, and the
corresponding absorption spectra. Clearly, the photocurrent reflects the total absorption
spectra of the system composed by the summation of the individual spectra of each QD.
Due to the nature of the QD, the photon absorption only occurs for selected photon
energies, as we discussed in the absorption coefficient. The photocurrent peak at A ~
1400 nm is related to the first optical excitation, i.e. the first exciton creation (see the
inset). Since we have an electron-hole pair, these carriers tend to transit to the electrodes.
In order to obtain a net photogenerated current the tunnel transmission of electrons or
holes have to be grater than the recombination time. Moreover, the electrons tend to go
out from the QD to the leads but simultaneously electrons tend to go in from the leads

to the empty energy levels (hole movement). So, a net photo-generation current only
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appears if the electron and hole currents are different. Therefore, the tunneling junctions
become a crucial point that determine the photoresponse of the device. Thereby, in order
to enhance the device efficiency not only effective optical processes are needed, but also

a good charge extraction mechanism is also desirable [44, 45, 46].
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FIGURE 5.18: Experimental net photocurrent as a function of irradiance (square red
points) and simulated (continuous blue line). Experimental points taken from Prins et
al. [35].

Finally, the dependence of the photoresponse with irradiation was also properly ex-
plained. Fig. 5.18 shows the photocurrent for different irradiances at A = 532 nm and
bias voltage V' = 750 mV. The photocurrent scales linearly with irradiance at low values.
In contrast, it tends to saturate for higher powers densities since the energy levels that

contribute to the current are filled, decreasing the efficiency of the optical processes [47].

5.5 Conclusions

In this chapter, we have included the optical transitions into the rate-equation-type
model to simulate the optoelectronic response of devices based on QD arrays. Using the
EMA, the optical properties of the QD have been studied as a needed input parameters

for the transport model.

First of all, the complete DOS of the QD has been calculated, since in the case of the
optical processes take place between states with different [ quantum number. Thus,
following the Qd description as a finite spherical well within the EMA, we have obtained

the binding states unrestricted for the | quantum number.

The optical properties have been computed assuming the intraband and interband tran-
sitions considering excitonic effects in the strong confinement regime. To conclude, the
absorption spectra has been also simulated. The selection rules for the optical transi-

tions can be summarized as: Al = +1 and Am = 0,41 for intraband transitions and
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Al = 0 and Am = 0 for interband transitions. We must note that for the interband
transitions, the selection rule imposes that the photogenerated electron-hole pair (the

exciton) has the same quantum numbers.

The processes that govern the response of the device have been studied and analyzed.
The electrical response is explained as a function of the ratio between the optical and the
pure electrical rates. Moreover, interesting features appear as the different QD couplings

to the leads impose geometrical restrictions.

The particular case of Si/SiOy QDs was studied in three systems: a single QD and
two QDs in serial and parallel arrangements. The single case was used to validate that
the symmetry of the couplings respect to the leads plays an important role in the final
photoresponse. The photocurrent as a function of the energy of the incident light tends
to recover the shape of the absorption spectra. Moreover, the I(V) curves in dark and
light conditions were also presented and the obtained results were explained by the ratio
between the pure electrical and optical terms. The same study was done for the two
QDs systems. In the parallel arrangement, the coupling between the QDs breaks the
symmetry respect to the lead coupling being possible to obtain a net photocurrent at
zero bias voltage. Concerning the serial case, it was used as a energy filtering device:
the small QD controls the final response of the system since the overlapping between

the energy levels are needed.

To conclude, a device based on parallel arrangement of PbSe QDs has been simulated
and compared with experimental measurements. The electrical response of the system
has been evaluated in dark and light conditions, as a function of the wavelength of the
incident light and also as function of the irradiance of the light. The simulations agree
with the experimental results showing that: (i) we have recovered the I(V) asymmetry
associated to the different capacitive coupling to the leads; (ii) the I(V) trends in dark
and light conditions are well reproduced; (iii) the photocurrent follows the absorption
spectra of the Qds and (iv) the photoresponse of the systems tends to saturate for high

irradiances.

As a final comment, we must note that the photo-electrical response of the QDs is
strongly dominated by the electrical and optical properties of the QDs (DOS and ab-
sorption spectra). Again, we deal with the problem that EMA oversimplifies the energy
levels and therefore, the absorption spectra. Thus, the here presented simulations for

the Si/Si0; basically show the capabilities of the model to design optoelectronic devices
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5.6 Appendix

5.6.1 DFT vs. EMA in Si/Si0O, QDs

Here, we are going to show the differences between the EMA used in this chapter and
the ab inito approach. In this chapter, we have shown that binding states dominates
the electrical response of the system and the optical properties of the QD. Therefore,
a correct description of the internal QD structure is desirable. However, atomistic cal-
culations are time consuming and some approximations are needed in order to simulate
devices that contain hundreds of QDs. This fact is the main motivation to use the sim-
plest EMA model to describe the optical and electrical properties of the QDs. At the
end, there is a compromise between the accuracy of the description of a single QD and

the number of QDs that form our device.

The DFT DOS results have been obtained from Ref. [48]. Several Si/SiOy QDs have
been studied as a function of the radius and the amorphization level of the embedding
matrix. We restricted our comparison to the crystalline SiOs phase since there are
more QDs radii to compare. The comparisons between the DFT results and the EMA
approximation are shown in Fig. 5.19 for d = 1.27,1.39,1.5,1.6 nm QDs diameter.
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FicUure 5.19: Comparison between the DFT results and the EMA approximation
for the obtained DOS for different QDs diameters. DFT data has been taken from
Ref. [48].

