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Introduction

Given a ring R and a group G, the group ring RG of G with coefficients in R is the ring
which contains R as a subring and G as a subgroup of its group of units in such a way that
G is a basis of RG as left and right R-module and the elements of R and G commute. In
case K is a field the group ring KG is call the group algebra of G with coefficients in K.
The study of group rings and group algebras has been continuously present in the history
of abstract algebra and they are relevant tools in group theory by its connections with
group representations.

In this dissertation we are particularly interested in the properties of the integral group
ring ZG, with G a finite group, and more specifically in the arithmetic and algebraic
properties of the group of units of ZG, which is denoted by U(ZG). The study of U(ZG)
has attracted the attention of many authors since the seminal work of Higman [Hig40]. The
book of Sehgal [Seh93] presents a good collection of results and techniques about U(ZG).
See also the more recent survey of Jespers [Jes98] or the survey on units of classical orders
of Kleinert [Kle94] which collects the most important known results on the group of units
of orders of which U(ZG) is an example.

One of the main questions on the study of group rings is the Isomorphism Problem
which asks whether the group ring determines the group up to isomorphisms, i.e.

(ISO)R RG ∼= RH =⇒ G ∼= H?

Observe that (ISO)C asks whether G is determined up to isomorphisms by the list of
the degrees of its absolutely irreducible representations. Using this it is easy to see that
the dihedral group of order 8 and the quaternion group of the same order provide a
negative solution to (ISO)C. However answering (ISO)R for an arbitrary ring is usually a
difficult problem. A common counterexample of (ISO)K for all fields was given by Dade
[Dad71]. The case of (ISO)Z is of particular interest because, for every ring R we have
RG ∼= R ⊗Z ZG and therefore, a negative solution for (ISO)Z is also a common negative
solution for (ISO)R for every ring R. One of the first positive results for (ISO)Z is linked
to the study of U(ZG). Indeed, in the thesis of Higman it is proved that if G is an abelian
finite group then the torsion units of U(ZG) are the trivial ones, that is the elements of
±G. Using this it is easy to prove that if G and H are abelian non-isomorphic groups
then ZG and ZH are not isomorphic. Withcomb proved (ISO)Z for metabelian groups in
1968 [Whi68]. Roggenkamp and Scott proved it for nilpotent groups in 1987 [RS87]. The
first counterexample for (ISO)Z was announced in 1997 by Hertweck [Her01].

Another relevant question consists in describing the automorphisms of ZG. There are
two natural subgroups of the group of automorphisms of ZG. The first one is formed by
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6 Introduction

the linear extensions of automorphisms of G and the second one is Inn(ZG), the group
of inner automorphisms of ZG. Identifying the first one with Aut(G), the group of au-
tomorphisms of G, we may consider Aut(G) embedded in Aut(ZG), and as Inn(ZG) is
normal in Aut(ZG) we have Aut(G) Inn(ZG) ≤ Aut(ZG). Moreover Inn(ZG) can be
enlarged with the restriction to ZG of the inner automorphisms of U(QG) given by con-
jugation by units which normalize ZG. This form another normal subgroup of Aut(ZG)
which we denote InnQ(ZG). So Aut(G) InnQ(ZG) ≤ Aut(ZG). In fact every element of
Aut(G) InnQ(ZG) preserves augmentation and the Automorphism Problem asks for the
converse of this sentence. Formally

(AUT) Does every augmentation preserving automorphism of ZG belong to
Aut(G) InnQ(ZG)?

A metabelian counterexample for (AUT) was obtained by Roggenkamp and Scott [Rog91,
Sco92] (see also the counterexamples by Klingler [Kli91] and Hertweck [Her02]).

In this dissertation we study two questions about the group of units of the integral
group ring of a finite group G. The first addresses the description of the torsion units of
U(ZG) and the second one tries to describe the subgroups of finite index of U(ZG). There
are some natural ways of obtaining torsion units and subgroups of finite index of U(ZG)
and the aim is deciding if all the torsion units and subgroups of finite index are of such
form. The problem for torsion units leads to the Zassenhaus Conjecture and the question
for the subgroups of finite index leads to the Congruence Subgroup Problem.

We now explain the natural construction of torsion units of ZG. Recall that an element
of a group is call torsion or periodic if it has finite order. In the 1960s, Hans Zassenhaus
raised the problem of describing the torsion units of U(ZG) and more generally of how
are the finite subgroups of U(ZG). Let U1(ZG) denote the set of units of augmentation 1
of ZG. Then U1(ZG) is a subgroup of index 2 of U(ZG) and in fact U(ZG) = ±U1(ZG).
Hence to study U(ZG) it is enough to consider U1(ZG) and, in particular, to describe the
torsion units of ZG we only regard the units of augmentation 1, which are usually called
normalized units. Assume that G is a finite group. The most obvious normalized torsion
units in ZG are the elements of G. In case G is abelian these are the only normalized
torsion units, by the result of Higman mentioned above. This cannot be extended to
non-abelian groups because the conjugates of the elements of G are, of course, normalized
torsion units and usually G is not invariant under conjugation. So the natural way to
produce normalized torsion units of ZG is by taking conjugates of the elements of G.

It is then natural to ask whether these are all the normalized torsion units. Hughes and
Pearson showed in [HP72] that U1(ZS3) has two conjugacy classes of elements of order 2.
However all normalized units of order 2 of U(ZS3) are conjugate in QS3. This suggested
a modification of the problem, for G a finite group, which took the form of the following
conjectures known as Zassenhaus Conjectures:
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(ZC1) Every normalized torsion unit of ZG is conjugate in QG
to an element of G.

(ZC2) Every subgroup of normalized units of ZG of the same order than G
is conjugate to G in QG.

(ZC3) Every finite subgroup of normalized units of ZG is conjugate in QG
to a subgroup of G.

Clearly (ZC1) and (ZC2) are particular cases of (ZC3). Moreover (ZC2) is strongly
linked to (ISO)Z and (AUT). This is because a subgroup of units of ZG of the same
cardinality than G is a group basis of ZG and of course isomorphisms between rings map
group basis to group basis. Using this it can be shown that

(ZC2) ⇐⇒ (ISO)Z + (AUT).

In particular, the counterexamples for (AUT) by Roggenkamp and Scott, Klingler and
Hertweck and the counterexample for (ISO)Z by the last author are all counterexamples
for (ZC2) (and hence for (ZC3)). No counterexample for (ZC1) is known so far.

Progress in Zassenhaus Conjecture have been difficult and have lead to deep techniques.
We now revise some positive results for Zassenhaus Conjectures.

Several authors have verified (ZC1) for some particular groups which started with the
calculations of Hughes and Pearson mentioned above which shows that (ZC1) holds for S3

in 1972. In 1987, Fernandes proved (ZC1) for S4 [Fer87]. In 1989 Luthar and Passi verified
(ZC1) for A5, the alternating group on five symbols [LP89], and a year latter Luthar and
Trama proved it for S5, the symmetric group on five symbols [LT91]. Dokuchaev, Juriaans
and Polcino Milies proved (ZC1) for SL(2, 5) in 1997 [DJPM97]. Collecting the positive
results known at the moment (2006) and some additional calculations for the groups not
covered by this knowledge, Höfert and Kimmerle proved (ZC1) for all groups of order less
or equal than 71 [HK06]. There are still some groups of order 72 for which (ZC1) has not
been verified. In 2008, Hertweck proved (ZC1) for A6 [Her08b] and Bovdi and Hertweck
proved it for central extensions of S5 [BH08].

The first result on Zassenhaus Conjecture for an important large class of groups is due
to Roggenkamp and Scott who, in 1987, proved (ZC2) for nilpotent groups [RS87]. This
was the way to give positive solutions for (ISO)Z and (AUT) for nilpotent groups. One
year latter Weiss proved (ZC3), first for p-groups [Wei88] and then for nilpotent groups
[Wei91]. This is the most celebrated result on Zassenhaus Conjectures because it affects
to a large relevant family of groups.

After the result of Weiss there were several attempts to prove (ZC1) for metacyclic
and metabelian groups. The first one in this direction considered metacyclic groups AoX
with A and X cyclic of coprime order (1983: Luthar and Bhandary [LB83], 1983: Ritter
and Sehgal [RS83], 1984: Polcino Milies and Sehgal [PMS84], 1986: Polcino Milies, Ritter
and Sehgal [PMRS86]). In the last paper (ZC1) was proved under the above mentioned
assumptions. In 1998, Luthar and P. Sehgal proved (ZC1) for a metacyclic group AoX
under the assumption that X has prime order, maybe dividing the order of A. Finally, in
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2008, Hertweck proved (ZC1) for arbitrary metacyclic groups [Her08a]. In fact Hertweck
proved a more general result but before that we review the progress on metabelian groups.

The first results for metabelian groups consider split extensions A o X with A and
X abelian. Positive results for (ZC1) have been obtained for groups with such structure
provided one of the following conditions holds: A is elementary abelian and X acts faith-
fully and irreducibly on A (1986: Sehgal and Weiss [SW86a]); |X| = m < p for every
prime p dividing |A| and either m is prime or A is cyclic (1987: Marciniak, Ritter, Se-
hgal and Weiss [MRSW87]); A is cyclic and |A| and |X| are coprime (1990 Luthar and
Trama [LT90]). Under the same assumptions of the result of Luthar and Trama, Valenti
proved (ZC3) in 1994. In 2006, del Ŕıo and Sehgal proved (ZC1) for groups having a
cyclic-by-abelian decomposition G = AX, with A a cyclic normal subgroup and X an
abelian group with one common prime divisor p such that the p-elements of A commute
with the p′-elements of X. Finally, in 2008 Hertweck proved (ZC1) for the case where G
has a cyclic-by-abelian decomposition, i.e. G = AX with A a cyclic normal subgroup and
X an abelian subgroup [Her08a]. Observe that metacyclic groups have this property. The
first contribution of this thesis is a generalization of this result. Namely, we prove (ZC1)
for arbitrary cyclic-by-abelian groups.

Another family of non necessarily metabelian groups for which (ZC1) has been proved is
that formed by the groups having a normal Sylow subgroup with an abelian complement
[Her06]. Other results on Zassenhaus Conjecture can be found in [Seh93, Seh01] and
[Seh03, Section 8].

We now move to the second question treated in this dissertation, namely the structure
of the normal subgroups of finite index in U(ZG), for G a finite group, and more precisely
the Congruence Subgroup Problem for U(ZG). Before explaining what is the natural way
to produce subgroups of finite index in U(ZG) we consider other classical groups where
the question arise historically first.

Let SLn(Z) denote the group of integral n × n matrices of determinant 1. For every
non-zero integer m let SLn(m,Z) = {g ∈ SLn(Z) : g ≡ 1 mod mZ}, i.e. SLn(m,Z) is the
kernel of the natural group homomorphism SLn(Z)→ SLn(Z/mZ). A subgroup containing
SLn(m,Z) for some non-zero integer m is called a congruence subgroup. Every congruence
subgroup of SLn(Z) has finite index in SLn(Z). The natural question is therefore if every
subgroup of finite index of SLn(Z) is a congruence subgroup. In the 19th century Fricke
and Klein discovered that SL2(Z) has plenty of subgroups of finite index which are not
congruence subgroups, providing a negative answer to this question. Any mathematical
sensibility would have expected that also SLn(Z) has many non-congruence subgroups for
every n > 2. Surprisingly 2 is the only exception. Indeed, in the early 1960s Bass, Lazard
and Serre [BLS64] and independently Mennicke [Men65] proved that if n ≥ 3 then every
subgroup of finite index of SLn(Z) is a congruence subgroup.

Bass, Milnor and Serre [BMS67] considered the same question replacing Z by a more
general ring. Let D be a finite dimensional rational division algebra and let O be an order
in D. (A particular case is obtained when D = Q and O = Z or more generally when D
is a finite field extension of Q and O is the ring of integers of D.) If n ≥ 1 then SLn(O)
denotes the group of n × n matrices with coefficients in O having reduced norm 1. For
any non-zero ideal I of O, the quotient ring O/I is finite and hence if SLn(I,O) denotes
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the kernel of the natural group homomorphism SLn(O) → SLn(O/I) then SLn(I,O) has
finite index in SLn(O) and the subgroups of SLn(O) containing SLn(I,O) for some non-
zero ideal I are again called congruence subgroups of SLn(O). This suggested the so called
Congruence Subgroup Problem which we abbreviate as (CSP):

(CSP) Is every subgroup of finite index in SLn(O) a congruence subgroup?

Surprisingly, (CSP) has a positive answer for n ≥ 3 [BMS67] and in most of the cases
with n = 2. For example, if D is a number field other than Q or an imaginary quadratic
extension of Q then (CSP) has a positive solution for SL2(O) [Vas72, Lie81]. (CSP) can
be stated in a much more general form (see e.g. [PR10]), but we will keep our presentation
within the limits of our needs.

We now introduce an object which measures the failure of (CSP). Let F be the set
of normal subgroups of finite index in SLn(O) and let C denote the set of congruence
subgroups of SLn(O). Both F and C are basis of neighborhoods of the identity of topologies
of SLn(O) called the profinite topology and the congruence topology and denoted τF and
τC , respectively. (CSP) asks whether the two topologies coincide. These topologies endow
SLn(O) with two structures of topological group. Their completions

̂SLn(O) = lim←−
N∈F

SLn(O)/N and ˜SLn(O) = lim←−
N∈C

SLn(O)/N

are also topological groups and the identity map of SLn(O) induces a surjective group

homomorphism ̂SLn(O) → ˜SLn(O). The kernel of this homomorphism is called the con-
gruence kernel of SLn(O). (CSP) has an affirmative solution if and only if the congruence
kernel is trivial. In other words, the congruence kernel provides a natural measure of
deviation between normal subgroups of finite index and congruence subgroups. It can be
pointed out that [BMS67] (or [Ser70]) offered a new quantitative formulation of (CSP) as
the problem of computing the congruence kernel.

The Congruence Subgroup Problem has a natural extension to U(ZG) for G a finite
group. To that end, it is convenient to raise (CSP) in a more suitable context. Let A be a
finite dimensional semisimple rational algebra and O an order in A. For a positive integer
m let U(m,O) denote the kernel of the natural group homomorphism U(O)→ U(O/mO),
i.e.

U(m,O) = {u ∈ U(O) : u− 1 ∈ mO}.

A subgroup of U(O) containing U(m,O) for some positive integer m is called a congru-
ence subgroup of U(O). Since O/mO is finite U(m,O) has finite index in U(O). Therefore
every congruence subgroup of U(O) has finite index in U(O). The Congruence Subgroup
Problem asks for the converse of this statement. More precisely, we say that (CSP) has an
affirmative solution for O if every subgroup of finite index in U(O) is a congruence sub-
group. The quantitative version of the Congruence Subgroup Problem can be translated
to this context. The sets F of subgroups of finite index of U(O) and C of congruence sub-
groups of U(O) constitute basis of neighborhoods of the identity for topologies of U(O)
called the profinite and congruence topologies of U(O). Let UF (O) and UC(O) denote
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the completions of the profinite and congruence topologies, respectively. Again the corre-
sponding completions are the projective limits of finite groups

UF (O) = lim←−
N∈F

U(O)/N and UC(O) = lim←−
N∈C
U(O)/N

and the identity map of U(O) induces a surjective group homomorphism UF (O)→ UC(O).
The kernel of this homomorphism is called the congruence kernel of U(O). Then the
quantitative version of (CSP) is the problem of calculating the congruence kernel as well.
Stating (CSP) in terms of ideals of the form mO rather than in terms of arbitrary ideals
does not make a difference for the groups SLn(O) because every non-zero ideal of O
contains mO for some non-zero integer m. If one would like to express (CSP) for U(O) in
terms of ideals one should consider only ideals which are essential in O as left (or right)
modules, because such ideals I are such that O/I is finite.

If S is another order in A then mO ⊆ S and mS ⊆ O for some positive integer m and
U(O)∩U(S) has finite index in both U(O) and U(S). Using this it is easy to see that the
congruence kernel of U(O) is finite if and only if the congruence kernel of U(S) is finite.
In that case we say that A has the CSP property.

Assume now that A =
∏k
i=1Mni(Di) is the Wedderburn decomposition of A (i.e. each

ni is a positive integer and Di a finite dimensional rational division algebra) and let Oi
be an order in Di for every i. Then A has the CSP property if and only if each Mni(Di)
has the CSP property if and only if the congruence kernel of SLni(Oi) is finite for every
i = 1, . . . , k.

(CSP) and its quantitative version for SLn(O), with O an order in a finite dimensional
division algebra D have been widely studied and solved except for the case when n = 1
and D is non-commutative (see e.g. [PR10]). We call exceptional algebras to the algebras
of the following two types:

(EC1) A non-commutative finite dimensional division rational algebra which is not a totally
definite quaternion algebra.

(EC2) A two-by-two matrix ring over D with D = Q, an imaginary quadratic extension of
Q or a totally definite quaternion algebra over Q.

By results of [BMS67, Vas72, Lie81, Ven94] every finite dimensional simple algebra not
having the CSP property is exceptional. Moreover, the exceptional algebras of type (EC2)
do not have the CSP property. However deciding which algebras of type (EC1) have the
CSP property is a very difficult question.

If G is a finite group then QG is a finite dimensional semisimple rational algebra and
ZG is an order in QG. Hence (CSP) makes sense for U(ZG) and a solution of (CSP) in
this case gives relevant information on the structure of subgroups of finite index of U(ZG).
Therefore it is natural to try to classify the finite groups G for which every subgroup of
finite index of U(ZG) is a congruence subgroup (i.e. (CSP) has a positive solution for
U(ZG)). Unfortunately this looks far from being attainable at the present moment, so
we consider an approximation to (CSP) which gives also information on the subgroups of
finite index of U(ZG). Namely we addresses the following
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Problem. Classify the finite groups G for which the congruence kernel of
U(ZG) is finite.

The discussion above transfers the problem to a question on the simple components of
QG. If N is a normal subgroup of G then every simple component of Q(G/N) is a simple
component of QG. Therefore, if QG has the CSP property then Q(G/N) has the CSP
property. This suggests to introduce the following notion which is useful to rephrase the
problem. We say thatG is CSP-critical if QG does not have the CSP property but Q(G/N)
has the CSP property for every non-trivial normal subgroup N of G. Thus the congruence
kernel of U(ZG) is infinite if and only if G has a CSP-critical epimorphic image. The
original question hence reduces to classify the CSP-critical finite groups. This strategy
encounters a serious difficulty. Namely, although we know that every non-exceptional
algebra has the CSP property and that every exceptional algebra of type (EC2) does not
have the CSP property, the problem of deciding which exceptional algebras of type (EC1)
have the CSP property seems to be far from reachable with the known techniques. So we
consider another close classification problem. Namely we classify the CSP’-critical groups,
where a finite group is CSP’-critical if QG has an exceptional component but Q(G/N)
does not have exceptional components for any non-trivial normal subgroup N of G. This is
the second contribution of the thesis. As we will see the classification of the CSP’-critical
groups gives good information about the classification of the CSP-critical groups.

We now explain the context of the thesis. We reserve Chapter 1 to preliminaries.
In it we introduce the necessary definitions and recall some known facts. In Chapter
2 we prove Zassenhaus Conjecture for cyclic-by-abelian groups. To do so, we argue by
contradiction and induction. More precisely we consider a finite cyclic-by-abelian group
G, which is a counterexample of minimal order to (ZC1), and a torsion unit u in ZG which
is a counterexample of minimal order to (ZC1). In particular, we assume that (ZC1) holds
for proper subgroups and quotients of G and for proper powers of u, that is, for powers uk,
with k a divisor of the order of u other than 1. By a known result [Seh93, Lemma 41.5],
the torsion unit which is a counterexample to (ZC1) has a negative partial augmentation.
This will eventually yield a contradiction.

In Chapter 3 we classify the CSP’-critical groups. For that we use that if G is a CSP’-
critical group then G is a subgroup of the exceptional components of QG. Hence G is a
subgroup of either a division algebra or a two-by-two matrix over a division algebra. The
finite subgroups of division algebras have been classified by Amitsur [Ami55] and the finite
subgroups of two-by-two matrices of division algebras have been classified by Banieqbal
[Ban88]. Thus it suffices to decide which of the groups of the classifications of Amitsur and
Banieqbal are CSP’-critical. We prove that the class of CSP’-critical groups is formed by
three families of groups and 19 concrete additional groups. We will show that one of the
families of CSP’-critical groups and 19 additional CSP’-critical groups are CSP-critical.
However we do not know whether the elements of the other two families are CSP-critical.
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Resumen

Dados un anillo R y un grupo G, el anillo de grupo RG de G con coeficientes en R, es el
anillo que contiene a R como subanillo y a G como un subgrupo de su grupo de unidades,
tal que G es una base de RG considerado como R-módulo tanto por la izquierda como por
la derecha. Además los elementos de R y G conmutan. Si K es un cuerpo, a el anillo de
grupo KG lo llamaremos, el álgebra de grupo de G con coeficientes en K. En la historia
del álgebra abstracta, los anillos de grupo y las álgebras de grupo han sido continuamente
estudiados dado que son herramientas muy útiles en el área de teoŕıa de grupos, debido a
su conexión con las representaciones de grupo.

En esta tesis estamos particularmente interesados en las propiedades del anillo de grupo
entero ZG, con G un grupo finito, y más concretamente en la aritmética y las propiedades
algebraicas del grupo de unidades de ZG, el cual denotamos U(ZG). El estudio de U(ZG)
ha atráıdo la atención de muchos autores desde que se conoció el trabajo de Higman
[Hig40]. El libro de Sehgal [Seh93] presenta una buena colección de resultados y técnicas
sobre U(ZG). Para ver más detalles sobre este grupo de unidades el lector puede dirigirse
a [Jes98] o el estudio sobre unidades de ordenes clásicos de Kleinert [Kle94], el cual reúne
los resultados más importantes sobre el grupo de unidades de un orden del cual U(ZG) es
un ejemplo.

Uno de los principales problemas en el tópico de los anillos de grupo es el Problema del
Isomorfismo, este pregunta si el anillo de grupo determina salvo isomorfismos a el grupo,
es decir

(ISO)R ¿RG ∼= RH =⇒ G ∼= H?

Observemos que (ISO)C pregunta si G esta determinado salvo isomorfismos por la lista de
los grados de sus representaciones absolutamente irreducibles. Usando esta información,
se puede ver fácilmente que el grupo diédrico y el grupo de cuaterniones ambos de orden 8
proporcionan una solución negativa a (ISO)C. Además, Dade [Dad71] dio un contraejemplo
para (ISO)K donde K es un cuerpo arbitrario. En general, dar una respuesta a (ISO)R
para un anillo arbitrario R es usualmente un problema muy dif́ıcil. El caso de (ISO)Z
tiene un interés particular porque para cada anillo R tenemos que RG ∼= R ⊗Z ZG y
por lo tanto, una solución negativa para (ISO)Z seria también una solución negativa para
(ISO)R. Una de las primeras respuestas afirmativas para (ISO)Z esta relacionada con
el estudio de U(ZG). En efecto, en la tesis de Higman se probo que si G es un grupo
abeliano finito, entonces las unidades de torsión de U(ZG) no son más que las triviales,
es decir, los elementos de ±G. Si se tiene en cuenta esto, es fácil probar que si G y
H son grupos abelianos no isomorfos, entonces ZG y ZH no son isomorfos. En 1968,

13
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Withcomp [Whi68] probo (ISO)Z para grupos metabelianos, y en 1987 Roggenkamp y
Scott lo probaron para grupos nilpotentes [RS87]. Finalmente, en 1997 Hertweck [Her01]
presento un contraejemplo para (ISO)Z.

Otra pregunta interesante consiste en describir los automorfismos de ZG. El grupo
de automorfismos de ZG tiene dos subgrupos que podŕıamos considerar como naturales,
el primero esta formado por las extensiones lineales de los automorfismos de G, y el se-
gundo es Inn(ZG), el grupo de automorfismos internos de ZG. Si identificamos el primer
subgrupo con Aut(G), el grupo de automorfismos de G, podemos considerar Aut(G)
como un subgrupo de Aut(ZG), y como Inn(ZG) es normal en Aut(ZG) tenemos que
Aut(G) Inn(ZG) ≤ Aut(ZG). Además, Inn(ZG) se puede extender con la restricción a ZG
de los automorfismos internos de U(QG), dados por la conjugación por una unidad que nor-
malice ZG. Esto forma otro subgrupo normal de Aut(ZG), el cual denotamos InnQ(ZG).
Entonces Aut(G) InnQ(ZG) ≤ Aut(ZG). En efecto, cada elemento de Aut(G) InnQ(ZG)
preserva aumentos, por lo que el Problema del Automorfismo pregunta por el reciproco de
este enunciado. Formalmente

(AUT) ¿cada automorfismo de ZG que preserva el aumento es un elemento
de Aut(G) InnQ(ZG)?

Al igual que (ISO)Z, (AUT) no es cierto en general, Roggenkamp y Scott [Rog91, Sco92]
descubrieron un contraejemplo usando un grupo metabeliano (Klingler [Kli91] y Hertweck
[Her02] posteriormente dieron otros contraejemplos).

En esta tesis estudiamos dos preguntas sobre el grupo de unidades del anillo de grupo
con coeficientes enteros de un grupo finito G. La primera aborda la descripción de las
unidades de torsión de U(ZG) y la segunda intenta describir los subgrupos de ı́ndice finito
de U(ZG). Estas dos preguntas son maneras naturales de obtener unidades de torsión
y subgrupos de ı́ndice finito de U(ZG), y el objetivo es decidir si todas las unidades de
torsión y los subgrupos de ı́ndice finito son de tal forma. El problema para las unidades
de torsión da lugar a la Conjetura de Zassenhaus, y la pregunta para los subgrupos de
ı́ndice finito da pie a el Problema de los Subgrupos de Congruencia.

Ahora vamos a explicar la manera natural de construir unidades de torsión de ZG de
la que hemos hablado. Recordemos que un elemento de un grupo se llama de torsión o
periódico si tiene orden finito. En los años sesenta, Hans Zassenhaus planteó el problema de
describir las unidades de torsión de U(ZG) y más generalmente, de como son los subgrupos
finitos de U(ZG). Sea U1(ZG) el conjunto de unidades de aumento 1 de ZG. Entonces
U1(ZG) es un subgrupo de ı́ndice 2 de U(ZG), y en efecto U(ZG) = ±U1(ZG). Por lo tanto,
para estudiar U(ZG) es suficiente considerar U1(ZG) y en particular, para describir las
unidades de torsión de ZG solo tenemos que tener en cuenta las unidades de aumento 1, las
cuales llamamos usualmente unidades normalizadas. Supongamos queG es un grupo finito.
Las unidades normalizadas más obvias de ZG son los elementos de G. Si G es abeliano
estas son las únicas unidades de torsión, debido a el resultado de Higman mencionado
anteriormente. Este resultado no puede ser extendido para los grupos no abelianos porque
los conjugados de los elementos de G son, por supuesto, unidades de torsión normalizadas
y usualmente G no es invariante bajo conjugación. Entonces el camino más natural para
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producir unidades de torsión normalizadas de ZG es tomar conjugados de los elementos
de G.

Por lo tanto, es natural preguntar si estas son todas las unidades de torsión nor-
malizadas. Hughes y Pearson mostraron en [HP72] que en U1(ZS3) hay dos clases de
conjugación de elementos de orden 2. Sin embargo todas las unidades normalizadas de
orden 2 de U(ZS3) son conjugadas en QS3. Esto sugirió una modificación del problema
para un grupo finito G, este toma la forma de las siguientes conjeturas conocidas como
Conjeturas de Zassenhaus:

(ZC1) Cada unidad de torsion normalizada de ZG es conjugada en QG
a un elemento de G.

(ZC2) Cada subgrupo de unidades normalizadas de ZG del mismo orden que G
es conjugado a G en QG.

(ZC3) Cada subgrupo finito de unidades normalizadas de ZG es conjugado
en QG a un subgrupo de G.

Claramente (ZC1) y (ZC2) son casos particulares de (ZC3). Además (ZC2) esta fuerte-
mente relacionada a (ISO)Z y a (AUT). Esto se debe a que un subgrupo de unidades de
ZG del mismo cardinal que G es un subgrupo base de ZG y esta claro que los isomorfismos
entre anillos env́ıan grupos base en grupos base. Haciendo uso de este argumento, se puede
mostrar que

(ZC2) ⇐⇒ (ISO)Z + (AUT).

