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Introduction

Background

A squeezed state is a special quantum mechanical state characterised by mini-
mum noise below the standard quantum limit. In particular, the noise properties
are modi�ed so that e.g. amplitude or phase have an uncertainty below the stan-
dard quantum limit (for the amplitude noise this leads to noise below shot-noise
limit).

The �rst experimental realisation of squeezing was obtained at Bell labs by
four wave mixing in a sodium vapour [64]. They achieved almost 1 dB of noise
reduction below standard quantum limit. An alternative technique for squeezed
light generation is the phase-sensitive ampli�cation in an optical-parametric
oscillator (OPO). The �rst experimental realisation of squeezing in an OPO
was performed in 1986 [74] resulting in almost 3 dB of noise reduction. In 1987
parametric downconversion was used to generate pulsed squeezed light [63]. It
resulted in squeezed pulses of 100 ps length 0.6 dB below shot-noise level. In
1992 the record level of quadrature noise suppression in an OPO was pushed
to 6 dB below the standard quantum limit [53]. This result was improved in
1998 to 6.2 dB [58]. In recent years this technique has bene�ted from advances
in nonlinear materials, low-loss coatings, and low-noise detectors. This resulted
in dramatic improvements in degree of squeezing close to 10 dB below standard
quantum limit [66, 70].

The underlying mechanism which results in quadrature squeezing was inves-
tigated theoretically in a number of publications. Walls and Millburn were the
�rst to estimate the achievable amount of squeezing in an OPO [45]. They pre-
dicted perfect squeezing to be found at the threshold of the optical parametric
oscillator. However, the experimental results showed that the best squeezing is
seen at pump power being equal to half the threshold [6]. Caves investigated
the quantum properties of noise of the linear ampli�er [14], and introduced
the idea of using squeezed light in the context of improving the sensitivity of
gravitational wave detectors [13]. Caves and Schumaker investigated two-mode
squeezed states [60] thus extending the previous single mode squeezing to a more
general case. Yurke wrote about the use of cavities in the squeezed state gener-
ation [77], suggesting that the use of the cavity around the nonlinear material
would enhance the downconversion into the mode of the cavity and therefore
increase the amount of generated squeezing. Collet and Gardiner introduced a
very intuitive approach for understanding the mechanics of squeezing via input-
output relations of the cavity [16]. Throughout this thesis we will use the method
and notation introduced by Collet and Gardiner.
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Squeezed light is not only a special quantum mechanical state but has also
several applications: Any measurement that uses only one quadrature for de-
tection can be improved to a sensitivity below the standard quantum limit by
using squeezed light for the measurement. Following the proposal by Caves
[13] squeezed light was used to improve interferometric measurements. To our
knowledge the �rst experiment which employed squeezed light to improve a
measurement sensitivity was made at University of Texas in 1987 [75]. In that
experiment the squeezed light was used to improve the detection of phase modu-
lation in an interferometer. The measurement resulted in 3 dB increase in signal
to noise ratio. In the same year an increase in sensitivity below the vacuum limit
was demonstrated in polarisation interferometry [23]. Here signal to noise ratio
was improved by 2 dB. Squeezed light was also used to improve the results of
spectroscopic measurements [53]. They have improved the sensitivity for de-
tection of Doppler-free resonances in saturation spectroscopy of atomic cesium.
The observed sensitivity enhancement was more than 3 dB.

The improvement of the sensitivity of the interferometers can be used in
practice for the detection of gravitational waves. At the moment the most
sensitive classical gravitational wave detector is LIGO (Laser Interferometer
Gravitational wave Observatory) with the interferometer arm length of 2 to
4 km. A strong gravitational wave would change the arm lenght by at most
10−17 m. The high sensitivity necessary for this measurement can currently only
be reached at low frequencies (below 1 kHz). At high frequencies the detection is
limited by the standard quantum limit. Here the measurements below standard
quantum limit could be performed using squeezed light. This application was
the motivation to be built a source of squeezed light with very high level of
squeezing close to 10 dB below shot-noise level [70].

In addition, the squeezed light is proposed as an important component for
light atom interaction for quantum memories. For example squeezed light can
be stored and retrieved in quantum memories [33]. Since the squeezed light
needs to coupled to the atoms forming the quantum memory the squeezed light
needs to be resonant to the respective atomic transition. As the atom will only
absorbe the resonant part of the light a narrowband tunable squeezing source
is required. Controlled storage and retrieval of light can be achieved in a EIT
(Electromagnetically-Induced Transparency) scheme. Here a dressing laser in
a λ-type atomic level scheme generates a transparency window for light on the
second atomic transition. Switching of the dressing laser can store and retrieve
the light inside the medium. Also here the squeezed light needs to be narrow-
band in order to �t into the transparency window, but also pulsed to spatially
�t into the ensemble of atoms. Recently, the delay of the squeezed light in the
EIT medium was also shown experimentally. In [2] the storage of 600 ns pulse
in a rubidium vapor cell for 1µs was demonstrated using electromagnetically
induced transparency. While the input light squeezing was 1.86 dB the recov-
ered squeezing was reduced to 0.21 dB. Similarly, in [30] the experimental delay
of squeezed light was shown using EIT, but also for entangled squeezed light
beams. They started with the input squeezing of 3.2±0.5 dB and recovered
2.0±0.5 dB of squeezing at the EIT output. For the storage and retrieval of en-
tangled squeezed light they observed a 2.2µs delay. In [31] was experimentally
shown the storage and retrieval of the squeezed state using EIT in a sample of
cold rubidium-87 atoms. The squeezed vacuum pulse had a temporal width of
930 ns and the obtained delay was of 3µs.
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This technology has several future applications in the context of quantum
information. On this subject exist several theoretical proposals of which many
are expected in near future to achieve the experimental realisation . Using en-
tangled states of squeezed light for storage allows for the realisation of quantum
repeaters in order to increase the distance of entanglement [17]. On the other
hand, pulsed squeezed states can also be used to improve the �delity of the
quantum teleportation of information between atoms and light [62, 32]. Also
squeezed light can be used for improving spin squeezing in atomic systems [39].

For many of the above mentioned applications it is important to develop
sources of squeezed light resonant to atomic transitions. Cesium resonant
squeezed light was demonstrated in a number of experiments [53, 59]. Fast
development of the cesium resonant sources of nonclassical light was possible
due to the wavelength of cesium D2 at 852 nm where KNbO crystals were readily
available. New technology development enabled the demonstration of squeezing
at the rubidium resonance [1, 2, 34, 67]. These experiments use distinct meth-
ods: squeezing in a waveguide [1] and downconversion in an OPO [2, 34, 67]. In
the latter case, squeezing at the rubidium D1 line was achieved in a subthresh-
old OPO using a Ti:Sapphire laser as pump and periodically poled potassium
titanyl oxide phosphate (PPKTP) as nonlinear medium [67, 34, 2]. The noise
suppression of this method was shown to be more than 5 dB [34].

This Thesis

This thesis presents an experimental and theoretical investigation of the e�ect
of the pump laser's phase noise on the generation of quadrature squeezed light
in an optical parametric oscillator. The experimental objective of this the-
sis project was the production of squeezed light resonant to the rubidium D1
transition. We employ for this purpose the phase-sensitive ampli�cation in a
subthreshold optical parametric oscillator (OPO), a proven technique for the
generation of squeezing [53]. Such non-classical light is required for many quan-
tum information tasks based on quantum memories of light [24]. The theoretical
investigation considers the e�ect of the frequency �uctuations, as e.g. caused
by phase noise of the pump laser, on the observable squeezing in the regime of
quasi-stationary �uctuations. Our analysis shows that the system can be made
immune to random frequency drifts.

E�cient interaction of the squeezed light with the atomic ensembles re-
quires its wavelength to be resonant to the respective atomic transition. At the
time when this thesis started and the squeezing source was designed the only
available sources of squeezed light resonant to any atomic transition existed
for cesium resonance [53]. These sources used a Ti:Sapphire laser as a pump
source. Employing diode lasers for the production of squeezed light would allow
tunable operation in a variety of wavelength ranges beyond the range accessible
with Ti:Sapphire lasers. Thus, many important atomic transitions could be ad-
dressed with diode lasers so that diode-laser-based squeezing would signi�cantly
extend the range of possible squeezing experiments. However, the phase noise
of diode lasers could degrade the squeezing generated by such a system. To our
knowledge and at the time this document is written no other optical parametric
oscillator based source of squeezed light exists that is pumped with a diode laser
and resonant to an atomic transition.
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The experimental system built in the course of this thesis consists of a
PPKTP-based subthreshold OPO pumped by a frequency-doubled diode laser.
Here we show that taking into consideration the e�ect of frequency �uctuations
on the observable squeezing in the regime of the quasi-stationary �uctuations
one can make the system immune to random frequency drifts. The experimental
squeezing apparatus we use, including laser, doubling system, and stabilisation,
use standard techniques and could be applied to a variety of other wavelengths.

The thesis is structured as follows:
In the chapter 1 we describe the development of optical parametric oscillators

as a sources of squeezed light for quantum memories. Firstly, we present there
general ideas on parametric downconversion. We then derive the theoretical de-
scription of the process of downconversion in a subthreshold optical parametric
oscillator and the formulas necessary for an estimation of the achievable level of
squeezing.

Chapter 2 describes the experimental apparatus. First, we summarize the
design of the cavity and the properties of the nonlinear crystal. Second, we
specify the diode laser and the doubling cavity system we use, and we describe
the implementation of the locking systems used for the laser system and the
optical parametric oscillator cavity stabilisations. Third, we discuss the ampli-
�cation gain and the detection e�ciency. Finally, we give a full overview of the
experiment and we present the squeezing results.

In chapter 3 we analyse the e�ects of phase noise on quadrature squeezing
and describe a technique to eliminate its e�ect. First, we discuss the origin
of the phase noise for diode laser systems. Second, we derive the observable
squeezing taking into account the e�ects of quasi-static frequency �uctuations.
Third, we show how the e�ects of the phase noise can be eliminated and, last but
not least,we compare the theoretical prediction with our experimental results.
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Chapter 1

Quantum theory of the OPO

In this chapter we explain in detail the Optical Parametric Oscillator (OPO).
We derive important formulae and establish the notation used throughout this
thesis. First, we introduce general ideas on parametric downconversion. Later,
we present the quantum theory of squeezing in an OPO and derive the spectrum
of the OPO output �eld.

1.1 General facts on OPO and downconversion

The optical parametric oscillator is an optical resonator containing a nonlinear
crystal. The nonlinear interaction process taking part in the OPO is called
parametric downconversion. It converts the �eld with frequency 2ω (in this
document called the pump �eld) into two �elds with frequencies ω− and ω+. In
this process a photon with energy 2~ω is converted to one photon with energy
~ω− and another one with energy ~ω+ with ω−+ω+ = 2ω, so that the energy is
conserved [46]. The two output �elds are called signal and idler out of historical
reasons. The pump �eld (2ω) can be resonant to the cavity, however here we
will discuss the OPO with nonresonant (single pass) pump. The downconversion
process occurs even when the crystal is not placed inside a cavity. Having the
crystal in the cavity enhances the downconversion into the modes of the cavity.
The OPO is said to work in degenerate regime if the signal and idler �elds
have same energy and polarisation, i.e. they are indistinguishable. By contrast,
the OPO is nondegenerate if the signal and idler �elds can be distinguished
by polarisation and/or frequency. Concerning the polarisation, the signal and
idler �elds either share the same polarisation (type I downconversion) or have
perpendicular polarisation (type II downconversion). We will describe here a
type I OPO operated in degenerate regime. One can understand the process of
downconversion in an OPO as the inverse process of the cavity enhanced second
harmonic generation (SHG) [46]. Nevertheless, there is an important di�erence
between these two processes: SHG will give a coherent output for any nonzero
pump power. By contrast, an OPO (unless it is seeded) will not give a coherent
output until the pump power reaches certain value. This power limit is called
the threshold of the OPO. While the common interest in OPO's lies in output
above threshold where OPO's are used as coherent sources of light over a wide
spectral range, we will investigate the sub-threshold OPO.

16
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The OPO below threshold shows interesting quantum mechanical character-
istics. Behaving as a phase sensitive ampli�er [61] it can amplify/deamplify the
quadrature noise of a coherent input �eld. In the absence of coherent input light
the OPO modi�es the quadrature noise of the vacuum �uctuations. Apart from
the manipulation of the vacuum and coherent state noise levels the subthreshold
OPO can be used for production of non-degenerate quadrature entangled states
and single-photon states.

1.2 Squeezed state

Generally speaking a squeezed state is a modi�ed coherent state in which the
distribution of canonical variables over the phase space has been altered in such
a way that the variance of one variable is reduced at the cost of an increase in the
variance of the other variable, see e.g. [6, 61, 44]. The two canonical variables
under investigation in this thesis are the two quadratures of the electromagnetic
�eld.

Here, we de�ne the form which the phase quadrature operator has through-
out this thesis

qθ =
1√
2

(ae−iθ + a†eiθ) (1.1)

where a, a† are photon annihilation and creation operators ful�lling the com-
mutation relation

[
a, a†

]
= 1 and θ is the phase. This operator behaves as the

canonical conjugate of the phase quadrature operator with the phase shifted by
π/2. The commutator value is the following[

qθ, qθ+π/2
]

= i. (1.2)

Therefore one can deduce the respective Heisenberg uncertainty relation

〈qθ,qθ〉1/2
〈
qθ+π/2, qθ+π/2

〉1/2 ≥ 1
2

(1.3)

independent of the quantum state. Here 〈qθ,qθ〉 is the variance of the operator
qθ. The de�nition of the variance (and covariance) is given in the appendix A.2.
For coherent and vacuum states the quadrature variance is independent of the
phase θ and always equal to 1/2. Consequently, they are states of minimum
uncertainty with respect to equation 1.3 . On the other hand, the above given
de�nition of a squeezed state yields the property

〈qθ,qθ〉 <
1
2

(1.4)

for the quadrature measured at the phase θ, i.e. a state for which the variance
for one quadrature is smaller than for a coherent state. The phase diagram
comparing quadrature of vacuum and squeezed state is showed in Figure 1.1.

Using the de�nition for the normally ordered variance1

1Here the 〈::〉 notation is used for normal ordering of the operators. For normal ordering
the operators are expanded with respect to creation and annihilation operators of the photons
and sorted so that all creation operators are left of all the annihilation operations. During
sorting the respective commutation relations are neglected.
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Figure 1.1: Phase-space diagram comparing a) vacuum state and b) squeezed
vacuum state. The area coloured in orange represents the region of uncertainty
de�ned by the equation 1.3.

