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Abstract

The Marle-Guillemin-Sternberg (MGS) form is an extremely important tool for the theory
of Hamiltonian actions on symplectic manifolds. It has been extensively used to prove many
local results both in symplectic geometry and in symmetric Hamiltonian systems theory. It
provides a model for a tubular neighborhood of a group orbit and puts in normal form the
action and the symplectic structure. The main drawback of the MGS form is that it is not
an explicit model. Only its existence and main properties can be proved. Moreover, for
cotangent bundles, this model does not respect the natural fibration τ : T ∗Q→ Q.

In the first part of the thesis we build an MGS form specially adapted to the cotangent
bundle geometry. This model generalizes previous results obtained by T. Schmah for orbits
with fully-isotropic momentum. In addition, our construction is explicit up to the integration
of a differential equation on G. This equation can be easily solved for the groups SO(3) or
SL(2), thus giving explicit symplectic coordinates for arbitrary canonical actions of these
groups on any cotangent bundle.

In the second part of the thesis, we apply this adapted MGS form to describe the
structure of the symplectic reduction of a cotangent bundle. We show that, if µ ∈ g∗, the
base projection of the µ-momentum leaf τ(J−1(µ)) is a Whitney stratified space. Moreover,
the set J−1(µ)/Gµ can be decomposed into smooth pieces and each of them fibers over a piece
of the stratified space τ(J−1(µ))/Gµ. In the decomposition of J−1(µ)/Gµ there is a maximal
piece which is open and dense. Furthermore, this maximal piece is symplectomorphic to a
vector subbundle of a certain magnetic cotangent bundle.

Keywords: Cotangent bundles, normal forms, stratified spaces, singular reduction,
momentum maps.
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Preamble

In this work we study the symplectic geometry of cotangent-lifted actions induced by a smooth
proper action of a Lie group on a smooth manifold. Symplectic manifolds have their origin
in the geometric formalization of Hamilton’s and Lagrange’s equations of classical mechanics.
The study of symmetries of these manifolds also has its roots on classical mechanics, where
symmetries is the main tool that can be used to simplify the equations of motion.

More precisely, assume that the Lie group G acts on the symplectic manifold (M,ω)
leaving the symplectic form ω invariant. Under certain conditions, this implies the existence
of an application J : M → g∗ where g∗ is the dual of the Lie algebra of the group G. When
this happens the action is called a Hamiltonian action. In this case, the fibers of the map J
are invariant under the flow of any Hamiltonian field associated to a G-invariant function.
The map J is called a momentum map, because it becomes the classical notion of angular
momentum when G = SO(3) acting in R3. This result is the well-known Nother’s Theorem
which implies that the components of the momentum map are preserved under the evolution
of a symmetric Hamiltonian system. In fact, the theory of Hamiltonian actions and their
momentum maps have deep consequences in fields far away from mechanics, such as the
theory of toric manifolds [Can03] or the space of moduli of flat connections [AB83].

It is well known that Darboux’s Theorem implies that all symplectic manifolds of the
same dimension are locally symplectomorphic. However, the local geometry of symplectic
manifolds endowed with Hamiltonian actions is surprisingly rich and constitutes a field
originating in the classical papers of Marle [Mar85] and Guillemin and Sternberg [GS84].
These authors obtain a universal model for a tubular neighborhood of the orbit of a point
under a Hamiltonian action, which puts in normal form both the symplectic structure and
the momentum map.

This model is known as the Hamiltonian tube or Marle-Guillemin-Sternberg form; it is
the basis of almost all the local studies concerning Hamiltonian actions of Lie groups on
symplectic manifolds. This local normal form has been essential both for the development of
singular reduction theory and for the study of qualitative properties of symmetric Hamiltonian
systems. Nevertheless, its applications have been limited by the fact that the proof is non-
constructive.

In the first part of this thesis we are going to study Hamiltonian tubes when the symplectic
manifold is a cotangent bundle. The Marle-Guillemin-Sternberg normal form applied to this
case gives, as for every Hamiltonian action, an equivariant local model of (T ∗Q,ωQ) that puts
in normal form both the symplectic structure and the momentum map. However, in general,
this model does not respect the fibration T ∗Q→ Q. In the concrete case of cotangent bundles
there is a strong motivation coming from geometric mechanics and geometric quantization
that makes it desirable to obtain explicit fibrated local models.

The first works studying symplectic normal forms in the specific case of cotangent bundles
seem to have been [Sch01; Sch07]. In these references, T. Schmah found a Hamiltonian tube
around those points z ∈ T ∗Q whose momentum µ = J(z) is totally-isotropic (that is, Gµ = G
with respect to the coadjoint action). One of the main differences between her construction
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and the classical MGS form for symplectic actions is that the one for cotangent bundles was
constructive, unlike the general MGS model. The next step came with [PROSD08]; that
work gave a complete description of the symplectic slice of a cotangent bundle, without the
assumption G = Gµ. Recently, [SS13] constructed Hamiltonian tubes for free actions of a
Lie group G and showed that this construction can be made explicit for G = SO(3).

In this work we obtain a construction of the Hamiltonian tube for a cotangent-lifted
action in a cotangent bundle specially adapted to this kind of manifolds. In other words, we
give a model space Y that models locally the neighborhood of an orbit of the group in T ∗Q.
This local model Y has a fibered structure Y → W , and W is a local model for the base Q.
Diagramatically we obtain a commutative diagram

Y
T //

��

T ∗Q

��

W // Q.

We emphasize that the construction of the local model T : Y → T ∗Q is explicit up to the
integration of a differential equation on G. The basic geometric ingredient of our model are
what we call restricted G-tubes (Definition 5.1.5). These maps are the basic building blocks
of T and are the only non-explicit part of the model. It is worth pointing out that restricted
G-tubes depend only on the group G and its algebraic structure, not on the manifold Q.

Restricted G-tubes can be explicitly computed for small dimensional Lie groups; for
example, for SO(3) and SL(2). For larger groups the computations get more cumbersome.

In the second part of the dissertation we deal with the symplectic reduction of cotangent
bundles. As long as the Hamiltonian action is free, after the work of Marsden and Weinstein
in [MW74], it became clear that the elimination of variables in classical mechanics must be
understood as the construction of the quotient J−1(µ)/Gµ called the symplectic reduction of
M at µ.

This symplectic reduction can be applied to any symplectic manifold with symmetry,
but if the symplectic manifold is a cotangent bundle endowed with a cotangent-lifted action,
then the reduced space has extra structure (see [Sat77; AM78; MP00]). Intuitively speaking,
if T ∗Q is a cotangent bundle endowed with a cotangent-lifted action of a Lie group G, the
cotangent bundle reduction of T ∗Q at µ can be understood as a subbundle of T ∗(Q/Gµ).

Things become much more complicated when we do not assume that the action of G is
free. The main reason is because neither J−1(µ) nor J−1(µ)/Gµ are even smooth manifolds.
We need to enlarge the category of smooth manifolds to allow the singularities that arise from
quotienting by a group action. In the early 90’s, the work of Sjammar and Lerman [SL91]
showed that the reduced space J−1(0)/G should be understood as a stratified symplectic space,
a disjoint union of symplectic manifolds. In fact these pieces, called strata, are determined
by the isotropy types of the G-action on M . Later development [BL97; CŚ01; OR04] showed
that for a proper Hamiltonian action the reduced space J−1(µ)/Gµ is a symplectic stratified
space.

One expects that, as in the free case, the reduced space will admit additional structure if
the symplectic manifold is a cotangent bundle. Up to our knowledge, the first work about
singular symplectic reduction in the case of cotangent bundles is [Mon83], in which the author
imposes several strong conditions to ensure that all the relevant sets are smooth. Later, [ER90;
Sch01] gave a complete description of the zero-momentum reduced space when the action
on the base consists only of one orbit-type. The reduction at momentum zero without the
single-orbit assumption was studied in [RO04; PROSD07], where it was shown that J−1(0)/G
admits a “coisotropic stratification”, a partition of J−1(0)/G into coisotropic submanifolds,
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that are well behaved with respect to the base projection. Under the assumption that Q is of
single orbit type, [HR06; Hoc08; PRO09] have developed a description of the orbit-reduced
space J−1(G · µ)/(G · µ).

In this dissertation we show that, for a general cotangent lifted action, the base projection
of the µ-momentum leaf, τ(J−1(µ)) and τ(J−1(µ))/Gµ are not manifolds but stratified spaces.
Then we define a partition of J−1(µ) and J−1(µ)/Gµ into submanifolds that are well behaved
with respect to the fibered structure. Each of the pieces of the partition of J−1(µ)/Gµ is a
fiber bundle and is endowed with a constant-rank closed two-form. Moreover on J−1(µ)/Gµ

there is an open and dense piece Z endowed with a symplectic form that behaves as in the
free cotangent reduction theory; it can be symplectically embedded onto a cotangent bundle.

This thesis is divided into six chapters. The first three chapters summarize the required
background and fix the notation used throughout the rest of the dissertation. The last three
chapters contain the original contributions.

In Chapter 1 we compile some basic facts about symplectic geometry and regular sym-
plectic reduction. Chapter 2 contains a brief summary of the construction of the standard
Marle-Guillemin-Sternberg normal form for a proper Hamiltonian action. Some results in
this chapter include short proofs because they play a key role in the results of next chapters.
In Chapter 3 we introduce the category of stratified spaces and summarize without proofs the
relevant material on singular symplectic reduction and singular cotangent-bundle reduction.

In Chapter 4 we characterize the symplectic slice and the Witt-Artin decomposition of
a cotangent-lifted action. Although the description of the symplectic slice for a cotangent
bundle has already been described in [RO04; PROSD08], in this chapter we present an
alternative approach. As a by-product, we introduce in Proposition 4.2.1 a Lie algebra
splitting that will be a key result for all the subsequent development.

Chapter 5 is devoted to the construction of Hamiltonian tubes for cotangent-lifted actions.
First we define simple and restricted G-tubes (Definitions 5.1.1 and 5.1.5). Simple G-tubes
are, up to technical details, MGS models for the lift of the left action of G on itself to T ∗G.
Their existence is proved in Proposition 5.1.2. Restricted G-tubes are defined implicitly in
terms of a simple G-tube (Proposition 5.1.6) and are the main ingredients that we need later
to construct the general Hamiltonian tube.

Using these concepts, we can build a Hamiltonian tube around points on T ∗Q with certain
maximal isotropy properties (Theorem 5.2.2). Besides, generalizing the ideas of [Sch07] we
can write down a Γ map (Proposition 5.2.4). These two maps together give the general
Hamiltonian tube in Theorem 5.2.7 for arbitrary points.

In Section 5.3 we present explicit examples of G-tubes for both the groups SO(3) (where
we recover the results of [SS13]) and SL(2,R). We finish this chapter writing down the
explicit Hamiltonian tube for the natural action of SO(3) on T ∗R3. This example generalizes
the final example of [Sch07] to the case µ 6= 0.

In Chapter 6 we study the problem of cotangent bundle reduction in the singular set-
ting. We first use the Hamiltonian tube to construct a fibered analogue of Bates-Lerman
lemma (Proposition 6.2.1) that describes the set τ−1(U)∩ J−1(µ) for any small enough open
neighborhood U ⊂ Q. Using this fibered description, we introduce in Proposition 6.3.1 local
coordinates on Q and T ∗Q with good properties with respect to the symplectic structure
and the group action.

With these tools, we study in Section 6.4 the single orbit case Q = Q(L) and show that
the projection of orbit types of J−1(µ) ⊂ T ∗Q are submanifolds of Q. Alternatively, these
submanifolds can be written as L(H,µ) ·QH where L(H,µ) is a submanifold of G.

Motivated by this fact, we show that, even if Q 6= Q(L), the sets L(H,µ) · QH are
submanifolds of Q and induce a stratification of Qµ = τ(J−1(µ)) and of Qµ/Gµ (Propositions
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6.5.7 and 6.5.9).
Combining this stratification with the orbit-type stratification of [SL91], we can construct

a partition of J−1(µ)/Gµ into smooth pieces with good topological properties (Propositions
6.6.4 and 6.6.5). This partition can be thought as a generalization of the “coisotropic
decomposition” of [PROSD07]. After that, in Section 6.8, we study the symplectic properties
of each of the pieces and show that each piece is endowed with a closed two-form of constant
rank. Moreover, each piece Z is a fiber bundle Z → R and there is a constant-rank map
fZ : Z/Gµ → T ∗(R/Gµ) into a magnetic cotangent bundle such that fZ pulls-back the
symplectic form of T ∗(R/Gµ) to the closed two-form of Z/Gµ.

As a corollary of the symplectic properties of the decomposition, we obtain in Corollary
6.8.11 a nice description of the isotropy lattice of J−1(µ) that improves the results of [RO06].
Finally, in Section 6.9, we present two detailed examples that illustrate our results.

In Chapter 7 we study the symplectic reduction of T ∗Rn by the action of O(n) and the
reduction of T ∗(Rn × Rn) by the action of O(n). In both cases the reduced spaces can be
explicitly identified with certain coadjoint orbits of the symplectic group. It is specially
interesting the symplectic reduction of T ∗(Rn × Rn) because it provides a concrete example
of the general phenomena described in Chapter 6; some pieces of the decomposition of
J−1(µ)/Gµ are symplectic and can be embedded into a cotangent bundle, whereas others are
just presymplectic submanifolds that have a constant-rank map into a cotangent bundle.
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Chapter 1

Background

In this chapter we compile some basic facts about symplectic geometry and regular symplectic
reduction. This chapter will also be useful to fix the common notation along different chapters.
Proofs can be found in many standard references; for example [AM78].

In Section 1.1 we state the notation that we use for several standard concepts in symplectic
geometry. In Section 1.2 we recall basic results about Lie groups and proper actions of Lie
groups on manifolds. Section 1.3 contains a brief summary of Hamiltonian group actions and
momentum maps. In Section 1.4 we present the well-known symplectic reduction results for
the free case, and in Section 1.5 we present the standard theorems regarding cotangent-bundle
reduction for free actions.

We would like to remark that, throughout the thesis, by a manifold we mean a smooth,
separable, Hausdorff and paracompact manifold of constant dimension.

1.1 Symplectic geometry

A symplectic manifold is a pair (M,ω) where M is a manifold of even dimension and
ω ∈ Ω2(M) is a closed non-degenerate two-form. All symplectic manifolds of a given
dimension are locally isomorphic in the sense that for any point z ∈M there is an open set
U containing z and functions q1, . . . qn, p1, . . . , pn defined on U such that

ω
U

=
n∑
i=1

dqi ∧ dpi.

This is the content of Darboux’s Theorem.
By a presymplectic form we understand a closed two-form ωpre on M of constant

rank. We say that a (pre)symplectic manifold (M,ω) is exact if there is θ ∈ Ω1(M) such
that ω = −dθ and we call θ a potential for the (pre)symplectic form ω.

Let V be a vector space and ω a skew-symmetric bilinear form on V . If W is a vector
subspace of V , the symplectic orthogonal or the ω-orthogonal is the subspace

W ω = {v ∈ V | ω(v, w) = 0 ∀w ∈ W}.

W is called coisotropic if W ω ⊂ W , isotropic if W ω ⊃ W , symplectic if W ω ∩W = ∅ and
Lagrangian if W ω = W .

Similarly, if S is a submanifold of the presymplectic manifold (M,ω), we call S coisotropic,
isotropic, symplectic or Lagrangian if TpS is a coisotropic, isotropic, symplectic or Lagrangian
subspace of TpM respectively for all p ∈ S.

1
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A smooth map f : (M1, ω1)→ (M2, ω2) between (pre)symplectic manifolds will be called
a (pre)symplectic map if

f ∗ω2 = ω1.

If f : (M1, ω1) → (M2, ω2) is a symplectic map then by non-degeneracy of the symplectic
forms it follows that f is an immersion. A symplectic map which is also a diffeomorphism
will be called a symplectomorphism.

A vector field X ∈ X(M) is called a Hamiltonian vector field if it satisfies an equation
of the form

iXω = df

for some function f ∈ C∞(M).
Consider now M = T ∗Q the cotangent bundle of a manifold Q. Let τQ : T ∗Q → Q be

the natural projection, the formula

θQ(pq)(vpq) = 〈pq, TpqτQ(vpq)〉
where pq ∈ T ∗qQ and vpq ∈ Tpq(T ∗Q) defines a smooth one-form θQ ∈ Ω1(T ∗Q) the Liouville
one-form. The exterior differential of θQ defines a symplectic form ωQ = −dθQ, the
canonical symplectic form of the cotangent bundle. From now on, unless otherwise
stated, all the cotangent bundles will be endowed with the symplectic canonical form and
the symbol τ or τQ will always denote the cotangent bundle projection T ∗Q→ Q.

1.2 Lie groups

Recall that a Lie group G is a smooth manifold with a group structure such that the
multiplication map is smooth. We will denote by e the identity element of the group, the left
and right translation maps by g ∈ G are denoted by Lg, Rg : G→ G. When there is no risk
of confusion, the Lie algebra of a Lie group will be represented by the corresponding Gothic
letter, that is, the Lie algebra of G will be g, otherwise we will use Lie(G).

The adjoint action of g ∈ G on g will be denoted as Adg : g → g and the linear map
η → [ξ, η] will be denoted as adξ : g→ g. Similarly, ad∗ξ : g∗ → g∗ will be the dual of adξ and
the coadjoint action of g ∈ G on g∗ is given by Ad∗g−1 : g∗ → g∗.

Let H be a closed subgroup of a Lie group G. We define the normalizer of H in G as

NG(H) = {g ∈ G | gHg−1 = H}.
It can be checked that NG(H) is a closed subgroup of G, and H is normal as a subgroup of
NG(H). Moreover, if ξ ∈ g satisfies

Adhξ − ξ ∈ h

for all h ∈ H then ξ ∈ Lie(NG(H)).
The exponential map

exp: g −→ G

is a diffeomorphism when restricted to a small enough neighborhood of 0 in g. The derivative
of the exponential mapping can be expressed as a series of commutators (see for example
Lemma 4.27 of [KMS93]),

Proposition 1.2.1. The exponential mapping satisfies

Tξ exp = TeLexp ξ ◦
(

Id− e−adξ

adξ

)
= TeLexp ξ ◦

(∑
n≥0

(−1)n

(n+ 1)!
adnξ

)
.
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If the Lie group G is compact there is a volume form VolG that is both left and right
invariant, the Haar measure. This measure will be normalized requiring

∫
G

VolG = 1. The
existence of this bi-invariant measure allows the construction invariant objects related to
compact groups by simply averaging over it.

1.2.1 Lie group actions

A left action of G on a manifold M is a smooth mapping A : G×M →M such that

• A(e, z) = z for all z ∈M

• A(g,A(h, z)) = A(gh, z) for all g, h ∈ G and z ∈M .

we will call the triple (M,G,A) a G-space. Given an element g ∈ G, the translation
Ag : M → M is a diffeomorphism of M . To simplify notation we often use g · z as a
shorthand for A(g, z) = Ag(z) when the action is clear from the context.

Given an action A : G×M → M , the infinitesimal generator ξM ∈ X(M) associated to
ξ ∈ g is the vector field on M defined by

ξM(x) =
d

dt t = 0
Aexp(tξ)(x) ∈ TxM.

The fundamental vector fields satisfy (Adg−1ξ)M = A∗g(ξM) and [ξ, η]M = −[ξM , ηM ]. Some-
times we use the notation ξ · x to refer to the fundamental field associated to ξ at the point
x.

For p ∈M , the isotropy subgroup of p is Gp = {g ∈ G | g ·p = p}. A map f : M1 →M2

between two G-spaces is called G-equivariant if f(g · p) = g · f(p) for all p ∈M1 and g ∈ G.
Similarly, a map f : M1 → M2 is called G-invariant if f(g · p) = f(p) for all p ∈ M1 and
g ∈ G.

Note that if f : M1 →M2 is G-equivariant, then Gx is a subgroup of Gf(x) for any x ∈M1

if f is a diffeomorphism then Gx = Gf(x) for any x ∈M1.
It is useful to remark that near a fixed point p ∈M of an action of a compact group G,

the G-invariant open sets form a basis of neighborhoods of p,

Lemma 1.2.2. Let G be a compact Lie group acting on the manifold M . If m is a fixed
point of the action, any open neighborhood of m contains a G-invariant open neighborhood
of m.

1.2.2 Proper actions

An action of a Lie group on a manifold can be very wild; the quotient topological space
M/G may even fail to be Hausdorff. The actions of compact Lie groups are much more
well behaved hence it seems reasonable to restrict the study to compact Lie group actions.
However, there is a technical condition called properness which allows the study of more
general groups, but retaining some nice properties of compact group actions:

Definition 1.2.3. Let G be a Lie group acting on the manifold M via the map A : G ×
M → M . We say that the action is proper if the map Θ: G ×M → M ×M defined by
Θ(g, p) = (p,A(g, p)) is proper (i.e. the pre-image of every compact set is compact). This
is equivalent to the condition: for any two convergent sequences {mn} and {gn ·mn} in M
there is a convergent subsequence {gnk} in G.
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This technical condition was introduced by Palais [Pal61] who proved that this hypothesis
is enough to ensure that the main properties of compact Lie group actions are available. It
can be easily checked that for any Lie group G the left and right actions on itself are proper.

As most of the actions studied in this thesis are proper, we will recall some of their useful
properties.

Proposition 1.2.4. Let A : G×M →M be a proper action of a Lie group G on the manifold
M , then,

1. For any m ∈M the isotropy subgroup Gm is compact.

2. The quotient space M/G is Hausdorff.

3. If the action is free, M/G is a smooth manifold and the canonical projection π : M →
M/G defines on M the structure of a smooth principal G-bundle.

4. If all the isotropy subgroups of the points of M are conjugated to H ⊂ G, then M/G
is a smooth manifold and the canonical projection π : M → M/G defines on M the
structure of a smooth locally trivial fiber bundle with structure group N(H)/H and fiber
G/H.

5. There exists a G-invariant Riemannian metric on M .

6. Let m ∈M the orbit G ·m is an embedded submanifold of M .

Assume that G acts properly on M , let H be a closed subgroup of G and let N an
embedded submanifold of M such that h ·N ⊂ N for any h ∈ H. Then we can restrict the
G-action on M to an H-action on N and this restricted action is again proper.

1.3 Hamiltonian group actions

An action A : G×M →M , where (M,ω) is a symplectic manifold, is called a Hamiltonian
action if

• G acts by symplectomorphisms, i.e. A∗gω = ω ∀g ∈ G

• There is a map J : M → g∗ called a momentum map such that:

iξMω = d〈J(·), ξ〉 ∀ξ ∈ g (1.1)

The tuple (M,ω,J, G) will be called a Hamiltonian G-space. If J satisfies J(g · x) =
Ad∗g−1(J(x)), we say that the momentum map is equivariant.

Remark 1.3.1. Note that some authors include the equivariance of the momentum map as a
required condition for a Hamiltonian action, for example [Can01].

The existence of the momentum map (not necessarily equivariant) is the requirement
that the group action not only preserves the symplectic structure but also its fundamental
fields are Hamiltonian. The existence of the momentum map restricts the dynamics of
all Hamiltonian vector fields in the following sense.

Theorem 1.3.2 (Noether’s Theorem). If H ∈ C∞(M) is a G-invariant Hamiltonian on the
G-space (M,ω,J, G), then J is conserved on the trajectories of the Hamiltonian vector field
XH associated with H.
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From the definition it is easy to check that if J1 and J2 are two momentum maps for the
same Hamiltonian action then J1 − J2 is a locally constant function.

If (M,−dθ) is a symplectic manifold endowed with a G-action such that the symplectic
potential θ ∈ Ω1(M) is G-invariant then the map J : M → g∗ defined by:

〈J(z), ξ〉 = 〈θ(z), ξM(z)〉 = (iξM θ)(z) (1.2)

is an equivariant momentum map for the G-action because

d〈J(z), ξ〉 = (diξM )θ = (diξM − LξM )θ = −(iξMd)θ = iξMω.

where LξM represents the Lie derivative respect to the vector field ξM .
If (M,ω,J, G) is a Hamiltonian G-space and H is a closed subgroup of G then (M,ω,J

h
,

H) is a Hamiltonian H-space where J
h

is the function (J
h
)(z) = J(z)

h
, that is, the

composition of J : M → g with the natural projection
h

: g∗ → h∗.

Let (M,ω,J, G) be a Hamiltonian G-space and fix z ∈ J−1(µ). If v ∈ KerTzJ, from (1.1),
ω(ξM(z), v) = 0 for any ξ ∈ g, and similarly if v ∈ (g · z)ω then v ∈ KerTzJ, that is,

KerTzJ = (g · z)ω ⊂ TzM. (1.3)

Moreover, if J : M → g∗ is an equivariant momentum map and µ = J(z), it can be checked
that

〈µ, [ξ, η]〉 = ω(ξM(z), ηM(z)) ∀ξ, η ∈ g (1.4)

and

(g · z) ∩ (g · z)ω = gµ · z (1.5)

where gµ = {ξ ∈ g | ad∗ξµ = 0} is the isotropy algebra of µ = J(z) ∈ g∗ under the coadjoint
action.

1.3.1 Coadjoint orbits

Let G be a Lie group and denote Oµ = {Ad∗g−1µ | g ∈ G} the coadjoint orbit through an
element µ ∈ g∗. There are two natural symplectic forms on Oµ, given by

ω±Oµ(ν)(ad∗ξ1ν, ad∗ξ2ν)) = ±〈ν, [ξ1, ξ2]〉, (1.6)

for any ν ∈ Oµ.
Oµ has a natural G-action given by g ·ν = Ad∗g−1ν. With respect to this action, (Oµ, ω−Oµ)

is a G-Hamiltonian space with momentum map J(ν) = ν ∈ g∗. Similarly, (Oµ, ω+
Oµ) is a

G-Hamiltonian space with momentum map J(ν) = −ν ∈ g∗.

1.3.2 Cotangent lifted actions

If G acts on a manifold Q through A : G × Q → Q, taking for each fixed g the transpose
inverse of the tangent lift, we get: T ∗Ag−1 : T ∗Q → T ∗Q, which fit together to give a left
action of G on T ∗Q. This is called the cotangent lifted action. It can be checked that
this action preserves the symplectic structure. Moreover, as cotangent bundles are exact
symplectic manifolds, there exists an equivariant momentum map (see (1.2)) given by

〈J(pq), ξ〉 = 〈pq, ξQ(q)〉. (1.7)
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Hence, if we are given an action of G on Q, we can build the associated cotangent bundle
Hamiltonian G-space (T ∗Q,ω,J, G). Moreover, if the action of G on Q is proper, then
the cotangent lifted action of G on T ∗Q is also proper.

If we assume that G acts linearly on the vector space V , there is also an action of G on
V ∗ given by the inverse transpose of the G action on V . The differential of each of these
actions define the fundamental fields ξ ∈ g → ξ · a ∈ V and ξ ∈ g → ξ · b ∈ V ∗ for each
a ∈ V and b ∈ V ∗. From these observations we can define the diamond product of a ∈ V
with b ∈ V ∗ as the element a � b ∈ g∗ such that

〈a � b, η〉 = 〈b, η · a〉

for all η ∈ g.
With this notation, if we consider the cotangent lift of the G action on the vector space

V to the cotangent bundle T ∗V ∼= V × V ∗ and the resulting G action is Hamiltonian with
momentum map

J(a, b) = a � b ∈ g∗.

Note that if we consider G = SO(3) acting on R3, the diamond product becomes the classical
cross product under the usual identifications.

If h ⊂ g is a subspace then

a �h b = (a � b)
h
∈ h∗, (1.8)

the restriction of the form a � b to h∗. If h is the Lie algebra of a subgroup H ⊂ G, a �h b is
the momentum map for the H-action on T ∗V induced by restriction of the original G-action,
which is in turn the same as the lift of the restricted H-action on V .

1.3.3 Actions on T ∗G

From now on we identify TG with G× g and T ∗G with G× g∗ using left trivializations

G× g −→ TG G× g∗ −→ T ∗G (1.9)

(g, ξ) 7−→ TeLg(ξ) (g, ν) 7−→ T ∗e Lg−1(ν).

Combining them, we can trivialize T (T ∗G) ∼= G× g× g∗ × g∗.
We need the following well-known properties of the symplectic structure and the cotangent-

lifted actions of G on T ∗G (see [AM78])

Proposition 1.3.3. Let G be a Lie group.

• Symplectic structure: Let ui := (ξi, βi) ∈ T(g,ν)T
∗G with i = 1, 2, the canonical

one-form of T ∗G is
θG(u1) = 〈ν, ξ1〉 (1.10)

and the canonical symplectic form ωG = −dθG is

ωG(u1, u2) = 〈β2, ξ1〉 − 〈β1, ξ2〉+ 〈ν, [ξ1, ξ2]〉. (1.11)

• Cotangent-lifted left multiplication: The G-action given by

h ·L (g, ν) = (hg, ν)

has as infinitesimal generator ηLT ∗G(g, ν) = (Adg−1η, 0) and is Hamiltonian with mo-
mentum map JL(g, ν) = Ad∗g−1ν.



1.4. REGULAR SYMPLECTIC REDUCTION 7

• Cotangent-lifted right multiplication: The G-action given by

h ·R (g, ν) = (gh−1,Ad∗h−1ν)

has as infinitesimal generator ηRT ∗G(g, ν) = (−η,−ad∗ην) and is Hamiltonian with mo-
mentum map JR(g, ν) = −ν.

Note that the actions described by this result are the cotangent lifts of the natural actions
of G on itself.

1.4 Regular symplectic reduction

Symplectic reduction is the process that builds a symplectic space out of a given Hamiltonian
G-space after the elimination of symmetries and conserved quantities. This strategy can be
used to reduce the dimensionality of a given Hamiltonian system. In this section we assume
that the action of the group is free, proper, and the momentum map is equivariant.

Theorem 1.4.1 (Regular symplectic point reduction [MW74]). Let (M,ω) be a symplectic
manifold and G a Lie group with a free, proper and Hamiltonian action on M . Assume that
the momentum map J is equivariant. Let µ ∈ g∗ and denote by Gµ the isotropy subgroup of
µ under the coadjoint action of G on g∗.

The space Mµ = J−1(µ)/Gµ is a smooth manifold with a symplectic form ωµ ∈ Ω2(Mµ)
uniquely characterized by the relation

π∗µωµ = i∗µω

where iµ : J−1(µ)→M and πµ : J−1(µ)→ J−1(µ)/Gµ denote the inclusion and the projection,
respectively. The pair (Mµ, ωµ) is the symplectic reduced space at momentum µ.

In fact, the coadjoint orbits introduced in Section 1.3.1 are reduced spaces of T ∗G.

Theorem 1.4.2. Let G be a Lie group and µ ∈ g∗. Using the notation of Proposition 1.3.3,
the reduced space of T ∗G by the left action at momentum µ, (J−1

L (µ)/Gµ, ωµ) is symplec-
tomorphic to (Oµ, ω−Oµ) (see (1.6)). Moreover, this symplectomorphism is G-equivariant if

J−1
L (µ)/Gµ is endowed with the G-action induced by the GR-action on T ∗G.

If a group G can be written as a direct product G = G1×G2, then the symplectic reduction
by G and the double reduction first by G1 and then by G2 yield the same result. This
important result is known as the commuting reduction, and although it can be generalized
in many ways (see [Mar+07]) we will only use the following version.

Theorem 1.4.3 (Regular commuting reduction [MW74]). Let G and H be two Lie groups
acting properly and Hamiltonially on a symplectic manifold (M,ω) with equivariant mo-
mentum maps JG and JH , respectively. Assume that both actions are free, commute, JG is
H-invariant and JH is G-invariant. This implies that M is a G×H-Hamiltonian space with
G×H-equivariant momentum map (JG,JH) : M → g∗ × h∗.

Let µ ∈ g∗ and ν ∈ h∗, G induces a Hamiltonian action on Mν = J−1
H (ν)/Hν with

equivariant momentum map KG determined by KG ◦πHν = JG. If the G action on Mν is free,
then the reduced symplectic space K−1(µ)/Gµ is symplectomorphic to (JG,JH)−1(µ, ν)/(Gµ×
Hν), the symplectic reduced space of M by the product action of G×H.
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1.5 Regular cotangent bundle reduction

Let Q be a manifold endowed with a proper G-action. The symplectic reduction of a cotangent
bundle T ∗Q has more structure than a symplectic manifold. In this section we recall the
results that characterize the reduced space as a subset of a certain cotangent bundle. We
assume that the action of G on the configuration space Q is free.

The first result of the theory of cotangent bundle reduction, due to [Sat77], deals only
with the reduction at zero momentum.

Theorem 1.5.1 (Regular cotangent reduction at zero [Sat77]). Let G act freely and properly
by cotangent lifts on T ∗Q with momentum map J. Denote πG : Q→ Q/G, i : J−1(0)→ T ∗Q
and π0 : J−1(0)→ J−1(0)/G the natural quotient maps and inclusions.

Consider
ϕ : J−1(0) −→ T ∗(Q/G)

defined by
〈ϕ(z), TqπG(v)〉 = 〈z, v〉

for every z ∈ T ∗qQ and v ∈ TqQ. The map ϕ is a G-invariant surjective submersion that
induces a symplectomorphism

ϕ̄ : J−1(0)/G −→ T ∗(Q/G)

where J−1(0)/G is endowed with the reduced symplectic form ω0, that is, the one satisfying
π∗0ω0 = i∗ωQ.

The general case µ 6= 0 is more difficult, because to describe the reduced space the
symplectic form needs to be deformed. These twisting terms are the geometric analogues of
the magnetic or Coriolis terms in classical mechanics.

Theorem 1.5.2 (Embedding cotangent bundle reduction [AM78]). Let G act freely and
properly by cotangent lifts on T ∗Q with momentum map J. Denote by πGµ the projection
Q→ Q/Gµ.

There is a Gµ-equivariant map αµ : Q→ T ∗Q such that

J(αµ(q)) = µ and τ(αµ(q)) = q ∀q ∈ Q. (1.12)

A map αµ satisfying these conditions is known as a mechanical connection. Note that αµ
can be understood as one-form on Q. Associated to αµ there is a two-form βµ ∈ Ω1(Q/Gµ)
such that π∗Gµβµ = dαµ.

The map ϕµ : J−1(µ)→ T ∗(Q/Gµ) defined by 〈ϕµ(z), TqπGµ(v)〉 = 〈z−αµ(q), v〉 for every
z ∈ T ∗qQ and v ∈ TqQ is Gµ-invariant and induces a smooth map

ϕµ : J−1(µ)/Gµ −→ T ∗(Q/Gµ).

If J−1(µ)/Gµ is endowed with the reduced symplectic structure and T ∗(Q/Gµ) with ωQ/Gµ −
τ ∗Q/Gµβµ, ϕµ is a symplectic embedding onto a vector subbundle of T ∗(Q/Gµ).

Moreover, the map ϕµ is onto if and only if g = gµ.

The theorem that we have stated corresponds to what is known as the “embedding pic-
ture”. The “fibrating picture” is an alternative description of the reduced space J−1(µ)/Gµ =
J−1(Oµ)/G as a bundle over T ∗(Q/G) (see [MP00]). We will not enter into further details
because this interpretation will not be used in this thesis.



Chapter 2

Local normal forms

In many cases, geometric structures on a manifold have simple local models on which the
geometric structure in question has a particularly convenient expression. The importance of
normal forms is that usually these easier expressions can simplify many problems. In this
chapter we study normal forms of G-spaces and of proper Hamiltonian G-spaces. In most of
the results of this chapter we include short proofs because they play a key role in the results
of following chapters.

In Section 2.1 we study the normal form for G-spaces. We define twisted products
(Proposition 2.1.2) the reference model. Then we prove Palais’ theorem (Theorem 2.1.4)
and show that by using the Riemannian exponential of an invariant metric we can explicitly
construct the local normal form of a G-space.

Our next step is to introduce the normal form for Hamiltonian G-spaces, but before
doing so, in Section 2.2 we state the Witt-Artin decomposition of a symplectic vector space.
This decomposition can be regarded as a linear analogue of the more general MGS form. In
Section 2.3.1 we briefly sketch the construction of a symplectic tube, the analogue of twisted
products in the symplectic setting. Later we provide a proof of an equivariant version of
Darboux’s Theorem 2.3.2. Combining this result with the Witt-Artin decomposition, one
can easily obtain Theorem 2.3.4, the MGS form or Hamiltonian tube. Finally, in Proposition
2.3.5 we state without proof an important consequence of the MGS form, a local description
of the momentum leaf.

2.1 Proper actions

2.1.1 Twisted products

We first introduce the twisted products, a class of G-spaces that will serve as a local model
for any G-space.

If a subgroup H of the Lie group G acts on the manifold A, then the product manifold
G× A can be equipped with a twisting action of H defined by

h ·T (g, a) = (gh−1, h · a), h ∈ H

and a left action of G defined by

h ·L (g, a) = (hg, a), h ∈ G.

The left action commutes with the twisting action. This means that both actions can be
merged into an action of the direct product G×H on the manifold G× A.

9
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Note that if we regard g∗ as a manifold endowed with the G-action g · ν = Ad∗g−1ν,
then the actions GL and GT of the product manifold G × g∗ correspond to the trivialized
expressions of the cotangent-lifts of the left and right actions of G on itself (see Proposition
1.3.3).

Remark 2.1.1. When it is necessary we will use, as above, a superindex T or L to indicate
the twisting or the left action on a product manifold G× A.

Proposition 2.1.2. Let G be a Lie group and H ⊂ G a subgroup. Assume that H acts
properly on the manifold A.

Then,

• the twisting action is free and proper. The quotient space (G× A)/HT is a manifold.
It will be called the twisted product and is represented as G×H A. Its elements will
be denoted as [g, a]H g ∈ G, a ∈ A.

• the twisted product has a proper G action given by g · [g′, a]H = [gg′, a]H .

2.1.2 Palais’ tube

Let p ∈M and assume that G acts smoothly on M . The isotropy subgroup Gz = {g ∈ G |
g · z = z} acts naturally on the tangent space TpM at p. For proper smooth actions this Gp

action on TpM is enough to describe the structure of a whole neighborhood of G · p. In fact,
only the action of Gp on a subspace S ⊂ TpM is important.

Definition 2.1.3. Let M be a smooth manifold with a proper G-action and fix a point
p ∈ M . A Gp-invariant complement S of g · p ⊂ TpM in TpM will be called a linear slice
at p.

Note that all linear slices at p are isomorphic as Gp-modules to the quotient TpM/g · p
endowed with the natural Gp-action.

The Tube Theorem proved by Koszul in [Kos53] for compact groups and generalized by
Palais in [Pal61] shows that in fact every proper G-space is locally a twisted product and
this twisted product is determined by a linear slice S.

Theorem 2.1.4 (Tube theorem for G-spaces). Let M be a manifold and G a Lie group
acting properly on M . Fix a point p ∈ M , define H = Gp. There exists a G-equivariant
diffeomorphism:

t : G×H Sr −→ U (2.1)

where U is a G-invariant open neighborhood of G · p and Sr is an open H-invariant neigh-
borhood of 0 in a linear slice S at p.

We sketch the proof of this result given in Theorem 2.3.28 of [OR04].

Proof. Consider a metric g0 defined on a neighborhood U0 of p such that the splitting of
TpM = g · q ⊕ S is orthogonal. Using Lemma 1.2.2, there is a Gp-invariant open set U1 ⊂ U0

on U1. We can define the averaged metric by

g(z)(u, v) =

∫
H

g0(h · z)(TzAh · u, TzAh · v)dh
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where the integral is taken with respect to the normalized Haar measure of H. It can be
checked that A∗hg = g for any h ∈ H.

There is a neighborhood (TpM)0 of the origin in TpM such that the restriction of the
Riemannian exponential associated to g defines a diffeomorphism

Exp: (TpM)0 → U1 ⊂M.

Since g is H-invariant, Exp(TzAh · a) = h · Exp(a). Define S0 = (TpM)0 ∩ S and the map

t : G×H S0 −→M

[g, a]H 7−→ g · Exp(a)

as Exp is H-equivariant t is well-defined and G-equivariant.
If πH : G× S → G×H S is the canonical projection, then for any (ξ, ȧ) ∈ TeG× T0S

T(e,0)(t ◦ πH) · (ξ, ȧ) = ξM(p) + ȧ ∈ TpM.

Then T(e,0)(t ◦ πH) · (ξ, ȧ) = 0 implies ξ ∈ h and therefore T(e,0)πH · (ξ, ȧ) = 0 so T[e,0]Ht is
an isomorphism. Since being a linear isomorphism is an open condition there is an open
neighborhood S1 of the origin in S0 such that T[e,v]Ht is an isomorphism for any v ∈ S1.
Again we can assume that S1 is H-invariant. Finally, by G-equivariance of t, T[g,v]Ht is an
isomorphism for any g ∈ G and v ∈ S1; that is, the map

t : G×H S1 −→M

is a local diffeomorphism.
We now show that there must be an H-invariant open neighborhood Sinj of the origin of

S1 so that the restricted map t : G×H Sinj →M is injective. If we assume the contrary, this
means that there are two sequences [gn, an]H and [g′n, a

′
n]H on G×H Sinj such that

[gn, an]H 6= [g′n, a
′
n]H ∀n

but,

t([gn, an]H) = t([g′n, a
′
n]H) ∀n

and both an and a′n converge to zero. Therefore,

t([e, an]H) = t([g−1
n g′n, a

′
n]H) ∀n (2.2)

but as [e, an]H is a convergent sequence, t([e, an]H) is also convergent and by properness
of the action there is a subsequence such that g−1

n g′n is convergent to g ∈ G. This implies
t([e, 0]H) = t([g, 0]H) = g · t([e, 0]H) so g ∈ H. As t is a local diffeomorphism, there is an
open neighborhood U of [e, 0]H such that t(x) = t(y) implies x = y, but then (2.2) implies
[e, ank ]H = [g−1

nk
g′nk , ank ]H , which is a contradiction. Therefore, there is an H-invariant open

neighborhood Sinj of the origin of S1 so that the restricted map t : G×H Sinj →M is injective.
As t : G×H Sinj →M is a local diffeomorphism onto its image and it is injective, it is a

diffeomorphism onto its image. Hence the claim follows if we set Sr = Sinj.

With this semi-local model, in the sense that is global for the G-action, one can prove
many properties of G-spaces. It is the main tool used to obtain the smoothness of its isotropy
type components, the closeness of group orbits, and many more properties (see [DK00]).
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2.2 Witt-Artin decomposition

If M has a proper Hamiltonian action of G, it is not trivial at all how can we adapt the
Palais’ tube construction in such a way that it becomes a symplectomorphism. The first step
towards that goal is to obtain a normal form for the linear space TpM as a Gp-space with a
symplectic form ω(p).

Definition 2.2.1. Let (M,ω,J) be a Hamiltonian G-space with equivariant momentum
map J. Fix a point p ∈ M , if J(p) = µ, any Gp-invariant complement N of gµ · p in
Ker TpJ ⊂ TpM , that is,

Ker TpJ = gµ · p⊕N
is called a symplectic slice at p ∈M .

The symplectic slice is a symplectic vector subspace of (TpM,ω(p)). If the action of G
on M is free then TpπGµ establishes a symplectomorphism of N and TπGµ (p)(J

−1(µ)/Gµ). As
it is like a linearization of the reduced space, this subspace plays a key role in the geometry
and dynamics of M . For example, the Energy-Momentum method test to ensure non-linear
stability of a G invariant Hamiltonian system relies on the evaluation of a certain matrix on
a symplectic slice N .

However, even if the action of G is not free, we can always choose a symplectic slice at p.
In fact, the symplectic slice is one of the parts of a four-fold linear equivariant splitting of
the tangent space known as the Witt-Artin decomposition (see [OR04] and [CB97]).

Proposition 2.2.2. Let (M,ω,J) be a Hamiltonian G-space with equivariant momentum
map J : M → g∗. Fix a point p ∈M and denote J(p) = µ there is a Gp-invariant splitting

TzM = gµ · p⊕W ⊕ q · p⊕N

such that

• q is a Gp-invariant complement of gµ in g. That is, g = gµ ⊕ q.

• N is a symplectic subspace symplectomorphic to a symplectic slice at p.

• W is isotropic and Gp-equivariantly isomorphic to (gµ/gp)
∗ via the map f : W →

(gµ/gp)
∗ defined by

〈f(w), ξ〉 = ω(p)(w, ξM(p))

• gµ · p⊕W , q · p and N are symplectic subspaces orthogonal with respect to ω(z).

This result implies that under this splitting the symplectic form block-diagonalizes as

ω(p) =

gµ · p W q · p N


0 ∗ 0 0
∗ 0 0 0
0 0 ∗ 0
0 0 0 ∗

That is, if ui = ξi · p+ wi + ηi · p+ vi ∈ gµ · p⊕W ⊕ q · p⊕N with i = 1, 2 then

ω(p)(u1, u2) = ω(p)(ξ1, w2) + ω(p)(w1, ξ2) + ω(p)(η1 · p, η2 · p) + ω(p)(v1, v2)

= ω(p)(ξ1, w2) + ω(p)(w1, ξ2) + 〈µ, [η1, η2]〉+ ω(p)(v1, v2)

= −〈ξ1, f(w2)〉+ 〈ξ2, f(w1)〉+ 〈µ, [η1, η2]〉+ ω(p)(v1, v2)
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2.3 MGS form

If G acts Hamiltonially on a symplectic space M , it possible to have a semi-local model
like the one for G-spaces. This is the content of the Marle-Guillemin-Sternberg normal
form proven by Marle Guillemin and Sternberg in [Mar85; GS84] for compact groups and
extended to proper actions of arbitrary groups with equivariant momentum map in [BL97].
A similar result can be obtained even if we drop the assumption of equivariance of the
momentum map [OR04].

2.3.1 Abstract symplectic tube

Let G be a Lie group, µ ∈ g∗ and K ⊂ Gµ a compact subgroup. As K is compact we can
choose a K-invariant complement of gµ in g. This choice induces a K-equivariant linear
inclusion ι : g∗µ → g∗. Consider the product Tµ = G× g∗µ and the embedding

Tµ −→ T ∗G

(g, ν) 7−→ TeL
∗
g−1(µ+ ι(ν)).

With this map we can pull-back the canonical symplectic form of T ∗G (see Proposition 1.3.3)
obtaining the two-form ωTµ given by

ωTµ(g, ν)(v1, v2) = 〈ν̇2, ξ1〉 − 〈ν̇1, ξ2〉+ 〈µ+ ι(ν), [ξ1, ξ2]〉

where vi = (TeLgξi, ν̇i) ∈ T(g,ν)(G× g∗µ). This form satisfies ωTµ = −dθTµ where

θTµ(g, ν)(v1) = 〈µ+ ι(ν), ξ1〉. (2.3)

It can be checked that, for any g ∈ G the two-form ωTµ(g, 0) is non-degenerate, and therefore
there is an open K-invariant neighborhood (g∗µ)r of 0 ∈ g∗µ such that (G × (g∗µ)r, ωTµ) is a
symplectic space (see Proposition 7.2.2 of [OR04]).

Let (N,ωN) be a symplectic linear space with a K-Hamiltonian action with momentum
map

〈JN(v), ξ〉 :=
1

2
ωN(ξ · v, v).

The symplectic product Z := G × ((g∗µ)r × N) with two-form ωTµ + ωN is a symplectic
space and the natural GL and KT -actions are free and Hamiltonian with momentum maps:

KKT (g, ν, v) = −ν
k

+ JN(v), KGL(g, ν, v) = Ad∗g−1ν (2.4)

By regular symplectic reduction (see Theorem 1.4.1), the quotient K−1
KT (0)/KT is a symplectic

manifold. Since GL and KT actions commute, then the induced G-action on this quotient is
also Hamiltonian.

We now build a useful representation of the abstract reduced space K−1
KT (0)/KT . Choose a

K-invariant complement m of k = Lie(K) in gµ. There are small enough open neighborhoods
m∗r and Nr of the origin in m∗ and N such that ν + JN(v) ∈ (g∗µ)r for every ν ∈ m∗r and
v ∈ Nr. In this setting, the map

L : G×K ((m∗)r ×Nr) −→ K−1
KT (0)/KT (2.5)

[g, ν, v]K 7−→ [g, ν + JN(v), v]K
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is a well-defined G-equivariant diffeomorphism onto its image. We can endow the space
Yr = G×K (m∗r ×Nr) with the symplectic form

ΩY (T(g,ν,v)πK(u1), T(g,ν,v)πK(u2)) = 〈ν̇2 + TvJN(v̇2), ξ1〉 − 〈ν̇1 + TvJN(v̇1), ξ2〉+
+〈ν + JN(v) + µ, [ξ1, ξ2]〉+ ω(v̇1, v̇2)

(2.6)

where ui = (TeLgξi; ν̇i, v̇i) ∈ T(g,ν,v)(G×m∗ ×N) and πK : G× (m∗ ×N)→ G×K (m∗ ×N).
Then L becomes a G-equivariant symplectomorphism between (Yr,ΩY ) and K−1

KT (0)/KT

equipped with the reduced symplectic form.
To sum up,

Proposition 2.3.1. Let G be a Lie group, µ ∈ g∗, K ⊂ Gµ a compact subgroup and (N,ωN)
a linear symplectic space with K action preserving the symplectic form ωN .

Let JN : N → k∗ be the momentum map for the K-action on N , that is, 〈JN(v), ξ〉 =
1
2
ωN(ξ · v, v). Let m be a K-invariant complement of k in gµ. There are K-invariant

neighborhoods of the origin m∗r ⊂ m∗ and Nr ⊂ N such that the twisted product

Yr := G×K (m∗r ×Nr)

endowed with the two-form (2.6) is a symplectic space. Moreover, the G-action g′ · [g, ν, v]K =
[g′g, ν, v]K is a Hamiltonian action with momentum map

JY ([g, ν, v]K) = Ad∗g−1(µ+ ν + JN(v)). (2.7)

We will say that (Yr, ωY ) is a MGS-model associated with (G, µ,K, (N,ωN)).

2.3.2 Equivariant Darboux

Let G be a Lie group acting properly on a symplectic manifold (M,ω). In this setting, the
classical Darboux Theorem can be extended to an equivariant version, as the following result
shows.

