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ABSTRACT

Shape dynamics and lipid hydrodynamics of bilayer membranes:
modeling, simulation and experiments

Mohammad Rahimi

Biological membranes are continuously brought out of equilibrium, as they shape
organelles, package and transport cargo, or respond to external actions. The dy-
namics of lipid membranes are very complex due to the tight interplay between the
bilayer architecture, the shape dynamics, the rearrangement of the lipid molecules,
and their interactions with adjacent structures. The main goal of the present work is
to understand the dynamical shape deformations and reorganizations of lipid bilay-
ers, including lipid hydrodynamics, and the mechanical shaping and stabilization of
highly curved membrane structures. Towards this goal, we develop theory, simulation

methods, and perform experiments.

We formulate and numerically implement a continuum model of the shape dynam-
ics and lipid hydrodynamics, which describes the bilayer by its mid-surface and by
a lipid density field for each monolayer. In this model, the viscoelastic response of
bilayers is determined by the stretching and curvature elasticity, and by the inter-
monolayer friction and the membrane interfacial shear viscosity. In contrast with
previous studies, our numerical approach incorporates the main physics, is fully non-
linear, does not assume predefined shapes, and can access a wide range of time and
length scales. We apply our model to describe the dynamics of biologically relevant
experimental observations, which are insufficiently understood through simpler mod-
els introducing geometrical and physical simplifications. We study the dynamical
formation of membrane tubes, followed by pearling instabilities, as a consequence of a
localized density asymmetry, the tubular lipid transport between cells, the dynamics
of bud absorption, and the very recently observed protrusions out of planar confined
bilayers. The passive formation of stable highly curved protrusions in confined bi-

layers suggests that mechanics plays a role in the morphogenesis and homeostasis of
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complex organelles (e.g., endoplasmic reticulum, or mitochondrial cristae), in addition
to the widely accepted role of proteins and the regulation of lipid composition.

We also study experimentally and theoretically the shape transformations and
membrane reorganizations of model membranes upon the adsorption of cholesterol,
a ubiquitous constituent of biomembranes, which regulates their structural and me-
chanical properties. Our observations offer new insights into the reorganizations of
macrophages and the formation of foam cells as a consequence of the cholesterol ele-
vation in vessel walls.

In this thesis, we have payed particular attention to the membrane fluidity and
the influence of the membrane viscosity in the bilayer dynamics. The role of the
membrane interfacial viscosity is often ignored due to its minor role in the linearize
equations about planar states. We challenge this assumption, show theoretically that
membrane viscosity plays an important role in the presence of high curvature, and
show its effect on the membrane fluctuations of quasi-spherical vesicles and tubular

membranes.
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List of Figures

2.1 (Color online) Description of a bilayer membrane. v* denotes the tan-
gential velocity field of each monolayer on the midsurface. The density
field on the neutral surface of each monolayer p*, and the projected
density field on the midsurface p* are also shown. . . . . .. ... ...

4.1 Nucleation and extension of a tether out of a planar disk of radius 2 pm
kept at constant surface tension (¢ = o™ + 0~ = 107*K,). All figures
but the right plot are for a pulling rate L = 0.1 mm/s. (a) Selected
snapshots with a colormap of the inter-monolayer slippage velocity.
Once the tether is fully formed, the process reaches a steady state,
where the shape, slippage at the neck, and the radius of the tether do
not change. (b) Force-extension curve normalized by the static tether
force in Eq. (4.1). The end of the process and the inset highlight the
effect of membrane shear viscosity and inter-monolayer friction on the
dynamical part of the force. (c) Evolution of the elastic energy (II)
and dissipation power (2WW) components during the process. (d) Effect
of the loading rate for L = 0.02,0.05,0.08,0.1,0.2 mm/s. The arrow
indicates increasing rate. The inset shows the normalized steady-state
force f*° as a function of strain rate. From the slope of this curve, we
can compute the effective tether viscosity 7err in Eq. (4.2). . . . . . ..

4.2 Nucleation and extension of a tether out of a vesicle of radius 4 pm with
a constant pulling rate (L; = 0.075 mm/s). (a) Generating curves of the
membrane highlighting the tether formation. As the tether is pulled,
shape and radius change. (b) Selected snapshots with a colormap of the
inter-monolayer slippage velocity. (c¢) Total surface tension, ot + o,
as computed from appendix A.1, averaged over the vesicle surface. (d)
Force-extension curve grows linearly as a consequence of the quadratic
growth of the extensional energy. (e) Evolution of the elastic energy,
[iot, I1,;, and their difference represents the stretching energy. (f) Con-
tribution of the shear viscosity in total membrane dissipation during
the process W, /(W,, + W4,.). The rest of the dissipation is balanced
by interlayer friction. . . . . . . . . ... L L
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Cell-to cell communication via tunneling nanotubes. Geometry and
lipid velocity field of the inner monolayer at steady state for Ao =
1.36 - 107" mN/m and & = 0.005 mN/m = 107*Kj, corresponding
to r = 100 nm (left). The shape change as a result of the tension
difference is highlighted by the dashed-blue generating curve, to be
compared with the static shape (solid-red line). Effective viscosity as a
function of the average tension between the two connected membrane
patches & (middle). Fraction of the of the membrane shear dissipation

relative to the total dissipation as a function of & (right). . . . . . . ..

Relaxation dynamics of a bud of radius R = 0.34 pm connected to a
tense planar membrane disk (¢ = 0.006 mN/m). The color map on
the snapshots shows the membrane dissipation power density in the
same scale during the process. The left plot shows the curvature and
stretching elastic energies during the process, while the right plot shows
the membrane shear and inter-monolayer friction dissipation powers, in
non dimensional terms with W = 2u85’/t§. Here, t3 ~ 3.6 ms. The
stretching energy Il due to the lipid density asymmetry arising from
the bud absorption relaxes following the time scale t; ~ 15 ms (not

shown). . ...

[lustration of how a molecule insertion/extraction in a monolayer dis-
turbs the lipid density asymmetrically. The lipid density contrast
across the monolayers can be relaxed either by flowing lipids away
from /towards the disturbance (thin red arrows), or by curving the bi-

layer to form buds/invaginations. . . . . .. ... ... L.

Profile of the density perturbation on the outer monolayer. The density
at the neutral surface p* is disturbed by dp x f(¢). With our choice of
width of the profile, w = 10 %, the disturbance occupies about 2.5%

of the area of the vesicle. . . . . . . . . . . . . ...

Relaxation dynamics of the small vesicle (R = 100 nm, ¢; = 0.06 ms,
ts = 0.02 ms). The density disturbance diffuses without noticeable
shape changes. The color maps represent the difference between the
monolayer lipid densities at the neutral surface, p* — p~, where red

corresponds to dp and blueto 0. . . . . . . . ...

(Color online) Relaxation dynamics of the large vesicle (R = 2 pm,
t;1 = 25 ms, to = 0.44 ms). At early stages, the density disturbance
relaxes by forming a bud, which then disappears and the density differ-
ence diffuses by inter-monolayer friction. The color maps represent the
difference between the monolayer lipid densities at the neutral surface,

ot

— p—, where red corresponds to dp and blue to 0. . . . . . . . .. ..



4.9

4.10

4.11

4.12

5.1

5.2

(Color online) Relaxation dynamics of the giant vesicle (R = 4 pm,
t1 = 98 ms, t; = 0.88 ms). The density difference relaxation by inter-
monolayer slippage is slowed down significantly by the dramatic shape
changes, which transiently trap the density asymmetries. At a later
time (¢/t; =~ 10) not shown here, the spherical bud is absorbed by the
mother vesicle. The color maps represent the difference between the
monolayer lipid densities at the neutral surface, p* — p~, where red

corresponds to dp and blueto 0. . . . . . . .. ... Lo

Elastic energy (top) and dissipation power (bottom) during the relax-
ation of the giant vesicle, R = 4 pm. The dissipation power is normal-
ized by W = Sb,,d?/(pt3). After a fast initial relaxation of the density
difference by budding, which leaves as a signature a first spike in the
membrane shear dissipation, the dynamics are dictated by the inter-
monolayer friction. Yet, at t &~ 0.12 ¢;, the density difference field is
such that a rapid shape transition from a bud to an elongated protru-

sion occurs, leaving another large spike of membrane shear dissipation.

Experimental observations by [Tsafrir et al., 2003]; tube and bud forma-
tion after a local injection of polymers in the vicinity of a flaccid giant
vesicle. The first row shows the nucleation of buds and their transient
elongation into tubes. The second row shows further elongation and

the subsequent retraction of the bud-tube shapes . . . . ... ... ..

(Color online) Stomatocyte formation from a large vesicle of radius
R = 2 nm, locally perturbed by an inverse density asymmetry. During
the relaxation of the density disturbance, the vesicle switches from a

prolate toan oblate . . . . . . ... ... Lo

(a) Experimental setup to investigate the effects of strain and osmotic
pressure on a supported lipid bilayer. It is observed experimentally (b)
(confocal images) and shown by model theoretically three membrane
morphologies (c-1) a planar disc of uniform membrane with radius R;
a planar membrane with a tubular protrusion (radius r;, length L);
and with a spherical protrusion (radius rg, contact angle ). Scale-
bar: 5 um. (c-ii) Contributions to the free energy of the system and

corresponding material properties. . . . . . .. ..o

Adhesion potential and its first derivative considered here. We highlight
the equilibrium separation ¢, and the dissociation separation charac-

terized by U"(tq) =0.. . . . . . ..o o
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5.3

5.4

9.5

0.6

Morphological strain-volume phase diagram of confined lipid bilayers.
The diagram is derived theoretically for Ry = 4 pm, as measured
from the experimental images. We distinguish between a fully adhered
planar bilayer (black region), and a bilayer with tubular protrusions,
labeled TUBES (white area), or with spherical protrusions, labeled
BUDS (light grey) and CAPS (dark grey). Buds (7/2 < ¢ < )
range between almost full spheres (iii) and half spheres, whereas caps
(¢ < m/2) are shallower spherical protrusions (iv). Buds and caps can
be distinguished by the neck opening, which appears as a dark center
in the confocal images of the protrusions. The scale bar is 10 pm.

Strain-volume phase diagram for Ry = 4 pum; The morphological fea-
tures of the protrusions (length of the tubes, sphere contact angle, and
tube diameter/sphere apparent diameter) are described in panels (iv-

VI)o

Confined bilayers self-regulate stress. Numerical plots of (a) the bilayer
tension and (b) the interstitial pressure, as displayed near the planar
state of the phase diagram. (c) Numerical plot of the bilayer tension
in the protrusions over the entire phase diagram. The regions in the
diagram where shallow caps lyse (lysis) and thin tubes detach from the
membrane (fission) are shown with contours, whereas the relaxation of
the membrane tension accompanying these events is depicted by grey
arrows. The inset shows a sketch and a confocal micrograph of the cap

lysis; scale bar is 2 pm. . . . . ..o L

Strain-chamber osmolarity phase diagram for Ry = 4 pm (i). Spherical
protrusions occur under hypo-osmotic conditions, and at high strains,
only for nearly complete dilution of the chamber fluid. Under hyper-
osmotic conditions and for very small strains, the planar conformation
is the energetically optimal solution, with reduced volumes smaller than
one (ii). The rest of the diagram is occupied by tubes, that become
longer under increasing strain and osmolar strength (iii). We plot the
reduced volume in this phase diagram in logarithmic scale (ii), and note
that it ranges from slightly below 1 for strong hyper-osmotic conditions
to over 100 for a highly diluted chamber. As noted in Fig. 5.5, shal-
low caps at low strain and osmolar strength exhibit very high positive

tensions, above the lysis tension (iv). . . . ... .. ... ... .....

X1l

99



5.7

2.8

2.9

Volume dynamics of membrane protrusions upon osmotic changes, de-
termined both experimentally (symbols) and theoretically (lines). (a)
Volume dynamics of buds in hypo-osmotic conditions (upon complete
dilution of the outer solution): gradual bud inflation up to a plateau
(e), partial bud lysis (B), or bud annihilation by coarsening of the pro-
trusion pattern (A). For the theoretical fits, the initial values for e and
v are obtained using the relations shown in Fig. 5.3 and Py ~ 45 um/s,
measured for DOPC in tension [Olbrich et al., 2000]. (b) Snapshots
of the gradual bud inflation, visualized by confocal images (scale bar
5 pum) and the corresponding theoretical profiles. (c¢) Reversible tube
transformations, fitted with Py ~ 0.75 pm/s: a gradual bud elongation
into a tube (e) in hyper-osmotic conditions (increase in external osmo-
larity from 0.3 to 0.5 Osm), and a tube to bud retraction ( blacksquare)

upon diluting the outer solution (from 0.6 Osm to water). . . ... ..

Morphological protrusions out of planar membrane characterized in
terms of the area strain and enclosed volume. A planar disk of radius
R = 4 pm, adhered to the substrate is compressed to 10% of its initial
area, leading to spherical and tubular morphologies. The simulation
is followed by a volume exchange (v = 1.5 to v = 2.6) resulting in

retraction of spherical protrusions. . . . . . . .. ...

Validation of the theoretical model against numerical simulations. We
compare the morphologies predicted by the equilibrium model with nu-
merical axisymmetric simulations, which allow for general shapes and
density distributions. These dynamical simulations combine the free
energy described here with the dissipative forces coming from mem-
brane hydrodynamics and from inter-monolayer and bilayer-substrate
friction. We perform very slow simulations to eliminate rate effects, and
follow a path in strain-volume space. The selected snapshots show that
the geometric ansatz in the analytical model quite closely resemble the
morphologies predicted by the simulations. The free energy discrepan-
cies are below 5%, and the simulations show that, as assumed, the lipid
densities at the monolayer neutral surface are nearly uniform. Our sim-
ulations show that tubes have thinner necks at the contact point with

the planar bilayer, due to the high adhesion energy. . . . . . .. . ...
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5.10 Dynamic strain effects. Confocal micrographs of i) a collapsing tube

6.1

6.2

6.3

and the various emanating shapes, like sphere-tube complex (ii), branched

tube-discocyte (iii), starfish (iv), as well as branched tubes (v). Scale
bar 2.5 pm. (a) A sketch of the lipid retardation due to friction in the
lower monolayer upon expansion is given. v+ and v~ are the velocities
in the lower and upper monolayers, respectively, and b,, and b, are the
friction coefficients between the two monolayers and between the sub-
strate and the lower monolayer, respectively. (b) Area difference (mg)
during tube retraction upon slow (black curve), and fast, (red curve)
expansion rates. (c¢) Positive area difference developing in a bud upon
fast, membrane compression (blue curve). Simulation snapshots of the
1) tube, 2) the collapsing tube, 3) the bud and 4) the pearled tube are
given, with a color plot indicating the normalized density difference

between the monolayers. . . . . . .. .. .. ... ... ..

Experimental setup: (a) a SLB patch, (b) a continuous SLB, (c) a giant
unilamellar vesicle (GUV) adhered to the substrate. The preparation
methods are explained in section 6.1. In (a) and (b), the solution above
the bilayer is replaced by the MSCD-Chol solution with a pump. In (c),
the difference in the molecular weight of the sucrose (outer solution)
and glucose (inner solution) leads to GUV sedimentation on the glass.
The microscope images of the bilayer in three systems are shown. A
horizontal cross-section microscope image of a GUV, adhered to the

substrate, are also shown. Scale-bar is 10 pm in all snapshots. . . . . .

Dynamical transformations of an SLB patch upon the cholesterol ad-
sorption. (a) Microscopy images of a bilayer patch exposed to the
50mg/mL MBCD-Chol solution. (b-I) Normalized area deviation of
SLB patches Aa = (A — Ay) /Ay versus time for several concentra-
tions: 2 mg/mL (diamonds), 10mg/mL (stars), 20mg/mL (squares),
50 mg/mL (circles). We set t = 0 to the onset of the expansion, which
occurs faster the higher the MSCD-Chol concentration. The area ex-
pansion occurs in the initial 30 to 100s (b-II), while retraction starts
after about 500 s. (¢) Maximum area expansion of SLB patches versus

the MBCD-Chol concentration. Scale-bar: 10 pm. . . . . . . .. .. ..

Chol-DOPC bilayer adsorption and spreading mechanisms. Observable
velocity at the boundary 7, as well as the transbilayer flux .J;, and the
lipid transfer velocity from the outer monolayer to the inner monolayer
at the boundary v, are shown. Friction force from the substrate is

shown byug . . . ..o
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6.4

6.5

Nonuniform distribution of the cholesterol in DOPC bilayer during the
expnsion, at high concentrations (50 mg/mL MSCD-Chol). (a) Nor-
malized area deviation of the SLB patch during the spreading, mea-
sured experimentally, and predicted from the uniform adsorption model
and the coupled adsorption/viscoelastic non-uniform model. (b) Radial
F1I profile at different time instants (t=0, 10, 13, 20, 80 s), showing
the nonuniform cholesterol distribution. Scale-bar: 10 pm. (c¢) Normal-
ized florescent intensity difference between the patch center and edge,
AFI = (FI.— F1.)/FI, from the experiment and simulation. (d)
Simulation results for the dynamics of an isolated patch exposed to a
50 mg/mL MBCD-Chol solution. The color map represents normalized
florescent intensity, computed from FI (1 — ¢)pP9PC where pPOP¢
is the inverse of the area per DOPC molecule. . . . . . . ... ... ..

Membrane spreading dynamics. (a) Normalized area deviations of
SLB patches versus time, exposed to MSCD-Chol of different con-
centrations. (b) Gradient of Florence Intensity versus time AFI =
Fleenter — Flegge. (c) Observable velocity 7, outer and inner leaflet
velocities on the edge voi, and the velocity of the flow from the outer
leaflet to inner one on the boundary v, (see Fig. 6.3) are computed ver-
sus time for a SLB exposed to 50 mg/mL Chol solution. (d) Velocity
profile of the bilayer for outer, and inner monolayers at t=8.5 s.

6.6 Relaxation dynamics of an SLB patch exposed to 50 mg/mL Choles-

terol solution. Color map shows the density difference (p* — p~)/2.
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6.7

6.8

7.1

(a) Microscope snapshots of a continuous SLB, washed with a 10 mg/mL
solution of MBCD-Chol. Tubes nucleate and grow (0-40 s), and then
start thickening and snapping to spherical complexes and vesicle ag-
gregates, while they are still growing in size (40-120 s). After that,
spherical protrusions are relatively stable, only slightly decreasing in
size (120-570 s). Decreasing their area to enclosed volume ratio, spher-
ical protrusions then transform into shallow caps (570-1050 s), which
lyse and reorganize into small vesicles (1050 s to the end). Scale-bar:
10 pm. (b) Normalized projected area of the protrusions out of the
adhered membrane Aa,/Aapmax (squares). To compare the continu-
ous SLB reorganization with the expansion/retraction mechanisms of
isolated patches, the normalized area deviation of an isolated patch
washed with the same solution is plotted (circles). Solid green circles
indicate the snapshots in (a). (¢) Average FI of an adhered region of the
bilayer (the circular region shown in the last snapshot). We attribute
the initial drop in intensity to the formation of protrusions, and the
subsequent recovery to the condensing effect of cholesterol. The inten-
sity does not recover completely due to loss of phospholipids, either
during the reorganization of the protrusions or by DOPC uptake by
free MBCD. . . . . .

Shape transformations of a GUV upon the elevation of the membrane
cholesterol. 4 pL of 50 mg/mL solution of MSCD-Cho is injected by
a syringe in the vicinity of the GUV (syringe tip location is shown by
the star symbol). The tubes nucleate and grow from the non-adhered
part and then from the adhered part of the membrane by a few seconds
delay. After ~ 100 s the tubes start thickening and retracting to small
vesicles. The last microscope snapshot is representing a vertical cross
section of the GUV, presenting its adhesion to the substrate. Some
vesicles are detached from the membrane and aggregate on the top of
the GUV. Scale-bar: 15 pm. . . . ... .. ... ... ... ......

Eigenvalues and normalized eigenvectors for the dynamical relaxation
of spherical vesicles, (a) Ry/ly = 10, (b) Ro/lyp = 1, (¢) Ro/lop = 0.1,
dash line: neglecting the membrane viscosity, solid line: accounting
for the membrane viscosity. The crossover mode number, at which the
nature of the nature of the slow mode changes, can be appreciated in
the right panels. The asymptotic estimations for the relaxation rates
and the crossover mode numbers are presented for different regimes and
vesicles of different sizes. . . . . . . ... 0oL
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7.2

7.3

7.4

7.5

7.6

7.7

Slowest eigenvalue of the most observable fluctuating mode (n = 2,
top row), and higher modes (n = 10,20, middle and bottom rows)
as a function of the vesicle’s radius Ry, solid line: without the mem-
brane viscosity, dash line: with the membrane viscosity. For each mode
number n, an eigenmode is presented for an arbitrary m (m = 0,4,5

respectively). . ...

Selection of cylindrical harmonics. m = +1, and n = 0 are related the
rigid body motion. m = 0 and n # 0 presents the axisymmetric mode
shapes. m = £1, and n # 0 are longitudinal wave modes with circular

cross section, known as Goldstone modes. . . . . . . . .. ... ... ..

Maximum thermal undulation amplitudes (the softest mode n) for
tubes of radii o = 50 nm, 500 nm, 2.5 pm) and m = 0,1 as func-

tions of the average surface tension. . . . . . . . . . ... .. ... ...

The confocal images of an undulating tube of radius~ 0.5 pm. Top
image shows a florescent image. The image segmentations in three

different time instances are shown. Scale bar: 5 pm. . . . . . . . .. ..

Thermal undulations and dynamical rates as well as the normalized
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Chapter 1

Introduction

Motivation and objectives

Lipid bilayers are quasi-two-dimensional systems made out of two monolayers of lipid
molecules held together by the hydrophobic effect. They form most biological con-
tainers in cells, and exhibit a wide range of morphologies, from vesicles to tubes,
including sheets or complex networks in the endoplasmic reticulum | ,
|. Biological membranes undergo dynamical shape deformations and reorganiza-
tions, crucial for cell functions, such as vesicular or tubular trafficking | ,
|, cell signaling, shaping the cell organelles, or cell death. Such shape transforma-
tions are known to be driven by cytoskeleton-induced forces | , |, by
tuning locally the lipid composition, through interactions with specialized proteins,
or upon contraction of the underlying actin cortex | , ], etc.
These membrane transformations are allowed by the extreme malleability of lipid
bilayers, given by their flexibility in bending and their interfacial fluidity. The in-
terfacial fluidity itself is essential to the motion of membrane proteins |
], the transport of lipids between cells through membrane tubes |

Y

|, the membrane thermal fluctuations | ) ], and

J

lateral reorganizations such as the formation of lipid rafts and caveolae |

, 2004].
The goal of this thesis is to understand the dynamical shape deformations and re-

organizations of lipid bilayers, the role of lipid hydrodynamics in such transformations,
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and the role of mechanics in shaping and stabilizing highly curved membrane struc-
tures. Towards this goal, we develop a continuum theory, numerical and analytical

approaches, and perform experiments.

Modeling the dynamics of lipid bilayers

Although a simple elastic surface model such as that described by the Helfrich cur-
vature energy has been able to explain a number of observations of bilayer vesicles
[ , |, it has long been recognized that in many situations
the mechanical behavior of lipid membranes can only be explained by acknowledg-
ing its bilayer architecture | , |. Besides curvature elasticity, a general
model for the energetics of bilayers | : | includes the stretching elasticity
of each monolayer, which despite the generally small density deviations from equilib-
rium has a non-negligible effect. Physically, increasing the lipid density in one leaflet
leads to a free energy penalty due to the steric interaction between the lipids, while
decreasing it exposes the hydrophobic core, resulting again in a free energy cost. In
equilibrium, the lipid densities become essentially uniform in each monolayer, and the
bilayer continuum model can be simplified in a hierarchy of area difference elasticity
models | , |. However, a local density perturbation takes a finite time to
relax, which gives rise to very rich and biologically relevant dynamics as shown by
recent biophysical experiments, such as the shape changes due to lipid translocation
under the action of flippases | , |, or a local pH disturbance, changing the
preferred area per lipid | , , , ], as a few examples

of interest.

The over-damped dynamics of bilayers emerge from a balance between the above-
mentioned elastic forces and dissipative forces, which include those generated by the
in-plane shear viscosity (interfacial viscosity) and by the inter-monolayer friction as
they slip past each other. In physiological conditions, in-plane and inter-monolayer
shear stresses are purely viscous, with experimentally characterized membrane shear

viscosity and inter-monolayer friction coefficients | , |. The membrane



viscosity arises from the friction between the amphiphiles of each monolayer as they
shear due to interfacial flows. Putting together the curvature and density elastic
forces and the dissipative forces, due to inter-monolayer friction, the interfacial and
the surrounding bulk fluid shear viscosity, results in a mathematically complex bilayer
dynamical model, which has only been formulated and exercised in simplified settings

as reviewed next.

The thermal undulations of bilayers are generally understood in terms of a lin-
earized version of this model, considering infinitesimal shape and density perturba-
tions around a planar or spherical bilayer | , , ;

, , , , ], and has been used to interpret membrane relax-
ation dynamics in several studies. However, mathematical formulations of interfacial
flows on general geometries show that, in the presence of curvature, the membrane
viscosity produces a normal drag force, quadratic in the curvature and linear in the
normal velocity [ , |, which is neglected as a consequence of
the linearization about planar configuration. Therefore, there is a general tendency in
the literature to neglect the membrane shear dissipation, notoriously difficult to treat
mathematically, e.g. on the basis of scaling arguments involving the Saffman-Delbriick
length scale (the ratio of interfacial shear viscosity to the bulk fluid shear viscosity).
In this thesis, we challenge this argument, and show by theory and simulations that
membrane viscosity may play an important role in bilayer shape dynamics, in the

presence of high curvature or significant shape changes.

Another important application of the bilayer dynamical model, under the strong
assumption of fixed shape, is in the hydrodynamics of tether extension |
, ], where the role of inter-monolayer drag for membrane flows around sharp
geometries is highlighted. The coupled lipid density and shape dynamics under finite
perturbations has been analyzed in | , ] for a predefined family of shapes and

density distributions.