The differences between the two approaches appear clearly in the DOS spectra. Whereas
the EMA approximation can describe exactly the value of the Eg,, (see Fig. 5.7) the
rest of the states are far of being well described. Furthermore, the EMA approach does
not reproduce all the energy states obtained by the DFT.
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Obviously, these discrepancies in the electronic structure of the QD are also shown in
the optical properties. Optical properties of the DFT system and their comparison to
the dipole transition elements obtained by the methodology used in this chapter are
shown in Fig. 5.20. The absorption spectra has been taken from Ref. [49] for different

Si QDs radii embedded in a amorphous Si0y matrix.
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FIGURE 5.20: DFT absorption spectra for different QDs radii. Data has been taken
from Ref. [49]. The matrix transitions elements calculated using the EMA approach
are also shown.



Chapter 5. Interaction with Light 167

Bibliography

1]

[2]

A E Zhukov and A R Kovsh. Quantum dot diode lasers for optical communication
systems. Quantum Electronics, 38(5):409, 2008.

Robert J. Walters, George 1. Bourianoff, and Harry A. Atwater. Field-effect elec-
troluminescence in silicon nanocrystals. Nat Mater, 2(4):143-146, 2005.

L. Pavesi, L. Dal Negro, C. Mazzoleni, G. Franzo, and F. Priolo. Optical gain in
silicon nanocrystals. Nature, 408:440-444, 2000.

Gavin Conibeer, Martin Green, Eun-Chel Cho, Dirk Koénig, Young-Hyun Cho,
Thipwan Fangsuwannarak, Giuseppe Scardera, Edwin Pink, Yidan Huang, Tom
Puzzer, Shujuan Huang, Dengyuan Song, Chris Flynn, Sangwook Park, Xiaojing
Hao, and Daniel Mansfield. Silicon quantum dot nanostructures for tandem photo-
voltaic cells. Thin Solid Films, 516(20):6748 — 6756, 2008. Proceedings on Advanced
Materials and Concepts for Photovoltaics {EMRS} 2007 Conference, Strasbourg,

France.

Gavin Conibeer, Martin Green, Richard Corkish, Young Cho, Eun-Chel Cho, Chu-
Wei Jiang, Thipwan Fangsuwannarak, Edwin Pink, Yidan Huang, Tom Puzzer,
Thorsten Trupke, Bryce Richards, Avi Shalav, and Kuo lung Lin. Silicon nanostruc-
tures for third generation photovoltaic solar cells. Thin Solid Films, 511-512(0):654
- 662, 2006. {EMSR} 2005 - Proceedings of Symposium F on Thin Film and Nanos-
tructured Materials for Photovoltaics {EMRS} 2005- Symposium F {EMSR} 2005
- Proceedings of Symposium F on Thin Film and Nanostructured Materials for

Photovoltaics.

M. Zacharias, J. Heitmann, R. Scholz, U. Kahler, M. Schmidt, and J. Blising.
Size-controlled highly luminescent silicon nanocrystals: A SiO/SiO2 superlattice
approach. Applied Physics Letters, 80(4):661-663, 2002.

Tae-Wook Kim, Chang-Hee Cho, Baek-Hyun Kim, and Seong-Ju Park. Quantum
confinement effect in crystalline silicon quantum dots in silicon nitride grown using
SiHy and N Hs. Applied Physics Letters, 88(12):—, 2006.

Yasuyoshi Kurokawa, Shinsuke Miyajima, Akira Yamada, and Makoto Konagai.
Preparation of nanocrystalline silicon in amorphous silicon carbide matrix. Japanese
Journal of Applied Physics, 45(10L):11064, 2006.

R. D. Schaller and V. I. Klimov. High efficiency carrier multiplication in PbSe
nanocrystals: Implications for solar energy conversion. Phys. Rev. Lett., 92:186601,
May 2004.

Randy J. Ellingson, Matthew C. Beard, Justin C. Johnson, Pingrong Yu, Olga I.
Micic, Arthur J. Nozik, Andrew Shabaev, and Alexander L. Efros. Highly efficient



168

Chapter 5. Interaction with Light

[13]

[20]

[21]

[22]

multiple exciton generation in colloidal PbSe and PbS quantum dots. Nano Letters,
5(5):865-871, 2005.

Marco Govoni, Ivan Marri, and Stefano Ossicini. Auger recombination in Si and
GaAs semiconductors: Ab initio results. Phys. Rev. B, 84:075215, Aug 2011.

M. Gioannini, G.A.P. The, and I. Montrosset. Multi-population rate equation simu-
lation of quantum dot semiconductor lasers with feedback. In Numerical Simulation
of Optoelectronic Devices, 2008. NUSOD ’08. International Conference on, pages
101-102, 2008.

V. M. Apalkov. Generation of photocurrent in quantum dot infrared photodetectors:
Role of pauli correlations. Phys. Rev. B, 75:035339, Jan 2007.

John P. McKelvey. Solid State and Semiconductor Physics. Robert E. Krieger
Publishing company, 1966.

C. F. Klingshirn. Semiconductor Optics. Springer, 2007.

Peter Y. Yu and Manuel Cardona. Fundamentals of Semiconductors. Springer,
2005.

Stephan W. Koch Hartmut Haug. Quantum Theory of the Optical and Electronic
Properties of Semiconductors. World Scientific, 2004.

C. F. Klingshirn. Semiconductor Optics. Springer, 2007.

G. T. Einevoll. Confinement of excitons in quantum dots. Phys. Rev. B, 45:3410-
3417, Feb 1992.

Yosuke Kayanuma. Quantum-size effects of interacting electrons and holes in semi-
conductor microcrystals with spherical shape. Phys. Rev. B, 38:9797-9805, Nov
1988.

