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Summary

This thesis is divided into two parts.

The first part is mainly concerned with regularity issues for integro-differential
or nonlocal equations. The elliptic integro-differential operators L of the form

Lu(z) = /n <u(l‘+y) —;—u(:r ) —u(x)) wﬁi%dy with 0 < A <b(y) <A
(0.1)

are infinitesimal generators of Lévy processes. Thus, in the same way that densities
of particles with Brownian motion solve second order elliptic or parabolic equations,
the equations Lu = 0 or u; = Lu are satisfied by densities of particles with Lévy
motion.

When b(y) is constant, the operator L is the fractional Laplacian —(—A)®, which
can be also defined via Fourier transform as F((—A)%u) = |¢|*F(u).

The well-posed Dirichlet problem for these operators is a problem with comple-
ment data:

{Lu:f in 0.2)

u=0 in R™\ Q.

There are many classical regularity results for (—A)® —whose “inverse” is the
Riesz potential. For instance, the explicit Poisson kernel for a ball is an “old” result,
as well as the LP solvability of the equation (—A)*u = f in the whole R"™. However,
very little was known on boundary reqularity for problems of the type . A main
topic of this thesis is the study of this boundary regularity, which is qualitatively
different from that for second order equations.

Our first result in this direction is for problem (0.2)) with L = —(—A)*. In this
case we prove that solutions u are C* up to the boundary and, more importantly,
that the quotient u/d® € C*(Q), for some small a > 0, where d is the distance
to the boundary 0f2. Note that the solution to (—A)*u = 1 in B, u = 0 outside
By is given by the explicit expression u(z) = ¢(1 — |z]?)5, where ¢ is some positive
constant. Hence, the regularity u € C* cannot be improved. Instead, finer boundary
regularity for these fractional order equations means higher order Holder regularity
of u/d.

The previous estimates for (—A)® are crucial to establish the Pohozaev identity
for the fractional Laplacian, a main result of this thesis. This new identity applies
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4 SUMMARY

to solutions of (—A)*u = f(u,z) in Q, u=01in R™ \ 2, and reads as follows

/Q(x Vu)(~A)udr = 2" /Qu(—A)Su dz - F“T“)Q /@Q (%Y (@ vyior

This identity does not follow from some “vector calculus identity” and the divergence
theorem, as it is the case in the classical Pohozaev identity. Instead, its proof is more
delicate mainly due to the more intricate boundary behavior of solutions.

Our methods to prove Holder regularity for u/d® are based only on the maximum
principle, the Harnack inequality, and on suitable barriers (we develop a nonlocal
version of the Krylov method for second order elliptic equations with bounded mea-
surable coefficients). This allows us to obtain results also for fully nonlinear integro-
differential equations, arising in stochastic differential games. Our results apply to
fully nonlinear equations with respect to the class L., containing all operators L of
the form (0.1)) which are scale invariant, i.e. b(y) = a(y/|y|). This class is comprised
by infinitesimal generators of 2s-stable Lévy processes. We prove that solutions u to
where L is replaced by a fully nonlinear operator (such as infgsup, L,z with
Los € L), satisfy u/d® € C#(Q) for all 8 € (0,5s). In addition, we show counterex-
amples to this boundary regularity in the larger ellipticity class Ly of Caffarelli and
Silvestre, which contains all operators of the form (0.1)).

We also obtain new interior regularity results for fully nonlinear nonlocal par-
abolic equations with rough kernels in the class £y. We prove that solutions to
these equations with merely bounded complement data are C? in space and C % in
time for all 8 < {2s,1 4+ a}, where a@ > 0. These results are nearly optimal. For
it, we develop a new regularity method for nonlocal equations based on a Liouville
theorem and a blow up and compactness argument. It allows to avoid a recurrent
difficulty in integro-differential equations when trying to iterate nonlocal estimates
We believe that this method, which is very flexible and solves the previous difficulty,
is a main contribution of the thesis. For instance its use has been essential to prove
our boundary regularity results for fully nonlinear equations, described above.

In this first part of the thesis we have also studied semilinear equations with
nonlocal diffusion operators. On the one hand, by finding an extension problem
for a sum of fractional Laplacians, we are able to prove 1-D symmetry of phase
transitions in dimension n = 2 for equations of the type >, (—=A)%u+W'(u) = 0 in
R™, where W is a double well potential and s; € (0,1). We also obtain symmetry in
dimension n = 3 provided min s; > 1/2. One the other hand, we study the nonlocal
version of the extremal solution problem (—A)*u = Af(u) in €. For this problem
we obtain some initial results on boundedness of the extremal solution extending
well-known and important ones for s = 1. In addition, and as an application of our
Pohozaev identity, we prove that the extremal solution belongs to H*.

In the second part we give two instances of interaction between isoperimetry and
Partial Differential Equations. In the first one we use the Alexandrov-Bakelman-
Pucci method for elliptic PDE to obtain new sharp isoperimetric inequalities in
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cones with densities. We show that given a convex cone X C R" and a weight
w € C(X) which is homogeneous of degree a > 0 and such that w'/® is concave in
Y., the isoperimteric quotient

(famz w da) e

(fmz w dx) e

is minimized by balls centered at the origen. We also obtain an anisotropic version
of this result. This is done by generalizing a proof of the classical isoperimetric
inequality due to X. Cabré. Our new results contain as particular cases the classical
Waulff inequality and the isoperimetric inequality in cones of Lions and Pacella.

In the second instance we use the isoperimetric inequality and the classical Po-
hozaev identity to establish a radial symmetry result for second order reaction-
diffusion equations. The novelty here is to include discontinuous nonlinearities. For
this, we extend a two-dimensional argument of P.-L. Lions from 1981 to obtain now
results in higher dimensions.

The thesis is made up of the following articles:
A. X. Ros-Oton, J. Serra, The Pohozaev identity for the fractional Laplacian,
to appear in Arch. Rational Mech. Anal.

B. X. Ros-Oton, J. Serra, The Dirichlet problem for the fractional Laplacian:
reqularity up to the boundary, J. Math. Pures Appl. 101 (2014), 275-302.

C. X. Ros-Oton, J. Serra, Nonexistence results for nonlocal equations with crit-
ical and supercritical nonlinearities, preprint ArXiv (2013).

D. J. Serra, Regularity for fully nonlinear nonlocal parabolic equation with
rough kernels; preprint ArXiv (2014).

E. X. Ros-Oton, J. Serra, Boundary reqularity for fully nonlinear integro-
differential equations, preprint Arxiv (2014).

F. X. Ros-Oton, J. Serra, The extremal solution for the fractional Laplacian,
Calc. Var. Partial Differential Equations, published online.

G. X. Cabré, J. Serra, An extension problem for sums of fractional Laplacians
and 1-D symmetry of phase transitions, preprint (2013).

H. X. Cabré, X. Ros-Oton, J. Serra, Sharp isoperimetric inequalities via the
ABP method, preprint ArXiv (2013).

I. J. Serra, Radial symmetry for diffusion equations with discontinuous non-
linearities, J. Differential Equations 254 (2013), 1893-1902.
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Introduction

The contents of this thesis are divided into two parts. The first, and main one,
concerns nonlocal —or fractional— diffusion equations, an extension of standard
Brownian diffusion and of the heat equation. The second part includes two instances
of interaction between isoperimetry and Partial Differential Equations.

In the first part we study fractional semilinear problems, as well as nonlocal
fully nonlinear diffusion equations —both in their parabolic and elliptic versions.
We obtain results on interior and boundary regularity for these equations. The
boundary regularity results for equations of fractional order are a main novelty of
the thesis. They are qualitatively different from their classical versions for second
order elliptic equations. In addition, they play an important role in the Pohozaev
identity for the fractional Laplacian, which is another central result of the thesis.
In this first part we also study a nonlocal phase transition problem, as well as the
fractional version the semilinear extremal solution problem.

This first part of the thesis iscomprised of the following articles:

[A] X. Ros-Oton, J. Serra, The Pohozaev identity for the fractional Laplacian, to appear in Arch.
Rational Mech. Anal.

[B] X. Ros-Oton, J. Serra, The Dirichlet problem for the fractional Laplacian: regularity up to the
boundary, J. Math. Pures Appl. 101 (2014), 275-302.

[C] X.Ros-Oton, J. Serra, Nonezistence results for nonlocal equations with critical and supercritical
nonlinearities, preprint ArXiv (2013).

[D] J. Serra, Regularity for fully nonlinear nonlocal parabolic equation with rough kernels; preprint
ArXiv (2014).

[E] X. Ros-Oton, J. Serra, Boundary regularity for fully nonlinear integro-differential equations,
preprint Arxiv (2014).

[F] X. Ros-Oton, J.Serra, The extremal solution for the fractional Laplacian, Calc. Var. Partial

Differential Equations, published online.

[G] X. Cabré, J. Serra, An extension problem for sums of fractional Laplacians and 1-D symmetry
of phase transitions, preprint (2013).

In the second part we include two instances of interaction between isoperimetric
inequalities and elliptic PDE. In the first one we use the Alexandrov-Bakelman-Pucci
method for elliptic PDE to obtain new sharp isoperimetric inequalities in cones
with densities. This is done by generalizing a proof of the classical isoperimetric
inequality due to X. Cabré. Our new result contains as particular cases the classical
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10 INTRODUCTION

Wulff inequality and the isoperimetric inequality in cones of Lions and Pacella.
In the second instance the interaction goes on the opposite direction: we use the
isoperimetric inequality and the classical Pohozaev identity to establish a radial
symmetry result for second order reaction-diffusion equations. The novelty here
is to include discontinuous nonlinearities. For this, we extend a two-dimensional
argument of P.-L. Lions from 1981 to obtain now results in higher dimensions.

This second part of the thesis is comprised of the following two articles:
[H] X. Cabré, X. Ros-Oton, J. Serra, Sharp isoperimetric inequalities via the ABP method, preprint
ArXiv (2013).

[I] J. Serra, Radial symmetry for diffusion equations with discontinuous nonlinearities, J. Differ-

ential Equations 254 (2013), 1893-1902.

The introduction is divided into two sections, corresponding to the division ex-

plained above.
After the Introduction, we include all articles. Each of them has its own Bibli-

ography.



1. Nonlocal diffusions

1.1. From Brownian to Lévy models. In mathematics, and more particu-
larly in PDE, the (main) equation to model diffusion is the heat equation

ur — Au = 0. (1.1)

It is a well-known fact that the probability distribution function (which depends
on time) for a Brownian motion satisfies . By this reason, a wide variety
of physical phenomena are modeled by the heat equation. A short list of typical
examples includes: diffusion of a pollutant in the air, bacterial diffusion, disease
propagation, error propagation in numerical analysis, or stock market prices.

Let us develop in more detail the example of the stock prices. This example
turns out to be very appropriate to motivate the results of this thesis, and it will
appear again in this introduction. Let

X(t) = (X1(t),..., Xu(1))

be a vector with the share prices of n different corporations at time . The Brow-
nian model for share prices, also known as Merton-Samuelson model, describes the
fluctuation of the logarithmic prices as a n-dimensional Brownian motion. Namely,
letting

Y, = log(XZ)7
the model states (in the language of stochastic differential equations) that
d
dY; = pidt + o dW. (1.2)
k=1

Here, p; are the drift coefficients, o;; are the (joint) volatilities, and W, are indepen-
dent Wiener processes, also called Brownian processes. Actually, (1.2 corresponds
to the simplest version of the model, in which drifts and volatilities are taken con-
stant in time.

For all modeling purposes, after discretizing time by choosing a small time step
7 > 0, the previous stochastic differential equation can be understood as the follow-
ing recursive relation

Yi(t+7) = Yi(t) = mr + > oa/TE(1), (1.3)

where t € 7Z and & (t) are noise variables that have Gaussian distribution N (0, 1),
with zero mean and unit variance. The d random variables & (t) are assumed to be
independent of each other and also independent of their past values {£x(s), s < t}.

It is of course important the square root /7, appearing in in front of the
noise variables &;(t). If \/7 was replaced by a smaller factor (say 7 or 7%/3), then in
the limit 7\, 0 we would obtain a deterministic model; the stochastic part would be
killed by the too small factor. This is clearly related to the Central Limit Theorem:

11



12 INTRODUCTION

the sum of a large number N of independent random variables divided by v/ N (and
not N nor N?3) converges to a Gaussian law N(0, 1).

If u(z,t) is the probability density function of Y (¢) then, when u; = 0, we have

n
U — Z aijaiju =0 in Rn,
ij=1

for a;; = >, %O-ikajk. This equation gives the (a priori unclear) link between the
fluctuation of market prices and heat conduction. This connection also makes the
model to enjoy nice mathematical properties.

Although the model is quite simple (contains few parameters), it is known
to be quite accurate. Other than the drift parameters p;, which quantify long-
term trends of prices, this model depends only on a matrix of parameters o;;, the
volatilizes. Until the last decades, simplicity was a very important advantage of this
(and every) model. Indeed, the values of the parameters need to be calibrated by
fitting the model to the existing market data —for instance by a maximum likelihood
criterion. A small number of parameters is crucial when data is (or was) scarce since,
otherwise, the model will easily overﬁﬂ.

However, the available amount of market data increases extremely fast, and so
does computational power. For instance, it is nowadays easy to download gigabytes
of historical market data in few minutes and to fit quite involved models to it using
a regular laptop. Thus, it seems no longer necessary in applications to consider
so simple models, but rather it may be an oversimplification in some situations.
Still, the mathematical simplicity of a model will always be a virtue and allows to
understand the crucial issues of a problem.

From the more theoretical point of view, there are some well-known inconsisten-
cies of the model like the implied volatility smile. This is a famous paradox
to the Black-Scholes theory for option pricing, and it is usually attributed to the
inaccuracy of —a main assumption of the Black-Scholes theory. At the same
time, a reasonable criticism to the Brownian model is that, according to it, stock
market prices should be scale invariant (since Brownian motion is). But they are
not Ideed, it is known that the behavior of stock market prices is typically different
in middle and large times scales —with the Brownian model being more accurate in
larger time scales, due to the Central Limit Theorem.

It is thus not surprising that, since the seventies, many authors have considered
more general models in which is replaced by the natural assumption that Y (¢)
is a Lévy process —see for instance [91], 48], [88), 96] and references therein. As
explained in the next section, Lévy processes are Stochastic processes with no mem-
ory and stationary increments. These properties make Lévy processes the rational
model of noise or random perturbations. Brownian motion is a distinguished par-
ticular case in this large class of processes. From the mathematical point of view,

Like if we use a polynomial of degree 99 to fit a cloud of 100 points which are rather aligned:
it fits exactly the data but it is completely useless as a model.
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Brownian motion is the only Lévy process with continuous sample paths. However,
in real world data, time is always discrete —as in ([1.3)— and hence continuity of
sample paths is only an ideal property which is impossible to see or test. What we
do see is whether time increments are stationary and also the absence of memory,
and these two properties are shared by all Lévy processes.

Although this discussion was focussed in mathematical models of the financial
market, it is clear that the same issues (need of more accuracy, known inconsis-
tencies, increasing amount of data, discrete time models) apply to many diffusive
models in science where the Brownian diffusion has also been replaced by a Lévy
one. For instance, this seems specifically relevant in models of population dynamics
in biology and social sciences [79, 100}, 123].

In the next section we introduce Lévy processes and some of their main proper-
ties.

1.2. Lévy processes. A n-dimensional Lévy process is a stochastic process
taking values in R™ and that has stationary and independent increments. It is also
assumed to satisfy Y'(0) = 0 and to be continuous in probability, i.e., given ¢ > 0,
the probability that |Y (¢+h)—Y (t)| > € tends to zero as h \, 0 for all € > 0 and for
a.e. t. This does not mean that the sample paths of a Lévy process are continuous,
and in fact they are not —with the sole exception of Brownian motion. That Y (¢)
has independent, stationary increments means that the law of Y (¢ + h) — Y (¢)
depends only on A (not on t), and that Y (¢ + h) — Y (¢) is independent of the past
{Y(s), s <t}

While (1.2) depends only of a finite number of real parameters (y; and o;;),
a Lévy process depends on the choice of a measure p in R™ \ {0} satisfying the
condition

/ LA yl* du(y) < oo, (1.4)
R\ {0}

where A denotes the minimum. Measures p satisfying (|1.4)) are called Lévy measures.
If Y(t) is a Lévy process, we define its infinitesimal generator L as the linear
translation invariant operator that acts on functions u € C°(R™) as follows:

Eu(lz+Y (1)) —ulx
Lu(z) = lim ( (1) ( )
N0 t
As a consequence of the Lévy-Khintchine representation formula [8], the infinitesimal
generators of Lévy processes are exactly the operators of the form

Lu(z) = ai;0;ju(z)+b0iu(z)+ /R n\{o}{U(Hy)—U(ﬂU)—VU(x)-yXBl () }u(dy), (1.6)

where p is a Lévy measure. Note that Lu(x) is meaningful whenever u is bounded
in R” and is C? in a neighborhood of . Under these conditions the integral in
is well defined and finite, since p satisfies and the integrand inside the brackets
is O(y|?) at y = 0.

(1.5)
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General references for Lévy processes are [2), [8].

The adjoint operator L*Y of the infinitesimal generator L carries all the infor-
mation on the law of Y'(¢). Namely, if p(z, ) denotes the probability distribution of
a n-dimensional Lévy process Y (t), defined by

/p(:c,t) der =P(Y(t) € A) for all A,

then p(x,t) solves the evolution equation
pe=L*p  in R™ (1.7)

That the adjoint operator L*¥ (and not L) must appear in (1.7)) also happens for
second order operators a;;(x)d;; and 0;j(a;;(z)-), and their relation with Markov
processes. Namely, if a n-dimensional Markov process Z(t) solves

dZ;(t) = >, 0w (Z (1)) dWi(t),
Z(0) = xo.
then the probability density function p(z,t) of Z(t) satisfies the Fokker-Planck equa-
tion
pr = 0ij (aij (37)19)7

where a;;(z) = 3>, oir(x)oje(x). Instead, the operator a;;(x)d;; appears in the
Kolomogorov equation, which is satisfied by ezpectation type quantities like u(z,t) =
]E(p(ZxO (t)), where ¢ € C*(R™). Similarly, expectation type quantities for Lévy
processes are often described by equations involving L instead of L%, as seen in the
following example.

ExaMPLE 1.1. Let Y (¢) be a Lévy process, €2 be a bounded domain and let
p € CPR"\ Q). Given zg €  let

u(zo) =Ep(zo + Y (Ts)),
is the first time at with the process xo + Y leaves €2, that is
Too =inf {t >0: (2o +Y(t) ¢ Q}.
Note that 7T, is a random variable (a so called stopping time). Note also that

w(zo) = Eu(zo+ Y (tAT,)) forallt> 0.

where 7T,

0

Thus, (at least formally) we have
. Eu(zg+Y(tATs)) — ulzo)
0 =lim
t\0 t
It follows that u is a solution of the nonlocal problem
Lu=0 inQ
u=¢p inR"\Q,

= Lu(zg) for all zg € (.
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where L, as in (1.5)) and (1.6), is the infinitesimal generator of Y (¢). Although
this argument is formal, it can be made rigorous if the previous equation has good
regularity estimates.

1.3. Nonlocal elliptic operators. Key differences with the second or-
der case. The infinitesimal generators of Lévy processes are linear elliptic integro-
differential operators. They are typically nonlocal, meaning that the value of Ly at
a point o € R", given by , depends on the values of ¢ outside a neighborhood
of zg. When p > 0 in R™ \ {0}, Le(z¢) depends on the values of ¢ at all points of
R™. This is a clear contrast with local second order operators, which can be eval-
uated at one point only knowing the values of the function in an arbitrarily small
neighborhood.

Let us explain next in what sense L is elliptic. Assume that ¢ € C*(R")NL>(R"™)
has a global minimum at xq € R™. Then, either using or we obtain

Lo(zg) > 0.

This property of the operator being nonnegative at points of minimum is the vis-
cosity notion of ellipticity.

However, let us point out two important differences with second order elliptic
operators. Again consider x> 0 in R™\ {0}. We then have:

(a) That ¢ > (x¢) in a neighborhood of z is not enough to ensure Ly(xq) > 0.
Instead, we must require ¢ > ¢(zy) in all of R™.

(b) If ¢ > ¢(x0) in all of R™ then either Lp(z) > 0 or ¢ = ¢(xp) in all of R™.

Both (a) and (b) follow easily from the definition of L in (1.6)) when x> 0. While
(a) is a “disadvantage” with respect to second order local operators, (b) is a very
favorable counterpart. Note that (b) has the flavor of a strong maximum princi-
ple but, in a dramatic contrast with second order operators, the sole information
Lo(xg) = 0 at the point of minimum z; is enough to conclude that ¢ is constant in
all of R™

The two key differences (a) and (b) of nonlocal elliptic operators with respect
to local ones appear repeatedly in the regularity theory of elliptic and parabolic
integro-differential equations. The global nature of the maximum principle in (a)
causes difficulties and forces to control the solutions in the whole R™ —estimates are
nonlocal, Harnack inequality is only available for solutions which are nonnegative
in the whole R", etc. Instead, property (b) makes some things easier than for
local equations. A good example of this is the quick proof of Luis Silvestre [110]
of the Holder regularity for nonlocal elliptic equations with “bounded measurable
coefficients”. Another example is the proof of the Bernstein theorem for nonlocal
minimal surfaces of Figalli and Valdinoci [68].

In the same way that the model for second order elliptic operators is the Lapla-
cian, denoted A, the model nonlocal elliptic operator is the fractional Laplacian
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—(—A)?, where s € (0,1). It is equivalently defined either by the integral

— <_A)SU(ZE) = Cps /n (U(IE + y) ‘|2’U($ - y) . U(I)) W%dy (18)

or via Fourier transform as

FI(=A)]©) = [ Flu] (). (1.9)
As a consequence of we have (—A)* o (—=A)! = (=A)*™, which motivates the

name fractional Laplacian.

The fractional Laplacian is the only nonlocal elliptic operator which is transla-
tion, rotation, and scale invariant. In this sense, it is similar to the A. However,
note the following important difference between the cases s = 1 and s < 1. While
every linear translation invariant elliptic operator of order 2 is the Laplacian after
some affine change of coordinates, for s < 1 there are many more linear translation
invariant operators of order 2s than just affine transformations of (—A)®* —for in-
stance all the infinitesimal generators of 2s-stable Lévy processes of the form ((1.21]).
Thus, zoology of operators in the nonlocal setting is richer than in the second order
case.

1.4. Nonlinear analysis for nonlocal operators: mathematical back-
ground. The study of linear integro-differential elliptic equations was initiated by
the Probability community in the 1950’s —mnot surprisingly given the strong proba-
bilistic motivation of these equations. Many authors, like Blumenthal, Getoor, Kac,
or more recently Bogdan, Bass, and Kassmann (to name only a few) have made
important contributions using mostly probabilistic techniques. In parallel to this,
the potential theory for the fractional Laplacian (Riesz potentials) was studied in
detail, starting by Riesz [101] himself, and there are even classical references on
the topic like the book of Landkov [85]. For instance, the explicit Poisson kernel
in a ball for the fractional Dirichlet problem (—=A)u® = f in By, u = g in R" \ By
is a classical result [81], [74]. These early results for nonlocal equations concerned
mainly linear equations.

It has not been until the last decade, coinciding with the irruption of nonlocal
equations in the PDE community, that nonlinear integro-differential equations have
been studied in depth. Some fractional nonlinear problems (with many relations
existing among them) that have been studied in the last years include:

e Reactions on the boundary; layer solutions to nonlocal reaction-diffusion
equations; De Giorgi type conjecture; nonlocal fractional perimeters; non-
local minimal surfaces.

e Fractional obstacle problem; one phase problem.

e Fully nonlinear elliptic and parabolic integro-differential equations; pertur-
bative methods for these equations.

e Nonlinear nonlocal elliptic variational equations; De Giorgi-Nash-Moser
type theory.



1. NONLOCAL DIFFUSIONS 17

e Nonlinear diffusions; front propagation; fractional versions of the porous
media equation.

e Fractional semilinear problems; existence, symmetry, and qualitative prop-
erties, uniqueness of ground states.

e Fractional equations and curvatures from conformal geometry.

In the remarkable paper [3] from 1991, Amick and Toland found all solutions
in R to the Benjamin-Ono equation (—A)Y?y = —u + u?. As already observed by
Benjamin, the previous equation is equivalent to

{Av:() in Ri

1.10
ov=—v+v* ondRZ = {z; =0}, (1.10)

This fact is crucially used in the analysis of [3]. Later, Toland [T18] classified the
solutions to the Peierls-Nabarro equation (—A)Y2u = sin(7u) in R by unraveling
an intrinsic link of this equation with the Benjamin-Ono equation.

For more general nonlinearities, Cabré and Sola-Morales [27] studied boundary
reaction problem

v = f(v) on IR ={x,; =0}, (L11)
where f is a bistable nonlinearity. In [27] some important classical results for interior
reactions —Au = f(u) were proved to hold also for (L.11]). Among other results, the
authors showed a Modica type estimate in dimension n = 1 and proved the analogue
of the De Giorgi conjecture in dimension n = 2.

As in [3], 118], problem (T.11) is equivalent to (—A)Y?2u = f(u) in R”, where
u(z) = v(z,0), x € R". Heuristically, the reason why the Dirichlet-to-Neumann
operator T : u +— Zuv, where v is the harmonic extension of u in Rﬁ“, coincides

ov
with the half Laplacian (—A)/2 is the following. If we apply it twice we obtain

{Av —0 iR

T?*u(z) = 0,,v(x,0) = Oy, 1z, 0(2.0) = — Z Op,z,0(2,0) = (—A)|gnu(z).
i=1

The Holder regularity for integro-differential elliptic equations “with bounded
measurable coefficients”, proved by Bass and Levin [5] and Silvestre [110], opened
the door to a regularity theory for fully nonlinear nonlocal elliptic equations, al-
though a precise definition of these equations was not given until some year later in
[34].

After the works [5l, [110], the fractional obstacle problem was addressed. It arose
as a generalization of the thin obstacle problem (also known as Signorini problem),
although it is also motivated by a pricing model for american options with Lévy
behavior of underlying assets. In the paper [111], Silvestre proved almost optimal
regularity for the solution of the fractional obstacle problem, and established some
important guidelines on how to apply PDE methods to integro-differential equations.
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Later, Caffarelli and Silvestre [33] introduced the extension problem tool. Sim-
ilarly to what happens for s = 1/2 with the nonlinear problem for , the
extension problem transforms an equation involving (—A)® in R™ with s € (0,1)
into a PDE in one more dimension. The new PDE involves the singular elliptic
differential operator div((z,41)'"2*V ) and a Neumann type boundary condition.
A remarkable consequence of this new tool is an Almgren type monotonicty formula
for solutions to (—A)*u = 0. This was used by the previous two authors and Salsa
[37] to prove regularity of the solution and of the free boundary for the fractional
obstacle problem.

Also using the extension problem, a fractional version of the De Giorgi conjecture
was proved in dimension n = 2 for all s € (0,1) and in dimension n = 3 for
s € [1/2,1) by Cabré and Cinti |20, 21]. Related to this (although not using
the extension), Savin and Valdinoci [107, 108 proved a I'-convergence result (in
the spirt of the classical one of Modica and Mortola [92]) for the fractional Allen-
Cahn equation. They consider the renormalized energy functional for the rescaled
equation (—A)*u = 72 f(u). For s € [1/2,1] they obtain the [-convergence to the
classical perimeter of the renormalized energy functional, as in [92]. Instead, for
s € (0,1/2) they obtain I'-convergence to a fractional perimeter, as introduced by
Caffarelli, Roquejoffre, and Savin [31].

An important result which uses the extension problem in an essential way is
uniqueness of ground states for (—A)’u = —u + v? in dimension 1, proved by Frank
and Lenzmann [70]. Recently, incorporating some ideas of Cabré and Sire [28§],
Frank, Lenzmann, and Silvestre [T1] have proved the uniqueness of ground states in
every dimension.

In parallel with the analysis of semilinear equations, the theory of nonlocal fully
nonlinear elliptic equations has been developed during the last years. In the foun-
dational paper [34], Caffarelli and Silvestre gave a definition of fully nonlinear ellip-
tic integro-differential equation based in the motivation from stochastic differential
games. They proved the existence of viscosity solutions and an ABP type esti-
mate which served to establish the Harnack inequality for solutions to the linearized
equations. Although for equations of order o € (0,2) these type of results for equa-
tions with bounded measurable coefficients had already been proved in [5, 110], an
important novelty in [34] is that their estimates are uniform as o — 2. Hence, re-
markably, the results in [34] contain the classical theory for second order equations
as a limit case. Using this C* estimate, they also proved a C''® interior estimate
for translation invariant elliptic fully nonlinear equations. The perturbative theory
for nonlocal equations was addressed later by the same authors in [35], who also
obtained a nonlocal version of the Evans-Krylov theorem for convex equations in
the important paper [36]. The adaptation of these elliptic methods to the parabolic
fully nonlinear setting has been done by Chang and Dévila [44), [45].
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In [4], Barles, Chasseigne, and Imbert studied a different class of fully nonlinear
integro-differential equations using methods a la Jensen-Ishi-Lions. The ideas in [4]
are interesting and useful also for the equations considered in [34].

The nonlocal variational theory has also been developed. A main step in this
direction was the nonlocal analogue to the De Giorgi-Nash-Moser theory obtained
by Kassmann in [84]. Later, motivated by their previous works on the surface
quasi-geostrophic equation [38] and on the Navier-Stokes equation [120], Caffarelli,
Chan, and Vasseur established the regularity theory for nonlocal parabolic equations
in divergence form [30].

Front propagation and nonlinear diffusions have also been studied in the frac-
tional context. The exponential speed of invasions has been proved by Cabré,
Coulon, and Roquejofire in [22], 23]. The porous media equation with fractional pres-
sure was studied by Caffarelli and Vazquez in [39), 40]. See also [109, 61, [62], 121].

1.5. Fully nonlinear elliptic and parabolic integro-differential equa-
tions: the Stochastic control motivation. Let us consider the following varia-
tion of Example in section 1.2 in which now a single player controls the law of
increments of the process, with the goal of maximizing the expectation of the payoff
received at the first visited point outside 2.

EXAMPLE 1.2. Let Y (a;t) be a family of Lévy processes indexed by a control-
lable parameter «, and let L, be the infinitesimal generator of Y («; -). A strategy
of the player assigns to each x € € some control af[z]. The random motion, stating
at xy € €, associated to some strategy «[-| is (heuristically)

dX (t) = dY (a[X (1)];t)
Given a bounded payoff function ¢ € C?(R™\ ), the player wants maximize the
expected payoff at the stopping time 7 = inf{t > 0: X (¢) ¢ Q}. Let us call
u(xg, t) = m[aTcEgo(T).

Then, we formally have

u(zo) = limmaxu(zo + Y (a;t A T)).

[ANUeY

FUrthermore,

0 — [y 8%a u(zo + Y (st AT))) — u(mo)

lim ” = max Lou(xo).

In Example we see that the value (expected payoff) of a single player game
(control problem) formally satisfies the equation

{maXaLau = 0 in©

u = ¢ inR™\Q (1.12)
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In the situation of a zero sum game between two players the equation for the value
of the game is

{minﬂmaXaLaﬁu = 0 inQ (1.13)

u = @ inR"\Q,

where [ stands for the possible controls of the second player, whose objective is to
minimize the payoff for the first player.

When L, or L,, are restricted to be linear second order elliptic operators, the
previous equations are the classical Bellman and Isaacs equations.

Example motivates the abstract definition in [34] of fully nonlinear elliptic
operator I, explained below, which is the one that we follow.

The equivalent notion in nonlocal equations to the uniform ellipticity for second
order equations is ellipticity with respect to some class. The ellipticity class is a
given set of linear translation invariant operators, denoted by L, of the form .
The extremal Pucci type operators for a given class £ are defined as

M}u(x) =sup Lu(x) and M u(x) = inf Lu(z).
Ler Lel

Then a fully nonlinear operator I is said to be elliptic with respect to L if the
inequalities
Me(u—v)(z) <Tu(x) — Tv(x) < Mg(u—v)(x)

hold for every pair of test functions u,v at x —i.e., C? functions in a neighborhood
of x and bounded in the whole space. It is not difficult to see that this definition
coincides with the usual definition of second order uniformly elliptic fully nonlinear
operator when £ = {a;;0;; with 0 < AId < (a;;) < Ald}.

As shown in [34], the “convex” operator Iu = max, Lou in (1.12)) is elliptic with
respect to £ = |J,{La} and Iu = ming max, Lou in ((1.13)) is elliptic with respect to
L= Ua,ﬁ{Layﬁ}'

We say that I is translation invariant when
I(u(xo + )) (x) = (Iu)(zo + x).

Other examples of fully nonlinear translation invariant elliptic operators are those
of the form

Tu(z) = inf sup(Lagu + cag)-
@ B

As for second order equations, the incremental quotients v of a solution u to a trans-
lation invariant elliptic equation Iu = 0 satisfy the two inequalities M v > 0 and
M, v < 0. This pair of inequalities is what we sometimes refer as elliptic equa-
tion with “bounded measurable coefficients”, even though in the integro-differential
context there are no coefficients but kernels.

The definition we use of viscosity solutions (and inequalities) for elliptic and
parabolic equations are the ones in [34] and [44]. Up to technical details, a viscosity
solution of Iu = 0 is, as usual, a continuous function such that every time that a
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smooth function ¢ touches it from above (resp. below) at a point x then Ip(x) > 0
(resp. <).

1.6. Results: Pohozaev identity for the fractional Laplacian. A main
result of this Thesis is the Pohozaev identity for the fractional Laplacian. For
second order equations, the Pohozaev identitity applies to solutions of

—Au= f(z,u) inQ, w=0 on N

The original identity was obtained by Pohozaev [98], who used it to prove the
nonexistence of solutions for critical and supercritical nonlinearities f.

There is a collection of identities of Pohozhaev type which have been widely used
in the analysis of elliptic PDE. These identities are usually related some to divergence
free quantity for the corresponding homogeneous equation. Divergence free quanti-
ties are to PDE what conserved quantities are to ODE. They can be found exploiting
symmetries of the problem, i.e., using the PDE version of the Noether’s theorem; see
[63]. In the original Pohozaev identity (as well as in ours) the underlying symmetry
is the scale invariance of the (fractional) Laplacian. Pohozaev identities are used in
a several different contexts: monotonicity formulas, unique continuation properties,
concentration-compactness results, energy estimates for ground states in R”, radial
symmetry of solutions, controllability of wave equations, etc.

We have obtained the following fractional version of the Pohozaev identity. It
applies to functions that satisfy an equation of the type (—A)’u = f(z,u), and
u = 0 in R™\ Q. These functions u are only C*(Q2). However, the quotient u/d®,
where d is the distance to the boundary, belongs to C*(€2), in the sense that the
function u/d*, defined in Q admits a continuous extension to €. In the last term
of our identity, the quantity u/d®|sq is understood as the limit from inside €2 of the
function u/d°.

THEOREM 1.3 ([A]). Let Q be a bounded and C™' domain. Assume that u is
a bounded H*(R") solution of a semilinear equation of the type (—A)*u = f(z,u),

with f Lipschitz, and u = 0 in R*\Q. Thenu/d* € C*(2) and the following identity
holds

/Q(x -Vu)(—A)’u dx = 2 2_ " /Qu(—A)Su dr — w /39 (%)2 (2 - v)do,

where d = dist(-,02), v is the unit outward normal to O at x, and I is the Gamma
function.

Setting s = 1 we retrieve the original identity of Pohozaev.

As a corollary of Theorem 1.3} using that the origin can be arbitrarily chosen, we
obtain a new identity for the fractional Laplacian with the flavor of an integration
by parts formula.

COROLLARY 1.4 ([A]). Let Q be a bounded and C*' domain, and u and v be
functions satisfying the hypotheses in Theorem [1.5.  Then, the following identity
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holds
/(—A)Su Vg, dx = — / Uy, (—A)vdr +T'(1 + 3)2/ a4y v; do
0 0 o d°d?

fori=1,..,n, where d = dist(-,00), v is the unit outward normal to O at x, and
[’ s the Gamma function.

The proof of Theorem is completely different when s < 1 from that of the
classical case s = 1. For s = 1 it follows from the identity

div {(2Vu -z + (n — 2)u)Vu — [Vul’z} = (2Vu -z + (n — 2)u) Au.

by integrating it over €2, using the divergence theorem, and that u = 0 on 0f2.

Instead, when s < 1 the proof of our identity in bounded domains is more
delicate mainly due to the non-regular behavior of the solutions near the boundary
(recall that u behaves like d®). Actually, the mere existence of such an identity
was unexpected when we announced it. The factor T'(1 + s)? and the nature of the
boundary term in the right hand side of our identity suggest that the proof needs
to be more involved than for the second order case.

To prove Theorem we first assume the domain €2 to be star-shaped with
respect to the origin. The result for general domains follows from the star-shaped
case, using a trick which involves a bilinear version of our Pohozaev identity and a
partition of unity.

For star-shaped domains, a key idea of the proof is the following computation.
First, we write the left hand side of the identity as

/u,\(—A)Su dx,
A=1+JQ

s d
/Q(x-Vu)(—A) udr = Iy

where
ux(z) = u(Ax).

Note that uy = 0 in R™\Q, since 2 is star-shaped and we take A > 1 in the above
derivative. As a consequence, we may integrate by parts and make the change of
variables y = v/ Az, to obtain

2s—n

/u,\(—A)Su dx :/ (=A)*Puy(=A)*?u de = X2 / W 5wy 5 4y,
Q n Rn

where

w(z) = (=A)*u(z).



1. NONLOCAL DIFFUSIONS 23

Thus,
/(m-Vu)(—A) udr = — 252”/ w xwy,yx dy
Q dA A=1+ R™
2s—n 9 d
= d — I .
. /nw vt |t (1.14)
25 —n 1 d
= —A)Yudr + = — I
2 /n“( Jude 5 a5 ™
where

I, :/ w w2 dy.
Therefore, the identity of Theorem is equivalent to the following equality

d 2
/ wywy/y dy = T'(1 + 3)2/ (%) (x - v)do. (1.15)
A=1+ n o0

d\

The quantity %|)\:1+ fR" wxwy/y vanishes for any C'(R") function w, as can be
seen by differentiating under the integral sign. Instead, we are able to prove that
the function w = (—A)*?u has a singularity along 02, and that holds.

To prove this, it turns to be to very useful to define the following operator J (a
kind of quadratic from)

N d
J(@):—a

] ety d,

and to understand how it acts on certain singular functions ¢. The following prop-
erties of J make it useful:

(1) 3(¢) > 0 since

[ et ([ sowa) ([ sf(xl:c)d:c)é [ ¢

(2) ¢ smooth = J(¢p) =0

(3) IEJ() =0 = T(p+v) =T(p)
It seems that this operator J had not been used before in the literature, although it
is a quite natural nonnegative quadratic form. A reason explaining this fact might
be that, as said before, J vanishes when computed at smooth functions.

Besides a general understanding of the operator J it is crucial to our proof to

have a good description of the singular behavior of w = (—A)*?u near the boundary.
Namely, we need to show that

w(x) = (—A)S/Qu(x) = cl{— logd(z) + czxg(:v)}(u/ds)(x) + h(z) (1.16)

where ¢; and ¢y are constants which depend only on s (and that we compute ex-
plicitly) and where h € C is not seen by the operator J, i.e., it satisfies J(h) = 0.
To prove this “expansion” we need to control how fast high order Holder norms of

N =
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uw and u/0® blow up near the boundary. This brought us to study the regularity up
to the boundary for the fractional Laplacian in [B].

With the expansion (|1.16)) for w and the properties of J at hand, we are able to
compute J(w), showing (1.15)) and establishing the identity.

Our scaling argument in the proof of Theorem can be used to show nonex-
istence of bounded solutions to some nonlinear problems involving quite general
integro-differential operators. These nonexistence results follow from a general vari-
ational inequality in the spirit of Pucci and Serrin [99]. Essentially we repeat the
scaling augment and, instead of proving an equality like ((1.15)), we show only an
inequality when the domain € is star-shaped. Doing this we may consider more
general operators like

Lu(z) = —a;;05u+PV [ (u(z) —u(z +y)) K (y)dy,
Rn
where K is a symmetric kernel satisfying an appropriate monotonicity property.
More precisely, we assume that either a;; = 0 and K(y)|y|"™ is nondecreasing
along rays from the origin for some o € (0,2), or that (a;;) is positive definite and
K (y)|y|™*? is nondecreasing along rays from the origin. This is the content of the
paper [C].

1.7. Results: interior regularity for fully nonlinear parabolic equa-
tions. In [34], Caffarelli and Silvestre introduced the ellipticity class Lo = Lo(0),
with order o € (0,2). The class £y contains all linear operators L of the form

R N e ) L

2
where the kernels K (y) satisfy the ellipticity bounds
2—0 2—0
0< A < K(y) <A .
|y|n+cr ( ) |y|n+a

This includes kernels that may be very oscillating and irregular. That is why the
words rough kernels are sometimes used to refer to L£y. The extremal operators M
and M for L, are
Mfu(x) = sup Lu(r) and M, u(z)= inf Lu(x).
LeLy LeLy

If u € L*(R") satisfies the two viscosity inequalities M;u > 0 and M, u < 0 in

By, then u belongs to C*(By/2). More precisely, one has the estimate
HU||C&(BI/2) S CHU/HLOO(R") (117)

This estimate, with constants that remain bounded as the ¢ 2, is one of the main
results in [34].

For second order equations (0 = 2) the analogous of ([1.17) is the classical esti-

mate of Krylov and Safonov, and differs from (1.17)) only from the fact that it has
|u|| oo (p,) instead of ||u||fee@ny on the right hand side. This apparently harmless
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difference comes from the fact that elliptic equations of order o < 2 are nonlocal.
By analogy with second order equations, from one expects to obtain 'Y in-
terior regularity of solutions to translation invariant elliptic equations Iu = 0 in B;.
When o = 2, this is done by applying iteratively the estimate to incremental
quotients of u, improving at each step by « the Holder exponent in a smaller ball
(see [29]). However, in the case o < 2 the same iteration does not work since, right
after the first step, the L> norm of the incremental quotient of u is only bounded
in Byp, and not in the whole R".

The previous difficulty is strongly related to the fact that the operator will
“see” possible distant high frequency oscillations in the exterior Dirichlet datum.
In [34], this issue is bypassed by restricting the ellipticity class, i.e., introducing
a new class £; C Ly of operators with C' kernels (away from the origin). The
additional regularity of the kernels has the effect of averaging distant high frequency
oscillations, balancing out its influence. This is done with an integration by parts
argument. Hence, the C1** estimates in [34] are “only” proved for elliptic equations
with respect to £; (instead of Ly).

Very recently, Kriventsov [83] succeeded in proving the same C1T estimates for
elliptic equations of order ¢ > 1 with rough kernels, that is, for £y. The proof in
[83] is quite involved and combines fine new estimates with a compactness argument.
The same methods are used there to obtain other interesting applications, including
nearly sharp Schauder type estimates for linear, non translation invariant, nonlocal
elliptic equations.

Here, we extend the main result in [83] in two ways, providing in addition a new
proof of it. First, we pass from elliptic to parabolic equations. Second, we allow
also ¢ < 1, proving in this case C°~¢ regularity in space and C'~¢ in time (for all
e > 0) for solutions to nonlocal translation invariant parabolic equations with rough
kernels. Our result reads as follows.

THEOREM 1.5 ([D]). Let g € (0,2) and o € [00,2). Letu € L®(R"x(—1,0)) be
a viscosity solution of uy —Iu = f in By x (—1,0], where 1 is a translation invariant
elliptic operator with respect to the class Lo(o) with 10 = 0.

Then, there is a > 0 such that for all ¢ > 0 and letting

g =min{o, 1+ a} —¢,
the following estimate holds

ol e + 230 e Mooy < C

where
Co = H““L“(R"X(*LO)) + ||f||L°°(le(f1,o))-

The constants o > 0 and C depend only on oy, €, ellipticity constants, and dimen-
Ston.
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To prove this result we introduce a new method, different from that in [83].
The result is new and provides a nearly optimal estimate which was guessed to be
the “right” one by the experts. But more importantly, the method we introduce is
very flexible and provides a clean way to overcome a difficulty that is recurrent in
nonlocal equations. Thus, as we will see later, the same method is useful in other
situations.

Our strategy consists on proving first a Liouville type theorem for global solu-
tions, and deducing later the interior estimates from this Liouville theorem, using
a blow up and compactness argument. That a regularity estimate and a Liouville
theorem are somehow equivalent is an old principle in PDEs, but here it turns out
to be very useful to bypass the difficulty iterating the “nonlocal” estimate .
As said above this method is very flexible and can be useful in different contexts
with nonlocal equations. For instance, it can be used to study equations which are
nonlocal also in time, and also to analyze boundary regularity for nonlocal equation
(as seen in the next section).

To have a local C1* estimate for solutions that are merely bounded in R", it is
necessary that the order o of the equation be greater than one. Indeed, for nonlocal
equations of order o with rough kernels there is no hope to prove a local Holder
estimate of order greater than o for solutions that are merely bounded in R™. The
reason being that influence of the distant oscillations is too strong. Counterexamples
can be constructed even for linear equations. That is why the condition ¢ > 1 is
necessary for the OV estimates of Kriventsov [83]. Also, this is why we prove C”
estimates in space only for § < o.

As explained above, the difficulty of nonlocal equations with rough kernels, with
respect to local ones, is that the estimate is not immediately useful to prove
higher order Holder regularity for solutions of Iu = 0 in B;. Recall that the classical
iteration fails because, after the first step, the L> norm of the incremental quotient
of order « is only controlled in B;/2, and not in the whole R". The idea in our
approach is that the iteration does work if one considers a solution in the whole
space. If we have a global solution u, then we can apply at every scale and
deduce that u is C“ in all space. Then, we consider the incremental quotients of
order o of u, which we control in the whole R”, and we prove that v is C**. And so
on. When this is done with estimates, taking into account the growth at infinity of
the function u and the scaling of the estimates, we obtain a Liouville theorem. Using
it, we deduce the higher order interior regularity of solutions in the bounded domain
directly, using a blow up and compactness argument. In order to have compactness
of sequences of viscosity solutions we only need the C'“ estimate . For the
parabolic problem, we actually need to establish a parabolic Liouville type theorem,
which is proved by iterating the C* estimate of Chang and Davila [44] —this is the
parabolic version of (L.17).

For translation invariant second order elliptic equations like F'(D?u) = 0 in By
it would be a unnecessary complication to first prove the Liouville theorem and
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then obtain the interior estimate by the blow up and compactness argument in this
paper. Indeed, as said above, the iteration already works in the bounded domain
Bi. Nevertheless, it is worth noting that equations of the type F(D?u, Du,x) = 0,
with continuous dependence on z, become F(D?u) = 0 after blow up at some point.
By this reason, one can see that the second order Liouville theorem and the blow up
method provide a C1® bound for solutions to F(D?u, Du,x) = 0 in B;. However,
this approach gives nothing new in the second order case with respect to classical
perturbative methods (as in [29]).

1.8. Results: boundary regularity for fully nonlinear elliptic integro-
differential equations. As explained in Section [I.6] our interest in the boundary
regularity for integro-differential equations was initially motivated by our Pohozaev
identity for the fractional Laplacian [A]. More specifically, in our proof of this
identity we crucially need to know a quite precise description of the behavior near
the boundary for solutions to

—(—=A)u = f(x) in Q
{u:O in R™\ . (1.18)

Given that the optimal regularity up to the boundary of solutions u is C* —for
f =1and Q = B the problem admits the explicit solution u(z) = ¢(1 — |z|?)5—,
the problem of studying the regularity up to the boundary of u/d® arises naturally.
Here, d is the distance to the boundary. In [B] we develop a nonlocal version of the
Krylov method for second order equations, and with it we establish

u/d® € C%(2) for some small a > 0.

The Krylov method for second order equations is used to prove a C** estimate on the
boundary for fully nonlinear elliptic equations F'(D?*u) = 0. Since it is conceived for
equations with bounded measurable coefficients it uses only barriers, the comparison
principle, and the interior Harnack inequality of Krylov and Safonov. Since the
Harnack inequality for the fractional Laplacian was known, we need to construct
suitable barriers —which are comparable to d* near the boundary. However, there
is a technical issue with the Harnack inequality: it requires (an it is a necessary
assumption) that solutions to be nonnegative in the whole R™. This causes technical
complications and forces us to control “errors”, since we “would like” to apply the
Harnack inequality to functions that are only positive in a ball. As explained in
Section this a typical issue in nonlocal equations.

The C* regularity of u/d® is important in our proof of the Pohozaev identity [A].
However, a more precise knowledge of the regularity of u/d® is needed to complete
the proof. Thus, to accomplish this, in [B] we derive a (singular) nonlocal equation
for the quotient u/d® in Q. Using this equation we prove that if f € C#, 3 > 0 then

u/d® € C*P(Q)
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and the C%*# seminorm of u/d* in a small ball of radius comparable to d is controlled
by d*~2*=8. These estimates are crucial in the proof of , which is a main step
in the proof of our Pohozaev identity, as explained in Section [1.6]

The closest previous result to our work [B] had been obtained by Bogdan, who
established the boundary Harnack principle for s-harmonic functions [9] —i.e., for
solutions to (—A)*u = 0 near some piece of boundary. After our results in [B],
Grubb [77] has showed that, when f € C? (resp. f € L*), and € is smooth,
then the solution u to satisfies u/d* € CPT*~¢(Q) (resp. u/d® € C*~¢(Q))
for all € > 0. This is a remarkable result and represents a great improvement
with respect to our result. In addition, the results in [77], which use fine (linear)
Hormander theory are not based in the maximum principle and hold also for higher
order fractional Laplacians (—A)® for s > 1. These operators do not satisfy the
viscosity notion of ellipticity and hence our methods do not work for them. As
an important counterpart, our methods based in comparison principle and barriers
work also for fully nonlinear equations, as explained below.

In the paper [E] we have been able to extend the result of Holder continuity
of u/d® to solutions of fully nonlinear elliptic integro-differential equations. More
importantly, we can lift the Holder exponent from some small positive a to any
number f < s. Next we explain in more detail these results for fully nonlinear
equations, which are a main contribution of this tesis.

Let us recall that, since the foundational paper of Caffarelli and Silvestre [34]
ellipticity for a nonlinear integro-differential operator is defined relatively to a given
set L of linear translation invariant elliptic operators. This set £ is called the
ellipticity class.

The reference ellipticity class from [34] is the class £y = Ly(s), containing all
operators L of the form

Lu(z) = / n (“(” ~v) ! ur =y u(m)) K(y) dy (1.19)

with even kernels K (y) bounded between two positive multiples of (1 — s)|y|™" %,
which is the kernel of the fractional Laplacian (—A)®.

In the three papers [34], 85|, [86], Caffarelli and Silvestre studied the interior
regularity of solutions u to

Iu = f inQ
{ u = g inR"\Q, (1.20)

being I a translation invariant fully nonlinear integro-differential operator of order 2s
(see the definition later on in this Introduction). They proved existence of viscosity
solutions, established C''™ interior regularity of solutions [34], C**2 regularity in
case of convex equations [36], and developed a perturbative theory for non trans-
lation invariant equations [35]. Thus, the interior regularity for these equations is
well understood.
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In contrast with the good understanding of interior regularity, there were no pre-
vious results on regularity for u/d® that applied to fully nonlinear nonlocal equations
of order 2s. All that was known is that solutions u to a fully nonlinear equation
elliptic with respect to Ly are C* up to the boundary (a result for v but not for
u/d®).

Here, we obtain fine boundary regularity for fully nonlinear integro-differential
problems of the form which are elliptic with respect to a class £, C Ly defined
as follows. L, consists of all linear operators of the form

2 |y|n+25

with

a € L®(S" 1) satisfying A <a <A, (1.22)
where 0 < A < A are called ellipticity constants. The class £, consists of all
infinitesimal generators of stable Lévy processes belonging to £y. Our main result
establishes that when f € L, g = 0, and Q is C™!, viscosity solutions u of (1.20))
satisfy

u/d® € C*7¢(Q) for all € > 0. (1.23)

To state our result “near a piece of boundary” of a C'! domain it is useful the
following;:

DEFINITION 1.6. We say that ' is C1! surface with radius py > 0 splitting B;
into Q1 and Q if the following happens.
e The two disjoint domains Q* and Q~ partition By, i.e., By = QT UQ-.
e The boundary T":= 90" \ 9B, = 9~ \ dB; is C*! surface with 0 € T..
e All points on Fﬂﬂ can be touched by two balls of radii py, one contained
in Q7 and the other contained in Q.

THEOREM 1.7 ([E]). Let T be a C*' surface with radius py splitting By into Q
and 2~ ; see Definition[1.6 Let d(x) = dist (z,T).

Let s € (0,1) and s € [so,1). Assume that 1 is a fully nonlinear and translation
invariant operator, elliptic with respect to L.(s), with 10 = 0. Let f € C(m), and
u € L*R")N C’(m) be a viscosity solution of

Iu=f in QF
{ u=20 wn .

Then, u/d® belongs to C’S_G(Q+ N Bl/g) for all € > 0 with the estimate
(o

Cs=¢(QNBy /2) < C(HUHLOO(R”) + ||f||L°°(Q+))7
where the constant C' depends only on py, o, €, ellipticity constants, and dimension.

In [E] we also obtain boundary regularity for problem ((1.20) with exterior data
g € C?, and also for non translation invariant operators J (u, z).
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Theorem is, to our knowledge, the first boundary regularity result for fully
nonlinear integro-differential equations. For solutions u to elliptic equations with
respect to L,, our result gives a quite accurate description of the boundary behavior.
Namely, u/d® is C*¢ for all € > 0, where d is the distance to the boundary.

We believe the Holder exponent s — e in to be optimal (or almost optimal)
for merely bounded right hand sides f. Moreover, we expect the class L, to be the
largest scale invariant subclass of £ for which this result is true.

For general elliptic equations with respect to Ly, no fine boundary regularity
results like hold. In fact, the class Lj is too large for all solutions to be
comparable to d® near the boundary. Indeed, in [E] we show that there are powers

0 < B1 < s < B for which the functions (z,,)? and (z,)7 satisfy

Mzo(xn)ﬁl =0 and MEO(xn)i2 =0 in {z, >0},

where MZO and M, are the extremal operators for the class Lo, Hence, since
(=A)*(zn)% = 0 in {x, > 0}, we have at least three functions that solve fully
nonlinear elliptic equations with respect to Ly, but which are not even comparable
near the boundary {z, = 0}. As we show in Section 2, the same happens for the
subclasses £1 and Ly of Ly which have more regular kernels and were considered in
(34, 35, 136].

It is important to notice that our result is not only an a priori estimate for
classical solutions but also applies to viscosity solutions. For local equations of
second order F'(D*u) = 0, the boundary regularity for viscosity solutions to fully
nonlinear equations has been recently obtained by Silvestre-Sirakov [112].

Besides its own interest, the boundary regularity of solutions to integro-differential
equations plays an important role in different contexts. For example, it is needed
in overdetermined problems arising in shape optimization [52), 64] and also in
Pohozaev-type or integration by parts identities [A]. Moreover, boundary regularity
issues appear naturally in free boundary problems [32], 111].

Theorem follows by combining an estimate on the boundary, below,
with the known interior regularity estimates in [34), 83]. The estimate on the bound-
ary reads as follows. If u satisfies the hypotheses of Theorem [I.7, then for all
z € I'N By, there exists Q(z) € R for which

‘u(x) —Q(2)((z — 2) - y(z))i‘ < COlr —z*¢ forall x € By. (1.24)

Here, v(2) is the unit normal vector to I' at z pointing towards Q7.

From this point on, our proof differs substantially from that in second order
equations. A main reason for this is not only the nonlocal character of the estimates,
but also that tangential and normal derivatives of the solution behave differently
on the boundary; recall that the solution is C* but cannot be Lipschitz up to the
boundary.

The estimate on the boundary relies heavily on two ingredients, as ex-
plained next.
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The first ingredient is the following Liouville-type theorem for solutions in a half
space.

THEOREM 1.8 ([E]). Let u € C(R™) be a viscosity solution of

Iu =0 in {z,>0}
u=0 in {x, <0},

where 1 is a fully nonlinear and translation invariant operator, elliptic with respect
to L, and with 10 = 0. Assume that for some positive 5 < 2s, u satisfies the growth
control at infinity
[ull zoo(Bry < CRP for all R > 1. (1.25)
Then,
u(w) = K ()}
for some constant K € R.

The second ingredient towards is a compactness argument, a boundary
version of our interior regularity method for parabolic equations with rough kernels
(see Section 1.7). With u as in Theorem , we suppose by contradiction that
does not hold, and we blow up the fully nonlinear equation at a boundary
point (after subtracting appropriate terms to the solution). We then show that the
solution converges to an entire solution in {z-v > 0} for some unit vector v. Finally,
the contradiction is reached by applying the Liouville-type theorem stated above to
the entire solution in {x - v > 0}.

These are the main ideas used to prove . A byproduct of using this blow-up
method is that the same proof yields results for non translation invariant equations.
Finally, Theorem follows by combining with the interior regularity esti-
mates in [34), [83].

1.9. Results: regularity of the fractional extremal solution. In the paper
[F] of this thesis we study the extremal solution problem for the fractional Laplacian

(—A)u = Af(u) in$
{ u = 0 in R™\Q, (1.26)
where A is a positive parameter and f : [0, 00) — R satisfies
t
f is C' and nondecreasing, f(0) > 0, and tliin y = +00. (1.27)
—+oo

It is well known —see [11] or the excellent monograph [60] and references
therein— that in the classical case s = 1 there exists a finite extremal parame-
ter A* such that if 0 < A < A* then problem admits a minimal classical
solution wuy, while for A > A* it has no solution, even in the weak sense. Moreover,
the family of functions {u, : 0 < A < A*} is increasing in A, and its pointwise limit
u* = limyy« uy is a weak solution of problem (|1.26)) with A = A*. It is called the

extremal solution of ([1.26)).
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When f(u) = e, we have that v* € L>*(Q) if n <9 [50], while u*(z) = log #
if n > 10 and Q = B; [80]. An analogous result holds for other nonlinearities
such as powers f(u) = (1 + u)P and also for functions f satisfying a limit condition
at infinity; see [L05]. In the nineties H. Brezis and J.L. Vazquez [11] raised the
question of determining the regularity of u*, depending on the dimension n, for
general nonlinearities f satisfying . The first result in this direction was proved
by G. Nedev [95], who obtained that the extremal solution is bounded in dimensions
n < 3 whenever f is convex. Some years later, X. Cabré and A. Capella [19] studied
the radial case. They showed that when €2 = B; the extremal solution is bounded
for all nonlinearities f whenever n < 9. For general nonlinearities, the best known
result at the moment is due to X. Cabré [18], and states that in dimensions n < 4
then the extremal solution is bounded for any convex domain €2 —later, S. Villegas
removed the convexity assumption on €.

In [E] we define an appropriate notion of weak solution for problem and
we prove the existence of a minimal branch of solutions, {uy, 0 < A < A\*}, with
the same properties as in the case s = 1. These solutions are proved to be positive,
bounded, increasing in A\, and semistable. Recall that a weak solution u of is
said to be semistable if

[ A7 wrde < i (1.25)
Q

for all n € H*(R™) with n = 0 in R™ \ Q. When w is an energy solution this is
equivalent to saying that the second variation of energy £ at u is nonnegative.

The weak solution u* for A = Ax is called the extremal solution of problem
. As explained above, the main question about the extremal solution u* is to
decide whether it is bounded or not. Once the extremal solution is bounded then
it is a classical solution, in the sense that it satisfies equation ([1.26)) pointwise. For
example, if f € C* then u* bounded yields u* € C=(Q) N C*(Q).

Our main result, stated next, concerns the regularity of the extremal solution
for problem (|1.26)). To our knowledge this is the first result concerning extremal
solutions for (|1.26]). In particular, the following are new results even for the unit
ball 2 = B; and for the exponential nonlinearity f(u) = e*.

2
Hs

THEOREM 1.9 ([E]). Let Q2 be a bounded smooth domain in R", s € (0,1), f be
a function satisfying (1.27)), and u* be the extremal solution of (|1.26)).

(i) Assume that f is convexr. Then, u* is bounded whenever n < 4s.
(ii) Assume that f is C? and that the following limit exists:
o fOf®)
7= Jim S (1.29)
Then, u* is bounded whenever n < 10s.
(iii) Assume that S is convex. Then, u* belongs to H*(R™) for alln > 1 and all
s e (0,1).
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Note that the exponential and power nonlinearities e* and (1 + )P, with p > 1,
satisfy the hypothesis in part (ii) whenever n < 10s. Also in (ii), the limiting
assumption as s ' 1 in n < 10, which is optimal since the extremal solution may
be singular for s = 1 and n = 10 (as explained before in this introduction).

Note that the results in parts (i) and (ii) of Theorem do not provide any
estimate when s is small (more precisely, when s < 1/4 and s < 1/10, respectively).
The boundedness of the extremal solution for small s seems to require different
methods from the ones that we present here.

Related problems to ([1.26) where studied in [42, [55]. The regularity of the
extremal solution was for the spectral fractional Laplacian A® in the unit ball B,
was studied by Capella-Dévila-Dupaigne-Sire in [42], who proved boundedness of
all extremal solutions in dimensions n < 6 for all s € (0,1). Recall that the spectral
fractional Laplacian A® is defined via the Dirichlet eigenfunctions of the Laplacian or
trough the extension problem to a cylinder. Also in this direction, Davila-Dupaigne-
Montenegro [55] studied the extremal solution for a boundary reaction problem with
mixed Dirichlet and Neumann conditions.

1.10. Results: extension problem for sums of fractional Laplacians and
1-D symmetry of phase transitions. In the paper [G] we study layer solutions
of phase transition problems with a nonlocal diffusion. The main novelty is that the
diffusion operator we consider does not have self-similarity properties, in particular
the extension problem of Caffarelli and Silvestre does not apply.

We consider nonlocal Allen-Cahn type equations

K
Zﬂi(—A)s"u +W (u)=0 inR", (1.30)
i=1

where p; > 0 with Y pu; = 1, 0 < 51 < -+ < sg < 1, and W is an double-
well potential with wells of the same height located at £1. By definition, a layer
solution is monotone in the direction z,, with limits +1 as x,, — +oo. That is,

uz, >0 inR"™ and lim wu(a’,z,) =41 forallz’ € R (1.31)

Ty —>+00
Having always ((1.30]) in mind, we actually allow the more general equation
Lu+W'(u)=0 inR", (1.32)

where for some s, € (0,1) we have
Lu = / (=A)udp(s), >0, p(s,1)) =1 (1.33)
[5:,1)

We assume that p is a probability measure supported in [s,, 1), i.e.,
p>0 and p(fs., 1)) =uR) =1

The operator L is the infinitesimal generator of a Lévy process Y (¢) which is isotropic
but not stable. It has different behaviors at large and small time scales. The
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interpretation of the probability u is the following: for a very small time step h, the
probability that the increment Y (¢ + h) — Y (¢) coincides with that of a 2s-stable
Lévy process is given by u(ds).
We assume that
s, = max{s : support u C [s,1)}. (1.34)
and that T satisfies
WeC?R), W(£l)=0 and W(t) >0 for t # +1. (1.35)

In the paper [G] we establish an extension problem for the operator L. As a

main application we obtain the following 1-D symmetry result for layer solutions to
(11.32).

THEOREM 1.10. Assume that u € L>(R") is a layer solution of (1.32)), that is,
satisfying . Assume that either n = 2 and s, > 0, or that n =3 and s, > 1/2,
where s, s given by .

Then, u has 1-D symmetry. That is, u(z) = ug(a - x) where ug : R — R is a
layer solution in dimension one of Lug+ W'(up) =0 in R and a € R™ is some unit
vector.

The existence of a 1-D solution relies on interior estimates for the operator L
in bounded domains. These estimates are not very simple by the following two
reasons. First, since the support of u may arrive all the way to s = 1 we can not
take advantage of the operator begin nonlocal to show Hélder continuity of solutions
in a bounded domain. Second, since the measure p can be continuous (not discrete)
then the operator L may not have a well definite leading order. Therefore, the Holder
regularity in bounded domains for L requires some analysis based on the smoothness
and growth of the Fourier multiplier. It will be established in a future work. Here,
we use a factorization of the operator trick to deduce estimates in the whole R".
When L is of the form the interior estimates in a bounded domain are very
elementary and the existence of a 1-D solution follows from a similar argument as
in Palatuci, Savin, and Valdinoci [97].

Theorem [1.10]is clearly inspired in a conjecture of De Giorgi for the Allen-Cahn
equation: —Awu = u — u® in all R*. This conjecture states that, if n < 8, then
solutions u which are monotone in one variable have 1-D symmetry. This has been
proved in dimensions n = 2 by Ghoussoub and Gui [78], n = 3 by Ambrosio and
Cabré [1], and 4 < n < 8 by Savin [106] —under the additional assumption that u
is a layer solution, or more generally a minimizer of the energy.

For the related nonlocal equation, (—A)*u + W’ (u) = 0 in all R", analog results
have been found for n = 2 and s = 1/2 by Cabré and Sola-Morales [27], for n = 2
and s € (0, 1), by Cabré and Sire [28] and for n = 3 and s € [1/2,1) by Cabré and
Cinti [20, 21].

In this paper, we show how several arguments in [78, [T, 27, 20}, 2T], 28] can be
adapted to equation to obtain 1-D symmetry results. In these papers, sym-
metry is deduced from a Liouville type theorem. Provided that u satisfies certain
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energy estimates, this Liouville type theorem implies that any two directional deriva-
tives of u coincide up to a multiplicative constant. This is equivalent to the 1-D
symmetry. All the known symmetry results for fractional equations |20}, 21], 28], [27]
were proven using the extension problem of Caffarelli and Silvestre [34], which seems
necessary to prove and even to state the Liouville theorem. The main novelty of [G]
is that we have an non scale invariant operator and the existence of an extension
problem is a priori unclear. Here, we show what is the natural extension problem,
and how one can prove the symmetry result using it. This new extension problem,
consists of a “system” of (possibly infinitely many) singular elliptic PDEs which are
coupled by a single Neumann type boundary condition and a common trace con-
strain. Although this extension is a somehow exotic mathematical object, it turns
out to be useful, for instance to prove Theorem [I.10}

This idea could be useful in other contexts where an extension operator is known
for a family of operators and one wants to consider also sums (or integrals) of the
operators.

Energy estimates for the new extension problem are also an important point in
our proof. Here, some ideas from the theory of nonlocal minimal surfaces [31] play
an important role.



2. Isoperimetric problems

2.1. Isoperimetric inequalities. The classical isoperimetric inequality states
that, among all sets of finite perimeter with given volume, balls are the (only) ones
with minimal perimeter. Up to the important issue of the uniqueness of minimizer,
this can be written as

P(E) | P(BY)

= > (2.1)
B By

for every measurable set £ with finite volume, |F| < oo —when F is not of finite
perimeter the left hand side of the inequality is infinite.

This fact is heuristically known since ancient times, but the history of rigor-
ous proofs is more recent. Isoperimetric inequalities interact with many areas of
mathematics, mainly analysis and geometry.

The “first variation of perimeter” approach to the isoperimetric problem has
brought many interesting results. Assuming that a piece of the boundary OF is a
smooth graph z,, = u(z’), one can compute the variation of perimeter with respect
to perturbations that do not change the volume under the graph. Doing this, one
obtains that OF must have constant mean curvature:

. Vu
div | ——— | = constant.
( V14 |Vu?| >

The theory of constant mean curvature surfaces is very rich from both the geometry
and from the PDE sides. For instance, for 2-dimensional surfaces there is representa-
tion formula for constant mean curvature surfaces in terms of holomorphic functions
in the spirit of the Weierstrass-Enneper formula for minimal surfaces. This is based
on the fact that, on constant mean curvature surfaces, the Gauss map in an harmonic
map. In addition, Alexandrov’s proof that spheres are the only compactly embedded
surfaces in R? with constant mean curvature, inspired the important moving planes
technique for PDE.

A short list of uses of isoperimetric inequalities in the analysis of PDE and
calculus of variations includes:

e Faber-Krahn inequality (Rayleigh’s statement on the fundamental tone of
a drum);

e Sobolev inequalities with the best constant (using the rearrangement result
of Talenti [114]);

e Density estimates (clean ball condition lemma) in the classical theory of
minimal surfaces;

e Variational problems involving BV type norms (minimal surfaces, image
processing models, etc.).

e Radial symmetry of minimizers for variational PDE (mainly via rearrange-
ments)

36
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Related to this last point, in [I] we give another example of sharp insoperimetric
inequalities leading to radial symmetry results in PDEs (for all solutions and not
only for minimizers).

2.2. The isoperimetric problem in cones and anisotropic perimeters.
The classical isoperimetric problem in convex cones was solved by P.-L. Lions and
F. Pacella [87] in 1990. Their result states that among all sets E with fixed volume
inside an open convex cone X, the balls centered at the vertex of the cone minimize
the perimeter relative to the cone (the part of the boundary of E that lies on the
boundary of the cone is not counted).

Throughout the section X is an open convex cone in R". When E is smooth
enough, the relative perimeter is defined as

P(E;Y) = / ds.
OENY

The isoperimetric inequality in cones of Lions and Pacella reads as follows.

THEOREM 2.1 ([87]). Let ¥ be an open convex cone in R™ with vertex at 0, and
Bl = BI(O) Then,
PEY) _ P(BsY)
Ens|s ~ B NI
for every measurable set E C R™ with |E N X| < co.

The proof of Theorem given in [87] is based on the Brunn-Minkowski in-
equality.

Theorem can be deduced from a degenerate case of the classical Wulff in-
equality stated in Theorem below. This is because the convex set B; N X is
the Wulff shape associated to some appropriate anisotropic perimeter. This
idea, which is crucial in our proofs in [H], has also been used by Figalli and Indrei
[65] to prove a quantitative isoperimetric inequality in convex cones. From it, one
deduces that balls centered at the origin are the unique minimizers in up to
translations that leave invariant the cone (if they exist). This had been established
in [87] in the particular case when 0% \ {0} is smooth (and later in [102], which
also classified stable hypersurfaces in smooth cones).

Next we recall the notion of anisotropic perimeter. We say that a function H
defined in R" is a gauge when

(2.2)

H is nonnegative, positively homogeneous of degree one, and convex. (2.3)

Any norm is a gauge, but a gauge may vanish on some unit vectors. We need to
allow this case since it will occur in our new proof of Theorem —which builds
from the cone ¥ a gauge that is not a norm.

The anisotropic perimeter associated to the gauge H is defined (when OF is
smooth) by

Py(E) = /6EH(y(x))dS,
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where v(z) is the unit outward normal at = € OF.
The Wulff shape associated to H is defined as

W={zeR" : x-v<H(v) forallve S"'}. (2.4)

We will always assume that W # @. Note that W is an open set with 0 € W.
To visualize W it is useful to note that it is the intersection of the half-spaces
{z-v < H(v)} among all v € S"'. In particular, W is a convex set.

The following is the celebrated Wulff inequality.

THEOREM 2.2 ([124, 115, 116]). Let H be a gauge in R™ which is positive
on S" Y, and let W be its associated Wulff shape. Then, for every measurable set
E C R"™ with |E| < oo, we have

Pu(B) _ Pu(W)
1 2 n—1°
BT W)

Moreover, equality holds if and only if E = aW + b for some a > 0 and b € R"
except for a set of measure zero.

(2.5)

This result was first stated without proof by Wulff [124] in 1901. His work
was followed by Dinghas [57], who studied the problem within the class of convex
polyhedra. He used the Brunn-Minkowski inequality. Some years later, Taylor [115),
116] finally proved Theorem among sets of finite perimeter; see [117, 69, [90]
for more information on this topic.

2.3. Isoperimetric inequalities with densities. The isoperimetric problem
with a weight —also called density— is the following. Given a weight w (that is, a
positive function w), one wants to characterize minimizers of the weighted perimeter
J. op W among those sets F having weighted volume | £ W equal to a given constant.
A set solving the problem, if it exists, is called an isoperimetric set or simply a
minimizer. This question, and the associated isoperimetric inequalities with weights,
have attracted much attention recently; see for example [94], [89), 47, [66], [93].