The complex equations for the dynamics of bilayers can be further simplified under
(often too) restricted conditions. In the simplest situation, the bilayer architecture

and the membrane dissipative mechanisms can be neglected for giant unilamellar
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vesicles, governed by capillarity, curvature elasticity, and bulk dissipation. Around
sharp geometries, or for short wavelength thermal undulations, the inter-monolayer
friction dominates the dissipation, and membrane and bulk shear viscosities may
be neglected. Bilayers can also be studied theoretically with molecular dynamics.
However, due to the slow relaxation times of bending modes | ; ,

these methods are severely limited to small time and length scales | ,
Y ) ]'

In summary, lipid bilayers exhibit subtle mechanics, described by complex contin-
uum equations, which have been judiciously simplified in some situations. In chap-
ter 2, we formulate a dynamical quantitative model for bilayers, observing the in-
timately coupled lipid hydrodynamics and shape dynamics. We develop a general
continuum model accounting for the bilayer nature of the system, its elasticity, and
its internal (interfacial and slippage) and external dissipative mechanisms. The model
allows us to deal with the membrane finite shape deformation, density deviation, and
its interaction with adjacent membranes or substrates. This chapter describes the
kinematics of our continuum model, which challenge traditional Lagrangian or Eule-
rian descriptions | , |, the continuity equation, and the balance
of linear momentum. We specialize to axisymmetric systems, allowing us to describe
many of the important shapes bilayers adopt. The numerical implementation of the
presented model for axisymmetric bilayers, relying on a B-Spline Galerkin method, is

presented in chapter 3.

In chapter 4, we apply our model to describe the dynamics of biologically relevant
experimental observations. Our model can describe complex lipid hydrodynamics
mobilizing the inter-monolayer friction, such as flows around sharp geometries or as
a result of localized density asymmetries. The competition between two relaxation
mechanisms: flowing lipids or changing the shape, is studied here by considering
vesicles with a localized density asymmetry. We also study the nucleation and well-
understood extension of membrane tethers, the absorption of a bud by a planar bi-
layer, and the recently observed tension-driven lipid flows between vesicles and cells

connected by tubes, which can be interpreted as a Marangoni effect. These examples



illustrate the diversity and complexity of bilayer dynamics, which make it difficult to
provide accurate estimations based on simple arguments. Parts of chapters 2 to 4

have been published as a journal paper in Physical Review E. | ,

]-

Shaping mechanically confined bilayers

In biomimetic systems, protrusions form out of confined membranes upon straining
the membrane-supporting surface | , ], or upon incorporating lipids
or peptides in supported bilayers [ , , , ,
, ]. Similar processes have been observed in cells, where the mem-

brane bulges into blebs | ) | or micro-vesicles | )
| upon contraction of the underlying actin cortex, or forms tubular invaginations
away from the substratum in shrinking adherent cells | , 179]. In
chapter 5, we provide a unified view of these phenomena, and investigate the rich
behavior of confined membranes with experiments, theory and simulations. We show
that supported lipid bilayers in the fluid phase form out-of-plane tubular or spherical
protrusions, and can be reversibly controlled by the magnitude of the applied strain
and the interstitial fluid volume. To understand the experimental observations we
develop a theoretical model for the confined bilayer in equilibrium, based on our ex-
perimental procedure and the shapes of the protrusions. Using numerical simulations,
we check our analytical framework for equilibrium state, and show that compression
rate can produce a significant bilayer asymmetry, resulting in the formation of com-
plex morphologies such as pearled tubes. Some of results presented in this chapter

have been recently published as a journal paper in Physical Review Letters |

, 2013)].

Shape and composition dynamics by cholesterol adsorption

Cholesterol is a ubiquitous constituent of biomembranes and is crucial for the cell func-

tionality by regulating the membrane fluidity, permeability, elastic stiffnesses (bend-
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ing and stretching), etc | : ]. The elevation of the cholesterol cellular
level results in many medical disorders, which are understood in part as morpholog-
ical changes and reorganizations of cell membranes | , ]. In
chapter 6, we study experimentally and theoretically the dynamical reorganizations,
and shape transformations of model membranes upon the adsorption of cholesterol
molecules in three different conditions: planar supported lipid bilayer (SLB) patches,
continuous SLB, and supported unilamellar giant vesicles (GUVs). When the bilayer
is confined, we observe the formation and evolution of tubular and spherical protru-
sions, and when the bilayer is laterally unconstrained, it spreads with different rates,
upon the exposure to a solution of cholesterol of different concentrations. An ex-
tended form of our continuum model is presented in chapter 6, which accounts for a
nonuniform binary (cholesterol-DOPC) mixture lipid bilayer, and for the adsorption
kinetics. With this model, we explain the nonuniform distribution of cholesterol upon
fast membrane spreading, mostly due to the substrate friction.

The experimental work of chapter 6 is performed by the author of this thesis dur-
ing a five month stay at Princeton University, Department of Mechanical and
Aerospace Engineering, Complex Fluids Group, and funded by Spanish Ministry
of Science and Innovation awarded as EBPI-FPI 2012, while the experiments pre-

sented in chapter 5 were performed by our collaborators at the same center.

Thermal undulations of curved bilayers

Chapter 7 describes the relaxation dynamics and the shape fluctuations of quasi-
spherical vesicles and tubular membranes, with a particular attention on the role of
the membrane viscosity. We hypothesize and show that the membrane viscosity plays
a significant role in the relaxation rates of highly curved membranes, e.g. vesicles, or
tubes of radii below the Saffman-Delbriick length scale and suggest new experiments
to measure the interfacial viscosity by flickering spectroscopy in membrane tubules.

Chapter 8 collects concluding remarks and gives future directions.



Chapter 2

Continuum model

We describe the configuration of the bilayer in terms of its midsurface and two lipid
density fields, one for each monolayer, thus forcing at the outset the shape coupling of
the two monolayers. The rate of change of the system is given by the rate of change
of the midsurface, i.e. its normal velocity, and by the tangential velocity of the lipids
of each monolayer, which are in general different, producing inter-monolayer slippage
and friction. The lipid densities, and the tangential and normal velocities are coupled
through the continuity equation, expressing locally balance of mass. The governing
equations are completed with balance of linear momentum, obtained with variational
methods, where we ignore inertial forces given the low Reynolds’ numbers typical in
bilayer mechanics. We pay particular attention to the kinematics, which are neces-
sarily Lagrangian (tracking material particles) in the normal direction to the bilayer,
but which cannot be Lagrangian tangentially due to inter-monolayer slippage. We
propose an Arbitrarily Lagrangian-Eulerian formulation, very useful in the numeri-
cal implementation, and provide detailed and accessible expressions for axisymmetric

bilayers.

2.1 Kinematics

We consider the parametric description @ (¢!, €2, ¢) of a bilayer midsurface T';. As

argued above, a point (¢!, £?) in parameter space cannot label a material particle, and

7



Figure 2.1: (Color online) Description of a bilayer membrane. v* denotes the tangen-
tial velocity field of each monolayer on the midsurface. The density field on the neutral
surface of each monolayer p*, and the projected density field on the midsurface p*
are also shown.

the time derivative of this parametrization is not in general the velocity of material
particles. We express it as

z, =W =w+u,n, (2.1)

where the normal velocity v,, has mechanical relevance, since it characterizes the rate
of shape changes, whereas the tangential field w is the velocity of points with fixed
parametric coordinates. We denote by g, = x, - ©; the metric tensor, by n the
unit normal to the surface, and by k = —Vn the second fundamental form, where V
denotes the covariant derivative and (-), denotes partial differentiation with respect

to £%.

To describe the physical tangential velocity of each leaflet, we consider indepen-
dent vector fields on I';, v*, which we define as the velocity of the ends of the tails
of the amphiphiles in each leaflet, see Fig. 2.1. This definition is convenient in the
formulation of the inter-monolayer friction. For numerical convenience, we allow for
general tangential motions of the parameterization, and formulate the mechanics co-
variantly in this respect. Such a description of motion is often referred to as Arbitrar-
ily Lagrangian-Eulerian (ALE) kinematics, see [Donea and Huerta, 2003, Belytschko
et al., 2000] for details. The tangential convective velocity, i.e. the tangential phys-

+

ical velocity relative to points of fixed parameter value (£1,&2), is ¢ = v* —w. If
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w = 0, we recover an Eulerian description in the tangential direction. Lagrangian
descriptions are characterized by zero convective velocity. It is clear that we cannot
recover a purely Lagrangian formulation since in general the leaflets slip relative to

each other, and therefore w cannot equal v and v~ at the same time.

2.2 Continuity equation

Following | , |, we describe each leaflet by a neutral surface representative
of its mechanics, i.e. the density of the lipids in this surface p* is the order parameter
that allows us to define the areal elastic energy. The projected densities onto the
midsurface of the bilayer p*, see Fig. 2.1, deviate from p* according to the following

relation

p = p* (1F2dH + O(d°K)) . (2.2)

where d is the distance between the bilayer midsurface and the neutral surface of
the monolayers, usually located close to the polar-apolar interface [ , |, H
denotes the mean curvature (half the trace of the second fundamental form), and K
denotes the Gaussian curvature (the determinant of the second fundamental form).
A convenient approximation for small deviations from a reference density of lipids py,
is

ot~ pt F2pydH. (2.3)

Since the rate-of-change of local area for a time-evolving material interface is given
by div v+ — 2v,H | , |, the conservation of mass for each
leaflet takes the form

dp*

-t p~(div v* — 2v,H) =0, (2.4)

where d/dt denotes the material time derivative. In practice, we are interested in
time derivatives for a fixed value of (£, &). From the chain rule we have |

, 2003]
pf + c* - Vp* + p*(div v*F — 20,H) = 0, (2.5)
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where we stress that by p’f we denote a time derivative for a fixed value of the

parameters (&1, &).

2.3 Free energy

2.3.1 Elastic energy

Deviations from the equilibrium density pg result in excess elastic energy. Additionally,
each leaflet stores elastic energy when curved, for which we follow the classic Helfrich
functional ignoring the Gaussian curvature term for simplicity. Consequently the total

elastic energy can be written as | , ]

Mz, pt] = /K7 (¢+2+¢—2) dS+/g(2H—CO)2dS+/deS,
I r r

where K is the elastic stretching modulus of each monolayer, x is the bending mod-
ulus, Cy is the spontaneous curvature, ¢ = p=/py — 1 are the reduced density devia-
tions, and fj is the surface energy, which is negligible for a highly curved and stretched
membrane, compared to the other terms. We rewrite the total elastic energy by sub-

stituting Eq. (2.3)

+ Ky (p* ’ ko 2

Y

Here and in subsequent expressions we imply a summation of the “4+” and “—” contri-
butions. The interested reader can find in Appendix A.1 the expression of the elastic
surface stress tensor derived from this Hamiltonian.

We compute now the rate of change of the elastic energy functional, required to
derive the governing equations. The resulting expression should be independent of
the parametrization of the midsurface, and hence, should depend on x; through v,
alone. In fact the reparameterization invariance of the Helfrich energy can be easily

checked analytically using the expressions in appendix A.2 for the general variations
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of the element of area and the mean curvature and the divergence theorem on the
surface. By using the continuity equation, we express this functional in terms of
the velocities v, and v*, instead of v, and p,l;. For convenience, we consider in
this derivation an Eulerian gauge, for which the rate of change of the area element
is —2v,H dS, and the rate of change of the mean curvature follows the classical
expression 2H ; = Av, + v,(4H? — 2K). Using these two expressions, Eq. (2.5) with

¢t = v*, and rearranging terms, we find II = II,, + ﬂKs with

IL.[v,] = & /F (2H — CO){Avn + (2H? — 2K + HCy) vn}dS, (2.6)

and

2.7)

. pi pi
k. [vn, vE] = KS/ <— —1F 2dH) { — div (—f)
r \ Ao Po
+

o, H (”— + 1) T d [Av, + 20,(H? — K)] } ds.
Po

where the parametric dependence on  and p* is omitted. Interestingly, the rate of

change of the stretching elastic energy depends on the tangential rearrangements of

the lipids, which alter the lipid density but leave the shape unchanged.

Very often in modeling of lipid bilayers, we consider an open surface to simulate
an infinite membrane (for instance in modeling of tether extraction or the fusion of
a buds). The surface tension o, applied on the boundary, provides the following

external power to the system

I, = / o - vg dy. (2.8)

Yo

where by dv, we denote the arc length element of the membrane boundary.
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2.3.2 Adhesion and Osmotic potentials

When membranes interact with substrates or sub-cellular structures, they experience
attractive and/or repulsive forces. We express the free energy associated to this
interaction as an adhesion potential U(t), which is a function of the separation distance

t. Thus, the adhesion energy can be expressed as

Mags = / U(t)ds.
I

and its rate of change as

M adn[vn, vF] = /F {U' )i+ U(t) [div(v" +v7)/2 4+ v,H] } dS.

To consider osmotic effects, we assume that the bilayer separates two osmotic
media, e.g. a closed vesicle of volume V' enclosing N osmolite molecules. The bilayer
is semipermeable, and allows water but not the osmolites to permeate | ,

|. Introducing the osmolarity of the enclosed solution at a reference volume
My = N/Vp, and the corresponding volume v = V/V;, we express the osmotic pressure
difference across the bilayer as Ap®™ = pom — posm = RT (My/v — Myy:), where R
is the gas constant, T' the thermodynamical temperature, and M,,; the osmolarity of
the ambient solution, which we view as a control parameter. We can define a potential

for the osmotic pressure by
s (V) = RTVy (Myyv — Mo lnw). (2.9)
The rate of change of osmotic free energy is then

oo (V) = RT (Mout — %) v, (2.10)

where the rate of change of volume follows from V = fr v, dS.
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2.4 Dissipation

2.4.1 Internal dissipation

The internal dissipative mechanisms of the bilayer include the monolayer surface vis-
cosity and the friction between two monolayers. We consider each monolayer as a
Newtonian interfacial fluid | , |, which can only support a tangential vis-

cous stress
o *F = 2ud* + A(tr d*)g, (2.11)

where p and A are the monolayer shear and dilatational viscosities, see | ,
| for measured coeflicients), and the rate-of-deformation tensor d includes a con-
tribution from the normal velocity of the interface in the presence of curvature

d* == [Vv* + (Vo) — vk (2.12)

N | —

Assuming as usual a linear relation between the inter-monolayer shear traction and
the slippage velocity T = b,,(vT —v7), we can write the internal Rayleigh dissipation

potential from which these viscous stresses derive

Wmem [Una vi] = Wu[vm vi] + Wbm [Ivi]

_ %/(QMd:dJr/\(trd)Q)idS
I

b,
—i——/ vt — v || dS. (2.13)
2 Jr

See [ , ] for a detailed account of the membrane dissipation.

2.4.2 External dissipation

We assume that the velocities of the membrane and of the surrounding fluid coincide,
i.e. no slip as conventionally assumed for lipid-water interactions | ,

|. Thus the bilayer model is coupled to a bulk fluid velocity field that possibly
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includes a permeation component. At the bilayer surface, the lipid velocity is given
by
VE=v* +un, (2.14)

while the fluid velocity Vf on the surface is
VY r=v* 4 (v, +0P)n, (2.15)

where vP is the permeation velocity across the membrane. We consider an infinite
incompressible fluid at rest at infinity. Introducing the stress tensor from the bulk
fluid o4, and the rate of deformation tensor D = 1/2[VV;,+(VV;)T], the dissipation

potential for a 3D Newtonian fluid reads | ) ]
1
Wbulkzé/ab!DdV:ﬂb/D:DdV (216)
Q Q

where p, is the ambient fluid shear viscosity.

Also, if the substrate is present and is dynamically interacting with the membrane,
we include an additional dissipation term, to account for the friction between the lower

monolayer and the substrate | , ],

bs
W, = = / o~ |12ds,
Q

where b is the corresponding friction coefficient.

2.4.3 Permeation dissipation

If the system is osmotically out of the equilibrium, the membrane allows for water
permeation, which dissipates a significant amount of energy. Besides the lipid dissipa-

tion, the permeation dissipation also takes place at the membrane. It can be modeled
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with the potential | , ]

Wornltt) = 56 [ (025, (2.17)

where C'is a permeation coefficient generally expressed as P;V,,/(RT"), Py is a constant

with units of velocity, and V,, is the volume of a water molecule.

2.5 Governing equations

The dynamics of the system can be obtained by minimizing the Rayleigh dissipation
potential plus the rate of change of the elastic energy with respect to the variables
expressing the rate of change of the system | , ]. This minimization
is often constrained, for instance by boundary conditions or a fixed enclosed volume.

For this purpose, we form the Lagrangian

Lvn, 0P, v, Vi, Al = W, o8, vF, V] + Hv,, o2, vE, V] — A-Clo,, 0P, v5, V3,
(2.18)
where Clv,, v, v5, V] collects all the constraints and A the corresponding Lagrange
multipliers. For instance, a fixed enclosed volume constraint for a closed bilayer is
expressed as fr v, dS = 0, and the associate Lagrange multiplier is the hydrostatic
pressure jump across the bilayer. The governing equations are then obtained by

making the Lagrangian stationary for all admissible variations

Gu, £ = 6,08 = G & = 64— L = 6y, £ = 6L = 0, (2.19)

which is a form of the principle of virtual power. It is straightforward to include
external forces such as a prescribed membrane tension at the boundary of a domain.
From these equations, by integration by parts, the Euler-Lagrange equations can be
derived by a direct calculation. The only term involving complex calculations is the

membrane dissipation, see | , ].
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In an ALE formulation, the physics are independent of the choice of parametriza-
tion of the midsurface, and therefore independent on the tangential parametrization
velocity w. In numerical calculations, this allows us to freely choose the parametriza-
tion velocity, which can be interpreted as a mesh velocity. It can be prescribed, for
instance to zero in a tangentially Eulerian approach, although this introduces numeri-
cal stiffness in the equations. It is also possible to exploit the freedom of the tangential
motions of the mesh to adapt to discretization density to the features of the solution,
although we do not attempt this here. Instead, we view the mesh velocity as an ad-
ditional unknown. To break the invariance of the physical equations with respect to

w, we include a functional to damp the mesh velocity
Wiw] = i/ lw|?ds, (2.20)
25 Jr

where /i is a numerical parameter with units of physical viscosity and S is the bilayer
surface area. This functional can be understood as a penalty approach to enforce

approximately the Eulerian gauge.

Once the lipid, shape, and parametrization velocities have been obtained from
these equations, one can integrate in time the parametrization from Eq. (2.1), and

monolayer densities from the local statement of balance of mass in Eq. (2.5).

2.6 Particularization to axisymmetric surfaces

We consider the parametric description of an axisymmetric surface in terms of the

generating curve, i.e. the surface I'; at a given instant ¢ by

x(u,0,t) = {r(u,t)cosd,r(u,t)sinb, z(u,t)}, (2.21)
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where u € [0,1],0 € [0,2n], and {r(u,t), z(u,t)} is the parametric description of the

generating curve. The velocity of the parametrization is

{re, 24} = wt +v,m,

where t = 1/a{r’, 2’} is a tangent unit vector to the generating curve, n = 1/a{—2',1"}

a unit normal, and a(u) = /[r'(v)]? + [¢/(v)]? is the norm of the curve speed.
Throughout the paper, ()" denotes partial differentiation with respect to the pa-

rameter u. From the above relations, we have
o 1 / / o 1 / /
w=—(r'ry+2'z), vy,=—(=2ri+12,). (2.22)
a a

We assume that the tangential velocity of the lipids in each monolayer does not have

azimuthal components, i.e. v¥ = vFt.

For axisymmetric surfaces, integrals on the surface can be brought to the inter-
val [0,1] with the relation dS = (2mar)du. Following | , :

, |, the rate-of-deformation tensor can be written in an orthonormal

coordinate system with basis vectors along the generating curves and the parallels of

gl o0 v, | b/a® 0
al 0 otr')r a 0 Z/r 7

the surface as

where b(u) = —r"(u)z'(u) + 7' (u)2”(u). The mean and Gaussian curvature are given
by
1 / !/
o= (L F) g
a\a® r a‘r

The continuity equation (2.5) can be written as

+ +\/
ﬁ+fﬂ_ﬂ+fFﬂl_mM4:Q (2.23)
’ a ra

Specializing Eq. (2.13) in the present setting, the dissipation potentials can be
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written concisely as

W, [vE] = [%m/o [vF,v7] [ b ] [v* ] (2mar)du, (2.24)

-1 1 v
and
1
Wulre, 24,05 = 5/ UTAU (2rar)du, (2.25)
0
where UT = [r;, 2z, v, 07,07 v7'] and A is a symmetric matrix given in Ap-
pendix A.3.

The parametrization dissipation potential takes the simple form

rz

= oot 2oy r
Wir, 24 = %/ — ez o | du. (2.26)
0 z

!
Z,t

Similarly we implement the axisymmetric version of the elastic energy. With a
view on the numerical implementation, rather than using the general expression in
the previous section for the rate of change of the elastic energy, we can avoid third
order derivatives of the parametrization of the generating curve by taking variations

directly of the axisymmetric functional

1 Ks + 2
[r, z, p*] = /0 - (';—0 F2dH — 1) (2mar)du

+ /05(2H—CO)2(27rar)du, (2.27)
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which results in

AN
(:deH,t + —’t> (p— + 2dH — 1)
Po Po

1
H[T,ta Z,t)p.:t] - / Ks
0

+2r(2H — Co)H,

1
/
0

+5(2H = Co)?

(2mar)du

K, [ pt 2
s (p— + 9dH — 1)
2\ ro

(aur+ ary)2ndu (2.28)

where H;, a;, and pf are given in Appendix A.4. Using the continuity equation, II
becomes a functional of velocities only. Despite the long expressions, this functional

has a simple structure of the form

1
[ry, 2z v7] = — / F'W (2rar)du (2.29)
0

where W1 = [r, Tl 2 2 2 vt v, vt v_l] and F is a column vector depending
nonlinearly on the shape and monolayer densities. This form highlights its linearity

with respect to the variables expressing the rate of change of the system.

A common assumption when studying bilayer vesicles is that the enclosed volume
remains constant | ) |. This condition is expressed in the

present setting as
' 1
0=C"ry,zs] =V = / (=2'ry +1'24) (27r)du.
0

Minimizing the Lagrangian subject to the constraints, one can find the velocities
{rs, 24, v} at each configuration {r, z, p*}. Then, the surface parametrization can
be integrated in time from {r, z;}, and the monolayer densities from the continuity

equation.
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2.7 Summary

We have proposed a comprehensive dynamical continuum model for lipid bilayers to in-
vestigate out-of-equilibrium phenomena. With a particular attention to the membrane
fluidity, our model includes important internal and external dissipative mechanisms,
coupled with the membrane bending and stretching elasticity. Assuming an interfa-
cial, Newtonian compressible flow for each monolayer, and for axisymmetric surfaces,
we have derived the governing equations of the bilayer viscoelasticity, which will be
used in the following chapters, to be implemented numerically or to be particularized

for different physical situations.



Chapter 3

Numerical approximation

In this chapter, we discretize the governing equations with a Galerkin method. We
represent numerically shape and the surface physical fields using B-Splines and derive
the space-discretized form of the governing equations, a system of differential-algebraic

equations.

3.1 Spacial semi-discretization

3.1.1 Shape and physical fields on the membrane

The generating curve of the axisymmetric surface is represented numerically as a

B-Spline curve

N
{r(ut),z(u,0)} = Y Bi(u) {ri(t), 21(1)}, (3.1)
1(t)
where Bj(u) are the B-Spline basis functions [1997] defined on the

interval [0, 1], and {r;(t), 2;(f)} is the position of the I—th control point of the B-

Spline curve at instant ¢. Similarly, the density field is represented as

o) = 3 Bi(w)pi (1), (3.2)

I=1

21
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We then have

,H
3

K
=

Q
] =

Br(u) {71(t), 21(t)},

=t P;(t)

oi ~ S Bilw)it ). (33)

N
I=1

Finally, the tangential velocity of each monolayer can be numerically expressed by,

v (ut) = Z Br(u)vE(t). (3.4)

We note that the basis functions for the parametrization of the curve, the density
field and the velocity field can be B-Splines of different orders. Since the energy
functional involves second derivatives of r and z, B need to be at least quadratic B-
Splines to have continuous derivatives and square-integrable second derivatives. While
higher order B-Splines have superior accuracy, their computational cost is also higher,
because the bandwidth of the dissipation matrices described below becomes larger,
and the numerical integration requires more quadrature points. We found the results
to be quite insensitive to the degree of the basis functions, and in the calculations
we consider cubic B-Splines for the shape and for the tangential velocity fields, and
quadratic B-Splines for the density. This combination provides stable and accurate

results at a reasonable computational cost.

3.1.2 Bulk velocity field

We represent numerically the bulk velocity field using finite element approximation

to derive the space-discretized form of the bulk dissipation.
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The 3D velocity field can be represented numerically as
ngy 3
V(X )= Y N(2)Vu(t), XeQ 2Zeq (3.5)
=1

By N, we denote the 3D shape functions and by Q, we denote the parametric space.

3.2 Discretized form of the governing equations

Plugging these representations into Eqs. (2.24,2.25,2.26,2.29), and making the La-
grangian stationary with respect to P I 'Uf, and the Lagrange multipliers A we obtain

a system of differential algebraic equations (DAESs)

P D 0 0 P
Dypem O f(p,P)
+|1 0 Dy O V | +QA = ,
0 Dpuix 0
b 0 0 O U,
P
Q" v | = o, (3.6)
U,

where the global column arrays P, V, U, and p collect all the degrees of freedom, U, =
Vi, Vig, o Vi, J¥, 'V collects the surface velocity of outer and inner monolayers,
and Do has the dimention of P and V. All the dissipation and constraint matrices
depend nonlinearly on P. The constraint matrix Q encodes boundary conditions,
possibly the fixed volume constraint, and the no-slip condition between the bulk fluid
and the bilayer.

The membrane dissipation matrix Dyen follows from Eq. (2.25) and takes the

form

Diem = / BTAB dS,
I

where B is a matrix whose entries are By, By and B, the integrals are performed
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by Gaussian numerical quadrature and the global matrix is filled with the standard
assembly process in finite elements ( [2000]). Similarly, the inter-

monolayer friction matrix is assembled from local matrices of the form

B 0 1 —-1||[B; 0
(Dfr)u = bm/ ' ~ ! A ds,
r 0 B[ -1 1 0 BJ
and for the parametrization dissipation we have
~ Is 1| Br 0 Pty B; 0
D)y =2 — ' ) ! ds,
S Jra 0 By 'z 0 By
From Eq. (2.29) we have
f= / B’F ds,
r

where now B is filled with B;, B}, BY, B; and B).

The continuity equation is a partial differential equation governing the evolution
of the density field. Due to the convective term (c* - Vp), the Galerkin finite ele-
ment method needs to be stabilized. We use the standard Streamline Upwind Petrov
Galerkin (SUPG) stabilization method ( [2000],

[ |). After spacial discretization, see Appendix B.1, the continuity equation can

be written as

M*p* + LEp* =0, (3.7)

where the M and L matrices depend on P and V.

