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Introduction

This is a contribution to combinatorial set theory, specifically to infinite
Ramsey Theory, which deals with partitions of infinite sets. The basic pigeon
hole principle states that for every partition of the set of all natural num-
bers in finitely-many classes there is an infinite set of natural numbers that
is included in some one class. Ramsey’s Theorem, which can be seen as a
generalization of this simple result, is about partitions of the set [N]* of all
k-element sets of natural numbers. It states that for every £ > 1 and every
partition of [N]* into finitely-many classes, there is an infinite subset M of
N such that all k-element subsets of M belong to some same class. Such a
set is said to be homogeneous for the partition. In Ramsey’s own formulation

(Ramsey, [19], p.264), the theorem reads as follows.

Theorem 0.1 (Ramsey). Let I' be an infinite class, and p and r positive
numbers; and let all those sub-classes of I' which have exactly r numbers,
or, as we may say, let all r—combinations of the members of I' be divided
in any manner into p mutually exclusive classes C; (i =1,2,..., ), so that
every r—combination is a member of one and only one C;; then assuming the
axiom of selections, I' must contain an infinite sub-class /\ such that all the

r—combinations of the members of A belong to the same Cj.

In [13], Neil Hindman proved a Ramsey-like result that was conjectured
by Graham and Rotschild in [9]. Hindman’s Theorem asserts that if the set
of all natural numbers is divided into two classes, one of the classes contains
an infinite set such that all finite sums of distinct members of the set remain

in the same class. Hindman’s original proof was greatly simplified, though



the same basic ideas were used, by James Baumgartner in [2].

An important reference in the area of Ramsey theory is Stevo Todorcevié’s
book, Introduction to Ramsey Spaces [24], presenting a general procedure to
transfer any Ramsey theoretic principle to higher, and especially infinite,

dimension going beyond Ellentuck’s topological Ramsey theory.

We will give proofs of Ramsey’s and Hindman’s theorems which rely on
forcing arguments. After this, we will be concerned with the particular partial
orders used in each case, with the aim of studying their basic properties and
their relation to other similar forcing notions. The partial order used to prove
Ramsey’s Theorem is, from the point of view of forcing, equivalent to Mathias
forcing. The analysis of the partial order arising in the proof of Hindman’s
Theorem, which we denote by Pry, will be the object of the 4™ chapter of
the thesis.

A summary of our work follows.

In the first chapter we give some basic definitions and state several known
theorems that we will need. We explain the set-theoretic notation used and we
describe some forcing notions that will be useful in the sequel. Our notation is
generally standard, and when it is not it will be sufficiently explained. Thus,
although most of the theorems recorded in this first, preliminary chapter,
will be stated without proof, it will be duly indicated where a proof can be

found.

Chapter 2 is devoted to a proof of Ramsey’s Theorem in which forcing
is used to produce a homogeneous set for the relevant partition. The partial

order involved is equivalent to Mathias forcing.

In Chapter 3 we modify Baumgartner’s proof of Hindman’s Theorem to
define a partial order, denoted by Py 4/, from which we get by a forcing
argument a suitable homogeneous set. Here % is an infinite set of finite
subsets of N, and 2’ is an infinite block sequences such that € is large for
9'. Py o adds an infinite block sequence of finite subsets of natural numbers
with the property that all finite unions of its elements belong to %. Our

proof follows closely Baumgartner’s, and the fact that Py ¢ has the required
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properties is secured by the propositions proved in [2] (see also [10]). The
partial order Py 4 is similar both to the one due to Pierre Matet in [17] and
to Mathias forcing. This prompts the question whether it is equivalent to one
of them or to none, which can only be answered by studying Py 4/, which we

do in chapter 4.

In chapter 4 we first show that, for some dense set of conditions (A, 2) of
P4 4, the partial order Py o bellow (A, 2) is equivalent to a more manageable
partial order, which we denote by Pgiyn, thus studying Pg;x allow us to know
Py 4, where € is large for &. For this reason, from now on, we will restrict
our attention to Pr;y. From a Ppy-generic filter an infinite block sequence
can be defined, from which, in turn, the generic filter can be reconstructed,
roughly as a Mathias generic filter can be reconstructed from a Mathias real.
In section 4.1 we prove that Pgpy is not equivalent to Matet forcing. This we
do by showing that Priy adds a dominating real, thus also a splitting real (see
[11]). But Andreas Blass and Claude Laflamme proved (independently and
unpublished) that Matet forcing preserves p-point ultrafilters. Their result
can be recovered from Theorem 4 in Tod Eisworth’s article [8], from which

follows that Matet forcing does not add splitting reals.

Still in section 4.1 we prove that Priy adds a Mathias real by using Math-
ias characterization of a Mathias real in [18] according to which z C w is a
Mathias real over V' iff x diagonalizes every maximal almost disjoint family
in V. In fact, we prove that if Z = (d;)ic, is the generic block sequence
of finite sets of natural numbers added by forcing with Pgpy, then both
{mind; : i € w} and {maxd; :i € w} are Mathias reals. In section 4.2 we
prove that Pgpy is equivalent to a two-step iteration of a o-closed and a o-
centered forcing notions. In section 4.3 we prove that Prpy satisfies Axiom A
and in section 4.4 that, as Mathias forcing, it has the pure decision property.
In section 4.5 we prove that Ppy does not add Cohen reals. So far, all the

properties we have found of Py are also shared by Mathias forcing.

The question remains, then, whether Pppy is equivalent to Mathias forcing.

This we solve in Chapter 5 by first showing in section 5.1 that Ppy adds a



Matet real and then, in section 5.2, that Mathias forcing does not add a Matet
real, thus concluding that Ppiy and Mathias forcing are not equivalent forcing
notions.

In the last section we explore another forcing notion, denoted by Moy,
which was introduced by Saharon Shelah and Otmar Spinas in [23] and is a
kind of product of two copies of Mathias forcing. The reason for looking at

M, is its connection with Pgyry.



Chapter 1

Preliminaries

1.1 Set-theoretic notation

We work in ZFC, the standard Zermelo-Fraenkel set theory with the Axiom
of Choice. About set theoretical matters we follow Kunen’s book [16]. Any
ordinal number « is the set of all those ordinal numbers which are smaller
than «. Natural numbers are the finite ordinal numbers. A cardinal number
is an ordinal which is not equipotent with any smaller ordinal. The notation
YX, <*X, [X]* and [X]<*, where X and Y are sets and r is a cardinal
number, respectively mean: the set of all functions from Y into X, the set
of all functions from some a < k into X, the set of all subsets of X with
cardinality x and the set of all subsets of X with cardinality smaller than k.
Given a function f and a set A, f[A] denotes the set {f(x) : © € A} and
ran(f) :={y: (3x)(f(z) =y)}. If s and ¢ are sequences of elements of a set
X, then by s™t we denote the concatenation of s and ¢. And if t € X, then

s~t denotes s7(t).

Given any sets A, B and C' we express that A is partitioned into the two
pieces B and C, i.e., that A= BUC and BN C = () by writing: A = BUC.

For X € [w]¥, we write X = {x; : i € w} to mean that the sequence

(%;)icw is the increasing enumeration of the elements of X.

5



1.1.1 Filters

Definition 1.1. A filter on a nonempty set S is a collection .F of subsets of
S such that

e ScF and ) ¢ F,
o if X e Z andY € F, then XNY € F,
e f X, YCS XeZ, and X CY, thenY € F.
A filter & on a set S is an ultrafilter if for every X C S, either
XeZF orS\XeZ.
Some examples of filters:
1. The trivial filter: # = {S}.
2. A principal filter. Let Xy be a nonempty subset of S. The filter
F={XCS:X DXy}

is a principal filter. Note that every filter on a finite set is principal.

3. The Fréchet filter. Let S be an infinite set. The filter
F ={X CS:5\ X is finite }
is called Fréchet filter on S. Note that the Fréchet filter is not principal.

Definition 1.2. A filter % C [w]¥ is called a free filter if it contains the
Fréchet filter.

For a filter .# C [w]”, # T denotes the collection of all subsets  C w such

e 7.

Definition 1.3. A family & of subsets of w is called a free family if there is
a free filter & C [w]¥ such that & = FT.

6



In particular, [w]* and all ultrafilters are free families.

The following definitions are Definition 4.4.1, pag. 224 and Definition
4.5.1, pag. 235, respectively, in book [1]. But in fact, these notions are older,
definition of p—point ultrafilters goes at least back to Rudin in [20].

Definition 1.4. A filter .7 is called a p—filter if for every family
{X, :new}C.F

there exists X € .F such that X \ X, is finite, which we denote by X C* X,,,
forn € w. If F is an ultrafilter and a p—filter, then we call it a p—point.

Definition 1.5. An ultrafilter % is called a g—point if for every infinite
partition of w into finite pieces {I,, : n € w} there exists X € F such that
IXNI, <1 forné€w.

Lemma 1.6 is Lemma 4.4.3 in [1], page 224.

Lemma 1.6. Let % be an ultrafilter on w. The following conditions are

equivalent:
1. F is a p—point, and
2. for every partition of w, {Y, : n € w}, either there exists n € w such

that Y, € .F or there exists X € % such that X NY,, is finite forn € w.

1.1.2 Ramsey filters

Definition 1.7 ([18]). A filter % on w is called Ramsey if for every C-
descending sequence
{X,, ' new}CZF

there exists a set {z, :n € w} € F such that z,, € X,,, for alln € w.
A well known characterization of Ramsey filters is Theorem 4.5.2 in [1].

Theorem 1.8. Let ¥ be an ultrafilter on w. The following are equivalent:

7



1. Z is Ramsey.

2. For every partition of {Y, : n € w} of w, eitherY, € F for somen € w
or there exists X € F such that | X NY,| <1 foralln € w.

3. For every set A C [w]? there exists X € .F such that [X]* C A or
(XPPnA=0.

4. F is a p—point and a g—point.

1.2 Forcing
We refer the reader to Kunen’s book [16] for the elementary theory of forcing.

Definition 1.9. Let M be a countable transitive model for ZFC and let (P, <)
be a partial order such that (P, <) € M. G is P-generic over M if and only if
G s a filter on P and for all dense D C P with D € M, DN G # 0.

Theorem 1.10. Let M be a countable model and p € P, then there is a G
which is P-generic over M such that p € G.

Definition 1.11. Let P be a forcing notion, P is k—closed if for every A\ < k,
every descending sequence pg = p1 = ... = Po = ... (@ < X) has a lower

bound.

Definition 1.12. A partial order P is o—centered if it can be partitioned into
countably-many pieces, each one of them consisting of finitewise-compatible

elements.

Definition 1.13. For two functions f,g € “w we say that g is dominated
by f, denoted by g <* f, if there is an n € w such that for all k > n we have

g(k) < f(k).

Definition 1.14. For two sets z,y € [w|* we say that x splits y if both sets
yNx andy\ x are infinite.



Let V be any model of ZFC and let V[G] be a generic extension (with

respect to some forcing notion P).

Definition 1.15. A function f € “w in V[G] is called a dominating real
over V if each function g € “w NV is dominated by f.

A set x € [w]¥ in V]G] is called a splitting real over V' if it splits each
y € w“NV.

Proposition 1.16. If V[G] contains a dominating real, then it also contains

a splitting real.
Proof. See proof of Proposition 3 in [11]. O

Definition 1.17. Given two partial orders P and Q we say that P is a pro-
jection of Q if there is a function m : Q — P such that w preserves order,
i.e., if ¢ <o ¢, then w(q) <p w(¢'), and for allp € P and g € Q if p <p 7(q),
there is ¢ <q q such that w(q") <p p.

The next lemma is Lemma 15.45 in Jech’s book [15].

Lemma 1.18. If P is a projection of Q and G is a Q-generic filter over V.
then 7[G] is a base for a P-generic filter over V., where 7 is a function that

witnesses that P is a projection of Q.

Proof. Let
U={peP:3re G such that n(r) <p p}.

We shall prove that U is a P-generic filter.

Note that U # (). And U is upwards closed: If p € P and p’ € U are such
that p’ <p p then there is r € G such that 7(r) <p p/, so w(r) <p p, therefore
pelU.

Now let p and p’ in U. There exist r and 7" in G such that 7(r) <p p and
7(r") < p'. Since G is a filter, there is s € G such that s <g r and s <g 7/,
using the fact that 7 preserves order, we have that m(s) <p p and 7(s) <p p'.

Thus, p and p’ are compatible in U. Hence U is a filter.

9



Let D C P be a dense set in V' and define
D" :={q € Q:3d € D such that 7(q) <p d}.

We shall prove that D’ is a dense subset of Q. Let g € Q, then 7(¢q) € P. Since
D is dense, there is d € D such that d <p 7(q), by definition of projection
then there is ¢’ <g ¢ such that 7(¢') <p d. So ¢’ € D’, which shows that D’
is dense. Since G is a Q-generic filter GN D’ # (). Let ¢ € D' NG, then there
exists d € D such that w(q) <p d, i.e., d € U. So DNU # 0. O

Definition 1.19 (Baumgartner [3]). A partial ordering P = (P, <) satisfies
Axiom A if and only if there exist partial ordering relations (<,: n € w) on
P such that

(1) For allp,q € P, p <o q if and only if p < g,
(2) For all p,q € P if p <n11q, then p <, q for alln € w,

(3) if {pn : 1 € w) is a sequence of elements of P such that p,y1 <, Pn
for alln € w, then there is a condition ¢ € P such that for alln € w

q <TL p’rL;

(4) if I C P is pairwise incompatible, then for all p € P and for alln € w
there 1s ¢ € P such that ¢ <,, p and

{r € 1:q is compatible with r}

1s countable.

