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Abstract

The ability of detecting forces and torques at the micro- and nano-scale
is fundamental. When this Thesis started, various scanning probe tech-
niques had already been developed to probe the mechanical properties of
microsystems. In 1993 Ghislain and coworkers devised a new scanning force
microscopy using an optically trapped microsphere as a probe. This tech-
nique was later called Photonic Force Microscope (PFM). A typical PFM
comprises an optical trap that holds a probe a dielectric or metallic particle
of micrometer size, which randomly moves due to Brownian motion in the
potential well formed by the optical trap and a position sensing system.
The analysis of the thermal motion provides information about the local
forces acting on the particle. The three-dimensional probe position can be
recorded through different devices, which detect the forward or backward
scattered light from the particle. The PFM had been applied to measure
forces in the range of femto- to pico-Newton - well below the limits of what
can be achieved with techniques based on micro-fabricated mechanical can-
tilevers, such as AFM - in many different fields with exciting applications,
for example, in biophysics, equilibrium and nonequilibrium thermodynam-
ics of small systems, and colloidal physics. We defined various problems
that deserved our attention. All of them concerned the enhancement of the
possibilities of the PFM, either by applying the PFM to new fields or by
making it more powerful. These are the main results:

Brownian motion in an nonhomegeneous force field and PFM. We
reported how to expand the PFM technique to deal with force fields
varying on the scale of the Brownian motion. We also proposed a
concrete analysis workflow to reconstruct the force field from the ex-
perimental time series of the probe position. In particular, we analyzed
the PFM probe movement in the presence of a torque. The value of the
torque is found from the auto- and cross-correlation functions of the
particles coordinates. We experimentally detected the torque exerted
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onto an optically trapped particle by an optical beam with orbital
angular momentum.

Backscattering position detection. We studied theoretically the probe
displacement sensitivity in back-scattering and forward-scattering ge-
ometry. To achieve this aim an original calculation procedure based on
Mie scattering theory was developed and realized on MatLab platform.
The calculation results were compared with known experimental data.

Surface Plasmon (SP) Radiation Forces. We reported the first exper-
imental observation of the momentum transfer from a SP to a single
dielectric sphere. We showed that the force at resonance conditions
resulted enhanced 40 times compared to nonresonant illumination. We
also reported a quantitative analysis of 2D surface-plasmon-based op-
tical tweezers at a patterned metal surface.

Characterization of microscopic flows. We suggested an approach to
microrheology based on optical traps capable of measuring fluid fluxes
around singular points. The concept was to monitor the position of an
optically trapped probe in order to locally characterize the drag force
field as a generic function of the space coordinates up to the first order
in its Taylor expansion around the probe position. We experimentally
demonstrated this technique, applying it to the characterization of
controlled flows.

Cell dynamics in an optical trap. We reported the analysis of the for-
ward scattered light from a single optically trapped cell during its
growth. We showed that the cell continued adjusting itself to the
applied optical force because of the growth processes, and hence it
kept changing its orientation in the trap. We pointed out the rele-
vance of these findings for single optically trapped cell spectroscopic
measurements. We also demonstrated the possibility of monitoring
the cytoskeleton structural transformations in optically trapped yeast
cells (S. cerevisiae) using this technique.



Resumen

La capacidad de detectar fuerzas y fuerzas de torsión en escala micro y
nano-métrica es fundamental. Cuando esta Tesis comenzó, varias técnicas
de microscoṕıa de barrido hab́ıan ya sido desarrolladas para sondear las car-
acteŕısticas mecánicas de microsistemas. En 1993 Ghislain et al. idearon una
nueva clase de microscopia de fuerza usando una microesfera ópticamente
atrapada. Esta técnica más adelante fue llamada Photonic Force Microscope
(PFM). Un PFM t́ıpico usa una part́ıcula atrapada ópticamente - dieléctrica
o metálica de tamaño micrométrico, que se mueve aleatoriamente debido al
movimiento browniano en el potencial formado por la trampa óptica - y un
sistema de detección de posición. El análisis del movimiento térmico pro-
porciona la información sobre las fuerzas locales que actúan en la part́ıcula.
La posición tridimensional de la part́ıcula se puede registrar detectando la
luz dispersada por la misma part́ıcula a través de varios dispositivos. El
PFM hab́ıa sido aplicado a la medida de fuerzas en el rango de femto- a
pico-Newton en muchos campos, por ejemplo, en biof́ısica, termodinámica
del equilibrio y fuera del equilibrio de sistemas pequeños y f́ısica coloidal. En
2004, cuando esta Tesis comenzó, definimos varios problemas que merecan
nuestra atención. Todos se refirieron al realce de las posibilidades del PFM.
Estos son los resultados que alcanzamos:

Movimiento browniano en un campo de fuerzas no-homegneo. Se-
ñalamos como ampliar la técnica del PFM para estudiar campos de
fuerza que varian en la escala del movimiento browniano. También
propusimos un procedimento de análisis concreto para reconstruir el
campo de fuerza a partir de las series temporales experimentales de la
posición de la part́ıcula. En detalle, analizábamos el movimiento de la
part́ıcula en presencia de una fuerza de torsión. El valor de la fuerza
de torsión se puede derivar de la autocorrelación y de la correlación
cruzada de las coordenadas de la part́ıcula. Detectamos experimen-
talmente la fuerza de torsión ejercida sobre una part́ıcula ópticamente
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atrapada por un haz óptico con momento angular orbital.

Detección de la posición en back-scattering. Estudiamos teóricamen-
te la sensibilidad de la respuesta de un detector de posición en back-
scattering y en forward-scattering. Para alcanzar este objectivo hemos
desarrollado un algoritmo original basado en la teoria de la dispersin de
Mie y lo implementamos en MatLab. Los resultados numéricos fueron
comparados con datos experimentales encontrados en la literatura.

Fuerzas de radiación de plasmones de superficie. Conseguimos hacer
la primera observación experimental de la transferencia del momento
de un plasmn de superficie (SP) a un objeto dielctrico sencillo. En
detalle mostramos que en resonancia la fuerza resultó realzada 40 ve-
ces. También hicimos un análisis cuantitativo de las pinzas ópticas
basandas en SP en una superficie metálica modelada.

Caracterización de flujos microscpicos. Sugerimos una aproximación
a la microreologa basada en trampas ópticas capaces de medir los flujos
de un flúıdo alrededor de puntos singulares. El concepto era vigilar la
posición de una part́ıcula ópticamente atrapada para caracterizar lo-
calmente el campo de fuerza en función de la posición hasta el primer
orden en su expansión de Taylor. Demostramos experimentalmente
esta técnica, aplicándola a la caracterización de flujos controlados.

Dinámica de células atrapadas ópticamente. Señalamos el análisis de
la luz dispersada por una célula sencilla atrapada ópticamente durante
su crecimiento. Mostramos que la célula continuó ajustándose a la
fuerza óptica aplicada debido a los procesos del crecimiento. Resalta-
mos la relevancia de estos resultados para el estudio espectroscópico
de células atrapadas ópticamente. También demostramos la posibili-
dad de vigilar las transformaciones estructurales del citoesqueleto en
células ópticamente atrapadas de levadura (S. cerevisiae), usando esta
técnica.
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Introduction

Forces and torques – a torque is a vector associated with a twisting force
that tend to rotate an object – are used to describe physical interactions.
Mechanics is the branch of physics that deals with the behaviour of physical
bodies when subjected to forces. At a fundamental level, only four forces are
needed to account for the functioning of the Universe: the strong force and
the weak force, which act only at very short distances and are responsible for
holding certain nucleons and compound nuclei together; the electromagnetic
force, which acts between electric charges; and the gravitational force, which
acts between masses.

All the forces and torques we experience in our daily lives, in and out
of the lab, are consequences of these four fundamental interactions, even
though they receive other names. For example, friction is a manifestation
of the electromagnetic force acting between the atoms of two surfaces, and
the Pauli exclusion principle, which does not allow atoms to pass through
each other. The elastic forces in springs modeled by Hooke’s law are also
the result of electromagnetic forces and the exclusion principle acting to-
gether to return the object to its equilibrium position. Centrifugal forces
are acceleration forces which arise from the acceleration of rotating frames
of reference.

We all have an intuition about how to deal with our-daily-life forces and
torques. In particular, we know how to measure them and how to take
advantage of them for our purposes. However, forces and torques are also
present at the micrometric and molecular scale. For example, biomolecules
exert forces: the microtubule-based kinesin motors and actin-based myosin
motors generate forces associated with intracellular trafficking, cell division,
and muscle contraction [1, 2, 3, 4, 5]; RNA polymerase during transcription
exert a maximum force of about 14 pN [6]. Also torques can be found in the
microworld: flagellar motors – a complex of about 100 protein molecules [7]
– can rotate at more than 100 revolutions per second [8, 9, 10]; and a single
molecule of F1-ATP synthase acts as a rotary motor, the smallest known
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[11]. Knowledge of the mechanical properties of DNA is required to under-
stand the structural dynamics of cellular processes such as replication and
transcription. Measurements of force and extension on single molecules of
DNA [12, 13, 14] have allowed direct determination of the molecules mechan-
ical properties, provided rigorous tests of theories of polymer elasticity [15],
revealed unforeseen structural transitions induced by mechanical stresses
[14, 16, 17, 18], and established an experimental and conceptual framework
for mechanical assays of enzymes that act on DNA [19]. Forces and torques
also appear in the presence of microfluidic flows, such as in lab-on-a-chip
applications [20]. Even the transfer of light linear and angular momentum
can produce forces [21] and torques [22, 23] at microscopic length scales.

In these cases the behaviour of such forces and torques is different from
what we are used to: things get much more complex when we move into
these weird microscopic domains with less connection with our daily expe-
rience. In particular, one thing has to be kept in mind: the thermal noise,
responsible for the Brownian diffusion of particles, is omnipresent. Further-
more, when liquid environment are considered, inertial effects are absent at
the microscopic scale due to the overwhelming role of viscosity [24]. Any-
way, we do want to deal with these molecular-scale forces and torques, and
in particular to measure them. To measure them is crucial for our under-
standing of the biophysical processes that involve these molecules and for
the advancement of nanotechnology.

Various techniques have been developed to probe the mechanical prop-
erties of microsystems. In the early 90s various kinds of scanning probe
microscopy were already established. In 1982 Binnig and coworkers [25]
invented the Scanning Tunneling Microscope (STM), which permitted one
to resolve at the atomic level crystallographic structures [26] and organic
molecules [27]. The Atomic Force Microscope (AFM) was invented in 1986
[28]. These instruments have been successfully employed to study biolog-
ical and nano-fabricated structures, overcoming the traditional diffraction
limit of optical microscopes. Furthermore, they developed from pure imag-
ing tools into more general manipulation and measuring tools on the level of
single atoms or molecules. However, all these techniques required a macro-
scopic mechanical device to guide the probe.

The advent in 1986 of the first 3D optical trap paved the way towards new
kinds of probes. Ashkin [29] demonstrated that the radiation pressure from
a focused laser beam is able to trap small particles. For example, an optical
trap is formed when a micron-sized transparent particle whose index of
refraction is greater than the surrounding medium, is located within a highly
focused laser beam. The refracted rays differ in intensity over the volume
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of the sphere and exert a pico-Newton scale force on the particle, drawing
it towards the region of highest light intensity, and producing an elastic
restoring force. The particle settles down near the equilibrium position, but
it never settles down completely; instead it keeps on jiggling around the
equilibrium position because of the Brownian motion.

In 1993 Ghislain and coworkers devised a new kind of scanning force
microscopy using such an optically trapped microsphere as a probe [30, 31].
This technique was later called Photonic Force Microscope (PFM) [32].

A typical PFM comprises an optical trap that holds a probe – a dielec-
tric or metallic particle of micrometer size, which randomly moves due to
Brownian motion in the potential well formed by the optical trap – and
a position sensing system. Therefore, in order to understand the theory
behind the PFM it is necessary to discuss three aspects:

1. the optical trap;

2. the Brownian motion of the probe in the trap;

3. and the position detection.

The analysis of this thermal motion provides information about the local
forces acting on the particle. The three-dimensional probe position can be
recorded through different devices, which detect the forward or backward
scattered light from the particle. The most commonly used are a quadrant
photodiode, a position sensing detector, or a camera [33]. The PFM provides
the capability of measuring forces in the range from femto- to pico-Newton.
This value is well below the one that can be reached with technique that
based on microfabricated mechanical cantilevers [34].

We can now see how to use an optical trap in order to measure a homoge-
neous force field. The combined effect of the harmonic force field produced
by the optical trap and the homogeneous force field results in a shift in the
probe equilibrium position, which is proportional to the force. Therefore,
by measuring this displacement we can retrieve the force, assuming that we
know the trap elastic constant. Let’s now see it more in detail.

For small displacements of the probe from the center of an optical trap,
the restoring force is proportional to the displacement. Hence, an optical
trap acts on the probe like a Hookeian spring with a fixed stiffness, which
can be characterized with various methods [33, 35]. The correlation or
power spectrum method, in particular, is considered the most reliable [35],
allowing one to determine the trap stiffness by applying Boltzmann statistics
to the position fluctuations of the probe, relying only on the knowledge of the
temperature and the viscosity of the surrounding medium [30, 31, 32, 36, 37].
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Assuming a low Reynolds number regime [24, 38], in an appropriate
reference frame the Brownian motion of the probe in the optical trap is
described by a set of three independent Langevin equations – one for each
direction – with the following form:

γṙ(t) + kr(t) =
√

2Dγh(t), (1)

where r(t) = x(t), y(t), or z(t) is the probe position along a given direc-
tion, γ = 6πRη is its friction coefficient, R is the probe radius, η is the
medium viscosity, k = kx, ky, or kz is the stiffness along the given direction,√

2Dγh(t) is a white Gaussian random processe describing the Brownian
forces, D = kBT/γ is the diffusion coefficient, T is the absolute tempera-
ture, and kB is the Boltzmann constant. Without loss of generality their
treatment can be restricted to the x-projection of the system.

The autocorrelation function (ACF) of the solution to Eq. (3.1) reads

< x(t)x(t+ ∆t) >= D
γ

kx
e−kx|∆t|/γ . (2)

Experimentally the trap stiffness is found by fitting the theoretical ACF
(Eq. (2)) to the one obtained from the measurements. Using the Wiener-
Khintchine theorem, the power spectral density (PSD) can now be calculated
as the Fourier transform of the ACF:

Px(f) =
D

2π2 (f2 + f2
c )
, (3)

where fc = kx/(2πγ) is the corner frequency.
A constant and homogeneous external force fext,x acting on the probe

produces a shift in its equilibrium position in the trap. The value of the
force can be obtained as:

fext,x = kx 〈x(t)〉 , (4)

where < x(t) > is the probe mean displacement from the previous equilib-
rium position.

The PFM has been applied to measure forces in the range of femto- to
pico-Newton - as we have already noted, this is well below what can be
achieved with techniques based on micro-fabricated mechanical cantilevers,
such as AFM [34] - in many different fields with exciting applications, for
example, in biophysics, equilibrium and nonequilibrium thermodynamics of
small systems, and colloidal physics [1, 2, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48].
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This was the state of the art in 2004, when this thesis started. We
therefore defined various problems that deserved our attention. All of them
concerned the enhancement of the possibilities of the PFM, either by apply-
ing the PFM technique to new fields or by making it more powerful both
from a theoretical and experimental point of view. In the following, for each
point, we will present: the motivation that made us move into that work,
the state-of-the-art when we entered the field, the task that we underwent,
and the main results we achieved.

This Thesis is structured into two parts. The first part describes the
theory behind the PFM including established and new results: after an in-
troductive overview of a typical PFM setup (Chapter 1), we discuss the
three main aspects necessary to understand the PFM, i.e. optical trapping
(Chapter 2), Brownian motion in an optical trap (Chapter 3), and position
detection (Chapter 4). The second part describes the novel applications
of the PFM that are the core of this Thesis: the measurement of plasmon
radiation forces (Chapter 5), the Photonic Torque Microscope and the mea-
surement of the torque produced by a vortex light beam (Chapter 6), the
measurement of the characteristics of microscopic flows (Chapter 7), and
some applications with trapped cells (Chapter 8).

1. Brownian motion in an nonhomegeneous force field and
Photonic Torque Microscope

Motivation

Brownian motion – the random walk of a small particle immersed in a fluid
bath – is a fundamental physical phenomenon that has been studied for
over a hundred years. And the way in which deterministic perturbations
affect Brownian motion underlies many physical, chemical and biological
phenomena: examples include Brownian motors [49], molecular transport
processes [50], and thermally activated transitions in a potential landscape
[51]. A mechanical torque is a type of mechanical perturbation that can be
exerted on the Brownian particle, and deserves scientific attention.

For a correct use of the PFM, the force field has to be homogeneous on
the scale of the Brownian motion of the trapped probe. This condition im-
plicates that the force field must be conservative, excluding the possibility of
a rotational component. However, there are cases where these assumptions
are not fulfilled and the force field varies in the nanometer scale [52, 53, 54].
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State-of-the-art in 2005

The statistical analysis of the thermal fluctuations of a particle hels in a
harmonic trapping potential was – and is – commonly used to measure pico-
to femto-Newton forces [1, 43, 45, 46, 55]. In the case of a mechanical
torque, it had previously been studied by measuring the rotation rate of
the particle itself [22, 23, 56, 57, 58, 59, 60, 61, 62, 63, 64] and a statistical
description was available for the case of rotational Brownian motion (the
Brownian movement of the particle around its own axis) [65]. However, the
precise manner in which the torque affects the statistics of the translational
Brownian trajectories – the Brownian movement of the center of mass of the
particle – was, to our surprise, still unknown.

Task

We decided to study the Brownian motion in the presence of a rotational
and a more generic non-homogeneous force field. One of the main aims of
this study was to improve the technique to measure molecular-scale torques.

Main results

We reported [66] the statistical analysis of the movement of a submicron
particle confined in a harmonic potential in the presence of a torque and
how the absolute value of the torque could be found from the auto- and
cross-correlation functions of the particles coordinates. We experimentally
proved this analysis by detecting the torque produced onto an optically
trapped particle by an optical beam with orbital angular momentum.

We also reported [67] how to expand the PFM technique in order to
deal with the cases when the force field varies on the scale of the Brownian
motion, not restricted only to rotational force fields. We introduced the
theory of this enhanced PFM and we proposed a concrete analysis workflow
to reconstruct the force field from the experimental time series of the probe
position.

These results are discussed in Chapter 3 – theoretical discussion of the
Brownian motion in a nonhomegeneous force fields –, in Chapter 6 – concept
of Photonic Torque Microscope and measurement of the torque produced by
a vortex beam –, and in Chapter 7 – measurement of the torque produced
by a microscopic hydrodynamic flow.
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2. Backscattering position detection

Motivation

A typical PFM setup comprises an optical trap, which holds the probe, and
a position sensing system, which uses the scattering of a beam illuminating
the probe. Usually the position is accurately determined by measuring the
deflection of the forward-scattered (FS) light transmitted through the probe.
However, the FS position detection scheme is not always possible. In a
number of experiments, geometrical constraints may prevent access to the
FS light, forcing one to make use of the back-scattered (BS) light instead.
This occurs, for example, in biophysical applications where one of the two
faces of a sample holder needs to be coated with some specific material [68]
or in plasmonics applications where a plasmon wave needs to be coupled to
one of the faces of the holder [54]. Furthermore, the BS mode of operation
makes it easier to combine the optical trap with other techniques such as
atomic force microscopy, which requires access to one side of the holder. A
special feature of the BS detection compared to the FS case is that the same
lens is used both for trapping and for collecting the scattering light.

State-of-the-art in 2006

The PFM with FS detection was extensively studied, for example, in [36,
37, 46, 69, 70, 71, 72, 73, 74, 75, 76]. However, the use of the BS light
for position and force detection is mentioned [54, 68, 77, 78, 79, 80] but,
contrary to the FS light detection, had not been discussed extensively.

A remarkable experimental observation in [80] was that the detection
efficiency can significantly depend on the type of detector used when using
BS light. In particular, with the experimental parameters cited in [80], the
linear detection range of the position sensing detector (PSD) was found to
be twice that of the quadrant photo-detector (QPD) for a 2.5-micron probe.
This is quite different from the FS setup, where no significant difference was
found between both detectors. In addition, the data shown in [80] indicate
that the displacement sensitivity depends on the probe size and even changes
sign for small probes. This suggests that for some intermediate probe sizes,
the deflection sensitivity should vanish, thus making the PFM inoperative.

Task

We decided to pursue a better theoretical understanding of the possibilities
and limitations of the BS position detection in the PFM, as it has already
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been done for the FS case.

Main results

Using a Mie-Debye approach, we reported in [81] that the displacement sen-
sitivity in BS can change its sign, and therefore passes by zero, consistently
with the experimental results [80]. Furthermore we showed that the changes
of the sign occur repeatedly as the size is further varied. Qualitatively simi-
lar results where obtained by varying the numerical aperture of the lens. We
pointed out that this should be taken into account in experimental designs.

These results are discussed in Chapter 4.

3. Surface Plasmon Radiation Forces

Motivation

Optical manipulation by evanescent fields, instead of conventional propagat-
ing fields, has been awakening an increasing interest during the last decade
[82, 83]. The main motivations for using non-propagative fields are (i) the
absence of the diffraction-limit for the trapping volume, which may per-
mit an effective manipulation of single sub-wavelength objects, and (ii) the
intrinsic in-plane field confinement, which is of interest for lab-on-a-chip
applications.

Surface plasmons (SP) are electromagnetic surface modes confined at a
metal/dielectric interface due to the resonant interaction of the electromag-
netic wave with the surface charges of the metal [84, 85]. They give rise
to a multi-fold increase of the Transverse Magnetic (TM)-polarized incident
field that is expected to result in a significant enhancement of the radiation
forces on a nearby object.

State-of-the-art in 2004

Momentum transfer from evanescent fields to micro- and nano-particles had
been extensively investigated theoretically and experimentally both near the
surface of a dielectric prism illuminated under total internal reflection and
near to an optical waveguide [86, 87, 88, 89, 90, 91]. In particular, a PFM
had been used to measure the forces produced by an evanescent wave [89, 90].

It had been proposed to use Surface Plasmons (SP) [52, 53, 82, 92] in
order to extend the range of in-plane optical manipulation.

However, until then SP forces had only been studied theoretically, and
only for 0.5µm diameter metal or dielectric spheres [93]. For a particle far
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enough from the surface, such that it does not perturb the plasmon field,
the radiation forces were predicted to increase considerably in the presence
of SP.

Task

We decided to use a PFM to quantitatively measure the surface plasmon
radiation forces on polystyrene beads of various sizes, when located at dif-
ferent distances from the metal surface and for different – resonant and non-
resonant – illumination conditions. Furthermore, we wanted to investigate
the forces that could be produced by a patterned substrate.

Main results

We reported [54] the first experimental observation of the momentum trans-
fer from a SP to a single dielectric object. In particular we showed that
the force a resonance on a 4.5µm diameter dielectric sphere is enhanced 40
times compared to non-resonant illumination.

We also reported [94] a quantitative analysis of 2D surface-plasmon-
based optical tweezers able to trap micro-colloids at a patterned metal sur-
face under low laser intensity revealing stable trapping with forces in the
range of a few tens of femto-Newton.

These results are presented in Chapter 5.

4. Characterization of microscopic flows

Motivation

The experimental characterization of fluid flows in micro-environments is
important both from a fundamental point of view and from an applied one,
since for many applications it is required to assess the performance of mi-
crofluidic structures, such as lab-on-a-chip devices [20]. Carrying out this
kind of measurements can be extremely challenging. In particular, due to
the small size of these environments, wall effects can not be neglected [95].
Additional difficulties arise studying biological fluids because of their com-
plex rheological properties.

State-of-the-art in 2006

Optically trapped microscopic particles had been proposed as flow sensors
[96, 97, 98, 99, 100]. In [96] an oscillating optically trapped probe was used



10 CONTENTS

to map the two-dimensional flow past a microscopic wedge. In [97, 98] a
stress microviscometer was presented: it generated and measured micro-
scopic fluid velocity fields, monitoring the probe particle displacement. A
further improvement was achieved in [100] by using multiple holographic op-
tical traps in order to parallelize the technique: an array of micro-probes can
be simultaneously trapped and used to map out the streamlines. All these
techniques apply a PFM approach to the flow measurement: the fluid veloc-
ity at the trap location is obtained by monitoring the probe displacements
resulting from the balance between the trapping and drag forces.

These techniques presented a major drawback: they interpreted the ex-
perimental results assuming that the flow can be described by a set of parallel
streamlines. Then the drag force acting on a probe around a specific point
in the flow is well described by a constant value, and this is the case con-
sidered by the current optical trap methods. However, the drag force field
may include singular points as well. In these points the flow and, hence, the
drag force are null, but not in its surrounding. The question, which arises
naturally, is how to characterize this flow.

Task

We decided to study the possibility of extending the PFM-approach to mi-
crorheology in order to characterize fluid fluxes in the proximity of singular
points.

Main results

We suggested [101] an approach to microrheology based on optical traps
capable of measuring fluid fluxes around singular points of fluid flows. The
concept was to monitor the position of an optically trapped probe in order
to locally characterize the drag force field as a generic function of the space
coordinates up to the first order in its Taylor expansion around the probe
position. We experimentally demonstrated this technique, applying it to the
characterization of controlled flows produced by a set of birefringent spheres
spinning due to the transfer of light angular momentum. This method was
able to distinguish between a singular point in a complex flow and the ab-
sence of flow at all; furthermore it permitted us to characterize the stability
of the singular point.

These results are presented in Chapter 7.
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5. Cell dynamics in an optical trap

Motivation

The understanding of the behavior of a growing cell in an optical trap is
interesting by itself and can also have a major relevance for techniques uti-
lizing optical tweezers.

Unlike homogeneous spheres, such as polystyrene beads commonly used
in optical trapping experiments, living cells present a complex mixture of
chemical constituents having different optical properties: high-refractive in-
dex granules of different sizes embedded in the cytoskeleton can be observed
even under a bright-field microscope [102]. The focal spot of the optical
trap is usually several times smaller than the cell size. The cellular con-
stituents can move around the equilibrium position in the optical trapping
potential. This movement is not only due to Brownian motion, as for solid
microspheres, but also due to the inherent biological motility. A rotation of
the cell is also possible, since its optical inhomogeneity can induce a torque
[103, 104]. In living cells metabolic activity leads to a continuous change
in their chemical content and physical properties, as well as in their shape
and size. Hence the equilibrium position around which the trapped cell os-
cillates in solution can change over time. Unlike the thermal fluctuations,
these fluctuations are affected by the biochemical processes and allow the
cell to locally adjust its mechanical properties according to its needs [105].

State-of-the-art in 2004

The study the biochemical processes of optically trapped living cells was
an established field. In particular, optical tweezers were commonly com-
bined with optical techniques – such as Raman spectroscopy [106, 107,
108, 109, 110, 111, 112, 113], fluorescence and nonlinear wave generation
[114, 115, 116, 117] – to study biochemical processes in single living cells
that normally live in suspension. When the same beam that traps the cell
was also used to excite the spectrum, only that part of the cell which is
near the focus contributes to the measured spectra, especially for non-linear
effects or confocal geometries. Thus the interpretation of experimental spec-
tra can often be ambiguous, particularly if the performed experiments span
over the cell life cycle or they involve the presence of variable environmental
conditions that can invoke a biochemical response from the cell. In all these
cases for a correct interpretation of the spectroscopic data it was essential to
understand the behavior of the cell in the optical trap. However, this issue
had not received scientific attention.
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Task

We decided to measure the spatial distribution of the forward-scattered light
by the trapped cell, using a quadrant photodiode (QPD), to gain insights
into the behavior of the cell in the trap. In other words we wanted to use
the PFM-techique using a cell, instead of a synthetic sphere, as a probe.

Main results

We reported [118] the analysis of the forward scattered light from a single
optically trapped cell during its growth. We showed that the cell continued
adjusting itself to the applied optical force because of the growth processes,
and hence it kept changing its orientation in the trap. We pointed out
the relevance of these findings for single optically trapped cell spectroscopic
measurements.

We also demonstrated [119] the possibility of monitoring the cytoskeleton
structural transformations in optically trapped yeast cells (Saccharomyces
cerevisiae) using this technique.

These results are presented in Chapter 8.
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Chapter 1

The Photonic Force
Microscope Basics

The detection and measurement of forces and torques in microscopic systems
is an important goal in many areas such as biophysics, colloidal physics, and
hydrodynamics of small systems. Since its invention in 1993 [30, 31], the
Photonic Force Microscopy (PFM) has become an important tool to probe
such forces.
A typical PFM setup comprises an optical trap to hold a probe - a dielectric
or metallic particle of micrometer size - and a position sensing system. In the
case of biophysical applications the probe is a small dielectric bead tethered
to the cell or molecule under study. The probe randomly moves due to
Brownian motion in the potential well formed by the optical trap. Near
the center of the trap, the optical trapping potential is parabolic, i.e. the
restoring force is linear in the displacement. The stiffness of such potential
can be calibrated from the three-dimensional position fluctuation spectrum.
To measure an external force acting on the probe it suffices to measure
the probe average position displacement under the action of such force and
multiply by the stiffness.

In order to understand the theory behind the PFM it is necessary to discuss
three aspects:

1. the optical forces that act on the probe and produce the optical trap
(Chapter 2);

2. the statistics of the Brownian motion of the probe in the trap, which
are used in the calibration procedure (Chapter 3);

15
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Figure 1.1: Basic PFM setup. Main components: laser, high-NA objec-
tive (O1), condenser (O2), sample, photodetector (PD), and CCD camera.
Other optical components: telescope (T), dichroic mirrors (DM), mirror
(M), and illumination light source (LS).

3. and the position detection, which permits one to track the probe posi-
tion with nanometer resolution and at kilohertz sampling rate (Chap-
ter 4).

Before going into the details of the theory of the PFM, in this short
chapter we will present an overview of a standard PFM setup. As presented
in Fig. 1.1, a typical PFM consists of three parts: the trapping optics (§1.1),
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the imaging optics (§1.2), and the detection optics (§1.3).

1.1 Trapping optics

We discuss in more detail the physics of optical trapping in Chapter 2. For
now it suffices to know that an optical trap is generated by strongly focusing
a laser beam.
The main components of the trapping optics are illustrated in Fig. 1.2. In
most current applications the trapping beam is generated by a near-infrared
(NIR) laser. This is mainly due to the fact that NIR light is less damag-
ing to biological cells and molecules than visible and ultra-violet (UV) light.
Usually, the object to be trapped is suspended in an aqueous solution, which
is held between a standard microscope slide and cover slip; sometimes the
particles to be trapped are suspended in other liquids or gases or even in
vacuum. However, this is not the case in this Thesis. Coarse manipulation
can be done by translating the sample using the microscope stage or a nano-
positioning system.

Figure 1.2: Trapping optics. A telescope T, constituted by two lenses,
reshapes the beam generated by a laser in order to overfill a high-NA objec-
tive (O1), which focuses it (optical trap) in a sample holder containing the
objects to be trapped. The dichroic mirror (DM) directs the beam towards
the objective.

The refracted rays differ over the volume of the particle and exert a pico-
Newton scale force on it, drawing it towards the region of highest light
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intensity 1. The optical trap is harmonic near the focal point: the force
acting on a colloidal particle positioned at x within a trap centered at x0

is Fopt = k(x − x0), where k is the trap stiffness. Several characteristics
influence the performance of an optical trap: (1) the trap stiffness increases
with the power in the light beam; (2) for a given laser power, the trap stiff-
ness increases with a decrease in the size of the focused spot, corresponding
to an increase of the intensity of the trap; (3) the trap is weakest in the
direction of the bream propagation where the intensity gradient is weakest
and the force associated with reflection is opposed to the restoring one –
depending on how much light is reflected at the bead surface, the force due
to reflection can easily push the sphere out of a weak trap. Furthermore, in
presence of damping, if the trap depth is not significantly greater than the
kinetic energy characteristic of the Brownian fluctuations, the particle will
easily escape.
In order to trap, the laser beam has to be transformed into a tightly focused
spot with the greatest trap depth. Once the microscope objective and laser
are chosen, maximizing the trap depth is equivalent to adjusting the size
and curvature of the light incident on the microscope objective so that the
objective will focus the light to achieve the maximum possible intensity gra-
dient. An ideal circular lens of focal length f and diameter Dobj focuses a
collimated laser beam down to a spot whose size is

wtrap = 1.22λ (f/Dobj) , (1.1)

where λ = λ0/nm with λ0 being the vacuum wavelength and nm being the
index of refraction of the immersion medium2. Eq. (1.1) can be recasted in
terms of the numerical aperture NA of the lens

NA = nm sin θmax, (1.2)

where θmax the maximum possible angle between a ray of light captured by
the objective and a line perpendicular to the surface of the objective passing
through its center3. Typically, for a given lens, the strongest trap is achieved
when the incoming light beam overfills the objective, i.e. the beam waist
is approximatively the same as the objective diameter. If the beam waist is
significantly smaller than the objective diameter, wtrap will be greater than

1This is true for particle whose refractive index is higher than the one of the medium
where they are immersed. These are the particles usually employed in optical microma-
nipulation experiments and, in particular, in this Thesis.