En particular, los contraejemplos para (AUT) dados por Roggenkamp y Scott, Klingler y
Hertweck y el contraejemplo para (ISO)Z dado por el ultimo autor, son todos contraejem-
plos para (ZC2) (tamboén para (ZC3)). Hasta este momento no hay contraejemplos para
(ZC1).

Obtener progresos en la Conjetura de Zassenhaus (ZC1) ha sido dif́ıcil, pero estos han
dado lugar a algunas técnicas profundas. Primero revisemos algunos resultados positivos
sobre las Conjeturas de Zassenhaus.

Algunos autores han verificado (ZC1) para algunos grupos particulares, todo empezó en
1972 con los cálculos de Hughes y Pearson mencionados anteriormente, mostrando aśı que
(ZC1) se verifica para S3. En 1987, Fernades probo (ZC1) para S4 [Fer87]. En 1989 Luthar
y Passi mostraron (ZC1) para A5, el grupo alternante sobre cinco śımbolos [LP89], un año
después Luthar y Trama lo probaron para S5, el grupo simétrico sobre cinco śımbolos
[LT91]. En 1997, Dokuchaev, Juriaans y Polcino Milies comprobaron (ZC1) para SL(2, 5)
[DJPM97]. Recopilando los resultados positivos conocidos hasta el momento (2006), y
algunos cálculos adicionales para los grupos que no están cubiertos por los resultados
anteriores, Höfert y Kimmerle probaron (ZC1) para todos los grupos de orden menor o
igual que 71 [HK06]. Cabe decir que, hay algunos grupos de orden 72 para los cuales
(ZC1) no ha sido verificada. En 2008, Hertweck probo (ZC1) para A6 [Her08b] y Bovdi y
Hertweck lo mostraron para extensiones centrales de S5 [BH08].

El primer resultado sobre las Conjeturas de Zassenhaus para una clase importante
de grupos se debe a Roggenkamp y Scott quienes, en 1987, demostraron (ZC2) para
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grupos nilpotentes [RS87]. Este resultado abrió el camino para dar una solución positiva
para (ISO)Z y (AUT) para grupos nilpotentes. Un año después Weiss mostró (ZC3),
primero para p-grupos [Wei88] y después para grupos nilpotentes [Wei91]. Este ultimo es
el resultado más celebrado sobre las Conjeturas de Zassenhaus, pues afecta una familia
relevante de grupos.

Después de los resultados de Weiss hubieron algunos intentos de probar (ZC1) para gru-
pos metaćıclicos y metabelianos. El primero en esta dirección considero grupos metaćıclicos
de la forma AoX con A y X ćıclicos de ordenes primos relativos (1983: Luthar y Bhandary
[LB83], 1983: Ritter y Sehgal [RS83], 1984: Polcino Milies y Sehgal [PMS84], 1986: Pol-
cino Milies, Ritter y Sehgal [PMRS86]). En el ultimo articulo (ZC1) fue probada bajo
las suposiciones mencionadas anteriormente. En 1998, Luthar y P. Sehgal demostraron
(ZC1) para un grupo metaćıclico AoX bajo la suposición de que X tiene orden primo, tal
vez dividiendo el orden de A. Finalmente, en 2008, Hertweck mostró (ZC1) para grupos
metaćıclicos arbitrarios [Her08a]. En realidad Hertweck probo un resultado más general,
pero antes rev́ısemos los progresos sobre los grupos metabelianos.

El primer resultado positivo para grupos metabelianos considera una extension es-
cindida AoX con A y X abelianos. Entonces (ZC1) se verifica para grupos con esta es-
tructura adicionando una de las siguientes condiciones: A es elemental abeliano y X actúa
fielmente y de manera irreducible sobre A (1986: Sehgal y Weiss [SW86a]); |X| = m < p
para cada primo p dividiendo |A| y m es primo o A es ćıclico (1987: Marciniak, Ritter,
Sehgal y Weiss [MRSW87]); A es ćıclico y |A| y |X| son primos relativos (1990 Luthar
y Trama [LT90]). En 1994, Valenti demostró (ZC3) para grupos que satisfacen las mis-
mas hipótesis que las del caso de Luthar y Trama. En 2006, del Ŕıo y Sehgal mostraron
(ZC1) para grupos que tienen una descomposición ćıclica-por-abeliana G = AX, con A
un subgrupo ćıclico normal y X un grupo abeliano con un divisor primo p en común,
tal que los p-elementos de A conmutan con los p′-elementos de X. Finalmente, en 2008
Hertweck probo (ZC1) para un grupo G que tiene una descomposición ćıclica-por-abeliana
G = AX, con A un subgrupo ćıclico normal, y X un subgrupo abeliano [Her08a]. Ob-
servemos que los grupos metaćıclicos tienen esta propiedad. La primera contribución de
esta tesis es una generalización de este resultado, es decir, probamos (ZC1) para grupos
ćıclicos-por-abelianos arbitrarios.

Otra familia de grupos no necesariamente metabelianos para la cual (ZC1) ha sido
probada, es la que esta formada por los grupos que tienen un subgrupo de Sylow normal
con complemento abeliano [Her06]. Otros resultados sobre la Conjetura de Zassenhaus se
pueden encontrar en [Seh93, Seh01] y [Seh03, Section 8].

Ahora es el turno de hablar de la segunda pregunta que se trata en esta tesis, es decir,
describir la estructura de los subgrupos normales de ı́ndice finito de U(ZG), con G un
grupo finito. Concretamente, considerar el Problema de los Subgrupos de Congruencia
para U(ZG). Antes de explicar lo que es un camino natural para producir subgrupos de
ı́ndice finito en U(ZG), vamos a ver la razón histórica por la cual surge este problema.

Sea SLn(Z) el grupo de matrices n × n sobre los enteros con determinante 1. Para
cada entero no negativo m, sea SLn(m,Z) = {g ∈ SLn(Z) : g ≡ 1 mod mZ}, es decir,
SLn(m,Z) es el núcleo del homomorfismo natural de grupos SLn(Z) → SLn(Z/mZ). Un
subgrupo conteniendo a SLn(m,Z) para algún entero no cero m, lo llamaremos un subgrupo
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de congruencia. Cada subgrupo de congruencia de SLn(Z) tiene ı́ndice finito en SLn(Z).
La pregunta natural es, por lo tanto, si cada subgrupo de ı́ndice finito de SLn(Z) es un
subgrupo de congruencia. En el siglo 19, Fricke y Klein descubrieron que SLn(Z) tiene
muchos subgrupos de ı́ndice finito que no son subgrupos de congruencia, proporcionado
aśı una respuesta negativa a esta pregunta. Teniendo en cuenta lo anterior, seria natural
que SLn(Z) con n > 2 tuviera un comportamiento similar al caso n = 2 con respecto
a los subgrupos de congruencia. Sorprendentemente 2 es la única excepción. En efecto,
al principio de los años sesentas Bass, Lazard y Serre [BLS64] e independiente Mennicke
[Men65] mostraron que si n ≥ 3, entonces cada subgrupo de ı́ndice finito de SLn(Z) es un
subgrupo de congruencia.

Bass, Milnor y Serre [BMS67] consideraron la misma pregunta reemplazando Z por un
anillo más general. Sea D una álgebra de división finito dimensional racional y sea O un
orden en D. (Un caso particular se obtiene cuando D = Q y O = Z o más generalmente
cuando D es una extensión finita de Q y O es el anillo de enteros de D.) Para n ≥ 1 sea
SLn(O) el grupo de matrices n × n con entradas en O teniendo norma reducida 1. Para
cualquier ideal no cero I de O, el cociente O/I es finito y si SLn(I,O) denota el núcleo del
homomorfismo natural de grupos SLn(O) → SLn(O/I) entonces SLn(I,O) tiene ı́ndice
finito en SLn(O), y los subgrupos de SLn(O) que contienen a SLn(I,O) para algún ideal
no cero I, los llamaremos de nuevo, subgrupos de congruencia de SLn(O). Esta discusión
dio lugar al Problema de los Subgrupos de Congruencia, el cual abreviamos como (CSP):

(CSP) ¿Es cada subgrupo de ı́ndice finito en SLn(O) un subgrupo de congru-
encia?

Sorprendentemente, (CSP) se verifica para n ≥ 3 [BMS67] y en muchos casos para n = 2.
Por ejemplo, si D es un cuerpo de números como Q o una extensión cuadrática imaginaria
de Q, entonces (CSP) tiene una solución positiva para SL2(O) [Vas72, Lie81]. Por otro
lado, (CSP) puede ser enunciado en una forma más general (ver por ejemplo [PR10]), pero
mantendremos nuestra presentación en los limites de nuestras necesidades.

Ahora introducimos un objeto que sera una medida de fallo para (CSP). Sea F el
conjunto de subgrupos normales de ı́ndice finito en SLn(O) y sea C el conjunto de los
subgrupos de congruencia de SLn(O). F y C son bases de entornos de la identidad de
dos topoloǵıas de SLn(O) llamadas topoloǵıa profinita y topoloǵıa de congruencia y las
denotaremos τF y τC , respectivamente. Entonces (CSP) pregunta si las dos topoloǵıas
coinciden. Estas topoloǵıas dotan a SLn(O) con una estructura de grupo topoloǵıco. Sus
compleciones

̂SLn(O) = lim←−
N∈F

SLn(O)/N and ˜SLn(O) = lim←−
N∈C

SLn(O)/N

son también grupos topoloǵıcos, y la aplicación identidad de SLn(O) induce un homo-

morfismo de grupos suprayectivo ̂SLn(O)→ ˜SLn(O). El núcleo de este homomorfismo lo
llamaremos, el núcleo de congruencia de SLn(O). (CSP) tiene una respuesta afirmativa si
y solo si el núcleo de congruencia es trivial. En otras palabras, el núcleo de congruencia
proporciona una medida natural de desviación entre los subgrupos normales de ı́ndice finito
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y los subgrupos de congruencia. Observemos que [BMS67] (o [Ser70]) ofreció una nueva
formulación cuantitativa de (CSP) como el problema de calcular el núcleo de congruencia.

El Problema de los Subgrupos de Congruencia tiene una extensión natural a U(ZG)
para un grupo finitoG. Con este fin, conviene plantear (CSP) en un contexto más adecuado
para nosotros. Sea A un álgebra semisimple de dimension finita racional y O un orden en
A. Para un entero positivo m, sea U(m,O) el núcleo del homomorfismo natural de grupos
U(O)→ U(O/mO), es decir

U(m,O) = {u ∈ U(O) : u− 1 ∈ mO}.

Un subgrupo de U(O) conteniendo a U(m,O) para algún entero positivo m lo llamaremos,
subgrupo de congruencia de U(O). Dado que O/mO es finito, U(m,O) tiene ı́ndice finito
en U(O). El problema de los Subgrupos de Congruencia pregunta por el reciproco de
este enunciado. Concretamente, decimos que (CSP) tiene solución afirmativa para O
si cada subgrupo de ı́ndice finito en U(O) es un subgrupo de congruencia. La versión
cuantitativa del Problema de los Subgrupos de Congruencia puede ser trasladada a este
contexto. Los conjuntos F de subgrupos de ı́ndice finito de U(O) y C de subgrupos de
congruencia de U(O) constituyen bases de entornos de la identidad para dos topoloǵıas de
U(O) llamadas topoloǵıa profinita y topoloǵıa de congruencia de U(O). Sea UF (O) y UC(O)
las compleciones de la topoloǵıa profinita y la topoloǵıa de congruencia, respectivamente.
De nuevo las correspondientes compleciones son los limites proyectivos de grupos finitos

UF (O) = lim←−
N∈F

U(O)/N and UC(O) = lim←−
N∈C
U(O)/N

y la aplicación identidad de U(O) induce un homomorfismo de grupos suprayectivo UF (O)→
UC(O). El núcleo de este homomorfismo lo llamaremos, el núcleo de congruencia de U(O).
Entonces la version cuantitativa de (CSP) es de nuevo el problema de calcular el núcleo
de congruencia. Hemos empezado a hablar de (CSP) en términos de ideales de la forma
mO antes que en terminos de ideales arbitrarios, pero esto no tiene ningún efecto sobre
los grupos SLn(O), dado que cada ideal no cero I de O contiene a mO para algún entero
no cero m. Si quisiéramos expresar (CSP) para U(O) en términos de ideales, debeŕıamos
considerar ideales de O que fueran esenciales vistos como modulos por la izquierda (o
derecha), ya que tales ideales I satisfacen que O/I es finito.

Si S es otro orden en A, entonces tenemos que mO ⊆ S y mS ⊆ O para algún entero
positivo m y U(O)∩ U(S) tiene ı́ndice finito en ambos U(O) y U(S). Usando esto es fácil
ver que el núcleo de congruencia de U(O) es finito si y solo si el núcleo de congruencia de
U(S) es finito. En este caso decimos que A tiene la propiedad CSP.

Ahora supongamos que A =
∏k
i=1Mni(Di) es la descomposición de Wedderburn de A

(es decir, cada ni es un entero positivo y Di es un álgebra de división finito dimensional
racional) y sea Oi un orden en Di para cada i. Entonces A tiene la propiedad CSP si
y solo si cada Mni(Di) tiene la propiedad CSP si y solo si el núcleo de congruencia de
SLni(Oi) es finito para cada i = 1, ..., k.

(CSP) y su versión cuantitativa para SLn(O), con O un orden en un álgebra de división
finito dimensional D han sido estudiados con detalle y han sido resueltos excepto para el
caso cuando n = 1 y D no es conmutativo (ver por ejemplo [PR10]). Llamamos álgebras
excepcionales a los dos siguientes tipos de álgebras:
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(EC1) Un álgebra de división no conmutativa finito dimensional racional la cual no es un
álgebra de cuaterniones totalmente definida.

(EC2) Una matriz 2× 2 sobre D con D = Q, o una extensión cuadrática imaginaria de Q
o un álgebra de cuaterniones totalmente definida sobre Q.

Por resultados de [BMS67, Vas72, Lie81, Ven94] cada álgebra simple finito dimensional
que no teniene la propiedad CSP es excepcional. Además, sabemos que las álgebras
excepcionales de tipo (EC2) no tienen la propiedad CSP. Sin embargo, decidir que álgebras
de tipo (EC1) tienen la propiedad CSP es una pregunta muy dif́ıcil.

Si G es un grupo finito entonces QG es un álgebra semisimple finito dimensional
racional y ZG es un orden en QG. De aqúı, (CSP) tiene sentido para U(ZG) y una solución
para (CSP) nos daŕıa información muy relevante sobre la estructura de los subgrupos de
ı́ndice finito de U(ZG). Por lo tanto, es natural querer clasificar los grupos finitos G para
los cuales cada subgrupo de ı́ndice finito de U(ZG) es un subgrupo de congruencia (es
decir (CSP) tiene una solución positiva para U(ZG)). Desafortunadamente, resolver este
problema no es posible en este momento, aśı que vamos a considerar una aproximación
a (CSP) la cual da también información sobre los subgrupos de ı́ndice finito de U(ZG).
Entonces abordamos el siguiente problema,

Problema. Clasificar los grupos finitos G para los cuales el núcleo de congru-
encia de U(ZG) es finito.

La discusión anterior traslada el problema a una pregunta sobre las componentes simples
de QG. Si N es un subgrupo normal de G, entonces cada componente simple de Q(G/N)
es una componente simple de QG. Por lo tanto, si QG tiene la propiedad CSP entonces
Q(G/N) tiene la propiedad CSP. Esto sugiere introducir la siguiente noción la cual nos
permite replantear el problema. Decimos que un grupo finito G es CSP-cŕıtico si QG no
tiene la propiedad CSP pero Q(G/N) tiene la propiedad CSP para cada subgrupo normal
no trivial N de G. Aśı, el núcleo de congruencia de U(ZG) es infinito si y solo si G tiene
una imagen epimorfica CSP-cŕıtica. La pregunta original se reduce a clasificar los grupos
finitos CSP-cŕıticos, pero esta estrategia tiene un obstáculo, lo explicamos a continuación.
Aunque sabemos que cada álgebra que no es excepcional tiene la propiedad CSP y que
cada álgebra excepcional de tipo (EC2) no tiene la propiedad CSP, decidir cuales álgebras
excepcionales de tipo (EC1) tienen la propiedad CSP parece estar muy lejos de poderse
resolver con las técnicas conocidas hasta el momento. Por lo tanto, vamos a considerar otro
problema de clasificación cercano a este. Decimos que un grupo finito es CSP’-cŕıtico si
QG tiene una componente excepcional pero Q(G/N) no tiene componentes excepcionales
para cada subgrupo normal no trivial N de G. Entonces nuestra intención es clasificar
los grupos CSP’-cŕıticos. Esta es la segunda contribución de la tesis. Como veremos, la
clasificación de los grupos CSP’-cŕıticos da información relevante sobre la clasificación de
los grupos CSP-cŕıticos.

Ahora explicamos el contexto de la tesis. El Capitulo 1 esta reservado para los prelim-
inares. En este introducimos las definiciones necesarias y recordamos algunos resultados
conocidos. En el Capitulo 2 probamos la Conjetura de Zassenhaus para grupos ćıclico-
por-abelianos. Para ello, argumentamos por contradicción e inducción. Concretamente,
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consideramos un grupo ćıclico-por-abeliano G, el cual es un contraejemplo de orden min-
imal para (ZC1), y una unidad de torsión u en ZG la cual es un contraejemplo de orden
minimal para (ZC1). En particular, asumimos que (ZC1) se cumple para subgrupos y
cocientes propios de G y para potencias de u, esto es, para potencias uk, con k un divisor
propio del orden de u. Por un resultado clásico [Seh93, Lemma 41.5], la unidad de torsión
que es un contraejemplo para (ZC1) tiene aumento parcial negativo. Esto nos llevara a
obtener una contradicción.

En el capitulo 3 clasificamos los grupos CSP’-cŕıticos. Para ello usamos el siguiente
hecho. Si G es un grupo CSP’-cŕıtico entonces G es un subgrupo de las componentes
excepcionales de QG. Entonces G es un subgrupo de un álgebra de división o de una
matriz 2×2 sobre un álgebra de división. Los subgrupos finitos de las álgebras de división
han sido clasificados por Amitsur [Ami55] y los subgrupos finitos de matrices 2× 2 sobre
álgebras de división han sido clasificados por Banieqbal [Ban88]. Por lo tanto, es suficiente
decidir cuales de los subgrupos de la clasificación de Amitsur y Banieqbal son CSP’-cŕıticos.
Probamos que la clase de los grupos CSP’-cŕıticos esta formada por tres familias de grupos
y 19 grupos concretos. Mostraremos que una de las familias de grupos CSP’-cŕıticos y 19
grupos CSP’-cŕıticos son grupos CSP-cŕıticos. Sin embargo no sabemos si los elementos
de las otras dos familias son grupos CSP-cŕıticos.



Chapter 1

Preliminaries

In this chapter we collect the necessary background. We establish the notation, and
introduce the basic concepts to be used throughout this thesis. All material presented
here is classical, and will be needed in the subsequent chapters. We do not include proofs
of every result. Instead we give references where they can be found. The reader who
is familiar with the concepts and results of this chapter can only focus on the notation
introduced.

We start fixing some general notation difficult to classify. The cardinality of a set X
is denoted by |X|. As it is customary, the Euler totient function will be denoted ϕ.

For r,m and p integers with p prime and gcd(r,m) = 1 let

vp(m) = maximum non-negative integer k such that pk divides m;
om(r) = multiplicative order of r module m,

i.e. the minimum positive integer k such that rk ≡ 1 mod m;
ζm = complex primitive m-th root of unity.

1.1 Groups

In this section we establish the group theoretical notation and gather some classical in-
formation about group theory. The concepts and results presented here are taken mainly
from [Rob82, PMS02].

We start fixing the group theoretical notation which will be used throughout the thesis.
If G is a group, X,Y are non-empty subsets of G, and g, h, g1, ..., gn ∈ G, then:

Z(G) = centre of G;

G′ = commutator subgroup of G;

|g| = order of g;

gh = h−1gh conjugate of g by h;

(g, h) = g−1h−1gh commutator of g and h;

gG = conjugacy class of g in G;

Xg = {g−1xg : x ∈ X};

21
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〈X〉 = subgroup generated by X;

〈g1, ..., gn〉 = subgroup generated by {g1, ..., gn};
CG(X) = {g ∈ G : (x, g) = 1, ∀ x ∈ X}, centralizer of X in G;

NG(X) = {g ∈ G : Xg ⊆ X}, normalizer of X in G;

(X,Y ) = 〈(x, y) : x ∈ X, y ∈ Y 〉;
exp(G) = the exponent of G.

The exponent of G is the smallest positive integer m such that gm = 1, for every g ∈ G.
If this number does not exist we write exp(G) =∞.

If H is a subgroup of G, then the notation H EG (respectively H CG) means that H
is a normal subgroup (respectively proper normal subgroup) of G. Besides,

CoreG(H) = ∩g∈GHG

denotes the core of H in G. Let X1, ..., Xn be non-empty subsets of G, then we define
recursively the commutator subgroup (X1, ..., Xn) of X1, ..., Xn with n ≥ 3, by setting

(X1, ..., Xn) = ((X1, ..., Xn−1), Xn).

Let p be a prime integer, if g ∈ G has finite order then it can be written in a unique way
as g = gpgp′ , where |gp| is a power of p and |gp′ | is coprime with p. We say that gp and
gp′ are the p-part and p′-part of g, respectively. Sometimes, we write 〈g〉n to emphasize
that g has order n or 〈g1, . . . , gn〉G to represent a group isomorphic to G and generated
by g1, . . . , gn (Theorem 3.1.1 contains some examples of this).

On the other hand, we use the following constructions of groups.

G �m H = central product of G and H with subgroups of order m identified;

G ��m H = semidirect product of H acting on G with subgroups of order m identified;

Gom H = semidirect product of H acting on G with kernel of order m.

Some groups that we encounter in this thesis are.

Cn = cyclic group of order n;

Q4m = 〈j〉2m ��2 〈i〉4 with ji = j−1 (quaternion group of order 4m);

SL(n, q) = {a ∈Mn(Fq) : det(a) = 1}, with Fq the field with q elements;

PSL(n, q) = SL(n, q)/Z(SL(n, q));

D2m = 〈a〉m o 〈b〉2 with ab = a−1 (dihedral group of order 2m);

D+
2m = 〈a〉2m−1 o 〈b〉2, with ab = a2m−2+1,m ≥ 3;

D−2m = 〈a〉2m−1 o 〈b〉2, with ab = a2m−2−1,m ≥ 3;

Sm = symmetric group on m symbols;

Am = alternating group on m symbols.
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Definition 1.1.1. A group G is said to be metabelian if it has an abelian normal subgroup
A such that G/A is abelian. We say that G is a metacyclic group if G contains a cyclic
normal subgroup A such that G/A is cyclic. A group G is said to be supersolvable if there
is a series of normal subgroups of G with cyclic factors.

Definition 1.1.2. Let G be a finite group and let π be a non-empty set of primes.

(i) A positive integer m is a π-number if each prime factor of m belongs to π, and a
π′-number if no prime factor of m belongs to π. An element of G is called a π-
element if its order is a π-number. G is said to be a π-group if every element of G
is a π-element. When π = {p}, we speak of p-elements, p-groups, p′-elements and
p′-groups.

(ii) A π-subgroup H of G is called Hall π-subgroup if [G : H] is a π′-number.

IfG is a finite nilpotent group, then its Sylow p-subgroups are unique [PMS02, Theorem
1.5.21]. Throughout the thesis, if G is a finite group having a unique Sylow p-subgroup
then it is denoted Gp. In particular this applies to each nilpotent group. In addition Oπ(G)
(respectively, Oπ′(G)) denotes the unique maximal normal π-subgroup (respectively, π′-
subgroup) of G. The existence and uniqueness of this subgroup can be checked in [Rob82,
9.1.1].

Theorem 1.1.3 (P. Hall). [Rob82]
If G is a finite solvable group, then every π-subgroup is contained in a Hall π-subgroup

of G. Moreover, all Hall π-subgroups of G are conjugate.

Lemma 1.1.4 (The Three Subgroup Lemma). [Rob82]
Let H, K and L be subgroups of a group G. If two of the commutator subgroups

(H,K,L), (K,L,H), (L,H,K) are contained in a normal subgroup of G, then so is the
third.

Definition 1.1.5. If P1 and P2 are group theoretical properties, we say that a group G
is P1-by-P2 if it has a normal subgroup N such that N satisfies P1 and G/N satisfies
P2. For example, a metacyclic (respectively metabelian) group is a cyclic-by-cyclic group
(respectively abelian-by-abelian group). If a group G can be written as G = AX where A
satisfies P1 and X satisfies P2, then we say that G has a P1-by-P2 decomposition.

Definition 1.1.5 gives rise to two useful concepts for us. Namely, cyclic-by-abelian and
abelian-by-supersolvable groups. These will be used in the subsequent chapters.

1.2 Rings and orders

In this section we present classical information on rings and orders. The results in this
section are mainly from [CR81, Seh93, PMS02, Rei75].

We start by establishing the following conventions. Throughout the thesis, rings and
algebras will be assumed associative with identity. Moreover unless otherwise stated all
modules considered in this work will be right modules. Besides, if R is a ring then Z(R)
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denotes the centre of R, and GLn(R) denotes the group of invertible n× n matrices with
coefficients in R, where n is a positive integer.

Recall that, two idempotents e′i, e
′′
i are said to be orthogonal if e′e′′ = e′′e′ = 0.

Moreover, if R is a semisimple ring, then there exists a unique family of elements {e1, ..., ek}
of R such that:

(i) Each ei is a non-zero central idempotent;

(ii) if i 6= j then eiej = 0;

(iii) 1 = e1 + · · ·+ ek;

(iv) Each ei cannot be written as ei = e′i+e
′′
i where e′i, e

′′
i are non-zero orthogonal central

idempotents.

The family of idempotents satisfying conditions (i),(ii),(iii) and (iv) as above is usually
called the set of primitive central idempotents of R. An idempotent verifying conditions
(i) and (iv) above is said to be a primitive central idempotent of R.

The theoretical description of the structure of semisimple rings is given by the following
classical theorem.

Theorem 1.2.1 (Wedderburn-Artin). A ring R is semisimple if and only if it is a direct
sum of matrix algebras over division rings.

The decomposition of the ring in this way is usually called the Wedderburn decompo-
sition and the simple components are called Wedderburn components.

Now we introduce the ring of p-adic integers Zp. It will have a relevant role in Chapter
2. One way to define it is the following. Let R+ be the set of non-negative real numbers.
A valuation on a field F is a map ϕ : F → R+ such that for all a, b ∈ F ,

(i) ϕ(a) = 0 if and only if a = 0,

(ii) ϕ(ab) = ϕ(a)ϕ(b),

(iii) ϕ(a+ b) ≤ ϕ(a) + ϕ(b).

The trivial valuation is defined by ϕ(0) = 0, ϕ(a) = 1 for every a ∈ F \{0}. By default
all valuations are considered to be non-trivial. A non-archimedean valuation is one which
satisfies the stronger condition ϕ(a+b) ≤ max(ϕ(a), ϕ(b)). The value group of a valuation
ϕ is the multiplicative group {ϕ(a) : a ∈ F, a 6= 0}. If the value group is an infinite cyclic
group, ϕ is said to be a discrete valuation, and ϕ is necessarily non-archimedean.

Each valuation ϕ gives rise to a metric on the space F , by taking as neighborhoods of
an element a ∈ F the open spheres {x ∈ F : ϕ(x−a) < ε}, where ε ranging over all positive
real numbers. Two valuations are called equivalent if they yield the same topology on F .
By a prime of F we mean an equivalence class of valuations of F . Given a non-arcimedean
prime ϕ on F , let R = {a ∈ F : ϕ(a) ≤ 1}. Then R is a ring, the valuation ring of ϕ and
P = {a ∈ F : ϕ(a) < 1} is the unique maximal ideal of R. If ϕ is discrete, then P = Rπ
is a principal ideal, where π is any element of P for which ϕ(π) generates the value group
of ϕ. In this case, the ring R is called a discrete valuation ring, and each non-zero ideal
of R is of the form πkR, for some k ≥ 0.
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Definition 1.2.2. A ring R is called a Dedekind ring if it is a noetherian integral domain
such that the localization of R at every non-zero prime ideal of R is a discrete valuation
ring.