Theorem 2.3.2 ([BL97], Theorem 6). Let M be a manifold and ω0, ω1 two symplectic forms
on it. Let G be a Lie group acting properly on M and preserving both ω0 and ω1. Let p ∈M
and assume that:

ω0(g · p)(vg·p, wg·p) = ω1(g · p)(vg·p, wg·p)
for all g ∈ G and vg·p, wg·p ∈ Tg·pM . Then there exist two open G-invariant neighborhoods
U0 and U1 of G · p and a G-equivariant diffeomorphism Ψ: U0 → U1 such that Ψ|G·p = Id
and Ψ∗ω1 = ω0.

Remark 2.3.3. As in the classical Darboux theorem, we can only state the existence of Ψ as
the solution of a Moser equation, so it is usually very difficult to construct Ψ explicitly or to
have some fine control of its properties even for simple examples.

The proof of this result is just an equivariant refinement of Moser’s proof of Darboux
Theorem. We sketch the proof given in Theorem 7.3.1 of [OR04].

Proof. Using Theorem 2.1.4 at p ∈M , there is

t : G×Gp Sr −→ t(G×Gp Sr) ⊂M
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such that t([e, 0]Gp) = p and Sr is a Gp-invariant open subset of a linear slice at p. For any
u = t([g, v]Gp) the expression φt(u) = t([g, (1 − t)v]Gp) defines a diffeomorphism φt : U →
φt(U) for any t. Then,

ω0 − ω1 = φ∗1(ω1 − ω0)− (ω1 − ω0)

=

∫ 1

0

d

dt
φ∗t (ω1 − ω0)dt

=

∫ 1

0

φ∗t (LYt(ω1 − ω0))dt

=

∫ 1

0

φ∗t (diYt(ω1 − ω0))dt

= d

∫ 1

0

φ∗t (iYt(ω1 − ω0))dt

where Yt is the vector field defined by Yt(z) = d
dt

(φt(z)). Let α =
∫ 1

0
φ∗t (iYt(ω1 − ω0))dt ∈

Ω1(U); note that this one-form is G-invariant, ω0 − ω1 = dα and α(g · p) = 0.
Consider the family of two-forms ωt = ω0 + t(ω1−ω0); since ωt(g ·p) = ω0(g ·p) = ω1(g ·p),

ωt(g · p) is non-degenerate for any g ∈ G and t ∈ [0, 1]. As non-degeneracy is an open
condition, for any t0 ∈ [0, 1], there is ε > 0 and Vt0 ⊂ U G-invariant such that ωt(z) is
non-degenerate if z ∈ Vt0 . As [0, 1] is compact we can cover it with a finite number of open
sets, and thus there is V G-invariant open set such that ωt(z) is non degenerate if t ∈ [0, 1]
and z ∈ V . Therefore, ωt is a family of symplectic forms on V .

Now we apply Moser’s trick to the family ωt; the Moser equation

iXtωt = α

defines a time-dependent vector field Xt on the open set G× V . If Ψt is the local flow of the
vector field Xt then,

d

dt
Ψ∗tωt = Ψ∗t (LXtωt +

d

dt
ωt)

= Ψ∗t (iXtdωt + diXtωt + ω1 − ω0)

= Ψ∗t (diXtωt + ω1 − ω0)

= Ψ∗t (dα + ω1 − ω0) = 0.

As Ψ0 = Id, this implies Ψ∗tωt = ω0. As Xt is G-invariant, Ψt is a G-equivariant diffeomor-
phism, and as Xt(g · p) = 0 there is a G-invariant neighborhood W ⊂ V such that Ψ1 is well
defined on it. Therefore Ψ1 : W → Ψ1(W ) and Ψ∗1ω1 = ω0, as we wanted to show.

2.3.3 Hamiltonian Tube

From the Witt-Artin decomposition and the G-relative Darboux theorem, Marle Guillemin
and Sternberg in [Mar85; GS84] built the Marle-Guillemin-Sternberg normal form,
which is the normal form for each proper Hamiltonian action of a Lie group G on a symplectic
manifold M .

Theorem 2.3.4 (Hamiltonian Tube Theorem). Let (M,ω) be a symplectic manifold and let
G be a Lie group acting properly and Hamiltonially on M with equivariant momentum map
J : M → g∗. Let z ∈M , denote µ = J(z), choose a Gz-invariant splitting gµ = gz ⊕m on gµ
and a Gz-invariant splitting KerTzJ = gµ · z ⊕N .



16 CHAPTER 2. LOCAL NORMAL FORMS

There exists Yr = G ×Gz (m∗r × Nr) a MGS model associated to (G, µ,Gz, (N,ω(z)
N

))
and a map

T : Yr −→M

such that

• T : Yr −→ T(Yr) ⊂M is a G-equivariant diffeomorphism onto the open set T(Yr) ⊂M
and T([e, 0, 0]Gz) = z.

• T∗ω = ΩY .

A map T : Yr −→ M will be called a Hamiltonian tube around z if it satisfies the
conditions above.

A detailed proof can be found in Theorem 7.4.1 of [OR04]; here we only briefly sketch
the main points.

Proof. The tangent space TzM can be decomposed using the Witt-Artin decomposition
(Proposition 2.2.2) as

TzM = gµ · z ⊕W ⊕ q · p⊕N.
Note that W ⊕N ⊂ TzM is a linear slice at z ∈ M . Using this linear slice we can build a
Palais’ tube

t : G×Gz (W ⊕N)r → U ⊂M.

Let Yr = G×Gz (m∗r ×Nr) be MGS-model associated with (G, µ,Gz, (N,ω(z)
N

)), consider
the map

Ψ: G×Gz (m∗r ×Nr) −→M

[g, ν, v]Gz 7−→ t([g, f−1(ν) + v]Gz).

Via Ψ on Yr = G×Gz (m∗r ×Nr), we can consider the two-form Ψ∗ω and it can be checked
that Ψ∗ω and ΩY are G-invariant forms such that (Ψ∗ω)(g · z) = ΩY (g · z) for any g ∈ G.
Using Theorem 2.3.2, there is a diffeomorphism Θ: U0 → U1 such that Θ∗Ψ∗ω = ΩY , then
the map Ψ ◦Θ is a Hamiltonian tube at z.

One of the most important consequences of the MGS model is that it provides a local
description of the set of points with momentum µ, which is very useful in the theory of
singular reduction. This is the content of the following result of [OR04] based on [BL97].

Proposition 2.3.5 ([OR04], Proposition 8.1.2). Let (M,ω) be a symplectic manifold sup-
porting a Hamiltonian G-action with momentum map J. Let m ∈ M , µ = J(m) and
T : G ×Gm (m∗r × Nr) → M a Hamiltonian tube around m. There is an open Gµ-invariant
neighborhood UM of Gµ ·m such that

UM ∩ J−1(µ) = T(Z)

where
Z = {[g, ν, v]Gm ∈ T−1(UM) | g ∈ Gµ, ν = 0, JN(v) = 0}.



Chapter 3

Stratifications and singular reduction

In the general case of a Hamiltonian action of a Lie group G on a symplectic manifold (M,ω),
neither the quotient M/G nor the quotients J−1(µ)/Gµ are smooth manifolds. Nevertheless,
they are always topological spaces. In fact, they have much more structure than simple
topological spaces. They have the important property that, although they are not manifolds,
they admit a partition onto locally closed subsets where each of them has the structure of a
smooth manifold.

Following this idea, in Section 3.1 we introduce the category of stratified spaces and its
properties. In Section 3.2 we describe how a G-space M can be decomposed into different
submanifolds and how this decomposition endows the quotient M/G with a smooth stratified
structure. Using all these tools, in Theorem 3.3.1 we can state the singular analogue of
Marsden-Weinstein reduction procedure. Finally, in Section 3.4, we briefly review recent
developments regarding singular cotangent-bundle reduction.

3.1 Stratified spaces

In the literature, there are several and often non-equivalent ways of defining stratified spaces
and related concepts. In this work we will follow the conventions of [Pfl01].

3.1.1 Decompositions

Definition 3.1.1. Let X be a paracompact Hausdorff space with countable topology and
Z a set of sets of X. The pair (X,Z) is a decomposed space if the following conditions
are satisfied:

1. The pieces S ∈ Z cover X and are disjoint.

2. Every piece S ∈ Z is a locally closed subset of X and it has a manifold structure
compatible with the induced topology.

3. The collection Z is locally finite.

4. If R ∩ S 6= ∅ for a pair of pieces R, S ∈ Z then R ⊂ S. This requirement is usually
called the frontier condition.

Recall that a locally closed subset A of a topological space is a subset such that each of
its points has an open neighborhood U such that U ∩ A is closed in U .

17
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The elements of the set of subsets Z are usually called pieces. The boundary of a piece
R ∈ Z is the set ∂R = R \ R. Note that if S ∈ Z, R 6= S and R ∩ S 6= ∅ then the frontier
condition implies that R ⊂ ∂S. In this case we say that R is incident to S and we write
R ≺ S.

When a pair (X,Z) satisfies all the properties in Definition 3.1.1 except the frontier
condition, we will say that (X,Z) is a generalized decomposition or a generalized
decomposed space. This concept appears in [TT13] under the name of a prestratification.

A continuous mapping f : P → Q between (generalized) decomposed spaces (P,Z) and
(Q,Y) is a morphism of decomposed spaces if for every piece S ∈ Z there is a piece
T ∈ Y such that f(S) ⊂ T and the restriction f

S
: S → T is smooth. We say that (X,Z1)

is a coarser decomposition than (X,Z2) if the identity mapping (X,Z2) → (X,Z1) is a
morphism of decomposed spaces.

If (X1,Z1) and (X2,Z2) are stratified spaces, then the cartesian product X1 × X2 is a
decomposed space with pieces the product of pieces of X1 and X2.

Note that a smooth manifold M is a decomposed space if we consider the single piece
decomposition Z = {M}.

In general, a subspace of a decomposed space is not a decomposed space. Let Y be a
subset of (X,Z) even if, for any piece S ∈ Z the intersection X ∩ S is a manifold, the
collection of sets {X ∩ S}S∈Z could not satisfy the frontier condition.

Remark 3.1.2. Consider, for example, X = {(x, y) ∈ R2 | x ≥ 0} stratified by S1 = {(x, 0) |
x ∈ R} and S2 = {(x, y) | x > 0}. Let Y = {(x, 0)} ∪ {(0, y)}; both {S1 ∩N} and {S2 ∩N}
are manifolds, but the partition {S1∩N,S2∩N} does not satisfy the frontier condition. This
example is an adaptation of an example presented in [MTP03].

3.1.2 Stratifications

Let X be a topological space; the set germ of a subset A ⊂ X is the equivalence class
of subsets [A]x defined by [A]x = [B]x if A and B are subsets of X and there is an open
neighborhood U of x such that A ∩ U = B ∩ U .

Definition 3.1.3. A map S from X to set germs of subsets of X is a stratification if for
any x ∈ X there is a neighborhood U containing x and a decomposition Z of U such that,
for any y ∈ U , Sy = [Z]y where Z ∈ Z is the unique piece of Z containing y.

The pair (X,S) is called a stratified space.

Note that any decomposition Z induces a stratification by associating to each of its
points the set germ of the piece on which it is sitting. In some sense a stratification should
be understood as a way of identifying equivalent decompositions of a set. For example,
the set R can be decomposed as {(−∞, 0), {0}, (0,∞)} or as {R \ {0}, {0}}, and both
decompositions although different induce the same stratification.

A continuous map f : X → Y between stratified spaces (X,S1) and (Y,S2) is a stratified
map if for every z ∈ X there are neighborhoods V of f(z) and U ⊂ f−1(V ) of z and
decompositions Z1 of U and Z2 of V inducing S1 U

and S2 V
such that the restricted map

f
U

: U → V is a decomposed map.
In fact, every stratification is induced by a canonical decomposition associated to it, as

the following proposition shows.

Proposition 3.1.4 ([Pfl01], Proposition 1.2.7). Let (X,S) be a stratified space; there is a
decomposition ZS with the following maximal property: for every open subset U ⊂ X and
every decomposition D of U inducing S on U the restriction of ZS U

is coarser than D.
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This unique decomposition will be called the canonical decomposition and its pieces
are called the strata of (X,S).

3.1.3 Local triviality

Among the class of stratified spaces, those that around a given strata are the product of a
strata and a stratified space seem to be the simplest ones; this idea is the one behind the
local triviality of a stratified space.

Definition 3.1.5. A stratified space (X,S) is called topologically locally trivial if for
every x ∈ X there is a neighborhood U , a stratified space (F,F), a distinguished point o ∈ F
and an isomorphism of stratified spaces

h : U −→ (S ∩ U)× F (3.1)

such that h−1(y, o) = y for all y ∈ S ∩U where S is the stratum of X containing x and F(o)
is the germ set of {o}. In other words, the stratum of (F,F) containing o is {o}. We call the
stratified set (F,F) the typical fiber over x.

3.1.4 Smooth structure

A decomposed or stratified subspace is the union of submanifolds, but the stratified spaces
we are going to work with have even more structure, a set of smooth functions on the whole
space X. This smooth structure is generated by local charts as in usual manifolds.

Definition 3.1.6. Let (X,S) be a stratified space and S the family of its strata. A singular
chart is a homeomorphism x : U → x(U) ⊂ Rn such that for each stratum S ∈ S the image
x(S) is a submanifold of Rn and the restriction x

U ∩ S : U∩S → x(U∩S) is a diffeomorphism.
Two charts x1 : U1 → x1(U1) ⊂ Rn1 and x2 : U2 → x2(U2) ⊂ Rn2 are called compatible if
there is a diffeomorphism H : O1 → O2 where O1, O2 are open sets of Rm such that

(imn1
◦ x1)(y) = (H ◦ imn2

◦ x2)(y) ∀y ∈ U1 ∩ U2

where imn is the canonical embedding of Rn into Rm ∼= Rn×Rm−n. As in standard differential
geometry, this allows us to define a singular atlas on X as set of compatible charts, and a
maximal atlas will be called a smooth structure on X.

A continuous function f : X → R is called smooth if for each singular chart x : U →
x(U) ⊂ Rn there is a smooth function g : Rn → R such that g ◦ x = f

U
; we will denote by

C∞(X) the set (and sheaf) of smooth functions. We say that a map f : X → Y between
two stratified spaces with smooth structures is smooth, continuous and f ∗g ∈ C∞(X) for all
g ∈ C∞(Y ).

Remark 3.1.7. The smooth structure we have defined corresponds to the concept of weakly
smooth structures of [Pfl01] and to the concept of stratified subcartesian spaces of
[Sni13]. In the notation of [Pfl01], a singular chart x : U → x(U) ⊂ Rn satisfies the additional
condition that x(U) is a locally closed subset of Rn. We are not going to impose this condition
because we will encounter some spaces that do not have smooth structure in the sense of
[Pfl01], but does have one in the sense of the previous definition.
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3.1.5 Whitney condition

Even in the class of stratified spaces with smooth structure there are spaces that look very
pathological. The Whitney condition is a property concerning how the different strata fit
together and is closely related to the local triviality of the stratification.

Definition 3.1.8. Consider a smooth stratified space X and two embedded submanifolds
R, S. Let x : U → Rn be a chart of X around x ∈ R; we say that (R, S) satisfies Whitney
condition (or Whitney condition (B)) at x ∈ R if:

For any sequences {xn} ⊂ R ∩ U and {yn} ⊂ S ∩ U such that:

• xn 6= yn and xn → x and yn → x.

• The sequence of lines x(xn)x(yn) ⊂ Rn converges in the projective space to a line `

• The sequence of tangent spaces {Tx(yn)(x(S))} converges in the Grassmann bundle of
dim S-dimensional subspaces of TRn to Σ ⊂ Tx(x)Rn

then

` ⊂ Σ.

If the Whitney condition is satisfied for one singular chart x, they are satisfied for all
singular charts (see [Pfl01] Lemma 1.4.4). We say that the pair (R, S) satisfies the Whitney
condition if they for any x ∈ R, (R, S) satisfy Whitney condition at x. Similarly, a stratified
space (X,S) with smooth structure satisfies Whitney conditions if for each pair (R, S) of
strata the pair (R, S) satisfies Whitney condition.

It can be checked that the preimage of a Whitney pair (R, S) under a submersion is again
a Whitney pair.

Lemma 3.1.9 ([Gib+76], Lemma 1.4). Let N,M be two smooth manifolds. If R, S are two
submanifolds of M , f : N →M is a submersion and (R, S) satisfies the Whitney condition,
then (f−1(R), f−1(S)) satisfies the Whitney condition.

Under mild topological assumptions, the Whitney condition even implies a frontier con-
dition,

Theorem 3.1.10 ([Gib+76], Theorem 5.6). Let (X,S) be a smooth stratified space andM a
set of embedded submanifolds of X. Assume that each pair (R, S) inM satisfies the Whitney
condition.

If Y =
⋃
M∈MM is a locally compact subspace then the set of connected components of

manifolds in M forms a decomposition of Y .

See [Pfl01] Examples 1.4.8 and 1.4.9 for examples of simple stratified sets that do not
satisfy Whitney condition.

The importance of the Whitney condition is that it provides an easily computable property
ensuring that a given stratification is topologically locally trivial

Theorem 3.1.11 ([Gib+76], Theorem 5.2). Let (X,S) be smooth stratified space satisfying
the Whitney condition; if X is a locally compact topological space the stratification S is
topologically locally trivial.
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Many interesting classes of sets can be Whitney stratified; for example, real and com-
plex algebraic varieties [Whi65] and semianalytic sets of analytic manifolds [Loj65] admit
Whitney stratifications. However, in this thesis we will only use the more restrictive case of
semialgebraic sets.

A semialgebraic subset of Rn (Definition 2.1.1 of [Cos00]) is a subset of Rn determined
by a Boolean combination of polynomial equations and inequalities with real coefficients.

One important result in semialgebraic geometry is Tarski-Seidenberg’s Theorem
(Theorem 2.3 in [Cos00]), which states that if p : Rn → Rm is a polynomial mapping and X
is a semialgebraic subset of Rn then p(Rn) is a semialgebraic subset of Rm.

For our purposes we will not need the fact that each semialgebraic set has a Whitney
stratification; we only need a weaker form that states that the union of a semialgebraic
submanifold X and a single point of its closure X form a Whitney stratified set.

Proposition 3.1.12 ([Loj65], Proposition 19.3). Let X be a semialgebraic subset Rn and
let a ∈ (X \X). If X is an embedded manifold then {X, {a}} is a Whitney stratification of
the subset X ∪ {a} ⊂ Rn with the induced smooth structure.

Moreover, {Rk ×X,Rk ×{a}} is a Whitney stratification of the subset Rk × (X ∪ {a}) ⊂
Rn+k.

3.2 Orbit types and quotient structures

The proper action of a Lie group G on a manifold M induces a stratification of M satisfying
Whitney conditions and can be used to endow the quotient M/G with the structure of a
Whitney stratified space. In this section we introduce the partitions induced by the G-action
and their properties.

3.2.1 Orbit types

The conjugacy class of a subgroup H ⊂ G is the set of subgroups of G that are conjugated
to H, that is,

(H) = {H ′ ⊂ G | H ′ = gHg−1, g ∈ G}

in the set of conjugacy classes of a group there is a partial ordering defined as

(H) ≤ (K) if ∃g ∈ G such that gHg−1 ⊂ K.

In later chapters we will need to refer to conjugacy classes; conjugacy classes where the
conjugation is only allowed on a subgroup and related concepts. In order to be consistent,
we introduce here the notation of Definition 2.4.2 in [OR04]:

Definition 3.2.1. Let G be a Lie group acting on a manifold M. Let H, J, K be closed
subgroups of G such that H ⊂ K ⊂ G. We define

(H) = {L ⊂ G | L = gHg−1, g ∈ G}
(H)J = {L ⊂ G | L = gHg−1, g ∈ J}
(H)JK = {L ⊂ G | L = gHg−1 ⊂ K, g ∈ J}
(H)K = {L ⊂ G | L = gHg−1 ⊂ K, g ∈ G}.
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Using these sets of subgroups we can define the following subsets of M

M(H) = {z ∈M | Gz ∈ (H)}
MH = {z ∈M | Gz = H}
MH = {z ∈M | H ⊂ Gz}.

Similarly, M(H)J ,M(H)JK
and M(H)K are the subsets of M determined by the condition Gz ∈

(H)J , Gz ∈ (H)JK or Gz ∈ (H)K , respectively.
Analogously, if X is a subset of M , X(H), XH , X

H , . . . represent the sets M(H) ∩X,MH ∩
X,MH ∩X, . . .

The set M(H) is called the (H)-orbit type set because for any x ∈M(H) the orbit G ·x is
G-equivariantly diffeomorphic to G/H; all orbits are of the same type. The set MH is called
the H-isotropy type set because all its points have isotropy H. Finally, MH is called the
set of H-fixed points.

Proposition 3.2.2 ([OR04], Proposition 2.4.4). Let G be a Lie group acting properly on a
manifold M , then:

• MH is closed in M ,

• M(H) = G ·MH and M(H)K = K ·MH .

• MH = MH ∩M(H) is closed in M(H).

If the underlying manifold is a twisted product, many of these sets have a simple descrip-
tion.

Proposition 3.2.3 ([OR04], Proposition 2.4.6). Let A be an H-manifold, and G ×H A be
the twisted product with H ⊂ G a compact subgroup. Then, relative to the left-action of G
on G×H A we have:

• The isotropy group of [g, a]H ∈ G×H A is G[g,a]H = gHag
−1.

• (G×H A)(H) = G×H AH .

• (G×H A)H = NG(H)×H AH .

• If K is an isotropy group for the G action on G×HA then: (G×HA)(K) = G×HA(K)GH
=

G×H A(K)H .

• There is only a finite number of different G-orbit types on G×H A.

One important corollary of this result is that, as Palais tubes are local models for proper
G-spaces, if a Lie group G acts properly on a manifold M , then given any point x there is
an open neighborhood V of x such that for each y ∈ V ,

(Gy) ≤ (Gx);

that is, for neighboring points the isotropy can only be smaller. Similarly, using Palais
tubes,

Proposition 3.2.4 ([OR04], Proposition 2.4.7). Let G be a Lie group acting properly on M ;
let H be an isotropy subgroup of this action and K a closed subgroup such that H ⊂ K ⊂ G.
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• M(H), M(H)K , M
H and MH are disjoint unions of embedded submanifolds of M .

• MH is open in MH .

One problem of the orbit type subsets M(H) is that they can be the disjoint union of
manifolds of different dimensions. To deal with this class of sets, it is convenient to introduce
the following definition.

Definition 3.2.5. A topological space S is a Σ-manifold if it is the topological sum of
countably many connected smooth and separable manifolds.

In general, a Σ-manifold is not a manifold unless all its connected components have the
same dimension. A map f : S1 → S2 between two Σ-manifolds is smooth if the restriction
of f to each connected component of S1 is smooth as a map between smooth connected
manifolds. Most of the concepts in differential geometry have an analogue in the category of
Σ-manifolds; for example, vector fields, bundles, diffeomorphisms, embeddings, . . .

The Σ-submanifolds M(H) ⊂M can be further partitioned into smaller manifolds so that
all the points are locally equivalent with respect to the G-action.

Proposition 3.2.6 ([DK00] Theorem 2.6.7). Let M be a smooth manifold endowed with a
proper action of G. Two points x, y ∈M are said to be of the same local orbit type if there
is a G-equivariant diffeomorphism f : Ux → Uy, where Ux, Uy are G-invariant neighborhoods
of x and y, respectively. Define

M loc
G·x = {y ∈M | x and y have the same local orbit type}

M loc
x = M loc

G·x ∩MGx

• M loc
G·x is an open and closed submanifold of M(Gx), that is, a union of connected compo-

nents of M(Gx).

• M loc
x is open and closed in MGx, NG(Gx)-invariant and satisfies M loc

G·x = G · (M loc
x ).

In fact, using Palais’ tube, two points lie on the same local type manifold only if the
action of Gx on TxM/(g · x) is isomorphic to the action of Gy on TyM/(g · y).

Proposition 3.2.7 ([DK00] Theorem 2.7.4). Let G be a Lie group acting properly on M .
The orbit type sets M(H) form a partition of the manifold M . This partition induces a
stratification, called the orbit-type stratification of M . This stratification satisfies the
Whitney condition.

Note that as the local-orbit type sets are unions of connected components of orbit-type
sets, then both local orbit-types and orbit-types induce the same stratification.

Remark 3.2.8. Although the orbit type sets M(H) are disjoint, cover M and are locally finite
(see [Pfl01] Lemma 4.3.6), they do not form a decomposition because the frontier condition
can be violated. However, the connected components of the orbit type sets do form a
decomposition of M .
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3.2.2 Linear representations of compact groups

We need some results that characterize the stratification and smooth structure of the quotient
of a vector space by a compact linear group. The proof of each of the parts of the Theorem
can be found in [Pfl01] and [Bie75].

Theorem 3.2.9. Let H be a compact group acting linearly on the vector space V . Denote
by πH : V → V/H the quotient map and by C∞(V )H the set of smooth H-invariant functions
on V .

• The sets V(K)/H = πH(V(K)) induce a stratification S of the topological space V/H.
More precisely, the set

ZV/H =
{
πH(Z) | Z is a connected component of V(K) for some K ⊂ H

}
is a decomposition of V/H that induces the stratification S.

• The stratification S is minimal among all the stratifications of the topological space
V/H.

• There are H-invariant polynomials p1, . . . , pk : V → R such that the Hilbert map

Hilb : V −→ Rk

v 7−→ (p1(v), . . . , pk(v)).

induces a homeomorphism Hilb : V/H −→ Hilb(V ) ⊂ Rk between V/H and the semial-
gebraic subset Hilb(V ).

• Hilb : V/H −→ Hilb(V ) ⊂ Rk is a singular chart of the stratified space (V/H,S).

• The set of smooth functions on V/H induced by Hilb satisfies

C∞(V/H) = {f : V/H → R | ∃g ∈ C∞(V )H and f ◦ πH = g}.

• For any K isotropy subgroup of V , V(K) is a semialgebraic subset of V and Hilb(V(K)/H)
is a semialgebraic subset of Rk.

3.2.3 Quotient stratifications

Using a Palais’ tube, we can essentially reduce the problem of the structure of M/G for a
proper action to a quotient of a linear space by a compact group. In this sense, from the
previous theorem:

Theorem 3.2.10 ([Pfl01], Theorem 4.4.6). Let G be a Lie group acting properly on M .
Denote by πG : M →M/G the quotient map, the sets M(H)/G = πG(M(H)) induce a Whitney
stratification of M/G. This stratification is minimal among all the stratifications of M/G.
M/G has a smooth structure and the set of smooth functions satisfies

C∞(M/G) = {f : M/G→ R | ∃g ∈ C∞(M)G and f ◦ πG = g}.
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Assume that M/G is connected, then there is one strata Z ⊂ M/G such that it is
maximal, in the sense that Z = M/G, and not only that, but this stratum is connected. This
is the content of the principal orbit type theorem.

Theorem 3.2.11 ([DK00], Theorem 2.8.5). Let G be a Lie group acting properly on M and
assume that M/G is connected. There is a subgroup H such that M(H) is open and dense in
M and M(H)/G is open, dense and connected. (H) is called the principal orbit type.

Remark 3.2.12. The assumption that M/G is connected does not imply any restriction
of generality, since an arbitrary G-manifold can be decomposed as π−1

G (Z), where Z runs
through the connected components of M/G. In this case, the theorem ensures that on each
Z of these components there is an open, dense and connected principal orbit type set.

3.3 Singular symplectic reduction

In the general case of a Hamiltonian action of a Lie group G on a symplectic manifold (M,ω)
neither the quotient (M,ω) nor the quotients J−1(µ)/Gµ are smooth manifolds. [SL91]
showed that reduction at momentum value µ = 0 of a compact group gives a stratified space
in which all the strata are symplectic manifolds. Later, [BL97] extended this result showing
that for proper actions the set J−1(Oµ)/G has a symplectic stratification if Oµ ⊂ g∗ is locally
closed. [OR04] studied the point reduced spaces J−1(µ)/Gµ and proved that they also have
a symplectic stratification.

Theorem 3.3.1 ([OR04], Theorem 8.3.2). Let (M,ω) be a symplectic manifold with a proper
Hamiltonian action with equivariant momentum map J : M → g∗. Let µ ∈ g∗ and Gµ the
isotropy subgroup of µ.

1. Consider J−1(µ) as a topological subspace of M . The connected components of Gµ ·
(J−1(µ))K are embedded submanifolds that induce a Whitney stratification of J−1(µ).

2. The connected components of M
(K)
µ := (Gµ · (J−1(µ))K)/Gµ are smooth symplectic

manifolds and they form a Whitney stratification of the quotient Mµ := J−1(µ)/Gµ.

3. (Theorem 5.9 of [SL91]) If W is a connected component of J−1(µ)/Gµ, there is an

isotropy subgroup K such that M
(K)
µ ∩W is an open, dense and connected subset of W .

In the singular setting we also have an analogue of Theorem 1.4.3. The first version for
compact group actions at zero momentum appeared in [SL91]. The general case for proper
actions is discussed in [Mar+07], but we will only need the following version.

Theorem 3.3.2. Let G and H be two Lie groups acting proper and Hamiltonially on a
symplectic manifold (M,ω) with equivariant momentum maps JG and JH , respectively. As-
sume that both actions commute, JG is H-invariant and JH is G-invariant. This implies
that M is a proper G × H-Hamiltonian space with G × H-equivariant momentum map
(JG,JH) : M → g∗ × h∗.

Let µ ∈ g∗ and ν ∈ h∗ assume that Gµ, Hν are compact subgroups and that the coadjoint
orbits Oµ and Oν are embedded submanifolds. G induces a proper Hamiltonian action on
the singular quotient Mν = J−1

H (ν)/Hν with equivariant momentum map KG determined by
KG ◦ πHν = JG.

The reduced (stratified) symplectic space K−1
G (µ)/Gµ is isomorphic as a stratified symplec-

tic space to (JG,JH)−1(µ, ν)/(Gµ × Hν), the symplectic reduced space of M by the product
action of G×H.
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3.4 Singular cotangent bundle reduction

As in the free case, one expects that the reduced space will admit additional structure if the
symplectic manifold is a cotangent bundle. Up to our knowledge, the first work on singular
symplectic reduction in the case of cotangent bundles is [Mon83], where the author imposes
several strong conditions to ensure that all the relevant sets are smooth.

Later, [ER90] gave an analogue of Theorem 1.5.1 when the action on the base consists
of only one orbit type. They showed that J−1(0) has only one orbit type and its quotient is
symplectomorphic to a cotangent-bundle. More precisely;

Theorem 3.4.1 ([ER90]). Let G be a Lie group acting properly on a manifold Q and on
T ∗Q by cotangent lifts. If all the points of Q have the same isotropy type, that is, Q = Q(H)

for a subgroup H of G, then,

• {Gz | z ∈ J−1(0)} = {Gq | q ∈ Q} = (H).

• J−1(0)/G is a symplectic manifold symplectomorphic to T ∗(M/G) endowed with the
canonical symplectic form.

Under the assumption that Q is of single orbit type [HR06; Hoc08; PRO09] have developed
a description of the orbit-reduced space J−1(G · µ)/(G · µ).

Even for µ = 0 the reduction of a cotangent bundle without the single-orbit presents some
difficulties. The cotangent-bundle projection τ : T ∗Q→ Q induces the continuous surjective
map τ 0 : J−1(0)/G→ Q/G; using the results of [RO06], it can be checked that

τ 0((J−1(0))(H)/G) = Q(H)/G ⊂ Q/G.

Therefore, if J−1(0)/G is endowed with the stratification given by Theorem 3.3.1 and
Q/G is stratified according to Theorem 3.2.10, then τ 0 is not a stratified map because it does
not map strata onto strata. To solve this problem we need to define a finer stratification on
J−1(0)/G.

Theorem 3.4.2 ([PROSD07]). Let G be a Lie group acting properly on the manifold Q and
on T ∗Q by cotangent lifts. Let J : T ∗Q→ g∗ be the associated momentum map. Given two
compact subgroups H,K ⊂ G, the set

sH→K = J−1(0) ∩ τ−1(Q(H)) ∩ (T ∗Q)(K) (3.2)

is a Σ-submanifold of J−1(0). Similarly, its G-quotient

SH→K = sH→K/G ⊂ J−1(0)/G

is also a Σ-manifold.
The collection of Σ-submanifolds {sH→K ⊂ J−1(0) | H,K ⊂ G} induces a stratification

of J−1(0) and the collection {SH→K ⊂ J−1(0)/G | H,K ⊂ G} induces a stratification of
J−1(0)/G. Additionally,

1. If Q/G is endowed with the orbit type stratification, then the map

τ 0 : J−1(0)/G→ Q/G

is a stratified fibration, and τ 0(SH→K) = Q(H)/G, for any pair K ⊂ H ⊂ G.
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2. SH→K is a coisotropic submanifold of the symplectic strata (J−1(0)(K)/G, ω
(H)
0 ) of The-

orem 3.3.1.

3. SH→H is an open and dense symplectic submanifold of (J−1(0)(H)/G, ω
(H)
0 ) and it is

symplectomorphic to T ∗(Q(H)/G) endowed with the canonical symplectic form.

This result can be generalized to µ totally isotropic (G = Gµ) (see [RO04]).
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Chapter 4

Witt-Artin decomposition for
cotangent-lifted actions

In this chapter we characterize the symplectic slice and the Witt-Artin decomposition in
the case of a cotangent-lifted action. The computation of the symplectic slice for non-free
cotangent-lifted actions was studied in [Sch01; Sch07]; using commuting reduction, T. Schmah
described the symplectic slice for several cases. Later, [RO04; PROSD08] gave a full explicit
description of the symplectic slice for any cotangent-lifted action.

In this chapter we will give alternative proofs of the results of [RO04; PROSD08] and
extend them to the construction of a full Witt-Artin decomposition. Most of the results in
this chapter can be regarded as a linearization of the Hamiltonian cotangent tube described
in the next chapter.

In Section 4.1 we define a four-fold splitting of the tangent space that will be used
throughout this chapter. In Section 4.3 we introduce a splitting of the Lie algebra which will
be crucial for all the thesis (Proposition 4.2.1). With these tools, in Proposition 4.3.1 we
describe the symplectic slice for a cotangent-lifted action. This description can be extended
(Proposition 4.4.1) to a full Witt-Artin decomposition of the tangent space. In Section 4.6 we
show that, using the appropriate Lie algebra splitting, based on the ideas of [Sch01; Sch07],
we can give an alternative description of the symplectic slice. Finally, in Section 4.7 we study
the Witt-Artin decomposition in the case of a homogeneous space. This example will be the
linear analogue of the restricted G-tubes defined in Definition 5.1.5.

Throughout this chapter, Q is a smooth manifold acted properly by the Lie group G; T ∗Q
is a symplectic manifold equipped with the canonical symplectic form ω; τ : T ∗Q→ Q is the
natural projection, and T ∗Q is endowed with the cotangent-lifted action with momentum
map J : T ∗Q → g∗ given by (1.7). We will fix a point z ∈ T ∗Q and denote q = τ(z) and
H = Gq.

4.1 Initial trivialization

The space of vertical vectors at z ∈ T ∗Q, that is, the kernel of Tzτ , is a Gz-invariant subspace
of Tz(T

∗Q). In fact it is a Gz-invariant Lagrangian subspace of Tz(T
∗Q). The following result

from symplectic linear algebra ensures that there are Gz-invariant Lagrangian complements
to KerTz(T

∗Q).

Lemma 4.1.1 (Lemma 7.1.2 [OR04]). Let (E,Ω) be a symplectic vector space with an action
of a compact Lie group G. Then any G-invariant Lagrangian subspace of (E,Ω) has a
G-invariant Lagrangian complement.

29
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A choice of a Lagrangian splitting Tz(T
∗Q) = KerTzτ ⊕ Horz is the starting point of a

trivialization of Tz(T
∗Q) that will be very useful to compute the symplectic slice and the

Witt-Artin decomposition.

Proposition 4.1.2. Let G be a Lie group acting by cotangent-lifts on T ∗Q. Fix a point
z ∈ T ∗Q and denote q = τ(z) ∈ Q and H = Gq.

Fix a Lagrangian complement Horz to KerTzτ , a linear slice S ⊂ TqQ and an H-invariant
complement r to h in g. Let µ = J(z) and α = z

S
∈ S∗

There is a linear isomorphism

I : r⊕ S ⊕ r∗ ⊕ S∗ → Tz(T
∗Q)

that is Gz-equivariant and symplectic, I(r⊕ S) = Horz and I(r∗ ⊕ S∗) = KerTzτ .
Moreover, there are Gz-equivariant linear maps F1 : r→ r∗ and F2 : r→ S∗ such that

I(ξ, 0, F1(ξ), F2(ξ)) = ξ · z if ξ ∈ r

and

I(0, 0,−ad∗ξµ, ξ · α) = ξ · z if ξ ∈ h

Proof. The linear slice S and r can be used to define an H-equivariant isomorphism

f : r⊕ S −→ TqQ

(ξ, a) 7−→ ξ · q + a

the dual f ∗ of this map can be used to identify T ∗qQ with r∗ ⊕ S∗. Under this identification,
the point z ∈ T ∗qQ satisfies f ∗(z) = (µ, α) ∈ r∗ ⊕ S∗.

Since Horz is complementary to KerTzτ , the restriction

Tzτ Horz
: Horz → TqQ

is Gz-equivariant linear isomorphism. As T ∗Q→ Q is a vector bundle, the vertical lift

VertLiftz : T ∗qQ −→ Tz(T
∗Q)

pq 7−→
d

dt
(z + tpq)

t = 0

is a Gz-equivariant linear injective map. Combining both maps,

I : r⊕ S ⊕ r∗ ⊕ S∗ −→ Tz(T
∗Q) (4.1)

(ξ, a, ν, b) 7−→ (Tzτ Horz
)−1(f(ξ, a)) + VertLiftz((f

−1)∗(ν, b))

is a Gz-equivariant linear isomorphism.
Since Horz is Lagrangian,

ω(z)(I(ξ1, a1, 0, 0), I(ξ2, a2, 0, 0)) = 0

and, as KerTzτ is a Lagrangian subspace,

ω(z)(I(0, 0, ν1, b1), I(0, 0, ν2, b2)) = 0.
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Moreover, as the canonical symplectic form of a cotangent bundle satisfies

ω(z)(VertLiftz(pq), vz) = 〈pq, Tzτ(vz)〉

then, if vi = (ξi, ai, νi, bi) ∈ r⊕ S ⊕ r∗ ⊕ S∗ with i = 1, 2

(I∗ω)(v1, v2) = 〈ν2, ξ1〉 − 〈ν1, ξ2〉+ 〈b2, a1〉 − 〈b1, a2〉.

That is, I is a Gz-equivariant linear symplectomorphism.
It remains to study the preimage of g · z under I; let ξ ∈ r, as τ is G-equivariant,

(Tzτ)(ξT ∗Q(z)) = ξQ(q), but ξQ(q) = f(ξ, 0). Hence there are two linear maps F1 : r→ r∗ and
F2 : r→ S∗ such that

ξT ∗Q(z) = ξ · z = I(ξ, 0, F1(ξ), F2(ξ)).

Since I is Gz-equivariant, if g ∈ Gz, F1(Adgξ) = Ad∗g−1(F1(ξ)) and F2(Adgξ) = g · F2(ξ).
If ξ ∈ h, then τ(exp(tξ) · z) = q. Therefore exp(tξ) · z ∈ T ∗qQ, using H-equivariance of f ∗,

f ∗(exp(tξ) · z) = (Ad∗exp(−tξ)µ, exp(tξ) · α)

but then taking the derivative at t = 0 of this expression

ξ · z = VertLiftz((f
−1)∗(−ad∗ξµ, ξ · α)),

that is,
ξ · z = I(0, 0,−ad∗ξµ, ξ · α).

Remark 4.1.3. The isomorphism I is a generalization of the identification r⊕ S ⊕ r∗ ⊕ S∗ ∼=
Tz(T

∗Q) that appears in [RO04; PROSD08]. The main difference is that they do not consider
a Lagrangian splitting of Tz(T

∗Q); they start from an invariant Riemannian metric on Q and
choose Horz as the orthogonal to KerTzτ with respect to the induced Sasaki metric on T ∗Q.

The equivariance of the momentum map forces F1 to satisfy certain relations, due to (1.4)

ω(ξT ∗Q(z), ηT ∗Q(z)) = 〈µ, [ξ, η]〉,

but using the I isomorphism,

ω(ξT ∗Q(z), ηT ∗Q(z)) = (I∗ω)((ξ, 0, F1(ξ), F2(ξ)), (η, 0, F1(η), F2(η))

= 〈F1(η), ξ〉 − 〈F1(ξ), η〉 = 〈F1(η)− F ∗1 (η), ξ〉.

Hence,
〈µ, [ξ, η]〉 = 〈F1(η)− F ∗1 (η), ξ〉 ∀ξ, η ∈ r (4.2)

where F ∗1 : r→ r∗ is the dual of the map F1 : r→ r∗.

4.2 Lie algebra splitting

The following result shows that if we are given a tuple (G,H, µ) where G is a Lie group, H a
compact subgroup and µ ∈ g∗ satisfying the compatibility condition µ ∈ [h, h]◦, then we can
build a splitting (4.3) adapted to the triple (G,H, µ). This construction will be the starting
point of local models for cotangent-lifted actions.
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Proposition 4.2.1. Let (G,H, µ) where G is a Lie group, H a compact subgroup and µ ∈ g∗

with [h, h] ∈ Kerµ.
There is an Hµ-invariant splitting

g = hµ ⊕ p⊕ o⊕ l⊕ n (4.3)

such that:

1. h = hµ ⊕ l and gµ = hµ ⊕ p

2. 〈µ, [ξ1, ξ2]〉 with ξ1, ξ2 ∈ (o ⊕ l ⊕ n) defines a non-degenerate Hµ-invariant 2-form on
the vector space o⊕ l⊕ n that block-diagonalizes as∗ 0 0

0 0 ∗
0 ∗ 0

 .
Proof. Let Ωµ be the skew-symmetric bilinear form on g given by Ωµ(ξ1, ξ2) = −〈µ, [ξ1, ξ2]〉.
The splitting is a kind of generalization of the Witt-Artin decomposition (Proposition 2.2.2)
for the degenerate form Ωµ, and therefore this proof is based on Theorem 7.1.1 of [OR04].

As H is compact, we can endow g with a AdH-invariant metric. We will first note that

Ωµ restricted to g⊥µ is non-degenerate because if ξ ∈ Ker Ωµ

g⊥µ
then 〈µ, [ξ, η]〉 = 0 ∀η ∈ g⊥µ ,

but if now η ∈ gµ, then 0 = 〈ad∗ηµ, ξ〉 = −〈µ, [ξ, η]〉 = 〈ad∗ξµ, η〉 for any η ∈ g. However, this

implies that ad∗ξµ = 0 and as ξ ∈ g⊥µ , then ξ = 0. Denote by ω = Ωµ

g⊥µ
the restriction. The

form ω is symplectic on g⊥µ .
Define now l := h ∩ g⊥µ and

o = {λ ∈ g⊥µ ∩ h⊥ ⊂ g | 〈ad∗λµ, η〉 = 0 ∀η ∈ h}.

If ξ ∈ g⊥µ is ω-orthogonal to l, then it must lie in o⊕ l because ξ can be decomposed as
ξ = ξ1 + ξ2 with ξ1 ∈ h∩ g⊥µ = l and ξ2 ∈ h⊥ ∩ g⊥µ . But then as 〈µ, [ξ2, η]〉 = 〈µ, [ξ, η]〉 = 0 for
any η ∈ h, then ξ2 ∈ o; that is, lω ⊂ o⊕ l. Conversely, if ξ ∈ o then by definition of o ξ ∈ lω,
and if ξ ∈ h for any η ∈ l we have 〈µ, [ξ, η]〉 = 0 because l ∈ h and µ ∈ [h, h]◦ so ξ ∈ lω, and
therefore lω = o⊕ l.

Let ξ ∈ o ∩ oω. Noting that ξ ∈ lω we have ξ ∈ oω ∩ lω = (o ⊕ l)ω = (lω)ω = l, but as

o ∩ l = 0 this implies that ξ = 0. Hence, the restriction ω
o

is non-degenerate.

To build the space n we will need a preliminary standard result in linear algebra.

Lemma 4.2.2. Let A,B,C ⊂ E be three linear subspaces of a linear space E such that
A ⊂ B and A ∩ C = 0. Then

B ∩ (C ⊕ A) = (B ∩ C)⊕ A

Note that l ⊂ oω, and as 〈µ, [ξ, η]〉 = 0 for any ξ, η ∈ l, then l is an isotropic subset of the
symplectic subspace oω, but in fact

lω ∩ oω = oω ∩ (o⊕ l) = (oω ∩ o)⊕ l = l

where we applied the previous lemma with A = l, B = oω and C = o. This implies that l
is a Lagrangian subspace of oω and it is clearly Hµ-invariant. By Lemma 4.1.1 there must
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exist an Hµ-invariant complement n ⊂ g⊥µ of l; that is, using g = gµ⊕ o⊕ l⊕ n and Ωµ block
diagonalizes as

− 〈µ, [·, ·]〉 =


0 0 0 0

0 Ω
o

0 0

0 0 0 ∗
0 0 ∗ 0

 . (4.4)

Note that two different splittings (4.3) have to be isomorphic as Hµ-modules because
as vector spaces with an Hµ-action both l and n are isomorphic to the quotient h/hµ, o is
isomorphic to hΩµ/(Ker Ωµ + h) and p is isomorphic to gµ/hµ.

The non-degeneracy of 〈µ, [·, ·]〉 on o⊕ l⊕ n implies that

σ : n −→ l∗ (4.5)

ξ 7−→ −〈µ, [ξ, ·]〉

is a linear Hµ-equivariant isomorphism. This isomorphism will be used several times through-
out the thesis, both for the linear study of this chapter and for the construction of Hamiltonian
tubes in later chapters.

Remark 4.2.3. Endow the coadjoint orbit Oµ with the symplectic form ω−Oµ (see (1.6)). The

H-action h · ν = Ad∗h−1ν is Hamiltonian with momentum map JH : Oµ → h∗, JH(ν) = ν
h
.

As µ ∈ [h, h]◦, hJH(µ) = h and

TµOµ = l · µ︸︷︷︸
h·µ

⊕ n · µ︸︷︷︸
W

⊕ 0⊕ o · µ︸︷︷︸
N

is a Witt-Artin decomposition (see Proposition 2.2.2) of TµOµ due to the decomposition
(4.4).

In other words, o is isomorphic to the symplectic slice at µ in Oµ and l and n are the
remaining parts of a Witt-Artin decomposition. In [PROSD08] the subspace o was introduced
in this way, as a symplectic slice at µ ∈ Oµ for the H-action.

4.3 Symplectic slice

Recall that we have fixed z ∈ T ∗Q and we have denoted q = τ(z) and H = Gq. Using
the expression of a cotangent-lifted momentum map (1.7), we can see that µ ∈ h◦ because
〈µ, ξ〉 = 〈J(z), ξ〉 = 〈z, ξQ(q)〉 = 0 if ξ ∈ h. This implies that (G,H, µ) satisfies the hypothesis
of Proposition 4.2.1, so there is an Hµ-invariant splitting

g = hµ ⊕ p⊕ o⊕ l⊕ n

and we will represent by
g∗ = h∗µ ⊕ p∗ ⊕ o∗ ⊕ l∗ ⊕ n∗

the induced dual splitting. Choose r = p⊕ o⊕ n as a complement to h = hµ ⊕ l in g; choose
an H-invariant Lagrangian splitting Horz ⊕KerTzJ = Tz(T

∗Q), and let I, F1 and F2 be the
maps given by Proposition 4.1.2.

Recall that the symplectic slice N (Definition 2.2.1) is a Gz-invariant complement to gµ ·z
in KerTzJ. We first construct a vector subspace V such that

V ⊕ gµ · z = (r · z)ω,
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then, by (1.5), gµ · z ⊂ (g · z)ω ⊂ (h · z)ω and using (1.3)

(V ⊕ gµ · z) ∩ (h · z)ω = (V ∩ (h · z)ω)⊕ gµ · z = (r · z)ω ∩ (h · z)ω = (g · z)ω = KerTzJ.

Therefore, N = V ∩ (h · z)ω will be a symplectic slice at z.
Let v = (η, a, ν, b) ∈ r× S × r∗ × S∗ and ξ ∈ r. Then, using Proposition 4.1.2,

ω(I(v), ξ · z) = 〈F1(ξ), η〉 − 〈ν, ξ〉+ 〈F2(ξ), a〉 − 〈b, 0〉
= 〈ξ, F ∗1 (η)〉 − 〈ν, ξ〉+ 〈ξ, F ∗2 (a)〉
= 〈F ∗1 (η) + F ∗2 (a)− ν, ξ〉

it follows that,

(r · z)ω = {I(η, a, ν, b) | ν = F ∗1 (η) + F ∗2 (a), η ∈ r, a ∈ S, b ∈ S∗}.
Let B = (hµ · α)◦ ⊂ S and choose a Gz-invariant splitting S = B ⊕ C. The induced dual

splitting is S∗ = B∗ ⊕ (hµ · α); define

V = {I(η, a, ν, b) | ν = F ∗1 (η) + F ∗2 (a), b = F2(η) + b′, η ∈ o⊕ n, a ∈ S, b′ ∈ B∗}.
(4.6)

Clearly, V ⊂ (r · z)ω; moreover, if ξ ∈ p, using (4.2),

I−1(ξ · z) = (ξ, 0, F1(ξ), F2(ξ)) = (ξ, 0, F ∗1 (ξ), F2(ξ)).

Therefore, (p · z) ∩ V = 0. If ξ ∈ hµ,

I−1(ξ · z) = (0, 0,−ad∗ξµ, ξ · α) = (0, 0, 0, ξ · α),

that is, (hµ · z) ∩ V = 0 and
V ⊕ gµ · z = (r · z)ω,

as we claimed.
Consider now v = (η, a, ν, b) and ξ ∈ h; then, using Proposition 4.1.2 and the diamond

notation (see (1.8))

ω(I(v), ξ · z) = 〈−ad∗ξµ, η〉+ 〈ξ · α, a〉
= 〈µ,−[ξ, η]〉+ 〈−a �h α, ξ〉
= 〈ad∗ηµ− a �h α, ξ〉.

