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Metodes per a generar superficies de Bézier triangulars mitjancant
minimitzacié de funcionals, EDPs i mascares.

Presentacio.

L’objectiu principal d’aquest treball és I'obtencié de diferents tecniques per tal de generar
superficies de Bézier triangulars des del punt de vista d’un dels més antics problemes del
disseny geometric assistit per ordinador: la construccié d’una superficie que interpole unes
fronteres donades.

Les superficies més estudiades dins 'ambit del disseny geometric assistit per ordinador
(Computer Aided Geometric Design, CAGD) han estat les superficies de Bézier rectangulars,
que foren introduides als anys seixanta per Coons i Bézier. El nostre treball, pero, esta basat
en l'estudi de les superficies de Bézier triangulars, que sén la generalitzacié natural de les
corbes de Bézier per la segiient raé: la definicié d’una corba de Bézier es basa en el concepte
d’interpolacié lineal, que és la combinacié convexa de dos punts i, analogament, la definicié
de superficie de Bézier triangular es basa en les coordenades baricentriques, que sén la
combinacio convexa de tres punts. De fet, les superficies triangulars van ser introduides per
Paul de Casteljau a finals dels anys cinquanta, abans que les rectangulars®, veure [13] i [15],
i va definir aquestes superficies amb una formulacié simetrica en termes de les coordenades
baricentriques respecte a un domini triangular.

La importancia del problema que considerem, determinar una superficie donada la seua
frontera, és conseqiiencia dels molts ambits on té aplicacid, com ara el disseny d’objectes, el
fairing i el blending de superficies.

En I'ambit del disseny d’objectes la dificultat més gran que es troba a I’hora de crear
objectes practics amb l'ordinador com a eina és la manca de metodes que permeten un
disseny intuitiu. Des del punt de vista del dissenyador és extremadament important poder
crear objectes reals i manipular-los d’una manera simple. Aixi, com que gran part de la
informacio referent a la forma d’un objecte ve donada per la seua frontera, els metodes per a
generar superficies interpolant una frontera donada i compatibles amb transformacions afins
s6n una bona manera de construir superficies a partir de pocs parametres.

1E] lector podria preguntar-se per qué s’anomenen superficies de Bézier triangulars si va ser de Casteljau el primer en
introduir aquest concepte, i és que mentre el treball de de Casteljau mai fou publicat, el de Bézier si que va ser difés i és per

aix0o que les superficies triangulars també porten el seu nom, encara que ell mai les va considerar.
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Com hem dit abans, hi ha altres problemes importants en CAGD que estan relacionats
amb el problema de construir una superficie donada la seua frontera, per exemple el fairing
i el blending.

El problema anomenat fairing d'una superficie, que se sol resoldre mitjancant la cons-
trucci6 d'una superficie amb frontera prescrita, consisteix en suavitzar (com el terme angles
indica) aquelles regions d’una superficie on es troben rugositats o altres imperfeccions. A-
questes irregularitats, que normalment es produeixen quan el procés de modelat es fa especi-
ficant directament els punts de control i especialment quan es tracta d’'un gran nombre de
punts, solen detectar-se mitjancant l'analisi de les segones derivades o, equivalentment, de
la curvatura?.

Generalment els procediments del fairing tracten d’eliminar aquests errors des del punt
de vista del disseny variacional. Per a suavitzar una superficie parametritzada, @ : U — R3,
en alguna regié interior, U, C U, s’elegeix una nova superficie, v : U — R3, que coincidisca
amb 7 fora de Uy i que a més minimitze un determinat funcional que mesure la suavitat de

la superficie. Es a dir, es defineix una nova superficie en Uy amb frontera prescrita per la
superficie inicial.

Els principis variacionals son una bona eina per tal de suavitzar les superficies obtingudes
en el disseny de superficies de forma lliure, free form surfaces. Una superficie variacional
restringida és una superficie que minimitza un determinat funcional d’energia sota certes
condicions d’interpolacié. Aquests metodes que inclouen la minimitzacié d’un funcional, el
qual, en certa manera, mesura la suavitat de la superficie, s’Tanomenen metodes de disseny
variacional. Els funcionals que es minimitzen depenen, generalment, de propietats locals
de la superficie, com ara el vector normal o la curvatura. En 'article [20] es desenvolupa
un estudi al voltant de quins funcionals permeten suavitzar una superficie eficientment. El
modelat de superficies utilitzant principis variacionals amb restriccions és atractiu perque el
dissenyador no s’ha de molestar en especificar els punts de control directament.

Un altra aplicacié important de les superficies interpolants és la unié de diferents su-
perficies, anomenada blending. Les superficies que no tenen una topologia trivial necessiten
més d'una parametritzacio per a ser representades. Una superficie blending, és una superficie
d’unié que connecta suaument dues superficies al llarg de corbes arbitraries contingudes en
les superficies donades. Les corbes de contacte poden ser fixades per 'usuari o bé obtenir-se
per interseccié de les superficies que s’han d’unir. La superficie nexe que s’obté acompleix
certes condicions de continuitat aixi com també la continuitat del vector normal al llarg
de les corbes d’unié definides per les dues superficies base. El procés de blending és molt
important en el modelat geometric de superficies i és molt utilitzat a 'hora de millorar la
forma dun producte.

2Donat que la majoria dels nostres metodes estan relacionats amb la curvatura mitjana es pot esperar que els resultats

obtinguts no presenten aquest tipus d’irregularitats.



El problema de generar una superficie donada la seua frontera és, per tant, una qiiestio
que ha estat estudiada ampliament amb anterioritat. Una de les solucions més famoses
d’aquest problema és la superficie de Coons: donades quatre corbes, la superficie de Coons
és una superficie parametrica definida en el quadrat unitat i que té aquestes corbes com
a corbes frontereres. Una generalitzacié de les superficies interpoladores de Coons son les
superficies de Gordon, que varen ser definides per aquest a finals dels seixanta quan treballava
als laboratoris d’investigacié de General Motors. A la interpolacié mitjancant aquest tipus
de superficies li va donar el nom de “interpolacié transfinita.”

Pel que fa a la interpolacio de corbes amb superficies triangulars també s’ha desenvolupat
una gran quantitat de treball, com es pot veure a Barnhill et al. [4], Barnhill i Gregory [5], o
Nielson [32], on els autors defineixen diferents polinomis interpoladors de corbes frontereres.
També podem trobar una generalitzacié de la superficie interpoladora de Coons per al cas
triangular a l'article [33].

Dins 'ambit del CAGD es poden trobar molts metodes diferents per tal de generar
superficies que interpolen corbes frontereres o que s’adeqiien a altres tipus de restriccions.
En aquest treball nosaltres considerem, mitjancant alguns d’aquests metodes, el problema
de determinar una superficie polinomica associada a un conjunt de dades inicials, com ara
corbes frontereres o algun conjunt de punts de control. Concretament, les tecniques que hem
utilitzat es poden classificar en tres categories:

(1) Minimitzacié de funcionals: donada la frontera, determinem la superficie que
minimitza un funcional entre totes les superficies polinomiques amb aquesta frontera.
Hem considerat tres funcionals quadratics: el funcional de Dirichlet, el funcional
Biharmonic® i el funcional que és minimitzat per la superficie de Coons. A més
a més, hem considerat un funcional cibic, ’associat a les superficies de curvatura
mitjana constant. Com que el nostre estudi es desenvolupa sempre en termes de
superficies de Bézier?, aquests funcionals, restringits a I'espai dels polinomis, es poden
considerar com a funcions que depenen dels punts de control. Per tant, I’extremal
d’un funcional, Z, entre totes les superficies triangulars es pot calcular com el minim
d’una funcio real

P_)I<?P)7

— . ;. . .
sent & p la superficie de Bézier triangular associada a la xarxa de control P.

(2) Equacions en derivades parcials (EDPs): es pot determinar una superficie de
Bézier triangular que verifique una equacié en derivades parcials donats alguns dels
seus punts de control. Quin és el minim conjunt de punts de control que es pot
prescriure depen de l'equacié que s’estudie, i sobre tot de l'ordre d’aquesta. Hi
ha alguns treballs previs que tracten aquesta qiliestié. En [30] i [31], es realitza
un estudi al voltant de la construccié de superficies de Bézier rectangulars com a

3Aquests funcionals que s’anomenen funcional de Dirichlet i funcional Biharmonic en ’ambit matematic, es coneixen com

stretching energy and bending energy respectivament a la fisica, ’enginyeria i el CAGD.
45i no s’especifica el contrari quan diem superficie de Bézier ens referim a superficie de Bézier triangular.



solucions de '’equacio de Laplace i de I’equacié biharmonica. Per un altra banda, en
[6], s’estudien les solucions en forma de Bézier d'un altra equacié, I'equacié d’ones.
Per al cas de les superficies de Bézier rectangulars harmoniques calia prescriure
dues corbes frontereres per tal de construir la superficie mentre que per a construir
superficies de Bézier rectangulars biharmoniques eren necessaries quatre corbes com
a condicions inicials.

Es important remarcar en aquest moment que, encara que siga un problema de
contorn, el problema biharmonic en el cas rectangular té solucié tinica només amb la
prescripcio de la frontera de la superficie quan es busquen solucions polinomiques.
Aixi, no és necessari fixar el valor de les derivades normals al llarg de la frontera.
Si no es tractara el cas restringit, es podria esperar que fos necessari prescriure tant
la frontera com les derivades normals al llarg d’aquesta per tal que la superficie
estigués totalment determinada. El cas és que si es tracta de superficies de Bézier
rectangulars biharmoniques polinomiques les derivades normals estan determinades
per la frontera.

En aquest treball hem considerat les equacions en derivades parcials donades
per les equacions d’Euler-Lagrange associades al funcional de Dirichlet i al funcional
Biharmonic que sén 'equacié de Laplace i 'equacié biharmonica, i hem determinat
en cada cas quins sén els punts de control que s’han de coneixer per tal que la
superficie estiga totalment determinada per 'EDP. A més a més, hem introduit una
equacio en derivades parcials de tercer ordre, que no esta associada a cap funcional,
pero que ens permet definir una superficie de Bézier triangular donats els punts
de control fronterers. La prescripcié de la frontera incrementa el control sobre les
superficies que poden ser dissenyades.

Hem de posar emfasi que, donat que restringim la minimitzacié dels funcionals
a l'espai de les superficies polinomiques, el funcionals passen a ser funcions, i no
és necessari que un extremal d’aquestes funcions siga solucié de 'equacié d’Euler-
Lagrange associada al funcional. Per tant, la minimitzacié de funcionals ens dona
unes solucions que son diferents a les que obtenim com a solucié de les equacions
d’Euler-Lagrange corresponents.

Mascares: un altre metode per a construir superficies és mitjancant mascares. Una
mascara és un conjunt de coeficients que defineixen cada punt de control d’una su-
perficie de Bézier com a combinaci6 lineal dels seus punts de control veins. Aixi, tota

la xarxa de control s’obté com a solucié d’'un sistema lineal. L’is de mascares té el
seu origen en els metodes numerics per a discretitzar i resoldre equacions diferencials.

Una manera d’obtenir una aproximacié de la solucié d’una equacié diferencial és fent
la seua discretitzacié en diferencies finites i llavors les solucions discretes poden ser
representades mitjancant mascares.



En [14], G. Farin i D. Hansford van introduir un nou metode per a generar xarxes
de control basat en un tipus especial de mascares. Les superficies obtingudes amb a-
questes mascares les van anomenar permanence patches, superficies de permanencia.
La mascara per a superficies rectangulars la van definir fent una generalitzacio de la
superficie discreta de Coons i la mascara per a superficies triangulars com a extensio
de la definicié6 per a rectangulars. El metode de generacié de superficies donat
per aquestes mascares, que permeten la construccié de superficies de permanencia,
també es pot interpretar en termes d’EDPs discretitzades com a una combinaci6 de
principis variacionals.

En aquest treball hem definit algunes mascares associades als funcionals i a les
EDPs que hem estudiat. També hem comparat els nostres resultats amb els obtinguts
per a superficies de permanencia en [14].

Abans de comencar amb una descripcié un poc més explicita del nostre treball, farem uns
comentaris referents a parametritzacions. El fet és que hi ha una notable diferencia entre
la simetria dels resultats obtinguts per a superficies de Bézier rectangulars i la asimetria
que s’obté per a superficies triangulars. Per a superficies rectangulars hi ha una clara relacié
entre la xarxa de control rectangular i la parametritzacié de la superficie. En el cas triangular

les coses no sén tan senzilles.
L’associaciéo més directa que es pot fer entre les xarxes de control triangulars i les para-

metritzacions de superficies de Bézier triangulars és la que s’obté al substituir una de les
coordenades baricentriques per una expressié dependent de les altres dues tenint en compte
que u-+v+w = 1. Per exemple, si 5 (u, v, w) és la superficie en coordenades bariceéntriques,
llavors treballarfem amb la superficie 7' (u,v) = ¥ (u,v,1 —u —v). A més, si suposem que
(u,v) son les coordenades cartesianes, o equivalentment que el triangle utilitzat per a definir
les coordenades baricéntriques és el triangle format pels punts (0,0), (1,0) i (0, 1), llavors ens
trobem amb un seriés inconvenient: es perd la simetria. Fins i tot si la xarxa de control és
simetrica (Py)o(j)o(k) = Pijk Per a qualsevol permutacio o), la superficie de Bézier triangular
associada no conserva la simetria.

Malgrat aquesta perdua de simetria, nosaltres treballem amb aquestes parametritzacions
asimetriques per les seglients raons:

(1) Les nostres aproximacions, encara que s’han obtingut mitjangant metodes asimetrics,
semblen ser almenys tan bones com altres deduides de metodes simetrics com ara la
construccié de superficies de permanencia o altres metodes deduits exigint simetria
als resultats.

(2) Per a grau 3, hi ha un important exemple de superficie minimal: la superficie
d’Enneper. Aquesta superficie s’obté com a resultat amb els metodes asimetrics,
pero en canvi no es pot obtenir mitjancant cap mascara simetrica. Es pot provar
que hi ha parts de la superficie d’Enneper per a les quals el punt de control interior
no es pot obtenir aplicant cap mascara simetrica als punts fronterers.



(3) Les mascares simetriques es dedueixen exigint algunes caracteristiques a la xarxa de
control pero, no a la superficie de Bézier associada. Els nostres metodes es basen
directament en les superficies de Bézier, donat que el que volem és minimitzar algun
funcional relacionat directament amb la superficie.

Ara introduirem el nostre treball amb un poc més de detall.

Els tres primers capitols del nostre estudi tracten del disseny de superficies mitjangant
la resolucié d’equacions en derivades parcials: obtenim una superficie com a solucié d’un
problema de contorn determinat. L’any 1989, Bloor i Wilson van anomenar PDE surfaces
(superficies EDP) a les superficies obtingudes amb aquesta técnica, veure [8]. Amb aquest
metode per a generar superficies, com que la major part de la informacié que defineix una
superficie la déna la frontera i afegint a I’EDP condicions de contorn, s’aconsegueix el control
de la superficie a partir de pocs parametres.

Al primer capitol estudiem la manera de generar superficies de Bézier harmoniques
donats alguns dels seus punts de control com a informacié inicial. Les superficies de Bézier
harmoniques sén superficies EDP que s’obtenen com a solucions de I'equacié A7 = 0, on
A denota l'operador harmonic o Laplacia. Les superficies harmoniques, que tenen relacié
amb diverses arees d’aplicacio en CAGD, com ara el disseny de superficies, la suavitzacié
de xarxes geometriques i el fairing, estan relacionades, a més a més, amb les superficies
minimals: una superficie parametrica isoterma és minimal si i només si és harmonica.

Nosaltres hem desenvolupat en aquest capitol dos metodes diferents per a generar su-
perficies de Bézier triangulars harmoniques. El primer metode permet construir una su-
perficie harmonica donada una corba fronterera i el pla tangent al llarg d’aquesta, és a dir,
donades dues files de punts de control. Aquest metode ens ha permes obtenir bons resultats
per a graus inferiors pero, com que al prescriure dues files de punts de control deixem lliure
el tercer vertex, en alguns cassos aquest pot divergir de la forma desitjada, com de fet passa
al augmentar el grau dels nostres exemples. Aquest problema I’hem pogut solucionar amb
el segon metode que proposem. En lloc de prescriure dues files de punts de control, amb
aquest segon metode s’obté una superficie harmonica prefixant un conjunt de punts el més
semblant possible a dues corbes frontereres. D’aquesta manera s’incrementa el control sobre
la forma de la superficie obtinguda, donat que els tres vertex estan controlats. Les superficies
obtingudes amb aquest metode s’adapten perfectament a la informacié donada per 'usuari.

NN
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En blau representem el conjunt de punts de control que, a cadascun dels metodes, permet determinar totalment una

superficie de Bézier harmonica.
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Al segon capitol donem dos metodes per a generar superficies de Bézier triangulars
biharmoniques amb alguns dels seus punts de control prefixats. Una superficie biharmonica
acompleix TEDP A%7 =0, on A? és 'operador bilaplacia. El terme thin plate problem que
s’utilitza per a fer referencia al problema de contorn biharmonic, es deu a I’analogia d’aquest
problema amb el problema fisic referent al doblegament d’una fina lamina de metall.

Com hem dit abans, en [30] i [31] podem trobar un estudi del problema biharmonic
per a superficies de Bézier rectangulars. En aquests articles es va provar que dues corbes
frontereres oposades determinen una superficie de Bézier rectangular harmonica i que una
superficie de Bézier rectangular biharmonica esta totalment determinada per les seues quatre
corbes frontereres. D’aquests resultats i dels nostres per a superficies triangulars, es dedueix
que l'ordre de 'EDP determina, d’alguna manera, el nombre de parametres que queden
lliures.

Efectivament, en aquest capitol hem obtingut dos metodes per a generar a partir de
I’equacié biharmonica, que és una EDP quart ordre, superficies de Bézier biharmoniques
donades quatre files de punts de control. En el primer metode les quatre files de punts
de control s6n una fronterera i les tres files segiients, de manera que un dels vertex queda
lliure, com en el cas harmonic i, per tant, de vegades podem obtenir resultats no desitjats
si aquest vertex divergeix de la informacio6 inicial. Al segon metode, es prefixen dues corbes
frontereres i els plans tangents al llarg d’aquestes, és a dir, dues files de punts de control
fronterers i les seues files veines, de manera que els tres vertex son informacié donada aixi
com les dues corbes frontereres i els plans tangents al llarg d’aquestes, i només resten lliures
els punts de control interiors d'una corba fronterera. Per tant, amb aquest metode augmenta
considerablement el control sobre la forma de la superficie dissenyada.

N7
T %
%% %
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%

En blau representem el conjunt de punts de control que, a cadascun dels metodes, permet determinar totalment una

superficie de Bézier biharmonica.

Vists els resultats obtinguts per a EDPs de segon i quart ordre és logic pensar que,
donades les corbes frontereres d’una superficie de Bézier triangular, es podria determinar
una superficie interpoladora com a solucié d’'una EDP de tercer ordre.

Aixi, al quart capitol, hem introduit una equaci6 en derivades parcials de tercer ordre i
hem donat un metode per a generar la superficie EDP associada donada la frontera. Aixi com
les quatre corbes frontereres determinen una superficie de Bézier rectangular biharmonica,
per al cas triangular les corbes frontereres determinen una superficie solucié d’una EDP
de tercer ordre. Aquest metode, que hem anomenat metode de tercer ordre, fa possible la



creacié d’objectes reals basada en la informacié provinent de la frontera de ’objecte que es
vol dissenyar.

L/

Donats els punts de control fronterers esta totalment determinada una superficie de Bézier que satisfa 'EDP de tercer

ordre que hem introduit en aquest capitol.

Els dissenyadors treballen, generalment, amb superficies de baix grau, pero, malgrat aixo,
si considerem el problema d’aproximar superficies harmoniques o biharmoniques mitjancant
superficies polinomiques, el grau de les superficies polinomiques ha d’incrementar-se per tal
d’obtenir bones aproximacions. Per tant, hem provat tots els resultats esmentats en general,
per a un grau arbitrari.

Abans d’introduir el metode de tercer ordre al quart capitol, al tercer capitol fem un
estudi de les superficies de Coons triangulars. En contret, fem una comparacié entre les
superficies de Coons triangulars i les rectangulars.

Hem considerat el problema de trobar un extremal polinomic del funcional

F(T) _/ |72 12w dv,
U

entre totes les superficies rectangulars amb la mateixa frontera. Hem provat que minimitzar
aquest funcional és equivalent a resoldre 'EDP 7w = 0 1 que a més a més, la superficie
de Coons rectangular és I'inica solucié d’aquest problema.

D’altra banda, hem demostrat que les superficies de Coons triangulars no sén extremals
d’aquest funcional. Llavors, hem estudiat sota quines condicions seria equivalent trobar els
extremals de F entre totes les superficies triangulars polinomiques amb la mateixa frontera
i resoldre 'EDP 7 yu00 = O.

En aquest capitol també hem introduit les superficies de Coons tringulars discretes i hem
donat una caracteritzacié de la xarxa de control dels extremals del funcional. Aquesta carac-
teritzacié ens ha permes desenvolupar dos metodes més per a generar superficies de Bézier
triangulars donada la seua frontera. El primer metode consisteix en trobar els extremals del
funcional com a solucié d’un sistema d’equacions lineals en funcié dels punts de control. El
segon metode ens permet generar superficies de Bézier triangulars mitjangant una mascara
deduida de la caracteritzacio dels extremals ctibics del funcional. Comparant els resultats
obtinguts amb aquests metodes podem dir que s’obtenen formes més ben adaptades a la in-
formacié inicial amb el calcul d’extremals del funcional que mitjancant la mascara associada.
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També s’obtenen bons resultats per a la superficie triangular de Coons, pero 'is d’aquesta
implica un augment del grau de la superficie.

Al cinque i al sise capitols d’aquest treball hem presentat diversos metodes per generar
superficies de Bézier triangulars donats diferents conjunts de condicions inicials, pero en
contrast amb els capitols previs, aquests metodes generen ara superficies minimals i aproxi-
macions de superficies minimals.

Al capitol cinque donem alguns metodes basats en les férmules de representacié de
superficies minimals definides per K. Weierstrass al 1861. Fent us de la teoria de variable
complexa, descrivim la manera de generar superficies minimals i isotermes a partir de dife-
rents conjunts de condicions inicials, com ara: punts de control, els plans tangents als vertex
de la superficie o altres tipus de parametres.

El primer metode que descrivim en aquest capitol, permet construir una superficie mini-
mal cibica donats els tres vertex. El segon metode, permet construir una superficie minimal
de grau 7 donats els tres vertex i els vectors normals associats. El tercer métode, que és una
generalitzacié de I'anterior, permet generar superficies de grau superior donat un conjunt
arbitrari de punts de la superficie i els vectors normals als tres vertex.

A més a més, en aquest capitol hem estudiat la relacio entre les superficies minimals i les
corbes complexes minimals. Amb 'objectiu de reduir al maxim el nombre de parametres que
determinen una superficie minimal, hem obtingut dos metodes més per a generar superficies
cubiques minimals i isotermes, un amb 9 graus de llibertat i un altre que només deixa lliures
2 parametres.

Dels resultats obtinguts deduim que al reduir el nombre de parametres lliures les su-
perficies minimals resulten ser massa restrictives. Per a baix grau, per exemple quan repre-
sentem parts de la superficie d’Enneper, obtenim bons resultats, pero trobem que al agmentar
el grau les superficies obtingudes sén massa complicades.

D’altra banda, també podem concloure que les superficies minimals no sén adequades
per resoldre problemes com el blending. La condici6 H = 0 imposa excessives restriccions a
una superficie, de manera que no podem esperar trobar una superficie minimal polinomica
donada la seua frontera.

Al capitol sisé hem considerat el problema de Plateau-Bézier. Al llarg dels anys el
problema de trobar una superficie minimal donada la seua frontera, anomenat problema de
Plateau, ha estat ampliament estudiat. En aquest treball hem considerat aquest problema
pero restringit, el qual hem anomenat problema de Plateau-Bézier, que consisteix en trobar
la superficie de Bézier triangular amb area minima entre totes les superficies de Bézier
triangulars amb una frontera prescrita. Aquest problema fou estudiat amb anterioritat en
[30] per a superficies de Bézier rectangulars. En aquest capitol fem un estudi similar al
realitzat a ’article citat, pero per a superficies triangulars. Per tal d’obtenir una aproximacio
de la solucié del problema de Plateau, substituim el funcional de 'area pel funcional de
Dirichlet. Llavors, comparem les arees de les superficies extremals del funcional de Dirichlet
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amb les de les superficies generades mitjangant les mascares definides en [14], és a dir, les
superficies de permanencia. A més, donem una expressié del funcional de Dirichlet en termes
dels punts de control, aixi el funcional passa a ser una funcié dels punts de control. Després,
a partir d’aquesta expressié, hem deduit una caracteritzacié de la xarxa de control d’un

extremal del funcional.
Les superficies obtingudes pel metode de Dirichlet s’adeqiien perfectament a la informaci6

donada per la frontera prescrita, a més a més, com que hem comparat les seues arees amb les
de les superfices construides mitjancant diferents mascares, podem afirmar que amb aquest
metode s’obtenen bones aproximacions polinomiques de superficies minimals. Pero, com
que la condicié necessaria per a que coincideixin el funcional de 'area i el de Dirichlet és
la isotermalitat de la superficie, si la frontera prefixada no gaudeix d’aquesta caracteristica,
les aproximacions obtingudes mitjancant el metode de Dirichlet patiran un error de sortida
inevitable. Per tal d’evitar aquest inconvenient hem desenvolupat un nou metode, que
anomenem correcié del metode de Dirichlet, amb el qual millorem les aproximacions de

Dirichlet.
Finalment, en aquest capitol hem fet un estudi analeg al realitzat amb el funcional de

Dirichlet, pero per al funcional biharmonic.

A T'dltim capitol hem estudiat les superficies de Bézier triangulars amb curvatura
mitjana constant, les superficies CMC. Aquestes superficies sén extremals del funcional
Dy(7) = D(T) +2HV(T), on D(T) és el funcional de Dirichlet i el funcional V(7'),
que introduirem en aquest capitol, és el que mesura el volum englobat pel con format per
totes les 1 'fnies que uneixen els punts de la superficie, @ (u, v), amb l'origen. En aquest tre-
ball hem considerat aquest funcional restringit a les superficies de Bézier triangulars i hem
obtingut un metode per a generar aproximacions polinomiques de superficies amb curvatura
mitjana constant.

Com al capitol sise, donem aci una caracteritzacié en termes dels punts de control dels
extremals de Dy entre totes les superficies de Bézier triangulars amb la mateixa frontera.
Aquesta caracteritzacié ens permet generar aproximacions polinomiques a superficies CMC
com a solucié d’un sistema quadratic en funcié dels punts de control.

Donada una frontera, es pot trobar una familia d’aproximacions polinomiques a su-
perficies CMC amb curvatures mitjanes en un determinat interval. Aixi, la possibilitat de
prescriure la curvatura amb aquest metode es pot interpretar com un grau més de llibertat
a I’hora de fer un disseny en comparacié amb el metode de Dirichlet.

Finalment, a I"iltima seccié d’aquest treball hem considerat el problema C! i hem in-
troduit un metode per a generar aproximacions polinomiques de superficies amb curvatura
mitjana constant donada la seua frontera i els plans tangents al llarg d’aquesta.



Introduction

The broad aim of this work is to develop different techniques to generate triangular Bézier
surfaces from the point of view of one of the oldest problems in Computer Aided Geometric
Design: the construction of a surface which interpolates given boundary curves.

Computer Aided Geometric Design, CAGD, has focused its study of surfaces mainly on
the theory of rectangular surface patches, introduced by Coons and Bézier in the sixties.
Nevertheless, our work is based on triangular Bézier surfaces, so let us explain why. Trian-
gular patches are considered a more “natural” generalization of Bézier curves than tensor
product patches. This is due to the following fact: The linear interpolation, in the definition
of a Bézier curve, is the convex combination of two points, while the barycentric coordinates,
used to define a triangular Bézier surface, are the convex combination of three points. In
fact, triangular patches were first considered by Paul de Casteljau in the late fifties, before
tensor product Bézier surfaces were defined!, see [13] and [15]. He defined these patches
with a symmetric formulation in terms of barycentric coordinates with respect to a triangular
domain.

The importance of the problem of determining a surface given its boundary curves lies
in its application in several issues such as object design or fairing and blending of surfaces.

A major difficulty in creating practical objects on the computer stems from to the lack
of methods for defining them in an easy intuitive way. From the point of view of a designer
it is extremely important to be able to create realistic objects and manipulate them in a
simple manner. Thus, since a very important part of the information about the shape of
an object comes from its boundary curves, methods to create a surface interpolating those
boundaries compatible with affine transformations are a good way of building surfaces from
a few parameters.

As we have said, there are other important problems in CAGD related with the problem
of building a surface that interpolates given boundaries, such as fairing and blending.

The problem of fairing a surface can also be solved by means of the construction of
surfaces with a prescribed boundary. Fairing consists in smoothing those regions of a surface
with wrinkles or other flaws. These irregularities, that are often produced when the process
of modeling is done by specifying directly the control points, especially when the surface is

IThe reader could wonder why they are called triangular Bézier surfaces when it was de Casteljau who first introduced
the concept. The fact is that whereas de Casteljau’s work was never published, that of Bézier was, and this accounts for the

fact that triangular Bézier surfaces bear Bézier’s name although he never considered them.
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determined by a large number of points, are mainly detected thanks to second-order analysis
o equivalently to curvature analysis®.

Fairing procedures typically aim at removing noise from data points from the variational
design point of view. For fairing a parametrized surface, = : U — R3, in some inner region,
Uy C U, a new surface, ¥ : U — R3, is chosen that coincides with 7 outside of U, and also
minimizes some fairness functional. That is, a new patch is defined on Uy with its boundary
prescribed by the initial surface.

Variational principles have become quite useful for fairing purposes in the design of free
form surfaces. A constrained variational surface is a surface that minimizes some energy
functional under certain interpolation constraints. These methods involving the minimizing
of a functional, which measures the fairness of a surface, are called variational design. The
functionals typically depend on local properties of the surface, such as the normal vector
and curvature. In [20], a study of some fairness functionals that allows efficient fairing is
presented. Modeling surfaces using constrained variational principles is attractive, because
the designer is not bothered by the precise representation of the surface by means of control
points.

Another important application of interpolant surfaces is blending. Surfaces with non
trivial topology need more than one patch to be represented. A blending surface is a surface
that smoothly connects given surfaces along arbitrary curves on each surface. The contact
curves are either user-defined or obtained by offset surface intersection. The blending surface
usually ensures positional and normal vector continuity along the contact curves on the two
base surfaces within a given accuracy. Blending is very important in geometric modeling
and it is widely used to improve aesthetics and reduce stress concentrations of a product.

A lot of research has been conducted on the problem of determining a surface given its
boundary. A popular polynomial solution to the problem is the bilinearly blended Coons
patch: Given four boundary curves, the Coons patch is a parametric surface, defined over the
unit square, which has these four curves as boundary curves. Indeed, this problem is under-
specified because there are an infinite number of surfaces that can interpolate any four given
boundary curves. A generalization of Coons patches interpolating a rectangular network of
curves are Gordon surfaces, which were developed in the late 1960s when Gordon was working
for the General Motors Research labs. He coined the term “transfinite interpolation” for this
kind of surfaces.

As regards polynomial interpolation to boundary data on triangles, some previous work
has also been carried out. See Barnhill et al. [4], Barnhill and Gregory [5], or Nielson [32],
where the authors derived different polynomials interpolating boundary data. Moreover, a
particular triangular Coons patch can be found in [33].

The literature offers many different methods that have been used for surface construction
by interpolating boundary curves or fitting to some other kind of constraints. In this work we
address the problem of determining a polynomial surface described by a set of initial data,

2Since most of our method are related to the mean curvature we can expect to avoid these irregular shapes.
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such as the boundary curves or some of their control points, with some of these techniques.
The generation methods we have studied can be classified in three categories:

(1) Functional minimization: Given the boundary curves, we determine the sur-
face that minimizes some functional among all the polynomial surfaces with that
given boundary. We have considered three quadratic functionals: the Dirichlet func-
tional, the Biharmonic functional® and the functional that the Coons patch mini-
mizes. Moreover, we have considered a cubic functional, the CMC-functional. We
conduct our study in terms of Bézier surfaces?, and these functionals, restricted to
the space of polynomials, turn into functions of the control points. Thus, the ex-
tremal of a functional Z among all triangular Bézier surfaces can be computed as
the minimum of the real function

,P_>I<?’P)7

T p being the triangular Bézier patch associated to the control net P.

(2) PDE surfaces: A triangular Bézier surface satisfying a partial differential equation
can be determined given some of its control points. The minimum set of prescribed
control points depends on the PDE under study, mainly on the order of the PDE.
Previous work on this subject was performed in [30] and [31]. The cited papers
study the generation of rectangular Bézier surfaces satisfying the Laplace equation
as well as the biharmonic equation. Moreover, an analogous study about the Bézier
solutions of the wave equation can be found in [6]. In the case of harmonic Bézier
surfaces two boundary conditions were required to construct the surface while for
biharmonic Bézier surfaces four boundary curves were needed as initial data. It is
important to highlight the fact that although boundary-value problems are consid-
ered, if polynomial solutions are sought, the problem has a unique solution only by
prescribing the boundary and no normal derivatives along it are required. One would
expect biharmonic surfaces unconstrained to be a polynomial to be defined not only
by the boundaries but also by the boundary cross-slopes; but the fact is that, if
polynomial surfaces are required, the cross-slopes are determined by the boundary.

Here we have considered the PDE defined by the Euler-Lagrange equations as-

sociated to the Dirichlet functional and to the Biharmonic functional which are the
Laplace and the biharmonic equation, and we have computed in each case which

points on the control net must be known to have a surface uniquely determined by
the PDE. Moreover we have introduced a third-order PDE, which is not associated
to any functional, that enables us to define a triangular Bézier surface given the
border control points. The prescription of the boundary increases the control over
the shapes that can be designed.

3These functionals, which are called the Dirichlet and the Biharmonic functionals in the mathematical literature, are

known as stretching energy and bending energy, respectively, in the physical, engineering or CAGD literature.
4Unless otherwise stated Bézier surface means triangular Bézier surface along this introduction.
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Let us emphatically remark that, since we restrict the minimization of a func-
tional to the space of polynomial surfaces the functional is now just a function, and
an extremal of this function is not forced to fulfill the Euler-Lagrange equation asso-
ciated to the functional. Therefore functional minimization offers us solutions that
are different to those we get as a solution of its Euler-Lagrange PDE.

(3) Masks: Another way of building surfaces is by means of masks. A mask is a
set of coefficients that define any control point of a Bézier surface in terms of its
neighboring control points. Thus, the whole control net is obtained as a solution of
a linear system. The use of masks has its origin in numerical methods to discretize
and solve differential equations. One way of obtaining an approximated solution to
a differential equation is by performing its finite difference discretization, and then
the discrete solutions can be represented by masks.

In [14], G. Farin and D. Hansford present a new class of control net generation
schemes based on a special kind of masks that they call permanence patches. A mask
for rectangular patches is defined as a generalization of the discrete Coons patch
and the analogous mask for triangular surfaces is an extension of their definition
for the rectangular case. These masks, which allow the construction of permanence
patches, can also be considered in terms of discretized PDEs as a blend of variational
principles.

Here we have defined some masks associated to the functionals and to the PDEs
that we have studied, and we have also discussed our results in comparison with
those corresponding to permanence patches obtained through the masks defined in
[14].