〈: qθ, qθ :〉 = 〈qθ, qθ〉 − 1/2 (1.5)

the de�nition of the squeezed state can be simpli�ed to

〈: qθ, qθ :〉 < 0. (1.6)

1.3 Quantum Theory of the OPO

The theory work on squeezing in an OPO dates (as explained in introduction)
from the beginning of 80's. This ample work includes several methods to ap-
proach the problem of squeezing in a parametric oscillator. Among many im-
portant publications on this subject we need to point out the importance of the
work by Caves [13, 14, 15, 60], by Walls and Millburn [45], and by Yurke [77].

Nevertheless, we have decided to follow throughout this thesis the approach
given by Collett and Gardiner [16]. We choose this approach because it is very
intuitive. We also base all the further calculations presented in this thesis on
modi�cation of this calculation.

Collett and Gardiner derive the Bogoliubov transformation (to establish the
relation) between the output �eld of the OPO with the vacuum mode entering
the cavity. The general form of the Bogoliubov transformation is the following:

b = µa+ υa†

b† = µ∗a† + υ∗a
(1.7)

where a, a† and b, b† are (bosonic) creation and annihilation operators ful�lling
the

[
a, a†

]
= 1 ,

[
b, b†

]
= 1 commutation relations, respectively. The Bogoliubov

transformation is a canonical transformation of these operators. Due to the
commutation relations the prefactors have to obey the relation

|µ|2 − |υ|2 = 1. (1.8)
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Figure 1.2: The OPO cavity. The vacuum �eld can enter through the output
coupler. The intracavity losses also bring in the vacuum �eld which in the equa-
tions can be modeled as a leaky mirror or a beamsplitter. The a(t) represents
the �eld inside the cavity. The nonlinear crystal is pumped by the constant
classical pump �eld β.

Following the treatment of Collett and Gardiner we start the calculation
from the quantum Langevin equation of the OPO cavity

ȧ = − i
~

[a,Hsys]− (k1 + k2) a+
√

2k1av1 +
√

2k2av2 (1.9)

where a and a† denote annihilation and creation operators of the cavity mode
with frequency ω0, k1 and k2 denote the loss rates through the output coupler
and due to intracavity losses, and av1 and av2 denote the annihilation operators
of the (vacuum) �eld entering the cavity due to output coupler and intracavity
losses.

The �eld decay rate due to the output coupler transmission can be written
as

k1 =
T1

2τ
(1.10)

where T1 is the transmission of the output coupler, and τ=(FSR)−1
. Here FSR

is the free spectral range of the OPO cavity. We will treat the intracavity losses
as a vacuum leak through a mirror (Fig.1.2)

k2 =
T2

2τ
(1.11)

where T2 are the intracavity losses. The experimental characterisation of the
intracavity losses in our experiment is described in section 2.1.4. The cavity
losses for a slowly decaying cavity are treated in detail in [6, 56].

The Hamiltonian describing the parametric conversion is given as [22]

Hsys = ~ω0a
†a+

i~
2

(
εe−iωpt

(
a†
)2 − ε∗eiωpta2

)
. (1.12)

The �rst term describes the energy of photons inside the cavity while the second
term models the nonlinear interaction induced by the pump �eld with frequency
ωp. Here ε = gβ is the nonlinear coupling, β is the pump �eld and g is a
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coupling constant which is real and proportional to the crystal nonlinearity.
The phase φ of the nonlinear coupling is determined by the phase of the pump
�eld ε = g |β| eiφ. The nonlinier coupling is responsable for the parametric gain
of the oscillator. The classical description of the parametric gainis given in the
appendices B.2 and B.3.

After inserting the Hamiltonian (equation 1.12) the equation 1.9 gets the
following form

ȧ = −iω0a+ εe−iωpta† − (k1 + k2) a+
√

2k1av1 +
√

2k2av2. (1.13)

In the next step the equation 1.13 is transformed to rotating reference frame
by applying, a = ãe−iω0t. It is equivalent to a transformation to the interaction
picture by shifting the zero of the energy scale to the value of ~ω0. This yields

˙̃a = εe−i(ωp−2ω0)tã† − (k1 + k2) ã+
√

2k1ãv1 +
√

2k2ãv2. (1.14)

Then the Fourier transform (2π)−
1
2
´
dteiωtã (t) = ã (ω) (explained in more

detail in section A.1) is applied on both sides of the equation. For ωp = 2ω0,
the �nal forms of the equation 1.13 and its Hermitian conjugate are

−iωã (ω) = εã† (−ω)− (k1 + k2) ã (ω) +
√

2k1ãv1 (ω) +
√

2k2ãv2 (ω)
iωã† (ω) = ε∗ã (−ω)− (k1 + k2) ã† (ω) +

√
2k1ã

†
v1 (ω) +

√
2k2ã

†
v2 (ω) .

(1.15)
Here, it is important to point out that the Fourier transform is performed con-
sidering ε to be a constant in time. This approach is justi�ed in the case of
monochromatic pump laser �led with large amplitude so that it does not need
to be treated quantum mechanically.

From the equations 1.15 one can �nd the expression for the �eld circulating
in the cavity ã (ω)

ã (ω) = (−iω + (k1 + k2))
(√

2k1ãv1 (ω) +
√

2k2ãv2 (ω)
)
B−1

+ε
(√

2k1ã
†
v1 (−ω) +

√
2k2ã

†
v2 (−ω)

)
B−1 (1.16)

where B is

B = [(k1 + k2)− iω]2 − |ε|2 . (1.17)

This �eld is related to the �eld leaving the cavity by the boundary condition
[16] (input-output relation)2√

2k1ã (ω) = ãv1 (ω) + ãout (ω) . (1.18)

This allows one to derive the Bogoliubov transformation from input to output
�elds:

ãout (ω) = C1ã
†
v1 (−ω) + C2ã

†
v2 (−ω) + C3ãv1 (ω) + C4ãv2 (ω) (1.19)

2It is important to note that the equation 1.18 is a result of approximation T1�1 and is
valid only under this condition.
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with

C1 = 2εk1B
−1 (1.20)

C2 = 2ε
√
k1k2B

−1 (1.21)

C3 =
[
k2

1 − (k2 − iω)2 + |ε|2
]
B−1 (1.22)

C4 = 2
√
k1k2 ((k1 + k2)− iω)B−1. (1.23)

From here on all frequencies and rates are scaled to the cavity linewidth δν =
k1 + k2. The new parameters used are: Ω = ω (k1 + k2)−1

, η = k1 (k1 + k2)−1
,

1 − η = k2 (k1 + k2)−1
, µ = ε (k1 + k2)−1

. Parameters η and µ can be directly
determined experimentally. The parameter η is the so called cavity escape
e�ciency. In practice, it is the ratio between the transmission of the output
coupler and the sum of both the intracavity losses and the transmission of the
output coupler η = T1 (T1 + T2)−1

. Parameter µ represents the ratio of the
pump �eld used in the experiment and the pump �eld necessary for reaching
the threshold. Consequently, µ is equal to the square root of the ratio of pump

power to threshold power µ =
√
PpumpP

−1
th .

The output �eld expressed with these scaled parameters is

ãout (ω) = f1ãv1 (ω) + f2ã
†
v1 (−ω)

+ f3ãv2 (ω) + f4ã
†
v2 (−ω) (1.24)

with

f1 =
(
η2 − (1− η − iΩ)2 + |µ|2

)
A−1 (1.25)

f2 = 2ηµA−1 (1.26)

f3 = 2
√
η (1− η) (1− iΩ)A−1 (1.27)

f4 = 2µA−1
√
η (1− η) (1.28)

A = (1− iΩ)2 − |µ|2 . (1.29)

The noise in the output �eld of the OPO is usually characterised using a
homodyne detection geometry [61, 73] where our output �eld ãout (ω) is mixed
with the strong coherent beam called local oscillator (LO). The mixing of the
two �elds is followed by balanced detection [6] where the light beam consisting of
the two above mentioned �elds is split in two and sent onto two detectors. The
currents produced by these two detectors are electronically subtracted and the
obtained signal is fed into a spectrum analyser to measure the noise spectrum. In
the following we will deduce the signal we measure with the spectrum analyser.

The output current after subtraction of the two photodetector signals is
proportional to the di�erence in photon counting rate [61]

∆Idet ∝ 〈nD1 (t)〉 − 〈nD2 (t)〉 ∝ βLO 〈qθ (t)〉 =
βLO√

2

〈
ãoute

−iθ + ã†oute
iθ
〉
.

(1.30)
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The nD1 and nD2 are the photon counting rates at the two detectors. Note that
the signal is proportional to the amplitude of the local oscillator βLO so that the
signal aplitude can be adjusted. In the following we are not anymore interested
in the precise amplitude of the signal, but only in its relation to quantum noise.
Therefore we will neglect this constant proportionality factor. Here we leave
out the proportionality factor since later on we will be only interested in the
deviation from the mean value compared to the mean value.

The power spectral density of this signal is measured by the spectrum anal-
yser. Due to the Khinchin�Kolmogorov (also known as Wiener�Khinchin) the-
orem this spectral density is equal to the Fourier transform of the respective
autocorrelation signal, i.e.

1
2
S (ω) =

1√
2π

ˆ 〈
q†θ (t) , qθ (t+ τ)

〉
eiωτdτ. (1.31)

This equation de�nes the squeezing spectrum S (ω) (with the factor 1/2 due
to normalisation). It is directly measured by the spectrum analyser (up to the
above proportionality factor squared). Note that the squeezing spectrum S (ω)
for the vacuum state is equal to one. Therefore by blocking the signal input of
the homodyne detection it is possible to directly measure the proportionality
factor between the measurement with the spectrum analyser and the squeezing
spectrum as de�ned above. Dividing the signal with the squeezed input by the
signal with vacuum input only, it is possible to directly measure the squeezing
spectrum S (ω). Note that in equation 1.31 we use the (temporal) covariance
instead of the autocorrelation function, since we are only interested in the devi-
ation of the autocorrelation function from its mean value, while the mean value
will only give a contribution to S (ω) at value ω = 0 where we do not measure.
If we assume that qθ (t)) is a randomly �uctuating observable where the average
value does not change with time, i.e. it is a stationary random process, then
for the correlation of qθ (t)) in frequency space the relation 1.31 is equivalent to
[44] 〈

q̃†θ(ω), q̃θ(ω′)
〉

=
1

2π

¨ 〈
q†θ(t), q̃θ(t

′)
〉
e−iωt eiω

′t′ dt dt′ (1.32)

with t′ = t+ τ we derive〈
q̃†θ(ω), q̃θ(ω′)

〉
=

1√
2π

ˆ
dt ei(ω

′−ω)t 1√
2π

ˆ 〈
q†θ(t), q̃θ(t+ τ)

〉
eiω
′τdτ

=
1√
2π

ˆ
dt ei(ω

′−ω)t S(ω′)

= δ(ω − ω′)S(ω). (1.33)

with the Fourier transform of qθ (t)) being

q̃θ (ω) =
1√
2

(
ã (ω) e−iθ + ã† (−ω) eiθ

)
= F [qθ (t)] . (1.34)

We now want to introduce the normally ordered covariance (the generaliza-
tion of the equation 1.5) using〈

q̃†θ (ω) , q̃θ (ω′)
〉

=
〈

: q̃†θ (ω) , q̃θ (ω′) :
〉

+
1
2
δ (ω − ω′) (1.35)
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so that equation 1.33 is converted to〈
: q̃†θ (ω) , q̃θ (ω′) :

〉
=

1
2

(S (ω)− 1) δ (ω − ω′) . (1.36)

Taking into account the non-perfect detection e�ciency (q̃θ (ω)→ √ηdetq̃θ (ω))
the equation 1.36 is modi�ed to

ηdet

〈
: q̃†θ (ω) , q̃θ (ω′) :

〉
=

1
2

(S (ω)− 1) δ (ω − ω′) . (1.37)

This equation relates the measured squeezing spectrum S (ω) with the normally
ordered covariance of qθ (ω).

Using the de�nition of qθ (ω)(equation 1.34) the normally ordered covariance
is

〈
: q̃†θ (ω) , q̃θ (ω′) :

〉
=

1
2

〈
ã†out (−ω′) , ãout (−ω)

〉
+

1
2

〈
ã†out (ω) , ãout (ω′)

〉
+

1
2
〈ãout (−ω) , ãout (ω′)〉 e−2iθ

+
1
2

〈
ã†out (ω) , ã†out (−ω′)

〉
e2iθ. (1.38)

We note that all the terms in the previous equation have contributions of cor-
relations between +ω and −ω terms. Due to this we conclude that the reduc-
tion of noise in the signal (the squeezing) comes as a consequence of the(anti-
)correlations between the sidebands ω and -ω of the output light. If the cavity
input states are coherent states or as in our case vacuum states their normally
ordered variance is equal to zero (see appendix A.2). This leaves the anti-
normally ordered terms of ãv1 and ãv2 as only contribution to the normally
ordered variance of the output �eld〈

ã†out (−ω′) , ãout (−ω)
〉

=
〈
ã†out (ω) , ãout (ω′)

〉
= 0 (1.39)

〈
ã†out (ω) , ãout (ω′)

〉
=
(
|f2|2 + |f4|2

)
δ
(
ω − ω

′
)

(1.40)

〈ãout (−ω) , ãout (ω′)〉 =
(〈
ã†out (ω) , ã†out (−ω′)

〉)∗
(1.41)

〈
ã†out (ω) , ã†out (−ω′)

〉
= f∗1 (ω) f∗2

(
−ω′

)
δ
(
ω − ω′

)
+f∗3 (ω) f∗4

(
−ω′

)
δ
(
ω − ω′

)
.

(1.42)

Using the equations 1.39 - 1.42 we get the squeezing spectrum

1
2

(S (ω)− 1) δ (ω − ω′) =
1
2
ηdet

{(
f∗1 (ω) f∗2 (−ω)

′
+ f∗3 (ω) f∗4

(
−ω

′
))

+ 2
(
|f2|2 + |f4|2

)}
δ
(
ω − ω

′
)
. (1.43)



CHAPTER 1. QUANTUM THEORY OF THE OPO 24

Figure 1.3: The theoretical spectrum of squeezing plotted for the pump power
equal to half the threshold. The cavity escape e�ciency is assumed to be 90%.
The red and green curves represent the antisqueezing and the squeezing values,
respectively. The phase in between squeezing and antisqueezing is π/2.

Obviously the δ- distributions appear on the both sides of equation and can be
left out.

Rewriting the equation 1.43 we thus obtain the following result for the
squeezing spectrum

S(Ω) = 1 + 4η |µ| ηdet
(

2 |µ|+
(

1 + Ω2 + |µ|2
)

cos (2θ − φ)
)
|A|−2

. (1.44)

The squeezing spectrum S(Ω) was �rst shown by [50] and in detail explained in
[44].