A classical example of a Dedekind ring is the ring of integers of a number field. Let
R be any Dedekind ring, with quotient field F , and let P be a maximal ideal of R. For
each a ∈ F , let vP (a) denote the exponent to which P occurs in the factorization of Ra
into a product of prime ideals powers, and if P does not occur set vP (0) = +∞. Now pick
up a real number k > 1, and define ϕP (a) = k−vP (a), a ∈ F , with ϕP (0) = 0. Then ϕP
is a discrete non-archimedean valuation on F , called the P -adic valuation of F . Further
the value group of ϕP is the cyclic group generated by k. Note that, changing the value
of k does not change the equivalence class of the valuation. By the discussion above, F
is a metric space with respect to the metric ϕP . Then we may form the completion F̂P
of this metric space in the usual way, namely, the elements of F̂P are equivalence classes
of Cauchy sequences from F (this can be done for any valuation). So F̂P is a field, call
a P -adic field, and its elements P -adic numbers. Besides F is embedded in F̂P . The
valuation ϕP extends uniquely to a discrete valuation ϕ̂P on F̂P , and F̂P is complete with
respect to its metric ϕ̂P . Moreover ϕ̂P has the same value group as ϕP . Set

R̂P = {a ∈ F̂ : ϕ̂P (a) ≤ 1}.

Then R̂P is the discrete valuation ring associated with ϕ̂P , and

P̂P = {a ∈ F̂ : ϕ̂P (a) < 1}

is its unique maximal ideal.

Finally, following the lines of the discussion above for R = Z, F = Q, and P = (p)
with p a prime integer. One gets that Q̂P is the completion of Q with respect to ϕP , and
ẐP = {a ∈ Q̂P : ϕ̂P (a) ≤ 1} is the ring of p-adic integers. In what follows, Q̂P and ẐP
will simply be denoted by Qp and Zp, respectively.

Definition 1.2.3. Let R be a commutative noetherian domain with quotient field F . An
R-order in a finite dimensional F -algebra A is a subring O of A which is a finitely generated
R-module and contains a basis of A over F . A Z-order will be simply called an order.

The ring of integers of a number field constitutes an example of an order. Now we
collect several examples of this notion.

Examples 1.2.4. Let R be a commutative noetherian domain and F its quotient field, let
G be a finite group and n a positive integer. Then

(i) Mn(R) is an R-order in Mn(F );

(ii) RG is an R-order in FG;

(iii) Let A and B finite dimensional F -algebras. If O is an R-order in A and O′ is an
R-order in B then O×O′ is an R-order in A×B, Mn(O) is an R-order in Mn(A).
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1.3 Group rings

In this section we recall the notion of group ring. It will be the main algebraic structure
in this work. The concepts collected in this section are mostly from [Seh93, PMS02].

Definition 1.3.1. Let G be a group and R a ring. The group ring of G over R, is the
ring RG of all formal linear combinations of the form∑

g∈G
rgg,

where rg ∈ R and rg = 0 for almost all g ∈ G. By assumption∑
g∈G

rgg =
∑
g∈G

sgg if and only if rg = sg for every g ∈ G, (1.3.1)

the sum is defined componentwise∑
g∈G

rgg +
∑
g∈G

sgg =
∑
g∈G

(rg + sg)g, (1.3.2)

and the multiplication is given by∑
g∈G

rgg

∑
g∈G

sgg

 =
∑
g∈G

(∑
uv=g

rusv

)
g. (1.3.3)

The identity of RG is the element 1R1G and we denote it by 1, as usual. In case R is
a field, RG is called the group algebra of G over R.

One can regard G and R as subsets of RG through the applications g → 1R · g and
r → r · 1G, respectively. By these identifications, R is a subring of RG and hence RG has
a structure of (R,R)-bimodule. Moreover G is a basis of RG over R both as left and right
module, and rg = gr for every r ∈ R, g ∈ G.

The map ω : RG→ R given by

ω

∑
g∈G

rgg

 =
∑
g∈G

rg

is a ring homomorphism called the augmentation map of RG and its kernel

∆R(G) = {
∑
g∈G

rgg ∈ RG :
∑
g∈G

rg = 0}

is called the augmentation ideal of RG. Moreover, one can show that the set {g − 1 : g ∈
G, g 6= 1} is a basis of ∆R(G) over R both as left and right module. Thus, one can write

∆R(G) =
⊕

g∈G\{1}

R(g − 1).
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If N is a normal subgroup of G, then the map ωN : RG→ R(G/N) given by

ωN

∑
g∈G

rgg

 =
∑
g∈G

rggN

is called the N -augmentation map of RG. It is the unique ring homomorphism extending
the natural group homomorphism G→ G/N and acting on R as the identity. The kernel
of ωN is given by

∆R(G,N) = {
∑
n∈N

αn(n− 1) : αn ∈ RG}.

In particular, ∆R(G) = ∆R(G,G). If T = {ti}i∈I is a transversal of N in G, then the set
{t(n− 1) : q ∈ T, n ∈ N,n 6= 1} is a basis of ∆R(G,N) over R.

The following theorem provides the necessary and sufficient conditions on R and G for
the group ring RG to be semisimple.

Theorem 1.3.2 (Maschke). The group ring RG is semisimple if and only if R is a
semisimple ring, G is finite and the order of G is a unit in R.

In particular, if G is a finite group and R = F a field, then FG is semisimple if
and only if Char(F) - |G|. By means of Wedderburn-Artin’s Theorem one gets that
FG ∼= ⊕ri=1Mni(Di) as F -algebras, where Di is a division ring containing an isomorphic
copy of F in its centre.

1.4 Units

In this section we present the main ingredient of this thesis, namely the group of units of
ZG of a finite group G. The results in this section come from [Seh93, PMS02].

For a ring R, we denote by U(R) the group of units of R, i.e. the group of invertible
elements of R. The main object of study in this thesis is the group of units U(ZG) of the
integral group ring ZG of a finite group G. So we focus our attention on this group. The
most simple example of units in ZG are the trivial units, that is, the elements of the form
±g with g ∈ G. Recall that the augmentation map ω of ZG is a ring homomorphism from
ZG into Z, so if u ∈ U(ZG) then ω(u) = ±1. Therefore, we can write U(ZG) = ±U1(ZG),
where U1(ZG) consists of all units having augmentation one. The elements of U1(ZG) are
usually called normalized units. A unit which has finite order is said to be a torsion unit.

The group of units of the integral group ring ZG has been a theme of interest for
a long time, however to obtain a complete description of the group of units in terms of
generators and relations seems to be a difficult task, even for special classes of groups.
A natural approach to study U(ZG) is to consider ZG as an order in the rational group
algebra QG. This idea comes from the commutative case where the ring of integers OK
in a number field K is an order for which the unit group is completely described by the
following famous theorem.

Theorem 1.4.1 (Dirichlet Unit Theorem). Let K be a number field of degree [K : Q] =
r1 + 2r2, where K has r1 real and r2 pairs of complex (non real) embeddings. Then

U(OK) ∼= F × C,
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where F is a free abelian group of rank r1 + r2 − 1, and C is a finite cyclic group (namely
the group of roots of unity in K).

G. Higman [Hig40] discovered in 1940 a perfect analogue of the Dirichlet unit theorem
for the integral group ring of an abelian group;

Theorem 1.4.2 (Higman). Let G be a finite abelian group. Then U(ZG) = ±G × F ,
where F is a finitely generated free abelian group of rank 1

2(|G| + n2 − 2c + 1), where n2

denotes the number of elements of order 2 and c the number of cyclic subgroups of G.

Moreover, Higman classified the integral group rings having only trivial units.

Theorem 1.4.3 (Higman). For a finite group G, U(ZG) = ±G if and only if G is abelian
of exponent 2, 3, 4, 6 or G = Cn2 ×Q8 where Q8 is the quaternion group of order 8.

For the non-abelian case, Borel and Harish Chandra [BHC62] showed that U(ZG) is
finitely generated. However, a finite set of generators is not known in general, and there
does not exist a structure theorem such as Higman’s Theorem covering the non-abelian
case. Furthermore, if G is neither abelian nor isomorphic to Q8×Cn2 for some non-negative
integer n, Hartley-Pickel [HP80] proved that U(ZG) contains a free subgroup of rank 2.
This shows that in the majority of cases, the group of units of the integral group ring of
a non-abelian finite group seems to be a very complex object.

It follows from Theorem 1.4.2 that all central torsion units in U(ZG) for a non-abelian
group G are trivial. Due to this fact, it is natural to ask how non-central torsion units may
be described. An approach to this problem is the so-called Zassenhaus Conjectures. They
try to characterize this kind of units and all finite subgroups of U(ZG) through rational
conjugacy, i.e. conjugacy which takes place in QG. This is the subject of Chapter 2.

1.5 Representations and characters

The representation theory and character theory are powerful tools for studying finite
groups. The purpose of this section is to provide the reader the needed background about
these concepts. The results in the present section are mainly from [Isa76, PMS02, CR81].

Definition 1.5.1. Let R be a ring and G be a group. Then an R-representation of G of
degree n is a group homomorphism ρ : G→ GLn(R) for some positive integer n.

Let G be a finite group and let R be a ring (with identity). It is easy to build RG-
modules which are free of finite rank over R from R-representations, and vice versa. In
fact, if ρ is an R-representation of G of degree n, let V be the set of n-row vectors with
entries in R. If v is an element of V and X is any n× n matrix over R, then vX belongs
to V . So one can define vg = vρ(g) for g ∈ G. Hence it is easy to check that this gives a
structure of RG-module to V . Conversely, let M be an RG-module such that it is free of
rank n over R, and choose an R-basis for M and let ρ(g) denote the matrix associated to
the automorphism Tg : M → M given by Tg(m) = mg for every m ∈ M , with respect to
this basis. Then it follows that ρ is an R-representation of G of degree n.

TwoR-representations of a finite groupG are equivalent if and only if the corresponding
RG-modules are isomorphic. In the particular case of fields, two F -representations ρ :
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G → GLn(F ) and ψ : G → GLn(F ) of G are equivalent, if there exists an invertible
matrix U ∈ GLn(F ) such that ρ(g) = U−1ψ(g)U for every g ∈ G. An R-representation is
irreducible if and only if the corresponding RG-module is simple, i.e. it is non-zero and
the only submodules of it are the trivial ones.

Definition 1.5.2. Let G be a finite group and let ρ : G→ GLn(F ) be a F -representation
of G over a field F . The F -character χ of G afforded by the F -representation ρ is the
map χ : G → F given by χ(g) = tr(ρ(g)), where tr denotes the trace map from GLn(F )
into F .

It is known that characters are constant on the conjugacy classes of G, and if two F -
representations of G are equivalent, then they afford the same character. An F -irreducible
character is a character afforded by an irreducible F -representation.

We now restrict our attention to the special case that the field F = C, the complex
numbers and the group G is finite. In what follows, the words “representation” and “char-
acter” mean C-representation and C-character, unless otherwise stated. By Maschke’s
Theorem every CG-module is semisimple, so that we can choose a set of representatives of
irreducible CG-modules, {M1, ...,Mk} up to isomorphisms. Choose a basis in each Mi, let
ρi be the resulting irreducible representation of G, and let χi denote the irreducible char-
acter afforded by ρi. It follows that the set Irr(G) = {χ1, ..., χk} is the set of all irreducible
characters of G. Moreover the cardinality of Irr(G) is equal to the number of conjugacy
classes of G. Since sums of characters are characters, it follows that χ =

∑k
i=1 niχi is a

character where each ni is a non-negative integer. Conversely, if χ is any character of G
afforded by a representation ρ corresponding to a CG-module M , one can decompose M
into a direct sum of irreducible modules. Hence χ can be uniquely expressed in the form
χ =

∑
χi∈Irr(G) niχi, where ni are non-negative integers. Those χi with ni > 0 are called

the irreducible constituents of χ. We have the following useful proposition.

Proposition 1.5.3. Two representations of a group G are equivalent if and only if they
afford equal characters.

If χ is a character of G, then χ(1) = n where n is the degree of ρ, with ρ any represen-
tation of G which affords χ. We call χ(1) the degree of χ. In general, a character is not
a homomorphism. However, if χ is a character of degree 1 then it is a group homomor-
phism. So, a character of degree 1 is called a linear character. The special character χ
where χ(g) = 1 for all g ∈ G is called the principal character of G or the trivial character
of G.

Proposition 1.5.4. A finite group G is abelian if and only if every irreducible character
is linear.

Let C1, ..., Ck denote the conjugacy classes of G, if we pick up representatives xi ∈ Ci,
1 ≤ i ≤ k, then the elements of Irr(G) = {χ1, ..., χk} are completely determined by the
values χi(xj), with 1 ≤ i, j ≤ k. Hence one can arrange these values in a square matrix
which contains all this information.

Definition 1.5.5. The matrix (χi(xj)) given below is called the character table of the
group G.
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C1 C2 · · · Ck
χ1 χ1(x1) χ1(x2) · · · χ1(xk)

χ2 χ2(x1) χ2(x2) · · · χ2(xk)

· · · · · · · · · · · · · · ·
χk χk(x1) χk(x2) · · · χk(xk)

If χ is an irreducible complex character of G, then by the primitive central idempotent
of CG associated to χ we mean the unique primitive central idempotent e of CG such
that χ(e) 6= 0. The following proposition is a classical result of character theory for the
computation of the primitive central idempotents of CG.

Proposition 1.5.6. Let G be a finite group and χ ∈ Irr(G). Then, the primitive central
idempotent e of CG associated to χ is given by the formula

e =
1

|G|
∑
g∈G

χ(1)χ(g−1)g.

Let G be a finite group and F be an arbitrary field. Let H be a subgroup of G, and let
M be a finite dimensional FH-module over F . Then FG is a (FH,FG)-bimodule, and
we may form the FG-module MG = M ⊗FH FG which is said to be induced from M . If ρ
is a representation of H with associated FH-module M , then the induced representation
of ρ to G, is the associated representation to the FG-module MG and it is denoted ρG. If
χ is the character afforded by ρ, we define the character of G induced by χ, and denoted
by χG or indG

Hχ, as the character afforded by ρG. A straightforward calculations shows
that

χG(g) =
1

H

∑
x∈G

χ◦(x−1gx),

where χ◦ is defined by χ◦(h) = χ(h) if h ∈ H and χ◦(y) = 0 if y /∈ H.

1.6 Crossed products

In this section we recall the notion of central simple algebra and present crossed products as
an essential construction for the description of this kind of algebras. The results gathered
in this section can be found in [Pas89, Rei75, Pie82, CR81].

Definition 1.6.1. Let F be a field. A central simple F -algebra is a simple F -algebra A
for which Z(A) = F .

A semisimple F -algebra A is said to be split if every simple component of A is isomor-
phic, as F -algebra, to a matrix algebra over F . Let E/F be a field extension, if A⊗F E is
split as E-algebra then one says that E is a splitting field of A as F -algebra. In particular,
if A is a finite dimensional central simple F -algebra and E is a splitting field of A, then
A⊗F E ∼= Mn(E) for some positive integer n. Therefore dimF (A) = dimE(A⊗F E) = n2.
This shows that the dimension of a finite dimensional central simple algebra is a square.
The positive integer

√
dimF(A) is called the degree of A.
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Definition 1.6.2. Let R be a ring and let G be a group. A crossed product R ∗ατ G of G
over R is an associative ring

R ∗ατ G =
⊕
g∈G

ugR,

which contains R as a subring, and has a subset {ug : g ∈ G} in one-to-one correspondence
with G which is a basis of R ∗ατ G both as left and right module. The operational rules are
defined in the following manner. The sum is defined componentwise

rug + sug = (r + s)ug for r, s ∈ R, g ∈ G, (1.6.4)

the multiplication is given by the two rules below. For a ∈ R, g, h ∈ G we have

(action) uga = αg(a)ug where α : G→ Aut(R), (1.6.5)

(twisting) uguh = τ(g, h)ugh where τ : G×G→ U(R). (1.6.6)

The R-basis {ug : g ∈ G} of a crossed product R ∗ατ G is not unique. In fact, if ag
is a unit of R for each g ∈ G then {vg = agug : g ∈ G} is another R-basis. The change
from {ug : g ∈ G} to {vg = agug : g ∈ G} is called a diagonal change of basis. A diagonal
change of basis induces a change on the action and on the twisting, but not on the ring.
The new action differs from the old action by an inner automorphism.

The identity element of R ∗ατ G is of the form 1 = au1 for some a ∈ U(R). Then, via a
diagonal change of basis, we may assume that 1 = u1. The embedding of R into R ∗ατ G is
then given by r → ru1. However, G is not in general contained in R ∗ατ G. Moreover, each
ug is a unit of the ring and G = {rug : r ∈ U(R)}, the group of trivial units of R ∗ατ G,
satisfies G/U(R) ∼= G. Certain special cases of crossed products have their own names. If
the action and twisting are trivial, that is, if α(g) = 1 and τ(g, h) = 1 for every g, h ∈ G,
then R ∗ατ G = RG the ordinary group ring. If the action is trivial, then R ∗ατ G = RtG is
a twisted group ring. Finally, if the twisting is trivial, then R ∗ατ G = RG is a skew group
ring.

A classical crossed product is a crossed product E ∗ατ G, where E/F is a finite Galois
extension, G = Gal(E/F ) and α is the natural action of G on E. In this case we follow the
notation of [Rei75] and denote a classical crossed product by (E/F, τ). A cyclic algebra is
a classical crossed product (E/F, τ) where Gal(E/F ) is cyclic. If Gal(E/F ) = 〈σ〉n and
a = unσ is a non-zero element of F , then the cyclic algebra (E/F, τ) is usually denoted
(E/F, a). Observe that, in this case, after a diagonal change of basis we may assume that
uσi = uiσ for i = 0, 1, ..., n− 1. Every classical crossed product (E/F, τ) is a central simple
F -algebra [Rei75, Theorem 29.6].

We now introduce a special crossed product which will have a relevant role in Chapter
3. Consider a finite group G with a cyclic normal subgroup A = 〈a〉m and assume that A
is also a maximal abelian subgroup of G. Fix a right inverse φ : G/A→ G of the natural
projection G → G/A, i.e. φ(gA)A = gA for every g ∈ G. Then we define a crossed
product

Q(G,A) = Q(ζm) ∗ατ G/A,
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with action and twisting given by

αgA(ζm) = ζim, if aφ(gA) = aiA

τ(gA, g′A) = ζjm, if φ(gg′A)−1φ(gA)φ(g′A) = aj ,

for each g, g′ ∈ G. (Notice that G/A is abelian because A is the kernel of the action
of G on A by conjugation). The algebra Q(G,A) is independent of the map φ up to
isomorphisms. Using the natural isomorphism Aut(A) → Aut(Q(ζm)) induced by the
isomorphism 〈a〉 ∼= 〈ζm〉 mapping a to ζm, one can transfer the action of G on A by
conjugation to an action of G on Q(ζm). If F is the fixed field of this action then gA 7→ αgA
defines an isomorphism G/A → Gal(Q(ζm)/F ) and if we see this isomorphism as an
identification then Q(G,A) is the classical crossed product (Q(ζm)/F, τ).

1.7 Strong Shoda pairs

A strong Shoda pair of a group G codifies information about some simple components of
the group algebra QG. All results gathered in this section are mainly from [OdRS04].

First we introduce some useful notation, mostly from [JLPM94] and [OdRS04]. Let G
be an arbitrary finite group. For a subgroup H of G, let Ĥ = 1

|H|
∑

h∈H h. Clearly, Ĥ is
an idempotent of QG which is central if and only if H is normal in G. If K CH ≤ G and
K 6= H then let

ε(H,K) =
∏

(K̂ − M̂) = K̂
∏

(1− M̂),

whereM runs through the set of all minimal normal subgroups ofH containingK properly.
We extend this notation by setting ε(H,H) = Ĥ. Clearly ε(H,K) is an idempotent of the
group algebra QG. Let e(G,H,K) be the sum of the distinct G-conjugates of ε(H,K),
that is, if T is a right transversal of CG(ε(H,K)) in G, then

e(G,H,K) =
∑
t∈T

ε(H,K)t.

Clearly, e(G,H,K) is a central element of QG and if the G-conjugates of ε(H,K) are
orthogonal, then e(G,H,K) is a central idempotent of QG.

Definition 1.7.1. A strong Shoda pair of G is a pair (H,K) of subgroups of G satisfying
the following conditions:

(1) K ≤ H ENG(K),

(ii) H/K is cyclic and a maximal abelian subgroup of NG(K)/K and

(iii) the different G-conjugates of ε(H,K) are orthogonal.

If (H,K) is a strong Shoda pair of G then e(G,H,K) is a primitive central idempotent
of QG, and hence QGe(G,H,K) is a simple component of QG. We shall call this kind
of simple components SSP components of QG. On the other hand, if (H,K) is a strong
Shoda pair of G then H has a linear character with kernel K, which we denote λH,K .
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Moreover λGH,K , the character of G induced by λH,K , is irreducible, kerλGH,K = CoreG(K)

and e(G,H,K) is the unique primitive central idempotent e of QG such that λGH,K(e) 6= 0.
The following proposition from [OdRS04] gives some sufficient conditions for (H,K)

to be a strong Shoda pair of G.

Proposition 1.7.2. Let (H,K) be a pair of subgroups of a group G satisfying the following
conditions:

(i) K EH EG.

(ii) H/K is cyclic and a maximal abelian subgroup of NG(K)/K.

Then (H,K) is a strong Shoda pair and hence e(G,H,K) is a primitive central idempotent
of QG.

If (H,K) is a strong Shoda pair of a group G, then one can give a description of
the structure of the simple component QGe(G,H,K) as a matrix algebra over a crossed
product of a cyclotomic field by an abelian group, where the action and the twisting can
be described using information from the group G. More precisely we have the following
proposition from [OdRS04].

Proposition 1.7.3. Let (H,K) be a strong Shoda pair of G and let k = [H : K], N =
NG(K), n = [G : N ], x a generator of H/K and φ : N/H → N/K a left inverse of
the projection N/K → N/H. Then QGe(G,H,K) is isomorphic to Mn(Q(ξk) ∗ατ N/H) =

Mn(Q(N/K,H/K)) where the action and twisting are given by ξ
α(a)
k = ξik, if xφ(a) = xi

and τ(a, b) = ξjk, if φ(ab)−1φ(a)φ(b) = xj , for a, b ∈ N/H and integers i and j.

A group G is said to be strongly monomial if all the simple components of QG are of the
form QGe(G,H,K), for (H,K) a strong Shoda pair of G. Metabelian, supersolvable and
abelian-by-supersolvable groups are examples of strongly monomial groups (see [OdRS04]).
The following theorem from [OdRS04] shows that for metabelian groups one can compute
the primitive central idempotents of QG using some special strong Shoda pairs.

Theorem 1.7.4. [OdRS04] Let G be a metabelian finite group and let A be a maximal
abelian subgroup of G containing G′. The primitive central idempotents of QG are the
elements of the form e(G,H,K), with (H,K) a pair of subgroups of G satisfying the
following conditions:

1. H is a maximal element in the set {B ≤ G | A ≤ B and B′ ≤ K ≤ B};

2. H/K is cyclic.

1.8 Finite subgroups of division algebras

The classification of the finite groups which are subgroups of division rings was obtained
by Amitsur [Ami55]. In this section we present such classification.

If G is a finite subgroup of a division ring then a Sylow subgroup of G is either cyclic
or a quaternion 2-group. A Z-group is a finite subgroup of a division ring with all Sylow
subgroups cyclic. For the readers convenience we include in the following theorem the
classification of finite subgroups of division rings in the form presented in [SW86b].
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Theorem 1.8.1. [Ami55, SW86b]

(Z) The Z-groups are

(a) the finite cyclic groups,

(b) Cm o2 C4 with m odd and C4 acting by inversion on Cm and

(c) Cm ok Cn with gcd(m,n) = 1 and, using the following notation

Pp = Sylow p-subgroup of Cm,

Qp = Sylow p-subgroup of Cn,

Xp = {q | n : q prime and (Pp, Qq) 6= 1},
Rp =

∏
q∈Xp

Qq;

we have Cn =
∏
p|mRp and the following properties hold for every prime p | m

and q ∈ Xp:

i. vq

(
o |G|
|Pp| |Rp|

(p)

)
< oqvq(k)(p),

ii. if q is odd or p ≡ 1 mod 4 then vq(p− 1) ≤ vq(k) and

iii. if q = 2 and p ≡ −1 mod 4 then v2(k) is either 1 or greater than v2(p+1).

(NZ) The finite subgroups of division rings which are not Z-groups are

(a) O∗ = 〈s, t|(st)2 = s3 = t4〉 (binary octahedral group),

(b) Qm with v2(m) ≥ 3.

(c) Q8 ×M with M a Z-group of odd order such that o|M |(2) is odd,

(d) SL(2, 3)×M , with M a Z-group of order coprime to 6 and o|M |(2) odd, and

(e) SL(2, 5).
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Zassenhaus Conjecture for
cyclic-by-abelian groups

In this chapter we explain our contribution to Zassenhaus Conjecture which appeared
in [CMdR]. The question was suggested by the main result of [Her08a] where Hertweck
proved (ZC1) for every finite group G having a cyclic normal subgroup A and an abelian
subgroup X such that G = AX, i.e. G has a cyclic-by-abelian decomposition. Observe
that a metacyclic group has a cyclic-by-cyclic decomposition (see Definition 1.1.5). In
fact this was the way to prove (ZC1) for metacyclic groups which had been the aim of
several attempts [PMS84, PMRS86, dRS06]. Clearly a group with a cyclic-by-abelian
decomposition is cyclic-by-abelian. However the converse is false.

The main result of this chapter consists in proving (ZC1) for cyclic-by-abelian groups
extending the result of [Her08a]. We now explain the strategy of our proof. We argue by
induction and contradiction. More precisely we consider a finite cyclic-by-abelian group
G, which is a counterexample of minimal order to (ZC1), and a torsion unit u in ZG which
is a counterexample of minimal order to (ZC1). In particular, we assume that (ZC1) holds
for proper subgroups and quotients of G and for proper powers of u, that is, for powers
uk, with k a divisor of the order of u other than 1. We also use the treatment of (ZC1)
from partial augmentations which is based on Theorem 2.1.3. Let A be a normal cyclic
subgroup of G such that G/A is abelian. Let C = CG(A) and D = Z(C). By Theorem
2.1.3, there exists an element x ∈ G such that the partial augmentation of u at x is
negative. In the first part of our proof we prove that the negative partial augmentations
of u can only occur at elements of D (Lemma 2.1.13), hence x ∈ D. Next we deal with
torsion units with D-augmentation 1, and prove that (ZC1) holds for this kind of units
(Corollary 2.2.7). Thus, u must have D-augmentation different from 1. Finally, we use
the Luthar-Passi Method to obtain information about the partial augmentation of u at x
(Lemma 2.3.2). This ultimately yields a contradiction.

The proof of Hertweck follows a similar strategy, but we encounter some difficulties
which do not appear if G has a cyclic-by-abelian decomposition G = AX. Hertweck
first deals with torsion units with C-augmentation 1. In this case the hypothesis C =
D = AZ(G) is used in [Her08a, Proof of Corollary 5.3] to reduce the proof of (ZC1) for
torsion units with C-augmentation 1 to the case of torsion units having A-augmentation

35
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1. Then he uses a theorem of Cliff and Weiss [CW00, Theorem 6.3] to deduce that partial
augmentations of every torsion unit with A-augmentation 1 at elements in A are non-
negative. To treat partial augmentations at elements in G \ A, Hertweck proves a key
result [Her08a, Theorem 5.1] which implies that the p-parts of every torsion unit with
A-augmentation 1 are p-adically conjugate to an element of A. Note that, in general
AZ(G) ⊆ D ⊆ C and both inclusions can be proper. Then in our case, we cannot use
any special hypothesis on C. This is the main obstacle to apply directly the arguments
of Hertweck in this part of our proof. Instead we prove (ZC1) for torsion units having
D-augmentation 1, as mentioned above, by using Theorem 2.2.6 which is a version of
[Her08a, Theorem 5.1] adapted to our situation, and Lemma 2.1.10. For the remaining
case, Hertweck uses the property C = D = AZ(G) again in [Her08a, Proof of Corollary
7.5] for reducing the calculation of a partial augmentation of a torsion unit having C-
augmentation different from 1 at an element in C to the partial augmentation of another
one at an element in A. Then Hertweck obtains information on partial augmentations
at elements in A, by means of an induction argument to reduce the main formula of the
Luthar-Passi Method to a formula that relates the partial augmentation of every torsion
unit having A-augmentation different from 1 at an element in A to the multiplicities of
the eigenvalues of a representation of G induced by a faithful linear character of A. In
our situation, we use the Luthar-Passi Method following the lines of [Her08a, Proof of
Corollary 7.3] to get information about partial augmentations at elements in D, but again
we encounter difficulties here. Then we apply this method for a family of suitable linear
characters of D (Lemma 2.3.2) instead of a faithful character of A. Therefore we obtain a
more complicated formula which requires additional work to extract information on partial
augmentations.

