7

1\

=

UNIVERSITAT os
BARCELONA

Vector bundles and sheaves on toric varieties

Marti Salat Molto

©0Ce

Aquesta tesi doctoral esta subjecta a la llicencia Reconeixement- NoComercial —
Compartirlgual 4.0. Espanya de Creative Commons.

Esta tesis doctoral esta sujeta a la licencia _Reconocimiento - NoComercial — Compartirlqual
4.0. Espaia de Creative Commons.

This doctoral thesis is licensed under the Creative Commons Attribution-NonCommercial-
ShareAlike 4.0. Spain License.




UNIVERSITAT o

+ill BARCELONA

Vector bundles and sheaves on toric varieties

Tesi doctoral de Marti Salat Molto










UNIVERSITAT e
BARCELONA

\/
L 5
{0y

H1

=

Vector bundles and sheaves on toric varieties

TESI DE DOCTORAT

Autor: Marti Salat Molto

Directora i tutora de tesi: Dra. Rosa Maria Mir6 Roig

Programa de Doctorat en Matematiques i Informatica

Barcelona, setembre de 2022.






Vector bundles and sheaves on toric varieties

Programa de Doctorat en Matematiques i Informatica de I’Escola de Doc-
torat de la Universitat de Barcelona, Facultat de Matematiques i Infor-
matica, Departament de Matematiques i Informatica.

Memoria presentada per aspirar al grau de Doctor en Matematiques per la
Universitat de Barcelona.

Marti Salat Molto.

Certifico que la present memoria
ha estat desenvolupada per Marti
Salat Molto i dirigida per mi.

Dra. Rosa Maria Mir6 Roig
1 de setembre de 2022



Abstract

Framed within the areas of algebraic geometry and commutative algebra,
this thesis contributes to the study of sheaves and vector bundles on toric
varieties. From different perspectives, we take advantage of the theory
on toric varieties to address two main problems: a better understanding
of the structure of equivariant sheaves on a toric variety, and the Ein-
Lazarsfeld-Mustopa conjecture concerning the stability of syzygy bundles
on projective varieties.

After a preliminary Chapter 1, the core of this dissertation is devel-
oped along three main chapters. The plot line begins with the study
of equivariant torsion-free sheaves, and evolves to the study of equiv-
ariant reflexive sheaves with an application towards the problem finding
equivariant Ulrich bundles on a projective toric variety. Finally, we end
this dissertation by addressing the stability of syzygy bundles on certain
smooth complete toric varieties, and their moduli space, contributing to
the Ein-Lazarsfeld-Mustopa conjecture.

More precisely, Chapter 1 contains the preliminary definitions and no-
tions used in the main body of this work. We introduce the notion of a
toric variety and its main features, highlighting the notion of a Cox ring
and the algebraic-correspondence between modules and sheaves. Partic-
ularly, we focus our attention on equivariant sheaves on a toric variety.
We recall the Klyachko construction describing torsion-free equivariant
sheaves by means of a family of filtered vector spaces, and we illustrate
it with many examples.

In Chapter 2, we focus our attention on the study of equivariant
torsion-free sheaves, connected in a very natural way to the theory of
monomial ideals. We introduce the notion of a Klyachko diagram, which
generalizes the classical stair-case diagram of a monomial ideal. We pro-



vide many examples to illustrate the results throughout the two main sec-
tions of this chapter. After describing methods to compute the Klyachko
diagram of a monomial ideal, we use it to describe the first local coho-
mology module, which measures the saturatedness of a monomial ideal.
Finally, we apply the notion of a Klyachko diagram to the computation
of the Hilbert function and the Hilbert polynomial of a monomial ideal.
As a consequence, we characterize all monomial ideals having constant
Hilbert polynomial, in terms of the shape of the Klyachko diagram.

Chapter 3 is devoted to the study of equivariant reflexive sheaves on a
smooth complete toric variety. We describe a family of lattice polytopes
encoding how the global sections of an equivariant reflexive sheaf change
as we twist it by a line bundle. In particular, this gives a method to
compute the Hilbert polynomial of an equivariant reflexive sheaf. We
study in detail the case of smooth toric varieties with splitting fan. We
are able to give bounds for the multigraded initial degree and for the
multigraded regularity index of an equivariant reflexive sheaf on a smooth
toric variety with splitting fan. From the latter result we give a method
to compute explicitly the Hilbert polynomial of an equivariant reflexive
sheaf on a smooth toric variety with splitting fan. Finally, we apply these
tools to present a method aimed to find equivariant Ulrich bundles on a
Hirzebruch surface, and we give an example of a rank 3 equivariant Ulrich
bundle in the first Hirzebruch surface.

Chapter 4 treats the stability of syzygy bundles on a certain toric vari-
ety. We contribute to the Ein-Lazarsfeld-Mustopa conjecture, by proving
the stability of the syzygy bundle of any polarization of a blow-up of a
projective space along a linear subspace. Finally, we study the rigidness
of the syzygy bundles in this setting, all of which correspond to smooth
points in their associated moduli space.
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Notation

an algebraically closed field of characteristic zero
an algebraic torus T = (C*)"

the first lattice point of a ray p

the character lattice M = Hom(T, C*)

M&®R

the lattice N = Hom(M,Z) of one-parameter sub-
groups

N®R

a cone in Ng

the dual cone of o

a fan in N

the set of k—dimensional faces of o

the set of k—dimensional cones

a face 7 of a cone o

the T—invariant Weil divisor associated to a ray p
the class group of a toric variety X

the Cox ring of a toric variety
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the irrelevant ideal of R

the quasi-coherent sheaf associated to a homoge-
neous module £ on R

the ith local cohomology module of a module E on
R with respect to B

the 2th cohomology vector space of a quasi-coherent
sheaf on X

the Euler characteristic of a sheaf £
the Hilbert polynomial of a sheaf &£
Klyachko diagram of a monomial ideal I in R

The polytope in Mg bounding the non-zero global
sections of an equivariant reflexive sheaf £.

A subpolytope in the tesselation of {2
slope of a vector bundle in a polarized variety (X, H)
the reduced Hilbert polynomial of a sheaf £.

moduli functor of vector bundles with fixed reduced
Hilbert polynomial P

moduli functor of H—stable vector bundles on a po-
larized projective variety (X, H)



Introduction

This thesis is framed in the crossroads of algebraic geometry and commu-
tative algebra, with an ultimate purpose: the study of sheaves on toric
varieties. With tight connections to other areas in mathematics, toric
varieties are ubiquitous in algebra and geometry since they comprise and
generalize many fundamental varieties such as the projective space or the
Hirzebruch surface. Along this dissertation we intertwine methods of al-
gebraic geometry, commutative algebra and combinatorics to address the
study of different kinds of sheaves on toric varieties: equivariant torsion-
free sheaves, reflexive sheaves, locally free sheaves and syzygy bundles.

One of the most remarkable features regarding toric varieties is their
intrinsic algebro-combinatorial structure. One may benefit from this rich
combinatorics to describe essential invariants of sheaves on toric varieties.
In this thesis, we take advantadge of this distinctive trait to shed light on
the Hilbert polynomial and the regularity of reflexive equivariant sheaves,
making connections to the search of Ulrich bundles. On the other hand,
the algebraic framework provide tools to study the syzygy bundles on
toric varieties. From this point of view, we address the Ein-Lazarsfeld-
Mustopa conjecture, regarding the stability of syzygy bundles in polarized
projective varieties.

Toric varieties can be constructed from many points of view, link-
ing lattice polytopes, monomial parametrizations, algebraic quotients or
semigroup rings. Focusing in the latter, we take X a smooth complete
toric variety of dimension n, containing a torus T as a dense open subset.
The toric structure of X is described by a fan 3, which is a collection of
cones ¢ in R" parameterizing the orbits of the action of T on X. We set
M = Hom(T, C*) the character group of T and N = Hom(M, Z) its dual

11



iv Introduction

lattice. We have that
T = Spec(C[M]) = N @ C".
Each cone o C Ny in the fan ¥ corresponds to an affine toric variety
U, = Spec(C[S,]) D Spec(C[M]) = T,

where S, := ¢V N M and ¢V is the dual cone of . The collection of
cones in the fan ¥ intersects in subcones, also contained in . Thus, we
can recover X from the fan by gluing all the affine toric varieties U, with
o € 3. On the other hand, the cones in ¥ are in correspondence with the
T—invariant subvarieties of X. In particular a ray p € ¥ (i.e. a cone of
dimension 1) corresponds to a T—invariant codimension one subvariety
D, C X and they generate the group of T—invariant Weil divisors:

Divy(X) = €P ZD,

peEX(1)

where (1) is the set of rays in 3.

Our purpose in this thesis is to delve into the study of sheaves on the
toric variety X. For instance, we can use the description of the group
of T—invariant Weil divisors, to take a glance on how equivariant line
bundles on X look like. If we quotient Divy(X) by linear equivalence,
T—invariant Weil divisors describe the whole class group of X in the
following exact sequence:

0— M- @ zD, ™ ClI(X) — 0,
pEX(1)

where M = Hom(T, C*) is the character lattice of the torus T. In partic-
ular, for any T—invariant Weil divisor D = ) pes(1) a,D,, the line bundle
O(D) is equivariant. To study other types of sheaves on X we introduce
the notion of the Cox ring, which is a polynomial ring

R=Cl, | p e S(1)
graded by the class group of divisors Cl(X) such that
deg(z,) = [D,] € CL(X).
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When X = P” is the projective space, the Cox ring is the standard
graded polynomial ring R = Clzy, . .., z,|, and we have a correspondence
between quasi-coherent sheaves on P" and standard graded modules on
R, which is bijective up to saturation with respect to the homogeneous
maximal ideal m := (zo,...,%,). For X a smooth complete toric variety
this correspondence holds and there is an algebraic-geometric dictionary
between quasi-coherent sheaves on X and Cl(X)—graded modules on R,
modulo saturation with respect to the maximal homogeneous monomial

ideal

B=|2°:= H T,l0 €N
pga(l)

More precisely, we have the following Cl(X)—graded isomorphism

R~ @ H(X,0(a)),

aeCl(X)

and a Cl(X)—graded module E corresponds to a quasi-coherent sheaf
& = E. The module E and the sheaf £ are related by the following
Cl(X)—graded exact sequence and isomorphisms:

0— HYE) — E— @ HX,E(e) — Hp(E) =0,
aeCl(X)

and for any ¢ > 1

HAY(E) = QB H'(X, &(a
aeCl(X)

We can use this correspondence as a powerful tool to study sheaves on
a toric variety. In this dissertation, we impose extra assumptions to a
sheaf £ on X, and exploit the algebraic-geometric properties from this
correspondence to study the sheaf £ or the Cl(X)—graded modules asso-
ciated to it. One example of these assumptions is to impose the sheaf £
to be equivariant. As it turns out, among all the C1(X)—graded modules,
those which yield an equivariant sheaf are those which are additionally
7MWl —graded. That is, those R—modules which are compatible with the



vi Introduction

natural Z*M|—grading (or fine-grading) of R = C[z, | p € %(1)], called
fine-graded modules. For instance, monomial ideals are torsion-free fine-
graded modules of rank one, thus one can think on fine-graded modules
as a generalization of monomial ideals in a higher rank.

From a graded commutative algebra perspective, fine-graded modules
are compatible with any other grading in the polynomial ring. They have
been the center of many works in the last decades, such are |11, 14, 15,
44, 53, 59, 66]. In parallel, from a geometric point of view, equivariant
sheaves on a toric variety have also been a focus of interest in the last
decades. Beginning from the works of Kaneyama [43] and Klyachko [45]
where they respectively classified equivariant vector bundles on a toric
variety using different approaches. Afterwards, the methods of Klyachko
were generalized in [46] to tackle more generally torsion-free sheaves, and
in [57] this construction was formalized by Perling to describe any kind
of quasi-coherent sheaf on any toric variety. Since then, many works have
studied equivariant vector bundles and sheaves from a geometric point
of view such as [21, 58, 47| Given a quasi-coherent equivariant sheaf, for
any T—invariant open subset U, C X corresponding to a cone o € X, we
have the so-called isotypical decomposition

IU,.&) = P I, &)= P E.

meM meM

With this decomposition, a quasi-coherent equivariant sheaf is associated
to a collection of vector spaces

{EZ |me M, oeX}

which describe the M —graded sections of £ on each T—invariant open
subset of X. This collection of vector spaces is mainly the definition of
the Y—family of £, and it endows some structure from the restriction
maps, which are M —graded

DUy, E)m — T (Ury E)imy

where 7 < ¢ is a face of o such that U, C U,. On the other hand, it is
worthwhile noticing that the open subset Uygy corresponding to the cone
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{0} (which is a face of any other cone o € ) is isomorphic to the torus
T. In particular we have

I'(Uy, &) 2 T(T, &) = C[MY,

where ¢ = rk(€) is the rank of £. Hence, there is an {—dimensional vector
space

E~C[M];, =C*

and for any character m € M we have an isomorphism
I'(Ufpy,€) = E.

As we impose further properties to the equivariant sheaf £, the intern
structure of a ¥ —family becomes more workable. For instance, when &
is torsion-free, we can see each vector space in the Y —family of £ as a
subspace of £7 C E. This allows to intersect or sum several vector spaces
in the X—family treating them as a subspaces of E. As a consequence we
have some formulas for the cohomology of &:

H(X, &)= () E

ceX(n)
H'(X,)~E/ Y  EI
pEX(L)
X(E)m = 30 (= 1)) dim .
oey

We have used this feature to study monomial ideals, which correspond to
rank one torsion-free equivariant sheaves. In particular, the Y —family of
the torsion-free sheaf I corresponding to a monomial ideal [ is a set

{I7, |me M, oeX}.

Since I has rank one, each of the vector spaces 17 can be seen as a
subspace of a vector space I = C. As a consequence it can either be
It =0 or I7 = 1. Thus, for each cone o we have the set

{meM|I7#0}Co,
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which altogether characterize the Y—family of I. These sets of characters
have the appearance of a cone with a bitten apex, or a staircase-like
diagram inside a cone. They are the core of the definition of the Klyachko
diagram, introduced in Chapter 2. We use the Klyachko diagram of a
monomial ideal as a generalization of the classical staircase diagram, but
allowing us to work with non-standard graded polynomial rings such as
the Cox ring of a toric variety.

The combinatorial picture for general torsion-free equivariant sheaves
of higher rank is much more involved. However, we may restrict our
attention to torsion-free sheaves £ which are in addition reflexive, that is
satisfying £ = £YV. In this case we have

LU, &)= () I'(U,E).

pEa(l)

Hence, the Y —family of £ is characterized by the collection of vector
spaces corresponding to the rays. And for each ray p € ¥(1) we have

(B2 | me M},

Furthermore, each ray p induces a preorder in M such that for two char-
acters m <, m’ whenever (m, p) < (m/, p). Then, we have a linear map

Xm/_m : Ef — EP,

which is an isomorphism when m <, m' and m’ <, m, or equivalently
when (m, p) = (m/, p).

In other words, when £ is a reflexive equivariant sheaf, not only the
Y. —family is given by the collections corresponding to the rays, but also
for each ray p it describes an increasing filtration of vector spaces:

E’p = {Ep(j)}j627
such that for any character m € M, Ef = EP({(m,p)), and for j < 0

(respectively j > 0) we have EP(j) = 0 (respectively E*(j) = E). For
each ray p the filtration of vector spaces corresponding to £ can be written
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as:

(0, j<i

EY, i <j<ib
Er(j)=1q":

Ej ., iy <J<iy

B/ =E, i{<j

for suitable k—dimensional subvector spaces Ef C E, and integers
i< <o <idb.

This filtration describes the sections of £ over the T—invariant open set
U, since for any character m € M we have

D(Up, E)m = Ep, = EP((m, n(p)))-

For any cone ¢ and any character m € M, we have that

B =T(Us &)= () T(U, E)m = ﬂ EF.

pEa(l) pEa(l

Then, we can recover the global sections of £ since, for each character
m € M, we have:

gﬂEJNﬂEﬂuﬂEpmn ).

oceX(n) peX(1 peX(1
This gives a polytope in Mr = M ® R = R"”
Qe ={z eR" | {z,n(p)) 247, p € X(1)}.

The interior lattice points correspond to characters m € M such that
EP is non-zero for each ray p € X(1). However, the global value of
HO(X, €),,, which depends on intersecting these vector subspaces may
be zero. In other words, we may say that the polytope {2¢ bounds the
non-zero global sections of &£.

For instance, the filtration corresponding to a line bundle £ = O(D),
for a Weil divisor D = 3 v,y a,D, is

peX(1

‘ 0, 7<—a
LA(5) = {L j—ap <;
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where L & H(T, £),, = C, for any character m € M. This yields the
polytope
Qe = {z € R" | (w,0(0)) = —a,}.

We observe that this polytope coincides with the polytope Pp associated
to a Weil divisor introduced in [21].

In Chapter 3 we use this construction to study how the global sec-
tions of an equivariant reflexive sheaf £ on a complete smooth toric va-
riety change, as we twist by different line bundles, providing information
about the Hilbert polynomial of a £. We first observe that, when twist-
ing the equivariant reflexive sheaf £ by the line bundle £, the filtration
corresponding to (D) := £ ® L is given by

(0, j<i?—a,

EY, i —a,<j <ib—a,
E(D)"(j) =+

Ey iy —ap<j <if —a,

\E[f’:E, i —a,<j.

At the level of polytopes we see that
Qepy = Qe(D) :={z e R" | (x,n(p)) >} —a,},

which is obtained by dilating, not necessarily in a symmetric way, the
original polytope Q¢. From now on, let us set

Q:=Q¢ and QD) :=Q¢(D).

As pointed out before, each lattice point in the polytope Q(D) corre-
sponds to a character m € M such that

HY(X,E(D)m = ) E*((m,n(p))).

peX(1)

Each subvector space E*((m,n(p))) is one among the following possible
subvector spaces
Ef, ES,..., Bl Ef =E.
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Namely, we have that E?((m,n(p))) = E} whenever

i —a, < {(m,n(p)) <ip,, — ap,
and by abuse of notation we set i} , := oo. Thus, let us order the set of
rays (1) = {p1,...,p-} and we can tesselate the polytope (D) into a
collection of subpolytopes

(D) = {z € R | ! — a,, < {z.n(py)) <&,y — ap,},

where A = (A1,...,A) is a tuple of integers such that 1 < A\, < 7.
These subpolytopes allow us to control the sections of £(D) in a finer
way. Indeed, now we have that any lattice point in €2, corresponds to a
character m € M such that

HY(X,E(D))pm = ES' N -+ N EY.

In other words, the subpolytopes €2, are in correspondence with the cons-
tant dimensional M —graded components of H°(X, £(D)).

In general counting lattice points in a polytope, or even more, looking
how the number of lattice points changes as we apply some dilations to
a polytope, is a hard problem. With relations to the Ehrhart theory of
polytopes, there have been many efforts to give new insights to these
problems [9, 61, 23|. However, in Section 3.2, we are able to control the
number of lattice points in this kind of polytopes, working on smooth
toric varieties with a splitting fan. In fact, we are able to control how the
number of lattice points changes as we dilate them accordingly to a twist
by a line bundle, providing thus a way to compute the Hilbert polynomial
Pe of £. As an application of this approach, we describe a method to
find Ulrich bundles on smooth toric varieties with splitting fans. Ulrich
bundles on projective varieties have been a center of interest in the last
decades, and have been studied from many different perspectives [1, 2,
17,29, 64]. In particular, being £ an Ulrich bundle on a projective variety
imposes constraints on the Hilbert polynomial P of £. Focusing in the
Hirzebruch surface, when & is a reflexive equivariant sheaf, and thus an
equivariant vector bundle, we can use the description of Pg in terms of
the filtration, to fulfill the necessary conditions for being Ulrich. Using
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this method we are able to provide an example of a rank 3 equivariant
Ulrich bundle on the Hirzebruch surface P(Op1 & Op1(1))

Finally, in the last part of this dissertation, we use the algebraic-
geometric correspondence in a completely different way. Let (X, L) be a
polarized projective variety, with L a very ample line bundle, and let M,
be the vector bundle defined as the syzygy bundle of the evaluation map

ev: H(X,L)® O — L.

The stability of Mj with respect to the very ample line bundle L has
been a center of interest in the last decades. In [25]|, Ein, Lazarsfeld
and Mustopa posed the following conjecture regarding the asymptotical
stability of syzygy bundles in polarized projective varieties.

Conjecture (Conjecture 4.2.1). Let A and P two line bundles on a
smooth projective variety X. Assume that A is very ample and set Ly :=
dA + P for any positive integer d. Then, the syzygy bundle My, is
A—stable for d > 0.

This conjecture has been partially solved, for instance when

(1) (X,L) = (P",Opn(d)) (see [33] in characteristic zero and [10] for
any characteristic),

(2) (X, L) where X is a smooth projective curve of genus ¢ > 1 and
deg(L) > 2g + 1 (see |24, Proposition 1.5]),

(3) (X, L) where X is a simple abelian variety and L an ample globaly
generated line bundle (see [13, Corollary 2.1]),

(4) when (X, L) is a sufficiently positive polarization of an algebraic
surface X (see |25, Theorem A|) and

(5) (X, L) where X is an Enriques (resp. bielliptic) surface and L an
ample globally generated line bundle (see [56, Theorem 3.5]).

In spite of these contributions, Conjecture 4.2.1 is far from being solved.
In Chapter 4, we have tackled this conjecture when (X, L) is a polarized
smooth toric variety. In that case the algebraic-geometric correspondence
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allows us to understand better the structure of the syzygy bundle M.
We use this tool to study the case where X = Blz(P") is the blow up of
the projective space P" along a linear subspace Z C P". In this setting,
we contribute to the Ein-Lazarsfeld-Mustopa conjecture by proving that,
for any very ample line bundle L on Bly(P"), the syzygy bundle M, is
stable with respect to L.

On the other hand, the stability of the syzygy bundle M, allows us
to see it as a point [My] in the corresponding moduli space. We can then
use the cohomological properties of My, to study how this moduli space
looks like around the point [My]. In particular we find that it is always
smooth. Even more, we are able to prove that My is almost always a
rigid vector bundle, and therefore an isolated point in its moduli space.
In the cases in which M, is not rigid, we are able to compute explicitly
the dimension of the irreducible component of the moduli space in which
[M)] sits.

We will now outline the structure of this thesis.

Chapter 1 contains the preliminary definitions and notions used in
the main body of this work. It is subdivided in three sections. In Sec-
tion 1.1, we introduce the notion of a toric variety and its main features,
highlighting the notion of a Cox ring and the algebraic-correspondence
between modules and sheaves. In section 1.2, we recall the correspon-
dence between sheaves on a toric variety and homogeneous modules on
a polynomial ring graded by an abelian group. Finally, in Section 1.3,
we focus our attention on equivariant sheaves on a toric variety. We re-
call the Klyachko construction describing torsion-free equivariant sheaves
by means of a family of filtered vector spaces, and we illustrate it with
many examples. Afterwards, we study how to compute the cohomology of
equivariant torsion-free sheaves using the data provided by the Klyachko
filtrations.