Moreover, if ξ ∈ hµ, then ω(I(v), ξ · z) = 〈−a �h α, ξ〉. Hence, v ∈ (hµ · z)ω implies that
a ∈ (hµ · α)◦ = B ⊂ S, that is

(hµ · z)ω = {(η, a, ν, b) | η ∈ r, ν ∈ r∗, a ∈ B ⊂ S, b ∈ S∗}. (4.7)

Consider now ξ ∈ l, and decompose η ∈ r as ηp + ηo + ηn ∈ p⊕ o⊕ n, then by Proposition
4.2.1, ω(I(v), ξ · z) = 〈ad∗ηµ − a �h α, ξ〉 = 〈ad∗ηnµ − a �l α, ξ〉. Using the isomorphism σ of
(4.5), this implies

(l · z)ω = {(η, a, ν, b) | η = ηp + ηo + σ−1(a �l α), ηp ∈ p, ηo ∈ o, a ∈ S, b ∈ S∗} (4.8)

Therefore, from (4.7) and (4.8),

(h · z)ω = {(η, a, ν, b) | η = ηp + ηo + σ−1(a �l α), ηp ∈ p, ηo ∈ o, a ∈ B, b ∈ S∗},
combining this description with (4.6),

V ∩ (h · z)ω = {(η, a, ν, b+ F2(η)) | η = ηo + σ−1(a �l α),

ν = F ∗1 (η) + F ∗2 (a), ηo ∈ o, a ∈ B, b ∈ B∗}.
Note that as a vector space V ∩ (h · z)ω is isomorphic to o×B ×B∗.
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Proposition 4.3.1. In the present context, consider the linear map

ψN : o×B ×B∗ −→ Tz(T
∗Q) (4.9)

(λ, a, b) 7−→ I(λ+ σ−1(a �l α), a, F ∗1 (η) + F ∗2 (a), F2(η) + b)

where η = λ + σ−1(a �l α). The image of ψN , ImψN ⊂ Tz(T
∗Q), is a symplectic slice at

z. Moreover, ψN is a Gz-equivariant symplectomorphism with ImψN if on o × B × B∗ we
consider the Gz-invariant non-degenerate two-form

ωN((λ1, a1, b1), (λ2, a2, b2)) = −〈µ, [λ1, λ2]〉+ 〈b2, a1〉 − 〈b1, a2〉, (4.10)

the associated momentum map for the Gz-action on o×B ×B∗ is

JN(λ, a, b) =
1

2
λ �gz ad∗λµ+ a �gz b. (4.11)

Proof. We only need to check Gz-equivariance and compute ψ∗Nω, because ImψN = V ∩(h·z)ω.
If g ∈ Gz, then Adgλ+ σ−1((g · a) �l α) = Adg(λ+ σ−1(a �l α)) and

ψN(Adgλ, g · a, g · b) = I(Adg(λ+ σ−1(a �l α)), g · a, F ∗1 (Adgη) + F ∗2 (g · a), F2(Adgη) + g · b)
= I(Adg(λ+ σ−1(a �l α)), g · a,Ad∗g−1(F ∗1 (η) + F ∗2 (a)), g · (F2(η) + b))

= g · I(λ+ σ−1(a �l α), a, F ∗1 (η) + F ∗2 (a), F2(η) + b)

= g · ψN(λ, a, b),

that is, ψN is a Gz-equivariant linear map.
If vi = ψN(λi, ai, bi) and ηi = λi + σ−1(ai �l α) for i = 1, 2, then

ω(v1, v2) = ω(I(η1, a1, F
∗
1 (η1) + F ∗2 (a1), F2(η1) + b1),

I(η2, a2, F
∗
1 (η2) + F ∗2 (a2), F2(η2) + b2))

= 〈F ∗1 (η2) + F ∗2 (a2), η1〉 − 〈F ∗1 (η1) + F ∗2 (a1), η2〉
+ 〈F2(η2) + b2, a1〉 − 〈F2(η1) + b1, a2〉

= 〈F ∗1 (η2), η1〉 − 〈F ∗1 (η1), η2〉+ 〈b2, a1〉 − 〈b1, a2〉
= 〈F1(η1)− F ∗1 (η1), η2〉+ 〈b2, a1〉 − 〈b1, a2〉
= −〈µ, [η1, η2]〉+ 〈b2, a1〉 − 〈b1, a2〉
= −〈µ, [λ1, λ2]〉+ 〈b2, a1〉 − 〈b1, a2〉

where we use (4.2) and the fact that n and o are 〈µ, [·, ·]〉-orthogonal.
Finally, as the momentum map JN : N → g∗z of a linear action on a symplectic vector

space satisfies

〈JN(λ, a, b), ξ〉 =
1

2
ωN(ξ · (λ, a, b), (λ, a, b))

=
1

2
ωN(adξλµ, ξ · a, ξ · b), (λ, a, b))

= −1

2
〈µ, [adξλ, λ]〉+

1

2
〈b, ξ · a〉 − 1

2
〈ξ · a, b〉

=
1

2
〈ad∗λµ, adξλ〉+ 〈b, ξ · a〉

=

〈
1

2
λ �gz ad∗λµ+ b �gz a, ξ

〉
.

Hence, JN is given by (4.11).
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Remark 4.3.2. When we choose a G-invariant metric on Q and Horz to be the orthogonal
complement of KerTzτ in Tz(T

∗Q) with respect to the associated Sasaki metric the subspace
ImψN coincides with the symplectic slice given by Theorem 6.1 of [PROSD08].

4.4 Witt-Artin decomposition

Once we have described the symplectic slice in Proposition 4.3.1 using similar techniques we
can construct the full Witt-Artin decomposition of Proposition 2.2.2.

Note that since τ : T ∗Q→ Q is equivariant, Gz ⊂ Gq = H. Similarly, since J : T ∗Q→ g∗

is equivariant Gz ⊂ Gµ. Hence, Gz ⊂ Gµ ∩H = Hµ. At a linear level, we fix a Gz-invariant
splitting hµ = gz ⊕ s.

Recall that B = (hµ · α)◦ ⊂ S and we have chosen a Gz-invariant splitting S = B ⊕ C.
Since ζ 7→ ζ · α is a Gz-equivariant isomorphism between s and hµ · α ⊂ S∗, there is a
Gz-equivariant linear isomorphism s × B∗ ∼= S∗. Therefore, there is a Gz-equivariant map
Γ̃ : s∗ → C ⊂ S.

Proposition 4.4.1. In the present context, consider the Gz-equivariant linear map

ψW : s∗ × p∗ −→ Tz(T
∗Q) (4.12)

(ζ, ρ) 7−→ I(γ, Γ̃(ζ), ρ+ F ∗2 (Γ̃(ζ)) + F ∗1 (γ), F2(γ))

where γ = σ−1(Γ̃(ζ) �l α) (see (4.5)).
The splitting

Tz(T
∗Q) = (p⊕ s) · z ⊕ ImψW ⊕ (o⊕ l⊕ n) · z ⊕ ImψN (4.13)

is a Witt-Artin decomposition in the sense of Proposition 2.2.2.

Proof. By the results of Proposition 4.3.1, we only have to check that ImψW is isotropic and
that it is symplectically orthogonal to ((o⊕ l⊕ n) · z)⊕ ImψN , but

• if vi = ψW (ζi, ρi) for i = 1, 2,

ω(v1, v2) = 〈ρ2 + F ∗2 (Γ̃(ζ2)) + F ∗1 (γ2), γ1〉 − 〈ρ1 + F ∗2 (Γ̃(ζ1)) + F ∗1 (γ1), γ2〉
+ 〈F2(γ2), Γ̃(ζ1))− 〈F2(γ1), Γ̃(ζ2)〉

= 〈ρ2, γ1〉 − 〈ρ1, γ2〉+ 〈F ∗1 (γ2)− F1(γ2), γ1〉
= 〈µ, [γ2, γ1]〉 = 0.

because of (4.2) and 〈µ, [γ1, γ2]〉 = 0, because γ1, γ2 lie on l and l is 〈µ, [·, ·]〉-isotropic.

• if ξ ∈ l

ω(ξ · z, ψW (ζ, ρ)) = 〈ad∗ξµ, γ〉 − 〈ξ · α, Γ̃(ζ)〉
= 〈µ, [ξ, γ]〉+ 〈Γ̃(ζ) �l α, ξ〉
= 〈−σ(γ) + Γ̃(ζ) �l α, ξ〉 = 0

because of (4.5) and γ = σ−1(Γ̃(ζ) �l α). If ξ ∈ o⊕ n,

ω(ξ · z, ψW (ζ, ρ)) = ω(ξ · z, ψW (ζ, 0)) + ω(ξ · z, ψW (0, ρ))

= 0 + 〈ρ, ξ〉 = 0

because ρ ∈ p∗ and in particular ρ ∈ (o⊕ n)◦.
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• if v = ψN(λ, a, b),

ω(v, ψW (ζ, ρ)) = 〈ρ+ F ∗2 (Γ̃(ζ)) + F ∗1 (γ), η〉 − 〈F ∗1 (η) + F ∗2 (a), γ〉
+ 〈F2(γ), a〉 − 〈F2(η) + b, Γ̃(ζ)〉

= 〈ρ, η〉+ 〈F ∗1 (γ)− F1(γ), η〉+ 〈b, Γ̃(ζ)〉
= 〈µ, [γ, η]〉 = 0

using again (4.2) and Proposition 4.2.1.

Therefore (4.13) is a Witt-Artin decomposition of Tz(T
∗Q).

4.5 Adapted horizontal spaces

The isomorphism of Proposition 4.1.2 depends on the choice of a horizontal Lagrangian
subspace at z. We will show that there are horizontal subspaces for which the symplectic
slice and the Witt-Artin decomposition have simpler expressions.

Consider the Gz-equivariant endomorphism

Σ: (r⊕ S)⊕ (r∗ ⊕ S∗) −→ (r⊕ S)⊕ (r∗ ⊕ S∗)

(ξ, a, ν, b) 7−→ (ξ, a, ν +
1

2
F1(ξ) +

1

2
F ∗1 (ξ) + F ∗2 (a), b+ F2(ξ));

then Σ∗(I∗ω) = I∗ω, because if v1 = (ξ1, a1, ν1, b1) and v2 = (ξ2, a2, ν2, b2)

(I∗ω)(Σ(v1),Σ(v2)) = 〈ν2 +
1

2
F1(ξ2) +

1

2
F ∗1 (ξ2) + F ∗2 (a2), ξ1〉

− 〈ν1 +
1

2
F1(ξ1) +

1

2
F ∗1 (ξ1) + F ∗2 (a1), ξ2〉

+ 〈b2 + F2(ξ2), a1〉 − 〈b1 + F2(ξ1), a2〉
= 〈ν2, ξ1〉 − 〈ν1, ξ2〉+ 〈b2, a1〉 − 〈b1, a2〉

+ 〈1
2
F1(ξ2) +

1

2
F ∗1 (ξ2), ξ1〉 − 〈

1

2
F1(ξ1) +

1

2
F ∗1 (ξ1), ξ2〉

= 〈ν2, ξ1〉 − 〈ν1, ξ2〉+ 〈b2, a1〉 − 〈b1, a2〉 = (I∗ω)(v1, v2).

The subspace H̃orz = I(Σ(r ⊕ S)) is a Gz-invariant Lagrangian subspace of Tz(T
∗Q),

because

ω(I(Σ(ξ1, a1, 0, 0)), I(Σ(ξ2, a2, 0, 0)) = ω(I(ξ1, a1, 0, 0), I(ξ2, a2, 0, 0) = 0

and as I(Σ(r∗ ⊕ S∗)) = KerTzτ , the splitting

Tz(T
∗Q) = H̃orz ⊕KerTzτ

is a Gz-invariant Lagrangian splitting. Applying Proposition 4.1.2 to this splitting, we get a
map Ĩ : (r∗ ⊕ S∗)⊕ (r⊕ S)→ Tz(T

∗Q), but by (4.1)

Ĩ(ξ, a, ν, b) = (Tzτ H̃orz
)−1(f(ξ, a)) + VertLiftx((f

−1)∗(ν, b))

= I(Σ(ξ, a, 0, 0)) + I(0, 0, ν, b)

= I(Σ(ξ, a, 0, 0)) + I(Σ(0, 0, ν, b))

= (I ◦ Σ)(ξ, a, ν, b).
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Since Ĩ = I ◦ Σ, this implies that the fundamental fields have a simpler expression under
Ĩ, because if ξ ∈ r

Ĩ−1(ξ · z) = Σ−1(ξ, 0, F1(ξ), F2(ξ)) = (ξ, 0,
1

2
F1(ξ)− 1

2
F ∗1 (ξ), 0) = (ξ, 0,

1

2
ad∗ξµ, 0).

This computation implies that we can choose the horizontal space adapted for our decompo-
sition more precisely,

Proposition 4.5.1. Let G be a Lie group acting by cotangent lifts on T ∗Q. Fix a point
z ∈ T ∗Q and denote q = τ(z) ∈ Q and H = Gq.

Fix a linear slice S ⊂ TqQ and an H-invariant complement r to h in g. Let µ = J(z) and
α = z

S
∈ S∗.

There is a Lagrangian complement Horz to KerTzτ and a linear isomorphism:

I : r⊕ S ⊕ r∗ ⊕ S∗ → Tz(T
∗Q)

Gz-equivariant and symplectic such that I(r⊕ S) = Horz, I(r∗ ⊕ S∗) = KerTzτ and

I(ξ, 0,−1

2
ad∗ξµ, 0) = ξ · z if ξ ∈ r

I(0, 0,−ad∗ξµ, ξ · α) = ξ · z if ξ ∈ h.

Note that using the adapted splitting given by Proposition 4.5.1 as F1(ξ) = −1
2
ad∗ξµ and

F ∗1 (ξ) = 1
2
ad∗ξµ, the expressions of both ψN and ψW ((4.9) and (4.12)) are simplified to

ψN(λ, a, b) = I(λ+ σ−1(a �l α), a,
1

2
ad∗ηµ, b)

= I(λ+ σ−1(a �l α), a,
1

2
ad∗λµ+

1

2
(a �l α), b)

ψW (ζ, ρ) = I(γ, Γ̃(ζ), ρ+
1

2
ad∗γµ, 0)

= I(γ, Γ̃(ζ), ρ+
1

2
Γ̃(ζ) �l α, 0).

4.6 Alternative approach: Commuting reduction

In this section we will prove Proposition 4.3.1 again using a different technique. The advantage
is that the proof is clearer and more direct, but the disadvantage is that we are going to
obtain an abstract model for the symplectic slice; we are not going to realize it as a subspace
of Tz(T

∗Q). The approach we use is based on commuting reduction and is a generalization of
the study of symplectic slices done in [Sch01; Sch07]. In those works, T. Schmah computed
the symplectic slice either when H ⊂ Gµ and when α = 0. Now, using (4.3), we check that
her approach can also give the symplectic slice in the general case.

The starting point of this proof is the following tangent-level commuting reduction theo-
rem

Theorem 4.6.1 ([Sch07], Theorem 10). Let G and H be free symplectic, commuting actions
on a symplectic manifold (M,ω) with equivariant momentum maps JG and JH , respectively.
The product action G × H has momentum map JG×H(x) = (JG(x),JH(x)) ∈ g∗ × h∗. Let
x ∈ M and (µ, ν) = JG×H(x). Let πGµ : J−1

G (µ) → J−1
G (µ)/Gµ be the projection and denote

[x] = πGµ(x).
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There is an induced quotient action of H on J−1
G (µ)/Gµ, symplectic and with equivariant

momentum map JH that satisfies JH ◦ πGµ = JH .
The map (g, k) 7→ k is a Lie group isomorphism from (G×H)x to H[x] and we will refer

to both groups by K. Then,

(KerTxJG×H)/(gµ · x+ hν · x) −→ (KerT[x]JH)/(hν · [x])

v + gµ · x+ hν · x 7−→ TxπGµ(v) + (hν · [x])

is a K-equivariant linear symplectomorphism.

In particular, this result implies that the symplectic slices are isomorphic if one first
reduces by G and then by H, or if one first reduces by H and then by G.

Using Theorem 2.1.4, the linear splitting TqQ = g · q ⊕ S can be extended to a Palais’
tube

t : G×H S → U ⊂ Q

that maps [e, 0]H to q. The cotangent lift of this diffeomorphism gives

T ∗t−1 : T ∗(G×H S)→ T ∗U ⊂ T ∗Q

As in Section 2.1.1, the product G×S can be endowed with a left G-action and a twisting
H-action, both of them free. These actions can be cotangent-lifted to T ∗(G× S) and then,
using Theorem 1.5.1, the space T ∗(G ×H S) is the H-reduced space of T ∗(G × S) by the
HT -action at zero-momentum.

Using left-trivializations (1.9) and similarly to the computations in (2.4), the HT -momen-
tum of a point (g, ν, a, b) ∈ G× g∗ × S × S∗ ∼= T ∗(G× S) is −ν

h
+ a �h b.

By the definition of the cotangent bundle reduction map ϕ : J−1
HT (0)→ T ∗(G×H S) (see

Theorem 1.5.1), ϕ(e, µ, 0, α) = (T ∗t)(z) if µ = J(z) and α = z
S

.
Therefore, by Theorem 4.6.1, the symplectic slice for the G-action at z must be sym-

plectomorphic to the symplectic slice for the H action at πGµ(e, µ, 0, α) of the GL-reduced
space J−1

GL
(µ)/GL

µ . One can check using Theorem 1.4.2 that the reduction at momentum µ
of T ∗(G× S) is the space

(Oµ × T ∗S, ωµ)

whereOµ is endowed with the symplectic form ω−Oµ , T ∗S is endowed with canonical symplectic
form and the induced H action is

h · (ν, a, b) = (Ad∗h−1ν, h · a, h · b)

with equivariant momentum map

JH(ν, a, b) = −ν
h

+ a �h b ∈ h∗.

Denote x = πGµ(e, µ, 0, α) ∈ J−1
GL

(µ)/Gµ. To build the symplectic slice we need to

compute KerTxJH . As TxM = TµOµ ⊕ S ⊕ S∗, using the isomorphism o ⊕ l ⊕ n → TµOµ,
ξ 7→ ad∗ξµ the linearized momentum map TxJH is

TxJH(ad∗λ+ξl+ξn
µ, ȧ, ḃ) = −(ad∗λ+ξl+ξn

µ)
h

+ ȧ �h α = −(ad∗ξnµ) + ȧ �h α

but then using (4.5) and B = (hµ · α)◦ ⊂ S

KerTxJH = {(ad∗ξµ, ȧ, ḃ) | ξ = σ−1(ȧ �l α) + ξo + ξl, ξo ∈ o, ξl ∈ l, ȧ ∈ B, ḃ ∈ S∗}.
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If ξ ∈ l then
ξ · x = (−ad∗ξµ, 0, ξ · α),

if ξ ∈ hµ then
ξ · x = (0, 0, ξ · α).

These expressions imply that

{(ad∗ξµ, ȧ, ḃ) | ξ = σ−1(ȧ �l α) + ξo, ξo ∈ o, ȧ ∈ B, ḃ ∈ B}

is a symplectic slice at x. And the map

ψN : o×B ×B∗ −→ Tx(Oµ × T ∗S) (4.14)

(λ, a, b) 7−→ (ad∗λ+σ−1(a�lα)µ, a, b)

is a symplectic map if o×B ×B∗ has the symplectic structure (4.10), because

(ψN
∗
ωµ)((λ1, a1, b1), (λ2, a2, b2)) = ω−Oµ(ad∗η1µ, ad∗η2µ) + 〈b2, a1〉 − 〈b1, a2〉

= −〈µ, [η1, η2]〉+ 〈b2, a1〉 − 〈b1, a2〉
= −〈µ, [λ1, λ2]〉+ 〈b2, a1〉 − 〈b1, a2〉

where ηi = λi + σ−1(a �l α) and 〈µ, [η1, η2]〉 = 〈µ, [λ1, λ2]〉 due to the block-decomposition
(4.4).

Remark 4.6.2. Note that if H ⊂ Gµ, then the l term in the decomposition (4.3) vanishes and
the map σ is the zero map. Similarly, if α = 0, the term σ−1(a �l α) vanishes and in both
cases (4.14) is simplified to ψN(λ, a, b) = (ad∗λµ, a, b). These are the two cases for which the
symplectic slice was computed in [Sch01; Sch07].

4.7 Example: T ∗(G/H)

Let G be a Lie group and H a compact subgroup, the quotient space G/H is a smooth
manifold and πH : G → G/H is a submersion. The left action of G on itself induces a
G-action on G/H. We endow T ∗(G/H) with the canonical symplectic structure ωG/H and
the cotangent-lifted action of G on G/H. As an example, we compute the Witt-Artin
decomposition at a point z ∈ T ∗πH(e)(G/H).

As we observed on the last section, T ∗(G/H) is the symplectic reduced space of (T ∗G,ωG)
by the cotangent lift of the HT -action h · g = gh−1 on G (see Proposition 1.3.3). This action
is Hamiltonian, and using the left trivialization (1.9) the momentum map for the HT -action
is

JHT (g, ν) = −ν
h
.

By Theorem 1.5.1, there is a submersion

ϕ : J−1
HT (0)→ T ∗(G/H)

that induces the symplectomorphism ϕ : J−1
HT (0)/HT → T ∗(G/H). Therefore, there is µ ∈ g∗

such that ϕ(e, µ) = z and µ lies in h◦ because JHT (e, µ) = 0.
As µ ∈ h◦ ⊂ [h, h]◦, Proposition 4.2.1 gives an Hµ-invariant splitting g = hµ⊕p⊕o⊕ l⊕n

and the induced dual splitting g∗ = h∗µ ⊕ p∗ ⊕ o∗ ⊕ l∗ ⊕ n∗. Using the left trivialization

J−1
HT (0) = {(g, ν) | g ∈ G, ν ∈ p∗ ⊕ o∗ ⊕ n∗} ⊂ G× g∗ ∼= T ∗G
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and therefore,

r︷ ︸︸ ︷
(p⊕ o⊕ n)⊕

r∗︷ ︸︸ ︷
(p∗ ⊕ o∗ ⊕ n∗) −→ Tz(T

∗(G/H))

(ξ, ν) 7−→ (T(e,µ)ϕ)(ξ, ν)

is a linear isomorphism. Using this trivialization of Tz(T
∗(G/H)), the vertical subspace is

KerTzτ = {(T(e,µ)ϕ)(0, ν) | ν ∈ p∗ ⊕ o∗ ⊕ n∗}

the most reasonable candidate for a horizontal subspace is

{(T(e,µ)ϕ)(ξ, 0) | ξ ∈ p⊕ o⊕ n} ⊂ Tz(T
∗Q).

However, it is not a Lagrangian subspace, because (using (1.11))

ωG/H(z)((T(e,µ)ϕ)(ξ1, 0), (T(e,µ)ϕ)(ξ2, 0)) = ωG(e, µ)((ξ1, 0)(ξ2, 0)) = −〈µ, [ξ1, ξ2]〉

Nevertheless, the subspace

Horz = {(T(e,µ)ϕ)(ξ,
1

2
ad∗ξµ) | ξ ∈ p⊕ o⊕ n} ⊂ Tz(T

∗Q)

is complementary to KerTzτ and Lagrangian, because if vi = (ξi,
1
2
ad∗ξiµ)

ωG/H(z)
(
(T(e,µ)ϕ)(v1), (T(e,µ)ϕ)(v2)

)
= ωG(e, µ)(v1, v2) =

=
1

2
〈ad∗ξ2µ, ξ1〉 −

1

2
〈ad∗ξ1µ, ξ2〉+ 〈µ, [ξ1, ξ2]〉 = 0.

Let ξ ∈ p⊕ o⊕ n; the fundamental field at z (see Proposition 1.3.3) is

ξ · z = (T(e,µ)ϕ)(ξ, 0) = (T(e,µ)ϕ)(ξ,
1

2
ad∗ξµ)− (T(e,µ)ϕ)(0,

1

2
ad∗ξµ).

Therefore, if we apply Proposition 4.1.2, the associated F1 map is simply F1(ξ) = −1
2
ad∗ξµ,

which means that this horizontal-vertical Lagrangian splitting is adapted in the sense of
Proposition 4.5.1. This means that,

ξ · z = I(ξ,−1

2
ad∗ξµ) = (T(e,µ)ϕ)(ξ, 0) if ξ ∈ p⊕ o⊕ n

ξ · z = I(0,−ad∗ξµ) = (T(e,µ)ϕ)(0,−ad∗ξµ) = (T(e,µ)ϕ)(ξ, 0) if ξ ∈ h.

In this case (4.9) and (4.12) become

ψN : o→ Tz(T
∗(G/H)) ψW : p∗ → Tz(T

∗(G/H))

λ 7→ I(λ,
1

2
ad∗λµ) = (T(e,µ)ϕ)(λ, ad∗λµ) ρ 7→ I(0, ρ) = (T(e,µ)ϕ)(0, ρ).

and
Tz(T

∗(G/H)) = gµ · z︸ ︷︷ ︸
p·z

⊕ ImψW ⊕ ((o⊕ l⊕ n) · z)⊕ ImψN

is a Witt-Artin decomposition of Tz(T
∗(G/H)).
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Chapter 5

Hamiltonian Tubes for
Cotangent-Lifted Actions

In this chapter we obtain a construction of the Hamiltonian tube for a canonical cotangent-
lifted action on a cotangent bundle that puts both the fibration and the symplectic in
a normal form (Theorem 5.2.7). This construction is explicit up to the integration of a
differential equation on G. Moreover, we show that for groups with easy algebraic structure
the Hamiltonian tube can be obtained explicitly.

In Section 5.1 we introduce simple and restricted G-tubes (Definitions 5.1.1 and 5.1.5).
Simple G-tubes are, up to technical details, MGS models for the lift of the left action of G on
itself to T ∗G. Their existence is proved in Proposition 5.1.2. Restricted G-tubes are defined
implicitly in terms of a simple G-tube (Proposition 5.1.6) and are the technical tool that we
need later to construct the general Hamiltonian tube.

In Section 5.2 we construct the general Hamiltonian tube for a cotangent-lifted action in
such a way that it is explicit up to a restricted G-tube. First, we construct a Hamiltonian
tube around points in T ∗Q with certain maximal isotropy properties (Theorem 5.2.2). Then,
an adaptation of the ideas of [Sch07] can be used to construct a Γ map (Proposition 5.2.4).
The composition of these two maps gives the general Hamiltonian tube of Theorem 5.2.7.

Finally, in Section 5.3 we present explicit examples of G-tubes for both the groups SO(3)
(where we recover the recent results of [SS13]) and SL(2,R). In Subsection 5.3.4 we present
an explicit Hamiltonian tube for the natural action of SO(3) on T ∗R3 which generalizes the
final example of [Sch07] to the case µ 6= 0.

5.1 G-tubes

In this section we define both simple and restricted G-tubes. These maps will be the building
blocks needed to find an explicit Hamiltonian tube for cotangent-lifted actions.

Recall that, as in (1.9), we use the trivializations TG ∼= G × g, T ∗G ∼= G × g∗ and
T (T ∗G) ∼= G× g× g∗ × g∗.

5.1.1 Simple G-tubes

Definition 5.1.1. Let H be a compact subgroup of G and µ ∈ g∗. Given a splitting
g = gµ ⊕ q invariant under the Hµ-action, a simple G-tube is a map

Θ: G× UΘ ⊂ G× (g∗µ × q) −→ G× g∗ ∼= T ∗G

such that:

43
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1. UΘ is a connected Hµ-invariant neighborhood of 0 in g∗µ × q.

2. Θ is a GL-equivariant diffeomorphism onto Θ(G× UΘ) satisfying Θ(e, 0, 0) = (e, µ).

3. Let ui := (TeLgξi, ν̇i, λ̇i) ∈ T(g,ν,λ)(G× g∗µ × q) with i = 1, 2, then

(Θ∗ωT ∗G)(u1, u2) = 〈ν̇2, ξ1〉 − 〈ν̇1, ξ2〉+ 〈ν + µ, [ξ1, ξ2]〉 − 〈µ, [λ̇1, λ̇2]〉. (5.1)

4. Θ is HT
µ -equivariant.

5. Let u = (ξ, ν̇, λ̇) ∈ T(e,0,0)(G× g∗µ × q), then

(T(e,0,0)Θ)(u) = (ξ + λ̇; ν̇ + ad∗
λ̇
µ) ∈ g× g∗ ∼= T(e,0)(T

∗G). (5.2)

If q is defined as above; note that the symplectic slice for the cotangent-lifted left multipli-
cation of G on T ∗G at (e, µ) ∈ T ∗G is precisely q. Indeed, as T(e,µ)JL(e, µ)·(ξ, ν̇) = −ad∗ξµ+ν̇,
then a complement to gµ · (e, µ) can be chosen to be the space {(ξ, ad∗ξµ) | ξ ∈ q}, and using

(1.11), this linear space is symplectomorphic to (q,Ωµ
q
).

According to Theorem 2.3.4, the MGS model at (e, µ) ∈ T ∗G for the free cotangent-
lifted left multiplication of G on T ∗G will be of the form G × g∗µ × q, and in this case the
symplectic form (2.6) is precisely the one given by (5.1). In other words, a simple G-tube is a
Hamiltonian tube for T ∗G at (e, µ) (properties 1–3), but we further require HT

µ -equivariance
and a prescribed property on its linearization (properties 4–5).

The next result ensures the existence of simple G-tubes. The idea is that an adaptation
of the proof of Theorem 2.3.2 will be enough; the only difference is that we are going to
apply it to an explicit, well-behaved family of symplectic potentials.

Proposition 5.1.2 (Existence of simple G-tubes). Given an Hµ-invariant splitting g = gµ⊕q
there exists an Hµ-invariant open neighborhood UΘ of 0 ∈ g∗µ × q and a simple G-tube

Θ: G× UΘ ⊂ G× g∗µ × q→ G× g∗.

Proof. As a first approximation, we consider the map

F : G× g∗µ × q −→ G× g∗ (5.3)

(g, ν, λ) 7−→ (g exp(λ),Ad∗exp(λ)(ν + µ)).

The map F is GL-equivariant and also HT
µ -equivariant, because

F (g′g, ν, λ) = (g′g exp(λ),Adexp(λ)(ν + µ)),

and

F (gh−1,Ad∗h−1ν,Adhλ) = (gh−1 exp(Adhλ),Ad∗exp(Adhλ)(Ad∗h−1ν + µ)

= (g exp(λ)h−1,Ad∗h−1Ad∗exp(λ)(ν + µ)).

Consider now the one-form on G× (g∗µ × q) given by

θY (g, ν, λ)(ξ, ν̇, λ̇) = 〈ν + µ, ξ〉+
1

2
〈µ, adλλ̇〉+ 〈µ, λ̇〉.
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It is clearly GL-invariant and HT
µ -invariant, because

θY (gh−1,Ad∗h−1ν,Adhλ)(Adhξ,Ad∗h−1 ν̇,Adhλ̇) =

= 〈Ad∗h−1(ν) + µ,Adhξ〉+
1

2
〈µ, [Adhλ,Adhλ̇]〉+ 〈µ,Adhλ̇〉 = θY (g, ν, λ)(ξ, ν̇, λ̇).

Let ui := (ξi, ν̇i, λ̇i) ∈ T(g,ν,λ)(G × g∗µ × q) with i = 1, 2. Note that (−dθY )(u1, u2) is the
right-hand side of equation (5.1). Consider now the family of GL ×HT

µ -invariant one-forms

θt = tF ∗θT ∗G + (1− t)θY

and define ωt := −dθt. Using (1.11) and

(T(e,0,0)F )(ξ, ν̇, λ̇) = (ξ + λ̇, ν̇ + ad∗
λ̇
µ)

it can be checked that

(−dθt)(g, 0, 0)(ξ1, ν̇1, λ̇1)(ξ2, ν̇2, λ̇2) = 〈ν̇2, ξ1〉 − 〈ν̇1, ξ2〉+ 〈µ, [ξ1, ξ2]〉 − 〈µ, [λ̇1, λ̇2]〉,

but this two-form is non-degenerate because it corresponds precisely to ΩY of Theorem 2.3.4.
This implies that Moser’s equation iXtωt = ∂θt

∂t
defines a time-dependent vector field Xt on

an open set G× V ⊂ G× g∗µ × q. If Ψt is the local flow of Xt then Ψ∗tωt = ω0 (see Theorem
2.3.2 for technical details). As θt and −dθt are GL×HT

µ invariant differential forms, then the
vector field Xt is GL ×HT

µ invariant, and therefore the local flow Ψt is GL ×HT
µ -equivariant

for any t.
Note that θY (g, 0, 0) = 〈µ, ξ〉+ 〈µ, λ̇〉 and F ∗θT ∗G(g, 0, 0) = 〈µ, ξ〉+ 〈µ, λ̇〉. This implies

that ∂θt
∂t (g, 0, 0)

= 0 and Xt(g, 0, 0) = 0 so Ψt(g, 0, 0) = (g, 0, 0) for any t ∈ R, and then there

is an Hµ-invariant open set UΘ ⊂ V such that Ψ1 is a diffeomorphism with domain G× UΘ.
The simple G-tube will then be the composition Θ = F ◦ Ψ1 : G × UΘ −→ T ∗G. It

is GL × HT
µ -equivariant and it satisfies ωY = ω0 = Ψ∗1ω1 = Ψ∗1F

∗ωT ∗G = Θ∗ωT ∗G and
Θ(e, 0) = (e, µ). Let Ψt be the local flow of Xt and ηt be any time-dependent tensor field
then

d

dt
Ψ∗tηt = Ψ∗t

(
LXtηt +

d

dt
ηt

)
. (5.4)

This expression can be used to compute T(e,0,0)Θ. To this end, let Y be any time-independent
vector field on G × g∗µ × q not vanishing at (e, 0, 0). As Xt vanishes at (e, 0, 0) then

LXtY
(e, 0, 0)

= 0. Setting ηt = Y in (5.4), it gives d
dt

Ψ∗tY = 0, but this implies T(e,0,0)Ψ1 = Id,

and therefore

T(e,0,0)Θ(ξ, ν̇, λ̇) = (ξ + λ̇, ν̇ + ad∗
λ̇
µ).

In other words, Θ satisfies all the five required conditions for a simple G-tube.

Remark 5.1.3. Note that if g = gµ, which is the hypothesis used in [Sch07], then q = 0 and
the shifting map

G× g∗ −→ G× g∗

(g, ν) 7−→ (g, ν + µ)

is a simple G-tube.
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The main shortcoming with the previous existence result is that, as happens with Theorem
2.3.4, it does not produce an explicit map and relies on the integration of a time-dependent
field. However, we will see in Section 5.3 that in some particular cases we can explicitly
describe these objects. Nevertheless, using momentum maps, we can still find a simpler
expression for the simple G-tube Θ. Decompose Θ as

Θ(g, ν, λ) = (A(g, ν, λ), B(g, ν, λ)) ∈ G× g∗.

The property of GL-equivariance implies that A(g, ν, λ) = gA(e, ν, λ). As Θ(e, 0, 0) = (e, µ),
then A(e, 0, 0) = e and B(e, 0, 0) = µ.

Using Section 2.3.1, we have that the product G× g∗µ × q is equipped with GL and HT
µ

Hamiltonian actions with momentum maps KGL and KHT
µ

, respectively (see (2.4)). We also

have GL and HT
µ Hamiltonian actions on G×g∗ and their momentum maps are JGL and JHT

µ

(see Proposition 1.3.3). As the difference between two momentum maps is a locally constant
function and both JGL and KGL are equivariant, then JGL ◦Θ = KGL , that is

Ad∗A(g,ν,λ)−1B(g, ν, λ) = Ad∗g−1(ν + µ).

Hence, B(g, ν, λ) = Ad∗A(g,ν,λ)Ad∗g−1(ν + µ) = Ad∗g−1A(g,ν,λ)(ν + µ) = Ad∗A(e,ν,λ)(ν + µ). If we
denote E(ν, λ) = A(e, ν, λ), then we can write

Θ: G× gµ × q −→ T ∗G

(g, ν, λ) 7−→ (gE(ν, λ),Ad∗E(ν,λ)(ν + µ)). (5.5)

Therefore, a simple G-tube is determined by a function E : UΘ ⊂ g∗µ × q→ G.
By rewriting Definition 5.1.1 in terms of the function E, one can obtain necessary and

sufficient conditions for E; that is, if E is a function defined on a connected open neighborhood
UΦ ⊂ g∗µ × q of (0, 0) with values on G that satisfies

• E(0, 0) = e.

• If ui = (ν̇i, λ̇i) ∈ T(ν,λ)(g
∗
µ × q) for i = 1, 2 then

− 〈µ, [λ1, λ2]〉 = 〈ν̇2, A1〉 − 〈ν̇1, A2〉+ 〈ν + µ,−[A1, A2]〉 (5.6)

where Ai = TeR
−1
E(ν,λ)T(ν,λ)E · (ν̇i, λ̇i) with i = 1, 2.

• For any h ∈ Hµ and (ν, λ) ∈ g∗µ × q, E(Ad∗h−1ν,Adhλ) = hE(ν, λ)h−1.

• Let (ν̇, λ̇) ∈ T(0,0)(g
∗
µ × q) then

T(0,0)E · (ν̇, λ̇) = λ̇ ∈ g ∼= TeG.

Then (5.5) defines a map that satisfies all the properties of Definition 5.1.1. All the conditions
apart from the second one are straightforward consequences of Definition 5.1.1. Equation
(5.6) is just the condition (5.1) in terms of the function E. In Section 5.3 we will show the
equivalence of (5.1) and (5.6) in detail.

Remark 5.1.4. As Θ is HT
µ -equivariant, the momentum preservation argument that we used

to define E gives

JHT
µ

(Θ(g, ν, λ)) = KHT
µ

(g, ν, λ) = −ν
hµ

+
1

2
λ �hµ ad∗λµ. (5.7)

Thus, we have the condition

(Ad∗E(ν,λ)(ν + µ))
hµ

= ν
hµ
− 1

2
λ �hµ ad∗λµ.

This property will be useful later during the proof of Proposition 6.2.1.
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5.1.2 Restricted G-tubes

If G acts freely on Q, we will see in Section 5.2.4 that the simple G-tube is enough to
construct explicitly the Hamiltonian tube for T ∗Q, but for non-free actions we will need to
adapt a simple G-tube to the corresponding isotropy subgroup, the result being the restricted
G-tube.

Definition 5.1.5. Given an adapted splitting g = gµ ⊕ o⊕ l⊕ n as in Proposition 4.2.1, a
restricted G-tube is a map

Φ: G× UΦ ⊂ G× g∗µ × o× l∗ −→ T ∗G

such that:

1. UΦ is a connected Hµ-invariant neighborhood of 0 in g∗µ × o× l∗.

2. Φ is a GL×HT
µ -equivariant diffeomorphism between G×UΦ and Φ(G×UΦ) such that

Φ(e, 0, 0; 0) = (e, µ).

3. Let ui := (TeLgξi, ν̇i, λ̇i, ε̇i) ∈ T(g,ν,λ,ε)(G× g∗µ × o× l∗) with i = 1, 2, then Φ∗ωT ∗G is

ωrestr(u1, u2) = 〈ν̇2, ξ1〉 − 〈ν̇1, ξ2〉+ 〈ν + µ, [ξ1, ξ2]〉 − 〈µ, [λ̇1, λ̇2]〉. (5.8)

4. JR(Φ(g, ν, λ, ε))
l

= −ε for any (g, ν, λ, ε) where JR is the momentum map for the

GR-action on T ∗G (see Proposition 1.3.3).

5. Let u := (ξ, ν̇, λ̇, ε̇) ∈ T(e,0,0,0)(G× g∗µ × o× l∗) then

(T(e,0,0,0)Φ)(u) = (ξ + λ̇− σ−1(ε̇), ν̇ + ad∗
λ̇
µ+ ε̇) ∈ g× g∗ ∼= T(e,µ)T

∗G (5.9)

where σ : n→ l∗ is the Hµ-equivariant linear isomorphism ζ 7→ −〈µ, [ζ, ·]〉 (see (4.5)).

If we are given a simple G-tube Θ, then we can build a restricted G-tube Φ solving
a non-linear equation. In fact, the restricted G-tube will be of the form Φ(g, ν, λ, ε) =
Θ(g, ν, λ + ζ(ν, λ, ε)) for some map ζ : g∗µ × o × l∗ → n. This is the main idea behind the
following result.

Proposition 5.1.6 (Existence of restricted G-tubes). Given an adapted splitting

g = gµ ⊕ o⊕ l⊕ n

as in Proposition 4.2.1, there is an Hµ-invariant open neighborhood UΦ of 0 ∈ g∗µ × o × l∗

and a restricted G-tube
Φ: G× UΦ −→ T ∗G.

Proof. Define q = o⊕ l⊕ n. Using Proposition 5.1.2, there exists a simple G-tube Θ defined
on the symplectic space Y := G × UΘ ⊂ G × (g∗µ × q) with symplectic form ωY (5.1). As
UΘ ⊂ g∗µ × q is a neighborhood of 0, there are Hµ-invariant neighborhoods of the origin
(g∗µ)r ⊂ g∗µ, or ⊂ o and nr ⊂ n such that (g∗µ)r × (or + nr) ⊂ UΘ. Consider now the map

ιW : W = G× ((g∗µ)r × or × nr) −→ Y = G× UΘ ⊂ G× (g∗µ × q) (5.10)

(g, ν, λ, ζ) 7−→ (g, ν, λ+ ζ)
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This map is a GL ×HT
µ -equivariant embedding. By the properties of the adapted splitting

(see Proposition 4.2.1), Ωµ(λ, ζ) = 0 if λ ∈ o and ζ ∈ n. Therefore,

(ι∗WωY )(u1, u2) = 〈ν̇2, ξ1〉 − 〈ν̇1, ξ2〉+ 〈ν + µ, [ξ1, ξ2]〉 − 〈µ, [λ̇1, λ̇2]〉

where ui := (ξi, ν̇i, λ̇i, ζ̇i) ∈ T(g,ν,λ,ζ)(G × g∗µ × o × n) with i = 1, 2. In order to obtain the
restricted G-tube, we need to impose the relationship between ε and JR. To do so, define
the map

ψ : W −→ G× g∗µ × o× l∗

(g, ν, λ, ζ) 7−→ (g, ν, λ;−JR(Θ(g, ν, λ+ ζ))
l
).

Note that this map is GL ×HT
µ -equivariant because

(g′g, ν, λ;−JR(Θ(g′g, ν, λ+ ζ))
l
) = (g′g, ν, λ;−JR(g′Θ(g, ν, λ+ ζ))

l
)

= (g′g, ν, λ;−JR(Θ(g, ν, λ+ ζ))
l
)

and

ψ(h ·T (g, ν, λ, ζ)) =
(
gh−1,Ad∗h−1ν,Adhλ;−JR(Θ(h ·T (g, ν, λ+ ζ))

l

)
=
(
gh−1,Ad∗h−1ν,Adhλ;−JR(h ·T Θ((g, ν, λ+ ζ))

l

)
=
(
gh−1,Ad∗h−1ν,Adhλ;−Ad∗h−1JR(Θ((g, ν, λ+ ζ))

l

)
= h ·T

(
g, ν, λ;−JR(Θ(g, ν, λ+ ζ))

l

)
.

Moreover, if we endow G× g∗µ × o× l∗ with the two-form (5.8), then ψ∗ωrestr = ι∗WωY . We

will now check that Ψ is invertible. Let v := (ξ, ν̇, λ̇, ζ̇) ∈ T(e,0,0,0)(G× g∗µ × o× n), then

(T(e,0,0,0)ψ)(v) =
(
ξ, ν̇, λ̇;−T(e,0,0)

(
JR l

◦Θ
)
· (ξ, ν̇, λ̇+ ζ̇)

)
(5.11)

=
(
ξ, ν̇, λ̇;−T(e,0)

(
JR l

)
· (ξ + λ̇+ ζ̇ , ν̇ + ad∗

λ̇+ζ̇
µ)
)

=
(
ξ, ν̇, λ̇; (ν̇ + ad∗

λ̇+ζ̇
µ)

l

)
=
(
ξ, ν̇, λ̇; (ad∗

ζ̇
µ)

l

)
where we have used the expression for T(e,0,0)Θ given in Definition 5.1.1, and that ad∗

λ̇
µ

l
= 0

since o and l are Ωµ-orthogonal (see Proposition 4.2.1).

As the map σ : n → l∗ given by σ(ζ) = −ad∗ζµ
l

is a linear Hµ-equivariant isomorphism

(see (4.5)), T(e,0,0,0)ψ is invertible. By the Inverse Function Theorem, there is a neighborhood
of (e, 0, 0, 0) ∈ G× g∗µ × o× l∗ on which ψ−1 is well defined. Due to GL ×HT

µ equivariance
of Ψ, this neighborhood must be of the form G× UΦ with UΦ ⊂ g∗µ × o× l∗ an Hµ-invariant
neighborhood of zero.

Note that the composition Θ ◦ ιW ◦ ψ−1 is a restricted G-tube because it satisfies

(Θ ◦ ιW ◦ ψ−1)∗ωT ∗G = (ιW ◦ ψ−1)∗ωY = ωrestr.

It is GL ×HT
µ -equivariant (because it is the composition of GL ×HT

µ -equivariant maps), the
origin (e, 0, 0, 0) is mapped to (e, µ) ∈ T ∗G, and it is a diffeomorphism onto its image (because
it is a composition of diffeomorphisms onto its images). Finally, if (g, ν, λ, ε) = ψ(g, ν, λ, ζ)
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then JR(Θ(g, ν, λ + ζ))
l

= −ε, that is (JR l
◦ Θ ◦ ιW ◦ ψ−1)(g, ν, λ, ε) = −ε, which is the

condition needed for a restricted G-tube.
Let u := (ξ, ν̇, λ̇, ε̇) ∈ T(e,0,0,0)(G× g∗µ × o× l∗), using (5.11),

(T(e,0,0,0)ψ
−1)(u) = (ξ, ν̇, λ̇,−σ−1(ε̇)),

as Φ = Θ ◦ ιW ◦ ψ−1 using (5.10) and (5.2),

(T(e,0,0,0)Φ)(u) =
(
T(e,0,0)Θ ◦ T(e,0,0,0)ιW ◦ T(e,0,0,0)ψ

−1
)

(u)

=
(
T(e,0,0)Θ ◦ T(e,0,0,0)ιW

)
(ξ, ν̇, λ̇,−σ−1(ε̇))

= (T(e,0,0)Θ)(ξ, ν̇, λ̇− σ−1(ε̇))

= (ξ + λ̇− σ−1(ε̇), ν̇ + ad∗
λ̇
µ+ ε̇)

that is, (5.9) is satisfied.
To sum up, the composition Φ = Θ ◦ ιW ◦ ψ−1 : G × UΦ → T ∗G is a restricted G-tube.

This map can also be written as

Φ: G× UΦ ⊂ G× g∗µ × o× l∗ −→ T ∗G (5.12)

(g, ν, λ; ε) 7−→ Θ(g, ν, λ+ ζ(ν, λ; ε))

where ζ : UΦ ⊂ g∗µ×o× l∗ → n is determined by the equation JR l
(Φ(g, ν, λ+ζ, ε)) = −ε.

5.2 Cotangent bundle Hamiltonian tubes

Let G be a Lie group acting properly on Q, and fix z ∈ T ∗Q. In this section we construct
a Hamiltonian tube for the cotangent-lifted action of G on T ∗Q around z that will be
explicit except for the computation of a restricted G-tube. This Hamiltonian tube will be a
generalization of the construction in [Sch07] under the hypothesis Gµ = G.

5.2.1 Cotangent-lifted twisted product

We first reduce the problem on T ∗Q to a problem on T ∗(G×H S). This first simplification is
already discussed in [Sch07] and is based on regular cotangent reduction at zero momentum
(Theorem 1.5.1).

Proposition 5.2.1. Let Q be a manifold with a proper G action, consider T ∗Q with the
cotangent lifted action. Fix a point z = (q, p) ∈ T ∗Q and a Gq-invariant metric on Q. Define
S := (g · q)⊥ ⊂ TqQ, µ := JT ∗Q(z) and α := z

S
∈ S∗.

Then
Gz = Gµ ∩ (Gq)α.

If Sr ⊂ S is a small enough Gq-invariant neighborhood of 0 the map

t : G×Gq Sr −→ U ⊂ T ∗Q

[g, a]Gq 7−→ g · Expq(a)

is a G-equivariant diffeomorphism onto the G-invariant open set U where Expq represents
the Riemannian exponential map at q. The cotangent lift of t induces a G-equivariant
symplectomorphism:

T ∗t−1 : T ∗(G×Gq Sr) −→ T ∗U ⊂ T ∗Q

and T ∗t−1(ϕ(e, µ, 0, α)) = z if ϕ is the Gq-cotangent reduction map (see Theorem 1.5.1).
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Proof. Let q = τ(z) ∈ Q where τ : T ∗Q→ Q is the projection and denote H = Gq.
Using Theorem 2.1.4, there is an H-invariant neighborhood Sr ⊂ S and a G-equivariant

diffeomorphism t : G×H Sr −→ U ⊂ T ∗Q of the given form such that t([e, 0]H) = q. As t is
a diffeomorphism, the cotangent lift T ∗t−1 : T ∗(G×H Sr) −→ τ−1(U) ⊂ Q is a G-equivariant
symplectomorphism onto T ∗U = τ−1(U) ⊂ T ∗Q.

The symplectic space T ∗(G× Sr) that can be identified with G× g∗ × Sr × S∗ using the
left-trivialization of G and the linear structure of S. In Section 2.1.1 we introduced the GL

and HT actions on the space G× Sr. These actions can be lifted to Hamiltonian actions on
T ∗(G× Sr). More explicitly, using Proposition 1.3.3 and the diamond notation, we have

• cotangent-lifted GL-action: g′ ·L (g, ν, a, b) = (g′g, ν, a, b) with momentum map

JGL(g, ν, a, b) = Ad∗g−1ν.