In Section 2.1 we present the notion of partial augmentation, and collect suitable results
about it which can be found in [Her08a, MRSW87, CW00, CMdR]. In Section 2.2 we prove
that (ZC1) holds for torsion units with D-augmentation 1. In order to do that, we prove
a key result (Theorem 2.2.6) for torsion units with D-augmentation 1 whose order is a
power of a prime p. The combination of this result with Lemma 2.1.10 in the Section 2.1
completes the proof. Let N be an abelian normal subgroup of G. In Section 2.3 we deal
with torsion units with N -augmentation different from 1. We study the multiplicities of
eigenvalues of the images of the relevant torsion units under a representation of G affording
the character induced from a linear character of N . By means of results from the previous
sections which can be applied to D, we prove the main theorem of this chapter (Theorem
2.4.1) in Section 2.4, i.e. (ZC1) for cyclic-by-abelian groups.

2.1 Partial augmentations

Partial augmentations make an important contribution to the study of Zassenhaus Con-
jecture. In this section we present the concept of partial augmentation and collect suitable
results about it.

Definition 2.1.1. Let r =
∑

g∈G rgg be an element of a group ring RG. The partial
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augmentation of r at g in G is

εGg (r) =
∑
h∈gG

rh.

If the group G is clear from the context, then we simply write εg(r).

Remark 2.1.2. If x ∈ G then εGx : RG→ R is an R-linear map which satisfies εGx (uv) =
εGx (vu) for every u, v ∈ RG. Using this it is easy to prove that if u ∈ RG and g ∈ G are
conjugate in the units of RG, then εGg (u) = 1 and εGx (u) = 0 for every x ∈ G with x /∈ gG.
Hence, for such u and g and a normal subgroup N of G we have g ∈ N if and only if
ωN (u) = 1.

The following theorem is one of the main tools to study Zassenhaus Conjecture, it
gives an important role to partial augmentations of a normalized torsion unit. We will use
it throughout the chapter for getting rational conjugacy, in other words conjugacy which
takes place in QG.

Theorem 2.1.3. [LP89, MRSW87] Let u be a normalized torsion unit of ZG. Then u is
conjugate in QG to an element of G if and only if εg(v) ≥ 0 for every v ∈ 〈u〉 and every
g ∈ G.

A useful strategy for addressing Zassenhaus Conjecture is to translate the conjugacy
property into the language of module theory. A good example of this point of view is
the technique call double action formalism, which was introduced by Weiss [Wei88]. Let
G and H be finite groups and R a commutative ring. Let α : H → GLn(RG) be an
RG-representation of H. Such RG-representation induces an R(G×H)-module structure
on (RG)n, where the elements of (RG)n are considered as row vectors of length n. More
precisely, we define the right R(G×H)-module Mα as (RG)n with the action

x · r(g, h) = rg−1xα(h) for x ∈ (RG)n, r ∈ R, g ∈ G, h ∈ H.

Recall that two RG-representations α, β : H → GLn(RG) are equivalent if and only if
there exists A ∈ GLn(RG) such that β(h) = A−1α(h)A for every h ∈ H. Then we have:

Lemma 2.1.4. Assume that α, β : H → GLn(RG) are two RG-representations with
associated R(G ×H)-modules Mα and Mβ. Then Mα ∼= Mβ if and only if α and β are
equivalent.

Having in mind that we are interested in (ZC1), Lemma 2.1.4 can be interpreted as
follows. Let u be a normalized torsion unit of RG, let x be an element of G with the same
order as u and let 〈c〉 be a cyclic group of the same order than u and x, with generator
c. Consider the RG-representations α, β : 〈c〉 → U1(RG) given by α(c) = u and β(c) = x,
respectively, and let Mα and Mβ be the associated R(G×〈c〉)-modules. By Lemma 2.1.4,
u is conjugate to x in the units of RG if and only if Mα ∼= Mβ.

When the coefficient ring R is an integral domain, there is a connection between
partial augmentations and the character obtained through double action formalism, i.e.
the character of the module Mα ⊗R K, where K is the quotient field of R and α is a
suitable RG-representation. The following lemma from [Wei91, Lemma 1] provides this



38 Chapter 2

relation. We should warn that, the sides in the action of the double action formalism are
interchange with respect to [Wei91]. This produces a little difference in the formula given
in the lemma.

Lemma 2.1.5. Let R be an integral domain with quotient field K. For an RG-representa-
tion α : H → U1(RG), let χ be the character of the associated K(G×H)-module Mα⊗RK.
Then χ((g, h)) = |CG(g)|εg(α(h)) for every g ∈ G, h ∈ H.

If k is a positive integer, then the componentwise action of the augmentation map
ω induces a ring homomorphism Mk(RG) → Mk(R). The restriction of this ring homo-
morphism gives a group homomorphism GLk(RG) → GLk(R). We denote the kernel of
this homomorphism by SGLk(RG). Let N be a normal subgroup of G with k = [G : N ].
There is a natural embedding of RG into Mk(RN). More precisely, consider RG as an
(RG,RN)-bimodule, and let X = {x1, ..., xk} be a transversal of N in G. Then RG
is free as a right RN -module with respect to the basis X, i.e., RG = ⊕ki=1RNxi. For
u =

∑
g∈G ugg, one write accordingly xiu =

∑
j fij(u)xj . So,

RG
ρN−−−→Mk(RN)

u // [fij(u)]

is an injective ring homomorphism. Note that, the choice of another transversal of N in
G would lead to an equivalent representation. In particular, for n ∈ N we have ρN (n) =
diag(nx1 , ..., nxk). If u is a unit of RG such that ωN (u) = 1, then ρN (u) ∈ SGLk(RN).

We now fix some notation which will be used in Lemmas 2.1.6 and 2.1.10. Put Γ =
G× 〈c〉m, and let G[m] denote a set of representatives of G-conjugacy classes of elements
g ∈ G with gm = 1. For all g ∈ G, let [g] = 〈(g, c)〉 ≤ Γ.

The next lemma can be extracted from [CW00, Lemma 4.2 and Proposition 4.3]. If G
is a finite nilpotent group, it provides a helpful formula of the character obtained through
double action formalism in terms of ordinary characters induced from the trivial character
of a suitable subgroup of Γ.

Lemma 2.1.6. Let G be a finite nilpotent group, let u ∈ SGLk(ZG) with um = 1 and let
χ denote the character of Mα, where α : 〈c〉m → GLk(ZG) is given by α(c) = u. Then,
for every g ∈ G[m] we have

(i) χ(g, c) ∈ |CG(g)|Z and

(ii) χ =
∑

g∈G[m]
χ((g,c))
|CG(g)| indΓ

[g]1.

Proof. Cliff and Weiss [CW00] prove that χ =
∑

g∈G[m] agindΓ
[g]1 for unique integers ag.

So we only have to prove that χ(c, g) = ag|CG(g)| and this follows from

(indΓ
[h]1)(c, g) =

{
|CG(g)|, if h ∈ gG;
0, otherwise.
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Now we gather some results about partial augmentations. We begin with the following
lemmas from [MRSW87] and [Her07], respectively.

Lemma 2.1.7. Let u be a normalized torsion unit of ZG and g ∈ G. If there is a prime
p such that p divides the order of g but p does not divide the order of u, then εg(u) = 0.

Lemma 2.1.8. Let R be a Dedekind ring of characteristic zero in which a given prime
integer is not invertible, and let u be a torsion unit of RG. Then εg(u) = 0 for every
element g of G whose p-part has strictly larger order than the p-part of u.

Combining Lemmas 2.1.7 and 2.1.8, we have the following proposition from [Her07].

Proposition 2.1.9. Let u be a normalized torsion unit of ZG. If εg(u) 6= 0 with g ∈ G
then the order of g divides the order of u.

The next lemma uses scalar products of the character obtained through double action
formalism and suitable ordinary characters to get new information about partial augmen-
tations.

Lemma 2.1.10. Let N be an abelian normal subgroup of G and u be a torsion unit in
ZG with ωN (u) = 1. Let η be an irreducible character of N and n ∈ N be such that, the
order of n divides the order of u. Then∑

h∈ker η

[CG(hn) : N ]εGhn(u) ≥ 0.

Proof. Let m be the order of u and k = [G : N ]. Let v be the image of u under the
homomorphism ρN : ZG → Mk(ZN). Hence v ∈ SGLk(ZN). Let Γ = N × 〈c〉m, and let
χ be the character of Mα, where α is given by α(c) = v. As N is abelian, N [m] = {n ∈
N | nm = 1}. By Proposition 2.1.9, we have εGh (u) = 0 if h ∈ N \ N [m]. Moreover due
to Lemma 2.1.5, we have χ((n, c)) = |CG(n)|εGn (u) for all n ∈ N . Using Lemma 2.1.6 we
have,

χ =
∑

h∈N [m]

χ(h, c)

|N |
indΓ

[h]1 =
∑

h∈N [m]

[CG(h) : N ]εGh (u)indΓ
[h]1

=
∑
h∈N

[CG(h) : N ]εGh (u)indΓ
[h]1.

On the other hand, for every ordinary irreducible character ψ of Γ, we have

0 ≤ 〈χ, ψ〉Γ =
∑
h∈N

[CG(h) : N ]εGh (u)〈indΓ
[h]1, ψ〉Γ =

∑
h∈N,ψ(h,c)=1

[CG(h) : N ]εGh (u). (2.1.1)

Now consider the character ψ of Γ given by ψ |N= η and ψ((1, c)) = η(n)−1. Since η
is a linear character, it follows that ψ((h, c)) = 1 if and only if h ∈ Ker η · n. Therefore,
specializing (2.1.1) to this character we obtain∑

h∈ker η

[CG(hn) : N ]εGhn(u) ≥ 0
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as desired.

Let R be a p-adic ring, i.e. the integral closure of the p-adic integers Zp in a finite field
extension of the p-adic field Qp. The p-parts of a normalized torsion unit of RG make
their contribution to obtain more information about partial augmentations. The following
proposition from [Her08a] illustrates it.

Proposition 2.1.11. Let G be a finite group and p a prime integer. Let R be a p-adic
ring with quotient field K and u a normalized torsion unit of RG. Suppose that the p-part
of u is conjugate to an element x of G in the units of RG and g is an element of G such
that the p-parts of x and g are not conjugate in G. Then εg(u) = 0.

The following remark gives us a very useful induction approach to the Zassenhaus
Conjecture.

Remark 2.1.12. Let R be a commutative ring and N a normal subgroup of a group G.
Since the N -augmentation map of RG maps any conjugacy class of G onto a conjugacy
class of G/N , for any normalized torsion unit u of RG and any x ∈ G, we have

ε
G/N
xN (ωN (u)) =

∑
gG:gN∈(xN)G/N

εGg (u).

In particular, if NxG = xG then ε
G/N
xN (ωN (u)) = εGx (u).

Fix a metabelian group G. Let A be an abelian normal subgroup of G such that G/A is
abelian. It was shown in [dRS06] that partial augmentations at elements in G\CG(A) are
non-negative for minimal counterexamples. Following the ideas used in [dRS06, Her08a],
one can get the same conclusion for the elements in G \ Z(CG(A)) assuming that (ZC1)
holds for suitable proper quotients of G. The next lemma provides this useful information.

Lemma 2.1.13. Let A be an abelian subgroup of G containing G′ and suppose that (ZC1)
holds for G/N for every non-trivial normal subgroup N of G contained in A. Let u be a
normalized torsion unit in ZG and let x ∈ G \ Z(CG(A)). Then εx(u) ≥ 0.

Proof. By assumptions on G and Theorem 2.1.3 we know ε
G/N
xN (ωN (u)) ≥ 0 for every non-

trivial normal subgroup N of G contained in A. By Remark 2.1.12, NxG = xG implies

εGx (u) = ε
G/N
xN (ωN (u)). Then it suffices to find a non-trivial normal subgroup N of G

satisfying NxG = xG. In order to do that, let C = CG(A) and D = Z(C) and consider
separately the cases where x /∈ C and x ∈ C \D.

Suppose x /∈ C and take N = 〈(a, xg) | a ∈ A, g ∈ G〉. So N is a non-trivial normal
subgroup of G contained in A, besides if a ∈ A and g, h ∈ G, we have

(a, xh)xg = a−1ax
h
(h−1g, (xh)−1)xh = ax

h
(h−1g, (xh)−1)a−1xh = xg(a

xh )−1 ∈ xG.

Thus, εGx (u) = ε
G/N
xN (ωN (u)) ≥ 0, as desired.
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Now assume x ∈ C \ D and pick c ∈ C such that (x, c) 6= 1. Let N = 〈(x, c)〉. Due
to (G′, C) = 1, the three subgroup lemma yields C ′ ⊆ Z(G), and hence N is a non-trivial
central subgroup of G. Further,

(x, c)xg = (x, c)x(x, g) = x(x, cg) = xcg ∈ xG

for every g ∈ G. Therefore, εGx (u) = ε
G/N
xN (ωN (u)) ≥ 0.

2.2 Torsion units with D-augmentation 1

In this section we use p-adic conjugacy as principal tool for the study of Zassenhaus
Conjecture. More examples of this technique can be found in [Wei88, Her06, Her08a]. Let
A be a normal cyclic subgroup of a cyclic-by-abelian group G such that G/A is abelian,
and set D = Z(CG(A)). Here we prove (ZC1) for torsion units with D-augmentation 1
using a key theorem which deals with p-adic conjugacy of torsion units whose order is a
power of a prime p.

We start by recalling a proposition from [Seh93].

Proposition 2.2.1. If N is a finite normal p-subgroup of G, then any torsion unit u of
ZG such that ωN (u) = 1 has p-power order.

The following lemma is basically contained in [CW00, Lemma 2.6]. We include its
proof for the convenience of the reader.

Lemma 2.2.2. Let N be a nilpotent normal subgroup of G and let u be a torsion unit of
ZG such that ωN (u) = 1. Then

(i) every prime divisor of the order of u divides the order of N and,

(ii) if the order of u is a power of a prime p, then ωNp(u) = 1.

Proof. (i) We argue by induction on the number of primes dividing |N |. If this number is
0 then N = 1, and hence u = ωN (u) = 1. Assume that |N | is divisible by p. By hypothesis
ωN/Np(ωNp(u)) = ωN (u) = 1. Let n be the order of ωNp(u). By the induction hypothesis
every prime divisor of n divides [N : Np]. Moreover the order of un is a power of p by
Proposition 2.2.1 Let q be a prime divisor of |u|. Then q is either p or a divisor of n. We
conclude that q divides |N |.

(ii) Assume that the order of u is a power of p and set u1 = ωNp(u). Then u1 is a
p-element of Z(G/Np) such that ωN/Np(u1) = ωN (u) = 1. Since p is coprime with [N : Np],
the order of u1 is coprime with p, by (i). Hence u1 = 1, as desired.

Lemma 2.2.3. Let A be a cyclic subgroup of G containing G′, let N be a non-trivial
p-subgroup of A for some prime p and let x be a p-element of CG(A) such that x /∈ Z(G).
Then Op′(G) is a Hall p′-subgroup of both CG(N) and CG(x).

Proof. Let N1 be the unique minimal non-trivial subgroup of N and let α : Aut(Ap) →
Aut(N1) be the restriction map. Then the kernel of α is a p-group. Let c be a p′-element
of CG(N), and consider the automorphism of Ap given by φc(a) = ac, the conjugation by
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c. Since c ∈ CG(N), we have that α(φc) is the identity map of N1. Thus φc ∈ Ker α,
while the order of φc is coprime with p. Hence φc is the identity map of Ap. Therefore, the
p′-elements of CG(N) commute with the p-elements of A. Let H be a Hall p′-subgroup of
CG(N). As Ap′ is a normal p′-subgroup of G, by Theorem 1.1.3, we have Ap′ ⊆ H. We
will prove that H is normal in G. Indeed, let h ∈ H and g ∈ G. Since G/A is abelian,
hg = ah for some a ∈ A. We know ap′h ∈ H and its order is coprime with p. Hence
ap commutes with ap′h, and then the order of hg is divisible by the order of ap. Thus,
ap = 1 because of hg has order coprime with p. Therefore, hg = ap′h ∈ H, as desired. As
Op′(G) ⊆ CG(Op(G)) ⊆ CG(N), we have that H = Op′(G) is a normal Hall p′-subgroup
of CG(N).

Set M = xG. Then M is contained in CG(A), and its elements commute because
xg = x(x, g) ∈ xA for every g ∈ G. Notice that, Op′(G) ⊆ CG(M). Moreover, if y ∈
CG(x), then (x, yg) = (x, y(y, g)) = 1, so y commutes with every conjugate of x, that
is, CG(x) = CG(M). On the other hand, let a = (x, g) 6= 1 with g ∈ G and M1 = 〈a〉.
Then M1 is a non-trivial p-subgroup of A contained in M . By the previous paragraph, we
know that Op′(G) is the unique Hall p′-subgroup of CG(M1). Therefore, Op′(G) is a Hall
p′-subgroup of CG(x), since Op′(G) ⊆ CG(x) ⊆ CG(M1). This finishes the proof.

We need the following propositions of Hertweck. They can be found in [Her06] and
[Her08a], respectively.

Proposition 2.2.4. Let u be a normalized torsion unit of ZG. If ωP (u) = 1 for P a
normal p-subgroup of G, then u is conjugate in QG to an element of P .

Proposition 2.2.5. Let R be a p-adic ring, let N be a normal p-subgroup of G, let
ϕ : U → N be a group isomorphism and set α : U

ϕ→ N → U1(RG). Suppose that M is an
R(G×U)-module which is free of rank 1 as an RG-module and a direct summand of a direct
sum of copies of Mα. Let 1 = e1 + ... + es be a decomposition into orthogonal primitive
idempotents of RCG(N). Then there exist g1, ..., gs ∈ G such that M ∼= RGeg11 ⊕· · ·RGe

gs
s ,

where each summand RGegii is considered as a submodule of Mα. In other words, M ∼=
Mγ, where γ is the homomorphism U → U1(RG) given by u→

∑
i ei(ϕ(u))g

−1
i for u ∈ U .

The p-adic conjugacy, i.e. conjugacy which takes place in RG, where R is a p-adic ring
plays an important role for our goal of getting rational conjugacy. This is illustrated in
the proof of the Corollary 2.2.7, which needs the help of the following theorem.

Theorem 2.2.6. Let G be a finite group and A a cyclic normal subgroup of G containing
G′. Set D = Z(CG(A)) and let u be a torsion unit of ZG with ωD(u) = 1. If the order of
u is a power of a prime p, then u is conjugate in ZpG to an element of Dp.

Proof. By Lemma 2.2.2, we have that ωDp(u) = 1. Then, by Proposition 2.2.4, u is
conjugate in QG to an element of Dp, say x. Let R be a p-adic ring with quotient field K
containing a root of unity of order the exponent of G. We will show that u is conjugate to
x in RG. So, due to a result from Reiner and Zassenhaus [CR81, 30.25], the conjugation
already takes place in ZpG. We assume that x 6∈ Z(G), for otherwise the result follows at
once.
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Set E = CG(x). By Lemma 2.2.3, Op′(G) is a Hall p′-subgroup of E. The primitive
central idempotents of KOp′(G) belong to ROp′(G), since the order of Op′(G) is invertible
in R. Besides this, G acts on these primitive central idempotents by conjugation. Let

ε1, ..., εγ be the sums of the G-orbits of this action. Hence RG =
γ⊕
i=1

εiRG, so that it is

enough to prove that εiu is conjugate to εix in εiRG for every i.
Now, we fix one primitive central idempotent f of KOp′(G) and let ε be the sum of the

G-conjugates of f . We have to prove that εu is conjugate to εx in εRG. We remark that
a primitive idempotent of KOp′(G) stays primitive in KE by Green’s Indecomposability
Theorem, since E/Op′(G) is a p-group [CR81, 19.23]. Let e be the sum of the different
E-conjugates of f and write e = e1 + ...+ em, a sum of orthogonal primitive idempotents
of ROp′(G). Let T = CG(e) and let {1 = s1, ..., sn} be a transversal of T in G. Note that,
E ≤ T EG. Then

ε =
m∑
i=1

n∑
j=1

e
s−1
j

i

is a decomposition into primitive orthogonal idempotents of εRE. Using Proposition 2.2.5
there exist elements gij ∈ G (1 ≤ i ≤ m, 1 ≤ j ≤ n) such that

v =
m∑
i=1

n∑
j=1

e
s−1
j

i xgij

is conjugate to εu in RG. We know that εu is conjugate to εx in εKG, so v is conjugate
to εx in εKG. We have to show that, such conjugacy takes place in εRG.

Let 〈c〉 be a cyclic group such that |c| = |v|, note that v, εu and εx have the same order.
Consider the right R(G× 〈c〉)-modules M = Mα and N = Mβ, which are both εRG with
RG acting from the left and c acting by right multiplication by v and εx, respectively. By
Lemma 2.1.4, to prove that v and εx are conjugate in RG is equivalent to prove that M
and N are isomorphic as R(G× 〈c〉)-modules.

Since x ∈ Op(G) and ei ∈ ROp′(G), every G-conjugate of x commutes with every

G-conjugate of ei, and hence each RGe
s−1
j

i is a direct summand of both M and N . We

shall write Mij = Me
s−1
j

i and Nij = Ne
s−1
j

i for RGe
s−1
j

i considered as submodules of M
and N respectively.

By the construction, eti and e1 are conjugate in REe for every i = 1, . . . ,m and for

every t ∈ T . Thus, there is a unit w of REes
−1
j such that e

s−1
j

i = (e
s−1
j

1 )w, for every
i = 1, . . . ,m and every j = 1, . . . , n. Then N1j

∼= Nij via a 7→ aw, so that,

N =
⊕
i,j

Nij
∼=

n⊕
j=1

Nm
1j . (2.2.2)

Consider Xj0 = {(i, j) : gijsj ≡ sj0 mod T} for j0 = 1, . . . , n. Note that, If (i, j) ∈ Xj0

then Nij0
∼= Mij via a 7→ agij and then N1j0

∼= Mij . Therefore

M =
⊕
i,j

Mij
∼=

n⊕
j=1

N
|Xj0 |
1j . (2.2.3)
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Thus, from (2.2.2) and (2.2.3), we deduce that M is isomorphic to N provided |Xj0 | =
m for each j0. In order to prove this equality, we will use a representation of εKG and
investigate the multiplicities of eigenvalues of v and εx under this representation, since
they have the same multiplicity. To that end, we will use a linear representation of
Dp such that if H is its kernel then Dp/H is cyclic and H ∩ Ap = 1. We claim that
H exists. Suppose H is maximal among the subgroups of Dp satisfying H ∩ Ap = 1.
Then Dp/H is cyclic. In fact, if Dp/H is not cyclic, there are x1, x2 ∈ Dp such that
〈x1, x2, H〉/H is a non-cyclic elementary abelian p-subgroup. By the maximality of H,
〈x1, H〉 ∩ Ap and 〈x2, H〉 ∩ Ap contain the unique subgroup of Ap of order p, and hence
Ap ∩H = 〈x1, H〉 ∩ 〈x2, H〉 ∩Ap 6= 1, a contradiction. This proves the claim.

Let π be a linear character of Dp with kernel H and let ψ be the sum of all irreducible
characters of Op′(G), that do not vanish on e. Then ψ(ε) = 1 for every primitive idem-
potent ε of ROp′(G) satisfying eε 6= 0 and hence ψ(1) = m. Let ρ be a representation
of Op′(G) × Dp affording ψ ⊗ π. This ρ can be chosen satisfying ρ(ei) = Ei, where Ei
denotes the elementary matrix with 1 in the i-th diagonal entry and 0 anywhere else.
Then ρ(eiy) = π(y)Ei for any i and y ∈ Dp. Let χ = indTOp′ (G)×Dp(ψ ⊗ π), let ∆ be a

representation of T affording χ and let {t1, ..., tk} be a transversal of Op′(G) × Dp in T .
After a suitable conjugation one may assume that

∆

(
m∑
i=1

eiyi

)
= diag

(
π
(
y
tj
i

)
: 1 ≤ i ≤ m, 1 ≤ j ≤ k

)
∈ Mmk(K)

for every y1, . . . , ym ∈ Dp. On the other hand, we have εKG =
n∑
j=1

es
−1
j KG ∼= (eKG)n as

right KG-modules. Hence

εKG ∼= EndKG(εKG) ∼= Mn(EndKG(eKG)) ∼= Mn(eKGe). (2.2.4)

Moreover, since e is orthogonal to any different conjugate of itself, we get eKGe =

e
n∑
j=1

sjKTe = e
n∑
j=1

es
−1
j sjKT = eKT . So (2.2.4) gives an isomorphism δ : εKG →

Mn(eKT ), which satisfies δ(
n∑
j=1

es
−1
j yj) = diag(eys11 , ..., ey

sn
n ) for y1, . . . , yn ∈ KT . Denote

by ∆̄ : Mn(eKT ) → Mnmk(K) ( = Mn(Mmk(K))) the homomorphism between matrix
rings of size n which acts on each entry as ∆. Set ∆̂ = ∆̄ ◦ δ. Then we have

∆̂(εx) = ∆̄ (diag (exs1 , ..., exsn)) = diag
(
π
(
xsjtl

)
: 1 ≤ i ≤ m, 1 ≤ j ≤ n, 1 ≤ l ≤ k

)
.

Observe that the index i only affects the diagonal entries of ∆̂(εx) by repeating each
entry m times. Note that, {sjtl : 1 ≤ j ≤ n, 1 ≤ l ≤ k} is a transversal of Op′(G)×Dp in
G. Furthermore if xg 6= x, then xg = ax with 1 6= a ∈ A and so π(xg) = π(a)π(x) 6= π(x)
since H ∩ Ap = 1. Then, ∆̂(εx) is a diagonal matrix with [G : E] different eigenvalues
each with multiplicity m[E : Q×Dp].
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On the other hand, we have

∆̂(v) = ∆̂

 m∑
i=1

n∑
j=1

e
s−1
j

i xgij

 = ∆̄

(
diag

(
m∑
i=1

eix
gi1s1 , ...,

m∑
i=1

eix
ginsn

))
= diag

(
π
(
xgijsjtl

)
: 1 ≤ i ≤ m, 1 ≤ j ≤ n, 1 ≤ l ≤ k

)
Let {v1, . . . , vr} be a transversal of E in T and set Yj0 = {(i, j, l) : gijsjtl ≡ sj0

mod E} and Ȳj0 = {(i, j, l) : gijsjvl ≡ sj0 mod E}. We deduce that the multiplicity of
π(xsj0 ) as eigenvalue of ∆̂(v) is |Yj0 | = |Ȳj0 |[E : Q×Dp]. As v and εx are conjugate in εKG
the multiplicities of the eigenvalues of ∆̂(εx) and ∆̂(v) coincide. Thus m = |Ȳj0 |. Finally,
(i, j, l) 7→ (i, j) defines a bijective map Ȳj0 → Xj0 . Therefore |Xj0 | = m as desired.

We are ready to prove (ZC1) for torsion units u satisfying ωD(u) = 1.

Corollary 2.2.7. Let G be a finite group and A a normal cyclic subgroup of G containing
G′. Let D = Z(CG(A)) and u a torsion unit in ZG satisfying ωD(u) = 1. Then u is
conjugate in QG to an element of D.

