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To my parents



Uncertainty is an intimate dimension of our daily lives. For some, it is the zest of

life. Without uncertainty, the distinction between the present and the past is blurred;

there are no surprises and no anticipations, hence no thrills; there is no scope for

achievement, hence no rewards; and love, which always entails risks as well as the

joy of discovery, looses its sharp edge. Yet, for others, uncertainty is the course of

life. It is so for those who feel threatened with loss of life or individual freedom, who

have no assured shelter or subsistence, who lack job security and fear unemployment.

Uncertainty is thus an intimate dimension of economics as well.

Jaques H. Drèze
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Chapter 1

Introduction

One of the main problems with the modern real business cycle (RBC) literature is

its inability to replicate the empirical behavior of the main asset returns in the data.

Several authors1 have incorporated financial markets into the basic model showing

that, regardless of the parameterization or the incorporation of other frictions, like

capital adjustment costs, these models are unable to replicate the key financial sta-

tistics in the data, predicting an equity premium which is essentially zero, and asset

return volatilities that are also far from reality.

One of the main reasons for the lack of success of the previous models may be the

fact that they are using a representative agent environment. In this case, financial

markets are effectively complete, independently of the existing asset structure. In the

present thesis, this assumption is relaxed by incorporating both, idiosyncratic labor

income risk and imperfect risk sharing, leading to ex-post household heterogeneity

and to an incomplete financial market structure. One of the main objectives is

therefore to see, if these extensions can help to improve the asset pricing implications

of the standard model.

We have to mention that, since the original statement of the asset pricing puzzles

by Mehra and Prescott (85), there has been a large strand of literature trying to

analyze the asset pricing implications of a context with household heterogeneity and

incomplete financial markets. Among others, Aiyagari and Gertler (91), Heaton and

Lucas (96), Lucas (94), Marcet and Singleton (99), and Telmer (93) have studied

such a framework under the assumption of exogenously determined asset returns and

consumption processes. Note, however, that our analysis goes one step further in

the sense that it incorporates a production technology, offering a better foundation

1See, for example, Rouwenhorst (95), Lettau (96), Lettau and Uhlig (97), Jermann (98) or Dan-

thine, Donalson and Mehra (92).

1



CHAPTER 1 2

of asset prices than the standard exchange economy. In particular, consumption is

derived from explicit utility maximization instead of being specified exogenously. In

addition, the value of price of equity is determined endogenously via the optimization

problem of the firm, which also breaks the identity between dividends and consump-

tion processes in exchange economies. We indeed believe, that a detailed and rigorous

analysis of asset pricing requires a general equilibrium model of this type.

Note also that the presence of a non-trivial production sector involves addressing

an important issue, which has not been given very much attention in the previous

asset pricing literature. Under incomplete financial markets and household (share-

holder) heterogeneity, the usual profit maximization of the firm is no longer well

defined. Thus, unless one assumes that the firm is myopic, in the sense that it solves

a static optimization problem by maximizing period by period profits2, one has to

incorporate non-standard firm objectives into the model. A second important objec-

tive or contribution of the present thesis is therefore to illustrate how to get around

the problem of the firm by incorporating a firm objective which is adequate for the

case in which financial markets are incomplete.

Concerning the firm objective when markets are incomplete, there exists a branch

of literature, which started already in the late sixties, analyzing the formulation of

objectives for the firm that are suited for an incomplete markets environment. The

contributions in this direction can be classified into three different groups. The first

group tries to define a firm discount factor which reflects the preferences of the firm’s

shareholders. The second group simply assumes that the firm maximizes the expected

utility of profits without taking into account the shareholders’ interests. Finally, a

third group studies the possibility of introducing a control mechanism based on voting

to decide among alternative production plans. In the present work, we consider the

first two approaches, extending the proposed firm objectives to a multi-period setup

to incorporate them into our model.

2This is done by Krussel and Smith (97), who also study equilibrium asset returns in the presence

of an endogenous production sector. In contrast to our work, however, the authors assume that

households are the owners of the capital stock. Under this assumption, the firm rents the capital

period by period, and no difficulty arises when defining its static optimization problem. It is not

in the scope of the present work to compare out setup with theirs. As we will see, however, an

important advantage of our approach is the fact that it allows for different dividend specifications,

which we study in the second chapter.
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Using the previous firm objectives, we analyze the asset pricieng implications of

the model from two different perspectives in chapters 2 and 3. Each chapter provides

its own introduction and conclusions, raising the questions addressed and highlighting

the main results obtained.

In chapter 2, the standard model RBC model is compared to the case in which

two classes of households, distinguished by their realizations of an idiosyncratic labor

income shock, can insure against uncertainty through restricted trade in an equity

or a bond market. In order to assess the effects of the two different firm objectives

independently of the financial market structure, the model is first solved under the

assumption that households are identical in all respects. In this case, it is possible to

find conditions under which the two different firm objectives have locally the same

behavior. Household heterogeneity is then introduced under two different assump-

tions: the existence of either a bond or a stock market for firm shares, providing a

measure of the degree of risk sharing achieved with the two different asset markets.

In both cases, it is assumed that investment is entirely financed by retained earnings,

while the residual of profits and investment is paid out as dividends. Finally, the

effect of dividend behavior is analyzed by comparing the previous setup to the case

in which dividends are defined as a stochastic fraction of profits, while the firm can

finance its investment through retained earnings or equity issue.

In chapter 3, the risk sharing opportunities of the two households are completely

shut down by imposing no-trade constraints in the two asset markets. This assump-

tion allows for the derivation of approximated closed-form solutions for the different

asset moments, giving a much deeper insight of the channels through which idiosyn-

cratic uncertainty may affect asset returns in the RBC model. The different asset

moments are decomposed into an aggregate and an idiosyncratic component, which

accounts for most of the moments. Apart from the risk aversion parameter and

the consumption elasticity with respect to the idiosyncratic shock, it is shown that

the last component crucially depends from the idiosyncratic innovation variance, the

idiosyncratic shock persistence, and the probability of each household of being un-

constrained in the asset markets. The effects of each parameter are highlighted using

different parameterizations. Further, it is shown that some persistence in the house-

hold that is unconstrained is needed for idiosyncratic uncertainty to have an impact

on aggregate asset returns.



Chapter 2

Asset prices and business cycles

under market incompleteness

1 Introduction

One of the main problems with the modern real business cycle (RBC) literature is

its inability to replicate the empirical behavior of US asset returns. As reported by

several authors, the standard model with a single source of risk, the aggregate tech-

nology shock of the firm, has very counterfactual asset pricing implications. While

the reason for the lack of success of the previous models may be the fact that they

are using a representative agent environment, implying that markets are effectively

complete, departing from this setup by introducing household heterogeneity and in-

complete financial markets involves addresing an important issue: as long as there are

several shareholders in the firm, its usual profit maximization objective is no longer

well defined.

The main objective of the present chapter is twofold. First, we want to illustrate

how to get around the problem of the firm by incorporating a firm objective which

is adequate for the case in which financial markets are incomplete. Second, we want

to see if the presence of household heterogeneity and incomplete financial markets

can help to improve the performance of the standard RBC model concerning the

empirical asset pricing observations. Apart from looking at the size and volatility

of the different asset returns, we also analyze the effects of dividend behavior, an

important matter which has not been given very much attention in the literature

until the present.

The two firm objectives assumed are a variant of the usual market value max-

imization, proposed by Grossman and Hart, and the expected utility of the firm’s

4



CHAPTER 2 5

profits, an objective originally proposed by Radner, implying that the firm is risk

averse. In order to assess the effects of the two objectives independently of the finan-

cial market structure, the model is first solved under the assumption that households

are identical in all respects. In this case, we are able to find conditions under which

the two objectives have locally the same behavior. In particular, we show that the

presence of a risk averse firm is locally equivalent to the usual market value max-

imization in the presence of capital installation costs. In addition, this distortion

alone is not sufficient to account for the asset return moments in the data.

We then introduce household heterogeneity under two different assumptions: the

existence of either a bond or a stock market for firm shares, providing a measure

of the degree of risk sharing achieved with the two different asset markets. While

the presence of incomplete financial markets considerably alters the behavior of asset

returns, we find that the improvement is much lower if households can insure by

trading in equity shares of the firm. In this case, the behavior of the equity price,

linked to the firm’s technology, leads to a much higher variability and to a higher

correlation with labor income of the trading volume value, making it much easier

for the households to smooth consumption by trading in this asset. We also show

that the usual specification of dividend payments as a residual payment leads to a

counterfactual dividend behavior under both firm objectives. On the other hand,

modelling dividends as an exogenous process to fit their behavior in the data hardly

affects the asset moments, suggesting that dividend behavior is not one of the key

determinants of the size and variability of risk premia.

The chapter is structured as follows. In the following section, we briefly illustrate

the firm objective problem under market incompleteness and review the literature

on the subject, focusing on the two approaches that we will use in the main part.

The model and the calibration are presented in sections three and four respectively.

Section five presents the simulation results, and section six summarizes and concludes.

2 The Firm Objective under Incomplete Markets

It is well known that, if financial markets are complete, the stock market assigns

a well defined value to the firm’s profits, and that all the shareholders of a firm

agree on discounted profit maximization. If markets are incomplete, however, this

firm objective is no longer well defined, and shareholder disagreement may occur in
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equilibrium. A systematic discussion of this problem started already in the late sixties

with the influential paper of Diamond (67). In the present section we briefly illustrate

the problem and review the literature on the subject, focusing on two important

contributions, from which we will derive the two firm objectives used in the main

part of the chapter.

Assume, for simplicity, that there are two periods (t = 0, 1) and S alternative

possible outcomes or states of nature in period 1. There is a single good, a finite

number of consumers (i = 1, ...I) and one firm, selling its ownership shares on the

stock market. Consumers are characterized by their exogenous initial endowment

of the good wi = (wi0, wi1s)
S
s=1, their initial ownership in the firm, θi ≥ 0, their

consumption set Xi = RS+1
+ , and their chosen consumption stream ci = (ci0, ci1s)

S
s=1,

over which they have a preference ordering that can be represented by ui : Xi →
R. The single firm in the economy is characterized by its production set Y RS+1

and its production plan y = (y0, y1s)
S
s=1, where y0 can be interpreted as an input

(or investment cost) at date 0, generating the vector of output y1s (or revenue) in

state s at date 1. In other words, the firm has a production function y1s = ψs(y0),

summarizing the relationship between output at date 1 and input at date 0, where

ψs is assumed to be concave and differentiable.

In this context, it can be shown that a production plan is optimal for consumer

(shareholder) i if it maximizes3:

max

(
πiy =

SX
s=0

πisy1s

)
(1)

where πis represents the marginal rate of substitution or present value factor of share-

holder i. It is clear that, if markets are complete, the marginal rates of substitution

will be equalized in equilibrium, so that all the shareholders of the firm will agree on

maximizing the discounted present value of profits, πy, where πi = π for all i. On

the other hand, due to the fact that trading in the financial markets no longer forces

to have a unique present value factor π under market incompleteness, the previous

objective is no longer well defined in this case, and shareholder disagreement may

result in equilibrium.

3Appendix 1 provides a brief derivation of this result.
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I. The Value Maximizing Approach

One of the approaches that has been pursued in the literature to address this

problem is to define an adequate discount factor for the firm’s profits, which appro-

priately reflects the preferences of the shareholders. The most general choice for this

factor was proposed by DeMarzo (88). The author assumes that, in order to maximize

its current share value, the firm should simply conjecture an arbitrary discount factor

which is consistent with current market prices. This leads to the following objective:

max
n
πfy : πf∈ Q(v, y) ≡

³
q ∈ RS

++ : v = qy
´o

(2)

This objective is open to the criticism that the production choice of the firm

does not take into account the preferences of the shareholders. Therefore, it may be

rejected by the controllers of the firm. Recognizing this, two further criteria have

been proposed in the literature, reflecting the fact that, in a two period economy,

there are two groups of shareholders, the new (θi) and the original (θi) shareholders.

Dreze (74) suggests that the firm should maximize according to a weighted average

of the present value coefficient of the new shareholders, while Grossman and Hart

(79) propose to choose the weighted present value factor of the original shareholders.

This leads to the following two objective functions:

max

(
IX

i=1

θiπiy : y ∈ Y

)
(3)

max

(
IX

i=1

θiπiy : y ∈ Y

)
(4)

As pointed out by Grossman and Hart, the first objective becomes very implausi-

ble as soon as ones extends the model to more than two periods. In a T period model,

for example, the final shareholders are those consumers who hold shares after trading

at T − 1, while many of the firm decisions have been already made at this stage4.

Therefore, we will use the objective in (4), which we denote by Value Maximizing

(VM) firm objective in what follows. As shown by the authors, the objective can

easily be extended to a multi-period setup, where uncertainty is described by date-

events st, with st specifying both date t and a particular history of the environment

s1,...st until date t. Using this notation, equation (4) can be rewritten as:

4For a more detailed discussion of this problem see Grossmann and Hart (79). For a brief deriva-

tion of the Grossmann and Hart firm objective from shareholders’ preferences see appendix 1.
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VM = max
IX

i=1

θi
X
st

πi(s
t)y(st) (5)

II. The Utility Maximizing Approach

The previous framework implicitly assumes that there exists a firm manager who

is able to deduce or make the shareholders reveal information about their present

value factors, which he will have to aggregate into a single index. Recognizing that

consultation of shareholders may be time consuming and costly, a second group of

authors simply assume the existence of a utility function for the firm, defined ex-

ogenously over state distribution of profits. Important contributions here are due to

Radner (72), Sandmo (72), Sondermann (74), and Leland (72) among others. The

authors assume that the firm faces the following maximization problem:

max EUf (p) (6)

where p represents profits, defined as revenues R minus costs C. If we denote byMR

and MC the marginal revenues and marginal costs respectively, the output decision

of the firm in this case will be determined by the following first order condition:

E

½
∂Uf (p)

∂p
[MR−MC]

¾
= 0 (7)

As pointed out by Leland, if profits are linear in output, a risk averse firm is

sufficient for the second order conditions of this problem to be satisfied. Formally, a

firm is risk averse if its utility function satisfies the following condition: ∂Uf (p)/∂p ≥
0 and ∂2Uf (p)/∂p

2 ≤ 0. Finally, using the notation above, one can also extend this
second objective, denoted by Utility Maximizing (UM) firm objective, to a multi-

period setup. If we denote by πf the firm’s subjective probability measure, equation

(6) can be rewritten as:

UM = max
X
st

πf (s
t)Uf (p(s

t)) (8)

It is important to note that the UM objective has been mainly criticized by the

fact that firms have no physical identity on which preferences could be rooted. In

other words, one has to assume that there is a manager who decides on the utility for

the firm. However, his identity is exogenously given, independently on the ownership

structure, and it may be true that his preferences are at variance with those of the
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other shareholders. On the other hand, the difficulties in consulting the shareholders,

and in implementing a transfer scheme across them, a necessary assumption to derive

the VM objective, are evident under the Grossman and Hart criterium. Thus, none of

the two objectives is completely satisfactory from a conceptual point of view. While

giving a resolution to the previous discussion is outside the scope of the present work,

we still think that we can contribute to the debate by analyzing, in a dynamic context,

the implications of the two firm objectives5.

3 The Model

The Environment

The economy is populated by a firm f and by two (classes of) households, i ∈ I ≡
{1, 2}. Households are only distinguished by their realizations of an idiosyncratic
labor income shock it, which follows the stationary Markov process

6:

log( 1t) = c+ ψ log( 1t−1) + ε t, ε t ∼ N(0, σ2) (1)

2t = 1− 1t (2)

Each period t, household i is endowed with one unit of labor, which he can

transform into it productivity or efficiency labor units that will be supplied to the

firm. Therefore, his period labor income is equal to itwt, where wt is the aggregate

wage rate paid by the firm, while the total labor supply in the economy is always equal

to one, since, Lt = 1t+ 2t = 1. Note that, with this normalization, the idiosyncratic

shock has a redistributive character, since it determines the period share of each

household in total labor income, itwt
wtLt

. In addition, the symmetric nature of the shock

implies that it will lead to no effects on the aggregate macroeconomic variables.