L. E. Brus. Electron—electron and electron hole interactions in small semiconductor
crystallites: The size dependence of the lowest excited electronic state. The Journal
of Chemical Physics, 80(9):4403-4409, 1984.

S. Schmitt-Rink, D. A. B. Miller, and D. S. Chemla. Theory of the linear and non-
linear optical properties of semiconductor microcrystallites. Phys. Rev. B, 35:8113—
8125, May 1987.

U. E. H. Laheld and G. T. Einevoll. Excitons in CdSe quantum dots. Phys. Rev.
B, 55:5184-5204, Feb 1997.

A. I. Ekimov, F. Hache, M. C. Schanne-Klein, D. Ricard, C. Flytzanis, 1. A.
Kudryavtsev, T. V. Yazeva, A. V. Rodina, and Al. L. Efros. Absorption and



Chapter 5. Interaction with Light 169

[29]

33]

intensity-dependent photoluminescence measurements on CdSe quantum dots: as-
signment of the first electronic transitions. J. Opt. Soc. Am. B, 10(1):100-107, Jan
1993.

Karuna K. Nanda, F. Einar Kruis, and Heinz Fissan. Energy levels in embedded

semiconductor nanoparticles and nanowires. Nano Letters, 1(11):605-611, 2001.
J. D. Jackson. Classical Electrodynamics. John Wiley Sons, 1999.

J. J. Sakurai. Modern Quantum Mechanics Revised Edition. Addison-Wesley Pub-
lishing Company, 1994.

S. Guha, S. B. Qadri, R. G. Musket, M. A. Wall, and Tsutomu Shimizu-Iwayama.
Characterization of Si nanocrystals grown by annealing SiOy films with uniform
concentrations of implanted Si. Journal of Applied Physics, 88(7):3954-3961, 2000.

Kei Watanabe, Minoru Fujii, and Shinji Hayashi. Resonant excitation of Er3t by
the energy transfer from Si nanocrystals. Journal of Applied Physics, 90(9):4761—
4767, 2001.

Y. Kanzawa, T. Kageyama, S. Takeoka, M. Fujii, S. Hayashi, and K. Yamamoto.
Size-dependent near-infrared photoluminescence spectra of Si nanocrystals embed-
ded in Si0O9 matrices. Solid State Communications, 102(7):533 — 537, 1997.

H. Takagi, H. Ogawa, Y. Yamazaki, A. Ishizaki, and T. Nakagiri. Quantum size
effects on photoluminescence in ultrafine Si particles. Applied Physics Letters,
56(24):2379-2380, 1990.

Nae-Man Park, Tae-Soo Kim, and Seong-Ju Park. Band gap engineering of amor-
phous silicon quantum dots for light-emitting diodes. Applied Physics Letters,
78(17):2575-2577, 2001.

E. G. Barbagiovanni, D. J. Lockwood, P. J. Simpson, and L. V. Goncharova. Quan-
tum confinement in Si and Ge nanostructures. Journal of Applied Physics, 111(3):—,
2012.

J. P. Proot, C. Delerue, and G. Allan. Electronic structure and optical proper-
ties of silicon crystallites: Application to porous silicon. Applied Physics Letters,
61(16):1948-1950, 1992.

Ferry Prins, Michele Buscema, Johannes S. Seldenthuis, Samir Etaki, Gilles Buchs,
Maria Barkelid, Val Zwiller, Yunan Gao, Arjan J. Houtepen, Laurens D. A. Siebbe-
les, and Herre S. J. van der Zant. Fast and efficient photodetection in nanoscale
quantum-dot junctions. Nano Letters, 12(11):5740-5743, 2012.

Inuk Kang and Frank W. Wise. Electronic structure and optical properties of PbS
and PbSe quantum dots. J. Opt. Soc. Am. B, 14(7):1632-1646, Jul 1997.



170

Chapter 5. Interaction with Light

[37]

[40]

[41]

[42]

[43]

[44]

Wen chao Cheng, Tie qiang Zhang, and Yu Zhang. Dielectric confinement effect
on calculating the band gap of PbSe quantum dots. Chinese Journal of Chemical
Physics, 24(2):162, 2011.

Frank W. Wise. Lead salt quantum dots: the limit of strong quantum confinement.
Accounts of Chemical Research, 33(11):773-780, 2000. PMID: 11087314.

Pellegrini, Giovanni and Mattei, Giovanni and Mazzoldi, Paol. Finite depth square
well model: Applicability and limitations. Journal of Applied Physics, 97(7):073706,
2005.

Christopher B. Murray, Shouheng Sun, Wolfgang Gaschler, Hugh Doyle,
Theodore A. Betley, and Cherie R. Kagan. Colloidal synthesis of nanocrystals and
nanocrystal superlattices. IBM Journal of Research and Development, 45(1):47-56,
2001.

A. Lipovskii, E. Kolobkova, V. Petrikov, I. Kang, A. Olkhovets, T. Krauss,
M. Thomas, J. Silcox, F. Wise, Q. Shen, and S. Kycia. Synthesis and char-
acterization of PbSe quantum dots in phosphate glass. Applied Physics Letters,
71(23):3406-3408, 1997.

G. E. Tudury, M. V. Marquezini, L. G. Ferreira, L. C. Barbosa, and C. L. Cesar.
Effect of band anisotropy on electronic structure of PbS, PbSe, and PbTe quantum
dots. Phys. Rev. B, 62:7357-7364, Sep 2000.

C. B. Murray, Shouheng Sun, W. Gaschler, H. Doyle, T. A. Betley, and C. R.
Kagan. Colloidal synthesis of nanocrystals and nanocrystal superlattices. IBM

Journal of Research and Develpment, Organic electronics, 45(1):47, 2001.