Before starting an explicit description of our work, we would like to make a comment
concerning parametrizations. There is a difference between the symmetry of the results
obtained for rectangular Bézier surfaces and the asymmetry of triangular surfaces. For
usual Bézier surfaces, there is a very clear association between rectangular control nets and
parametrizations of a Bézier surface. In the case of triangular Bézier surfaces, things are not
so easy. The most direct association between triangular control nets and parametrizations of
triangular Bézier surfaces is the one obtained after the substitution of one of the barycentric
coordinates by an expression depending on the other two bearing in mind the relation u +
v+ w = 1. For example, if ?(u, v,w) is the patch in barycentric coordinates, then we shall
work with the patch 7' (u,v) = ¥ (u,v,1 — u — v). Moreover, if we suppose now that (u,v)
are Cartesian coordinates or, equivalently, that the triangle used to define the barycentric
coordinates is the non-equilateral one whose vertices are (0,0), (1,0) and (0,1), then this
association has a serious drawback, namely, the breakdown of symmetry. Even if the control

net is symmetric (Py)o(jjo(k) = Pije for any permutation o), the Bézier triangular surface

o(j
does not preserve the symmetry.

Nevertheless, we have followed this non-symmetric approach due to the following facts:
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(1) Our approximations, despite the use of non-symmetric methods, seem to be at least
as good as other results deduced from symmetric methods, such as the construction
of permanence patches or other methods that are deduced forcing symmetry.

(2) For degree 3, there is a well-known minimal surface, Enneper’s surface. The use
of asymmetric methods allows us to obtain this surface as a result but this is no
longer true for any symmetric mask. It can be shown that there are pieces of the
Enneper surface for which the interior control point cannot be obtained by applying
a symmetric mask to the exterior control points.

(3) Symmetric masks are deduced after some arguments on the control net, but not on
the Bézier surface. Our methods are based directly on the Bézier surface when we
want to minimize some functional directly related with the surface.

Let us introduce our work with a little more detail.
Our approach in the first three chapters regards surface design by solving Partial Dif-

ferential Equations (PDEs): we create a surface as a solution to an appropriately chosen
boundary-value problem. In 1989, Bloor and Wilson gave this type of surface modeling
techniques the name “PDE surfaces”, see [8]. Since most information defining a surface
comes from its boundary curves, adding some boundary conditions to the PDE allows the
PDE-based method to generate and control the surface shape through very few parameters.

In the first chapter we study the way to generate harmonic surfaces given some of their
control points as initial data. Harmonic surfaces are the PDE surfaces obtained as a solution
of the equation AT = 0, where A denotes the harmonic operator otherwise known as the
Laplacian. Harmonic surfaces, which have found their way into various application areas of
CAGD such as surface design, geometric mesh smoothing and fairing, are moreover related
to surfaces minimizing the area: an isothermal parametric surface is minimal if and only if
it is harmonic.

In the second chapter we give two different methods to generate biharmonic triangular
Bézier surfaces with some of their control points prescribed. A biharmonic surface satisfies
the PDE A%%7 = 0, where A? is the bilaplacian operator. The term “thin plate problem”,
which is used to refer to the biharmonic boundary problem, comes from the physical analogy
involving the bending of a thin sheet of metal.

As we said before, for tensor-product Bézier surfaces an analogous study of harmonic
and biharmonic surfaces was previously conducted in [30] and [31]. In these papers it was
proved that two opposite boundary curves of an harmonic Bézier rectangular patch determine
the surface and that any biharmonic rectangular Bézier surface is fully determined by the
boundary control points, that is, four boundary curves. From these results and from our
analogous findings for triangular Bézier surfaces, it can be deduced that the order of the
PDE somehow determines the number of parameters that are free. Therefore, it is natural
to think that, given the boundary curves of a triangular patch, an interpolating surface would
be totally determined as a solution of a third-order PDE.
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In this way, in the fourth chapter, we introduce a third order PDE and we give a method
to generate the associated PDE surface from a prescribed boundary. Since the boundary
curves determine the whole of a biharmonic surface in the rectangular case, in the triangular
case the boundary control points determine a surface associated to a third-order PDE. This
method, which we call the third-order method, makes it possible to create the geometry of
realistic objects based upon the surface information at the boundaries of the object to be
designed.

Before introducing the third-order method in chapter four, we present a study about tri-
angular Coons patches in the third chapter. More specifically we have compared triangular
Coons patches with rectangular Coons patches.

Here, we have considered the problem of finding a polynomial extremal of the functional

F(T) = / | 2 s,
U

among all rectangular patches with the same boundary. We have proved that this is equiv-

alent to solve the PDE 7 ..., = 0, and that, in addition, the Coons rectangular patch is a

solution.
On the other hand, we have seen that triangular Coons patches are not extremals of this

functional. We then studied the conditions under which it would be equivalent to finding an
extremal of F among all polynomial triangular patches with a prescribed boundary and to
solving the PDE @ 0, = 0.

Moreover, we defined the Triangular Discrete Coons patch and we gave a characterization
of the control net of a triangular Bézier extremal of the functional F. This characterization
allowed us to develop two methods to generate triangular patches given the boundary curves.
The first method is to find the extremals of the functional as a solution of a linear system
of the control points. The second method enables us to build a Bézier triangle by means of
a mask deduced from the characterization of cubical extremals.

In general, we know designers usually only deal with low degree surfaces but, anyway, if
we think about the problem of approximating arbitrary harmonic or biharmonic surfaces by
polynomial surfaces then it is known that the degree of polynomial surfaces must increase
in order to get good approximations. Therefore we have proved all our related results in
general, for an arbitrary degree.

In the fifth and the sixth chapters of this work we also give different methods to generate
Bézier triangles given some different kinds of initial data but, in contrast to the previous
chapters, we generate minimal surfaces and polynomial approximations to minimal surfaces.

In chapter five we give some methods to generate minimal surfaces based on the repre-
sentation formulas obtained by K. Weierstrass in 1861. Making use of the theory of complex
analysis, we describe the way to build minimal and isothermal surfaces starting out from
several sets of initial conditions such as control points, the tangent planes at the surface
vertices or other kind of parameters.
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Moreover, we study the relation between minimal surfaces and minimal complex curves
and we deduce from this study two more methods to generate cubical minimal isothermal
surfaces.

In chapter six, we have considered the Plateau-Bézier problem. Over the years it has
been studied the general problem of determining the shape of the minimal surface constrained
by a given boundary, which is known as Plateau’s Problem. Here, we have considered a
restricted problem, the Plateau-Bézier problem, which consists in finding the Bézier surface
with minimal area from among all Bézier surfaces with a prescribed boundary. This problem
was previously discussed in [30] for rectangular Bézier patches. In this chapter we provide
an analogous discussion. We give an approximation to the solution of the Plateau problem
obtained by replacing the area functional with the Dirichlet functional, for triangular Bézier
surfaces. Then we make some comparisons between Dirichlet extremals and Bézier surfaces
obtained by the use of the masks defined in [14], that is, the permanence patches. We
also provide an expression of the Dirichlet functional in terms of the control points of a
triangular Bézier surface, and then the functional translates into a function of the control
points. Afterwards, from this expression we derive a characterization of the triangular control
net of an extremal of this functional. In addition, an analogous study to the one described
above for the Dirichlet functional but in this case concerning the Biharmonic functional is
also included in this chapter.

In the last chapter we study constant mean curvature triangular Bézier surfaces. CMC-
surfaces are extremals of the functional Dy (7') = D(7) +2HV (), where D(Z') is the
Dirichlet functional and the functional V(7'), that we introduce in this chapter, is the
functional that measures the algebraic volume enclosed in the cone segment consisting of all
lines joining points 7" (u,v) on the surface with the origin.

Here we consider this functional over triangular Bézier patches and we obtain a method
to generate polynomial approximations to constant mean curvature surfaces.

As we did in chapter six, we give a characterization, in terms of control points, of an
extremal of Dy among all Bézier triangles with the same border. This characterization of
the Bézier extremals of Dy allows us to compute the polynomial approximations to CMC-
surfaces as a solution of a quadratic system of the control points.

For a given boundary it can be found a family of polynomial approximations to CMC-
surfaces with curvatures in a particular interval. Therefore, the prescription of the curvature
in this method can be seen as an additional degree of freedom.

At the end of each chapter we will present a discussion about the work done. We will
explain our conclusions deduced from the results we have obtained in relation to the problems
under consideration.






CHAPTER 1

Constructing triangular Bézier surfaces using linear PDEs:

Harmonic surfaces

In this chapter we present some results related with harmonic triangular Bézier surfaces,
that is, those Bézier triangles verifying A7 = 0 where A = (aa—; + g—;). The harmonic

operator, otherwise known as the Laplacian operator, has been widely used in many appli-
cation areas such as physics. It is associated with a wide range of physical problems, for
example gravity, electromagnetism and fluid flows.

Moreover, as is well known, harmonic surfaces are related to minimal surfaces. The
relation is as follows: given a parametric surface patch @ (u,v) satisfying the isothermality
condition, i.e.,

< Ty,

where 7', and 7, are the first derivatives with respect to u and v and <, > is the dot
product, then the surface it represents is minimal, in the sense of minimal area, if and only
if it is harmonic. Let us remark that the harmonicity of a surface is a characteristic that
depends on the parametrization.

The main result from the theory of minimal surfaces states that, under certain conditions,
given the boundary there is a unique minimal surface prescribed by that boundary. In [29] it
was proved that the harmonicity condition, for rectangular Bézier patches, and the knowledge
of two opposite boundary curves determine the whole of the surface. Here we will present
a similar study of harmonic Bézier surfaces, (as it was done in paper [29]), but instead of
rectangular Bézier patches we will deal with Bézier triangles.

Triangular Bézier surfaces have an advantage over rectangular Bézier surfaces when deal-
ing with derivatives. Let us illustrate it with an example: Given a polynomial u"v", as a
tensor-product Bézier surface coordinate function, its degree is (n, n), while if it is considered
as a triangular Bézier coordinate function its degree would be 2n. Then if we take deriva-
tives, for example, if we consider the Laplacian, A (u™v") = u" 20" + u™v™ 2, in terms of
rectangular patches its degree is still (n,n), but it decreases to 2n — 2 in terms of triangular
Bézier surfaces. Therefore we can consider that triangular Bézier patches are better adapted
to PDE problems.

First of all let us recall some definitions and basic properties related with Bézier surfaces.

19



20 1. HARMONIC TRIANGULAR SURFACES
1. Triangular Bézier Surfaces

Consider a triangle with vertices A, B, C and a fourth point P, all in R3. Then, it is
always possible to write P as a barycentric combination of A, B, C'

P=uA+vB+wC requiring that w+v+4+w = 1.

The coefficients u = (u, v, w) are called barycentric coordinates of P with respect to A,
B, C.

To build a triangular Bézier surface of degree n we have to repeat the barycentric inter-
polation in the same way we repeat the bilinear interpolation in the de Casteljau algorithm

for constructing a Bézier surface, see [21]. The control net for a triangular Bézier surface of

(n+1)(n+2)
f 2

degree n consists o points arranged in a triangular grid. As an example, we can

see the following triangular control net which shows the case of degree 4:

P4OO P310 P220 P130 P040
P301 P211 P121 PO31

(1) P202 P112 P022

We will denote each point of the triangular control net by P; where I = (i, 7, k) and
[I| =i+ j+k.

In the same way that a rectangular Bézier surface admits two equivalent definitions, the
one from the de Casteljau algorithm and the one with univariate Bernstein polynomials, a
triangular Bézier surface can be defined in both equivalent ways. A triangular Bézier surface
in terms of the trivariate Bernstein polynomials :

DEFINITION 1.1. The trivariate Bernstein polynomial of degree n is defined as

" n\ ; nl .
Bz(U)Z(j.)u ijk:z’!j!k:!u Juwtif |1 =n,

otherwise B} (u) = 0.

Although these Bernstein polynomials look trivariate, they are not, since the barycentric
coordinates verify the relation v +v +w = 1.

We will denote by R the region R = {u = (u,v,w) € R®/u+v+w =1 and u,v,w > 0}
and by T the region T' = {(u,v) € R? : 0 < u,0 < v,u+v < 1}.

The following lemmas will introduce us to some of the properties of Bernstein polynomi-
als.
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LEMMA 1.2. The product of a pair of Bernstein polynomials is given by:

((Z)Jr(m)) BT () where |I| =n, |J|=m

1+J

(2) Bi(u) - Bj'(u) =

LEMMA 1.3. The partial derivatives of Bernstein polynomials are given by:

9 Br(u) = n (B (w) - B} (w)

au I—e I—e3

a n _ n—1 n—1
%BI( u) = ”(BI eg( u) — B~ eg( u)),

where we have denoted ey = (1,0,0), es = (0,1,0), e3 = (0,0, 1).
LEMMA 1.4. The integral of a Bernstein polynomial over the triangle T is given by

1

I I. Il =n.
SIS for a : |Il=n

(3) /B?(u,v,l—u—v) dvdu =
T
Proof: Taking into account that for k£ = 0 we have that 7 =n — i we get:

fTBZ’jﬁo)(u,v,l—u—v)dvdu — fo IUB’ZJO(U,U,l—u—'U)dvdu

= fo ( ) v dvdu
n i+1

(4) = fo() n—mdu

_ n+1 _ 1
= fo n_-',-lBi+ (u)du = D (mt2)

where B"*!(u) is the univariate Bernstein polynomial.
Now, integrating by parts, we get the equality:

1-u 1—u
(5) /0 B ji1p—n(w,0,1 —u—v) dv = /0 B jr(u,v,1 —u—wv) dv.

and therefore, by successive application of (5) to the previous computation (4), we get the
desired result.

DEFINITION 1.5. Given a triangular control net in R®, P = {P;}1j=n, the triangular

Bézier surface of degree n associated to a control net P, @ : T — R is given by:

=Y PiBi(u)

[I|=n
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LEMMA 1.6. The partial m-th derivatives of a triangular Bézier patch, T, are given by
the following formulas

8’”? n! m.0 (n—m)
ou™ (U,U): (n_m)' Z A PIBI (U,'U),
" [I|=n—m
(6)
omx n! m e
9o (U,U) = m Z AO’ P[BE )(U,U).
|[I|=n—m

where we have introduced the notation

l,  Al=1mAl0 I—1,m
AP i =A AP, i =AT"" (P gk — Pijkt1)

(7)
Alijk_Alm IAOIR]k—AZm 1( zy—&—lk_-Pi,j,k—i—l)‘

Proof: First we will compute partial derivatives with respect to w.

or
5 —(u,v) = aUX:P[B"UU ZPI B”uv)
I|=n [|=n
=n Y Pr(BZ (u,0) = B (u,0)
[I|=n
= ZPIB?guU ZPIB?QSUU)
[I|=n [I|=n
=n Z (PI+61 - PI+€3)B?_1(U7U)
[I|l=n—1
=n Z z+1jk_ lijrl)B?il(u’lU)
[I|=n—1
=n Z AP B (u,v).
[I|=n—1
S0
oz n—1 1,0 n—1
(8) %(U,U) =n Z (Pit1,gk — Pijps1) BT (u,v) =n Z AP By (u,v).
[I|=n—1 [|=n—1

and analogously,

ox _
(9) %(u,v) =n Z (Pijsrke — Pijrr1) By H(u,0) = n Z A P B (u,v).

‘I =n—1 |I|:TL—1
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After taking derivatives repeatedly we get the m-th derivative with respect to u,

am?(u v)=n o Z AP B (u,v)
m ’ - m—1 S rIby )
ou ou Framd
om? 1,0/ AL0 2
=n(n—1)5—— > AY(ANP)B A (u,v)
[I|=n—2
8m—2
=n(n—1) s > APBI(u,0)
u |[I|=n—2
n! 9 m—1,0 (n—m+1)
= w5 > AmPB; (u,v)
’ [I|=n—m+1
n! m0p pn-m)
— ) Z A" PrB; (u,v).

" |I|=n—m

An analogous computation gives the m-th derivative with respect to v.

2. The harmonic condition

In this section we will study the harmonic operator, that is, the Laplacian, acting on
a triangular Bézier surface in an analogous way to [29]. First of all, we will compute its
expression in terms of the control points of a Bézier triangle and afterwards, in Theorem 1.9
and Theorem 1.18, we will discuss how a harmonic Bézier surface is totally determined by
the knowledge of some of its control points.

Some authors have previously carried out some similar work related with the Laplacian
operator, (see [14]), but from a discrete point of view. They have described the relations
between the control points of a Bézier surface satisfying the discrete Laplacian condition
instead of establishing the relations between points in the control net of a harmonic surface.
That is what we have done. We have obtained some discrete conditions but not by using
the discrete operator.

First of all, as we said before, we seek the conditions that the function 7 must fulfill in
order to be harmonic, that is, we compute the Laplacian of the Bézier patch. We do this
in terms of the control points, that is, we obtain the conditions that the control net of a
triangular Bézier surface must satisfy in order to be associated to a harmonic surface:

. 2 2\ 2 )

|=n
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then bearing in mind the previously computed derivative of a Bézier surface, Equation (6),

we have

=n(n—1) Y A*PB(u)+ Y  A"PB;(u)

|[I|=n—2 |[I|=n—2
=n(n—1) Z (AY (Prie; = Prie) + A" (Prye, — Prye;)) Bi 2 ()
|[I|=n—2
=n(n—1) Y (Pryse, + Prises + 2Prioc, = 2 (Pryestes + Priestes) B2 (u).
|[I|=n—2

Thus, the Laplacian of a triangular Bézier surface can be seen as a triangular Bézier
patch of degree n — 2 with associated control points

Qr=n (n - 1) (PI+261 + Pryse, + 2P 9¢, — 2 (PI+61+63 + PI+62+63)) for ’[‘ =n—2.

Let us recall that in the rectangular Bézier case there is no reduction of degree if the
Laplacian is computed, but here there is a decrease of total degree.

Due to the fact that {B}~? (u)}7j=n—2 is a basis, we get that 7’ is harmonic iff Q; = 0
for all |I| =n — 2.

PROPOSITION 1.7. The triangular Bézier surface associated to a control net {PI}|I|:n 18

harmonic, i.e., satisfies A = 0, if and only if

(1()) 02PI+261 +PI+262+2PI+263 _2(PI+€1+63+PI+62+63) Jor |]| =n—2
REMARK 1.8. The previous equation, Equation (10), can be rewritten as:
(11) 0= Pisoun—t—i1-2+ Pritron—t-i—2+ 2P in—t—1 — 2 (Pot1in—k—1-1 + Prit1n—k—1-1)

Vk,l > 0, or equivalently as 0 = (A*° + A%?) Py n_k—1, where A*Y and A%? are the usual
difference operators defined in Equation (7).

At this point we can state that the harmonic condition implies that some of the control
points of a triangular Bézier surface can be expressed as a linear combination of the other
control points. In the following sections we will study this dependence relation between
control points at harmonic control nets of an arbitrary dimension, but, first of all, we will
study the low dimensional cases, n = 2 and n = 3.

For the quadratic case the harmonic condition, which has been translated into a linear
system given by Equation (10) for |I| = n — 2, is reduced to a unique equation. So, in this
case we obtain that two lines of border control points determine a family of harmonic Bézier
control triangles. On the other hand, for the cubic case, the linear system consists of three
equations which allow us to determine, given two lines of border control points, a harmonic
triangular Bézier surface. Let us explain these results.
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2.1. The quadratic case. For n = 2 a quadratic triangular Bézier surface is defined
by the following triangular control net:

Pooz Poi1 Poo
P= P Puo
Pooo

If the patch associated to a quadratic triangular Bézier surface is harmonic, then Equation
(11) gives us the condition:

Pyoo + Pogo — 2 (Pior + Poir) + 2FPp02 = 0.

From this equation we can express one of the control points in terms of the other five,
for example:

1
Pioy = §(P200 + Po2o — 2 Po11 + 2FPo02).

The equation above can be written by way of a “kind” of mask:

1
P101:§ X * 0

Note that, according to this, given two rows of border control points (five points), the sixth
point is fully determined by the harmonic condition. Moreover, given four points of the
triangular control net we obtain a family of harmonic quadratic surfaces since the condition
for the Laplacian does not depend on the control point P;qg.

2.2. The cubic case. For n = 3 the cubic triangular surface is associated to the fol-
lowing triangular control net:

POOS P012 P021 POSO

(12) P =

The equations that a cubic triangular Bézier surface must satisfy in order to be harmonic
are the following:
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Psoo + Prag — 2 (Pao1 + Pr11) + 2Pip2 = 0,
Pr1o + Poso — 2 (P11 + Po21) + 2P0 =0,
Poo1 + Poa1 — 2 (Pio2 + Poiz) + 2Py03 = 0.

From these equations it is possible to express three control points in terms of the other
seven, since we have obtained that the null space of the coefficient matrix is of dimension
seven. Therefore it is possible to choose two lines of border control points of a triangular
control net as free variables, and then the other three points are fully determined by the
harmonic condition:

PQOI =

3. Constructing triangular Bézier surfaces from a boundary curve and the
normal derivative along it

Now, after studying the first two low dimensional cases, and seeing that the harmonic
condition determines some control points in terms of border control points, we will try to
extend this result to triangular Bézier surfaces in general. But for greater dimensions we
will find that this result has a variation. We will prove in section 5 that from n = 4 onwards,
two rows of border control points do not give enough information to determine all the other
control points. Therefore, instead of taking two border lines of control points as known
points, we will consider two different variations of the set of points that are considered as
known points.

The first variation, which we will study in this section, comes from the following usual
boundary value problem:

7 (0,0) = a(v)

7, (0,0) =3 (v).
We consider the linear PDE given by the harmonic operator with Cauchy boundary

AT (u,v) =0, {

conditions. The value of the solution along a border curve, @ (0,v), and its transversal
partial derivative, 2, (0,v), which determines the tangent plane to the surface along this
border curve, are the conditions which are specified. It is known that in general a solution
to this problem can be uniquely determined, the point is that here we will determine a
polynomial solution. In terms of triangular Bézier surfaces, the problem is: Given the first
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two rows of control points we determine the associated harmonic surface. This will be the
first result we will prove in this section (Theorem 1.9).

The second variation of the set of known points, which we will study in section 5, is
as follows. In the rectangular case it holds that two rows of border control points fully
determine the associated harmonic chart, see [29], but unfortunately this is no longer true
for the triangular case. Therefore we will consider as known points a set of control points
which is as similar as possible to a set of border points: We consider two border lines of
control points with the exception of some of them, which are replaced by their neighboring
interior control points. The choice of the neighboring points to replace the excluded border
points comes from the fact that they are closer to the frontier, so they can give better
information about the desired shape of the surface.

The following Theorem will show that a harmonic triangular Bézier surface can be de-
termined from its first two rows of control points in the control net.

THEOREM 1.9. Let 7 (u,v) = > i1j=n P1 B} (u, v) be a harmonic triangular Bézier surface
with control net {PI}III=W then the control points P, with i # 0,1 are totally determined
by the first two rows of the control net {Fyjn-;};_y and {Pl,j,n—j};:_ol-

NN
SN
NN

AN

FIGURE 1. An schematic grid of control points. The blue dots are known and the gray
would be obtained by asking for harmonicity.

Proof: The harmonicity condition (11) allows us to establish some relations between
control points, so if we consider the set of equations associated for any pair of indices k, I,
we get a system of linear equations where the points at the first two rows are considered as
known points and the rest of the control points are the variables. Then our goal is to ensure
that the system always has a solution. So, in order to do that, we split the system into a
number of subsystems and then we prove the solvability of them.

The following scheme shows a triangular control net of degree n written in such a way
that, at our convenience, it allows us to talk about columns:
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Poon Poin-1 Pozn-=2 - Pon-ss Pon-a4a Pon-33 Pon-22 Pon-11 Pono
Pion-1 Piin-2 Piz2n3s -+ Pinssa Pin-as Pinsz2 Pin-21 Pin-1p0
Pyon—2 Prin-3 Paom—a -+ Popns3z Pon—a2 Pon-31 Pan-2p0
P3on-3 P3imn-a Psons -+ Pans2 P3na1 P3n-3p0
Pion—a Piin-s Pion-6 -+ Pan-s1 Pin-apo
(13) Pson-s Psin-6 FPson-7 -+ Psn_sp0

Pn 303 Pn312 Pnozeon
Po_202 Pn-211 Pn-220
Prn-101  Pa-110
Pro,o
Bearing in mind this scheme, and starting from the right corner we have that in the first
and second column there are no unknown points: In the first column from the right, the
nth column, we find F, o, which is assumed to be known, and the same happens with the
following column, the column n — 1, where we have F,_11 and P ,,_1 .
On decreasing the column index, in column n — 2, the first unknown point, P, _2,

appears, but Equation (11) with £ =0,l =n — 2:
2Py n—22—2(Pipn—21+ Pon-11) + Pan—20+ Pono =0,

determines it. This would be the first subsystem we solve, and it allows us to obtain the
point P, ,,_2¢ in terms of control points at the first two rows. In next step we consider the

relations for k =0,l=n—-3and k=1,l=n—3:

2Py n—33—2(Pin-32+ Pon-22) + Popn-s1+ FPopn-11=0
2P 30— 2(Pop—31+ Pin—21)+ Psn_30+ P1n10=0.

We have two equations and two unknown points, P,_31 and Ps,_30, which are also
determined in terms of control points of the first and second rows. We have solved the
second subsystem.

Now, if we follow this process column by column, we can observe that in each column we
have a subsystem of linear equations which has an associated triangular coefficient matrix
with negative-sloping diagonals defined by:

Q5 = 1, Qi1 = -2, Qi = 2.

This is a triangular matrix whose determinant is equal to one when we take the points

{H7j7n_i_j}?£;jji:0 as variables. So we can ensure the solvability of each system associated in
any column.

At this point we have that, for degree n, the linear system has a solution since it can
be split into n — 2 determined compatible subsystems. Therefore, we have that a harmonic
control net can be obtained only in terms of control points in the first two rows, that is, if
we look for a harmonic patch the whole control net is totally determined if the first and the
second row in the control net are known.
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Let us remark that the coefficient matrix in the previous proof is a particular case of
Toeplitz pentadiagonal matrix, a kind of matrices we will study in the following section.

The following figures show, for degree n = 4 and n = 6, some harmonic surfaces ob-
tained by means of Theorem 1.9. The first two rows of control points in the control net are
prescribed.

FIGURE 2. Two views of the harmonic surface, similar to a piece of a cone, determined by
a set of control points placed along two parallel straight lines.

F1cUre 3. Four different points of view of the harmonic surface obtained with Theorem 1.9
when the set of fixed control points were on two “parallel” circular arcs.

The following figures show the previous harmonic surfaces but now for degree n = 6. Here
it can be observed that for some higher degree examples, the first and the second line of
control points do not give enough control over the shape of the generated harmonic surface.
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FIGURE 4. Two views of the harmonic surface, similar to a piece of cone as before but for
n = 6, determined by a set of control points placed along two parallel straight lines.

FIGURE 5. These are four views of the harmonic surface obtained with Theorem 1.9 when
the set of fixed control points were in two “parallel” circular arcs. On comparing these

figures with the corresponding figures shown for n = 4 it can be seen that for this higher
degree the first and the second line of control points do not give much control over the shape
of the harmonic surface that is determined.
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4. Some Toeplitz matrices and their determinants

As we have seen in the previous section, the proof of the existence of a solution to the
problem of determining a PDE surface when some of its control points are prescribed is
reduced in order to check the solvability of some linear systems. In this section we will prove
some results that will be useful for these purposes.

DEFINITION 1.10. A (2k + 1)—banded matriz, M, is a matriz that fulfilles

Hence a 3-banded matrix is said to be tridiagonal, a 4-banded matrix is said to be
tetradiagonal and a 5-banded is a pentadiagonal matrix or quindiagonal matrix.

DEFINITION 1.11. Given 2n — 1 numbers ay, where k = —n +1,...,—1,0,1,....n — 1,
a Toeplitz matriz is defined as a matriz which has constant values along negative-sloping
diagonals, i.e., a matriz of the form

g -1 A—2 ** " Q_py1

a; ap a—q

(14) o A1 Qo e a_o
a_q
Qp-1 *++ Q2 a1 Qg

Therefore if a (2k + 1)—banded matrix has constant values along its diagonals it is said
to be a Toeplitz matrix defined by 2k + 1 scalars.

A n x n pentadiagonal Toeplitz matrix, which we will denote by M "% is a matrix
defined by five scalars located at the entries

mi—oi;=a, Mj—1;= b, mi; =¢, Miy1; = d, miy1,4 = €,

that is,
cdeO--- 000000
bcdeO - 00000
abcdeO--- 0000
0Oabcecdedo 000
0 0abcdedo 00

(15) Mlabede) — et et
00 -+ 0abecde0O0
000 -«- 0abcdedo
0000 «-- 0abcde
000O0O 0abecd
000O0O0O 0 abec
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LEMMA 1.12. The determinant, D,,, of the n-dimensional Toeplitz penta-diagonal matriz,

Méa’b’c’d’e), defined in Equation (15), can be computed by the following recursive formula:

(16)

D,, = c¢Dy,_1+(ae—bd)D,,_y+(b*e4ad® —2aec) D, _s+ae(ae—bd) D,_4+a*e*cD,_s—a*e*D,,_g

Proof:

We compute this determinant by performing expansion by minors, and we start by the

first column:

d e|0 O 0 dle 0 0 0

c dle O 0 b

a b a

D,=a| 0 @ —b| 0 +eDy g

0 0 0

: : M(a,g,c,d,e) : M(a,g,c,d,e)

: . n— . n—

0 0 0

and again by the first columns we get:
e 0 0 0 e|0 0 O 0
d e 0 0 b
a b a
D,=a2| 0 a —ac| 0

0 0 0
: : a,b,c,d,e : a,b,c,d,e
S M,(L_4 ) : Mq(m—?a :
0 0 0
d|e 0 0 e 0/0 O 0
b c dle O 0
a a b

tad| 0 —ba| 0 @
0 0 0
: a,b,c,d,e : a,b,c,d,e
: Mot : Mot
0 0 0
el 0 0 0
b
a

+p2| 0 —bdDyy_5 + ¢Dyy_1,
0
Mf(;ﬁlé,c,d,e)
0

that is,
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O o

D,, =a’e’D,,_4 — aceD,,_5 + ad — bae

O O o

(a,b,c,d.e) : n—4
M,"2

+b2€Dn_3 —bdD,,_s +cD,_1

where we have only rewritten the determinants including the row (e, 0, ..., 0).

Now, we develop the first of the remaining determinants performing expansion by minors
again and, on the other hand, we denote the second determinant by B,,_3 since its dimension
is (n —3) x (n—3):

e 010 O 0 e|0 0 O 0
c d|le O 0 b
a b a
D,, =a*e’*D,,_4 — aceD,,_3 + a’*d 0 a +adb| O
0 0 0
: a,b,c,d,e : a,b,c,d,e
: M7(175 ) : Mr(HL )
0 0 0

+ad®*D,,_5 — baeB,,_3 + b*eD,,_5 — bdD,,_5 + ¢D,,_1 = a*¢*D,,_4 — aceD,,_3

o o

+a2de + adbeD,,_4 + ad2Dn_3 —baeB,,_2 + b2eDn_3 —bdD,,_9 +cD,,_1

: (a;b,c,d,e)
: Mo
0

We denote the determinant that is still not computed by B,,_4 since it is a (n —4) X (n —4)
determinant with the same structure as B,,_3. Then we have:

D,, = a®¢®’D,,_4 — aceD,,_3 + a®>deB,,_3 + adbeD,,_4 + ad’D,,_5 — baeBy,_o + b*eDy_5 — bdDyp—o + ¢D,—q

Now, in order to get a recurrence formula, we would have to get an expression in terms of
some D; for the determinants denoted by B, s and B, _3. To this end, we compute D,,_»:

d e|{0 0 0 e 0 dle 0 0 O e 0
c dle 0 0 ‘e 0 b
a b a
D, s=al0 a —p| 0 +¢Dy s
0 0 0
: a,b,c,d,e : a,b,c,d,e
: MT(HL ) : M'r(173 )
0 0 0




34 1. HARMONIC TRIANGULAR SURFACES

e 010 O 0 e|0 0 O 0
d e|0 0 0 b
a b a
D, s=a?| 0 @ —ac| 0
0 0 0
a,b,c,d,e a,b,c,d,e
Mot Mg et
0 0 0
dle 0 0 0
b
a
+ad 8 —bBp_3+ cDy_s
: M’r(ig,c,d,e)
0

=a?e®D,,_¢ — aceD,_4 + adBn_35 — bBy,_o + ¢D,_5.

Then we have:
—aeD,,_5 = —ad3e3D,,_¢ + a’e*cD,,_4 — a*edB,_3 + aebB,,_5 — aecD,, 3,
that is,
a?deBy,_5 — baeBy,_o = aeD,_5 — ae¢*D,,_s + a%€%¢D,_5 — aecDy_s.
Therefore:
D, =cD,_1+ (ae — bd)D,,_2 + (b2€ +ad® — 2aec)D,,—5 + ae(ae — bd)D,,—y + a’e*cD,,_5 — a’e* D, _g
|

Let us consider separately tridiagonal and tetradiagonal Toeplitz matrices although they are
particular cases of pentadiagonal Toeplitz matrices.

A n x n tridiagonal Toeplitz matrix, which we will denote by M{*" | is defined by three
scalars which are located at the entries

mi—1;=a, My; = b, Miy15=20C

which are the only non-null entries in the matrix, that is,

b e 0 0

a b ¢ .o

(17) M =10 ¢ b . 0
C
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COROLLARY 1.13. The determinant, D,,, of the n-dimensional Toeplitz tridiagonal ma-
triz, M,(la’b’c), defined in Equation (17), can be computed by the following recursive formula:
Dn = bDn—l — CLCDn_Q.

Proof: It follows from Lemma 1.12 since a tridiagonal matrix is a pentadiagonal matrix
with the the entries

mi_g; = 0, mi_1;=a, M;;= b, Mmiy1:; =6, Myy14 = 0,

that is, M{*P9) = M@0

7b7c)

LEMMA 1.14. The determinant of a Toeplitz tridiagonal matriz M s given by the

general term

1 (b +Vb? — 4ac)nJr1 - (b — Vb — 4ac)n+1

~ontl Vb% — dac '

REMARK 1.15. The determinant D,, is a real number. Although v/b> — 4ac could be a

complex number, D,, is real since D,, = D,,.

D,

Proof: From Corollary 13 we have the following recursive formula

Dn = bDn—l — CI,CDn_Q.

Then, following the usual method to find the general term of a recursively defined se-
quence, we consider the solution D, = A", and we get the equation:

A=AV — qeA" 2,
which is equivalent to
A —bA+ac=0.

We solve this equation by obtaining the roots:

A:bi¢¥?ZE
5
which could be real or complex.
At this point we must distinguish two cases:
The case b?> — 4ac = 0 which implies an unique solution with multiplicity two, and the
case b> — 4ac # 0 which implies two different solutions with multiplicity one.

If b* — 4ac = 0 then \ = g with multiplicity 2, so we have to consider the nth term:

Dn::(g)n(A4—Bn)
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with the initial conditions: D; = b and Dy = b> — ac. Therefore we find the coefficients

4ac 4ac
A:b—Q, B:2—b—27

and then we have

bn—Q

Dn on—1

(—2ac(n—1)+b°n) if b —4dac=0.

If b> — 4ac # 0 the nth term of the sequence is given by:

2 _ n _ 2 _ n
Dn:A<b+\/b2 4ac> —i—B(b \/b2 4ac> |

also with the initial conditions: D; = b and Dy = b?> — ac. So we compute the coefficients

1 b 1 b
A=-(1+——|, B==(1—- ——r—
2( \/b2—4ac> 2( \/b2—4ac)

and therefore we conclude that

D - 1 (b—|— Vb2 — 4ac)n+1 — (b — Vb2 — 4ac)n+1
" gntl Vb? — 4dac

if b* —4ac #0.