Chapter 2 introduces the notion of a Klyachko diagram, which gen-
eralizes the classical stair-case diagram of a monomial ideal. We provide
many examples to illustrate the results throghout the two main sections of
this chapter. Section 2.1 is the core of this chapter, and where Klyachko
diagrams are introduced (see Definition 2.1.3). In this section, we show
how to compute the Klyachko diagram of a given monomial ideal (see
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Subsection 2.1.1); and how to retrieve a minimal set of generators from
the data provided by a Klyachko diagram (see Subsection 2.1.2). After-
wards, we use the Klyachko diagram of a monomial ideal to describe its
first local cohomology, which measures its saturatedness (see Subsection
2.1.3. Finally, in Section 2.2, we use the Klyachko diagram of a monomial
ideal to describe its Hilbert function (see Proposition 2.2.1). In particular,
we characterize all monomial ideals having constant Hilbert polynomial,
in terms of the shape of the Klyachko diagram (see Corollary 2.2.4).

Chapter 3 is devoted to the study of equivariant reflexive sheaves on
a toric variety. In Section 3.1, we describe how the global sections of an
equivariant reflexive sheaf change as we twist it by a line bundle, using a
family of lattice polytopes. In particular, this gives a method to compute
the Hilbert polynomial of an equivariant reflexive sheaf. In Section 3.2,
we focus on toric varieties with splitting fan. In this setting we deepen
in the combinatorial study of the family of lattice polytopes introduced
in the previous section. In particular, we are able to give bounds for
the multigraded initial degree (Propositions 3.2.8 and 3.2.9) and for the
multigraded regularity index (Theorem 3.2.18) of an equivariant reflexive
sheaf. From the latter result we give a method to compute explicitly the
Hilbert polynomial of an equivariant reflexive sheaf. Finally, in Section
3.3, we apply the tools described in the previous sections in this Chapter,
to the theory of Ulrich bundles. In particular, we present a method aimed
to find equivariant Ulrich bundles on a Hirzebruch surface, and we give
an example of a rank 3 equivariant Ulrich bundle in the first Hirzebruch
surface (Exmple 3.3.4).

Chapter 4 treats the stability of syzygy bundles on a toric variety,
addressing the Ein-Lazarsfeld-Mustopa conjecture. In Section 4.1, we
gather the basic notions about stability of vector bundles on a projective
variety and moduli spaces. In Section 4.2 we recall the notion of a syzygy
bundle, the Ein-Lazarsfeld-Mustopa conjecture and the cases for which
this conjecture has been solved. Finally, in Section 4.3, we focus on
solving the Ein-Lazarsfeld-Mustopa conjecture for the syzygy bundle of
any polarization of a blow-up of a projective space along a linear subspace
(Theorem 4.3.4). Afterwards, in Subsection 4.3.1, we study the rigidness
of the syzygy bundles in this setting, all of which correspond to smooth
points in their associated moduli space (Theorem 4.3.5).
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Chapter 1

Preliminaries

In this chapter, we gather the basic theory on toric varieties and sheaves,
and the preliminary results needed in the forthcoming chapters. We do
not claim any originality on this chapter, which is divided in three sec-
tions. In Section 1.1, we give a general overview on how toric varieties
are constructed with an emphasis on the tools coming from the theory of
semigroup rings. In Section 1.2, we recall the notion of the Cox ring of a
toric variety, and the algebra-geometry correspondence between finitely
generated modules and sheaves on toric varieties. Finally in Section 1.3,
we focus on equivariant sheaves on toric varieties. We explain the con-
struction of an equivariant torsion-free sheaf in terms of a collection of
filtrations of vector spaces given by Klyachko in [45, 46].

1.1 Toric varieties

In this section, we gather the basic notation, definitions, properties and
construction of toric varieties. An algebraic n—torus (or simply a torus)
is an algebraic group T = (C*)"™. The isomorphism of groups

Z — Hom(C*,C*)

tells us that the character group of T is a lattice. Indeed,
X(T) = Hom(T,C*) = Hom((C*)",C*) = Z".

It is customary to denote this character lattice by M := Hom(T,C*)
and its dual lattice by N = Hom(M,Z), which we also call lattice of

1
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1—parameter subgroups. We have the following isomorphisms
T = Spec(C[M]) =2 Hom(M,C*) 2= N®C* and N = Hom(C*,T).

On the other hand, we can reverse this construction starting from a
lattice N of rank n. We set M = Hom(N,Z) its dual lattice, and we
define Ty := Spec(C[M]), which is an n—torus. Therefore, when fixing a
torus T we are fixing both the torus and the lattice N.

Now, let us take a closer look to the characters and 1—parameter
subgroups of a n—torus T. Fixed an isomorphism T = (C*)", we write
any element of ¢t € T as an n—uple t = (¢1,...,t,), and the characters

to— xit) =t

form a Z—basis of M. Then, we identify each character y by an n—tuple
of integers m = (my,...,m,). As a group homomorphism, we write
X = X" meaning the character

x": T — C*
t — X"(t) =t

Similarly, we set {\1,..., A, } the basis of N dual to M, and in particular
we have

z — N(z)=(1,...,2,...,1) e T.
We identify any 1—parameter subgroup A with an n—uple of integers
u=(uy,...,u,), and we write A = A" meaning

A Cf— T
z o A(z) = (2", 2.
Finally, the dual pairing between characters and 1—parameter subgroups
is given in those basis by
z s zimw
which is identified with the usual scalar product (m,u) € Z. Hereafter,

these two types of notation will be used simultaneously depending on the
needed point of view.
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1.1.1 Cones and affine toric varieties.

We start with the affine case. Here we recall how the (normal) affine
toric varieties are constructed from a convex geometry object called cone.
Let N = Z" be a lattice and M = Hom(N,Z) = Z" its dual lattice and
denote

NR:N@)ZR and MR:M@)ZR

their associated real vector spaces. By a convex rational polyhedral cone
(or simply a cone) o generated by a set S C N, we mean

o = cone(S) = {Z Ault | Ay >0}

u€esS

The dimension of ¢ is the minimal dimension of a subspace of Nr con-
taining 0. We define the dual cone 0¥ C Mg of o to be the cone

o/ ={meM | (mu)>0, forany u € 0} C Mg.
We have (¢¥)Y = 0. To any 0 # m € Mg, we associate the hyperplane
Hy, ={u€ Ng | {(u,m)=0} C Ng
and the closed half-space
Hf={ue Ng | (u,m) >0} C Ng.

Then, o C H,}, if and only if m € ¢ \ {0}, and 0 = H} n---NH] if

and only if 0¥ = cone(my,...,m,). By a face 7 of 0, we mean a subset
of the form 7 = o N H,, with m € ¢V. Notice that o is a face of itself
taking m = 0 € ¢¥. We write 7 < o for the face-inclusion relation

satisfying the usual simplicial properties. We denote by o(k) the set of
all k—dimensional faces of o. In particular, we call facet a face 7 with
dim(7) = dim(o) — 1.

Proposition 1.1.1. Let 0 C Ng be a cone. The following are equivalent:

(i) {0} is a face of o.

(ii) o contains no positive-dimensional subspace of Ng.
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(iii) o N (—o) = {0}.
(iv) dim(c¥) = n.
Proof. See |20, Proposition 1.2.12]. O

Any cone satisfying the equivalent conditions in Proposition 1.1.1 is
called a strongly convex cone. In this case, we have ¢ = cone(c(1)), we
call rays the elements in ¢(1) and for any ray p € o(1), we denote by
n(p) € N its minimal generator in N: Zson(p) = pN N. Given a cone
o C Ng, we denote by S, := oY N M C M its associated semigroup.

Example 1.1.2. Let N = Z? be a lattice with standard basis {e,es},
and consider the cone o = cone(—ey, —ej + 3ey). Set {uy, us} the basis of
M dual of N. Then we have 0¥ = cone(—3u; — ug, ug) and its associated
semigroup is

SJ = Z20<—3U1 — U2, U2>.

Proposition 1.1.3. Let 0 C Ng be a strongly convex cone. Then, S, is
a finitely generated semigroup.

Proof. See |20, Proposition 1.2.17]. O

From now on unless otherwise said, we will restrict our attention to
strongly convex rational polyhedral cones, which we call simply cones.
Next, we define an affine toric variety associated to a cone o € Ng.
Notice that, since S, is a finitely generated semigroup, the semigroup
algebra C[S,] C C[M] is finitely generated semigroup algebra, and we
have the following:

Definition 1.1.4. Let ¢ C Ngr be a cone with semigroup S,. Then,
U, = Spec(C|S,]) is an affine toric variety with torus

Tn = Spec(C[M]) C Spec(C[S,]).

Proposition 1.1.5. Let 0 C Ny be a cone and U, the corresponding
affine toric variety. Then,

(i) dim(U,) = dim(Ng).

(i1) U, is normal.
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(iit) U, is smooth if and only if the set {n(p) | p € o(1)} is a Z—basis
of a sublattice of N.

Proof. See |20, Theorem 1.2.18, Theorem 1.3.5 and Theorem 1.3.12]. O

Example 1.1.6. Continuing with Example 1.1.2, let N = Z? be a lattice
with standard basis {ej, eo} and the cone o = cone(—ey, —e; +3e3). Then
we have

C[S,] = C ™7, x]
= Cl[(x")~ (X“Z’)’l,x‘”]
=~ Clt %ty h to) € ClE, 1571

1.1.2 General toric varieties

The more general notion of a (normal) toric variety is obtained by glueing
affine toric varieties, which are encoded by special sets of cones called fans:

Definition 1.1.7. A collection ¥ of cones in Ny is called a fan if it
satisfies:

(i) For any cone o € ¥, if 7 < 0 is a face, then 7 € X.

(ii) For any two cones oy, 09 € 3, the intersection 7 = o1 N oy is a cone.
Hence, 7 < 01, 7T < 09 and 7 € X.

We denote by (k) the set of k—dimensional cones in ¥. We say that
a cone o € X is maximal if it is not contained in any other cone in .
Notice that the set ¥, of all maximal cones determines the whole fan
Y. For any cone o € ¥ we obtain an affine toric variety U, (Proposition
1.1.4). The following lemmas illustrate how the simplicial definition of a
fan translates to inclusions among these affine varieties.

Lemma 1.1.8. Let 0 C Ng be a cone and 7 = o0 N Hy, a face for some
m € o". Then,

(i) S; =Sy + Z(—m), and in particular C[S;] = C[Sy]ym.

(ii) The inclusion S, C S; induces a morphism U, < U,.
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Proof. See [20, Proposition 1.3.16]. O

Lemma 1.1.9. Let 01,09 C N be two cones. If T = o1 N oy is a cone,
then

(i) there ism € of N (—02)” N M such that

T=01NH, =0NH_,,.

(11) In particular, C[S,,|\m = C[S;] = C[Se,]y-m.
Proof. See [20, Lemma 1.2.13]. O

In general, we have the following definition:

Definition 1.1.10. The toric variety assosiated to a fan ¥ in Ny is the
normal variety obtained by glueing the collection of affine toric varieties
{U, | o € X} along the intersections of the cones, using the maps
Uy, < Uy, NU,, — Us,,.

The following example illustrates how the projective space is con-
structed as a toric variety:

Example 1.1.11 (Projective space). Let N = Z" be a lattice and denote
by {ei,...,e,} its standard basis. Let ¥ be the fan in Ng such that
Ymax = {00, - .-, 0n}, where:

0¢ := cone(eq, ..., €e,)
and
oi:=cone({e; | j#i}U{—eg — - —e,}) for 1<i<n.
Then, oy = cone(uy, ..., u,) and o, = cone({u; —u; | j#i} U{—uw}).

Thus, the coordinate rings of the affine toric varieties U,, are the semi-
group rings
ClUy| = Clty, ..., t,]

and
ClU,) = Cl{t;t;" | j#3u{t;'}] 1<i<n,



Preliminaries 7

Setting t; = j—é, we can write

ClU,]=C[Z | i#k for 0<k<n.

Zk

In particular X = P" the n—dimensional projective space covered by the
usual affine open sets {z, # 0} C P".

Proposition 1.1.12. Let X be a toric variety with fan 3 in Ng. Then,
(i) X is a normal, separated variety.

(ii) X is smooth if and only if for any cone o € ¥, the open set U, is
smooth, or equivalently, the set

{n(p) | peo(l)}
18 a Z—basis of a sublattice of N.

(i) X is compact if and only if the fan 3 is complete, that is

UO':NR.

Proof. See, |20, Theorem 3.1.5 and Theorem 3.1.19]. O

Example 1.1.13 (Hirzebruch surface). Let N = Z? be a lattice and
denote {e, f} its standard basis. For a € Zx(, we consider the fan ¥ with
Ymax = {045 | 0<14,j <1} where

Opp — cone(uyp, vy

(
op1 = COHG(Ul, Vo
(
(

)
)
010 = cone(ug, V1)
011 = cone(ug, vg),

and ug := —e+af, uy :=e, vg:= —f and vy := f.

Then, every cone o;; is smooth and U, jo;; = Ngr. Hence, X is a
smooth compact toric surface. Moreover, X is isomorphic to the Hirze-
bruch surface H, = P(Op1 @ Op1(a)).
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When a = 1, the Hirzebruch surface H, is isomorphic to the blow-up
of P? on a point fixed by the torus action. More generally we have the
following example.

Example 1.1.14. Let X be a smooth complete toric variety with fan o,
and let 0 € ¥,.« be a maximal cone representing a torus-invariant point
zs. The blow-up of X at z, is the toric variety with fan ¥’

2;nax = (Emax \ {U}) Uoa,

where ¢ is a collection of maximal cones defined as follows:
Assume that ¢ = cone(vy,...,v;) for some vectors vy,...,v; € Ng.
We define
Vg := V1 + -+ Uy,

and we have
g = {cone(vo, Vi, ..., v, | 1 <y < -+ <idpq <t}

With the notation of Examples 1.1.11, we can construct the the fan of
the blow-up Bl,, ., P? of P* at two torus-invariant points (for instance
we take z,, and x,,). We first blow up z,, obtaining a toric variety X’
with fan ' such that

Yiax = 100} U{o1} U {021,092},

where 091 = cone(—eq, e1) and 029 = cone(—eq, —e; — e3). Notice that
the resulting fan is isomorphic to the fan of Example 1.1.13, of the first
Hirzebruch surface H;.

Finally, to obtain Bly, ., P? we blow-up X' at the torus-invariant
point z, and we obtain a toric variety X" = Bl,, o, P?, with fan %"
such that

Y =00} U{o11,012} U {091,092},

where oy ; = cone(—ey, e2) and o1 9 = cone(—ey, —e; — €3).

1.1.3 Divisors on toric varieties

Let X be a toric variety with torus Ty and fan X. In this subsection, we
see how the class group, Cl(.X), of Weil divisors modulo linear equivalence
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is encoded by Ty—invariant Weil divisors. First, we recall a correspon-
dence between cones of the fan > and T y—orbits of the toric variety X.
For a point x € X, we define the T —orbit of x by

Ox:{tﬂf | tETN}

The combinatorial nature of the fan gives rise to the following correspon-
dence.

Proposition 1.1.15. Let X be the n—dimensional toric variety with fan
Y. in Ng. Then, there is a biyjective correspondence:

Y. «— {Ty — orbits inXs}
o «— O(o)

such that for each cone o € %:
(i) O(c) =2 Hom(ot N M, C*), where
ot ={me M| (m,u) =0, for allu € o}.
(i1) dim O(o) = codim(c) = n — dim(o).

(11i) The open affine subset U, decomposes as a union of orbits:

Moreover, for any cone 7 € ¥ we set V(1) := O(1). Then, V(1) is a
normal toric variety contained in X.

Proof. See |20, Theorem 3.2.6] for (i)-(iv), and |20, Proposition 3.2.7] for
the second part. O
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Proposition 1.1.15 describes all Ty —invariant subvarieties of a toric
variety X with fan ¥ C Ng. In particular, for any ray p € %(1) the
irreducible subvariety V'(p) has codimension one and, hence, it is a prime
divisor which we denote by D, = V(p). Moreover, any Ty—invariant
WEeil divisor is a Z—linear combination of {D, | p € X(1)}.

Next, we describe how to encode the class group of Weil divisors mod-
ulo linear equivalence, from the set of all T y—invariant divisors. Notice
that for any character m € M we have a rational function y™ : X — C*.
We denote by div(x™) the associated principal divisor. The next two
results show how to compute the class group Cl(X) of X.

Lemma 1.1.16. For any character m € M we have

div(x™) = > (m,n(p))D, € €D 2D,

pEX(1) pEX(1)
Proof. See |20, Proposition 4.1.2]. O
Proposition 1.1.17. We have the exact sequence:
M2 @ zD, " CU(X) — 0,
peX(1)

where for any character m € M,

¢(m) = div(x™) = Y {(m,n(p))D,

pEX(1)

and for any Ty-invariant Weil divisor D, w(D) = [D] is its class in
Cl(X). Moreover, ¢ is injective and the sequence

0— M-% @ zD, ™ ClI(X) — 0, (1.1)

pEX(1)

15 exact if and only if X has no torus factors or, equivalently, the set

{n(p) | peB(1)}

spans Ng. In particular, C1(Xx) is a finitely generated abelian group.
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Proof. See [20, Theorem 4.1.3]. O

Example 1.1.18. Let us check that CI(P") = Z. Continuing with Ex-
ample 1.1.11, we set py = cone(—e; — -+ — e,) and p; = cone(e;) for
1 < i < n. The exact sequence in Proposition 1.1.17 is

0— M -2 PzD,, = CUP") — 0
=0

where ¢ : (dy,...,d,) — (=dy — -+ —d,,dy,...,d,). Therefore,

Im ¢ = Z(D,, — D D,. — D) CZ(D,,, D D

POt PO P10 pn>7

and we obtain

Z(D,y,...,D,.)
Z{D,, — D,y,...,D, —

n

C1(P") =

12

5y = 0w,

with [D,,] = [D,,]. In particular,
CUP") 2 Z[D,]) 2 7.

Example 1.1.19. Let us now compute the class group of the Hirzebruch
surface H, with a € Z>(. Continuing with Example 1.1.13, we set

po = cone(—e + af)
p1 = cone(e)

(=f)
11 = cone(f).

7o = cone

The exact sequence in Proposition 1.1.17 is

¢ ZD.DO @ Z‘Dpl
0— M -2 @ T Cl(H,) — 0,
ZDno @ ZDm

where ¢ : (dy,ds) — (—dy + ads, dy, —dsy, dy). Hence,

Im¢ = Z<Dm — Dpy, Dy, — D, +aDp1> - Z<DPO7DP17D7707D771>7
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and we have

Z<DPO7 DPl ? D7707 D771>

Cl(H,) =
Z<DP1 - DPmDm - Dno +aDp1>

= Z{[Dpol, (Do)

with [D,,] = [D,,] and [D,,] = [D,,] — a[D,,]. Thus, the class group of
H, is

1%

Cl(Ha) = Z{[Dy), [Dyo]) = 27,

1.2 Coherent sheaves and graded modules

A quasi-coherent sheaf on a projective space P corresponds to a homo-
geneous module over the polynomial ring Clzy, ..., x,]. In this section,
we recall how this correspondence generalizes for toric varieties using the
theory of non-standard graded algebras. First, in Subsection 1.2.1 we
gather the basic notion and results on modules and algebras graded by
general abelian groups. Afterwards in Subsection 1.2.2, we introduce the
so-called Cox ring of a toric variety X, which is a Cl(X)—graded poly-
nomial ring, and its connection to quasi-coherent sheaves over X. We
mainly follow [19], [28] and |20, Ch. 5].

1.2.1 Graded algebras and modules

Through this subsection we fix an abelian group G and a commutative
ring R.

Definition 1.2.1. A R—algebra A is G—graded if it decomposes into
R—submodules as A = ®gEG A, such that A, - A, C Ay, for any
g,h € . Similarly, an A—module F is G—graded if it decomposes as
E = @QGG E, such that AjE), C Eg4p, for any g, h € G. The submodules
E, are called G—homogeneous components of E. We say that an element
f € E is homogeneous if f € E, for some g € GG, and we define the degree

of f to be deg(f) = g.

Given m : ¢ — H a surjective morphism of abelian groups, any
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G—graded R—algebra A is also endowed with an H —grading:

A= @Ah, with A = @ A, forany heH.
heH geq
m(g)=h

As an application, we have the following lemma:

Lemma 1.2.2. Let 0 — K -2 G =5 H — 0 be a short ezact
sequence of abelian groups, and A a G—graded R—algebra. Then, for any
h € H, the H—homogeneous graded component Ay, of degree h of A is a
K —graded R—module.

Proof. We fix h € H and let z,y € G be such that n(z) = n(y) = h. By
exactness, r — y € Im(¢) and thus

7 (h) = {a+ 6(k) | ke K} ={y+6(k) | ke K},

On the other hand, we consider the R—module A;, as before and we have

A= P Ay =P Ao

gen—1(h) keK

Notice that this decomposition does not depend (up to permutation)
on the chosen preimage z € G, and it structures A, as a K—graded
R—module. ]

Example 1.2.3. (i) Let A = R|x1,...,z,] be the polynomial ring over
R in n variables. Then, A endows a standard Z—grading as well as
a standard Z"—grading.

(ii) Let us consider G = Z/2, and set

Ag =Rz -2y | a1+ +a, =0 mod 2)
Ay = R{a* 20 | oy +---+a, =1 mod 2).

Then, A = Ay ® A7 is a Z/2—graded R—algebra such that

deg(x;) = 1.
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(iii) More in general, for any abelian group G and wy,...,w, € G, we
set
Ay =R x| aqwy + -+ apwy, = g).

The R—modules A, structure A as a G—graded R—algebra. Notice
that this G—grading is determined by setting
deg(z;) = w;.
Next, we describe when the localization of an algebra is graded.

Lemma 1.2.4. Let A be a G—graded R—algebra and f € A a homo-
geneous element of degree d. Then, the localized R—algebra Ay at f s
G—graded.

Proof. For any g € G, we define the R—submodule
a
(Af)g == {F | deg(a) —nd =g} C Ay.

Then we have that

A= DA,

geG
structuring Ay as a G—graded R—algebra. [

1.2.2 The Cox ring of a toric variety

In this subsection, we recall the correspondence between graded modules

over the Cox ring R of a toric variety X and quasi-coherent sheaves on
X.

Definition 1.2.5. The Cozx ring of a toric variety X with fan ¥ is the
polynomial ring R = Clz, | p € £(1)]. R is Cl(X)—graded by setting
deg(z,) := [D,]. We write R = Clxy,...,x,] whenever we have fixed an
ordered set of rays (1) = {p1,..., p.}. For any cone o € 3, we set

27 = H r;, and B:=(2° | o €X).
pi€X(1)\o (1)

The ideal B is called the irrelevant ideal and we have

B=(2° | 0 € Znay).
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Notice that for the cone {0} we have that R 4 = Clz; | p € ¥(1)],
which is the Laurent polynomial ring associated to R. Finally, for any
T y—invariant Weil divisor D = ) o @p D, we write

D .__ a .
T = Ha;pp € R (-
o

Example 1.2.6. (i) Continuing with Examples 1.1.11 and 1.1.18, the
Cox ring of P" is Clzy,...,x,], Z—graded with deg(x;) = 1. Its
irrelevant ideal is B = (o, ..., ;).