Lemma 1.20 (Baumgartner [3]). Condition (4) may be rephrased in terms

of forcing as follows:

(4°) For all p € P and for all n € w, if p Ik “r € V", then there is a
countable set x and q <,, p such that g IF 1 € T.

10



Proof. Assume (4). Let p € P be such that p I- “r € V”. Consider the set
D:={reP:r<pand (Ja€V)rlkr=a}.

Since for all ¢ < p there is r < ¢ and a € V such that r I- 7 = a, so D is not
empty. Note that such a is unique and denoted by a,..

Pick a maximal subset I of pairwise incompatible elements of D. By (4)
of the Definition 1.19, there is ¢ <,, p such that the set

{r € I : ¢ is compatible with r}

is countable.
For each r € I, pick a, € V such that r |- 7 = d,. Let  := {a, : r € I}.

So, x is a countable set.

Claim 1.21. g lF 7 € .

Proof of Claim: If ¢ < g and V is such that ¢’ IF 7 = a, then ¢’ € D, and
so it is compatible with some r € I. But then a = a, and so r IF 7 € 7.
This shows that the set of conditions that force “7 € &7 is dense below ¢. So,

qlF “Tex”. O]

Assume (4’). Let I be a pairwise incompatible subset of P. Let p € P and
n € w. Without loss of generality we can assume that [ is maximal.

Let 7= {(Z,p) : p € [ and = € p}. Note that 117 € I'N I, where I is
the canonical name for the filter G. So p IF “7 € V”. Hence by (4') there is
q <, p and a countable set x such that ¢ I 7 € 7.

We claim that {r € I : ¢ is compatible with r} C x, and so it is countable.
Let r € I be such that ¢ and r are compatible. So, there exists s < ¢ and
s <r. We have that sl-7 € %. But sl “7 =7". O]

Cohen forcing
Cohen forcing, denoted by C, is the set 2<“ of all finite binary sequences

ordered by reversed inclusion.
The forcing & (w)/fin

11



Let fin = [w]<“ be the ideal of finite sets and let U := (£ (w)/ fin, <)
be the partial order whose conditions are infinite subsets of w, ordered by

p < q if and only if p C* ¢, that is, if and only if p is almost contained in q.

Lemma 1.22 (Mathias [18]). Let ¥ be a U-generic over V', then ¥ is a
Ramsey ultrafilter in V[V].

Proof. We reproduce the proof of the Fact 3.4 in Halbeisen’s article [12].
First note that U is o —closed, hence adds no new reals to V. Let = € 21°,
by the Ramsey theorem for each p € [w]¥ there exists a ¢ C* p such that 7

is constant on [q]?. Therefore
H, = {q € [w]”: 7[[q)? is constant}

is dense in U, hence H, N ¥ # (). O

1.2.1 Mathias forcing

The following notion of forcing is due to Adrian Mathias [18].

Mathias forcing, denoted by M, is the set of pairs (a, A) where a € [w]<¥
and A € [w]* and such that max(a) < min A. First part a is called the “stem”
of the condition (a, A). And the ordering is given by:

(a, A) < (b, B) < b is an initial segment of a, A C B
and Vi € a \ b(i € B)
Let & be an arbitrary free family, Definition 1.3. Mathias forcing restricted
to &, denoted M(&) = (Mg, <), is defined as follows:

Mg ={(a,z):a € [w]**, z € & max(a) < minz}

and < as in Mathias forcing.
If G is a generic filter for the Mathias forcing, over the ground model M,
let z¢ be the set

TG = U{s : (s, A) € G for some A}.

12



By standard density arguments, x is an infinite subset of w. x4 is called a
Mathias real (over M). The filter G is determined by = = x, as

G={(s,A):sCxCsUA}.

Mathias forcing satisfies some interesting properties, which are listed be-

low with references to their proofs.

Lemma 1.23. If x is a Mathias real over V, then x is a dominating real

over V.
Proof. See proof of the Lemma 1.15 in [14]. O

Given a condition (a, B) € M, and a sentence ¢ of the forcing language,
we say (a, B) decides ¢ if (a, B) IF ¢ or (a, B) IF —¢.

Next lemma is known as the Pure decision property for M. It says that for
any condition (a, A) every sentence can be decided by strengthening (a, A)

while keeping the same stem.

Lemma 1.24 (Mathias). Let ¢ be a sentence of the forcing language M and
let (a, A) be a condition. Then there exists and infinite set B C A, such that
(a, B) IF ¢ or (a, B) IF —¢.

Next theorem is due to Mathias (see also [15], Theorem 26.38).

Theorem 1.25 (Mathias). Let M be a transitive model of ZFC. An infinite
set x C w is a Mathias real over M if and only if for every mazimal almost
disjoint family o/ € M of subsets of w, there exists an X € of such that
x — X is finite.

Proof. See Theorem 26.35 in [15]. O

Corollary 1.26 (Mathias). If = is a Mathias real over M and y C x is
infinite, then y is a Mathias real over M.

Theorem 1.27 (Baumgartner). Mathias forcing satisfies Aziom A.

Proof. See the proof of Corollary 26.38 in [15]. O

13



Definition 1.28 ([18]). For s € [w]|<¥, let 57 := (maxs) +1. A set x Cw
is said to diagonalize the set {zs : s € [w]<“} C [w]*, if x C xg and for all

s € [w]=, if max s € x, then x \ §T C z,.

For o C [w]“ we write file/ for the filter generated by the members of
o, i.e., fila/ consists of all subsets of w which are supersets of intersections

of finitely many members of 7.

Definition 1.29 ([18]). A free family & is called a happy family if whenever
fil{zs : s € [w|<¥} C &, then there is an x € & which diagonalizes the set
{zs:s € w<}.

Theorem 1.30 ([18]). If <7 is a happy family, then the forcing notion M(<?)
adds generically a Ramsey ultrafilter % and M(e) ~ o * M(%) A special

case: M~ P (w)/ fin « M(% )

Proof. See Lema 3.5 in [12]. O

1.2.2 The forcing P*

We denote by FIN the set of all finite non empty subsets of w. For s and ¢
in FIN, we write s < t if max(s) < min(¢).
If X is a subset of FIN, then we write FU(X) for the set of all finite

unions of members of X, excluding the empty union.

Definition 1.31. Let I be a natural number or I = w. A finite (an infinite)
block sequence is a sequence P = (d;)ics of finite subsets of N such that
d; < diyq1 for alli € I. The set (FIN)“ is the collection all infinite block

sequences of elements of FIN.

Given an infinite block sequence %, we define FU(Z) as before, i.e.,
viewing & as a collection of finite subsets of natural numbers. If & is the
empty sequence, then FU(Z) = 0.

Given 7 and & in (FIN)“, we say that Z is a condensation of &, written
9CE it P CFUE). Ifse FIN and 2 € (FIN)* we denote

P\ s:={t € Z:min(t) > max(s)}.

14



If s is a singleton {n} then we simply write Z \ n, instead of Z \ {n}.

Definition 1.32. The partial ordering P* is (FIN)“ with the ordering C*
defined as follows: if P and & are in (FIN)¥, then 9 CT* & iff there is ann
such that 2 \ n is a condensation of &.

Proposition 1.33. The partial ordering P* is o-closed.

Proof. Let {Z,, : n € w} C (FIN)“ such that Z,.1 C* 2, for each n. We
shall inductively construct & € (FIN)¥ such that Z is a condensation of
9,, for all n € w.

We have 2y = (d))jew. Let by = df, since 2y = ) there are m/ € w
such that 2, \ my C %,.

Assume we have by < by < ... < b, such that t; € %; 7 < n and
t; € FU(Z;-1) for all j € {1,...,n}. Since D41 T Dy, there is m), ., € w
such that 2,11 \ m,,., T %,. Let m,41 = max{m,_,, maxt,}, we take

bni1 € Dns1 \ Mus1, then b, < b,.1 and b1 € FU(Z,). Let Z = (by)new-
It is clear that # € (FIN)¥.

Claim 1.34. ZLC* 9, for alln € w.

Proof of Claim: Note that Z\ m; C 2; \ m; C 2;_; for all j > 1.
Thus # C* 9, for all n € w. We have proved the claim. [

1.2.3 Matet forcing

Definition 1.35 (Blass [5]).

1. A filter % on FIN is said to be an ordered-union filter if it has a basis
of the form FU(Z) for & € (FIN)*.

2. An ordered-union filter is said to be stable if, whenever it contains
FU(Z,) for each of countably many sets ,, € (FIN)*“, it also contains
FU(&) for some & € (FIN)“ that is a condensation of each 9.
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3. If F is an ordered-union filter, we let F | (FIN)* be the set of all
2 € (FIN)® such that FU(2) € 7.

Definition 1.36 ([8]). We say that a set 5 C (FIN)“ is Matet-adequate
if:

1. S is closed under finite changes, i.e., if A € 7€ and A A\ B is finite,
then B € 7.

2. H 1s closed upwards: A € € and A °* B implies B € .

3. (A, C*) is countably closed, i.e., if {A, :n € w} C I and, for all n,
An1 EF A, then there is a B € € such that B °* A, for each n.

4. If A€ 5 and FU(A) is partitioned into 2 pieces, then there is a B C A
in F so that FU(B) is included in a single piece of the partition.

We refer to condition 4 as Hindman property.

The most obvious example of a Matet-adequate family is (FIN)“ itself.

If % is a stable ordered-union ultrafilter, then
U | (FINY ={2 € (FIN):FU(9) e ¥}

is another example of a Matet-adequate family.

The following notion of forcing is due to Pierre Matet [17]. We use Eis-
worth’s formulation in [8]. Note that stable ordered-union ultrafilters are
Matet’s Milliken-Taylor ultrafilters.

Definition 1.37 ([8]). Let 5 be a Matet-adequate family. We define a no-
tion of forcing MT (7€), Matet forcing with respect to S, as follows: A
condition p is a pair (s, D) where s € FIN, D € 5, and max s < mind for
d € D. A condition (s, D) extends (t,E) if s Ot, DC E, and s\t € FU(E).

If G is any generic subset of MT(.), then
U{s . for some D € 5, (s,D) € G}
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is a subset of w that we call a Matet real. A condition (s, D) € MT(5)
should be thought of a promise that the Matet real will have s as initial
segment and will consist of unions of elements of D.

Given (s, D) € MT(5¢), we define

[s, D] :={x € [w]” :x=5sU Ud" for some I € [w]“}

i€l
where D = (d;)ic.-

We are going to consider two special cases:
o If /7 = (FIN)“, we denote MT(.5#) by MT.

o If =% | (FIN)“, where % is a stable ordered-union ultrafilter,
we denote MT(5#) by MT(% ).

The next results are essentially the same as those obtained by Blass in

his investigation of Matet forcing (see also Eisworth’s article [8]).

Proposition 1.38 ([8]). Let 5 be Matet-adequate family. If G is any generic
subset of A, then in the generic extension V|G|, the set

Uz ={X CFIN:X DFU(A) for some A € G}
s a stable ordered-union ultrafilter.
Proof. See the proof of Proposition 3.2 in [8]. O

Theorem 1.39 ([8]). If 5 is a Matet-adequate family and % is the canon-

ical 7€ —name for the generic stable ordered-union ultrafilter, then

MT() ~ A « MT (% ).
In the special case that A = (FIN)®, we have MT ~ P* « MT(%).
Proof. See the proof in [8], page 458. ]

17



Lemma 1.40. Let % be a stable ordered-union ultrafilter. If (s, 2) € MT(% )
and 0 is a sentence of the forcing languagje, then (s, Z) has a pure extension
deciding 0, i.e., there is a condensation & of P in % | (FIN)“ such that
either

(s,&)IF 0 or (s,&)IF 6.

Proof. See proof of Lemma 2.6 in [8]. O

Both Andreas Blass and Claude Laflamme proved (independently and
unpublished) that “traditional” Matet forcing (i.e., no ultrafilters involved)
preserves p-points ultrafilters in the ground model, i.e., if ¥ is a p-point,
then in the generic extension every subset of w either contains or is disjoint
from a set in . Their result can be recovered from Theorem 4 in Eisworth’s
article [8] by viewing traditional Matet forcing as a two-step iteration, where
one first adjoins a generic stable-ordered ultrafilter %/, and then forces with
MT(% ).

Definition 1.41. Let % be a stable ordered-union ultrafilter. The core of % ,
denoted by (%) is defined by

X € ®(%) if and only if Y € U with UY C X.
The following proposition summarizes some facts about ®(% ).
Proposition 1.42 (Eisworth [8]).
1. 9(%)={Xecw: [ X|¥Yew}.
2. ©(%) is a p-filter.

3. ©(%) is not diagonalized, i.e., there is no infinite Z C w such that Z

is almost included in each member of ®(% ).
4. Forcing with MT(% ) adjoins a set that diagonalizes ®(% ).

Proof. See the proof of the Proposition 2.3 in [§]. O

18



Proposition 1.43 (Eisworth). Let ¥ be an ultrafilter on w, and suppose
there is a finite-to-one function f for which f(®(%)) C ¥ . Then forcing
with MT (% ) destroys V.

Proof. See the proof of the Proposition 2.4 in [8]. O

Definition 1.44 (Blass [7]). If F is a filter on a set I and f is a function
from I to some set J, then f(F) is the filter on J defined by

X € f(ZF) if and only if fH(X) € Z.

If F and 9 are two filters on w, we say that 4 lies below F in the Rudin-

Blass ordering, written G <gpp -%, if there is a finite-to-one function f with

@) < [(7).