The squeezing spectrum S(Ω)depends on the relative phase between the
phase of the pump �eld φ and the detection phase 2θ. Maximum squeezing is
obtained for 2θ = φ+ π which yields

S(Ω) = 1− 4η |µ| ηdet
(1 + |µ|)2 + Ω2

(1.45)

while maximum antisqueezing is observed for 2θ = φ with

S(Ω) = 1 +
4η |µ| ηdet

(1− |µ|)2 + Ω2
. (1.46)

These two extremes are plotted in �gure 1.3 for perfect detection e�ciency
ηdet = 1, escape e�ciency η = 0.9 and pump parameter µ =

√
1/2.
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Chapter 2

Production of Squeezed light

The previous chapter describes the theory of the OPO as a source of a nonclassi-
cal light. In this chapter we describe the important elements of the experimental
set-up. First, in section 2.1 we analyse the design criteria of the cavity. This
includes the choice of non-linear material, and optized focusing into the crystal
in order to achieve high conversion e�ciency and at the same time avoid thermal
lensing. Furthermore, losses e.g. induced by gray-tracking are disscussed in this
section. Second, in section 2.2 we specify the details of the laser system. Here,
the special locking system is explained which employs a PID controller syn-
thesized on a �eld-programmable gate array (FPGA). Third, in section 2.3 we
discuss the characterisation of the experimental elements to achieve squeezed
light. This includes the characterisation of the parametric gain of the OPO
and the noise properties of the detector. Finally, we explain the experimental
apparatus as a whole and present our squeezing results.

2.1 Construction of the cavity

The OPO described in this thesis uses type I downconversion, and is operated
in degenerate regime. It is running subthreshold and is used for production of
squeezed vacuum. The cavity is doubly resonant (to signal and idler �eld which
are degenerate) and is designed to provide a narrowband source of rubidium-87
resonant squeezed light.

2.1.1 Modeling of the cavity geometry. Bandwidth

The propagation of the beams in the cavity and the geometry of the cavity can
be calculated using the ABCD matrices principle [46]. The Gaussian beams in
the cavity are de�ned by the complex beam parameter q,

1
q

=
1
R
− iλ

πw2
(2.1)

where R is the radius of curvature of the beam, λ the wavelength and w the
beam spot size.The modes resonant to the cavity reproduce themselves in radius
of curvature and beam spot size after one round trip. This statement is valid for
any point of the light path in the stable cavity. Consequentially, the q parameter
of the beam can be calculated from the following equation:

26
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Figure 2.1: a) Waist size w0 depending on the distance between curved mirrors
d. The cavity parameters are: radius of curvature of the mirrors is of 100mm,
cavity lenght l = 0.6m. The distance d between mirrors of 11,5 cm due to
the refractive index of the crystal of n=1.75 yields an optical path of 12,25 cm
e�ectively. b) Schematic of the OPO showing its bow-tie con�guration and
position of high re�ector and the T=7.8% output coupler.

q =
Aq +B

C q +D
(2.2)

where A, B, C and D are the components of the ABCD matrix for one round
trip in the cavity.

The crystal is placed in the cavity at half distance between the spherical
mirrors. This way the light is focused at the center of the crystal. The radius
of curvature of the beam at the focus is equal to in�nity. This makes it easy to
calculate the waist (the spot size at the focus) w0 knowing the q parameter at
the focus

w0 =

√
λ q

π
. (2.3)

Optimisation of the waist for maximum conversion e�ciency is discussed later
in section 2.1.3.

The ABCD matrix for a cavity round trip starting half way between the
resonator spherical mirrors can be written in the following way:

M = Md/2MRMl−dMRMd/2. (2.4)

The MR is the ABCD matrix of the spherical mirror with radius of curvature
R and Md/2, Ml−d are the matrices for free space propagation over the length
d/2 and l− d, respectively. Here l is the overall length of the OPO and d is the
separation between two spherical mirrors as shown in Figure 2.1b. The ABCD
matrices for di�erent optical elements can be found in [46, 56, 38].

To prove the stability of the chosen cavity con�guration one can use the
stability condition −1 < 1

2 (A + D) < 1 [38] valid for any optical resonator. In
the case of our cavity this condition becomes 0 < l − d(l − d)R−1 < R .

Our OPO cavity is a 60 cm long resonator in a bow-tie con�guration. The
radius of curvature of the spherical mirrors is R=10 cm. The distance between
the spherical mirrors is 11.5 cm yielding a beam waist in the crystal of 42µm.
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Figure 2.2: The photograph of the empty (i.e.,without crystal) OPO cavity with
the alignment beams passing through it.

The dependence of the waist size on the distance between curved mirrors is
shown in the �gure 2.1a. We chose the waist size taking into consideration both
the e�ciency of the second harmonic generation and the absorption induced
instability. These two points are described in detail in section 2.1.3. The cavity
round trip time is equal to τ = (l + d) c−1 where c is the speed of light. The
free spectral range (FSR) is due to cavity length (60 cm) FSR=τ−1=500MHz.
The measured OPO cavity linewidth is δν = 8MHz full width half maximum
(FWHM). The schematic of the OPO cavity is shown in �gure 2.1b. Figure 2.2
is shows the photograph of the OPO cavity.

2.1.2 Nonlinear crystal

To achieve the maximum conversion e�ciency the �elds interacting in the non-
linear medium should satisfy the phase matching condition ∆k = 0, where k is
the wave vector. Completion of this condition guarantees that the phase relation
between the interacting �elds is maintained along the propagation direction so
that the downconverted light in the di�erent regions of the crystal does not in-
terfere destructively. A common way to guarantee the phase matching is to use
a birefringent crystal as the nonlinear medium. Proper choice of the birefringent
crystal cut can match the refractive indices of the involved �elds to ful�ll the
phase matching condition. Fine tuning of the �eld phases is usually performed
by optimisation of the temperature.
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∆k = k2ω − 2kω =
2ω
c

(n2ω(ω2ω, T )− nω(ωω, T )). (2.5)

Here ω is the frequency of the light, T the temperature and n the refractive
index of the crystal.

Unfortunately, birefringent phase matching su�ers several disadvantages. If
the propagation direction does not coincide with the axis of the crystal the
interacting �elds su�er spatial walk-o� which limits the interaction length of
the �elds and deteriorates the beam quality. This condition is also known as
critical phase matching because of the sensitivity of phase matching to the tilt
of the crystal. In addition, for some wavelengths it is not possible to ful�ll the
phase matching condition.

The light induced polarisation of the nonlinear dielectric material is in sec-
ond order proportional to the square of the electric �eld, PNLi = ε0

∑
dijkEjEk

[46]. The nonlinearity caused by this second order term of the polarisation is
commonly called second order nonlinearity. Nonlinearities of higher order are
always present but in our experiment irrelevant. The tensor dijk is called nonlin-
ear susceptibility tensor. Since Ej and Ek can be permuted without changing Pi
the nonlinear susceptibility tensor can be written in the form of a 3×6 matrix:

 PNLx

PNLy

PNLz

 = ε0

 d11 d12 d13 d14 d15 d16

d21 d22 d23 d24 d25 d26

d33 d32 d33 d34 d35 d36

×


E2
x

E2
y

E2
z

2EyEz
2ExEz
2ExEy

 . (2.6)

The elements of the dij characterize the strength of the crystal nonlinearity
along a certain direction. It is often the case in birefringent phase matching
that the direction of the largest nonlinearity cannot be used as the propagation
direction because it does not ful�ll the phase matching condition.

In case the phase matching is not ful�lled the �elds will su�er phase mis-
match of π within the length LC called the coherence length,

LC =
2π
∆k

. (2.7)

The problem of phase mismatch and the coherence length is in detail explained
in [46].

One can overcome the above mentioned phase matching problems using peri-
odically poled crystals and quasi-phase matching. The technique was suggested
in 60's [4, 21], but started to be commercially available a couple of years ago.
The quasi-phase matching condition is given by

∆k = k2ω − 2kω − kpp =
2ω
c

(n2ω(ω2ω, T )− nω(ωω, T )− kpp(T )) (2.8)

where kpp(T ) is a poling-induced phase matching correction.
Quasi phase matching is based on spatial modulation of the crystal structure

using a DC electric �eld. The schematic of the poling procedure is shown in Fig-
ure 2.1.2.a. In general it is performed on ferroelectric crystals. The modulation
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Figure 2.3: a) Schematic of periodic poling: alternating the polarity of a tem-
porarily applied external DC �eld the bulk crystal forms zones with di�erent
crystal orientation favouring in this way correct phase matching b) Power con-
version e�ciency vs. crystal length for three di�erent cases of mode matching:
black - birefringent phase matching; red - quasi phase matching; yellow - no
phase matching [3].

of the domains is such that the crystal orientation changes from +dij to −dij
with periodicity of 2LC . Here dij is the e�ective nonlinear coe�cient derived
from 2.6 for the particular direction of propagation and �eld polarisation. This
way one can synthesise a nonlinear crystal which uses the natural nonlinearity
of the material modi�ed to ful�ll the phase matching condition. The e�ective
nonlinear coe�cient of a periodically poled material will be smaller than dij and
can be calculated as ([3])

d(z) = dijsign[cos(
2πz
Λ

)] = dij

m=∞∑
m=−∞

Gme
ikmz (2.9)

Gm =
2
mπ

sin
(mπ

2

)
(2.10)

km =
2πm

Λ
(2.11)

where Λ is the poling period equal to 2Lc, and km = 2πmΛ−1 is equal to
the correction of the phase matching, kpp, from equation 2.8. The e�ective
nonlinearity d (z) shown in equation 2.9 links the e�ective nonlinear coe�cient
of the periodically poled material with the nonlinearity for the birefrigent crystal
of the same length

deff (L) =
2
π
dij . (2.12)

The e�ciency of the the birefringent and quasi phase matching are shown in
Figure 2.1.2.b.

Frequency conversion processes at low wavelengths su�er from lack of ade-
quate nonlinear materials. Commonly used material for the conversion from IR
to UV and vice versa is potassium niobate (KNbO3). For the wavelengths we
use phase matching in KNbO3 is not ful�lled and also the transparency range
is not wide enough as shown in Table 2.1. Furthermore, with in the limit of
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BBO KNbO3 KTP LBO BIBO PPKTP

Transparency

range [nm]
190-3500 400-4500 350-4500 160-2600 288-2500 350-4500

deff [pm/V] 2.00 no match no match 0.74 3.74 9.8

Table 2.1: Comparison of the transparency range and nonlinearity for birefrin-
gent and periodically poled crystals commonly used for frequency conversion
from UV to IR and vice versa. The nonlinearities deff for BBO, KNbO3, KTP,
LBO BIBO and PPKTP presented here are taken from [18, 51, 71, 55, 26, 42],
respectively while the information on transparency ranges for BBO, KNbO3,
KTP, BIBO, LBO and PPKTP were taken from [43, 53, 71, 27, 72, 42], respec-
tively. The ranges shown here are not fully applicable to our case since our crys-
tal length is 10mm and these speci�cations are made based on measurements
on thin crystals (pulsed and ultra-fast applications). The largest nonlinearity
showed here and applicable for our wavelengths is the PPKTP nonlinearity of
9.8 pm/V.

its transparency range the use of KNbO3 is limited by the e�ect called blue
light induced infrared absorption (BLIIRA) [53]. Beta barium borate (BBO) is
transparent over a larger range than KNbO3 and satis�es the phase matching
condition at our wavelength but it has low nonlinearity (Table 2.1). Due to its
wide transparency range (Table 2.1), potassium titanyl phosphate (KTP) would
be suitable nonlinear material for us. For the last three decades this material
has been widely used in di�erent SHG and OPO devices. Unfortunately, the
bulk KTP does not ful�ll the phase matching condition for 795 nm. Fortunately,
KTP exhibits high d33nonlinearity and being a ferroelectric crystal it can un-
dergo the process of poling. The poling procedure on KTP has enabled the
frequency conversion at short wavelengths.

The nonlinearity tensor of the bulk KTP is given by

dKTPijk [pm/V ] =

∣∣∣∣∣∣
0 0 0 0 1.95 0
0 0 0 3.9 0 0

1.95 3.9 15.3 0 0 0

∣∣∣∣∣∣ . (2.13)

The crystal we used in this experiment was produced by Raicol. It was
poled to give phase matching to type I parametric downconversion from 397 nm
to 795 nm light. The crystal length is 10mm and the cross section 1×3mm.
Phase matching was made for light polarized along the crystallographic Z axis.
Crystal end faces were antire�ection coated for both IR and UV. The poling
period was determined using Sellmeier equation [71, 36]

n2
z(λ) = 2.3136 +

1.00012
1− ( 238.31nm

λ )2
− (

λ

7717nm
)2 (2.14)

where λ is the wavelength of the fundamental beam. The equation 2.14 gives the
value of the poling period necessary for our experiment of 3.2µm. The design of
the poling mask determines the optimum working temperature. In Figure 2.4 is
shown the dependence of the upconversion e�ciency on the temperature. The
optimum temperature was found to be close to 25oC. Consequently during the
experiment described in this thesis the temperature of the crystal is stablised
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Figure 2.4: Conversion e�ciency (the power of the blue light produced) of our
PPKTP crystal vs. temperature. This curve was measured using a 5mW 795 nm
beam fed into OPO cavity with cavity mode matching close to 90%. The red
light was upconverted to blue 397mW light. The y-axis shows the power of the
produced second harmonic blue light. The temperature was determined based
on a four wire measurement on a PT100 sensor. The maximum conversion
e�ciency was obtained at the temperature close to 25oC.

to 25oC using an in-loop temperature control. The temperature control circuit
is commercially available from Wavelength Electronics (HTC1500).

2.1.3 Optimal focusing in the crystal and thermal lensing

The SHG e�ciency depends linearly on the intensity of the fundamental beam
[46]. Unfortunately, excess in power and strong focusing might lead to heating
and damage of the crystal. In addition, strong focusing shortens the confocal
parameter causing fast divergence and ine�cient use of the crystal. In 1964,
Boyd and Kleinman [12] calculated the focusing condition for maximum con-
version e�ciency. They found that the optimal focusing satis�es the following
equation

ξ = 2.84 =
lp
bc

(2.15)

where lp is length of the optical path of light in the crystal and bc is the confocal
parameter. Consequentially, the optimum waist size is given by

w2
opt =

nωLλ

2π2.84
(2.16)

where L is the crystal length. For our wavelength 795 nm and the PPKTP crys-
tal length of L = 10mm the optimum waist is wopt=28µm. Boyd and Kleinman
obtained the optimal focusing value by calculating the power conversion e�-
ciency. They found that the conversion e�ciency is directly proportional to the
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Figure 2.5: The Boyd and Kleinman h(σ, ξ) function showing (colored red) the
area of maximum conversion.

following function

h(σ, ξ) =
1

2
√
πξ

ˆ ∞
−∞

e−4s2

∣∣∣∣∣
ˆ ξ

−ξ

eiστ

1 + iτ
dτ

∣∣∣∣∣
2

ds. (2.17)

Here σ = 1
2b∆k is the wavevector mismatch factor. The function h(σ, ξ) is

plotted in Figure 2.5. It shows that this function has a maximum for ξ=2.84.
Nonetheless, the maximum is rather broad. This allows for conversion close to
the maximum with less strong focusing. Defocusing decreases the heating of the
illuminated part of the crystal and consequentially decreases the thermal e�ects
in the cavity too. This approach was presented and experimentally con�rmed
in [42].