Proof. Since G/A is abelian, there exists some b ∈ G such that ωA(u) = bA. We claim
that {n ∈ D : εn(u) 6= 0} is contained in bA. Indeed, let p be some prime dividing |u|.
By Theorem 2.2.6, up is conjugate in ZpG to some np,0 ∈ D. By Proposition 2.1.11, if
εn(u) 6= 0 then np is conjugate to np,0, so npA = np,0A. On the other hand, we have
that bpA = ωA(up) is conjugate to np,0A = ωA(np,0). Then bpA = np,0A and hence
bpA = npA for all primes p dividing |u| and all n ∈ D with εn(u) 6= 0. As |n| divides |u|,
by Proposition 2.1.9, we deduce that nA = bA and the claim is proved.

In order to prove the corollary we argue by means of contradiction. Assume that the
statement is false. Then, by Lemma 2.1.3 and Lemma 2.1.13, there exists an n ∈ D such
that εn(u) < 0. So n ∈ bA, by the previous paragraph. Moreover, the order of n divides the
order of u, by Proposition 2.1.9. As in the proof of Theorem 2.2.6, there exists a subgroup
H in D such that H ∩ A = 1 and D/H is cyclic. Hence D has a linear character η with
kernel H. Then, by Lemma 2.1.10, we have 0 ≤

∑
h∈H [CG(hn) : D]εhn(u). However, if

εhn(u) 6= 0 with h ∈ H then hn ∈ bA ∩ nH = nA ∩ nH = n(A ∩H) = {n}. Hence,

0 ≤
∑
h∈H

[CG(hn) : D]εhn(u) = [CG(n) : D]εn(u) < 0,

a contradiction.

2.3 Torsion units with D-augmentation different from 1

Let N be an abelian normal subgroup of a finite group G and u a torsion unit of ZG. In
this section we use an induction argument to reduce the main formula of the Luthar-Passi
Method to a formula that relates the partial augmentation of u at an element of N with
the multiplicities of the eigenvalues of a family of representations of G induced by a family
of linear characters of N , whose kernel does not contain any non-trivial normal subgroup
of G.
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Let ψ1, . . . , ψm be the linear characters of N . The following formula can be easily
checked for u ∈ G, by the Orthogonality Relations and by linearity it holds in general

|CG(x)|εGx (u) =
m∑
i=1

ψi(x)ψGi (u) for every x ∈ N and u ∈ CG. (2.3.5)

We now establish some notation which will be used throughout this section. Let

K = KN = {K ≤ N : N/K is cyclic and

K does not contain any non-trivial normal subgroup of G}.

For every K ∈ K, ψK denotes a linear character of N with kernel K, and we fix a
representation ρK of G affording the induced character ψGK . Observe that if K1 and K2

are conjugate in G then ψGK1
= ψGK2

and therefore we may assume that ρK1 = ρK2 . Let
CK denote the set of G-conjugacy classes of elements of K. For every C ∈ CK select a
representative KC of C. Let QK = Q(ζ[N :K]).

Let u be a normalized unit of ZG of order m, and α a primitive m-th root of unity.
Let χ be the character afforded by a C-representation ρ of G, and write

µρ(u),l = multiplicity of αl as an eigenvalue of the matrix ρ(u).

When l = 1 we simply write µρ(u). The essential ingredient for the Luthar-Passi Method
is the following theorem from [LP89].

Theorem 2.3.1. Assume that u is a unit in U1(ZG) of order m. Let α be a primitive m-th
root of unity. Then for every integer l and any character χ afforded by a representation ρ
of G, the following equality holds

µρ(u),l(α
l) =

1

m

∑
d|m

trQ(ζdm)/Q(χ(ud)α−dl). (2.3.6)

The following lemma uses the Luthar-Passi Method to get information about partial
augmentations at elements in N of torsion units with N -augmentation different from 1 ,
under the assumption that (ZC1) holds for every proper quotient of G.

Lemma 2.3.2. Let G be a finite group such that (ZC1) holds for every proper quotient of
G. Let N be an abelian normal subgroup of G. Let u be a unit of ZG with ωN (u) 6= 1 and
let x ∈ N .

(i) Then

|CG(x)|εx(u) =
∑
K∈K

trQK/Q(ψK(x)ψGK(u)). (2.3.7)
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(ii) Assume moreover that m = |u|, f = |ωN (u)|, xm = 1 and ud is conjugate in QG to
an element of G for every 1 6= d | m. Then for every h | f with h 6= 1 we have∑

K∈K
[QK : Q] µρK(u)(ψK(x))

=
ϕ(m)

m
|CG(x)|εx(u) +

1

h

∑
K∈K

[QK : Q] µρK(uh)(ψK(xh)).

(2.3.8)

(iii) Suppose moreover that G′ is cyclic and uf is conjugate in QG to an element y of N .
Let uC = |{g ∈ G : xf ∈ yGKg

C}| for C ∈ CK. Then we have∑
K∈C

µρK(uf )(ψK(xf )) =
[CG(y) : N ]

|NG(KC)|
uC . (2.3.9)

Proof. (i) Let ψ be a linear character of N such that the kernel of ψ contains a non-trivial
normal subgroup U of G. Then ψ is inflated from a linear character φ of N/U . Since
(ZC1) holds for G/U , ωU (u) is conjugate in Q(G/U) to an element of G/U \N/U . Then
ψG(u) = φG/U (ωU (u)) = 0. As a result, we can drop in (2.3.5) all the summands labelled
by linear characters of N whose kernel is not in K. Let ψK be a linear character of N with
kernel K ∈ K such that ψK(c) = ζ[N :K], where 〈cK〉 = N/K. If σ ∈ Gal(QK/Q) then
σ ◦ ψK is another linear character of N with kernel K. Furthermore, all linear characters
of N with kernel K belonging to K are of the form σ ◦ ψK with σ ∈ Gal(QK/Q). By
(2.3.5) we have,

|CG(x)|εx(u) =
∑
K∈K

∑
σ∈Gal(QK :Q)

σ ◦ ψK(x)(σ ◦ ψGK)(u) =
∑
K∈K

trQK/Q(ψK(x)ψGK(u)),

as desired.
(ii) For every K ∈ K and every integer d, µρK(ud)(ψK(xd)) denotes the multiplicity of

ψK(xd) as an eigenvalue of ρK(ud). By (2.3.6), for every e | m we have∑
K∈K

[QK : Q] µρK(ue)(ψK(xe)) =
e

m

∑
K∈K

∑
d|(m/e)

[QK : Q] trQ(ζedm )/Q(ψGK(ued)ψK(x)−ed).

(2.3.10)
Let d | m and α = ψGK(ud)ψK(x)−d. Clearly the image of ψK is contained in QK and
ψGK(ud) ∈ Q(ζdm). Moreover, xm = 1, by hypothesis. Thus α ∈ QK ∩ Q(ζdm). Let
L = QK(ζdm). Then

[L : QK ]trQK/Q(α) = (trQK/Q ◦ trL/QK )(α) = trL/Q(α)

= (trQ(ζdm)/Q ◦ trL/Q(ζdm))(α) = [L : Q(ζdm)]trQ(ζdm)/Q(α).

Therefore [Q(ζdm) : Q]trQK/Q(α) = [QK : Q]trQ(ζdm)/Q(α). This equality together with
(2.3.7) yields∑
K∈K

[QK : Q]trQ(ζdm)/Q(ψGK(ud) ψK(x)−d) = [Q(ζdm) : Q]
∑
K∈K

trQK/Q(ψGK(ud) ψK(x)−d)

= [Q(ζdm) : Q]|CG(xd)|εxd(ud).
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Let d be a divisor of m such that d 6= 1 and ωN (ud) 6= 1. By hypothesis, ud is conjugate to
an element of G which does not belong to N , by Remark 2.1.2. Hence εn(ud) = 0 for every
n ∈ N . Therefore, if f - d and d 6= 1 then εxd(u

d) = 0. Thus, for e = 1 and 1 6= h | f ,
(2.3.10) can be reduced to the following:∑

K∈K
[QK : Q] µρK(u)(ψK(x))

=
[Q(ζm) : Q]|CG(x)|

m
εx(u) +

1

m

∑
K∈K

∑
h|f |d|m

[QK : Q] trQ(ζdm)/Q(ψGK(ud)ψK(x)−d)

=
ϕ(m)|CG(x)|

m
εx(u) +

1

h

h

m

∑
K∈K

∑
d|(m/h)

[QK : Q] trQ(ζhdm )/Q(ψGK(uhd)ψK(x)−hd)

=
ϕ(m)|CG(x)|

m
εx(u) +

1

h

∑
K∈K

[QK : Q] µρK(uh)(ψK(xh)),

where in the last equality we have used (2.3.10) for e = h. This proves (2.3.8).
(iii) Finally, suppose that G′ is cyclic and uf is conjugate in QG to y ∈ N . Then

ρK(uf ), ρK(y) and diag(ψK(yg) : g ∈ T ) are conjugate in the matrices over C, where T
is a transversal of N in G. Observe that ψK(yg) = ψK(yh) if and only if ψK((y, g)) =
ψK((y, h)) if and only if (y, g)(y, h)−1 ∈ K if and only if (y, g) = (y, h) (because K ∩G′ =
1), if and only if gh−1 ∈ CG(y). Therefore each eigenvalue of ρK(uf ) has multiplicity
[CG(y) : N ]. On the other hand ψK(xf ) is an eigenvalue of ρK(uf ) if and only if ψK(xf ) =
ψK(yg) for some g ∈ G, if and only if xf ∈ yGK. Therefore, if C ∈ CK and KC is a
representative of C then∑

K∈C
µρK(uf )(ψK(xf )) =

1

|NG(KC)|
∑

g∈G,xf∈yGKg
C

[CG(y) : N ] =
[CG(y) : N ]

|NG(KC)|
uC ,

as desired.

Remark 2.3.3. Let A be a cyclic normal subgroup of G containing G′, N an abelian
subgroup of G and K a subgroup of N . We will prove that K does not contain any
non-trivial normal subgroup of G if and only if K ∩A = K ∩ Z(G) = 1. Therefore,

KN = {K ≤ N : A ∩K = Z(G) ∩K = 1 and N/K is cyclic}.

Clearly every element of KN intersects A and Z(G) trivially. Conversely, let H be a
subgroup of G containing a non-trivial normal subgroup U of G and such that H∩Z(G) =
1. If 1 6= n ∈ U then 1 6= (n, g) ∈ A ∩ U for some g ∈ G and therefore A ∩H 6= 1. This
proves the claim.

Observe that KN can be empty. For example, this is the case if N ∩Z(G) is not cyclic.

Let G be a cyclic-by-abelian group and A a normal cyclic subgroup of G with G/A
abelian. For an abelian subgroup N of G containing A, it is possible to bound the cardi-
nality of KN and to find the order of each element of KN . This is the goal of the following
lemma.
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Lemma 2.3.4. Assume that A is a cyclic subgroup of G containing G′. Let N be an
abelian subgroup of G containing A and let K = KN . Then for every K ∈ K we have
|K| ≤ |K| = |N |

exp(N) .

Proof. Put N = C ×H, with C cyclic of maximal order in N and selected in such a way
that if p is prime and exp(Np) = exp(Ap), then Cp = Ap. We claim that, if K ∈ K then
C∩K = 1. Suppose Cp∩K 6= 1 for some prime p, and let x be a generator of Cp, q = |Ap|
and a = (x, g) with g ∈ G. Then a ∈ Ap and hence aq = 1. Thus (xq)g = xq 6= 1, because
exp(Cp) = exp(Np) > exp(Ap). This proves that xq is a non-trivial central element of G.
Then Z(G)∩K 6= 1, contradicting the fact that K does not contain any normal subgroup
of G. This proves the claim.

Let π2 be the projection N → H along the decomposition N = C×H. By the previous
paragraph K ∩ kerπ2 = 1 and therefore |K| ≤ |H| = |N |

exp(N) . As N/K is cyclic we have

exp(N) ≤ [N : K] = exp(N/K) ≤ exp(N). Hence |K| = |N |
exp(N) = |H| and therefore

π2|K : K → H is an isomorphism for every K ∈ K. Therefore K = {f(h)h : h ∈ H} for
a homomorphism f : H → C. (More precisely f = π1 ◦ π2|−1

K , where π1 is the projection
N → C.) Thus K is completely determined by f .

On the other hand, we know that exp(H) divides the order of C. If H = 〈h1〉d1 ×
· · · × 〈hr〉dr , as C is cyclic there is an element cdi ∈ C of order di for every i = 1, ..., r.
Using this, we see that |Hom(〈hi〉di , 〈c〉di)| = di for every i = 1, ..., r. As a result, we have
|Hom(H,C)| = |H|. By the above paragraphs we deduce that |K| ≤ |Hom(H,C)| = |H| =
|K|.

2.4 Main theorem

In this section we state and prove the main theorem of this chapter. Remember that in
the previous sections we have fixed a finite group G with a normal cyclic subgroup A with
G/A abelian and we have set D = Z(CG(A)). We have proved that Zassenhaus Conjecture
holds for torsion units of ZG with D-augmentation 1 (Corollary 2.2.7). To prove it for
the remaining torsion units, we use an induction argument, which needs the help mostly
of Lemma 2.1.13, Corollary 2.2.7 and Lemma 2.3.2 for N = D.

Theorem 2.4.1. If G is a cyclic-by-abelian finite group then every normalized torsion
unit of ZG is conjugate in QG to an element of G.

Proof. By means of contradiction assume that G is a counterexample of minimal order
to the theorem, and u is a normalized torsion unit of minimal order of ZG which is not
conjugate to an element of G in QG. We select a cyclic subgroup A of G with G/A abelian
and take D = Z(CG(A)) and K = KD. By Lemma 2.1.3, we may assume without loss
of generality that εx(u) < 0 for some x ∈ G. This implies that the order of x divides
the order of u by Proposition 2.1.9. Set m = |u| and f = |ωD(u)|. By assumption ud is
conjugate in QG to an element of G for every 1 6= d | m.

By Lemma 2.1.13, x ∈ D and by Corollary 2.2.7, ωD(u) 6= 1. Thus 1 6= f | m and, in
particular uf is conjugate in QG to some y ∈ D. By the first induction hypothesis (ZC1)
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holds for every proper quotient of G and hence we can use Lemma 2.3.2 for N = D, u and
x. Since |K| = |D|

exp(D) for every K ∈ K, by Lemma 2.3.4, and [QK : Q] = ϕ([D : K]) we

can write (2.3.8) for h = f as∑
K∈K

µρK(u)(ψK(x)) =
ϕ(m)

m

|CG(x)|
ϕ([D : K])

εx(u) +
1

f

∑
K∈K

µρK(uf )(ψK(xf )). (2.4.11)

We claim that
1

f

∑
K∈K

µρK(uf )(ψK(xf )) ≤ ϕ(m)

m

|CG(x)|
ϕ([D : K])

. (2.4.12)

Write f = f1f2 with f1 and f2 positive integers such that the prime divisors of f1

divide |D| and (f2, |D|) = 1. Observe that, the fact that uf is conjugate to y ∈ D implies
m = f2m

′ with all prime divisors of m′ dividing |D|. Moreover 〈xf 〉 = 〈xf1〉 and so
CG(xf ) = CG(xf1). Consider the map α : CG(xf1)→ A given by g 7→ (x, g). If a = (x, g)
then xf1 = (xf1)g = af1xf1 . Hence the image of α is contained in {a ∈ A : af1 = 1} and
this is a subgroup of A of order less or equal than f1. On the other hand α(g) = α(h) if
and only if gh−1 ∈ CG(x). Therefore

[CG(xf1) : CG(x)] ≤ f1. (2.4.13)

Assume that K ∈ K and y1 and y2 are elements of G in the same conjugacy class
such that y1K = y2K. Then y2 ∈ y1A ∩ y1K = {y1} because A ∩ K = 1. Therefore, if
C ∈ CK, then {g ∈ G : (xf )g ∈ yGKC} is the disjoint union of the subsets XC,y1 = {g ∈
G : (xf )g ∈ y1KC} with y1 ∈ yG. If g, h ∈ XC,y1 then (xf )gh

−1
= ((xf )hk)h

−1
= xfkh

−1

for some k ∈ KC . Then (xf , gh−1) ∈ A∩Kh−1

C = 1 and hence gh−1 ∈ CG(xf ). Conversely,
if gh−1 ∈ CG(xf ) and g ∈ XC,y1 then h ∈ XC,y1 . This proves that if XC,y1 is not empty,
then it is a coset of CG(xf ) = CG(xf1). Therefore, using (2.4.13) for uC as in Lemma 2.3.2
we get,

uC =
∑
y1∈yG

|XC,y1 | ≤ |CG(xf1)| |yG| = |CG(xf1)| [G : CG(y)] (2.4.14)

≤ f1 |CG(x)| [G : CG(y)],

and hence∑
C∈CK

uC
|NG(KC)|

≤ f1
|CG(x)|
|CG(y)|

∑
C∈CK

[G : NG(KC)] = f1
|CG(x)|
|CG(y)|

|K|. (2.4.15)

Thus
1

f
[CG(y) : D]

∑
C∈CK

uC
|NG(KC)|

≤ 1

f2
|K|[CG(x) : D]. (2.4.16)

By Lemma 2.3.4, |K| ≤ |K|. Moreover, every prime divisor of m′ divides exp(D) =
[D : K] and therefore

1

f2
≤ ϕ(f2)

f2

ϕ(m′)

m′
[D : K]

ϕ([D : K])
=
ϕ(m)

m

[D : K]

ϕ([D : K])
. (2.4.17)
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Thus

1

f2
|K|[CG(x) : D] ≤ ϕ(m)

m

[D : K]

ϕ([D : K])
|K|[CG(x) : D] =

ϕ(m)

m

|CG(x)|
ϕ([D : K])

. (2.4.18)

Combining (2.3.9), (2.4.16) and (2.4.18) we conclude that

1

f

∑
K∈K

µρK(uf )(ψK(xf )) ≤ 1

f
[CG(y) : D]

∑
C∈CK

uC
|NG(KC)|

(2.4.19)

≤ ϕ(m)

m

|CG(x)|
ϕ([D : K])

.

This proves (2.4.12).
By Theorem 2.3.1, the left side of (2.4.11) is non-negative, then we have

1

f

∑
K∈K

µρK(uf )(ψK(xf )) ≥ −ϕ(m)

m

|CG(x)|
ϕ([D : K])

εx(u) ≥ ϕ(m)

m

|CG(x)|
ϕ([D : K])

because εx(u) < 0. Therefore the inequality in (2.4.12) is in fact an equality, and hence
equality holds in all the displayed formulas from (2.4.13) to (2.4.19). This has the following
consequences:

1. ϕ(f2) = 1, so that f2 ≤ 2;

2. |CG(xf1)| = f1|CG(x)| and hence the conjugacy class of x contains all the elements
of the form aix, where a is an element of A of order f1;

3. m is divisible by all the primes dividing |D|;

4. XC,y1 6= ∅ for every y1 ∈ yG;

5. the left hand side of (2.4.11) is zero, hence ψK(x) is not an eigenvalue of ρK(u) for
every K ∈ K. Applying this to conjugates of x we deduce that ψK(xg) is not an
eigenvalue of ρK(u) for every g ∈ G and every K ∈ K.

We claim that f2 = 2 and all the eigenvalues of ρK(u) have even order. If ξ is an
eigenvalue of ρK(u) then ξf is an eigenvalue of both ρK(uf ) and ρK(y). Thus ξf =
ψK(y1) for some y1 ∈ yG. As XC,y1 6= ∅, ξf = ψK((xf )g) for some g ∈ G and therefore

ξ = ζjfψK(xg) for some j. However, aixg is conjugate to xg for every 0 ≤ i < f1. Hence

ψK(aixg) = ζif1ψK(xg) is not an eigenvalue of ρK(u) for every 0 ≤ i < f1. This implies
that f2 = 2 and j is odd. Therefore the order of ξ is even. This proves the claim. Keeping
in mind the last claim, we deduce that, all the eigenvalues of ρK(u

m
2 ) are equal to −1 and

hence ψGK(u
m
2 ) = −[G : D]. However, by the second induction hypothesis and the fact that

f - m/2, we deduce u
m
2 is conjugate to an element of G \D and therefore ψGK(u

m
2 ) = 0, a

contradiction.
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Chapter 3

The Congruence Subgroup
Problem for integral group rings

In this chapter we present our approach to the problem of classifying the finite groups
G for which the congruence kernel of U(ZG) is finite or equivalently, the rational group
algebra QG has the CSP property (see the Introduction). We now explain our strategy.
The congruence kernel of U(ZG) is finite if and only if every non-commutative simple
component of QG has the CSP property. If N is a normal subgroup of G then every
simple component of Q(G/N) is a simple component of QG. Therefore, if QG has the
CSP property then Q(G/N) has the CSP property. This suggests the following approach to
the problem. We say that G is CSP-critical if QG has not the CSP property but Q(G/N)
has the CSP property for every non-trivial normal subgroup of G. Thus the congruence
kernel of U(ZG) is infinite if and only if G has a CSP-critical epimorphic image. The
original problem hence reduces to classify the CSP-critical finite groups. Assume that
G is a finite CSP-critical group. Then G is isomorphic to a subgroup of an exceptional
simple component of QG. Hence G is a subgroup of either a division algebra or a two-by-
two matrix over a division algebra. The finite subgroups of division algebras have been
classified by Amitsur [Ami55] and the finite subgroups of two-by-two matrices of division
algebras have been classified by Banieqbal [Ban88]. Thus, in order to classify the CSP-
critical groups it suffices to decide which of the groups of the classifications of Amitsur
and Banieqbal are CSP-critical.

Unfortunately this strategy encounters a serious difficulty. Namely, the problem of de-
ciding which algebras of type (EC1) have the CSP property seems to be far from reachable
with the known techniques. So we address another problem which is an approximation to
the problem of classifying the CSP-critical groups. We say that a finite group is CSP’-
critical if QG has an exceptional component but Q(G/N) has not exceptional components
for any non-trivial normal subgroup N of G. In this chapter we classify the CSP’-critical
groups. This classification appeared in [CdR] and is included in Theorem 3.1.1.

In Section 3.1 we state the main theorem of this chapter, namely Theorem 3.1.1 and
its consequence on the classification of the CSP-critical groups. In Section 3.2 we prove
the sufficiency condition of Theorem 3.1.1 basically by using Amitsur’s classification and
the GAP package wedderga [BCKO+13]. Finally, in Section 3.3 we prove the necessity
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condition of Theorem 3.1.1. For that we also use Amitsur classification and additionally
we use Banieqbal classification of finite subgroups of two-by-two matrices algebras over
division rings.

3.1 Main theorem

In this section we present the main theorem of this chapter, namely the classification of
the CSP’-critical groups which appears in [CdR], and its consequence on the classification
of the CSP-critical groups. It is stated at the beginning for the readers convenience.

Theorem 3.1.1. A finite group G is CSP’-critical if and only if G is isomorphic to one
of the following groups.

1. Cq × (Cp o2 C4), with p and q different primes such that 3 6= p ≡ −1 mod 4, q > 2
and 2 - oq(p).

2. Cpok Cn, with n ≥ 8, p an odd prime not dividing n, n
k is divisible by all the primes

dividing n and one of the following conditions holds:

(a) k = gcd(n, p− 1), either n is odd or p ≡ 1 mod 4 and if p = 5 then n = 8.

(b) k = gcd(n, p− 1), 3 6= p ≡ −1 mod 4, n 6= 4 and v2(n) = 2.

(c) 3 6= p ≡ −1 mod 4, n = 2v2(p+1)+2 and k = 2v2(p+1)+1.

3. Q8 × Cp, with p an odd prime such that op(2) odd.

4. SL(2, 3) = 〈i, j〉Q8 o 〈g〉3, with ig = j, jg = ij.

5. SL(2, 5) = 〈u, v | u4 = v3 = 1, (uv)5 = u2〉.

6. D6.

7. D8.

8. D+
16.

9. Q8 o C2 = 〈i, j〉Q8 o 〈a〉2, with ia = i−1 and ja = j.

10. Q8 × C3.

11. Q8 �2 D8.

12. C5 o2 C8.

13. (C3 × C3) o2 C8 = (〈a〉3 × 〈b〉3) o2 〈c〉8, with ac = b−1 and bc = a.

14. SL(2, 3) �2 D8.

15. C = (Q8 ×Q8) o C6 = (〈i1, j1〉Q8 × 〈i2, j2〉Q8) o 〈b〉6 with

ib1 = i2, jb1 = j2, ib2 = j1 and jb2 = i1j1.
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16. SL(2, 3) �2 C4.

17. SL(2, 9).

18. A+ = SL(2, 5) ��4 C8 = 〈v, d|d8 = v3 = 1, (d2v)5 = d4, vd = vd−2(v, d2)〉
= 〈u, v〉SL(2,5) ��4 〈d〉8,

with vd = vu−1(v, u) and d2 = u.

19. A− = SL(2, 5) ��4 C8 = 〈v, d|d8 = v3 = 1, (d−2v)5 = d4, vd = vd2(v, d−2)〉
= 〈u, v〉SL(2,5) ��4 〈d〉8,

with vd = vu−1(v, u) and d2 = u−1.

20. B1 = (Q8 �2 D8) o C5 with with Q8 = 〈i, j〉, D8 = 〈a〉4 o 〈b〉2, C5 = 〈c〉5,

ic = j−1b, jc = i−1, ac = ia−1b and bc = i−1a−1.

21. B2 = (Q8 �2 D8) ��2 (C5 o2 C4), with Q8 = 〈i, j〉, D8 = 〈a〉4 o 〈b〉2, C5 o2 C4 =
〈c〉5 o2 〈d〉4,

ic = i2j, jc = i−1b, ac = jba, bc = ja,
id = i2a, jd = ib, ad = i−1, bd = ja and d2 = i2.

22. B = (Q8 �2 D8) ��2 SL(2, 5) with Q8 = 〈i, j〉, D8 = 〈a〉4 o 〈b〉2, SL(2, 5) = 〈u, v〉 as in
(5),

iu = i3, ju = jb, au = i3ab, bu = b,
iv = i2jab, jv = i3jab, av = ib, bv = ia and u2 = i2.

We now discuss how far is the classification of CSP’-critical groups given by Theo-
rem 3.1.1 from the desired classification of CSP-critical groups, and the consequences of
Theorem 3.1.1 to the original problem of classifying the finite groups G for which the
congruence kernel of U(ZG) is finite. If the congruence kernel of U(ZG) is not finite then
QG has an exceptional component and therefore G has a CSP’-critical epimorphic image.
Therefore we at least have the following.

Corollary 3.1.2. Let G be a finite group. If G has not an epimorphic image isomorphic
to any of the groups listed in Theorem 3.1.1 then the congruence kernel of U(ZG) is finite.

Along the proof of Theorem 3.1.1 we will show that the only groups in the list of
Theorem 3.1.1 not having an exceptional component of type (EC2) are precisely those of
types (1)-(3) (Proposition 3.3.1). So we have

Corollary 3.1.3. Let G be a finite group.

1. If G is isomorphic to one of the groups in items (4)-(22) of Theorem 3.1.1 then G
is CSP-critical.

2. If G has an epimorphic image isomorphic to one of the groups in items (4)-(22) of
Theorem 3.1.1 then the congruence kernel of U(ZG) is infinite.
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3.2 Sufficiency

In this section we prove the sufficiency part of Theorem 3.1.1, namely we prove that all the
groups listed in the theorem are CSP’-critical. We have to prove that for each G in the list
of Theorem 3.1.1, QG has an exceptional component while QG does not have exceptional
components for any proper epimorphic image G of G (Proposition 3.2.3). The first three
groups in Theorem 3.1.1 are subgroups of an exceptional component of type (EC1) and
the remaining ones are subgroups of an exceptional component of type (EC2). We will
need to compute the Wedderburn decomposition of QG for some finite groups. For that
we use the GAP package Wedderga [BCKO+13].

We start by recalling that, if F is a field of characteristic different of 2 and a, b are

non-zero elements of F , then
(
a,b
F

)
denotes the quaternion F -algebra F [i, j|ji = −ij, i2 =

a, j2 = b]. Moreover H(F ) =
(
−1,−1
F

)
. A totally definite quaternion algebra is a quaternion

algebra of the form
(
a,b
F

)
with F a totally real number field and a and b totally negative,

i.e. for every embedding σ : F → C, σ(F ) ⊆ R and σ(a) and σ(b) are negative.