Corollary 1.45. If ¥ is an ultrafilter above ®(%) in the Rudin-Blass or-
dering, then forcing with MT (%) destroys ¥ .

Proof. See the proof of the Corollary 2.5 in [8]. O

Theorem 1.46 (Eisworth [8]). If ¥ is a p-point that is not above ®(%) in
the Rudin-Blass ordering, then continues to generate an ultrafilter after we

force with MT(% ).
Proof. See proof of the Theorem 4 in [§]. O

Corollary 1.47 (Eisworth [8]). Matet forcing preserves p-points.

Proof. By the Theorem 1.39, we have MT ~ P* « MT(% ). Let ¥ a p-point
ultrafilter in V', then ¥ is p-point ultrafilter in intermediate extension, be-
cause P* is o-closed (Proposition 1.33), so we are not adding new reals. By
a forcing argument we have that 7 is not above ®(%/) in the Rudin-Blass
ordering, so by Corollary 1.45 and Theorem 1.46, MT (%) does not destroy
V. O

Corollary 1.48. Matet forcing does not add splitting reals over V.
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Proof. Assume towards a contradiction that there exists a splitting real
over V in a MT-generic extension of V. Let ¢ € MT be such that ¢ I+
“r is splitting real over V. Let G be a Col(wy, < ¢)-generic filter. We have
that C'H holds in V[G], so by Theorem 7.8 in [15] there exists a p-point fil-
ter. Let ¥ a p-point filter in V[G]. Since Col(wy, < ¢) is o-closed we are not
adding new reals, hence Z(w)V = Z(w)"l¢. Let H be a MT-generic filter
over V[G] such that ¢ € H. Note that in V[G|[H] the interpretation 7 of
T is a splitting real over V. By Theorem 1.46, there exists v € ¥ such that
v C 7 or v N 7y = (), which is a contradiction to the definition of splitting

real over V. OJ

1.3 Proper forcing

Proper forcing was introduced by Saharon Shelah, who isolated properness
as the property of forcing that is common to many standard examples of
forcing notions and that is preserved under countable support iteration, see
[21] and [22].

A partial order P is said to be proper if and only if for any uncountable
set X and every stationary set S C [X]¥, IFp “S is stationary subset of [X]+”.

An equivalent characterization which is easier to work with is the follow-
ing. If A is a regular uncountable cardinal and NV is a countable substructure
of H(A\) with P € N, then we will say that p € P is a (IV,[P)—generic con-
dition if and only if for every maximal antichain A of P that belongs to N
we have that A N N is predense below p, i.e., for every ¢ < p there exists

r € AN N such that ¢ and r are compatible.

Definition 1.49. P is proper if and only if for every A > 2 and every
countable elementary submodel N of H(\) with P € N, for everyp e PN N

there is a (N,P)-generic condition stronger than p.

Proposition 1.50. The following are equivalent:
a) pis (N, P)-generic.
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b) p forces that G N N is P-generic filter over N.

Theorem 1.51. If P satisfies Aziom A, then P is proper.

Proof. See Lemma 31.11 in Jech’s book [15].
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Chapter 2

Ramsey’s Theorem

" — X, where n is a natural number

We are interested in functions h : [A]
and A is a cardinal. We often refer to any such function h as a partition of
[A]" (into < A classes), or a coloring of [A]" into < A colors.

If h : [A]" — A, a subset H of A is called homogeneous for h, or
h—homogeneous, if and only if h is constant on [H|", i.e., if and only if
h(X) = h(Y) for all X, Y € [H]". The notation (k) — (a)%, for x and A
(finite or infinite) cardinals, o an ordinal, and n a natural number, means
that for every partition h of [k]™ into < A classes there is an h—homogeneous
set of order-type a.

Notice that if x is an infinite cardinal, A is a subset of k of cardinality x
and k£ — ()% holds, then every partition f : [A]" — A has an f—homogenous
set of order-type a.

We will give a proof of Ramsey’s Theorem using forcing arguments.

n
m-

Theorem 2.1 (Ramsey [19]). For every n,m >0, w — (w)

We will take care only of the case m = 2, the general case can easily be

proved by induction on m.

Proof. We proceed by induction on n > 1. By the Pigeonhole principle we

n+1

have it for n = 1. Given n > 1 and given g : [w]"™" — 2, we must conclude

that there is an infinite g—homogeneous set.
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Assume that there is no H C w infinite such that H is g—homogeneous
of color 0. We will produce an infinite g—homogeneous set of color 1.

We define a partial order Py; = (P, <*) as follows: the elements of P
are of the form (a, A) where a € [w]<¥, A € [w]¥, a < A, which means
max(a) < min(A), g(z) =1 for all x € [a]"*!, and for every j € {1,...,n},
every y € [a)’, and every x € [A]"™7 g(yUz) = 1.

Given two elements of (a, A), (b, B) € P, we define (b, B) <* (a, A), as in
Mathias forcing, if and only if a is an initial segment of b, B C A and for all
ze(b\a) (zeA).

We have that P is not empty because (0,w) € P, and <* is clearly

reflexive and transitive.

Claim 2.2. Given a condition (a, A) € P we can extend it, i.e., there exists

m € A and there exists B C A infinite with k > m for all k € B such

that g({m} Uy) =1 for all y € [B]". Note that then (b, B) <* (a, A) where
=aU{m}.

Proof of Claim: Assume, towards a contradiction, that for all m € A and for
all BC Aif g({m}Uy) =1 for all y € [B]™, then B is finite.

Let mg = min A, and let g,,, : [A\ {mo}|" — 2 be defined as g, (y) =
g({mo} Uy). By inductive hypothesis there is By C A\ {my} infinite such
that g, [ [Bo]™ is constant. By our assumption g,,, | [Bo]" is constant with
value 0.

Assume that we have elements mg < m; < ... <my in A and

B, C...CByCA

are such that m; = min B;_; for all j € {1,...,k}, the function
gm, © [Bj—1 \ {m;}]" — 2

is defined as g, (y) = g({m;} Uy), and gn, | [B;]" is constant 0 for all
jed{l,....k}
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Then let my,1 = min By, and let g, @ [Bp \ {mr41}]" — 2 be defined

I (Y) = g({ma1} Uy).

By the inductive hypothesis and our assumption, there exists

Bji1 C B\ {mp41}

infinite such that g,,, ., [ [Br1]" is constant 0.
Inductively we have constructed H = {m; : i € w}. We claim that ¢ |
[H]™*! is constant 0, which yielding a contradiction to our initial assumption.

For y € [H]™"!, the least element of y is m;, for some j € w. Then

9(y) = g({m;} U (y \ {m;})) =0
because y \ {m;} € [Bj+1]". This proves the claim. =

For every n € w we define D, = {(a, A) € P : |a|] > n}. Note that D, is a
dense set for all n € w and consider 7 = {D,, : n € w}. Let G a Y —generic
filter in PP, ; and

S = U{a € [w]=¥ : A € [w]* such that (a, A) € G}.

By the claim we have that S is infinite.

We shall prove that and g | [S]"™! is constant 1. Let y € [S]"*!, where
vy ={Yo,---,Yn}, then there exist (ag, Ao), ..., (an, An) in G such that every
element y; € a; for all j < n. Since G is a filter there is (b, B) € G such that
(b, B) extends (a;, A;) for all j < n. Then y € [b]"™, and so g(y) = 1. Hence
S is g—homogeneous with color 1.

O]

Given a partition g : [w]*> — 2, by Ramsey’s Theorem there exist X € [w]*

and some i € {0, 1} such that X is g—homogeneous with color i. We define
My ={(s,A4) : s € [X]|**, A € [X]” and maxs < min A}
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and we define the ordering relation between elements in My as in Mathias
forcing. Then Mix order is isomorphic to Mathias forcing.
If P is a partial order and p € P, P | p is the suborder of P whose elements

are in P below p.
Theorem 2.3. The following statements are equivalent:

1. Py; is non trivial, i.e., every condition can be extended in the finite

part.

2. Fvery infinite set of natural numbers has an infinite set X such that

]P)g,i f(q)aX) :MX'

3. Fvery infinite set of natural numbers has an infinite set X such that X

s a g—homogeneous set of color 1.

Proof. 1—2. Assume that P,; is non trivial. Let Y be an infinite set of
natural numbers. Consider the condition (0,Y) € P,; and let G be a P ;-
generic filter such that (0,Y") € Py,;. Then there exists X € [Y]* such that
g | [X]? is constant with value i.

Consider the partial order Py; | (0,X), i.e., all elements in P,; below
condition ({), X). Then the id function is an isomorphism between the partial
orders (P,; | (0,X),<*) and (Mx, <).

2—3. Let Y be a infinite set of natural numbers, by assumption there
exists X € [Y]? such that P,; | (0, X) = Mx. The id function is an iso-
morphism between the partial orders (P,; [ (0,X),<*) and (Mx, <). Let
{n,m} € [X]?. Assume that n < m and let

A={reX:z>n}and B:={zre X 2 >m}.

Then the conditions ({n}, A), ({n, m}, B) belong to M(X) and ({n,m}, B) <
({n}, A). By the assumption ({n,m}, B) <* ({n}, A), in particular g({n,m}) =
i. Hence g | [X]? is contant i.

3—1. It is trivial. O
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Chapter 3
Hindman’s Theorem

In this chapter we will define a partial order associated to Hindman’s theorem
([13]) and we will give a proof of Hindman’s theorem using forcing arguments
relative to this partial ordering. Our proof uses some lemmas from Baum-

gartner’s proof of the theorem, in [2].

Definition 3.1. Let H C w. FS(H) = {}_,.,n : a € [H]** and a # 0},
FS(H) is called the sum-set of H. For example:

FS({2,3,7}) = {2,3,5,7,9, 10, 12}.

Theorem 3.2 (Hindman [13]). If w is finitely colored, then there exists H

an infinite subset of w, such that FS(H) is monochromatic.

Call Z a disjoint collection if & is an infinite set of pairwise disjoint finite

subsets of natural numbers.

Theorem 3.3 (Baumgartner [2]). Let [w]~% = €U...U%,. Then there exist
0 < i<k and a disjoint collection 9 with FU(2) C €;.

Lemma 3.4. Theorem 3.3 implies Hindman’s Theorem.

Proof. Let k > 1 be a natural number and let A : w — k be a coloring of w

<w

with k colors. Consider the canonical bijection ¢ : [w]<“ — w, that assings

each s € [w]<¥ to n, = >, 2". Then [w]<* = GU...U%),_ where
% = {s € W™ : hlg(s)) = i}
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for i € {0,...,k — 1}. By Theorem 3.3 there exists 0 < ¢ < k and a disjoint
collection Z with FU(Z) C €.

Let H :={g(d) : d € Z}. It is clear that H C w is infinite. Let s € [H]<¥
with s # 0. Then s = {ao, ..., an}, where ag = g(d;,), - .., am = g(d;,,)-

We have:

hlag+ ...+ am) = h(g(dj,) + ...+ g(d;,) =h(> 2 +...+ > 2)=

led;, led;,,
l=m
hC Y 2 =hglJdy) =i
relUi=y dj, =0
Hence h [ F'S(H) is monochromatic. O

On the class of disjoint collections of finite subsets of natural numbers,
we define a partial order C by 2 C Z if and only if 2, C FU(9).

Definition 3.5. Given a collection of finite subsets of natural numbers €,

we say € is large for 2 if € N FU(2y) # 0 for all 2, C 9.

Lemma 3.6 (Decomposition Lemma, Baumgartner [2]). Assume that € is
large for 9 and € = 6,U...U%,. Then there exists 0 <1 < k and 2, C 9
such that 6€; is large for 9.

Proof. By induction on k.

Let k = 1. If € = 6,U%, and %, is not large for &, then 6,NFU (%) =
for some 2, C 9. Let 9, C 2. Since € is large for 2, € N FU(Z,) # 0,
s0 61 N FU(2,) # 0 (because FU(Z,) C FU(%Z,) and 6, N FU(2,) = 0).
Hence % is large for &.

Assume now that the statement is true for k.

Let € = %yU...U%)y1. Assume that € is not large for 2. Then there is
2, C 2 that is large for 61U .. U%41. By the inductive hypothesis, there
is 2, C 2y and i € {1,...,k+ 1} such that %, is large for ;. O

Define ¢ —s:={ce € :cns=0}.
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Lemma 3.7 (Baumgartner). If € is large for 9 and s is a finite subset of
w, then € — s is large for 9.

Proof. Suppose that there is 2y C 2 such that (¢ — s) N FU(%,) = 0. Let
Dy ={d € 2, : dNs = (}. Note that %, is infinite since s is finite. Then
€ NFU(Z,) =0, but 5, C 2, and we reach a contradiction.

[

Lemma 3.8 (Baumgartner). If € is large for 9, there ezist s € FU(Z) and
D C D —s suchthat 6, ={t€ € —s:tUs €€} is large for D.

Proof. Let us first prove the following.

Claim 3.9. There exist n and dy,...,d, € & such that, for every d,.1 €
FU(2) disjoint from dy U ... Ud,, there exists non-empty I C {1,...,n}
such that d,y 1y UJ.., d; € €.

el
Proof of Claim: Suppose, otherwise. If I C {1,...,n}, let us write d; for
Uies di- Thus, for all n € w and for all dy, ..., d, € Z thereis d,,;, € FU(2)
disjoint from dy U ... U d, such that d,, Ud; & € for all I C {1,...,n},
I#0.