The solution to the isoperimetric problem in R™ with a weight w is known only
for very few weights, even in the case n = 2. For example, in R” with the Gaussian
weight w(z) = e 1*” all the minimizers are half-spaces [10}, 6], and with w(z) = e/’
all the minimizers are balls centered at the origin [104]. Instead, mixed Euclidean-
Gaussian densities lead to minimizers that have a more intricate structure of revolu-
tion [72]. The radial homogeneous weight |z|* has been considered very recently. In
the plane (n = 2), minimizers for this homogeneous weight depend on the values of
a. On the one hand, Carroll-Jacob-Quinn-Walters [43] showed that when o < —2
all minimizers are R? \ B,(0), r > 0, and that when —2 < o < 0 minimizers do not
exist. On the other hand, when o« > 0 Dahlberg-Dubbs-Newkirk-Tran [51] proved
that all minimizers are circles passing through the origin (in particular, not centered
at the origin). Note that this result shows that even radial homogeneous weights
may lead to nonradial minimizers.
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Weighted isoperimetric inequalities in cones have also been considered. In these
results, the perimeter of F is taken relative to the cone, that is, not counting the part
of OF that lies on the boundary of the cone. In [56] Diaz-Harman-Howe-Thompson
consider again the radial homogeneous weight w(z) = |z|*, with a > 0, but now in
an open convex cone Y of angle 3 in the plane R2. Among other things, they prove
that there exists fy € (0, 7) such that for § < 5y all minimizers are B,.(0)N%, r > 0,
while these circular sets about the origin are not minimizers for 8 > .

Also related to the weighted isoperimetric problem in cones, the following is
a recent result by Brock-Chiaccio-Mercaldo [14]. Assume that ¥ is any cone in
R™ with vertex at the origin, and consider the isoperimetric problem in ¥ with any
weight w. Then, for Bg(0)NY to be an isoperimetric set for every R > 0 a necessary
condition is that w admits the factorization

w(z) = A(r)B(©), (2.6)

where r = |z| and © = x/r. Related to this, a main result of this thesis —Theorem
[2.3|below— gives a sufficient condition on B(0) whenever ¥ is convex and A(r) = r,
a > 0, to guarantee that Bg(0) N'Y are isoperimetric sets.

2.4. Results: sharp isoperimetric inequalities in cones with densities.
The weighted anisotropic perimeter relative to an open cone ¥ is defined as follows.
We will denote the weight by w. We assume that w is continuous function in 3,
positive and locally Lipschitz in 3, and homogeneous of degree o > 0. Given a gauge
H in R™ and a weight w, we define (as in [6]) the weighted anisotropic perimeter
relative to the cone X by

P,u(EX) = H (v(z))w(z)dS (2.7)
dENS
whenever F is smooth enough. We actually consider a more general definition of
P, i that is defined (but possibly infinite) for all measurable sets E. We denote by
w(F") the weighted volume of a measurable set F’

Ww(F) = /Fwdx.

D=n+a.

The following is a main result of the thesis and establishes that the Wullf shapes
are the constraint minimizers of anisotropic weighted perimeter in cones for a large
class of weights satisfying a concavity condition.

THEOREM 2.3 ([H]). Let H be a gauge in R™, i.e., a function satisfying ,
and W its associated Wulff shape defined by . Let 32 be an open convex cone
in R™ with vertex at the origin, and such that W N'% # &. Let w be a continuous
function in X, positive in X, and positively homogeneous of degree o > 0. Assume
in addition that w'/® is concave in ¥ in case o > 0.

Finally, we denote
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Then, for each measurable set E C R" with w(E NX) < oo,

P, u(E;Y) S Py u(W;%) (2.8)
wENL)D — wWnx) s

where D = n + «.

Note that the classical inequalities of Lions-Pacella and Wulff follow as the par-
ticular cases w =constant of Theorem [2.3] In particular we give new proofs of these
inequalities based on the ABP method.

In the isotropic case, making the first variation of weighted perimeter (see [104]),
one sees that the (generalized) mean curvature of 02 with the density w is

10,w

Hw = Heucl + = ) (29)
n w

where v is is the unit outward normal to 02 and H.,, is the Euclidean mean
curvature of 0f2. It follows that balls centered at the origin intersected with the cone
have constant mean curvature whenever the weight is of the form (2.6). However,
as we have seen in several examples presented above, it is far from being true that
the solution of the isoperimetric problem for all the weights satisfying are balls
centered at the origin intersected with the cone. Our result provides a large class
of nonradial weights for which, remarkably, Euclidean balls centered at the origin
(intersected with the cone) solve the isoperimetric problem.

REMARK 2.4. Our key hypothesis that w!/® is a concave function is equivalent to
a natural curvature-dimension bound (in fact, to the nonnegativeness of the Bakry-
Emery Ricci tensor in dimension D = n + «). This was suggested to us by Cédric
Villani, and has also been noticed by Canete and Rosales (see Lemma 3.9 in [41]).
More precisely, we see the cone ¥ C R" as a Riemannian manifold of dimension
n equipped with a reference measure w(z)dz. We are also given a “dimension”
D = n + a. Consider the Bakry—Emery Ricci tensor, defined by

1
Ricp,, = Ric — V?logw — D—Vlogw ® Vlogw.
—n

1/a

Now, our assumption w'/* being concave is equivalent to

Ricp,, > 0. (2.10)
Indeed, since Ric =0 and D — n = «, ([2.10]) reads as
—V2logw'/® — Vlegw'® @ Vlegw'/® > 0,

which is the same condition as w'® being concave. Condition is called a
curvature-dimension bound; in the terminology of [122] we say that CD(0, D) is
satisfied by ¥ C R™ with the reference measure w(x)dz.

In addition, C. Villani pointed out that optimal transport techniques could also
lead to weighted isoperimetric inequalities in convex cones.
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Due to the homogeneity of w, the exponent D = n + a can be found just by a
scaling argument in our inequality . Note that this exponent D has a dimension
flavor if one compares with or with (2.5]). Also, it is the exponent for
the volume growth, in the sense that w(B,(0) N ¥) = CrP for all r > 0. The
interpretation of D as a dimension is more clear in the following example that
motivated our work.

REMARK 2.5. The monomial weights
w(z) = xt - g in X ={reR": x >0 whenever A; > 0}, (2.11)

n

where A; >0, a = A1 +---+A,,and D =n+A;+---+ A, are important examples
for which holds. The isoperimetric inequality —and the corresponding Sobolev
inequality— with the above monomial weights were studied by Cabré and Ros-Oton
in [25] motivated by the need of these inequalities in the analysis of the extremal
solution semilinear problem in domains of double revolution [24].

The proof of Theorem consists of applying the ABP method to a linear
Neumann problem involving the operator w'div(wVu), where w is the weight.
When w = 1, the idea goes back to 2000 in the works [16], 17] of the first author,
where the classical isoperimetric inequality in all of R™ (here w = 1) was proved
with a new method. It consisted of solving the problem

%:1 on 0f)

for a certain constant b, to produce a bijective map with the gradient of u, Vu :
I'yqs — Bi, which leads to the isoperimetric inequality. Here I',; C I', C Q and
I',,1 is a certain subset of the lower contact set I', of u. The use of the ABP method
is crucial in the proof.

Previously, Trudinger [119] had given a proof of the classical isoperimetric in-
equality in 1994 using the theory of Monge-Ampere equations and the ABP estimate.
His proof consists of applying the ABP estimate to the Monge-Ampeére problem

detD*u = yq in Bp
u=0 on JBg,

where yq is the characteristic function of @ and Br = Bgr(0), and then letting
R — o0.

Before these two works ([119] and [16]), there was already a proof of the isoperi-
metric inequality using a certain map (or coupling). This is Gromov’s proof, which
used the Knothe map; see [122].

After these three proofs, in 2004 Cordero-Erausquin, Nazaret, and Villani [49]
used the Brenier map from optimal transportation to give a beautiful proof of the
anisotropic isoperimetric inequality; see also [122]. More recently, Figalli-Maggi-
Pratelli [67] established a sharp quantitative version of the anisotropic isoperimetric
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inequality, using also the Brenier map. In the case of the Lions-Pacella isoperimetric
inequality, this has been done by Figalli-Indrei [65] very recently. Interestingly, our
new proof in [HJ is also suited for a quantitative version, as we will show in a future
work with Cinti and Pratelli.

2.5. Results: radial symmetry for diffusion equations with discontinu-
ous nonlinearities. One of the first results of this thesis was concerned with radial
symmetry of solutions to

—Au= f(u) in BCR",
u>0 in B, (2.12)
u=20 on 0B,

where B is a ball.

A well-known theorem of Gidas-Ni-Nirenberg [76] states that if f = f; + fo with
f1 Lipschitz and f, nondecreasing, then a solution u € C%(B) to has radial
symmetry. Since f; might be any nondecreasing function, this result allows f to be
discontinuous, but only with increasing jumps. Besides this, the only other general
result for f discontinuous is, to our knowledge, the one of P. L. Lions [86] in 1981,
that establishes radial symmetry of solutions for every locally bounded f > 0 in
dimension n = 2.

In [I] we establish radial symmetry of solutions to in every dimension
n > 3 under the assumption

p<f<— g
n—2
for some nonincreasing function ¢ > 0. In addition, we also obtain results for the
p-Laplace equation

—Ayu ==V - (|[VuP2Vu) = f(u) in B,
w>0 in B, (2.13)
u=0 ondB,,

where 2 C R"” is a ball. For instance, under the assumption p > n, we establish
radial symmetry of bounded solutions to for every f > 0 locally bounded but
possibly discontinuous.

The result we obtain is the following:

THEOREM 2.6 ([I]). Let Q be a ball in R", n > 2, and let 1 < p < oo. Assume
that f € L52.(]0,+00)) is nonnegative. Let u € C(B)NCY(B) be a solution of (2.13)

loc
in the weak sense. Assume that either

(a) p>mn,
or
(b) p < n and, for some nonincreasing function ¢ > 0, we have ¢ < f < a0

Then, u is a radially symmetric and nonincreasing function. Moreover, % <0
in {0 < u < maxgu}, a set that will be an annulus or a punctured ball.
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This result follows the approach introduced in 1981 by P. L. Lions within the
paper [86], where the case p = n = 2 of Theorem is proved (also with the
hypothesis f > 0). In the same direction, Kesavan and Pacella [82] established the
cases p =n > 2 of Theorem In Lions” method, the isoperimetric inequality and
the Pohozaev identity are combined to conclude the symmetry of w.

For some nonlinearities f which change sign, there exist positive solutions of
in a ball which are not radially symmetric, even with p = 2 and f Holder
continuous (see [13] for an example).

For 1 < p < oo, assuming that f is locally Lipschitz and positive, and that
u € C'(B) is a positive solution of in a ball, Damascelli and Pacella [53]
(1 < p < 2) and Damascelli and Sciunzi [54] (p > 2) succeeded in applying the
moving planes method to prove the radial symmetry of u.

Another symmetry result for with possibly non-Lipschitz f is due to Dol-
beault and Felmer [58]. They assume that f is continuous and that, in a neighbor-
hood of each point of its domain, f is either decreasing, or is the sum of a Lipschitz
and a nondecreasing functions. If, in addition, f > 0, solutions u € C'(B) N C°(B)
to are radially symmetric. A similar result for the p-Laplacian equation (2.13))
is found in [59]. These works use a local version of the moving planes technique.

Under the weaker assumption that f > 0 is only continuous, for 1 < p < oo,
Brock [12] proved that C*(B) positive solutions of are radially symmetric
using the so called “continuous Steiner symmetrization”.

The radial symmetry results in [12] (via continuous symmetrization) and in
[58], 59] (via local moving planes) follow from more general local symmetry results
[13], 58, 59] which do not require f > 0. These describe the only way in which
radial symmetry may be broken through the formation of “plateaus” and radially
symmetric cores placed arbitrarily on the top of them. The notion of local symmetry,
introduced by Brock in [13], is strongly related to rearrangements. Nevertheless,
in [58], [59], local symmetry results are proved using a local version of the moving
planes method.

In contrast, our technique leads to symmetry for very general discontinuous
nonlinearities. However, it only when €2 is a ball. Instead, the technique used in
[12], as well as the moving planes method used in [76), 54, 58], 59] are still applicable
when the domain is not a ball, but is symmetric about some hyperplane and convex
in the normal direction to this hyperplane. See [7] for an improved version of the
moving planes method that allowed to treat domains with corners.

A feature of the original moving planes method in [76] and [54] is that, in
addition to the radial symmetry, leads to g—ﬁ < 0, for r = |z| € (0, R), R being the
radius of the ball 2. However, with discontinuous f we cannot expect so much, even
with p = 2. A simple counterexample is constructed as follows: let v be the solution
of

—Apy=1 inA={1/2<r <1},
v=0 onJdA.
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Then, v is radial and positive, and thus it attains its maximum on a sphere {r = py},
for some py € (1/2,1). We readily check that u = vx{rsp0) + (MaXFV)X{r<po) IS @
solution of for Q ={r <1} and f = X[0.max;v) > 0, and u is constant on the
ball {r < po}.

Related to this, Theorem states that wu is radial with g—jf < 0 in the annulus or
punctured ball {0 < v < maxgu}. Nevertheless, u might attain its maximum in a
concentric ball of positive radius {u = maxg u}, as occurs in the preceding example.

The following three distribution-type functions will play a central role in our
proof:

1) = /{ @O IO =H (1), K =1 (2.14)

These functions are defined for ¢ € (—oo, M), where M = maxq u. The parameters
a, B in , that are appropriately chosen depending on p and n, are given by
/ p p—n

TP PR hemn

Lions [86] in the case p = n = 2 and Kesavan-Pacella [82] in the cases p =n > 2
used the distribution type function K = I* (note that our § is zero in their cases).
By considering the function K = I*J? we are able to treat the cases p # n.

That the function K in be nonincreasing is essential for our argument to
work. This is trivially the case when «, 5 given by are nonnegative, and thus
this occurs when p > n. When 8 < 0, the bounds (b) on f guarantee that K is
nonincreasing.

(2.15)
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THE POHOZAEV IDENTITY FOR THE FRACTIONAL
LAPLACIAN

XAVIER ROS-OTON AND JOAQUIM SERRA

ABSTRACT. In this paper we prove the Pohozaev identity for the semilinear Dirich-
let problem (—A)*u = f(u) in Q, v = 0 in R"\Q. Here, s € (0,1), (—A)* is the
fractional Laplacian in R™, and 2 is a bounded C1+!' domain.

To establish the identity we use, among other things, that if u is a bounded
solution then u/d°|q is C* up to the boundary 092, where §(z) = dist(z,0€2). In
the fractional Pohozaev identity, the function u/d%|9q plays the role that du/Ov
plays in the classical one. Surprisingly, from a nonlocal problem we obtain an
identity with a boundary term (an integral over 9€2) which is completely local.

As an application of our identity, we deduce the nonexistence of nontrivial
solutions in star-shaped domains for supercritical nonlinearities.

1. INTRODUCTION AND RESULTS

Let s € (0,1) and consider the fractional elliptic problem

—A)Yu = u) in
R A (L)

in a bounded domain €2 C R", where

‘ u(r) — u(y)
(—A)’u(x) = ¢, PV /R" 7 — g dy (1.2)
is the fractional Laplacian. Here, ¢, is a normalization constant given by (A.1)).

When s = 1, a celebrated result of S. I. Pohozaev states that any solution
satisfies an identity, which is known as the Pohozaev identity [16]. This classical
result has many consequences, the most immediate one being the nonexistence of
nontrivial bounded solutions to for supercritical nonlinearities f.

The aim of this paper is to give the fractional version of this identity, that is,
to prove the Pohozaev identity for problem with s € (0,1). This is the main
result of the paper, and it reads as follows. Here, since the solution u is bounded,
the notions of weak and viscosity solutions agree (see Remark .

Key words and phrases. Fractional Laplacian, Pohozaev identity, semilinear problem.
The authors were supported by grants MTM2008-06349-C03-01, MTM2011-27739-C04-01
(Spain), and 2009SGR345 (Catalunya).
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Theorem 1.1. Let Q be a bounded and CY' domain, f be a locally Lipschitz func-
tion, u be a bounded solution of , and
d(z) = dist(x, 0Q).

Then, _

u/6%|q € C*(QY) for some « € (0,1),
meaning that u/8%|q has a continuous extension to Q which is C*(Q), and the fol-
lowing identity holds

2
(2s —n) / uf(u)dr + 2n/ F(u)de =T(1+ 8)2/ <£> (x - v)do,
Q o0 \0°
where F(t fo f, v is the unit outward normal to 02 at x, and I" is the Gamma

functzon

Note that in the fractional case the function u/d%|sq plays the role that du/dv
plays in the classical Pohozaev identity. Moreover, if one sets s = 1 in the above
identity one recovers the classical one, since u/d|sq = Ou/Jv and I'(2) = 1.

It is quite surprising that from a nonlocal problem (|1.1)) we obtain a completely
local boundary term in the Pohozaev identity. That is, although the function u
has to be defined in all R™ in order to compute its fractional Laplacian at a given
point, knowing u only in a neighborhood of the boundary we can already compute
Jog (53) - v)do.

Recall that problem (|I.1)) has an equivalent formulation given by the Caffarelli-
Silvestre [9] associated extensmn problem —a local PDE in R7*!. For such extension,
some Pohozaev type identities are proved in [4, [5], [6]. However, these identities
contain boundary terms on the cylinder 9Q x R* or in a half-sphere 9B} N R,
which have no clear interpretation in terms of the original problem in R™. The proofs
of these identities are similar to the one of the classical Pohozaev identity and use
PDE tools (differential calculus identities and integration by parts).

Sometimes it may be useful to write the Pohozaev identity as

u

2s[u]ifs(Rn) —2n&u] = (1 + 5)? /m <E>2 (x - v)do,

where £ is the energy functional

1
€l = luliany = [ Pl (13)
= f, and
ey = IEFFlall0am = ) Oy, ()

We have used that if v and v are H S(R” ) functions and u = v =0 in R™ \ €2, then

/Qv(—A)Sud:c = /n(—A)S/2u(—A)S/2v dx, (1.5)
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which yields
[ stz = [ |(-8yPuPde = ulea,
Q n

As a consequence of our Pohozaev identity we obtain nonexistence results for
problem (|1.1)) with supercritical nonlinearities f in star-shaped domains €2. In Sec-
tion [2] we will give, however, a short proof of this result using our method to establish
the Pohozaev identity. This shorter proof will not require the full strength of the
identity.

Corollary 1.2. Let Q be a bounded, C'', and star-shaped domain, and let f be a
locally Lipschitz function. If

n — 2s
2n

uf(u) > /0“ f@)ydt  forall ueR, (1.6)

then problem (1.1)) admits no positive bounded solution. Moreover, if the inequality
in (1.6 is strict, then (1.1) admits no nontrivial bounded solution.

For the pure power nonlinearity, the result reads as follows.

Corollary 1.3. Let Q be a bounded, CY', and star-shaped domain. If p > Zirgz,
then problem

{(—A)su = |[uflu inQ (17)

u = 0 in R™\Q

admits no positive bounded solution. Moreover, if p > Zf—gz then (1.7) admits no
nontrivial bounded solution.

The nonexistence of changing-sign solutions to problem for the critical power
p = Zf—gi remains open.

Recently, M. M. Fall and T. Weth [12] have also proved a nonexistence result for
problem with the method of moving spheres. In their result no regularity of
the domain is required, but they need to assume the solutions to be positive. Our
nonexistence result is the first one allowing changing-sign solutions. In addition,
their condition on f for the nonexistence —(L.16) in our Remark is more
restrictive than ours, i.e., and, when f = f(x,u), condition

The existence of weak solutions u € H*(R") to problem for subcritical f has
been recently proved by R. Servadei and E. Valdinoci [19].

The Pohozaev identity will be a consequence of the following two results. The
first one establishes C*(R") regularity for u, C%(Q) regularity for u/d*|q, and higher
order interior Holder estimates for u and u/0®. It is proved in our paper [I8].

Throughout the article, and when no confusion is possible, we will use the notation
CA(U) with 8 > 0 to refer to the space C*# (U), where k is the is greatest integer
such that £ < 3, and 8’ = 8 — k. This notation is specially appropriate when we

work with (—A)® in order to avoid the splitting of different cases in the statements
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of regularity results. According to this, [-]cs() denotes the C*F'(U) seminorm

| D*u(x) — D*u(y)|
[u]cswy = [Uers @y = sup 7
) ¢ w) z,y€el, z#y |{L‘ - y|ﬁ

Here, by f € C’loo’i (2 x R) we mean that f is Lipschitz in every compact subset of
Q xR,

Theorem 1.4 ([I8]). Let Q be a bounded and C*' domain, f € CH(Q x R), u be
a bounded solution of

(—A)u = f(x,u) in
{ u = 0 in R™\Q, (1.8)
and §(z) = dist(x,0Q2). Then,
(a) u € C*(R™) and, for every 8 € [s,1+ 2s), u is of class C*(Q) and

[ulos (e s@yzopy < Cp*F  forall pe(0,1).

(b) The function u/6*|q can be continuously extended to Q. Moreover, u/6*

belongs to C*(S2) for some o € (0,1) depending only on 2, s, f, ||ul|reomny.
In addition, for all p € [a, s + «, it holds the estimate

[u/6%] 08 (feeq: s(a)2p)) < Cp>F for all pe (0,1).
The constant C' depends only on S, s, f, ||u||Le(mn), and .

Remark 1.5. For bounded solutions of (1.8]), the notions of energy and viscosity
solutions coincide (see more details in Remark 2.9 in [I§]). Recall that u is an
energy (or weak) solution of problem (1.8)) if u € H*(R™), v = 0 in R™\{2, and

[ carPu-ayiuge = [ fwwods

for all v € H*(R") such that v =0 in R™ \ Q.

By Theorem (a), any bounded weak solution is continuous up to the boundary
and solve equation in the classical sense, i.e., in the pointwise sense of .
Therefore, it follows from the definition of viscosity solution (see [§]) that bounded
weak solutions are also viscosity solutions.

Reciprocally, by uniqueness of viscosity solutions [8] and existence of weak solution
for the linear problem (—A)*v = f(z,u(x)), any viscosity solution u belongs to
H*(R™) and it is also a weak solution. See [18] for more details.

The second result towards Theorem is the new Pohozaev identity for the
fractional Laplacian. The hypotheses of the following proposition are satisfied for
any bounded solution u of whenever f € CH(Q x R), by our results in [IS]
(see Theorem [1.4] above).

Proposition 1.6. Let 2 be a bounded and C*' domain. Assume that u is a H®(R™)
function which vanishes in R™ \ Q, and satisfies
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(a) u € C*(R™) and, for every 8 € [s,1+ 2s), u is of class C*(Q) and
[u s ((wea:s@spn < Cp*7 for all p€(0,1).

(b) The function u/8%|q can be continuously extended to Q. Moreover, there

exists o € (0,1) such that u/6* € C*(Q). In addition, for all § € [a, s + o,
it holds the estimate

[/ 0°]co ((aenr: 6=y < Cp* " forall pe(0,1).
(¢) (—=A)*u is pointwise bounded in Q.
Then, the following identity holds

/Q(x Vu)(~A)udr = 2" /Qu(—A)Su dz — %/@Q (%) (@ vyaor

where v is the unit outward normal to 0 at x, and I is the Gamma function.

Remark 1.7. Note that hypothesis (a) ensures that (—A)®u is defined pointwise in
2. Note also that hypotheses (a) and (c¢) ensure that the integrals appearing in the
above identity are finite.

Remark 1.8. By Propositions 1.1 and 1.4 in [I8], hypothesis (c¢) guarantees that

u € C*(R") and u/6® € C*(Q), but not the interior estimates in (a) and (b).

However, under the stronger assumption (—A)*u € C*(2) the whole hypothesis (b)
is satisfied; see Theorem 1.5 in [18].

As a consequence of Proposition , we will obtain the Pohozaev identity (The-
orem and also a new integration by parts formula related to the fractional
Laplacian. This integration by parts formula follows from using Proposition [1.6
with two different origins.

Theorem 1.9. Let Q be a bounded and C*' domain, and u and v be functions
satisfying the hypotheses in Proposition[1.0l. Then, the following identity holds

/(—A)Su Uy, dr = — / Uy, (—A) v dr +T(1 + s)? -z v; do

Q Q oq 0° 0°
fori=1,...,n, where v is the unit outward normal to OS2 at x, and I" is the Gamma
function.

To prove Proposition [1.6| we first assume the domain {2 to be star-shaped with
respect to the origin. The result for general domains will follow from the star-shaped
case, as seen in Section 5] When the domain is star-shaped, the idea of the proof is
the following. First, one writes the left hand side of the identity as

S d S
/Q(x -Vu)(—A)’u doe = IV - /Qu,\(—A) u dz,
ux(z) = u(Ax).

where



58 THE POHOZAEV IDENTITY FOR THE FRACTIONAL LAPLACIAN

Note that uy = 0 in R™\Q, since 2 is star-shaped and we take A > 1 in the above
derivative. As a consequence, we may use (1.5)) with v = u, and make the change
of variables y = v/ Az, to obtain

/u,\(—A)su dx :/ (=A)*Puy(=A)* Py dx = )\252"/ W 5wy 5 Ay,
0 n Rr

where

w(z) = (—A)*?u(z).

Thus,
d 2s—n
(- Vu)(—A)’u dx = Y A2 w 5wy 5 Ay
Q A=11 R™
2s—n 9 d
= d — 1 1.
. /nw | T (1.9)
25 —n 1 d
= —A)udr + = — I
2 /n”( Judet 5 x| I
where

[,\:/ w w2 dy.

Therefore, Proposition [1.6] is equivalent to the following equality

d u\ 2
- — dy =T(1 2 — - v)do. 1.1
5w d=raest [ (2@ 00

The quantity %| Ae1+ Jgn wawi/y vanishes for any C'(R™) function w, as can be
seen by differentiating under the integral sign. Instead, we will prove that the
function w = (—A)*?u has a singularity along €2, and that holds.

Next we give an easy argument to give a direct proof of the nonexistence result for
supercritical nonlinearities without using neither equality nor the behavior of
(—A)*2u; the detailed proof is given in Section [2|

Indeed, in contrast with the delicate equality ([1.10)), the inequality

d

— I, < 1.11
<l n<o (11)

A=1t

follows easily from Cauchy-Schwarz. Namely,

Iy < [Jwall 2@y llwiyall 2 @ey = N[0l 2 @ey = 1,
and hence ({1.11]) follows.
With this simple argument, (1.9)) leads to

— /Q(x -Vu)(—A)u dx >

n — 2s

/Q w(—A)u da,
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which is exactly the inequality used to prove the nonexistence result of Corollary
for supercritical nonlinearities. Here, one also uses that, when u is a solution of

(L.1)), then
/Q(x V) (—A)u dr = /Q@; V) f(u)d = / v VF(u)dr = —n/ Flu)ds.

Q Q

This argument can be also used to obtain nonexistence results (under some decay
assumptions) for weak solutions of in the whole R"; see Remark [2.2]

The identity is the difficult part of the proof of Proposition To prove
it, it will be crucial to know the precise behavior of (—A)*/?u near Q2 —from both
inside and outside ). This is given by the following result.

Proposition 1.10. Let Q be a bounded and C*' domain, and u be a function such
that w=0 in R™\Q and that u satisfies (b) in Proposition[1.6l Then, there ezists a
C*(R™) extension v of u/d*|q such that

(—A)2u(z) = ¢; {log™ §(x) + coxa(z) } v(z) + h(z) in R", (1.12)
where h is a C*(R™) function, log™ t = min{logt,0},
o — I'(1+ szrsm (%) ’ and Cp = @. (1.13)
Moreover, if u also satisfies (a) in Proposition[1.6, then for all § € (0,1 + s)
[(—A)** U] oo ((wern:b)zpp < Cp ™ forall pe(0,1), (1.14)

for some constant C' which does not depend on p.

The values of the constants ¢; and ¢, in arise in the expression for the
5/2 fractional Laplacian, (—A)*/2, of the 1D function (z;7)*, and they are computed
in the Appendix.

Writing the first integral in ([1.10]) using spherical coordinates, equality re-
duces to a computation in dimension 1, stated in the following proposition. This
result will be used with the function ¢ in its statement being essentially the restric-
tion of (—A)*2u to any ray through the origin. The constant v will be chosen to
be any value in (0, s).

Proposition 1.11. Let A and B be real numbers, and
@(t) = Alog™ |t — 1| + Bxjo(t) + h(t),

where log™ t = min{logt,0} and h is a function satisfying, for some constants o
and v in (0,1), and Cy > 0, the following conditions:

(1) lIAllce (0,00 < Co-

(ii) For all B € [y,1+ 7]

1Rllcs01-poaipey < Cop™?  forall pe(0,1).
(iii) |A'(t)| < Cot=277 and |h"(t)| < Cot™>7 for all t > 2.
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Then,
d

o t
- — A\t — ) dt = A’7% + B,
7\ A:ﬁ/o o ( )so(A)

Moreover, the limit defining this derivative is uniform among functions ¢ satisfy-
ing (i)-(ii)-(ii1) with given constants Cy, o, and 7.

From this proposition one obtains that the constant in the right hand side of
(L.10), T(1 + s)?, is given by c?(7* 4+ ¢3). The constant ¢, comes from an involved
expression and it is nontrivial to compute (see Proposition in Section 5 and the
Appendix). It was a surprise to us that its final value is so simple and, at the same
time, that the Pohozaev constant c¢?(72 + ¢3) also simplifies and becomes T'(1 + s)?.

Instead of computing explicitly the constants ¢; and cp, an alternative way to
obtain the constant in the Pohozaev identity consists of using an explicit nonlinearity
and solution to problem in a ball. The one which is known [I3] 3] is the solution

to problem
(—=A)*u = 1 in B,(xo)
v = 0 in R"\B,(zo).
It is given by
272 (n/2)

u(z) = T (%23) Tt ) (7‘2 — |z —x0|2)s

From this, it is straightforward to find the constant T'(1 + s)? in the Pohozaev
identity; see Remark in the Appendix.

Using Theorem and Proposition [1.6, we can also deduce a Pohozaev identity
for problem , that is, allowing the nonlinearity f to depend also on z. In this
case, the Pohozaev identity reads as follows.

Proposition 1.12. Let Q be a bounded and C' domain, f € COLH(Q x R), u be a
bounded solution of (L.8]), and d(x) = dist(x,d2). Then

u/6%|q € C*(9) for some « € (0,1),
and the following identity holds

(25 — n) /Q wf (@, u)dz + 2n /Q Fla, u)dz =

=T(1+s)? /8Q (%)2 (x-v)do — Q/Qx - Fy(x,u)dr,

where F(z,t) fo x,7)dT, v is the unit outward normal to 0X) at z, and I' is the
Gamma functzon

in B,.(zo).

From this, we deduce nonexistence results for problem (|1.8)) with supercritical
nonlinearities f depending also on z. This has been done also in [12] for positive
solutions. Our result allows changing sign solutions as well as a slightly larger class

of nonlinearities (see Remark [1.14)).
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Corollary 1.13. Let Q be a bounded, C', and star-shaped domain, f € Cpl(2xR),
and F(x,t) fo flx,m)dr. If
n —2s
2

then problem (1.8)) admits no positive bounded solution. Moreover, if the inequality
in (1.15)) is strict, then (L.8)) admits no nontrivial bounded solution.

uf(z,t) > nF(x,t)+a- Fy(z,t) forall x€Q and teR, (1.15)

Remark 1.14. For locally Lipschitz nonlinearities f, condition (1.15]) is more general
than the one required in [12] for their nonexistence result. Namely, [I2] assumes
that for each z € Q2 and ¢t € R, the map

A= AT 2sf()\ = At) is nondecreasing for A € (0, 1]. (1.16)

Such nonlinearities automatically satisfy ([1.15]).
However, in [12] they do not need to assume any regularity on f with respect to .

The paper is organized as follows. In Section [2, using Propositions [I.10] and
(to be established later), we prove Proposition (the Pohozaev identity)
for strictly star-shaped domains with respect to the origin. We also establish the
nonexistence results for supercritical nonlinearities, and this does not require any
result from the rest of the paper. In Section [3| we establish Proposition [1.10} while
in Section ] we prove Proposition [I.11] Section [5] establishes Proposition for
non-star-shaped domains and all its consequences, which include Theorems and
and the nonexistence results. Finally, in the Appendix we compute the constants
c1 and ¢y appearing in Proposition (1.10]

2. STAR-SHAPED DOMAINS: POHOZAEV IDENTITY AND NONEXISTENCE

In this section we prove Proposition for strictly star-shaped domains. We say
that € is strictly star-shaped if, for some z5 € R”,

(x —29)-v>0 for all = € 0. (2.1)

The result for general C*! domains will be a consequence of this strictly star-shaped
case and will be proved in Section [5]
The proof in this section uses two of our results: Proposition|1.10jon the behavior
of (—A)*?u near 99 and the one dimensional computation of Proposition .
The idea of the proof for the fractional Pohozaev identity is to use the integration
by parts formula ([1.5)) with v = uy, where

ur(z) =u(Ax), A>1,

and then differentiate the obtained identity (which depends on \) with respect to A
and evaluate at A = 1. However, this apparently simple formal procedure requires
a quite involved analysis when it is put into practice. The hypothesis that 2 is
star-shaped is crucially used in order that uy, A > 1, vanishes outside {2 so that

(1.5) holds.



62 THE POHOZAEV IDENTITY FOR THE FRACTIONAL LAPLACIAN

Proof of Proposition for strictly star-shaped domains. Let us assume first that
Q) is strictly star-shaped with respect to the origin, that is, zy = 0.
Let us prove that

s _d
/Q(a:-Vu)(—A) udr = Y

/ ur(—A)uda, (2.2)

A=1+JQ

where | | is the derivative from the right side at A = 1. Indeed, let g = (—A)*u.
By assumption (a) g is defined pointwise in €2, and by assumption (c) g € L*>®(Q).
Then, making the change of variables y = Az and using that suppu, = %Q C Q
since A > 1, we obtain
d u(Azx) — u(x)
— dr =i —————2g(x)d
5wt =t [ g
o [uly ) —u(y/A)
=limA™" [ ———"—g(y/N)d
im /A - 9(y/N)dy
[ uly) = uly/A) —u(y/)
=1 ————"g(y/N)dy +1 ——g(y/N)d
i | = =1 9Ww/Ady+1m ona A1 9(y/N)dy

By the dominated convergence theorem,

g / WQ@/ A)dy = /Q (y - Vu)g(y) dy,

since g € L>®(Q), |Vu(é)| < C§(&)*1 < CA'7*4(y)*~! for all £ in the segment
joining y and y/\, and 6°~! is integrable. The gradient bound |Vu(&)| < C§(€)*~?
follows from assumption (a) used with 8 = 1. Hence, to prove (2.2) it remains only

to show that (/)
. —u(y/A
lim ——g(y/N)dy =
P e e UTE)

Indeed, |(AQ)\Q] < C(A—1) and —by (a)— u € C*(R™) and u = 0 outside €.
Hence, ||ul|z(xono) — 0as A | 1 and (2.2) follows.
Now, using the integration by parts formula (1.5)) with v = wuy,

/qu(—A)Sudx = /Rnu,\(—A)suc&
= / A)*Puy(=A)*Pude

(-
_ / A)2u) (Ax) (— A) () dx

]R'n
= / wyw dz,
n

w(z) = (—A)*u(z) and  wy(x) = w(Az).

=

where
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With the change of variables y = v/ Az this integral becomes

2s—n

)\S/nwxwd:c:)\ 2 /Rnwﬁwl/ﬁdy,

and thus

/u,\(—A)sudx— )\252n/ w50y 5 Y.
Q Rn

Furthermore, this leads to

s d 2s—n
/Q(Vu ) (=AY’ udr = Y - {)\ 2 /Rn wﬁwl/ﬁdy}
25 —n s d
= 5 Rn|(—A) /ZuIQdZ'—Fa)\ 1+/nwﬁw1/ﬁdy
2s —n d

1
= —-A)ud — dy.(2.
5 /Qu( )ou x+2d/\/\1+/nw>\w1/>\ y-(2.3)

Hence, it remains to prove that

- % I,=T(1+s)? /6Q (53)2 (z - v) do, (2.4)

where we have denoted

A=1t

[)\:/ w,\wl/,\dy. (25)

Now, for each 6 € S"~! there exists a unique ry > 0 such that 740 € 9. Write
the integral (2.5]) in spherical coordinates and use the change of variables t = r/ry:

d d r
al / a9 / wrd)w (26 dr
A=1+ ’ X A=1+ JSn—1 ()‘ )

d\
d Tgt
= do t Argth —0 ) dt
x|, /Sn_l " /0 (rot)" ™ (Art) ( ) )
d / /°° L (t:z:)
= — r-v)do(x t"w (Mt dt,
5| sty [ (5

where we have used that

L g = (|‘”| ) do = (2 ) do
xXr

Ty

with the change of variables S"~! — 02 that maps every point in S"! to its radial
projection on 02, which is unique because of the strictly star-shapedness of (2.
Fix xg € 02 and define

o(t) = t"T w (tzg) = T (=A)?u(txy).
By Proposition |1.10],
@(t) = c1{log™ 6(two) + caxoayv(tao) + ho(t)
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in [0, 00), where v is a C*(R") extension of u/§°|q and hg is a C*(]0, 00)) function.
Next we will modify this expression in order to apply Proposition [1.11

Using that  is C! and strictly star-shaped, it is not difficult to see that = Tg;‘
is a Lipschitz function of 7 in [0, 00) and bounded below by a positive constant
[t—1| and min{|t—1[,1}
d(tzo) min{é(tzo),1}

(independently of xy). Similarly, are positive and Lipschitz

functions of ¢ in [0, 00). Therefore,
log™ |t — 1| — log™ 6(tzo)
is Lipschitz in [0, 00) as a function of ¢.
Hence, for t € [0, 00),
@(t) = ci{log™ |t — 1| + caxjo fv(teo) + ha(2),

where h; is a C® function in the same interval.
Moreover, note that the difference

v(tzg) — v(xg)
is C'“ and vanishes at t = 1. Thus,

p(t) = erflog™ |t — 1] + eaxqo () yo(zo) + h(?)
holds in all [0, 00), where h is C* in [0, 00) if we slightly decrease a in order to kill

the logarithmic singularity. This is condition (i) of Proposition m
From the expression

h(t) = t"T_l(—A)S/Qu (txo) — ci{log™ [t — 1] + caxjo,1)(t) bv (o)
and from (1.14) in Proposition [1.10, we obtain that h satisfies condition (ii) of
Proposition with v = s/2.
Moreover, condition (iii) of Proposition is also satisfied. Indeed, for = €
R™\ (2€2) we have
(=82l = 6 [ 0
and hence

|8¢(—A)S/2u(x)’ < C‘xrnfs*l and lﬁij(—A)s/Qu(x” < C’xrn—sfz.

This yields |¢/(t)] < Ct"z "1 < Ct277 and |¢"(t)] < Ct"z "2 < O3
for t > 2.
Therefore we can apply Proposition to obtain

d

A /0 T o) G) dt = (v(zo))* 3(x* + ),

and thus
d

> t
— / t" tw(Mtao)w 0 gt = (v(0))? (7% + 2)
A yrs Jo X

for each xg € 0f).
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Furthermore, by uniform convergence on zy of the limit defining this derivative

(see Proposition in Section [4]), this leads to
d 2
I, =c(n* + cg)/ (2o - V) <%(QJO)) dxy.

dA o0
Here we have used that, for zo € 09, v(zg) is uniquely defined by continuity as

<u> (o) = lim u(z) :

ﬁ z—x0, TEQ 55(1‘)
Hence, it only remains to prove that

A+ =T(1+s)2

A=1*t

But

I'(1 in (22
o = (1+ s)sin (%) and sz%,
™ tan(—)

and therefore

[(1+ s)?sin® (% 2
G(m*+c3) = (%) ™+ 3 (1Y )

= (%
— T(1+s)?sin? (%) (H%>
= T(1+s)>

Assume now that € is strictly star-shaped with respect to a point zg # 0. Then,
) is strictly star-shaped with respect to all points z in a neighborhood of zy. Then,
making a translation and using the formula for strictly star-shaped domains with
respect to the origin, we deduce

/Q{(x —2)-Vu} (=A)Y’udr =

2s—n

/Q w(—A)ouda+

—%/ﬁg(%f(z—z)-yda

for each z in a neighborhood of zy. This yields

I'(1 2 2
/ Uy, (—A) udr = _(——l—s)/ (£> v do (2.7)
Q 2 o0 \0°
for i =1, ...,n. Thus, by adding to (2.6) a linear combination of ({2.7]), we obtain

/Q(x.Vu)(—A)sudx_ QS;H/QU(—A)Sudx—W/m <%>2x.yda'
O
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Next we prove the nonexistence results of Corollaries [1.2] and for su-
percritical nonlinearities in star-shaped domains. Recall that star-shaped means
x-v >0 for all z € 0Q2. Although these corollaries follow immediately from Propo-
sition [1.12] —as we will see in Section [5}—, we give here a short proof of their second
part, i.e., nonexistence when the inequality (1.6]) or is strict. That is, we
establish the nonexistence of nontrivial solutions for supercritical nonlinearities (not
including the critical case).

Our proof follows the method above towards the Pohozaev identity but does not
require the full strength of the identity. In addition, in terms of regularity results
for the equation, the proof only needs an easy gradient estimate for solutions wu.
Namely,

Vu| < C&* in Q,

which follows from part (a) of Theorem [1.4] proved in [18].

Proof of Corollaries and[1.13 for supercritical nonlinearities. We only have
to prove Corollary [1.13] since Corollaries [I.2] and [L.3] follow immediately from it by
setting f(z,u) = f(u) and f(x,u) = |u[P"'u respectively.

Let us prove that if 2 is star-shaped and u is a bounded solution of , then

282_n/guf(x,u)dern/ﬂF(%u)dI_/”Fx@’“)dx20' (2:8)

Q

For this, we follow the beginning of the proof of Proposition (given above) to
obtain ([2.3), i.e., until the identity

/Q(Vu cx)(—A)udr =

2s —n

1 d
“AVudr 4+ - —
/Qu( )ux+2d)\

[)\7
A=1+

where
I\ = / wywy )y dx, w(z) = (=A)*u(z), and  wy(x) = w(A\z).

This step of the proof only need the star-shapedness of ) (and not the strictly
star-shapedness) and the regularity result |Vu| < C§%7! in Q, which follows from
Theorem proved in [I§].

Now, since (—A)*u = f(z,u) in 2 and

(Vu-z)(=AYu =z -VF(r,u) — - F.(x,u),
by integrating by parts we deduce
25 — 1 d
—n/ F(x,u)dm—/x-Fz(I,u)dx i n/uf(x,u)dx—i— - — I.
Q Q 2 Ja 2 dA [+

Therefore, we only need to show that

I, <0. (2.9)
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But applying Hélder’s inequality, for each A > 1 we have

I < llwall ey lwyall ey = lwllZ2@n = 4,
and ([2.9) follows. 0

Remark 2.1. For this nonexistence result the regularity of the domain 2 is only used
for the estimate |Vu| < C§*~!. This estimate only requires € to be Lipschitz and
satisfy an exterior ball condition; see [I8]. In particular, our nonexistence result
for supercritical nonlinearities applies to any convex domain, such as a square for
instance.

Remark 2.2. When €2 = R"” or when () is a star-shaped domain with respect to infin-
ity, there are two recent nonexistence results for subcritical nonlinearities. They use
the method of moving spheres to prove nonexistence of bounded positive solutions
in these domains. The first result is due to A. de Pablo and U. Sénchez [15], and
they obtain nonexistence of bounded positive solutions to (—A)*u = u? in all of
R"™ whenever s > 1/2 and 1 < p < Zf—gz The second result, by M. Fall and T.
Weth [12], gives nonexistence of bounded positive solutions of in star-shaped
domains with respect to infinity for subcritical nonlinearities.

Our method in the previous proof can also be used to prove nonexistence results
for problem in star-shaped domains with respect to infinity or in the whole
R™. However, to ensure that the integrals appearing in the proof are well defined,
one must assume some decay on v and Vu. For instance, in the supercritical case
p > f:—gz we obtain that the only solution to (—A)%u = u? in all of R™ decaying as

C
V| < ——
ol + |- V| < 1

Withﬁ>#,isu50.
In the case of the whole R", there is an alternative proof of the nonexistence of
solutions which decay fast enough at infinity. It consists of using a Pohozaev identity

in all of R”, that is easily deduced from the pointwise equality
(—A)(z - Vu) =2s(=A)Y’u+x - V(—=A)’u.

The classification of solutions in the whole R™ for the critical exponent p =
was obtained by W. Chen, C. Li, and B. Ou in [10]. They are of the form

n+2s
n—2s

n—2s

/’L 2
uz)=c| ——7——= ,
(@) (M2+|37—1’0|2>

where g is any positive parameter and c is a constant depending on n and s.

3. BEHAVIOR OF (—A)*2y NEAR Of)

The aim of this section is to prove Proposition [1.10, We will split this proof
into two propositions. The first one is the following, and compares the behavior of
(—A)*2u near O with the one of (—A)%/283, where &(z) = dist(x, 9Q)xa(z).
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Proposition 3.1. Let Q be a bounded and C%' domain, u be a function satisfying
(b) in Proposition[1.6. Then, there exists a C*(R") extension v of u/d%|q such that

(—A)"Pu(z) = (=A)"?5(z)o(x) + h(z) in R",
where h € C*(R™).

Once we know that the behavior of (—A)*/2u is comparable to the one of (—A)*/253,
Proposition reduces to the following result, which gives the behavior of (—A)%0§
near 0f).

Proposition 3.2. Let Q be a bounded and C*' domain, 6(x) = dist(z,Q), and
0o = Oxq. Then,

(~A)7263(2) = c1 {log™ 8(x) + eaxa(w)} + h(z) in R",

where ¢y and co are constants, h is a C*(R™) function, and log”~ t = min{logt,0}.
The constants ¢, and co are given by

B i B o0 1—2° 1+ 2° d
Y T AT R TR ) A

where ¢, s is the constant appearing in the singular integral expression (1.2|) for
(—A)® in dimension n.

The fact that the constants ¢; and ¢y given by Proposition coincide with the
ones from Proposition [1.10]is proved in the Appendix.

In the proof of Propositionwe need to compute (—A)*2 of the product u = §jv.
For it, we will use the following elementary identity, which can be derived from :

(—A)* (wiwz) = wi (=A) wy + wa(=A)*wy — Iy (wy, wy),

where

I (wy, ws)(2) = ¢ sPV / n (wi(x) - w|f;_))y(|iui§f) — wy(y))

Next lemma will lead to a Holder bound for I5(d§,v).

Lemma 3.3. Let 2 be a bounded domain and &y = dist(x,R™\ Q). Then, for each
a € (0,1) the following a priori bound holds

1 £s/2(35, w) || carz@ny < Clwlcamn), (32)
where the constant C depends only on n, s, and «.
Proof. Let xq, x5 € R™. Then,
L5205, w)(@1) — Lsj2(65, w) (@2)| < cns (J1 + J2),

dy. (3.1)

where

- / jw(z1) — w(zy + 2) — w(zs) |42—|i(5x2 + 2)|[65(21) — 63 (21 + 2)] ;

z
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and

7y — / |w(x2) —w(xg + Z)Hég(xl) —05(x1 + 2) — 05 (wq) + 05 (z2 + z)’

|Z|n+s

dz.

Let r = |21 — x5|. Using that ||d5|

lw(z1) — w(zy + 2) — w(w2) + w(22 + 2)| Minf{|2]*, (diam Q2)*}
Jl S |z|n+s dz

cs@ny < 1 and supp o5 = Q,

e 70 2] 12/ 2 i 51
<o [ Moy R min
" |Z|n+s
S CTQ/Q [UJ]C&(Rn) .
Analogously,
J2 S CTOC/2[U)]Ca(Rn) .
The bound for ||I;/2(05, w)|| L ®n) is obtained with a similar argument, and hence

(13-2) follows. O

Before stating the next result, we need to introduce the following weighted Holder
norms; see Definition 1.3 in [18].

Definition 3.4. Let § > 0 and 0 > —f. Let f = k + [/, with k integer and
B € (0,1]. For w € C%(Q) = C*#(Q), define the seminorm

W@ — sun (minds(x g0 Dw(x) — Dru(y)|
= sup (minoa). o) 2 =2,

For 0 > —1, we also define the norm || - ||(;S)) as follows: in case that o > 0,

k
fulh = 3= sup (3™ Dwlo)] ) + [ul2,
=0 *

while for —1 < o < 0,

k
= Nollo-o + 3 sup (8607 Do) ) + Ful
=1

— . €

The following lemma, proved in [18], will be used in the proof of Proposition
below —with w replaced by v— and also at the end of this section in the proof of
Proposition [1.10| —with w replaced by w.

Lemma 3.5 ([I8, Lemma 4.3]). Let Q be a bounded domain and o and [ be such
that o < s < 8 and B — s is not an integer. Let k be an integer such that = k+ '
with 5 € (0,1]. Then,

(=8) 2l < Clllwlesn + llwlsg) (3:3)
for all w with finite right hand side. The constant C' depends only on n, s, a, and
B.
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Before proving Proposition we give an extension lemma —see [11, Theorem 1,
Section 3.1] where the case a = 1 is proven in full detail.

Lemma 3.6. Let a € (0,1] and V' C R" a bounded domain. There ezists a (non-
linear) map E : C%*(V) — C%*(R") satisfying

Bw)=w ¥, (B < Wloagy, nd [E@)len < ol
for all w € C%(V).

Proof. 1t is immediate to check that

E(w)(x) = min {1;%1‘1;1 {w(z) + [ calz — x|‘”} , Hw||Loo(v)}

satisfies the conditions since, for all z,y, z in R”,
|z =z <[z —y|* + |y — 2[*.
O

Now we can give the

Proof of Proposition[3.1. Since u/d%|q is C*(£2) —by hypothesis (b)— then by Lemma
there exists a C*(R"™) extension v of u/d°|q.
Then, we have that

(—A)Pu(z) = v(x)(=A)*25 (2) + 0 (2)* (— L) Pv(z) — Lya(v, &),

where

/ (v(x) — v(y)) (95 () — 05 (y))
" |z =yl
as defined in (3.1)). This equality is valid in all of R™ because 6§ = 0 in R"\Q and
v € C*** in ) —by hypothesis (b). Thus, we only have to see that §3(—A)*/%v and
I 5(v,05) are C*(R™) functions.

For the first one we combine assumption (b) with # = s+ a < 1 and Lemma 3.5
We obtain

Is5(v,65) = cn dy ,

N|o

I(=8)"llie” < C, (3.4)
and this yields §3(—A)*?v € C*(R"). Indeed, let w = (—A)*?v. Then, for all
x,y € Q such that y € Bg(z), with R = 6(x)/2, we have

P aule) = @] _ g, o) - w)
|z =yl |z =yl

18°() = )]

+ |w(x) p—

Now, since
0°(z) = 0°(y)| < CR**[z — y[* < Cmin{d(x),6(y)}" |z — y|*
using and recalling Definition [3.4] we obtain
|0°(z)w(x) — 6*(y)w(y)|

|z — y|*

< C whenever y € Br(x), R=0(z)/2.
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This bound can be extended to all z,y € €2, since the domain is regular, by using a
dyadic chain of balls; see for instance the proof of Proposition 1.1 in [1§].
The second bound, that is,

Hs/2(v, 05)l|ceeny < C,
follows from assumption (b) and Lemma [3.3| (taking a smaller « if necessary). [

To prove Proposition [3.2] we need some preliminaries.
Fixed py > 0, define ¢ € C*(R) by

(b(ﬂ?) = xSX(O,po)<x> + ng(po,—i-oo) (‘r) (35)

This function ¢ is a truncation of the s-harmonic function 3. We need to introduce
¢ because the growth at infinity of x5 prevents us from computing its (—A)%/2.

Lemma 3.7. Let py > 0, and let ¢ : R — R be given by (3.5)). Then, we have

(—A)*?¢(x) = c1{log |z] + c2x(0,00) ()} + h(2)
for x € (—po/2,p0/2), where h € C*([—po/2,p0/2]). The constants c¢; and cy are

given by
o 1—2° 1+ 28
== d = d
€ =63 an 2 /o {|1 s + 1 +Z|1+s} %

where ¢, is the constant appearing in the singular integral expression (1.2)) for
(—A)® in dimension n.

Proof. It © < py,

PO 8 _ys 00 8 _ps
— A2 (z :cs(/ gdy%—/ +—Ody).
AR\ L e YT,

We need to study the first integral:

(

pojr 1 o8
PO 8 _ys — 0 -

J(x) = / +—+8 dy = (3.6)

oo [T =yl willel s

= ——dz if
\Jg(x) /_OO T2 z ifx <0,
since
) 00 8 _ps

(=A)*2(z) — 1 J () = 01/ ﬁ dy (3.7)

po 1T =Y

belongs to C*([—po/2, po/2]) as a function of .
Using L’Hopital’s rule we find that

lim Ji(2) = lim Jo(x) =
20 log|z| =10 log ||
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Moreover,

i~ ()~ 1) =g (- S )

240 T 20 22 ((po/z) —1)H*s
o B 1_ys (1_y)1+s )
— shm 1—s o
Po oY (y(l —y)tts oyl —y)tts
-y —(1—y™

— s 13 — _ s
Po ;fg s Po
and
- - 1 . —s( P —(=po/z)*® 1
1 o 1-s J/ = — 1 N\ 1=s( FY o
g}g( 2 ( 2(7) x) 3%1( z) (x2 (14 (=po/x))t*ts —x
o 3 -1 (1 +y)1+s
— sl 1—s +
Po oY (y(l +y)te T y(L4y) e
] (1 + y)lJrs -1
= %] =0.
Po yngl y®
Therefore,
(Ji(x) —log|z]) < Cla[*™ in (0, po/2]
and

(J2(z) —log|z])" < Cla"™ in [=po/2,0),
and these gradient bounds yield
(J1 —log|-]) € C*([0,0/2]) and (Jo—log]-|) € C*([=po/2,0]).
However, these two Holder functions do not have the same value at 0. Indeed,
lgg)l{(tfl(iﬁ) —log|z|) — (Jo(—2) — log | — 33’)} = lgrol{Jl(a:) — Jao(—2)}

> 1 -2 2l
— d
/oo { 1 — 2[tts " |1+Z\1+5} :

/°° 1—2° n 14 2° p

0 11—z |1+ 2|1+ 2

Hence, the function J(z) — log|z| — caX(0,00)(%), Where J is defined by (3.6)), is
C*([—po/2, po/2]). Recalling (3.7)), we obtain the result. O

Next lemma will be used to prove Proposition [3.2] Before stating it, we need the
following

Remark 3.8. From now on in this section, py > 0 is a small constant depending only
on ), which we assume to be a bounded C'! domain. Namely, we assume that that
every point on €2 can be touched from both inside and outside €2 by balls of radius
po- In other words, given xy € 052, there are balls of radius py, B,, (1) C Q and
B, (x2) C R™\Q, such that B, (x1)NB,,(r2) = {zo}. A useful observation is that all
points y in the segment that joins z; and xe —through xy— satisfy 6(y) = |y — x|
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Lemma 3.9. Let Q be a bounded C*' domain, §(z) = dist(x,00Q), d = dxa, and
po be given by Remark (3.8 Fix xo € 052, and define
bua() = 6 (~v(z0) - (&~ w0))
and
Say = {mo + tr(xo), t € (—po/2,p0/2)}, (3.8)
where ¢ is given by and v(xg) is the unit outward normal to 0S) at xy. Define

also Wy, = 85 — Gug -
Then, for all v € S,

[(=2) gy () = (= A)" P, (20)] < Cla — o],
where C' depends only on Q0 and py (and not on x).

Proof. We denote w = w,,. Note that, along S,,, the distance to 0) agrees with
the distance to the tangent plane to 92 at xy; see Remark That is, denoting
0+ = (Xo — xem@)6 and d(z) = —v(xg) - (¥ — z9), we have d.(x) = d(x) for all
x € S,,. Moreover, the gradients of these two functions also coincide on S, i.e.,
Vi (x) = —v(zg) = Vd(z) for all z € S,,.
Therefore, for all z € S,, and y € B,,/2(0), we have
[0+ (z +y) — d(z +y)| < Cly|*

for some C' depending only on py. Thus, for all x € S, and y € B, /»(0),

w(z +y)| = [(0=(z +1))% — (d(z +y)3| < Clyl™, (3.9)

where C' is a constant depending on €2 and s.
On the other hand, since w € C*(R"), then

lw(z+y) —w(ze+y)| < Clr — x|’ (3.10)
Finally, let r < py/2 to be chosen later. For each z € S,,, we have
[w(z +y) — w(wo + )|

‘(—A)5/2w<x) - (—A)8/2w(w0)\ < C/n |y‘n+s dy
<C Iw(w+y)—iv(xo+y)ldy+c |w(x+y>—iv(xo+y)ldy
B, |y |t R"\ B, |y|mte

2s _ s
B |y|™+s r\B, |Y|"T*
=C(r*+ |x —zo|r™),
where we have used (3.9)) and (3.10). Taking r = |2 — 20|/ the lemma is proved. O

The following is the last ingredient needed to prove Proposition [3.2]

Claim 3.10. Let Q be a bounded C*' domain, and py be given by Remark . Let
w be a function satisfying, for some K > 0,
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(1) w is locally Lipschitz in {x € R™ : 0 < d(x) < po} and
Vw(z)| < Ké(x)™ in {x € R" : 0<8(z) < po}

for some M > 0.
(ii) There exists o > 0 such that

lw(z) —w(x®)| < Ko(z)* in {x € R" : 0<d(z) < po},
where x* is the unique point on 0X) satisfying é(x) = |z — x*|.
(iii) For the same «, it holds
[wllow((52p01) < K.
Then, there exists v > 0, depending only on « and M, such that
[wllev®ny < CK, (3.11)
where C' depends only on 2.
Proof. First note that from (ii) and (iii) we deduce that |w||pem®r) < CK. Let
p1 < po be a small positive constant to be chosen later. Let x,y € {§ < po}, and
r=le—yl.
If r > py, then
w() — ()] _ 2wl

< T®) < CK.
|z —y| P1

If r < py, consider
v =2+ poru(a®) and g =y + poruly’),

where 8 € (0,1) is to be determined later. Choose p; small enough so that the
segment joining 2’ and y' contained in the set {§ > por?/2}. Then, by (i),

w(z') = w(y')| < CK(por?/2) M2’ —yf/| < Cr=PM. (3.12)
Thus, using (ii) and (3.12),
w(z) —w(y)| < [w(z) —wz)| + |w(z) —wla) |+
+ |w(y) —w(y)| +wly”) —wy)] + (=) —w(y)]
< Ko(z)™ + K§(y)* + 2K (por®)* + CKr' ="M,
Taking 5 < 1/M and v = min{af,1 — M}, we find
lw(z) —w(y)| < CKr" =CKlx —y|".
This proves
[w]ers<py) < OK.

To obtain the bound (3.11)) we combine the previous seminorm estimate with (iii).
O

Finally, we give the proof of Proposition |3.2]
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Proof of Proposition[3.9. Let
h(z) = (=A)255(z) — ¢ {log™ 6(z) + caxalz)} .

We want to prove that h € C*(R") by using Claim [3.10]
On one hand, by Lemma 3.7, for all zy € 0Q and for all x € S,,, where Sy, is

defined by (3.8)), we have
h(z) = (=A)265(x) = (=A)2¢u(x) + h(v(0) - (z — x0)),
where h is the C*([—po/2, po/2]) function from Lemma Hence, using Lemma
we find
\h(z) — h(zo)| < Cla — zo*? for all z € S,,
for some constant independent of z.
Recall that for all z € S,, we have * = xy, where z* is the unique point on 02
satisfying d(z) = |z — x*|. Hence,
\h(z) — h(z*)] < Clz — 2*|¥*  for all z € {5 < po/2} . (3.13)
Moreover,
[l caiszpo/2n < C (3.14)
for all @ € (0,1 — s), where C is a constant depending only on «a, Q and pg. This
last bound is found using that || ||co.1(5>po/2y) < C, which yields

1(=A)* 283 || co o2y < C

fora <1—s.
On the other hand, we claim now that if ¢ 9Q and §(z) < py/2, then

Vh(z)] < [V(=2)"25(x)| + e1|d(2)| 7" < Clo(z)| 7" (3.15)

Indeed, observe that 65 = 0 in R™\Q, |[V§5| < Co57"in Q, and |D?63| < C652 in
Q. Then, r =6(z)/2,

|(—A)S/2V5S(ZE)| < C/ ’V‘So(x) |;|nv+i0(m+y)| dy
s—2 s s
cof Sl [ (VDL e ),
.yt '\ B, \ Y] s
<€+9+—O / 55‘1<—C
o pnEs o, 0 T pns)

as claimed.

To conclude the proof, we use bounds (3.13)), (3.14)), and (3.15) and Claim [3.10}
U

To end this section, we give the

Proof of Proposition[1.10. The first part follows from Propositions 3.1 and 3.2l The
second part follows from Lemma [3.5| with o = s and 5 € (s,1 + 2s). 0
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d
4. THE OPERATOR — | . [Lwywi)y

The aim of this section is to prove Proposition In other words, we want to
evaluate the operator
o0 t
/ w (M) w (—) dt (41)
A=1tJ0 A

w(t) = Alog™ [t — 1| + Bxjo,(t) + h(t),
where log™ ¢ = min{logt,0}, A and B are real numbers, and h is a function satisfy-
ing, for some constants a € (0,1), v € (0, 1), and Cp, the following conditions:

1) 1Pllce(o,00)) < Co-
(ii) For all g € [y,1+ ],

J(w) = — i

d\

on

7]l 501 -puaipay < Cop™®  forall pe (0,1).
(iii) |A' ()| < Ct=277 and |W"(t)| < Ct=377 for all ¢ > 2.

We will split the proof of Proposition [1.11] into three parts. The first part is the
following, and evaluates the operator J on the function

wo(t) = Alog™ [t — 1| 4+ Bxp(t)- (4.2)
Lemma 4.1. Let wy and J be given by and , respectively. Then,
J(wy) = A*n* + B2
The second result towards Proposition [1.11]is the following.

Lemma 4.2. Let h be a function satisfying (i), (ii), and (iii) above, and J be given

by (4.1)). Then,
J(h) = 0.

Moreover, there exist constants C' and v > 1, depending only on the constants o, 7,
and Cy appearing in (i)-(ii)-(iil), such that

/0°° {hw) " (%) - hW} dt‘ < CA -1

for each X € (1,3/2).
Finally, the third one states that J(wy + h) = J(wg) whenever J(h) = 0.

Lemma 4.3. Let wy and wy be L*(R) functions. Assume that the derivative at
A =17 in the expression J(wy) exists, and that

Then,
J(wy 4+ wq) = T(wy).
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Let us now give the proofs of Lemmas and [4.3] We start proving Lemma
[4.3] For it, is useful to introduce the bilinear form

Sl [ o () en (o)

and more generally, the bilinear forms

(w1, w2)x = —ﬁ /000 {wl (AL) wy (%) + w (;) ws (At) — 2w1(t)w2(t)} dt,
(4.3)

for A > 1.

It is clear that limy(wy, we)y = (w1, ws) whenever the limit exists, and that
(w,w) = J(w). The following lemma shows that these bilinear forms are positive
definite and, thus, they satisfy the Cauchy-Schwarz inequality.

(w1, ws) =

Lemma 4.4. The following properties hold.

(a) (wy,ws)y is a bilinear map.
(b) (w,w)x >0 for allw € L*(R,).
(c) [(wr,we)r* < (w1, w1)a(wa, wa)y.

Proof. Part (a) is immediate. Part (b) follows from the Hélder inequality
lwswipallzr < lwallzellwipallzz = Jlw]lZe,
where w) (t) = w(At). Part (c) is a consequence of (a) and (b). O
Now, Lemma is an immediate consequence of this Cauchy-Schwarz inequality.

Proof of Lemmal[{.3 By Lemma (iii) we have

0 < [(wr, w2)x] < V/(wi,w1)ry/ (wa, wa)y — 0.

Thus, (wy,wy) = limy}; (wy, wa)y = 0 and

J(wy + we) = T(wy) + T(wa) + 2(wy, we) = T(wy).

Next we prove that J(h) = 0. For this, we will need a preliminary lemma.

Lemma 4.5. Let h be a function satisfying (i), (ii), and (iii) in Propostion [1.11]
A€ (1,3/2), and 7 € (0,1) be such that 7/2 > X\ — 1. Let o, 7y, and Cy be the
constants appearing in (i)-(ii)-(iii). Then,

Cmax{|t — A, [t—1/\*} te(l—71+7)
< CA=1D)ME =17t te(0,1-7)U(l+71,2)
CA—1)2"1 t € (2,00),

where the constant C depends only on Cj.

‘h()\t)h (%) ()




78 THE POHOZAEV IDENTITY FOR THE FRACTIONAL LAPLACIAN

Proof. Let t € (1 — 7,1+ 7). Let us denote h = h — h(1). Then,
t

h(\t)h (X) — h(t)>=h(A\)h G) — h(t)? + h(1) (E (\t) + h (;) - 2%@)) .

Therefore, using that |(t)| < Colt — 1|* and 12| Lo ry < Co, we obtain

h(At)hG)—h(t)2 < C|/\t—1|0‘§—1 + Ot =12+ C|Mt — 1|* +
t (0%
+C’X—1 + Ot —1)"
o 1"
< Cmax{hﬁ—)\\ ,t—x }

Let now t € (0,1 —7) U (1 4 7,2) and recall that A € (1,14 7/2). Define, for
€ LA

000 = ) (1) = e

By the mean value theorem, ¥(\) = (1) + ¢'(p)(A — 1) for some p € (1, ).
Moreover, observing that ¢(1) = ¢'(1) = 0, we deduce

[PV < (A =D () —¢'(D)].

Next we claim that

9 (1) — ' (D] < Clpe = 1Pt =177 (4.4)
This yields the desired bound for t € (0,1 —7) U (1 +7,2).
To prove this claim, note that

o =t ey () = Znu (1)),

u [
Thus, using the bounds from (ii) with § replaced by =, 1, and 1+ ~,

900/ < ')~ w0l ()] oo () = neo ol
% <£> _ h’(t)‘ ‘hi’f” bt 'h(’“) - h(t)' 0!

+t "

v v

t t
< Clut —tPm™*7 +C '— —t ——t mTT+
I I

C
m =17+ =
ol

C _ _ _
+E|m—t\7m NE—1" +C(p— )|t — 17

< C(/“L - 1)7m_1_77

where m = min {|ut — 1], |t — 1|, |t/p — 1|}
Furthermore, since p—1 < [t—1|/2, we have m > |t —1|, and hence (4.4) follows.
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Finally, if t € (2,00), with a similar argument but using the bound (iii) instead
of (ii), we obtain
P < COA =%,

and we are done. O

Let us now give the

Proof of Lemmal[].3. Let us call

I — /OOO {h()\t) h (;) _ h(t)Q} da.

For each A € (1,3/2), take 7 € (0,1) such that A — 1 < 7/2 to be chosen later.
Then, by Lemma [4.5]

1—7 1
I, < 0@—1%”/ |ﬁaw+ﬂﬁ+0/ [t — N\ dt +
0 1—

1+T
1

+C(\ — 1)2/ t1sdt

2
CA-1D)" 774 C(r+ A1) O - D)7 +

e 2

dt + C(\ — 1)1“/ it —1|7dt +

; 1
)‘ 1471

IN

1 a+1
+C (r+1—x> +C(A—1)%

Choose now
r=(\-1)
with 6 < 1 to be chosen later. Then,

THAN=1<27 and T4+1—— <27,

> =

and hence
11| < O\ = 1) L oA — 1) L o\ —1)%
Finally, choose # such that (a+1)0 > 1 and 1+~ — 0~ > 1, that is, satisfying

<0 <1.

l+a
Then, for v = min{(a+ 1)0,1 +~v — 0} > 1, it holds

/Ooo {h (M) h (%) - h(t)?} dt

as desired. 0O

< CIA-1J,

Next we prove Lemma [4.1]
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Proof of Lemma[{.1 Let
wl(t) = log_ |t — 1| and U)Q(t) = X[OJ] (t)

We will compute first J(w).
Define

“log|r — 1
lI/(t):/ loglr =11,
0

,
It is straightforward to check that, if A > 1, the function

1
Ua(t) = (t - X) log | At — 1] log

A2 —1
A

;—1‘+(A—t)log
2_1 _
2—1‘ A \If()\()\ t))

t
-1
i

2 —
log(A\* — 1) log 3 ;) S C]

+2t — log |\t — 1]

is a primitive of log [\t — 1|log |+ — 1|. Denoting Iy = [, w; (At) w (%) dt, we have

2
-1 = /A10g|)\t—1|log X—l‘dt—/log2|t—1|dt
0 0

- a3) o0
()2 () (-l )-

(- D)ot (& 1) 05D

where we have used that
2 1 [e’s)
I = / log? [t — 1|dt = 2/ log? t'dt’ = 2/ r?e"dr = 2I'(3) = 4.
0 0 0

Therefore, dividing by A — 1 and letting A | 1,

d =
¥ log |t — 1
2L = 26im [ Ploglt — 1] o
d\ N1+ M1 [a2-2 t
= 21

2 log (& —1) 4
i 2 _ = S V) S
—ngll {210g()\ 1) log <>\2 1) N1 NE

The first term equals to
, M 2log |t — 1]
lim T

dt,
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while the second, using that log(1 + =) ~ z for x ~ 0, equals to

lim { 2log(A\2 — 1) ERIPANI ek —0+4-4=0
i 22 A—1 [ e

o t+1

0 _ M
= 1im / Mdt + / 2 logtdt

I)\ = lim
M—+oo | _yf t M—+o00

M M
2log|t —1 2log |t

M M —+00
21log ¢ 21log ¢ Alogt
—  lim / o8 dt+/ 98% it :/ 208t
M—+o00 0 1—1¢ 0 t"‘l 0 1—t2

1 +o00 1 1
4logt —4log  dt 4logt
_ /&de/ 1_gt_2:2/ dogt

Furthermore, using that 1 = > ., t*" and that

! bgntt g 1
/t“logt dt:—/ —dt = ————,
0 o n+1t (n+1)2

we obtain
1 2
logt 1 s
dt = — = ——,
/0 1—14¢2 nZZO(Zn—l—l)2 8
and thus
Jwy) = — 1|1 =2
wy) = — — = 7°.
1 |, A

Let us evaluate now J(w2) = J(xp,1]). We have

+oo " % .
/ X[0,1] (At) X0,1] (X) dt = / dt = —.
0 0

Therefore, differentiating with respect to A we obtain J(wq) = 1.
Let us finally prove that (wq,wy) = 0, i.e., that
t
1——|dtp=0.
il

) ;
/ log |1 —)\t|dt+/ log
A=1+ 0 0
(At —1)log |1 — x| — X],

A
/ log |1 — At|dt =
0

>

L
dx

We have

I
I~ > =

1
A — X) log(\2 — 1) — A,

81

(4.5)
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t 1 1 1
1——|dt=(==X)log(1-=)—=.
o= () (13) =5

and similarly,

1

X
/ log
0

Thus,
A x + 1
/ log|1—)\t]dt+/ logl——‘dt—2/ log |1 — t|dt| =
0 0 A 0
2(\2 —1) (A —1)? 9
=|——FlogA — ———| <4(A—1)".
T log | S4( - 1)
Therefore (4.5 holds, and the proposition is proved. O

Finally, to end this section, we give the:

Proof of Proposition[1.11. Let us write ¢ = wy + h, where wy is given by .
Then, for each A > 1 we have
(0, 0)x = (wo, wo)x + 2(wo, h)x + (h, h)a,
where (-, ), is defined by (4.3). Using Lemma [£.4] (c) and Lemma [1.2] we deduce
|(gp, ©)y — A*n? — BQ‘ < ‘(wo,wo),\ — A’r? — BQ| + CIA = 1)".