Irregular heating of the crystal can cause thermal lensing which can lead to
thermal instability of the cavity. Thermal lensing is caused by the absorption
of the pump beam which increases the temperature in the center of the crystal
along the axis of the beam propagation. The absorption causes a temperature
gradient in the crystal which creates a refractive index gradient. Consequen-
tially, the crystal behaves as index graded lens. The thermal lensing in PPKTP
a�ected by 461 nm pump beam was carefully studied in [68].

The ABCD matrix for the index graded lens is given in [56]∣∣∣∣∣∣
cos
(
L
√

n2
no

)
1√
n2n0

sin
(
L
√

n2
no

)
−n2n0sin

(
L
√

n2
no

)
cos
(
L
√

n2
no

) ∣∣∣∣∣∣ (2.18)

here n0 is the refractive index in the center of the crystal and n2 = n0α
2, where

α is the pitch [56] of the index graded lens. The expression for n2 as given in
[42] is

n2 = βt
αωP

πKcw2
0

(2.19)

where βt = (n301K − n300K) /1K, αω the absorption of the sample, P the ap-
plied optical power, Kc = 3.3W/mK and w0 waist size. The measurements per-
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formed on di�erent PPKTP samples showed that the linear absorption changes
very much from sample to sample [25]. In course of design of the cavity we took
into account the possibility of existence of thermal lensing. In the theoretical
modeling of the possible thermal lensing we used the absorption value cited by
[42] for wavelength of 423 nm and which is α423nm =0.1 cm−1. Since the PP-
KTP transparency range has an edge close to 400 nm depending on the sample,
for the wavelength of 397 nm absorption can be considerably larger than for
423 nm. Applying the same treatment of the thermal lensing as presented in
[42] we calculated the strength of the thermal lensing assuming the input power
of the pump beam to be 100mW. The temperature change induced by the pump
beam to the central of the crystal is according to [42] equal to

∆T =
αωP

4πKc
[0.57 + ln

(
2r2

0

w2
0

)
]. (2.20)

Modeling the strength of thermal lensing for two di�erent sizes of the focus
42µm ( focus size in our OPO) and 21µm we found that they have a pitch of
the lens 17.2m−1and 35.26m−1, respectively. This leads to the conclusion that
with the doubling the size of the beam the e�ect of thermal lensing decreases
by half. Final design of the cavity as mentioned in section 2.1.1 resulted in the
waist of 42µm which is 50% larger than the Boyd and Kleinman optimum value.

With this geometry (waist of 42µm) we measured and compared the pro�le
of the counter propagating beam (which cannot experience parametric ampli�-
cation) without pump light and with the pump present. We noticed no change
in the pro�le which means no thermal lensing e�ect.

2.1.4 Losses in the cavity and gray tracking

Based on the calculation given in [16] a simple measurement can determine the
losses in the cavity. Appendix B.1 describes the calculation in detail. The mea-
surement consists of scanning the cavity length and detecting the light re�ected
o� the cavity. The re�ected light signal shows dips in the DC level where the
piezo-electric transducer scans over the resonance(s) of the cavity. An example
of this signal is shown in Figure 2.6.

If we normalize the re�ected power when the cavity is on the resonance P a
to the power re�ected when the light is not resonant to the cavity P b, we can
calculate the intracavity losses from the following equation:

T2 = T1 ·
1−R
1 +R

(2.21)

where R =
√
Pa/Pb and T1 =7.8% is the transmission of the output coupler.

The oscilloscope trace of this measurement is shown in Figure 2.6. The losses
in the cavity containing the crystal are 0.50%, excluding the output coupler loss.
The intracavity losses change in the presence of the blue pump beam due to the
e�ect known as gray-tracking. The gray-tracking changes the optical properties
of the KTP crystal when the crystal is illuminated by visible light beam. The
mechanism of gray tracking is not quite clear but a possible explanation is
based on the trapping of the holes and electrons by Fe (impurity) and Ti ions,
respectively [10]. On the other hand the manifestation of gray-tracking is well
known, usually very transparent in the IR region KTP (and also PPKTP) starts
to exhibit an increased level of absorption after being exposed to the pump beam.
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Gray-tracking is a reversible process, which means that the crystal can re-
cover from the damage. The time of recovery will depend on the power and
focusing used during the exposure and it can last from a couple of hours to
one year for strong focusing. Low power exposure does not leave visible marks
on the crystal but high power tightly focused beams can leave gray color trace
along the beam trajectory. These marks need long time to disappear on their
own and the crystal in this case rather demands an active healing treatment
known as thermal annealing [47].

Figure 2.6: Re�ection o� the OPO cavity, trace taken by the oscilloscope during
scanning. The light is injected through the output coupler. The y-axis shows
the voltage of the diode detecting the re�ected light while the cavity length is
being scanned. The voltage ratio between on and o� resonance is equal to the
ratio of the light power on and o� resonance.

The investigations by [8, 10, 9, 19, 69] have shown that the transparency of
the crystal changes after the exposure to the blue pump beam. Above mentioned
papers measure the absorption after the exposure. None of the above mentioned
papers shows the level of absorption while the pump beam is present. We will
show here such a measurement using a counter propagating IR beam which in
contrary to a co-propagating beam cannot experience parametric ampli�cation.
The results are shown in the Figure 2.7. The measurements show that the
absorption increases but not on the level as described in [8, 10, 9, 19, 69]. Our
measurements were performed on the crystal which was not illuminated by blue
light for more than 4 days before. Furthermore, the measurements performed
on this crystal are not involving high power beams. Thus, it is reasonable
to assume that during this healing time the crystal recovered su�ciently from
possible previously induced damage.

The �rst measurement revealed overall intracavity losses of 0.50% (Figure
2.6). In the following step we illuminated the crystal with the blue pump beam
for 30 s measuring simultaneously the losses (Figure 2.7a). The losses increased
to 0.515%. After 30 s of exposure we blocked the blue beam and measured
the losses again (Figure 2.7b). Now, we observed losses of 1.10%, showing an
increase of 0.60% compared with the initial measurement.

We repeated the measurement with the crystal exposed to the blue light
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(Figure 2.7c). The losses dropped again to the value close to the one that we had
during the �rst exposure to the blue light. We repeated also the measurements
after the exposure (Figure 2.7d). The level of losses was now close to 1.20%.

Obviously the losses in the cavity are reduced during the illumination with
the blue light, which is exactly the condition we have for the production of
squeezed light.

Figure 2.7: The measurements (similar to the one explained on Figure 2.6) of
the losses on gray tracking performed on our cavity: a) re�ection of the OPO
cavity while the crystal is illuminated for the �rst time with the blue pump b)
after 30 s of exposure to the pump light we switch o� the pump light and make
the measurment c) we again illuminate the cavity for another 30 s (while we
make the measurement) d) the masurement taken after second exposure to the
blue light.

The results presented on the Figure 2.7 were made with a horizontally po-
larized pump beam. We made same measurements with the vertically polarized
pump beam. The results were similar.

The losses in the cavity after several hours of illumination with blue light
were measured (with blue light present) in several occasions, including the same
day the presented data was taken. We then measured the losses in the cavity
to be 0.55%.
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Figure 2.8: a) The generation of the blue light in the doubling cavity b) inside of
Toptica TA-SHG; clearly visible two blocks one containing the grating stabilised
diode laser with the tapered ampli�er and other one containing the doubling
cavity.

2.2 Laser system

Our laser system (Toptica TA-SHG) consists of an external-cavity diode laser
in Littrow con�guration which is ampli�ed by an optical tapered ampli�er and
a frequency doubler with lithium triborate crystal (LBO) as nonlinear medium.
It is shown in the Figure 2.8b. The output of the diode laser is 50mW before
the optical isolator and 35mW after the isolator. A fraction beam after the
isolator (4mW) passes though a partially re�ective mirror. In the experiment
this beam is used as local oscillator. The rest of the light is re�ected of the
mirror and sent into tapered ampli�er. The tapered ampli�er has an output of
500mW before the isolator and 400mW after the optical isolator.

The current driving the diode laser is when it is running optimally 106mA.
The threshold is on 21mA. Good alignment of the grating on the laser head
can give more then 30GHz mode hop free scanning range. The current on the
tapered ampli�er chip is 2.1A at its full power (500mW before the isolator).

The output of the tapered ampli�er is modematched to the doubling cavity.
It is a bow-tie cavity of linewidth 14MHz (shown in Figure 2.8.a). The distance
between the curved mirrors is 47mm, the crystal length is 14mm and the index
of refraction of the LBO crystal is 1.6. The rest of the complete roundtrip
is around 220mm. The incoupling mirror has a re�ectivity of 98.5% and the
re�ectivity of the faces of the crystals should be smaller than 0.25% (according
to the manufacturer). The measured losses of the cavity, input coupler excluded
are 0.5%. The output of the cavity has the power of more than 130mW but the
mode quality is quite bad. The reason for this is the presence of walk-o� in the
LBO crystal. The coupling e�ciency of cavity output in the single mode �bre
is in our case about 60%.

2.2.1 FPGA

Field-Programmable Gate Array (FPGA) is a device which can be programmed
to execute logic operations and calculations. FPGA is a �real-time� system
executing deterministic operations (each process at well-de�ned time) there-
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fore perfectly suited for control loops. The use of digital electronics for the
stabilisation allows for a more �exible and complex controller. Thus, it can be
better adapted to the physical system so that is even possible to lock the system
across the mechanical resonances. Even more, the system can be automatically
(re)locked by the controller. This makes it very stable and easy to operate.

FPGA (National Instruments NI 7833R) we use is relatively easy programmed
in Labview, thus does not require complex VHDL programming. It has 8 analog
input channels with 200 kHz sampling rate and 8 analog outputs with 1MHz
sampling rate. Three million gates of the FPGA are su�cient to programme 4 of
our PID control loops. The FPGA itself is operated at a clock speed of 40MHz.
However, the controller speed is limited by the ADC sampling rate to 200 kHz.
Even this speed is faster then required, since the laser stabilisation only feeds
back to the grating of the diode laser with a resonance`frequency below 1 kHz
of the piezo actuator. Therefore, the controller bandwidth is further limited by
a 5 kHz in-loop low pass �lter programmed in the FPGA in order to reduce the
e�ect of high-frequency noise.

In everyday operation we set the PID parameters according to the Ziegler-
Nichols rules [5, 49]. In practice these rules are used in the following way. First,
the set point, i.e. the point to which we want to lock, can be determined visually,
looking at the error signal and introduced manually into the control programme.
We lock initially using only the proportional part. Then we increase the gain
of the proportional part until we observe oscillation. This critical gain value,
Ku, and the period of oscillation, Tu, de�ne the optimum parameters according
to the standard Ziegler-Nichols rules. In this way the gain parameter of the
proportional part, Kp, and the time constants of integral and di�erential parts,
Ti and Td respectively, are set to:

P I D

Kp=0.6Ku Ti=0.5Tu Td=0.125Tu

Once the optimum locking parameters are adjusted and under the condition
that the shape and the size of the error signal do not change the re-locking can be
performed automatically by the FPGA programme. Another important feature
of the FPGA is that it allows us programming some simple signal analysis.
For example we use our FPGA to measure the linewidth of the lock while it
is locking. The methods used for the linewidth measurement and for obtaining
the error signal for locking are explained below in section 2.2.2.

2.2.2 Locking system and linewidth of the laser

The Pound-Drever-Hall technique (PDH) [7] is used to generate the error signals
for locking the laser to the doubling cavity, as-well-as for locking the doubling
and OPO cavities to the laser. For this purpose a 20MHz modulation is applied
to the laser current, resulting in phase modulation sidebands of 5%. The 20MHz
oscillator signal is distributed to all locking circuits to serve as a reference for
demodulation.

The laser and the doubling cavity are locked in frequency with respect to
each other. The re�ection signal from the doubling cavity is demodulated with
the 20MHz reference to provide the PDH error signal for both locks. A slow
analogue proportional-integral-derivative (PID) circuit then acts on the cavity
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Figure 2.9: Schematic of the error signal. Shown in black line error signal while
the absorption feature is being scanned, wD1 is the width of the error signal, m
is the error signal height peak-to-peak; shown in red line the error signal when
the system is locked to the absorption feature which the FPGA uses to calculate
the variance ∆vs.

piezo, while a fast proportional component is fed back to the current of the
laser diode. Under the assumption that the doubling cavity shows only slow
�uctuations the fast feedback reduces the linewidth of the laser, while the slow
feedback guarantees that the doubling cavity stays resonant to the laser. The
bandwidth of the fast part of this lock is up to 5MHz.

At the same time, the absolute laser frequency is stabilised by frequency-
modulation (FM) spectroscopy of a saturated-absorption signal of rubidium.
For the experiments described in this thesis, the laser was locked to the F =
2 → F ′ = 1 transition of rubidium-87. The saturated-absorption signal is
demodulated with the 20MHz reference to create the error signal. The locking
signal is fed back by a digital PID to the piezo-electric transducer of the grating
of the extended cavity diode laser. The digital PID is programmed within the
National Instruments FPGA as explained before, see section 2.2.1.

The residual �uctuations of the FM spectroscopy can be used as explained in
[54] to measure the linewidth of the laser. Knowing the slope of the error signal
it is possible to translate the variance of these �uctuations into a linewidth of
the laser. Since the locking signal is obtained by the digital PID circuit, the
FPGA was programmed to directly calculate the variance of the error signal of
the locked laser. The following formula gives the relation between the variance
∆vs of the error signal and the laser linewidth ∆w

∆w = ∆vswD1m
−1 (2.22)

where wD1 = 5.75MHz is the width of the D1 transition of rubidium as given
in [65] and m is the error signal peak-to-peak size shown in the Figure 2.9.
Note that wD1m

−1 is the slope of the error signal. The results of the linewidth
measurements indicate that the fast lock of the doubling cavity reduces the
linewidth from 1.2MHz to 400 kHz full width half maximum (FWHM).