The system of DAEs can be understood as follows. Given a state of the system at
time ¢, (P(t), p(t)), we find V(t), A(t) and P(t) from Eq. (3.6). We then use Eq. (3.7)
to compute p(t). Thus, we can formally express the rate of change of the system as
(P(t), p(t)) = G(P(t), p(t)). We integrate forward in time this ODE with specialized
semi-implicit ODE solvers for stiff problems ( [ D



Chapter 4

Numerical results

We exercise now the model in selected applications of interest. We first revisit the
problem of tether extension as a validation of our model and simulations. We then
present a suite of examples that illustrate the diversity of dynamical regimes of lipid
bilayers, all of which bear biological relevance. We have carefully checked the conver-
gence of the numerical approximation by mesh refinement. We find that the numerical
method is robust to the order of the B-Spline basis functions, to the parametrization
dissipation coefficient jis, and to the stabilization parameter 7 of the SUPG method.
In the examples presented here, we use at most 100 basis functions for each of the
unknowns, 7, z, pt, and v*. In examples studied in the present chapter, we focus on

the role of the membrane viscosity and interlayer frictions.

4.1 Material parameters and time scales

Since our model includes several energetic and kinetic coupled mechanisms, the choice
of material parameters (k, K, s, by, and d) plays an important role in the behavior of
the system, and there is no canonical nondimensionalization of the equations (As does
not play a major role). Note carefully that K and us are monolayer parameters, and
therefore a factor of 2 is needed to relate the model to some reported measurements.
We set the distance between the bilayer midsurface and the monolayer neutral surface

to d =1 nm. It is useful to define non-dimensional parameters comparing elastic and

25
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dissipative mechanisms respectively. On the one hand, € = /(2K ,d?) takes values on

the order of 1 for lipid bilayers. On the other hand, o = 244/(b,,d?) shows a larger

variability. With reported values for the membrane shear viscosity 1071 < 2u, <

5-107% Js/m? and for the inter-monolayer friction 108 < b,, < 10° Js/m?, a ranges

between 0.1 and 50. Here we consider « = 1. In all the simulations, we consider

k=10"17J 2K, = 0.1 J/m?, b,, = 10° Js/m* and 2u, = 1077 Js/m? | ,
, 2006).

We discuss next a number of time scales that govern the dynamics under different
circumstances. Let us denote by p the density average and by p the density difference
between the two monolayers, normalized by py. At fixed shape, the gradients in the
density difference p have been shown to evolve according to a diffusion equation with
diffusivity D = K, /b, | , |, which introduces a relaxation time
scale t; = S/D, where S is the relevant area, here of a density difference distur-
bance. Density differences can also relax by changing shape and creating curvature,
see Fig. 4.5, which when dragged by membrane viscosity gives rise to the time scale
ts = V/Su,/(K,dp). For our parameter choice, t5/t; = ad/(2V/5p), and therefore in
most cases the density difference relaxation by inter-monolayer friction is slower than
by membrane viscosity (induced by shape changes). When the shape change is driven
by curvature elasticity, t3 = Sy, /k is relevant. Gradients in the density average p do
not mobilize the inter-monolayer friction and exhibit an extremely fast characteristic
time scale t4 = ps/(Ksp), typically smaller than a microsecond, which needs to be
resolved by the simulations at initial stages. When the dynamics mobilize bending
energy and inter-monolayer friction, the relevant time scale is t5 = Sd?b,,/k. Some of

these time scales have been considered previously, e.g. | , ].

4.2 Dynamics of tether formation and extrusion

The statics of bilayer tubular structures has been extensively studied from a theoretical
point of view. One can easily estimate the equilibrium configuration of a tether pulled

out of a giant vesicle under constant surface tension ¢ by minimizing the energy of a
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uniform cylindrical membrane E = wkL/r + 2worL with respect to the tube length
L and radius r, leading to expressions for the equilibrium radius r = \/x/20, and for
the static force needed hold the tube

ff=mkr/r + 2mor = 271V 2K0. (4.1)

The equilibrium force during quasi-static tether nucleation, eventually converging to
f*, has been studied theoretically | , , , ].
The dynamical features of tether growth and retraction have been investigated
theoretically and experimentally in many studies | , , ,
) : |. Evans and Yeung | : | considered a
giant vesicle kept at constant tension o by a micro-pipette, and pulled out a tether
with an adhesive micro bead at constant velocity L. They provided a theoretical
estimation of the pulling force f when the tube area is much smaller than that of the

vesicle

K 2K d?
f = 27T<7“0+§>—|—27T( IE )L

+27 [2us — 3upr + (4bynd?) In g] L, (4.2)

. J
~

Tleft

where 1, denotes the water viscosity, R denotes the radius of the vesicle, and 7eg
denotes the effective viscosity of the tether. The first line is an elastic force fous,
with a first term corresponding to the constant static force f° and a second term,
proportional to the tether’s length, accounting for the global area difference between
the monolayers. The second line is the rate-dependent force f,q, which groups all
hydrodynamic effects, i.e. the bulk and membrane viscous forces and the slippage
between the monolayers at the tether’s neck. For large vesicles, the nonlocal elastic
term can be neglected, and the viscous forces are overwhelmingly dominated by inter-
monolayer friction.

We test our simulations against these theoretical predictions. We remove the
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Figure 4.1: Nucleation and extension of a tether out of a planar disk of radius 2 pm
kept at constant surface tension (¢ = 0™ + ¢~ = 107*K,). All figures but the right
plot are for a pulling rate L = 0.1 mm/s. (a) Selected snapshots with a colormap
of the inter-monolayer slippage velocity. Once the tether is fully formed, the process
reaches a steady state, where the shape, slippage at the neck, and the radius of the
tether do not change. (b) Force-extension curve normalized by the static tether force
in Eq. (4.1). The end of the process and the inset highlight the effect of membrane
shear viscosity and inter-monolayer friction on the dynamical part of the force. (c)
Evolution of the elastic energy (II) and dissipation power (2WW) components during
the process. (d) Effect of the loading rate for L =0.02,0.05,0.08,0.1,0.2 mm/s. The
arrow indicates increasing rate. The inset shows the normalized steady-state force
f°° as a function of strain rate. From the slope of this curve, we can compute the
effective tether viscosity 7. in Eq. (4.2).
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nonlocal effect by pulling a tether out of large enough planar membrane disk of radius
R with constant surface tension ¢ boundary condition, and uncoupled monolayers
(other than by frictional forces). More specifically, at the boundary of the disk (u = 1),
the parametric surface does not move r,(1) = 0 and z,(1) = 0, and a power of the
form mRov*(1) is added to the variational principle. The tangential velocities at the
boundary of the domain v*(1) are free, and are taken into account in the balance
of mass since the system exchanges mass with its surrounding. Figure 4.1 shows a
tether nucleation and extraction at constant rate. The color map, Fig. 4.1(a), shows
the velocity difference between the leaflets, visualizing the inter-monolayer slippage
at the tether’s neck. The radius of the tube during this process ranges between 71.1
and 76.3 nm. By stopping the extraction, we check that the small deviation from the
static radius (r = 70.7 nm) is due to dynamical effects. The maximum pulling force,
about 1.17 f*°, is attained for a critical length 0.32 R, a value known to depend on the
radius of the vesicle or the disk [ , ]. The steady state pulling force
from our simulations is f* = 1.12 f*, where the 12% deviation from f* is explained
by the additional terms in Eq. (4.2). To assess their magnitude, we annihilate in
the computations the friction coefficient first, and then the membrane viscosity. The
resulting drops in the tether force are shown in the inset of Fig. 4.1(b). Most of the
rate-dependent part of the force is due, as expected, to inter-monolayer friction. The
membrane shear viscosity contribution is only f,, = 0.00712 f°, very close to the
the theoretical estimation from Eq. (4.2), 0.00707 f*, which shows the quantitative
agreement between the simulations and the available theoretical predictions. We
can further understand the phenomenon by tracking elastic energies and dissipation
powers during the process, Fig. 4.1(c). It can be observed that, while the stretching
energy slightly deviates from zero due to rate effects, the curvature energy grows
significantly during the experiment. This is not surprising, since most of the resisting
force is static and explained by f,;. Before the tube has fully nucleated, the growth of
the curvature energy is quadratic, and after the buckling event that forms the tether,
it grows linearly, with as slope that we check is very close (within 1%) to half f* as

predicted by Eq. (4.1). It can also be observed that most of the dissipation in this
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process is due to inter-monolayer friction. It can be easily seen from Eq. (4.2) that
the viscoelastic time constant for this process is t5 = Sd*b,,/k = rLd?b,,/k. Recalling
the expression for the tube radius, the characteristic tether pulling velocity at which
viscous forces are comparable to elastic forces is L, = L Jts = /2k0 | (4b,,d?) = 0.25

mm/s, in agreement with our results, Fig. 4.1(d).

The left plot in Fig. 4.1 shows the effect of pulling rate on the resisting force.
The rate of the process changes slightly the bucking point, but more importantly
the steady state force f* increases with rate. From Eq. (4.2), the slope of f> as a
function of L should provide the effective tether viscosity Nefs (see the figure inset),
which has been examined experimentally | , , , ]. We find that
for the largest rate, the relation slightly departs from linearity, due to the dynamically

induced elastic force resulting from Ilx, mentioned above.

In summary, this example validates our model and simulations in a well-understood
situation, and provides a detailed picture of the rate effects during such process.
Tether extension may behave quite differently, for instance for vesicles pulled at two
opposing points | , ]. In this reference, the tension is not constant but

rather increases as the tethers are extended, and therefore these thin down.

We also consider a flaccid vesicle (R = 4 pm) with the reduced volume equal
to 0.9, pulled out with a constant rate (L, = 0.075 mm/s) on one point while the
opposite side is fixed. Figure 4.2 presents the dynamic tether formation from a large
vesicle (the color map represents the velocity difference between the leaflets). In this
figure, the shape deformations of the tether and the vesicle are remarkable. We show
the variations of the average surface stress during the tether extraction. Interestingly,
the surface tension is increasing linearly after the onset of buckling similar to the
pulling force. We understand this linear in growth in terms of quadratic growth of
the extensional energy. We note that bending energy increases linearly resulting in
a constant force contribution. We also investigate the importance of each dissipative
mechanism in this dynamical process. The contribution of the membrane dissipation
before the tubulation is larger here than in the tethering from a planar membrane

with a constant surface tension. Due to the considerable global shape changes in
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Figure 4.2: Nucleation and extension of a tether out of a vesicle of radius 4 pm with
a constant pulling rate (L, = 0.075 mm/s). (a) Generating curves of the membrane
highlighting the tether formation. As the tether is pulled, shape and radius change.
(b) Selected snapshots with a colormap of the inter-monolayer slippage velocity. (c)
Total surface tension, ot + o, as computed from appendix A.1, averaged over the
vesicle surface. (d) Force-extension curve grows linearly as a consequence of the
quadratic growth of the extensional energy. (e) Evolution of the elastic energy, Il;s,
I1,;, and their difference represents the stretching energy. (f) Contribution of the shear
viscosity in total membrane dissipation during the process W, /(W,, + W4, ). The
rest of the dissipation is balanced by interlayer friction.
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Figure 4.3: Cell-to cell communication via tunneling nanotubes. Geometry and lipid
velocity field of the inner monolayer at steady state for Ao = 1.36 - 107* mN/m and
o = 0.005 mN/m = 107K, corresponding to = 100 nm (left). The shape change as
a result of the tension difference is highlighted by the dashed-blue generating curve,
to be compared with the static shape (solid-red line). Effective viscosity as a function
of the average tension between the two connected membrane patches & (middle).
Fraction of the of the membrane shear dissipation relative to the total dissipation as
a function of & (right).

the vesicle. Interestingly the interlayer friction contribution increases after the tube

formation, since the tube neck decreases gradually.

4.3 Cell communication via tunneling nanotubes

In recent years, a novel cell-to-cell communication mechanism mediated by membrane
nanotubes bridging animal cells has been identified. Such open-ended membrane
tethers, called tunneling nanotubes (TNTs) have been shown to facilitate physiological
functions in cell-to-cell communication during health and disease | , ,
, , , |. For instance, there is
evidence that HIV-1 can spread quickly via TNTs between cells in the human immune
system | : ].
TNTs have diameters 2r ranging from 50 to 200 nm and lengths L of up to tens of
micrometers. Transport of objects through TNTs has been shown in vitro to be mostly

driven by the difference of surface tension Ao between the connected liposomes, and
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not by the internal pressure difference Ap | ; |. Indeed, the fluid
velocity profile inside the tube can be expressed as v(s) = v; — vg [1 — (s/r)?], where
s is the radial position, v; is the inner monolayer lipid velocity driven by the tension
difference Ao, and vy = rAp/(2pL) is the amplitude of the backward flow due to the
pressure difference. For long thin tubes, vy can be neglected. As before, the radius of
the connecting tube can be estimated by r = \/W where & is the average tension
between the two cells. This phenomenon, driven by gradients in the surface tension,

can thus be interpreted as a Marangoni effect.

We consider a long tether (L = 8 pm) bridging two giant vesicles modeled by two
circular disks of radius R = 3 yum, see Fig. 4.3 (left). Initially, we obtain the static
equilibrium by fixing the same surface tension at the top and bottom boundaries.
Then, we induce the lipid flow by increasing the tension difference Ao, while their
average ¢ is fixed. If the process is performed very slowly, we can assume that the
membrane flow is at steady state. We visualize the flow of the lipid membrane by the
lipid velocity of inner monolayer v;. The velocity is not uniform along the tube due to
the gradient of the surface tension, which in turn changes the tube radius. The figure
illustrates the steady state shape after the tension difference has been applied (blue
dashed line) compared to the equilibrium shape for Ao = 0 (solid-red line). We can
define an effective viscosity relating the velocity of the lipids to the tension difference,
Ao = nessv;. We find that indeed the relation between v; and Ao is linear in a wide
range of tension differences of up to 20% of 6. Figure 4.3 (middle) shows how the
effective viscosity increases with average tension (as the tube radius decreases). As
the tube becomes narrower, the role of inter-monolayer friction relative to membrane
shear viscosity increases in setting 7efr, see Fig. 4.3 (right). Remarkably, for tubes
in the physiological range, the membrane shear viscosity contributes between 10 and
20% of the total dissipation, and is therefore not negligible for quantitative predictions.
Focusing on the main contribution, we can estimate the order of magnitude of the
effective viscosity by scaling arguments as 7y & by, d? /1 = by d? \/m, leading to a
characteristic time for transport across the TNT of tg = b,,,d*L \/W /Ao
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Figure 4.4: Relaxation dynamics of a bud of radius R = 0.34 pum connected to a tense
planar membrane disk (0 = 0.006 mN/m). The color map on the snapshots shows the
membrane dissipation power density in the same scale during the process. The left plot
shows the curvature and stretching elastic energies during the process, while the right
plot shows the membrane shear and inter-monolayer friction dissipation powers, in non
dimensional terms with W = 2u,S/t3. Here, t3 ~ 3.6 ms. The stretching energy I,
due to the lipid density asymmetry arising from the bud absorption relaxes following
the time scale ¢; &~ 15 ms (not shown).

t/ts = 0.64

4.4 Bud relaxation

We consider now the relaxation of a vesicle that has formed a fusion pore with a
planar membrane disk under constant tension. Figure 4.4 shows selected snapshots of
the process, by which the bud is eventually absorbed completely and the bilayer disk
becomes planar. Here, the curvature forces are the main elastic mechanism driving
the process (see Fig. 4.4, left plot). The applied membrane tension also drives the
absorption. The dominant dissipative mechanism is the membrane shear dissipation
(see Fig. 4.4, right plot), and therefore, as expected, the relaxation dynamics are
governed by t3 ~ 3.6 ms. It can be observed that, during the bud absorption, some
amount of stretching elasticity is stored since initially the bud and the planar bilayer
were at their equilibrium lipid density. The density difference created as the bud

disappears then dissipates slowly through inter-monolayer friction in a time scale of
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Figure 4.5: Tllustration of how a molecule insertion/extraction in a monolayer disturbs
the lipid density asymmetrically. The lipid density contrast across the monolayers
can be relaxed either by flowing lipids away from/towards the disturbance (thin red
arrows), or by curving the bilayer to form buds/invaginations.

11 ~ 15 ms.

The process proceeds first rather slowly, with the membrane shear dissipation
concentrated at the neck of the bud. Recalling Eqgs. (2.12,2.13), we can interpret that
this localized shear dissipation density is caused by tangential velocity gradients. As
the neck opens up, the membrane dissipation becomes larger at the top of the bud, now
caused by the large normal velocity and curvature in this region, see Eq. (2.12). At a
critical point (¢ ~ 0.6 t3), the curvature elastic energy sharply decreases, accompanied
by a high membrane dissipation. The snapshots illustrate how the change in geometry

facilitates the lipid flow, and as a consequence speeds up the shape transition.

4.5 Density asymmetry excitations in vesicles

Organelles and cells are often placed out-of-equilibrium by localized density distur-

bances caused by a myriad of physicochemical phenomena. Proteins or polymers
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inserting the bilayer, effectively changing the lipid packing, can induce shape changes
[ , , ; |. Lipid molecules can locally change their
shape and size, for instance under localized pH alterations, leading to transient shape
changes | , , , ]. Lipid translocation between the
monolayers driven by flippases can induce budding | , , ,

|. Figure 4.5 illustrates how the insertion/extraction of a molecule in one mono-
layer locally increases/decreases the lipid density, mobilizing inter-monolayer slippage

and/or creating curvature.

In this study, we focus on deflated, spheroidal, axisymmetric vesicles initially in
equilibrium. Since lipid membranes are almost area preserving, a completely spher-
ical vesicle is too tight to allow for shape changes. The excess area relative to the
vesicle volume is conventionally quantified by the reduced volume, defined as the ratio
between the enclosed volume and the volume of a sphere with equal surface area. We
start with a prolate spheroid, with a reduced volume of 0.98, although analogous re-
sults are found with prolate shapes as long as there is available excess area to change
shape without stretching significantly the bilayer. In fact, the last example presented
here exhibits a transition between a prolate and an oblate configuration, triggered by
a localized density asymmetry. We consider a small vesicle of radius R = 100 nm, a
large vesicle (R = 2 pm) and a giant vesicle (R = 4 pm). We chose a different number
of lipids in each monolayer so that the equilibrium density in the neutral surface of the
monolayers is close to py. To accomplish this, we set initially the projected densities
to p* = po(12£2d/R), and then find the equilibrium state by minimizing II subject to
the mass and volume constraints, which slightly perturbs p* due to the non-uniform

curvature of the prolate shape.

Once the initial state has been prepared, we locally perturb the lipid density of
the outer monolayer, and examine numerically the relaxation dynamics. Specifically,
the lipid density at the neutral surface of the outer monolayer p* is disturbed with
the profile dp x f(¢) shown in Fig. 4.6, where ¢ € [0, 7] is the spherical angle of the
vesicle domain. We choose the width of the disturbance and its amplitude as w = 10

% and dp = 0.05 po.
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Figure 4.6: Profile of the density perturbation on the outer monolayer. The density
at the neutral surface pt is disturbed by dp x f(¢). With our choice of width of the
profile, w = 10 %, the disturbance occupies about 2.5% of the area of the vesicle.

t/ty =0 t/t; = 0.2 t/ty =13

Figure 4.7: Relaxation dynamics of the small vesicle (R = 100 nm, ¢; = 0.06 ms,
to = 0.02 ms). The density disturbance diffuses without noticeable shape changes.
The color maps represent the difference between the monolayer lipid densities at the
neutral surface, p™ — p~, where red corresponds to dp and blue to 0.
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Figure 4.8: (Color online) Relaxation dynamics of the large vesicle (R = 2 pm,

t1 = 25 ms, to = 0.44 ms). At early stages, the density disturbance relaxes by forming
a bud, which then disappears and the density difference diffuses by inter-monolayer
friction. The color maps represent the difference between the monolayer lipid densities
at the neutral surface, p™ — p—, where red corresponds to dp and blue to 0.
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Figure 4.9: (Color online) Relaxation dynamics of the giant vesicle (R = 4 pm, t; =
98 ms, to = 0.88 ms). The density difference relaxation by inter-monolayer slippage is
slowed down significantly by the dramatic shape changes, which transiently trap the
density asymmetries. At a later time (¢/t; ~ 10) not shown here, the spherical bud
is absorbed by the mother vesicle. The color maps represent the difference between
the monolayer lipid densities at the neutral surface, p* — p~, where red corresponds
to dp and blue to 0.
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Such density perturbﬁﬁdn creates a gradient of both density average and density

difference of magnitude 6p/2 | , |. The density average disturbance relaxes,
dragged by membrane shear viscosity, extremely fast in a time scale commensurate to
t4. This initial event needs to be captured by the simulations, although we do not re-
port on it. Then, the density difference disturbance relaxes by local curvature. Such a
localized shape change is dragged mainly by membrane shear viscosity in a time scale
given by t5. The amplitude and nature of this moderately fast relaxation emerges as a
competition between bending and the stretching elasticity, and is strongly size depen-
dent. The shape changes caused by density difference gradients are barely noticeable
for density disturbances smaller than ¢ = k/(Kdp) ~ 80 nm, when curvature elas-
ticity exerts strong forces opposing deformation. Then, in a slower process dictated
by t;, the density difference is dissipated through inter-monolayer slip. During this
process, the shape disturbance adapts very quickly to the diffusing density difference,
and eventually disappears.

Figures 4.7-4.9 show the shape and density evolution of perturbed prolate vesi-

cles of different radii as they relax towards a new equilibrium state. For the small
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vesicle, Fig. 4.7, the density deviations hardly produce any shape deformation due to
the large resistance of bending elasticity relative to stretching elasticity as the size
of the disturbance is smaller than ¢. The aggregated density diffuses in the lateral
direction dragged by inter-monolayer slippage. The time scale for density diffusion is
t; = Sb,,/Ks 2~ 0.06 ms, where S = 27 (1 — cosw¢) R? is the area of the asymmetry
patch. The small shape perturbation occurs at a faster time scale given by t5 &~ 0.36 ¢;.
For the large vesicle, Fig. 4.8, the resisting elastic forces due to curvature are much
less relevant, and in a very fast time scale commensurate to t, ~ 2 - 1072 ¢, a ge-
ometric feature of significant amplitude relaxes part of the stretching elastic energy.
Due to the time scale separation, the shape adapts almost instantaneously to equili-
brate stretching and curvature forces as the density slowly relaxes by inter-monolayer
friction. The transient bud eventually disappears as the density fully equilibrates.
A similar behavior can be observed for the giant vesicle, Fig. 4.9, where now the
dynamics are complicated by a richer shape landscape at the current ratio between
the disturbance size and ¢. As before, in the very initial stages given by t,, a large
amplitude bud forms at the density disturbance. As the density diffuses, there is a
shape transition by which the bud elongates into a short tube at ¢ ~ 0.12 ¢;. This
fast shape transition relaxes abruptly the stretching energy and slightly increases the
curvature energy, resulting in a net decrease of the total energy. This abrupt shape
change is accompanied by a spike in the membrane shear viscosity (see Fig. 4.10).

This figure also shows the initial spike in membrane dissipation associated with 5.

Subsequently, the elongated protrusion pearls, and the number of pearls decreases
in steps until there is a single vesicle connected to the mother vesicle by a narrow
neck. The color map in Fig. 4.9 shows how the density difference is quantized by the
size of the pearls. Interestingly, these complex shapes transiently trap the density
asymmetries, and slow down significantly the density relaxation by inter-monolayer
slip. The full relaxation takes ¢t ~ 10 ¢;. This example shows the intimate coupling
between lipid flow and shape dynamics. Previous insightful theoretical work | ,

| captures the essential physics, but is restricted to a shape ansatz that does not

agree with the shapes we find and that are reported in some experiments.
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Figure 4.11: Experimental observations by [Tsafrir et al., 2003]; tube and bud forma-
tion after a local injection of polymers in the vicinity of a flaccid giant vesicle. The
first row shows the nucleation of buds and their transient elongation into tubes. The

second row shows further elongation and the subsequent retraction of the bud-tube
shapes

-
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Similar phenomena have been observed experimentally, for instance by locally an-
choring polymers or amphiphilic molecules to oblate lipid vesicles [Tsalrir et al., 2003].
Once polymers anchor to the bilayer, they induce curvature both by increasing the
area of the monolayer, and by a local deformation of the bilayer (spontaneous cur-
vature), the anchoring molecules diffuse on the membrane. Figure 4.11 shows the
experimental observations from [T'safrir et al., 2003], which are qualitatively in agree-
ment with our simulations. Similarly, a localized pH gradient can change the repul-
sion between the lipid head-groups of the exposed monolayer and form the metastable
pearled tubes [Fournier et al., 2009, Khalifat et al., 2008]. Such asymmetries have been
modeled mathematically by considering a transient spontaneous curvature [Campelo
and Hernandez-Machado, 2008], an area difference [I[<halifat et al., 2008], or a density

asymmetry parameter [Fournier et al.; 2009].

Stomatocyte morphologies are often observed in vesicles at equilibrium, and have
been explained on the basis of area difference or spontaneous curvature [Svetina,

2009]. However, the dynamical studies of the stomatocyte formation are limited. The
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t/t, = 0.02 t/ty = 0.05

t/t; = 0.2 t/t; = 3.2 t/th =5

Figure 4.12: (Color online) Stomatocyte formation from a large vesicle of radius
R = 2 um, locally perturbed by an inverse density asymmetry. During the relaxation
of the density disturbance, the vesicle switches from a prolate to an oblate
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reversible dynamics of membrane invaginations has been studied by a local acid injec-
tion | , ]. Going back to Fig. 4.5, we explore the transient formation
of stomatocytes by removing lipids locally from the outer leaflet. We consider a large
vesicle R = 2 pm, with a density disturbance characterized by dp = —0.05 py and
w = 10%. Figure 4.12 shows the stomatocyte formation by relaxation of density dif-
ference through shape changes at a time scale 5, and then the full relaxation through
inter-monolayer slippage at a time scale slightly longer than ¢;. Again, the second
stage of the relaxation dynamics is slowed down by the complex shapes adopted by
the vesicle. Interestingly, these dynamics provide a pathway between two meta-stable
branches of the equilibrium phase diagram, prolates and oblates.

We finally note that our results quantitatively depend on the reduced volume,
the magnitude of the density disturbance, and its size relative to the vesicle size. A
systematic characterization of the dynamical behavior of such density disturbances
is the topic of current work. In the present study, we have not considered larger
vesicles since then, the effect of the bulk fluid viscosity, ignored here for simplicity,

may become important.