Following the proof of Theorem 1.8.1, in either [Ami55] or [SW86b], one can discover
a minimal division ring containing each of the groups in the classification. We will need
this for the non-abelian Z-groups. More precisely we have

Lemma 3.2.1. Let G = 〈a〉m ok 〈b〉n with gcd(m,n) = 1, ba = ar and n = om(r) and
let A = 〈a, b

n
k 〉. Then G is a subgroup of a division algebra if and only if Q(G,A) is a

division algebra.

Proof. Since A = 〈a, b
n
k 〉 is cyclic normal and maximal abelian in G, (A, 1) is a strong

Shoda pair ofG. Moreover Q(G,A) is the algebra given by the presentation Q(ζmk)[ub|ζubm =

ζrm, u
n
k
b = ζk]. Then a 7→ ζm, b 7→ ub determines an injective group homomorphisms

G→ U(Q(G,A)), i.e. G is a subgroup of U(Q(G,A)). Note that the sufficiency condition
is obvious. Let D be a division algebra such that G is a subgroup of D. If f : G→ U(D)
is an injective group homomorphism then f(a) and f(b

n
k ) commute and f(ab) = f(a)r.

Hence ζm 7→ f(a) and ub 7→ f(b) defines an algebra homomorphism Q(G,A)→ D, which
is injective because Q(G,A) is simple. Therefore Q(G,A) is a division algebra. In other
words the necessity condition follows.

The following lemma describes the non-commutative simple components of QG for a
particular metacyclic group G.

Lemma 3.2.2. Let G = 〈a〉p ok 〈b〉n with p prime not dividing n. Let A = 〈a, bn/k〉 and

let F be the only subfield of Q(ζp) of degree (p−1)k
n over Q. Then the non-commutative

simple components of QG are the algebras of the form Bh = QG e(G,A, 〈bhn/k〉) with
h | k. Moreover Bh ∼= (Q(ζph)/F (ζh), ζh) for every h | k .

Proof. As G′ = 〈a〉 and A is cyclic and maximal abelian in G, a pair of subgroups of G
satisfying the conditions of Theorem 1.7.4 it is either of the form (G,K) with G′ ⊆ K or
of the form (A,K) with K ∩G′ = 1 and A′ ≤ K ≤ A, so that K = 〈bhn/k〉 with h | k. If
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G′ ⊆ K by Proposition 1.7.3 QGe(G,G,K) is commutative. If G′ * K, since K is normal
in G, again by Proposition 1.7.3 we have QG e(G,A, 〈bhn/k〉) ∼= (Q(ζph)/F (ζh), ζh) for
every h | k, as desired.

Proposition 3.2.3. If G is one of the groups listed in Theorem 3.1.1 then G is CSP’-
critical. Moreover QG has an exceptional component of type (EC1) if and only if G is of
one of the types (1)-(3) and QG has an exceptional component of type (EC2) if and only
if G is of one of the types (4)-(22).

Proof. (1) Assume that G = Cq× (Cpo2C4) = 〈a〉pqo2 〈b〉4 with p and q different primes
such that p 6= 3, p ≡ −1 mod 4, q > 2 and 2 - oq(p), i.e. G satisfies the conditions of (1).

Using Theorem 1.7.4 for A = 〈a, b2〉, one can calculate the non-commutative simple
components of QG. They are

A1 = QGe(G,A, 1) ∼= (Q(ζpq)/Q(ζq, ζp + ζ−1
p ),−1) ∼=

(
(ζp − ζ−1

p )2,−1

Q(ζq, ζp + ζ−1
p )

)
,

A2 = QGe(G,A, 〈b2〉) ∼= (Q(ζpq)/Q(ζq, ζp + ζ−1
p ), 1) ∼= M2(Q(ζq, ζp + ζ−1

p )),

A3 = QGe(G,A, 〈ap〉) ∼= (Q(ζp)/Q(ζp + ζ−1
p ),−1) ∼=

(
(ζp − ζ−1

p )2,−1

Q(ζp + ζ−1
p )

)
and

A4 = QGe(G,A, 〈ap, b2〉) ∼= (Q(ζp)/Q(ζp + ζ−1
p ), 1) ∼= M2(Q(ζp + ζ−1

p )).

Observe that G satisfies the conditions of (Z)(c) in Theorem 1.8.1. Thus G is a subgroup
of a division algebra and hence, by Lemma 3.2.1, A1 = Q(G, 〈a, b2〉) is a division ring.
It is not totally definite because its center contains a primitive root of unity of order
q. Thus A1 is an exceptional algebra of type (EC1). However A3 is a totally definite
quaternion algebra because (ζp − ζ−1

p )2 < 0 and A2 and A4 are not exceptional because

[Q(ζp + ζ−1
p ) : Q] = p−1

2 > 2. On the other hand every non-abelian proper quotient of
G is isomorphic to either Cp o C4, D2p or Cq × D2p. Moreover, Q(Cp o C4) has two
non-commutative simple components isomorphic to A3 and A4 respectively; the only non-
commutative simple component of D2p is isomorphic to A4; and the non-commutative
simple components of Q(Cq × D2p) are isomorphic to A2 and A4 respectively. Thus QG
does not have exceptional components for any proper quotient G and we conclude that G
is CSP’-critical.

(2) Assume that G = CpokCn = 〈a〉pok〈b〉n with p, n and k as in (2). By Lemma 3.2.2,
the non-commutative simple components of QG are the algebras Bh of with h | k and
A = 〈a, b

n
k 〉. So the degree of Bh is n

k , moreover Bh ∼= Q(Hh, Ah) with Hh = G/〈bh
n
k 〉 ∼=

Cp oh Chn
k

and Ah = A/〈bh
n
k 〉. By Lemma 3.2.1, Bh is a division algebra if and only

if Hh is one of the groups in items (Z)(b) or (Z)(c) in Theorem 1.8.1. Observe that G
satisfies the conditions of (Z)(c) in Theorem 1.8.1. Hence Bk is a division algebra. If Bk
is a totally definite quaternion algebra then n

k = 2 and k = 2 because the centre of Bk has
a root of unity of order k. Hence n = 4 in contradiction with the hypothesis. Thus Bk is
an exceptional algebra of type (EC1).

Any non-commutative simple component of the rational group algebra of a proper
quotient G of G is isomorphic to Bh for some proper divisor h of k. So, in order to prove
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that QG has not exceptional components, it is enough to prove that if h is a proper divisor
of k then Bh is not exceptional. Assume first that Bh is exceptional of type (EC2). Then
n
k , which is the degree of Bh, is either 2 or 4 and hence n is a power of 2. Moreover the
centre of Bh contains the unique subfield F of index n

k in Q(ζp). Thus either n
k = 2 and

F = Q(ζp + ζ−1
p ) or n

k = 4, F = Q and p = 5. The latter case is in contradiction with the
hypothesis and in the former case F is contained in an imaginary quadratic extension of
Q and hence F = Q and p = 3, again in contradiction with the hypothesis. This proves
that Bh is not exceptional of type (EC2) and in particular that QG has not exceptional
components of type (EC2). Secondly suppose that Bh is exceptional of type (EC1). Then
Bh is a division algebra containing Hh and hence Hh is a non-cyclic Z-group. Thus
Hh = CpohChn

k
satisfies either (Z)(b) or (Z)(c). If G satisfies (2)(a) then vq(k) = vq(p−1)

for every prime q | hnk . But we know vq(h) < vq(k), in contradiction with the fact that

Hh is a Z-group. Suppose now that G satisfies (2)(b). If hn
k is divisible by an odd prime

q then we obtain the same contradiction as in the previous case. Thus, necessarily hn
k

is a power of 2. Hence h = 1 since v2(n) = 2. So Hh does not satisfy the conditions
of neither (Z)(b) nor (Z)(c), a contradiction. Finally, assume that G satisfies (2)(c). As
v2(h) < v2(k) = v2(p + 1) + 1, Hh only can satisfy the conditions of (Z)(b) or (Z)(c) if
h = 2. In this case hn

k = 4, so that Hh = Cp o2 C4. Then Bh = (Q(ζp)/Q(ζp + ζ−1
p ),−1),

a totally definite quaternion algebra and hence it is not an exceptional component, as
desired.

(3) Let G = Q8 × Cp with p an odd prime such that op(2) is odd. Then the only
non-commutative simple components of QG are H(Q) and H(Q(ζp)). The first one is a
totally definite quaternion algebra and the second one is a division algebra by [Mos73].
Since Q(ζp) is not totally real H(Q(ζp)) is exceptional of type (EC1). Therefore QG does
not have exceptional components of type (EC2). The only non-abelian proper quotient of
G is G/Cp ∼= Q8 and the only non-abelian simple component of QQ8 is H(Q). This proves
that G is CSP’-critical.

We now prove that if G is one of the groups in items (4)-(22) of Theorem 3.1.1, then
QG has an exceptional component of type (EC2). To that end, we will simply calculate the
Wedderburn decomposition of their rational group algebras, using the Wedderga package
[BCKO+13]. They appear displayed in Table 3.1. Observe that all of them have one
component of isomorphic to one of the following algebras:

M2(Q), M2(Q(ζ4)), M2(Q(ζ3)), M2(Q(
√
−2)),

M2(H(Q)), M2

(
−1,−3

Q

)
, (Q(ζ5)/Q,−1).

(3.2.1)

Moreover, no simple component is exceptional of type (EC1).

The only one which is not obviously exceptional of type (EC2) is A = (Q(ζ5)/Q,−1).
Clearly A is not a division algebra, because its exponent is the order of −1 modulo the
image of the norm of Q(ζ5) over Q [Rei75, Corollary 30.7]. So it is enough to prove that
R⊗Q A is not split.

Observe that A = Q(G, 〈a〉) = QGe(G, 〈a〉, 1) with G = 〈a〉5 o2 〈b〉8. The only
irreducible character of G not vanishing in e(G, 〈a〉, 1) is χ = λG〈a〉,1 and it is given by the
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second and third row of the following table.

1 5 5 1 4 5 5 5 4 5
1 b b2 b4 a b3 b5 b6 ab4 b7

4 0 0 −4 −1 0 0 0 −1 0

The first row gives the cardinality of the corresponding conjugacy class. Having in mind
that χ(a2) = χ(a), because a and a2 are conjugate in G, we can calculate the Frobenius-
Schur indicator of χ which is

1

|G|
∑
g∈G

χ(g2) =
1

20
(χ(1) + 5(χ(b2) + χ(b4) + χ(b6)) + 4χ(a2)) = −1.

Therefore, R ⊗Q A is not split as desired. Thus A = M2(D) with D a totally definite

quaternion algebra over Q. (It can be proved that D ∼=
(
−2,−5

Q

)
, but this is not relevant

for us.)

To complete the proof it remains to prove that if G is one of the groups in items (4)-(22)
and H is a proper epimorphic image of G then QH does not have exceptional components.
Some of these groups G do not have any non-abelian proper quotient and hence there is
nothing to prove for them. The remaining groups G and their proper quotients H are
listed in Table 3.2 (second and third columns respectively).

We have to check that QH has not exceptional components for each H in the third
column of Table 3.2. We do not need to consider the groups H which are a proper quotient
of another group K in the third column of Table 3.2 because the simple components of
QH are also simple components of QK. This excludes A4, A5, C/Z(Q8 × Q8) and D10.
Moreover, Q(C2 ×H) ∼= QC2 ⊗Q QH = 2QH and hence we do not need to compute the
Wedderburn decomposition of the groups of the form C2 ×H. Therefore we have only to
verify that the following Wedderburn decompositions (computed using Wedderga) have
not exceptional components:

QQ8 = 4Q⊕H(Q).

Q(C5 o C4) = 2Q⊕Q(ζ4)⊕M4(Q).

Q((C3 × C3) o C4) = 2Q⊕Q(ζ4)⊕ 2M4(Q).

Q(C/Z(C)) = 2Q⊕ 2Q(ζ3)⊕ 2M3(Q)⊕ 2M4(Q)⊕ 2M6(Q)⊕ 2M4(Q(ζ3)).

QPSL(2, 9) = Q⊕ 2M5(Q)⊕M9(Q)⊕M10(Q)⊕M8(Q(
√

5)).

QS5 = 2Q⊕ 2M4(Q)⊕ 2M5(Q)⊕M6(Q).

Q(B1/Z(B1) = Q⊕Q(ζ5)⊕ 3M5(Q).

Q(B2/Z(B2) = 2Q⊕ 6M5(Q)⊕M2(Q(
√

5)).

Q(B/Z(B)) = Q⊕ 2M5(Q)⊕ 2M10(Q)⊕M15(Q)⊕M5(Q(ζ3))⊕
M20(Q)⊕M4(Q)⊕M3(Q(

√
5))

This finishes the proof of the proposition.
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# Wedderburn decomposition of QG
(4) QSL(2, 3) = Q⊕Q(ζ3)⊕M3(Q)⊕H(Q)⊕M2(Q(ζ3))

(5) QSL(2, 5) = Q⊕M4(Q)⊕M5(Q)⊕M3(Q(
√

5))⊕M3(H(Q))⊕
(Q(ζ5)/Q(

√
5),−1)⊕M2

(
−1,−3

Q

)
(6) QD6 = 2Q⊕M2(Q)
(7) QD8 = 4Q⊕M2(Q)
(8) QD+

16 = 4Q⊕ 2Q(ζ4)⊕M2(Q(ζ4))
(9) Q(Q8 o C2) = 8Q⊕M2(Q(ζ4))
(10) Q(Q8 × C3) = 4Q⊕ 4Q(ζ3)⊕H(Q)⊕M2(Q(ζ3))
(11) Q(Q8 �2 D8) = 16Q⊕M2(H(Q))
(12) Q(C5 o2 C8) = 2Q⊕Q(ζ4)⊕Q(ζ8)⊕M4(Q)⊕ (Q(ζ5)/Q,−1)

(13) Q(C2
3 o2 C8) = 2Q⊕Q(ζ4)⊕Q(ζ8)⊕ 2M4(Q)⊕ 2M2

(
−1,−3

Q

)
(14) Q(SL(2, 3) �2 D8) = 4Q⊕ 4Q(ζ3)⊕ 4M3(Q)⊕

M2 ((Q(ζ12)/Q(ζ3),−1))⊕M2(H(Q))
(15) QC = 2Q⊕ 2Q(ζ3)⊕ 2M3(Q)⊕ 2M4(Q)⊕ 2M6(Q)⊕ 2M4(Q(ζ3))

⊕M6(H(Q))⊕M2((Q(ζ12)/Q(ζ3),−1))⊕M2(H(Q))
(16) Q(SL(2, 3) �2 C4) = 2Q⊕ 2Q(ζ3)⊕ 2M3(Q)⊕M2(Q(ζ12))⊕M2(Q(ζ4))

(17) QSL(2, 9) = Q⊕ 2M5(Q)⊕M9(Q)⊕M10(Q)⊕M8(Q(
√

5))⊕
M4

(
−1,−3

Q(
√

5)

)
⊕M4

(
−1,−3

Q(
√

2)

)
⊕ 2M2

(
−1,−3

Q

)
(18) QA+ = 2Q⊕ 2M4(Q)⊕ 2M5(Q)⊕M6(Q)⊕M4(Q(ζ3))⊕

M6(Q(
√
−2))⊕ (Q(ζ5)/Q,−1)

(19) QA− = 2Q⊕ 2M4(Q)⊕ 2M5(Q)⊕M6(Q)⊕ (Q(ζ5,
√

3)/Q(
√

3),−1)

⊕M3(Q(
√

2)⊗Q D))⊕ (Q(ζ5)/Q,−1),
where (Q(ζ5)/Q,−1) = M2(D)

(20) QB1 = Q⊕Q(ζ5)⊕ 3M5(Q)⊕M2((Q(ζ20)/Q(ζ5),−1))⊕M2(H(Q))

(21) QB2 = 2Q⊕ 6M5(Q)⊕M2(Q(
√

5))⊕M4(H(Q(
√

5)))⊕ 2M2(H(Q))
(22) QB = Q⊕ 2M5(Q)⊕ 2M10(Q)⊕M15(Q)⊕M5(Q(ζ3))⊕M20(Q)⊕

M4(Q)⊕M3(Q(
√

5))⊕M8(H(Q))⊕M10(H(Q))⊕
M6(H(Q(

√
5)))⊕M2(H(Q))

Table 3.1: Wedderburn decomposition of QG, with G a CSP’-critical group of type from
(4) to (22).
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# G Non− abelian proper quotients of G
(4) SL(2, 3) PSL(2, 3) ∼= A4

(5) SL(2, 5) PSL(2, 5) ∼= A5

(10) Q8 × C3 Q8

(12) C5 o2 C8 C5 o C4

(13) (C3 × C3) o2 C8, (C3 × C3) o C4

(14) SL(2, 3) �2 D8 A4, C2 ×A4

(15) C A4, C2 ×A4, C/Z(C), C/Z(Q8 ×Q8)
(16) SL(2, 3) �2 C4 A4, C2 ×A4

(17) SL(2, 9) PSL(2, 9)
(18) A+ S5

(19) A− S5

(20) B1 B1/Z(B1)
(21) B2 D10,B2/Z(B2)
(22) B A5,B/Z(B) = C4

2 oA5

Table 3.2: The non-abelian proper quotients of some of the CSP’-critical groups of types
(4)-(22).

Table 3.3 summarizes information obtained in the proof of Proposition 3.2.3. It dis-
plays the exceptional component obtained in each case and, except for the first three
infinite families, identify the groups in the GAP library. The reader can easily verify
the calculations of the Wedderburn decomposition of QG for each G of types (4)-(22) by
performing the computation

WedderburnDecompositionInfo(GroupRing(Rationals,SmallGroup(n,k)));

with (n, k) taking the values of the fourth column.

3.3 Necessity

In this section we prove the necessity part of Theorem 3.1.1. More precisely, throughout
we assume that G is a finite CSP’-critical group and we prove that G is one of the groups
listed in Theorem 3.1.1. Since we have already proved that the groups in the theorem
are CSP’-critical, G does not have any proper epimorphic image isomorphic to one of the
groups in Theorem 3.1.1. So that,

(P1) No proper quotient of G is isomorphic to one of the groups in Theorem 3.1.1.

We know QG has at least one exceptional component. Let A be any exceptional
component of QG and let f : G → U(A) be the group homomorphism induced by the
projection QG → A. Then A is a simple component of Q(G/ ker f) and hence f is
injective. Thus,

(P2) G is embedded in each exceptional component of QG.

Due to (P2), G is a subgroup of either a division algebra or a two-by-two matrix over
a division algebra. The main tools to prove the necessity part of Theorem 3.1.1 are the
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# G Excep. Comp. GAP ID

(1) Cq × (Cp o2 C4)
(

(ζp−ζ−1
p )2,−1

Q(ζq ,ζp+ζ−1
p )

)
(2) Cp ok Cn (Q(ζpk)/F (ζk), ζk)

([Q(ζp) : F ] = n
k )

(3) Q8 × Cp, H(Q(ζp))
(4) SL(2, 3) M2(Q(ζ3)) [24, 3]

(5) SL(2, 5) M2

(
−1,−3

Q

)
[120, 5]

(6) D6 M2(Q) [6, 1]
(7) D8 M2(Q) [8, 3]
(8) D+

16 M2(Q(ζ4)) [16, 6]
(9) Q8 o C2 M2(Q(ζ4)) [16, 13]
(10) Q8 × C3 M2(Q(ζ3)) [24, 11]
(11) Q8 �2 D8 M2(H(Q)) [32, 50]
(12) C5 o2 C8 (Q(ζ5)/Q,−1) [40, 3]

(13) (C3 × C3) o2 C8, M2

(
−1,−3

Q

)
[72, 19]

(14) SL(2, 3) �2 D8 M2(H(Q)) [96, 202]
(15) C M2(H(Q)) [384, 618]
(16) SL(2, 3) �2 C4 M2(Q(ζ4)) [48, 33]

(17) SL(2, 9) M2

(
−1,−3

Q

)
[720, 409]

(18) A+ (Q(ζ5)/Q,−1) [240, 90]
(19) A− (Q(ζ5)/Q,−1) [240, 89]
(20) B1 M2(H(Q)) [160, 199]
(21) B2 M2(H(Q)) [320, 1581]
(22) B M2(H(Q)) [1920, 241003]

Table 3.3: The list of CSP’-critical groups. The third column displays the exceptional
component of the rational group algebra. The last column represents the identification of
the group in the GAP library of small groups [GAP12] except for the first three families
of groups.
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classifications of the finite subgroups of division algebras and two-by-two matrices over
division algebras which were obtained by Amitsur and Banieqbal respectively [Ami55,
Ban88]. Then we inspect these classifications and decide which of these groups are CSP’-
critical.

Actually the proof of the necessity part of Theorem 3.1.1 is too long and technical. For
this reason we divide it into four cases, which are consider separately. We first deal with
the case when G is a subgroup of a division ring (Proposition 3.3.1), secondly the case
when G is metabelian, but it is not a subgroup of a division ring (Proposition 3.3.3), and
after that we treat the case when G is an imprimitive subgroup (see Definition 3.3.4) of
an exceptional component of QG (necessarily of type (EC2)), but it is neither a subgroup
of a division ring nor metabelian (Proposition 3.3.9). Finally we regard the case when G
does not satisfy any of the previous conditions (Proposition 3.3.10).

The following proposition proves Theorem 3.1.1 for the case when G is a subgroup of
a division ring.

Proposition 3.3.1. Let G be a CSP’-critical group which can be embedded in a division
ring. Then G is isomorphic to one of the groups in items (1)-(5) of Theorem 3.1.1.

Proof. By the assumptions on G, it is one of the groups in Theorem 1.8.1 and we use (Z)
and (NZ) to distinguish Z-groups from non Z-groups. Assume first that G is one of the
groups in items (a)-(e) of (NZ). We start noting that G is not of type (NZ)(a) because
O∗ = 〈s, t|(st)2 = s3 = t4〉 and O∗/〈t2, (s, t2)〉 ∼= D6, in contradiction with (P1). If G is of
type (NZ)(e) then G ∼= SL(2, 5), that is G is as in item (5) of Theorem 3.1.1. By (P1), if
G is of type (NZ)(d) then G ∼= SL(2, 3), thus G is as in item (4) of Theorem 3.1.1.

We now prove that G is not of type (NZ)(b). Suppose that G = Qm = 〈j〉m
2
��2 C4

with v2(m) ≥ 3. Then G/〈j4〉 ∼= D8 when v2(m) ≥ 3, and if 3 | m then G/〈j3〉 ∼= D6 in
contradiction with (P1) in both cases. Hence v2(m) = 3 and 3 - m. Moreover A = 〈j〉 is
a maximal abelian subgroup of index 2 in G and G′ = 〈j2〉. Thus, by Theorem 1.7.4, the
non-commutative simple components of QG are of the form QGe(G,A, 〈jd〉) with d | m2
and d 6= 1, 2. Then

QGe(G,A, 〈jd〉) ∼=
{

(Q(ζd)/Q(ζd + ζ−1
d ), 1) ∼= M2(Q(ζd + ζ−1

d )), if d | m4 ;

(Q(ζd)/Q(ζd + ζ−1
d ),−1) ∼= H(Q(ζd + ζ−1

d )), otherwise.

None of this algebras is exceptional (the former because d 6= 1, 2, 3, 4 or 6 and the latter
because it is a totally definite quaternion algebra). This yields a contradiction.

Finally, assume that G is of type (NZ)(c), i.e. G = Q8×M , with M a Z-group of odd
order m > 1 and om(2) is odd. We claim that m is prime. As G is a subgroup of a division
algebra D, the subalgebra D1 of D generated by M is a division algebra which appears
in the Wedderburn decomposition of QM . As M is a proper quotient of G, D1 is not an
exceptional component and hence the degree of D1 is at most 2. However, since the order
of M is odd the degree of D1 is odd. Thus M is abelian and hence M is cyclic (i.e. of
type (Z)(a)). If p is a divisor of m then M has a subgroup K of index p and op(2) is odd.
Then G/K ∼= Q8 × Cp. By (P1) we deduce that K = 1 and hence m = p, as desired. We
conclude that G = Q8 × Cp with p an odd prime such that op(2) is odd. Thus G is the
group of item (3) of Theorem 3.1.1. This finishes the case when G is in (NZ).
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We now deal with the groups in item (Z), i.e. when G is a Z-group. Hence G is of type
(Z)(b) or (Z)(c). We first prove that G is not of type (Z)(b). Otherwise G = 〈a〉m o2 〈b〉4
with m odd and b acting by inversion. If 3 | m then G/〈a3, b2〉 ∼= D6, in contradiction with
(P1). Thus 3 - m. Set A = 〈a, b2〉. Then A is a maximal abelian subgroup of G of index 2.
Using Theorem 1.7.4, we have that every non-commutative simple component of QG is of
the form QGe(G,A,B) with B a subgroup of A not containing G′ = 〈a〉. Fix such B and
assume that k = [A : B]. By Proposition 1.7.3, QGe(G,A,B) = (Q(ζk)/Q(ζk + ζ−1

k ), ε)
with ε = 1 if b2 ∈ B and ε = −1 if b2 6∈ B. In the second case QGe(G,A,B) is a totally
definite quaternion algebra. In the first case QGe(G,A,B) = M2(Q(ζk + ζ−1

k )) which
is not exceptional because k is divisible by a prime p > 3. Therefore QG has not any
exceptional component, contradicting the hypothesis.

It remains to consider type (Z)(c). So suppose that G = Cm ok Cn satisfies the
hypothesis of (Z)(c) and recall that the Sylow p-subgroup of Cm is denoted Pp and the
Sylow p-subgroup of Cn is denoted Qp (see Theorem 1.8.1). Let p be a prime divisor
of m such that Cn does not act trivially on Pp. Let q1, . . . , qh be the prime divisors q
of n such that Qq acts non-trivially on Pp and recall that Rp = Qq1 · · ·Qqh . Let kp be
the order of the kernel of the action of Rp on Pp. Then Pp okp Rp is a direct factor of

G and a subgroup of a division algebra of degree
|Rp|
kp

(see Lemma 3.2.1). This division

algebra is an exceptional component unless
|Rp|
kp

= 2. Therefore, since G is CSP’-critical,

if G 6= Pp okp Rp then
|Rp|
kp

= 2. This only can happen for one prime p, because Q2 acts
non-trivially on at most one Sylow p-subgroup of Cm. This shows that Cm = Cm0 × Pp
and G = Cm0 × (Pp ok Cn) with k = kp, Cn = Rp = 〈b〉 and Pp = 〈a〉pα . On the other
hand, A = Cm0 × 〈a, bnp/kp〉 is a cyclic normal subgroup and a maximal abelian subgroup
of G. Hence (A, 1) is a strong Shoda pair of G and hence Q(G,A, 1) is a simple component
of QG isomorphic to Q(G,A). Moreover, by Lemma 3.2.1, Q(G,A) is a division algebra
of degree n

k .

We claim that α = 1. Otherwise G = G/〈apα−1〉 satisfies the conditions of (Z)(c)
and therefore Q(G,A) is a non-commutative division ring of degree n

k which is a simple
component of QG. By assumption G is a proper quotient of a CSP’-critical group and
hence, Q(G,A) has to be a totally definite quaternion algebra. Thus n = 2k, and the
action of 〈b〉 on 〈a〉 is the only one of order 2, i.e. ab = a−1. Moreover, as the centre of
Q(G,A) contains Q(ζm0k) and m0 is odd, necessarily m0 = 1 and k ≤ 2. However, the
hypothesis of (Z)(c) implies that k 6= 1 and thus k = 2. Then G is as in case (Z)(b) which
we have already excluded. This concludes the proof of the claim.