A tetradiagonal Toeplitz matrix, which we will denote by M}La’b’c’d), is defined by four
scalars which are located at the entries

mi—1;=a, M4; = b, Miy15 = C, My, = d

which are the only non-null entries in the matrix, that is,

bcdO - --- 000
abcdO- -+ 00
0 bcdO --- 0
(18) MT(La,b,c,d): : S
0O - 0abcecdoO
00 -+ 0Oabdbcd
000 -«- 0abc
0000 - 0a6bd

COROLLARY 1.16. The determinant, D,, of the n-dimensional Toeplitz tetradiagonal

matriz, Méa’b’c’d), defined in (18), can be computed by the following recursive formula:

(19) Dn = bDn,1 — GCDn,Q + (12an,3,
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Proof: It follows from Lemma 1.12 since a tetradiagonal matrix is a pentadiagonal
matrix with the the entries

mi—o; = 0, mi_1;=a, My;= b, Mmit1; =6C  Miy14 = d,

that is, M,sa’b’c’d) _ MT(LO@,b,C,d).
[ |

The determinant of a Toeplitz tridiagonal matrix can be represented by a second-order re-
cursive formula, and therefore its general term can be obtained after computing the solutions
of a quadratic equation.

On the other hand, the determinant of a Toeplitz tetradiagonal matrix is represented by
a third-order recursive formula, as we have seen in the previous corollary. Hence, its general
term could also be computed in terms of the solutions of a third-degree equation. But we
do not give it here because it is defined by a large expression.

However, the determinant of a Toeplitz pentadiagonal matrix is provided by our sixth-
order recursive formula or by Sweet’s fifth-order formula, see [41]. Therefore, since it is
impossible to compute in general the roots of a degree 5 or 6 polynomial equation in a single
variable, a formula cannot be given for the corresponding general terms.

4.1. Comparison with other recursive relations for the Determinant of a Pen-
tadiagonal Matrix. Since pentadiagonal matrices occur frequently in boundary value prob-
lems involving fourth-order derivatives, there are some results in the literature which ap-
proach the problem of computing their determinant in order to develop a good method for
determining their eigenvalues. With this aim a recursive equation relating leading principal
minors for pentadiagonal matrices was developed in [41]. The result is the following:

THEOREM 1.17. [41] Given a pentadiagonal matriz, not necessarily Toplitz matriz, S =
{864}t =0 where it is assumed that

Si7j7é0 Zf |Z—]|:1,

defining the quantities

a; = Si4 221,2,...,n—1,n—2,n
bi:Si,i+1Si+1,i 1 = 1,2,...,71—2,71,—1
6@' = 8,i+25i+2,i 1= 17 2, ey — 2

Ci = Siit1Sit1i+28i+2i t=1,2,...,n—2

Cg = Si+1,i5i+2,i+1S5i,i+2 = 17 2, e n — 2

the following algorithm allows the computation of the determinant D,, = |S]|:

Set D_1 =0, Dy=1, Dy =ay, Dy =ajas — by, ey =¢e_1 =0, D_1 =0, and compute
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Ok—2 = ap—1Dy—3 — Br—3Dk_a4,

€x—3 = Dy, 3—%61« 4
(20) - - ey FTH
Cr_
er—3 = Dj_3 — ﬁ€k—4-
br—2
Then
(21) Dy = axDy_1 — bp_1Dy—2 — Bra20k_2 + Cr_9€x_3 + C_o€k_3

for k=3,4,...,n.

Moreover, in the same reference a 6-term recursive relation for the determinant of a

particular pentadiagonal matrix can also be found. The recursive rule holds for cyclically

¢
79

symmetric matrices, i.e., such that ¢; = ¢, for i = 1,2,...,n — 2. If S is cyclically symmetric

then
C— Qf—1Ch—
Dy, = (ak - ﬂ) Dy — <bk—1 — M) Dy_5 — (Bk—2ak—1 — cx—2) Di_3
bk_Q bk:—?
(22)
+ Bes <5k—2 B ak—lck—Q) Dy_y + (5k—3ﬁk—4 - Ck—2) Dy_s.
bk_g bk:—2

If S is a symmetric matrix, then it is cyclically symmetric, so (22) holds for symmetric

matrices.
In the next chapter we will need to prove the nonsingularity of a concrete Toeplitz

pentadiagonal matrix. Let us remark now that this matrix, that will be studied in Theorem
1.3, is cyclically symmetric, since ¢; = ¢t = 64. Therefore the 6-term recursive relation given
in Equation (22), which in this particular case is:

Dk == 6Dk,1 - 16Dk,2 + 32Dk73 - 48Dk,4 + 32Dk757

could be used, in Theorem 1.3, in order to prove that the Toeplitz pentadiagonal matrix
under study is non singular. Nevertheless we will do it using our recursive relation, in
Equation (16), which is given for this particular matrix in Equation (24). In fact, both
recursive relations have the same general nth-term.

The reason why we choose to use our formula, Equation (16), in the mentioned proof,
even when Sweet’s formula has the benefit being 6-term recursive instead of 7-term, is is
as follows: The 7-term recursive formula, Equation (16), we give in Lemma 1.12 holds for
the general case of Toeplitz pentadiagonal matrices, including both non symmetric and non
cyclically symmetric matrices.

Therefore while the determinant of any Toeplitz pentadiagonal matrix could be computed
by means of the 7-term recursive formula given in Equation (24), the simpler 6-term formula

(22) only holds for cyclically symmetric matrices, so for any other kind of pentadiagonal
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matrix the general algorithm, given in Equation (21), should be the only way to compute
the determinant proposed in [41].

This algorithm holds in general, but it has the problem of its complexity due to the
recursivity of the coefficients €, and ey, in Equation (20). In fact, in the cited article R. A.
Sweet states that a 7-term recursive relation may be derived for a non cyclically symmetric
matrix. This relation would eliminate the factors €, and e, but he did not put it forward
since he thought it was too complicated.

5. Constructing triangular Bézier surfaces from what are almost two boundary
curves

Now, as we have said previously, we will perform another choice of the subset of control
points, which we assume to be prescribed, in order to build the associated harmonic surface.
The set of fixed control points, from which we will determine the associated harmonic Bézier
triangle, should describe as much as possible the shape of the surface that will be obtained.
Because of this, an appropriate choice would be two rows of border control points describing

two of the border curves of the surface. But for this case the harmonic condition do not
determine a triangular Bézier surface. An incompatible system is obtained if we consider

two lines of border control points as preset information and the rest of control points as

variables.
We will therefore consider a similar set of control points as known points, since they will

also provide information about the shape of the border curves of the desired surface. We
will consider two border lines of control points with the exception of some of them which
will be replaced by their neighboring control points. The choice of using neighboring points
to substitute the excluded border points stems from the fact that they are closer to the
boundary, so they can give better information about the desired shape of the surface.

The following theorem allows us to state that, given some border control points and a
few interior control points the harmonic condition univocally determines the surface.

THEOREM 1.18. Let 7' (u,v) = > i1=n Pr B} (u,v) be a harmonic triangular Bézier sur-

ace wi controt ne T N en, gqioen € ooraer points i1n € Irst Tow 0n—i.i (&
f ith control net {Pr} ;_,,. Then, given the border points in the first {Pon—ii}iy, th

=0
points in the diagonal border row {P;,_;o};_, with i # 4k and including the corresponding
neighboring points {Pi_1 ,—i1} when i = 4k, the harmonic triangular control net is totally
determined.

Proof: The proof of this result is analogous to the previous proof of Theorem 1.9.
As before, we will prove the solvability of the linear system obtained by considering the
harmonicity condition (11), for any pair k,I, but now looking for a solution in terms of

the border points in the rows {Po,j,n,j}?zo and {P,,—io} in addition to some points

=0
{P,—1,n—i1} for the values i = 4k, which we suppose are known. As before, we split the linear
system in subsystems.

Bearing scheme (13) in mind, and starting from the right corner, we have that there are

no unknown points in either the nth column or the column that follows it, n — 1.
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FIGURE 6. Compare this schematic grid of control points with the one corresponding to
Theorem 1.9 in Figure 9. The blue dots are known and the gray would be obtained by
asking for harmonicity.

When we consider the n — 2 column, the unknown point is P, , and Equation (11)
with k=0,l=n—2:
2P n—22—2(Pip—21+FPon-11)+ Pon-o20+ Pono =0,

determines it. This equation is the first subsystem we consider.
The second subsystem appears when we consider the n —3 column, that is, the harmonic-
ity condition for k =0,l=n—-3and k=1,l=n— 3:

2Pyn-33—2(Pin32+ Pon-22) +Pons1i+ FPon-11=0
2P 32— 2(Pon-s1+ Pino21)+ Psnso+ Pin10=0.
At this step we have two unknown points, P ,_32 and P, ,_3 1, which are also determined
by the equations above in terms of some of the prescribed control points.
One column forward something different happens, namely, we find an incompatible sys-
tem. At the n — 4 column, corresponding to the indexes k =0,/ =n—4; k=1,l=n—4
and k = 2,l = n — 4 we have the equations:

2 Pon-14—2(Pryp-a3+ Popn33) + Popnao+ Pono2=0,
2P 43 —2(Pop—a2+ Pips2)+ Pspa1+ Pry21=0,
2P 42— 2(Psp_u1+ Pop-31)+ Pin—ao+ Pop_oo=0.
Since we consider the control points in column n —4: Py ,_43, Pop_a2 and Ps,_41, to

be variables, the coefficient matrix is a tridiagonal Toeplitz matrix, MS(Q’_Q’D, which has null
determinant:

Dys=det MV =] 2 —2 1 |=0.

Therefore, the subsystem corresponding to column n — 4, has no solution.
If we continue this process by columns, we can observe that, in each column, we find a
subsystem of linear equations which has an associated coefficient matrix that is a Toeplitz
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tridiagonal matrix, M™Y. With this notation let us consider the determinant of order m:

-2 1 0 0 0 - 0
2 =21 0 0 - 0
o 2 -2 1 0 0
Dy =det M&2D =1 0 0 2 =2 1
o o0 0 2 =2 0
: : : . . . 1
o o0 o .. 0 2 =2

From Corollary 13 we have a recursive rule to compute this determinant. For our conve-
nience we perform some transformations of this recursive rule

Dm == _2Dm71 - 2Dm72 == —2 (_2Dm72 - 2Dm73) - 2 (_2Dm73 - 2Dm74)
= 4D +8Dp—3+ 4D 4 =4(—2Dy—3 — 2Dy _4) + 8Dy—5 + 4Dy s = —4D,,, 4.

Therefore we can say D,, = —4D,,_4, where the first four determinants are D; = —2,
Dy =2, D3 =0 and Dy = —4, so we will find some null determinants since D3 = 0. At each
value m = 3 + 4k we will find an incompatible system which will turn into a determined
compatible system by considering a different set of unknown points in the corresponding
columns. That is, if we were dealing with the column n — ¢ and it had m = 3 + 4k variables
then we would consider the border point, F; ,_; o, as a variable and instead we would suppose
its neighboring point, P;_; ,—;1, to be known.

Taking into account the previous variation of the set of variables, the corresponding
coefficient matrix is now given by:

2 1 0 0 0 0
2 -2 1 0 0 0
0 2 -2 1 0 0
Newv=| 0 0 2 -2 1
: : : ) . .0
0 0 0 0 2 -20
o 0 0 .. 0 2 1

where it can be observed that the last column contains P, ;o coefficients. This point is
only involved in the last equation so it implies the values in this column to be (0, ...,0,1)T.
Thus, if we compute its determinant using expansion by minors, in particular through
the last column, we find that |Nsiq| = |Msiag—1| = Dakso which is not null, as we have
already said.
Therefore, we can now state that we will find a compatible determinate subsystem for each
column, and from this we can ensure the solvability of the global linear system. Therefore a
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control net can be determined in order to get a harmonic chart in terms of the border points
in the first row {FPyn—io0};_,, the points in the diagonal border row {P;,_;o}.,_, excluding
the points with ¢ = 4k, and, instead, including the points { Py—1n—ax1}-

[ |

The following figures show, for n = 4, some harmonic surfaces obtained through Theorem
1.18 when the blue points are given.

FIGURE 7. Two views of a harmonic surface of degree n = 4, similar to a cone, determined
by a set of control points placed, with the exception of one of them, on a straight line and
in a circular arc.

FIGURE 8. Four different points of view of a triangular Bézier surface looking like a piece
of a sphere. The known control points in blue are equally spaced on two circular arcs.
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The following figures show, for n = 6, some harmonic surfaces obtained through Theorem
1.18 when the blue points are given. These examples will show how Theorem 1.18 provides
us with a better control of the shape of the harmonic surface than Theorem 1.9. This
improvement is obtained because in Theorem 1.18 the prescribed data are border control
points which give more information on the desired shape of the surface.

FIGURE 9. Two views of the harmonic surface, similar to a piece of cone, determined by
a set of control points placed, with the exception of one of them, along a straight line and

along a circular arc.

FiGUurE 10. Four different points of view of a triangular surface looking like a piece of a
sphere. The known control points are equally spaced on two circular arcs. It can be seen that
the control over the shape of the surface is improved if we compare with the corresponding
example for Theorem 1.9, in Figure 3.
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6. Conclusions

In this chapter we have given two different methods for generating harmonic surfaces
from a prescribed set of control points.

In our first method, in Theorem 1.9, the prescription of a boundary curve and the tangent
plane along it, that is, two rows of control points, gave us good results for low degrees but
we ran into some trouble when the degree of the Bézier surface was increased. Since one of
the corners of the surface is out of control it could diverge from the desired shape.

In Theorem 1.18 we propose a second method in order to solve this lack of control. Instead
of prescribing two parallel rows of control points we prescribed a set of control points that
were as similar as possible to prescribing two boundary curves. This gave us better control
over the shapes obtained. The surfaces we obtained by this method provided an appropriate
description of the behavior of the initial information.

The Laplace equation is a second-order PDE and we find that a harmonic surface is
totally determined after the prescription of two lines of control points. Increasing the PDE
order would enable us to prescribe a bigger set of control points and therefore to gain better
control over the surface, although it would reduce degrees of freedom. So, in the next chapter
we will study the biharmonic equation, a fourth-order PDE.



CHAPTER 2

Constructing triangular Bézier surfaces using linear PDEs:

Biharmonic surfaces

In this chapter we present some results concerning with biharmonic triangular Bézier
surfaces, that is, those Bézier triangles verifying A?7 = 0, where A? is the biharmonic
operator also known as the bilaplacian. There are many mathematical and engineering
approaches to solve the biharmonic problem in a rectangle, and a extensive description of
the long history of this classical problem can be found in [27].

The biharmonic equation is associated with a great variety of physical problems such as
tension in elastic membranes and the study of stress and strain in physical structures. There
are many mechanical problems concerning the bending of a thin elastic clamped rectangular
plate, and they can all be formulated in terms of a two-dimensional biharmonic equation
with prescribed values of the function and its normal derivative at the boundary. Hence, the
biharmonic boundary problem is also known as the thin plate problem.

From a geometric design point of view, which is our field of interest, this operator has
found its way into various areas of application, such as surface design, geometric mesh,
smoothing and fairing. From this background let us refer to Bloor and Wilson’s PDE method
for intuitive shape generation, based on the solution of the biharmonic PDE with appropri-
ately chosen boundary conditions, see [7], [42] and [43]. We also take note of the work by
Schneider and Kobbelt and others on geometric mesh fairing, see [25], [38] and [39], where
the properties of the bilaplacian operator are used to fair triangular meshes.

As we have said previously, a fundamental result from the theory of minimal surfaces
states that, under certain conditions, given the boundary, there is a unique minimal surface
prescribed by that boundary. It is noteworthy that a similar result for rectangular Bézier
surfaces can be found in [31], where it is shown that the knowledge of the boundary of a
biharmonic Bézier rectangle fully determines the entire surface. Therefore, our first idea
is to study whether the biharmonic condition implies that the interior control points of
a triangular Bézier surface can be expressed as a linear combination of boundary control
points, as happens in the rectangular case. We will see how things change for triangular
Bézier patches.

1. The biharmonic condition

Following a similar path to that taken in the harmonic case, we look for the conditions
that the control points of a triangular Bézier surface must fulfill in order to be associated to

45
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a biharmonic patch. Thus, let us compute the bilaplacian of the parametrization:
2 9%\’ o* ot
AT (0)=(=—=+-=—] ZT(u)= +2 + P; B} (u
7 (u) (@u2 o) " (u) out ~  Ou*v?  Ovt |; 1 Bi (w)

=n(n—1)(n—-2)(n=3) >  (A*P + 24P+ A% P;) B} (u)

[I|=n—4

= > QB (v

|[I|=n—4

where

n!

M(PI+461 - 4PI+3€1+€3 + 8PI+261+2€3 - 8P]+81+363 + 4PI+463

Qr =

+2PI+261+262 - 4PI+61+262+63 + 8PI+282+263 - 4PI+261+62+€3
+8PI+61+62+263 - 8PI+62+363 - 4PI+362+63 + PI+462)'

It can be seen that A2 (u) is also a Bézier surface with control points {Qr }7j=n—4, thus,

as in the harmonic case and due to the fact that {B}*(u)}5j=n—4 is a basis, we get that =’

is a biharmonic chart iff @; = 0 for all |I| = n — 4. Moreover,

REMARK 2.1. Equivalently, a triangular Bézier patch is biharmonic iff its associated
control net verifies:

0= (A +2A** + A®YY Py g,
that is, if and only if

0 =Priain—t-i-a—4Pi31n—r—i-3 +8Pit21n—t—1—2 — 8Put1in—k—1-1

+ 4P k-1 + 2P0 11 0n—k—1-4 — 4Ppr1142n—k—1—-3 + 8Pk v 2 n—k—1—2
(23)
— 4P 011 n—k—1-3 + 8Pyt i41,n—k—1-2 — 8P i1 n—k—1-1 — 4P 143 n—k—1-3

+ BPritan—k—i—a Vk, 1> 0.

2. Constructing triangular Bézier surfaces from four lines of control points

There exist different representations of general solutions to the biharmonic equation, here
we will determine a polynomial solution of this problem. The following result states that
a biharmonic triangular Bézier surface is completely determined by the first four rows of
control points starting from one side.

THEOREM 2.2. Let 7' (u,v) = > i11=n LB (u,v) be a biharmonic triangular Bézier sur-
face of degree n > 4 with control net {PI}\U:W then the whole control net is determined by

the first four rows of control points {Pi,j,n—z‘—j}?:o where i =0,1,2, 3.
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FIGURE 1. As in the harmonic case we show a schematic grid of control points where the
blue are known and the gray would be obtained by asking the chart to be biharmonic.

Proof: The proof of this result is analogous to the previous proofs of Theorems 2.9 and
2.18. We will prove the solvability of the linear system that is obtained when the biharmonic
condition, in Equation (23), is considered for all k,[. As before, we will prove that the system
has a solution by splitting it into some solvable subsystems of linear equations. Any linear
subsystem includes some control points in the first four rows which are known by hypothesis,
and some of the other control points in the control net, which are the variables.

So, having scheme (13) in mind again, and starting from the right corner column, as we
did before, we have that now we do not find any unknown points in the first four columns.
It is in the fifth column from the right, that is for £ = 0,1 = n — 4, that we find the first
unknown point, Py,_40. Then the biharmonic condition, given in Equation (23):

0=Pun-a0—4P5-41+ 8P p_19—8P 43+ 4P pn-a4+2FPp 20
—4P 01 + 8P p—ont2 — 4P 31+ 8P 32— 8P n_33 — 4Py n-1,1+ FPono,

determines it.

Next we would consider the relations for K =0,l =n—5and k =1,l = n—>5. As before,
both equations determine univocally, in terms of points in the first four rows, the pair of
unknown points in this step which are Py, 5, and P, _5.

Therefore, if we continue this process by columns, we have that, taking as variables the

n,n—i

points { P, jn—i—j}i ", 0 the corresponding system of linear equations in each column has a
coefficient matrix associated to it defined by:
Qi = 1, Q41,5 = —4, Aj42,; = 8 ;43 = -8 Qjt4,5 = 4.

This is a triangular matrix with 1 in the diagonal so its determinant is equal to one.
Therefore, a biharmonic control net can be totally determined by the first four rows of
the control net.
[ |
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The following figures show some biharmonic surfaces obtained by means of Theorem 2.2.

FIGURE 2. A pair of biharmonic Bézier triangles obtained by Theorem 2.2. By hypothesis
the four lines of blue points are known and the grey points are determined by the bihar-
monicity condition (23). Notice that “good” results are obtained. The shapes seem to be
desirable from a designer point of view. As stated by Farin and Hansford in [14], “good”
refers to the traditional designers’ paradigm that the interior of a surface should not have
different shape characteristics to those implied by the boundary curves.

FIGURE 3. Two more biharmonic Bézier surfaces obtained by Theorem 2.2. As can be seen,
some initial conditions, the four lines of control points chosen as known points, do not give
good shapes. Here, one of the three corners of the surface is not under control, in the next

section we will give a solution to this problem.
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3. Constructing triangular Bézier surfaces from two boundary curves and the
normal derivatives along them

Now, in a similar way to the harmonic case, we will consider the boundary value problem:

e O =al) [ T0 v =70
A%T (u,v) =0 {?U(O,v):ﬁ(v) {?uu—v,v):a(v).

So, we will consider the PDE given by the biharmonic operator with Cauchy boundary
conditions. We prescribe the value of the solution along two border curves, z (0,v) and
7 (1 —v,v), and its partial derivatives, 7', (0,v) and 7', (1 — v,v), which fix the tangent
planes to the surface along the given border curves. This problem can be written, as before,
in terms of control points of a Bézier surface: Find the biharmonic surface completely de-

termined by a pair of border lines of control points and its corresponding neighboring lines
on the triangular grid. This is what we prove in the following theorem.

THEOREM 2.3. Let @ (u,v) = > (1=n Pr B} (u,v) be a biharmonic triangular Bézier sur-
face with control net {PI}|1|=m then given the points in the first and second rows ({Pon—io};_,

and {Pl,n—i,O}?z_Ol); and the points in the diagonal border row {P;,—;o},_, and its neighbor

row { P i1}, the whole biharmonic triangular control net is totally determined.

FI1GURE 4. The schematic grid of control points corresponding with Theorem 2.3.

Proof: As we did in Theorem 2.2, we consider the linear system given by the set of

conditions that a control net must fulfill in order to be associated to a biharmonic chart.
Thus, this system is composed of the biharmonicity condition (23) for all pair of indexes

k,l. In order to prove the existence of a biharmonic solution of the system, having scheme
(13) in mind again, we consider the corresponding subsystem for each column. Then we find
that the coefficient matrices corresponding to each subsystem are the Toeplitz pentadiagonal

matrices:
(47_878’_471)
M .

Then, from Lemma 1.12 we have that the determinant of this matrix can be defined by

the recursive formula:

(24) D, =8D, 1 — 28D, 5+ 64D, 3 — 112D, _, + 128D, 5 — 64D, .
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We will compute the general term of the sequence {D,}>° . Following the well known
method to obtain the nth term of recursive equations we must solve the equation:

AT —8A" £ 2801 — 64X% + 11202 — 128X\ + 64 = (A —2)" (A2 +4) =0
obtaining three different solutions:
A1 = 2, with multiplicity 4, Ay =2i and A3 = —2i.
Therefore, the general term of the sequence is given by the formula:
D, = 2" (A+ Bn+ Cn® 4+ Dn® + Ei" + F(—i)"),
and we would finally obtain the coefficients by considering the initial conditions:
D=2 Dy=2" D3=3-2° Dy,=17-2" D;=3.2% Dgz=2"

Therefore

3 1 1
D, =2" (5 +2n + 5712 . i" + (—1)")) = 2(”_1)(3 +4n+n? — cos(n%))

D, > 2"Y(2 + 4n 4+ n?) > 0.

And the system has unique solution.
[ |

REMARK 2.4. An analogous result could be stated to build a biharmonic surface con-
strained by a similar configuration of prescribed control points. For example, we could pre-
scribe the lines of border control points {Po;n—i};_, and {Pion—i}, o and their respective
neighboring lines of points on the control net. The proof of this result would be analogous
to the previous one, that is, instead of considering the subsystem of linear equations associ-
ated to each column of control points, the system associated to each diagonal line should be
considered, see scheme (13).
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The following figures show some biharmonic surfaces obtained by means of Theorem 2.3

FIGURE 5. A pair of biharmonic Bézier triangles obtained by Theorem 2.3. By hypothesis
the four lines of blue points are known and the grey points are determined by the bihar-
monicity condition (23). It can be seen that, as in the analogous examples for Theorem 2.2,

good shapes are obtained.

FIGURE 6. Here we have two more biharmonic surfaces obtained by means of Theorem 2.3.
Now we can observe the improvement in the shapes obtained in comparison to Figure 2.
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FI1GURE 7. Four different points of view of the biharmonic surface obtained thanks to The-
orem 2.3. The set of known control points, in blue, are located along two concentric and
parallel circular arcs contained in two orthogonal planes.

FIGURE 8. Two views of a biharmonic surface obtained by Theorem 2.3. The set of known
control points, in blue, are located along four parabolas.

4. Conclusions

For rectangular Bézier surfaces it was proved in [31] that the knowledge of the boundary
of a biharmonic Bézier rectangle fully determines the entire surface. Here we have conducted
an analogous study of the biharmonic equation and we have obtained that, in general, this
is not true for triangular Bézier patches.

In this chapter we have given two methods with which to generate biharmonic surfaces.
We have seen that when a fourth-order PDE, as the biharmonic equation, is considered, four
lines of control points must be known in order to ensure that a biharmonic surface is totally
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determined. So, the set of boundary control points (just three lines) does not give us enough
information to determine a biharmonic surface.

In the first method, Theorem 2.2, we have described the way to generate a biharmonic
surface given the first four rows of control points. The prescription of these rows left one
corner of the control net free, and, as happened before with the harmonic condition, it can
sometimes produce unwanted shapes.

Our second method, in Theorem 2.3, increased the control over the surface shape. The
prescription of two boundary curves and the tangent planes along them improved our results.
If the first and the second row and the points in the diagonal border row and their neighbors
are prescribed, only the central control points of one of the boundary curves are free. Note
that the three vertices and the tangent planes on them are now prescribed and the boundary
curves are almost under control. As a consequence better results are obtained with this
method.






CHAPTER 3
Coons patches

One of the oldest surface problems in CAGD is the following: given the boundary curves,
find the parametric surface 2z with these as boundary curves with no other restriction. A
popular solution of this problem is the Coons patch.

Before we present our study about triangular Coons patches, let us describe the more
conventional rectangular Coons patch and its properties.

1. Background on Coons rectangular patches

Coons first described this type of interpolant in [10]. It is assumed that four boundary
curves are given, which it is convenient to think of as coming from a surface denoted zj, and
so the notation 7 (u, 0), g (u, 1), Tg (0,v) and g (1,v) is used to represent these boundary

curves. The bilinearly blended Coons patch that interpolates to the given boundary curves
is defined by:

T (u,v) = (1 —u) 2o (0,v) +uzg (1,0) + (1 —v) T (u,0) +v 75 (u, 1)

1 76 (0,0) 74 (0,1) 1—v
(1-u “)(9?0(1,0) 7o (1,1) v )

The Coons rectangular patch interpolates four boundary curves and in addition is an
extremal of the functional

F(7) :/ |72 2w dv,
U

where U = [0,1] x [0,1], over all patches, @ € C®[u, ], with a prescribed boundary. The
Coons patch was described in [32] as the unique interpolant that minimizes the functional
F (7).

In general if a surface, 2, is an extremal of a functional, then it satisfies the associated
Euler-Lagrange equation, which, for this functional, is the PDE

(25) E—

Therefore the Coons patch can be considered as a PDE surface, since it is a solution of
the equation above.

In some of the following chapters we will address the problem of finding extremals of
different quadratic functionals. But we will consider a restricted problem, namely that of
finding the polynomial patch that minimizes a functional among all polynomial patches with
the same boundary. Then, let us remark that an extremal of a functional on the restricted

55
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space of polynomials, R, [u,v], must not necessarily satisfy the associated Euler-Lagrange
equation but a kind of weak version of it as we will show later.

Now we will study the special situation that is given for the restricted problem of finding
an extremal of the functional F (Z) in the space of polynomials. In the following theorem,
Theorem 3.5, we will show that, for this case, a polynomial patch is an extremal if and only
if it is a solution of the PDE (25). That is, the weak version of the Euler-Lagrange equation
is equivalent to it.

Let us recall the definition of the shifted Legendre polynomials and to state two lemmas
which will be needed in order to prove Theorem 3.5.

DEFINITION 3.1. An explicit expression of the shifted Legendre polynomials is given by

L) = (1" BIGWEE

k=0
The first few are

Ls(t) = 202 — 30t% + 12t — 1.

The shifted Legendre polynomials, see [2], are a set of functions that are analogous to
the Legendre polynomials, but defined on the interval [0,1]. They obey the orthogonality
relationship with respect to the usual scalar product of square integrable functions on [0, 1]

1
— -
2n+1

(26) /0 L (0L (6) dt =

Now, let us recall the fundamental lemma of calculus of variations because it has a
statement similar to our following lemma, which is of interest to us.

LEMMA 3.2. If M is continuous and fab M (z)h(z)dx = 0 for all infinitely differentiable
h(x), then M(x) =0 on the open interval (a,b).

So, let us study what happens if the product under the integral sign includes all the
Bernstein polynomials at the basis of the degree n polynomials.

LEMMA 3.3. Let P be a degree n polynomial, then the equality
1
(27) / P(t)BIt)dt =0 s true for all i=0,...,n
0

if and only if P(t) = 0.
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Proof: Bernstein polynomials are a basis of the degree n polynomials, so we take a
polynomial Q(t) = > ¢;B(t), and rewrite conditions (27). They are equivalent to

/1 POQU)dt =0  YQ € Ry[t].

Now, if we consider the basis of the shifted Legendre polynomials, described in Definition
3.1, which have the property

1
Com+1

mn»

1
/ Ly ()L (t) dt
0
we can express Q(t) = "7 _, ¢, Li(t), and then Equation (27) is equivalent to
1
0:/ P(t) Ly(t)dt Yk =0,...n.
0

Finally, if we consider P(t) = > "_; A;L;(t), we have that for all k:

1
2k+1

In an analogous way to the previous lemmas, we now consider the product of a polynomial
of degree n — 2 by another one of degree n but null at the extremes of the interval of
integration.

LEMMA 3.4. Let us consider the vectorial subspace V,, C R, [t] defined by
Vo, ={P eR,[t] : P(0) =0 and P(1) =0}.

Given a polynomial y € R, _s[t], if fol y(t)P(t)dt =0 for all P € V,, then y = 0. In other
words,
Vi NRy-oft] = {0},

where V- denotes the orthogonal complement of V.

Proof: In order to prove this result we will express the polynomials y and P on the basis
of shifted Legendre polynomials, P(t) = > """ j A;L;(t) and y(t) = Z?_g B;L;(t).

First of all let us note that any P € V,, is defined by a set of coefficients {A;}! , with the
following constraints

0= P(0)= iAiLi(O) = i(—l)%

0=P(1) = En:AiL,-(l) => A,

1=0
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Then we have that for any P € V,,

1 1 n n-=2 n—2
1
(28) 0= /0 y(B)P(t) dt = /0 SN BALOLOd# =Y 5 By
i—0 =0 J=0

where the orthogonality condition (26) has been applied.

Since P is an arbitrary polynomial on V;,, we can consider a family of polynomials F;
and make a free choice of n — 2 of its coefficients.

Let us consider P; = 31 A7L;(t) with

' 0 17y

with the coefficients A7 | and A7, determined for any P; by the constraints

(=) + (=) A, + (-1)"A, =0
1 + An,1 + An - O ’

Aj:{l YT for 1=0,...n—2,

which imply

—1+ (=1)i" I e Vi

Azz—l = ) Aiz -
2 2

Now, if we consider Equation (28), for any P; we obtain that B; =0, for j =0, ...,n — 2.

Therefore y = 0.

The following theorem proves that a polynomial surface is an extremal of the functional
F among all polynomial surfaces with the same boundary if and only if it is a PDE surface

associated to the equation T yuue = 0.

THEOREM 3.5. A polynomial patch, @ € R, [u,v], satisfies T yuwy = 0 iff it is an extremal
of the functional

F(7) = / lFolPdude 7 € Rufu, o],
U

among all polynomial patches with a given boundary.

Proof: First we will see that if 7 € R, [u,v] satisfies T yuwy = 0, then it is an extremal
of the functional F () among all patches with a prescribed boundary.

The patch 7" would be an extremal of the functional F () among all patches with the
same boundary if and only if
d — —
— F ty)=0,
o (7 +ty)

t=0

for any 3 € R,[u,v] null along its border. So let us compute this derivative
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/ < Pos 1T o Tuw + 6 e > dudy
R

t=0

:2/ < ?uv,iw > dudv.
R

Since the polynomial patch 7 is null along its boundary, all its border control points
are zero when we consider its Bézier form. This implies that there are some Bernstein
polynomials which are not involved in its Bézier expression:

n—1
Y (u,0) = Y QuB} (u) B} (v).
ij=1

Therefore, at this point, we have that 7" is an extremal of F (') if and only if

0= / < T, (B} (u) By (v))w eq > dudv, ij=1,..,n—1
R

where e,, a € {1,2,3} denotes the a-th vector of the canonical basis.
Let us consider the following integration by parts

d n n n n
/R% < T v, (B} (u) B} (v) ea)u > dudv :/R < Ty, (B (u) B} (v) ea)u > dudv

+/ < Ty, (B (u) B} (v) ea)uv > dudv,
R

then we have

v=1

1
/ < T (B (0) BY (v) €,), > dudv = / < Tuws (BI (0)), B (v) €4 > } du
R 0

v=0
_/ < T v, (an (u) B} (v) ea)u > dudv.
R

Bearing in mind that B} (0) and B} (1) are zero for i = 1,...,n — 1 we have

/ < @ o (B (u) B} (v) €a>uv > dudv = — / < @ uves (BF (u) B} (v) ea)u > dudv.
R R

Now applying that

d
/ — < T wes B (u) B (v) eq > dudv :/ < T wuww, B (1) B (v) eq > dudv
Rr du R

J

+/ < T uww, (B} (u) B} (v) ea)u > dudv,
R
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we have that
/ < @ o, (B (u) B} (v) ea)m > dudv =
R

d

=— / o < T e, By (u) BY (v) €q > dudv +/ < T yuve, By (u) BY (v) €q > dudv
R R

u=1

J

1
=— / < T wows B (u) B} (v) eq > } dv +/ < T yuvs, B (v) B (v) e > dudv.
0 u=0 R

Then, after evaluating the Bernstein polynomials as before, it is obtained that 7" is an
extremal of F (7') if and only if

/ < @ o, (B (u) B} (v) €a>uv > dudv = / < T yuvs, B (1) B} (v) e, > dudv = 0.
R R

Therefore a chart 7 such that Z um = 0 is an extremal for a prescribed border of the
functional F (7).