By assumption, households are not allowed to trade in contingent claim contracts

to fully insure against uncertainty. Instead, they can only trade in two assets: a

perfectly divisible equity share of the firm, and a risk free one-period bond, assumed

5As stated in the introduction of the thesis, a further contribution on the subject is basically

due to Dréze (85) and DeMarzo (93), who study the possibility of introducing a control mechanism

based on voting to decide among alternative production plans. In the present work, however, we

concentrate on the two approaches described above.
6The shock is bounded below and above at 0.1 and 0.9 to avoid individual consumption from

being too low when a household is constrained for several periods.
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to be in zero net supply. At time t, the equity share, with price vt, provides a claim

to a flow of firm dividends dt from time t + 1 onwards. The bond, with price pbt ,

provides a claim to one unit of consumption at time t + 1. Trade is also limited by

short selling and borrowing constraints, implying that the resulting market structure

is incomplete7.

At date t each agent’s preferences over sequences of consumption, {cit}∞t=0 are
given by:

Uit = Et

⎧⎨⎩
∞X
j=0

βj
c1−γit+j

1− γ

⎫⎬⎭ , i = 1, 2 (3)

where 0 < β < 1 is the subjective time discount factor, and γ is the relative risk aver-

sion, assumed to be equal for both households. Each period, household i maximizes

(3) subject to the following constraints:

cit + vtθit + pbtbit = (vt + dt) θit−1 + bit−1 +wt it, i = 1, 2 (4)

θit ≥ Ke, i = 1, 2 (5)

bit ≥ Kb, i = 1, 2 (6)

The first equation represents the sequence of budget constraints faced by each

household, while equations (5) and (6) are the no short-selling and borrowing con-

straints. Market prices (vt, p
b
t , wt), dividends, dt, and initial asset holdings (bi0, θi0)

are taken as given. Further, it is assumed that households hold initially zero debt

and one half of the equity share of the firm.

As stated before, there is a single firm in the economy which combines its owned

capital with the fixed labor supply from the households to produce a single good,

according to the constant returns to scale production function:

yt = ztF (kt−1, 1) = ztk
α
t−1, k0 given (7)

The variable zt represents an aggregate technology shock, following the stationary

Markov process:

log(zt) = ψz log(zt−1) + εzt, εzt ∼ N(0, σ2z) (8)

7Note that the imposition of asset constraints is necessary to rule out Ponzi schemes or equilibria

with unbounded asset holdings.
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The previous shock is assumed to be independent from the idiosyncratic shock of

the households. Thus, households will be subject to both aggregate and idiosyncratic

uncertainty.

At each date t, the firm has to decide on the amount of investment it and on the

way of financing it. Concerning the last, it is assumed that the firm has no access to

any source of external financing, implying that investment will be solely financed by

retained earnings8. Under these assumptions, we have:

it = kt − (1− δ)kt−1 = Ret (9)

yt − wt = Ret + dt (10)

where Ret and dt denote retained earnings and dividends respectively. Combining

both equations, one obtains that dividends are equal to the residual of the value of

output after wages have been paid and investment has been financed. In other words,

dividends are equal to the net cash flow of the firm every period, i.e.,

Nt = yt − wt − it = dt (11)

Given that the market structure is incomplete the firm will maximize either:

VM = Et

⎧⎨⎩
∞X
j=0

2X
i=1

θi0Mi,t+jNt+j

⎫⎬⎭ where Mi,t+j = βj
c−γit+j

c−γit
(12)

or

UM = Et

⎧⎨⎩
∞X
j=0

βjfUf (Nt+j)

⎫⎬⎭ = Et

⎧⎨⎩
∞X
j=0

βj
N
1−γf
t+j

1− γf

⎫⎬⎭ (13)

As to the second objective, we assume that the firm has the same discount factor

βf , and utility functional form Uf as the households, while we allow for a different

risk aversion value. While the first assumption leads to the same deterministic steady

state under both firm objectives, the concavity of Uf ensures that the second order

conditions for the firm’s problem are satisfied.

8Note that, under identical households (or effectively complete financial markets), internal and

external finance are perfect substitutes, implying that the problem of the firm is indeterminate. In

the present setup, this is solved by fixing the amount of outstanding equity and by ruling out any

other source of external finance. Since the identical household case is the benchmark case to evaluate

the incomplete market economies, the same assumption concerning the capital structure of the firm

is preserved in this second case.
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The Equilibrium

At period t, market clearing requires:

X
i

cit + it = yt (14)

X
i

θi,t = 1 (15)

X
i

bi,t = 0 (16)

Note that equations (15) and (16) imply that there is a single outstanding firm eq-

uity share, while bonds are in zero net supply. Concerning the maximization problem

of the firm, its first order conditions imply that, for all t:

wt = ztF
0
2(kt−1, 1) = (1− α)yt (17)

1 = Et

(
2X

i=1

θi0Mi,t+1

h
zt+1αk

α−1
t + (1− δ)

i)
(18)

or

1 = Et

(
β
N
−γf
t+1

N
−γf
t

[zt+1αk
α−1
t + (1− δ)]

)
(19)

Equation (17) implies that labor is paid its marginal product, while the capital

stock is determined by equations (18) or (19), depending on the firm objective. As

reflected in the Euler equations, the difference between the two firm objectives lies in

the firm discount factor, which affects the law of motion of the capital stock, and thus,

the behavior of the aggregate macroeconomic variables. This difference is discussed in

more detail below. Finally, the first order conditions from the optimization problem

of the households lead to the usual Euler equations determining asset prices:

vt ≥ Et [Mi,t+1(vt+1 + dt+1)] and θit ≥ Ke, i = 1, 2 (20)

pbt ≥ Et [Mi,t+1] and bit ≥ Kb, i = 1, 2 (21)

As reflected in the equations, if the asset constraints are binding, the associated

Euler equations will only be satisfied as an inequality. In addition, the structure

of our two household economy implies that, at period t, the constraint can only be
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binding for one of the two households, while the unconstrained household, which is

the one with the highest price valuation, will determine the asset price that period.

Given this, we can write the two Euler inequalities as follows:

vt = max
i

Et[Mi,t+1(vt+1 + dt+1)] (22)

pbt = max
i

Et[Mi,t+1] (23)

The Representative Household Economy

Before turning to the parameterization of the previous model, it will be useful to

consider the identical household case, i.e., the case in which they are not subject to

any idiosyncratic uncertainty. In this case, it is set to its expected value, which is

assumed to be 0.5, implying that each household receives one half of the total labor

income wt. Since there is no room for asset trading under identical households, the

equilibrium asset holdings will be equal to bit = 0 and θit = 0.5, while individual

consumptions and asset prices will be given by:

cit =
1

2
ct, i = 1, 2 (24)

vt = Et [Mt+1(vt+1 + dt+1)] (25)

pbt = Et [Mt+1] (26)

where Mt+1 is the marginal rate of substitution of aggregate consumption. Finally,

depending on the firm objective, the capital stock will be determined by the following

two Euler equations:

1 = Et

n
Mt+1[zt+1αk

α−1
t + (1− δ)]

o
(27)

or

1 = Et

(
β
N
−γf
t+1

N
−γf
t

[zt+1αk
α−1
t + (1− δ)]

)
(28)

Note that, if the firm has a VM objective, the equilibrium outcome of this setup is

the same as under complete markets. In this case, idiosyncratic uncertainty would be
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completely diversified away, and households would consume one half of the aggregate

resources in the economy. In addition, the capital Euler equation derived from the

usual market value maximization firm objective would be given by equation (27).

Given this, the economy with a VM firm objective and identical households can be

used as a benchmark case to evaluate the incomplete market economies. On the

other hand, in spite of the fact that markets are complete, the first best frictionless

outcome will not result any more if the firm is risk averse, given that this introduces

a distortion in the economy. This is discussed in what follows.

The Implications of a Risk Averse Firm

If households are identical, an interesting implication of the presence of a risk averse

firm is the fact that, around the steady state, the economy behaves as if there were

capital adjustment costs. This is summarized by the following proposition:

Proposition 1 Assume that the economy is populated by a representative household

(or many identical households) and a risk averse firm, with the same discount factor

βf and CRRA utility Uf as the households. Under this assumption, the economy is

locally equivalent to an economy in which the firm maximizes the discounted present

value of profits, but is subject to capital installation costs of the form g( it
kt−1

), with the

property that g( isskss
) = iss

kss
, and g0( isskss

) = 1, where iss
kss

is the steady state investment

to capital ratio9.

Proof: In the appendix. To understand the proposition better, define

ζ = −
g00( i

ss

kss )
iss

kss

g0( i
ss

kss )
(29)

Note that the steady state elasticity ζ, which depends on the curvature of the ad-

justment cost function, is the parameter determining the degree of capital adjustment

costs in the economy. In particular, if ζ is equal to zero, there are no installation

costs. Proposition one states that, given a level of firm risk aversion γf in an economy

with a utility maximizing firm, there exists a level of ζ, such that the same economy

9The property on the adjustment cost function required by proposition one ensures that the

economy has the same steady state as the economy with a risk averse firm and no adjustment costs.

An example of a function satisfying this property is the following: g( it
kt−1

) = b
1−a (

it
kt−1

)1−a+ c, with

b = ( isskss
)a and c = − issa

kss(1−a) . Note that a is the parameter governing the degree of adjustment

costs in this case.
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with a value maximizing firm and capital installation costs, whose degree is deter-

mined by ζ, has the same behavior around the steady state10. Intuitively, if the firm

is risk averse, it will try to smooth its net cash flow over time, implying that it will

choose a lower (higher) investment level after a good (bad) shock, as compared to

the investment level it would choose under the VM objective. Thus, investment will

be smoother, and consumption more volatile, if the firm is risk averse, as happens in

the presence of capital installation costs.

4 Calibration

When choosing the parameter values of the previous model, it is important to note

that the economy is essentially a real business cycle model, which has been extended

to incorporate incomplete markets due to restricted asset trade. While the main

purpose of the present work is to evaluate the model concerning the impact of the

different firm objectives, as well as to asses the effects of market incompleteness on

the different asset return moments, it is important that the model still replicates the

salient business cycle statistics. For this reason, a first set of parameters is chosen

following the RBC literature.

As usual in RBC models, the time period is one quarter. The constant capi-

tal/output share α of the Cobb-Douglas production function is set to 0.36, the ap-

proximate percentage of GNP of capital owners for the postwar period. The capital

depreciation rate δ is chosen to be 0.025, a value that matches the steady state in-

vestment to capital ratio for the same period, and the subjective discount rate of the

households β is set to 0.99, leading to an annual interest rate of 4%, as usual in the

literature simulating quarterly data.

Concerning the two parameters governing the law of motion of the aggregate tech-

nology shock, on the basis of the estimated autocorrelation of the output equation

Solow residuals, several authors have found values for the shock persistence in the

range ψz ∈ [0.95 : 1]. Further, some data analysis suggests that the standard devi-
ation of the innovation σz can be expected to lie in the interval σz ∈ [0.007 : 0.01].
10Although it has only been proved that this equivalence holds locally (by log linearizing the

two economies around the steady state), we have obtained the same equivalence by numerically

solving the two models with a method that does not rely on aproximations around the steady state,

suggesting that the equivalence also holds globally.
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Given this, the parameters chosen are (ψz, σz) = (0.95, 0.00712).

Household risk aversion is assumed to be equal to 1, a value that lies in the

acceptable interval [1 : 5] suggested in the literature11. Concerning the two asset

constraints, it is assumed that households cannot short sell equity, i.e., Ke
i = 0, while

they can only borrow up to a certain level, which is set at approximately 1/3 of the

steady state labor income, corresponding to a borrowing constraint of Kb
i = −0.4.

As to the idiosyncratic shock, it has been noted earlier that it represents the

period share of each household in total labor income. The mean of this share for

the first household is set to 0.5, leading to the same expected value for household

two12. Further, the parameters ψ and σ are chosen to match the persistence and

innovation standard deviation of the household labor income share in the data.

In the existing literature, idiosyncratic labor income uncertainty has been usu-

ally modelled in exchange economies, with annual estimates for the lognormal labor

income share in the following ranges: ψa ∈ [0.529 : 0.9] and σa ∈ [0.19 : 0.28]. For
example, using data from the Panel Study on Income Dynamics (PSID), Heaton and

Lucas (96) estimate a lognormal process for individual labor income as a fraction of

aggregate labor income, obtaining averaged estimates of (ψa, σa) = (0.529, 0.25). Us-

ing the same data, a more recent estimate of these two parameters is due to Telmer,

with values of (ψa, σa) = (0.9, 0.2828), while Aiyagari and Mcgrattan have used the

estimates (ψa, σa) = (0.6, 0.19). To convert these numbers into quarterly values, one

can use the following time series properties. Assume the process for quarterly data:

yt = ρqyt−1 + uqt, where uqt ∼ N(0, σ2uq) (1)

Substituting iteratively for yt−1, one can obtain the dependence of the variable yt

on annual data (four quarters ahead). This is given by the following equation:

yt = ρ4qyt−4 + uqt + ρquqt−1 + ρ2quqt−2 + ρ3quqt−3 (2)

which can be rewritten as:

11Following the finding that the main asset market facts can only be replicated in representative

agent models with extremelly high risk aversion parameters, the appropriateness of such large values

has been widely discussed in the literature. In general, values greater than 10 have been found highly

unrealistic, and several authors have suggested as a reasonable range the interval [1:5].
12As noted by Telmer (93), one could introduce further heterogeneity into the model by varying

the expected value of the labor income share for the first household.
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yt = ρayt−1 + εt where εt ∼ (0, σ2ε) (3)

where ρa and σε would be the persistence and the innovation standard deviation for

annual data. Looking at the equations, one can infer the two quarterly estimates from

the annual values, noting that ρq = ρa
1/4 and that the annual innovation variance

is given by σ2ε = σ2uq(1 + ρ2q + ρ4q + ρ6q). Using the previous procedure, and annual

estimates for the two parameters at the lower end, we have obtained the following

quarterly numbers, which we will use in our model (ψ , σ ) = (0.8528, 0.1169).

The only remaining parameter to be calibrated is the risk aversion of the firm,

which is chosen to match the dividend/net cash flow cyclicality in the US data. To

analyze the behavior of the these two variables in the US, we have used two different

data sets, the NIPA and the CRSP, described in more detail in appendix 3. The

following table reports the basic statistics for the two variables.

Table 2.1: Dividend behavior in the US economy

std in % std(x)/std(y) corr(x,y)

Dividends (CRSP) 6.64 3.96 0.39

Dividends (NIPA) 6.53 3.89 0.16

Net cash flow (NIPA) 5.27 3.14 0.65

All data have been detrended with the HP filter

As reflected in the table, dividend payments have been subject to substantial

variability during the postwar period, with a standard deviation of around 6.6 percent,

and a relative standard deviation with respect to output of around 3.9 percent13. In

addition, we can see that dividends are procyclical, with a correlation with output

of 0.39 and 0.16 for CRSP and NIPA data respectively. Finally, the last row of the

table reflects a slightly less variable and a more procyclical firm net cash flow, with an

output correlation of around 0.65. Figure 1 below displays the relationship between

the correlation of dividends (or firm net cash flow) with output and the firm risk

aversion in the UM model.

13In the literature, several authors using CRSP data have reported a higher dividend variabil-

ity. See, for example, Campbell (98). As the author points out, part of this variance is due to a

strong seasonal effect in the quarterly series. Since there is no seasonality in our model, we have

deseasonalized the CRSP series before computing the statistics in the table.
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Figure 2.1: Dividend cyclicality and firm risk aversion
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As reflected in the figure, the dividend correlation is increasing with the firm risk

aversion, while the risk aversion value that better matches the correlations in the

data lies approximately between 1 and 1.5. Given this, we have chosen a firm risk

aversion of 1.5. Using the previous parameter values, the solution to the model has

been computed numerically with the Parametrized Expectations Approach (PEA),

originally proposed by Den Haan and Marcet (90), and described in appendix 4.

5 Simulation Results

The present section reports the results obtained for several economies with differing

assumptions concerning the uncertainty and trading opportunities of the households.

The model is first solved under the assumption that both households are identical

in all respects. As already seen in section 3, the solution obtained with a VM firm

objective and identical households is the same as under complete markets, and will

thus serve as a benchmark case for comparison with the incomplete market economies.