4.6 Summary

After validating the model with the well-understood membrane tethering, we have
presented a gallery of examples, which highlight the versatility and generality of the
model in describing very different processes involving lipid hydrodynamics and shape
dynamics. These examples show that some usual assumptions can oversimplify the
response of bilayers to various stimuli, and illustrate a wide diversity of dynamical
regimes. In tether pulling, the viscoelastic behavior is given by the bending elasticity
and the inter-monolayer friction. In the inter-cell communication through tunneling
tubes, membrane tension gradients, together with inter-monolayer friction and mem-
brane shear viscosity, set the time scale of transport. In the relaxation dynamics
of a bud absorption into a planar bilayer, two time scales are operative: the faster

one, given by bending elasticity and the membrane shear viscosity, attenuates the
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geometry of the bud, while the slower one, given by stretching elasticity and inter-
monolayer friction, relaxes a residual density difference between the monolayers. This
latter time scale is the dominant one in the relaxation of localized asymmetric density
disturbances in vesicles, which also possess a faster time scale given by stretching
elasticity and membrane shear viscosity. It is important to note that these observa-
tions are specific to our parameter choice (material parameters such as «, size, applied
tension,. .. ), and in general the dynamics depend very much on the details. Further-
more, our simulations illustrate the highly nontrivial effect of the bilayer shape on the
dynamics. We conclude that the proposed model and simulation method is a valuable
tool to interpret experiments and interrogate hypothesis about biological phenomena

mediated by bilayers.



Chapter 5

Protrusions from confined bilayers
stabilized by stress and pressure

Membrane protrusions are ubiquitous in cells; some of them are driven by molec-
ular motors or actin polymerization; others are scaffolded into specialized proteins.
In this chapter, we examine another mechanism, by which stressed membranes de-

laminate from their adjacent confining structures. For example, cell blebs delaminate

from the contracting cortex [ : |; vacuole-like dilations (VLDs)
invaginate in shrinking cells adhered to substrates | ) ]. Blebs
and VLDs play a role in cell motility | , |, pressure equili-
bration | , |, apoptosis, and area homeostasis | ,

, , . Recently, similar protrusions have been observed
in confined model membrane systems, such as supported bilayers or lipogel particles
[ , , , ]. These findings suggest that the mecha-
nisms behind protrusions in confined membranes may not be cell-specific, but rather
determined by the mechanics of confinement, which we investigate here with experi-

ments, theory and simulations.

Recently, an experiment was developed that subjects a supported lipid bilayer
(SLB) to lateral strain by deforming (inflating or deflating) the PDMS substrate un-
derneath the membrane with an externally applied pressure | , .

For the experiments reported here, we integrate this system in a microfluidic channel

46
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to control the osmolarity of the solution above the membrane and thus modify the
volume of interstitial fluid between the bilayer and the substrate (Fig. 5.1a). Our
observations show that supported planar membranes readily form out-of-plane pro-
trusions, tubular or spherical whose morphology can be controlled by the magnitude
and the rate of the applied strain, and the volume of interstitial fluid. These trans-
formations are passive, occur under conditions common for cells, and may suggest
a generic, non-motor or scaffold-driven route for the regulation of the physiology of
confined cells or membrane-bound organelles.

We develop a theoretical model for the confined bilayer in equilibrium and ratio-
nalize the observations in terms of this model. We show that our quasi-static model
can explain the morphology of protrusions, tubular or spherical, in terms of a strain-
volume (e¢,v) phase diagram. We validate the equilibrium model by comparing the
results with simulations. Furthermore, in our experiments, we observe more complex
membrane morphologies such as tube-sphere complexes and branched tube-discocyte,
which cannot be explained by our equilibrium model. We understand these observa-
tions by the dynamical effects associated with the rate of the strain, and investigate
them by our axisymmetric simulations allowing for general shapes and lipid density

distributions.

5.1 Experimental setup

For the experiments, we construct a channel between a glass cover slip and a PDMS
slab, and we coat it with a uniform lipid bilayer composed of 1,2-dioleoyl-sn-glycero-
3-phosphocholine (DOPC) and fluorescently labeled with 1 mol% 1,2-dipalmitoyl-sn-
glycero-3-phosphoethanolamine-N-(lissamine rhodamine B sulfonyl) (ammonium salt)
(Rh-DPPE) (see procedure in | , ). The PDMS slab contains an
additional cylindrical puncture (1 mm in diameter) between the inlet and outlet, which
is covered by a thin PDMS sheet (about 100 pm thick), and connected at the other
end to a microsyringe pump (Fig. 5.1a). Initially, both the solution in the channel,

and the few nanometer thick interstitial liquid film, which separates the membrane



48 Protrusions from confined bilayers stabilized by stress and pressure

Bending  Stretching  Bjjayer-substrate Osmotic
(x) (Ky) interaction pressure

Figure 5.1: (a) Experimental setup to investigate the effects of strain and osmotic
pressure on a supported lipid bilayer. It is observed experimentally (b) (confocal
images) and shown by model theoretically three membrane morphologies (c-i) a pla-
nar disc of uniform membrane with radius R; a planar membrane with a tubular
protrusion (radius 7, length L); and with a spherical protrusion (radius rg, contact
angle ¢). Scale-bar: 5 pm. (c-ii) Contributions to the free energy of the system and
corresponding material properties.
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from the substrate | : | are at the osmolarity at which the
bilayer is prepared (My = 0.3 Osm). Using this original setup, we can 1) subject
a supported lipid membrane to a lateral strain by deforming (inflating or deflating)
the PDMS sheet underneath the membrane [2011], and 2) modify the
volume of interstitial liquid by controlling the osmolarity of the solution above the
membrane.

Our confocal observations reveal that single-component, supported bilayers in the
fluid phase exhibit different morphologies —a uniform state, or states with tubular or
spherical lipid protrusions, which can be controlled reversibly by the magnitude of the
applied strain and the interstitial volume, and are nearly uniformly spaced (Fig. 5.1b).
Since we cannot control the nucleation sites of the protrusions in the current setup and,
therefore, the distance between them, we cannot expect a full quantitative agreement
between the experiment and the theory. For instance, the shape transitions in the
experiments do not occur in perfect synchrony for all protrusions, and their size may
slightly vary depending on the density of the protrusions. Note that the distance
between the protrusions is determined presumably by the friction between the bilayer
and the substrate and by a lower membrane adhesion at preexisting irregularities on
the PDMS surface.

Moreover, we will demonstrate that highly curved tubules protruding from con-
fined bilayers remain stable, even without the assistance of commonly appreciated

mechanisms, such as localized forces | , | or spontaneous curvature

[ , 2013].

5.2 Equilibrium theoretical model

To understand the experimental observations, we develop a theoretical model for
the confined bilayer in equilibrium. We idealize the membrane as a collection of
juxtaposed cells with one protrusion at the center of each, which allows us to focus
on a single cell of radius Ry, commensurate to half of the average distance between

protrusions. We define a reference volume Vy = Agty, where Ay = 7R? is the relaxed
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area of the patch of bilayer, and t; the equilibrium separation with the substrate. We

define a reduced volume as
1%

=7 (5.1)

v

which is a relative measure of the amount of water in the interstitial space. The radius
of the initial disk Ry can be understood as a measure of the protrusion density in the

confined supported bilayer, while R measures the compressive strain

AS R\’

In this model, the bilayer adopts the state of lowest free energy amongst three pre-
defined families of shapes, planar, tubular or spherical (Fig. 5.1c), consistent with
our experimental observations and with simulations allowing for general shapes and
density distributions (see later). For each family, the equilibrium state is given by

minimizing the free energy, i.e. [ f dA, where
K
f=5 (o7 07" ) + S CH2+U). (5.3)

The above free energy includes the stretching and bending elasticity, and poorly char-
acterized bilayer-substrate interaction potential U(t), as a function of the separation ¢
(Fig. 5.1d). The competition between the energy terms is arbitrated by the substrate
area, relative to a fixed number of lipids, and by the volume enclosed between the

membrane and the substrate.

5.2.1 Substrate-bilayer interaction energy

The interaction potential with the substrate is far from being understood, although it
is known to depend on pH, the surface chemistry, the lipid composition and the surface
roughness. Reported values for the adhesion energy v vary by orders of magnitude,
ranging from 5 - 107% J/m? between bilayers ( [2001]), to 3.5 -
1073 J/m? for mica ( [2004]), and 2.5-1073 J/m? for glass (
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[2011]). We follow the functional form proposed by [2001], We
follow the functional form proposed by [2001]

() - ()

and scale the energy units in the potential parameters to achieve the desired adhesion

Ao

Ult) = —1o.

+ be=*, (5.4)

energy while maintaining the equilibrium separation ¢y ~ 3 nm and the dissociation

separation t; &~ 3.5 nm of the original potential.

As discussed we discuss later, we adopt v = 2 - 1073 J/m?. Across a large part
of the phase diagram, the bilayer departs very little from the potential well in the
adhered parts of the membrane, and the bilayer-substrate interaction can be modeled
with a hard potential and the surface energy. However, for strongly deflated tubes or

for uniformly adhered bilayers, we find that the adhesion stiffness enters the energy

competition.
1 I &
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Figure 5.2: Adhesion potential and its first derivative considered here. We high-

light the equilibrium separation ¢, and the dissociation separation characterized by
U"(tq) = 0.
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5.2.2 Planar state

In the absence of bifurcations, the system behaves uniformly under compression. The

interstitial volume is V' = 7 R?t, and therefore
t=—. (5.5)
The balance of mass in each leaflet (labelled as + and —) is expressed as,
TRpy = TR p*. (5.6)

Introducing the reduced density deviations

ﬁi
¢i = - ]-7 (57)
Po
this results in
¢* = (Ro/R)? — 1. (5.8)

The energy of the system can then be computed as
K
Euniform = TR? {7&2 + V(t)] : (5.9)

We find that the planar adhered configuration is never the state of lowest energy
for e¢ > 0 and v > 1, yet it is experimentally observed for small e and v. This fact,
together with our numerical simulations, suggests that the planar state is metastable
in a region whose boundary can be estimated by linear stability analysis. We perform
in appendix C.1 a linear stability analysis of the uniformly compressed supported
bilayer. This analysis acknowledges the destabilizing effect of the incompressibility
constraint, which upon compression of the bilayer, pushes the bilayer towards the
point of instability of the membrane-substrate potential. It allows us to estimate if

the planar state is marginally stable, even if a protruded state is thermodynamically
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favorable. Even if this is the case, the system may have to cross an energy barrier sig-
nificantly higher than the agitation of the system to buckle, and therefore the planar
state would be observed. The linearized buckling analysis may provide an overesti-
mation of the stability of the planar configuration, if the destabilizing imperfections
in the system are important, or an underestimation for example if there are pinning

points in SLB.

5.2.3 Protruding tube

We consider now the energetics of an idealized tube of radius r and length L forming
at the center of the compressed disk. Inspired by the simulations, we assume the
radius of the tube is uniform. We also show later by simulations (see Fig. 5.9) that
the lipid density in each leaflet is uniform as well (even between the adhered and the
tube regions). Therefore, the configuration of the system is given by r, L, ¢* and t.

The volume constraint reads
V = nR* + n(r — 2d)*L. (5.10)
The conservation of mass within each leaflet reads
[TR* + 2m(r £ d)L] (9™ + 1) = So. (5.11)

It is important here to perturb the radius by 4d to retain the area difference effect.
Ignoring the curvature energy of the neck and cap regions of the tube, the energy of

the system is

2
Eppe =T {ngbi? (% + rL) + % + RQV(t)} : (5.12)
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To better account for the energy of shallow and wide protrusions, for which the as-

sumption r < R may be inaccurate, we rather write

R? L

Eipe = {quﬁﬂ <7 + rL) + (R = 2)V(t) + V(L + t)] (5.13)
r

The equilibrium shapes result from minimizing the energy subject to the mass and

volume constraints. We introduce the Lagrangian

R? L
L(¢%,rLit,oTp) = = {qusﬂ (7 + TL> + 5 (R )V(t) + V(L + t)]
r
—p [wR*t + w(r —2d)’L — V|
+o* {[rR* 4+ 2n(r £d)L] (¢ + 1) — S} (5.14)
where the tension in each leaflet ¢* (positive in tension, negative in compression) and
the pressure difference between the interstitial and the bulk media p appear as La-

grange multipliers for the constraints. The first order optimality conditions are found

by making stationary the Lagrangian. Besides the constraints in Eqgs. (5.10,5.11), we

obtain
0L R? 4

0 = 9ot = oK ¢F (7 + TL> + 0" [rR* + 27(r £ d)L], (5.15)

0 = (Z—f (5.16)
= LK, — g + 2 [V(L 4 t) — V(t)] — 2apL(r — 2d) + 2rLo* (¢* + 1),

r

0 = g_ﬁ = K¢t + % —7mp(r — 2d)* + 27 (r £ d)o*(¢* + 1), (5.17)
B 8,5 o 2 2 6\7 28V . 2

0 = Fre w(R* —r?) 5 (t) + mr 5 (L+t)—7Rp. (5.18)

From the first and the last of these equations, we obtain the expected results

R?> +2rL
- _ Kt ~ —K,¢F 5.19
’ Brartdl *f ¢ (5.19)
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and , ) )
R — 7% OV r= OV ov
ot EH g0, (5:20)

p:

Despite the simplicity of the model, it is not possible to solve it analytically, and we
rather resort to numerical optimization. For this purpose, it is convenient to eliminate

some variables using the constraints:

V —m(r —2d)*L

tr L) = =0,

(5.21)

and
o (r, L) = 0 -1 5.22
(r L) R?2+2(r+d)L ' (522)

Replacing back into the energy of the system, we obtain

Eppe(r,L) =7 {Ks[qﬁi(r, L))? (R; + rL) + % + (R* = r*)V(t(r, L)) + r*V(L + ¢(r, L))} :
(5.23)

which is numerically minimized. We do not allow for short and wide tubes, since

the energy above is not a good estimate for shallow and wide protrusions. In the

minimization, we include the constraints
L>4r, r>0. (5.24)

The leaflet densities and tensions, the bilayer-substrate separation, and the pressure
difference between the interstitial and the bulk media can be recovered with the

equations above.

5.2.4 Protruding spherical cap/bud

We consider now a protruding spherical cap, forming a circular neck in its intersection
with the adhered planar bilayer. Its shape is parameterized by the radius of the sphere

r measured from its center to the mid plane of the bilayer, and by the angle ¢ that
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segment joining the center of the sphere and a point in the neck forms with a line
perpendicular to the substrate and passing through the center of the sphere. The

radius of the neck, the area of the cap, and its enclosed volume can be computed as

Tneck = TSiIl’QD, (525)
Acap = 27(1 — cos)r?, (5.26)

and
Veap = g(2 — 3costp + cos® ) (r — 2d)°. (5.27)

Following the same steps as before, we have as constraints:
V = 1R+ %(2 — 3cost) + cos’ P (r — 2d)?, (5.28)

and

[7(R* — r?sin®¢) + 27(1 — cos ) (r £d)?] (= + 1) = S. (5.29)

Ignoring the curvature energy of the neck, the energy of this configuration is

)
Ephere = W{ngbiz [w + (1 — cos ;/})7“2] (5.30)
+4(1 — cos )k + (R* — r*sin? ¢)V(t>}. (5.31)

As before, we find,

2 _ 2 52 21 — 2
ot 2}3 27.‘ sm P+ E cos)r 2K3¢i%— ot (5.32)
R? — r2sin” ¢ 4 2(1 — cos ) (r £ d)

and ) Yy
_ RF—rfsin"yp oV o 0V
p= RS & ), (53
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Eliminating unknowns using the constraints, we obtain

K1) = V—W/3(2—3C0112:COS3¢)(T—2d)3, (5.34)

and
Rj

n B —
¢~ (r, ) = (R2 — 12 qin? ) + 2(1 — cos ) (r £ d)?

1. (5.35)

Replacing back into the energy of the system, we obtain

R? — r%sin®

5 + (1 — cos w)TQ] (5.36)

Esphere(r,¥) = W{Ks [&*(r, )] {
+4(1 — cos )k + (R? — r?sin® ) V(¢(r, 1)) } (5.37)

which is numerically minimized subject to the constraints
0<y<m r>0. (5.38)

To interpret the result, we define the apparent radius, which would be observed by

looking perpendicularly at the compressed bilayer with a spherical cap protrusion:

Tapp = { ' ! v 7T/2 (539)

T'neck if ID < 7T/2

In many situations of interest, the model for the spherical cap protrusions can
be significantly simplified. As we shall see later, for relatively large caps the area
difference effect and the curvature energy can be neglected. In addition to this, the
bilayer departs very little from the equilibrium position, and the adhesion may be

incorporated simply with an adhesion energy v = —V(to). The model then reduces
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to minimizing
Egphere = m { K¢” [R* — r*sin® ¢ 4+ 2(1 — cos ¥)r?] — (R* — r®sin’*¢)y} . (5.40)

subject to
V =nR*+ g(2 — 3cos ) + cos® P)r?, (5.41)

and
[7(R* — r*sin®¢) + 27(1 — cos¥)r?] (¢ + 1) = So. (5.42)

5.3 Results

5.3.1 Phase diagram ¢. — v

We organize our experimental and theoretical observations on the membrane mor-
phologies in a strain-volume (¢, v) phase diagram (Fig. 5.3), which depends also on
the separation R between the protrusions. For small ec and v the lipid membrane is
in a planar, adhered configuration (black region).

For reduced volumes smaller than one (not shown here), the uniformly compressed
state is initially preferred, but very soon, at small compressive strains, tubes become
more stable. The mere global energy minimization underlying these phase diagrams
does not provide accurate information on the nucleation of a protrusion out of an
initially uniformly compressed bilayer. The region in which the applied strain is
smaller than the critical buckling strain is also shown in the diagram. This additional
information explains the larger range of relative stability of uniformly compressed
supported bilayers observed in experiments. For sufficiently large reduced volumes,
the uniformly compressed states are not even marginally stable for any compressive
strain, and shallow spherical caps are predicted instead at low strains.

At v = 1, tubes are the energetically preferred morphology for any compressive

strain. For larger values of v, spherical caps are initially preferred and after a com-
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Figure 5.3: Morphological strain-volume phase diagram of confined lipid bilayers. The
diagram is derived theoretically for Ry = 4 pm, as measured from the experimental
images. We distinguish between a fully adhered planar bilayer (black region), and
a bilayer with tubular protrusions, labeled TUBES (white area), or with spherical
protrusions, labeled BUDS (light grey) and CAPS (dark grey). Buds (7/2 < ¢ < 7)
range between almost full spheres (iii) and half spheres, whereas caps (¢ < 7/2) are
shallower spherical protrusions (iv). Buds and caps can be distinguished by the neck
opening, which appears as a dark center in the confocal images of the protrusions.
The scale bar is 10 pm.
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pressive strain which grows with the reduced volume, tubes become preferred. The

bud-tube boundary can be estimated as
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Figure 5.4: Strain-volume phase diagram for Ry = 4 pum; The morphological features
of the protrusions (length of the tubes, sphere contact angle, and tube diameter /sphere
apparent diameter) are described in panels (iv-vi).

Figure. 5.4 shows the geometric parameters characterizing the protrusion geometry
across the diagram. It can be observed that as the compressive strain increases, the
tube radius decreases and the tube length increases. Regarding the morphology of
the spherical caps, it can be noticed that for a sufficiently large reduced volume and
for small strain, very shallow caps with large apparent radius form. As the strain
progressively increases, the apparent radius decreases and the angle ¢ becomes closer
to m, i.e. the spherical caps become nearly full spheres. This happens near the phase
boundary with tubes. At this transition, the apparent radius of the spherical cap is

significantly larger than the tube radius. This transition is also consistent with the



5.3 Results 61

experimental observations.

5.3.3 Surface stress and pressure

We turn now to the mechanical state of the system, and show how confined bilay-
ers are able to passively regulate stresses, the bilayer tension (o) and trans-bilayer
pressure (Appecn) by forming out of plane protrusions. Starting from the relaxed
system (e¢ = 0 and v = 1), the contraction of the substrate squeezes laterally the
lipid bilayer and the constrained interstitial liquid film, which becomes thicker be-
cause of the incompressibility of water. In addition to the negative bilayer tension,
the membrane separates from the substrate (¢ > ) and the interstitial pressure sub-
stantially increases (Apmeen > 0). Consequently, the adhered membrane becomes
unstable and forms protrusions, through which it relieves the accumulated o and
Appeen (Fig. 5.5a,b). Due to the adhesion, the bilayer can support high stresses be-
fore buckling. For example, at ¢ = 0, the maximum osmotic pressure attainable by
complete dilution of the outside solution (= 7.5 bar) cannot destabilize the adhered
bilayer.

The mechanics of protruded states emerge from the energy competition in different
ways across the phase diagram. Except for small volumes or strains, the stress and
aspect ratio of the protrusions can be characterized by the volume to area ratio |

) | applied to the excess quantities, which here yields 6/7(V — V5)/(S —
So)3? = (6to/Ro)(v — 1) /530/2. For example, around the tube-bud phase boundary,
the volume to area ratio is about one, i.e. the protrusions are near spheres with little
penalty in their elastic and adhesion energies. If the volume to area ratio is increased,
there is a competition between stretching and adhesion and the spherical protrusions
become increasingly tense with o &~ /(1 — cos®). Experimentally, we observe that
shallow caps lyse, expelling part of their enclosed volume, and then heal to a state of
lower membrane tension (Fig. 5.5¢). This observation provides us with an estimate
for the adhesion energy of few mJ/m?, which is consistent with literature reports on

bilayer-glass adhesion | , : : ]. If instead the
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Figure 5.5: Confined bilayers self-regulate stress. Numerical plots of (a) the bilayer
tension and (b) the interstitial pressure, as displayed near the planar state of the
phase diagram. (c) Numerical plot of the bilayer tension in the protrusions over the
entire phase diagram. The regions in the diagram where shallow caps lyse (lysis) and
thin tubes detach from the membrane (fission) are shown with contours, whereas the
relaxation of the membrane tension accompanying these events is depicted by grey
arrows. The inset shows a sketch and a confocal micrograph of the cap lysis; scale
bar is 2 pm.
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volume becomes scarce, the system accommodates the excess area by forming long
thin tubes, where bending, monolayer stretching and substrate repulsion compete.
Our simulations show that the tubes have thinner necks at the contact point with
the planar bilayer, due to the high adhesion energy. In the thin-tube regime, the
Young-Laplace law, which relates pressure difference and tension and is valid for large
spherical protrusions, is supplemented by a term of comparable magnitude due to
bending elasticity, Ap & o /r;—r/(2r3) | , ]. Tubes are stabilized by a
negative Ap,ecn, and experience significant negative o, in contrast to the usual notion
of membrane tubes, which are formed by localized forces | : ] or by
spontaneous curvature | , |. In agreement with experimental observations
on thin tube fission | , , , |, we observe
that after a strong hyper-osmotic shock (rapid decrease in v), the tubular protrusions
collapse and detach at their necks, which reduces the bilayer tension (Fig. 5.5¢).
According to our model, such tubes reach a small radius of 10 nm and a negative
membrane tension of a few mN/m. Thus, the confined membrane is able to further
self-regulate its pressure and tension by disrupting the bilayer in the highly stressed

protrusions.

5.3.4 Alternative strain-osmolarity phase diagram

When the system is in osmotic equilibrium, the pressure jump across the bilayer is
given by
My

Aposm = RT (T — Mout) , (5.43)

where M,,; is the chamber osmolarity, considered here as a control parameter, and M,
is the preparation osmolarity. This relation maps the strain-volume phase diagram to
a strain-chamber osmolarity phase diagram, shown in Fig. 5.6. Spherical protrusions
occur under hypo-osmotic conditions, and at high strains, only for nearly complete
dilution of the chamber fluid. Under hyper-osmotic conditions and for very small
strains, the planar conformation is the energetically optimal solution, with reduced

volumes smaller than one, see Fig. 5.6(ii). Note that shallow caps at low strain
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Figure 5.6: Strain-chamber osmolarity phase diagram for Ry = 4 pum (i). Spherical
protrusions occur under hypo-osmotic conditions, and at high strains, only for nearly
complete dilution of the chamber fluid. Under hyper-osmotic conditions and for very
small strains, the planar conformation is the energetically optimal solution, with re-
duced volumes smaller than one (ii). The rest of the diagram is occupied by tubes,
that become longer under increasing strain and osmolar strength (iii). We plot the
reduced volume in this phase diagram in logarithmic scale (ii), and note that it ranges
from slightly below 1 for strong hyper-osmotic conditions to over 100 for a highly di-
luted chamber. As noted in Fig. 5.5, shallow caps at low strain and osmolar strength
exhibit very high positive tensions, above the lysis tension (iv).

and osmolar strength exhibit very high positive tensions, above the lysis tension,
see Fig. 5.6(iv). On the other hand, at high osmolar strength, the tension in thin
tubes becomes negative, of significant magnitude, and increasing with strain. In the
experiments displaying tube collapse, we subject protrusions to osmotic strengths

beyond M./ My ~ 3.
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5.3.5 Permeation dynamics

Common observations on cells show that the volume in the membrane protrusions
changes dynamically due to the semi-permeable nature of the lipid membrane and
the porosity of the confining structure. To examine the dynamical effects associated
with changing v, we subject the membrane to hypo- (increasing v) or hyper-osmotic

(decreasing v) outer solution. The permeation dynamics is generally written as |

, 2000]

V = PVySAM = %ﬁ”@om, (5.44)
where Py is the osmotic water permeation coefficient, V,, is the volume of a water
molecule, S,, is the surface area of semipermeable membrane, and AM is the os-
molarity jump across the membrane. If, in addition to the osmotic pressure, the
membrane is subject to a mechanical pressure difference Ap,,ecn, their difference is
the driving force for water permeation until equilibrium is reached, Ap,ech = ADosm-

Consequently, for our system, the volume dynamics obey

V= stm [APosm (V) — APmecn(Ec, V)] - (5.45)
RT

We consider here the interstitial volume dynamics by permeation across the mem-
brane when the system is bought out of equilibrium. This can be achieved either
osmotically or mechanically, as a change in strain at constant osmolarity of the cham-
ber changes the mechanical pressure difference, which needs to be balanced by the
osmotic pressure difference. We assume that the permeation dynamics is much slower
than the characteristic times of all other dissipative mechanisms (the membrane vis-
cosity, the inter-monolayer friction and the friction with the substrate). In agreement
with the model predictions, we find experimentally that permeation takes place in

tens of seconds to minutes.