• cotangent-lifted HT -action: h ·T (g, ν, a, b) = (gh−1,Ad∗h−1ν, h · a, h · b) with momentum
map

JHT (g, ν, a, b) = −ν
h

+ a � b.

Then Theorem 1.5.1 applied to G× Sr with the HT -action gives the diagram

J−1
HT (0) �

�
//

ϕ

))

π
HT

��

T ∗(G× Sr)

J−1
HT (0)/HT ϕ̄

// T ∗(G×H Sr)

(5.13)

and the quotient J−1
HT (0)/HT supports a Hamiltonian G-action with momentum map

Jred : J−1
HT (0)/HT −→ g∗

πHT (g, ν, a, b) 7−→ Ad∗g−1ν.

If we denote α = z
S

and µ = JT ∗Q(z), then

T ∗t−1(ϕ(e, µ, 0, α)) = z,

because τ(ϕ(e, µ, 0, α)) = [e, 0]H = t−1(q) and as any v ∈ TqQ can be decomposed as
v = ξ · q + ȧ with ξ ∈ g and ȧ ∈ S it follows that

〈T ∗q t−1(ϕ(e, µ, 0, α)), v〉 = 〈ϕ(e, µ, 0, α), Tqt
−1 · v〉 = 〈ϕ(e, µ, 0, α), (ξ, ȧ)〉 =

= 〈(µ, α), (ξ, ȧ)〉 = 〈µ, ξ〉+ 〈α, ȧ〉 =

= 〈JT ∗Q(z), ξ〉+ 〈z, ȧ〉 = 〈z, ξ · q〉+ 〈z, ȧ〉 = 〈z, v〉.

Moreover,

Gϕ(e,µ,0,α) = Gπ
HT

(e,µ,0,α)

= {g ∈ G | g · πHT (e, µ, 0, α) = πHT (e, µ, 0, α)}
= {g ∈ G | g ∈ H, Ad∗g−1µ = µ, g · α = α}
= Hµ ∩Hα (5.14)
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Therefore, from now on we will assume without loss of generality Q = G ×H Sr and
z = ϕ([e, µ, 0, α]H) with µ ∈ g∗ and α ∈ S∗. Note that this simplification is explicit up to
the exponential of a metric.

In this setting, using the adapted splitting of Proposition 4.2.1, Proposition 4.3.1 and
Theorem 2.3.4, the Hamiltonian tube at z = ϕ(e, µ, 0, α) must to be of the form

T : G×Gz
(

(s∗ ⊕ p∗)︸ ︷︷ ︸
m∗

× o×B ×B∗︸ ︷︷ ︸
N

)
−→ T ∗(G×H S). (5.15)

where s is a Gz-invariant complement of gz in hµ and B = (hµ · α)◦ ⊂ S.
The first difficulty that we find is that the MGS model is a Gz-quotient, but the target

space is an H-quotient. For this reason, instead of constructing the tube directly we are
going to split it as the composition of two maps: one that goes from an Hµ-quotient to an
H-quotient, and another that goes from a Gz-quotient to an Hµ-quotient. We will explain
this construction in the following sections.

5.2.2 The α = 0 case

In this section we construct a Hamiltonian around a point of the form z0 = ϕ(e, µ, 0, 0) ∈
T ∗(G×H S), which is explicit up to a restricted G-tube. Using (5.14), the isotropy of z0 is

Gz0 = Hµ ∩H = Hµ

and by Proposition 4.3.1 and the adapted splitting of Proposition 4.2.1, the symplectic slice
at z0 is

N0 = o× S × S∗

with symplectic form (4.10). Then the map (5.15) reduces in this case to

T0 : G×Hµ ( p∗︸︷︷︸
m∗

× o× S × S∗︸ ︷︷ ︸
N0

) −→ T ∗(G×H S)

where G×Hµ (p∗ × o× S × S∗) is equipped with the symplectic form (2.6).
As we will later use T0 to construct a Hamiltonian tube around a general point z ∈ T ∗Q,

we need to ensure that the domain of T0 is large enough. More precisely, we will show that
the domain of T0 contains all the points of the form [e, 0, 0, 0, b]Hµ .

Theorem 5.2.2. Consider the point z0 = ϕ(e, µ, 0, 0) ∈ T ∗(G×H S). Let g = gµ ⊕ o⊕ l⊕ n
be an adapted splitting in the sense of Proposition 4.2.1 and let Φ: G× UΦ −→ T ∗G be an
associated restricted G-tube.

In this setting, there are Hµ-invariant open neighborhoods of zero: p∗r ⊂ p∗, or ⊂ o and
an H-invariant open neighborhood of zero h∗r ⊂ h∗ such that the map

T0 : G×Hµ (p∗r × or × (T ∗S)r) −→ T ∗(G×H S) (5.16)

[g, ν, λ; a, b]Hµ 7−→ ϕ(Φ(g, ν̃, λ; a �l b); a, b)

is a Hamiltonian tube around the point z0, where

ν̃ = ν +
1

2
λ �hµ ad∗λµ+ a �hµ b︸ ︷︷ ︸

JN0
(λ,a,b)

and (T ∗S)r := {(a, b) ∈ T ∗S | a �h b ∈ h∗r}.
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Proof. If we assume the existence of (p∗)r, or and hr such that the map T0 is well defined
then it follows from the properties of Φ that

T0([e, 0, 0; 0, 0]Hµ) = ϕ(Φ(e, 0, 0; 0); 0, 0) = ϕ(e, µ; 0, 0)

and by the G-equivariance of Φ it is also clear that

T0(g′ · [g, ν, λ; a, b]Hµ) = T0([g′g, ν, λ; a, b]Hµ) = ϕ(Φ(g′g, ν̃, λ; a �l b); a, b) =

= ϕ(g′ · Φ(g, ν̃, λ; a �l b); a, b) = g′ · ϕ(Φ(g, ν̃, λ; a �l b); a, b) =

= g′ · T0([g, ν, λ; a, b]Hµ).

We will divide the rest of the proof in three steps. In the first one we prove that there is
a set G×Hµ (p∗dom × odom × (T ∗S)dom) such that the map T0 is well defined; it pulls-back the
natural symplectic form of T ∗(G ×H S) to the MGS form G ×Hµ (p∗dom × odom × (T ∗S)dom)
and it is a local diffeomorphism. In the second one we will show that it is injective in a
certain subset, and in the third we will prove that it is a diffeomorphism onto its image.

1- T0 is a local symplectomorphism:
Let N0 = o×S ×S∗ be the symplectic slice at z0 = ϕ(e, µ, 0, 0). As in Section 2.3.1, there

must be anHµ-invariant neighborhood (g∗µ)r such that the product Z := G×(g∗µ)r×(o×S×S∗)
with ωZ := ωTµ + ΩN0 is a symplectic manifold with GL and HT

µ Hamiltonian actions with
momentum maps KGL and KHT

µ
(see (2.4)).

We now use the restricted G-tube (see Definition 5.1.5) Φ: G×UΦ ⊂ G×g∗µ×o×l∗ → T ∗G
to relate Z with T ∗(G× S). As Φ is only defined on G× UΦ, we will define the open set

D := {(ν, λ, a, b) | (ν, λ, a �l b) ∈ UΦ, ν ∈ (g∗µ)r} ⊂ g∗µ × o× S × S∗

and the map

f : G×D −→ T ∗G× T ∗S
(g, ν, λ, a, b) 7−→ (Φ(g, ν, λ, a �l b), a, b). (5.17)

The pullback of ωT ∗(G×S) by f is ωZ , because

(f ∗ωT ∗(G×S))(u1, u2) = (Φ∗ωT ∗G)(g, ν, λ, a �l b)(v1, v2) + ωT ∗S(a, b)(w1, w2) =

= 〈ν̇2, ξ1〉 − 〈ν̇1, ξ2〉+ 〈ν + µ, [ξ1, ξ2]〉︸ ︷︷ ︸
ωTµ

−〈µ, [λ̇1, λ̇2]〉+ 〈ḃ2, ȧ1〉 − 〈b1, ḃ1〉︸ ︷︷ ︸
ΩN0

where ui = (ξi, ν̇i, λ̇i, ȧi, ḃi) ∈ T(g,ν,λ,a,b)(G×D).
Note that on G×D there is a GL×HT

µ action, but on T ∗G×T ∗S ∼= G×g∗×S×S∗ there
is a GL ×HT action. As the map f is GL ×HT

µ -equivariant, it preserves the Hµ-momentum,

that is, KHT
µ

= JHT
µ
◦ f . In particular f(K−1

HT
µ

(0)) ⊂ J−1
HT
µ

(0). However, the l-momentum

property (see Definition 5.1.5) of restricted G-tubes allows us to improve this, since for any
ξ ∈ l

〈JHT (f(g, ν, λ; a, b)), ξ〉 = 〈JR(Φ(g, ν, λ; a �l b)) + a �h b, ξ〉 =

= 〈JR(Φ(g, ν, λ; a �l b)) l
+ a �l b, ξ〉 =

= 〈−a �l b+ a �l b, ξ〉 = 0.

This means that f can be restricted to a map

f̃ : K−1
HT
µ

(0) −→ J−1
HT (0)
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and this is the key condition that will allow us to relate the Hµ-quotient G ×Hµ (p∗ ×N0)
with the H-quotient J−1

HT (0)/HT ∼= T ∗(G×H S). To do so, consider the diagram

G×D f
// T ∗(G× S)

G× p∗dom × odom × (T ∗S)dom
l //

��

K−1
HT
µ

(0) f̃
//

�� &&

?�

OO

J−1
H (0)

��

?�

OO

ϕ

&&

G×Hµ (p∗dom × odom × (T ∗S)dom) L //

T0

22
K−1
HT
µ

(0)/HT
µ

F // J−1
HT (0)/HT ϕ

// T ∗(G×H S)

Composing f̃ with the projection by HT in the target we get a smooth map K−1
HT
µ

(0) −→
J−1
HT (0)/HT which is GK-equivariant and HT

µ -invariant, and hence it induces the smooth
mapping

F : K−1
HT
µ

(0)/HT
µ −→ J−1

HT (0)/HT .

If K−1
HT
µ

(0)/HT
µ is endowed with the reduced form (ωZ)red and J−1

HT (0)/HT with (ωT ∗(G×S))red

then F ∗(ωT ∗(G×S))red = (ωZ)red, because f ∗ωT ∗(G×S) = ωZ . In particular, F is an immersion.
Also, as the HT

µ -action on G×D is free

dim K−1
HT
µ

(0)/HT
µ = dim K−1

HT
µ

(0)− dim hµ = dim(G× (g∗µ × o)) + 2 dimS − 2 dim hµ

= dim g + dim gµ + dim o− 2 dim hµ + 2 dimS

= 2 dim p + 2 dim o + dim l + dim n + 2 dimS

= 2 dim p + 2 dim o + 2 dim l + 2 dimS

= 2(dim g− dim h + dimS).

Analogously,

dim J−1
H (0)/HT = dim J−1

HT (0)− dim h = 2(dim g− dim h + dimS).

This implies that F is a local diffeomorphism because it is an immersion between spaces of
the same dimension.

By continuity we can choose Hµ-invariant neighborhoods of the origin p∗dom ⊂ p∗, odom ⊂ o
and an H-invariant neighborhood of the origin h∗dom ⊂ h∗ such that

(ν +
1

2
λ �hµ ad∗λµ+ a �hµ b︸ ︷︷ ︸

JN0

, λ, a, b) ∈ D

for any ν ∈ p∗dom, λ ∈ odom and a, b ∈ T ∗S with a �h b ∈ h∗dom. The map

L : G×Hµ (p∗dom × odom × (T ∗S)dom)→ K−1
HT
µ

(0)/HT

given by [g, ν, λ, a, b]Hµ 7→ [g, ν + JN0(λ, a, b), λ, a, b]Hµ is well defined and, as in (2.5),
L∗(ωZ)red = ΩY . The conclusion of this first step is that the composition T0 := ϕ̄ ◦ F ◦ L is
then a local diffeomorphism that pulls-back the canonical form of T ∗(G×H S) to the MGS
form on the set G×Hµ (p∗dom × odom × (T ∗S)dom).
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2- T0 is locally injective
As T0 : G×Hµ (p∗dom × odom × (T ∗S)dom)→ T ∗(G×H S) is a local diffeomorphism, there is

a neighborhood of [e, 0, 0, 0, 0]Hµ such that T0 is injective on it.
Using that T0 is G-equivariant and that the action is proper, this neighborhood can

be chosen to be G-invariant (see for example the proof of Theorem 2.1.4); that is, T0 will
be injective when restricted to the set G ×Hµ

(
p∗inj × oinj × (T ∗S)inj

)
where p∗inj ⊂ p∗dom,

oinj ⊂ odom are Hµ-invariant neighborhoods and (T ∗S)inj is an H-invariant neighborhood of
0 on (T ∗S)dom. Note that we cannot ensure that (T ∗S)inj will be big enough to contain all
the points of the form (0, b) ∈ T ∗S. This issue will be addressed in the next step.

3- T0 is injective
In this step, we efine an open set (T ∗S)r ⊂ (T ∗S)dom such that the restriction

T0 : G×Hµ
(
p∗inj × oinj × (T ∗S)r

)
−→ T0

(
G×Hµ

(
p∗inj × oinj × (T ∗S)r

))
is a proper map

The key result that we use to prove the properness of T0 is the following topological
result.

Proposition 5.2.3 ([MT03], Lemma 5). Let H be a Lie group acting on a symplectic vector
space (W,ωW ) and denote by J : W → h∗ the associated homogeneous momentum map

〈JW (v), ξ〉 =
1

2
ωW (ξ · v, v).

Then J is H-open relative to its image; that is, if U is an H-invariant open set of W then
J(U) is an H-invariant open set of the topological space J(W ) ⊂ h∗.

Let U1 ⊂ S and U2 ⊂ S∗ be H-invariant neighborhoods of the origin such that U1 × U2 ⊂
(T ∗S)inj. Using Proposition 5.2.3, there is h∗r an open neighborhood of 0 ∈ h∗ such that

h∗r ∩ (S �h S∗) = U1 �h U2 ⊂ h∗.

In this setting, define (T ∗S)r := {(a, b) ∈ T ∗S | a �h b ∈ h∗r}. From the first step of the proof
we have the following commutative diagram

G× p∗dom × odom × (T ∗S)dom

πHµ

��

f̃◦l
// J−1
HT (0)

ϕ◦πH
��

G×Hµ (p∗dom × odom × (T ∗S)dom)
T0 // T ∗(G×H S)

The problem is that f̃ ◦ l is an injective embedding, but it is not clear if it is proper. We will
now show that T0◦πHµ is a proper map onto its image when restricted to G×p∗inj×oinj×(T ∗S)r.
To this end, let xn = (gn, νn, λn; an, bn) be a sequence in G× p∗inj × oinj × (T ∗S)r such that

T0(πHµ(xn)) −→ T0(πHµ(ḡ, ν̄, λ̄; ā, b̄))

with (ḡ, ν̄, λ̄; ā, b̄) ∈ G × p∗inj × oinj × (T ∗S)r. We construct a subsequence {xσ3(n)} ⊂ {xn}
which is convergent on G× p∗inj × oinj × (T ∗S)r.

The map ϕ ◦ πH : J−1
HT (0) → T ∗(G ×H S) is proper because it is a composition of a

homeomorphism and the projection by a compact group. Since T0 ◦πHµ = ϕ◦πH ◦ f̃ ◦ l, then

there is an increasing map σ1 : N → N such that the sequence {(f̃ ◦ l)(xσ1(n))}n converges
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in J−1
HT (0) ⊂ T ∗(G× S) (we are just taking a subsequence). But then by uniqueness of the

limit there is h ∈ H such that

(f̃ ◦ l)(xσ1(n)) −→ h ·T ((f̃ ◦ l)(ḡ, ν̄, λ̄; ā, b̄)).

However, using the expression of f (5.17) this implies that aσ1(n) → h · ā and bσ1(n) → h · b̄.
By the definition of (T ∗S)r we can choose for each n a pair (αn, βn) ∈ U1 × U2 satisfying

αn �h βn = an �h bn.

Since U1 × U2 is a relatively compact subset of (T ∗S)inj, we can find an increasing map
σ2 : N→ N such that σ2(N) ⊂ σ1(N) and (ασ2(n), βσ2(n))→ (α∞, β∞), but then{

(f̃ ◦ l)(gσ2(n), νσ2(n), λσ2(n), ασ2(n), βσ2(n))
}

n∈N

is a convergent sequence and

(f̃ ◦ l)(gσ2(n), νσ2(n), λσ2(n), ασ2(n), βσ2(n)) −→ h ·T
(

(f̃ ◦ l)(ḡ, ν̄, λ̄, h−1α∞, h
−1β∞)

)
.

As (gσ2(n), νσ2(n), λσ2(n), ασ2(n), βσ2(n)) lies inG×p∗inj×oinj×(T ∗S)inj, using that T0 restricted
to G × p∗inj × oinj × (T ∗S)inj is a diffeomorphism and πHµ is proper, there is an increasing
map σ3 : N→ N with σ3(N) ⊂ σ2(N) such that (gσ3(n), νσ3(n), λσ3(n), ασ3(n), βσ3(n)) converges in
G×p∗inj×oinj×(T ∗S)inj. Therefore, {xσ3(n)} is a convergent sequence on G×p∗inj×oinj×(T ∗S)r.

This proves that T0 ◦ πHµ : G× p∗inj × oinj × (T ∗S)r → (T0 ◦ πHµ)(G× p∗inj × oinj × (T ∗S)r)

is proper. But since πHµ : G × p∗inj × oinj × (T ∗S)r → G ×Hµ
(
p∗inj × oinj × (T ∗S)r

)
is sur-

jective and continuous this implies that T0 : G ×Hµ
(
p∗inj × oinj × (T ∗S)r

)
−→ T0

(
G ×Hµ(

p∗inj × oinj × (T ∗S)r
) )

is a proper map.
As T0 is a local homeomorphism and a proper map, it follows that it is a covering map.

Then if ϕ(e, µ, 0, 0) has only one preimage, this implies that the covering map is in fact
everywhere injective and therefore a global diffeomorphism. But if T0([g, ν, λ, a, b]Hµ) =
ϕ(e, µ, 0, 0) then it is clear from the expression of T0 (5.16) that a = b = 0 and then
[g, ν, λ, 0, 0]Hµ ∈ G×Hµ

(
p∗inj × oinj × (T ∗S)inj

)
⊂ G×Hµ

(
p∗inj × oinj × (T ∗S)r

)
. Therefore, by

injectivity we have [g, ν, λ, 0, 0]Hµ = [e, 0, 0, 0, 0]Hµ . To sum up, the restricted map

T0 : G×Hµ
(
p∗inj × oinj × (T ∗S)r

)
−→ T0(G×Hµ

(
p∗inj × oinj × (T ∗S)r

)
) ⊂ T ∗(G×H S)

[g, ν, λ; a, b]Hµ 7−→ ϕ(Φ(g, ν̃, λ; a �l b); a, b)

where ν̃ = ν + JN0(λ, a, b) = ν + 1
2
λ �hµ ad∗λµ+ a �hµ b, is a bijection.

5.2.3 The Γ map

In this section we introduce the Γ map, a technical tool used in [Sch07] to build the Hamilto-
nian cotangent tube when G = Gµ. Here we will use it as the final step towards generalizing
the previous Hamiltonian tube at α = 0 to the general case α 6= 0.

Let ϕ(e, µ, 0, α) ∈ T ∗(G×H S) and define K = Hµ ∩Hα. Recall that in (5.15) we defined
B := (hµ ·α)◦ ⊂ S and a K-invariant complement s of k in hµ. As K is compact, we can choose
a K-invariant splitting S = B ⊕ C inducing the K-invariant splitting S∗ = B∗ ⊕ (hµ · α).

However, the previous splitting of S∗ is not Hµ-invariant. The following technical result
studies how it behaves with respect to the infinitesimal Hµ-action on S. It is a straightforward
generalization to the case gµ 6= g of Lemmas 27 and 28 of [Sch07].
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Proposition 5.2.4. In the above situation:

• If a ∈ B, c ∈ C and b ∈ B∗, then

(a+ c) �hµ (α + b) = a �hµ b+ c �s (α + b).

• There is a K-invariant neighborhood (B∗)r of the origin in B∗ and a K-equivariant
map

Γ: s∗ × (B∗)r −→ S

defined by
〈Γ(ν; b), ξ · (α + b) + β〉 = −〈ν, ξ〉 ∀β ∈ B∗, ∀ξ ∈ s. (5.18)

Moreover, Γ satisfies Γ(ν; b)�s (b+α) = ν and Γ(ν; b) ∈ C for any ν ∈ s∗ and b ∈ (B∗)r.

Proof. The first part is a generalization of the proof of Lemma 27 of [Sch07],

(a+ c) �hµ (α + b) = a �hµ (α + b) + c �hµ (α + b) =

= a �hµ b+ c �hµ (α + b) =

= a �hµ b+ c �s (α + b)

where we used a �hµ α = 0 because for any ξ ∈ hµ: 〈a, ξ · α〉 = 0 as a ∈ B = (hµ · α)◦. By a
similar argument c �k (α + b) = 0 because if ξ ∈ k then ξ · α = 0 and ξ · b ∈ B∗ but c ∈ C.

The second part is an adapted version of Lemma 28 of [Sch07]. Consider,

t : Hµ ×K B∗ −→ S∗

[h, b]K 7−→ h · (b+ α)

then T[e,0]K (ξ, ḃ) = ξ · a+ ḃ but as S∗ = B∗ ⊕ (hµ · α) = B∗ ⊕ (s · α), T[e,0]K t is invertible and,
therefore, there is (B∗)r small enough such that t : Hµ ×K (B∗)r → t(Hµ ×K (B∗)r) ⊂ S∗ is
a diffeomorphism.

Then for any b ∈ (B∗)r

s×B∗ −→ Tα+bS
∗ ∼= S∗

(ξ, ḃ) 7−→ ξ · (α + b) + ḃ

is a linear K-equivariant isomorphism. But then (5.18) defines Γ(ν, b) uniquely for any ν ∈ s∗

and b ∈ (B∗)r.
As 〈Γ(ν, b), β〉 = 0 for any β ∈ B∗ it is clear that Γ(ν, b) ∈ (B∗)◦ = C and if ξ ∈ s

〈Γ(ν, b) �s (b+ α), ξ〉 = 〈b+ α, ξ · Γ(ν, b)〉
= −〈ξ · (b+ α),Γ(ν, b)〉
= 〈ν, ξ〉

Remark 5.2.5. Note that Γ(·; 0) = Γ̃(·), where Γ̃ : s∗ → S is the linear map appearing in
Proposition 4.4.1 that describes the Witt-Artin decomposition of a cotangent bundle.

With the notation that we have already introduced, the symplectic slice at ϕ(e, µ, 0, 0) is
N0 = o× T ∗S, whereas the symplectic slice at ϕ(e, µ, 0, α) is Nα = o× T ∗B (see Proposition
4.3.1). The abstract MGS models at ϕ(e, µ, 0, 0) and ϕ(e, µ, 0, α) are G×Hµ (p∗ ×N0) and
G ×K

(
(s∗ ⊕ p∗) × Nα

)
, respectively. The next result shows that Γ can be used to build a

well-behaved map between both spaces.
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Theorem 5.2.6. In the above context there is an open K-invariant neighborhood W of zero
in (s∗ ⊕ p∗)× o×B ×B∗ such that the G-equivariant map

F : G×K W −→ G×Hµ (p∗ × o× S × S∗)
[g, νs + νp, λ, a, b]K 7−→ [g, νp, λ, ã, b+ α]Hµ ,

where ã = a+ Γ(νs − a �s b− 1
2
λ �s ad∗λµ; b), is a local symplectomorphism.

Proof. As in the first part of the proof of Theorem 5.2.2, there is a neighborhood (g∗µ)r of
0 ∈ g∗ such that Z0 := G×(g∗µ)r×(o×S×S∗) is a symplectic space with ωZ0

:= ωTµ+ΩN0 . We
are in the same setting as in Subsection 2.3.1; therefore, Z0 supports GL and HT

µ Hamiltonian
actions with momentum maps that were denoted as KGL and KHT

µ
.

Similarly, Zα := G× (g∗µ)r × (o×B × (B∗)r) is a symplectic space with symplectic form
ωZα := ωTµ + ΩNα , because Nα = o × B × B∗. Note that Zα has GL and KT -Hamiltonian
actions with momentum maps MGL and MKT . Consider now the map

f : Zα −→ Z0

(g, ν, λ; a, b) 7−→ (g, ν, λ; a+ Γ(η; b), b+ α)

where η = ν
s
− a �s b− 1

2
λ �s ad∗λµ. As Γ is K-equivariant, then f is GL ×KT equivariant.

Note that the potential θZ0(g, ν, λ; a, b)(ξ, ν̇, λ̇; ȧ, ḃ) = 〈ν + µ, ξ〉+ 1
2
〈µ, [λ, λ̇]〉+ 〈b, ȧ〉 − 〈α, ȧ〉

generates the symplectic structure ωZ0 (see (2.3)) and

(f ∗θZ0)(g, ν, λ, a, b) · v = θZ0(f(g, ν, λ, a, b))(T(g,ν,λ,a,b)f · v) =

= 〈µ+ ν, ξ〉+
1

2
〈µ, [λ, λ̇]〉+ 〈b, ȧ+ T(ν,λ,a,b)Γ · (ν̇, λ̇, ȧ, ḃ)〉 =

= 〈µ+ ν, ξ〉+
1

2
〈µ, [λ, λ̇]〉+ 〈b, ȧ〉

where v = (ξ, ν̇, ȧ, ḃ) ∈ T(g,ν,a,b)Zα. Taking the exterior derivative of this equality, we get
f ∗ωZ0 = ωZα .

Additionally, the HT
µ -momentum evaluated at f(g, ν, λ, a, b) is

KHT
µ

(f(g, ν, λ; a, b)) = −ν +
1

2
λ �hµ ad∗λµ+ (a+ Γ(η; b)) �hµ (b+ α) = (5.19)

= −ν
hµ

+
1

2
λ �hµ ad∗λµ+ a �hµ b+ Γ(η; b) �s (b+ α) =

= −ν
hµ

+
1

2
λ �hµ ad∗λµ+ a �hµ b+ η =

= −ν
hµ

+
1

2
λ �hµ ad∗λµ+ a �hµ b+ ν

s
− a �s b−

1

2
λ �s ad∗λµ

= −ν
k

+
1

2
ad∗λµ �k λ+ a �k b.

This means that if ξ ∈ s then 〈KHT
µ

(f(g, ν, λ, a, b)), ξ〉 = 0, and as

MKT (g, ν, λ, a, b) = −ν
k

+
1

2
ad∗λµ �k λ+ a �k b,

f can be restricted to

f̃ : M−1
KT (0) −→ K−1

HT
µ

(0).
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As in Theorem 5.2.2, we can construct from top to bottom all the arrows of the diagram

Zα
f

// Z0

M−1
KT (0)

f̃
//

�� ))

?�

OO

K−1
Hµ

(0)

��

?�

OO

M−1
KT (0)/KT F //K−1

Hµ
(0)/HT

µ

using the same arguments as in the first part of Theorem 5.2.2. Therefore, as F is an
immersion between spaces of the same dimension, it is a local diffeomorphism onto its image.

Adapting the construction of map (2.5) to this setting, define the K-invariant open set

W := {(νs + νp, λ, a, b) ∈ (s∗ ⊕ s∗)× o×B × (B∗)r | νs + νp +
1

2
ad∗λµ �k λ+ a �k b︸ ︷︷ ︸

JNα

∈ (g∗µ)r}

and the map Lα : G×K W −→M−1
KT (0)/KT given by

Lα([g, νs + νp, λ, a, b]K) = [g, νs + νp + JNα(λ, a, b), λ, a, b]K ,

then Lα is a G-equivariant symplectomorphism. And similarly,

R0 : K−1
HT
µ

(0)/HT
µ → G×Hµ (p∗ × o× S × S∗)

defined by [g, ν, λ, a, b]Hµ 7→ [g, ν
p
, λ, a, b]Hµ is a G-equivariant symplectomorphism.

Finally, we can conclude that the composition F = R0 ◦F ◦Lα : G×KW → G×Hµ (p∗×
o × S × S∗) is a G-equivariant local diffeomorphism that pulls-back the MGS symplectic
form of the target to the MGS symplectic form of G×K W .

5.2.4 General tube

In this section we deal with the most general situation and will construct a Hamiltonian
tube around an arbitrary point ϕ(e, µ, 0, α). To do so we use Theorem 5.2.2 to obtain a
Hamiltonian tube around ϕ(e, µ, 0, 0), and then we compose it with the map F of Theorem
5.2.6. The result of this composition will be the desired Hamiltonian tube around ϕ(e, µ, 0, α).

Theorem 5.2.7. Consider the point z ∈ T ∗(G ×H S) defined by z = ϕ(e, µ, 0, α). Let
g = gµ ⊕ o⊕ l⊕ n be an adapted splitting in the sense of Proposition 4.2.1, and let

T0 : G×Hµ (p∗r × or × (T ∗S)r) −→ T ∗(G×H S)

[g, ν, λ; a, b]Hµ 7−→ ϕ(Φ(g, ν + JN0(λ, a, b), λ; a �l b); a, b)

be a Hamiltonian tube around the point ϕ(e, µ, 0, 0) given by Theorem 5.2.2, where

JN0(λ, a, b) =
1

2
λ �hµ ad∗λµ+ a �hµ b

and (T ∗S)r := {(a, b) ∈ T ∗S | a �h b ∈ h∗r}.
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Define B = (hµ ·α)◦ ⊂ S and let the map Γ: s∗×B∗r → S be the one defined in Proposition
5.2.4.

In this setting there are small enough Gz-invariant neighborhoods of zero s∗s ⊂ s∗, p∗s ⊂ p∗r,
os ⊂ or, Bs ⊂ B and B∗s ⊂ B∗ such that the map

T : G×Gz ((s∗s ⊕ p∗s)× os ×Bs ×B∗s ) −→ T ∗(G×H S) (5.20)

[g, νs + νp, λ; a, b]Gz 7−→ T0([g, νp, λ; ã, b+ α]Hµ)

where

ã = a+ Γ(νs − a �s b−
1

2
λ �s ad∗λµ; b)

is a Hamiltonian tube around the point z = ϕ(e, µ, 0, α).
Equivalently,

T([g, νs + νp, λ; a, b]Gz) = ϕ(Φ(g, νs + νp + JNα(λ, a, b), λ; ε); ã, b+ α)

where

ã = a+ Γ(νs − a �s b−
1

2
λ �s ad∗λµ; b),

JNα(λ, a, b) =
1

2
λ �gz ad∗λµ+ a �gz b,

ε = ã �l (b+ α).

Proof. By Theorem 5.2.6, there is a map F : G ×Gz W → G ×Hµ (p∗ × o × T ∗S) with
W ⊂ (p∗ ⊕ s∗)× o×B ×B∗.

Note that G ×Hµ (p∗r × or × (T ∗S)r) is an open G-invariant subset of G ×Hµ (p∗ × o ×
T ∗S). Since F is continuous, then the preimage of G×Hµ (p∗r × or × (T ∗S)r) by F is open
and contains the point [e, 0, 0, 0, 0]Gz because F([e, 0, 0, 0, 0]Gz) = [e, 0, 0, 0, α]Hµ ⊂ G ×Hµ
(p∗r × or × (T ∗S)r) since 0 �h α = 0 ∈ h∗r.

Therefore, we can choose small enough Gz-invariant neighborhoods of zero s∗s ⊂ s∗,
p∗s ⊂ p∗r, os ⊂ or, Bs ⊂ B and B∗s ⊂ B∗ such that the composition

T := T0 ◦ F : G×Gz ((s∗s ⊕ p∗s)× os ×Bs ×B∗s )→ T ∗(G×H S)

is well-defined and injective. Using Theorem 5.2.2 and 5.2.6, we conclude that T is a
Hamiltonian tube around ϕ(e, µ, 0, α).

More precisely, as F([g, νs + νp, λ, a, b]Gz) = [g, νp, λ, ã, b + α]Hµ with ã = a + Γ(νs −
a �s b − 1

2
λ �s ad∗λµ; b) then (T0 ◦ F)([g, νs + νp, λ; a, b]Gz) = ϕ(Φ(g, ν̃, λ; ε); ã, b + α) where

ε = ã �l (b+ α), and

ν̃ = νp +
1

2
λ �hµ ad∗λµ+ ã �hµ (b+ α).

However, using exactly the same computations as in (5.19), we get ã �hµ (b+ α) = a �gz b+
νs − 1

2
λ �s ad∗λµ, that is ν̃ = νp + νs + 1

2
λ �gz ad∗λµ+ a �gz b.

Remark 5.2.8. In general, if we consider a tube around ϕ(e, µ, 0, α), we cannot expect its
image to be global in the B∗ direction. This is because all the points in the model space
G×Gz

(
(s∗r⊕p∗r)×or×Br×B∗r

)
must have G-isotropy conjugated to a subgroup of Gz. From
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this observation we can conclude that, in general, (s∗r⊕p∗r)×or×Br×B∗r will not be an open
neighborhood containing points of the form (0, 0, 0, b) for arbitrary large b ∈ B∗. Indeed,
if that was true, we would have (0, 0, 0, α) ∈ (s∗r ⊕ p∗r) × or × Br × B∗r which would imply
T([e, 0, 0, 0,−α]Gz) = ϕ(e, µ, 0, 0). But this is a point with G-isotropy Hµ and in general,
Gz ( Hµ, thereby producing a contradiction.

Note that if we assume that µ ∈ g∗ satisfies gµ = g, then o = 0 and the Hamiltonian tube
T will be of the form

T : G×Gz ((s∗r ⊕ p∗r)×Br ×B∗r ) −→ T ∗(G×H S)

[g, νs + νp; a, b]Gz 7−→ ϕ(g, µ+ ν̃; ã, b+ α)

where

ν̃ = νp + νs + a �gz b, ã = a+ Γ(νs − a �s b; b).
This map is the content of Theorem 31 of [Sch07]. In other words, the map T coincides with
the results of [Sch07] when we restrict to their totally isotropic hypothesis g = gµ. What
happens in this case is that the Hamiltonian tube given by Theorem 5.2.2 becomes the trivial
µ-shift (see Remark 5.1.3)

T0 : G×Hµ (p∗ × S × S∗) −→ T ∗(G×H S)

[g, ν; a, b]Hµ 7−→ ϕ(g, µ+ ν + a �hµ b; a, b).

The other extreme case is when Γ becomes trivial. This will happen, for example, if S = 0,
which is equivalent to assuming that locally Q = G/H. Fix a point z = ϕ(e, µ) ∈ T ∗(G/H),
as Gz = Hµ, then s = 0, and as S = 0 then B = 0. Therefore, according to (5.20), T becomes

T : G×Hµ (p∗r × or) −→ T ∗(G/H)

[g, νp, λ]Hµ 7−→ ϕ(Φ(g, νp +
1

2
λ �hµ ad∗λµ, λ; 0)).

5.3 Explicit examples

In Proposition 5.1.2 we proved the existence of simple G-tubes using Moser’s trick. In this
section we write down the actual differential equation that must be solved. We will see that
if dim q = 2, then the simple G-tube will be a scaling of an exponential map, and we will
compute it explicitly for SO(3) and SL(2,R). From the explicit SO(3) restricted tube in
Subsection 5.3.4, we will present the Hamiltonian tube for the natural action of SO(3) on
T ∗R3 generalizing the final example of [Sch07] to µ 6= 0.

We will compute explicitly the flow that determines a simple G-tube. In order to do this,
we are going to use the notation of the proof of Proposition 5.1.2.

Recall that we constructed the simple G-tube as the composition Θ = F ◦Ψ1, where

F (g, ν, λ) = (g exp(λ),Ad∗exp(λ)(ν + µ))

(see (5.3)) and Ψ1 is the time-1 flow of the time dependent vector field Xt which satisfies the
Moser equation associated with θt = tF ∗θT ∗G + (1− t)θY , that is,

iXt(−dθt) =
∂θt
∂t
.



5.3. EXPLICIT EXAMPLES 61

This equation for Xt can written explicitly in this case. Using the above expression of F
and (1.10), we have

F ∗θT ∗G(g, ν, λ)(ξ, ν̇, λ̇) = 〈Ad∗exp(λ)(ν + µ),Ad−1
exp(λ)ξ + TeL

−1
exp(λ)Tλ exp(λ̇)〉

= 〈ν + µ, ξ〉+ 〈ν + µ,Adexp(λ)TeL
−1
exp(λ)Tλ exp(λ̇)〉

= 〈ν + µ, ξ〉+ 〈ν + µ, TeR
−1
exp(λ)Tλ exp(λ̇)〉.

Using Proposition 1.2.1, the last term can be expressed as a series of Lie brackets

M(λ) · λ̇ := TeR
−1
exp(λ)Tλ exp(λ̇) =

∑
n≥0

1

(n+ 1)!
adnλλ̇.

Furthermore, this series is just the pullback of the right Maurer-Cartan form $R(g) = TeR
−1
g

by the restricted exponential exp
q

: q→ G. Therefore, using the Maurer-Cartan relation

(dM)(X, Y ) = d(exp∗$R)(X, Y ) = exp∗(d$R)(X, Y )

= [exp∗$R(X), exp∗$R(Y )] = [M(X),M(Y )]. (5.21)

Now, since θt(g, ν, λ)(ξ, ν̇, λ̇) = 〈µ + ν, ξ〉 + t〈µ + ν,M(λ) · λ̇〉 + (1 − t)1
2
〈µ, [λ, λ̇]〉, (using

(5.21)) the exterior derivative ωt = −dθt simplifies to

ωt(g, ν, λ)(ξ1, ν̇1, λ̇1)(ξ2, ν̇2, λ̇2) = 〈ν̇2, ξ1〉 − 〈ν̇1, ξ2〉+ 〈ν + µ, [ξ1, ξ2]〉+
+ t〈ν̇2,M(λ)λ̇1〉 − t〈ν̇1,M(λ)λ̇2〉
+ t〈ν + µ,−[M(λ) · λ̇1,M(λ) · λ̇2]〉 − (1− t)〈µ, [λ̇1, λ̇2]〉.

Also, the expression ∂θt
∂t

= θ1 − θ0 can be written as

∂θt
∂t

(g, ν, λ)(ξ, ν̇, λ̇) = 〈ν + µ,M(λ) · λ̇〉 − 〈µ, 1

2
adλλ̇+ λ̇〉. (5.22)

From now on we will assume that dim q = 2. Note that the one-form

ωt(g, ν, λ)(0, 0, λ)(ξ2, ν̇2, λ̇2) = t〈ν̇2, λ〉+ t〈ν + µ,−[λ,M(λ) · λ̇2]〉 − (1− t)〈µ, [λ, λ̇2]〉
= t〈ν + µ,−M(λ)[λ, λ̇2]〉 − (1− t)〈µ, [λ, λ̇2]〉

and (5.22) have the same kernel g⊕ g∗µ ⊕ R · λ ⊂ T(g,ν,λ)(G× g∗µ × q). Therefore, there is a
real-valued function f such that

ωt(g, ν, λ)(0, 0, f(ν, λ, t)λ)(ξ2, ν̇2, λ̇2) =
∂θt
∂t

(g, ν, λ)(ξ2, ν̇2, λ̇2).

In other words, Xt(g, ν, λ) = f(ν, λ, t) ∂
∂λ

and, in particular, Ψt(g, ν, λ) = (g, ν,mt(ν, λ)λ) for
certain scaling factor mt : g

∗
µ × q→ R. We will obtain an equation that fully determines m1

and therefore the map Ψ1 and the simple G-tube.
Taking the time-derivative of the time-dependent pull-back (see (5.4))

∂

∂t
(Ψ∗t θt) = Ψ∗t

(
(diXt + iXtd)θt +

∂θt
∂t

)
= Ψ∗t (diXtθt) = Ψ∗t (diXt(θ0 + t(θ1 − θ0)) =

= Ψ∗t (diXtθ0) = d(Ψ∗t (iXtθ0)).
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Additionally,

Ψ∗t (iXtθ0) = Ψ∗t (〈µ, λ〉f(ν, λ, t)) = 〈µ, λ〉f(ν,mt(ν, λ)λ, t)) =
∂

∂t
〈µ,mt(ν, λ)λ〉

from where we get
∂

∂t
(Ψ∗t θt − d〈µ,mt(ν, λ)λ〉) = 0.

This equation implies that Ψt satisfies the following equation on one-forms

Ψ∗1θ1 − d〈µ,m1(ν, λ)λ〉 = θ0 − d〈µ, λ〉. (5.23)

But this equation does not depend on the derivatives of the scaling factor m1, because

Ψ∗1θ1(ξ, ν̇, λ̇) = 〈µ+ ν, (Dνm1 · ν̇ + Dλm1 · λ̇)λ+M(m1λ) · (m1λ̇)〉 =

= 〈µ, λ〉(Dνm1 · ν̇ + Dλm1 · λ̇) + 〈µ+ ν,M(m1λ) · (m1λ̇)〉
and

d〈µ,m1λ〉(ξ, ν̇, λ̇) = 〈µ, λ〉(Dνm1 · ν̇ + Dλm1 · λ̇) + 〈µ,m1λ̇〉.
Since 〈µ, [λ, λ̇]〉 is a non-vanishing one-form on the two dimensional space q with kernel R ·λ,
and 〈µ+ ν,M(λ) · λ̇〉 − 〈µ, λ̇〉 has also kernel R · λ, then there is an analytic function h(λ, ν)
such that

〈µ+ ν,M(λ) · λ̇〉 − 〈µ, λ̇〉 = h(λ, ν)〈µ, [λ, λ̇]〉.
With this notation, (5.23) becomes the non-linear equation

h(m1(λ, ν)λ, ν) · (m1(λ, ν))2 =
1

2
. (5.24)

Its solution m1(λ, ν) is enough to write down explicitly the simple G-tube

Θ(g, ν, λ) = (g exp(m1(λ, ν)λ),Adexp(m1(λ,ν)λ)(ν + µ)).

In the following lemmas we will see that under some algebraic assumptions on g we can write
down m1 in terms of elementary functions.

Lemma 5.3.1. Assume that the subspace q defined by the splitting g = gµ ⊕ q is a 2-
dimensional subalgebra. Then the equation (5.24) has the solution m1(ν, λ) = E(− tr (adλ q

))

where E : R→ R+ the unique analytic function that satisfies

e−xE(x) = 1− xE(x) +
x2

2
(5.25)

and E(0) = 1.

Proof. As the dimension of q is two and adξ is singular, it follows that ad2
η q
−tr (adη q

)adη q
=

0 for any η ∈ q. Therefore,∑
k≥0

1

(k + 1)!
adkξ = Id +

∑
k≥0

(tr (adξ q
))k

(k + 2)!
adξ = Id +

ex − x− 1

x2
adξ

where x = tr (adξ q
). Then (5.23) becomes

〈µ+ ν,M(λ) · λ̇〉 = 〈µ,M(λ) · λ〉 = 〈µ, λ̇〉+ 〈µ, [λ, λ̇]〉e
x − x− 1

x2
.

Comparing with (5.24), it follows h(ν, λ) = e−x+x−1
x2

with x = − tr (adξ q
). Hence m1(ν, λ) =

E(− tr (adλ q
)), where E satisfies (5.25).
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Figure 5.1: Scaling functions F(x) for SO(3) (left) and E(x) for SL(2,R) (right).

Remark 5.3.2. The function E can be written in terms of the Lambert W function (see
[Cor+96])

E(x) =

{
x
2

+
W0(− exp(−1− 1

2
x2))+1

x
if x > 0

x
2

+
W−1(− exp(−1− 1

2
x2))+1

x
if x < 0

where W0 and W−1 are the two main branches of the W function. It can be checked that
E(x) is positive and strictly increasing for all x ∈ R. Additionally, E(x) is asymptotic to x

2
if

x→∞, and satisfies E(0) = 1 and E(x)→ 0 if x→ −∞ (see Figure 5.1).

Lemma 5.3.3. Assume that the splitting g = gµ ⊕ q satisfies

1. ad3
ξ + a(ξ)adξ = 0 ∀ξ ∈ q for a certain smooth function a : q→ R, and

2. 〈µ+ ν, ad2
ξη〉 = 0 for any ξ, η ∈ q and ν ∈ q◦.

In addition, let b : (g∗µ)r → R be the function satisfying 〈ν + µ, [ξ, η]〉 = b(ν)〈µ, [ξ, η]〉 for

any ξ, η ∈ q. Then equation (5.24) has the solution m1(ν, λ) = F
(
a(λ)
4b(ν)

)
1√
b(λ)

, where

F : (−∞, 1)→ R+ is the analytic function

F(x) =


arcsin(

√
x)√

x
if x > 0

arcsinh(
√
|x|)√

|x|
if x < 0

Proof. Using the first hypothesis
∑
n≥0

1

(n+ 1)!
adnξ = Id + A1(a(ξ))adξ + A2(a(ξ))ad2

ξ , where

A1 and A2 are analytic scalar functions. Then

〈µ+ ν,M(λ) · λ̇) = 〈µ+ ν, λ̇〉+ A1(a(λ))〈µ+ ν, [λ, λ̇]〉 = 〈µ, λ̇〉+ A1(a(λ))b(ν)〈µ, [λ, λ̇]〉,

that is, h(λ, ν) = A1(a(λ))b(ν). It can be checked that A1(x) = 1−cos(
√
x)

x
. If we assume

a(λ) > 0, then using simple formal manipulations (5.24) is equivalent to m1

√
a(λ) =

arccos
(

1− a(λ)
2b(ν)

)
, and as 2 arcsinx = arccos(1 − 2x2), then m1(λ, ν) = F

(
a(λ)
4b(ν)

)
1√
b(λ)

.

If a(λ) ≤ 0, a similar computation gives the same result.
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5.3.1 SO(3) simple tube

Under the hat map, the Lie algebra g = so(3) can be identified with R3 equipped with
the cross product. The standard inner product 〈·, ·〉 on R3 ∼= g will correspond to the dual
pairing between g and g∗, identifying them.

Fix an element µ ∈ g∗. We have two different possibilities:

• µ = 0. In this case, the G-tube is trivial (see Remark 5.1.3).

• µ 6= 0. In this case, gµ is the subspace generated by µ and we will define q as the
orthogonal complement to gµ. The subspace g∗µ being the annihilator of q is also
identified with the subspace generated by µ.

The vector identity a × (a × c) = 〈a, c〉a − 〈a, a〉c implies that both conditions of
Lemma 5.3.3 hold for so(3) with a(λ) = ‖λ‖2. Therefore, the map

G× g∗µ × q −→ SO(3)× R3 ∼= T ∗SO(3) (5.26)

(g, ν, λ) 7−→ (gE(ν, λ), E(ν, λ) · (ν + µ))

with E(ν, λ) = exp

(
2

arcsin(
√

µ
µ+ν

‖λ‖
2 )

‖λ‖ λ̂

)
is a simple SO(3)-tube at (e, µ) ∈ T ∗SO(3).

Note that this expression is exactly the same as the one obtained in Theorem 3 of [SS13].
In fact, this map was known in celestial mechanics as regularized Serret-Andoyer-Deprit
coordinates (see [BFG06] and references therein).

5.3.2 SL(2,R) simple tube

On the Lie algebra g = sl(2,R), the bilinear form 〈A,B〉 = −2Tr(AB) is non-degenerate
and we will use it to identify g and g∗. If ξ, η ∈ sl(2,R), it can be checked that adξadξη =
〈ξ, η〉ξ − 〈ξ, ξ〉η, and then for any ξ ∈ g we have ad3

ξ + ‖ξ‖2adξ = 0.
Fix an element µ ∈ g∗. We now have three different cases:

• µ = 0. In this case, the G-tube is trivial (see Remark 5.1.3)

• ‖µ‖2 := 〈µ, µ〉 6= 0. Then gµ is one dimensional and is the space generated by µ. We
will define q to be the orthogonal space to µ with respect to the pairing. Since the
norm of µ is non-zero, g = gµ⊕q. As before, g∗µ = q◦ = gµ, hence we can apply Lemma
5.3.3, obtaining that

G× g∗µ × q −→ T ∗SL(2,R)

(g, ν, λ) 7−→ (gE(ν, λ),Ad∗E(ν,λ)(ν + µ))

with

E(ν, λ) = exp

(
F
( ‖λ‖2µ

4(µ+ ν)

)√
µ

µ+ ν
λ

)
is a simple SL(2,R)-tube at (e, µ) ∈ T ∗SL(2,R).

• ‖µ‖2 = 0 and µ 6= 0. In this case, using basic linear algebra, it can be shown that there

is k ∈ SL(2,R) such that µ = k

[
0 s
0 0

]
k−1 with s = 1 or s = −1.
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Also in this case, gµ is the subspace generated by µ, and we will define q as the

subspace generated by k

[
1 0
0 −1

]
k−1 and k

[
0 0
1 0

]
k−1. A generic element in q will be

represented as k

[
a 0
b −a

]
k−1. It can be checked that g∗µ = q◦ is the subspace generated

by k

[
0 0
1 0

]
k−1.

A simple computation shows that q is a subalgebra of g, hence we can apply Lemma
5.3.1, obtaining that the map

G× g∗µ × q −→ T ∗SL(2,R)

(g, νµ, λ) 7−→
(
gE(λ),Ad∗E(λ)

(
(ν + 1)µ

))
,

where λ = k

[
a 0
b −a

]
k−1, ν ∈ R and E(λ) = exp (E(2a)λ), is a simple SL(2,R)-tube

at (e, µ) ∈ T ∗SL(2,R). Note that for this tube the domain is the whole space G×g∗µ×q.
There are no restrictions on ν or λ but the map is not surjective.

Remark 5.3.4. If µ 6= 0 satisfies ‖µ‖2 = 0, then we cannot choose a Gµ-invariant splitting g =
gµ⊕q. In the literature, this situation is known as a non-split momentum and has important
consequences for the structure of Hamilton’s equation in MGS coordinates [RWL02].