The constants C' and v depend only on «, v, and Cj, and by Lemma the right
hand side goes to 0 as A | 1, since (wg, wo)x — T(wp) as A | 1. d

5. PROOF OF THE POHOZAEV IDENTITY IN NON-STAR-SHAPED DOMAINS

In this section we prove Proposition for general C''! domains. The key idea is
that every C*! domain is locally star-shaped, in the sense that its intersection with
any small ball is star-shaped with respect to some point. To exploit this, we use a
partition of unity to split the function u into a set of functions uy, ..., u,,, each one
with support in a small ball. However, note that the Pohozaev identity is quadratic
in u, and hence we must introduce a bilinear version of this identity, namely

2 _
/(x-Vul)(—A)SUQ dx—l—/(x-Vug)(—A)sul do = 82 n/ul(—A)SUQ do+
Q Q Q
+ 25— / ug(—A)uyde —T'(1+ 8)2/ ﬂ%(l‘ -v)do.
2 Q aq 0° 0°

(5.1)

The following lemma states that this bilinear identity holds whenever the two
functions u; and wuy have disjoint compact supports. In this case, the last term
in the previous identity equals 0, and since (—A)®*u; is evaluated only outside the
support of u;, we only need to require Vu; € L*(R").
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Lemma 5.1. Let uy and uy be WHHR™) functions with disjoint compact supports
Ki and Ky. Then,

/K (o Vu)(=A) upda + / (o V) (A, dr

K>

25 —n 2s—n

= / ul(—A)SUQ dx +
2 K

/ ug(—A)%uy du.
Ko

Proof. We claim that

(=AY (x-Vu;) =2 - V(=A)’u; + 2s(—A)%y; in ]R"\_K (5.2)
Indeed, using u; = 0 in R™ \ K; and the definition of (—A)* in (L.2)), for each
x € ]R”\K we have
O e
(z —y) - Vuily) / — - Vui(y)
= Cps dy + c.s —F—=dy
/m | =yl K, |z =yl
c / di ( i )u (y)dy + x - (=A)°Vu;(z)
= Cns v i i
K; Y\ |z =y
—2s s
Cns e y’nwsul(y)dy +x - V(=A)u(z)

as claimed.
We also note that for all functions w; and wy in L'(R™) with disjoint compact
supports W; and Wa, it holds the integration by parts formula

—Ww
/ )owy = / / i |n+2s>d dx—/ wa(—A) w. (5.3)
Wy Wy JWo Wo

Using that (—A)®uy is smooth in K; and integrating by parts,

/Kl(x-Vm)(—A)suQ - —n/K1 ul(_A)SUQ_/Kl we - V(—A)u.

Next we apply the previous claim and also the integration by parts formula (5.3]) to
w; = uy and wy = x - Vuy. We obtain

/K1 - V(=A)uy = /Kl u (=AY (z - Vug) — 25/ iy (= A)uy

Ky

:/KZ(—A)Sul(:L’~VuQ) —28/ ur(—=4)"us.

Ky
Hence,

/I<1 (r - Vuy)(—A)°uy = — /KZ(_A)SUI(QC - Vus) + (25 — n) /K1 ur(—A) us.
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Finally, again by the integration by parts formula (/5.3|) we find

1 1
/ Ul(—A)SUQ = 5/ ul(—A)SUQ + 5/ uz(—A)Sul,
K K1 K;

and the lemma follows. O

The second lemma states that the bilinear identity (5.1)) holds whenever the two
functions u; and uy have compact supports in a ball B such that 2N B is star-shaped
with respect to some point zg in Q2N B.

Lemma 5.2. Let Q be a bounded C** domain, and let B be a ball in R™. Assume
that there exists zg € Q2N B such that

(x —2) - v(x) >0 for all x € 90N B.

Let u be a function satisfying the hypothesis of Proposition 1.6 and let u; = um
and uy = ung, where n; € CX(B), i = 1,2. Then, the following identity holds

/B(x - Vup)(—A)ug dz + / (x - Vug)(—A)’uy dx = /Bul(—A)Suz dx+

B
26 —
p2on / ug(—A)uyde —T(1+ 8)2/ ﬂﬂ(m -v) do.
2 Jp aonB 0° 0°

Proof. We will show that given n € C°(B) and letting @ = un it holds

9g — N

/(:13 V) (—A)ads = 2" / a(—A)*ade — (1 + 3)2/ (3) (z - v)do.
B 2 B o0nB \0°

(5.4)

From this, the lemma follows by applying (5.4)) with @ replaced by (1, + 12)u and

by (m — m2)u, and subtracting both identities.
We next prove (5.4)). For it, we will apply the result for strictly star-shaped do-
mains, already proven in Section[2 Observe that there is a C' domain € satisfying

{a>0}cQcQNB and (z—z)- -v(z)>0 forallzed.

This is because, by the assumptions, {2 N B is a Lipschitz polar graph about the
point zp € 2N B and supp@ C B’ CC B for some smaller ball B’; see Figure [5.1]
Hence, there is room enough to round the corner that 2 N B has on 02 N 0B.

Hence, it only remains to prove that u satisfies the hypotheses of Proposition [1.6|
Indeed, since u satisfies (a) and 7 is C2°(B’) then @ satisfies

2s—n

[a]Cﬁ({xEQ:S($)>p}) < Cp87ﬁ

for all 5 € [s,1+ 2s), where §(z) = dist(z, 9Q). )
On the other hand, since u satisfies (b) and we have 7¢°/6° is Lipschitz in supp @
—because dist(z,0Q \ 9Q2) > ¢ > 0 for all = € supp u—, then we find

s a-p
[8/0°] oo uetr-iy>pny < CP

for all 8 € [, s + .
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FIGURE 5.1.

Let us see now that @ satisfies (c), i.e., that (—A)*@ is bounded. For it, we use
(=4)%(un) = n(=A)u +u(=2)"n = L;(u,n)
where I, is given by , ie.,
(w(z) — uly)) nx) = n(y) , -

|z —y|+e

I,(u,m) (@) = ens /

The first term is bounded since (—A)®u so is by hypothesis. The second term is
bounded since n € C°(R™). The third term is bounded because u € C*(R"™) and
n € Lip(R™).

Therefore, u satisfies the hypotheses of Proposition with Q replaced by Q, and
. ) follows taking into account that for all zy € 89 N suppu = 02 N supp 4 we
have
m ) g, @)
z—x0, £EQ 5S<1}) T—ra0, L 68(1')

We now give the

Proof of Proposition[1.6. Let By, ..., By, be balls of radius r > 0 covering {2 Q. By
regularity of the domain, if r is small enough, for each i, j such that B; N B; # &
there exists a ball B containing B; U B; and a point zp € 2N B such that

(x — z0) - v(x) >0 for all x € 00 N B.

Let {¢x }r=1..m be a partition of the unity subordinated to By, ..., B,,, that is, a
set of smooth functions 1, ..., 1, such that ¢y +-- -+, = 1 in  and that v has
compact support in By, for each k£ = 1,...,m. Define u, = ui)y.
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Now, for each i,j € {1,...,m}, if B;N B; = @ we use Lemma , while if
B;N B; # @ we use Lemma 5.2, We obtain

Su; dx z - Vu;)(—A)’u, szs—n
[ vuarude+ [ @ Vu)ayud =25

/ wi(—A)*u; de+
Q
/ uj(—A)*u;de — T(1 + s)? %%(:c -v)do
Q oq 0° 0°
foreach 1 <i <mand 1 < j < m. Therefore, adding these identities fori = 1,...,m
and for j = 1,...,m and taking into account that u; + - - - + u,, = u, we find

/Q@; V) (—A)uds = 252_ n /Qu(—A)Su dx — F“T“)Q /m (63)2 (z-v)do,

and the proposition is proved. Il

To end this section we prove Theorem [I.1, Proposition Theorem [1.9] and
Corollaries 1.3 and [L.13]

Proof of Proposition and Theorem[1.1 By Theorem[I.4] any solution u to prob-
lem ((1.8) satisfies the hypothesis of Proposition . Hence, using this proposition
and that (—A)*u = f(z,u), we obtain

/Q(Vu.x)f(x,u)dx: ZS;n/ﬂuf(x,u)dx—k@/{m (%)2(x-y)dcr.

On the other hand, note that (Vu-z)f(z,u) = V (F(x,u))-x —x- F,(x,u). Then,
integrating by parts,

/(Vu cx) f(x,u)dr = —n/ F(x,u)dr — / x - Fy(z,u)dz.

Q ) Q

If f does not depend on z, then the last term do not appear, as in Theorem [I.1} O
Proof of Theorem[1.9 As shown in the final part of the proof of Proposition [1.6] for

strictly star-shaped domains given in Section [2| the freedom for choosing the origin
in the identity from this proposition leads to

1+ 8)2/ w2
Wy, (—A)’w do = ———— — | v; do
R /. (&)

for each i = 1,...,n. Then, the theorem follows by using this identity with w = u+wv
and with w = u — v and subtracting both identities. U

Proof of Corollaries and[1.13 We only have to prove Corollary [I.13] since
Corollaries and follow immediately from it by setting f(x,u) = f(u) and

f(x,u) = |u[P~ u respectively.
By hypothesis ((1.15)), we have

n —2s
5 /Quf(a:’,u)dxzn/QF(az',u)daH—/x~Fx(:c,u)dx.

Q

2s—n
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This, combined with Proposition [1.12
u

1, G

If Q is star-shaped and inequality in
the other hand, if inequality in (|1.15

87

gives

)2(x~y)da <0.

1.15|) is strict, we obtain a contradiction. On

is not strict but w is a positive solution of

(1.8]), then by the Hopf Lemma for the fractional Laplacian (see, for instance, [7] or
Lemma 3.2 in [I§]) the function u/6® is strictly positive in 2, and we also obtain a

contradiction.

g

APPENDIX A. CALCULATION OF THE CONSTANTS ¢; AND ¢y

In Proposition [3.2] we have obtained
and cs:

and Cy =

where ¢, s is the constant appearing in the singular integral expression for (—A)

dimension n.
Here we prove that the values of th

the following expressions for the constants c;

I fre

1+ 2°
|14 x|t+s

1—2z°
|1 — z|t+s

S in

ese constants coincide with the ones given in

Proposition [1.10, We start by calculating c;.

Proposition A.1. Let ¢, s be the normalizing constant of (—

A)*® in dimension n.

Then,
I'(1+ s)sin (%)
CL% = .
T
Proof. Recall that
92sT (nt2s
S - (A1)

T n2T(1 — )

Thus,
2T (35)
C1,2 = T s\

*oVAr(1-3)

Now, using the properties of the Gamma function (see for example [1])
1
I'(z)I' (z + 5) =2172%/n[(22) and I'(x)['(1—-2)= Sinzrwz)’
we obtain
27 T(5)0(5) _s20t 20 /al(s) _ sT(s)sin (%)
€5 = s ) . s\
2 JT o r(r-3)r (5) VT w/sin (%) 7r

The result follows by using that 2I'(z) = I'(1 + 2). d

Let us now compute the constant c,.
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Proposition A.2. Let 0 < s < 1. Then,

/OO S + Lo d 7T
xrT = ———.
o UT=—a™ il [ tan (3)

For it, we will need some properties of the hypergeometric function 5F;, which
we prove in the next lemma. Recall that this function is defined as

Aoz = Y @0 2

= (¢)n n!

for |z| <1,

where (a), = a(a+1)---(a +n — 1), and by analytic continuation in the whole
complex plane.

Lemma A.3. Let 2Fi(a,b;c; z) be the ordinary hypergeometric function, and s € R.
Then,

(i) For all z € C,

ZS

(1= 2)t+s’

d Zs-i—l
— Fi(1 1 22 : =
dz{s+12 (14 s,1+s; +s,z)}

(ii) If s € (0,1), then

1 U
li (1 1 ;2 (L) — ———— = — .
ool {s +1° (L4514 524 5;2) s(1— x)s} sin(7s)

(ili) If s € (0,1), then
{(_x)sﬂ 51

lim o oFi(1+4s,1+5;24s;2) — ] 2F1(1+s,1+s;2+3;—:1:)} =i,

T—+00

where the limit is taken on the real line.

Proof. (i) Let us prove the equality for |z| < 1. In this case,

d [ 25t d 1 2 ntlts
{—Z 2F1(1+8,1+5;2+S;Z)}— Z( o =

dz | s+1 _£n>0(2+s)nn!(s+1)
(1 + S)n n+s s —1-s n s —1-s
=) A=y ()=
n>0 n>0
where we have used that (24 s), = %1:5(1 + ), and that (‘:L)!” = (=1)"(5"). Thus,

by analytic continuation the identity holds in C.
(ii) Recall the Euler transformation (see for example [I])

oFi(ab;cx) = (1 —2) ", Fi(c—a,c—byc;x), (A.2)
and the value at z =1
I'(e)l'(c—a—0)

2filebiel) = 5o =)

whenever a+b<ec. (A.3)



THE POHOZAEV IDENTITY FOR THE FRACTIONAL LAPLACIAN 89

Hence,
1 o F1(1,1;2 + s52) — 2
Fi(1 1 -9 . _ _ s+l S
I (145,14 52+ s;1) NERSE T ’
and we can use I’Hopital’s rule,
AL L2+ s2) - 1 _ Sﬁ%gﬂ(l,l;?—ks;x)
lim — 1
z—1 (]. — 37)5 z—1 —3(1 — x)s_l
. (1—z)t~
= -1 F1(2,2;3 + s;
xl—>rqs(s+1)(s+2)2 12,23+ 57)
1
= —lim oFi(14 5,1+ 534 s;2)

=1 5(s+ 1)(s+2)

oFi(1+s,14534+s;1)

T(3+ s)0(1 — s)
s(s+1)(s+2) r'2)r2)

We have used that

d 1
— R (1,1;2+ s;2) =
d:c2 1( 5 —|—8,l‘) S+2

2F1(2,2,3 + 5;33),

the Euler transformation (A.2)), and the properties of the I" function

xl'(x) =T (z+ 1), M)l —2z)=

sin(mz)’
(iii) In [2] it is proved that
['(a)I'(b
%ﬁ}(a,b;a—kb;x) :logl_x + R+ o(1) for = ~1, (A.4)

where
R = —1(a) —(b) —,

¥ is the digamma function, and v is the Euler-Mascheroni constant. Using the Pfaff
transformation [I]

oF1(a,b;cm) = (1 — ) o Fy (G,C— b; c; Ll)
x_
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and (A.4]), we obtain

(1 —z)t*s 1 T
—— k(1 1 ;2 ; = 1 1;2 ;
1+s 2 1( +s5,1+s; —f—S,I) 1+82 1 + s, L; +S’ZE—1
1
= log1 +R+o0(1) for x~ oo.
—x

Thus, it also holds

(_x)1+s 1
Fi(1 1 ;2 ix) =1
].+8 2 1( +87 +57 +S,LU) Ogl—x

+R+o0(1) for xz~ oo,

and therefore the limit to be computed is now
li 1 ! +R 1 ! +R =1
oc—lgli-loo Ogl—x Ogl—f—x -

Next we give the:

Proof of Proposition[A.J Let us compute separately the integrals
1
1—2° 14+ z°
I, = + dx
' /0 {\1—x|1+8 |1+$I”s}

o 1—2a° 14 a2°
I, = dz.
o= [ e
By Lemma (i), we have that

1— 15 1 s 1 s+1
/{ R v }dx:‘<1—f’f>s—x 2Fi(1+ 5,14 52+ s;2)
S

and

(1—x)*s  (1+x)+s s+1
1 e
—g(l +a)7° + ] oFi(1+ 5,1+ 5,24 s;—x).
Hence, using |A.3] (i),
I, = T L +L2F1(1+s,1—|—3;2+3;—1).

sin(rs) 28 s+ 1
Let us evaluate now Io. As before, by Lemma (1),

1 —xs 1+x8 1 —s s:L’5+1
/{(:v— 1)i+s + (z + 1)1+s}d$ = 5(93—1) +(=1) ] 2Fi (145,145,245 )

s+1

+1

1 T
(1—1—:1;)’3—1—8 oFi(1+ 5,14 524 s;—x).

S
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Hence, using |A.3| (ii) and (iii),

s 1 1
— ——Fi(1 1 ;2 ;—1
sin(7s) T s+1° il4s 145245 -1)

IQ = —Z7T+(—1)8

i+ cos(ms) < + isin(rs)
= —im+ cos(ms)——— + isin(rs)———~
in(ms) sin(ms)
1 1
— (1 1 ;2 ;—1
5 sx1’ 1(T+s, 1+ 5245 1)
1 1
= T4 - oF1(1 48,1452+ s;,—1).

tan(rs)  s2° s+ 1

Finally, adding up the expressions for I; and I, we obtain

/°° 1—x° N 1+a° d T 1 + cos(7s)
X = = 7nm s —
o L=z |14 x|i*s sin(rs)  tan(ms) sin(7s)

B 2 cos? (%s) B T
-7 2sin (%) cos (%)  tan (%)’

as desired. 0

Remark A.4. Tt follows from Proposition that the constant appearing in ((1.10))
(and thus in the Pohozaev identity), T'(1 + s)?, is given by

ey = i (m° + ).

We have obtained the value of c3 by computing explicitly ¢; and ¢;. However,
an alternative way to obtain cs is to exhibit an explicit solution of for some
nonlinearity f and apply the Pohozaev identity to this solution. For example, when
2 = B1(0), the solution of

{(—A)Su = 1 in By(0)
v = 0 inR™"\B;(0)

can be computed explicitly [13], 3]:
272 (n/2)

I (2£2)T(1+ s)

u(r) = (1—1|z*)°. (A.5)

Thus, from the identity

u

2
(2s — n)/ u dr + Qn/ udr = 03/ (—) (x-v)do (A.6)
B1(0) B1(0) oB1(0) \0°

we can obtain the constant cs, as follows.
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On the one hand,

2 2T(n)2) ey
/31(0)de - F(n+2s) F<1+S)/ (1 | | )
272 (n/2) gn-1

F(””s) 1—|—s| ]/ Y1 —r?)%dr

2725 (n/2 ! /91 s
F(n+25)(1—w</1j_s)| ST ’ /O r 4 (1 —1”) dr

2721 (n/2) 5 1|1F(n/2) (1+5)
T(=E)T(1+s)  2T(m/2+1+s)

where we have used the definition of the Beta function

1
B(a,b) = / 11— t)tdt
0

and the identity

On the other hand,

w2 25T (n/2) 2 N
/aBl <5s> (z-v)do = (F(%)F(la—s)) S22,

Thus, (A.6]) is equivalent to

22T(n/2) 1T(/A0(+s) ([ 2T(n/2) i )
[ (=2)T(1+s)20(n/2+1+s)  °\T(=2)0(1+s) '

(n + 2s)

Hence, after some simplifications,

L(1+s)? n—i—2sF n+2s
I(n/2+14s) 2 2 ’

and using that
20(2) =T(1+ 2)
one finally obtains
=T(1+s)%

as before.
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THE DIRICHLET PROBLEM FOR THE FRACTIONAL
LAPLACIAN: REGULARITY UP TO THE BOUNDARY

XAVIER ROS-OTON AND JOAQUIM SERRA

ABSTRACT. We study the regularity up to the boundary of solutions to the Dirich-
let problem for the fractional Laplacian. We prove that if w is a solution of
(=A)*u = g in Q, u = 0 in R"\Q, for some s € (0,1) and g € L>®(f), then u
is C*(R™) and u/6%|q is C* up to the boundary 9 for some «a € (0,1), where
d(z) = dist(z, 0Q). For this, we develop a fractional analog of the Krylov bound-
ary Harnack method.

Moreover, under further regularity assumptions on g we obtain higher order
Holder estimates for v and u/§°. Namely, the C? norms of u and u/§° in the sets
{x € Q:(x) > p} are controlled by Cp*~# and Cp®~#, respectively.

These regularity results are crucial tools in our proof of the Pohozaev identity
for the fractional Laplacian [19] 20].

1. INTRODUCTION AND RESULTS

Let s € (0,1) and g € L*>°(Q2), and consider the fractional elliptic problem

i S (11)

in a bounded domain €2 C R", where

. u(z) — u(y)
(—A)*u(z) = ¢, PV /Rn P——TEET dy (1.2)
and ¢, is a normalization constant.

Problem is the Dirichlet problem for the fractional Laplacian. There are
classical results in the literature dealing with the interior regularity of s-harmonic
functions, or more generally for equations of the type (L.1). However, there are few
results on regularity up to the boundary. This is the topic of study of the paper.

Our main result establishes the Holder regularity up to the boundary 0f2 of the
function u/d%|q, where

d(z) = dist(x, 09).
For this, we develop an analog of the Krylov [17] boundary Harnack method for prob-
lem (L.I). As in Krylov’s work, our proof applies also to operators with “bounded

Key words and phrases. Fractional Laplacian, Dirichlet problem, regularity, boundary Harnack
inequality.
The authors were supported by grants MTM2008-06349-C03-01, MTM2011-27739-C04-01
(Spain), and 2009SGR345 (Catalunya).
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measurable coefficients”, more precisely those of the type ([1.5)). This will be treated
in a future work [2I]. In this paper we only consider the constant coefficient op-
erator (—A)®, since in this case we can establish more precise regularity results.
Most of them will be needed in our subsequent work [20], where we find and prove
the Pohozaev identity for the fractional Laplacian, announced in [I9]. For (1.1)), in
addition to the Holder regularity up to the boundary for u/d%, we prove that any
solution u is C*(R™). Moreover, when ¢ is not only bounded but Hdélder continuous,
we obtain better interior Holder estimates for u and u/d%.

The Dirichlet problem for the fractional Laplacian has been studied from the
point of view of probability, potential theory, and PDEs. The closest result to the
one in our paper is that of Bogdan [2], establishing a boundary Harnack inequality
for nonnegative s-harmonic functions. It will be described in more detail later on
in the Introduction (in relation with Theorem [1.2)). Related regularity results up
to the boundary have been proved in [16] and [7]. In [I6] it is proved that u/*
has a limit at every boundary point when u solves the homogeneous fractional heat
equation. The same is proven in [7] for a free boundary problem for the fractional
Laplacian.

Some other results dealing with various aspects concerning the Dirichlet problem
are the following: estimates for the heat kernel (of the parabolic version of this
problem) and for the Green function, e.g., [3, [10]; an explicit expression of the
Poisson kernel for a ball [18]; and the explicit solution to problem in a ball
for g = 1 [13]. In addition, the interior regularity theory for viscosity solutions to
nonlocal equations with “bounded measurable coefficients” is developed in [9].

The first result of this paper gives the optimal Holder regularity for a solution u of
. The proof, which is given in Section , is based on two ingredients: a suitable
upper barrier, and the interior regularity results for the fractional Laplacian. Given
g € L>(Q), we say that u is a solution of when u € H*(R") is a weak solution
(see Definition 2.1). When g is continuous, the notions of weak solution and of
viscosity solution agree; see Remark [2.11]

We recall that a domain €2 satisfies the exterior ball condition if there exists a
positive radius pg such that all the points on 02 can be touched by some exterior
ball of radius py.

Proposition 1.1. Let 2 be a bounded Lipschitz domain satisfying the exterior ball
condition, g € L*(R2), and u be a solution of (1.1). Then, u € C*(R"™) and
[ullos @y < Cllgllze @),

where C' is a constant depending only on € and s.

This C? regularity is optimal, in the sense that a solution to problem (|1.1)) is not
in general C* for any a > s. This can be seen by looking at the problem
{ (=A)u = 1 in B.(xo)

w = 0 in R"\B, (o), (1.3)
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for which its solution is explicit. For any r > 0 and xy € R", it is given by [13| [3]

@) — 22T (n/2)
ST T (EE T s)

It is clear that this solution is C* up to the boundary but it is not C* for any o > s.

Since solutions u of are C° up to the boundary, and not better, it is of
importance to study the regularity of u/d° up to 0€2. For instance, our recent proof
[20, 19] of the Pohozaev identity for the fractional Laplacian uses in a crucial way
that «/d° is Holder continuous up to d€2. This is the main result of the present
paper and it is stated next.

For local equations of second order with bounded measurable coefficients and in
non-divergence form, the analog result is given by a theorem of N. Krylov [I7], which
states that u/0 is C* up to the boundary for some « € (0,1). This result is the key
ingredient in the proof of the C?“ boundary regularity of solutions to fully nonlinear
elliptic equations F'(D?*u) = 0 —see [15, [6].

For our nonlocal equation , the corresponding result is the following.

Theorem 1.2. Let Q be a bounded CH' domain, g € L*(), u be a solution of
(1.1), and 6(x) = dist(z,09). Then, u/d*lq can be continuously extended to 2.

Moreover, we have u/6* € C*(§2) and
[u/6%]lca@y < Cllgll=()

for some o > 0 satisfying o < min{s,1 — s}. The constants o and C depend only
on 2 and s.

(r* — |z — zo|?)° in B,(zo). (1.4)

To prove this result we use the method of Krylov (see [15]). It consists of trapping
the solution between two multiples of ¢° in order to control the oscillation of the
quotient u/d* near the boundary. For this, we need to prove, among other things,
that (—A)*d5 is bounded in €2, where dp(x) = dist(z, R™\ 2) is the distance function
in ) extended by zero outside. This will be guaranteed by the assumption that €2
is C1L,

To our knowledge, the only previous results dealing with the regularity up to the
boundary for solutions to or its parabolic version were the ones by K. Bogdan
[2] and S. Kim and K. Lee [16]. The first one [2] is the boundary Harnack principle
for nonnegative s-harmonic functions, which reads as follows: assume that v and v
are two nonnegative functions in a Lipschitz domain 2, which satisfy (—A)°u = 0
and (—A)*v = 0 in Q N B,(xg) for some ball B,(xy) centered at zo € J§2. Assume
also that v = v = 0 in B,(x9) \ Q. Then, the quotient u/v is C*(B,/2(x0)) for
some « € (0,1). In [4] the same result is proven in open domains {2, without any
regularity assumption.

While the result in [4] assumes no regularity on the domain, we need to assume €2
to be C'%'. This assumption is needed to compare the solutions with the function §°.
As a counterpart, we allow nonzero right hand sides g € L>(2) and also changing-
sign solutions. In C'! domains, our results in Section [3| (which are local near any
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boundary point) extend Bogdan’s result. For instance, assume that u and v satisfy
(—A)*u=gand (—A)*v =hin Q, u=v =0in R"\ Q, and that A is positive in .
Then, by Theorem We have that u/6° and v/6° are C*(€2) functions. In addition,
by the Hopf lemma for the fractional Laplacian we find that v/§°* > ¢ > 0 in Q.
Hence, we obtain that the quotient u/v is C* up to the boundary, as in Bogdan’s
result for s-harmonic functions.

As in Krylov’s result, our method can be adapted to the case of nonlocal elliptic
equations with “bounded measurable coefficients”. Namely, in another paper [21]
we will prove the boundary Harnack principle for solutions to Lu = g in 2, u = 0
in R™\ Q, where g € L>(2),

n+2s

[yt A(z)y| 2

and A(x) is a symmetric matrix, measurable in x, and with 0 < AId < A(z) < Ald.

A second result (for the parabolic problem) related to ours is contained in [16].
The authors show that any solution of dyu + (—A)*u = 0in Q, v = 0 in R™\ Q,
satisfies the following property: for any ¢ > 0 the function u/4® is continuous up to
the boundary 0.

Our results were motivated by the study of nonlocal semilinear problems (—A)*u =
f(uw) in Q, uw =0 in R™\ Q, more specifically, by the Pohozaev identity that we es-
tablish in [20]. Its proof requires the precise regularity theory up to the boundary
developed in the present paper (see Corollary below). Other works treating the
fractional Dirichlet semilinear problem, which deal mainly with existence of solutions
and symmetry properties, are [22], 23], 12 [1].

In the semilinear case, g = f(u) and therefore g automatically becomes more
regular than just bounded. When g has better regularity, the next two results im-
prove the preceding ones. The proofs of these results require the use of the following
weighted Holder norms, a slight modification of the ones in Gilbarg-Trudinger [14]
Section 6.1].

Throughout the paper, and when no confusion is possible, we use the notation
CA(U) with 8 > 0 to refer to the space C*#'(U), where k is the is greatest integer
such that £ < 8 and where ' = § — k. This notation is specially appropriate
when we work with (—A)® in order to avoid the splitting of different cases in the
statements of regularity results. According to this, [-]cs() denotes the CrA(U)
seminorm

| D*u(x) — D*u(y)|
UloB = |U|k,p = sup 7
el = lulors @ 2y, oty [z —yl?

Moreover, given an open set U C R"™ with OU # @, we will also denote

d, = dist(z,0U) and d;, = min{d,,d,}.
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Definition 1.3. Let § > 0 and 0 > —f. Let f = k + [/, with k integer and
B € (0,1]. For w € C*(U) = C*#(U), define the seminorm

il Dhwlz) = Druy)
W ey )

i = sup
z,yelU

For 0 > —1, we also define the norm | - ||(;()] as follows: in case that o > 0,

k
ol = Y- sup (e Ip o)l ) + ).
=0 zelU

while for —1 < o < 0,
k
il = Vol + Y- sup( 7710wt ) + ).
=17*

Note that o is the rescale order of the seminorm |- ](U;)U, in the sense that [w(A-)]')

BU/X —

A w7

When g is Holder continuous, the next result provides optimal estimates for higher
order Holder norms of u up to the boundary.

Proposition 1.4. Let Q be a bounded domain, and B > 0 be such that neither (5
nor 3+ 2s is an integer. Let g € CP(Q) be such that ”9”(58)9 < o0, and u € C*(R")
be a solution of (1.1)). Then, u € C**25(Q) and

ull$9 0 < C(llulles@n + 1gll5h).

where C' is a constant depending only on ), s, and [3.

Next, the Holder regularity up to the boundary of u/¢* in Theorem can be
improved when ¢ is Holder continuous. This is stated in the following theorem,
whose proof uses a nonlocal equation satisfied by the quotient u/§° in Q —see

(4.2)— and the fact that this quotient is C*(€).

Theorem 1.5. Let Q be a bounded C*' domain, and let o € (0,1) be given by
Theorem . Let g € L>(Q) be such that HgHS?ZO‘) < 00, and u be a solution of

(L.1). Then, u/o®* € C*(Q) N CY() and
lu/6° 5" < Clllglzm@ + llgllsia”).
where v = min{1l, « + 2s} and C' is a constant depending only on Q0 and s.

Finally, we apply the previous results to the semilinear problem

—A)su = x,u) in €2
{( )u = g( ) on R™\Q, (1.6)

where ) is a bounded C! domain and f is a Lipschitz nonlinearity.
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In the following result, the meaning of “bounded solution” is that of “bounded
weak solution” (see definition or that of “viscosity solution”. By Remark ,
these two notions coincide. Also, by f € C'IOO’C1 (Q x R) we mean that f is Lipschitz
in every compact subset of Q x R.

Corollary 1.6. Let Q be a bounded and CY' domain, f € CoH(Q x R), u be a
bounded solution of (1.6)), and §(z) = dist(x,02). Then,

(a) u € C*(R") and, for every 8 € [s,1+ 2s), u is of class C*(Q) and
(U] s ({zea:6(@)>p)) < Cp*" for all pe (0,1).

(b) The function u/8%|q can be continuously extended to Q. Moreover, there

exists o € (0,1) such that u/6® € C*(Q). In addition, for all f € [a, s + o,
it holds the estimate
[w/6%]cs(tuen: s@)zpp < CPp* " forall pe(0,1).
The constants o and C depend only on €2, s, f, ||ul|Lem@ny, and B.

The paper is organized as follows. In Section [2| we prove Propositions and [1.4
In Section [3] we prove Theorem [I.2] using the Krylov method. In Section [4] we prove
Theorem [I.5] and Corollary [1.6] Finally, the Appendix deals with some basic tools
and barriers which are used throughout the paper.

2. OPTIMAL HOLDER REGULARITY FOR u

In this section we prove that, assuming 2 to be a bounded Lipschitz domain
satisfying the exterior ball condition, every solution u of belongs to C*(R").
For this, we first establish that u is C® in Q, for all 8 € (0, 2s), and sharp bounds
for the corresponding seminorms near 0f2. These bounds yield u € C*(R") as a
corollary. First, we make precise the notion of weak solution to problem (|1.1}).

Definition 2.1. We say that u is a weak solution of (1.1)) if w € H*(R™), u = 0
(a.e.) in R™\ Q, and

/ (=A)*Pu(=A)*"?v dx = / gudx
n Q
for all v € H*(R"™) such that v =0 in R™ \ Q.

We recall first some well known interior regularity results for linear equations
involving the operator (—A)®, defined by (1.2)). The first one states that w €
CP25(By j5) whenever w € C#(R") and (—A)*w € CP(By). Recall that, throughout
this section and in all the paper, we denote by C?, with 3 > 0, the space C*#',
where k is an integer, 5 € (0,1], and g =k + /.

Proposition 2.2. Assume that w € C*(R") solves (—A)*w = h in By and that
neither 8 nor B+ 2s is an integer. Then,

Hw”c’ﬁ-ms(m) < C(Hwncﬁ(R”) + ||h||CB(E)) )
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where C' 1s a constant depending only on n, s, and 5.

Proof. Follow the proof of Proposition 2.1.8 in [24], where the same result is proved
with By and B/, replaced by the whole R". O

The second result states that w € C?(By)s) for each 8 € (0,2s) whenever w €
L>*(R") and (—A)%w € L>®(By).

Proposition 2.3. Assume that w € C*°(R") solves (—A)*w = h in By. Then, for
every 3 € (0,2s),

lwlles @z < Cllwlre@e + [1Rll=s)) ,
where C' 1s a constant depending only on n, s, and (.

Proof. Follow the proof of Proposition 2.1.9 in [24], where the same result is proved
in the whole R". Il

The third result is the analog of the first, with the difference that it does not need
to assume w € CP(R™), but only w € C?(By) and (1 + |z|) ™" *w(x) € LY(R™).

Corollary 2.4. Assume that w € C*(R") is a solution of (—A)*w = h in By, and
that neither 3 nor B+ 2s is an integer. Then,

T—— c(u<1 )™ w(@) g + lollosam + thca(BQ))

where the constant C depends only on n, s, and (3.

Proof. Let n € C*(R™) be such that n = 0 outside B, and n = 1 in Bsj;. Then
w = wn € C*(R") and (—A)*w = h := h — (=A)*(w(l — n)). Note that for
x € B3y we have

(87 (-1 @) = s | —(w(t =) W)

BBy, T — Y|

dy.

From this expression we obtain that
1(=2)* (w(1 = n)) [ze(my) < CIL+ [y) "> w(y) |2 @
and for all v € (0, ],
[(=2)" (w(@ = n)levan < CIA+ [y) " w(y) o g
< O+ [y) ™ w(y)l o @n)
for some constant C' that depends only on n, s, 3, and 1. Therefore
1Bllcs @y < C(1hlles @) + 11+ |2)) ™" w(@) | @),
while we also clearly have
0] s @m) < Cllwllcs s -

The constants C' depend only on n, s, 8 and 1. Now, we finish the proof by applying
Proposition [2.2] with w replaced by . O
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Finally, the fourth result is the analog of the second one, but instead of assuming
w € L(R™), it only assumes w € L®(Bsy) and (1 + |x|)™" *w(x) € L}(R").

Corollary 2.5. Assume that w € C*(R™) is a solution of (—A)*w = h in Bs.
Then, for every 8 € (0,2s),

il ongars < c(u<1 L) (@) e + ol ey + |rhum<32>)

where the constant C' depends only on n, s, and 3.
Proof. Analog to the proof of Corollary [2.4] O

As a consequence of the previous results we next prove that every solution u of
is C*(R™). First let us find an explicit upper barrier for |u| to prove that
lu| < C§° in Q. This is the first step to obtain the C*® regularity.

To construct this we will need the following result, which is proved in the Appen-
dix.

Lemma 2.6 (Supersolution). There exist C; > 0 and a radial continuous function

1 € Hi (R™) satisfying
(—A)Sg01 Z 1 m B4 \ B1
p1 =0 zn B, (2.1)
0§¢1§01(|l’|—1)s m B4\Bl
1< <O in R™\ By.

The upper barrier for |u| will be constructed by scaling and translating the super-
solution from Lemma [2.6, The conclusion of this barrier argument is the following.

Lemma 2.7. Let Q) be a bounded domain satisfying the exterior ball condition and
let g € L>*(R2). Let u be the solution of (1.1). Then,

lu(z)| < Cllg||Le()0®(x) for all x € 2,
where C'is a constant depending only on Q and s.
In the proof of Lemma [2.7] it will be useful the following

Claim 2.8. Let Q) be a bounded domain and let g € L>(2). Let u be the solution

of (1.1)). Then,
[ull Loy < C(diam Q) gl 2= ()

where C'is a constant depending only on n and s.

Proof. The domain 2 is contained in a large ball of radius diam 2. Then, by scaling
the explicit (super)solution for the ball given by (1.4]) we obtain the desired bound.
O

We next give the
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Proof of Lemma[2.7. Since ) satisfies the exterior ball condition, there exists py > 0
such that every point of 9€2 can be touched from outside by a ball of radius py. Then,
by scaling and translating the supersolution ¢; from Lemma [2.6] for each of this
exterior tangent balls B, we find an upper barrier in By, \ B,, vanishing in B,,.
This yields the bound u < C'6® in a pp-neighborhood of 0€2. By using Claim we
have the same bound in all of Q. Repeating the same argument with —u we find
lu| < C6°, as wanted. O

The following lemma gives interior estimates for v and yields, as a corollary, that
every bounded weak solution u of (I.1)) in a C! domain is C*(R™).

Lemma 2.9. Let Q) be a bounded domain satisfying the exterior ball condition,
g € L>*(), and u be the solution of (1.1)). Then, u € C?(Q) for all B € (0,2s) and

for all xy € Q we have the following seminorm estimate in Br(xo) = Bs(z,)/2(20):

[U]cﬂ(BR(xo)) < CRS*'BHQHL“(Q% (22)

where C is a constant depending only on ), s, and (3.

Proof. Recall that if u solves in the weak sense and 7, is the standard mollifier
then (—A)*(u*n.) = g *n. in By for € small enough. Hence, we can regularize u,
obtain the estimates, and then pass to the limit. In this way we may assume that «
is smooth.

Note that Br(z¢) C Bagr(zo) C Q. Let u(y) = u(zo + Ry). We have that

(=A)*u(y) = R*g(xo + Ry) in By . (2.3)
Furthermore, using that |u| < C'(||ul @) + |9/l L)) d® in @ —by Lemma

we obtain

litll 2o (51) < C(llulloe @y + llgllzoo () B (2.4)
and, observing that |@(y)| < C(||ulle@n) + [|9]lzeo()) B*(1 + |y|*) in all of R",
I+ )™ @)@y < C(llull e + gl o)) B, (2.5)

with C' depending only on 2 and s.
Next we use Corollary , which taking into account ({2.3)), (2.4)), and (2.5]), yields

lllos (5,77) < Clullzeen + llgllze ) B

for all 5 € (0,2s), where C' = C(Q, s, 3).
Finally, we observe that

[Wes (Brawe)) = R™F [@es (Br77)-

Hence, by an standard covering argument, we find the estimate ([2.2) for the ¥
seminorm of u in Br(x). O

We now prove the C* regularity of w.
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Proof of Proposition[1.1 By Lemma [2.9] taking 8 = s we obtain
|u(z) — u(y)|

|z —yl®

for all z,y such that y € Bg(z) with R = §(z)/2. We want to show that
holds, perhaps with a bigger constant C' = C(€, s), for all z,y € €, and hence for
all z,y € R" (since u = 0 outside ().

Indeed, observe that after a Lipschitz change of coordinates, the bound (2.6
remains the same except for the value of the constant C'. Hence, we can flatten the
boundary near xy € 0f2 to assume that QN B, (x¢) = {z, > 0} N B;1(0). Now,
holds for all z,y satisfying |z — y| < v, for some v = v(Q2) € (0,1) depending on
the Lipschitz map.

Next, let z = (2/,2,) and w = (w', w,) be two points in {x, > 0} N B;,4(0), and
r=|z—w|. Let us define z = (2,2, + 1), 2= (2,2, + 1) and 2z, = (1 —y*)z + 7"z
and wy = Y*w + (1 — v*)w, k > 0. Then, using that bound holds whenever
|z — y| < yx,, we have

< C(Jlullpeeeny + lgllzoo () (2.6)

[u(zr41) — u(en)] < Clager — zl* = Oz = 2)(y = DI < Oz — 2.

Moreover, since x,, > r in all the segment joining z and w, splitting this segment
into a bounded number of segments of length less than ~r, we obtain

lu(z) —u(w)| < C|z —w|* < Cre.

Therefore,
u(z) = u(w) <D fulzrsn) = ulz)] + u(z) = w(@)] + D Julwnsr) = ulw)
k>0 >0
k>0
< C(H“HL%(R") + HQHLOO(Q))!Z —w|®,
as wanted. 0

The following lemma is similar to Proposition but it involves the weighted
norms introduced above. It will be used to prove Proposition [I.4] and Theorem [1.5]

Lemma 2.10. Let s and « belong to (0,1), and > 0. Let U be an open set with
nonempty boundary. Assume that neither B nor B+ 2s is an integer, and a < 2s.
Then,

—« s 2s—a
mm@gUsc(mwmmw+HVA>wmﬂ)) (2.7)

for all w with finite right hand side. The constant C' depends only on n, s, a, and
B.
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Proof. Step 1. We first control the C**2¢ norm of w in balls Bg(z¢) with R = d, /2.
Let xy € U and R = d,, /2. Define w(y) = w(xo + Ry) — w(zo) and note that
[@]lce(py) < R w]ee @

and
1+ [y) ™" > @0 (y)ll 1@y < C(n, 8) R [w]oa(@n)-
This is because

[0(y)| = [w(zo + Ry) — w(zo)| < R*|y|*[w]carn)
and « < 2s. Note also that
S .~ S @ 23 «
1(=2) ] co ) = BPHPN(=A) 0]l 0o ey < BON(=A)° wl G
Therefore, using Corollary [2.4] we obtain that
« 25 «@
) < CR*([w]oan + | (—=A)w]S5 ),

where the constant C' depends only on n, s, a, and f3. Scahng back we obtain

@l gss2 B3

k
Y BOD W By ooy + B ] s ey <
2 (2.8)

< C(Jwlloan + | (=A)w] &),

where k£ denotes the greatest integer less that 5 + 2s and C = C (n,s). This bound
holds, with the same constant C, for each ball Br(xg), x¢g € U, where R = d,, /2.
Step 2. Next we claim that if holds for each ball By, j2(x), € U, then
holds. It is clear that this already yields
k

Zdz—asupw’“u(xnsc(||w||ca<w>+||<— oul| 2 ) (2.9)

=1 zeU

where k is the greatest integer less than [ + 2s.
To prove this claim we only have to control [w ](B +2)S . —see Definition . Let
v € (0,1) be such that 5+ 2s = k + 7. We next bound
| Dfw(z) — Dw(y)l

|z —y|

when d, > d, and |r — y| > d, /2. This will yield the bound for [w] +2)s y» because
if |z —y| < d /2 then y € By, /2(x), and that case is done in Step 1.
We proceed differently in the cases k =0 and k£ > 1. If £ = 0, then

Jor2s—a(@) —wly) _ ( dy )5 T w(z) — w(y)
! |z — y[?+P |z — ] |z — ylo

S CHwHCa(Rn)
If k > 1, then

. Dkw €T —Dkw Yy d s—a—
apral (\:U)—yh <>’<(M) dIr e Dhw(x)—DFw(y)| < Cllwll”,
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where we have used that § +2s —a—vy =k — a.
F inally, noting that for x € Bgr(xy) we have R < d,, < 3R, (2.7) follows from

[2-8), (2.9) and the definition of ||w||a:§)s r in (L.3). O

Finally, to end this section, we prove Proposition [I.4]
Proof of Proposition[1.4 Set a = s in Lemma [2.10] O

Remark 2.11. When g is continuous, the notions of bounded weak solution and
viscosity solution of —and hence of — coincide.

Indeed, let uw € H*(R") be a weak solution of . Then, from Proposition
it follows that u is continuous up to the boundary. Let u. and g. be the standard
regularizations of v and g by convolution with a mollifier. It is immediate to verify
that, for e small enough, we have (—A)*u. = g. in every subdomain U CC € in the
classical sense. Then, noting that u. — u and g. — ¢ locally uniformly in €2, and
applying the stability property for viscosity solutions [0, Lemma 4.5], we find that
u is a viscosity solution of .

Conversely, every viscosity solution of is a weak solution. This follows from
three facts: the existence of weak solution, that this solution is a viscosity solution
as shown before, and the uniqueness of viscosity solutions [9, Theorem 5.2].

As a consequence of this, if ¢ is continuous, any viscosity solution of belongs
to H*(R™) —since it is a weak solution. This fact, which is not obvious, can also
be proved without using the result on uniqueness of viscosity solutions. Indeed,
it follows from Proposition and Lemma which yield a stronger fact: that
(=A)*2u € LP(R™) for all p < oo. Note that although we have proved Proposition
for weak solutions, its proof is also valid —with almost no changes— for viscosity
solutions.

3. BOUNDARY REGULARITY

In this section we study the precise behavior near the boundary of the solution
u to problem ([1.1)), where g € L*(£2). More precisely, we prove that the function
u/8%|q has a C%(Q) extension. This is stated in Theorem .

This result will be a consequence of the interior regularity results of Section 2] and
an oscillation lemma near the boundary, which can be seen as the nonlocal analog
of Krylov’s boundary Harnack principle; see Theorem 4.28 in [15].

The following proposition and lemma will be used to establish Theorem [I.2] They
are proved in the Appendix.

Proposition 3.1 (1-D solution in half space, [7]). The function ¢, defined by

eola) = {03 fo<0 (3.1)

x ifx >0,

satisfies (—A)*po =0 in R
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The lemma below gives a subsolution in B, \ By,4 whose support is B; C R" and
such that it is comparable to (1 — |z|)® in By.

Lemma 3.2 (Subsolution). There exist Cy > 0 and a radial function vy = @s(|z|)
satisfying

(—A)SQDQ S 0 mn Bl \ 81/4
=1 n B
P2 S m 1/4 (3.2)
wo(x) > Co(1 — |z|)*  in By
02 =0 in R"\ B .

To prove Holder regularity of u/d%|q up to the boundary, we will control the
oscillation of this function in sets near 02 whose diameter goes to zero. To do it,
we will set up an iterative argument as it is done for second order equations.

Let us define the sets in which we want to control the oscillation and also auxiliary
sets that are involved in the iteration.

Definition 3.3. Let x > 0 be a fixed small constant and let " = 1/2 + 2x. We
may take, for instance K = 1/16, " = 5/8. Given a point xy in Q2 and R > 0 let us
define

DR = DR<$0) = BR(.’L'()) NnQ
and
DY = Dfn(xg) = Bur(zo) N{z € Q : —x-v(x0) > 26R},
where v(zg) is the unit outward normal at x; see Figure . By C! regularity of

the domain, there exists py > 0, depending on €2, such that the following inclusions
hold for each xy € 092 and R < py:

B.r(y) C Dg(zo) for ally € DY p(z0), (3.3)
and
Busr(y* — 4kRv(y*)) C Dr(zo) and  Byr(y* — 4xRu(y*)) C Dip(xe)  (3.4)

for all y € Dpg/s, where y* € 02 is the unique boundary point satisfying |y — y*| =
dist(y, 092). Note that, since R < py, y € Dpg/s is close enough to 92 and hence the
point y* — 4k Rv(y*) lays on the line joining y and y*; see Remark below.

Remark 3.4. Throughout the paper, py > 0 is a small constant depending only on
), which we assume to be a bounded C%! domain. Namely, we assume that
and hold whenever R < pq, for each zy € 0€), and also that every point on 0f2
can be touched from both inside and outside €2 by balls of radius py. In other words,
given xy € 0, there are balls of radius py, B,,(z1) C Q and B, (z2) C R"\ Q,
such that B, (z1) N B,,(r2) = {zo}. A useful observation is that all points y in the
segment that joins z; and zy —through zq— satisfy d(y) = |y — x¢|. Recall that
d = dist( -, 090).
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FIGURE 3.1. The sets Dg and D},

In the rest of this section, by |(—A)*u| < K we mean that either (—A)°u = ¢ in
the weak sense for some g € L satisfying ||g||z~ < K or that u satisfies —K <
(—A)*u < K in the viscosity sense.

The first (and main) step towards Theorem [1.2]is the following.

Proposition 3.5. Let Q be a bounded C' domain, and u be such that |(—A)*u] < K
in Q and uw=0 in R™\ Q, for some constant K. Given any xo € 00, let Dg be as
in Definition [3.3,

Then, there exist a € (0,1) and C depending only on Q and s —but not on xo—
such that

supu/0® — mfu/és < CKR* (3.5)

Dgr
for all R < po, where pg > 0 is a constant depending only on 2.

To prove Proposition we need three preliminary lemmas. We start with the
first one, which might be seen as the fractional version of Lemma 4.31 in [I5]. Recall
that x" € (1/2,1) is a fixed constant throughout the section. It may be useful to
regard the following lemma as a bound by below for infp, , u/d%, rather than an
upper bound for infD:/R u/o®.

Lemma 3.6. Let Q be a bounded C*' domain, and u be such that uw > 0 in all of
R™ and |(—=A)*u| < K in Dg, for some constant K. Then, there exists a positive
constant C', depending only on ) and s, such that

inf u/§® < C( inf u/6° + KR®) (3.6)
K/R R/2

for all R < pg, where pg > 0 is a constant depending only on €.

Proof. Step 1. We do first the case K = 0. Let R < pp, and let us call m =
1nfD+ u/6* > 0. We have u > méd* > m(kR)* on D7,. The second inequality is a

consequence of .
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We scale the subsolution ¢ in Lemma [3.2] as follows, to use it as lower barrier:
vr() == (KR)"¢2(377)
By (3.2)) we have

(=A)»Yr <0 in Bycr \ Bur
wR = (KR)S n BHR

r > 47°Cy(4kR — |z|)® in Baxr \ Ber
br =0 in R" \ Bu.r.

Given y € Dpgys, we have either y € D, or 6(y) < 4xR, by B.4). If y € D} it
follows from the definition of m that m < u(y)/d(y)®. If 6(y) < 4kR, let y* be the
closest point to y on 9Q and § = y*+4rv(y*). Again by (3.4), we have Byr(9) C Dg
and Byr(y) C D} 4. But recall that u > m(kR)* in D, (—A)*u = 0 in ©Q, and
u > 0in R™. Hence, u(x) > mig(x —g) in all R™ and in particular u/6° > 47°Cym
on the segment joining y* and g, that contains y. Therefore,
inf u/6* < C inf u/é®. (3.7)

D
DN,R R/2

Step 2. If K > 0 we consider @ to be the solution of

By Step 1, holds with u replaced by 4.

On the other hand, w = @ — w satisfies |[(—A)*w| < K and w = 0 outside Dg.
Recall that points of 02 can be touched by exterior balls of radius less than py.
Hence, using the rescaled supersolution K R*¢;(x/R) from Lemma as upper
barrier and we readily prove, as in the proof of Lemma [2.7] that

|'LU| S ClKR555 in DR.
Thus, (3.6) follows. O

The second lemma towards Proposition 3.5, which might be seen as the fractional
version of Lemma 4.35 in [I5], is the following.

Lemma 3.7. Let Q be a bounded C*' domain, and u be such that u > 0 in all of
R™ and [(—=A)*u| < K in Dg, for some constant K. Then, there exists a positive
constant C', depending on () and s, such that

sup u/6° < C( inf u/6° + KR®) (3.8)
D;F/R D:_’R

for all R < po, where pg > 0 is a constant depending only on Q.



112 THE DIRICHLET PROBLEM FOR THE FRACTIONAL LAPLACIAN

Proof. Step 1. Consider first the case K = 0. In this case follows from the
Harnack inequality for the fractional Laplacian [I8] —note that we assume u > 0
in all R™. Indeed, by , for each y € DY, we have B,r(y) C Dp and hence
(=A)*u = 0 in Byr(y). Then we may cover D, by a finite number of balls
Bi.r/2(y:), using the same (scaled) covering for all R < pg, to obtain

sup < C inf .
Byry2(yi) Brry2 (i)

Then, (3.8) follows since (kR/2)* < 6° < (3kR/2)* in Byirs2(y:) by (3.3).
Step 2. When K > 0, we prove (3.8) by using a similar argument as in Step 2 in
the proof of Proposition [3.6| (|

Before proving Lemma we give an extension lemma —see [I1, Theorem 1,
Section 3.1] where the case a = 1 is proven in full detail.

Lemma 3.8. Let a € (0,1] and V' C R" a bounded domain. There ezists a (non-
linear) map E : CO*(V) — C%*(R™) satisfying

Bwy=w iV, [B@)oen < Wonm: and [E@)lm < ol
for all w € C%(V).

Proof. 1t is immediate to check that

E(w)(x) = min {1;1;1‘1;1 {w(z) + [ calz — x|a} : Hw||Loo(v)}

satisfies the conditions since, for all z,y, z in R",
|z — " < |z —y[" + [y — 2"
O

We can now give the third lemma towards Proposition 3.5l This lemma, which is
related to Proposition , is crucial. It states that §°|g, extended by zero outside
(2, is an approximate solution in a neighborhood of 9€) inside 2.

Lemma 3.9. Let Q be a bounded CY' domain, and g = dxq be the distance function
in Q) extended by zero outside 2. Let o = min{s, 1 — s}, and py be given by Remark

(5.4 Then,

(—A)*6; belongs to C*(€,,),
where Q,, = QN {8 < po}. In particular,
[(=A)*6] < Cain Qyp,
where Cq is a constant depending only on € and s.
Proof. Fix a point zo on 02 and denote, for p > 0, B, = B,(z). Instead of proving

that
o)’ = Bo(y)”
I

(—A)*65 = cn,SPV/
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is C*(QN B,,) —as a function of x—, we may equivalently prove that

PV/ %(@)” = %0(y) dy belongs to C*(QNB,,). (3.9)
B

_ 2
vy T Y[P

This is because the difference

L Cays—pv /

Bapg

LOELTO SV . B
y_
R"\BQPO

Cn,s |I _ y|n+25 |I _ y|n+25

belongs to C*(B,,), since §3 is C*(R™) and |z|~"~2* is integrable and smooth outside
a neighborhood of 0.

To see ((3.9)), we flatten the boundary. Namely, consider a C'! change of variables
X = U(z), where ¥ : Bs,, — V C R" is a C"! diffeomorphism, satisfying that 02
is mapped onto {X,, = 0}, QN Bs,, is mapped into R}, and dy(z) = (X,,)+. Such
diffeomorphism exists because we assume € to be C5!. Let us respectively call V;
and V5 the images of B, and Bs,, under W. Let us denote the points of V' x V
by (X,Y). We consider the functions z and y, defined in V, by z = ¥~1(X) and
y = U~1(Y). With these notations, we have

r—y=-DV (X)X -Y)+0 (X -Y]),
and therefore
z—y = (X -Y)"AX)(X -Y)+0O (X =Y}, (3.10)
where
AX) = (DU1(X))" DU(X)
is a symmetric matrix, uniformly positive definite in V5. Hence,

PV/ do(x)® — (50(3/>de _ PV/ (X))} — (Vo) ——g(X,Y)dy,
Bayy 1€ —yl" v (X =Y)TAX)(X =Y)[ =

2p0

where we have denoted
n+2s

) L)

and J = |det DU~!|. Note that we have g € C%! (V4 x V3), since ¥ is C! and we

have ((3.10)).

Now we are reduced to proving that

L (Xn)i - (Yn)j—
nE= Y /v (X~ Y)TAX)(X V)]

X —Y)TAX)(X - Y)

lz —y|?

9(X.,Y) = ((

g(X,Y)dy, (3.11)

n+2s
2

belongs to C*(V;") (as a function of X), where V;" = V; N {X,, > 0}.
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To prove this, we extend the Lipschitz function ¢ € C%'(V; x V,) to all R™.
Namely, consider the function g* = E(g) € C%'(R™ x R") provided by Proposition
3.8 which satisfies

g =ginVyxVy and ||9*”CU»1(R"XIR") < ||9||0071(V2xv2)‘

By the same argument as above, using that V; CC Va, we have that ¢, € C*(V;7)
if and only if so is the function

_ G-
Y0P | Tt T Y

Furthermore, from g* define § € C%Y(VoxR™) by §(X, Z) = ¢*(X, X+M Z) det M,
where M = M(X) = D¥(X). Then, using the change of variables Y = X + MZ
we deduce
(Xo)3 = (en- (X +M2))",

‘Z|n+23

wxpﬂw/i 3(X, 2)dZ.

Next, we prove that ¢» € C*(R"), which concludes the proof. Indeed, taking into
account that the function (X,)% is s-harmonic in R} —by Proposition we
obtain

(- X5 — (- (X' +2))%
P dZ =
V/n |Z|n+2$ 0

for every ¢’ € R™ and for every X’ such that ¢’- X’ > 0. Thus, letting ¢’ = ¢l M and
X' = M~1X we deduce

(X)5 — (en (X +MZ))]
P *d7 =
V/n |Z’n+2s O

for every X such that (el M) - (M~1X) > 0, that is, for every X € R".
Therefore, it holds

o) = [ HEROZERDGx.2) - 3xX.0)iz

R"

where
(X, Z) = (en- (X + MZ)),
satisfies [¢]csw5xrny < O, and |Gl congxpny < C-

Let us finally prove that 1 belongs to C*(V;). To do it, let X and X be in V;'.
Then, we have

wx) - (k) = [ 5D
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where
O(X,X,Z) = (¢(X,0) — 2)(
— (o(X, 0) X,7)
= (#(X,0) — o(X, Z) ¢(X'
— (6(X,0) — $(X, 2)) (9(X
Now, on the one hand, it holds
0(X, X, 2)| <C|Z|'Fs, (3.13)

since [¢]cs g rny < C and |9l o gz xmny < C-
On the other hand, it also holds

O(X, X, Z)| < C|X — X[*min{|Z], | Z|"}. (3.14)

9(X, Z) - §(X,0))

)( (X,Z) - g(X,0))

0) +o(X,2))(3(X, Z) — §(X,0))
Z) = §(X,0) = g(X, Z) + (X, 0)).

(3.12)

Indeed, we only need to observe that
9(X, Z) — g(X,0) — g(X, Z) + §(X,0)| < Cmin{min{|Z],1},|X — X|}
< Cmin{|Z|'5 1} X — X|°.
Thus, letting r = | X — X| and using ) and (3.14), we obtain
- OX,X,Z
waﬁ—wXﬂg/‘L%ﬁETiw

VA 1+s s : VARVAE
<[ GA gy [ Crmn(Z.2,
B, |Z]"+% Rn\B | Z |+

< Or'™ + Cmax{r'=s r°},
as desired. U
Next we prove Proposition [3.5

Proof of Proposition[3.5 By considering u/K instead of u we may assume that K =
1, that is, that [(=A)*u| < 1 in Q. Then, by Claim 2.8 we have ||ul|fogn) < C' for
some constant C' depending only on 2 and s.

Let pg > 0 be given by Remark [3.4 Fix zy € 02. We will prove that there exist
constants Cy > 0, p; € (0,p0), and o € (0,1), depending only on € and s, and
monotone sequences (my) and (Mj) such that, for all k£ > 0,

M, —my, = 4—akz, -1 <my < Mp1 < Mk+1 < M, < 1, (315)
and
my < 061U/(58 < Mk in DRk = DRk (.Z'o), where Rk = p14ik. (316)

Note that (3.16)) is equivalent to the following inequality in Bp, instead of Dp, —
recall that Dg, = Bpg, NS

midy < Cylu < M6y in Br, = Bg,(x9), where Ry, = pi4™". (3.17)
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If there exist such sequences, then (3.5) holds for all R < p; with C' = 4*C/p?.
Then, by increasing the constant C' if necessary, (3.5 holds also for every R < py.
Next we construct { M} and {my} by induction.

By Lemma [2.7, we find that there exist mg and M, such that (3.15) and (3.16)
hold for k = 0 provided we pick Cy large enough depending on €2 and s.

Assume that we have sequences up to mj and M. We want to prove that there
exist myy1 and My, which fulfill the requirements. Let

uy, = Cytu — mydy . (3.18)

We will consider the positive part u; of uy, in order to have a nonnegative function

in all of R” to which we can apply Lemmas and Let up = u; —uj, . Observe
that, by induction hypothesis,

uf =w, and wu, =0 in Bg,. (3.19)
Moreover, C L > m;dy in B r; for each j < k. Therefore, by we have
up > (my —my)8y > (mj — Mj + My, — my)85 > (=47 +47°%)85  in Bp,.
But clearly 0 < 0§ < R} = p;477* in B, and therefore using R; = py47
up > —p; “Ri(RY — Ry) in Bg, foreach j <k.
Thus, since for every « € Bp, \ Bg, there is j < k such that

|z — o] < R = p1d™ < dlx — ),

we find
4(x — 4z — “
ug(z) > —py *Ry** (z = o) (r =) | _ 1] outside Bp, . (3.20)
Ry, Ry,
By (3.20) and (3.19), at « € Bp, /2(xo) we have
0 —(-A ) = e [ MY
x+y§€BRk |y|
- 8?/ s 8y « o
SCn,sP a/ ROH-S_ (_ _1)|y| n sdy
U Swerez "t Rl | R

a4 pa—s 8z|%(|82] — 1
L =P
|2]>1/2 2|

< eopy "Ry,

where g9 = gg(a) L 0 as « | 0 since |8z]|* — 1.
Therefore, writing u;” = C’ Y — my b5 + u, and using Lemma , we have

(A uf | < CGH(=A)ul + my|(—A)°63] + |[(=A)% (uy,)]
< (Cy' + Ca) +eopy “Ry
< (Cypi™* + e0pr @) Ry in Dgya-
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In the last inequality we have just used R, < p; and a < s.
Now we can apply Lemmas |3.6| and [3.7| with u in its statements replaced by u;,
recalling that

up =up = Cylu —myd® in Dg,

to obtain

sup (Cylu/6® —my) < C<infD+/R /Q(C’O_lu/és —my) + (Cipi™* + 6op1_a)Rg)
D+/R K g

xRy /2

< C’(infDRkM(C'O_lu/éS —my) + (Cipi™* + 50p1_°‘)Rz(>.21)

Next we can repeat all the argument “upside down”, that is, with the functions
uf = Myd® —u instead of uy. In this way we obtain, instead of (3.21)), the following:

sup (M), — Cylu/o®) < C’(Dinf (M*—Ci'u/6%) + (Crpi —l—eopla)Rg). (3.22)
D Rp/4
k' Ry /2

Adding (3.21)) and (3.22)) we obtain

My, —my, < C’( inf (Cylu/6® —myi) + inf (My — Cylu/6®) + (Cipf + 50p1_a)Rg>
DRk/4 DRk/4
= C’( inf Cjlu/6® — sup Cylu/6® + My —my + (Cipi™* + Egpl_a)RZ),
Rt Dryyy

(3.23)
and thus, using that M — my, = 4= and R, = p147%,
sup Cylu/6® — Dinf Co'u/d® < (552 + Cipi +g9)d k.

DRy, Re41
Now we choose o and p; small enough so that
C-1
0 + Cip] +eo(a) <47
This is possible since go() | 0 as o | 0 and the constants C' and C; do not depend
on « nor p; —they depend only on €2 and s. Then, we find
sup Cylu/6® — inf Cylu/s® < 470K+,

DRy Rpt1
and thus we are able to choose my1 and My, satisfying (3.15)) and (3.16)). O
Finally, we give the:

Proof of Theorem[1.9. Define v = u/d°|q and K = ||g|/z=(). As in the proof of
Proposition 3.5 by considering u/K instead of u we may assume that [(—A)*u| <1
in 2 and that ||u|| @) < C for some constant C' depending only on £ and s.

First we claim that there exist constants C, M > 0, @ € (0,1) and 5 € (0,1),
depending only on 2 and s, such that
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(1) [[vll o) < C.
(ii) For all x € Q, it holds the seminorm bound

[U]C@(W) < C (1 -+ R_M) 7

where R = dist(z,R" \ Q).
(iii) For each zy € 0Q and for all p > 0 it holds

sup v— inf v < Cp%
B,(20)NQ Bp(z0)NQ2

Indeed, it follows from Lemma [2.7) that ||v]| o) < C' for some C' depending only
on  and s. Hence, (i) is satisfied.
Moreover, if 8 € (0,2s), it follows from Lemma that for every x € €2,

[Ules (B (@) < CR™", B € (0,2s),
where R = §(x). But since 2 is C11, then provided 6(z) < py we will have
107"l (Brja@n < CR™ and [0 cor(sp s < CRT
and hence, by interpolation,
(6 ler Bty < CRTTF
for each B € (0,1). Thus, since v = ud—*, we find
[Wles By < C (1+RF)

for all z € Q and f < min{l,2s}. Therefore hypothesis (ii) is satisfied. The
constants C' depend only on €2 and s.

In addition, using Proposition and that |v||z~@) < C, we deduce that hy-
pothesis (iii) is satisfied.

Now, we claim that (i)-(ii)-(iii) lead to

[U]CO‘ (Q) < Ca

for some a € (0,1) depending only on € and s.

Indeed, let z,y € Q, R = dist(z,R" \ ) > dist(y,R"\ ), and r = | — y|. Let
us see that |v(x) —v(y)| < Cr® for some o > 0.

If » > 1 then it follows from (i). Assume r < 1, and let p > 1 to be chosen later.
Then, we have the following dichotomy:

Case 1. Assume r > RP/2. Let xg,yo € 02 be such that |z —z¢| = dist(z, R™\ 2)
and |y — yo| = dist(y, R™ \ 2). Then, using (iii) and the definition of R we deduce

lu(z) — v(y)| < |v(x) —vlz)| + [v(zo) — v(yo)| + |[v(ye) — v(y)| < CR® < Cré/P,

Case 2. Assume r < RP/2. Hence, since p > 1, we have y € Bg/s(x). Then, using
(i) we obtain

jo(z) —v(y)| < C(L+ R M)rP <C (1 4rMP) P < Crf=MP,
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To finish the proof we only need to choose p > M/f and take o = min{a//p, 5 —
M/p}. O

4. INTERIOR ESTIMATES FOR u/0*

The main goal of this section is to prove the C7 bounds in 2 for the function u/J*
in Theorem [T

To prove this result we find an equation for the function v = u/§%|q, that is derived
below. This equation is nonlocal, and thus, we need to give values to v in R™ \ €,
although we want an equation only in 2. It might seem natural to consider u/J°,
which vanishes outside €2 since u = 0 there, as an extension of u/§°|g. However,
such extension is discontinuous through 02, and it would lead to some difficulties.

Instead, we consider a C*(R") extension of the function u/6%|q, which is C%(Q)
by Theorem [1.2] Namely, throughout this section, let v be the C*(R") extension of
u/0%|q given by Lemma [3.8]

Let 6o = dxq, and note that u = vdj in R”. Then, using we have

9(x) = (=A)*(vd5) = v(=A)*6; + 65(=A)"v — L(v, 65)
in Q, ={xeQ: ix)<p}, where

L(wi,w2)(0) = e | (wr(2) = wi(y)) (wa () — wa(y))

" [ — y[rree
and py is a small constant depending on the domain; see Remark [3.4, Here, we have
used that (—A)*(wiws) = wi(—A) we+ws(—A)*w; —I;(w, we), which follows easily
from . This equation is satisfied pointwise in 2, since g is C* in 2. We have
to consider 2, instead of © because the distance function is C! there and thus we
can compute (—A)*45. In all 2 the distance function 6 is only Lipschitz and hence
(—A)*6; is singular for s > 1.
Thus, the following is the equation for v:

(—A)°v = 5—18(g(x) —v(=A)*05 + I(v, 53)) in Q,, . (4.2)

From this equation we will obtain the interior estimates for v. More precisely, we
will obtain a priori bounds for the interior Holder norms of v, treating o, °Is(v, 6§)
as a lower order term. For this, we consider the weighted Holder norms given by
Definition [L.3

Recall that, in all the paper, we denote C? the space C*#' where 8 = k + 3’ with
k integer and /' € (0, 1].

In Theorem we have proved that u/d°|q is C%(Q) for some a € (0,1), with
an estimate. From this C'* estimate and from the equation for v , we will find
next the estimate for ||u/d%|| g}? ) stated in Theorem .

The proof of this result relies on some preliminary results below.

Next lemma is used to control the lower order term ¢, °Is(v,d§) in the equation

(4.2) for v.

dy (4.1)
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Lemma 4.1. Let Q be a bounded C** domain, and U C 2, be an open set. Let s
and « belong to (0,1) and satisfy a +s <1 and o < s. Then,

11,0091 < € Tnlemae + W1 ) (43)
for all w with finite right hand side. The constant C' depends only on €2, s, and a.

To prove Lemma [4.1] we need the next

Lemma 4.2. Let U C R"™ be a bounded open set. Let ay,aq, € (0,1) and 5 € (0,1]
satisfy a; < B fori=1,2, a1+ as < 2s, and s < [ < 2s. Assume that wy,ws €
CP(U). Then,

\|[s(w1,w2)\|§2;:2a;(}a2) <C <[w1]0a1(Rn) + [wﬂﬁ;}?”) ([wﬂmz(m) + [wz]g(?ﬂ) ;
(4.4)
for all functions wy,ws with finite right hand side. The constant C' depends only on
a1, ag, n, B, and s.

Proof. Let zp € U and R = d,,/2, and denote B, = B,(xz). Let
First we bound |/(wq,ws)(xo)|.

w1 (o) — wi(y)||wa(zo) — wa(y)|
n |zg — y|t2s

Ly, wn) (20)| < C / dy

<cf Rt B wal g |+
- Br(0) |z |t2s

dz +

cof ot
R\ Br(0) |2|t2s

< CRMHBK

Let @1, 29 € Bry2(0) C Bar(o). Next, we bound |I(wi, wa)(x1)—1s(wy, we)(x2)].
Let n be a smooth cutoff function such that n = 1 on B;(0) and n = 0 outside
B3/5(0). Define

nf(z) =17 (x—xo) and  w; =(w; — w;(z))n™, i=1,2.

Note that we have

_ _ 3R\ ™
||wi||L°°(R”) = ||wi||L°°(B3R/2) < (7) [wi]C“i(R”)
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and

(@3] s mmy < C<[wz‘]cﬂ(33,m)||77\|Loo<BgR/2) + [Jw; — wi(0)||L°°(B3R/2)[wz‘]cﬂ(Bgm)>

< CR*F ([wz]oa i(Rm) T+ [wZ](ﬁ 31)) :

Let

Yi = Wi — wi(xo) — w;
and observe that o; vanishes in Bg. Hence, ¢;(x1) = ¢;(z2) =0, i = 1,2. Next, let
us write

I (wy, wa) (1) — L(wy, we)(x2) = cns (J11 + Ji2 + Jo1 + Ja2) ,

where
B (UJ1($1) — wl(y)) (w2(9€1) - wz(y))
Ju = /n |21 — y|mt2s W
B (@1 (w2) — Wi(y)) (D2(w2) — Wa(y))
/n |29 — y|nT2e W
:/ — (@ |$1) |7115ry21)802(3/) i (71_)1(33|2) - 127532902(21) dy |
R\ Bg Ty — T2 —
(wo(z1) — wa(y))p1(y)  (Wa(z2) — Wa(y)) i1 (y)
= /"\BR |z — y[r+2s " |w — y|" 2 W
and

g / p1W)e(y)  eW)ealy)
2= — alnt2s _ oy|n+2s
Re\Bg |71 = Y| |22 — y]

We now bound separately each of these terms.
Bound of Jy;. We write Ji; = J{, + J% where

JL = / (w1 (1) — i (21 + 2) — wl(xz)‘;nligxg +2)) (1) — W1 + 2))

dz,

he (1(@2) = B (w2 + =) (Dalr) = Dol + 2) = D) + ol +2)) o

|Z|n+25
To bound |J{,| we proceed as follows

PYPY e i e i
T s

|Z‘n+23

. A 0V i 0 W
R™\B:-(0)

|Z‘n+2s
S CRal-&-ag—QBTQﬁ—QSK '
Similarly, |J121| < CRO‘I‘F@Q*Q[}TZ,BstK‘
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Bound of Jia and Jo1. We write Jyy = Jiy + JZ, where
wWi(x1) — wi(x
Ty = / —a(y) o) — d(w)

R\ Bg |2y — gyt

and

Th = /Rn\BR —pa(y) (@1 (22) — w1(y)) { ! ! } dy .

|z — y|r 2 - |2 — y[nt2s
To bound |J1,| we recall that @s(z;) = 0 and proceed as follows

Ral—ﬁ[wl]l(gtgl)rﬁ p

|$1 _ y|n+28

< C [ o=yl lesdonencen
R™\Br

S CRaH»angst,r,BK S CRa1+a272ﬁr2,872sK.
We have used that [ps]cez@n) = [w — W]cezmn) < 2[w]caz@ny, 7 < R, and < 2s.
To bound |J3|, let ®(2) = |z|""25. Note that, for each v € (0,1], we have
|B(21 — 2) — (20 — 2)| < Clzy — 2|"|2| 277 (4.5)
for all 21,2, in Bg/2(0) and z € R™\ Br(0). Then, using that ¢s(z2) = 0,

|ZL‘1 — T |2B725

d
oy — g8 Y

|5 < C |2y — Y| T2 [0a] gas (mr) [02] co2 ()
R™\Br

< CRa1+a2—2,6’,r26—28K )

This proves that | Jjp| < CR1+e2=26728-25 £ Changing the roles of a; and a, we
obtain the same bound for |Jo|.
Bound of Jy. Using again ¢;(x;) =0, i = 1,2, we write

Jog = /RR\BR(%(%) —01(y)) (p2(21) — 2(y)) ( ! - ! ) dy .

|.T}1 _ y|n+2s ‘x2 _ y|n+2s
Hence, using again ({4.5),

20—2s
| Jaa| < C'/ |2y — y|o e [@Q]Cov%(R")[902]00*“2(R")—‘x1 _— |ni25 dy
R™\Bg |$1 - y|

< CRa1+a272,BT2672sK .