Suppose that we have di, ..., dy, elements of FU(Z), that are pairwise
disjoint and such that every finite union of them does not belong to €. By
assumption, there is dyy1 € FU(Z) disjoint from d; U ... U d; such that
dppr Udyp € € for all I C {1,...,k}, I # 0. In this way, we construct
9" ={di,dz, ...} C 2 such that € N FU(2') = 0, which is a contradiction.
]

Continuing with the proof of the Lemma, fix d;,...,d, € Z and write d*
fordyU...Ud,. For 0 £ T C{1,...,n} we let

€ ={ce€:cnd =0,cud; € €}

We claim that 7,U...U%, is large for 2, where {I1,...,I;} is a list of
all nonempty subsets of {i,...,n}. For if ' T 2, then define

9" ={de P :d>d}.
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So, 2* C 2 and since € is large for & there exists d € FU(Z*) N %. In
particular, d € FU(2') N FU(Z) and d is disjoint from d* so dUd;, € € for
some ¢ € {1,...,k}. Thus,

def{ce€ :cnd =0and cUd;, € €} =%,

Since ¥ — d* C 9,
€LV ... Ue),

is also large for 2 — d*, so by Lemma 3.6 there is ¢}, large for some 2’ C
2 — d*. And this proves the lemma with s = dj,, because ¢}, C €. O

Lemma 3.10 (Baumgartner). If € is large for &, then there exist s’ €
FUZ)NE and ' C 2 — §', such that

¢ ={te€:tNs' =0 andtUs € ¢}
is large for 9'.

Proof. Notice that only the requirement s’ € % distinguishes Lemma 3.10
from Lemma 3.8. We apply Lemma 3.8 repeatedly. Beginning with 6, = €,
Do = 2, we find, for i > 1, s;, €;, Z; with s;.1 € FU(%;) so that

Gi1={T €% :TNsiy1=0,TUs;11 €E}

is large for 2,11 C &; and DN U;J:l s; =10, for all D € FU(D;41).

Note that 6,1 C 6 for all i € w, and if T' € 6,1 then T U s € € and
T N s = () for all partial unions s of the sq,...,s;11.

We define 2* := {s; : i > 1}. So, Z* is a disjoint collection and Z* C 2.
Since FU(2*)N€ # (), we can find i; < ... < i such that

s=s,U...Us; €F.

If t € %, then t € ¢’ and Lemma 3.10 holds with ' = 2, as 6;, C
' O
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Notice that given a disjoint collection & we can obtain an infinite block
sequence from it, recall Definition 1.31, in fact, some 2’ C & is an infinite
block sequence. By convenience when we say z is an element of a finite (an
infinite) block sequence, means that z is equal to some element of the range

of the finite (infinite) block sequence.

Theorem 3.11. If € is large for &', then there exists & T 2’ such that
FU(&)C¥.

Proof. Assume that ¢ is large for 2'. We are going to define a partial order
and by a forcing argument we shall obtain & with the desired property.
We define

(3.0.1) Py.o = (P, <¢)

as follows: the elements of P are of the form (A, 2), where A = (zo, ..., 2p)

is a finite block sequence of finite subsets of natural numbers such that
FU(A) C ¥, 2 = (d;)ie. is an infinite block sequence such that 2 C 2’ and
A< 2, ie., max(z,,) < min(dy), and

¢ ={ye FU(2)NE :Vx € FU(A)(zUy € €)}

is large for 2.

Given two elements in P, (A, 2) and (B, %), we let (B, %) <¢ (A, P)
if and only if A is an initial subsequence of B, in this context we only write
BDA BC ZandVre B\ A(xe€ FU(2)).

Note that ({),2’) € P and the ordering relation <¢ is reflexive and

transitive.

Claim 3.12. FEwvery condition in P can be extended in the finite part.

Proof of Claim: Let (A, 2) be a condition in P, with A = (zq,...,2,). We
have, in particular, that €™* is large for 2.
By Lemma 3.10 there are s € €* N FU(Z2) and & C 2 — s such that

¢ ={2€€¢ :sNz=0and 2Us € €}
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is large for &.

Since s € €%, s € FU(Z)N %€, and for all v € FU(A) we have ztUs € €,
so FU(A™(s)) C €.

Let 7* ={d € & :d > s}.

We shall prove that the set

F ={ye FU(Z")NE Ve € FU(A (s))(x Uy € ¥)}

is large for 2*. Let 2" C 2*. Since ¢” is large for &, FU(2")N€" # 0. So
there exists z € FU(2") such that z € €*, z > s, and 2z U s € €*. Thus,
ze 7.

Hence (A~ (s), 7*) € P and (A™(s), Z*) <¢ (A, Z). We have proved the
Claim. O

For every n € w we define D,, :== {(A4,Z) € P : |A| > n}. Note that D, is
a dense set for all n € w and consider D = {D,, : n € w}. Let G a D-generic

filter in Py 4 and let
& = U{A : 392 such that (A, 2) € G}.

It is clear, by standard density arguments, that & is infinite. Moreover,
FU(&) C €, because if © € FU(&), then there exist xg,...,x, € & such
that © = sz? z;, hence there are (A;, ;) € G such that z; is an element of
the finite block sequence A;. Since G is a filter there exists (B, Z) € G such
that (B, 2) <¢ (A;,%;) for all j € {0,...,m}. By definition of the partial
order, FU(B) C %, and so = € ¥.

[

Corollary 3.13. If [w]<¥ = %,U%,, then there exists an infinite block se-
quence & such that FU(&) C €; for some i € {0,1}.

Proof. Since [w]<“ is large for ({i});cw, by the Decomposition Lemma 3.6,
there is ' C ({i})ic, such that € is large for Z' for some ¢ € {0, 1}. By the

Theorem 3.11, there exists & C 2’ such that FU(&) C €. O
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Remark 3.14. The Corollary above remains true if, instead of partitioning
[w]<¥ one partitions FU(2) where 2 is a block sequence. Then the homoge-
neous set & given by the theorem is such that & C 2.

Note that Corollary 3.13 implies Theorem 3.3, by Remark 3.14.

33



34



Chapter 4

The Prjy forcing and its

properties

Let & be a family of finite subsets of natural numbers and Z a infinite block
sequence such that % is large for . Consider Py 4 the partial order that
was defined for proving Theorem 3.11, (3.0.1).

Let Priv = Prin,i})ie.- Note that the elements of Pr;y are all pairs
of the form (A, Z), where A = (xg,...,z,) is a finite block sequence, and
9 = (d;)ic. is an infinite block sequence such that A < Z2. And the ordering
is denoted by <prn and defined as in (3.0.1): given two elements (A, ) and
(B, %) in Pprn, we let (B, %) <piv (A,2) if and only if A is an initial
subsequence of B, ZC & and Vx € B\ A (x € FU(2)).

From now on, % is a fixed set that is large for ({i})ic., and Py =
Pe (ipica-
Definition 4.1. Let A = Ay be the set of all pairs (A, 2) such that A is

a finite block sequence and 2 is an infinite block sequence with A < & and
FU(A~9) C €. Thus, A C Py.

Lemma 4.2. A is a dense subset of Py.
Proof. Given (A, 2) € Py, let
¢ ={ye FU2)NE :Vx € FU(A)(zx Uy € €)}.
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By definition of Py, €” is large for &, and by the Theorem 3.11 there exists
7' C Z such that A < 2’ and FU(2') C ¢". Clearly, (A, 2') <¢ (A, 2).
We check that (A,2') € A. Note that FU(A) C €, by definition of
Py. And FU(2') C €' C €. If v € FU(A) and y € FU(Z'), then since
FU(2'") C %", we have that t Uy € €. That is, FU(A~2') C F.
O]

Lemma 4.3. If (A,2) € A and (A, ') <pin (A, D), then (A", D') € A.

Proof. Suppose (A,2) € A and (A", 2") <pin (A, D).

Let x € FU(A') and y € FU(Z'). We must conclude that z Uy € ¥.
Since x € FU(A’) there are z € FU(A) and u € FU(Z) such that z =
zUwu. Thus uUy € FU(Z). But then, since (4,%) € A and z € FU(A),
zU(uUy)=xUy € ¥, as desired.

[

Proposition 4.4. If (A, 2) € A and (A", 2") <pin (A, D), then
(A", 2') <4 (A, D).

Proof. Assume that (A, 27) € A and (A, ") <pin (4, 2). Since A C Py,
to show that (A, 2') <¢ (A, Z) it is enough to see that (A’, 2') € A, which
is the case by Lemma 4.3. [

Corollary 4.5. If (A, 2) € A then Prin | (A, 2) =Py | (A, D).

Proof. By Proposition 4.4, owing to the fact that the identity is an embedding
of ]chg into ]PFIN-
O]

Remark 4.6. Suppose G is a Py-generic filter over V, and let (A, 2) € ANG
(there is such (A, 2) by Lemma 4.2). Thus G | (A, 2) is a Py | (A, D)-
generic filter over V. and G is the filter generated by G | (A, 2). By corollary
4.5, G (A D) is a Ppin | (A, D)-generic filter over V. Let H the filter on
Prin generated by G| (A, 2). Then, H is a Priy-generic filter over V and
H|(A2)=G| (A 2), hence V[H] = V[G].

36



By the preceding remark for a dense subset of conditions (A’, ') of Py 4
we have Py g [ (A, 2') = Ppiy | (A, 2'), thus studying Pp;y allow us to
know Py », where ¢ is large for &, because of this, from now on we restrict
our attention to Pgryy.

The first question that we ask is: What is the relation between Mathias
forcing and Pr;n? Are they equivalent? If we look carefully at the definition
of Prry we may also ask about the relation between Matet forcing and Pgyy.
Are they equivalent? In order to answer these questions, we need to discover
what properties does Pr;n have.

Let G be a Pg;y generic filter over some ground model. Then
75 =\ J{A:32(A,2) € G}

is an infinite block sequence (a);c..

Like the Mathias real, the generic block sequence (a');c,, reconstructs the
generic filter.

Given a finite block sequence A and an infinite block sequence Z, we
define & — A as the infinite block sequence whose elements d are such that

foralla € A, a <d.

Lemma 4.7. The filter G is determined by * = D¢, as G is precisely the

set

Gg :={(A,2) € Ppiy : A is an initial block sequence of P*
and 9 — AC 9}.

Proof. 1t is clear that Gy« is a filter.

So let’s see that G = Gy~ .

Let (A,2) € G. Since 2* = |J{A : 39(A, 2) € G}, we have A is a
finite initial part of 2*. Let x € 2* — A. There is (B, %) € G such that
x € B. Since G- is a filter, there is (C, %) < (A, 2),(B, %) so x € C and
on the other hand A < z which implies x € C'\ A. Thus 2 € FU(Z) and
(A, 2) € Gy~
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Let (A4, 2) € Gg+. We will show that (A, Z) is compatible with all (B, 2’)
in G. Let (B, Z') € G, in particular we have that B is an initial part of Z*,
so AC Bor BC A. Assume that A C B. 2*— AL 2 and since (B, 2') € G
we obtain 2* — B C FU(Z'), in particular FU(2) N FU(Z') is infinite. We
can obtain an infinite block sequence of elements in FU(Z2)NFU(Z'), &, so
EC 2,9 then (B,&) < (A,2),(B,2'). Therefore (A, Z) € G. We have
proved the claim.
0

4.1 Pp;y is not equivalent to Matet forcing

Pr;ny and Matet forcing are not equivalent forcing notions. This is a conse-

quence of the following.

Lemma 4.8. Let f be a function from [w]< to w in V such that f]D)] is
infinite for all 2 € (FIN)* and such that for all 9 € (FIN)¥, f[FU(2)] C

fl2]. Suppose Z* is a block sequence that is Pprn-generic over V. Then
x = f|27¥] is a Mathias real over V.

Proof. Let &/ C [w]” be a maximal almost disjoint family in V' and suppose

G is a Pp;y-generic filter over V. Let
D ={(A,2) € Pp;y : Ja € & such that f[Z] C a}.

Claim 4.9. D is a dense subset of Pryy.

Proof of Claim: Let (A, 2) € Pprn. Since |f[Z]] = N, there is a € &
such that |a N f[Z]] = Ny. Consider & T Z such that f[&] C a, then
(A, &) < (A, Z) and (A, &) € D. This proves the claim. O

Thus G N D # (), and so there is (A, %) € G N D, which implies the
existence of an element b € &7 such that f[Z] C b.

Assume |A| = m. For all k > m, df € FU(2) where 2" = (d%);c,, is
the Pp;y-generic block sequence added by G. We have f(d$) € f[Z] C b.
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Letting © = f[2*], we have that  C* b. Thus x is a Mathias real by Theorem
1.25. O

Corollary 4.10. If 2% is the generic infinite block sequence added by Prry,
over V', then the images of Z* under the functions min and max are Mathias

reals over V.
Corollary 4.11. Pg;y is not equivalent to Matet forcing.

Proof. Since Pry adds a Mathias real, we have that Pr;y adds a dominating
real by Lemma 1.23. Thus it adds a splitting real, see Proposition 3 in [11],
but Matet forcing does not add splitting reals, by Corollary 1.48.

O

Note that given a natural number n > 1, the set D,, defined as

(4.1.1) {(A, 2) € Prin : Vo € 2(|x| = n)}

is a dense set.
Let k£ € w. We define a function f;, : FIN — w as follows: for x € FIN,
fr(x) is equal to the k+ 1-th element of z, if |z| > k, or equal to 0, otherwise.

Lemma 4.12. Let k € w. Suppose (A, D) € Ppin is such that |x| > k
for each v € 2. Suppose G is a Prrn-generic filter over V is such that
(A, 92) € G. Let mqg be the Mathias-generic real over V obtained by applying
the function fo to 2%, where Z* is the Prrn-generic block sequence added
by G, and let my, be the Mathias real obtained by applying the function f to
P*. Then Vme) = Vimy].