5.3.3 A SO(3) restricted tube

Let H be a compact non-discrete subgroup of SO(3). Note that H must be one-dimensional.
We denote by ξh ∈ R3 the generator of h with unit norm. In this setting the adapted splitting
of Proposition 4.2.1 reduces to l = R ·ξh, p = R ·µ and n = R ·ξh×µ. To obtain the restricted
tube we use (5.12), so we need to find ζ ∈ n satisfying the condition

JR(Θ(g, ν, ζ)
l

= −ε (5.27)

as a function of ν and ε. Using the notation of (5.5), Θ can be written as

Θ(g, ν, λ) = (gE(ν, λ),Ad∗E(ν,λ)(ν + µ)).

Using Proposition 1.3.3, we can rewrite (5.27) as

Ad∗E(ν,ζ)(ν + µ)
l

= ε. (5.28)

Applying the explicit expression (5.26) for the SO(3) simple tube, we have

E(ν, ζ) = exp(ρ(ν, ζ)
ξh × µ
‖ξh × µ‖

).

Then, solving (5.28) is equivalent to finding the real parameter ρ as a function of ν and ε
that satisfies 〈

exp
(
− ρ ξh × µ
‖ξh × µ‖

)
· (ν + µ), ξh

〉
= 〈ε, ξh〉.

Since {ξh, µ
‖µ‖ ,

ξh×µ
‖ξh×µ‖

} is an orthogonal basis, this last equation is equivalent to

〈sin(ρ)(ν + µ),
µ

‖µ‖〉 = 〈ε, ξh〉.
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Therefore, if we denote by r the expression arcsin
(ε·ξh)‖µ‖
(ν+µ)·µ , the equation

Φ(g, ν; ε) =

(
g exp

(
r
ξh × µ
‖ξh × µ‖

)
, exp

(
−r ξh × µ
‖ξh × µ‖

)
· (ν + µ)

)
∈ SO(3)× R3 (5.29)

defines a restricted SO(3)-tube.

5.3.4 Hamiltonian tube for SO(3) acting on T ∗R3

Consider the natural action of SO(3) on R3 and its cotangent lift to T ∗R3. Fix a point
z = (q, p) ∈ T ∗R3. Note that, under the identification of so(3) with R3, the momentum map
is µ = J(q, p) = q × p. We have four different possibilities

• µ = q × p 6= 0.

• q = 0 and p 6= 0.

• q 6= 0 and p = ρq for some ρ ∈ R.

• q = p = 0.

The last three cases have momentum zero and therefore are covered by the Hamiltonian tube
of [Sch07]. However, the first case has non-zero momentum and to compute the Hamiltonian
tube we will need all the theory presented in this chapter.

µ = q × p 6= 0
As q 6= 0, the isotropy H := Gq is the group of rotations with axis q. The linear slice
S = (g · q)⊥ = R · p is the subspace generated by q, and note that this subspace is fixed
by H. As µ and q are perpendicular, the groups Hµ and Gz are trivial. The linear
splitting of Proposition 4.2.1 becomes

l = R · q, n = R · (µ× q), gµ = R · µ.

Recall that α := z
S
∈ S∗ (see Proposition 4.3.1); therefore, using standard vector

calculus identities

α =
p · q
‖q‖2

q = p− µ× q
‖q‖2

.

Theorem 5.2.7 together with the explicit expression for the restricted tube (5.29) give
that

G× g∗µ × T ∗S −→ T ∗(SO(3)×H S) (5.30)

(g, ν, a, b) 7−→ ϕ(g, ν + µ, a, b+ α)

is a Hamiltonian tube at ϕ(e, µ, 0, α) ∈ T ∗(SO(3) ×H S). In this case the parameter
ε = a �l b always vanishes because ξ · a = 0 for any ξ ∈ h and a ∈ S.

Let Sr := {ρq | ρ > −1} ⊂ S. The map t : G×H Sr → R3 defined by [g, a]H 7→ g ·(q+a)
is a Palais’ tube around q. Composing (5.30) with T ∗t−1 and after some straightforward
manipulations the Hamiltonian tube at (q, p) is

T : G×Id

(
g∗µ × Sr × S∗

)
−→ R3 × R3 ∼= T ∗R3

(g, ν, a, b) 7−→
(
g · (q + a), g ·

(
(ν + µ)× q + a

‖q + a‖2
+ b+ p− µ× q

‖q‖2︸ ︷︷ ︸
α

))
.
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q = 0, p 6= 0
In this case Hµ = H = G = SO(3) is the full rotation group, the linear slice is S = R3

and α = p ∈ R3. The isotropy K = Gz of z is the group of rotations with axis p. Under
the identification so(3) ∼= R3, the Lie algebra g can be split into two terms

k = R · p, s = 〈p〉⊥ ⊂ R3.

Note that B ∼= (hµ · α)⊥ = (g · p)⊥ = R · p, and if we choose C = 〈p〉⊥ ⊂ S and
(B∗)r = {ρp | ρ > −1} the map Γ defined in Proposition 5.2.4 is

Γ(ν; b) = −ν × p+ b

‖p+ b‖2

because (5.18) is

〈Γ(ν; b), ξ · (α + b) + β〉 =

〈
−ν × p+ b

‖p+ b‖2
, ξ × (p+ b) + β

〉
= −

〈
ν × p+ b

‖p+ b‖2
, ξ × (p+ b)

〉
.

= −〈ν, ξ〉.

As Hµ-acts trivially on B, and by Remark 5.1.3, the cotangent Hamiltonian tube of
(5.20) becomes

G×K (s∗ ×B × (B∗)r) −→ T ∗(SO(3)×SO(3) S)

[g, ν, a, b]K 7−→ ϕ(g, ν, a+ Γ(ν; b), b+ α)

after some simplifications

T : G×K (s∗ ×B × (B∗)r) −→ R3 × R3 ∼= T ∗R3

[g, ν, a, b]K 7−→
(
g ·
(
a− ν × p+ b

‖p+ b‖2

)
, g · (p+ b)

)
.

q 6= 0, p = ρq
Note that H = Hµ = K, and all equal the group of rotations with axis q. The linear
slice is S = R · q, and the adapted splitting of Proposition 4.2.1 has only two terms

p = 〈q〉⊥, hµ = R · q.

Let Sr = {λq | λ > −1}; the map t : G×H Sr → R3 defined by [g, a]H 7→ g · (q+ a) is a
Palais’ tube around q. In this case, the Γ map vanishes because s = 0. Therefore, the
cotangent Hamiltonian tube (5.20) becomes

T : G×H (p∗ × Sr × S∗) −→ R3 × R3 ∼= T ∗R3

[g, ν, a, b]H 7−→
(
g · (q + a), g ·

(
(ν + µ)× q + a

‖q + a‖2
+ b+ p︸︷︷︸

α

))
.

q = p = 0
In this last case, H = K = G and the linear slice is S = R3. Therefore, the cotangent
Hamiltonian tube (5.20) becomes the trivial map

T : G×G (S × S∗) −→ R3 × R3 ∼= T ∗R3

[g, a, b]G 7−→ (a, b).
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Chapter 6

Cotangent-bundle reduction

In this chapter we study topological and geometric properties of the quotient space J−1(µ)/Gµ

of a cotangent-lifted action on T ∗Q.

As a first step in this study we check that one of the tubes constructed in the previous
chapter contains in its image the set τ−1(U) ∩ J−1(µ), where U is an open set of Q. This
result can be understood as a fibered Bates-Lerman lemma. Using this fibered description,
we introduce in Proposition 6.3.1 a set of coordinates on Q and T ∗Q with nice properties
with respect to Gµ and J−1(µ). This set of adapted coordinates is the key result that allows
us to control the local behavior of the projection τ in the MGS model.

In Section 6.4 we study the single orbit case Q = Q(L) and show that the projection
of orbit types of J−1(µ) ⊂ T ∗Q are submanifolds of Q. Alternatively, we describe those
projections as certain manifolds of the form L(H,µ) ·QH .

In Section 6.5 we discuss the general case Q 6= Q(L). We check that the sets L(H,µ) ·QH

induce a stratification of Qµ = τ(J−1(µ)) and of Qµ/Gµ. Using these objects, in Section
6.6, we define a partition of J−1(µ)/Gµ into submanifolds with good properties with respect
to the projection T ∗Q → Q and with respect to the induced symplectic structure. This
partition is finer than the orbit-type stratification of J−1(µ)/Gµ of Theorem 3.3.1. This
partition is a generalization of the one introduced in [PROSD07] for momentum zero. As in
that work, we call the elements of that partition seams.

After studying some topological properties of some particular cases in Section 6.7, in
Section 6.8 we study the symplectic properties of the seams. We show that each seam is
endowed with a closed two-form of constant rank (Proposition 6.8.8) and each seam has a
subimmersion to a magnetic cotangent bundle. More importantly, the partition of J−1(µ)
has a maximal element which is open and dense (Theorem 6.8.15), and in fact this maximal
element can be embedded into a magnetic cotangent bundle. As a corollary of this study we
have obtained in Corollary 6.8.11 a very clean description of the isotropy lattice of J−1(µ)
that generalizes the results of [RO06] and can be regarded as the analogue of the first part
of Theorem 3.4.1 for µ 6= 0.

Finally, in Section 6.9 we present some examples that show how the results of this chapter
can be applied to specific situations.

Throughout this chapter we will use the following notation: Q is a smooth manifold acted
properly by the Lie group G; T ∗Q is a symplectic manifold with the canonical symplectic
form ω; τ : T ∗Q → Q is the natural projection; T ∗Q is endowed with the cotangent-lifted
action with momentum map J : T ∗Q→ g∗ given by (1.7). We fix µ ∈ g∗ and we denote by
Qµ the set τ(J−1(µ)).

69
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6.1 Generalities about Qµ

One of the crucial differences between regular and singular cotangent-lifted actions is that, in
the singular case, the projection of J−1(µ) is not the whole base manifold Q. In other words,
Qµ = τ(J−1(µ)) is a proper subset of Q and in many cases this set is not even a manifold.

Nevertheless, the set Qµ has an simple algebraic characterization.

Lemma 6.1.1. ([Sch01; RO04]) Let q ∈ Q, there exists an element z ∈ T ∗qQ with J(z) = µ
if and only if

gq = Lie(Gq) ⊂ Kerµ ⊂ g.

Proof. If z ∈ T ∗qQ is such that J(z) = µ, then if ξ ∈ gq

〈µ, ξ〉 = 〈J(z), ξ〉 = 〈z, ξQ(q)〉 = 0.

Hence, gq is annihilated by µ.
Fix a splitting TqQ = (g · q)⊕ S. Conversely, if µ annihilates gq we can define z ∈ T ∗qQ

by
〈z, vq〉 = 〈µ, ξ〉 if vq = ξQ(q) + w ∈ (g · q)⊕ S.

This is well defined because if ξQ(q) = ηQ(q) then ξ − η ∈ gq and we have assumed that µ
annihilates gq.

This lemma implies

Qµ =
⋃

Lie(H)⊂Kerµ

Gµ ·QH

where H runs through all the possible isotropy subgroups of Q. Although one may think that
the sets Gµ · QH are a good partition of Qµ, the pieces of this partition are too small. We
will see in Section 6.9.2 an example for which the partition

⋃
h⊂KerµGµ ·QH is not locally

finite. This observation suggests that we need to construct bigger sets to decompose (in the
sense of Definition 3.1.1) Qµ.

6.2 A fibered Bates-Lerman Lemma

Recall that, in some cases, we saw that the domain of the cotangent bundle Hamiltonian
tube is unbounded in the S∗ direction (see Theorem 5.2.2). An important consequence of
this fact is that, for cotangent-lifted actions, the open neighborhood UM in Bates-Lerman
Lemma (Proposition 2.3.5) can be global in the vertical direction. In other words, it will be
of the form τ−1(UQ) where τ : T ∗Q→ Q is the natural projection and UQ is a neighborhood
in Q. In particular, this implies that the set τ−1(UQ)∩J−1(µ) is fully contained on the image
of a certain Hamiltonian tube.

Proposition 6.2.1. Consider the Hamiltonian tube T0 : G×Hµ (p∗r×or×(T ∗S)r)→ T ∗(G×H
S) of Theorem 5.2.2 at the point ϕ(e, µ, 0, 0) ∈ T ∗(G ×H S). There is a Gµ-invariant
neighborhood UQ of [e, 0]H ∈ G×H S such that

τ−1(UQ) ∩ J−1(µ) = T0(Z) (6.1)

where

Z = {[g, ν, λ, a, b]Hµ ∈ T−1
0 (τ−1(UQ)) | g ∈ Gµ, ν = 0,

1

2
λ �hµ ad∗λµ+ a �hµ b = 0}.



6.2. A FIBERED BATES-LERMAN LEMMA 71

Proof. As in the previous chapter, N0 = o× T ∗S will be the symplectic slice at ϕ(e, µ, 0, 0)
with the symplectic form (4.10). The Hamiltonian tube puts the momentum map J in the
normal form (2.7), that is J ◦ T0 = JY . We now proceed as in the proof of Proposition 2.3.5
in [BL97] and we factorize JY = γ ◦ β, with

β : G×Hµ (p∗ ×N0) −→ G×Hµ g∗µ, γ : G×Hµ g∗µ −→ g∗

[g, ν, v]Hµ 7−→ [g, ν + JN0(v)] [g, ν]Hµ 7−→ Ad∗g−1(µ+ ν).

Using this factorization, it is easy to describe J−1
Y (µ). Note that, since the map

T[e,0]Hµ
γ · (ξ, ν̇) = −ad∗ξµ+ ν̇

is surjective, γ is a submersion near [e, 0]Hµ , but by G-equivariance there is a G-invariant
open set Usubm ⊂ G×Hµ g∗ where γ is a submersion. Therefore, γ−1(µ)∩Usubm is a manifold
of dimension dimGµ − dimHµ. Hence, Gµ ×Hµ {0} ⊂ γ−1(µ), Gµ ×Hµ {0} must be an open
submanifold of γ−1(µ) ∩ U , that is, there is an open set UBL ⊂ Usubm with Gµ ×Hµ {0} =
γ−1(µ) ∩ UBL. By equivariance of γ, we can assume that UBL is Gµ-invariant. Applying β−1

on the equality Gµ ×Hµ {0} = γ−1(µ) ∩ UBL, we get

{[g, 0, v]Hµ ∈ G×Hµ (p∗ ×N0) | JN0(v) = 0} = J−1
Y (µ) ∩ β−1(UBL). (6.2)

In this setting, let UG be a GL
µ ×HR

µ -invariant neighborhood of e ∈ G, p∗0 ⊂ p∗, o0 ⊂ o
Hµ-invariant neighborhoods of zero and h∗0 ⊂ h∗ an H-invariant neighborhood of zero such
that

{[g, ν, λ, a, b]Hµ | g ∈ UG, ν ∈ p∗0, λ ∈ o0, a �h b ∈ h∗0}
⊂
(
G×Hµ (p∗r × or × (T ∗S)r)

)
∩ β−1(UBL).

Now let Φ be the restricted tube used in the definition of T0 (see Theorem 5.2.2) and
consider the map

f : UG × p∗0 × o0 × h∗0 −→ T ∗G/HT

(g, ν, λ, ρ) 7−→ πHT (Φ(g, ν +
1

2
λ �hµ ad∗λµ+ ρ

hµ
, λ, ρ

l
)).

Note the similarity between this expression and (5.16). However, f does not depend on
T ∗S. We claim that this map is a submersion at (e, 0, 0, 0). Using (5.9) if v = (ξ, ν̇, λ̇, ε̇) ∈
T(e,0,0,0)(G× g∗µ × o× l∗),

T(e,0,0,0)Φ · v = (ξ + λ̇+ σ−1(ε̇), ν̇ − ε̇+ ad∗
λ̇
µ)

where σ : n→ l∗ is the linear isomorphism (4.5). Applying this result to f , we get

T(e,0,0,0)f · (ξ, ν̇, λ̇, ρ̇) = T(e,µ)πHT · (ξ + λ̇+ σ−1(ρ
l
), ν̇ + ad∗

λ̇
µ+ ρ̇). (6.3)

However, since the splitting of Proposition 4.2.1 induces the dual decomposition g∗ = h∗µ ⊕
p∗ ⊕ o∗ ⊕ l∗ ⊕ n∗, each element of g∗ can be expressed as ρ̇

hµ
+ ν̇ + ad∗

λ̇
µ + ρ̇

l
+ ad∗ηµ for

some ρ̇ ∈ h∗, ν̇ ∈ p∗, λ̇ ∈ o∗ and η ∈ h. Finally, Ker(T(e,µ)πHT ) = {(η, ad∗ηµ) | η ∈ h} and
(6.3) imply that T(e,0,0,0)f is a surjective linear map.

Since f is G-equivariant, f is a submersion on a neighborhood of G · (e, 0, 0, 0), and since
submersions are open maps the image of f contains an open neighborhood of G · [e, µ]H .
Hence, there must exist a neighborhood Ug∗ of µ ∈ g∗ such that

πH(G×H Ug∗) ⊂ f(UG × p∗0 × o0 × h∗0). (6.4)
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Define UG = {g ∈ UG | Ad∗gµ ∈ Ug∗} ∩ {g ∈ UG | Ad∗gµ h
∈ h∗0}, which is an open

neighborhood of e ∈ G and let UQ = UG×H S, which is an open neighborhood of [e, 0]H ∈ Q.
We will now check that UQ satisfies (6.1).

• τ−1(UQ) ∩ J−1(µ) ⊃ T0(Z).

This inclusion is trivial because if [g, 0, λ, a, b]Hµ ∈ Z, then T0([g, 0, λ, a, b]Hµ) ∈ τ−1(UQ)
and (J◦T0)([g, 0, λ, a, b]Hµ) = JY ([g, 0, λ, a, b]Hµ) = Ad∗g−1(µ+JN0(λ, a, b)) = Ad∗g−1µ =
µ.

• τ−1(UQ) ∩ J−1(µ) ⊂ T0(Z).

Let z ∈ τ−1(UQ) ∩ J−1(µ). Using the cotangent reduction map ϕ (see (5.13)), there is
an element (g, ν, a, b) such that ϕ(g, ν, a, b) = z, but as τ(z) ∈ UQ then g ∈ UG. Since
ϕ(g, ν, a, b) ∈ J−1(µ), using (2.4) we have Ad∗g−1ν = µ. Additionally, as (g, ν, a, b) ∈
J−1
HT (0), then ν

h
= a �h b. Using ν = Ad∗gµ this implies the relation (Ad∗gµ)

h
= a �h b.

As g ∈ UG, using the definition of UG we have (g,Ad∗gµ) ∈ G × Ug∗ . Equation (6.4)
implies that there is a point (g′, ν ′, λ, ρ) ∈ UG × p∗0 × o0 × h∗0 such that f(g′, ν ′, λ, ρ) =
[g,Ad∗gµ]H . Therefore, there is h ∈ H such that

(gh−1,Ad∗h−1Ad∗gµ) = Φ(g′, ν ′ +
1

2
λ �hµ ad∗λµ+ ρ

hµ
, ρ

l
). (6.5)

Moreover, using (5.7) and (5.12) it can be checked that the HT
µ -momentum of a re-

stricted G-tube is JHT
µ

(Φ(g, ν, λ, ε)) = −ν
hµ

+ 1
2
λ �hµ ad∗λµ. Therefore, taking the

HT
µ -momentum on the previous equation

−(Ad∗h−1Ad∗gµ)
hµ

= −1

2
λ �hµ ad∗λµ− ρ hµ

+
1

2
λ �hµ ad∗λµ = −ρ

hµ
.

Now, using item 4. in Definition 5.1.5 we have that HT -momentum restricted to l∗ ⊂ g∗

in (6.5) becomes the equality

−(Ad∗h−1Ad∗gµ)
l

= −ρ
l
.

In other words, (Ad∗h−1Ad∗gµ)
h

= ρ, but as Ad∗gµ h
= ν

h
= a �h b, it follows that

ρ = Ad∗h−1(a �h b) = (h · a) �h (h · b), and therefore,

T0([g′, ν ′, λ, h · a, h · b]Hµ) = ϕ(Φ(g′, ν ′ +
1

2
λ �hµ ad∗λµ+ ρ

hµ
, λ, (h · a) �l (h · b);h · a, h · b)

= ϕ(Φ(g′, ν ′ +
1

2
λ �hµ ad∗λµ+ ρ

hµ
, λ, ρ

l
;h · a, h · b)

= ϕ(gh−1,Ad∗h−1Ad∗gµ, h · a, h · b)
= ϕ(g,Ad∗gµ, a, b) = ϕ(g, ν, a, b).

Finally, as g ∈ UG, Ad∗gµ h
∈ h∗0 and h∗0 is H-invariant, then (h · a) �h (h · b) =

Ad∗h−1(Ad∗gµ h
) ∈ h∗0. This observation implies that (g′, ν ′, λ′, h·a, h·b) ∈ π−1

Hµ
(β−1(UBL)).

Using the characterization (6.2), ν ′ = 0, g ∈ Gµ and JN0(λ
′, h · a, h · b) = 0, that is

[g′, 0, λ′, h · a, h · b]Hµ ∈ Z, as we wanted to show.
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6.3 Induced fibered coordinates

We can combine the results of Theorem 5.2.2 and Proposition 6.2.1 to form a set of fibered
coordinates in the sense given by the following result.

Proposition 6.3.1. Fix q ∈ Qµ ⊂ Q and define H = Gq.
Let g = hµ⊕ p⊕ o⊕ l⊕ n and Φ: G×UΦ −→ T ∗G be the adapted splitting and restricted

tube of (G,H, µ) given by Proposition 4.2.1 and 5.1.6. Let t : G×H S → Q be a Palais’ tube
around q.

In this setting there are Hµ-invariant neighborhoods of zero or ⊂ o, p∗r ⊂ p∗; H-invariant
neighborhoods of zero h∗r ⊂ h, Sr ⊂ S and a Gµ-invariant neighborhood UQ 3 q such that

1. Denote l∗r = h∗r ∩ l∗, the map

Ψ: Gµ ×Hµ
(
or × l∗r × Sr

)
−→ Q (6.6)

[g, λ, ε, a]Hµ 7−→ τ
(
T ∗t−1

(
ϕ(Φ(g, 0, λ; ε), a, 0)

))
is a well-defined Gµ-equivariant diffeomorphism onto an open neighborhood of q ∈ Q.

2. Let (T ∗S)r = {(a, b) ∈ T ∗S | a ∈ Sr, a �h b ∈ h∗r} the map

T0 : G×Hµ
(
p∗r × or × (T ∗S)r

)
−→ T ∗Q (6.7)

[g, ν, λ; a, b]Hµ 7−→ T ∗t−1
(
ϕ(Φ(g, ν̃, λ; a �l b); a, b)

)
with ν̃ = ν + 1

2
λ �hµ ad∗λµ+ a �hµ b is a Hamiltonian tube that satisfies

τ(T0([e, 0, 0, 0, 0]Hµ) = q.

3. Define

Z = {[g, ν, λ, a, b]Hµ ∈ T−1
0 (τ−1(UQ)) | g ∈ Gµ, ν = 0,

1

2
λ �hµ ad∗λµ+ a �hµ b = 0},

then,
τ−1(UQ) ∩ J−1(µ) = T0(Z) (6.8)

and since τ is surjective, UQ ∩Qµ = τ(T0(Z)).

Moreover, if [g, ν, λ, a, b]Hµ ∈ Z then [g, λ, a �l b]Hµ ∈ Gµ ×Hµ
(
or × l∗r × Sr

)
and

τ(T0([g, ν, λ, a, b]Hµ)) = Ψ([g, λ, a �l b, a]Hµ) (6.9)

Proof. Theorem 5.2.2 at ϕ(e, µ, 0, α) gives the neighborhoods p∗s ⊂ p∗, os ⊂ o, h∗s ⊂ h∗ and a
map

T0 : G×Hµ p∗s × os × (T ∗S)s −→ T ∗(G×H S)

[g, ν, λ; a, b]Hµ 7−→ ϕ(Φ(g, ν̃, λ; a �l b); a, b)

where ν̃ = ν + 1
2
λ �hµ ad∗λµ+ a �hµ b and (T ∗S)s = {(a, b) ∈ S × S∗ | a �h b ∈ h∗s}.

Besides, the linearization of Ψ at [e, 0, 0, 0]Hµ can be easily computed because (5.9) gives
the linearization of Φ. Therefore,

T[e,0,0,0]Hµ
Ψ · T(e,0,0,0)πHµ · (ξ̇, λ̇, ε̇, ȧ) = T ∗[e,0]H

t−1 · T(e,0)πH · (ξ + λ̇+ σ−1(ε̇); ȧ) ∈ TqQ.
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Note that KerT(e,0)πH = {(ξ, 0) | ξ ∈ h} but then T[e,0,0,0]Hµ
Ψ is injective, because if

T(e,0,0,0)πHµ · (ξ̇, λ̇, ε̇, ȧ) ∈ KerT[e,0,0,0]Hµ
Ψ then ξ + λ̇ + σ−1(ε̇) ∈ h but as ξ ∈ hµ ⊕ l, λ̇ ∈ o

and σ−1(ε̇) ∈ n we must have ξ ∈ hµ, therefore T(e,0,0,0)πHµ · (ξ̇, λ̇, ε̇, ȧ) = 0.
Additionally,

dimGµ ×Hµ (os × l∗s × Ss) = dimGµ + dim o + dim l + dimS − dimHµ

= dim hµ + dim p + dim o + dim l + dimS − dim hµ

= dim g− dim h + dimS = dimQ

that is, Ψ is a mapping between spaces of the same dimension, so it is a local diffeomorphism
near [e, 0, 0, 0]Hµ .

As Ψ is Gµ-equivariant and the action is proper using the same ideas as in the proof
Theorem 2.1.4, we can conclude that there are Hµ-invariant neighborhoods of zero or, l

∗
r, Sr

small enough so that Ψ restricted to Gµ ×Hµ (or × l∗r × Sr) is a diffeomorphism and or ⊂ os,
l∗r ⊂ h∗s ∩ l∗. Moreover, we can assume that there is h∗r ⊂ h∗s an H-invariant neighborhood of
zero in h∗ such that h∗r ∩ l∗ = l∗r. Note that we have already checked that the first and the
second claim of the Proposition are satisfied.

It remains to check the third claim. Recall that Proposition 6.2.1 gives a neighborhood
UQ satisfying the relation (6.1); instead we will consider the open neighborhood

UQ = UQ ∩ (τ ◦ T0)
(
G×Hµ

(
p∗r × or × ((T ∗S)r ∩ (Sr × S∗))

))
.

Proposition 6.2.1 gives τ−1(UQ) ∩ J−1(µ) = T0(Z). Hence, as τ is surjective, UQ ∩ Qµ =
τ(T0(Z)).

Consider now a point [g, ν, λ, a, b]Hµ ∈ Z, by definition of Z, λ ∈ or, a ∈ Sr and a�h b ∈ hr,
thus, [g, λ, a �l b, a]Hµ ∈ Gµ×Hµ

(
or× l∗r ×Sr

)
. Moreover, using (6.7), the definition of Z and

(6.6)

τ(T0([g, ν, λ, a, b]Hµ)) = τ(ϕ(Φ(g, ν̃, λ, a �l b), a, b) = τ(ϕ(Φ(g, 0, λ, a �l b), a, b)
= τ(ϕ(Φ(g, 0, λ, a �l b), a, 0) = Ψ([g, λ, a �l b, a]Hµ),

as we wanted to show.

Fix a point q ∈ Qµ; this proposition gives a diagram

G×Hµ (p∗r × or × (T ∗S)r)
T0 // T ∗Q

τ

��

Gµ ×Hµ (or × l∗r × Sr) Ψ // Q

where the maps satisfy q = τ(T0([e, 0, 0, 0, 0]Hµ)) = Ψ([e, 0, 0, 0]Hµ). Moreover, if we restrict
the previous maps to the appropriate subsets, we have the following commutative diagram

Z
T0
∼

//

pr

��

τ−1(UQ) ∩ J−1(µ)

��

//

τ

��

T ∗Q

τ

��

Ψ−1(UQ) Ψ
∼

// UQ // Q

where
pr([g, 0, λ, a, b]Hµ) = [g, λ, a �l b, a]Hµ .

The importance of this set of coordinates (T0,Ψ) for T ∗Q and Q is that, when restricted to
J−1(µ), they provide a simple expression for the cotangent bundle projection τ .
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6.4 Decomposition of Qµ: single orbit-type

Throughout this section we will assume that the base Q of the cotangent bundle T ∗Q→ Q
has only one orbit type, that is, Q = Q(L) for some subgroup L ⊂ G. The first important
consequence of this assumption is that for any point q ∈ Q and any linear slice S at q the
action of Gq on S is trivial. This follows from the G-equivariant diffeomorphism

t : G×Gq S → Q

because the set of points in G×Gq S with isotropy in (Gq) is G×Gq SGq (Proposition 3.2.3).
Hence, S = SGq , and all the points in S are fixed by the whole isotropy subgroup Gq.

Similarly, the condition Q = Q(L) implies that the isotropy type of points of T ∗Q with
momentum µ depends only on its projection on Q, more precisely,

Proposition 6.4.1. Assume Q = Q(L). If z ∈ J−1(µ) ⊂ T ∗Q, then

Gz = Gτ(z) ∩Gµ.

Proof. Define q = τ(z) and consider a tube on Q centered at q: t : G ×Gq S −→ Q with
t([e, 0]Gq) = q. The cotangent lift T ∗t−1 : T ∗(G ×Gq S) → T ∗Q is also a diffeomorphism.
Using the map ϕ (see Theorem 1.5.1), there exists α ∈ S∗ such that z = ϕ(e, µ, 0, α) and
Gz = Gq ∩ Gµ ∩ (Gq)α, but as the action of Gq on S is trivial (Gq)α = Gq and then
Gz = Gq ∩Gµ.

Recall that in singular cotangent-lifted actions, Qµ = τ(J−1(µ)) in general is not even a
manifold. The following results shows that under single orbit-type assumption the projection
Qµ is a locally closed subset of Q and the projections of the orbit types of J−1(µ) are disjoint
unions of embedded submanifolds of Q (embedded Σ-submanifolds using the language of
Definition 3.2.5).

Proposition 6.4.2. Assume Q = Q(L), then

• Qµ is a locally closed subset of Q.

• Let z0 ∈ T ∗Q, with J(z0) = µ, τ(Gµ · (J−1(µ))Gz0 ) ⊂ Q is an embedded Σ-submanifold
of Q.

Proof. • Let q ∈ Qµ and define H = Gq. Proposition 6.3.1 at q gives maps T0, Ψ and an
open set UQ 3 q.
By the third part of Proposition 6.3.1, UQ ∩Qµ = τ(T0(Z)), where

Z = {[g, ν, λ, a, b]Hµ ∈ T−1
0 (τ−1(UQ)) | g ∈ Gµ, ν = 0,

1

2
λ �hµ ad∗λµ = 0},

because as S = SH then a �h b = 0 for any a, b. Define W := {[g, λ, ε, a]Hµ ∈ Ψ−1(UQ) |
1
2
λ �hµ ad∗λµ = 0, ε = 0} we will check that

τ(T0(Z)) = Ψ(W ), (6.10)

– If [g, ν, λ, a, b]Hµ ∈ Z then, using (6.9), τ(T0([g, ν, λ, a, b]Hµ)) = Ψ([g, λ, 0, a]Hµ) ⊂
UQ and it follows τ(T0(Z)) ⊂ Ψ(W ).
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– Conversely, if [g, λ, 0, a]Hµ ∈ W then [g, 0, λ, a, 0]Hµ ∈ Z; therefore τ(T0(Z)) =
Ψ(W ).

Since W is a locally closed set and Ψ is a diffeomorphism, Ψ(W ) = UQ∩Qµ is a locally
closed. As this argument can be applied at each q ∈ R, it implies that R is a locally
closed set of Q.

• Let q ∈ τ(Gµ · (J−1(µ))Gz0 ), choose z ∈ Gµ · (J−1(µ))Gz0 such that τ(z) = q. Define
Gq = H, using Proposition 6.4.1 Gz = Hµ, which implies that Gµ · (J−1(µ))Gz0 =
Gµ · (J−1(µ))Hµ . Using Proposition 6.3.1, there are the maps T0, Ψ and the open set
Uq 3 q.
Using again the third part of Proposition 6.3.1, G-equivariance of T0 and Proposition
3.2.3,

τ−1(UQ) ∩Gµ · J−1(µ))Hµ = T0(Z̃)

where Z̃ = {[g, ν, λ, a, b]Hµ ∈ T−1
0 (τ−1(UQ)) | g ∈ Gµ, ν = 0, λ ∈ oHµ}. Define

W̃ := {[g, λ, ε, a]Hµ ∈ Ψ−1(UQ) | λ ∈ oHµ , ε = 0}, then by similar arguments as in the

previous part τ(T0(Z̃)) = Ψ(W̃ ).

As this argument can be applied at any q ∈ τ(Gµ · (J−1(µ))Gz0 ) this implies that
τ(Gµ · (J−1(µ))Gz0 ) is an embedded Σ-submanifold, because locally around each point
τ(Gµ · (J−1(µ))Gz0 ) is a manifold but the different connected components of τ(Gµ ·
(J−1(µ))Gz0 ) can have different dimensions.

6.4.1 Algebraic characterization

In this section we give an alternative description of the sets τ(Gµ·(J−1(µ))K) as the translation
by a certain subset of G of the isotropy type manifolds QH of the base.

Definition 6.4.3. If H is a Lie subgroup of the Lie group G and µ ∈ g∗, we define the
following subset of G:

L(H,µ) = {g ∈ G | Ad∗gµ ∈ h◦ and ∃h ∈ Gµ such that (gHg−1) ∩Gµ = hHµh
−1}.

This set is in fact a Σ-submanifold of the group G and has some invariance properties.

Proposition 6.4.4. Let H be a closed subgroup of G and µ ∈ g∗.

• The subset L(H,µ) ⊂ G is Gµ-invariant by the left action and NG(H)-invariant under
the right action.

• L(H,µ) is an embedded Σ-submanifold of G (possibly empty).

Proof. • Let g ∈ L(Gq, µ) and g′ ∈ Gµ, then, Ad∗g′gµ = Ad∗gAd∗g′µ = Ad∗gµ ∈ h◦. Besides,(
(g′g)H(g′g)−1

)
∩Gµ = g′

(
(gHg−1)∩Gµ

)
g′−1, but as g ∈ L(Gq, µ) there is h ∈ Gµ such

that g′
(
(gHg−1) ∩ Gµ

)
g′−1 = g′(hHµh

−1)g′−1 = (g′h)Hµ(̄g′h)−1. But since g′h ∈ Gµ,
then, g′g ∈ L(H,µ).

Consider now g ∈ L(H,µ) and g′ ∈ NG(H), then 〈Ad∗gg′µ, ξ〉 = 〈Ad∗g′Ad∗gµ, ξ〉 =
〈Ad∗gµ,Adg′ξ〉. However, if ξ ∈ h then Adgξ ∈ h and this shows that Ad∗gg′µ ∈ h◦. Also,(
(gg′)H(gg′)−1

)
∩ Gµ =

(
g(g′Hg′−1)g−1

)
∩ Gµ = (gHg−1) ∩ Gµ = hHµh

−1 for some
h ∈ Gµ, because g ∈ L(H,µ), thus gg′ ∈ L(H,µ).
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• Consider the manifold G/H endowed with the natural G-action by multiplication on
the left and its cotangent bundle T ∗(G/H) with the cotangent lifted G-action. Denote
by J : T ∗(G/H)→ g∗, τ : T ∗(G/H)→ G/H and πH : G→ G/H the momentum map
and the natural projections. We will show that L(H,µ) = π−1

H

(
τ(Gµ · (J−1(µ))Hµ)

)
.

– Let g ∈ L(H,µ), then the isotropy subgroup of the point gH ∈ G/H is gHg−1

and by Lemma 6.1.1 gH ∈ τ(J−1(µ)) if and only if Lie(gH) ⊂ Ker(µ), but
Lie(gH) = Adgh. However, this is the first condition on the definition of L(H,µ),
so there is z ∈ J−1(µ) ⊂ T ∗(G/H) projecting on the point gH ∈ G/H, using
Proposition 6.4.1, Gz = Gτ(z) ∩Gµ = (gHg−1)∩Gµ) = hHµh

−1 ∈ (Hµ)Gµ , that is,
z ∈ Gµ · (J−1(µ))Hµ . We can conclude L(H,µ) ⊂ π−1

H

(
τ(Gµ · (J−1(µ))Hµ)

)
.

– Conversely, let z ∈ Gµ · (J−1(µ))Hµ and g ∈ π−1
H (τ(z)), that is, gH = τ(z).

By Lemma 6.1.1, Ker(µ) ⊃ Lie(gH) = Adgh, and by Proposition 6.4.1, Gz =
(gHg−1) ∩ Gµ ∈ (Hµ)Gµ . Therefore g ∈ L(H,µ) and we have the equality
L(H,µ) = π−1

H

(
τ(Gµ · (J−1(µ))Hµ)

)
.

Using the second part of Proposition 6.4.2 and that πH is a submersion, it follows that
L(H,µ) is an embedded Σ-submanifold.

Assume e ∈ L(H,µ) and let g = hµ ⊕ p⊕ o⊕ l⊕ n be an adapted Lie-algebra splitting
(Proposition 4.2.1). Using the proof of the second part of Proposition 6.4.4 and the proof
of Proposition 6.4.2, it follows that the connected component of πH(L(H,µ)) through H is
diffeomorphic to Gµ×Hµ oHµ . Hence, the dimension of the connected of L(H,µ) that contains
e is equal to

dim h + dim p + dim
(
oHµ
)
.

However, the key property of the set L(H,µ) is that it characterizes τ(Gµ · (J−1(µ))Hµ)
as the set of translates of QH through L(H,µ) ⊂ G.

Proposition 6.4.5. Let H be a Lie subgroup of G and µ ∈ g∗. Assume Q = Q(L), then

τ(Gµ · (J−1(µ))Hµ) = L(H,µ) ·QH

Moreover, if q ∈ L(H,µ) ·QH then L(H,µ) ·QH = L(Gq, µ) ·QGq .

Proof. Consider q′ ∈ τ(Gµ · (J−1(µ))Hµ); as Q = Q(L) there must be g ∈ G such that
Gq′ = gHg−1. Hence by Lemma 6.1.1, Kerµ ⊃ Lie(Gq′) = Adgh. Consider now a point
z′ ∈ τ−1(q′) ∩ (Gµ · (J−1(µ))Hµ), using Proposition 6.4.1, Gz′ = (gHg−1) ∩ Gµ but then
Gz′ ∈ (Hµ)Gµ . We have proved that g ∈ L(H,µ), but then q′ = g · (g−1q′) ∈ L(H,µ) ·QH .

The converse inclusion is analogous; let g · q′ ∈ L(H,µ) · QH by the first condition on
L(H,µ) and Lemma 6.1.1 g · q′ ∈ τ(J−1(µ)). Then, by Proposition 6.4.1, for any z′ ∈
τ−1(g · q′) ∩ J−1(µ) then Gz′ = (gHg−1) ∩ Gµ ∈ (Hµ)Gµ . Therefore we have the equality
L(H,µ) ·QH = τ(Gµ · (J−1(µ))Hµ).

Consider now q ∈ L(H,µ) · QH = τ(Gµ · (J−1(µ))Hµ); take z ∈ τ−1(q) ∩ J−1(µ), by
Proposition 6.4.1, Gz = Gq ∩ Gµ ∈ (Hµ)Gµ , thus, Gµ · (J−1(µ))Hµ = Gµ · (J−1(µ))Gq∩Gµ .
Applying the first part to the subgroup Gq,

L(H,µ) = τ(Gµ · (J−1(µ))Hµ) = τ(Gµ · (J−1(µ))Gq∩Gµ) = L(Gq, µ)

as we wanted to show.
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6.4.2 Decomposition of Qµ

We will combine the fact that the connected components of the sets Gµ · (J−1(µ))K form a
decomposition of J−1(µ) (Theorem 3.3.1) with the results of this section to check that the
connected components of the sets τ(Gµ · (J−1(µ))K) form a decomposition of Qµ (Definition
3.1.1).

Proposition 6.4.6. Assume Q = Q(L), define

ZQµ = {Gµ · Z | Z is a connected component of L(H,µ) ·QH where H ∈ (L)}.

The pair (Qµ,ZQµ) is a decomposed space where Qµ = τ(J−1(µ)) is endowed with the relative
topology as a subset of Q.

Proof. For any subgroup H ⊂ G we denote Qµ
[H] = L(H,µ) ·QH .

1. The pieces cover Qµ and are disjoint

Let q ∈ Qµ, then e ∈ L(Gq, µ) and q ∈ QGq , so q ∈ Qµ
[Gq ]

. Conversely, let q ∈
Qµ

[H1] ∩Q
µ
[H2] using Proposition 6.4.5, L(H1, µ) ·QH1 = L(Gq, µ) ·QGq = L(H2, µ) ·QH2 ,

that is, Qµ
[H1] = Qµ

[H2].

2. Each piece is locally closed as a subset of Qµ and has a manifold structure
compatible with the induced topology

This follows from the equality Qµ
[H] = τ(Gµ · (J−1(µ))Hµ) of Proposition 6.4.5 and

Proposition 6.4.2.

3. The partition is locally finite

Let z ∈ J−1(µ) and W be the connected component of Gµ · (J−1(µ))Gz which contains
z. Consider w ∈ τ−1(τ(z)) ∩ J−1(µ)); the path γ : t 7→ tz + (1− t)w connects z and w
and satisfies J(γ(t)) = µ and τ(γ(t)) = q. Proposition 6.4.1 implies Gγ(t) = Gz for all
t. Hence w ∈ W , that is

τ−1(τ(z)) ∩ J−1(µ) ⊂ W ⊂ Gµ · (J−1(µ))Gz . (6.11)

Let q ∈ Qµ and take z ∈ τ−1(q) ∩ J−1(µ). Theorem 3.3.1 states that the connected
components of the orbit types in J−1(µ) form a decomposition of J−1(µ). In particular,
there is an open neighborhood U ⊂ T ∗Q of z and finite set of points {z1, . . . zN}
such that if Wi is the connected component of through zi of Gµ · (J−1(µ))Gzi then

J−1(µ) ∩ U ⊂ ⋃N
i=1 Wi. But (6.11) implies a stronger condition

J−1(µ) ∩ τ−1(τ(U)) ⊂
N⋃
i=1

Wi.

Applying τ to this inclusion,

Qµ ∩ τ(U) ⊂
N⋃
i=1

τ(Wi),

but τ(Wi) is a connected component of the set Qµ
[Gτ(zi)]

. As q ∈ τ(U), this implies that

the partition of Qµ given by ZQµ is locally finite.



6.5. DECOMPOSITION OF Qµ: GENERAL CASE 79

4. The partition satisfies the frontier condition

Consider a point q ∈ Qµ
[H]∩Q

µ
[L]. This means that there is a sequence {qn}n∈N converging

to q with each element in Qµ
[L].

Assume H = Gq; the use of Proposition 6.3.1 provides us with diffeomorphisms Ψ, T0

and an open set UQ containing q satisfying the properties stated in that proposition.

In particular, there is N > 0 big enough such that qn ∈ UQ for any n > N . Using
the characterization of (6.10), for each n > N , there are gn, λn, an such that qn =
Ψ([gn, λn, 0, an]Hµ).

Consider for any n > N , zn = T([gn, 0, λn, an, 0]Hµ). Using (6.8), zn ∈ J−1(µ) and in
fact by Proposition 6.4.5 zn ∈ Gµ · (J−1(µ))Lµ . Note that, since qn → q, {zn}n∈N is a
sequence that converges to z∞ = T([e, 0, 0, 0, 0]Hµ) ∈ Gµ · (J−1(µ))Hµ . Hence

z∞ ∈ Gµ · (J−1(µ))Hµ ∩Gµ · (J−1(µ))Lµ .

Let W be the connected component of Gµ · (J−1(µ))Hµ through z∞. As the connected
components of the isotropy types of J−1(µ) form a decomposition (Theorem 3.3.1),
W ⊂ Gµ · (J−1(µ))Lµ . Applying τ ,

τ(W ) ⊂ τ(Gµ · (J−1(µ))Lµ) ⊂ τ(Gµ · (J−1(µ))Lµ) = Qµ
[L].

Since τ(W ) is the connected component of Qµ
[H] through q, this implies that (Qµ,ZQµ)

satisfies the frontier condition.

6.5 Decomposition of Qµ: general case

In the general case, when Q 6= Q(L), and motivated by the results of the preceding section,
we study the partition of Qµ into sets of the form L(H,µ) · QH . We check that these sets
are Σ-submanifolds of Qµ inducing a stratification of Qµ and their Gµ-quotients induce a
stratification of Qµ/Gµ.

From now on, for any compact subgroup H we write Qµ
[H] to represent the set

Qµ
[H] = L(H,µ) ·QH .

Note that if there is no g ∈ G such that Lie(gHg−1) lies in Kerµ, then Qµ
[H] = ∅ because

L(H,µ) = ∅, and if H is not an isotropy subgroup of Q then Qµ
[H] = ∅. From the single

orbit results, we can easily compute under which conditions two subgroups H and L satisfy
Qµ

[H] = Qµ
[L]

Lemma 6.5.1.

• If q ∈ Qµ = τ(J−1(µ)), then q ∈ Qµ
[Gq ]

.

• If Qµ
[H] ∩Q

µ
[L] 6= ∅, then

– (H) = (L), that is, there is g ∈ G such that L = gHg−1.

– (Hµ)Gµ = (Lµ)Gµ, that is, there is k ∈ Gµ such that Lµ = kHµk
−1.
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– Qµ
[H] = Qµ

[L], moreover, if q ∈ Qµ
[H] ∩Q

µ
[L], Q

µ
[Gq ]

= Qµ
[H] = Qµ

[L].

Conversely if H,L are subgroups such that (H) = (L) and (Hµ)Gµ = (Lµ)Gµ, then
Qµ

[H] = Qµ
[L].

• If Qµ
[H] ∩Q

µ
[L] 6= ∅, then (H) ≥ (L) and (Hµ)Gµ ≥ (Lµ)Gµ, that is, there are g ∈ G and

k ∈ Gµ such that gHg−1 ⊃ L and kHµk
−1 ⊃ Lµ.

Proof. Let q ∈ Qµ from Lemma 6.1.1 µ ∈ (gq)
◦, but then from Definition 6.4.3 e ∈ L(Gq, µ),

and clearly q ∈ L(Gq, µ) ·QGq = Qµ
[Gq ]

.

If q ∈ Qµ
[H] ∩ Q

µ
[L], then q = g1 · q1 = g2 · q2 with q1 ∈ QH and q2 ∈ QL, but then

g1Hg
−1
1 = g2Lg

−1
2 and clearly (H) = (L). As the Σ-submanifold Q(H) = Q(L) is of single-

orbit type, we can apply Proposition 6.4.5 and get

L(Gq, µ) ·QGq = L(H,µ) ·QH = L(L, µ) ·QL

and then Qµ
[Gq ]

= Qµ
[H] = Qµ

[L], and there must be k1 and k2 both in Gµ such that Gq ∩Gµ =

k1Hµk
−1
1 = k2Lµk

−1
2 implying (Hµ)Gµ = (Lµ)Gµ .

Conversely, if (H) = (L) and (Hµ)Gµ = (Lµ)Gµ , there are g ∈ G and k ∈ Gµ such that
H = gLg−1 and Hµ = kLµk

−1. Then, from Definition 6.4.3

L(L, µ) = {g′ ∈ G | Ad∗g′µ ∈ Lie(L)◦, (g′L(g′)−1) ∩Gµ ∈ (Lµ)Gµ}
= {g′ ∈ G | Ad∗g′µ ∈ (Adg−1Lie(H))◦, (g′g−1Lg(g′)−1) ∩Gµ ∈ (Hµ)Gµ}
= {g′ ∈ G | Ad∗g−1Ad∗g′µ ∈ Lie(H)◦, (g′g−1Lg(g′)−1) ∩Gµ ∈ (Hµ)Gµ}
= {g′ ∈ G | g′g−1 ∈ L(H,µ)} = L(H,µ)g.

Therefore,
L(L, µ) ·QL = L(H,µ) · (g ·QL) = L(H,µ) ·QH

as we wanted to show.

Before studying further properties of the sets Qµ
[H], we need to introduce some notation:

let Q be a smooth manifold and S ⊂ Q a submanifold. TSQ will be the set τ−1
TQ(S) where

τTQ : TQ → Q is the canonical projection, that is, TSQ is a vector bundle over S of rank
dimQ. Similarly, T ∗SQ is the set τ−1(S) where τ : T ∗Q→ Q, a vector bundle over S of rank
dimQ. TSS is the subset of TSQ of vectors tangent to S; it can be identified with the tangent
bundle TS. The annihilator of TSS in T ∗SQ is the conormal bundle N∗S ⊂ T ∗SQ.

If Q has a Riemmannian metric, NS ⊂ TQ will be the normal bundle of S, the vector
bundle over S whose fiber at q ∈ S is given by NqS = (TqS)⊥. Similarly, T ∗SS will be
the annihilator of NS in T ∗SQ. Note that, as vector bundles, we have the decompositions
TSQ = TSS ⊕S NS and T ∗SQ = T ∗SS ⊕S N∗S where ⊕ represents the Whitney sum of vector
bundles.

Using this notation, we can state the result analogous to Proposition 6.4.5, but without
the assumption Q = Q(L).

Proposition 6.5.2. Let q ∈ Qµ, and choose a G-invariant metric on Q, then,

• if z ∈ J−1(µ) with τ(z) = q and z ∈ T ∗Q(Gq)
Q(Gq), then the isotropy satisfies

Gz = Gq ∩Gµ
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• define Gq = H, then

L(H,µ) ·QH = τ(Gµ · (J−1(µ))Hµ ∩ T ∗Q(H)
Q(H)). (6.12)

Proof. • Define S = (g · q)⊥, where the orthogonal is taken with respect to the metric
〈〈·, ·〉〉q in TqQ, denote H = Gq. By Theorem 2.1.4, the map: t : G ×H S −→ U ⊂ Q,
[g, a]H 7−→ g ·Exp(a) is a G-equivariant diffeomorphism onto an open neighborhood U
of q such that t([e, 0]H) = q. The cotangent lift T ∗t−1 : T ∗(G×H S) −→ T ∗UQ ⊂ T ∗Q
is a G-equivariant symplectomorphism.