Summarizing, we have proven that for all zy such that d, = 2R and for all
Ty, 22 € Bprja(xo) it holds

’[5(587 w)(l’o)’ < CROH*CYQ*?SK
and

[£s(95, w) (1) — 15(55, w) (1))

|~T1 _ x2’2ﬁ72s

This yields (4.4), as shown in Step 2 in the proof of Lemma [2.10] 0

< CR2 =2 ([w] G + [w]ca@n) -
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Next we prove Lemma [4.1]

Proof of Lemma /.1l The distance function &y is C*! in Q,, and since U C Q,, we
have d, < dy(x) for all z € U. Hence, it follows that

[63)c=(zmy + 18355 < C(Q, )

for all g € [s,2].
Then, applying Lemma [£.2) with w; = w, wy = 0§, vy = @, az = s, and § = s+,
we obtain

1209155 < € ({ulowien + 1l ).
and hence (4.3]) follows. O
Using Lemma [4.T] we can now prove Theorem [1.5] and Corollary [1.6]

Proof of Theorem[1.5. Let U CC Q,,. We prove first that there exist o € (0, 1) and
C, depending only on s and {2 —and not on U—, such that

/81 < € (gl + 19155™)

Then, letting U 1 €2,, we will find that this estimate holds in €2,, with the same
constant.
To prove this, note that by Theorem [I.2] we have

/0%l @y < C (5, Q) llgllz=e

Recall that v denotes the C“(R") extension of u/d%|q given by Lemma which
satisfies [|v]|camn) = |u/6°||gagm)- Since u € C****(Q) and § € C(Q,,), it is clear

that HUHE;_O;)SU < 0o —it is here where we use that we are in a subdomain U and
not in €2,,. Next we obtain an a priori bound for this seminorm in U. To do it, we

use the equation (4.2)) for v:

1 .
= g(g(x) —v(=A)% + 1(58,0)) inQ, ={reQ: i) <p}.
Now we will se that this equation and Lemma lead to an a priori bound for
HUHE;QQ)SU To apply Lemmal2.10, we need to bound H(—A)SUHSE;O‘). Let us examine
the three terms on the right hand side of the equation.
First term. Using that

d, = dist(z,0U) < dist(z,0Q) = §(x)
for all x € U we obtain that, for all a < s,
157l < C (5, ) lgllza”
Second term. We know from Lemma that, for &« < min{s, 1 — s},
1(=2)*65 o) < C(s,9).

(=4)%
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Hence,
675 0(= AP 81 < diam (@) 0~ 0(= AV 35 < C (s, ) follcnn
< C(s,)lgllL~(
Third term. From Lemma [4.1] we know that

|Wu®MﬁSCWam@wmm+mx&)
and hence
15710515 < o, 0.0) ol + B2 )

< C(n, 5,9, @, 0) |0l cany + collv]l o

for each ¢y > 0. The last inequality is by standard interpolation.
Now, using Lemma [2.10| we deduce

(2
1SR < € (lelleoe + 1(=2)0) )

< C (Illlonqmn + 167gl 85 + 070 (=AY S + (0, 65)155")

< O(s, 2. a20) (lglli=i@ + lglsa” ) + Coollol S

and choosing £y small enough we obtain

ol S < € (lglleie + l915a")

Furthermore, letting U 1 €2,, we obtain that the same estimate holds with U replaced
by QPO

Finally, in 2\ Q,, we have that u is C**?* and §* is uniformly positive and C%'.
Thus, we have u/é* € C7(2\ Q,,), where v = min{1, a« + 2s}, and the theorem
follows. U

Next we give the

Proof of Corollary[1.6, (a) It follows from Proposition [L.] that u € C*(R™). The
interior estimate follow by applying repeatedly Proposition

(b) Tt follows from Theorem that u/0%|q € C(Q). The interior estimate
follows from Theorem [L.3l O

The following two lemmas are closely related to Lemmal[l.2] and are needed in [20]
and in Remark of this paper.

Lemma 4.3. Let U be an open domain and o and 3 be such that o < s < 8 and
B — s is not an integer. Let k be an integer such that 8 =k + " with 8 € (0, 1].
Then,

[(—A)2w]§7% < O(JJw]loagny + [w]|5) (4.6)
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for all w with finite right hand side. The constant C' depends only on n, s, a, and
B.

Proof. Let oy € U and R = d,,/2, and denote B, = B,(x,). Let 1 be a smooth
cutoff function such that n =1 on B;(0) and 1 = 0 outside Bs/5(0). Define

r—x
nf(z) =17 ( 7 0) and  w =(w —w(xo))n".
Note that we have

_ _ 3R\
[@]| oo (my = 10l oo By < { 57 ) [Wlown) -
/ 2

In addition, for each 1 <[ <k

l
1D @] ey < C Y ID™ (w = w(20)) D' 0" o

m=0

!
< CR = ([w]ca(R") + Z[w]gg)) '
m=1

Hence, by interpolation, for each 0 <[ <k —1

Bspy2)

I
| D@ gty < CRT 4 ([w]mm + Z[M) ,
m=1
and therefore
(D" gy < CRT s (4.7)

Let ¢ = w — w(xp) — w and observe that ¢ vanishes in Bg and, hence, ¢(x;) =
o(xg) = 0.

Next we proceed differently if 3 > s or if 8’ < s. This is because C?~* equals
cither C*F'=s or OF=11+5"=s,

Case 1. Assume ' > s. Let x1,22 € Brja(20) C Bagr(xo). We want to bound
|DF(—A)*?w(zy) — D*(—A)*?w(x,)|, where DF denotes any k-th derivative with
respect to a fixed multiindex. We have

(—A)w = (=)@ + (=A)*p  in Bpys.

Then,
Dk(—A)5/2w(:v1) — Dk(—A)S/Qw(xg) = Cns (N1 + J2),
where
D*w(x,) — DFw(y)  DFw(xs) — D*w(y)
J1 = - dy
n ‘371 _ y|n+s |$2 _ y|n+s
and

JQZDk/R —¢(y) dy_Dk/R —¢(y) dy

mBg |71 — Y[t By T2 —y|nts T
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To bound |J;| we proceed as follows. Let r = |21 — x2|. Then, using (4.7)),

D*w(xy) — DFw(xy + 2) — DFw() + D*w(zq + 2)
|Z’n+s

|Ji| = dz

R

Ra—ﬁ w (fa) > B’ Ra—,B w (.—01)7,5’
< [ B JullSr
. R"\ B,

|Z|n+s |Z|n+s

< CR* P17 =% |w|| .

Let us bound now |.J5|. Writing ®(z) = |2|7""° and using that ¢(z¢) = 0,

| Jo| =

/ o(y) (D*®(z) — y) — D* (s — y)) dy
R™\Br
< C/ |wo — y|a[w]0a(w)% dy
R\ Bg g — y|"
S CRa_/BTB,_S [w]oa(Rn),
where we have used that
|D*® (2 — 2) — DF®(2zy — 2)| < Clzy — 20| 73|27

for all 21,2, in Bg/2(0) and z € R™ \ B.
Hence, we have proved that

(=AY 2wl sy < ORIl
Case 2. Assume ' < s. Let x1,22 € Brj2(20) C Bar(ro). We want to bound
| DF=1 (=AY 2w (x) — DF1(—A)%/?w(x5)|. We proceed as above but we now use
|DF Y (2y) — DP " Ywo(zy +y) — D¥lw(as) + DF oz 4+ y)| <
< [D () — DA (e Iyl + 1 [0l cogen
< (jar = a2yl + o) B ol
in B,, and
|DF M (xy) — D¥Yo(zy 4 y) — DF Mo (as) + DM o (2 + )| <
< |D*w(zy) — D*w(xy + y)| |21 — 2| + |21 — 227|005 (R

< (19l |1 — @] + s — 2o ) RO )

in R"\ B,. Then, as in Case 1 we obtain [(—A)S/Zw]cﬁ,s(m) < CR"‘_BHwH(BT;).

This yields (4.6)), as in Step 2 of Lemma [2.10] O

Next lemma is a variation of the previous one and gives a pointwise bound for

(—A)*2w. Tt is used in Remark [2.11]
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Lemma 4.4. Let U C R™ be an open set, and let 8 > s. Then, for all x € U

[(=A)w(2)| < C(|lwl

cry -+ ) 1+ [Hog s, 00) ).
whenever w has finite right hand side. The constant C depends only onn, s, and .

Proof. We may assume ( < 1. Let xy € U and R = d,,/2, and define w and ¢ as in
the proof of the previous lemma. Then,

(=A)Pw(zo) = (—A)w(20) + (—A)"?p(20) = eu5(J1 + Jo),

where

Jl = / Uj(xo) _ w(xo + Z) dz and J2 = / —_QD(:EO + Z) dz.
n |Z|’Vl+8 R”\BR ’Z|n+s

With similar arguments as in the previous proof we readily obtain |J;| < C(1 +
[log R)l|w[fy? and |a| < C(1+ [log R} w

Cs(R")- Il

APPENDIX A. BASIC TOOLS AND BARRIERS

In this appendix we prove Proposition [3.1] and Lemmas and [2.6] Proposition
is well-known (see [7]), but for the sake of completeness we sketch here a proof
that uses the Caffarelli-Silvestre extension problem [§].

Proof of Proposition[3.1 Let (z,y) and (r,6) be Cartesian and polar coordinates of
the plane. The coordinate 6 € (—m, ) is taken so that {¢ = 0} on {y =0, = > 0}.
Use that the function 7°cos(6/2)? is a solution in the half-plane {y > 0} to the
extension problem [§],

div(y'"*Vu) =0 in {y > 0},
and that its trace on y = 0 is ¢g. U
The fractional Kelvin transform has been studied thoroughly in [5].

Proposition A.1 (Fractional Kelvin transform). Let u be a smooth bounded func-
tion in R™\ {0}. Let x — a* = z/|z|* be the inversion with respect to the unit
sphere. Define u*(z) = |x|*"u(x*). Then,

(=A)w (@) = [z (=) u(z"), (A.1)
for all x # 0.

Proof. Let xyg € R"\{0}. By subtracting a constant to u* and using (—A)®|z|**™" = 0
for x # 0, we may assume u*(x¢) = u(zy) = 0. Recall that
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Thus, using the change of variables z = y* = y/|y/|?,

(—A)'u () = ens PV / _wly)

R~ |5U0 - y|n+2s 4

—|y[* " u(y*) 2 2
= Cns PV/ *—|x*|n+ s|y*|n+ sdy
R |2 — [t 0

| ~|n—2s
— Cn,s‘xoyinizs PV/ |Z| U(Z)

R |75 — 2|2

— cms|x0|_"—23 PV/ ——u(z) dz

ge |18 — 2|72

‘Z|n+23 |Z’72ndz

]
Now, using Proposition we prove Lemma [2.6]

Proof of Lemma[2.6 Let us denote by ¢ (instead of u) the explicit solution ((1.4) to
problem ((1.3)) in By, which satisfies
(—A)Sw =1 n Bl
=0 in R"\ By (A.2)
0<¢<C(l—lz|)* in By.

From 1, the supersolution ¢; in the exterior of the ball is readily built using the
fractional Kelvin transform. Indeed, let £ be a radial smooth function satisfying
£=1inR"\ Bs and £ =0 in By, and define ¢; by

pi(z) = Cla* (1 — |2[7) +€&(2). (A.3)
Observe that (—A)*¢ > —C5 in By, for some Cy > 0. Hence, if we take C' >
42517(1 + (), using (A.1]), we have
(=AY (x) > Clo|™2" + (=A)*¢(z) > 1 in By.
Now it is immediate to verify that (; satisfies (2.1]) for some ¢; > 0.
To see that ¢y € HP (R™) we observe that from (A.3)) it follows

loc
Ver(@)| < Clz[ = 1) inR"\ B,
and hence, using Lemma , we have (—A)*/2¢, € P (R") for all p < oo. O

loc

Next we prove Lemma [3.2]
Proof of Lemma[3.9. We define

() = (1= |2[*)xm (@)
Since ((1.4]) is the solution of problem (|1.3)), we have (—A)%i; is bounded in Bj.
Hence, for C' > 0 large enough the function ¥ = ¢, + C’X?/4 satisfies (—A)*Y <0

in By \ Bis and it can be used as a viscosity subsolution. Note that 1 is upper
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semicontinuous, as required to viscosity subsolutions, and it satisfies pointwise (if C'
is large enough)

= in R"\ By
(_A>S¢ <0 in By \ 31/4
"Lp =1 n Bl/4

Y(x) > (1l —|z])* in Bj.
If we want a subsolution which is continuous and H*(R"™) we may construct it as
follows. We consider the viscosity solution (which is also a weak solution by Remark

2.11) of
(—A)SSDQ = 0 n B1 \ 81/4

=0 in R"\ By
Y2 = 1 in B1/4.
Using ¢ as a lower barrier, it is now easy to prove that ¢, satisfies (3.2]) for some
constant cy > 0. l
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NONEXISTENCE RESULTS FOR NONLOCAL EQUATIONS WITH
CRITICAL AND SUPERCRITICAL NONLINEARITIES

XAVIER ROS-OTON AND JOAQUIM SERRA

ABSTRACT. We prove nonexistence of nontrivial bounded solutions to some non-
linear problems involving nonlocal operators of the form

Lu(z) = Z ai;0i5u + PV/ (u(x) —u(z + y)) K (y)dy.

n

These operators are infinitesimal generators of symmetric Lévy processes. Our
results apply to even kernels K satisfying that K (y)|y|""° is nondecreasing along
rays from the origin, for some o € (0, 2) in case a;; = 0 and for ¢ = 2 in case that
(ai;) is a positive definite symmetric matrix.

Our nonexistence results concern Dirichlet problems for L in star-shaped do-
mains with critical and supercritical nonlinearities (where the criticality condition
is in relation to n and o).

We also establish nonexistence of bounded solutions to semilinear equations
involving other nonlocal operators such as the higher order fractional Laplacian
(—A)*® (here s > 1) or the fractional p-Laplacian. All these nonexistence results
follow from a general variational inequality in the spirit of a classical identity by
Pucci and Serrin.

1. INTRODUCTION AND RESULTS

The aim of this paper is to prove nonexistence results for the following type of
nonlinear problems
Lu = f(z,u) in Qn (1.1)
u =0 in R\,
where 2 C R" is a bounded domain, f is a critical or supercritical nonlinearity (as
defined later), and L is an integro-differential elliptic operator. Our main results
concern operators of the form

Lu(z) =PV /n (u(z) —u(z +y)) K (y)dy (1.2)
and
Lu(w) = Y adyu + PV [ (u(o) = ular + 1)) K )y, (13)

Key words and phrases. Nonexistence, integro-differential operators, supercritical nonlinearities,

fractional Laplacian.
The authors were supported by grants MINECO MTM2011-27739-C04-01 and GENCAT
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134 NONEXISTENCE RESULTS FOR NONLOCAL EQUATIONS

where (a;;) is a positive definite matrix (independent of x € ) and K is a nonneg-
ative kernel satisfying

2

K(y) = K(—y) and /R W™ )y < oo (1.4)

n 14 |y)?

These operators are infinitesimal generators of symmetric Lévy processes.

We will state two different nonexistence results, one corresponding to ((1.2)) and
the other to .

On the one hand, we consider operators that may not have a definite order
but only satisfy, for some o € (0,2),

K(y)|y|"*” is nondecreasing along rays from the origin. (1.5)

Heuristically, (1.5) means that even if the order is not defined, o acts as an upper
bound for the order of the operator —see Section [2| for some examples. For these
operators we prove, under some additional technical assumptions on the kernel,
nonexistence of nontrivial bounded solutions to in star-shaped domains for
supercritical nonlinearities. When f(z,u) = |u|?"!u, the critical power for this class
of operators is ¢ = 22

On the other hand, we establish the analogous result for second order integro-
differential elliptic operators with kernels K satisfying with 0 = 2. In
this case, the critical power is ¢ = ;%3

Moreover, we can use the same ideas to prove an abstract variational inequality
that applies to more general problems. For instance, we can obtain nonexistence
results for semilinear equations involving the higher order fractional Laplacian (—A)*
(i.e., with s > 1) or the fractional p-Laplacian.

When L is the Laplacian —A, the nonexistence of nontrivial solutions to for
critical and supercritical nonlinearities in star-shaped domains follows from the cel-
ebrated Pohozaev identity [12]. For positive solutions, this result can also be proved
with the moving spheres method [20], [14]. For more general elliptic operators (such
as the p-Laplacian, the bilaplacian A?, or k-hessian operators), the nonexistence of
regular solutions usually follows from Pohozaev-type or Pucci-Serrin identities [13].

When L is the fractional Laplacian (—A)® with s € (0,1), which corresponds to
K(y) = cuslyl ™2 in (1.2), this nonexistence result for problem (L.1]) was first ob-
tained by Fall-Weth for positive solutions [§] (by using the moving spheres method).
In C"!' domains, the nonexistence of nontrivial solutions (not necessarily positive)
can be deduced from the Pohozaev identity for the fractional Laplacian, recently
established by the authors in [17], [15].

Both the local operator —A and the nonlocal operator (—A)?® satisfy a property of
invariance under scaling. More precisely, denoting w,(z) = w(Ax), these operators
satisfy Lwy(z) = AN Lw(\x), with ¢ = 2 in case L = —A and 0 = 2s in case
L = (—A)®. These scaling exponents are strongly related to the critical powers

n+2 n+2s

q = 22 and ¢ = £ obtained for power nonlinearities f(z,u) = |u|?'u in (L.I)).
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Here, we prove a nonexistence result for problem ([1.1)) with operators L that may
not satisfy a scale invariance condition but satisfy (|1.5)) instead. Our arguments are
in the same philosophy as Pucci-Serrin [13], where they proved a general variational
identity that applies to many second order problems. Here, we prove a variational
inequality that applies to the previous integro-differential problems.

Before stating our results recall that, given ¢ > 0 and 2 C R"”, the nonlinearity
f el x R) is said to be supercritical if

loc

n—o

2
where F'(z,t) fo x,7)dr. When f(z,u) = |u|?""u, this corresponds to ¢ > 2.

As explalned later on in this Introduction, by bounded solution of . we mean
a critical point u € L*(Q2) of the associated energy functional.

Our first nonexistence result reads as follows. Note that it applies not only to
positive solutions but also to changing-sign ones.

In the first two parts of the theorem, we assume the solution u to be W™ for some
r > 1. This is a natural assumption that is satisfied when L is a pure fractional
Laplacian and also for those operators L with kernels K satisfying an additional
assumption on its “order”, as stated in part (c).

t f(x,t) >nF(x,t)+x- Fy(x,t) forall z€Q and t#0, (1.6)

Theorem 1.1. Let K be a nonnegative kernel satisfying (L.4)), (1.5)) for some o €
(0,2), and

|(|y) for ally # 0 (1.7)

for some constant C. Let L be given by (1.2). Let Q C R"™ be any bounded star-

shaped domain, and f € 1%;((2 x R) be a supercritical nonlinearity, i.e., satisfying

-. Let u be any bounded solution of (L.1)). The following statements hold:

(a) If u € WL(Q) for some r > 1, then u = 0.
(b) Assume that K (y)|y|"*7 is not constant along some ray from the origin, and
that the nonstrict inequality

K is C*(R"\ {0}) and |[VK(y)| < C

n—o

tflx,t) >nF(x,t)+x- Fy(x,t) foral z€Q and t€R (1.8)
holds instead of (L.6). If u € W' (Q) for some r > 1, then u = 0.
(c) Assume that in addition Q is convex, that the kernel K satisfies
K(y)|y|™*c is nonincreasing along rays from the origin (1.9)
for some € € (0,0), and that
rgng(y) < Crgléfl K(y) forallrT € (0,1) (1.10)

for some constant C. Then, v € WT(Q) for some r > 1, and therefore
statements (a) and (b) hold without the assumption u € W ().
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Note that in part (c) we have the additional assumption that the domain €2 is
convex. This is used to prove the W'" regularity of bounded solutions to (1.1])
(and it is not needed for example when the operator is the fractional Laplacian, see
Remark . Note also that condition means in some sense that L has order
at most o, while means that L is at least of order e for some small € > 0.

Some examples to which our result applies are sums of fractional Laplacians of dif-
ferent orders, anisotropic operators (i.e., with nonradial kernels), and also operators
whose kernels have a singularity different of a power at the origin. More examples
are given in Section [2|

Note that for f(z,u) = |u|9" u, part (a) gives nonexistence for supercritical powers
q > M , while part (b) establishes nonexistence also for the critical power ¢ = ”+"
The nonex1stence of nontrivial solutions for the critical power in case that K (y)|y
is constant along all rays from the origin remains an open problem. Even for the
fractional Laplacian (—A)®, this has been only established for positive solutions,
and it is not known for changing-sign solutions.

The existence of nontrivial solutions in for subcritical nonlinearities was
obtained by Servadei and Valdinoci [I8] by using the mountain pass theorem. Their
result applies to nonlocal operators of the form ((1.2) with symmetric kernels K
satisfying K (y) > A|y|™" 7.

As stated in Theorem [1.1] the additional hypotheses of part (c) lead to the W (Q)
regularity of bounded solutions for some r > 1. This is a consequence of the following
proposition.

g
|n+o

Proposition 1.2. Let Q C R™ be any bounded and convexr domain. Let L be an

operator satzsfymg the hypotheses of Theorem - (c), i.e., satisfying - .

(L5, @7, (€.9), and (L.10). Let f € C’l?)i(Q x R), and let w be any bounded
solution of (1.1). Then,

cerrmny < C and \Vu(z)] < C6(z)2 in Q, (1.11)

where 0(x) = dist(x,0) and C is a constant that depends only on 2, €, o, f, and
[[ull 2o ()

Note that (1.11)) and the fact that Q is convex imply v € W17 (Q) for all 1 < r <

/2 In ( - the exponents €/2 are optimal, as seen when L = (—A)“/? (see [16]).

Our second nonexistence result, stated next, deals with operators of the form
(1.3). Here, the additional assumptions on Q and K leading to the W regularity
of solutions are not needed thanks to the presence of the second order constant
coefficients regularizing term.

[l

Theorem 1.3. Let L be an operator of the form , where (a;;) is a positive
definite symmetric matrix and K is a nonnegative kemel satisfying (L.4]). Assume
i addition that - holds, and that

K(y)|y|™** is nondecreasing along rays from the origin. (1.12)
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Let Q C R™ be any bounded star-shaped domain, f € CY 1(Q x R), and u be any

loc

bounded solution of (L.1)). If (L.8]) holds with o =2, then u = 0.

Note that for f(z,u) = |u|?"'u we obtain nonexistence for critical and supercritical
powers q > "+

The proofs of Theorems [1.1] and follow some ideas introduced in our proof of
the Pohozaev identity for the fractional Laplacian [I7]. The key ingredient in all
these proofs is the scaling properties both of the bilinear form associated to L and
of the potential energy associated to f. These two terms appear in the variational
formulation of , as explained next.

Recall that solutions to problem , with L given by or , are critical

points of the functional

Eu) = %(u,u) —/QF(:U,u) (1.13)

among all functions u satisfying u = 0 in R™ \ Q2. Here, F(x,u) fo x,t)dt, and
(+,-) is the bilinear form associated to L. More precisely, in case that L is given by

, we have
(u,v) /n /n ) —u(z +y)) (v(z) — v(z+y)) K (y)dz dy, (1.14)

while in case that L is given by (|1.3] . we have

(u,v) = /A(Vu Vo) dx+/n/n ) —u(z +y)) (v(z) —v(z+y))K(y)dz dy,

(1.15)
where A(p,q) = p" Aq and A = (a;;) is the matrix in ((1.3)).

Both Theorems 1.1} and [L.3are particular cases of the more general result that we
state next. This result establishes nonexistence of bounded solutions u € W1 (Q),
r > 1, to problems of the form (|I.1)) with variational operators L satisfying a scaling
inequality.

Proposition 1.4. Let E be a Banach space contained in L (R™), and || - || be a
seminorm in E. Assume that for some o > 0 the seminorm || - || satisfies

wyx € E and ||wy|| < A w|| for every w € E and A > 1, (1.16)

where wy(z) = w(Ax).
Let Q2 C R™ be any bounded star-shaped domain with respect to the origin, p > 1,
and f € COHQ x R). Consider the energy functional

£(u) = %uunp - / F(a,u), (1.17)

where F(x,u) fo x,t)dt, and let u be a critical point of £ among all functions
uekl satzsfymg u=0in R" \ Q.
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Assume that f is supercritical, in the sense that
at f(x,t) > nF(z,t)+x- F(x,t) forall x€Q and t#0. (1.18)
Ifu e L®(Q) N WL (Q) for somer > 1, then u= 0.

Some examples to which this result applies are second order variational operators
such as the Laplacian or the p-Laplacian, the nonlocal operators in Theorems (1.1 or
or the higher order fractional Laplacian (—A)® (here s > 1). See Section [2| for

more examples.

Remark 1.5. Proposition [I.4establishes nonexistence of nontrivial bounded solutions
belonging to W (2), 7 > 1. In general, removing the W" assumption may be done
in two different situations:

First, it may happen that the space Eq = {u € E : v =01in R"\ Q} is embedded
in Wb (), r > 1. This happens for instance when considering the natural functional
spaces associated to the Laplacian, the p-Laplacian with p > 1, the higher order
fractional Laplacian (—A)® (with s > 1), and of the nonlocal operators considered
in Theorem [L.3]

Second, even if the space Eq is not embedded in W', it is often the case that
by some regularity estimates one can prove that critical points of belong to
W?Lr r > 1. This occurs when the operator if the fractional Laplacian, and also in
Theorem (c), thanks to Proposition [1.2]

As said before, for local operators of order 2, the nonexistence of regular solutions
usually follows from Pohozaev-type or Pucci-Serrin identities [13]. Our proofs are
in the spirit of these identities. However, for nonlocal operators this type of identity
is only known for the fractional Laplacian (—A)* with s € (0,1) [I7], and requires a
precise knowledge of the boundary behavior of solutions to ([1.1)) [I6] (that are not
available for most L). To overcome this, instead of proving an identity we prove
an inequality which is sufficient to prove nonexistence. This approach allows us to
require much less regularity on the solution u and, thus, to include a wide class of
operators in our results.

The paper is organized as follows. In Section [2| we give a list of examples of oper-
ators to which our results apply. In Section |3| we present the main ideas appearing
in the proofs of our results. In Section 4 we prove Proposition [I.4 In Section [5] we
prove Theorems [1.1] and Finally, in Section [6| we prove Proposition [1.2

2. EXAMPLES

In this Section we give a list of examples to which our results apply.

(i) First, note that if K7, ..., K, are kernels satisfying the hypotheses of Theorem
.1 and a4, ..., a,, are nonnegative numbers, then K = a1 K1 + + -+ + 0, Ky,
also satisfies the hypotheses. In particular, our nonexistence result applies
to operators of the form

L=a(—A)" + -+ ap(—A)*,



(iii)

(vi)

(vii)
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with a; > 0 and «; € (0,1). The critical exponent is ¢ = 2F2maxa:

Theorem - 1.1 may be applied to anisotropic operators L of the form ({1.2)
with nonradial kernels such as

K(y)=H(y) ™",

where H is any homogeneous function of degree 1 whose restriction to S™~!
is positive and C!. These operators are infinitesimal generators of o-stable
symmetric Lévy processes. The critical exponent is ¢ = %

Theorem applies also to operators with kernels that do not have a power-
like singularity at the origin. For example, the one given by the kernel

C

n+o 1 ’
|ly|"*+e log (2+ M)

K(y) = € (0,2),

whose singularity at y = 0 is comparable to [y~ |log |y| ‘_1. In this exam-
ple we also have that the critical exponent is g = "*g

Other examples of operators that may not have a definite order are given
by infinite sums of fractional Laplacians, such as L =), ., kg( A)S_%.
Theorem applies to operators such as L = —A + (—=A)®, with s € (0,1),
and also anisotropic operators whose nonlocal part is given by nonradial
kernels, as in example (ii). For all these operators, the critical power is
q =4
One may take in the W#» (R”) seminorm

lu(x) — u(y)
Jul? - / i ey

This leads to nonexistence results for the s-fractional p-Laplacian operator,
considered for example in [4, @]. The critical power for this operator is

Our results can also be used to obtain a generalization of Theorem 8 in
[13], where Pucci and Serrin proved nonexistence results for the bilaplacian
A? and the polylaplacian (—A)X, with K positive integer. More precisely,
Proposition can be applied to the H*(R™) seminorm to obtain nonexis-
tence of bounded solutions u to with L = (—=A)*, s > 1. Note that
the hypotheses u € W17 () is always satisfied, since the fractional Sobolev
embeddings yield that any function v € H®(R"™) that vanishes outside {2
belongs to W17 (1) for r = 2 (see Remark [L.F)).

As an example, when n > 2s and f(u) = Au+ |u|?"'u, one obtains nonex-
istence of bounded solutions for A < 0 and ¢ > Zf—gz and also for A < 0 and
q > 22 asin [13].

Proposition can be applied to the usual W1?(Q) norm to obtain nonex-
istence of bounded weak solutions to with L = —A,, the p-Laplacian.
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These nonexistence results were obtained by Otani in [11] via a Pohozaev-
type inequality.

More generally, we may consider nonlinear anisotropic operators that come
from setting

wwzémwmwm

in (1.17), where H is any norm in R"™. In this case, the critical power is
q = %. For v = 0, some problems involving this class of operators
were studied in [2| 10, [6]. For v # 0, nonexistence results for these type of
problems were studied in [I].

(viii) From Proposition one may obtain also nonexistence results for k-Hessian
operators Si(D?u) with 2k < n. Recall that Sg(D?u) are defined in terms
of the elementary symmetric polynomials acting on the eigenvalues of D?u,
and that these are variational operators. In the two extreme cases k = 1 and
k = n, we have S;(D?*u) = Au and S,(D?*u) = det D?u.

Tso studied this problem in [21], and obtained nonexistence of solutions
u € C*(Q) N CY(Q) in smooth star-shaped domains via a Pohozaev identity.
(n+2)k

Our results give only nonexistence for supercritical powers ¢ > 5=, and
n—2k ’

not for the critical one. As a counterpart, we only need to assume the solution
u to be L®(Q) N WH(Q).
3. SKETCH OF THE PROOF

In this section we sketch the proof of the nonexistence of critical points to func-
tionals of the form

1
&(w = 5w+ [ Pla) (3.1)
Q
where (-, ) is a bilinear form satisfying, for some a > 0,
uy € B and  |lunll == (un, un)Y? < X%(u, u)V? for all A > 1, (3.2)

where uy(z) = u(Ax). Of course, this is a particular case of Proposition in
which p = 2, F is a Hilbert space, and f does not depend on x. Note that in this

case condition (|1.16]) reads as (3.2)). In case of Theorems and , the bilinear

form is given by ((1.14) and (1.15]), respectively.
The proof goes as follows. Since u is a critical point of (3.1)), then we have that

(u,p) = / f(u)pdx for all p € F satisfying ¢ =0 in R™ \ Q.
Q

Next we use ¢ = uy, with A > 1, as a test function. Note that, by (3.2)), we have
uy € E, and since (Q is star-shaped, then uy = 0 in R™ \ Q. Hence u, is indeed an
admissible test function. We obtain

(u,uy) = /Qf(u)u)\dq: for all A > 1. (3.3)
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Now, we differentiate with respect to A in both sides of (3.3). On the one hand,
since u € L®(Q) N WH(Q), one can show —see Lemma that

d
— / fu)uyde = /(m -Vu)f(u)de = / z-VF(u)dr = —n/ F(u)dz.
dA |21+ Jo Q Q Q
On the other hand,
d d d
— = — A= — — I
d)\ N1+ (u7u/\) d)\ N1+ { )‘} Oé('u’? u) + d)\ 1t Ay
where
I = \*(u,uy) (3.4)
We now claim that p
— I, <0. 3.5
. P (3.5)

Indeed, using (3.2)) and the Cauchy-Schwarz inequality, we deduce
Iy < Xulllluall < Jlull* = L,
and thus (3.5)) follows. Therefore, we find

—n/QF(u)d:v = —a(u,u) + %

and since (u,u) = [, uf(u)dz,

/Quf(u)dx < g/QF(u)dx.

From this, the nonexistence of nontrivial solutions for supercritical nonlinearities
follows immediately.

In case of Theorem [I.1] (b) and Theorem [1.3] with a little more effort we will be
able to prove that (3.5 holds with strict inequality, and this will yield the nonexis-
tence result for critical nonlinearities.

When the previous bilinear form is invariant under scaling, in the sense that
holds with an equality instead of an inequality, then one has I = (u ;,u, /ﬁ). In
the case L = (—A)?, it is proven in [I7] that

% I,\:F(l—l—s)/aQ <%>z(as-u)d5’,

where 0(z) = dist(x,02). This gives the boundary term in the Pohozaev identity
for the fractional Laplacian.

I, < —a(u,u),
A=1+

A=11

Remark 3.1. This method can also be used to prove nonexistence results in star-
shaped domains with respect to infinity or in the whole space {2 = R". However,
one need to assume some decay on u and its gradient Vu, which seems a quite
restrictive hypothesis. More precisely, when f(u) = |u|?"'u and the operator is
the fractional Laplacian (—A)®, this proof yields nonexistence of bounded solutions
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”+25 in star-shaped domains

(decaying at infinity) for subcritical nonlinearities ¢ <
with respect to infinity, and for noncritical nonlmearltles q 7é ngz in the whole R™.

The classification of entire solutions in R™ for the critical power ¢ = 2F28

nES was
obtained in [5].

4. PROOF OF PROPOSITION [I.4]

In this section we prove Proposition (1.4} For it, we will need the following lemma,
which can be viewed as a Holder-type inequality in normed spaces. For example,
for |lul| = ([ |ul?) e , we recover the usual Holder inequality (assuming that the
Minkowski inequality holds).

Lemma 4.1. Let E be a normed space, and || - || a seminorm in E. Let p > 1, and
define ® = %H -|[P. Assume that ® is Gateauz differentiable at w € E, and let D®(u)
be the Gateaux differential of ® at w. Then, for all v in E,

(DO (u),v) < p@(u)/? @(v)'/7,

where }D + 1% = 1. Moreover, equality holds whenever v = u.

Proof. Since ®'/? is a seminorm, then by the triangle inequality we find that
®(u+ev) < {P(u) )P e (v 1/p}

for all v and v in E and for all € € R. Hence, since these two quantities coincide for
e =0, we deduce

(DO(u), v) = {D(u) P 4+ 2 D)V} = p&(u) /¥ D(v)V?,

e=0

- <
7 P(utev) < e

and the lemma follows. O

e=0

Before giving the proof of Proposition [I.4] we also need the following lemma.

Lemma 4.2. Let Q C R™ be any bounded domain, and let u € WH(Q), r > 1.
Then,
Uy — U

A—1

—x-Vu weakly in L'(5),
where uy(x) = u(Azx).

Proof. Similarly to [7, Theorem 5.8.3], it can be proved that

J

Thus, since 1 < 7 < oo, then L” 2 (L")’ and hence there exists a sequence A\, — 1,
and a function v € L"(2), such that

Uy, — U
A — 1

Uy —u
A—1

dr < C/ \Vu|"dz.
Q

— v weakly in L"(92).
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On the other hand note that, for each ¢ € C'°(Q2), we have

/Qu(x~V¢)da::—/Q(:c'Vu)gbd:c—n/ngbdx.

Moreover, it is immediate to see that, for A sufficiently close to 1,

A= _n_1/u1/)\_u )\_"—1/
Qu)\_ldx— A Ql/)\_lgzﬁdx+ 1 ngbdx.

Therefore,

) ¢1/,\k—¢
v, =1 e 7
/Qu(x o) dx Jim Qul/)\k ldx

Uy, — U

= lim —

el A v (bdac—n/ﬂuqﬁdx

:—/qubdx—n/gugbdx.

Thus, it follows that v = x - Vu.
Now, note that this argument yields also that for each sequence pux — 1 there
exists a subsequence \;, — 1 such that
Uy, — U

E — z-Vu weakly in L"(Q).
A — 1

Since this can be done for any sequence i, then this implies that

u; —1u — 2 -Vu weakly in L"(Q).
Finally, since L"(Q2) C L*(Q2), the lemma follows. d

We can now give the:

];roof of Proposition[1.4, Define ® = || - [[. Since u is a critical point of (L.17),
then

(DD(u), ) = / f(x,u)pda (4.1)

for all ¢ € E satisfying ¢ = 0 in R™ \ Q. Since Q is star-shaped, we may choose
© = uy, with A > 1, as a test function in (4.1]). We find

(D®(u),uy) = /Qf(:c,u)uAdx for all A > 1. (4.2)
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We compute now the derivative with respect to A at A = 17 in both sides of (4.2)).
On the one hand, using Lemma [4.2] we find that

d
o - /Qu,\f(x,u)da: = /Q(SC V) f(z, u) do

N /g{x V(F(,u) — - Fy(v,u)}de  (4.3)
_ _/ﬂ{np(x,u)+x-pz(x,u)}dx.

Note that here we have used also that F(x,u) € Wh1(Q), which follows from u €
L>(Q), (z-Vu)f(z,u) € L"(Q), and z - F,(x,u) € L*°.
On the other hand, let

I, = X(DP(u),uy). (4.4)
Then,
d d
— (D®(u),uy) = —a(DP(u),u) + — I,
dA A=1+ dX A=1+ (4 5)
g :
=—a [ uf(x,u)dr+ — I,
[ wrwds s o

where we have used that (D®(u),u) = [, uf(z,u)dz, which follows from (4.2).
Now, using Lemma and the scaling condition (|1.16)), we find

Iy = X(D®(u), ur) < pA*®(u) 7D (ur) /P = X*|u|”/¥Jus |
< PP = (fullP = p®(u) = (DB(u),u) = I,
where 1/p+ 1/p’ = 1. Therefore,

d
— I, <0.
axl, =0

Thus, it follows from (4.2), (4.3)), and (4.5) that
—/{nF(:c,u) + - Fy(z,u)}dr < —a/ uf(z,u)dz,
Q Q

which contradicts ([1.18]) unless u = 0. O

5. PROOF OF THEOREMS [L.1] AND [.3l

This section is devoted to give the

Proof of Theorem[1.1]. Recall that u is a weak solution of (1.1)) if and only if

<wwzﬁymmwm: (5.1)
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for all ¢ satisfying (¢, p) < co and ¢ = 0 in R™ \ , where (-,-) is given by ((1.14)).
Note that is equivalent to (|1.5). Thus, part (a) follows from Propositi
where o = #52.

Moreover, it follows from the proof of Proposition that

_/Q{nF(x,u)%—x-Fz(x,u)}dx: Jgn/ﬂuf(x w)dzr + %

where

I, (52

A=1t

B=NF [ [ (ule) = e ) (o) — usla + ) K)oy,

Thus, to prove part (b), it suffices to show that
a4

d\

Following the proof of Proposition by the Cauchy-Schwarz inequality we find

I, < 0. (5.3)
A=1t

Iy < X3 lull [lu

— /I (/ / —u(z +2)) AR (/) d dz) v

/ / —u(x + z))2)\_”_"K(z//\)dx dz
< Il.

Denote now K(y) = g(y)/|y|"*°. Then,

L-1,> /n/n ) — u( x+y)Z{K(y)—)\_”_”K(y/)\)}dxdy

-/ / ) Tyﬁiw) {9y) — gly/N) e dy,

and therefore, by the Fatou lemma

z) —u(x +y)
I > 2/ / PEE ] y - Vyg(y)dz dy.
A=1+ n JRe

Now, recall that ¢ € C*(R™ \ {0}) is nondecreasing along all rays from the origin
and nonconstant along some of them. Then, we have that y - Vg(y) > 0 for all y,
with strict inequality in a small ball B. This yields that

—u(z +
[ [ O I Cytipaea =

unless v = 0. Indeed, if u(z) —u(z +y) = 0 for all + € R” and y € B then u is
constant in a neighborhood of z, and thus « is constant in all of R".

d>\
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Therefore, using (5.2)) we find that if u is a nontrivial bounded solution then
n—o

5 /Quf(x,u)dx < /Q{"F(xv“)Jrﬁ'Fm(x,U)}dx,

which is a contradiction with (1.8)).
Finally, part (c) follows from (a), (b), and Proposition [1.2] O

To end this section, we give the

Proof of Theorem[1.3 As explained in the Introduction, weak solutions to problem
(1.1) with L given by (L.3)) are critical points to (1.17) with p = 2 and with

|u|* = /A (Vu, Vu)dzx —|—/ /n —u(z + y)) K (y)dzdy,

where A(p, ¢) = p" Ag and A = (a;;) is the matrix in (1.3). It is immediate to see that
this norm satisfies with a = ”T_Q whenever holds. Moreover, since A
is positive definite by assumption, then ||u|w12(q) < c||ul|?, and hence u € W"(Q)
with r = 2.

Then, it follows from the proof of Proposition [1.4] that

—9 d
n /uf(wudx—/{anu)—i—x Fo(z,u)}de + — I,
2 QO d)\)\ 1+

where

(5.4)
+)\/n/n z) —u(z +79)) (ua(z) — un(z + y)) K (y)dzdy.

Now, as in the proof of Theorem [I.1], we find

/n /n Tyﬁlf;y)) {9(y) — g(y/N) }dy,

where g(y) = K (y)|y|"™. Thus, differentiating with respect to A, we find that

—u:r+y))
-Va(y)dy.
N 1+ > 2/n / = y - Vg(y)dy

Moreover, since fRn %K (y)dy < oo and g is radially nondecreasing, then it follows

that lim; o g(¢7) = 0 for almost all 7 € S"~1. Thus, if K is not identically zero then
y - Vg(y) is positive in a small ball B, and hence

d)\

unless v = 0, which yields the desired result. O
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6. PROOF OF PROPOSITION [1.2]

In this section we prove Proposition [1.2. To prove it, we follow the arguments
used in [16], where we studied the regularity up to the boundary for the Dirichlet
problem for the fractional Laplacian. The main ingredients in the proof of this result
are the interior estimates of Silvestre [19] and the supersolution given by the next
lemma.

Lemma 6.1. Let L be an operator of the form (1.2)), with K symmetric, positive,
and satisfying (1.9). Let ¢(x) = (:101@)1/2 Then,

Ly >0 i R,
where R} = {x, > 0}.

Proof. Assume first n = 1. Let x € R,. Since K is symmetric, we have

Lo =3 [ @) - 6o ) - vl - ) Ky

Then, it is immediate to see that there exists p > 0 such that

2¢(z) —(r+y) —Y(x—y) >0 for |y <p
and
20(z) —(z+y) —d(@—y) <0 for [y|>p.

Thus, using that K (y)|y|'* is nonincreasing in (0, +0c), and that (—A)“?y = 0 in
R, we find

L) =5 [0~ 9) ) Ky
t3 ) v ) ) Ky
>5[ (ote) vt ) = vl =) S
v3 ) o) = ute+ ) —vte— ) SR
_ K(p)!p!1+€%/_ > 2¢(£L') - w(:ﬁy—;fz - ¢(x - y) dy

= K(p)lp|""(=A)"y(x) = 0.

Thus, the lemma is proved for n = 1.
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Assume now n > 1, and let z € R, Then,

Lo = 5 [ (20) v+ 4) vl - 0) Ky
1 ; oo (6.1)
1 /Sn_l (/ (V(x) =z +t1) —p(2 — tT))t”_lK(tr)dt) dr.

Now, for each 7 € S™ ! the kernel K (t) := t" 'K (t¢7) satisfies K;(¢)t'*¢ is nonin-
creasing in (0, +00), and in addition

U(x+7t) = (v, + Tnt)i_/Q = 72z /T + t)6/2
Thus, by using the result in dimension n = 1, we find

/_+OO (V(x) — (x4 t1) — Y(x — t7))t" " K (tr)dt > 0. (6.2)

o)

Therefore, we deduce from (6.1)) and (6.2) that Ly(z) > 0 for all z € R}, and the
lemma is proved. O

The following result is the analog of Lemma 2.7 in [16].
Lemma 6.2. Under the hypotheses of Proposition[1.2, it holds
lu(z)| < C8(x)*  for all x € Q,
where C' is a constant depending only on €, €, and ||u| L= (o)
Proof. By Lemma , we have that ¢(x) = (xn)i/ satisfies L1) > 0 in R”. Thus,
we can truncate this 1D supersolution in order to obtain a strict supersolution ¢
satisfying ¢ = ¢ in {z, <1}, ¢ =1 in {z,, > 1}, and L¢p > ¢y in {0 < z,, < 1}.

We can now use C'¢ as a supersolution at each point of the boundary 052 to deduce
lu| < C§? in Q; see Lemma 2.7 in [I6] for more details. O

We next prove the following result, which is the analog of Proposition 2.3 in [16].

Proposition 6.3. Under the hypotheses of Proposz'tz'on assume thatw € L>®(R™)
solves Lw = g in By, with g € L*>. Then, there exists o > 0 such that

[wllcas, ) < C (gl + lwlre@n) , (6.3)
where C' depends only on n, €, o, and the constant in ((1.10]).

Proof. With slight modifications, the results in [19 yield the desired result.
Indeed, given § > 0 conditions (L.5), (1.9), and 10) yield

kLb(z) + 2/ \ (18y]" — 1)K (y)dy <1 / K(y)d (6.4)
R™\Bj /4

2 Ach |A|>5

for some k and 1 depending only on n, €, o, and the constant in (1.10]). Moreover,
since our hypotheses are invariant under scaling, then ((6.4) holds at every scale.
Note that (6.4]) is exactly hypothesis (2.1) in [19].
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Then, as mentioned by Silvestre in [19, Remark 4.3], Lemma 4.1 in [I9] holds also
with (4.1) therein replaced by Lw < vy in By, with vy depending on k. Therefore,
the Holder regularity of w with the desired estimate (6.3)) follows from [19, Theorem
5.1].

Note that it is important to have o strictly less than 2, since otherwise condition

(6.4) does not hold. O
The following is the analog of Proposition 2.2 in [16].

Proposition 6.4. Under the same hypotheses of Proposition|1.4, assume that w €
CP(R™) solves Lw = g in By, with g € C?, B € (0,1). Then, there exists a > 0
such that

[wllgs+as, ) < C (lgllcsayy + lwlleswn) if B+a <1,

[wllcoas, < C (l9llessy +lwlles@ny) if B+a>1,
where C and o depend only on n, €, o, and the constants in (1.10) and (1.7)).

Proof. Tt follows from the previous Proposition applied to the incremental quotients
(w(x + h) —w(x))/|h|? and from Lemma 5.6 in [3]. O

As a consequence of the last two propositions, we find the following corollaries.
The first one is the analog of Corollary 2.5 in [16].

Corollary 6.5. Under the same hypotheses of Proposition (1.2, assume that w €
L>(R™) solves Lw = g in By, with g € L. Then, there exists o > 0 such that

[wllcas, ) < C (N9llreim) + Wl + 1+ 1Y) ™" w(@)ll 1 @n) |
where C' depends only on n, €, o, and the constants in and .
Proof. Using , the proof is exactly the same as the one in [16, Corollary 2.5]. O
The second one is the analog of Corollary 2.4 in [16].

Corollary 6.6. Under the same hypotheses of Proposition (1.4, assume that w €
CP(R™) solves Lw = g in By, with g € C?, B € (0,1). Then, there exists a > 0
such that

Jelessoqoym < € (lolosy + Iwllosem + 10+ )™ w) o)
if B4+ a < 1, while
[wllcor(s,,,) < C (HQHCﬂ(Bl) + [lwllgs @y + 11+ !y\)*"*ew(y)lhl(w))
if B+« > 1. The constant C depends only on n, €, o and the constants in (1.7))

and (1.10)).
Proof. Using (|1.7)), the proof is the same as the one in [16, Corollary 2.4]. O

We can finally give the
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Proof of Proposition[1.9 Let now x € , and 2R = dist(z,9f2). Then, one may
rescale problem ([1.1)-(1.2) in Bgr = Bg(x), to find that w(y) := u(x + Ry) satisfies
lwlime < CRT, [w(y)] < CRL+ Jyl) in B, and |Lpwliegs) < CR,
where

Lnuly) = [ () = wly+ ) Kn(s)dy

and Kr(y) = K(Ry)R"".

Moreover, it is immediate to check that ((1.7)) yields
Kr(y)
|yl
with the same constant C' for each R € (0,1). The other hypotheses of Proposition

(1.2]) are clearly satisfied by the kernels K for each R € (0,1).
Hence, one may apply Corollaries and (repeatedly) to obtain
IVw(0)| < CRY2.

From this, we deduce that |Vu(x)] < CR%7!, and since this can be done for any
x € (), we find

IVKgr(y)| < C

Y

IVu(z)] < Co(x)2~1 in Q,
as desired. The C“?(R") regularity of u follows immediately from this gradient
bound. i

Remark 6.7. The convexity of the domain has been only used in the construction
of the supersolution. To establish Proposition in general C'*! domains, one only
needs to construct a supersolution which is not 1D but it is radially symmetric and
with support in R™ \ By, as in [I6, Lemma 2.6], where it is done for the fractional
Laplacian.
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REGULARITY FOR FULLY NONLINEAR NONLOCAL
PARABOLIC EQUATIONS WITH ROUGH KERNELS

JOAQUIM SERRA

ABSTRACT. We prove space and time regularity for solutions of fully nonlinear
parabolic integro-differential equations with rough kernels. We consider parabolic
equations u; = Iu, where I is translation invariant and elliptic with respect to
the class Lo(o) of Caffarelli and Silvestre, o € (0,2) being the order of I. We
prove that if u is a viscosity solution in By x (—1,0] which is merely bounded in
R™ x (—1,0], then u is C? in space and C?/? in time in T/Q x [—1/2,0], for all
B < min{o,1 + a}, where a > 0. Our proof combines a Liouville type theorem
—relaying on the nonlocal parabolic C* estimate of Chang and Davila— and a
blow up and compactness argument.

1. INTRODUCTION

In [2], Caffarelli and Silvestre introduced the ellipticity class £y = Lo(0), with
order o € (0,2). The class Ly contains all linear operators L of the form

L) = [ (MR ) ke an

2
where the kernels K (y) satisfy the ellipticity bounds
2—o0 2—o0
0< A < K(y) <A .
e = W = Ay

This includes kernels that may be very oscillating and irregular. That is why the
words rough kernels are sometimes used to refer to £y. The extremal operators M
and M for £, are

M}iu(z) = sup Lu(z) and M, u(z) = inf Lu(z).
LeLy LeLy
If w € L®(R") satisfies the two viscosity inequalities Mfu > 0 and M;u < 0 in
By, then u belongs to C*(By/2). More precisely, one has the estimate

[ullca(s, ) < Cllullpe@n). (L.1)

This estimate, with constants that remain bounded as the o 7 2, is one of the main
results in [2].

For second order equations (o = 2) the analogous of is the classical estimate
of Krylov and Safonov, and differs from only from the fact that it has ||u||L=(5,)
instead of ||| feo(mny on the right hand side. This apparently harmless difference

comes from the fact that elliptic equations of order o < 2 are nonlocal. By analogy
155



156 FULLY NONLINEAR PARABOLIC EQUATIONS WITH ROUGH KERNELS

with second order equations, from one expects to obtain C* interior regularity
of solutions to translation invariant elliptic equations Iu = 0 in B;. When ¢ = 2,
this is done by applying iteratively the estimate to incremental quotients of wu,
improving at each step by a the Hélder exponent in a smaller ball (see [I]). However,
in the case o0 < 2 the same iteration does not work since, right after the first step,
the L° norm of the incremental quotient of u is only bounded in B 3, and not in
the whole R™.

The previous difficulty is very related to the fact that the operator will “see”
possible distant high frequency oscillations in the exterior Dirichlet datum. In [2],
this issue is bypassed by restricting the ellipticity class, i.e., introducing a new class
Ly C Ly of operators with C! kernels (away from the origin). The additional reg-
ularity of the kernels has the effect of averaging distant high frequency oscillations,
balancing out its influence. This is done with an integration by parts argument.
Hence, the '™ estimates in [2] are “only” proved for elliptic equations with re-
spect to £, (instead of Ly).

Very recently, Kriventsov [7] succeeded in proving the same C'™* estimates for
elliptic equations of order ¢ > 1 with rough kernels, that is, for £y. The proof in
[7] is quite involved and combines fine new estimates with a compactness argument.
In [7] the same methods are used to obtain other interesting applications, including
nearly sharp Schauder type estimates for linear, non translation invariant, nonlocal
elliptic equations.

Here, we extend the main result in [7] in two ways, providing in addition a new
proof of it. First, we pass from elliptic to parabolic equations. Second, we allow
also 0 < 1, proving in this case C°~¢ regularity in space and C'~¢ in time (for all
e > 0) for solutions to nonlocal translation invariant parabolic equations with rough
kernels. Our proof follows a new method, different from that in [7]. As explained
later in this introduction, our strategy is to prove first a Liouville type theorem
for global solutions, and to deduce later the interior estimates from this Liouville
theorem, using a blow up and compactness argument. That a regularity estimate
and a Liouville theorem are in some way equivalent is an old principle in PDEs, but
here it turns out to be very useful to bypass the difficulty iterating the “nonlocal”
estimate (L.1).

Therefore, a main interest of this paper lies precisely on the method that we
introduce here. It is very flexible and can be useful in different contexts with nonlocal
equations. For instance, the method can be used to study equations which are
nonlocal also in time, and also to analyze boundary regularity for nonlocal equations
(see Remark [1.1]).

To have a local C'™* estimate for solutions that are merely bounded in R", it is
necessary that the order of the equation be greater than one. Indeed, for nonlocal
equations of order o with rough kernels there is no hope to prove a local Holder
estimate of order greater than o for solutions that are merely bounded in R™. The
reason being that influence of the distant oscillations is too strong. Counterexamples
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can be easily constructed even for linear equations. That is why the condition o > 1
is necessary for the C1 estimates of Kriventsov [7]. Also, this is why we prove C”
estimates in space only for § < o.

As explained above, the difficulty of nonlocal equations with rough kernels, with
respect to local ones, is that the estimate is not immediately useful to prove
higher order Holder regularity for solutions of Iu = 0 in B;. Recall that the classical
iteration fails because, after the first step, the L> norm of the incremental quotient
of order « is only controlled in B;/;, and not in the whole R". The idea in our
approach is that the iteration does work if one considers a solution in the whole
space. If we have a global solution u, then we can apply at every scale and
deduce that u is C'* in all space. Then, we consider the incremental quotients of
order a of u, which we control in the whole R", and we prove that u is C?®. And
so on. When this is done with estimates, taking into account the growth at infinity
of the function u and the scaling of the estimates, we obtains a Liouville theorem.
Using it, we deduce the higher order interior regularity of u directly, using a blow up
argument and compactness argument. In order to have compactness of sequences of
viscosity solutions we only need the C estimate (|1.1).

For local translation invariant elliptic equations like F'(D?*u) = 0 in By it would be
a unnecessary complication to first prove the Liouville theorem and then obtain the
interior estimate by the blow up and compactness argument in this paper. Indeed,
as said above, the iteration already works in the bounded domain B;. Nevertheless,
it is worth noting that equations of the type F(D?*u, Du,z) = 0, with continuous
dependence on x, become F(D?u) = 0 after blow up at some point. By this reason,
one can see that the second order Liouville theorem and the blow up method provide
a ' bound for solutions to F'(D*u, Du,x) = 0 in B;. However, this approach gives
nothing new with respect to classical perturbative methods (as in [1]).

For nonlocal equations, we could also have considered non translation invariant
equations —with continuous dependence on x—, and having also lower order terms.
This is because in our argument we blow up the equation. Translation and scale
invariances are only needed in the limit equation (after blow up), to which we
apply the Liouville theorem. And, in a typical situation, when one blows up a
non translation invariant equations with lower order terms one gets a translation
invariant equation with no lower order terms. Hence, in the appropriate setting, we
could certainly extend our results to these equations. In this paper, however, we do
not include this since we are not interested in pushing the method to its limits, but
rather in giving a clear example of its use.

In the following remark we give two examples of different contexts in which the
method of this paper is useful.

Remark 1.1. Nonlocal dependence also on time. Let us point out that it is not
essential to our argument that that the equation is local in time. Hence, the same
ideas could be useful when considering nonlinear parabolic-like equations which
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have a nonlocal dependence on the past time. For instance, it could be useful when
studying the nonlinear versions of the generalized master equations [4].

Boundary reqularity. A boundary version of the method in the present paper turns
out to be a powerful tool in the study of the boundary regularity for fully nonlinear
integro-differential elliptic equations; this is done in the work of Ros-Oton and the
author [§]. In this case, the Liouville theorem to be used is for solutions in a half
space {x, > 0}, which clearly corresponds to the blow up of a smooth domain at a
given boundary point. Interestingly, the possible solutions in this Liouville theorem
are not planes, but instead they are of the type c(z,)3, for some constant c¢. Once
one has this “boundary” Liouville theorem —its proof is more involved than that of
the “interior” one in this paper—, then the blow up and compactness argument in
this paper can be adapted to obtain fine boundary regularity results.

2. MAIN RESULT

The basic parabolic C* estimate on which all our argument relies has been ob-
tained by Chang and Dévila [5] —this is the parabolic version of and we state
it below.

In order that the statements of the results naturally include their classical second
order versions, it is convenient to define the ellipticity class L£y(2), as the set of
second order linear operators

Lu(x) = a;;0;;u(x)
with (a;;) satisfying
0 < cpAld < (ai;) < ¢, Ald, .

The constant ¢, is a appropriately chosen so that the operators in Ly(o) converge
to operators in L£(2) (when applied to bounded smooth functions).
Throughout the paper, w,, denotes the weight

2—0'0

Woy () = W

Theorem 2.1 (Regularity in space from [5, Theorem 5.1}). Let oo € (0,2] and
o € [09,2]. Let u € C(By x [—1,0]) with SUDe (1,0 Jpn U(T, t)wo, (7) dz < 00 satisfy
the following two inequalities in the viscosity sense

u — MIu<Cy and w— M;u>—Cy in By x (—1,0].

Then, for some a € (0,1) and C > 0, depending only on oy, ellipticity constants,
and dimension, we have

sup ul -, 1t o <C U||Loo(Byx(—1,0)) + Sup u( -, t LR g +C )
te[_l/m[( M oy <|| Lo (81 x (~1,0) te[_m]H( M L1 (& wog) + Co
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Theorem 5.1 of [5] contains also a C*/? estimate in time, for some a > 0. However,
for our argument we only need the estimate in space from [5], which is the one stated
above.

Before stating our main result let us briefly recall some definitions (translation
invariant elliptic operator, viscosity solution, etc.), which are by now standard in
the context of integro-differential equations. They can be found in detail in [2, [5].

As in [2], an operator [ is said to be elliptic with respect to Lo(o), o € [0y, 2], if

M, (v —v)(r) < Tu(z) = Tv(z) < My (u—v)(x),

for all elliptic test functions u, v at o, which are C? functions in a neighborhood of
and having finite integral against the weight w,,. Recall that I is defined as a “black
box” acting on test functions, with the only assumption that if u is a test function
at x, then Iu is continuous near . The operator we have in mind is

Tu(x) = inf sup(Lagt + cap)
> B

where L,p € Lo(0) and inf, supg cq,3 = 0.
That I is translation invariant clearly means

L(u(zo + ) (z) = (Tw)(zo + ).

The definition we use of viscosity solutions (and inequalities) for parabolic equa-
tions is the one in [5]. Namely, let f and u such be continuous functions in a
parabolic domain. Assume that [o, u(z,t)ws,(x) dz is locally bounded for all ¢ in
the domain. Then, we say that w is a viscosity solution of

u —lu=f

if whenever a test function v(x,t) touches by above (below) u at (xg,ty) we have
(vtf — Iv)(a:o,to) < f(=o,to) (>). For parabolic equations v touching u by above
at (zo,to) means v(x,t) > u(x,t) for all x € R™ and for all ¢t < ¢5. As in [5], test
functions v are quadratic functions in some small cylinder and outside they have
the same type of growth as the solutions u. That is,

v(z,t) = a;jxiw; + b, + ct +d  in the cylinder B (zg) X [to — €, to]

for some € > 0 and
(- )21 ey = / [o(, )\ () d

if locally bounded for ¢ in the domain of the equation. As explained in [5], in order to
have left continuity in time of (0, —I)v(z,t), one additionally requires test functions
to satisfy limy q, [[v(-,t) —v(+,t0)||L1(®n w,,) = 0 for all ¢y in the domain.

Our main result is the following.

Theorem 2.2. Let 0y € (0,2) and o € [0y,2]. Let u € L®(R" x (=1,0)) be a
viscosity solution of uy — lu = f in By x (—1,0], where 1 is a translation invariant
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elliptic operator with respect to the class Lo(o) with 10 = 0. Let a = a(0g) be given

by Theorem [2.1]
Then, for all e > 0, letting

f =min{o, 1+ a} —¢,

u( -, t) belongs to CP (Bl/Q) for allt € [-1/2,0], andu(z, -) belongs to C*/7 ([—~1/2,0])
for all v € Byy. Moreover, the following estimate holds

sup ||ul-,t + sup ||u(z, - . < CC,,
te[_1/270}|| ( ) ‘03(31/2) mEBWH ( >Hcm ([-1/2,0]) 0
where

Co = HUHLC’"(R"X(—LO)) + [ fllzoe (B x(-1,0))

and C' is a constant depending only on oq, €, ellipticity constants, and dimension.

3. LIOUVILLE TYPE THEOREM

As said in the introduction, Theorem [2.2) will follow from a Liouville type theorem,
which we state below, and a blow up and compactness augment.
In all the paper, given o € (0,2] and R > 0, Q% denotes the parabolic cylinder

Q% = {(z,t) : [zf| < Rand — R” <t <0}. (3.1)
For z € R" x (00, 0], the cylinder z + Q% is denoted as Q%(z).

Theorem 3.1. Let 0y € (0,2), 0 € [00,2], and a = «(og) be given by Theorem
. Let 0 < B < min{og,1 + a}. Let 1 be a translation invariant operator, elliptic
with respect to Lo(o), with 10 = 0. Assume that u in C(R™ x (—o0,0]) satisfies the
growth control

ullz~(gg) < CR®  for all R > 1 (3.2)
and that it is a viscosity solution of
ug =Iu in all of R™ x (—o0,0].

Then, if B < 1, u is constant. Andif 8 > 1, u(x,t) = a-x+b is an affine function
of the x wvariables only.

Proof. For all p > 1 consider v,(x,t) = p~Pu(px, p°t). Note that the growth control
on u is transferred to v,. Indeed,

[voll =@y = P lull = @r,) < Cp™P(pR)” = CR? for all R > 1
Hence, since 8 < oy,

sup [vo(+, 6|11 @ wng) < Cln, 0, B).
te[—1,0]

Moreover, since u is satisfies vy < Mfu and w, > M 7w in R" x (—o0,0], also v,
satisfies the same inequalities.
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By applying Theorem [2.1] to the function v, we obtain

sup  |v,( )] A <cC.
t€[71/2,0]|: ,0( )i|C (Bl/g)

Scaling back to u the previous estimate (setting p = 2'/7R) we obtain

sup |u( -, t)| < CRPF™.
te(iRU’O][ Jo (Br)

In this way for all A € R" we have an improved growth control for the incremental
quotient

~u(x 4+ h,t) —u(x,t)
Al
Namely,
H'U;LOL)HLOO(Q%) < CRP™™ forall R > 1.
Now, v,(la) satisfies again (U,Sa))t < ij,(la) and (v,(f))t > MU_U}(LQ). Hence, we may
repeat the previous scaling augment and use Theorem [2.1] to obtain
(a) B—2a
sup vy ()| <CR .
te[_Ro,O][ n )] ey

And this provides an improved growth control for

e U’(:L'_{_h?t) —U(I’,t)
U}(IQ )(x,t> = |h|2a s

that is,
052 || L gy < RP72* for all R > 1.
It is clear that we may keep iterating in this way, improving the growth control by
« at each step.
After a bounded number of N of iterations we will have (N +1)a > 1 and we will
obtain

(Na) S—Na
sup |v S e <CR ,
tE[—R",O} [ h ( )} c (BR)
which implies
[0l || e (asy < RP for all R > 1. (3.3)

As usual with fully nonlinear equations we may do a last iteration to obtain a Ot

estimate by using that U}(Ll) satisfies the two viscosity inequalities. Thus, using one

more time Theorem at every scale and (3.3) we obtain
H D, u(x + h,t) — Dyu(z,t)

e <R forall R>1.

L>(Qr)

Above D, denotes any derivative with respect to some of the space variables.
Therefore, since by assumption 5 < 1 + «, sending R * oo we obtain

D,u(x + h,t) = Dyu(z,t) for all h € R™.
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Hence, D,u depends on the variable ¢ only. But since D,u satisfies
(Dyu)y < M} (Dyu) =0 and (Dyu); > M, (Dyu) =0
then it is (D,u); = 0 in all of R” x (—o0, 0]. Therefore,
u(z,t) =a-x+(t).

Finally, since u; = Iu = 0 we have ¢(t) = b for some constant b € R. Moreover,
in the case # < 1 the growth control yields a = 0. U

4. PRELIMINARY LEMMAS AND PROOF OF THEOREM [2.2]

As said above the proof of Theorem is by compactness. The following result is
a consequence of the theory in [3] and provides compactness under weak convergence
of sequences of elliptic operators which are elliptic with respect to some Ly(0), with
o varying in the interval [0y, 2]. We use the definition from [3] of weak convergence
of operators. Namely, a sequence of translation invariant operators I, is said to
converge weakly to I if for all ¢ > 0 and test function v, which is a quadratic
polynomial in B, and belongs to L'(R", w,,), we have

L,v(z) = Iv(z) uniformly in B./s.

Lemma 4.1. Let oq € (0,2), 0., € [00,2], and 1,,, such that

e 1., is translation invariant and elliptic with respect to Lo(oy,)-
e [,0=0.

Then, a subsequence of 0, — o € [00,2| and a subsequence of 1,, converges weakly
to some translation invariant operator 1 elliptic with respect to Lo(o).

Proof. We may assume by taking a subsequence that o, — o € [0y, 2]. Consider the
class £ = J,¢[py.2) Lo(0). This class satisfies Assuptions 23 and 24 of [3]. Also, each
I,,, is elliptic with respect to £. Hence using Theorem 42 in [3] there is a subsequence
of I, converging weakly (with respect to the weight w,,) to a translation invariant
operator I, also elliptic with respect to £. To see that I is in fact elliptic with
respect to Lo(o) C L we just observe that for test functions w and v that are
quadratic polynomials in a neighborhood of x and that belong to L'(R",w,,), the
inequalities
M, v(z) < Ly(u+v)(z) — Iyu(z) < M v(z)
pass to the limit to obtain
M;v(x) < I(u+v)(x) — Tu(z) < Mv(z).
O

The following result from [0] is a parabolic version of Lemma 5 in [3]. It is the
basic stability result which is needed in compactness arguments.
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Lemma 4.2 (Reduced version of [0, Theorem 5.3]). Let R > 0, T' > 0, and 1,,, be

a sequence of translation invariant elliptic operators. Let u,, € C(B_R x [T, O]) be
viscosity solutions of

Oty — Lty = frn  in Br x (=T,0].
Assume that

L, =1 weakly with respect to wy,,
U (2, 1) — u(x,t)  uniformly in Br x [T, 0],
sup / | — u|(z, t)we, () dz — 0,
te[-T.,0] JR"
and
fn — 0 uniformly in Bg x [~T,0].
Then, u is a viscosity solution of Opu = Iu in B x (=T,0].

The following useful lemma states that if in a sequence of nested sets a function
u is close enough to its “least squares” fitting plane, then u is C% with 8 € (1, 2).

Lemma 4.3. Let o € (1,2], f € (1,0), and let u be a continuous function belonging
to L®(Qx), where Qoo = R™ X (—00,0]. For z = (2/,z,11) € R" X (—00,0] and
r > 0, define the constant in t affine function

boo(z,t) :=a" - (z—2) + b, (4.1)
where
J. ) (s — 2z) dx dt
* % _ JQg(2) LU ' ! ;
al =aj(r,z) = ng o= oidudi 1<i<n, (4.2)
and
b* =0b"(r,2) = / u(z,t) dz dt, (4.3)
7(2)
where Q7 (z) was defined in (3.1) Equivalently,
(a*,b*) = arg min/ (u(z,t) —a-(z—2)+ 6)2 dx dt.
7(2)
If for some constant Cy we have
-8
up sup v [t = bzl e o sy < Cos (4.4)
where Q172 = Bijs x (—1/2,0], then
te[&i% O}HU Hcff (B1/2) + SuRQHU ”Oﬁ/ff (-1/2, o]) (HUHL‘X’ (Qeo) +CO) (4.5)

where C' depends only on .
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Proof. We may assume ||u|z~(g.) = 1. Recall the definition of Q7 in (3.1)). Note
that (4.4]) implies that for all z € Q1/2, r > 0, and Z € Q7(z) we have

022 (2) = €,2(2)| < |u(Z) — oy (2)] + [u(Z) — €,,.(2)]
S CC()T‘B.
But this happening for every z € Q7(z) means
a*(2r,z) — a*(r, z)| < CCorP=1

and

b*(2r, 2) — b*(r,z)| < CCor”.
In addition since ||u||r~(g..) = 1 we clearly have that
la*(1,2)| < C and |b*(r,2)] <1 forallr>0. (4.6)
Since § > 1 this implies the existence of the limits
a(z) == }}{%a (r,z) and b(z):= ll\f(l(l)b (1, 2).

Moreover,

o0

‘a(z) —a*(r, z)| < Z

m=0

a* (27", z) — a* (27", 2))

<Y CC It < C(B)Cor
m=0

And similarly
b(z) — b(r, 2)| < C(8)Cor”.
Using (4.6 we obtain
la(z)] < C(B)(Co+1) and |b(z)] < 1. (4.7)

We have thus proven that for all z € @)1/, there are a(z) € R™ and b(z) € R
satisfying the bounds (4.7)) such that for all r > 0

|u—a(z) z— b(z)HLm(Qg(z)) < C(B)Cor”

This implies that u is differentiable in the x directions, that a(z) = D,u(z) and
b(z) = u(z), and that (4.5 holds. d

The following standard lemma will be used to show that rescaled functions in the
blow up argument also satisfy elliptic equations with the same ellipticity constants.