2This is the medium that couples objective lens to the sample, usually water.
3θmax can readily be expressed in terms of f and Dobj : sin θmax = Dobj/f .
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the minimum value for the lens, decreasing the strength of the trap. If it
is larger, not all the light will be transmitted through the objective and,
altough wtrap will have the minimal value, the intensity will be lower. As it
is shown in Fig. 1.2, a telescope is used to overfill the objective.

1.2 Imaging optics

In order to perform experiments, it is necessary to observe the trapped ob-
jects. The equipments used for such purpose are shown in Fig. 1.3.

Figure 1.3: Imaging optics. An objective (O2) focuses a white light (LS)
on the sample. The light is then recollected by a second objective (O1) and
projected onto a CCD camera connected to a monitor.

In an apparatus that uses a microscope, the trapping and imaging objectives
are the same. The light for the imaging is provided by a condenser, which
is commonly an integral part of the microscope. It is convenient to image
through a dichroic beam splitter that reflects the trapping light to the micro-
scope but also transmits some of the imaging light from the condenser to a
charge-coupled device (CCD) camera, connected to a visualization monitor,
or a microscope eyepiece. In either case, color filters are typically required
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in front of the camera to reduce the intensity of the trapping beam to an
acceptable level.

1.3 Detection optics

The position detection process will be discussed in detail in Chapter 4. In
Fig. 1.4 the optics typically required for the detection of the particle posi-
tion in the optical trap is presented. A laser beam, often the same that is
used to generate the optical trap, is shined through the particle. A second
objective collects the forward scattered light and projects it onto a position
detector. This detects the changes in the pattern of forward scattered light
due to the changes in the particle’s position.

Figure 1.4: Detection optics. A photodetector (PD), connected to an
acquisition system, receives the forward scattered laser light by a trapped
particle, after it is collected and collimated by an objective (O2).
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Quandrant photodetector

There are several instruments available to monitor rapid changes in a trapped
particle’s position: quadrant photodetectors (QPD), position sensing detec-
tors (PSD), or high-resolution/high-speed cameras. In the experiments pre-
sented in this Thesis we have usually used a QPD. We will therefore take a
closer look at how it works.

Figure 1.5: QPD. 4-element photodiode array: the voltage signals associ-
ated to the four quadrants are: VI , VII , VIII , and VIV . From these, Eq.
(1.3) permits one to derive the three signals Vx, Vy, and Vz approximatively
proportional to the spatial coordinates of the particle.

As shown in Fig. 1.5, a QPD is a 4-element photodiode array which gives
three voltage signals – Vx, Vy, and Vz – proportional to the amount of light
impinging upon it and associated to the tridimensional displacement of the
particle in the trap:

Vx = (VI + VIII)− (VII + VIV )
Vy = (VI + VII)− (VIII + VIV )
Vz = VI + VII + VIII + VIV

, (1.3)

where VI , VII , VIII , and VIV are the voltage signals associated to the four
quadrants of the QPD.
To convert the voltage signals in Eq. (1.3) into actual displacement units, the
QPD must be calibrated. We will discuss the various calibration methods
in detail in §3.1.
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Chapter 2

Optical Trapping

It has been known since the XVII century that light can exert forces. But
it was only with the invention of the laser in the 1960s [120] that it became
possible to exploit these forces. In 1970 a seminal paper form Ashkin [21]
showed that it was possible to use the forces of radiation pressure to signif-
icantly affect the dynamics of transparent micrometer neutral particles. In
1986, Ashkin and colleagues reported the first observation of what is now
commonly referred to as an optical trap [29]: a tightly focused light beam ca-
pable of holding microscopic particles in three dimensions. A more detailed
historical background can be found in Appendix A.

It is well known from quantum mechanics that light carries a momen-
tum: for a photon at wavelength λ the associated momentum is p = h/λ,
where h is the Planck constant. For this reason, whenever an atom emits or
absorbs a photon, its momentum changes according to Newton’s laws. Simi-
larly, an object will experience a force whenever a propagating light beam is
refracted or reflected by its surface. However, in most situations this force is
so much smaller than other forces acting on macroscopic objects that there
is no noticeable effect and, therefore, can be neglected. Objects, for which
this radiation pressure exerted by light starts to be significant, weigh less
than 1µg and their size is below 10s of microns.
A focused laser beam acts as an attractive potential well for a particle. The
equilibrium position lies near – but not exactly at – the focus. When the ob-
ject is displaced form this equilibrium position, it experiences an attractive
force towards it. This restoring force is in first approximation proportional
to the displacement. In other words, optical tweezers force can generally be
described by Hooke’s law

Fx = −kx (x− x0) , (2.1)

23
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where x is the particle’s position, x0 is the focus position and kx is the
spring constant along x of the optical trap, usually referred as trap stiffness.
In fact, optical tweezers create a tridimensional potential well that can be
approximated by three independent harmonic oscillators, one for each of
the x, y, and z directions. If the optics are well aligned, the x and y spring
constants will be roughly the same, while the z spring constant, instead, is
typically smaller by a factor of ≈ 5÷ 10.
In optical trapping experiments, light force is provided by a laser beam

Figure 2.1: Trapping regimes. Trapping regimes and typical objects that
are trapped in optical manipulation experiments.

and objects ranging from 10s of nanometers to 10s of micrometers, such
as cells, micron-sized dielectric particles or nano-sized metallic beads, are
manipulated. Considering the ratio between the characteristic dimension
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L of the object and the wavelength λ of the trapping light, three different
trapping regimes can be defined:

1. Rayleigh regime, when L << λ;

2. an intermediate regime, when L is comparable to λ;

3. geometrical optics regime, when L >> λ.

In Fig. 2.1 an overview of the kind of objects belonging in each of these
regimes is presented, assuming that the trapping wavelength is in the vis-
ible or NIR spectral region. In any of these regimes, the electromagnetic
equations can be solved to evaluate the force acting on the object. However,
this can be a cumbersome task. For the Rayleigh regime and geometrical
optics regime approximated models have been developed, which allows one
to going insight into the physics of optical trapping. However, most of the
objects that are normally trapped in optical manipulation experiments fall
in the intermediate regime region, where the Rayleigh or geometrical optics
approximation cannot be used. In particular, the probes we use in this The-
sis lie in the intermediate regime: they typically are polystyrene beads with
diameter between 0.6µm and 4.5µm.

In the following we will see how the electromagnetic forces arise (§2.1),
highlighting some general results that apply for all regimes. Then we will
see more in detail the optical forces in the Rayleigh regime (§2.2) and in the
geometrical optics regime (§2.3). All what we discuss in this Chapter can
be found in the literature, for example in Refs. [82] and [121].

2.1 The physical origin of optical forces

Electromagnetism and mechanics are connected through the Lorentz law,
which predicts the forces produced by an electromagnetic field. For a generic
body of volume V bounded by a closed surface S and with an inner distribu-
tion of charges q (r, t) and currents j (r, t) satisfying the charge conservation
law, which is a direct consequence of Maxwell’s equations, Lorentz law states
that the force FL acting on it is

FL (r, t) =
∫

V
[q(r, t)E (r, t) + j (r, t)×B (r, t)] dV , (2.2)

where E (r, t) is the electric field and B (r, t) the magnetic one acting on the
considered body. It is important to note that the fields used to calculate
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the Lorentz force are the self-consistent fields of the problem, which means
that they are a superposition of the incident and the scattered fields.

The rate of change of the object mechanical momentum Pmech is equal
to the Lorentz force (2.2):

dPmech

dt
= FL (r, t) . (2.3)

The rate of change of the electromagnetic field momentum Pem in the vol-
ume V is given by:

dPem

dt
=

d

dt

∫
V
ε0E×BdV. (2.4)

By adding up Eq. (2.3) and Eq. (2.4) and using Maxwell’s equations, we
get:

d (Pmech + Pem)
dt

=
∫

V
ε0 [E(∇ ·E)−E× (∇E×E)

+c2 (B(∇ ·B)−B× (∇×B))
]
dV.

(2.5)

We can now introduce the Maxwell’s stress tensor T = {Tαβ}

Tαβ = ε0

[
EαEβ + c2BαBβ −

1
2

(
E ·E + c2B ·B

)
δαβ

]
. (2.6)

This permits us to rewrite the result in Eq. (2.5) as

d (Pmech + Pem)α

dt
=

∫
V

∑
β

∂

∂xβ
TαβdV =

∮
S

∑
β

TαβnβdS, (2.7)

where n is the normal to the surface S pointing outside the volume V , and
Tαβnβ is the flow across the surface S.
The expression in Eq. (2.7) is a statement of momentum conservation: the
time rate of change of the total momentum within a volume V is equal to
the force acting on the surface S enclosing the same volume. It can be used
to calculate the forces acting on material objects in an electromagnetic field.

Analogously it is possible to introduce a angular momentum conservation
law:

d (Lmech + Lem)
dt

= −
∮

S
n ·MdS, (2.8)

where M = T×x is the flux of angular momentum associated to Maxwell’s
stress tensor, and Lem = ε0µ0x× (E×H).
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The problem to calculate the forces and torques acting on the body is
therefore reduced to problem of calculating the total electromagnetic field
given the incoming one. It is possible to directly solve the Maxwells equa-
tions with the appropriate boundary conditions. However, other methods
have been developed. In particular for a spherical particle Mie approach for
the scattering of a plane wave was generalized for an arbitrary field [122].
There a are also methods that permit one to deal with particles of an arbi-
trary shape.

Figure 2.2: Trap stiffness vs. probe size. Transverse trap stiffness κ
as a function of probe radius a (scaled by k), for a fixed power 60mW
and wavenumber k = 7.8µm−1. Theoretical results: partial-wave expansion
(solid line) and Geometrical optics (dashed line). Experimental results with
reported values of radius (squares) and with rescaled radius (circles) from
[31]. Inset: transverse trap stiffness as a function of wavenumber k, for a
fixed bead radius a = 2.0µm. (Reproduced from [123])

The probes we typically use in this Thesis are spherical particles andlie in
the intermediate regime. Fig. 2.2 shows how the trapping forces change for
different sizes of spherical beads at a given wavelength λ = 2π/k = 810nm.
The trapping force is maximum for a bead whose diameter is approximately
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equal to the trapping light wavelength. For smaller bead sizes, the trapping
force increases with the increase in bead radius. This is due to the fact that
the beads are less than the size of the beam focus and as they approach the
beam focus size, the gradient force exceeds the scattering force. When the
bead size exceeds the wavelength of trapping light, some part of the bead
is always outside the beam focus and this results in an enhanced scattering
force compared to the gradient force acting on the beads. Therefore the
trapping force decreases in this case, as the bead radius increases.

2.2 Rayleigh regime

A macroscopic particle with dimensions much smaller than the wavelength
λ of the illuminating electromagnetic field is well described by a dipole, i.e.
by two bounded oppositely charged particles with masses m1 and m2, placed
respectively at r1 and r2 , such that ‖s‖ = ‖r1 − r2‖ << λ. In the non-
relativistic limit, the equations of motion for the two particles follow from
Lorentz law

m1
d2r1
dt2

= q
[
E (r1, t) + dr1

dt ×B (r1, t)
]
−∇U (r1, t)

m2
d2r2
dt2

= −q
[
E (r2, t) + dr2

dt ×B (r2, t)
]

+∇U (r2, t)
, (2.9)

where the binding potential U has been included in the equation.

The two particles constitute a two body problem which is most conveniently
solved by introducing the center of mass coordinate

r =
m1

m1 +m2
r1 +

m2

m1 +m2
r2,

and the dipole moment p = qs. Combining this notation with Eq. (2.9),
the mechanical force exerted by the electromagnetic field on the dipole is

F(r, t) = p · ∇E(r, t) +
dp
dt
×B(r, t) +

d2p
dt2

× p · ∇B(r, t),

where, using the dipole approximation ‖s‖ << λ, the Taylor expansion of
the electric and magnetic fields at the positions of the two particles can be
truncated at the first order. The third term of the right hand side is usually
much smaller than the other two terms and, therefore, can be neglected:

F(r, t) = p · ∇E(r, t) +
dp
dt
×B(r, t). (2.10)
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Figure 2.3: Forces in the Rayleigh regime. Scattering and gradient
forces in the Rayleigh regime.

It is interesting to note that the field appearing in this equation corresponds
to the incoming one, i.e. the dipole is assumed not to change the fields,
which is very convenient from the computational point of view.
If the dipole is illuminated by an arbitrary monochromatic electromagnetic
wave with angular frequency ω,{

E(r, t) = Re
[
E(r)e−jωt

]
B(r, t) = Re

[
B(r)e−jωt

] , (2.11)

its momentum is
p(t) = Re

[
pe−jωt

]
. (2.12)

This means that the fields and dipole moment can be represented by their
complex amplitudes E(r), B(r) and p. Assuming that the particle has no
static dipole moment, to first order, the induced one is proportional to the
electric field at the particle’s position r = r0

p = α (ω)E (Er0) , (2.13)

where α denotes the polarizability of the particle. Taking a time average,
Eq. (2.10) reads

〈F(r)〉 =
1
2
Re [p∗ · ∇E− iωp∗ ×B]
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or, replacing the dipole moment by its expression in Eq. (2.13) and splitting
the polarizability into its real and imaginary parts, after some rearrange-
ment,

〈F(r)〉 =
Re [α]

2
∇E2 +

ωIm [α]
c2ε0εr

S, (2.14)

where ε0 is the permittivity of vacuum, and εr the dimensionless relative
permittivity of the surrounding medium.
Therefore, as already recognized by Ashkin in 1970 [21], the mechanical force
can be split into two terms, which are illustrated in Fig. 2.3: the first is
denoted as gradient force and the second one as scattering force. For an ideal
lossless particle there is no momentum transfer from the radiation field to the
particle and the scattering force is zero. Polarizable particles are accelerated
by the gradient force towards extrema of the radiation field. Therefore,
a tightly focused laser beam can trap a particle in all dimensions at its
focus. However, the scattering force pushes real particles in the propagation
direction and, if the focus of the trapping laser is not tight enough, the
particles may be pushed out of the focus.

2.3 Geometrical optics regime

When the dimension of the object with which the light waves interact is much
larger than its wavelength λ, the geometrical optics description applies. In
geometrical optics a light wave is represented as a ray directed along the
propagation direction, and its intensity is determined by the number of
photons passing through a given area per unit time. The magnitude of the
momentum of a single photon is given by ‖p‖ = h/λ, and the momentum
flux of a light beam of intensity given by the Poynting vector S is

d

(
dP
dt

)
=
nm

c
SdS, (2.15)

where nm is the index of refraction of the medium surrounding the object,
c is the speed of light in vacuum and dS is an element of area normal to
S. Therefore, in principle it is possible to directly calculate the force on a
given area due to the light momentum flux through it.
Since the force on a dielectric object is given by the change in momentum of
light due to light refraction by the object, the total force on it is the difference
between the momentum flux entering the object and the one leaving it

F =
nm

c

∫
S

(Sin − Sout) dS. (2.16)
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Figure 2.4: Forces in the geometrical optics regime. Qualitative view
of the trapping of dielectric spheres. The refraction of a typical pair of rays
a and b of the trapping beam gives forces Fa and Fb whose vector sum F is
always restoring for axial and transverse displacements of the sphere from
the trap focus f . (Adapted from Ref. [124])

In optical manipulation experiments the object is pushed by the reflection
of light from its surface. Radiation forces due to refraction, instead, can
be used to pull a transparent object, as it is qualitatively shown in Fig.
2.4. Each ray is refracted at the object surface so that the direction of
propagation changes according to Snell’s law which states that

nm sin(θ1) = np sin(θ2), (2.17)

where nm is the index of refraction of the medium surrounding the particle
and np is the index of refraction of the bead. Here θ1 is the angle of incidence
of the ray with respect to a line perpendicular to the surface of the particle
and θ2 is the angle with respect to the same line at which the ray propagates
within it.
Fig. 2.5 illustrates the multiple reflections and refractions that a light ray
undergoes when it impinges on a spherical object. Snell’s law indicates
that the change in the light direction at the interface of the bead with its
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Figure 2.5: Scattering of a ray on a sphere. Scattering of a single
incident ray of power P by a dielectric sphere, showing the reflected ray PR
and infinite set of refracted rays PT 2Rn. (Reproduced from Ref. [124])

surroundings depends strongly on the index of refraction of each medium.
The change in direction of the light due to refraction is all contained within
the integral in Eq. (2.16). Since the bead changes the momentum of the
light, an equal and opposite change in its momentum occurs. The resultant
force of the light on the bead due to refraction, also called gradient force,
is always in the direction of the focus of the light. Therefore, in absence of
other forces, the sphere is attracted to the focal point of the light. In order
to trap, the attractive force due to refraction of the light at the surface of
the particle must be sufficient to overcome any other forces acting to push
the bead out of the trap, such as the force due to reflection at its surface
(scattering force). The values of these forces, as a function of the incidence
angle, are shown in Fig. 2.6.
Following the approach of Ashkin [124], it is possible to derive various results
in the geometrical optics regime. In particular we can see which are the
theoretical limits to the trapping forces. The force that can be extracted
from a beam of power F = (nmP/c) ·Q, where Q is a dimensionless factor
depending on the geometry. When the optical beam is perfectly reflected
in the incident direction the maximum Q = 2 is achieved; therefore, the
maximum force that can be exerted in water by a 1mW beam is FMAX =
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Figure 2.6: Forces produced by a ray. Values of the normalized scattering
force Qs, gradient force Qg, and magnitude of the total force Qmag for a
single ray hitting a dielectric sphere of relative index of refraction np/nm =
1.2 at an angle θ. (Reproduced from Ref. [124])

8.9 pN .
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Chapter 3

Brownian Motion and
Calibration

As we have already seen in Chapter 1, for small displacements of the probe
from the center of an optical trap, the restoring force is proportional to
the displacement. Hence, an optical trap acts on the probe like a Hookeian
spring with a fixed stiffness. Assuming a very low Reynolds number regime
[24, 38], the Brownian motion of the probe in the optical trap is described
by a set of Langevin equations (§B.1):

γṙ(t) + Kr(t) =
√

2Dγh(t), (3.1)

where r(t) = [x(t), y(t), z(t)]T is the probe position, γ = 6πRη is its friction
coefficient, R is its radius, η is the medium viscosity, K is the stiffness matrix,√

2Dγh(t) =
√

2Dγ[hx(t), hy(t), hz(t)]T is a vector of independent white
Gaussian random processes describing the Brownian forces, D = kBT/γ is
the diffusion coefficient, T is the absolute temperature, and kB is the Boltz-
mann constant. The orientation of the coordinate system can be chosen in
such a way that the restoring force is independent in the three directions,
i.e. K = diag(kx, ky, kx). In this reference frame the stochastic differential
Eq. (3.1) are separated and without loss of generality the treatment can be
restricted to the x-projection of the system.
A constant and homogeneous external force fext,x acting on the probe pro-
duces a shift in its equilibrium position in the trap. The value of the force
can be obtained as:

fext,x = kx < x(t) >, (3.2)

where < x(t) > is the probe mean displacement from the previous equilib-
rium position.

35
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Figure 3.1: Nanometric nonhomogeneous force fields. Examples of
physical systems that produce force fields that cannot be correctly probed
with a classical PFM because they vary on the scale of the Brownian motion
of the trapped probe, i.e. in a range of 10s to 100s of nanometers (a pos-
sible range is indicated by the red bars): (a) forces produced by a surface
plasmon polariton in the presence of a patterned surface on a 50nm radius
dielectric particle (adapted from [53]); (b) trapping potential for 10nm di-
ameter dielectric particle near a 10nm wide gold tip in water illuminated by
a 810nm monochromatic light beam (adapted from [52]); and (c) force field
acting on a 500nm radius dielectric particle in the focal plane of a highly
focused Laguerre-Gaussian beam (adapted from [66]).

For a correct use of the Photonic Force Microscope (PFM), as we have de-
scribed it until now, the force field to be measured has to be invariable
(homogeneous) on the scale of the Brownian motion of the trapped probe,
i.e. in a range of 10s to 100s of nanometers depending on the trapping
stiffness. This condition implicates that the force field must be conserva-
tive, excluding the possibility of a rotational component. However, there
are cases where these assumptions are not fulfilled, as it is illustrated in
Fig. 3.1. The field can vary in the nanometer scale, for example, in the
presence of a radiation force field produced by a surface plasmon polariton
[54]. It can also be non-conservative in the presence of a rotational force
(torque). These effects appear, for example, considering the radiation forces
exerted on a dielectric particle by a patterned optical near-field landscape at
an interface decorated with resonant gold nanostructures [53] (Fig. 3.1(a)),
the nanoscale trapping that can be achieved near a laser-illuminated tip [52]
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(Fig. 3.1(b)), the optical forces produced by a beam which carries orbital
angular momentum [66] (Fig. 3.1(c)), or in the presence of fluid flows. In
order to deal with these cases, we need a deeper understanding of the Brow-
nian motion of the optically trapped probe in the trapping potential.

In §3.1 we review the most commonly employed methods to perform the
calibration of the trap stiffness, which is an essential step in the application
of the PFM. Then we will discuss the Brownian motion near an equilibrium
point in a force field (§3.2) and we will see how this permits us to develop
a more powerful theory of the PFM (§3.3). Finally we will briefly discuss
the application of this theory to the measurements of rotational force fields
acting on the Brownian particle (§3.4) – this topic will be discussed more in
depth in Chapter 6.

3.1 Calibration of a standard Photonic Force Mi-
croscope

As we saw in Chapter 2, modelling the interaction between the light of a
focused laser beam and an extended dielectric object can be a complicated
task, requiring the use of electromagnetic theory. This theory is relatively
straightforward for the Rayleigh (§2.2) and the geometrical optics (§2.3)
regimes. However, most applications of optical tweezers, and in particular
those we discuss in this Thesis, involve particles whose characteristic size
is comparable to the wavelength (intermediate regime). In this case exact
solutions for the force field are cumbersome to come by, and approximations
must often be made.
Fortunately there are several straightforward methods to experimentally
measure the trap parameters – trap stiffness and conversion factor between
voltage and length – and, therefore, the force exerted by the optical tweezers
on an object, without the need for a theoretical reference model. The most
commonly employed methods are the drag force method, the equipartition
method, the potential analysis method and the power spectrum or correlation
method [35, 37].

3.1.1 The drag force method

It is possible to infer the spring constant kx by measuring the displacement
resulting from a known force. In the case of a spherical bead surrounded by
a fluid medium such as water, this can be accomplished by monitoring the
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position of the trapped bead while the fluid flows past it at a known velocity
v. The force on the bead due to fluid flow is given by

Fdrag = −γv. (3.3)

A more precise measurement of the flow velocity can be obtained by trap-
ping a bead in an optical trap without flow and then oscillating the cell
holding the liquid that surrounds the trapped bead at a fixed frequency and
amplitude. If the position of the cell as a function of time is given by

x = x0 sin (2πf0t) , (3.4)

then the velocity of the cell and, therefore, of the liquid surrounding the
bead is

v = 2πf0x0 cos (2πf0t) , (3.5)

and the force due to viscous drag on the trapped bead is

Fdrag = −2πf0x0γ cos (2πf0t) . (3.6)

3.1.2 The equipartition method

This method takes advantage of the statistical analysis of the Brownian
motion of a trapped particle, allowing one to estimate the trap stiffness
kx from the noisy position data obtained from a trapped bead. Because a
trapped particle is in thermal equilibrium with a much larger system, the
surrounding fluid, one can use an important result of statistical mechanics,
the equipartition theorem, to say something about the average potential
energy U(x) associated with the trap. Assuming a harmonic potential for
the x-dimension, the equipartition theorem states that

〈U(x)〉 =
1
2
kx

〈
(x− x0)2

〉
=

1
2
kBT. (3.7)

Therefore, if the statistical variance of the particle x-coordinate can be ac-
curately estimated and if the absolute temperature T is known, the trap
stiffness kx can be derived:

kx =
kBT

〈(x− x0)2〉
(3.8)
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3.1.3 The potential analysis method

A variation to the previous method is represented by the potential analysis
technique. In theory, one should be able to deduce the shape of the poten-
tial energy function U(x) by examining a histogram of the positions for a
trapped particle at equilibrium with its surroundings. In this situation, the
Boltzmann distribution describes the probability density function ρ(x):

ρ(x) =
e
−U(x)

kBT

Z
, (3.9)

where Z is the partition function which normalizes the probability density
function. The goal, therefore, is to experimentally estimate ρ(x) by obtain-
ing independent samples of a particle’s position, then solve Eq. (3.9) for the
function U(x). This method allows one also to check on the assumption of
a harmonic potential used in the equipartition method above and the power
spectrum method described below.

3.1.4 The power spectrum or correlation method

The previous methods do not always provide the most reliable estimate of
the trap stiffness [35]. The Langevin equation (§B.1) can be solved in the
frequency domain to have a more accurate estimation of this parameter.
The unidimensional equation of motion can be used to model the Brownian
motion of a particle inside the optical trap under two assumptions:

1. low Reynolds numbers (m/γ << 1), which is the typical case for
experimental conditions [24, 38];

2. the motion is confined to a harmonic well potential.

Under the above conditions, the Langevin equation becomes

γ
dx(t)
dt

+ kxx = h(t). (3.10)

Using the Fourier transform, Eq. (3.10) leads to the complex algebraic
equation

(kx − i2πγf)X(f) = H(f), (3.11)

where H(f) is the fourier transform of the random force η(t). Taking the
square modulus of both sides of Eq. (3.11) gives the power spectral density
(PSD) of the x-position of the particle

Px(f) =
2γkBT

4π2γ2 (f2 + f2
c )
. (3.12)
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This is a Lorentzian function with corner frequency fc = kx/2πγ, that can
be fitted to the experimental PSD to retrieve the value of the trap stiffness
kx.
Since PSD and autocorrelation function (ACF) are related by the Wiener-
Kintchine theorem, the trap stiffness can be estimated also fitting the the-
oretical ACF

rxx(τ) = 〈x(t+ τ)x∗(t)〉 =
kBT

kx
e
− kx

γ
|τ | (3.13)

on the experimental one.

3.1.5 From voltage to length

When a QPD is used for the detection of the particle position, as we most
of the times do in this Thesis, the position detection system output has a
somewhat arbitrary amplitude that depends linearly on laser power and the
three independent amplifier settings for the voltages measured, Vx, Vy, and
Vz (§1.3).
One of the advantages of the power spectral density method is that it permits
one an accurate estimation of the conversion factor. We need to assume that
the actual position of a bead, x(t), be proportional to the measured signal
Vx(t), i.e. x(t) = SxVx(t) where Sx is the proportionality constant, whose
units are [length/Voltage]. Using a QPD, this means that we are working
in the range where the detector response is linear.
The Power Spectral Density (PSD) is

Px(f) = S2
x |Vx(f)|2 . (3.14)

Taking the expression for the PSD from Eq. (3.12), multiplying by f2 and
taking the limit for f →∞, the proportionality constant is given by

S2
x =

D

2π2

[
lim

f→∞
|Vx(f)|2 f2

]−1

, (3.15)

suggesting that at high frequency the function |Vx(f)|2 f2 reaches a plateau,
whose value is proportional to the reciprocal of S2

x.

3.2 Brownian motion near an equilibrium position

In the presence of an external force field fext(r(t)) such as the ones shown
in Fig. 3.1, Eq. (3.1) can be written in the form:

γṙ(t) = f(r(t)) +
√

2Dγh(t), (3.16)
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where the total force acting on the probe f (r(t)) = fext(r(t))−Kr(t) depends
on the position of the probe itself, but does not vary over time. The analysis
is limited here to a bidimensional system, because it is the most interesting
from the applied point of view. However, the approach, proposed in what
follows, can be generalized to the tridimensional case.
The force f(r(t)) = [fx(r(t)), fy(r(t))]

T can be expanded in Taylor series up
to the first order around an arbitrary point r̃:

f(r(t)) =
[
fx(r̃)
fy(r̃)

]
︸ ︷︷ ︸

fr̃

+

[
∂fx(r̃)

∂x
∂fx(r̃)

∂y
∂fy(r̃)

∂x
∂fy(r̃)

∂y

]
︸ ︷︷ ︸

Jr̃

(r(t)− r̃) + o (||r− r̃||) , (3.17)

where fr̃ and Jr̃ are the zeroth-order and first-oeder expansion coefficients,
i.e. the force field value at the point r̃, and the Jacobian of the force field
calculated in r̃, respectively.
In a PFM the probe is optically trapped and, therefore, it diffuses due to
Brownian motion in the total force field (the sum of the optical trapping
force and external force fields). If fr̃ 6= 0, the probe experiences a shift in
the direction of the force. After a transient time has elapsed, therefore, the
particle settles down in a new equilibrium position of the total force field,
such that fr̃ = 0. As seen above, the measurement of this shift allows one to
evaluate the homogeneous force acting on the probe in the standard PFM.
Assuming, without loss of generality, r̃ = 0, the statistics of the Brownian
motion near the equilibrium point can be analyzed in order to reconstruct
the force field up to its first-order approximation.
We notice that, although any force field in the proximity of a potential
minimum can be approximately described by Eq. (3.17), for the following
considerations to be valid the particle motion must be confined in a potential
well deep enough (at least various kBT ), where only one minimum is present.
More complex potentials can be characterized by other techniques [125, 126],
which, however, cannot take into account the rotational component of the
force field.

3.2.1 Conservative and rotational components of the force
field

The first order approximation to Eq. (3.16) near a stable equilibrium point
of the force field, r̃ = 0, is:

ṙ(t) = γ−1J0r(t) +
√

2Dh(t), (3.18)
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where r(t) = [x(t), y(t)]T , h(t) = [hx(t), hy(t)]
T , and J0 is the Jacobian

calculated at the equilibrium point. According to the Helmholtz theorem,
under reasonable regularity conditions any force field can be separated into
its conservative (irrotational) and non-conservative (rotational or solenoidal)
components.
With simple algebraic passages, the Jacobian J0 can be written as the sum
of two matrices:

J0 = Jc + Jnc, (3.19)

where

Jc =

 ∂fx(0)
∂x

1
2

(
∂fx(r)

∂y + ∂fy(0)
∂x

)
1
2

(
∂fy(0)

∂x + ∂fx(0)
∂y

)
∂fy(0)

∂y

 (3.20)

and

Jnc =

 0 1
2

(
∂fx(0)

∂y − ∂fy(0)
∂x

)
1
2

(
∂fy(0)

∂x − ∂fx(0)
∂y

)
0

 . (3.21)

It is easy to show that Jc, since it is symmetric, is the conservative compo-
nent of the force field, and that Jnc is, instead, the rotational component.
In fact, each linear conservative force field comes from a quadratic potential
V (x, y) = ax2 + bxy+ cy2 and a symmetric Jacobian can be always derived
by such a potential.
The two components can be easily identified if the coordinate system is cho-
sen such that ∂fx(0)

∂y = −∂xfy(0)
∂x . In this case, the Jacobian J0 normalized

by the friction coefficient γ reads:

γ−1J0 =
[
−φx Ω
−Ω −φy

]
, (3.22)

where φx = kx/γ and φy = ky/γ, kx = −∂fx(r̃)
∂x and ky = −∂fy(r̃)

∂y , and

Ω = γ−1 ∂fx(r̃)
∂y = −γ−1 ∂fy(r̃)

∂x . In Eq. (3.22) the rotational component,
which is invariant under a coordinate rotation, is represented by the non-
diagonal terms of the matrix: Ω is the value of the constant angular velocity
of the probe rotation around the z axis due to the presence of the rotational
force field [66]. The conservative component, instead, is represented by the
diagonal terms of the Jacobian and is centrally symmetric with respect to
the origin. Without loss of generality, it can be imposed that the stiffness of
the trapping potential is higher along the x axis, i.e. kx > ky and, therefore,
φx > φy.
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3.2.2 Stability study

The conditions for the stability of the equilibrium point are [127, 128]{
Det (J0) = φ2 −∆φ2 + Ω2 ≥ 0
Tr (J0) = −2φ ≤ 0

, (3.23)

where φ = (φx + φy)/2 and ∆φ = (φx − φy)/2. The fundamental condition
required to achieve the stability is φ > 0. Assuming that this condition is
satisfied, the behavior of the optically trapped probe can be explored as a
function of the parameters Ω/φ and ∆φ/φ. The stability diagram is shown
in Fig. 3.2.

Figure 3.2: Stability diagram. Assuming φ > 0, the stability of the system
is shown as a function of the parameters Ω/φ and ∆φ/φ. The white region
satisfies the stability conditions in Eq. (3.23). The dashed lines represent
the ∆φ = |Ω| and ∆φ = φ curves. The dots represent the parameters that
are further investigated in Figs. 3.3, 3.4 and 3.5.

The standard PFM corresponds to ∆φ = 0 and Ω = 0. When a rotational
term is added, i.e. Ω 6= 0 and ∆φ = 0, the system remains stable [66].
When there is no rotational contribution to the force field (Ω = 0) the
equilibrium point becomes unstable as soon as ∆φ ≥ φ. This implicates
that φy < 0, and therefore the probe is not confined in the y-direction
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Figure 3.3: Brownian motion near an equilibrium. The arrows show
the force field vectors for various values of the parameters ∆φ/φ and Ω/φ.
The shadowed areas show the probability distribution function (PDF) of the
probe position in the corresponding force field.

any more. In the presence of a rotational component (Ω 6= 0) the stability
region becomes larger; the equilibrium point now becomes unstable only for
∆φ ≥

√
φ2 − Ω2.

