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Resumen en castellano

Tanto en la vida cotidiana como en el campo científico estamos habituados a
observar fenómenos aleatorios cuyos resultados se expresan mediante números;
por ejemplo el voltaje de salida en una fuente de alimentación, el número de per-
sonas en la cola del cine, la velocidad de conexión a la red, el tiempo de fun-
cionamiento de un determinado aparato, etc. Incluso en problemas de naturaleza
puramente cualitativa es muy frecuente recurrir a la codificación numérica; en
situaciones tales como el diagnóstico de un paciente sano o enfermo, preguntas
del tipo ¿estudias o trabajas?, donde las respuestas son usualmente codificadas
con 0 y 1, aunque podría emplearse cualquier pareja de símbolos con igual pre-
cisión.

Este proceso de cuantificación nos lleva demanera natural a considerar ciertas
funciones especiales con las que estudiar de una manera más efectiva cuestiones
probabilísticas acerca de estos valores aleatorios, de esta forma aparecen las vari-
ables aleatorias y, por ende, los vectores aleatorios.

La teoría de ordenaciones estocásticas es actualmente una teoría bien estable-
cida y promisoria. La necesidad de comparar dichos fenómenos aleatorios en base
a diferentes criterios queda fructificada en estas relaciones de orden parcial entre
variables o vectores aleatorios.

La utilidad y aplicabilidad de los órdenes estocásticos es un hecho contrastado.
A lo largo de los últimos años sonmuchos los ámbitos que han encontrado en este
rincón de lasMatemáticas una herramienta con la que comparar, escoger y decidir
en un momento dado.

Lo cierto es que puede ser realmente fácil comparar dos variables aleatorias,
pero el interés real de estas comparaciones reside en la información que extrae-
mos de ellas. La manera más sencilla de comparar variables aleatorias es a través
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de simples coeficientes, por ejemplo, las varianzas para comparar las variables
aleatorias en términos de su dispersión o los coeficientes deGini y los coeficientes
de variación para la concentración, pero en la mayoría de ocasiones estos coefi-
cientes no contemplan toda la información de la que disponemos, de manera que
en realidad esta comparación da lugar a comparaciones poco significativas.

Bien sea que nos interese la magnitud, la dispersión o la concretración, o cual-
quier propiedad de un fenómeno aleatorio, los órdenes estocásticos nos permiten
obtener beneficios importantes del conocimiento que tengamos de las funciones
de distribución o de sus propiedades, incluso en el caso en el que la complejidad
del modelo estocástico nos impida disponer de expresiones analíticas. El obje-
tivo de la investigación matemática consiste entonces en encontrar órdenes bien
definidos que permitan hallar cotas o soluciones aproximadas. Otras veces se re-
quiere comparar sistemas desde ciertos puntos de vista y optimizarlos de acuerdo
a distintos criterios.

Los órdenes estocásticos también son útiles en situaciones donde sólo se cono-
cen algunas propiedades de las distribuciones del problema considerado. En Eco-
nomía constituyen una herramienta valiosa en la teoría de decisiones bajo incer-
tidumbre. También se encuentran muchas aplicaciones en diversas disciplinas
como la confiabilidad, la física estadística, los seguros, la teoría de colas, la epi-
demiología, las ciencias actuariales, etc.

Los órdenes estocásticos constituyen un campo abierto con muchos proble-
mas nuevos y un inmenso potencial teórico. En los últimos años han aparecido
textos fundamentales que sirven de base para desarrollar aplicaciones en las más
diversas disciplinas. Algunas referencias como Müller y Stoyan (2002) ó Shaked
y Shanthikumar (2007) resultan convenientes para una introducción general a la
teoría de órdenes estocásticos.

La clasificación y ordenación de distribuciones viene siendo una herramienta
fundamental en Teoría de Fiabilidad, donde una variable aleatoria representa el
tiempo aleatorio de funcionamiento de una componente o sistema de compo-
nentes. En este contexto la clasificación de distribuciones permite determinar
el proceso de envejecimiento de la componente o sistema y la ordenación per-
mite comparar componentes o sistemas para seleccionar aquéllas con un mayor
tiempo de funcionamiento en algún sentido estadístico o probabilístico. En la
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práctica, esta teoría se relaciona con problemas de fatiga de los materiales, des-
gaste de piezas, oxidación, mortandad, etc. Cada componente, sistema o modelo
de fiabilidad enevejece de una manera diferente y es entonces cuando nacen las
diferentes clases de distribuciones de vida que quedan descritas en base a difer-
entes propiedades de dicha distribución.

La clasificación de distribuciones de vida es de una importancia enorme en
Teoría de Fiabilidad especialmente durante las primeras etapas del diseño del
producto. Muchas de las cotas defiabilidad obtenidas a través de diferentes propie-
dades de las clases proporcionan interesantes estimaciones acerca de la fiabilidad
del sistema bajo ciertas hipótesis. Este tipo de resultados relativos a la clasi-
ficación de distribuciones juega también un papel importante en la selección y
validación de modelos estocásticos. Como referencias principales tenemos Bar-
low y Proschan (1975), Marshal y Olkin (2007) o Lai y Xie (2006) para un estudio
más detallado.

La comparación multivariante de vectores aleatorios se puede llevar a cabo
desde numerosos puntos de vista, la mayoría de ellos inspirados en el correspon-
diente caso univariante. A lo largo de esta memoria, comenzamos definiendo
nuevos órdenesmultivariantes relacionados con el estudio de diferentes propieda-
des asociadas a un fenómeno aleatorio tales como la dispersión, la concentración,
la kurtosis y el sesgo, a través de tres procedimientos diferentes e inspirados en
ordenaciones univariantes. Asímismo, dedicamos sendos capítulos al estudio de
distintas nociones de envejecimiento en diferentes casos de vectores bivariantes
con componentes dependientes y a la comparación de vidas residuales de vec-
tores y, finalmente, estudiamos el modelo de tiempo exponencial transformado
y su aplicación a los modelos de fragilidad, más conocidos como modelos frailty.
A continuación, describiremos el contenido de cada uno de los capítulos con un
mayor detalle.

En el Capítulo 1, recordamos las nociones básicas referentes a variables y vec-
tores aleatorios que utilizaremos posteriormente. En primer lugar, se definen las
funciones asociadas a variables y vectores aleatorios que resultan de importan-
cia en la definición de órdenes estocásticos y nociones de envejecimiento. En
particular, resultan de importancia a lo largo de la memoria el orden estocástico
usual, dispersivo, right-spread, convexo, estrella, superaditivo, dmrl, nbue y al-
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gunos otros juegan papeles secundarios en las relaciones y propiedades. Por otra
parte, nociones de envejecimientotales como IFR, IFRA, NBU, DMRL y NBUE son
relevantes en el estudio desarrollado.

Resulta adecuado destacar también que las aplicaciones tratadas con posteri-
dad en la memoria están referidas a modelos de vectores aleatorios con compo-
nentes dependientes. En estos últimos tiempos, el concepto de cópula ha tomado
una relevancia significativa puesto que describe con gran claridad la estructura
de dependencia de las distintas componentes. En este primer capítulo, recuper-
amos también el concepto de cópula el cual aparece relacionado con los modelos
de tiempo exponencial transformado y de fragilidad que son tratados en los capí-
tulos posteriores.

En el Capítulo 2, se proponen nuevas extensiones al caso multivariante de
diferentes órdenes univariantes. A lo largo de este capítulo, se estudian los llama-
dos órdenes de transformación, llamados así porque están definidos adjudicando
propiedades a una transformación entre las dos variables o vectores aleatorios y
propuestos por van Zwet (1964).

Roy (2002) plantea la extensión de dichos órdenes al casomultivariante dotan-
do de unas propiedades especiales a una cierta transformación, procedimiento
que resulta ser equivalente a la ordenación de variables aleatorias condicionadas
truncadas en datos de supervivencia. En la Sección 2.2, proponemos la extensión
de órdenes en dispersión y concentración en el mismo sentido, desarrollamos
sus propiedades de clausura y preservación y relaciones entre ellos y exponemos
ejemplos de modelos analíticos y aplicaciones en teoría de riesgos y desigualdad.

Khaledi y Kochar (2005) y Mercader et al. (2007) proponen la extensión del or-
den dispersivo y right-spread, respectivamente, teniendo en cuenta la ordenación
de cada componente truncado cuando el resto de los componentes son mayores
que sus respectivos cuantiles. Este orden multivariante encuentra similitudes
con los órdenes multivariantes tratados en la sección anterior, pero cuenta con la
ventaja de que la ordenación de vectores con la misma cópula queda reducida a la
comparación de las distribuciones marginales. En la Sección 2.3, generalizamos
los órdenes de transformación en este sentido y desarrollamos propiedades, rela-
ciones y aplicaciones.
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Por otra parte, Fernández-Ponce y Suárez-Llorens (2003) proponen una orde-
nación multivariante en dispersión basada en las propiedades de una transfor-
mación entre los dos vectores aleatorios. En la Sección 2.4, se define un orden
multivariante dotando a dicha transformación de la propiedad de convexidad en
dos sentidos diferentes.

El estudio de las nociones de envejecimiento surge junto con el desarrollo de
nuevas ordenaciones, puesto que éstas sonuna buenaherramienta para describir-
las y caracterizarlas. Son muchas las nociones de envejecimiento multivariante
quehan sido propuestas a lo largo de la literatura basadas en sus correspondientes
definiciones univariantes. En particular, Bassan y Spizzichino (1999), Bassan et
al. (2002) ó Pellerey (2008) han propuesto diferentes extensiones de algunas no-
ciones de envejecimiento univariantes. Dedicamos el Capítulo 3 al estudio de
estas tres extensiones multivariantes.

En la Sección 3.2, estudiamos generalizaciones de dos clases univariantes basa-
das en comparaciones estocásticas de vidas residuales de vectores con compo-
nentes intercambiables para los clases IFR y DMRL cuyas caracterizaciones uni-
variantes son estudiadas por Cao yWang (1991), Belzunce et al. (2003) y Belzunce
et al. (2004) en la línea de las propuestas por Bassan y Spizzichino (1999) y Bassan
et al. (2002).

En la Sección 3.3, estudiamos el envejecimiento de vectores bivariantes no in-
tercambiables cuando están descritos por cópulas arquimedianas, en particular
de tipo Clayton, y basados en comparaciones de los vectores con sus vidas resi-
duales a través del orden estocástico usual. Se presentan generalizaciones para
el caso de vectores con componentes no intercambiables del envejecimiento para
componentes intercambiables que se pueden consultar en Pellerey (2008).

Finalmente, en la Sección 3.4 estudiamos condiciones para la comparación de
vectores definidos según el modelo de fragilidad y damos condiciones que asegu-
ran un envejecimiento negativo en el sentido de Pellerey (2008).

El orden estocástico usual es quizás el más importante de todos los órdenes
estocásticos. En el Capítulo 4, estudiaremos condiciones para asegurar el orden
estocástico usual entre dos vectores con cópulas arquimedianas.
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En la Sección 4.2, estudiamos condiciones para la comparación de las vidas
residuales en el mismo momento t ≥ 0 entre dos vectores aleatorios no inter-
cambiables con cópulas de Clayton.

En la Sección 4.3, estudiamos condiciones para la comparación de dos vectores
definidosmediante unmodelo de tiempo exponencial transformado. Estas condi-
ciones están basadas en comparaciones entre los generadores de sus cópulas, de
manera que, en contraste con los resultados dados por Scarsini (1998), Müller y
Scarsini (2001), Belzunce et al. (2011) quienes comparan estocásticamente vec-
tores con la misma cópula, establecemos condiciones para ordenaciones estocás-
ticas entre vectores con diferente cópula. A continuación, se exponen diferentes
aplicaciones, en particular, cotas para valores esperados, modelos de fragilidad,
optimización de portfolios y la comparación estocástica de mixturas.

Finalmente, en la Sección 4.4, estudiamos comparaciones en el orden estocás-
tico usual de vectores aleatorios definidos según el modelo de fragilidad.

Los trabajos que han derivado del desarrollo de estos estudios son los sigu-
ientes:

• Belzunce, F., Mulero, J. y Ruíz, J.M. (2008). Newmultivariate IFR and DMRL
notions for exchangeable dependent components in Advances in Mathe-
matical Modeling for Reliability, 158-164, by T. Bedford, J. Quigley, L.Walls,
B. Alkali, A. Daneshkhah and G. Hardman (Eds.), IOS Press, Amsterdam.

• Belzunce, F., Mulero J., Ruíz, J.M. y Suárez-Llorens, A. (2012a). New mul-
tivariate orderings based on conditional distributions. Applied Stochastic
Models in Business and Industry, doi: 10.1002/asmb.924.

• Belzunce, F., Mulero J., Ruíz, J.M. y Suárez-Llorens, A. (2012b). Multivariate
transform orders. Technical Report. Departamento de Estadística e Inves-
tigación Operativa, Universidad de Murcia.

• Belzunce, F., Mulero J., Ruíz, J.M. y Suárez-Llorens, A. (2012c). Multivariate
convex transform orders. Technical Report. Departamento de Estadística e
Investigación Operativa, Universidad de Murcia.
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• Mulero J. y Pellerey F. (2010). Bivariate aging properties under archimedean
dependence structures. Communications in Statistics: Theory and Methods
39, 3108-3121.

• Mulero, J., Pellerey, F. y Rodríguez-Griñolo, R. (2010a). Negative aging and
stochastic comparisons of residual lifetimes in multivariate frailty models.
Journal of Statistical Planning and Inference 140, 1594-1600.

• Mulero, J., Pellerey, F. y Rodríguez-Griñolo, R. (2010b). Stochastic compar-
isons for time transformed exponentialmodels. Insurance: Mathematics and
Economics 46 (2), 328-333.

Aún así, durante el desarrollo de todos estos trabajos, quedan abiertos dife-
rentes aspectos que aseguran el trabajo futuro que explicamos en las conclu-
siones.

Por un lado, el estudio pormenorizado de las diferentes propiedades del or-
den en transformación multivariante convexo definido en la Sección 2.4, su in-
terpretación y aplicaciones, así como la relación de este orden con los órdenes
multivariantes existentes en la literatura referidos a ordenaciones en cuanto a
kurtosis y sesgo.

Por otro lado, el estudio de las cópulas arquimedianas y el modelo de tiempo
exponencial transformado en particular en el ámbito de las nuevas nociones de
envejecimiento propuestas en la Sección 3.2, mediante condiciones en el gene-
rador de la cópula o las funciones características del modelo, respectivamente.

Como se observa, estas líneas de investigación futuras quedan enmarcadas y
apoyadas por el trabajo ya realizado.



1
Preliminaries

Abstract. The outcome of an experiment or game is random and ismodeled
by random variables and vectors. The comparisons between these random
values are mainly based on the comparison of some measures associated to
random quantities. Stochastic orders and aging notions are a growing field
of research in applied probability and statistics. In this chapter, we present
the main definitions and properties that we will use along this memory.

1.1 Introduction

The randomness of events and phenomena has troubled mankind since the
earliest times; its hidden essence has been a point of interest for philosophy and
the methodology of science, whereas its intrinsic regularities have been brought
to light by mathematics and empirical sciences. Various kinds of chance are well-
known to every one of us from our everyday experience: the outcome of a coin-
toss or die-roll, the length of time spent waiting in line, howmeteorological phe-
nomena will proceed. In all such situations, we are unable to predict the outcome
of an experiment or the future course of a process. The cause of the difficulty
is generally our incomplete information about all the factors at work driving the
phenomenon at hand, although it may also lie in the unknown degree of accuracy
in the empirical data we possess about it. Randomness may also stem from the
excessively complex nature of a phenomenon, which thus precludes a clear-cut
deterministic description.

11
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In this chapter, we introduce the main definitions related to random variables
and vectors andpresent the state-of-the-art in univariate andmultivariate stochas-
tic orders and aging notions. In particular, some works in which stochastic com-
parisons are used to characterize these notions are recalled.

Throughout this memory, "increasing" means "nondecreasing" and "decreas-
ing" means "nonincreasing". We will denote by =st, the equality in law, and by
≤a.s., the almost surely inequality. For any random vector X, or random variable,
we will denote by (X|A) a random vector, or random variable, whose distribution
is the conditional distribution of X given A.

1.2 On the univariate case

Two notions lie at the base of the probability theory: the random event and
probability. The probability theory defines these concepts, studies the relation-
ships between the probabilities of various random events, identifies when events
are independent of one another, introduces rules for transforming probabilities,
etc. In this context, random variables measure quantities that are subject to vari-
ations due to chance, i.e. randomness, in a mathematical sense.

1.2.1 Basic definitions

Let Ω be a probability space and F a sigma–algebra in Ω and let X : Ω → R
be a random variable, i.e., a measurable function mappingΩ to the real numbers,
that is,X−1((−∞, x]) ∈ F for any x ∈ R.

Many of the properties of random variables are not concerned with the specific
random variable X given above, but rather depends on the way X distributes its
values. The distribution function, denoted by F , of a random variable X, is
defined by

F (x) = P (X ≤ x) for x ∈ R.

Random variables can generally be classified in two categories depending on
the set of possible values: discrete and continuous. In particular, along thismem-
ory we will work with absolutely continuous random variables which is a subtype
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of the continuous random variables. In particular, X is an absolutely contin-
uous random variable, if there exists a nonnegative function f on R, called the
probability density function ofX such that

F (x) =

� x

−∞
f(z)dz, for all x ∈ R.

It is clear that ifX is an absolutely continuous random variable with distribu-
tion function F , then its density function is given by

f(x) = F
�(x)

at those points x where F is differentiable.

The support of the distribution F is defined as the set of all the points xwhere
F is strictly increasing.

Next we describe some functions of interest for this memory.

Definition 1.2.1 LetX be a random variable, its survival function is given by

F (x) = 1− F (x) = P (X > x), for x ∈ R.

In some situations, for example survival analysis or reliability, random vari-
ables used to be nonnegative because they represent the time until a specified
event, not necessarily the end of a life. In these cases, the survival function of
X is more meaningful than the distribution function. This function satisfies the
following properties:

(i) F is a decreasing function.

(ii) F (∞) = lim
x→∞

P (X > x) = 0.

(iii) F (−∞) = lim
x→−∞

P (X > x) = 1.

Note that for any random variable, the distribution and survival function al-
ways exist.

It is well known that a real–valued, continuous and strictly monotone func-
tion of a single variable has an inverse on its range. It is also known that one can
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drop the hypothesis of continuity and strict monotonicity to obtain the notion of
generalized inverse. Generalized inverses of increasing functions which are not
necessarily distribution functions also frequently appear, for example, as trans-
formations of random variables. These functions play an important role, in gen-
eral, in the probability theory and statistics in terms of quantile functions and, in
particular, for example, in risk and insurance theory it is known as Value–at–Risk.

Definition 1.2.2 Let X be a random variable with distribution function F . For p ∈
(0, 1), the quantile function ofX is given by the inverse generalized of F , that is,

F
−1(p) = inf{x : F (x) ≥ p}

with inf{∅} = ∞.

Note that if F is continuous and strictly increasing, the generalized inverse
F

−1 coincides with the ordinary inverse of F . In literature, the quantile function
of F , orX, is also denoted by F− or QX .

In the practice, the most useful properties of the quantile functions are pre-
sented in the following proposition:

Proposition 1.2.3 LetX be a random variable with distribution function F . Then,

(i) F
−1(p) is an increasing and left–continuous function in p ∈ [0, 1].

(ii) IfX is an absolutely continuous random variable, F−1 is strictly increasing.

(iii) FF
−1(p) ≥ p for all p ∈ [0, 1]. Furthermore, if F is continuous in F

−1(p), the
equality holds.

(iv) If Y is a random variable with distribution function G, then F (x) ≤ G(x) for
all x ∈ R if, and only if,

F
−1(p) ≥ G

−1(p),

for all p ∈ [0, 1].

An important application of quantile functions is the inverse transformmethod
for generating random variables from univariate distributions in general which is
often applied in Monte Carlo simulations.
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Proposition 1.2.4 LetX be a random variable with distribution function F .

(i) If F is continuous, F (X) =st U where U is a uniformly distributed random
variable on (0, 1).

(ii) If U is an uniformly distributed random variable on (0, 1), thenX =st F
−1(U) .

Quantiles of random variables are frequently used in the construction of de-
scriptive statistics, for example, the median, the interquartile range and several
measures of skewness and kurtosis based on percentiles. Perhaps, the most im-
portant particular case of the quantile is the median, given that the median is the
central point which minimizes the average of the absolute deviations.

As mentioned before, we can find quantile functions in risk theory and insur-
ance as Value–at–Risk, denoted by VaR, as a widely used risk measure of the risk
of loss on a specific portfolio of financial assets. For a given portfolio, probabil-
ity and time horizon, VaR is defined as a threshold value such that the probability
that themark-to-market loss on the portfolio over the given time horizon exceeds
this value is the given probability level.

The theory of lifetime distributions plays an important role in fields like reli-
ability theory, survival analysis and insurance mathematics. Assume that X is a
random variable such that F (t) > 0 or, equivalently F (t) ≤ 1, for x ∈ R.

Therefore,
P (t < X ≤ t+∆t|X > t)

can be thought of as the "conditional probability" given survival up to time t of
death or failure in the next small increment∆t of time.

Consequently, if we suppose thatX is a nonnegative random variable with an
absolutely continuous distribution function F and density function f , the "prob-
ability" of instantaneous failure at time t is given by

lim
∆t→0

P (t < X ≤ t+∆t|X > t)

∆t
=

f(t)

F (t)
. (1.1)

Definition 1.2.5 LetX be an absolutely continuous random variable with distribu-
tion function F and density functions f . The function

r(t) =
f(t)

F (t)
, for t such that F (t) > 0,
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is called the hazard, or failure, rate function ofX.

The interpretation given by (1.1) makes the notion of hazard rate so useful,
both in theory and applications.

In case of nonnegative and absolutely continuous random variables, the haz-
ard rate characterizes its distribution. In fact, given a hazard rate function r, it is
possible to know the survival function

r(t) = − d

dt
log

�
F (t)

�
=

d

dt
[− logF (t)] =

dR(t)

dt
(1.2)

where log denotes the natural logarithm and R(x) = − logF (x) is called the haz-
ard function of F , orX.

In reliability or survival analysis, given that a unit is of age t, the remaining
life after time t is a random variable defined as follows.

Definition 1.2.6 Let X be a random variable and t ∈ R such that F (t) > 0. The
conditioned random variable

Xt = (X − t|X > t)

is called the residual lifetime at time t.

Note that the hazard rate function can be also introduced by using the residual
lifetime. In particular, we have that

lim
∆t→0

P (Xt ≤ ∆t)

∆t
= r(t).

The corresponding survival of a residual lifetimeXt, denoted by F t, is given by

F t(x) =
F (t+x)

F (t)
for every x ≥ 0.

Given a random variable X, one can consider the expectation of its residual
lifetime E[Xt] and it can be interpreted as the expected remaining life of a unit
which has survived up to time t.
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Definition 1.2.7 Let X be a random variable and t ∈ R such that F (t) > 0. The
function

mX(t) = E[Xt] = E[X − t|X > t], for t such that F (t) > 0,

is called themean residual life function ofX.

Note that given a random variable X, the mean residual life function is given
by

mX(t) =
1

F (t)

� ∞

t

F (z)dz

for all t such that F (t) > 0.

In fact, a lifetime distribution may be characterized by its survival function F ,
the survival function of the residual lifetime F t, the hazard rate function r or the
mean residual lifetime functionmX .

Finally, for a continuous random variable X, Fernández–Ponce et al. (1998)
and, independently, Shaked and Shanthikumar (1998) defined the right–spread,
or excess-wealth, function.

Definition 1.2.8 LetX be a random variable with finite mean. The function

RSX(p) = E[(X − F
−1(p))+] =

� ∞

F−1(p)

F (x)dx, for p ∈ [0, 1],

is called the right spread function ofX where x+ = max{x, 0}.

Note that, from the definition it is clear that this function can be interpreted as
a measure of dispersion to the right of each quantile function F . In risk theory, it
is also called expected shortfall. The expected shortfall measures the thickness
of the upper tail from a fixed quantile. In the actuarial context, when random
variables denote the random risk for an insurance company, (X − F

−1(p))+ can
be interpreted as the amount that reinsurances companies take over and the right
spread functions as the expected amount.

It is interesting to note that whenX is a continuous random variable, and from
Proposition 1.2.3 (iii), it holds

RSX(p) = (1− p)mX(F
−1(p)), for all p ∈ [0, 1). (1.3)
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1.2.2 Univariate stochastic orders

Stochastic orders are considered to be more informative than the comparison
of two single numbers (see Preface in Shaked and Shanthikumar, 2007). The com-
parison of random quantities has been developed in the last 40 years and for a de-
tailed discussion on the subject the reader can look at Shaked and Shanthikumar
(2007).

It is often believed that science advances through the identification of impor-
tant concepts, which are first classified, compared and then quantified. Descrip-
tive Statistics offers the theory and methods to identify statistical quantities as-
sociated with such concepts.

Characteristics of distributions or densities such as location, dispersion, skew-
ness and kurtosis have been studied for descriptive purposes. Early on, measures
of such characteristics were proposed, but sometimes these single coefficients do
not correspond with the measure they measure.

Inmany situations, one hasmore information than just the single coefficients.
The stochastic orders take into account the different types of information related
to the random variables from a more general and descriptive point of view.

The comparison of random variables in terms of a descriptive characteristic
can be done simply by using single coefficients, but sometimes it is not very infor-
mative or theymay not be the appropriate quantities in some contexts. Stochastic
orders let us to compare random variables in a more general way and seem to be
more appropriate.

Nextwe recall several definitions of different stochastic orders of interest along
this work. See Shaked and Shanthikumar (2007) andMüller and Stoyan (2001) for
a comprehensive discussion of these and other stochastic orders, as well as their
properties and the relationships between them.

The concept of dispersion, i.e., how spread out data are, is fundamental for uni-
variate andmultivariate distributions, in fact, a statistical research is unthinkable
for a phenomenon without variability. However, there are a lot of ways to study
the dispersion of a random variable.

Given two random variables X and Y , a first approach to compare dispersion
is by using the comparison between their variances V ar(X) and V ar(Y ). Theo-
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retically,X will be less dispersed than Y if V ar(X) ≤ V ar(Y ) because the higher
the variance, the more spread out the data. But when we have a more complete
description of the data or when the variance is not so descriptive of them, it is
more useful to compare X and Y in terms of the univariate dispersive order. A
formal definition of this order is based on the notion of quantile. See Lewis and
Thompson (1981) for further details.

Definition 1.2.9 LetX and Y be two random variables with distributions functions
F andG, respectively. X is said to be smaller than Y in the dispersive order, denoted
by X ≤disp Y , if any pair of quantiles of G are at least as widely separated as the
corresponding quantiles of F , i.e, if

F
−1(q)− F

−1(p) ≤ G
−1(q)−G

−1(p) for all 0 < q ≤ p < 1.

Intuitively it is clear that the dispersive order corresponds with a comparison
between the random variables X and Y in terms of its variability because we are
comparing intervals whereX and Y accumulate the same probability q − p.

The dispersive order is location–free, i.e., given c ∈ R, then X ≤disp Y if, and
only if,X+ c ≤disp Y , as well as reflexive and transitive, but it is not antisymmet-
ric.

This notion has several characterizations of different nature, some of them are
collected in the following proposition.

Proposition 1.2.10 Let X and Y be two random variables with distribution func-
tions F and G, respectively. The following conditions are equivalent:

(i) X ≤disp Y .

(ii) G
−1(p)− F

−1(p) increases in p ∈ (0, 1).

(iii) G
−1
(p)− F

−1
(p) decreases in p ∈ (0, 1).

(iv) G
−1
F (x)− x increases in x.

When X and Y are absolutely continuous and have densities f and g, respec-
tively, last condition can be differentiated and it holds the following characteri-
zation.
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Proposition 1.2.11 Let X and Y be two absolutely continuous random variables
with density functions f and g, respectively. Then,X ≤disp Y if, and only if,

g(G−1(p)) ≤ f(F−1(p)), for all p ∈ (0, 1). (1.4)

Note that if r and s are the hazard rate functions of X and Y , respectively,
then, from Proposition 1.2.3 (iii), (1.4) is equivalent to

s(G−1(p)) ≤ r(F−1(p)), for all p ∈ (0, 1). (1.5)

The dispersive order can be characterized also by dispersive transformations
among the two random variables.

Proposition 1.2.12 LetX and Y be two continuous random variables. Then,

X ≤disp Y

if, and only if, Y =st φ(X) such that φ(x�)−φ(x) ≥ x
�−xwhenever x ≤ x

�. Moreover,
φ = G

−1
F .

The dispersive order satisfies several desiderable properties, some of them are
collected in the following proposition.

Proposition 1.2.13 LetX and Y be two random variables such thatX ≤st Y . Then,

(i) X ≤disp aX whenever a ≥ 1.

(ii) φ(X) ≤disp ψ(X) whenever φ ≤disp ψ, i.e., φ� ≤ ψ
� where φ� and ψ

� are the
derivatives of φ and ψ, respectively.

(iii) X ≤disp Y if, and only if, −X ≥disp −Y .

(iv) IfX ≤disp Y , then φ(X) ≤disp φ(Y ) for all increasing convex and all decreasing
concave function φ.

FromDefinition 1.2.8, the right spread function is considered as a tool to com-
pare two distributions in terms of their variability.
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Definition 1.2.14 LetX andY be two randomvariableswith distributions functions
F and G, respectively. X is said to be smaller than Y in the right–spread order,
denoted byX ≤rs Y , if

RSX(p) ≤ RSY (p) for all p ∈ (0, 1).

From (1.3), in the continuous case, it can be characterized using the mean
residual life function evaluated in quantiles.

Proposition 1.2.15 Let X and Y be two absolutely continuous random variables
with mean residual life functions mX and mY respectively. Then, X ≤rs Y if, and
only if,

mX(F
−1(p)) ≤ mY (G

−1(p)) for all p ∈ (0, 1). (1.6)

Finally, it is known that the right spread order is weaker than the dispersive
order and both of them imply the inequality between the variances:

X ≤disp Y ⇒ X ≤rs Y ⇒ V ar(X) ≤ V ar(Y ). (1.7)

The observation of the variability of a data set is sometimes supplemented by
the study of its kurtosis and skewness. Kurtosis is a measure of whether the data
are peaked or flat relative to a normal distribution while skewness is a measure
of symmetry, or more precisely, the lack of symmetry.

The notion of skewness intended to represent departure of a density from sim-
metry (or sometimes even departure from normality), where one tail of the den-
sity is "stretched out" more than the other. Though simmetry is natural for dis-
tributions with support (−∞,∞), the notions of asymmetry have a place also in
describing distributions with support [0,∞).