In hypo-osmotic conditions, we observe that the apparent diameter of most buds
grows monotonically (vertical paths in Fig. 5.3) until an equilibrium plateau (Fig. 5.7a,

circles). The buds accommodate their expanding volume (v increases from 3.5 to 22
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Figure 5.7: Volume dynamics of membrane protrusions upon osmotic changes, deter-
mined both experimentally (symbols) and theoretically (lines). (a) Volume dynamics
of buds in hypo-osmotic conditions (upon complete dilution of the outer solution):
gradual bud inflation up to a plateau (e), partial bud lysis (), or bud annihilation
by coarsening of the protrusion pattern (A). For the theoretical fits, the initial values
for ¢ and v are obtained using the relations shown in Fig. 5.3 and Py ~ 45 pm/s,
measured for DOPC in tension | , |. (b) Snapshots of the gradual
bud inflation, visualized by confocal images (scale bar 5 pm) and the corresponding
theoretical profiles. (c) Reversible tube transformations, fitted with Py ~ 0.75 pm/s:
a gradual bud elongation into a tube () in hyper-osmotic conditions (increase in ex-
ternal osmolarity from 0.3 to 0.5 Osm), and a tube to bud retraction ( blacksquare)
upon diluting the outer solution (from 0.6 Osm to water).

according to the model) at fixed excess area by flattening into shallow caps and by
further membrane delamination in the neck region (Fig. 5.7a, i-iv), which resembles
the dynamics of bleb growth in cells [ ) |. However, as discussed above
(Fig. 5.5¢), the volume expansion of the buds at a fixed surface area is accompanied
by an increase in the membrane tension. If 0y, is reached in samples with smaller
area available for the protrusions (smaller €¢) and large v, the caps may undergo

transient lysis and partially expel their contents (Fig. 5.7a, squares). Alternatively,
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we also observe experimentally a collective mechanism of tension relief by coarsening,
in which smaller caps disappear at the expense of growing spherical protrusions with
increasing contact angle ¢ (Fig. 5.7a, triangles).
The dynamical transformations of tubes under volume changes are shown in Fig. 5.7b.

In moderate hyper-osmotic conditions, tubes elongate in the first 100 s and then reach
a plateau (Fig. 5.7c, circles), whereas in a stronger hyper-osmotic shock, the elonga-
tion proceeds more rapidly and leads to tubes collapse and detachment, as discussed
previously (Fig. 5.5¢). In hypo-osmotic conditions, tubes are converted into buds
(Fig. 5.7c, squares). Theoretically, we can fit the tube dynamics by using a perme-
ation coefficient 60 times smaller than the one used in Fig. 5.7 and reported for DOPC
vesicles in tension | ; |. We rationalize the reduced water permeation
by the decreased area/lipid in the tubes under negative tension, consistent with pre-
vious experiments on bilayers of different composition | , |. To our
knowledge, these are the first observations showing that the membrane permeability

can be controlled by the strain.

5.4 Simulation results

5.4.1 Protrusions in equilibrium

We perform the simulation at very slow rate to avoid dynamical effects. We com-
pressively strain a disk of radius Ry = 4 nm, and reduced volume of v = 1.5. Upon
compression , a spherical protrusion forms, and then evolves into a tube as shown in
Fig. 5.8. We continue the simulation by allowing slow volume exchange, from v = 1.5
to v = 2.6, and observe a transformation from a tubular to a vesicular protrusion.
To assess the accuracy of the theoretical model of section 5.2, we compare it against
these slow dynamic axisymmetric simulations. Figures 5.9 compares the morphologies
predicted by each model for a process in which the bilayer is first compressed, then the
interstitial volume is increased at constant compression, and finally the compression

is removed. Despite the rigidity in the shapes allowed by the proposed model, they
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Figure 5.8: Morphological protrusions out of planar membrane characterized in terms
of the area strain and enclosed volume. A planar disk of radius R = 4 pm, adhered to
the substrate is compressed to 10% of its initial area, leading to spherical and tubular
morphologies. The simulation is followed by a volume exchange (v = 1.5 to v = 2.6)
resulting in retraction of spherical protrusions.

agree with the morphologies observed in the simulations remarkably well.

5.4.2 Rate effects: observation of complexes

In our experiments, more complex membrane morphologies were observed, which can-
not be explained by an equilibrium model. For example, in case of rapid membrane
expansion, instead of a gradual tube shortening, an abrupt retraction of the tubes
into lipid globules was observed (Fig. 5.10i). When expelled again by adding area

or volume, the protrusions assume complex shapes like tube-sphere complexes (ii),
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Figure 5.9: Validation of the theoretical model against numerical simulations. We
compare the morphologies predicted by the equilibrium model with numerical axisym-
metric simulations, which allow for general shapes and density distributions. These
dynamical simulations combine the free energy described here with the dissipative
forces coming from membrane hydrodynamics and from inter-monolayer and bilayer-
substrate friction. We perform very slow simulations to eliminate rate effects, and
follow a path in strain-volume space. The selected snapshots show that the geometric
ansatz in the analytical model quite closely resemble the morphologies predicted by
the simulations. The free energy discrepancies are below 5%, and the simulations
show that, as assumed, the lipid densities at the monolayer neutral surface are nearly
uniform. Our simulations show that tubes have thinner necks at the contact point
with the planar bilayer, due to the high adhesion energy.

branched tube-discocyte (iii), starfish (iv), as well as branched tubes (v) (Fig. 5.10,
confocal micrographs).

We explain these observations by the dynamical effects associated with the rate
of strain ( &.), and investigate them by performing simulations. We expect that for
large strain rates, the friction with the substrate retards the lipid flow velocity (v™)
in the lower monolayer (Fig. 5.10a) and leads to a difference in the number of lipids
between the monolayers in the protrusion, which we can quantify by mq [Miao et al |
1994]. By analogy to the model of [Fvans and Yeung, 1994], we introduce here a

critical compression rate as €., = K,/(mR2b,). Thus we expect the retardation to be
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Figure 5.10: Dynamic strain effects. Confocal micrographs of i) a collapsing tube and
the various emanating shapes, like sphere-tube complex (ii), branched tube-discocyte
(iii), starfish (iv), as well as branched tubes (v). Scale bar 2.5 pm. (a) A sketch of
the lipid retardation due to friction in the lower monolayer upon expansion is given.
vt and v~ are the velocities in the lower and upper monolayers, respectively, and
b, and b, are the friction coefficients between the two monolayers and between the
substrate and the lower monolayer, respectively. (b) Area difference (mg) during tube
retraction upon slow (black curve), and fast, (red curve) expansion rates. (c) Positive
area difference developing in a bud upon fast, membrane compression (blue curve).
Simulation snapshots of the 1) tube, 2) the collapsing tube, 3) the bud and 4) the
pearled tube are given, with a color plot indicating the normalized density difference
between the monolayers.

significant for strain rates larger than €., in which case our simulations show that
the friction force depletes the outer monolayer of lipids (Fig. 5.10a) and results in a

negative mg (Fig. 5.10b). For tubes (snapshot 1), the depletion is most significant at
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the base, where the membrane bends inward into a disc-like feature, causing the rapid
retraction. In contrast, when é. = €., the tube gradually shortens to a bud (snapshot
3), in agreement with the equilibrium picture. Upon rapid membrane compression on
the other hand, friction forces result in large positive (Fig. 5.10c), which may trigger
outward membrane bending, as for example, the bud elongation into a pearled tube.
According to our estimates, the timescale for the relaxation of the area difference is
of a second or less, which is very fast to be captured by the confocal imaging rates.
We hypothesize that during the rapid tube collapse, triggered by negative mg, the
bilayer undergoes irreversible topological changes (e.g. inward budding), which may
account for the complex morphology of the protrusions; for example, it is observed
experimentally that the branches of the starfish often nucleate from structures within

the protrusion.

5.5 Summary

We have shown that supported bilayers form a variety of protrusions, whose shapes can
be experimentally controlled and quantitatively understood in terms of the bilayer-
substrate mechanics. The proposed mechanisms do not depend on the previously
studied effects of bilayer asymmetry or spontaneous curvature by proteins |
, , , |. In fact, passive mechanical and protein-regulated
transformations of membranes may act in concert. Our results provide a mechanistic
interpretation of the initiation and growth of blebs | ) |, tubu-
lar invaginations | , 179], and micro-vesicles in cells | ,
|. Since our experimental system offers a high degree of control, generates diver-
sity of shapes and lipid densities, it is an ideal workbench to study protein affinity to
curvature and lipid packing | , ]. Our findings could also help engineer
new functionalities into drug delivery systems, such as strain- or pressure-responsive

bilayer coated particles.



Chapter 6

Cholesterol adsorption

Cholesterol is a major constituent of cell membranes. It is crucial for the cell func-
tionality by regulating the membrane fluidity, permeability, elastic stiffnesses (bend-
ing and stretching), etc | , . Multiple medical disorders, including
atherosclerosis, Tangier disease, and Alzheimer’s disease, are correlated to the ele-
vated cellular cholesterol level | , ]. The cholesterol content
of the cell is regulated by complex mechanisms of modification and storage, such as
the esterification/hydrolysis cycles. When the cholesterol content of peripheral tissues
is deregulated, macrophages engulf saturated lipoprotein particles | , . A
key pathogenic event in the development of atherosclerosis is related to morphological
changes of macrophages in vessel walls, leading to the formation of foam cells. It has
been speculated that such drastic reorganizations are due to the cholesterol intake by
the cell membrane and its interaction with F-actin network | , ,

, , , |. Elevating the cholesterol content of macrophage
membranes results in cell spreading and also formation of membrane ruffles in the
presence of the cell adhesion | , ].

We hypothesize that the morphological and functional changes in macrophages
may result from the bilayer reorganizations upon cholesterol intake under confinement.
In this study, our goal is to utilize a model experimental system, which mimics the
cell membrane in confinement and the cholesterol delivery to the plasma membrane,

to observe dynamical reorganizations of the membrane. We consider supported lipid

72
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Figure 6.1: Experimental setup: (a) a SLB patch, (b) a continuous SLB, (c) a giant
unilamellar vesicle (GUV) adhered to the substrate. The preparation methods are
explained in section 6.1. In (a) and (b), the solution above the bilayer is replaced by
the MBCD-Chol solution with a pump. In (c), the difference in the molecular weight of
the sucrose (outer solution) and glucose (inner solution) leads to GUV sedimentation
on the glass. The microscope images of the bilayer in three systems are shown. A
horizontal cross-section microscope image of a GUV, adhered to the substrate, are
also shown. Scale-bar is 10 pm in all snapshots.

bilayers (SLBs), previously used as a model system for confined plasma membranes.

Free cholesterol molecules are highly hydrophobic, and therefore insoluble in blood
and water. The transport of cholesterol in the bloodstream and in other fluid environ-

ments inside or outside of cells is mediated by lipoproteins. Lipoproteins are protein-
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rich vesicular particles enclosed by a monolayer lipid membrane, which are able to
store fats (cholesterol and triglyceride esters) in their interior. Methyl-3-cyclodextrin
(MSCD) has been shown to behave as synthetic a proxy for lipoproteins | ,

|, encapsulating cholesterol molecules and making the compound MSCD soluble
in water. For instance, MBCD has been shown to become loaded with cholesterol,
depleting exposed cell membranes | , |. MBCD has been used to
manipulate the cholesterol content of cell membranes in a number of in-vivo experi-
ments | , , , , , |. Here, we deliver

cholesterol to model membranes with a solution of MBCD.

Due to their fluidity, flexibility and bilayer structure, amphiphilic membranes may
undergo fast shape transformations and reorganizations. However, previous experi-
ments on cell membrane cholesterol manipulation, either depletion or elevation, are
limited to observations before and after 15-30 minutes incubation [ ; ,

, , , |. Therefore, the mechanisms behind cell
spreading, morphological changes, aggregation of lipid droplets, and, most impor-
tantly, the formation of foam cells, have remained elusive. Previous studies have
shown that local perturbations of the membrane by inserting lipids [ , ,

, | or proteins | , |, lipid flip-flop |
, , , ], or anchoring polymers | , | can induce
the fast formation of membrane protrusions, and possibly topological changes, sug-
gesting such events may take place upon cholesterol intake. Here, we consider a simple
in-vitro experimental system, which allows us to track the fast shape transformations

of model membranes exposed to the cholesterol solution.

We explore experimentally the response of lipid bilayers to the cholesterol solu-
tion in three different conditions of confinement, see Fig. 6.1. First, we deliver the
cholesterol to SLB patches (a), which are not confined laterally. Consequently, we
observe that the membrane easily spreads over the substrate upon the cholesterol in-
take, although when the spreading is fast, it is noticeably retarded by the membrane-
substrate friction. We then repeat the experiment on continuous SLBs (b), laterally

confined and separating osmotically the chamber solution and the interstitial fluid
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film trapped between the bilayer and the substrate. Finally, we deliver cholesterol
to GUVs adhered to the substrate, in a situation closer to cells confined by other
cells, the extra-cellular matrix, etc. We observe a variety of dynamical responses that
may explain physiological processes such as the formation of foam cells, and that can
be understood in terms of the excess area upon cholesterol delivery and the bilayer
confinement | , ]. To interpret the observations on SLB patches,
we formulate a model for the adsorption dynamics coupled with a binary mixture

viscoelastic lipid bilayer.

6.1 Materials and Methods

6.1.1 Materials

DOPC (1,2-dioleoyl-sn-glycero-3-phosphocholine), Rh-DPPE (1,2-dipalmitoyl-sn-glycero-
3- phosphoethanolamine -N-(lissamine rhodamine-B sulphonyl) (ammonium salt))
were purchased from Avanti Polar Lipids, and chloroform, trizma hydrichloride (Tris. HCI),
sucrose, Methyl-S-cyclodextrin (MSCD), and cholesterol-chelated methyl-3-cyclodextrin,
also known as cholesterol water soluble were purchased from Sigma Aldrich. The con-
centrations of the cholesterol-chelated-MSCD (Chol-MBCD) solutions varied between
2 and 50 mg/ml in our experiments, with molar ratio of 1:6 cholesterol: MACD, in
consensus with most of the previous studies performed at 10 mg/mL. All materials
were used without further purification. For the chamber, we use PDMS and curing
agent from Dow Corning (Sylgard 184 Silicone Elastomer Kit, catalog no. 240 401
9862), microscope slides from Fisher Scientific (catalog no 12-544-1), and cover glasses
from VWR (catalog no. 48366 045). For the preparation procedure of GUVs we used
Indium Tin Oxide coated glasses (ITO glasses) from Delta Technologies (no. X180).
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6.1.2 GUVs

Giant vesicles were prepared following the standard electroformation technique [

, |. Briefly, lipid solution in chloroform with a total lipid
concentration of 4 mM, consisting of 99.5 mol% DOPC and 0.5 mol% Rh-DPPE was
used. A thin film of the lipid mixture was deposited on the I'TO-coated glass, and
dried overnight under vacuum. The electroformation chamber was assembled by two
ITO-coated coverslips with the conductive sites facing each other, and separated by
a 3 mm thick teflon gasket (the dimensions of the chamber were 1.0 X 1.0 x 0.3 cm?).
The chamber was filled with 0.3 M solution of Glucose, connected to a sinusoidal AC
electric field of frequency of 10 Hz and amplitude of 1.7 Vpp for 90 minutes, which
resulted in the formation of giant lipid vesicles. For the experiments, freshly formed

GUYV suspension was diluted in a 0.3 M sucrose solution, at a 5:1 volume ratio.

6.1.3 Supported lipid bilayer

To prepare isolated patches of supported lipid bilayers (SLB patches), the GUV solu-
tion was diluted in Tris buffer (10 mM Tris.HCI, 150 mM NaCl, 2 mM CaCl2, adjusted
with 1 M HCI to pH = 7.5) at a 5:1 volume ratio and immediately deposited on a
cleaned coverslip glass. After incubation for a couple of minutes the GUVs fused over

the glass and formed circular patches of unilamellar lipid bilayers.

Continuous supported lipid bilayers (contSLB) were prepared using the standard
SUV fusion method. Briefly, 25 pL of lipid solution (DOPC and Rh-DPPE in a
99.5/0.5 mol % ratio) was dried on the walls of a glass vial overnight and rehydrated in
2 mL Tris buffer. The resulting turbid suspension was sonicated with a probe sonicator
(Branson) for 10 min at 40% power to obtain small unilamellar vesicles (SUV). The
SUVs solution was diluted in Tris buffer at 5:1 volume ratio and immediately deposited
on a cleaned coverslip glass. After incubation for about 10 min, we observed that an

unilamelar contSLB covers the walls of the chamber.
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6.1.4 Experimental setup

For our experiments on contSLBs and SLB patches, we prepared homemade channels
of dimensions [ = 1 ¢cm, w = 2 mm h = 1 mm, constructed between a cleaned coverslip
and PDMS. After filling the chambers with SUV or GUV suspensions and incubating
for about half an hour to form contSLB or patches, respectively, we removed the
unfused vesicles by washing with 0.3 M sucrose solution. The MSCD-Chol solution
was introduced in the channel via a micro-syringe pump (Harvard Apparatus) at a
velocity of about 10 pul./min. For the given cross section area of the chamber, this
resulted in a flow with an average velocity of 5 mm/min, which had negligible effects on
the bilayer integrity and transformations. The pump was stopped after the chamber
was filled with the MBCD-Chol solution.

The local manipulation of GUVs was performed in an open well, about 5mm thick
and wide. The density difference between the inner glucose solution and the outer
sucrose solutions (0.3 M) drove the sedimentation of the GUVs on the glass substrate.
A micromanipulator was used to introduce locally about 2 pLL of MBCD-Chol solution,

adjusted to 0.3 M to prevent osmotic shocks.

6.2 Results and discussions

6.2.1 Experimental observations: SLB patches

Upon exposure to the MBCD-Chol solution, the isolated SLB patches rapidly un-
dergo a significant expansion as a result of cholesterol adsorption (Fig. 6.2a). After
this initial expansion, we observe that the patch geometry is stable for some time,
and then, in a longer time scale, the system undergoes an area contraction. Fig-
ure 6.2b quantifies these mechanisms, by plotting the normalized area deviation Aa
of the bilayer patch exposed to MSCD-Chol solutions of different concentrations as a
function of time. We understand the membrane contraction in terms of two effects,
(1) cholesterol ordering, known also as membrane condensing, and (2) the tendency of

free cyclodextrin, either originally present in the solution or left after cholesterol de-
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Figure 6.2: Dynamical transformations of an SLB patch upon the cholesterol adsorp-
tion. (a) Microscopy images of a bilayer patch exposed to the 50mg/mL MSCD-Chol
solution. (b-I) Normalized area deviation of SLB patches Aa = (A — Ayp) /Ay versus
time for several concentrations: 2 mg/mL (diamonds), 10mg/mL (stars), 20mg/mL
(squares), 50 mg/mL (circles). We set ¢ = 0 to the onset of the expansion, which
occurs faster the higher the MGCD-Chol concentration. The area expansion occurs
in the initial 30 to 100s (b-II), while retraction starts after about 500 s. (c¢) Maxi-
mum area expansion of SLB patches versus the MSCD-Chol concentration. Scale-bar:
10 pm.

livery, to borrow lipid molecules from the bilayer. Regarding (1), the bilayer physical
properties, including the area per molecule and the thickness, have been shown to de-
pend strongly on the cholesterol content | , , ,

, , |. In particular, the area per lipid molecule of a DOPC bilayer,
studied by molecular simulation, decreases by increasing the membrane cholesterol
mole fraction | : ]. As for (2), free cyclodextrin has been shown
to extract phospholipids from bilayers at longer time scales as compared to those of

cholesterol delivery ([ : ). We quantify the contribution
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of each of these membrane contraction mechanisms later, when studying continuous
SLBs (Fig. 6.7c). During the membrane contraction, we observe fragments of lipid
bilayer, indicating that the membrane tension is close to the lysis tension, as a result
of the spreading tension due to adhesion energy (a few mN/m) | , ]

and possibly a dynamical tension due to friction with the substrate.

Within the range of concentrations considered here, around that used in previous
studies of cholesterol manipulation in cell membranes (10 mg/mL), we could not
collapse the curves in 6.2b with a simple Langmuir adsorption model, with adsorption
and desorption coefficients independent of concentration. We report the maximum

normalized area expansion as a function of MSCD-Chol concentration in 6.2c.

As highlighted in Fig. 6.2b-1I, the expansion is faster for higher concentrations.
Interestingly, when the concentration is high and the expansion is very fast, e.g. for
50 mg/mL, we observe a transient nonuniform distribution of florescent intensity
(FI) over the membrane (6.2a, t=10,13 s). We interpret the nonuniform FI as the
result of a nonuniform distribution of labelled DOPC and cholesterol molecules in the
membrane. The fact that such non uniformity arises when spreading is fast suggests
that it is due to a rate-dependent force, such as friction between the expanding bilayer
and the substrate. We scrutinize next the initial stages of the experiment, in which the
patches rapidly grow (first tens of seconds), neglecting condensation or phospholipid
removal by free MGCD.

6.2.2 Modeling the membrane spreading

We consider our previous viscoelastic bilayer model | , ], and
extend it to a bilayer made out of two species (cholesterol and DOPC). Here, we
assume that the cholesterol concentration in the bulk is fixed, and ignore spacial
gradients as a result of the injection or adsorption processes. At high concentrations
the amount of cholesterol adsorbed is small compared to the cholesterol available in

solution, and the diffusion in the bulk is faster than diffusion on the patch.
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Surface binary mixture transport equations

For a binary mixture fluid interface with a gradient of concentration, there is a ther-
modynamic tendency toward uniform concentrations. The flux of particles is driven
by the mixing entropy, and is given by the first Fick’s law J = —D(¢)V ¢ (x,t) [Dill,

, , ], where ¢ (x,t) denotes the concentration field of particle A,
here the area fraction of Cholesterol (Chol), and D(¢) denotes the diffusion coeffi-
cient. With this in mind, introducing ¢* as the Chol area fraction in each monolayer

Chol

(by 4+ we denote the outer and inner monolayers), and p as the inverse of the area

Chol

per Chol molecule a~", we express the transport equation of Chol particles as

o (pChol:I:¢:t)

5 + V- <pC’hol:|:¢:t,U:|:) B v A (pChOH:D[QSi]ngi) + St(¢+7¢_) _ Si(gbi),

(6.1)

Here, v* denotes the velocity field of each monolayer and S* denotes the rate
of the Chol adsorption per unit area. By S;, we denote the transbilayer diffusion

(flip-flop) due to the concentration contrast, often given as oy (¢7 — ¢7) |

Y ]

For an isolated SLB patch adhered to the substrate, we assume that the outer
monolayer is exposed to the solution of MSCD-Chol, while the inner monolayer is
deposited over the substrate. Then, the source term for the inner monolayer is S~ = 0,

and for the outer monolayer is given based on a standard surface adsorption kinetics
St = pChol—i- [—kd¢+ + k‘aO (¢maz _ ¢+)] ’ (6.2)

where k4, and k, denote the desorption and adsorption rate constants, C' denotes
the cholesterol concentration in the ambient fluid, and ¢™** denotes the maximum
limit of the Chol area fraction. We note that assuming a homogeneous field of the

cholesterol in an inextensible membrane results in an ordinary differential equation
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Figure 6.3: Chol-DOPC bilayer adsorption and spreading mechanisms. Observable
velocity at the boundary 7y, as well as the transbilayer flux J;, and the lipid transfer
velocity from the outer monolayer to the inner monolayer at the boundary v, are
shown. Friction force from the substrate is shown b,vy .

qBJr = —kgot + k,C (¢"™** — ¢1), whose solution is given by

— e

gbmaz (1

— 7[kd+kac}t
o) = T hC )

Using the above relation, one can express the area variation of the patch by AA/Ay =
¢/ (1= o).

Since the cholesterol flip-flop is known to be very fast (in polyunsaturated bilayers,
cholesterol undergoes flip-flop on a submicrosecond time scale Bennett et al. [2009]),
for simplicity, we assume ¢~ = ¢*. Then, we rewrite Eq. (6.1) for the outer, and

inner monolayers as

Chol
w + V- (pMgut) = V- (07 DGVe) = SH(9),
Chol—
a(pa—tQs)+v‘(pch°’¢v)—v'(pC’”’D[ebJW) =0, (6.3)

Chol

Introducing a§"* as the area per Chol molecule and af©7C as the area per DOPC

molecule in a relaxed binary mixture bilayer, the average density of a relaxed bilayer
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can be expressed by

DOPC hol DOPC
_ Ntot  NChol | Ny _ Aaa/ay"” | Apopc/ay _ bpChol 4 (] DOPC
tot tot tot tot tot

Similarly the average density in an out-of-equilibrium state can be expressed by

p:l: _ gprhol:l: + (1 o ¢) pDOPC’:i:. (64)

Substituting ¢ by (1 —¢) in Eq. (6.3), we derive the transport equation for the DOPC

molecules,

) (pDOPC-I— [1 _ <Z5])
ot

N v AN (pDOPCJr [1 _ ¢] ’Ui) A v AN (pDOPC+D[¢]V¢) — 0’ (65)

Using Eq. (6.4) and summing up Eq. (6.3) and Eq. (6.5), one can express the total

conservation of mass as

% + V - (pi,v:l:) -V ([pChOl:l: o pDOPC:l::| D(¢)V¢) + Si, (66)

For simplicity in numerical calculation we attribute the compressibility of the

membrane to that of the DOPC molecules. In other words, we assume that the area

Choli ny (Chol

per Chol molecule is constant i.e. p , even if the binary bilayer is stretched

p
or compressed. Thus, Egs. (6.3) can be simplified as

% +V (¢v+) -V - (D[p]Vep) = S+(¢)/p0hol’
% +V-(¢pv7) =V - (D[]V$) = 0. (6.7)

Interestingly, subtracting Eqgs. (6.7) we obtain

V(¢ —v7]) = 5%(e)/p"". (6.8)
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This relation indicates that the Chol adsorption necessarily imposes an interlayer
slippage to the system. To satisfy this condition on the boundary of the SLB patch,
we allow a lipid flow from outer leaflet to the inner leaflet on the boundary as shown

in Fig. 6.3.

Governing equations

For a planar bilayer, adhered to the substrate, the free energy is due to the deviations
from the equilibrium density py, and the adhesion potential. Introducing K as the
elastic stretching modulus of each monolayer, and ~ as the adhesion energy between

the bilayer and the substrate, the free energy per unit area can be written as

Ks + 2 — 2
f= — (p——l)—i-(p——l) — .
2 Po Po
Given the free energy per unit area we can calculate the total elastic energy
M= / fds, (6.9)
r

where, dS is the area element, and I' is the evolving surface domain. We calculate
now the rate of the elastic energy functional as a function of the velocity field v* and

the observable velocity of the boundary 7, required to derive the governing energy

o™, 7o) = /F fudS + /F f(dS) ¢,

+ 4+ +
= K. [(M) (p__l)],
Po Po

Poi = Py (PghOl - PODOPC) )

where

and pf can be computed from Eq. (2.5), ¢, can be computed from Eq. (6.7) and the

rate of change of area element (dS); is given in appendix A.2 for general surfaces.
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We note that for a planar axisymmetric surface, all variables can be described in
parametric space, such as r(u), which results in dS = 27rr'du and therefore (dS); =
21 (r'r s + 17’y du.