(ii) Continuing with Examples 1.1.13 and 1.1.19, the Cox ring of the
Hirzebruch surface H, with a € Zs is Clzg, 1, Y0, 1], Z*—graded
with

deg(xg) = deg(z1) = (1,0), deg(yo) = (0,1) and deg(y1) = (—a, 1).
Its irrelevant ideal is B = (zoyo, ToY1, 1Yo, T1Y1)-

Recall that for any cone o € X, the coordinate ring of the affine open

—_~—

toric variety U, is C|U,] = C[S,] and we have O, = C|[S,]|. On the other
hand, a character m € M belongs to S, if and only if (m,n(p)) > 0 for
all p € o(1). In particular, we have an isomorphism

C[SO'] = (Rw"’)o

sending a character Y™ € C[S,] to the monomial 2 := 23X € (R,,),.
Thus, we can recover the sheaf O from the localization of R at z°:

(Rys)o = Oy, .

Glueing all these sheaves using the structure of the fan ¥, we obtain
the sheaf Ox: if 7 < o is a face, there is a character m € S, such
that S; = S, + Z(—m). We have isomorphisms C[S,],= = C[S;] and
(Ry6)em = Ry, and the following commutative diagram

o~

(Rx“)O - C[SU]

l l
(Rw+)0 Y~ (C[ST] :
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For the purpose of this thesis, we focus on a smooth compact toric
variety X. We have the following correspondence generalizing the above
construction.

Proposition 1.2.7. Let X be a smooth compact toric variety, and R its
Cox ring.

(i) For any Weil divisor D =} a,D,, there is an isomorphism
Rip) = I'(X,0x(D)).
(i) If E is a Cl(X)—graded R-module, there is a quasi-coherent sheaf

E on X such that B
LUy, E) = (Eue)o,

for any o € X.

(iii) If € is a quasicoherent sheaf on X, there is a Cl(X)—graded R-
module such that E = £. E is coherent if and only if E is finitely
generated.

(iv) E =0 if and only if B'E =0 for all | > 0.
(v) There is an exact sequence of Cl(X)—graded modules

0 — HY(E) — E — HY(X,E) — H5(E) — 0.
(vi) There are CI(X)— graded isomorphisms

Hi'(B) = H(X,E)= @ H(X,E(w).
acCl(X)

Proof. (1)—(iv) follow from |20, Proposition 5.3.3, Proposition 5.3.6, Pro-
position 5.3.7 and Proposition 5.3.10]. (v) and (vi) follows from [28,
Proposition 2.3|. O

The module T'E = HY(X, E) is called the B—saturation of E. We say
that F is B—saturated if E = T'E, or equivalently if HY(FE) = Hi(E) = 0.
If HY(E) = (0 :g B>) =0, we say that F is B—torsion free.
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1.3 Equivariant sheaves and fine-graded modules

In the previous section, we have seen that any quasicoherent sheaf £ on a
smooth compact toric variety X corresponds to a Cl(X)—graded module
E over the Cox ring R satisfying that & = E (Proposition 1.2.7). In this
section, we focus on equivariant sheaves corresponding to ZI*M!—graded
modules. This restriction allows us to describe the module F with a
filtered family of vector spaces. When £ is reflexive, these filtrations are
particularly well behaved. This construction was initially developed for
locally free sheaves by Klyachko in [45], and further generalized for any
quasi-coherent sheaf by Perling in [57]. In what follows, we mainly use
the results as presented in [57].

We start with the definition of an equivariant sheaf on a toric variety
X.

Definition 1.3.1. For any t € Ty, let yy : X — X be the morphism given
by the action of T on X. A quasi-coherent sheaf £ on X is equivariant
if there is a family of isomorphisms {¢; : ;€ = E}ier,, such that

¢t1-t2 = (btz o :U';tkngtlv
for any tl,tg € TN-

Next, we see which Cl(X)—graded modules correspond to equivariant
sheaves. We say that an R—module is fine-graded if it is Z*(M—graded.
Notice that fine-graded modules are also Cl(X)—graded. In [6], Batyrev
and Cox proved the following result:

Proposition 1.3.2. Let E be a Cl(X)—graded R—module. The quasi-
coherent sheaf E s equivariant if and only if E is also fine-graded.

Proof. See [6, Proposition 4.17]. O

In [45] and [46], Klyachko observed that any equivariant torsion-free
sheaf is associated to a family of filtered vector spaces, the so-called Kly-
achko filtration. In what follows, we recall how this family can be con-
structed. Let £ be an equivariant sheaf on X corresponding to a fine-
graded module E. By Lemma 1.2.2 applied on the exact sequence (1.1),
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we have that any homogeneous piece of F is endowed with an M —grading;:

E, = @ E. i 4tm), forany ze 7 Ha). (1.2)

meM

Now, for any o € ¥ we consider the monomial 2%, then the localized
R,o—module E,- remains fine-graded by Lemma 1.2.4. As in (1.2), for
any o € Cl(X), (E,s)s is M—graded. In particular, taking a = 0 we

have:
E7 = (Ew)o = € (Eo)oom) = €D Ep (13)
meM meM
Since (E,s)o is isomorphic to the C[S,|—module I'(U,, £), geometrically
we can see (1.3) as the isotypical decomposition of I'(U,, &) into Ty—
eigenspaces of sections:

LU, &) = @ T(Us, E)m.

meM

Recall that the semigroup S, induces a preorder on the character
lattice M: for any m,m’ € M we say that m <, m’ if and only if
m' —m € S, or, equivalently, if (m’ —m,u) > 0 for all u € 0. For any
two characters m <, m’, the multiplication by x™ ™ € CI[S,] yields the
map

X = By = By

For any m <, m' <, m”, we have

o _ o __ . o
Xm’m =1 and Xm’m// = Xm/,m” e} Xm,m"

In particular, x7, . is an isomorphism if m <, m' and m’ <, m or,
equivalently, if m/ —m € o*. We call £ := {E7, Xinr } @ 0—family (see
[57, Definition 4.2]).

On the other hand, let 7 < ¢ be two cones in ¥ and m € M the
character such that S; = S, + Z(—m). There are isomorphisms

C[S,] = C[S,]» and E™ = E°

rm

given by the localization at x™ € C[S,]| and =™ € (R,s)o, respectively.
Thus, we have a morphism °7 : £ — E7 corresponding geometrically
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to the restriction map of section modules I'(U,,&) — T'(U,,&). The
morphism 77 is M —graded since it is defined by the localization at a
monomial. Thus, for any character m’ € M we have a linear map

Z;Z; . Efn/ — E;;l’

We call the set of o—families {E?},ex a S—family (see [57, Definition
4.8]). In [57, Theorem 4.9] it is proved that X—families characterize
equivariant quasi-coherent sheaves on X or, equivalently, B—saturated
fine-graded R—modules.

1.3.1 Torsion-free equivariant sheaves

When £ is an equivariant torsion-free sheaf, the restriction maps
LU, &) = IV, &),

with V' C U C X are injective. Moreover, all the morphisms among the
vector spaces in the above description of the >—family of £ are injective.
We have the following result:

Proposition 1.3.3. Let & be an equivariant torsion-free sheaf of rank {
and {E?} its associated ¥—family. The following holds:

(i) For any m' <, m, the linear map X3, ., : E;, — E7, is injective.

(ii) For any character m € M, and any cones T < o in X, the linear
map 197 B — BT 1s injective.

(iii) There is a vector space E = C* such that BV ~E for anym € M.

We have the following commutative diagram:

{o} o
Pm! Em’ Em’
4 X2, J "
((p\

m Rl g

E

Proof. See [57, Section 4.4]. O
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Remark 1.3.4. (i) By Proposition 1.3.3, the Y —family {£7},cx of a
torsion-free sheaf £ of rank ¢ can be seen as a filtered collection of linear
subspaces of a fixed ambient vector space E. Geometrically, the vector
space E can be identified with the /—dimensional vector space ['(Ty, &),
for any character m € M.

(ii) The description of equivariant torsion-free sheaves given above is
based on [57, Section 4]. We note that our order of filtrations is reverse
of that of Klyachko [45, 46]. In these references, the filtration is taken as
a collection of linear subspaces of £(xy), the fiber of £ at a point in the
open orbit Uggy = Ty C X (see [57, Remark 4.25]).

Let us illustrate how to compute the Klyachko filtrations following
Proposition 1.3.3.

Example 1.3.5. Let R = C[xzg, 21, 72| be the Cox ring of P? with fan X
as in Example 1.1.11 and [ = (x%,xon,xoazl) a monomial ideal. Let us
compute the Y—family associated to I viewed as a torsion-free fine-graded
module and presented as follows:

(x% ToT2 TOT1)

R(0,0,—2) & R(—1,0,—1) & R(—1,—1,0) I —0. (14)

First, we want to determine the one-dimensional vector space I = C such
that 71 =~ 1. We start localizing at 2% = xyz129 and we set

RO .= R & = Cloi, ot 2F].
For any multidegree (ag, a1, as) € Z3, we denote by

R0

— aQ .01 ), 02
(ao,a1,02) Clag " 25?)

the vector space spanned by the (Laurent) monomial z°z{*z5?. On the
other hand, any character m = (dy,dy) € M is embedded via the exact
sequence (1.1) as

gb(m) = (—d1 — dQ,dl,dQ) S Z3.
To compute I}, we take the degree—¢(m) component of (1.4). This
yields the following exact sequence of vector spaces

(:c% Tox2 TOT1)

R0,0,-2),, ® R1%(—1,0, -1),, ® R1%(—1, —1,0),m———5 110 0.
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Thus, I} = Clzy“~®22% 28) and there we have an isomorphism
Pl0 . [0 =1,
Let us now fix the ray py € ¥(1) and compute the vector subspaces
I 1,

for any character m = (di,ds) € M. As before, we set R? := R_z the
localization at z° = x1x5. Now, we have that

R = Clxg, 27, 23],
and for any multidegree (v, ay, an) € Z3,

20 _ [ Clag®xay?), i ap =0
(a0,a1,a2) 0, if ap < -—1.

Taking the component of degree ¢(m) = (—dy — dg, dy, ds) of the exact
sequence (1.4), we have

oo { Clag®™®alay?) =1, if —di—dy >0
m 0, if —di—dy < -1

Similarly for the rays p; and py, we obtain

e L di=0
m 0, if dy <-—1
e [ A 20
m 0, if dy<—1.

It only remains to compute the components of the >—family associated
to the two dimensional cones in . Let us consider oy € ¥(2) with rays
oo(1) = {p1,p2}. We set R% := R_= the localization at 270 = x,. We
have R70 = ClzZ, x1, 75], and for any multidegree (aqg, a1, ) € Z3,

(co,01,02)

- f Clagatay?), if a1 >0, ap >0
0, if o <—-lorag<-—1.
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As before, taking the component of degree m = (dy, dy) of (1.4) we obtain

I, if dq=0anddy >1, or
100 = di >1landdy >0
0, otherwise.

Similarly for the remaining cones oy and o5, we have

if —dy—dy=0anddy > 2, or
—dl—dg 2 1andd2 20
0, otherwise

Jo2 I> if —d1—d220andd120
m 7| 0, otherwise;

obtaining in this way a complete description of the Y—family {17} of I.

12

g1
Im

1.3.2 Reflexive equivariant sheaves

We now assume that £ is a reflexive equivariant sheaf of rank £ on X. In
particular, £YY = £ and for any subset Z C X of codimension at least 2,
we have HY(X,£) @ H(X \ Z,€). For any cone o € %, we set

U v cus,
dim 7>2
T<0

which has codimension 2 by Proposition 1.1.15, and we have

U, \Z= | U,

pEa(l)
Thus, by reflexivity of &,
U, &) = U ﬂ I'(U,, &), for any o € X.
pEa(1) pEa(l)

Translating this fact to the language of o—families, for any character
m € M we have
N E-.

p€a(l)
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Hence, each o—family of £ is determined completely by the p—families
with p € o(1).

Let us fix a ray p € ¥(1). For any characters m’ <, m, the multipli-
cation map x,, ,, : Ei, — Ef is an isomorphism if (m’ —m,n(p)) = 0.
Hence, for any i € Z there is a subspace E(i) C C* such that Ef, & E*(i)
if (m,n(p)) = i. Consequently, any p—family EP can be seen as an in-
creasing filtration {EP(i)}icz of vector subspaces of E = C* such that
that EP(i) = 0 for i < 0 and E*(i) = E for ¢ > 0. We introduce the
following notation to express this collection of increasing filtrations:

Notation 1.3.6. For each ray p, let us denote the associated filtration
as )
EP =EP(f,...,15 1, i) EY, ... E) | E}).

We have,
(0, i<i®—1
EY, i <i<ih—1
EP(i) = {:
E} i <i<i)—1
kEf, i <i
where

0OCEfC..-CEl CE)=C

is an increasing filtration of vector spaces, and

is an increasing sequence of integers (the steps of the filtration) such that

if =15, ifand only if Ef =FEY,,.

If ¥(1) = {p1,...,pr} is the (ordered) set of rays, we write

Bk .= Erw
ko Pk
iy =1

k ._ 1Pk
Et T Et )

forany 1 < k<rand1l<t</.
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Example 1.3.7. Given a Weil divisor D = 3 a,D,, the line bundle
O(D) corresponds to the following set of filtrations of a one-dimensional
vector space O = C:

. 0, 1< —a
0"(i) = {O 7> —az.

This follows from Proposition 1.2.7, since O(D) = R([>_, a,D,]). In the
above notation, for any ray p € (1), we write this filtration as

OF = O*(—ay,; O).

More generally, the following result shows the effect of twisting by
O(D) for any Weil divisor D =} a,D, on the set of filtrations.

Proposition 1.3.8. Let £ be an equivariant reflexive sheaf of rank € with
filtration given by
EP(if, ... i) B, ... EY).

Let D = Zp a,D, a Ty—invariant Weil divisor. Then, the filtration of
E([D)) = E®@ O(D) is given by

EP(iy —ap,...,i) —ap EY, ..., E}).
Proof. See |57, Section 4.7]. ]

Example 1.3.9. If ¥ is the fan of the Hirzebruch surface H3 and its Cox
ring R = Clzo, z1,Yo0,%1] as in Example 1.2.6 (ii). Then, any character
m = (dy,dy) is embedded in Z* as a multidegree

o(m) = (—dy + 3dg, dy, —da, ds).
We consider the reflexive module E presented as:
R -2 R(0,0,1,1) & R(0,1,0,0) & R(1,0,0,0) — E — 0 (1.5)
where ¢ is given by the following matrix:

3Yoy1
T
—x
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and we want to determine its associated X—family. First of all, we want
to determine E = Ei for any character m € M. We localize the multi-

graded sequence (1.5) at 210 = Toz1yoy1 and we set RO} = R - Any
character m = (d, dy) yields an exact sequence of C—linear spaces

RI9 25 R(9Y(0,0,1,1),, @R (0,1,0,0),, R (1,0,0,0),,— EL —0.

Thus, we obtain EIY as the cokernel of a C—linear map:

{0} _
BV =
3do—d1 .di  —da+1 d2+1 3d2 dy _di+1 3do—di1+1 _di do
C<x0 L1 Yo Y1 T Yo 3/1 s Lo ! 3/0 ui°)
3do— d1 —do+1_ do+1 3d2 dy d1+1 —da 3d2 di+1 d1 —ds  do
(3} 1 Y Yy Ty Yo yl - 1Y U

and we have isomorphisms

(C<’U/1,'U/2,U3>
<3u1 + U9y — U3>

Om : B — = C(uy,uz) = E

such that

Uz = 3U7 + .
Since FE is a reflexive module, it only remains to compute the vector
subspaces E7 C E for each ray 7 € 3(1) and any character m = (dy, ds).

Let us consider the ray py € X(1) and the localization at 2% of R. We
set R” := R_s, and for any character m = (dy, ds) we have

o — C(mng dlx‘fly_‘hy 2y, if 3dy—d; >0
mo 0, otherwise.

Therefore, localizing the exact sequence (1.5) we obtain
E’, if 3dy—dy >0

Epo = <U_3> = <3u_1+u_2>, lf 3d2 - dl -
0, it 3dy —d; < -2.



26 Preliminaries

Similarly localizing with respect to the other rays, we obtain

B, if dy >0
0, if dy < -2

E°, if —dy>0

Eg? = <U_1>, if - d2 =—-1
0, if —dy<—2
E°, if dy>0

0, if dy<—2.

In the notation introduced above, the filtrations of subspaces of E° = C?
associated to E are

EP(—1,0; (307 + uz), E?)
Er1(—1,0; (3), E°)
E™(=1,0; (ur), E°)
E™(—1,0; (u1), E°)

In [43, Theorem 3.5| (see also [45, Proposition 2.5|) it was proved that
any equivariant locally free sheaf on an affine toric variety is decomposable
as a direct sum of line bundles. Moreover, this result was generalized in
[36] for any locally free sheaf on an affine toric variety. In particular,
equivariant reflexive sheaves which are locally free are characterized in
the following proposition:

Proposition 1.3.10. Let £ be an equivariant reflexive sheaf of rank ¢ with
associated filtrations E*(if, ..., i), EY,...,E}). Then & is locally free if
and only if for any cone o € X, there is an M/ot-graded decomposition

0 _ 0
E'= @D B
[mleM/(o+NM)
such that for each ray p € o(1) we have
Ef(i)y= > B

[m]eM/(a+NM)
(m.n(p))<i
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Proof. See [57, Proposition 4.24] and [45, Theorem 2.2.1| O

We end this subsection with some examples to illustrate how to com-
pute the Klyachko filtrations.

Example 1.3.11 (Tensor product). Let F and G be locally free sheaves
of rank ¢; and /5, respectively and with filtrations

FP(y, .. i) FY . F))

GP(j1, 30 GY oo GY).

We write F , = F ®C(f/,) and G}, = G}, ®C(g,,). Then F®G is
an equivariant locally free sheaf of rank ¢,/ and its filtration is given by

(Feo)r()= @ Ciff o0, (1.6)
1<k1<t;
1<k <lo
iy Hihy, <3

Indeed, for any ray p € (1), the equivariant vector bundles F and G
decompose as a direct sum of line bundles:

Fu, = (—’iTD)@ - ® O(—ig, Dy)

Gu, =2 O(—=j1D,) @ -+ @ O(—j;,D,).
Therefore,
(]—"®Q)|Up

N(O(—"’D)@ - O(- Zel p) ® (O(=j1D,) & -+ & O(—ji,D,))
~ P O(-if,D,) @ O(—j{,D,).
12h<0)

(1.6) follows since for any pair (ki, k2) and any character m € M we
have

DU, O(=iy, Dy) @ O(=3jg, Dp))m

I

{ 0, (m,n(p)) < ik, + i,
C(fi, @ g5,) (m.n(p)) = ik, + Ji,
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Example 1.3.12 (Exterior power). Let £ be an equivariant locally free
sheaf on X of rank ¢ with filtration given by

EP(if,.. . 0 EL, ... EY).

We write recursively Ey , = E} ® C(e,,). Then, for any 1 < ¢ < ¢
the sheaf A\?& is a locally free sheaf on X of rank (5) and its filtration is

given by o
[/\5] = O Ce, e ad) (1.7)

1<ky < <kq<l
ihy oot <

Indeed, for each ray p € (1), the restriction of £ at the affine toric variety
U, decomposes as &y, = Oy, (=7 D,) @ --- ® Oy, (=i, D,). Therefore,

(/\q 5>|Up = /\q (OUp(_i/l)Dp) SRR OUp(_iZDpD
= @1§k1<---<kq§£ OUp<_izl DP) ® e ® OUp<_Z£qDP>
Finally, for each g—ple (ky,...k,) and any character m € M, we have
L'(Up, O(=iy, Dp) @ - -+ ® O(=if; Dp))m

~ O’ <m,n(p)> <i£1 +"'+izq
= C(ep ®®€p >7 <m,n(p)>zlzl++zgq’

and (1.7) follows.

Example 1.3.13 (Symmetric power). Let £ be an equivariant locally
free sheaf on X of rank ¢ with filtration given by

EP(if,.. . 0B, ... ED).

We write recursively E} ; = E;®C(e}, ). Then, for any integer ¢ > 1 the

sheaf Sym? € is a locally free sheaf on X of rank (”q 1) and its filtration
is given by
k1 17)
/—/%
(Sym?E) ()= P Clh® oo 0 e-ad).
ki, k>0
ket tke=q

kii1+-+keig<j

(1.8)
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As before, for each ray p € (1), the restriction of £ at the affine toric
variety U, decomposes as Ey, = Oy, (=i D,)®---® Oy, (—i,D,). There-
fore,

Sym? (O, (—i1D,) & -+ & Oy, (=i;D,))

@]ﬁ f,gzo Ou,(—i7D,)* 1 @ -+ @ Oy, (—i)D,)**.
1T =q

I

[Sym? €] U,

12

Finally, for each /—uple (ky,...k;) and any character m € M, we have

F(Up’ O(_iTDp)®kl K& O(_igpﬂ)@)ke)m

0 () < ki 4+ ot
~ k1 ke
= A PR

Clef @ ®el @@l @...@efl%(m,n(p» >yl + - A+ Kgil

e

which yields (1.8).

1.3.3 Cohomology of equivariant sheaves

In this last subsection, we recall how to compute the cohomology of an
equivariant torsion-free sheaf using the associated ¥ —family. In [53, Sec-
tion 6] (see also [50, Section 3]) it is introduced the canonical Cech com-
plex, which can be attached to the Cox ring R of a toric variety X with
irrelevant ideal B:

c:0—R5S @D Re T @D Ry TRy 0,

oeX(n) oex(1)

with the natural Cech differentials

. P R — @ R, suchthat &'(v,) =Y (=1)""2(v),n.

oc€eX(3) ceX(t k=1

Here, we have fixed an order of the set of rays (1) = {p1,...,p,} and
we can write an 1—dimensional cone as

g = cone(n(pjl), e 7n(pji))'
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For any 1 < k <1, o* < o is the face
ot = Cone(n(pﬁ)’ S 7n(pjk)’ S 7n(pji))’
and we have the inclusion ¢ : R,s — Rm;k.