An alternative tomeasuring skewness via single quantities is to find an stochas-
tic order which captures the essence of what “F is less skewed than G” should
mean. Surprisingly, there is a simple way to arrive at such an orders.

Imagine that the density f of a random variableX is graphed on a sheet of rub-
ber that becomes thinner and thinner toward the right, and hence,more andmore
wasily stretched toward the right. Then, grasp the right–hand edge of the rubber
sheet, stretch it out, and watch the density change shape. If F was simmetryc
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and unimodal before stretching, then after stretching f has become a new den-
sity g which is also unimodal, but which has a relatively long right–hand tail, i.e.,
g is “skewed to the right”. The flexibility requirement of the rubber sheet simply
means that the horizontal axis has been transformed by an increasing function φ

which increments φ(x+∆)φ(x) increasing as one move to the right (see Marshall
and Olkin, 2007).

In fact, several skewness coefficients have been defined as quotient os quan-
tile differences. See, for example, Groeneveld and Meeden (1984) or Balanda and
MacGillivray (1990).

The origin of this approach is in van Zwet (1964) who formalized these ideas
and proposed three orders whose definitions are the following:

Definition 1.2.16 Let X and Y be two nonnegative random variables with an in-
terval supports (finite or infinite) and distribution functions F and G, respectively.
Then,

(i) X is said to be smaller than Y in the convex order, denoted byX ≤c Y , ifG−1
F (x)

is convex in the support of F .

(ii) X is said to be smaller than Y in the starshaped order, denoted by X ≤∗ Y , if
G

−1
F (x) is starshaped in the support of F , that is, G−1F (x)

x is increasing in x ≥ 0.

(iii) X is said to be smaller than Y in the superadditive order, denoted by X ≤su Y ,
if G−1

F (x) is superadditive in the support of F . Recall that a function φ : R �→ R is
superadditive if φ(x+ y) ≥ φ(x) + φ(y) for any x, y ∈ R.

For a survival function G, which is a decreasing function, its generalized in-
verse is given by

G
−1
(p) = sup{x : G(x) ≥ p}.

Along this memory, it is sometimes convenient to make use of the fact of

G
−1
F (x) = inf{y : G(y) ≥ F (x)}

= sup{y : G(y) ≥ F (x)} = G
−1
F (x).
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These orders are known as transform orders due to its definition are based on
properties of the transformation G

−1
F (x), or G−1

F (x), which maps X onto Y ,
that is, Y =st G

−1
F (X), see Proposition 1.2.4.

Proposition 1.2.17 LetX and Y be two continuous random variables. Then,

X ≤c[∗,su] Y

if, and only if, Y =st φ(X) where φ is a convex [starshaped, superadditive] transfor-
mation. Moreover, φ = G

−1
F .

Note that, without assuming continuity,X ≤c[∗,su] Y if, and only if,X =st φ(Y )

whereφ is a concave [antistarshaped, subadditive] transformation (seeMüller and
Stoyan, 2002).

These orders, aswell as the dispersive order, can be define by considering prop-
erties of the quantile–quantile plot, denoted byQ–Q plot, which is equivalent to
the graph of the functionG−1

F . In fact, Müller and Stoyan (2002) defined a family
of univariate orders ≤qq

F based on the Q–Q plot, explicitly, F ≤qq
F G if G−1

F ∈ F
where F is an arbitrary class of increasing functions.

Given an arbitrary class of increasing functions F , they also defined a family
of univariate orders ≤pp

F based on the P–P plot, explicitly, F ≤pp
F G if GF

−1 ∈ F .

It is clear that such a relation is reflexive and transitive, but it is antysimmetric.
Therefore, the convex, starshaped and superadditive transform orders are partial
orders.

If X and Y are two nonnegative random variables, it has been accepted (see,
e.g. Arnold and Groeneveld, 1995) that any measure γ of skewness should satisfy
that

(i) γ(X) = γ(aX + b) for all a > 0 and all b,

(ii) γ(X) = −γ(−X),

(iii) IfX ≤c Y , then γ(X) ≤ γ(Y ).
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For example, when X is a random variable with uniquely defined modus yM ,
Arnold and Groeneveld (1995) considered

αX = P (X < yM)− P (y ≥ yM) ∈ [−1, 1]

as a measure of skewness. As Ferreira and Steel (2006) pronounced: this mea-
sure “is fairly intuitive for unimodal distributions with negative (positive) values
for left (right) skewed distributions and 0 for symmetric distributions”. Arnold
and Groeneveld (1995) showed that αX verifies conditions (i), (ii) and (iii) and,
therefore, is an example of skewness measure.

Hence, convex order is closely connected with the notion of skewness. It is in-
teresting to recall the following characterization in terms of the quantile function
which shows the relevance of the convex order in reliability theory.

Proposition 1.2.18 Let X and Y be two absolutely continuous random variables
with density functions f and g respectively. Then,X ≤c Y if, and only if,

f(F−1(p))

g(G−1(p))
is an increasing function in p ∈ (0, 1). (1.8)

Observe that if r and s are the hazard rate functions of X and Y , respectively,
this last condition (1.8) is equivalent to the following one.

r(F−1(p))

s(G−1(p))
is an increasing function in p ∈ (0, 1). (1.9)

In case that the support of X is an interval, the starshaped order admits a
similar characterization by using the quantile function, i.e., X ≤∗ Y if, and only
if,

F
−1(p)

G−1(p)
is an increasing function in p ∈ (0, 1). (1.10)

The starshaped and superadditive orders can be considered as concentration
orders, in fact, an important application is in the context of inequality as we will
see next. But first it is necessary to introduce some new concepts.
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In literature, one can find several orders that can be interpreted in terms of
reliability. For example, Kochar and Wiens (1987), motivated by characterization
(1.9), proposed the decreasing in mean residual life and new better than used in
expectation orders whose definitions are the following.

Definition 1.2.19 Let X and Y be two nonnegative random variables with mean
residual life functionsmX andmY , respectively. Then,

(i) X is said to be smaller than Y in the decreasing in mean residual life, denoted
byX ≤dmrl Y , if mX(F−1(p))

mY (G−1(p)) is decreasing in p ∈ (0, 1) .

(ii) X is said to be smaller than Y in the new better than used in expectation
order, denoted byX ≤nbue Y , if mX(F−1(p))

mY (G−1(p)) ≤
E[X]
E[Y ] for all p ∈ (0, 1).

The dmrl and nbue orders have also an interpretation in the context of income
distributions. In this context, the Lorenz curve and the Gini index are the most
popular tools to analyze and compare income inequality.

The Lorenz curve is a simple way to describe income distribution using a graph
and it appears in the context of incomedistributions, where the incomes of the in-
dividuals of a population are considered (nonnegative) random quantities. Given
a nonnegative random variable X, its Lorenz curve LX : [0, 1] → [0, 1] is an in-
creasing and convex function and is given by

LX(p) =

� p

0 F
−1(u)du

E[X]
for p ∈ (0, 1).

The closer the Lorenz curve of a country is to the 45–degree line, the more
equal the distribution of income is. In an economic framework, when X models
the income of the individuals in some population, LX maps p ∈ [0, 1] to the pro-
portion of the total income of the population which accrues to the poorest 100p%
of the population. In insurance, LX can be thought of as being the fraction of the
aggregate claims caused by the 100p% of the treaties with the lowest claim size.

Given a nonnegative random variableX, the Gini coefficientGX is usually de-
fined mathematically based on the Lorenz curve as

GIX = 1− 2

� 1

0

LX(p)dp for p ∈ (0, 1).
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A low Gini coefficient indicates a more equal distribution, with 0 correspond-
ing to complete equality, while higher Gini coefficients indicate more unequal
distribution, with 1 corresponding to complete inequality.

Definition 1.2.20 Let X and Y be two nonnegative random variables with finite
means. Then,X is said to be smaller thanY in theLorenz order, denoted byX ≤L Y ,
if

LX(p) ≥ LY (p) for all p ∈ (0, 1).

It is known that if X ≤L Y , then the Gini coefficient of X is smaller than
the corresponding coefficient for Y and it clearly shows that the Lorenz order
is a more complete comparison between the inequality related to two different
distributions.

Among the previous orders we have the following relationships:

X ≤c Y ⇒ X ≤∗ Y ⇒ X ≤su Y

⇓ ⇓

X ≤dmrl Y ⇒ X ≤nbue Y ⇒ X ≤L Y ⇒ GIX ≤ GIY

(1.11)

Along this memory, we also use some stochastic orders whose definitions are
the following.

Definition 1.2.21 LetX and Y be two random variables with distribution functions
F andG, survival functions F andG, and density functions f and g, in the absolutely
continuous case, respectively. Then,

(i) X is said to be smaller than Y in the usual stochastic order, denoted byX ≤st

Y , if F (x) ≥ G(x) for all x.

(ii) X is said to be smaller than Y in the likelihood ratio order, denoted byX ≤lr

Y , if the ratio f(x)
g(x) is an increasing function over the union of the supports ofX

and Y .

(iii) X is said to be smaller than Y in the hazard rate order, denoted byX ≤hr Y ,
if the ratio F (x)

G(x)
is an increasing function over (−∞,max{uX , uY }), where uX
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and uY denote the corresponding right endpoints of the supports of X and Y ,
respectively, or, equivalently, r(t) ≥ s(t) for all t ∈ R.

(iv) X is said to be smaller than Y in the increasing convex [increasing concave]
order, denoted byX ≤icx [icv] Y , ifE[φ(X)] ≤ E[φ(Y )] for all increasing convex
[increasing concave] functions φ : R → R for which the expectations exist.

(v) X is said to be smaller than Y in the Laplace transform order, denoted by
X ≤Lt Y , if E[e−sX ] ≥ E[e−sY ], for all s ≥ 0.

Perhaps, the usual stochastic order is one of the best known orders. It satifies
a lot of properties that make it a magnitude order. Several characterizations for
stochastic order are worth noting.

Proposition 1.2.22 LetX and Y be two random variables, the following conditions
are equivalent:

(i) X ≤st Y .

(ii) F (x) ≤ G(x) for all x.

(iii) E[φ(X)] ≤ E[φ(Y )] for all increasing function φ : R → R for which the expec-
tations exist.

(iv) φ(X) ≤st φ(Y ) for all increasing function φ.

(v) There exist random variables �X and �Y defined on the same probability space
such that X and �X have the same distribution, Y and �Y have the same distri-
bution, and

P ( �X ≤ �Y ) = 1.

(vi) F
−1(p) ≤ G

−1(p) for all p ∈ (0, 1) (see Proposition 1.2.3 (iv)).
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The stochastic orders presented along these section satisfy the following rela-
tionships:

X ≤lr Y ⇒ X ≤hr Y ⇒ X ≤st Y ⇒ X ≤icv Y ⇒ X ≤Lt Y

⇓ ⇓ ⇓

X ≤mrl Y ⇒ X ≤icx Y ⇒ E[X] ≤ E[Y ]

(1.12)

1.2.3 Univariate aging notions

Notions of aging play an important role in reliability theory, survival anal-
ysis and other fields. No aging means that the age of a unit or component of
a system has no effect on the distribution of its residual lifetime, positive aging
describes the situation where residual lifetime tends to decrease in some proba-
bilistic sense, while negative aging means that residual lifetime tends to increase.
Attending to these three types of aging, distributions can be classified.

In this way, an abundance of classes of distributions describing aging have
been considered in the literature; see, e.g. Barlow and Proschan (1975), Kijima
(1997) or Lai andXie (2007) for an overview. Next we recall some notions of aging.

Definition 1.2.23 LetX be a nonnegative continuous random variable with survival
function F . Then,

(i) X is increasing [decreasing] in failure rate, denoted by IFR [DFR], if − logF

is a convex [concave] function in {t : F (t) > 0}.

(ii) X is increasing [decreasing] in failure rate in average, denoted by IFRA
[DFRA], if − logF is a starshaped [antistarshaped] function in {t : F (t) > 0}.

(iii) X is new better [worse] than used, denoted by NBU [NWE], if − logF is a
superadditive [subadditive] function in {t : F (t) > 0}.

(iv) X is decreasing [increasing] in mean residual life, denoted by DMRL [IMRL],
ifmX(t) is an increasing [decreasing] function in {t : F (t) > 0}.
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(v) X is new better [worst] than used in expectation, denoted by NBUE [NWUE],
ifmX(t) ≤ [≥]mX(0) in {t : F (t) > 0}.

Stochastic orders are related to the study of aging (see, for example, Belzunce
and Shaked, 2008a, 2008b). In particular, in all these well known criteria, we
are comparing the relative performance of a unit under consideration with that
of an exponential distribution. Remember that a unit with an exponential life
distribution suffers no aging. In this way, they can be characterized via transform
orders by using an exponential distribution, denoted by E(λ), for any λ > 0.

Proposition 1.2.24 LetX be a nonnegative random variable and Y ∼ E(λ) for any
λ > 0. Then,

(i) X is IFR if, and only if,X ≤c Y .

(ii) X is IFRA if, and only if,X ≤∗ Y .

(iii) X is NBU if, and only if,X ≤su Y .

(iv) X is DMRL if, and only if,X ≤dmrl Y .

(v) X is NBUE if, and only if,X ≤nbue Y .

Note that in the previous proposition there is no condition for λ > 0. There-
fore, a randomvariable has an aging behavior if, and only if, it can be orderedwith
an exponential distribution (with any parameter) in the corresponding stochastic
order.

These aging notions admit some other characterizations. In particular, in the
prosecutionwewill use the following characterizations of the IFR [DFR] andDMRL
notions.

Proposition 1.2.25 LetX be a nonnegative random variable. Then,X is IFR [DFR]
if, and only if, one of the following equivalent conditions holds:

(i) F (t+x)

F (t)
is decreasing [increasing] in t ≥ 0 for all x ≥ 0.

(ii) r(t) is increasing [decreasing] in t ≥ 0.
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(iii) Xt ≥st [≤st]Xt� for all t ≤ t
� or, equivalently,Xt ≥st [≤st]Xt+s for all t, s ≥ 0.

(iv) Xt ≥hr [≤hr]Xt� for all t ≤ t
� or, equivalently,Xt ≥hr [≤hr]Xt+s for all t, s ≥ 0.

(v) Xt ≥icv [≤icv]Xt� for all t ≤ t
�.

(vi) Xt ≥Lt [≤Lt]Xt� for all t ≤ t
�.

(vii) Xt ≥disp [≤disp]Xt� for all t ≤ t
�.

Proposition 1.2.26 LetX be a random a nonnegative random variable. Then,X is
DMRL if, and only if, one of the following equivalent conditions holds:

(i) Xt ≥mrl Xt� for all t ≤ t
�.

(ii) Xt ≥icx Xt� for all t ≤ t
�.

1.3 On the multivariate case

Many times, data are collected on a number of units, and on each unit not just
one, but many variables are measured. For example, in a psychological exper-
iment, many tests are used, and each individual is subjected to all these tests.
Since these are measurements on the same unit (an individual), these measure-
ments (or variables) are correlated. The subject of themultivariate anaylisis deals
with the statistical analysis of the data collected on more than one variable.

1.3.1 Basic definitions

A random vector is a function X = (X1, . . . , Xn) : Ω → Rn such that

X−1((−∞, x1], . . . , (−∞, xn]) ∈ F

for any x1, . . . , xn ∈ R. Roughly speaking, X a collection of n random variables on
a probability space (Ω,F , P ).

Recall that the usual componentwise partial order on Rn will be denoted by
≤ and it means that, for x = (x1, . . . , xn) and y = (y1, . . . , yn) it holds x ≤ y if
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xi ≤ yi for all i = 1, . . . , n. A function f : A ⊆ Rn → Rk is said to be increasing if
f(x) ≤ f(y) for x ≤ y.

Most of the properties of random variables can be studied using the joint
distribution function of the random vector X, denoted by F , which, for x =

(x1, . . . , x2) ∈ Rn, is given by

FX(x) = P (X ≤ x) = P (X1 ≤ x1, . . . , Xn ≤ xn).

In some contexts, the analysis of the random vector requires a closely con-
nected tool. Given a random vector X, and for x = (x1, . . . , x2) ∈ Rn, its joint
survival function is given by

FX(x) = P (X > x) = P (X1 > x1, . . . , Xn > xn).

The distribution function of the marginsXi, for i = 1, . . . , n, is given by

Fi(x) = P (Xi ≤ x)

and they are called themarginals distributions of X.

The problem of finding suitable multivariate extensions of univariate quan-
tiles has a long history in statistics. In fact, there have been several approaches
to quantile functions for multivariate distributions. The simplest one defines a
quantile vector as one that has the marginal classical quantiles as its compo-
nents, but this does not take into account correlations between the components
of the vectors of observations (Chakraborty, 2001). As usually, each extension of
the multivariate quantiles is focused on some aspects or properties of the corre-
sponding univariate quantile.

Suppose for example that we are interested in a generalization of the Propos-
tion 1.2.4, it means that the transformation of a uniform distributed random vec-
tor via a "multivariate quantile" of amultivariate distribution function should be a
random vector with the original distribution function as its distribution function.

LetX = (X1, . . . , Xn) be a random vector inRn with absolutely continuous dis-
tribution function and let p = (p1, . . . , pn) ∈ [0, 1]n. The standard construction
for X proposed by O’Brien (1975), Arjas and Lehtonen (1978) and Ruschendorf
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(1981) and denoted by

�x(p) = (�x1(p1), �x2(p1, p2), . . . , �xn(p1, p2, . . . , pn)

where
�x1(p1) = F

−1
X1

(p1)

�x2(p1, p2) = F
−1
(X2|X1=�x1(p1))

(p2)
...

�xn(p1, p2, . . . , pn) = F
−1

(Xn|
�n−1

j=1 Xj=�xj(p1,p2,...,pj))
(pn).

(1.13)

This known construction, also called p–quantile of X, is widely used in simu-
lation theory and plays the role of the quantile in the multivariate case.

By “inverting” the standard construction, we can express the independent uni-
form random variables Ui as functions of theXi. Let us denote

�
x (x) = (

�
x1 (x1),

�
x2 (x1, x2), . . . ,

�
xn (x1, x2, . . . , xn)

where
�
x1 (x1) = FX1(x1)

�
x2 (x1, x2) = F(X2|X1=x1)(x2)

...
�
xn (x1, x2, . . . , xn) = F(Xn|

�n−1
j=1 Xj=xj)(xn).

(1.14)

By considering these two functions, it is possible to generalize the Proposition
1.2.4.

Proposition 1.3.1 Let X be a random vector with distribution function FX.

(i) If FX is continuous,
�
x (X) =st U where U = (U1, . . . , Un) is a random vector

with n independent uniform distributed components on (0, 1)

(ii) If U = (U1, . . . , Un) is a random vector with n independent uniform distributed
components on (0, 1), then X =st �x(U).
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Now, from Proposition 1.3.1, we have that the transformation

φ(x1, . . . , xn) = (φ1(x1),φ2(x1, x2), . . . ,φn(x1, . . . , xn)) (1.15)

where, for i = 1, . . . , n,

φi(x1, . . . , xi) = �yn(
�
x1 (x1), . . . ,

�
xi (x1, . . . , xi)), (1.16)

maps X onto Y, that is Y =st φ(X).

We recall now some multivariate functions that will be used along this work.
The first two are a kind of multivariate hazard rate and multivariate failure rate in
average and they were introduced by Johnson and Kotz (1975).

Definition 1.3.2 Let X = (X1, . . . , Xn) be an absolutely continuous random vector
in Rn. For each x = (x1, . . . , xn) ∈ {x : F (x) > 0} ⊆ Rn, the hazard function of X
is given by

R(x1, . . . , xn) = − logF (x1, . . . , xn),

and the hazard gradient of X, by

r(x1, . . . , xn) = (r1(x1, . . . , xn), r2(x1, . . . , xn), . . . rn(x1, . . . , xn)) ,

where, for i = 1, . . . , n,

ri(x1, . . . , xn) =
∂

∂xi
R(x1, . . . , xn)

is called the ith multivariate hazard rate.

Definition 1.3.3 Let X = (X1, . . . , Xn) be an absolutely continuous random vector
in Rn. For each x = (x1, . . . , xn) ∈ {x : F (x) > 0} ⊆ Rn, the multivariate failure
rate in average vector of X is given by

A(x1, . . . , xn) = (A1(x1, . . . , xn), . . . An(x1, . . . , xn)) ,

where, for i = 1, . . . , n,

Ai(x1, . . . , xn) =
1

xi

� xi

0

ri(x1, . . . , xi−1, y, xi+1, . . . , xn)dy
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is called the ith multivariate failure rate in average.

Finally, we need an extension of the mean residual life function in the multi-
variate case which was proposed by Arnold and Zahedi (1988).

Definition 1.3.4 Let X = (X1, . . . , Xn) be an absolutely continuous random vector
in Rn. For each x = (x1, . . . , xn) ∈ Rn, the multivariate mean residual life of X is
given by

m(x1, . . . , xn) = (m1(x1, . . . , xn), . . . ,mn(x1, . . . , xn)) ,

where, for i = 1, . . . , n,

mi(x1, . . . , xn) = E[Xi − xi|X1 > x1, . . . , Xn > xn]

is called the ith multivariate mean residual life.

Note that we can consider these functions as univariate functions only by fix-
ing n− 1 variables. In particular, for x = (x1, x2, . . . , xn) ∈ Rn, let

xi = (x1, . . . , xi−1, xi+1, . . . , xn) ∈ Rn−1

and let ri(·|xi), Ai(·|xi) and mi(·|xi), the ith multivariate hazard rate, failure rate
in average and mean residual life fixed xi = (x1, . . . , xi−1, xi+1, . . . , xn) ∈ Rn−1.
In fact, it is easy to check that this functions are the hazard rate, failure rate
in average and mean residual life functions of the following univariate random
variable �

Xi

�����
�

j �=i

{Xj > xj}
�
.

In general, there are many multivariate distributions with the same margins
Fi for i = 1, 2, . . . , n, which exhibit different kinds of dependence between the
components. Note that in the case of independence, the random vector can be
studied just in terms of the margins. In literature, dependence has been analyzed
taking into account some coefficients like the correlation or the Kendall tau coef-
ficients, but there are situations in which this study is not complete or descriptive
enough.
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The notion of copula was introduced by Sklar (1959), and studied by, among
others, Kimeldorf and Sampson (1975) under the name of uniform representa-
tion and by Deheuvels (1978) under the name of dependence function. The term
“copula” was first used in the work of Sklar (1959) and is derived from the latin
word copulare, to connect or to join. The main purpose of copulas is to describe
the interrelation of several random variables.

Copulas have becomeapopularmultivariatemodeling tool inmanyfieldswhere
multivariate dependence is of interest because these functions describe in amore
complete way the connection between the components of a random vector.

In actuarial science, copulas are used in modeling dependent mortality and
losses (Frees et al., 1996; Frees and Valdez, 1998; Frees and Wang, 2005). In fi-
nance, copulas are used in asset allocation, credit scoring, default risk modeling,
derivative pricing, and risk management (Bouyè et al., 2000; Embrechts et al.,
2003; Cherubini et al., 2004). In biomedical studies, copulas are used inmodeling
correlated event times and competing risks (Wang and Wells, 2000; Escarela and
Carriére, 2003). In engineering, copulas are used in multivariate process control
and hydrological modeling (Yan, 2006; Genest and Favre, 2007).

Definition 1.3.5 A copula C : [0, 1]n → [0, 1] is a cumulative distribution function
with uniform margins on [0, 1].

The condition that C is a distribution function immediately leads to the fol-
lowing properties:

(i) C(p1, . . . , pn) is increasing in each pi ∈ [0, 1].

(ii) C(1, . . . , 1, pi, 1, . . . , 1) = pi for all 1 ≤ i ≤ n.

(iii) For ai ≤ bi, 1 ≤ i ≤ n, C satisfies the rectangle inequality

2�

i1=1

· · ·
2�

in=1

(−1)i1+···+inC(p1,i1 , . . . , pn,in) ≥ 0,

where pj,1 = aj and pj,2 = bj.

On the other side, every function satisfying (i), (ii), (iii) is a copula. Further-
more, C(1, p1, . . . , pn−1) is again a copula and so are all k-dimensional marginals
with 2 ≤ k < d.
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Sklar (1959) showed that for any multivariate distribution function inherently
embodies a copula function. On the other hand, any copula evaluated with some
margins in the right way, leads to a multivariate distribution function. This is the
important contribution of Sklar’s Theorem.

Proposition 1.3.6 (Sklar’s Theorem) Given a copula C and n distribution functions
Fi, if one defines

F (x1, . . . , xn) = C(F1(x1), . . . , Fn(xn)), (1.17)

then F is a multivariate distribution function with margins F1, . . . , Fn.

Furthermore, if F is the joint distribution function of a random vector with abso-
lutely continuous marginals F1, . . . , Fn, then C is unique and can be constructed as
follows,

C(p1, . . . , pn) = F (F−1
1 (p1), . . . , F

−1
n (pn)) for (p1, . . . , pn) ∈ [0, 1]n, (1.18)

for more details about copulas see Nelsen (1999).

Analogously, the dependence structure of a random vector X can be usefully
described by its survival copula. A survival copula K is also a copula, that is, a
distribution function with uniform margins on [0, 1]. Given a survival copula K

and n survival functions F 1, . . . , F n, if one defines

F (x1, . . . , xn) = K(F 1(x1), . . . , F n(xn)). (1.19)

then F is a multivariate survival function with survival margins F 1, . . . , F n.

Furthermore, it is shown that for any joint survival function F with survival
margins F 1, . . . , F n, there exists a survival copula K such that (1.19) holds. If
F 1, . . . , F n are absolutely continuous, then C is unique and can be constructed as
follows,

K(p1, . . . , pn) = F (F
−1
1 (p1), . . . , F

−1
n (pn)) for (p1, . . . , pn) ∈ [0, 1]n. (1.20)

Survival copulas, instead of ordinary copulas, are in particular considered in
reliability and actuarial sciences, where survival functions, instead of distribu-
tions functions, are commonly studied.
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Particularly interesting is the class of Archimedean survival copulas. Let us
restrict our attention to the bivariate case.

Definition 1.3.7 A copula C, or a survival copula, is said to be Archimedean if it
can be written as

C(u, v) = W (W−1(u) +W
−1(v)) for all u, v ∈ [0, 1] (1.21)

for a suitable one-dimensional, continuous, strictly positive and strictly decreasing
and convex survival functionW : R+ → [0, 1] such thatW (0) = 1.

The inverse W−1 of the function W is called the generator of the Archimedean
copulaK.

Along this memory, sometimes we will need relate the generator of the copula
W with its random vector X and then we will denote it asWX.

As pointed out in Nelsen (1999), many standard survival copulas (such as the
ones in Gumbel, Frank, Clayton andAli-Mikhail-Haq families) are special cases of
this class. Vectors of lifetimes having Archimedean survival copulas are of great
interest in reliability and actuarial sciences, but also in many other applied con-
texts, being of this kind the dependence structure of frailty models (see Oakes,
1989). We refer the reader toMüller and Scarsini (2005) or Bassan and Spizzichino
(2005), and references therein, for details, properties and recent applications of
Archimedean survival copulas.

It is important to observe thatwhen the vectorX = (X, Y )has anArchimedean
survival copula, its joint survival distibution can be written as in the following
proposition:

Proposition 1.3.8 LetX = (X, Y ) be a bivariate randomvector. IfXhas anArchime-
dean survival copula, then its joint survival function F can be written in the form

FX(x, y) = WX(RX(x) +RY (y)) (1.22)

for two suitable continuous and strictly increasing functions

RX , RY : [0,+∞) → [0,+∞)
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such that RX(0) = RY (0) = 0, lim
x→∞

RX(x) = lim
y→∞

RY (y) = ∞, where WX is the

survival function appearing in (1.21).

Note that when F is defined as in (1.22) then GX(x) = F (x, 0) = W (RX(x)),
GY (y) = F (0, y) = WX(RY (y)) andW−1

X (x) = RX(G
−1
X (x)) = RY (G

−1
Y (x)).

A useful property of vectors having Archimedean survival copulas is one re-
lated to the residual lifetime of a random vector. Assume that X = (X1, . . . , Xn)

has joint survival function defined as in (1.22). Then, as one can prove with
straightforward calculation, the corresponding vector

Xt = [X1 − t,X2 − t|X1 > t,X2 > t]

of residual lifetimes at time t has joint survival distribution function given by

F t(x, y) = WX,t(RXt(x) +RYt(y)) (1.23)

where
WX,t(x) =

WX(RX(t) +RY (t) + x)

WX(RX(t) +RY (t))
,

and where

RXt(x) = RX(t+ x)−RX(t), RYt(y) = RY (t+ y)−RY (t)

for t, x ≥ 0.

Thus, the survival copula of Xt is defined as

KX,t(u, v) = WX,t(W
−1
X,t (u) +W

−1
X,t (v)),

while its univariate marginal survival functions are given by

GXt(x) = WX,t(RXt(x)) and GYt(y) = WX,t(RYt(y)).

It should be also observed that bothK andKt are bivariate distribution func-
tions. In the subsequent sections, we will denote with

X̃ = (X̃, Ỹ ) and X̃t = (X̃t, Ỹt)
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the two bivariate vectors having marginals uniformly distributed on [0, 1] and
joint distributionsK andKt, respectively. Obviously, it holds

X =st (G
−1
X (X̃), G

−1
Y (Ỹ ))

and
X̃ =st (GX(X), GY (Y )),

and similarly for Xt and X̃t.

Along this memory, particular attention will be given to the case of Clayton
survival copulas which is an special case of Archimedean copulas.

Definition 1.3.9 An Archimedean survival copulaK is said to be a Clayton copula
when

W (x) = (x+ 1)−θ for θ ∈ [0,+∞),

or, equivalently, when it can be written as

K(u, v) = max{(u− 1
θ + v

− 1
θ − 1)−θ

, 0} for θ ∈ [0,+∞).

This copula was introduced by Clayton (1978), who applied them in epidemi-
ology, and further considered in hydrology and credit risks problems by Cook and
Johnson (1981) and Charpentier and Juri (2006), for example. Recently, proper-
ties and characterizations of Clayton copulas have been also studied in Sungur
(2002), Javid (2009) or Arias-Nicolás, Mulero, Núñez-Barrera and Suárez-Llorens
(2010).

It should be recalled here that equality in law between X̃t1 and X̃t2 is satisfied
only in case the survival copula is of Clayton type, as shown in recent works by
Charpentier (2003 and 2006) and Oakes (2005). This property of Clayton copulas
will be extensively used along this memory.