Lemma 4.4. Let 0 > 1 and I be a translation invariant operator with respect to
Lo(o) with 10 = 0. Given xg € R*, r >0, ¢ >0, and {(x) = a-x + b, define I by

i<w(wo+r-)—€(:vo+r~)> r

. :?(Iw)(xg—l—r-).
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Then 1 is also translation invariant and elliptic with respect to Lo(o) (with the same
ellipticity constants) with 10 = 0.

Proof. We have

fu(z) = 1 <cu ( - x0> +€(-)) (2o + 77)

C r

_ gl (cu ( ;xo)) (20 + ),

where we have used M ¢ = M_{ = 0.

We clearly see from the second expression that I is translation invariant.
Also,

fo="10=0.
C

Moreover,

{Tu —Tv}(x) :%{1 (cu( —Txo) +£) —I<cv(' —r$0) +£>}(xo+m)
() () e

= M (u—v)(x),

since T is elliptic with respect to Lo(o) and M} is translation invariant, positively
homogeneous of degree one, and scale invariant of order ¢. Similarly,

M, (u—v)(x) < {iu - Iv}(w)
U

The following proposition immediately implies Theorem [2.2] However the state-
ment of the proposition is better suited for a proof by contradiction.

Proposition 4.5. Let 0y € (0,2) and o € [09,2]. Let u € L®(R" x (—1,0)) be a
viscosity solution of uy — lu = f in By x (—1,0], where 1 is a translation invariant
elliptic operator with respect to the class Lo(o). Let a = a(og) be given by Theorem

21

Then, for all B < min{oo, 1+a}, u(-,t) belongs to C? (By2) for allt € [-1/2,0],
and u(x, -) belongs to CP/7 ([—1/2,0]) for all x € Bysy. Moreover, the following
estimate holds

te[s—li%,O}HU( ' 7'5)\\06(31/2) " gc?éi“u(x’ Messorr/20y < €0

where
Co = [[uf| Lo @nx(—1,0)) + 1l (B1x(~1,0))
and C depends only on og, B, ellipticity constants, and dimension.
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Proof. For r € (0, +00], we denote
Q. = B, x (—r,0].

Note that we may consider u to be defined in the whole (), and not only in R x
(—1,0] by extending u by zero. This is only by notational convenience and there is
no difference in doing it since the equation is local in time and its domain will still
be Ql-

The proof is by contradiction. Suppose that the statement is false, i.e., there are
sequences of functions uy, fi, operators I, and orders oy € [0, 2] such that

° 8tuk — Ikuk = fk n Bl X (—1,0]
e I, is translation invariant and elliptic with respect to Ly(oy)
o [lullL(@u) + I fell (@) = 1 (by scaling to make Cyp = 1)

but

sup ||ug(-,1) + sup ||ug(x, )| 500 o0, (4.8)
te[—1/2,0]|| HCB(BUQ) xeBl/QH Hcﬂ/ k([—1/2,0])
We split the proof in two cases: 09 < 1 and og > 1.

Case 0y < 1. Since in this case we have § < 1, (4.8)) is equivalent to

sup sup sup r_5||uk — Uy, = 0. (4.9)

z 0o (NC
k' 1>0 2€Qq /2 ( )HL @%@

Define the quantity

O(r) :=supsup sup () P||lux — ur(2)|| o/ ’
(r) kpr’zprzEQFﬂ( : H ol )”L (9:+)

which is monotone in . Note that we have ©(r) < oo for r > 0 and ©(r) " oo as
r ¢ 0. Clearly, there are sequences 1, ~\, 0, and k,,, and z,, € Q1/, for which

(Tm)_ﬂ |ur,, — U, (Zm)HLoo(Q‘T’Zm (2m)) > O(rm)/2. (4.10)

In this situation, let us denote z,, = (T, tm), Om = 0,,, and consider the blow
up sequence

Uky, (T + Tty 4 (1) 7™ t) — ug,, (2m)

(7m)PO(1m)

Um(z,t) =
Note that we will have, for all m > 1,
U (0) =0 and  ||vy,||Le(g,) > 1/2. (4.11)

The last inequality is a consequence of (4.10)
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For all R > 1, v, satisfies the growth control

1
[Vl oo (@omy = m““km - ukm(zm)”Lm(Q:::R(zm))

RS
= —@(Tm)(TmR)ﬁ ||Ukm — Uk, (Zm)HLoo (Qemp(zm)) (4.12)
RPO(r,,R)
O(rm)
<R,

where we have used the definition of O(r) and its montonicity.
For all fixed p < (1 —277°)/r,, / oo, then v, solves

(7im) ™
(Tm)PO(rm)

where 1,,, is the operator I, appropriately rescaled. More precisely, given an elliptic
test function w : R™ — R it is

A T NS SR
Im< (7m)PO(rm) )_ ()P0 (1) (L) (+)-

By the proof of Lemma L, is elliptic with respect to Lo(o,,) with the same
ellipticity constants.

Note that since § < 0y < 0y, and O(r,,) oo, the right hand sides of
converge uniformly to 0, and in particular they are uniformly bounded. Then, using
the C* estimate in Theorem [2.1] (rescaled) in every cylinder B, x (—p”,0], p > 1,
we obtain a subsequence v,, converging locally uniformly in all of R™ x (—o0, 0] to
some function v. Note that, although these C'* estimates for v,, clearly depend on
p, the important fact is that they are independent of m. This is enough to obtain
local uniform convergence by the Arzela-Ascoli Theorem and the typical diagonal
argument. Moreover, since all the v,,’s satisfy the growth control

(@vm—imvm) (x,t) = f(@m+7- ty+17"t) in B, x (—p’,0], (4.13)

vaHLOO(Q;O) S ||Um||Loo(QCIT%m) S RB

and 3 < 0p, by dominated convergence we obtain that

sup /‘vm —v|(z, t)we, (z) dz — 0.
|

te[—p0,0

In addition, by Lemma there is a subsequence of I, which converges weakly
to some operator I, translation invariant and elliptic with respect to Lo(o) for some
o € [00,2] in every ball Bg. Hence, it follows from Lemma that v satisfies

v, —Iv =0 inall of R" x (—00,0].

On the other hand, by local uniform convergence, passing to the limit the growth
controls ([4.18) for each v, we obtain that |[v||z=(qs) < R’. Hence, by Theorem
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v must be constant. But passing (4.11) to the limit we obtain v(0) = 0 and
|v]| eo(@,) = 1/2 and hence v is not constant; a contradiction.

Case o9 > 1. In this case it is enough to consider 1 < 8 < min{og, 1 + a}. By

Lemma (4.8) implies

supsup sup T_5||uk
k r>0 Z€Q1/2

- fk,r,zlle(Q;k(z)) = (4.14)

where, as in Lemma Uk is the affine function of the variables x only which
best fits ug in Q7%(z) by least squares. Namely,
Uero(x) = a*(kyry2) - (x = 2) + 0" (k, 7, 2)
for
(a*(k,r, 2),b"(k,r, z)) = arg min, y)crnxgr /Q;’k(z)

where 2’ denotes the first n components of z.
Now we define the quantity

(ur(z,t) —a-(z—2")+ b)2d:€dt,

O(r) :=supsup sup (r’)_ﬂHuk — Uy

s sup (a7t )"

which is monotone in 7. Notice that we have O(r) < oo for r > 0 and O(r) 0o
as 7 \( 0. Again, there are sequences r,, \ 0, and k,,,, and z,, € Q)12 for which one
(or more) of the following three possibilities happen

() ™ Nt = Lzl | o (78 () = O () /2 (4.15)

We then denote z, = (T, tm); Om = Ok, b = L. and consider the blow

up sequence

Tm,Zm?

ukm — fm

’Um(fE, t) = <m) (.Z'm —+ 'm@, tm + (Tm)a'mt).
Note that we will have, for all m > 1,

/ U dx dt =0, / Upx;drdt =0, 1 <i<n, (4.16)
1 1

which are the optimality conditions of least squares.
Translating (4.15)) to v, we obtain that
[Vm | oo () = 1/2 (4.17)

Next we prove the growth control

[0m | Lo @gmy < CRP, for all R > 1.
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Indeed, for all k, z € @1/, and " > r we have, by definition of ©(r), By definition
of ©, for all z € Q1/2, 7 >0, and Z € Q;f(z) we have

|l 2(2) = i 2 (2)] < [u(2) = bror 2(2)] + |u(2) = £2(2))]
< CO(r)(r)”.
This happening for all Z € Q7F(z) implies
"Na*(k,2r", z) —a*(k,r’, z b*(k, 21", z) — b*(k,r’, 2
(7(;%@@f7 e | (7(%;90577)’§0
And thus, setting R = 2V, where N > 1 is an integer, we have
rla*(k, Rr, z) — a*(k,r, z) 2r|a*(k, 27 r, 2) — a*(k, 277, 2)|

97 (B=1) :
rfO(r) ¢ Z (27r)PO(r)
302 N — CcRP L.
Similarly,
|b*(k, Rr,z) — b*(k,r,2)|
< CR".
rBO(r) = CR
Therefore, for all R > 1
Jomli @z = g 1t = G
PSR T (1 )BO () 1 T Tz L (@ ()
< il = o +
= (rn)PO () I e L2 (QR (o)
1 4.18
i L S N R
RPO(Rr,,)
oy oRP
= T 00 +
< CR’,
Next, for all fixed p < (1 —279)/r,, / 00, v, solves
~ T ) o™ o . o
(@Um - Imvm) (:E?t) - (Tri)ﬂ(z)(rm)f(xm ety (Tm) mt) n Bp X (—P ’ O] )

i (4.19)
where I,,, is defined by

s (W@ AT ) = L (T T )\ ()T .
Im( (7m)PO (1) ) ~ (rm)PO(r) (Lo, w) ()

By Lemma [4.4{I,, is elliptic with respect to Lo(o,,),-

As a consequence, repeating the reasoning in the first part of the proof, a sub-
sequence of vy, converges locally uniformly in R™ x X (—00,0] to a function v which
satisfies v, = Iv for some I in translation invariant and elliptic with respect to Lo(o)




170 FULLY NONLINEAR PARABOLIC EQUATIONS WITH ROUGH KERNELS

with o € |00, 2]. Hence, v satisfies the limit growth control of the v,,’s, and thus by

Theorem v =a-x+ b But passing (4.16) and (4.17) to the limit we reach a

contradiction. O
We finally give the

Proof of Theorem [2.9. Let § = €/4 and divide |09, 2] into N = [(2—0¢)/d] intervals
0j,0i41] , 7 =0,1,2,..., N, where oy =2 and 0 < 0,41 — 0; < 0. For each of the
intervals [0}, 0;41] we use Proposition , with o replaced by o;. We obtain that
the estimate of the Proposition holds for § = min{c;, 1+ a} —§ with a constant C;
that depends only 9, o;, ellipticity constants, and dimension. In particular, given
o € |00, 2] the estimate of the Theorem holds for all 5 < min{o, 1+ a — 26} with
constant C' = max C}. U
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BOUNDARY REGULARITY FOR FULLY NONLINEAR
INTEGRO-DIFFERENTIAL EQUATIONS

XAVIER ROS-OTON AND JOAQUIM SERRA

ABSTRACT. We study fine boundary regularity properties of solutions to fully
nonlinear elliptic integro-differential equations of order 2s, with s € (0, 1).

We consider the class of nonlocal operators £, C Ly, which consists of all
the infinitesimal generators of stable Lévy processes belonging to the class £y of
Calffarelli-Silvestre. For fully nonlinear operators I elliptic with respect to L., we
prove that solutions to Iu = f in Q, u = 0 in R \ Q, satisfy u/d* € C*~¢(Q) for
all € > 0, where d is the distance to 02 and f € L*°.

We expect the Holder exponent s — € to be optimal (or almost optimal) for
general right hand sides f € L®. Moreover, we also expect the class L, to be the
largest scale invariant subclass of L for which this result is true. In this direction,
we show that the class Ly is too large for all solutions to behave like d®.

The constants in all the estimates in this paper remain bounded as the order
of the equation approaches 2.
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1. INTRODUCTION AND RESULTS

This paper is concerned with boundary regularity for fully nonlinear elliptic
integro-differential equations.

Since the foundational paper of Caffarelli and Silvestre [I4], ellipticity for a non-
linear integro-differential operator is defined relatively to a given set L of linear
translation invariant elliptic operators. This set L is called the ellipticity class.

The reference ellipticity class from [14] is the class Ly = Ly(s), containing all
operators L of the form

bue) = [ (MEEEEHEE ) K dy (1)

with even kernels K(y) bounded between two positive multiples of (1 — s)|y|™""2%,
which is the kernel of the fractional Laplacian (—A)®.
In the three papers [14] [15] [16], Caffarelli and Silvestre studied the interior regu-

larity for solutions u to
{ Iu = f inQ (1.2)

u = g inR"\Q

being I a translation invariant fully nonlinear integro-differential operator of order 2s
(see the definition later on in this Introduction). They proved existence of viscosity
solutions, established C''™* interior regularity of solutions [14], C?*™* regularity in
case of convex equations [16], and developed a perturbative theory for non trans-
lation invariant equations [I5]. Thus, the interior regularity for these equations is
well understood.

However, very little is known about the boundary regularity for fully nonlinear
problems of fractional order.

When T is the fractional Laplacian —(—A)*, the boundary regularity of solutions
u to is now well understood. The first result in this direction was obtained by
Bogdan, who established the boundary Harnack principle for s-harmonic functions
[5] —i.e., for solutions to (—A)*u = 0. More recently, we proved in [45] that if
feL® g=0, and Q is O then u € C*(R") and u/d® € C*(f) for some
small @ > 0, where d is the distance to the boundary 0f2. Moreover, the limit of
u(z)/d*(z) as © — 0N is typically nonzero (in fact it is positive if f < 0), and thus
the C° regularity of u is optimal. After this, Grubb [23] showed that when f € C”
with 8 > 0 (resp. f € L), g =0, and © is smooth, then u/d* € C5+5=¢(Q) (resp.
u/d® € C5¢(Q)) for all € > 0. In particular, f € C* leads to u/d* € C*°(Q). Thus,
the correct notion of boundary regularity for equations of order 2s is the Holder
regularity of the quotient u/d®.

The results of Grubb [23] apply not only to the fractional Laplacian, but to all
linear pseudo-differential operators of order 2s satisfying the so called p-transmission

property. As explained later on in this Introduction, these results apply in particular
to linear equations with operators of the form ((1.3)-(1.4) whenever a € C>(S™1).
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Here, we obtain boundary regularity for fully nonlinear integro-differential prob-
lems of the form (|1.2)) which are elliptic with respect to the class £, C Ly defined
as follows. L, consists of all linear operators of the form

2 g

with
a € L®(S" 1) satisfying a(f) =a(—0) and A <a <A, (1.4)

where 0 < A < A are called ellipticity constants. The class £, consists of all
infinitesimal generators of stable Lévy processes belonging to £y. Our main result
establishes that when f € L, g = 0, and Q is O, viscosity solutions u satisfy

u/d® € C°7¢(Q) for all € > 0. (1.5)

We also obtain boundary regularity for problem ([1.2)) with exterior data g € C?,
and also for non translation invariant operators J(u, ).

We believe the Holder exponent s — € in to be optimal (or almost optimal)
for merely bounded right hand sides f. Moreover, we expect the class L, to be the
largest scale invariant subclass of £y for which this result is true.

For general elliptic equations with respect to Ly, no fine boundary regularity
results like hold. In fact, the class Ly is too large for all solutions to be
comparable to d® near the boundary. Indeed, we show in Section 2 that there are

powers 0 < 1 < s < 3 for which the functions (z,)”" and (z,)7 satisfy

Mzo(xn)il =0 and Mgo(xn)ﬁf =0 in {z, >0},

where M/ and My are the extremal operators for the class Lo; see their definition
in Section 2. Hence, since (—A)*(z,)% = 0 in {x, > 0}, we have at least three
functions which solve fully nonlinear elliptic equations with respect to £y but which
are not even comparable near the boundary {z,, = 0}. As we show in Section 2, the
same happens for the subclasses £; and Ly of Ly, which have more regular kernels
and were considered in [14] [15], 16].

1.1. The class L,. The class L, consists of all infinitesimal generators of stable
Lévy processes belonging to £y. This type of Lévy processes are well studied in
probability, as explained next. In that context, the function a € L>°(S™"™1) is called
the spectral measure.

Stable processes are by several reasons a natural extension of Gaussian pro-
cesses. For instance, the Generalized Central Limit Theorem states that the dis-
tribution of a sum of independent identically distributed random variables with
heavy tails converges to a stable distribution; see [47], [33], or [3] for a precise
statement of this result. Thus, stable processes are often used to model sums
of many random independent perturbations with heavy-tailed distributions —i.e.,
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when large outcomes are not unlikely. In particular, they arise frequently in finan-
cial mathematics, internet traffic statistics, or signal processing; see for instance
[42, 134, (351, 37, B8, 39, [1I, 29], 41], 26] and the books [36, [47].

Linear equations Lu = f with L in the class £, have been already studied,
specially by Sztonyk and Bogdan; see for instance [55] [0, 43 [7, 8, 56]. Although
there were some results on the boundedness of u/d®, the Holder regularity for the
quotient u/d* was not known. When the spectral measure a in (L.3)-(1.4) belongs
to C>=(S™1), the regularity of u/d* follows from the recent results of Grubb [23].

Notice that all second order linear uniformly elliptic operators are recovered as
limits of operators in £, = L,(s) as s — 1. In particular, all second order fully
nonlinear equations F'(D?u,z) = f(x) are recovered as limits of the fully nonlinear
integro-differential equations that we consider. Furthermore, when s < 1 the class
of translation invariant linear operators L, (s) is much richer than the one of second
order uniformly elliptic operators. Indeed, while any operator in the latter class is
determined by a positive definite n x n matrix, a function a : S»~! — R is needed
to determine an operator in L,(s).

A key feature of the class L, for boundary regularity issues is that

L(x,)} =0 in {x, >0} forall L € L,.

This is essential first to construct barriers which are comparable to d*, and later to
prove finer boundary regularity.

1.2. Equations with “bounded measurable coefficients”. The first result of
in this paper, and on which all the other results rely, is Proposition [I.1] below.
Here, and throughout the article, we use the definition of viscosity solutions and
inequalities of [I4]. Moreover, for r > 0 we denote
Bf=B.,Nn{z, >0} and B. = B,N{z, <0},

and the constants A and A in (1.4]) are called ellipticity constants.
The extremal operators associated to the class L, are denoted by M ZF and M. ,

M}uw=sup Lu and M, u= inf Lu.
ﬁ* L*
LeL, LeL

Note that, since L, C Lo, then M, < M, < M/ < MZO.

Proposition 1.1. Let sy € (0,1) and s € [so,1). Assume that u € C(B;) N L®(R")
1S a viscosity solution of

Mz*u > —Cy in B
M, u < Cy in By (1.6)
u =20 in By,

for some nonnegative constant Cy. Then, u/z5 is Ca(Bfr/z) for some a > 0, with
the estimate

/a5 lloa sy, < € (Co+ lulle@n) - (1.7)
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The constants a and C' depend only on n, sg, and the ellipticity constants.

It is important to remark that the constants in our estimate remain bounded as
s — 1. This means that from Proposition [1.1/ we can recover the classical boundary
Harnack inequality of Krylov [31].

The estimate of Proposition [1.1|is only a first step towards our results. It is ob-
tained via a nonlocal version of the method of Krylov [31] for second order equations
with bounded measurable coefficients; see also Section 9.2 in [I0]. This method has
been adapted to nonlocal equations by the authors in [45], where we proved estimate
for the fractional Laplacian (—A)* in C*!' domains.

As explained before, our main result is the C*~¢ regularity of u/d* in C*! do-
mains for solutions u to fully nonlinear integro-differential equations (see the next
subsection). Thus, for solutions to the nonlinear equations we push the small Holder
exponent a > 0 in (1.7 up to the exponent s — e in (1.5)). To achieve this, new
ideas are needed, and the procedure that we develop differs substantially from that
in second order equations. We use a new compactness method and the “bound-
ary” Liouville-type Theorem [I.5 stated later on in the Introduction. This Liouville
theorem relies on Proposition [1.1]

1.3. Main result. Before stating our main result, let us recall the definition and
motivations of fully nonlinear integro-differential operators.

As defined in [14], a fully nonlinear operator I is said to be elliptic with respect
to a subclass £ C Ly when

M; (u—v)(x) < Tu(z) - To(x) < M (u—v)(x)

for all test functions w,v which are C? in a neighborhood of x and having finite
integral against wy(z) = (1 — s)(1 + |z|7"~2*). Moreover, if

[u(zo +-)) () = (Iu) (2o + 2),

then we say that I is translation invariant.

Fully nonlinear elliptic integro-differential equations naturally arise in stochastic
control and games. In typical examples, a single player or two players control some
parameters (e.g. the volatilities of the assets in a portfolio) affecting the joint dis-
tribution of the random increments of n variables X (¢) € R™. The game ends when
X (t) exits for the first time a certain domain €2 (as when having automated orders
to sell assets when their prices cross certain limits).

The wvalue or expected payoff of these games u(x) depends on the starting point
X (0) = x (initial prices of all assets in the portfolio). A remarkable fact is that
value u(z) solves an equation of the type Iu = 0, where

Iu(z) = sup(Lau+c,) or Tu(z)= i%f sup (Lagt + Cag). (1.8)
The first equation, known as the Bellman equation, arises in control problems (a

single player), while the second one, known as the Isaacs equations, arises in zero-sum
games (two players). The linear operators L, and L,z are infinitesimal generators
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of Lévy processes, standing for all the possible choices of the distribution of time
increments of X (t). The constants ¢, and c,p are costs associated to the choice of
the operators L, and L,g. More involved equations with zeroth order terms and
right hand sides have also meanings in this context as interest rates or running
costs. See [11], 52, [40} 20}, 14], and references therein for more information on these
equations.

When all L, and L,z belong to L., then are fully nonlinear translation
invariant operators elliptic with respect to L,, as defined above.

A fractional Monge-Ampere operator has been recently introduced by Caffarelli-
Charro [12]. It is a fully nonlinear integro-differential operator which, by the main
result in [12], is elliptic with respect to £, whenever the right hand side is uniformly
positive.

The interior regularity for fully nonlinear integro-differential elliptic equations
was mainly established by Caffarelli and Silvestre in the well-known paper [14].
More precisely, for some small o > 0, they obtain C'™* interior regularity for fully
nonlinear elliptic equations with respect to the class £, made of kernels in £y which
are C'! away from the origin. For s > %, the same result in the class £y has been
recently proved by Kriventsov [30]. These estimates are uniform as the order of
the equations approaches two, so they can be viewed as a natural extension of the
interior regularity for fully nonlinear equations of second order. There were previous
interior estimates by Bass and Levin [4] and by Silvestre [49] which are not uniform
as the order of the equation approaches 2. An interesting aspect of [49] is that
its proof is short and uses only elementary analysis tools, taking advantage of the
nonlocal character of the equations. This is why same ideas have been used in other
different contexts [18, [51].

For convex equations elliptic with respect to Lo (i.e., with kernels in £y which
are C? away from the origin), Caffarelli and Silvestre obtained C?*™® interior reg-
ularity [16]. This is the nonlocal extension of the Evans-Krylov theorem. Other
important references concerning interior regularity for nonlocal equations in nondi-
vergence form are [44] 27, 19, 2 25].

To give local boundary regularity results for C*! domains it is useful the following:

Definition 1.2. We say that " is C*! surface with radius py > 0 splitting B; into
Q* and Q~ if the following happens.

e The two disjoint domains Q* and Q= partition By, i.e., By = Q+t U Q-.

e The boundary T' := Q" \ 9B, = 92~ \ 9B, is C™! surface with 0 € T..

e All points on I'N m can be touched by two balls of radii py, one contained
in Q% and the other contained in Q.

Our main result reads as follows.

Theorem 1.3. Let I be a OVt surface with radius py splitting By into QF and Q~;
see Definition[1.4 Let d(x) = dist (z,T).
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Let sg € (0,1) and s € [so,1). Assume that 1 is a fully nonlinear and translation
invariant operator, elliptic with respect to L.(s), with 10 = 0. Let f € C’(Q+), and
u € L*(R") N C(QF) be a viscosity solution of

Iu=f in QF
u=20 m Q7.

Then, u/d* belongs to C"S_G(QJr N Bl/2> for all € > 0 with the estimate
oy

Cs<(QtNBy2) < C(HUHLOO(R”) + ||f||L°°(Q+))7
where the constant C' depends only on py, so, €, ellipticity constants, and dimension.

Remark 1.4. As in the case of the fractional Laplacian, under the hypotheses of
Theorem we have that u € C* (Q+ N Bl/g), with the estimate ||u O3 (B, 1) S

C (||l o @ny + || fl| oo (+)) - Indeed, one only needs to combine the interior estimates
in [14, 130, 48] (stated in Theorem [2.6) with the supersolution in Lemma [3.3] exactly
as we did in [45, Proposition 1.1] for (—A)®.

It is important to notice that our result is not only an a priori estimate for
classical solutions but also applies to viscosity solutions. For local equations of
second order F(D?u, Du,z) = f(x), the boundary regularity for viscosity solutions
to fully nonlinear equations has been recently obtained by Silvestre-Sirakov [53].
The methods that we introduce here to prove Theorem can be used also to give
a new proof of the results for such second order fully nonlinear equations; see Section
for more details.

Besides its own interest, the boundary regularity of solutions to integro-differential
equations plays an important role in different contexts. For example, it is needed in
overdetermined problems arising in shape optimization [21}, 22] and also in Pohozaev-
type or integration by parts identities [46]. Moreover, boundary regularity issues
appear naturally in free boundary problems [13] [50].

Theorem is, to our knowledge, the first boundary regularity result for fully
nonlinear integro-differential equations. It was only known that solutions u to these
equations are C'* up to the boundary for some small a > 0 (a result for u but not
for the quotient u/d®). For solutions u to elliptic equations with respect to L., our
result gives a quite accurate description of the boundary behavior. Namely, u/d® is
C?*~¢ for all € > 0, where d is the distance to the boundary.

This result is close to being optimal, at least when the right-hand sides f are
just bounded. Indeed, let us compare it with the best known boundary regularity
results for the fractional Laplacian (—A)®, due to Gerd Grubb [23]. These results
use powerful machinery from Hormander’s theory. One of the main results in [23]
applies to solutions u of the linear problem

—A)u = f in U
{( n in R"\ U (1.9)
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in a C* domain U. It states that if f is O for some B € (0, +oc] (vesp. f €
L>®), then u/d® is also C#T*~¢ (resp. C*¢) up to the boundary for all € > 0.
These estimates in Holder spaces are actually particular cases of sharp estimates
in Hormander’s p-spaces. These remarkable results are a major improvement of
the previously available results by the authors [45]. The results in [23] apply to all
pseudo-differential operators satisfying the so called u-transmission property. In case
of linear operators of the form (L.3)-(1.4)), the p-transmission property is satisfied
when a € C®(S™1); see also [24]. Of course, these techniques are only available for
linear operators, while our results are for fully nonlinear equations. We find thus
interesting to have reached, when f is just L>°, the same boundary regularity as in
[23].

In a future work we plan to use the methods of the present paper to obtain higher
order Hélder regularity of u/d® for solutions to linear equations with f € C* in C*+2
domains.

1.4. A Liouville theorem and other ingredients of the proof. Theorem
follows by combining an estimate on the boundary, below, with the known
interior regularity estimates in [I4, 30]. The estimate on the boundary reads as
follows. If u satisfies the hypotheses of Theorem then for all z € I'N m there
exists Q(z) € R for which

‘u(:r) —Q(2)((z — 2) - I/(Z))i‘ < Clz — 2> forall z € By. (1.10)

Here, v(2) is the unit normal vector to I' at z pointing towards Q7.

Our proof of differs substantially from boundary regularity methods in
second order equations. A main reason for this is not only the nonlocal character of
the estimates, but also that tangential and normal derivatives of the solution behave
differently on the boundary; recall that the solution is C'* but cannot be Lipschitz
up to the boundary.

The estimate on the boundary relies heavily on two ingredients, as explained
next.

The first ingredient is the following Liouville-type theorem for solutions in a half
space.

Theorem 1.5. Let u € C(R") be a viscosity solution of
Iu=0 in {zr,>0}
w=0 in {x, <0}

where 1 is a fully nonlinear and translation invariant operator, elliptic with respect
to L. and with 10 = 0. Assume that for some positive 5 < 2s, u satisfies the growth
control at infinity
ull oo (Bry < CRP for all R > 1. (1.11)
Then,
u(e) = K(z,)}
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for some constant K € R.

To prove Theorem [I.5] we apply Proposition to incremental quotients of u in
the first (n — 1)-variables. After this, rescaling the obtained estimates and using
(1.11), we find that such incremental quotients are zero, and thus that u is a 1D
solution. Then, we use that for 1D functions all operators L € L, coincide up
to a multiplicative constant with the fractional Laplacian (—A)*; see Lemma [2.1]
Therefore, we only need to prove a Liouville theorem for solutions to (—A)*w = 0 in
R., w = 0in R_ satisfying a growth control at infinity, which is done in Lemma/5.2]

The second ingredient towards is the following compactness argument.
With u as in Theorem we suppose by contradiction that does not hold,
and we blow up the fully nonlinear equation at a boundary point (after subtracting
appropriate terms to the solution). We then show that the blow up sequence con-
verges to an entire solution in {z - v > 0} for some unit vector v. For this, we need
to develop a boundary version of a method introduced by the second author in [4§].
The method was conceived there to prove interior regularity for integro-differential
equations with rough kernels. Finally, the contradiction is reached by applying the
Liouville-type theorem stated above to the entire solution in {z - v > 0}.

These are the main ideas used to prove . A byproduct of this blow-up
method is that the same proof yields results for non translation invariant equations;
see Theorem [L.G] below.

Finally, Theorem follows by combining with the interior regularity es-
timates in [14], 30].

1.5. Non translation invariant equations. An interesting feature of the blow
up and compactness argument used in this paper is that it allows to deal also with
equations depending continuously on the x variable. For example, consider

J(u,z) = f(z) in QF,

where J is an operator of the form

J(u,x) = i%f sup ( Rn{u(x +y) +ulz —y) — 2u(z) } Kog(z,y) dy + Ca5($)) :

[0}

(1.12)

The kernels K,z are of the form
Kasla,y) = (1 — 5“2/ ol) (1.13)

|y[t2s
and satisfy, for all a and S,
A A

0< ——— < Kug(z,y) < for all z € Q7 and y € R", 1.14
|y|n+25 ﬁ( ) |y|n+25 ( )
irﬁlfsup cop(z) =0 forall z € QF, llcagllLe < A (1.15)

and
|@ap(21,0) — aap(z2,0)| < p(lzr — 22l) (1.16)



182 BOUNDARY REGULARITY FOR INTEGRO-DIFFERENTIAL EQUATIONS

for all z1, 25 € QT and 6 € S"!, where p is some modulus of continuity.
As proved in [15], the operator J defined above satisfies the ellipticity condition

My (u—v)(x) < T(u,z) —I(v,2) < ME (u—v)(z).

The assumption (1.15)) guarantees that J(0,z) = 0.
The following is our result for non translation invariant equations. In this result,
we also consider a nonzero Dirichlet condition g(x).

Theorem 1.6. Let ' be a CYt hypersurface with radius py > 0 splitting By into QF
and Q)™ ; see Definition [1.3
Let so € (0,1) and s € [sg,1). Assume that T is an operator of the form (1.12)-
(L16). Let f € C(QF), g € C*By), and u € L¥(R") N C(QF) be a viscosity
solution of
J(u,x) = f(x) in QF
u = g(z) in Q.

Then, given € > 0, for all z € I' N By, there exists Q(z) € R with |Q(z)| < CCy
for which

u(z) — g(z) — Q=) ((z — z) - V(Z))j_ < CCylx — 2[*¢ for allz € By,

where
Co = || fllzee@ty + lgllc2my) + [[w] Lo mmy

and v(z) is the unit normal vector to T at z pointing towards Q™. The constant C
depends only on n, py, So, €, p, and ellipticity constants.

In case g = 0, the proof of Theorem [1.6]is almost the same as that of Theorem [I.3]
On the other hand, the full Theorem follows from the case g = 0 by applying it
to the function v =u — g.

In Theorem , the C? norm of g may be replaced by the C?*7¢ norm for any
€ > 0. This easily follows from the proof of the result.

Remark 1.7. When the kernels K,3 belong to £, interior regularity estimates for
the operators J are proved in [15]. For operators J elliptic with respect to Lo, these
interior estimates can be proved by using the methods of the second author [48].
Once proved these interior estimates, it follows from Theorem that (u—g)/d® €
C*=“(2* N By/2), as in Theorem .

The paper is organized as follows. In Section 2] we give some important results
on L, and Ly. In Section [3| we construct some sub and supersolutions that will be
used later. In Section [4] we prove Proposition [L.I} In Section [p] we show Theorem
[1.5] Then, in Section [6] we prove our main result, Theorem [I.3] Finally, in Section
we prove results for non-translation-invariant equations.
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2. PROPERTIES OF L, AND L,

This section has two main purposes: to show that the class £, C Ly is the appro-
priate one to obtain fine boundary regularity results, and to give some important
results on L, and L.

2.1. The class L,. For s € (0,1), we define the ellipticity class £, = L.(s) as the

set of all linear operators L of the form (|1.3)-(1.4)).
Throughout the paper, the extremal operators (as defined in [14]) for the class L.

are denoted by M™ and M~ that is,

M*tu(z) = M} u(z) = sup Lu(z) and M u(zx)= M; u(z) = inf Lu(x).
* LeL. * LeLl.
(2.1)

The following useful formula writes an operator L € L, as a weighted integral of
one dimensional fractional Laplacians in all directions.

Lu=(1—s) /Sn1 a0 1 /°° i (u(w +70) +u(z —rd) u(x)) |:‘7(i>23 -1

2 o 2
__L=s /S d6 a(0) (—0ge) u(z),

20173

(2.2)

where

(<) () = 1. /_‘: <u(x + 6r) ;—u(x —0r) u(x)) %

is the one-dimensional fractional Laplacian in the direction 6, whose Fourier symbol
is —|0 - &|%.
The following is an immediate consequence of the formula (2.2)).

Lemma 2.1. Let u be a function depending only on variable x,, i.e. u(x) = w(z,),
where w : R — R. Then,

1—s

21,4 ( JARCRIC dé) (= 8)jw(en),

where (—A)% denotes the fractional Laplacian in dimension one.

Proof. Using (2.2)) we find

Lu(x) = —

Lu(z) = 12;5 /S —(~ A (w(z + 0, ) a(0) dB
_ 120_15 /S —0a]2 (~ ) (w(wn + +)) a(0) dO,

as wanted. O
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Another consequence of ([2.2)) is that M+ and M~ admit the following “closed
formulae”:

Mt u(z) = 12;5 /S {A(= (=00 w(@) " = A~(=0m)*w(z)) " } do
and
M~u(z) = 1;5 /S {A(—(—a%)sw(gz:))+ - A(—(—aee)sw(x))*} db.

In all the paper, given v € S"~! and 3 € (0,2s) we denote by ¢” : R — R and
2 : R® — R the functions

Pa)i=(2)?  and  Gi(@) = (@) (23
A very important property of L, is the following.
Lemma 2.2. For any unit vector v € S"1 the function o5 satisfies M*S =
M- =0in{x-v>0} and 9 =0 in {z v <0}
Proof. We use Lemma [2.1) and the well-known fact that the function ¢*(z) = (z,)*
satisfies (—A)%e® = 0 in {x > 0}; see for instance [45, Proposition 3.1]. O
Next we give a useful property of M* and M~.

Lemma 2.3. Let § € (0,2s), and let M and M~ be defined by (2.1). For any
unit vector v € S"7L, the function ©° satisfies M5 (x) = ¢(s, B)(x - )P~ and
M~=¢b(x) = c(s,B)(x-v)?~2 in {z-v >0}, and 2 =0 in {x-v < 0}. Here, ¢ and
c are constants depending only on s, 3, n, and ellipticity constants.

Moreover, ¢ and c satisfy ¢ > ¢, and they are continuous as functions of the
variables (s,5) in {0 < s <1, 0 < < 2s}. In addition, we have

¢(s, ) > c(s,B8) >0 forall p € (s,2s). (2.4)
and
: ) +oo  foralls e (0,1)
ﬁl%sg(s,ﬁ) B {C’ >0 fors=1. (2:5)

Proof. Given L € L,, by Lemma [2.1] we have
1—5

vebw) =~ ([ 10Pao)as) (o)

261,5

Hence, using the scaling properties of the fractional Laplacian and of the function
©” we obtain that, for - v > 0,

M*gj(x) = C (- )" max {~A(=A)e" (1), ~A(=A)z¢" (1)}
and

M~¢(x) = C (- )" min {~A(=A)5¢"(1), ~A(-A)z" (1)},
where C' = (1 —s)/(2¢15) > 0.
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Therefore, to prove that the two functions ¢ and ¢ are continuous in the variables
(s,8)in {0 <s<1,0< 8 < 2s}, and that (2.4)-(2.5) holds, it is enough to prove
the same for

(5,8) — —(~A)ag? ().

We first prove continuity in 8. If 5 and 8’ belong to (0,2s), then as ' — 3, we

have ¢® — ©? in C?([1/2,3/2]) and

/R!soﬂ' — & |(x) (1 + |2]) "2 dz — 0,

As a consequence, (—A)%p” (1) = (=A)50%(1). It is easy to see that if s and &'
belong to (0, 1], and 8 < 2s, then (—=A)5¢%(1) = (=A)%p%(1) as s’ — s.
Moreover, note that whenever 3 > s, the function ¢” is touched by below by the
function ¢* — C' at some point zy > 0 for some constant C' > 0. Hence, we have
(=A)jp?(z0) > (—A)jp* (o) = 0. This yields (2.4).
Finally, follows from an easy computation using the definition of (—A)g,
and thus the proof is finished. O

2.2. The class Ly. As defined in [I4], for s € (0, 1) the ellipticity class Lo = Lo(s)
consists of all operators L of the form

Lu(z) = (1—s) / (“(”’ +y) tulz—y) u(x)) b(y)

2 ‘y|n+25 :

where
be L>®(R™) satisfies A <b<A.
It is clear that
L. C Ly.
The extremal operators for the class Ly are denoted here by MZFO and M, . Since
L. C Ly, we have
My <M~ < MT™< M.
Hence, all elliptic equations with respect to L, are elliptic with respect to £y and all
the definitions and results in [I4] apply to the elliptic equations considered in this

paper.
As in [14] [T5] we consider the weighted L' spaces L'(R",w,), where

ws(z) = (1= s)(1+]])™" (2.6)

The utility of this weighted space is that, if L € Ly(s), then Lu(z) can be evaluated
classically and is continuous in B/, provided u € C?*(B.) N L*(R",w;). One can
then consider viscosity solutions to elliptic equations with respect to Lo(s) which
are not bounded but belong to L'(R",w,). The weighted norm appears in stability
results; see [15].

As said in the Introduction, the definitions we follow of viscosity solutions and
viscosity inequalities are the ones in [14].

Next we state the interior Harnack inequality and the C'* estimate from [14].
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Theorem 2.4 ([14]). Let sp € (0,1) and s € [so,1]. Let u > 0 in R™ satisfy in the
viscosity sense M, u < Co and Mzrou > —Cy in Br. Then,

u(z) < C(u(0) + CoR*)  for every x € Bp)s,
for some constant C' depending only on n, so, and ellipticity constants.

Theorem 2.5 ([I4]). Let s € (0,1) and s € [sy,1]. Let u € C(B;) N L'(R™, w,)
satisfy in the viscosity sense Mgou < Cy and Mzrou > —Cy in By. Then, u €
ce (Bl/g) with the estimate

ullca(s, ) < C(Co+ llullpoe sy + ullLr@n,ws)),
where o and C' depend only on n, s, and ellipticity constants.

The following result is a consequence of the results in [30] in the case s € (1/2,1).
In the case s < 1/2 it follows as a particular case of the results for parabolic equations
in [48].

Theorem 2.6 ([30], [48]). Let sy € (0,1) and s € [so,1]. Let f € C(B;) and
u € C(By)NL>®(R™) be a viscosity solution of Iu = f(x) in By, where 1 is translation
invariant and elliptic with respect to Lo(s), with 10 = 0. Then, u € C* (m) with
the estimate

[ullcsB,0) < C I llee(mr + [l o @n)),
where C' depends only on n, sg, and ellipticity constants.

In fact, [30, 48] establish not only a C* estimate, but also a C” one, for all
B < min{2s,1 + a}. However, in this paper we only need the C* estimate.

2.3. No fine boundary regularity for £,. The aim of this subsection is to show
that the class L is too large for all solutions to behave comparably near the bound-
ary. Moreover, we give necessary conditions on a subclass £ C Ly to have compara-
bility of all solutions near the boundary. These necessary conditions lead us to the
class L,.

In the next result we show that, for any scale invariant class £ C L, that contains
the fractional Laplacian (—A)®, and any unit vector v, there exist powers 0 < ; <
s < By such that MFp% =0 and M; ¢ = 0 in {z - v > 0}. Before stating this
result, we give the following

Definition 2.7. We say that a class of operators L is scale invariant of order 2s if
for each operator L in £, and for all R > 0, the rescaled operator Lg, defined by

(Lru)(R-) = R *L(u(R-)),
also belongs to L.
The proposition reads as follows.

Proposition 2.8. Assume that L C Lo(s) is scale invariant of order 2s. Then,
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(a) For every v € S"~t and 3 € (0,2s) the function @ defined in (2.3) satisfies

Mfpp(x) = CB,v)(x-v)"™ in {z-v>0},
My g)(x) = C(B,v)(-v)*™* in {z-v>0}

(2.7)

Here, C' and C are constants depending only on s, 3, v, n, and ellipticity
constants.

(b) The functions C and C are continuous in B and, for each unit vector v, there
are 81 < Py in (0,2s) such that

OB, v) =0 and C(By,v)=0. (2.8)
Moreover, for all 5 € (0,2s),
C(B,v) — C(B1,v) has the same sign as 3 — B (2.9)
and
C(B,v) — C(Bs,v) has the same sign as B — Ps. (2.10)
(¢c) If in addition the fractional Laplacian —(—A)* belongs to L, then we have
p1 < s <P

Proof. The scale invariance of L is equivalent to a scaling property of the extremal
operators M} and M. Namely, for all R > 0, we have

Mz (u(R-)) = R*(Mzu)(R-).

(a) By this scaling property it is immediate to prove that given f € (0,2s) and
v € 8" the function ¢? satisfies (2.7)), where

C(B,v)==Mfp)(v) and  C(B,v):=Mzo)(v).

Of course, C' and C depend also on s and the ellipticity constants, but these are
fixed constants in this proof.

(b) Note that, as 3’ — 3 € [0,2s), we have ¢ — ¢ in C?(Byy(v)) and in
LY(R",w,). As a consequence, C' and C' are continuous in 3 in the interval [0, 2s).
Since ©f — X{zv>0} as 3 — 0, we have that

C(r,0) < C(r,0) < 0.
On the other hand, it is easy to see that
Mgogof(u) — 400 as " 2s.
Hence, using that M, < M., we obtain
0<C(v,8) <C(v,B) for B close to 2s.
Therefore, by continuity, there are 51 and 5 in (0, 2s) such that
C(f,v)=0 and C(By,v)=0
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To prove ([2.9)), we observe that if 3 > j3; the function ¢? is be touched by below
by @t — C at some zy € {x - v > 0} for some C' > 0. It follows that

M7 l(zo) — MEpi (o) = My (o) — 5 ) (o) > 0.

Since the sign of M/} ? is constant in {z - v > 0} it follows that C'(v, 8) > 0 when
B > B. Similarly one proves that C(v,3) < 0 when 3 < 31, and hence (2.10).

(¢) It is an immediate consequence of the results in parts (a) and (b) and the
fact that —(—A)*¢S =0in {z-v > 0}. O

Clearly, to hope for some good description of the boundary behavior of solutions
to all elliptic equations with respect to a scale invariant class £, it must be 8, =
for every direction v. Typical classes £ contain the fractional Laplacian —(—A)?*.
Thus, for them, we must have 3; = 8, = s for all v € S*~!. If this happens, then

LeP =0 in{x-v>0} forall L€ L, and for all v € S" !, (2.11)
since M; <L <M} forall L € L.

As a consequence, we find the following.

Corollary 2.9. Let (1, 55 be given by (2.8)) in Proposition . Then, for the classes
Lo, L1, and Lo we have $1 < s < [s.

Proof. Let us show that for £ = L, the condition (2.11]) is not satisfied. Indeed, we
may easily cook up L € Ly so that Le? (z/,1) # 0 for 2/ € R, Namely, if we take

by) = (A + (A =A)xp,, (y)) :

then at points = = (2/,1) we have

0> Ly (x) = (1—s) / <u(a: ty)fuz—y) u(x)) b(y)

2 ez

since ¢ is concave in By(2’,1) and (=A)°pS =0 in {x, > 0}.
By taking an smoothed version of b(y), we obtain that both £; and L, fail to

satisfy ([2.11]). O

By the results in Subsection 2.1, we have that the class L, satisfies the necessary
condition (2.11)). Although we do not have a rigorous mathematical proof, we believe
that L, is actually the largest scale invariant subclass of £, satisfying (2.11)).

3. BARRIERS

In this section we construct supersolutions and subsolutions that are needed in
our analysis. From now on, all the results are for the class £, (and not for £).
First we give two preliminary lemmas.

Lemma 3.1. Let so € (0,1) and s € [sg,1). Let
oW (z) = (dist(z, B1))” and o (z) = (dist(z, R™\ By))".
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Then,
0< M W) < MTeW(z) < C {1+ (1 —s)log(lz] = 1)|} in Bs\ Bi. (3.1)
and
0> M@ (z) > M p®(z) > -C {1+ (1= s)|log(1 —|z])|} in Bi\ By (3.2)
The constant C' depends only on sy, n, and ellipticity constants.

Note that the above bounds are much better than Hw[ — 1‘78, which would be the

expected bound given by homogeneity. This is since (") and ¢®) are in some sense
close to the 1D solution (x)®.

Proof of Lemma([3.1 Let L € L,. For points 2 € R™ we use the notation x = (2/, x,,)
with 2/ € R""!. To prove let us estimate Lo (x,) where z, = (0,1 + p) for
p € (0,1) and for a generic L € L,. To do it, we subtract the function () =
(x,, — 1)5, which satisfies L) (x,) = 0. Note that

((p(l) —¢)(z,) =0 forall p>0
and that, for |y| < 1,
|dist (2, +y, B1) — (1 + p+yn)+| < Cly'|*.
This is because the level sets of the two previous functions are tangent on {y’' = 0}.
Thus,
Op871|y/|2 for Yy = (ylvyn) S Bp/2
1
0< (&1 =), +9) < QClY'* fory = (y/.9:) € B\ Bypy
Cly|* for y € R"\ By.

The bound in B,, follows from the inequality a® — b* < (a — b)b*~! for a > b > 0.
Therefore, we have

0 < LM (x,) = L™ — ) (x,)

B (e = ) (@, + 1) + (2 = ¥) (@, — v) aly/ly))

s—1 /2d /23d sd
cooon([ £ [ Wt
B |y B1\B, /> Y| R™\ By |y

p/2

< C(14(1—s)|logp|).
This establishes (3.1]). The proof of (3.2)) is similar. O

dy

In the next result, instead, the bounds are those given by the homogeneity. In
addition, the constant in the bounds has the right sign to construct (together with
the previous lemma) appropriate barriers.
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Lemma 3.2. Let so € (0,1) and s € [sg,1). Let

@ (z) = (dist(z, Bl))?’s/2 and " (z) = (dist(z,R™\ Bl))Ss/z.
Then,
M=% (@) > efle] =)™/ for all x € By \ By. (33)
and
M=pW(2) > e(1 = |¢)™/* = C for allz € By \ Bija, (3:4)

The constants ¢ > 0 and C' depend only on n, sy, and ellipticity constants.

Proof. Let L € L,. For points x € R™ we use the notation x = (2/,x,) with

2’ € R*"L. To prove (3.4) let us estimate Lp™ (z,) where z, = (0, 1+p) for p € (0,1)

and for a generic L € L,. To do it we subtract the function ¥ (z) = (1 — xn)gfﬂ,

which by Lemma satisfies Lip(z,) = cp~*/? for some ¢ > 0. We note that
(90(4) - ¢) (z,) =0
and, similarly as in the proof of Lemma [3.1]
—Cp*P P fory = (4, yn) € By

0> (W =) (z, +y) > —Cly]** fory=(y,ys) € Bi\ B,
—Clyl>*/? for y € R"\ B.

Hence,
Lo (x,) — cp™*? = L(p™ — ¢)(z,)

3s/2—1 "2d 13sq s/2d
Z _C(l B S)A / & n|-i?-J2l ’ + / Iy |n+2sy +/ |y| n+2§
B,/s |y B1\B, s |y R"™\ B; Y]

> —C.

This establishes (3.4). To prove (3.3)), we now define ¥ (z) = (z,, — 1)18/ ? and we
use Lemma and the fact that ¢®) — 1) is nonnegative in all of R and vanishes
on the positive x,, axis. Il

We can now construct the sub and supersolutions that will be used in the next
section.

Lemma 3.3. Let sy € (0,1) and s € [so,1). There are positive constants € and
C, and a radial, bounded, continuous function o, which is CY' in By .\ By and
satisfies

MT(x) < —1 in By \ By
o1(z) =0 in By

pi(z) <CO(lz| —1)° inR"\ By
e1(x) > 1 in R™\ By

The constants €, ¢ and C' depend only on n, so, and ellipticity constants.
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Proof. Let

1 in Rn\BQ
By Lemmas [3.1 and 3.2} for |z > 1 it is
M < € {1+ (1= 5)log((a] — D]} — clfal = )2+ C.

Hence, we may take € > 0 small enough so that M1y < —1 in By, \E We then
set 1 = CY with C' > 1 large enough so that ¢; > 1 outside By,.. O

201 — B in B,
o~

Lemma 3.4. Let so € (0,1) and s € [so,1). There is ¢ > 0, and a radial, bounded,
continuous function @o that satisfies

M~py(x) > ¢ in By \ Bija
wa(x) =0 in R"\ By
pa(z) > c(1—|z|)° in B

pa(z) <1 in Bijs.

The constants €, ¢ and C' depend only on n, sg, and ellipticity constants.

Proof. We first construct a subsolution ¢ in the annulus B; \ B;_, for some small
€ > 0. Then, using it, we will construct the desired subsolution in By \ By/2. Let

¥ =@ 4 @

By Lemmas [3.1 and [3.2] for 1/2 < |z| < 1 it is
M~y > —C {1+ (1—s)|log(l—|z|)|} +c(l —|z[)~*/* = C.
Hence, we can take ¢ > 0 small enough so that M~ > 1in B; \ B;_..

Let us now construct a subsolution in By \ By /2 from 1), which is a subsolution
only in By \ Bi_.. We consider

U(z) = max C*(2"Nx),

0<k<N

where N is a large integer and C' > 1. Notice that, for C' large enough, the set
{r € By : Y(z)=1(r)}is an annulus contained in By \ B;_..
Consider, for k > 0,

Av={z€B : ¥(z)= C’kw(Zk/Nx)} .

Since Ay C By \ B, then U satisfies M~W¥ > 1 in A,.
Observe that A;, = 27%/N Ay, since C~1W(2Y/"z) = ¥(z) in the annulus {1/2 <
lz| < 27V}, Hence, for z € Aj, we have 2"/Nz € Ay C B, \ B;_. and

M™U(z) > M~ (Crp(28N ) (x) = CR22 RN M= (28N ) > 1.
We then set ¢, = ¢¥ with ¢ > 0 small enough so that y,(x) < 1in By s. O
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Remark 3.5. Notice that the subsolution s constructed above is C*! by below in
B\ B; /2, in the sense that it can be touched by below by paraboloids. This is impor-
tant when considering non translation invariant equations for which a comparison
principle for viscosity solutions is not available.

4. KRYLOV’S METHOD
The goal of this section is to prove Proposition[I.1} Its proof combines the interior
Hélder regularity results of Caffarelli and Silvestre [I4] and the next key Lemma.

Lemma 4.1. Let sp € (0,1), s € [s,1), and u € C'(B_fr) be a wiscosity solution of
(1.6). Then, there exist a € (0,1) and C depending only on n, so, and ellipticity
constants, such that

supu/z;, — infu/z5 < Cr® (Co + |Ju| Loowny) (4.1)
By Bf

for all r < 3/4.

To prove Lemma [4.1f we need two preliminary lemmas.
We start with the first, which is a nonlocal version of Lemma 4.31 in [2§].
Throughout this section we denote

D: = B9r/10 N {[L’n > 1/10}
Lemma 4.2. Let sy € (0,1) and s € [sg,1). Assume that u satisfies u > 0 in all of
R"™ and
M u<Cy in B,
for some Cy > 0. Then,
ig*f u/z;, <C ( inf u/x; + C’or5> (4.2)
r r/2

for all r < 1, where C' is a constant depending only on sqg, ellipticity constants, and
dimension.

Proof. Step 1. Assume Cy = 0. Let us call
m = infu/z; > 0.
D;
We have
u > ma, > m(r/10)° in D}. (4.3)

Let us scale and translate the subsolution ¢ in Lemma as follows to use it as
lower barrier:

() = (r/10)° oo (RU2)) (4.4)
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We then have, for some ¢ > 0,

M™Y. >0 in Bay/10(z0) \ Brio(2o)
P =0 in R™ \ By, /10(x0)

U > C(% — M)s in Byj10(z0)

Y, < (r/10)* in B, 10(z0).

It is immediate to verify that B:r/z is covered by balls of radius 2r/10 such that
the concentric ball of radius r/10 is contained in D}, that is,

B, €| J{Barpo(ao) : Brjro(wo) C D}}.

Now, if we choose some ball B, 19(x9) C D} and define 1, by (4.4), then by (4.3)) we
have u > ma), in B,/10(xo). On the other hand v > ma), outside By, /10(20), since
1, vanishes there and u > 0 in all of R” by assumption. Finally, M, < 0, and
since Cy = 0, M~u > 0 in the annulus By, /10(x0) \ By/10(20).

Therefore, it follows from the comparison principle that u > ma, in Ba,/10(20).
Since these balls of radius 2r/10 cover B:r/2 and ¢, > ¢(2 — |z])” in Bsyio(xo), we
obtain

u > emax in B:r/Q,
which yields (4.2)).
Step 2. If Cy > 0 we argue as follows. First, let
$(r) = min{1, 2(z,)% — (2,)7/*}.

By Lemma [2.3] we have that M*¢ < —c in {0 < x,, < €} for some ¢ > 0 and some
¢ > 0. By scaling ¢ and reducing ¢, we may assume € = 1.
We then consider

C
() = u(z) + 7%28 (z/7).
The function @ satisfies in {0 < z,, < r}
-5 — + CO 2s
M a—Mu< M| —rZ¢(z/r)| <-Ch
c
and hence
M~u <0.
Using that u(z) < a(x) < u(x) + CCyr®(z,)%. and applying Step 1 to a4, we obtain
=) 0

The second lemma towards Proposition 4.1} is a nonlocal version of Lemma 4.35
in [28]. It is an immediate consequence of the Harnack inequality of Caffarelli and
Silvestre [14].
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Lemma 4.3. Let sg € (0,1), s € [so,1), 7 < 1, and u satisfy u > 0 in all of R™
and

M*tu>—-Cy and M u<C, in Bl
Then,

supu/x, < C (infu/mi + C’ors> :
Dz Dy
for some constant C' depending only on n, sqo, and ellipticity constants.

Proof. The lemma is a consequence of Theorem [2.4] Indeed, covering the set D
with balls contained in B;' and with radii comparable to r —using the same (scaled)
covering for all —, Theorem [2.4] yields

supu < C <il‘171*fu + C’or2s> )

D}
Then, the lemma follows by noting that x; is comparable to r* in D}. U

Next we prove Lemma [4.1]

Proof of Lemma[{.1 First, dividing u by a constant, we may assume that Cy +
Jufl e < 1.

We will prove that there exist constants C; > 0 and « € (0, s), depending only
on n, Sp, and ellipticity constants, and monotone sequences (mg)r>1 and (7g)k>1
satisfying the following. For all £ > 1,

m —mp =4"% =1 <my <mpp < Mgy <y < 1, (4.5)

and
my < Crtu/ay <my in B, where ry =47, (4.6)

Note that since v = 0 in B; then we have that (4.6) is equivalent to the following
inequality in B,, instead of B,

mi(z,)% < C7'u < myg(x,)% in B,,, wherer, =47". (4.7)

Clearly, if such sequences exist, then (4.1) holds for all » < 1/4 with C' = 4°C}.
Moreover, for 1/4 < r < 3/4 the result follows from (4.8) below. Hence, we only
need to construct {my;} and {my}.

Next we construct these sequences by induction.

Using the supersolution ¢; in Lemma |3.3| we find that

Ci, s Ci, s .
_ 7(:rn)Jr <u< 7($n)+ in B;)“/4
whenever (] is large enough. Thus, we may take m; = —1/2 and m; = 1/2.

Assume now that we have sequences up to my and my. We want to prove that

there exist my,1 and My, which fulfill the requirements. Let

(4.8)

up = Oy 'u — my(z,)% .
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We will consider the positive part u; of uy, in order to have a nonnegative function
in all of R™ to which we can apply Lemmas and Let up = u; —u,, . Observe
that, by induction hypothesis,

+_ - _ .
u, =u, and u, =0 1in B,, .

Moreover, Cy 'u > m; (zn)% in B,, for each j < k. Therefore, we have

we > (my—my)(2,)5 > (my =54+ me —my) (20)} = (=47 +47%)(2,,)5 in B,

But clearly 0 < (z,,)3 <75 in B,,, and therefore using r; = 4-J
up > —ri(ry —ry) in B, foreach j<k.
Thus, since for every x € B; \ B,, there is j < k such that
2| < r; =477 < d|x],
Now let L € L,. Using (4.9) and that v, = 0 in B,,, then for all z € B,, /, we
have

we find
4x

Tk

4z

(o) = o L (|

- 1) outside B,, . (4.9)

0 < Luy (z) = (1 - 5) / uy, (2 + y)—a@ﬁﬂ) dy
l‘+y¢Brk ‘y|
S (07 A
S(l—S)/ o |2 (8—y —1)Tdy
=(1- s)Ar‘H/ SR Y2
k L1 | 2[nt2s
S 5OT]?_Sa

where g9 = go(a) | 0 as a | 0 since [8z|* — 1. Since this can be done for all L € L,,
u, vanishes in B,, and satisfies pointwise

0< My, < M+u;1 <egry ® in B:;/Q.
Therefore, recalling that
uf = Oy — my ()% + uy,
and using that M™*(z,)5 = M~ (z,)% =0 in {z,, > 0}, we obtain

M~ uf <C7'M~u+ M*(u)

<Oyt greE in B;:/Q.
Also clearly
MTuf > Mtuy, > —C? in Bjk/z'
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Now we can apply Lemmas and with u in its statements replaced by u; .

Recalling that
uf =uy, = C;lu —myzd  in B

Tk

we obtain

sup (C; tu/zs —my) < C(Dipf (Cylu/xs —my) + Clrg + eory
o e (4.10)
< O( inf (CTru/zs —my,) + Cy s + EOT,Z“) :
B
"‘k/4

On the other hand, we can repeat the same reasoning “upside down”, that is,
considering the functions @, = my(z,)5 — u instead of uy. In this way we obtain,

instead of (4.10)), the following

sup (M — Cytu/z8) < C( i{lf (m" — C7u/xd) + C7lrg + 507‘,‘;‘). (4.11)

T‘k/Q rk/4

Adding (4.10) and (4.11) we obtain

My — my, < C( inf (Cylu/as —my) + inf (my, — Cylu/as) + O lrs + 507“,?)
B
rE/4 ri/4

= C( inf C7'u/ad — sup C7l'u/ad +my —my, + Cylrg + eor,‘j).
Bjk"“ Bj;g+1
Thus, using that my, — my =47, a < s, and r, = 4% < 1, we obtain
sup C;tu/zf — in Crlufay < (S5 + O7 M+ g9)47k.
Fer kA1
Now we choose a small and C large enough so that
-1
— Ot +eo(a) <47

This is possible since g¢(a) | 0 as o | 0 and the constant C' depends only on n, s,
and ellipticity constants. Then, we find

sup Cylu/zs — inf C7lu/azs < 47K+,
+
B;rk+1 Tk+1

and thus we are able to choose my1 and My, satisfying (4.5) and (4.6)). g
To end this section, we give the

Proof of Proposition[I.1, Let x € By, and let o be its nearest point on {z, = 0}.
Let
d = dist (z, x9) = x,, = dist (z, By ).
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By Theorem (rescaled), we have
HUHC’“(Bd/z(r)) <Cd™ (HUHL‘X’(R”) + CO) .

Hence, since ||(xn)’s||ca(3d/2(w)) < Cd~*, then for r < d/2

oscp, @)y, < Crad="* ([|ul oo @ny + Co) - (4.12)
On the other hand, by Lemma , for all r > d/2 we have
OSCBT(z)ﬁB;rMu/xZ < O (J|lull L @ny + Co) - (4.13)

In both previous estimates a € (0, 1) depends only on n, sq, and ellipticity constants.
Let us call

M = ([Ju| oo gny + Co) -
Then, given 6 > 1 we have the following alternatives
(i) If r < d’/2 then, by (4.12)),
0SCR, (yu/x, < Crod™ "M < Cro—(sta)/o g
(ii) If d°/2 < r < d/2 then, by (£.13)),
0SCR, () U/ Ty, < 0SC, () U/ Ty, < Cd*M < Cre/f M.
(iii) If d/2 < r, then by

OSCBT(m)mB;Mu/IfL < Cr*M.
Choosing § > =2 (so that the exponent in (i) is positive), we obtain
/ +
OSCBT(x)ﬂB$4u/$fL < Cr*M whenever z € B}, and r >0, (4.14)

for some o’ € (0, ). This means that ||u/:v;‘;||0a/(B;r/2) < CM, as desired. O

5. LIOUVILLE TYPE THEOREMS

The goal of this section is to prove Theorem [I.5]

First, as a consequence of Proposition [I.1| we obtain the following Liouville-type
result involving here the extremal operators (in contrast with Theorem . Note
also that the growth condition C'R® in this lemma holds for 8 < s + a (with «
small), whereas we have § < 2s in the Liouville Theorem

Proposition 5.1. Let sg € (0,1) and s € [so,1). Let o > 0 be the exponent given
by Proposition . Assume that uw € C(R™) is a viscosity solution of

M*tu>0 and M u<0 in {z,>0},
u=0 in {z, <0}
Assume that, for some positive f < s + a, u satisfies the growth control at infinity

ullzoe(Bry < CRP for all R > 1. (5.1)
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Then,
u(x) = K(z,)%
for some constant K € R.

Proof. Given p > 1, let v,(z) = p~Pu(pzx). Note that for all p > 1 the function v,
satisfies the same growth control ([5.1)) as u. Indeed,

lpllz=(Br) = P~ Nl ze(s,n) < p°C(pR)” = CR.

In particular ||v,||Le(p,) < C and ||v,| L1 @n w,) < C, with C' independent of p. Hence,
the function v, = v,xp, satisfies M*9, > —C and M~v, < C'in Byp N {x, > 0},
and ¥, = 0 in {z, < 0}. Also, ||3,|lL>(5,,,) < C. Therefore, by Proposition [1.1] we
obtain that

HUP/foHCa(B;L/4) = H@P/foHCa(BTM) <C

Scaling this estimate back to u we obtain

[U/IZ} CQ(B;'M) - p_a [u(px)/(perS} CQ(BT/AL) - Pﬁ_s_a [Up/(xn)s] CQ(B?—M) < Cp

B—s—a

Using that f < s 4+ a and letting p — oo we obtain

[u/:pr] CoR {2, >0}) 0,

which means u = K (). 0

The previous proposition will be applied to tangential derivatives of a solution to
Iu = 0 as in the situation of Theorem It gives that u is in fact a function of x,,
alone. To proceed, we need the following crucial lemma It is a Liouville-type result
for the fractional Laplacian in dimension 1, and classifies all functions which are
s-harmonic in R, vanish in R_, and grow at infinity less than |z|? for some § < 2s.

Lemma 5.2. Let u satisfy (—A)*u =0 in Ry and uw =0 in R_. Assume that, for
some B € (0,2s), u satisfies the growth control |ul|p=©.r < CR? for all R > 1.
Then u(x) = K(x4)".

To establish the lemma, we will need the following result. It classifies all homoge-
neous solutions (with no growth condition) that vanish in a half line of the extension
problem of Caffarelli and Silvestre [I7] in dimension 1 + 1.

Lemma 5.3. Let s € (0,1). Let (x,y) denote a point in R*, andr >0, 0 € (—7,7)
be polar coordinates defined by the relations x = rcosf, y = rsinf. Assume that
v > —s, and q, = r°70,(0) is even with respect y (or equivalently with respect to
) and solves

div ([y|'™**Vq,) =0 in {y # 0}
lim, o |y[*"%*d,q, =0 on {y =0} N{x >0} (5.2)
¢ =0 on {y =0} N{xr <0}

Then,
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(a) v belongs to NU {0} and
0,(0) = K |sin|° P} (cosb),
where P! is the associated Legendre function of first kind. Equivalently,

AV 1—cosh
cos (5) o F (—y,u+ 1:1—s; ﬂ) ,

2
where o F 1s the hypergeometric function.
(b) The functions {@V}VGNU{O} are a complete orthogonal system in the subspace

of even functions of the weighted space L2((—7T, ), | sin 9|1_2S),

Proof. We differ the proof to the Appendix. O

0,(0) =C

We can now give the

Proof of Lemma[5.3 Let
D1s 1
Y (1+ (x/y))

be the Poisson kernel for the extension problem of Caffarelli and Silvestre; see [17,9].
Given the growth control u(x) < C|z|? at infinity and 3 < 2s, the convolution

U('ay):u*PS('ay)

is well defined and is a solution of the extension problem

div(y' Vo) =0  in {y >0}
v(x,0) = u(z) for x € R.

Py(x,y) =

142s
2

Since (—=A)*u=01in {x > 0} and v = 0 in {z < 0}, the function v satisfies

li{%yk%@yv(x,y) =0 forz>0 and wo(z,0)=0 forz<D0.
)

Hence, v solves (5.2)).
Let ©,, v € NU {0}, be as in Lemma Recall that r*70,(6) also solve (5.2).

By standard separation of variables, in every ball B} (0) of R? the function v can be
written as a series

v(x,y) = v(rcosf,rsinf) = Z a,r**t0,(0). (5.3)
v=0

To obtain this expansion we use that, by Lemma (b), the functions {@”}VENU (0}
are a complete orthogonal system in the subspace of even functions in the weighted
space L?((—m,m),|sind]'~>*), and hence are complete in L?((0, ), (sin6)'~2*).
Moreover, by uniqueness, the coefficients a, are independent of R and hence the
series provides a representation formula for v(z,y) in the whole {y > 0}.
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Now, we claim that the growth control ||ul|zerr < CR® with 8 € (0,2s) is
transferred to v (perhaps with a bigger constant C), that is,

||U||Loo(B;) < CR".

To see this, consider the rescaled function uz(z) = R™Pu(Rx), which satisfy the
same growth control of u. Then,

vp = RPv(R-) = ug * P,.
Since the growth control for up is independent of R we find a bound for [[vg|| g+
that is independent of R, and this means that v is controlled by CR? in B}, as
claimed.

Next, since we may assume that [ |0, (6)[?|sin6|*df = 1 for all v > 0, Parseval’s
identity yields

o0

’ 20 do — J|2R2sH2v+1ta
L, ey o =3 o

v=0
where 0T Br = 0B N {y > 0}. But by the growth control, we have
/ |v(x,y)|2y“ do < C’R%/ y*do = CR¥PT1+e,
9+tBr O0tBr
Finally, since 20 < 4s < 2s + 2, this implies a, = 0 for all v > 1, and hence
u(r) = K(xy)*, as desired. O
The following basic Holder estimate up to the boundary follows from [I5, Section

3]. It is also a consequence of Lemma , which we prove in Section @

Lemma 5.4 ([I5]). Let so € (0,1) and s € [so, 1]. Let u be a solution of M*u > 0
and M~u < 0 in Bf, uw = 0 in By and assume that u € L'(R", w,). Then, for
some a >0 it isu e C* (Bl/g) and

[ullca(s, ) < C(l[ullzoesy) + llullr@n,w.,))-
The constants a and C' depend only on n, sqo, and ellipticity constants.

To end this section, we finally prove Theorem

Proof of Theorem[1.5. Note that, since 8 < 2s, the growth control yields
u € LYR™, wy).

Given p > 1, let v, = p~Pu(p-). As in the proof of Proposition v, satisfies
the same growth control as u, namely, [[v,]| (5, < CRP. Hence,

||Up||L°°(B1) <C and ”UpHLl(R",ws) <C.

Moreover, since u satisfies Tu = 0 in {x,, > 0} and 10 = 0 we have that M*u > 0
and M~ u < 0 in {z, > 0}. This implies that M v, > 0 and M v, < 0 in By.
Then it follows from Lemma [5.4] that

HUP”CO‘(Buz) <C.
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Scaling the previous estimate back to v and setting p = R, we obtain
[W)cnnn < CRP.

Next, given 7 € S" ! with 7, = 0 and given h > 0, we consider the “tangential”
incremental quotients v (x) = W We have shown that

||v(1)||L°°(BR) S CRB_Q.

Moreover, since I is translation invariant, v* satisfies M*+o® >0 and M—v® <0
in {x, > 0}. Hence, we can apply again the previous scaling argument to v and
obtain

W] ga(pp < CRP2 for all R > 1.

Thus, we have a new growth control for v(? (z) = w We can keep iterating

in this way until we obtain (after a finite number N of iterations)

u(x + hr) — u(x)

- < CR. (5.4)

Le°(Br)

Now, vV = w satisfies Mo > 0, M—v®™) < 0 in {z, > 0} and
v™) = 0in {z,, < 0}. Moreover, v") satisfies the growth control with exponent
B —1 < 2s —1 < s. Hence, using Proposition we conclude that v¥) = 0.
Therefore, u(x + ht) = u(x) for all h > 0 and for all unit vector 7 with 7, = 0.
This means that u depends only on the variable x,,. That is, u(x) = w(z,) for some
function w : R — R.

Now, if 4 is a test function of the form u(z) = w(x,), Lemma [2.1] yields

M*a(x) = sup La

LeLl
1 —
= sup i </ 10, *a(6) d@) (—A)gw(xy,) (5.5)
A<a<A 201,5 gn—1

= C{A(=(=R)z(rn) " = A(=(~2)s() "}
Similarly,
M~i(z) = C {A(—(—A)Sw(%)f . A(—(—A)Sw(xn))*} . (5.6)

Finally, recall that u solves Iu = 0 in R", and 10 = 0. In particular we have M Tu > 0
and M~u < 0 in R in the viscosity sense. Note that, since u(z) = w(z,), then we
may test the viscosity inequalities using only test functions of the type @(z) = w(x,).
Hence, using and we deduce that w is a viscosity solution of (—A)*w = 0
in R; and w = 0 in R_. Clearly, w satisfies the growth control ||w| 0,z < CRP.
Therefore we deduce, using Lemma [5.2] that u(z) = w(z,) = K(z;))*. O
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6. REGULARITY BY COMPACTNESS

In this section we prove the main result of the paper: the boundary regularity in
C*%! domains for fully nonlinear elliptic equations with respect to the class £,, given
by Theorem [1.3]

As explained in the Introduction, the following result is the main ingredient in
the proof of Theorem [1.3]

Proposition 6.1. Let sy € (0,1), § € (0,50/4), po > 0, and B = 2s9 — 0 be given
constants.

Let T be a CY' hypersurface with radius py splitting By into QF and Q~; see
Definition [1.3

Let s € [so, max{1,s0+6}] and f € C(QF). Assume that u € C(By) N L®(R") is
a solution of Tu = f in QF and u =0 in Q~, where 1 is a fully nonlinear translation
invariant operator elliptic with respect to L.(s).