Some examples of possible force fields are presented in Fig. 3.3. When Ω = 0
the probe movement can be separated along two orthogonal directions. As
the value of ∆φ increases, the probability density function (PDF) of the
probe position becomes more and more elliptical, until for ∆φ ≥ φ the
probe is confined only along the x-direction and the confinement along the
y-direction is lost.
If ∆φ = 0, the increase in Ω induces a bending of the force field lines
and the probe movement along the x- and y-directions are not independent
any more. For values of Ω ≥ φ, the rotational component of the force field
becomes dominant over the conservative one. This is particularly clear when
∆φ 6= 0: the presence of a rotational component covers the asymmetry in
the conservative one, since the PDF assumes a more rotationally-symmetric
shape.
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3.3 Enhanced Photonic Force Microscope

The most powerful analysis method to characterized the stiffness of an opti-
cal trap is based on the study of the correlation functions - or, equivalently,
of the power spectral density - of the probe position time-series, which we
discussed in §3.1.4. In what follows, the correlation matrix for the general
case of Eq. (3.18) is first derived in the coordinate system considered in
the previous section, where the conservative and rotational components are
readily separated (§3.3.1). Then, the same matrix is derived in a generic co-
ordinate system and some functions that are independent on its orientation
are identified (§3.3.2). For completeness, the power spectral density matrix
is also presented (§3.3.3).

3.3.1 Correlation matrix

The correlation matrix of the probe motion near an equilibrium position can
be calculated from the solutions of Eq. (3.18). Its eigenvalues, i.e. the roots
of its characteristic polynomial p(λ) = λ2+2φλ+(φ2−∆φ2+Ω2), are λ1,2 =
−φ±

√
∆φ2 − Ω2 and the corresponding eigenvectors, i.e. two independent

vectors that satisfy J0v1,2 = λ1,2v1,2, are v1,2 =
[
Ω,∆φ±

√
∆φ2 − Ω2

]
.

Treating h(t) as a driving function, the solution of Eq. (3.18) is given by:

r(t) =
√

2D
∫ t

−∞
W(t)W−1(s)h(s)ds, (3.24)

where

W(t) =
[

Ω Ω
∆φ+

√
∆φ2 − Ω2 ∆φ−

√
∆φ2 − Ω2

] [
eλ1t 0
0 eλ2t

]
(3.25)

is the Wronskian of the system.
Since r(t) is assumed to be a stationary stochastic process, the correlation
matrix

〈
r(t+ τ)r† (t)

〉
can be obtained by taking the ensemble average〈

r(τ)r† (0)
〉

=
〈

2D
∫ τ

−∞
W(τ)W−1(t′)h(t′)dt′

∫ 0

−∞
h†(t′′)W−1†(t′′)W†(0)dt′′

〉
,

where the superscript † indicates the hermitian.
Solving this system, we have

rxx(∆t) = D
e−φ|∆t|

φ

[(
Ω2 − α2∆φ2

Ω2 −∆φ2
− α2 ∆φ

φ

)
C(∆t)

−α2 ∆φ
φ

(
1− ∆φ

φ

)
S(|∆t|)

]
,

(3.26)
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ryy(∆t) = D
e−φ|∆t|

φ

[(
Ω2 − α2∆φ2

Ω2 −∆φ2
+ α2 ∆φ

φ

)
C(∆t)

+α2 ∆φ
φ

(
1 +

∆φ
φ

)
S(|∆t|)

]
,

(3.27)

rxy(∆t) = D
e−φ|∆t|

φ

Ω
φ

[
+S(∆t) + α2 ∆φ

φ
(C(∆t) + S(|∆t|))

]
, (3.28)

ryx(∆t) = D
e−φ|∆t|

φ

Ω
φ

[
−S(∆t) + α2 ∆φ

φ
(C(∆t) + S(|∆t|))

]
, (3.29)

where

α2 =
φ2

φ2 + (Ω2 −∆φ2)
(3.30)

is a dimensionless positive parameter,

C(t) =


cos

(√
|Ω2 −∆φ2|t

)
Ω2 > ∆φ2

1 Ω2 = ∆φ2

cosh
(√

|Ω2 −∆φ2|t
)

Ω2 < ∆φ2

(3.31)

and

S(t) =


φ

sin
“√

|Ω2−∆φ2|t
”

√
|Ω2−∆φ2|

Ω2 > ∆φ2

φt Ω2 = ∆φ2

φ
sinh

“√
|Ω2−∆φ2|t

”
√
|Ω2−∆φ2|

Ω2 < ∆φ2

. (3.32)

In Fig. (3.4) these functions are plotted for different ratios of the force
field conservative and rotational components. Some cases have already been
studied experimentally.

For the case ∆φ = 0 [66], the auto-correlation functions (ACFs) are rxx(∆t) =
ryy(∆t) = De−φ|∆t| cos(Ω∆t)/φ and cross-correlation functions (CCFs) are
rxy(∆t) = −ryx(∆t) = De−φ|∆t| sin(Ω∆t)/φ, instead. Their zeros are at
∆t = nΩ/π and ∆t = (n+ 1/2) Ω/π respectively, with n integer. However,
when the rotational term is smaller than he conservative one (Ω < φ) the
zeros are not distinguishable due to the rapid exponential decay of the cor-
relation functions. As the rotational component becomes greater than the
conservative one (Ω > φ), a first zero appears in the ACFs and CCFs and,
as Ω increases even further, the number of oscillation grows. Eventually,
for Ω � φ the sinusoidal component becomes dominant. The conservative
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Figure 3.4: Autocorrelation and cross-correlation functions. Auto-
correlation and cross-correlation functions (3.26)-(3.29) for various values
of the parameters ∆φ/φ and ψ/φ: rxx (black continuous line), ryy (black
dotted line), rxy (blue continuous line), and ryx (blue dotted line).

component manifests itself as an exponential decay of the magnitude of the
ACFs and CCFs.
When Ω = 0, the movements of the probe along the x- and y-directions are
independent. The ACFs behave as rxx(∆t) = De−φx|∆t|/φx and ryy(∆t) =
De−φy |∆t|/φy, while the CCFs are null, rxy(∆t) = ryx(∆t) = 0. In Fig. 3.2
this case is represented by the line Ω = 0.
When both Ω and ∆φ are zero, the ACFs are rxx(∆t) = ryy(∆t) = De−φ|∆t|/φ,
and the CCFs are null, rxy(∆t) = ryx(∆t) = 0. The corresponding force
field vectors point towards the center and are rotationally symmetric.
When both Ω and ∆φ are nonvanishing, the effective angular frequency that
enter the correlation functions (Eq. (3.26)-(3.29)) is given by

√
|∆φ|2 − Ω2.

This shows that the difference in the stiffness coefficients along the x- and
y-axes effectively influences the rotational term, if this is present. A limiting
case is when |Ω| = ∆φ. This case presents a pseudo-resonance between the
rotational term and the stiffness difference.
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3.3.2 Correlation matrix in a generic coordinate system

The expression for the ACFs and CCFs (3.26)-(3.29) were obtained in a spe-
cific coordinate system, where the conservative and rotational component of
the force field can be readily identified. However, typically the experimen-
tally acquired time-series of the probe position required for the calculation
of the ACFs and CCFs are given in a different coordinate system, rotated
with respect to the one considered in the previous subsection. If a rotated
coordinate system is introduced, such that

r′(t) = Rr, (3.33)

where r′(t) = [x′(t), y′(t)]T , r(t) = [x(t), y(t)]T , and R =
[

cos θ − sin θ
sin θ cos θ

]
,

the correlation functions in the new system are given by〈
r′(τ)r′† (0)

〉
= R

〈
r(τ)r† (0)

〉
R†. (3.34)

They are, therefore, obtained as linear combinations of Eq. (3.26)-(3.29):

rx′x′(∆t) = (cos θ)2 rxx(∆t)− cos θ sin θrxy(∆t)

− sin θ cos θryx(∆t) + (sin θ)2 ryy(∆t),
(3.35)

ry′y′(∆t) = (sin θ)2 rxx(∆t) + sin θ cos θrxy(∆t)

+ cos θ sin θryx(∆t) + (cos θ)2 ryy(∆t),
(3.36)

rx′y′(∆t) = cos θ sin θrxx(∆t) + (cos θ)2 rxy(∆t)

− (sin θ)2 ryx(∆t)− sin θ cos θryy(∆t),
(3.37)

ry′x′(∆t) = sin θ cos θrxx(∆t)− (sin θ)2 rxy(∆t)

+ (cos θ)2 ryx(∆t)− cos θ sin θryy(∆t),
(3.38)

which in general depend on θ.

However, it is remarkable that the difference of the two CCFs, DCCF (∆t) =
rx′y′(∆t) − ry′x′(∆t), and the sum of the ACFs, SACF (∆t) = rx′x′(∆t) +
ry′y′(∆t), are invariant:

DCCF (∆t) = 2D
e−φ|∆t|

φ

Ω
φ
S(∆t), (3.39)
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Figure 3.5: Invariant functions: SACF (∆t) and DCCF (∆t). Functions
(3.39) and (3.40) independent from the choice of the reference system for
various values of the parameters ∆φ/φ and Ω/φ: SACF (∆t) (black line) and
DCCF (∆t) (blue line).

SACF (∆t) = 2D
e−φ|∆t|

φ

[(
Ω2 − α2∆φ2

Ω2 −∆φ2

)
C(∆t)

+α2 ∆φ2

φ2
S(|∆t|)

]
.

(3.40)

These functions, presented in Fig. 3.5, are very similar to the ones presented
in Fig. 3.4; however, the latter depend on the coordinate system choice.
Other two combinations of Eq. (3.35)-(3.38), which are also useful for the
analysis of the experimental data, namely the sum of the CCFs, SCCF (∆t, θ) =
rx′y′(∆t)+ry′x′(∆t), and the difference of the ACFs,DACF (∆t, θ) = rx′x′(∆t)−
ry′y′(∆t), depend on the choice of the reference frame:

SCCF (∆t, θ) = 2D
e−φ|∆t|

φ
α2 ∆φ

φ
(C(∆t) + S(|∆t|))

(
Ω
φ

cos (2θ)− sin (2θ)
)
,

(3.41)

DACF (∆t, θ) = −2D
e−φ|∆t|

φ
α2 ∆φ

φ
(C(∆t) + S(|∆t|))

(
Ω
φ

sin (2θ) + cos (2θ)
)
.

(3.42)
Their plots are shown in Fig. 3.6. In particular, they deliver information on
the orientation θ of the coordinate system.
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Figure 3.6: Orientation-dependent functions: DCCF (∆t, θ) and
SACF (∆t, θ). Functions (3.41) and (3.42) that depend on the orientation
of the coordinate system for various values of the angle θ with respect to the
reference coordinate system. The markers highlight the values for ∆t = 0.

3.3.3 Power spectral density matrix

In the frequency domain Eq. (3.16) reads as

i2πfR(f) = J0R(f) +
√

2DH(f), (3.43)

and its solution is

R(f) =
√

2D (i2πfI2 − J0)−1 H(f), (3.44)

where I2 is the 2D unit matrix. The corresponding PSD matrix is given by

P(f) = R(f) ·R†(f), (3.45)

such that

P(f) =

2D
| (φx + i2πf) (φy + i2πf) + ψ2|2

[
φ2

y + 4π2f2 + ψ2 ψ [φx − φy − i4πf ]
ψ [φx − φy + i4πf ] φ2

x + 4π2f2 + ψ2

]
,

(3.46)
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where the property H(f) · Hh(f) = I2 has been used. The PSD matrix
could have equivalently been obtained as Fourier-transform of the correlation
matrix (Wiener-Khintchine theorem).

3.4 Torque detection using Brownian fluctations

In §3.2.1 it has been shown how any force field acting on a Brownian particle
can be readily separated into its irrotational and rotational components. The
last one, in particular, is completely defined by the value of the constant
angular velocity, Ω, of the probe rotation around the z axis. Such a rotation
can be produced by the action of a mechanical torque acting on the particle.
A mechanical torque, which can be exerted on a Brownian particle, was first
studied by measuring the rotation rate of the particle itself [22, 23, 56, 57,
58, 59, 60, 61, 62, 63, 64]. However, we were the first in investigating the
precise manner in which the torque affects the statistics of the translational
Brownian trajectories (the Brownian movement of the center of mass of the
particle) in Ref. [66], where we analyzed and measured the movement of
a sub-micron particle confined in a harmonic potential in the presence of a
torque. The absolute value of the torque was identified from the auto- and
cross-correlation functions of the particle coordinates.
For a sphere of mass m and radius R suspended in a liquid medium, confined
within a harmonic potential well, and on which an external torque is exerted,
we introduced a coupling term in the Ornstein-Uhlenbeck equations for the
Brownian motion of the sphere to model the rotation induced by the torque
and obtained the auto- and cross-correlation functions for the movement of
the sphere in the plane perpendicular to the rotation axis (xy-plane), which
read, according to the notation introduced in this Chapter, as

rxx(τ) = ryy(τ) = D
e−φ|τ |

φ
cos(Ωτ) (3.47)

and

rxy(τ) = −ryx(τ) = D
e−φ|τ |

φ
sin(Ωτ). (3.48)

According to these formulae, as we will discuss in detail in Chapter 6, we
were able to measure torques in the range between 10s to 100s fNµm. The
value of the torques measured in their experiments (4 · 10−21Nm) is lower
than the ones previously reported: 5·10−20Nm for DNA twist elasticity [59],
5·10−18Nm for the movement of bacterial flagellar motors [56], 2·10−20Nm
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for the transfer of orbital optical angular momentum [22], or 5 · 10−19Nm
for the transfer of spin optical angular momentum [23].



Chapter 4

Position Detection

In order to be able to apply the calibration techniques described in Chapter
3 and to measure forces and torques, it is essential to be able to track the
particle position. The 3D position of the probe is typically measured through
the scattering of a light beam that illuminates the probe. Although in many
experiments the same beam is used both for trapping and for the detection, it
is indeed possible to use an auxiliary beam to illuminate the trapped probe.
If the intensity of this beam is weak enough not to significantly affect the
stiffness of the trap, trapping and detection are independent operations.
These conditions are easily achievable and exciting experiments have been
realized with such a configuration [1, 43, 45, 129].
The two crucial parameters of the position detection system are

1. the displacement sensitivity, i.e. the ration between the signal and the
displacement, typically in V /µm,

2. the linear response range of the position detection system.

Both parameters depend on the intensity distribution that reaches the de-
tector.
Two types of photodetectors are typically used as position sensor. The
Quadrant Photo-Detector (QPD) works by measuring the intensity differ-
ence between the left-right and top-bottom sides of the detection plane, as
we have seen in §1.3. The Position Sensing Detector (PSD) measures the
position of the centroid of the collected intensity distribution, giving a more
adequate response for non-gaussian profiles. Note that high-speed video
systems have also been used [39, 40], but they cannot achieve the data ac-
quisition rate available with photodetectors. In this Thesis we have almost

53
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always operated position detection through a QPD because of its higher ac-
quisition rate compared with video acquisition.
Typically, position detection is achieved through the analysis of the inter-
ference of the forward-scattered light (FS) and unscattered (incident) light.
A typical setup is shown in Fig. 4.1(a). The PFM with FS detection was
extensively studied, for example, in [36, 37, 46, 69, 70, 71, 72, 73, 74, 75, 76].
Therefore, in this Chapter we will first motivate the need for studying also
the back-scattered (BS) light (§4.1). Then we will introduce an optical model
of the detection system (§4.2) and we will present some numerical results,
mainly for the BS case (§4.4).

Figure 4.1: FS and BS position detection setups. Forward (a) and
backward (b) scattered light PFM. For the transmission detection a con-
denser lens collects a part of the light transmitted through the trapped
bead and directs it onto a position detector, which is positioned slightly be-
hind the conjugate back focal plane of the condenser lens. In reflection the
backscattered light is collected by the same objective that creates the trap
and is directed on a position detector using a beam splitter.
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4.1 Forward-scattering vs. back-scattering

The FS position detection scheme (Fig. 4.1(a)) is the usual one, but it is
not always possible. In a number of experiments, geometrical constraints
may prevent access to the FS light, forcing one to make use of the BS light
instead. A typical setup that uses the BS light for the detection is presented
in Fig. 4.1(b). This occurs, for example, in biophysical applications where
one of the two faces of a sample holder needs to be coated with some specific
material [68] or in plasmonics applications where a plasmon wave needs to
be coupled to one of the faces of the holder [54]. Furthermore, the BS mode
of operation makes it easier to combine the optical trap with other tech-
niques such as atomic force microscopy, which requires access to one side of
the holder. A special feature of the BS detection compared to the FS case
is that the same lens is used both for trapping and for collecting the scat-
tered light, as it can be noticed by comparing Fig. 4.1(a) and Fig. 4.1(b).
In the literature, the use of the BS light for position and force detection is
mentioned [54, 68, 77, 78, 79, 80] but, contrary to the FS light detection,
has not been extensively discussed.

Figure 4.2: Experimental FS and BS. Forward (top row) and backward
(bottom row) scattered light by a particle left-shifted (a), centered (b) and
right-shifted with respect to the beam axis. The size of the bead is 4.5µm
in diameter and the wavelength is 633nm.
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However, the FS and BS position detection are not equivalent. In Fig. 4.2
we show the intensity distributions of the FS and BS beams at the detector
plane, obtained for different positions of an optically trapped polystyrene
sphere. The remarkable differences between these distributions should cause
different responses of the detectors.
A remarkable experimental observation in Ref. [80] was that the detection
efficiency can significantly depend on the type of detector used when using
BS light. In particular, with the experimental parameters cited in Ref. [80],
the linear detection range of the PSD was found to be twice that of the QPD
for a 2.5-micron probe. This is quite different from the FS setup, where no
significant difference was found between both detectors. In addition, the
data shown in Ref. [80] indicate that the displacement sensitivity depends
on the probe size and even changes sign for small probes. This suggests that
for some intermediate probe sizes, the deflection sensitivity should vanish,
thus making the PFM inoperative.
These observations motivated us to pursue a better theoretical understand-
ing of the possibilities and limitations of the BS position detection in the
PFM. We will focus on the BS position detection because the FS posi-
tion detection has already been extensively investigated in the literature
[36, 37, 46, 69, 70, 71, 72, 73, 74, 75, 76].
Using a Mie-Debye approach similar to [36, 130, 131], we compute the elec-
tromagnetic field scattered by a spherical trapped probe as a function of
probe position, probe size, and numerical aperture of the detection system.
We then compute the total field and follow its evolution as it is collected by
the condenser lenses and projected onto the position detectors in both the
FS and BS configurations. We find that the displacement sensitivity can
change its sign, and therefore passes by zero, consistently with the experi-
mental results reported in Ref. [80]. Our simulations show that the changes
of the sign occur repeatedly as the size is further varied. Qualitatively simi-
lar results are obtained by varying the numerical aperture of the lens. This
should be taken into account in experimental designs.

4.2 Optical model of the detection system

Suppose that the detection beam is focussed by an aplanatic lens L1 which
produces a convergent, spherical wave, as illustrated in Fig. 4.3. The wave
propagates to a diffraction-limited axial image. The aperture of the lens R is
the entrance pupil of the optical system. Let b be a vector which describes
the position of the probe relative to the focal point. b is determined only
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by the trapping beam of the PFM and by the external forces acting on the
probe, but it does not depend on the detection beam, which is assumed weak
enough not to perturb the equilibrium position of the probe. A condenser
lens L2 collects the incident and forward scattering fields onto a forward
position detector FPD, which is located at a plane conjugated to the back
focal plane of the condenser lens. The BS field is collected by the lens L1

and the image on the back focal plane is transferred by a beamsplitter BS
on a back position detector BPD, which is placed in a plane conjugated to
the back-focal plane.

Figure 4.3: Optical model and reference system.

The main steps to compute the position detectors response are:

1. to calculate the distribution of the detection field near the focus of the
lens L1;

2. to solve the corresponding Mie-Debye problem, i.e. to find the scat-
tered wave for each partial plane wave describing the focussed field for
an arbitrary position of the probe;
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3. to find the total scattered wave and propagate the total field at the
back focal plane of the condenser lens L2 (the FW detection) or L1

(the BS detection);

4. to calculate the response of the forward position detector (FPD) and
backward position detector (BPD) in two cases, namely for the QPD
and PSD systems.

Below we consider the main steps in details.

4.2.1 Detection field near the focus of the lens L1

Assuming paraxial approximation to hold well for the incoming wave Ei, at
the entrance plane of the lens L1 (Fig. 4.3) we have

Ei = Eρ (ρi, φi) eρ + Eφ (ρi, φi) eφ, (4.1)

where

eρ = cosφiex + sinφiey, (4.2)
eφ = − sinφiex + cosφiey, (4.3)

and (ex, ey, ez) are the unit vectors of a cartesian coordinate system centered
at the focus of L1. The eρ component corresponds to a p-wave incidence,
while the eφ component is a s-wave for the focusing lens. Following [132], we
assume that paraxial rays impinging on the lens at a radius ρi is deflected
with an angle θi with respect to the z-axis according to

sin θi

NA1/nm
=
ρi

R
, (4.4)

where NA1 is the numerical aperture of the lens L1, nm is the refraction
index outside the lens, and R is the aperture stop radius. This follows from
Abbe’s sine condition for sharp imaging Upon deflection towards the focus
of the lens, the orientation of the eφ component remains the same, while the
eρ component is transformed as

ep = cos θieρ + sin θiez. (4.5)

The wave vector of the rays becomes parallel to

ek = − sin θieρ + cos θiez. (4.6)
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Furthermore in order to comply with the intensity law of geometrical optics,
which is a statement of energy conservation, i.e. the energy flux along each
ray must remain constant, the incoming fields should be rescaled by a factor√

cos θ.
At a point x near the focus, the incoming field is thus [133]

−if1

λ

∫
(Eρep + Eφeφ) eiki·x sin θidθidφi, (4.7)

where f1 is the focal length of L1 and λ is the wavelength. Here, ki = k ek,
where k = nm k0 and k0 is the wave number in vacuum. Using (4.4), we
express the electric field near the focus of L1 as an integral over the plane
vector waves:

−if1

λ

(
NA1

Rnm

)2 ∫ R

0

∫ 2π

0
(Eρep + Eφeφ) eiki·x ρidφidρi

cos θi
. (4.8)

Comparing (4.8) with equation (2.18) of [133], we see that (4.4) is equivalent
to assume no abberation in L1.

4.2.2 Scattering from a spherical particle

We first derive an expression for the scattered field when the probe is lo-
cated at the focus of L1 (i.e. b = 0). Next, we deduce the corresponding
expression for arbitrary b.

Sphere at the focus

As Eq. (4.8) illustrates, the incoming field can be viewed as a superposition
of plane waves that are linearly polarized in the ep and eφ directions. Using
the standard Mie theory [134] in suitably rotated reference frames for each
of these plane waves, we find the scattered field Es. For completeness, we
recall the expression of Es in §4.2.5.
Let us consider first the incident p-wave that exits the front principal plane
of L1 at (ρi, φi). Its amplitude is Eρ (ρi, φi) and it is polarized along ex′

in the reference frame
(
ex′ , ey′ , ez′

)
= (ep, eφ, ek). This wave generates a

partial scattered field

Eρ (ρi, φi)E′
s = Eρ (ρi, φi)

[
Es,xex′ + Es,yey′ + Es,zez′

]
= Eρ (ρi, φi)

∑
j

Es,j

(
x′

)
e′j , (4.9)
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where the functions Es,x (x′, y′, z′), Es,y (x′, y′, z′), and Es,z (x′, y′, z′) are the
cartesian components of the scattered field produced by a plane wave that
is polarized in the x-direction and propagating in the z-direction, as given
in [134]. On the other hand, the coordinates x′ = (x′, y′, z′) are relative to
the

(
ex′ , ey′ , ez′

)
frame.

Similarly, the Eφ (ρi, φi) amplitude is associated to an ex′′-polarized wave in
the reference frame

(
ex′′ , ey′′ , ez′′

)
= (eφ,−ep, ek) and leads to the partial

scattered field

Eφ (ρi, φi)E′′
s = Eφ (ρi, φi)

∑
j

Es,j

(
x′′

)
e′′j . (4.10)

The total scattered field is, therefore, given by

−if1

λ

(
NA1

Rnm

)2 ∫ (
Eρ (ρi, φi)E′

s + Eφ (ρi, φi)E′′
s

) ρidρidφi

cos θi
. (4.11)

To compute this integral, we need to relate the coordinates (x, y, z), (x′, y′, z′),
and (x′′, y′′, z′′) of a given vector in the three coordinate systems. We find
(§4.2.6) that  x

y
z

 = Mρ

 x′

y′

z′

 = Mφ

 x′′

y′′

z′′

 , (4.12)

where the rotation matrices Mρ and Mφ are given by

Mρ =

 cos θi cosφi − sinφi − cosφi sin θi

cos θi sinφi cosφi − sin θi sinφi

sin θi 0 cos θi

 , (4.13)

Mφ =

 − sinφi − cos θi cosφi − cosφi sin θi

cosφi − cos θi sinφi − sin θi sinφi

0 − sin θi cos θi

 . (4.14)

Hence, combining (4.9), (4.10), (4.11), and (4.12), the total scattered field
(4.11) is

Es, tot (x) =
−if1

λ

(
NA1

Rnm

)2 ∫ [
Eρ (ρi, φi) Mρ Es

(
M−1

ρ x
)

+Eφ (ρi, φi) Mφ Es

(
M−1

φ x
)] ρidρidφi

cos θi
.

(4.15)
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Sphere out of the focus

Using Eq. (4.15), we can now express the scattered field for the sphere away
from the focus (b 6= 0). We first note from Eq. (4.8) that the incoming
field is now dephased by an amount exp (iki · b). Secondly, the origin of the
scattered field is now shifted to the probe position. We thus have to apply
the transformations{

Eρ, φ (ρi, φi) → Eρ, φ (ρi, φi) eiki·b

Es

(
M−1

ρ, φx
)

→ Es

(
M−1

ρ, φ (x− b)
) (4.16)

and the expression for the total scattered field becomes

Es, tot =
−if1

λ

(
NA1

Rnm

)2 ∫ [
Eρ (ρi, φi) Mρ Es

(
M−1

ρ (x− b)
)
+

Eφ (ρi, φi) Mφ Es

(
M−1

φ (x− b)
)]
·

eiki·b ρidρidφi

cos θi
.

(4.17)

Furthermore, simplifications can be made at distances |x| large compared
to |b| and to the wavelength. On the one hand, we note that the angular
dependence of Es

(
M−1

φ (x− b)
)

differs only from that of Es

(
M−1

φ x
)

by an
O (|b|/|x|) quantity . On the other hand, the radial dependence of Es is
controlled asymptotically by a phase factor

ei k |x−b|

k |x− b|
∼ ei k |x|

k |x|
e−i k x·b/|x| (4.18)

when k |x| � 1 . Hence, we obtain

Es, tot (x) ∼ −if1

λ

(
NA1

Rnm

)2

e
−i k x·b

|x|

∫ [
Eρ (ρi, φi) Mρ Es

(
M−1

ρ x
)
+

Eφ (ρi, φi) Mφ Es

(
M−1

φ x
)]
·

eiki·b ρidρidφi

cos θi
.

(4.19)
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4.2.3 Collecting the total field by a lens

Now we calculate the effect of the condenser lens on the total field (4.19).
For the back-scattered field, the lens L1 is the condenser, and we assume
that it simply maps the field distribution on the sphere of radius f1 centered
on the back principal plane z = z1 (Fig. 4.3) of the lens L1 according to
(4.4):

E (x, y, z1) = (−eρ eθ · + eφ eφ·)Es,tot

(
x, y,−

√
f2
1 − x2 − y2

)
. (4.20)

For the field ahead of the probe, both the incident and scattered field are
collected by the condenser lens L2. This yields

E (x, y, z2) = (eρ eθ · + eφ eφ·)Es,tot

(
x, y,

√
f2
2 − x2 − y2

)
−m−1/2Ei (−mx,−my, z1) , (4.21)

where f2 is the focal length of the condenser L2 and m = f2/f1 is the
magnification factor.

4.2.4 Response of the position detector

The intensity received by the detector, placed in a plane conjugated to the
back-focal plane of L1, is given by

I (x, y) =
{

ε0c
2 |E (x, y, z1)|2 for x2 + y2 < (NAR/nm)2

0 for x2 + y2 > (NAR/nm)2
, (4.22)

where ε0 and c are respectively the dielectric permittivity and speed of light
in vacuum. NA is the numerical aperture of the detection system, which
needs not be the same as NA1. The response of a PSD is given by the first
moments of the intensity distribution: PSDx (b)

PSDy (b)
PSDz (b)

 =

 ∫
xI(x, y)dxdy∫
yI(x, y)dxdy∫
I(x, y)dxdy

 . (4.23)

The response of a QPD is given by QPDx (b)
QPDy (b)
QPDz (b)

 =


∫
x>0 I(x, y)dxdy −

∫
x<0 I(x, y)dxdy∫

y>0 I(x, y)dxdy −
∫
y<0 I(x, y)dxdy∫

I(x, y)dxdy

 . (4.24)
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Note that in both cases, the axial component of the position vector is de-
duced from the total intensity that reaches the photo-detector. In the case of
the BS detection, this is related to interference fringes generated by various
back-scattered spherical harmonics. The analysis of the total intensity as a
means to measure the axial component of the position vector was demon-
strated both for FS (theoretically and experimentally) and BS [79] detection.
We therefore focus our attention on the probe displacements within the focal
plane of L1. In the case of the FS measurement of bz, the role of the Gouy
phase shift was emphasized in [36].

4.2.5 Mie scattering of an x-polarized plane wave

Here we recall the expressions given in [134] which we used to compute the
Mie-scattering fields. Given an x-polarized plane incoming wave:

Ei = eikzex, (4.25)

the expression for the scattered field is

Es =
+∞∑
n=1

En

[
ianN

(3)
e1n − bnM

(3)
o1n

]
, (4.26)

where

En = in
2n+ 1
n(n+ 1)

, (4.27)

an and bn are the scattering coefficients, and N(3)
e1n and M3

o1n are vector
spherical harmonics (with m = 1). These are given by

N(3)
e1n = cosφ n(n+ 1) sin θ πn(cos θ)

h
(1)
n (%)
%

er

+cosφ τn(cos θ)
d
d%

[
%h

(1)
n (%)

]
%

eθ

− sinφ πn(cos θ)
d
d%

[
%h

(1)
n (%)

]
%

eφ, (4.28)

M(3)
o1n = cosφ πn(cos θ) h(1)

n (%) eθ

− sinφ τn(cos θ) h(1)
n (%) eφ. (4.29)
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where

% = kr

h(1)
n (%) = jn(%) + iyn(%)

=
√

π

2%
Jn+1/2(%) + i

√
π

2%
Yn+1/2(%)

with h
(1)
n a spherical Bessel function of the third kind or spherical Hankel

function, jn and yn spherical Bessel functions of the first and second kind,
and Jn+1/2 and Yn+1/2 Bessel functions of the first and second kind. The
functions πn(u) and τn(u) can be efficiently computed by upward recurrence
from the following relations:

π0(u) = 0
π1(u) = 1

πn(u) =
2n− 1
n− 1

uπn−1(u)−
n

n− 1
πn−2(u)

τm(u) = nuπn(u)− (n+ 1)πn−1(u)

On the other hand, the scattering coefficients come from the boundary condi-
tions and, when the permeability of the probe and the surrounding medium
are the same, can be expressed as:

an =
mψn(mx)ψ′n(x)−mψn(x)ψ′n(mx)
mψn(mx)ξ′n(x)− ξn(x)ψ′n(mx)

(4.30)

bn =
ψn(mx)ψ′n −mψn(x)ψ′n(mx)
ψn(mx)ξ′n(x)−mξn(x)ψ′n(mx)

(4.31)

(4.32)

where

x = ka =
2πnma

λ

m =
kp

km
=

np

nm

ψn(%) = % jn(%)
ξn(%) = % h(1)

n (%)

and nm is the refractive index of the medium, np is the refractive index of
the probe and ψn and ξn are the Riccati-Bessel functions.
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4.2.6 Rotation matrices Mρ and Mφ

We now construct the transformation matrices in Eq. (4.12). Let us consider
an arbitrary vector (position, electric field) having the following representa-
tions in the coordinate systems of interest

x ex + y ey + z ez = x′ex′ + y′ey′ + z′ez′

= x′′ex′′ + y′′ey′′ + z′′ez′′

= xρeρ + xφeφ + xzez. (4.33)

From (4.2) and (4.3), we have x
y
z

 =

 cosφi − sinφi 0
sinφi cosφi 0
0 0 1

  xρ

xφ

xz

 ≡ R (φi)

 xρ

xφ

xz

 .

On the other hand, from (4.5) and (4.6), the relation between (x′, y′, z′) and
(xρ, xφ, xz) is xρ

xφ

xz

 =

 cos θi 0 − sin θi

0 1 0
sin θi 0 cos θi

  x′

y′

z′

 = L (θi)

 x′

y′

z′

 .