In addition, the solution with identical households and a UM firm will allow us to

compare the effects of the two firm objectives independently of the existence of market

incompleteness. After doing this, household heterogeneity is introduced under two

different assumptions: the existence of either a bond, or a stock market for firm shares,

providing a measure of the degree of risk sharing achieved with the two different asset

markets.
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5.1 Macroeconomic and Financial Stylized Facts

The performance of the model will be evaluated along two different dimensions. Con-

cerning the macroeconomic features of the business cycle, the following table sum-

marizes the basic statistics for the US economy that the model should be able to

replicate.

Table 2.2: Macroeconomic statistics in the US economy

Data from 59:1-96:4 std in% std(x)/std(y) corr(x,y)

Output 1.70 1.00 1.00

Consumption 1.33 0.782 0.871

Investment 7.73 4.551 0.905

Capital Stock 0.762 0.448 0.448

We have used GNP, Personal Consumption Expenditures and Gross Private

Domestic Investment. The capital stock is constructed from the investment

series, using a depreciation of 0.025 and a starting capital stock to match the

postwar investment-to-capital ratio. All data are HP filtered. Source: NIPA.

As reflected in the table, investment is more variable than output, while consump-

tion is less variable and the capital stock much less so. We also see that all variables

are highly procyclical except the stock of capital, whose contemporaneous correlation

with output is around 0.45. The key financial observations of US asset returns are

reported in table 3 below.

Table 2.3: Financial statistics in the US economy

Data from 48:1-95:4 Mean Std in%

Equity Return (SP500) 2.17 7.60

Risk Free Rate (T-Bills) 0.23 0.78

Equity Premium 1.94 7.49

ρ(SP500,T-Bills) 0.195

Returns are at quarterly frequency and in %. The equity premium is calculated

as one plus the total return on stocks divided by one plus the T-Bill rate. The

numbers are arithmetic averages. Source: Ibbotson Associates.
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Looking at the table, we note that the average real return on stocks has been

much higher than the average risk free rate. Over the period from 1948:1 until

1995:4, stocks have carried an equity premium of about 2 percent per quarter, while

the average return on T-Bills has been around 0.2 percent. In addition, the risk free

rate exhibits a much lower variability as compared to stocks, with a contemporaneous

correlation of the two asset returns of about 0.2 during the postwar period.

5.2 The Representative Household Economy

The following table summarizes the performance of the representative household econ-

omy with regard to the basic macroeconomic aggregates with a Value Maximizing

(VM) and a Utility Maximizing (UM) firm objective.

Table 2.4: Macroeconomic statistics, Identical households

Series VM std(x)/std(y) corr(x,y) UM std(x)/std(y) corr(x,y)

Output 1.00 1.00 1.00 1.00

Consumption 0.35 0.93 0.87 0.99

Investment 2.99 0.99 1.38 0.99

Capital Stock 0.27 0.35 0.12 0.25

Dividends 4.02 -0.97 0.11 0.64

The simulated data have been detrended with the HP filter.

Given that the economy with a VM firm objective is a standard RBC model, it is

not surprising that it reproduces the macroeconomic regularities relatively well. As

reflected in the first column of the table, investment is more variable than output,

while consumption and capital are less variable, with the capital stock exhibiting the

lowest variability. As in the data, the correlation with output is high for consumption

and investment, while the capital stock is less procyclical. We also see, however,

that the VM model predicts a very counterfactual fact regarding dividend payments.

While the relative variability of this variable is close to the data, the model predicts

a correlation of dividends with output of -0.97, caused by the fact that dividends are

defined as the residual payment of profits and investment, which increases, in this

case, by relatively more than profits after a good shock.

The last two columns of the table display the same statistics for the utility max-

imizing firm. Although the basic pattern of the macro aggregates is maintained,
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i.e., investment is more volatile than output, while consumption and capital are less

volatile, the relative variability of aggregate consumption is now higher, while the

opposite happens to the relative variability of the capital stock, the investment level,

and the dividend payments. As we see, dividends are now procyclical but have a too

low volatility as compared to the data. These differences, confirming the finding of

proposition one, are also illustrated by the impulse response functions, depicted for

investment, consumption and dividends in figure 2 below.
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Figure 2.2: Impulse responses under the VM and UM firm objectives

The figure shows that the UM firm smooths its net cash flow (or dividends)

over time through a less elastic investment, leading, in turn, to slightly procyclical

dividend payments and to a more variable consumption pattern, as in the presence of

capital installation costs. The basic financial statistics predicted by the two models

are displayed in table 5 below.
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Table 2.5: Financial statistics, Identical households

Series VM Mean Std UM Mean Std

Equity Return (ret ) 1.0101 0.0694 1.0119 0.5909

Risk Free Rate (rft ) 1.0100 0.0647 1.0082 0.0775

Equity Premium 0.0001 0.0250 0.0037 0.5757

ρ(ret , r
f
t ) 0.93 0.13

Returns are computed as: (1 + ret ) = (dt+1 + vt+1)/vt and (1 + rft ) = 1/p
b
t .

The premium is computed as the difference of average returns. All numbers

are at quarterly frequency and in percent.

As noted by other authors14, while the standard RBC model performs relatively

well concerning the basic business cycle features, it is unable to replicate the key

financial statistics in the US data. The first two columns of the table show that the

VM model leads to an almost zero equity premium, and to asset return volatilities

that are very far from reality. Concerning the UM firm, the results are slightly better,

with a more volatile equity return and a slightly higher premium, which is, however,

still too small.

To better understand the reasons for this failure, we can use the log linear closed-

form solutions for risk premia derived in Lettau (98) for the standard RBC model.

As usual, the equity premium is equal to the negative of the covariance between the

logarithm of the pricing kernel, equal to the marginal rate of substitution of aggregate

consumption, and the logarithm of the gross equity return. As the author shows, this

covariance is given in the model by the following expression:

rrpt+1 = −Covt(mt+1, r
e
t+1) = γηczηrezσ

2
z (1)

where ηxy is the elasticity of variable x with respect to variable y. Apart from the

aggregate shock standard deviation and the household risk aversion, the equation

shows that the covariance is determined by both, the elasticity of consumption with

respect to the shock (ηcz) and the equity return elasticity with respect to the shock

(ηrez). In addition, this last elasticity can be decomposed into a component due to

revisions in expectations of future dividend changes (ηdrez) and a component due to

14See, for example, Rouwenhorst (95), Lettau (96), Lettau and Uhlig (97) or Jermann (98).
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revisions in expectations of the future risk free rate (ηr
f

rez)
15. Using our parameteri-

zation and the same procedure as the author, we have calculated the elasticities and

the risk premium generated by the two firm objectives. The results are displayed in

table 6 below.

Table 2.6: Premium and elasticities from the closed-form solution

γ = 1 rrp ηcz ηrez ηdrez ηr
f

rez

VM 0.0001 0.305 0.035 -0.045 0.079

UM 0.0035 0.871 0.799 0.154 0.645

γ = 26 rrp ηcz ηrez ηdrez ηr
f

rez

VM 0.0013 0.282 0.035 -1.42 1.4

UM 1.9433 0.871 16.93 0.154 16.8

As reflected in the upper part of the table, displaying the results for the benchmark

risk aversion of 1, the consumption and equity return elasticities are smaller under

the VM firm objective. In particular, the relatively small return elasticity in this

case, due to the negative dividend component, leads to the almost zero premium

already reported above. As we see, the two components of the return elasticity

are positive and higher under the UM firm objective, a fact that, together with the

higher consumption elasticity, leads to a slight improvement in the premium, which is,

however, still too small. Thus, the failure of the previous models lies in the relatively

low elasticities, which are not able to generate sizesable asset moments.

The results for a higher household risk aversion are displayed in the second part of

the table, illustrating an important difference between the two firm objectives which

has not been noted before. Under the VM firm objective, the premium is extremely

insensitive to an increase in risk aversion, whose positive effect is mitigated by the

behavior of the two elasticities. While the two return elasticity components almost

cancel out, the higher risk aversion leads to a smoother consumption profile, decreas-

ing the consumption elasticity, and leaving the moments almost unaffected. Given

this, it becomes clear that the representative household VM model has little chance

to generate the asset moments in the data, even with an unrealistically high risk

aversion parameter. In contrast to this, while the consumption smoothing channel of

15A brief derivation of the elasticities and of the expression for the premium is given in appendix

5. See Lettau (98) for details on the derivation, and chapter 3 for a more comprehensive discussion

of the results below.
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a higher household risk aversion is eliminated under the UM firm objective, the eq-

uity return elasticity increases considerably, leading to a much higher risk premium16.

As reflected by the table, however, a risk aversion value of 26 would still be needed

to generate the premium in the data, confirming the fact that, with a single source

of uncertainty, reasonable values for γ and σz are not able to generate good results

under this second firm objective either.

5.3 The Model with Heterogeneous Households

In what follows, we present the results of extending the model with an idiosyncratic

labor income shock, leading to ex-post household heterogeneity and to an incom-

plete financial market structure. As stated earlier, the implications of the different

economies are studied under two different assumptions. First, it is assumed that

households can insure against uncertainty by trading only in the stock market, while

a second experiment analyzes the case in which households are allowed to trade in

bonds, while there is no market for firm shares. In this case, they hold the equity

share to receive dividend payments, while they can only insure by trading in the

riskless asset.

The following tables summarize the macroeconomic statistics generated by the

VM and UM models in the cases in which there is only an equity market (VME and

UME), and the cases in which there is only a bond market (VMB and UMB)17.

16Note that, under the UM firm objective, household risk aversion does not enter the expectational

Euler equation governing the behavior of the system. This eliminates the consumption smoothing

channel, leaving ηcz unaffected after an increase in risk aversion. In addition, since the two return

elasticity components directly depend on ηcz, this implies that the dividend component, not affected

γ, will remain unaltered, while the component due to the future risk free rate, directly affected by

γ, will considerably increase.
17In the presence of asset trade, asset prices are determined by the household that is unconstrained,

which is the one with the higuest price valuation. In the absence of trade, this still holds, since the

no trade environment can be interpreted as the limiting case in which the asset constraints are equal

to Ke = 0.5 and Kb = 0 respectively. In this case, the household with the highest valuation will still

be the one determining the underlying asset price, since he is the one who would like to take long

positions in the non-traded asset.
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Table 2.7: Macroeconomic statistics, VME and VMB

Series VME (a) (b) VMB (a) (b)

Output 1.00 1.00 1.00 1.00

Consumption 0.36 0.93 0.43 0.76

Investment 2.95 0.99 3.02 0.96

Capital Stock 0.26 0.35 0.28 0.31

Dividends 3.99 -0.97 8.73 -0.87

Table 2.8: Macroeconomic statistics, UME and UMB

Series UME (a) (b) UMB (a) (b)

Output 1.00 1.00 1.00 1.00

Consumption 0.87 0.99 0.87 0.99

Investment 1.38 0.99 1.38 0.99

Capital Stock 0.13 0.25 0.13 0.25

Dividends 0.11 0.62 0.11 0.63

All data have been detrended with the HP filter. (a)std(x)/std(y), (b)corr(x,y)

As reflected in the table, the fact that idiosyncratic uncertainty has no aggregate

effects leads to relative variabilities and correlations for the aggregate macroeconomic

variables that are very similar to the ones obtained under identical households. Only

under the VMB case, we observe a somehow higher variance and a lower output

correlation of consumption and dividends, caused by the different behavior of the firm

discount factor in this case18. Looking at the overall results, however, we see that the

behavior of the macroeconomic aggregates is essentially unaltered by the presence of

idiosyncratic risk. The relevant asset return statistics are displayed below.

18Recall that, under the VM objective, the firm discount factor is equal to a weighted average of the

individual marginal rates of substitution, and is therefore determined by individual consumptions. As

we will see later, the low consumption smoothing achieved under the bond trade environment leads

to a high individual consumption variability, affecting the behaviour of the firm discount factor,

and thus, of the macroeconomic aggregates. In particular, the VMB case results in higher and

more variable levels for output, capital, investment and consumption, while dividends, defined as

a residual payment, are lower and therefore more volatile, as reflected in the table. Given that

individual consumption variability is much lower with equity trade (VME), the mentioned distortion

does not arise, and this last case leads to the same moments as the identical household economy.
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Table 2.9: Financial statistics, VME and VMB

Series VME Mean Std VMB Mean Std

Equity Return 1.001 0.335 0.980 13.9

Risk Free Rate 0.897 0.449 0.328 1.99

Equity Premium 0.104 0.525 0.652 13.7

ρ(ret , r
f
t ) 0.21 0.15

Table 2.10: Financial statistics, UME and UMB

Series UME Mean Std UMB Mean Std

Equity Return 0.997 0.377 1.099 13.8

Risk Free Rate 0.892 0.445 0.362 1.76

Equity Premium 0.105 0.558 0.738 13.7

ρ(ret , r
f
t ) 0.19 0.2

All units in %. Data at quarterly frequency

In contrast to the previous results, the behavior of the different asset moments

is considerably altered by the presence of idiosyncratic risk and incomplete financial

markets. The general pattern across the two firm objectives and financial market

structures is an increase in the mean and volatility of the premium, as compared

to the identical household economies, while, in the VM cases, we also observe a

considerable decrease in the correlation of the two asset returns, which is now much

closer to the US data. Apart from the general improvement, we note, however, a

substantial difference between the two financial market structures: while the resulting

equity premium is around 0.1 percent when households can insure against uncertainty

through trade in the equity share, it increases to approximately 0.7 percent in the two

cases in which households can only trade in the risk free bond, leading also to asset

return variabilities that are closer to the US data. Thus, according to the numbers,

the bond market structure leads to a higher degree of market incompleteness. This

is also confirmed by the behavior of individual consumptions, reported in table 11.
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Table 2.11: Moments for Consumptions and Labor Incomes

σw1 σw2 σc μc1 σc1 μc2 σc2

VM 0.032 0.032 0.025 1.38 0.025 1.38 0.025

UM 0.028 0.028 0.026 1.38 0.026 1.38 0.026

VME 0.220 0.214 0.025 1.38 0.091 1.38 0.094

UME 0.219 0.213 0.026 1.38 0.091 1.38 0.094

VMB 0.220 0.214 0.023 1.40 0.185 1.42 0.173

UMB 0.219 0.213 0.026 1.37 0.173 1.39 0.167

Results directly computed from the simulations (σ represents the volatility).

As illustrated earlier, under complete markets (or identical households), individual

consumptions are equated, and fluctuate therefore as much as per capita consump-

tion. This case is displayed in the first two rows of the table. Given this, the difference

between the individual and the per capita consumption variabilities can be taken as

a measure of the degree of market incompleteness in the different models. As shown

by the table, idiosyncratic uncertainty considerably increases household risk, since it

leads to a much higher variability of the individual labor incomes wi. We observe,

however, that this risk is considerably diversified away when households can trade in

the equity share. In this case, individual consumptions are more variable than per

capita consumption, while this variability is still much lower than the variability of

labor income, reflecting that there is a relatively high consumption smoothing in this

case. In contrast to this, individual consumption is highly variable when households

can only trade in the risk free bond, which mitigates labor income risk much less.

Thus, consumption smoothing is much lower, and the degree of market incomplete-

ness much higher under the bond market structure, as already reflected by the asset

moments.