The OPO cavity is locked using a counter-propagating (red) laser beam fed
into the cavity through the high re�ecting �at mirror. Here, the transmission
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Figure 2.10: Schematic of the error signal. Shown as black line is the error
signal when the feature is being scanned, wOPO is the width of the error signal
which we can calculate scaling it to the 40MHz distance between the sidebands,
m is the error signal height peak-to-peak; shown as red line is the error signal
when the cavity is locked to the transmission which the FPGA uses to calculate
the variance ∆vs.

signal is demodulated using the 20MHz reference signal. The resulting error
signal is fed into the digital PID controller. The feedback loop is acting on the
piezo-electric transducer which is mounted behind one of the cavity mirrors.

The above mentioned method for characterizing the laser linewidth can be
also used to measure the linewidth of the OPO cavity lock using an analogous
formula

∆wOPO = ∆vswOPOm−1 (2.23)

where the width wOPO of the slope has been calibrated using the fact that the
modulation sidebands are 20MHz from the center, as shown in the Figure 2.10.

We performed the measurement of the linewidth of the OPO lock seeding
the locking beam through the output coupler. This method gave us a high
quality error signal so that we were able to use to estimate the lower limit of
the lock linewidth to 300 kHz. However, under the conditions of the squeezing
measurements, the locking signal was too weak to extract a meaningful signal.

2.3 Squeezed light

2.3.1 Parametric gain

The amount of squeezing which can be obtained experimentally, as shown in
section 1.3, strongly depends on the available blue pump power (the parameter

µ =
√
Pβ(P thβ )−1 is power dependent), as this �eld is responsible for the para-

metric gain. The complete calculation for the parametric gain, V , is given in
appendix B.3. Here, we will give only the �nal result
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V (µ, ρ) =
Pout
P in1

=
4k1k2

k2

[
cos2ρ

|1− µ|2
+

sin2ρ

|1 + µ|2

]
. (2.24)

where ρ is the relative phase of the seed �eld with respect to the pump �eld.
Experimentally the parametric gain is determined by seeding red light in the

OPO cavity and observing the e�ect the blue pump has on the ampli�cation
of the seeded beam. As written in the equation 2.24 the gain, G(µ, ρ), is equal
to the ratio of the output, Pout, to input power, P in1 . The parametric ampli-
�cation is a phase sensitive process and as shown in equation 2.24 it depends
on the phase, ρ, between pump �eld and the seed �eld. For the experimental
characterisation it is easier to compare the output power without blue to the
output power with the blue pump �eld. This gain, G(µ, ρ), is

G(µ, ρ) =
V (µ, ρ)
V (0, ρ)

=

[
cos2ρ

|1− µ|2
+

sin2ρ

|1 + µ|2

]
. (2.25)

The maximum gain is then achieved for phase ρ = 0 with

G = (1− µ)−2
. (2.26)

The equations 2.24 and 2.25 are calculated in detail in appendix B.3.
A parameter strongly related to the parametric gain is the threshold of the

OPO. The threshold is de�ned as the pump power at which OPO starts to give
a classical output. In appendix B.2 is shown that the threshold value depends
on the losses in the cavity (T1 + T2) and the single pass e�ective nonlinearity
ENL.by

Pth =
(T1 + T2)2

4ENL
. (2.27)

The single pass e�ective nonlinearity of PPKTP is according to literature [34,
42, 68] between 1%/W and 2%/W. Due to low available power (for obtaining
100µW of blue power we would need approximately 100mW of red light which
was not available from the laser system) we did not measure the single pass
nonlinearity of our crystal. If we assume that the crystal's nonlinearity is 1%/W
and knowing the output coupler loss is T1 = 7.8% and losses in the cavity to
be T2 = 0.55% we can estimate the threshold power to 180mW. The threshold
power can also be estimated by a second method: in this thesis we measured a
maximum gain G = 3 at a pump power of Pβ = 45mW. Using the de�nition of
µ these data set the threshold to be slightly higher, around 250mW.

2.3.2 Detector

The squeezing was measured with commercially available ThorLabs (PDB150)
switchable-gain balanced detector. The quantum e�ciency of this detector at
detection wavelength of 795 nm is 88% by manufacturer speci�cations. The
low quantum e�ciency is mainly caused by the re�ection of the surface of the
protective window and the photodiode surface. We use two spherical mirrors
(R=10mm), to retro-re�ect the re�ected light onto the detector improving the
quantum e�ciency by 7%, i.e., to 95%. Quarter-wave plates are rotating the
polarization of the re�ected light preventing it in this way to return to the OPO
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cavity. The schematic of the detection set-up is shown in Figure 2.11. The
focusing of the light onto both photodiodes had to be made with only one lens
because the diodes are placed close to each other. Due to this restriction the
detection system had to be carefully designed. The care was taken so that the
size of the beam on the photodiodes was matching in size. Too small beam
would cause saturation of the a�ected area of the photodiode and too large
beam would cause additional losses.

Figure 2.11: The detector set-up. a) schematic of the system: the modes of
squeezed vacuum (SV) and local oscillator (LO) are overlapped on a polarising
beamsplitter (PBS1); the power balancing is performed by a half waveplate
(WP) and a polarising beamsplitter (PBS2) which mix horizontal (LO) and
vertical (SV) polarisation ; the light is collected onto diodes D1 and D2 of the
balanced detector; the re�ections of the diodes surfaces are retrore�ected by
the spherical mirrors R1 and R2; obtained electrical signal is recorded using a
spectrum analyzer (SA); the quarter waveplates WP1 and WP2 are stopping
the retrore�ected light from entering the locking system by turning the by 90o

degrees in double path b) picture of the detector and the retrore�ecting optics
mounted on the optical table.

The noise properties of the detector are shown in Figure 2.12. The presented
data was obtained in homodyne measurement. The input ports of the homo-
dyne set-up (Figure 2.11) are fed with local oscillator and vacuum, respectively.
Practically, this means that in one port of the beamsplitter we sent the laser
light and the other one was blocked for light. As in standard balanced homo-
dyne detection the output signal is the di�erence signal of both photodiodes,
therefore amplitude noise of the local oscillator cancels and only the noise due
to quantum noise of the light and electronic noise of the detector remains [6].
The output signal is then frequency analysed using a spectrum analyser and
measured for di�erent powers of the local oscillator in order to distiguish be-
tween the di�erent noise contributions. As written in [6] the electronic noise is
independent of the light power, while the quantum noise scales linearly with it:
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Figure 2.12: Noise power of the homodyne signal for the detection frequency of
1MHz. The red line models the noise contributions as in the equation 2.28.

frequency [MHz] electronic noise [dBm/100kHz] linear gain [1/100kHz]

1 -79.3 9.1 10−7

2 -78.5 8.7 10−7

3 -76.6 8.0 10−7

4 -76.3 6.9 10−7

5 -75.0 5.1 10−7

Table 2.2: Electronic noise and the detector gain for di�erent detection frequen-
cies measured with resolution bandwidth of 100 kHz.

p− (ν) = gel (ν) pi + pel (ν) (2.28)

where p− is the noise power (per resolution bandwidth) of the homodyne signal
at the detection frequency ν, pi is the input optical power, and gel is the linear
gain of the detector. The electronic noise (per resolution bandwidth), pel, gives
an o�set to the homodyne signal.

As shown in Figure 2.12 the equation 2.28 was �tted to the data measured
for di�erent powers of the local oscillator, resulting in the electronic noise and
linear gain of the detector. The results of the �t are shown in Table 2.2.

2.3.3 Experiment

The schematic of the experiment is shown in the Fig.2.13. As mentioned before
in the section 2.2 the laser system (Toptica TA-SHG) consists of the grating
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Figure 2.13: Experimental apparatus. Light from the diode laser is ampli�ed in
the tapered ampli�er and fed into the doubling cavity. The blue output light is
mode-matched into �bre F2 and fed into the OPO cavity. Both doubling and
OPO cavity are only resonant to the red light. The length of the local oscillator
beam path can be changed by �bre F1. The modes of squeezed vacuum and local
oscillator are then overlapped on a beamsplitter (PBS1) where power balancing
is performed by a waveplate (WP) and a beamsplitter (PBS2). Light is collected
onto diodes D1 and D2 of the balanced detector. The obtained electrical signal
is recorded using a spectrum analyzer (SA).

stabilised 795 nm diode laser which is ampli�ed by the optical tapered ampli-
�er and injected into the frequency doubler with LBO crystal as the nonlinear
medium. The laser is stabilised by frequency-modulation spectroscopy of the
saturated-absorption signal, to the F = 2→ F ′ = 1 transition of the rubidium-
87. Residual �uctuations of the FM spectroscopy signal show that the laser
linewidth is 400 kHz full width half maximum (FWHM).

The generated 397 nm light is passed through a single-mode �bre for spatial
�ltering and pumps the sub-threshold degenerate optical parametric oscillator.
The power after the spatial �ltering is 45mW which fed into OPO cavity results
in parametric gain of G=3.

Compared to other setups our OPO has a very high cavity escape e�ciency
which is obtained by appropriate choice of the output coupler and by minimi-
sation of interactivity losses. We have chosen an output coupling mirror of the
OPO with a transmission of 7.8%, while the measured interactivity losses are
0.55%. This results in an outcoupling e�ciency of ηOPO = 0.93.

For homodyne detection local oscillator light is overlapped with the squeezed
light. The local oscillator beam is derived from the diode laser and is passed
through a single-mode �bre for spatial mode �ltering. The vertically-polarized
OPO output is overlapped with 400µW of this horizontally-polarized beam on
polarizing beamsplitter (PBS1). Optimized overlap of these two beams results
in measured visibility of close to V IS = 99%. Local oscillator and squeezed
vacuum beams are mixed and balanced in power on a second polarizing beam-
splitter (PBS2) and detected (with e�ciency of ηdet = 0.95) with a ThorLabs
(PDB150) switchable-gain balanced detector. For the local oscillator power of
400µW electronic noise of the detector is 14 dB below the standard quantum
limit. For all the results presented in this thesis electronic noise was subtracted.

On the path to the detector the squeezing is fragile against losses. If the
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squeezed light passes a medium with transmission η < 1, the medium will change
the quadrature variance V = 〈: qθ, qθ :〉 of the squeezed light to

V ′ = ηV + (1− η) . (2.29)

Therefore losses of the squeezed light should be minimized. The incomplete
overlap of local oscillator and squeezed light induces losses which are equal to
ηhom = V IS2 = 0.98. A detailed description of the nature of this loss is given
in [11]. The overall losses the squeezed light su�ers after leaving the cavity are
1 − η = 1 − ηhomηppηdet = 1 − 0.86 = 0.14 or 14%, where ηpp = 0.95 are the
propagation losses (losses on re�ection o� and absorption in optical elements).

As it will be described in the following chapter 3, when �uctuations in fre-
quency are included, the degree of squeezing is expected to depend on the rel-
ative delay through two paths: From laser to PBS1 through the local oscillator
�bre, and from laser to PBS1 through ampli�er, doubler, pump �bre and OPO.
Insensitivity to these �uctuations is expected to occur at a �white light� condi-
tion of equal delays. We observe the highest level of squeezing of 2.5 dB at the
demodulation frequency of 2MHz which is shown upper part of Figure 2.14 .
The squeezing trace shown in Figure 2.14 down is presented here out of pure
sentimental reasons. It is the �rst squeezing trace measured with this OPO and
it is very probable to be the �rst squeezing trace ever taken with a diode pump
laser.

All traces are taken with a spectrum analyser. Basically the working princi-
ple of the spectrum analyser can be understood as follows. The incoming signal,
here the balanced homodyne signal is demodulated at one frequency and �ltered
by a low-pass �lter whose cut-o� frequency is set by the resolution bandwidth.
Resulting signal is sent into an envelope detector. A second �ltering averages
over the output signal of the envelope detector. The averaging time of the
second �lter is set by 1/video bandwidth.
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Figure 2.14: Squeezed vacuum generation. Upper �gure: (a) squeezing trace
when scanning the phase of the local oscillator (b) shot-noise level. Electronic
noise is subtracted. Spectrum analyzer at zero span, resolution bandwidth =
30 kHz, video bandwidth = 30Hz. Lower �gure: the �rst squeezing trace ever
taken from our OPO, G=2.5, resolution bandwidth = 300 kHz, video bandwidth
= 300Hz, frequency 3MHz .



CHAPTER 2. PRODUCTION OF SQUEEZED LIGHT 47



Chapter 3

Compensation of the

diode-laser noise

In this chapter we describe a technique to eliminate the e�ects of laser phase
noise on quadrature squeezing. First, in section 3.1 we summarize sources and
e�ects of phase noise in diode lasers. Second, in section 3.2, we derive the
observable squeezing produced by the parametric oscillator including the e�ects
of quasi-static frequency �uctuations, and in section 3.4 we show that these can
be eliminated by proper choice of local oscillator delay. The sources of delay are
explained in detail in section 3.3. We then show in section 3.5 the measurement
results: the observed squeezing as a function of delay. With the proper delay,
the observed squeezing reaches the level expected from measured characteristics
of the OPO and detection system, indicating that the e�ects of phase noise have
been e�ectively canceled. The technique could also be applied to cancel phase
noise in systems not based on diode lasers.

3.1 Diode laser phase noise

Compared to other laser systems, diode lasers are easy to operate, compact,
and inexpensive. They allow for tunable operation in a variety of wavelength
ranges, so that many important atomic transitions can be addressed. For these
reasons, diode-laser-based squeezing would signi�cantly extend the range of pos-
sible squeezing experiments. However, it has long been argued that the excess
phase noise of the diode laser [76], which results in a relatively large linewidth,
would be an obstacle for production of phase-sensitive quantum states such as
quadrature squeezing.

The �rst noise characterisation of diode lasers showed the existence of the
phase noise in both free running [52] and grating stabilized [35] diode lasers and
it's obvious in�uence on the light linewidth [48].

The quantum limit for the laser linewidth was calculated by Schawlow and
Townes [57]. The outcome is a Lorentzian spectrum with the linewidth given
by the Schawlow-Townes formula

∆νlaser =
2πhν0

(
∆ν1/2

)2
kei

P
(3.1)

48
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where hν0 is the photon energy, kei = Ne (Ne −Ni)−1
is the parameter describ-

ing the population inversion between excited state e and lower state i, ∆ν1/2 is
the full width at half maximum of the passive laser resonator and P is the out-
put power of the laser. Detailed diode laser noise characterisation [20] showed
the linewidth to be Lorentzian shaped but 50 times larger than expected. This
broadening was explained by Henry [28] as the consequence of the change of
the cavity resonance frequency with gain. Henry introduced the linewidth en-
hancement factor α to quantify this mechanism. Here, α is a proportionality
factor relating phase changes to changes of the amplitude gain. Consequently,
the linewidth should be increased by a factor of 1 + α2, which turned out to be
in reasonable agreement with the experimental data.