Hence, Mρ = R (φi)L (θi). Next, we have x′

y′

z′

 =

 0 −1 0
1 0 0
0 0 1

  x′′

y′′

z′′

 = R
(π

2

)  x′′

y′′

z′′

 ,

giving Mφ = R (φi)L (θi)R
(

π
2

)
.

The scattered field
∑

iEs,i (x′) e′i in the rotated system
(
ex′ , ey′ , ez′

)
system

is given by
∑

i Fs,i (x) ei in the un-rotated frame, where Fx(x)
Fy(x)
Fz(x)

 = Mρ

 Es1(x′)
Es2(x′)
Es3(x′)

 ,

 x′

y′

z′

 = M−1
ρ

 x
y
z

 .

4.3 Numerical Results

We have computed the electromagnetic field for a spherical probe with index
of refraction np = 1.55 and radius a ranging in size from 100nm to 2000nm.
The probe is immersed into water (nm = 1.33). In all simulations we assume
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an aperture R = 5mm for both the lenses L1 and L2 and a linearly polarized
incident electric field of the form

Ei = e−(x2
i +y2

i )/w2
0 ex = e−ρ2

i /w2
0 (cosφi eρ + sinφ eφ) , (4.34)

where the beam waist w0 is chosen to be equal to R. Finally, we use λ0 =
1064nm. These values are typical for optical trapping experiments. In each
simulation, we calculated the Mie scattering coefficients an and bn (§4.2.5)
up to n=100 and truncated subsequently the Mie expansions of Es, keeping
only the significant terms.
We use the same incident field for all simulations. We vary the NA only in
the plane of the detector. This corresponds to placing an iris between the
lens L1 and the detector plane, which can be done this without changing
the incoming beam.
The general picture obtained from the numerical simulations is qualitatively
the same with PSD and QPD; most of the numerical results presented below,
therefore, concern the PSD detector.

4.3.1 Forward- vs backward-scattering detection

In Fig. 4.4, we plot PSDx as a function of bx with by = bz = 0 for the FS
and BS detection schemes. The qualitative observations reported in Ref.
[80] are confirmed: with the BS field, the slope changes its sign with the
probe size between a = 400nm and a = 600nm. However, our calcula-
tions show also that such a change of sign occurs again between a = 600nm
and a = 2000nm. For the sizes ranging in between these two values, an al-
most vanishing position sensitivity was found, for example, for a = 1000nm.
Varying the probe size (see later in §4.3.3), we observed that the PSD re-
sponse changes its sign many times in the range 100nm < a < 2000nm.

On the other hand, in the FS configuration, the position sensitivity has
always the same sign for any probe size. Moreover, the detection signal is
about 100 times smaller for the BS detection than with the FS field. Indeed,
the BS intensity is much lower than the FS intensity; this can be qualita-
tively understood from the fact that the reflectivity of a planar interface

between the two media is only
(

np−nm

np+nm

)2
≈ 1%. Finally, the linear detec-

tion range is markedly larger with the FS configuration than with the BS
configuration.
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Figure 4.4: FS vs. BS detector responses. BS (a) and FS (b) PSD
response as a function of the probe position bx for various probe sizes: a =
200nm (1), 400nm (2), 600nm (3), 1000nm (4), and 2000nm (5). The
probe is illuminated by a x-polarized Gaussian beam focused through a
1.30NA water immersion objective. The numerical aperture of the detection
objective is 1.20 both for the BS and FS cases. All curves are normalized to
the maximum of PSDx for a = 600nm in the BS detection.

The cause of these differences may be understood from the field distribu-
tions in Figs. 4.5 and 4.6. While the FS field essentially has a single-lobe
angular intensity distribution for all probe sizes, the BS field distribution
becomes more and more complex as a increases. Comparing the results
obtained with a = 400nm and a = 600nm we see that the sign of the re-
sponse sensitivity changes. While the 400nm probe results in a spot of a
nearly-gaussian shape that moves to the right for bx > 0 and to the left for
bx < 0, the intensity pattern produced by the 600nm probe moves in the
opposite direction. On the other hand, as the 1000nm probe moves in the x
direction, both sides of the detector receive almost the same intensity from
the two-lobe BS intensity distribution. This explains the loss of sensitivity
for that probe size.

4.3.2 Cross-talk, numerical aperture, and polarization

The use of the BS field to monitor the position of a probe in both x and
y directions, requires a special care. Indeed, as Figs. 4.7 to 4.10 demon-
strate, there is a significant cross-talk between the x- and y-detection chan-
nel. In these figures, we illustrate the detector outputs PSDx (bx, by) and
PSDy (bx, by) for various values of by and bx, respectively, and for NA = 1.2,
0.85, 0.5, and 0.2.
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In the first column of Fig. 4.7, we superimpose the PSDx(bx, by = const)
detection curves for various values of by. The curves do not coincide due to
the presence of the cross-talk between PSDx and PSDy. A more detailed
picture is given in the second column, which shows contours plots of PSDx

for bz = 0 and variable bx, by. The third and fourth column similarly char-
acterize the PSDy response for NA = 1.2.
The difficulties inherent to the use of the BS field can be demonstrated
clearly by the results obtained with a = 400nm and NA = 1.2: the PSD
response curve obtained by the probe motion in the x-direction changes the
sign of its slope as by is varied. In other words, the PSDx (bx, by) signal
with by 6= 0 can be opposite to that obtained with by = 0. The cross-talk
is also present in the FS detection [36] but it is not so strong as in the BS
detection.
Comparing next the PSDx signal for a = 600nm and NA = 1.2, 0.2, we
observe that the numerical aperture of the detection system can similarly
alter the response of the detector. This is again to be attributed to the
multi-lobed intensity distribution of the BS field. Note that the effect of NA
on the FS detection was discussed in Ref. [135].
The detection beam with polarization perpendicular to the direction of the
probe displacement provides higher sensitivity than the beam with parallel
polarization. Indeed, for all the NA values studied and a = 400nm, Figs.
4.7 to 4.10 show that the values of the PSDy signal greatly surpasses those
of the PSDx signal.
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Figure 4.5: Fields in BS. Images of the BS field at the back focal plane of
L1 for different probe sizes. The dotted circles delimit the areas of the field
that is captured by the condenser lens with NA = 0.2, 0.5, 0.85, and 1.2,
from center outwards.
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Figure 4.6: Fields in FS. Images of the FS field at the back focal plane of
L2 for the same parameters as in Fig. 4.5.
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Figure 4.7: PSD response for NA = 1.2. PSDx (left) and PSDy (right)
for bz = 0 and NA = 1.2 for various particle sizes. First column: PSDx for
variable bx and several values of by. Second column: contour lines of PSDx.
The color code is normalized independently for each figures for maximum
contrast. Third column: PSDy for variable by and several values of bx.
Fourth column: contour lines of PSDy.
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Figure 4.8: PSD response for NA = 0.85. Same as Fig. 4.7 but with
NA = 0.85.
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Figure 4.9: PSD response for NA = 0.5. Same as Fig. 4.7 but with
NA = 0.5.
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Figure 4.10: PSD response for NA = 0.2. Same as Fig. 4.7 but with
NA = 0.2.
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4.3.3 Dependence of the detection sensitivity on probe size

Figs. 4.11 and 4.12 summarize the influence of the probe size on the detec-
tion efficiency. Fig. 4.11 depicts PSDx (bx, 0, 0) with a as a variable. We find
that the detector response undergoes a modulation as a varies. Similarly,
Fig. 4.12 depicts PSDx (0, by, 0) for various a.

Figure 4.11: PSD x-response dependency on probe size. PSDx as a
function of bx and probe size a for by = bz = 0.

Figure 4.12: PSD y-response dependency on probe size. PSDy as a
function of by and probe size a for bx = bz = 0.
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Comparing Figs. 4.11 and 4.12 for NA = 0.2 and a > 1000nm, one can see
that the linear detection range is larger for PSDy than for PSDx.
There is a minimum of sensitivity for both PSDx and PSDy for a ≈ 1000nm
followed by other minima as a increases by approximately 125nm. More-
over, considering, for instance, Fig. 4.12 with NA = 0.5, we note that the
sensitivity vanishes around a = 800nm and a = 1500nm.
Finally, we observe that the PSD response is more regular for small NA
values. In these cases, indeed, the number of intensity lobes captured by the
detector is reduced compared to high NA values. Reducing the numerical
aperture, however, implies diminishing the intensity collected by the detec-
tors.
Most of the features reported above can be attributed to the complex ra-
diation pattern for the BS comparing to the FS. This radiation pattern
changes qualitatively as a increases, which can be traced back to classical
Mie scattering [134]. Indeed, with the increase of a, more and more vec-
tor spherical harmonics are significant in the radiation pattern. Moreover,
successive spherical harmonics have a back-scattering radiation pattern that
alternately has a zero of intensity and a maximum of intensity for θ = π.
The same is expected to happen to some extent to the total BS field, which
correlates with the modulation of the position sensitivity of the detector.
In fact, when computing the FS field for larger probe sizes, we found that
the position sensitivity can also change its sign, corresponding again to a
transition to multi-lobed intensity patterns. This occurs, however, for larger
probe sizes than those usually used in optical trapping experiments.

4.3.4 Comparison of PSD and QPD

The comparison of the response for the two detection methods considered,
namely the PSD (Figs. 4.11 and 4.12) and the QPD (Figs. 4.13 and 4.14),
does not show a deep qualitative difference. In particular, we do not find
a clear advantage of using the PSD-based detection over the QPD-based
detection. This does not necessarily contradict the experimental findings of
Ref. [80], as the differences reported there were only obtained for a single
probe size. Furthermore, spherical aberrations caused by an oil-immersion
objective as well as optical forces exerted on the probe should be taken into
account because the same beam was used both for trapping and detection.
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Figure 4.13: QPD x-response dependency on probe size. QPDx as a
function of bx and probe size a for by = bz = 0.

Figure 4.14: PSD y-response dependency on probe size. QPDy as a
function of by and probe size a for bx = bz = 0.

4.4 Remarks on back-scattering detection

Our analysis reveals that the use of BS detection presents a number of dif-
ficulties that are absent from the FS detection, and this must be taken into
account for reliable measurements. Particular attention should be paid to
the probe size, as there exist specific sizes for which the probe displacement
cannot be detected. Next, the cross-talk between the x- and y-detection
channels is more significant than by the FS detection and it needs to be
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carefully compensated for the 2D position monitoring. We also found that
the polarization of the detection beam is a useful parameter when infor-
mation on displacement in one direction only is required. Specifically, the
detection beam with the polarization perpendicular to the direction of dis-
placement is preferable.
We showed how the response of the detection system is sensitive to the choice
of the numerical aperture of the condenser lens. More specifically, decreas-
ing the numerical aperture produces a more regular detector response as a
function of the probe size; however, this reduces the signal intensity.
All the features mentioned above are due to the more complex intensity pat-
tern for the BS field than for the FS field. This pattern changes considerably
as the radius of the probe increases, because the BS field contains more and
more vector spherical harmonics.
We studied the situation where trapping and position detection are inde-
pendent. This requires the detection beam to be sufficiently weak so that
it affects negligibly the trapping potential for the probe. However, some ex-
periments require the detection beam to be the same as the trapping beam.
In that case, the probe is trapped out of the focal plane due to the scat-
tering force of the beam, i.e. at z0 > 0 in our notation. Now one should
consider the optical forces acting on the probe, find out the coordinates of
the trapping point, and then perform the study described above around this
point.
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Chapter 5

Surface Plasmon Radiation
Forces

The main goals of the next generation of optical tweezers are to achieve
highly reproducible and parallel architectures and to obtain subwavelength
trapping volumes overcoming the limits of diffractive optics. To provide a
3D subwavelength optical trapping, it was proposed to use the field local-
ization appearing at the extremity of a laser-illuminated metal tip [52, 136],
in the proximity of a subwavelength aperture in a metallic layer [137], and
under focused evanescent wave illumination [138]. In Ref. [139] the optical
forces exerted by an evanescent wave near a dielectric surface on a resonant
metallic nanoparticle were theoretically investigated.
Following recent advances in nanophotonics, optical manipulation by evanes-
cent fields, instead of conventional propagating fields, has lately awoken an
increasing interest [82, 83]. The main motivations for using non-radiative
fields are (i) the absence of the diffraction-limit for the trapping volume,
which may permit an effective manipulation of single sub-wavelength ob-
jects, and (ii) the intrinsic in-plane field confinement, which is of interest for
lab-on-a-chip applications.
Momentum transfer from evanescent fields to micro- and nano-particles had
been extensively investigated theoretically and experimentally both near the
surface of a dielectric prism illuminated under total internal reflection and
near to an optical waveguide [86, 87, 88, 89, 90, 91]. Upon an homoge-
neous surface the total radiation force contains two components: a scatter-
ing force parallel to the interface induced by the change of the Poynting
vector, and a gradient force towards the interface resulting from the optical
field gradient. The scattering force pushes the particles along the interface,

81
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so that a homogeneous evanescent wave does not permit a stable trapping.
Micrometer-sized dielectric particles were reported to move forward in an
extended evanescent field produced at the surface of a prism illuminated
under total internal reflection [86]. The same kind of particles, as well as
Rayleigh gold spheres, were driven along an optical waveguides [82, 140].
In order to extend the range of in-plane optical manipulation it had been
proposed to use Surface Plasmons (SP) [52, 53, 82, 92]. SP are electro-
magnetic surface modes confined at a metal/dielectric interface due to the
resonant interaction of the electromagnetic wave with the surface charges of
the metal [84, 85]. They give rise to a multi-fold increase of the Transverse
Magnetic (TM)-polarized incident field that is expected to result in a sig-
nificant enhancement of the radiation forces on a nearby object.
When we entered this field in 2005, SP forces, exerted on 0.5µm diameter
metal or dielectric spheres, had only been studied theoretically [93]. For a
particle far enough from the surface, such that it does not perturb the plas-
mon field, the radiation forces were predicted to increase considerably in the
presence of SP. It had also been proposed a novel configuration to generate
arrays of surface subwavelength optical traps from an extended collimated
beam by patterning the optical near field at a surface, decorated by a matrix
of resonant plasmon nanopads [53, 141]. This is one example of how intense
and highly confined plasmon fields can be implemented for optical manipula-
tion at the micro- and nano-scale, and indeed it was implemented later [142].

In the following we present the first quantitative measurement of the sur-
face plasmon radiation forces (§5.1). Furthermore, we present quantitative
results for the forces generated by a patterned substrate (§5.2).

5.1 Surface plasmon radiation forces

We reported in Ref. [54] the first experimental observation of the momentum
transfer from a SP to a single dielectric object. Using a Photonic Force
Microscope (PFM), we quantitatively measured the plasmon radiation forces
on polystyrene beads of various sizes, when located at different distances
from the metal surface. In particular, we showed that the magnitude of
the force at resonance on a 4.5µm dielectric sphere is enhanced forty times
compared to non-resonant illumination.
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5.1.1 Experimental setup

Fig. 5.1 shows a schematic of our experimental setup. Near the surface at
which the evanescent field is excited, a micron-sized bead is optically trapped
by an additional laser beam. The back-reflected light from this particle
permits us to track its position, and this information, together with the
knowledge of the temperature, allows us to reconstruct the optical potential
in which it is trapped. When the evanescent wave is switched on the bead
moves towards a new equilibrium position, and from the knowledge of the
displacement and the stiffness of the trap we can measure the radiation
forces generated by the plasmon fields.

Figure 5.1: Setup for SP forces measurement. Schematic of the ex-
perimental setup. Components: HWP half-wave plate; BS beam-splitter;
QPD quadrant photodetector; Li lenses; Mi mirrors. Inset: closeup on the
chamber.
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The setup consists of four parts detailed in the following subsections: the
sample; the setup for generating the evanescent wave; the optical tweezers
and the position detection (PFM); and the imaging system.

Sample

The sample solution is prepared by adding a small amount of polystyrene
beads of three sizes (diameter 4.5µm, 2.0µm and 0.6µm, refractive index
nb = 1.59) to a 10% Sodium Dodecyl Sulphate (SDS) sterile solution in
water (refractive index ns = 1.33). A drop (2µl ) of the resulting solution is
placed between two coverslips (thickness 80µm, refractive index nc = 1.55)
separated by a 30µm spacer and sealed with water-insoluble silicone vac-
uum grease to prevent the evaporation. Depending on the experiment the
upper coverslip was left uncoated, or coated with a 40nm layer of gold.
The sample was placed onto a custom-made sample holder on top of a motor-
ized stage (Tritor 102, Piezosystem Jena) allowing 3D-micrometer position-
ing, between the objective, optically coupled to the coverslip below through
a drop of immersion oil, and a prism for the coupling of the evanescent wave
to the upper coverslip.

Evanescent Illumination

A linearly polarized beam from a He-Ne laser (wavelength 632.8nm, power
18mW before the prism) was introduced into a glass prism (refractive index
np = 1.78) optically coupled to the upper coverslip of the chamber through
a drop of immersion oil. Mirrors M1 and M2 allow fine adjustment of the
incident angle, while a lens (L1, focal distance 5 cm) focuses the beam to
increase the intensity of the evanescent wave at the interface between the
water and the upper coverslip of the chamber. A half wave plate (HWP)
permits us to change the incident polarization between TM and TE.
The evanescent wave generated at the dielectric interface decays exponen-
tially as e−βz with a penetration depth dp, i.e. the distance from the in-
terface at which the wave amplitude falls to e−1 of its initial value at the
interface:

dp =
1
β

=
λ

2π
√

(nc sin θc)
2 − n2

s

, (5.1)

where λ is the wavelength in vacuum, nc and ns the reflective indices of the
coverslip and the sample respectively, and θc the angle of incidence of the
light, as shown in Fig. 5.2. In our case the penetration depth is 500nm
near the total internal reflection angle (59.5◦) and 165nm at the plasmon
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resonance angle (70.8◦, as shown in Fig. 5.3). The enhancement in the
evanescent field, that can be observed in this last case, depends only on the
enhancement of the intensity of the field magnitude at the interface.

Figure 5.2: Evanescent illumination. Evanescent wave illumination
through total internal reflection at the interface between the coverslip and
the solution. Insets: image of a polystyrene bead near the coverslip in the
case of a dielectric (a) and a metallic (b) surface. In the case of the metallic
surface it is possible to see the rings produced by the interference between
the light scattered by the particle and the light reflected by the metal sur-
face.

Photonic Force Microscope

A 532nm laser beam, focused by the objective (×100, NA = 1.3), traps
the probe particle and positions it in close vicinity to the upper coverslip.
The back-scattered light from the particle is collected by the same objective,
passes through a series of filters and is detected by a Quadrant Photo-Diode
(QPD) (Silicon Sensors, QP50-6-SD). We maintain a low power (3mW at
the probe) of the trapping beam to achieve a high sensitivity of the posi-
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Figure 5.3: Plasmon resonance. Theoretical reflectivity for the cases of
a TM-polarized (continuous line) and a TE-polarized (dotted line) wave
incident on a 40nm thick gold surface as shown in Fig. 5.2.

tion detection to external forces. The resulting sum and differential signals,
which carry the information about the particle coordinates, are transferred
through an analog to digital conversion card to a computer for being ana-
lyzed. This information, together with the knowledge of the temperature
and the viscosity of the surrounding medium, allows us to reconstruct the
optical trapping potential, and to calibrate the trap, as we have seen in
§3.1.4.

Imaging System

The main elements of the imaging system are a lamp, the microscope ob-
jective, a CCD camera and a video monitor. The latter is connected to a
computer, allowing us to record images and videos during the experiments.

5.1.2 Data analysis

We employed the power spectral method presented in §3.1.4. At each position
of the optical trap the PSD of the acquired time-series (sampling frequency
fs = 4096Hz, number of samples Ns = 100000) was calculated and fitted
to the theoretical Lorentzian shape, getting the value for the calibration
parameters. In Fig. 5.4 the main steps of the calibration procedure are
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illustrated.

Figure 5.4: Calibration procedure. Data analysis: (a) time-series are
acquired; (b) the PSD is calculated (dots) and fitted to a lorentzian shape
(continous line); (c) the position histogram is reconstructed; and (d) the
potential is deduced.

This method depends upon the precise knowledge of the viscous drag co-
efficient, and hence the friction coefficient of the particle, the estimate of
which is prone to large error when close to a surface, as in our experiment.
Its dependence on the ratio between the particle size and distance to the
surface must be accounted for an accurate calibration of the probe displace-
ment. It is taken into account following the methodology proposed in [37],
which relies on the expression of the diffusion coefficient for a sphere near
a surface [38]. The validity of this formula for experiments similar to ours
was confirmed in [42]. The uncertainty in the determination of the distance
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between the particle and the surface and hence the value of the diffusion co-
efficient is the leading source of error in the absolute value of the measured
force. For example, for a 2µm particle placed at 500nm from the surface,
the relative error is estimated to be around 12%.
An additional difficulty in the use of a PFM near a metal surface is the
reflection of the trapping beam from the surface [82, 89, 143]. The reflected
wave acts as an additional external force that changes the equilibrium posi-
tion of the optical trap. This force is accounted for by calibrating the optical
trap independently for each position of the probe.
When the probe moves towards a new equilibrium position under the effect
of the plasmon radiation force, this can be calculated along each coordi-
nate axis from the knowledge of the displacement and the stiffness of the
trap. In practice, two potential profiles are reconstructed with and without
the SP field and their difference gives the SP radiation force [89]. In this
way other interactions related for example to the gravitational force and the
interaction with the surface can be eliminated.

5.1.3 Experimental results

We will now first present some data for the effect of an evanescent wave at
a dielectric interface. Secondly the same setup is applied for an evanescent
wave at a metallic interface at resonant and non-resonant conditions. Pre-
viously, various publications reported the experimental analysis by PFM of
the radiation pressure exerted on dielectric and metallic particles within a
homogeneous evanescent field near a dielectric interface [89, 144]. However,
no studies had been done on radiation forces induced by SP.

Dielectric surface

Fig. 5.5 shows the potential energy profiles in the z and x directions observed
with and without the evanescent wave. In this experiment the incident angle
is kept at 59.5◦, near the total internal reflection angle, to have the pene-
tration depth as large as possible. The measurement was performed with a
4.5µm diameter probe trapped at a distance of ∼ 0.5µm from the surface,
i.e. the center of the bead was at 2.75µm from the surface.
The x-potential fits a parabolic function and the position of the potential
minimum is slightly shifted by the radiation pressure induced by the evanes-
cent wave. The potential in the z direction appears also to be nearly har-
monic. This fact can appear to be in disagreement with the results reported
by Wada et al. [89]; however, their method, which involves a second evanes-
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cent wave to track the position of the particle, seems to be more precise.
The evanescent wave exerted the radiation force of 70 fN in the x direction
and of 30 fN in the z direction.

Figure 5.5: Evanescent wave radiation forces. Potential energy in the
axial (a) and longitudinal (b) direction for the case of a particle near a
dielectric surface without (grey line) and with (black line) evanescent wave.

Metallic surface

In each experiment with the gold-coated interface we use a unique chamber
with three types of probe particles so that all changes of measured radiation
forces may be mainly assigned to the changes of the momentum transfer,
and not to the changes of setup geometry. In the micron size range the
stiffness grows with the decrease of the probe size (see, for example, Ref.
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[123]). Hence, measurements done with probes of different sizes permit one
to gain information on radiation forces using the PFM with different sen-
sitivity. The stiffnesses of the optical trap along the off-axis (x) direction
measured far from the surface are 1.1 pN/µm (4.5µm), 1.3 pN/µm (2.0µm),
and 1.8 pN/µm (0.6µm). These values change considerably when approach-
ing the surface.

A difficulty may arise due to the local increase of temperature at the metal
layer produced by the SP excitation. A convection induced by such a local
heater would produce a force at the probe in all three directions. However,
we observe that the probe displacement occurs only along the x- and z -
directions, as it can be seen in Fig. 5.6, so we consider the local heating
effects can be neglected when compared with the radiation force.
Fig. 5.6 shows typical potential energy profiles in the x- and z-directions
with and without the SP wave when a 2µm bead is used as a probe. In
this experiment, the incident angle is kept at resonance. When the distance
between the probe and the surface is large enough, i.e. ≥ 500nm, both the
x-potential (Fig. 5.6(a)) and the z-potential (Fig. 5.6(e)) can be well fitted
to a parabolic function, and the plasmon radiation pressure results in a shift
of the potential minima. When the probe is placed closer to the surface (the
upper surface of the probe is around 300nm from the metal) the poten-
tial profile along the x-direction (Fig. 5.6(b)) does not change significantly,
while the one along the z-direction (Fig. 5.6(f)) reveals a more complicated
behavior. This is attributed to to the presence of additional forces of differ-
ent natures exerted by the surface itself [145, 146, 147] as well as due to the
interference between the incident and reflected trapping beams. Multiple
scattering between the surface and the probe of the evanescent field could
also contribute to these oscillations [148]. However, because the oscillations
in the potential are observed also when the laser exciting the plasmon field
is off (Fig. 5.6(f)), we attribute them mainly to the reflection of the trap-
ping beam. A similar behavior of the potential profiles has been observed
with the three sizes of probes. In the following treatment, we analyze only
radiation forces obtained from measurements at distances from the surface
where the potential profiles measured are harmonic.

To distinguish the contributions of the incident electromagnetic wave and
the resonant charge density oscillations to the total momentum of the SP
transferred to a dielectric particle, we exploit the fact that the SP can only
be coupled (i) at a specific incidence angle, and (ii) for a TM-polarized
incident electromagnetic field. Hence, the respective contributions can be
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Figure 5.6: SP radiation forces: potentials. Potential profiles along the
x-, y- and z-directions for a 2.0µm polystyrene bead placed at 500nm ((a),
(c) and (e)) and at 300nm ((b), (d) and (f)) from the surface, measured
without (gray lines) and with (black lines) SP. No significative change is
observed in the y-potential profile.

decoupled by changing either the angle or the polarization of the incident
beam. This two cases are shown in Fig. 5.7(a), where the modulus of
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Figure 5.7: SP radiation forces on a 4.5µm bead. (a) Coupling effi-
ciency of the SP (continuous line) and modulus of the plasmon radiation
force on a 4.5µm polystyrene bead under TM (dots) and TE (square) illu-
mination. The bars represent the standard deviation of the measurement.
(b) Evolution of the corresponding plasmon radiation force vectors vs. the
incident angle.

the plasmon radiation force acting on a 4.5µm polystyrene bead, placed
at 500nm from the metal surface, is plotted as a function of the incident
angle. For the low-power optical trap we need, the 4.5µm sphere is found
to be the most appropriate probe to guarantee the stability of the trapping
through such a long-run experiment. A comparison with the plasmon cou-
pling efficiency (1−R, where R is the reflectivity) at the gold/water interface
clearly shows that the plasmon radiation force follows the dispersion of the
SP mode. This fact confirms that the presence of the particle located at
such a distance does not significantly affect the SP. Also, by changing the
polarization of the incident wave from TM to TE the force falls to a value
similar to the one measured at a non-resonant angle. From these data it
is possible to estimate the enhancement factor of the forces due to the SP



5.1. SURFACE PLASMON RADIATION FORCES 93

(the angular interval of the resonance is very narrow so that we can neglect
the variation of the penetration depth of the electromagnetic field inside
this interval), which results in being about 40, in good agreement with the
theoretical prediction (about 30) of electric field intensity increase at the
gold/water interface. Further information is contained in the evolution of
the plasmon radiation force vector with the incident angle (Fig. 5.7(b)).
The z-component at resonance is larger than the x-component. Theoretical
predictions made for ten time smaller dielectric particles show the same fea-
ture [93]. For an equal probe-surface distance we observe the same property
also for a 0.6µm sphere , but the longitudinal force is found to be larger
in the case of a 2.0µm one. For a full understanding of this experimental
result, calculations are required for micrometer particles, since in this range
the radiation force in an evanescent field is not expected to be monotonous
as a function of their diameter [149].

Figure 5.8: SP radiation forces. (a) Force vector and (b) module (circles),
x-component (squares), and z-component (triangles) of the force versus dis-
tance from the surface for a 2.0µm bead. (c) Force on beads of different
sizes placed at 500nm from the surface.

The radiation force depends on the distance separating the surface and the
particle, but also on the dimensions of the particle itself. Fig. 5.8(a) and
5.6(b) illustrate the evolution of the radiation force vector acting on a 2µm
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particle with the distance from the metal surface. As expected, the modulus
of the total force increases when the distance is reduced. The z-dependencies
of the two components are different: the increase along the x-component is
much sharper than the one along the z-component. Both of them do not
follow the exponential tail of the electromagnetic field. The same experi-
ment, repeated with 4.5µm and 0.6µm beads, shows similar tendency. For
Rayleigh particle probes one would expect to observe an exponential z-decay
of the force modulus following the exponential decay of the plasmon field.
Indeed, in that case, the probe would act as a dipole which does not sig-
nificantly modify the incident field and the force magnitude would then be
determined by the incident field intensity at the probe position. In our
experiments where the sizes of the probes are larger than the incident wave-
length, the force magnitude results from a more complex process since the
probe is big enough and the evanescent light can propagate inside it.
Fig. 5.8(c) illustrates the force vector acting on the three kind of particles,
when the distance between the metal layer and the upper surface of all three
particles is 500nm. The total force modulus increases as the probe size de-
creases, over the range of dimensions we consider. The absolute value of the
plasmon force measured for a 0.6µm sphere is in reasonable agreement with
the theoretical values [93]. Additionally the force vector direction varies with
the probe size. This effect can find application in optical sorting devices. A
SP produced by a homogeneous metallic layer can act as a particle sorter
since the velocity due to the plasmon radiation force of bigger particles will
be considerably smaller than that of small particles: less force acting over
more mass.

5.2 Forces produced by a patterned surface

It was lately demonstrated that micrometer-sized gold pads microfabricated
at the surface of a glass substrate and illuminated under total internal reflec-
tion enable trapping single micrometer polymer [142]. In this configuration
each pad supporting a SP resonance acts as a micro-lens leading to an intense
local in-plane optical intensity gradient. This specificity can be exploited
to achieve parallel trapping over nearly any predefined patterns contained
within the illumination area.
Beyond these first qualitative observations, the development of SP-tweezers
for future on-a-chip devices requires a deeper understanding and a quantita-
tive analysis of their properties. Here, we investigate the main contributions
to the trapping mechanism of SP-tweezers and provide the first quantitative
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study of their features such as optical potential profile and stiffness.
In our experiment, the trapping platform consists of isolated gold micro-
disks (4.8µm diameter and 50nm height) fabricated by e-beam lithography
at the surface of a glass substrate. The illumination is performed under
total internal reflection by a weakly focused (in-plane beam area 0.1mm2),
linearly polarized laser beam at 710nm. The incident power is fixed at
250mW corresponding to an intensity I ≈ 2.5 × 106W/m2. Over the gold
structures, a thin fluidic chamber containing a diluted solution of polystyrene
(PS) micro-beads is built. The dynamics of the beads is monitored with a
CCD camera using a long working distance objective lens.

Figure 5.9: Brownian motion in a SP tweezers. Tracking diagram of a
3.55µm PS bead for θ = 68◦ under both (a) p- and (b) s-polarization and
resulting trapping potential along the x and y axis.

One can get further insights into the specificities of SP-traps by using PFM.
In a first step, a time-series of the particle position under the combined
effect of the trapping potential and the Brownian motion is acquired. In
order to maximize the accuracy of the measurement, we increase the total
recording time by reducing as much as possible the scattering force mag-
nitude. This leads us to work with an incident angle θ = 68◦ where the
contribution of the scattering force become weak while the restoring SP-
forces are maximum. The time scale of the bead motion is large enough so
that its position can be reconstructed by video analysis with a frame rate
of 15 frames per second [150]. Across the frames, the time evolution of the
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bead position can be retrieved by tracking the centroid of its image. From
the time-series of the bead position, one can assess the shape of the poten-
tial energy function U(x) by examining the histogram of the positions, as
explained in §3.1.3. The Boltzmann distribution describes the probability
density r(x) = eU(x)/kBT /Z , where Z is the partition function normaliz-
ing the probability density function, kB the Boltzmann constant and T the
absolute temperature. This method permits us to check the assumption of
a harmonic potential, and when it is possible to proceed to the correlation
and the power spectral density analysis of the position time-series for the
evaluation of the trap stiffness. This enables us to double-check the consis-
tence of our results, verifying the uncorrelated nature of the motion along
the x- and y-direction and ruling out any significant influence of external
perturbations such as mechanical vibrations or drift.
Fig. 5.9 gives the tracking diagram of a 3.55µm PS bead (9min acquisition
time) for both p- and s-polarization. Under p-polarization where the inci-
dent light efficiently couples to the SP mode of the gold pad, the potential is
found to be confined to a small portion of the gold pad, shifted to a forward
position with respect to its center.
From the distribution of the bead position, the optical potential profile and
the trap stiffness can be assessed along both the x- and y-directions. While
the potential is found to be very well approximated by a harmonic function
along the y axis, we observe an asymmetrical profile along the x axis, accred-
ited to the asymmetry of the illumination. Despite the very weak incident
laser intensity used in our experiment, the potential depth is found to be
greater than 4kBT , where kBT is the thermal energy. The resulting trap
stiffness are of about 30 fN/µm along X and 17 fN/µm along Y . These
unprecedented features may open new opportunities to the study of force
fields in the range of fN where other techniques do not apply.
The confinement and depth of the trap are found to drastically change when
switching the incident polarization from p to s where no SP resonance is cou-
pled in. The bead trajectory extends over a much bigger portion of the pad
with a standard deviation around its equilibrium position 3 times greater
along the x-axis and 4 times along the y-axis. The combination of the trap
stretching with the decrease of the local field intensity magnitude leads to
stiffnesses about 10 times weaker than under p-polarization. We have also
observed that by controlling the incident linear polarization state one can
achieve any intermediate potentials between the two previous extreme cases,
rending possible to adjust the in-plane confinement of the SP-trap.
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5.2.1 Measurement of the stiffness

In order to reduce vibrations, our experiments were performed on an optical
table equipped with pneumatic isolators. Of course, remaining vibrations
may always persist and it is true that, if their amplitude were comparable
with the particles motion this would lead to an incorrect calibration of the
trap when the histogram method is used for its characterization.