The dissipative mechanisms of the bilayer include the monolayer surface viscosity,
the friction between two monolayers and the friction between the substrate and the
inner leaflet. We consider each monolayer as a Newtonian interfacial fluid, resulting
in a linear relation between the surface shear stress and the rate of the deformation
d | , |. In addition, we account for the interlayer slippage
and the membrane- substrate friction following | : . Thus,
introducing s as the membrane shear viscosity, As as the dilatational viscosity, b, as
the interlayer friction coefficient, and by as the membrane-substrate friction, we can

write the Rayleigh dissipation potential as

Wi i = 2 / (21ed s d+ A (txd)?) " dS

+ 2 [t — o Pas+ 3 [ o pas. (6.10)

The dynamics of the system can be obtained by minimizing the Rayleigh dissipa-
tion potential plus the rate of change of the elastic energy with respect to the variables
expressing the rate of change of the system | , ]. This minimization

is often constrained. For this purpose, we form the Lagrangian
LvE, Al = W[vt] + 1I[vE] — A-Clu,, v, (6.11)

Since this minimization is often constrained, C[v*] collects all the constraints and
A the corresponding Lagrange multipliers. Here, for a SLB patch the only boundary
condition is that the observable velocity of the boundary 7 is linked to the physical
velocities of each leaflet at the boundary as 7q = (vy + vy )/2. From the above
minimization problem we calculate v*, and 79. We integrate forward 7 in time to

update the geometry of the bilayer. Given v*, and 7, we solve the transport equations
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for the average density and Chol area fraction (Egs. (6.6) and (6.7)), which are partial
differential equations. To accomplish this, we discretize all the governing equations

with a Galerkin method and for axisymmetric surfaces.

6.2.3 Numerical results

Figure 6.4 presents the dynamical coupling of the membrane viscoelasticity with
the cholesterol adsorption (50 mg/mL MBCD-Chol). The response of the system
is calculated with both, the uniform adsorption model, and the coupled adsorp-
tion/viscoelastic non-uniform model, and the area expansion predictions are compared
to the experimental observations in Fig. 6.4a. The significant drag of the membrane
spreading by substrate friction is apparent from the figure, in good agreement with
experimental observations (Fig. 6.4a).

Figure 6.4b shows the radial FI profile of the bilayer during the expansion, where
the lower FI on the edge indicates a higher cholesterol area fraction. As cholesterol
is adsorbed, the bilayer expansion is laterally impeded by substrate friction. Such
impediment is stronger at the center of the patch, making it easier for the edge to
relax its excess molecules by lateral flow and adsorb more cholesterol. On the other
side, mixing entropy and stretching elasticity push the system towards a uniform
state, chemically and mechanically. Figure 6.4c shows the difference of FI between
the edge and the center of the patch, gathered from the experiment and simulations,
demonstrating a good quantitative agreement in the non-uniformity of the patch. The
dynamics of the system as predicted by the simulations is shown in Fig. 6.4d, where
the color map represents the FI.

We choose the material parameters based on the reported values in the literature
and the best fit with our experimental results (Table .6.1). The maximum area fraction
@™ can estimated based on the solubility limit given in the literature (2% = 0.66)

[ , | as

nChol AChol AChol /ADOPC

nChol 4 pDOPC — AChol 4+ ADOPC qChol [qDOPC — AChol [ ADOPC  Chol /¢ DOPC
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Figure 6.4: Nonuniform distribution of the cholesterol in DOPC bilayer during the
expnsion, at high concentrations (50 mg/mL MBCD-Chol). (a) Normalized area de-
viation of the SLB patch during the spreading, measured experimentally, and pre-
dicted from the uniform adsorption model and the coupled adsorption/viscoelastic
non-uniform model. (b) Radial FI profile at different time instants (t=0, 10, 13,
20, 80 s), showing the nonuniform cholesterol distribution. Scale-bar: 10 pm.
(c) Normalized florescent intensity difference between the patch center and edge,
AFI = (FI.— F1.) /Fl, from the experiment and simulation. (d) Simulation re-
sults for the dynamics of an isolated patch exposed to a 50 mg/mL MSCD-Chol
solution. The color map represents normalized florescent intensity, computed from
FI o< (1 — ¢)pPOF¢ where pPOTC is the inverse of the area per DOPC molecule.
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Table 6.1: Material properties

Is 107Y Js/m? |
Dissipative parameters As 0

b, 1 x10° Js/m* |

bs 5x 10 Js/m* |
Elastic modulus K, 0.1 J/m?* |

K, 0.008 1/s
Adsorption parameters | Ky 0.15 1/s

Pmax 0.5
Area per molecule ratio | a®! 0.25 nm? |

al?orc 0.5 nm? |
Adhesion potential ¥ 2 J/m? |
Entropic constant KT x p©hl | 0.02 J/m?

Thus Al JAPOPC = qChol [qPOPC » 27 /(1 — Z7). On the other hand

AC}wl AChol/ADOPC aChol/aDOPCgbl/‘

(aChel [qDOPC — 1\ +1

¢ = AChol 1 ADOPC — AChol | ADOPC { '] — o=

Therefore given the maximum solubility 2% = 0.66, and the ratio of the area per

molecule q“h /qPOFPC

~ 0.5 one can estimate ¢™** = 0.5.

The dynamics of the membrane spreading, including the cholesterol adsorption, the
area expansion, and lipid hydrodynamics are presented in Fig. 6.5. Figure 6.5a shows
the area expansion of a bilayer of radius R = 16 pm exposed to cholesterol solution of
different concentrations. Figure 6.5b shows the FI gradient in the membrane, i.e. the
difference of the FI between the middle and the edge of the membrane. Figure 6.5¢c
shows the observable velocity of the patch growth, and the actual lipid velocities (outer
and inner monolayers) on the boundary. Also the lipid flow on the edge between the
leaflets is shown in this figure v,. The profile of velocity fields for each monolayer is
shown in Fig. 6.5d.

Figure 6.6 shows the relaxation dynamics of an SLB patch exposed to 50 mg/mL
Chol solution, highlighting a drastic nonuniform lipid crowding. Here the lipid flow

on the inner monolayer is extremely retarded by the substrate friction force.
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Figure 6.5: Membrane spreading dynamics. (a) Normalized area deviations of SLB
patches versus time, exposed to MBCD-Chol of different concentrations. (b) Gradient
of Florence Intensity versus time AFI = Fleepter — Fleqge. (¢) Observable velocity 7,
outer and inner leaflet velocities on the edge v, and the velocity of the flow from the
outer leaflet to inner one on the boundary v, (see Fig. 6.3) are computed versus time
for a SLB exposed to 50 mg/mL Chol solution. (d) Velocity profile of the bilayer for
outer, and inner monolayers at t=8.5 s.

6.2.4 Experimental observations: continuous SLB

We turn now to continuous SLB, where as shown in Fig. 6.7a, tubular and spherical
protrusions nucleate and evolve upon exposure to MGCD-Chol solution. We interpret
these observations in the light of previous chapter, where we found that laterally com-
pressed SLB develop such protrusions, and that their morphology can be reversibly
controlled by the amount of excess area and by the enclosed volume between the

membrane and substrate, regulated osmotically. Here, the excess area is provided by
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Figure 6.6: Relaxation dynamics of an SLB patch exposed to 50 mg/mL Cholesterol
solution. Color map shows the density difference (p* — p7)/2.

the cholesterol intake, and we keep the chamber osmolarity constant.

The formation and evolution of protrusions depicted in Fig. 6.7a is quantified by
plotting the projected area of the protrusions in Fig. 6.7b, where we also plot for
reference the normalized excess area of an isolated patch under the same conditions.
Note that for tubular and spherical protrusions, the projected area is not exactly the
bilayer area. However, we can estimate the excess area contained in the protrusions
in the initial stages of the experiment from the FI of the bilayer in an adhered region,
shown in Fig. 6.7c. Indeed, an uptake of cholesterol will dilute the labeled lipids in
the bilayer, and assuming the area fraction of cholesterol is uniformly distributed and
that the bilayer is inextensible, we can estimate the excess area as Aa ~ FIy/FI — 1.

From the initial drop of FI, we estimate the excess area due to cholesterol adsorption
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Figure 6.7: (a) Microscope snapshots of a continuous SLB, washed with a 10 mg/mL
solution of MBCD-Chol. Tubes nucleate and grow (0-40 s), and then start thicken-
ing and snapping to spherical complexes and vesicle aggregates, while they are still
growing in size (40-120 s). After that, spherical protrusions are relatively stable, only
slightly decreasing in size (120-570 s). Decreasing their area to enclosed volume ratio,
spherical protrusions then transform into shallow caps (570-1050 s), which lyse and
reorganize into small vesicles (1050 s to the end). Scale-bar: 10 pm. (b) Normalized
projected area of the protrusions out of the adhered membrane Aa,/Aa, max (squares).
To compare the continuous SLB reorganization with the expansion/retraction mech-
anisms of isolated patches, the normalized area deviation of an isolated patch washed
with the same solution is plotted (circles). Solid green circles indicate the snapshots
in (a). (c) Average FI of an adhered region of the bilayer (the circular region shown
in the last snapshot). We attribute the initial drop in intensity to the formation of
protrusions, and the subsequent recovery to the condensing effect of cholesterol. The
intensity does not recover completely due to loss of phospholipids, either during the
reorganization of the protrusions or by DOPC uptake by free MGCD.
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as Aa = 0.35, in agreement with the measured area expansion of an SLB patch,
around 30% (see 6.2¢ for 10 mg/mL MSCD-Chol).

Upon the membrane exposure to the cholesterol solution, the tubes nucleate,
rapidly grow, and suddenly collapse to spherical protrusions under a very high nega-
tive pressure (larger in the chamber than in the interstitial space). From our previous
study on continuous SLBs (chapter 5), we expect that under such a large and fast
compressive strain (above 30%) and isosmotic conditions, the system will produce
long and very thin tubular protrusions, under a very high negative pressure (larger
in the chamber than in the interstitial space), which are prone to brutal collapse into
complexes of different topology. Consistently with these previous observations, here
the thin tubes either inflate (possibly through holes in the supported bilayer) and
collapse into vesicle aggregates, or collapse and the resulting complexes inflate. At a
longer time, the excess area gradually contracts. Therefore, the excess area to enclosed
volume ratio decreases, and consequently the protrusions transform into shallow caps,
in agreement with observations in previous chapter. As the area to volume ratio fur-
ther decreases, the spherical protrusions become significantly tense, lyse, expel part
of their volume, and reorganize into smaller vesicles.

As for isolated patches, we attribute the contraction of the excess area to mem-
brane condensing induced by cholesterol, and to the tendency of free cyclodextrin to
deplete the membrane. Additionally, lipids may leave the SLB during the various
reorganizations reported above. Fig. 6.7c shows that after the expansion stage, the
FI partially recovers by about 16%, reflecting the retraction of DOPC molecules to
the adhered bilayer due to the membrane condensation. The final lost in FI (about

10%) results from phospholipid depletion, including the effect of free cyclodextrin.

6.2.5 Confined giant vesicles

We perform further experiments to investigate the effects of cholesterol delivery to
GUVs. We choose a highly flaccid GUV, to facilitate its stabilization on the substrate
by providing a high adhered area. Compared to the planar adhered bilayers, a GUV
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Figure 6.8: Shape transformations of a GUV upon the elevation of the membrane
cholesterol. 4 pL of 50 mg/mL solution of MBCD-Cho is injected by a syringe in the
vicinity of the GUV (syringe tip location is shown by the star symbol). The tubes
nucleate and grow from the non-adhered part and then from the adhered part of the
membrane by a few seconds delay. After ~ 100 s the tubes start thickening and
retracting to small vesicles. The last microscope snapshot is representing a vertical
cross section of the GUV, presenting its adhesion to the substrate. Some vesicles are
detached from the membrane and aggregate on the top of the GUV. Scale-bar: 15 pm.
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siting on the substrate mimics the cell geometry and size, in addition to the cell
confinement and adhesion. We note that in these experiments, the adhesion energy
7 is significantly lower, which prevents adhesion from bursting the GUVs. We inject
about 4 nuL of 50 mg/mL MSCD-Chol solution in the vicinity of the GUV. As shown
in Fig. 6.8, upon the cholesterol delivery to the membrane, we observe the formation
and growth of inward tubes, stable for a few minutes. We find that such invaginations
retract or collapse to spherical aggregates. These shape transformations resemble
those observed in continuous SLBs. However, here the tubes are thicker and they

stay stable for longer times.

A number of related vesicle systems have been shown to form in or outward tubu-
lar protrusions, such as tube formations after the polymer solution inside the vesicles
separates into two aqueous phases | , ], or upon the adsorp-
tion of anchored amphiphilic molecules | , |. Let us discuss first why
the tubes are inwards. From elementary tube mechanics, the total elastic energy of a

tube is given by

B 2nrLK
2

I1

1 2
(— — Co) +2mrLo — wr*Lp + fL,
r

where p is the difference of the pressure inside and outside of the tube (pi, — Pout), o
is the surface tension, and Cj is the possibly cholesterol-induced spontaneous curva-
ture. Minimizing the above relation respect to r, and L, the equilibrium state can be

expressed as

o 20 + kC}
b= 2r3 2rg
and )
K K pr
=—— — —CQ> — Co.
f==3, <U+2°+2+“°

For a freestanding tube we set f = 0, and combining the the above equations, the

2 1
p:—/;(C'o——).
r r

As expected, the above equation shows that for Cy < 1/, freestanding tubes are stable

pressure jump reads
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under negative pressure (larger in the outside of the tube). Here, the flaccid GUVs
are strongly adhered to the substrate, making them tense and pressurized |

, ]. Consequently, inward tubes satisfy the negative pressure requirement,
in contrast with an unsupported flaccid vesicle, for which we expect outward tubes
[ , |. At longer times, due to the added area, the vesicle has the tendency
to further spread, relaxing part of its pressure. This explains the slow thickening and
retraction of the tubes. We also observe that some spherical protrusions detach from
the GUV and aggregate on the top of the vesicle, reminiscent of the aggregation of

lipid droplets in foam cells.

6.3 Summary

We conclude that cholesterol has a high tendency to be incorporated into lipid bi-
layers, leading to the membrane spreading. In agreement with in-vivo experiments,
we also show that the membrane confinement and adhesion are essential to observe
membrane protrusions. The membrane confinement coupled with a significant area
expansion, results in severe morphological and topological changes in membrane, in-
cluding the formation of vesicular/tubular protrusions, vesicle aggregates and their
transformations. We believe that dynamical membrane reorganizations observed in
our experiments can help us to increase our knowledge in similar cellular processes,
due to the cholesterol elevation. We also show in this work that SLB patches are very
simple model systems, which allow us to study the chemical and mechanical response

of membranes to adsorbing molecules and surfactants.



Chapter 7

Thermal fluctuations of highly
curved membranes

Biomembranes are highly flexible structures, which exhibit noticeable thermal un-
dulations in common conditions. The analysis of fluctuations provides a means of
measuring equilibrium mechanical parameters such as the bending stiffness, the mem-
brane tension, or the spontaneous curvature, for instance by coupling phase contrast
video microscopy with theoretical continuum models of membrane undulations, in
what is known as flickering spectroscopy | , , , ,
, ]. The dynamics of biomembranes can also be studied using
these optical methods, or other techniques such as Neutron Spin Echo (NSE) |
, ], probing much smaller length and time scales, which have revealed the
role of inter-monolayer friction in the relaxation dynamics of fluctuations |
, , , , , ], as well as the
role of membrane viscosity for fluctuations of nanometric wavelengths |
, |. Besides their utility in measurements of equilibrium and dynamical
properties of bilayers, fluctuations are thought to mediate in biological processes, e.g.

in the way cells probe their environment | , ], or in the mobility of
proteins on membranes | : ].

Predictive continuum models, e.g. | , ] for planar geometries
and recently confirmed by molecular simulations | , | or |

| for spherical geometries, are pivotal in such

Y ) ) Y Y

95
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studies to properly interpret observations, which may be qualified as anomalous if

viewed through an incomplete theory | , , , ].

Mathematical formulations of interfacial flows on general geometries shows that,
in the presence of curvature, the membrane (interfacial) viscosity produces a normal
drag force, quadratic in the curvature and linear in the normal velocity |

, |. For small fluctuations about planar configurations, such a normal
force vanishes, and the membrane viscosity is coupled only to tangential velocities.
This results in a negligible effect on the dynamics, except for very short wavelengths
close to the membrane thickness | : ], only accessible to NSE

spectroscopy.

We show in the present chapter that the membrane viscosity can play a crucial role
in the fluctuations of vesicular or tubular membranes whose radii are comparable to,
or below the Saffman-Delbriick length scale (the ratio between the membrane surface
viscosity and the solvent bulk viscosity). We note that the observations of thermal
fluctuations of highly curved membranes have remained limited, due to the resolution
of available optical measurements. However, experimental techniques can improve,
and we further suggest experiments on tubular membranes, where our predictions

could be checked with common techniques.

It is also worth noting that highly curved membrane structures are very common in
cells. For example, lysosomes and peroxisomes have spherical shapes, mitochondria
form a tubular network, the endoplasmic reticulum is an interconnected system of
sheets and tubules, and the Golgi apparatus consists of a stack of perforated sheets
[ , ]. In addition, membrane tethers, such as recently observed cell-
to-cell communicating tubes | , | are ubiquitous structures in cells.
Understanding the physics of the ever-present thermal fluctuations on such structures

may have biological implications.

In addition to the potentially important role of membrane viscosity in the undula-
tions of subcellular structures, this often disregarded effect is the dominant dissipative
mechanism in polymersomes (with a Saffman-Delbriick length scale around millime-

ters), which have been recently probed by flickering spectroscopy |
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, ]. A correct interpretation of dynamic measurements requires incorporating

the effect of membrane viscosity into the theory.

Here, we determine the relaxation dynamics and the shape fluctuations of quasi-
spherical vesicles and tubular membranes, by using the continuum formulations pre-
sented in chapter 2, and available analytical solutions for hydrodynamics around cylin-
drical and spherical shapes | , |. We examine the effect of the
membrane viscosity on dynamical relaxation rates (i.e. eigenvalues of the linearized

system) of thermally excited spherical and tubular membranes of different sizes.

7.1 Vesicular membranes

7.1.1 Kinematics

We parametrize the midsurface of the vesicle I'; at a given time ¢, in spherical coor-

dinates,
x(p,0;t) = R(p,0;t)e, = R(p,0;t){sin g cos b, (¢, 0;t)sinpsind, (v, 0;t) cos p},

where ¢ € [0,7), 6 € [0,27), and e, = (0x/OR)/|0x/OR|, €y = (0x/00)/|0x /0],
e, = (0x/0yp)/|0x/O¢p| are basis unit vectors in spherical coordinates. Given that, we
calculate the metric tensor g;; = «;-x;, and the normal vector n = x; X x;/|x; X x;|,

(where x; = 0;x, i = ¢, 0), as

R+ R? R, Ry

9= :
R,Rs Rp*+ R%sin’

_ Rsing e, — R,sinp e, — Ry €y

\/(Rso2 + R?) sin® o + Ry
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We note that the surface element can be expressed as dA = Jdpdf, where the Jacobian
is given by J = y/det(g) = R?sinp\/1+ |V R|?, where V denotes the surface
gradient. Also introducing the curvature tensor, h;; = (0;0;2) - m, one can write twice
of the mean curvature as 2H = —h!, and the Gaussian curvature K = det(hz.), where

1

hi = g™hy; and g% are the components of g~'. In addition, the surface Laplacian,

surface gradient and its norm in spherical coordinates are given by

V2R = (Roo + Ry sinp cos o + Ry, sin® p)

R2sin? ¢

ViR

= Rsin " (R@ée + R<p sin g0é<p> s

and

|V R|* = (Rj + R sin” ) .

R2sin? ¢

Here, we consider a quasi spherical fluctuating vesicle, i.e. a vesicle whose radius,

and density deviates about those of a spherical equilibrium state

R(@a 9) = RO + h(@? 9)7
p(p,0) = po+dp(e,b),
ﬁ((ﬁ,e) = ﬁO + 55(9070)7

(7.1)

where p = (p* —p7)/2p0, p = (p* +p~)/2p0, and by p* we denote the density field of
each monolayer, projected on the bilayer midsurface. We express the radial deviation

h, as well as the density deviations dp, dp, using scalar spherical harmonics (SSH)
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[ , ] as

h (t, @, 9) = Z hnm(t)Ynm (907 9) )
op(t,p,0) = Z Prm ()Y (0, 0)

5(L:0.0) = 3 pun() Vi (.0).

where

>-3 3.

and, Y, is called a spherical harmonic function of degree n and order m, an associated
Legendre polynomial. We note that in general the amplitudes of the SSHs are complex

numbers.

7.1.2 Elastic energy

We rewrite the total elastic energy of a bilayer membrane, including the bending

energy and the stretching energy together with work of pressure and tension

I = E/21{2dA+Ks/p2dA+KS/p2dA-leKS/pHdA
2 Q Q Q Q

+yi[/ﬂ(pip+1) dA—Aﬂ—go(/ﬂ dV—VO), (7.2)

where & = k + 2d*K, and A(jf denotes the equilibrium area of each monolayer con-
taining a given number of lipids, and V; denotes the enclosed volume. Note that the
spontaneous curvature is neglected and the last two terms can be either interpreted
as lipid and volume constraints, i.e. = and p are Lagrange multipliers, or as the work
of tension and pressure. The signs are such that a positive surface tension v* tends
to expand the surface area, and p = piut — Pout-

Now, we express the total elastic energy of a fluctuating quasi spherical vesicle, by
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linearizing the elastic energy about a spherical equilibrium state. To find this initial
equilibrium state, we rewrite equation 7.2 for a sphere of radius Ry, density average

p = po, and density deviation p = py,

47 R}
3

II = 8RRy +4nRy [Kpy + Kepy + 7 (po + 1) + vpo] — 16dKmRopo — D,

where ¥ = 4T + 97, and v = v — 4~. Making II stationary to find equilibria, we

have
o1l
0 = o 4T RZ (v — 4dK, /R + 2K po)
oIl
0 = o 4T RS (3 + 2K,po)
aH ) 2 — /= 2
0 = R 87 Ry [Kspg + Kspy + 7 (Po + 1) +vpo| — 16dK,mpo — A Rip
0
The first and the second equations result in membrane tensions v = —2K,pg +

4dK /Ry, and 7 = —2K,py. From the third equation we derive the pressure jump

required for such a prescribed sphere,

2
=

p

2dK,
(—Ksﬁé — K.pg — 2Kpo + pO) .

R

We note that for general choices of Ry, po, po (or AT, and V;) this equilibrium state
is not necessarily stable, particularly if py is positive, i.e. a deflated vesicle. In the

following, we fix py = 0, po = 2d/ Ry, which results in vy =4 =p = 0.

Using the expressions in appendix D.1, we express the total elastic energy by

retaining up to second order terms as

IT = § Trm
n,m
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where
- Ku K2 Kis
Tpm = §ynm Kia Ky 0 Yom (7.3)
Ki3 0 Ky
N ~- _
where

Ku = &(& —28) /Ry + Kopo(&n +2) — 4dKpo&n/Ro + pRo,
Ky, = 2Ry (2Kpo+7) ,
KlS = 2R0 (2K5p0—|—’}/) —QdKS (§n+2)7
KQQ == QKSRS,
T
Yom = < P Prm  Pnm > )
& = n(n+1),

and by * we denote the complex transpose of a vector or matrix. For the equilibrium

state given by py = 0, pg = 2d/Ry, and v = 4 = p = 0, the above relations can be

simplified as

Ki =k (& —28) /Ry +4d°K,(2— &) /R, Kia=0, Ki3=2dK,(2-¢,).

Using the equipartition theorem, we have
(YnmYnm) = KbTE;;w (7.4)

where by () we denote the ensemble average, or time average under the assumption of
ergodicity. We note that this relation provides a connection between the theory and
spectra measurable in experiments, and allows us to estimate the bending stiffness or

the membrane tension. We also calculate the rate of the change of the elastic work in
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the following form, which will be used later in governing equations,

= yiuEwmYim (7.5)

7.1.3 Dissipation

Shape transformations of lipid bilayers are dragged by various dissipative mechanisms,
being the bulk fluid dissipation, interfacial membrane dissipation and the dissipation

due to interlayer friction, the most important ones.

Interfacial viscous dissipation

The interfacial viscous dissipation potential for one monolayer is expressed in Eq. (2.13)
and can be written in the following form, which is useful for further calculations (see

[ : ] for the derivation of W,,) ,

Walol= [ [%rvs X 0 + (V, ) — Kof
+(4H? — 2K)v2 4+ 2(Vsv : h)v, |dS, (7.6)
Wy, [v,v,] = /F% (Vs v)? +4Hv2 — 4H(V, - v)v,] dS. (7.7)
Note that around a planar state | , |, or for a fixed geometry

[ , ], the second line in Eq. (7.6) vanishes, as often considered.
We need to calculate the dissipation potential for spherical shapes, where we express

the membrane velocity as
V(p,0;t) = v.e, +v,e, + vpéy, (7.8)

For small membrane deformations, we have n = e,., which results in v,, = v, = h, and

tangential velocity v = v,e, + vpé€y.
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We use vector spherical harmonics (VSHs) to express the velocity field on the

membrane | , , , ]

Ve, 056) = (05, Y w4 00 W + 00 @) - (7.9)

n,m

where Y., = Yomér, Yo, = RoVYn, and @, = €, X ¥,,,. The tangential

velocity can be written as

'v:Z'vnm Zv(l)\Ilnm—i—v )tI>

Taking the advantage of the VSH orthogonality (see appendix D.2), and recalling
the expressions given in appendix D.2, we can write the interfacial viscous dissipation

functional as

Drr Drl 0
1 x
Wit W =52 Vi | Dn Dno 0 | Vi
0 0 Do

where fomT = ( v v,%i vfﬁ)f >, and Dy, = 4us + 2Xs, Dy = —2&, 15 + Ex s,
Dy = 26,(&n — Dps + E2 X, Doy = &,(E — 2)p1s. Interestingly, we observe that the
interfacial viscosity dissipation potential does depend on the normal velocities through
the term D,,., contrary to the usual assumption derived from the linearization about

a planar state.



104 Thermal fluctuations of highly curved membranes

Interlayer friction

We also express the Rayleigh dissipation potential for interlayer friction using VSHs

as

b
Winlvt] = g/uw—vw as
Q

b
D B (L At (A U E (AT
Bulk fluid dissipation

In this section, we follow | , ] to account for the effect of a
surrounding Newtonian fluid and solve the Stokes equations in the inner and outer
domains delimited by a sphere. Denoting by u; the bulk fluid shear viscosity, the
equation of balance of linear momentum for an incompressible Newtonian fluid is
avsb L
VV’=—Vp (7.11)
22
where V? denotes the bulk fluid velocity field, and p denotes the pressure field. Taking
the divergence of the above equation and recalling the continuity equation (V-V* = 0),

we obtain the Laplace equation for pressure
Vip =0.