Then, for all z € T' N By p there is a constant Q(z) with |Q(z)| < CCy for which

u() = Q=) ((z — 2) - v(2),

where v(z) is the unit normal vector to T' at z pointing towards Q and

< CColr — 2P for all v € By,

Co = [[ullee@ny + | f Lo @+)-

The constant C' depends only on n, py, So, 0, and ellipticity constants.

The proof of Proposition [6.1]is by contradiction, using a blow up and compactness
argument. In order to fix ideas, we prove first the following reduced version of the
statement.

Let u € C(By) N L>®(R™) be a viscosity solution of Tu =0 in B and
u =0 1in By. Then, given 5 € (s,2s), there are @ € R and C > 0
such that

lu(z) — Q(z,)5| < Clz|®  for all x € B. (6.1)

The constant C' is independent of x, but it could depend on everything
else, also on wu.

We next prove (6.1]) by contradiction. If (6.1)) were false then it would be (by the
contraposition of Lemma below)
sup T’_BHU — Q*(r)(a:n)iHLm(Br) = 400,
r>0
where

9 g ulx) (1)} do
Q.(r) = argminges, | (ul) ~ Q)2 e = J rf B(( ><)>d

Then, a useful trick is to define the monotone in r quantity

0(r) = sup(r') " max { | = Q")) e, ()7 |Qu(20") = Qa7

(6.2)
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which satisfies 6(r) 0o as 7 \( 0. Then, there is a sequence r,, \, 0 such that

() s { = Q) )2 [, » ()" [@2 ) = Qe[ 2 222

(6.3)

We then consider the blow up sequence

o () = u(rp,x) — (Tm)SQ*(Tm)(iUn)i

(rm)P0(rm)
Note that (6.3)) is equivalent to
[5, vm(2) ()5 d B [, vm(2) (2,)5 da
T B de Jp @ Eds
Also, by definition of Q.(r,,), we have

/B U (2)(2,)5 dz = 0, (6.5)

which is the optimality condition of “least squares”.
In addition, by definition of #, we have

() 1@« (2r") — Qu(r))|
o(r)

maX{va||Loo<Bl)7 ‘} >1/2.  (6.4)

<1 forall? >r.

Thus, for R = 2V we have

P P1QurR) = Q)] _ N o) 211) PR ) = Qu(2'7)
o(r) = 0(r)
N-1
< 93 (8—s5) < CoNB=s) — ' RP—s.

o

.

Moreover, v, satisfy the growth control

1
[Vl Lo (Br) = W”“ - Q*(Tm)@n)iHLw(BrmR)

R? .
< WH“ = Qu(raR) (@)t || foois, o+

o QrnB) — Q) R (60)

O(rm)(rm)
R%0(r,,R) 5
—H(rm) +CR
<CR’,

for all R > 1, where we have used the definition ¢ and its monotonicity.
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In addition, since M (z,)% = M~ (x,)% = 0 in {z, > 0}, and u = 0 in B}, we
obtain that

L,Um =0 in B;r/rm,

for some 1I,,, translation invariant and elliptic with respect to L. It follows, using
the basic C'“ estimate up to the boundary of Lemma that (up to taking a
subsequence)

Um —> v locally uniformly in R".

Moreover, since all the v,,’s satisfy the growth control (6.19)), and § < 2s, by the
dominated convergence theorem we obtain that

U — v|(2) ws(z) dz — 0.
RTL
Also, by Theorem 42in [15] a subsequence of L, converges weakly to some translation
invariant operator I elliptic with respect to L.. Hence, the stability result in [I5]
yields
Iv=0 in{z, >0} and v=0 in{z, <0}

Furthermore, passing to the limit the growth control (6.19) we obtain ||v||fe(p,) <
R? for all R > 1. Thus, the Liouville type Theorem [1.5| implies

v(r) = K(xn)%.
Passing (6.5)) to the limit (using uniform convergence) we find

/Bl o(a) ()}, da = 0.

But passing to the limit, we obtain a contradiction. Il
To prove Proposition (6.1 we will need a more involved version of this argument,
but the main idea is essentially contained in the previous reduced version. Before
proving Proposition [6.1] let us give some preliminary results.
The following lemma is for general continuous functions u, not necessarily solu-
tions to some equation.

Lemma 6.2. Let 3 > s and v € S™! be some unit vector. Let u € C(By) and
define

¢r(@) i= Qu(r) (z - V)3, (6.7)

where

2 g u(x) (v v)}dr
Q*(T> = argminQeR/ (u(x)_Q(xV)i) dr = fr ( )( )

B, fBT(x~V)3§ dx

Assume that for all r € (0,1) we have
o= 6l < Cor”. 69
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Then, there is Q € R satisfying |Q| < C(Co + |[u||Lo(p,)) such that
Ju—Q(z- V)i”LOO(BT) < CCyr”

for some constant C' depending only on 5 and s.
Proof. We may assume ||u||z=(5,) = 1. By (6.8), for all 2’ € B, we have

[62e(&') — 60(&)] < [u(e) — 62e(a)] + ul’) — 0(e")] < O,
But this happening for every ' € B, yields, recalling ,

.2r) - Q.(r)] < CCur".

In addition, since ||u||z(p,) = 1, we clearly have that

QD < C. (6.9)

Since # > s, this implies the existence of the limit
=1 L(7).
Q= lmQ.(r)

Moreover, using again  — s > 0,

Q= Q)| < Y _|Q.27r) = Q.27 )| < YOGt < O
m=0

m=0
In particular, using we obtain
Q] < C(Co +1). (6.10)
We have thus proven that for all » € (0,1)

[u=Qz )i llLwe,) < llu—Qu(r)(@ - V)i llLes,) +
F1Qu(r)(x - v)% — Q- V)% [|lLe(s,)
< Cor” +Qu(r) = QI < C(Co + 1),
U
The following lemma will be used in the proof of Theorem [I.3|to obtain compact-
ness for sequences of elliptic operators of variable order. Its proof is almost the same
as the proof of Lemma 3.1 of [4§].
Lemma 6.3. Let sy € (0,1), sp € [s0, 1], and I, such that

o 1, is a fully nonlinear translation invariant operator elliptic with respect to
Li(Sm)-
e [,0=0.

Then, a subsequence of s, — s € [so, 1] and a subsequence of 1., converges weakly
(with the weight ws, ) to some fully nonlinear translation invariant operator 1 elliptic
with respect to L.(s).
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Proof. We may assume by taking a subsequence that s, — s € [sg, 1]. Consider the
class £ = (J (o1 £+(5). This class satisfies Assuptions 23 and 24 of [15]. Also, each
I,,, is elliptic with respect to £. Hence using Theorem 42 in [I5] there is a subsequence
of I, converging weakly (with the weight wy,) to a translation invariant operator I,
also elliptic with respect to L. Let us see next that I is in fact elliptic with respect
to L.(s) C L. Indeed, for test functions v and v that are quadratic polynomials in
a neighborhood of z and that belong to L'(R", w,,), the inequalities

Mg v(z) < Ip(u+v)(z) — Lyu(z) < M o)
pass to the limit to obtain
M;v(x) <T(u+v)(z) — Tu(z) < Mfvo(z).
O

The following lemma will be used to obtain a C7 estimate up to the boundary
for solutions to fully nonlinear integro-differential equations. This estimate will be
useful in the proof of Proposition [6.1 It is essentially a consequence of the proof
of Theorem 3.3 in [I5]. Note that, in contrast with Proposition in this lemma
the assumption of regularity of the domain is only “from the exterior”. Namely, we
only assume that the exterior ball condition is satisfied.

Lemma 6.4. Assume that By is divided into two disjoint subdomains 1 and €
such that By = Q1 UQy. Assume that T := 01 \ 0B, = 080 \ 0By is a C%' surface
and that 0 € I'. Moreover assume that, for some py > 0, all the points on I' N m
can be touched by a ball of radius py € (0,1/4) contained in ;.

Let sy € (0,1) and s € [so,1]. Let a € (0,1), g € C*(Q), and u € C(By) N
LY (R™, w,) satisfy in the viscosity sense

Mtu>—Cy and M~ u<Cy in 1, u=g in Q.
Then, there is v € (0, «) such that u € C7Y (31/2) with the estimate
[uller (s, ) < C(lulloe sy + N19llox@) + [[ull L@ wy) + Co)-

The constants C' and vy depend only on n, so, «, po, and ellipticity constants.

Proof. Let @ = uxp,. Then u satisfies M*a > —C and M~a < Cf in Qy N Byy
and @ = g in Qy, where C) < C(Cy + ||ul|r1(rn,)). Here, the constant C' depends
only on n, sp, and ellipticity constants.

The proof consists of two steps.

First step. We next prove that there are 6 > 0 and C such that for all z € Fﬂm
it is

1% — g(2)| L (B,(2)) < Cr° for all 7 € (0, 1), (6.11)

where § and C depend only on n, s, Cf, ||ul|z(s,), ||gllce@s), and ellipticity con-
stants.

Let z € I'N m By assumption, for all R € (0, pg) there yr € Q5 such that a
ball Br(yr) C Qs touches I' at z, i.e., |z — yr| = R.
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Let 1 and € > 0 be the supersolution and the constant in Lemma [3.3, Take

Y(@) = g(yr) + 9llcaian (L + ) R)" + (Co + l[ullz=(m1) o1 (9‘? ;%yR> .

Note that ¢ is above @ in Q3N B(14¢)r. On the other hand, from the properties of ¢,
it is M*Y < —(Cf + ||ul|p=(p,)) R < —Cf in the annulus Bsor(yr) \ Br(yr),
while ¢ > ||u||p(p,) > @ outside Buyor(yr). It follows that @ < ¢ and thus we
have

i(z)—g(z) < C(R*+(r/R)*) forallz € B,(z) and for allr € (0,eR) and R € (0, po).

Here, C' denotes a constant depending only on n, so, Cg, ||u||ze(By)s ||9]lce@,), and
ellipticity constants. Taking R = r/? and repeating the argument up-side down we
obtain

lu(z) — g(2)] < C’(TO‘/2 + 7“5/2) < Cr® forall x € B,(z) and r € (0,€?)

for 6 = $ min{a, so}. Taking a larger constant C, follows.
Second step. We now show that and the interior estimates in Theorem
imply [[ullcv(B, ,,) < C, where C' depends only on the same quantities as above.
Indeed, given xg € {3 N By, let z € I and 7 > 0 be such that

d = dist (xo, I') = dist (o, 2).

Let us consider

v(z) =@ <x0 + %%) — g(2).

We clearly have
[0l oes) < € and o] r@n wy < C.
On the other hand, v satisfies
M*v(x) = (d/2)*M*Yi(xe +rz) < Cy in B
and
M~ v(x) = (d/2)* M (xe +rz) > —Cpy in Bi.
Therefore, Theorem [2.5] yields
[vllcas,,,) <C
or equivalently
[Wloa(Byyawoy < Cd™ (6.12)

Combining (6.11)) and (6.12)), using a similar argument as in the proof of Propo-
sition (1.1} we obtain
HUHC'Y(QN]BUQ) < 07
as desired. O

We can now give the
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Proof of Proposition[6.1 The proof is by contradiction. Assume that there are se-
quences Iy, QF, Qr, s, fx, ur, and I that satisfy the assumptions of the proposition.
That is, for all k£ > 1:

[y, is a C™!' hyper surface with radius pg splitting B; into Q) and ;.

Sk € [s0, max{1, sy + I}

I, is translation invariant and elliptic with respect to L. (sk).

||tk Loo mny + ||fk‘”Loo(Qz) = 1 (by scaling we may assume Cj = 1).

ug is a solution of Iyuy = fi in Q) and u, = 0 in ;.

Suppose for a contradiction that the conclusion of the proposition does not hold.
That is, for all C' > 0, there are k and z € I'y N By, for which no constant ) € R
satisfies

‘uk(x) —Q((z—2)- Vk(z))ik‘ <Clz—=2° forall z € By. (6.13)

Above, vy (z) denotes the unit normal vector to 'y, at z, pointing towards Q.
In particular, noting that sx € [sg, 8o + 0] and 8 > so 4+ 2§ by assumption, and
using Lemma (6.2, we obtain

sup sup sup 77 |luy — ¢k,z,r||Loo(Br(z)) = 00, (6.14)
k 2€TyNBy/y >0
where
Do () = Qr2(r) (= 2) - vi(2)) (6.15)
and

dx

Q- (r) == argminQeR/B " ug(x) — Q((a: —2)- I/k(z))ik 2

= Jp o we(@) (2 = 2) - 1(2)) [ da
.o (=)o) e

Next define the monotone in r quantity

6(r) :=sup sup sup (r')7? max{ Huk — gbk?ZleHLOO(BT/(xO)) ,

k ZEFkﬁBl/g r'>r

()" | Qua(2r) — Qk,z<r')|}.

We have 6(r) < oo for r > 0 and 6(r) 00 as r \, 0. Clearly, there are sequences
Tm 0, kn, and z,, — z € By /s, for which

(T’m)_ﬂ maX{ ||Ukm - gbk:m,zm,rmHLoo(Brm(xm)) )
(6.16)

(ro)® (Ot o (2 — czkm,zmwmn} > 0(r) 2.

From now on in this proof we denote ¢, = @k,, 2n.rms Vi = Vi (2m), and S, = sp, .
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In this situation we consider
o (1) = Uk, (Zm + Tm@) — Om(zm + me).
(Tm)ﬁe(rm)

Note that, for all m > 1,

/B Um (2) (2 V) im dx = 0. (6.17)

This is the optimality condition for least squares.
Note also that (6.16)) is equivalent to
V() (2 - v,)5™ dx V() (2 - V) 5™ dc
iy o) (2 )7 d [y, () (2 ) }zvz
(6.18)

fB2(:17 V) d fBl (2 vp) 2 da

maX{vaHLoo(Bl),

which holds for all m > 1.
In addition, by definition of @, for all k£ and z we have

(r,)s_ﬁle,z (27“,) — Qk,z (7”/) ’
0(r)

<1 forall? >r>0.

Thus, for R = 2V we have

P P|Qus(rR) = Qra(n)] _ N gy (1) Qe (2 11) — Qua(27)
0(r) =2 0(r)
N-1
< 21(B=sk) < CoNB=sk) — O RA=5x,
< - <
where we have used [ — s > 0.
Moreover, we have
[om | o= (8r) = mllukm = Qe () (@ = 2m) - ) " | oo,
R? Sm
= WHM"’ = Qe (rnB) (@ = 2) - vm) ] HL°°(BrmR) T
T Qe (D) = Qa1 ()
= Rﬁee(i%m rom
and hence v,, satisfy the growth control
V| Lo (Br) < CRP - for all R > 1. (6.19)

We have used the definition §(r) and its monotonicity.
Now, without loss of generality (taking a subsequence), we assume that

Uy — v € S™7L
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Then, the rest of the proof consists mainly in showing the following Claim.

Claim. A subsequence of v, converges locally uniformly in R™ to some function v
which satisfies Tv =0 in {z-v > 0} andv =0 in {x-v < 0}, for some 1 translation
invariant and elliptic with respect to L.

Once we know this, a contradiction is immediately reached using the Liouville
type Theorem [1.5] as seen at the end of the proof.
To prove the Claim, given R > 1 and m such that r,, R < 1/2 define

O = {z €Br : (2 +rmz) € QF and  z-vp(zn) > 0}.

Notice that for all R and k, the origin 0 belongs to the boundary of ng’m
We will use that v, satisfies an elliptic equation in QE,m' Namely,

T (rm)?m

Im'l}m(.’lf) = mfkm (Zm -+ TmSL’) in QJI%,m (620)

where 1, is defined by

= (w(zm+7r) — dmlzm +1-) G
b ( () P0(r,) ) @) = it

for all test function w. Equivalently, for all test function v,

I(z): 2 Mlkm ((rm)BQ(rm) v( : _rz’”> + G- )) (Zm + Tm)

Ikmw) (zm + 1),

(rm)?0(rm)
() %Ikm ((rm)BG(rm) U<' ;mzm>) (zm + ),

the last identity being valid only in {z - 1, > 0} since M*¢,, = M~ ¢,, = 0 in
{(z = 2) - v, > 0}.

Note that the right hand side of converges uniformly to 0 as r,, \ 0, since
B =2s9g—0 < 28, and 0(r,,) / 0.

Using that Iy, is translation invariant and elliptic with respect to L.(s,,) and
that I, 0 = 0 we readily show that I, is also elliptic with respect to £, (sn) (i.e.,
with the same ellipticity constants A and A, which are always fixed). Also, since the
domains Q}, . are always contained in {(z — zy) - v > 0} we may define L, by (%),
and hence 1t is a translation invariant operator.

In order to prove the convergence of a subsequence of v, we first obtain, for every
fixed R > 1, a uniform in m bound for |[v,||cs(py,), for some small § > 0. Then
the local uniform convergence of a subsequence of v, follows from the Arzela-Ascoli
theorem. Let us fix R > 1 and consider that m is always large enough so that
rmR < 1/4.

Let ¥, be the half space which is “tangent” to {2 at z,,, namely,

5= {(x = zn) v(zm) <0}
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The first step is showing that, for all m and for all » < 1/4,

Hukm - gbm“Loo(BT(zm)m(Q;muEm) < Or¥m < Ot (6.21)

for some constant C' depending only on sg, pg, ellipticity constants, and dimension.
Indeed, we may rescale and slide the supersolution ¢; from Lemma and use
the fact that all points of I';,,, N B34 can be touched by balls of radius py contained
in €2, . We obtain that
lug,, | < C(diSt (, Q];m>)5m7

with C' depending only on n, sg, pg, and ellipticity constants. On the other hand,
by definition of ¢,, we have

o | < C(dist (z, ;)"

But by assumption, points on I'y N Bs/y can be also touched by balls of radius
po from the Q;:m side, and hence we have a quadratic control (depending only on
po) on on how Iy = separates from the hyperplane 0% . As a consequence, in

By (2m) N (Q, UX.) we have
C(dist (z, Q,;m))sm <Cr*m and C(dist (z,%;,))™ < Cr*m.

Hence, (6.21)) holds.

We use now Lemma to obtain that, for some small v € (0, sg),
[tk lcv (B, g (zmy) < € for all m.
On the other hand, clearly
[Pmllcv(B, szmy < € for all m.
Hence,
[ (bmHC’Y(BT(zm)ﬂ(Q,:mUE;)) =C. (6.22)

Next, interpolating (6.21)) and (6.22) we obtain, for some positive § < 7 small
enough (depending on v, sg, and §),

250—0 __ B
”ukm — Om ’C%Br(zm)m(ﬂ,;muz;n)) < Oreemt = O (6.23)
Therefore, scaling (6.23]) we find that
”UmHC‘S(BR\Q;,m) < C for all m with r,,R < 1/4. (6.24)

Next we observe that the boundary points on 8Qj§7m M Bsr/s can be touched by
balls of radius (pg/rm) > po contained in Bg \ 97, . We then apply Lemma

(rescaled) to v,,. Indeed, we have that v,, solves (6.20]) and satisfies (6.24)). Thus,
we obtain, for some ¢’ € (0,0),

||U’"Hcé’(BR/2) < C(R), for all m with r,,R < 1/4, (6.25)

where we write C'(R) to emphasize the dependence on R of the constant, which also
depends on sg, po, ellipticity constants, and dimension, but not on m.
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As said above, the Arzela-Ascoli theorem and the previous uniform (in m) C?¥
estimate yield the local uniform convergence in R™ of a subsequence of v,, to
some function v.

Next, since all the v,,’s satisfy the growth control , and 2sy > [, by the
dominated convergence theorem we have v,, — v in L'(R", w,,).

In addition, by Lemma there is a subsequence of s, converging to some
s € [sp,min{1, sy + 0}] and a subsequence of I,, which converges weakly to some
translation invariant operator I, which is elliptic with respect to L.(s). Hence, it
follows from the stability result in [I5, Lemma 5] that Iv = 0 in all of R”. Thus, the
Claim is proved.

Finally, passing to the limit the growth control (6.19)) on v, we find ||v||r=(p,) <
R’ for all R > 1. Hence, by Theorem [L.5] it must be

v(z) = K(z - y(z))i
Passing (6.17)) to the limit, we find

/ v(z)(z - V(Z))j_ dx = 0.
By
But passing (/6.18]) to the limit, we reach the contradiction. O

Before giving the proof of Theorem we prove the following.

Lemma 6.5. Let I’ be a OVt surface of radius py > 0 splitting By into QT and Q~;
see Definition|1.9. Let d(x) = dist (x,27). Let xg € Byjo and z € I' be such that

dist (xo, ') = dist (zg, 2) =: 2r.

Then,
. . S s 2s
|(@=2) ), @), <o (6.26)
@ = (2= 2) - v()?] ety ST (6.27)
and
[d™°] (Boton)) = Cr2te, (6.28)

The constant C' depends only on py.
Proof. Let us denote

d(z) = ((x — 2) - 1/(,2))+.
First, since I" is C*! with curvature radius bounded below by pg, we have that

|d — d| < Cr?in B,(x0), and thus (6.26]) follows.
To prove ((6.27)) we use on the one hand that

|Vd - vd|,.. <Cr, (6.29)

By (x0))
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which also follows from the fact that I'" is C%'. On the other hand, using the
inequality |a*~! — 07| < |a — b| max{a®*~2,b°"2} for a,b > 0, we find

JS*QHL%(BT(:EO))} <O
(6.30)

Hdsjl o Js*lHL‘X’(BT(zo))

Thus, using ) and ( - we deduce

[ds - ds]co Y(Br(z0)) Hds 'Vd —d7'vd HLOO(BT(:UO)) <Cr.
Therefore, follows.

Finally, interpolating the inequalities
[ ] cogiogyy = 077 Vil o, < Cr771and {ld™ Lo, woy < C777

6.28|) follows. O

We can finally give the

< Cr? max{|

|d872 HLOO(BT(xO)) ’

Proof of Theorem[1.3 As usual, we may assume that
[ul| oo @ny + [ fll ooy < 1.

First, note that by Proposition we have that, for all z € I' N By, there is
@ = Q(z) such that

QR <C and fu—Q((x—2)-v(2) lmwaey < CR* (631)

for all R > 0, where C depends only on n, sg, pg, €, and ellipticity constants.

Indeed, let 6 = min{e/2,so/4} and take a partition sy < s7 < -+ < sy = 1 of
[s0, 1] satisfying |s;+1 — s;| < 6. Then, using Proposition [6.1| with s, replaced by s;,
(6.31) holds for all s € [s;, 5;+1] with a constant C; depending only on n, s;, py, and
ellipticity constants. Taking C' = max; C}, holds for all s € [sg, 1].

Now, to prove the C*~¢ estimate up to the boundary for u/d* we must combine the
C” interior estimate for u in Theorem with . To do it, we will use a similar
argument for “glueing estimates” as in the proof of Proposition [1.1, However, here
we need to be more precise in the argument because we want to obtain the best
possible Holder exponent.

Let zo be a point in QT N By 4, and let z € I" be such that

2r 1= dist (zo, I') = dist (z¢, 2) < po.

Note that B, (z¢) C Bar(xo) C Q2 and that z € I' N By o (since 0 € T').
We claim now that there is Q = Q(x¢) such that |Q(z)| < C,

| — Qd*|| L (B, (wg)) < Cr#s—, (6.32)

—_

and
['LL — st]cs_e(Br(xo)) S CT’S, (633)

where the constant C' depends only on n, sg, €, pg, and ellipticity constants.
Indeed, (6.32)) follows immediately combining (6.31]) and (/6.26]).
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To prove , let
vp(x) =rPu(z +re) — Q (x - v(2))%.
Then, implies
[orll Loy < CT°7°
and
[orll 1 rn, gy < CT°7°

Moreover, v, solves the equation

v, =7r°f(z +rx) in Ba(Zy),

where &y = (xo — z)/r satisfies |Zo — z| = 2 and I is translation invariant and elliptic
with respect to L£,. Hence, using the interior estimate in Theorem [2.6| we obtain
[Vp] cs—e(By (30)) < Cr*~¢. This yields that

TS—E |:u - Q ((x — z) . V(z))i] CS*E(BT(mO)) —= T’s[’lj]csfs(Bl(io)) S CTSTS_E'

Therefore, using (6.27)), (6.33]) follows.
Let us finally show that (6.32])-(6.33|) yield the desired result. Indeed, note that,
for all 1 and x5 in B,(zy),

(@)= (@) = (= Q) (“””;l(;l(;‘ O | (4 ) () (™ () ().

By (6.33]), and using that d is comparable to r in B,(xq), we have

’(u — st) (1) — (u — st) (acg)}
d*(z1)

S C‘SL’l - $2|Si€.

Also, by and ,
|u - st‘(l'g)‘d_s(l'l) — d_s(x2)| < Clay — zo”C.
Therefore,
[t/ & ooc(B,(20)) < C

From this, we obtain the desired estimate for ||u/d*||cs—<q+np, 1») Dy summing a
geometric series, as in the proof of Proposition 1.1 in [45]. O

7. NON TRANSLATION INVARIANT VERSIONS OF THE RESULTS

Proposition 7.1. Let sq € (0,1), 6 € (0,50/4), po > 0, and B = 289 — 0 be given
constants.

Let T be a CH' hypersurface with radius py > 0 splitting By into QT and Q™ ; see
Definition[1.3

Let s € [sg, max{1,s0+d}], and f € C(QF). Assume that u € C(B;)NL>(R") is
a viscosity solution of IJ(u,x) = f(x) in QT and uw =0 in Q~, where J is an operator

of the form (L12)-(1.16).
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Then, for all z € T'N By o there exists Q(z) € R with |Q(2)| < C for which
‘u(x) —Q(2)((z — 2) - U(Z))j_‘ < Clz—z|® for all x € By,

where v(z) is the unit normal vector to T' at x pointing towards Q+. The constant
C depends only onn, po, so, 9, ||[u||Le@mn), ||f|l Loty the modulus of continuity p,
and ellipticity constants.

Proof. 1t is a variation of the Proof of Proposition [6.1, Hence, it is again by contra-
diction. Assume that there are sequences 'y, QF, Q sg, Tk, fi, and uy, that satisfy
the assumptions of the proposition. That is, for all £ > 1:

e I'; is a C'! hyper surface with radius py splitting By into Q; and Q.

® s € [so, max{1, s+ 0}].

e J, is elliptic with respect to L£.(sg) and satisfies (1.12)-(1.16]) (with J and s

replaced by J; and sy, respectively).

o [lunllLoomn) + ||fk||Loo(Q;) =1L

e uy is a solution of Jy(uy, ) = fr(x) in QF and up =0 in Q.
But suppose that the conclusion of the proposition does not hold. That is, for all
C > 0, there are k and z € I'y, N By, for which no constant @) € R satisfies

‘uk(x) —Q((x —=2)- Vk(z))ik

Above, vy (z) denotes the unit normal vector to 'y, at z, pointing towards .
As in the proof of Proposition [6.1] using Lemma [6.2] we have that

< Clr—z|? forallz € B. (7.1)

wpsup sup 7 g — Gl ) = 00 (72)
k  z€l'xNBy/o >0

where ¢ ., is given by .

We next define 6(r) and the sequences 7, \( 0, km, Om, Vm, and 2,, — 2z € B, /2
as in the proof of Proposition [6.1

Again, we also define

o (1) = Uk, (Zm + Tm@) — Om(Zm + )
" (Tm)ﬁe(rm) ’

which satisfies (6.17)), (6.18)), and the growth control (6.19)).

Note that, up to a subsequence, we may assume that v, — v € S" 1,
The rest of the proof consists in showing

Claim. A subsequence of vy, converges locally uniformly in R™ to some function v
which satisfies lv =0 in {x-v > 0} and v =0 in {z-v < 0}, for some I translation
mwvaritant and elliptic with respect to L.

Once we know this, a contradiction is immediately reached using the Liouville
type Theorem [I.5] as seen at the end of the proof.
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To prove the Claim, given R > 1 and m such that r,, R < 1/2 define
O ={r€Br : (zm+rmz) €Q and - vp(z,) >0},

Notice that for all R and k, the origin 0 belongs to the boundary of Q;%m.
We will use that v, satisfies an elliptic equation in Qﬁm. Namely,

’jm(vm,x) = ((Tm> o

where J,, is defined by

5 (WG AT ) = mlamtr) N (rm) e
Jm( (rm)P6(rm) ’ ) (rm)P0(rm)

for all test function w. Equivalently, for all test function v,

(v, 7) & G )’ka ((Tm)'BQ(Tm)v ( — Zm) + Om(-), 2m + me)

(rm)ﬁﬁ(rm m
() (Tm)QSkm

2 ((rm)ﬁe(rm)v ( ' ;mZm)) (2 + T

o) inf sup< {v@ +y) +v(@ —y) = 20(0)} K (2 + vz, y) dy +
R’ﬂ

07

T, (W, 2 + 1),

(7 ) ?5%m cgg) (zm +12) )
(rm)?0(rmm)

The last two identities hold only in {x - v, > 0} since M*¢,, = M~ ¢,, = 0 in
{(x — 2) - vy, > 0}.

Note that the right hand side of converges uniformly to 0 as 7, ~\, 0 since
B =2s9— 0 < 2sg, and 0(ry,) N oo.

Using that Jy,, is elliptic with respect to L.(sg,,) and that J (0,2) = 0, we
readily show that J,, is also elliptic with respect to L, (s, ).

Note that, since J,, is elliptic with respect to Li(sg,,), and || fx,, ||z~ < 1, then

M;muk > —1 and Ms_kmukm <1 inQF,

m

and the same inequalities hold for v,,. Hence, by the same argument as in the proof
of Proposition [6.1 we find that

||vaC(;,(BR/2) < C(R), forall m with r,,R < 1/4,
where C'(R) depends only on R, n, so, po, and ellipticity constants, but not on m.
Then, the Arzela-Ascoli theorem yields the local uniform convergence in R” of a
subsequence of v, to some function v. Thus, the Claim is proved.
Next, since all the v,,’s satisfy the growth control (6.19)), and 2sy > [, by the

dominated convergence theorem v, — v in L'(R", w,,).
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Let now I,,, be the sequence of translation invariant operators defined by

Law= i%f sup ( {w(z+y) +w(x—y) —2w(z)} Kgg)(zm, Y) dy> :
«@ R”
Note that, for all test functions w,
Im(w,z) = L,(w) — 0 uniformly in compact sets of {(z — 2)-v > 0}.  (7.4)
Indeed, by (LT0),
1(Crm)

’Kg[?)(zm + me)y) - Kgﬂn)(Zm’y)‘ - (1 a Skm) |y|n+—28km !

and

(1) 25km c((:g) (zm +12)

(7m)P0(rm)

where p is the modulus of continuity of the kernels K,g(x,y) with respect to .

On the other hand, by Lemma there is a subsequence of sy, converging to
some s € [sg, min{l,2sy — d}] and a subsequence of I, which converges weakly to
some translation invariant operator I, which is elliptic with respect to L.(s). Hence,
by (7.4), it follows that Jm — I weakly in compact subsets of {z-v > 0}. Therefore,
using the stability result in [I5, Lemma 5], Iv = 0 in {z - v > 0}.

Finally, passing to the limit the growth control On Uy, We find ||v]| oo (py) <
CR? for all R > 1. Hence, by Theorem , it must be

v(z) = K(z- V(Z))j_

< A(rm)Qs’“m’5 — 0,

But passing (6.17]) and (6.18) to the limit we find a contradiction. O
We next prove Theorem [1.6]

Proof of Theorem|[1.6. In case that g = 0, the result follows from Proposition
by using the same argument as is the proof of Theorem (partition of [sg, 1] into
intervals of length smaller than €/2).

When g is not zero, we consider & = u — gxp,. Then u satisfies w = 0 in 2~ and

J(u,z) = f(r) in Q"N By,
where
J(w,x) = I(w + gxp,,*) — I(gxs,, )
and
f(x) =3(9xB,, 7) + f(2).
Then, applying the result for ¢ = 0 to the function u, the theorem follows. O
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8. FINAL COMMENTS AND REMARKS

Here we would like to make a few remarks and talk about some open problems
and future research directions.

Higher regularity of w/d°. In the proof of the Liouville-type Theorem ,
one starts with a solution satisfying |u(z)| < C(1 + |#|?). Then, one proves that
the tangential derivatives satisfy |9,u(z)] < C(1 4 [x[°~"). Hence, if § —1 < s,
Proposition implies that 0,u = 0, and thus u is 1D.

The fact that we only use f < 1 + s seems to indicate that the quotient u/d*
could belong to C'~¢, and not only to C*~¢. However, for functions with growth at
infinity 2s < 8 < 1 + s, the integro-differential operators cannot be evaluated.

In fact, only having f —1 < s + a would suffice to obtain 0,u = ¢(z,)%, and
this seems enough to classify solutions in the half space. However, as before, such
approach would require to give sense to the equation for functions that grow “too
much” at infinity.

Therefore, the following question remains open. Is it possible to prove that u/d®
belongs to C'™* when considering more regular kernels and right hand sides?

More general linear equations. In a future work we are planning to obtain
C*~ ¢ regularity up to the boundary of u/d® for linear equations involving general
operators L of the form (1.3), where a is any measure (not supported in an hyper-
plane) which does not necessarily satisfy . We will also obtain higher order
regularity of u/d® for linear equations when a € C*(S"™1), f € C*(Q), and Q is
Ck+2.

Equations with lower order terms. We could have included lower order terms
in the equations. Indeed, the compactness methods in Section [6] involve a blow up
procedure. We have seen in Section [7] that non translation invariant equations with
continuous dependence on x become translation invariant after blow up, and hence
our methods still apply. Similarly, we could have considered equations with certain
lower order terms, which disappear after blow up.

Second order fully nonlinear equations. As said in the introduction, with
the methods developed in this paper one can prove the C'® and C?*“ boundary
estimates for fully nonlinear equations F(D?*u, Du,z) = f(z).

Obstacle and free boundary problems. The regularity theory for the obstacle
problem (or other free boundary problems) is related to the boundary regularity of
solutions to fully nonlinear elliptic equations. In this paper we have shown that L,
is the appropriate class to obtain fine regularity properties up to the boundary. We
therefore wonder if one could obtain regularity results for free boundary problems
involving operators in £, similar to those for the fractional Laplacian [50].
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9. APPENDIX
In this appendix we give the
Proof of Lemmal[5.3 Let us show first the statement (a). Denote
a=1-—2s.

We first note that the Caffarelli-Silvestre extension equation Awu + iﬁyu =0 is
written in polar coordinates x = rcosf, y =rsinf, r > 0, 0 € (0,7) as

1 1
Urp + Uy + —ugy + 'a (sin&ur + cos f @> = 0.
r r rsin 6 r

Note the homogeneity of the equation in the variable r. If we seek for (bounded at
0) solutions of the form u = r*770,(0), then it must be v > —s and

O +acotgf® + (s+v)(s+v+a)©, =0.
If we want u to satisfy the boundary conditions
uw(z,0) =0 forz <0 and |y|*Ou(z,y) -0 asy—0,
then ©, must satisfy
{@Am294m+ommm%y+o as 0\, 0
0,(m) = 0.
We have used that, for x > 0
lim y*dyu(e,y) =0 = ulz,y) =u(z,0) +o(y™),
since a = 1 — 2s.
To solve this ODE, consider
©,(0) = (sin#)*h(cosh).

After some computations and the change of variable z = cosf one obtains the
following ODE for h(z):

1jﬁ)m@:0

This is the so called “associated Legendre differential equation”. All solutions to
this second order ODE solutions are given by

h(z) = CL P} (2) + C2@5(2),

where PS and @) are the “associated Legendre functions” of first and second kind,
respectively.

Translating to the function A, using that sin ~ (1 — cos )/ as 6 \, 0 and
sinf ~ (14 cosf)/? as § /' m, we obtain

(1—2)"%h(z) =c+o((1—2)*) asz "1
lim, 1 (1 + 2)*2h(z) = 0.

(1 —25)h"(2) — 22k (2) + (1/ + 12—

(9.2)
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Let us prove that P; fulfill all these requirements only for v = 0,1,2,3, ..., while
Q% have to be discarded. To have a good description of the singularities of P?(z) at
z = +1 we use its expression as an hypergeometric function

5/2 _
ml_s) ﬁfiim 2F (‘”’”“?1_3; : 5 Z> ‘
Using this and the definition of 5F} as a power series we obtain
s/2

p(ll_s) 1 i/z>s/2 { - U(l%JrSl)l 5 =+ o((1 —Z)Q)} as z /1.
Hence, (1 — 2)*?Ps(z) =c+ O(1—z) = c+ o((1 — 2)*) as desired.

For the analysis as z \, —1 we need to use Euler’s transformation

2Fi(a,b;c;m) = (1—2) " *3Fi(c—a,c — b;¢; @),

B(z) =

B(z) =

obtaining
. 1T (1422 (14+2\"°
PV(Z):F(l—s) 5o/ 5 {oFi(l=s—v,—s—v;1—5;1)+0o(1)}
as z \( —1. It follows that the zero boundary condition is satisfied if and only if

[(1—s)[(s) B
L(-v)[(1+v)
This implies v = 0,1,2,3, ..., so that I'(—v) = 0.
With a similar analysis one easily finds that the functions Q%(z) do not satisfy

(19.2)) for any v > —s.
The statement (b) of the Lemma could be proved for example by using singular
Sturm-Liouville theory after observing that the ODE

O+ acotghO, — X\, =0

oFi(l—s—v,—s—v;1—s;1) =

can be written as
. / .
(Isind|*©,) = Alsin6|*©,.
However, it is not necessary to do it because we have already computed the eigen-
functions to this ODE, and they are given by

Ok(0) = (sin0)°P;(cos ),

where P? are the associated Legendre functions of first kind. The functions { Pf(z) }x>o
have been well studied, and they are known to be a complete orthogonal system in
L2((0,1),dz); see [32, 57]. Therefore, it immediately follows (after a change of vari-

ables) that {©4(0)}r>0 are a complete orthogonal system in L?((0, ), (sin #)*d#).
Thus, the Lemma is proved. O
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THE EXTREMAL SOLUTION FOR THE FRACTIONAL
LAPLACIAN

XAVIER ROS-OTON AND JOAQUIM SERRA

ABSTRACT. We study the extremal solution for the problem (—A)%*u = Af(u) in
Q, u=0in R™\ Q, where A\ > 0 is a parameter and s € (0,1). We extend some
well known results for the extremal solution when the operator is the Laplacian to
this nonlocal case. For general convex nonlinearities we prove that the extremal
solution is bounded in dimensions n < 4s. We also show that, for exponential and
power-like nonlinearities, the extremal solution is bounded whenever n < 10s. In
the limit s T 1, n < 10 is optimal. In addition, we show that the extremal solution
is H*(R™) in any dimension whenever the domain is convex.

To obtain some of these results we need LY estimates for solutions to the linear
Dirichlet problem for the fractional Laplacian with LP data. We prove optimal
L9 and C? estimates, depending on the value of p. These estimates follow from
classical embedding results for the Riesz potential in R™.

Finally, to prove the H® regularity of the extremal solution we need an L*°
estimate near the boundary of convex domains, which we obtain via the moving
planes method. For it, we use a maximum principle in small domains for integro-
differential operators with decreasing kernels.
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1. INTRODUCTION AND RESULTS

Let 2 C R™ be a bounded smooth domain and s € (0, 1), and consider the problem

(—A)u = Af(u) inQ (1.1)
u = 0 in R™\Q, '
where A is a positive parameter and f : [0,00) — R satisfies
t
f is C* and nondecreasing, f(0) > 0, and tlir+n y = +o0. (1.2)
— 400

Here, (—A)® is the fractional Laplacian, defined for s € (0,1) by

‘ u(r) — u(y)
(—A)*u(x) = ¢, PV /Rn [ — g dy, (1.3)
where ¢, 5 is a constant.

It is well known —see [4] or the excellent monograph [16] and references therein—
that in the classical case s = 1 there exists a finite extremal parameter A\* such that
if 0 < A < A* then problem (|1.1)) admits a minimal classical solution wuy, while for
A > A" it has no solution, even in the weak sense. Moreover, the family of functions
{uy : 0 < A < A\*} is increasing in A, and its pointwise limit u* = limypy» uy is a
weak solution of problem ([1.1)) with A\ = A*. It is called the extremal solution of
[L1).

When f(u) = e*, we have that v* € L>(Q2) if n < 9 [12], while u*(z) = log#
if n > 10 and © = By [23]. An analogous result holds for other nonlinearities such
as powers f(u) = (1 + u)? and also for functions f satisfying a limit condition at
infinity; see [30]. In the nineties H. Brezis and J.L. Vazquez [4] raised the ques-
tion of determining the regularity of u*, depending on the dimension n, for general
nonlinearities f satisfying . The first result in this direction was proved by G.
Nedev [26], who obtained that the extremal solution is bounded in dimensions n < 3
whenever f is convex. Some years later, X. Cabré and A. Capella [7] studied the
radial case. They showed that when 2 = B; the extremal solution is bounded for all
nonlinearities f whenever n < 9. For general nonlinearities, the best known result
at the moment is due to X. Cabré [6], and states that in dimensions n < 4 then the
extremal solution is bounded for any convex domain €. Recently, S. Villegas [36]
have proved, using the results in [6], the boundedness of the extremal solution in
dimension n = 4 for all domains, not necessarily convex. The problem is still open
in dimensions 5 < n < 9.

The aim of this paper is to study the extremal solution for the fractional Laplacian,
that is, to study problem for s € (0,1).

The closest result to ours was obtained by Capella-Davila-Dupaigne-Sire [10].
They studied the extremal solution in 2 = B; for the spectral fractional Laplacian
A®. The operator A°, defined via the Dirichlet eigenvalues of the Laplacian in 2,
is related to (but different from) the fractional Laplacian (1.3)). We will state their
result later on in this introduction.
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Let us start defining weak solutions to problem ([1.1)).
Definition 1.1. We say that u € L'(Q) is a weak solution of if
f(u)s® € L'(Q), (1.4)
where §(z) = dist(x, 0Q2), and

/ u(—A)*Cdx = / Af(u)Cdx (1.5)
Q Q
for all ¢ such that ¢ and (—A)*¢ are bounded in Q and ¢ =0 on 9.

Any bounded weak solution is a classical solution, in the sense that it is regular
in the interior of €2, continuous up to the boundary, and (|1.1)) holds pointwise; see

Remark 211

Note that for s = 1 the above notion of weak solution is exactly the one used in
(5], 4].

In the classical case (that is, when s = 1), the analysis of singular extremal
solutions involves an intermediate class of solutions, those belonging to H'(Q); see
[4, 25]. These solutions are called [4] energy solutions. As proved by Nedev [27],
when the domain 2 is convex the extremal solution belongs to H'(f2), and hence it
is an energy solution; see [§] for the statement and proofs of the results in [27].

Similarly, here we say that a weak solution u is an energy solution of when
u € H*(R™). This is equivalent to saying that u is a critical point of the energy
functional

1
Elu) = Lufz — / NP(u)dz,  F' = . (1.6)
2! s
where
(e =/ |(=2)"2u]" da c’”/ / ‘ @) = ww)lP )~ oy, (1)
HS n n ’1; - y’n+ S H
and

(u,v)5, = / (—A) 20— A) 2 dy = / n / n o) (@) —ow) ;o

" Iw — y[rr
(1.8)

Our first result, stated next, concerns the existence of a minimal branch of so-
lutions, {uy, 0 < A < A*}, with the same properties as in the case s = 1. These
solutions are proved to be positive, bounded, increasing in A, and semistable. Recall
that a weak solution u of is said to be semistable if

/Q A ()

for all n € H*(R™) with n = 0 in R" \ Q. When w is an energy solution this is
equivalent to saying that the second variation of energy £ at u is nonnegative.

Proposition 1.2. Let Q C R" be a bounded smooth domain, s € (0,1), and f be a
function satisfying (1.2). Then, there exists a parameter \* € (0,00) such that:

(1.9)
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(i) If 0 < X < \*, problem admits a minimal classical solution wy.
(ii) The family of functions {uy : 0 < A < A} is increasing in A, and its
pointwise limit u* = limyyy« uy is @ weak solution of with A\ = \*.
(iii) For A > \*, problem admits no classical solution.
(iv) These solutions uy, as well as u*, are semistable.

The weak solution u* is called the extremal solution of problem ([1.1)).

As explained above, the main question about the extremal solution u* is to decide
whether it is bounded or not. Once the extremal solution is bounded then it is a
classical solution, in the sense that it satisfies equation pointwise. For example,
if f € O™ then u* bounded yields u* € C>(Q) N C*(Q).

Our main result, stated next, concerns the regularity of the extremal solution for
problem . To our knowledge this is the first result concerning extremal solutions
for (1.1). In particular, the following are new results even for the unit ball Q = B,

and for the exponential nonlinearity f(u) = e*.

Theorem 1.3. Let Q be a bounded smooth domain in R", s € (0,1), f be a function
satisfying (1.2)), and u* be the extremal solution of (1.1)).

(i) Assume that f is convex. Then, u* is bounded whenever n < 4s.
(ii) Assume that f is C? and that the following limit exists:
o fOf@)
Then, u* is bounded whenever n < 10s.
(iii) Assume that Q is convezx. Then, u* belongs to H*(R™) for alln > 1 and all
s € (0,1).

Note that the exponential and power nonlinearities e* and (1 + u)?, with p > 1,
satisfy the hypothesis in part (ii) whenever n < 10s. In the limit s T 1, n < 10
is optimal, since the extremal solution may be singular for s = 1 and n = 10 (as
explained before in this introduction).

Note that the results in parts (i) and (ii) of Theorem |1.3|do not provide any esti-
mate when s is small (more precisely, when s < 1/4 and s < 1/10, respectively). The
boundedness of the extremal solution for small s seems to require different methods
from the ones that we present here. Our computations in Section [3| suggest that
the extremal solution for the fractional Laplacian should be bounded in dimensions
n < 7 for all s € (0,1), at least for the exponential nonlinearity f(u) = e*. As
commented above, Capella-Davila-Dupaigne-Sire [10] studied the extremal solution
for the spectral fractional Laplacian A® in 2 = B;y. They obtained an L*> bound for
the extremal solution in a ball in dimensions n < 2 (2 + s+ v2s+ 2), and hence
they proved the boundedness of the extremal solution in dimensions n < 6 for all
s € (0,1).

To prove part (i) of Theorem [1.3| we borrow the ideas of [20], where Nedev proved
the boundedness of the extremal solution for s = 1 and n < 3. To prove part (ii)
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we follow the approach of M. Sanchén in [30]. When we try to repeat the same
arguments for the fractional Laplacian, we find that some identities that in the
case s = 1 come from local integration by parts are no longer available for s < 1.
Instead, we succeed to replace them by appropriate inequalities. These inequalities
are sharp as s 1 1, but not for small s. Finally, part (iii) is proved by an argument
of Nedev [27], which for s < 1 requires the Pohozaev identity for the fractional
Laplacian, recently established by the authors in [29]. This argument requires also
some boundary estimates, which we prove using the moving planes method; see
Proposition [L.8| at the end of this introduction.

An important tool in the proofs of the results of Nedev [26] and Sanchén [30]
is the classical LP to W?P estimate for the Laplace equation. Namely, if u is the
solution of —Au = ¢ in , u =0 in 09, with g € LP(£2), 1 < p < oo, then

HuHWQ’P(Q) < CHgHLP(Q).

This estimate and the Sobolev embeddings lead to L(2) or C*(£2) estimates for the
solution u, depending on whether 1 <p < 2 or p > 2, respectively.

Here, to prove Theorem [I.3]we need similar estimates but for the fractional Lapla-
cian, in the sense that from (—A)*u € LP(Q) we want to deduce u € L%(2) or
u € C*(Q). However, LP to W?P estimates for the fractional Laplace equation, in
which —A is replaced by the fractional Laplacian (—A)?®, are not available for all p,
even when Q = R"; see Remarks and [7.2]

Although the LP to W?2*P estimate does not hold for all p in this fractional frame-
work, what will be indeed true is the following result. This is a crucial ingredient in
the proof of Theorem [1.3]

Proposition 1.4. Let Q@ C R" be a bounded C*' domain, s € (0,1), n > 2s,

g € C(Q), and u be the solution of

[ g e (111

(i) For each 1 <r < —“ there exists a constant C, depending only onn, s, r,

and ||, such that
n

[ullr@) < Cllgllie), r< n—2s’

(ii) Let 1 <p < g-. Then there exists a constant C, depending only on n, s, and
p, such that
np
n—2ps

1wl La) < Cllgllr), where q=

(iii) Let 5= < p < oo. Then, there exists a constant C, depending only on n, s,
p, and €2, such that

, n
lullcsmny < Cllgllzr), where [ = min {5,25 — ;} :
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We will use parts (i), (ii), and (iii) of Proposition [L.4]in the proof of Theorem [1.3|
However, we will only use part (iii) to obtain an L> estimate for u, we will not need
the C” bound. Still, for completeness we prove the C? estimate, with the optimal
exponent [ (depending on p).

Remark 1.5. Proposition does not provide any estimate for n < 2s. Since
s € (0,1), then n < 2s yields n = 1 and s > 1/2. In this case, any bounded
domain is of the form 2 = (a,b), and the Green function G(z,y) for problem ([1.14])
is explicit; see [2]. Then, by using this expression it is not difficult to show that
G(-,y) is L>(R) in case s > 1/2 and LP(Q) for all p < co in case s = 1/2. Hence,
in case n < 2s it follows that ||| r~) < C||g|/1(), while in case n = 2s it follows
that ||ul/ze) < Cllg|lr1@) for all ¢ < oo and [Jul[z~q) < Cl|g||zr(@) for p > 1.

Proposition follows from Theorem and Proposition [I.7] below. The first
one contains some classical results concerning embeddings for the Riesz potential,
and reads as follows.

Theorem 1.6 (see [34]). Let s € (0,1), n > 2s, and g and u be such that

u=(—A)"%g inR", (1.12)
in the sense that u is the Riesz potential of order 2s of g. Assume that u and g
belong to LP(R™), with 1 < p < oc.

(i) If p = 1, then there exists a constant C, depending only on n and s, such

that
n

||u||L?Veak(IRn) S C||g||L1(R”)7 where q= _ 25.

(ii) If 1 < p < 5=, then there exists a constant C, depending only onn, s, and p,
such that
np
n—2ps’

[ullLa@ny < CllgllLegny, where q=

(iii) If 5= < p < 0o, then there exists a constant C, depending only on n, s, and
p, such that

n
[u)camny < Cllgllze@ny, where o =2s— 5,

where [-|camny denotes the C* seminorm.

Parts (i) and (ii) of Theorem [1.6| are proved in the book of Stein [34], Chapter V].
Part (iii) is also a classical result, but it seems to be more difficult to find an exact
reference for it. Although it is not explicitly stated in [34], it follows for example
from the inclusions

L (LP) = Ing—njp(Insp(LP)) C Ins—p/p(BMO) C 025—%7

which are commented in [34) p.164]. In the more general framework of spaces with
non-doubling n-dimensional measures, a short proof of this result can also be found
in [19].
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Having Theorem available, to prove Proposition we will argue as follows.

Assume 1 < p < 7= and consider the solution v of the problem
(—A)v =lg| nR",
where g is extended by zero outside 2. On the one hand, the maximum principle
yields —v < u < v in R”, and by Theorem we have that v € LY(R™). From this,
parts (i) and (ii) of the proposition follow. On the other hand, if p > - we write
u = v+ w, where ¥ solves (—A)*0 = g in R” and w is the solution of
(—A)w = 0 inQ
w = ¥ in R"\Q.

As before, by Theorem we will have that o € C*(R"), where a = 2s — %. Then,
the C? regularity of v will follow from the following new result.

Proposition 1.7. Let Q be a bounded C*' domain, s € (0,1), h € C*(R"\ Q) for
some a > 0, and u be the solution of

(=A)u = 0 inQ
u = h in R™\Q.

Then, u € CP(R™), with 8 = min{s, a}, and

(1.13)

|ul|cs@ny < C||h||lco@ma),

where C' is a constant depending only on 2, «, and s.

To prove Proposition we use similar ideas as in [28]. Namely, since u is
harmonic then it is smooth inside Q. Hence, we only have to prove C” estimates
near the boundary. To do it, we use an appropriate barrier to show that

[u(@) — u(@o)| < Cllhl|cad(x)” in O,

where x( is the nearest point to x on 052, §(x) = dist(z,09Q), and f = min{s, a}.
Combining this with the interior estimates, we obtain C estimates up to the bound-
ary of €.

Finally, as explained before, to show that when the domain is convex the extremal
solution belongs to the energy class H*(R™) —which is part (iii) of Theorem |1.3
we need the following boundary estimates.

Proposition 1.8. Let Q C R"™ be a bounded convex domain, s € (0,1), f be a locally
Lipschitz function, and u be a bounded positive solution of

S S (114

Then, there exists constants 6 > 0 and C, depending only on €2, such that
[ul| Lo y) < Cllulli@),
where Qs = {x € Q : dist(z,00) < d}.
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This estimate follows, as in the classical result of de Figueiredo-Lions-Nussbaum
[14], from the moving planes method. There are different versions of the moving
planes method for the fractional Laplacian (using the Caffarelli-Silvestre extension,
the Riesz potential, the Hopf lemma, etc.). A particularly clean version uses the
maximum principle in small domains for the fractional Laplacian, recently proved
by Jarohs and Weth in [22]. Here, we follow their approach and we show that
this maximum principle holds also for integro-differential operators with decreasing
kernels.

The paper is organized as follows. In Section [2] we prove Proposition [I.2] In
Section 3| we study the regularity of the extremal solution in the case f(u) = e*. In
Section ¥ we prove Theorem|1.3|(i)-(ii). In Section|5|we show the maximum principle
in small domains and use the moving planes method to establish Proposition [L.8]
In Section |§| we prove Theorem (iii). Finally, in Section 7| we prove Proposition
L4l

2. EXISTENCE OF THE EXTREMAL SOLUTION

In this section we prove Proposition (1.2 For it, we follow the argument from
Proposition 5.1 in [7]; see also [16].

Proof of Proposition[1.3 Step 1. We first prove that there is no weak solution for
large A.

Let A; > 0 be the first eigenvalue of (—A)® in Q and ¢; > 0 the corresponding
eigenfunction, that is,

(A1 = A1 inQ
Y1 > 0 in
Y1 = 0 in R"” \ Q.

The existence, simplicity, and boundedness of the first eigenfunction is proved in
[31, Proposition 5] and [32, Proposition 4]. Assume that u is a weak solution of
(L.1). Then, using ¢; as a test function for problem (L.1)) (see Definition [L.1]), we
obtain

/QAlugoldx:/Qu(—A)sgold:c:/Q)\f(u)gpldx. (2.1)

But since f is superlinear at infinity and positive in [0, 00), it follows that A\ f(u) >
Au if X is large enough, a contradiction with .

Step 2. Next we prove the existence of a classical solution to for small \.
Since f(0) > 0, u = 0 is a strict subsolution of for every A > 0. The solution
u of

{(—A)Sﬂ = 1 inQ (2.2)

u = 0 onR™\Q
is a bounded supersolution of ([1.1)) for small A, more precisely whenever A f (max @) <

1. For such values of A, a classical solution wu, is obtained by monotone iteration
starting from zero; see for example [10].



THE EXTREMAL SOLUTION FOR THE FRACTIONAL LAPLACIAN 235

Step 3. We next prove that there exists a finite parameter A* such that for A < \*
there is a classical solution while for A > \* there does not exist classical solution.

Define A\* as the supremum of all A > 0 for which admits a classical solution.
By Steps 1 and 2, it follows that 0 < A\* < oo. Now, for each A < \* there exists u €
(A, A*) such that (1.1) admits a classical solution u,. Since f > 0, u, is a bounded
supersolution of (1.1]), and hence the monotone iteration procedure shows that
admits a classical solution uy with uy < u,. Note that the iteration procedure, and
hence the solution that it produces, are independent of the supersolution u,. In
addition, by the same reason u, is smaller than any bounded supersolution of .
It follows that uy is minimal (i.e., the smallest solution) and that u, < w,.

Step 4. We show now that these minimal solutions uy, 0 < A < A\*, are semistable.

Note that the energy functional for problem ([1.1)) in the set {u € H*(R") :
u=01in R"\ Q, 0 < wu < uy} admits an absolute minimizer wu,;,. Then, using that
uy is the minimal solution and that f is positive and increasing, it is not difficult
to see that u.,,;, must coincide with u,. Considering the second variation of energy
(with respect to nonpositive perturbations) we see that uy;, is a semistable solution
of . But since i, agrees with wy, then u, is semistable. Thus u, is semistable.

Step 5. We now prove that the pointwise limit u* = limyx- uy is a weak solution
of for A = A\* and that this solution u* is semistable.

As above, let A; > 0 the first eigenvalue of (—A)®, and ¢; > 0 be the corresponding
eigenfunction. Since f is superlinear at infinity, there exists a constant C' > 0 such
that

2\
/\—:t < f(t)+C forall t>0. (2.3)
Using ¢ as a test function in ([1.5)) for uy, we find

)\*
[aswets = [ duerds < 5 [ (1) + 0y nd
0 0 2 Ja
In the last inequality we have used (2.3). Taking A > 3X*, we see that f(uy)¢ is
uniformly bounded in L'(Q). In addition, it follows from the results in [28] that
0158 S Y1 S 0253 in

for some positive constants ¢; and Cy, where §(x) = dist(z,02). Hence, we have
that

)\/Qf(uA)(Ssda: <C

for some constant C' that does not depend on A. Use now u, the solution of (2.2)),
as a test function. We obtain that

/ﬂuAdx = /\/Qf(u,\)ﬂdx < ng\/ﬂf(u,\)ésdx <C

for some constant C' depending only on f and ). Here we have used that uw < (C'36°
in Q for some constant C3 > 0, which also follows from [2§].
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Thus, both sequences, uy, and A f(uy)d® are increasing in A and uniformly bounded
in L'(Q) for A < A*. By monotone convergence, we conclude that u* € L'(Q) is a
weak solution of for A = \*.

Finally, for A < X\* we have [, Af'(uy)|n] io{s, where HnHioI is defined by

(1.7)), for all n € H*(R™) with n = 0 in R™\ Q. Since f’ > 0, Fatou’s lemma leads to

| ¥

and hence u* is semistable. O

Remark 2.1. As said in the introduction, the study of extremal solutions involves
three classes of solutions: classical, energy, and weak solutions; see Definition [1.1]
It follows from their definitions that any classical solution is an energy solution, and
that any energy solution is a weak solution.

Moreover, any weak solution u which is bounded is a classical solution. This can
be seen as follows. First, by considering u * n° and f(u) * 7, where n° is a standard
mollifier, it is not difficult to see that u is regular in the interior of ). Moreover,
by scaling, we find that [(—A)¥?u| < C§~*, where d(x) = dist(z,0Q). Then, if
¢ € CX(9), we can integrate by parts in to obtain

u) () —C) ,
i / R drdy = [ Mucds  (24)

for all ¢ € C2°(Q2). Hence, since f(u) € L, by density (2.4]) holds for all { € H*(R")
such that ¢ =0 in R™\ Q and therefore u is an energy solution. Finally, bounded
energy solutions are classical solutions; see Remark 2.11 in [2§] and [33].

3. AN EXAMPLE CASE: THE EXPONENTIAL NONLINEARITY

In this section we study the regularity of the extremal solution for the nonlinearity
f(u) = e*. Although the results of this section follow from Theorem (i), we
exhibit this case separately because the proofs are much simpler. Furthermore, this
exponential case has the advantage that we have an explicit unbounded solution to
the equation in the whole R", and we can compute the values of n and s for which
this singular solution is semistable.

The main result of this section is the following.

Proposition 3.1. Let ) be a smooth and bounded domain in R™, and let u* the
extremal solution of (1.1). Assume that f(u) = e€* and n < 10s. Then, u* is
bounded.

Proof. Let o be a positive number to be chosen later. Setting n = e*** — 1 in the
stability condition (1.9)) (note that n =0 in R™\ Q), we obtain that

/ Ae (e — 1)2dx < [|e®™ — 1|3 . (3.1)
0

Hs
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Next we use that
(" — e‘z)2 < % (e —€e*) (b—a) (3.2)

for all real numbers a and b. This inequality can be deduced easily from the Cauchy-
Schwarz inequality, as follows

(eb—ea)Q:(/abetdt)Qg(b—a)/ab it = 1 (e — ) (b - a).

Using (3.2)), (1.8), and integrating by parts, we deduce

2
. e eir(o) _ gor(v))
e // Ix—y|"+25 oy
1

1 20¢u>\ (z) _ 6204’“)\(31)) (O[U,)\(ZE) — (XU)\(:U))

2
|z — g+

le™*> = 1]

dxdy

n

_ @ / 2 (— AYuyda.
2 Ja

Thus, using that (—A)*u) = Ae**, we find
%S < %/{2620‘“*(—A)5u,\dx = %/Q)\G(QO‘H)“Adx. (3.3)
Therefore, combining (3.1)) and (3.3]), and rearranging terms, we get

(1_%)/6(2a+1)uk _2/€(a+1)u>\+/€au,\ SO
2 Q Q Q

From this, it follows from Holder’s inequality that for each o < 2
”€u>‘ HL2a+1 < C (34)

n

fees — 1

for some constant C' which depends only on « and |Q|.
Finally, given n < 10s we can choose a < 2 such that - < 2a+1 < 5. Then,

taking p = 2a + 1 in Proposition [1.4] (iii) (see also Remark [1.5)) and using (3.4]) we
obtain

[urllzee) < Crll(=A) urllLr(@) = CLAlle™ || r@) < C
for some constant C' that depends only on n, s, and . Letting A T A* we find that
the extremal solution u* is bounded, as desired. Il

The following result concerns the stability of the explicit singular solution log #
to equation (—A)*u = Ae" in the whole R™.
Proposition 3.2. Let s € (0,1), and let

1

uo(z) = log —— mE
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Then, ug is a solution of (—A)*u = Nge* in all of R™ for some Ao > 0. Moreover,
ug 18 semistable if and only if

I'(2)T(1+s) IQ("Q%)

< .
L)~ (%)
As a consequence:

If n <7, then u is unstable for all s € (0,1).

If n =8, then u is semistable if and only if s < 0'28206....
If n =9, then u is semistable if and only if s < 0/63237....
If n > 10, then u is semistable for all s € (0,1).

Proposition suggests that the extremal solution for the fractional Laplacian
should be bounded whenever

r()r1+s

I (%
r(==) — res

) (3.6)

at least for the exponential nonlinearity f(u) = e“. In particular, u* should be
bounded for all s € (0,1) whenever n < 7. This is an open problem.

Remark 3.3. When s = 1 and when s = 2, inequality coincides with the
expected optimal dimensions for which the extremal solution is bounded for the
Laplacian A and for the bilaplacian A2, respectively. In the unit ball Q = By, it is
well known that the extremal solution for s = 1 is bounded whenever n < 9 and may
be singular if n > 10 [7], while the extremal solution for s = 2 is bounded whenever
n < 12 and may be singular if n > 13 [13]. Taking s = 1 and s = 2 in (3.6|), one can
see that the inequality is equivalent to n < 10 and n < 12.5653..., respectively.

(3.5)

We next give the

Proof of Proposition[3.9 First, using the Fourier transform, it is not difficult to
compute

1 Ao
A —A)? _—
(~A)'uo = (=) log 1 = o
where
r2)r(
)\0 = 228 (2) nEQS—i_ S>
I (5%)

Thus, ug is a solution of (—A)%ug = Age™®.
Now, since f(u) = €%, by (1.9) we have that uy is semistable in Q = R" if and

only if
772
re |2[** n

[ imte < 2 [ oyl as

for all n € H*(R").
The inequality
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is known as the fractional Hardy inequality, and the best constant

2 (s52)

2 (%)

was obtained by Herbst [24] in 1977; see also [I8]. Therefore, it follows that wug is
semistable if and only if

Hn,s — 225

)‘0 S Hn,37
which is the same as (3.5)). O

4. BOUNDEDNESS OF THE EXTREMAL SOLUTION IN LOW DIMENSIONS

In this section we prove Theorem (1)-(ii).
We start with a lemma, which is the generalization of inequality (3.2). It will be
used in the proof of both parts (i) and (ii) of Theorem [1.3]

Lemma 4.1. Let f be a C'([0,00)) function, f(t) = f(t) — f(0), v >0, and

olt) = / T2/ (s)2s. (4.1)
Then, ,
(Flay = 7o) <2(g(@) - g(b)) (a — b)

for all nonnegative numbers a and b.

Proof. We can assume a < b. Then, since 4 {f(t)”} = vf(t)71f'(t), the inequality

can be written as

b 2 b
([derrwa) <0-a [ Forrera
which follows from the Cauchy-Schwarz inequality. U

The proof of part (i) of Theorem [1.3|will be split in two cases. Namely, 7 > 1 and
T < 1, where 7 is given by ({1.10)). For the case 7 > 1, Lemma below will be an
important tool. Instead, for the case 7 < 1 we will use Lemmal[4.3] Both lemmas are

proved by Sanchén in [30], where the extremal solution for the p-Laplacian operator
is studied.

Lemma 4.2 ([30]). Let f be a function satisfying (1.2)), and assume that the limit
in (1.10) exists. Assume in addition that

e
Then, any v € (1,1 + /T) satisfies
v’g(t)

lim sup <1, (4.2)

t+oo fO)PLf(E)
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where g is given by (4.1)).
Lemma 4.3 ([30]). Let f be a function satisfying (1.2)), and assume that the limit
in (1.10) exists. Assume in addition that
1
e 108
t—00 f’(t)Q

Then, for every e € (0,1 — 7) there exists a positive constant C' such that

< 1.

FO) <O+ 670w,  forall t>0.
The constant C depends only on T and e.
The first step in the proof of Theorem |1.3|(ii) in case 7 > 1 is the following result.

Lemma 4.4. Let f be a function satisfying (1.2]). Assume that v > 1 satisfies
(4.2), where g is given by (4.1). Let uy be the solution of (1.1)) given by Proposition
(1), where X < X\*. Then,

||f(u>\)27f/(u>\)HL1(Q) <C
for some constant C' which does not depend on \.

Proof. Recall that the seminorm || - || ¢ is defined by (L.7). Using LemmaH 4.1} (L.9),
and integrating by parts,

(Fln(@) = Fluntw))”

’l’ _ ’n+23

el

dxdy

n

cn// g(ua(@)) — g(ua(y))) (ux ()—uA(y))dxdy

|l‘ _ |n+25

n

= [ Ay Pglun) (-8 d (43

=+ [ o)y uda
=7 / f(ux)g(ur)d
Moreover, the stability condition applied with n = f(u )7 yields
[ 1 fn < [y,
This, combined with , gives

/Q £(us) Flun)® < 2 / £ (un)g(un). (4.4
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Finally, by (4.2) and since f(t)/f(t) — 1 as t — +o0, it follows from (4.4]) that

[ s <c (45)

Q

for some constant C' that does not depend on A, and thus the proposition is proved.
O

We next give the proof of Theorem [1.3| (ii).
Proof of Theorem (11). Assume first that 7 > 1, where

_ o fOf)
TR0
By Lemma [4.4] and Lemma [4.2] we have that
/ F(un)?' f (up)d < C (4.6)
Q

for each v € (1,1 + /7).
Now, for any such v, we have that f?7 is increasing and convex (since 2y > 1),
and thus

fl@)® = F©)* < 29f'(a) f(a)* " (a = b).

Therefore, we have that

fux(@))*" — f(ua(y))* dy

Rn |z — y|nt2s

21 i) T2 e | wul) — ),

n ’33 _ y’n+23

= 29f(ua(@)) f (ur(2))" " (=A) ux(2)
< 29[ (ua(@)) f (ua(2))™,

(=) f(un) (@) = cngs

IN

and thus,

(—A)° fun)? < 29Af (ur) f(ur)*" = v(2). (4.7)
Let now w be the solution of the problem
(—A)Yw = v inQ
w = 0 inR"\Q,
where v is given by (4.7). Then, by (4.6) and Proposition (i) (see also Remark
13).

(4.8)

||w||Lp(Q) < HUHLl(Q) < C for each p < - 28.

Since f(uy)?" is a subsolution of (4.8) —by (4.7)—, it follows that

0< f(u,\)27 < w.
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Therefore, || f(uy)|lz» < C for all p < 2y -7, where C' is a constant that does not

n—2

depend on \. This can be done for any v € (1,1 + /7), and thus we find

2n(1
|| f(ur)||zr < C for each p < Lfﬂ (4.9)
n—2s
Hence, using Proposition (iii) and letting A T A* it follows that
u* € L®(Q) whenever n < 6s+ 4sy/T.

Hence, the extremal solution is bounded whenever n < 10s.
Assume now 7 < 1. In this case, Lemma [4.3| ensures that for each ¢ € (0,1 — 7)
there exist a constant C' such that

1
) <c(l+t)™ = 4.10
f)<c@a+)m,  m =1 o) (4.10)
Then, by (4.9) we have that || f(uy)| » < C for each p < pg := —2”53_*2@-

Next we show that if n < 10s by a bootstrap argument we obtain u* € L>®(f2).

Indeed, by Proposition (ii) and (4.10]) we have
fwH el «— (-APuw'el’? = w'el! — f(u")eL/m,

where ¢ = nfgsp. Now, we define recursively
NPk 2n(1 + /1)
Pe+1 = —F——5—> Po=—"""F—

m(n — 2spy) n—2s
Now, since
Dk m—1
Pet1 — Dk = ———— | 2Pk — nj,
n — 28pg m

then the bootstrap argument yields u* € L*°(Q2) in a finite number of steps provided

that (m — 1)n/m < 2spy. This condition is equivalent to n < 2s + 4s 17:?, which is
satisfied for € small enough whenever n < 10s, since HT‘F > 2 for 7 < 1. Thus, the
result is proved. O

Before proving Theorem (i), we need the following lemma, proved by Nedev
in [26].

Lemma 4.5 ([26]). Let f be a convex function satisfying (1.2)), and let
gt) = [ f'(r)%dr. (4.11)

Then,

where f(t) = f(t) = f(0).
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As said above, this lemma is proved in [26]. More precisely, see equation (6) in

the proof of Theorem 1 in [26] and recall that f/f — 1 at infinity.
We can now give the

Proof of Theorem[1.4 (i). Let g be given by ({.11). Using Lemma with v =1
and integrating by parts, we find

flus@)) = F@)?
" " ‘x _ ‘n+2s
o ‘/ olua(a)) = 5 (0) (r() =),
n Jgn |z — y|nt2s
- /n(—A)S/QQ(UA)(—A)S urdzx (4.12)

= / g(un)(—=A)’uydx
/ f UA UA
The stability condition 1} applied with n = f(u ) yields

/fwnﬂmfsuﬂm>g,
Q
which combined with (4.12)) gives

/f up) f (ur)? /f uy)g(uy). (4.13)

This inequality can be written as

/Q{f,(w)f(my _f(u/\)g(u)\)} < f(())/ﬂg(m)_

In addition, since f is convex we have

:/0 f(s)%ds < f’(t)/o fl(s)ds < f'() f (1),

and thus,
[ {r)fu)? - Fug} < £0) [ s,
Q Q
Hence, by Lemma we obtain
/Q Flun)f'(uy) < C. (4.14)

Now, on the one hand we have that

fla) = f(b) < f(a)(a —b),
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since f is increasing and convex. This yields, as in (4.7)),

(—A) fun) < f'(ur)(=A)ur = f(un) f(un) = v(x).
On the other hand, let w the solution of the problem

(=AYw = v inQ

{ w = 0 on 0. (4.15)

By (4.14) and Proposition (i) (see also Remark [L.F)),
lw|| L) < ||Vl L) < C for each p < —
Since f(u,\) is a subsolution of (4.15]), then 0 < J?(u,\) < w. Therefore,
[f () |lLr) < C for each p < S
and using Proposition (iii), we find
u* € L>(Q2) whenever n < 4s,

as desired. 4

5. BOUNDARY ESTIMATES: THE MOVING PLANES METHOD

In this section we prove Proposition [1.8] This will be done with the celebrated
moving planes method [21], as in the classical boundary estimates for the Laplacian
of de Figueiredo-Lions-Nussbaum [14].

The moving planes method has been applied to problems involving the fractional
Laplacian by different authors; see for example [I1] 1, [I7]. However, some of these
results use the specific properties of the fractional Laplacian —such as the extension
problem of Caffarelli-Silvestre [9], or the Riesz potential expression for (—A)™*—,
and it is not clear how to apply the method to more general integro-differential
operators. Here, we follow a different approach that allows more general nonlocal
operators.