Using Proposition 3.2.3, the submanifold of (H)-isotropy type is given by

t−1(Q(H) ∩ U) = G×H SH .

With this characterization it is clear that

TqQ(H) = T[e,0]t · T(e,0)πH · {(ξ, v) | ξ ∈ g, v ∈ SH},

where πH : G× S → G×H S.

The vector subspace S is H-invariant and can be orthogonally split as S = SH ⊕W
where W := (SH)⊥. But then, if w ∈ W , ξ ∈ g and v ∈ SH

〈〈w, ξQ(q) + v〉〉q = 〈〈w, ξQ(q)〉〉q + 〈〈w, v〉〉q = 〈〈w, v〉〉q = 0

because S = (g · q)⊥ and W = (SH)⊥. This implies

NqQ(H) ⊃ T[e,0]t · T(e,0)πH · {(0, w) | w ∈ W}.

However,

dim(NqQ(H)) = dim(Q)− dim(TqQ(H))

= dim(G× S)− dim(H)− (dim(G) + dim(SH)− dim(H))

= dim(S)− dim(SH) = dim(W ).

Hence,

NqQ(H) = T[e,0]t · T(e,0)πH · {(0, w) | w ∈ W ⊂ TqQ}.

This implies that

(T ∗Q(H)
Q(H)) ∩ τ−1(q) = (NqQ)◦ = T ∗[e,0]H

t−1 · {ϕ(e, ν, 0, b) | b ∈ W ◦ ⊂ S∗, ν ∈ g∗}

If we further impose momentum µ

T ∗qQ(H) ∩ J−1(µ) = T ∗[e,0]H
t−1 · {ϕ(e, µ, 0, b) | b ∈ W ◦ ⊂ S∗}.

Let z = T ∗[e,0]H
t−1 · ϕ(e, µ, 0, b) ∈ T ∗qQ(H) ∩ J−1(µ); this point has G-isotropy is Gz =

Gµ ∩Hb. Using the metric W ◦ ⊂ S∗ is identified with SH ⊂ S, and as the metric is
H-invariant, W ◦ is a subspace of H-fixed vectors. Hence, Hb = H and Gz = H ∩Gµ,
as we wanted to show.
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• Let q ∈ L(H,µ) ·QH ; as the manifold Q(H) satisfies single-orbit type condition, we can
apply Proposition 6.4.5, which in particular shows that there is z ∈ T ∗qQ(H) ⊂ T ∗Q(H)

with JQ(H)
(z) = µ and Gz ∈ (Hµ)Gµ . But as we can G-equivariantly identify T ∗Q(H)

with T ∗Q(H)
Q(H), there is z̃ ∈ T ∗Q with τ(z̃) = q, J(z̃) = µ and Gz̃ = Hµ. Hence, we

have proved the inclusion L(H,µ) ·QH ⊂ τ(Gµ · (J−1(µ))Hµ ∩ T ∗Q(H)
Q(H)).

The second inclusion follows from the same argument; if z ∈ Gµ ·(J−1(µ))Hµ∩T ∗Q(H)
Q(H)

then we can associate z̃ ∈ T ∗Q(H), and using Proposition 6.4.5 there is q ∈ L(H,µ) ·
QH ⊂ Q(H) such that τQ(H)

(z̃) = q, but then τ(z) = q. Therefore,

L(H,µ) ·QH = τ(Gµ · (J−1(µ))Hµ ∩ T ∗Q(H)
Q(H)),

as we wanted to show.

We will now construct a G-invariant metric in the twisted product Q = G×H S such that
the cotangent bundles of the isotropy type submanifolds of T ∗(G ×H S) are simpler when
viewed as submanifolds of the symplectic reduction of T ∗(G× S).

Lemma 6.5.3. There is a G-invariant metric on Q = G×H S and an H-invariant metric
on S such that the following property is satisfied:

Let q ∈ G×H S, if ϕ(g, ν, a, b) ∈ T ∗q (G×H S) then

ϕ(g, ν, a, b) ∈ T ∗Q(Gq)
Q(Gq) ⇐⇒ (a, b) ∈ T ∗S(Gq)H

S(Gq)H ⊂ T ∗S

Proof. As H is a compact group, we can assume that g has an AdH-invariant metric and
〈〈, 〉〉S is an H-invariant metric on S. These two objects give a GL ×HT -invariant metric on
G × S. As this metric is HT -invariant, the quotient G ×H S has a quotient Riemmannian
metric. The projection πH : G × S → G ×H S is a Riemmannian submersion, that is, for
any (g, a) ∈ G × S the map T(g,a)πH (KerT(g,a)πH)⊥

: (KerT(g,a)πH)⊥ → T[g,a]H (G ×H S) is an

isometry.
Note that the kernel of the HT -projection is given by

KerT(g,a)πH = {(−ξ, ξ · a) | ξ ∈ h}

Using Proposition 3.2.3, (G×H S)(K) = G×H
(
S(H)K

)
. If [g, a]H ∈ (G×H S)(K), then

T[g,a]H (G× S)(K) = {T(g,a)πH(ξ, w) | ξ ∈ g, w ∈ TaS(K)H}

Besides, as S(K)H is invariant with respect to the H-action, ξ · a ∈ TaS(K)H for any
a ∈ S(K)H and ξ ∈ h. This implies that if w ∈ NaS(K)H , then 〈〈w, ξ · a〉〉S = 0 for any ξ ∈ h.
Therefore, if w ∈ NaS(K)H then the vector (0, w) ∈ T(g,a)(G×S) in fact lies in (KerT(g,a)πH)⊥.

If w ∈ NaS(K)H , ξ ∈ g and v ∈ TaS(K)H , then

〈〈(0, w), (ξ, v)〉〉(g,a) = 〈〈w, v〉〉S = 0.

Hence, T(g,a)πH(0, w) ∈ N[g,a]H (G× S)(K). Therefore,

N[g,a]H (G× S)(K) ⊃ {T(g,a)πH(0, w) | w ∈ NaS(K)H},
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but

dim(N[g,a]H (G× S)(K))

= dim(G×H S)− dim(T[g,a]H (G× S)(K))

= dim(G× S)− dim(H)− (dim(G) + dim(TaS(K)H )− dim(H))

= dim(S)− dim(TaS(K)H ) = dim(NaS(K)H )

and as the dimensions are equal the inclusion above is in fact an equality

N[g,a]H (G× S)(K) = {T(g,a)πH(0, w) | w ∈ NaS(K)H}.

Consider ϕ(g, ν, a, b) ∈ T ∗(G×H S) and q = [g, a]H ∈ G×H S; clearly,

ϕ(g, ν, a, b) ∈ T ∗Q(Gq)
Q(Gq) ⇐⇒ 〈ϕ(g, ν, a, b), v〉 = 0 ∀v ∈ N[g,a]HQ(Gq).

However, using the previous characterization of N[g,a]H (G×S)(K), and by definition of ϕ (see
Theorem (1.5.1)),

〈ϕ(g, ν, a, b), v〉 = 0 ∀v ∈ N[g,a]HQ(Gq) ⇐⇒ 〈(ν, b), (0, w)〉 = 0 ∀w ∈ NaS(Gq)H

and this is clearly equivalent to b ∈ (NaS(Gq)H
)◦ ⊂ S∗.

Using the metric given by Lemma 6.5.3 and the induced coordinates of Proposition 6.3.1,
we can give a local description of the sets Qµ

[H].

Proposition 6.5.4. Let q ∈ Qµ and define H = Gq. Using Proposition 6.3.1 at q there is a
map Ψ and an open set UQ 3 q such that

Qµ
[H] ∩ UQ = Ψ({[g, v]Hµ ∈ Ψ−1(UQ) | g ∈ Gµ, v ∈ oHµ × {0} × SH ⊂ o× l∗ × S}).

In particular, for any subgroup H, Qµ
[H] is an embedded Σ-submanifold of Q.

Consider an Hµ-invariant splitting o = oHµ ⊕ õ and a H-invariant splitting S = SH ⊕ S̃.
Then

Qµ
[L] ∩ UQ = Ψ

({
[g, v1 + v2]Hµ ∈ Ψ−1(UQ)

| g ∈ Gµ, v1 ∈ oHµ × {0} × SH , v2 ∈ X[L] ⊂ õ× l∗ × S̃
})
,

where X[L] is an Hµ-invariant Σ-submanifold of the vector space õ× S̃ × S̃∗. Moreover X[L]

is a semialgebraic set that satisfies the following conical property: if (λ, a, ε) ∈ X[L], then
(ρλ, ρa, ρ2ε) ∈ X[L] for any ρ > 0.

Proof. Using Theorem 2.1.4, we can assume that Q is G×H S around q = [e, 0]H . Consider
Q with the metric given by Lemma 6.5.3.

For the first part, we consider the set W = τ−1(UQ) ∩ Gµ · (J−1(µ))Hµ ∩ T ∗Q(H)
Q(H)

using (6.12) τ(W ) = UQ ∩ τ(Gµ · (J−1(µ))Hµ ∩ T ∗Q(H)
Q(H)) = UQ ∩Qµ

[H]. But using (6.9) as

T−1
0 (W ) ⊂ Z

τ(W ) = Ψ({[g, λ, a, a �l b]Hµ | [g, 0, λ, a, b]Hµ ∈ T−1
0 (W )})

We now check the equality

{[g, λ, a, a �l b]Hµ | [g, 0, λ, a, b]Hµ ∈ T−1
0 (W )} =

= {[g, λ, a, 0]Hµ ∈ Ψ−1(UQ) | λ ∈ oHµ , a ∈ SH}
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Let x = [g, 0, λ, a, b]Hµ ∈ T−1
0 (W ) ⊂ Z, as T0(x) ∈ (T ∗Q)(Hµ)Gµ Gx ∈ (Hµ)Gµ , but Gx =

gHµ(λ,a,b)g
−1 = g(Hµλ ∩ Hµa ∩ Hµb)g

−1 with g ∈ Gµ. Therefore λ, a, b are Hµ-fixed. Note

that T ∗Q(H)
Q(H) is the set of points ϕ(g, ν, a, b) where a ∈ SH and b ∈ (SH)∗. Hence, as

T0(x) ∈ T ∗Q(H)
Q(H), then a ∈ SH , b ∈ (SH)∗. For the other inclusion, let y = [g, λ, a, 0]Hµ

with λ ∈ oHµ and a ∈ SH , then [g, 0, λ, a, 0]Hµ ∈ T−1
0 (W ).

For the second part consider the set W = τ−1(UQ)∩Gµ ·(J−1(µ))Lµ∩T ∗Q(L)
Q(L) using (6.12)

τ(W ) = UQ ∩ τ(Gµ · (J−1(µ))Lµ ∩ T ∗Q(L)
Q(L)) = UQ ∩Qµ

[L]. But using (6.9) as T−1
0 (W ) ⊂ Z

τ(W ) = Ψ({[g, λ, a, a �l b]Hµ | [g, 0, λ, a, b]Hµ ∈ T−1
0 (W )})

now we will show

{[g, λ, a, a �l b]Hµ | [g, 0, λ, a, b]Hµ ∈ T−1
0 (W )} =

= {[g, v1 + v2]Hµ ∈ Ψ−1(UQ) | v1 ∈ oHµ × SH × {0}, v2 ∈ X ⊂ õ× S̃ × S̃∗}

Consider (g, λ, a, b) ∈ Gµ × o × S × S∗ such that [g, 0, λ, a, b]Hµ ∈ T−1
0 (W ). We can

decompose the symplectic space N = o × S × S∗ as (oHµ × SH × (SH)∗) ⊕ (õ× S̃ × S̃∗)︸ ︷︷ ︸
Ñ

.

Note that this splitting is Hµ-invariant and each of the two pieces is symplectic. Denote

JN : N → h∗µ and JÑ : Ñ → h∗µ the homogeneous quadratic momentum maps for the Hµ-
actions.

Consider the decomposition

(λ, a, b) = (λ1, a1, b1) + (λ2, a2, b2) ∈ (oHµ × SH × (SH)∗)⊕ Ñ ;

then JN(λ, a, b) = JÑ(λ2, a2, b2). Hence (λ, a, b) ∈ J−1(0) implies (λ2, a2, b2) ∈ J−1

Ñ
(0).

As in the previous case using the adapted metric (a2, b2) ∈ T ∗S̃(L)H ⊂ S̃ × S̃∗. Finally,

(λ, a, b) ∈ N
(Lµ)

Gµ
Hµ

, that is (λ2, a2, b2) ∈ Ñ
(Lµ)

Gµ
Hµ

. On the other hand, the set

Y[L] = (õ× T ∗S̃(L)H ) ∩ J−1

Ñ
(0) ∩ Ñ

(Lµ)
Gµ
Hµ

⊂ Ñ (6.13)

is a semialgebraic set of Ñ . The image under the algebraic map (λ, a, b) 7→ (λ, a, a �l b) is
semialgebraic. This is the content of Tarski-Seidenberg Theorem. The image of Y[L] under
this map will be denoted by X[L].

For the converse, let [g, v1 + v2] ∈ Ψ−1(UQ). Note that v2 can be written as v2 =
(λ2, a2, a2 �l b2) with (λ2, a2, b2) ∈ Y[L]; clearly all the properties are satisfied.

Note that X[L] is a Σ-submanifold, because the first part of the Proposition implies that
Qµ

[L] is a Σ-submanifold of Q.

Remark 6.5.5. Using Proposition 6.4.1, the (L)-orbit type subset of G×H S̃ is G×H S̃(L)H .

Similarly, the (Lµ)Gµ-orbit type of Gµ ×Hµ Ñ(Lµ)
Gµ
Hµ

. In other words, Y[L] 6= ∅ (see (6.13)) if

(L) is an orbit type for the G action on G×H S̃ and (Lµ)Gµ is an orbit type for the action

of Gµ on Gµ ×Hµ Ñ . Using again Proposition 6.4.1, on any twisted product there is only a
finite number of different orbit types. Hence the local characterization given by Proposition
6.5.4 implies that there is only a finite number of sets Qµ

[L] with Qµ
[L] ∩ UQ 6= ∅, because only

a finite number of Y[L] can be non-empty.
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6.5.1 Qµ is a Whitney stratified space

In Proposition 6.4.6 we showed that if Q = Q(L) the projection of J−1(µ) has a decomposed
structure ZQµ . In the case Q 6= Q(L) we are going to partition the base space Q as

⋃
H⊂GQ(H)

and in each Q(H) we are going to use the decomposition given by Proposition 6.4.6. We
will show that the union of all these decompositions forms a decomposition of the full set
Qµ ⊂ Q. To prove this result, we will first need a technical lemma ensuring that a certain
union of decompositions is in fact a decomposition.

Lemma 6.5.6. Let (M,Z) be a generalized decomposed space, N a subset of M endowed
with the induced topology, and for each S ∈ Z let (N ∩ S,ZS) be a generalized decomposition
of N ∩ S ⊂ S. Define W =

⋃
S∈Z ZS, (N,W) is a generalized decomposition of N .

Proof. We first check that the elements of W cover N and are disjoint. Let x ∈ N ⊂M ; as
Z is a generalized decomposition of M , there is S ∈ Z with x ∈ S ∩N . Therefore as ZS is a
generalized decomposition of N ∩ S, there is R ∈ ZS ⊂ W with x ∈ R, that is the elements
ofW cover N . Assume R1∩R2 6= ∅; there are S1, S2 ∈ Z such that R1∩S1 and R2∩S2, but
S1 ∩ S2 6= ∅ implies S1 = S2, and similarly as ZS1 is a generalized decomposition R1 = R2.

Let x ∈ N ⊂M ; as Z is a generalized decomposition, there is an open set U 3 x such that
U ⊂ Si1∪· · ·∪Sin . For each Sij there is an open set Vj of M such that Vj∩Sij ⊂ Rj1∪· · ·∪Rjnj

,
then the open set U ∩ V1 ∩ · · · ∩ VN containing x intersects finitely many elements of W.
Hence (N,W) is a generalized decomposition of N .

Thanks to this technical result and the local description given by Proposition 6.5.4, we
can check that the proposed pieces do form a decomposition of Qµ.

Proposition 6.5.7. Consider the set of submanifolds

ZQµ = {Gµ · Z | Z is a connected component of Qµ
[H] for some H ⊂ G}

and Qµ = τ(J−1(µ)) ⊂ Q endowed with the relative topology. The pair (Qµ,ZQµ) is a
decomposed space.

Proof. The connected components of the orbit type manifolds Q(H) form a decomposition of
Q (Proposition 3.2.7). By Proposition 6.4.6 and Proposition 6.5.2, each connected component
of Q(H) ∩Qµ has a decomposition induced by the sets Qµ

[H] as H runs through the conjugacy

class (H) ⊂ G. Using Lemma 6.5.6, if the frontier condition is satisfied the connected
components of the sets Qµ

[H] form a decomposition of Qµ.

Consider a point q ∈ Qµ
[H] ∩Q

µ
[L]. This means that there is a sequence qn converging to

q with each element in Qµ
[L]. Using Proposition 6.5.4, there exist a map Ψ and an open set

UQ containing q. Hence there is N big enough such that qN ∈ UQ ∩Qµ
[L]. This implies that

there is [g, λ, ε, a]Hµ such that Ψ([g, λ, ε, a]Hµ) = qN .
We proved that any q′ ∈ Qµ

[H] ∩ UQ can be expressed as q′ = Ψ([g′, λ′, 0, a′]) for g′ ∈ Gµ,

λ ∈ o
Hµ
r and a ∈ SHr , but then q′ ∈ Qµ

[L], because for any m ∈ N large enough

Ψ

([
g′,

1

m
λ+ λ′,

1

m2
ε,

1

m
a+ a′

]
Hµ

)
∈ Qµ

[L]

and

Ψ

([
g′,

1

m
λ+ λ′,

1

m2
ε,

1

m
a+ a′

]
Hµ

)
−→ Ψ([g′, λ′, 0, a′]Hµ) = q′.
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This implies that Qµ
[L] ∩ Q

µ
[H] is open in Qµ

[H]. As Qµ
[L] ∩ Q

µ
[H] is also closed in Qµ

[H],

Qµ
[L]∩Q

µ
[H] contains at least the connected component Z of Qµ

[H] through q. More precisely, if

ZL is a connected component of Qµ
[L] such that q ∈ ZL then Z ⊂ ZL and using the Gµ-action

Gµ · Z ⊂ Gµ · ZL = Gµ · ZL.
Using Lemma 6.5.6, we can conclude that ZQµ is a decomposition of Qµ.

As Qµ is a subset of the manifold Q, the composition of the inclusion ι : Qµ → Q with
charts of Q endows Qµ with a smooth structure. More precisely, the set of smooth functions
on Qµ is

C∞(Qµ) = {f : Qµ → R | ∃g ∈ C∞(Q) such that f = g ◦ ι}.
Due to the local description given by Proposition 6.5.4 and the semialgebraic property of

the sets under Ψ, the decomposition will satisfy the Whitney condition.

Proposition 6.5.8. The decomposition (Qµ,ZQµ) of Proposition 6.5.7 satisfies the Whitney
condition and is topologically locally trivial in the sense of Definition 3.1.5.

Proof. Let x ∈ Qµ
[H] ∩Q

µ
[L] and apply Proposition 6.5.4 at x. As the map

(p× oHµ × SH)× (õ× l∗ × S̃ × S̃∗) −→ Q

(ξ, λ1, a1;λ2, ε, a2) 7−→ Ψ([exp(ξ), λ1 + λ2, ε, a1 + a2]Hµ)

is a diffeomorphism at (0, 0, 0; 0, 0, 0), its inverse x is a well defined diffeomorphism on a
neighborhood of U ⊂ UQ of x. The restriction

x : Qµ ∩ U −→ RN

is a singular chart for Qµ. We will check that the pair of pieces Qµ
[H] and Qµ

[L] satisfy the

Whitney condition at x ∈ Qµ
[H] with respect to the chart x.

Note that Proposition 6.5.4 gives:

x(Qµ
[H] ∩ U) =

(
(oHµ × SH)× {0}

)
∩ x(U),

x(Qµ
[L] ∩ U) =

(
(oHµ × SH)×X[L]

)
∩ x(U).

(6.14)

As the set X[L] of (6.14) is semialgebraic and has {0} in its closure, from (6.14) and
Proposition 3.1.12, we can conclude that Qµ

[H] and Qµ
[L] satisfy the Whitney condition at x

with respect to the chart x.
Similarly, if Qµ

[Li]
∩ U 6= 0 there is a semialgebraic Σ-manifold X[Li] such that

x(Qµ
[Li]
∩ U) = (p× oHµ × SH)×X[Li].

But then if we define X = {0} t ⊔Li
X[Li] with the decomposition induced by connected

components of each X[Li], the map x restricted to Qµ becomes the stratified smooth homeo-
morphism

x : Qµ ∩ U −→ (p× oHµ × SH)×X.
Therefore, Qµ is a locally trivial stratified space (see Definition 3.1.5).

It seems that the frontier condition and local triviality are consequences of Theorems
3.1.10 and 3.1.11 if we check Whitney conditions as we did in the previous result. The
problem is that we cannot apply these results because Qµ does not need to be locally closed.
For this reason we had to prove the frontier condition and the local triviality independently.
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6.5.2 Qµ/Gµ is a Whitney stratified space

In Theorem 3.2.10, the orbit-type stratification of a manifold M induced a stratification of
the quotient M/G that made the quotient map M →M/G a smooth map. Using the same
idea, we will induce a decomposition on Qµ/Gµ from the one given in Proposition 6.5.7.

Proposition 6.5.9. Let (Qµ,ZQµ) be the decomposed space of Proposition 6.5.7. The set
ZQµ/Gµ = {Z/Gµ | Z ∈ ZQµ} is a decomposition of Qµ/Gµ.

Moreover, Qµ/Gµ has a smooth structure induced by the inclusion Qµ/Gµ → Q/Gµ and
the set of smooth functions on Qµ/Gµ is

C∞(Qµ/Gµ) = {f : Qµ/Gµ → R | ∃g ∈ C∞(Q)Gµ and f ◦ πGµ = g}.

With respect to this structure, Qµ/Gµ is a Whitney decomposed space and is topo-
logically locally trivial.

The Gµ-quotient map

πGµ : (Qµ,ZQµ)→ (Qµ/Gµ,ZQµ/Gµ)

is a smooth decomposed surjective submersion.

Proof. The sets in ZQµ/Gµ cover Qµ and are disjoint because ZQµ is a set of disjoint Gµ-
saturated sets covering Qµ.

Let x ∈ Qµ/Gµ and fix q ∈ Qµ projecting on x. Using Proposition 6.3.1 at q, the
restriction

Ψ:
(
Gµ ×Hµ (or × l∗r × Sr)

)
∩Ψ−1(UQ)→ UQ ⊂ Q

is a Gµ-invariant diffeomorphism. Define õ and S̃ as in Proposition 6.5.4. Choose Hilb : õ×
l∗ × S̃ → Rk a Hilbert map for the Hµ action on õ× l∗ × S̃ and define

y : UQ/Gµ −→ (oHµ × SH)× Rk
πGµ(Ψ([g, v1 + v2]Hµ)) 7−→ (v1,Hilb(v2))

where, as in Proposition 6.5.4, v1 ∈ oHµ × SH and v2 ∈ õ× l∗ × S̃. Using Theorem 3.2.9, y
is singular chart for Q/Gµ. Then,

y(πGµ(Qµ
[H] ∩ UQ)) =

(
(oHµ × SH)× {0}

)
∩ y(UQ/Gµ)

this implies that πGµ(Qµ
[H] ∩UQ) = πGµ(Qµ

[H])∩ πGµ(UQ) is locally closed and has a manifold

structure. As this can be applied for any x ∈ Qµ/Gµ, the sets in ZQµ/Gµ are locally closed
and have a compatible manifold structure.

Moreover, by the second part of Proposition 6.5.4,

y(πGµ(Qµ
[L] ∩ UQ)) =

(
(oHµ × SH)×X[L]

)
∩ y(UQ/Gµ),

but then, as in Proposition 6.5.7, the set ZQµ/Gµ satisfies the frontier condition.
As we noted in Remark 6.5.5, there is only a finite number of setsQµ

[L] such thatQµ
[L]∩UQ 6=

∅. Moreover, for each L, Ψ−1(Qµ
[L]∩UQ) is semialgebraic, and therefore it has a finite number

of connected components. This implies that ZQµ/Gµ is a locally finite partition and therefore
ZQµ/Gµ is a decomposition.

As in Proposition 6.5.8, since the sets in the decomposition under y are semialgebraic,
Proposition 3.1.12 ensures that ZQµ/Gµ is a Whitney decomposition. Again as in Proposition
6.5.8, the chart y is a trivializing homeomorphism like (3.1).
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Let q ∈ Qµ and Z ∈ ZQµ with q ∈ Z. Taking coordinates centered at q, Ψ−1(Qµ
[H]∩UQ) =

Gµ×Hµ (oHµ×{0}×SH) and exactly as before y(Qµ
[H]/Gµ) = (oHµ×SH)∩y(UQ/Gµ). In this

setting, the projection πGµ Z
becomes πGµ(Ψ([g, λ, 0, a]Hµ) = y−1(λ + a, 0); that is, πGµ Z

is a submersion at q ∈ Z ∩ UQ. As this can be done at any point of Z, for any Z ∈ ZQµ
the map πGµ Z

: Z → Z/Gµ ⊂ Qµ/Gµ is a surjective submersion. Therefore, the quotient
map πGµ : Qµ → Qµ/Gµ is a decomposed map and as it is the restriction of the smooth map
Q→ Q/Gµ it is a smooth decomposed map.

Remark 6.5.10. Note that Proposition 6.5.4 is the key result that we used to prove that
(Qµ,ZQµ) and its quotient (Qµ/Gµ,ZQµ/Gµ) are locally trivial, Whitney stratified spaces.
Although these are the standard notions of regularity in the stratified setting, we would like
to remark that ZQµ and ZQµ/Gµ satisfy stronger conditions. Proposition 6.5.4 shows that
Ψ induces not only a topological trivialization as the one stated in (3.1), but also induces
a smooth isomorphism of stratified spaces. Exactly as is done in [Jul14] for orbit types,
it can be shown that (Qµ,ZQµ) satisfies the strong Verdier condition or differentiably
regular condition (see [KTL89; Tro83])

6.6 Seams

Combining the sets Qµ
[H] with the stratification of J−1(µ) given by Theorem 3.3.1, it seems

reasonable to study the sets

sH→K = τ−1(Qµ
[H]) ∩Gµ · (J−1(µ))K ⊂ J−1(µ)

SH→K = sH→K/Gµ ⊂ J−1(µ)/Gµ.
(6.15)

In analogy with the work of [PROSD07] (compare with (3.2)), we will call sH→K the pre-
seam H → K and SH→K the seam H → K. In this section we will see that these sets
are Σ-submanifolds and they induce a (generalized) decomposition of J−1(µ). With respect
to the appropriate structure, both J−1(µ) → Qµ and J−1(µ)/Gµ → Qµ/Gµ are smooth
decomposed surjective submersions.

Remark 6.6.1. In [PROSD07], the reason for calling these sets seams was that they played a
“stitching” role; they stitch together different pieces symplectomorphic to cotangent bundles.
In our setting, when µ 6= 0, the analogy is not so clear, but we will see in Section 6.8.4
that some pieces SH→K are symplectic and all the other pieces SH′→K′ have a stitching role
between those (see (6.28)).

In this setting, the analogue of Lemma 6.5.1 is the following.

Lemma 6.6.2.

• If z ∈ J−1(µ) then z ∈ sGτ(z)→Gz .

• If sH1→K1 ∩ sH2→K2 6= ∅ then

– (H1) = (H2), (H1 ∩Gµ)Gµ = (H2 ∩Gµ)Gµ, (K1)Gµ = (K2)Gµ.

– sH1→K1 = sH2→K2.

Conversely, if H1, H2, K1, K2 are subgroups such that (H1) = (H2), (H1 ∩ Gµ)Gµ =
(H2 ∩Gµ)Gµ, (K1)Gµ = (K2)Gµ then sH1→K1 = sH2→K2.
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• If sH1→K1 ∩ sH2→K2 6= ∅, then,

(H1) ≥ (H2), (H1 ∩Gµ)Gµ ≥ (H2 ∩Gµ)Gµ , (K1) ≥ (K2).

In other words, there are g ∈ G, k ∈ Gµ, l ∈ G such that gH1g
−1 ⊃ H2, k(H1 ∩

Gµ)k−1 ⊃ H2 ∩Gµ and lK1l
−1 ⊃ K2.

Proof. If z ∈ J−1(µ) by Lemma 6.5.1 τ(z) ∈ Qµ
[Gτ(z)]

. As it is clear that z ∈ Gµ · (J−1(µ))Gz ,

then z ∈ sGτ(z)→Gz .
If z ∈ sH1→K1 ∩sH2→K2 then τ(z) ∈ Qµ

[H1]∩Q
µ
[H2] and using the same lemma Qµ

[H1] = Qµ
[H2]

and (H1) = (H2) and (H1 ∩ Gµ)Gµ = (H2 ∩ Gµ)Gµ . Moreover, as z ∈ (Gµ · (J−1(µ))K1) ∩
(Gµ · (J−1(µ))K2), (K1)Gµ = (K2)Gµ . The converse is analogous.

Let z ∈ sH→L; by Proposition 5.2.1 there is a Palais’ tube t and a cotangent re-
duction map ϕ such that z = T ∗t−1(ϕ(e, µ, 0, α)). Note that for any n > 0 the point
zn = T ∗t−1(ϕ(e, µ, 0, α/n) is again in sH→L, because Gz = Gzn and τ(z) = τ(zn). But
{zn}n∈N is a sequence converging to z∞ = T ∗t−1(ϕ(e, µ, 0, 0)) and z∞ ∈ sH→Hµ , because
Gz∞ = Gτ(z) ∩Gµ. Therefore, for any pre-seam sH→L,

∅ 6= sH→Hµ ⊂ sH→L =⇒ ∅ 6= SH→Hµ ⊂ SH→L; (6.16)

that is, the pre-seam sH→Hµ is minimal among the family {sH→L}L⊂G and similarly for the
corresponding seam.

Note that as τ : T ∗Q → Q is a submersion and Qµ
[H] is a Σ-submanifold, the preimage

τ−1(Qµ
[H]) is a submanifold. Besides, the set Gµ · (J−1(µ))K is a Σ-manifold because of

Theorem 3.3.1. The first problem to solve is if the intersection (6.15) is a Σ-submanifold
of T ∗Q. Using the cotangent bundle Hamiltonian tube, we can show even more that the
intersection is clean. More precisely, sH→K is a Σ-submanifold of T ∗Q and, for any x ∈ sH→K

Tx (sH→K) = Tx

(
τ−1(Qµ

[H]

)
∩ Tx

(
Gµ · (J−1(µ))K

)
.

Proposition 6.6.3. Let H,K be closed subgroups of G. The intersection of τ−1(Qµ
[H]) and

Gµ · (J−1(µ))K is clean.

Proof. Let z ∈ sH→K ; by Lemma 6.6.2, without loss of generality, we can assume Gz = K
and Gτ(z) = H. Denote q = τ(z), Proposition 6.3.1 gives the Hamiltonian tube T0 and the
map Ψ. In this setting, there is α ∈ S∗ such that z = T0([e, 0, 0, 0, α]Hµ) and, as Gz = K,
Hµ ∩Hα = K. Let B = (hµ · α)◦, using Theorem 5.2.7 the map

T : G×K ((s∗s ⊕ p∗s)× os ×Bs ×B∗s ) −→ T ∗Q

[g, νs + νp, λ; a, b]K 7−→ T0([g, νp, λ, ã, b+ α]Hµ) (6.17)

where

ã = a+ Γ(νs − a �s b−
1

2
λ �s ad∗λµ; b)

is a Hamiltonian tube centered at z.
Note that, as B = (hµ · α)◦ ⊂ S, if v ∈ SH for any ξ ∈ hµ ⊂ h

0 = 〈ξ · v, α〉 = −〈v, ξ · α〉,
that is, SH ⊂ B. But then, restricting to K-fixed vectors,

SH ⊂ BK . (6.18)

In this setting, we can check the following equality

T−1(sH→K ∩ τ−1(UQ)) =
(
Gµ ×K

(
{0} × oHµ × SH × (B∗)K

))
∩ T−1(τ−1(UQ)). (6.19)
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• Let x = [g, 0, λ, a, b]K ∈
(
Gµ ×K

(
{0} × oHµ × SH × (B∗)K

))
∩ T−1(τ−1(UQ)), then

J(T(x)) = µ because T is a Hamiltonian tube and JK(λ, a, b) = 0. Regarding the
isotropy, we have g−1Gxg = Kλ ∩ Ka ∩ Kb = K. Therefore, T(x) ∈ Gµ · (J−1(µ))K .
Using (6.9),

τ(T(x)) = τ(T0([g, 0, λ, a, b+ α]Hµ))

= τ(Φ(g, 0, λ, a �l (b+ α); a, b+ α))

= τ(Φ(g, 0, λ, 0; a, 0)) = Ψ([g, λ, 0, a]Hµ),

but as λ ∈ oHµ , a ∈ SH , using Proposition 6.5.4, τ(T(x)) ∈ Qµ
[H]. Then T(x) ∈

sH→K ∩ τ−1(UQ).

• Conversely, let x = [g, νs + νp, λ, a, b]K with T(x) ∈ sH→K ⊂ J−1(µ). Since

T(x) = T0([g, νp, λ, ã, b+ α]Hµ

equation (6.8) implies that νp = 0, g ∈ Gµ and JHµ(λ, ã, b+ α) = 0. Then, using (6.9),

τ(T(x)) = τ(T0([g, 0, λ, ã, b+ α]Hµ))

= τ(Φ(g, 0, λ, ã �l (b+ α); ã, b+ α))

= Ψ([g, λ, ã �l (b+ α), ã]Hµ)

but since this point lies in Qµ
[H], using the characterization of Proposition 6.5.4, ã ∈ SH .

However, Γ takes values in a complementary of B ⊂ S, but as SH ⊂ B, this implies that
ã = a. Hence, τ(T(x)) = Ψ([g, λ, 0, a]Hµ), and using again Proposition 6.5.4 λ ∈ oHµ .
Finally, as Gx ∈ (K)Gµ , then b ∈ BK .

The description (6.19) implies that the intersection is a Σ-manifold. We will now check
that the intersection is clean. Using Proposition 2.3.5 applied to the Hamiltonian tube T,

T−1(Gµ · J−1(µ)K) =

{T(e,0,0;0,0)πKT · (ξ′, 0, λ′; a′, b′) | ξ′ ∈ gµ, λ
′ ∈ oK , a′ ∈ BK , b′ ∈ (B∗)K} (6.20)

Note that the restriction of τ to T(Gµ ×K {0} × oHµ × SH × {0}) is a submersion on
the manifold Qµ

[H] because, using (6.9), if x = [g, 0, λ, a, 0]K , then τ(T(x)) = Ψ([g, λ, 0, a]Hµ).
This implies

Tzτ
−1(Qµ

[H]) = TzT(Gµ ×K {0} × oHµ × SH × {0}) + KerTzτ.

Therefore, we need to compute KerTzτ , and to do so we linearize the tube T at [e, 0, 0, 0, 0]K .
As the map Γ (see (5.18)) is linear with respect to the first variable,

T(0,0)Γ · (ν̇, ḃ) = Γ(ν̇; 0).

Using (5.9) and after some straightforward algebra,

T(e,0,0,0,0)(τ ◦ T ◦ πK) · (ξ, ν̇s + ν̇p, λ̇, ȧ, ḃ) = (ξ + λ̇+ σ−1(â �l α)) · q + â ∈ TqQ

where â = ȧ+ Γ(ν̇s; 0) and σ : n→ l∗ is the isomorphism η 7→ 〈µ, [·, η]〉. Then,

KerT(e,0,0,0,0)(τ ◦ Tα ◦ πK) = {(ξ − λ̇, ν̇p, λ̇; 0, ḃ) | ξ ∈ h, λ̇ ∈ o, ν̇p ∈ p∗, ḃ ∈ B}.
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Hence,

T−1(τ−1(Qµ
[H])) = {T(e,0,0,0,0)πKT · (ξ1 + ξ2, 0, ν̇p, λ̇1 + λ̇2; ȧ, ḃ) |

ξ1 ∈ gµ, ξ2 = −λ̇2 + η, η ∈ h, λ̇1 ∈ oHµ , λ̇2 ∈ o, ḃ ∈ B∗, ν̇p ∈ p∗, ȧ ∈ SH} (6.21)

After a simple linear algebra computation, comparing the intersection of (6.20) and (6.21)
with (6.19) we have

Tz(τ
−1(Qµ

[H])) ∩ Tz(Gµ · J−1(µ)K) = Tz(sH→K).

Therefore, the intersection is clean at z.

Note that during the proof of this result, in (6.19), we have obtained a very useful local
description of the pre-seam sH→K in coordinates induced by a cotangent Hamiltonian tube.

Using that Qµ
[H] form a Whitney stratification of Qµ, and that Gµ ·(J−1(µ))K is a Whitney

stratification of J−1(µ), we can show that the connected components of the pre-seams sH→K
form a generalized decomposition of J−1(µ).

Proposition 6.6.4. The set of submanifolds

ZJ−1(µ) = {Gµ · Z | Z is a connected component of sH→K for some H,K ⊂ G}
forms a generalized decomposition of J−1(µ). Similarly, the set

ZJ−1(µ)/Gµ = {Z/Gµ | Z ∈ ZJ−1(µ)}
is a generalized decomposition of J−1(µ)/Gµ.

If J−1(µ)/Gµ is endowed with the smooth structure induced by J−1(µ)/Gµ → (T ∗Q)/Gµ,
the quotient map

πGµ : (J−1(µ),ZJ−1(µ))→ (J−1(µ)/Gµ,ZJ−1(µ)/Gµ)

is a smooth decomposed surjective submersion.

Proof. Using Lemma 6.6.2, the sets in ZJ−1(µ) cover J−1(µ) and are disjoint. Let Z be a
connected component of sH→K = τ−1(Qµ

[H]) ∩ Gµ · (J−1(µ))K . As in Proposition 6.6.3, the

local description (6.19) implies that Gµ ·Z is an embedded submanifold of T ∗Q; in particular,
a locally closed subspace of J−1(µ).

Let z ∈ J−1(µ) and define q = τ(z) using that ZQµ is a decomposition (see Proposition
6.5.7) there exists a neighborhood Uq of q such that Uq ∩Qµ intersects finitely many elements
of ZQµ . Similarly, as the partition of T ∗Q by Gµ-orbit types is a decomposition, there exists
a neighborhood Uz ⊂ T ∗Q such that Uz intersects finitely many Gµ-orbit types. But then
Uz ∩ τ−1(Uq) ∩ J−1(µ) is an open neighborhood of z in J−1(µ) intersecting finitely many
elements of ZJ−1(µ).

Using that πGµ : T ∗Q→ (T ∗Q)/Gµ is an open map, the set πGµ(Uz ∩ τ−1(Uq)) intersects
finitely many elements of ZJ−1(µ)/Gµ . And as the sets ZJ−1(µ) cover J−1(µ) and are disjoint,
ZJ−1(µ)/Gµ is a locally finite partition of the quotient J−1(µ)/Gµ. If Z ∈ ZJ−1(µ), Z/Gµ is a
manifold, because all the points in Z have the same Gµ-orbit type.

Alternatively, we can check this using the local description (6.19). In these coordinates
the inclusion SH→K ⊂ J−1(µ)/Gµ is

oHµ × SH × (B∗)K ⊂ (o×B ×B∗)/K.
Therefore, SH→K is a locally closed set with a submanifold structure. The fact that πGµ is a
smooth decomposed submersion is identical to Proposition 6.5.9.
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6.6.1 Stratawise projection

We now check that the partition into pre-seams (J−1(µ),ZJ−1(µ)) is well behaved with respect
to the base projection τ : T ∗Q→ Q. More precisely,

Proposition 6.6.5. Let Z ∈ ZJ−1(µ), then τ(Z) ∈ ZQµ and the restricted map τ
Z

: Z →
τ(Z) ⊂ Qµ is a surjective submersion.

More globally, the restriction of the cotangent bundle projection

τµ : (J−1(µ),ZJ−1(µ)) −→ (Qµ,ZQµ)

is a smooth Gµ-equivariant decomposed surjective submersion.

Proof. Let Z be a connected component of sH→K and z ∈ Z ⊂ sH→K with K = Gz and
H = Gτ(z). As in (6.19),

T−1(sH→K ∩ τ−1(UQ)) =
(
Gµ ×K

(
{0} × oHµ × SH × (B∗)K

))
∩ T−1(τ−1(UQ)).

and
Ψ−1(Qµ

[H] ∩ UQ) =
(
Gµ ×Hµ oHµ × {0} × SH

)
∩Ψ−1(UQ).

Moreover, if z′ ∈ sH→K ∩ τ−1(UQ)), then by (6.8), z′ = T([g, 0, λ, a, b]K) and using (6.9)

τ(z′) = τ(T([g, 0, λ, a, b]K) = τ(T0([g, 0, λ, a, b+ α]Hµ) = Ψ([g, λ, 0, a]Hµ).

Hence, τ
Z

: Z → Qµ
[H] ⊂ Qµ is a submersion at z and clearly Gµ-equivariant.

We now check that τ(Z) is the connected component through q of Qµ
[H] and not just an

open subset. There is α ∈ S∗ such that z = T0([e, 0, 0, 0, α]Hµ). Let q′ ∈ L(H,µ) ·Qloc
H ⊂ Qµ

[H]

where Qloc
H is a local isotropy type submanifold (Proposition 3.2.6). Denote H ′ = Gq′ and let

S ′ be a linear slice at q′. There is g ∈ L(H,µ) such that H ′ = gHg−1 and k ∈ Gµ such that
H ′µ = kHµk

−1. As q and q′ have the same local orbit type, there is a linear isomorphism
A : S → S ′ such that

A(h · v) = (ghg−1) · A(v) ∀h ∈ H
and

A(h · v) = (khk−1) · A(v) ∀h ∈ Hµ.

Consider the Hamiltonian tube T̃0 at q′ given by Theorem 5.2.2 associated with the splitting
g = Lie(H ′ ∩Gµ)⊕ p̃⊕ õ⊕ l̃⊕ ñ, that is,

T̃0 : G×H′µ (p̃∗ × õ× S ′ × (S ′)∗) −→ T ∗Q.

Then z′ = T̃([e, 0, 0, 0, A(α)]H′µ projects onto q′ and Gz′ = (H ′µ)A(α) = kLk−1 ∈ (Hµ)Gµ .

This implies that L(H,µ) · Qloc
H ⊂ τ(sH→K) and as the connected component through q of

Qµ
[H] is contained in L(H,µ) ·Qloc

H , τ(Z) is the connected component of Qµ
[H] through q and

τ(Gµ · Z) = Gµ · τ(Z) ∈ ZQµ .
Globally, as a map of decomposed sets, τµ : J−1(µ) → Qµ is a decomposed map and

smooth because it is the restriction of the smooth map T ∗Q→ Q.

Using this result and Propositions 6.5.9 and 6.6.4, it follows that the maps in the com-
mutative diagram

J−1(µ) //

��

J−1(µ)/Gµ

��

Qµ // Qµ/Gµ

are smooth decomposed surjective submersions.
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6.7 Frontier condition and Whitney condition

The main drawback of Proposition 6.6.4 is that it only states that the (pre-)seams form a
generalized decomposition. It does not tell us anything about either the frontier condition
or Whitney conditions. In general, we have neither counterexamples nor formal proofs that
(J−1(µ),ZJ−1(µ)) or its Gµ-quotient (J−1(µ)/Gµ,ZJ−1(µ)/Gµ) satisfy the frontier condition. In
this section we study some particular cases in which we can say a little more.

6.7.1 Restriction Gz = Gq ∩Gµ

If instead of considering the whole family of pre-seams {sH→K}H,K⊂G, we only consider the
subfamily {sH→Hµ}H⊂G we get a topologically trivial Whitney decomposition. Note that if
we endow Q with a G-invariant metric, according to Proposition 6.5.2, these pre-seams cover
the subset ⋃

H⊂G

(T ∗Q(H)
Q(H)) ∩ J−1(µ) ⊂ J−1(µ).

As we noted in Remark 6.5.10, Proposition 6.5.4 was the key tool to check that Qµ was
a smooth Whitney stratified space. To prove Whitney conditions in our setting, we will use
an analogue of Proposition 6.5.4.

Lemma 6.7.1. Let z ∈ sH→Hµ with Gτ(z) = H, there is a Hamiltonian tube T centered at z
satisfying the following property:

If [g, 0, λ, a, b]Hµ ∈ T−1(sL→K) and λ′ ∈ oHµ, a′ ∈ SH , b′ ∈ BHµ, g′ ∈ Gµ and ρ > 0
satisfy [g′, 0, ρλ+ λ′, ρa+ a′, ρb+ b′]Hµ ∈ G×Hµ ((s∗s ⊕ p∗s)× os ×Bs ×B∗s ) then

T([g′, 0, ρλ+ λ′, ρa+ a′, ρb+ b′]Hµ) ∈ sL→K .

Proof. We proceed as in Proposition 6.6.3. Denote q = τ(z), Proposition 6.3.1 gives the
Hamiltonian tube T0 and the map Ψ. In this setting, there is α ∈ S∗ such that z =
T0([e, 0, 0, 0, α]Hµ) and, as Gz = Hµ, Hµ ·α = α. Let B = (hµ ·α)◦ = S, using Theorem 5.2.7,
the map (6.17) is the stated Hamiltonian tube. Note that as K = Hµ, the map Γ is always
zero.

Let w = T([g, 0, λ, a, b]Hµ) ∈ sL→K and w′ = T([g′, 0, ρλ+ λ′, ρa+ a′, ρb+ b′]Hµ). Then

J(w′) = µ+ JN(ρλ+ λ′, ρa+ a′, ρb+ b′) = µ+ ρ2JN(λ, a, b) = µ

because λ′, a′, b′ are all Hµ-fixed but for the same reason

(Gw)Gµ = (Gw′)
Gµ .

Therefore, w′ ∈ Gµ · (J−1(µ))K . But

τ(w′) = τ(T0([g′, 0, ρλ+ λ′, ρa+ a′, ρb+ b′ + α]Hµ)

= Ψ([g′, ρλ+ λ′, (ρa+ a′) �l (ρb+ b′ + α), ρa+ a′]Hµ)

= Ψ([g′, ρλ+ λ′, (ρa) �l (ρb+ b′ + α), ρa+ a′]Hµ).

Hence, (Gτ(w′)) = (Hρa+a′) = (Hρa) = (Ha) = (Gτ(w)). Note that (Hµ)a�l(b+α) ∩ (Hµ)a =
(Hµ)a�l(ρb+b′+α) ∩ (Hµ)a, because if k ∈ (Hµ)a�l(b+α) ∩ (Hµ)a

(a �l (b+ α)) = k · (a �l (b+ α)) = a �l (k · b+ α).
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But then

k · (a �l (ρb+ b′ + α)) = a �l (ρ(k · b) + b′ + α) = (a �l (ρb+ b′ + α)).

Hence,

(g′)−1(Gµ ∩Gτ(w′))g
′ = (Hµ)ρλ+λ′ ∩ (Hµ)(ρa)�l(ρb+b′+α) ∩ (Hµ)ρa+a′

= (Hµ)λ ∩ (Hµ)a�l(ρb+b′+α) ∩ (Hµ)a

= (Hµ)λ ∩ (Hµ)a�l(b+α) ∩ (Hµ)a

= g−1(Gµ ∩Gτ(w))g

and Lemma 6.6.2 implies that w′ ∈ sL→K .

Using this lemma and the same ideas as in Propositions 6.5.8 and 6.5.9.

Proposition 6.7.2. The sets of submanifolds

WJ−1(µ) = {Gµ · Z | Z is a connected component of sH→Hµ for some H ⊂ G}

WJ−1(µ)/Gµ = {Z/Gµ | Z ∈ WJ−1(µ)}
are locally trivial Whitney decompositions of J−1(µ) ∩⋃H sH→Hµ and its Gµ-quotient
respectively.

Proof. Let z ∈ sH→Hµ∩sL→Lµ . Analogously as in Proposition 6.5.4, Lemma 6.7.1 at z implies
that there is Uz an open Gµ-invariant neighborhood of z and an R+-invariant semialgebraic
subset XL ⊂ Rk with the origin in its closure, such that

sH→Hµ ∩ Uz = T
({

[g, v1]Hµ ∈ T−1(Uz) | g ∈ Gµ, v1 ∈ oHµ × SH ×BHµ
})

sL→Lµ ∩ Uz = T
({

[g, v1 + v2]Hµ ∈ T−1(Uz) | g ∈ Gµ, v1 ∈ oHµ × SH ×BHµ , v2 ∈ XL

})
.

From these characterizations, exactly as in Propositions 6.5.8 and 6.5.9, it follows that
WJ−1(µ) and WJ−1(µ)/Gµ are locally trivial Whitney decompositions that satisfy the frontier
condition.

6.7.2 Decomposition of τ−1(Qµ
(H))

The subset

τ−1(Qµ
(H)) ∩ J−1(µ) =

⋃
H′∈(H),K⊂G

sH′→K

is a family of pre-seams that satisfies nicer conditions. As in the previous case, we will use a
smooth trivialization lemma to prove it.

Lemma 6.7.3. Let z ∈ sH→K with Gz = K, Gτ(z) = H, there is a Hamiltonian tube T

centered at z satisfying the following property:
If H ′ ∈ (H), [g, 0, λ, a, b]Hµ ∈ T−1(sH′→L) and λ′ ∈ oHµ, a′ ∈ SH , b′ ∈ BK, g′ ∈ Gµ,

ρ > 0 satisfy [g′, 0, ρλ+ λ′, ρa+ a′, ρb+ b′]Hµ ∈ G×Hµ ((s∗s ⊕ p∗s)× os ×Bs ×B∗s ) then

T([g′, 0, ρλ+ λ′, ρa+ a′, ρb+ b′]Hµ) ∈ sH′→L.
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Proof. We proceed as in the previous Lemma. Denote q = τ(z), Proposition 6.3.1 gives
the Hamiltonian tube T0 and the map Ψ. In this setting, there is α ∈ S∗ such that z =
T0([e, 0, 0, 0, α]Hµ) and, as Gz = Hµ, Hµ ·α = α. Let B = (hµ ·α)◦, using Theorem 5.2.7, the
map (6.17) is the stated Hamiltonian tube.