Before further discussing the differences between the equity and bond market

structures, we can first analyze, using the analytical framework of the previous sec-

tion, the way in which the presence of idiosyncratic risk may affect the risk premium

in the model. As shown by equation (1), the covariance between the pricing kernel

and the equity return with a single source of uncertainty (or identical households)

is equal to a single term, whose magnitude crucially depends on the equity return

and consumption elasticities with respect to the aggregate shock. With idiosyncratic

uncertainty, however, the premium is likely to increase, given that this additional
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source of risk will enter the expressions of both, the pricing kernel and the equity

return. In particular, under the extreme form of market incompleteness in which

households cannot insure against uncertainty through any asset trade, one can show

that the premium is given by the following expression:

rrpt+1 = −Covt(mut
i,t+1, r

e
t+1) = γηczηrezσ

2
z + γηci ηre σ

2(2Pt − 1) (2)

where ut denotes that household i is unconstrained at period t, and Pt denotes the

probability that the first household is unconstrained19. As reflected by the equation,

idiosyncratic uncertainty affects the premium through a new term, determined by

the household risk aversion, the idiosyncratic innovation variability, and the equity

return and consumption elasticities with respect to the idiosyncratic shock, ηci and

ηre . Under the no trade assumption, chapter 3 shows that, due to the presence of this

new term, the model is able to generate the mean equity premium in the data with

reasonable parameter values. Note, however, that the fact that households can insure

against uncertainty through asset trade in the present setup is likely to mitigate the

impact of idiosyncratic risk through the effects of consumption smoothing on the two

idiosyncratic elasticities20. In particular, a high degree of consumption smoothing, as

under equity trade, is likely to decrease both, the consumption elasticity ηci and the

equity return elasticity ηre , since the last depends positively on the first, consider-

ably mitigating labor income risk. In addition, since ηre is directly determining the

standard deviation of the equity return, a high degree of consumption smoothing (or

a lower ηre ) will also lead to a low premium variability. This is reflected in tables

9 and 10, which show that the lower risk sharing achieved under the bond market

structure leads, not only to a higher mean, but also to a much higher premium vari-

ability. Finally, the equation also suggests that, under poor consumption smoothing,

an increase in household risk aversion is likely to have a considerable impact on the

premium, since it also enters multiplying the idiosyncratic term. This is confirmed

19Note that, if households can insure against uncertainty through asset trade, the non-differentiable

asset constraints do not allow for a closed-form solution. See chapter 3 for a derivation of this

expression and for further discussion.
20As stated before, we can interpret the no trade solution as the limiting case in which the two

asset constraints are equal to Ke = 0.5, and Kb = 0. Thus, although we cannot directly use the

previous equation to evaluate the economies with asset trade, it still can give important insights

about the solution obtained in these cases.
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by the following table, reporting the different asset return moments for the UMB case

after a slight increase in risk aversion.

Table 2.12: Asset return moments for a higher risk aversion

γ = 1.1 γ = 1.2 γ = 1.3

UMB Mean Std Mean Std Mean Std

Equity Return 1.451 16.6 1.841 19.21 2.151 20.85

Risk Free Rate 0.367 2.07 0.399 2.43 0.441 2.82

Equity Premium 1.083 16.4 1.442 18.98 1.709 20.58

In contrast to the results under identical households, a small increase in household

risk aversion leads now to a considerable impact on the mean and variability of the

equity return and the premium. In particular, the model is able to approximately

generate the mean equity return and equity premium in the data with a risk aversion

of 1.321. Unfortunately, the increase in the asset return variabilities is more than

proportional, implying that the model is able to generate the mean returns in the data,

but not the right risk-return trade-off. In other words, the Sharpe ratio generated by

the model, probably due to the preference specification, is still too low.

In what follows, we investigate on the reasons leading to the lower insurance

provided by the bond market structure. To do this, we can first look at the household

trading pattern under both financial market structures. This is depicted, for a sample

period and the two UM cases, in figure 3 below22.

21Increasing risk aversion when households are allowed to trade in equity has also a much higher

impact than the identical households, but the effect is much lower than under bond trade. In

particular, increasing risk aversion from 1 to 1.5 increases the premium from 0.1 to 0.3 percent. We

have also investigated the effects of relaxing the borrowing constraint. In these cases, the model is

also able to generate the mean returns in the data if we use higher, but still reasonable risk aversion

values.
22We obtain am almost identical picture for the VM firm, reflecting the fact that the firm objective

does not affect the pattern of trade.
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Figure 2.3: Productivity and asset holdings under the UM objective

As reflected in the figure, the pattern of trade in the two asset markets is very

similar. To smooth their consumption over time, households invest (disinvest) in

the equity share or the risk free bonds when they are hit by a positive (negative)

productivity shock. Further, while the no short-selling constraint is almost never

binding, the borrowing constraint does not bind for too many periods. In spite of

the trading pattern similarity, however, there is an important aspect that could help

to explain the different insurance provided by the two asset markets: the different

behavior of the two asset prices, vt and pbt , leading to a different variability and

a different correlation with labor income of the trading volume value tvi, which we

define as vt(θit−θit−1) and pbtbit−bit−1 for equity and bond trade respectively. Recall
that, for the two trading environments, the households’ budget constraints are given

by the following equations:
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cit + vt(θit − θit−1) = dtθit−1 + wt it, VME and UME (3)

cit + pbtbit − bit−1 = dt/2 + wt it, VMB and UMB (4)

Looking at the equations, we see that a higher variability and correlation with

labor income of the trading volume value will make it easier for the households to

mitigate the labor income risk imbedded in wt it, leading to a smoother consumption

profile. These two statistics are displayed for the first household and the two asset

market structures in table 2.13 below.

Table 2.13: Moments for prices, asset holdings and trading volume

σw1 σtv1 σv or σpb σs1 or σb1 ρw1,tv1 ρw1,in1

VME 0.259 0.223 1.631 0.161 0.96 0.173

UME 0.259 0.222 1.486 0.162 0.96 0.174

VMB 0.280 0.052 0.019 0.213 0.48 0.577

UMB 0.259 0.051 0.017 0.217 0.52 0.626

σ represents the standard deviation

As reflected in the second column of the table, the variability of the trading volume

value σtv is substantially higher, and much closer to the variability of labor income,

in the two cases with equity trade, while the third and fourth columns show that

this is caused by a considerably higher standard deviation of the equity price, which

increases the variability of tv, in spite of the fact that bond holdings are subject to a

higher fluctuation, as also shown by figure 3 above. In addition, the last two columns

of the table show that the correlation between the trading volume value and labor

income is much higher, while the correlation between the household’s asset income

in and his labor income is lower, with equity trade, making it much easier to insure

against labor income risk by trading in this asset. Note that these differences are

probably caused by the fact that the equity price is linked to the technology of the

firm. Indeed, under a VM firm objective and identical households, one can show that

the equity price is equal to the capital stock. Although this exact correspondence

breaks down under the UM firm objective or with household heterogeneity, the equity

price is still linked to the firm’s underlying assets, and is therefore directly affected

by the technology shock. This leads, not only to a higher price variability, but also

to the different correlations observed above. Finally, it is important to note that
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the previous statistics have not taken into account dividend income. If we do this,

however, the statistics are hardly altered, suggesting that dividend behavior is not

one of the key determinants of the degree of risk sharing provided by the different

asset markets. This is further investigated below.

Does dividend behavior really matter?

Until the present, we have mainly considered the differences between the two trading

environments, without paying too much attention to dividend behavior, which is, as

we have seen, counterfactual under both firm objectives. Note that an endogenous

determination of dividend payments which exhibit a reasonable behavior could be

probably achieved by allowing for external finance in the presence of other market

frictions for the firm. While investigating this in detail is outside the scope of the

present paper, we can still study the effects of dividend behavior by specifying them

as an exogenous process that fits the relative variability and the correlation with

output in the data.

To do this we assume that, each period, the firm pays out a stochastic fraction

φt of its profits as dividends, while it keeps the rest as retained earnings to finance

part of its investment. In addition, the firm can also finance its investment by issuing

equity. Thus, we have that:

Dt = φt(yt − wt) (1)

Ret = yt − wt −Dt (2)

it = Ret + vt [et − et−1] (3)

where Dt represents total dividend payments, and et denotes the number of out-

standing equity shares. Further, the fraction of profits paid out as dividends, φt, is

specified as:

logφt = cφ + ψφ logφt−1 + εφt, εφt ∼ N(0, σ2φ) (4)

Note that this specification of the dividend policy of the firm is not that unrealis-

tic. In a study of corporate dividend behavior for US firms, Lintner (56) pointed out

the following aspects. First, most of the companies considered had a rather definite
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policy regarding the target ratio of dividends to current earnings. Second, most share-

holders preferred a reasonably stable payout rate, and this was normally achieved by

a practice of changing dividends in any given year by only part of the amounts in-

dicated by financial figures. In other words, most corporations had a fixed target

payout ratio, which they adjusted every period to reflect changes in earnings, with

this adjustment being only partial to achieve relatively stable dividend payments.

Using quarterly NIPA data from corporate US businesses on profits after taxes

(PAT ), dividend payments (DIV ) and undistributed profits (UDP ), which satisfy

the following relationship:

PATt = DIVt + UDPt (5)

we have constructed the quarterly payout ratio φt =
DIVt
PATt

for US corporations. The

ratio looks very similar to a persistent AR(1) process whose mean could be interpreted

as the fixed target payout ratio of US corporations. In addition, detrending it with the

Hodrick Prescott filter, one also observes a negative correlation with the HP filtered

series of logged profits after taxes, implying that its behavior also reflects the partial

adjustment of dividend payments discussed above. Using the constructed ratio, we

have estimated a persistence of 0.9565 for the process in (4). With this persistence,

and a standard deviation for the innovation that generates a dividend variability of

around 4% in the model, the resulting output correlation of dividend payments is

around 0.2, as in the data. In this case, when the firm is hit by a positive shock, it

increases both, dividend payments and retained earnings, while it also issues equity,

with a smaller issuing amount if the firm is risk averse, given that investment is less

elastic. The following table displays the asset moments for the UM cases resulting

from the new dividend specification.

Table 2.14: Financial statistics, UM with exogenous dividends

Series UME Mean Std UMB Mean Std

Equity Return 1.002 0.53 1.034 13.2

Risk Free Rate 0.887 0.44 0.367 1.78

Equity Premium 0.115 0.67 0.666 12.9

ρ(ret , r
f
t ) 0.1 0.16

All units in %. Data at quarterly frequency
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Comparing the results with tables 2.9 and 2.10, we see that the return moments

are very similar, suggesting again that the cyclicality and variability of dividend pay-

ments does not seem to be a key determinant of the different premium moments23.

Note that this has been implicitly pointed out already by the closed-form solution

under identical households displayed in table 2.6. As we have seen, the dividend

component of the equity return elasticity was relatively low under both firm objec-

tives, while the whole increase in the premium caused by a higher household risk

aversion under the UM firm objective was accounted for by the return elasticity com-

ponent due to the future risk free rate. Altogether, these results suggest that dividend

behavior does not matter in the present context. Instead, other factors, like the vari-

ability of the underlying asset price, seem to be quantitatively more important for

the determination of the premium.

6 Summary and Concluding Remarks

The present work has analyzed the asset pricing implications of a real business cy-

cle model, extended with household heterogeneity and incomplete financial markets.

Apart from evaluating the effects of this extension, we have also been able to address

two important issues, which have not been given very much attention in the previous

macroeconomic literature. First, in order to integrate an incomplete markets envi-

ronment with the presence of a dynamic firm, one has to incorporate non-standard

firm objectives. We have looked at two objectives, a variant of the usual market

value maximization, the VM objective, and the expected utility of the firm’s profits,

the UM objective, which implies that the firm is risk averse. In addition to this,

the presence of a non trivial production sector in the model has also allowed us to

investigate the ways in which production affects asset behavior.

If households are identical, the VM objective reduces to the usual profit max-

imization under complete markets, while the UM firm is locally equivalent to the

presence of capital adjustments costs. In the latter case, the distortion introduced

by the firm objective alone does not alter the asset moments substantially. In both

cases, the main reason for the failure lies in the low consumption and equity return

elasticities with respect to the aggregate shock.

23The results are also very similar for the two VM cases.
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When the model is extended with idiosyncratic risk, the behavior of the macro-

economic aggregates is essentially unaltered, while the mean and variability of the

equity premium increases. If households can insure against uncertainty through eq-

uity trade, however, the high degree of consumption smoothing achieved leads to a

smaller improvement in the different asset moments. In this case, the relatively vari-

able equity price considerably increases the volatility of the equity turnover, while

the correlation of this variable with labor income is very high, making it much easier

for the households to mitigate labor income risk by trading in the asset. In contrast

to this, when households can only trade in the risk free bond, the turnover has a

much lower variability and a lower correlation with labor income, leading to a lower

degree of consumption smoothing and to asset return moments that are much closer

to the US data.

As stated by Telmer (93), a general finding of the exchange economy literature

with household heterogeneity and incomplete financial markets is the fact that: a

very limited set of securities have the potential to go a long way in terms of providing

a vehicle for the sharing of endowment risks. Specifically, almost all of an agent’s

idiosyncratic income risk can be diversified through trade in a single discount bond

market with constraints on borrowing. This is also confirmed by other authors, point-

ing out that trade in risk free bonds, as opposed to equity trade, is the main way of

insurance. As we have seen, this conclusion seems to be reversed when production is

endogenous. In this case, the equity price, closely linked to the firm’s underlying as-

sets, is directly affected by the technology shock of the firm, leading to the differences

observed above.

Further, a natural implication of the presence of a production sector is the endoge-

nous determination of dividend payments. Lettau (96) has pointed out that: there

are many ways to model dividends...In models with a production sector, dividends

are usually regarded as payments to the production factor capital. As an alternative,

Rouwenhorst (95) defines dividends as firm revenues minus wages and investments.

Prices of assets with these different types of dividends are potentially very different,

resulting in fragile conclusions regarding the equity premium. Our analysis suggests

that dividend behavior does not matter. First, when dividends are defined as a resid-

ual of firm profits minus investment, their behavior is counterfactual under both firm

objectives. The VM objective leads to strongly countercyclical payments, while they
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are procyclical, but too smooth, if the firm is risk averse. In this case, while the two

firm objectives have different financial implications, these differences are not mainly

caused by dividend behavior. Second, when the specification of dividends is modified,

asset returns are hardly altered.

Finally, we should also point out that the model is able to generate the right

mean returns, but not the right return variabilities, leading to a Sharpe ratio that

is smaller than in the data. One of the reasons for this failure may be the CRRA

preference specification. Thus, a natural extension of the present work would be to

investigate the risk-return trade-off implications of alternative preferences.
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APPENDIX 1

(i) The Optimal Production Plan

In the two period economy of section two, every shareholder maximizes his ex-

pected utility subject to the following budget constraint:

Bi =

⎧⎨⎩(ci, θi) ∈ Xi ×R :
ci0 + vθi = wi0 + θi(y0 + v)

ci1s = wi1s + θiy1s ∀s

⎫⎬⎭ (1)

where v represents the equity price. Suppose that the economy is initially in an

equilibrium relative to a production plan, and that all shareholders meet to decide

on a change in this plan. If ui is the maximized value of the utility of shareholder i

(relative to the old plan), differentiating this utility with respect to y0, one can see

that a change in the production plan will lead to the following utility change24:

∂ui
∂y0

=

(
θi
∂ui
∂ci0

∙
dvi
∂y0

+
∂y0
∂y0

¸
+ θi

Ã
SX
s=1

∂ui
∂ci1s

∂y1s
∂y0

− ∂ui
∂ci0

∂vi
∂y0

!)
(2)

which can be rewritten as:

bi =
∂ui
∂y0

/
∂ui
∂ci0

=

(
θi

∙
dvi
∂y0

+
∂y0
∂y0

¸
+ θi

Ã
SX
s=1

πis
∂y1s
∂y0

− ∂vi
∂y0

!)
(3)

where bi can be interpreted as the maximum amount of date 1 income that share-

holder i will give up to change the firm’s production plan. The first term on the

right hand side of the equation represents the perceived change in the shareholder’s

wealth at period 0 due to the new production plan (effect as initial shareholder),

while the second term represents the effect as a final shareholder. As reflected in the

equation, the final shareholder will be affected in two ways: first, he will receive a

different dividend from his investment strategy, second, he will face a different price

or cost of purchasing new firm shares. If one assumes that shareholders’ perceptions

are competitive, in the sense that the cost of the security price is perceived to adjust

to the changed dividend stream, i.e.,

24Note that a change in the production plan can be implemented through a change in the initial

investment, y0, leading to a new random revenue y1s at date 1.
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∂vi
∂y0

=
X
s

πis
∂y1s
∂y0

(4)

the last term of the equation cancels out, and equation (3) becomes25:

bi =

½
θi

∙
dvi
∂y0

+
∂y0
∂y0

¸¾
=

(
θi

"X
s

πis
∂y1s
∂y0

+
∂y0
∂y0

#)
(5)

Looking at the equation, it becomes clear that every shareholder will want to

maximize the present value of the firm’s profits, discounted by his own marginal rate

of substitution. In other words, a production plan will be optimal for shareholder i

if it maximizes:

πiy =
SX
s=0

πisy1s (6)

The Grossman and Hart Firm Objective

Using the previous equations, one can easily show how to derive the Grossman

and Hart firm objective from shareholders’ preferences, as long as it is possible to

implement a transfer mechanism among them. As pointed out by the authors, the

term bi on the left hand side of equation (5), will have the same sign for all the

shareholders if markets are complete, while its sign may differ across them under

market incompleteness. The authors assume that, at date 0, it is possible to transfer

income from the shareholders who favor a change in the production plan (those with

bi ∈ R+) and those who do not favor it (those with bi ∈ R−), such that all of them are

made better off, i.e., such that
PI

i=1 bi ∈ R++. Thus, a change in the production plan

is assumed to take place if and only if this sum is strictly positive. From equation

(5), it follows that:

25Equation (4) always holds under complete markets, while it is a reasonable assumption under

market incompleteness. Note that it just models the fact that, if the firm produces better output

(or pays higher dividends), its market value will bid up to reflect it, meaning that the shareholder

will not be better off by the extra consumption benefits. As the authors point out, this assumption

should not be made in the presence of no short selling constraints, since the net benefits from a

marginal share would not be appropriately measured by
P

s
πisy1s when θi = 0. Using the same

reasoning, note, however, that the presence of a such a constraint will not cause any problems as

long as it is never or almost never binding. In addition, note that this assumption is not necessary

to derive equation (5) in the particular case in which households cannot trade in the equity share.