Proof. Suppose (A, Z) € G, where A = (aq, ..., a,) and mg = (x;);e,. Then
we define the sequence (y;);e., as follows: y; = fi(a;) for all j < m, and for
J > m, y; is the k-th element of the unique element d € & such that x; € d.
Then my = (Yi)icw € V]my), so V[mg] C Vmy].

Assume that we have my = (y;)ic,- Then we define the sequence (z;);c,

as follows: x; = fo(a;) for all i < m, and for all i > m, z; is the minimum
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element of the unique set d € 2 such that y; € d. Then mg = (;)ic, € V[my].
So Vimo] C V[my]. O

Lemma 4.13. If G is a Prn generic filter over V, then V[G] = V[(m)ic.],
where for each 1 € w, m; is the image of P*, the generic block sequence,

under the function f;.

Proof. Let 2* = (d$)sc, be the infinite block sequence added by G. For
each k € w we apply the function f; : [w]¥ — w to each element of 2%,
thus obtaining a sequence my, = (m?)j@u, where m;? = fk(de) for all j € w.
Clearly (my)rew € V[G], and so V[(mg)rew] C VIG].

We shall show that G € V[(m;)icw)-

Define, for k € w,

= {m} i € wh

Note that |d}| < R for all & € w. For k € w, let dy = dj, \ {0}. We have
that for all k € w, dy, < djy1, 1.6, maxdy < mindg, 1. Put 2% = (dg)ren. We
have that 2* € V[(m;)icw] and G = Gg-, by Lemma 4.7 G € [V(m;)ic.]
follows. [l

Remark 4.14. Note that by Lemma 4.12 all V[(m;)i<k]| (for arbitrary k)
are the same Mathias extension. By Lemma 4.13 V[(m;)ico| is the Ppiy
extension. We will see later (in section 5.2), that the two are not equivalent,

i.e., any V[(m;)i<k] is strictly contained in V [(m;)ic.]-

4.2 Pp;y decomposed as a two-step iteration

In [5] Andreas Blass defines the notion of stable ordered-union filter, and in
[8] Tod Eisworth defines the notion of Matet-adequate family. Both of them
prove that forcing with this kind of families adjoins a stable-ordered union
ultrafilter % . See Definition 1.35, Definition 1.36 and Proposition 1.38 in the

Preliminaries section above.
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Definition 4.15. Suppose % is a stable ordered-union ultrafilter. We define
a partial order Py as follows: the conditions are pairs (A, 2) € Prin such

that FU(2) € % . The ordering relation on Py is the same as in Pryy.

Notice that any two conditions with the same first coordinate are com-
patible, so Py is o—centered.

In 1.2.2 of the Preliminaries section we defined the partial ordering P* =
(FIN),C%).

P* = ((FIN)¥,C*) is a Matet-adequate family, see Definition 1.36. Let G
be a P*-generic filter, by Proposition 1.38 we add % a stable ordered-union

ultrafilter in the generic extension.

Lemma 4.16. Let % be the canonical P*-name for the P*-generic object,
then ]P)FIN ~ P* x P%

Proof. We have that
P+ P, = {(& (A, 2)): &P and & IFp. (A, 2) € P}

Let h: Prry — P* % P, be defined by: h(A, 2) = (2, (A, 2)).

We shall prove that h is a dense embedding.

It is clear that h preserves <.

Let (&£, (A, 2)) € P* xP,,. Since P* is o-closed (Proposition 1.33), there
is & C & such that

E'IF“A=Aand 2 = 9 for some A and 9.

We have (&, (A, 7)) € P*« P, and (&', (A, 2)) < (&,(A, 2)). I G is a
P*-generic filter over V such that & € G then (A, 2) € Py . So, FU(2) € ¥ ,
and there is 4 such that Z C &' and 4 T &. We have

h((A, B)) = (#,(A,8)) < (£,(A,2)).
So, h is a dense embedding. ]
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Proposition 4.17. Let G be a P*-generic filter over V. In V|G| we define
YV ={vy Cw:vy ={mind; : i € w} for some I = (d;)ic,, in G}.
Then ¥ is an ultrafilter on w.

Proof. We shall prove first that ¥ is upward closed. Let vy € ¥ for some
9 = (d;)icw, iIn G and suppose Y D vy. We shall find a ' = (d});c. such
that 2 C* 2’ and Y = vgy.

Let Y € [w]* such that vy C Y.

o IfycY and y ¢ UZ, then we define d, := {y}.

e If y is such that Y Nd = {y} for some d element of &, then d, := d.

o f Y Nd={yo,...,yx} for some d element of ¥, where k > 1, then let
dy={red:yy <z <yntify=y andi <kandd,={zred:
ye < a}if y =y

Note that y = mind,, for all y € Y.

Let ' = (d,)yey. Thus, 2 C* 2'. Since G is a filter, 2’ € G, and

Y ={mind, 1y € Y} = vg.

Let us now check that GG is pairwise compatible. So, let v4 and vy in 7.
Since  and 2’ are in G there is & € G that extends both 2 and 2'. Let
& = (€;)icw- Thus, ve = {mine; : i € w} € ¥. Since ve C vy N vy, we have
vg Nvg: € Y. Hence ¥ is a filter on w.

Let Y € [w] and

X ={de FIN : min(d) € Y}.

Since % is an ultrafilter we have that X € %; or (FIN \ X) € %;. If
X € %, then there is 2’ € G such that FU(2') C X. Then

vy ={mind.:i € w} CY

and so Y € ¥. The case FIN \ X € % is similar. Hence ¥ is an ultrafilter

on w.

]
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Notice that since P* is o-closed, forcing with P* does not add any new

subsets of w.

Proposition 4.18. Let U = (P (w)/fin, <) be defined as in Section 1.2.
Then ¥ as defined above, is a U-generic filter over V.

Proof. We already proved that it is an ultrafilter. So, it only remains to prove

that 7 is U-generic. Let D C U be an open and dense set and consider
D'={2 = (d;)ic, € (FIN)” : {mind, : i € w} € D}.
Claim 4.19. D’ is dense a subset of (FIN)“.
Proof of claim: Let 9 = (d;)ic, € (FIN)¥, and let
x ={mind; : i € w} € [W]”.

Since D is dense there is A € D such that A < z, i.e., A C* z. Note that
A\ (A\ z) € D because D is open. Let & = (d;);er where I = AN x. Then
we have & C* 2 and & € D'. Hence D’ is dense. O

We have D'NG # (), i.e., there is 9 = (d;)ic € D’ such that 2 € G. Let
vy = {mind; : 1 € w}.
So vy € DN Y. Therefore, ¥ is an U-generic filter. ]
Corollary 4.20. 7 is a selective ultrafilter on U.

Proof. All U-generic filters are selective, by Lemma 1.22 in Section 1.2 . [

4.3 Pp;y satisfies Axiom A
Lemma 4.21. For every (A, P) € Prin such that
(A, 2)IF “r € V"
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there exists * C 9 and x € V' countable such that
(A, 2%)IF T € i.

Moreover, 2* may be chosen so that if (B,%4) < (A,2%), a € V and
(B,#) Ik T =a, then (B,2* — B) IF 7 = a.

Proof. We will construct, by induction, a sequence (Z;);c., such that %, C
9;, foralli € w, and e; < e;41, for all i € w, where ¢; is the first element of the
block sequence %;. Let Yy = 9. Given %, consider all finite block sequences

S0, - - ., s of elements of FU({e; : i < n}). We shall obtain a sequence
Dy 3 ...2 D,

as follows:
Let 2§ = 9,. Given 27, if there is £ C 7' and a € V such that

(A7s;,8) IFT=a

then 77, = &. If there is none, then 7', ; = 7. Let ¢, the first element of
the block sequence 2}, and let Z,,,1 := ;'\ — (en).
Consider the infinite block sequence 2* = (e;);c.,. We define

x ={a € V : 3Y finite block sequence of elements in FU(Z") such that

(AYY, 2" =Y) Ik 1 =a}.
It is clear that z is countable.

Claim 4.22. (A, 2%)IF 1 € &.

Proof of Claim: Note that (A, 7*) < (A, Z). Since
(A, 2)IF “reV”

there is (B, 2') < (A, Z*) and a € V such that
(B,2')IF 1 = a.
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Let Y = B—A. Thus, Y is a finite block sequence of elements in FU(Z*).
Suppose that Y is a block sequence of elements in FU({e; : i < n}), then
Y = s; for some j in the n-th step. We have that

(A”s;, f+1) F7r=da
for some a’ € V. Since (A7Y, ') < (A7s;, Z7,), we have a = a’ and
(A™Y, 7" =Y) < (A7s;, D}11)
so a € x. Thus (A, %) I 7 € . We have proved the claim. O

We shall now prove the last part of the lemma. Let (B, #) < (A, %) and
a € V be such that (b, Z) I- 7 = a. We proceed as in the last part of the proof
of Claim 4.22. Letting Y = B — A, we obtain (A°Y, 2*-Y)lFr=a. O

Theorem 4.23. The partial ordering Pr;y satisfies Axiom A.

Proof. Let n > 1. We define (B, 2') <, (A,2) if and only if (B, 2') <
(A,2), A = B and the infinite block sequences Z and 2’ have the same
initial block sequence of size n. We define (B, 2') <, (4, 2) if and only if
(B,2") < (A, 2).

It is clear that Ppyy satisfies:
(1) for all p,q € P, p <o ¢ if and only if p < ¢ and
(2) for all p,g € Pif p<,41q,thenp <, gforallnecw

of the definition of Axiom A (Definition 1.19 in Section 1.2).
We now show that Ppyy satisfies condition (3). Let ((A4;,%;) : i € w) be

a sequence of elements in Pr;y such that
(Aiv1, Zin1) <i (Ai, D)

J
We define A = A; and & = (d}_,)1;. Note that dj is the first element of

;. Proceeding inductively, if df), ..., d:_; are the first i elements of Z;, then

dy, ..., d"" are the first i + 1 elements of Z;,;.

for all i € w, where Z; = (d) e, for all i € w.
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Then, for each i, since 2 C %;, we have that 2 C; 2; and (4, 92) <;
(Ai, Z;), for all i € w. Thus Py satisfies (3) of the definition of Axiom A.
We finally show that Pp;y satisfies (4'). Let n € w and (A, Z) € Pgy be
such that
(A, 2)IF “T eV,

Let Y = (dy,...,d, 1), the initial block sequence of size n of &, and let
So, ..., Sk be an enumeration of all block sequences that we can form with
elements of the set FU({dy,...,d,_1}). We let sy to be the empty sequence.
Let 2y = 2 — Y. Given %j, since

(A, D) I “TeV”

we have (A7s;, ;) IF “r € V”. By Lemma 4.21 there exist ;.1 C %; and
x; € V countable such that

(AASJ', @j-i-l) -7 e Zj.
Let x = zoU. ..Uz and Z* = Y "% 41. It is clear that (A, 2%) <,, (A, 2).
Claim 4.24. (A, 7*)IF 1 € &.

Proof of Claim: Let (B, 2") < (A, 2*). Then, Z := B — A is a finite block
sequence of elements in FU(Z*). If Z is a block sequence of elements in the

set

FU({do,...,dy-1})
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then Z = s; for some j € {0,...,k}. Then (A~Z, 2") < (A”s;, Zj11). Since
(AASJ'7 @j—&-l) -7 e Z;

we have (A~Z,2") Ik 7 € &. Similarly, if Z’ is an initial subsequence of Z
and Z' = s; for some j. If Z is a finite block sequence with elements in
FU(2*=Y), then (A~Z,2") < (A"s9, Z1) and (A"sg, Z1) I T € 2y, then
(A~Z,2") Ik T € i. O

This proves the claim and the lemma. O

4.4 Pp;y satisfies the Pure Decision Property

Theorem 4.25. Let ¢ be a sentence of the language of forcing with Prry. For
any (A, D) € Ppiy there is 7* T P such that (A, %) I- ¢ or (A, Z%) IF —p.

Proof. Let 7 be a name such that if G is a Pg;y-generic filter, then 74 = 0
if ¢ holds in V[G] and 7¢ = 1 if = holds in V[G], for example

=1{(0,(B, %)) : (B, %) - ~p}.

Note that IF 7 € {0,1} and for all (B, &) € Pr;y, (B, %) IF =0 if and
only if (B, %) IF ¢. And (B, %) I- 7 = 1 if and only if (B, %) IF —p.
By Theorem 4.21, there is 2’ such that if (E, &) < (A4, 2') and

(E,&)IFT=0

then (E,2' — E)IF7=0,s0 (E,2' — E) I ¢, respectively —.

For the rest of the proof, if YV is a finite block sequence of elements in
FU(Z'), let Y IF ¢ abbreviate (A”Y, 2" —Y) IF ¢, and similarly for —¢.

We are going to construct elements ey < e; < ... of FU(Z') and block
sequences %, J %, J ... such that Z; T 2’ by induction, as follows:

Let 9y = 2'. Given 2, find 9, ., T %, such that FU(%,_,) C ¢, for
some i € {0,1,2} where:

1. ¢o={de€ FU(Z,) :YY C FU({e; :i <n}) Y(d) IF ¢}
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2. 6 ={de FU(Z,) : VY C FU({e; :i < n}) Y (d) I =}

We are using Hindman’s theorem for finding such &, _ ;.

Let e, be the first element of 9, ., and let 2,11 := 2, — (en).

Letting 7* = (e;)jew, we have % C Z; for all j € w.