Another application of the Archimedean copulas is the Time Transformed Ex-
ponential models, shortly TTE, which have been recently considered in literature
as an appropriate way to describe bivariate lifetimes (see Bassan and Spizzichino,
2005, and references therein).
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Definition 1.3.10 Let X = (X1, X2) be a pair of exchangeable lifetimes. The vector
X is said to be defined via a Time Transformed Exponential Model, denoted by TTE
model, if its joint survival function F can be written as

F (t, s) = W (R(t) +R(s)), t, s ≥ 0, (1.24)

for a suitable one-dimensional, continuous, convex and strictly decreasing survival
functionW and for a suitable continuous and strictly increasing function

R : [0,+∞) → [0,+∞)

such thatR(0) = 0 and lim
t→∞

R(t) = ∞. Wewill write in this case thatX ∼ TTE(W,R).

Therefore, if X ∼ TTE(W,R), then its survival copula is given by

K(u, v) = W (W−1(u) +W
−1(v)),

that is, its survival copula K is Archimedean with generatorW−1. Viceversa, bi-
variate survival functions F that admit an Archimedean survival copula can be
written in the form as in (1.24), i.e., they can be defined via a TTE(W,R) model
for suitable functionsW and R.

Observe that, for a Time Transformed Exponential model X = (X1, X2), the
marginalsX1 andX2 are exchangeable, that is, the joint distribution function F ,
or the joint survival function F , is permutation-invariant. The main character-
istic is that they "separate", in a sense, dependence properties (based onW ) and
aging (based on R).

Time Transformed Exponential models include relevant cases of dependent
bivariate lifetimes, like independent or Schur constant laws (that is, W (x) =

Wλ(x) = exp(−λx) and R(t) = t, respectively), and can be derived for example
from frailty models (see Marshall and Olkin, 1988, or Oakes, 1989).

The frailty approach is commonly used in reliability theory and survival anal-
ysis to model the dependence between subjects or components; according to this
model the frailty (an unobservable random variable that describes environmental
factors) acts simultaneously on the hazard functions of the lifetimes.
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A vector Xk = (Xk,1, . . . , Xk,n) of non independent lifetimes is said to be de-
scribed by a multivariate frailty model if its joint survival function is defined as

F k(t1, . . . , tn) = P (Xk,1 > t1, . . . , Xk,n > tn) = E
��
Πn

i=1Gk,i(ti)
�Θk

�
, ti ∈ R+

,

(1.25)
where Θk is an environmental random frailty taking values in R+ and Gk,i is the
survival function of lifetimeXk,i givenΘk = 1. For a detailed description of frailty
models and their applications we refer the reader to Hougaard (2000).

For example, for the bivariate case,

F (t1, t2) = E
�
G1(t)

Θ
G2(s)

Θ
�
= E

�
exp(Θ(lnG1(t))) exp(Θ(lnG2(s)))

�

= W (− lnHX(t)− lnHY (s)) = W (RX(t) +RY (s)), t, s ≥ 0,

that is, X is defined via a Time Transformed Exponential model where

W (x) = E[e−xΘ],

and RX(t) = − lnG1(t) (and similarly for RY ). In this context, the survival copula
is of Clayton type when the random parameter Θ has distribution in the Gamma
family.

1.3.2 Multivariate stochastic orders

As we said before, the study of a random variables or vectors usually involves
the analysis of dispersion. Based on the properties and characterizations of the
univariate dispersive order, several attempts have been made to extend some of
the previous orders to themultivariate case. For example, Shaked and Shanthiku-
mar (1998) and Fernández-Ponce and Suárez-Llorens (2003) proposemultivariate
dispersive orders based on the standard construction. Other important contribu-
tions in this case have been made by Oja (1983), Giovagnoli andWynn (1995) and
Khaledi and Kochar (2005).

From now on, we will assume that the multivariate distribution function is
absolutely continuous. Shaked and Shanthikumar (1998) and Fernández-Ponce
and Suárez-Llorens (2003) consider the standard construction as a "multivariate
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quantile" of X. The following definition, proposed by Shaked and Shanthikumar
(1998), is the natural generalization of the univariate dispersive order, see Defi-
nition 1.2.9.

Definition 1.3.11 LetX and Y be two random vectors. Then, X is said to be smaller
than Y in themultivariate variability order, denoted by X ≤var Y, if, and only, if

�y(p)− �x(p) is increasing in p ∈ (0, 1)n.

Another multivariate generalization based on the standard construction was
given by Fernández-Ponce and Suárez-Llorens (2003).

Definition 1.3.12 LetX and Y be two random vectors. Then, X is said to be smaller
than Y in themultivariate dispersive order, denoted by X ≤disp Y, if, and only, if

||�x(q)− �x(p)||2 ≤ ||�y(q)− �y(p)||2

for all p,q ∈ (0, 1)n where || · ||2 means the Euclidean distance.

Taking into account the characterization in Proposition 1.2.12, Belzunce et al.
(2007) proposed the following extension.

Definition 1.3.13 LetX and Y be two random vectors. Let φ be the function defined
in (2.15)whichmapsX ontoY. Then,X is said to be smaller thanY in the conditional
dispersive order, denoted by X ≤c−disp Y, if, for all i = 1, . . . , n,

φi(x1, . . . , xi) is an expansion function in xi,

where φi is as in (1.16).

Important contributions in this way have been made by Oja (1983) and Gio-
vagnoli and Wynn (1995). Clearly inspired in Proposition 1.2.12, these authors
defined a multivariate dispersion order, denoted by X ≤∆ Y, through the exis-
tence of a multivariate function k : Rn → Rn whichmaps stochastically a random
vector X to another one Y, that is, Y =st k(X), and, for all {x1,x2, . . . ,xn+1}, it
holds that
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∆(k(x1), . . . , k(xn+1)) ≥ ∆(x1, . . . ,xn+1)

where∆(x1, . . . ,xn+1) is the volume of the “simplex” with vertices at x1, . . . ,xn+1.

Finally, by using a conditioned random variables associated to the correspond-
ing random vectors, Khaledi and Kochar (2005) introduced the following multi-
variate extension of the dispersive order, which they called upper orthant disper-
sive order.

Definition 1.3.14 LetX and Y be two random vectors. Then, X is said to be smaller
than Y in the upper orthant dispersive order, denoted by X ≤uo−disp Y, if, for all
p = (p1, . . . , pn) ∈ (0, 1)n and each i = 1, 2, . . . , n, holds

�
Xi

�����
�

j �=i

{Xj > F
−1
j (pj)}

�
≤disp

�
Yi

�����
�

j �=i

{Yj > G
−1
j (pj)}

�

Clearly inspired in the previous definition, Mercader (2007) proposed a gener-
alization of the right–spread order.

Definition 1.3.15 LetX and Y be two random vectors. Then, X is said to be smaller
than Y in the upper orthant right–spread order, denoted by X ≤uo−rs Y, if, for all
p = (p1, . . . , pn) ∈ (0, 1)n and each i = 1, 2, . . . , n, holds

�
Xi

�����
�

j �=i

{Xj > F
−1
j (pj)}

�
≤rs

�
Yi

�����
�

j �=i

{Yj > G
−1
j (pj)}

�

for i = 1, . . . , n.

The study of dispersion is complemented by skewness, kurtosis or concentra-
tion. As we showed in the previous section, the convex, starshaped and superad-
ditive orders provide an interesting way to study it.

Next we describe some multivariate extensions provided by Roy (2002).

Let X = (X1, . . . , Xn) and Y = (Y1, . . . , Yn) be two random vectors with joint
distribution functions F andG and joint survival functions F andG, respectively,
and such that F (0, . . . , 0) = G(0, . . . , 0) = 1. Following Roy (2002), we consider
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the following notation, let

Gi(x) =
G(x1, . . . , xi−1, xi, xi+1, . . . , xn)

G(x1, . . . , xi−1, 0, xi+1, . . . , xn)

and
F i(x) =

F (x1, . . . , xi−1, xi, xi+1, . . . , xn)

F (x1, . . . , xi−1, 0, xi+1, . . . , xn)

for i = 1, 2, . . . , n, where we considerGi(X) and F i(X) as functions of xi with xj’s,
j = 1, 2, . . . , n ( �= i), as given parameters. In that case, a solution of ui, where

Gi(x1, . . . , xi−1, ui, xi+1, . . . , xn) = F i(x1, . . . , xi−1, xi, xi+1, . . . , xn) (1.26)

can be viewed as ui = G
−1
i F i(x), where ui is a function of xi given xj’s for j =

1, 2, . . . , n (j �= i).

Roy (2002) proposed the following definitions of themultivariate convex, star-
shaped and superadditive orders.

Definition 1.3.16 Let X and Y be nonnegative two random vectors and let ui be a
solution of (1.26) as before. Then,

(i) X is said to be smaller than Y in the multivariate convex order, denoted by
X ≤mc Y, if, for any (x1, . . . , xn) ∈ (0,∞)n and for all i = 1, 2, . . . , n, ui is
convex in xi, when xj holds fixed for j �= i.

(ii) X is said to be smaller than Y in the starshaped order, denoted by X ≤m∗ Y,
if, for any (x1, . . . , xn) ∈ (0,∞)n and for all i = 1, 2, . . . , n, ui is star-shaped in
xi, when xj holds fixed for j �= i.

(iii) X is said to be smaller thanY in the superadditive order, denoted byX ≤msu Y,
if, for any (x1, . . . , xn) ∈ (0,∞)n and for all i = 1, 2, . . . , n, ui is supperadditive
in xi, when xj holds fixed for j �= i.

Among the different extensions of the hazard rate order, we consider the one
proposed by Hu et al. (2003).
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Definition 1.3.17 Let X = (X1, X2, . . . , Xn) and Y = (Y1, Y2, . . . , Yn) be two ran-
dom vectors. Then, X is said to be smaller than Y in the weak multivariate hazard
rate order, denoted by X ≤whr Y, if

G(x)
F (x)

is increasing in x ∈ {x : G(x) > 0}. (1.27)

where a
0 = ∞ when a > 0.

Finally, given X and Y two random vectors, the equivalent conditions for the
univariate stochastic order in (1.2.22), suggest the following extensions to the
multivariate case.

(i) F (x) ≥ G(x) for all x.

(ii) F (x) ≤ G(x) for all x.

(iii) E[φ(X)] ≤ E[φ(Y)] for all increasing function φ : Rn → R for which the
expectations exist.

(iv) φ(X) ≤st φ(Y) for all increasing function φ : Rn → R.

(v) There exist random vectors �X and �Y on the same probability space such that
X and �Xhave the same distribution,Y and �Yhave the same distribution, and

P (�X ≤ �Y) = 1.

However, these five equivalent conditions define three different multivariate
orders. Conditions (i) and (ii) define two orders called upper orthant order and
lower orthant order whose definitions are the following.

Definition 1.3.18 Let X and Y be two random vectors with distribution functions F
and G and survival functions F and G, respectively. Then,

(i) X is said to be smaller than Y in the lower orthant order, denoted by X ≤lo Y,
if F (x) ≥ G(x) for all x.

(ii) X is said to be smaller thanY in the upper orthant order, denoted byX ≤uo Y,
if F (x) ≤ G(x) for all x.
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On the other hand, conditions (iii), (iv) and (v) are equivalent and they define
the usual multivariate stochastic order.

Definition 1.3.19 LetX and Y be two random vectors. Then, X is said to be smaller
thanY in the usual multivariate stochastic order, denoted byX ≤st Y, ifE[φ(X)] ≤
E[φ(Y)] for all increasing function φ : Rn → R for which the expectations exist.

Note that X ≤st Y strictly implies both X ≤lo Y and X ≤uo Y.

Finally, one can consider stochastic orders related with positive dependence.
Notions of positive dependence of two random variables X1 and X2 have been
introduced in the literature to describe the property that large (or small) values
ofX1 tend to go together with large (or small) values ofX2. Such comparison can
be generalized to general pairs of bivariate distributions with given marginals. In
particular, we need the definition of the positive quadrant dependence order.

Definition 1.3.20 Let X = (X1, X2) and Y = (Y1, Y2) be two bivariate random vec-
tors with the same marginal distributions and joint distribution functions FX and FY,
respectively. Then, X is said to be smaller than Y in the positive quadrant depen-
dence order, denoted by X ≤PQD Y, if, and only if, FX(x1, x2) ≤ FY(x1, x2) for all
(x1, x2) ∈ R2.

Note that the positive quadrant dependence order between the randomvectors
also holds if, and only if, FX(x1, x2) ≤ FY(x1, x2) for all (x1, x2) ∈ R2 where FX and
FY are the joint survival functions of X = (X1, X2) and Y = (Y1, Y2), respectively.
Moreover, if KX and KY are its survival copulas, then X ≤PQD Y, if, and only if,
KX(u, v) ≤ KY(u, v) for all (u, v) ∈ [0, 1]× [0, 1].

Given two bivariate random vectors X and Y, we have that

X ≤PQD Y ⇔ X ≤uo Y

and
X ≤PQD Y ⇔ X ≤lo Y.

It is important to note thatwhile for the upper and lower orthant orders it is not
necessary that X and Y share the same margins, the comparison in the positive
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quadrant dependence order requires the samemargins. In fact, whereas the upper
and lower orthant orders measure the size (or the location) od the random vec-
tors, the positive quadrant dependence order measure the positive dependence
of them.

1.3.3 Multivariate aging notions

Notions ofmultivariate aging can be defined from several points of view. Along
this memory, we will use three of them, those due to Roy (1994), Bassan and
Spizzichino (1999), Bassan et al. (2002) and Pellerey (2008).

Roy (1994) defined the multivariate classes of life distributions MIFR, MIFRA,
MNBU, MDMRL, MNBUE and its corresponding duals MDFR, MDFRA, MNWU,
MIMRL and MNWUE, as follows.

Definition 1.3.21 Let X = (X1, . . . , Xn) be a nonnegative random vector. Then,

(i) X is said to be multivariate increasing [decreasing] in failure rate, denoted
asMIFR [MDFR], if ri(x1, . . . , xn) is an increasing [decreasing] function in xi for
all (x1, . . . , xn) ∈ Rn

+ and i = 1, . . . , n.

(ii) X is said to be multivariate increasing [decreasing] in failure rate in aver-
age, denoted asMIFRA [MDFRA], ifAi(x1, . . . , xn) is an increasing [decreasing]
function in xi for all (x1, . . . , xn) ∈ Rn

+ and i = 1, . . . , n.

(iii) X is said to bemultivariate new better [worse] than used, denoted as MNBU
[MNWU], if, for all (x1, . . . , xn) ∈ Rn

+, yi ≥ 0 and i = 1, . . . , n, holds

F (x1, . . . , xi−1, xi + yi, xi+1, . . . , xn)F (x1, . . . , xi−1, 0, xi+1, . . . , xn)

≤ [≥]F (x1, . . . , xi, . . . , xn)F (x1, . . . , xi−1, yi, xi+1, . . . , xn).

(iv) X is said to bemultivariate decreasing [increasing] in mean residual life, de-
noted as MDMRL [MIMRL], ifmi(x1, . . . , xn) is a decreasing [increasing] func-
tion in xi for all (x1, . . . , xn) ∈ Rn

+ and i = 1, . . . , n.

(v) X is said to be multivariate new better [worse] than used in expectation,
denoted as MNBUE [MNWUE], if

mi(x1, . . . , xn) ≤ [≥]mi(x1, x2, . . . , xi−1, 0, xi+1, . . . , xn)
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for all (x1, . . . , xn) ∈ Rn
+ and i = 1, . . . , n.

Roy (2002) showed that some of these notions, in particular MIFR, MIFRA and
MNBU, can be characterized by using a multivariate exponential distribution in
the same way as in Proposition 1.2.24.

Let us denote as G({λi}ni=1, {λij}i>j, . . . ,λ1,...,n) a random vector Y with expo-
nential multivariate distribution type Gumbel, that is, a random vector with sur-
vival function G(x1, . . . , xn) given by the following expression:

G(x1, . . . , xn) = exp

�
−
�

i

λixi −
�

i>j

�
λijxixj − · · ·− λ1,2,...,n

�

j �=i

xj

�
, (1.28)

where (x1, . . . , xn) ∈ Rn
+.

Proposition 1.3.22 Let X be a nonnegative random vector and

Y ∼ G({λi}ni=1, {λij}i>j, . . . ,λ1,...,n),

i.e., Y is a random vector type Gumbel with survival function given by (1.28) for any
set of parameters {λi}ni=1, {λij}i>j, . . . ,λ1,...,n. Then,

(i) X is MIFR if, and only if, X ≤mc Y.

(ii) X is MIFRA if, and only if, X ≤m∗ Y.

(iii) X is MNBU if, and only if, X ≤msu Y.

Analogously as in the univariate case, note that the parameters do not affect
the aging behavior of the random vector, that is, a random vector has an aging
behavior if, and only if, it is smaller than a multivariate exponential distribution
of type Gumbel in the corresponding order. The key point of this property is that
the conditional distributions of these particular case of multivariate exponential
distribution are again exponential distributed.

Bassan and Spizzichino (1999) and Bassan et al. (2002) proposed extensions of
some of these notions in the multivariate case, in particular MIFR and MDMRL,
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when the lifetimes of the components have exchangeable joint probability distri-
butions. Recall that a joint probability distribution F is said to be exchangeable if
F is permutation-invariant. The starting point for their proposal is the following.
Based on Proposition 1.2.25, it is possible to prove that given two independent
and identically distributed random lifetimes X and Y , then X (and Y ) is IFR if,
and only if, for all x ≤ y

(X − x|X > x, Y > y) ≥st (Y − y|X > x, Y > y).

A similar characterization holds for the IFR holds replacing the stochastic order
by the hazard rate order and a similar one holds for the DMRL notion replacing
the stochastic order by the comparisons of expectations or by the mean residual
life order (see Proposition 1.2.26). Dropping the independence, but keeping ex-
changeability, leads Bassan and Spizzichino (1999) and Bassan et al. (2002) to
propose new multivariate notions of ageing, as follows.

Definition 1.3.23 Let (X, Y ) be an exchangeable random vector. Then

(i) (X, Y ) is said to be bivariate increasing in failure rate, denoted by BIFR, if,
for x ≤ y,

(X − x|X > x, Y > y) ≥st (Y − y|X > x, Y > y).

(ii) (X, Y ) is said to be bivariate increasing in failure rate in the strong sense,
denoted by s-BIFR, if, for x ≤ y,

(X − x|X > x, Y > y) ≥hr (Y − y|X > x, Y > y).

(iii) (X, Y ) is said to be bivariate decreasing in mean residual life in the weak
sense, denoted by w-BDMRL, if, for x ≤ y,

E[X − x|X > x, Y > y] ≥ E[Y − y|X > x, Y > y].

(iv) (X, Y ) is said to be bivariate decreasing in mean residual life in the strong
sense, denoted by s-BDMRL, if, for x ≤ y,
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(X − x|X > x, Y > y) ≥mrl (Y − y|X > x, Y > y).

Pellerey (2008) and Mulero and Pellerey (2010) consider multivariate gener-
alizations of the IFR and DFR notions can be defined considering multivariate
versions of the stochastic comparisons given in Proposition 1.2.25.

Definition 1.3.24 Let X be a random vector. Then,

(i) X is said to be multivariate increasing [decreasing] failure rate, denoted by
A+

FR[A−
FR], if

Xt+s ≤st [≥st]Xt for all t, s ≥ 0. (1.29)

(ii) X is said to bemultivariate increasing [decreasing] failure rate in the weak
sense, denoted by Aw+

FR[Aw−
FR], if

Xt+s ≤lo [≥lo]Xt for all t, s ≥ 0. (1.30)

Also, one can consider the class A0 of bivariate lifetimes such Xt+s =st Xt

where =st (equality in law) holds for every t, s ≥ 0 (see, e.g., Ghurye and Mar-
shall, 1984).

Definition 1.3.25 LetX be a random vector. ThenX is said to have themultivariate
lack of memory property, denoted by A0, if

Xt+s =st Xt for all t, s ≥ 0. (1.31)

Conditions (3.2) and (3.3) are of course of interest in different fields of applied
probability, like reliability and actuarial sciences. In reliability theory, in particu-
lar, they provide sufficient conditions for the usual stochastic comparison of two
systems having the same coherent life function τ , but built using used compo-
nents: in fact, for example, for every t, s ≥ 0 one has τ(Xt+s) ≤st τ(Xt) if (3.2)
holds, as follows from the fact that coherent functions are non–decreasing in
their arguments (see also Theorem 6.B.16(a) in Shaked and Shanthikumar, 2007).



2
New multivariate orders

Abstract. In this chapter, newmultivariate extensions of several univariate
orders are proposed. To start with, we define some new multivariate orders
based on the comparison of univariate marginal distributions conditioned
on survival data for the rest of the components. Additionally, we define
a new multivariate convex order based on the multivariate convexity of a
certain transformation between two random vectors. Relationships among
multivariate orders and applications to some multivariate random vectors
are provided. Another possible extensions of these univariate orders for the
future research are proposed as well.

2.1 Introduction

As we said in the previous chapter, a multivariate order is an interesting tool
to analyze the data properties and to obtain extensions for multivariate data of
univariate order concepts such as dispersion or concentration. Generalization of
these univariate concepts to the multivariate case is not easy due to the the lack
of a unique criterion for ordering multivariate observations in Rn.

However, there are several attempts to generalize univariate orders attending
to different criteria. In this chapter, we consider and study three alternatives to
define some multivariate orders.

In particular, in Section 2.2, we consider multivariate extensions for the dis-
persive, right–spread, decreasing in mean residual life and new better than used
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in expectation orders based on comparisons of truncated random variables. In
Section 2.3, we consider extensions for the convex, starshaped and superadditive
orders based on conditioning on quantiles. To finish, in Section 2.4, we consider
a multivariate extension of the convex order based on the convexity of a proper
transformation among two random vectors.

2.2 New multivariate orders based on truncation

2.2.1 Why truncation?

Given a bivariate random vector (X, Y ), we can find several notions of positive
dependence based on conditional random variables like (X|Y > x), (X|Y ≤ x)

or (X|Y = x). Some of these notions are of interest in the context of reliabil-
ity (see Harris, 1970, Basu, 1971, Block, 1977, Roy, 1994, Roy, 2001, Spizzichino,
2001, Roy, 2002 and Lai and Xie, 2006) and in some other contexts like inequality
theory (see Muliere and Petrone, 1992) and risk theory (see Denuit et al., 2005).
Many of these notions are defined by comparison of the conditional distributions
with the marginal distribution under the theoretical assumption that X and Y

are independent.

These comparisons can be extended to compare general pairs of random vec-
tors. For example, given two bivariate random vectors (X1, X2) and (Y1, Y2), and
based on the PQD order notion, it is possible to provide comparisons of the con-
ditional random variables (X2|X1 > x) and (Y2|Y1 > x), and also for (X1|X2 > x)

and (Y1|Y2 > x). These comparisons are made in terms of the distribution func-
tions and expected values of the conditional random variables (see Section 9.A in
Shaked and Shanthikumar, 2007).

This topic is of interest in the context of reliability and risk theory where the
detection of concordant behaviour (the components tend to be all large together
or small together) is specially important and in particular to compare the degree
of concordance among to financial assets or two sets of components of a system.
It is natural to consider variability measures to compare random quantities and,
especifically, these conditional random variables.
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In risk theory the comparison can bemade in terms of the variances in order to
avoid situation of great uncertainty. Let us consider the following real example
in which we consider two bivariate random vectors of returns. In the first case we
consider the returns of two Spanish energetic companies, Endesa (E) and Iber-
drola (I), and let us denote by (RE, RI) the bivariate random vector of the corre-
sponding returns. In the other case, we consider the returns of two Spanish bank
companies, Santander (S) and BBVA (B), and let us denote the corresponding vec-
tor of returns by (RS, RB). Data are of public access and can be easily obtained
from the Yahoo! Finance site. We have considered bivariate samples of size 400
where the share value is measured from March 2009 until December 2010. If we
denote by xt the share value at time t, the rate of return at time t is defined by
computing the rate

xt − xt−1

xt−1
.

In figure 2.2.1, we give a plot of the bivariate samples which indicates, in both
cases, a positive association between the bivariate returns. This is a typical be-
haviour given that similar securities usually have some positive correlation with
each other.
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Figure 1: Plots of samples values for (RE , RI) and (RS , RB).

Additionally we can ask ourselves: how does affect the values of one compo-
nent to the uncertainty or variability of the other component? That is, we can
ask about the behaviour, for example of V ar(RE|RI > x) and V ar(RS|RB > x)

(or V ar(RI |RE > x) and V ar(RB|RS > x)). This is of interest if we want to avoid
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high uncertainty or variability. In figure 2, we provide empirical values for these
quantities (we have computed the conditional variances up to a point x where
the sample size is not big enough to provide a good estimation of the variance).
As we can see the conditional variances for the energetic companies are smaller
than the corresponding for the bank companies which shows that the uncertainty
is smaller for the case of the energetic companies than that for the bank compa-
nies. Therefore, if we are interested to avoid uncertainty, we should chose the
energetic companies. It is worth to mention that Arias-Nicolás et al. (2009) and
Arias-Nicolás et al. (2010) used a similar graphical tool to detect empiricallymul-
tivariate aging properties by plotting some classical multivariate dispersionmea-
sures associated with multivariate residual lifetimes.
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Figure 2: Estimation of conditional variances for (RE |RI > x) and (RS |RB > x).

This situation appears also in some parametric models. Let us consider the
case of a bivariate Pareto distribution, denoted as P(α1,α2, a), with joint survival
function

F (x1, x2) =

�
x1

α1
+

x2

α2
− 1

�−a

where xi ≥ αi > 0 and a > 2.

It is not difficult to see that
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V ar(Xi|Xj > xj) =
α
2
i

α
2
j

a

(a− 1)2(a− 2)
x
2
j .

Let us consider now (X1, X2) ∼ P(α1,α2, a) and (Y1, Y2) ∼ P(α1,α2, b), clearly if
a > b, then V ar(Xi|Xj > xj) ≤ V ar(Yi|Yj > xj) for i �= j ∈ {1, 2}.

The aim of this chapter is to propose and study comparisons of random vec-
tors in terms of comparisons of conditional and truncated random variables. In
particular, we consider the comparison in terms of dispersion and concentration.

2.2.2 Definition and first properties

In the univariate case, comparison of dispersion is related to the dispersive
and right–spread orders, while concentration can be related to the convex, star-
shaped, superadditive, Lorenz, DMRL and NBUE orders.

Roy (2002) proposed definitions of themultivariate convex, starshaped and su-
peradditive orders, denoted by ≤mc, ≤m∗ and ≤msu, respectively, and Hu, Khaledi
and Shaked (2003) proposed a definition for the multivariate (weak) hazard rate
order, denoted by ≤whr (see Section 1.3.2).

From now on, let us denote as x = (x1, . . . , xn) ∈ Rn and

xi = (x1, . . . , xi−1, xi+1, . . . , xn) ∈ Rn−1
,

for i = 1, . . . , n. Moreover, given a randomvectorX = (X1, . . . , Xn), wewill denote
as

Xi = (X1, . . . , Xi−1, Xi+1, . . . , Xn). (2.1)

Along this section, we consider that

�
Xi

��Xi
> xi

�
=

�
Xi

�����
�

j �=i

{Xj > xj}
�

and
�
Yi

��Yi
> xi

�
=

�
Yi

�����
�

j �=i

{Yj > xj}
�

have an interval support, finite or infinite.
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We note that the orders proposed by Roy (2002) and Hu et al. (2003) share an
important property: they can be characterized in terms of the conditional distri-
butions. In fact, it is easy to see that these orders can be characterized as follows.

Proposition 2.2.1 Let X and Y be two random vectors (nonnegative in the case of
the starshaped order). Then,

X ≤mc[m∗,msu,whr] Y

if, and only if, for all x ∈ Rn and each i = 1, . . . , n, holds

�
Xi

��Xi
> xi

�
≤c[∗,su,hr]

�
Yi

��Yi
> xi

�
. (2.2)

Proof. Let us consider the multivariate convex order as in Definition 1.3.16. By
definition, X ≤mc Y, if, and only if, ui is convex in xi when xj is fixed for j �= i,
where ui is a solution of

Gi(x1, . . . , xi−1, ui, xi+1, . . . , xn) = F i(x1, . . . , xi−1, xi, xi+1, . . . , xn)

It is easy to see that ui = G
−1
i F i(X) for j �= i where

F i(X) =
F (x1, . . . , xi−1, xi, xi+1, . . . , xn)

F (x1, . . . , xi−1, 0, xi+1, . . . , xn)

and
Gi(X) =

G(x1, . . . , xi−1, xi, xi+1, . . . , xn)

G(x1, . . . , xi−1, 0, xi+1, . . . , xn)

are obviously the survival functions of the following random variables

(Xi|Xi
> xi) and (Yi|Yi

> xi),

respectively, where xi = (x1, . . . , xi−1, xi+1, . . . , xn).

This proves the required result. The cases of the starshaped and superadditive
orders can be proved in a similar way.
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In the other case, let us consider the weak multivariate hazard rate order as in
Definition 1.3.17. Then, X ≤whr Y, if, and only if,

G(x)
F (x)

is increasing in x ∈ {x : G(x) > 0},

or, equivalently, if xi ≤ x
�
i, then

F (x1, . . . , xi−1, x
�
i, xi+1, . . . , xn)

F (x1, . . . , xi−1, xi, xi+1, . . . , xn)
≤ G(x1, . . . , xi−1, x

�
i, xi+1, . . . , xn)

G(x1, . . . , xi−1, x
�
i, xi+1, . . . , xn)

for all xi ∈ Rn and each i = 1, . . . , n. Therefore, the previous inequality can be
written as

P
�
Xi > x

�
i

��Xi
> xi

�
≤ P

�
Yi > x

�
i

��Yi
> xi

�
,

which is equivalent to (see Proposition 1.2.22)

�
Xi

��Xi
> xi

�
≤st

�
Yi

��Yi
> xi

�
.

Taking into account that the stochastic order is closed under translations,

�
Xi − xi

��Xi
> xi

�
≤st

�
Yi − xi

��Yi
> xi

�
,

and this is equivalent to the hazard rate order between the conditioned random
variables, see Proposition 1.2.25 (ii). �

These characterizations show that the previous orders are based on compar-
isons of univariate marginal distributions given some information for the rest of
the components. In particular, if the components of the random vector denote
the time to fail or to death of some units, systems or organisms, then we compare
the univariate times to fail when we have the survival data information for the
rest of the components.

Given a random vectorX = (X1, . . . , Xn), for all x ∈ Rn and each i = 1 . . . , n, let
Fi(·|xi), F−1

i (·|xi), F i(·|xi), ri(·|xi), Ai(·|xi) andmi(·|xi) be the distribution, quan-
tile, survival, hazard rate, hazard rate in average and mean residual life function,
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respectively, of the conditional random variable

�
Xi

��Xi
> xi

�
.

