
Appendix B

Background

In this appendix, we introduce the essential facts on Hamiltonian dynamical systems which will
be necessary along the text. First, classical Hamiltonian systems are introduced, then extended
through a geometric point of view, using symplectic geometry. Special emphasis is put on the
transformation theory, and on the subsequent normal form reduction, because this will be the
main tool we shall use along chapter1.

Most of the theorems –in particular, those concerning with the geometric approach to the
mechanics–, are stated without proof. The interested reader may access to a wide amount of
literature related with this subject, specially significant for us are the book ofArnol’d (1974)
and the one ofAbraham and Marsden(1978).

B.1 Hamiltonian systems

Consider first the following system of ordinary first order differential equations onR2n,

q̇i =
∂H

∂pi

, ṗi = −∂H
∂qi

, (B.1.1)

with i = 1, . . . , n. The variablesq∗ = (q1, . . . , qn) ∈ Rn, are thepositions, while p∗ =
(p1, . . . , pn) ∈ Rn are referred as themomenta. Both of them, taken together, are often called
coordinates. The system (B.1.1) is said to be aHamiltonian systemof differential equations,
while the functionH in (B.1.1) is theHamiltonian functionor many times, simply, theHamilto-
nian. The numbern (half times the dimension of the space) is the number ofdegrees of freedom
of the system.

If now we introduce the notationζ∗ = (q∗,p∗), identifying ζi = qi and ζi+n = pi for
i = 1, . . . , n, the equations (B.1.1) can be written in vectorial form as,

ζ̇ = Jn · gradH(ζ), (B.1.2)

whereJn is the matrix of the standard symplectic form (see definitionB.2 and theoremB.12
below):

Jn =

(
0 In
−In 0

)
, (B.1.3)

beingIn then×n identity matrix. The vector field of the Hamiltonian equations (B.1.2), which
we shall note byXH = Jn ·gradH, is theHamiltonian vector fieldassociated to the Hamiltonian
H.
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Now suppose that we make a change of coordinates given byz = Φ(ζ), with Φ : R2n →
R2n an smooth map. Then, ifζ(t) is a solution (B.1.2), z(t) = Φ (ζ(t)) must satisfy,ż = Sζ̇ =
SJgradζH(ζ) = SJS∗gradzH (Φ−1(z)), whereSi

j = DjΦi(ζ) is the Jacobian matrix ofΦ,
S∗ the transpose matrix ofS andΦ−1 the inverse ofΦ. Therefore, the equations forz are of
Hamiltonian type, with a new Hamiltonian function given byK = H ◦ Φ, if SJS∗ = J (1). A
transformation satisfying this condition is calledcanonicalor symplectic. If this is the case, the
transformed equations can be written explicitly,

Q̇i =
∂K

∂Pi

, Ṗi = − ∂K
∂Qi

,

for i = 1, . . . , n andz = (Q,P ). It is said that “canonical transformations take Hamiltonian
systems into Hamiltonian systems”.

The above description corresponds to the classical definition of Hamiltonian systems and
symplectic transformations. There, the space of the positions and momenta (thephase space) is
Rn × Rn. For many mechanical systems, though, their natural phase space is not an Euclidean
space, but a manifold. For example, the phase space for the motion of a rigid body about a
fixed point isT ∗SO(3), the cotangent bundle of the group of rotationsSO(3). SeeMarsden
and Ratiu(1999).

To define a Hamiltonian system on a manifold we need to introduce first several concepts
from the symplectic geometry, but before proceeding we fix some useful notation.

Let M be a manifold, thenF(M) denotes the set of smooth mappings fromM into R and
X(M), Ωk(M) the smooth vector fields andk−forms onM respectively. Also, ifN is another
manifold andϕ : M → N is an smooth map,dϕ stands for the corresponding differential map
between the tangent spaces i. e.,dϕm : TmM → Tϕ(m)N , withm ∈M .

When we have: maps, vector fields, forms, defined on a manifoldN , and a regular map
ϕ : M → N , from another manifoldM to N , there is a standard mechanism to extend these
objects intoM . This is known as thepullbackby ϕ and is usually denoted byϕ∗.