The main tool in the proof is the following maximum principle in small domains.

Recently, Jarohs and Weth [22] obtained a parabolic version of the maximum
principle in small domains for the fractional Laplacian; see Proposition 2.4 in [22].
The proof of their result is essentially the same that we present in this section. Still,
we think that it may be of interest to write here the proof for integro-differential
operators with decreasing kernels.

Lemma 5.1. Let QQ C R” be a domain satisfying Q@ C Ry = {x1 > 0}. Let K be a
nonnegative function in R"™, radially symmetric and decreasing, and satisfying

K(z) >clz| ™" forall ze€ By

for some positive constants ¢ and v, and let

Licu(a) = [ (uly) = u(@) Kz - y)dy
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Let V € L*>®(Q) be any bounded function, and w € H*(R"™) be a bounded function
satisfying

Lgw = V(x)w inQ
w > 0 in R\ Q (5.1)
w(r) > —w(z*) in RY,

where x* is the symmetric to x with respect to the hyperplane {x1 = 0}. Then, there
exists a positive constant Cy such that if

L+ IV ||z@) 1920+ < Co, (5.2)
then w > 0 in .
Remark 5.2. When L is the fractional Laplacian (—A)®, then the condition (5.2)

can be replaced by ||V*||Loo < Cy.
Proof of Lemma 5.1 The identity Lrw = V(x)w in  written in weak form is
(o= [ / P(o) = o) w(e) -~ w(o) Ko~ g)dody = [ Vug
R27\ ( ]R“\Q)2 Q
(5.3)
for all  such that ¢ =0 in R" \Qand [, (p(z)— gp(y))zK(x —y)dz dy < oco. Note
that the left hand side of ([5.3]) can be ertten as
(o= | / ) (w(x) ~ wly) Kz — y)dz dy

=3 / g P ) K ) dy
22 [ [ e - w ) K -y )dady

where y* denotes the symmetric of y with respect to the hyperplane {x; = 0}.

Choose ¢ = —w™xq, where w™ is the negative part of w, ie., w = w™ — w™.
Then, we claim that

//R2n\ - (W™ (z)xa(z) — w () xe®))?K (@ — y)dz dy < (—w xa,w)k. (5.4)
Indeed, first, we have

(ool = [ [ @)@ @ ) @ ()} K (e dody+
2 f / m{w-m(w-(a:) —w (o) o @ )} @ - ) dy
w2 [ [ @@ - w60 + @ )y )dsdy

where we have used that w™(z)w™(z) = 0 for all z € R™.
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Thus, rearranging terms and using that w™ = 0 in R%} \ ,
Cwxam= [ [ @)~ w @) K pdedy
w” (x)w™ xr — X
+/Q/92 () () K (z — y)da dy+
w2 f (@ 0) @ )} K ) dy
=2 [ ) w0 = e d
2 [ Loy (7 000~ )00 o )

w2 [ [ wr @t )k - e dys
w2 [ [ @ K -y )dady

We next use that, since K is radially symmetric and decreasing, K(x—y*) < K(z—y)
for all x and y in R’. We deduce

Coxemz [ [ @@l - w @)K - pdedys
w (2 w™ —w (2w (y* T — T
+2/Q/1 (@)t (y) — w (@) (") Kz - y)dz dy,

and since w™(y*) < w*(y) for all y in R? by assumption, we obtain (5.4)).
Now, on the one hand note that from (5.4) we find

/ / w™ (y))2K (2 — y)dz dy < (—w™ X, w)x.

Moreover, since K(z) > c|z|™"~ VXBI(Z) then

scuwwmmc / / w*(x)—w*(y)ff((x—y)dxdy,

and therefore
w713, 2y < Callw™ lr2@) + Cr(=w"x0, w)x (5.5)
On the other hand, it is Clear that

Jvow = [V < Vsl e, (5.6)
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Thus, it follows from (5.3)), (5.5)), and (5.6) that

1071y < Cr (14 1V ) 10 20

Finally, by the Holder and the fractional Sobolev inequalities, we have
w122y < 19207 lw™ [[Zog) < 02|Q|%||w_||33,/2(9),
where ¢ = 2—")} Thus, taking Cy such that Cy < (C1C3)~! the lemma follows. O

-
Now, once we have the nonlocal version of the maximum principle in small do-
mains, the moving planes method can be applied exactly as in the classical case.

Proof of Proposition[1.8 Replacing the classical maximum principle in small do-
mains by Lemma5.1} we can apply the moving planes method to deduce [[u| ;) <
Cllul|r1 () for some constants C' and § > 0 that depend only on €, as in de
Figueiredo-Lions-Nussbaum [14]; see also [3].

Let us recall this argument. Assume first that all curvatures of 9€) are positive.
Let v(y) be the unit outward normal to © at y. Then, there exist positive constants
sg and « depending only on the convex domain 2 such that, for every y € 02 and
every e € R" with |e] = 1 and e - v(y) > «, u(y — se) is nondecreasing in s € [0, sq).
This fact follows from the moving planes method applied to planes close to those
tangent to €2 at 0€2. By the convexity of €2, the reflected caps will be contained in 2.
The previous monotonicity fact leads to the existence of a set I, for each x € (s,
and a constant v > 0 that depend only on €2, such that

|| >, u(z) <wu(y) forall yel,.

The set I, is a truncated open cone with vertex at x.
As mentioned in page 45 of de Figuereido-Lions-Nussbaum [14], the same can also
be proved for general convex domains with a little more of care. O

Remark 5.3. When ) = B;, Proposition follows from the results in [I], where
Birkner, Lépez-Mimbela, and Wakolbinger used the moving planes method to show
that any nonnegative bounded solution of
(—=A)u = f(u) in B
{ u = 0 in R"\ By (5.7)
is radially symmetric and decreasing.

When u is a bounded semistable solution of (5.7)), there is an alternative way to
show that u is radially symmetric. This alternative proof applies to all solutions
(not necessarily positive), but does not give monotonicity. Indeed, one can easily
show that, for any i # j, the function w = x;u,; —x;u,, is a solution of the linearized

problem
(—A¥w = f(uw in B
{ w = 0 in R™\ Bj. (5.:8)
Then, since A; ((—=A)® — f'(u); By) > 0 by assumption, it follows that either w = 0
or Ay = 0 and w is a multiple of the first eigenfunction, which is positive —see the



248 THE EXTREMAL SOLUTION FOR THE FRACTIONAL LAPLACIAN

proof of Proposition 9 in [31, Appendix A]. But since w is a tangential derivative
then it can not have constant sign along a circumference {|z| = r}, r € (0,1), and
thus it has to be w = 0. Therefore, all the tangential derivatives dyu = Uy, — Tjuy,
equal zero, and thus u is radially symmetric.

6. H° REGULARITY OF THE EXTREMAL SOLUTION IN CONVEX DOMAINS

In this section we prove Theorem (iii). A key tool in this proof is the Pohozaev
identity for the fractional Laplacian, recently obtained by the authors in [29]. This
identity allows us to compare the interior H* norm of the extremal solution u* with a
boundary term involving u*/§°, where 0 is the distance to 9€2. Then, this boundary
term can be bounded by using the results of the previous section by the L' norm of
uw*, which is finite.

We first prove the boundedness of u*/d° near the boundary.

Lemma 6.1. Let Q be a convexr domain, u be a bounded solution of (1.14)), and
d(z) = dist(x,00). Assume that
[l < e

for some ¢y > 0. Then, there exists constants d > 0, co, and C' such that

lu/0% (L5 < C (c2 + [ fll=(o.ca)) +
where Qs = {x € Q : dist(x,00) < d}. Moreover, the constants §, ca, and C depend
only on ) and c;.

Proof. The result can be deduced from the boundary regularity results in [28] and
Proposition [1.8| as follows.

Let 6 > 0 be given by Proposition [I.8, and let  be a smooth cutoff function
satisfying 7 = 0 in Q \ Qgs/3 and n = 1 in Qs/3. Then, un € L>*(Q2) and un = 0 in
R™ \ ©. Moreover, we claim that

(=A)*(un) = f(u)xe,, +9 inQ (6.1)

for some function g € L>*(Q2), with the estimate

lgll <) < € (Ilellerssous ey + Il (6:2)
To prove that holds pointwise we argue separately in €574, in Qss/4 \ 574,
and in © \ Q35/4, as follows:
o In Q54, g = (—A)°(un) — (—=A)*u. Since un — v vanishes in €255 and also
outside €2, g is bounded and satisfies .
o In Q354 \ Q5/4, g = (—A)*(un). Then, using

N8 @) = @y5,0050 < C (lullor-s@ugmanm + lunllen)

and that 7 is smooth, we find that ¢ is bounded and satisfies (6.2)).
o In O\ Qs5/4, g = (—A)*(un). Since un vanishes in Q \ Qys/3, g is bounded
and satisfies (6.2]).
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Now, since u is a solution of ([1.14)), by classical interior estimates we have
[ullores (u5005) < C (l[ullze s + lull i) ; (6.3)

see for instance [28]. Hence, by (6.1)) and Theorem 1.2 in [28], un/é* € C*(Q) for
some « > 0 and

lun/8*llco@) < ClF@Xa, ., + glliee.
Thus,
/8@ < Nun/8 oy < € (Iglaeiey + 1 @)=y
< C (Jullzsoy + lull =) + 1 F@lz=(0,0) -

In the last inequality we have used (6.2)) and (6.3). Then, the result follows from
Proposition [L.8 O

We can now give the

Proof of Theorem[1.3 (iii). Recall that u, minimizes the energy £ in the set {u €
H*(R™) : 0 < u < uy} (see Step 4 in the proof of Proposition in Section [2)).
Hence,

2, - / NF(uy) = E(uy) < £(0) = 0. (6.4)
Q
Now, the Pohozaev identity for the fractional Laplacian can be written as
I'(1 2 2
stuall, —né(w) =05 [ (2) (o (65)

see [29, page 2]. Therefore, it follows from ([6.4)) and (6.5 that

F(l +8)2 U 2
2
o < ———— — . .
||u,\HHS S — /BQ <§5> (x-v)do

Now, by Proposition (6.1, we have that

IR

for some constant C' that depends only on €2 and [us||z1(@). Thus, [Jus|[s, < C, and
since u* € L*(), letting A + A\* we find

|u*]| . < o0,

H
as desired. O
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7. L? AND CP ESTIMATES FOR THE LINEAR DIRICHLET PROBLEM

The aim of this section is to prove Propositions and [I.7] We prove first
Proposition [I.4]

Proof of Proposition[1.4] (i) It is clear that we can assume ||g||z1 ) = 1.
Consider the solution v of

(—A)w=g| inR"

given by the Riesz potential v = (—A)~*|g|. Here, g is extended by 0 outside 2.
Since v > 0 in R™\ Q, by the maximum principle we have that |u| < v in .
Then, it follows from Theorem [I.6] that

n

<C h =
||U||Lgveak(sz)_ , Where g=-—o

and hence we find that

u|lpry) < C forall r<
[ullr (@) < R
for some constant that depends only on n, s, and |Q].

(ii) The proof is analogous to the one of part (i). In this case, the constant does
not depend on the domain €2.

(ili) As before, we assume ||g||zr@) = 1. Write v = ¥ + w, where ¥ and w are
given by
v=(—A)"%g in R", (7.1)
and
(—A)w = 0 inQ
{ w = o inRM\Q. (7.2)
Then, from ([7.1)) and Theorem we deduce that
[0]ca@ny < C, where a=2s— L (7.3)
p

Moreover, since the domain 2 is bounded, then ¢ has compact support and hence v
decays at infinity. Thus, we find

10| ceny < C (7.4)

for some constant C' that depends only on n, s, p, and §2.
Now, we apply Proposition to equation ([7.2). We find

|w]|csmny < O camny, (7.5)
where 8 = min{«, s}. Thus, combining ([7.4)), and (7.5]) the result follows. O

Note that we have only used Proposition to obtain the C” estimate in part
(iii). If one only needs an L* estimate instead of the C” one, Proposition [1.7]is not
needed, since the L*> bound follows from the maximum principle.
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As said in the introduction, the LP to W?2*P estimates for the fractional Laplace
equation, in which —A is replaced by the fractional Laplacian (—A)®, are not true
for all p, even when {2 = R™. This is illustrated in the following two remarks.

Recall the definition of the fractional Sobolev space WP (2) which, for o € (0,1),
consists of all functions u € LP(§2) such that

1
ulxr) —u p P
lallwesi = Nl + ( / [ Ju(@) —u@)” ;. dy>

R
is finite; see for example [15] for more information on these spaces.

Remark 7.1. Let s € (0,1). Assume that u and g belong to LP?(R™), with 1 < p < oo,
and that
(—A)’u =g in R"™
(i) If p > 2, then u € W2P(R").
(i) If p < 2 and 2s # 1 then u may not belong to W2?(R"). Instead, u €
BI%E(R"), where BJ  is the Besov space of order o and parameters p and g.

For more details see the books of Stein [34] and Triebel [35].

By the preceding remark we see that the LP to W?2%P estimate does not hold in R”
whenever p < 2 and s # % The following remark shows that in bounded domains
Q) this estimate do not hold even for p > 2.

Remark 7.2. Let us consider the solution of (—A)*u = ¢ in Q, v = 0 in R" \ Q.
When Q = B; and g = 1, the solution to this problem is

uo(r) = (1= [z[*)" x5, (2);

see [20]. For p large enough one can see that uy does not belong to W2*P(By), while
g =1 belongs to LP(B,) for all p. For example, when s = 1 by computing [Vug| we
see that uy does not belong to W1?(By) for p > 2.

We next prove Proposition [I.7, For it, we will proceed similarly to the C® esti-
mates obtained in [28, Section 2| for the Dirichlet problem for the fractional Lapla-
cian with L data.

The first step is the following:

Lemma 7.3. Let ) be a bounded domain satisfying the exterior ball condition,
s € (0,1), h be a C*(R™\ Q) function for some a > 0, and u be the solution of
(1.13). Then

[u(z) — u(z0)| < C||hl|ca@na)d(z)” in Q,
where xo s the nearest point to x on 0L, f = min{s,a}, and 6(x) = dist(z, 0Q).
The constant C' depends only on n, s, and «.

Lemma will be proved using the following supersolution. Next lemma (and
its proof) is very similar to Lemma 2.6 in [28§].
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Lemma 7.4. Let s € (0,1). Then, there exist constants €, c¢i, and Cy, and a
continuous radial function ¢ satisfying

=0 in By (7.6)
ale] =1 <o < Cy(lx| —1)° inR™\ By.
The constants ¢; and Cy depend only on n, s, and 3.
Proof. We follow the proof of Lemma 2.6 in [2§]. Consider the function
uo() = (1 — [a2):.
It is a classical result (see [20]) that this function satisfies
(—A)SUO = Rn,s in Bl

for some positive constant &y, .
Thus, the fractional Kelvin transform of ug, that we denote by wj, satisfies

(—A) i (x) = |2 (—=A)*u (ﬁ) > ¢y in By \ Bi.

Recall that the Kelvin transform ug of ug is defined by
ud(z) = |z|** "ug (#) :
Then, it is clear that
a(|z] = 1)" <ug(r) < As(fz| =1)° in By \ By,
while uf; is bounded at infinity.
Let us consider now a smooth function 7 satisfying n = 0 in Bs and
Ay(fe] =1)" <np < Ap(f] = 1)° in R"\ By.

Observe that (—A)®n is bounded in By, since n(x)(1 + |z|)™ % € L. Then, the
function

p = Cug +1,
for some big constant C' > 0, satisfies
(—A)S(p 2 1 n B2 \ Bl
Y= 0 in Bl

ale] —1) <o <Cy(|x] —1)° inR™\ By.

Indeed, it is clear that ¢ = 0 in B;. Moreover, taking C' big enough it is clear that
we have that (—A)*p > 1. In addition, the condition ¢;(|z| —1)* < ¢ < Cy(|z|—1)*
is satisfied by construction. Thus, ¢ satisfies ((7.7]), and the proof is finished. U

Once we have constructed the supersolution, we can give the
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Proof of Lemma[7.3 First, we can assume that ||h|ce@mo) = 1. Then, by the

maximum principle we have that ||ul|zem®ny = ||h]|z@r) < 1. We can also assume
that a < s, since

17]

Let zo € 092 and R > 0 be small enough. Let By be a ball of radius R, exterior

to 2, and touching 99 at xo. Let us see that |u(z) — u(xg)| is bounded by CR? in

Qn BQR.
By Lemma we find that there exist constants ¢; and Cs, and a radial contin-

uous function ¢ satisfying
(=A)p >0 in By \ By
cle] —1) <o < Cy(|x] —1)° inR™\ By.

cs@ny < C||h||cammay whenever s < a.

FIGURE 1.

Let z; be the center of the ball Bg. Since [|h|com@na) = 1, it is clear that the
function

vr(z) = h(xo) + 3R + C3R°p (x ;%xl) ,

with C3 big enough, satisfies
(—A)S(pR Z 0 in BQR \ BR
©r = h(xg) + 3R~ in Bp
h(wo) + |z — 20|* < pr  in R"\ Bag
PR S h(l’o) + C()Ra n BQR \ BR.

Here we have used that o < s.

Then, since
(-A)SU =0 S (—A)SQOR in QN BQR,
h < h(zg) + 3R = pp in Bag \ 9,
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and
h(z) < h(zg) + |z — x0|* < g in R™\ Bag,
it follows from the comparison principle that
u<pr in QN Bapg.
Therefore, since pr < h(xg) + CoR* in Byg \ B,
u(z) — h(zg) < CoR™ in QN Bag. (7.9)

Moreover, since this can be done for each zy on 99, h(zg) = u(x), and we have
|lu|| Lo () < 1, we find that

u(z) — u(wg) < C6° in Q, (7.10)

where xq is the projection on 0 of z.
Repeating the same argument with v and h replaced by —u and —h, we obtain
the same bound for h(zy) — u(x), and thus the lemma follows. O

The following result will be used to obtain C” estimates for u inside . For a
proof of this lemma see for example Corollary 2.4 in [2§].

Lemma 7.5 ([28]). Let s € (0,1), and let w be a solution of (—A)°*w = 0 in Bs.
Then, for every v € (0,2s)

lulerg < {101+ o)™ >0l + lwllo= ).
where the constant C' depends only on n, s, and 7.

Now, we use Lemmas and to obtain interior C? estimates for the solution
of (13).

Lemma 7.6. Let ) be a bounded domain satisfying the exterior ball condition,
h € C*(R™\ Q) for some o > 0, and u be the solution of (L.13|). Then, for all x € Q
we have the following estimate in Br(x) = Bsz)/2()

”“Hcﬁ(BR(x)) < O]l ca@m\a), (7.11)
where f = min{«, s} and C is a constant depending only on 2, s, and «.

Proof. Note that Br(z) C Bag(z) C 2. Let u(y) = u(z + Ry) —u(z). We have that

(—A)’a(y) =0 in By. (7.12)

Moreover, using Lemma we obtain
[ll 281y < CllAlloa@ma)R”. (7.13)
Furthermore, observing that |a(y)| < C||h||ce@mna R (14 |y|?) in all of R™, we find
1L+ y) "> a(y) |1 @y < Cllhlloe@may R, (7.14)

with C' depending only on €2, s, and «.
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Now, using Lemma with 7 = (3, and taking into account (7.12)), (7.13)), and
(7.14]), we deduce
Il s (Br77) < Cllhllce@may R’

where C' = C(€, s, ).
Finally, we observe that

[Wes (Bramr) = R_ﬂ[@}oﬁ(sl/zl)'

Hence, by an standard covering argument, we find the estimate (7.11)) for the C”
norm of u in Bg(z). O

Now, Proposition [1.7] follows immediately from Lemma [7.6] as in Proposition 1.1
in [2§].

Proof of Proposition[I.7. This proof is completely analogous to the proof of Propo-
sition 1.1 in [28]. One only have to replace the s in that proof by 5, and use the
estimate from the present Lemma [7.6 instead of the one from [28, Lemma 2.9]. O
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AN EXTENSION PROBLEM FOR SUMS OF FRACTIONAL
LAPLACIANS AND 1-D SYMMETRY OF PHASE TRANSITIONS

XAVIER CABRE AND JOAQUIM SERRA

ABSTRACT. We prove, in low dimensions, 1-D symmetry of layer solutions to
Allen-Cahn type equations involving a sum of fractional Laplacians. These oper-
ators are not scale invariant and hence they are infinitesimal generators of Lévy
processes which are not stable. Still, we can set up a useful extension problem for
these operators consisting in a system of PDEs coupled by a Dirichlet “common
trace” condition and one Neumann type boundary condition.

1. INTRODUCTION

In this paper we study layer solutions of phase transition problems with a nonlocal
diffusion. The main novelty is that the diffusion operator that we consider does not
have self-similarity properties. For instance, we consider the nonlocal Allen-Cahn
type equation

K
> pi(=A)u+ W) =0 inR", (1.1)
i=1

where p; >0, > pu; =1,0 < s; < -+- < sg < 1, and W is a double-well potential
with wells of the same height located at +1. By definition, a layer solution is a
solution which is monotone in the x,, direction with limits +1 as x,, — *oo. That
is,

Uy, >0 inR" and lim w(z',z,) =41 forall 2’ € R (1.2)

Tp—rtoo

Having always (1.1)) in mind, we actually consider the more general equation

Lu+W'(u)=0 inR", (1.3)
where, for some s, € (0, 1), we have
L= [ Ay udus) pz0. a(lsn) -1 (1.4)
[S*vl)

We assume that 4 is a probability measure supported in [s,, 1), i.e.,
p>0 and p(fs., 1)) =uR) =1
The operator L is the infinitesimal generator of a Lévy process Y (t) which is isotropic

but not stable. It has different behaviors at large and small time scales. Heuristically,

The authors were supported by grants MINECO MTM2011-27739-C04-01 and GENCAT

2009SGR-345.
261
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for a very small time step h, the probability that the increment Y (¢t + h) — Y ()
coincides with that of a 2s-stable Lévy process is given by u(ds).
Recall that the fractional Laplacian is defined by

CAYu(z) = (s ufz) — uly)
(=AY uta) = () PV [ T ay, (15)
where <n+2$>
cn(s) = W_%QQSF(Q—iS)s(l —5). (1.6)

Equivalently, (—A)* is the operator whose Fourier symbol is |£].
We may assume that
s. = max{s : support u C [s,1)}. (1.7)

In the case of problem ([1.1)), we have s, = s1, which is the relevant exponent in a
blow-down of the equation.
The double-well potential W is assumed to satisfy

WeC*R), W(£l)=0 and W(t) >0 for t # +1. (1.8)

Similarly as for scale invariant diffusions in [19} 20], the appropriate energy func-
tional for our problem is

E(u, Q) = K(u,Q) + / W(u)dz, with K(u,Q) = [K*(u,Q)du(s), (1.9)
Q
where, for 0 < s <1,

K2 (u, Q) = Cnls // QXQ(:L‘)(%XQ(?J)+ch(y))dxdy. (1.10)

y|n+2.s

In this paper we establish an extension problem for the operator L. As a main
application we obtain the following 1-D symmetry result for layer solutions to ((1.3)).

Theorem 1.1. Assume that u € L>(R™) is a layer solution of (L.3), that is, sat-
1sfying . Assume that either n = 2 and s, > 0, or that n = 3 and s, > 1/2,
where s, s given by .

Then, w has 1-D symmetry. That is, u(x) = up(a- ) where up : R — R is a layer
solution in dimension one of Lug+W'(up) = 0 in R and a € R™ is some unit vector.

The existence of a 1-D solution relies on interior estimates for the operator L
in bounded domains. These estimates are not very simple by the following two
reasons. First, since the support of u may arrive all the way to s = 1 we can not
take advantage of the operator begin nonlocal to show Hélder continuity of solutions
in a bounded domain. Second, since the measure p can be continuous (not discrete)
then the operator L may not have a well definite leading order. Therefore, the Holder
regularity in bounded domains for L requires some analysis based on the smoothness
and growth of the Fourier multiplier. It will be established in a future work. Here,
we use a factorization trick to deduce estimates in the whole R"; see Section [2]
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When L is of the form the interior estimates in a bounded domain are very
elementary and the existence of a 1-D solution follows from a similar argument as
in Palatuci, Savin, and Valdinoci [17].

Theorem is clearly inspired in a conjecture of De Giorgi [I1] for the Allen-
Cahn equation: —Awu = u — u® in all R®. This conjecture states that, if n < 8,
then solutions u which are monotone in one variable have 1-D symmetry. This has
been proved in dimensions n = 2 by Ghoussoub and Gui [14], n = 3 by Ambrosio
and Cabré [2], and for 4 < n < 8, when one assumes in addition that u is a layer
solution, by Savin [I§].

For the related nonlocal equation, (—A)%u + W’ (u) = 0 in all R", analog results
have been found for n = 2 and s = 1/2 by Cabré and Sola-Morales [7], for n = 2
and s € (0,1) by Cabré and Sire [5], and for n = 3 and s € [1/2,1) by Cabré and
Cinti [3, 4].

In this paper, we show how several arguments in [14], 2 [7, [3, 4], 5] can be adapted to
equation to obtain 1-D symmetry results. In these papers, symmetry is deduced
from a Liouville type theorem. Provided that u satisfies certain energy estimates,
this Liouville type theorem implies that any two directional derivatives of u coincide
up to a multiplicative constant. This is equivalent to the 1-D symmetry. All the
known symmetry results for fractional equations [3| 4} [5 [7] were proven using the
extension problem of Caffarelli and Silvestre [10], which seems necessary to prove
and even to state the Liouville theorem. The main novelty of the present paper
is that we have an non scale invariant operator and the existence of an extension
problem is a priori unclear. Here, we show what is the natural extension problem,
and how one can prove the symmetry result using it. This new extension problem,
discussed in Section |4} consists of a “system” of (possibly infinitely many) singular
elliptic PDEs which are coupled by a single Neumann type boundary condition and
a common trace constrain.

The ideas of this paper could be useful in other contexts where an extension
operator is known for a family of operators and one needs to consider also sums (or
integrals) of these operators.

A crucial step towards the 1-D symmetry is the obtention of a sharp estimate for
the energy of minimizers and of monotone solutions in a ball of radius R > 1. Let
us define

n—1 1-2s -1 :
o, (F) = {R _I(R 1)(1 - 2s) if s #1/2,
R 'log R if s=1/2.
The function @, ;(R) will be useful since it is continuous and decreasing in s of
R>1.

The following result is proven in Section [3] Throughout the paper we use the
notation Bg = {z € R", |z| < R}.

Proposition 1.2. Let u be a layer solution of (L.3)), i.e., a solution satisfying (|1.2)).
Then, for all R > 1,

(1.11)

5(“7 BR) S Cq)n,s* (R)v
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where O, s is given by (1.11)) and C' depends only on n, s, and W.

Related energy estimates have been obtained in [2], 4] (5], 20].

An strategy to prove Proposition |1.2|could be to show first that layer solutions are
minimizers of the energy £ in every ball and to compare the energy of u with some
explicit competitor. This was done by Savin and Valdinoci in [20] for L = (—A)® and
their proof (with minor modifications) would give also the correct energy estimate
for minimizers of our energy £. However, in order to prove that layer solutions
are minimizers via the standard foliation argument we need regularity estimates for
solutions to in a bounded domain. These estimates, in bounded domains and
for general L of the form , turn out to be more intricate than the estimate in
the whole space, given by Proposition below. By this reason we follow a different
approach a la Ambrosio-Cabré [2], which allows to obtain Proposition in a more
straight-forward way.

Let us now quickly link the energy functional £& with problem and make
precise our notion of solution to ([1.3). The quadratic form (-, Q) comes from a
scalar product, which we denote by (-, -)q. Namely,

K(u, Q) = %<u,u>ﬂ. (1.12)
This scalar product is defined by
(u, vy = [{u,v)q,s du(s) (1.13)
where
(u,v)qs = cu(s) / / G ,‘;(%ZS? — U(y))xQ(w)(%xQ(y) + Xea(y)) dudy .
(1.14)

Minimizers of € (with respect to compact perturbations) are functions in v : R” —
R that satisfy, for every & € C°(Q),

E(u, ) < E(u+e£,Q)
= K(u, Q) +2K(€,Q) +e(u, E)q + / W (u+ &€) dz.
Q
Equivalently,

0<ek(& Q)+ (u,&)a+ /Q é(W(u +e&) —W(u))dx

for every bounded domain 2 C R™ and £ € C'°(2). Letting € \, 0, we obtain
(u,&)q +/ W'(u)fdx =0 for every Q CC R" and £ € C(9Q). (1.15)
Q

Equation ([1.15]) is the weak version of equation (|1.3). We will say that a function
u € L*(R™) is a weak solution of (1.3)) if £(u, ) < oo and (1.15)) is satisfied for all
QCcCR"and € € C(Q).
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The relation between the weak and the strong formulations of the problem is given
by the integration by parts type formula

(u,v)g = / Lu(z)v(z) dx + [ eq(s)du(s /CQ dx/ |37 _y|n+28) (x), (1.16)

that holds for u, v € C*(R™) bounded. This formula is found integrating with respect
to du(s) the well-known identities

<u,v>ﬂ7sz/ﬂ( Ao u(z)o(z) da + en(s / dm/ |$_ I"”S) (z). (1.17)

These identities are very elementary but useful, for instance in the proof of an
energy estimate for monotone solutions. Note the last term on the right side can be
interpreted as a nonlocal flux. The identity is easily proven by writing (—A)%u
as a singular integral and rearranging some terms. One needs only to observe that

PV/ d:r/ |I_ |n+)23 —PV/ dx/ |x_ ﬁjgf(?’).

On the one hand, using the integration by parts formula in we find that,
when w is smooth enough, we have

/ Lu {dx + / W' (u)édx =0 for every Q CC R" and £ € C(Q),
Q Q

and hence u is a solution of ([1.3)).
On the other hand, if u is merely a measurable function v : R — [—1,1] we

can also give a notion of solution to (|1.3)), now integrating by parts in the opposite
direction. Since £ € C°(Q) in (L.15)), we find that (u,v)q = [5. uL€ dz and thus

/ ulédr+ [ W'(u)dx =0 for every £ € CF(9). (1.18)
n R”

This is the notion of solution to in the sense of distributions.

Next proposition concerns C?7 regularity of weak solutions to . It is proved
in Section [2l In the following proposition we can prove regularity not only for weak
solutions but also for solutions of the equation in the whole R™ in the sense of
distributions.

Proposition 1.3. Let u € L>®(R"™) with |u| <1 in all R™. Assume that u satisfies
(1.18). Then, u € C*?(R™) and

[ullczgny < C
for some v > 0 and C depending only on n, s, and W.

According to Proposition layer solutions always satisfy equation (|1.3) in the
classical sense. Indeed, the proofs of Theorems 2.5, 2.6 and 2.7 in [21] yield the
estimate

[(—=A)*ullcor@ny < Cllullc2a@ny
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for every u € C*7(R"™), with C' uniform for s € [s,, 1) (depending only on n and s,).
Thus, since g is a probability measure, Lu = [(—A)*udp(s) is still in C%7(R™) and
thus the equation is satisfied classically.

The paper is organized as follows: In Section [2f we prove the regularity Proposition
In Section [3| we prove the energy estimate of Proposition In Section [] we
introduce the extension problem for the operator L that allows us to reformulate
problem as a system of PDEs. In Section , the last one, we obtain a Liouville
type theorem within the framework of the extension problem and we us it to prove
the 1-D symmetry result, Theorem [I.1]

2. REGULARITY

In this section we prove Proposition [I.3] It will be obtained by iterating the
following

Lemma 2.1. Let u € L*®(R") satisfy Lu = w in all of R™ in the sense of distribu-
tions. Assume that w € CP(R™), B3 > 0. Then, there exist o > 0 and C depending
only on n and s, such that u € CPT (R”) and

[ullcora@ny < C([[ullzos@ny + lwllos@n))

Proof. Since L is linear and translation invariant, it commutes with convolution.
Thus, by considering convolutions of 4 and w with a smooth approximation of the
identity, we may assume that v and w are smooth and that the equation holds in
strong sense.

Let us consider first the case f = 0. Let € = s,/2 and v = (—A)“. Then v
satisfies

Lv=w inR"
where L = [ (o1 qdu(e +t)(—A)". By the results of Silvestre in [22] —which apply
to L but not to L— we have
[Wlica@e < C(I[vllzemn + lwllze@n), (2.1)

where @ and C' depend only on n and s, (we are using that u is a probability
measure).
But by classical Riesz potential estimates [15], since (—A)‘u = v, we have

||’LL”C§+25 < C(HUHLOO(]RH) —+ HU|’Co7(Rn)) (22)
and, since a/2 + 2¢ > 2e,
||U||L00(Rn) S C'||u||ca/2+2€. (23)
Therefore it follows from ([2.1)), (2.2), and ({2.3]) that
[ullgarzcny < C([|wllpoe@ny + [0l oo (ny + Jwl oo ny )
S C(||u“ca/2+2e(Rn) —+ ||w||Loo(Rn)).
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Thus, the estimate of the lemma with o = a+2¢ and 3 = 0 follows using the typical
interpolation inequality trick.

The cases 5 > 0 follow applying the previous case to incremental quotients (of
derivatives) of u and w. O

Finally, we prove Proposition [1.3]

Proof of Proposition[1.3 Since u and W’ (u) belong to L>(R"), Lemma [2.1] applied
with # = 0 yields the bound ||u||ce®s) < C for some a depending only on L and
some C depending on L, W and ||u||r~. But f is a C? function and hence we find
also a bound for || f(u)||cemny. This starts an standard bootstrap argument that
leads, after using Lemma [2/a] times, to the estimate ||u[/c2~@n) < C, where
v=[2/a]a —2. O

3. ENERGY ESTIMATES

In this section we obtain an energy estimate for layer solutions of .

Next Claim will be used to prove the energy estimates. Recall the definition
of @, (R) from (L.1I)). Its proof is a simple calculation and we differ it to the
Appendix.

Claim 3.1. For every R > 1, we have

S)/ / mln{17 ‘x _ y‘} dx dy < Cq)n,S(R>
Br Br

|z —y|+e

where C' depends only on n (but not on s).

The following proposition establishes the energy estimate for layer solutions in
every dimension. Since there is no extra effort in doing it, we prove a slightly more
general statement that can be used to show energy estimates for monotone solutions
(without limits) in dimension three.

Proposition 3.2. Let u be a solution of (1.1)) which is monotone in the x,, direction.
Define w : R™ — R by u(x’, x,) = u(z') = limg,, oo u(z’,x,). Then, there exists a
constant C' depending only on n, s., and W, such that

E(U, BR) - g(ﬂ, BR) S Cq)n,s* (R) (31)
for every R > 1.

Proof. Consider, as in [2], the slided function u', ¢ > 0, defined by u'(z',z,) =
u' (2!, o, + 1).

Using the integration by parts formula ([1.16)) and the equation satisfied by u' we
find

u'(@) —ully) 5
dtg u', Br) = [du(s)c,(s /BRdx/BR |x— |n+25 Opu' () . (3.2)
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Indeed, we have

ig(u Br) = (u', 0,u") g, /W’ YOuu' dx

dt
= /BR Lu'o' + [ du(s)en(s) /CBRdx /BRdyM&tUt(x) +

‘i[) _ y‘n+2s

+ W' (u")Opu' (u) d

Bgr

and note that Lu®’ + W'(u") = 0.

Using the bound ||u'||c2~®ny < C in Proposition with C' depending only on
n, S., and W —thus, C' independent of t— we find, by monotone convergence, that
ut — @ in C27(R™). We also find that |u'(z) — u!(y)| < Cmin{1, |z —y|}.

Therefore, we have

+o0 d
E(u, Br) — (7, Br) = £, By)|’_ = —/ CE(!, Br)di.
0

Integrating (3.2)) we obtain

+oc0 d
g(u,BR)—g(a,BR):—/ CE(ut, Br)di
0

l —u'(y)
:—/ dt [ du(s)en(s / dx/ dy Oy’ (x)
0 ¢Br JBg -y
400
§/ dt [ du(s)en(s / d:v/ Cmm{l [z~ 5 y‘}ﬁu( )
0 CBr Br —y|
—fdu Cn / dx/ len{l |I+2 y|}/ 6tut(x) dt
CBR B ’n ]

mln 1, |z —
CBr BR |

< C [du(s)®,s(R)
S Cq)n,s* (R) )

for some C' depending only on n, s,, and W. We have used Claim 3.1 and the fact
that @, ; is decreasing in s. O

We finally give the

Proof of Proposition[1.9 Tt is an immediate consequence of Proposition [3.2] ob-
serving that, for layer solutions, we have u = 1 and clearly £(1, Bg) = 0 for all
R > 0. H
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4. EXTENSION PROBLEM
In this section we give a local formulation of problem (|1.3)):

J(=A)udu(s) = f(u).

This can be done by working, at the same time, with several (or possibly infinitely
many) extension problems of type Caffarelli-Silvestre [10].
Given s € (0,1) and u € L®(R"), the s-extension of u to R is defined by

Us(-,A) = Ps(-,A) xu  in R”
for all A > 0, where Py is
)\23
ni2s -
(|I|2 + /\2) 2
The function @, solves the extension problem of Caffarelli and Silvestre [10]:

{ V-(A\"2Vi,) =0 inR ={(z,)), 2 € R, A >0},

PS(ZL’, )‘) = Pn,s

(2, 0) = u(z) on {\=0}. (4.1)

Moreover, from results in [I0] we have that, for u regular enough,

(—A)’u(z) = —d(s) ,\IE(I)I+ N2 0\ (w0, N)

From the considerations above, to every solution of problem (|1.3)), it corresponds
a solution of the following system of PDEs:

V- (A2VE,) = 0 in R7

Us(x,0) = u(z) on {\ =0}, (4.2)
— [d(s) ,\IL%L MN72503 0, (2, A) du(s) = f(u) on {\ =0}

This system possibly involves infinitely many unknowns, the functions {as}sesupp -
Note that if we consider the operator L = "1 11;(—A)* the number of unknowns
appearing in the system is K (plus the common boundary value u).

This leads us to consider the energy functional

E(w, Q) = K(w,Q) + / W(w) dz,

with

1
K(w,Q) = 3 [ du(s) /m d(s)N72 | Vw,|? dz dX

where 2 C R™! is any Lipschitz domain and QT and Q are, respectively, QN{\ > 0}
and QN {\ = 0}. Here, w = {w;}sesupp, denotes a family of bounded functions in

C(R*!) with the property that the traces in R" of all the w, € w coincide. We will
say that such a family w has common trace in R™ and will denote by w the function
Ws|{r=0y (Which is the same for all s).
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Formally, the Euler-Lagrange equations for minimizers of £ are (4.2). The follow-
ing claim relates the kinetic parts of the energies £ in R" and £ in R"'. We outline
its proof even if we will not use the claim in the rest of the paper.

Claim 4.1. Let ¢ be such that K(p, R") < 0o, and for each s € supp p, let @5 be the
s-extension of ¢ to RTFI. Then, the family of s-extensions @ = {@s }sesuppu Satisfies

K(@,RiH) = K(p,R") < 00.

Moreover, for every pair of functions , 1 such that K(p,R") < oo, K(¢,R") <
oo, and u = v outside Br, we have

K(Q‘S’ R:L»Jrl) - K<¢7R1+1) = ]C(SDv BR) - K(w7 BR) ’
where @ = {@,} and ¥ = {1} are the families of s-extensions.

Proof. We may assume that ¢ € C°(R™) by an approximation argument.
Integrating by parts we obtain

J

d(s)N 2|V, |* do d\ = —/ d(s)div (N V,) s dz dX

n n
+ R}

R 1-2s 43
lm | AN Orp)pudr (43)

=0+ / o(=A)pdr =2KC°(p, R").

The first part of the Claim follows integrating (4.3)) with respect to du(s).
The second part of the Claim is proven similarly. O

From here, by reproducing almost exactly the arguments in [9], next proposition
is proven. It extends Lemma 7.2 for nonlocal minimal surfaces in [9] to our situation.
Let us point out that the next proposition is not used in the sequel, but we state
it since it gives an important structural property of our extension property. As a

consequence of it, we could obtain the close relation between minimizers of £ in R"
and of £ in R}

Proposition 4.2. Assume that u be such that K(u, By) < 0o and let @ = {Us }sesupp 4
be the family of s-extensions. Let ¢ € C>(By). Then,

inf fd(s)d,u/ M5 (|Vw,|? — | Vi) dz d\ = K(u + ¢, By) — K(u, By),
YW O+

where the infimum is taken among all bounded Lipschitz domains 0 C R with
Q C By, and all families w = {ws} having common trace w = u+ ¢ in R"™ and such
that wy — g are compactly supported in QU Q.

Let us define the notion of minimizers of £ and &.
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Definition 4.3. We say that v € L*(R") is a minimizer of £ —given by ([1.9),
(1.10)— if |u| < 1 in all of R™ and for every 2 CC R" we have £(u, ) < oo and

E(u, Q) <Eu+E Q) forevery € € C°(Q).

Definition 4.4. We say that a family v = {v,}scsupp € C(R%™) having common
trace v in R" is a minimizer of £ if |v| < 1 on all of R" and for every Q cC R"*!
we have £(v, Q) < oo and

E,Q) <E(w+€,Q) for every € = {&} € C=(Q) with common trace §inR".

As a consequence of Proposition 4.2 we have the following link between minimiz-
ers of £ and of £. This is related to Proposition 7.3 in [9].

Proposition 4.5. A function u is a minimizer of € if, and only if, the family of
s-extensions @ = {Us }sesupppu 1S @ minimizer of &.

The following further relation between € and € is the only one that we will use in
the rest of the paper. It applies to functions possibly having infinite energy in all of
R™. It states that an estimate on the energy £ in balls for a function u : R" — [—1,1]
(satisfying regularity estimates) is immediately translated into an estimate of the
energy & in cylinders for the family of s-extensions {u,}. In the remaining part of
the paper we denote by Cg the open cylinder in R’ffl having as bottom By C R"
and height R in the A direction:

Cr=A{(x,\), |z| < R, 0 <A< R}. (4.4)
Lemma 4.6. Let u € C*7(R") with ||ul|c2~@ny < Co. Let @ = {us} be the family
of s-extensions —note that w = u. Then, for R > 1 we have
K@, Cr) — K(u, Br)| < CC3P,s, (R)
where C' depends only on n and s,.

In the proof of Lemma [4.6| we will need the following elementary bounds for the
extension problems.

Lemma 4.7. Assume that |u] < Cy and |Vu| < Cy in R™. Then, for s € (0,1), the
extension of u, us, satisfies

|1~L5| S 01 and |VI1~L5| S CQ, (45)
mn all RTFI. Moreover,

cay

|V is| + |Ohas| < for A\ >0, (4.6)

where C' depends only on n (but not on s).

Proof. These bounds are established in [5, Proposition 4.6.]. The bounds
follow from the maximum principle. The bound follows by interior elliptic
estimates, using a scaling argument and observing that for s € (0, 1) the weight \!=2¢
is uniformly bounded between universal constants in the domain {1 <A <2}. O
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We next give the
Proof of Lemma[{.6 By definition

K(a,Cr) = [du(s / / S)NT2| Vi, |* da dX .
Br

Integrating by parts,

/ / )\1 2S|Vus|2 dr d\ = / / /\1 250
Br J0 OBRr J0

+ / d(s) R (i1,0hi1s) |xor do + / (lim d(s)x—?sa@)as dz. (4.7)
Br Br A—0

Using the bounds (4.5) and (4.6) —mnote that the constants C;, Cy and Cj ap-
pearing in these bounds are controled by Cy— we obtain

/ / gai-2eg, 9 de/\' < d(s)C2R"" 1/ min{ A2, A\"2} d\
oBgr Jo

< CCiP,.,. (R)

for every s > s*. Here We have used that d(s)/(1 —s) < Cass 71.
Similarly, still using ) and -

/B d(s) R\ (1,051, (x, R) dx

On the other hand, recall that
}\ir% d(s)N 251, (2, \)Oriis (2, N) = u(x)(—A)*u(x).
—

< R"d(s)R"*CIR™' < CC:D,,.(R).

Therefore, integrating (4.7)) with respect to du(s) and using the previous bounds,
we have proven

< CCED, 4. (R).

2K (@, Cg) —/ uLu dz
Br
Finally, by the formula of integration by parts we have

(u, ug — / Lu(w)u(z) dz = [ ea(s) du(s /C ds / I"“S ) = ul), .

Thus, using Claim [3.1] we obtain

/BR uludr — (u,u)p,| < ‘f cn(s) du(s) /BR dx /BR dy%u(m)‘

min{l, |z — vy
fcn ) du(s / dac/ { ||n+25|}
CBgr Br
< CCFP,, (R).

Since by definition (u, u)q = 2K(u, §2), the lemma is proved . O

<0C3
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Next we obtain E-energy estimates for the family @ of s-extensions of a layer
solution to (|1.3]).

Lemma 4.8. Assume that p is compactly supported in [s,1). Let u be a layer
solution in R™ of (L.3)). Let @ = {s}scsupppu be the family of s-extensions of u to
R Then,

8('&'7 CR) < C(I)n,s* (R) )
where @, s(R) is given by (1.11)) and C' depends only on n, s., and W.

Proof. 1t is a consequence of Proposition (1.2, combined with Proposition [1.3| and
Lemma, [4.6] O

5. LIOUVILLE-TYPE THEOREM AND 1-D SYMMETRY

In this section we obtain a Liouville theorem within the frame of the extension
system (|4.2)).

Theorem 5.1. Let o = {05} sesuppu Satisfy
—o,V - (AN 72502Vs,) <0 in R for each s,

os(z,0) = a(z) on R",  for each s, (5.1)
_ 2 15 y1-2s n
[d(s)ae }\H%)\ O\osdu(s) <0 onR™,
— A

where @ = {5 }sesuppp 1S @ family of positive continuous functions having common
trace on R™. Assume that \\=2p?| Vo |2 € LI (R"™), for every s € supp p.
Suppose, in addition, that for R > 1,

[l duts) [ N0 dody < CRF(R), (5.2

for some constant C' independent of R, and some nondecreasing function F: Ry —
R, such that

=1
2 Ty = T
7=1
Then, o is constant.
Proof. We adapt the proof of Moschini [16, Theorem 5.1]. Since o satisfies (5.1]), we
have
V(0 A 75902Vo,) > AN 202 | Vo, |2, (5.3)
for each s. On the other hand,

2 :
/ JSAHS@% ds g( / /\1_25<p§|Vas|2dS> ( / /\1_25(90805)2d5) :
otCr o 0t Cr 0t Cr

(5.4)
where 07Cr = 0Cg \ {\ = 0}, and v is the unit outer normal to 0*Cg. Now, set

D(R) = [ d(s)du(s) | N#¢Va dedy.

Cr
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Let us write dfi(s) = d(s)du(s). Using (5.3]), the boundary condition in ([5.1),
(5.4), and Schwartz inequality we obtain

D(R) < [dj(s) [ V- (o N "*¢2Voy)dxdy
Cr

< [dpls) [ o
8+Chp v

< fdﬂ(s)(/ )\1_2590§|V05|2d3) (/ )\1_25(@505)2 dS>
+Cr +Cr
g( [ diis) / >\1‘2s<p§|Vas|2dS> ( [ diis) / )\1_23(%03)261%’)
o+Cr o+Cr
=D'(R §<fd,u / M2 (p,04)? dS)
o+Cr

Therefore, if D(R) > 0,

( [ dii(s) /8 . A128(¢sos)2d3) T g;gl (5.5)

Suppose by contradiction that o were not constant. Then, for some Ry > 0,
D(R) > 0 for every R > Ry. Integrating (5.5 and using Schwartz inequality, we get
that, for every ro > r; > Ry,

e | dR(f dints) | . Al—%(%os)ZdS)l

> (ry — )2 (f i) [CdR [ N (oo ds) T 6o

r1 O0tCgr
-1
z(m—m)z(f di(s) /C y Al_zs(gosas)gdxdy>
7’2 7‘1

Next, choose 7o = 2971 and r; = 27 with j > Ny such that 2V > R,. Using (5.2)),
(5.6) and suming over j, Ny < j < N, we find

| N
2N0 _C’ Z 23+1
=No

But, by the hypothesis on F', the sum

o0

1
Zm:ﬁov

Jj=No

which is a contradiction. O
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We finally prove 1-D symmetry of layer solutions to (|1.3) in dimension two and,
with the additional hypothesis s, > 1/2, in dimension three.

Proof of Theorem[1.1. From u we construct the family of s-extensions {us}. Given
i < n, we consider the families o* = {9;iis/0,0s} and ¢ = {d,1,}. Observe that
both families have common trace, namely, ¢’ = d;u/0,u and ¢ = d,u on R™. Let
us show that these families satisfy the assumptions of Theorem [5.1}

Indeed, we have

V- -(\"%5p*Ve!) =V - (Al_Qs(anﬂs@-Vﬂs = (91'@3(9”V€Ls))
= \"7%(0,Vi, - 0,;Vii, — O,V - 9,Vils)
+ 0,10 (V - (N'72V,)) — 0;1,0,(V - (N Vi)
=0, in Riﬂ,
for each s € supp u. We now compute the flux on R” = {\ = 0}. Here we also use

the notation A\!1=2$09,\v, for its limit as A \, 0 (even in cases in which these limits are
not common for all s). Denoting dfi(s) = d(s) du(s) we have

_— . O N 250\, 0u — OGN 220\ 0,1\
Joig? N 00y di(s) = | o_’(anu>2( — (@ u)2—A ) djis)

= o' (8ud, — 9,ud;) [ N "0yt dji(s)
(Oiud, — Opud;) f(u)
o (Oudnu — Opudyu) f'(u)

0, onR"

|9

I
o

=

Moreover, by Lemma and by the assumptions of the theorem, we have that

i d[l(s)/c N7 (p0!)? dady = | dﬂ(s)/ A725(9u)? davdy

Cr
é(ua CR)
D, .. (R).

Next, either if n =2 and s, € (0,1), of if n = 3 and s, > 1/2, we have

VANVAN

®, .. (R) < CR?log(R).

Finally the function F(R) = R?log(R) satisfies the assumption of Theorem [5.1]
and we have seen that o = {0;is/0,1,} and ¢ = {0,1,} also satisfy the assump-
tions of Theorem [5.1} Tt follows that o is equal to a constant a’, for i < n. That
is, Vu = (a*,1)dqu, if n = 2, or Vu = (a',a? 1)0su, if n = 3. Equivalently, u has
1-D symmetry. U
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APPENDIX
We give the
Proof of Claim[3.1. Observe that

/ / min{l,\x—y\}dwdy</ / dx dy _ dwdy
BrJey T =yt B Jepg [T —y[" T2

_dxdy _dxdy
+ n+2s n+2s—1 "
Br JCBR41 ’:L’ - y’ Br\Br-1 Y Bry1\Bp, - y‘

The first term is bounded as follows: for x € Br_; we have

dy © =l 1 )
(bx::/ —g/ — = —(R—-|z))~
( ) CBr |$ - y|n+2s R—|z| pnt2s 28( | |)
Therefore,

dr d R—1 nld
A= dw<—/ ;
Br_1 BR|=T_ | Br_1

C«Rn 1 R—1
< —_— = —CD .
- s /0 (R—r) S ns(12)

The second term is identical with R+ 1 instead of R. Thus, it is also bounded by
£, .(R).
The third term is easily bounded in dimension n = 1. Indeed, if s # 1/2,

/R /R+1 dz dy / / dxdy
R-1JR |:v—y|25 ~1 (

_1((1 —y)' = (=) dy

1—23
B 1 22—25_2
C2(1—s) 1—2s
C
<
—1-—s

with C' independent of s. For s = 1/2 we have

R+1 d d d d 0
/ / v dy // a:y:/log(l_—_yy)dyga
R-1 \x—y\ -1 1

It remains to bound the third term for n > 1. We proceed as follows:

/ / _ dedy / /R“ / Cri ey~ (sin )"~ 2d6dr1dr2
Br\Br-1 J Bri1\np ’:C—Z/’”+2s ! R-1 (r? + 73 — 2rirycosf)” s

< / /R+1 / CR" 27’17"2 do dTl d?"g
~Jr1Jr o (r2+712—2rrycosf) e
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where we have used that, for all 1, 7 and 6 € (0, 7) in the domain of integration,
we have

rlrgsiné

(r2 +r2 — 2r 17y cos 0)2 =l
1173 172

Next, we bound
/ﬂ- CRn_27’1T2 dg . /ﬂ- CRn_2T17’2 d@
o (r?+r2—2rirycos 9)% 0o ((r1 —re)? 4 2rire(1 — cos 9))2S2+
o CR™dt
S 2s+1
o ((r —re)?+ R*2)™2
< CR"™ /OO dt
= o \25+1 PNEEES]
(11 —12) 0 (1 4 ((7“1 m)) ) 2

_ CR! /°° dé

— (TI_TQ)QS 0 (1+£2)25;-1
1 CR™?

s

(rl _ 7‘2)25 ’

We have thus come back to the situation of dimension n = 1. Indeed, from the
previous inequalities

/ / dedy — _ CR" ! / /R“ dry dry
Br\Br-1 Y Bri1\5p |z — y|n+2s—1 = h (ry —13) 25

< CRn—l
~—s(1—s)’

<

where C' depends only on n.
Putting together the bounds for the three terms, we have proved that

min{1, |z — y|} C
dedy < ——— &, (R), 5.7
L, T ey < St 57)

with C' independent of s.
Multiplying (5.7) by ¢,(s) —as in the statement of the claim— and using that

cn(s)

s(ljs) is uniformly bounded for s € [0, 1) —as it is immediate to check in (|1.5)— we
conclude the proof. O
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SHARP ISOPERIMETRIC INEQUALITIES VIA THE ABP
METHOD

XAVIER CABRE, XAVIER ROS-OTON, AND JOAQUIM SERRA

ABSTRACT. We prove some old and new isoperimetric inequalities with the best
constant using the ABP method applied to an appropriate linear Neumann prob-
lem. More precisely, we obtain a new family of sharp isoperimetric inequalities
with weights (also called densities) in open convex cones of R™. Our result applies
to all nonnegative homogeneous weights satisfying a concavity condition in the
cone. Remarkably, Euclidean balls centered at the origin (intersected with the
cone) minimize the weighted isoperimetric quotient, even if all our weights are
nonradial —except for the constant ones.

We also study the anisotropic isoperimetric problem in convex cones for the
same class of weights. We prove that the Wulff shape (intersected with the cone)
minimizes the anisotropic weighted perimeter under the weighted volume con-
straint.

As a particular case of our results, we give new proofs of two classical results:
the Wulff inequality and the isoperimetric inequality in convex cones of Lions and
Pacella.

1. INTRODUCTION AND RESULTS

In this paper we study isoperimetric problems with weights —also called densi-
ties. Given a weight w (that is, a positive function w), one wants to characterize
minimizers of the weighted perimeter |, ap W among those sets F having weighted
volume [ W equal to a given constant. A set solving the problem, if it exists, is
called an isoperimetric set or simply a minimizer. This question, and the associated
isoperimetric inequalities with weights, have attracted much attention recently; see
for example [46], [40], [19], [25], and [44].

The solution to the isoperimetric problem in R" with a weight w is known only
for very few weights, even in the case n = 2. For example, in R” with the Gaussian
weight w(x) = e 1#I” all the minimizers are half-spaces [6, 18], and with w(z) = el
all the minimizers are balls centered at the origin [50]. Instead, mixed Euclidean-
Gaussian densities lead to minimizers that have a more intricate structure of revo-
lution [28]. The radial homogeneous weight |z|* has been considered very recently.
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Key words and phrases. Isoperimetric inequalities, densities, convex cones, homogeneous
weights, Wulff shapes, ABP method.
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In the plane (n = 2), minimizers for this homogeneous weight depend on the values
of a. On the one hand, Carroll-Jacob-Quinn-Walters [L6] showed that when o < —2
all minimizers are R? \ B,(0), r > 0, and that when —2 < o < 0 minimizers do not
exist. On the other hand, when o > 0 Dahlberg-Dubbs-Newkirk-Tran [2I] proved
that all minimizers are circles passing through the origin (in particular, not centered
at the origin). Note that this result shows that even radial homogeneous weights
may lead to nonradial minimizers.

Weighted isoperimetric inequalities in cones have also been considered. In these
results, the perimeter of E is taken relative to the cone, that is, not counting the part
of OF that lies on the boundary of the cone. In [22] Diaz-Harman-Howe-Thompson
consider again the radial homogeneous weight w(z) = |z|*, with a > 0, but now in
an open convex cone % of angle 3 in the plane R?. Among other things, they prove
that there exists fy € (0, 7) such that for § < fy all minimizers are B,.(0)N%, r > 0,
while these circular sets about the origin are not minimizers for 8 > .

Also related to the weighted isoperimetric problem in cones, the following is a
recent result by Brock-Chiaccio-Mercaldo [7]. Assume that ¥ is any cone in R” with
vertex at the origin, and consider the isoperimetric problem in ¥ with any weight w.
Then, for Br(0)NY to be an isoperimetric set for every R > 0 a necessary condition
is that w admits the factorization

w(x) = A(r)B(©), (1.1)
where r = |z] and © = z/r. Our main result —Theorem below— gives a
sufficient condition on B(©) whenever ¥ is convex and A(r) = r* « > 0, to

guarantee that Bg(0) N Y are isoperimetric sets.

Our result states that Euclidean balls centered at the origin solve the isoperimetric
problem in any open convex cone 3 of R” (with vertex at the origin) for a certain
class of nonradial weights. More precisely, our result applies to all nonnegative
continuous weights w which are positively homogeneous of degree v > 0 and such
that w'/® is concave in the cone ¥ in case o > 0. That is, using the previous
notation, w = r*B(6) must be continuous in ¥ and rBY/*(0) must be concave in
Y. We also solve weighted anisotropic isoperimetric problems in cones for the same
class of weights. In these weighted anisotropic problems, the perimeter of a domain
Q2 is given by

H(v(x))w(x)dS,
o0Ns
where v(z) is the unit outward normal to 02 at x, and H is a positive, positively
homogeneous of degree one, and convex function. Our results were announced in
the recent note [13].
In the isotropic case, making the first variation of weighted perimeter (see [50]),
one sees that the (generalized) mean curvature of 02 with the density w is

10,w
Hw = Heyel + — ) (12)
n w
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where v is is the unit outward normal to 02 and H.,, is the Euclidean mean
curvature of 0L2. It follows that balls centered at the origin intersected with the cone
have constant mean curvature whenever the weight is of the form (1.1]). However,
as we have seen in several examples presented above, it is far from being true that
the solution of the isoperimetric problem for all the weights satisfying are balls
centered at the origin intersected with the cone. Our result provides a large class
of nonradial weights for which, remarkably, Euclidean balls centered at the origin
(intersected with the cone) solve the isoperimetric problem.

In Section 2| we give a list of weights w for which our result applies. Some concrete
examples are the following:

dist(z,0%)* in ¥ C R",
where X is any open convex cone and a > 0 (see example (ii) in Section [2));

TYZ
Ty +yz+ zx

a, b

2y’ 2¢, (ax” 4+ by" + c2")", or in ¥ = (0,00)?,

where a, b, ¢ are nonnegative numbers, r € (0, 1] or r < 0, and o > 0 (see examples
(iv), (v), and (vii), respectively);

T —y gty bt

logz —logy’ (gv 4 yr)'/?’

or xlog <y> in ¥ = (0,00)?,
x

where a > 0, b > 0, and p > —1 (see examples (viii) and (ix));

l—k
(Z—i) , 1<k<l<n, inX={o; >0, ..0 >0}
where oy, is the elementary symmetric function of order k, defined by o(x) =
Y i<iycmcipen Tip * Tiy,, and a > 0 (see example (vii)).

Our isoperimetric inequality with an homogeneous weight w of degree a in a
convex cone Y C R" yields as a consequence the following Sobolev inequality with
best constant. If D=n+a, 1 <p < D, and p, = g—?p, then

(L

for all smooth functions u with compact support in R” —in particular, not necessar-
ily vanishing on 0%. This is a consequence of our isoperimetric inequality, Theorem
and a weighted radial rearrangement of Talenti [53], since these two results yield
the radial symmetry of minimizers.

The proof of our main result follows the ideas introduced by the first author [9] [10]
in a new proof of the classical isoperimetric inequality (the classical isoperimetric

inequality corresponds to the weight w = 1 and the cone ¥ = R™). Our proof
consists of applying the ABP method to an appropriate linear Neumann problem

1/p« 1/p
p*w(w)d:r) < Cupn (/ \Vu|pw(a:)da:) (1.3)
>
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involving the operator

wdiv(wVu) = Au + v, Vu,

w
where w is the weight.

1.1. THE SETTING.

The classical isoperimetric problem in convex cones was solved by P.-L. Lions and
F. Pacella [37] in 1990. Their result states that among all sets F with fixed volume
inside an open convex cone X, the balls centered at the vertex of the cone minimize
the perimeter relative to the cone (recall that the part of the boundary of E that
lies on the boundary of the cone is not counted).

Throughout the paper X is an open convex cone in R"™. Recall that given a
measurable set ¥ C R" the relative perimeter of F/ in X is defined by

P(E;Y) = sup{/ divedr : 0 € CHX,R"Y), |o| < 1}.
E
When E is smooth enough,

P(E;Y) = / ds.
OENY

The isoperimetric inequality in cones of Lions and Pacella reads as follows.

Theorem 1.1 ([37]). Let ¥ be an open convex cone in R™ with vertex at 0, and
By := B1(0). Then,

P(E:Y) _  P(Bi;Y)
ENS|S T |BiNS

for every measurable set E C R™ with |E N Y| < oo.

(1.4)

n—1
n

The assumption of convexity of the cone can not be removed. In the same paper
[37] the authors give simple examples of nonconvex cones for which inequality ((1.4)
does not hold. The idea is that for cones having two disconnected components,
is false since it pays less perimeter to concentrate all the volume in one of the two
subcones. A connected (but nonconvex) counterexample is then obtained by joining
the two components by a conic open thin set.

The proof of Theorem given in [37] is based on the Brunn-Minkowski inequality

|A+ BJw > |A]+ +|B

valid for all nonempty measurable sets A and B of R" for which A + B is also
measurable; see [31] for more information on this inequality. As a particular case of
our main result, in this paper we provide a totally different proof of Theorem [I.1]
This new proof is based on the ABP method.

Theorem [1.1] can be deduced from a degenerate case of the classical Wulff inequal-
ity stated in Theorem [1.2] below. This is because the convex set By NX is the Wulft

1
n
Y
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shape ([1.6)) associated to some appropriate anisotropic perimeter. As explained be-
low in Section [3 this idea is crucial in the proof of our main result. This fact has
also been used recently by Figalli and Indrei [24] to prove a quantitative isoperi-
metric inequality in convex cones. From it, one deduces that balls centered at the
origin are the unique minimizers in up to translations that leave invariant the
cone (if they exist). This had been established in [37] in the particular case when
0%\ {0} is smooth (and later in [49], which also classified stable hypersurfaces in
smooth cones).

The following is the notion of anisotropic perimeter. We say that a function H
defined in R” is a gauge when

H is nonnegative, positively homogeneous of degree one, and convex. (1.5)

Somewhere in the paper we may require a function to be homogeneous; by this we
always mean positively homogeneous.

Any norm is a gauge, but a gauge may vanish on some unit vectors. We need to
allow this case since it will occur in our new proof of Theorem —which builds
from the cone ¥ a gauge that is not a norm.

The anisotropic perimeter associated to the gauge H is given by

Py (FE) :=sup {/ divodr : 0 € CH{R",R"), sup (o(z)-y) <1forz e R”} :
E

H(y)<1

where 2 C R" is any measurable set. When F is smooth enough one has

Py(E) = /aEH(u(:E))dS,

where v(z) is the unit outward normal at x € OF.
The Wulff shape associated to H is defined as

W={reR" : x-v< H() forallv € S"'}. (1.6)

We will always assume that W # @. Note that W is an open set with 0 € W.
To visualize W, it is useful to note that it is the intersection of the half-spaces
{z-v < H(v)} among all v € S"'. In particular, W is a convex set.

From the definition of the Wulff shape it follows that, given an open convex
set W C R” with 0 € W, there is a unique gauge H such that W is the Wulff shape
associated to H. Indeed, it is uniquely defined by

H@)=if{teR: WcC{zeR": z-z<t}}. (1.7)

Note that, for each direction v € S"7', {x-v = H(v)} is a supporting hyperplane
of W. Thus, for almost every point  on OW —those for which the outer normal
v(x) exists— it holds

xz-v(x)=H(v(z)) a.e. ondW. (1.8)
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Note also that, since W is convex, it is a Lipschitz domain. Hence, we can use the
divergence theorem to find the formula

Pu(W) = wawsz/

oW o
relating the volume and the anisotropic perimeter of W.
When H is positive on S”~! then it is natural to introduce its dual gauge H°, as
in [I]. It is defined by

W:B -v(x)dS = /Wdiv(:v)d:r = n|W|, (1.9)

He(z) = sup z-y.
H(y)<1

Then, the last condition on o in the definition of Py(-) is equivalent to H°(o) <1
in R", and the Wulff shape can be written as W = {H° < 1}.
Some typical examples of gauges are

1
H(z) = ], = (|t + -+ [z P)?,  1<p<oo.

Then, we have that W = {z € R" : ||z||,, < 1}, where p’ is such that %%— z% =1
The following is the celebrated Wulff inequality.

Theorem 1.2 ([59, 54, 55]). Let H be a gauge in R"™ which is positive on S™ ', and
let W be its associated Wulff shape. Then, for every measurable set E C R™ with

|E| < oo, we have
Py(E) N Py (W)
B
Moreover, equality holds if and only if E = aW + b for some a > 0 and b € R"
except for a set of measure zero.

(1.10)

This result was first stated without proof by Wulff [59] in 1901. His work was
followed by Dinghas [23], who studied the problem within the class of convex poly-
hedra. He used the Brunn-Minkowski inequality. Some years later, Taylor [54] [55]
finally proved Theorem among sets of finite perimeter; see [56l 27, [42] for more
information on this topic. As a particular case of our technique, in this paper we pro-
vide a new proof of Theorem [1.2] It is based on the ABP method applied to a linear
Neumann problem. It was Robert McCann (in a personal communication around
2000) who pointed out that the first author’s proof of the classical isoperimetric
inequality also worked in the anisotropic case.

1.2. RESULTS.

The main result of the present paper, Theorem below, is a weighted isoperi-
metric inequality which extends the two previous classical inequalities (Theorems
and . In particular, in Section 4| we will give a new proof of the classical
Waulff theorem (for smooth domains) using the ABP method.

Before stating our main result, let us define the weighted anisotropic perimeter
relative to an open cone Y. The weights w that we consider will always be continuous
functions in ¥, positive and locally Lipschitz in 3, and homogeneous of degree o > 0.
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Given a gauge H in R™ and a weight w, we define (following [3]) the weighted
anisotropic perimeter relative to the cone X by

P, u(E;Y) = sup{/ diviow)dz : 0 € X5, sup (o(z)-y) <1forxe E},
E

ns H(y)<1
where £ C R" is any measurable set with finite Lebesgue measure and
Xyyx = {o € (L*(X))" : div(ow) € L*(Z) and ow =0 on 9X}.
It is not difficult to see that
P,u(E;Y) = H (v(z))w(z)dS (1.11)
O0ENY

whenever F is smooth enough.

The definition of P, y is the same as the one given in [3]. In their notation, we
are taking du = wxs dr and X, » = X .

Moreover, when H is the Euclidean norm we denote

Py(E;X) == Py, (E; 2).

When w = 1in ¥ and H is the Euclidean norm we recover the definition of P(E;Y);
see [3].
Given a measurable set F' C ¥, we denote by w(F') the weighted volume of F

w(F) = /Fwdx.

D=n+a.
Note that the Wulff shape W is independent of the weight w. Next we use that if
v is the unit outward normal to W N %, then z - v(z) = H(v(z)) a.e. on OW N3,
z-v(r) =0ae on WNIY, and z- Vw(z) = aw(r) in ¥. This last equality follows
from the homogeneity of degree v of w. Then, with a similar argument as in ,
we find

Pon(Wiz) = [

We also denote

H(v(z))w(z)dS = / z-v(x)w(r)dS

ownx ownx
_ / v v(@)w(z)dS = / div(zw(x))dz (112)
a(WNE) wns

— /sz {nw(z) +z - Vw(z)}der = Dw(W NX).

Here —and in our main result that follows— for all quantities to make sense we
need to assume that W N3 # @. Recall that both W and X are open convex sets
but that W N'Y = & could happen. This occurs for instance if H|gn-1ny = 0. On
the other hand, if H > 0 on all S"~! then W NX # @.

The following is our main result.
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Theorem 1.3. Let H be a gauge in R™, i.e., a function satisfying , and W its
associated Wulff shape defined by . Let 3 be an open convex cone in R™ with
vertex at the origin, and such that W NYX # &. Let w be a continuous function in
3, positive in ¥, and positively homogeneous of degree o > 0. Assume in addition
that w* is concave in ¥ in case o > 0.
Then, for each measurable set E C R™ with w(ENX) < oo,

PlBiD)  Puall5) s

wENYX) D  wWnX) o

where D = n + .

Remark 1.4. Our key hypothesis that w'/® is a concave function is equivalent to a
natural curvature-dimension bound (in fact, to the nonnegativeness of the Bakry-

Emery Ricci tensor in dimension D = n + «). This was suggested to us by Cédric
Villani, and has also been noticed by Canete and Rosales (see Lemma 3.9 in [15]).
More precisely, we see the cone > C R" as a Riemannian manifold of dimension
n equipped with a reference measure w(x)dr. We are also given a “dimension”

D =n+ «a. Consider the Bakry—Emery Ricci tensor, defined by
1
Ricp,, = Ric — V?logw — D—V logw ® V log w.
—-n

/e being concave is equivalent to

Ricp. > 0. (1.14)
Indeed, since Ric =0 and D — n = «, (1.14]) reads as
—V?logw'/* — Vlegw'/® @ Vlegw'/* > 0,

which is the same condition as w'® being concave. Condition is called a
curvature-dimension bound; in the terminology of [58] we say that CD(0, D) is
satisfied by ¥ C R™ with the reference measure w(x)dz.

In addition, C. Villani pointed out that optimal transport techniques could also
lead to weighted isoperimetric inequalities in convex cones; see Section (1.3

Now, our assumption w

Note that the shape of the minimizer is W N ¥, and that W depends only on
H and not on the weight w neither on the cone Y. In particular, in the isotropic
case H = || - ||2 we find the following surprising fact. Even that the weights that
we consider are not radial (unless w = 1), still Euclidean balls centered at the
origin (intersected with the cone) minimize this isoperimetric quotient. The only
explanation that one has a priori for this fact is that Euclidean balls centered at
0 have constant generalized mean curvature when the weight is homogeneous, as
pointed out in . Thus, they are candidates to minimize perimeter for a given
volume.

Note also that we allow w to vanish somewhere (or everywhere) on 0.

Equality in holds whenever ENY = rWWNX, where r is any positive number.
However, in this paper we do not prove that W N is the unique minimizer of .



SHARP ISOPERIMETRIC INEQUALITIES VIA THE ABP METHOD 289

The reason is that our proof involves the solution of an elliptic equation and, due
to an important issue on its regularity, we need to approximate the given set F
by smooth sets. In a future work with E. Cinti and A. Pratelli we will refine the
analysis in the proof of the present article and obtain a quantitative version of
our isoperimetric inequality in cones. In particular, we will deduce uniqueness of
minimizers (up to sets of measure zero). The quantitative version will be proved
using the techniques of the present paper (the ABP method applied to a linear
Neumann problem) together with the ideas of Figalli-Maggi-Pratelli [26].

In the isotropic case, a very recent result of Cafete and Rosales [15] deals with
the same class of weights as ours. They allow not only positive homogeneities o > 0,
but also negative ones @ < —(n — 1). They prove that if a smooth, compact, and
orientable hypersurfaces in a smooth convex cone is stable for weighted perimeter
(under variations preserving weighted volume), then it must be a sphere centered at
the vertex of the cone. In [I5] the stability of such spheres is proved for « < —(n—1),
but not for @ > 0. However, as pointed out in [I5], when a > 0 their result used
together with ours give that spheres centered at the vertex are the unique minimizers
among smooth hypersurfaces.