Note that the hazard rate, the hazard rate in average and the mean residual life
functions, respectively, of this conditional random variable are equivalent to the
ith multivariate hazard rate, ith multivariate failure rate in average and the ith
multivariatemean residual life functions ofX, respectively, as inDefinitions 1.3.2,
1.3.3 and 1.3.4.

Analogously, for a random vector Y = (Y1, . . . , Yn), and for all x ∈ Rn and each
i = 1, . . . , n, we denote by Gi(·|xi), G−1

i (·|xi), Gi(·|xi), si(·|xi), Bi(·|xi) and li(·|xi)
the distribution, quantile, survival, hazard rate, hazard rate in average and mean
residual life function, respectively, of the conditional random variable

�
Yi

��Yi
> xi

�
.

Based on previous characterizations, we consider the following generaliza-
tions of some univariate orders.

Definition 2.2.2 Let X and Y be two random vectors. Then,

(i) X is said to be smaller thanY in themultivariate dispersive order, denoted by
X ≤mdisp Y, if, for all x ∈ Rn and each i = 1, . . . , n, holds

�
Xi

��Xi
> xi

�
≤disp

�
Yi

��Yi
> xi

�
.

(ii) X is said to be smaller than Y in themultivariate right spread order, denoted
by X ≤mrs Y, if, for all x ∈ Rn and each i = 1, . . . , n, holds

�
Xi

��Xi
> xi

�
≤rs

�
Yi

��Yi
> xi

�
.

Let X and Y be two nonnegative random vectors. Then,
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(iii) X is said to be smaller thanY in themultivariate decreasing in mean residual
life order, denoted byX ≤mdmrl Y, if, for all x ∈ Rn and each i = 1, . . . , n, holds

�
Xi

��Xi
> xi

�
≤dmrl

�
Yi

��Yi
> xi

�
.

(iv) X is said to be smaller than Y in the multivariate new better than used in
expectation order, denoted by X ≤mnbue Y, if, for all x ∈ Rn and each i =

1, . . . , n, holds
�
Xi

��Xi
> xi

�
≤mbue

�
Yi

��Yi
> xi

�
.

These orders are transitive, reflexive and closed undermarginalization and un-
der conjunctions, as we show in the next results.

Proposition 2.2.3 (i) Let X be a random vector (nonnegative in the case of the
mdmrl and mnbue orders), then X ≤mdisp[mrs,mdmrl,mnbue] X.

(ii) Let X, Y and Z be three random vectors (nonnegative in the case of the mdmrl
and mnbue orders). If

X ≤mdisp[mrs,mdmrl,mnbue] Y and Y ≤mdisp[mrs,mdmrl,mnbue] Z,

then X ≤mdisp[mrs,mdmrl,mnbue] Z.

(iii) Let X1, . . . ,Xn be a set of independent random vectors (nonnegative in the case
of the mdmrl and mnbue orders) where Xi = (X1

i , . . . , X
di
i ), i = 1, . . . , n. Let

Y1, . . . ,Yn be a set of independent random vectors (nonnegative in the case of
the mdmrl and mnbue orders) where Yi = (Y 1

i , . . . , Y
di
i ), i = 1, . . . , n. If, for

i = 1, . . . , n,
Xi ≤mdisp[mrs,mdmrl,mnbue] Yi,

then
(X1, . . . ,Xn) ≤mdisp[mrs,mdmrl,mnbue] (Y1, . . . ,Yn)

That is, the mdisp, mrs, mdmrl and mnbue orders are closed under conjunc-
tions.

Proof.We give the proof for the dispersive order, the proof for the rest of orders
is similar.
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(i) Let X be a random vector, then, for all x ∈ Rn and each i = 1, . . . , n,

�
Xi

��Xi
> xi

�
≤disp

�
Yi

��Yi
> xi

�
,

or, equivalently, X ≤mdisp X.

(ii) Let X, Y and Z be three random vectors. Suppose that X ≤mdisp Y and
Y ≤mdisp Z, then

�
Xi

��Xi
> xi

�
≤disp

�
Yi

��Yi
> xi

�
,

and
�
Yi

��Yi
> xi

�
≤disp

�
Zi

��Zi
> xi

�
.

By combining the last two inequalities, X ≤mdisp Z.

(iii) Let X1, . . . ,Xn and Y1, . . . ,Yn be two sets of independent random vectors
where the dimension of Xi and Yi is di, i = 1, . . . , n. Let us assume that
Xi ≤mdisp Yi for i = 1, . . . , n, then we have to prove that, for all xi ∈ Rn, and
each i = 1, . . . , n, k = 1, . . . , di,

�
X

k
i

�����X
k
i > xki ,

�

j �=i

{Xj > xj}
�

≤disp

�
Y

k
i

�����Y
k
i > xki ,

�

j �=i

{Yj > xj}
�
.

By hypothesis,Xk
i andXj (and Y k

i andYj) are independent if j �= i, therefore
�
X

k
i

�����X
k
i > xki ,

�

j �=i

{Xj > xj}
�

=
�
X

k
i

��Xk
i > xki

�

≤disp

�
Y

k
i

��Yk
i > xki

�

=

�
Y

k
i

�����Y
k
i > xki ,

�

j �=i

{Yj > xj}
�
.

�

Nextwe show that, under some regularity conditions, previous orders are closed
under marginalization.
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Proposition 2.2.4 Let X and Y be two random vectors (nonnegative in the case of
the mdmrl and nbue orders). Let I = (i1, . . . , ir) ⊆ (1, . . . , n), 1 ≤ r ≤ n and
XI = (Xi1 , . . . , Xir) and YI = (Yi1 , . . . , Yir).

(i) If X ≤mdisp Y, then XI ≤mdisp YI .

(ii) If X ≤mrs[mdmrl,mnbue] Y, and if, for all t /∈ I,

E




�
Xr

�����
�

s∈I,s �=r

{Xs > xs},
�

t/∈I

{Xt > xt}
�

+



 → E




�
Xr

�����
�

s∈I,s �=r

{Xs > xs}
�

+



 ,

and

E




�
Yr

�����
�

s∈r,s �=r

{Ys > ys},
�

t/∈I

{Yt > xt}
�

+



 → E




�
Yr

�����
�

s∈r,s �=r

{Ys > ys}
�

+



 ,

when xt → −∞, then XI ≤mdisp YI .

Proof.

(i) Let X and Y be two random vectors such that X ≤mdisp Y. It is not difficult
to see that, for all r ∈ I,

�
Xr

�����
�

s∈I,s �=r

{Xs > xs},
�

t/∈I

{Xt > xt}
�

converges in distribution when xt → −∞ to
�
Xr

�����
�

s∈I,s �=r

{Xs > xs}
�
.

And similarly for
�
Yr

�����
�

s∈r,s �=r

{Ys > ys},
�

t/∈I

{Yt > xt}
�
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and �
Yr

�����
�

s∈r,s�=r

{Ys > ys}
�
.

The result follows by the preservation of the dispersive order under conver-
gence in distribution, see Lemma 7 in Lewis and Thompson (1981).

(ii) The proof follows under similar arguments that in case (i). In this case,
we need also, from (1.3), the additional result for the convergence of the
corresponding right spread function. This follows from Theorem 1.5.11 in
Müller and Stoyan (2002).

�

We observe that, in previous theorem, the additional condition on the conver-
gence of the expected values can be dropped in the case that the left extremes of
the supports of all the random variables are finite.

We provide characterizations of the multivariate convex order and the new
multivariate dispersive, right–spread, dmrl and nbue orders, in terms of the haz-
ard gradient and multivariate mean residual life.

Proposition 2.2.5 Let X and Y be two random vectors (nonnegative in the case of
mdmrl and mnbue orders). Then,

(i) X ≤mc Y if, and only if,
ri(F

−1
i (pi|xi)|xi)

si(G
−1
i (pi|xi)|xi)

is an increasing function in pi, for all x ∈ Rn and each i = 1, . . . , n.

ii) X ≤mdisp Y if, and only if,

ri(F
−1
i (pi|xi)|xi) ≥ si(G

−1
i (pi|xi)|xi),

for all pi ∈ (0, 1), x ∈ Rn and each i = 1, . . . , n.

(iii) X ≤mrs Y if, and only if,

mi(F
−1
i (pi|xi)|xi) ≤ li(G

−1
i (pi|xi)|xi),
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for all pi ∈ (0, 1), x ∈ Rn and each i = 1, . . . , n.

Let X and Y be two nonnegative random vectors. Then,

(iv) X ≤mdmrl Y if, and only if,

mi(F
−1
i (pi|xi)|xi)

li(G
−1
i (pi|xi)|xi)

is a decreasing function in pi ∈ (0, 1), for all xi ∈ Rn−1
+ and each i = 1, . . . , n.

(v) X ≤mnbue Y if, and only if,

mi(F
−1
i (pi|xi)|xi)

li(G
−1
i (pi|xi)|xi)

≤
E
�
Xi

��Xi
> xi

�

E
�
Yi

��Yi
> xi

� ,

for all pi ∈ (0, 1), xi ∈ Rn−1
+ and each i = 1, . . . , n.

Proof. Let X and Y be two random vectors. Then,

i) X ≤mc Y, if, and only if, for all x ∈ Rn and each i = 1, . . . , n,

�
Xi

��Xi
> xi

�
≤c

�
Yi

��Yi
> xi

�
,

which, from (1.9), is equivalent to

ri(F
−1
i (pi|xi)|xi)

si(G
−1
i (pi|xi)|xi)

is an increasing function in pi ∈ (0, 1), for all x ∈ Rn and each i = 1, . . . , n.
The proofs for themultivariate dispersive, right–spread, decreasing inmean
residual life and new better than used in expectation are similar and based
in the corresponding univariate characterizations (see (1.5), Proposition
1.2.15 and Definition 1.2.19).

�

Next we provide a result for the preservation under transformations of the new
multivariate dispersive and right-spread orders.
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Proposition 2.2.6 Let X = (X1, . . . , Xn) and Y = (Y1, . . . , Yn) be two random vec-
tors and let φ1, . . . ,φn : R → R be univariate strictly increasing convex or strictly
decreasing concave functions. If X ≤mdisp[mrs] Y, then

(φ1(X1), . . . ,φn(Xn)) ≤mdisp[mrs] (φ1(Y1), . . . ,φn(Yn)).

Proof. Let φ1, . . . ,φn be n univariate strictly increasing convex functions. It
holds

(φ1(X1), . . . ,φn(Xn)) ≤mdisp (φ1(Y1), . . . ,φn(Yn))

if, and only if, for all x ∈ Rn and each i = 1, . . . , n,
�
φi(Xi)

�����
�

j �=i

{φj(Xj) > xj}
�

≤disp

�
φi(Yi)

�����
�

j �=i

{φj(Yj) > xj}
�
. (2.3)

From X ≤mdisp Y, it follows, for all xi ∈ Rn−1 and each i = 1, . . . , n, that

�
Xi

�����
�

j �=i

{Xj > xj}
�

≤disp

�
Yi

�����
�

j �=i

{Yj > xj}
�
, (2.4)

therefore
�
Xi

�����
�

j �=i

{Xj > φ
−1
j (xj)}

�
≤disp

�
Yi

�����
�

j �=i

{Yj > φ
−1
j (xj)}

�
.

and from Proposition 1.2.13 (iv), it holds
�
φi(Xi)

�����
�

j �=i

{Xj > φ
−1
j (xj)}

�
≤disp

�
φi(Yi)

�����
�

j �=i

{Yj > φ
−1
j (xj)}

�
. (2.5)

Clearly, condition (2.5) is equivalent to condition (2.3).

The case dealing with the multivariate right-spread order is similar by using
Theorem 3.C.4 in Shaked and Shanthikumar (2007). �

Roy (2002) characterized the classes MIFR, MIFRA and MNBU given in Defini-
tion 1.3.21 using the exponential multivariate distribution type Gumbel and we
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observe that some of the new orders, in particular mdmrl andmnbue, can be used
to characterize the dmrl and nbue classes of distributions.

Proposition 2.2.7 Let X be a nonnegative random vector and

Y ∼ G({λi}ni=1, {λij}i>j, . . . ,λ1,...,n),

that is,Y is a random vector type Gumbel with survival function given by (1.28). Then,

(i) X is MDMRL if, and only if, X ≤mdmrl Y.

(ii) X is MNBUE if, and only if, X ≤mnbue Y.

Proof.

(i) X ≤mdmrl Y holds if, and only if, for all x ∈ Rn and each i = 1, . . . , n

�
Xi

��Xi
> xi

�
≤dmrl

�
Yi

��Yi
> xi

�
.

Besides, the random variables

�
Yi

��Yi
> xi

�

are exponential distributed, hence, by the characterization of the univariate
class DMRL, see Proposition 1.2.24 (iv), we have that

�
Xi

��Xi
> xi

�

are DMRL random variables for all x ∈ Rn and each i = 1, . . . , n and this
implies, by definition 1.3.21 (iv), that the random vector X is MDMRL.

(ii) In this case, let X ≤mnbue Y. As for the previous case, by Proposition 1.2.24,
the random variables

�
Xi

��Xi
> xi

�

are NBUE, which, from Definition 1.3.21 (v), means thatXX is MNBUE.

�
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2.2.3 Relationships among multivariate orders

In this subsectionwe provide relationships among the neworders and previous
stochastic orders.

First, we observe the following relationships that follow from (1.11) and (1.7).

X ≤mc Y ⇒ X ≤m∗ Y ⇒ X ≤msu Y

⇓ ⇓

X ≤mdmrl Y ⇒ X ≤mnbue Y.

and
X ≤mdisp Y ⇒ X ≤mrs Y

Next we describe some other relationships.

Proposition 2.2.8 Let X = (X1, . . . , Xn) and Y = (Y1, . . . , Yn) be two nonnegative
randomvectors, thenX ≤m∗ Y if, and only if, (logX1, . . . , logXn) ≤mdisp (log Y1, . . . , log Yn).
Equivalently, X ≤mdisp Y if, and only if, (eX1 , . . . , e

Xn) ≤m∗ (eY1 , . . . , e
Yn).

Proof. It holds X ≤m∗ Y if, and only if, for all x ∈ Rn and each i = 1, . . . , n,

�
Xi

��Xi
> xi

�
≤∗

�
Yi

��Yi
> xi

�
. (2.6)

From Theorem 4.B.1 in Shaked and Shanthikumar (2007), it follows that (2.6)
is equivalent to

�
logXi

�����
�

j �=i

{Xj > xj}
�

≤disp

�
log Yi

�����
�

j �=i

{Yj > xj}
�

(2.7)

for all x ∈ Rn
+ and each i = 1, . . . , n.

If we consider x�
j = log xj for j �= i and x� = (x�

1, . . . , x
�
n), then (2.7) becomes

�
logXi

�����
�

j �=i

{logXj > x
�
j}
�

≤disp

�
log Yi

�����
�

j �=i

{log Yj > x
�
j}
�

(2.8)

for all x� ∈ Rn and each i = 1, . . . , n.
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The last inequality is equivalent to (logX1, . . . , logXn) ≤mdisp (log Y1, . . . , log Yn).
Thus, the assertion is proved. �

Under the condition that the conditional random variables are ordered in the
usual stochastic order, the multivariate superadditive order implies the multi-
variate dispersive order as follows.

Proposition 2.2.9 Let X = (X1, . . . , Xn) and Y = (Y1, . . . , Yn) be two random vec-
tors such that

�
Xi

��Xi
> xi

�
≤st

�
Yi

��Yi
> xi

�

for all x ∈ Rn and each i = 1, . . . , n. If X ≤msu Y, then X ≤mdisp Y.

Proof. Since
�
Xi

��Xi
> xi

�
≤st

�
Yi

��Yi
> xi

�

and
�
Xi

��Xi
> xi

�
≤su

�
Yi

��Yi
> xi

�

for all x ∈ Rn and each i = 1, . . . , n , then, from Proposition 4.B.2 in Shaked and
Shanthikumar (2007),

�
Xi

��Xi
> xi

�
≤disp

�
Yi

��Yi
> xi

�

or, equivalently, X ≤mdisp Y. �

Another condition, under which X ≤msu Y implies X ≤mdisp Y, is given in the
next proposition.

Proposition 2.2.10 Let X = (X1, . . . , Xn) and Y = (Y1, . . . , Yn) be two random
vectors. If X ≤whr Y and X ≤msu Y, then X ≤mdisp Y.

Proof. The condition X ≤whr Y is equivalent to (as shown Proposition 2.2.1)

�
Xi

��Xi
> xi

�
≤hr

�
Yi

��Yi
> xi

�
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for all x ∈ Rn and each i = 1, . . . , n. By (1.12), it holds

�
Xi

��Xi
> xi

�
≤st

�
Yi

��Yi
> xi

�

for all x ∈ Rn and each i = 1, . . . , n. The stated comparison now follows from
Proposition 2.2.9. �

If we suppose that (X|X > x) ≤st (Y|Y > x) for all x ∈ Rn
+, we obtain the

following corollary:

Proposition 2.2.11 Let X = (X1, . . . , Xn) and Y = (Y1, . . . , Yn) be two random
vectors. If (X|X > x) ≤st (Y|Y > x) for all x ∈ Rn and X ≤msu Y, then X ≤mdisp Y.

Proof. First, we observe that the condition (X|X > x) ≤st (Y|Y > x), for all
x ∈ Rn, implies, from the preservation under marginalization of the multivariate
stochastic order, the condition

(Xi |X > x) ≤st (Yi |Y > x) ,

for each all x ∈ Rn and each i = 1, . . . , n , which is equivalent to

�
Xi

��Xi
> xi

�
≤hr

�
Yi

��Yi
> xi

�

for all x ∈ Rn and each i = 1, . . . , n, that is, X ≤whr Y, and the result follows from
Proposition 2.2.10. �

In contrast to the previous conditions, assuming the next limiting property,
we have the following proposition.

Proposition 2.2.12 Let X = (X1, . . . , Xn) and Y = (Y1, . . . , Yn) be two random
vectors such that X ≤msu Y. If it holds, for all x ∈ Rn and each i = 1, . . . , n,

lim
xi→0

G
−1
i (Fi(xi|xi)|xi)

xi
≥ 1,

then X ≤mdisp Y.
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Proof. The proof is straightforward from Theorem 4.B.3 in Shaked and Shan-
thikumar (2007). �

The next proposition lists some relations between some of the multivariate
stochastic orders under multivariate aging conditions.

Proposition 2.2.13 LetX = (X1, . . . , Xn) and Y = (Y1, . . . , Yn) be two nonnegative
random vectors. We assume, in (iv) and (v), that for any x ∈ Rn and for each i =

1, . . . , n, the left extreme of the support of

�
Xi

��Xi
> xi

�

is smaller than the left extreme of the support of

�
Yi

��Yi
> xi

�
.

Then,

(i) If X ≤whr Y and X or Y is MDFR, then X ≤mdisp Y.

(ii) If X ≤mdisp Y and X or Y is MIFR, then X ≤whr Y.

(iii) If X is MNBU and Y is MNWU, then X ≤mdisp Y if, and only if,XX ≤whr Y.

(iv) If X ≤mrs Y and X or Y is MDMRL then X ≤wmrl Y.

(v) If mi(xi|xi) ≤ li(xi|xi) for all x ∈ Rn
+ and each i = 1, . . . , n and X, or Y is

MIMRL, then X ≤mrs Y.

Proof.

(i) Let us suppose thatX isMDFR, thismeans that ri(xi|xi) is a decreasing func-
tion in xi for all x ∈ Rn and each i = 1, . . . , n. Condition X ≤whr Y is equiv-
alent to

�
Xi

��Xi
> xi

�
≤hr

�
Yi

��Yi
> xi

�
.

By Theorem 3.B.20 in Shaked and Shanthikumar (2007) we can state that

�
Xi

��Xi
> xi

�
≤disp

�
Yi

��Yi
> xi

�
,
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and, by definition, this is equivalent to X ≤mdisp Y. The case when Y is
MDFR is proved in a similar way.

(ii) Let us suppose that X is MIFR, which that ri(xi|xi) is a decreasing function
in xi for all x ∈ Rn and each i = 1, . . . , n. Besides, X ≤mdisp Y which is
equivalent to

�
Xi

��Xi
> xi

�
≤disp

�
Yi

��Yi
> xi

�
.

By Theorem 3.B.20 in Shaked and Shanthikumar (2007) we can state that

�
Xi

��Xi
> xi

�
≤hr

�
Yi

��Yi
> xi

�
,

and, by definition, this is equivalent to X ≤whr Y. The case when Y is MIFR
is proved in a similar way.

(iii) This statement can be proved in a similar way by using Theorem 3.B.20 c)
in Shaked and Shanthikumar (2007).

(iv) Analogously using Theorem 3.C.5 in Shaked and Shanthikumar (2007).

(v) Analogously using Theorem 3.C.6 in Shaked and Shanthikumar (2007).

�

2.2.4 Applications and examples

In this subsection, weprovide several situationswhere thesemultivariate stochas-
tic orders can be applied and examples of parametric families of random vectors
ordered according to someof themultivariate orders previously considered in this
section and that satisfy some of the multivariate aging notions considered.

Recall that these multivariate aging notions can be characterized in terms of
some multivariate stochastic orders and, therefore, can be seen as examples of
comparisons in somemultivariate orders when one of the random vectors follows
a multivariate Gumbel distribution.



2.2. New multivariate orders based on truncation 71

Comparisons of risks

In the context of actuarial theory, a non-negative random variable X repre-
sents the random amount that an insurance company will pay to a policyholder,
in case of claim. The comparison of risks is carried out through the compari-
son of some measures of interest. Two common measures are the value at risk
and expected shortfall notions, which are evaluated at any point p ∈ (0, 1). The
value at risk is simply the quantile function, that is, the value at risk is given by
V aR[X, p] ≡ F

−1(p) and the expected shortfall is the right–spread function, that
is RSX(p) ≡ E[(X − F

−1(p))+].

The dispersive and right-spread orders provide comparisons of risks based on
the value at risk and the expected shortfall. According to this, two risky situations
A andB with random risksXA andXB respectively, can be ranked in terms of the
dispersive or the right-spread orders. If XA ≤disp XB or XA ≤rs XB, then we can
say thatB ismore risky thanA (see Denuit et al, 2005, for notation and discussion
on this topic).

In some situations insurance companies do not have only one policy for some
policyholders, but two policies. For example, a policyholder can have a policy to
insure the car and another one to ensure the house with random claimsX and Y .
It is clear thatX and Y should exhibit some kind of dependence, for example posi-
tive dependence. So let us consider two risky situationsA andB for policyholders
in the situation described above, with random risks (XA, YA) and (XB, YB). If we
can compare these two random variables in terms of themdisp ormrs orders, that
is, if (XA, YA) ≤mdisp (XB, YB) or (XA, YA) ≤mrs (XB, YB), then, from Proposition
2.2.3, we compare the marginal risks in the dispersive or right-spread order, but
also we provide a more detailed and illustrative comparison of the risks taking
into account the dependence among risks. In particular, from the definition, we
can provide comparisons of the type

(XA|YA > x) ≤disp[rs] (XB|YB > x)

or
(YA|XA > x) ≤disp[rs] (YB|XB > x),
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which compares risks with the additional information that the level of claim of
the other risk is above some certain threshold. Another example of this type is
provided in Frees and Valdez (1998), in this paper the authors consider the fol-
lowing situation of insurance company indemnity claims. Each claim consists of
an indemnity payment (the loss, X) and an allocated loss adjustment expense
(ALAE, Y ). Similar comments can be done for this case.

Comparisons of inequality and deprivation

Another application can be found in the context of inequality. First we recall
that the nbue order implies the Lorenz order (see (1.11)). In particular, ifX ≤L Y ,
then the coefficient of variation ofX is smaller than the corresponding coefficient
for Y . Also it preserves the comparison of theGini index. In the context of income
distributions, the Lorenz curve and the Gini index are the most popular tools to
analyze and compare income inequality. However, they can be used only to com-
pare randomvariables, but in some situations the interest can be focused onmore
than one random variable to describe the inequality in a population. Consider for
example the following situation. In order to study the inequality in a population
researchers can be interested not only in the household’s income per year (X)
but also in the household’s properties (Y ), clearly these two random variables
are related. How can we compare now the inequality among two different pop-
ulations, taking into account these two random variables? Let us consider two
countries A and B with random vectors (XA, YA) and (XB, YB), respectively, as
described above. The comparison of the marginal Gini indexes is an incomplete
study that does not take into account the dependence structure of the two random
variables. Another possibility is to compare not only the marginal Gini indexes
but also the Gini index of the incomes given that the value of the properties is
above any threshold x that is, to compare GIXA(x) = GI(XA|YA>x) with GIXB(x) =

GI(XB |YB>x) and a similar comparison for the Gini indexes GIYA(x) = GI(YA|XA>x)

with GIYB(x) = GI(YB |XB>x). From previous discussion and previous results we
have that if (XA, YA) ≤mdmrl (XB, YB) or (XA, YA) ≤mnbue (XB, YB), then

GIXA(x) ≤ GIXB(x) and GIYA(x) ≤ GIYB(x) for all x > 0.
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Recall that (XA, YA) is MNBUE [MNWUE] if, and only if,

(XA, YA) ≤mnbue [≥mnbue](XB, YB),

where (XB, YB) has a joint survival function given by (1.28). In this case it is not
difficult to see thatGIXB(x) = 0.5 = GIYB(x). ThereforeGIXA(x) andGIXB(x) are
bounded from above (below) by 0.5. It is very interesting to identify this situation
because Gini indexes greater than 0.5 suggest problems of inequality.

Let us see another example of this situation. Policy makers and researchers
are often interested in assessing the changes in inequality and poverty over time.
An example is the case studied in Vinh et al. (2010) which consider several para-
metric models for the joint distribution of incomes for different years across the
same population. In particular they found that the best bivariate approxima-
tion for incomes in Australia for 2001 and 2005, denoted by (AI2001, AI2005), is
the one provided by a Gumbel copula with Singh-Maddala margins (see Vinh et
al., 2010, for details of the estimated parameters). Following previous discus-
sion, we consider the conditional Gini indexesGIAI2001(x) = GI(AI2001|AI2005>x) and
GIAI2005(x) = GI(AI2005|AI2001>x). Given that there is no closed expression for these
values, we have considered the estimated values for these quantities based on bi-
variate samples for this model of size 1000. The estimated values can be found in
figure 3, which shows that GIAI2001(x) and GIAI2005(x) are less than 0.5.

The comparison in the mdisp and mrs orders is related to the comparison of
deprivation in the context of incomes and wealth. As can be seen in Duclos and
Araar (2006) an indicator of relative deprivation of an individual with income
F

−1(p), when comparing himself to another individual with income F
−1(q), is

given by

δ(p, q) = (F−1(q)− F
−1(p))+,

and the expected relative deprivation of an individual at rank p is given by

δ(p) =

� 1

0

δ(p, q)dq = E[(X − F
−1(p))+].
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Figure 3: Plots of estimated conditional Gini values for (AI2001, AI2005).

Therefore, the comparison in the dispersive order and the right spread or-
der are comparisons of relative deprivation among two populations and previ-
ous comments are valid for the mdisp and mrs orders in the context of income
distributions.

Finally, we consider several parametric examples where some of the previous
notions can be studied.

Farlie-Gumbel-Morgenstern Distributions

The survival function of the bivariate Farlie-Gumbel-Morgenstern distribution
is given by

F (x1, x2) = F 1(x1)F 2(x2)[1 + αF1(x1)F2(x2)],

where F1 and F2 are the marginal distributions and −1 ≤ α ≤ 1. Let us denote by
FGMα a bivariate random vector with joint survival function provided by the pre-
vious expression. For this model, Hu et al. (2003) show that FGMα ≤whr FGMα�

for α ≤ α
�. Also Johnson and Kotz (1975) show that, under certain conditions,

this model is MDFR. If this is the case for FGMα or FGMα�, then from Propo-
sition 2.2.13 we get that FGMα ≤mdisp[mrs] FGMα�. Recall also that, if FGMα

is MIFR [MDFR], then FGMα ≤ [≥]mcY where Y follows a Gumbel type distri-



2.2. New multivariate orders based on truncation 75

bution, see (1.28). Johnson and Kotz (1975) describe several cases of MIFR and
MDFR distributions when the marginals are Weibull distributed.

Applications of this model can be found in the context of health care usage
(see Prieger, 2002).

Conditionally specified models

Arnold et al. (1999) provide several examples of bivariate randomvectorswhere
the conditional marginal distributions are given explicitly. Let us consider some
examples.

(i) Let X = (X1, X2) and Y = (Y1, Y2) be two bivariate random vectors and sup-
pose that for each x1, x2 > 0, the conditional random variables X1 given
X2 > x2 and X2 given X1 > x1 are Weibull distributed with survival func-
tions as follows

P (X1 > x1|X2 > x2) = exp{−x
γ1
X

1 (α + γXx
γ2
X

2 )}

and
P (X2 > x2|X1 > x1) = exp{−x

γ2
X

2 (β + γXx
γ1
X

1 )},

respectively. The Gumbel bivariate exponential distribution corresponds to
the choice γ1

X = γ
2
X = 1.

Analogously, suppose that for each x1, x2 > 0, the conditional random vari-
ables Y1 given Y2 > x2 and Y2 given Y1 > x1 are Weibull distributed with
survival functions as follows

P (Y1 > x1|Y2 > x2) = exp{−x
γ1
Y

1 (δ + γYx
γ2
Y

2 )}

and
P (Y2 > x2|Y1 > x1) = exp{−x

γ2
Y

2 (ν + γYx
γ1
Y

1 )},

respectively.

For fixed x2 > 0, the hazard rate and quantile functions of the conditional
distribution (X1|X2 > x2) are given, respectively, by
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r(X1|X2>x2)(x1) = γ
1
X(α + γXx

γ2
X

2 )x
γ1
X−1

1 (2.9)

and

F
−1
(X1|X2>x2)

(p) =

�
− log{1− p}
α + γXx

γ2
X

2

�1/γ1
X

Analogously, we can compute the hazard rate and the quantile functions for
the rest of the above conditional distributions.

From Proposition 2.2.5 (ii), it is not difficult to see that all the following
conditions, for all x1, x2 > 0, are sufficient in order to obtainX ≤mdisp Y:

1. γ1
X ≥ γ

1
Y,

2. γ2
X ≥ γ

2
Y,

3. (α + γXx
γ2
X

2 )1/γ
1
X ≥ (δ + γYx

γ2
Y

2 )1/γ
1
Y

4. (α + γXx
γ2
X

2 )1/γ
1
X ≥ (δ + γYx

γ2
Y

2 )1/γ
1
Y.