First, if α ∈ Ωk(N), the pullback ofα by ϕ, ϕ∗α, is ak-form onM (soϕ∗α ∈ Ωk(M)),
given by

(ϕ∗α)m (v1, . . . ,vk) = αϕ(m)(dϕm · v1, . . . , dϕm · vk),

with m ∈ M andv1, . . . ,vk ∈ TmM . In the same way we define the pull back of a map
g ∈ F(N) byϕ∗g = g◦ϕ and ifϕ is a diffeomorphism, the pullback of a vector fieldY ∈ X(N)
as

(ϕ∗Y )(m) = (dϕm)−1 · Y (ϕ(m)) ,

for anym ∈M . Note thatϕ∗Y ∈ X(M).
If X is a continuous vector field onM , a finite dimensional differentiable manifold, by the

theorem of Peano (seeSotomotor, 1979), there exists, for eachm ∈M , anε = ε(m) > 0 and a
C1-mapc : (−ε, ε) →M such thatc(0) = m andċ(t) = d

dt
c(t) = X (c(t)), for all t ∈ (−ε, ε).

In addition, if the vector field is smooth, i. e.,X ∈ Xr(M) (the set ofCr-fields defined onM )
with r ≥ 1, given twoC1 curves onM , αi : Ii → such thatci(0) = m, ċi(t) = X (ci(t)) for
i = 1, 2, thenc1 = c2 on I1 ∩ I2.

The mapsc with the properties described in this last paragraph, are calledintegral curves
of the fieldX at the pointm. The image of an integral curve atm is known as theorbit or
trajectoryof the vector fieldX through the pointm.

(1)This is equivalent to the more usual conditionS∗JS = S
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Now letJm be the set
Jm = (ω−(m), ω+(m)) =

⋃
I∈J

I, (B.1.4)

whereJ is the class of open intervals,I ⊂ R, such that0 ∈ I and there exists an integral curve
c : I →M of the vector fieldX atm (soc(0) = m). Jm is themaximal intervalof definition of
the integral curves throughm at t = 0. Then we can definec : Jm → M of classC1 and such
thatc(0) = m, ċ(t) = X (c(t)) for all t ∈ Jm. This is themaximal integral curvethroughm at
t = 0. It is denoted usually byt 7→ φ(t;m) = φt(m) ∈M .

Consider the setDX = {(t,m) ∈ R×M : t ∈ Jm}. Theflowof X on the manifoldM (we
denote it again withφ), is the map

φ : D ⊂ R×M → M
(t,m) 7→ φ(t;m) = φt(m),

defined by the propertieṡφ(t;m) = X (φ(t;m)) andφ(0;m) = m. Here, as it has been
introduced before, the dot symbol denotes the derivative with respect to the parameter (the
time) t.

It can be proved (see the book of Sotomayor referenced above), thatDX is an open set of
R×M holding{0}×M , and also that the flowφ is aCr map ifX is a field of classCr onM .

WhenJm = R for all m ∈ M , the fieldX is said to becomplete. This takes place, for
example whenM is a compact manifold (see the book ofPalis and Melo, 1982, for a proof).
Then,φt : M → M , t ∈ R, defined bym ∈ M 7→ φt(m) = φ(t;m) ∈ M is a diffeomorphism
andφt ◦ φs = φt+s for all t, s ∈ R. Moreover, the set{φt}t∈R defines theone parameter group
of diffeomorphisms.

If X is not complete, the relationφt (φs(m)) = φt+s(m) or equivalently,φ (t;φ(s;m)) =
φ(t + s;m) with m ∈ M holds only whenever both members are defined (that is only if
(s,m), (t, φ(s,m)) ∈ D). In this case, we say that the flow islocal.

RemarkB.1. In many books,φt is used also to denote the flow. Whent is fixed, andX is
complete then it denotes a diffeomorphismφt : M →M . We shall use this convention because
both meanings can be usually distinguished from the context. 


Let α ∈ Ωk(M), be ak-form onM ,X ∈ X(M) andφt the (local) flow ofX. The dynamic
definition of theLie derivativeof α alongX is given by

LXα =
d

dt

∣∣∣∣
t=0

φ∗tα

This definition, together with the properties of pullbacks, leads to theLie derivative theorem,

d

dt
φ∗tα = φ∗tLXα. (B.1.5)

(seeAbraham, Marsden and Ratiu, 1983, chapter 5).
If f ∈ F(M), theLie derivativeof f alongX is thedirectional derivative

LXf = df ·X,

and the formula (B.1.5) of the Lie derivative theorem has the same expression for functions, i. e.

d

dt
φ∗tf = φ∗tLXf, (B.1.6)



160 Appendix B. Background

where, as above,φt is the flow of the vector fieldX andf ∈ F(M).
For ak-formα on a manifoldM and a vector fieldX, theinterior productor thecontraction

of X andα, denotediXα, is defined by

(iXα)m = αm (X(m),v1, . . . ,vk−1) ,

with m ∈ M , andv1, . . . , vk−1 ∈ TmM . From this last definition, it is possible to prove that
“the pullback of a contraction,ϕ∗iXα, is equal to the contraction of the pullback”, i. e.