In this case, substituting for θi = θi in (4), equation (5) also obtains.
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X
i

bi =
IX

i=1

θi

"
SX
s=1

πis
∂y1s
∂y0

#
+ 1 (7)

Finally, since the expression is a concave function of y0, for a plan not to be

blocked by any shareholder, the firm should maximize:

V =
IX

i=1

θi

SX
s=1

πisy1s(y0) + y0 (8)

which exactly coincides with the proposed firm objective.
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APPENDIX 2

Proof of Proposition 1

To prove proposition 1, denote by economy 1 the economy with a UM objective

and by economy 2 the economy with the VM objective and capital installation costs.

Note that the difference between the two economies lies in the firm Euler equation

and in the transitional equation for the capital stock. These equations are given by:

Economy 1:

kt − (1− δ)kt−1 = it

1 = βEt
Nt+1

−γf

N
−γf
t

n
αzt+1k

α−1
t + (1− δ)

o
Economy 2:

kt − (1− δ)kt−1 = kt−1g(
it

kt−1
)

1

g0( it
kt−1

)
= βEt

c−γt+1
c−γt

⎧⎨⎩αzt+1kα−1t +
(1− δ) + g( it+1kt

)

g0( it+1kt
)

− it+1
kt

⎫⎬⎭
Apart from these two equations, determining the investment level and the capital

stock, the level of output, aggregate consumption and dividends (or net cash flow)

are determined by the following equations in both economies:

Economies 1 and 2:

yt = ztk
α
t−1

ct = yt − it

Nt = αyt − it = dt

(i) It is easy to show that the assumptions on βf , Uf and g required by proposition

1 lead to the same steady state in the two economies.

(ii) Following Campbell (94), one can find an approximate analytical solution to

the previous two economies by replacing the true constraints and Euler equations
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with log linear approximations. The models become then a system of expectational

difference equations which can be solved using the method of undetermined coeffi-

cients. Combining the log linearized constraints, and denoting by bx the variables in
logs, we obtain, for the two economies, the following equations:

Economies 1 and 2:

byt = bzt + αbkt−1
bit = λ01byt − λ02bct
bdt = λ03byt − λ04bit

bkt = λ1bkt−1 + λ2bzt + λ3bct
where the coefficients denoted by λ are constants depending on the model para-

meters α, δ, and β. In addition, guessing that log consumption takes the form:

bct = ηckbkt−1 + ηczbzt
where ηxy is the elasticity of variable x with respect to variable y, it is easy to

show that the elasticities of output, capital, investment, and dividends with respect

to the two state variables are given, in the two economies, by:

Economies 1 and 2

ηyk = α and ηyz = 1

ηkk = λ1 + λ3ηck and ηkz = λ2 + λ3ηcz

ηik = λ01α− λ02ηck, and ηiz = λ01 − λ02ηcz

ηdk = λ03α− λ04ηik and ηdz = λ03 − λ04ηiz

Given that the log linearized constraints and the elasticities of the previous vari-

ables are the same in both economies, the two cases will only be equivalent if the two

consumption elasticities, ηck and ηcz, are also the same.
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(iii) To determine the consumption elasticities, one needs to make use of the log

linearized Euler equations. In economy 2, this equation is given by:

γEt(bct+1 − bct) + ζ(bit − bkt−1) = Et(λ4bzt+1 + λ5bit+1 + λ6bkt)
where the coefficients denoted by λ are constants that now also depend on the

steady state elasticity ζ, given by:

ζ = −
g00( i

ss

kss )
iss

kss

g0( i
ss

kss )

Substituting the log linearized constraints in the previous Euler equation, and us-

ing the method of undetermined coefficients, one can show that the two consumption

elasticities for this economy are the solutions to:

ηck,2 =
1

Q2,2

n
−Q1,2 −

q
Q21,2 − 4Q0,2Q2,2

o

ηcz,2 = f2(φ, γ, ζ, ηck,2)

where Q0,2, Q1,2 and Q2,2 are constants depending of the model parameters φ =

(α, β, δ, ρz), the risk aversion of the consumer γ and ζ, and f2 is a function depending

on the previous things and the consumption elasticity with respect to the capital

stock ηck,2. Note that, for a given parameter vector φ, and a given pair (γ, ζ), the

solution of economy 2 is entirely determined by the previous two equations.

As to economy 1, the log linearized Euler equation is given by:

γfEt( bdt+1 − bdt) = Et(λ7bzt+1 + λ8bkt)
while the two consumption elasticities are given by:

ηck,1 =
1

Q2,1

n
−Q1,1 −

q
Q21,1 − 4Q0,1 ×Q2,1

o

ηcz,1 = f1(φ, γf , ηck,1)

where the constants denoted by Q depend on φ and γf , and f1 is a function of

φ, γf , and ηck,1. Again, for a given parameter vector φ and a given level of firm risk
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aversion γf , the solution of economy 1 is entirely determined by the previous two

equations.

(iv) To show the local equivalence of the two economies, one just needs to find a

vector (γ, ζ, γf ) that solves the following equation system:

ηck,2(φ, γ, ζ)− ηck,1(φ, γf ) = 0

ηcz,2(φ, γ, ζ)− ηcz,1(φ, γf ) = 0

Note that the previous system consists of two equations and three unknowns (or

free parameters). Thus, we can fix one of the parameters at the desired level, and

find the pair for the other two that solves the equation system. In particular, we can

fix the level of household risk aversion γ in the two economies, and find then the pair

(ζ, γf ) that leads to the same consumption elasticities and, thus, to the same local

behavior in the two economies.



CHAPTER 2 44

APPENDIX 3

In order to construct the statistics reported in table 2.1, we have used two different

data sources. The first one is the National Income and Product Accounts database

(NIPA), from which we have directly obtained the two series of interest, given by:

-Quarterly real dividends paid by corporate businesses, 1959:1-1996:4

-Quarterly real net cash flow of corporate businesses, 1959:1-1996:4

Further, we have also used the Center for Research in Security Prices database

(CRSP) at the University of Chicago, to obtain the following series:

-Monthly nominal value weighted return index on the NYSE, AMEX and NAS-

DAQ markets (including all distributions), Idt , 1947:1-1996:12

-Monthly nominal value weighted return index on the NYSE, AMEX and NAS-

DAQ markets (excluding dividends), It, 1947:1-1996:12

-Monthly Consumer Price Index, 1947:1-1996:12

To construct the dividend series from the CRSP data, we have used the fact

that total return indices are reported with and without dividend payments. This

implies that one can extract the total dividends paid on the index using the following

equation:

Idt
Idt−1

=
It +Dt

It−1

After doing this, we have constructed the real dividend series by deflating the

nominal dividends with the CPI, while the quarterly dividend series has been com-

puted by adding up the monthly dividends during the quarter.
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APPENDIX 4

Solving the model with the PEA Algorithm

The essence of the PEA approach is to parametrize the expectations in the system

as functions of the state variables, which are known at period t, in order to be able

to solve for the endogenous variables. The exogenous state vector in the model is

described by the process for the technology shock, governing aggregate income, and

by the process for the idiosyncratic shock of one of the households. In addition, the

entire state vector includes last period capital stock and the endogenous distribution

of asset holdings. Given the symmetry of the two households, once we know the asset

holdings of one of them, the holdings of the second carry no additional information.

Further, the relevant information about asset holdings that matters for a household’s

decision is his total asset wealth, given by wit = (vt + dt)θit−1 + bit−1. Since, in

the present model, households just trade in one of the assets, we can include as

a state the household’s asset holdings. Therefore, the chosen state vector is st =

{log zt, kt−1, log 1t, x1t−1}, where x1t−1 = s1t−1 or b1t−1.

Once the state variables have been identified, the conditional expectations in the

Euler equations of the system are parametrized as exponentiated polynomials, for

which one could increase the degree to obtain a higher approximation accuracy. This

implies that the parametrized expectations look as follows:

Peat = ft(β, st) ≡ exp(β0st) = exp(β1 + β2 log zt + β3 log kt−1 + β4 log 1t + β5x1t−1)

As reflected in the equation, each expectation is a function of the states and of a

vector of parameters β, which determine the explanatory power of each state in the

expectation term. To find a vector β that is consistent with the true expectations,

the following iterative procedure is repeated until convergence:

(i) In the first step, the model is solved using the parameters obtained in the

previous iteration. One then obtains a time series of length T for all endogenous

variables. To do this, initial values for the equity and bond holdings, θi0 and bi0, and

the capital k0, as well as T random shocks zt and 1t are needed. These shocks are

only generated once and kept the same for every iteration.

(ii) The time series for the variables are then used to estimate the parameters

of the power functions Peait. To ensure consistency with the true expectations, the

following nonlinear least square minimization is used:
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MinβT
−1

TX
t=1

{Eit − Peait(β, st)}2

where Eit are the true expectations.

(iii) If one denotes the parameter estimates of this minimization by β, one can

then use a weighted average of the old parameters β and these new estimates for the

next iteration, i.e., the parameters for the new iteration will be: β = λβ + (1− λ)β,

where λ ∈ (0, 1).
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Idiosyncratic shocks and asset returns in

the RBC model: an analytical approach

1 Introduction

In the present chapter, we investigate the effects on the different asset moments of

extending the standard Real Business Cycle (RBC) model, where the only source of

risk is the aggregate technology shock of the firm, with a second source of uncer-

tainty, an idiosyncratic labor income shock, which leads to household heterogeneity.

While previous studies of a setup with household heterogeneity have relied on numer-

ical solutions, we propose to use an approximated analytical approach in the present

work, giving a much deeper insight of the channels through which idiosyncratic uncer-

tainty may affect asset returns in the model. In particular, we extend the analytical

methodology used by Lettau (98), who derives closed form solutions for the different

asset moments under the assumption of a representative household. In a first step,

the relevant equations are approximated in log linear form, and the elasticities of

the macroeconomic aggregates with respect to the state variables are calculated as

functions of the model parameters using the method of undetermined coefficients.

After doing this, Campbell’s decomposition of unexpected returns is used to obtain

closed form solutions for the different asset moments as functions of the elasticities

of the macroeconomic variables.

One of the problems of extending Lettau’s methodology to our case is the fact that

households will want to smooth their consumption through trade in the existing asset

markets. If one allows for asset trade, however, the model cannot be approximated

in log-linear form. Given that we want to preserve analytical tractability, we shut

down all the trading opportunities in the present setup. Although this implies that

our analysis is done under an extreme form of market incompleteness, we believe

that the present setup can help to evaluate the potential of idiosyncratic shocks to

47
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explain the different asset moments. One just needs to take into account that the

values of the asset moments obtained from a calibrated model have to be considered

as an upper bound for the given parameterization. On the other hand, the no trade

outcome is obtained by imposing no-trade constraints, i.e., constraints such that,

in equilibrium, households do not trade with each other. Since only one of the

households can be constrained each period, the unconstrained household will uniquely

determine asset prices for that period. Note, however, that this implies that the asset

moments are determined by the two households, depending from who is constrained

or unconstrained every period. In the present work, this is taken into account by

re-defining the asset moments as functions of the probability that a household is

unconstrained at a given period.

Finally, we also have to consider that, under shareholder heterogeneity and market

incompleteness, the usual value maximization objective for the firm used by Lettau is

not longer well defined. In the present work, we deal with this problem by assuming

that the firm is risk averse, and that it maximizes the expected utility of its net

cash flow. As discussed in the previous chapter, this is one of the approaches that

have been proposed in the literature to get around the firm objective problem when

markets are incomplete.

The chapter is organized as follows. The following section presents the model,

while section 3 explains the solution method and extends it for the case in which

households are heterogeneous. The results are discussed in section 4. In order to have

a benchmark case to evaluate the impact of idiosyncratic uncertainty, the solution

to the model is first computed under the assumption that households are identical

in all respects. In this case, the setup with a utility maximizing firm is compared

to the case in which the firm has the usual market value maximization objective,

while we also study the impact of different dividend specifications. After doing this,

labor income risk is added to the model in order to evaluate the potential of the

incomplete markets economy to explain the different asset return moments. Section

5 summarizes and concludes.

2 The Model

Households

The economy is populated by a firm f and by two (classes of) households i = {1, 2},
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only distinguished by the realization of an idiosyncratic labor productivity shock it.

Each household solves the following problem:

Max Et

∞X
j=0

βj
C1−γi,t+j

1− γ
(1)

s.t.

Cit + Vtθit + P b
t bit = (Vt +Dt) θit−1 + bit−1 +Wt it (2)

bit ≥ Kb and θit ≥ Ke (3)

Equation (2) represents the households’ budget constraint, and it implies that

they can potentially invest in equity shares of the firm (θ), providing a claim to the

firm’s dividends (D) from period t+ 1 onwards, or in risk free one period bonds (b),

providing a claim to one unit of consumption at period t+1. It is assumed that there

is a single outstanding equity share, while bonds are in zero net supply. Further,

initial asset holdings are assumed to be symmetric, i.e., households hold initially

zero debt and one half of the equity share of the firm. As shown by equation (3),

households are subject to trading constraints in the two assets, leading to incomplete

financial markets.

Apart from their asset income, households receive labor income, equal to the

aggregate wage rate paid by the firm (W ) times the idiosyncratic productivity shock.

If households are identical, it = 0.5, otherwise,

log 1t = c + ψ log 1t−1 + ε1t , ε
1
t ∼ N(0, σ2), with 0 ≤ 1t ≤ 1 and ψ < 1 (4)

2t = 1− 1t (5)

One can think about the previous setup as households having one fixed unit of

labor, which they can transform into it efficiency labor units that will be supplied

to the firm. Under this assumption, aggregate labor supply will always be equal to

one, since Lt = 1t + 2t = 1, and idiosyncratic uncertainty will have no effects on

the aggregate macroeconomic variables. If we define M i
t+1 = β(Cit+1/Cit)

−γ , the

first order conditions for the problem above lead to the following Euler equations

determining the two asset prices:

Vt ≥ Et[M
i
t+1(Vt+1 +Dt+1)] and θit ≥ Ke (6)
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P b
t ≥ Et[M

i
t+1] and bit ≥ Kb (7)

As stated before, it is only possible to obtain a closed form solution under the

assumption that households cannot use asset markets to insure against uncertainty,

a limiting outcome which obtains by setting the two asset constraints in the previous

setup at 0 and 0.5 respectively, i.e.,

Kb = 0 and Ke = 0.5 (8)

Under this assumption, there will be a constrained household every period, while

the equilibrium asset holdings will always be equal to the initial ones, i.e., bit = 0

and θit = 0.5, leading to the following equilibrium consumption:

Cit = Dt0.5 +Wt it (9)

Concerning the two asset prices, note that the structure of the model implies that

the asset constraints can only be binding for one of the two households each period,

while the unconstrained household, for whom the asset pricing equations hold with

equality, will be the one determining asset prices that period. Given this, we can

define the pricing kernel as the marginal rate of substitution of the household that is

unconstrained, and write the two pricing equations as equalities as follows26:

PKt =
©
Mut

t+1

ª
(10)

Vt = Et[PKt(Vt+1 +Dt+1)] or 1 = Et[PKtR
e
t+1] (11)

P b
t = Et[PKt] or 1 = Et[PKt]R

f
t+1 (12)

where Rj
t+1 is the gross return of asset j, and the superscript ut corresponds to the

household that is unconstrained at period t, i.e., if the first (second) household is

unconstrained at period t, ut = 1 (ut = 2).