Luxia Wang and Volkhard May. Charge transmission through single molecules: Ef-
fects of nonequilibrium molecular vibrations and photoinduced transitions. Chemi-
cal Physics, 375(2-3):252 — 264, 2010. Stochastic processes in Physics and Chemistry
(in honor of Peter Hénggi).

Michael Galperin and Abraham Nitzan. Molecular optoelectronics: the interaction
of molecular conduction junctions with light. Phys. Chem. Chem. Phys., 14:9421—
9438, 2012.

U. Aeberhard. Theory and simulation of quantum photovoltaic devices based on the
non-equilibrium green’s function formalism. Journal of Computational Electronics,
10(4):394-413, 2011.

Evelin Beham, Artur Zrenner, Frank Findeis, Max Bichler, and Gerhard Abstre-
iter. Nonlinear ground-state absorption observed in a single quantum dot. Applied
Physics Letters, 79(17):2808-2810, 2001.



Chapter 5. Interaction with Light 171

[48] Nuria Garcia-Castello, Sergio Illera, Roberto Guerra, Joan Daniel Prades, Stefano
Ossicini, and Albert Cirera. Silicon quantum dots embedded in a Si0O, matrix:
From structural study to carrier transport properties. Phys. Rev. B, 88:075322,
Aug 2013.

[49] K Seino, F Bechstedt, and P Kroll. Influence of SiOy matrix on electronic and
optical properties of si nanocrystals. Nanotechnology, 20(13):135702, 2009.






Chapter 6

Conclusions

Theoretical approach

In this work, we have developed a theoretical methodology for the electronic transport
in the ballistic regime to reproduce the experimental trends of optoelectronic devices
based on quantum dots (QDs) embedded in a insulator matrix. Within this approach,
a compact device simulator (SimQD) has been created that can be used to aid in the

design of these novel devices.

The scope of this PhD Thesis is fill the gap between the experimental measurements
and the theoretical approaches. Although the theoretical fundamentals of the electronic
transport are well known and there exist several approaches, they can not be used
to simulate the large amounts of QDs that conform the usual devices. This fact is
much clear in the case of ab initio or atomistic models, which are limited by their
huge computational requirements. Thus, in order to overcome these constrains, several
approximations and the relaxation of the accuracy of the expected results have to be

done in favor of the possibility to simulate larger systems.

The basic building block that forms the devices based on QD is an insulator material in
which the QDs are embedded. This system is placed between two electrodes, or leads,
that inject current. The electronic transport takes place by tunneling processes through
the QDs. The here proposed transport methodology is based on the assumption that
the QDs are weakly coupled between them and to the leads; considering two consecutive
tunneling events as independent processes, being possible to separate the whole system

in different parts.

From this system decomposition and using the Transfer Hamiltonian approach to de-
scribe the tunneling currents, a set of non-coherent rate equations can be written to ob-
tain the non-equilibrium distribution function of each QD. Within the Transfer Hamil-

tonian framework, the current is strongly dependent on the transmission coefficient
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through the potential barrier and the density of states (DOS) in each side of the barrier.
On the other hand, the electrostatic influence between the different elements of the sys-
tem as well as the effects of the accumulated charge in the QDs are included in the
model via the solution of the Poisson equation. The local potential in the QDs has a
first term that strongly depends on the different capacitive couplings, the Laplace solu-
tion; and a second one that includes the charge variation in the QD. This second term
imposes a simultaneous solution of the rate equations and the local potential within the
self-consistent field regime. All of these assumptions conform the basis of the ballistic

transport model presented in the first part of Chapter 2.

On the electronic transport model generalities

From some basic examples, the necessary transport conditions to obtain net current

trough the device can be written as:
e The transport occurs in the conduction window created by the different electro-
chemical potentials of the leads.
e The energy levels of the intermediate QDs have to lie in the conduction window.
e Overlapping of the energy levels of the QDs is needed reflecting the ballistic nature

of the model.

From these examples, the current voltage I(V) curves are obtained reflecting negative dif-
ferential resistance (NDR) and current rectifying effect. Moreover, the main parameters
that govern the final response of the system are highlighted, being strongly dependent

on:
e The QD energy levels.
e The capacitive couplings.
e The transmission coefficients.
In the second part of Chapter 1, a direct comparison between the here presented trans-
port model and the Non Equilibrium Green’s Function Formalism (NEGFF) is shown.

Both approaches give similar results but some effects related to the coherent treatment

of the transport by NEGFF can not be well reproduced.
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Modeling large scale arrays

After presenting and validating the transport model, we focus on the realistic description

of the main parameters that govern the final electrical response (Chapter 3).

e Regarding the QD energy levels, we have assumed a finite spherical quantum well in
the effective mass approximation in order to reproduce the discrete energy spectra
of the QDs. The confinement potentials are the difference between the band edges
of the material that forms the QD and the surrounding insulator media. The QD
DOS is obtained as a sum of Lorentzian functions, and assumed as a constant for

energies above the confinement potentials.

e The Wentzel Kramers Brillouin (WKB) approximation was used to calculate the
transmission coefficients. Direct and Fowler-Nordheim tunneling are considered

for trapezoidal and triangular oxide barriers, respectively.

e Concerning the capacitive couplings, an analytical expression for plane-sphere con-
ductors has been used for the lead-QD capacitive coupling. For the QD-QD ca-

pacities, the numerical image charge method was used.

The inclusion of the holes in the transport model can be viewed as electrons restricted
to move in the valence energy levels. Moreover, its inclusion adds extra terms in the
rate equations in order to represent all the possible transitions.