The broad linewidth can be overcome by making the diode cavity longer (ex-
ternal cavity), thus reducing the linewidth of the passive cavity and the in�uence
of spontaneous emission. This is realized in practice by antire�ection coating of
the laser output facet and adding a mirror or a di�raction grating as the new
output coupler of the extended cavity. This increases the diode laser stabil-
ity and in case of a di�racion grating adds the ability of tuning the frequency
while enforcing single mode operation. In such systems the laser linewidth is
now mainly limited by technical imperfections like mechanical vibration of the
cavity length.

The spectral properties of external cavity diode lasers were investigated in
[37]. There is was shown that the main contribution to the noise comes from
the low frequency part of the spectrum. This suggests that the laser output
can be treated as quasi-stationary, with the laser frequency drifting slowly (on
the time-scale of propagation and cavity relaxation) within the laser linewidth.
In [29] the author uses Langevin rate equations of the light �eld to model the
semiconductor laser. The laser is disturbed by �uctuating Langevin forces which
change the laser phase. The form of the Langevin force he uses is a Gaussian
noise representing the drift of the diode laser external cavity and the sponta-
neous emission. The equations are solved under assumption of a Markovian
system which means that the forces do not depend on their history. The wan-
dering of the phase of the diode laser light represents a phase di�usion of the
laser [41] as treated theoretically in [40]. From such calculation the linewidth
of the diode laser is expected to be Gaussian shaped [54]. The Gaussian shape
result is sustained by the central limit theorem, which states that large number
of independent random statistical processes acting on a system results in a nor-
mal or Gaussian distribution of the system parameters. Intuitively, the origin
of the Gaussian lineshape is a result of a narrow Lorentzian line which due to
the vibration of the external cavity is statistically wandering around a central
frequency.

3.2 Quasi stationary squeezing theory

In this section the e�ect of phase noise on the squeezing spectrum will be treated
theoretically by adapting the approach of Collet and Gardiner presented pre-
viously in section 1.3. The phase �uctuations in the diode laser system result
in random frequency �uctuations of the output light. We assume that the fre-
quency drift of the diode laser is slow on the time scale of the decay of light
inside the OPO cavity. This is justi�ed as the linewidth of the OPO cavity with
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8MHz is much wider than the linewidth of the laser with 400 kHz.
Here we will calculate the e�ect these frequency �uctuations have on the

squeezing. Our calculation modi�es reference [16] by including a relative detun-
ing ∆ω between pump laser and OPO cavity caused by the random frequency
drifts. The pump light �eld is still monochromatic only shifted by ∆ω from the
cavity's central frequency.

As in section 1.3, we start from the quantum Langevin equation of the OPO
cavity (equation 1.9)

ȧ = − i
~

[a,Hsys]− (k1 + k2) a+
√

2k1av1 +
√

2k2av2 (3.2)

where as in section 1.3 a and a† denote the annihilation and creation operators
of the cavity mode with frequency ω0, k1 and k2 denote the loss rates through
the output coupler and due to intracavity losses, and av1 and av2 denote the
annihilation operators of the (vacuum) �eld entering the cavity due to output
coupler and intracavity losses. The Hamiltonian operator of the system as given
in equation 1.12 is

Hsys = ~ω0a
†a+

i~
2

(εe−iωpt(a†)2 − ε∗eiωpta2). (3.3)

After inserting the Hamiltonian into the equation 3.2 we apply the transfor-
mation to rotating reference frame a = ãe−iω0t shifting the zero of the energy
scale to the value of ~ω0. Now, we assume that the detuning between the cavity
resonance and the pump mode is

2∆ω ≡ ωp − 2ω0 (3.4)

We then reach the following equation

˙̃a = εe−i2∆ωtã† − (k1 + k2) ã+
√

2k1ãv1 +
√

2k2ãv2. (3.5)

As in section 1.3 we apply the Fourier transform (2π)−
1
2
´
dteiωta (t) = a (ω) on

both sides of the equation 3.5, obtaining

−iωã (ω) = εã† (−ω + 2∆ω)− (k1 + k2) ã (ω)
+
√

2k1ãv1 (ω) +
√

2k2ãv2 (ω) . (3.6)

In order to make the equations more symmetrical we shift the frequency
ω → ω + ∆ω by which equation 3.6 gets the form

−i (ω + ∆ω) ã (ω + ∆ω) = εã† (−ω + ∆ω)− (k1 + k2) ã (ω + ∆ω)
+
√

2k1ãv1 (ω + ∆ω) +
√

2k2ãv2 (ω + ∆ω) .
(3.7)

As shown in section 1.3 the equation 3.7 together with its Hermitian conjugate
can be solved for the �eld inside the cavity, ã (ω + ∆ω) (shown in more detail
in the appendix C.1). Using the input-output relation√

2k1ã (ω) = ãv1 (ω) + ãout (ω) (3.8)

we reach the Bogoliubov transformation from input to output �elds
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ãout (ω + ∆ω) = g1ãv1 (ω + ∆ω) + g2ã
†
v1 (−ω + ∆ω)

+ g3ãv2 (ω + ∆ω)

+ g4ã
†
v2 (−ω + ∆ω) (3.9)

where

g1 =
[
η2 − (1− η − iΩ)2 + ∆Ω (2ηi−∆Ω) + |µ|2

]
B−1

1 (3.10)

g2 = 2ηµB−1
1 (3.11)

g3 = 2
√
η (1− η) (i (−Ω + ∆Ω) + 1)B−1

1 (3.12)

g4 = 2µ
√
η (1− η)B−1

1 (3.13)

B1 = (1− iΩ)2 + ∆Ω2 − |µ|2 . (3.14)

Here ∆Ω, Ω, η and µ are the parameters scaled to the cavity linewidth
δν = k1 + k2 as previosly shown in chapter 1. Details of this calculation are
shown in appendix C.1.

We note that the operators for the output �eld, ãout (ω + ∆ω) as in equation
3.9, ful�ll the standard commutation relations for bosonic operators.

The squeezing spectrum S(Ω) can be deduced from equation (3.9) using the
de�nition of the quadrature operator

qθ =
1√
2

(ãout (ω + ∆ω) e−iθ + ã†out (ω + ∆ω) eiθ) (3.15)

S(Ω) = 1 + 2ηdet 〈: qθ, qθ :〉

= 1 +
8ηdetη |µ|2

|B1|2

[
1 +

(
1−∆Ω2 + Ω2 + |µ|2

)
2|µ|

cos (2θ − φ)

+
∆Ω
|µ|

sin (2θ − φ)
]
. (3.16)

Formula 3.16 in the limit of no detuning from the cavity resonance (∆Ω = 0) is
equal to the formula 1.43 derived in the section 1.3.

Figure 3.1 shows the squeezing function S(Ω) versus relative phase between
squeezed light and the local oscillator (2θ − φ) for the di�erent values of the
detuning (∆Ω). Depending on the detuning the minimum of the function S(Ω)
(maximum squeezing) will vary in depth. In addition, the minimum corre-
sponds, depending on ∆Ω, to di�erent values of the relative phase 2θ−φ. If the
frequency drift can not be suppressed by means of frequency stabilisation, the
drift of the relative phase between the squeezed light and the local oscillator will
cause a reduction in the detected amount of squeezing. This can be understood
in the following way: The homodyne technique measures the level of noise for
the relative phase between local oscillator and squeezed light. If now the rel-
ative phase between local oscillator and squeezed mode drifts it will �average�
the squeezing level over the angle of the relative phase drift. This situation is
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Figure 3.1: Level of noise (squeezing) versus relative phase between squeezed
light and the local oscillator for di�erent values of detuning from the cavity
resonance scaled to the cavity linewidth (∆Ω). The black curve shows the
squeezing at the cavity resonance (∆Ω = 0). The red and the blue curves show
the e�ect of detuning on squeezing. The red curves represent the detuning of
∆Ω = ±0.5 (left for minus and right for plus). The blue curves represent the
detuning of ∆Ω = ±1 (also left for minus and right for plus)

schematically depicted in the �gure 3.2. In the �gure 3.2 we have chosen on
purpose the noisier quadrature due to fact that the process is more obvious
on this quadrature. In the following section we will show how to compensate
for this averaging e�ect by making the local oscillator and the squeezed light
correlated in phase.

3.3 Delay

As explained previosly in section 3.1 an important characteristics of the diode
laser is it's excess phase noise. It shows up predominantly at low frequency and
can be understood as a random phase drift. Another way to see this phase drift
is as a random laser frequency drift around the central carrier. In the previous
section we have shown which e�ect such detuning from the central line (the
resonance of the OPO cavity) has on the quadrature squeezing. In the following
we explain our technique to eliminate these negative e�ects. It employs cavity
stabilisation of the laser frequency (alredy explained in detail in section 2.2.2),
in combination with a carefully chosen delay of the local oscillator beam.

Complete elimination of the diode laser's frequency drift is a challenging
task. Nevertheless, one can overcome this problem by making the experiment
insensitive to the frequency drift. In practice this is made by balancing the
pathes of the local oscillator and the squeezed beam, thus preserving the corre-
lation of the frequency/phase drifts at the homodyne detection. In the following
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Figure 3.2: The �averaging� of the squeezing level over the angle of the relative
phase drift. Here 2θ is the angle of the local oscillator and δφ represents the
angle of the relative phase drift.

we �rst discuss the delay of the light signal for the di�erent components in the
squeezing beam path. We will then introduce the same delay into local oscillator
path to achieve the required path balance.

First, we introduce τD the group delay between the local oscillator and the
pump light at the OPO cavity. The delay of the OPO cavity will be discussed
later. As both local oscillator and OPO pump are derived from the same laser,
we can identify τD = 0 as a �white-light� condition in a Mach-Zehnder-topology
interferometer. In this �white light� con�guration the e�ect of the frequency
drift is expected to be minimum. The light in the squeezing path passes the
tapered ampli�er, doubling cavity, mode matching �bre, lengths of free-space
propagation (and the OPO cavity) as shown in the �gure 2.13.

The delay of light for the free space propagation is

τfreeprop =
s

c
(3.17)

where s is the path length of the free propagation and c is the speed of light.
The tapered ampli�er is contributing with the path length through it. The delay
introduced by the doubling cavity is the cavity group delay at line center (for a
general formula for arbitrary detuning see appendix C.2)

τdoub.cav =
1

π · δν
. (3.18)

The measured doubling cavity linewidth is δν = 14MHz which results in the
delay of 2.27× 10−9 s. The mode cleaning �bre for the blue pump of the OPO
will introduce the group delay

τbluegroup =
lbf
(
nb − λdnb

dλ

)
c

(3.19)

where lbf is the length of the blue �bre and nb = 1.45 is the index of refraction
of the �bre. Since the refractive index does not change signi�cantly this delay
can be approximated with the phase delay
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τbluef =
lbfnb
c

(3.20)

The light in the local oscillator path passes lengths of free-space propagation
and a mode-cleaning �bre. The overall delay of the local oscillator is

τlo =
slo + llon

c
(3.21)

where slo and llo are the free space and �bre propagation in the local oscillator
path, respectively. The local oscillator light experiences the index of refraction
n = 1.5 in the �bre. The length of local oscillator mode cleaning �bre can be
changed in order to achieve the white light balance of the paths or if necessary
additional delay. The delay τD is

τD = τlo − (τfreeprop + τdoub.cav + τbluef ) (3.22)

and it is equal to zero in white light con�guration. This con�guration is achieved
when the total delay in the local oscillator path, as calculated from measure-
ments of �bre and free-space lengths, is equal to the combined delays in the
ampli�er, doubling cavity, �bre and free space. A positive value of τD indicates
that local oscillator �eld is delayed with respect to the pump �eld. We do not
include the OPO cavity delay because this depends on demodulation frequency
Ω which will be explained later.

3.4 White light

First, we need to analyse the phase shift introduced by a delay line. Start-
ing from the Fourier transform as discussed in the appendix A.1 the temporal
dependency of the output �eld can be expressed as

ãout (ω) =
1√
2π

ˆ
dteiωtãout (t) (3.23)

ãout (t) =
1√
2π

ˆ
dωe−iωtãout (ω) . (3.24)

For a delay line without dispersion or absorption the output �eld will only
experience a phase shift with respect to the input �eld of the form

ãout(ω) = f (ω) ãin (ω) (3.25)

where the phase shift is linearly dependent on the angular frequency ω, i.e.
f (ω) = eimω.Replacing this linear dependency into equation 3.24 we obtain the
following temporal evolution from input to output �eld

ãout (t) =
1√
2π

ˆ
dωe−iωteimωãin (ω)

=
1√
2π

ˆ
dωe−iω(t−m)ãin (ω)

= ãin (t−m) . (3.26)
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Figure 3.3: Schematic of the advance and the delay of the �eld

This means that a positive slope of the phase shift, m > 0, introduces a delayed
output �eld with respect to the input �eld, see also �gure 3.3. In contrary, a
negative slope, m < 0, would lead to an advanced output signal. To conclude, in
our notation a delay line of delay τ introduces a positive phase shift vs. frequency
of the form f (ω) = e+iτω.

The delay of the local oscillator will therefore induce a positive shift of the
phase of the form

θ = θ0 + ∆ωτlo. (3.27)

Similarly, the pump beam will experience a phase shift

φ = φ0 + 2∆ω(τfreeprop + τdoub.cav + τbluef ). (3.28)

Therefore, the total phase as it appears in equation 3.16 takes the form

2θ − φ = ∆φ+ 2∆ωτD (3.29)

where ∆φ = 2θ0 − φ denotes the relative phase between the phase of the local
oscillator in the white light con�guration and of the pump laser of the OPO,
µ = |µ|eiφ.

The squeezing spectrum S(Ω) is

S(Ω) = 1 + 2ηdet 〈: qθ, qθ :〉

= 1 +
8ηdetη |µ|2

|B1|2

[
1 +

(
1−∆Ω2 + Ω2 + |µ|2

)
2|µ|

cos (∆φ+ 2∆ωτD)

+
∆Ω
|µ|

sin (∆φ+ 2∆ωτD)
]
. (3.30)

Best squeezing is obtained for the phase that gives

tan(∆φ+ 2∆ωτD) =
2∆Ω

1−∆Ω2 + Ω2 + |µ|2
(3.31)
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Figure 3.4: Squeezing vs.delay for three di�erent detection frequencies 1MHz,
2MHz, and 3MHz depicted black (solid), red (dashed), and blue (dot-dashed),
respectively; a) models the laser spectrum as Gaussian of linewidth 700 kHz full
width half maximum (FWHM), b) models the laser spectrum as Lorentzian of
linewidth 300 kHz (FWHM).

which due to the cavity dispersion depends on the detuning of the pump laser
∆Ω. The right side of the equation represents the delay in the OPO cavity
which was not included in the previously discussed delays. In �rst order of the
detuning the squeezing phase is

∆φ+ 2∆ωτD = π +
2

1 + Ω2 + |µ|2
∆Ω. (3.32)

This dispersion can be compensated by delaying the local oscillator before
the homodyne detection. A delay line of length l and refractive index n of the
�bre will introduce the phase shift

2∆ωτD = 2(k1 + k2)
ln

c
∆Ω. (3.33)

Thus for the additional delay length of the local oscillator

l =
c

n(k1 + k2)(1 + Ω2 + |µ|2)
(3.34)

the homodyne detection will be performed, to �rst order, at the correct squeez-
ing phase ∆φ = π even for detuned pump. The dispersion in the OPO cavity
and therefore also the compensation length depends on the detection frequency
Ω. For higher detection frequency a shorter compensation delay is necessary.
Note that the delay presented here is not equivalent to the classical delay as
shown in appendix C.2 although they both depend on the detuning. The main
di�erence is that the delay within the OPO cavity depends on the gain and the
demodulation frequency.
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Figure 3.5: Squeezing versus phase for three di�erent delay lengths l=
{0,30,60}m, solid, dashed, dot-dashed line, respectively. The parameters used
to plot these curves are equal to the experimental parameters given in section
2.3.3. The demodulation frequency used is 1MHz.