26Note that, if a household wants to go short in one of the two asset markets, since he is not allowed

to do so by the no-trade assumption, he will want to short sell the remaining asset, given that it is

his only way to smooth consumption. Consequently, one of the two households will determine the

two asset prices each period. Note also that the Kuhn Tucker conditions imply that this will be the

household with the highest expected marginal rate of substitution. In other words, the pricing kernel

can also be expressed as: PKt = {Mi,t+1 : Et[Mi,t+1] = maxiEt[Mi,t+1]}.
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The Firm

Apart from the two households, there is a firm owning the entire capital stock (K)

in the economy, which it combines with the fixed labor supply from the households

to produce output (Y ). Investment (I) is entirely financed by retained earnings or

profits (output net of wage payments), and the residual of profits and investment

is paid out as dividends. Each period, the firm maximizes the expected discounted

utility of its nets cash flow (N), by solving the following problem:

Max Et

∞X
j=0

βjf
N
1−γf
t+j

1− γf
(13)

s.t.

Lt = 1 (14)

Yt = ZtK
α
t−1L

1−α
t (15)

It = Kt − (1− δ)Kt−1 (16)

Nt = Dt = Yt −WtLt − It (17)

logZt = ψ logZt−1 + εzt , ε
z
t ∼ N(0, σ2z) (18)

As reflected in the equations, the firm is subject to an aggregate technology

shock (Z), which is assumed to be independent from the idiosyncratic shock of the

households. In addition, its presence implies that households will be subject to both,

aggregate and idiosyncratic uncertainty. The first order conditions for the problem

above are given by:

Wt = (1− α)Yt (19)

1 = βEt
Nt+1

−γf

N
−γf
t

n
αZt+1K

α−1
t + (1− δ)

o
(20)

The first equation determines the aggregate wage rate, and it implies that Nt =

Dt = αYt − It, while the second determines the law of motion of the capital stock.

Note that, under identical households (or complete markets) the marginal rates of
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substitution, M i
t+1, would be equalized across them, and the usual market value

maximization objective for the firm would be given by:

Max Et

∞X
j=0

Mt+jNt+j , where Mt+j = βj(
Ct+j

Ct
)−γ (21)

leading to the following first order condition with respect to the capital stock:

1 = EtMt+1

n
αZt+1K

α−1
t + (1− δ)

o
(22)

whereMt+1 is the marginal rate of substitution of aggregate consumption. Looking at

the two capital Euler equations in (20) and (22), it becomes clear that the difference

between the two firm objectives lies in the firm discount factor, which will affect

the law of motion of the capital stock, and, thus, the behavior of the aggregate

macroeconomic variables. Finally, the goods market clearing condition closing the

model is given by:

Ct + It = Yt (23)

while the two asset market clearing conditions, given by:

X
i

θit = 1 and
X
i

bit = 0 (24)

hold trivially under the no trade assumption. The equilibrium solution of the economy

above is characterized by a system formed by the constraints and first order conditions

of the firm in equations (14) to (20), by the household’s budget constraint and the

process for the idiosyncratic shock in equations (4), (5) and (9), by the market clearing

condition in (23), and by the asset pricing equations in (10) to (12).

3 An Analytical Solution

In what follows, we present an analytical solution to the previous equation system,

following Campbell [1] and Lettau (98) . We denote by lower case letters the variables

in logs, while the log of it is denoted by bit. When linearizing, we always suppress the
constants and approximate the logarithm of sums with a first order Taylor expansion

around the steady state.
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We first present the solution under identical households assuming two different

objectives for the firm, the utility maximizing objective (UM) in equation (13) and

the usual value maximizing objective (VM) in equation (21). Except for the dividend

specification, this last case corresponds to the model solved in Lettau (98)27. Further,

the second section extends the solution method for the case in which the firm has a

UM objective, households are heterogenous, and markets are incomplete due to the

presence of idiosyncratic risk and no insurance channels.

3.1 Identical Households

If households are identical, the vector of model parameters is equal to

Φ = {α, δ, β, ψ, σz, γ or γf}

while the vector of states includes the last period capital stock and the aggregate

technology shock, i.e., st = (kt−1, zt). Log linearizing the equation system, the en-

dogenous macroeconomic variables in logs can be expressed as xt = ηxkkt−1 + ηxzzt,

where ηxs is the elasticity of variable x = {kt, yt, it, ct, dt} with respect to the corre-
sponding state variable in logs28. In addition, using lag operators, one can see that

the AR(1) process for the technology shock leads to an AR(2) process for the cap-

ital stock and to an ARMA(2,1) process for output, consumption, investment and

dividends. As shown by Lettau, these processes are given by the following equations:

zt =
1

1− ψL
εzt (25)

kt =
ηkz

(1− ηkkL)(1− ψL)
εzt (26)

27Note that we cannot directly use the results of Lettau as a benchmark case to evaluate our

incomplete market economies, given that we have a different dividend specification and a different

objective for the firm. On the other hand, if households are identical, these differences only affect the

system used to solve for the elasticities of the macroeconomic aggregates, while they do not modify

the equations used by Lettau to compute the different asset moments. Since a detailed derivation

of these equations is already provided by the author, we just state his main results in the following

subsection, providing the exact expresions for the terms with the superscript∗ in appendix 2.
28Appendix one illustrates how to solve for these elasticities. See also Campbell [1] for details

about the solution method.
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xt =
1 +Θ∗xL

(1− ηkkL)(1− ψL)
wxt (27)

where x = {y, i, c, d} and wxt = ηxzε
z
t . To compute the asset return moments, one

can log linearize the two asset pricing equations in (11) and (12), obtaining:

Etr
e
t+1 +

1

2
V art(r

e
t+1) = −Et(pkt)−

1

2
V art(pkt)−Covt(pkt, r

e
t+1) (28)

rft+1 = −Et(pkt)−
1

2
V art(pkt) (29)

The Risk Free Rate

As reflected in the previous equation, the risk free rate is just a function of the pricing

kernel, which only depends on aggregate consumption. Substituting into the equation

the ARMA(2,1) consumption process, and suppressing the constant variance term,

Lettau shows that the risk free rate also follows an ARMA(2,1) process, given by:

rft+1 =
1 +Θ∗

rf
L

(1− ηkkL)(1− ψL)
wrf t (30)

where wrf t = γ(ηckηkz+ηcz(ψ−1))εzt . In addition, transforming the previous process
into its MA(∞) representation, one can obtain its unconditional standard deviation,
given by:

σrf = A∗(
(ψ +Θrf )

2

1− ψ2
− 2(ψ +Θrf )(ηkk +Θrf )

1− ψηkk
+
(ψ +Θrf )

2

1− ηkk2
)
1
2 (31)

The Equity Premium

The expected risk premium, adjusted for the effect of Jensen’s inequality, is given by

the difference of the two log linearized asset pricing equations in (28) and (29). This

difference is equal to the negative of the covariance between the pricing kernel and

the equity return, i.e.,

Etr
rp
t+1 = Etr

e
t+1+

1

2
V art(r

e
t+1)−r

f
t+1 = −Covt(pkt, ret+1) = γCovt(∆ct+1, r

e
t+1) (32)

To compute this covariance, one can make use of the fact that the log of consump-

tion growth and of the equity return can be decomposed into their expected value

and an innovation term, i.e.,
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∆ct+1 = Et∆ct+1 + ηczε
z
t+1 (33)

ret+1 = Etr
e
t+1 + ηrezε

z
t+1 (34)

implying that:

Etr
rp
t+1 = γEt[(∆ct+1 −Et∆ct+1)(r

e
t+1 −Etr

e
t+1)] = γηczηrezσ

2
z (35)

The consumption elasticity ηcz has been obtained before. On the other hand,

an expression for the equity return elasticity ηrez can be obtained, as in Lettau [1],

using Campbell’s decomposition of unexpected returns into revisions in expectations

of future dividend changes and revisions in expectations of future returns. Further,

given that the equity premium is constant in the model, only news of the expected

future risk free rate can lead to an unexpected equity return. Therefore,

ret+1 −Etr
e
t+1 = (Et+1 −Et)

∞X
j=1

ρj−1∆dt+j − (Et+1 −Et)
∞X
j=2

ρj−1rft+j

= (ηd∗rez + ηr
f∗
rez )ε

z
t+1 = ηrezε

z
t+1 (36)

where ρ is equal to the discount factor β in the present model. As we see, the equity

return elasticity with respect to the aggregate shock is the sum of two components,

a first component reflecting the effect of dividends, ηdrez, and a second component

capturing the effect of the future risk free rate, ηr
f

rez. Both components can be obtained

by substituting in the expression the MA(∞) and ARMA(2, 1) processes for the

risk free rate and the dividends respectively, and by computing the infinite sums.

Finally, using the previous equation, one can also calculate the equity return standard

deviation, given by:

σre = [Et(ηrezε
z
t+1)

2]
1
2 = |ηrez|σz (37)

The Sharpe Ratio

An expression for the Sharpe ratio can be directly obtained by expanding the excess

return pricing equation, which implies that Et[PKtR
rp
t+1] = 0. If we do that, we

obtain:
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SRrp
t =

Et(R
rp
t+1)

σt(R
rp
t+1)

= −ρt(PKt, R
e
t+1)

Et(PKt)

σt(PKt)
(38)

where ρt denotes a conditional correlation. Further, in a lognormal environment, the

two terms appearing on the right hand side of the expression can be approximated

as:

Et(PKt)

σt(PKt)
= (eσ

2
pk − 1) 12 ' σpk (39)

−ρt(PKt, R
e
t+1) =

−Covt(PKt, R
e
t+1)

σt(PKt)σt(Re
t+1)

=
−(eσpk,re − 1)

(eσ
2
pk − 1) 12 (eσ2re − 1) 12

' −σpk,r
e

σpkσre
(40)

Therefore,

SRrp
t =

−σpk,re
σre

=
Et(r

rp
t+1)

σre
= γ |ηcz|σz (41)

3.2 Heterogeneous Households

If households are heterogenous, the vector of model parameters has to be extended

by the persistence and standard deviation of the idiosyncratic shock, while the new

state vector also includes the shock itself, i.e., Φ = {α, δ, β, ψ, σz, γ, γf , ψ , σ } and
st = {kt−1, zt, b1t}29.

As pointed out earlier, the first thing we can observe is that the presence of

this new source of uncertainty has no effect on the behavior of the macroeconomic

aggregates, i.e., the elasticities of output, aggregate consumption, investment, capital

and dividends with respect to kt−1 and zt are the same as before, while the elasticity of

these variables with respect to the idiosyncratic shock is equal to zero. In other words,

the equation system determining the elasticities of the macroeconomic aggregates is

the same as in appendix one. On the other hand, with the presence of the new shock,

individual consumptions are given by:

cit = ct + ηci bit = ηckkt−1 + ηczzt + ηci bit (42)

29Given the symmetry of the idiosyncratic shock, we only need to include the process of the first

household in the state vector.
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where30

b1t = c + ψ b1t−1 + ε1t =
c

1− ψ
+

1

1− ψ L
ε1t (43)

b2t = −b1t (44)

As we can see, the elasticities of individual consumption with respect to kt−1

and zt are the same as for aggregate consumption, while there is now a new term

capturing the effect of idiosyncratic uncertainty, with the same elasticity ηci for both

households with respect to their individual shock. We denote this elasticity by ηc in

what follows. Using the process for the idiosyncratic shock, we can now compute the

expressions for expected and unexpected individual consumption growth, which will

be used to compute the different asset moments. These are given by:

Et∆cit+1 = Et∆ct+1 +
ηc (ψ − 1)
1− ψ L

εit (45)

∆cit+1 −Et∆cit+1 = ηczε
z
t+1 + ηc ε

i
t+1 (46)

Note that expected and unexpected individual consumption growth have both, an

aggregate and an idiosyncratic component. As we will see, this will allow for a similar

decomposition of the different asset moments. Further, since the asset moments are

determined by the two households, depending on who is unconstrained each period,

we will have to take into account the fact that: Et(ε1tε1t) = Et(ε2tε2t) = σ2, while,

the perfectly negative correlation between the two idiosyncratic innovations implies

that Et(ε1tε2t) = −σ2.

The risk free rate

As before, the risk free rate is equal to the negative of the expected value of the

pricing kernel, given by:

rft+1 = −Et(pkt) = γEt(∆c
ut
it+1) (47)

30The expression for b2t is obtained by doing a first order Taylor expansion of equation (5) around
the mean of b1t, where Et[log( 1t)] = log(0.5). Note that the shock of the second household can also

be written as: b2t = c 2 + ψ b2t−1 + ε2t , where c 2 = −c and ε2t = −ε1t .
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where ut denotes as usual that household i is unconstrained at period t. Substitut-

ing into the previous equation the expression for individual expected consumption

growth, we obtain:

rft+1 =
1 +Θ∗

rf
L

(1− ηkkL)(1− ψL)
w
rft
+

1

1− ψ L
υrf t (48)

where wrf t = γ(ηckηkz+ηcz(ψ−1))εzt and υrf t = γηc (ψ −1)εutt . As we see, the first
term is equal to the risk free rate obtained under identical households, while there is

now a new AR(1) term coming from the presence of idiosyncratic risk. To compute

its standard deviation, the process can be rewritten as follows:

rft+1 =
1

ψ − ηkk

∞X
j=0

(ψj(ψ +Θrf )− ηjkk(ηkk +Θrf ))wrft−j
+

∞X
j=0

ψjυrf t−j (49)

Finally, using the independence of the aggregate and the idiosyncratic shocks, we

obtain:

σ(rft+1) = [σ
2(rfzt+1) +

(γηc (ψ − 1)σ )2
1− ψ2

]
1
2 (50)

where the first term in the brackets, only affected by the aggregate shock, is equal to

the risk free rate variance under identical households, while the second term is the

contribution to the total variance of the idiosyncratic shock. Note that the variance

is independent of the household that is unconstrained at period t, since, as we have

seen, σ2(εit) = σ2 for i = 1, 2.

The Equity Premium

As shown previously, the expected risk premium is given by the negative of the

covariance of the pricing kernel with the equity return, which is now equal to:

Etr
rp
t+1 = γEt[(∆c

ut
it+1 −Et∆c

ut
it+1)(r

e
t+1 −Etr

e
t+1)] (51)

As shown by equation (46), unexpected individual consumption growth can be

decomposed into its expected value and its innovation terms with respect to the two

shocks. On the other hand, to calculate the unexpected equity return, we can again

use its decomposition into revisions in expectations of future dividend growth and

revisions in expectations of the future risk free rate due to Campbell:
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ret+1 −Etr
e
t+1 = (Et+1 −Et)

∞X
j=1

ρj−1∆dt+j − (Et+1 −Et)
∞X
j=2

ρj−1rft+j (52)

When calculating the two infinite sums, it is important to note that dividends

are only affected by the aggregate technology shock, thus, the first sum on the right

hand side is the same as before, i.e.,

(Et+1 −Et)
∞X
j=1

ρj−1∆dt+j = ηd∗rezε
z
t+1 (53)

On the other hand, if we substitute for the risk free rate process in the second term

of the expression, we obtain:

−(Et+1 −Et)
∞X
j=2

ρj−1rft+j = ηr
f∗
rez ε

z
t+1 + ργηc (1− ψ )

∞X
j=0

(ρψ )jε
ut+j+1
t+1 (54)

where ε
ut+j+1
t+1 is the innovation of the household, i = 1 or 2, that is unconstrained at

period t+ j+1. As reflected in the equation, the presence of the idiosyncratic shock

in the expression for the risk free rate implies that the unexpected return elasticity

coming from revisions in expectations of future returns has both, an aggregate and

an idiosyncratic component. In addition, using the decomposition of the risk free

rate into the process it follows under identical households and the new idiosyncratic

term, it is easy to show that the aggregate component, ηr
f∗
rez , is the same as before.