Now, suppose that (E,&) < (A, Z%) and (E,&) I+ ¢ (the case for =¢ is
similar).

Let |E| be minimal such that (E,&) Ik ¢. If |[E| = |A|, then E = A
and by assumption on ', (A, 2') IF ¢. And since 2* = &', we must have
(A, 2%) I .

If |[E| > |A], then E = A”Y, where Y = (2, ...,x,) and x; € FU(Z")
for all j € {0,...,m}. We have that z,, = e,, U...Ue,,. Let

n = min{ng,...,n}.

Then at the stage n we must have had for Y =Y — (x,,), Y'(d) I+ ¢ for
all d € FU(Z!,,,).

Claim 4.26. (A"Y", Z,.1) IF .

Proof of claim: Let (B, %) < (A”Y', Z,41). Then B = A~Y'"Z, where Z is
a finite block sequence of elements in FU(Z,.1). Note that the first element
29 of Z belongs to FU(Z;,), so Y™ (z) IF ¢. Since

(B, %) < (AAY/A<Z()>, 9, - (AAY/A<Z()>)

we have (B, %) I ¢. O

Since & C P,,11, we have (A"Y', &) IF ¢, contradicting the minimality of
|E|. O
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4.5 Pr;y does not add Cohen reals

Theorem 4.27. Prry does not add Cohen reals.
Proof. Let f be a Pr;y-name for a function from w to 2, i.e.,
1p, IF fro—2.
We will show that there is a dense set D of C such that for all p € D,
Lp, I f | dom(p) # p.

Since 1p,,, IF f: @ — 2, by the pure decision property for every (A, 9) €
Py and every k € w, there is 2’ C 2 such that (A, 2') decides f | j for all
j<k.

We can define (Z,, : n € w) and (a, : n € w) such that %, is an inifinite
block sequence, a,, = min Z,,, 11 C Y, a, < a,+1 and for each finite block

sequence t that we can form from the elements of the set
FU({a; :i <n})

(t,2,) decides f | 2b», where b, = 2.
Let p} be such that

(t: D) Ik f 125 = p}.
Let 2* = (a;)ic., and let
C:={¢qeC:Inecwdt CFUZ") (¢ p})}

Let D = C\ C. We will show that D is dense.

Suppose m < n and t is a finite block sequence with elements in
FU({a; :i <n})
and s is a block sequence with elements in
FU{a; :i <m})
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such that ¢ = s™r for some r. Since (¢, Z,) < (s, Zm), we have (t, Z,) and
(5, D) force the same value for f(k), for all k& < 2. Thus,

pi 20 =p.
Claim 4.28. |{qg € C : dom(q) = 2"}| < 2.

Proof of Claim: If ¢ € C and dom(q) = 2%, then ¢ = p! for some finite block
sequence ¢ with elements in FU({a; : i < [}). The number of such ¢’s is less
than

| 2(FU({a; :i < 1}))] = 2".

H
Claim 4.29. Ift = (xo,...,Tm) is a finite block sequence of elements in
FU(Z*) and n > max x,,, then
{g € C:p! Cq and dom(q) = 2"+1}| = g2ttt —2bn
Proof of Claim: Note that 22"+ /92" — 92"n+1-2" O

Let us check that D is a dense set. So let r € C. If r ¢ D then r € C| so
there is n € w and a finite block sequence t with elements in FU(Z*) such
that r C p?. There is ¢ such that p? C ¢, dom(q) = 2+ and ¢ ¢ C, because

bpgy < 20+t — 2bn,

Therefore g € D and g < r. O
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Chapter 5
Pr;ny and Mathias forcing

We have proved that Pr;y and Matet forcing are not equivalent in Section
4.1. It remains to answer the question about the relation between Mathias
forcing and Pgyy.

In this chapter we will prove that Pr;y and Mathias forcing are not
equivalent forcing notions. It is known that Matet and Mathias forcing are
not equivalent forcing notions, because Mathias forcing adds a dominating
real, so a splitting real, see the Lemma 1.23 and the Proposition 1.16, but
Matet forcing does not add splitting reals by Corollary 1.48.

First, we are going to prove that Pr;y adds a Matet real, and then we
will show that Mathias forcing does no add Matet reals.

In the last part of this chapter we will recall a forcing notion due to
Saharon Shelah and Otmar Spinas in [23], denoted by My, which is a sort of a
product of two copies of Mathias forcing. We are interested in the connection

between this forcing notion and Pgyy.

5.1 Ppr;y adds a Matet real

Recall Matet forcing (Definition 1.37) and the notion of projection (Definition
1.17).

Lemma 5.1. Matet forcing, denoted by MT, is a projection of Pry.

o1



Proof. Let m: Prry — MT be the function defined by

~((4,2) = (J4,2).

We shall prove that m witnesses that MT is a projection of Pgryy.

It is clear that 7 preserves order.

Let (A, 2) € Ppiy and (b, Z2') € MT be such that (b, 7') < 7(A, 2).
Then (b, 7") < (UA, 2),ie, | JACH Z'C Z,and b\|JA € FU(Z). Define
(C,2"):= (A~ (b\UA), ?') € Pr;y. Now notice that (C, 2") < (A, Z) and
©((C,2") < (b, 7). O

Corollary 5.2. Pr;y adds a Matet real.

5.2 Pp;y is not equivalent to Mathias forcing

We are going to prove that Prry is not equivalent to Mathias forcing. For
this we are going to show that Mathias forcing does not a Matet real. Given
&, a Ml—name for a real, and a Mathias condition (a, A) we will prove that
there exists a stronger condition with the same stem that forces & is not a
Matet generic real in the generic extension.

First we shall prove a lemma that gives us approximations to . Given
(a, A) we construct an infinite B C A and sets X;, with a C ¢t C aU B, where
X, is the set of approximations to ©. We are going to make a distinction
between finite X; and infinite X;, because this will be important for the

proof that Mathias forcing does not add a Matet real.

Lemma 5.3. If @ is a name in Mathias forcing M and (a, A) € M is such
that (a, A) IFy “@ € [w]*”, then there are B C A, B = {b : j € w} infinite,
and sets Xy, for all finite t with a Ct C a U B, such that

(1) Xy ={n € w:3C C B\ max(t)+ 1((¢t,C) IF “n € 2”)}.
(2) If X; is finite, then (t, B\ max(t) + 1) I X; C #.
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(3) If X, = {a : j € w} is infinite and B \ max(t) + 1 = {V : j > k}
for some k € w, then there is (1;);>r a strictly increasing sequence of

natural numbers such that for all 1 > k
AV j =i - {z] :j <L} C
(4) (t, B\ max(t) + 1) IF £ N (max(t) + 1) = X; N (max(t) + 1).
Proof. We are going to define recursively an infinite set B C A,
B={V:jcuw}

that satisfies the four statements above.

This is a fusion argument, which uses the pure decision property (pdp)
for M.

Given (a, A) € M and sg := (), by the pdp there exists an infinite subset
C A such that (a U sy, C% , ) decides “0 € &7, that is, either

0
C alUsp

alUsp

(CL U sg, CO

alJso

) IF“0 € &7 or (aU sg, C?

alsp

) IF 0 & 7.

Assume that for all i < k& we have that (aUsg, C? . ) decides “i € &7 and

also
Cls, 2 Cibt , for all i < k. By the pdp there exists an infinite C51) C C%
such that (a U so, C51.) decides “k + 1 € @”.
We define

Xauso ={i €w: (aUsg, CF

a

o) IFi € @Y.

o If | X,us,| < Ny, then let &' := max X, s, and let & := max{k’, max(a U
s0) +1}. Choose Ay C Ck . such that Ay C* C% , for all i > k. Notice
that

(a U sg, Ag) IF Xaus, C 2.

o If | Xous| = No, say Xaus, = {xZUSO : j € w}, then let [ € w be the least

such that max(a U sg) + 1 < 2%, and let

alJsg
Ap:={c i €w}
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where the ¢; are defined as follows: ¢y = min C},,, where jo = xfwso.
I+k

alUsqg?

Given ¢, such that ¢, € C’Z’DSO, where j, = x take cp1q € iﬁ;; such
that cxr1 > c,. Notice that Ay C* CgUSO for all j € X,us,, in particular,

Ay C CR),- Moreover,

(aUsg, Ag) IF{z? . 1§ <1} C 1,

alJso

and for all k € w we have

(aUso, Ao\ cp + 1) - {al,, 1 j <l+k+1} Ci

Let b° = min A,.

Suppose that we already have b* = min A; for all ¢ < k, such that b* < b*+!
and A; 1 C A, foralli <k—1.

Let Sg, ..., Sm_1 be an enumeration of all the subsets of {0’ : i < k}. We
are going to define A;,; and b+,

Let A§™ = A\ {b"}. Given A¥*! with j < m consider the condition
(aUs;, AJ™). By the pdp there exists an infinite subset Cp,, of A¥*" such
that (a U s;, CY, ) decides “0 € 2.

alUs;
In this way, we obtain an infinite decreasing sequence of infinite subsets

so that (a U s;, C

alus;

Cz‘

: (199 )
aUs; ) decides “i € &”.

As before we form the set

Xaus, ={i €w: (aU s, C"

alJs;

)IFi ez}

o If [Xaus,| < Ng then let I := max X,y,, and let | := max{l’, max(a U

s;) + 1}. Choose A% C Clus; and Al Cr Cius,

that (a U s;, Afﬂ) I Xaus, € .

for all 72 > [. Note

o If [ X,us,| = No, then let Xy, = {[L’ZUSJ_ .1 € w} and let r be the least
such that max(aUs;)+1 <}, , . Let

als;*

Afﬂ ={c¢; i € w}

where ¢y 1= min Cgl),, jo = 23, and where the elements ¢; € Cgl,

are chosen so that ¢; < ¢;4q for all i € w and j; = :cgjgj for all 7+ > 1.
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: k+1 * l
Notice that A7} C* C,

tus, for all I € w, in particular, Af:[ll C C’ZEJS].

and

(aU sj,Aﬁll) I+ {xZUSj i< r} Ci.

For all 7 € w we have

(5.2.1) (aUs;, A\ i+ 1) I {a:laUSj l<r+i+1} Ci.
Let Apyq := AFL Clearly Ay C Ag.
Let v**! := min Ay,;. This completes the definition of B = {b' : i € w}.
Clearly (a, B) < (a, A). Note that B C* C} for all t € w and a C t C B,
where the C? are the sets obtained in the proof.
We shall prove 1-4.

Claim 5.4. Let t be a finite subset such that a Ct C aUB. For alln € w
there exists C C B\ max(t) + 1 such that (¢t,C) I+ “n € &” if and only if
n € Xt-

Proof of Claim: Let t be a finite subset such that a C ¢t C a U B and let
n € w. Suppose that n € X;. Then (t,C}") IF n € &. Since B C* C}', there
exits m € w such that B\ m C C}'. Let k' = max{m, max(t) + 1} and let
C := B\ k. We have that (t,C) < (t,C}'), and so (¢t,C) IF n € 4.

For the other direction, assume towards a contradiction that there are
n € w and C' C B\ max(t) + 1 such that (¢,C) IFn € & and n ¢ X;.

Since n ¢ Xy, we have (t,C}") - n & . Let m € w be such that B\ m C
Cp. Let k = max{m, max(t)+1}. Then, C'\ k C C}*. Thus (t,C'\ k) < (¢,C})
and (t,C \ k) IF n ¢ &, which yields a contradiction. O

Claim 5.5. Let t be a finite subset such that a Ct C aU B. If X; is finite,
then (t, B\ max(t) + 1) IF X; C 7.

Proof of the claim: Let t be a finite subset such that a C ¢t C a U B, then
t = aUs. Let k € w the least natural number such that s C {°,...,b"},

then in the step k + 1 of the construction
(t, Ap1) IF Xy C &
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then
(t, B\ max(t) + 1) IF X, C 7.

We have proved the claim. O

Claim 5.6. Let t be a finite subset such that a Ct C a U B. If X; = {a]
J € w} is infinite and B\ max(t) + 1 = {V : j > k} for some k € w, then
there is (I;)i>k a strictly increasing sequence of natural numbers such that for
alli >k

AV j =i} - {alj <L} C

Proof of Claim: We shall prove by induction on ¢ > k that
AV Gz {af: <L} Ci

for some increasing sequence (1;);>-

Suppose ¢ = k. We are going to prove that

(t, B\ max(t) + 1) IF {z] : j <} C &

for some .

We have that max(t) = b*~1.

Let t = a U s;, where s; C {8°,..., 0% 1}. In the k-th step we have that
A, C* €Y for all j € X;. Let [ be the least such that max(t) +1 < z!. By the
construction we have that (t, A;) IF {z] : j <1} C 4. Let [, = L.

Since B\ max(t) + 1 C A, we obtain

(t, B\ max(t) + 1) IF {a] : j <1} C &.

Assume that for ¥ > k, we have (¢, {07 : j > K} I {a : j <y} C &
and Iy = [ + 7' 4+ 1, where b* ~! = ¢/, similarly as in (5.2.1). We shall prove
that (t,{b : j = k' + 1}) IF {2 : § <y} for some lyiq > Iy

Then V¥ = ¢,, for some ¢, € C’tj’", and j, = z/™". Since b¥ ' < b, we

have that 7’ < r. By the construction we have
t, Ag\ e+ 1) IF{z]  j<l+r+1}Ci.
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Let o1 = [+r+1. Notice that lyy4; > [y Since {b/ : j > kK'+1} C A \b¥ +1,
AV G =K 1) - {a]  j <lpy) C i
This finishes the proof of the Claim. O]
Claim 5.7. For allt witha Ct CaU B,
(t, B\ max(t) + 1) IF & N (max(t) + 1) = X; N (max(t) + 1).