Now, in order to prove the reciprocal, we only have to apply Lemma 3.4. If a chart
7 is an extremal with a prescribed boundary of the functional F (), then, as we have
previously seen, it satisfies

(29) 0= /R < T yuve; B (1) B} (v) e, > dudv for 4,7=1,...,n—1

Then, since the Bernstein polynomials { Bl*(t)}7]' are a basis of the vector subspace V;,

defined in Lemma 3.4, and fol < T wuvos B!" (u) e, > du is a polynomial of degree n — 2 in v,

applying this lemma we have:

1
0 —/ < T wuwe, €a > B (u) du, for i=1,...,n—1.
0

Analogously, applying Lemma 3.4 again, we have that since < 7 yup,€q >€ Ry_o[u],
then it is zero for a € {1,2, 3}, that is, 2 yuw = 0.
[ |

REMARK 3.6. FEquation (29) gives the weak version of the Euler-Lagrange equation as-
sociated to the functional F, which we mentioned before.
An extremal of the functional among all the polynomial patches with a prescribed boundary

must fulfill
0= / < T wavws BY (u) B (v) e > dudv for i,5=1,...,n—1.
R

But, thanks to Lemma 3.4 we can also ensure that, for the case of this functional, it

implies that T wuve = 0.
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COROLLARY 3.7. The Coons patch is an estremal in R,[u,v] of the functional F (T)
among all patches with a prescribed boundary.

Proof:
The Coons patch satisfies the PDE 7 00 = 0 since 7, is linear with respect to v.

Some work related with rectangular Coons patches was carried out in [14] by Farin and
Hansford. While the boundary curves g (u, 0), Zg (u, 1), Zg (0, v) and 7 (1, v) may be totally
arbitrary, in the early days the boundary curves were considered as discretized curves with
many points on them. In fact, in [14] these boundary polygons are treated as Bézier border
control points and a discrete version of the Coons patch is given. The interior control points
P, ; are defined in terms of boundary points by the discrete Coons patch:

Pj= <1 - —) Poj+ —Pnj+ (1 - i) P7L,O+lpz‘,n
m m m n

P Pyo  Pon 1-4
(1= E)(pig p:w)( i >

for 0 < i <m and 0 < j < n. These control points define the discrete Coons patch which is
the same patch as if Coons interpolation was applied to the Bézier curves associated to the

(30)

boundary polygons.
The discrete Coons patch also minimizes the discrete version of the functional F, in
Equation (1). In fact, the discrete Coons patch is a PDE Bézier surface satisfying the

. . —>
discrete version of 2, = 0.

2. Triangular Coons patches

Now after introducing all these topics for rectangular surfaces, let us come back to trian-
gular patches. The triangular Coons patch we will define first appeared in [32]. Similar to the

rectangular Coons patch we consider the border curves zg (u,0), 7o (0,v) and g (u, 1 — u),

(or Zg (1 — v,v)), to denote the boundary curves and define the patch as
7 (u,v) = (1 —u—v) (T (u,0) + 7 (0,v) — 75 (0, 0))
(31) +0 (T (0,u +v) + T (u, 1 — u) — g (0, 1))
+u (76 (u+v,0) + 24 (1 = v,0) = 75 (1,0))
or analogously, in barycentric coordinates,
7 (u,v,w) =w (Tg (u,0,1 —u) + 75 (0,v,1 —v) — 74 (0,0, 1))
+v (20 (0,1 —w,w) + 75 (u, 1 —u,0) — g (0,1,0))

+u (7o (1 —w,0,w) + g (1 — v,v,0) — 75 (1,0,0)),
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with v + v+ w = 1.

FIGURE 1. A representation of a triangular Coons patch defined in Equation (31) for pre-
scribed boundary data.

Some differences with respect to the rectangular Coons patch must be pointed out. First
let us remark that if we consider the border curves 7 (u,0), g (0,v) and 7o (u, 1 —u) or
7o (1 —v,v) to be polynomial curves of degree n, then the associated triangular Coons
patch is a degree n + 1 polynomial surface. This increase in degree does not happen in
the rectangular case.

Moreover in the comparison between the rectangular and the triangular Coons patch we
find that, since the triangular patch is not linear in both variables, then 2 yuue # 0.

Now, analogously to what was done in [14] for rectangular patches, we have obtained
the discrete version of the triangular Coons patch.

DEFINITION 3.8. The interior points P; ;. with i +j + k = n + 1, of the Triangular
Discrete Coons patch are defined by

k
Pijr= il (Pion—i+ Pojn—i — Poon)
J
(32) +n——|—1 (Pon—kk + Pin—io — Pono)
7
+n 1 (Po—kok + Po—jjo — Pnoo) -

The triangular Bézier surface with the previous interior control points coincides with the tri-
angular Coons patch that would be obtained from the Bézier curves associated to the boundary
control points.
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FIGURE 2. Two discrete triangular Coons patches. The first two figures are two views of
the same control net and a second example is shown in the third figure.

FIGURE 3. Three similar triangular Bézier surfaces. The first is obtained by Theorem 2.2

and the second by Theorem 2.3. The third surface is a triangular Coons patch and therefore
its degree increases for an analogous set of given data. It can be seen that in the first two
cases better shapes are obtained than for the Coons case.

In the following proposition we give a formula to express the functional of a Bézier
triangular patch

(33) F(T)= / |7l Pdudo,
T

defined now in the triangle, T, in terms of the control points, P; = (z}, 2%, x3) .

PROPOSITION 3.9. The functional, F(T'), of a triangular Bézier surface can be expressed
by the formula

(34) f(?) = Z Z Z Cfollx?ox?l

a=1 |Io|:’n |Il|:n

w
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with

() (1)
()

where the coefficients b satisfy the symmetry relation bl = b = bt = plt
by

(35) C[()[l =2n (27’L — 1)

(

1
§(b}§+b + by -+ b33) — bis — bi3 + b + b3 — b — b33),

and are defined

( QIS+ 1T IETY

TG+ I+ T+ TE+TT-1) r=I
LI I (= D)+ I 1 (15-1) -
TG+ UG+ G+ I§+1T-1)
21515171 r—t.s :l
(36) " @G+ I+ -0 I+ Tg+15 1) ’
rs
2 15 (15 D1} (1 1) st ]
IS+ IE+HIT D) UG+ (I5+T1 1) A
I I3 1y (1= 1) I 1§ I (15— 1) ]
I5+HID UG+ 5+ —1) (I§+11-2)
215 (G-I} (I 1) st
\ (16+11T)(16+11T_1)(16"’[{_2)([6""[{_3) :

Proof: The functional is a second-order functional and, therefore, in order to obtain the
coefficients Cy,;, we compute its second derivative:

PF(T) _ ZZZC”— 0 S 20y — 20
a.%‘?oal’l axloaxll Irortg 8 a ToJ4 g INVER

a=1 |I|=n |J|=n B |gj=n

We compute the first derivative

- —
af(ax) _ / 3@ Tuw||*du dv = / 2 < ax—:”,?w > dudv = / 2 < (B}g)um?w > dudv,
oz, 7 0xg, T T

and then the second

32‘7-"(?) . 0T u ) )
W =2 /T < (Blo)um 8_56}11 > dudv =2 /T < (BI())’LHM (Bll)uv > dudv

_2/Tn2(n_12) (BZ) e1—ea B?o e1—es B?o ea— 63+B 263)
(32—61—62 - BZ—el—es - B?1—€2—€3 + B?1—2€3) dudv
() (3)

(o)

=2n(2n — 1)

(5 (63 13+ 5+ 05 — b3 — 8+ 0+ 053 — o5 — o),

| —
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where we have computed the integral of the Bernstein polynomials with the formula given
in Lemma 1.4

1
BQn 2 d d _
/T toeny (U 0) dudv = o 5y

and we have performed some simplifications like the following:

n—1 n—1 n—1 o
/ BIO e1— egBll —e1—e3 + Bfl —e1— ezBIO e1—es dudv =
T

n—2 n—2 + n—2 n—2
_ / (10—61—62) (Il—el—eg)zn_4(ll—e1—eg) (Io el — 83) B?(:L_i_;ll Cer—epes dudv
T (Io+[172€17€2763)
-1 (1)) BRI + R
S on2(n—12) ((2) g+ I8+ )+ I = 1)1 + I})
_2n =) ()G
- 12
n2(n - 12 (]0+11>

Therefore
(z) (1)
(IO +Il)

where bl are defined in Equation (36) .

CIOII =2n (27’L - 1)

(= (b13 + by3 + b33 + b33) — bys — bYs + by3 + Y3 — Y3 — b33)

N | —

Let us remark that the formula we give in Equation (34) translates the functional, F, into
a function of the control points, F(7) = 30_, > tol=n 211|=n Cron 4,2, In the following
proposition we compute the gradient of the functional with respect to the coordinates of a

control point Py, = (3: To>TT,, T Io) This will enable us to obtain an extremal of the functional

among all Bézier surfaces with the same border as a solution of a linear system.

PROPOSITION 3.10. A triangular control net, P = { Pr}1j=n, is an extremal of the func-

tional, F, among all triangular Bézier surfaces with a prescribed boundary if and only if:
(37) Y CryPr=0 forall |Iy=(I3,I5,18)| =n with Ij, 15,15 >0,

[J|=n
where Cy are the coefficients defined in Equation (35).

Proof: The gradient of the functional with respect to the coordinates of an interior

control point Pj, = (x Io,x%o, ZL’I ) is given by
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Z Cjoij, Z C[OJIJ, Z C[OJIJ

|J|=n |J|=n |J|=n

OF (7)) _ (@f(?) OF (7)) OF(T )

1 ’ 2 )
aP[O 81’1—0 aIIO aZL'IO

=2 Z CIOJPJ.
|J|=n

Equivalently, a triangular control net, P = {P;} 1=, is an extremal among all control

nets with prescribed border control points if and only if

0=7> ((;))<

[I|l=n \o+I

(b13 + b1 + b33 + b33) — by — bYs + bl + bis — bY3 — bd3) Py

N —

for all |1y = (13, 13,13)| = n with I}, I3, I3 > 0, with the coefficients b%, given in Equation
(36).

In particular we give this result for the case n = 3.

PROPOSITION 3.11. A triangular control net of degree 3, P = {Pr}11=3, is an extremal

of the functional, F(P), among all triangular control nets with a prescribed boundary if and
only if

P11 = = (Poi2 — Poo1 + Pio2 + Piao — Pao1 + Paio) -

N | —

From the condition obtained in Proposition 11, given the exterior control points, we can
generate the whole triangular net by solving a linear system where the equations are:

2P ik = Pici k1 — Picijrine + Pijoik+1 + Pijrie—1 — P j—1p + Pig1je—1
P, ;1. being a interior control point. This equation can be expressed by the following mask:

0 1 -1 0

1
(38) Poip— . « 1 * 1

The following figures show some examples of the triangular Bézier surfaces obtained,
given a boundary, by means of three different methods: Coons interpolation, minimization
of the functional F and with the use of the mask defined in Equation (38).
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FI1GURE 4. Three Bézier surfaces with the same border. On the left the triangular Coons
patch. The one in the middle is a Bézier extremal of the functional F. The figure on the
right is obtained by means of the mask in Equation (38).

F1GURE 5. Three more examples of Bézier triangles, the triangular Coons patch, the Bézier
extremal of F in the middle and the Bézier surface built with the mask (38).

FI1GURE 6. As before, the Coons patch, the polynomial extremal of F in the middle and in

the right another surface with the same boundary but obtained thanks to the associated
mask.
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From the previous figures it can be seen that the control nets obtained by means of the
mask, in Equation (38), derived from the functional F are quite irregular in comparison with
the nets obtained as extremals of the functional.

Now, let us remark that in contrast to the rectangular case, the Triangular Coons patch
is not an extremal of the functional F. We will prove that for the triangular case, being an
extremal of such a functional is not equivalent to satisfying the associated Euler-Lagrange
equation, as was true for the rectangular Coons patch. The following Theorem will show that
an extremal of the functional, described in Equation (33), would coincide with the solution
of its associated Euler-Lagrange equation, T wuve = 0, only under certain conditions on the
control points.

The following lemmas, Lemma 3.12 and Lemma 3.15, are analogous to Lemma 3.3 and
Lemma 3.4 for bivariate polynomials. They will be needed in order to prove our next theorem
and some other results we will prove later on.

In the proof of the following lemma we will make use of the dual basis of bivariate
Bernstein polynomials defined in [22]. The set of polynomials {C7 } 1=, of total degree n is

called the dual basis of the Berstein basis { B} }|=, if
/ BY (u,v) C7 (u,v) dudv = §7.
T
LEMMA 3.12. Let o be a degree n bivariate polynomial, then the equality
(39) / Y (u,v) B} (u,v) dudv =0 holds for all |I|=n
T

if and only if Y = 0.

Proof: Let us consider the expression of 7 in terms of the dual basis of Bernstein
polynomials defined in [22], y = 3_ ;_, A,C7, then

Oz/j(u,v) B} (u,v) dudv:/ ZAJC’}L(U,U) B} (u,v) dudv = ZAJ(SLJ:A[
T

7 \71=n J|=n

for all |I| = n. Therefore i = 0.
[

The proof of the next lemma, Lemma 3.15, is based on a method by T. Lyche and K.
Scherer for the computation of the eigenvalues of the Gram matrix of the s-variate triangular
Bernstein basis of degree n, see [26]. In order to prove our next result we needed to show
that a special matrix, M, which is similar to the Gram matrix, was a non-singular matrix.
So let us recall the definition of the Gram matrix of the bivariate triangular Bernstein basis.
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DEFINITION 3.13. The Gram matriz, GG, of the bivariate triangular Bernstein basis of
degree n is defined by

G — (< B?’ B?]l >)|I|,\J|:n = (/1‘1 B?('U/, /U)y B?<u7v) du d'U) |I| |J‘

”+2) and for both rows and columns the following linear ordering is

This is a matrix of order (

used: If I < J* then I < J, and for I = J' then the second component must be compared,
if I' = JY and I? < J? then I < J.

As an example, for n = 2, the indexes of the basis would be taken in the order
(0,0,2),(0,1,1),(0,2,0),(1,0,1),(1,1,0),(2,0,0).

We will need the following lemma in order to prove Lemma 3.15. This was proved in [26]
for multivariate Bernstein polynomials, and here we rewrite it for the bivariate case.

LEMMA 3.14. ([26] Lemma 2.1.) Let us denote I = {i,j,n —i— j}, then

(1) &= o l)'u v =3 %B”(u v) for k+1<n.

i Inl
2) [, B} (u,v)dudv = % for k+1<n.

LEMMA 3.15. Let us consider the vectorial subspace V' C R, [u,v] defined by
V ={P e R,[u,v]: P(u,0) =P (0,v) =P (u,1 —u) =0}

Given a polynomial y € R,,_3[u,v], if

/T?/(UW)P(U,U) dudv =0

for all P € V, then y = 0. In other words
VENR,_s[t] = {0},
where V+ denotes the orthogonal complement of V.

Proof: The Bézier form of a polynomial P € V', null along the border of the parameter
domain, only involves the interior Bernstein polynomials

P(u,v) =Y arBf(u,v) with I',1°,I° #0.
|[I|l=n

Therefore, if [,y Pdudv = 0, we have that for all |I| = n with I', %, I* # 0

(40) 0= /T y (u,0) B} (w,0) dudo = Y Py /T B3, 0) B (u, v) dudv.

|J|=n—3
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Our goal is to prove that P; = 0 for all |J| = n — 3. Equivalently we will see that the
previous homogeneous linear system with the coefficient matrix

M — (< By, By ? >) = (/T B} (u,v) B} (u,v) dudv) U =n, I' 121 £0
|J]=n—3

has a unique solution. This is a square matrix of order (";1).
In order to prove that matrix M is non-singular we will compute its eigenvalues.

We consider polynomials @,, (to be determined) of the special form

Im| |m|—k

(41) Qm = Z Z qm,k,lukvl with m = (my,mg) €Z* and 0<|m|<n-—3,
k=0 (=0

where
Gmm =1 and ¢ur, =0 for k+1=|m| and (k1) # m.

Note that @,, is a polynomial of degree |m| and that its only monomial of total degree
|m| is u™ ™2

Let d,,, = (dym.1) be the vector of coefficients of ), on the Bernstein basis, so

Z A By 2 (u,v), with |m|<n—-3 and I=(i,j,n—3—1i—j).

[I|=n—3
We will determine the coefficients gy, 1 ; for fixed m so that d,, is an eigenvector of M. The
idea is to express both d,, and M d,, in terms of the ¢, x; and use the eigenvalue/eigenvector

relation M d,, = \,, d,,, to determine the values of A\,,. Consider first the vector d,,. Inserting
(1) from Lemma 3.14 into Equation (41) we can express each d,, ; in the form

Im| [m| -k

(42) mI—ZZkal n_?(l—_k_l'Z'j' ZZQmMZZﬁZﬁSJt,

—1)!
k=0 1=0 U 5=0 t=0

for some constants ﬁ:f independent of I, in particular

Rt (n—=3)!

Let us consider the /th component of M d,,

Im| |m|—k

-3 k,l
(Mdy);= > <Bhy By > duy =< B}, Qu>=>_ > Guis < By, ufv' >,
|J|=n—3 k=0 1=0
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where we have denoted 1 = (1,1,1). In a similar manner to before, using (2) from Lemma
3.14, we can write it in the form

(43)
Im| |m|—k . Im| |m|—k
>‘(l+]+ 'n| St s -t
=2 D ki S S IIN »p Pty
k=0 1=0 (]+1)(n—i—2+k—i—l k=0 1=0 s=0 t=0
where the 042’5 are independent of I, in particular
kl n'
a )
P n+ 24+ k+1)

Switching the order of summation in Equation (42) and Equation (43) we have M d,,, =
Am dp, if and only if

0= Z Z (O‘Zﬁ - Amﬁzf) Gmry | %55 V|| =n-—3.
We see that this holds for all such [ if and only if

lm| |m|—k

(44) 0= Z Z (ozzg - /\mﬁ,jf) qmyy forall st such that s+t <|m].
k=s I=t

Choosing (s,t) = m in this equation, since g, ,, = 1 we obtain the eigenvalues

_%_ n!(n — 3)! _(n—3)---(n—3—|m|+1) B
Am_ﬁﬂ_(n+2+|m|)(n—3—|m|) (n+|ml+2)--(n+1) for |m| <n-3.

Therefore, since all the eigenvalues are positive we can ensure that matrix M is non-
singular and there exists a unique solution of the linear system in Equation (40): P; = 0 for
all |J] =mn — 3. That is, y = 0.

[ |

REMARK 3.16. Let us remark that matrix M has only n— 2 different eigenvalues because
if [r] = |m| then A\, = A, for all jm| < n — 3.

Now we can explain the conditions under which there is an equivalence between finding
the extremals of the functional F and computing the PDE surfaces satisfying its Euler-
Lagrange equation.

THEOREM 3.17. A polynomial patch T € R,[u,v] that satisfies T up (u,1 —u) = 0 is a

solution of the PDE X yuwy = 0 iff it is an extremal of the functional

:/ 7 2w do
T
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among all polynomial patches with the same prescribed border.

Proof: This proof is analogous to the proof of Theorem 3.5 for rectangular patches.
A polynomial patch 7 would be an extremal of the functional F (') among all polyno-

mial patches with a prescribed boundary if and only if for any 3 € R, [u,v], null along the
border of T,

v) =Y QiBf (wv), |I|=Hi,jk} =n with ijk#0,

[I|l=n
the following equality holds

d
OZ% ]—“(?—i—t?):Q/ < Tuws Y > dudv.
T

t=0

Equivalently, we have that 7" is an extremal of F (') if and only if

0= / < Tuw, (B} (u,0)),, €a > dudv,
T
where e,, a € {1, 2,3}, denotes the a-th vector of the canonical basis and |I| = |{i,j,k}| =n

with i, j, k # 0.

Let us consider the following integration by parts

/ — < Ty (B} (u,0)), €a > dudov :/ < T vy (B} (u,0)), €4 > dudv
T
+/ < T, (BY (u,v)),, €0 > dudv,
T
then we have
1
/ < Ty, (B} (4, 0)),,, €a > dudv :/ < Tuws M (B}‘:ell (u,v) — B}~ 613 (u, U)) €q > } du
T 0

—/ < Ty, (B} (u,v)), eq > dudv.
T

Now, bearing in mind that B}~ (u,1 —u) =0 for k # 0, B}~ (u,0) = B}~ (u,0) =0 for
j # 0 and that B}~ (u,1—u) = B (u) if k =1, we have

1
/ < Ty (BY (u,0)),,, €0 > dudv = —/ < T (U, 1 —u), B (u)e, > du
T 0

—/ < T oy (B} (u,0)), €4 > dudv.
T
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Now if we consider the integral

/— < T e, B} (u,v) eq > dudvz/ < T wuwe, BY (u,0) eq > dudv
T

+/ < T wows (B} (u,v)), eq >, dudv,
T

we have
u=1l—v

1
/ < T wov, (B} (uw,v)), eq > dudv :/ < T gy BY (u,0) €4 > ] dv
T 0

u=0

—/ < T wuwvw, BY (u,0) eq > dudv.
T

Then, after evaluating the Bernstein polynomials, B} (1 —v,v) = B} (0,v) = 0 for i, k #
0, it is obtained that 7" is an extremal of F (7') if and only if

/ < T, (B} (u,v)),, €0 > dudv :/ < T wuves B} (u,v) eq > dudv
T T
(45) 1
—/ < T (u,1—u), B (u) e, > du = 0.
0

Therefore if 7 is a polynomial patch satisfying Z yueww = 0 and such that 7, (u,1 —u) =
0 then it is an extremal for a prescribed border of the functional F (7).
Now let us show the reciprocal. If we suppose that @ is an extremal of the functional

F (7') among all polynomial patches with a prescribed boundary, then, from Equation (45),
it satisfies

O:/<?uuw,B?(u,v)ea> dudv for |I|=mn with 4,5,k #0.
T

The polynomial patch @ .., is a triangular Bézier surface of total degree n — 4, so if we
consider its degree elevation, then we can ensure that T wuve = 0 from Lemma 3.15.

REMARK 3.18. The condition T, (u,1 —u) = 0 is needed in the triangular case since
this term does not vanish here as it happened for the rectangular case. It can be written in
terms of the control points as follows:

n—2
T (U, 1 —u) = Z AP BY 2 (u, 1 —u) = Z AYP o 0B % (u).
|[I|=n—2 =0

Then T wy (u, 1 —u) = 0 if and only if AV Py, o ;0 =0 fori=0,...,n—2, or equivalently
iff
Pz‘+1,n—1—z‘,0 - Pi,n—l—z‘,1 - Pz‘+1,n—2—i,1 + -Pi,n—2—i,2 =0 for i=0,...,n—2.
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3. Masks and triangular permanence patches

In general a condition that relates some control points can be written by means of a mask

only if (considering a 3 x 3 triangular grid),

Pi_vj1kv2 Picvjpsr Picijrie Pic1jyon—1
Py 11 Pijr Pijr1r—1
Pivijk Piv1jk—
Piioj1k-1

this condition relates the points on the grid in such a way, that the interior point can be
expressed in terms of the boundary control points. The mask is then considered to be a
stencil for the central point.

When we considered quadratic harmonic surfaces, in section 2.1 of the first chapter, we
wrote a “kind” of mask. The inverted commas were there to show that it is not really a
mask, because the harmonic condition for quadratic surfaces only relates the control points
in an = 2 grid. If we consider the n = 3 grid, as we did for the cubic case, in section 2.2
of the same chapter, then the harmonic condition does not relate all the control points in
a 3 x 3 triangular grid. In fact, the interior point could be written in terms of the border
control points only after solving a linear system of three equations.

On the other hand, if we consider the biharmonic condition we find that it relates the

control points in a 4 x 4 triangular grid, so a mask cannot really be used. If the following
scheme is considered:

Pioj k43 Picojre Picojript1 Picojror Pic2ji3 k-1
Pi1j-1kv2 Picijer1 Pigijrie Picijyoi—1
P11 Pijr Pijsie—1
Piy1j-1x Piy1jr—1
Piyaj-1k-1
the following arrangement of coefficients is an easy way to show the coefficient that multiplies

each control point and allows us to see which points from the control net are related by the
biharmonic condition in Equation (23):

4 -8 8 —4 1

Therefore as we have said earlier a mask could not be used to describe the biharmonicity
of a patch.

In the following chapter we will present a method, which we will call the third-order
method, that will enable us to determine the interior control points in terms of the boundary
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points. Therefore, when we consider it on a 3x 3 grid of control points we obtain an expression
of the interior control point in terms of its nine neighbors, so it can be written using a mask.

Some previous work related to masks can be found in [14]. The rectangular Coons patch,
as well as the associated discrete Coons patch, satisfies a Permanence Principle: Let two
points (ug,vo) and (uy,vy) define a rectangle R in the domain U of the Coons patch. The
four boundaries of this subpatch will map onto four curves on the Coons patch. The Coons
patch for those four boundary curves is the original Coons patch restricted to the rectangle

R.
Moreover, as we said before, the rectangular Coons patch is a PDE surface satisfying

T e = 0 and the discrete version of this partial differential equation is verified exactly by
the discrete Coons patch. Farin and Hansford, in the previously cited paper, [14], deduced
the following rectangular mask from this discrete PDE.

L1221
Pij=-x 2 x 2
R L T S |

Later we will give an explanation of how they did it. After introducing this mask for the
Coons patch, which as we said satisfies the permanence principle, the authors generalized it
by defining what they called permanence patches: A permanence patch is obtained from a
control net

b=

L @R
=R D
L ™R

with 4o + 40 = 1.
This kind of mask suggests the possibility of different choices for o and [, so in this
sense Farin and Hansford, show how some choices of these values give different masks which

are also the discrete form of a PDE, as the discrete version of the Euler-Lagrange PDE

T yuve = 0, gave the first rectangular mask a = ’Tl.

Moreover Farin and Hansford extended the permanence patches concept to the triangular
case just by considering the analogous triangular mask.
Given a mask of the form

(46) Po= 07

with 3a + 64 = 1 the triangular patch formed with such a control net is called a triangular
permanence patch.

Now, let us come back to rectangular patches and show how the a = _Tl mask was
deduced from the Euler-Lagrange PDE 7 yu00 = 0.
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. . —_ . .
The discrete version of @y = 0 is given by A*?P, ; = 0, where

ﬁ ,O ?) — P
11] i 17.] Zv]
0,1 -l) — ?)
A 17] 27] 1 Zv] °

Then
0= A2’2Pz‘,j = Piyojro—2P; 01— 2P jro 4P j11 2P j—2F; ji1+Pio j+ P j1o+ P
gives
(47)

-1
P,

i=Tr (Piv1je1 = 2P15 — 2P 511 — 2P j 0 — 2Py j+ Py + P + Picajo)

that is the rectangular mask o = ’Tl.

This mask could also be deduced as a consequence of the permanence principle. Let us
show this. We will determine for which value of o and 3, with 4a + 48 = 1, a permanence
patch satisfies the permanence principle.

This principle implies that the control point F; ; can be obtained with the discrete Coons
formula, Equation (30), from the boundary control points on a n x m grid or instead one

can apply this formula to any 3 x 3 grid included in the global grid,

P11 Py Pioijn
Pij1 Py P
Pi+1,jfl Pi+1,j Pi+1,j+1

Therefore if we consider that any point in the equation
Pj=a(Pyijs1+ P+ P+ Pioijp) + (P + Pijy + Py + Pioyy)

can be written in terms of the boundary control points, as we said by means of Equation

(30), it leads us to the value o = .

The permanence principle is not verified by triangular Coons patches so the previous
reasoning cannot be followed in order to obtain a mask describing the Coons triangle. Any-
way we will introduce a mask, which generates a permanence patch, since it is of the kind
defined in Equation (46), and which is related to the triangular Coons patch.

We will consider the triangular control net of a triangular Coons patch of degree 3,
instead of the general case of degree n,

P003 P012 P021 P030
P102 Plll P120
P201 P210

PSOO



3. MASKS AND TRIANGULAR PERMANENCE PATCHES 7

The interior control point, Py, is defined, by Equation (32), in terms of the boundary
control points of a grid of degree 2. Moreover, the boundary control points on the degree 3
control net are the control points of the degree elevation of degree 2 border curves.

Then if we consider that any interior or border control point in the equation

P11y = a (Poos + Poso + Psoo) + B (Poiz + Po21 + Pioz + Poor + Piao + Paio)

can be written, thanks to Equation (32), in terms of control points of a degree 2 control net,
we find that equality is only attained for the values o = %2 and 3 = %

Therefore the triangular permanence patch for a = _?2 gives the triangular Coons patch

of degree 3, although in general a mask cannot be used to obtain a Coons triangle of degree
n.
Let us remark that all schemes whose construction satisfies a variational principle share

the permanence principle property, see [14]. In the following chapter we will present a method
to obtain triangular Bézier PDE surfaces as a solution of a third-order partial differential
equation. Then we will show that these surfaces satisfy the permanence principle under some
special conditions in the chosen triangular subdomain.

Some other special triangular permanence patches are described in [14]|. The authors
show how some values of a give a permanence patch satisfying a PDE. One choice, related
to a PDE that is strongly linked with our work, is the mask corresponding to the value
a = 0, which is the discrete form of the Laplace PDE

— —
Tyu+ o =0.

If we assume that we are applying the harmonic operator A7 = 0 to a given function
T : R — R? where

R={u = (u,v,w) ER’/u+v+w=1 and u,v,w > 0},

then we could discretely represent this by denoting a node in the triangle finite difference
mesh by the integers ¢, 7, £ with mesh spacing h so that the coordinates are u = ih, v = jh

and w = kh.
Therefore the discrete representation of the harmonic operator is given by:

— 27 — — 27 —
Titl4k—1 — 2T 55k T T 1jk+t1 n Tijtlk—1 — 2T ijk+ Tij-1kt1

0= B2 h2
— — —
L Ptk 2256 + o1tk
h? ’
that is,
1
— — — — — — —
Tk = 6 (x itlghk—1 T Tic1jk+1 T Tijr1k—1+ Tij—1k+1+ Tit1j-16+ & ifl,j+1,k) )

which can be diagrammatically represented by the following harmonic mask:
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X

(S A=
[S—
—_

Pk =

Moreover, it is shown in [14] that the mask (46) can be described as a blend of a corner
twist minimizing mask (the value « = —1/3 corresponds to the corner twist minimizer) and
a Laplace mask:

1
B"j’k:g e x 2 * 2 +(1—e) x 1 * 1

Then it can be seen the relation o = %’3:
—2e 1+e 1+e —2e
l1+e * l1+e
1+e 1+e
—2e

Pijr =2 X

| =

These Farin-Hansford masks will be studied and compared with some others in the chap-
ters that follow.

4. Conclusions

In previous chapters we have described some different surface generation methods that
start out from a prescribed set of control points. But, since the best information about the
desired shape of a surface comes from its boundary, here we have conducted a study of one
of the most important solutions to the problem of finding a surface interpolating boundary
curves: triangular Coons patches in comparison with rectangular Coons patches.

We have seen that the problem of finding a polynomial extremal of the functional

F(T) = / \Tm P du dv,
U

among all rectangular patches with the same boundary is equivalent to solving the PDE
T yuve = 0 and, moreover, that the Coons rectangular patch is a solution. But, we have seen
that triangular Coons patches are not extremals of this functional.

Therefore, we have studied the conditions under which it would be equivalent to find an
extremal of F among all polynomial triangular patches with a prescribed boundary and to
solve the PDE 7 yuve = O.

Moreover, we have characterized the control net of a triangular Bézier extremal of the
functional F. From this characterization we have developed two methods to generate trian-
gular patches given the boundary curves. The first method is to find the extremals of the
functional as a solution of a linear system of the control points. The second method makes
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it possible to build a Bézier triangle by means of a mask deduced from the characterization

of cubical extremals.
On the other hand, we have defined the Triangular Discrete Coons patch and we have

compared the shapes of the surfaces obtained by these three surface generation methods.

We have observed that better results are obtained for the extremals of the functional and
for the triangular Coons patch, but the Coons patch implies an increase of degree. We also

compared Coons patches’ results with our results about biharmonic surfaces described in the
previous chapter.






CHAPTER 4

Constructing triangular Bézier surfaces using linear PDEs:

The third-order method

In the previous chapters our goal was to determine the triangular Bézier patch by verifying
the harmonic or the biharmonic condition for a prescribed set of control points, which were
previously fixed. We saw that, given two lines of control points, a triangular Bézier surface
is totally determined by the harmonic condition, AZ = 0, which a second-order equation
PDE: A7 = %4y + X 4. The pair of lines of control points were the first and the second
row at Theorem 1.9, and two border lines (with the substitution of some of them by a
neighboring point) in Theorem 1.18. In the biharmonic case we were able to determine a
biharmonic triangular Bézier patch given four lines of control points. It should be noted that
the biharmonic condition is a fourth-degree partial differential equation.

Therefore, it is natural to think about our next goal: Given all the border control points
(three lines), to determine an associated Bézier surface that will fulfill a third-order condition.
This can be achived if we consider third-order PDEs.

1. The third-order PDE

Since there is no natural third-order PDE, let us consider a general linear third-order
operator with constant coefficients:

R (?) = a?uuu + ﬁ?uuv + W?vvu + 5?1)1)11-

and the corresponding third-order PDE: R (7’) = 0.
Let @ be a triangular Bézier surface. The third order PDE

(48> a?uuu + ﬁ?uuv + ’y?fuvu + 6?111)1) = 07

in terms of control points is

PE PE PR N\ _
0= <a8u3 N ﬁ@u% * T o0t - 6803) 7 ()
=n(n—1)(n—2) Y  (aA> P+ A P+ AP+ A Py) By~ (u)
[I|=n—3

81
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n!
NCER)] > [ (Prise; = 3Priserves +3Prieitoes — Prises)
" |I|=n—3
+ B (PI+281+62 - PI+261+63 - 2P]+81+62+63 + 2PI+61+283 + PI+62+263 - PI+363)
+ (PI+61+262 + PI+61+263 - 2PI+61+62+63 + 2PI+62+263 - PI+262+63 - PI+363)

T J (PI+362 - 3PI+2€2+€3 + 3PI+62+263 - PI+3€3)]B711_3 (u)

=Y @Bt

[I|=n—3

Hence R (') = 0 if and only if Q; = 0 for all |I| = n — 3, i.e., if and only if

O=(—a—pF—7—=0)Pi1j-1p+2+ (B+27+30) Po1jrs1 + (=7 — 30) Pi1jy1.k
(49) +0P 1 jrok—1+ Ba+28+7) P i1k+1 — 2B+ ) Pijk + 7P 4161
+(=3a = B) Piy1j-1k + BPij1jk—1 + &Piioj 151,
for all |I| =n — 3.

2. Mask formulation

Let us consider the control points according to the following scheme,

Pi1j1pkre Picvjreer Picijrie Picjrop—t
Pij 11 Pijr Pijiie—1
Piti -1k Pit1jr—
Piioj 11

If the boundary of the previous grid was known, then the interior point, P ;, could be
determined by

Pk = m ((ra=B—=7=0)Pjar2t (B+2y+36) Piyjrn
(50) + (=7 =30) Pic1jrin + 0P 1 jpop-1 + (Ba+28+7) P j 1x1
+YPij1p-1+ (=3a = B) Piyrjik + BPiaje—1 +aPiyoj1k-1),
for all |I]| = n.
A better way of writing this is to use a mask:
—a—fF—-—y-9¢ B+ 2v+ 30 —y =36 J
(51) Pi,j,kzmx Sa+26+7 30— 4 * 3 !
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This mask suggests the possibility of having different choices for the parameters «;, (3, v
and 0 which could also be reduced to only three parameters, since the general third-order
PDE, Equation (48), could be divided by any of them.

In the following sections we will discuss the choice of the values of «, 3, v and §.

But before going onto particular cases let us now state the permanence principle fulfilled
by triangular patches obtained by the third-order method.

3. The permanence principle

The triangular patches that are obtained as a solution of a third order PDE, such as
Equation (48), do not satisfy the permanence principle for all triangular subpatches but
only for those defined on isosceles right triangles.