ϕ∗iXα = iϕ∗Xϕ
∗α. (B.1.7)

The Lie derivative and the interior product are related by theCartan’s magic formula

LXα = diXα+ iXdα, (B.1.8)

whered stands for theexterior derivativeof the corresponding forms. The reader can find a
proof of (B.1.8) in the chapter 6 of the same referred book ofAbraham, Marsden and Ratiu
(1983).

From the commutation of the pullback and the exterior derivative, i. e.,dϕ∗ = ϕ∗d and from
the Cartan’s magic formula (B.1.8), it is easy to obtain the following relation for the pullback
of a Lie derivative

ϕ∗LXα = Lϕ∗Xϕ
∗α. (B.1.9)

(α ∈ Ωk(M), X ∈ X(M) andϕ : M → N , a diffeomorphism). So “the pullback of a Lie
derivative is the Lie derivative of the pullback”.

For a functionf ∈ F(M), and directly from the definitions of pullback and Lie derivative:
(ϕ∗LXf) (m) = (LXf) (ϕ(m)) = dfϕ(m) ·X (ϕ(m)), with m ∈ M , but this can be expressed
as

dfϕ(m) · dϕm · dϕ−1
ϕ(m) ·X (ϕ(m)) = d (f ◦ ϕ)m · (ϕ

∗X) (m)

= d (ϕ∗f)m · (ϕ
∗X) (m) = (Lϕ∗Xϕ

∗f) (m),

for all m ∈M . So the same formula (B.1.9) works also for the pullback of a Lie derivative of a
function; i. e.

ϕ∗LXf = Lϕ∗Xϕ
∗f. (B.1.10)

A Hamiltonian system is born from asymplectic structuredefined on a manifold. Next we
introduce this and other related concepts.

Definition B.2. LetM be a regular or smooth manifold. A symplectic form or a symplectic
structure, is a two-formω2 onM , such that

(i) ω2 is closed:dw2 = 0, and

(ii) for eachm ∈ M , ω2
m : TmM × TmM → R is nondegenerate, i. e.: ifω2

m(u,v) = 0 for
all v ∈ TmM thenu = 0.

The pair(M,ω2), of a manifoldM together with a symplectic formω2 onM is asymplectic
manifold.
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Definition B.3. Let (M,ω2) be a symplectic manifold, andH ∈ F(M). The vector fieldXH

determined by the condition
iXH

ω2 = dH, (B.1.11)

is called the Hamiltonian vector field of the Hamiltonian functionH, and (M,ω2, XH) is a
Hamiltonian system.

RemarkB.4. The condition (B.1.11) in the definition above, is equivalent to

ω2
m (XH(m),v) = dHm · v

for all m ∈M andv ∈ TmM . Thus, Nondegeneracy ofω2 guarantees thatXH exists. 


From (B.1.11) it also follows that, on a connected symplectic manifold, any two Hamiltoni-
ans for the sameXH have the same differential, so they must differ by a constant.

To each Hamiltonian vector fieldXH we associate its Hamilton’s equationsẋ = XH , whose
solutions are integral curves of the fieldXH . This is the “natural” extension of the Hamilton’s
equations (B.1.1) on manifolds.

Example B.5. For M = R2n (or C2n) and if ω2 is the standard canonical two formω2 =∑n
i=1 dqi ∧ dpi (soω2(u,v) = u∗Jv, with u,v ∈ R2n (or C2n)), it is readily checked that in

this caseXH = Jn · gradH, and the Hamiltonian equations are the ones given by (B.1.2). 3

Next we introduce the notion of symplectic map. It just generalizes our early definition of
canonical transformation given on page158(see propositionB.9 below).

Definition B.6. A mapϕ : M → N between symplectic manifolds(M,ω2) and (N,α2) is
called symplectic ifϕ∗α2 = ω2. Note: whenϕ : M →M , thenϕ is symplectic ifϕ∗ω2 = ω2.

Example B.7. ForM = R2n andω2 the standard symplectic two form given in exampleB.5,
and a diffeomorphismϕ : R2n → R2n; the just given definition of symplectic map reduces to
the conditionS∗JS = J , for in this case(

ϕ∗ω2
)

x
(u,v) = ω2 (dϕx · u, dϕx · v) = u∗S∗JSv,

whereS is the Jacobian matrix ofϕ i. e.,Si
j = Djϕi(x), as before. But the last term should be

equal toω2(u,v) = u∗Jv, for all x ∈ R2n and for allu,v ∈ R2n, so it must beS∗JS = J ,
which is equivalent to our first definition of canonical transformation,SJS∗ = J ,

SJS∗ = J ⇔
(
JS−1

)
SJS∗ (JS) =

(
JS−1

)
J (JS) ⇔ S∗JS = J,

and the propertyJ2 = −I2n is used. 3

The following theorem provides an important result: the flow of a Hamiltonian vector field
is, for each fixed timet, a symplectic map which leaves the Hamiltonian function invariant.