This complex generalizes the Cech complex used for the study of lo-
cal cohomology over the standard graded polynomial ring, and for any
homogeneous R—module E we have that

HiL(F) 2 H(C* ® E).
In particular, we have the following result:
Proposition 1.3.14. Let £ be an equivariant quasi-coherent sheaf with

Y—family {E%}. Then, for any m € M we have a chain complex

2

Bo 2L gy 2,

m

c (€ m:O—>@E" >,

oeX(n) cex(1)

such that H(X, &), = H(C*(E)m). In particular, when £ is torsion-free
we have:

(i) H(X,E)m= (] E3.

c€X(n)
(ii) H'(X,E)m =B/ Y Ef,.
peX(1)
(iii) X(E)m =Y _(=1)°4™ dimy, ES,.

oey

Proof. Let us consider the saturated module F = H?(X, £), then we have

CwE:0—ES @B IS P BB —0.
gEE(n) O'EZ( )
Since we assume that F is saturated, then H%(E) = HL(E) = 0. Hence,

0—-E% DES D E
c€X(n—1)

ceX(n)
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is exact. Thus, we have HY(X,£) = E = kerd'. On the other hand,
by Proposition 1.2.7 we have that H (X, €) = H ' (E)o, which we may
compute taking the degree 0 component of C* ® E. Shifting (C* ® E)y by
—1, we have constructed a chain complex

cE):0— P P o
o€X(n) ceX(n—1)
) an 2_gn—1 @ EU on—1 E{O} i)o

cex(1

which is M —graded and satisfies that H*(X, E)m >~ HY(C*(E)m)-

For the remaining part of the proof we notice that if £ is torsion-
free, all the vector spaces in the ¥—family {E% } are actually sub-vector
spaces of E & B =~ ¢t Then, the result follows using the definition of
C*(&). O

Remark 1.3.15. In [45, Theorem 4.1.1, Remark 4.1.2 and Corollary
4.1.3] and [46, Metatheorem 1.3.3|, Klyachko proved Proposition 1.3.14
for equivariant vector bundles and sketched how it worked for equivariant
reflexive or, more generally, torsion-free sheaves.

Example 1.3.16. Let Y be the fan of the projective plane P? and its Cox
ring R = C[xzg, 1, 22| as in Examples 1.1.11 and 1.2.6. We consider the
monomial ideal I = (23, xgz2, Toz1) of Example 1.3.5. For any character
m = (d,ds), the chain complex of Proposition 1.3.14 is

C* (Dm0 — I B I @I 25 10 @ 10 @ 122 25 10— 0, (1.9)

with maps
0 -1 -1
F=1-1 0 1 and 9'=(11 1).
1 1 0

However, depending on the character m some of the vector subspaces 7
or I} may be 0, and this corresponds to delete some rows or columns in
the matrices of 3° and 9'. For instance, for m; = (0,0) we have

[ =17 =0 and I =T,
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but
I =1 for 0<j<2

Therefore, the chain complex (1.9) for m; = (0,0) is equivalent to

C* (D, 0 — T 10Ta1 25T —0,

with maps
F=1-- 1 and 9'=(111).
. .0

Thus, we have .
h(X, I),,, = dimker 8211 =0

WYX, D)y, = dim S50m —

Im 9y,

h%(X, I), = dim 57 = 0.



Chapter 2

Monomial ideals

Lying in the crossroads of commutative algebra and combinatorics, mono-
mial ideals play a prominent role in the study of ideals in a polynomial
ring R. Indeed, many properties of an arbitrary ideal I C R are reduced
to considering its initial ideal in- (1), which is a monomial ideal. For in-
stance, it is a result due to Macaulay in [48], that the Hilbert function
of an ideal I C R coincides with the Hilbert function of its initial ideal
in. (1) (see for instance |26, Theorem 15.3]). Since the advent of com-
binatorial commutative algebra, the theory of monomial ideals has been
linked with various topics in discrete mathematics, such as enumerative
combinatorics, graph theory, simplicial geometry or lattice polytopes (see
[30, 37, 5, 62, 39, 32, 22|).

In this chapter, we introduce the Klyachko diagram of a monomial
ideal, which can be seen as a generalization of the classical staircase dia-
gram, suited to study monomial ideals inside the Cox ring R of a smooth
complete toric variety X. Since a monomial ideal [ is fine-graded, it cor-
responds to an equivariant ideal sheaf I on X. The Klyachko diagram of
I encodes the information of the S —family of I, and it provides a new set
of tools to examine algebraic properties of I such as its Hilbert function
or its local cohomology.

Next we explain how this chapter is organized. First in Section 2.1,
we define the Klyachko diagram of a monomial ideal I. We give proce-
dures to compute the Klyachko diagram using the monomial generators
of I as initial data (Subsection 2.1.1) and, conversely, to determine the
generators of a B—saturated ideal I*** from a given Klyachko diagram
(Subsection 2.1.2). Finally, in Subsection 2.1.3, we compute the first lo-
cal cohomology module H(I), which measures the saturatedness of a
monomial ideal I, using the Klyachko diagram. After illustrating these

33
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procedures with plenty of examples, in Section 2.2 we apply this con-

struction. We compute the Hilbert function and the Hilbert polynomial

of a B—saturated monomial ideal I from its Klyachko diagram, and we

characterize all monomial ideals having constant Hilbert polynomial.
The results of this chapter have been published in [55].

2.1 Klyachko diagrams of monomial ideals

Using the theory of Klyachko filtrations, in this section we define the
Klyachko diagram of a monomial ideal I in the Cox ring R of a smooth
complete toric variety. We show how that the Klyachko diagram is deter-
mined combinatorially by the monomials generating I (Proposition 2.1.4).
Conversely, in Subsection 2.1.2, we give a method to compute a minimal
set of generators of a B—saturated monomial ideal I from its Klyachko
diagram.

From now on, we fix a smooth complete toric variety X with fan >. Let
¥(1) = {p1,...,pr} be the set of rays (i.e. one-dimensional cones), with
r = [3(1)|. We denote by R = C[zy,...,x,] its associated Cl(X)—graded
Cox ring and by B its irrelevant ideal.

2.1.1 From a monomial ideal to a Klyachko diagram

The equivariant sheaves associated to monomial ideals are torsion-free
equivariant sheaves of rank 1. Following Proposition 1.3.3, the ¥—family
{17} yes of a monomial ideal I is a system of vector space filtrations of a
1—dimensional vector space I, which can be identified with Ir{,? Y for any
character m € M. For each cone o € ¥, we want to describe the o —family
I7 = {I7|me M}. Since I has dimension 1, each linear subspace 12 C I
can be either

I°=1 or I° =0.

Therefore, the o—family I is characterized by the set of characters {m €
M | I7 # 0}, which can be seen as the staircase diagram for the inclusion
17 C R as C[S,]—modules.
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Let I = (my,...,m;) be a monomial ideal. We write the monomials
m; =)ok = 2k

for k' := (k},... k!) € ZLyand 1 <i <t We present I as the image
of a Z"—graded map as follows:

P R(-k) =51 — 0. (2.1)

Thus, for any character m € M we have that

Ir{nf)} o~ C(xgmﬂn(pl» I ximan(pT)>>

and there is an isomorphism gbf,?} C I > 10 Our first objective is to
describe the sets of characters

{me M| I3+ 0}

for any cone o € ¥. We start analyzing the case t = 1, that is I being a
principal monomial ideal.

Lemma 2.1.1. Let I = (2%) C R, with k € 7%, be an ideal generated by

a single monomial. Then, for any cone o = cone(p;,, ..., p;.) € X,
o o L if me(]
m 0, otherwise,

where Cf :={m € M | (m, p;;) > ki, for 1 <j <c}.
Proof. The lemma follows from (2.1) taking ¢t = 1 and using that
Ry (—k)

_ C(z§m’p1>_k1- . -:Eim’p’)_kr% if (m,p;;) —ki; >0, for 1 <j<e
0, otherwise.
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to (z%)” C R for any k € Z", is just a translation of ¢V N M. Applying
repeatedly Lemma 2.1.1, we have:

Proposition 2.1.2. Let I = (my,...,m;) C R be a monomial ideal with
m; = z& for k' € Z%y and 1 <i <t. Then, for any cone o € X,

oo JL i meUL €
m 0, otherwise.

Proof. Tt follows from (2.1) that I = 0 if and only if R, (—k") = 0 for
all 1 <1¢ <t. By Lemma 2.1.1, this occurs if and only if

t
meM\| ez,

i=1
and the result follows. O

Notice that by Proposition 2.1.2 we already have a description of the
collection of the sets of characters {m € M | I7 # 0} of a monomial
ideal. However, the information on the inclusion I C R is encoded in

t

e \Uer =N ey = Utm e m0< (mpy) < ki),

i=1 i=1j=1
which is the union of ¢! sets. Indeed, for each 1 < j1,...,75 < ¢,
P j,={meM|0< (m,pij1> < kjl-l,...,() < (m,pijt> < k;t}

The Klyachko diagram defined below is used in Proposition 2.1.4 to give
a more compact alternative characterization of the collection of Klyachko
filtrations of a monomial ideal. We attach to the monomial ideal I a
collection of pairs {(C7, A7) },ex constructed as follows.

For any ray p; € X(1), we set

sj = Sp; = min{deg, (m1),...,deg, (m)}.



Monomial ideals 37

We write s := (s1,...,8,.), and for any cone o = cone(p;,,...,p;) of
dimension ¢, we set

C7:=CJ={me M| (m,py) > si, lgpgc}:ﬂCfij.
j=1

Next, we construct AJ. First, for any subset of monomials
S={ny,...,ns} CT{my,...,m}

with 0 < s <'t, we define AJ(S) C C7 recursively on s:
If s =0, then S = () and we set:

A7(0) :={m e M |s; < (m,pi),-.., 5. < (m,pi)}-
Otherwise, s > 1 and there is a permutation ¢;, € &, such that
deg,, (ne, ) < deg,, (ne, @) < -+ < deg,, (e, (s)-
e If c=1 (and thus o is a ray), then

A7(S) :={m e M [s; < (m,p;) <deg, (ne )}

o Otherwise, A7(S) := Jj_, A7(S); where:

AF(S)o = {m € M | s;, < (m,pj.) < deg,, (ne,. 1))} N AT (D),

AL(S); =
{m e M ‘ degpic (nelc(])) S <m7pl'c> < degpic (nezc(]‘i‘l)))} ﬂ

A?/({n%c(l% e ,neic(j)}), 1 S] S S — 1,

AF(S), = |
{me M | degpic(neic(s)) < (m, pi) JNAT ({16, (1) - -2 N (5) 1)

with o' = cone(piy, .-, pi_,)-
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Finally, we define A7 := A7({my,...,m:}).

Definition 2.1.3. We call the collection of pairs {(C7, A7)},ex the Kly-
achko diagram of I.

Observe that each of the pairs (C7, A7) depicts a staircase diagram of
the inclusion 17 C R (see also Example 2.1.5). Precisely, we have the
following proposition:

Proposition 2.1.4. Let [ = (my,...,m;) C R be a monomial ideal with
m; = 2 for k' € 2%, and 1 < i < t. Let {(C{,A])}sex be the Klyachko
diagram of I. Then, for any cone o € 33,

]Ug{l, m € Cy \ A9

0, otherwise.

In particular, it holds

t t
ez =cs\a7 and cg\|[Jco =a3u(cg\c)). (2.2)
= =1

Before proving this proposition, let us see an example that illustrates
Proposition 2.1.4 and shows how to compute the Klyachko diagram of a
monomial ideal.

Example 2.1.5. Let R = C[xg, 21, 72| be the Cox ring of P? with fan 2
as in Example 1.2.6(i), and let I = (23, x99, zox1) be the monomial ideal
of Example 1.3.5. First, we compute sy = s;1 = s9 = 0 and we have

CP" = {(dy, dp) | dy + dy < 0}
= {(dy, do) | dy > 0}
Cr* ={(d1,da) | dy > 0}.

We compute A7°. We order the monomials with respect to ps:
degpg(:ﬂoxl) =0 < deg,, (roxe) = 1< deg,, (z2) = 2.
We obtain

ACITO ({x%a ToT2, $0$1})0
A(Im({x%a ToT2, ToT1})1
A?O({x%a ToLa, ToT1})2

( )3

A?O {:L’%, ZoT2, xoﬂﬁ}

(di,da) | dp = 0} N AP ({zo21})
(dl,dQ) | do = 1} N AP ({zoz1, To2})

S S
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Since A7 ({zoz1}) = {(d1,d2) | di = 0} and A? ({zoxy1, xoz2}) = 0,
we get AT ({23, 202, 2ow1})1 = {(0,0)} and AP ({23, 2ows, zo21})2 = 0,
respectively. Therefore,

AT ={(0,0)}.

Similarly, for the remaining cones we obtain
ATt ={(0,0),(-1,1)} and AP =

Figures 2.1 and 2.2 illustrate the Klyachko diagram of this example.

e o o o L]
e o o o e o
e o o o ® e O
o e o o e o o O L]
o o
e o o
e o o o

Figure 2.1: o stand for points of A7 (respectively A7' and A??) inside
the points e of C7° (respectively C7* and C7?).

Figure 2.2: The Klyachko diagram of Figure 2.1 represented together in
a single figure inside the M lattice. The shadowed region corresponds to
each set C7" \ A7 for i =0,1,2.
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By Proposition 2.1.4, we have

I, me{d1+d2§0}
m 0, otherwise.

S I7 me{dl > 0}

™ 10, otherwise.

P2 o , me{dg > 0}

™ 10, otherwise.

]P

124
—

and

, me{d, >0,dy, >0} \ {(0,0)}

170 = I
m 0, otherwise.

I12
—N—

Jo1 ) me{d1+d2§0,d2 20}\{(07())7(_171)}
™ 10, otherwise.

oo ~ JI, me{d; >0,d; +dy <0}
172 = .
m 0, otherwise
which coincides with the X —family computed in Example 1.3.5.
Now we prove Proposition 2.1.4.

Proof of Proposition 2.1.4. First, we recall that for 1 < j <t

o = JCa™™ ) () 2 0
" 0, otherwise.

If o = p; is a ray, then we have

pj L (m,n(p;)) > sj
Im B {07 <m’n(pj>> < Sj-

Otherwise, ¢ = cone(p;,,...,p;,) for some 2 < ¢ < r. Assume that
m € A7({mi,...,m;}); for some 1 < j < t and we want to see that
I7 = 0. Let ¢;, € 6, be a permutation such that

degpic (neic(l)) < degpic (meic(2)> <. < degpic (meic(5)>7
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and we have

If j < t, we have
R7 (kM) = oo = RE(—k) = 0.

So, it suffices to see that R? (—k%)) =0 for 1 < p < j. Recall that

AT{ma,....mi}); =
{m € M | deg,, (me, ;)) < (m,pi.) <deg,, (M, +1)))}N
AT ({me, ), - Me () })-

In particular, we have that m € AY ({me, (1), ..., Me,(j)}) Where ¢’ is
the cone o’ = cone(p;,,...,pi._,). We repeat the same argument for the
cone ¢’ and the set of monomials {m,, (1),...,m, ()} This procedure
stops either when dim(c’) = 1 (¢’ is a ray) or when the set of monomials
is empty. In the latter case, we already arrived at

an(—ﬁeil(l)) N R;Tn(_kﬂl(t)) -0
and, hence, I7 = 0. In the case dim(c’) = 1, we may assume that the set
of monomials is {n¢, (1), -, Mg, (s} C {M1,...,mi} with s < j. Since we
have

siy < (m, piy) < deg,, (ne, (),

then R? (—k“W) = ... = R7 (—k1(¥) = 0, and we obtain I7 = 0. By
construction, if m € C7 \ A7 we get R? (—k") # 0 for some 1 < p <, so
7 =1

Finally, (2.2) follows from a comparison with the description of I7 in

Proposition 2.1.2. O

Combining Propositions 2.1.2 and 2.1.4, the next result shows how to
obtain the Klyachko diagram of the sum of two monomial ideals.
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Corollary 2.1.6. Let {(C7,A9)} and {(C7,A%)} be the Klyachko dia-
grams of two monomial ideals I and J, respectively. Then, the Klyachko
diagram of I + J 1is given by

Ci.; ={me M| (m,p) > min{sf), sg}, pea(l)}
AT =(ATNAU(AN(CT,\C)) U (AN (CT,, \CT))U
(€7 \ (CTUCT)).

Proof. We write I = (z&' ... 25) and J = (2, ..., 2%"). Then we have
that

st =min{kj,...,ki} and s/ =min{l},... %}
Since I+J = («&', ... 2t 2" ... 2b), it follows that s”‘] = min{s], s7}.
Thus,

Ci.y={me M| (m,p) > min{si, SZ}, pea(l)}.

In particular, C{ and C7 are contained in C7, ;. By Propositions 2.1.2 and
2.1.4 we have C7, ;\ A7, ; = (C7\AT)U(CF\ A). Taking complementaries
with respect to C7, ;, it yields

A7 ;=Cr o\ ((C7\ A7) U(CT\ AT))
= (7 \ (CT\NAT) N (CT,\ (CT\ AT))
= (ATU(CT,,\CT)) N (AT U(CT;\CT)),
and the result follows. [
The following example illustrates Corollary 2.1.6.

Example 2.1.7. Let R = C[xg, 71, T5] be the Cox ring of P? with fan 3 as
in Example 1.2.6(i), and let I = (2323, 232, 23) and J = (x5, v123, v]23)

be two monomial ideals. Notice that
(shst s) = (0,2,0) and (s, s7,s7) = (0,0,2).
So, (s, 5117 s2+7) = (0,0,0). Hence, we have
CIUO - {dl 2 2,d2 2 O}

C;O - {dl Z O,dg Z 2}
C7Y ;= {dy > 0,dy > 0},
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while

CPt=CT =C7t ;= {di+dy <0,dy > 0}
C? =CP =CP, = {d +d» <0,d, >0}.

Computing the remaining Klyachko diagrams of I and J we obtain:

A}‘O - {( )7(271) ( ) (273)7<370)7(4’ 0)}
AT = AT =)
(
0.

A7 =1(0,2),(0,3),(1,2),(2,2),(3,2)}
AT = A% =

Thus, applying Corollary 2.1.6 we get A7, , = A7, =0 and

Figure 2.3 illustrates this example for the cone oy.

1
I

1}
|
|
.
I
|
v

) . o B o o . . ) . . . . o o . l . . . . . .
Figure 2.3: The part of the Klyachko diagram associated to the cone oy
of I, J and I + J, respectively. The dotted part corresponds to CJ° and
the shadowed part to CZ° \ AJ°.

We end this subsection with more examples on the compution of Kly-
achko diagrams.

Example 2.1.8. Let R = C[xg, 21, 72, 23] be the Cox ring of P? with fan
¥ as in Example 1.2.6(i), and let I = (zox1, 12273, 23) be a monomial



44 Monomial ideals

ideal. We have sy = s; = s9 = s3 = 0 and

CP° = {(dy,ds,d3) | dy + dy + d3 < 0}
Crt ={(d1,da,d3) | dy > 0}
CP* = {(dy,dy,ds) | dy > 0}
C?S - {(dl,dg,dg) | d3 Z 0}

We compute A7°. We order the monomials with respect to ps:
deg,, (vor1) = deg,, (3) =0 < degps(x1$2x3) =2

and we obtain

A7 (G)o=

A7 (G) =0

AT(G)2= {(dr,d2, d3) | 0 < dy <2} N AT ({xowy, 23})
AUO( )32 {(dl,d27d3) | 2< d3} N A?({%%ﬁ%@ﬂﬂ%b»

where G = {zox1, 212223, 23} and o, = cone(py, p2). We proceed comput-

ing A}’é({xoxl, r3}) ordering the two monomials with respect to ps:
deg,, (ror1) = 0 < deg,, (z3) = 2.
We get

AP ({gr1, 23})o
A;?({xofﬂbw%})l
AT ({zox1, 73})2
and A?l({l’(]xl}) = {(dl,dg,dg) | d1 = O} while Apl({xoxl,$2})
Hence, A7 ({zoz1,23}) = {(d1,da, d3) | 0 < dy < 2, dy = 0} and

0
{(dl,dg,dg) | 0< dg < 2} N A?l({.foﬂfl})
{(d1,ds,d5) | 2 < do} N AT ({mo1, 23}),

AT (G)2 = {(d1,d2,d3) |0 < d3 <2,0<dy <2, d; =0}.
Similarly, we obtain
A}T{’ ({zoz1, 23,217923})

- Aié({xoxl, x%, xle'x%})l U A;-é({xoxla zgv xleI'g)})z
= {(d17d27d3) | 0 S d2 S ]_7 dl — 0}
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Hence, we have

A}‘O(g)?) = {(dlad27d3) ‘ 2 § d37 0 § d2 S 1a dl = 0}7 and

AP ={(0,ds,d3) |0<d3 <1,0<dy <1}U
{(0,da,d3) |2 <ds3, 0 < dy <1}

Applying the same procedure for the remaining cones, we get

AT = {(—dy — d3,ds,d3) | 0 < dy,d3 < 1} U {(—d3,0,d3) | 2 < d3}
AT =
AT ={(0,dy,d3) |0 < dy <1, d3 < —da} U{(d1,0,—dy) | 0 < dyi}.

We notice that in this example A7' and A7® are unbounded.

Example 2.1.9. Let R = Clzg, x1,yo,41] be the Cox ring of the Hirze-
bruch surface Hjz with fan ¥ as in Example 1.2.6(ii). R is endowed with
a Z*—grading such that

deg(o) = deg() = (1,0), deg(yo) = (0. 1) and deg(ys) = (~3.1).
We consider the monomial ideal I = (z1, z3y;), and we have
Spy = Spr = Smg = Sy = 0.

Therefore,
Cfo — {(dl,dg) ’ dl S 3d2}
Cr' = {(di,d2) | dy > 0}
C/’ = {(dy,d2) | dy <0}
Cl'=A{(dy,ds) | dy > 0}.

We compute A%, We order the monomials with respect to 7;:

deg,, (z1) = 0 < deg, (z3y1) = 1.
We have

AT (G)o
AT (G
AT(G)2

0
{(d1,dg) | da = 0} N AT ({21})
{(d1,dy) | dy = 1} N AP ({21, 2831 }),
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where G = {x1, 23y, }. On the other hand, we have

AP ({z1}) = {(d1,dz) | dy > 0}
AP ({z1, zn ) =0,

and we obtain that A7 = {(0,0)}. Applying the same procedure, we
arrive at A7 = A7 = A7 = () as shown in Figure 2.4.

c e o o o o o o e o 0 0 0 0 0 0 0 0 0 0 o o
c e o o o o o o e o 0o 0 0 0 0 0 0 o o
c e o o o o o o e o o 0 0o o o o
- o] e o o o o @ e o o o [0 -
(o] o o o @ o o o [o] @ o @ o e @
e o o 0 o o o o c + -+ e e e e e o o
e o 0 0 0 0 0 0 0 o o e o o o o o o

Figure 2.4: Klyachko diagram of Example 2.1.5 (iii). It displays A7 (o)
inside C; (e) for (i,7) = (0,0), (1,0), (0,1), (1,1), clockwise. In each
picture OJ places the origin (0,0) € M = Z2.

2.1.2 From a Klyachko diagram to a monomial ideal

In this subsection, we find the minimal set of monomials generating the
saturated ideal I associated to a Klyachko diagram {(C7,A9)},ex. We
may assume that A7 # () for some cone o € 3. Otherwise, by Proposition
2.1.4 and Lemma 2.1.1 the X—family of I would be the ¥—family of
a principal monomial ideal I = (x7'---x%), where s; € Z such that
Cr ={me M| (m,p;) > s;}.