LEMMA 4.1. Let us consider a triangular patch with a prescribed boundary defined on the
triangular domain

T={(u,v) €ER*:0<u,0<v,ut+v<1}
satisfying the general linear third-order PDE
ayuuu + ﬁ?uuv + ’y?uvv + 5?'0111) = 07

where two of the four coefficients o, 3,7,0, are other than zero.
Let two points (ug,v1) and (uy,vg), with ug < uy and vy < vy, define a right triangle T}
i the domain T of a triangular patch.

(u9,v1)

(UO,VO) (U1:V0)

FIGURE 1. Two points determine a right triangle hypotenuse.

The three boundaries of this subdomain will map onto three curves on the solution triangu-
lar patch. Thus the triangular patch that is obtained by the third-order method by prescribing
those three boundary curves is the original solution triangular patch restricted to the right
triangle T if and only if it is an isosceles triangle.

Proof: Let 7" (u,v), u,v € T be a solution with a prescribed boundary of a third-order

PDE
az)uuu + ﬁ?uuv + ’y?uvv + 5?'0111) = 07

where two of the four coefficients «, (3,7, 9, are different from zero.
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Let us consider the patch
Y (u,0) =7 (uo +u (ur —ug) ,vo +v (g —vg)) w,veT

which is the restriction of 7 (u,v) on the triangle T7.

Then if we compute the partial derivatives of 3§ what we obtain is:

(Oé?uuu + 67uuv + ’Y?um + 571}1}1}) (U, U) =
= (v (ur — 10)” T + B (w1 — u0)* (V1 — v0) T oo + 7 (w1 — o) (v1 — v0)° T s
+ 0 (v —wp)? T ) (1o + u (uy — ug) , v + v (v1 — vg)).

In general, this expression does not vanish except when (u; —wug) = (v1 — vp), that is,
only for triangular subpatches defined on isosceles right triangles.

REMARK 4.2. Here we have only considered subtriangles on T determined by points
(ug,v1) and (uy,vg) with ug < uy and vg < v1. The previous lemma could be performed for
the rest of cases analogously by just a different change of variable.

4. The symmetric mask

From the multiple choices of the parameters «, (3,7, 9, in this section we will study the
symmetric cases of the mask in Equation (51). We can distinguish two levels of symmetry,
strong and weak symmetry.

Weak symmetry: These are the conditions that the coefficients o, 3, v and § must
fulfill for the mask in Equation (51) to be a symmetric mask

—a—f—-—vy—-0=0=«
3a+28+y=0=——36
B4+27+30=v=-3a—-0

This implies a = § = —”8—?, so this is the symmetric case:

_1 _ _B _1
6 2(8+7) 2(B+7) 6

DT * )

(52) Pi’j’k = (B+7) ., P (B+7)

2(6+7) . 2(6+7)
6
The corresponding operator is
S5(T) =~ T+ = (BT s + 7V Fs) — =7
Byy 6 uuUY 2 (ﬁ + '}/) uUuUv uvY 6 VUV
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Strong symmetry: If there are only two different coefficients, one for the vertices and
another for the rest of the positions on the mask, then we can talk of strong symmetry. A
particular and special case of the symmetric mask in Equation (52) is obtained when 5 = ~.
The third-order operator is

1 1 1
S<?) = _Eyuuu + Z (?uuv + E>uvv) - g?vvva
hence the associated PDE S(7') = 0 does not depend on 3 and so the associated mask is
given by
1 1 1 _1
6, 1 ) 1, 70
(53) Pk = g ot
4 4
1
6

which turns into a Farin-Hansford mask, see [14], defined in Equation (46) with a = .

Therefore, the PDE surfaces formed with this mask are also triangular permanence patches.

In fact, a special case of permanence patch which has quadratic precision.

The triangular permanence patches resulting from o = %1 enjoy a quadratic precision

property, see [14], in the sense that: Given a quadratic discrete patch Q, we degree elevate
it to an arbitrary degree n, resulting in a patch EQ, then the patch obtained with the
symmetric mask for given boundaries results in a patch PEQ satisfying PEQ=EQ

Now we will present a discussion about the existence of a triangular Bézier solution of

the third-order PDE S(7') = 0.

5. About the existence of solutions

In this section we will see how a triangular PDE Bézier surface satisfying

1 1 1
(54> _é?uuu + Z (E)uuv + ?uvv) - g?vvv =0
can be determined from a prescribed border.

If this problem is considered in terms of Bézier control points then a solution of the

previous PDE must satisfy the following system of linear equations

1
Pijr=— 6 (Piv2j-1k-1+ Pic1jyor—1+ Pic1j-1kt2)
(55) 1
+ 1 (Pic1 k1 + Povjvik + Pijigsr + Pijiie—1 + P jo1 ke + Piv1jr—1) -

These equations can be described, as we said before, by the mask in Equation (53). That
is, each equation in the system, shows how every interior control point can be represented as
a linear combination of its triangular neighboring control points, that is: P; = ) jen, i Py,

where N; denotes the 9 neighboring control points of an interior control point F;.
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This kind of systems was studied extensively in [18], where a very interesting method
to discuss the existence of solution when the coefficients, A;;, are a partition of unity was
obtained. In the following proposition we describe the weak sufficient condition, which was
derived in the cited paper, for the solvability of this kind of linear systems.

PROPOSITION 4.3. Let the set of weights \;j be a partition of unity. Then, the linear

system of n equations

Pi=Y MNP, i=0,..n,
JEN;
has unique solution. These equations require that each interior control point, P; for i =
0,...,m, be some convexr combination of its neighbors, P; with j € N;. Thus P; will be

contained in the convex hull of its neighbors.

This result turns out to be a very useful tool in order to discuss the existence of solutions
of linear systems derived from masks, both in the rectangular and the triangular case, but
with the restriction of having positive weights such that »_ jen, Aij = 1. This restriction of

having coefficients being a partition of unity is not fulfilled in our case. Although we have
that > ..y Aij = 1, even for our most general mask, in Equation (51), we find that in all

particular cases negative weights appear. Therefore, this method cannot be used to discuss
the solvability of our problem. Moreover, it is not possible to do a variation of the proof
of this result for masks with negative weights since it is based on the convex hull concept,
where positive numbers are needed.

The existence of solutions to this kind of problem is not studied by many authors, the
reasoning being the following. When we consider a surface generation method which allows
us to obtain a patch with a prescribed boundary as a solution of a linear system, if given the
boundary curves, it was found that the associated system was incompatible, then a slight
change of the boundary curves would probably turn the system into a compatible one.

On the other hand, there are many other authors, such as Floater and Reimers in [18],
who show their interest on discussing the existence of solutions to these problems using
different and interesting techniques.

The existence of solutions also lies within our field of interest. In order to prove our
results easily, at the moment we will work with the usual basis of polynomials instead of
with the Bernstein basis.

Let 7’ be a polynomial function of degree n > 3 in terms of the usual basis of polynomials:

n

a
T (u,v) = Z ﬁukvl.

k,1=0

Since the total degree is supposed to be n, then k£ + [ < n, and there are some null
coefficients:
ak7l20 if k+1>n.



5. ABOUT THE EXISTENCE OF SOLUTIONS 87

Moreover, if the polynomial, @', satisfies the third-order PDE, S (') = 0, this condition

can be translated into a system of linear equations in terms of the coefficients {ax,}7;_,

1 1 1

(56) — ks + 1 (Qkt20+1 + Qrt1042) — Glki+s = 0, k,l1=0,..,n

with the convention ai; =0 if k+1 > n.
The following triangular scheme shows that a;; = 0 if £+ > n and that the coefficients

at the diagonal lines, see the boxed coefficients, fulfill the requirement that £ + [ = r for
r=20,..,n.

0,0 Qp,1 Qp,2 ap,3 ap.4 tet Qo,r tet ag.n

aio ai ay2 13 s ayr—1 s a1n-1

2.0 a2 1 a2 9 Tt Tt a2 n—2

Ar-1,0 e Qr—1n—r+1

Q0 e Ay p—r

FIGURE 2. Scheme of coefficients

In the following lemma we prove that the knowledge of the first three lines of coefficients

of a polynomial satisfying S (2') = 0, determines all of them.

LEMMA 4.4. Let

n
T (u,v) = %ukvl

k,1=0

be a polynomial function of degree n > 3 werifying the third-order PDE, S (Z') = 0, then,
the coefficients {ax,}y—_3,—o are totally determined by {ao;, a;, az,;}i -

Proof:
We have seen above that the third-order PDE, S (Z') = 0, can be translated into a

system of linear equations given in Equation (56). So, first of all, let us consider the
coefficients {as;}7,. We find that each of these coefficients is determined by the trio
{ao 13, a1,042, ag141 g
Analogously, any coeflicient ay; with & > 2 can be related with {ax—_3 13, @k—2142, Ap—1,1+1}
and so on until the second subindex is greater than n.
|
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Now in order to ensure the solvability of the linear system given in Equation (56), we
will split it into n — 2 subsystems. Each of them relates the coefficients in a diagonal with
k+1l=rforr=3, .. n.

1
—Ear,o + Z (ar—l,l + ar—2,2) - 6aT—373 =0
L1+ (22t s) 0
——ari - Clrf aﬂr‘— - _arf =
G bt 2T gt
1 1
(57) —g 422 + Z_l(ar—&?) +ar_44) — G55 = 0

1 n 1 ( n ) 1 —0
g3r—s t (22T Q1y—1) = Loy = U.

In the following lemma we will see that, for all » > 3, knowledge of the coefficients a,.,

a1 ,—1 and ag, determines all the coefficients in the diagonal 7.

LEMMA 4.5. Let r > 3. If the coefficients a, o, a1,—1 and ag, are known, then the linear
system given in Equation (56) for all k,1 such that k + 1 = r and involving coefficients with
non negative subindexes, (r — 2 equations), and with the unknowns {ax;} with k +1 = r,
k> 1 andl >0, has a unique solution.

Proof:
Let us consider the linear subsystem in Equation (57). Let us recall that a, g, a;,—; and

ap, are assumed to be known, so the associated coeflicient matrix is the Toeplitz tetradiag-

<_l 11 _l)
6'4'4°7 6

onal matrix, M, , . Therefore, its determinant, given in Corollary 1.16, is
1 2n+3 n+1 n
(58) n = 3utagen (2 +2" (=) — 1) ,

which does not vanish for n € N.
Therefore, there exists a unique solution of the system given in Equation (57).

REMARK 4.6. The linear subsystems in Lemma 4.5 can be represented as the matriz
equation:

Ar-1,1 —aaro
Ar—22 0
M(a’g’b’a) . ar-33 _ ’
r— . 0
asr—3 _bal,r—l

agr—2 —bay -1 + aag,
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_ -1 _ 1
where a = == and b= 1.

At this point we have that the first column and the first two lines of coefficients determine
the whole of the coefficients of a polynomial that fulfills S (Z") = 0.

’ao,o ‘ ’ao,l ’(10,2 ‘ ’ao,s ‘ ’%,4 ‘ T Qao,r T ao,n
o] o] [mz]  [o
a2 1 2.2 T a2.r—2 T a2 n—2
as1 T az,r—3
Qr-10| Gr-11 T Qr—1,n—r4+1
Qr0 e Qr p—r
Qn0

FIGURE 3. The boxed coefficients determine all of the others.

Let us denote the unique solution of each subsystem, given by Equation (57), in terms
of a,p, a1 ,—1 and ag,, as follows

k 3 3
(59) Ak,r—k = Cpolro + Cpp 1011 + Co Qo

for k = 2,...,r — 1. Moreover, if we define

T T _ T __
Go=1 c,1=0, ¢,=0,
1 1 _ 1 _
Go=0, ¢,,1=1 ¢,=0,
0o _ o _ 0 _
Go=0, c,1=0, ¢,=1,

we can extend our notation in Equation (59) for k =0, ...,r.

In the following lemma we will compute the coefficients c’ﬁ,o, C]f,r—1 and c’&r for k =

2,...,r — 1. That is, we will give an explicit solution of the subsystems for r = 3,...,n, in
terms of a, 0, a;,—1 and ag,.

LEMMA 4.7. The coefficients cfﬁo, le,r—l and clgﬂn, which appear in the expression of ayy—x

in terms of a,o, a1,—1 and ap, given in Equation (59), can be computed by the following
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formulas
Lk —a r—k+1
o = ey (1) Aty
det MTE_Q )
1
Lk 2r—3—k 2r—2—~k
(60) Clr1 = T abba) (‘a (-1) Arzrr —b(=1) Ar—2,r—k> ;
det M£_2 )
k —a 2r—2—k
Cor = m —1) Ar—2,r—k>
det Mb0)

1

where a = %1, b= 7, and A;; denotes the so-called minors of the matriz, obtained by taking

the determinant after removing the i-th row and j-th column of the matrizx Mfa_’g’b’a).

Proof: We will compute the solution of the linear system given in Equation (57) by
using Cramer’s rule:

b b a 0 ce. —Qa arg O 0
a b b 0 0 00
a b a 0
] 0
A r—k = :
det 1150 | 0 ’ 0
O 0 e a . b a
0 0 0 0 — @811 bob
0 0 0o --- 0 —baiy,_1—a Qo Q b (r—2)x(r—2)
T
(r— )
column
1 r- T
_ Ry (—aa (=D)AL e —aap_y (1) A5,
det Mr72674747 6

+ <_b Air—1 — @ aOT) (_1)7‘72+7"7k Ar—2,r—k)-

In the following two lemmas we will give a recursive formula and the general term of a
specific determinant which will appear in the proof of the next theorem, Theorem 4.12.
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(a7b7c7d)

LEMMA 4.8. The determinant, d,, of the matriz my, defined by
bcdO --- 000
abcdO--- 00
0OabcecdO -0
(61) mgla,b,c,d) — LT e e T
0O - 0abcdO0
00 --- 0abcd
000 -+ 0abec
I N e

can be determined by the following non-homogeneous recursive equation where D,, = |M7(la’b’c’d)]

(62) dp+ cdy_y +dbdy_s+ ad®d,_s = (=1)" Dy + ad (—1)" " D, _3.
Proof: We compute this determinant doing expansion by minors. We start by the last
column:
0 0
M(a,lgc,d)
dy = (=1)"Dp_y + c(=1)" ",y + d(—1)%72 0 0
d 0
c d
0 e 0] a b
-1 1 (_1)n—1
0
M(a,g,c,d) O
= (=1)"Dp_y + (=) Ny + d(=1)" " d
c
0 0 a
-1 1 (=)t
0 0
Mo 0 0
+ db(—l)Znigdn,Q + dQ(_1)2n74 4 d 0
c d
0 e 010 a
-1 1 (—=1)" !

:(_1>n anl — Cdn,1 + ad(—l)"*l Dn,3 —db dn,Q — Cld2 dnfg.
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Now we compute the corresponding n-term of this determinant in our particular case.

-1

LEMMA 4.9. The determinant of the matrix m,(ﬁ
recursive formula given in Equation (62), has the following n-term

dy = 3f+3 (4 (2 (-1)" — (%1)" — 2%) +3 (_le (=144 n) :

Proof: The non-homogeneous recursive rule which defines the determinant, d,,, of the

11 -1
’1’177)

, which can be obtained by the

(;1 11 ;1)
matrix my, T 18

1 1 1
(63) dn, + Z_l dp—1 — ﬂ dp—o — % dp—3 = f(n)
where, bearing in mind that D,, is defined by Equation (58), we have that

() = (“1)"Dycs + (1) Dy = (%1) 4 (%)

We will find the solution of this recurrence equation as the sum d,, = d + d?, where d" is

n’

the solution of the corresponding homogeneous equation and d? is a particular solution of
Equation (63).
Following the usual method, we obtain the solution of the homogeneous equation:

(Y e () e (L)
a=a(3) +8(5) +o(s) -

Now we must find a single solution of the full recurrence

1 1 1
dn+1dnfl_ﬂdn72_2_l6

but we will obtain it as the sum of a pair of particular solutions of the equations
1 1 —-1\"
dp1——dypo——d, 3=2| —
Poogtm?t 916 ( 3 )

1 1 ~1\"
Ay — ——dy g =4 — ] .
n-1 = 5 dn2 = 5y dn-s (12)

1—21 are solutions of the homogeneous characteristic equation it is obvious that

the particular solutions we seek can not be of the form

—-1\" —-1\"
k?l (?) and k?g (E) .

Therefore, we guess that the solutions are of the form

—-1\" —1\"
ky 2n (?) and ko 4dn (E) ;

dn73 = f(n>7

Since %1 and
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respectively. Substituting this values into the corresponding recurrence equations gives us
that k; = % and ko = _71, then

16 (—1\" —4 [(—1\"
P=—nl—) - —Zpn—
n 9”(3) 9”(12)’

is a particular solution of Equation (63).
The general term is given by

—-1\" —1\" n\N" 16 [/-1\" -4 [—-1\"
d, =A|— B — C|= —n|—=] ——n|-—| ,
(5) (i) o) o (5) ()
and we finally determine the coefficients A = B = =% and C' = % by applying the initial

27
—35
=i~ Therefore,

d, = % (4 (2(—1)" - <—T1>” - 2%) +3 (%)n (=144 n) :

conditions d; = —1,dy = % and ds =

-1

11 -1
REMARK 4.10. We must remark that the determinant, d,, of the matrix m,(ﬁ 1)
does not vanish for any value of n.
If n is even, then

4 11 3 i1

4 4+ 3n 4
:3n+3 (8 + 12n — 22n B 2_n>

4 44+3n+4-2"
:3n+3 (8 + 12n — 52 ) )

Since 4”’3# > 0, we have that for any natural value of n

4

On the other hand, if n is odd, then

4 11 3 -
d”:3n+3 (4(—2+27n—2—n)—27n(—1+4 )n>
4 4+ 3n 4)

- 3n+3 22n o 2_n

4 44+3n—4-2"
:3n+3 <_8 — 12n + 22n ) :

(—8 —12n +
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Then, bearing in mind again that 4+3;+n4'2n < 0, we have that forn € N
4
d, < t3 (—8 —12n) < 0.

Therefore we can conclude that d,, # 0 for any natural value of n.

REMARK 4.11. Since lim,, . d, = 0, the explicit computation of this determinant for
high degrees could involve problems of precision.

Now, let us come back to the Bézier form. The following theorem, which is the main
result in this chapter, shows that a PDE surface satisfying

1 1 1
__?uuu + — (E)uuv + ?uvv) - éyvvv =0

6 4
can be determined from a prescribed boundary.

% /

L/

FIGURE 4. Given the boundary control points, i.e. the blue dots, the whole control net is
determined by the third-order PDE associated to the symmetric mask.

THEOREM 4.12. Let 7 (u,v) = > 1=n P1 B} (u,v) be a triangular Bézier surface satisfy-

ing the third-order PDE S (') = 0. Then all the interior control points are determined by
the boundary control points, P; ,_io, Pion—i and Po;n—;.
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Proof: Let us write the Bézier chart in the usual basis of polynomials

n
v) = E ak,lukvl.

k,1=0

Note that the factorial terms in the statement of Lemma 4.4 are now included in the
coefficients ay;, and that ay; = 0 if £+ > n for a degree n chart.

The boundary control points determine the three boundary curves 2’ (u,0), 7" (0,v) and
T (u, 1 —u).
The first boundary curve is

n n i i [ kf -
0) =" ProniBl (u) = (—1)F ( k) <@) Pt = apou.
=0 i=0 k=i k=0

Therefore the coefficients {ayo}}_, can be determined from the boundary control points
{Pi,(],n—i}?:() b
k () (K
— —]_ k=i PZ n—i f ]{f = U,..., .

a0 ;( ) <k:) (Z> 0, or n

Analogously, the second boundary curve is
[
zpo,m BY (o zwz ()()p _w _zaw

so the coefficients {ag,;}}, can be determined from the boundary control points { Py ; n—i}i

by the formula
: () [
ap; = Z (—1)l71 (l) <Z> Poin—i for 1=0,...,n.
i=0

The third boundary curve, which is determined by the boundary points {P;,,—; 0}, is

(64) ? U 11— U Z Pzn zOBn Z Z ( ) <Z> Pi,n—i,()ur = z; brura

1=0 r=:

where we have denoted by b, the coefficient of " for r = 0,...,n in terms of the boundary

points:

(65) b, = (—1)"" (Z) (Z) P io for r=0,...,n.
0
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On the other hand if we consider the expression of this third boundary curve in terms of
the usual basis, then we have the equation

(66) T (u, 1 —u) = Z apuf (1 —u)t = Z Zak,l (1) " (k + i _ 7“> u'

e, l=0 k,l=0 r=Fk

Now if we consider the coefficient of u” for r = 0, ..., n in both expressions, (64) and (66),

of the curve 2 (u,1 — u) we find that

T n l
(67) br:Z Z (=) " (k—i—l—r)ak’l for r=0,..,n.

k=0 I=r—Fk
Let us recall that since 7 satisfies S (Z') = 0, the coefficients {ay,} are zero for k+1 > n,
that is, for [ > n — k. Therefore, the index [ in Equation (67) runs only until n — k. Now let

us rewrite Equation (67). For r =0, ...,n we find

(68) b, = Z nz_k (=1)"* </<; +§ B T) g,

k=0 l=r—k

Later in this proof, we will see that the coefficients in the row of coefficients, {au}}:ol,
can be determined from the boundary control points. But, for the time being, we have that
the coefficients b, for r = 0,...,n can be written from the boundary points { P, ,,—i o} -

Then, let us consider Equation (68) for r = n

n

bn = Z (_1)n—k Ak n—k-

k=0
From Lemma 4.5, for the case r = n, the coefficients {ay 1 }}_, can be written in terms
of ay -1, ano and ag,, then

n

n—k ( k k k
by = E (-1) (Cn,oamo +Clp—10in—1 T Co,naom)
k=0
which implies

n n

bn - (_1>n_k (Cﬁ,oan,o + Cé:,nao,n) = (_1)"—k Cllc,n—lalffl—l’
k=0 k=0

Therefore, if 37_, (—1)" " c§ ,,_1 did not vanish, then a;,_; could be computed in terms
of the border control points, since, as we said before, the coefficients a, o, ao, and b,, are

determined by boundary control points. Then, by applying Lemma 4.5, all the coefficients
ag,; with k + 1 = n would be determined in terms of a,, ao, and aj,_i.
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ap,0 Qo,1 Qg2 .3 Qg 4 Qo5

Q1,0 a1 1,2 a1,3
20 21 as 2

a3,0 as;1 as2

FI1GURE 5. In the first step, for 7 = n we determine the boxed coefficients.

ap,0 Gop,1 Qp,2 Go,3 Qo5

1,0 a1 1,2 ay 4

a20 Q21 a2 9 a23

as,0
FIGURE 6. In the second step, for r = n — 1 we determine the boxed coefficients.

Now in order to determine the rest of coefficients a; with k +1 =r forr =0,...,n — 1,
we would repeat this reasoning for any r. In general, we have

r

b= "Z—k (-1 " (k N é B T> arg = i (=) " ap,s

k=0 l=r—k+1 k=0

and again from Lemma 4.5,

r n—=k T
. l .
I M g (I T 3

k=0 I=r+1—k =0
T
r—k k
:E (—1) Clyp—101,r-1-
k=0

Then, as before, if 337_, (—=1)"" ¢f ,_y did not vanish, a1,_1, could be determined.

In the previous equation an expression of a; ,_; this is given in terms of the border control
points that define ag,, a,o and b,, and also depending on the coefficients a;; with k41 > r.
At this point, these coefficients would be known, also in terms of boundary control points,
since we start this scheme of computation from r = n until r = 0.
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Therefore we must prove that for r =0,...,n

r

Z (_1)7’*]? le,r—l 7é 0.

k=0
Bearing in mind the value of ¢}, that was given in Lemma 4.7, for a = ZHand b= 1,
we have
r r—1
—k - —k
(1), =0 ) (D), =
k=0 k=2

Therefore our goal is to prove

r—1
Mﬁig’b,a) + Z (_aArfS,rfk + bAr72,r7k) # 0.
k=2

r—1
Mfa’g’b’a) + (_CLAT—?),T—k + bAT—2,r—k) - Mﬁajg’b’a)_k
k=2
bbaOOO --- 0 bbaO0O0OO0 --- 0
abbal: . abbalo: ;
) Oabba:0--0 Oabba:0---0
_1)\2n—3—k ) _ 1\2n—2—k
k:2<1) 0 --- 0a'balo (=1) 0 - 0a:bad0
00 --- 00DbDb a 0 0 0:bba
0 -ov -n- 01 0---0 000 - 0abb
000 00ad 00---010---0
bbal 000
abbalO- --- 00
0OabbalO - ---0
:M(a,b,b,a)+ “1\"a n _1nbdn7
r—2 ( ) 0 OabbCLO ( ) 2
00 --- 0abdbbda
—11 v v n. (_1)11*2
0000 0abd
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(a,b,c,d)

n—

defined in Equation (61). Now

we will compute the other determinant using expansion by minors

where d,,_» denotes the determinant of the matrix m

r—1

Mfggbﬂ) + Z (_aAT—3,r—k + bAr—2,r—k) = Mfc—hgbﬂ) + (_1)” ab dn—S
k=2
bbaO - --- 00 bbalO - --- 00
abbalO - -0 abbalO- -0
Oabba . 0abbda

e LA P 1 I :
0O --- 0abbda 0 0abbda
00 - 0abb —1 1 (=nn?
0000 --- 0 a 0000 0 a

=M 4 (—1)" abdy s — M 4 6 (1) dya + (=1)" by

T— s

— (1) (—b Aoz — abdy—s — & dyy + (1) M2 + (—1)"77 aQM,Ef’Z’b’“)>
=(=1)"""d,_;.

Then, since d,, # 0 for all n, from Lemma 4.9, where its general n-th term was given, we can
finally state that the whole control net of a triangular Bézier surface satisfying S (7') = 0 is
determined if its boundary is prescribed.

[ |
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The following figures will allow us to compare the results obtained by the third-order
method to the results obtained in the previous chapters for harmonic and biharmonic sur-

faces.
First, for n = 6 we can compare the third-order method results with the harmonic

surfaces obtained in the first chapter by means of Theorem 1.9 and Theorem 1.18. As before
we show the grid of control points where the blue are known and the gray are obtained by
asking the chart to satisfy a PDE.

FIGURE 7. Three triangular Bézier surfaces similar to a piece of a sphere. The figure on the
left satisfies the third-order PDE corresponding to the symmetric mask and it is obtained for
a prescribed border. The others are harmonic Bézier surfaces obtained thanks to Theorem

1.9 and Theorem 1.18 respectively.

FIGURE 8. Three triangular Bézier surfaces similar to a piece of a cone. As before, the figure
on the left satisfies the third-order PDE corresponding to the symmetric mask and the other
two surfaces are harmonic surfaces obtained by means of Theorem 1.9 and Theorem 1.18

respectively.
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FIGURE 9. These surfaces are approximations to the minimal Schwarz surface which has
its boundary curves along some of the edges of a cube. The figure on the left is generated
by the third-order method and the other two surfaces are harmonic surfaces obtained by
means of Theorem 1.9 and Theorem 1.18 respectively. It can be observed that good results
are only obtained when the boundary is prescribed.

The following figures show some surfaces of degree n = 7 which will allow us to compare
the results obtained for biharmonic surfaces in the second chapter with the PDE surfaces
obtained by means of the third-order method, in particular thanks to the symmetric mask.

FIGURE 10. Again we can compare our results with triangular Bézier surfaces looking like

a piece of a sphere. The figure on the left satisfies the third-order PDE corresponding to
the symmetric mask. The other surfaces are biharmonic Bézier surfaces obtained thanks to
Theorem 2.2 and Theorem 2.3 respectively.
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F1GURE 11. The figure on the left satisfies the third-order PDE corresponding to the sym-

metric mask. The other surfaces are biharmonic Bézier surfaces obtained thanks to Theorem
2.2 and Theorem 2.3 respectively. The three surface generation methods give good shapes

for this example.

F1GURE 12. The figure on the left satisfies the third-order PDE corresponding to the sym-

metric mask. The other surfaces are biharmonic Bézier surfaces obtained thanks to Theorem
2.2 and Theorem 2.3 respectively. The control of the boundary curves prevents the loss of

control we suffered in the third figure.

6. Conclusions

In the first and the second chapters we deduced different methods to generate triangular
Bézier PDE surfaces for a prescribed set of control points. But these sets of prescribed
information could not be the boundary control points. Finally, in this chapter we obtain a
method to generate triangular Bézier PDE surfaces with a prescribed boundary.

As we said before, given two lines of control points the associated harmonic surface can be
determined, and analogously, given four lines of control points a biharmonic surface can also
be determined. The harmonic and the biharmonic equations are of second and fourth-order
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F1GURE 13. The figure on the left satisfies the third-order PDE corresponding to the sym-

metric mask. The other surfaces are biharmonic Bézier surfaces obtained thanks to Theorem
2.2 and Theorem 2.3 respectively. As before, the prescription of the boundary curves pre-

vents the loss of control we suffered in the third figure.

respectively, then as is to be expected, the boundary curves of a triangular Bézier surface,
that is, three lines of control points, determine a surface satisfying a third-order PDE.

Here we have defined a general third-order PDE with constant coefficients and we have
deduced that its associated PDE surfaces could be obtained by means of a mask. In partic-
ular, we have asked that mask for a symmetry property the result being that the associated
PDE surface is in addition a permanence patch.

We have compared the results we obtained with this approach, which we have called the
third-order method, with our previous results for harmonic and biharmonic surfaces, and it
can be seen that, as could be expected, control of the whole boundary gives better control
over the shape of a surface. The surfaces we have obtained with the third-order method are
perfectly adapted to the shape traced by the boundary.






CHAPTER 5
The Weierstrass representation for minimal Bézier surfaces

The CAGD problem of building a surface that interpolates given boundary curves reminds
one of the most important problems in calculus of variations: to find the minimal surface with
a prescribed boundary. The study of surfaces minimizing area with a prescribed boundary,
the Plateau problem, has been and still is a major topic in differential geometry.

The construction of surfaces subject to certain constraints such us minimizing area,
curvature or other geometric properties, has also been studied from the point of view of
graphics. In the case of the area of a surface, the interest comes from the fact that in some
real problems, minimal area means minimal cost of the material used to build the surface.

Minimal surfaces admitting a Bézier form have been previously studied in [12]. In the
cited paper the authors study minimal tensor-product Bézier surfaces and the properties that
the associated control net must satisfy. Moreover, they show that in the bicubical case all
non-trivial minimal surfaces are, up to an affine transformation, pieces of Enneper’s surface.

In this chapter we will describe some methods related with the complex function theory
that are used for the study of minimal surfaces, see [11]. We will show some methods which
will allow us to generate minimal and isothermal triangular Bézier surfaces starting out from

different sets of initial conditions that must be satisfied.
First, for the cubical case, a method to build up a minimal surface is given with the

prescription of the three vertices.

After that, we suppose that, in addition to the vertices, the tangent planes at these corner
points are prescribed, and we show how to obtain a minimal surface of degree 7. Additionally,
a similar method for obtaining a minimal surface with prescribed tangent planes at the corner

points is also given, but by fixing a free set of points of the surface instead of only the three
corners.
Finally, we will study the relations between minimal curves and minimal surfaces. This

will enable us to deduce two more methods for the generation of cubical minimal surfaces with
prescription of a different kind of initial conditions. Instead of prescribing some control points
and some tangent planes to the surface, cubical minimal surfaces can also be determined
giving some complex and real parameters.

The first two sections are background.

1. Minimal Surfaces

The study of minimal and constant mean curvature surfaces on three-dimensional Euclid-
ean space has always been one of the most important problems of differential geometry and
nowadays it is still one of the most active fields of interest.

105
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Minimal surfaces are surfaces with the least area for given boundary conditions. The
study of minimal surfaces began with Lagrange, who addressed the calculus of variations
problem of finding a minimal surface of a boundary with specified constraints, later known
as Plateau’s problem. This study made it possible to establish the Euler-Lagrange differential
equation

(69) (14 13) P — 2R Py + (14 13) iy = 0

which characterizes minimal surfaces that are parametrized as 7 = (u,v, h (u,v)).

In 1776 Meusnier found the first non-trivial examples of surfaces satisfying Equation (69),
the catenoid and the helicoid. Moreover he gave a geometric interpretation to this equation
by introducing the concept of mean curvature. Minimal surfaces were then characterized as

the surfaces with null mean curvature.
In 1865 an important boost was given to the theory of minimal surfaces thanks to Schwarz,

who obtained the solution of the Plateau problem for a quadrilateral border. This work was
based on the representation formulas obtained by Weierstrass in 1861. Similar representation
formulas were obtained in 1864 by Enneper, which enabled him to find the minimal surface
known nowadays as the Enneper surface. Other representation formulas were introduced
by important mathematicians such as Weingarten (1863), Riemann (1866), Peterson (1866)
and Beltrami (1868).

We will now introduce some general concepts which are very useful for the study of
minimal surfaces.

DEFINITION 5.1. A chart @ : U — S of a surface is said to be isothermal if E =
G,F =0, being E, F,G the coefficients of the first fundamental form associated to the chart

—
X .

Equivalently, a chart @ : U — S of a surface is said to be isothermal if the map 7’
is a conformal map, i.e., if the angles between curves in the surface are equal to the angles
between the corresponding curves in the coordinate open subset U.

The following property is a consequence of the minimization of area but it is usually
taken as definition of minimal surfaces.

DEFINITION 5.2. A surface S is minimal if its mean curvature vanishes.

Equivalently, a different definition of minimal surface can be as follows: S is a minimal
surface iff for each point p € S one can chose a neighborhood, U,, which has minimal area
among other patches V' having the same boundary as U,.

DEFINITION 5.3. A function, f, with continuous second partial derivatives is said to be

N
harmonic if and only if A f =0, where A is the usual Laplacian operator.

DEFINITION 5.4. A chart 2 is said to be harmonic if and only if its coordinate functions
are harmonic.
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PROPOSITION 5.5. If a chart, @ : U — S, of a surface, S, is isothermal, then T (U) is

manimal if and only if the chart is harmonic, i.e., AT = 0.

It is well known that this relation between the mean curvature and the chart, is due to
the fact that any isothermal map satisfies

T+ Tow = 22HN

é
where A\ = E = G and N is the unitary normal vector to the surface associated to the
chart. As a consequence of Proposition 5.5 the study of harmonic maps is an important step
forward within the context of minimal surfaces.

EXAMPLE 5.1. The first non-trivial ezample of minimal surface with polynomial coordi-

nate functions is Enneper’s surface (Figure 1), @ : R? — R3 defined by

— o u? 2 v’ 2 02 2
(70) m(u,v).—(u—g—i—uv,v—?—f—vu,u —v°).

This surface can be expressed in barycentric coordinates as (see [19]):

3
T (u,v,w) = (i + 2% 4+ wv? + 2utw + 2uvw + 2uw?,

3
2 ), 20° 2 2,3, .2 2 _ .3, .2 2
2u”v + 2uv +T+2uvw+2v w + vw u” + uv — uv® — v+ uw — viw).

FIGURE 1. Two pieces of Enneper’s surface plotted as triangular Bézier patches with their
control nets. In particular, these are the reparametrizations x(1—u—v,v) and z(u+1,v—1)

respectively.

These are the control nets of the Bézier triangles shown above,
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(3.0.1) (3.3.5) 3.3, —3) (0,3,-1) (55 %.3) (3, 3% (5% 5. -1 (55 -3)
e — (3:0,3) (3:3.0) (0,3,0) 6 — (543D (.50 G 35D
(3:0,0) (0,3,-%) 3. 3.-2) (53,2
(0,0,0) (%,%,0)

2. The Weierstrass representation

The usual way of working with complex techniques is to change the real parameters u, v
to the equivalent pair of complex variables z, Z:

z=u+1iv Z=u—iv.
The use of these complex coordinates z,z could lead us to some confusion if we think of

Z as being determined by z, which is true when we start from u,v. But, otherwise, we can

use 2,7 as abstract coordinates for R? = C, even when they are complex-valued, and later
define u, v by means of

]' = e
(71) U 5 v 5

Now it is important to introduce the following operators:

9 _179 .9 o _1(0 ;9
oz 2\ou ‘ou oz 2\ou o)’

to define the complex derivative of a local parametrization.