It is easy to see that the random vector X is MIFR in the sense of Roy if
γ
1
X ≥ 1 and γ2

X ≥ 1.

(ii) LetX = (X1, X2) and Y = (Y1, Y2) be two bivariate random vectors. Suppose
that for each x1, x2 > 0, the conditional random variables X1 given X2 > x2

andX2 givenX1 > x1 are logistic with survival functions as follows

P (X1 > x1|X2 > x2) =

�
1 + exp

�
x1 − µ1X(x2)

σ1X

��−1

,

and

P (X2 > x2|X1 > x1) =

�
1 + exp

�
x2 − µ2X(x1)

σ2X

��−1

respectively, where µ1X, µ2X ∈ R+ and θX ∈ [0, 2].

Analogously, suppose that for each x1, x2 > 0, the conditional random vari-
ables Y1 given Y2 > x2 and Y2 given Y1 > x1 are logistic with survival func-
tions as follows

P (Y1 > x1|Y2 > x2) =

�
1 + exp

�
x1 − µ

1
Y(x2)

σ1Y

��−1
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and

P (Y2 > x2|Y1 > x1) =

�
1 + exp

�
x2 − µ

2
Y(x1)

σ2Y

��−1

respectively, where µ1
Y, µ

2
Y ∈ R+ and θY ∈ [0, 2].

After some computations we have that

r(X1|X2>x2)(x1) =

�
1 + exp

�
x1 − µ

1
X(x2)

σ1X

��−1 exp{x1−µ1
X(x2)

σ1
X

}
σ
1
X

and
F

−1
(X1|X2>x2)

(p) = σ1X log

�
p

1− p

�
+ µ1X(x2)

From 2.2.5 (iii), the following conditions are sufficient forX ≤mrs Y:

1. σ1
X ≤ σ

1
Y,

2. σ2
X ≤ σ

2
Y.

for all x1, x2 > 0.

(iii) LetX = (X1, X2) and Y = (Y1, Y2) be two bivariate random vectors. Suppose
that for each x1, x2 > 0, the conditional random variables X1 given X2 > x2

andX2 givenX1 > x1 have survival functions as follows

P (X1 > x1|X2 > x2) =
�
F

1
X(x1)

�α1
X(x2)

,

and
P (X2 > x2|X1 > x1) =

�
F

2
X(x2)

�α2
X(x1)

,

respectively. These conditional survival variables lead to a Gumbel’s type I
bivariate exponential distribution.

Analogously, suppose that for each y1, y2 > 0, the conditional random vari-
ables Y1 given Y2 > y2 and Y2 given Y1 > y1 have survival functions as follows

P (Y1 > y1|Y2 > y2) = [F
1
Y(y1)]

α1
Y(y2),

and
P (Y2 > y2|Y1 > y1) = [F

2
Y(y2)]

α2
Y(y1),
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respectively. Analogously, these conditional survival variables lead to a
Gumbel’s type I bivariate exponential distribution.

Suppose that F 1
X = F

1
Y ≡ F

1 and F
2
X = F

2
Y ≡ F

2 and that the hazard rate
relative to F 1 and F 2 are decreasing.

FromProposition 2.2.5 (ii), we can state that ifα1
X(x2) ≥ α

1
Y(x2) andα2

X(x1) ≥
α
2
Y(x1), then X ≤mdisp Y.

Similar results can be given for some of the examples considered in Arnold,
Castillo and Sarabia (1999).

Multivariate aging properties for exchangeable random vectors

Let X = (X, Y ) be an exchangeable random vector of non-negative marginal
random variables with distribution function FX ≡ FY ≡ F and hazard rate func-
tion rX ≡ rY ≡ r and let H(x, y) = P (X > x, Y > y) be its correspond-
ing survival function. If K(u1, u2) is the bivariate survival copula, it holds that
H(x, y) = K(F (x), F (y)), see (1.19).

Let (V1, V2) be a random vector with uniform margins and satisfying P (V1 >

v1, V2 > v2) = K(1− v1, 1− v2) for all v1, v2 ∈ [0, 1], i.e.,K is its survival copula.

For the sake of simplicity, let us denote by f(x|y), F (x|y) and r(x|y), the den-
sity, survival and hazard rate functions of (X|Y > y), respectively. Moreover, we
consider the notationKu1 ≡ ∂

∂u1
K.

Proposition 2.2.14 If themarginal randomvariableX is IFR and (1−v1)Ku1 (1−v1,1−v2)

K(1−v1,1−v2)

is an increasing function in v1 for all v2 ∈ [0, 1], then X is MIFR in the sense of Roy.

Proof. Note that, in case of exchangeability, X is MIFR in the sense of Roy if
r(x|y) is an increasing function in x for all y. The survival function of (X|Y > y)

is given by

F (x|y) = H(x, y)

F (y)
=

K(F (x), F (y))

F (y)

then

f(x|y) = − d

dx
F (x|y) = 1

F (y)

�
− d

dx
K(F (x), F (y))

�
=

f(x)

F (y)
Ku1(F (x), F (y))
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Therefore,

r(x|y) = f(x)
Ku1(F (x), F (y))

K(F (x), F (y))
= r(x)

F (x)Ku1(F (x), F (y))

K(F (x), F (y))
.

Let us note that, fixed y ∈ R, it exists v2 ∈ [0, 1] such as F−1(v2) = y. From
the increasingness of the quantile function, it is easy to see that r(x|F−1(v2)) is
an increasing function in x for all v2 ∈ R if, and only if, r(F−1(v1)|F−1(v2)) is an
increasing function in v1 for all v1 ∈ [0, 1].

Taking into account these observations, we have that

r(F−1(v1)|F−1(v2)) = r(F−1(v1))
(1− v1)Ku1(1− v1, 1− v2)

K(1− v1, 1− v2)
.

Since X is IFR, then r(F−1(v1)) is an increasing function in v1. On the other
hand, by hypothesis,

(1− v1)Ku1(1− v1, 1− v2)

K(1− v1, 1− v2)

is an increasing function in v1 for all v2 ∈ [0, 1]. Putting these results together, we
conclude that r(x|y) is an increasing function in x for all y ∈ R and the statement
is proved. �
If we consider thatK is the Clayton copula, then

(1− v1)Ku1(1− v1, 1− v2)

K(1− v1, 1− v2)
=

(1− v1)−1/θ

(1− v1)−1/θ + (1− v2)−1/θ − 1

is increasing in v1 for all v2 ∈ [0, 1]. In this way, if X and Y are IFR and K is the
Clayton copula, then X = (X, Y ) is a random vector MIFR in the sense of Roy.

Proposition 2.2.15 If the marginal random variableX is IFRA and − logK(1−u1,1−u2)
− log(1−u1)

is an increasing function in v1 for all v2 ∈ [0, 1], then X is MIFRA in the sense of Roy.

Proof. In this case, X is MIFRA in the sense of Roy if, and only if, (X|Y > y) is
IFRA for all y, that is, X is MIFRA if, and only if,

− logF (x|y)
x
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is an increasing function in y. Taking into account that the survival function of
(X|Y > y) is given by (2.2.4), this is equivalent to say that

φ(x) =
− logK(F (x), F (y)

x

is increasing in x for all y. Recall that φ(x) is increasing in x if, and only if,

φ(F−1(u1)) =
− logK(1− u1, F (y))

F−1(u1)

is increasing in u1. Let u2 ∈ [0, 1] be such that F−1(u2) = y, then

φ(F−1(u1)) =
− logK(1− u1, 1− u2)

F−1(u1)
=

− logK(1− u1, 1− u2)

− log(1− u1)

− log(1− u1)

F−1(u1)
.

Note that the marginal random variable X is IFRA if, and only if, − logF (t)
t is

increasing in t or, equivalently, if, and only if, − log(1−u1)
F−1(u1)

is increasing in u1. On
the other hand, we suppose that − logK(1−u1,1−u2)

− log(1−u1)
is increasing in v1. Putting these

results together, we can conclude that φ(F−1(u1)) is an increasing function in u1

and the proof is obtained. �

2.3 New multivariate orders based on conditional
distributions truncated on quantiles

2.3.1 Why quantiles?

As we see in the previous section, given a bivariate random vector (X, Y ), we
can find several notions of dependence based on conditional random variables
like (X|Y > x), (X|Y ≤ x) or (X|Y = x). However, in some situations, we can be
interested in cases where the point of truncation is a quantile. This is the case of
risk theory. In risk theory the interest is focused on the study of the losses beyond
the value-at-risk. Let us consider the example where a policyholder can have a
policy to insure the car and another one to ensure the house with random claims
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X and Y , with distribution functions F and G, respectively. In this case, we can
be interested in studying the dependence of the two random variables, in terms
of (X|Y > G

−1(p)) and (Y |X > F
−1(p)). Therefore, the comparisons should be

made in terms of the conditioned random variables at quantiles.

From now on, for a random vector X = (X1, . . . , Xn), let

Xi = (X1, . . . , Xi−1, Xi+1, . . . , Xn).

Moreover, given F1, . . . , Fn the marginal distribution functions ofX, let us denote
as x(p) = (F−1

1 (p1), . . . , F−1
n (pn)) ∈ Rn and

x(p)i = (F−1
1 (p1), . . . , F

−1
i−1(pi−1), F

−1
i+1(pi+1), . . . , F

−1
n (pn)) ∈ Rn−1

,

for all p ∈ (0, 1)n and each i = 1, . . . , n.

This approach have been considered by Khaledi and Kochar (2005) and Mer-
cader (2007) to provide multivariate generalizations of the dispersive and right
spread order, respectively, see definitions 1.3.14 and1.3.15. Recall thatX ≤uo−disp[uo−rs]

Y, if, for all p ∈ (0, 1)n and each i = 1, 2, . . . , n, holds

�
Xi

��Xi
> x(p)i

�
≤disp[rs]

�
Yi

��Yi
> y(p)i

�
. (2.10)

The purpose of this section is to define and study new multivariate exten-
sions of the transform orders, that is, convex, starshaped and superaddtive or-
ders, based on conditional distributions truncated on quantiles in the same way
given in (2.10).

2.3.2 Definitions and first properties

Clearly inspired in the orders introduced by Khaledi and Kochar (2005) and
Mercader (2007), we propose the following definitions.

Definition 2.3.1 Let X = (X1, . . . , Xn) and Y = (Y1, . . . , Yn) be two random vec-
tors (nonnegative in the case of the starshaped order) and Fi andGi, the distribution
functions forXi and Yi, respectively, for i = 1, . . . , n. Then,
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(i) X is said to be smaller thanY in themultivariate upper orthant convex order,
denoted by X ≤uo−c Y, if, for all p ∈ (0, 1)n and each i = 1, . . . , n holds

�
Xi

��Xi
> x(p)i

�
≤c

�
Yi

��Yi
> y(p)i

�
.

(ii) X is said to be smaller than Y in the multivariate upper orthant starshaped
order, denoted by X ≤uo−∗ Y, if, for all p ∈ (0, 1)n and each i = 1, . . . , n holds

�
Xi

��Xi
> x(p)i

�
≤∗

�
Yi

��Yi
> y(p)i

�
.

(iii) X is said to be smaller thanY in themultivariate upper orthant superadditive
order, denoted by X ≤uo−su Y, if, for all p ∈ (0, 1)n and each i = 1, . . . , n holds

�
Xi

��Xi
> x(p)i

�
≤su

�
Yi

��Yi
> y(p)i

�
.

Obviously, from (1.11), these orders satisfy the following relationships

X ≤uo−c Y ⇔ X ≤uo−∗ Y ⇔ X ≤uo−su Y

and they are transitive, reflexive and closed under marginalization and under
conjunctions as we point out in the following result.

Proposition 2.3.2 (i) Let X be a random vector (nonnegative in the case of the
starshaped order), then X ≤uo−c[uo−∗,uo−su] X.

(ii) Let X, Y and Z be three random vectors. If

X ≤uo−c[uo−∗,uo−su] Y and Y ≤uo−c[uo−∗,uo−su] Z,

then X ≤uo−c[uo−∗,uo−su] Z.

(iii) Let X and Y be two random vectors (nonnegative in the case of the starshaped
order). Let I = (i1, . . . , ir) ⊆ (1, . . . , n), 1 ≤ r ≤ n and XI = (Xi1 , . . . , Xir)

and YI = (Yi1 , . . . , Yir). If X ≤uo−c[uo−∗,uo−su] Y, then XI ≤uo−c[uo−∗,uo−su] YI .
That is, the upper orthant convex, upper orthant starshaped and upper orthant
superadditive orders are closed under marginalization.
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(iv) Let X1, . . . ,Xn be a set of independent random vectors (nonnegative in the case
of the starshaped order) whereXi = (X1

i , . . . , X
di
i ), i = 1, . . . , n. Let Y1, . . . ,Yn

be a set of independent random vectors (nonnegative in the case of the star-
shaped order) where Yi = (Y 1

i , . . . , Y
di
i ), i = 1, . . . , n. If, for i = 1, . . . , n,

Xi ≤uo−c[uo−∗,uo−su] Yi,

then
(X1, . . . ,Xn) ≤uo−c[uo−∗,uo−su] (Y1, . . . ,Yn).

That is, the upper orthant convex, upper orthant starshaped and upper orthant
superadditive orders are closed under conjunctions.

Proof. Let us consider the convex order. The proofs for the starshaped and
superadditive orders are similar.

(i) Let X be a random vector, then, for all p ∈ (0, 1)n and each i = 1, . . . , n,

�
Xi

��Xi
> x(p)i

�
≤c

�
Yi

��Yi
> x(p)i

�
,

therefore X ≤uo−c X.

(ii) LetX,Y andZ be three randomvectors. Suppose thatX ≤uo−c Y andY ≤uo−c

Z, then, each i = 1, . . . , n and all pi ∈ (0, 1)n−1,

�
Xi

��Xi
> x(p)i

�
≤c

�
Yi

��Yi
> y(p)i

�

and
�
Yi

��Yi
> y(p)i

�
≤c

�
Zi

��Zi
> z(p)i

�
,

for all p ∈ (0, 1)n and each i = 1, . . . , n. By combining the last two inequali-
ties, X ≤uo−c Z.

(iii) Let X and Y be two random vectors such that X ≤mdisp Y. It is not difficult
to see that, for all t /∈ I,

�
Xr

�����
�

s∈I,s �=r

{Xs > F
−1
s (ps)},

�

t/∈I

{Xt > F
−1
t (pt)}

�
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converges in distribution when pt → 0 to
�
Xr

�����
�

s∈I,s �=r

{Xs > F
−1
s (ps)}

�
.

And similarly for
�
Yr

�����
�

s∈r,s�=r

{Ys > G
−1
s (ps)},

�

t/∈I

{Yt > G
−1
t (pt)}

�

and �
Yr

�����
�

s∈r,s�=r

{Ys > G
−1
s (ps)}

�
.

The result follows by the preservation of themultivariate convex, starshaped
and superadditive transform orders under convergence in distribution, see
Lemma 7 in Lewis and Thompson (1981).

(iv) Let X1, . . . ,Xn and Y1, . . . ,Yn be two sets of independent random vectors
where the dimension ofXi andYi is di for i = 1, . . . , n. Suppose thatXi ≤uo−c

Yi for i = 1, . . . , n, then we have to prove that, for all p ∈ (0, 1)n and each
i = 1, . . . , n, k = 1, . . . , di,
�
X

k
i

�����X
k
i > xi(p)k,

�

j �=i

{Xj > x(p)j}
�

≤c

�
Y

k
i

�����Y
k
i > yi(p)k,

�

j �=i

{Yj > y(p)j}
�
.

By hypothesis,Xk
i andXj (and Y k

i andYj) are independent if j �= i, therefore


Xk
i

������
Xk

i > xi(p)k,
�

j �=i

{Xj > xj(p)}



 =
�
Xk

i

���Xk
i > xi(p)k

�

≤disp

�
Y k
i

���Yk
i > yi(p)

k
�

=



Y k
i

������
Yk
i > yi(p)

k,
�

j �=i

{Yj > yj(p)}



 ,

which proves the stated result.
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�

Let us fix some notation. LetX = (X1, . . . , Xn) be a random vector, thenwewill
denote as Fi(·|x(p)i), F−1

i (·|x(p)i), F i(·|x(p)i), ri(·|x(p)i), the distribution, quan-
tile, survival and hazard rate function, respectively, of the conditional random
variable

�
Xi

��Xi
> x(p)i

�
.

Analogously, for a randomvectorY = (Y1, . . . , Yn), wewill denote byGi(·|x(p)i),
G

−1
i (·|x(p)i), Gi(·|x(p)i), si(·|x(p)i), the distribution, quantile, survival and haz-

ard rate function, respectively, of the corresponding conditional random variable

�
Yi

��Yi
> y(p)i

�
.

Next we obtain a characterization of the upper orthant convex and upper or-
thant starshaped orders in terms of the hazard rate and quantile functions of the
conditional random variables truncated on the quantiles.

Proposition 2.3.3 Let X and Y be two random vectors (nonnegative in the case of
the starshaped order). Then,

(i) X ≤uo−c Y if, and only if, for each i = 1, . . . , n and all pi ∈ (0, 1)n−1,

ri(F
−1
i (pi|x(p)i)|x(p)i)

si(G
−1
i (pi|y(p)i)|y(p)i)

is an increasing function in pi ∈ (0, 1).

(ii) X ≤uo−∗ Y if, and only if, for each i = 1, . . . , n and all pi ∈ (0, 1)n−1,

F
−1
i (pi|x(p)i)

G
−1
i (pi|y(p)i)

is an increasing function in pi ∈ (0, 1).

Proof.

(i) X ≤uo−c Y if, and only if,

�
Xi

��Xi
> x(p)i

�
≤c

�
Yi

��Yi
> y(p)i

�
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for all pi ∈ (0, 1)n−1 and each i = 1, . . . , n. From (1.9), it is equivalent to, for
all p ∈ (0, 1)n and each i = 1, . . . , n,

ri(F
−1
i (pi|x(p)i)|x(p)i)

si(G
−1
i (pi|y(p)i)|y(p)i)

is an increasing function in pi ∈ (0, 1).

(ii) For the starshaped order, the proof is similar taking into account (1.10).

�

2.3.3 Relationships among multivariate orders

Under the necessary condition F i(xi|x(pp)i) ≤ Gi(xi|y(pp)i) for all xi, all p ∈
(0, 1)n and each i = 1, . . . , n, which is the usual stochastic order between the con-
ditional random variables truncated in the quantiles, the upper orthant superad-
ditive order implies the dispersive order proposed by Khaledi and Kochar (2005)
as we can see in the following result.

Proposition 2.3.4 Let X and Y be two nonnegative random vectors such that

F i(xi|x(p)i) ≤ Gi(xi|y(p)i)

for all p ∈ (0, 1)n and i = 1, . . . , n. If X ≤uo−su Y, then X ≤uo−disp Y.

Proof. If X and Y are two nonnegative random vectors such that

F i(xi|x(p)i) ≤ Gi(xi|y(p)i)

for all p ∈ (0, 1)n and i = 1, . . . , n, then the conditioned random variables sat-
isfy the hypothesis in Proposition 4.B.2 in Shaked and Shanthikumar (2007) and,
hence, they are ordered in the upper orthant dispersive sense. �

We can replace the assumption of the usual stochastic order between the cor-
responding conditional random variables by the following limiting condition and
we can establish a similar result.
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Proposition 2.3.5 LetX andY be twononnegative randomvectors such thatX ≤uo−su

Y. If, for all p ∈ (0, 1)n and i = 1, . . . , n, holds

lim
xi→0

G
−1
i (Fi(xi|x(pi))|y(p)i

xi
≥ 1,

then X ≤uo−disp Y.

Proof. The proof is straightforward from Theorem 4.B.3 in Shaked and Shan-
thikumar (2007). �

As pointed out in Section 1.3, given a randomvectorXwithmarginsF1, . . . , Fn,
there exists a copula C such that

F (x1, . . . , xn) = C(F1(x1), . . . , Fn(xn)).

LetXX and Y Y be two random vectors, one interesting situation is to assume
that both random vectors share the same structure of dependence, that is, they
have the same copula C. Important contributions in this case have been made by
Scarsini (1988), Müller and Scarsini (2001), Khaledi and Kochar (2005), Belzunce
et al. (2008) and Balakrishnan et al. (2011).

If we assume that particular situation, we can provide the following result.

Proposition 2.3.6 Let X and Y be two random vectors (nonnegative in the case of
starshaped order) with the same copula C. Then,

(i) X ≤uo−c Y if, and only if,Xi ≤c Yi for all i = 1, . . . , n.

(ii) X ≤uo−∗ Y if, and only if,Xi ≤∗ Yi for all i = 1, . . . , n.

(iii) X ≤uo−su Y if, and only if,Xi ≤su Yi for all i = 1, . . . , n.

Proof. If we assume that X and Y have the same copula, by Lemma 2.1 in
Khaledi and Kochar (2005), it is not difficult to see that

G
−1
i (Fi(x|x(p)i)|y(pi)) = G

−1
i (Fi(x))
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for all p ∈ (0, 1)n and i = 1, . . . , n, and both composition functions share the same
properties. �

Corollary 2.3.7 Let Y = (a1 + b1X1, a2 + b2X2, . . . , an + bnXn) (nonnegative in the
case of the starshaped order). Then, for ai ≥ 1 and bi ∈ R, X ≤uo−c[uo−∗,uo−su] Y.

Proof. The result follows from Proposition 2.3.6 taking into account thatX and
Y have the same copula. �

Aswe showed in the previous chapter, Roy (2002) defined themultivariate con-
vex, starshaped and superadditive order. Recall that X ≤mc[m∗,msu] Y if, and only
if,

�
Xi

��Xi
> xi

�
≤c[∗,su]

�
Yi

��Yi
> xi

�

for all x ∈ Rn and each i = 1, . . . , n,

Next we provide a relationship between the upper orthant orders defined in
this section and the multivariate orders proposed by Roy (2002) in the bivariate
case.

Proposition 2.3.8 Let X = (X1, X2) and Y = (Y1, Y2) be two bivariate random
vectors (nonnegative in the case of the starshaped order) with survival functions F
and G, respectively. If

(i) X1 ≤st Y1 andX2 ≤st Y2,

(ii) (Yi|Yj > xj) is an increasing function in xj in the convex [starshaped, superad-
ditive] order for i �= j.

Then, If X ≤mc[m∗,msu] Y, then X ≤uo−c[uo−∗,uo−su] Y.

Proof.We give the proof in the case of convex order, the starshaped and super-
additive cases are similar.

In order to prove that X ≤uo−disp Y, we have to see that, for all p ∈ (0, 1),

�
X1|X2 > F

−1
X2

(p)
�
) ≤c

�
Y1|Y2 > F

−1
Y2

(p)
�

(2.11)
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and
�
X2|X1 > F

−1
X1

(p)
�
≤c

�
Y2|Y1 > F

−1
Y1

(p)
�
. (2.12)

From X ≤mc Y, it holds, for all x1, x2 ∈ R,

(X1|X2 > x2) ≤c (Y1|Y2 > x2) (2.13)

and
(X2|X1 > x1) ≤c (Y2|Y2 > x1).

Let us prove (2.11). From (2.13), we have that

�
X1|X2 > F

−1
X2

(p)
�
≤c

�
Y1|Y2 > F

−1
X2

(p)
�
,

and from (ii),
�
X1|X2 > F

−1
X2

(p)
�
≤c

�
Y1|Y2 > F

−1
Y2

(p)
�
.

By combining the last two inequalities, it follows the required result. �

Next we give a characterization of the MIFR, MIFRA and MNBU aging notions
given by Roy (1994) based on the upper orthant convex, upper orthant starshaped
and upper orthant superaddtive order.

Proposition 2.3.9 Let X be a nonnegative random vector and

Y ∼ G({λi}ni=1, {λij}i>j, . . . ,λ1,...,n),

that is,Y is a random vector type Gumbel with survival function given by (1.28). Then,

(i) X is MIFR if, and only if, X ≤uo−c Y.

(ii) X is MIFRA if, and only if, X ≤uo−∗ Y.

(iii) X is MNBU if, and only if, X ≤uo−su Y.

Proof. For the shake of simplicity, recall that for X = (X1, . . . , Xn), given
(x1, . . . , xn) ∈ Rn, and i = 1, . . . , n, we denoted by Fi(·|xi), F−1

i (·|xi), F i(·|xi),
ri(·|xi), Ai(·|xi), the distribution function, quantile function, survival function,
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hazard rate function and hazard rate in average function of the conditional ran-
dom variable

�
Xi

��Xi
> xi

�
.

Assume that X is MIFR, then ri(xi|xi) is an increasing function in xi for all
x ∈ Rn and each i = 1, . . . , n, or, equivalently, the conditional distribution given
by (??) is IFR.

Fixed x = (x1, . . . , xn) ∈ Rn and i ∈ {1, . . . , n}, there exist pi such that xi =

F
−1(pi) for i �= j. Let p = (p1, . . . , pn), therefore,

�
Xi

��Xi
> xi

�
=

�
Yi

��Yi
> x(p)i

�
.

From Proposition 1.3.22,

�
Xi

��Xi
> x(p)i

�
≤c

�
Yi

��Yi
> y(p)i

�

for each i = 1, . . . , n. Then, X ≤uo−c Y.

On the other hand, if we assume that X ≤uo−c Y, then, for all p ∈ (0, 1)n and
each i = 1, . . . , n,

�
Xi

��Xi
> x(p)i

�
≤c

�
Yi

��Yi
> y(p)i

�
. (2.14)

Since,
�
Yi

��Yi
> y(p)i

�

is exponential distributed, then

�
Xi

��Xi
> x(p)i

�

is IFR and, therefore, X is MIFR.

The proof of (ii) and (iii) is similar. �

2.3.4 Applications and examples

In this section we study some situations, as well as some parametrical exam-
ples, of the orders defined and studied in the previous sections.
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Pareto distribution

Let us consider the bivariate Pareto distribution, denoted asP(α1,α2, a), whose
joint survival function is given by

F (x1, x2) =

�
x1

α1
+

x2

α2
− 1

�−a

where xi ≥ αi > 0 and a > 2.

It is not difficult to see that

F (X1|X2>x2)(x1) =

�
x1
α1

+ x2
α2

− 1
�−a

�
x2
α2

�−a

f(X1|X2>x2)(x1) =
a

α1

�
x1
α1

+ x2
α2

− 1
�−a−1

�
x2
α2

�−a

r(X1|X2>x2)(x1) =
a

α1

�
x1

α1
+

x2

α2
− 1

�−1

F
−1
(X1|X2>x2)

(u) = α1

�
x2

α2
(1− u)−1/a − x2

α2
+ 1

�

Therefore,

r(X1|X2>x2)

�
F

−1
(X1|X2>x2)

(u)
�
=

a

α1

�
x2

α2

�−1

(1− u)1/a

Let us consider (X1, X2) ∼ P(α1,α2, a) and (Y1, Y2) ∼ P(β1, β2, b). When αi = βi,
Belzunce et al. (2011) show that, if a > b, then

V ar[Xi|Xj > xj] ≤ V ar[Yi|Yj > xj] for i �= j ∈ {1, 2}.

The comparisons in terms of the upper orthat convex, starshaped and super-
additive orders can be obtain without taking into account the values of αi and βi
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i = 1, 2, that is, they have no influence on the transform orders. Fixed p ∈ (0, 1),

r(X1|X2>F−1
X2

(p))

�
F

−1

(X1|X2>F−1
X2

(p))
(u)

�
=

a

α1
(1− u)1/a(1− p)1/a

and
r(Y1|Y2>F−1

Y2
(p))

�
F

−1

(Y1|Y2>F−1
Y2

(p)
(u)

�
=

b

β1
(1− u)1/b(1− p)1/b.

Since

r(X1|X2>F−1
X2

(p))

�
F

−1

(X1|X2>F−1
X2

(p))
(u)

�

r(Y1|Y2>F−1
Y2

(p))

�
F

−1

(Y1|Y2>F−1
Y2

(p))
(u)

� =
a
α1
(1− u)1/a(1− p)1/a

−b
β1
(1− u)1/b(1− p)1/b

,

it holds that, if a > b,

r(X1|X2>F−1
X2

(p))

�
F

−1

(X1|X2>F−1
X2

(p))
(u)

�

r(Y1|Y2>F−1
Y2

(p))

�
F

−1

(Y1|Y2>F−1
Y2

(p))
(u)

� is an increasing function in p ∈ (0, 1),

or, equivalently,

�
X1|X2 > F

−1
X2

(p)
�
≤c

�
Y1|Y2 > F

−1
Y2

(p)
�
.

Analogously, it is easy to see that, if a > b,

�
X2|X1 > F

−1
X1

(p)
�
≤c

�
Y2|Y1 > F

−1
Y1

(p)
�

Therefore, independently of the values of αi and βi, if a > b, then X ≤uo−c Y (and
hence X ≤uo−∗ Y and X ≤uo−su Y).

Generalized Order Statistics

Perhaps the most well known model of a random vector with ordered compo-
nents is the random vector of order statistics. This models arises in natural way
when we arrange in increasing order a set of observations from a random vari-
able. Another example is the case of epoch times of a counting process, like the
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case of a nohomogeneous Poisson process. Epoch times of nohomogeneous Pois-
son processes can be introduced as record values of a proper sequence of random
variables, which is another typical example of ordered data. Given the similarity
of several results for order statistics and record values Kamps (1995a) introduces
the model of generalized order statistics. This model provides a unified approach
to study order statistics and record values, and several other models of ordered
data.

First we provide the definition of generalized order statistics following Kamps
(1995a) and (1995b).

Definition 2.3.10 Let n ∈ N, k ≥ 1, m1, . . . ,mn−1 ∈ R, Mr =
�n−1

j=r mj, 1 ≤ r ≤
n − 1, be parameters such that γr = k + n − r + Mr ≥ 1 for all r ∈ 1, . . . , n− 1,
and let �m = (m1, . . . ,mn−1), if n ≥ 2 (m̃ ∈ R arbitrary, if n = 1). We call uniform
generalized order statistics to the random vector (U(1,n,m̃,k), . . . , U(n,n,m̃,k))with joint
density function

h(u1, . . . , un) = k

�
n−1�

j=1

γj

��
n−1�

j=1

(1− uj)
mj

�
(1− un)

k−1

on the cone 0 ≤ u1 ≤ . . . ≤ un ≤ 1. Now given a distribution function F we call
generalized order statistics based on F to the random vector

(X(1,n,m̃,k), . . . , X(n,n,m̃,k)) ≡
�
F

−1(U(1,n,m̃,k)), . . . , F
−1(U(n,n,m̃,k))

�
.