For any D = (a,)pes(1) € Z" representing a Weil divisor } vy a,D),
we denote by [D] € CI(X) its class in C1(X). The following remark shows
how shifting by D affects the Klyachko diagram.
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Remark 2.1.10. Since X is smooth, for any D = (a,),ex) € Z" and
any cone o € ¥ there is a character 7, € M such that (7,, p) = a, for all
p € o(1). Then, for any m € M and p € o(1), (m, p) +a, = (m+ 7,,p),
SO

R?n(D) = Rgl—i-'rg'
It follows from (2.1) that
15.(D) = I

Therefore, the Klyachko diagram of the shifted monomial ideal (D) is
given by
{C}’(D) =Cy(D):=CJ+1,
A py=A7(D):= A7 + 75,
which is obtained applying translations to the original Klyachko diagram.
Since I is Cl(X)—graded and finitely generated, the monomials min-
imally generating I belong to a finite number of homogeneous pieces.

We first start by providing a monomial basis of each homogeneous piece
I[D] C R[D], for D e Z".

Lemma 2.1.11. Let {(C7, A9)}sex be a Klyachko diagram of a B—satu-
rated monomial ideal I, and D = (a,)yex) € Z". Then,

Iipy=C <$m+D|m e [ € (D)\ A‘}(D))> :

Uezmax
Proof. For any cone o € ¥ we have that
Itp = I§(D) = P 1(D)n
meM

and
RfD} = C(xm+D | m e C{(D)).

On the other hand, by Proposition 1.3.14 for any character m € M we
have

I(D),, = H*(X,I(D))pm
N I5.(D).

O'EEmax

1%
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Applying Proposition 2.1.4, for any cone o € 3 we have that 17(D) # 0
if and only if m € C7(D) \ A(D). Hence,

=@ N 50 = O o)
mEM o€ max mEﬂ(CIJ(D) \ A?<D))

€Y max

and the lemma follows. O

As a result of Lemma 2.1.11, we know a basis of each homogeneous
piece of I. Our next task is to characterize which monomials in a homo-
geneous piece I|g) are divisible by a single monomial 2™+P The following
Lemma answers this question.

Lemma 2.1.12. Let {(C7, AY)}ses be a Klyachko diagram of a B—satu-
rated monomial ideal I, and D = (a,),ex1y € Z". Consider a character

me () (€7(D)\AJ(D))

O'GEmax

and let E = (b,),ex1) € Z" be such that b, > a, for all p € ¥(1). Then,
the set of monomials in Ijg which are divisible by ™t s

Lo P) = {7 (', ) 2 (m. p) + 0, = by p € BV

Proof. For any m/ € M, the monomial z™*¥ is divisible by 2™t if
and only if (m’, p) +b, > (m, p) + a, for any p € 3(1), and the lemma
follows. u

Now, let G = {z™*& . z™+E) bhe a finite set of monomials of
possibly different degrees. For any E = (b,),ex(1) € Z" such that b, > k;
for p € ¥(1) and 1 < i < ¢, we define

TpG = Tp(z™ YU - U Tp(a™ ),

which describes the span of the monomials of G inside I(g.
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Finally, we can describe a finite set of generators of a B—saturated
monomial ideal I corresponding to a given Klyachko diagram. Since X
is smooth, we can assume that

CUX) = Z([Dy,, ). [Dp,]) = Z".
Up to permutation of variables, we may also assume that
il :1,...,ig:€,

For any a = (a1, ...,a;) € Z' we set @ := (ay,...,as0,...,0) € Z". For
any u,v € Z' we say that v < w if u; > v; for 1 <4 < ¢, which defines a
partial order. We set Gy = @) and for any u € Z*, we define

gu::{m+“|m6 m Cl(u)\ AY(u }\UTgm

€Y max v=u

assuming we have determined G, for any v < u. Since [ is finitely gener-
ated, there are only finitely many degrees u € Z* such that G, # 0.

If R is the Cox ring of P"~!, and so R has the standard Z—grading,
then by construction this method gives directly a minimal set of monomial
generators for I. The following example illustrates it:

Example 2.1.13. (i) Let R = Cl[zg, 71, 23] be the Cox ring of P? (See Ex-
ample 1.2.6(i)). Consider the following Klyachko diagram {(C%, A%)}o<i<a,
where Cj and A} stand for C7* and A7

C? = {(d1,dy) | dy > 0, dy > 0}
C}Z (di,d2) | dy +dy <0, dy > 0}
={(di,d3) | dy + d> <0, dy > 0}
AO {(0,0), (1,0)}
A}—A?—{(, 0)}-

Applying the above procedure, we obtain that

Go=Gi1=10
Go= {$0$2, 951-%2}
Gy = {wor?}

Gi=0 for j>4.
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Hence, the saturated monomial ideal corresponding to this Klyachko di-
agram is [ = (2o, 2102, ToT?).

(i) Let R = Clxo,x1, T2, 23] be the Cox ring of P? (See Example
1.2.6(i)). Consider the following Klyachko diagram {(C%, A})}o<i<3, where
Ci and AY stand for C7' and A7, respectively:

C} = {(d1,dz,d3) | dy >0, dy > 0,d3 > 0}

Ct = {(dy,dy,d3) | dy +dy +d3 <0, dy > 0,d3 > 0}
C? ={(dy,do,d3) | dy +dy+d3 <0, d; >0,ds >0}
C? ={(dy,dy,d3) | di + dy +d3 <0, dy > 0,dy >0}

AY={(0,0,ds) | ds > 0} U {(0,1,0)}
Aj= A7 = A=,

Applying the above procedure, we obtain that

Go=10

G = {351}

Gy = {adx1, 2}, v129, 1175, 23, Tow3} \ T(2000 {71} = {23, 275}
Ggi=0 for j>3.

Hence, the saturated monomial ideal corresponding to this Klyachko di-
agram is [ = (1,23, Tox3).

In more general gradings, we cannot assure that this method gives a
minimal set of generators of I, but just a finite set of monomials gen-
erating /. However, we can extract from it a minimal set of monomials
generating I by using suitable monomial divisions. The following example
illustrates this situation:

Example 2.1.14. Let R = C|xg, 21, Yo, y1| be the Cox ring of the Hirze-
bruch surface Hz (see Example 1.2.6(ii)). In particular, R is Z?—graded
with

deg(xg) = deg(z1) = (1,0), deg(yo) = (0,1) and deg(y1) = (=3, 1).

Let {(C7”, A77)}o<ij<1 be the Klyachko diagram of Example 2.1.9. Ap-
plying the above procedure we obtain

Gao = {71}
G = {28y1, 2§y, wox Ty, iy }

G. =0 for weZ?\{(1,0),(0,1)}.
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Hence {9[;1, :c%yl, I%xlyl, on%yl, x?fyl} is a set of generators for a saturated
monomial ideal I corresponding to this Klyachko diagram. However, the
first monomial divides the three last monomials. Therefore, I is minimally
generated by {1, 3y }.

2.1.3 Non-saturated monomial ideals

The previous subsections have shown that the theory of Klyachko dia-
grams is well suited to describe saturated monomial ideals, but we cannot
retrieve directly information of non-saturated monomial ideals. In this
subsection, we describe the quotient [%*'/I = HL(I) using the Klyachko
diagram {(C7, A9)},ex and the generators of 1.

Proposition 2.1.15. Let I = (™%X 2™+%) be o monomial ideal
with Klyachko diagram {(C§,A9)}sex, such that for 1 <i <t, m; € M
and k' = (k) pexqy € Z' satisfy (my, p) + k\, > 0 for all p € ¥(1). Then,
for any D = (a,)pexq) € 27,

H}B(I)[Dlgc<{

Proof. From Lemma 2.1.12, Ijp; = |U;_, Tp(zmith') Ii5). By Proposi-
tion 2.1.4, the Klyachko diagram characterizes the saturation of I, and
by Lemma 2.1.11 we have that

Iig} = C@™Plme [ (€7(D)\ A7(D))),

Gezmax

Plm e[\(€7 (D) \ A7(D }\UT mz+kl>

Oezmax

and the result follows. O]

Example 2.1.16. Let R = C[xzg, 21, 72| be the Cox ring of P?, with
irrelevant ideal B = (xg,2z1,22) and let [ = (xoxl,xoxlxg,xg,xl) be a
monomial ideal. Computing its Klyachko diagram we obtain

80281:5’2:0

A° = {(an)v (07 1)7 (07 2)}
Al = A? = 0.
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From Proposition 2.1.15 we obtain:

HL(I)o=0
I3 = C{x3xy, Tox7, ToT1T2, TT2, T1T3)
HY(I 23

Hy(I) (
(£) (21
(I)y = C{xdz?, x3z1 19, ToT3To, T303)
HL(I)y = Clzoxy, 22, 1172)
Hy(I)s = C(ziz3zsy)

(I)j=0 for j>6.

2.2 Hilbert function of monomial ideals

In this section, we show how to compute the Hilbert function and the
Hilbert polynomial of a B—saturated monomial ideal from its Klyachko
diagram. As a consequence, we develop a formula for the Hilbert polyno-
mial in terms of the Klyachko diagram.

For any ray p € (1), recall that we set

Ch={me M|(m,p) >0} and CJ= ﬂ CP, for o € %.
peo(l)

By Lemma 2.1.1, the Klyachko diagram of R, seen as the monomial ideal
R=(1)is {(C§,0)},ecx. For any multidegree D € Z", we define

() ¢
TEX max

such that Cy(D) gives a monomial basis of Rp; (see Proposition 2.1.11).
The following result tells us how to compute the value of the Hilbert
function of I from this description.

Proposition 2.2.1. Let I be a B—saturated monomial ideal with Kly-
achko diagram {(C7,A9)}sex. Then, the Hilbert function of I is given
by

hep(e) = | | (A7@) NCo(@) U (Co(@) \ €7 (@)))

€Y max
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for any o € CI(X).

Proof. By Lemma 2.1.11, there is a bijection between a monomial basis of
1, (respectively of R,) and [ (C7 (@) \ AJ(@)) (respectively Co(@)).
Thus,

Uezmax

hryr(@) = Co@)\( N (G’(@\M(@))‘

0'62111ax

— | U @@\ @)\ A?(a»‘

0E€¥ max

= | U a@nc@) uc@) \C?(@)))' :

UEEmax

]

Remark 2.2.2. The above formula simplifies when [ is an ideal generated
by monomials with no common factor. Let I C R be a monomial ideal
and ¢ € R a monomial. We recall that the Hilbert function of the
monomial ideal J = %] is

hiys(@) = ha(@) = hala — (&) + hayi(a — [K]). (2.3)

Thus, we can assume that the Klyachko diagram of I has s, = 0 for any
p € 3(1) and, its Hilbert function is

hep(a) =] | (A7(@) NCo(@))] . (2.4)

UEEmax

Otherwise, I = <Hp€2(1) mff’) Iy where I is a monomial ideal with s, = 0

for any p € (1), and we can compute the Hilbert function of I using
(2.3).

Example 2.2.3. Let R = C[xg, 21, 5] be the Cox ring of P?, and consider
the monomial ideal I = (23, zo72, zoz;) as in Example 2.1.5. For any
a € Z, we set a = (a,0,0) and we have

A7 (@)={(0,0)}
A?I (a) = {((Z, 0)7 (CL - 17 1)}
AP (a)=10.
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Since sy = $1 = s = 0, by (2.4) we have the following Hilbert function:

0, t<—-1
hR/[(t) =<1, t=0
3 > 1.

In particular, the Hilbert polynomial of R/I is a constant P/ = 3.

In the following result, we characterize the Klyachko diagram of a
monomial ideal I with constant Hilbert polynomial. In particular, notice
that I is necessarily generated by monomials without common factors.

Corollary 2.2.4. Let I be a monomial ideal with Klyachko diagram
{(C7,AT)}sex. Then, the Hilbert polynomial Prr of I is constant if and
only if s, = 0 for any p € X(1) and AJ is finite for any 0 € Y.

Moreover,
Prj(@) = ) |A]].

UEZmax

Proof. The left implication follows directly from Proposition 2.2.1 and
Remark 2.2.2. Conversely, if s, > 0 for some p € ¥(1), then there is
0 € Ymax such that p € o(1) and Co(@) \ C7 (@) increases with o, and Pg/;
would not be constant. Now, assume that there is some o € X, such
that A7 is not finite. By construction, A contains a set A’ of the form

{mEM| <m7pi1>:k17 LI <mapil>:kl7 <m7piz+1> Zkl-{-la sy <m7pic> ch}

Since A’(@) is not bounded in CJ (@), the number of points in A’'(@)NCy(@)
increases with « for a > 0. Therefore, it follows from (2.4) that the
Hilbert function hgr/;(cr) of I increases with o for o >> 0. O

Remark 2.2.5. Notice that by Corollary 2.2.4 we have characterized
all monomial ideals I C R with dim R/ = 1 in terms of the Klyachko
diagram.

We finish illustrating Corollary 2.2.4 with the following example.

Example 2.2.6. Let R = C[xg,x1, T2, 23] be the Cox ring of P? and
I=(zoz1, 73, v17973) as in Example 2.1.8. For any a € Z we set @ and we
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have,

AT (@) ={(0,dy,d3) € M | 0 < dy,d3 < 1}U
{(0,do,d3) € M | d3 >2,0<dy <1}
AT (a) ={(a — dy — ds,da,d3) € M |0 <dy,d3 <1}U
{(a —d3,0,d3) € M | d3 > 2}
AT (a) =0
AT (@) ={(0,dz,d3) € M [0 <dy <1,d3 <a—dp}U
{(d1,0,a —dy) € M | dy > 1}.

Counting the number of different points in U?:o A7 (@), we obtain that

hri(a) =3(a+1) for a>3.

Thus, the Hilbert polynomial of I is Pg/;(a) = 3(a + 1).






Chapter 3

Equivariant reflexive sheaves

In this chapter, we study equivariant reflexive sheaves on a smooth toric
variety X. Given an equivariant reflexive sheaf £ on X, we address how
the global sections of £ ® L change as we twist by different line bundles
L on X. This problem can be encoded by counting lattice points of
a collection of lattice polytopes, even though controlling the number of
these lattice points can be a very difficult problem. However, for some
smooth toric varieties with some extra structure on their fan, this problem
can be overcome. Precisely, for toric varieties with splitting fan, the lattice
polytopes can be sliced into smaller-dimensional polytopes. This in turn,
sheds new light on the value of h(X, £® L), and ultimately on the Hilbert
polynomial of £, and its multigraded regularity.

Finally, we turn our attention to the problem of finding equivariant
Ulrich bundles on a smooth toric variety. Ulrich bundles have been a
center of interest in the last decades, and have been studied from many
different perspectives |2, 17, 29, 64, 1]. Here we address this problem from
the point of view of the Klyachko filtrations associated to equivariant
reflexive sheaves. In [1] the Chern classes and the shape of a minimal
locally free resolution of Ulrich bundles on a Hirzebruch surface were
determined. However, it is not strightforward to see when these invariants
yield an equivariant Ulrich bundle. In the last part of this chapter, we
build an example of a rank 3 equivariant Ulrich bundle on the Hirzebruch
surface P(Op1 @ Op1(1)) (see Example 3.3.4).

Next we explain how this chapter is organized. In Section 3.1, we
present the collection of polytopes used to encode the global sections of
an equivariant reflexive sheaf on a smooth toric variety (see Proposition
3.1.2). In Section 3.2, we restrict our attention to a smooth toric va-
riety with splitting fan X. After fixing some notation, this section is

57



58 Equivariant reflexive sheaves

divided into two subsections. In Subsection 3.2.1 we address the prob-
lem of bounding the initial degree of a reflexive equivariant sheaf (see
Propositions 3.2.8 and 3.2.9). Afterwards, in Subsection 3.2.2 we study
in more detail the Hilbert polynomial of an equivariant reflexive sheaf &
on X. We find a sharp upper bound for the regularity index of £ (see
Theorem 3.2.18). Finally, in Section 3.3, we focus on finding equivariant
Ulrich bundles on smooth toric surfaces. In particular, we apply the re-
sults of Sections 3.1 and 3.2 to finally find an equivariant Ulrich bundle
on a Hirzebruch surface (see Example 3.3.4).

3.1 Equivariant reflexive sheaves and polytopes

In this section, we introduce a family of lattice polytopes describing the
global sections of an equivariant reflexive sheaf. This description is then
used as a tool to compute the Euler characteristic of an equivariant re-
flexive sheaf, and moreover its Hilbert polynomial. Let X be a complete
smooth toric variety of dimension n and set Y. = {01,...,0:}. We
choose a basis {e1,...,e,} of N = Z" such that o; = cone(ey,...,e,).
We write X(1) = {p1,. .-, Pn, Pus1,- - -, pr} the set of rays such that

pr. = cone(ey,) for1<k<n and
Pnir= cone(afe + - -+ ake,) forl1 <k <r—n.

The class group of X is
Cl(X) = coker(¢) = Z"™"

where ¢ : M — 7" is given by the following matrix

1 0
0 1
a"l’*n ar—n
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Thus, we have
CI(X> = Z<[Dpn+l]7 ce [Dp'r]>

and
[Dpk] - allc[Dan] +--+ CL?;;_”[DPT] forl1 <k <n.

Let € be an equivariant reflexive sheaf of rank ¢ and {E*};_, the
associated Y —family, where

ok k(. k k. 1k k 12
E :E(/Ll?"'?/LZ’El’"‘?Ef*l?C)'

Next, we describe a family of lattice polytopes encoding the global sec-
tions of £ twisted by any line bundle £, :== O(t,1D,, ., +- - -+t,_,D,, ). We
set £(t) := € ® L4, which is a reflexive equivariant sheaf with filtrations

EF(t) = E*(ib, ... ik EF, .. EF) for1 <k<n and

Erh(t) = EvHR(iE — by, it — g EYTR L EPYE (3.2)
for1 <k <r-—n.

We introduce the following n—dimensional lattice polytope in Mpg:

Q(t) == {m € Mg

it < (z,n(px)) for 1 <k <n,
Mt < (n(ppan)) for L< k<71 —n

The polytope Q(t) can be also defined by the following linear system of
inequalities:

il 1 0

17 0 1
. < x 3.3
i —t | T | al al (3.3)
1] —trn ay™™ eeeoa"

The polytope €2(t) bounds the region of characters m € M for which
E(t) has m—graded global sections. Precisely we have the following result:

Proposition 3.1.1. Let m € M be a character. If HY(X,E(t))m # 0,
then m € Q(t) N M.
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Proof. Tt follows from Proposition 1.3.14, that

HO(X, £(t))m = E"((m, n(p1))) N-- -0 E*((m, n(py)))n
B ((myn(py)) + ) - O E ((myn(py)) + ). (34)

Thus, being HY(X, E(t)),, # 0 means that each of the vector spaces in-
tersecting in (3.4) is non-zero. This in turn implies that m € M satisfies
the inequalities (3.3). O

Our next task is to tessellate €(t) into a collection of lattice poly-
topes, each of them describing a subregion in which the M —graded pieces
of H°(X,&(t)) have constant dimension. For any A € {1,...,¢}", and
t=(ti,...,t,—n) € Z"™ we consider the n—dimensional polytope Q, (%),
defined by linear system of inequalities

-1 -1
Z)\l 1 “ e 0 ZA1+1
iy 0 e 1 iy
A An+1
il | S e < [ (3.5)
Z)\n+1 1 al T a’n Z/\n+1+1 1
. r—n ren .
i, —trn ay ceeoay 11— tren

where we set if,; := co. We denote by

@) =@ nM
the integer solutions of (3.5). We have the following result.
Proposition 3.1.2. Lett € Z77".

(i) For any A € {1,...,0}". A character m € W(t) if and only if
HO(X, E())m = () ES,.
k=1

(ii) If m € M s a character such that H*(X,E(t)),m # 0, then there is
Ae{l,.... 0} such that m € V().
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(111) We have,

where for A= (A,...,\), D(A) = dim(,_, Ef .
Moreover, if t > 0, then
XEB)= ), [W@DQ). (3.6)
Ae{L,..0}"
Proof. By Proposition 1.3.14, for any character m € M we have
HY(X, E()m = E'((m,n(p1))) N -+~ N E™((m,n(p1))N
E" ((m,n(pr)) + 1) N - NE™((myn(py)) + teen). (3.7)

On the other hand, m is a solution of (3.5) for some A € {1,...,¢}" if
and only if

iy < (my () < i, for1<k<n
Z;ln-:k — it < <m, n(pn+k)> < l;lntik—i-l — 1 for1 <k<r-—n.

Therefore we have .
HO(X, E())m = () EA,
k=1

and (i) follows.
By construction, the polytope §2(t) is covered by the subpolytopes

.....

the other hand, (iii) follows from (i), since we have that
WX, ED) = Y dim(HO(X, E(1))n).
meQ(t)
Finally, for ¢t > 0, we have:
(X, E(1) = x(£(1)).
From this, (3.6) follows. O

Remark 3.1.3. After reversing some signs in the construction (see Re-
mark 1.3.4), the family of polytopes {€2(¢))}xeq1,....ep» contains the Parlia-

Z) A AC L.

ment of polytopes, introduced in [21] for studying positivity properties of
equivariant vector bundles on a toric variety.
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3.2 Equivariant reflexive sheaves on toric varieties
with splitting fans

In this section, we study in more detail reflexive sheaves on smooth toric
varieties with 1—splitting fans. Particular instances of these kind of toric
varieties are products of projective spaces P" x P?, the Hirzebruch surfaces
and projective bundles P(D;_, Ops(a;)).

Definition 3.2.1. Let X be the fan of a d—dimensional smooth complete
toric variety.

i) A set of rays {p1,...,px} is called a primitive collection if it holds

cone(n(py),...,n(px)) & 2,

but for any 1 < j < k, we have

—

cone(n(p1),...,n(p;),...,n(pr)) € .

ii) If {p1,...,pr} is a primitive collection, then there is a unique cone
o = cone(vy,...,v;) € 3 and integers aq, ...,a; > 0 such that

n(p1) + - +nlpr) = avr + -+ + avy,
which is called the associated primitive relation.

iii) We say that X is a splitting fan if any two primitive collections have
no common elements.

The following proposition gives a complete geometric description of
the toric varieties associated to an splitting fan:

Proposition 3.2.2. Let X be the fan of a d— dimensional smooth complete
toric variety. The fan X is a splitting fan if and only if there is a sequence
of toric varieties X = Xy, ..., Xo such that Xy = P™ for some n and for
1 <i <k, X; is a projectivization of a decomposable vector bundle over
X;_1. Moreover, we say then that the fan is k—splitting.

Proof. See [4, Theorem 4.3 and Corollary 4.4]. O
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In particular, a toric variety has a 1—splitting fan if and only if X is
a (r + s)—dimensional toric variety

V;(al, Ce ,(Zr) = P(Ops &) (’)ps(al) D---D O]ps(ar)).