To conclude this Chapter, the implementation of the transport model in the SimQD code
is presented. This simulation tool, which only depends on several material parameters

and the device geometry, was used to study the electronic transport in realistic devices.

Code implementation and realistic inputs

Due to the impossibility to obtain accurate QD DOS, the consideration of a constant
DOS in the leads and the lack of information about the QD density in the experimental

devices restrict our simulations to qualitative results instead of quantitative ones.

The possibility to use atomistic methodologies like Density Functional Theory (DFT) in
order to obtain realistic QD electronic properties, basically the QD DOS, as inputs for
the SimQD is presented for Si QD embedded in a Si0Os matrix. Here, the importance
of the exact position of the Fermi energy level in the equilibrium is discussed since its

location governs the current and charge trends.
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From theory to realistic devices

A complete study of the electronic transport, electrons and holes, for a single Si QD
embedded in Si02 matrix was done as a function of its position respect to the leads.
The total current, I(V) curve, is decomposed on hole and electron currents being the
hole term smaller than the electron one because they view a lower potential barrier. The

obtained effects in the I(V) curves can be summarized as:

e The current increases in step-like form each time that a conductive channel is
opened. The tendency is clearly visible either for electrons or holes. However, for
higher voltages, the continuous part of the DOS enters in the conduction window

and the current increases in a continuous form.

e NDR is also obtained but, its nature is completely different from the previous
case. Here, it is obtained because the ratio between the left/right transmission

coefficients are voltage dependent.

The accumulated charge trends in the QD were also presented and show a strong de-
pendence to the ratio among the incoming/outgoing current fluxes.

For sake of completeness, multilayer structures of 20 QDs were also simulated. Since the
total I(V) curve is the sum of the current crossing through the different pathways, the
previous explained effects are masked. However, the electron term is still the dominant
current an the behavior of the I(V) curves show a strong dependence on the geometrical

arrangement of the QDs.

To conclude the capabilities of the SimQD code, some transistor structures were sim-
ulated. An small modification was included in the Laplace solution in order to reflect
the third electrode, the gate, which includes an extra term in the local potential. The
obtained current maps reproduce the diamond-shape behavior due to the discrete na-
ture of the QD DOS. Moreover, a double gate transistor was simulated reproducing the

experimental trends.

The usually used transport mechanisms for samples including QDs are presented in
the last part of Chapter 4. Experimentally, different current behaviors are obtained in
different ranges of the applied electric field. Poole-Frenkel, Schottky emission, Tunneling
and Trap assisted tunneling processes are usually fitted from the current density electric
field curves J(E).

Within the rate-equation type model, the transport through defects or impurities can
also be obtained as a function of the energy levels of the trap and its position respect
to the leads. This new transport mechanism in combination to the previous QD trans-
port and introducing tunneling between the leads allowed us to reproduce experimental

measurements for three different Si/SiOs structures.
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e Si0; layers of different thicknesses were used to validate the developed impurity
transport model. The trap concentration as well as the average value of the trap
energy level was obtained in agreement with other transport formalisms.
Basically, for SiOy layers at low and moderate fields the predominant transport
mechanism is mediated by inherent oxide traps whereas, for high fields, the direct

tunneling through the oxide dominates.

e The silicon rich oxide (SRO) is a SiO3 layer that contains several non-ordered QDs.
For low fields, the QD contribution to the current is clearly visible and well repro-
duced by our model whereas for moderate and high fields the trap contribution

dominates.

e A supperlattice of Si/SiOy QDs was also simulated. At low fields, NDR is well
reproduced by the QD transport model and the trap contribution only appears for
high fields.

On the inclusion of illumination effects

After doing the necessary test in the transport methodology, writing a compact transport
tool and use it to simulate and reproduce experimental measurements, we have include
the light interaction in the last Chapter of this Thesis (Chapter 5).

In the spirit of the previous rate equations, the carrier generation/recombination assisted
by photons can be included in the transport model by two extra terms reflecting these
processes. These terms are proportional to a optical transition rates and the distribution

functions.

Concerning the optical transitions rates, they are calculated assuming: strong confine-
ment regime, dipole approximation and the validity of the Fermi’s Golden-Rule neglect-
ing second order optical processes. Within these approaches, the intra- and inter-band
transitions are obtained. Besides, the optical absorption coefficient of the QDs can be

calculated.

From the simplicity of the rate equations and studying a toy examples, the electrical
response of the system under illumination was inferred. The response of the QD is
governed by the ratio among optical and electrical terms being necessary a geometrical
asymmetry in order to obtain a net photo-current. These assumptions were validated
simulating Si/Si02 QDs in three basic configurations: a single QD, two QDs in parallel

and serial arrangements. The main trends are:

e The I(V) curves differ from the illuminated and dark cases at low-medium voltages

in this range, since the optical terms in the rate equations are greater or comparable
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to the electrical ones. For higher voltages, the dark trend is recovered since the

electrical terms dominate.

e Current curves as a function of the energy of the incident photon are also obtained.

The photo-current reflects directly the absorption spectra of the QD.

To conclude, an optoelectronic device based on PbSe QDs was simulated and compared
to experimental measurements. This device corresponds to a parallel arrangement of
QDs. The I(V) curves in dark and illumination conditions, the photo-current as a
function of the energy of the incident photon and, also, the photo-current as a function
of the irradiance (the power of the incident light) are well reproduced by the here present

approach.

Future work

Overall, we have studied in detail the electronic transport in devices based on large arrays
of QDs. On the other hand, this compact transport model was implemented in a code
allowing to simulate realistic devices. This approach was successfully compared to other
transport approaches and experimental results. Thus, this work covers the gap between

the fundamental electronic transport theory and its applicability to experimental devices.