Given this, the unexpected equity return can now be written as:

ret+1 −Etr
e
t+1 = ηrezε

z
t+1 + ργηc (1− ψ )

∞X
j=0

(ρψ )jε
ut+j+1
t+1 (55)

Define B = ργηc (1 − ψ ) and Pt+j+1 = prob(ut+j+1 = 1), i.e., Pt+j+1 is the

probability that the first household is unconstrained at period t + j + 1. Since

ε2t+1 = −ε1t+1, each of the terms in the previous infinite sum can be expressed as

Pt+j+1ε
1
t+1 + (1− Pt+j+1)ε

2
t+1 = Pt+j+1ε

1
t+1 − (1− Pt+j+1)ε

1
t+1 = (2Pt+j+1 − 1)ε1t+1.

Given this, the unexpected equity return can be finally rewritten as:

ret+1 −Etr
e
t+1 = ηrezε

z
t+1 + ηre ε

1
t+1 (56)

where
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ηre = B
∞X
j=0

(ρψ )j(2Pt+j+1 − 1) (57)

As we see, the effect of idiosyncratic uncertainty on the unexpected equity return,

and, thus, on the two risky asset moments is a function of the probability that the first

household is unconstrained from period t+ 1 onwards. This effect will be discussed

later. Using this expression, the expected risk premium is then given by:

Etr
rp
t+1 = γηczηrezσ

2
z + γηc ηre Et(ε

ut
t+1ε

1
t+1)] (58)

As with all other asset moments, the expected risk premium is now equal to the

sum of two terms. The first term is the premium one would obtain under identi-

cal households, while the second term reflects the presence of a second source of

uninsurable uncertainty. Note that the size of this second term will also depend

from the household that is unconstrained at period t. Since Et(ε
1
t+1ε

1
t+1) = σ2 and

Et(ε
2
t+1ε

1
t+1) = −σ2, the previous expectation can be written as Ptσ2 − (1− Pt)σ

2 =

(2Pt − 1)σ2, where Pt = prob(ut = 1). Thus,

Etr
rp
t+1 = γηczηrezσ

2
z + γηc ηre σ

2(2Pt − 1) (59)

Using equations (56), we can also compute the standard deviation of the equity

return, given by:

σ(ret+1) = (η
2
rezσ

2
z + η2re σ

2)
1
2 (60)

As with the risk free rate, the first term in the brackets represents the variance

of the equity return under identical households, while the second is the contribution

to the total variance of the idiosyncratic shock.

The Sharpe Ratio

As before, the Sharpe ratio will be given by:

SRrp
t =

Etr
rp
t+1

σ(ret+1)
=

γ |ηczηrez|σ2z + γ |ηc ηre |σ2(2Pt − 1)
(η2rezσ

2
z + η2re σ

2)
1
2

(61)
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Constrained Persistence

As we have seen, the different asset moments can be decomposed into an aggregate

and an idiosyncratic component. Further, the idiosyncratic component entering into

the expression of the risky asset moments crucially depends from the probability that

the first household is unconstrained. Recall the two components are given by:

Etr
rp(idio)
t+1 = γηc σ

2(2Pt − 1)B
∞X
j=0

(ρψ )j(2Pt+j+1 − 1) (62)

σ2re(idio) = B2σ2[
∞X
j=0

(ρψ )j(2Pt+j+1 − 1)]2 (63)

Consider the case in which Pt is constant over time. In this case, it is possible to

obtain an exact closed form solution, and the two components are equal to:

Etr
rp(idio)
t+1 =

γηc σ
2B(2P − 1)2
1− ρψ

(64)

σ2re(idio) =
B2σ2

(1− ρψ )2
(2P − 1)2 (65)

As we see, the effect of idiosyncratic uncertainty on the two asset moments disap-

pears if P = 0.5. This is the case in which, if a household is unconstrained at period

t, he has the same probability of being unconstrained next period, i.e., there is no

persistence in who is constrained. On the other hand, the effect will be maximized if

P = 1 or P = 0. In these cases, there is full constrained persistence, i.e., if a house-

hold is unconstrained at period t, he will be unconstrained forever. An important

conclusion which we can draw from the previous expressions is therefore that, for

idiosyncratic uncertainty to have an effect on the different asset moments, one needs

persistence in who is constrained.

Apart from this, note that, while the assumption of full constrained persistence is

clearly unrealistic, we now argue that the outcome of setting P = 1 or P = 0 would

approximately obtain in the case in which there is some constrained persistence, i.e.,

to obtain this outcome, one would only need to assume that the same household is

(un)constrained only for a certain number of periods. To see this note that the infinite

sum appearing in the two asset moments is discounted with ρψ , where ρ = β < 1

and ψ < 1. Thus, the sum can be approximated arbitrarily well with the first k

periods, since, for Pt ∈ [0, 1], there exists a period k such that:



CHAPTER 3 62

γηc Bσ
2(2Pt − 1)

∞X
j=k

(ρψ )j(2Pt+1+j − 1) < m (66)

(ρB)2σ2[
∞X
j=k

(ρψ )j(2Pt+1+j − 1)]2 < m (67)

where m is an arbitrarily small number. Since, after period k it would not really

matter if household one or two is unconstrained, the case in which the same house-

hold is (un)constrained for the first k periods, or the case in which there is only

some persistence in who is constrained, can be well approximated with the solution

obtained by setting Pt = 1 or Pt = 0, as stated earlier
31.

Finally, note that, in the present model, households are constrained or uncon-

strained depending on their idiosyncratic shock, since they are only distinguished by

the shock realization. In particular, if their shock is lower (higher) than the average,

they will want to smooth their consumption by short selling (investing in) the assets

and will therefore be constrained. On the other hand, given the autoregressive and

persistent nature of the process, if a household receives a lower (higher) than average

shock, it is likely that he gets a lower (higher) than average shock for some periods af-

ter. In other words, the model is likely to generate persistence in who is constrained.

On the other hand, since the number of periods a household is unconstrained may

be lower then k, the results presented in the following section, corresponding to the

case with Pt = 1 or Pt = 0, should be interpreted as the best possible outcome, i.e.,

the moments obtained have to be considered as an upper bound32.

4 Results

4.1 Identical Households

In the present section, we present the results obtained for the identical household

economy. As stated earlier, this economy has been extensively studied by Lettau

31In the present model, and depending from the parameterization, a k between 50 and 150 periods

leads to a difference between the true and the approximated asset moments (calculated using only

the first k periods) of less than 0.0002
32Note also that, if the probability is not constant, in which case the sum would have to be

approximated with the first k periods, it would be decreasing over time, and we would obtain similar

results as long as it stays sufficiently above 0.5 for a certain number of periods.
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(98), using a different dividend specification and a different objective for the firm.

Thus, the main purpose of the section is both, to illustrate the differences of these

specifications, and to obtain a benchmark for comparison with the heterogenous

household economies. Unless otherwise specified, we will use the following parameter

values:

Φ = {α, δ, β, ψ, σz, γ, γf} = {0.36, 0.025, 0.99, 0.95, 0.00712, 1, 1.5}

The value of the first five parameters is standard in the real business cycle litera-

ture. The capital/output share α is set to approximately replicate the percentage of

GNP to capital owners in the postwar period. The capital depreciation δ is chosen

to match the steady state investment to capital ratio for the same period, and the

subjective discount rate β = 0.99 leads to an annual interest rate of 4%, as usual in

the literature simulating quarterly data. Further, the two parameters for the tech-

nology shock are chosen to replicate the US postwar output behavior. As to the risk

aversion parameters, the benchmark value for the household risk aversion has been

set to one, while the risk aversion of the firm of 1.5 has been chosen to generate a

dividend cyclicality that is close to the data. The following table displays the elastic-

ities of the main macroeconomic aggregates for the two different firm objectives and

the benchmark parametrization.

Table 3.1: Macroeconomic elasticities

γ = 1 ηkk ηkz ηik ηiz ηck ηcz ηdk ηdz

VM 0.965 0.075 -0.389 3.015 0.618 0.305 2.214 -3.987

UM 0.980 0.034 0.209 1.374 0.412 0.871 0.735 0.075

If we look at the elasticities of the different variables with respect to the aggregate

technology shock, we can clearly see the difference between the two firm objectives.

The capital stock and investment level are less elastic, while consumption reacts more

to the shock if the firm is risk averse. In addition, the risk aversion of the firm leads

to a relatively small dividend elasticity, or a high dividend smoothness, while this

elasticity is much higher and negative under the VM objective, leading to a higher

variability and a countercyclical behavior of this variable.

Clearly, if the firm is risk averse, it will want to smooth its dividends over time,

and will therefore, invest less (more) after a relatively good (bad) shock, leading

to a less elastic investment and a less smooth consumption pattern. On the other
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hand, the higher elasticity of investment under the VM objective will lead to more

variable and countercyclical dividends, given that they are defined as the residual

of profits and investment. Note that these findings just confirm the fact that a risk

averse firm will behave as if there were capital adjustment costs in the economy,

as illustrated in the second chapter. The relevant asset return moments for the

benchmark parameterization and the two firm objectives are displayed in the following

table.

Table 3.2: Asset moments under identical households

γ = 1 rrp SR σ(re) σ(rf ) ηrez ηdrez ηr
f

rez

VM 0.0001 0.0022 0.025 0.061 0.035 -0.045 0.079

UM 0.0035 0.0062 0.569 0.077 0.799 0.154 0.645

US data: rrp=1.94, SR=0.27, σ(re)= 7.6, σ(rf )= 0.78

As reflected in the first row of the table, the standard RBC model is unable to

replicate the main asset return moments in the data. The benchmark parametrization

leads to an almost zero equity premium, to a Sharpe ratio that is approximately 100

times lower than in the data, and to asset return volatilities that are very far from

reality. Concerning the UM firm objective, the results are slightly better, with a

more volatile equity return and a slightly higher premium and Sharpe ratio. The

improvement, however, is rather small.

The reasons for this failure can be clearly seen by looking at the different fac-

tors affecting asset return moments. As illustrated earlier, apart from the aggregate

shock standard deviation and the household risk aversion, the equity premium is de-

termined by both, the elasticity of consumption with respect to the shock (ηcz) and

the equity return elasticity with respect to the shock (ηrez). The last three columns

of the table display this last elasticity, followed by its two components, coming from

revisions in expectations of future dividend changes (ηdrez) and from negative revisions

in expectations of the future risk free rate (ηr
f

rez). As we see, the dividend compo-

nent is negative under the VM objective, while the second component is relatively

small, leading to a very small return elasticity and a low mean and volatility of the

premium. On the other hand, the two components are positive and a bit higher

under the UM objective, a fact that, together with the higher consumption elasticity

reported earlier, leads to slightly better moments. As already stated, however, the

distortion caused by the firm risk aversion alone is not able to provide reasonable
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asset return moments either.

In spite of this result, there is still an important difference between the two

firm objectives, which is not evident from the previous analysis. If the firm is risk

averse, an increase in household risk aversion has a considerably higher impact on

the different asset moments. This is reflected in the following table.

Table 3.3: Asset moments and risk aversion under identical households

rrp SR σ(re) σ(rf ) ηcz ηrez ηdrez ηr
f

rez

VM γ = 15 0.0008 0.032 0.025 0.19 0.303 0.035 -1.12 1.15

UM γ = 15 0.6511 0.093 6.99 1.15 0.871 9.830 0.154 9.68

VM γ = 26 0.0013 0.052 0.025 0.24 0.282 0.035 -1.42 1.45

UM γ = 26 1.9433 0.161 12.05 2.01 0.871 16.93 0.154 16.8

US data: rrp=1.94, SR=0.27, σ(re)= 7.6, σ(rf )= 0.78

The table displays the different asset moments generated by the two firm objec-

tives with household risk aversion parameters of 15 and 26. As reflected in the first

and third rows, the different asset moments are highly insensitive to an increase risk

aversion under the VM objective. Increasing this parameter from 1 to 26 leads to an

increase in the premium from 0.0001 to 0.0013, while the Sharpe ratio increases from

0.002 to 0.05. In contrast to this, a risk aversion of 26 matches the mean premium

in the data if the firm is risk averse, while it increases the Sharpe ratio from 0.006

to 0.16. Clearly, the main reason for this difference lies in the behavior of the two

elasticities directly affecting the asset return moments. These are displayed in the

last columns of the table and are also depicted in figure 1 below.
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Figure 3.1: Elasticities under the VM and UM objectives
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As we see in the table, there are two effects mitigating the positive effect of a

higher risk aversion under the VM objective. First, a higher risk aversion leads to

a more smooth consumption pattern or a lower consumption elasticity with respect

to the shock, having a negative impact on the premium. In contract to this, the

consumption elasticity is unaffected if the firm is risk averse, given that the household

risk aversion does not enter the expectational equation determining the law of motion

of the system. This difference is reflected in the third panel of figure 1. Second, we can

also observe that a higher risk aversion under the VM objective increases the return

elasticity component due to revisions in the future risk free rate, while it decreases

the component due to revisions in future dividend changes, leading to a negligible

change in the total elasticity and, thus, in the asset return moments. Again, while
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the dividend component is unaffected under the UM objective, the risk free rate

component experiences a substantial increase with a higher household risk aversion,

leading to a much higher return elasticity in this case. These effects are reflected in

the first two panels of figure 1.

Given the previous results, it becomes clear that the two opposite effects of a

higher risk aversion on the return elasticity components under the VM firm objective,

give the model no chance to generate reasonable results, even with an unrealistically

high household risk aversion parameter. Note, however, that an important aspect

generating this behavior may be the residual dividend specification, which drives the

strong negative effect on the return elasticity, as we saw before. To evaluate the

importance of this effect, we have calculated the same moments defining dividends

as the marginal product of capital, as in Lettau (98). The results are displayed in

the following table.

Table 3.4: Asset moments under a different dividend specification

rrp SR σ(re) σ(rf ) ηcz ηrez ηdrez ηr
f

rez

VM γ = 15 0.0008 0.032 0.025 0.19 0.303 0.035 -1.120 1.15

VML γ = 15 0.0264 0.032 0.815 0.19 0.303 1.145 -0.011 1.15

VM γ = 26 0.0013 0.052 0.025 0.24 0.282 0.035 -1.420 1.45

VML γ = 26 0.0534 0.052 1.024 0.24 0.282 1.438 -0.014 1.45

US data: rrp=1.94, SR=0.27, σ(re)= 7.6, σ(rf )= 0.78

The first and third columns reproduce the results in table 3.3, while the second

and fourth columns display the moments with the dividend specification used by

Lettau. As reflected in the table, an increase in risk aversion leads now to a higher

equity return elasticity, due to the smaller negative effect of the dividend component,

increasing the equity premium and equity return standard deviation, while leaving

the other moments unaffected. In spite of the improvement, however, the sensitivity

of the moments is still very small. As we see, with a risk aversion of 26, the model

generates a premium of 0.05, much smaller than the premium generated by the UM

objective with the same risk aversion parameter. Indeed, with the new dividend

specification and the VM objective, a risk aversion of approximately 710 would be

needed to generate the mean equity premium in the data.

Apart from this, we can also observe that the better asset moments under the sec-

ond firm objective are only driven by the increase in the return elasticity component
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due to future returns, since the dividend component remains unchanged. Altogether,

these facts suggest that dividends play a minor role, as compared to future returns,

in determining the size of the unexpected equity return, and thus, of the different

asset moments. Finally, we should also note that the UM model is able to generate

the right mean, although it does it with a too high risk aversion, but not the right

return volatilities. As we see in table 3.3, the standard deviations of the two asset

returns are too high, leading to a Sharpe ratio that is smaller than in the data.