The calculation above was conducted under the assumption of monochro-
matic light. Nevertheless, in a real system the detuning is not a constant, but
the frequency drifts within a certain range. We here assume that slow frequency
drift has a power spectral density of ρ(∆Ω)d∆Ω. The measurable squeezing sig-
nal is obtained by averaging the homodyne power spectrum S(Ω) over ∆Ω. The
averaged squeezing spectrum is then given by

S̄(Ω) =
ˆ +∞

−∞
S(Ω)ρ(∆Ω) d∆Ω. (3.35)

We note that the homodyne power spectrumS(Ω) is a function also of ∆Ω, l and
many other parameters. The S̄(Ω) dependency on the delay length l is plotted
in Fig.3.4 for a Gaussian and a Lorentzian linewidth ρ(∆Ω).

On the �gure 3.4 we see the shift of optimum squeezing to positive delay
due to the delay introduced by OPO, as given in equation 3.34. As discussed
above the shift depends on the demodulation frequency. As the frequency drift
spectral density is a symmetrical function the optimum squeezing is observed
for ∆φ = π as plotted in �gure 3.5.

3.5 Experiment

Here we present the experimental investigation of the theory presented in the
previous sections. The set-up is explained in section 2.3.3. The mode cleaning
�bre F1 depicted in the �gure 2.13 was used to vary the path-length of the local
oscillator �eld.

We have performed a series of measurement where this delay was introduced
in the path of the local oscillator with intention to: (i) measure the level of
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squeezing in white light con�guration (results presented in the section 2.3.3) (ii)
see the e�ect of the change of delay on the level of squeezing. The results are
presented in the �gure 3.6. The experimental paremeters: gain, losses etc. are
the same as presented in the section 2.3.3.

We measured the quadrature variance for every four meters added in the local
oscillator path starting from the proximity of the balanced (white light) con�gu-
ration. Final �bre length was 60m longer than the balanced con�guration. Due
to the limited pump power and large �bre losses for the blue light measurements
at negative delay were not feasible. For every 4m of delay we placed in the local
oscillator path we performed several measurements of the quadrature variance
(squeezing). Then we averaged the obtained level of squeezing over several
taken traces. The average values and their standard deviation (vertical error
bars) for every length are plotted in the �gure 3.6. The �gure shows the mea-
sured squeezing vs. delay for three di�erent demodulation frequencies 1MHz,
2MHz and 3MHz (Fig. 3.6). The experimental results show minima at positive
delay as predicted by theory. Equation 3.34 predicts l = {7.3, 6.0, 4.7}m shift
for demodulation frequencies {1, 2, 3}MHz, respectively.

The theoretical curves in �gure 3.6 are obtained using all experimental pa-
rameters as stated above, but varying the width of ρ(∆Ω) as the only free
parameter. Of two di�erent pro�les treated in the theory the comparison with
the Gaussian re�ects the shape of the experimental curve more closely than the
Lorentzian pro�le. We see good agreement, especially at 3MHz demodulation
frequency, for a Gaussian spectrum of 700 kHz (FWHM). The better of agree-
ment of the Gaussian shaped pro�le was to be expected by the central limit
theorem, see section 3.1. We note that physically ∆Ω is the mismatch between
half the pump frequency and the OPO cavity frequency scaled to the cavity
linewidth, and thus both laser frequency �uctuations and OPO cavity �uctua-
tions will contribute to ρ(∆Ω). Using the in-loop signal from the laser lock to
a saturated-absorption reference, we �nd a 400 kHz laser linewidth (shown in
detail in section 2.2.2). A similar measurement of the distribution of ω0−ωlaser
can be made using the OPO cavity locking signal. Under the conditions of the
squeezing measurements, however, the locking signal was too weak to extract a
meaningful signal, largely because we cannot inject through the output mirror
as in the PDH technique. We can place a lower limit of 300 kHz on the width
of ρ(∆Ω) based on PDH locking of the same cavity, and the 700 kHz estimate
for the width of ρ(∆Ω) appears reasonable.

On the other hand, the level of squeezing we observe in the 1MHz and 2MHz
measurements is smaller than predicted by theory. This might be caused by the
light back re�ected form the end faces of the nonlinear crystal contaminating
the squeezed light. If we assume that this noise is independent of the relative
delay, it can be modeled by a constant o�set to our theoretical squeezing curves.
With an o�set of (+0.07,+0.03) relative to the standard quantum limit for (1,
2) MHz, respectively, the theory for a Gaussian laser spectrum of 700 kHz �ts
well in shape and amplitude to our measured data as shown in �g. 3.6.
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Figure 3.6: Squeezing dependent on the path mismatch measured for three dif-
ferent detection (demodulation) frequencies: a) 1MHz, b) 2MHz c) 3MHz. The
points show the experimental data, the solid lines the predicted level of squeez-
ing for the parameters measured in the experiments using a Gaussian pro�le
of 700 kHz linewidth (FWHM), the dashed lines show the theoretical level of
squeezing for the same parameters as the solid line with additional technical
noise independent of the relative delay. The error bars represent standard de-
viation over series of identical measurements.



Chapter 4

Conclusions

We have shown in this thesis a technique for generation of quadrature (and
polarisation) squeezing using a sub-threshold OPO and a frequency-doubled
diode laser as a pump. The pump system consists of external cavity diode laser
whose output is ampli�ed in an semiconductor tapered ampli�er and fed into
doubling cavity with LBO as nonlinear medium. The frequency-doubled light
pumps the OPO cavity which is 60cm long, in bow-tie geometry, and with PP-
KTP as nonlinear medium. The generated squeezed light was resonant to the
Rubidium D1 transition as the primary diode laser was locked to the saturated
absorption line of the atomic resonance. The locking of the laser to the atomic
transition of rubidium as well as the locking of the doubling and the OPO cavity
were performed by the Pound-Drever-Hall technique. The control of the locking
feedback was performed by a PID (Proportional Integrative Derivative) circuit
synthesised onto an FPGA (Field Programmable Gate Array) board. The out-
put of the OPO is analysed by homodyne detection with the primary diode laser
as the local oscillator. The detection e�ciency was improved by retrore�ection
of the lost light back onto the diode. The maximum squeezing achieved in the
experiment was 2.5dB below shot-noise level. This result is consistent with the
measured losses in the cavity, parametric gain and overall detection e�ciency.
Moreover, we have analysed the e�ect of the diode lasers phase noise onto the
squeezing generated by such a system. For a phase noise a�ected system we
expected that the squeezing level would depend on the relative delay between
squeezing and local oscillator path. This e�ect was experimentally con�rmed as
optimum squeezing was observed for white light con�guration.

For the theoretical description of this e�ect we adapted the monochromatic
treatment of Collet and Gardiner as given in [16] taking into account the phase
noise of the diode laser. Such noise mainly leads to low frequency contribu-
tions in the spectrum. Under this assumption we were able to treat the diode
laser output as quasi-stationary, with the laser frequency drifting slowly (on the
time-scale of propagation and cavity relaxation) within the laser linewidth. Our
theoretical description accounts for any relative frequency deviation of pump
laser vs. OPO cavity, thus it includes the random frequency �uctuations of the
pump laser but also of the stabilized OPO cavity. The theory predicts that
the phase sensitive ampli�cation of vacuum in the OPO cavity shows a disper-
sive behaviour where the dispersion depends on the detection frequency of the
squeezing. The resulting group delay is equivalent to between 4.7m (3MHz) and
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7.3m (1MHz) of �bre delay line. The experimental results con�rmed this theo-
retical prediction and thus demonstrated that the vacuum mode of the OPO is
indeed taking part in the delay line. The dependence of the squeezing level on
the delay was also predicted by this theory. Experiment and theory were con-
sistent for a relative linewidth of pump laser vs. OPO cavity of approximately
700kHz for a Gaussian spectrum.

In short, we have both theoretically and experimentally investigated and op-
timized the squeezing properties by using a delayed local oscillator. Using appro-
priate delay of the local oscillator it is possible to make the quadrature squeezing
immune to the random frequency drifts which makes diode laser squeezing pos-
sible and a useful resource for future quantum memory experiments.

Outlook

Squeezing with diode sources brings many applications into reach which would
not be possible with complicated solid state or dye lasers. Compared to these,
diode lasers have many advantages: They are robust, much cheaper and simpler
to operate, are available for many frequencies from UV to IR, and often allow
tunable operation over a large wavelength range. Many atomic transitions can
be addressed by diode lasers. Now all these advantages are directly available
for new squeezing devices. Their broad spectral coverage will make diode laser
squeezing a useful resource for future quantum memory experiments on new
atomic species. Moreover, compact, robust and cheaper squeezing devices could
be used as a versatile tool for precise measurements. Size and robustness could
pave the way for applications in space, e.g. for high-sensitivity gravitational wave
detection. It seems even possible to combine all the building blocks on a chip
which would allow for miniaturised squeezing devices.



Appendix A

Quantum theory of the OPO

This appendix gives the details necessary for the calculation of the squeezing
spectrum. We give in section A.1 the de�nition of the Fourier transform as it
is used throughout the thesis. Later in section A.2 we give the mathematical
de�nition of the covariance (variance) and show that in case of coherent state
only antinormlly ordered variances are not equal to zero.

A.1 Fourier transform

The Fourier transform of the time dependent annihilation operator a(t) is

F [a (t)] = a (ω) . (A.1)

It can be calculated in the following way

1√
2π

ˆ
dteiωta (t) = a (ω)←→ a (t) =

1√
2π

ˆ
dte−iωta (ω) . (A.2)

From this relation we can deduce a relation for the hermitian conjugates of the
annihilation operator in time and frequency space. We can form the hermitian
conjugate of the previous equation and obtain

[a (t)]† =
1√
2π

[ˆ
dωe−iωta (ω)

]†
(A.3)

or

[a (t)]† =
1√
2π

ˆ
dωeiωta† (ω) . (A.4)

The inverse equation is then

[a (ω)]† =
1√
2π

ˆ
dte−iωta† (t) (A.5)

which results in
F
[
a† (t)

]
= a† (−ω) . (A.6)

Note that the Fourier transform of the time dependent creation operator is the
creation operation in frequency space but with negative frequency.
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A.2 Covariance and normal ordering

The de�nition of the covariance for two operators A and B is:

〈A,B〉 = 〈AB〉 − 〈A〉 〈B〉 . (A.7)

The covariance has the properties

〈A,B〉 = 〈[A,B]〉+ 〈B,A〉 . (A.8)

and 〈
A†, B†

〉
=

〈
A†B†

〉
−
〈
A†
〉 〈
B†
〉

=
〈
(BA)†

〉
− 〈A〉∗ 〈B〉∗

= 〈A,B〉∗ . (A.9)

In the following we want to calculate the covariance for the coherence/vacuum
state as it is needed in chapter 1 for the calculation of the squeezing spectrum.
Here a(ω) and a†(ω) are annihilation and creation operators of the input �eld
of the OPO cavity at frequency ω which ful�ll the relation

[
a(ω), a†(ω′)

]
=

δ(ω − ω′) and|α〉 is a coherent state, the eigenstate of the annihilation opera-
tor a(ω) with eigenvalue α(ω). We will now calculate the covariances for the
coherent/vacuum state. For the annihilation operators we get

〈a (ω) , a (ω′)〉 = 〈α |a (ω) a (ω′)|α〉 − 〈α |a (ω)|α〉 〈α |a (ω′)|α〉
= α(ω)α (ω′)− α (ω)α (ω′)
= 0. (A.10)

Similarly, the normally ordered covariance of creation and annihilation operators
is 〈

a† (ω) , a (ω′)
〉

=
〈
α
∣∣a† (ω) a (ω′)

∣∣α〉− 〈α ∣∣a† (ω)
∣∣α〉 〈α |a (ω′)|α〉

= α∗ (ω)α (ω′)− α∗ (ω)α (ω′)
= 0. (A.11)

Using equations A.9 and A.10 we derive for the covariance of creation operators〈
a† (ω) , a† (ω′)

〉
= 〈a (ω) , a (ω′)〉∗ = 0. (A.12)

For the antinormally ordered covariance of annihilation and creation operators
we calculate by using equations A.8 and A.11〈

a (ω) , a† (ω′)
〉

=
〈[
a (ω) , a† (ω′)

]〉
+
〈
a† (ω) , a (ω′)

〉
= δ (ω − ω′) + 0
= δ (ω − ω′) . (A.13)

Note that the antinormally ordered covariance as in equation A.13 is the only
one which has a non-zero value.



Appendix B

Production of squeezed light

Although we are in the context of this thesis focusing onto the quantum prop-
erties of the OPO there are some classical features which must not be placed
aside. Firstly, in section B.1 we show how to get from Langevin equation to the
expression used to determine the passive losses of the cavity. Then we perform
the classical analysis of the OPO with the goal to determine the value of the
threshold (section B.2). Finally in section B.3 we give the classical description
of the parametric gain.