Looking backwards the building process of the here presented electronic transport method-
ology, its implementation in the SimQD simulator tool and the obtained results we con-
sider that there are several points that could be extended and studied in future works.
The list could be infinite, but we try here to sort them from the easiest to the most

difficult ones:

1. Up to now, in order to show all the transport problems related to the intrinsic
properties of the QDs and their arrangement in the insulator matrix, we have
assumed constant DOS in the leads corresponding to metallic ones. However, the
injection of one preferred type of carrier assuming semiconductor leads can modify
the electrical response (and the accumulated charge in the QDs) of the device.
Under illumination conditions, the different concentration of carriers will influence

the generation/recombination fluxes changing the expected behavior.

2. A complete study of the best geometry of the QD array (number of QDs, QD
arrangement, number of QD layers in multilayer systems, distance among the
layers...) to optimize the electrical response of the device in order to adequate it

to specific uses.

3. Concerning the use of DFT results to describe realistic QDs, at the beginning of
this Thesis, the idea was to create a library of DFT DOS for different QD sizes
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and materials to use it as inputs for the SimQD code. However, as we saw latter
in the Thesis of Dr. Nuria Garcia-Castelld, the computational obtained QDs are
still too small (around 1.2 —1.6nm of diameter). Moreover, the properties of these
small QDs are strongly dependent on the surface atoms, and on the morphology
of the surrounding matrix, limiting the studied cases.

On the other hand, these small QDs systems were doped with P and B atoms and
the study of the electronic properties and the new electronic transport features are
going to be published shortly by Dr. Nuria Garcia-Castell taking advantage of
the here developed transport methodology.

Although we have restricted to Si QDs embedded in SiO2 matrix, the Si QDs have
been created inside other insulator matrices such as silicon nitride Si, IV, or silicon
carbide SiC. However, first attempts to study these systems by atomistic calcu-
lations revealed several structural problems, and the appearance of lot of defects
in the nitride and carbide matrices, respectively.

We have used only DOS results from DFT calculations, however, we could also use
the absorption spectra for the optoelectronic device. As we have seen, the DOS
and the absorption are strongly related.

Anyway, the possibility to use DFT and the SimQD in combination to study equi-
librium and transport properties has opened the possibility to simulate realistically

new systems.

4. Another possibility to explore is the electroluminescent devices. Instead of using
light in order to create current, these devices use current to emit light. Thus, a light
emission spectra could be obtained. These kind of devices will be very interesting
since the QDs have a sharp emission peaks and the possibility to use the QD array
in order to filter the current and increase the light emission of determined lines

can be used e.g. for laser sources.

5. To conclude, one of the basis of the here presented transport methodology is the
assumption of ballistic transport. Thus, we have neglected scattering processes
with phonons (the most important scattering process). Although it is well known
that there exist a phonon-bottleneck, there are not enough energetic phonons (or
the probability is too small) that can mediate in transitions between the energy
levels of the QDs. However, for small tunneling rates both scattering rates will be
comparable. Basically, we are underestimating the electronic transport since we are
imposing the most restrictive transport conditions, i.e. the energy level overlapping
condition would be relaxed if one assumes some possible energy mismatch due to
the phonon. This new sophistication in the transport methodology would force
us to rewrite from the beginning the rate-equations and the expressions for the
tunneling currents. However, we have to note that with the inclusion of the light,
we have mixed different conducive channels and the transport has become non-
ballistic.
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Resumen en Castellano

Objetivos de la Tesis Doctoral

En este trabajo, hemos desarrollado una metodologia tedrica del transporte electrénico
en el régimen balistico para reproducir las tendencias experimentales de dispositivos
optoelectrénicos basados en quantum dots (QDs) crecidos dentro de una matriz aislante.
Teniendo en cuenta los posibles usos de estos sistemas, la metodologia de transporte se
implement6 en un cédigo que se puede utilizar para ayudar en el diseno de estos nuevos

dispositivos.

Esta tesis doctoral trata de llenar el vacio existente entre las medidas experimentales y
los diferentes modelos tedricos. Aunque los fundamentos tedricos del transporte eléctrico
son bien conocidos y existen varias metodologias, estas no pueden ser utilizadas para
simular las grandes cantidades de QDs que conforman los dispositivos creados experi-
mentalmente. Este hecho estd muy claro en el caso de modelos ab initio o atémicos, los
cuales estan limitados por su enorme demanda de requisitos computacionales. Por lo
tanto, con el fin de superar estas limitaciones, muchas veces se ha de relajar la precisiéon

de la descripcién a favor del tamano del sistema.

Bases del modelo teorico desarrollado

Para desarrollar las bases del modelo de transporte balistico de esta tesis, se han estu-
diado sistemas formados por QDs creados dentro de una matriz aislante. Los electrones
estan confinados en los QDs debido a la diferencia de band gaps entre el material de la
matriz y el material que conforma los QDs. Por otro lado, para estudiar las propiedades
eléctricas de este tipo de sistema, se usan dos electrodos externos que inyectan corriente
al sistema.

Debido al confinamiento de los electrones se crean niveles discretos en los QDs. Estos
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nuevos estados aparecen dentro band gap del 6xido y estdn localizados en el espacio,
por lo tanto no forman un continuo de estados o banda como en los materiales de bulk.
Si consideramos el régimen de transporte eléctrico balistico, es decir, que las colisiones
que sufren los electrones no implican pérdida de energia, los portadores inyectados por
los electrodos conservan la misma energia en la entrada y la salida de la matriz aislante.
El proceso de transporte ocurre de la siguiente forma: (i) un electrén es inyectado desde
un electrodo y mediante un proceso tinel llega a un QD; (ii) desde este QD, el electrén
vuelve a circular hasta otro QD o hasta el otro electrodo; (iii) en caso que llegue a otro
QD, el proceso tiunel se repite hasta que el electréon consigue llegar hasta el otro elec-
trodo; (iv) el proceso se inicia para el siguiente electrén. De esta forma, podemos hablar
de un transporte eléctrico secuencial a través de uniones tunel que comunican los QDs

entre ellos y entre estos y los electrodos que inyectan portadores.