Figure 5.10: ACF analysis. ACF analysis along the y-direction (a) and
x-direction (b) for both s-polarization (red lines) and p-polarization (black
lines). The dashed lines are exponential fittings (signature of a harmonic
potential) which enable extracting the trap stiffness (kTE = 1.9 fN/µm and
kTM = 17 fN/µm).

In practice, two different methods are used to determine the stiffness of the
trap from the particle tracking. On the one hand, the potential can be
reconstructed by directly using the position histogram applying Boltzmann
statistics as explained in §3.1.3. This may become a statistically biased
estimator: any other systematic sources of noise (electronic and mechanical
noise, drift, etc.) will artificially underestimate the stiffness.
On the other hand, whenever it is possible, the autocorrelation function
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(ACF) is used in order to calibrate the stiffness of the trap as described
in Chapter 3. In particular, it is possible to use the ACF method for the
y-direction for which we can fairly approximate the potential as harmonic.
The ACF, shown in Fig. 5.10, features the expected exponential decay both
in s- and p-polarizations. We do not observe any periodic modulation of
this function which would traduce the presence of substantial vibrations .
Equivalently, one can also consider the Power Spectral Density (PSD) which
is obtained by Fourier transform of the ACF. By working in the frequency
space this method enables detecting and eventually filtering any unwanted
effects such as mechanical vibrations or drifts. In particular, the presence of
mechanical vibrations would lead to a spike in the PSD curve. Since we have
not observed such feature we conclude that vibrations do not significantly
affect our data processing.
Finally, we found that the stiffness along the y-direction estimated from
the ACF (and the PSD) fits very well the one calculated with the histogram
method. This is another indication that the background noise is not affecting
the quality of the measurement.

5.2.2 Validity of the Boltzmann statistics

Under the condition of Stoke flows (which applies to this study), the PFM
technique remains valid and can actually be applied to study the hydrody-
namic flow near the particle, as we will discuss more in detail in Chapter
7. In the presence of hydrodynamic flows two contributions on the particle
dynamics can be identified: a conservative one and a rotational one. The
presence of the latter in this study, in particular, can be ruled out by consid-
ering the fact that the cross-correlation function between the two in-plane
coordinates of the particle is found to be null, as it can be seen in Fig. 5.11.
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Figure 5.11: CCF analysis. Cross-correlation between x and y directions
of the motion. The solid lines are the CCFs for the TE and TM cases; the
dotted lines are the corresponding ACFs for comparison. Analysis details
can be found in Chapter 7.
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Chapter 6

Photonic Torque Microscopy

As we have seen in the previous Chapters, the Photonic Force Microscope
(PFM) has succeeded in measuring pico-Newton to femto-Newton forces –
see for example Refs. [1, 43, 45, 46, 74, 55]. Another type of perturbation
is a mechanical torque which can be exerted on the Brownian particle.
When we entered this field, the effect of a torque on a Brownian particle
had previously been studied by measuring the rotation rate of the particle
itself [22, 23, 56, 57, 58, 59, 60, 61, 62, 63, 64]. However, the precise manner
in which the torque affected the statistics of the translational Brownian tra-
jectories (the Brownian movement of the center of mass of the particle) was
still unknown. We reported the analysis and measurement of the movement
of a sub-micron particle confined in a harmonic potential in the presence
of a torque [66]. The absolute value of the torque can be found from the
auto- and cross-correlation functions of the particle’s coordinates, as we have
discussed in §3.3 and we reported in Ref. [67]. Compared to other measure-
ments, this method achieves ten times higher torque sensitivity. It could
be applied to proteins, DNA, or even synthetic nanomotors developed for
futuristic devices.
The theory presented in §3.3 allows one to take advantage to the Brownian
fluctuations of the probe in order to explore a generic force field present
in its surroundings, applying the PFM to the detection of locally non-
homogeneous force fields. This chapter proposes a concrete analysis work-
flow to reconstruct the force field from the experimental time-series of the
probe position, which is the only available information.
One of the most remarkable advantages of the proposed technique is that it
can be implemented in all existing PFM-setups and even on data acquired
in the past. Indeed, it does not require changes to be made in the physical
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setup, but only to analyze the data in a new way.
In the following, we will in first place (§6.1) discuss the experimental

work we reported in Ref. [66], where we gave the first detailed statistical
description of the Brownian motion in the presence of a non-conservative
component of the force field. That work considered a special case of the
theory that we then further developed as it is discussed in Chapter 3. We
will then present the data analysis workflow we propose for the general case
(§6.2) and its application to some paradigmatic cases (§6.3).

6.1 Measuring orbital angular momentum

We consider a sphere of mass m and radius R suspended in a liquid medium
and confined within a harmonic potential well, where it moves randomly
due to the thermal excitation. We suppose an external torque is exerted
on the sphere. In the absence of the potential well due to the friction the
sphere rotates around the z-axis with a constant angular velocity Ω, whose
value results from a balance between the torque applied to the sphere and
the drag torque: τdrag = r×Fdrag = γr× v = γr× (r×Ω), where r is the
sphere position, v is its linear velocity, γ = 6πRη is the friction coefficient
and η is the viscosity. Hence, the force acting on the sphere from the torque
source is given by F = γr×Ω, which depends on the position of the sphere.
A time average of the torque exerted on the particle can then be expressed
as < τ >= γ < r × (r ×Ω) >= γ < Ωr2 >= γΩ < r2 >, where < r2 > is
the mean square displacement of the sphere in the plane orthogonal to the
torque.
The Einstein-Ornstein-Uhlenbeck equations [151] for the Brownian motion
of the sphere in the plane perpendicular to the rotation axis can now be
presented as: {

γ dx(t)
dt + kx(t) + γΩy(t) =

√
2kBTγηx(t)

γ dy(t)
dt + ky(t)− γΩx(t) =

√
2kBTγηy(t)

(6.1)

where k is the force constant of the harmonic oscillator and
√

2kBTγηx(t)
and

√
2kBTγηy(t) are two independent white Gaussian random processes

that represent the Brownian forces at temperature T in the x and y direc-
tion. To simplify the problem we set the rotation axis coaxial to the axis of
the potential well. Assuming a low Reynolds number regime [38, 24, 37], we
can neglect all inertial terms such as md2y(t)

dt2
.

The terms +γΩy(t) and −γΩx(t) introduce a coupling between the equa-
tions. The auto- and cross-correlation functions for the movement of the
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Figure 6.1: Torque measurement setup. (a) Experimental setup: HM
holographic mask, DP Dove prism, M mirror, DM dichroic mirror, O1 fo-
cusing objective, O2 collector objective, QPD quadrant photodetector. (b)
Brownian motion of the sphere in the chamber when only the 532nm LG
propagates. (c) Brownian motion of the sphere in the chamber when both
the 532nm and the 785nm beams propagate.
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sphere along the x and y directions are given by:

< x(t)x(t+ ∆t) >=< y(t)y(t+ ∆t) >=
kBT

k
e−k|∆t|/γ cos (Ω∆t), (6.2)

< x(t)y(t+ ∆t) >=
kBT

k
e−k|∆t|/γ sin (Ω∆t). (6.3)

Accordingly, a change is produced also in the power spectral density (PSD)
of the x and y coordinates, which, as well as the autocorrelation function,
is normally employed in the calibration of the PFM. Hence, the presence of
a torque has to be take into account in the calibration of force constant of
the trap and in the force measurement.
The actual shape of the correlation functions depends on the ratio γΩ/k.
For γΩ < k the restoring force induced by the potential well is dominant and
at the limit γΩ � k the autocorrelation function is reduced to the known
expression for the behaviour of a Brownian particle in a harmonic potential
[152], while the cross-correlation is negligible. The correlation decay time is
t0 = γ/k and its measurement allows one to determine the force constant
of the potential well. For γΩ > k the rotational effect is dominant; at the
limit γΩ � k we get the sinusoidal auto- and cross-correlation functions
describing a rotating particle.
Both these limiting cases had already been studied: namely, when no ex-
ternal torque is applied to the Brownian particle in the parabolic potential,
which is the standard PFM, or when the torque is applied to a free parti-
cle and can be straightforwardly measured from the particle rotation rate
assessed by video- or Fourier-analysis [23, 56, 58, 59, 60, 61, 153]. Eqs.
(6.2) and (6.3) bridge these two cases and provide new insights into the in-
termediate situation, which neither of the cases can address. As we show
below the analysis of the auto- and cross-correlation functions allows us to
gain sensitivity over the methods based on the explicit measurement of the
rotation rate.

6.1.1 Experimental setup and results

For an experimental verification of our conclusions, we have analysed the
Brownian motion of an optically trapped polystyrene sphere. A focused
beam creates a harmonic trapping potential as a result of electric field gra-
dient forces exerted on the sphere. This optical trap is generated by a CW
785nm beam at the focal plane of a 100× 1.3 NA objective lens inside a
chamber (Fig. 6.1(a)). The chamber is prepared using two coverslips sep-
arated by a 50µm spacer and filled with a solution containing polystyrene
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spheres (radius R = 0.5µm). The forward scattered light from the trapped
sphere is collimated by a 40× objective onto a quadrant photodiode (QPD).
The trap force constant k can be adjusted by changing the intensity of the
laser beam.
We induce a torque on the particle by using another optical beam that
carries an orbital angular momentum [63, 154, 155, 156]. This beam is pro-
duced from a linearly polarized 532nm CW beam transformed by a holo-
graphic mask that generates a l = 10 order Laguerre-Gaussian (LG) beam
of power P = 3mW . The beam carries the flux of orbital angular momen-
tum τOAM = lP/ω = 7.5 · 10−18Nm, where ω = 4 · 1015Hz is the light
frequency. Only about 1% of the total flux of the orbital angular momen-
tum is transferred to the dielectric sphere [22] and only in the portion of the
beam that overlaps the sphere. We estimate that in our experiments the
beam transfers the torque τS = 7.5 · 10−21Nm to the sphere. A Dove prism
can be inserted in the optical path so as to reverse the handedness of the
helical phase front and therefore the sign of the orbital angular momentum
without changing the direction or polarization of the beam.
In the absence of the 785nm optical trap (Fig. 6.1(b)) the 532nm beam
moves the sphere towards the upper coverslip due to its radiation pressure
and the gradient forces in the perpendicular plane do not allow the sphere to
escape. In such conditions we can observe the clockwise and anti-clockwise
rotation of the sphere depending on the handedness of the beam.

When the trapping 785nm beam coaxial to the LG beam is switched on and
the trap force constant k is low enough (0.9 fN/µm), the rotation motion
of the sphere is not significantly influenced. We can track the position of
the particle with the QPD and calculate the corresponding auto- and cross-
correlation functions (Fig. 6.2). The rotation is clearly visible in the time
traces (Fig. 6.2(a)) and from the position probability density function (Fig.
6.2(b)) which is not Gaussian in this case and it can be readily observed in
the Fourier spectra of the traces, as was reported earlier [60]. The presence
of the periodical component in the correlation functions is consistent with
Eqs. (6.2) and (6.3) and permits us to measure the mean rotation rate of
the bead and the torque exerted on it. We found the rotation period to
be Tr = 20 ± 5 s and an orbital radius of r = 1.4 ± 0.3µm, in agreement
with the video data. This corresponds to a torque produced by the beam of
τr = γΩr2 = 3.9± 1.8 · 10−21Nm when the friction coefficient, corrected for
the distance to the surface [37], is γ = 4± 1 · 10−8Ns/m. The experimental
numerical values are expressed as mean ± standard error and are obtained
from three series of data. Fig. 6.2(c) shows the measured vector force-field
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Figure 6.2: Experimental ACF and CCF: Ω > 0 and k = 0. Experi-
mental unbiased auto- and cross-correlation functions in the presence of the
torque induced by a LG beam with l = +10. The trap force constant k is
low enough (0.9 fN/µm) not to significantly influence the rotational motion
of the sphere. The continuous lines show the mean values obtained using one
series of data acquisition (acquisition time 60 s, sampling rate fs = 1 kHz).
In the insets: (a), time traces for the x (black) and y (grey) coordinates;
(b), histogram of the x coordinate; and (c), vector force-field acting on the
particle in the xy plane.

acting on the particle, where the azimuthal component due to the applied
torque is dominant.

We now change the conditions of the experiment, namely by increasing the
trap stiffness, to verify whether the effect of the torque on the Brownian
motion of the sphere can still be retrieved. The trapping 785nm beam
power and therefore the trap stiffness are increased (100µW , 16 fN/µm),
the sphere is more confined in the centre of the trapping beam (Fig. 6.1(c))
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Figure 6.3: Experimental ACF and CCF: Ω > 0 and k > 0. Ex-
perimental auto- and cross-correlation functions in presence of the torque
induced by a LG beam with l = +10. The trap force constant k is high
enough (16 fN/µm) to confine the sphere. The continuous lines show the
mean values obtained using five series of data acquisition (acquisition time
60 s, sampling rate fs = 1 kHz). The dotted lines show the fitting to the
theoretical shape (the fitting was made on the central part of the curve for
∆t = [−2 s, 2s]). In the insets: (a), time traces for the x (black) and y (grey)
coordinates; (b), histogram of the x coordinate and in black the fitting to
a Gaussian distribution; and (c), vector force-field acting on the particle in
the xy plane.

and does not display a rotational motion, as can be readily appreciated from
the time traces (Fig. 6.3(a)) and from the position probability density func-
tion (Fig. 6.3(b)) which is now Gaussian. We notice that in this case the
Fourier analysis of the experimental traces does not show the presence of
the torque existing in the system. However, the behaviour of the auto- and
cross-correlation functions near ∆t = 0 (Fig. 6.3) unambiguously shows that
the torque produced by the orbital angular momentum of the LG beam still



108 CHAPTER 6. PHOTONIC TORQUE MICROSCOPY

Figure 6.4: Experimental ACF and CCF: Ω < 0 and k > 0. The same
as in Fig. 6.3 when the torque is produced by a LG with l = −10.

affects the Brownian trajectories. Fitting these experimental functions to
the theoretical ones and calculating the value of < r2 > from the traces, we
are able to measure the torque acting on the particle as 4.9±0.7 ·10−21Nm.
Fig. 6.3(c) depicts the vector force-field acting on the particle, which results
from the superposition of a azimuthal component due to the applied torque
and a radial component due to the harmonic trap. The same procedure
was repeated for the other handedness of the Laguerre-Gaussian beam (Fig.
6.4) leading to a torque of 3.9 ± 0.8 · 10−21Nm. The lower value can be
explained by the power losses in the Dove prism. The presence of the torque
also affects the calibration of the trap force constant. Indeed, the value
of k found from the experimental traces accounting for the torque has the
value 16±1 fN/µm, while not accounting for the torque it is 18±1 fN/µm.
The experimental values are expressed as mean ± standard error and are
obtained from five independent series of data.
The value of the torques measured in our experiments (4 · 10−21Nm) is
lower than the ones previously reported: 10−20Nm for DNA twist elastic-
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ity [59], 5 · 10−18Nm for the movement of bacterial flagellar motors [56],
2 · 10−20Nm for the transfer of orbital optical angular momentum [22],
or 5 · 10−19Nm for the transfer of spin optical angular momentum [23].
Hence, as we have shown, a detailed analysis of the Brownian fluctuations
of a particle trapped in a harmonic potential may be a starting point to
build new tools for the measurement of torque in micrometric systems, like
those produced by biomolecules, hydrodynamic interactions between col-
loidal particles, or by optical beams that carry orbital angular momentum.
The restoring force acting on the Brownian particle depends on the trap-
ping power. Hence, this could make it possible to study how the torque
exerted by a certain source varies in the presence of a controlled mechanical
load. We also notice that the presence of a torque significantly affects the
correlation functions of the Brownian particle in the potential well so that
experimental results previously obtained to measure only mechanical forces
could reveal the presence of torques in the studied systems if analysed using
Eqs. (6.3) and (6.3).

6.2 Data analysis workflow

In this Section we present the analysis workflow that applies to the most
general case. The probe position time-series need to be statistically analyzed
in order to reconstruct all the parameters of the force field, i.e. φ, ∆φ, and
Ω, and the orientation of the coordinate system. 1

Supposing to have the probe position time-series in a generic coordinate
system r′(t) = [x′(t), y′(t)], the data analysis procedure consists of three
steps:

1. evaluation of the parameters φ, ∆φ, and Ω;

2. trasformation of the experimental coordinate system to the one pre-
sented in §3.3.1;

3. reconstruction of the total force field, subtracting, eventually, the trap-
ping force field to retrieve the external force field under investigation.

In order to illustrate this method we proceed to analyze some numerically
simulated data. The main steps of this analysis are presented in Fig. 6.5.
In Fig. 6.5(a) the PDF is shown for the case of a probe in a force field with
the following parameters: φ = 37 s−1, ∆φ = 9.3 s−1 (corresponding to kx =

1The notation of these section is consistent with the one presented in §3.3, to which
we refer for the definition of the variables and for further details.
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Figure 6.5: Data analysis workflow. Data analysis of numerically simu-
lated time-series. (a-b) Probability density function for a Brownian particle
under the influence of the force-field (simulated data 30 s at 16 kHz); in
(a) the force-field is purely conservative, while in (b) it has a rotational
component. (c-d) Invariant function, SACF (∆t) (black line) and DCCF (∆t)
(red line) (calculated from the simulated data windowed in 1 s intervals and
averaged) and (e-f) force fields reconstructed from the simulated data.

43 pN/µm and ky = 26 pN/µm), Ω = 0, and θ = 30◦. The PDF is ellipsoidal
due to the difference of the stiffness along two orthogonal directions. In Fig.
6.5(b) the PDF for a force field with the same φ, ∆φ and orientation but
with Ω = 37 s−1 is presented. The two time-series are chosen to have the
same value of the parameters, excepted for Ω, in order to show not only how
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the method can obtain reliable estimates for the parameters, but also how it
can distinguish between physical situation completely different, such as the
absence or the presence of a non-conservative effect. The presence of the
rotational component in the force field produces two main effects. First, the
PDF is more rotationally-symmetric and its main axes undergo a further
rotation. Secondly, DCCF (∆t) is not null (Fig. 6.5(d)).

6.2.1 Estimation of the parameters φ, ∆φ, and Ω

In order to evaluate the force field parameters, φ, ∆φ, and Ω, the first step
is to calculate the correlation matrix in the coordinate system where the
experiment has been performed,〈

r′(∆t)r′†(0)
〉

=
(
rx′x′(∆t) rx′y′(∆t)
ry′x′(∆t) ry′y′(∆t)

)
. (6.4)

The CCF difference DCCF(∆t) (Eq. (3.39)), as showed in §3.3.1, is invariant
with respect to the choice of the reference system and it is different form
zero only if Ω 6= 0. The results are shown in Fig. 6.5(c) and Fig. 6.5(d) for
the cases of the data shown in Fig. 6.5(a) and Fig. 6.5(b) respectively.
The three aforementioned parameters can be found by fitting the experi-
mental data to the theoretical shape of this function. Since the DCCF(∆t)
is non-linear in the parameters, a common iterative gradient method, such
as the Gauss-Newton method, can be used for the fitting. Therefore, the
choice of the initial values of the parameters is crucial for the convergence of
the algorithm and to avoide local minima. A possible initialization can be
obtained solving a system of non-linear equation obtained from DCCF(∆t)
for ∆t = ∆t′, where

∆t′ = arg
∆t>0

max |DCCF(∆t)| . (6.5)

In particular, the exponential decay of the function is related to the φ pa-
rameter, which can be calculated once normalized DCCF(∆t) to its value at
∆t = ∆t′ so that, for ∆t > 0,

e−φ(∆t−∆t′)S(∆t) = S(∆t′)
DCCF(∆t)
DCCF(∆t′)

, (6.6)

and, since S(∆t) is linearizable around ∆t = 0, chosen ∆t = ∆t′

2 , Eq. (6.6)
gives

φ ≈ 2
∆t′

ln

[
2
DCCF(∆t′

2 )
DCCF(∆t′)

]
. (6.7)
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Ω, whose sign depends on the sign of the slope of the CCF difference at
∆t = 0 , can be calculated as

Ω =
φ2

2D
DCCF(∆t′)
e−φ∆t′S(∆t′)

, (6.8)

which is completely determined since the pulsation of the superimposed
oscillations S(τ) is √

|∆φ2 − Ω2| ≈ π

Tp
, (6.9)

where Tp = 2∆t′ is the time distance between the nadir and the peak of
DCCF(∆t) (Fig. 6.5(d)). Eq. (6.9) can be also used to retrieve ∆φ.
When Ω = 0, DCCF(∆t) is null, as it can be seen also in Fig. 6.5(c), and,
therefore, it cannot be used to find the two remaining parameters. For
Ω = 0, the other invariant function, the ACF sum SACF(∆t) (Eq. (3.40))
can be used to evaluate φ and ∆φ. C(∆t) and S(∆t) can be linearized
around ∆t = 0, such that

SACF(∆t) ≈ 2D
e−φ|∆t|

φ2 −∆φ2

[
φ+ ∆φ2∆t

]
. (6.10)

Neglecting the linear term, Eq. (6.10) gives in first approximation,

φ ≈ ln 2
∆t′

, (6.11)

where ∆t′ > 0 is chosen such that

SACF(∆t′) =
SACF(0)

2
. (6.12)

A second equation, obtained from SACF(∆t) for ∆t = 0,

SACF(0) = 2D
φ

φ2 −∆φ2
, (6.13)

gives a value for ∆φ, which, joint to the calculated value for φ, can be used
as possible initialization for the parameters optimization algorithm.
In general, SACF(∆t) can also be used for the fitting of all the three param-
eters but can not give information on the sign of Ω, which must be retrieved
from the sign of the slope at τ = 0 of DCCF(∆t).
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6.2.2 Coordinate system transformation

Although the values of the parameters φ, ∆φ, and Ω are now known, the
directions of the force vectors are still missing. In order to retrieve the ori-
entation of the experimental coordinate system, the orientation dependent
functions SCCF(∆t, θ) (Eq. (3.41)) and DACF(∆t, θ) (Eq. (3.42)) can be
used. The best choice is to evaluate the two functions for ∆t = 0, because
the signal-to-noise ratio is highest at this point:

SCCF(0, θ) = 2Dα2

φ
∆φ
φ

(
Ω
φ cos (2θ)− sin (2θ)

)
DACF(0, θ) = −2Dα2

φ
∆φ
φ

(
Ω
φ sin (2θ) + cos (2θ)

) . (6.14)

The solution of this system delivers the value of the rotation angle θ:
cos (2θ) =

DACF(0,θ)−Ω
φ

SCCF(0,θ)

1−2D α2

φ
∆φ
φ

“
Ω
φ

”2

sin (2θ) =
Ω
φ

DACF(0,θ)−SCCF(0,θ)

1−2D α2

φ
∆φ
φ

“
Ω
φ

”2

. (6.15)

If ∆φ = 0, Eq. (6.14) is undetermined as a consequence of the PDF radial
symmetry. In this case any orientation can be used. If Ω = 0, the orientation
of the coordinate system coincide with the axis of the PDF ellipsoid and,
although Eq. (6.14) can still be used, the Principal Component Analysis
(PCA) algorithm is a convenient means to determine their directions.

6.2.3 Reconstruction of the force field

Now everything is ready to reconstruct the unknown force field acting on
the probe around the equilibrium position in an area comparable with the
mean square displacement of the probe. From the values of φ and ∆φ, the
conservative forces acting on the probe result fc(x, y) = − (kxxex + kyyey)
and, from the values of Ω, the rotational force is fr(x, y) = Ω (yex − xey).
The total force field is, therefore,

f(x, y) = fc(x, y) + fr(x, y) = (−kxx+ Ωy) ex − (kyy + Ωx) ey (6.16)

in the rotated coordinate system (Fig. 6.5(e) and 6.5(f)). Now the rotation
(3.33) can be used in order to have the force field in the experimental co-
ordinate system. The unknown component can be easily reconstructed by
subtraction of the known ones, such as the optical trapping force field.
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6.3 Case studies

As experimental verification of the data workflow presented in the previous
section, the Brownian motion of an optically trapped polystyrene sphere in
the presence of an external force field generated by a fluid flow is analyzed.
Experimentally, two basic kinds of force field – namely a conservative force
field and a purely rotational one – are generated using solid spheres made
of a birefringent material (Calcium Vaterite Crystals (CVC) spheres, radius
R = 1.5± 0.2µm [97]), which can be made spin through the transfer of light
orbital angular momentum. Further details about the experimental setup
and the generation of the fluid flow are presented in Chapter 7.

6.3.1 Conservative force field

In order to produce a conservative force field, two CVCs are placed as shown
in Fig. 6.6(a). In Fig. 6.6(b) the generated hydrodynamic force field is pre-
sented as it is theoretically expected to be from simulations. In Fig. 6.6(c),
the invariant functions, SACF(∆t) (black line) and DCCF(∆t) (red line), and
respective fitting to the theoretical shapes are presented. Since DCCF(∆t)
is practically null, we an see that Ω = 0 in this case, while the fitting to
SACF(∆t) allows one to find the values of φ = 18 s−1 and ∆φ = 6 s−1. The
value of the rotation of the coordinate system in this case is 32◦.
The total force field can now be reconstructed: kx = 225 fN/µm and
ky = 112 fN/µm. This force field is presented in Fig. 6.6(d). The hy-
drodynamic force field can now be retrieved by subtracting the optical force
field (kopt = 185 fN/µm approximatively constant in all directions), which
can be measured in absence of rotation of the spinning particles (inset in
Fig. 6.6(d)). This experimentally measured force field correspond very well
to the theoretically predicted one (Fig. 6.6(b)).

6.3.2 Rotational force field

In order to produce a rotational force field, four CVCs are placed as shown
in Fig. 6.7(a), which should theoretically produce the force field presented
in Fig. 6.7(b). In Fig. 6.7(c), the invariant functions, SACF(∆t) (black line)
and DCCF(∆t) (red line), and respective fitting to the theoretical shapes are
presented. Now DCCF(∆t) is not null any more and therefore it can be used
to fit the three parameters: φ = 11 s−1, ∆φ ≈ 0, and Ω = 5 rads−1. As
already mentioned, SACF(∆t) can be used for this purpose as well; however,
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Figure 6.6: Conservative force field. (a) Experimental configuration
with two spinning beads and (b) hydrodynamic component of the force
field (from hydrodynamic theory). (c) Experimental invariant functions
SACF(∆t) (black line) and DCCF(∆t) (red line), and respective fitting to
the theoretical shape (dotted lines). (d) Experimental probability density
function and reconstructed total force field; inset: reconstructed hydrody-
namic force field.

using the latter, the sign of Ω stays undetermined.
The total force field can now be reconstructed: kx ≈ ky = 100 fN/µm.
This force field is presented in Fig. 6.7(d). The hydrodynamic force field
can be obtained by subtracting the optical force field (kopt = 78 fN/µm ap-
proximatively constant in all directions), which can be measured in absence
of rotation of the spinning particles (inset in Fig. 6.7(d)). Again, this ex-
perimentally measured force field correspond very well to the theoretically
predicted one (Fig. 6.7(b)).
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Figure 6.7: Rotational force field. (a) Experimental configuration with
four spinning beads and (b) hydrodynamic component of the force field (from
hydrodynamic theory). (c) Experimental invariant functions SACF(∆t)
(black line) and DCCF(∆t) (red line), and respective fitting to the theo-
retical shape (dotted lines). (d) Experimental probability density function
and reconstructed total force field; inset: reconstructed hydrodynamic force
field.



Chapter 7

Characterization of
Microscopic Flows

The experimental characterization of fluid flows in micro-environments is
important both from a fundamental point of view and from an applied one,
since for many applications it is required to assess the performance of mi-
crofluidic structures, such as lab-on-a-chip devices [20]. Carrying out this
kind of measurements can be extremely challenging. In particular, due to
the small size of these environments, wall effects cannot be neglected [95].
Additional difficulties arise studying biological fluids because of their com-
plex rheological properties.
In the cases of practical interest the flow is strongly viscous (creeping mo-
tions or Stokes flows) and a low Reynolds number regime can be assumed
[24, 38]. Since the creeping motion regime is a particular case of a laminar
regime, it is possible to univocally define a time-independent pressure and
velocity field. Therefore, for each position a well-defined drag force acts on a
particle immersed in the fluid flow. Ideally micro-flow sensors should be able
to monitor the streamlines in real time and in the least invasive way. One
common method to achieve this goal is to measure the drag force field acting
on a probe particle, resorting to statistical criteria of analysis because of the
intrinsic presence of Brownian motion. This make it possible for us to apply
the enhanced Photonic Force Microscope (PFM) techniques we proposed in
§3.3 and Chapter 6.
Recently optically trapped microscopic particles have been proposed as flow
sensors [96, 97, 98, 99, 100]. In [96] an oscillating optically trapped probe
is used to map the two-dimensional flow past a microscopic wedge. In [97]
and [98] a stress microviscometer is presented: it generates and measures

117
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microscopic fluid velocity fields, monitoring the probe particle displacement,
which is directly converted into velocity field values, through digital video
microscopy. A further improvement was achieved in [100] by using multi-
ple holographic optical traps in order to parallelize the technique: an array
of micro-probes can be simultaneously trapped and used to map out the
streamlines in a microfluidic device. All these techniques apply a PFM ap-
proach to the flow measurement: the fluid velocity at the trap location is
obtained by monitoring the probe displacements resulting from the balance
between the trapping and drag forces.
All the techniques described above present a major drawback: they interpret
the experimental results assuming that the flow can be described by a set of
parallel streamlines. When this is the case, the drag force acting on a probe
around a specific point in the flow is well described by a constant value, and
this is the case considered by the current optical trap methods. However,
in the drag force-field there may be singular points as well. In these points
the flow and, hence, the drag force are null, but not in its surrounding. The
question, which arises naturally, is how to characterize this case. Under
the assumption of a steady incompressible flow, a zero body force and low
Reynolds numbers, the local fluid motion satisfies the quasi-static Stokes
equations [38]: 

η∇2v = ∇p

∇ · v = 0
, (7.1)

where v is the velocity, p is the pressure and η the dynamic viscosity. Since
the fluid is incompressible and there are no sources or sinks, there can be
only two kinds of singular points [127][128]: (1) saddles (unstable) at the
meeting point between two opposite flowing streamlines or (2) centra (sta-
ble) in presence of a non-zero curl. The characterization of the flow near
these points can be achieved by studying the statistical properties of the
Brownian motion of the probe as it has been discussed in §3.3 and in Chap-
ter 6.
The knowledge of the flow-field near a singular point is of relevance for
fundamental physical studies as well as for engineering applications. The
mixing of fluids flowing through microchannels is important for many chem-
ical application; a reduction of the mixing length can be achieved by the
generation of a transverse flow [157], case in which the formation of singular
points is inevitable. In biological systems creeping motions take place in
small blood or linfatic vessel or at the interface between tissues and proth-
esis or artificial organs [158]. In the presence of slow flows, macrophage
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adhesion becomes more probable, increasing the possibilities of inflamma-
tion. Furthermore, the growth rate of thrombi, due to platelet aggregation,
is also determined by the characteristics of the flow around it: for example,
the presence of stable equilibrium points, such as centra, helps their forma-
tion and growth. Flow measurements at the microscale can help to diagnose
pathologies and to guide the design of bio-materials and nano-devices for
diagnostic or therapeutic goals.

In the following we will present how the PFM technique can benefit the
study of microscopic flows. We will present the PFM-based experimental
setup we used to generate and probe the microscopic flows (§7.1), a detailed
theory of the hydrodynamics involved (§7.2), and some experimental results
(§7.3).

7.1 PFM as a tool to measure micro-flows

The experiment proposed in the next paragraphs extends the PFM-approach
to microrheology in order to measure and characterize fluid fluxes in the
proximity of singular points. The concept is to monitor the position of an
optically trapped probe in order to locally characterize the drag force field as
a generic function of the space coordinates up to the first order in its Taylor
expansion around the probe position as described in §3.3 and in Chapter
6. This technique allows one to distinguish between a singular point in a
complex flow and the absence of flow at all. Furthermore our approach
allows one to determine the stability of these singular points, which can be
relevant for applications. In the following it will be considered the drag force
field produced by a bidimensional laminar regime. Since in microfluidic and
lab-on-a-chip devices a planar geometry is generally assumed, this is the
most useful case for applications. Nevertheless, if needed, our approach can
be generalized to the three-dimensional case.