DEFINITION 5.6. The complex derivative of a local parametrization T : U — R™ is
defined as

@(z)—l(? —i7’) (u,v) where z =u+iv
82 - 2 u v ) ) - .
Equivalently we can denote the complex derivative as
or N N N 1 /0xy .0x oxr, .0x,
g—¢<l‘)—(¢1($>,,¢n(x))—§<au—lav,, U _la’U .

The following lemma and the next theorem were stated in [11]. This lemma gives some
relations between the complex derivative of a local parametrization and the coefficients of
its first fundamental form.

LEMMA 5.7. ([11] Lemma 23.7.) The complex derivative of a local parametrization ver-
ifies the following identities:

1
Do (@) = (Fu Tu= T Ty = AT, 7o) =

(E — G — 2iF),

A~ =
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D16 (T = (T Tt T To) = 1 (B4G),
k=1

where E, F and G are the coefficients of the First Fundamental Form.

In the following theorem, which can also be found in [11], it is proved that a minimal
and isothermal local parametrization gives rise to a n-tuple of analytic functions such that
the sum of its squares is equal to zero. This description of such a parametrization allows the
use of important theorems from complex analysis.

THEOREM 5.8. ([11] Lemma 25.8.) Let 7 : U — R™ be a local parametrization. Then:

(1) @ is harmonic if and only if its complex derivative, ¢ (T') = %, is analytic.

(2) @ is isothermal if and only if
(72) > o (T) =0
k=1
(3) If @ is isothermal, & is regular if and only if
(73) > loe (@) P #0.
k=1

Conversely, let U be simply connected, and ¢, ...,¢, : U — C" analytic functions
satisfying:

(74) Y ok (T) =0 and Y |én(T)[P #0,
k=1 k=1

then, there is a local parametrization @ : U — R™ which is minimal, isothermal and reqular
and such that ® = (¢, ..., ¢,) is the complex derivative of T .

Proof: Although this proof is known we include it here in order to clarify these concepts.

(1) The Cauchy-Riemann equations of ¢ (7') = % are given by

— —
T oyu + Ivv:O
— — -0
Touw — Toyuw =Y,

that is, the Cauchy-Riemann equations of the complex derivative of a local parame-
trization are only satisfied if the chart is harmonic and its mixed partial derivatives
are equal.

Conversely a harmonic parametrization has continuous second partial derivatives

and therefore, in addition to satisfying T+ T o = 0, its mixed partial derivatives

are also equal, 7 ., = T, This implies that % satisfies the Cauchy-Riemann

equations and so it is analytic.
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(2) From Lemma 5.7 we have

Therefore we have > 7', ¢y (7)? = 0 if and only if £ = G and F = 0, that is for

isothermal charts.
(3) Its deduced from Lemma 5.7 since >__, |9 () = 1 (E+ G).

Now we will prove the last statement. The chart 7 is isothermal and regular as a
consequence of the previous items, so in order to prove that it is harmonic we must suppose
that

7= Re/(¢1 (2) s 0 (2)) d2
and

7:Im/(¢1 (2) 5.0y O (2)) dz.
If we denote

b(z) = /(m (2) oo 0 (2) d2

then the parametrizations = and ¥ are the real and the imaginary part of an n-tuple of
analytic functions v; (z). Therefore these functions satisfy the Cauchy-Riemann equations:

Re; (2), = Im; (2), Re; (2), = —Im; (2),
that is,

Then

_ . .
and therefore 7" is harmonic.

Theorem 5.8, which was stated in [11], gave a relation between minimal and isothermal
local parametrizations and an n-tuple ® = (¢, ..., ¢,,) satisfying certain conditions, (74).
Now we will introduce the concept of minimal curve taking these conditions as a definition.

DEFINITION 5.9. Let U be an open subset on C. A minimal curve is defined as an
analytic function ¢ : U — C such that

V'(2)-'(2) =0 forall z€U.
Moreover if the equality

V'(2) - Y'(z) # 0
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15 satisfied for all z € U, then ¥ is said to be a reqular minimal curve.

LEMMA 5.10. ([11] Lemma 25.11.) There is a one-to-one map between minimal curves
and complex derivatives of minimal and isothermal local parametrizations.

REMARK 5.11. It is deduced from Theorem 8 that a minimal and isothermal local para-
metrization has an associated a minimal curve which is called its complexification: Given

a minimal and isothermal local parametrization = : U — R™, if we consider 2’ (z) with
z = u + iv we find that it is a minimal curve since

T(2) T () =) o (T) =0
k=1

Conversely, given a minimal curve ¢ : U — C™ we can define a minimal and isothermal

local parametrization T : U — R" by
(75) 7 (u,v) = Re(y(u + iv)).

Therefore, a minimal curve can be seen as a generalization of a minimal and isothermal local
parametrization.

LEMMA 5.12. ([11]) The real and the imaginary part of an analytic function are both
harmonic functions and they are called harmonic conjugated.

DEFINITION 5.13. Let @', Y : U — R" be local parametrizations on the open set U C
R2.
It is said that @ and 7y satisfy the Cauchy-Riemann equations if

- = d - =
xu_yv an xv_yu-

LEMMA 5.14. ([11] Lemma 23.4.) If @',y : U — R satisfy the Cauchy-Riemann

equations, then they are both harmonic and it is said that T and y are harmonic conjugated.

As was said in Lemma 5.12, the real and the imaginary part of an analytic function
are harmonic conjugated. So from this relation between analytic and harmonic conjugated
functions it follows to define an analogous of analytic function related with a pair of harmonic
conjugated local parametrizations.

DEFINITION 5.15. The complezification of a pair =,vy : U — R™ of minimal and
isothermal local parametrizations is the map @ +iy : U — C".

LEMMA 5.16. ([11] Lemma 23.10.) The complexification T +iy : U — C", of a pair
of minimal conjugated parametrizations =,y : U — R™ is an analytic function. Moreover
d or

¢4 - — _9Z
dz($+ly> 0z

DEFINITION 5.17. A complez function f : C — C is said to be meromorphic iff its only
singular points are its poles.
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The following definition will introduce the Weierstrass parametrization to determine min-
imal surfaces. The Weierstrass formula is another surface generation method: A minimal
surface can be determined by a pair of complex functions f and g.

DEFINITION 5.18. Let f(z) and g(z) be a pair of meromorphic functions defined in a
region U on the complex plane C. Let us fix zyo € U and then define

£1(2) = Re ([ 191 — g(w))dw),
xQ(Z) Re (L5 (1 + g(w)?)dw),
r3(2) = sz f(w)g(w)dw).

—

and

’LU

52 (1 — g(w)?)dw),
(2’”) 1+g w)?)dw),
(w)g(w)dw).

&

8
Kﬁ

[mf
Imf
Imf

e
I

where z = u + iv.
Then the Weierstrass local parametrization and its conjugate, which are determined by

f(2) and g(2), are defined respectively by
x(“’? U) = (QTl(U,U),l‘Q(U,, U)7$3(U7U)) and y(U,U) = (yl(u,v),y2(u,v),yg(u,v)).

THEOREM 5.19. ([11] Theorem 24.1.) Given an arbitrary analytic function f(z) and an
arbitrary meromorphic function g(z), the Weierstrass associated local parametrization and
its conjugate are both minimal and isothermal local parametrizations.

COROLLARY 5.20. ([11] Corollary 24.2.) Let f(z) and g(z) meromorphic functions de-

fined in a region U on the complex plane C, and let T and y be the associated Weierstrass
local parametrization and its conjugate respectively. Then

Z (? + 17)(7;)
18 a minimal curve.

From the following lemma we can observe that the reciprocal is also true.

LEMMA 5.21. ([11] Lemma 24.5.) Let b : U — C?® be a minimal curve such that
V' = (p1, P2, 03). Let us suppose that ¢1 — iy is not identically zero. Let us define

. P
76 = @1 — i,
(76) J=¢1— 19 9= ¢1 iy
Thus, f and g determine the Weierstrass representation of 1, that is,
f if
V= (5= g%, 5 (1497, fg).

2
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The Enneper surface, which is the only non-trivial minimal and polynomial surface of
degree three up to affine reparametrizations and isometries on the space (see Example 5.1),
is the Weierstrass local parametrization associated to a constant function f and to a degree
one polynomial function g.

This matter was previously studied for rectangular Bézier surfaces in [12]. The authors
considered the problem of determining all bicubical polynomial minimal surfaces bearing in
mind the possible choices of functions f and g, in such a way that the Weierstrass parame-
trization is a polynomial of degree 3. They proved that: any bicubical polynomial minimal
surface is, up to an affine transformation, a piece of Enneper’s surface.

Therefore it is natural to study the properties that a cubical triangular control net must
satisfy in order to be associated to a minimal surface. We will deduce those properties from
the fact that the corresponding functions f and g must be as we have described previously:
f a constant function and g a degree one complex polynomial.

3. Determining a cubical minimal surface given its vertices

In this section we will give a method to determine a minimal triangular Bézier cubical
surface from its three corner points. Given the three vertices of a degree three control net,
the associated minimal triangular Bézier surface with (0,0, 1) as normal unit® at its end can
be determined because the complex functions f and ¢ being a constant and a degree one
polynomial respectively, characterize its control net.

AN

AVA

VAVAVAN

FIGURE 2. Given the three vertices, the other seven control points are determined in a

minimal surface.

In order to characterize a minimal degree three control net P = {P;};=3 with P; =
(ar, by, cr) given the three vertices, let us recall that, the only polynomial minimal surface
for degree n = 3 is the Enneper surface, and that it is attained for

(77) f(z)=k g(z)=rz+ s

Therefore, in order to be minimal, any degree three polynomial surface must be a local
Weierstrass parametrization for f and g as above, Equation (77). That is,

n the following section we will relate the Gauss map with the Weierstrass representation of a minimal surface, then we

will explain why the normal vector at the infinity of the cubical minimal surface we consider here must be (0,0, 1).
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an+mf(u U)
(78) Sun gy 0 or m-+mn>
anerg(u7 ’U)
Do 0 for m+n>2

If we bear in mind the complex derivative of a parametrization:

oxr 107 .07 3
= —i =2 (AP —iAY P B2
0z 2( ou  ow )(w,v) 2 ;_2( Tt 1) B
3 , . :
:5(2 (A"a; —iA% ap) B, Y (A, —iA%b)BY, Y (A e — A e))BY) = (¢1, 62, ¢3),
|1]=2 [1=2 |1]=2

then, the general expression of the functions f and g defined in Equation (76) in terms of P
is given by:

f(z) =1 —ign = ;(Z(Al’oaf —iA%a))B} —1) " (AYb; —iA*'b;) BY)

[7]=2 |7]=2

3 .
=3 > (AMay =A%) —i(A%a; + AY)) B,
|7|=2
by AT a(Al — 1A% B
¢1 — igo f(2) 7
So let us compute the derivative of f:

8n+mf an+m 3 Lo o ) o o ,
ouroum Gunavm(§ Z((A Yap — AV br) —i(A% ay + Aby)) BY)

[]=2

9(2)

3 —
= 5 Z ((An—i-l,mal o An’m+1b1) . i(An’m+16LI + An—i—l,mbl))B? (n—&—m)'

|1|=2

Now to compute the derivative of g we will bear in mind that f(z) is a constant function,
S0

(o) B (Al —iaer) B
N = £(0) ’

and then, when we take derivatives, we get:

an+mg B 3
ounrdvm — 2f(0)

Z (An+1,mcl _ iAn’m+1CI)B?_(n+m).

|1]=2

As we have said in Equation (78), the derivatives we have just computed must be zero
for all 2 = u + iv, then, at our convenience, we will evaluate these derivatives for z = 0. We
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—(n+m) (

evaluate the Bernstein polynomials B? u,v) and we get that

BZLO,O,n)(()?O) =1 and B&j’n_i_j)(o,()) =0 if 4,7#0.
Therefore,
an—i—mf 3 n+lm n,m+1 . n,m+1 n+lm
W(O’O) = 5((A Mages — A" bgoz) — (A" ages + A" "bgos) )
anerg 3

_ n+1m s An,m+1
= —(A Cooz — 1A 0003)‘

durou™ (0.0) 2£(0)

Making these derivatives equal to zero we can relate the points in the control net by the
following equations:

An+1’ma003 — An,m+1b003 =0 for m +n > 1
(79) AP lages + AL he =0 for m+n>1
An’mCO()g =0 for n+m=3.

On the other hand, the complex function g(z) must satisfy another condition in order to
be a complex polynomial of first degree (g(z) = mz +n), that is, g(u + iv) = mu + imv + n.
This condition can be written in the following way:

99 _ 9
ou O’

which evaluated at z = 0 gives:

(80) { i(AQ’OCOO?, - iAMCoo:a) = A1’10003 - iAO’20003

A*Pcqo3 + A%2cgp3 = 0

Equations (79) and (80) are linear so it is easy to determine five of the points of the
control net:
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aprz = %(4%03 + 6a210 — 4asoo + 4boos — boso — 120901 + 3b210 + 6b300)

bo12 = §( daggs + aozo + 12a201 — 3az10 — 6asgo + 4boos + 6b210 — 4bs00)

co12 = 3(3c003 + Co30 — 3201 + 2¢300)

Qo1 = %(aoso + 3asgo1 + 3az10 — 4azoo + 2boo3 — bozo — 6b201 + 3ba1g + 2b300)
bo21 = §( 2a003 + ao30 + 6az01 — 3a210 — 2a300 + boso + 3b201 + 3ba10 — 4b3o)
coz1 = 3(2c003 + 2co30 — 3c201 + 2€300)

(102 = %( apo3 + 3o + 6a201 — 3az10 — 2bgos + 6ban1 — 4b3op)

bio2 = §( ano3 — 6agor + 4asoo + 2boos + boszo + 6b201 — 3b210)

c102 = 3(coo3 + 3c201 — €300)

ajnn = i%(4%03 + ag30 — 6ag01 + 3az10 + 4aseo + boso — 3b210 + 2b300)

b1 = §( aozo + 3az10 — 2a300 + 4boos + bozo — 6b201 + 3b210 + 4b300)

ci11 = §(2c003 + co30 + 3c210)

120 = %(2&003 — 6aggr + 6az10 + aseo + 2boos + bozo — 6b201 — 3b210 + 6b300)
bigo = §( 2a003 — @30 + 6a201 + 3az10 — 6as00 + 2bgo3 — 6bag1 + 6ba1g + b3go)
c120 = 3(co30 + 3¢210 — €300)

Note that, besides the three corners, Pys, Poso and Psyg, there are two other control
points, Pyjp and Psy;, which are still unknown. They can be determined by asking for
isothermality at the corners points.

POO3 P012 P021 PO30

P102 Plll P120

The isothermality condition, given in Definition 5.1, at the three corner points, 7' (0,0), @ (1,0)

and 7 (0, 1), translates into the following systems respectively.

ALOPooa : Al’O-Poo:a = AO’11D003 : A0’1-’3003
A Pygz - A% Pygz =0

Al’Opzol : Al’Opzol = AO’lpzol : Ao’lpzol
AI’Opzol : AO’lpzol =0

Al’opozl : A1,0P021 = Ao’lpozl : AO’113021
Al’opozl : A0’1-73021 = 0.

Note that, since the isothermality conditions are non-linear, the previous is a quadratic
system, with six equations and six unknowns that are the coordinates of the control points
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P19 and Pyg;. Therefore, due to the difficulty involved in discussing it, we have solved it
with the help of Mathematica in order to give some examples here.

The following figures are obtained by the method we have just described in this section.
The characterization of a cubical control net associated to a polynomial minimal surface lets
us to obtain the following surfaces with prescribed vertices.

F1GURE 3. The quadratic system can sometimes have infinite solutions. For this example,
with the vertices: Pyoz = (0,0,0), Pyzo = (%, 0,—1) and Psg = (0, %, 1), there is a family of
solutions depending on one parameter, co19. Therefore if we prescribe an arbitrary value for

the parameter co19 = 2, we find two solutions with different orientations.

3

FIGURE 4. These surfaces correspond to the two orientations for the vertices Py =

(0,2,1), Poso = (3, 3,0) and Psoo = (0, 32,4)
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FIGURE 5. For this example we have chosen Pyos = (0,0,1), Poso = (0,1,0) and Psgg =

(1,0,0) as vertices.

FIGURE 6. Here the vertices are Pyy3 = (_71,_—1,‘/75),P030 = (1,-1,1) and Psgp =

2
(=1,1,1). Let us recall that self-intersections may appear, as in fact, occurs with Enneper
surface.

4. The Gauss map of minimal Bézier surfaces

In this section we give a method to obtain a minimal Bézier surface but, instead of just
fixing the three vertices as we did for the cubical case in the previous section, we will also
fix the tangent planes at the corner points.

We also give a similar method to obtain a minimal surface with prescribed tangent planes
at the corner points, but now fixing a free set of points on the surface instead of only the
three corners.

Any geometrical object related to a minimal surface can be written in terms of its Weier-
strass representation. So, before introducing these new two methods, let us give an expression
of the unit normal and discuss about the geometric interpretation of it.

From the definition of ¢ (7)) = %, given in Definition 5.6, we have that

?u A ?v = (2R€¢1, 2R6¢2, 2Re¢53) A (—21m¢1, —21m¢52, —ZImd)g) s
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where, see Lemma 5.21,

with f = f1 +ifs and g = g1 +iga.
An easy computation allows us to express the unit normal vector of a surface in terms of

DO |~

(1) 21+ ), fo)

its Weierstrass parametrization

(81) (2917 2927 |g|2 - 1) .

1+ |g]?

This expression gives us a geometric interpretation of the complex function ¢ thanks to
the stereographic projection of the sphere from the north pole. Let us recall the definition
of stereographic projection.

DEFINITION 5.22. Stereographic projection is defined as an application st : S*(1) — C
given by
x+ 1y
11—z

st(x,y,z) =

It is easy to check that the complex function ¢ is the stereographic projection of the
normal unit.

LEMMA 5.23. ([11] Lemma 23.14.) Let ¢ : U — C3 be a minimal curve such that
V' = (¢1,09,¢3). Let N be the unitary normal vector field of the local parametrization
defined in Equation (75). Then

stoN:L

¢1 —ipy

At this point it is important to notice that if the complex function ¢ is a polynomial,
the limit at infinity of the normal unit we obtain that it is (0,0, 1), which means that the
surface has a flat end. Moreover, since g is a non-identically zero polynomial it follows that
the normal unit is (0,0, 1) only at infinity.

Now, if we consider the cubic case, the meromorphic function g must be of degree 1 at
the most, then if ¢ was a polynomial function the associated minimal surface would have a
flat end, as we have just said, but let us consider in addition the rational case.

If g = st o N was a rational function and it had a pole of order 1 in zy, then, since
g (z0) = st (N (ug,vp)) , the unit vector N (ug, vg) must coincide with the north pole, (0,0, 1),
which is the only singular value of the stereographic projection. Now let us consider a rotation
of the surface in such a way that the singular value (0,0, 1) corresponds to the normal unit
at infinity, then we can ensure that the associated function g has its pole at infinity, that is,
it becomes a polynomial.

Now, let us show a property that the normal vectors at the corner points of a triangular
piece of the Enneper surface satisfy.
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LEMMA 5.24. Let T be an isothermal parametrization of a piece of the Enneper’s sur-
face. Let N be the unitary normal vector field associated to the parametrization 7 . Let us
denote the normal vectors at the corner points, {N (¥ (0,0)), N (7' (1,0)), N (7' (0,1))},
by { Noos, Nsoo, Noso } -

Then

{st(Noo3), st(Nzoo), st(Nozo) }

are the vertices of an isosceles right triangle.

Proof: Any isothermal parametrization of the Enneper surface with the same orientation
can be seen as a Weierstrass representation with a degree one, g(z) = mz+n where m,n € C,
then

9(0)=n, g(1)=m+n, g{i)=mi+n,
are the vertices of an isosceles right triangle, and the length of its equal sides is given by m.
|

FIGURE 7. On the left a piece of Enneper’s surface plotted as Triangular Bézier surface
with its unit normal vectors at the corner points, on the right the normal unit vectors on a
radius 1 sphere and the isosceles right triangle with the stereographic projection of the unit
normal vectors as vertices.

The following proposition shows how a minimal and isothermal Bézier surface at least
of degree six can be obtained if the corner points and the unitary normal vectors at these
points are prescribed.

PROPOSITION 5.25. Given the corner points {Pyos, Psoo, Poso} and the unitary normal
vectors at these points {Noos, N3oo, Noso}, a minimal and isothermal Bézier surface of at
least degree seven can be determined.
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Proof:
Let us recall what was said in Lemma 5.21, given a minimal curve, v, such that ¢/ =

(¢1, o, ¢3) and taking

. P
= — 1 s
=m0 ®2 9= ¢1 iy
the Weierstrass representation of ¢ is determined, that is,
f if
V= (509", 50+, fo),

and therefore the associated Weierstrass local parametrization is given by 2 (u, v) = Ret)(u+
iv).

Moreover, from Theorem 5.19, we have that the Weierstrass local parametrization is min-
imal and isothermal by considering an analytic function f (z) and an arbitrary meromorphic
function g (z) .

On the other hand we can state from Lemma 5.23 that if ¢/ is a minimal curve as before,
and N is the unitary normal vector field of the local parametrization @ (u,v), then:

stoN = ———— 93 ie. sto N =g.

o1 — 1¢2

These previous results suggest us a method to build minimal surfaces through their
Weierstrass local parametrization. We define the meromorphic functions g and f by:

w + st (N3gp) 1—i

z(z —1) z(z—1)

ii-1)"

which is a kind of complex Lagrange polynomial, and we consider a quadratic complex
polynomial

(82> g (z) = st (NOOB) + st (Nogo)

f (Z) = b() + blz + b222

which enables us to consider the parametrization

7 (u,v) = Reyp(u + iv) = Pgog‘f‘R@/(g(l -4, g(l—i-g ), fg)dz

involving the three complex parameters b; = Reb; 4 iI'mb; for j = 0,1, 2.
Finally, we impose the conditions

;0) = Psoo
1

which give a linear system of six equations that allow us to determine these three complex
parameters. Therefore, a minimal surface is totally determined.
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Let us comment that it can be found a related work in [34] , where the authors develop
some methods to construct LN surfaces given three vertex points and its associated normal
vectors.

REMARK 5.26. Let us remark that the degree of the minimal surface is determined by the
order of the polynomial functions f (z) and g(z). In the previous proposition, we chose two

polynomials of order 2, and this implies that the minimal and isothermal parametrization is
of degree seven in general.

FIGURE 8. These two minimal surfaces of degree 7 are obtained by Proposition 5.25. The
corner points and the unitary normal vectors at these points are prescribed.

FIGURE 9. These two minimal surfaces of degree 7 are obtained by Proposition 5.25. The
corner points and the unitary normal vectors at these points are prescribed.

Now, we give a new method, analogous to the one given in the previous proposition,
which will enable us to fix some other points on the surface which is obtained. These points
can be boundary points or not, they can be chosen freely.
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The prescription of a larger set of points improves the control over the surface shape, but
unfortunately implies an increase of degree.

PROPOSITION 5.27. Given a set of points, { P;}L,, and the three unitary vectors,

{Noos, N300, Nozo}, @ minimal and isothermal Bézier surface of at least degree 37’” + 4 such
that the given points belong to the surface and the vectors are the normal vectors at the three
corner points can be determined.

Proof:
This proof is analogous to the previous one. The choice of a meromorphic function g (z)

is again the one in Equation (82), but the chosen analytic function f (z) increases its degree,

we will consider a complex polynomial of order 377” —
3m_y

Fz)=> b
5=0

Now if we consider, as before, the associated Weierstrass local parametrization,

7 (u,v) = Re(u+iv) = Py + Re/é(l - 9%, %(1 +9°), fg)dz,

3m _
we need to determine the set of 37’” complex parameters {b;} iZo " which are obtained thanks
to the 3m linear equations:
Pj:?(uj,vj) jzl,...,m
where {(u;,v;)}7., is a sequence such that (u;,v;) € T.
[ |

REMARK 5.28. If 37""” was not an integer we would consider the smallest integer greater

than 37’”, that 1s, % Thus, the system of linear equations is underdetermined, with 3m

equations and 3m + 1 unknowns.

FIGURE 10. These are two views of a minimal surface of degree 10 obtained by Proposition
5.27. Five points and the unitary normal vectors at the corner points are prescribed.
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5. Minimal Complex Bézier curves and minimal Bézier surfaces

In this section we will relate minimal complex Bézier curves with minimal Bézier surfaces.

Let us recall the important result from the theory of minimal surfaces we gave in Lemma
5.10:
There is a one-to-one map between minimal curves and complex derivatives of minimal

and isothermal local parametrizations.

Since we are interested in minimal Bézier surfaces it is natural to consider and study
minimal regular complex Bézier curves.

In the first subsection we introduce complex Bézier curves in terms of the complex Bern-
stein polynomials and then, we provide a characterization of minimal complex Bézier curves
in terms of their complex control points.

In the second subsection we characterize the derivative of the minimal Bézier curve
associated to a minimal Bézier surface in terms of the control points of the surface.

In the third subsection we do the converse, we characterize minimal Bézier surfaces in
terms of the complex control points of the associated minimal complex Bézier curve.

Finally in the last subsection, with the aim of reducing the set of initial data to the
minimal set of data that determines a minimal surface, we give two methods that enable us
to generate cubical minimal Bézier surfaces from two different sets of given parameters.

5.1. Minimal complex Bézier curves. First, let us define complex Bernstein poly-
nomials and compute their derivatives.

DEFINITION 5.29. The complex Bernstein polynomials of degree n are defined by

Br(z) = (Z) K1 — )k

where z = u + 1v.

The complex m-derivative of a complex Bernstein polynomial is analogous to the m-
derivative of a real univariate Bernstein polynomial.

DEFINITION 5.30. The complex m-derivative of a complex Bernstein polynomial is given

by

(83) TRBIC) = s ATBR)

where the difference operators are defined by

A°Bi(z) = Bi(z) and A™B(z) = A" (B (2) — By '(2)) .
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LEMMA 5.31. The partial derivatives of a complex Bernstein polynomial of degree m are
given by

au—mB,€ (u+iv) = = m)!A Bp(z)
m !
a—B;;(u +iv) = L,imAmB;;(z)

ovm (n —m)!

Now we can write a complex polynomial curve on the basis of complex Bernstein poly-
nomials:

n
l/f(z) = Za'jB]T‘L(Z)a
j=0
where a; € C? are complex Bézier control points.
j

In the following proposition we characterize a minimal complex Bézier curve in terms of
its complex control points.

PROPOSITION 5.32. A complex Bézier curve 1 : C — C%,z v t(2) = X1 a; B} (2),

1s manimal if and only if

=1\ (n-1
4 tzt—z:07
9 ()G
where t; = Aa,.

Proof: From Definition 5.9, we have that a complex curve is minimal if and only if it is
an analytic function which verifies the isothermality condition:

YP'(2)-9Y'(z) =0 forall 2z €C.

Since a complex Bézier curve is always an analytic function because it is a complex
polynomial, we have only to rewrite condition ¢’'(z2) - ¢'(z) = 0, in terms of complex control
points.

The derivative of v is given by

n—1 n—1
Y(z)=n Z By (2)(aj41 —aj) =n Z B (2)Aqy,
=0 =0

therefore

(") G

—2 an_z(Z)tl . tkfi =0.
7=0,k=0 k=0 =0 ( k )
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Then, due to the fact that the set of Bernstein polynomials of degree n is a basis of the
vector space of polynomials of degree < n, we can state that ¢’ - ¢’ = 0 iff

k

-1 -1
() (2 oo
— ) k—1

2. Minimal Bézier complex curve associated to a minimal Bézier surface. In
this subsection we will describe the minimal Bézier complex curve associated to a minimal
and isothermal Bézier chart, called its complexification. We will give the complex control
points of the derivative of this minimal curve.

PROPOSITION 5.33. Let {Pf}mzn be the control net of a minimal and isothermal trian-

gular Bézier surface. Then the derivative of the associated minimal complexr Bézier curve is
given by

n—1
T'(z) =) ;B (2)
j=0

where the control points t; € C3 are given by:
n .
tj = 5 (AI’OPOJ‘ — IAO’IPOJ‘) .

Proof:
Given a minimal and isothermal Bézier chart, 7, let us compute its complex derivative:

dzr

() = T (w,0) = 6(F) 0,0) = 5

5 (7 u(u,v) —i7 ,(u,v)).

The complex derivative of a minimal and isothermal chart can also be seen as the de-
rivative of a minimal curve. Therefore it is an analytic function, so it must be a complex
polynomial of degree n — 1 in z = u + iv, and, moreover, with the same coefficients as the
polynomial in v: 7’(0,v).

Bearing in mind the first derivative formulas, in Equation (8) and Equation (9), and also
evaluating BY ' (0,v) = B}~ (v), we get:

n—1
?/(O,’U) = SZ(AH)POJJL_]' — iAOlp()’Jn ] Bn 1 Zt Bn 1 where tj € (C3.

J=0

Therefore we get the Bézier form of the derivative of the minimal complex curve associated
to the minimal and isothermal chart, 7,

n—1
T'(2) =) t;B7(2)
j=0
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where the control points ¢; € C? are given by :

n

t; 5

(ALOPQ,]' — iAO’lp()J) .

These control points must satisfy the isothermality condition, given in Equation (84),
since they belong to the derivative of a minimal curve.

5.3. Minimal chart associated to a minimal Bézier complex curve. In this sub-
section we follow the converse way of the previous one. We will obtain the harmonic and
isothermal parametrization associated to a given minimal regular Bézier complex curve.

First we will give an expression of the complex Bernstein polynomials in terms of the
real bivariate Bernstein polynomials.

PROPOSITION 5.34. Any complex Bernstein polynomial of degree n, B (z), can be written
as:

Bp(z) = ) QBj(u,v),

[I|=n

where the Q's can be recursively computed thanks to the formula

m—1
m m m— m
(55) b= 1A, = -1 (7 ) @k

=0

where we have denoted Qf = ](Cj,l,n—l—j) = Q?l, and d;, 1s the Kronecker delta, which is
defined by
1 k=,
Oir, =
" { 0 k#j.
Proof:

The set of bivariate Bernstein polynomials of degree n is a basis of the space of bivariate
polynomials of degree < n, so we can ensure the existence of a set of complex numbers

{Qlf}m:n such that

(86) Bi(z) = Y Qi Bi(u,v).

[|=n

Then, if we evaluate the complex Bernstein polynomials B} (u + iv) for v = 0 we obtain

Bi(u) = > QiBi(u,0) = 3 QjoB; ()

[|=n

and therefore we deduce Q¥ = dy;.
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Now, we introduce an iterative process by taking derivatives repeatedly in Equation (86)
and evaluating at v = 0.
In the first step, the first derivative,

0B} ()
ov

0

v=0 81}

> QiBi(uv) |,

[I|l=n

v=0
that is,
n—1
i (B (u) — By () = ) AMQN B ().
7=0

Bearing in mind the definition of the Kronecker delta we can rewrite the previous equa-
tion,

:‘
—
3‘
[ay

i . (Ojk—1 — 0j) By} (u) = Z( T — Qo) By (u),

<
Il
o

<
Il
o

which implies
?1 = —iAO’l(Sjkfl + Qfo

Then, at the m-th step we deduce:

(—1)mimA0’m(Sjk,m — AO’ka

505

and that leads us to the desired result.

The following proposition will show how to obtain the minimal and isothermal parame-
trization associated to a given minimal Bézier complex curve.

PROPOSITION 5.35. Given a minimal Bézier complex curve ¥(z) = > 7 _,(a,+1iby) Bi(2),

with ay, + ib, € C3, the associated isothermal parametrization of the corresponding minimal
surface is given by

7 (u,v) = Z P B} (u,v) where Pr=Pj,,_j_,= Z akReQ;?T — by, ImQ?r,
[I|=n k=0

with the coefficients Q;?T defined in Equation (85).

Proof: A straightforward computation bearing in mind the previous proposition, Propo-
sition 5.35, gives us the expression:
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n

P(z) = (ap+ibp)Bp(z) =Y (ar +ibe) Y Q¥BF(u,0)

k=0 k=0 \I|=n
= Z ((axReQ%, — bpIm@Q?%,) + i(by ReQ%, + a; ImQ%,)) B (u, v),
[I|l=n

which allows to state that

7 (u,v) = Reyp(u + iv) Z <Z aReQb, — kamQ;i) B (u,v).

[|=n

5.3.1. Case n=3. Here we will consider the general result obtained in Proposition 5.35
for the particular case n = 3. So, given a cubical minimal curve ¢(2) = S"o_ (ax +ib) B} (2),
we will compute complex coefficients {Qf} 7= such that Bj(z) = 3°,;_3 Q7 B}(u, v), which

will enable us to obtain the associated minimal and isothermal parametrization @ (u,v) =
Re ¢ (u + iv) and its Bézier control points.
From Proposition 5.34 we have:

Qio - 5Jk . .

Qil = (1 —1)d;x + 1651

fo = 216jk -+ 2( -+ 1)(5]%,1 — 5]’]972

ng = (2 + 21)5jk + 6(5jk71 — (3 — 3i>5jk72 — iéjk,g,

so we can compute P, (Zk o ak ReQ — by ImQ?,,) in terms of the complex control points
(ar + iby):
Pjo = a; 7=0,1,2,3
})jl:aj_]"'rl_i_bj .]:()7]-72
]ng = 2aj+1 — aj+2 + 2b] — 2bj+1 j = O7 1
Pjg = —3CL]'+2 + 6CLj+1 — 2&]' + bj+3 — 3bj+2 + 2b] ] = O

6. Building up cubical minimal Bézier surfaces

At this point we are able to obtain an isothermal parametrization of a cubical minimal
surface, starting from the four complex control points of the associated minimal complex
Bézier curve. In this section we will consider again the cubic case, we will give two methods
to generate cubical minimal Bézier surfaces.

First, we will show the way to generate a minimal curve given a complex control point
and three complex numbers, and then obtain a minimal Bézier surface as the real part of it.

In the second subsection we propose a method for generating cubical minimal surfaces
from a given set of two real numbers. We will see that, for this method, the three control
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points of a corner of the surface are prescribed with isothermality and the two real numbers
are the third coordinates of two other control points.

6.1. Building up cubical minimal Bézier surfaces given a control point and
three complex numbers. The following lemma will be needed in order to prove our next
result.

LEMMA 5.36. A complex point z € C3 verifies z - z = 0 if and only if it is given by
z=a((1—0b%),i(1 +b%),2b),
for a pair of complex numbers a,b € C or
z=a(—-1,1,0)
for a complex number a € C.

As we said above, the following result states that given three complex numbers and a
control point, it is possible to obtain the associated cubical isothermal and minimal Bézier
parametrization with (0,0, 1) as normal vector at its end. This parametrization is obtained

as the real part of a minimal Bézier curve.

THEOREM 5.37. Any cubical, isothermal and minimal Bézier chart with (0,0,1) as nor-

mal vector at its end verifies

7 (u,v) = Re (Z B} (u+ iv)ak> ;
k=0

where
ap = (a27a27a2) eC’
a1 = ag + fo((1 = g5),i(1 + g5). 290),
ag = ai + fo((1 — gogz), (1 + gog2), go + 92),
az = as + fo((1 = g3),i(1 + 63), 292).

fo, 90, g2 being complex numbers.