Mientras el sistema se mantiene en equilibrio, la ocupacién de los estados de los QDs
y de los electrodos viene descrita por la funcién de distribucién de Fermi Dirac con
un mismo potencial electroquimico para todo el sistema. El proceso de inyeccién de
portadores de los electrodos a la matriz de QDs, ocurre cuando se aplica una diferencia
de potencial externo entre los electrodos. De esta forma, se lleva el sistema a un nuevo
estado de no-equilibrio en el cual la funciéon de distribucion de los QDs es desconocida.
Si obtenemos esta nueva funcién de distribucién de no-equilibrio, la ocupacién de los

QDs se puede obtener, asi como las diferentes corrientes que circulan por el sistema.

El modelo de transporte desarrollado en esta tesis considera que la matriz total de QDs
se puede describir como QDs aislados y conectados entre ellos mediante uniones tunel.
Estas uniones, se pueden visualizar como una capacidad y un camino de corriente entre
los diferentes elementos que forman el sistema. Mientras que la capacidad tiene en
cuenta la influencia de los potenciales aplicados en cada elemento del sistema, el camino
de corriente representa las corrientes tiinel que circulan por el sistema. Estas corrientes
tinel se han descrito mediante el formalismo de Transfer Hamiltonian que considera la
ocupacion y la densidad de estados en ambos lados de la barrera de potencial. También
incluye la probabilidad de transmision a través de la barrera de potencial. Considerando
la suma de corrientes que entran y salen de cada QD en el estado estacionario, la funcién

de distribucién de no-equilibrio de cada QD se puede obtener.

Por otro lado, falta incluir los efectos del potencial aplicado que desplaza los niveles
energéticos de los QDs. El potencial local en cada QD se obtuvo resolviendo la ecuacién
de Poisson que tiene en cuenta los efectos de carga de los QDs. La solucién general de
esta ecuacién tiene en cuenta la variacién de la carga en los QDs, asi como la influencia
de todos los elementos vecinos mediante capacidades eléctricas. Una vez se obtiene el
potencial local en cada QD, los niveles energéticos de los QDs son desplazados. Esto
afecta a las corrientes tunel y se ha de obtener la nueva funcién de distribucion y por lo

tanto, la nueva carga. El potencial se modifica y el proceso se repite, obligando a una
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resolucién autoconsistente de la ecuacién de carga de cada QD y la soluciéon de Poisson.

Este régimen se denomina self-consistent field regime (SCF).

El modelo de transporte explicado previamente fue aplicado para estudiar la respuesta
eléctrica de diferentes sistemas formados por uno y dos QDs en diferentes configura-
ciones: serie y paralelo. Partiendo de la descripcién mas simple de los QDs (tdnico
nivel energético por QD y probabilidades de transmisién constantes), nos permite estu-
diar a fondo y resaltar los parametros que dominan la respuesta eléctrica del sistema.
Las condiciones necesarias para obtener transporte eléctrico en este tipo de sistemas se

pueden resumir en:

e El transporte eléctrico ocurre solo en el rango de energias (la ventana de con-
duccién) creada por los diferentes potenciales electroquimicos de los contactos, que

bajo la influencia de un potencial externo se pueden escribir como py, — pr = qV.

e Solo hay transporte eléctrico a través de los niveles energéticos de un QD inter-

medio que estan dentro de la ventana de conduccién.

e Debido a que solo consideramos transporte balistico, el transporte entre QDs im-
plica que haya niveles energéticos disponibles en el QD final a la misma energia que
en el QD inicial. De esta forma, el solapamiento entre las densidades de estados
de los QDs juega un importante papel abriendo y cerrando posibles caminos de

transporte.

Por otro lado, también se estudié la influencia de los diversos parametros en la respuesta
eléctrica del sistema viendo que esta depende de: los niveles energéticos de los QDs, el
acoplamiento capacitivo entre los diversos elementos del sistema y los coeficientes de

transmision.

El modelo de transporte propuesto en esta tesis se comparé con otro formalismo de ori-
gen puramente quantico como son las funciones de Green de no-equilibrio. Se estudiaron
varios sistemas y configuraciones obteniendo los similares resultados con ambos formal-
ismos. De esta comparacién se observo que el modelo de transporte aqui presentado no

incluye los efectos de coherencia.

De la teoria a la implementacién en cédigo

Una vez que el modelo se validé y se remarcaron los pardmetros mas importantes que

dominan la respuesta del sistema, estos fueron descritos de forma realista.

e Para la descripcién de los niveles energéticos de los QDs, se uso un potencial del

tipo pozo finito haciendo uso de la aproximacién de la masa efectiva. De esta
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forma, aparecen estados discretos directamente de la resolucién de la ecuacion de

Schrodinger.

e Los coeficientes de transmision se describieron mediante la aproximacion WKB que
permite introducir la dependencia energética, la longitud y la altura de la barrera

tunel.

e Finalmente, expresiones analiticas y la aproximacién numérica de las cargas imagenes
se usaron para la descripcién de las capacidades entre los QDs y los electrodos y

entre QDs, respectivamente.