4.2 Heterogenous Households

In the present section, we analyze the impact on the different asset return moments

of the presence of a second source of uninsurable uncertainty. The benchmark para-

metrization is the same as before. In addition, the two parameters of the idiosyn-

cratic shock, (ψ , σ ), are quarterly adjusted estimates following the literature on

asset pricing with idiosyncratic shocks in exchange economies. In this literature,

the annual estimates for the two parameters are in the range ψa ∈ (0.6, 0.9) and
σa ∈ (0.19, 0.28). Since we want to make sure that the shock is below without having
to truncate the distribution, we study a quarterly standard deviation in the annual

range σa ∈ (0.15, 0.19). Using these ranges, the two annual estimates at the lower
and upper ends lead to the following quarterly numbers (ψL, σL) = (0.8801, 0.0890)

and (ψU , σU ) = (0.974, 0.1128).

As explained before, the nature of the idiosyncratic shock has no effect on the

aggregate macroeconomic variables. Therefore, the elasticities displayed in table 3.1

remain unchanged. The following table displays the asset moments generated by the

model for different values of the household risk aversion and the two idiosyncratic

parameter values at the lower end. The moments generated by the identical household

economy are also displayed in the first row of the table for (ψa, σa) = (0.6, 0.15).

Table 3.5: Asset moments and risk aversion under heterogenous agents

rrp σ(re) σ(rf ) SR ηcz ηrez ηc ηre

UM γ = 1 0.003 0.57 0.08 0.006 0.87 0.79 0 0

UMh γ = 1 0.545 7.09 1.94 0.077 0.87 0.79 0.86 0.79

UMh γ = 1.4 1.067 9.92 2.71 0.108 0.87 1.06 0.86 1.11

UMh γ = 1.8 1.764 12.8 3.48 0.138 0.87 1.32 0.86 1.43

UMh γ = 2.0 2.178 14.2 3.87 0.154 0.87 1.44 0.86 1.59
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US data: rrp=1.94, SR=0.27, σ(re)= 7.6, σ(rf )= 0.78

As we see, the presence of idiosyncratic uncertainty leads to a dramatic improve-

ment in the different asset moments. With the benchmark household risk aversion

of 1, the model generates a premium of 0.55 percent, while only a risk aversion of 2

is needed to generate its value in the data. In this case, the Sharpe ratio is equal to

0.154, much higher than under identical households, while the asset return variabili-

ties are also closer to reality.

To understand the mechanisms leading to this results, recall that idiosyncratic

uncertainty affects the mean and variability of the different asset moments through

a new idiosyncratic component in the expressions of the unexpected equity return

and the unexpected individual consumption growth. As we have seen, this leads in

turn to a new term in the expressions for the premium and asset return variabilities,

which we can now decompose into their value under identical households plus the

value of a new term, only affected by idiosyncratic risk. Given the relatively small

size of the premium and asset variabilities under identical households, it becomes

clear that the new idiosyncratic term is now the key determinant of the different

asset moments. Indeed, it accounts for approximately 99.6 percent of the premium

and for more than 99.5 percent of the total variabilities. The following equations

display this new component for the three asset moments:

rrpid = γηc ηr σ
2 (68)

σ2re,id = η2re σ
2 (69)

σ2rf ,id = η2rf σ2 (70)

where

ηre =
γρηc (1− ψ )

1− ρψ
(71)

ηrf =
γηc (ψ − 1)
(1− ψ2)

1
2

(72)
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As reflected in the equations, the risk aversion parameter appears in the three

terms, multiplying both, the idiosyncratic consumption elasticity, ηc , and the idio-

syncratic innovation variance, σ2. Since these variables are independent from γ, an

increase in risk aversion will clearly lead to a considerable increase in the different

asset moments. This is reflected by the previous table, showing that the premium

and return variances are indeed much more sensitive to an increase in risk aversion in

the presence of idiosyncratic uncertainty. Using the same reasoning, it is clear that

a similar effect will obtain if we increase the idiosyncratic innovation variance σ2,

while leaving constant the risk aversion parameter. This is reflected by the following

table, displaying the moments for (γ, ψa) = (1.5, 0.6) and for different values of the

standard deviation along the estimated range.

Table 3.6: Asset moments and shock variance under heterogenous agents

rrp σ(re) σ(rf ) SR ηcz ηrez ηc ηre

UM 0.007 0.799 0.116 0.009 0.87 1.12 0 0

UMh σa = 0.15 1.225 10.62 2.904 0.115 0.87 1.12 0.86 1.19

UMh σa = 0.17 1.575 12.04 3.292 0.131 0.87 1.12 0.86 1.19

UMh σa = 0.19 1.963 13.45 3.679 0.146 0.87 1.12 0.86 1.19

US data: rrp=1.94, SR=0.27, σ(re)= 7.6, σ(rf )= 0.78

As with the risk aversion, the sensitivity of the different moments to an increase

in the shock innovation variance is very high. With a risk aversion of 1.5 and the

idiosyncratic standard deviation at the upper end, the model is also able to approxi-

mately generate the mean premium in the data. In this case, the Sharpe ratio is again

around 0.15, while the two return variabilities are similar to the ones obtained above.

Thus, both the household risk aversion and the idiosyncratic innovation variance,

entering the new idiosyncratic term in a multiplicative way, are key determinants of

the size of the asset moments. In addition, we see that the model is able to approxi-

mately generate the mean equity premium in the data for reasonable values of the two

parameters. In spite of the considerable improvement, note, however, that the results

are not completely satisfactory, given that the Sharpe ratio is still around one half of

its value in the data. In other words, the equity return variability generated by the

model is too high, while the same happens with the variability of the risk free rate.

As shown by the tables, this happens when varying both γ and σ . In what follows,

we investigate the robustness of this result to a change in the idiosyncratic shock
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persistence ψ , which is the third parameter directly affecting the new components.

The following table displays the results of increasing the risk aversion parameter for

the two idiosyncratic persistence levels at the lower and upper ends.
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Table 3.7: Asset moments and shock persistence under heterogenous agents

σa = 0.19 rrp σre σrf SR rrpid σ2re,id σ2rf ,id

UMh (γ, ψa) = (1, 0.6) 0.87 8.97 2.45 0.09 .0087 .0080 .0006

UMh (γ, ψa) = (1.3, 0.6) 1.48 11.66 3.18 0.13 .0147 .0135 .0010

UMh (γ, ψa) = (1.5, 0.6) 1.96 13.45 3.68 0.15 .0196 .0180 .0014

σa = 0.19 rrp σ(re) σ(rf ) SR rrpid σ2re,id σ2rf ,id

UMh (γ, ψa) = (1.5, 0.9) 1.18 9.22 1.47 0.13 .0117 .0084 .0002

UMh (γ, ψa) = (1.7, 0.9) 1.51 10.44 1.66 0.15 .0156 .0108 .0003

UMh (γ, ψa) = (1.93, 0.9) 1.95 11.85 1.89 0.17 .0194 .0139 .0004

US data: rrp=1.94, SR=0.27, σ(re)= 7.6, σ(rf )= 0.78

As we see, a higher persistence level leads to an improvement in the results con-

cerning the risk-return trade-off predicted by the model. While a risk aversion of

1.5 generates the mean premium in the data with the lower persistence level, a risk

aversion of 1.93 generates the same mean premium with ψa = 0.9, with a lower vari-

ability of the equity return in this case, leading also to a higher Sharpe ratio. In

addition, the standard deviation of the risk free rate is approximately one half of the

one obtained with ψa = 0.6.

Clearly, the improvement in the variabilities are caused by the effect of the shock

persistence on the new components entering the three asset moments, displayed in

the last three columns of the table. As reflected in the equations above, apart from

the innovation variance σ2, the two return variances crucially depend on the squared

return elasticities η2re and η2
rf
, while the premium is directly affected by the term

γηc ηr . One can show that, for a given risk aversion parameter, these three terms

decrease with a higher shock persistence, leading to a lower premium and to lower

return variabilities. In addition, it can also be shown that the sensitivity of the

idiosyncratic components of the two return variabilities is lower than the premium

sensitivity with a higher persistence. This is also reflected in the table. While a

higher risk aversion increases the risk premium component to 1.9% in both cases, the

variance components are equal to 1.8% and 0.14% with the lower persistence level,

while they only increase to 1.4% and 0.04% with ψa = 0.9. In other words, the more

than proportional effect on the equity return variance caused by an increase in risk

aversion is partly mitigated by the higher persistence level. These effects are also

illustrated below.
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Figure 3.2: Asset moments for different persistence levels
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The figure shows the effects of a higher risk aversion, displayed on the x-axis, on

the different asset moments for the lower and upper end persistence levels, as well

as for ψa = 0.985, which is the persistence level needed to generate the right risk-

return trade-off. The straight line represents the value of the different moments in

the data. As discussed above, the slope of the lines determining the asset moments

decreases with a higher shock persistence. In addition, while a persistence level inside

the estimated range has no chance of generating the right return variabilities, we see

that the third line, corresponding to ψa = 0.985, intersects the US line in the same

risk aversion region for the premium, the equity return variance and the Sharpe

ratio. With the mentioned persistence, a risk aversion of around 3.3 generates the

three moments in the data, while the risk free rate variability is around 1.2 percent,
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slightly higher than in the US level. Note, however, that this is only possible with

an annual idiosyncratic persistence outside the estimated range of ψa = (0.6, 0.9).

In this sense, we can say that, in spite of the considerable improvement in the asset

moments, the success of this type of idiosyncratic uncertainty is only partial. As we

have seen, while the model has the potential to generate the right risk premium with

a reasonable parametrization, it generates too high return variabilities.

5 Summary and Conclusions

The present paper extends the approximated analytical approach used by Lettau

(98) to study the asset pricing implications of extending the standard real business

cycle model with an idiosyncratic labor income shock. To be able to obtain closed

form solutions for the asset moments, it is assumed that households cannot use asset

markets to insure against uncertainty, resulting in an incomplete financial market

structure.

The firm maximizes the expected utility of its net cash flow (UM objective), given

that the usual value maximization firm objective (VM objective) is no longer well

defined under shareholder heterogeneity and market incompleteness. In addition,

while Lettau defines dividends as the marginal product of capital, we assume that

the firm owns the entire capital stock, decides on the investment level, and pays the

residual of profits (output net of wage payments) and investment out as dividends.

The model is first studied under the assumption that households are identical in

all respects. In this case, the different asset moments are essentially determined by

the household risk aversion, the aggregate innovation standard deviation, and by two

elasticities, the elasticity of consumption and the elasticity of the equity return with

respect to the aggregate shock, which can be decomposed into a component due to

future dividend growth and a component due to future returns.

As already shown by Lettau, when the firm has the usual VM objective, both

elasticities are relatively small, implying that the model has no chance of generating

reasonable asset moments, even with an unrealistically high risk aversion parameter.

Interestingly, we find that this is independent of the dividend specification. When

dividends are defined as a residual payment, an increase in risk aversion hardly alters

the moments. On the other hand, when they are equal to the marginal product of

capital, as in Lettau, a risk aversion parameter of around 700 would be needed to



CHAPTER 3 75

generate the mean premium in the data.

When the model is studied under the assumption of a risk averse firm (UM ob-

jective), the results are slightly better, but the improvement is still relatively small

when using reasonable parameter values. In this case, however, the sensitivity of the

asset moments with respect to an increase in risk aversion considerably increases. In

particular, a risk aversion of 26, while being still too high, is able to yield the mean

equity premium in the data. As before, we find that dividends play a minor role,

since all the improvement is driven by the equity return component due to future

returns. Thus, independently of the firm objective and the dividend specification,

the identical household economy has no chance of generating reasonable results.

The model is then studied under the assumption that households are subject to

a symmetric idiosyncratic labor income shock. In this case, the new source of risk

leads to a new idiosyncratic component in the expressions of the pricing kernel and

of the unexpected equity return. Concerning the last, the idiosyncratic component

arises from the fact that news about future returns can only be due to news about

future risk free rates in the model, given the constant risk premium over time. Since

the risk free rate is directly affected by idiosyncratic risk, its presence in the expres-

sion of the unexpected equity return implies that this return will also contain an

idiosyncratic component. We show that this component crucially depends from the

degree of constrained persistence, i.e., from the degree to which the same household is

constrained for a certain number of periods. In particular, idiosyncratic uncertainty

has an affect as long as there is constrained persistence. We study the results under

the assumption that the same household will be unconstrained for the first k periods.

Since the number of periods a household is usually unconstrained may be lower than

k, the results have to be interpreted as an upper bound.

Using the closed form solutions for unexpected individual consumption and the

unexpected equity return, we are able to decompose the equity premium and the

two asset return variabilities into their value under identical households and a new

term, only affected by idiosyncratic risk. With the presence of the new term, which

accounts for approximately 99.5 % of the moments, the model is able to generate the

right equity premium in the data with a reasonable parameterization.

We show that the idiosyncratic components are essentially driven by three pa-

rameters, the household risk aversion, the idiosyncratic innovation variance and the
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idiosyncratic shock persistence. Since the first two enter the new terms in a multi-

plicative way, all the asset moments are found to be highly sensitive to an increase

in these two parameter values. In addition, we find that an increase in the premium,

due to a higher risk aversion or a higher innovation variance, is accompanied by a

more than proportional effect on the two asset return variabilities, which are too high

as compared to the data. This result can be improved by increasing the idiosyncratic

shock persistence, which dampens the effect of an increase in risk aversion on the

two return variabilities. To generate the right risk return trade-off, however, a too

high persistence outside the estimated range would be needed. Therefore, while the

model with idiosyncratic risk leads to a considerable improvement, we can say that

its success is only partial.
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APPENDIX 1

The following log linearized system of equations is used to solve for the elasticities

of the macroeconomic variables:

zt = ψzt−1 + εzt (1)

yt = zt + αkt−1 (2)

it = λ01yt − λ02ct (3)

kt = λ1kt−1 + λ2zt + λ12ct (4)

dt = λ03yt − λ04it (5)

γfEt∆dt+1 = λ3Et(zt+1 + (α− 1)kt) (6)

or, in the firm has the usual VM objective,

γEt∆ct+1 = λ3Et(zt+1 + (α− 1)kt) (7)

where the coefficients denoted by λ are constants depending on the parameters of the

model Φ. Guessing that logged aggregate consumption takes the form:

ct = ηckkt−1 + ηczzt (8)

where ηxy is the elasticity of variable x with respect to variable y, it is easy to show

that the elasticities of output, capital, investment, and dividends with respect to the

two state variables are given by:

ηyk = α (9)

ηyz = 1 (10)
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ηkk = λ1 + λ12ηck (11)

ηkz = λ2 + λ12ηcz (12)

ηik = λ01ηyk − λ02ηck (13)

ηiz = λ01ηyz − λ02ηcz (14)

ηdk = λ03ηyk − λ04ηik (15)

ηdz = λ03ηyz − λ04ηiz (16)

Further, substituting for the corresponding variables in the capital stock expec-

tational equations, setting Etzt+1 = ψzt, and using the method of undetermined

coefficients, we can obtain the consumption elasticities with respect to the two state

variables, by solving the two following equations:

ηck =
1

Q2

½
−Q1 −

q
Q21 − 4Q0Q2

¾
(17)

ηcz = f(Φ, ηck) (18)

where Q0, Q1 and Q2 are constants that differ for the two firm objectives and de-

pend on the model parameters Φ, and f is a function depending on Φ and on the

consumption elasticity with respect to the capital stock ηck. From the system above

it becomes clear that, once we have solved for the two consumption elasticities, we

can easily obtain the elasticities for the other endogenous variables.



CHAPTER 3 79

APPENDIX 2

The present appendix provides the exact expressions for the terms of subsection

3.1 with the superscript∗:

Θ∗x =
(ηxkηkz − ηxzηkk)

ηxz
(1)

Θ∗rf =
−(ηckηkz + ηczηkk(ψ − 1))
(ηckηkz + ηcz(ψ − 1))

(2)

A∗ =
γ(ηckηkz + ηcz(ψ − 1))σz

ψ − ηkk
(3)

ηd∗rezε
z
t+1 = (Et+1 −Et)

∞X
j=1

ρj−1∆dt+j =
1− ρ

1− ρψ
(ηdz + ρ

ηdkηkz
1− ρηkk

)εzt+1 (4)

ηr
f∗
rez ε

z
t+1 = −(Et+1 −Et)

∞X
j=2

ρj−1rft+j = (
γρ

(1− ψρ)
((1− ψ)ηcz −

(1− ρ)ηckηkz
(1− ηkkρ)

)εzt+1

(5)
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