B.1 Losses in the cavity

The expression for the losses in the optical cavity can be found using the equa-
tion 1.9. Following the calculation shown in 1.3 up to the equation 1.15 we take
now the pump power to be zero. In the absence of the the pump there will be
no parametric oscillation. This situation is equal to seeding nothing more than
the coherent �eld resonant to the cavity. Applying the boundary condition 1.18
one reaches

ãout (ω) = 2k1ãin (ω) (k1 + k2 − iω)−1 − ãin (ω) =
= (k1 − k2 + iω) (k1 + k2 − iω)−1

ãin (ω)
(B.1)

ãout (ω)
ãin (ω)

= (k1 − k2 + iω) (k1 + k2 − iω)−1
(B.2)

R = Re

(
ãout (ω)
ãin (ω)

)
=
√
Pout
Pin

(B.3)

R =
T1 − T2

T1 + T2
(B.4)

T2 = T1 ·
1−R
1 +R

. (B.5)
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B.2 Threshold value

The Hamiltonian 1.12 given in chapter 1 consists of two terms: the �rst term
describes the energy of photons inside the cavity and the second term models
the non-linear interaction induced by the pump �eld. In order to derive the
threshold of the OPO, we will write the second (nonlinear interaction) term in
the following form

Hni = i~g
(
β
(
a†
)2 − β†a2

)
(B.6)

where we separate the previously used nonlinear coupling ε into the product of
the pump �eld amplitude β and a coupling constant g. Since this calculation
deals with a classical process we can use the Langevin equation of the OPO
cavity in its classical form (here already writte in rotating reference frame)

α̇ = − (k1 + k2)α+ gβα∗ +
√

2k1α
in
1 +

√
2k2α

in
2 (B.7)

where αand α∗are cavity �eld amplitude and its complex-conjugate, β and β∗

pump �eld amplitude driving the nonlinear interaction and its complex conju-
gate, αin1 and αin2 are the amplitudes of the �eld entering the cavity, and k1 and
k2 denote the loss rates. One can write a similar equation for the pump �eld
under the assumption that it is also resonant to one cavity mode.

β̇ = −k3β −
1
2
gα2 +

√
2k3β

in (B.8)

where k3 is the loss rate of the blue pump �eld from the cavity.
For the threshold calculation αin1 =αin2 , are set to zero. Integrating the equa-

tion B.7 over one round trip in the cavity we obtain[
α (l)− α (0)
α∗ (l)− α∗ (0)

]
= −

[
k̄ −ḡβ
−ḡβ∗ k̄

] [
α (0)
α∗ (0)

]
(B.9)

where k̄ = k∆−1is the scaled loss rate and ḡ = g∆−1 is the scaled coupling
constant with the total loss rate being k = k1 + k2 and the free spectral range
being ∆ = cl−1. In addition, we assume that the cavity has a high �nesse
F = πk̄−1 � 1.

Above the threshold the system is in a steady state so that the �eld ampli-
tude, α, does not change after a round trip in the cavity. Therefore, the left
side of the equation B.9 is equal to zero,

0 =
[

k̄ −ḡβ
−ḡβ∗ k̄

] [
α (0)
α∗ (0)

]
. (B.10)

For a nontrivial solution the parameters of the equation must full�l the equation

|βth|2 ≡ |β|2 = k̄2ḡ−2. (B.11)

This relation de�nes the pump power necessary for reaching the threshold. It is
proportional to the ratio of loss rate to nonlinear coupling coe�cient. The loss
rate k is related to the cavity parameters through the following equation

2k = cl−1 (T1 + T2) = ∆ (T1 + T2) . (B.12)
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The scaled nonlinear coupling coe�cient can be also related to a measurable
cavity parameter � the single pass nonlinearity ENL. The single pass nonlin-
earity is de�ned as ENL = PβP

−2
α , i.e. the blue power, Pβ , generated from the

crystal when only red light with power, Pα, is entering the cavity. The relation
can be derived from equation B.8. To model a single pass setup we set βin = 0
and k3 = 0 yielding

β̇ = −1
2
gα2. (B.13)

Formaly integrating the equation B.13 for a single pass through the crystal one
gets cl−1

c (β (lc)− β (0)) = − 1
2gα

2 or

β (lc)α−2 = −ḡ/2. (B.14)

The power values can be calculated from the �elds (here for α) by

Pα = ∆~ωβ |α|2 . (B.15)

By using the equation B.15 one can write

ENL =
Pβ
P 2
α

=
ḡ2

∆~ωβ
. (B.16)

From this the threshold power can be calculated using the equation B.11

P thβ = ∆~ωβ |βth|2 = ∆~ωβ
k

2

g2 . (B.17)

And �nally combining the equations B.16, B.17 and B.12 one gets

P thβ =
k

2

ENL
=

∆2 (T1 + T2)2

4∆2ENL
=

(T1 + T2)2

4ENL
. (B.18)

B.3 Parametric gain

In chapter 1 we have described theoretically the ampli�cation and deampli�-
cation of the vacuum �uctuations in an OPO. Here we will show the classical
theory of the parametric ampli�cation. Since parametric ampli�cation is in prin-
cipal a classical process the calculation can start from equation B.7 for steady
state while leaving one input �eld being non zero.

0 = −kα+ gβα∗ +
√

2k2α
in
1 . (B.19)

The parameter µ represents the the ratio of the pump �eld used in the experi-
ment and the pump �eld necessary for reaching the threshold

µ =

√
Pβ
P thβ

. (B.20)

Combining the equations B.20 and B.11 we obtain kµ = βg. Using this we
can write the equation B.19 and its complex-conjugate in the following way
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k

[
1 −µ
−µ 1

] [
α
α∗

]
=
√

2k1

[
αin1
αin∗1

]
. (B.21)

Using the input-output relations 1.18 we obtain[
αout
α∗out

]
=
√

2k1k2

k (1− µ2)

[
1 µ
µ 1

] [
αin1
αin∗1

]
. (B.22)

If we write the input �eld αin1 that is seeded into the cavity as αin1 =
∣∣αin1 ∣∣ eiρ,

where ρ is the relative phase of this input �eld with respect to the pump �eld,
we get

αout =
√

2k1k2

k (1− µ2)
(∣∣αin1 ∣∣ eiρ + µ

∣∣αin1 ∣∣ e−iρ) , (B.23)

αout∣∣αin1 ∣∣ =
√

2k1k2

k (1− µ2)
((1 + µ) cosρ+ i (1− µ) sinρ) . (B.24)

Or expressed in terms of power as it will be detected on a photodiode

V (µ, ρ) =
Pout
P in1

=
4k1k2

k2

[
cos2ρ

|1− µ|2
+

sin2ρ

|1 + µ|2

]
. (B.25)

In this equation it is clearly visible that the seed light is ampli�ed or attenuated
depending on it's relative phase, ρ, to the pump �eld. For ρ ≈ 0 the �rst term
in the brackets is relevant and since it is larger than one causes an ampli�cation
of light. On the other hand, for ρ ≈ π

2 the second term dominates, smaller than
one and therefore attenuates the light.



Appendix C

Compensation of the

diode-laser noise

In the �rst section C.1 we give the intermediate steps of the quantum calculation
of the squeezing spectrum in the quasi-stationary regime. Afterwards in section
C.2 we derive the classical theory of the delay in the cavity. In the chapter 3
this delay was used to determine the delay of the doubling cavity.

C.1 Quasi-stationary theory of squeezing

After inserting the Hamiltonian (equation 3.3 in the main text) Langevin equa-
tion of the OPO cavity (equation 3.2 in the main text) we obtain the following
expression:

ȧ = −iω0a+ εe−iωpta† − (k1 + k2) a+
√

2k1av1 +
√

2k2av2. (C.1)

We then apply the tranformation to rotating reference frame,

a = ãe−iω0t (C.2)

shifting the zero of the energy scale to the value of ~ω0. This transformation is
applied on all the operators both on the left and the right side of the equation.

˙̃a = εe−i(ωp−2ω0)tã† − (k1 + k2) ã+
√

2k1ãv1 +
√

2k2ãv2. (C.3)

Assuming that the squeezed mode is detuned from the cavity resonance by
ωp−2ω0 = 2∆ω we can now apply the Fourier transform. As given in appendix
A.1 the Fourier transform de�nition we use throughout this theses is given as

F [a (t)] = a (ω) , (C.4)

1√
2π

ˆ
dt eiωt a (t) = a (ω)←→ a (t) =

1√
2π

ˆ
dt e−iωt a (ω) . (C.5)

We solve the left side of the equation in the following way
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1√
2π

ˆ
dt eiωt ˙̃a =

[
ãeiωt

]
|∞−∞ −

1√
2π

ˆ
dt ã iωeiωt = − iω√

2π

ˆ
dt ãeiωt.

Finally we obtain the equation 3.6

−iωã (ω) = εã† (−ω + 2∆ω)− (k1 + k2) ã (ω)

+
√

2k1ãv1 (ω) +
√

2k2ãv2 (ω) . (C.6)

After shifting the frequency ω → ω + ∆ω, we write the equation 3.6 and its
Hermitian conjugate:

−i (ω + ∆ω) ã (ω + ∆ω) = εã† (−ω + ∆ω)− (k1 + k2) ã (ω + ∆ω)
+
√

2k1ãv1 (ω + ∆ω) +
√

2k2ãv2 (ω + ∆ω) ,
(C.7)

i (ω + ∆ω) ã† (ω + ∆ω) = ε∗ã (−ω + ∆ω)− (k1 + k2) ã† (ω + ∆ω)
+
√

2k1ã
†
v1 (ω + ∆ω) +

√
2k2ã

†
v2 (ω + ∆ω) .

(C.8)
In the complex conjugate equation C.8 we exchange ω for −ω, and solve it for
ã† (−ω + ∆ω):

ã† (−ω + ∆ω) =
ε∗ã (ω + ∆ω) +

√
2k1ã

†
v1 (−ω + ∆ω) +

√
2k2ã

†
v2 (−ω + ∆ω)

[i (−ω + ∆ω) + (k1 + k2)]
.

(C.9)
This solution allows us to eliminate ã† (−ω + ∆ω) in equation C.7 and then to
solve for the �eld inside the cavity ã (ω + ∆ω):

ã (ω + ∆ω) = ε
(√

2k1ã
†
v1 (−ω + ∆ω) +

√
2k2ã

†
v2 (−ω + ∆ω)

)
X−1

+
√

2k1ãv1 (ω + ∆ω) [i (−ω + ∆ω) + (k1 + k2)]X−1

+
√

2k2ãv2 (ω + ∆ω) [i (−ω + ∆ω) + (k1 + k2)]X−1

(C.10)
where

X = ((k1 + k2)− iω)2 + ∆ω2 − |ε|2 . (C.11)

Using the input-output relation 3.8 we reach the output �eld (Bogoliubov
transformation from input to output �elds)

ãout (ω + ∆ω) = g5ãv1 (ω + ∆ω) + g6ã
†
v1 (−ω + ∆ω) +

g7ãv2 (ω + ∆ω) + g8ã
†
v2 (−ω + ∆ω)

(C.12)

where
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g5 =
(
k2

1 − (k2 − iω)2 + ∆ω (2k1i−∆ω) + |ε|2
)
X−1 (C.13)

g6 = 2εk1X
−1 (C.14)

g7 = 2
√
k1k2 (i (−ω + ∆ω) + (k1 + k2))X−1 (C.15)

g8 = 2εX−1
√
k1k2. (C.16)

As in the calculation in section 1.3 from now on all frequencies and rates
are scaled to the cavity linewidth δν = k1 + k2. The parameters we use are the
same as there: Ω = ω (k1 + k2)−1

, η = k1 (k1 + k2)−1
, 1 − η = k2 (k1 + k2)−1

,

µ = ε (k1 + k2)−1
. The output �eld expressed in these parameters is given in

equation 3.9.
To reach the squeezing function we write the output �eld in the same manner

as in section 1.3 - in terms of phase quadratures. The squeezing function is
expressed by the covariance whose only non-zero terms are the anti-normally
ordered ones. In the appendix A.2 we calculate the normally (equal to zero)
and anti-normally ordered terms of the covariance.

C.2 Cavity delay

Here we will show the calculation of the delay introduced by a linear cavity.
First, we derive the transmission of the cavity as depicted in �gure C.1

We start with a monochromatic incoming �eld Ein,

Ein = E0e
iωt. (C.17)

The electrical �eld directly behind the �rst mirror can be expressed by the
circulating �eld E4 and the incoming �eld Ein as

E1 = tEin − rE4 (C.18)

where r and t are re�ection and transmission coe�cients, respectively.
The �eld E2 in front of the second mirror is equal to the the �eld E1 with a

phase factor due to the propagation over the length d (the length of the cavity)

E2 = E1e
ikd. (C.19)

The re�ected �eld E3 will su�er the phase shift of πwith respect to the �eld
E2

E3 = −rE2. (C.20)

Finally, we we can write the electric �eld E4 expressing it as a function of
the electric �eld E1

E4 = E3e
ikd = −rE2e

ikd = −rE1e
2ikd. (C.21)

Exchanging E4 in the equation C.18 for the �eld E1 we obtain

E1 = tEin + r2E1e
2ikd (C.22)



APPENDIX C. COMPENSATION OF THE DIODE-LASER NOISE 71

Figure C.1: Schematic of a linear cavity of the length dmade of spherical mirrors
with the re�ection coe�cient r and transmission coe�cient t.

E1 =
t

1− r2e2ikd
Ein. (C.23)

The �eld transmitted through the cavity has the form

Et = tE1e
ikd =

t2eikd

1− r2e2ikd
Ein =

t2eikd

1− r2e2ikd
E0e

iωt. (C.24)

The transmitted �eld can be also written in terms of the transfer function
K (ω)

Et = K (ω)E0e
iωt = K0e

iϕE0e
iωt. (C.25)

This transfer function can be separated into product of the amplitude (K0)
and the phase (ϕ) part

K0e
iϕ =

t2eikd

1− r2e2ikd

=
t2eiωdc

−1

1− r2e2iωdc−1 ×
1− r2e−2iωdc−1

1− r2e−2iωdc−1

=
t2
(
eiωdc

−1 − r2e−iωdc
−1
)

1 + r4 − 2r2cos (2ωdc−1)
. (C.26)

If we simplify the previous formula we can also separate the amplitude and
the phase of the transfer function on the right side

K0 (cosϕ+ isinϕ) =
((

1− r2
)
cos
(
ωdc−1

)
+ i
(
1 + r2

)
sin
(
ωdc−1

))
× t2

1 + r4 − 2r2cos (2ωdc−1)
(C.27)

which enables us to solve the equation for the phase induced by the cavity

tanϕ =
sinϕ

cosϕ
=

sin
(
ωdc−1

) (
1 + r2

)
cos (ωdc−1) (1− r2)

(C.28)

ϕ = arctan

(
tan

(
ωd

c

) (
1 + r2

)
(1− r2)

)
. (C.29)
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Figure C.2: Phase ϕ and group delay dϕ
dω of a cavity of lenght d = 30 cm and

r = 0.99.

The group delay of the cavity can then be calculated from the phase of the
cavity as

τg =
dϕ

dω
=
d

c
×

(
1− r4

)
(1 + r2)2 − 4r2cos2 (ωdc−1)

. (C.30)

For the resonance condition ω = 0 we obtain the following formulas

cos
(
ωdc−1

)
= 1, (C.31)

τg =
dϕ

dω

∣∣∣∣
resonance

=
d

c
× 1− r4

(1− r2)2
∼=

1
πδν

. (C.32)
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