If F is an absolutely continuous distribution with density f , the joint density
function of (X(1,n,m̃,k), . . . , X(n,n,m̃,k)) is given by

f(x1, . . . , xn) = k

�
n−1�

j=1

γj

��
n−1�

j=1

F̄ (xj)
mjf(xj)

�
F̄ (xn)

k−1
f(xn)

on the cone F−1(0) ≤ x1 ≤ . . . ≤ xn ≤ F
−1(1).

For GOS’s we have that two random vectors of GOS’s with the same set of pa-
rameters and possibly based on different distributions have the same copula (see
Belzunce et al. (2008)).
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Let us see now several models that are included in this model. As we have
mentioned previously, order statistics and record values are a particular case of
this model.

Taking mi = 0 for all i = 1, . . . , n − 1 and k = 1 we get the random vector of
order statistics (X1:n, X2:n, · · · , Xn:n) from a set of n independent and identically
distributed (i.i.d) observations X1, X2, . . . , Xn with common absolutely continu-
ous distribution F , in particular we get thatXi:n =st X(i,n,0,1).

Let us consider the case of record values. Chandler (1952) introduced themath-
ematical notion of record values to study, from a statistical point of view, se-
quences of record values that arise in practice. Let X1, X2, . . . be a sequence of
i.i.d. random variables, which can be considered as independent observations
from the random variable X. Denote the cumulative distribution function of X
by F , and assume that F is absolutely continuous. Also, denote by f the corre-
sponding density function. Record values are defined bymeans of record times, so
first let us recall the definition of record times. Given a sequence of i.i.d. random
variables as above, the record times are the random variables

L(1) = 1,

L(n) = min{j > L(n− 1)|Xj > XL(n−1)}, n = 2, 3, . . . .

The sequence of record valuesX(n) is defined by

X(n) ≡ XL(n), n = 1, 2, . . . .

Takingmi = −1 for all i = 1, . . . , n−1 and k = 1we get thatX(i) =st X(i,n,−1,1).

Some additional particular cases of GOS’s are the following.

A generalization of the record values, is the case in which k ∈ N, obtaining
what is called k-records.

Let {Xi}i∈N be a sequence of i.i.d random variables with distribution function
F and let k ∈ N. Denoting by

(Xj−k+1,j)j=k,k+1,...,
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the sequence of k-th largest order statistics, the random variables given by

L
k(1) = 1

L
k(n+ 1) = min{j > L(n) : Xj,j+k−1 > XLk(n),Lk(n)+k−1}

are called the record times, and the quantities

XLk(n) ≡ XLk(n),Lk(n)+k−1

are called k-th records or k-records, which are a special case of GOS’s taking
mi = −1 for all i = 1, . . . , n− 1 and k ∈ N.

A life-testing experiment of interest in reliability studies involvesN indepen-
dent and identically distributed random variables placed simultaneously on test
and at the time of them-th failureRi surviving units are randomly censored from
the test. The progressively Type-II censored order statistics arising from such a
reliability experiment can be obtained from the model of GOS’s by setting n = m,
mi = Ri and k = Rm + 1.

An interesting model contained in the model of generalized order statistics is
that of order statistics under multivariate imperfect repair; see Shaked and Shan-
thikumar (1986). Suppose n items start to function at the same time 0. Upon fail-
ure, an item undergoes a repair. If i items (i = 0, 1, · · · , n− 1) have already been
scrapped, then, with probability pi+1, the repair is unsuccessful and the item is
scrapped, and with probability 1− pi+1, the repair is successful and minimal.

Let us now consider n items with i.i.d. random lifetimes X1, · · · , Xn, with the
same distribution F and density function f . Let (X(1), · · · , X(n)) be the ordered
random lifetimes resulting from X1, · · · , Xn under such a minimal repair policy.
Then, the joint density function of (X(1), · · · , X(n)) is given by

f(t1, · · · , tn) = n!
n�

j=1

pjf(tj)(F (tj))
(n−j+1)pj−(n−j)pj+1−1 for 0 ≤ t1 ≤ · · · ≤ tn.

It is evident that this is a particular case of the joint density function of gen-
eralized order statistics based on F for the choice of parameters k = pn and
mj = (n− j + 1)pj − (n− j)pj+1 − 1.
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Next we show a property of the comparisons of random vectors of generalized
orders statistics in the upper orthant orders defined in this section.

Theorem 2.3.11 Let (X(1,n,m̃,k), . . . , X(n,n,m̃,k)) and (Y(1,n,m̃,k), . . . , Y(n,n,m̃,k)) be the
random vectors of generalized order statistics based on distributions F and G from
random variablesX and Y , respectively. If

X ≤uo−c[uo−∗,uo−su] Y,

then X ≤uo−c[uo−∗,uo−su] Y.

Proof. Since the vectors of order statistics have the same copula, the result fol-
lows from Theorem 2.3.6. �

2.4 Conclusions and future research

Thenewcriteria to comparemultivariate distributions considered in thismem-
ory suggest a way to compare multivariate distributions in terms of conditional
distributions.

First, we have considered conditional distributions of the type
�
Xi

�����
�

j �=i

{Xj > xj}
�
.

This is in the spirit of previous works like Roy (2002) and Hu, Khaledi and
Shaked (2003). We have focused our attention to the comparison of these ran-
dom variables in terms of dispersion and concentration, and therefore the main
fields of applications are reliability, risks and inequality. This approach can be
used in other contexts changing the type of conditioning, considering conditional
random variables of the type

�
Xi

�����
�

j �=i

{Xj ≤ xj}
�
or

�
Xi

�����
�

j �=i

{Xj = xj}
�
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or the comparison criteria, for example in terms of variability, entropy, etc. Sim-
ilar results to those obtained in Section 2.2 can be given for these random vari-
ables. The obtained results in Section 2.2 are included in Belzunce et al. (2012a).

We have also considered new criteria to compare multivariate distributions
considered taking into account the important role of the quantiles and provides
a way to compare multivariate distributions in terms of conditional distributions
of the type �

Xi

�����
�

j �=i

{Xj > F
−1
j (pj)}

�
.

This approach is clearly inspired in previous works Khaledi and Kochar (2005)
andMercader (2007). Againwe have focused on the conditioned randomvariables
of the type “greater than”, but it is possible to follow a similar approach with
conditioned random variables of the type “equal to” and “smaller than” as we
have previously discussed. The obtained results in Section 2.3 are included in
Belzunce et al. (2012b).

Now we want to point out some future research, in particular for the proposal
of new multivariate convex transform orders.

When we have considered the univariate convex order, it is interesting to re-
call, thatX ≤c Y if, and only if, there exist an increasing convex function φ from
the support of X to R, such that Y =st φ(X). That is, there exist an increasing
convex transformation that maps X onto Y . In particular, for two random vari-
ables X and Y with distribution functions F and G, respectively, if X ≤c Y , the
function φ(x) = G

−1(F (x)) is an increasing convex transformation which maps
X onto Y .

Following this idea and given two n-dimensional random vectors X and Y,
when can consider a definition of multivariate convex transform order based on
the condition that there exist some increasing transformationwhichmapsX onto
Y that satisfy some kind of convexity. In Chapter 1 we have described the trans-
formation that plays the role of G−1(F ) in the multivariate case. Next we recall
it.

Let Y = (Y1, . . . , Yn) be a random vector in Rn with absolutely continuous dis-
tribution function and let p = (p1, . . . , pn) ∈ [0, 1]n. The standard construction for
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Y is given by
�y(p) = (�y1(p1), �y2(p1, p2), . . . , �yn(p1, . . . , pn)

where
�y1(p1) = F

−1
Y1

(p1)

�y2(p1, p2) = F
−1
(Y2|Y1=�y1(p1)(p2)

...

�yn(p1, . . . , un) = F
−1
(Yn|

�n−1
j=1 Yj=�yj(p1,...,pj))

(pn)

This transformation plays the role of the quantile in the multivariate case.

Given a random vector X we consider the transformation

�
x (x) = (

�
x1 (x1),

�
x2 (x1, x2), . . . ,

�
xn (x1, . . . , xn)

where
�
x1 (x1) = FX1(x1)

�
x2 (x1, x2) = F(X2|X1=x1)(x2)

...
�
xn (x1, . . . , xn) = F(Xn|

�n−1
j=1 Xj=xj)

(xn).

Now, from Proposition 1.3.1, we have that the transformation

φ(x1, . . . , xn) = (φ1(x1),φ2(x1, x2), . . . ,φn(x1, . . . , xn)) (2.15)

where, for i = 1, . . . , n,

φi(x1, . . . , xi) = �yi(
�
x1 (x1), . . . ,

�
xi (x1, . . . , xi)),

maps X onto Y, that is Y =st φ(X).

Therefore, under some kind of convexity for this transformation we can pro-
pose a multivariate definition of the convex transform order. In particular we
have considered two possible definitions.

Definition 2.4.1 LetX andY be two random vectors. Let φ = (φ1,φ2, . . . ,φn) be the
function defined in (2.15) which maps X onto Y. Then, X is said to be smaller than



2.4. Conclusions and future research 99

Y in the multivariate transform convex order, denoted by X ≤mtc Y, if, and only,
if φi(x1, . . . , xi) is convex in Ri, for every i = 1, . . . , n, that is, if for every i = 1, . . . , n

the hessian of φi,

∇2
φi(x1, . . . , xi) =





∂2

∂x2
1
φi(x1, . . . , xi)

∂2

∂x1x2
φi(x1, . . . , xi) · · · ∂2

∂x1xi
φi(x1, . . . , xi)

∂2

∂x2x1
φi(x1, . . . , xi)

∂2

∂x2
2
φi(x1, . . . , xi) · · · ∂2

∂x2xi
φi(x1, . . . , xi)

...
... . . . ...

∂2

∂xix1
φi(x1, . . . , xi)

∂2

∂xix2
φi(x1, . . . , xi) · · · ∂2

∂x2
i
φi(x1, . . . , xi),





is semidefinite positive, for every (x1, . . . , xi) in the support of (X1, . . . , Xi).

Definition 2.4.2 Let X and Y be two random vectors. Let φ be the function defined
before which maps X onto Y. Then, X is said to be smaller than Y in the conditional
multivariate transform convex order, denoted by X ≤c−mtc Y, if

φi(x1, . . . , xi) is a convex function in xi for all i = 1, 2, . . . , n. (2.16)

Some preliminary results can be given that we describe next.

First we observe that the ≤mtc is stronger thant the ≤c−mtc order.

Theorem 2.4.3 LetX andY be two random vectors, with absolutely continuous dis-
tributions. If X ≤mtc Y, then X ≤c−mtc Y.

Proof. LetX andY be two random vectors such thatX ≤mtc Y, then the hessian
of φi, ∇2

φi(x1, . . . , xi) is semidefinite positive. This implies that the elements of
the principal diagonal are nonnegative, in particular,

∂
2

∂x
2
i

φi(x1, . . . , xi) ≥ 0,

i.e., φi(x1, . . . , xi) is convex in xi, for each i = 1, 2 . . . , n. �

As we see next, in the following example, this is an strict implication.
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Example 2.4.4 Let us consider a bivariate random vectorY = (Y1, Y2)with bivariate
Gumbel distribution G(1, 1, 1), that is, with joint density function given by

g(y1, y2) = (y1 + y2 + y1y2)e
−(y1+y2+y1y2) for (y1, y2) ∈ R2

.

Let us consider the random vector X = (X1, X2), with joint density given by

f(x1, x2) = (4x5
1x2 + 4x3

1x
3
2 + 4x7

1x
3
2)e

−(x2
1+x2

1x
2
2+x4

1x
2
2) for (x1, x2) ∈ R2

.

It is not difficult to see that Y =st (φ1(X1),φ2(X1, X2)), where φ1(x1) = x
2
1 and

φ2(x1, x2) = x
2
1x

2
2.

In this case, the hessian of φ2 is given by

∇2
φ2(x1, x2) =



 2x2
2 4x1x2

4x1x2 2x2
1



 ,

wheredet(∇2
φ2(x1, x2)) = −12x2

1x
2
2, and, hence,∇2

φ2(x1, x2) is not semidefinite pos-
itive.

However, φ1(x1) = x
2
1 and φ2(x1, x2) = x

2
1x

2
2 are convex in x1 and x2, respectively.

Therefore, X ≤c−mtc Y and it is not ordered in the mtc order.

The following is a characterization of the c-mtc order, which justifies the no-
tation of this order.

Theorem 2.4.5 LetX andY be two random vectors, with absolutely continuous dis-
tributions. Then, X ≤c−mtc Y if, and only if,

X1 ≤c Y1 (2.17)

and
�
Xi

�����

i−1�

j=1

{Xj = �xj(u1, . . . , uj)}
�

≤c

�
Yi

�����

i−1�

j=1

{Yj = �yj(u1, . . . , uj)}
�
, (2.18)

for i = 2, . . . , n and for all ui such that 0 < ui < 1, i = 1, . . . , n.
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Proof. From Definition 2.4.2, X ≤c−mtc Y if, and only if,

φ1(x1) = �y1(
�
x1 (x1)) = F

−1
Y1

(FX1(x1))

which is equivalent toX1 ≤c Y1, and, for i = 2, . . . , n,

φi(x1, . . . , xi) = �yi(
�
xi (x1, . . . , xi)) =

= F
−1

Yi

��������

i−1�

j=1

{Yj=φj(x1,...,xj)}








F

Xi

��������

i−1�

j=1

{Xj=xj}





(xi)





is convex in xi for all i = 1, . . . , n, which means that
�
Xi

�����

i−1�

j=1

{Xj = �xj(u1, . . . , uj)}
�

≤c

�
Yi

�����

i−1�

j=1

{Yj = �yj(u1, . . . , uj)}
�
.

�

Another interesting result for these orders is the case of random vectors with
the same copula.

Theorem 2.4.6 Let X = (X1, . . . , Xn) and Y = (Y1, . . . , Yn) be two random vectors
such that they have the same copula. Then, X ≤mtc[c−mtc] Y if, and only if, Xi ≤c Yi

for all i = 1, . . . , n.

Proof. Arias-Nicolás et al. (2005) showed that, for two random vectors with the
same copula, the function φ can be expressed as

φi(x1, . . . , xn) = G
−1
i (Fi(xi))

for all i = 1, . . . , n, which, under the assumptions, clearly satisfies the conditions
considered in definitions 2.4.1 and 2.4.2. �

These results are included in Belzunce et al. (2012c).



3
Bivariate aging properties

Abstract. As we have seen in Section 1.3.3, several authors have proposed
multivariate extensions of univariate aging notions such as IFR (increasing
failure rate) and DMRL (decreasing mean residual life) notions. Bassan and
Spizzichino (1999), Bassan et al. (2002) or Pellerey (2008) proposed new
multivariate notions when the lifetimes of the components have exchange-
able joint probability distributions. In this chapter, we consider new mul-
tivariate aging notions, in the sense proposed by Bassan and Spizzichino
(1999) and Bassan et al. (2002) and study the role of aging properties pro-
posed by Pellerey (2008) in the context of frailty models.

3.1 Introduction

As we showed in the previous chapters, whenX is the lifetime of a device then
Xt can be interpreted as the residual lifetime of the device at time t, given that
the device is alive at time t.

Several characterizations of aging notions of items, components or individu-
als by means of stochastic comparisons between the residual lifetimesX0,Xt and
Xt+s, with t, t + s ∈ {x : F (x) > 0}, have been considered and studied in liter-
ature. For a review of the topic, see Belzunce and Shaked (2008a) and Belzunce
and Shaked (2008b).

These characterizations serve a few purposes. On the one hand, they can be
used when one wants to prove analytically that some random variable has an ag-
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ing property, as well as they also throw a new light of understanding on the in-
trinsic meaning of the aging notions that are involved. Recall that the increasing
failure rate and decreasing in mean residual life are well known aging notions and,
as we showed in Proposition 1.2.25 and 1.2.26, can be characterized by compar-
isons among residual lifetimes.

On the one hand, as we can see in Definition 1.3.23, Bassan and Spizzichino
(1999) and Bassan et al. (2002) proposed extensions of the IFR and DMRL notions
in the multivariate case when the lifetimes of the components have exchange-
able joint probability distributions. Here, we propose and study newmultivariate
aging notions for exchangeable random vectors based on comparisons of their
residual lifetimes in terms of some univariate stochastic orders. These results
are included in Belzunce et al. (2008).

On the other hand, we present some results considering both stochastic com-
parisons between Xt and Xt+s for all t, s ≥ 0 and the case of dependent lifetimes
having different distributions in the sense of Definition 1.3.24. These results are
included in Mulero and Pellerey (2010).

Finally, we give some results dealing with negative aging of frailty models in-
cluded in Mulero et al. (2010a).

3.2 New bivariate aging notions in the
exchangeable case

In this section, we present some new definitions of bivariate aging notions for
exchangeable random vectors that complete some other definitions proposed by
Bassan and Spizzichino (1999) and Bassan et al. (2002). For further details, see
Section 1.3.3 in Chapter 1.

These bivariate aging notions extend some univariate aging notions in the
sense of decreasing monotonicity of residual lives in the increasing convex or-
der, increasing concave order and Laplace transform order. These new notions
can be related to some positive dependence notions.
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Clearly inspired in Definition 1.3.23 and based on the characterization for the
IFR andDMRL notions provided in propositions 1.2.25 and 1.2.26, we propose the
following new bivariate aging notions:

Definition 3.2.1 Let (X, Y ) be an exchangeable random vector. Then,

(i) (X, Y ) is said to be bivariate increasing in failure rate in the weak sense,
denoted by w-BIFR, if, for x ≤ y,

(X − x|X > x, Y > y) ≥icv (Y − y|X > x, Y > y).

(ii) (X, Y ) is said to be bivariate increasing in failure rate in the Laplace trans-
form sense, denoted by BIFR(Lt), if, for x ≤ y,

(X − x|X > x, Y > y) ≥Lt (Y − y|X > x, Y > y).

(iii) (X, Y ) is said to be bivariate decreasing in mean residual life, denoted by
BDMRL, if, for x ≤ y,

(X − x|X > x, Y > y) ≥icx (Y − y|X > x, Y > y).

From (1.11), we have the following relationships among the new bivariate ag-
ing notions and the previous ones:

s− BIFR ⇒ BIFR ⇒ w − BIFR ⇒ BIFR(Lt)

⇓ ⇓ ⇓

s− BDMRL ⇒ BDMRL ⇒ w − BDMRL.

Next we give some results that describe sufficient conditions under which a
bivariate random vector has the new aging notions.

Proposition 3.2.2 Let (X, Y ) be an exchangeable random vector. If

(i) (X − x|X > x, Y > y) is increasing in y in the icx order, for all x, and
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(ii) (X|Y > y) is DMRL for all y,

then (X, Y ) is BDMRL.

Proof. Let 0 ≤ x ≤ y and let us consider the random variable (X|Y > y). From
(ii) and Proposition 1.2.26 (ii), it follows that

(X − x|Y > y,X > x) ≥icx (X − y|Y > y,X > y).

Now from (i), we have

(X − y|Y > y,X > y) ≥icx (X − y|Y > x,X > y) =st (Y − y|Y > y,X > x),

where the equality holds from the the exchangeability of the components. By
combining the last two inequalities, the required result is proved.

�

Under similar arguments we have the following results.

Proposition 3.2.3 Let (X, Y ) be an exchangeable random vector. If

(i) (X − x|X > x, Y > y) is increasing in y in the icv order, for all x, and

(ii) (X|Y > y) is IFR for all y,

then (X, Y ) is w-BIFR.

Proof. Let 0 ≤ x ≤ y and let us consider the random variable (X|Y > y). From
(ii) and Proposition 1.2.25 (v), it follows that

(X − x|Y > y,X > x) ≥icv (X − y|Y > y,X > y).

Now from (i), we have

(X − y|Y > y,X > y) ≥icv (X − y|Y > x,X > y) =st (Y − y|Y > y,X > x),

where the equality holds from the the exchangeability of the components. By
combining the last two inequalities, the required result is proved. �
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Proposition 3.2.4 Let (X, Y ) be an exchangeable random vector. If

(i) (X − x|X > x, Y > y) is increasing in y in the Lt order, for all x, and

(ii) (X|Y > y) is IFR for all y,

then (X, Y ) is BIFR(Lt).

Proof. Let 0 ≤ x ≤ y and let us consider the random variable (X|Y > y). From
(ii) and Proposition 1.2.25 (vi), it follows that

(X − x|Y > y,X > x) ≥Lt (X − y|Y > y,X > y).

Now from (i), we have

(X − y|Y > y,X > y) ≥Lt (X − y|Y > x,X > y) =st (Y − y|Y > y,X > x),

where the equality holds from the the exchangeability of the components. By
combining the last two inequalities, the required result is proved. �

These multivariate aging notions serve also to characterize some univariate
aging notions for the margins previously defined in literature. Next we recall
these notions. For further details, see Cao and Wang (1991), Deshpande et al.
(1986), Belzunce et al. (1999) and Yue and Cao (2001).

Definition 3.2.5 LetX be a non negative random variable. Then,

(i) X is said to be new better than used in increasing convex order, denoted by
NBUC, ifX ≥icx (X − t|X > t), for all t > 0.

(ii) X is said to be new better than used in increasing concave order, denoted by
NBU(2), ifX ≥icv (X − t|X > t), for all t > 0.

(iii) X is said to be new better than used in Laplace transform order, denoted by
NBULt, ifX ≥Lt (X − t|X > t), for all t > 0.

Now we can give the following results dealing with the aging of the margins.



3.2. New bivariate aging notions in the exchangeable case 107

Proposition 3.2.6 Let (X, Y ) be an exchangeable non negative random vector. If

(i) (X, Y ) is BDMRL, and

(ii) (X|Y > y) ≤icx X,

thenX is NBUC.

Proof. Given that (X, Y ) is BDMRL and exchangeable, then, for y ≥ x ≥ 0, we
have

(X − y|X > y, Y > x) ≤icx (X − x|X > x, Y > y).

Now letting x = 0, we have the following chain of implications

(X − y|X > y) ≤icx (X|Y > y) ≤icx X,

where the second inequality follows from condition (ii), thereforeX is NBUC. �

Proposition 3.2.7 Let (X, Y ) be an exchangeable non negative random vector. If

(i) (X, Y ) is w-BIFR, and

(ii) (X|Y > y) ≤icv X,

thenX is NBU(2).

Proof. Given that (X, Y ) is w-BIFR and exchangeable, then, for y ≥ x ≥ 0, we
have

(X − y|X > y, Y > x) ≤icv (X − x|X > x, Y > y).

Now letting x = 0, we have the following chain of implications

(X − y|X > y) ≤icv (X|Y > y) ≤icv X,

where the second inequality follows from condition (ii), therefore X is NBU(2).
�
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Proposition 3.2.8 Let (X, Y ) be an exchangeable non negative random vector. If

(i) (X, Y ) is BIFR(Lt), and

(ii) (X|Y > y) ≤Lt X,

thenX is NBULt.

Proof. Given that (X, Y ) is BIFR(Lt) and exchangeable, then, for y ≥ x ≥ 0, we
have

(X − y|X > y, Y > x) ≤Lt (X − x|X > x, Y > y).

Now letting x = 0, we have the following chain of implications

(X − y|X > y) ≤Lt (X|Y > y) ≤Lt X,

where the second inequality follows fromcondition (ii), thereforeX isNBULt. �

To finish with, we provide a result about preservation under mixtures.

Let Θ be a random vector, with support χ ⊆ Rn, and Π its distribution. Let
us consider that given Θ = θ, X and Y are independent with common survival
function G(u | θ), then the joint survival function of (X, Y ), is exchangeable and
is given by �

χ

G(x | θ)G(y | θ)dΠ(θ). (3.1)

Proposition 3.2.9 If (X|Θ = θ) (and (Y |Θ = θ)) is DMRL for all θ ∈ χ, then (X, Y )

is BDMRL.

Proof. First we observe that given two random variablesX and Y , with survival
functions F and G, then X ≤icx Y if, and only if,

� +∞
t F (u)du ≤

� +∞
t G(u)du, for

all t. Therefore and from previous characterization, the result follows if we prove
that

� ∞

t+x

F (u, y)du−
� ∞

t+y

F (u, x)du ≥ 0 for all y ≥ x ≥ 0 and for all t ≥ 0.
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Now from (3.1) and assuming that conditions of Fubini’s Theorem hold the
previous inequality can be rewritten as

�

χ

�
G(y | θ)

� ∞

t+x

G(u | θ)−G(t1 | θ)
� ∞

t+y

G(u | θ)
�
dΠ(θ) ≥ 0,

which follows from the hypothesis and from characterization (ii) in Proposition
1.2.26. �

3.3 Bivariate aging properties for random vectors
with Clayton copulas

As we see have seen in Section 1.3.3, another extensions of some univariate
aging properties were provided by Pellerey (2008). In this section, we focus on
these bivariate notions.

From now on, let us consider a pair X = (X, Y ) of nonnegative random vari-
ables with joint survival function

F (x, y) = P (X > x, Y > y),

and marginal univariate survival functions

GX(x) = F (x, 0) = P (X > x) and GY (x) = F (0, x) = P (Y > x),

ofX and Y , respectively.

Assume that F is a continuous survival function which is strictly decreasing
on each argument, and that GX(0) = GY (0) = 1.

Let Xt = (X − t, Y − t|X > t, Y > t) be the pair of the residual lifetimes at
time t ≥ 0, that is, the pair of nonnegative random variables having joint survival
function

F t(x, y) = P (X > t+ x, Y > t+ y|X > t, Y > t) =
F (x+ t, y + t)

F (t, t)
.
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As we see in Definition 1.3.24, bivariate generalizations of the IFR and DFR
notions can be defined considering the stochastic inequalities

Xt+s ≤st [≥st]Xt for all t, s ≥ 0, (3.2)

and
Xt+s ≤lo [≥lo]Xt for all t, s ≥ 0. (3.3)

We will denote withA+
FR[A−

FR] the class of bivariate lifetimes that satisfy (3.2),
and byAw+

FR[Aw−
FR] the class of bivariate lifetimes that satisfy (3.3), where wmeans

“weakly”. Also, we consider the correspondingmultivariate lack ofmemory prop-
erty class,A0, of bivariate lifetimes such that in (3.2) the equality=st (equality in
law) holds for every t, s ≥ 0.

Recall fromProposition 1.3.8 thatwhen a vectorX = (X, Y )has anArchimedean
survival copula, then its joint survival function F can be written in the form

F (x, y) = W (RX(x) +RY (y))

for two suitable continuous and strictly increasing functions

RX , RY : [0,+∞) → [0,+∞)

such that RX(0) = RY (0) = 0, limx→∞ RX(x) = limy→∞ RY (y) = ∞ and a suit-
able one-dimensional, continuous, strictly positive, strictly decreasing and con-
vex survival functionW : R+ → [0, 1] such thatW (0) = 1 called the generator of
the copula.

In the case of a random vector with a Clayton copula, that is, when W (x) =

(x+ 1)−θ for θ ∈ [0,+∞), the survival function of the random vector is given by

F (x, y) = (RX(x) +RY (y) + 1)−θ
.

Multivariate aging notions, defined by means of stochastic comparisons be-
tween X and Xt, with t ≥ 0 as in Definition 1.3.24, have been studied in Pellerey
(2008), who considered pairs of lifetimes having the same marginal distribution.
In this section, we present the generalizations of his results, considering both
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stochastic comparisons betweenXt andXt+s for all t, s ≥ 0, when the dependence
structure is given by a Clayton copula.

Observing that X̃t =st X̃t+s when the underlying survival copula is of the Clay-
ton type, next we give conditions for X to satisfy the properties A0, A+

FR or A−
FR.

Theorem 3.3.1 LetXhave joint survival function defined as in (1.22), and letW (x) =

(x+1)−θ for some positive constant θ (i.e., letX have a Clayton survival copula). Then,

(i) X satisfies the weak multivariate lack of memory propertyA0 if, and only if, RX

and RY are defined as

RX(x) =
e
bXx − 1

αX
and RY (y) =

e
bY y − 1

αY
(3.4)

where αX ,αY , bX and bY are strictly positive real numbers satisfying

1

αX
+

1

αY
= 1 and bX = bY .

(ii) X ∈ A+
FR [A−

FR] if, and only if, the functions RX and RY satisfy

RX(t+ u) +RY (t) + 1

RX(t) +RY (t) + 1
≥ [≤]

RX(t+ s+ u) +RY (t+ s) + 1

RX(t+ s) +RY (t+ s) + 1
(3.5)

and

RX(t) +RY (t+ u) + 1

RX(t) +RY (t) + 1
≥ [≤]

RX(t+ s) +RY (t+ s+ u) + 1

RX(t+ s) +RY (t+ s) + 1
. (3.6)

for every t, s, u ≥ 0.

Proof.

(i) Recall that in order to satisfy the condition X =st Xt the vectors X and Xt

should necessarily have the same survival copula (which is unique, being F
absolutely continuous). This means that the equality

W (W−1(u) +W
−1(v)) =

W (RX(t) +RY (t) +W
−1
t (u) +W

−1
t (v))

W (RX(t) +RY (t))
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should be satisfied for all u, v ∈ [0, 1] and t ≥ 0, i.e., thatK should be a Clay-
ton survival copula (with any positive value for the parameter θ). Moreover,
it should also be satisfied GX(s) = GXt(s) and GY (s) = GYt(s) for every
s, t ≥ 0. LettingW (x) = (x+1)−θ, these equalities are actually verified only
when the functionsRX andRY are defined as in (3.4) and αX ,αY , bX , bY sat-
isfy the equality in the statement (see Aczél, 1966, for details).

Thus, under these assumptions it holds

X =st (G
−1
X (X̃), G

−1
Y (Ỹ )) =st (G

−1
X (X̃t), G

−1
Y (Ỹt))

=a.s. (G
−1
Xt
(X̃t), G

−1
Yt
(Ỹt)) = Xt,

i.e., X =st Xt for all t ≥ 0, and also Xt =st Xt+s for all t, s ≥ 0. The reversed
implication follows observing that such equalities are satisfied only by the
functionsW , RX and RY defined above.

(ii) We give the proof for the case X ∈ A+
FR, the case for X ∈ A−

FR is similar.

Let t, s, u ≥ 0 andW (x) = (x+1)−θ, with θ > 0, the Clayton survival copula.
If we assume (3.5) and (3.6), then

�
RX(t+ u) +RY (t) + 1

RX(t) +RY (t) + 1

�−θ

≤
�
RX(t+ s+ u) +RY (t+ s) + 1

RX(t+ s) +RY (t+ s) + 1

�−θ

and
�
RX(t) +RY (t+ u) + 1

RX(t) +RY (t) + 1

�−θ

≤
�
RX(t+ s) +RY (t+ s+ u) + 1

RX(t+ s) +RY (t+ s) + 1

�−θ

,

or, equivalently,

GXt(u) ≤ GXt+s(u) and GYt(u) ≤ GYt+s(u) for all t, s, u ≥ 0. (3.7)

Therefore, we have that

Xt+s =st (G
−1
Xt+s

(X̃t+s), G
−1
Yt+s

(Ỹt+s)) =st (G
−1
Xt+s

(X̃t), G
−1
Yt+s

(Ỹt))

≤a.s. (G
−1
Xt
(X̃t), G

−1
Yt
(Ỹt)) = Xt,
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for all s, t ≥ 0 where the second equality in law follows the property of the
Clayton survival copula, while the inequality from (3.7). Thus, Xt+s ≤st Xt

which means that X ∈ A+
FR.