Proof: Equations (84) for the case n=3 are reduced to:

to-ton
t0~t1:0

(87) Uy -ty +1tg-ty =0
tl'tQZO
tQ'tQZO

where t; = Aa;.
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From Lemma 5.36, we can suppose that
lo = fO((l - gg)? 1(1 + g(%)v 290)7

(88)
ty = fo((1 — 63),i(1 + g3).292).

Substituting Equation (88) in Equation (87), and writing ¢; = (a, b, c) € C3, we have

a(l — g3) + bi(1 + g3) +2go = 0
(89) a? + 0* + & = fofa(go — g2)
a(l = ¢2) + bi(1 + ¢2) + 2go = 0.

From the first and the last equations we can obtain

L—gog2 , .1+ 9092
C———— = Cl/—.

Jo + 92 Jo + 9o

a =

Substituting now in the second equation of the system in Equation (89), we arrive at

¢ =+/fof2(g0 + g2), so we can finally state that
t1 =/ fofa(1 = goga,i(1 + goga), go + g2)-

Let us recall that if the normal vector at the end is (0,0,1), then the Weierstrass represen-
tation of the chart is given by g(z) a complex polynomial of degree 1, and f(z), a constant
complex function.

Let us now compute f(z). It is easy to see that

F(2) = 2foB3(2) + 2V fof2a Bi (2) + 2f2 B3 (2).
Bearing in mind that B2(z) + B?(z) + B3(z) = 1, then f will be a constant function if

and only if fo =/ fof2 = fa.
Therefore

Aag = fo((1 = g3),i(1 + g7).290),
Aay = fo((1 = g0g2),i(1 + g092), 90 + 92)

Aay = fo((1 - g3),i(1 + g3).292).

REMARK 5.38. If we compute g(z) we get

9(z) = go(1 — 2) + g2z = go By + g2 By.

With such a function g(0) = go, g(1) = go and g(i) = go + i(g2 — go), so these three
complex points, which are the the stereographic projection image of the normal vectors at
the corner points of the Bézier surface, are located in the complex plane as vertices of an
isosceles right triangle with length |ga — go| on its equal sides.
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REMARK 5.39. The imaginary part of the complex control point ag has no influence on the
minimal Bézier chart that we obtained. Hence, we can consider ag € R and fo, go, g2 € C,
and therefore there are 3 4+ 3 -2 = 9 degrees of freedom to build up a cubical minimal and
isothermal Bézier surface with (0,0,1) as the normal vector at infinity.

FIGURE 11. These minimal surfaces are obtained by Theorem 5.37, in particular these five

examples are obtained respectively for the values

Qg Jo gJo g2
(0,0,0) | 1 0 1
(0,0,0) —1|1—-i|1+1
(0,0,0) 1 1 i |
(0,0,0) 2 |1—-1 1
(1,0,1) i 1 i

6.2. Building up cubical minimal Bézier surfaces given a pair of real numbers.
As we said in Remark 5.39, the surface generation method we have studied in the previous
subsection leaves 9 degrees of freedom to build a cubical minimal surface with a flat end.
In the following method we will only have two free parameters. We will prescribe the three
control points of a corner of the surface

Pooo = (0,070) Poiz = (1,070) and P = (0, 1»0):

satisfying the isothermality condition, and we will give a method to obtain the associated
cubical minimal and isothermal parametrization, with (0,0,1) as the normal vector at its
end, only the third coordinate of a pair of control points, Pjsy and the vertex FPy3g being kept
free.

As we will see, in order to obtain the parametrization of this cubical minimal surface,
we first determine the control points on the first two lines of the control net. After that we
are able to determine the whole control net by Theorem 1.9 in Chapter 1, since we ask for
harmonicity.
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PROPOSITION 5.40. Given the third coordinates, coa1 and cozg, where we have denoted
Pr = (ar, by, cr), and prescribed the three control points at one corner in an isothermal way,

Pooo = (07070) Poi2 = (1, 070) and Py = (07 17())7

the isothermal parametrization of the cubical minimal surface, with a flat end associated to
these control points, is given by

7 (u,v) = (v + (%(30300120 - %Cgm)ug + (icgso + %%300120 — Zc%o)uzv
+(é6330 — Co30C120 )uV” + (;10%20 - %0(2)30 - éCO3OCI2O)U37
3u + (20320 - %0330 - éCOSOCHO)U3 + (co30C120 — %%30)“20
+(}ch30 + 200300120 - 20%20)1“’2 + (30330 - %00306120)037

co30v” + (3c120 — Coz0)uv — Cozott”) -

Proof:
In general in order to achive isothermality, the complex control points of a complex Bézier

curve must satisfy the relations given in Equation (84). For the cubic case these relations
are reduced to the equations given in (87), which as we have seen in Theorem 5.37, give us
the solution:

tO = f0(<1 - 9(2))7%(1 + 9(2)>7290)7
t1 = fo(1 = gog2,i(1 + gog2), 9o + g2)
t2 - fO((]- - g%),l(l + 93)7292)7

which at our convenience, we will say is equivalent to:
5 fo((L = g3),i(1 + g3), 290),

(
(90) t1 = 5 fo(1 — gogz,i(1 + gog2), 9o + g2)
%f()((l - 93)» 1(1 + g%)a 292)7

~
o
I

~
[\
I

On the other hand, if we consider the analytic complex Bézier curve given by the complex
derivative of a harmonic parametrization, we have that its control points are

tj = g (ALOPOJ — iAO’1P07j)

and therefore we can rewrite Equation (90) in terms of the real control points:
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<A10p003 - iAOlQPoog) = fo((l - 9(2))7 i(l + 93), 290),
(91) (A10P012 - iAOl2]3012) = fo((1 - g§>7 i(1+ 9%)7 292),
(A Pooy — A Poar) = fo(1 — goga, i(1 + gog2), go + 92).

The first and the last equations give us the expression of fy, go and g in terms of real

control points, Py = (ar, by, ¢p),

1 . . .
fo= 2 ((A"agos — 1A agez) — 1 (A"booz — 1A byo3))
1, . . . 3
= 5((1 — Dagoz — iagia + @102 + (1 +1)boos — bo12 — 1b102),
1 10 + A01 1 i
go = — (A Coo3 — 1A 0003) = —(c102 — coo3 — i(Co12 — Co03)),
fO fO
1 10 + A01 1 i
gos = — (A Co21 — iA 0021) = _<6120 — Co21 — 1(0030 - 6021))'
f() fO

Now, bearing in mind that three control points in a corner are fixed with isothermality,
that is,
Pooo = (0,0,0)  FPpi2 = (1,0,0) and Py = (0,1,0),
we can see that fy and gy are totally determined.
Moreover, since the pair of coordinates cgo; and ¢3¢ are given data, the second equation

in (91) enables us to obtain:

1
Py = (1, 1, 6(36120 — 0030))

1
Py = (2, 0, 50030)-

and from first and last equations in (91) we get:

1 36 — 2, — 2 3¢?
ap30 = 12( Co30 C030C120 + 3CTop)

1 2
120 = 5(18 + Cis0 — 3€030C120)

1
bozo = 5(0330 - 300300120)

1
bioo = E(12 + 0330 + 2co30C120 — 30320)'

Up till now, we have determined all the control points on the first two lines of the control
net in terms of cy3g and c199. Therefore, the whole harmonic control net can be determined

by Theorem 1.9.
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The minimal and isothermal chart is given by:

1 1 1 3
?(u, ’U) = (3U + (—00300120 — —6(2)30)U3 + (—0330 + —C030C120 — —C%QO)UPU
3 9 4 2 4
1 1 1 1
+(§Cg30 — Co30C120)UV” + (10320 - Ecgso - 600300120)037
1 1
3u + (ZC%QO — EC?BO — 600300120)’&3 + (00300120 — §C(2)30)u21)
1 1 3 1 1
+(10330 + 500300120 — Zcfgo)lﬂﬂ + (50830 - 500300120)?13,

co30v” + (3ci20 — Cozo)uv — 0030U2) .

Now we will show some examples of cubical minimal surfaces with isothermal chart,
which are obtained thanks to Proposition 5.40. In each of the following figures there are
three smaller black points which are the prescribed corners, the bigger black points are the
control points with a free third coordinate, Pjsg and Fyz. The other control points are in
gray.

FIGURE 12. These minimal surfaces are obtained by Proposition 5.40 for c¢go3 = —1 and for
three different values of c19g, which are the following: —2,0, 2.
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~ G

FIGURE 13. Analogously these three minimal surfaces have been obtained by Proposition
5.40 for cops3 = 0 and for three different values of c129, which are the following: —2,0,2.
Note that when cog3 = c120 = 0, the solution is a piece of a plane.

F1GURE 14. These are the figures given by Proposition 5.40 for cgg3 = 1 and again for the
values of c199: —2,0, 2.

Let us remark that in this last section we have given two methods to generate cubi-
cal minimal surfaces with a flat end. Since the complex function g is considered to be a
polynomial, we find, as we said before, that

lim N(u,v)=(0,0,£1).
u,v— oo
If we impose this condition, that the normal vector at infinity be the North Pole, we find 9
degrees and 2 degrees of freedom, respectively, in the pair of methods we have presented. But,
the minimal surface obtained could be rotated. Then, since such rotations are parametrized
by two angles, we could consider that there are two more free parameters in order to build
a surface with a non-planar end.

7. Conclusions

In this chapter we have given different methods to generate minimal surfaces with the
prescription of some initial data.

We have described a method to generate a cubical minimal and isothermal triangular
surface given its vertices, a second method to generate a degree seven minimal and isothermal
triangular Bézier surface given, in addition to its three vertices, the tangent planes at those
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points, and a third method, prescribing an arbitrary set of points on the surface and the
tangent planes at the corner points, in order to generate a minimal and isothermal surface
of a higher degree.

Moreover, here we have conducted a study relating minimal surfaces with minimal com-
plex curves. We have deduced from this study two more methods to generate cubical minimal
isothermal surfaces. With the aim of reducing the number of parameters that totally de-
termine a minimal surface as much as possible, we have obtained two surface generation
methods related with minimal curves, one with 9 degrees of freedom and another which only
leaves 2 free parameters.

We find that, as soon as we reduce the size of the set of prescribed information, the use
of minimal surfaces becomes too restrictive. Aesthetically we obtain good shapes for low
degrees, such as pieces of the Enneper surface for the cubic case. But, we find that if the
surface degree increases, the shapes obtained get too complicated.

Another of the consequences of this study is that we have realized that minimal surfaces
are too rigid if we want to solve, for example, blending problems. The condition H = 0
imposes too many restrictions on a polynomial surface so that, given a prescribed border,
we cannot expect to be able to find a minimal polynomial surface with that border.






CHAPTER 6

The Dirichlet functional results

In this chapter we address the problem of finding the triangular Bézier patch minimizing
the area among all triangular Bézier surfaces with a prescribed boundary. As is well known,
the border of a triangular Bézier surface is determined by the border control points. So, the
problem can be reformulated as follows: Given the exterior points of a triangular control
net, find the interior control points in such a way that the resulting triangular Bézier surface
has minimal area among all the triangular Bézier surfaces with the same border. Let us call
this problem the triangular Bézier-Plateau problem.

The theory of minimal surfaces shows that in order to prove the existence of minimal
surfaces, one can replace the area functional (a highly non linear functional) by another
functional, now linear, having the same extremals. The common substitute is the Dirichlet
functional, as it is usually called in the mathematical literature, but which is known as the
stretch functional in the CAGD literature, (see [44]).

The problem of minimizing the Dirichlet functional among all rectangular Bézier surfaces
with a prescribed boundary was previously studied in [29] and [30]. The advantage of
using the Dirichlet functional is that the determination of extremals becomes just a linear
problem. Moreover, if a triangular Bézier patch is harmonic and isothermal it is the extremal

of both the area and Dirichlet functionals. We have found that when the control net satisfies
isothermality conditions at the three corner points then our method shows, in general, a

significant improvement.

When isothermality is not satisfied at the three corner points, then considering the Dirich-
let extremal as an approximation to the area extremal, presents an intrinsic error of the
method error. In the last section of this chapter we propose an improvement on the approx-
imation based on geometric principles which maintain the use of linear systems. Then, the
triangular Bézier surfaces we obtain have a smaller area than the surfaces obtained by the
other methods for the same border configurations.

The extremal for cubical triangular Bézier surfaces can be computed and the solution
used as a mask for obtaining approximations at higher degrees. On the other hand, we can
try to obtain the extremals of the Dirichlet functional at higher degrees directly. The use of
masks is due to the fact that they make the system of linear equations easier to solve (since
it is a sparse system) than the system deduced from the Dirichlet equations, which has no

null coefficients.
The mask we have obtained, the Dirichlet mask, is an asymmetric mask, as expected,

due to the asymmetry of triangular Bézier surfaces. But as we said in the Introduction, our
asymmetric methods give good results. For example, for degree 3, it is possible to show that

139
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fixing the border control points as the ones of an arbitrary triangular piece of the Enneper
surface, our asymmetric mask gives always exactly the interior control point. It can even be
shown that there are pieces of the Enneper surface for which the inner control point cannot
be obtained by applying a symmetric mask to the exterior control points.

In this chapter we have also studied the biharmonic functional or bending energy func-
tional, which is also known as thin plate energy. This functional can be chosen as a measure
of the fairness of a surface. Here we have considered, in an analogous way to how we dealt
the Dirichlet functional, the problem of finding a triangular Bézier surface which minimizes
the biharmonic functional given a boundary.

1. The Dirichlet functional results

To solve the triangular Bézier-Plateau problem we have to try to minimize the functional
area among all the triangular Bézier surfaces with a prescribed boundary which is determined
by the exterior control points. Nevertheless, due to its high non-linearity, the problem of
minimizing the area functional is hard to deal with, so we shall work instead with the

Dirichlet functional:

1

D(P) =5 [T + 7 |P)dude

There are two reasons for making such a substitution: the first one is given by the
following fact relating the area and the Dirichlet functional:

E+ G
5

Therefore, for any triangular control net P, A(P) < D(P). Moreover, equality can occur

N |—=

(92) (EG — F?)3 <(EG)? <

only if £ = G and F' = 0, i.e., for isothermal patches.
The second is related with the Euler-Lagrange equation associated to the Dirichlet func-
tional, which is defined not on control nets, but on parametrizations

1
7 =5 [UEIF+ 17 duds

This equation is just A7 = 0. Therefore, if the extremal of the Dirichlet functional is
an isothermal patch, it is automatically a harmonic patch, and hence the surface is minimal.
Nevertheless, we are not working with parametrizations. We are working instead with
triangular control nets. So, our aim is to find the minimum of the real function P — D(@ »),
7 p being the triangular Bézier patch associated to the control net P. Both functionals, A

and D, have a minimum in the Bézier case due to the following facts: First, they can

. . . 3n—D)(n-2) “1)(n-2
be considered as continuous real functions defined on R 2 , since there are %

interior control points which belong to R3. Second, as a consequence of £ > 0, G > 0, and
EG — F? > 0, both functionals are bounded from below. Third, the infima are attained:
when looking for a minimum, we can restrict both functions to a suitable compact subset. If a
control point goes far away, then the same happens with a part of the surface and, therefore,
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the area and the sum E + (G increase. So, a compact subset can be chosen such that, if
one of the interior control points is outside it, then the area functional and also Dirichlet
functional, are greater than some bound. Thus, if we restrict both continuous functions to
a compact subset we can affirm that the infima exist and that they are attained.

NOTATION 6.1. Throughout this chapter different subindexes, like J, K, etc. or I, for
some values of n will appear, then we will assume that in general
J={J' J? J*}
and in particular for the indexes I, and I we denote: I = {i,j,k} and I, = {I} 1% I3}.

n’n’n

The following result will allows us to compute the control net of an extremal of the
Dirichlet by means of a system of linear equations.

PROPOSITION 6.2. A triangular control net, P = {Pr}1j=n, is an extremal of the Dirich-

let functional among all triangular control nets with a prescribed boundary if and only if:

(03) 0=y L1)

( )(a1+@2+2a3 bis — bas) Pr
\Tj=n \I+Io

for all |Io] = n with 13,13, I3 > 0 and where:

(94)

{ 0 I'=0, DI+ IS
a, =

I . brs = — P
G-y 1 >0 I+ 1) (15 + I°)

Proof: Let us compute the gradient of the Dirichlet functional with respect to the
coordinates of a control point Py, = (z} 2% 2} ) where Iy = (I3, 13,13). For any a €
{1,2,3}, and any |Iy| = n, with I}, 12, I3 > 0.

0D(P) _1/
dxg 2

—
/ 8xu o +<gi:,975>)dudv

]IIO

(quH2+ |z ||?) du dv

Let us now compute the partial derlvatlves

oz, g 0, 9 90 - 0 _, _— _—
(95) o, = &E%%x = %ax% T = %Blo.ea =n(B}_., — Bl _..,) ¢€a

where e,, a € {1,2,3}, denotes the a-th vector of the canonical basis, that is, e; = (1,0,0),
e = (0,1,0) and e3 = (0,0, 1).
Analogously
0T, _

a
oz,

(96) n(BY L — B! e,

Ip—ea Ip—e3
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Therefore
IdD(P) e . e .
W :/Tn ((Blofe1 — Blofes) < €q, Ty > —l—(BIOfe2 — BIOJQS) < €q, Ty >) du dv
0

:/Tn (B, = Bpl) <ea, > n(Bj-l —Bl)Pr>

[I|=n

+n(BY L — Bl ) <e,, Z n(By-l — B )P > | dudv.

Ip—e2 Ip—es I—e2 I—e3
[I|=n

Multiplying the Bernstein polynomials, see Equation (2), and integrating while bearing

in mind Equation (3): [, B (u,v) dvdu = we get

1
(n+1)(n+2)°

DP) __nt s~ ) () | o) () () ()
0w, 2n(2n—1) = (r70-2e,) (r70-22) (- 70-2¢,)
() (?:;)2+2(£:;> (i) (ase) (?:;)2+2(£:;> (i) )< en P>
(I+IO71;1763) (I+IO”1;2763)

2 n—1\ (n—1

n ( I )( Iy )
= o (a1+a2+2a3—513—523) < eq, Pr >,
2n(2n — 1) IIZ:TL (7))

with a, and b, as they was defined in Equation (94).

REMARK 6.3. Equivalently,
aD(Z)) _ Z (1)25110) (a1 + a5 + 205 — bis — bg) < ea, Py >,
o |T|=n (I+Io)

= 1) (7)) _ ()G
TR G I

In particular we give the general result for the case n = 3.

PROPOSITION 6.4. A triangular Bézier surface of degree 8 is an extremal of the Dirichlet
functional, D(P), among all Bézier surfaces with a prescribed boundary if and only if

1
P111:Z(2P003—P021+P030+P120—P201+P210+P300)'

In the proposition that follows we give a formula to express the Dirichlet functional in

terms of the control points, P; = (x}, 22, 23) | of a Bézier triangular patch.
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PROPOSITION 6.5. The Dirichlet functional, D(T), of a triangular Bézier surface can
be expressed by the formula

1 3
(97) D(@) =32 > 2. Coniih,
a=1 |Io|=n |I1|=n
where
(Io) (11) (al + a9 + 2a3 — bl3 - b23)
( 2n )
Io+11

and aq, as, as, byz, bag were defined in Equation (94).

(98> Cfoh -

Proof: The Dirichlet functional is a second-order functional that can be expressed by
Equation (97), therefore we compute its second derivative in order to obtain the coefficients

010[12

’D(T) .. 0D1
Crjxizs = = 2C 25 = Chyp,-
Ox§ 0x§ 83:1 8.%[1 _z; |Iz: ; 17Er%y Ox§ 2 IJIZ ToJ fola
Now let us compute the first derivative
oD(7) 1 %) O, ox,
)5 [ SR tme i dudo= [ (< G2 T s < S ) dua,
oxg, 2 ) Oxg, 7 Oxf oxg,

and the second derivative

0*D(7
m / 8$11 (BIO) €a) fL‘u >+ < (B]()) €a :L‘v ) du dU

:/ < (B?O)uea, (Bﬁ)uea > dudv+/ < (B?O)Uea, (B}‘l)vea > dudv
T T

= [ (BR), (B3),+ (B, (BR),) < coveo > duds

Ip—eq Ip—es3 I1—e;

/T((B" e~ Bie)(BL ., — B + (Bhy e, — By, ) (B, — Bl ) dudv

2 — " .
_n 2n(2n — 1) (1011511) (ay + as + 2a3 — b — bag),

2n(2n — 1) n2 (I+Io)

where we took into account the formula for the product of the Bernstein polynomials, given
in Equation (2), and the value of a Bernstein polynomial integral given in Equation (3):

fT B?(U,, 'U) dvdu = m
Therefore
Crn = (I ) ([1) (a1 + as + 2a3 — by — 523),

E
(i)
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where ay, as, as, by, beg were defined in Equation (94).

Now, let us use this expression of the Dirichlet functional
13

-7\ — a..a

D(7) = 5 E_l |1§|— |J§|— Cryxiay

to compute, as we did in Proposition 6.2, the gradient of the functional with respect to the

coordinates of a control point Pj, = (], 23,23 ) where Iy = (1§, I3, I3):

oD(@
(99) (’)}(7;6) - Z Cloﬂb Z C'JOJZ‘?], Z Cloﬂi = Z CrosPy

|J|=n |J|=n |J|=n |J|=n
Therefore, the condition

(100) > CiaPr=0 forall |Iy= (I, 13,13)| =n with I}, 15, 1§ >0,
[J|=n

is equivalent to Equation (93), where it was given the characterization of a triangular control

net with a prescribed boundary of an extremal of the Dirichlet functional, see Proposition
6.2.

2. Comparison with the Euler-Lagrange equation

Let us recall the Euler-Lagrange equation, for a Lagrangian. Given a second-order La-
grangian,

L(Z)=L(7, 7w T, Tuuws T v, Tow),

if it is considered the functional I to be,

I(7) = /TL(?) du dv,

then, the extremals of I satisfy the associated Euler-Lagrange differential equation, that is,

O_a_L_i oL _i oL +d_2 oL +d2 oL +d_2 oL
07 du \O07T, dv \ 07T, du? \ 07T dudv \ O 4y dv2 \ 0Ty, )

Therefore problems in the calculus of variations can be studied by solution of the asso-

ciated Euler-Lagrange equation.
Now, let us consider the Dirichlet functional,

1
D@) =5 [T +IZI) dude
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Minimizing the functional D, which is equivalent to requiring that the first variation of
D is zero, gives rise to the corresponding Euler-Lagrange equation, in this case given by the
harmonicity condition:

(101) AT =0.

Let us show this. First we will compute the first variation of the functional in order to
obtain the sufficient and necessary condition that a patch must satisfy in order to be an
extremal among all @ € C® (T) with a prescribed boundary. Afterwards, we will show
how this condition changes when we look for an extremal among all polynomial patches,
7 € R,[u,v]. The condition for the restricted problem turns into a weak version of the
Euler-Lagrange equation.

The patch 2" would be an extremal of the functional D (') among all the patches with
the same border if and only if for any 7 € C*> (T'), null along the border of T', the following
equality holds

d

0=~ D(?+t7):/<?u,?u>+<?u,7u>dudv-
T

t=0
Then, having in mind the integration by parts formula, it follows that

d
4 D(?+t7):/ T T e < T T >+ < T T 0 — < oo T > dudy
T

t=0

:/<—A?,§’> dudv+/<?u,7>u+<?v,7>v du dv
T T

:/—<A?,7> dudv+/ < T T > dut < T T > du.
T oT

Since y; =0, a patch 7 is an extremal of the Dirichlet functional among all patches

oT
with a prescribed boundary if

_4d
ot

t=0

0 D(?+t7):/—<A7,7> du dv,

T

for any C* (7T'), that is, if and only if it is a harmonic patch.

On the other hand, if we consider the Dirichlet functional restricted to polynomial
patches, an extremal of the restricted problem is not necessarily harmonic. As before, a
polynomial patch is an extremal of D among all polynomial patches with the same border if

d _ N
0 o (2 +ty) /

< —-AT,Y > dudv—l—/ < Tu Y Su+ < Ty Y >y dudv,
T

T
t=0
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for all ¥ € R, [u, ],

Y (w,v) =Y QB (uv), || ={i,j kY =n with ijk#0,
[I|l=n
null along the border of T. Equivalently, " would be an extremal if for all |I| = |{i, j, k}| = n
with 4,7,k # 0,
0 :/ < —AZ,Ble, > dudv+/ < Tu, Bl eg >y + < Ty, Bl eg >, dudv.
T T

Moreover

1—v

1
/<?U,B?ea > dudv—/ <?U,B?ea>} dv =0,
T 0 0

1 1—u
/<?U,B}‘ea >, dudv:/ <?U,B?ea>} du =0,
T 0 0

since B} (1 —v,v) = B}(0,v) = B}(u,0) = Bf(u,1 —u) = 0 for |I| = |{i,j,k}| = n with

1,7,k # 0.
Therefore we can deduce that a polynomial patch 7 is an extremal of the Dirichlet
functional D among all patches with a prescribed boundary if and only if

(102) 0= —/ < eq, AT > Bldudv, forall |I=(i,7,k)|=n with i, jk>0.
T

In fact, the computation of the gradient of the Dirichlet functional with respect to the

coordinates of an interior control point Pj, = (:v}o, 7, 3:?0) gives rise to the previous equation

OD(P)

a
Oxg,

— —
:/(< T, (B?O)u ea >+ < Iy, (B?O)v e, >) dudv
T
:/ < Ty, BY, >0 — < Tyu, B, > + < Ty, B}, >y — < T, B, > dudv
T
= —/ < €q, AT > B} dudv.
T

REMARK 6.6. Equation (102) is a kind of weak version of condition (101). Note that the
Bernstein polynomials that appear multiplying the Laplacian operator in Equation (102) are
only those with 1,5,k > 0, that s, the Bernstein polynomials whose indexes correspond to
border points are excluded. If these polynomials were included it would imply that A7 = 0
from Lemma 3.12.

Let us observe that the condition given in Equation (102) is equivalent to the other char-
acterizations of the Dirichlet functional extremals we have given earlier in Equation (93) and
in Equation (100).
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3. Triangular permanence patches related with the Bézier-Plateau problem:
The Dirichlet mask

As we said in Chapter 3, Farin and Hansford defined in [14] triangular permanence
patches. Given a mask of the form

(103) P = goox B

with 3a + 65 = 1, that is, a = %3, the triangular patch formed with such a control net is
called triangular permanence patch. Let us denote this mask by M,.
The mask M, is the discrete form of the Laplacian operator when the control net is

considered as a discretization of the Bézier surface. Such a mask is used in the cited reference
to obtain control nets resembling minimal surfaces that fit between given boundary polygons.

Other important masks are: M 1 which can be deduced by asking the quadrilaterals asso-

ciated to the inner edges of the triangular patch to be as close as possible to parallelograms,
and mask M%, which is the dual of M in the sense that for a = % we have § = 0.

From the condition obtained in Proposition 6.4, and given the exterior control points, we
can try to generate the whole triangular net by solving a linear system where the equations
are:

AP ik = 2P0 1k6-1— Pijipt1 — Pijrie—1 + Pic1jyok—1
+ Pk + Pici e + Picj—1k+2,

P, j 1 being a interior control point. This equation can be expressed as the following mask,
which will be called the Dirichlet mask :

As we can see, the Dirichlet mask is not a mask like Farin-Hansford’s mask because it
is not symmetric. The asymmetry of the Dirichlet mask is due to the fact that the triangle
on which we define the Bernstein polynomials is not an equilateral triangle. By applying a

symmetrization process to the Dirichlet mask, we obtain one of the masks worked in [14],

1
3

more specifically the one with o =

4. The Biharmonic functional results

In interactive surface modeling, the biharmonic functional or bending energy functional,
which is also called thin plate energy, is always chosen as a measure of the fairness of a
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surface and mesh. In this section we will study the problem of finding a triangular Bézier
surface which minimizes the biharmonic functional,

1
(104) B@) =3 [ 17l + 27 + 7] dudo,

defined in the triangle, 7', among all polynomial patches with the same boundary.

This problem was discussed in a similar way in [28]. The authors gave a characterization
of the control net for both rectangular and triangular Bézier extremals of the bending energy
functional with given boundary curves. Their methods were based on the results of the
Dirichlet functional for rectangular and triangular Bézier surfaces, in [29], [30] and [3].
Derived from this characterization of extremals they deduced a mask for the generation of
rectangular and triangular patches. Later in this section will also show this mask.

In the following proposition we give a formula to express the biharmonic functional, B,
of a Bézier triangular patch in terms of the control points, Py = (x}, 2%, 23).

PROPOSITION 6.7. The functional, B(Z'), of a triangular Bézier surface can be expressed
by the formula

(105) B(7) =

a a
E E E Ofol1xlo$ll

a=1 |Io|=n |I1|:n

N | —

with

—_

() ()
Cfoh =2n(2n—1 02n (=
(106) o= (ryr,) 2

+byy — bgs — b3) + 3(bs + b3) — 4(bi5 + b))

(b11 + b33 -+ 4b33) + byg + b33 + b5 — 2(byS + bi5 + b5

where the coefficients b, satisfy the symmetry relation b, = b = bt = b and are defined
in Equation (36).

Proof: The functional is a second-order functional and, therefore, similarly to Proposi-
tion 6.5, in order to compute the coefficients C,;, we can compute its second derivative.
We compute the first derivative

88 T 1 a—>uu a—>u’l) 8—>U’U
(ax):_/ < xa T > 42 < xa T >+ < Ia Ty > dudv
oxg, 2 )7 oxg, oz, oz,
1

:5/ < (BY)uw Tuuw > 42 < (B )uww, Tuw > + < (B} )ow, T o > dudv,
T

and the second
0°B (?)

a a a a = / < (B?o)mh (B?l)uu > +2 < (Bz))uin (B?l)uv > + < (Bz))m;, (B?l)vv > dUd’U
fﬂIO .CIZ'II T
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Then bearing in mind the derivatives

(B?)uu:n(n—l) (B?—_2261_2‘Bn ’ _’_B?—_2263>

I—ey—es
(B?>UU =n (n - 1) (B? 621 —en - B? 621 —e3 - B? 622 es + BI 263)
(B?)'UU =n (n - 1) (B?__2282 - QB? 622 es + B?—_Qzeg)
we compute the integral of the Bernstein polynomials
1
BQn 4 d d _
/T toen, () dudv = e )

and we perform some simplifications like the following:

n—2 n—2 o
/ BIO_%lBh_263 dudv =
T

n—2 n—2( + n_—2 n—2
_/ (10—261) (I1—263)2n_4(10 263) (Il 261) B?g:-fl ey —2es dudv
T (IO+1172€17263)
_2n(2n—1) () () B3 - DB - 1) + BUE - DI - 1)
~ n2(n—1)2 (i o) Io + DI+ ) + I = D)(I§ + IF - 1)
_2000=) ()6 g
n <n o 1)2 (Io—|—]1)
Therefore
O*B(7) () () 10 13
=2n (2 1) 2 —(by1 + b33 + 4b33) + byt + b3z + bys — 2(b13 + b3s + by
om0, = 20 = Dy GO0 ) —2(b}}

+b35 — byg — byg) + B(bis + b35) — 4(b33 + b33)) = Crory,

with b%, defined in Equation (36).
[

In the previous proposition, as we did just before for the Dirichlet functional and for the
functional F in chapter 3, we have given a formula, in Equation (105), of the functional in
terms of the control points

3
— %Z Z Z 010[1$?0$CIL1.

a=1 ‘Io|=n |11|:TL

In the following proposition we compute the gradient of the functional with respect to the

coordinates of a control point P, = (] ,2% 2% ). Then we will characterize the extremal

of the functional among all Bézier surfaces with the same border as a solution of a linear
system.
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PROPOSITION 6.8. A triangular control net, P = {Pr}|1j=n, 15 an extremal of the func-

tional, B, among all triangular control nets with a prescribed boundary if and only if
(107) > CiaPr=0 forall |Iy=(I,13.I3)| =n with I},13,I3 #0,
[J|=n

with Cry defined in Equation (106).

Proof: The gradient of the functional with respect to the coordinates of an interior

control point Py, = (z},,2% , 2% ) is given by

N
agéz) — Z CIOJ$1J> Z CIOJQZQJ, Z C’IOin = Z CIOJPJ-

|J|=n |J|=n |J|=n |J|=n

|

Equivalently, a triangular control net, P = { P} 1=, is an extremal among all control
nets with prescribed border control points if and only if

0= Z (I)

=
|I|=n (Ioz«nH) 2

(b1 + b3 + 4bi33) + byg + b5 + bl — 2(b3y + b5 + b

+b35 — by — by3) + 3(b15 + b33) — 4(bi5 + 033)) Py
for all [Ip = (I, 13, I3)| = n with I}, 12, I3 # 0, where b',, were defined in Equation (36).
In particular we give the general result for the case n = 3.

PROPOSITION 6.9. A triangular control net of degree 3, P = {P;}11=3, is an extremal
of the functional, B(P), among all triangular control nets with a prescribed boundary if and
only if

1
Py = D (2Pyo3 + 3Po12 — 3Po21 + Pogo + 3Pio2 + 4P120 — 3Pa01 + 4Po10 + Pago) -

From the condition obtained in Proposition 6.9 we can generate, given the exterior control
points, the whole triangular net by solving a linear system where the equations are:

12P j 1 = 2P1 j—1py2 + 3Pi—1 k41 — 3Pic1j+16 + Picijrok—1 + 36 j—1 k1 + 45 1101
=3P j1x +4P 1 jr—1 + Pioj1 k-1
P, ; 1, being an interior control point. This equation can be expressed by the following mask:
2 3 -3 1
(108) Pir=-—= X

which was also considered in [28], where it was called the bending energy mask.
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FIGURE 1. T'wo Bézier surfaces with the same border, the one on the left is a Bézier extremal
of the functional B and the figure on the right is obtained by means of the mask in Equation
(108).

FIGURE 2. Two more examples of Bézier triangles, a Bézier extremal of B on the left and
a Bézier surface built with the mask (108).

FIGURE 3. As before, a polynomial extremal of B on the left and on the right another
surface with the same boundary but obtained thanks to the associated mask.

From the figures above it can be seen that the shapes of surfaces and control nets obtained
by means of the mask, in Equation (108), are almost as good as those derived from the
extremal of the functional B. Nevertheless, as is natural, the bending energy is smaller for
the polynomial extremals than for the surfaces generated with the bending energy mask.
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5. Comparison between masks

The question that naturally arises regarding which mask is the best and, more generally,
whether there is a better mask, has a negative answer. This depends on the boundary

conditions.
In this section we will show some examples with simple boundary curves.

5.1. Case n = 3. Let us start the comparison by studying some examples in the cubic
case. We fix the three boundary curves with their control points and we construct the
triangular Bézier surface by computing the interior control point using the masks M,, the
Dirichlet mask and the Biharmonic mask defined in Equation (108).

We have chosen some examples with their border control points: along the border of a
piece of the Enneper’s surface in the first example; along two straight lines and a circle of
radius 1 in NI1; along three circles of radius 1 in NI2; the boundary of Is is built in such
a way that at the corner points any associated patch would be isothermal. Finally, border
HNT is such that the isothermality conditions at its corners are far from being fulfilled. The
following figures show the borders and the triangular Bézier surfaces constructed by means
of the Dirichlet mask.
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FIGURE 4. Surfaces NI1, NI2, Is and HNI are Dirichlet extremals for given boundaries.