7.1.1 The experimental setup

The optical setup for the microfluidic measurements, represented in Fig.
7.1, includes up to five independent beams: four 1064nm (near infrared)
steerable beams with controllable polarization and a 632nm (red) beam.
The infrared beams are generated by a Nd:YAG laser, whose maximum
power is 900mW . After coming out from the laser, the original beam is
divided by three beam splitters in cascade. The particular configuration of
the three BSs allows one to obtain four equal-power independent beams. A
quarter wave plate is introduced along their path in order to allow one to
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Figure 7.1: Microflow characterization setup. Main components of
the experimental setup: a 1064nm Nd:YAG laser, a 632nm HeNe laser,
a 1.3 NA100× objective (O1), a 40× objective (O2), the chamber contain-
ing the aqueous solution with the particles (SH), a photodetector (PD), a
quadrant photodetector (QPD), a CCD camera. Other optical components:
telescopes (T), beam splitters (BS), dichroic beam splitters (DBS), mirrors
(M), quarter wave plate (λ/4), polarizer (Pol) and source of the illumination
light (LS).

switch the beam polarization between linear and circular. A HeNe laser,
whose maximum power is 17mW , produces, instead, the red beam. All
the five beams are focused by a 1.3 NA100× objective into a small spot in
the sample holder to create five optical tweezers. The forward transmitted
light is recollected by a 40× objective and sent to the detection devices: a
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dichroic beam splitter divides the light according to its wavelength, so that
on the quadrant photodetector (QPD) only the red beam impinges and on
the photodiode (PD) only the infrared one. A CCD camera constitutes the
imaging system. The photodetectors and the camera are connected to a PC
to visualize the trapped particles and to process the acquired data by means
of a LabVIEW GUI.

7.1.2 Generation and probe of micro-flows

Experimentally, three kinds of fluid flow - namely a set of parallel stream-
lines, a saddle or a centrum - are generated using solid spheres made of
a birefringent material (Calcium Vaterite Crystals (CVC) spheres, radius
R = 1.5 ± 0.2µm [97]), which can be made spin due to the transfer of spin
angular momentum of light.
For a Gaussian beam that is circularly polarized, each photon carries a spin
angular momentum. Therefore, a light beam beam carries an angular mo-
mentum flux ± Pλ

2πc , where P is the power of the beam, λ is the wavelength
of the optical field and c is the speed of light, which can be transferred to
an object that absorbs it, or changes its polarization state. The reaction
torque on a CVC sphere, which changes the degree of circular polarization
of the incident light, is given by

TR = ∆σPλ/2πc, (7.2)

where ∆σ is the change of the light spin momentum due to the scattering
on the probe.
Since the CVC spheres are spinning in an aqueous solution, the expression
for the drag torque, to which they are exposed, for low Reynolds number, is
given by

TD = 8πηR3ω, (7.3)

where η is the medium viscosity, R is the sphere radius and ω is the angular
frequency of the sphere rotation. Equating the expressions for torques TR

and TD gives [97]
ω = ∆σPλ/16π2ηR3c. (7.4)

The spheres are all-optically controlled, i.e. their position can be controlled
by an optical trap and their spinning state can be controlled through the
polarization state of the light. In the experimental realization up to four
CVC spheres were optically trapped in water and put into rotation using
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Figure 7.2: Experimental signals. (a) x (blue) and y (red) position of
a trapped particle before calibration, and (b) linear component of the light
transmitted through the spinning CVC spheres (a quasi-sinusoid with period
T ≈ 180ms).

the four steerable 1064nm beams with controllable polarization - to control
the direction of the rotation - and power - to control the rotation rate. A
probe polystyrene sphere (radius r = 500nm) was held by an optical trap
produced by the 632nm linearly polarized beam. The stiffness of this trap
was adjustable through the power. The forward scattered light of this latter
beam served to track the probe position using a position sensor based on
the QPD (Fig. 7.2(a)) while the forward scattered infrared light is used to
monitor the spinning status of the CVC spheres ( Fig. 7.2(b)).
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7.1.3 Growth of the birefringent spheres

Crystals of the calcium carbonate mineral vaterite can be grown in or-
der to obtain spherical, transparent, birefringent particles, whose diame-
ter is around 3µm [97]. Vaterite is a positive uniaxial birefringent ma-
terial, which has similar birefringence properties to calcite (nord = 1.55
and next = 1.65). The spherical vaterite crystals are produced by adding
0.6ml of 0.1M K2CO3 to a solution of 1.5ml of 0.1M CaCl2 plus 0.4ml
of 0.1M MgSO4. The solution, strongly agitated by pipetting, initially ap-
pears milky and becomes clearer as the crystals form within 4-5 minutes
of mixing. The typical mean diameter is found to be 3µm with a spread
of approximately ±1.5µm. In order to keep the particles floating 0.5ml of
a 1/100 water solution of Agepon, a wetting agents produced by Agfa, is
added.

7.2 Hydrodynamic theory

Assuming no slip at the particle surface, Eq. (7.1) leads to the following
solution for the flow velocity near a single spinning sphere [38, 98]

v = ωez × x
R3

‖x‖3 . (7.5)

In each point near the rotating sphere the streamlines are perpendicular to
the plane containing the z-axis (unit vector ez) and the coordinate vector
x = [x, y, z]T and their magnitude is given by

‖v‖ = ω
R3

‖x‖2 . (7.6)

In a system with n spinning spheres, the linearity of the quasi-Stokes equa-
tions [38] allows one to use the superposition of solutions to obtain the total
flow

v =
n∑

i=1

vi =
n∑

i=1

ωiez × (x− xi)
R3

i

‖x− xi‖3 , (7.7)

where xi is the coordinate vector of the centrum of the i-th sphere. Since
the velocity in the equatorial plane is proportional to the reciprocal square
of the distance from the sphere center, Eq. (7.6), the flow velocity vanishes
at a distance of a few sphere radii. Hence, in first approximation the hydro-
dynamic interaction between the spinning spheres located far enough from
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each other can be neglected.
Assuming the spheres to be symmetrically displaced at the same distance
d with respect to the origin x0 and characterized by the same radius r and
angular velocity ω, Eq. (7.7) reduces in the equatorial plane to

v = ωR3
n∑

i=1

1
‖x− xi‖3

(
yi − y
x− xi

)
. (7.8)

For n = 2 or n = 4 the origin is a singular point, i.e. v(x0) = 0 and the
velocity field can be locally approximated as

v = ωR3J = ωR3
n∑

i=1

Jix, (7.9)

where ωR3J is the Jacobian matrix of the total velocity field evaluated in the
singular point and ωR3Ji the Jacobian matrix of the velocity field generated
by particle i evaluated in the same point

Ji =
1
d5

(
3xiyi 2y2

i − x2
i

y2
i − 2x2

i −3xiyi

)
. (7.10)

Since the prefactor ωR3 is always positive and constant, in the stability anal-
ysis we can consider only J. As expected, since the fluid is incompressible,
Tr(J) is always null. This means that (unstable) saddles or (stable) centra
can only exist [127, 128]. To distinguish between them,

det(J) = − 9
d5

n∑
i,j=1

xiyixjyj −
1
d5

n∑
i,j=1

(
2y2

i − x2
i

) (
y2

j − 2x2
j

)
(7.11)

has to be calculated in the singular point. With n = 2, det(J) = −4/d < 0,
which means instability (saddle); with n = 4, det(J) = 2/d > 0, which
means stability (centra) instead.

7.3 Experimental results

To experimentally study the equilibrium points in bidimensional microfluidic
systems, three kinds of fluid flow were generated and probed, namely:

1. a set of parallel streamlines,

2. a saddle,
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3. and a centrum.

In the three cases the CVC spheres (R = 1.3µm) are put into rotation at
ω ≈ 38 rad/s. The distance between the centra of the probe particle and
the spinning sphere is between 2 and 3µm.

Figure 7.3: Experiment in absence of flow. (a) Force field and (b) auto-
correlation (red dashed line) and cross-correlation (blue solid line) functions
when only the optical force is acting on a 0.5µm radius probe in absence of
drag force field. For plot (b) data acquired during 150 s with sampling rate
2000Hz were analyzed.

The drag force field can be decomposed into a conservative and a rota-
tional part, while the optical force field is purely conservative and was
reconstructed calibrating the trap stiffness in absence of flux. The cross-
correlation function (CCF) between the x and y position of the probe, cal-
culated as < x(t)y(t + τ) > − < y(t)x(t + τ) >, does not vanish only if
the rotational part of the drag force field is not null, as we have seen in
§3.3 and in Chapter 6. The rotational component of the drag force field can
be obtained from the CCF. If the rotational component, and therefore the
CCF, is null, the total force field is purely conservative, and the conserva-
tive component of the drag force field can be calculated by subtracting the
optical potential from the total one. It is important to underline that this
can only be done if the total force field is conservative. Some results for an
optically trapped probe in the absence of flow are presented in Fig. 7.3: the
optical force-field is harmonic (Fig. 7.3(a)) and it is purely conservative, as
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it is shown by the fact that its CCF function is null (Fig. 7.3(b)).

7.3.1 Drag force field in a set of parallel streamlines

A drag force field with parallel streamlines was generated putting into rota-
tion a single CVC sphere.
From the hydrodynamic theory [38], the drag force on a particle immersed
in a fluid flowing with velocity v is given by

‖FD‖ = γ |v| . (7.12)

Therefore, estimated the parameters in Eq. (7.6), it is possible to calculate
the theoretical drag force exerted on the probe polystyrene bead by the flow
generated by the spinning CVC sphere. Since ω ≈ 38 rad/s, R ≈ 1.3µm,
and |x| ≈ 2.3µm, the expected drag force is ‖FD‖ ≈ 70 fN .
In Fig. 7.4 the results for probing such a drag force field near the spin-
ning sphere are presented. After calibrating the stiffness of the probe trap
(k = 175 ± 15 fN/µm), the induced drag force can be measured through
the shift of the equilibrium position of the probe (Fig. 7.4(b,d,f)). For a
counterclockwise rotation of the spinning CVC sphere (Fig. 7.4(c,d)) the
average shift is 228nm, which means that the force acting on the probe
particle results 40 ± 5 fN . For a clockwise rotation (Fig. 7.4(e,f)) instead,
the average shift is 210nN and the force results 37 ± 5 fN . Finally, the
corresponding force field can be reconstructed (Fig. 7.4(c,e)).
These results are in agreement, within the admitted experimental error [37],
with the theoretical ones and also with the results presented in Refs. [97, 98].

7.3.2 Drag force field around a saddle

In Fig. 7.5 the flow to be probed was generated putting into rotation two
CVC spheres, symmetrically positioned with respect to the probe beads
(Fig. 7.5(a)). The position of the probe is chosen so that there is no shift
in the equilibrium position regardless of the rotation state of the spheres
(Fig. 7.5(b,d,f)). Since the experimental CCF is found to be null within the
experimental error, the rotational component of the drag force field must be
negligible and its conservative part can be reconstructed by subtracting the
optical restoring force field from the total force field (Fig. 7.5(c,e)). The op-
tical trap produces a symmetric harmonic potential (k = 185 fN/µm) (Fig.
7.5(b)). With spinning CVCs the PDF becomes ellipsoidal (Fig. 7.5(d,f)).
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Figure 7.4: Probing streamline flow. (a) Image of a trapped probe near
a single spinning sphere. The bar is 1µm. (b) 2D Probability Density
Function (PDF) when the spinning sphere is at rest. (c-f) Total force fields
- insets: drag force field contribution - and 2D PDF when the sphere is
spinning (c-d) counterclockwise and (e-f) clockwise. For each of the plots
(b),(d), and (e) data acquired during 150 s with sampling rate 2000Hz were
analyzed.
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To reconstruct the parameters of the force field, the technique described
in §6.2.2 can be applied. However, in this case, since there is no rotational
component, the analysis can be simplified by using the principal components
analysis (PCA) of the PDF. Given the time-series of the probe particle’s po-
sition, r(t) = [x(t), y(t)]T , their covariance matrix C can be calculated as

C =
〈
r(t)r†(t)

〉
= UΛU†, (7.13)

where U is a 2×2 matrix, whose columns are the eigenvectors of C, and Λ is
a diagonal matrix, which contains the corresponding eigenvalues along the
diagonal. The eigenvalues represent the variances of the data series along the
directions of the corresponding eigenvectors and, therefore, known the abso-
lute temperature T , the stiffness along this direction can be easily obtained
using the equipartition method (§3.1.2). Furthermore, since the eigenvec-
tors are orthonormal between them, the orientation of the ellipsoid can be
calculated as the tangent of the line defined by the main eigenvectors with
respect to the x-coordinate of the coordinate system in which the temporal
data series where acquired.
According to this analysis, for a clockwise rotation (Fig. 7.5(c,d)) the main
axes of the ellipses are oriented at 40◦, the stiffness is kmin = 142 fN/µm
along the main axis and kMAX = 261 fN/µm along the secondary axis. For
a counterclockwise rotation (Fig. 7.5(e,f)) the main axes of the ellipses are
oriented at 42◦, the stiffness is kmin = 165± 20 fN/µm along the main axis
and kMAX = 211± 20 fN/µm along the secondary axis. The difference are
due to the fact that the rotation rate was observed to be different in the
two directions. The corresponding total force fields are represented in Fig.
7.5(c) and Fig. 7.5(e), while the drag force field contributions are depicted
in the insets: they constitute indeed saddle points.

7.3.3 Drag force field around a centrum

In Fig. 7.6 the characterization of a fluid flow near a centrum is presented.
This stable singular point is generated putting into rotation four birefringent
spheres symmetrically distributed with respect to the probe (Fig. 7.6(a))
in an optical trap with stiffness k = 78 ± 5 fN/µm. We can observe that
the PDF of the probe position does not depend on the rotation direction of
the spinning spheres (Fig. 7.6(b)); however, in this case the CCF is not null
(Fig. 7.6(d,f)) showing the presence of a rotational component of the drag
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Figure 7.5: Probing a saddle point. (a) Image of a trapped probe between
a couple of spinning spheres. The bar is 1µm. (b) 2D Probability Density
Function (PDF) when the spinning sphere is at rest. (c-f) Total force fields
- insets: drag force field contribution - and 2D PDF when the sphere is
spinning (c-d) counterclockwise and (e-f) clockwise. For each of the plots
(b),(d), and (e) data acquired during 150 s with sampling rate 2000Hz were
analyzed.
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force field.
If an external torque is exerted on a sphere of mass m and radius R sus-
pended in a liquid medium, where it moves randomly due to the thermal
excitation, the sphere rotates around the z axis with a constant angular
velocity Ω, whose value results from a balance between the torque applied
to the sphere and the drag torque [66]:

Tdrag = r× Fdrag = γr× v = γr× (r×Ω) , (7.14)

where r is the sphere’s position and v is its linear velocity. A time average
of the magnitude of this torque can then be expressed as

〈‖Tdrag‖〉 = 〈‖γr× (r×Ω)‖〉 = γΩ
〈
‖r‖2

〉
, (7.15)

where
〈
‖r‖2

〉
=

〈
x2 + y2

〉
is the mean square displacement of the sphere

in the plane orthogonal to the torque. For a counterclockwise rotation of
the spinning CVC spheres (Fig. 7.6(c,d)) the measured torque on the probe
bead is γΩ < x2 + y2 >= 5.7 fNµm with Ω = 16.5 rad/s. For the beads ro-
tating clockwise (Fig. 7.6(c,d)) instead, the probe particle angular velocity
is Ω = 15, 7 rad/s and the torque is 6.4 fNµm (Fig. 7.6(e,f)). The resulting
total and drag force fields are represented in Fig. 7.6(c) and Fig. 7.6(e),
while the drag force field contributions are depicted in the insets: they con-
stitute indeed centra. It is interesting to note that, since ω ≈ 38 rad/s,
R ≈ 1.3µm, and |x| ≈ 2.3µm, numerical simulations of the system pre-
dicted the angular velocity of the probe bead to be Ω = 15, 7 rad/s, which
means that the experimental measured values agree with the theoretical
ones.
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Figure 7.6: Probing a centrum point. (a) Image of a trapped probe
between four spinning spheres. The bar is 3µm. (b) 2D probability den-
sity function when the spinning sphere is at rest. (c-f) Total force fields
- insets: drag force field contribution - and auto- (red dashed line) and
cross-correlation (blue solid line) functions when the sphere is spinning (c-
d) counterclockwise and (e-f) clockwise. For each of the plots (b),(d), and (e)
ten datasets acquired during 15 s with sampling rate 2000Hz were analyzed
and averaged.
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Chapter 8

Cell Dynamics in an Optical
Trap

Unlike homogeneous spheres, such as the polystyrene beads we have been
using in the previous Chapters, living cells present a complex mixture of
chemical constituents having diverse optical properties. For example, high-
refractive index granules of different sizes embedded in the cytoskeleton can
be observed even under a bright-field microscope [102].
To understand the behavior of a living cell in an optical trap is interesting
by itself and it can also have a major relevance for other techniques that can
be combined with optical tweezers. For example, one of the most promis-
ing ways to study biochemical processes in single living cells that normally
live in suspension is to combine optical tweezers with optical techniques
such as Raman spectroscopy [106, 107, 108, 109, 110, 111, 112, 113, 159],
fluorescence and nonlinear wave generation [114, 115, 116, 117]. Often, in
these techniques the spectrum is excited by the same beam that traps the
cell. Only that part of the cell near the focus contributes to the measured
spectra. Therefore the interpretation of experimental spectra can often be
ambiguous, particularly if the performed experiments span over the cell life
cycle or they involve the presence of variable environmental conditions pro-
voking a biochemical response from the cell. For a correct interpretation of
the spectroscopic data it is essential to understand the behavior of the cell
in the optical trap.
In living cells metabolic activity leads to a continuous change in their chemi-
cal content and physical properties, as well as in their shape and size. Hence
the equilibrium position around which the trapped cell oscillates in solution
can change over time. Unlike the thermal fluctuations, these fluctuations are
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affected by the biochemical processes and allow the cell to locally adjust its
mechanical properties according to its needs [105]. A rotation of the cell is
also possible, since its optical inhomogeneity can induce a torque [103, 104].
The focal spot of the optical trap is usually several times smaller than the
cell size – between a few and tens of microns. However, the cellular con-
stituents are much smaller and can move around the equilibrium position in
the optical trapping potential. This movement is not only due to Brownian
motion, as for solid microspheres, but it is also due to the inherent biological
motility.
In this Chapter we discuss the possibility of using a PFM to study a trapped
cell. Due to the complex content and shape of the cell, the 3D position anal-
ysis cannot be applied. However, the resulting sum (z) and differential (x
and y) signals of the QPD can be monitored and provide information on the
preferred propagation direction of the forward scattered light.

In the following we will study a growing cell in an optical trap (§8.1)
and we analyze the consequences of such study for Raman spectroscopy
studies (§8.2). We also apply the PFM technique to study the stability of
a cell trapped by one or multiple traps (§8.3) and the actin-cytoskeleton
depolymerization (§8.4). We finally propose a time-of-flight technique for
the characterization of cells that we name Optical Trapping Dynamics (§8.5).

8.1 Growing cell in an optical trap

In this Section we analyze the light scattered light from a single optically
trapped cell and show that the cell continues adjusting itself to the applied
optical force during its growth process.

8.1.1 Setup

In this experiment a living cell is used as a probe in a PFM geometry,
detecting its forward scattered light. Fig. 8.1(a) presents a schematic of
the experimental setup. A 785nm Gaussian non-polarized laser beam of
a semiconductor laser coupled into a monomode optical fiber (Monocrom,
Barcelona, Spain) is focussed by a 100× objective (NA1.25) to serve as a
single beam optical trap. From previous experiments [113, 160], we know
that the laser power at the sample should be low (around 500µW ) to permit
the cell to grow in the optical trap. The forward scattered light is collected
by a 40× objective and detected by a QPD (Silicon Sensors, QP50-6-SD).
The resulting sum and differential signals are then transferred through an
analog to digital conversion card to a computer for analysis.
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Figure 8.1: Trapped cell growth setup. (a) Experimental setup. (b)
Distribution of a 4.5µm polystyrene bead position (120 s acquisition time,
1000Hz sampling frequency).

To characterize our optical trap we perform a 3D position fluctuation anal-
ysis applying Boltzmann statistics to the movement of an optically trapped
4.5µm diameter polystyrene bead, as described in §3.1.4. The size of the
bead is similar to that of the cells we used in our experiments. In Fig.
8.1(b), we show the surface that encloses a volume where the bead can be
found with 90% probability [71]. The surface reveals the characteristic el-
lipsoidal shape, due to the difference in the stiffness coefficients along the
beam axis and perpendicular to it. The measured stiffness coefficients are
30 fN/µm for the on-axis stiffness and 80 fN/µm for the off-axis stiffness.
No considerable variation is observed over the time of the experiment (up
to 60 minutes).

8.1.2 Results

For the experiments with living cells, we use yeast Saccharomyces cere-
visiae. S. cerevisiae is an excellent model organism for research in cellular
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and molecular biology, as many fundamental cellular processes are conserved
from yeast cells to human cells [161]. Moreover, it is non-toxic, easy to grow,
and it completes its cell-cycle in about two hours under optimum conditions
(Yeast Peptone Dextrose (YPD) nutrient medium, 30◦C) [162]. The cell
grows and then separates in two through a process called budding: a small
bud appears on the mother cell, continues to increase in size, and finally
gets separated as a daughter cell.
In the experiment, a single yeast cell which does not have a bud is trapped
and, after the alignment of the QPD, data are acquired continuously until
the cell shows a bud of an appreciable size. The entire process lasts between
45 and 60 minutes depending on the individual cell. Due to the complex
content and shape of the cell, the 3D position analysis cannot be applied.
However, the resulting sum (z) and differential (x and y) signals of the QPD
can be monitored and 3D surfaces can be constructed in a similar way as for
the 3D position surfaces of the polystyrene sphere. Such surfaces provide
information on the preferred propagation direction of the forward scattered
light.

Fig. 8.2 shows some results. During the first 10-12 minutes after the cell is
trapped the distribution of the forward scattered light shrinks, as we can see
comparing Fig. 8.2(a) and Fig. 8.2(b). This can be interpreted as a conse-
quence of the adjustment of the membranes, organelles and granules inside
the cell reacting to the applied optical force: organelles and small granules
get attracted to the laser focus due to their higher refractive index [102].
This process can last several minutes at our laser intensity and leads to a
concentration of the scattered light around the optical axis of the system.
As soon as the cell starts budding, the direction of the forward scattered
light moves off-axis, as it can be seen comparing Fig. 8.2(c) and Fig. 8.2(d).
Probably the conformational changes in the budding cell cause a variation in
its equilibrium position and affect the propagation direction of the scattered
light. This observation can also be used as a means to detect the initiation
of the budding process itself. The angular distribution of the scattered light
remains narrow. This might imply that the organelles and vesicles inside
the cell stay near the focus.

Fig. 8.3 shows results of a control experiment performed on a heat-treated
cell (80◦C for 20 minutes). This cell, which has a bud, is trapped and its for-
ward scattered light is analyzed for about 60 minutes. The heating process
makes the cell more opaque producing an increase in the differential signals
compared to the ones for a living cell. There is no shrinking of the scattered
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Figure 8.2: Light distribution for a growing trapped cell. Forward
scattered light distribution detected by the QPD at 6 (a), 10 (b), 30(c),
and 45(d) minutes after trapping (120 s acquisition time, 1000Hz sampling
frequency).

light distribution during the first 15 minutes of the experiment; this can be
due to the fact that either there is no shrinking at all, because the heating
process denatures the proteins, or the shrinking happens in the very first
minutes of the experiment before the data acquisition can be started. The
shape of the scattered light distribution does not change appreciably over
time. Thus we can conclude that in the case of live budding cells the dis-
placement of the scattered light distribution can be attributed to the change
of its orientation in the trap due to its changes in size and shape. The clear
asymmetry observed is due to the orientation of the budding cell in the trap.
This fact can be used to distinguish a budding cell from a non-budding one.
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Figure 8.3: Light distribution for a heat-treated cell. Forward scat-
tered light distribution for a trapped heat-treated yeast cell (120 s acquisi-
tion time, 1000Hz sampling frequency).

Such an orientation of the cell can also happen in the case of a living cell
(Figs. 2(c) and 2(d)), but this varies over time due to the growth process.

8.1.3 Discussion

We experimentally demonstrated that the distribution of the scattered trap-
ping light from a living cell can change during the cell-cycle. These effects
are particularly relevant when the cell is not symmetric, as for budding yeast
cells, or if it changes its size and shape appreciably, as for living and growing
cells. A possible approach to better control the trapping forces acting on
the cell could be a multi-beam tweezers setup [163].
As we will see in more detail in §8.2, these effects should be taken into
account in the interpretation of data obtained by spectroscopic techniques
such as Raman spectroscopy, fluorescence spectroscopy or non-linear wave
generation when combined with optical tweezers to work with single cells.
We propose that time-resolved spectroscopic data should be compared only
when the cell is stable inside the trap, and not when abrupt changes in the
Rayleigh scattering are observed.
These experiments also show that the analysis of the scattered light can
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be a means to probe the physiological and morphological state of the cell,
distinguishing between living and dead cells, and identifying the cell-cycle
stage. In this way forward scattered light can offer a new and cheap imag-
ing system for cell identification and sorting, especially in integrated devices
(Lab-on-a-Chip). An example of such applications will be described in §8.4.

8.2 Time-resolved Raman spectroscopy of trapped
cells

The combination of optical tweezers and Raman spectroscopy can reveal
valuable biochemical information from a single cell in suspension. However,
the interpretation of the acquired data is often ambiguous because, as we
have seen in the previous Section, the cell undergoes continuous movement
and rotation in the optical trap due to the Brownian motion as well as the
variation of its shape and size. Here we show how this affects both Rayleigh
and Raman light scattering and propose the use of Rayleigh scattering in
order to gain insights into the dynamics of the cell in the trap and its effect
on the acquired Raman spectra.

8.2.1 Setup

The experimental set-up is shown in Fig. 8.4. A 785nm beam is focussed
by a microscope objective (100 X, NA= 1.25) and forms the optical trap.
The same objective is used to collect both the Raman and Rayleigh scat-
tered light, which are separated by a notch filter. The Raman scattered light
passes through a 150µm pinhole arranged in a confocal geometry and is de-
tected by a spectrometer equipped with a CCD which is cooled to −100◦C.
The Rayleigh backscattered light is analyzed by a photodiode, with a pin-
hole PH2 measuring 3mm, through a beam splitter kept between the laser
and the notch filter.

8.2.2 Results

Although experiments were performed on more than 15 cells, the data that
will be shown are from one representative cell. Often when Raman spectra
are acquired from an optically trapped single living yeast cell an abrupt
change (jump) can be seen in the spectra [113], as shown in Fig. 8.5(a). We
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Figure 8.4: Raman and Rayleigh scattering setup. Components: lens
(L), pinhole (PH), mirror (M), notch filter (NF), dichroic mirror (DM),
photodiode (PD), beam splitter (BS), and temperature controller (TC).

ruled out possible instability in the setup and data acquisition system af-
ter making experiments with an optically trapped polystyrene bead of 5µm
diameter. Fig. 8.5(b) shows the Raman spectra from the bead obtained
during one hour.
We simultaneously collect and analyze the backscattered Raman and Ray-
leigh light of an optically trapped yeast cell during its cell cycle. In this par-
ticular cell, the bud initiation is observed after about 15 minutes of trapping
and it reaches a constant size in approximately 90 minutes. After about 120
minutes the bud is still attached to the mother cell and a new bud starts
growing. Fig. 8.6(a) shows the filtered (low-pass) intensity of the Rayleigh
signal plotted against time. Sudden changes can be observed in the graph
which implies that the direction of Rayleigh backscattered light and/or its
angular distribution change as the cell grows. It is quite reasonable to as-
sume that the biochemical growth of the cell changes its morphology (and
hence centre of mass) inside the optical trap and the cell tries to adjust itself



8.2. TIME-RESOLVED RAMAN SPECTROSCOPY 141

Figure 8.5: Jump in the Raman spectra of a living cell. Raman
spectra from (a) an optically trapped single yeast cell and from (b) a 5µm
polystyrene bead (acquisition time for each spectrum was 180 s and a power
of 8mW of 785nm beam was used). These are the original spectra with-
out mathematical treatment. Only cosmic rays were removed and Savitsky
Golay filter applied to smooth the spectra just for better visualization.

against the externally applied radiation force of the trapping beam. This
may result in the movement of the cell inside the optical trap and probing
of different regions of the cell in the confocal volume.
Fig. 8.6(b) shows how the intensity of one of the representative Raman peak
– 1450 cm−1, corresponding to proteins and lipids [160] – changes with time
during the cell growth. A clear correlation exists between the intensities of
both the Raman and Rayleigh signals. We attribute this to the intracellular
movement of organelles [113, 102] as well as to the movement of the living
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Figure 8.6: Rayleigh and Raman signals. The Rayleigh scattering signal
(a) and the intensity of the Raman peak at 1450 cm−1 (b) from a single
yeast cell in the optical trap during the cell cycle. Error bars represent
a confidence interval [−2σ,+2σ] corresponding to a probability of 0.95 of
finding the signal inside it. Insets: Images show the yeast cells in different
stages of their life cycle during the experiment. The photos at the top are
from a trapped cell while at the bottom are from a cell after it was released
from the trap. Since during the experiment the cell cannot be released, the
photos below, with the yeast cell having a bud, are representations based
on previous experiments.

cell as a whole or its reorientation in the trap which induces a change in the
direction of scattered light and the pinhole aperture multiplies this effect. As
the bud of the trapped living cell grows, the Rayleigh scattered light moves
away from the central position of the photodiode collection area. Raman
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spectra acquired on an OTRS system are also affected. A small probability
of some contamination, invisible on the monitor, falling in the optical trap
also cannot be ruled out. So, observed changes in the Raman spectra can
be either due to the biochemical changes inside the trap or the change in
the direction of scattered light.

8.2.3 Discussion

The additional information obtained by Rayleigh scattering may be used for
the interpretation of Raman spectra. The Raman spectra before and after
the cell transition from one equilibrium position to another should not be
directly compared because this can lead to a wrong notion of a biochemical
change. Normalisation (in power) of spectra is one of the ways to take into
account the intensity variations in Raman spectra, but it can be applied
only when the cell remains stably trapped. If we take into account the time
intervals during which the Rayleigh light does not change its direction and
based on this we make blocks of Raman spectra for these time intervals, it
can help to process the Raman data acquired on the OTRS system better
and project the biochemical changes more clearly.

8.3 Stability analysis of multiple-beam optical trap-
ping of living cells

A single beam tweezer is sufficient to trap and move living cells ranging 5-12
microns in diameter; however, as we have seen, the cell tends to rotate about
the trapping axis, preventing one from fully controlling the cell configura-
tion. This can readily be seen, for example, for elongated or asymmetric
cells, such as dividing cells, which will always align themselves with the
maximum length along the direction of the laser beam. Any method which
aims to manipulate cells in order to extract spatially resolved information
from inside the cell volume must be able to impede rotation of the cell about
the trapping axis.
Various techniques have been proposed to achieve this goal, namely: directly
trapping the cell with multiple beams inside its volume [163]; mechanically
constraining the cell by positioning various beads around its membrane [164];
or by using dual beam fibre traps [165]. The direct trapping of the cell vol-
ume with multiple beams can be conveniently implemented by using diffrac-
tive optical elements, such as a spatial light modulator [163]. The multiple
traps will reduce the peak intensity felt at any one point within the cell,
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reducing the photo/thermal damage to the living cell in comparison with
a single beam trap. The method which manipulates a cell by confining it
using trapped polymer beads has successfully been used to acquire confocal
images of fluorescently stained cells [164]. In this case the optical beam
does not pass directly through the cell and so there should be few adverse
effects from the trapping beams. The final method mentioned, that of the
dual fibre trap, works by constraining objects between highly divergent light
beams emerging from two opposing fibre ends [165]. Cells can be trapped
between the two fibre ends and as the beams are not focused the intensity
of light at a given area within the cell is much lower than for conventional
tweezers, this leads to a less invasive trapping configuration for living cells.
All techniques of immobilization mentioned above can facilitate imaging of
the cell, for example, Raman imaging. The spatial resolution when imag-
ing is generally governed by the size of the probe beam. However for a
floating object the Brownian motion of the particle will severely degrade
the achievable resolution, and also the probe beam exerts radiation forces
on the trapped cell that will affect the spatial resolution of images of the
trapped floating cell.
So the confinement of the trapped particle should be quantified to some ex-
tent to allow one to choose the best method of immobilisation for each spe-
cific case, and thus gain the best resolution. Furthermore, for each method
one needs to adjust numerous parameters in order to optimise the trapping.
For example, if multiple beam traps are used, one needs to select the opti-
mum trapping geometry, i.e. to deduce the required number of beams and
to place them at the optimal positions. Until now, no method has been
proposed for this purpose.
Here we apply the technique we discussed in §8.1 to test whether by us-
ing multiple traps within the cell volume motion about the axis could be
decreased. For this reason, we trapped and scanned single living cells us-
ing Holographic Optical Tweezers (HOT). In each case the multiple beams
proves a more stable way to confine living cells for spatially resolved mea-
surements. The same technique can be used to analyse and compare the
confinement achieved with the other techniques that have been proposed for
cell confinement.