This suggests expanding the pressure field in a series of solid spherical harmonics



7.1 Vesicular membranes 105

where p, is a solid spherical harmonic of order n (R"Y,,,). From this expansion, one

can find Lamb’s general solution

(e 9]

43

VYR, 0.0) = V X (v.Ré,) + Vo, n R>Vp,
(Rp0)= 3, |V X Cale)+ Ve + 5 e g Ve
- - puRe,

pp(n +1)(2n + 3)

where y,, and ®,, are each solid spherical harmonics given below.

Interior of the sphere: The condition that the velocity should remain finite at

the origin of the sphere implies that for n <0, p, = ®, = x,, = 0. For n > 1 we have

[ Y ]’

n o \ o
1 R\"
1 R\"
n = — | — | Z, 7.12
X n(n+1) (Ro) ( )

where O,,(¢,0), T(¢,0), Z.(p,0) are SSHs defined on the surface, known from the

prescribed velocity field on the inner surface of the sphere V'~ as

> 6, = &V = On= > U,V

n=1 m=—n

Y% = -RV-V" = V=Y (=20, +nn+ 1)) Y

n=1 m=-n

Y Z, = Re,-V XV = Zy= > —nn+10l) Yo (7.13)
n=1 m=—n

Exterior of the sphere: Now the velocity is required to vanish at infinity, which re-

stricts the expansion to the solid spherical harmonics with negative order (R™"1Y,,,).
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Thus n is replaced by —(n 4 1). With the prescribed boundary conditions, we ulti-

mately obtain the solution

_ m@En-1) 1 (@)HH 75, + (n+2)6,)

P—(nt+1) = n+tl R\ R
1 Ro\"™"!
(I)—(n-‘rl) = mRO <EO) [n@n + Tn]
1 RO n+1
_ = — | — Z .14
X=(n+1) n(n+1) ( R ) " (7.14)

The functions ©,(¢,8), T(p,0), Z,(p,0) are determined as above.

Bulk fluid traction on the sphere: The traction exerted by the internal and

external bulk Newtonian fluids onto the spherical membrane can be computed as

b b +
" =te, -0 =+ {—péT + b @% - %) + %V(Rér -V?)

where o®* denotes the stress tensor of the bulk internal and external fluids evaluated

at the membrane. The inner fluid exerts the following traction on the inner monolayer,

P — —% Z [(n — 1)V X (xnR&;) +2(n— 1)V,
n=1
2n? 4 4 2
n*+4n+3 o4 n(n +2) V), (7.15)

_,ub(n-l—l)(2n+3)pn " w(n+1)(2n + 3)
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while for the outer fluid we have,

tb+ _

Z[n—l V x (xnRé,)
2n% +4n + 3
pp(n +1)(2n + 3)

n(n + 2) X
wp(n+1)(2n + 3) i Vp”} ) (7.16)

mlt

+2(n -1V, — pnRe,

Inserting equations 7.12-7.14 into the above relation, we obtain

= /j’bz |: Ynm \I’nm (I)nm :| Tivfm

where
—(2n? +3n+4)/[(n + 1) Ry 3n/Ry 0
T = 3/[(n + 1) Ry —(2n +1)/Ry 0
0 0 —(n+2)/Ry
and
(2n? +n+3)/(nRy) —3(n+1)/Ry 0
T =— —3/(nRy) (2n+1)/Ry 0
0 0 (n—1)/Ry

Bulk fluid dissipation potential: Collecting the results above, we find

+
D?T D'Ir)l 0
1 1 #
W, = _é/r t=.VEAS = B Z Vow | Dy Db 0 Vi
0 0 Db

TV
Dbulk+
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where
(2n? +3n+4)/[(n + 1)Ry] —3n/Ry 0
DR = —3n/Ry n(2n+1)(n+1)/Ro 0
0 0 n(n+1)(n+2)/Ry
and
(2n% +n+3)/(nRy) =3(n+1)/Ro 0
Db = g —3(n+1)/R, n(2n 4+ 1)(n+1)/R, 0
0 0 n(n—1)(n+1)/Ry

7.1.4 (Governing equations

Continuity equation

The continuity equation presented in Eq. (6.6), can be approximated for small density
deviations as

1 9p* +
—L ~-V,-v"—uv,H 7.1
Lo ot Y Y ( 7>

Substituting each variable by the SSH expressions and employing Eq. (D.3) we have

- 1 0 0 o
Pom | = | —2/Ro &/2Ry  &./2Rg vt (7.18)
Prom 0 &/2Ry —&,/2R, o
- Comn v
or )

o 1 0 0 Poim

vt | = | 2/6 Ro/&  Ro/ Pram (7.19)
Vi 2/ Ro/6 —Ro/6u ) \ fum

-1
Cum



7.1 Vesicular membranes 109

Interestingly, we show that the rate of the radial and density deviations is independent
of the second component of the surface velocity s Recalling Eq. (7.5), the relations

above allow us to express II as a function of V,,, instead of ¥, .

Relaxation dynamics

The dynamics of the system can be obtained by minimizing the Rayleigh dissipation
potential plus the rate of change of the elastic energy W*'[VE 1 + II[VE ] with
respect to the variables expressing the rate of change of the system | ,

|. The stationarity condition results in

Wiee Ol
ov: .~ ovi)’

where Wiy = W, + W, + Wy, +W,,,, and

ol ol oy,
Vi 055 OV

= CL EnnYom. (7.20)
Therefore the dynamical governing equation can be written as

(ComDiCrim) Fum = ~EnmY -
Introducing M,,,,, = Canfffn_ngmEnm, the linearized dynamics becomes
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We note that Dt collects all the dissipative components introduced before,

2Dr7" Drl Drl

D;, = Dy Dy 0
Dlr O Dll
(D = D) =Dy Dy
+ -Dyf =D 0
Dy 0 DYy
0 0 0
+ 0 bné&n —bnén

With the Onsager regression hypothesis, we compute the autocorrelations of mem-

brane fluctuations respect to the initial state,

(Ym0 Y 5 (0)) = €M (300 (0)y 1, (0)).

The diagonal components of the above relation can be written as,

(O (10 (0)) = (i (0)i (0)) (A 4 A 4 Ages!)
where a = {h, p, p}, 7; are relaxation rates, and A$ are the normalized eigenvectors
of M, | , ]. The dependence of v; and A% on nm is dropped in the above
expressions. Note that for every mode nm, there are three relaxation rates and three
corresponding relaxation modes, the slowest rate vy, corresponding to the dominant
mode. A expresses the physical nature of the slowest relaxation mode. For instance,
a purely bending mode will be of the form [1,0,0], while a pure density difference
mode will be of the form [0, 0, 1].
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7.1.5 Results

Table 7.1: Material properties

wp | 1072 Js/m?
-9 2
Dissipative parameters /)fs 3'5 x 1077 Js/m* | ) ]
b | 1% 10° Js/m* | . 1989]
. k| 10719 T 7 ]
Elastic modulus K, |01 0/m? | | |

As discussed before, the main goal of this chapter is to show the effect of the
membrane viscosity on the dynamical relaxations of highly curved membranes. We
examine dynamical relaxation by analyzing the spectrum of the dynamical matrix
M,,, in Eq. (7.21). As shown in the previous section, the elastic energy and the
total dissipation are independent of the order m of spherical harmonic functions.
Therefore the eigenvalues and eigenvectors are not functions of m. We normalize the
sphere’s radius with respect to the Saffman-Delbriick length scale Iy = us/up. We
set the material parameters as presented in table. 7.1, resulting in o = 2.5 pm. The
dilatational viscosity A4 is not reported in the literature to the best of our knowledge,
and should not be confused with the dilatational viscosity reported in | ,

|, based on experiments of pore expansion by | , ].
Based on physical grounds, we expect this parameter, notoriously difficult to measure,
to be much smaller than pu,, and set Ay = 0 in all our calculations.

Figure 7.1 shows the relaxation rates and normalized eigenvectors for vesicles of
radii Ry/lp =10, 1, 0.1. In this figure, solid line shows the calculations ignoring the
membrane interfacial viscosity, and dash line presents the calculations considering ;.
We observe that for vesicles of radii >> [, the membrane viscosity has a negligible
effect and the predictions are very similar to those for planar membranes (see |

: | setting ¢ = n/Ry), and membrane viscosity plays a role for very
short wavelengths. However, we show that for vesicles of radii < [y, the membrane

viscosity changes the relaxation rates significantly For instance, for vesicles of radius
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(a)

(b)

& U0 Ks(hs + 4pupRon) ,"
= = R(2usn? + 2bR3) r
10 | KKon? 0.4 |
) 2kusn? + 2RZKb,
10° |
. : 1
10" 10’ 10" 10

T 10" __ 06 , _ KsQus + 4ppRon)
Ll << ~ k(Q2usn? + by R2)
= 0.4
L 0.2 5
R§ (2us + 4upRon) A
10" 1o’ 10" 10" 10’ 10°

Tl I

Figure 7.1: FEigenvalues and normalized eigenvectors for the dynamical relaxation
of spherical vesicles, (a) Ro/ly = 10, (b) Ro/ly = 1, (c) Ry/lp = 0.1, dash line:
neglecting the membrane viscosity, solid line: accounting for the membrane viscosity.
The crossover mode number, at which the nature of the nature of the slow mode
changes, can be appreciated in the right panels. The asymptotic estimations for the

relaxation rates and the crossover mode numbers are presented for different regimes
and vesicles of different sizes.
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Ry = 0.1ly, the slowest relaxation rates (corresponding to the most observable fluc-
tuations) are slowed down by more than one order of magnitude in the presence of
the membrane viscosity. This can be understood by examining Eq. (7.22) below. The
crossover mode number, at which the physical nature of the slow mode changes, is
postponed to higher frequencies (shorter wavelengths), due to the presence of ps. We
estimate the asymptotic behavior of relaxation rates for the model with membrane

viscosity. We find that for low frequencies the slowest rates can be expressed as

Iin4

_ , 7.2
R? (215 + 4pRon) (7.22)

4!

while for intermediate frequencies, we have

kK n?

T 2@pn? + 2R2Rb,,

4!

For very short wavelengths, we have v, = kK,/2Ru, as for planar membranes. An
estimate of the crossover mode number is indicated in the right panels of this figure,
which further highlights the role of the curvature and membrane viscosity. In general,
As and s appear in all these asymptotic expressions on an equal footing. Therefore,
if we took Ag to be the dilatational viscosity reported in [ , |, which
is two orders of magnitude larger than pu,, the membrane dilatational viscosity would
dominate all the other dissipative mechanism even for vesicles of radii >> [y. The
figure provides a complete physical identification of all the asymptotic regimes, present

in the relaxation dynamics.

Figure 7.2 shows the slowest relaxation rate v; as a function of the vesicle radius
and for modes n = 2, 10, 20. We observe that for low modes (e.g. n=2, the softest
mode), the slowest and the most important eigenvalue deviates significantly from the
estimations neglecting the membrane viscosity. For Ry/ly = 0.01, the relaxation rate is
slowed down about two orders of magnitude in the presence of the membrane viscosity.
However, for larger vesicles (e.g., Ro/ly = 100) we observe that the membrane viscosity

can be safely neglected in the calculations.
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1

-1 0 10

10 10
Ry/ly

Figure 7.2: Slowest eigenvalue of the most observable fluctuating mode (n = 2, top
row), and higher modes (n = 10,20, middle and bottom rows) as a function of the
vesicle’s radius Ry, solid line: without the membrane viscosity, dash line: with the
membrane viscosity. For each mode number n, an eigenmode is presented for an
arbitrary m (m = 0,4, 5 respectively).
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We note that for polymersomes bilayer vesicles made out of amphiphilic polymers,
the membrane viscosity is orders of magnitude larger than that of lipid bilayers. Con-
sequently, for typical polymer vesicles or radii ~ 40 pm | , ,

|, Ro/lp =~ 0.02. For the polymersomes analyzed in |

Y

| with flickering spectroscopy, we have Ry/ly ~ 0.01, showing that

Y

the present theory should be used in interpreting such measurements.
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7.2 Tubular membranes

7.2.1 Kinematics

We parametrize the midsurface of a membrane tube I'; at a given time ¢, in cylindrical

coordinates,
x(0,z;t) =10, z;t)e, + z(0, z; t)e, = {r(0, z;t) cos0,1(0, z;t)sin b, z(0, z; t) }

where 0 € [0,2x], z € [0, L], and e,, ey, e, are unit basis vectors. We express the

metric tensor, the normal vector, as well the surface and the volume Jacobians as

g, = aima [gz]]:glgja i:T,e,Z
QQXQZ
90 % g.|’

dA = Jdbdz =g, x g,| dfdz,
2
v = % d6dzdr-.

n =

We consider a tubular membrane, fluctuating about a cylindrical shape in equilibrium,
Le. 7(0,2z) = 1o+ ud,z), p,z) = po+ 9p(0,2), p(6,2) = po + dp(0, z), where the
equilibrium state rq, pg, po is calculated in the next section. We express the radial,

, 1996],

and density deviations using the Fourier functions |

u(Q,z) = Zunmei(mG—I—knz)’
509 = 3 s 880

5p(9,2’) = anmei(meJrknz), (723)

where k, = 2n7/L, and m, n are integers, which run from —oo to co.
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7.2.2 Elastic energy

Membrane tubes form under different mechanical conditions, as exemplified in chap-

ters 4, 5, and 6. If the tube delimits two different fluid containers, the pressure work

can be expressed as p V. Here, we rewrite the elastic energy given in Eq. (7.2) for a

tube of length Ly, radius r = r, density average p = py, and density deviation p = py,
I~€7TLO

0= 2204 2mroLo [Kupf + Koph + (70 + 1) + 0] — 4K wLop = prrd Lo,
0

where ¥ = ~y" +~7, and v = v* — 47. To obtain an equilibrium state, we minimize
Y=

the total elastic energy, by setting its variations to zero

A1l
0 = —— =2mrgLo (v — 2dK/ro + 2K,po) ,
dpo
I _ _
o1l kL
0 = 5= 2"+ 2nLo [Kuph + Kupff 47 (o + 1) + 7p0] = 2pmroLo
0

From the first and the second equations we obtain the tensions v = —2K,po+2dK/ro,
and 7 = —2K,py. Note that amongst the variables {po, po, p, 70}, three of them are
independent. For instance, we can calculate p as a function of ry, pg, and py from the

third equation,

K o
- 4z 7.24
P 2r3 + o ( )
where
7 = Kopp + Kspg + 7 (o + 1) +vpo. (7.25)

We consider tubes at their optimal area difference (y = 0), and otherwise allow for

tubes under different pressure conditions. Note that, having fixed v = 0, there is still
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one parameter family of mechanical states exhibiting a given tube radius. As we pro-
pose in the discussion, such tubes can be obtained experimentally by pulling opposing
sides of a vesicle and deflating it simultaneously. The reaction force, conjugate to the

tube length can then be written as

K
f/m= - pra + 2679 — 4d K, po.
0

By neglecting the first order terms, using expression given in appendix D.4, and

retaining up to second order terms, the elastic energy takes the form,
1 *
5 Z ynmEnmynm7
n,m

where Y,m = [Wnms Prm, an]Ta

[RGnm /T8 — P+ 0 Aum /10 — 4dK 4 pok?] 0 —2dKs(Apm — 1) /10
Enm =2rL 0 QKSTO 0 )
—QdK ( — )/7’0 0 2Ksr0

Anm = 1ek2 +m?, and ¢ = — A /2 + A2, —m?* + 1.

We insist again that for general values of rg, pg and pg, this equilibrium state is
not necessarily stable. To examine the stability of a given state, the stiffness matrix

E,.., introduced above should be always positive-definite.

7.2.3 Dissipation

We describe the surface velocity field by vector cylindrical harmonics

Z Vim =Y (VLY s + 005, + 0205, ), (7.26)

nm

VUnm
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where Y (0, 2) = emitkezle W (0, 2) = ryV, [ei(m”knz)], and @, = e, X
W,.». Some mathematical properties of vector cylindrical harmonics are given in

appendix D.5.

Membrane dissipation

Employing Egs. (7.6) and taking the advantage of the expressions in appendix D.5,

we express the membrane dissipation including the interfacial viscosity as

1
W + Wi, =35 Z VoDtV (7.27)
and the interlayer friction as
+ b + — 12
W, [v] = — [ |JoT —v7[]7dS
2 Ja
bm
= I ) 3 (8~ o) + (0 = 0E)) A (729
where
(21 + Ns) /12 (2m2 s + AumAs) /78 2knmps /7o
D2 = (2110 Lo) | (2m% 1 + A /78 N2 (216 4+ A /72 0

2kn,mys /1o 0 A2 m21ts /T

Again, we observe that the interfacial viscosity dissipation potential does depend

on the normal velocities through the term (2us + ) /73

Bulk fluid dissipation

In this section, we calculate the dissipation ,due to the bulk fluid surrounding the

membrane tube. A general solution to the 3D Stokes equations in cylindrical coordi-
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nates is given by | ; : ; I,

Vbi(r, 0,z) = VfE(r,0,2) + V X [gi(r, 0, z)éz}
+7r0, [Vhi(r,Q,z)} + 0,h*(r, 0, 2)e.,
pi(T,H,Z) = _Ql’bbathi(T?Q»Z)v (729)

where f£(r,0,2), g=(r,0,2), h*(r,0, 2) are cylindrical harmonic functions

fH(r,0,2) Fo,
gt (r,0,2) = Z G Pq;tz(k'm T)ez‘(meﬂcnz)_
h*(r, 0, 2) Tt HE

Here by PZ(k,,r), we denote modified Bessel functions of the second and first kind,
ie. Pr = K,(lkyr) and P, = L,(Jkn|r), respectively. Since lim, .o K,,(z) =
lim, o In(x) = oo, the modified Bessel functions of the first and second kind are
appropriate solutions for the exterior and interior bulk fluid, respectively. We can
calculate the coefficients of the harmonic functions (F, G, and H) by imposing the
non-slip boundary conditions on the surface. Expressing the bulk fluid velocities on
the cylindrical surface. As V' = Ve, + Ve, + Vi*e,, and recalling Egs. (7.29),

we have

1
Vb = arfi + ;aQQi + ré’?rhi7
1 1
ngi = —0pf* — 0.7 — —0gh* + 892rhi,
r r
V¥ = 0,f*f +r0? hE + 0.h*. (7.30)

On the other hand, we expand the surface velocity field with scalar Fourier modes

(different from the expansion with vector cylindrical modes in Eq. (7.26))

VE=S" (wike, + wlkeq + wike.) ¢mn?), (7.31)

n,m
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Combining Egs. (7.30) and (7.31), the coefficient of the harmonic functions can be

computed in terms of the surface velocity as

wr:l: F:I:
wz:l: H:t
or,
Fi wri
G, ¢ =ro (T5TH) T 0wt
H, Wi,
where, T* = (T§, —iTy,), and
4
[:F|kn|7’opnj§+1 + mPnﬂ 0
T = 0 [£|ky|ro Py, — mPZE]
0 0
0 mPE 0
T, = mPE 0 [(m*—m)PEF mlka|roPy,, ]
L l{inT’()P% 0

knro [(m + 1) PE F kyroPr ]

(7.32)

, (7.33)

[(/\nm —m) P+ |k7n|T0P7£rf+1}

0
0

We note that in these expressions P= = PZ(K,ry) are scalars that depend on n and

m alone, since the radius is fixed on the cylinder.

The traction vector acting across the surface of a tube in cylindrical coordinates

for an incompressible Newtonian fluid is | :

—p* + 2,0,V
t =de, o =% | wro, (Va/r) + 1m0V, /r
b (az‘/;" + ar‘/z)

l
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Replacing Egs. (7.33),(7.30) into the above relation, we find

o
bt iubz pilmO+knz) (Dﬁe +iD7,) 8 GE,
W
4 Zei(mOJrknz) (D}i{e + ZDﬁn) ro (Ti*Ti)—l et wit 5, (7.34)
nm ) S< ez

where the nonzero components of Dﬁe, and Dlim are given in appendix D.6. Finally,

mapping the surface velocity from a cylindrical Fourier representation to its coeffi-
cients in vector cylindrical harmonics (Eq. (7.26)),

wrE 1 0 0 olE
wiE = 0 m —ik,r vg%i
wiE 0 tk,rg im viE
B:m 'U:L:n
we can write the dissipation potential for the bulk fluid as
1 bix Hb +x bulk, +
W, E/r t7 v dS = 5 (2mroLg) Z’U rm D 0™ .

nm

where DPuk: = ¢ (B S*

nm ntnm)
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Continuity equation and governing equations

The continuity equation (Eq. (7.17)) now takes the form

(r)

Unm 1 0 0 Unih

pom | = | =1/m0 Aam/2r0 Aum/2r0 vt | - (7.35)
Prm 0 Anm /270 —Aam /270 UT(ZQL_

PO Com v

Analogously to section 7.1.4, we drive the governing equations for relaxation dy-

namics of tubular membranes, as

_ tot —l~T
where M,,,, = C,,,, D! "'CT E,,,..

7.2.4 Results

We first illustrate a selection of cylindrical harmonics in Fig. 7.3. The modes m = £1,
and n = 0 correspond to rigid body modes, giving no contribution to the elastic
energy. The modes m = £1, and n # 0 (longitudinal wave modes with circular cross
section of uniform radius), are known as Goldstone modes, and have been shown to
be extremely soft for very thin tubes without pressure jump | ,

]. In contrast, modes with deformations of the circular cross section, particularly
for thin tubes, are very stiff, and may exhibit very fast relaxation rates. Note that
modes m = 0 and n # 0, are the only axisymmetric fluctuating shapes.

We first investigate the time-averaged amplitudes of the thermal undulations re-
sorting to the equipartition theorem (given in Eq. (7.4)). Figure 7.4 shows the normal-
ized thermal undulation amplitudes h,,, = \/m /1o for tubes of different radii
(ro = {0.02ly, 0.2 1y, lo} = {50 nm, 500 nm, 2.5 um}), for m = 0, 1, and choosing n to
be the corresponding softest mode (that with the largest amplitude). We plot these
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78
X

m=1,n=1 m=1,n=2 m=0,n=1 m=0, n=2

:

m=2, n=0 m=2,n=1 m=3,n=0 m=3,n=3

Figure 7.3: Selection of cylindrical harmonics. m = =£1, and n = 0 are related
the rigid body motion. m = 0 and n # 0 presents the axisymmetric mode shapes.
m = +1, and n # 0 are longitudinal wave modes with circular cross section, known
as Goldstone modes.

amplitudes as a function of the average surface tension 7/0¢ (see Eq. (7.25)), where
o9 = K/2r? is surface tension experienced by a tube of radius ry in the absence of a
pressure difference (see Eq. (7.24)). We fix the tube length Ly/ly = 10 (Lo = 25 pm),
in all the calculations. This figure shows that the amplitudes of the thermal undu-
lations strongly depend on the equilibrium state. For instance, equilibrium states
close to an instability exhibit fluctuations of very large amplitude. Interestingly, for
m = 0 the tubes exhibit a Plateau-like instability previously reported by [Bar-Ziv and
Moses, 1994] for high positive surface tensions, which can be triggered by applying a
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Figure ?.%ﬁé—%ﬁlgﬁhermal undulation amplitudes (the softest mode n) for tubes
of radii 79 = 50 nm, 500 nm, 2.5 pm) and m = 0, 1 as functions of the average surface
tension.

high pulling force. On the other hand, for highly negative surface tension and pres-
sure difference, we also observe a pearling instability. We observe that thinner tubes
exhibit a sharper instability. We note that the maximum amplitude presented here
is not necessarily associated to n = 1, except for the Plateau-like (m = 0, positive
surface tension), which always occurs at n = 1 or kj, eit = 27/Ly. For the Plateau-
like instability, we always have n = 1 (K, ait = 27/Ly), i.e. the softest mode is that
with the longest possible wavelength. However, the instability at negative tension and
pressure occurs at a finite wavelength, proportional (and close to) the tube radius,
ie form =0, kycit = m/ro, while for m =1, Ky, crit = W'

So far, there has been no reports on the thermal undulations of tubular membranes,
possibly due to their small fluctuation amplitudes for tethers pulled out of a vesicle
with a constant tension. It has been recently suggested that the tubular membrane
fluctuations can be correlated to the pulling force (applied by the optical tweezer),
whose fluctuations are detectable | , |. However, such tethers
experience negligible pressure difference, restricting the equilibria to 6 = 3. We

suggest to pull out a vesicle from opposing sides by two optical tweezers | ,
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Figure 7.5: The confocal images of an undulating tube of radius~ 0.5 pm. Top image
shows a florescent image. The image segmentations in three different time instances
are shown. Scale bar: 5 pm.
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Figure 7.6: Thermal undulations and dynamical rates as well as the normalized eigen-
vectors (corresponding to the slowest mode) of a tube of radius ry = 0.2/y = 500 nm,
for m = 0, two top row, and m = 1: two bottom rows (¢ = o). The relaxation rates
are plotted neglecting the membrane viscosity (dash-lines).

2008], and to deflate it simultaneously, forming a thick tube with a desired surface
tension. In such a system, it is in principle possible to specify ry, and &, by controlling
the osmolarity and the pulling force. Figure 7.5 shows the confocal images of a

fluctuating tube, obtained by serendipity in the experiments of chapter 6

Figure 7.6 shows the thermal undulations, relaxation rates and normalized eigen-
vectors of a tubular membrane of radius rg = 0.2 [y, for modes m = 0, 1, and for
0 = o0p. We also calculate the relaxation rates neglecting the membrane viscosity
(dash-lines), indicating that for tubes of radius close to ly, and for m = 0 its effects

are negligible, while for m = 1 it plays an important role.
Figure 7.7 shows the thermal and dynamical rates of tubular membranes of radius
ro = 0.02 Iy (50nm) and for modes m = 0, 1. Here, we consider only tubes under

a negative surface tension close to the instability. Again the effect of the membrane
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Figure 7.7: Thermal undulations and dynamical rates as well as the normalized eigen-
vectors (corresponding to the slowest mode) of a tube of radius 7o = 0.02/y = 50 nm,
for m = 0, top row and m = 1 bottom row (¢ = —1.50¢). The relaxation rates are
plotted neglecting the membrane viscosity (dash-lines).

shear viscosity is highlighted by comparing the full theory (solid line) with that ne-
glecting the membrane viscosity (dashed line). The role of the membrane viscosity is
significantly stronger for m = 1. The effect of pearling instability can be appreciated
for m = 0, and ¢ = —1.50¢, with a peak of amplitude and a significantly slower

relaxation for a mode of finite wavelength (ney).