Suppose that m0 6= 1. Then G/Cm0 = 〈a〉p ok 〈b〉n is a non-commutative proper
quotient of G and its rational group algebra has a simple component of degree n

k . The
argument of the previous paragraph shows that n = 4, k = 2 and ab = a−1 and hence G =
Cm0×(〈a〉po2〈b〉4). Furthermore a similar argument, now factoring by a subgroup of Cm0 ,
shows that m0 is prime. Applying the conditions in (Z)(c) for q = 2 we have v2(om0(p)) <
o2(p) = 1 or equivalently om0(p) is odd. Note that, if p = 3 then G/〈Cm0 , b

2〉 ∼= D6, in
contradiction with (P1). Moreover, if p ≡ 1 mod 4 then 1 = v2(k) ≥ v2(p − 1) ≥ 2,
another contradiction. As a result we have 3 6= p ≡ −1 mod 4. We have proved that G
satisfy the conditions of item (1) in Theorem 3.1.1 (with q = m0).

Finally, suppose that m0 = 1. Then G = 〈a〉pok 〈b〉n, and every Sylow subgroup of 〈b〉
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acts non-trivially on 〈a〉. Hence, if q is a prime divisor of n then 1 ≤ vq
(
n
k

)
≤ vq(p− 1) ≤

vq(k). In particular, vq(n) ≥ 2 and hence either n = 4 and G = Cpo2C4 or n ≥ 8. However
in the first case G satisfies (Z)(b) which was excluded before. Thus n ≥ 8. Suppose that
p ≡ 1 mod 4. Then, by the hypothesis on (Z)(c), vq(p − 1) ≤ vq(k) for every prime
divisor q of n. Therefore gcd(n, p− 1) divides k. By means of contradiction, suppose that
gcd(n, p−1) 6= k. Then vq(p−1) < vq(k) for some prime divisor q of n. Let A = 〈a, b

n
k 〉 and

let C be the subgroup of order q of 〈b〉 and G = G/C. Then 1 6= C ⊆ Z(G), G = Cpo k
q
C k
q
,

(A, 1) is a strong Shoda pair of G and Q(G,A) = Q(G,A) is a simple component of QG.

Then G also satisfies the assumptions of (Z)(c), since vq(p−1) ≤ vq
(
k
q

)
. By Lemma 3.2.1,

Q(G,A) is a non-commutative division algebra of degree n
k . Therefore n = 2k, and the

centre of this algebra is a totally real field containing Q(ζk). As v2(k) ≥ v2(p− 1) ≥ 2 (or
n 6= 4) k > 2, yielding a contradiction. Hence k = gcd(n, p− 1). If p = 5 then n

k divides 4
and hence n is a power of 2. Then k = 4 and n is either 8 or 16. If n = 16 then G has an
epimorphic image isomorphic to C5 o2 C8 in contradiction with (P1). Thus n = 8 and G
satisfies the conditions of (2)(a) in Theorem 3.1.1.

Assume that p ≡ −1 mod 4. Since n
k divides p−1, if n is even then v2(k) = v2(n)−1.

Moreover, vq(p−1) ≤ vq(k) for every odd prime divisor q of n and if 2 divides n then either
v2(k) = 1 or v2(k) > v2(p + 1). If vq(p − 1) < vq(k) for some odd prime divisor of n or
v2(p+ 1) + 1 < v2(k) then the argument of the previous paragraph yields a contradiction.
Thus vq(p − 1) = vq(k) if q is an odd prime divisor of n and if n is even then v2(k) is
either 1 or v2(p+ 1) + 1. If n is odd then k = gcd(p− 1, n) and G satisfies the conditions
of (2)(a) in Theorem 3.1.1. Assume otherwise that n = 2vn1, with v ≥ 1 and 2 - n1. If
v2(k) = 1 then k = 2 gcd(p − 1, n1) = gcd(p − 1, n) and v2(n) = 2. So G verifies the
conditions of (2)(b). Consider k = 2v−1 gcd(p − 1, n1) with v = v2(p + 1) + 2 and hence
v ≥ 4. Let G = G/〈b2v−2〉 = Cp o2 gcd(p−1,n1) C4 gcd(p−1,n1), then G satisfies the conditions

of (Z)(c). Hence Q(G,A) is a division algebra of degree 2 gcd(p−1, n1) in the Wedderburn
decomposition of QG. By hypothesis Q(G,A) is a totally definite quaternion algebra.
Then gcd(p− 1, n1) = 1. This means that 〈b2v〉n1 acts trivially on 〈a〉, necessarily n1 = 1.
Hence n = 2v2(p+1)+2 and k = 2v2(p+1)+1. Thus, G satisfies the conditions of (2)(c) of
Theorem 3.1.1.

Recall that an SSP component of QG is a simple component of QG of the form
QGe(G,H,K), for (H,K) a strong Shoda pair of G. In order to prove Theorem 3.1.1 for
metabelian groups, we start describing the SSP exceptional components of type (EC2).

Proposition 3.3.2. Let (H,K) be a strong Shoda pair of G such that λGH,K is faithful and
let A = QGe(G,H,K) and N = NG(K). If A is an exceptional component of type (EC2)
then one of the following conditions holds:

(i) A ∼= M2(Q) and G ∼= Dm with m = 6, 8 or 12.

(ii) A ∼= M2(Q(ζ4)) and one of the following conditions holds:

(a) Either G ∼= D+
16, or G ∼= C4 ×D6, or G ∼= C3 o4 C8.

(b) [H : K] = 4, [G : H] = 2, N = H and |K| ∈ {2, 4}.
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(iii) A = M2(Q(
√
−2)) and G ∼= D−16.

(iv) A ∼= M2(Q(ζ3)) and one of the following conditions holds:

(a) G ∼= C3 ×D8 or G ∼= C3 ×Q8.

(b) [G : H] = 2, N = H, [H : K] = 3 or 6 and 1 6= |K| | [H : K].

(v) A ∼= (Q(ζ5)/Q,−1) and G = C5 o2 C8.

(vi) A ∼= M2(H(Q)) and one of the following conditions holds:

(a) G = 〈i, j〉Q16 o 〈a〉2 with ja = j3 and ia = i.

(b) [G : N ] = 2, [H : K] = 4, N/K ∼= Q8 and |K| ∈ {2, 4}.

(vii) A ∼= M2

(
−1,−3

Q

)
, [G : N ] = 2, [H : K] = 6, N/K ∼= Q12 and 1 6= |K| | [H : K].

(viii) K = 1, |H| = 12 and G/H is elementary abelian of order 4.

In particular, |G| ∈ {6, 8, 12, 16, 18, 24, 32, 36, 40, 48, 64, 72, 144}.

Proof. Let n = [G : N ], k = [H : K], and F = Z(A). By Proposition 1.7.3, A ∼=
Mn(Q(ζk) ∗ατ N/H) and α is faithful. Hence the degree of A is [G : H] and [Q(ζk) : F ] =
[N : H]. Thus

ϕ(k) = [Q(ζk) : Q] = [N : H][F : Q]. (3.3.2)

Since A is an exceptional component of type (EC2), either [G : H] = 2 and D = Q or
[G : H] = 2 and D is a quadratic imaginary extension of Q, or [G : H] = 4, n ≤ 2 and D
is a totally definite quaternion algebra over Q. Moreover CoreG(K) = kerλGH,K = 1. So,
if K = 1 then N = G 6= H and otherwise [G : N ] = 2 and K ∩Kg = 1 for each g ∈ G \N .
In both cases N EG. Thus Kg ≤ N and |K| divides [N : K]. We consider separately the
following cases:

(A) K = 1, [G : H] = 2 and F = Q. Then G = N and A = M2(Q).

(B) K = 1, [G : H] = 2 and F 6= Q. Then G = N , F is an imaginary quadratic extension
of Q and A = M2(F ).

(C) K = 1 and [G : H] = 4. Then G = N , F = Q and A = M2(D) with D a totally
definite quaternion algebra over Q.

(D) K 6= 1 and [N : H] = 2. Then [G : N ] = 2, F = Q and A = M2(D) with D a totally
definite quaternion algebra over Q.

(E) K 6= 1, N = H and F = Q. Then [G : H] = 2 and A = M2(Q).

(F) K 6= 1, N = H and F 6= Q. Then [G : H] = 2, F is an imaginary quadratic
extension of Q and A = M2(F ).
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(A) In this case H is a cyclic subgroup of order k and index 2 in G. Moreover, (3.3.2)
reads ϕ(k) = 2. Hence either G = D2k with k = 3, 4 or 6 or G = Q2k with k = 4
or 6. However the only non-commutative simple component of QQ8 is isomorphic to

H(Q) and if G = Q12 then A =
(
−1,−3

Q

)
. (QQ12 has also an SSP simple component

QQ12e(Q12, 〈j〉, 〈j3〉) ∼= M2(Q) coming from the strong Shoda pair (〈j〉, 〈j3〉) but λQ12

〈j〉,〈j3〉
is not faithful.) Thus G satisfies the conditions of (i).

(B) By (3.3.2), we have ϕ(k) = 4. Hence k = 5, 10, 8 or 12. Since F is an imaginary
quadratic extension of Q contained in Q(ζk) the cases k = 5 and 10 are excluded. Therefore
either k = 8 and F ⊆ Q(ζ8) or k = 12 and F ⊆ Q(ζ12). Let a be a generator of H and let
b ∈ G \H. Then G = 〈a, b〉, ab = ai and b2 = aj with i = −1, 5 or −5 and k | j(i − 1).
However, if i = −1 then F = Q(ζk + ζ−1

k ), a real quadratic extension of Q, contradicting
the assumptions.

Assume that k = 8. If i = 5 then F = Q(ζ4), j is even and (a
j
2 b)2 = 1. Replacing

b by a
j
2 b one may assume that b2 = 1. Then G ∼= D+

16 verifying (ii)(a). If i = −5 then

F = Q(
√
−2), 4 | j and (a

j
4 b)2 = 1. Again one may assume that b2 = 1. Now G ∼= D−16

and the conditions of (iii) follow.

Suppose that k = 12. If i = 5 then F = Q(ζ4) and 3 | j. If 6 | j then (a−
j
6 b)2 = 1,

and we may assume that b2 = 1. Then G = C4×D6 satisfying (ii)(a). Otherwise, we may
assume that b2 = a3. Then G = 〈a4〉o4 〈b〉8 = C3 o4 C8 and G satisfies the conditions of

(ii)(a). Consider i = −5. Then F = Q(ζ3), 2 | j and (a−
j
2 b)2 = a3j . By changing b one

may assume that b2 = 1 or b2 = a6. In the first case G = C3 ×D8 and in the second case
G = C3 ×Q8. Thus G satisfies the conditions of (iv)(a).

(C) Again in this case ϕ(k) = 4 and hence k = 5, 10, 8 or 12. Moreover G/H ∼=
Gal(Q(ζk)/Q). If k = 12 then the conditions of (viii) hold. If k = 5 then G = C5 o C4

and QG ∼= 2Q ⊕ Q(i) ⊕M4(Q), which does not have any exceptional component. Thus
k 6= 5. If k = 10 then G = C10 o C4 = C2 × (C5 o C4) or G = C10 ��2 C4 = C5 o2 C8.
However Q(C2 × (C5 o C4)) = 2Q(C5 o C4) does not have any exceptional component.
Then G = C5 o2C8 and the unique exceptional component of QG is (Q(ζ5)/Q,−1). Thus
G satisfies the conditions of (v).

Assume that k = 8. Then G = 〈j, i, a〉 with |j| = 8, ji = j−1, ja = j3, i2, a2 ∈ 〈j4〉 and
(ia)2 ∈ 〈j2〉. If a2 = j4 then (aj)2 = 1 and hence we may assume that a2 = 1. Suppose that
i2 = j4x and (ia)2 = j2y. Then (i, a) = i−2(ia)2 = j4x+2y. Thus ia = ij4x+2y = j4x−2yi.
Therefore (jy−2xi)a = jy−2xi. Replacing i by jy−2xi we may assume that (i, a) = 1. If
i2 = 1 then G ∼= D16oC2 = 〈i, j〉D16o〈a〉 and if i2 = j4 then G ∼= Q16oC2 = 〈i, j〉Q16o〈a〉.
In both cases, |j| = 8, ja = j3 and (i, a) = 1. Using Wedderga we obtain

Q(D16 o C2) = 8Q⊕ 2M2(Q)⊕M4(Q).

Q(Q16 o C2) = 8Q⊕ 2M2(Q)⊕M2(H(Q)).

Therefore G = Q16 o C2, A = M2(H(Q)) and G satisfies (vi)(a).
(D) In this case, |K| divides [N : K] = 2k. Thus |G| divides 8k2. Observe that

(H = H/K,K = 1) is a strong Shoda pair of N = N/K satisfying the conditions of
(A), but now QGe(N,H,K) is a totally definite algebra over Q. By the calculations in
case (A), N = Q2k with k = 4 or 6. In the first case A = M2(H(Q)), so G satisfies the
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conditions of (vi)(b). In the second case A = M2

(
−1,−3

Q

)
and G verifies the conditions of

(vii).

(E) Again |K| divides [H : K] = k. Moreover (3.3.2) reads ϕ(k) = 1, and hence
k = 2. Then |K| = 2 and |G| = 8. Since Q8 has not any exceptional component, G ∼= D8.
Therefore G satisfies (i).

(F) Arguing as the previous case we deduce that ϕ(k) = 2. Thus k = 3, 4 or 6,
F = Q(ζk) and |K| divides k. Hence either k = 4 and A = M2(Q(ζ4)) or k = 3 or 6
A ∼= M2(Q(ζ3)). In the first case G satisfies (ii)(b) and in the second case it satisfies
(iv)(b).

If G is a finite group satisfying one of the conditions of Proposition 3.3.2, then the
order of G is bounded, so the problem of deciding which groups satisfies such conditions
can be done in a finite (although long) number of computations. Using the information
provided by Proposition 3.3.2, it is easy to write a GAP program which calculates a list
L of finite groups verifying the conditions of Proposition 3.3.2. The list L might contain
some non CSP’-critical groups. Then we calculate using GAP, a second list R excluding
from L all the groups G which are not CSP’-critical in the sense that G/N is isomorphic to
one of the groups in items (6)-(13) of Theorem 3.1.1, for some non-trivial normal subgroup
N of G.

The following GAP program implements the function Propiedad with three arguments
G,H and K. If (H,K) is a strong Shoda pair of a finite group G then Propiedad(G,H,K)

returns true if one of the conditions (i)-(viii) of Proposition 3.3.2 holds. The groups are
identified using the terminology of the GAP library of small groups (see Table 3.3).

Propiedad := function(G,H,K)

local id,N;

if G=H then

return false;

fi;

id := IdSmallGroup(G);

N:=Normalizer(G,K);

if Size(K)=1 and id in [[6,1] , [8,3] , [12,4]] then

return true;

fi;

if Size(K)=2 and id = [8,3] then

return true;

fi;

if Size(K)=1 and id in [[16,6] , [24,1] , [24,5]] then

return true;

fi;

if Size(H)=4*Size(K) and Size(G)=2*Size(N) and N=H and

(Size(K)=2 or Size(K)=4) then
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return true;

fi;

if Size(K)=1 and id = [16,8] then

return true;

fi;

if Size(K)=1 and id in [[24,10] , [24,11] ] then

return true;

fi;

if (Size(H) = 3*Size(K) or Size(H)=6*Size(K)) and

Size(G)=2*Size(H) and N=H and Size(K) <> 1 and

Size(H) mod Size(K)^2 = 0 then

return true;

fi;

if Size(K)=1 and id = [40,3] then

return true;

fi;

if Size(K)=1 and id = [32,42] then

return true;

fi;

if Size(H) = 4*Size(K) and Size(G)=2*Size(N) and

IdSmallGroup(N/K) = [8,4] and (Size(K)=2 or Size(K)=4) then

return true;

fi;

if 6*Size(K) mod Size(H) = 0 and Size(G)=2*Size(N) and

IdSmallGroup(N/K) = [12,1] and Size(K) <> 1 and

Size(H) mod Size(K)^2 = 0 then

return true;

fi;

if Size(K)=1 and Size(H)=12 and IdSmallGroup(G/H)=[4,2] then

return true;

fi;

return false;

end;

The program below computes the list L formed the groups G of orders 6, 8, 12, 16,
18, 24, 32, 36, 40, 48, 64, 72 or 144 for which Propiedad(G,H,K) returns true for some
strong Shoda pair (H,K) of G and another list R with the groups in L with no proper
quotient isomorphic to any of the groups in items (6)-(13) of Theorem 3.1.1. The list L

contains 127 groups while the resulting list R contains the 8 groups in items (6)-(13) of
Theorem 3.1.1.

LoadPackage("wedderga");

D := [6,8,12,16,18,24,32,36,40,48,64,72,144];

csp := [[6,1],[8,3],[16,6],[16,13],[24,11],[32,50],[40,3],[72,19]];

L := [];
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R := [];

for n in D do

m:=NumberSmallGroups(n);

Print("\n",[n,m]);

for i in [1..m] do

G:=SmallGroup(n,i);

if not IsAbelian(G) then

Print("\n",i);

prop := false;

ssp := StrongShodaPairs(G);

nssp := Length(ssp);

j:=0;

while not prop and j<nssp do

j:=j+1;

x:=ssp[j];

H:=x[1];

K:=x[2];

prop := Propiedad(G,H,K);

od;

if prop then

Add(L,[n,i]);

NS := Filtered(NormalSubgroups(G),x->Size(x)>1);

IdNS := SSortedList(NS,x->IdSmallGroup(G/x));

if Intersection(IdNS,csp)=[] then

Add(R,[n,i]);

fi;

fi;

fi;

od;

od;

The following proposition classifies the metabelian CSP’-critical groups not included
in Proposition 3.3.1 with the help of the previous GAP code.

Proposition 3.3.3. The following conditions are equivalent for a finite group G.

(i) G is CSP’-critical, it is not a subgroup of a division ring and QG has an exceptional
SSP component of type (EC2).

(ii) G is metabelian and CSP’-critical, it is not a subgroup of a division ring and QG
has an exceptional component of type (EC2).

(iii) G is one of the groups in items (6)-(13) of Theorem 3.1.1.

Proof. (iii) implies (ii). Let G be one of the groups of types (6)-(13) from Theorem 3.1.1.
Clearly G is metabelian. By Proposition 3.2.3, G is CSP’-critical. Moreover, in all the
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cases QG have an exceptional component of type (EC2) (see Table 3.3). It remains
to prove that G is not a subgroup of a division ring. Assume that one of the simple
components of QG is a division ring containing G as an spanning set over Q. We have
calculated the Wedderburn decomposition of QG for all the groups G in the proof of
Proposition 3.2.3. The only non-commmutative division algebra occurring in one of these
Wedderburn decompositions is H(Q) in the Wedderburn decomposition of Q(Q8 × C3).
However Q8 × C3 cannot be contained as an spanning set of H(Q) over Q because the
centre of H(Q) has not elements of order 3.

(ii) implies (i) is a direct consequence of the fact that every metabelian group is strongly
monomial (Theorem 1.7.4).

(i) implies (iii). We use the notation of Proposition 3.3.2. Suppose that G is CSP’-
critical and (H,K) is a strong Shoda pair of G such that A = QGe(G,H,K) is an ex-
ceptional component of type (EC2). Then λGH,K is a faithful character of G because A is

also a simple component of Q(G/ kerλGH,K). This implies that, one of the conditions of
Proposition 3.3.2 holds for G. In particular, G belongs to the list R calculated with the
programs before the proposition. In other words, G is one of the groups in items (6)-(13)
from Theorem 3.1.1. This finishes the proof.

In what follows, we focus our attention on Banieqbal’s classification of finite subgroups
of two-by-two matrices over division algebras. He considers separately imprimitive and
primitive groups, and classifies the primitive groups in six theorems of which five deal with
solvable primitive groups (3.8, 4.4,4.5 and 4.7) and one with non-solvable primitive ones
(5.8). We will use the information contained in the paper of Banieqbal for determining
which groups of this classification are CSP’-critical. We start dealing with the case when
G is an imprimitive subgroup of an exceptional component of type (EC2), but of course
we first define primitive and imprimitive.

Definition 3.3.4. Let G be a finite subgroup of GL2(D) where D is a division algebra
of characteristic zero. One says that G is primitive in M2(D) if there is no non-singular
two-by-two matrix A over D such that AgA−1 is monomial (i.e. every column and row
has exactly one non-zero entry) for all g ∈ G. Otherwise one says that G is imprimitive.

The classification of imprimitive groups depends on the Amitsur classification of finite
subgroups of division rings via the following lemma from Banieqbal. Observe that, the
hypothesis that G spans M2(D) is not present in the statement of [Ban88, Lemma 2.2]
while it is used in its proof. This hypothesis is necessary because otherwise G could be
included diagonally on M2(D). For example, if G is a subgroup of a division ring then
one can embedded G diagonally on GL2(D). This is an imprimitive representation and if
the order of G is odd then the existence of the subgroup N mentioned in the lemma is not
possible. This is the way we include a proof of the lemma.

Lemma 3.3.5. [Ban88, Lemma 2.2] Let D be a division algebra and let G be a subgroup
of GL2(D) spanning M2(D) over Q. Then G is imprimitive if and only if there is a group
homomorphism θ : N → GL1(D) for N a subgroup of index 2 of G and g ∈ G \ N such
that if K = ker θ then K ∩Kg = 1.
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Proof. Suppose first that G is imprimitive. We may assume without lost of generality that
every element of G is either diagonal or off-diagonal (i.e. of the form ( 0 ?

? 0 )). Let N be
the subgroup of G formed by its diagonal elements. Since M2(D) is spanned by G over
Q, we have that G 6= N , and hence it is easy to see that [G : N ] = 2. Let g ∈ G \N and
θ : N → U(D) be the group homomorphism given by θ

(
x1 0
0 x2

)
= x1, and let K = Ker θ. If

h = ( 1 0
0 x ), then h belongs to K, and if g =

(
0 y1
y2 0

)
then hg =( x

y2 0
0 1 ). Hence K ∩Kg = 1.

Conversely, if we have N,K, θ : N → U(D) and g as in the hypothesis, then

n ∈ N →
(
θ(n) 0

0 θ(g−1ng)

)
, g →

(
0 θ(g2)
1 0

)
is a faithful representation of G in M2(D). Hence G is imprimitive. This finishes the
proof.

The following three auxiliary lemmas will be used in the proof of Proposition 3.3.9.

Lemma 3.3.6. Assume that G is an imprimitive subgroup of an exceptional component
M2(D) of type (EC2) of QG and let θ : N → GL1(D), g ∈ G and K = ker θ satisfy the
conditions of Lemma 3.3.5. If D is an SSP component of Q(N/K) then M2(D) is an SSP
component of QG.

Proof. The rules

n ∈ N →
(
θ(n) 0

0 θ(g−1ng)

)
, g →

(
0 θ(g2)
1 0

)
define an injective group homomorphism θ : G→ GL2(D). Moreover, D is generated over
Q by θ(N), since M2(D) is spanned over Q by θ(G). Thus D is spanned over Q by a sub-
group isomorphic to N/K and hence D is a simple component of Q(N/K). Suppose that
(H/K,K1/K) is a strong Shoda pair ofN/K such thatD = Q(N/K)e(N/K,H/K,K1/K).
Note that (H,K1) is a strong Shoda pair of N . Then θ is an irreducible represen-
tation of N affording the character λNH,K1

. As K = ker θ, θ lifts to a faithful repre-

sentation ρ of N/K affording the character λ
N/K
H/K,K1/K

. Using Proposition 1.7.3 and

the fact that D is a division algebra, we deduce that K1/K is normal in N/K. Thus

K1/K = CoreN/K(K1/K) = kerλ
N/K
H/K,K1/K

= 1 so that K1 = K. As K E N and H/K

is cyclic and maximal abelian and normal in N/K, we deduce by Proposition 1.7.2 that
(H,K) is a strong Shoda pair of N . If NG(K) = N then (H,K) is a strong Shoda
pair of G. Then QGe(G,H,K) ∼= M2(D), by Proposition 1.7.3. Otherwise, K E G
and hence K = K ∩ Kg = 1 and so H is cyclic. If H is maximal abelian in G then
again (H,K) is strong Shoda pair of G. Moreover θ affords the character λGH,1 and hence
M2(D) = QGe(G,H,K). Assume otherwise that H is not maximal abelian in G. Then
there is n ∈ N such that n−1g ∈ CG(H). As (H, 1) is a strong Shoda pair of N , H is
normal in N and therefore hg = hn ∈ H for every h ∈ H. Therefore H E G. Moreover
[N : H] is the degree of D which is either 1 or 2. Thus G/H is abelian. Since H is cyclic,
we deduce that G is metabelian and hence every simple component of QG is SSP. So in
all the cases M2(D) is an SSP component of QG.
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Lemma 3.3.7. Let N be a finite group containing two normal subgroups K1 and K2 such
that K1

∼= K2, K1 ∩K2 = 1 and N/Ki
∼= SL(2, 3). Then N is isomorphic to one of the

following groups:

(i) SL(2, 3).

(ii) SL(2, 3)× SL(2, 3).

(iii) (Q8 ×Q8) oC3 = (〈i1, j1〉Q8 × 〈i2, j2〉Q8) o 〈c〉, with ick = jk and jck = ikjk for every
k = 1, 2.

(iv) SL(2, 3)× C2.

Proof. Clearly if K1 = 1 then N ∼= SL(2, 3), and hence (i) holds. So we assume that
K1 6= 1. The assumption of the lemma implies that K1 ×K2 is a normal subgroup of N .
Then K1 is isomorphic to a non-trivial normal subgroup of N/K2

∼= SL(2, 3). Thus K1 is
isomorphic to either C2, Q8 or SL(2, 3). We discuss each case separately.

If K1
∼= SL(2, 3) then |N | = 576 = |K1×K2|. Thus N = K1×K2

∼= SL(2, 3)×SL(2, 3),
so (ii) follows. Assume now that K1

∼= Q8. Then |N | = 192 and [N : K1×K2] = 3. Hence
N/(K1 × K2) ∼= 〈c〉3 for some c ∈ N . As N/Kk

∼= SL(2, 3), one can choose generators
ik and jk of Kk such that the action of c on Kk = 〈ik, jk〉 is given by ick = jk and
jck = ikjk. Therefore N ∼= (Q8 × Q8) o C3 and the conditions of (iii) hold. Finally
suppose that K1 = 〈z1〉2. Then |N | = 48 and Ki ≤ Z(N) since Ki is normal in N . Let
P be a Sylow 2-subgroup of N and c a generator of a Sylow 3-subgroup of N . Since
N/Ki

∼= SL(2, 3) = Q8 o C3, we have Q8
∼= P/Ki E N/Ki. Thus P E N . Moreover P

is non-abelian of order 16 and K1 × K2 ⊆ Z(P ). As P/Z(P ) is not cyclic, necessarily
Z(P ) = K1 × K2

∼= C2
2
∼= P/Z(P ). Let a, b ∈ P such that 〈aK1, bK1〉 = P/K1. Then

P = 〈a, b, z1〉 where a and b have order 4 and a2, b2, (a, b) ∈ (K1×K2)\(K1∪K2) = {z1z2}.
Thus a2 = b2 = (a, b) = z1z2 and this implies that 〈a, b〉 ∼= Q8 and 〈a, b〉 ∩ 〈z1〉 = 1. Hence
P = 〈a, b〉 × Ki

∼= Q8 × C2. Now it is easy to check that P has exactly four subgroups
isomorphic to Q8. Namely 〈a, b〉, 〈az1, b〉, 〈a, bz1〉 and 〈az1, bz1〉. The action of 〈c〉3 on P
permutes these groups and hence it leaves invariant one of them. So let Q8

∼= Q ≤ P with
Qc = Q. Observe Q ∩ K1 = Q ∩ K2 = 1. So, after a suitable change of generators, we
may assume that Q = 〈a, b〉. Since zc2 = 1, we necessarily have that the action of c on Q
has order 3 and hence 〈Q, c〉 = SL(2, 3) and N = 〈Q, c〉 ×K1

∼= SL(2, 3) × C2. Then G
satisfies conditions (iv).

Lemma 3.3.8. Let G be a group and let N = K1 × K2 be a subgroup of index 2 of G
with K1

∼= K2
∼= SL(2, 3). If the action of G on N permutes K1 and K2 then G =

(SL(2, 3)× SL(2, 3)) o 〈g〉2 with (x, y)g = (y, x), for every (x, y) ∈ SL(2, 3)× SL(2, 3).