Proof of Claim: Let t be finite and such that a C ¢t C aU B, where max(t) =
b,

Suppose first that |X;| < Xg. By the construction (¢, A1) IF X; C #.
Since B \ max(t) + 1 C A,,11, we have (¢, B \ max(t) + 1) IF X; C a. If
n € max(t) + 1 and (t,C}) IF n € 2, then by Claim 5.4 we have n € X;.

Therefore
(t, B\ max(t) + 1) IF & N (max(t) + 1) = X; N (max(t) + 1).

In fact,
(t, B\ max(t) + 1) IF £ N (max(t) + 1) = X;.

Now, suppose that |X;| = ¥y and X, = {27 : j € w}. We have that for
the least k such that b™ < z¥, A,, .1 C C!, where | = zF, and

(t,CDIF {a] - j <k} C
Since B\ max(t) + 1 C A,,41,
(t, B\ max(t) + 1) IF {a : j < k} C i.
By Claim 5.4 we have (t, B\max(t)+1) IF 2N(max(t)+1) = X,N(max(t)+1).
This proves the Claim. ]
This finishes the proof of Lemma 5.3. ]

Lemma 5.8. Suppose that for all t such that a Ct C a U B, X; is finite.
Then for every a Ct C aU B, letting B\ max(t) +1 = {b": i € w}, we have
that min(X, iy \ Xi) — 00 as i — oo (where we set min(Xyypry \ Xi) = 00
i Xy \ X, = 0).
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Proof. Notice that if t C ¢/, then X; C X,. Assume towards a contradiction
that there are k € w and M € [w]* such that for all m € M

min(Xtu{bm} \Xt) = ]f

Consider B' = {b" : i € M }.
Claim 5.9. (1, B)) - k € i

Proof of Claim: We need to show that the set of conditions that force k € &
is dense below (t, B'). Let (s,C) < (¢, B"). By going to stronger condition, if

necessary, we may assume that ¢\ s # (). So, we have
s=tu{bo, ... bm}

with (0 # {io,...,im} € M. Notice that k € X; (03 \ X;. By Lemma 5.3 (2),
we have

(tU{b®}, B\ max(tU {b"}) + 1) IF k € .

Since (s,C) < (tU{b*}, B\ max(t U {b"}) + 1), we have (s,C) I- k € .
We have proved the claim. O

By (1) of Lemma 5.3, we now have that k € X, which is a contradiction.
[

We are going to use following notation: Yiypy = Xy \ Xi, whenever
aCtCaUDB and i€ B\ max(t)+ 1.
We define Y, := X,.

Lemma 5.10. Suppose that for all t such that a Ct C aU B, X, s finite.
Then there is an infinite B C B such that for anyt and t' witha C t C aUB’,
a Ct CaUB, and max(t) < max(t'), we have maxY; < min Y.

Proof. We are going to prove the lemma using lemma 5.8 and some pruning.
Let t = a U {0} and assume that Y; # 0.
Since min(Y,yqi3) — 00, as i — o0, there exists ig > 0 such that for all

i 2 g, max(Yyupoy) < min(Yyupi).
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Consider now {0°, b} and all subsets r; such that a C r; C a U {b°, b},
Say 1o =a, 11 =aU{°}, ro = aU{b} and r3 = a U {0°, b}.

Since min(Y;, q13) — o0 whenever @ — oo, there is i1 > 7 such that for
all 4 > iy min(Y,, i) > max{maxY,,, maxY,,}, for all k € 4.

In general, assume that we have {0°,b%, ... bi»} with the property that
for any two subsets s, r such that a C s,7 C aU{b°,b%,... bi»} and max s <
max r we have max Y, < minY,.

We are going to define bin+t.

Let {r; : j < 2""?} be an enumeration of all 7, where a C r C a U
(80,00, .. bin}.

Since min(Y,,,i3) — 00 whenever i — oo, for all k € 2""2 there is
int1 > in such that for all @ > i,,1, min(Y,, ) > max{maxV,, : maxr; =
bin} for all k € 272,

Let B’ = {{°} U {b'™ : m € w}. It is clear that B’ C B, and for any ¢ and

t’ such that maxt < maxt’, we have that maxY; < min Yy. O

Corollary 5.11. Suppose that B is an infinite set of natural numbers that
satisfies lemma 5.10, i.e., for anyt and t’ witha Ct CaUB,a Ct' C aUB,
if max(t) < max(t'), then maxY; < minYy. Then for all i,j € B such that
1< 7,

maXU{Yt rmaxt=14,a CtCaUB} <

minU{Y;’ :maxt' =j,a Ct' CaUB}.

Proof. Suppose t’ is such that a C ¢/ C aU B and maxt’ = j. If t is any finite
set such that a C ¢t C a U B and with maxt = 4, then maxY; < minY}. So

maXU{Yt smaxt =14,a CtCaUDB} <minYy.
Since this holds, for all ¢’ such that a C #' C a U B and maxt’ = j, we have
maXU{Yt:maxt:i,agtgaUB} <

minU{Y;/ :maxt =j,a Ct' CaUB}.
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Lemma 5.12. Assume that B is an infinite subset of the natural numbers

that satisfies lemma 5.10. Let d be a finite set of natural numbers such that
mind < maXU{K/ cmaxt’ = j,a Ct' CaUB} < maxd
where j is some fixed element of B. Then
dZU{Y}:maxt:z’,athaUB}
for alli € B.
Proof. Let ¢ be an element in B. We are going to prove the lemma by cases:

e if i = j, then maxd ¢ |J{Y; : maxt = i,a C ¢t C a U B} because by
hypothesis

max| {Yy :maxt =4,a Ct CaUB} < maxd.
Wi Js

e if j <, then by Corollary 5.11, we have
maXU{Y;/ :maxt' =j,a Ct' CaUB} <

minU{Yt:maxt:i,athaUB}.

Then,
mind&U{Yt :maxt=14,a CtCaUB}.

e if i < j, then by Corollary 5.11, we have
maXU{Yt:maxt:i,agtgaUB} <

minU{Y;/ :maxt' = j,a Ct' CaUB}.

Since

minU{Y}/ :maxt’' = j,a Ct' CaUB} <
maxU{Yt/ :maxt' = j,a Ct' CaU B}

it follows

maXU{Yt smaxt =1i,a Ct CaUB} <maxd.
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Theorem 5.13. Mathias forcing does not add a Matet real.

Proof. Let & be a M-name for a real (i.e., an element of [w]*) which is not in
the ground model V. We want to prove that z is not a M-name for a Matet
real over V.

If m is a Matet real over V', then for all D C MIT dense, D € V, there is
(b, 2) € D, where 9 = (d;);c.,, such that

mebP|={rew’:x= bUUdi for some I € [w]“}.
i€l

So, we shall prove that, in V', for all (a, A) € M, there are (a, B) < (a, A)
and D C MT dense such that for all (b,2) € D, (a,B) IF & & [b, Z]. This
implies that @ is not an M-name for a Matet real over V.

Let (a, A) be an element in Mathias forcing M. By lemma 5.3 there is
(a,B) < (a, A) such that B = {}V : j € w} is an increasing enumeration of
B that satisfies properties (1)-(4).

We have two cases:

1. For all (¢/, B") < (a, B) there is ¢ finite with o’ Ct C o’ U B’ such that

X, is infinite, or

2. there exists (a/, B') < (a, B) such that for all t with «' Ct C ¢’ U B’,
X, is finite.

Assume that we are in case 1. This is the easy case.
Claim 5.14. Given a family {X,, : m € w} C [w]* and a condition (', 2') €
MT there is (b,7) < (b, 2') with b =V and 2 = (d;)ice, such that X, \
Uicw di is infinite for all m € w.

Proof of Claim: View each X, as an increasing sequence (27") e,
Let 2" = (d});e.,- We are going to construct Z = (d;);e,, such that 7 C &’
and a family
{Zm :m e w}
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where Z,, € X, \ U,eo,
Let dy = dj. Since |dy N Xo| < Ny let z§ € Xy larger than max(dy).
Let dy = dj, be such that z) < mind;, and let z; € X; be larger than

d; for all m € w.

max(dj,).

Let 20 € Xy be such that 29 > 2.

Assume that we have z)) such that maxdy < z) < mind; < maxd; <
2(1) <z? < mindy < maxdy < 23 <Z% <zg < ... < mind;, < maxdj <z§ <
< 2.

Let dyy1 = dj,,, be such that z) < mindj,_ . Since |d}, N Xpi| < Ry,

we take z§ ™ € Xjy1 such that z8™ > max(d;, ., N Xj41). Choose & e X,
such that 2§ > 25!, and finally let 2, | € X, be such that 20, > 2z > ... >
28 > g

We have obtained Z,, = (2I");e, for all m € w and Z = (d;);e, such

j
that Z,, € X,, \ U,.., d; is infinite for all m € w. We have thus proved the
claim. O

1EW

We shall define a dense D C MT. Let
D :={(b,7) e MT : for all a Ct C aU B such that | X;| =N,
we have | X, \ U d,| = Ng, where Z = (d;)icw}-

new

Claim 5.15. D is dense.

Proof of Claim: Given any element (b, 2’') € MT, by Claim 5.14 there is
(b,2) < (V,Z') such that X, \ |, d; is infinite for all ¢ witha Ct CaUB
such that X, infinite. Therefore D is dense. O

Claim 5.16. For all (b, 2) € D, where 2 = (d;)ic,
(a,B)IF “In e w(n € & and n & Udi)”.
[S®

Therefore (a, B) I+ @ & [b, Z].
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Proof of Claim: Let (b, Z) be an element in D, and let (s,C') < (a, B). Then
there is some t with s C ¢t C sU C such that X, is infinite.

Let n € X; \ U, di be such that n > max(b). Since

(S
neX,={z:icw}

we have that n = ¥, for some k € w. Consider i’ € w such that k < I, where
li is an element of the increasing sequence (/;);e, in (4) of Lemma 5.3. Let
C'":={b e€C:j>1i} Then

v j=i})IF {]j<ly}Ci
by (3) of Lemma 5.3. Since (t,C") < (£,{V’ : j = i'}),
(t,C) Ik {at  j <} C &,

and so
(t,C)IF“neiandn&bU Udi”'
€W
Thus (¢,C") IF & & [b,2]. We have shown that the set of conditions
that force “¢ ¢ [b, Z]” is dense below (a, B). This implies (a, B) I+ “@ &
b, 2]". =

Suppose now that we are in the case 2. So, suppose there is (a’, B") <
(a, B) such that for all ¢, where o’ C ¢t C o’ U B’, X; is finite. For simplicity
of notation we may take (a’, B') = (a, B).

We assume that the condition (a, B) satisfies the property of lemma 5.10,
namely, for any ¢ and ¢’ with a Ct CaUB,a Ct CaUB and max(t) <
max(t'), we have maxy; < minY}, where we recall the notation, Y,y =
Xy \ Xi, whenever ¢ €t C aU B and ¢ € B\ max(t) + 1.

We shall define in this case a dense D C MT such that for all (b, 2) € D,

(a, B) Ik “Ing € wVn = no(d,, € )"
where 2 = (d;);c.. Let

D ={(b,2) € MT :Vn € w¥i € B(d,, £ U{Y} smaxt =1i,a Ct CaUB})}.
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Claim 5.17. D is a dense subset of Matet forcing.

Proof of Claim: Let (b,2') be an element of Matet forcing, where ¥’ =
(d})icw,- We are going to define 2 C &' such that (b, Z) € D.
Let j € B be minimal such that

min djy < maXU{Y; :maxt =j,a CtCaUB}.

Note that such j exists, because by lemma 5.8 there exists j € B such
that for all 7/ > j

min dy < min Y,y < max Youg

and so, in particular, min dj < max Y,y

Let £ > 0 be minimal such that
max dj, > maxU{Y} :maxt=j,a CtCaUB}.
Let dy = df, U dj,.. Since dy satisfies the hypothesis of lemma 5.12,
do ,@U{Y}:maxtzi,agtgaUB}

for all 1 € B.
Suppose now that we have a finite sequence dy < d; < ... < d; such that
for all m € {0,...,1}, d,, € FU(Z'), and

dmgU{Kg:maxt:i,agtgaUB}

for all i € B.
We are going to obtain d;; with the last property.

Let d! be such that maxd; < mind], and j' is minimal such that
mind, < maXU{Yt :maxt =73 ,aCtCalUDB}.
Let s > r be minimal such that
max d,, > maXU{Y; smaxt=j',a CtCaUDB}.
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Define d; := d.Ud/,. Notice that d;,; satisfies the hypothesis of lemma 5.12,
SO
diy1 € U{Yt :maxt =i,a Ct CaUB}.

We define 7 := (d;)ico- It is clear that ¥ T 2’ and & satisfies the
property that for all n € w and for all i € B

d, U{Yt:maxtzi,athaUB}.
Hence D is a dense subset of Matet forcing. We have proved the claim. [J
Claim 5.18. For all (b,2) € D,
(a, B) IF “Ing € w¥n = no(d,, € &)”
and therefore (a, B) I- & & [b, Z].

Proof of Claim: Let (a’,B’) < (a,B). We shall find (¢,C) < (d/, B’) and

ng € w such that for all n > ng
dy | iyt ctuch.

Let t = a'. Let Y, and ny € w be such that maxY, < mind,,. We are
going to obtain inductively C' = {j,: l € w} C B'.

There exists jo € B’ such that maxd,, < min Yy, for all j > jo.