8.3.1 Setup

The experimental setup results from the combination of the ones used for
Raman imaging of a floating cell trapped by HOT which was fully described
in Ref. [163] and for the stability analysis setup presented in §8.1. In brief,
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we produce a single or multiple beam trapping configuration by diffraction
of a 1064nm Nd:YAG (Laser Quantum, max output 1W ) off a Spatial Light
Modulator (SLM) (Holoeye, LC-R 2500).
The beams are focused by a 100× objective (NA1.25) into a sample holder
placed on an inverse microscope (Olympus IX-51). These trapping points,
configurable in real time allow trapping and scanning of the cell. The total
trapping power is 9.7mW at the sample.
A second laser operating at 785nm is focused to a fixed position at the same
sample plane as the 1064nm beams but its power is set low enough so as
not to disturb the trapping of the cells. We scan the cell relative to the
fixed beam. The scattered light from the 785nm laser passes through the
cell and is collected by a 40× objective, then traverses a filter to cut out
the light from the 1064, nm trapping laser and finally is incident on a large
area quadrant photo diode QPD (New Focus, 2911). The resulting sum and
differential signals from the QPD are then transferred through an analogue
to digital conversion card (sampling rate 1 kHz) to the PC for analysis.
Cells used for the experiments were Jurkat E6-1 human clone cells, grown in
RPMI 1640 medium and supplemented with sodium pyruvate, non-essential
amino acids, L-glutamate and antibiotics. These cells are approximately 10
microns in diameter and generally spherical.

8.3.2 Results and discussion

Fig. 8.7 qualitatively illustrates the different behaviour of a cell trapped
with one or multiple beams. We deliberately chose an asymmetric cell that
had some identifiable feature by which we could track the cell rotation. The
black cross represents the 785nm beam focus, used for the elastic scatter-
ing analysis, and the circles represent the programmable trapping points at
1064nm, used for trapping.
The upper stills show the behavior of a cell trapped using only one beam.
The cell can easily be scanned, however the single trap cannot prevent the
cell from rotating while it is scanned. Looking at the lower part of the pic-
ture one sees a part of the cell jutting out that has rotated in a clockwise
direction by around 45 degrees after 20 seconds of scanning movement. This
behaviour can be understood keeping in mind that, from an optical point of
view, a cell is a complex mixture of different refractive index regions (arising
from different concentrations of chemicals within the cell volume) enclosed
within a deformable membrane. Within the cell the index of refraction will
be greater in areas of the cell with large protein densities, such as the nu-
cleus. The optical trap, whose size (∼ 1µm) is much smaller than the size



146 CHAPTER 8. CELL DYNAMICS IN AN OPTICAL TRAP

Figure 8.7: One- and two-beam trapped cell scan. Stills from movies
taken of two different Jurkat cells 0, 10, and 20 seconds after the scanning
starts. Top: Cell trapped and scanned using only one 1064nm trapping
beam (red circle). Bottom: Cell trapped and scanned by two 1064nm trap-
ping beams (red circles). Note the decreased rotation with the addition of
a second trapping beam. The position of the 785nm (black cross) beam is
fixed.

of the cell (∼ 14µm), does not trap the cell as a whole, but selects the area
of highest refractive index to be at the centre of the trapping potential. In
our case this is sufficient to trap and move the whole cell volume.
The lower photos are stills from a movie where two beams are used to trap
the cell. The trapping beams are located at 12 o’clock and 6 o’clock inside
the cell and the cell adjusted to the best equilibrium position between those
two trapping potentials. Unlike in the single beam trap, after 20 seconds
of scanning we can see that the feature at the lower part of the cell has
not rotated. This illustrates that it is essential to use at least two trapping
beams in the case of imaging a living cell as otherwise one cannot spatially
resolve different areas inside the cell volume. This additional stability in the
dual trap cannot be attributed to increased laser power as the power of each
trapping beam is a little less than half the power of the single beam trap.
This was verified by integrating the power of the trapping beams over the
area of the cell, and shows that the average power in the dual trap is 0.9
times that of when using a single beam.
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Figure 8.8: Cell stability: one vs. two-beam trapping. The 3D surface
encloses a volume where the x-, y- and z-signals from the QPD may be found
with a 90% probability. (a) The cell is trapped with one beam. (b) The same
cell is trapped with two beams; the dual beam trap considerably reduces the
movement of the cell. (c) Histogram for the movement in the z-signal for
the single beam trap (dash) and the dual beam trap (solid).

Subsequently we want to quantify the qualitative observations just made.
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This has a two-fold beneficial effect. In the first place it can permit us to
compare the degree of different confinement that can be achieved using dif-
ferent methods. In the second place, it permits us to verify that increasing
the number of trapping points will contribute to a more favourable trap-
ping geometry for the case of spherical, symmetric cells (unlike those in Fig.
8.7), for which video inspection is insufficient. To investigate this we used
the forward scattered light from an auxiliary beam with wavelength 785nm
as a probe of the level of confinement achieved by multiple beams.
The direction of the forward scattered light from the trapped object is
tracked by the sum (z) and differential (x and y) signals from the QPD
for a cell trapped by either one or two beams. The z-signal changes accord-
ing to the power that reaches the QPD and the x- and y-signals according
to the direction of propagation of the forward scattered light. As we have
already seen, we cannot perform this 3D position analysis. Nevertheless, by
using the x-,y- and z-signals from the QPD acquired for the trapped cell
a similar surface may be constructed which gives the preferred propagation
direction of the forward scattered light, as we did in §8.1.
The two surfaces presented in Fig. 8.8 are constructed following this method
for the same cell trapped by either one or two beams. In the case of a single
beam trap (Fig. 8.8(a)) the 1064nm trap overlaps with the 785nm detec-
tion beam. We expect the cell to be trapped in the highest refractive index
region, which should be the nucleus, roughly at the center of the cell. In
the case of the double trap the position of the two traps are chosen to be
inside the cell, equidistant from each other to either side of the 785nm probe
beam, with a separation of roughly 0.7 times the cell diameter. We believe
that when the forward scattered light direction changes less the cell is more
tightly confined. This is exactly what happens in the second case where two
beams are used to trap the cell. For clarity the probability distribution of
the z-signal is shown for one axial direction in Fig. 8.8(c) for the cases of
a single- and double-beam trapped cell. Again, the higher stability of the
signal received from a cell trapped with two beams is clearly evident. One
point to note is that if the direction of the scattering is more stable the ac-
quisition with any confocal system will be better: whereas if the direction of
the scattering changes one will acquire light scattered from different parts of
the cell which yields lower spatial resolution and reproducibility over time.
We checked whether the increased stability of the cell was due to a change
in the intensity of the beam or to a higher stiffness of the trapping sites. As
previously mentioned the total power was lower (0.9 times) in the case of a
double trap. We also analysed the forward scattered light from a polystyrene
floating bead trapped by the 1064nm laser using a single beam or one of



8.4. DEPOLYMERIZATION DETECTION 149

two beams. The ratio of the measured trap stiffness of the single trap com-
pared with one beam of the double trap was 3.7. So the trap stiffness had
not simply decreased by a half for trapping the same sized object. This
discrepancy probably arose because of the losses of power in higher-order
diffraction orders. So even with less overall power and decreased trap stiff-
ness the multiple beam trap was still an improvement.
We have illustrated the case for one or two beams only but the system could
be tested for numerous beams, where the limit of the number of beams that
can trap a cell depends on the efficiency of the SLM at the trapping wave-
length (we have only 30% efficiency at 1064nm) and the hologram used to
create the multiple beams. Despite the slightly lower total power over the
volume of the cell and the lower trap stiffness, the presence of two traps was
found to decrease cell rotation about the trapping axis as well as confine
the cell to a smaller volume. The detection of forward scattered light to
characterise the confinement of cells can be integrated with different meth-
ods which seek to extract spatially resolved information from cells to allow
researchers to optimise their trapping method according to the level of con-
finement necessary.

8.4 Actin-cytoskeleton depolymerization detection

The cytoskeleton is a dynamical structure made up by a network of pro-
tein filaments [166]. One of these is the actin which is present in all the
cytoplasm and in particular in the cell cortex. The cytoskeleton provides
the cell with mechanical rigidity and takes part into many important cel-
lular functions, such as cell mobility, cell division and vesicle transport.
Cytoskeleton alterations are related to several disease, including infectious
processes, circulatory problems, blood diseases (anemia), and even aging
related (Alzheimer) and motor neuron (sclerosis) diseases. Often the cell
malignant transformation is associated with a change in the cytoskeleton
viscoelastic properties [167, 168]. The changes include alterations in cellular
elasticity and viscosity, that may be used as a cell markers and diagnostic
parameters [169].
There are only few experimental techniques able to give information about
cellular mechanical properties. Historically, the prevalent technique has been
micropipette aspiration [170]. More recently, microrheological methods have
been used to make local measurements of viscoelastic properties inside cells
[102, 171].
In such experiments micro-spheres are employed to probe the medium. The
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tracked particle motion is often simply related to its Brownian motion (pas-
sive technique), while, in other cases, it is driven externally (active tech-
nique). Mechanical response of living cells can also be obtained by stretching
the whole cell using atomic force microscopes, magnetic tweezers [172], or
optical stretchers [168]. However, all these techniques are quite complicate
to realize and require special, often invasive, preparation procedures, such
as micro-bead insertion inside cells.
Here we demonstrate a simple, fast and reliable method to monitor the actin-
cytoskeleton structural transformations in optically trapped yeast cells (Sac-
charomyces cerevisiae) by tracking the forward scattered light via a quadrant
photodiode, as explained in §8.1. Since this technique relies only on the in-
herent properties of the optical trap, without requiring external markers or
biochemical sensitive spectroscopic techniques, it can be readily combined
with existing optical tweezers setups.

8.4.1 Setup

The setup is the same used in §8.1 (Fig. 8.1). Also for this experiment we use
a S. cerevisiae. To examine the effects of the actin cytoskeleton depolymer-
ization we have treated the cell with latrunculin A (LAT-A), a monomeric
actin sequestering drug that depolymerizes the actin cytoskeleton in nu-
merous cell types, including yeast cells [173, 174]. The cells were grown to
exponential phase, which was checked by measuring the optical density of
the cell culture (1.4 at 600nm). LAT-A was added from a 10mM dimethyl
sulfoxide (DMSO) stock to a final concentration of 200µM , at a temperature
of 25◦C. After the alignment of the QPD, a single yeast cell, i.e. which does
not have a bud, is trapped and the sum (z) and differential (x and y) signals
from the QPD are monitored. This technique is extremely sensitive to the
distance of the trap from the coverslip, which was always set to 15µm for
the reproducibility of the experiment. By studying their Brownian motion
we distinguished healthy cells (in DMSO) from cells treated with LAT-A.

8.4.2 Experimental procedure and results

Single yeast cells can be trapped by using moderate laser power (P '
1.5mW on the sample). At this power level, the heating and photodamage
can be considered negligible. Indeed, for an aqueous sample irradiated by
a focused laser beam (λ = 1064nm), the heating rate is about 10◦C/W
[175, 176] and we have shown that yeast cells progress in their cell-cycle
under such trapping conditions [160].
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Figure 8.9: Trapping organelles. (a) Yeast cell under zero-dragging con-
dition (v = 0): the trapped organelle is in the cell center. (b) Yeast cell
under dragging condition (v = v1) the whole cell is translated while the
organelle remains fixed. (c) Increasing the dragging force (v2 > v1) trapped
organelle is almost in contact with the cell membrane.

We monitored the motion of small endogenous particles present inside the
cytoplasm of a yeast cell like lipid granules [102] and/or vacuoles. Vacuoles
contain a mixture of salty water, proteins and lipids and their size ranges
between 1 and 2 microns. These organelles have the highest refractive index
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Figure 8.10: Potential wells for healthy and LAT-A-treated cells.
(a) The optical potential well U(x) for a healthy yeast cell. The solid line
represent the best fit to a harmonic function. (b) The optical potential well
for a LAT-A treated cell after a incubation time of 15 min (i) and 2 h (ii).

in comparison with other cell organelles, almost spherical, and they are filled
with lipids. In light microscope, they appear as spheres (Fig.8.9) that move
randomly near their equilibrium position. In this conditions, the granules
can be used as a probe whose positions are limited by the polymer network
of the cytoskeleton. In our experiment, by tracking Brownian motion of the
cellular organelles, we monitor the structural evolution of the cytoskeleton.
The beam waist at the focal plane is of the order of the wavelength in the
medium (λ ' 0.6µm in our case) and is much less than the cell size. The
light beam traps the granules of a healthy cell and the granules move in the
trap due to the Brownian fluctuations. However, other cell organelles and
the cell membrane connected with the trapped granules by the cytoskeleton
can move around the trapped organelles over much bigger distances. To il-
lustrate this we applied a drag force to the trapped cell. That was achieved
by translating the stage with the sample at a given velocity. Fig. 8.9(a) cor-
responds to zero-dragging condition (v = 0): it can be seen that the granules
are confined in the optical trap. When the drag was on (v = v1), the whole
cell except the trapped granules was translated (Fig. 8.9(b)). Increasing the
dragging (v = v2 > v1), the cell displaced even more so that the trapped
granules are almost in contact with the cell membrane (Fig. 8.9(c)).
The fact that the granules are the trapped part of the cell represents a big
advantage because it allows us to study the mechanical response of the cy-
toskeleton. This is done by tracking the Brownian motion of the trapped
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granules by means of the forward scattering light and a position detector.
The position of the trapped granule was measured in terms of the signal
provided by the QPD Vx (expressed in Volts) and for small displacement
from the laser focus the optical potential well U(Vx) formed by the optical
beam along the axis x perpendicular to the laser propagation axis can be
written as:

U(Vx) =
1
2
kxβ

2V 2
x (8.1)

where kx is the trap stiffness β = x/Vx is the voltage-to-displacement con-
version coefficient. In Fig. 8.10(a) we show a typical potential well obtained
by trapping a healthy yeast cell. As it can be seen, although we deal with a
non-spherical particle, for small displacements the potential shape is approx-
imatively harmonic. The shape of the potential along the axis y is similar.
From the fit of the experimental data we can estimate the term kxβ

2 in Eq.
(8.1). As it will better clarified later, for the purpose of our experiment it is
sufficient to express the stiffness not in absolute units but in terms of QPD
calibration factor β. We have repeated the same procedure trapping differ-
ent healthy yeast cells (N ' 30) and calculated the average of the values
kxβ

2:
< kxβ

2 >= (2.9± 0.8) · 10−13pN ·m/V 2. (8.2)

Afterwards we studied cells treated with LAT-A. For this kind of cells we
tracked the Brownian motion at different incubation time. Data were col-
lected between 15min and 2h after the application of the LAT-A, when
the effect of this drug reached its saturation. In Fig. 8.10(a) we report the
optical potential at the beginning and at the end of this process. From a
harmonic fit we found kxβ

2 = (2.5± 0.2) · 10−13pN ·m/V 2 at the beginning
of the LAT-A application. This value is consistent with the average value
obtained from the statistic analysis of healthy cells shown above. The final
effect of LAT-A is evident if we look at the potential well 2h after the ap-
plication of the drug (Fig. 8.10(b)).
The time evolution of kxβ

2 during the LAT-A action is shown in Fig. 8.11.
In particular, after 2h from the application of LAT-A kxβ

2 = (19.2± 0.4) ·
10−13pN ·m/V 2, i.e. a value rather different from that of healthy yeast cells.
Therefore, if we assume that the calibration factor β is independent on the
status of the cell, i.e. LAT-A does not affect the granules, we can conclude
that the trap stiffness increases for the yeast cells treated by LAT-A.
In order to obtain more specific information concerning the medium sur-
rounding the cell nucleus we subsequently analyzed the stochastic signal
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derived from the nucleus Brownian motion. In Fig. 8.12 trace (a), we show
the PSD of a 4.5µm diameter polystyrene bead in water; the experimental
data fit with a Lorentzian profile.
Our analysis of the PSD obtained from the yeast cells started from healthy
cells. Measurements were performed keeping the trapped cell under obser-
vation for about two hours. In Fig. 8.12 trace (b), we show a typical PSD
signal for a healthy yeast cell. As it is possible to see, although the Langevin
equation which governs the Brownian motion of a over-damped rigid sphere
in an harmonic potential well does not strictly apply to the granules, the
experimental data fit sufficiently well. From the fitting of the experimen-
tal PSD we could estimate the corner frequency. In Fig. 8.13, trace (i)
we report the corner frequency value for a single healthy cell as function of
observation time. The fx

c and fy
c values resulted consistent and uniformly

distributed around their mean value. The error on the single determination
was estimated from the fitting procedure. The average value for fc calcu-
lated on N = 30 repeated measurements is reported in Tab. 8.1.
Finally, we have applied this method to determine the effect of LAT-A on
actin cytoskeleton in yeast cells. Again we started our observation after 15
min from the LAT-A application while the duration was of about 2 hours.
A comparison of the fc at different incubation time of LAT-A treated cells
is shown in Fig. 8.13(a), trace (ii): the frequency corner increases with time
and reaches a plateau value (fc ' 3.5Hz) after two hours. For completeness
the measured fc at the beginning (t = 15min) and after 2h from the LAT-A
application are reported in Tab. 8.1.

Cell type kxβ
2(x10−13) fx

c R(x10−13)
(pN ·m/V 2) (Hz) (pN ·m/V 2Hz)

Healthy yeast cell 2.9 ± 0.8 2.1 ± 0.5 1.38 ± 0.5
LAT-A treated cell

(t=15 min) 2.5 ± 0.2 2.2 ± 0.2 1.14 ± 0.2
LAT-A treated cell

(t=2 h) 19.2 ± 0.4 3.4 ± 0.3 5.65 ± 0.12

Table 8.1: A comparison of the trap stiffness, corner frequency and the ratio
R (Eq. (8.3)) for different conditions of yeast cell.



8.4. DEPOLYMERIZATION DETECTION 155

Figure 8.11: Trap stiffness for a LAT-A-treated cell. Behavior of kxβ
2

for a LAT-A treated cell versus the observation time.

8.4.3 Discussion

Cytoskeleton depolymerization, induced by LAT-A, leads to a change of
both the trap stiffness (kxβ

2 ) and corner frequency (fc). The former change
can be ascribed to a variation of the refractive index of the depolymerized
actin network. Indeed, the trap stiffness depends on the ratio between the
refractive index of the trapped object and the surrounding medium. Less
direct is the interpretation of the latter change. The corner frequency fx

c =
kx/(2πγ) depends both on the stiffness and on the viscosity. Therefore, it
seems convenient to calculate their ratio R:

R =
kxβ

2

fx
c

∝ η. (8.3)

In this way, we can obtain direct information about the viscosity. These
data are plotted in Fig. 8.13(b) as function of the LAT-A action time, while
the values at beginning and at the end of this process are listed in Tab.
8.1. As it can be seen in Fig. 8.13(b), it seems that the depolymerization of
the actin-cytoskeleton network increases the viscous character of the nuclear
environment.
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Figure 8.12: PSD of an healthy and LAT-A-treated cell. Experimental
PSD from the x-signal for a trapped polystyrene bead (trace a) and for a
trapped normal yeast cell (trace b). The Lorentzian fitting curves are also
shown.

It is important to emphasize that the goal of this investigation is not to
study cellular viscoelasticity. This kind of measurements would require the
determination of the complex shear modulus G∗(f), which is the physical
quantity commonly employed to quantify the viscoelasticity of a medium
[177]. This approach requires a more sophisticate data analysis which is
beyond the purpose of this work. On the contrary, our approach provides a
fast and reliable method to sort cells in different physiological states, other-
wise undistinguishable by using an optical microscope.
The results shown demonstrate the possibility of monitoring the cytoskeleton
structural transformations in optically trapped cells by tracking the forward
scattered light via a quadrant photodiode. The analysis of their PSD al-
lows us to distinguish healthy yeast cells from the ones whose cytoskeleton
is depolimerized and it also permits us to track the depolimerization pro-
cess in real-time. In particular, the F-Actin cytoskeleton depolymerization,
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Figure 8.13: LAT-A effect on a cell: corner frequency and η. (a)
Measured corner frequency for a living cell (i) and a LAT-A treated cell (ii)
during 2 hours. In the second case, the corner frequency increases with time.
(b) Behavior of η for a LAT-A treated cell under 2 h.

induced by treatment with LAT-A, results in a progressive decreased fre-
quency corner by a factor of 1.7. Since F-actin plays an important role in
cellular mechanics, these changes alter the Brownian motion of the cellular
organelles; therefore, this can be seen as an inherent cell marker that offers
an alternative to traditional techniques and opens the door to a new and
cheap tool for cell characterization.

8.5 Optical trapping dynamics

In this Section we propose a technique to identify the cell by its trapping
dynamics while it is being drawn into the focus of the optical trap, and we
apply it to study the yeast cell-cycle stages. It relies on the study of the
Optical Trapping Dynamics (OTD) which strongly depends on the optical
and morphological properties of the object and can be traced by detection
of the scattered light during the trapping event.
The identification of microparticles by their light-scattering is well estab-
lished [134, 178]. It has been applied to the identification and sizing of abiotic
particles [179] and also to the study of living materials [180, 181, 182, 183].
Light scattering is currently being also used together with flow cytometry
for the separation and study of cells [184].
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The trapping dynamics of polystyrene beads has already proven useful for
the characterization of the force profile of an optical trap [79], and the study
of the flow of a nanoparticle through an optical trap has been proposed to
assess the particle sizes in the Rayleigh regime [185].
This technique may provide a new way to access mechanical information
about cells, especially valuable for cells living in suspension and for those
where the role of membrane elasticity is important [168, 186].

8.5.1 OTD setup

Figure 8.14: OTD setup. Components: mirror (M), dichroic mirror (DM),
lens (L), and beam splitter (BS). The inset shows the trap behavior: at
t = 0 s the auxiliary trap is released while the main trap switches on. The
highlighted time-frames indicate when the OTD (TD) and the brownian
motion inside the trap (BM) are recorded.
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The experimental setup is presented in Fig. 8.14. The system is designed
to produce two optical traps in the object plane of the microscope objective,
whose intensities can be controlled electronically.
A semiconductor laser (830nm, Monocrom, Barcelona, Spain) with two
monomode fiber outputs generates two high-quality Gaussian beams. After
each of them has been collimated by a telescope to a size sufficient to overfill
the microscope objective (100×, NA 1.25) aperture, they form the two traps.
The beam-splitter BS overlaps the two beams. The intensity of each of the
beams can be modulated by a computer-controlled signal generator.
The behavior of the two traps in time is shown in the inset of Fig. 8.14.
First the object to be probed is trapped by an auxiliary trap. At t = 0 the
auxiliary trap is released and the main trap is switched on and the object
is drawn into it from a known position defined by the auxiliary trap. Data
are acquired for 5 s and afterwards the experiment can be repeated with the
same or a different object.
The forward scattered light from the object trapped in the main trap is
collimated by a 40× objective (NA 0.75) positioned over the sample and is
imaged onto a quadrant photodiode (QPD, Silicon Sensors, QP50-6-SD).
The resulting sum (z) and differential (x and y) signals are, then, trans-
ferred through an analog to digital conversion card to a computer to be
analyzed. The QPD is aligned in such a way that one of its axis lies along
the direction that joins the two traps, so that the y-differential signal does
not vary during the OTD event.
The sample is prepared placing a droplet of the solution containing beads or
cells between two coverslips (thickness 80µm) separated by a 100µm spacer
and sealed with water-insoluble silicone vacuum grease to prevent sample
evaporation.
At the given power and wavelength of the laser, this technique is extremely
sensitive to the settings of the experimental conditions. In particular, the
distance between the two traps is critical: when it is too small it is not
possible to follow all the OTD, losing important details, while if it is too
large the reproducibility of the experiment can be affected. We chose to set
it to about 5µm - which is slightly larger than the mean diameter of the
cells that we studied (3− 4µm). Another particularly important parameter
is the distance of the trap from the coverslip - which in our experiment was
set to 10µm.
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8.5.2 Characterization of the system

First we have applied our system to the study of the dynamics of 4.5µm di-
ameter polystyrene spheres, which are comparable in size with the cells that
will be studied. This permits us to use them to characterize the system and
to check the reliability and the reproducibility of the results. Furthermore,
the bead behavior during the OTD event had already been studied in Ref.
[79], permitting us a comparison.

Figure 8.15: OTD of a polystyrene bead. (a) OTD traces for a 4.5µm
polystyrene sphere: the top solid line is the sum signal (z); the low solid and
dotted signal are respectively the x- and y-differential signals. (b) Averages
over 11 OTD traces with, in red, the fitting to exponentials. (c)-(e) shows a
reconstruction of the OTD event: (c) the auxiliary trap holds the particle;
(d) the trap is released and the particle moves towards the axis of the main
trap; (e) the particle is drawn into the focus of the main trap along its axis.

In Fig. 8.15 the OTD for such a sphere is shown. The trapping event oc-
curs within few hundreds of milliseconds. The sampling frequency is set
to fs = 1000Hz, which is far below the cutoff frequency of the QPD and
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provides a significant number (few hundreds) of samples during the OTD.
Fig. 8.15(a) shows the traces for one trapping event. Fig. 8.15(b) shows
the average over 11 traces, to highlight the reproducibility of the result: it
can be easily appreciated that the fluctuations due to the Brownian motion
are greatly reduced, while the OTD does not relevantly change. The bead
first moves towards the beam axis and then towards the beam focus along
the axis, as it is depicted in the sequence 8.15(c)-(e). Due to the difference
in the on-axis and off-axis trap stiffness, the two movements have, indeed,
two different time-constants, as it is shown by the traces: the sum and the
x-differential signal can be fitted to two exponentials - red curves in Fig.
8.15(b) - with two decay constants - τz = 200ms and τx = 20ms, respec-
tively.
These results can be compared with those obtained performing a 3D position
fluctuation analysis by applying the Boltzmann statistics to the movement
of the optically trapped polystyrene bead, as described in §3.1.4. For this
purpose we use the data acquired after the transient effects of the trap-
ping event have finished, when the bead is oscillating around its equilibrium
position in the trap only because of the Brownian motion (number of sam-
ples Ns = 4000, acquired starting at t = 1 s after the main trap has been
switched on). The PSD of the acquired time-series were calculated and fit-
ted to the theoretical Lorentzian shape, getting the values for the calibration
parameters: the measured on-axis and off-axis trap stiffness constants are
kz = 0.26 pN/µm and kx = 2 pN/µm. The corresponding decay constants
(τi = 6πγR/ki, with R radius of the sphere) are τ̃z = 163ms and τ̃x = 21ms,
respectively, in good agreement with those measured through OTD.

8.5.3 Results

Again we used Saccharomyces cerevisiae yeast cells as a model system. A
single yeast cell reproduces in about 2 hours through a process called bud-
ding in which a small bud appears on the mother cell, continues to increase
in size, and eventually separates as a daughter cell. In the following we will
show how OTD can identify the cell-cycle stage of a single yeast cell while it
gets trapped. For this analysis we have focused on the x-differential signal;
however, we will also show the y-differential signal and the z signal in Fig.
8.16.
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Figure 8.16: OTD for cells at diverse cell-cycle stages. OTD for small
cell (a), big cell (b), cell with small bud (c), and cell with big bud (d). The
insets show the photos of the corespondent free (color) and trapped (b/w)
yeast cell. In each plot the top solid line is the sum signal (z), while the low
solid and dotted signals are the x- and y-differential signals, respectively.

Synopsis of the OTD traces

In Fig. 8.16(a) and 8.16(b) the OTD traces for a small - i.e. just separated
from the mother-cell - and large - i.e. before the bud starts to grow - single
yeast cell are shown. We can readily appreciate that large cells are trapped
almost immediately, as soon as the switching between the auxiliary and
main trap happens, while for small cells there is a delay-time td before the
trapping event occurs. This is most probably due to the fact that larger
cells are relatively nearer to the main optical trap. By careful choice of the
distance between the auxiliary and the main trap it is possible to enhance
this difference for distinguishing specific kinds of cells.
Comparing Fig. 8.16(c) and 8.16(d) with Fig. 8.16(a) and 8.16(b) permits
one to see the OTD differences between single and budding cells. The most



8.5. OPTICAL TRAPPING DYNAMICS 163

remarkable difference is that for a budding cell the OTD trace shows two
maxima peaks. The trapping event seems to be split into two parts: first
the cell falls into the trap and then aligns itself in it.
By comparing Fig. 8.16(c) and 8.16(d), it is possible to see the difference
between the OTD traces of a cell with small and big bud. The overall
duration of the trapping event appears to be longer for cells that present a
big bud.

Scattergram

We introduced some parameters of the traces to quantitatively characterize
our observations. Among the various possible choices we chose the param-
eters depicted in Fig. 8.17: the delay time (td) to distinguish small and
big single cells; the number of peaks (Np) and the full-width half-maximum
(FWHM) to distinguish between single and budding cells.
We have measured these parameters over 80 cells and compared to the vis-

ible cell-cycle stage, as shown in the scattergram in Fig. 8.18. It is possible
to identify three clusters that correspond to the following cell-cycle stages:
small single cell, large single cell, and budding cell. Assigning a threshold of
td = 300ms it is possible to distinguish between small and big cells with a
reliability of 91%, i.e. 32 of the 35 single cells are correctly assigned. Also
budding cells, which are obviously larger than single cells, present shorter
delay times, and all except one fall below the assigned threshold.
The possibility to distinguish between budding and non-budding yeast cells
is particularly interesting because it permits one to calculate the budding
index of a cell population, which is defined as the ratio between the num-
ber of cells that present a bud and the total number of cells [187]. Several
biochemical studies are performed on cell populations and, since the pres-
ence of a bud is a morphological indicator of the cellular growth, they rely
on budding index to determine the expression profile of a particular gene or
protein of interest. At present, budding index is calculated by using a hemo-
cytometer, a digital image recognition system, or a flowcytometer. With the
parameters that we have set for the OTD we have two independent methods
to identify the budding cells: the use of a threshold of FWHM = 50ms
- 96% reliability, i.e. 77 cells out of 80 are correctly assigned -, and the
presence of one or two maxima in the trace - 95% reliability, i.e. 76 cells out
of 80 are correctly assigned.
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Figure 8.17: Parameters for cell identification. The x-differential signal
for the OTD of a budding yeast cell. The parameters used for the identifi-
cation of the cell are highlighted: td is the delay time before the trapping
event starts; FWHM is the full width half maximum of the trapping peak;
and Np is the number of maxima.

8.5.4 Discussion

The Optical Trapping Dynamics technique can deliver information about the
object being drawn into the trap while it is being trapped, requiring only
a differential photodiode as detection system. This has a two-fold interest:
(1) it takes advantage of a bit of information that otherwise would get lost
and (2) the detection can be operated in a very simple, fast, and cheap
all-optical way. In particular, lab-on-a-chip applications can profit from
the possibility of building the trapping diode-laser as well as the detection
photodiode directly in the same semiconductor wafer.
We applied this technique to the study of the different stages of the yeast
cell cycle and we showed, in particular, how it can be utilized to measure
the budding index of a cell culture. However this method can potentially
be useful for the identification of other kinds of cells - like other fungi or
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Figure 8.18: Scattergram. Scattergram: small circles represent small sin-
gle cells, big circles big single cells, squares budding cells. In black the cells
that present two maxima and in red the ones that present one maximum.

human blood cells - and cellular organelles. It can also be used to study
their mechanical properties.
The OTD technique can have interesting applications in cell and organelles
separation, and it can be further improved by collecting the scattered light
at different angles as is done in current flow-cytometry techniques. It can
also be fruitfully combined with other optical trap based techniques to study
single cells because it provides information about the cell being trapped while
it is getting trapped.
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Conclusion and Prospects

Since the early 90s the Photonic Force Microscope technique has been used
to study forces in microscopic environment. As we have seen, to be able to
detect and measure such force is of fundamental importance for the under-
standing of micro- and nano-scale phenomena. It is also of practical impor-
tance considering the current trend towards nanodevices. In this Thesis we
have paved the way towards new applications of the PFM.

We have studied the possibility of using the PFM for the detection and
measurement of rotational nanoscale force fields. We proposed the theory
of such a Photonic Torque Microscope and we experimentally verified that
it works on diverse systems – the torque induced by the orbital angular
momentum transfer form a Laguerre-Gaussian beam and by microscopic
fluid flows.

Applying the technique developed for the measurement of torques, we
extended the PFM-approach to microrheology in order to characterize fluid
fluxes in the proximity of singular points. In particular, the method we
proposed is able to distinguish between a singular point in a complex flow
and the absence of flow at all; furthermore it permits one to characterize
the stability of the singular point.

We reported the first experimental observation of the radiation forces
produced by a surface plasmon. In particular we showed that the force a
resonance on a colloidal particle sphere is enhanced by 1-2 order of mag-
nitude compared to non-resonant illumination. We also reported the first
quantitative measurement of the forces produced by a patterned substrate,
revealing stable trapping with forces in the range of a few tens of femto-
Newton.

The work with surface plasmons led us to consider in detail the mode
of operation of the PFM with back-scattered light. We noticed that this
mode of operation has its own peculiarities and is not equivalent to the
usual forward-scatetred light operation mode.