The following table shows the areas of the corresponding triangular Bézier surfaces:

Method Enneper | NI1 NI2 Is HNI
My 4.67858 | 0.99685 | 1.21350 | 2.99046 | 13.22692
M% 4.67835 | 0.99631 | 1.20844 | 2.88558 | 12.66618
M% 4.67899 | 0.99563 | 1.20275 | 2.76656 | 11.67948
Dirichlet mask 4.67778 | 0.99793 | 1.20277 | 2.76957 | 12.22934
Dirichlet Correction | 4.67778 | 0.99546 | 1.20216 | 2.75167 | 11.36520
Biharmonic Mask | 4.67814 | 0.99931 | 1.20845 | 2.89077 | 13.24778

Table I: Comparison between different masks for triangular Bézier surfaces of degree 3.

As we will introduce the method that we have called Dirichlet correction later in this
work, let us first analyze the results for the M, masks, the Dirichlet mask and the Biharmonic

mask. We can find that for these cubical examples the lesser areas are obtained by the M 1
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mask with the exception of the Enneper case, which we will study in a later section. Let us
recall that the Farin-Hansford mask, M%, can also be obtained after a symmetrizing of the

Dirichlet mask.

5.2. Case n = 10. Let us see in this section how things change with more degrees of
freedom. The following examples, for the case n = 10, are similar to the cubical examples
NI2, Is and HNI. In NI2 we have chosen equally spaced border control points along the

circles described before. In the other cases the choice of the borders was made with the same
configuration as before but with a slight modification in order to ensure isothermality at the

corners in Is and non-isothermality in HNT.

The following table shows the areas of the corresponding triangular Bézier surfaces by
using the M, masks, the Dirichlet mask and the area of the Dirichlet extremal, which is the
area of the triangular Bézier surface whose interior control points are obtained by applying
the Dirichlet equations in Proposition 6.2. Moreover we show the area of the Biharmonic
extremal, that is the extremal of the Biharmonic functional for these boundaries, and the
area of the surface obtained by means of the Biharmonic mask.

Method NI2 Is HNI

My mask 1.34247 | 3.54592 | 12.61296
M% mask 1.34009 | 3.49978 | 12.53044
M% mask 1.33864 | 3.47307 | 12.47569

Dirichlet mask 1.33961 | 3.43799 | 12.68629
Dirichlet extremal | 1.33963 | 3.43659 | 12.68513
Dirichlet Correction | 1.33623 | 3.41091 | 12.42494
Second step 1.33625 | 3.37410 | 12.25581
Biharmonic extremal | 1.34809 | 3.63199 | 13.27275
Biharmonic mask 1.34149 | 3.45068 | 12.87336

Table II: Different masks, the Biharmonic functional extremal and the Dirichlet extremal
areas for n = 10.

In the NI2 and the HNI cases the best area is the one obtained using the M% mask,

but now when we have isothermality at the corners, as in case Is, the Dirichlet extremal is
the one that gives us the lesser area, and even the use of the Dirichlet mask represents a
significant improvement. An explanation of why the Dirichlet extremal has less area in Is
will be given in section 7.

The following figures show the control nets of the triangular Bézier surfaces of degree 10
obtained, for the Is example, by means of the mask M, and the Dirichlet mask.
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FIGURE 5. A pair of degree 10 control nets with the boundary Is. The net in the left is
obtained by means of the mask M; and in the net in the right is obtained by means of the
Dirichlet mask.

Note the non-regular shape of the control net in the figure on the right, that is, the one
obtained using the Dirichlet mask for degree 10, in comparison with the figure on the left,
which is the one obtained by using the M, mask, which is the mask for the discrete form
of the Laplacian operator. The control net is not regular, but the associated Bézier surface
is a better approximation to the minimal surface. Recall that we are looking for triangular
Bézier surfaces minimizing some functional related with the surface, and not for triangular
control nets minimizing some functional related with the net. The same fact also happens
for rectangular Bézier surfaces.

6. The Enneper’s surface as a testing model

The first non-trivial example of minimal surface with polynomial coordinate functions is

Enneper’s surface (see [19] or [12] for some plots of this surface), 7 : R? — R? defined by

u? v3

(109) 7 (u,v) = (u — E—FUUQ,U— g—l—vu2,u2—02).
Therefore, it can be used to test the masks we have used. Moreover, as the parametrization
(109) is isothermal, then it is an extremal not only of the area functional, but also of the
Dirichlet functional. This means that, if we take a triangular piece of the Enneper’s surface,
we determine its control net, and we look for the extremal of the Dirichlet functional with
those border control points, then the interior control point Py, is always given by the formula
in Proposition 6.4.

Nevertheless, there are cases where all symmetric masks fail to reobtain the interior
control points. For example, let us consider the patch

Y (u,v) =7 (u+1,v), (u,v) € T.

This is again an isothermal and harmonic patch, and so it is a patch of a minimal triangular
surface and the area of this triangular Bézier surface is 4.67778.
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The control net is

(3.0,1) (3.3.1) (1,3.3)

It is easy to confirm that this control net verifies the formula in Proposition 6.4. So, the
interior control point P;;; can be reobtained using the corresponding asymmetric mask.
Nevertheless, for a symmetric mask, M,, the computation of the interior control points
gives
13 -9« 17 —-21a 5
18 7 18 '3

Pﬁlz( )7

and there is no value for o such that Py, = (%, 1, g)
Moreover, the minimum of the area of the associated triangular Bézier surface with
interior control point Py}, is attained at oo = 0.12833 and its value is 4.67834.

7. Correction of the Dirichlet extremal

Obtaining an approximation of the minimal Bézier surface according to the Dirichlet
functional minimization method has a serious drawback.

The first fundamental form at the corners of any triangular Bézier surface with prescribed
border is determined by the border control points. For example, at the point 7' (0, 0) the three
coefficients of the first fundamental form are determined by the control points P g, Po1,n—1
and P o,—1. And analogously for the other three vertices.

Therefore, since the three points are border control points, the coefficients E, F' and G
at 7'(0,0) of any triangular Bézier patch with prescribed boundary will always be the same,
even for the Dirichlet extremal, no matter what interior control points we have.

Let us recall that the Dirichlet method is based on substituting the area functional by the
Dirichlet one, so it will cause a negligible error. Both functionals only agree for isothermal
patches. If the configuration of the border control points is such that the patch is always
non-isothermal at the corner points, then the inequalities in Equation (92) are strict. The
non-isothermality at the corner points will produce an error when substituting the area
functional by the Dirichlet one. At points other than the corner points, the configuration
of the Dirichlet extremal tends toward isothermality of the patch. But at the corner points,
isothermality or not is fixed by the border control points and it cannot be modified. This

is why the Dirichlet extremal does not improve the results obtained with other methods in
some cases.
Throughout this section we will propose a method to obtain, from the Dirichlet extremal

as a first approximation to the minimal Bézier surface, a new and better approximation
that attempts to avoid this problem but maintaining the fact that the new approximation is
computed thanks to a system of linear equations.
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Let us recall the following fact about the Dirichlet functional. The Euler-Lagrange equa-
tion of the Dirichlet functional defined on the set of all differentiable patches with prescribed
border is

AT =0,
where A is the usual Laplacian operator. This equation is related to minimal surfaces thanks

to Proposition 5.5. But there is another main result that does not mention the isothermality
condition.

PROPOSITION 6.10. A patch T is minimal iff AT = 0 where g represents the first
fundamental form of  and A9 is the associated Laplacian operator for a function f:

vVEG - F?), VEG-F? ),

It is easy to confirm that, for a given metric, g, with coefficients E, F' and G, the equation
AIZT =0 is the Euler-Lagrange equation of the functional

_)u 2G_2 —)u —)v F —)’L) 2E
DI(T) = [l < Tw Ty > P+ |7 dudv = [ ¢~ "dZ,dT )y,
T VEG — F? T 7

where p, = VEG — F?dudv is the metric volume element.

Note that for a given g, the extremal of the functional DY is a patch that can be computed
thanks to a linear system.

Therefore, the correction of the Dirichlet method is the following: let 7' be the Dirichlet
extremal and let gy be its first fundamental form. The new approximation is the extremal of
the functional D%, that is, using the Dirichlet extremal as the fixed metric. Note that the
functional @ — D% (') is quadratic in Z". Therefore the equations that the extremal must

satisfy are linear.

PROPOSITION 6.11. A triangular control net, P = {Pr}|1j=n, s an extremal of the func-

tional D% among all triangular control nets with prescribed border if and only if:

n—1 G - E .
' Z %(/T B+ | Sa B,

|I|:n I+1y lj'g() T ,l,LgO
Go — 2y + Ey e Gy — Fy i
+/ as B%0+12—2€3 - / —b13 B?0+I2—61—63
T Fgo T 90
R . Eo—Fy. oy
- / —bis B ey — / ———bu BI" ] o, o) P
T Hgo T  Hgo

for all |Iy = (I}, 123, 13)] = n with 13,13, I3 > 0 and where a5 and b.s were defined in
Proposition 6.2.
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Proof: Let us compute the gradient of the functional D% with respect to the coordinates

of a control point P; = (zj,, 27,3 ). For any a € {1,2,3} and any I, such that |Io| = n

with I3, 12, I3 > 0.

oD G oz, E oz,
_57’) :/2—0 < E> dudv+/2—0 < 20T > dud
oxg, T Mo  Ox T po O
F 07, O,
_/2_0 (< _xa Ty >+ < _xa Ty >) du dv.
T Mo Oz g,

Using the value of the partial derivatives, given in Equations (95) and (96), we have that:

aD‘qO (P) 2 GO -1 —1 -1 —1
axg}o n L( Lo ( Ip—e1 Io—eg) € |I§|n( I—e; I—eg) I ) uav

Ip—e2

EO n— n— n— n—
+ 2n? /T(E (B, — BiL,) <ea > (BiZl — By= L )P >) dudv
[I|=n

F
— on? /T(,Tz (Bies = Bie,) < €a D (Bi=, = B )P >) dudv
[I|l=n

E
- /TQTE (Bioe, = Biye) < €0 D (BiZl, = BiZL)Pr >) dudv.
[I|l=n

Now, taking into account the formula given in Lemma 1.2 and using a, and b, defined
in Proposition 6.2 we have that a triangular control net is an extremal of the functional D%
if and only if for any |Iy| = n with I}, 12, I3 > 0, the following expression vanishes:

n—1
( I ) Go 2n—2 Eo 2n—2
(/ /,l/_al B10+If261 + /1" — a2 B[0+17262

oD% (7) _ Z

a 2n—2
axlo |I| ([+IO) 7 Mgo /’LQO
Go — 2Fy + Ey Im—9 Go — Fy om—2
+ / as B[0+I*263 - —b13 B]O+[,elfe.3
T Hgo T Hgo
Fo 2n—2 Ey — Fy 29m—2
- —biz Blo+1—€1—€2 o —— a3 BIO+I—82—€3) Pr.
T Hgo T Hgo

The formulas obtained in the last proposition give us a system of linear equations for
the interior points of the triangular net given its border. Now if we have a look to the
corresponding values in Table I and Table II, we can see that this method improves the
results obtained through all the other methods, and moreover we get this improvement for

all the examples, even when we deal with non-isothermal patches.
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Finally, we have gone one step forward. If 2’; is the Dirichlet extremal of the functional
D% and g, is its first fundamental form the new approximation is the extremal of the
functional D9*. The results obtained from this last method are shown in the Second step row
in Table II, and from them we conjecture that, especially for highly non-isothermal patches,

the improvement given by the correction method can be further enhanced by repeating the
process.

8. Conclusions

In this chapter we have deduced and compared different methods to generate surfaces
with prescribed boundary. They can be polynomial extremals of the Dirichlet functional,
polynomial extremals of the biharmonic functional, or they can also be obtained by means
of masks.

The surfaces obtained by minimizing the Dirichlet functional are polynomial approxima-
tions to minimal surfaces with prescribed boundary. Since we have compared the area of
the surfaces obtained by this method with the surfaces obtained with the use of different
masks, we can ensure that they are good approximations to minimal surfaces that can also be
improved with the Dirichlet correction method. Nevertheless, the approximations obtained
by means of the Dirichlet mask, or any of the other masks we have considered, they can be
obtained with a smaller computational cost, despite having a bigger area. This is due to the
fact that they are obtained as a solution of a linear sparse system while the linear system of
the control points associated to the Dirichlet functional has no null coefficients.

The shapes of the triangular Bézier surfaces, which are extremals of the Dirichlet func-
tional among all polynomial patches with a given boundary, have a stable behavior according
to the boundary information. This method is a good way of generating surfaces because, in
addition to obtaining a patch fitted to the boundary, it allows us to minimize the area since
a polynomial approximation to a minimal surface is obtained.

On the other hand, concerning our study of the biharmonic functional, we can say that the
shapes of the surfaces and control nets obtained by means of the biharmonic mask are almost
as good as those obtained for the extremals of the biharmonic functional. Nevertheless, the
bending energy is smaller for the polynomial extremals than for the surfaces generated with
the bending energy mask, as it could be expected.



CHAPTER 7
Triangular Bézier approximations to Constant Mean Curvature surfaces

Minimal surfaces are characterized by the vanishing of the mean curvature. A gener-

alization of this condition is to ask for constant mean curvature. Surfaces with constant
mean curvature (CMC-surfaces) are the mathematical abstraction of physical soap films and

soap bubbles, so they correspond to real situations. From a variational point of view CMC-
surfaces can be seen as the critical points of area for those variations that left the enclosed
volume invariable . In general, the characterization of “area minimizing under volume con-
straint” is no longer true from a global point of view, since they could have self-intersections
and extend to infinity. But locally, every small neighborhood of a point is still area mini-
mizing while fixing the volume which is enclosed by the cone defined by the neighborhood’s
boundary and the origin.

An exhaustive discussion of the existence of surfaces of prescribed constant mean curva-
ture spanning a Jordan curve in R? can be found in [40]. In this chapter we will show these

results in order to discuss the existence of triangular Bézier extremals of the functional Dy,
which is defined as follows. Given H € R

Dy(7) =D(7') +2HV (7))

1

H
:5/(||?UH2+ 17|17 dudv+2§/ < T ATy, T > dudv.
T T

If an isothermal patch is an extremal of the functional Dp, then it is a CMC-surface.
The “volume” term, V(Z), measures the algebraic volume enclosed in the cone segment
consisting of all lines joining points 7" (u,v) on the surface with the origin. The first term
D(7) is the Dirichlet functional.

We will give some examples of Bézier extremals of prescribed boundary curves for different
prescribed constant mean curvatures.

1. Existence of triangular Bézier surfaces of prescribed constant mean
curvature

A simple argument can be used to see that the function assigning the value V(Z'7) to
each control net, P, with fixed boundary control points, has no global minimum.

Let us suppose that a minimum exists. Since spatial translations do not affect the
curvature of the surface, we can suppose that the origin is located far enough away from
the surface so that the control net is enclosed in a half-space passing through the origin.
Let us move an interior control point, Pj,, toward the origin. Then, a well-known property

159
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of Bézier surfaces states that all the points of @ (u,v) change in a parallel direction with
intensity B} (u,v). Then, since the new cone segment is totally included in the initial one,

its volume decreases.
Now, let us consider the CMC-functional,

Du(7T) = D(T) + 2HV (7).
As we said in chapter seven, the function, P — D(Z’F), for control nets with fixed

boundary always has a minimum and, as we have just seen, the function P — V(Z'F),
never has a minimum. Therefore, by using the constant H to balance both functions we can
say that the function, P — Dy (7"), will have a minimum only for H € [a, —a] for some
constant a € R. It should be noted that when H = 0, Dy is reduced to D and then there
is a minimum, whereas when H is too big, the main term in Dy is V, and therefore the

minimum does not exist.
The symmetry of the interval, [a, —a], is a consequence of the fact that reversing the

orientation of a surface means a change in the sign of the mean curvature.
The value of a depends on the boundary control points. Let us denote I' the prescribed
boundary. According to the results in [40] about “small” solutions, if there is a radius R

such that I' C Bg (0), and |H| < & there always exists a surface of constant mean curvature
H.

Moreover, there is another result, called the Heinz’ non-existence result, which illustrates
the need for the previous smallness condition: There exists another constant M defined

through an integral along the boundary curve, such that, when |H| > M there is no surface

of constant mean curvature H. So, there are some values of the curvature, % < |H| < M,

for which the existence of a solution for curvatures within this interval, cannot be ensured.
A solution to the problem of finding extremals of the functional Dy among all surfaces
with prescribed border and constant mean curvature H can only be obtained with certainty
if [H| < .
Let us illustrate by means of an example why the possibility of finding an extremal of
the CMC-functional only exists if the prescribed mean curvature, H, belongs to a symmetric
interval [—a, a.

EXAMPLE 7.2. Let us consider a triangular control net of degree 4 and prescribe the
border control points along a planar equilateral triangle. Moreover, in order to reduce the
number of wvariables in this example we will use a symmetric configuration for the three
interior control points. These three interior control points, that is nine degrees of freedom,
are reduced to a pair by the following symmetric restriction on them:

4 4 2 2
Pis = (acos %,asin %,b) Py = (acos g,asin g,b) Py = (a,0,b).



1. EXISTENCE OF TRIANGULAR BEZIER SURFACES OF PRESCRIBED CONSTANT MEAN CURVATURE 161

FIGURE 1. A symmetric configuration of the control net will simplify the computation of
an extremal of Dy.

The associated Bézier surface is

() = (—%(—1 4 3u) (=1 + 3(da — 1)u0 + 3(da — Du(v — 1)),

_?(u + 20 — 1)(—=1 +3(4a — Duv + 3(4a — Du(v — 1)v), —12buv(u + v — 1)) ,

and the functional is reduced to a function fg(a,b)

1
Dy(7) = fu(a,b) = 50800 (46585 + 246400 + 8598v/3bH + 164°(385 + 18V/3bH)

+ 8a(—385 + 312\/§bH)> .

Then, to find the critical points of fy (a,b) we have to solve the system

8fH(a,b) B afH(a, b) —0
oa Ob 7

that is,

385 = 1540a + 312v/3bH + 72v/3abH
0 = 24640b + 3v/3(1433 + 416a + 48a%)H.

From the second equation we get

—1
b= M(3(1433¢§H + 416V/3aH + 48V/3a*H))

and substituting in the first equation we obtain the following third-order equation

— 1185800 + 4743200a — 502983 H? — 262089aH? — 50544a® H?* — 3888a*H? = 0.

Cardano’s formula would give us the solution of this cubic equation and it has the follow-
ing discriminant

—166375 (
14693280768 H6

—641395994624000-+92020318790400 H?— 158618386080 H* 4480048687 H®).
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The real solutions of

0 = —641395994624000 4 92020318790400H* — 158618386080 H* + 480048687 H°

are £2.65596, which implies that the discriminant is greater than or equal to 0 if and only if
H € [—2.65596,2.65596]. Therefore the existence of an extremal of the CMC-functional can be

ensured if the prescribed mean curvature, H , belongs to a symmetric interval [—2.65596, 2.65596].

Here we have the plot of the extremal of Dy for different mean curvatures:

F1GURE 2. These surfaces are symmetric approximations to CMC-surfaces with curvatures
H =-25 H=—-2and H = —1 respectively.

2. The CMC-functional results

The following proposition, which can be found in [40], gives a condition that involves the
Laplacian operator in order to characterize an isothermal CMC-surface. Let us recall that
an analogous characterization of isothermal minimal surfaces was given in Proposition 5.5.

PROPOSITION 7.1. Let @ be an isothermal patch. It is a constant mean curvature surface

(CMC-surface) if and only if
(110) AT =2HT 4 A Ty

Expression (110) is the Euler-Lagrange equation of the functional Dy

(111) Dy (@) =D(7) +2HV (7).

Moreover, an isothermal patch satisfies the PDE in (110) if and only if it is an extremal of
Dy.

There are two qualitative differences between the Dirichlet functional and the CMC-
functional: whereas for the Dirichlet functional the extremal always exists and it is the
solution of a linear system, now, the existence of the extremal can only be ensured with
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certainty when |H| < m, for a certain constant, m = %, depending on the boundary config-
uration, and they are computed as solutions of a quadratic system.

Moreover, since the Euler-Lagrange equation of the functional Dy, in Equation (110), is
not linear we cannot determine a Bézier solution as a solution of a linear system of equations
in terms of the control points. In comparison, in the first and the second chapters we
saw that, given some control points as initial data, the harmonic equation and hence the
biharmonic equation, allow us to determine the associated PDE surface as a solution of a
linear system. Analogously, in the fourth chapter, we prescribed the boundary curves and
we were able to compute the associated PDE surface by the third-order method while also
solving a linear system.

Here we will give an expression of the CMC-functional in terms of the control points
of a triangular Bézier surface, which implies that the restriction of the functional to the
Bézier case can be seen as a function instead of as a functional. Afterwards, we will give
the condition that a triangular control net must fulfill in order to be an extremal of the
CMC-functional among all Bézier triangles with a prescribed boundary.

The following result will simplify the way to obtain the formula in terms of control points
of the functional Dy . First, we will work the volume term of the CMC-functional. It can also
be written as a polynomial in terms of the coordinates of the control points, P = {Pr}1j=n,

of the Bézier triangular surface, @ . Therefore the restriction of the functional, V(7'), to the

Bézier case is also reduced to a real function by assigning the value V(?P) to each control
net, P = {Pr}r=n-

PROPOSITION 7.2. Let @ be the triangular Bézier surface associated to the control net,
P = {Pr}1|=n, then the volume

1
V(T) = _/ < TUATT > dudy,
3Jr
can be expressed in terms of the control points, Pr = (x}, 2%, 23), with |I| = |{I',I?, I3}| = n,
IERER
by the formula
V(?) = Z 01011121'}0'%%137?2
[Tol=|I1|=|I2|=n
where
12) s = LB g g g
(Io+[1+[2)
with
dIJK B IrJjs — Jrrs

I+ J + K")(Is+ J° + K*)
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Proof: The volume of a Bézier surface,

1
V(T) = /T < T NTT>dudo=3 3 Y Connala?al,

Hol|=n[I1|=n |I2|]=n
is a cubical polynomial of the control points, so in order to compute the coefficients C7, 1,1,
we will compute its third derivative. We will then have
Pv(T)
Ox 0xF O}, — hhikr
First of all we compute the derivative with respect to a first coordinate x}o of an arbitrary

interior point Py, = {x} , 27,23 }, where |Iy| = n and I}, I3, I3 # 0.

ov 1 - — — —
(z) 1 < (B}) ATy, 7T >+ <TuA(B) ', T >
837} 3 T fo/u folo

0

:/ <B’foel/\ Ty, T >u—<B’foel/\ T puy & >+<?u/\BZ)el,? >, dudv
T

—/ <?UU/\B?O€1,?>+<?U/\?U,BZ)€I> du dv.
T

After computing the derivative with respect to an arbitrary first coordinate, we applied
the integration by parts formula. Now, bearing in mind that

1 1-v
/<Byoelw>v,z>>u—/ <BLeATLT>] =0,
va 0

1 1—u
/<?UABZ61,?>U:/ <TABL T > du=o,
T 0 0

since BY. (1—v,v) = B}, (0,v) = B} (u,0) = B} (u,1 —u) = 0 for |I| = n with Ij, I§, I§ # 0,

and the properties of the cross and the scalar triple product:

aNb=—-bAa
<aANbc>=<bAc,a>=<cANa,b>,
we obtain that

V(@) L[ o
113 =— | <T , NT,B}e >.

Now we must compute the derivative with respect to a second coordinate, mi, of an

arbitrary interior point, such that, as before, |I;| = n with I}, I I} # 0.

We will do this in an analogous way to the previous computation of %1?):
To
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?PV(T) 1 / o
Oxy 0x7 3
1

5 < xu/\?v,B};el > dudv
7—8:6[1

_5/ < (B?l)u 62/\?1),32)61 >4+ < ?u/\ (BZ)U 62,3%61 > dudv

T

:%/<B?061/\(B?1)u627?U>_<B?0€1/\(B?1)v62,?u>dud’v
T

:%/T(< BZ) 61/\ (B?l)u @27? >, — < (Bz))v 61/\ (B?l)u 627? >

- < By, el A (BZ)U 2T >, + < (B}‘O)u el A (B?l) AT >) dudv.

v

As before, the following integrals are null

1
/<B’}Oel/\(B?l)u62,?>v dudv:/ <BZ)€1/\(BZ)H€2,?>} du =0
T 0

1
/<BZ)61/\(B?1)U 2. T >, dudv:/ <BZ)61/\(BZ)7J 62,?>] dv =0,
T 0

therefore

O*V (T n n . . L.
al’} 8[E% - /'T ((BIO)’LL (Bfl)v B (BIO)U (Bll)u) <e ANe’,x > du dv.

Finally we compute the derivative with respect to an arbitrary third coordinate :13?2 with
|| = n and such that I3, I3, I3 # 0:

O*V (7T

)
) - /TW((B;;)U(B?I)U — (B)o(BR)) < € AL T > dudy
IO I I 12

= /((B?O)u(BZ)U — (B})o(B})u)BE, < e' Aé? e’ > dudv
T

— [f((B@“(BZ)v — (B1)o(B}),) By dudo.
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Therefore
Cot 02 03 = | (BL,)u(B1)s — (BY,)o(BY,)u) By, dudv
0 1 2 T

=t [ (B, = BB, — B - (B, = BBy, — B ) B dudo

OO A A 7 1 S 1 0
(Io+?}T+I2) B+ G+ R+1B+123) (B+BR+I)(E+1+13)

N B -
(B+0B+ L)1+ 1+ 13)

),

where we have achieved the last formula after computing the integral of the Bernstein poly-
nomials, given in Equation (3),

3n—2 _ 1
/TBI (u,v) dudv = T C—
and performing some simplifications like the following:
n—1 n—1 n
[oi o m o= [ el W e
T T (10+11+12*61*e2)
) 3 Re
(10+?}7f+12) n2 (I3 + 1+ )12+ 17+ 12)
_ (Z)) (Iri) (IT;) 3n(3n —1) qlohi 12
o)
ot+I1+12

REMARK 7.3. The coefficients d’s verify the following symmetry relation:

1JK __ JIK
drs - _drs )

which is immediate from its definition in Proposition 7.2, since:

JIK _ JT‘[S _ I’!’JS

" (I"+ Jr+ Kr)(I* + Js + K*)

LEMMA 7.4. The coefficients Cryi verify the following symmetry relations
Crixk = —Cirx = Cikr.

Proof: The symmetry of the coefficients C’s is a direct consequence of the symmetry of
d’s shown in the previous remark.
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In the following proposition we give a formula for the CMC-functional, Dy (Z') in terms
of the control net, P = { Pr}7j=n, of the Bézier triangular surface, 7. As we said before, this

lets us to see the functional as a real function assigning the value Dy (Z'7) to each control

net, P = {Pr}1j=n-

PROPOSITION 7.5. Let T be the triangular Bézier surface associated to the control net,
P = {Pr}1j=n, then let us write Pr = (ar,br, cr) and establish the subindex I,, = {1, 12, I3

n’» nr nl’

then the CMC-functional, Dy, can be expressed by the formula

3
1 a a
Du(T) = 5 > > > Crpagat +2H Y Cronn1,r7,7,

a=1 ‘Io|:n |11|=TL |IO‘:|11|:‘12|:7L

where

(i) ()

Crn = 5~ (a1 + ag + 2a3 — big — bez)  with a, and b,s defined in Equation (94) and
(IO+II)
Cronn = M(d{%ﬁb +dh 2 qloh 2y with  dLE defined in Equation (112).
(Io+[1+[2)

We have just seen in Proposition 7.5 that the CMC-functional, Dy ('), is a function of
the control points, so let us now compute its gradient with respect to the coordinates of an
arbitrary control point. We will then be able to give a characterization of the control net of
the triangular Bézier extremals of Dy.

The gradient of the first addend, corresponding to the Dirichlet functional, was computed
in the previous chapter, see Equation (99). So, let us consider the volume expression

V(?) = Z C[J}@C}.T%LE%O

]| J] K =n

in order to compute its the gradient with respect to the coordinates of a control point

Py, = (x}o,:ﬁo,;ﬁo) where Iy = (I}, IZ, I3).

oV ()
2.3 1,.3 1,.2
P = g Clysr Ty, E Criox T T, E Crinx iy
fo [T K|=n 11| K|=n 1] |=n
2,3 1.3 1.2
(114) = Y Crux(eia, —hai, ooy
||| K] =n

_ Z C(IOJK - CIOKJ( 2 3 3

1 1,2y _
B TITe, =T jThc, T Ty ) =
|J],| K|=n
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1 1
_ 2.3 1.3 1.2 2 3 1.3 1.2
=3 § Crosx (T332, =005, T2y ) + 5 E Crogx (=252, Ty0y, =TT )
[J],| K|=n [J],| K|=n
1 C 2.3 2 3 1 3 1.3 1.9 1 2
=35 IOJK(xJ'IK —TgT ), Ty — L gL, Lyl — $K1’J)
[J],| K|=n

1
= 5 Z C]OJKPJ/\PK.
[J],| K |=n

Now we can characterize the triangular control net of an extremal of the CMC-functional
among all triangular Bézier patches constrained by a given boundary.

PROPOSITION 7.6. A triangular control net, P = {Pr}|1j=n, is an extremal of the CMC-

functional, Dy, among all triangular control nets with a prescribed boundary if and only
if:
(115) 0= CisPr+H Y CrxPrAPg

|T|=n 7], K[=n
for all |Iy = (I}, I3, I3)] = n with I}, 12,13 > 0, where the coefficients Cr,; and Cr,yx are
defined in Equation (98) and Equation (112) respectively.

Proof: The gradient of the functional with respect to the coordinates of an interior
control point:
0Dy (7)) B oD(7) n 2H6V(?)

8PIO N aP[O aPIO

is determined by the gradient of D(2') and V(7'), computed respectively in Equation (99)
and Equation (114).

Let us remark that in comparison to our analog results for the Dirichlet and the bihar-
monic functional, where a polynomial extremal could be computed as a solution of a linear
system, here the system defined in Equation (115) is a quadratic system in terms of the
control points. This quadratic system has no solution for some values of the curvature, H,
as we explained in the first section of this chapter.

In addition, since we compute solutions to a restricted problem, that is, we find extremals
of the functional Dy among all polynomial patches with prescribed border, we obtain Bézier
approximations to CMC-surfaces.

Now, let us recall Proposition 7.1, where it was said that an isothermal patch is a constant
mean curvature surface, that is, it is an extremal of the functional Dy, if and only if

AT =2HZ , AT,

Therefore our aim is to remark that, if we consider the restricted problem, 7 is an extremal
of the functional Dy among all triangular Bézier patches with a prescribed boundary if and
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only if a weak version of the above condition is fulfilled. This weak condition is given in the
following proposition.

PROPOSITION 7.7. A triangular Bézier patch Z is an extremal of the CMC-functional,
Dy, among all patches with a prescribed boundary if and only if:

(116) oz/umﬁﬂHamsz@mwfmwzm:u$@@n=n
T

with I}, 12,13 > 0.

Proof: We simply compute the gradient of the CMC-functional with respect to an
arbitrary control point bearing in mind Equations (102) and (113), where the gradients of
the Dirichlet functional and the gradient of the volume term were computed respectively.

[

The following surfaces have the same prescribed boundary as in Example 2: the border
control points are placed along a planar equilateral triangle. But, now we have obtained
different approximations to CMC-surfaces without asking for the symmetric configuration
for the three interior control points that we considered in Example 2 in order to simplify our
computations.

These figures show approximations to CMC-surfaces obtained as a solution of the qua-
dratic system of the control points in Equation (115). They are polynomial extremals of the
CMC-functional.

F1GURE 3. Approximations to CMC-surfaces with curvatures H = —2.5, H = —2 and
H = —1 respectively.
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The boundary curves of our following example describe an approximation to a circle.
Therefore we will obtain approximations to spheres. As in our previous example, we can
obtain an approximation to a CMC-surface as a solution to the quadratic system in Equation
(115). In addition, we could generate a different approximation to a CMC-surface also
as an extremal of the functional Dy, but asking for some symmetry property of interior
control points, as we did in Example 2. These figures show two different points of view of

three different approximations to CMC-surfaces with curvatures H = —1.5, H = —1 and
H = —0.5 respectively. Here we have asked the interior control points to fulfill a symmetry
condition.

FIGURE 4. These surfaces are approximations to CMC-surfaces with curvatures H = —1.5,

H = —1 and H = —0.5 respectively. The interior control points are in a symmetric position.

The following figures are obtained as a solution of the system of quadratic equations
described in Equation (115). Here we don’t ask for any kind of symmetry.
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F1GURE 5. These surfaces are approximations to CMC-surfaces with curvatures H = —1.5,
H = —1 and H = —0.5 respectively.

Finally we present some more examples of approximations to CMC-surfaces obtained by
solving the quadratic system in Equation (115). We prescribe two different boundaries.

The boundary curves in the first example are built in such a way that any associated
patch would be isothermal at the corner points.

FIGURE 6. These surfaces are approximations to CMC-surfaces with curvatures H = —1,
H =0 and H =1 respectively.
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The following six figures show two points of view of three surfaces approximating CMC-
surfaces with mean curvatures H = —2, H = —1.5 and H = —1. The prescribed boundary
curves are approximations to three circular arcs, and therefore our results look like pieces of
a sphere.

FIGURE 7. These surfaces are approximations to CMC-surfaces with curvatures H = —2,

H = —1.5 and H = —1 respectively.

The resulting plots are pleasant and moreover they can be continuously deformed by the
parameter H, thus allowing the designer to choose of the shape which best fits the objective.
We maintain the good shapes we got with the Dirichlet results but now the choice of the
curvature gives the designer another degree of freedom, although the surfaces are obtained
as a solution of a quadratic system of the control points.

3. The C! problem

In this section we will consider the prescription of not only the boundary but also the
tangent planes along the boundary curves, the C' problem. Now, the boundary and the next
to the boundary control points are fixed, but again the extremals of the CMC-functional,
where the other interior control points are considered as variables, can also be computed.
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F1cURE 8. The border control points and their neighboring lines of control points are prescribed.

Here we show an example. Again, we consider the same prescribed boundary as in
Example 2: the border control points are placed along a planar equilateral triangle. But,
now we also prescribe three more lines of control points. These control points are placed
along a smaller planar equilateral triangle inside the boundary triangle.

The following figures show approximations to CMC-surfaces obtained as a solution of the
quadratic system of the control points in Equation (115), but now for all | Iy = (I3, 12, I3)| = n
with I3, I3, I3 > 1. The free points are the interior control points outside the boundary and
its next line of control points.

F1GURE 9. These surfaces are approximations to CMC-surfaces with curvatures H = —2,

H = —1.5 and H = —1 respectively.

4. Conclusions

In this chapter we have given a method to obtain polynomial approximations to constant
mean curvature surfaces. An isothermal patch has constant mean curvature H if and only
if it is an extremal of the functional

Dy(7')=D(7) +2HV (7).

Here we have generated approximations to CMC-surfaces, since we have considered the
problem of minimizing this functional restricted to the space of polynomials. We have
obtained an expression of the CMC-functional in terms of the control points of a triangular
Bézier surface. After that, we deduced the condition that a triangular control net must
fulfill in order to be an extremal of the CMC-functional among all Bézier triangles with
a prescribed boundary. This characterization of the Bézier extremals of Dy allowed us to
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compute them as a solution of a quadratic system of the control points. The surfaces that
are obtained have regular shapes and have the advantage of allowing prescription of the
desired curvature in addition to the boundary. This makes it possible to ensure, for a given
boundary, the existence of a family of polynomial approximations to CMC-surfaces with
this boundary and curvatures within a particular interval. Therefore, the prescription of the
curvature in this method can be seen as another degree of freedom in comparison with the
Dirichlet surface generation method.

Finally, in the last section, we consider the C! problem, that is, once the boundary
curves and the tangent planes along them have been prescribed we give a way to generate a
polynomial approximation to CMC-surface associated to this initial information.
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