Let w = T([g, 0, λ, a, b]K) ∈ sH′→L, then

τ(w) = τ(T0([g, 0, λ, ã, b+ α]Hµ)) = Ψ([g, λ, ã �l (b+ α), ã]Hµ)

as w ∈ τ−1(Q(H)), ã = a + Γ(1
2
λ �s ad∗λµ + a �s b; b) ∈ SH , but as in Proposition 6.6.3 this

implies that a ∈ SH and λ �s ad∗λµ = 0. Therefore,

τ(w) = Ψ([g, λ, 0, a]Hµ).

Let w′ = T([g′, 0, ρλ+λ′, ρa+a′, ρb+b′]Hµ), exactly as in Lemma 6.7.1 w′ ∈ Gµ ·(J−1(µ))K .
As

Γ

(
1

2
(ρλ+ λ′) �s ad∗ρλ+λ′µ+ (ρa+ a′) �s (ρb+ b′); ρb+ b′

)
=

= Γ

(
1

2
(ρλ) �s ad∗ρλµ+ (ρa) �s (ρb); ρb+ b′

)
= Γ (0; ρb+ b′) = 0

but then
τ(w′) = Ψ([g′, ρλ+ λ′, 0, ρa+ a′]Hµ).

Comparing the G and Gµ-isotropies of τ(w) and τ(w′) by Lemma 6.6.2, we can conclude
that w′ ∈ sH′→L.

Using this lemma, we can conclude that τ−1(Q(H))∩ J−1(µ) is a Whitney stratified space

Proposition 6.7.4. Let H be an isotropy subgroup of Qµ; the sets of submanifolds

HJ−1(µ) = {Gµ · Z | Z is a connected component of sH′→K where K ⊂ G, H ′ ∈ (H)}

HJ−1(µ)/Gµ = {Z/Gµ | Z ∈ HJ−1(µ)}
are locally trivial Whitney decompositions of J−1(µ) ∩ τ−1(Q(H)) and its Gµ-quotient respec-
tively.

We omit the proof of this result because it is exactly the same as Proposition 6.7.2.

6.7.3 Frontier conditions if Gµ = G

For µ = 0, the seams (Theorem 3.4.2) were introduced in [RO04; PROSD07] and extended to
cosphere bundles in [DRRO07]. As at that time the Hamiltonian tube for cotangent bundles
was not available they had to rely on mainly topological considerations to show many of the
properties of the seams.

Here, using the local description of the pre-seams given by the cotangent Hamiltonian
tube, we present an alternative proof of the frontier condition if µ satisfies Gµ = G. The
idea will be to prove that

(πG ◦ τ) : (J−1(µ))(K) −→ Q(K)/G ⊂ Q/G

is an open surjective map. We start with the following elementary lemma in Riemmannian
geometry.
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Lemma 6.7.5. Let X be a complete connected Riemmannian manifold and let Y be a closed
submanifold. We denote by NY ⊂ TYX the normal bundle of Y . The restriction of the
exponential map to the normal bundle NY , expY : NY −→ X is surjective.

Proof. Let x ∈ X. Choose w ∈ Y and let m = d(x,w) be the Riemmannian distance. The
subset E = {v ∈ Y | d(x, v) ≤ m} is compact, thus there is a point y ∈ Y minimizing
the distance from x to any point of Y . Then the minimizing geodesic arc from x to y has
tangent vector at y orthogonal to TyY in TyX; that is, there is v ∈ NyY = (TyY )⊥ such that
expy(v) = x. This proves that expY is surjective.

This lemma was the main tool in [WZ96] that allowed simpler proofs of certain decom-
positions of reductive Lie groups. Although it seems completely unrelated to our problem,
this lemma is the key ingredient of the following technical result.

Lemma 6.7.6. Let H be a compact Lie group acting linearly on the vector space S. Endow
S with an H-invariant inner product. Let α ∈ S∗ ∼= S and define K = Hα, B = (h ·α)⊥ ⊂ S.
If v ∈ S satisfies (Gv) ≥ (K), then there is w ∈ BK and h ∈ H such that

h · w = v.

Proof. Using the proof of Theorem 2.1.4 at α ∈ S with the slice B implies that there is an
open K-invariant neighborhood Br of B such that

t : H ×K Br −→ U ⊂ S

[g, v]K 7−→ g · (v + α)

is a G-equivariant diffeomorphism. Instead of the restriction to Br we can consider the
G-equivariant map

F : H ×K B −→ S

[g, v]K 7−→ g · (v + α).

Note that F is not injective, because F ([h,−α]K) = 0 for any h ∈ H. However, the previous
Lemma implies that F is surjective, because H×KB is the normal bundle of the submanifold
H · α and F is just the Riemmannian exponential for the euclidean metric.

Additionally,

(H · α) ∩ SK = {h · α | h ∈ H, k · h · α = h · α ∀k ∈ K}
= {h · α | h ∈ H, (h−1kh) · α = α ∀k ∈ K}
= {h · α | h ∈ H, h−1Kh ⊂ K}
= {h · α | h ∈ NH(K)} = NH(K) · α.

By Lemma 3.2.3, using that t is a tube, SK ∩ U = t(NH(K)×K Br). But as SK is an open
set of SK , Tα(t(NH(K)×K Br)) = SK , that is

SK = Lie(NH(K)) · α +BK .

Due to the definition of B, Lie(NH(K)) and BK are orthogonal subspaces, and this implies
that the normal space in SK at α to NH(K) · α is BK .
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Using again the Lemma, each element in v′ = SK can be expressed as v′ = g · (α + w′),
where w′ ∈ BK . However, if v ∈ S is such that (Gv) ≥ (K), then there is f ∈ G such that
fGvf

−1 ⊂ K, but so f · v ∈ SK and then the result follows because

v = (f−1g) · (α + w′)

and as α ∈ BK , α + w′ ∈ BK .

Once we have the previous surjectivity lemma, the proof of openness of πG ◦ τ is straight-
forward.

Proposition 6.7.7. Assume Gµ = G, the map

f : (J−1(µ))(K) −→ Q(K)/G ⊂ Q/G

z 7−→ πG(τ(z))

is continuous, open and surjective.
This implies that, under the assumption G = Gµ, ZJ−1(µ) and ZJ−1(µ)/G are decomposi-

tions, they satisfy the frontier condition.

Proof. We now assume that f is not an open map, therefore there must be z ∈ (J−1(µ))(K),
Uz ⊂ T ∗Q an open neighborhood of z such that f(Uz ∩ (J−1(µ))(K)) is not an open neighbor-
hood of πG(τ(z)) ∈ Q/G.

Let q = τ(z), H = Gq and S be a linear slice at q with an H-invariant metric. Choose a
Palais’ tube t : G×H Sr → Q around q and let α = z

S
.

The fact that f(Uz ∩ (J−1(µ))(K)) is not an open neighborhood of πG(τ(z)) ∈ Q(K)/G ⊂
Q/G means that there is a sequence πG(qn) of points in Q(K)/G converging to πG(q) such
that πG(qn) /∈ f(Uz ∩ (J−1(µ))(K)) for any n.

Note that using t locally Q/G is S/H, therefore abusing of the notation πG(qn) = πH(vn)
where vn is a sequence in S and for each n (Gvn) ≥ (K). Using Lemma 6.7.6 at α, for each
vn there is wn in BK such that πH(wn) = πH(vn). Moreover, as πH(vn) → πG(q), wn must
converge to 0 ∈ BK .

In this case, the Hamiltonian tube of Theorem 5.2.7 at z becomes

T : G×K ((s∗ ⊕ p∗)×Br × (B∗)r) −→ T ∗Q

[g, ν, a, b]K 7−→ ϕ(g, ν + µ; a+ Γ(a �s b; b), b+ α))

but if a ∈ BK
r = Br∩BK , then T([e, 0, a, 0]K) ∈ (J−1(µ))(K). However, for all n large enough

wn ∈ BK
r , and therefore we can consider the points zn = T([e, 0, wn, 0]K) ∈ (J−1(µ))(K).

As zn → z, there must be N large enough such that zn ∈ Uz ∩ (J−1(µ))(K). This is a
contradiction and therefore f is an open map.

From this point the proof is as in Theorem 7 of [PROSD07], because since f is an open
map the incidence relations of Q(K)/G can be lifted to (J−1(µ))(K), and therefore we can
conclude that ZJ−1(µ) is a decomposition. Then the fact that πG : T ∗Q → (T ∗Q)/G is a

proper map ensures that ZJ−1(µ)/G is a decomposition, because if πG(sH→K)∩πG(sL→M) 6= ∅
then

∅ 6= πG(sH→K) ∩ πG(sL→M) = πG(sH→K) ∩ πG(sL→M) = πG(sH→K ∩ sL→M)

and as sH→K ⊂ sL→M , πG(sH→K) ⊂ πG(sL→M). Hence, ZJ−1(µ)/G is a decomposition.



98 CHAPTER 6. COTANGENT-BUNDLE REDUCTION

An important remark already used in the work of [RO04] is that ∅ 6= sH→K ∩ sH′→K′
implies both ∅ 6= sH→K ∩ sH′→K and ∅ 6= sH′→K ∩ sH′→K , and therefore the inclusions
sH→K ⊂ sH′→K and sH′→K ⊂ sH′→K′ give the inclusion sH→K ⊂ sH′→K′ . This allows
the study of the frontier condition to be split into the study of pairs (sH→K , sH′→K) and
(sH→K , sH→K′)

For µ = 0, using more elaborate arguments, it can be shown that the pairs (sH→K , sH′→K)
satisfy the Whitney condition. The pairs of the form were studied in the previous section
(sH→K , sH′→K) but the problem is that we do not know how to merge these two results to
check the Whitney conditions for the general pair (sH→K , sH′→K′).

6.8 Symplectic geometry

In this section we will study the symplectic properties of the pre-seams sH→K ⊂ J−1(µ)
and its quotients SH→K ⊂ J−1(µ)/Gµ. We show that each seam SH→K can be endowed
with a presymplectic form. In fact, each space SH→K can be subimmersed onto a magnetic
cotangent bundle T ∗(Qµ

[H]/Gµ) and this subimmersion is a presymplectic map. Moreover, we
show that, as in the orbit-type decomposition, there is a maximal seam which is open and
dense.

6.8.1 Mechanical connection

In the regular cotangent bundle reduction (Theorem 1.5.2), the embedding J−1(µ)/Gµ →
T ∗(Q/Gµ) is given in terms of a mechanical connection (1.12), a Gµ-equivariant section
αµ : Q → J−1(µ) ⊂ T ∗Q. We start by showing that in the singular setting we have an
analogue of the mechanical connection over a piece Qµ

[H] of Qµ.

Lemma 6.8.1. There is a Gµ-equivariant smooth map

αµ : Qµ
[H] −→ T ∗Q

such that τ(αµ(q)) = q and J(αµ(q)) = µ for all q ∈ Qµ
[H].

Proof. Let q ∈ Qµ
[H] and construct a Palais’ tube t : G×H S → U ⊂ Q, where H = Gq and

S is a linear slice at q. Define

αµ : Qµ
[H] ∩ U −→ T ∗Q

t([g, s]H) 7−→ T ∗t−1(ϕ(g,Ad∗gµ, s, 0)). (6.22)

We need to check that this correspondence is well defined. As t([g, s]H) ∈ Qµ, Adgh ∈ Kerµ,
and therefore (g,Ad∗gµ, s, 0) has HT -momentum 0 and lies on the domain of ϕ. As ϕ is HT

equivariant for any h ∈ H,

αµ(t([gh−1, h · s]H) = T ∗t−1(ϕ(gh−1,Ad∗gh−1µ, h · s, 0))

= T ∗t−1(ϕ(gh−1,Ad∗h−1Ad∗gµ, h · s, 0))

= T ∗t−1(ϕ(g,Ad∗gµ, s, 0)) = αµ(t([g, s]H)

Also,
J(αµ(t([g, s]H)) = JGL(g,Ad∗gµ, s, 0) = Ad∗g−1Ad∗gµ = µ

and clearly τ(αµ(t([g, s]H))) = t([g, s]H). This implies that we have a mechanical connection
defined on U ∩Qµ

[H].
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To obtain a connection over the whole Qµ
[H], we can use partitions of the unity. For

any point q ∈ Qµ
[H] there is an open set Uq containing q that is the image of a Palais’ tube

G×Gq Sq. As Qµ
[H] ⊂ Q is paracompact, there is a locally finite collection {Uqi}i∈I covering

Qµ
[H]. Note that each Uqi is Gµ-invariant, and therefore using properness of the action there

is a partition of the unity ρi subordinate to {Uqi}i∈I with Gµ-invariant functions ρi. If αiµ is
the section of Qµ

[H] ∩ Uqi defined using equation (6.22), the fiberwise sum

αµ =
∑
i

ρiα
i
µ

is a mechanical connection over Qµ
[H]. As the momentum is linear on the fibers

J(αµ(q)) = J

(∑
i

ρi(q)α
i
µ(q)

)
=
∑
i

ρi(q)J(αiµ(q)) =
∑
i

ρi(q)µ = µ,

similarly we can check that the sum is a section and Gµ-equivariant.

Remark 6.8.2. Alternatively, we could have defined the mechanical connection using the
singular connection in the sense of [PRO09] or, equivalently, principal connections of a g-
manifold in the sense of [AM95]. Without entering into details, if G acts properly on Q and
Q is of single orbit-type, then

V =
⋃
q∈Q

g/gq

defines a vector bundle over Q. A singular connection for this action is a continuous
surjective bundle map

A : TQ −→ V

covering the identity, being G-equivariant and satisfying A(ξQ(z)) = [ξ]q for all q ∈ Q, ξ ∈ g.
It is possible to show that, if Q = Q(L) for some subgroup L ⊂ G, it always exist a singular
connection (see [PRO09; AM95] for further details).

If µ ∈ g∗ and we define Qµ = {q ∈ Q | gq ⊂ Kerµ} then it can be shown that the formula
Aµ(q) = 〈A(vq), µ〉 defines a continuous linear map Aµ : TQµQ→ R that is equivalent to the
mechanical connection αµ that given in the previous lemma.

6.8.2 Single-orbit type Q

Assume that Q has only one orbit-type, that is, Q = Q(L) for some subgroup L ⊂ G. Note
that under this assumption, due to Proposition 6.4.1, the partition of J−1(µ) into seams
coincides with the decomposition of J−1(µ) into orbit types of Theorem 3.3.1.

Using the mechanical connection introduced in Lemma 6.8.1, we can state the following
generalization of Theorem 1.5.2.

Proposition 6.8.3. Assume Q = Q(L). Let z ∈ J−1(µ) and define H = Gτ(z). Given
αµ : Qµ

[H] → T ∗Q a mechanical connection, there is a map F of fiber bundles

(Gµ · (J−1(µ))Gz)/Gµ
F //

��

T ∗(Qµ
[H]/Gµ)

��

Qµ
[H]/Gµ

Id // Qµ
[H]/Gµ.
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Assume that (Gµ · (J−1(µ))Gz)/Gµ is endowed with the reduced symplectic form and on
T ∗(Qµ

[H]/Gµ) we consider the symplectic form ωQµ
[H]

/Gµ−βµ, where βµ is the unique two-form

that satisfies

π∗Gµβµ = dαµ

where αµ ∈ Ω1(Qµ
[H]) is αµ regarded as a one-form on Qµ

[H] and πGµ : Qµ
[H] → Qµ

[H]/Gµ is the
quotient projection.

The image of F is a vector subbundle of T ∗(Qµ
[H]/Gµ) and F is a symplectic embedding.

Proof. The idea of the proof is similar to the standard proof of Theorem 1.5.2. More precisely,
we consider the shifting map

shiftµ : Gµ · (J−1(µ))Gz −→ T ∗(Qµ
[H])

z 7−→ (z − αµ(τ(z)))
Tτ(z)Q

µ
[H]

this map is well defined, because if z ∈ Gµ·(J−1(µ))Gz then τ(z) ∈ Qµ
[H]. Note that it is fibered

with respect to the cotangent bundle projections and Gµ-equivariant. Gµ · (J−1(µ))Gz → Qµ
[H]

is an affine subbundle of the vector bundle T ∗
Qµ

[H]
Q→ Qµ

[H], and therefore the image of shiftµ

is a vector subbundle of T ∗(Qµ
[H])→ Qµ

[H].

Since the mechanical connection αµ : Qµ
[H] → T ∗Q is a section, its image lies in T ∗

Qµ
[H]
Q,

composing with the restriction T ∗
Qµ

[H]
Q→ T ∗(Qµ

[H]), αµ induces αµ : Qµ
[H] → T ∗(Qµ

[H]), a Gµ-

invariant one-form on Qµ
[H]. Using this definition, we can endow T ∗(Qµ

[H]) with the symplectic
form

ωQµ
[H]
− τ ∗(dαµ) = −d

(
θQµ

[H]
+ τ ∗αµ

)
.

Let (q̇, ṗ) = v ∈ Tz(Gµ · (J−1(µ))Gz) then,

〈shift∗µ

(
θQµ

[H]
+ τ ∗αµ

)
, v〉 = 〈θQµ

[H]
+ τ ∗αµ, Tz(shiftµ) · v〉

= 〈z − αµ(τ(z)), q̇〉+ 〈αµ(τ(z)), q̇〉
= 〈z, q̇〉+ 〈−αµ(τ(z)) + αµ(τ(z)), q̇〉
= 〈z, q̇〉 = 〈θQ, v〉.

This computation implies that shiftµ preserves the presymplectic potentials, and therefore it
is a presymplectic map.

Similarly, as in Theorem 1.5.1, we can define

ϕ[H] : (gµ ·Qµ
[H])

◦ → T ∗(Qµ
[H]/Gµ)

by the formula 〈ϕ[H](z), TqπGµv〉 = 〈z, v〉 for every z ∈ T ∗q (Qµ
[H]) and v ∈ Tq(Q

µ
[H]) is a

Gµ-invariant surjective submersion that induces the diffeomorphism

ϕ[H] : ((gµ ·Qµ
[H])

◦)/Gµ → T ∗(Qµ
[H]/Gµ).

As αµ is Gµ-invariant, it drops to the quotient, that is, there is βµ ∈ Ω2(Qµ
[H]/Gµ) such that

π∗Gµβµ = dαµ. Moreover, if i : (Qµ
[H])

◦ → T ∗(Qµ
[H]) is the inclusion, a simple computation

shows

ϕ∗[H](ωQµ[H]
/Gµ − τ ∗βµ) = i∗(ωQµ

[H]
− τ ∗dαµ).
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Consider ξ ∈ gµ and z ∈ Gµ · (J−1(µ))Gz , define q = τ(z) then

〈shiftµ(z), ξ · q〉 = 〈z − αµ(τ(z)), ξ · q〉 = 〈J(z − αµ(τ(z)), ξ〉
= 〈J(z)− J(αµ(τ(z))), ξ〉 = 〈µ− µ, ξ〉 = 0.

This equality shows that the image of shiftµ is contained in (gµ ·Qµ
[H])

◦ ⊂ T ∗(Qµ
[H]) and we

can then form the composition

ϕ[H] ◦ shiftµ : Gµ · (J−1(µ))Gz −→ T ∗(Qµ
[H]/Gµ).

This composition is presymplectic if we consider on Gµ · (J−1(µ))Gz/Gµ the restriction of
the symplectic form ωQ and on T ∗(Qµ

[H]/Gµ) the symplectic form ωQµ
[H]

/Gµ − τ ∗βµ. Moreover,

the image of ϕ[H] ◦ shiftµ is a vector subbundle of T ∗(Qµ
[H]/Gµ). Finally, as ϕ[H] ◦ shiftµ is a

Gµ-invariant map, it drops to a smooth map

F = ϕ[H] ◦ shiftµ : Gµ · (J−1(µ))Gz/Gµ −→ T ∗(Qµ
[H]/Gµ).

F is a symplectic with respect to the stated structures and therefore it must be an embedding.

Remark 6.8.4. In regular cotangent bundle reduction (Theorem 1.5.2), the (cohomology class
of the) magnetic deformation of the symplectic structure can be related with the curvature
of the principal bundle Q→ Q/Gµ. In our setting, using singular connections [PRO09], the
(cohomology class of) magnetic term βµ can be related with the curvature of the bundle
Qµ

[H] → Qµ
[H]/Gµ.

Recall that, in regular cotangent reduction, the condition g = gµ is equivalent to the fact
that the embedding of Theorem 1.5.2 is in fact a symplectomorphism. In our case we can
state a similar condition.

Proposition 6.8.5. Using the same notation of the previous proposition and assuming
that Gµ · (J−1(µ))Gz/Gµ is connected, the symplectic embedding F : Gµ · (J−1(µ))Gz/Gµ →
T ∗(Qµ

[H]/Gµ) is bijective if and only if

oHµ = 0

where g = hµ⊕l⊕p⊕o⊕n is an adapted decomposition of (G,H, µ) in the sense of Proposition
4.2.1.

Proof. We know that the image of F is a vector subbundle of T ∗(Qµ
[H]/Gµ). Therefore, F

is going to be bijective if and only if the dimension of Gµ · (J−1(µ))Gz/Gµ is equal to the
dimension of T ∗(Qµ

[H]/Gµ). Let q ∈ QH ⊂ Qµ
[H]; in the proof of Proposition 6.4.2 we saw that

locally Qµ
[H] is Gµ-diffeomorphic to

Gµ ×Hµ (oHµ × S),

where S is a linear slice at q. Similarly, using (6.19), Gµ · (J−1(µ))Gz/Gµ is locally diffeomor-
phic to

Gµ ×Hµ (oHµ × S × S∗),
because as we are in the single orbit case S = SH = B. Then,

dim(Gµ · (J−1(µ))Gz/Gµ) = dim oHµ + 2 dimS,

and
dimT ∗(Qµ

[H]/Gµ) = 2 dim oHµ + 2 dimS.

Therefore, F is bijective if and only if oHµ = {0}.
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Remark 6.8.6. The work of [Mon83] was, up to our knowledge, the first study of symplectic
reduction of cotangent bundles in the singular case. In that work the author considered a Lie
group G acting on a manifold Q, the cotangent lifted action on T ∗Q and a fixed momentum
value µ ∈ g∗. However, the author imposed several important restrictions to ensure that all
the relevant sets are submanifolds.

In that setting, he showed that the reduced symplectic space J−1(µ)/Gµ is symplecto-
morphic to a cotangent bundle if and only if

dim g− dim gµ = 2 (dim gq − dim (gq ∩ gµ)) . (6.23)

Using the adapted splitting of Proposition 4.2.1, g = hµ ⊕ p ⊕ o ⊕ l ⊕ n, as l ∼= n∗ the
condition (6.23) is satisfied if and only if o = {0}. In general, the equality oHµ = 0 is weaker
than (6.23), but using all the hypothesis of [Mon83] both conditions coincide.

6.8.3 Compatible presymplectic structures

Now we study the general case, when Q has more than one orbit-type.
Since Q(H) is a submanifold of Q, there is a natural inclusion of vector bundles TQ(H) →

TQ(H)
Q, and dually there is a natural projection of vector bundles

pH : T ∗Q(H)
Q −→ T ∗Q(H).

Note that pH is G-equivariant. As Q(H) is G-invariant the cotangent-lifted action on T ∗Q(H)

is a Hamiltonian action with momentum map J(H) : T ∗Q(H) → g∗. If J : T ∗Q → g∗ is the
momentum map for the G-action and z ∈ T ∗Q(H)

Q, then

J(z) = J(H)(pH(z)), (6.24)

because if ξ ∈ g, since ξ · τ(z) ∈ Tτ(z)Q(H),

〈J(z), ξ〉 = 〈z, ξ · τ(z)〉 = 〈pH(z), ξ · τ(z)〉 = 〈J(H)(pH(z)), ξ〉.
As τ(sH→K) ⊂ Q(H), we can apply pH to the whole pre-seam sH→K . If z ∈ sH→K ,

clearly τ(z) ∈ Qµ
[H], but then as pH(sH→K) ⊂ T ∗Q(H) we can apply Proposition 6.4.1 and

Proposition 6.4.5 and then pH(sH→K) = Gµ · (J−1
(H)(µ))Hµ . In other words, the restriction of

pH to the pre-seam sH→K induces the Gµ-equivariant projection

pH→K : sH→K −→ Gµ · (J−1
(H)(µ))Hµ .

Using a G-invariant metric and the projection map pH→K , we can characterize a pre-
seam sH→K as the Whitney sum of a set in T ∗Q(H) and one piece in the conormal space of
Q(H) ⊂ Q. Loosely speaking, only the conormal part is related to the isotropy subgroup K,
whereas the cotangent part is simply the momentum J−1

(H)(µ) of T ∗Q(H).

Proposition 6.8.7. If we fix a G-invariant metric on Q, the bundle T ∗Q(H)
Q can be writ-

ten as the Whitney sum of the cotangent and conormal part T ∗Q(H)
Q(H) ⊕Q(H)

N∗Q(H). Let

J(H) : T ∗Q(H) → g∗ be the momentum map for the cotangent lifted action of Q(H). Define

NH→K = {z ∈ N∗Q(H) | (Gµ)z ∈ (K)Gµ},
then

sH→K = Gµ · (J(H)(µ))Hµ ⊕Qµ[H]
NH→K (6.25)

= {z1 + z2 | z1 ∈ Gµ · (J(H)(µ))Hµ , z2 ∈ NH→K , τ(z1) = τ(z2)}.
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Before proving this result, note that NH→K is not the same as Gµ · (N∗Q(H))K , NH→K is
the subset of elements of N∗Q(H) such that the Gµ-isotropy is Gµ-conjugated to K, whereas
Gµ · (N∗Q(H))K is the set of elements with G-isotropy Gµ-conjugated to K.

Proof. Let z ∈ sH→K ; using the decomposition T ∗Q(H)
Q = T ∗Q(H)

Q(H)⊕Q(H)
N∗Q(H), z = z1+z2

and using our previous notation z1 = pH→K(z), therefore z1 ∈ Gµ · (J(H)(µ))Hµ . Moreover, if
q = τ(z), then

(K)Gµ 3 Gz = Gz1 ∩Gz2 = Gq ∩Gµ ∩Gz2 = Gµ ∩Gz2

because Gz2 ⊂ Gq. Note that this equality is equivalent to z2 ∈ NH→K .
Analogously, if z = z1 + z2 ∈ Gµ · (J(H)(µ))Hµ ⊕Qµ[H]

NH→K , let q = τ(z1) = τ(z2) by

Proposition 6.4.5 q ∈ Qµ
[H]. Using (6.24) z ∈ J−1(µ) and its G-isotropy is

Gz = Gz1 ∩Gz2 = Gq ∩Gµ ∩Gz2 = Gµ ∩Gz2

and as z2 ∈ NH→K , z ∈ Gµ · (J−1(µ))K , and therefore z ∈ sH→K , as we wanted to show.

Note that, in general, NH→K is neither an affine nor vector bundle; it is just a fiber
bundle. Therefore by (6.25), unlike in the single orbit case, the pre-seams sH→K → Qµ

[H] are
not affine bundles.

Using pH , pH→K and different canonical projections and inclusions, we have the following
commutative diagram:

T ∗Q(H) T ∗Q(H)
Q

pHoo
iH // T ∗Q

Gµ · (J−1
(H)(µ))Hµ

j

OO

πH

��

sH→K
pH→Koo

iH→K //

φ

OO

πH→K

��

Gµ · (J−1(µ))K

i(K)

OO

π(K)

��

(Gµ · (J−1
(H)(µ))Hµ)/Gµ SH→K

pH→K
oo iH→K // (Gµ · (J−1(µ))K)/Gµ

In view of this diagram, on the seam SH→K we can consider the two-forms ΩH ,ΩK ∈
Ω2(SH→K) defined respectively as the only ones such that

(πH→K)∗ΩH = (pH→K)∗j∗ωQ(H)

(πH→K)∗ΩK = (iH→K)∗(i(K))
∗ωQ.

The following result shows that both forms are equal and are presymplectic in the sense that
they are closed forms of constant rank.

Proposition 6.8.8. In the previous notation, the two-forms ΩH ,ΩK on the seam SH→K in-
duced by the projection onto (Gµ·(J−1

(H)(µ))Hµ)/Gµ and by the inclusion on (Gµ·(J−1(µ))K)/Gµ

respectively are equal. Moreover, ΩH = ΩK is a presymplectic form.

Proof. Working on local coordinates, it is easy to check the equality

p∗HωQ(H)
= i∗HωQ,

because if (U, x1, . . . , xn) is a coordinate system on Q adapted to Q(H), then U ∩Q(H) is de-
scribed as xk+1 = · · · = xn = 0. This coordinates induce fibered coordinates (T ∗U, x1, . . . xn,
y1, . . . , yn). Then the pullback of Liouville’s one-form is

p∗HθQ(H)
=

k∑
i=1

yidxi =
n∑
i=1

(yidxi) TQ(H)
Q

= i∗HθQ
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and the exterior derivative of this equality gives p∗HωQ(H)
= i∗HωQ.

Using this equality and the commutative diagram

(πH→K)∗ΩH = (pH→K)∗j∗ωQ(H)
= φ∗p∗HωQ(H)

= φ∗i∗HωQ

= (iH→K)∗i∗(K)ωQ = (πH→K)∗ΩK ,

since πH→K is a submersion this implies ΩH = ΩK .
The rank of ΩK can be determined using (6.19), because sH→K in coordinates induced

by a Hamiltonian tube is the set

Gµ ×K ({0} × oHµ × SH × (B∗)K).

Hence, in these coordinates the inclusion iH→K becomes

oHµ × SH × (B∗)K ⊂ oK ×BK × (B∗)K . (6.26)

With respect to the symplectic structure of oK × BK × (B∗)K given by (4.10), the subset
oHµ × SH × (B∗)K has constant rank. Therefore SH→K has a closed two-form of constant
rank.

Note that if µ = 0, then o = 0 and so the inclusion iH→K of (6.26) becomes

SH × (B∗)K ⊂ BK × (B∗)K ,

a coisotropic embedding. For this reason, in [PROSD07] the pieces of the secondary strati-
fication were coisotropic submanifolds. In the general case µ 6= 0, the seams SH→K will
only be presymplectic; in fact, the inclusion (6.26) can be factored as

oHµ × SH × (B∗)K ⊂ oHµ ×BK × (B∗)K ⊂ oK ×BK × (B∗)K

so that the first inclusion becomes a coisotropic embedding and the second one a symplectic
embedding.

Combining this result with Proposition 6.8.3, we can state the following description of
SH→K .

Theorem 6.8.9. Let z ∈ J−1(µ) and define K = Gz, H = Gτ(z). There is a map FH→K of
fiber bundles

SH→K
FH→K //

��

T ∗(Qµ
[H]/Gµ)

��

Qµ
[H]/Gµ

Id // Qµ
[H]/Gµ.

As a map of smooth manifolds, FH→K is a fibration; in particular, it is a subimmersion,
a constant rank map.

Moreover, using a mechanical connection, we can construct a closed two-form βµ on
T ∗(Qµ

[H]/Gµ) such that

(FH→K)∗(ωQµ
[H]

/Gµ − βµ) = ΩH = ΩK ,

that is,
FH→K : (SH→K ,ΩH) −→ (T ∗(Qµ

[H]/Gµ), ωQµ
[H]

/Gµ − βµ)

is a pre-symplectic map. In fact, the image of FH→K is a symplectic vector subbundle of
(T ∗(Qµ

[H]/Gµ), ωQµ
[H]

/Gµ − βµ).
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Proof. Let z′ = pH→K(z). Proposition 6.8.3 at z′ ∈ J−1
(H)(µ) ⊂ T ∗Q(H) gives a map F and a

two-form βµ on T ∗(Qµ
[H]/Gµ) such that

F : Gµ · (J−1
(H)(µ))Hµ)/Gµ −→ T ∗(Qµ

[H]/Gµ)

is a symplectic embedding onto a vector subbundle of (T ∗(Qµ
[H]/Gµ), ωQµ

[H]
−βµ). Let FH→K =

F ◦ pH→K , using Propositions 6.8.7 and 6.8.8, it is clear that FH→K satisfies all the stated
properties.

As the fiber of pH→K is NH→K , this theorem implies that FH→K is an embedding if and
only if NH→K is the zero section. Hence, SH→K is a symplectic manifold if and only if NH→K
is the zero section.

6.8.4 Principal piece

Proposition 6.8.8 shows that each space SH→K is endowed with a closed non-degenerate
two-form of constant rank. Using the cotangent Hamiltonian tube, we can check that the
assumption that SH→K is symplectic implies the algebraic condition K = H ∩Gµ.

Proposition 6.8.10. If a seam SH′→K is a symplectic subspace of the symplectic manifold
(Gµ · (J−1(µ))K)/Gµ, then there is a subgroup H such that sH′→K = sH→Hµ and K = Hµ.
Moreover, there is q ∈ Qµ such that H = Gq.

Proof. Let z ∈ sH′→K with Gz = K, an element like this always exists, because if z′ ∈ sH′→K
is any element as Gz′ ∈ (K)Gµ there is g ∈ Gµ such that Gg·z′ = K but by Gµ-invariance
g·z′ ∈ sH′→K . Define q = τ(z), H = Gτ(z), S = (g·q)⊥ ⊂ TqQ a linear slice at q, α = z

S
∈ S∗

and B = (hµ ·α)◦ ⊂ S. Let g = hµ⊕p⊕o⊕l⊕n a splitting adapted to (G,H, µ) of Proposition
4.2.1. As in the proof of Proposition 6.6.3, sH→K is locally equivalent (see (6.19)) to

Gµ ×K
(
oHµ × SH × (B∗)K

)
.

Therefore, the seam SH→K is locally equivalent to

oHµ × SH × (B∗)K

endowed with the restriction of the symplectic form (4.10). Hence, SH→K is symplectic if
and only if dimSH = dim(B∗)K = dimBK . Note that if we use an H-invariant metric on
S to identify S∗ and S, then α ∈ BK but from the equality SH = BK it follows that α is
H-fixed and thus as Gz = K = Hµ ∩Hα = Hµ, this implies that sH′→K = sH→Hµ .

This property of symplectic seams is very important because it gives a very clean descrip-
tion of the isotropy subgroups that appear in the subset J−1(µ) ⊂ T ∗Q for any cotangent
lifted action.

Corolally 6.8.11. If G is a Lie group acting properly on a manifold Q and we consider the
cotangent-lifted action on T ∗Q with momentum map J : T ∗Q→ g∗, then{

Gz | z ∈ J−1(µ)
}

= {Gq ∩Gµ | q ∈ Q, Lie(Gq) ⊂ Kerµ} .
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Proof. This result is almost an immediate consequence of the previous proposition. Let
z ∈ J−1(µ) and define K = Gz. Since the manifold (Gµ · (J−1(µ))Gz)/Gµ can be written as
a locally finite union of submanifolds {SH′→K} for different H ′ there must be a subgroup
L such that SL→K has the same dimension as (Gµ · (J−1(µ))Gz)/Gµ. Therefore, SL→K is an
open set of the reduced space and, via the inclusion, the reduced symplectic form induces
a symplectic form on SL→K . Using the previous proposition, there is q ∈ Qµ such that
Gz = Gq ∩Gµ.

To prove the other inclusion, let q ∈ Q with Lie(Gq) ⊂ Kerµ. Using a Palais’ tube Q
around q is G×Gq S, but then using the cotangent reduction map ϕ the point ϕ(e, µ, 0, 0) ∈
T ∗qQ has momentum µ and isotropy Gq ∩Gµ.

This result can be understood as a generalization of the first part of Theorem 3.4.1 to
J−1(µ) and without the single orbit assumption. Note that the description of the isotropy
subgroups of J−1(µ) is simpler than the one given in [RO06].

In fact, in our setting we can prove a stronger result, in any connected component of an
orbit-type stratum of the reduced symplectic space there is a principal seam which turns
out to be symplectic, open and dense. We call it principal in analogy to Theorem 3.2.11.
In fact, the idea of the proof is going to be similar to the proof of Theorem 3.2.11 used in
[DK00]: using a transversality argument all the seams of codimension greater or equal than
two can be avoided and everything reduces to studying neighborhoods of codimension one
seams. The following lemma ensures that around each point of a codimension one seam there
is only one seam.

Lemma 6.8.12. Let SH→K be a submanifold of codimension one in the reduced space (Gµ ·
(J−1(µ))K)/Gµ, if x ∈ SH→K there is an open neighborhood U of x in (Gµ · (J−1(µ))K)/Gµ

and a subgroup H ′ ⊂ G such that

U = (SH→K ∪ SH′→K) ∩ U.
Proof. Let x ∈ SH→K , as in the proof of 6.8.10, there is z ∈ sH→K with πGµ(z) = x, Gz = K.
Moreover, as sGτ(z)→K = sH→K , to avoid unnecessary notation, we can assume H = Gτ(z)

and define q = τ(z).
As usual, define S = (g · q)⊥ ⊂ TqQ a linear slice at q, α = z

S
∈ S∗, B = (hµ · α)◦ ⊂ S

and let g = hµ ⊕ p⊕ o⊕ l⊕ n the splitting of Proposition 4.2.1 adapted to (G,H, µ). The
embedding SH→K ⊂ (Gµ · (J−1(µ))K)/Gµ is locally equivalent (see (6.26)) to

oHµ × SH × (B∗)K ⊂ oK ×BK × (B∗)K .

The hypothesis that the codimension of SH→K is one is equivalent to

dim oHµ + dimSH + 1 = dim oK + dimBK ,

but this equation implies that dimBK = 1 + dimSH because dim oHµ + 1 = dim oK is
impossible since both oHµ and oK are symplectic vector spaces and in particular of even
dimension. As SH ⊂ BK (see (6.18)), dimBK = 1 + dimSH implies that there is v such that
BK = SH ⊕ R · v.

Identifying S and S∗ through an H-invariant metric, α ∈ BK , because Hα ∩Hµ = K and
〈α, ξ · α〉 = 0 for any ξ ∈ hµ. At this point we have two different options: either α ∈ SH or
α /∈ SH .

• If α ∈ SH , then ξ · α = 0 for any ξ ∈ hµ, hence B = S, K = Hµ. In this case, if
T([g, 0, λ, a, b]Hµ) ∈ Gµ · J−1(µ)K , then λ, a, b are Hµ-fixed and, using (6.9),

τ(T([g, 0, λ, a, b]Hµ)) = Ψ([g, λ, a, a �l (b+ α)]Hµ).
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As BK = SH ⊕ 〈v〉, we can decompose a = aH + ρ1v and b = bH + ρ2v with ρi ∈ R.
But then

a �l (b+ α) = (aH + ρ1v) �l (bH + ρ2v + α) = ρ1ρ2(v �l v) = 0,

because aH , bH , α are all H-fixed. Then,

τ(T([g, 0, λ, aH + ρ1v, b]Hµ)) = Ψ([g, λ, aH + ρ1v, 0]Hµ).

Note that, if ρ1 6= 0, Ψ([g, λ, aH + ρ1v, 0]Hµ) ∈ Qµ
[Hv ] and, if ρ1 = 0, Ψ([g, λ, aH , 0]Hµ) ∈

Qµ
[H]. Hence

Uz = (sH→K ∪ sHv→K) ∩ Uz.

• If α /∈ SH then we can assume that v = α. In this case, if T([g, 0, λ, a, b]Hµ) ∈
Gµ · J−1(µ)K and we decompose a = aH + ρ1α and b = bH + ρ2α, using (6.9),

τ(T([g, 0, λ, aH + ρ1α, bH + ρ2α]Hµ)) = Ψ([g, λ, ã, ã �l (bH + (1 + ρ2)α)]Hµ)

where

ã = aH + ρ1α− Γ((aH + ρ1α) �s (bH + ρ2α); b)

= aH + ρ1α− Γ((ρ1α) �s (ρ2α); b)

= aH + ρ1α.

Therefore,

τ(T([g, 0, λ, aH + ρ1α, bH + ρ2α]Hµ))

= Ψ([g, λ, aH + ρ1α, (aH + ρ1α) �l (bH + (1 + ρ2)α)]Hµ)

= Ψ([g, λ, aH + ρ1α, 0]Hµ).

As in the previous case, if ρ1 6= 0, Ψ([g, λ, aH + ρ1α, 0]Hµ) ∈ Qµ
[Hα] and, if ρ1 = 0,

Ψ([g, λ, aH , 0]Hµ) ∈ Qµ
[H]; that is,

Uz = (sH→K ∪ sHα→K) ∩ Uz.

Theorem 6.8.13. If W is a connected component of (Gµ ·(J−1(µ))K)/Gµ, there is a subgroup
H ⊂ G such that (SH→Hµ) ∩W is open and dense in W .

Proof. Let x1, x2 be points in W with x1 ∈ SH1→K , x2 ∈ SH2→K and assume that

dim SH1→K = dim SH2→K = dim(Gµ · (J−1(µ))K)/Gµ. (6.27)

As W is a connected component of a manifold, it is also path-connected and therefore there
is a path γ : [0, 1]→ W with γ(0) = x1 and γ(1) = x2.

For each t ∈ [0, 1] there is an open neighborhood Ut 3 γ(t) such that Ut intersects finitely
many seams. As γ([0, 1]) is compact, there is a finite collection {ti} such that

γ([0, 1]) ⊂
⋃
i

Uti .
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This implies that γ([0, 1]) intersects a finite number of seams. Using a transversality principle
(see for example [GP74]), there is a C1 path γ̃ in

⋃
i Uti connecting x1 and x2 that intersects

transversally all the seams. In particular, γ̃ does not intersect any seam of codimension
greater or equal than two. Moreover, as the intersection with the codimension one seam must
be transversal, there is a finite subset {ri}1≤i≤N ⊂ (0, 1) such that the points of γ̃([0, 1]) that
belong to a codimension one seam is exactly {γ̃(ri)}1≤i≤N .

Note that the condition of the dimensions (6.27) implies that x1 is an interior point
of SH1→K , so r1 > 0, therefore γ̃([0, r1)) ⊂ SH1→K . We can apply the previous lemma
at the point γ̃(r1) and we have an open neighborhood U1 of γ̃(r1). There is ε1 > 0 such
that r1 + ε1 < r2 and both γ̃(r1 − ε1) and γ̃(r1 + ε1) lie in U1. But using the lemma
γ̃(r1 + ε1) ∈ SH1→K and γ̃([0, r1 + ε1) \ {r1}) ⊂ SH1→K .

Hence, γ̃([0, r2) \ {r1}) ⊂ SH1→K . Repeating this argument N times we get

γ̃

(
[0, 1] \

N⋃
i=1

{ri}
)
⊂ SH1→K .

We have checked that SH1→K = SH2→K and this seam is open and dense in W .

Remark 6.8.14. Note that in (6.16) we showed that among the family {SH→K}K⊂G the
set sH→Hµ was non-empty and minimal. This last result states that among the family
{SL→K}L⊂G there is a maximal open dense set and it is of the form SH→Hµ for some H.

Note that the maximal piece given by this result is analogous to the maximal piece
CH = SH→H given by Theorem 8 of [PROSD07] for µ = 0. However, we would like to remark
an important difference with the momentum zero case: in general, given H an isotropy group
of Qµ, the seam SH→Hµ does not need to be symplectic or maximal, whereas in the zero
momentum case all the pieces SH→H were symplectic and maximal in the appropriate space.

Now we can clarify the assertion made in Remark 6.6.1: assume that H,L are subgroups
such that SH→Hµ and SL→Lµ are open and dense in Gµ ·(J−1(µ))Hµ/Gµ and Gµ ·(J−1(µ))Lµ/Gµ

respectively and
SH→Hµ ≺ SL→Lµ .

Then SH→Lµ 6= ∅ and
SH→Hµ ≺ SH→Lµ ≺ SL→Lµ . (6.28)

In this sense, the piece SH→Lµ “stitches” together the symplectic pieces SH→Hµ and SL→Lµ .
Nevertheless, even in the singular case we have that the maximal seam of the whole

reduced space J−1(µ)/Gµ can be embedded onto a symplectic vector subbundle of a magnetic
cotangent bundle.

Theorem 6.8.15. If W is a connected component of J−1(µ)/Gµ, there is H a compact
subgroup of G such that (SH→Hµ)∩W is open and dense in W . Moreover, (SH→Hµ)∩W can be
embedded onto a vector subbundle of the magnetic cotangent bundle T ∗(Qµ

[H]/Gµ).

Proof. Using Theorem 3.3.1, there is K ⊂ G such that Gµ · (J−1(µ))K/Gµ is open, dense and
connected in W . By Theorem 6.8.13, there is H ⊂ G such that (SH→Hµ) ∩W is open and
dense in (Gµ · (J−1(µ))K/Gµ) ∩W . Assume that H belongs to the principal orbit type for
the G action on Q. Then, sH→Hµ ⊂ T ∗Q(H)

Q = T ∗Q(H)
Q(H); therefore, we can apply the theory

of single-orbit type (Proposition 6.8.3) and we have the desired embedding.
If we assume that H does not belong to the principal orbit type (Gprinc) for the G-action

on Q we arrive at a contradiction: from Lemma 6.1.1 it follows that ∃q ∈ Qµ ∩ Q(Gprinc)
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if Qµ 6= ∅ but q cannot be in the closure of the projection of a pre-seam sH→Hµ because
(H) � (Gprinc) this contradicts the density of sH→Hµ .

Using that for a compact connected Lie group acting by cotangent lifts on a cotangent
bundle T ∗Q, the level sets of the momentum J−1(µ) are connected (see [Kno02]), we can
show that on each connected component of Qµ ∩Q(L) there is one piece Qµ

[H] which is open,
dense and connected.

Proposition 6.8.16. Let G be a compact connected Lie group acting properly on a manifold
Q. Let L be an isotropy subgroup for the G action on Q and assume that Q(L) is connected.
There is H ∈ (L) such that Qµ

[H]/Gµ is open dense and connected on (Qµ ∩Q(H))/Gµ.

Proof. Instead of working with T ∗Q, we will consider the symplectic manifold T ∗Q(L); we
denote J : T ∗Q(L) → g∗ the associated momentum map. As T ∗Q(L) is a connected cotangent
bundle acted by a compact connected Lie group, T ∗Q(L) is a convex Hamiltonian manifold in
the sense of [Kno02]; this implies that J−1(µ) is a connected set. Therefore, Gµ · (J−1(µ))/Gµ

is also connected. Using last part of Theorem 3.3.1, there is K such that Gµ · (J−1(µ))K/Gµ

is open dense and connected on Gµ · (J−1(µ))/Gµ. Choose z ∈ Gµ · (J−1(µ))K and define
H = Gτ(z), then by Propositions 6.4.1 and 6.4.5 Gµ · (J−1(µ))K = Gµ · (J−1(µ))Hµ and

Qµ
[H] = τ(Gµ · (J−1(µ))K).

Therefore, Qµ
[H]/Gµ is connected.

As Gµ · (J−1(µ))K is open in J−1(µ) and Gµ · (J−1(µ))K = (τ−1 ◦ τ)(Gµ · (J−1(µ))K)
Qµ

[H] = τ(Gµ · (J−1(µ))K) is open. As τ is continuous

Qµ = τ(J−1(µ)) = τ(Gµ · (J−1(µ))K) ⊂ τ(Gµ · (J−1(µ))K) ⊂ Qµ
[H]

that is, Qµ
[H] ∩Qµ = Qµ.

6.9 Examples

In this section we present three different examples that illustrate most of the concepts
introduced in this chapter. In the first we consider a general homogeneous space; after stating
some general results we present a result of [Mon83] regarding the symplectic reduction of
symmetric spaces and see that in our setting this algebraic condition has deep consequences.

The second example is more explicit; we consider the cotangent bundle of the homogeneous
space Q = SU(3)/H and describe all the possible reduced spaces J−1(µ)/Gµ. Although the
base has only one orbit type, the stratification of Qµ = τ(J−1(µ)) is not trivial because in
J−1(µ) there are several orbit-types.

In the third example we consider an SU(3)-action on a twisted product and its cotangent
lift. This simple example already shows that although Qµ is a stratified space, it can have
some bad topological properties; for example, Qµ is not locally compact.

6.9.1 Homogeneous spaces

When the base Q is a homogeneous space, that is, Q = G/H, it was already noted in [Mon83]
that the restriction of the projection τ : T ∗Q→ Q to the momentum leaf J−1(µ)

τµ : J−1(µ) −→ Qµ
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is a bijection. With the tools that we have developed we can go even further.

Proposition 6.9.1. Let Q = G/H be a homogeneous space where G is a Lie group and H
is a compact subgroup. Consider T ∗(G/H) with the cotangent lifted action, momentum map
J : T ∗(G/H) → g and projection τ : T ∗(G/H) → G/H. Define Qµ = τ(J−1(µ)); τ can be
restricted to

τµ : J−1(µ) −→ Qµ,

where J−1(µ) and Qµ are smooth decomposed spaces. With respect to these structures, τµ is
a Gµ-equivariant smooth decomposed isomorphism.

Proof. Let q = gH ∈ Qµ; this implies that Lie(Gq) = Lie(gHg−1) = Adgh lies in Kerµ and
there is z ∈ T ∗qQ∩ J−1(µ). Consider z′ ∈ T ∗qQ∩ J−1(µ), then J(z− z′) = 0, but then for any
ξ ∈ g

〈z − z′, ξQ(q)〉 = 0

as any element in TqQ is of the form ξQ(q). This implies z = z′, therefore τµ is a bijection. τµ

is smooth because it is the restriction of a smooth map from T ∗Q→ Q and it is decomposed
due to Proposition 6.6.5. τµ will be a diffeomorphism if for each q ∈ Qµ we can find a local
smooth section for τµ defined on a neighborhood Uq of q.

Using adapted coordinates at q (Proposition 6.3.1), there exist coordinates Ψ and T so
that we can define a smooth map

σ : Uq −→ T ∗Q

Ψ([g, λ, ε]Hµ) 7−→ T([g, 0, λ]Hµ).