Finally, we used the PFM-technique in order to study trapped living
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cells. In particular we could probe the stability of the cell in the trap and
this work has implication for the fast growing field of optical tweezers Raman
spectroscopy, where optical tweezers are used to trap a cell and Raman
spectroscopy to probe the biochemical changes occurring inside.

This wealth of new techniques and methods will permit future researchers
to gain new insights into the micro- and nano-world. in particular such
technique can be successfully applied to the study of biomolecules (Photonic
Torque Microscope, PFM with backscattered light) and to lab-on-a-chip
devices (plasmon radiation forces, microfluidic flow characterization).
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Appendix A

Optical Manipulation
History

Optical trapping and manipulation did not exist before the invention of the
laser in 1960 [120]. It was already known from astronomy and from early
experiments in optics that light had linear and angular momentum and,
therefore, that it could exert radiation pressure and torques on physical
objects. Light’s ability to exert forces has been recognized since 1619 when
Keplers De Cometis described the deflection of comet tails by the sun’s rays.
In the late XIX century Maxwell’s theory of electromagnetism predicted
that the momentum flux in a light beam should have been proportional
to its intensity and could be transferred to illuminated objects, resulting
in a radiation pressure pushing objects along the direction of propagation.
Exciting experiments were performed that detected these effects. Nichols
and Hull [188] 1 and Lebedev [191] first succeeded in detecting radiation
pressure on macroscopic objects and absorbing gases. A few decades later
in 1936 Beth reported the first experimental observation of the torque on a
macroscopic object resulting from interaction with light [192]: he observed

1Nichols and Hull had found agreement to within 1%. However, Bell and Green later re-
analyzed the data from these experiments, and found several mathematical errors: Nichols
and Hull had used an incorrect value for the mechanical equivalent of heat, taken some
logarithms to base ten instead of base e, and made several mistakes involving units and con-
version factors. Once these mistakes were corrected, the results deviated from Maxwell’s
theory by 10%, which was still a success, but not nearly as good as the original 1%
agreement reported. It is reasonable to believe that Nichols and Hull, finding such good
agreement with Maxwells theory, were happy to publish their results; if the mathematical
errors had been in the opposite direction, they presumably would have checked over their
calculations more carefully. Ref. [189] presents a fascinating history of this and other light
pressure experiments. (Adapted form Ref. [190])
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the deflection of a quartz wave plate suspended from a thin quartz fiber
when circularly polarized light passed through it. These effects were so
small, however, that they were not easily detected. Quoting J. H. Poynting’s
presidential address to the British Physical Society in 1905, “a very short
experience in attempting to measure these forces is sufficient to make one
realize their extreme minuteness – a minuteness which appears to put them
beyond consideration in terrestrial affairs.” (Cited in Ref. [193])

Things changed after the invention of the laser in the 1960s [120]. In
1970 a seminal paper form Ashkin [21] showed that it was possible to use the
forces of radiation pressure to significantly affect the dynamics of transparent
micrometer sized neutral particles. Two basic light pressure forces were
identified: a scattering force in the direction of the incident beam and a
gradient force in the direction of the intensity gradient of the beam. It was
shown experimentally that, using just these forces, one could accelerate,
decelerate, and even stably trap small micrometer sized neutral particle
using focused laser beams.

Ashkin started by considering a beam of power P reflecting on a plane
mirror. In this case there are P/hν photons per second striking the mirror
and each of them carries a momentum hν/c. If all of them are reflected
straight back, the total change in momentum of the light per second is
2 · (P/hν) · (hν/c) = 2P/c, which, by conservation of momentum, implies
that the mirror experiences an equal and opposite force in the direction
of the light. This is the maximum force that one can extract form the
light. Quoting Ashkin [193],“Suppose we have a laser and we focus our one
watt to a small spot size of about a wavelength ∼= 1µm, and let it hit a
particle of diameter also of 1µm. Treating the particle as a 100% reflecting
mirror of density ∼= 1 gm/cm3, we get an acceleration of the small particle
= A = F/m = 10−3 dynes/10−12 gm = 109 cm/sec2. Thus, A ∼= 106 g,
where g ∼= 103 cm/sec2, the acceleration of gravity. This is quite large and
should give readily observable effects, so I tried a simple experiment. [...]
It is surprising that this simple first experiment [...], intended only to show
forward motion due to laser radiation pressure, ended up demonstrating not
only this force but the existence of the transverse force component, particle
guiding, particle separation, and stable 3D particle trapping.”

In 1986, Ashkin and colleagues reported the first observation of what is
now commonly referred to as an optical trap [29]: a tightly focused beam of
light capable of holding microscopic particles in three dimensions. One of
Ashkin’s co-authors, Steven Chu, would go on to use optical tweezing in his
work on cooling and trapping atoms. This research earned Chu, together
with Claude Cohen-Tannoudji and William Daniel Phillips, the 1997 Nobel
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Prize in Physics.
In the late 1980s, Arthur Ashkin and his colleagues applied the new tech-

nology to the biological sciences, starting by using it to trap an individual
tobacco mosaic virus and Escherichia coli bacterium. In the early 1990s,
Steven Block, Carlos Bustamante, and James Spudich pioneered the use of
optical trap force spectroscopy to characterize the mechanical properties of
biomolecules and biological motors [2, 15, 40]. These molecular motors are
ubiquitous in biology, and are responsible for locomotion and mechanical ac-
tion within the cell. Optical traps allowed these biophysicists to observe the
forces and dynamics of nanoscale motors at the single-molecule level; opti-
cal trap force-spectroscopy has led to greater understanding of the nature of
these force-generating molecules. Optical tweezers have also proven useful
in many other areas of physics, such as atom trapping [194] and statistical
physics [195].
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Appendix B

Theories of Brownian Motion

“Matter is composed of active molecules that exhibit a rapid irregular motion
having its origin in the particles themselves and not in the surrounding fluid”
[196, 197]. With these words in 1827 the botanist Robert Brown gave the
first detailed account of the phenomenon that would be named after him,
i.e. the Brownian motion. While he was examining aqueous suspensions
of pollen grains, he found that in all cases the pollen grains were in rapid
oscillatory motion. At the very beginning the Brownian motion had been
explained by supposing that the particles were alive: the problem was in
part observational, to decide whether a particle was an organism, but some
vitalism was present as well.

According to Nelson [198], the first investigator to express a notion close
to the modern theory of Brownian movement was C. Weiner in 1863: the
perpetual motion is caused by bombardment of the particle by the parti-
cles constituting the surrounding medium. Such a kinetic explanation was
greatly supported by Gouy’s experimental investigation, whose conclusions
may be summarized by the following seven points:

1. the motion is very irregular, composed of translations and rotations,
and the trajectory appears to have no tangent;

2. two particles appear to move independently, even when they approach
one another to within a distance less than their diameter;

3. the motion is more active the smaller the particles;

4. the composition and density of the particles have no effect;

5. the motion is more active the less viscous the fluid;
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6. the motion is more active the higher the temperature;

7. the motion never ceases.

The first point, in particular, is of profound interest in view of the later work
of N. Wiener, who proved in 1923 that the sample points of a Brownian
trajectory are almost everywhere continuous, but nowhere differentiable.
The last point, joint to the sixth, shows that the motion is due to the thermal
agitation of the total system, even if, as it can be deduced by the third and
the fourth point, the interaction with the surrounding medium overcomes
the one between the Brownian particles. Of course, system properties, such
as the fluid viscosity or the dimension of the particles, influence the motion
itself.

Figure B.1: Approaches to Brownian motion. (a) Ornstein-Uhlenbech’s
approach and (b) Fokker-Planck’s approach.

Dealing with Brownian motion in physics, the systems of interest are
made up by a number of particles proportional to Avogadro’s number (≈
6 ·1023mol−1). In these conditions, it becomes almost impossible to exhaus-
tively treat them from a classical point of view, writing down the Newtonian
equation of motion for each particle and studying their interactions. Many
mathematical theories of Brownian motion, that allow to reduce the effec-
tive degrees of freedom (d.o.f.) of these systems, have been developed in
the past century. Starting from Einstein’s work in 1905 and following with
investigators such as Smoluchowski, Langevin, Kramers, Ornstein, Uhlen-
beck and many others. Two different approaches have been exploited to
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Figure B.2: Theories of Brownian motion. Connection between the
mathematical theories of Brownian motion.

reduce the d.o.f.: the first (Langevin, Ornstein-Uhlenbeck) studies the mo-
tion of a single particle and includes its interaction with the environment
as a stochastic force term, Fig. B.1(a); the other (Einstein, Smoluchowski,
Klein-Kramers, Fokker-Planck) studies the system by a statistical point of
view analyzing the temporal and spatial evolution of the probability density
function of finding it in a certain state, Fig. B.1.(b).

Anyway, as it is shown in Fig. B.2, it must be emphasized that all
these theories are strongly connected between them [198, 199]. A thorough
revision of the theories on Brownian motion can be found in Ref. [199] and
[199]. Here we will focus on Langevin theory that is the one we used in
Chapter 3. We adopt the notation in Tab.B.1.

B.1 Langevin Equation

In 1908 Langevin treated the Brownian motion of a free particle immersed
in a heat bath by simply writing down the Newtonian equation of motion
of the particle accounting for its interaction with the bath by adding to
the equation a systematic retarding force proportional to the velocity of
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η fluid viscosity Nsm−2

γ particle friction coefficient Nsm−1

m particle mass kg

β friction coefficient per unit mass s−1

kB Boltzmann constant NmK−1

T absolute temperature K

ρ particle density Kgm−3

Table B.1: Notation

the particle (friction), superimposed on which is a rapidly fluctuating force
(white noise).

Langevin’s formulation of the theory of Brownian motion presents many
advantages, if compared to the Fokker-Planck approach. In general, Langevin’s
method is far easier to comprehend as it is directly based on the concept of
the time evolution of the random variable describing the process rather than
on the time evolution of the underlying probability distribution. Moreover
while it is often difficult to separate the variables in a Fokker-Planck equa-
tion, Langevin’s method avoids such a procedure. All that is required is the
interpretation of his equation as an integral equation.

It must finally be emphasized that, in a way, the Langevin equation is
the real basis of the thoery of Brownian motion, since the drift and diffu-
sion coefficients in the Fokker-Planck equation must be calculated from it a
priori.

B.1.1 One dimensional equation of motion

According to Newton’s law, Langevin wrote the equation of motion for a
free particle of mass m

m
d2x(t)
dt2

= −γ dx(t)
dt

+ η(t) (B.1)

The friction term −γ dx
dt is assumed to be governed by Stoke’s law which

states that the frictional coefficient for a spherical particle of radius R mov-
ing in a fluid of viscosity η is given by

γ = 6πηR. (B.2)

The random force η(t) is assumed to be:
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1. with zero mean, if averaged over an ensemble of particles starting with
the same (sharp) initial conditions, i.e. 〈η(t)〉 = 0;

2. independent of the actual position of the particle x(t), which means
the two processes are uncorrelated, i.e. 〈η(t)x(t)〉 = 0;

3. in extremely rapid variation if compared to the variation of the position
x(t), which means that each collision is practically instantaneous, i.e.
〈η(t)η(t+ τ)〉 = 2γkBTδ(τ),∀t, τ .

These three properties define a particular kind of Markov process, better
known as white noise. Its power spectral density (PSD) Φη(f) is, according
to the Wiener-Khintchine theorem, given by

Φη(f) =
∫ +∞

−∞
〈η(t)η(t+ τ)〉ej2πfτdτ = 2γkBT. (B.3)

Hence Φη(f) is independent of the frequency f . 1

Langevin’s treatment can be slightly generalized by supposing that the
particle moves in a potential U(x), thus the Langevin equation is

m
d2x(t)
dt2

= − d

dt
U (x(t))− γ

dx(t)
dt

+ η(t), (B.4)

where − d
dtU (x(t)) is the force that derives from the potential.

B.1.2 Mean square displacement

Langevin derived the formula for the mean-square displacement of a Brow-
nian particle on multiplying Eq. (B.1) by the position x(t) of the particle,
averaging the resulting equation of motion, and applying Boltzmann statis-
tics. 2

1The situation where Φη(f) is constant for all f (white noise, Eq. (B.3)), corresponding
in the time domain to the delta function autocorrelation function, is the limiting case,
which will never occur in reality. It describes a random process without memory. In
reality the autocorrelation function drops very rapidly to zero and as a result the power
spectral density of the process Φη(f) does not have the constant value 2γkBT at very high
frequencies (colored noise). However, typically this fact can be safely neglected.

2Eq. (B.1) multiplied by the position x(t) becomes

m
d2x(t)

dt2
x(t) = −γ

dx(t)

dt
x(t) + η(t)x(t),
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In this way Langevin derived the following formula for the main square
displacement of a Brownian particle:〈

x2(t)
〉

= 2
kBT

γ
t = 2Dt, (B.5)

The same formula had already been derived with a different approach by
Einstein, who had also introduced the diffusion coefficientD = kBT/γ (§??).

B.1.3 Langevin equation in phase space

As an introduction of the Ornstein-Uhlenbeck theory, it is useful to write
the Langevin equation in phase space (x, v) as[ .

x(t)
.
v(t)

]
︸ ︷︷ ︸

Ẋ(t)

=
[

0 1
0 −β

]
︸ ︷︷ ︸

A

[
x(t)
v(t)

]
︸ ︷︷ ︸

X(t)

+η(t)
[

0
1/m

]
︸ ︷︷ ︸

B

, (B.6)

which is equivalent to

m

2

d

dt

„
dx2(t)

dt

«
− m

„
dx(t)

dt

«2

= −γ

2

dx2(t)

dt
+ η(t)x(t).

This equation refers to only one selected Brownian particle. The complete solution of the
motion of a macroscopic system would consist of solving all the microscopic equations of
the system. Because we cannot do this, we use, instead, the averaged equation of motion

m

2

d

dt

fi
dx2(t)

dt

fl
− m

*„
dx(t)

dt

«2
+

= −γ

2

fi
dx2(t)

dt

fl
+ 〈η(t)x(t)〉.

Since 〈η(t)x(t)〉 = 0 because the random force η(t) and the displacement x(t) are un-
correlated and the mean kinetic energy of the particle reaches an equilibrium value

1
2
m

fi“
dx(t)

dt

”2
fl

= 1
2
kBT because the Maxwellian distribution can be assumed to hold

when the velocity process has reached its equilibrium value, the last equation becomes

m

2

d

dt

fi
dx2(t)

dt

fl
+

γ

2

fi
dx2(t)

dt

fl
= kBT.

Its solution is fi
dx2(t)

dt

fl
= Ce−γt/m + 2

kBT

γ
,

where C is an integration constant. For t >> m/γ only the first term of the right hand
side is of practical significance – that corresponds to ignore the inertia of the Brownian
particle – so that fi

dx2(t)

dt

fl
= 2

kBT

γ
.

The last step is to integrate from t = 0 and x = 0, obtaining Eq. (B.5).
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where β is the friction coefficient per unit mass.
The solution of Eq. (B.6) with the Brownian particle initially placed

near the phase point X0 = [x0, v0]T at t = 0 (sharp initial condition) is
given by

X(t) = eAtX0 +
∫ t

0
eA(t−t′)η(t′)Bdt′, (B.7)

where eAt can be calculated using the inverse Laplace transform L−1[·], from
the matrix equation eAt = L−1

[
(sI−A)−1

]
. 3

B.2 Wiener process

In 1923 N. Wiener introduced a special type of stochastic process, known as
the Wiener process, to provide a rigorous mathematical description for the
statistical properties of the trajectory of a Brownian particle.

B.2.1 Mathematical definition

A stochastic process W (t) is a Wiener process if

1. W (0) = 0;

2. W (t) is almost surely continuous, i.e. with probability one, but nowhere
differentiable;

3. W (t) has stationary independent increments 4;

4. these increments are normally distributed, i.e. W (t)−W (s) = N(0, f(t))
for 0 ≤ s < t.

3Eq. (B.7) becomes

»
x(t)
v(t)

–
=

»
1 β−1

`
1 − e−βt

´
0 e−βt

– »
x0

v0

–
+

tZ
0

1

m
η(t

′
)

24 β−1
“
1 − e−β(t−t

′
)
”

e−β(t−t
′
)

35 dt
′

or, in component form,8>>>><>>>>:
x(t) = x0 + v0

β

`
1 − e−βt

´
+ 1

β

tR
0

1
m

η(t
′
)

“
1 − e−β(t−t

′
)
”

dt
′

v(t) = v0e
−βt +

tR
0

1
m

η(t
′
)e−β(t−t

′
)dt

′

4However, notice that, since W (0) = 0, W (t) itself is not stationary.
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From the last property it can be shown that the variance var[W (t)]
assumes the very specific functional form

var[X(t)−X(s)] = c2|t− s|, (B.8)

where c is a constant to be determined.
It is also interesting to evaluate the covariance of the Wiener process, in

order to know the correlation between the values of the process in two differ-
ent instants of time. It can be showed that the covariance, cov[X(s), X(t)],
assumes the particular functional form

B.2.2 Application to Brownian Motion

It is possible to associate the displacement after a time t of a particle under-
going Brownian motion with a Wiener process W (t). A time interval (s, t),
which is long compared with the time between impacts of the particles of
the surrounding medium on the Brownian particle, is selected; this is to say
that the Brownian particle has been “drummed” during (s, t). The process
is characterized by the following assumptions:

1. the displacement [W (t)−W (s)] of the Brownian particle over the time

interval (s, t) is the sum
n∑

k=1

[W (tk)−W (tk−1)], t0 = s < t1 < t2 <

... < tn−1 < tn = t, of the small displacements [W (tk) −W (tk−1)] of
the Brownian particle caused by the impacts of the particles of the
surrounding medium;

2. the probability distribution function ofW (tk) depends only onW (tk−1)
and not on W (tk−2), W (tk−3), etc., so that we have a Markov process,
whence [W (t1) −W (s)], [W (t2) −W (t1)], ..., [W (t) −W (tn−1)], are
independent random variables;

3. each of these independent random variables has zero mean, 〈[W (t1)−
W (ts)]〉 = 〈[W (tk)−W (tk−1)]〉 = 0;

4. since [W (t)−W (s)] is the sum of a large number of independent vari-
ables [W (tk)−W (tk−1)], each having arbitrary distributions, it follows
from the central limit theorem that [W (t)−W (s)]/var[W (t)−W (s)]
approaches a Gaussian distribution as n→∞.

By comparing Eq. (B.5) with Eq. (B.8) and considering that W (t)
represents the displacement of the Brownian particle, c2 = 2kBT/γ.
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The Wiener process W (t) can be used to fully represent the displacement
of the Brownian particle, as shown above; however, it also gives a strong
mathematical basis to describe the stochastic term η(t), which appears in
Eq. (B.1). In fact, the white noise force η(t) is usually written as

η(t) = m
dW (t)
dt

(B.9)

so that

〈η(t)η(t+ τ)〉 = m2〈dW (t)
dt

dW (t+ τ)
dt

〉 = 2kBTγδ(τ).

In this case the value of c2 in Eq. (B.8) is 2kBTγ/m
2.

B.2.3 The Wiener integral

Strictly speaking, Eq. (B.9) is a meaningless equation as W (t) is nowhere
differentiable with probability one. If two overlapping time intervals ∆t =
[t1, t2] and ∆t

′
= [t

′
1, t

′
2] with t1 < t

′
1 < t2 < t

′
2 are introduced such that the

increments ∆W (∆t) = W (t2)−W (t1) and ∆W (∆t
′
) = W (t

′
2)−W (t

′
1) are

defined, the differential dW (t) in Eq. (B.9) can be interpreted in term of
∆W because

dW (t) = ∆W (t+ dt)−∆W (t) = ∆W (dt). (B.10)

This means that even though the sample paths (realizations) of the Wiener
process are continuous with probability one but nowhere differentiable, nev-
ertheless integrals of the form

W [f(t)] =
∫ +∞

−∞
f(t)dW (t) =

∫ +∞

−∞
f(t)∆W (dt) (B.11)

can be defined for any square integrable function f(t) since integration by
parts is permitted. The operator W [f(t)] of Eq. (B.11) is the so called
Wiener integral.

Since it is always possible to approximate any continuous function f(t)
on the interval (−∞,+∞) by a series of step functions, it is enough to define
the Wiener integral for the step functions

fn(t) =
n∑

q=1

cqΠ∆tq(t),
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where ∆tq = tq− t
′
q and Π∆tq(t) is the indicator function of the interval ∆tq

Π∆tq(t) =
{

1, t ∈ ∆tq
0, t /∈ ∆tq

,

as
W [f(t)] = lim

n→∞
W [fn(t)]. (B.12)

where

W [fn(t)] =
n∑

q=1

cq

[
W (tq)−W (t

′
q)

]
=

n∑
q=1

cq∆W (∆tq).

On taking mean value of Eq. (B.12), since the Wiener process has increments
with zero mean,

〈W [f(t)]〉 = lim
n→∞

〈W [fn(t)]〉 = lim
n→∞

n∑
q=1

cq〈∆W (∆tq)〉 = 0.

and

〈W 2[f(t)]〉 = lim
n→∞

〈W 2[fn(t)]〉 = c2
∞∫

−∞

f2(t)dt (B.13)

since, as the Wiener process has independent increments,

〈W 2[fn(t)]〉 =

〈
n∑

q,p=1

cqcp∆W (∆tq)∆W (∆tp)

〉
=

n∑
q=1

c2q〈∆W 2(∆tq)〉 = c2
n∑

q=1

c2q |∆tq|,

where Eq. (B.8) has been used to determine the variance of ∆W (∆tq).



Appendix C

Brownian Dynamics
Simulations

C.1 Free Diffusion

In order to numerically approximate second-order stochastic differential equa-
tions in the form of Eq. (B.6), under the Euler method, the position and
velocity variables are updated as follows:

xn = xn−1 + vn∆t

vn = vn−1 − γ
mvn∆t+ 1

m
ηn√
∆t

(C.1)

where ∆t is the time quantum. Solving with respect to the actual position
xn,

xn =
A

C
√

∆t
ηn +

B

C
xn−1 −

m

C
xn−2, (C.2)

where C = m+ γ0∆t, A = (2kBTγ0)
1
2 ∆t2 and B = 2m+ γ0∆t. If m << γ,

the previous equation becomes, neglecting the inertial term,

xn = xn−1 + (2D∆t)
1
2 ηn. (C.3)

C.2 Diffusion in a Generic Field of Force

Solving Eq. (C.1) with respect to xn becomes more difficult when a generic
force field is added. Furthermore, the complexity of the analytical solution
increases with the complexity of the expression of the field of force.
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To avoid the problem it is useful to introduce an alternative method to
numerically approximate Eq. (B.6) in a generic field of force. The algorithm
evaluates iteratively

1. the Brownian displacement, xB, from Eq. (C.3);

2. the deterministic displacement, xF , due to the external field of force.

For each iteration, the total displacement is the superposition of these two
displacements x = xB + xF .

C.3 Matlab Code

C.3.1 Function bmgff

The function bmgff simulates the motion of a Brownian particle in a generic
field of force.

function [x, y] = bmgff(Sim, Probe)

% Function output: [x, y] is the 2D trajectory of the Brownian particle.

% Function input:
% - Sim: simulation parameters
% - dt: sampling time [s];
% - N: number of samples;
% - T: absolute temperature [K];
% - k: stiffness [N/m];
% - L: torque [N/m];
% - Probe: probe particle constants
% - R: radius [m];
% - m: mass [kg];
% - g: friction coefficient [Ns/m];

% trapped particle constants

kB = 1.3806505*10^(-23); % Boltzman costant [J/K];

% coefficient for the free diffusion equation
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A = sqrt(2*kB*T*g)*dt^2; % [sN^2]
B = 2*m + g*dt; % [Kg]
C = m + g*dt; % [Kg]

M = [ A/(C*sqrt(dt)) B/C -m/C ]’;

% 2D normal random Gaussian vector

randn(’state’, sum(100*clock));
W = randn(2, N);

% Brownian motion in the external field of force

X = zeros(2, N+2); Xf = zeros(2, 1);

for n = 1:N
% Brownian displacement
X(:, n+2) = [ W(:, n) X(:, n+1) X(:, n) ]*M;
% deterministic displacement due to the external force
[ Xf(1) Xf(2) ] = force(X(:, n+1)’, k, L, dt, g);
X(:, n+2) = X(:, n+2) + Xf;

end

% function output

x = X(1, 3:N+2)’; %[m]
y = X(2, 3:N+2)’; %[m]

C.3.2 Function force

The function force simulates the effect of a generic force on the particle’s
motion.

function [x, y] = force(Xi, k, L, dt, g)

% Function output: [x, y] is the (x, y) displacement due to the external force.

% Function input:
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% - Xi: a vector [x,y]’ containing the input position of the bead;
% - k: stiffness vector [N/m];
% - L: torque [N/m];
% - dt is the sampling time [s];
% - g is its friction coefficient [Ns/m];

% actual position

x = Xi(:, 1); %[m]
y = Xi(:, 2); %[m]

% vectorial force, generic function of position and time

F = [-k(1)*x+L*y, -k(2)*y-L*x]; % [N]

X = (dt/g)*F;

% displacement due to the external force

x = X(:, 1); %[m]
y = X(:, 2); %[m]



Appendix D

MatLab code for the
calculation of the FS and BS

Here we present the essential part of the MatLab code for the calculation of
the FS and BS fields.

D.1 Mie scattering

D.1.1 Function scattering

function Es = scattering(n_max,theta,phi,r,lambda0,a,nm,np)

% Function output: Es is the Mie scattering

% Function input:
% - n_max: number of Mie coefficients to be calculated
% - theta, phi, r: coordinates where to calculate Es
% - lambda0: vacuum wavelength
% - a: particle radius
% - nm: medium refractive index
% - np: particle refractive index

rho = r*(2*pi*nm/lambda0);

[an,bn] = ab(n_max,lambda0,a,nm,np);
sh = spharm(n_max,theta,phi,rho);
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Etheta = zeros(size(theta));
Ephi = zeros(size(theta));
Er = zeros(size(theta));
for n = 1:1:n_max

En = i^n * (2*n+1)/(n*(n+1));
Etheta = Etheta + En * ...

( i*an(n)*sh(n).Ntheta - bn(n)*sh(n).Mtheta );
Ephi = Ephi + En * ...

( i*an(n)*sh(n).Nphi - bn(n)*sh(n).Mphi );
Er = Er + En * ( i*an(n)*sh(n).Nr );

end

Es.n_max = n_max;
Es.lambda0 = lambda0;
Es.a = a;
Es.nm = nm;
Es.np = np;
Es.theta = theta;
Es.phi = phi;
Es.r = r;
Es.Etheta = Etheta;
Es.Ephi = Ephi;
Es.Er = Er;

[Es.x,Es.y,Es.z] = Sph2Car(theta,phi,r);
[Es.Ex,Es.Ey,Es.Ez] = Sph2CarVector(theta,phi,Etheta,Ephi,Er);

D.1.2 Function ab

function [an,bn] = ab(n_max,lambda0,a,nm,np)

% Function output: [an,bn] Mie coefficients up to n_max

% Function input:
% - n_max: number of Mie coefficients to be calculated
% - a: particle radius
% - nm: medium refractive index
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% - np: particle refractive index

[x,m] = param(lambda0,a,nm,np);

an = zeros(1,n_max);
bn = zeros(1,n_max);
for n = 1:1:n_max

an(n) = ...
(m*psi(n,m*x)*psip(n,x) - psi(n,x)*psip(n,m*x))/ ...
(m*psi(n,m*x)*xip(n,x) - xi(n,x)*psip(n,m*x));

bn(n) = ...
(psi(n,m*x)*psip(n,x) - m*psi(n,x)*psip(n,m*x))/ ...
(psi(n,m*x)*xip(n,x) - m*xi(n,x)*psip(n,m*x));

end

D.2 Total scattering

D.2.1 Function tscattering

function Es = tscattering(x,y,z,b,n_max,Ei_r,Ei_phi,NA,R,lambda0,a,nm,np, total)

% Function output: Es is the Mie scattering

% Function input:
% - x, y, z: coordiantes
% - b: particle displacement
% - n_max: number of Mie coefficients to be calculated
% - Ei_r, Ei_phi: input field components
% - R: objective aperture
% - lambda0: vacuum wavelength
% - a: particle radius
% - nm: medium refractive index
% - np: particle refractive index
% - total: true if the input wave has to be added to the output
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n_max = opt_ab(n_max,lambda0,a,nm,np);

phi_i = Ei_phi.phi;
rho_i = Ei_r.r;

bx = b(1);
by = b(2);
bz = b(3);

Es.x = x;
Es.y = y;
Es.z = z;
Es.Ex = zeros(size(x));
Es.Ey = zeros(size(x));
Es.Ez = zeros(size(x));

theta_i = asin(rho_i*NA/(R*nm));
kx = 2*pi*nm/lambda0*sin(theta_i).*cos(phi_i);
ky = 2*pi*nm/lambda0*sin(theta_i).*sin(phi_i);
kz = 2*pi*nm/lambda0*cos(theta_i);

for i = 1:1:size(phi_i,1)
for j = 1:1:size(phi_i,2)

% Radial
M = RLR(phi_i(i,j),theta_i(i,j),0);

% Temporary coordinate system
xyz1 = M^-1*[ reshape(x,1,prod(size(x)));
reshape(y,1,prod(size(y)));
reshape(z,1,prod(size(z))) ];

x1 = reshape(xyz1(1,:), size(x));
y1 = reshape(xyz1(2,:), size(y));
z1 = reshape(xyz1(3,:), size(z));
[theta1,phi1,r1] = Car2Sph(x1,y1,z1);

if numel(r1) == ...
numel(find(abs(r1-mean(mean(r1))) < ...
1e-5*lambda0/nm))
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r1 = mean(mean(r1));
end

Es1 = scattering(n_max, theta1, phi1, r1, ...
lambda0,a,nm,np);

if total
Es1.Ex = Es1.Ex+1;

end

% Absolute coordinate system
Exyz_r = M*[ ...

reshape(Es1.Ex,1,prod(size(Es1.Ex))); ...
reshape(Es1.Ey,1,prod(size(Es1.Ey))); ...
reshape(Es1.Ez,1,prod(size(Es1.Ez))) ];;

Es_r.Ex = reshape(Exyz_r(1,:), size(Es1.x));
Es_r.Ey = reshape(Exyz_r(2,:), size(Es1.x));
Es_r.Ez = reshape(Exyz_r(3,:), size(Es1.x));

% Azimuthal
M = RLR(phi_i(i,j),theta_i(i,j),pi/2);

% Temporary coordinate system
xyz2 = M^-1*[ ...

reshape(x,1,prod(size(x))); ...
reshape(y,1,prod(size(y))); ...
reshape(z,1,prod(size(z))) ];

x2 = reshape(xyz2(1,:), size(x));
y2 = reshape(xyz2(2,:), size(y));
z2 = reshape(xyz2(3,:), size(z));
[theta2,phi2,r2] = Car2Sph(x2,y2,z2);

if numel(r2) == ...
numel(find(abs(r2-mean(mean(r2))) < ...
1e-5*lambda0/nm))
r2 = mean(mean(r2));

end

Es2 = scattering(n_max, theta2, phi2, r2, ...
lambda0,a,nm,np);
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if total
Es2.Ex = Es2.Ex+1;

end

% Absolute coordinate system
Exyz_phi = M*[ ...

reshape(Es2.Ex,1,prod(size(Es2.Ex))); ...
reshape(Es2.Ey,1,prod(size(Es2.Ey))); ...
reshape(Es2.Ez,1,prod(size(Es2.Ez))) ];;

Es_phi.Ex = reshape(Exyz_phi(1,:), size(Es2.x));
Es_phi.Ey = reshape(Exyz_phi(2,:), size(Es2.x));
Es_phi.Ez = reshape(Exyz_phi(3,:), size(Es2.x));

% Total scattered field
Es.Ex = Es.Ex + ( Ei_r.Er(i,j)*Es_r.Ex + ...

Ei_phi.Ephi(i,j)*Es_phi.Ex ) * exp(sqrt(-1)* ...
(kx(i,j)*bx+ky(i,j)*by+kz(i,j)*bz)) * ...
rho_i(i,j)/sqrt(cos(theta_i(i,j)));

Es.Ey = Es.Ey + ( Ei_r.Er(i,j)*Es_r.Ey + ...
Ei_phi.Ephi(i,j)*Es_phi.Ey ) * exp(sqrt(-1)* ...
(kx(i,j)*bx+ky(i,j)*by+kz(i,j)*bz)) * ...
rho_i(i,j)/sqrt(cos(theta_i(i,j)));

Es.Ez = Es.Ez + ( Ei_r.Er(i,j)*Es_r.Ez + ...
Ei_phi.Ephi(i,j)*Es_phi.Ez ) * exp(sqrt(-1)* ...
(kx(i,j)*bx+ky(i,j)*by+kz(i,j)*bz)) * ...
rho_i(i,j)/sqrt(cos(theta_i(i,j)));

end
end

[theta,phi,r] = Car2Sph(x,y,z);
Es.Ex = i*r1/(lambda0/nm)*(NA/(R*nm))^2*Es.Ex;
Es.Ey = i*r1/(lambda0/nm)*(NA/(R*nm))^2*Es.Ey;
Es.Ez = i*r1/(lambda0/nm)*(NA/(R*nm))^2*Es.Ez;
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