Let By ={j € B":j > jo}. Notice that

dn, L U{Yt' cad Ct' Cd UBy}
and that for any C' C By infinite we still have
dpy £ U{Yt/ cd Ct' Cd UCH
Choose n; > ny minimal such that
min d,,, > max U{Yt/ :maxt’ = jo,a’ Ct' Ca' UBypl.
Now, choose j; € By such that j; > j9 and
max d,, < min U{Y;/ :maxt’ = ji,a Ct' Cad UBy}.
Such j; exists by corollary 5.11.

Let Bl = {] GBO j 2]1}
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Subclaim 5.19. For all m such that ng+1 < m < nq,

dm Z U{Y%/ . CL/ Q t/ Q CL, U {jo} U Bl}
Proof of Subclaim: We shall prove the statement by cases:

e If m = ny, then by selection of n; and j;, we have d,,, N Yy = () for all

t" such that o' Ct' C o’ U {jo} U By.
e If m is such that ng + 1 < m < n; then

— d;y, N Yy = 0 because max Y, < mind,,, < mind,,.

— d,, NYy = 0 for all ¢’ such that ' Ct' C @’ U By and maxt’ > j;

because
max d,, < mind,, < min U{Y;/ cmaxt’ > j;,a’ Ct Ca' UBgy},

— and finally d,, € {Yy : maxt’ = jo,a’ C t' C d' U By} by
definition of D.

We have proved the subclaim. O

Note that the claim above is true for any infinite subset C' of By, i.e., for

all m such that ng +1 < m < n; we have
dn | (Yo :a/ C¥ Cd U{jo}uCh.

Assume that we have jy < j; < ... < ji elements in B’ infinite subsets
B, C ... C By C B’ such that min B; = j; for all [ € {0,...,k}, and natural

numbers n; < ... < ny such that

d Z | J{Ye:a' S Cd U o, ... Jk-1} U By}

for all [ with ng <1 < ny.

We shall obtain jii1, Bry1 € By and ngyq > ny such that

d €| Ve : @ ¥ Cd' U {jo, - Gk} U Bria}
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for all m such that ny < m < ngyg.

Choose ngy1 > ni minimal such that
mind,,,, > max|_J{¥y : maxt' = ji,a' S Ca'U{jo,... jk1} UBi}.
Choose jigi1 € By such that jx1 > jx and

maxdy, . ,

< min|_J{¥y : maxt’ = jip1, 0’ S Ca'Ufjo, ..., jkr} U Bi}
Let Bry1 ={j € By :j = jr1}-
Subclaim 5.20. For all m such that ny < m < ngyq
dm € U{Yt’ ca €t Cad U{jo,. .., jk} U B}
Proof of subclaim: FExactly like the proof of subclaim 5.19. [
We define C' = {j; : | € w}, then (d/,C) < (a/, B’) and for all n > ng
d, ZU{Y}:&’QtQa'UC’}.

Hence (a/,C) IF 3ng¥n > no(d,, € &), and thus (a, B) IF & & [b, Z]. We
have proved the Claim 5.18 and the Theorem. O]

]

Corollary 5.21. Pp;n is not equivalent to Mathias forcing.

Proof. By the Corollary 5.2, we have that Pr;y adds a Matet real. ]

5.3 A “product” of two copies of Mathias
forcing.

We are going to consider a “product” of two copies of Mathias forcing, de-
noted by M, that is the same as the forcing notion considered by Shelah
and Spinas in [23]. The reason for looking at M, is its connection with Py .
We shall prove that M is a projection of Py, hence adding a generic for

Prry adds a generic for M.

67



Definition 5.22. Conditions in My are pairs ((s, A), (t, B)) such that s,t €

w]=¥, A, B € [w]“, |s| = |t|, maxs < min A, maxt < min B, and if
s={s;:i<n}
t={t;i:i<n}
are the increasing enumerations of s and t, respectively, then
So St <SS S Sl <LK S St

For any elements ((s', A", (t', B")),((s, A), (t, B)) of My, the ordering is given
by

((s", A), (', B)) <u, ((s,4), (t, B))
if and only if (s', A’) <m (s, A) and (t', B") <m (t, B).
Remark 5.23. Let D be the set of all pairs ((s, A), (t,B)) € My such that
whenever A ={a; :1 € w} and B = {b; : i € w} are increasing enumerations
of A and B, we have a; < b; < a;11 for all i € w. It is clear that D is dense

m MQ.

Note that Q?, in Definition 1.3 [23], is the same as the set D defined in
previous remark.

Notice that if G is My-generic filter over V', then
Hy :={(a,A) e M : 3(b, B) € M((a, A), (b, B)) € G}
is an M-generic filter over V. Similarly,
H, :={(b;B) e M: 3(a,A) € M((a, A), (b, B)) € G}

is an M-generic filter over V. Thus M, adds a pair of Mathias reals (n,m).
By Remark 5.23, we have that for some &k € w, n; < m; < n;y; forall j >k,
where n = (n;)ic, and m = (M;)ice-
Recall definition of dense sets D,, of Ppry for all n € w, as in (4.1.1) of
Chapter 4:
D, :={(A,2) € Ppiy :Vz € (|| = n)}.
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Lemma 5.24. M, s a projection of Dy. Hence adding a generic for Prry

adds a generic for M.

Proof. Given (A, 2) € D,, where A = (x¢,...,z,) and Z = (d;);c. such
that |d;| > 2 for all n € w. We define 7((A, 2)) € M, as

({minz; : j <m}, {mind; : i € w}), ({max; : j < m}, {maxd; : i € w})).
o 7 preserves order.
o For all ((s,5), (t,T)) € M, and for all (4, Z) € Pyyy such that
((5,9),(t,T)) <7((A,2))
there is (A", 2') < (A, 2) such that 7((A, 2')) < (s, S). (t.T)).

Order preservation is trivial. We shall prove the last statement.
Let ((s,9),(t,T)) € My and let (A,%) € Dy where A = (xg,...,ZTm),
9 = (d;)ic., such that |d;| > 2 for all n € w and

((s,59), (1)) <wm, 7((A, Z))-
By Remark 5.23, there exists ((u,S’), (v, 7)) in D such that
((u, ), (v, T) Sws, ((5,9), (1, T)) <w, 7((4, 2)).
Since ((u, S"), (v,T")) belongs to D,
S'={si:iewland T' = {t; :i € w}

are increasing enumerations such that s; < ¢, < s;,,, for all i € w.
We have

S'CSC{mind;:i €w}and T CT C {maxd; :i € w}.

Define 2" = (d});c., as follows: for | € w, d} = d;, Ud;,, where s; = mind;, and
l l l I l 1

t; = maxd,;,. It is clear that ' C 2.
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Let | := |u| = |v]. Since ((u, 5"), (v,T")) € My, we have

N

U S Vo S U KV <L S U1 S U

Notice that u O {minz; : j < m}andifz € u\{minz; : j <m}, thenx €
{mind, : i € w}. Similary, for ally € v\{maxz; : j < m},y € {maxd, : i € w}.
Since (A, Z) € D,, we have that for all j such that m < j <1, u; < v; < ujt1.

For m < k < [, we have u;, = mind;, and v; = maxd;,. Define z;, :=
d;, Ud;,. Put A" = A (i1, ..., 1)

Now

(A/7 9/) <IP’FIN <A7 ‘@>

and

W((Alv @,)) = ((U, S/>’ (UvT/>> M ((S’S)v (th))'

Thus Pr;y adds a generic for M. If 2* is a Pryy-generic block sequence

over V', then

({mind : d € 2*},{maxd : d € 2*})

is an Mly-generic over V. O]

Proposition 5.25. M, is not equivalent to the usual product of two copies
of Mathias forcing Ml x M.

Proof. We are going to prove that Ml x M adds a Cohen real. Let (mq, m;)
be a pair of Mathias reals M x M-generic over V. We define ¢ € 2 as follows

c(i) =

{ 0 if mo(i) < ma(d)

We shall show that ¢ is a Cohen real. Let D C C be a dense subset.
Given (a,b) € [w]=¥ X [w]<¥ such that |a| = |b| = k, and a = {a; : i < k}
and b = {b; : i < k} are increasing enumerations of a and b, respectively, we

define a function g, : k — 2 as follows:

a,b)\?) =
Yat) 1 ifq; > b
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Define
D" :={((a,A),(b,B)) e M x M : |a] = |b],Jq € D such that ¢ = g }-
Claim 5.26. D' is a dense subset of Ml x M.

Proof of Claim: Let ((a’, A"), (b/, B")) € M x M. Assume that |a’| < |b/], there
exists a condition (a”, A”) € M such that (a”, A”) < (a’, A’) and |a"| = |V/| =
k. Consider g, 1y defined as before. Since D is dense, there is ¢ € D such that
q < Qarpys 1€, ¢ [ k= qury). Hence, ((a”, A”), (', B")) < ((a, A"), (V', B'))
and ((a”,A”), (V/,B")) € D'. So, D' is a dense subset of M x M. O

We have that (G, X Gy, ) N D' # (0, there is ((a, A), (b, B)) € Gy X Gy
and there is ¢ € D such that ¢ = q(a), Where |a| = |b| = k. By definition of
function ¢ we obtain that ¢ [ k = g, = ¢. Hence ¢ is a Cohen real.

Since M, is a projection of Prry and Pgrry does not add Cohen reals by
Theorem 4.27, we have that My does not add a Cohen real. Hence, M is
different from M x M. O

Prry does not add Cohen reals (Theorem 4.27), so it does not add a
generic for Ml x M.

In 1.2.2 of the Preliminaries section we defined the partial ordering P* =
((FIN)¥,C*). In Section 1.2, we defined U = (£ (w)/ fin, <) as the partial

order whose elements are infinite subsets of w ordered by C*.

Lemma 5.27. The partial order Z(w)/ finx & (w)/ fin with the usual prod-

uct is a projection of P*.

Proof. Define 7 : P* — Z(w)/fin x P (w)/ fin as follows.
For 9 € P*, where 2 = (d;)ic,,. We define

m(2) = ({mind; : i € w}, {maxd; : i € w}).

e 7 preserves order.
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Let 2 = (di)icw and 2’ = (d})ic. be elements of (FIN)* such that
9 C* 9'. Then there exists n € w such that Z\n C 7', ie., Z\n C
FU(9').

Then
7(Z2) = ({mind,; : i € w}, {maxd; : i € w}) <
7(2') = ({mind; : i € w}, {maxd; : i € w})
because
{mind; : i € w} \ {mind, : i € w} € [wW]**
and

{maxd; : i € w}\ {maxd; :i € w} € [w]*¥.
For all (A, B) € Z(w)/fin x P(w)/fin and for all I = (d;);c., € P*
such that (A, B) < 7(2), there is 2’ C* & such that 7(2') < (A, B).

Let (A, B) € ZP(w)/fin x P(w)/fin and 2 = (d;)ic, € P* be such
that (4, B) < ©(2).

Since the set
D={A,B): it A ={a;:i€w}and B'={b}:i € w}, then
a; < b <aj,,, foraliew}

is a dense subset of Z(w)/fin x & (w)/ fin, there is some (A, B") € D
such that (A’, B') < (A, B), and

A" C* {mind; : i € w} and B’ C* {maxd; : i € w}

There exists n € w such that a; = mind;, for all i > n and there exists
m € w such that b, = maxd,, for all i > m. Letting k := max{n, m},
we define &' as follows: let d; = d;, U d;, for all i > k.

It is clear that ' C* & and
7(2') = ({mind, : i € w},{maxd. : i € w}) < (4", B") < (4, B).
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Hence Z(w)/fin x P(w)/fin is a projection of P*. O

Propositions 4.17 and 4.18 proved that P* adds a &?(w)/ fin-generic filter
over V and the last lemma is a generalization of this fact because we are
proving that P* adds a generic for Z(w)/fin x Z(w)/ fin.
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Chapter 6
Conclusion

We have worked with three forcing notions, namely, Mathias forcing, which
we denote by M, Matet forcing, which we denote by MT, and Pg;y. The par-
tial orders Ml and Pg;y arose in our forcing proofs of the theorems of Ramsey
and Hindman, respectively. As to MT, we considered it by its similarity both
to Mathias forcing and to Py, and it is by means of it that we managed to
prove the non-equivalence of these last two forcing notions. In fact, none of

the three partial orders mentioned is equivalent to any other.

In order to compare Pr;ny with M and MT we have examined what prop-
erties Pr;ny has. In particular, we have shown that, like the Mathias real
in Mathias forcing, the generic block sequence added by Pr;y allows us to
reconstruct the generic filter. As in the case of M and MT, Pg;y can be put
into the form of a two-step iteration of a o-closed and a o-centered partial
orders. Again, also as M and MIT, Pp;y satisfies Axiom A and has the pure
decision property. Pryy adds no Cohen reals, either.

Finally, we considered a partial order defined by Shelah and Spinas, which
we denote by My, and have shown that Pr;y adds a generic filter for it.

There is more work to do. On the one hand, on the line of what we did
regarding Ramsey’s and Hindman’s theorems, we are seeking a partial order
suitable for a proof of Gowers’ Theorem on the existence of homogeneous

sets for partitions of FINg. On the other hand, we want to keep on studying
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Prrn, by answering such natural questions as

1.

What are the cardinal invariants associated with Ppyn?
Does Prrn add Sacks, Silver, or Laver reals?

Is there an extrinsic characterization of the generic block sequences of
Prrn, in a way similar to Mathias reals being characterized in terms of

almost disjoint families of the ground model?

Is it true, again as in the case of Mathias forcing, that every condensa-

tion of a Pg;y-generic block sequence is also a generic block sequence?
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