�

It should be observed that the resulting joint survival function and univariate
marginal survival functions of the vector X satisfying the assertions of Theorem
3.3.1(i) are, respectively,

F (x, y) =

�
1 +

e
bx − 1

αX
+

e
by − 1

αY

�−θ

, (3.8)

GX(x) =

�
e
bx + (αX − 1)

αX

�−θ

and GY (y) =

�
e
by + (αY − 1)

αY

�−θ

, (3.9)

where 1
αX

+ 1
αY

= 1, with θ, b,αX ,αY ∈ R+.

It is interesting also to observe that univariate survival functions defined as
in (3.9) become exponential distributions when α = 1, are the survival functions
of DFR lifetimes when α > 1, and, viceversa, of IFR lifetimes when α < 1. Since
assumption 1

αX
+ 1

αY
= 1 should be satisfied for a bivariate vector X to be in the

A0 class, this means that a necessary condition for the weak multivariate lack of
memory property is that the two marginal distributions should be DFR.

Examples of bivariate vectors X that are in theA−
FR class can be provided rea-

soning as in the A0 case. In fact, we can again take the functions RX and RY

defined as in (3.4), always letting b = bX = bY to be any strictly positive real
number, but this time assuming that 1

αX
+ 1

αY
> 1. In this case, in fact, inequal-

ities (3.5) and (3.6) are satisfied with ≥, as one can verify, and the joint survival
function and univariate marginal survival functions of the corresponding vector
X are as in (3.8) and (3.9), respectively, but with 1

αX
+ 1

αY
> 1.

Recalling what have been said previously regarding the univariate survival
functions in (3.9), one can observe that four possible cases can happen when
1

αX
+ 1

αY
> 1: if αX , αY < 1, then both margins X and Y are DFR; if αX > 1,

αY < 1 then X is DFR and Y is IFR; if αX < 1 and αY > 1 then X is DFR and
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Y is IFR and, unexpectedly, if both αX and αY are greater than 1 then both the
marginalsX and Y are univariate IFR, even if X is in the A−

FR class.

Viceversa, in case 1
αX

+ 1
αY

< 1, then the bivariate vector X results to be in the
A+

FR class, since in this case both the inequalities≤ are satisfied in (3.5) and (3.6).

This happens, for example, assuming again that RX and RY are defined as
in (3.4), and thus again in case that the joint survival function and univariate
marginal survival functions of the vector X are as in (3.8) and (3.9), but this time
letting 1

αX
+ 1

αY
< 1. Under this assumption there is only one possible case for the

univariate aging: αX ,αY > 1, i.e., both marginsX and Y are univariate IFR.

These considerations can be somehow generalized to the case that the func-
tions RX and RY are different than the ones in (3.4). However, in this case we
should assume the same marginal distribution for X and Y (i.e., letting RX =

RY = R).

Theorem 3.3.2 LetXhave joint survival function defined as in (1.22), equalmarginal
distributions and Clayton survival copula. Let R be such that

R(t+ s)R(t+ u) ≥ R(t)R(t+ s+ u) ∀t, s, u ≥ 0, (3.10)

i.e., let R(t+s)
R(t) be decreasing in t for all s ≥ 0. Then we have the following assertions,

(i) If the marginals of X are DFR then X is in the A−
FR class.

(ii) If X is in the A+
FR class then its marginal distributions are IFR.

Proof.

(i) LetW (x) = (x + 1)−θ for some positive constant θ, and observe that, when
RX = RY = R, the marginal distributions of X are DFR if, and only if,

R(t+s+u)R(t) ≤ R(t+s)+R(t+u)−R(t+s+u)−R(t)+R(t+s)R(t+u) (3.11)

for all t, s, u ≥ 0. Inequality (3.11) clearly implies

R(t+ s+ u)R(t) ≤ R(t+ s) +R(t+ u)−R(t+ s+ u)−R(t) +

+R(t+ s)R(t+ u) + [R(t+ s)R(t+ u)−R(t)R(t+ s+ u)]
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for all t, s, u ≥ 0, which, in turns, is equivalent to the inequalities (3.5) and
(3.6) with ≥. Thus, assertion (i) is proved.

(ii) Viceversa, let X be in the class A+
FR, i.e., let

R(t+ s+ u)R(t) ≥ R(t+ s) +R(t+ u)−R(t+ s+ u)−R(t) +

+R(t+ s)R(t+ u) + [R(t+ s)R(t+ u)−R(t)R(t+ s+ u)]

for all t, s, u ≥ 0 (this follows from (3.5) and (3.6)). Under assumption (3.10)
this inequality implies

R(t+ s+u)R(t) ≥ R(t+ s)+R(t+u)−R(t+ s+u)−R(t)+R(t+ s)R(t+u)

for all t, s, u ≥ 0, which, in turns, implies that the marginals of X are IFR.

�

Next we give an example where Theorem 3.3.2 can be applied.

Example 3.3.3 Let H be any absolutely continuous univariate cumulative distribu-
tion, with corresponding density h and survival functionH, and let

R(t) = [H(t)]−1 − 1,

so that the marginals of X have the same survival distribution G(t) = W (R(t)) =

(R(t) + 1)−θ = H(t)θ. Referring to univariate distributions, this is what in the liter-
ature is usually called proportional hazard model or Lehman’s alternative. We have
here a bivariate generalization where the proportionality factor is given by the pa-
rameter θ that describes the degree of dependence between X and Y.

In this case the assumption R(t+ s)/R(t) decreasing in t for all s ≥ 0means that

H(t+ s)H(t)

H(t+ s)H(t)

is decreasing in t for all s ≥ 0. By deriving, it is equivalent to

h(t)

H(t)

1

H(t)
decreasing in t.
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Since 1/H(t) is always decreasing, the assumption on R is satisfied if h(t)/H(t) is
decreasing, i.e., if H is DFR. Thus, for this model, if the underlying distribution H is
DFR then it follows that the random vectorX is in the A−

FR class.

It is interesting to observe that the same statement does not hold for positive
aging. In fact, letting H(x) = α

ebx+α−1 , i.e., R(x) = ebx−1
α , we have a counterexam-

ple whereH is IFR butX is in the A−
FR (as shown before).

3.4 Negative aging for frailty models

The frailty approach is commonly used in reliability theory and survival anal-
ysis to model the dependence between subjects or components; according to this
model the frailty (an unobservable random variable that describes environmental
factors) acts simultaneously on the hazard functions of the lifetimes.

Recall that a vectorXk = (Xk,1, . . . , Xk,n)of non independent lifetimes is said to
be described by amultivariate frailty model if its joint survival function is defined
as

F k(t1, . . . , tn) = IP[Xk,1 > t1, . . . , Xk,n > tn] = E
��
Πn

i=1Gk,i(ti)
�Θk

�
, ti ∈ R+

,

where Θk is an environmental random frailty taking values in R+ and Gk,i is the
survival function of lifetimeXk,i given Θk = 1, for further details see Section 1.3.

In this section, we provide sufficient conditions for the stochastic comparisons
Xi,t ≤ Xi,t+v where t = (t1, . . . , tn)Rn and v is a vector with nonnegative compo-
nents.

In order to prove the main results, we need to introduce a theoretical tool
which is the n–Laplace ratio orders.

Definition 3.4.1 Let Θ1 and Θ2 be two nonnegative random variables. Then, Θ2

is said to be smaller than Θ1 in the n–Laplace transform ratio order, denoted by
Θ2 ≤n−Lt−r Θ1, with n ∈ N+, if

E[Θn−1
1 exp(−sΘ1)]

E[Θn−1
2 exp(−sΘ2)]

is decreasing in s ∈ R+
.
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Note that these orders do not imply, nor are implied by, the usual stochastic
order, and that Θ2 ≤n−Lt−r Θ1 holds if, and only if,

W
(n−1)
1 (s)

W
(n−1)
2 (s)

is decreasing in s,

where
Wk(s) = E[exp(−sΘk)] =

� ∞

0

exp(−sθ)dHk(θ), s ∈ R+
, (3.12)

whereW (n−1)
k is the derivative of order n−1 ofWk (withW (0)

k = Wk) andHk is the
cumulative distribution of Θk, k = 1, 2.

The n–Laplace transform ratio orders have been never considered before in
the literature in general. However, the particular case of the 1–Laplace trans-
form ratio order is equivalent to the order Laplace transform ratio order defined
and studied in Shaked and Wong (1997) and further considered in Bartoszewicz
(1999), who derived some of its characterizations and established inequalities for
negative moments of ordered random variables. Also,the 2–Laplace transform
ratio order is the same as the differentiated Laplace transform ratio order defined
in Li et al.(2009), where a complete study on its properties and applications is
provided. Like the orders mentioned above, the n–Laplace transform ratio orders
do not imply the usual stochastic order. To prove it,it suffices to consider the
variablesΘ1 andΘ2 having discrete densities fΘ1 and fΘ1, respectively, defined as

fΘ1(t) =






0.2 if t = 1

0.4 if t = 2

0.4 if t = 2.9

0 otherwise

and fΘ2(t) =






0.3 if t = 1

0.4 if t = 2

0.3 if t = 3

0 otherwise.

With some straightforward calculation it is easy to verify that Θ2 ≤2−Lt−r Θ1,
while the usual stochastic order between Θ1 and Θ2 is not satisfied, since their
survival functions do intersect. Moreover, the usual stochastic order does not
imply the n–Laplace transform–likelihood ratio orders, since it does not imply
the ≤Lt−r order (see Shaked and Wong, 1997).
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A second example of variables that are ordered in the 2–Laplace transform ra-
tio order but not in usual stochastic order is for Θ1 ∼ U [0, 3] and Θ2 ∼ U [1, 2].
These two variables are not ordered in usual stochastic order because their sur-
vival functions do intersect (and neither are ordered in the stronger likelihood
ratio order, as one can verify), however, it holds Θ2 ≤2−Lt−r Θ1 being the ratio

W
(1)
1 (s)

W
(1)
2 (s)

=
−3e−3s

s+ (1− e
−3s)

3[(e−s − 2e−2s)s+ (e−s − e−2s)]
decreasing in s ≥ 0.

An example where two nonnegative variables are ordered in n–Laplace trans-
form ratio order for every value of n is described in the following proposition.
Here,Ga(α,λ) denotes the gamma distribution with shape parameter α and scale
parameter λ.

Proposition 3.4.2 Let Θ1 ∼ Ga(α1,λ1) and Θ2 ∼ Ga(α2,λ2). Then Θ2 ≤n−Lt−r Θ1

for every n ≥ 0 whenever α1 ≥ α2 and λ1 ≤ λ2.

Proof. It is well known that if Θ ∼ Ga(α,λ) its associated Laplace transform is
given by

W (s) = λ
α(λ+ s)−α

and its derivative of order n is given by

W
(n−1)(s) = (−1)n−1 (α + n− 1)!

(α− 1)!
λ
α(λ+ s)α+n−1 = −(α+ n− 1)(λ+ s)−1

W
(n−2)(s)

Therefore,

W
(n−1)
1 (s)

W
(n−1)
2 (s)

= Cλ1,λ2,α1,α2,n
(λ1 + s)−α1−n

(λ2 + s)−α2−n
= Cλ1,λ2,α1,α2,n(λ2 + s)α2−α1(

λ2 + s

λ1 + s
)n+α1

where Cλ1,λ2,α1,α2,n does not depend on s. It is easy to see that this ratio is de-
creasing in s if, and only if, α1 ≥ α2 and λ1 ≤ λ2. �

Two preliminary results related with the n–Laplace transform ratio orders are
needed along this section. The proof of the first two of them easily follows from
standard Total Positivity techniques (see Karlin, 1968, for definitions, main prop-
erties and details on Total Positivity theory).
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Lemma 3.4.3 Let the survival functions Wk, with k = 1, 2, be defined as in (3.12).
Then,

W
(n−1)
k (s+ z)

W
(n−1)
k (s)

is increasing in s ∈ R+

for every z ∈ R+ and n ≥ 1.

Proof. First observe that the assertion holds if, and only if, for every n ≥ 1,

W
(n−1)
k (s)

W
(n)
k (s)

is increasing in s ∈ R+ (3.13)

Let us denote
W

(n)
k (s) =

� ∞

0

a(n, θ)b(s, θ)dHk(θ),

where a(n, θ) = θ
n and b(s, θ) = exp(−sθ). It is easy to verify that a(n, θ) is TP2

(totally positive of order 2), while b(s, θ) is RR2 (reverse regular of order 2). Thus by
the Basic Composition Formula it follows thatW (n)

k (s) is RR2, i.e., that the ratio
(3.13) is increasing in s. �

The secondpreliminary result describes the relationships among then–Laplace
transform ratio orders.

Lemma 3.4.4 Let Θ2 ≤n−Lt−r Θ1. Then, Θ2 ≤i−Lt−r Θ1 for every i = 1, 2, . . . , n,
and, in particular,

E[exp(−sΘ2)] ≥ E[exp(−sΘ1)].

Proof. Again using the Basic Composition Formula it is easy to verify that when
the ratioW i

1(s)/W
i
2(s) is decreasing, then

�∞
s W

(i)
1 (z)dz

�∞
s W

(i)
2 (z)dz

=
W

(i−1)
1 (s)

W
(i−1)
2 (s)

is decreasing in s.

In particular, W1(s)
W2(s)

is decreasing in s, thus

1 =
W1(0)

W2(0)
≥ W1(s)

W2(s)
=

E[exp(−sΘ1)]

E[exp(−sΘ2)]
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�

In the literature, one can find several characterizations of aging notions of
univariate nonnegative variables by means of stochastic comparisons between
the residual lifetimes Xt = (X − t

��X > t) (see, e.g, Barlow and Proschan, 1975).
Among others, the following negative aging notion is well known: the random
lifetime X is said to be decreasing in failure rate, denoted by DFR, if, and only
if,

Xt ≤st Xt+v for all t, v ≥ 0.

As a natural multivariate generalization of the DFR notion, one can in fact
consider the stochastic inequality

Xt ≤st Xt+v (3.14)

and says that the vector of lifetimes X is multivariate DFR if (3.14) holds for all
nonnegative vectors t and v.

Using arguments similar to those in the proof of Theorem 4.4.2 in Chapter 4, it
is possible to prove also the following result, which describes conditions for this
notion of negative multivariate aging. Note that here the vectorX1 does not need
to have nonnegative components.

Theorem 3.4.5 Let X1 be an n–dimensional random vector having joint survival
function defined as in (1.25). Then, X1,t ≤st X2,t+v holds for every t = (t1, . . . , tn)

and every nonnegative v = (v1, . . . , vn) if, for all i = 1, . . . , n, the variable X̃1,i has
decreasing hazard rate, i.e., if X̃1,i,ti ≤st X̃1,i,ti+vi for all ti ∈ R and vi ∈ R+.

Proof. Let u = (u1, . . . , un) be any vector of non-negative components. Note
that, as shown in the proof of Theorem 4.4.2,

FX1,t(u) = E

��
Πn

i=1G1,i,ti(ui)
��Θt

�
and FX1,t+v(u) = E

��
Πn

i=1G1,i,ti+vi(ui)
��Θt+v

�

where �Θt and �Θt+v have distribution �Ht and �Ht+v, respectively, defined as

�Ht(θ) =

� θ

0 exp{τ [
�n

j=1 lnG1,j(tj)]}dHt(τ)�∞
0 exp{τ [

�n
j=1 lnG1,j(tj)]}dHk(τ)
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and
�Ht+v(θ) =

� θ

0 exp{τ [
�n

j=1 lnG1,j(tj + vj)]}dHt+v(τ)�∞
0 exp{τ [

�n
j=1 lnG1,j(tj + vj)]}dHk(τ)

.

Thus,

E[exp(−s�Θt)] =
E[exp(−(s+ �t)Θ1)]

E[exp(−�tΘ1)]

and

E[exp(−s�Θt+v)] =
E[exp(−(s+ �tv)Θ1)]

E[exp(−�tvΘ1)]
,

where �t = −
�n

j=1 lnGk,j(tj) and �tv = −
�n

j=1 lnGk,j(tj + vj).

Let us denote with

�W1,t(s) = E[exp(−s�Θt)] and�W1,t+v(s) = E[exp(−s�Θt+v)]

the Laplace transforms of �Ht and �Ht+v, respectively.

It holds
�W1,t(s)
�W1,t+v(s)

=
E[exp(−�tvΘ1)]

E[exp(−�tΘ1)]
· W1,t(s+ �t)
W1,t(s+ �tv)

.

It is easy to verify that the ratio W (n−1)
1,t (s+�t)

W (n−1)
1,t (s+�tv)

is decreasing in s because of Lemma

3.4.3 and inequality �t ≤ �tv. Thus �Θt+v ≤n−Lt−r
�Θt.

Moreover, from the assumption on the margins [X1,i| Θ1 = 1] easily follows
that [X1,i,ti |�Θ1 = 1] ≤st [X1,i,ti+vi |�Θ1 = 1], i.e., that G1,i,ti(ui) ≤st G1,i,ti+vi(ui) for
all ui ∈ R+ and i = 1, . . . , n.

Thus, the assertion follows applying Theorem 4.4.1. �

This result is not surprising, in particular if compared with similar conditions
reported in literature for other notions of negative multivariate aging (see, e.g.,
Spizzichino and Torrisi, 2001).



4
Stochastic comparisons for some

particular cases of Archimedean copulas

Abstract. In this chapter, we will provide conditions to compare, in dif-
ferent stochastic ways, two bivariate lifetimes X ∼ TTE(WX, RX) and
Y ∼ TTE(WY, RY). These conditions are essentially based on stochastic
comparisons between WX and WY (or, better, between the univariate vari-
ablesX∗ and Y ∗ having survival functionsWX andWY, respectively). Thus,
in contrast to the results presented in Müller and Scarsini (2001), we will
provide here simple conditions for the stochastic comparison between bi-
variate lifetimes having different copulas. Some examples of applications
will be also provided.

4.1 Introduction

In this chapter, we will consider two different bivariate vectors of lifetimes,
X = (X1, X2) and Y = (Y1, Y2), and we provide conditions for comparisons of
their residual bivariate lifetimes Xt and Yt, i.e.,

Xt = (X1 − t,X2 − t|X1 > t,X2 > t) and Yt = (Y1 − t, Y2 − t|Y1 > t, Y2 > t).

Even for the stochastic inequalities between residual lifetimes, it is of course
possible to consider multivariate generalizations. For example, one can be inter-
ested in comparisons between the residual lifetimes of two vectors of lifetimes X
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and Y of the kind
Xt ≤st Yt for all t ≥ 0. (4.1)

It is important to note that if this comparison holds, thenφ(Xt) ≤st φ(Yt) for all
increasing function φ : Rn → R. This property is the key of the main applications
of the comparisons of the residual lifetimes. For example, inequalities as in (4.1)
can be used to compare the lifetimes of systems built using used components,
that is, if (4.1) holds, then τ(Xt) ≤st τ(Yt) for every coherent life function τ and
for all t ≥ 0.

Also given that (X1 > t1, . . . , Xn > tn) = (min{Xi : i = 1, . . . , n}), previous
inequalities can be used to provide comparisons for a coherent system based on
two different sets of components when we have additional (survival) information
about the first failure of the components.

In insurance theory, they can be obviously used to compare the residual life-
times of two pairs of ensured persons when the assumption of independence in
the couples does not apply.

First, we will consider random vectors with Clayton copula. These results are
included in Mulero and Pellrey (2010). Recall that if X is a random vector with a
Clayton copula, then its survival function can be written as

F (x, y) = W (RX(x) +RY (y))

where
W (x) = (x+ 1)−θ for θ ∈ [0,+∞),

andRX , RY : [0,+∞) → [0,+∞) are two suitable continuous and strictly increas-
ing functions such that RX(0) = RY (0) = 0 and lim

x→∞
RX(x) = lim

y→∞
RY (y) = ∞.

In this case, it is important to take into account that for a random vector with
Clayton copula, it holds the equality in law between X̃t1 and X̃t2. In fact, this
equality holds if, and only if, the structure of dependence is given by a Clayton
copula.

Secondly, we consider random vectors defined via a Time Transformed Expo-
nential model, denoted by X ∼ TTE(W,R), that is, when the joint survival func-
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tion F can be written as

F (t, s) = W (R(t) +R(s)), t, s ≥ 0, (4.2)

for further details see Section 1.3. These results are included in Mulero et al.
(2010b).

Note that, as a particular case of property (1.23), given X ∼ TTE(W,R) and
considering the vector Xt = [(X1 − t,X2 − t)|X1 > t,X2 > t] of the residual
lifetimes at time t ≥ 0, then Xt ∼ TTE(Wt, Rt), i.e., it has joint survival function
F t(x, y) given by

F t(x, y) = Wt(Rt(x) +Rt(y))

where
Wt(x) =

W (2R(t) + x)

W (2R(t))
, (4.3)

and where
Rt(x) = R(t+ x)−R(t), (4.4)

for t, x ≥ 0.

Thus, the survival copula of Xt is defined by

Kt(u, v) = Wt(W
−1
t (u) +W

−1
t (v)), u, v ∈ [0, 1],

whereWt is defined as in (4.3).

4.2 Stochastic comparisons for random vectors
with Clayton copula

In this section we will assume that the dependence structure of both the ran-
dom pairs is described by Clayton survival copulas.

Next, we give a result assuming the exchangeability for the Xi and for the Yi,
i.e., RX1 = RX2 = RX and RY1 = RY2 = RY.

Moreover, in Theorem 4.2.1 (i), we assume that X and Y have the same Clay-
ton survival copula, so obtaining a comparison in usual stochastic order sense
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between Xt and Yt, while in Theorem 4.2.1 (ii), we remove such assumption, so
obtaining the weaker comparison in upper orthant order.

Theorem 4.2.1 Let X = (X1, X2) and Y = (Y1, Y2) be two bivariate random vec-
tors vectors having joint survival function defined as in (1.22) with Clayton copu-
las parametrized by θX and θY, respectively. Moreover, let RX1 = RX2 = RX and
RY1 = RY2 = RY, that is, X and Y are exchangeable and let F and G be the distribu-
tion functions of the margins of X and Y, respectively.

(i) If θX = θY, R�
Y(0) ≤ R

�
X(0) and the ratio R�

Y(t)/R
�
X(t) is a decreasing function

in t, then Xt ≤st Yt for all t ≥ 0.

(ii) If θX ≥ θY, R�
Y(0) ≤ R

�
X(0) and the ratio R�

Y(t)/R
�
X(t) is a decreasing function

in t, then Xt ≤uo Yt for all t ≥ 0.

Proof. Let X = (X1, X2) and Y = (Y1, Y2) be two bivariate and exchangeable
random vectors as described in the hypothesis.

(i) Let F and G be the survival functions ofXi and Yi, respectively, for i = 1, 2.
It is not hard to verify that whenW (x) = (x+1)−θ for some positive constant
θ, then F t(u) ≤ Gt(u) for all t, u ≥ 0 if, and only if, A(t, s) + 2B(t, s) ≥ 0,
where

A(t, s) = [RX(t+ s)−RX(t)]− [RY(t+ s)−RY(t)]

and
B(t, s) = RY(t)RX(t+ s)−RX(t)RY(t+ s).

Since R
�
Y(t)/R

�
X(t) is a decreasing function in t, by the Basic Composition

Formula (see Karlin, 1968), it follows that also RY(t)/RX(t) is a decreasing
function in t and therefore that B(t, s) ≥ 0. Moreover, if R�

Y(0) ≤ R
�
X(0) and

R
�
Y(t)/R

�
X(t) is a decreasing function in t then R

�
Y(t) ≤ R

�
X(t) for any t, and

therefore A(t, s) ≥ 0. Thus F t(u) ≤ Gt(u) holds for all t, u ≥ 0.

It follows

Xt =st (F
−1
t (U t

1), F
−1
t (U t

2)) =st (F
−1
t (U1), F

−1
t (U2))

≤a.s. (G
−1
t (U1), G

−1
t (U2)) =st (G

−1
t (U t

1), G
−1
t (U t

2)) = Yt,
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where U = (U1, U2) is the vector having as joint distribution the Clayton
survival copula, and Ut = (U t

1, U
t
2) =st U is the vector having as distribution

the common survival copula of Xt and Yt. The assertion follows.

(ii) As shown in (i), from the assumption on RX and RY it follows that A(t, s) +
2B(t, s) ≥ 0, which can be written as

�
1 +RX(t) +RX(t+ s)

1 + 2RX(t)

�−1

≤
�
1 +RY(t) +RY(t+ s)

1 + 2RY(t)

�−1

.

Thus,

F t(s) =

�
1 +RX(t) +RX(t+ s)

1 + 2RX(t)

�−θX

≤
�
1 +RY(t) +RY(t+ s)

1 + 2RY(t)

�−θX

≤
�
1 +RY(t) +RY(t+ s)

1 + 2RY(t)

�−θY

= Gt(s).

Moreover, from θX ≥ θY it follows that KθX ≤PQD KθY, which is equivalent
to X̃ ≤PQD Ỹ . So we have, for any t ≥ 0,

Xt = (F
−1
t (X̃1,t), F

−1
t (X̃2,t)) =st (F

−1
t (X̃1), F

−1
t (X̃2))

≤PQD (F
−1
t (Ỹ1), F

−1
t (Ỹ2)) ≤a.s. (G

−1
t (Ỹ1), G

−1
t (Ỹ2))

=st (G
−1
t (Ỹt), G

−1
t (Ỹt)) = Yt.

The assertion follows.

�

Example 4.2.2 An example where the assumptions of Theorem 4.2.1 (i) are satisfied
is when RX(t) = log(1 + bXt), RY(t) = log(1 + bYt) with bX ≤ bY. In the context
of frailty models, for example, this means that if X and Y are such that FX(t, s) =

E[HX(t)ΘHX(s)Θ] and FY(t, s) = E[HY(t)ΘHY(s)Θ], whereΘ is Gamma distributed,
HX(t) = 1/(1 + bXt) and HY(t) = 1/(1 + bY t), then Xt ≤st Yt for all t ≥ 0 whenever
0 ≤ bX ≤ bY.

Next, we provide conditions for Xt ≤st Yt for all t ≥ 0 in the case of different
margins.
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Theorem 4.2.3 Let X = (X1, X2) and Y = (Y1, Y2) be two bivariate random vec-
tors vectors having joint survival function defined as in (1.22) with Clayton copulas
parametrized by θX and θY, respectively.

If θX = θY and, for every t, s ≥ 0, it holds

(i) (Xi − t |(X1, X2) > (t, t)) ≤st (Yi − t |(Y1, Y2) > (t, t)), i = 1, 2,

(ii) ����������

RX1(t+ s)−RX1(t) RY1(t+ s)−RY1(t)

RX2(t) RY2(t)

����������

≥ 0, (4.5)

(iii) ����������

RX2(t+ s)−RX2(t) RY2(t+ s)−RY2(t)

RX1(t) RY1(t)

����������

≥ 0, (4.6)

then Xt ≤st Yt for every fixed t ≥ 0.

Proof. Let X = (X1, X2) and Y = (Y1, Y2) be two bivariate vectors having joint
survival function defined as in (1.22), and let the survival copulas of X and Y be
Clayton copulas parametrized by θX and θY, respectively.

Let us consider the univariate residual lifetimesXi,t = (Xi−t |(X1, X2) > (t, t))

and Yi,t = (Yi− t |(Y1, Y2) > (t, t)) of the marginal random variablesXi and Yi, and
let FXi

t =
W (RXi

(t+s))

W (RXi
(t)) and GYi

t =
W (RYi

(t+s))

W (RYi
(t)) be their survival functions, for i = 1, 2.

It is easy to verify that for every fixed t and i = 1, 2 it holdsXi,t ≤st Yi,t if, and only
if,

RXi(t+ s)−RXi(t)− (RYi(t+ s)−RYi(t))+RXi(t+ s)RYi(t)−RXi(t)RYi(t+ s) ≥ 0

(4.7)
for any s ≥ 0.

On the other hand, let Xt = (X1 − t,X2 − t|X1 > t,X2 > t) be the vector
of the residual lifetimes of X at time t ≥ 0. Its marginal residual lifetimes Xt,1
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and Xt,2 have the survival functions G
Xt

1 (s) =
W (RX1 (t+s)+RX2 (t))

W (RX1 (t)+RX2 (t))
and G

Xt

2 (s) =
W (RX1 (t)+RX2 (t+s))

W (RX1 (t)+RX2 (t))
, respectively.

Similarly, let us call GYt

1 and G
Yt

2 the survival functions of Yt,1 and Yt,2, which
are the marginals ofYt.

For every t, s ≥ 0, it holds GXt

1 (s) ≤ G
Yt

1 (s) and GXt

2 (s) ≤ G
Yt

2 (s) if, and only if,

RX1(t+ s)−RX1(t)− (RY1(t+ s)−RY1(t)) +RX1(t+ s)RY1(t)−

−RX1(t)RY1(t+ s) +RX1(t+ s)RY2(t)−RX1(t)RY2(t)+

+RX2(t)RY1(t)−RX2(t)RY1(t+ s) ≥ 0 (4.8)

and

RX2(t+ s)−RX2(t)− (RY2(t+ s)−RY2(t)) +RX2(t+ s)RY2(t)−+

−RX2(t)RY2(t+ s) +RX2(t+ s)RY1(t)−RX1(t)RY1(t)+

+RX1(t)RY2(t)−RX1(t)RY2(t+ s) ≥ 0 (4.9)

From (4.5), (4.6) and (4.7) it follows that (4.8) and (4.9) are satisfied and there-
fore

Xt =st ((G
X1

t )−1(U t
1), (G

X2

t )−1(U t
2)) =st ((G

X1

t )−1(U1), (G
X2

t )−1(U2))

≤a.s. ((G
Y1

t )−1(U1), (G
Y2

t )−1(U2)) =st ((G
Y1

t )−1(U t
1), (G

Y2

t )−1(U t
2)) = Yt.