But then if q′ = Ψ([g, λ, ε]Hµ) ∈ Qµ, ε = 0, σ(q′) ∈ J−1(µ) and τ(σ(q′)) = q′. Therefore, σ
restricted to Qµ is a smooth section for τµ.

Also in the same work [Mon83], based on [Mis82], remarks that in the case that G→ G/H
is a symmetric space the reduced space J−1(µ)/Gµ is zero-dimensional. More precisely,

Lemma 6.9.2. Let G be a Lie group, µ ∈ g∗ and assume that G/H is a symmetric space.
If J : T ∗(G/H) → g∗ is the momentum map for the cotangent-lifted action, then Qµ is a
submanifold and for any q ∈ Qµ

Tq(Q
µ) = Tq(Gµ · q).

Proof. Denote by πH : G→ G/H the canonical projection. As G/H is symmetric there is a
splitting g = h⊕m such that [m,m] ⊂ h, [h,m] ⊂ m.

Let q ∈ Qµ and consider a path γ(t) with γ(0) = q such that γ(t) ∈ Qµ for all t. Using
a principal connection, γ can be lifted to a path c(t) in G such that πH(c(t)) = γ(t). Let
ξ = d

dt t = 0
c(t)(c(0))−1 ∈ g.

As γ(t) ∈ Qµ, then Adc(t)h ⊂ Kerµ for all t, and taking the derivative at t = 0 of this
expression [

ξ,Adc(0)h
]
⊂ Kerµ.

We can decompose ξ = ξ1+ξ2, where ξ1 ∈ Adc(0)h and ξ2 ∈ Adc(0)m. Then Adc(0)h ⊂ Kerµ
implies [ξ2,Adc(0)h] ⊂ Kerµ. As [ξ2,Adc(0)m] ⊂ Adc(0)m ⊂ Kerµ then,

[ξ2, g] =
[
ξ2,Adc(0)h + Adc(0)m

]
⊂ Kerµ

that is, ξ2 ∈ gµ. As γ′(0) = Tc(0)πH · TeRc(0) · ξ = Tc(0)πH · TeRc(0) · ξ2. This implies that
γ′(0) ∈ Tc(0)(Gµ · c(0)). Additionally, Gµ · q ⊂ Qµ, and therefore Tq(Q

µ) = Tq(Gµ · q).
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Using the results stated in this chapter, this last Proposition has important consequences
for non-homogeneous spaces.

Proposition 6.9.3. • If G is a Lie group, µ ∈ g∗, H is a subgroup such that Lie(H) ⊂
Ker(µ) and G/H is a symmetric space, then the connected components of L(H,µ)
containing e ∈ G is the same as the connected component of Gµ ·H ⊂ G. Moreover,
the adapted splitting of Proposition 4.2.1 at (G,H, µ) has o = 0.

• Consider G a compact, connected Lie group acting properly on Q and its cotangent
lifted action on T ∗Q. Let H be an isotropy subgroup on Q. If G→ G/H is a symmetric
space and Qµ ∩QH 6= ∅, then

Qµ
[H] = Gµ ·QH = Qµ ∩Q(H).

Proof. • If we consider the cotangent-lift of the G-action on Q = G/H and we denote
by πH : G → G/H the canonical projection, Proposition 6.4.5 gives πH(L(H,µ)) =
τ(Gµ · (J−1(µ))Hµ). As H ∈ πH(L(H,µ)) by Gµ-invariance

Gµ ·H ⊂ πH(L(H,µ)) = τ(Gµ · (J−1(µ))Hµ) ⊂ τ(J−1(µ)).

Taking the tangent of this inclusion at H ∈ G/H and using the previous lemma, it
follows that the connected component of πH(L(H,µ)) through H ∈ G/H coincides
with the connected component of πH(Gµ) = Gµ ·H through H ∈ G/H. Using π−1

H , it
follows that the connected component of L(H,µ)) through e ∈ G must be equal to the
connected component of Gµ ·H through e ∈ G.

Recall that o is symplectomorphic to the normal slice at µ ⊂ Oµ with respect to the
induced H-action, but using commuting reduction as G/H is symmetric, J−1(µ)/Gµ

is zero dimensional and this implies that o = 0.

• Without loss of generality, we can assume that Q(H) is connected. Let J(H) : T ∗Q(H) →
g∗ be the momentum map and τ(H) : T ∗Q(H) → Q(H) be the bundle projection. As in
the proof of Proposition 6.8.16, Qµ ∩ Q(H) = τ(H)(J

−1
(H)(µ)) and as G is compact and

connected J−1
(H)(µ) is connected.

Clearly Gµ ·QH ⊂ τ(H)(J
−1
(H)(µ)) and Gµ ·QH is a closed subset of Q.

Let q′ ∈ Gµ ·QH ; there is g ∈ Gµ such that q′ = g · q with q ∈ QH . Using a Palais’ tube
at q, Q is the twisted product G×H S, and Q(H)

∼= G×H SH . But if [k, a]H is in Qµ

and is near enough to [e, 0]H , we saw in the proof of the last statement that k = g′h′,
where g′ ∈ Gµ and h′ ∈ H. Therefore, Gµ · QH is open in Qµ. As τ(H)(J

−1
(H)(µ)) is

connected, we must have Gµ ·QH = τ(H)(J
−1
(H)(µ)).

This Proposition shows that if H is a subgroup such that G/H is symmetric and µ ∈ g∗,
then Q(H) ∩Qµ has only one orbit type for the Gµ-action.

6.9.2 Q = SU(3)/H

In this section we present an example for which Q = G/H is not a symmetric space. Although
the base is single-orbit with respect to the G-action, the set Qµ will have different orbit types
with respect to the Gµ-action.
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We consider as Q the quotient of the compact group SU(3) by one maximal torus. We
fix the following basis for the Lie algebra g = su(3)

ξ1 =

√
2

2

0 i 0
i 0 0
0 0 0

 ξ2 =

√
2

2

 0 1 0
−1 0 0
0 0 0

 ξ3 =

√
2

2

i 0 0
0 −i 0
0 0 0

 ξ4 =

√
2

2

0 0 i
0 0 0
i 0 0


ξ5 =

√
2

2

 0 0 1
0 0 0
−1 0 0

 ξ6 =

√
2

2

0 0 0
0 0 i
0 i 0

 ξ7 =

√
2

2

0 0 0
0 0 1
0 −1 0

 ξ8 =

√
6

6

i 0 0
0 i 0
0 0 −2i


and the metric on g

〈〈ξ, η〉〉 = −Trace(ξη).

This metric is G-invariant metric because it is a multiple of the Killing form. The proposed
basis is orthonormal with respect to 〈〈·, ·〉〉; from now on we will use this metric to identify g
and g∗.

We denote by H ⊂ SU(3) the maximal torus corresponding to diagonal matrices, in-
finitesimally it is generated by the abelian subalgebra h = 〈ξ3, ξ8〉R ⊂ g. h is a Cartan
subalgebra of g; we denote by α12 = diag{i,−i, 0} ∈ h, α23 = diag{0, i,−i} ∈ h and
α13 = diag{i, 0,−i} ∈ h the three simple roots of g with respect to h.

We study the reduced spaces J−1(µ)/Gµ for different values of µ. Note that if µ = 0 then
J−1(0) is the zero section of T ∗(G/H), and thus the reduced space J−1(0)/G is a single point.
Therefore, from now on, we assume µ 6= 0.

Note that, using commuting reduction (Theorem 3.3.2), the reduced space J−1(µ)/Gµ

is the G-reduction of T ∗(G/H), which can be seen as an H-reduced space. Therefore, as
stratified symplectic spaces, J−1(µ)/Gµ must be symplectomorphic to the reduction by the
action of H of the coadjoint orbit Oµ ⊂ g∗.

As a preliminary step, we can describe the different orbit types of 3x3 matrices un-
der the action of H by conjugation: Let A = (akj) be a complex 3x3 matrix and d =
diag(eiθ1 , eiθ2 , eiθ3) ∈ H, note that dAd−1 = (akje

i(θk−θj)). From this expression it is clear
that if A satisfies dAd−1 = A and A is not diagonal, then either θ1 = θ2 = θ3 or A belongs
to one of the families ∗ 0 0

0 ∗ ∗
0 ∗ ∗

 ,
∗ ∗ 0
∗ ∗ 0
0 0 ∗

 ,
∗ 0 ∗

0 ∗ 0
∗ 0 ∗


and θ2 = θ3, θ1 = θ2 or θ1 = θ3, respectively. This implies that the lattice of possible isotropy
subgroups is

H

D23

<<

D12

OO

D13

bb

Z3

bb OO <<

,

where

D12 = {diag(eiθ, eiθ, e−2iθ) | θ ∈ R}
D13 = {diag(eiθ, e−2iθ, eiθ) | θ ∈ R}
D23 = {diag(e−2iθ, eiθ, eiθ) | θ ∈ R}.
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Note that D12, D13, D23 are all isomorphic to S1.
Let µ ∈ g∗ and denote by {iλ1, iλ2, iλ3} its three eigenvalues with λi ∈ R and λ1+λ2+λ3 =

0. With this notation, the set of H-fixed points (Oµ)(H) contains the diagonal matrix
diag{(iλ1, iλ2, iλ3)} and its 6 permutations. The set (Oµ)(D23) of points with isotropy D23 is
composed of three different connected components:iλ1 0 0

0 ∗ ∗
0 ∗ ∗

 ,
iλ2 0 0

0 ∗ ∗
0 ∗ ∗

 ,
iλ3 0 0

0 ∗ ∗
0 ∗ ∗


It can be shown that each of these components is diffeomorphic to S2 because SU(2)/S1 ∼= S2.
Similarly, (Oµ)(D12) and (Oµ)(D13) are both diffeomorphic to three disjoint S2.

Let Φ: Oµ → h∗ be the momentum map for the H-action. Using the Atiyah-Guillemin-
Sternberg theorem, the image of Φ is the convex hull of the set of H-fixed points and the set
Φ−1(0) is connected. Using the above description of the H-isotropy, the H-fixed points are
exactly the intersection of Oµ with h∗ ⊂ g∗ the subspace of diagonal skew-hermitian traceless
matrices. In fact, more generally, Oµ ∩ h∗ is exactly an orbit of the Weyl group NG(H)/H
(see [BH08] and [Bot79]). Recall that the action of the Weyl group NG(H)/H ∼= S3 on h∗ is
generated by the reflections around the different simple roots.

More graphically, in Figure 6.1 we show Φ(Oµ). The six black dots represent the six
diagonal matrices in Oµ. The three horizontal thick lines are Φ((Oµ)(D23)); the three lines

with slope
√

3 are Φ((Oµ)(D12)), and the three lines with slope −
√

3 are Φ((Oµ)(D13)).

α12

α23 α13

Figure 6.1: The image Φ(Oµ) for µ of generic type.

α12

α23 α13

α12

α23 α13

µ singular µ degenerate

Figure 6.2: The image Φ(Oµ) for µ of singular and degenerate type.
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(a) µ generic (b) µ singular

Figure 6.3: The reduced spaces J−1(µ)/Gµ for µ generic or singular.

We can classify µ 6= 0 into three different cases

• Generic µ, when λ1, λ2, λ3 are all non-zero and different. Gµ is a two dimensional
torus, therefore Oµ ∼= G/Gµ is a compact connected 6 dimensional manifold.

The image under Φ of Oµ is represented in Figure 6.1. Note that Φ−1(0) has only one
H-isotropy and it is Z3. As the isotropy subgroup is discrete, Φ is a submersion near
Φ−1(0), therefore Φ−1(0) is a connected submanifold of dimension 4.

Hence Φ−1(0)/H is a compact connected manifold of dimension 2. Using equivariant
cohomology or related techniques (see [GM04; Gol99]), it can be shown that in fact
Φ−1(0)/H must be a sphere.

• Singular µ, when detµ = 0. Then µ has eigenvalues {iλ1,−iλ1, 0}. The image of Oµ
under Φ is represented in Figure 6.2.

In this case, Φ−1(0) contains four different isotropy types {D12, D23, D13,Z3}. Therefore
the reduced space Φ−1(0)/H has four pieces. The open, dense and connected one
is (Φ−1(0))(Z3)/H a manifold of dimension 2. (Φ−1(0))(D12) has dimension 1 and is
connected, thus (Φ−1(0))(D12)/D12 is a single point. The strata corresponding to D23

and D13 are similar. Therefore, as a stratified space Φ−1(0)/H, contains an open dense
stratum of dimension 2 and 3 singular points.

• Degenerate µ, when µ has to equal eigenvalues. Then Gµ
∼= SU(2)×U(1) and it can

be shown that Oµ is diffeomorphic to CP2, the complex projective plane (see [BH08]).
This case is represented in Figure 6.2.

Φ−1(0) contains only points with H-isotropy equal to Z3, thus Φ−1(0) is a submanifold
of dimension 2 because dimOµ = 4 and Φ is a submersion. As Φ−1(0) is connected,
Φ−1(0)/H must be a single point.

In the generic case, as the reduced space is a sphere and there is only one stratum,
Gµ · J−1(µ) has only one orbit type and is a manifold of dimension 4. Fix µ of generic
type and let z ∈ J−1(µ). Define L = Gτ(z) ∈ (H) then J−1(µ) = Gµ · (J−1(µ))Z3 and
τ(Gµ · (J−1(µ))Z3) = Qµ

[L] = L(L, µ) · QL. Note that QL
∼= NG(H)/H a set of 6 different

points, as L(H,µ) ·QH
∼= J−1(µ) and J−1(µ) has dimension 4, this implies that L(L, µ) has

dimension 4. Therefore, in this case it is not possible that L(L, µ) = Gµ ·NG(H), because if
so L(L, µ) ·QH would be of dimension 2.
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Remark 6.9.4. Note that this case implies that in general the partition

Qµ =
⋃

Lie(L)⊂Kerµ

Gµ ·QL

cannot be locally finite, because in this example Qµ is of dimension 4 and each of the
sets Gµ ·QL is of dimension 2.

As an example of what happens for singular µ, we can choose µ = ξ1, as Lie(H) ∈ Kerµ
the point H ∈ G/H lies in Qµ. In this case, the adapted splitting of Proposition 4.2.1 can
be chosen as

hµ = 〈ξ8〉R, l = 〈ξ3〉R, p = 〈ξ1〉R, o = 〈ξ4, ξ5, ξ6, ξ7〉R.
If we consider complex coordinates z1, z2 in o such that (z1, z2) 7→ Re(z1)ξ4 + Im(z1)ξ5 +

Re(z2)ξ6 + Im(z2)ξ7 ∈ o, then the action of Hµ
∼= S1 on o is isomorphic to the S1-action

eiθ · (z1, z2) = (e3iθz1, e
−3iθz2). Let Jo : o→ R be the momentum map for the Hµ action; in

complex coordinates Jo(z1, z2) = |z1|3 − |z2|3. J−1
o (0) is topologically a cone of dimension 3,

and after a simple calculation J−1
o (0)/Hµ is isomorphic as a smooth stratified space to the

quotient of C by the natural action of Z3 by rotations.
Applying Proposition 6.3.1 at H ∈ G/H and (6.10), locally around H ∈ G/H, Qµ ∼=

Gµ×Hµ J−1
o (0). Recall that for homogeneous spaces (Proposition 6.9.1) J−1(µ)/Gµ

∼= Qµ/Gµ.
This implies that the reduced space J−1(µ)/Gµ has an orbifold singularity equivalent to the
quotient C/Z3. Globally, J−1(µ)/Gµ is a sphere with three orbifold singularities (Figure 6.3)
and J−1(µ) ⊂ T ∗Q is a subset of regular dimension 3 with three singular circles.

6.9.3 Qµ not locally compact

In this section we present a simple example for which the projection on Q of J−1(µ) is not a
locally closed subspace of Q; that is, as a topological space Qµ is not locally compact.

We consider G = SU(3) and H ∼= SU(2) the subgroup of SU(3) that has Lie algebra
〈ξ1, ξ2, ξ3〉R. The vector space S = 〈ξ1, ξ2, ξ3〉R has a natural H-action. With respect to this
action, we can define the twisted product Q = G×H S.

Note that the G-action on Q induces the orbit type stratification

Q = Q(H) ∪Q(S1),

where Q(S1) is the principal orbit type and Q(H) = G×H {0} is the 5-dimensional manifold
of isotropy type (H).

Define µ = ξ4, q = [e, 0]H . As Lie(Gq) = H = 〈ξ1, ξ2, ξ3〉R ⊂ Kerµ then q ∈ Qµ let
z ∈ τ−1(q) ∩ J−1(µ). After a simple computation Gµ = exp(〈ξ4, ξ3 − 1√

3
ξ8〉R) therefore

Hµ = {e} and the adapted splitting is

g = 〈ξ1, ξ2, ξ3〉R︸ ︷︷ ︸
l

⊕
〈
ξ4, ξ3 −

1√
3
ξ8

〉
R︸ ︷︷ ︸

p

⊕n.

Using the map Ψ of Proposition 6.3.1, locally around q, Q is diffeomorphic to

Gµ ×Id (l∗ × S)

and using T0, locally around z, T ∗Q is G-symplectomorphic to

G×Id (S × S∗).
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As Hµ is trivial J−1
Hµ

(0) = S × S∗. Then by (6.8) and (6.9),

Ψ−1(Qµ) = {(g, a �l b, a) ∈ Gµ × l∗ × S | a, b ∈ S}.

Note that the h action on S is isomorphic to the standard so(3) action on R3, so

{(a �l b, a) | a, b ∈ S} ∼= {(v × w, v) | v, w ∈ R3} = Y.

However, Y is not a locally closed set because (0, 0) ∈ Y , (ρe1, 0) /∈ Y for any ρ 6= 0 but
(ρe1, e2λ) ∈ Y for any λ 6= 0; that is, (ρe1, 0) ∈ Y .

This example shows that, in general, Qµ is not a locally closed set of Q and similarly
for Qµ/Gµ. Nevertheless, note that Proposition 6.4.2 shows that if Q is of single orbit-type,
then Qµ is locally closed.

Remark 6.9.5. This fact has several non-trivial consequences. First of all it implies that the
stratified space Qµ cannot be a cone space in the usual sense, see [Pfl01], because cone spaces
are always locally compact.

Recall that we showed that the partition into pre-seams of J−1(0) satisfied the frontier
condition checking (essentially) the openness of the restriction τ 0 : J−1(0) → Q/G (see
Proposition 6.7.7). However, using point-set topology it can be shown that the image under
an open and continuous map of a locally compact Hausdorff space is again locally compact.
This implies that the restriction τµ : J−1(µ)→ Qµ/Gµ cannot be open in general. Therefore,
if the seams form a decomposition, it cannot be proven using the same ideas as in Proposition
6.7.7.



Chapter 7

Orthogonal actions on T ∗Rn and
T ∗(Rn × Rn)

In this chapter we study the symplectic reduction of the following Hamiltonian spaces

• O(n) acting on T ∗Rn by the cotangent lift of the natural action of O(n) on Rn.

• O(n) acting on T ∗(Rn × Rn) by the cotangent lift of the diagonal action of O(n) on
Rn × Rn.

Using the techniques developed in the last chapter we study the reduced spaces J−1(µ)/Gµ

and their partition into seams {SH→K} for each possible value of µ. The symplectic reduction
of T ∗Rn by O(n) was already studied using different techniques in [Mon83]. Although the
action is not free, the reduction at µ 6= 0 is quite simple because J−1(µ) is a manifold.
However, the reduction at µ = 0 requires the introduction of stratifications, but this case
could be studied using the techniques of [PROSD07].

The symplectic reduction of T ∗(Rn × Rn) for generic µ is again quite simple because
J−1(µ) and τ(J−1(µ)) are submanifolds. Nevertheless, for some special values µ 6= 0 the
reduced space is no longer a manifold. In fact, J−1(µ)/Gµ has to be decomposed into four
different fibered pieces. This setting exemplifies part of the general behavior described on
Chapter 6, while some seams are symplectic and can be embedded into a cotangent bundle,
other seams are only presymplectic and the natural map of Theorem 6.8.9 onto a cotangent
bundle is just a constant-rank map.

7.1 The orthogonal group O(n)

We use the symbol ei ∈ Rn to represent the vector with a one in the i-th component and zero
on the others and we use 〈v1, . . . , vk〉 to denote the linear span of the set {v1, . . . , vk} ⊂ Rn.

The Lie algebra o(n) of the orthogonal group O(n) of Rn is the set of n×n skew-symmetric
matrices, a vector space of dimension

(
n
2

)
. We will identify o(n) with Λ2(Rn), the second

exterior power of Rn. The metric of Rn induces a metric on Λ2(Rn) that can be used to
identify Λ2(Rn) and Λ2(Rn)∗, that is, o(n) and o(n)∗.

After some computations it can be checked that the set

t = {λ1e1 ∧ e2 + λ2e3 ∧ e4 + · · ·+ λme2m−1 ∧ e2m ∈ o(n) | λi ∈ R} (7.1)

where m = bn
2
c, is a Cartan subalgebra of O(n) (see [Kna02]) and, as O(n) is compact, for

any ξ ∈ o(n) there is g ∈ O(n) such that Adgξ ∈ t.

117
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Since each element of o(n) can be identified with a skew-symmetric endomorphism of Rn
we can assign to each ξ ∈ o(n) its associated rank. Since all the elements in t have even
rank, the rank of an element ξ ∈ o(n) can only be even. Note that if ξ has rank 2 then
it is conjugate to λe1 ∧ e2 for some λ ∈ R. Similarly, if ξ has rank 4, it is conjugate to
λ1e1 ∧ e2 + λ2e3 ∧ e4 with λi ∈ R. The partition of o(n) into subsets of equal rank forms a
decomposition (in the sense of Definition 3.1.1) of o(n) into semialgebraic sets.

Throughout this chapter if F is a subspace of Rn, O(F ) will represent the subgroup of
O(n) that fixes F⊥ and by O(n− r) we will mean O(〈e1, e2, . . . er〉⊥).

7.2 O(n) action on T ∗Rn

Let Q = Rn endowed with its natural O(n) action and T ∗Q ∼= Rn×Rn with its cotangent-lift.
Q can be decomposed into two orbit types

Q = QO(n) tQ(O(n−1))

where QO(n) is just the point 0 ∈ Rn and Q(O(n−1)) is its complement, because if q 6= 0
then Gq = O(〈q〉⊥) is conjugated to O(n − 1). If z = (q, p) ∈ T ∗Q ∼= Rn × Rn then the
conjugacy class of Gz depends only on the dimension of the linear subspace 〈q, p〉, hence T ∗Q
decomposes into three orbit-type submanifolds

T ∗Q = (T ∗Q)O(n) t (T ∗Q)(O(n−1)) t (T ∗Q)(O(n−2)). (7.2)

Using the identification o(n) ∼= o(n)∗, the momentum map J : T ∗Q→ o(n)∗ ∼= o(n) can
be written as J(q, p) = q ∧ p. From that expression

J(T ∗Q) = {0} t {µ ∈ o(n)∗ | rank(µ) = 2},

that is, the image of J is the subset of Λ2(Rn) consisting of 0 and the set of decomposable
vectors.

We will now study the reduced space J−1(µ)/Gµ for µ of rank 2 and for µ = 0, but before
doing so we introduce a useful map that can be used to the reduced spaces J−1(µ)/Gµ as
submanifolds of the set of 2× 2 matrices.

Let Sp(1,R) be the group of linear symplectic transformations of R× R∗ = T ∗R. Note
that Sp(1,R) ∼= SL(2,R) and its Lie algebra can be identified with the space of traceless
2 × 2 matrices. Moreover, using the Killing form we can identify sp(1,R) and sp(1,R)∗.
Consider the O(n)-invariant smooth map

K : T ∗Q −→ sp(1,R)∗ (7.3)

(q, p) 7−→
[
q · p −q · q
p · p −q · p

]
.

Fix µ ∈ o(n)∗, then K induces Kµ : J−1(µ)/Gµ → K(J−1(µ)) ⊂ sp(1,R)∗. The map Kµ

satisfies some important properties:

• Kµ is an homeomorphism between J−1(µ)/Gµ and the semialgebraic set K(J−1(µ)) ⊂
sp(1,R)∗. In fact, Kµ is an isomorphism of smooth stratified sets.

• Kµ(J−1(µ)/Gµ) is the closure of a single coadjoint orbit in sp(1,R)∗.

• Let W be a connected component of Gµ ·J−1(µ)K/Gµ then Kµ(W ) is a coadjoint orbit
and Kµ restricts to a symplectomorphism between W and the coadjoint orbit Kµ(W ).
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These properties are the content of Theorem 4.3 in [LMS93]. If we identify T ∗Q = Rn×Rn
with Rn ⊗ R2 and we endow this space with the Sp(1,R) action g · (v ⊗ w) = v ⊗ (gw) then
K is the momentum map for this action. The above properties of Kµ are due to the fact
that the subgroups (O(n), Sp(1,R)) form a dual pair of Sp(T ∗Rn).

7.2.1 µ of rank 2

If µ is of rank 2 then it is conjugated to an element λe1∧e2, λ ∈ R, therefore, without loss of
generality we will assume that µ = λe1∧e2. In this case Gµ = SO(2)×O(n−2), the product
of orientation-preserving rotations in the 〈e1, e2〉-plane and orthogonal transformations of
〈e1, e2〉⊥ ⊂ Rn.

If (q, p) ∈ T ∗Q are such that q ∧ p = λe1 ∧ e2 then q 6= 0 and q ∈ 〈e1, e2〉. Conversely if
q satisfies this two conditions we can find p such that q ∧ p = µ, hence

Qµ = {q ∈ Q | q 6= 0, q ∈ 〈e1, e2〉}.

Note that Qµ ⊂ Q(O(n−1)), Q
µ is a connected submanifold of dimension 2 and Qµ/Gµ is

diffeomorphic to R.
Let q ∈ Qµ. Then Gq ∩Gµ = O(n− 2). Therefore, using Corollary 6.8.11, all the points

in J−1(µ) have isotropy O(n− 2). Since the set J−1(µ) has only one orbit type, by Theorem
3.3.1 J−1(µ) is a submanifold of T ∗Q with dimension (see (1.3))

dim J−1(µ) = dimT ∗Q− dim g · z = 2n−
(
n

2

)
+

(
n

4

)
= 3.

Let z ∈ J−1(µ). Since Gµ/Gz has dimension, 1 J−1(µ)/Gµ is a manifold of dimension 2.
Since all the groups Gq with q ∈ Qµ are Gµ-conjugated, by Lemma 6.6.2

Qµ = Qµ
[O(n−1)], J−1(µ)/Gµ = SO(n−1)→O(n−2)

Note that the map of Proposition 6.8.5 is diffeomorphism of fiber bundles

SO(n−1)→O(n−2)
∼//

��

T ∗(Qµ
[O(n−1)]/Gµ) ∼= T ∗R

��

Qµ
[O(n−1)]/Gµ

∼ // Qµ
[O(n−1)]/Gµ

∼= R

Using Kµ, since J−1(µ)/Gµ = SO(n−1)→O(n−2) we have the isomorphism

Kµ(SO(n−1)→O(n−2)) = Sp(1,R) ·
[

0 −1
a2 0

]
⊂ sp(1,R)∗.

7.2.2 µ = 0

Note that J(q, p) = q ∧ p = 0 if and only if p and q are parallel. Therefore, in terms of the
orbit-type decomposition (7.2) we have the equality

J−1(0) = (T ∗Q)O(n) t (T ∗Q)O(n−1).

Since Qµ = Q = QO(n) t Q(O(n−1)), according to Proposition 6.6.4 we have a partition of
J−1(0)/G into three different pieces

ZJ−1(0)/G = {SO(n−1)→O(n−1), SO(n)→O(n−1), SO(n)→O(n)}.
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Figure 7.1: In the left plot we have represented the cone K(J−1(0)). This set can be divided
into an open and dense piece, the thick black line K0(SO(n)→O(n−1)), and the vertex of the
cone K0(SO(n)→O(n)). In the right plot we have represented K(J−1(µ)) for µ of rank 2, which
is one sheet of a two-sheeted hyperboloid.

The open and dense piece SO(n−1)→O(n−1) is diffeomorphic as a fiber bundle to T ∗R. The
piece SO(n)→O(n−1) is the G-quotient of the pre-seam {(0, p) | 0 6= p ∈ Rn}. Finally SO(n)→O(n)

is a single point.
Using the map K we have

K0(SO(n−1)→O(n−1)) =

{
M = g

[
0 −1
0 0

]
g−1 | g ∈ Sp(1,R), M1,2 6= 0

}
,

K0(SO(n)→O(n−1)) =

{
M = g

[
0 −1
0 0

]
g−1 | g ∈ Sp(1,R), M1,2 = 0

}
,

K0(SO(n)→O(n)) =

[
0 0
0 0

]
⊂ sp(1,R)∗.

Since sp(1,R)∗ is three dimensional, taking coordinates[
x y − z

y + z −x

]
⊂ sp(1,R)∗

we can graphically represent the image of K for both µ of rank 2 and µ = 0 in Figure 7.1.

7.3 O(n) action on T ∗(Rn × Rn)
Let Q = Rn×Rn be endowed with the diagonal O(n)-action and T ∗Q ∼= Rn×Rn×Rn×Rn
be endowed with its cotangent-lift.

Let q = (q1, q2) ∈ Q. The conjugacy class of the isotropy subgroup Gq depends only on
the dimension of 〈q1, q2〉, therefore Q can be decomposed into three orbit types

Q = QO(n) tQ(O(n−1)) tQ(O(n−2)). (7.4)

Note that QO(n) is just the point (0, 0), Q(O(n−1)) is a submanifold of dimension n + 1 and
Q(O(n−2)) is an open and dense set. Similarly, the isotropy class of z = (q1, q2, p1, p2) ∈ T ∗Q
depends on the dimension of 〈q1, q2, p1, p2〉 and then T ∗Q decomposes into five orbit-type
submanifolds

T ∗Q = (T ∗Q)O(n) t (T ∗Q)(O(n−1)) t (T ∗Q)(O(n−2)) t (T ∗Q)(O(n−3)) t (T ∗Q)(O(n−4)).
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As the momentum map is J(q1, q2, p1, p2) = q1 ∧ p1 + q2 ∧ p2 it follows that

J(T ∗Q) = {0} t {µ ∈ o(n)∗ | rank(µ) = 2} t {µ ∈ o(n)∗ | rank(µ) = 4}.

Let Sp(2,R) be the group of symplectic linear transformations of T ∗R2. As in (7.3) the
map

K : T ∗Q −→ sp(2,R)∗

(q1, q2, p1, p2) 7−→


q1 · p1 q1 · p2 −q1 · q1 −q1 · q2

q2 · p1 q2 · p2 −q2 · q1 −q2 · q2

p1 · p1 p1 · p2 −q1 · p1 −q2 · p1

p2 · p1 p2 · p2 −q1 · p2 −q2 · q2


induces isomorphisms Kµ between J−1(µ)/Gµ and K(J−1(µ)). The image of each Kµ is the
closure of a coadjoint orbit and the appropriate restriction is a symplectomorphism. See
[LMS93] for more details.

We will now study the reduced space J−1(µ)/Gµ for all possible values of µ depending
on its rank.

7.3.1 µ of rank 4

Assume that µ ∈ Im(J(T ∗Q)) has rank 4. Without loss of generality we can assume that
µ = ae1 ∧ e2 + be3 ∧ e4 with a, b 6= 0.

If J(q1, q2, p1, p2) = µ, then

abe1 ∧ e2 ∧ e3 ∧ e4 = µ ∧ µ = q1 ∧ p1 ∧ q2 ∧ p2

hence {q1, q2, p1, p2} form a basis of the subspace 〈e1, . . . , e4〉 and satisfy q1 ∧ q2 ∧ µ = 0.
Conversely, let q1, q2 ∈ 〈e1, . . . , e4〉 such that q1 ∧ q2 6= 0. After some algebra, there are

x, y ∈ 〈e1, . . . , e4〉 satisfying
q1 ∧ x+ q2 ∧ y = µ

if and only if q1 ∧ q2 ∧ µ = 0. Hence

Qµ = {q1, q2 ∈ 〈e1, . . . , e4〉 | q1 ∧ q2 6= 0, q1 ∧ q2 ∧ µ = 0},

and in particular Qµ ⊂ Q(O(n−2)). Let qi =
∑4

j=1 xi,jej, then the condition q1 ∧ q2 ∧ µ = 0
can be written as

b(x1,1x2,2 − x1,2x2,1) + a(x1,3x2,4 − x1,4x2,3) = 0. (7.5)

Therefore, Qµ is a submanifold of Q of dimension 7.
We now need to split our study into two different cases.

• Assume a 6= b. In this case Gµ = SO(2)× SO(2)×O(n− 4).

Let q = (q1, q2) ∈ Qµ. Then Gq ∩Gµ = O(n− 4) because the condition q1 ∧ q2 ∧ µ = 0
forbids the cases q1 ∧ q2 = λe1 ∧ e2 and q1 ∧ q2 = λe3 ∧ e4. Using Corollary 6.8.11 this
implies that J−1(µ) has only one Gµ-isotropy type and it is conjugated to O(n − 4).
Moreover Lemma 6.6.2 implies

Qµ = Qµ
[O(〈e1,e3〉⊥)]

, J−1(µ) = sO(〈e1,e3〉⊥)→O(n−4).

Let q ∈ Qµ, since Gµ/(Gq ∩Gµ) has dimension 2, Qµ/Gµ is a manifold of dimension 5.
Since dim J−1(µ) = 4n− dim g · z = 4n−

(
n
2

)
+
(
n−4

2

)
= 10, and dimGµ/O(n− 4) = 2,

then J−1(µ)/Gµ is a manifold of dimension 8.
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The map of Theorem 6.8.9 becomes a symplectic embedding of the 8-dimensional re-
duced space J−1(µ)/Gµ = SO(n−2)→O(n−4) onto the magnetic cotangent bundle T ∗(Qµ/Gµ)
of dimension 10.

SO(〈e1,e3〉⊥)→O(n−4)
//

��

T ∗(Qµ
[O(〈e1,e3〉⊥)]

/Gµ)

��

Qµ
[O(〈e1,e3〉⊥)]

/Gµ
Id // Qµ

[O(〈e1,e3〉⊥)]
/Gµ

Alternatively, J−1(µ)/Gµ = SO(〈e1,e3〉⊥)→O(n−4), under the isomorphism Kµ, can be
identified with the 8-dimensional Sp(2,R)-coadjoint orbit

Kµ(SO(〈e1,e3〉⊥)→O(n−4)) = Sp(2,R) ·


0 0 −1 0
0 0 0 −1
a2 0 0 0
0 b2 0 0

 ⊂ sp(2,R)∗.

• Assume a = b. Consider on 〈e1, . . . , e4〉 the complex structure J defined by

Je1 = e2 and Je3 = e4.

Then Gµ = U(2)×O(n− 4).

Note that Gq ∩Gµ = O(n− 4) unless q1, Jq1 and q2 are not linearly independent. But
if a = b, (7.5) is equivalent to

x1,1x2,2 − x1,2x2,1 + x1,3x2,4 − x1,4x2,3 = 0,

that is, q1 · (Jq2) = 0. Therefore if q1 ∧ q2 6= 0, q2 cannot lie in 〈q1, Jq1〉, hence
Gq ∩Gµ = O(n− 4).

Again by Corollary 6.8.11 and Lemma 6.6.2

Qµ = Qµ
[O(〈e1,e3〉⊥)]

, J−1(µ) = sO(〈e1,e3〉⊥)→O(n−4).

Let q ∈ Qµ. Since Gµ/Gq is conjugated to U(2), it has dimension 4, therefore Qµ/Gµ

has dimension 3. Similarly, as Gµ/O(n − 4) has also dimension 4 and J−1(µ) has
dimension 10, the reduced space J−1(µ)/Gµ) has dimension 6.

In this case the map of Theorem 6.8.9 becomes a symplectomorphism between the 6
dimensional reduced space J−1(µ)/Gµ = SO(〈e1,e3〉⊥)→O(n−4) and the magnetic cotangent
bundle T ∗(Qµ/Gµ).

SO(〈e1,e3〉⊥)→O(n−4)
∼ //

��

T ∗(Qµ
[O(〈e1,e3〉⊥)]

/Gµ)

��

Qµ
[O(〈e1,e3〉⊥)]

/Gµ
Id // Qµ

[O(〈e1,e3〉⊥)]
/Gµ

Using the isomorphism Kµ, SO(〈e1,e3〉⊥)→O(n−4) can now be identified with the 6-dimen-
sional Sp(2,R)-coadjoint orbit

Kµ(SO(n−2)→O(n−4)) = Sp(2,R) ·


0 0 −1 0
0 0 0 −1
a2 0 0 0
0 a2 0 0

 ⊂ sp(2,R)∗.
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7.3.2 µ of rank 2

Without loss of generality µ = ae1 ∧ e2. Therefore Gµ = SO(2)×O(n− 2).
As for the rank 4 case J(q1, q2, p1, p2) = µ implies q1 ∧ q2 ∧ µ = 0, therefore

Qµ ∩Q(O(n−2)) ⊂ {(q1, q2) ∈ Q | q1 ∧ q2 6= 0, q1 ∧ q2 ∧ µ = 0}.

Conversely, let (q1, q2) ∈ Q such that q1 ∧ q2 6= 0 and q1 ∧ q2 ∧ µ = 0. This last condition
implies that the four vectors {q1, q2, e1, e2} span a three dimensional subspace, so we can
choose u ∈ Rn such that {q1, q2, u} is a basis of this subspace. Then there are λ1, λ2, λ3 ∈ R
such that

ae1 ∧ e2 = λ1q1 ∧ q2 + λ2q1 ∧ u+ λ3q2 ∧ u = q1 ∧ (λ1q1 + λ2u) + q2 ∧ (λ3u)

hence
Qµ ∩Q(O(n−2)) = {(q1, q2) ∈ Q | q1 ∧ q2 6= 0, q1 ∧ q2 ∧ µ = 0}.

The intersection Qµ ∩Q(O(n−1)) is simpler because

Qµ ∩Q(O(n−1)) = {(q1, q2) ∈ Q | q1, q2 ∈ 〈e1, e2〉, (q1, q2) 6= (0, 0), q1 ∧ q2 = 0}.

Let q ∈ Qµ ∩ Q(O(n−1)). Then Gq ∩ Gµ = O(n − 2). However, if q1, q2 ∈ Qµ ∩ Q(O(n−2)),
either q1 ∧ q2 = e1 ∧ e2 or q1 ∧ q2 6= e1 ∧ e2. In the former case Gq ∩Gµ = O(n− 2) whereas
in the latter Gq ∩Gµ ∈ (O(n− 3))Gµ .

Using Lemma 6.5.1 we have a partition of Qµ in three pieces

Qµ = Qµ
[O(〈e1,e3〉⊥)]

tQµ
[O(n−2)]︸ ︷︷ ︸

⊂Q(O(n−2))

tQµ
[O(n−1)]︸ ︷︷ ︸

⊂Q(O(n−1))

.

Similarly, using Corollary 6.8.11 the set J−1(µ) can be decomposed as

J−1(µ) = Gµ · (J−1(µ))O(n−2) tGµ · (J−1(µ))O(n−3).

With this information Proposition 6.6.4 gives a partition of J−1(µ)/Gµ into six different
pieces. However we are now going to check that two of them are empty.

• Let (q1, q2, p1, p2) ∈ sO(〈e1,e3〉⊥)→O(n−2). Then 〈q1, q2, p1, p2〉 has to be two dimensional,
since q1, q2 are independent we have that 〈q1, q2, p1, p2〉 = 〈q1, q2〉. But as J(z) = µ this
implies that 〈q1, q2〉 = 〈e1, e2〉. This is a contradiction with (q1, q2) ∈ Qµ

[O(〈e1,e3〉⊥)]
.

• Let (q1, q2, p1, p2) ∈ sO(n−2)→O(n−3). Since µ = q1 ∧ p1 + q2 ∧ p2 and 〈q1, q2〉 = 〈e1, e2〉,
0 = q1 ∧ µ = q1 ∧ q2 ∧ p2, therefore p2 ∈ 〈q1, q2〉 and analogously p1 ∈ 〈q1, q2〉. Then
(q1, q2, p1, p2) /∈ (T ∗Q)(O(n−3)).

Hence the partition of J−1(µ)/Gµ has four different pieces with the following incidence
relations

SO(〈e1,e3〉⊥)→O(n−3)

SO(n−2)→O(n−2)

ii

SO(n−1)→O(n−3)

OO

SO(n−1)→O(n−2)

OO

oo
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in this diagram A→ B means that A ≺ B and there is no other piece C such that A ≺ C ≺ B.
Moreover we have the following equalities

Gµ · J−1(µ)O(n−3) = sO(〈e1,e3〉⊥)→O(n−3) t sO(n−1)→O(n−3)

Gµ · J−1(µ)O(n−2) = sO(n−2)→O(n−2) t sO(n−1)→O(n−2)

τ−1(Qµ
[O(〈e1,e3〉⊥)]

) ∩ J−1(µ) = sO(〈e1,e3〉⊥)→O(n−3)

τ−1(Qµ
[O(n−2)]) ∩ J−1(µ) = sO(n−2)→O(n−2)

τ−1(Qµ
[O(n−1)]) ∩ J−1(µ) = sO(n−1)→O(n−3) t sO(n−1)→O(n−2).

Using the local description of Proposition 6.3.1 can give more details of each of the pieces.

• SO(〈e1,e3〉⊥)→O(n−3). Using Theorem 6.8.15 this piece is symplectic, open, dense and
connected. Fix z = (e1, e3, ae2, 0) ∈ sO(〈e1,e3〉⊥)→O(n−3). The dimension of J−1(µ)(O(n−3))

is equal to 4n−
(
n
2

)
+
(
n−3

2

)
= n+ 6 and since Gµ/Gz has dimension n− 2 this piece is

of dimension 8.

Fix q = (e1, e3) and let H = Gq. We will use Proposition 6.5.4 to model Qµ
[H]/Gµ around

q. The first step is to compute the Lie algebra splitting (4.3). Since H = O(〈e1, e3〉⊥)
we have that Hµ = O(n− 3). Then

hµ =
〈
ei ∧ ej | i ≥ 4, j > i

〉
p = 〈e1 ∧ e2, e3 ∧ e4, . . . , e3 ∧ en

〉
l =

〈
e2 ∧ e4, . . . , e2 ∧ en

〉
n =

〈
e1 ∧ e4, . . . , e1 ∧ en

〉
o = 〈e1 ∧ e3, e2 ∧ e3〉.

Note that oHµ = o 6= 0. Therefore Proposition 6.8.5 implies that SH→O(n−3) is not
diffeomorphic to T ∗(Qµ

[H]/Gµ).

The linear slice at q is S = 〈(e1, 0), (0, e3), (e3, e1)〉 and then SH = S. Using Proposition
6.5.4 locally Qµ

[H]/Gµ
∼= oHµ × SH , therefore Qµ

[H]/Gµ is a 5 dimensional submanifold
of Q.

The map of Theorem 6.8.9 gives an embedding of the 8 dimensional piece SH→O(n−3)

onto a symplectic vector subbundle of the 10-dimensional magnetic cotangent bundle
T ∗(Qµ

[H]/Gµ).

• SO(n−2)→O(n−2). This piece is open and dense in J−1(µ)(O(n−2)), therefore it carries a
symplectic form. Fix the point z = (e1, e2, ae2, 0) ∈ sO(n−2)→O(n−2) that lies on this
piece. In this case H = Gq = O(n − 2), therefore Hµ = H and we can choose the
(G,H, µ)-adapted splitting

hµ =
〈
ei ∧ ej | i ≥ 3, j > i

〉
p = 〈e1 ∧ e2〉

l = 0 n = 0

o = 〈e1 ∧ e3, . . . , e1 ∧ en, e2 ∧ e3, . . . , e2 ∧ en〉

Note that oHµ = oH = {0}.
The linear slice at q is S = 〈(e1, 0), (0, e2), (e2, e1)〉 and clearly SH = S. Using
Proposition 6.5.4 Qµ

[O(n−2)]/Gµ is a 3 dimensional manifold.

Moreover, the map of Theorem 6.8.9 gives a symplectomorphism between SO(n−2)→O(n−2)

and the magnetic cotangent bundle T ∗(Qµ
[O(n−2)]/Gµ).
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• SO(n−1)→O(n−3). Fix z = (e1, 0, ae2, e3) ∈ sO(n−1)→O(n−1) in this piece. Note that
H = Gq = O(n−1) and Hµ = O(n−2). We can choose the (G,H, µ)-adapted splitting

hµ =
〈
ei ∧ ej | i ≥ 3, j > i

〉
p = 〈e1 ∧ e2〉

l = 〈e2 ∧ e3, . . . , e2 ∧ en〉 n = 〈e1 ∧ e3, . . . , e1 ∧ en〉 (7.6)

o = 0.

The linear slice at q is S = 〈(e1, 0), (0, e1), . . . , (0, en)〉 and SH = 〈(e1, 0), (0, e1)〉. Using
Proposition 5.2.1, α = z

S
= (0, e3). Then

B = (hµ · α)⊥ ∩ S = 〈(e1, 0), (0, e1), (0, e2), (0, e3)〉

and BO(n−3) = B. Hence, using (6.26), SO(n−1)→O(n−3) is a coisotropic submanifold of
dimension 6 of the symplectic manifold J−1(µ)(O(n−3)). The seam SO(n−1)→O(n−3) fibers
over the 2-dimensional manifold Qµ

[O(n−1)]/Gµ.

In this case the map SO(n−1)→O(n−3) → T ∗(Qµ
[O(n−1)]/Gµ) of Theorem 6.8.9 is onto and

has two dimensional fibers.

• SO(n−1)→O(n−2). Fix z = (e1, 0, ae2, 0). Since H = Gq = O(n−1) we can the use adapted
splitting described in (7.6). Similarly, the linear slice is S = 〈(e1, 0), (0, e1), . . . , (0, en)〉.
The difference is that in this case α = 0.

Since SHµ = 〈(e1, 0), (0, e1), (0, e2)〉 then SO(n−1)→O(n−2) is a coisotropic submanifold of
dimension 5 of the symplectic manifold J−1(µ)(O(n−2)). The piece SO(n−1)→O(n−2) fibers
over the 2-dimensional manifold Qµ

[O(n−1)]/Gµ.

The map SO(n−1)→O(n−2) → T ∗(Qµ
[O(n−1)]/Gµ) of Theorem 6.8.9 in onto but has one

dimensional fibers.

Using the Kµ isomorphism

Kµ(Gµ · J−1(µ))O(n−3)/Gµ) = Sp(2,R) ·


0 0 −1 0
0 0 0 −1
a2 0 0 0
0 0 0 0

 ⊂ sp(2,R)∗

which is a coadjoint orbit that can be decomposed as the image of the seams

Kµ(SO(〈e1,e3〉⊥)→O(n−3)) = {M ∈ Kµ(Gµ · J−1(µ))O(n−3)/Gµ) | rank(M1..2,3..4) = 2}
Kµ(SO(n−1)→O(n−3)) = {M ∈ Kµ(Gµ · J−1(µ))O(n−3)/Gµ) | rank(M1..2,3..4) = 1}.

The closure of this coadjoint orbit contains the set

Kµ(Gµ · J−1(µ))O(n−2)/Gµ) = Sp(2,R) ·


0 0 −1 0
0 0 0 0
a 0 0 0
0 0 0 0

 ⊂ sp(2,R)∗

that can be decomposed as

Kµ(SO(n−2)→O(n−2)) = {M ∈ Kµ(Gµ · J−1(µ))O(n−2)/Gµ) | rank(M1..2,3..4) = 2}
Kµ(SO(n−1)→O(n−2)) = {M ∈ Kµ(Gµ · J−1(µ))O(n−2)/Gµ) | rank(M1..2,3..4) = 1}.
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7.3.3 µ = 0

Note that in this case since µ = 0 we have Qµ = Q. Since Q has three orbit types (see
(7.4)), Corollary 6.8.11 states that there are only three orbit types in J−1(0). Hence we have
a partition of J−1(0) into 6 different pieces with the following incidence relations

SO(n−2)→O(n−2)

SO(n−1)→O(n−2)

OO

SO(n−1)→O(n−1)
oo

SO(n)→O(n−2)

OO

SO(n)→O(n−1)

OO

oo SO(n)→O(n).oo

Since for µ = 0 the mechanical connection is just the zero section and the condition oHµ = 0
of Proposition 6.8.5 is always satisfied we have the symplectomorphisms SO(n−2)→O(n−2)

∼=
T ∗(Q(O(n−2))/G), SO(n−1)→O(n−1)

∼= T ∗(Q(O(n−1))/G) and SO(n)→O(n) is a single point. The
remaining three seams are coisotropic submanifolds.

Using the K0 isomorphism we have

K0(J−1(0)(O(n−2)/G) = Sp(2,R) ·


0 0 −1 0
0 0 0 −1
0 0 0 0
0 0 0 0

 ⊂ sp(2,R)∗

Note that this coadjoint orbit can be partitioned into the images by K0 of SO(n−2)→O(n−2),
SO(n−1)→O(n−2), SO(n)→O(n−2) according to the rank (2, 1 or 0) of the upper-right 2×2-matrix.

Analogously,

K0(J−1(0)(O(n−1)/G) = Sp(2,R) ·


0 0 −1 0
0 0 0 0
0 0 0 0
0 0 0 0

 ⊂ sp(2,R)∗,

and this coadjoint orbit can be partitioned into the images by K0 of SO(n−1)→O(n−1) and
SO(n)→O(n−1) according to the rank (1 or 0) of the upper-right 2× 2-matrix.



Bibliography

[AB83] M. F. Atiyah and R. Bott. The Yang-Mills equations over Riemann surfaces.
Philos. Trans. Roy. Soc. London Ser. A, 308(1505):523–615, 1983.

[AM78] R. Abraham and J. Marsden. Foundations of mechanics. Benjamin-Cummings,
New York, 2nd edition, 1978.

[AM95] D. V. Alekseevsky and P. W. Michor. Differential geometry of g-manifolds.
Differential Geom. Appl., 5(4):371–403, 1995.
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