Theorem contains the classical isoperimetric inequality, its version for convex
cones, and the classical Wulff inequality. Indeed, taking w = 1, ¥ = R", and
H = || - ||2 we recover the classical isoperimetric inequality with optimal constant.
Still taking w =1 and H = || - |2 but now letting ¥ be any open convex cone of R"
we have the isoperimetric inequality in convex cones of Lions and Pacella (Theorem
[1.1). Moreover, if we take w = 1 and ¥ = R" but we let H be some other gauge we
obtain the Wulff inequality (Theorem [1.2)).

A criterion of concavity for homogeneous functions of degree 1 can be found for
example in [43, Proposition 10.3], and reads as follows. A nonnegative, C?, and
homogeneous of degree 1 function ® on R” is concave if and only if the restrictions
®(0) of ® to one-dimensional circles about the origin satisfy

o"(6) + B(6) < 0.

Therefore, it follows that a nonnegative, C?, and homogeneous weight of degree
a > 0 in the plane R?, w(x) = r*B(f), satisfies that w'/ is concave in ¥ if and
only if

(Bl/a)// —|—Bl/a <0.

Remark 1.5. Let w be an homogeneous weight of degree «, and consider the isotropic
isoperimetric problem in a cone ¥ C R™. Then, by the proofs of Proposition 3.6 and
Lemma 3.8 in [50] the set B;(0) N X is stable if and only if

/ VgnruPwdS > (n— 1+ a)/ lu|?w dS (1.15)
Sr—1ing

Snr=1ny
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for all functions u € C°(S™1 N X)) satisfying

/ uw dS = 0. (1.16)
Sn=1ny

Stability being a necessary condition for minimality, from Theorem (|1.3]) we deduce
the following. If & > 0, ¥ is convex, and w'/® is concave in ¥, then (1.15) holds.
For instance, in dimension n = 2, inequality ((1.15)) reads as

B B B
/ (u')*wdf > (14 a) / w*wdf  whenever / uw df = 0, (1.17)
0 0 0

where 0 < 8 < 7 is the angle of the convex cone ¥ C R%. This is ensured by our
concavity condition on the weight w,

(W) +w* <0 in (0,5). (1.18)

Note that, even in this two-dimensional case, it is not obvious that this condition on
w yields -. The statement is an extension of Wirtinger’s inequality
(which corresponds to the case w = 1, a = 0, f = 27). It holds, for example, with
w = sin®f on S —since is satisfied by this weight. Another extension of
Wirtinger’s inequality (coming from the density w = r®) is given in [21].

In Theorem we assume that w is homogeneous of degree a. In our proof, this
assumption is essential in order that the paraboloid in solves the PDE in ,
as explained in Section [3] Due to the homogeneity of w, the exponent D = n + «
can be found just by a scaling argument in our inequality (1.13). Note that this
exponent D has a dimension flavor if one compares Wi or with .
Also, it is the exponent for the volume growth, in the sense that w(B,(0)NX) = CrP
for all » > 0. The interpretation of D as a dimension is more clear in the following
example that motivated our work.

Remark 1.6. The monomial weights

w(z) =z .. phe in ¥={reR": x>0 whenever A4; > 0}, (1.19)

n

where A;, >0, a=A;+---+A,,and D =n+ A; +---+ A,, are important exam-
ples for which holds. The isoperimetric inequality —and the corresponding
Sobolev inequality — with the above monomial weights were studied by the
first two authors in [I1], 12]. These inequalities arose in [I1] while studying reaction-
diffusion problems with symmetry of double revolution. A function u has symmetry
of double revolution when u(z,y) = u(|z|,|y|), with (z,y) € RP = R4+l x RA2+!
(here we assume A; to be positive integers). In this way, u = u(xy, z2) = u(|z|, |y|)
can be seen as a function in R? = R", and it is here where the Jacobian for the
Lebesgue measure in RP = R4+ x RA2+1 gfligal2 — || 41)y| 42 appears. A similar
argument under multiple axial symmetries shows that, when w and X are given by
(1.19) and all A; are nonnegative integers, and H is the Euclidean norm, Theorem
llows from the classical isoperimetric inequality in R?; see [12] for more details.
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In [11] we needed to show a Sobolev inequality of the type (1.3) in R? with the
weight and the cone given by . As explained above, when A; are all nonneg-
ative integers this Sobolev inequality follows from the classical one in dimension
D. However, in our application the exponents A; were not integers —see [11]—,
and thus the Sobolev inequality was not known. We showed a nonoptimal version
(without the best constant) of that Sobolev inequality in dimension n = 2 in [11],
and later we proved in [12] the optimal one in all dimensions n, obtaining the best
constant and extremal functions for the inequality. In both cases, the main tool
to prove these Sobolev inequalities was an isoperimetric inequality with the same
weight.

An immediate consequence of Theorem [1.3]is the following weighted isoperimetric
inequality in R™ for symmetric sets and even weights. It follows from our main result
taking > = (0, 400)".

Corollary 1.7. Let w be a nonnegative continuous function in R"™, even with re-
spect to each variable, homogeneous of degree o > 0, and such that w'® is concave
in (0,00)". Let E C R"™ be any measurable set, symmetric with respect to each
coordinate hyperplane {x; = 0}, and with |E| < co. Then,

P,(E;R™) _ P,(B;;R™)
o1 2 D1
|E|™D |B1| P
where D = n + « and By is the unit ball in R™.

(1.20)

The symmetry assumption on the sets that we consider in Corollary [1.7]is satisfied
in some applications arising in nonlinear problems, such as the one in [I1] explained
in Remark . Without this symmetry assumption, isoperimetric sets in may
not be the balls. For example, for the monomial weight w(x) = |z ---|z,|* in
R™, with all A; positive, B; N (0, 00)™ is an isoperimetric set, while the whole ball B,
having the same weighted volume as B; N (0,00)™ is not an isoperimetric set (since
it has longer perimeter).

We know only of few results where nonradial weights lead to radial minimizers.
The first one is the isoperimetric inequality by Maderna-Salsa [38] in the upper half
plane R%r with the weight x5, o > 0. To establish their isoperimetric inequality,
they first proved the existence of a minimizer for the perimeter functional under
constraint of fixed area, then computed the first variation of this functional, and
finally solved the obtained ODE to find all minimizers. The second result is due to
Brock-Chiacchio-Mercaldo [7] and extends the one in [3§] by including the weights
z¥exp(clz?) in R}, with & > 0 and ¢ > 0. In both papers it is proved that
half balls centered at the origin are the minimizers of the isoperimetric quotient
with these weights. Another one, of course, is our isoperimetric inequality with
monomial weights [12] explained above (see Remark [I.6). At the same time as
us, and using totally different methods, Brock, Chiacchio, and Mercaldo [§] have
proved an isoperimetric inequality in ¥ = {z; > 0,...,x, > 0} with the weight
i anexp(clz]?), with A; > 0 and ¢ > 0.

n
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In all these results, although the weight xfl .- 247 is not radial, it has a very spe-

n

cial structure. Indeed, when all Ay, ..., A,, are nonnegative integers the isoperimetric
problem with the weight xfl ... x4 is equivalent to the isoperimetric problem in
Rr+A++4n for sets that have symmetry of revolution with respect to the first A; 41
variables, the next A, + 1 variables, ..., and so on until the last A, + 1 variables;
see Remark [1.6] By this observation, the fact that half balls centered at the ori-
gin are the minimizers in R’} with the weight it oxdnor i exp(clz]?),
for ¢ > 0 and A; nonnegative integers, follows from the isoperimetric inequality in
Rr+A++4n with the weight exp(c|z|?), ¢ > 0 (which is a radial weight). Thus, it
was reasonable to expect that the same result for noninteger exponents Ay, ..., A,
would also hold —as it does.

After announcing our result and proof in [I3], Emanuel Milman showed us a
nice geometric construction that yields the particular case when « is a nonnegative
integer in our weighted inequality of Theorem [[.3] Using this construction, the
weighted inequality in a convex cone is obtained as a limit case of the unweighted
Lions-Pacella inequality in a narrow cone of R"**, We reproduce it in Remark

—see also the blog of Frank Morgan [45].

1.3. THE PROOF. RELATED WORKS.

The proof of Theorem consists of applying the ABP method to a linear Neu-
mann problem involving the operator w™tdiv(wVu), where w is the weight. When
w = 1, the idea goes back to 2000 in the works [9, [10] of the first author, where the
classical isoperimetric inequality in all of R" (here w = 1) was proved with a new
method. It consisted of solving the problem

Au =0bg In ()
%:1 on 0f)

for a certain constant bg, to produce a bijective map with the gradient of u, Vu :
I'yqn — Bi, which leads to the isoperimetric inequality. Here I',; C T', C Q and
[',1 is a certain subset of the lower contact set I', of u (see Section [3| for details).
The use of the ABP method is crucial in the proof.

Previously, Trudinger [57] had given a proof of the classical isoperimetric inequal-
ity in 1994 using the theory of Monge-Ampere equations and the ABP estimate. His
proof consists of applying the ABP estimate to the Monge-Ampere problem

detD?u = yq in Bg
u=0 on J0Bg,

where xgq is the characteristic function of 2 and Br = Bg(0), and then letting
R — oo.
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Before these two works ([57] and [9]), there was already a proof of the isoperimetric
inequality using a certain map (or coupling). This is Gromov’s proof, which used
the Knothe map; see [58].

After these three proofs, in 2004 Cordero-Erausquin, Nazaret, and Villani [20]
used the Brenier map from optimal transportation to give a beautiful proof of the
anisotropic isoperimetric inequality; see also [58]. More recently, Figalli-Maggi-
Pratelli [26] established a sharp quantitative version of the anisotropic isoperimetric
inequality, using also the Brenier map. In the case of the Lions-Pacella isoperimetric
inequality, this has been done by Figalli-Indrei [24] very recently. As mentioned
before, the proof in the present article is also suited for a quantitative version, as
we will show in a future work with Cinti and Pratelli.

After announcing our result and proof in [13], we have been told that optimal
transportation techniques a la [20] could also be used to prove weighted isoperimetric
inequalities in certain cones. C. Villani pointed out that this is mentioned in the
Bibliographical Notes to Chapter 21 of his book [58]. A. Figalli showed it to us with
a computation when the cone is a halfspace {x, > 0} equipped with the weight z.

1.4. APPLICATIONS.

Now we turn to some applications of Theorems and Corollary [1.7]

First, our result leads to weighted Sobolev inequalities with best constant in
convex cones of R". Indeed, given any smooth function u with compact support in
R™ (we do not assume u to vanish on 0¥), one uses the coarea formula and Theorem
[1.3] applied to each of the level sets of u. This establishes the Sobolev inequality
for p = 1. The constant C, ;, obtained in this way is optimal, and coincides
with the best constant in our isoperimetric inequality .

When 1 < p < D, Theorem also leads to the Sobolev inequality
with best constant. This is a consequence of our isoperimetric inequality and a
weighted radial rearrangement of Talenti [53], since these two results yield the ra-
dial symmetry of minimizers. See [12] for details in the case of monomial weights
w(z) = [t ||

If we use Corollary instead of Theorem [1.3] with the same argument one finds
the Sobolev inequality

(.

where p, = g—?p, D=n+a,and 1 < p < D. Here, w is any weight satisfying the

hypotheses of Corollary and v is any smooth function with compact support in
R™ which is symmetric with respect to each variable z;, i = 1,...,n.

We now turn to applications to the symmetry of solutions to nonlinear PDEs. It
is well known that the classical isoperimetric inequality yields some radial symmetry
results for semilinear or quasilinear elliptic equations. Indeed, using the Schwartz re-
arrangement that preserves [ F'(u) and decreases [ ®(|Vul), it is immediate to show

1/p« 1/p
”*w(m)dm) < Cypn ( / |Vu|pw(x)dx> , (1.21)
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that minimizers of some energy functionals (or quotients) involving these quantities
are radially symmetric; see [48], [53]. Moreover, P.-L. Lions [36] showed that in di-
mension n = 2 the isoperimetric inequality yields also the radial symmetry of all
positive solutions to the semilinear problem —Awu = f(u) in By, u = 0 on 0B, with
f > 0 and f possibly discontinuous. This argument has been extended in three
directions: for the p-Laplace operator, for cones of R", and for Wulff shapes, as
explained next.
On the one hand, the analogue of Lions radial symmetry result but in dimension
n > 3 for the p-Laplace operator was proved with p = n by Kesavan and Pacella in
[35], and with p > n by the third author in [52]. Moreover, in [35] it is also proved
that positive solutions to the following semilinear equation with mixed boundary
conditions
—Ayu= f(u) inBNX
u=0 on 0B NY

@ =0 on B; NoXY

ov
have radial symmetry whenever p = n. Here, B; is the unit ball and ¥ any open
convex cone. This was proved by using Theorem and the argument of P.-L. Lions
mentioned above.

On the other hand, Theorem is used to construct a Wulff shaped rearrange-
ment in [1]. This yields that minimizers to certain nonlinear variational equations
that come from anisotropic gradient norms have Wulff shaped level sets. Moreover,
the radial symmetry argument in [36] was extended to this anisotropic case in [4],
yielding the same kind of result for positive solutions of nonlinear equations involv-
ing the operator Lu = div (H(Vu)?"*VH(Vu)) with p = n. In the same direction,
in a future paper [51] we will use Theorem to obtain Wulff shaped symmetry of
critical functions of weighted anisotropic functionals such as

/ [H? (V) — F(u) Yw() de.

Here, w is an homogeneous weight satisfying the hypotheses of Theorem and H
is any norm in R™. As in [52], we will allow p # n but with some conditions on F
in case p < n.

Related to these results, when f is Lipschitz, Berestycki and Pacella [5] proved
that any positive solution to problem ({1.22)) with p = 2 in a convex spherical sector
> of R™ is radially symmetric. They used the moving planes method.

(1.22)

1.5. PLAN OF THE PAPER.

The rest of the article is organized as follows. In Section 2| we give examples
of weights for which our result applies. In Section [3| we introduce the elements
appearing in the proof of Theorem [I.3] To illustrate these ideas, in Section [4] we
give the proof of the classical Wulff theorem via the ABP method. In Section [5| we
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prove Theorem in the simpler case w = 0 on 0¥ and H = || - ||. Finally, in
Section [6] we present the whole proof of Theorem [1.3]

2. EXAMPLES OF WEIGHTS

When w = 1 our main result yields the classical isoperimetric inequality, its
version for convex cones, and also the Wulff theorem. On the other hand, given an
open convex cone > C R™ (different than the whole space and a half-space) there is a
large family of functions that are homogeneous of degree one and concave in 3. Any
positive power of one of these functions is an admissible weight for Theorem [I.3]
Next we give some concrete examples of weights w for which our result applies. The
key point is to check that the homogeneous function of degree one w'/® is concave.

(i) Assume that w; and ws are concave homogeneous functions of degree one in
an open convex cone ¥. Then, w{w§ with a > 0 and b > 0, (w}] +wh)®/™ with
r € (0,1] or r < 0, and min{wy, wy}?, satisfy the hypotheses of Theorem
[1.3] (with @ = a + b in the first case). More generally, if F': [0,00)? — R,
is positive, concave, homogeneous of degree 1, and nondecreasing in each
variable, then one can take w = F(wy,wy)*, with a > 0.

(ii) The distance function to the boundary of any convex set is concave when
defined in the convex set. On the other hand, the distance function to the
boundary of any cone is homogeneous of degree 1. Thus, for any open convex
cone X and any o > 0,

w(x) = dist(z, 0X)*
is an admissible weight. When the cone is ¥ = {x; > 0, ¢ = 1,...,n}, this
weight is exactly min{xy, ..., z, }*.

(iii) If the concavity condition is satisfied by a weight w in a convex cone ¥
then it is also satisfied in any convex subcone ¥ C Y. Note that this gives
examples of weights w and cones ¥ in which w is positive on 93 \ {0}.

(iv) Let Xy, ..., 3 be convex cones and ¥ = ¥y N--- N . Let
Then, the weight

w(r) =606 zex,
with A} >0, ..., Ay > 0, satisfies the hypotheses of Theorem|[1.3] This follows
from (i), (ii), and (iii). Note that when k = n and £; = {x; > 0},i=1,...,n,
then ¥ = {x; > 0,...,x, > 0} and we obtain the monomial weight

w(x) = :1:‘141 . -x,‘?”.

(v) In the cone ¥ = (0,00)", the weights

ap
w(e) = (Al - A?)
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forp > 1, A; > 0, and o > 0, satisfy the hypotheses of Theorem [I.3]
Similarly, one may take the weights

A A\
w(m):(_l_i_..._i__) ,

x] x;
with » > 0, or the limit case
w(x) = min{Axy, -, Az, 1

This can be showed using the Minkowski inequality. More precisely, the first
one can be showed using the classical Minkowski inequality with exponent
p > 1, while the second one using a reversed Minkowski inequality that holds
for exponents p = —r < 0.

In these examples ¥ = (0, 00)™ and therefore by Corollary we find that

among all sets £ C R™ which are symmetric with respect to each coordinate
hyperplane, Fuclidean balls centered at the origin minimize the isoperimetric
quotient with these weights.
Powers of hyperbolic polynomials also provide examples of weights. An ho-
mogeneous polynomial P(x) of degree k defined in R" is called hyperbolic
with respect to a € R™ provided P(a) > 0 and for every A € R" the poly-
nomial in ¢, P(ta + \), has exactly k real roots. Let 3 be the component in
R™, containing a, of the set {P > 0}. Then, ¥ is a convex cone and P(x)/*
is a concave function in 3; see for example [30] or [I4, Section 1]. Thus, for
any hyperbolic polynomial P, the weight

w(z) = P(x)*/*

satisfies the hypotheses of Theorem [I.3] Typical examples of hyperbolic
polynomials are

P(z) =25 — A3 — -+ — M2 in ¥ = {xl > \//\2x3+---+/\nm%},
with Ay > 0,...,\, > 0, or the elementary symmetric functions
or(x) = Z Ty - xy, in X ={oy >0,..0, >0}
1<iy < <ig<n

(recall that 3 is defined above as a component of {P > 0}). Other examples
are

P(z) = H Zr:xij inY={z;>0,i=1,..,n},

1<iy < <ip<n j=1

which have degree k = (’;) (this follows by induction from the first statement
in example (i); see also [2]), or the polynomial det(X) in the convex cone

of symmetric positive definite matrices —which we consider in the space
Rn(n+1)/2‘
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The interest in hyperbolic polynomials was originally motivated by an
important paper of Garding on linear hyperbolic PDEs [29], and it is known
that they form a rich class; see for example [30], where the same author
showed various ways of constructing new hyperbolic polynomials from old
ones.

If o and o; are the elementary symmetric functions of degree k and [, with

1
1 <k <l <n,then (0;/04)F is concave in the cone ¥ = {0y > 0,...,04 >

0}; see [39]. Thus,
w(z) = <0k)

is an admissible weight. For example, setting £k = n and [ = 1 we find that

we can take
l’-..xn %
w(z) = it et R
Tyt 2,

in Theorem [I.3] or in Corollary [L.7]

If f:R — R, is any continuous function which is concave in (a, b), then

is an admissible weight in ¥ = {x = (r,6) : arctana < 0 < arctanb}.
In the cone X = (0,00)? C R? one may take

w(:z:) . Ty — T2 “
~ \logz; — log zs

for « > 0. In addition, in the same cone one may also take

1 _a
w(x) = - (a:gfla:;“) e

This can be seen by using (viii) and computing f in each of the two cases.
When a = 1, these functions are called the logarithmic mean and the identric
mean of the numbers z; and x5, respectively.

Using also (viii) one can check that, in the cone ¥ = (0, 00)?, the weight
w(x) = wy(z? + y?)~'/? is admissible whenever p > —1. Then, using (i) it
follows that
gatlybtl

(xP + yr)V/p

w(z) =

is an admissible weight whenever a > 0, b > 0, and p > —1.
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3. DESCRIPTION OF THE PROOF

The proof of Theorem follows the ideas introduced by the first author in a
new proof of the classical isoperimetric inequality; see [9] [10] or the last edition of
Chavel’s book [I7]. This proof uses the ABP method, as explained next.

The Alexandroff-Bakelman-Pucci (or ABP) estimate is an L> bound for solutions
of the Dirichlet problem associated to second order uniformly elliptic operators writ-
ten in nondivergence form,

Lu = a;j(x)0;;u + b;(x)0;u + c(z)u,

with bounded measurable coefficients in a domain €2 of R™. It asserts that if €2 is
bounded and ¢ < 0 in 2 then, for every function u € C%(Q) N C(),

supu < sup u + C diam(Q) || Lul| . q),

Q o0

where C' is a constant depending only on the ellipticity constants of L and on the
L™norm of the coefficients b;. The estimate was proven by the previous authors in
the sixties using a technique that is nowadays called “the ABP method”. See [10]
and references therein for more information on this estimate.

The proof of the classical isoperimetric inequality in [9} [10] consists of applying
the ABP method to an appropriate Neumann problem for the Laplacian —instead
of applying it to a Dirichlet problem as customary. Namely, to estimate from below
09|/ for a smooth domain €2, one considers the problem

Au=0bg 1n

3.1
% =1 on JN. (3:1)
ov

The constant by = |0€2|/|€?| is chosen so that the problem has a solution. Next,
one proves that By C Vu(I',) with a contact argument (for a certain “contact” set
[, C ), and then one estimates the measure of Vu(I',) by using the area formula
and the inequality between the geometric and arithmetic means. Note that the

solution of (3.1 is
u(z) = |z*/2 when Q = By,

and in this case one verifies that all the inequalities appearing in this ABP argument
are equalities. After having proved the isoperimetric inequality for smooth domains,
an standard approximation argument extends it to all sets of finite perimeter.

As pointed out by R. McCann, the same method also yields the Wulff theorem.
For this, one replaces the Neumann data in by Ou/0v = H(v) and uses the same
argument explained above. This proof of the Wulff theorem is given in Section [4

We now sketch the proof of Theorem in the isotropic case, that is, when
H = || - ||]2. In this case, optimizers are Euclidean balls centered at the origin
intersected with the cone. First, we assume that £ = () is a bounded smooth
domain. The key idea is to consider a similar problem to but where the
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Laplacian is replaced by the operator

wldiv(wVu) = Au + v, Vu.
w

Essentially (but, as we will see, this is not exactly as we proceed —because of a
regularity issue), we solve the following Neumann problem in 2 C X:

wldiv (wVu) = by in Q

ou
@ =0 ondQNI%,
ov

where the constant bg is again chosen depending on weighted perimeter and volume
so that the problem admits a solution. Whenever u belongs to C*(2) —which is not
always the case, as discussed below in this section—, by touching the graph of u by
below with planes (as in the proof of the classical isoperimetric inequality explained
above) we find that

BN C Vu(Q). (3.3)

Then, using the area formula, an appropriate weighted geometric-arithmetic means
inequality, and the concavity condition on the weight w, we obtain our weighted
isoperimetric inequality. Note that the solution of (3.2)) is

u(z) = |z|*/2 when Q = B; N X, (3.4)

In this case, all the chain of inequalities in our proof become equalities, and this
yields the sharpness of the result.

In the previous argument there is an important technical difficulty that comes from
the possible lack of regularity up to the boundary of the solution to the weighted
Neumann problem . For instance, if {2 N X is a smooth domain that has some
part of its boundary lying on 0¥ —and hence 0f) meets tangentially 0>—, then u
can not be C* up to the boundary. This is because the Neumann condition itself is
not continuous and hence d,u would jump from 1 to one 0 where 9€) meets 0.

The fact that u could not be C*! up to the boundary prevents us from using our
contact argument to prove . Nevertheless, the argument sketched above does
work for smooth domains  well contained in ¥, that is, satisfying Q C . If, in
addition, w = 0 on 9% we can deduce the inequality for all measurable sets E by
an approximation argument. Indeed, if w € C(Q) and w = 0 on X then for any
domain U with piecewise Lipschitz boundary one has

Pw(U;E):/ wdS = wdS.

oUuNy oU

This fact allows us to approximate any set with finite measure £/ C ¥ by bounded
smooth domains €2 satisfying €2 C X. Thus, the proof of Theorem for weights
w vanishing on 9 is simpler, and this is why we present it first, in Section [5
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Instead, if w > 0 at some part of (or everywhere on) 9% it is not always possible
to find sequences of smooth sets with closure contained in the open cone and ap-
proximating in relative perimeter a given measurable set £ C 3. This is because the
relative perimeter does not count the part of the boundary of F which lies on 9.
To get around this difficulty (recall that we are describing the proof in the isotropic
case, H = 1) we need to consider an anisotropic problem in R™ for which approxi-
mation is possible. Namely, we choose a gauge H, defined as the gauge associated
to the convex set By NY; see (1.7). Then we prove that P, ,(-;X) is a calibration
of the functional P,(-;3), in the following sense. For all £ C ¥ we will have

PU%HO(E; E) < Pw(E; Z),
while for £ = B N X,
Pw,Ho(Bl; Z) = Pw(Bl N E; E)

As a consequence, the isoperimetric inequality with perimeter P, g, (-; X) implies the
one with the perimeter P, (-;X). For P, g, (-;X) approximation results are available
and, as in the case of w = 0 on 9%, it is enough to consider smooth sets satisfying
Q C ¥ —for which there are no regularity problems with the solution of the elliptic
problem.

To prove Theorem for a general anisotropic perimeter P, y(-;¥) we also con-
sider a “calibrated” perimeter P, p,(-;¥), where Hy is now the gauge associated to
the convex set W N X. Note that, as explained above, even for the isotropic case
H = - ||]2 we have to consider an anisotropic perimeter (associated to By N Y) in

order to prove Theorem [1.3]

4. PROOF OF THE CLASSICAL WULFF INEQUALITY

In this section we prove the classical Wulff theorem for smooth domains by using
the ideas introduced by the first author in [9, 10]. When H is smooth on S"!,
we show also that the Wulff shapes are the only smooth sets for which equality is
attained.

Proof of Theorem [1.3. We prove the Wulff inequality only for smooth domains, that
we denote by €2 instead of E. By approximation, if holds for all smooth
domains then it holds for all sets of finite perimeter.

By regularizing H on S™ ! and then extending it homogeneously, we can assume
that H is smooth in R™\ {0}. For non-smooth H this approximation argument will
yield inequality , but not the equality cases.

Let u be a solution of the Neumann problem

_ Pu(Q)

Au = in
€|

(4.1)
gu _ H(v)  on 09
ov ’
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where A denotes the Laplace operator and du/0v the exterior normal derivative of

u on 9. Recall that Py(Q) = [, H(v(x)) dS. The constant Py(2)/|Q has been

chosen so that the problem has a unique solution up to an additive constant. Since

H|gn—1 and Q are smooth, we have that u is smooth in Q. See [47] for a recent

exposition of these classical facts and for a new Schauder estimate for (4.1J).
Consider the lower contact set of u, defined by

I,={z€Q : uly) >u(z)+ Vu(z)- (y—z) forallyeQ}. (4.2)

It is the set of points where the tangent hyperplane to the graph of u lies below u
in all 2. We claim that
W c Vu(l',), (4.3)

where W denotes the Wulff shape associated to H, given by ((1.6)).
To show (4.3)), take any p € W, i.e., any p € R" satisfying

p-v<H(v) forallve S" '
Let 2 € Q be a point such that

min {u(y) —p-y} =u(z) —p-x

yeN
(this is, up to a sign, the Legendre transform of u). If x € 99 then the exterior
normal derivative of u(y) —p-y at & would be nonpositive and hence (Ou/0v)(x) <
p-v < H(v), a contradiction with the boundary condition of (4.1]). It follows that
x €  and, therefore, that x is an interior minimum of the function u(y) —p - y.
In particular, p = Vu(x) and = € T',. Claim (4.3)) is now proved. It is interesting
to visualize geometrically the proof of the claim, by considering the graphs of the
functions p - y + ¢ for ¢ € R. These are parallel hyperplanes which lie, for ¢ close
to —oo, below the graph of u. We let ¢ increase and consider the first ¢ for which
there is contact or “touching” at a point x. It is clear geometrically that x & 012,
since p-v < H(v) for all v € S"! and Ou/0v = H(v) on 0f.

Now, from (4.3]) we deduce

W < [Vu(ly)| = / dp < / det D?u(z) dz. (4.4)
Vu(Ty) w

We have applied the area formula to the smooth map Vu : I, — R"™, and we have
used that its Jacobian, det D?u, is nonnegative in I', by definition of this set.

Next, we use the classical inequality between the geometric and the arithmetic
means applied to the eigenvalues of D?u(z) (which are nonnegative numbers for
xz €T,). We obtain

A n
det D*u < <—“> in T,. (4.5)
n
This, combined with (4.4) and Au = Py (2)/|9|, gives

wis (20 e < (200 o (16
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Finally, using that Py (W) = n|W| —see (1.9)—, we conclude that

Py(W 1 Py(Q2
H(Ll) = n[W|» < HEL;P. (4.7)
(W €2
Note that when € = W then the solution of (4.1)) is u(z) = |z|?/2 since Au=n

and u,(z) = z - v(z) = H(v(z)) a.e. on OW —recall - In particular, Vu = Id
and all the eigenvalues of D?u(z) are equal. Therefore, it is clear that all inequalities
(and inclusions) in — are equalities when Q = W. This explains why the
proof gives the best constant in the inequality.

Let us see next that, when H|gn-1 is smooth, the Wulff shaped domains Q =
aW + b are the only smooth domains for which equality occurs in ((1.10)). Indeed,
if is an equality then all the inequalities in , , and (4.6) are also
equalities. In particular, we have |I',| = |2|. Since I, C 2, © is an open set, and
I, is closed relatively to €2, we deduce that I', = 2.

Recall that the geometric and arithmetic means of n nonnegative numbers are
equal if and only if these n numbers are all equal. Hence, the equality in and
the fact that Au is constant in  give that D?u = ald in all T', = €, where Id is the
identity matrix and a = Py (092)/(n|Q2]) is a positive constant. Let xy € £ be any
given point. Integrating D?u = ald on segments from zy, we deduce that

m@:u@@+vm%y@—x@+gu—%ﬁ

for x in a neighborhood of zq. In particular, Vu(xz) = Vu(xg) + a(x — x¢) in such a
neighborhood, and hence the map Vu — al is locally constant. Since €2 is connected,
we deduce that the map Vu — al is indeed a constant, say Vu — al = yp.

It follows that Vu(l',) = Vu(Q2) = yo+af). By we know that W C Vu(Tl',) =
Yo + afl. In addition, these two sets have the same measure since equalities occur
in (4.4). Thus, yo + af? is equal to W up to a set of measure zero. In fact, in the
present situation, since W is convex and yo + af is open, one easily proves that

W = yo + af). Hence, § is of the form aW + b for some @ > 0 and b € R™. O
5. PROOF OF THEOREM (1.3} THE CASE w =0 ON 0¥ AND H = || - ||

For the sake of clarity, we present in this section the proof of Theorem under
the assumptions w = 0 on 9% and H = || - ||o. The proof is simpler in this case.
Within the proof we will use the following lemma.

Lemma 5.1. Let w be a positive homogeneous function of degree o > 0 in an open
cone > C R™. Then, the following conditions are equivalent:
e For each x,z € X, it holds the following inequality:

a<w@»Uang@“2

w(x) w(x)
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1/«

e The function w“ is concave in 3.

Proof. Assume first « = 1. A function w is concave in Y if and only if for each
x,z € X it holds

w(x) + Vw(z) - (z — ) > w(z). (5.1)
Now, since w is homogeneous of degree 1, we have
Vw(z) -z =w(z). (5.2)

This can be seen by differentiating the equality w(tx) = tw(x) and evaluating at
t = 1. Hence, from (5.1) and (5.2) we deduce that an homogeneous function w of
degree 1 is concave if and only if

w(z) < Vw(z) - 2.

This proves the lemma for o = 1.

Assume now a # 1. Define v = w'/“, and apply the result proved above to the
function v, which is homogeneous of degree 1. We obtain that v is concave if and
only if

1/

v(z) < Vou(z) - 2.

Therefore, since Vo(z) = o~ w(z)a "' Vw(z), we deduce that w'/* is concave if and
only if
Vo < Vw(z) -z

1—-L”

w(z) < aw(zr)'~a

and the lemma follows. O
We give now the

Proof of Theorem in the case w =0 on 0% and H = || - ||5. For the sake of sim-
plicity we assume here that £ = U N X, where U is some bounded smooth domain
in R™. The case of general sets will be treated in Section 6] when we prove Theorem

in its full generality.
Observe that since £ = U N X is piecewise Lipschitz, and w = 0 on 0%, it holds

P(E:S) = / w(z)dz = /8 ula)ds. (5.3)

oUNy.
Hence, using that w € C(X) and (5.3)), it is immediate to prove that for any y € ¥
we have

%{8 P,(E +y;¥) = P,(F;%X) and 161%110(E + dy) = w(E).

We have denoted E + dy = {z + dy, = € E}. Note that P,(E + dy; %) could not
converge to P, (FE;X) as ¢ | 0 if w did not vanish on the boundary of the cone ¥.
By this approximation property and a subsequent regularization of E + dy (a
detailed argument can be found in the proof of Theorem in next section), we see
that it suffices to prove for smooth domains whose closure is contained in X.
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Thus, from now on in the proof we denote by €2, instead of F/, any smooth domain
satisfying Q € ¥. We next show (I.13)) with E replaced by €.
At this stage, it is clear that by approximating w|g we can assume w € C>(Q).
Let u be a solution of the linear Neumann problem

wldiv(wVu) = bg in Q  (with Q C %)

B (5.4)
L1 on Q.

v
The Fredholm alternative ensures that there exists a solution of (5.4)) (which is
unique up to an additive constant) if and only if the constant bq is given by

Pw(Q§ Z)

ECS)]

(5.5)

Note also that since w is positive and smooth in €, is a uniformly elliptic
problem with smooth coefficients. Thus, u € C=(f2). For these classical facts, see
Example 2 in Section 10.5 of [34], or the end of Section 6.7 of [32].

Consider now the lower contact set of u, Iy, defined by as the set of points
in  at which the tangent hyperplane to the graph of u lies below u in all Q. Then,
as in the proof of the Wulff theorem in Section [4] we touch by below the graph of u
with hyperplanes of fixed slope p € By, and using the boundary condition in (5.4))

we deduce that By C Vu(l',). From this, we obtain

Bin¥Xcvul,) Nn¥ (5.6)
and thus
wBND< [ )y
Vu(Ty)NE
< / w(Vu(z)) det D*u(x) dx (5.7)
TuN(Va)=1(5)

g/ w(Vu) (%) dx.
LN (Vu)—1(X) n

We have applied the area formula to the smooth map Vu : I, — R" and also
the classical arithmetic-geometric means inequality —all eigenvalues of D?u are
nonnegative in I', by definition of this set.

Next we use that, when o > 0,

st <

(as +nt

a+n
) for all s >0 and t > 0,
a+n
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which follows from the concavity of the logarithm function. Using also Lemma 5.1}
we find

1/a a+n
n w(Vu) Vw(z)-Vu D

n a+n D

Recall that D = n + «. Thus, using the equation in ([5.4)), we obtain

w(Vu) (%)" < (%Q)D in T, N (Vi) 1(2). (5.8)

w(x) n

If « =0 then w =1, and ([5.8) is trivial.
Therefore, since I',, C €2, combining (5.7) and (/5.8]) we obtain

w(BiNE) < /Fun(w)_l(z) (%)Dw(x)dx _ (%Q)D w(Ty N (V)" 1(D))

< (%) win) = po Bl

In the last equality we have used the value of the constant bq, given by .

Finally, using that, by , we have P,(B1;X) = Dw(B; NY), we obtain the
desired inequality .

An alternative way to see that is equivalent to is to analyze the
previous argument when @ = B;NY. In this case Q ¢ 3 and therefore, as explained
in Section , we must solve problem instead of problem . When Q = BiNX
the solution to problem is u(z) = |x|*/2. For this function v we have I', =
By NY and bp,ny = P,(B1;3)/w(B; NX) —as in . Hence, for these concrete
) and u one verifies that all inclusions and mequahtles in . . ., .
are equalities, and thus ((1.13)) follows.

(5.9)

6. PROOF OF THEOREM [[.3t THE GENERAL CASE

In this section we prove Theorem|[1.3]in its full generality. At the end of the section,
we include the geometric argument of E. Milman that provides an alternative proof
of Theorem [I.3]in the case that the exponent « is an integer.

Proof of Theorem[1.3 Let

WO =Wn Z,
an open convex set, and nonempty by assumption. Since AW, C W, for all A € (0, 1),
we deduce that 0 € W. Therefore, as commented in subsection , there is a unique

gauge Hy such that its Wulff shape is Wy. In fact, Hy is defined by expression (|1.7))
(with W and H replaced by Wy and Hy).
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Since Hy < H we have
Py, (E;X) < P, g(E;Y) for each measurable set £,
while, using ,
Py, (Wo; 2) = Ppg(W; ) and w(Wp) =w(W NX).
Thus, it suffices to prove that

7H0( —— ) Z 7H0< 271 ) (61)
w(E) ™ w(Wy) D

for all measurable sets £ C ¥ with w(FE) < oc.

The definition of Hj is motivated by the following reason. Note that H, vanishes
on the directions normal to the cone 3. Thus, by considering H, instead of H, we
will be able (by an approximation argument) to assume that £ is a smooth domain
whose closure is contained in Y. This approximation cannot be done when H does
not vanish on the directions normal to the cone —since the relative perimeter does
not count the part of the boundary lying on 0%, while when £ C ¥ the whole
perimeter is counted.

We split the proof of in three cases.

Case 1. Assume that F = Q, where € is a smooth domain satisfying Q C X.

At this stage, it is clear that by regularizing w|g and Hg|sn-1 we can assume
w € C®(Q) and Hy € C=(S™).

Let u be a solution to the Neumann problem

wdiv(wVu) = bg in Q2
6.2
% = Hy(v) on 09, (6:2)
where b € R is chosen so that the problem has a unique solution up to an additive
constant, that is,

PU),HO (Qa 2)

w(Q)
Since w is positive and smooth in Q, and H,, v, and € are smooth, we have that
u € C®(Q). See our comments following ([5.4)-(5.5)) for references of these classical
facts.

Consider the lower contact set of u, defined by

L, ={r€Q : u(y) >u(z)+ Vu(z) - (y — x) foralyeQl.

We claim that

bo = (6.3)

To prove , we proceed as in the proof of Theorem in Section . Take
p € Wy, that is, p € R” satisfying p - v < Hy(v) for each v € S""!. Let x € Q be a
point such that

Iyne%l{lL(y)—ﬂy} =u(z) —p-a.
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If z € 0N then the exterior normal derivative of u(y)—p-y at = would be nonpositive
and, hence, (Ou/0v)(x) < p-v < Hy(p), a contradiction with (6.2)). Thus, z € Q,
p = Vu(z), and z € I', —see Section {4 for more details. Hence, W, C Vu(T',), and

since Wy C 3, claim ([6.4)) follows.
Therefore,

w(Wy) < / w(p)dp < / w(Vu) det D*u da. (6.5)
Vau(T,)NS LuN(Vu)~1(3)

We have applied the area formula to the smooth map Vu : I', — R"™, and we have
used that its Jacobian, det D?u, is nonnegative in I', by definition of this set.

We proceed now as in Section [f] Namely, we first use the following weighted
version of the inequality between the arithmetic and the geometric means,

aa0+a1+~--+an)a+n

@
a/al...ang
0 a+n

w(x)

: w(va) ) ¢ :
applied to the numbers ag = < > and a; = \(x) for i = 1,...,n, where
A1, ..., A, are the eigenvalues of D?u. We obtain

a+n

1/a
w(Vu) Vw(z)-Vu atn
WV o iy < | 2 ( ) ) o = ( = A“) . (6.6)

w(zx) a+n a+n

In the last inequality we have used Lemma . Now, the equation in (6.2 gives

Vuw(z) - Vu "y div(w(z)Vu)
w(z) A w(z)

and thus using (6.3)) we find

b\ D
/ w(Vu) det D*u dx < / w(x) <—Q> dx
TuN(Vu)=1(X) TuN(Vu)~1(2) D

< /uw(az) (%Q)Dda: - (%)Dwm

= bQ7

(6.7)
Therefore, from ([6.5) and we deduce
P (2 5)\ " P (2 2)\
< [ 2BV T/ ) < [ 2220y 7/ 0). .
w(ie) < (Pete ) ur) < (FeleE) w@). o

Finally, using that, by (L.12)), we have P, gy, (W;X) = D w(W;), we deduce (6.1]).
An alternative way to see that is equivalent to (6.1)) is to analyze the previous
argument when Q2 = Wy, = W N . In this case Q ¢ ¥ and therefore, as explained
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in Section [3] we must solve problem

w™div (wVu) = by in

% = Hy(v) ondQ2NxE (6.9)
% =0 on 01N IO%

instead of problem (6.2). When 2 = W}, the solution to problem is
u(w) = |zf*/2.

For this function u we have I', = Wy and by, = Py, n,(Wo; X)/w(Wy) —as in (6.3)).
Hence, for these concrete {2 and u one verifies that all inclusions and inequalities in
, , , , and are equalities, and thus follows.

Case 2. Assume now that £ = U N X, where U is a bounded smooth open set
in R". Even that both U and X are Lipschitz sets, their intersection might not be
Lipschitz (for instance if U and 0% meet tangentially at a point). As a consequence,
approximating U N Y by smooth sets converging in perimeter is a more subtle issue.
However, we claim that there exists a sequence {€}x>1 of smooth bounded domains
satisfying

Tcs  and  lim D “”Ho(QL’j;lE) <D wﬂo(gf). (6.10)
Free w(Qy) P w(E) o
Case 2 follows immediately using this claim and what we have proved in Case 1.
We now proceed to prove the claim.

It is no restriction to assume that e,, the n-th vector of the standard basis, belongs
to the cone ¥.. Then, 0% is a convex graph (and therefore, Lipschitz in every compact
set) over the variables x1,...,x, 1. That is,

Y=A{x,>g(x1,...,xn1)} (6.11)

for some convex function g : R* ! — R.
First we construct a sequence

Fo=A{zn > gi(z1,...,201)}, k>1 (6.12)

of convex smooth sets whose boundary is a graph g;, : R"~! — R over the first n — 1
variables and satisfying:

(i) g1 > g2 > g3 > ... in B, where B is a large ball B C R""! containing the
projection of U.
(ii) gx — g uniformly in B.
(iii) Vgr — Vg almost everywhere in B and |V g is bounded independently of k.
(iv) The smooth manifolds 0F, = {z, = gx(x1,...,2,-1)} and OU intersect
transversally.
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To construct the sequence g, we consider the convolution of g with a standard
mollifier

C
g = g = k" 'n(kz) + T

with C' is a large constant (depending on ||V ||z ®n-1y) to guarantee g, > g in B.
It follows that a subsequence of g will satisfy (i)-(iii). Next, by a version of Sard’s
Theorem [33] Section 2.3] almost every small translation of the smooth manifold
{zn, = ge(x1,...,2,-1)} will intersect OU transversally. Thus, the sequence

gk(l’h S ,an) = §k(9€1 - yfa vy Tp—1 — yﬁq) +?/Z

will satisfy (i)-(iv) if y* € R™ are chosen with |y*| sufficiently small depending on k
—in particular to preserve (i).

Let us show now that P, g, (U N Fj; ) converges to P, m,(E;X) as k T co. Note
that (i) yields F C Fjyq for all & > 1. This monotonicity will be useful to prove
the convergence of perimeters, that we do next.

Indeed, since we considered the gauge H, instead of H, we have the following

property

Py, (E;Y) = Ho(v(x))w(z)dr = Ho(v(x))w(z)d. (6.13)
oUNs: o
This is because E = (U N E) C (OU N¥) U (U N IX) and
Ho(v(xz)) =0 for almost all = € 9%. (6.14)

Now, since (U N F},) C (0U N F) U (U N OFy,) we have

0<P,u,(UNF;X)— / Hy(v(z))w(z)de < / Hy(vp, (x))w(x)dz.

OUNFy, UNOFy

On one hand, using dominated convergence, (6.11)), (6.12]), (ii)-(iii), and (6.14]), we

readily prove that
/ Ho(vp, (x))w(x)dz — 0.
UﬂaFk

On the other hand, by (i) and (ii), £, N (B x R) is an increasing sequence exhausting
¥ N (B x R). Hence, by monotone convergence

/ Ho(v(z))w(z)dz — Ho(v(x))w(z)dx = Py g, (E; X).
OUNF, oUNY

Therefore, the sets U N F, approximate U N'Y in L' and in the (w,Hy)-perimeter.
Moreover, by (iv), U N Fy are Lipschitz open sets.

Finally, to obtain the sequence of smooth domains €2 in (6.10]), we use a partition
of unity and local regularization of the Lipschitz sets U N F}; to guarantee the conver-
gence of the (w,Hy)-perimeters. In case that the regularized sets had more than one
connected component, we may always choose the one having better isoperimetric
quotient.
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Case 3. Assume that E is any measurable set with w(E) < oo and P, g, (E; X) <
P, n(E;Y) < oco. As a consequence of Theorem 5.1 in [3], C2°(R") is dense in
the space BV, p, of functions of bounded variation with respect to the measure
p = wyy and the gauge Hy. Note that our definition of perimeter P, g, (E;3)
coincides with the (u, Hp)-total variation of the characteristic function x g, that is,
| D, xE|H, in notation of [3]. Hence, by the coarea formula in Theorem 4.1 in [3] and
the argument in Section 6.1.3 in [41], we find that for each measurable set £ C 3
with finite measure there exists a sequence of bounded smooth sets {Uy} satisfying

klim w(UNY)=w(E) and klim Py, (U X) = Py, (B3 Y).
—00 —00
Then we are back to Case 2 above, and hence the proof is finished. Il

After the announcement of our result and proof in [13], Emanuel Milman showed
us a nice geometric construction that yields the weighted inequality in Theorem
in the case that « is a nonnegative integer. We next sketch this construction.

Remark 6.1 (Emanuel Milman’s construction). When « is a nonnegative integer the
weighted isoperimetric inequality of Theorem (when H = || - ||2) can be proved
as a limit case of the Lions-Pacella inequality in convex cones of R"*®. Indeed, let
w'® > 0 be a concave function, homogeneous of degree 1, in an open convex cone
> C R™. For each € > 0, consider the cone
C.={(z,y) eR"xR* : €%, |y| <ew(x)/*}.
From the convexity of ¥ and the concavity of w'/® we have that C. is a convex cone.
Hence, by Theorem [1.1] we have
P(E:C) P(BiC.)
EnC| ™%~ |Binc| e

where By is the unit ball of R"**. Now, given a Lipschitz set &2 C R"™, consider the
cylinder £ = E x R® one finds

IENC.| = / d:v/ dy = wasa/ w(z)dr = waew(E NX)
ENY {ly|<ew(z)l/«} ENY
and

PEic) - |

7]

for all E with |E N C.| < oo, (6.15)

dS(:U)/ dy = waaa/ w(x)dS = wae*P,(E; X).
ENY {lyl<ew(z)t/o} OENY

On the other hand, one easily sees that, as ¢ | 0,

P(By;C.) :(WQEQ)TL;( Py(B1:%) +O<1>>
w( ’

n+a—1 n+a—1

|Bl N C6| nta Bin Z) nta
where Bj is the unit ball of R”. Hence, letting ¢ | 0 in (6.15]) one obtains
P,(E;X) S P, (By; %)

n+a—1 n+a—1

w(ENY) mta  w(B;NY) ma




SHARP ISOPERIMETRIC INEQUALITIES VIA THE ABP METHOD 311

which is the inequality of Theorem [1.3|in the case that H = ||-||2 and « is an integer.
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RADIAL SYMMETRY OF SOLUTIONS TO DIFFUSION
EQUATIONS WITH DISCONTINUOUS NONLINEARITIES

JOAQUIM SERRA

ABSTRACT. We prove a radial symmetry result for bounded nonnegative solutions
to the p-Laplacian semilinear equation —Apu = f(u) posed in a ball of R™ and
involving discontinuous nonlinearities f. When p = 2 we obtain a new result which
holds in every dimension n for certain positive discontinuous f. When p > n we
prove radial symmetry for every locally bounded nonnegative f. Our approach is
an extension of a method of P. L. Lions for the case p = n = 2. It leads to radial
symmetry combining the isoperimetric inequality and the Pohozaev identity.

1. INTRODUCTION

We consider positive solutions of

—Au=f(u) nQCR",
u>0 in 2, (1.1)
u=0 on 0f),

where (2 is a ball. A classical theorem of Gidas-Ni-Nirenberg [10] states that if
f = fi + fo with f; Lipschitz and f, nondecreasing, then a solution u € C?(Q) to
has radial symmetry. Since f, might be any nondecreasing function, this result
allows f to be discontinuous, but only with increasing jumps. Besides this, the only
other general result for f discontinuous is, to our knowledge, the one of P. L. Lions
[13], that states radial symmetry of solutions for every locally bounded f > 0 in
dimension n = 2.

In this paper we establish radial symmetry of solutions to in every dimension
n > 3 under the assumption

2n
o< f<"0
for some nonincreasing function ¢ > 0. In addition, we also obtain results for the
p-Laplacian equation

—Apu ==V - (|VuP72Vu) = f(u) inQ,
u>0 inQ, (1.2)
u=0 ondQ,

n

The author was supported by grants MTM 2008-06349-C03-01 (Spain) and 2009SGR-345
(Catalunya).
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where 2 C R™ is a ball. For instance, under the assumption p > n, we establish
radial symmetry of bounded solutions to for every f > 0 locally bounded but
possibly discontinuous.

The result to be proved in this paper is the following:

Theorem 1. Let Q be a ball in R", n > 2, and let 1 < p < co. Assume that
I € L]0, +00)) is nonnegative. Let uw € CT(2) N C°(Q) be a solution of (1.2) in

loc
the weak sense. Assume that either

(a) p > n,
or

(b) p <n and, for some nonincreasing function ¢ > 0, we have ¢ < f < n"—f;gb.

Then, u s a radially symmetric and nonincreasing function. Moreover, ‘g—;f <0
in {0 < u < maxgu}, that will be an annulus or a punctured ball.

This result follows the approach introduced in 1981 by P. L. Lions within the paper
[13], where the case p = n = 2 of Theorem [I| is proved (also with the hypothesis
f > 0). In the same direction, Kesavan and Pacella [11] established the cases
p = n > 2 of Theorem [I] In Lions’ method, the isoperimetric inequality and the
Pohozaev identity are combined to conclude the symmetry of w.

For some nonlinearities f which change sign, there exist positive solutions of
in a ball which are not radially symmetric, even with p = 2 and f Hélder continuous
(see [3] for an example).

For 1 < p < oo, assuming that f is locally Lipschitz and positive, and that u €
C'(Q) is a positive solution of in a ball, Damascelli and Pacella [5] (1 < p < 2)
and Damascelli and Sciunzi [6] (p > 2) succeeded in applying the moving planes
method to prove the radial symmetry of w.

Another symmetry result for with possibly non-Lipschitz f is due to Dol-
beault and Felmer [7]. They assume that f is continuous and that, in a neighborhood
of each point of its domain, f is either decreasing, or is the sum of a Lipschitz and a
nondecreasing functions. If, in addition, f > 0, solutions u € C*(Q)NC°(Q) to (1.1
in a ball are radially symmetric. A similar result for the p-Laplacian equation (|1.2)
is found in [8]. These results use a local version of the moving planes technique.

Under the weaker assumption that f > 0 is only continuous, for 1 < p < oo,
Brock [2] proved that C*(Q) positive solutions of are radially symmetric using
the so called “continuous Steiner symmetrization”.

The radial symmetry results in [2] (via continuous symmetrization) and in [7], 8]
(via local moving planes) follow from more general local symmetry results [3] [7) 8]
which do not require f > 0. These describe the only way in which radial symmetry
may be broken through the formation of “plateaus” and radially symmetric cores
placed arbitrarily on the top of them. The notion of local symmetry, introduced
by Brock in [3], is very related to rearrangements. Nevertheless, in [7, [§], local
symmetry results are proved using a local version of the moving planes method.
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Our technique leads to symmetry only when €2 is a ball. Instead, the technique
used in [2], as well as the moving planes method used in [10, 6} [7, 8] are still applicable
when the domain is not a ball, but is symmetric about some hyperplane and convex
in the normal direction to this hyperplane. See [I] for an improved version of the
moving planes method that allowed to treat domains with corners.

A feature of the original moving planes method in [10] and [6] is that, in addition
to the radial symmetry, leads to 2% < 0, for r = |z| € (0, R), R being the radius
of the ball 2. However, with discontinuous f we cannot expect so much, even with

p = 2. A simple counterexample is constructed as follows: let v be the solution of

—Apy=1 inA={1/2<r <1},
v=0 ondA.

Then, v is radial and positive, and thus it attains its maximum on a sphere {r = py},
for some py € (1/2,1). We readily check that u = vX{rsp) + (Maxzv)Xfr<po} is a
solution of for @ = {r < 1} and f = X{o,max;v) = 0, and u is constant on the
ball {r < po}.

Related to this, Theorem [1| states that u is radial with g—;f < 0 in the annulus
or punctured ball {0 < u < maxgu} (see Lemma [6]). Nevertheless, u might attain
its maximum in a concentric ball of positive radius {u = maxgu}, as occurs in the
preceding example.

The following three distribution-type functions will play a central role in our proof:

I(t) = /{ >t}f(u) dH", Jt)=H"{u>t}), K=1"J". (1.3)

These functions are defined for ¢ € (—oo, M), where M = maxq u. The parameters
a, in ([1.3]), that are appropriately chosen depending on p and n, are given by
p p—n
L p=Ln
p—1 n(p—1)
Lions [13] in the case p = n = 2 and Kesavan-Pacella [11] in the cases p =n > 2
used the distribution type function K = I* (note that our § = 0 in these cases).

By considering the function K = I*J” we are able to treat the cases p # n.
Observe that for any ¢ < 0 the value of K (t) is equal to the constant

K(07) = lim K(t) = (/Q f(w) d%”)a(H”(Q))B. (1.5)

t—0—

(1.4)

O{:p/:

Remark 2. As we shall see, it is essential for our argument to work that the function
K in be nonincreasing. This is trivially the case when «, 3 given by are
nonnegative, and thus this occurs when p > n.

However, it may happen that, even with 5 being negative, K could be nonincreas-
ing. This situation occurs under assumption (b) of Theorem , ie, 1 <p<nand
o< f< np—fp¢ for some nonincreasing function ¢ > 0. Indeed, in Lemma(iii) we
will prove that, in this case, K is absolutely continuous. Thus, to verify that K is
nonincreasing we need to prove that —K’ > 0 a.e.
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Now, using statement of the lemma, we obtain
K = {O&Ia_ljﬁf‘FﬂIaJB_l}(—J/) _ {Ozf—i—ﬂI/J}Ia_lJB(—J/) 9.0,

From this we see that —K’(t) has the same sign as {af(t) + BI(t)/J(t)}, since
I, J, —J' are nonnegative by definition. Thus, since § < 0, we need I(t)/J(t) +
(a/B)f(t) <0 a.e. Observing that I(¢)/J(t) is the mean of f(u) over the superlevel
set {u > t}, we easily conclude that a sufficient condition for I/J + (a/B)f < 0 is
that f(s) < —(a/B)f(t), whenever s > t. And this is satisfied if ¢ < f < —(a/5)¢
for some nonincreasing ¢ > 0. Replacing «, § by their values in (1.4]) we obtain the
condition (b) in Theorem |[l|since —a/f3 = pn/(n — p).

Remark 3. Although the statement of Theorem [l concerns solutions of that
are C''(Q), the arguments we shall use in its proof are often performed, in a standard
way, with functions that are only of bounded variation. Nevertheless, from regularity
results for degenerate elliptic equations of the type , we have that every bounded
solution to is C1(Q) for some a > 0. See, for instance, Lieberman [12]. Thus,
there is no loss of generality in assuming, in Theorem [} that u € C'(Q) and this
will turn some parts of its proof less technical.

2. PRELIMINARIES AND PROOF OF THEOREM [I]

All the technical details that will be needed in the proof of Theorem [I| are con-
tained in the following three lemmas. The two first of them would be immediate if
we assumed that v and its level sets were regular enough. The third one leads to the
radial symmetry of v and the property Y < 0 in the annulus {0 < © < maxqu}.
The arguments used in their proofs are rather standard: for example, a finer version
of inequality can be found in [4]. Nevertheless, we include them here to give a
more self-contained treatment.

Lemma 4. Let «, S be arbitrary real numbers and 0 C R™ a bounded smooth domain.
Assume that u € C'(Q) ﬂCO(Q) zs nonnegative and ulpg = 0. Let f € L52([0, +00))
and let I, J, K are defined by (1.3)). Let M = maxgu. Then:

(i) The functz’ons I, J and K are a.e. diﬁer@ntiable and

— K'(t) ={al®)* T f(t) + BT H(=J'(t)) for a.e. t. (2.1)
(it) For a.e. t € (0, M), we have H" ' (u~ ( )N {|Vu| =0}) =0 and
— J'(t) 2/ ﬁd%” ! (2.2)

(111) Assume furthermore that hypotheszs (b) in Theorem 1| holds and that u is a
weak solution of (1.2). Then, I, J and K are absolutely continuous functions for
t< M.

Proof. (i) The functions I and J are nonincreasing by definition and hence differen-
tiable almost everywhere. Furthermore, they define nonpositive Lebesgue-Stieltjes
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measures dI and dJ on (0, M). By definition of Lebesgue integral, using approxi-
mation by step functions, we find that
M+

1) = /{ == [ gwan

and hence dI = fdJ. From this, it follows that I'(t) = f(t)J'(t) for dJ-a.e.t
n (0, M). But since |Vul is bounded in {u > t}, J is strictly decreasing. This
leads to £ < dJ, where L is the Lebesgue measure in (0, M). Therefore we have
I'(t) = f(t) J'(t) for a.e. t (in all this paper, unless otherwise indicated, a.e. is with
respect to the Lebesgue measure). As a consequence, holds.

(ii) Start defining

Jo(t) = H"({u > t,|Vu| > 0}) .

Let € > 0 and T € (0, M). Let ur = max(u,T). We extend ur outside Q2 by the
constant T', to obtain a Lipschitz function defined in all R". Applying to ur the
coarea formula for Lipschitz functions (see, for example, Theorem 2 in sec. 3.4.3 of
[9]), we can compute

H"({u>T,|Vu| > €}) :/ |VUT|%(Z’H”

X{u>T [Vu|>e} n—1
dH" ™ dt 2.3
A 23

= —cm" Lt .
/T /u—l(t J{[vua |Vl

For any given € > 0, |Vu|™' x{us7,vu>e} 18 H"-summable. Now, by monotone
convergence, letting ¢ — 0 in (2.3) we find that (2.3]) also holds for ¢ = 0 (and
arbitrary T'). We deduce that Jy(t) is an absolutely continuous function and that

— Jy(t) = / —d?—[” 1 forae te(0,M). (2.4)
Lon{vu>0y |Vl
Applying one more time the coarea formula to ur we obtain

M
0= IVur|X fus1,[vu=0y = / H ' (w () N {|Vu| = 0}) dt.
T

R
We conclude that, for a.e. t, the set u='(¢) N {|Vu| = 0} has zero H" '-measure.
Having this into account we may change . ) for the apparently finer

— Ji(t :/ dH™ 1, forae. te (0,M). 2.5
-/ 0.01) 25

Next, observe that for a.e. t € (0, M) (where both J'(t) and Jj(t) exist) we have
the inequality

_J(t) = lim H"({s > u>t}) > lim H™({s > u>t,|Vul >0})

s—tt s—1 T sttt s—1

—Jo(t)-
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Combining this with we get finally . It is easily verified that equality holds
in for a.e. t if the set {|Vu| = 0} has zero H™-measure.

(iii) If p<nand ¢ < f < n”—f;qb for some nonincreasing ¢ > 0, then a solution
of —Ayu = f(u) will be p-harmonic in {u > ¢}, where ¢y € [0, +o0] satisfies that
o(t) > 0 for t < tg and ¢(t) = 0 for t > t,. Hence, if ty < +00, we will have that
u =ty =M =maxgu in {u > t,}. Therefore, for every ¢t < M = maxgu we have
that —A,u = f(u) > ¢(u) > ¢(t) > 0in {0 < u < t}. But since f(u) € L®(Q), we
can apply a result of H. Lou, Theorem 1.1 in [Lo] and find that f(u) vanishes a.e. in
the set {|Vu| =0} N{0 <wu < t}. Since f(u) > ¢(t) > 01in {0 < u < t}, this is only
possible if the singular set {|Vu| = 0,u < t} has zero measure. Therefore, we have
J(t) = Jo(t)+H"({u = M}) for every t < M and thus J is an absolutely continuous
function (since we have shown that Jy is absolutely continuous), at least for ¢ < M.

From this, it is immediate to see that also I and K are absolutely continuous for
t< M. 0

Lemma 5. Under the assumptions of Theorem |1, let M = maxgu. We have the
following:
(1) It holds the Gauss-Green type identity

I(t) = / |VulP~tdH" ™, for a.e. t € (0, M). (2.6)
w1()

(ii) It holds the isoperimetric inequality

n—1 n
n

H' (1) > e (H'{u > 1)) 7 = e J(t)5, forae te(0,M), (2.7)
where ¢, is the optimal isoperimetric constant in R", ¢, = H”’l(aB)(H"(B));
with B being a ball in R™.

Proof. (i) Since the function u is of bounded variation locally in €2, we know from the
coarea theorem for BV functions (see Theorem 1, sec. 5.5 of [9]) that the sets {u > t}
have finite perimeter for a.e. ¢t. For the measure theoretic boundary 0,{u > t} (see
section 5.8 of [9]), we readily check that {u = ¢, |Vu| > 0} C d,{u >t} C u='(t).
But recall from Lemma (i) that H" ' (v (t) N {|Vu| = 0}) = 0 for a.e. t. We
conclude that (fu_l(t) [VulP~tdH"") and ([, |VulP~t dH"~1) are equal for a.e.
t.

On the other hand, the vector field —Vu is perpendicular to the regular surface
u (t) N {|Vu| > 0}. We have just seen that this regular surface fills almost all
d,{u > t}, in the sense of H" '-measure. As a conclusion, if v is the measure
theoretical normal vector for {u > t} then —Vu-v = |Vu| H" 1-a.e. on 0.{u > t}.

Since u solves , by the generalized Gauss-Green theorem (Theorem 1, sec.
5.8. of [9]), we have

I(t) = / Flu)dH" = / IVulP ' dH" ! = / IVulP~tdH™ ™, (2.8)
{u>t} O {u>t} u=1(t)

{u>t}
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for a.e. t € (0, M). Although that the precise version of Gauss-Green theorem we
cite applies to a C}(Q) vector field, and we only have |Vu[P~?Vu € C°(Q), this
can easily be handled as follows. Given ¢, we approximate uniformly in {u > ¢}
the continuous vector field |Vu|P~?Vu by a sequence of C!(Q) vector fields (¢,) to
which we can apply the theorem. Doing so V - ¢,, converges weakly to f(u), and
this is enough for our purposes. Indeed, for each ¢, we have

V-gbn:/ Gn - vdH™', forae. t € (0,M).
{u>t} Ox{u>t}
Now, letting n — oo we obtain , and hence .

(ii) We have seen that {u > t} is a bounded set of finite perimeter for a.e.
t € (0, M). Thus the isoperimetric inequality with the best constant follows
immediately from Theorem 2 and the Remark that follows it in Section 5.6.2 of
[@. O

Radial symmetry will follow from next lemma after having proved that hypothesis
(1) and (2) on it hold. For a detailed discussion on a very similar question see the
article of Brothers and Ziemer [4]. Here, we present an ad hoc argument inspired
by this article.

Lemma 6. Assume that f € L2.(]0,+00)) is nonnegative. Let Q be a ball in R™

and u € C1(Q) N C°Q) be a solution of (1.2) in the weak sense. Let M = maxgu.
Suppose that for a.e. t € (0, M)

(1) {u >t} is a ball (centered at some point in R™, possibly depending on t)
and
(2) |Vul is constant on 0{u > t}.

Then, u is radially symmetric. In addition, ‘g—:f < 0 in the annulus or punctured
ball {0 < u < maxgu}, but u could achieve its mazimum in a ball of positive radius.

Proof. Denote by © the set of ¢t € (0, M) for which {u > t} is a ball. As O is
a dense subset (its complementary has zero measure), for any ¢t € (0, M) we have
{u>t} = U, scolu > s}. Thus, every superlevel set {u > t} is a increasing union
of balls with bounded diameter, hence it is also a ball. Therefore © = (0, M) and
we have
{u>t} = B(z(t); p(t))

for some x(t), p(t) defined for every t € (0, M).

From the continuity of Vu and hypothesis (2) we deduce that |Vu| is constant
on 0B(xz(t); p(t)) for every ¢t € (0,M). Besides, as u is a solution of (L.2), the
Gauss-Green theorem leads to

W (OB (0sp)) VP OB p0) = [ s an

But f(u) > 0 and, by the maximum principle, it is impossible that f(u) = 0 on
some {u > t}. We conclude that Vu does not vanish in the open set {0 < u < M}.
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Having now that u is a C! function whose gradient never vanishes in the open
set {u < M}, it is easily shown that J(¢t) = H"({u > t}) is locally Lipschitz in
(0, M). Therefore, also p(t) = (J(t)/w,)"/™ is locally Lipschitz (w, = H"(B) is the
volume of a unit ball in R™). Moreover, since B(z(t); p(t)) = {u >t} D {u > s} =
B(z(s); p(s)) for t < s, we deduce that

lz(t) — x(s)| < p(t) — p(s) fort <s. (2.9)

Thus, = = z(t) is also locally Lipschitz.

Now suppose that u were not radially symmetric. Then x would not be identically
constant in (0, M) and hence we could find some t, € (0, M) such that the velocity
vector y = £ (tg) would exist and be nonzero. But in such case, setting z = y/|y|,
P(t) = x(t) + p(t)z and Q(t) = z(t) — p(t)z, by hypothesis, we would have

uw(P(t) =u(Q(t)) =t forallt,

im(ji Vu(P(ty)) - z = —|Vu(P(ty))| while Vu(Q(to)) - z = |Vu(Q(to))|. This would
ead to
d

1= —
dt

|, u(P(t) = Vu(P(t)) - (lyl + p'(t0))z = =[Vu(P(t))[(|ly] + ' (to))

and

1= 2] u@0) = Vu(Q(to) - (3] — /(1o)== [Vu(QUo)) (1] — /(1))

But we must have |Vu(P(ty))| = |Vu(Q(to))| since both P(ty) and Q(ty) belong
to 0B(x(t); p(to)) = 0{u > to}. Then, it would follow that |y| = 0, which is a
contradiction.

As a consequence, u is to be is radially symmetric. We already justified that |Vu|

does not vanish in {0 < v < M}, hence % < 0 in this open ring. However we
may not discard the possibility of u being constant on a closed non-degenerate ball
{u = M}, as happens in the example given in Section 1. O

Finally we present the proof of the result in this paper.

Proof of Theorem [1 We first note that, under the assumptions of the theorem, K (¢)
is nonincreasing for t € (0, M), where M = maxqgu, K is given by and «, (3 are
given by . Indeed, under hypothesis (a) of the theorem it is obvious because
o, 8> 0. On the other hand, under hypothesis (b) Lemma [4] (iii) applies and hence
K is absolutely continuous. But, as shown in Remark [2, —K” > 0 a.e. in this case.
Therefore, K is nonincreasing again.

Since K(t) is nonnegative and nonincreasing, we have (even if K could have
jumps)

KO0 )>K(0")—-KM™) > /M —K'(t)dt. (2.10)
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Combining (2.10) and (2.1 in Lemma {4] (i), we are lead to
M
K(07) > / {aI()*"T()° f(t) + BI(H)* T ()"} (-
0

The integrand on the right equals —K’(¢) and hence is nonnegative for a.e.t. Also
—J'(t) is nonnegative. Therefore so is the factor in brackets and we can use inequal-
ity (2.2] . to obtain a further estimate:

/ {al ()T FO)+BI)*I(t)~ 1}</ t)WdH” 1) dt. (2.11)

Equalities are obtained when K is absolutely continuous.
Next we derive the following isoperimetric—Hi’g)%lder type inequality:

p(n—1)

](t)p%l (/ (V| ™! d?-[”_l) > ch J(t)e-on | for ae. t € (0, M) (2.12)
~H()

with ¢, as in (2.7)). To prove (2.12), we use (2.6 in Lemma [5| to conclude that, for
a.e. t,

p—1

(/ ]Vu]ld’}-["1> T
)
- (/ |Vu|p_1d7{”_1>p</ |vu|—1dH”—1) ’
u=1(t) u=1(t)

1

> K (1) > oK ({u > )T = end (1)

where the first inequality is a consequence of Holder’s inequality, and the second

one of the isoperimetric inequality . We emphasize that both equalities hold

simultaneously if and only if {u > ¢} is a ball and |Vu| is constant on ().
Returning to ([2.11]), we deduce from ([2.12))

M
K(07) z/ {afa—lJﬂf+51aJﬂ—1}(/ L 1) dt
0 =1(¢) [Vl
M 1 1 1 1
:/ {aI* 51 g0 f 4+ RIS e (/ — dH" 1) ¢t (2.13)
0 u—1(t) |Vu]

Mo, o
> / en  {al* T f 4 BI R L (0) e
0

D =

I(t)

For the last inequality we are using (for second time) that the factor in brackets in
(2.11]) is nonnegative, since —K’ > 0.

Note that in order to obtain we are integrating the isoperimetric-Holder
inequality over almost all the levels. Accordingly,

Remark 7. A necessary condition for having equalities in (2.13)) is that, for a.e.t €
(0, M), {u >t} is a ball and |Vu| is constant on u™'(¢).
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Next, the values of o and  in ([1.4)) are set to satisfy that & — 1 — p%l = 0 and

-1+ 7(’;’_‘—1)120 = 0. Then (2.13) becomes

k)2 [ e (v sowe (s ) + % [ s )a
/ / X{u>t} (p f(t) 0 f( )) dH"™ dt
=cﬁ(p’/ﬂ () dH" + _1/ ufwan)
cg’%(n /Q (u) dH™ + d?—[”)

for F(s fo ’. Recalling ((1.5) we obtain ﬁnally the inequality

p&,mm)%(/g f@))pén/g )+ 2 [uf). (214)

Now we use for first time that € is a ball. As in [11], a combination of Pohozaev’s

identity
p—n 1
n/ F(u)—l——/uf(u):—,/ (x-v)|Vul? (2.15)
Q P Ja P Joa
and Holder inequality gives, when €2 is a ball of radius R, the inequality

n/QF( )+% uf(u)2m5</ﬂf(u))p/, (2.16)

where w,, = H"(By) is the volume of the unit ball in R”. Indeed, we only need to
use ([2.15)), that for Q = Br we have (z - v) = R on 99 and H" }(9Q) = nw,R"!,
and the inequality

(/ |vuyp) (/ ) / VP! /—I/-Vu\Vu\plz/Q—Apu:/Qf(u)

To conclude, a straightforward computation (there is no magic behind this: note
that all the inequalities obtained throughout this proof are equalities when wu is
radial) and recalling the value of ¢, given in Lemma [5| (ii), we check that

nH"(B )p(n . n(w,R")" PlnD) 4 pon
n(Q)aD — R) " gm(Bp)aten — (\Wn ~
pcﬁH ) pH" 1 (OBR)? " (Br) P (nw, Rr=1)¥

1 R
(nwan_l)p//p p/ )

This enlightens that (2.14)) and ([2.16)) are opposite inequalities. Therefore they must
be, in fact, equalities.
It follows, recalling Remark [7| within this proof, that for a.e. ¢t € (0, M),
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(1) the level {u >t} is a ball
and
(2) |Vu| is constant on d{u > t}.

But then from Lemmalf] we conclude that u is a nonincreasing function of the radius
and with 2% < 0 in {0 < u < maxgu}. O
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