�

Example 4.2.4 An example whereX = (X1, X2) andY = (Y1, Y2) are vectors of life-
times satisfying the assumptions in Theorem 4.2.3 is when RXi(t) =

ebt−1
αXi

, RYi(t) =
ebt−1
αYi

, for i = 1, 2, where αX1 · αY2 = αY1 · αX2 and αXi ≤ αYi .
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4.3 Stochastic comparisons for Time Transformed
Exponential models

In this section, we state and prove the stochastic comparisons between Time
TransformedExponentialmodels. Fromnowon, letX = (X1, X2) ∼ TTE(WX, RX)

and Y = (Y1, Y2) ∼ TTE(WY, RY) be two bivariate lifetimes described by two dif-
ferent Time Transformed Exponential models as in (1.24).

Note that, in this case, GX(t) = WX(RX(t)) and GY(t) = WY(RY(t)) are the
univariate marginal survival functions of X and Y, respectively, i.e., the survival
functions ofXi and Yi, respectively.

Let us denote withX∗ and Y ∗ the univariate lifetimes whose survival functions
areWX andWY, respectively.

Next, we recall some definitions and properties of several stochastic orders
considered in the prosecution, see Chapter 7 in and Shaked and Shanthikumar,
2007.

Definition 4.3.1 Let X and Y be two random vectors. Then,

ii) X is said to be smaller than Y in the upper orthant-convex order, denoted by
X ≤uo−cx Y, if

E[
n�

i=1

gi(Xi)] ≤ E[
n�

i=1

gi(Yi)]

for every collection {g1, g2, . . . , gn} of univariate increasing convex functions, for
which the expectations exist.

iii) X is said to be smaller than Y in the lower orthant-concave order, denoted by
X ≤lo−cv Y, if

E[
n�

i=1

hi(Xi)] ≤ E[
n�

i=1

hi(Yi)]

for every collection {h1, h2, . . . , hn} of univariate increasing functions such that
hi is concave on the union of the supports ofXi and Yi, i = 1, 2, . . . , n, for which
the expectations exist.

We also recall a notion that will be mentioned along this section, see Chapter
6 in Shaked and Shanthikumar, 2007, for details.
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Definition 4.3.2 A random vector X = (X1, . . . , Xn) is said to be conditionally
increasing in sequence, denoted by CIS, if, for i = 2, . . . , n,

(Xi|X1 = x1, . . . , Xi−1 = xi−1) ≤st (Xi|X1 = x
�
1, . . . , Xi−1 = x

�
i−1)

for all xj ≤ x
�
j, j = 1, 2, . . . , i − 1, where (Xi|X1 = x1, . . . , Xi−1 = xi−1) denotes the

conditional distribution ofXi givenX1 = x1, . . . , Xi−1 = xi−1 for all x1, . . . , xi−1 ∈ R.

Note that, in the bivariate case, X = (X1, X2) is CIS if (X2|X1 = u1) ≤st

(X2|X1 = u2) for all u1 ≤ u2 (i.e., if X2 is stochastically increasing in X1). One
of the reason of interest in the CIS property is due to the following statement
(Shaked and Shanthikumar, 2007, Theorem 6.B.4).

Lemma 4.3.3 Let X = (X1, . . . , Xn) and Y = (Y1, . . . , Yn) be two random vectors. If
either X, or Y, is CIS and

(i) X1 ≤st Y1,

(ii) (Xi|X1 = x1, . . . , Xi−1 = xi−1) ≤st (Yi|Y1 = x1, . . . , Yi−1 = xi−1), for all xj,
j = 1, . . . , i− 1,

then X ≤st Y.

Conditions for a random vector X having an Archimedean copula (or survival
copula) to be CIS may be found in Müller and Scarsini (2005).

Finally, we remark that random variables having log-convex densities play a
crucial role in the next section. Log-convexity and log-concavity are popular con-
cepts both in reliability and in economics (see, for example, Shaked and Shan-
thikumar, 1987, or An, 1998).

From now on, we will consider two bivariate random vectors X = (X1, X2) and
Y = (Y1, Y2). A first immediate sufficient condition one can prove to get stochastic
comparisons between X and Y is the following.

Proposition 4.3.4 Let X ∼ TTE(WX, RX) and Y ∼ TTE(WY, RY). If

(i) RX = RY ≡ R, and
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(ii) X
∗ ≤st Y

∗,

then X ≤uo Y.

Proof. It is enough to observe that

FX(t, s) = WX(R(t) +R(s)) ≤ WY(R(t) +R(s)) = FY(t, s)

for all s, t ≥ 0, where the inequality follows fromX
∗ ≤st Y

∗. �

An immediate question one can consider is if, under the same assumptions, it
is possible to get stronger comparisons between X and Y. Actually, the answer
to this question is negative, as shown in Counterexample 4.3.6 below. However,
under some additional assumptions it is possible to get X ≤st Y, as shown in the
following statement.

For it, let us denote with wX and wY the density functions of the random vari-
ables X∗ and Y

∗, i.e., let wX(x) = −W
�
X(x) and wY(x) = −W

�
Y(x) (non-negativity

of this densities is due to monotonicity ofWX andWY).

Theorem 4.3.5 Let X ∼ TTE(WX, RX) and Y ∼ TTE(WY, RY). If

(i) RX = RY ≡ R,

(ii) X
∗ ≤lr Y

∗ and

(iii) X
∗, or Y ∗, has log-convex density,

then X ≤st Y.

Proof. Let us suppose that X∗ has density wX that is log-convex. Then by
Proposition 1 in Averous and Dortet-Bernadet (2004), it follows that X is CIS.
Thus, by Lemma 1.1 in order to prove that X ≤st Y it is sufficient to verify that

((i) X1 ≤st Y1 and

(ii) (X2|X1 = u) ≤st (Y2|Y2 = u) for all u ∈ R+.
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By assumption (ii) and (1.11), wehaveX∗ ≤st Y
∗, and therefore, clearly,WX(R(t)) ≤

WY(R(t)) for all t ≥ 0, i.e.,X1 ≤st Y1.

With straightforward computations, from the density function, it is easy to
verify that, for all u, t ≥ 0,

F (X2|X1=u)(t) =
wX(R(t) +R(u))

wX(R(u))

and similarly for the density and survival function of (Y2|Y1 = u).

Now observe that (X2|X1 = u) ≤st (Y2|Y2 = u) for all u if, and only if,

F (X2|X1=)](t) ≤ F (Y2|Y1=u)(t) ∀t ≥ 0

i.e., if, and only if,

wX(R(t) +R(u))

wX(R(u))
≤ wY(R(t) +R(u))

wY(R(u))
∀t ≥ 0.

This inequality is clearly verified from the assumption (ii). �

Note that the assumption (ii) in the above theorem can not be replaced by a
weaker one, like a comparison between X

∗ and Y
∗ in the usual stochastic or the

hazard rate order, as shown in the following counterexample.

Example 4.3.6 Let X ∼ TTE(WX, R) and Y ∼ TTE(WY, R), with

WX(x) = exp{1− e
x}, WY(x) =

1

1 + x
,

(inverses of the generators of the copula numbered as 9 in Nelsen (1999) and the
Clayton copula, respectively) and

R(t) =
e
t − 1

2
.

It can be easily verified with straightforward calculations that Y ∗ has log-convex den-
sity and that inequality X∗ ≤hr Y

∗ holds, while X∗ ≤lr Y
∗ does not hold. It can also

be observed that it holds X ≤uo Y, but not X ≤lo Y. In fact, for example, taking
t0 = 0.1 and s0 = 0.2, it is FX(t0, s0) ≤ FY(t0, s0) (as one can verify with a direct
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computation). Thus, it can not be X ≤st Y. Moreover, since the hazard rate order
implies the usual stochastic order, this example also shows that the usual univariate
stochastic order betweenX∗ and Y ∗ does not imply the usual multivariate stochastic
order between the corresponding bivariate lifetimes.

The previous statement can be generalized to the case where RX and RY are
different.

Theorem 4.3.7 Let X ∼ TTE(WX, RX) and Y ∼ TTE(WY, RY). If

(i) RX(t) ≥ RY(t) for all t ≥ 0,

(ii) X
∗ ≤lr Y

∗ and

(iii) X
∗, or Y ∗, has log-convex density,

then X ≤st Y.

Proof. Let Z be a bivariate random vector with survival function F Z(t, s) =

WX(RY(t) +RY(s)). By Theorem 4.3.5, it follows that Z ≤st Y.

On the other hand,X andZhave the same copula, andmarginals ordered in the
usual stochastic order. Thus, it follows X ≤st Z (see Müller and Scarsini, 2001).

Combining X ≤st Z and Z ≤st Y, it follows X ≤st Y. �

Under a quite stronger assumption on the functions RX and RY it is possible
to obtain the comparison between the residual lifetimes of X and Y at any time
t ≥ 0.

Theorem 4.3.8 Let X ∼ TTE(WX, RX) and Y ∼ TTE(WY, RY). If

(i) R
�
X(t) ≥ R

�
Y(t) for all t ≥ 0,

(ii) X
∗ ≤lr Y

∗ and

(iii) X
∗, or Y ∗, has log-convex density,

then Xt ≤st Yt for all t ≥ 0.
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Proof. Aspointed out in the introduction, for anyfixed t it holdsXt ∼ TTE(WX,t, RX,t)

and Yt ∼ TTE(WY,t, RY,t), where

RX,t(x) = RX(t+ x)−RX(t), x ≥ 0,

and WX,t is the survival function of a variable X
∗
t̃

= [X∗ − t̃ | X∗
> t̃] where

t̃ = 2RX(t), being

WX,t(x) =
WX(2R(t) + x)

WX(2R(t))
=

WX(t̃+ x)

WX(t̃)

(and similarly for RY,t andWY,t).

Now observe that, sinceX∗ ≤lr Y
∗, by theorems 1.C.6 and 1.C.8 in Shaked and

Shanthikumar (2007) it follows that X∗
t̃
≤lr Y

∗
t̃
. On the other hand, since X

∗,
or Y ∗, has log-convex density then also X

∗
t̃
, or Y ∗

t̃
has log-convex density (since

clearly log-convexity of wX(x) implies log-convexity of wX,t(x)). Moreover, since
R

�
X(t) ≥ R

�
Y(t) for all t ≥ 0, then

RX(t+ x)−RX(t) ≥ RY(t+ x)−RY(t)

for all t, x ≥ 0, i.e., RX,t(x) ≥ RY,t(x) for all x ≥ 0. Thus, by Theorem 4.3.7, the
assertion follows. �

In a similar manner, it is possible to get conditions for negative bivariate aging
of the bivariate lifetime X, in the sense described in the following statement.

Corollary 4.3.9 Let X ∼ TTE(WX, RX). Suppose that X∗ has log-convex density
and RX is concave. Then Xt ≤st Xt+s for all t, s > 0.

Proof. Fix t, s > 0, and denote �t+ s = 2RX(t + s) and t̃ = 2RX(t). Since X∗ has
log-convex density, it follows thatX∗

�t+s
≥lr X

∗
t̃
, whereX∗

�t+s
has survival function

WX,t+s(x) =
WX(2R(t+ s) + x)

WX(2R(t+ s))
=

WX(�t+ s+ x)

WX(�t+ s)
, x ≥ 0,

while X∗
t̃
has survival function WX,t defined as in the previous proof. Moreover,

sinceX∗ has log-convex density, then alsoX∗
t̃
has log-convex density.
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On the other hand, if RX is a concave function, then

RX,t+s(x) = R(t+ s+ x)−R(t+ s) ≤ R(t+ x)−R(t) = RX,t(x)

for all x ≥ 0. Thus, by Corollary 4.3.7, the assertion follows. �

Note that the statement of this corollary generalizes Theorem 3.3.1, where
conditions for bivariate aging are considered.

Someadditional results can beprovided for comparisons of expectations. These
results were initially stated in Mulero et al. (2010), however their proofs were not
right at all. For a corrected proof, we refer the reader to Li and Lin (2011). We
state next without proof the two results.

Theorem 4.3.10 Let X ∼ TTE(WX, RX) and Y ∼ TTE(WY, RY). Let g1(x) and
g2(x) be two nonnegative increasing functions where g1, or g2, is convex [concave]. If

(i) RX = RY ≡ R is a concave [convex] function, and

(ii) X
∗ ≤icx [≤icv] Y ∗,

then E[g1(X1)g2(X2)] ≤ E[g1(Y1)g2(Y2)], provided the expectations exist.

Theorem 4.3.11 Let X ∼ TTE(WX, RX) and Y ∼ TTE(WY, RY). Let g1(x) and
g2(x) be two nonnegative strictly decreasing functions where g1(x) or g2(x) is convex
[concave]. If

(i) RX = RY ≡ R is a convex [concave] function, and

(ii) X
∗ ≥icv [≥icx] Y ∗,

then E[g1(X1)g2(X2)] ≥ E[g1(Y1)g2(Y2)], provided the expectations exist.

Some immediate consequences follow from Theorem 4.3.10.

Corollary 4.3.12 Let X ∼ TTE(WX, RX) and Y ∼ TTE(WY, RY). If

(i) RX = RY ≡ R is a concave [convex] function, and
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(ii) X
∗ ≤icx [≤icv] Y ∗,

then E[X1X2] ≤ E[Y1Y2].

Proof. By taking g1(x) and g2(x) both the identity function, the result follows
immediately from Theorem 4.3.10. �

Corollary 4.3.13 Let X ∼ TTE(WX, RX) and Y ∼ TTE(WY, RY). If

(i) RX(t) ≥ RY(t) for all t ≥ 0 and RY is a concave [convex] function, and

(ii) X
∗ ≤icx [≤icx] Y ∗,

then X ≤uo−cx [≤lo−cv] Y.

Proof. Let Z be a bivariate random vector with survival function

F Z(t, s) = WX(RY(t) +RY(s)).

SinceX andZ have the same copula andmarginals ordered in the usual stochastic
order, by Theorem 4.1 inMüller and Scarsini (2001), it follows thatX ≤st Z, which
in turns implies X ≤uo−cx Z and X ≤lo−cv Z. Moreover, from Theorem 4.3.10
follows easily that

E[g1(X1)g2(X2)] ≤ E[g1(Y1)g2(Y2)]

for all univariate nonnegative increasing convex [concave] functions g1 and g2,
i.e., that X ≤uo−cx [≤lo−cv] Y holds. Combining the two stochastic inequalities
the assertion is obtained. �

Note that all the results stated in this section can be easily generalized to the
case where X and Y are vectors of non exchangeable variables, as well as to the
case of conditioned residual lifetimes of the kindX(t1,t2) = [(X1−t1, X2−t2)|X1 >

t1, X2 > t2] instead of Xt = X(t,t) = [(X1 − t,X2 − t)| X1 > t,X2 > t].
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4.3.1 Some applications

Some applications of the results presented in Section 4.3 follow immediately
from the properties of the usual stochastic order.

For example, in Theorem 4.3.5 we will state conditions to compare random
vectors in the usual stochastic order, it follows that, if its assumptions are satis-
fied, then h(X) ≤st h(Y) for every increasing function h. Thus, in particular, the
sums X1 + X2 and Y1 + Y2, or the maximum and the minimum of {X1, X2} and
{Y1, Y2}, are stochastically ordered in ST sense.

Also, for example, an order between the Values-at-Risk, of any order α ∈ (0, 1),
for two risk positions aX1+bX2 and aY1+bY2, a, b ∈ R, follows fromTheorem4.3.5
(see Embrechts et. al., 2003, for applications in risk management of comparisons
between Values-at-Risk of this kind).

Next, we give several applications of these results.

Bounds for expected values

Bounds for expected values, based on comparisons with respect to the inde-
pendent case, can be providedmaking use of the results described in the previous
section. Usefulness of these bounds is of course due to the fact that, in general,
expectations are easier to compute under independence.

Let for example X ∼ TTE(WX, RX) be such that X∗ ≤lr Zλ, where Zλ is ex-
ponentially distributed with mean 1/λ, i.e., let wX(x) ≤ wX(0) exp(−λx) for all
x ≥ 0. Since Zλ has log-convex density, then for every increasing function h one
has E[h(X)] ≤ E[h(Z)], where Z = (Z1, Z2) has independent components having
survival functionsGZ(t) = exp(−λRX(t)). Note that under the same assumptions
we also have

FX1+X2(t) ≤
� s

0

GZ(t− s)dGZ(s), for all t ≥ 0,

since X ≤st Z.

Assume now that X∗ possesses the HNBUE (harmonically new better than used
in expectation) aging property (see Klefsjö, 1983, or Pellerey, 2000, for properties
and applications of this aging notion and its dual notion HNWUE). ThenX

∗ ≤icx

Zλ, where Zλ is exponentially distributed with mean E[X∗] = 1/λ. Moreover,
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let RX be a concave function. Then for every pair of functions g1 and g2 that are
increasing and convex we have E[g1(X1)g2(X2)] ≤ E[g1(Z1)]E[g2(Z2)], where Z =

(Z1, Z2) is defined as before (with λ = 1/E[X∗]).

Frailty models

As we see in Chapter 1, in the frailty approach, WX is a Laplace transform.
Thus, its corresponding density wX is always log-convex (see, e.g., An, 1998) and
therefore assumption (iii) of Theorem 4.3.5 is always satisfied. Let now X and Y
be two vectors defined as before, mixtures of conditionally independent variables
with respect to two environmental random parameters ΘX and ΘY, respectively,
i.e., let

FX(t, s) = E[H(t)ΘXH(s)ΘX ] and FY(t, s) = E[H(t)ΘYH(s)ΘY ]

for some survival function H. By Theorem 4.3.5 and Theorem 1 in Bartoszewicz
and Skolimowska (2006), it follows that a sufficient condition for X ≥st Y is the
inequality ΘX ≤lr ΘY.

Moreover, let ΘY = θ a.s., so that Y = (Y1, Y2) has independent components,
with survival function GY(t) = H(t)θ. If H is DFR, so that RX is concave, from
Theorem 4.3.10 it follows E[g1(X1)g2(X2)] ≥ E[g1(Y1)]E[g2(Y2)] for all increasing
and convex functions g1 and g2, being X∗ with log-convex density and therefore
also HNWUE.

Portfolio optimization

In actuarial and financial literature it is a common assumption that utility
functions are increasing and concave. In particular, exponential utilities are often
considered in portfolio theory (see, e.g., Kaas et al., 2001). Thus, let us consider
the case of an exponential utility u defined as u(t) = c(1 − e

−αt), with c,α > 0.
Let X ∼ TTE(WX, RX) and Y ∼ TTE(WY, RY) be two different pairs of assets.
Assume that RX = RY = R, where R is convex and consider the two portfolios
SX = X1 +X2 and SY = Y1 + Y2. By Theorem 4.3.11 it follows that if X∗ ≥icv Y

∗
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then E[u(SX)] ≤ E[u(SY)]. In fact:

E[u(SX)] = c(1− E[exp(−αX1) exp(−αX2)])

≤ c(1− E[exp(−αY1) exp(−αY2)]) = E[u(SY)]

being g(t) = exp(−αt) decreasing and convex.

Let now Z = (Z1, Z2) ∼ TTE(WZ, RZ), where WZ(x) = exp(−x/E[X∗]), so
that Z1 and Z2 are independent, and let RX = RY = R be concave. Assume that
X

∗ is HNBUE, which can be rewritten as X∗ ≥icv Zλ where Zλ is exponentially
distributed with mean E[X∗]. Then one can get the following upper bound for
the expected utility E[u(SX)]:

E[u(SX)] ≤ E[u(SZ)] = c[1− (E[e−αZ1 ])2]

where Z1 has survival function GZ(t) = exp(−R(t)/E[X∗]).

Stochastic ordering of mixtures

Consider a family {Xθ, θ ∈ T ⊆ R}of bivariate lifetimeswhereXθ ∼ TTE(Wθ, R)

with
Wθ(x) = [W (x)]θ, ∀x ∈ R+

, θ ∈ T , (4.10)

for some suitable convex survival functionW . Nelsen (1997) call the families of
Archimedean copulas of this kind asα families, and this is the case, for example, of
Clayton copulas (whereW (x) = (1 + x)−1 and T = (0,+∞)) and Gumbel-Barnett
copulas (whereW (x) = exp(1− e

x) and T = (0,+∞)).

Let now W be such that the corresponding variable X
∗ has log-convex den-

sity (like for the two examples above), then X
∗
θ also has log-convex density. It is

easy to verify that X∗
θ1 ≤lr X

∗
θ2 whenever θ1 ≥ θ2 (here X∗

θi
has survival function

Wθi(x) = [W (x)]θi, i = 1, 2). It immediately follows, by Theorem 4.3.5, that in this
case Xθ is stochastically decreasing in θ, which means that Xθ1 ≤st Xθ2 whenever
θ1 ≥ θ2.

Assume now that the parameter θ describes some environmental factors, re-
lated to the degree of dependence between the components of Xθ, and consider
two different random environmental parameters Θ1 and Θ2, assuming values in
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T . Thus, consider the two vectorsXΘ1 andXΘ2 defined as mixtures of an α family
{Xθ, θ ∈ T ⊆ R}, defined as above, and the random parameters Θ1 and Θ2. The
following holds.

Proposition 4.3.14 Let {Xθ, θ ∈ T ⊆ R} be an α family having the survival func-
tion W as inverse of the basic generator of the copula, and let −W have log-convex
derivative. Then Θ1 ≥st Θ2 implies XΘ1 ≤st XΘ2 .

Proof. As pointed out before, from the assumptions and Theorem 4.3.5 follows
that Xθ is stochastically decreasing in θ. Therefore, for all increasing functions φ
it holds E[φ(Xθ1)] ≥ E[φ(Xθ2)] whenever θ1 ≤ θ2, provided the expectations exist.
ThusΨ(θ) = E[φ(Xθ)] is an decreasing function in θ. On the other hand, from the
condition Θ1 ≤st Θ2, it follows that E[φ(Θ1)] ≤ E[φ(Θ2)] for all increasing func-
tions φ, provided the expectations exist. In particular, sinceΨ(θ) is an increasing
function in θ, then

E[φ(XΘ1)] = E[Ψ(Θ1)] ≤ E[Ψ(Θ2)] = E[φ(XΘ1)]

for all increasing functions φ, and this yields the stated result. �

As already stated, Clayton and Gumbel-Barnett copulas satisfy the assump-
tions of Proposition 4.3.14. Furthermore, it is possible to prove also the above
result dealing with the Frank family of copulas which is not an α family.

Proposition 4.3.15 Let Xθ ∼ TTE(Wθ, R) withWθ(x) = −1
θ log[e

−x(e−θ − 1) + 1]

(inverse of the generator of the Frank copula) and let Θ1 and Θ2 be two nonnegative
random variables. If Θ1 ≥st Θ2, then XΘ1 ≤st XΘ2 .

4.4 Stochastic comparisons for frailty models

Nextweprovide conditions between twomultivariate frailtymodelsXk = (Xk,1, . . . , Xk,n)

for k = 1, 2, that is, two random vectors with non independent lifetimes and joint
survival function defined as

F k(t1, . . . , tn) = IP[Xk,1 > t1, . . . , Xk,n > tn] = E
��
Πn

i=1Gk,i(ti)
�Θk

�
, ti ∈ R+

,
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where Θk is an environmental random frailty taking values in R+ and Gk,i is the
survival function of lifetimeXk,i givenΘk = 1, for further details see sections 1.3
and 3.4.

The first result describes new conditions for the usual stochastic comparison
between two multivariate frailty models. Recall that X̃k,i denotes the random
variable whose survival function is the baseline survival function Gk,i.

Theorem 4.4.1 Let X1 and X2 be two n–dimensional random vectors with survival
functions defined as in (1.25). If

(i) Θ2 ≤n−Lt−r Θ1, and

(ii) X̃1,i ≤st X̃2,i for all i = 1, 2, . . . , n,

then X1 ≤st X2.

Proof. Let us consider a vector Y = (Y1, Y2, . . . , Yn) having joint survival func-
tion

FY(t1, t2, . . . , tn) = E
��
Πn

i=1G2,i(ti)
�Θ1

�
, ti ∈ R+

.

First we prove that Y ≤st X2. For it, observe that the joint survival function of
the random vector X2 can be written as

FX2(t1, t2, . . . , tn) = W2

�
−Σn

i=1lnG2,i

�
.

Since the survival functions of the marginsX2,i are

FX2,i(ti) = W2(lnG2,i(ti)),

while their inverses are

F
−1
X2,i

(ui) = G
−1
2,i (exp(−W

−1
2 (ui))),

one can verify that the survival copula ofX2 is Archimedean, that is,

FX2(F
−1
X2,1

(u1), . . . , F
−1
X2,n

(un)) = W2

�
Σn

i=1W
−1
2 (ui)

�
.

for all u1, . . . , un ∈ [0, 1].
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It should be observed that the survival copula of X2 does not depend on the
baseline distributions G2,i, but only on the random frailty Y2. Similarly, the sur-
vival copulas of vectorsX1 andY depend only on the random frailtyY1, and there-
fore X1 and Y have the same survival copula.

Since by Lemma 3.4.3, W (n−1)
2 (s+z)

W (n−1)
2 (s)

is decreasing in s, we can apply Theorem 2.8

in MÃijller and Scarsini (2005) which states that in this case X2 satisfies the CIS
property. Thus, in order to prove that Y ≤st X2 it suffices to verify that assump-
tions (i) and (ii) in Lemma 4.3.3 are satisfied (letting Y :=st Y1 and X2 := Y2).
Note that, for all t1 ∈ R,

F Y1(t1) = E[G2,1(t1)
Θ1 ] = E[exp(Θ1 lnG2,1(t1))]

≤ E[exp(Θ2 lnG2,1(t1))] = E[G1,1(t1)
Θ2 ] = F 2,1(t1),

where the inequality follows from assumption (a) and Lemma 3.4.4. Thus (i) in
Lemma 4.3.3 holds.

Moreover, for all i = 1, . . . , n and tj ≥ 0, j = 1, . . . , i, it holds

F Yi|Y1=t1,...,Yi−1=ti−1(ti) =

� ∞

ti

fYi|Y1=t1,...,Yi−1=ti−1(u)du

=

� ∞

ti

�∞
0 θ

i
g2,i(u)G

θ−1
2,i (u)

�i−1
j=1 g2,j(tj)G

θ−1
2,j (tj)dH1(θ)

�∞
0 θi−1

�i−1
j=1 g2,j(tj)G

θ−1
2,j (tj)dH1(θ)

du

=

�∞
0 θ

i−1
G

θ
2,i(ti)

�i−1
j=1 G

θ
2,j(tj)dH1(θ)

�∞
0 θi−1

�i−1
j=1 G

θ
2,j(tj)dH1(θ)

=
W

(i−1)
1 (− lnG2,i(ti)−

�i−1
j=1 lnG2,j(tj))

W
(i−1)
1 (−

�i−1
j=1 lnG2,j(tj))

≤
W

(i−1)
2 (− lnG2,i(ti)−

�i−1
j=1 lnG2,j(tj))

W
(i−1)
2 (−

�i−1
j=1 lnG2,j(tj))

= . . .

= FX2,i|X2,1=t1,...,X2,i−1=ti−1(ti),

where, again, the inequality follows from assumption (i). Thus, also assumption
(ii) in Lemma 4.3.3 is satisfied. We can then assert that Y ≤st X2.
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Now observe that, by Theorem 6.B.14 in Shaked and Shanthikumar (2007), it
holds X1 ≤st Y, having the vectors X1 and Y the same copula and stochastically
ordered margins (by assertion (ii) and closure of usual stochastic order with re-
spect to mixtures).

The main assertion now follows from X1 ≤st Y ≤st X2. �

Under a stronger assumption than (ii) of Theorem 4.4.1, it is possible to get
a stronger comparison between X1 and X2, which involves the vectors of their
residual lifetimes.

Theorem 4.4.2 Let X1 and X2 be two n–dimensional random vectors with survival
functions defined as in (1.25). If

(i) Θ2 ≤n−Lt−r Θ1, and

(ii) X̃1,i =st X̃2,i for all i = 1, 2, . . . , n,

then X1,t ≤st X2,t for every vector t = (t1, . . . , tn) ∈ Rn.

Proof. Let u = (u1, . . . , un) be an arbitrary vector of nonnegative components.
Note that

FXk,t(u) =
F k(t+ u)
F k(t)

=

�∞
0

�
Πn

i=1Gk,i(ti + ui)
�θ

dHk(θ)
�∞
0

�
Πn

i=1Gk,i(ti)
�θ

dHk(θ)

=

�∞
0 exp{θ[

�n
j=1 lnGk,j(tj + uj)]}dHk(θ)�∞

0 exp{θ[
�n

j=1 lnGk,j(tj)]}dHk(θ)

=

� ∞

0

exp{θ[
n�

j=1

ln(
Gk,j(tj + uj)

Gk,j(tj)
]}

exp{θ[
�n

j=1 lnGk,j(tj)]}dHk(θ)�∞
0 exp{θ[

�n
j=1 lnGk,j(tj)]}dHk(θ)

=

� ∞

0

exp{θ[
n�

j=1

ln(
Gk,j(tj + uj)

Gk,j(tj)
]}d �Hk(θ).

Thus, Xk,t has joint survival function which can be expressed as

FXk,t(u) = E

��
Πn

i=1Gk,i,ti(ui)
��Θk

�
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where
Gk,i,ti(ui) =

Gk,j(tj + uj)

Gk,j(tj)

and where �Θk has distribution �Hk defined as

�Hk(θ) =

� θ

0 exp{τ [
�n

j=1 lnGk,j(tj)]}dHk(τ)�∞
0 exp{τ [

�n
j=1 lnGk,j(tj)]}dHk(τ)

.

Thus, also,

E[exp(−s�Θk)] =
E[exp(−(s+ �tk)Θk)]

E[exp(−�tkΘk)]
,

where �tk = −
�n

j=1 lnGk,j(tj). Note that �t1 = �t2 by assumption (b).

Let us denote�Wk,t(s) = E[exp(−s�Θk)]. It holds

�W (n−1)
1,t (s)

�W (n−1)
2,t (s)

=
E[exp(−�t2Θ2)]

E[exp(−�t1Θ1)]
·
W

(n−1)
1,t (s+ �t1)

W
(n−1)
2,t (s+ �t2)

=
E[exp(−�t2Θ2)]

E[exp(−�t1Θ1)]
·
W

(n−1)
1,t (s+ �t1)

W
(n−1)
2,t (s+ �t1)

.

Since W (n−1)
1,t (s+�t1)

W (n−1)
2,t (s+�t1)

is decreasing in s by assumption (i), it holds �Θ2 ≤n−Lt−r
�Θ1.

Moreover, from assumption (ii) obviously follows that G1,i,ti(ui) ≤ G2,i,ti(ui) for
all ui ∈ R+ and i = 1, . . . , n, i.e., X̃1,i ≤st X̃2,i for all i = 1, 2, . . . , n.

Thus one can apply Theorem 4.4.1 to X1,t and X2,t getting the assertion. �
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