Let us introduce the fan ¥ C R™** of V,(ay, ..., a,). We take the standard
basis {e1,...,€s, f1,..., fr} for Z**" and we define

po:=cone(—e; — -+ —es+ayfr + -+ a.f)
pi:= cone(e;) for 1<i<s
o= cone(—fo — -+ — /1)

n;:= cone(f;) for1<]<7"

Foreach 1 <i<sand 1 < j <r, we define the r + s—dimensional cones

—_—

o;j = cone(n(pg), - - - ,7@, conlps),n(no), .-, n(ng), .. n(ny)).
Then, the fan Y is characterized by
Ymar=10i |1 <i <5, 1 <5 <},
and the set of rays is

E(l):{p()a -5 Pss Moy - - 777r}-

By Proposition 1.1.17, the class group of X = Vi(aq,...,a,) is given by
Cl(X) = coker ¢ where

Qb . Zs—f—r — Zs+r+2

is given by the following matrix:

_1 o e —1 al DR aT
1 .- 0 0 --- 0
0 1 0 0
0 0 -1 -1
0 0 1 0
0 0 O 1
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In particular, C1(X) = Z([D,,], [D,,]) and we have
D,,] =[D,,] for 1<i<s, (3.8)
and
[Dy,] = —a;[Dy] + [Dy,] for 1<5<r.

Remark 3.2.3. There is a conflicting notation in the literature on pro-
jective bundles. We define the projective bundle of a vector bundle &
by
P(E) := Proj(Sym¢),

as found in [20]. In this setting, [D,,] is the class of the projective fiber
7*Ops(1) and [D,,] is the class of the tautological line bundle Ops(1).
It is worthwile noticing, to avoid any confusion, that in some texts, like
[27], some authors define a projective bundle as “P(£) = Proj(Sym&Y)”
that would be, in our notation, P(EY).

A line bundle Ox(a,b) := Ox(a[D,,] + b[D,,]) is ample (respectively,
nef) if and only if a,b > 0 (respectively, a,b > 0). The anticanonical
divisor is given by

_KX:Dpo+"'+Dps+Dno+"'+Dm
=(s+1—ar—-—a)Dy + (r+1)D,y,.

In particular, X is Fano (i.e. —Kx is ample) if and only if
ar+---+a, <s—+1.
On the other hand, since
[Dpo] -+ [Dp.] = [Dyy] - - [Dy,] = 0,

we have that [‘D"IO]<[‘D7]O] _al[Dﬂo]) T ([Dﬂo] _aT[DPO]) = 0 and [Dpo]k =0
for kK > s+ 1. From this we deduce that

[Dpo]sﬂ' [Dno]rﬂ =
0 7 <0
So = 1 j =0

Sj = 0181 — 0281+ + (—=1)To;s0 1< j < min{r, s} (3.9)

$j = 018y—1 — 038j_1 + -+ + (—=1)" 0,50 min{r,s} <j <s
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where o, = ox(ay,...,a,) = 21§i1<~--<ik§r a; ---a;, are the elementary
symmetric polynomials.

Finally, we introduce the following notation to work with equivari-
ant reflexive sheaves on X, which takes advantage on the splitting fan
structure.

Notation 3.2.4. Let £ be an equivariant reflexive sheaf of rank ¢ on X.
We write its associated filtration as follows:

Ere = Fr(ik ik R FF), for0<k<r
Bk =GFGGE gk GE L GE), for 0 <k < s.

For any line bundle O(p, q), we set £(p, q) := € @ O(p, q). By Propo-
sition 1.3.8, £(p, q¢) has the same filtrations as £ except from the rays pg
and 7y. For these rays we have:

Epo(paQ>:FO(2(1)_p’712_p7F1077F(9)
Eno(p7Q>:G0(j1 _Q77]?_q7G(1)7aGg)

3.2.1 Lower and upper bounds for the multigraded initial
degree

In this section, following Proposition 3.3 we ask for any equivariant re-
flexive sheaf on a smooth complete toric variety X with a 1—splitting fan,
for which integers (p, q) € Z* we have

HY(X, E(p,q)) # 0.

Precisely, we address finding the multigraded initial degree of £, which is
a generalization of the notion of the initial degree of a reflexive sheaf G
on P", defined as:

indeg(G) = min{t € Z | H'(P", G(t)) # 0}.

Recall that when X is a smooth toric variety, by Proposition 1.1.17, we
have CI(X) = Z¢, but often ¢ > 1. Following [50], we introduce the
following notion of multigraded initial degree:

indeg(G) = {a € CI(X) | H*(X, G(a)) # 0}.
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Given a set A C Z°, we say that B C Z° is a lower bound (respectively
upper bound) of A if A C B (respectively B C A). Our main goal, in this
subsection, is to use the splitting fan structure of X = V(aq,...,a,) to
bound the multigraded initial degree of an equivariant reflexive sheaf on
X.

We fix an equivariant reflexive sheaf £ with filtrations as in Notation
3.2.4. By Proposition 3.1.1 the multigraded initial degree of £ is related
the study of the lattice points in the polytope Q(p, q), which in this case
is defined by the following inequalities:

1D
1 - —1la - a i1
1 - 0 0 --- 0 :
0 1 0 0 :

-x > ‘ . .
0 0 1 I = i (3.10)

0 0 1 0 0 —q
: : Ji
0 0 0 1 :
g

Moreover, let us recall that for any (p, q) € Z* and any character m € M,
we have (see (3.7)):

[H(X, E(p, @)]m = E™((m, po) +p) N E**({(m, p1)) N+ - - N EP*((m, ps))N)
E™((m,no) +q) N E™ ((m,my)) 0 -+ N E™ ((m,7,)). (3.11)

To find the bounds of indeg(€), the following lemmas will be useful.

Lemma 3.2.5. Let 0 < a; < --- < a,, A and B > 0 be integers. The
system

(3.12)

ary+ -+ apx, > A
1 +--+z,<B

has a solution in Z%, if and only if A < a,B.
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Proof. First, we assume that (z1,...,2,) € Z%, is a solution of (3.12). In
particular,

1+ +2,<B and A<az;+---+ a2,
Now, since 0 < a; < --- < a,, we get
A<az +---+az, <ar+---+ax, <a.B,

yielding A < a,B. Conversely, if A < a,B then (0,...,0,B) € Z%, is a
solution of (3.12). O

Lemma 3.2.6. Let 0 < a; <---<a,, A and B be integers. The system

((1) . (1) o —fr)_§§<—g> (3.13)

has a solution e € ZSZJ{]T iof and only of B > 0 and the system

ayxy + -+ az, >A

T RN SB} (3.14)
has a solution in Z%,.
Proof. First we assume that (eq,...,es,) € Z‘;B” is a solution of (3.13).
Then

Oges—kl—i_"'—i_es—i—r SB,
hence B > 0. On the other hand,
16511+ F Qg > €1+ +es+A> A

Thus, (€541, - -, €s1r) € ZL, is a solution of (3.14). Conversely, we assume

that B > 0 and (z1,...,,) is a solution of (3.14), then
0,...,0,21,...,2,)

is a solution of (3.13). O
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Lemma 3.2.7. Let 0 < ay < -+ < @y, Ao, ...y s, flos - - -, [ e integers.
The system

_1 IR —1 al DR CLT AO
1 - 0 0 --- 0 A\
0 1 0 0 A
> S
0 0 1 | m= e (3.15)
0 0 1 0 1
O --- 0 0 --- 1 Loy
has a solution m € Z*" if and only if the system
1 1 —aq —Qy ‘€< _/\0 —. e e— )\S—i_al,ul _|_..._|_a71/1/r
O --- 0 1 - 1 £= —ly —+ = Uy
(3.16)
has solutions in ZIy'.
Proof. 1t follows using the change of variables
€1 :dl_)\h"'a 65:d5—>\5, €s+1 :ds-l-l_,ula"'a es-i-r:ds-‘rr_,ura
where m = (dy, ..., dsiy). O

Proposition 3.2.8. Let £ be an equivariant reflexive sheaf on X. Then,
the set

q> 04 4T
Li =<, Qp+aq >+ +i + a0+
(ar —a1)ji + -+ (ar — ay_1)j; "

is a lower bound of indeg(&).

Proof. We see that indeg(€) C Lg. Let (p,q) € Z* be a degree such that
HY(X,&(p,q)) # 0. By Proposition 3.1.1, the polytope Q(p, q) defined in
(3.10) cointains a lattice point m € Z*™". In other words, m is a solution
of (3.15) setting

A():Z.(l)_pa >\1:i17 R Aszii M():j?_qa M1:j117 R MT:]I
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Then, by Lemma 3.2.7 the system

€14+ € — areaq1 + ot Qreopr < B 4B —p—af — - arj’{}
Cort ot o Sq— ) == ji

has a solution in ng(f. Finally, by Lemmas 3.2.6 and 3.2.5, this implies
that

PR R
and

i —p—al = — gl Salg— 50— = D).
The result then follows by rearranging this expression. O]

To describe now an upper bound of indeg(€) we need to define the
following subsets of Z2:

q = ji+ - +ip
Ik) = lp+aqg >0+ +if + - 405 + a0+
(ar —a1)jy + -+ (a, — ar_l)jZ‘l

for 0 <k <s.

¢ = ji+ gttt
J(k):=<(p,q)|lp+aq>i)+ -+ +aj) + (a, —a1)j}+
ot (ap —ag)jf -+ (ar — a7

for0<k<r.

Proposition 3.2.9. Let £ be an equivariant reflexive sheaf on X. If
either (p, q) € I(k) for any 0 < k < s, or (p,q) € J(K) for any 0 < k <,
then HY(X, E(p,q)) # 0. In particular,

is an upper bound of indeg(&).



70 Equivariant reflexive sheaves

Proof. 1f (p,q) € I(k) for some integer 0 < k < s, we have that

O St
Z2+'+7/’f++Z2_p_aljfl_'_a’r‘jgga"l‘(q_]?_'_jg)

Hence, by Lemmas 3.2.5, 3.2.6 and 3.2.7, the system of inequalities

if —p
1 - —1 a - a i)
1 -« 0 0 --- 0 :
P : i
O --- 1 0 - 0 :
> :
0 - 0 -1 ... —1|'™ i
. . . ]11
0 0 0 1 :
Ji

has a solution m € Z**". This implies that that

dim Epk (p> Q)<<m7 n(pk») > 1,

and that the remaining vector spaces intersecting in (3.11) are C’. In
particular

H(X, E(p. q))m = E*(p, q)((m, n(px))) # 0.

Symmetrically, if (p, ¢) € J(k) for some integer 0 < k < r, we obtain that

H (X, E(p, @))m = E™ (p, @) ((m, n(mk))),

and dim E™ (p, ¢)((m, n(ng))) > 1. O

3.2.2 Bounding the multigraded regularity

In this subsection, we investigate in more detail the Hilbert polynomial
of a reflexive equivariant sheaf £ on a smooth complete toric variety with
1—splitting fan X = Vi(aq,...,a,). Using the results in Section 3.1, we
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find a bound of the multigraded reqularity index of £, which is at the same
time a bound for its multigraded Castelnuovo-Mumford reqularity.

Let us first recall some basic facts on the multigraded regularity of
sheaves on a smooth complete toric variety X, as introduced in [51]. Let
¥ be the fan of X, such that X(1) = {p1,...,pr}, and let us denote R
the Cox ring of X. We set

A=A{[Dp],---,[Dy,]} € CIX),
the set of degrees of the variables of R. For any cone o we define

As ={[D,]

pi¢otCA
and the subsemigroup

K= [)NA; CNA,

ceEY

which is saturated because X is smooth. If ¥, = {01,..., 05} is the set
of maximal cones in X, then we have

K =NA; N---NNA,,.
We have the following algebraic result:

Proposition 3.2.10. Let X be a smooth complete toric variety and R its
Cox ring. Let E be a finitely generated Cl(X)—graded R—module

(1) If « € K, then H5(R), = 0 for all i > 0.
(ii) Assume that E has a Cl(X)—graded minimal free resolution
0— P R(—ais) = P R(—ig1) = -+
cee @ R(—O@l) — @ R(—Oéi’o) — EF = 0.

If g e ﬂ(am- + K), then H5(E)g =0 for i > 0.

i3
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(iii) There is a polynomial Pg in k variables such that

d
he(e) = Ppla) = (—1)' dim Hy(E),.
i=0
Proof. (i) and (ii) follow from [50, Corollary 3.6|. For (iii), see [51, Propo-
sition 2.8 and Proposition 2.14]. ]

The polynomial Pg is then the multigraded Hilbert polynomial of E.
In particular, by Proposition 3.2.10 (ii) and the arithmetic Nullstellensatz
it follows that P = Prg, and by Proposition 1.2.7 we have that

Pg(a) = Pg(a) = x(E(a)),
for any o € Cl1(X). We define the multigraded regularity index of E to be
r.i.(F) ={a € Cl(X) | hg(a) = Pg(a)}.

In particular, by Proposition 3.2.10 (ii) and (iii) the set

ﬂ(ai,j + ]C)

1]
is a lower bound of r.i.(E). If C1(X) = Z, we abuse notation and write
r.i.(E) :=min{i € Z | hg(i) = Pg(i)},

and the definition coincides with the notion of regularity index found in
[63] or [40] for the standard Z—graded polynomial ring. Analogously, if £
is a quasi-coherent sheaf on X we define its multigraded regularity index
as

r.i.(8) = {a € CI(X) | h(X, &(a) = Pe(a)}.

Following [50], the notion of Castelnuovo-Mumford multigraded reg-
ularity is closely related to the multigraded regularity index. We denote
by C = {ci,...,¢s} C K the unique minimal generating subset such that
K = NC, which is called a Hilbert basis (see |60, 1v.16.4]). For any integer
1 > 0 we set

NCli] = | J(=Mer =+ = Aies + K),

where the union runs over all A\y,..., A\; € N such that \; +---+ Ay = 1.
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Definition 3.2.11. Let X be a smooth complete toric variety, and let &£
be a quasi-coherent sheaf on X. For a € Cl(X), the quasi-coherent sheaf
& is a—regular if

H'(X,E(B)) =0for any i > 1and all 8 € a + NC[i — 1].

The set reg(€) = {a € CI(X) | £ is a —regular} is called the multigraded
Castelnuovo- Mumford regularity of £.

On the other hand, we define

eg(€)°= |J ((a+K)\{a}) Creg(E).

acreg(E)

The following result relates the multigraded Castelnuovo-Mumford regu-
larity with the multigraded regularity index:

Proposition 3.2.12. Let X be a smooth complete toric variety. If a
quasi-coherent sheaf € is a—regular, then

(a+ K)\ {a} Cr.i.(E).

In particular reg(€)° C r.1.(€), and thus r.i.(€) is a lower bound of
reg(€)°.

Proof. See [51, Corollary 2.15]. O

In the last part of this subsection, we deal with smooth complete
toric varieties with 1—splitting fan. We use the splitting fan structure of
X = Vi(ay,...,a,) to find a bound for the multigraded regularity index
r.i.(€) by means of Proposition 3.1.2 (iii). We introduce the following
notation, following the splitting structure of the fan. Let m € {1,...,¢}*
andn € {1,...,¢}" and we write m := (mq, ..., m,) and n := (ng,...,n,).
The polytope Q(mn)(p, ¢) defined in (3.5) is given by the following system
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of linear inequalities:

T A I
i71’n1+1 1 0O 0 0 Z71n1
i 0O --- 1 0 --- 0 i
0° > o> | 3.17
Jﬁ?oﬂ—q o .- 0 -1 .-+ —1 - ]}130—61 ( )
.]nl—i-l 0 O 1 O ]TL1
Jne+1 o --- 0 0 - 1 g

as before, we set i ; = j;,; := o0 and

Y m.m) (P, @) = Qnny (P, @) N 7.

By Proposition 3.1.2 we have to study the behaviour of |W ,, ) (p, q)|
with respect to (p,q). We start by splitting the system (3.17) into two
smaller systems. Let us first define ¥, (¢) C Z" as the set of integer
solutions of the system:

j%0+1 -1 - =1 j%o —q

] 1 - 0 ;

R I ' e I . (3.18)
I o - 1 I,

For any ¢ := (c1,...,¢) € VU,(q) we set A(c) := ayc; + - - + a,¢, and we
define U,,,(p; ¢) C Z° to be the set of integer solutions of the system:

z:%LO+1—p—A(g) —1 - =1 z:gmo—p—A(g)
It 0 -1 i,
(3.19)
Thus,

U (p;c) x {c} C Vimm (P, q),
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and we can slice the set W(,, ,)(p, q) as follows:

Ui (:0) = | Umlpio) x {c}. (3.20)

c€¥n(q)

Along the following lemmas we study both systems (3.19) and (3.18),
and when their cardinality of solutions behaves as a polynomial. We start
with system (3.18).

Lemma 3.2.13. Ifq > ji+---+j;—1 andng,...,n, < {, then ¥,(q) = 0.
Proof. Let ¢ € Z" be a solution of

jrlzlJrl > 12 jrln

Foer > €2 1,
In particular we have,

j7111+1+“'+j:1r+1 >61+"'+CTZJ}1H+"'+J}:T-
On the other hand, the assumption on ¢ provides that
q—Jji 2 je++i -1
If ng,...,n, < ¢, then 57 .\, ..., j5 .1 < oo and we have
Q= Jngsr 24— 30 Zd0+ o+l =L 2 g+ i — L
Therefore we obtain,
R I LSRRy [ [ PP R &

Hence, ¢ — j) .1 > ¢1 + -+ ¢, and it does not hold that

q = Jng 2 C1A G > G = Joir
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Lemma 3.2.14. Let us fix n € {1,...,}" and p,q € Z such that
p>iy il —ayj — o —anj; — 1.

If mg,...,ms <{, then W, (p;c) =0 for any solution ¢ € V,(q).

Proof. Let (dy,...,ds) € Z° be a solution of

1 1
by 1 > A1 i,

Umgt1 > ds'Z b,
In particular we have,
by i, > di A dy >0y,
On the other hand, the assumption on p implies that
p—id >t 4 i — (agl - Fag]) - 1

Let us fix any solution (¢y,...,¢.) € V,u(q). If my,...,ms < £, then

0 s
U415+ -+ bino 11 < 00 and we have

P i1 2P — =i+ 0 — (af + 0 +apg]) — 1
Zi%n1+1+'.'+ifns+1_(a’1jrlzl +"'+arj:zT)_1
>k i, g — (me + e Fane) — 1
Therefore,
P—i 1 Z i — (e Fane) — 1
>dy+...+ds — (a1 + -+ apc) — 1.

Hence we obtain,
p—i9n0+1 >di+...+ds — (ae1 + -+ apcp)
implying that (dy,...,ds) is not a solution of

P =iy = dit o ds = (arer o anen) > p =l
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Lemma 3.2.15. Let us firm € {1,...,£}*, n € {1,...,4} andc € V,(q)
a solution. If

pig4--+ij—aji — - —angi — 1,

then |V, (p; c)| is a polynomial in Clp, ¢y, ..., ¢ .

Proof. By Lemma 3.2.14, we assume that m; = ¢ for at least one integer
0 < k <s. Let us first assume that

My =My, =...=my, =1,
for 0 <t <s. Up to permutation of indices we can assume that
kl :1,...,kt:t.

Then |¥,,(p;c)| is the number of integer solutions of the system (3.19),
which is equivalent to

p—ig>di+ -+ ds — Alc) > —00)
o> dy > Zé
b1 1
Uy +1- de 11 = by gy
lpnot1>> ds >l )

After the change of variables e, = dy — zz for 1 < k <'t, we have that

(W (p;c)| =
Z:7-214-1+1 1 m5+1

3 Z(t—i—p—ze—zﬁ ---—i§+A(g)—dt+1—---—d5)
t

1
di41= z,,'ftJrl ds=i3,

which is a polynomial. Indeed, fix any integer (s — t)—uple (diy1,...,ds)

such that

141

t+1 ] ]
gyt > A1 20 ce gy > dg >0y

miy1?
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From the bound on p in the hypothesis, we have
p—ig—@%—"'—i2+A(2)—dt+1—---—d8207
which implies that

<t—|—p—i2—@%—--~—i§+A(g)—dt+1—---—d5)
t

is a polynomial in C[p, ¢, ..., ¢, and the claim follows.
To finish the proof of the Lemma, we need to consider the case

1 <my < L.
Up to permutation of indices we assume that m; = ... =m; = £, but in

this case 1 <t < s. After the change of variables e := d; + - - - + d, the
system (3.19) is equivalent to

0 0
p—ipm, > €1 —A(c) >p—ipi1)
er — iy —dpyr — - —dg>dy+ -+ dp > —00
o0 > dg > Z%
41 41
g +1 > dyyq 2 s
Tyl > ds >y )

Thus,

i 1
Poig0tAQ) il -1

Un(pio)] = >

€1 =P—i0m0 +A(§)+1 dt+1 :Z,tf;,:il

51— , .
B i t_l‘i'_el_l%_"'_Zz_dt_’_l_"'_ds
t—1 )

—9 8
ds*'Lms



Equivariant reflexive sheaves 79

Since
el_ZK_..._ZZ_dt—‘rl_..._dS
. 1 .
>p—lgzo_W_"'_Zz_dt—i—l_"'—ds‘i‘A(Q)
>p—i)— - —i+aify + o+ ag] >0,
then
Zt+1
T e

Z Z t—1+el—z‘;—---—z‘z—dtﬂ—---—ds
t—1 '

t+1 —38
dit1= Z7rJLrt+1 ds=ip,

is a polynomial in Cle;]. Therefore,

P=ip g1 HA) o g +1
Ty(m.c)| = > Ple) = Y Plk+p—i%, +Al0),
e1=p—if, +A(c)+1 k=0
which is a finite sum of polynomials in Clp, ¢y, ..., ¢,]. [

Definition 3.2.16. The nth Bernoulli polynomial is defined recursively

) By(z) = i (Z) B,_sa",

k=0

where By := 1. In particular Bernoulli polynomials satisfy the well known
Faulhaber identity:

Zkt Bii(g+1) = Biya(1)
t+1 )

Lemma 3.2.17. If P(q,eq,...,ex) € Clq, e1,. .., ex] is a polynomial, then

Z P(gq,es,...,ex)

e1+..+ep<q
e; >0

is a polynomial in Clq].
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Proof. We proceed by induction over k. If £ = 1, we want to see that the
function

fl@) =) Plg,en)

e1=0

is a polynomial. Notice that we can write
P(q,e1) = Po(q) + Pi(q)er + - - - + Pa(q)ef
with P; € C[q|, where d = deg,, P. Hence,

q q

F@)=Po(@) Y 1+ Pi(g)> e+ +Palg) > ef,

e1=0 e1=0 e1=0

which is a C[¢g]—linear combination of the Bernoulli polynomials

Bl<q), Ce 7Bd+1<q).