7.3 Summary

We have investigated the dynamical relaxation of highly curved membranes by ac-
counting for main dissipative mechanisms, including the bulk fluid and the membrane
interfacial viscosities, as well as the interlayer slippage. We have studied the thermal
undulations of spherical and cylindrical membranes, in different equilibrium states, in-

terms of geometry and stress, with a particular focus on the membrane viscosity. Our
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calculations show that when the membrane curvature is below the Saffman-Delbriick
length scale, the membrane viscosity plays a very important role in the relaxation
dynamics. Such effects can be experimentally observed in the thermal undulations of
either polymersomes (made of highly viscous amphiphilic bilayers), or highly curved
lipid bilayer structures using high resolution techniques. The thermal undulations of
membrane tubes has never been experimentally reported possibly due to their small
amplitudes, and the very small radius of the tethers usually manipulated in experi-
ments under an optical microscope. We have proposed a setup, based on stretching
and simultaneously deflating vesicles, which can produce tubes of larger diameter,
where fluctuations may be recorded. Furthermore, by triggering instabilities in tubes,

it is possible to measure equilibrium properties.



Chapter 8

Concluding remarks and future
directions

8.1 Conclusions

In this thesis, we have studied dynamical shape transformations, triggered mechani-
cally or chemically, and the stabilization of lipid bilayers in complex geometries and
mechanical states. Towards this goal, we have developed the theory, performed sim-

ulations, and experiments. Here, we summarize the main achievements of this study.

e We have developed a comprehensive dynamical continuum model for lipid bi-
layers to investigate out-of-equilibrium phenomena, and implemented it numer-
ically. This model, restricted to axisymmetry, is to our knowledge the first to
consider general and finite shape and lipid density changes. This model allows
us to study very complex, biologically relevant, dynamical events, without re-
sorting to simplifying assumptions on the magnitude of the disturbances, the
kinds of shapes the bilayer can adopt, or the relative importance of the different

phenomena.

e Our simulations show that acknowledging the bilayer architecture, rather than
a simple Helfrich bending model, is crucial to explain the dynamics and shap-
ing of highly curved structures. The presented examples show that some usual

assumptions can oversimplify the response of bilayers to various stimuli, and

130
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illustrate a wide diversity of dynamical regimes. For instance, in the relaxation
of a localized density asymmetry in vesicles, we found different shape trans-
formations, such budding, tubulating, and transient pearling, in contrast with

previous study | , |, restricted to only spherical budding.

e The transient budding, pearling and tubulation due to the localized density
asymmetry takes place in a time scale given by stretching elasticity and inter-
monolayer friction, while a seemingly related process of bud absorption by a
planar bilayer relaxes at a time-scale given by the bending elasticity and the
membrane shear viscosity. Our results can explain many biophysical experi-
ments, which have been so far understood insufficiently such as the adsorption
of a bud to a planar membrane, the lipid transport between the vesicles via the
membrane nanotubes, or tube formations and pearling instabilities as a conse-
quence of local density disturbances (by a local gradient of PH [ ,

, , |, or the adsorption of polymers | , D).

e We have studied experimentally and theoretically the mechanics of confined
membranes, including the influence of adhesion, strain and osmotic pressure.
We have shown that supported bilayers form a variety of protrusions, whose
shapes can be experimentally controlled and quantitatively understood in terms
of the bilayer-substrate mechanics. This study proposes new mechanisms for
shaping highly curved structures, which have been attributed so far to the bilayer
asymmetry, or protein induced spontaneous curvature | ,

, , ]. The theoretical framework together with experimental
observations provide a mechanistic interpretation of the initiation and growth
of blebs | , , , |, tubular invaginations |

, 179], and micro-vesicles in cells | , ].

e We have also studied experimentally and theoretically the dynamical shape
transformations of model membranes, upon the adsorption of cholesterol, in dif-
ferent physical conditions, including supported lipid bilayers (continuous or iso-

lated patches), and confined giant vesicles. We found that cholesterol molecules,
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delivered though cyclodextrine cages, has a high tendency to be incorporated
into lipid bilayers, leading to the membrane spreading, or protrusions if later-
ally confined. The dynamical membrane reorganizations, observed in our ex-
periments, can help us better understand similar cellular processes involved in

a number of important medical disorders.

e Our experimental observations and theoretical quantification of the formation of
protrusions from SLBs could also help engineer drug delivery systems by particle

coating or in designing biosensors to detect mechanochemical responses.

e We have investigated the equilibrium and dynamics of fluctuations in highly
curved membranes with a particular focus on the membrane viscosity. We show
that depending on the size of the vesicle/tube, even for infinitesimal shape de-
formations, the membrane viscosity can significantly change the dynamical rates

of thermally excited spherical /tubular membranes.

e The proposed theory should be used to analyze the dynamics of highly viscous
membranes, such as polymersomes, and can provide the background for new

flickering spectroscopy techniques involving fluctuating tubes.

8.2 Future directions

We applied our model to a variety of physical examples, which are representative of
only a few processes in cells. We suggest next further applications where our model,

or extensions of it, can help understand complex dynamical phenomena.

e Fusion dynamics:

The process of membrane fusion is essential for the functionality of cells, e.g
in vesicular trafficking, secretion of proteins, hormones and neurotransmitters,
and cell communications. However, despite the ubiquity of membrane fusion,
many aspects of this process have remained rather controversial | ,

, , ]. Recently, the fusion of giant lipid vesicles



8.2 Future directions 133

has been monitored with a temporal resolution of tens of ps, showing rich neck
opening dynamics involving multiple time-scales | , ]. Similar
to the bud absorption, simulated in chapter 4, such fast shape transformations
incorporate all the internal dissipative mechanisms, as well as the stretching
and bending elasticity. Therefore by including the bulk fluid dissipation to the
model and selecting an appropriate initial profile for the neck, we expect that

our model can bring quantitative insight about this phenomenon.

e Fission induced by inserting proteins:

The mechanism of fission has been explained in terms of the spontaneous cur-
vature induced by either hydrophobic insertion of amphipathic proteins into the
lipid bilayers, or by surface coating proteins, which are intrinsically curved and
relatively rigid | , , , |. However, the
expansion of the head group region with respect to the bilayer midplane induced
by inserting proteins has been shown to change the Gaussian curvature modu-
lus | : ] and possibly favors its fission | )

|. Using our theory, this hypothesis can be examined by introducing a field
of spontaneous curvature, and a field of Gaussian curvature modulus as a func-
tion of the spontaneous curvature. We note that so far in all our simulations,

the Gaussian curvature energy has not been considered.

e Curvature/density sensing proteins:

Proteins, in particular the BAR domain family, participate in membrane sculpt-
ing processes in vivo and change also in vitro the curvature of tubes and vesicles
[ , , , , , ]. Inter-
estingly the adsorption of Bar domain proteins is shown to be dependent on
the local curvature of the membrane | : | and may also depend
on the local lipid density for proteins with shallow insertions | , .
We suggest that their adsorption mechanism can be coupled with our model by
introducing a curvature and density dependence adsorption kinetics (see chap-

ter 6). Such a model would enable us to examine the interaction of proteins and
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bilayers (e.g. curvature/density sensing, curvature sculpting), particularly with

regards to dynamics and out-of-equilibrium phenomena | , ].

e Cholesterol adsorption to other lipid compositions:

In model membranes, the number of saturated hydrocarbon chains in the lipids
affects the membrane thickness and membrane bending modulus. The choles-
terol is shown to have much stronger interaction with lipids with two saturated
chains. For instance, the elastic moduli of DMPC, or DPPC lipids, as well as
their dynamical properties (such as the lateral diffusion) have been shown to de-
pend significantly on its cholesterol content | , , ,

|. We have in mind a protocol to load labeled cholesterol into MSCD. This
would allow us to probe experimentally the density of the cholesterol inside the
membrane. Then using the experimental setup introduced in chapter 6, we hy-
pothesize that cholesterol can be sorted, both statically (in the protrusions) and
dynamically, in membranes of double chain saturated lipids | ,

|. Theoretically, we plan to model the system by introducing fields of elastic

and kinetic moduli dependent on the cholesterol area fraction.

The discrete system, even under axisymmetry, can be very challenging to deal
with numerically. The numerical stiffness of the equations, and physical phenomena
spanning huge ranges of spaces and mostly time scales, pose serious challenges to the
efficient time-integration of the equations. The computational cost is further chal-
lenged when considering the effect of the bulk fluid. Targeted numerical techniques,
including time-stepping algorithms based on time-incremental pseudo-potentials |

, |, can significantly improve the efficiency and robustness of the simula-
tions. Although many important membrane structures adopt axisymmetric shapes,
other subcellular structures do not. Thus, implementing the proposed theory in three

dimensions can further expand its capabilities.
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Appendix A

General calculations of the
continuum model

A.1 Surface stress tensor

To determine the Cauchy surface stress tensor, we follow the method presented in
[ | based on the principle of virtual work, see also

[ ]. Suppose that the free energy of the bilayer is given by

= / f(g.k) ds,

where f(g, k) is the free energy per unit area. Then, the general expression for the

elastic surface stress tensor is

o® = 7% 1 %“ki’ — ycﬁacni, (A.1)
b b
i L

where

g _ 2 9(V5/)
N{ OGay
of
Okay’
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146 General calculations of the continuum model

and g is the determinant of the metric tensor. We have changed the sign in the defi-
nition of this stress tensor as compared to the references above to be consistent with
the Doyle-Ericksen formula [1983] and the usual conven-
tion, by which positive tractions are tensile. Note also our different sign convention
in defining the second fundamental form. When dotted with a unit tangential vector
to the surface and normal to a curve on it I, this tensor provides the tractions along

this curve lcgcaa“‘lb and lcgcaaib, tangential and normal to the surface [ ].

We have
/g 1 _ . _OH ,
VI = S ggt, 25 =k,
agab 2\/59 8gab
OH Y
2 = g b’ p — —_p:tg b.
akab agab 2

where the last equation comes from differentiating the following statement of balance

of mass pi\/g = cst. In the present case,
f=r(2H —Co)* /2 + K, (0" /po F 2dH —1)* /2,
leading to

aﬁb = fg" — k(2H — Co)k™

p* p*
—K, <— —-1F QdH) (—g“b + dkab> (A.2)
Po Po

which is symmetric as expected, and to

+
0% = —2xVHn® + dK,V° (Z—O ¥ 2dH> nt. (A.3)

In both expressions, there is an implied summation on the two monolayers contribu-

tions. The stretching term usually dominates the in-plane stress tensor. For moderate
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density variations and bilayer curvature, this results in the familiar expression

~t
g ~ —KS <Z—0—1)g.

Also note that for uniform bilayers, e.g. spheres or tubes with uniform lipid density,

O'J_ZO.

A.2 General variations of the mean curvature and

the element of area

The Willmore (Helfrich) energy depends exclusively on the shape of the surface, hence
the only relevant variations are those normal to the surface as the tangential varia-
tions do not change the shape. This reparameterization invariance is systematically
exploited when computing the Euler-Lagrange equations for this energy. In the present
setting, we need to consider general variations of the extensional energy, where the
mean curvature and the element of area appear. This energy is not invariant with
respect to tangential variations, hence to compute its variations we need to develop
formulas for the general variations of the area element and the mean curvature. Our
surface is parameterized by @(u’). The natural basis of the tangent to the manifold
are «; and the unit normal is denoted by n. The subindex preceded by a comma
.4 means partial differentiation with respect to u*, while V; denotes covariant differ-
entiation. The components of the metric tensor on the surface can be computed as

gij = (x;, x ;). We recall the Gauss equations
ZL‘J‘]‘ = FZZB,]C + hz‘j'I’L
where T'}; are the symbols of the Riemannian connection, and h;; = —(n;, @ ;) =

(n,x;;) are the components of the second fundamental form. We recall that for a

scalar field, V,;f = f; and for a vector field V,a/ = a{i + akfii. The Laplace-Beltrami
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operator can be computed as Aa = ¢ V,;V;a. For convenience, we replace variations
by rates, and the dot is a time-derivative or variation for fixed values of u’. A general
variation of the shape can be written as

x=uv,n+t,
where v,, and t are scalar and vector fields on the surface. We represent the tangential

variation as t = t'x ;.

As for the element of area, it is classical that
dS = (div t — v, H) dS,

where H = h;;g" is the mean curvature.

Let us move now to the variations of the mean curvature. We have
x; = (Un)m+v,m; +1,

where

— 4 e
t;=twx,; + LT,

Therefore, recalling that (x;,m) =0 and (n;,n) =0, we have

Gij = (T5xj) +(Ti & 5) = va(ny, @) +vp(®i, ) +(xit) + (T;,t,)
= —20,hi; +(xi ;) + (x4, t0)
= —2vnhij + giijtk + gjkvitk.

The last step follows from the fact that the covariant derivative is the tangent pro-
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jection of the partial derivative, and can be checked directly

(X t;) = (w,i,tkazkj) + (a:l,tk]a:k) = tk(w,i, Fija;l + hiin) + tf“jgik

Since g;;¢’% = 6F, we have ¢"* = —g'g;;¢’* and consequently
g7 = 20,87 — "V it! — gVt
Now, since (n,x ;) = 0, it follows that (n,x ;) + (n,x ;) = 0, hence

<’fb, 3311‘> = —('n,, (vn)ﬂ»n + Unnﬂ' + tja:ﬂ-j -+ tflmd>

= —(va)i =t (n,xy5) = —(vn); — hyy.

Also, since the normal is a unit vector, we have (n,n) = 0. Now, recalling the Gauss

equations, we have
(n, @ 5) = (N, Thx e + hym) = Th[—(vn) o — t -
A direct calculation shows that
&5 = (0n) 5T+ (0n) 105 4 (Ua) g1 + (V)1 + @ g + gy + 852 4+ h g5
Hence,

(i5,m) = (vy)i5 +vp(n,n ;) + tf‘; (n, ;) + tﬁ(n, x 1)+t (n, @ )

= (Un),ij — Unhzkhf + tihkz + tﬁhk]‘ + t’“(thij + Féﬂhﬂ + kajhz@' + Féjhlk)y
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where we have used the fact that,
(n, @ kij) = Vihi + Tighg + Tighu + Tl hu,

which follows from the definition of V;hy;, differentiating twice the relation (n,x;) =
0, the Gauss equation, and the Codazzi-Mainardi equations V;hy; = Vihi; = Vihjp.

Thus, we have

hij = (@) + (n, &)
= —(va) bl — 'R
+(Un) a5 — Vnhaeh + 5 4 iy + 5 (Vihi; + Thghg + Tighu + T ha,)
= ViVjvn — vphighl + t*Vihij + bV it + hyy Vit*

Finally, a straightforward calculation shows that
H = §"hij + g7hj = Av, + voh7hy + Ve H = Avy, 4 v, (H? — 2K) 4tV H.
The contribution of the tangential velocity is a purely convective term, which could

have been guessed a priori by noting that the tangential variations do not change the

geometric surface.
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A.3 Membrane dissipation for axisymmetric sur-

faces

We first compute the following terms of Eq. (2.13) for axisymmetric surfaces, dropping

the superindex + for simplicity

1 2 / 2 9 b 1ot
d:d = (—U’) + (r—v> — oy, (—31/ +2 T2 v>
a ar a a ar
+(4H? - 2K)v?

1, (r’>2 s 220, 2%
R e R M M
a r

a? ar 5 2a3
2r'b 2% (4H? — 2K)z*
— e 24U — MOy ZU + 2 T
(4H?* —2K)r'* , 2(4H? —2K)r'2’
+ 22 Zi = 22 T2t

(tr d)? = (M — 2vnH)2

ra
2
1, r o, 42ZH , 42r"H
= U= vVt —5T U+ 5TtV
a ar a ra
4'H , 4r"”H o,
——— 2V — 21U+ 2— v
a ra ra
4H?*2? , 4H*"* , 8H*'Z
+ B Tt + D) 2t — 5 T2t
a a a

By substituting the above relations into Eq. (2.13), we can identify the nonzero com-

ponents of the matrix A as

4H2—2K 12 H2 2
Ay = 4, W22 ) T
a a
4H2_2K I H2//
A12=—4M5( rz — 8 -

a? a?
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2127,/ ' H
A13 = A14 = 2,&5 7"2a3 + 2)\8 ra2
‘b '"H
A15 = AlG = 2”82—5 —+ 2)\52—2
4H2 929K 2 H2 2
Aoy = 4Ms( 3 )T + 8)\s—§
a a
7“,22, 7“,2H
Agz = Agy = —QMSW TN

7\ 2
r
A33 = A44 = (2/1Js + )\s) <_)

ar

r'b r"H
Ags = Age = —2ps— — 2Ns—
a a

/

r
ra

1
Ass = Ags = (205 + As) 2

A.4 Variation of elastic energy for axisymmetric

surfaces

Recalling definitions and the continuity equation, simple calculations show that

OH OH , OH , OH k6 0H ,

Hvt = or 7’7t“r‘ 8T"T’t+ T//Ti—‘r 8Z/Z7t+82//21t’
r, 2,
ay = —Tr,+ —2,,
a ’ a ’
+../ +/ +
prrt o pt L pt
i (20 )
a
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and

OH 2 9H ' 3w 0H
or  ar?’ or a3 a’’ or’ a3’
28H " 3 r'? OH 'r’_’

0z a3 a® a3r’ 0z a3’



Appendix B

General calculations for numerical
approximation

B.1 Space discretization of the continuity equation

Following a standard SUPG stabilization method, the weight functions for the conti-
nuity equation are (B; + ¢ - VB;), where 7 = h/(2||c||) and A is the grid size. We

rewrite the continuity equation in (2.23) as

/
py+spt T =0, (B.1)
where
" vir' ot 22Hry  2rHzy,
st = — —
ra a a a
+ / /
+ v T T,t 4 Z’t
¢ = T 5 T TS
a a a

By replacing Egs. (3.2,3.3) in the equation above and multiplying by the SUPG weight

functions, we obtain for each monolayer the discrete form of the continuity equation

(M 4 M) p* 4 (L + Ly + L™ + L") p™ = 0, (B.2)
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where
Mi[]_/BIBJdS, M;gbi_/TCiB}BJdS,
r r
Ly, = / Bis*BydS, Ly, = / Byc*B)dS
r r
Lftbiu = /TciB}SiBJdS,
r

L=, = /FTciB}ciBf]dS.

Note that the M and L matrices depend on P and V.



Appendix C

Protrusions out of confined bilayers
upon compression

C.1 Linear stability analysis of the planar state

The planar state is never the absolute minimizer of the free energy in the region
g. > 0,v > 1. Nevertheless, this state is experimentally observed in samples under
compression and hypo-osmotic stress. This fact is explained by the relative stability
of the planar configuration below a threshold, with a significant energy barrier to
transition from the planar state to the protruded one. We assess now the parameter
range where planar configurations are, at least, local minimizers of the free energy.
A standard technique to estimate the onset of the instability, or buckling, is the
linearized stability analysis. Since real systems are subject to thermal fluctuations
and imperfection, the analysis below provides an upper bound of the critical strain
(tension) and reduced volume (pressure difference).

We consider an infinite adhered bilayer and analyze the stability of planar harmonic
disturbances. The system may be reduced to one dimension, and we adopt a Monge
representation z(z) of the bilayer mid surface, where x is parallel to the substrate.
We linearize the free energy density of the system in Eq. (5.3) of the main text about
the equilibrium state given by Eqs. (5.5,5.8), with the equilibrium membrane tension
o and pressure difference Ap as dead loads (by adding o — zAp to f). We expand the

mid surface height as z =t 4+ 0z, and compute the energy disturbance relative to the

156
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equilibrium energy up to second order as

((52//)2+ U (t)(SZZ—i-g(éZ/)Q.

5 anar ~ 5
T 2 2

(R =N

Expanding the height with a Fourier representation, 6z = [ 0z, exp(igz)dg, the energy
density of the g—th mode becomes

1 "
Jo= 5 [/iq4 +U"(t) + an] (523.

Note that for ¢ > 0, the modes leave the enclosed volume unchanged. This mode will

go unstable if this energy becomes degenerate, yielding the condition

U1

o=—Kq —
e

It is clear from this equation that the bending stiffness has a stabilizing effect, while the
compressive tension destabilizes the uniform state. Depending on the separation ¢, the
bilayer-substrate potential has a stabilizing or destabilizing effect. When U”(t) < 0,
i.e. when t > t4, the adhesion potential is unstable and the analysis predicts that
uniform states are unstable irrespective of the membrane tension. When U”(t) > 0,
to find the buckling tension, i.e. the lowest tension for which disturbances can grow,
we maximize o with respect to ¢ since buckling tensions are expected to be negative.

We obtain
JU"(1)

K

and o= -2k U"(t)

Replacing the expressions for ¢ and ¢, we find

KSEC tQU
— U
1—e. \/R <1+5)’

which implicitly gives a relation between ¢, and v defining the boundary of the region

Qer =

where the planar state is metastable, when €. < e...(v), or conversely when v <
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ver(€c). This region is shown in black in the phase diagram (Fig 5.3).

Alternatively, the region of marginal stability of the planar state can be expressed
in terms of the membrane tension ¢ and the pressure difference Ap. Indeed, by
computing the separation from the pressure difference, t = V'~'(Ap) (this can be
done for 0 < t < t4), and plugging this expression into o = —24/k U"(t), we obtain
an implicit relation between o and Ap that sets the boundary of the stability region.

The analysis above assumes that, in assessing the energetics of a shape disturbance,
the resulting density disturbances have sufficient time to relax by inter-monolayer
slippage. This is a reasonable assumption if the disturbances are due to geometric
imperfections of the substrate. If the shape disturbances are highly transient, e.g. due
to thermal fluctuations, then x should be replaced by & = x + 2d?K, resulting in a

higher critical tension by a factor of about 1.8.



Appendix D

Vesicular and tubular membrane
Huctuations

D.1 Elastic energy calculations: spherical coordi-

nates

Using Eqs. (7.1), we compute the following expressions, which will be used in the total

elastic energy,

2 2h 2h  2h
2H = — - —V’h+ "+ Z=V2h + O0(h?
RO R(Q) S + R% + R() S + ( )7
2
dA = [ Rj+2Roh+h*+ %WSW + ﬁ(h?’)) sin dyp df
2H dA = (2Ro+2h — R{V2h+ Ro|Vh|* + O(h®)) sing dy db,
4H* dA = (4 —4RyV:h+4hV2h+ 2|V h|* + REV2hVih+ O(h*))sinep dp df.
where
V2h = m (hgg + hy singcos ¢ + hg, sin? go) ,
V.h = Y (ho€g + hysin pe,,),
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and

1 .
|V h|? = o (hg 4 hsin® @) .

Using the above expressions, we rewrite the total elastic energy by considering the

first and second order terms

I = pROZlhnm|2 <Z£ 2£n|hnm|2>
+ KSZ(IOA()&

wnl? + Bl +R3|,anm|2)

2

+ Y Ro(2K.po +7) (Pumhiym + o) + Bo (2K upo +7) (B + D P

n,m

D.2 Calculations in vector spherical harmonic

Introducing the velocity field on the membrane in the spherical coordinates, V (¢, 0;t) =

vr€, + v,€, + g€y, and rephrased in the vector spherical harmonic (VSH) we have

[ , 2000]

Vip,0;t) = Z ('Urannm + oW+ vff%@nm) (D.1)

n,m

where Ynm = nmér7 l]:lnm = ROVsYnma q)nm = ér X ‘Ilnma and
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Vo= Z 'Urannma
0 e
UQO % Unm P Z sin QO 70
i (2)
ve = ; o SDym,g DR A (D.2)
Using the above relations one can easily show
Vs X Upm = _£_nv(2) Ynm7
RO nm
Vs *Unm = _f_nv(l) Ynm
RO nm ?
V,m:h = g—gv,%Ynm. (D.3)
Rg

The spherical harmonic orthogonality takes the form,

fYnm * Y:LmdQ - 5'rm’5mm’
f‘l’nm W dQ = n(n+ 1) Omm

}{@nm . q);mdQ = n(n + 1)(5nn/5mm/

The components of Vv : h in the tensorial form can be written by v’ jhé, where

;; Tepresents the covariant derivative. Hence for the coordinate expression of the

covariant derivative of a vector field v = v'e; we have

i i, kT
v =+ ij

(D.A4)

where F};j denotes the Christoffel symbols. Given the covariant derivatives in ap-
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pendix D.3 we have

v 5 Vs /R Vo /R — cos pvg/ R -1/R 0
U = : ,
Vg, [(Rsing) vg,g /(Rsinp) + cot pv,/R 0 -1/R

by employing Eqgs. (D.2) in the above equation, we have

n(n+1)
Vaw:h=-— Z VzYnmv(l) = Z Tv(l)ynm- (D.5)
Alternatively, one can obtain the above relation using the fact h; =-1/ R(S;, as
i pi L i L 1 n(n +1)
v |j g = —}—%U |](5] = —EU |1 = —EVS VU = Z TU(I)Ynm (D6)

D.3 Covariant derivative

In the spherical coordinates

0

e = 7 = R (cospcosB, cospsin, —sinp) = Re,
0 : . : o
e =55 = R (—sinpsinf,sin p cosf,0) = Rsin péy

Hence we conclude that v* = v,/R and v' = vy/(Rsin ).

rt_ 0 0
0 —sinpcosy
o 0 coty
cotep 0
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which leads to

vl vl,9 — cos p sin pv?
Vv = 2 2 2
v?,1 + cot v v2,5 + cot pv!

B Vpyo /R Vpyo /R — cospvg/ R
Vg, [(Rsing) vg,g /(Rsinp) + cot v, /R

D.4 Elastic energy calculations: cylindrical coor-

dinates

Using Egs. (7.23), we compute the following expressions, which will be used in the

total elastic energy,

1 u o u? s 1 3 4ty
4H? dA = — |1 — — + — — 21y V? 2 (w2)2 = 2 (u,)? 4 —— 2 ,
7’0[ T0+7’8 "o Su+r0( su) 2(u) +2T[2) (u,g) * 7’[2)
u2+uu — ol
OH dA = < o7 w0 ’”e—rou,zz—uu,zzﬂ) do dz
o
1
dA = — (rju? + 21§ + 2uro +u%) do dz,

27’0

where V2u = ugp + u . /r3.

D.5 Calculations in vector cylindrical harmonic

Using the vecterial form of cylindrical harmonics for the surface velocity feild Eq. (7.26),

it is straightforward to write some mathematical properties of vector cylindrical func-
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tions by
)\nm
VS X UVpm — —_U7(1277)1Ynm7
To
)\nm
Vs *VUnm = ——qu)q,ynm
To
1
Vum:th = — (—mQUS%Ynm + mknrov@LYnm) ) (D.7)
70

and their orthogonality by

/Y*nm(ﬁ, Z) . Yn/m/(g, Z) dS = 27Tr0l5nn’6mm’

T

/\Il*nm((g, Z) . ‘I’n/m/(e, Z) ds = 2)\nm71'7”0l5nn/(5mm/
r

/@*nm(e, 2) s @y (0,2) AS = 20l 00 Sy -
r

D.6 Bulk fluid traction: tubular membranes

In Eq. (7.34), the nonzero components of DE,_, and Df, are given by

>

=
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= —k,mPZ/r,
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