Proof. We may assume that N = SL(2, 3) × SL(2, 3), K1 = SL(2, 3) × 1 and K2 = 1 ×
SL(2, 3). For every s ∈ SL(2, 3), let cs denote the inner automorphism of SL(2, 3) given
by cs(x) = xs. Let g1 ∈ G \ N and suppose g2

1 = (s1, s2) with s1, s2 ∈ SL(2, 3). By
assumption, there are τ, σ ∈ Aut(SL(2, 3)) such that (x, y)g1 = (τ(y), σ(x)) for every
(x, y) ∈ N . Then

(cs1(x), cs2(y)) = (x, y)g
2
1 = (τσ(x), στ(y)),
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or equivalently cs1 = τσ and cs2 = στ . Therefore

(x, y)g1 = (σ−1(y)s1 , σ(x)) = (σ−1(ys2), σ(x)),

for every x, y ∈ SL(2, 3).
We claim that s2 = σ(s1). Indeed, if x ∈ SL(2, 3) then

τ(x) = σ−1cs2(x) = σ−1(s−1
2 xs2) = cσ−1(s2)σ

−1(x).

As a result cσ−1(s2) = τσ = cs1 and hence if z = s−1
1 σ−1(s2) then z ∈ SL(2, 3) and

s2 = σ(s1z). Consequently

(s1, σ(s1z)) = g2
1 = (g2

1)g1 = (cs1(s1z), σ(s1)) = (s1z, σ(s1)).

Thus z = 1 and the claim follows.
Let g2 = g1(s−1

1 , 1). Then

g2
2 = g2

1(s−1
1 , 1)g1(s1, 1) = (s1, σ(s1))(1, σ(s−1

1 ))(s−1
1 , 1) = 1.

Therefore, one may assume without loss of generality that g2
1 = 1. Hence, by the previous

paragraphs (x, y)g1 = (σ−1(y), σ(x)). Let K = (SL(2, 3)× SL(2, 3)) o 〈g〉2, with (x, y)g =
(y, x). Then the map α : (x, y)gi ∈ K 7→ (x, σ(y))gi1 ∈ G is an isomorphism because
α(g(x, y)) = α((y, x)g) = (y, σ(x))g1 = g1(x, σ(y)) = α(g)α(x, y).

We are ready to prove Theorem 3.1.1 for non-metabelian imprimitive subgroups of
two-by-two matrix rings over division rings.

Proposition 3.3.9. Let G be a non metabelian CSP’-critical group which is an imprim-
itive subgroup of an exceptional component of type (EC2) of QG. Then G is one of the
groups in items (14)-(15) of Theorem 3.1.1.

Proof. Let G satisfy the hypothesis of the proposition, and let D be a division ring such
that M2(D) is an exceptional component of QG with G ≤M2(D). Let θ : N → GL1(D),
K and g ∈ G be as in Lemma 3.3.5. As in the proof of the Lemma 3.3.6, N/K is a
subgroup of GL1(D) and D is a simple component of Q(N/K). We claim that G is not
a subgroup of a division ring. Otherwise, by Proposition 3.3.1, G is one of the groups
of types (1)-(5) of Theorem 3.1.1. However, the first three types are metabelian while
the other two groups have not a subgroup of index 2. This proves the claim. Since G
is not metabelian, by Proposition 3.3.3, the exceptional component M2(D) of QG is not
SSP. Then, by Lemma 3.3.6, D is not an SSP component of Q(N/K). Therefore N/K is
not strongly monomial. In particular, N/K is non-abelian. Thus D is not commutative
and hence it is a totally definite quaternion algebra over Q. Moreover, N/K is not a
Z-group and therefore it is one of the groups in item (NZ) of Theorem 1.8.1. However
the groups in (NZ)(b) and (NZ)(c) are metabelian and, in particular strongly monomial,
while the only non-commutative division algebra in the Wedderburn decomposition of
QO∗ is H(Q(

√
2)) and the only division algebra in the Wedderburn decomposition of

QSL(2, 5) is (Q(ζ5)/Q(
√

5),−1). Hence N/K = SL(2, 3) ×M with M a Z-group of odd
order. If M is non-abelian then every Wedderburn component containing N/K should
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have degree greater than 2. Hence M is cyclic of odd order. If M 6= 1 then the centre of
D should contain a root of unity of order greater than 2, in contradiction with the fact
that Z(D) = Q. Thus N/K ∼= SL(2, 3). This implies that D = H(Q) and hence the order
of the centre of G is at most 2. Moreover, K ∩Kg = 1 and hence the subgroups K1 = K
and K2 = Kg satisfy the hypothesis of Lemma 3.3.7. Thus one may assume that one of
the following conditions holds:

(i) N = SL(2, 3)× SL(2, 3) and K = SL(2, 3)× 1 and Kg = 1× SL(2, 3);

(ii) N = SL(2, 3) and K = 1;

(iii) N = SL(2, 3)× 〈z〉2 and K = 〈z〉2 6= Kg;

(iv) N = (Q8 ×Q8) o C3, K = Q8 × 1 and Kg = 1×Q8.

(i) Assume that N = SL(2, 3) × SL(2, 3). Then, by Lemma 3.3.8, G ∼= N o 〈g〉2.
Let H = 〈P2, b1b2〉, where P2 is the Sylow 2-subgroup of N and 〈b1, b2〉 ∼= C2

3 is a Sylow
3-subgroup of N . Then P g2 = P2 and (b1b2)g = b1b2. Then H is a normal subgroup of G
such that G/H ∼= D6, in contradiction with (P1).

(ii) Suppose now that N ∼= SL(2, 3) = 〈i, j〉Q8 o 〈a〉3 and let g ∈ G \N and Q = 〈i, j〉.
ThenQ is a characteristic subgroup of SL(2, 3) and henceQ is a normal subgroup ofG. One
may assume without loss of generality that g2 ∈ Q. Then N has eight elements of order
3 in two conjugacy classes aN = {a, ia, ja, ija} and (a2)N = {a2, i−1a2, j−1a2, i−1ja2}.
Let N2 the Sylow 2-subgroup of N , if ag ∈ (a2)N then G/N2

∼= D6, in contradiction with
(P1). Hence ag ∈ aN , as Q contains a transversal of CN (a), we may assume that ag = aq

for some q ∈ Q. Replacing g by gq−1, one may assume that (a, g) = 1. Let α be the
restriction to Q of the inner automorphism defined by ag. Since the order of a is 3 and
the order of g is a power of 2, the order of α is multiple of 3. Moreover Aut(Q) ∼= S4 and
therefore the order of α is 3. Then (g,Q) = 1 and hence g ∈ Z(G). Thus g2 = 1 and
G/〈g〉 ∼= SL(2, 3) in contradiction with (P1).

(iii) consider now N = SL(2, 3) × C2 = (〈i, j〉Q8 o 〈a〉3) × 〈z〉2 and K = 〈z〉2. The
Sylow 2-subgroup of N is N2 = 〈i, j, z〉 ∼= Q8 × C2. Hence N2 is characteristic in N .
Moreover, it has three elements of order 2, namely i2, z and i2z, where i2 is the only
one which is a square. Thus zg = i2z because K 6= Kg. As in the previous case N
has eight elements of order 3 in two conjugacy classes aN = {a, ia, ja, ija} and (a2)N =
{a2, i−1a2, j−1a2, i−1ja2} and if ag ∈ (a2)N then G/N2

∼= D6, in contradiction with (P1).
Again one may assume that g2 ∈ 〈i, j〉 and (a, g) = 1, thus g2 ∈ 〈i2〉. If g2 = 1 then
(gz)2 = i2. Hence we may assume that g2 = i2. Then gz = zgz = gi2 = g3 and hence
〈g, z〉 ∼= D8. Moreover, N2 has 4 subgroups isomorphic to Q8: 〈i, j〉, 〈i, jz〉, 〈iz, j〉 and
〈iz, jz〉.

We claim that (g, i) = (g, j) = 1. If 〈i, j〉g = 〈i, j〉 then conjugation by ag induces
an automorphism of 〈i, j〉 ∼= Q8 of order multiple of 3. As Aut(Q8) ∼= S4 this implies
that g commutes with i and j and the claim follows. Otherwise, i.e. if 〈i, j〉g 6= 〈i, j〉, the
intersection of 〈i, j〉 and 〈i, j〉g is a cyclic subgroup of order 4 and, by symmetry, one may
assume that 〈i, j〉 ∩ 〈i, j〉g = 〈i〉. Then 〈i, j〉g = 〈i, jz〉. If jg ∈ 〈i〉 then 〈ig〉 = 〈jg2〉 = 〈j〉
and hence 〈i, j〉g = 〈i, j〉, contradicting the assumption. Thus jg ∈ {jz, j−1z, ijz, i−1jz}
and jg

2
= ji

2
= j. If jg = jz or jg = j−1z then j = jg

2
= (jz)g = jzi2z = i2j or j = jg

2
=
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(j−1z)g = jzi2z = i2j, a contradiction. Thus jg = ijz or jg = i−1jz and, replacing i by
i−1 if necessary one may assume that jg = ijz. Then j = jg

2
= (ijz)g = igijzi2z = igi−1j

and therefore ig = i. Thus iag = jg = ijz 6= j = ia = iga, in contradiction with ga = ag.
This finishes the proof of the claim. We conclude that (〈g, z〉, SL(2, 3)) = 1, 〈g, z〉 ∼= D8

and 〈g, z〉∩SL(2, 3) = 〈g2〉 = 〈i2〉. Thus G = SL(2, 3)�2D8 i.e. G is the group of item (14)
in Theorem 3.1.1.

(iv) Finally suppose that N ∼= (Q8 × Q8) o C3 = (〈i1, j1〉Q8 × 〈i2, j2〉Q8) o 〈c〉, with
ick = jk, j

c
k = ikjk and 〈i1, j1〉g = 〈i2, j2〉. As in the previous case N has two conjugacy

classes formed by elements of order 3 represented by c and c2. If c and c2 are conjugate in
G and N2 = 〈i1, j1, i2, j2〉 then G/N2

∼= D6, contradicting (P1). This implies that we may
assume that (c, g) = 1 and, in particular, g2 ∈ Z(N) = 〈i21, i22〉. However ((i1)2)g = i22 and
therefore g2 6∈ {i21, i22}. If g2 = i21i

2
2 then (i21g)2 = 1. So we may assume also that g2 = 1.

On the other hand N has eight normal subgroups isomorphic to Q8, namely

Q11 = 〈i1, j1〉, Q12 = 〈i1i22, j1〉, Q13 = 〈i1, j1i21〉, Q14 = 〈i1i22, j1i22〉,
Q21 = 〈i2, j2〉, Q22 = 〈i21i2, j2〉, Q23 = 〈i2, i21i2〉, Q24 = 〈i21i2, i21i2〉.

Observe that Q1x ∩Q2y = 1 and (Q1x, Q2y) = 1 for every x, y ∈ {1, 2}. Moreover, N has
three elements of order 2, namely i21, i22 and i21i

2
2. Furthermore i2x ∈ Q1x and i2x ∈ Q2x for

every x = 1, 2, 3, 4. As ig1 = i2, we deduce that the action of g by conjugation interchange
the Q1x’s with the Q2x’s. Therefore, if b = c2g then b has order 6 and the action of
b by conjugation interchange the Q1x’s with the Q2x’s. Since the action of c permutes
transitively the three cyclic subgroups of order 4 of each Qix, after renaming the generators
we may assume that i2 = ib1 and j2 = jb1. As c = b2, we have ib2 = j1 and jb2 = i1j1 and
G = (〈i1, j1〉 × 〈i2, j2〉) o 〈b〉6. Thus G is the group of item (15) in Theorem 3.1.1.

Now we introduce two groups which will be used in the proof of Lemma 3.3.10. For m
and r integers, let Gm,r denote the following metacyclic group

Gm,r = 〈a, b|am = 1, bn = at, ab = ar〉 = 〈a〉m ��s 〈b〉ns = 〈as〉t os 〈b〉ns (3.3.3)

with

gcd(m, r) = 1, n = om(r), s = gcd(r − 1,m), st = m, and gcd(ns, t) = 1, (3.3.4)

and
T ∗α = Q8 o3α−1 〈g〉3α (observe that T ∗1

∼= SL(2, 3)).

The following proposition completes the proof of Theorem 3.1.1.

Proposition 3.3.10. Let G be a CSP’-critical group which does not satisfy the hypothesis
of neither Proposition 3.3.1, nor Proposition 3.3.3 nor Proposition 3.3.9. Then G is one
of the groups in items (16)-(22) of Theorem 3.1.1.

Proof. We may assume that G is a primitive subgroup of an exceptional component M2(D)
of type (EC2) of QG. In particular D is either Q, an imaginary quadratic extension of Q
or a totally definite quaternion algebra over Q. Moreover by the hypothesis, G satisfies
(P1) and (P2). In addition we claim that G satisfies the following properties:
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(P3) G is not strongly monomial. In particular, G is not abelian-by-supersolvable.

(P4) If n is the order of an element g of G then ϕ(n) ≤ 4 and if g ∈ Z(G) then ϕ(n) ≤ 2.

(P3) is a consequence of Proposition 3.3.3. To prove (P4), let F = Z(D) and let g ∈ G.
Then F is either Q or an imaginary quadratic extension of Q. If g ∈ Z(G) then F has a
root of unity of order n and then ϕ(n) ≤ [F : Q] ≤ 2. Assume that D = F . Consider g as
an element of M2(F ) and let f be the characteristic polynomial of g. Then g is conjugate
in M2(C) to a diagonal matrix diag(α1, α2) where α1 and α2 are roots of unity of order m1

and m2 respectively. Then n = lcm(m1,m2). Furthermore f(α1) = f(α2) = 0 and hence
F (ζn) = F (α1, α2) is contained in the splitting field K of f over F . Thus [F (ζn) : F ] ≤ 2
and hence ϕ(n) = [Q(ζn) : Q] ≤ [F (ζn) : Q] ≤ [F (ζn) : F ][F : Q] ≤ 4, as desired. Suppose
otherwise that D 6= F . Then D is a totally definite quaternion algebra over Q and M2(D)
is embedded in M4(C). Consider g as an element of M4(C) and let f be the characteristic
polynomial of g. Then g is conjugate in M4(C) of a diagonal matrix diag(α1, α2, α3, α4)
where each αi a root of unity, say of order mi, and n = lcm(m1,m2,m3,m4). Then f is
multiple of the least common multiple of the minimal polynomials of the αi and Q(ζn) =
Q(α1, α2, α3, α4). As f has degree 4, either Q(ζn) = Q(αi) for some i or Q(ζn) = Q(αi, αj),
with Q(αi) 6= Q(αj) and ϕ(m1) = ϕ(m2) = 2. In the first case ϕ(n) = ϕ(mi) ≤ 4 and in
the second case ϕ(n) = ϕ(mi)ϕ(m2) = 4. This proves the claim.

As G is a primitive subgroup of M2(D), it is one of the groups appearing in the
Theorems 3.8, 4.4, 4.5, 4.6, 4.7 and 5.8 of [Ban88]. We will consider each case separately.

We start observing that the groups of [Ban88, Theorem 3.8] are all supersolvable
and hence they do not satisfy (P3). In the description of many of the remaining groups
the group Gm,r = 〈a〉m ��s 〈b〉n from (3.3.3) has a relevant role with m, r, s, t and n
satisfying the conditions of (3.3.4). Let G be one of the groups of [Ban88, Theorem 4.4]
and let N = O2(G)CG(O2(G)). The statement of the theorem considers eight types for
G denoted (a1), (a2), (b1), (b2), (c), (d1), (d2), and (e). An inspection of the proof
of [Ban88, Theorem 4.4] shows that if G satisfies conditions (b1), (b2), (c) or (e) then
G/N ∼= D6 in contradiction with (P1). If G satisfies (a1) or (a2) then G contains T ∗α with
α ≥ 1. Therefore G has an element of order 3α and hence (P4) implies that α = 1. Since
T ∗1
∼= SL(2, 3), in case (a1), G = SL(2, 3) × Gm,r for some m, r. Then (P1) implies that

G = SL(2, 3), a subgroup of a division ring. This excludes this case. If G is of type (a2)
then G = SL(2, 3) �2 Gm,r, with v2(s) = v2(n) = 1. Then 1 6= n = om(r) and therefore
m > 2. Then a2 6= 1 and G/〈a2, b4〉 ∼= SL(2, 3) �2 C4 in contradiction with (P1). If G is of
type (d1) or (d2) then G ∼= Q8 �� Gm,r with m odd, 3 | n, (Q8, a) = 1, ib = j and jb = ij.
Then G/〈a, b3〉 ∼= SL(2, 3) in contradiction with (P1).

Suppose now that G is one of the groups of [Ban88, Theorem 4.5] and put again
N = O2(G)CG(O2(G)). In this case Banieqbal considers thirteen types of groups denoted
(a), (b), (c), (d), (e), (f), (g), (h), (i1), (i2), (j), (k), (l). As in the previous paragraph for
some of these groups, namely all but the first three, denoted (a), (b) and (c), G/N ∼= D6

in contradiction with (P1). So that G satisfies either (a), (b) or (c). In case (a), G =
T ∗β �2 Gm,r with 2 ≤ v2(s). By (P4), β = 1 and hence G = SL(2, 3) �2 Gm,r with 4 | s and
t odd. Also, by (P4), 4 ≥ ϕ(m) ≥ 2ϕ(t). As a result ϕ(t) ≤ 2 and, as t is odd, necessarily
t = 1 or 3. If t = 3 then gcd(r− 1,m) = s = 4 and hence m = 12. This implies that r ≡ 5
mod 12 and we may assume that r = 5 and n = o12(5) = 2. Then G/〈SL(2, 3), a3〉 ∼= D6 in
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contradiction with (P1). Thus t = 1 and hence Gm,r is cyclic of order m with 4 | m. Then
ϕ(m) = 2, by (P4), and therefore m = 4. We conclude that G = SL(2, 3) �2 C4, i.e. G is
as in item (16) of Theorem 3.1.1. In case (b), G = SL(2, 3) �2 D2α+1m with α ≥ 2 and m
is odd and greater than 1. Let a be an element of D2α+1m of order 2αm. Then a4 6= 1 and
G/〈a4〉 ∼= SL(2, 3) �2 D8, a contradiction with (P1). Finally, in case (c), G = Q8 ��2 Gm,r
with 4 - s and 3 | n = om(r) | ϕ(m) ≤ 4. This implies that 3 = ϕ(m) which is not possible
because 3 is not in the image of the Euler function.

Assume that G is one of the groups of [Ban88, Theorem 4.6] and take now N = O2(G).
There are three types (a), (b) and (c) to consider. From the proof of the theorem one
has that for types (b) and (c), G/N ∼= D6, a contradiction with (P1). In case (a),
G = SL(2, 3) �2 D2α with α ≥ 4. Then a proper quotient of G is isomorphic to D8,
again in contradiction with (P1).

Suppose that G satisfies the conditions of [Ban88, Theorem 4.7]. Then G = R×Gm,r
with gcd(mn, 30) = 1 and R is a subgroup of B∗ containing O2(B∗) where B∗ is the
following extension of B:

B∗ = B o C2 = ((〈i, j〉Q8 �2 〈a, b〉D8) ��2 〈u, v〉SL(2,5)) o 〈h〉2

where i, j, a, b, u and v satisfy the relations of B and the action of h on B is given by

jh = ij, ih = i−1, ah = a, bh = b−1, uh = u3, vh = uvuv2.

Moreover, either R ⊆ B and R/O2(R) is isomorphic to D6, C5 or D10, or R 6⊆ B and
R/O2(R) ∼= C5 o C4. By (P4) we deduce that Gm,r = 1 and hence G = R and
O2(B∗) ⊆ G ⊆ B∗. The case G/O2(G) ∼= D6 contradicts (P1) and inspecting the proof
[Ban88, Theorem 4.7] one observes that in the last case the only two-by-two matrix algebra
containing G is M2(H(Q(

√
2))), contradicting (P2). Therefore we have O2(B∗) ⊆ G ⊆ B

and G/O2(G) is isomorphic to either C5 or D10. Moreover, O2(B∗) = O2(B) = 〈i, j, a, b〉,
B/O2(B) ∼= A5 and B∗/O2(B∗) ∼= S5. Furthermore all the subgroups H of S5 with
H/O2(H) ∼= C5 (respectively, H/O2(H) ∼= D10) are conjugate in A5 to 〈(1, 2, 3, 4, 5)〉 (re-
spectively, 〈(1, 2, 3, 4, 5), (2, 5)(3, 4)〉). This implies that O2(G) = O2(B) and there are ex-
actly two conjugacy classes of subgroups G of B∗ satisfying the conditions O2(B) ≤ G and
G/O2(B) ∼= C5 or D10. A computer calculation using GAP shows that if G/O2(G) ∼= C5

then G is the group of item (20) in Theorem 3.1.1 and if G/O2(G) ∼= D10 then G is the
group of item (21) in Theorem 3.1.1. This finishes this case.

Finally assume that G satisfies one of the conditions (a)-(i) in [Ban88, Theorem 5.8].
In case (e) and (i), G contains an element of order 20 and 24 respectively. In case (d),
G contains SL(2, 5) �2 Cm with 4 | m and thus G has an element of order 20. These
three cases are hence excluded by (P4). In case (a), G = SL(2, 5) �2 D2αm with either
m = 1 and α ≥ 4 or m > 1 odd and α ≥ 2. However, by (P4), m = 1, 3 or 5 and as
SL(2, 5) has elements of order 3 and 5, if m 6= 1 then G has an element of order 15, in
contradiction with (P4). Therefore m = 1 and, again using (P4) we deduce that α = 4.
Then G/SL(2, 5) ∼= D8, in contradiction with (P1). In case (c), G = A±×Gm,r. By (P1),
G = A± and hence G is as in item (18) or item (19) of Theorem 3.1.1. The same argument
shows that in case (f), G = SL(2, 9) and in case (h), G = B. So in these cases G either is
as in item (17) or as in item (22) of Theorem 3.1.1. Assume now that G satisfies condition
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(b). Then, G = SL(2, 5) �2 Gm,r with 2 | s. Suppose that M2(D) is an exceptional
component of QG. As G is an epimorphic image of the direct product SL(2, 5) × Gm,r,
there are simple components A of QSL(2, 5) and B of QGm,r such that M2(D) is an
epimorphic image of A ⊗Q B, SL(2, 5) is contained in A and Gm,r is contained in B. A
dimension argument compared with the Wedderburn decomposition of QSL(2, 5) obtained

in the proof of Proposition 3.2.3, shows that A is either M2

(
−1,−3

Q

)
or (Q(ζ5)/Q(

√
5),−1).

However, in the second case the centre of D contains Q(
√

5) in contradiction with the fact

that M2(D) is an exceptional component. Thus A = M2

(
−1,−3

Q

)
and hence B = Q.

Therefore Gm,r is contained in Q and hence it is C2. Thus G = SL(2, 5) in contradiction
with the assumption that G is not contained in a division algebra. Suppose finally that
G is of type (g). Then G contains a subgroup N of index 2 isomorphic to SL(2, 9) and an
element g ∈ G\N such that g2 ∈ Z(N) and g acts on the entries of the elements of SL(2, 9)
as the Frobenius automorphism x 7→ x3. This is the group identified with [1440,4591] in the
GAP library of small group. Using Wedderga we obtain the Wedderburn decomposition

QG = 2Q⊕ 4M5(Q)⊕M3(Q(ζ3))⊕M2(H(Q(
√

3)))⊕ 2M9(Q)⊕
2M10(Q)⊕M4(Q(ζ5)/Q,−1)⊕M16(Q)⊕M10(H(Q)).

which has not any exceptional component, in contradiction with the hypothesis. This
finishes the proof of the Proposition and of Theorem 3.1.1.
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Conclusions for future work

This chapter is a digression on how to proceed in the investigation of the two problems
treated in this dissertation.

The next aim on Zassenhaus Conjecture could trying to prove or disprove (ZC1) for
metabelian groups. The proof of Theorem 2.4.1 might give some hints on how to proceed
and for that, it is convenient to analyze the impact of the existence of a cyclic normal
subgroup A of G with G/A abelian on this proof and how it would affect the proof
assuming that A is abelian but not necessarily cyclic. The proof depends mainly on
Corollary 2.2.7, Lemma 2.3.2, Lemma 2.3.4 and Remark 2.3.3. In turn, Corollary 2.2.7
relies on Theorem 2.2.6 and this theorem uses Lemma 2.2.3. Recall that in this lemma,
N is a non-trivial p-subgroup of A for some prime p. An ingredient of its proof is the
fact that the p′-elements of CG(N) commute with the p-elements of A. However, if A is
abelian but not necessarily cyclic then it is not difficult to find examples where Ap does
not commute with the p′-elements of CG(N), with N a non-trivial subgroup of Ap. Hence
the cyclic-by-abelian assumption cannot be relaxed in this lemma. Moreover, Lemma
2.2.3 is used in the proof of Theorem 2.2.6 to be able to apply Green’s Indecomposability
Theorem. Therefore, it could be useful to analyze examples of metabelian groups G with p
dividing [G : Op′(G)], and on these examples study the decomposition of primitive central
idempotents of ROp′(G) as a sum of primitive central idempotents of KG (with R and
K as in the proof of Theorem 2.2.6). The cyclic normal subgroup A containing G′ is also
used in the proof of Theorem 2.2.6 to produce linear representations of the group Dp with
kernel not intersecting Ap. This is one of the many places where the subgroups C = CG(A)
and D = Z(C) have a relevant role. If A is supposed to be abelian but not cyclic then
still C = CG(A) is nilpotent of class 2 and A ⊆ D. It could be useful to investigate the
representation theory of G with the proof of Theorem 2.2.6 in mind.

Another place where the cyclic-by-abelian hypothesis has been used, and again it
cannot be removed is in item (iii) of Lemma 2.3.2. Indeed, if G′ is non-cyclic the multi-
plicities of the eigenvalues of the matrix ρK(uf ) will depend on both K and G′. Then, in
this case we encounter an obstacle to control the formula (2.4.11). Finally, Lemma 2.3.4
and equation (2.4.14) use Remark 2.3.3. They basically use the form of the elements of
KN described in that remark. However if A is abelian but not cyclic then, in general the
elements of KN do not satisfy the conditions of Remark 2.3.3. In outline, some arguments
used in the proof of Theorem 2.4.1 do not work for a metabelian group, but maybe some
of them can be modified or give hints to find a counterexample to (ZC1).

We now consider the Congruence Subgroup Problem for U(ZG), with G a finite group
or more concretely, the problem of classifying the finite subgroups G for which the con-
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gruence kernel of U(ZG) is finite. By Corollary 3.1.2, if the congruence kernel of U(ZG)
is not finite, then G has an epimorphic image isomorphic to some of the groups listed in
Theorem 3.1.1. For the converse we at least know that, if G has an epimorphic image
isomorphic to one of the groups in items (4)-(22), then the congruence kernel of U(ZG) is
infinite. Assume that G does not have an epimorphic image of type (4)-(22), but it has
an epimorphic image H of types (1)-(3). So H is one of the following groups

Hp,q = Cq × (Cp o2 C4) with p and q as in item (1),

Hp,k,n = Cp ok Cn with p, k and n as in item (2),

Hp = Q8 × Cp, with p as in item (3).

Then QH has a unique exceptional component A and

A =


Ap,q =

(
(ζp−ζ−1

p )2,−1

Q(ζq ,ζp+ζ−1
p )

)
, if H = Hp,q;

Bp,k,n = (Q(ζpk)/F (ζk), ζk), if H = Hp,k,n;

(with F the only subfield of Q(ζp) of degree (p−1)k
n ),

Cp = H(Q(ζp)), if H = Hp.

Moreover, Hp,q is CSP-critical if and only if Ap,q does not have the CSP property. Similarly
Hp,k,q is CSP-critical if and only if Bp,k,q does not have the CSP property and Hp is CSP-
critical if and only if Cp does not have the CSP property. Suppose that in the three cases
the corresponding algebra (i.e. Ap,q, Bp,k,q and Cp) does not have the CSP property. Then
the CSP-critical groups are the groups classified in Theorem 3.1.1. In this case the problem
of classifying the groups G for which U(ZG) has finite congruence kernel would be solved,
namely G has this property if and only if G does not have any quotient belonging to the
list of Theorem 3.1.1. So one should study the CSP property for the algebras Ap,q, Bp,k,q
and Cp. However, in case some of these algebras do not have the CSP property then the
problem would become more involved.
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