Now we assume, by induction, that the result is true for some k£ > 1. We
want to see that the function

fla)= >  Plgen. . ex)

e1+...+epr1<q
e; >0

is a polynomial. We can write f(q) as follows:

flq) = Z P(g,e1,... ex41)

e1+-+epr1<q
e; >0
q—(e1++ex)

= Z P(q,el,...,ek,ekﬂ)

e1t++exr<qg  er+1=0

e; >0
= Z g(q,er, ... ex).
e1+--+ep<q
eiZO
By induction it is enough to see that g(p,q,ei,...,ex) is a polynomial.
We write
P(q7 €1y, €k, ekJrl) =

PO(q7617”'7ek) +P1(Q7617"'76k)6k+1 + - +Pd<QJ 617'--7€k)€Z+1
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with P; € Clg, e1,...,e,] and d = deg,,,, PP. Therefore,

q—(e1+-+ex)
g(q,er,....ex) = Polg,er, ..., e Zl—l—
erp+1=0
g—(e1t+-+exg) g—(e1t--+er)
Pi(q,eq,...,ex) Z er+1 + -+ Palg,eq, ... ,ek)ZeZH.
er+1=0 er+1=0
Again, this is a C[g, €1, . . ., ex]—linear combination of the Bernoulli poly-

nomials
Bi(gq—(e1+---+ex)+1),...,Bay1(qg— (e 4+ - +ex) + 1).
Hence, we have g € C[q, eq,. .., exl. ]
We are now ready to prove the main result of this subsection.

Theorem 3.2.18. Let £ be a reflexive sheaf of rank ¢ with associated
filtrations as in Notation 3.2.4. If p >0+ ---+i5 —aji — - —a,j; — 1
and q > jP+---+j5—1, then h°(X, E(p, q)) is a polynomial. In particular,
the set

gz gl

is an upper bound of r.1.(E).
Proof. By Proposition 3.1.2 and (3.20), for any integers p, ¢ we have

(X E(p,9) = D [Yuw(p9)|D(m,n)

1<mo,...,ms<t
1<ng,...,np <l

= > 3 Y |umoDmn)

1<ng,+ ,nr <l ceWy(q) 1<mo,...,ms <L

where D(m,n) := dim(Fj, N---NES NGY N---NG ). Rearranging
the sum it yields:

(X, Epg) = Y > > | Ww(pio)l| D(m,n).

1<mg,...,ms <l 1<ng,...,nr <L | c€ Ty (q)
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Hence, the proof reduces to see that if p > 0+ - -+if—a1ji — - —a,j7 — 1
and ¢ > jg + -+ j; — 1, the sum

fmnp.q) = > |Wn(p;o)
c€Vn(q)

is a polynomial in Clp,q| for any m,n. Since ¢ > j9 + --- + j7 — 1,
Lemma 3.2.14 applies. In particular, we can assume that there is an
integer 0 < k < r such that ny = ¢, otherwise f(m,n,p,q) = 0. Let us
first suppose that ny = ¢ and, reordering if necessary, we have

ny=--=mn =

for 0 <t <r. Then the system (3.18) is equivalent to

qg—Jj; > a+--+e > —00 )
0 > el > j;
oo > c > g
A4+1 “t+1
jnt+1+1 > Ct+1 Z ']TLtJrl
Jng+1 > Cr Z Jn,

Applying the change of variables e¢; = ¢; — ji for 1 < i <t to this system
we obtain

f(m,n,p,q) =
s 141 _ . .
Inpr1— 1 Ing 141 1q_J?""_JE_Ct+1_“'_CT
|qu(mael+]€7"'7et+]£act+17"-7c7”)|'
=jT st +-de;=0
e er=ingy eiZ(e)t
By Lemma 3.2.15, since p > 40 + - -+ + i — a1j; — -+ — a,j; — 1, we have
that
U, (m; i + Jji |
| p(ﬂ7€1+j£7"'aet ]€7Ct+17"'7cr>
is a polynomial in Clp, eq, ..., €4, ¢i11, . - ., ¢]. Therefore, applying Lemma
3.2.17,
- § : . 1 -
P<p7 q,Ci+1y- - 7C7") — |\Dp<m7 61+j£7 I 76t+j€7 Ct+1y--- 7Cr)|
e1+te<q—jl——ji—cry1——cr

6220
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is a polynomial in C[p,q, ¢i41, ..., ¢, which implies that f(m,n,p,q) €
C|p, q]. To finish the proof we need to consider the case 1 < ng < /.
Without loss of generality we can assume that

np == =4,
but now with 1 <t <r. Thus, after the change of variables
er=c1+--+c¢,

the system (3.18) is equivalent to

0 ;0 3\
qd— Jne> e > 4= Jngt1
€1 —Cp1— = C —Ji> Gt ot > —00
00> Co > 2
00> Cct > i
41 f41
Inep1+1~ Ct41 2 Jnia
oy o
]nr+1> Cr Z jnT J
Defining e; := ¢; — ji for 2 <1 <t we obtain
. i1 .
j:lerl_l ]nt+1+1_1 q_.]go
fnnpg= > > >
cr=jn, cr:j,f;;l_l elzq7j20+l+1
er—ji—r—ji—cri1——er
U (m: 2 + 9 +
Wy (m; e1—ex—jy =+ ~—er—Jy, €ty - -+ €ty Copty - -+, G-
ex+-+et=0
>0

€i

Analogously as in the previous case, this last equality proves that
f(m,n,p.q) € Clp,ql,
sincepZ@'?—i—---—l—ij—aljll—---—arj’l”—l. ]

The following example shows the sharpness of this bound.
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Example 3.2.19. Let H3 be the Hirzebruch surface as in Example 1.1.13.
Let us fix {ey, e, €3} a basis of C3 and we consider the following subspaces:

Flo = <361 + 362 + €3> Fll = <9€1 + 462 + 863>
F20:F10+<4€1+263> F21 :F11—|—<2€1+8€2+862>
G(l) = <6€2 + 363> G% = <4€1 + 4€3>

GY = GY+ (Teg + ex + 3e3) GL = G+ (9e; + 8es).
Let £ be a rank 3 reflexive sheaf with set of filtrations
Ero = F%(=3,-1,0; FY, FY,C®) Er = FY(—9,-3,0; F}, F},C?)
Em = GO(—4,-1,0;GY,GY,C%) E™ = G'(-2,-1,0;G}, G, C?).

Using the package ToricVectorBundles of Macaulay2 [34], we obtain the
following values for H'(H3,&(p,q)) for —4 < ¢ <4 and 2 < ¢ < 10:

3 2 1o 0o 0 0 0 O
3 2 110 0o 0 0 0
32 110 0 0 0 0 0
32 110 0 0 0 0 0
32 110 0 0 0 0 0
3 2 110 00 0 0 0]
11 10 9 8 8 8 8 8 8
24 24 24 24 24 24 24 24 24

31 33 35 37 39 41 43 45 47

The region highlighted in the figure corresponds to the bound in Theorem
3.2.18 for this case: p > 5 and ¢ > —1.

Notice that the filtration corresponding to £ is general, that is a filtra-
tion such that any intersection of the form (,_, E¥ has minimal dimen-
sion. Using Macaulay2, we have checked in many cases that the bound
of Theorem 3.2.18 is sharp for reflexive sheaves with general filtrations.

3.3 Application: finding equivariant Ulrich bundles

In this section, we apply the tools about equivariant reflexive sheaves
developed in the previous sections to address the problem of finding equi-
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variant Ulrich bundles. First of all, let us start with some definitions
and properties about Ulrich bundles, we follow mainly [17]. Let X be
variety and H a very ample line bundle on X. For any t € Z we set

E(t) =E®LH.
Definition 3.3.1. Let £ be a vector bundle on X.
(i) & is called initialized if

H(X,E)#0 and HY(X,E(t)) =0 foral t<0.

ii) & is called arithmetically Cohen-Macaulay (aCM for short), if

H (X,E(t)) =0 forall t€Z and 1<i<dim(X)- 1.

(iii) & is called Ulrich if £ is an initialized, aCM bundle satisfying

hO(X, &) = deg(X) rk(€).

Ulrich bundles first appeared in a purely algebraic context in 1984 in
the study of maximal Cohen-Macaulay modules with maximal number
of generators (see [64]). From the algebraic-geometric standpoint, in [7]
Ulrich line bundles were connected to the problem of finding a linear
determinantal representation of a hypersurface in P". Moreover, in [29]
the existence of an Ulrich bundle on a polarized projective variety (X, H)
was used to construct the Cayley-Chow form of X. In this latter reference,
the authors asked whether any polarized projective variety (X, H) carries
an Ulrich bundle. In the last decades, the search for Ulrich bundles has
been the center of an intense research, as one can see in, among many
others, |2, 3, 8, 12, 31].

Ulrich bundles can be characterized cohomologically as follows:

Proposition 3.3.2. Let (X, H) be a polarized n—dimensional smooth
variety and let £ be an initialized vector bundle on X. The following
conditions are equivalent:

(i) € is Ulrich.
(1) H(X,E(—t)) =0 fori >0 and 1 <t <n.
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(iii) H(X,E(—4)) =0 for i >0 and H/(X,E(—i — 1)) =0 for i < n.
Moreover, if £ is an Ulrich bundle, then

t+d
X(E(t)) = deg(X) rk(é’)( p > (3.21)
Proof. See |17, Theorem 3.2.9 and Corollary 3.2.10]. ]

In Section 3.1, we have introduced a method to study the Hilbert
polynomial of an equivariant reflexive sheaf £ on a smooth toric variety
(see Proposition 3.1.2). Furthermore, in Subsection 3.2.2; this method
has been applied when the toric variety X has a splitting fan. Being
the Hirzebruch surface H, a toric surface with splitting fan, we may
combining (3.21) with the expression of the Euler characteristic obtained
in Theorem 3.2.18 to find candidates of equivariant vector bundles on H,.
In general Ulrich bundles on a Hirzebruch surface have been studied from
other perspectives in [1]. However, it is not strightforward to see when
the Ulrich bundles presented in [1] are equivariant.

Let us recall the notation from Example 1.1.13. We take {e, f} the
standard basis of N = Z2. For any integer a > 0, the fan ¥ C R? of H,
is defined as Yyax = {0i; | 0 <14,j <1} where

000 = cone(uy, vq)
001 = cone(uy, vg)
010 = cone(ug, V1)
011 = cone(ug, vg)
and vy := —e+af, u; ;= e, vg := —f and v; := f. We denote the four
rays in 3(1) by:
po = cone(ug)
p1 = cone(uy)
Mo = cone(vp)

n1 = cone(vy).
The class group of H, is Cl(H,) = Z{[D,,], [D,]) and we have
[Dpl] = [Dﬂo] and [Dm] = _a’[DPo] + [DTIO]' (322)
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A line bundle H = O(a, ) := O(a[D,,] + B[D,,]) is very ample if and
only if
a, > 0.

On the other hand, we have
[Dpo][D ] =0 and [DTZOHDm] =0,
which combined with (3.22) it yields
[Dpo]Q =0, [Dyl[Dy] =1 and [Dno]2 = a. (3.23)
In particular, the degree of (H,, H) is
deg(Ha) = (a[Dy,] + B[Dno])2 =20 + aff”.

Now let £ be a rank ¢ equivariant vector bundle on H,. As seen in
Section 3.2, H, = Vi(ay). Thus, we use the same notation as in Notation
3.2.4 and we write the associated filtrations of £ as follows:

EPO—FO(' i FO . FY)
Epl—Fl(zl, i FE o F))
Emo=Go>39,...,5%.GY,...,G9)
B =G, jl Gl G,

(3.24)

Our goal is to see under which conditions, the filtrations (3.24) correspond
to an equivariant vector bundle £ with the Euler characteristic of an
Ulrich bundle. In particular, (3.21) yields:

t+2
x(E(ta,tB)) = (208 + aB?) ( 5 ) (3.25)
Let us first use Proposition 3.1.2 to write x(€(p,q)) for any p and ¢
in terms of the filtration. For each (A, p) = (Ao, A1, pro, 1) € {1,..., ¢}
we have a lattice polytope Q) (p,q) C Mg = R? given by the following
inequalities (see also (3.17)):

2'30'1— D -1 a i())‘o-Jfl —-p
z)\1 < 1 0 < O/L)\1+1
Tna = 0 -1 Tuot1 @

0 1

]M Ju1+1
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By Proposition 3.1.2, we can determine the value of h°( X, £(p, q)) if we are
able to count the number of lattice points in Wy ,)(p, q) = Q) (P, )N M.
From Theorem 3.2.18 we know an upper bound for the regularity index

of £ and we can find an expression of x(€(p, q)) in terms of the filtration
of £.

Proposition 3.3.3. Let £ be a vector bundle on H, with filtrations as in
(3.24). Then, forp>i)+i;—aji —1 and g > j) +j; — 1, the dimension
h(X,E(p,q)) is a polynomial. In particular, the Hilbert polynomial of €
18

X(EP,9) = xo(E(p, )+

|

(f (g — 30— iNa— 30— jb+ 1)+ 2t a— j0 — jt + 1)) +

~

-1
k(]li +j11+1 - 1)(jli+1 - ]li)""

T
LA

B+ 1) = s — 10— 1) — j2>> )

b
Il
—

where xo(E(p,q)) is the polynomial
Xo(E(p. @) =tp — iy — iy +1)(q — j¢ — j; + D+
/—1
Y k=) =it + V)i + e — 3 — 0] +
=
D kg =30 — a0 + V(g +ip — i —i3)] +
k=1
Yo (i =) U — dim) dim(EY N G )+
1<k,m<t
Z (igy1 = 1) g1 — ) dim(Fy NG )+
1<k,m</t
Y (B = 8 Upr — i) dim(F N G, )+
1<k,m</t
Z (i11c+1 - illv)(jrln+1 — Jm) dim(F; N G,,)

1<k,m<t
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Proof. From Theorem 3.2.18 taking r = s = 1 and a; = a, it follows that
for p >4 +i} —aji —1 and ¢ > j9 + j; — 1, the dimension h°(X, £(p, q))
is a polynomial. On the other hand, (3.26) follows from the proofs of
Theorem 3.2.18 and Lemma 3.2.15. ]

We may use Proposition 3.3.3 together with (3.25), taking p = ta and
q = tf to search for equivariant vector bundles of a fixed rank ¢. The
system of equations resulting from this strategy can be very involved,
even for small values of ¢, a or 3. Nevertheless, using this method and
the computer algebra system Mathematica we have been able to find a
rank 3 equivariant Ulrich vector bundle in H; with respect to the ample.

Example 3.3.4. Let £ be the rank 3 equivariant vector bundle in H;
associated to the following filtrations:

0 _27 _17 07 <61>7 <€17 €3>7 C3)

0; (e2), (€2, €3), C?)
0; (e1 + e3 — e3), C3, C3)
1 07 07 0; C37CS7CS>7

where {e1, €5, 3} is a basis of C3. Let H = O(1,2) be a very ample line
bundle. Using the package ToricVectorBundles of Macaulay2 [34] we can
check that h®(X,&) =3-8

H(X,E(—1,-2)) = H(X,E(—1,-2))

0
H' (X, E(-2,—4)) = H*(X, (-2, -4)) = 0.

Hence, by Proposition 3.3.2(ii), £ is an Ulrich bundle with respect to H.






Chapter 4

Stability of syzygy bundles

This chapter is devoted to the study of syzygy bundles on a polarized
smooth projective toric variety (X, L), where L is a very ample line bundle
on X. In particular, we study the stability of syzygy bundles M}, attached
to the complete linear system |L| and we address the Ein-Lazarsfeld-
Mustopa conjecture [25] (see Conjecture 4.2.1 and Question 4.2.2).

Focusing on X = Blz(P"), the blow-up of a projective space P" along a
linear subspace Z C IP", we prove that for any very ample line bundle L on
Bl (P") its corresponding syzygy bundle M|, is L—stable. One remarkable
consequence of M}, being L—stable is that it can be seen as a point [M)]
in its corresponding moduli space M = Mx(N — L;ci,. .., Cmin{N—1,})
where

N=h"(X,L)-1

is the rank of M; and
C; = Ci(ML)

its Chern classes, for 1 <7 < min{N — 1,n} (see Subsection 4.1). In our
case, we find that for n > 2 the syzygy bundle M, is infinitessimally rigid
and hence [M[] is an isolated point in M. Furthermore, for n =2 My is
always unobstructed and we can compute the dimension of the tangent
space of M at [My].

This chapter is organized as follows. In Section 4.1, we recall the basic
definitions and results on stability of vector bundles and moduli spaces
we need in the sequel. In Section 4.2, we recall the notion of a syzygy
bundle and the known results regarding the stability of syzygy bundles,
as well as recent contributions to the Ein-Lazarsfeld-Mustopa conjecture.
Afterwards, in Section 4.3 we focus on the blow up X = Blz(P") of the
projective space P" along a linear subspace Z. First, an algebraic result on

91
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the syzygies of a monomial ideal yields information on the minimal locally
free resolution of the syzygy bundle M, (Corollary 4.3.3). Together with
Coandd’s Lemma (Lemma 4.1.4), it allows us to prove that the syzygy
bundle M}, is L—stable for any ample line bundle L on Bly(P") (Theorem
4.3.4). Finally, in Subsection 4.3.1 we address the rigidness of the syzygy
bundles M;, and the local properties of the moduli space M around the
point [My] (Theorem 4.3.5).

4.1 Preliminaries on stability of vector bundles and
moduli spaces

Let (X, H) be a polarized smooth projective variety. For any torsion-free
sheaf & we define the reduced Hilbert polynomial of £ to be Pg(t) € Qlt]
such that for any integer m € Z we have:

=  xX(E®0x(mH))

Now, for a fixed polynomial P € Q[t], we define the moduli functor of
vector bundles having P as its reduced Hilbert polynomial:

Mx p : Sch/C — Set
For any scheme T over C, we set

. . F, is a vector bundle with
Mx p .—{T—ﬂat families F — X x T th — P forany teT }/N
where two T'—flat families F — X xT and F’' — X xT are ~ —equivalent

if and only if there is a line bundle £ € Pic(T') such that
F' Y F@mL,

with 9 : X X T'— T' the natural projection.
On the other hand, for any morphism f : T"— T" we set fx := Idx X f
and we define

Mxp(f): Mxp(T) — Mxp(T')
[F] = [fR ]
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We say that a scheme Mx p is a fine moduli space of vector bundles
with fixed reduced Hilbert polynomial P if M x p represents the functor
Mx p. In general, this functor is not representable and we have to impose
further restrictions to the vector bundles in the definition of Mx p. The
notion of a slope stable vector bundle will give a solution to this issue.

Definition 4.1.1. Let (X, H) be a polarized smooth irreducible projec-
tive variety of dimension n. For a torsion-free sheaf £ on X we set

C1 (g)anl
k(&)
called the slope of €& with respect to H. We say that £ is H—semistable

(resp. H—stable) if for any non-zero subsheaf F C & with rk(F) < rk(€)
we have

nu(€) =

pa(F) < pu(E)  (vesp. pn(F) < pu(E)).

Now, for a fixed polynomial P € Q[t] we define the moduli functor of
H —stable vector bundles on (X, H):

M g1 p : Sch/C — Set.

For any scheme T over C we set
M3 yp =
F; is an H—stable
T — flat families F — X x T'| vector bundle with / ~
Pp, =P forany teT

where ~ is the same equivalence relation as before, and for any morphism
[T — T we define M5 ;; p(f) as Mx p(f). Now, we have the following
result.

Proposition 4.1.2. Let (X, H) be a polarized smooth projective variety of
dimension n and let P € Q[t] be a polynomial. Then, there is a separated
and locally of finite type over C scheme M% y p such that:

i) There is a natural transformation
U Miyp— Hom(—, Mg(,H,P)v

which is bijective for any reduced point {xg}.
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ii) For every scheme N and every natural transformation
(b . M;(,H,P % HOHI(-,N),

there s a unique morphism f : M% y p — N such that the following

diagram
M)S(,H,P v Hom(—, 3(,H,P)
X/‘Hom(—,./\/’ ) /
commutes.

iii) The scheme M5 4 p decomposes into a disjoint union of schemes

MX,H(Ta Cly-- ) Cmin{r,n})7

such that Mx g (r,ci1,. .., Cminfrn}) @ the moduli space of H—stable

rank v vector bundles with a fixed Chern classes (c1,. .., Cmin{rn})
up to numerical equivalence.
Proof. See [52, Theorem 5.6]. O

In general few results are known about the local and global structure
of Mx u(r,c1,..., Cminfrny)- For instance, we have the following result:

Proposition 4.1.3. Let (X, H) be a polarized smooth projective vari-
ety of dimension n, and £ an H—stable vector bundle of rank r. Set
(C1,- .., Cminfrny) the Chern classes of €. In particular € represents a
point [E] in the moduli space M = Mx g(r;ci, ..., Cmin{rn})-

i) The Zariski tangent space of M at [E] is canonically isomorphic to

TimM = Ext'(€,8) * HY(X,E® EY).

i) Set Mg to be the irreducible component in M containing [E], then
we have

ext!(£,€) > dim Mg > ext! (€, &) — ext?(€, E),
where ext'(€,£) = dim Ext' (&, £).
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Proof. See [41] O

In particular, if H*(X, & ®EY) = 0 we have that [E] is a smooth point
of M and we say that & is unobstructed. In addition, if [E] is an isolated
point, and thus dim TjgpM = 0 we say that & is infinitessimally rigid.

We end this section by stating a cohomological characterization of the
stability which will play an important role in the forthcoming sections.

Lemma 4.1.4. Let (X, L) be a polarized smooth variety of dimension n.
Let E be a vector bundle on X. Suppose that for any integer q and any
line bundle G on X such that

0<q<tk(E) and (G-L" ') > quy(E)
one has HY(X, N E® G¥) = 0. Then, E is L—stable.
Proof. See |16, Lemma 2.1]. O

4.2 Syzygy bundles on a projective variety

In this section, we recall the basic definitions, problems and known results
regarding the stability of syzygy bundles on a polarized projective variety
(X, L). The syzygy bundle M, is defined as the kernel of the evaluation
map

ev:HY(X,L)® Ox — L.

Thus, M}, is a vector bundle of rank h°(X, L) — 1 fitting in the following
short exact sequence

0— M, — H"(X,L)® Ox — L — 0. (4.1)
In particular we have:
o ¢\(Mp) =—c1(L),
o rk(Mp)=h"X,L) -1,

o 1(Mi) = i
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Arising in a variety of geometric and algebraic problems, the syzygy
bundles M;, have been extensively studied from different points of view.
In particular, many efforts have been invested on knowing whether M,
is a stable vector bundle with respect to some polarization. As far as we
know, the stability of My has been proved in the following cases:

(1) (X,L) = (P",0pn(d)) (see [33] in characteristic zero and [10] for
any characteristic),

(2) (X, L) where X is a smooth projective curve of genus g > 1 and
deg(L) > 2g + 1 (see |24, Proposition 1.5]),

(3) (X, L) where X is a simple abelian variety and L an ample globaly
generated line bundle (see [13, Corollary 2.1]),

(4) when (X, L) is a sufficiently positive polarization of an algebraic
surface X (see |25, Theorem A]) and

(5) (X, L) where X is an Enriques (resp. bielliptic) surface and L an
ample globally generated line bundle (see |56, Theorem 3.5]).