Por otro lado, también se introdujeron estados discretos por debajo del nivel de Fermi
en el equilibrio correspondiente a estados de huecos. Estos estados, bajo un potencial
externo, se pueden vaciar permitiendo que también haya transporte de electrones por
ellos. Por lo tanto, es necesario introducir estos movimientos correspondientes a cor-
rientes de huecos. El formalismo de transporte desarrollado junto con una descripcién
realista de los diversos parametros (capacidades y transmisiones), asi como de los niveles
energéticos de los QDs forman el niicleo del cédigo desarrollado en MATLAB® denom-
inado SimQD. De esta forma, tenemos una herramienta computacional que permite
simular la respuesta eléctrica de este tipo de sistemas basada solo en la geometria del

dispositivo y en varios parametros fundamentales del material.

Transporte en quantum dots de silicio

El cédigo desarrollado se utilizo para simular QDs de silicio crecidos dentro de una matriz
de diéxido de silicio, Si/Si02 QD. Se llevo a cabo un estudio de las corrientes (electrones
y huecos) y de la carga acumulada en funcién de la geometria del sistema. Debido a
que la barrera de potencial para electrones es més pequena que la barrera para huecos,
la corriente de electrones es el término dominante en la corriente total. La corriente
aumenta de forma escalonada debido a la naturaleza de niveles energéticos discretos
del QD. Ademads, al haber introducido la dependencia energética en el coeficiente de
transmisién hace que aparezca un efecto de Negative differential resistance (NDR). La
dependencia en la corriente y en la carga acumulada con la posicién del QD respecto a
los electrodos también se muestra. De forma similar, se utiliza el cédigo para simular
dispositivos basados en bicapas de QDs. El anédlisis de estos sistemas es mas complicado
ya que existen muchos caminos posibles para la corriente y la respuesta final del sistema

acaba dependiendo fuertemente de la geometria de este.

Aplicando una pequena modificacién en la solucién de la ecuacién de Poisson, incluyendo
el efecto de un tercer electrodo, podemos simular la respuesta eléctrica de estructuras
tipo transistor. Debido a los niveles discretos de los QDs, cuando se muestra un mapa

de corriente en funcién de la diferencia de potencial aplicada y del potencial del tercer
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electrodo la corriente obtenida forma estructuras de diamante. De forma andloga, se
simulé un doble gate transistor reproduciendo la estructura en forma de hexagono para

la corriente obtenida.

Finalmente, usando la misma metodologia de transporte se describié el transporte a
través de trampas o defectos propios de la matriz que contiene los QDs. Estos defectos
se describieron como QQDs puntuales con un solo nivel energético y el potencial en ellos
se obtuvo considerando una caida lineal del voltaje en la matriz. Mediante el formalismo
de Transfer Hamiltonian, la corriente tinel directa entre los electrodos (sin necesidad
de procesos tinel intermedios en los que intervengan QDs o trampas) se puede explicar
facilmente. De esta forma, tenemos un modelo que tiene en cuenta tres mecanismos de
transporte independientes. El modelo de transporte mediante trampas fue validado con
resultados experimentales de medidas eléctricas de capas de SiO2 de diversos grosores
obteniendo la concentracién y la posicién energética media de la distribucién de tram-
pas. Para voltajes aplicados (campos) bajos y moderados es el proceso de conduccién
dominante mientras que para altos voltajes, el proceso de tunel directo entre electro-
dos domina. Combinando el modelo de transporte de trampas junto con el de QDs, se
simulé una matriz aleatoria de Si/SiOy QDs. Para este caso, a bajos voltajes la ten-
dencia experimental se reproduce con el modelo de transporte a través de QDs mientras
que para voltajes medios y altos, el transporte por trampas es el mecanismo dominante.
Por 1ltimo, se simulé una superlattice de Si/SiOy QDs y se comparé con resultados
experimentales. El modelo de transporte por QDs reprodujo las NDR de los datos ex-
perimentales a bajos voltajes mientras que a altos voltajes, el transporte por trampas el

mecanismo dominante.

Interaccion con la luz

Una vez que el modelo de transporte eléctrico fue testeado y usado para reproducir
resultados experimentales, se modifico para tener en cuenta los procesos de generacién/
recombinacién de portadores asistidos por fotones. Con la introduccién de dos nuevos
términos en la ecuacion de balance de cada QDs, estos nuevos procesos se pudieron
considerar. Haciendo uso de la regla de oro de Fermi, las transiciones épticas dependen
de una probabilidad de transicién entre estados y la ocupacién del estado inicial y del

estado final.

Las probabilidades de transicién entre niveles asistidos por fotones se obtuvieron asum-
iendo régimen de fuerte confinamiento, la aproximacién dipolar eléctrica y despreciando
procesos Opticos de segundo orden. De esta forma, se describieron las transiciones intra-

e inter- banda. Los resultados obtenidos se pueden resumir en:
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La respuesta eléctrica del QD viene dada por el ratio entre los términos eléctricos
y 6pticos siendo necesaria una asimetria en los coeficientes de transmision a los

electrodos para generar corriente solo con iluminacion.

Respecto a las curvas de corriente en funcién del voltaje externo aplicado con y
sin iluminacién, solo se obtienen diferencias a bajos voltajes, cuando los términos
de luz son los dominantes. A altos voltajes, la respuesta eléctrica es practicamente

la misma que en el caso sin iluminacion.

La corriente fotogenerada en funcién de la energia del fotén incidente describe

bésicamente el coeficiente de absorcién del QD.

El modelo de transporte en combinacién con la implementacion de la luz fue usado
para reproducir los resultados experimentales de un dispositivo basado en QDs en
una configuracién en paralelo. Las corrientes fotogeneradas con y sin iluminacion
externa, en funcién de la energia del fotén incidente asi como en funcién de la

irradiancia de la luz incidente fueron reproducidas.
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