In |25, Corollary 2.6], L. Ein, R. Lazarsfeld and Y. Mustopa posed the
following conjecture:

Conjecture 4.2.1. Let A and P two line bundles on a smooth projective
variety X. Assume that A is very ample and set Ly := dA + P for any
positive integer d. Then, the syzygy bundle My, is A—stable for d > 0.

Related to this conjecture, in |38, Question 7.8, M. Hering, M. Mus-
tata and S. Payne consider the following question:

Question 4.2.2. Let L be an ample line bundle on a projective toric
variety X. Is the syzygy bundle M}, (semi)stable, with respect to some
choice of a polarization?

4.3 Syzygy bundles on blow-ups of projective spaces

The goal of this section is to answer positively Question 4.2.2 when X
is the blow-up Bly(P") of a projective space P™ along a linear subspace
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Z C P" (see Theorem 4.3.4). Let us start by recalling how the blow-
up Blz(P™) can be seen as a toric variety. We start with the following
classical result.

Proposition 4.3.1. Let Z C P" be a linear subspace of dimension r — 1.
Then, the blow-up of P" along Z is isomorphic to the projective bundle
P(Of: @ Ops(1)), where s =n —r.

In particular, Blz(P™) is a smooth toric variety with splitting fan (see
Definition 3.2.1).

Proof. See |27, Proposition 9.11]. O

Following Section 3.2, we fix the following notation to write the fan
Y of X = Blz(P") =2 P(Op. & Ops(1)). We take the lattice N = Z° x Z"
and set {e1,...,es} and {f1,..., f,} be the standard basis of Z* and Z",
respectively (see [20, Proposition 7.3.7]). We set

po:=cone(—e; — -+ —es + f;)
pi:=cone(e;)) 1<i<s

no:= cone(—f1 —--- — fr)
nj:=cone(f;) 1<j<r,

and for 1 <7 < sand 1 < j <r we define the r + s—dimensional cones

Oij = Cone<p07"'apia“'apsan0>"'a77ja"'>77r)-

Then ¥(1)={po, ..., ps; Mo, - - - , N and the fan ¥ is given by the following
set of maximal cones:

Emam:{o-z'j‘lgig S, 1 S]ST}

From (3.8) we know the class group of X:

such that
[Dy.] = [Dy], for1 <i<s,
[Dn]‘]: Dno]a for1<j<r-—1
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In particular, the Cox ring of X is the polynomial ring

R = C[x07"'>xsay07"'7yr]
with a Z?—grading given by

deg(z;) = (1,0), for0<i<s
deg(y;) = (0,1), for0<j<r—1
deg(yr) = (_17 1)

On the other hand, by (3.9) we have the following intersection numbers

» : 0 j<0
$—J T+
[‘DPO] [DWO] _{ 1 OSJSS

Finally, let us recall from Section 3.2, that a line bundle
L = 0O(a,b) := O(a[Dp,] + b[Dyy])

is ample (respectively effective) if and only if a,b > 0 (a,b > 0). We fix
now two integers a, b > 0 and an arbitrary ample line bundle . = Ox(a, b)
on X. Our goal is to prove that the syzygy bundle M| fitting into the
exact sequence

0 — My, — H°(X,0x(L)) ® Ox — Ox(L) — 0

is L—stable. We start with an algebraic result which plays an important
role in the structure of Mj,.

Proposition 4.3.2. Let S = Clzg,...,%s, Y0, ---, Y| be the Z*—graded
polynomial ring with

deg(x;) = (1,0), for0<i<s

deg(y;) = (0,1), for0<j<r—1

deg(y,) = (=1, 1).
For any integers a,b > 0 we consider the syzygy module K of the mono-
maeal ideal

Ia7b:(x80...xgsy80...y£r|a0+...+asza+bh b0_|_..._|_brzb).

Then, Kj, is minimally generated by elements of degree (a + 1,b) and
(a,b+1).
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Proof. Since I,; is a monomial ideal generated by forms of degree (a,b),
then K is generated by syzygies of degree (a + p, b+ q) of the form

fwl_gw2:07

with f, g monomials of degree (p,q) (with ¢ > 0 and p > —¢q), and
wy, wy € I, monomials of degree (a,b). First of all notice that if p = —q,
then f and g would be monomials of degree (—q,q), so

f=9=y
In particular we have that

Jfwi — gwy = yl(wy — wy),

which cannot be a syzygy, since w; and w, are different monomials.
Therefore we can assume from now on that ¢ > 0 and p > —q + 1.
Let us write " — "

fo=ag- oy -y

g = a0 eyl oyt

wy = a0 -ty -yl
0

— as,,Bo
wy = 2" Y Y

Let us consider any syzygy
fwy — gwy =0

with deg(f) = deg(g) = (—q¢+ 1+ z,q) with either z > 1 or ¢ > 1. We
will see that

fwy = gwy = w(f'wy — g'wy)
for some monomial w of degree either (1,0) or (0,1), and monomials
f', g of degree either (—g+ 1+ (z — 1),q) (assuming z > 1) or degree
(—¢g+1+2,¢—1) (assuming ¢ > 1), and w}, wy € I,;,. We distinguish
two main cases:

Case 1: there is 0 < i < s such that [; > 1.
Case 2: lp=---=1,=0.

We start analyzing Case 1 and we distinguish two subcases (A) and
(B) as follows:
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(A) There is an index 0 < iy < s such that both [; > 1 and \;; > 1.
Then, we have

Jwi — gwg = x4, (iﬂh - iu&) =0,
L N
and [ = %, g = % are monomials of degree (—g + 1+ (z — 1), q).
(B) Othervgise, we (;nay assume without loss of generality (permuting
{zo, ..., x5}, if necessary), that lp > 1, \g = 0 and for any 1 < i < s,
[;A; = 0. In particular, we have ag = ag + [p > 1. In this case, we have
two options:

(B.1) there is an index j with 1 < j < s such that A\; > 1, or else
(B2) Ag=---=Xs=0.

If (B.1) holds, then we may write

f g Wak;
fwy — gwy = o | —wy — = )
Zo Tj To

If wy # =%, then we may set
/

T

foo g /

—, w;=w;, ¢g=-— and w,= .
ZTo X o

WaX 5

I =

Otherwise, we would have f = 2% so
J

Jwy — gwy = i(%wl - $jw2)
L
would be a multiple of a syzygy of degree (a + 1,b).
On the other hand, if (B.2) holds it implies that ¢ > 1. Indeed, if
q = 0 then

,LLO T— e e s — N,’, = 0
and we would have 0 = 1+ z, which cannot occur since in this case z > 1.
We distinguish four more subcases:

(B.2.1) There is 0 < j <r — 1 such that m; > 1 and p; > 1
(B.2.2) There is 0 < jo < r — 1 such that m;, > 1 and m;pu; =0
forall 0 <57 <r—1.
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(B.2.3) There is 0 < jo < — 1 such that u;, > 1 and m;p; = 0 for
all0<j<r—1.
(B24) Mo =-""Mp_1 = U= """ = Up—1 =0.

If case (B.2.1) holds, then we may write

B f g
fwr —gws = yo | —w1 — —ws |,
Yo Yo

and we have deg(yio) =deg(Z)=(—q+1+2z4q-1).

On the other hand, in both cases (B.2.2) and (B.2.3) we may as-
sume without loss of generality that jo = 0, permuting {yo,...,y,_1} if
necessary. If (B.2.2) holds, then my > 1 and py = 0. In particular,
Bo = bg + mg > 1 and we distinguish two situations:

e Thereis 1 <k <r — 1 such that pu; > 1. We have

B f g WYk
fwi — gwy = yo | —wy — — .
Yo Yk Yo

If wy # %, then we take

If not, we have f = gy%, SO
g
Jwi — gwy = y—(yowl — Yrwo)
k

is a multiple of a syzygy of degree (a,b+ 1).

e Otherwise we may suppose
po ="+ = pr—1 =0,
but then deg(g) = (—¢, ¢) which is a contradiction.

In the case (B.2.3), we have my = 0 and ug > 1, which in particular
gives by = By + o > 1. We have two subcases:
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e Thereis 1 < k <r — 1 such that my > 1, then we have

- [ wiy g
Jwi —gws =y | — — =Wy
Y Yo Yo

and it follows as before.
e Otherwise, we have
mog=--=Mp_1 :Oa

in particular we have m, = po+---+p, > 1. Since we are assuming
that [y > 1, there is 0 < ¢ < s such that a; > 1. Hence, we have

fw9>

fwi — gwy =y (
ToYr Yo Yo

and this subcase follows as before, since deg(y,zo) = (0, 1).

Finally, if (B.2.3) holds, then we would have deg(g) = (—p, i), which is
a contradiction.

To finish the proof, we have to analyze Case 2. Now, we assume that
lg=-=1l,=\=+ =\ =0,

and we distinguish two cases (A) and (B) as follows.
(A) There is 0 < j < r — 1 such that m; > 1 and p; > 1. Then, we have

B f g
Jwy — gwy = Yy | —wr — —w2 ).
Yj Yj
(B) Otherwise, we assume that for any 0 < j < r — 1 we have
mj)\j =0.

Then, there are indices 0 < j,v < r — 1 such that m; > 1 and p, > 1.
Indeed, if either mg =---=m,_1 =0o0r g =--- = p,—1 = 0 we would
have deg(f) = (—m,., m,) or deg(g) = (—fr, i), which is a contradiction.
Thus, without loss of generality we may suppose j = 0 and v = 1. Hence,
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As before, if wy # % the result follows directly. Otherwise, we have

W1Yo = W2Y1

and then fw; — gw, is a multiple of a syzygy of degree (a,b+ 1). Now
the proof is complete. n

This result has a geometric consequence on the structure of the syzygy
bundle M;:

Corollary 4.3.3. Let X = P(Op. ® Op:(1)) be a blow-up of P**" at a
linear subspace of dimension r — 1. Let a,b > 0 be two integers and
L = Ox(a,b) an ample line bundle on X. Then, the minimal locally free
resolution of the syzygy bundle M; associated to L begins as

O(—1,0)* @ O(0, —1)* — My — 0,

for some integers A, > 0.
In particular, for any q < 1 we have the beginning of the minimal
locally free resolution of N\ My :

q
@ O(—q1, —qo) 22 — /\ML — 0,

q1+q2=q
for some integers By, 4,-
Proof. The Cox ring of X is the Z?—graded polynomial ring
S = (C[xOV")xS’yOW"uyT]

with a Z? grading given by

deg(x;) = (1,0), for0<i<s
deg(y;) = (0,1), for0<j<r-—1
deg(y,) = (=1, 1).

On the other hand, M (—L) = K, is the sheaffification of the SyzZygy
module of the monomial ideal

]a,b:(xgo...xgsygo...yfzr|a0+...+asza+b,’" bO+"'+br:b)-
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By Proposition 4.3.2, we have that the minimal free resolution of K,
begins as:

S(—a—1,-b)*® S(—a,—b—1)" = K. — 0.

Hence, the result follows by sheaffifying and then twisting this presenta-
tion by Ox(a,b). O

Finally, we are able to establish the main result of this section.

Theorem 4.3.4. Let X = P(Op, @ Ops(1)) be the blow-up of P™* along
a linear subspace Z C P™ of dimension r — 1. Consider any ample line
bundle L = Ox(a,b) on X with a,b > 0. Then, the syzygy bundle My, is
L—stable.

Proof. Let us denote N = N(s,r,a,b) = h%(X,Ox(L)). By Lemma
4.1.4, it is enough to see that for any 0 < ¢ < N — 1 and any line bundle
G = Ox(xz,y) satisfying that

Lr+s

G'LT+S_1 <
=N 7T

we have
q
HO(Xa /\ML(may» = 0.

Notice that G needs to be effective, thus we may assume that x+y > 0 and
y > 0. Moreover, by Corollary 4.3.3, if x + y < ¢ then we have already
HY(X, A" ML(z,y)) = 0. Hence, we may also assume that G satisfies
x + vy > ¢, and next we see that in this case we have the inequality:

Lr—i—s
N -1

G- L' '>yq (4.2)

finishing the proof.
We use the description of the intersection products on X given before
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to express both sides of (4.2):

G-L* =
r+s—1

1

s—1
-1\ . : —1
— (ZL‘ + y) (T. + S )azbr+s—1—z + (T +s >asbr—1y
=0

Dl 40D Y Yo+ D, Dy

S

Similarly, we have

s—1
-1\ . , —1
Lr—i-s—l - ((CL + b) Z (T ‘l‘j )azbs—l—z + (T +§ )as) ] (43)

=0

Thus (4.2) is equivalent to

< [r+s—1 iei o [(THs—1\ .
T +y) ; a'b’" + . a’y >

LU DT () (1))
N -1 '

™

(4.4)

Since z +y > ¢ and y > 0 we can bound the left hand side of (4.4) as

s—1
<r+8—1) . (T+S_1)asy2
s
=0

s—1
—1\ . .
qbz (T * j )a’b51’. (4.5)

=0

Thus, reducing the proof of (4.4) into seeing

s—1
) ) —1
(N—1—a—0) E (r—i—s )azbs_’> (T+S )as. (4.6)
s
=0
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Let now S = Clxo, . .., Zs, Yo, - - -, Yr| be the Cox ring of X. Then, the vec-
tor space H(X, Ox(a, b)) is isomorphic to the degree—(a, b) homogeneous
piece of S. In particular,

b

N Z(r_jjf_i)(SJrzﬂ)

=0

b—1 . .
r—14+b\/s+a r—1+b—3\/(s+a+1
S U I ED DI (R ) I

(s+a+b)
_I._
s
<T—1+b> (S+a>+1+a+b
r—1 S
+((JLH))(cH—b~I—1)2;2(2—|—a+b)---(z'~|—a+b)---($+0L+b)
s!

> <T_1+b> (S+a>+1+a+b.
r—1 S

Applying this inequality and the fact that b > 1 we can finally show (4.6),
ending the proof:

s—1 s—1
(N_l_a_b)z(r—irj—l)aibs—iZT(S—;—a) (T—f—j—l)ai
1=0 1=0
Zr<s+a) <r+s—1)asl
s s—1
:T(s+a)(s—1+a)---(1+a)f(r+s—1>as_1
s(s—1)---1 r s

> (s+a)(”3_1)as—1

s

(r—l—s—l) .

> a’.
s

4.3.1 Rigidness of syzygy bundles

v

In Theorem 4.3.4 we have seen that the syzygy bundle M}, corresponding
to an ample line bundle L on a blow-up X = Blz(P") of P" along a
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linear subspace Z C P" of codimension r — 1 is L—stable. Thus, we may
consider the moduli space

M= Mx(N —1;ci,. .., Cmin{N-1,n})

of stable vector bundles £ on X of rank N —1 = h%(X,O(L)) — 1 and
Chern classes ¢;(E) = ¢; := ¢;(Mp) for 1 < i < min{N — 1,n}. In this
subsection, we use the stability of M}, to study the moduli space M locally
around [M], and we see that the syzygy bundles M}, are infinitesimally
rigid unless n = 2 and L = Ox(a,b) with @ > 1 and b > 2. In this
particular case we prove that M is unobstructed, so [My] is a smooth
point in M, and we compute the dimension of the Zariski tangent space
Tt )M of the moduli space M at [My].

Let us recall (see Proposition 4.1.3) that the Zariski tangent space of
M at [M] is canonically given by

T M = Ext' (M, Mp) = H'(X, M, @ MY).

In particular, we say that M, is infinitesimally rigid if [M] is an isolated
point or, equivalently, dim 7j57,; M = 0. We have the following result.

Theorem 4.3.5. Let X = P(Op. & Op:(1)) be the blow-up of P""° along
a linear subspace Z C P of dimension r — 1. Fiz any ample line
bundle L = Ox(a,b) on X with a,b > 0. Then, the syzygy bundle My, is
infinitesimally rigid unless r +s =2 and b > 2.

Ifr+s=2and b> 2, then My is unobstructed and we have

hO(X,0x (L))
dim(c ,T[ML] M = ]

b—2
Z(a 4 4)b2
=0

Proof. Let us start studying HY(X, My, ® M}'). We consider the exact
sequence
0— M, — OF = Ox(L) — 0. (4.7)

Taking the long exact sequence of cohomology we obtain that

H (X, M) =0,



108 Stability of syzygy bundles

for i > 0. On the other hand, twisting the exact sequence (4.7) by

Ox(—L) we have the following description of the cohomology of My (—L):
HY(X, My (—L)) =0
H1<X7 ML(_L)> = HO(X7 OX) D Hl(X7 OX<_L))N
H{(X, My (—L)) = H(X,Ox(—L))N, fori > 2.
On the other hand, dualizing the exact sequence (4.7) and tensoring it by
M, we obtain:

0— Mp(—L) = MY — My, ® M) — 0.

Taking again the long exact sequence of cohomology and using the above
vanishings, we obtain that

Hi(X, My, ® MY) 2= H+ (X, My (—L)). (4.8)

In particular H'(X, M, ® M)) = H*(X,Ox(—L))", and by Kodaira’s
vanishing theorem we have that if dim(X) > 2, then H*(X, Ox(—L)) =0
and hence M, is infinitesimally rigid.

It only remains to study the case X = P(Op: & Op:(1)). Using the
projection formula we obtain that

H' (X, Ox(a, b)) = H(B(E), 7" O1 (a) ® Op(e) (b)) =
H' (P!, Sym® £ ® Op1(a)), b>0
0, b=-1 (4.9)
H2(P, Sym "2 £ ® Op1(—1 —a))¥, b< -2
Hence for any ample line bundle of the form L = Ox(a,1) in X, we
already have that M is infinitesimally rigid. Now, we consider an ample
line bundle L = Ox(a,b) with a > 1 and b > 2. Since £ = Op., @ Ops(1),
we have that ,
Sym‘ & = @ Op1 (1),
=0
so (4.9) yields
H*(X,Ox(—L)) 2 H(P', Sym* 2 € @ Op1 (—1 +a))” =
b—2

P [HP', Ola+i—1))"]""". (4.10)

=0
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Thus, we have that H*(X,Ox(—L)) = 0 if and only if a + b < 3 which
cannot happen. Hence, to finish the proof, we ought to see that if
L = Ox(a,b) is an ample line bundle on X with b > 2, then M
is unobstructed. Since the obstruction space at [My] is a subspace of
Ext*(Mp, M) = H%(X, M;, ® M}), it is enough to use (4.8) and see that
H3(X,Ox(—L)) = 0. Again, by (4.9) we have

(=

H*(X,0x(~L)) = T [H'(P',O(a+i—-1))"]

%

b—2—1

I
o

Since for all 0 <7 < b— 2, we have that a+7—1 > a — 1 > 0, we obtain
that HY(P!,O(a + i — 1)) = 0. Therefore H3(X, Ox(—L)) = 0 and M, is
unobstructed. In this case we may use (4.10) to compute the dimension
of the Zariski tangent space Tjy, ] M of the moduli space M at [My]:

dime Tjpr M = h'(X, My, @ MY)
= h*(X, Ox(=L))"

— [i(a + i)b2i] .

1=0






Resum en catala

En 'ambit de la geometria algebraica i l'algebra commutativa, aques-
ta tesi contribueix a l’estudi dels feixos i fibrats vectorials en varietats
toriques. Al llarg de la tesi s’utilitza, des de diferents perspectives, la
teoria de varietats toriques en relacié6 amb dos objectius principals: apro-
fundir en el coneixement de 'estructura dels feixos equivariants en vari-
etats toriques i contribuir a la conjectura d’Ein-Lazarsfeld-Mustopa sobre
I'estabilitat dels fibrats de sizigies en varietats projectives.

El contingut principal d’aquesta tesi es desenvolupa al llarg dels tres
capitols posteriors al Capitol 1 de preliminars. A mesura que s’avanca en
el text s’'imposen estructures més concretes sobre els feixos que s’inves-
tiguen. Comencant per feixos lliures de torsio, i passant per l'estudi de
feixos reflexius, la dissertacié acaba amb una contribuci6 a la conjectura
d’Ein-Lazarsfeld-Mustopa, estudiant 1'estabilitat dels fibrats de sizigies en
certes varietats toriques projectives. A continuacio es descriu el contingut
de cada capitol amb més detall:

En el Capitol 1, s’exposen les definicions i resultats preliminars sobre
varietats toriques que s’utilitzaran al llarg de la tesi. Amb especial ém-
fasi es recull la noci6 d’anell de Cox d’una varietat torica, aixi com la
correspondeéncia algebro-geométrica entre feixos i moduls que se’n deriva.
Finalment, dirigim la nostra atenci6 als feixos equivariants sobre una va-
rietat torica i la construccié de Klyachko, que els descriu mitjancant una
familia de filtracions d’un espai vectorial.

En el Capitol 3, ens centrem en I'estudi dels feixos equivariants lliures
de torsio, que tenen una estreta relacié amb la teoria d’ideals monomi-
als. Es comenca introduint la nocié de diagrama de Klyachko d’un ideal
monomial, que en generalitza el classic diagrama en escaleta. Després
d’introduir métodes per a calcular el diagrama de Klyachko, 'utilitzem
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per descriure el primer modul de cohomologia local d’un ideal monomial.
Finalment, apliquem aquesta nocio al calcul de la funci6é de Hilbert i poli-
nomi de Hilbert d’un ideal monomial. Com a coneqiiéncia, caracteritzem
tots els ideals monomials amb polinomi de Hilbert constant, en termes
del seu diagrama de Klyachko.

El capitol 4 se centra en I'estudi dels feixos reflexius equivariants en
una varietat torica. Per tal de descriure com varia, en torcar per un fibrat
de linia, la dimensi6 de les seccions globals d’un feix reflexiu equivariant,
introduim una familia de politops reticul-lars. En particular, d’aquesta
familia de politops, se’n deriva un meétode per a calcular el polinomi de
Hilbert d'un feix reflexiu equivariant. Quan la varietat torica subjacent
té un splitting fan, aquest estudi es pot fer més precis. En aquest cas,
aportem cotes superior i inferior pel grau (multigraduat) inicial d'un feix
reflexiu equivariant, aixi com una cota superior del seu index (multigra-
duat) de regularitat. Finalment, apliquem aquests resultats per a intro-
duir un métode per tal de trobar fibrats d’Ulrich equivariants sobre una
superficie de Hirzebruch. A partir d’aquest métode, donem un exemple
d’un fibrat Ulrich equivariant de rang 3 sobre la primera superficie de
Hirzebruch.

El Capitol 4 tracta ’estabilitat dels fibrats de sizigies sobre una va-
rietat torica projectiva. Demostrem que, per a qualsevol polaritzacio
d’un blow-up d’un espai projectiu al llarg d’un subespai lineal, el fibrat
de sizigies resultant és estable, contribuint aixi a la conjectura d’Ein-
Lazarsfeld-Mustopa. Finalment, estudiem la rigidesa d’aquests fibrats de
sizigies i demostrem que sempre es corresponen amb punts llisos en el seu
espai de moduli.
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