Theorem B.8. LetXH be a Hamiltonian vector field on the symplectic manifold(M,ω2), and
let φt be the flow ofXH . Then

(i) φt is symplectic; i. e.:φ∗tω
2 = ω2,

(ii) H is constant along the the flow, i. e.H ◦ φt = H.
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Proof. The proof of (i) follows immediately from the Lie derivative theorem (B.1.5), and the
application of the Cartan’s formula

d

dt

(
φ∗tω

2
)

= φ∗tLXH
ω2 = φ∗t

(
diXH

ω2 + iXH
dω2
)
,

butdω2 = 0, becauseω2 is a closed form anddiXH
ω2 = d(dH) = 0. Thus,φ∗tω

2 = φ∗t=0ω
2 =

ω2.
To prove (ii ), considerc(t) to be a integral curve ofXH . Then applying the chain rule and

the formula (B.1.11) of the definitionB.3,

d

dt
(H ◦ c)(t) = dHc(t) ·XH (c(t))

= ω2
c(t) (XH (c(t)) , XH (c(t))) = 0.

by the skew-symmetry ofω2. SoH is constant along any integral curve ofXH . In particular
along those ones given by the flow.

The HamiltonianH is often referred as theenergyof the Hamiltonian system(M,ω2, XH).
So (ii ) states that the energy is conserved.

Now, we define for any two functionsf, g ∈ F(M), theirPoisson bracketby

{f, g} = ω2(Xf , Xg), (B.1.12)

whereXf andXg are the Hamiltonian vector fields associated to the functionsf andg as given
by (B.1.11).

The Poisson brackets can also be expressed in terms of the Lie derivative, since

LXf
g = ixf

dg = ixf
ixgω

2 = ω2(Xf , Xg) = −ω2(Xg, Xf ) = −LXgf,

and therefore
{f, g} = −LXf

g = LXgf.

Note that, forM = R2n, and for the standard symplectic2-form, the Poisson bracket of two
functionsf andg can be expressed as

{f, g} =
n∑

i=1

∂f

∂qi

∂g

∂pi

− ∂f

∂pi

∂g

∂qi
, (B.1.13)

or, also
{f, g} = (grad f)∗ J · grad g. (B.1.14)

in vectorial notation. Here(gradf)∗ is the transpose of the gradient off .
Now, let (M,ω2) and(N,α2) be symplectic manifolds. A diffeomorphismϕ : M → N

preserves the Poisson bracket ifϕ∗ {f, g} = {ϕ∗f, ϕ∗g} , for all f, g ∈ F(N).
The Poisson bracket gives an straight characterization of the symplectic maps as those which

leave it invariant.

Proposition B.9. With the notation introduced in the paragraph above, the following are equiv-
alent:
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(i) ϕ is symplectic.

(ii) ϕ preserves the Poisson bracket of any functionsf, g ∈ F(N).

(iii) ϕ∗Xf = Xϕ∗f , for anyf ∈ F(N).

Proof. First we see that (ii ) is equivalent to (iii ), since

ϕ∗ {f, g} = ϕ∗LXgf = Lϕ∗Xgϕ
∗f = {ϕ∗f, ϕ∗g} .

Now consider
iXϕ∗f

ω2 = d(ϕ∗f) = ϕ∗(df) = ϕ∗iXf
α2 = iϕ∗Xf

ϕ∗α2

then, by the nondegeneracy of the2-forms ω2 andα2, and by the fact that anyv ∈ TmM
equals to someXh(z) for a functionh ∈ F(N), it follows thatϕ is symplectic if and only if
ϕ∗Xf = Xϕ∗f , for all f ∈ F(N). So, it is proved that (i) and (iii ) are equivalent. This ends the
proof of the proposition.

RemarkB.10. (iii ) implies that Hamilton’s equations are preserved under canonical transfor-
mations. Recall that from our initial definition of symplectic transformation (page158and see
also exampleB.7), we saw directly the conservation of the Hamiltonian equations. (iii ) adds
that the converse is also true. 


PropositionB.9 allows to generalize the conservation of the energy established in theo-
remB.8. We do this through the following corollary.

Corollary B.11 (of proposition B.9). Consider a Hamiltonian vector fieldXH on the symplec-
tic manifold(M,ω2), and letφt be its corresponding flow; then, for anyf ∈ F(M), we have

d

dt
(f ◦ φt) = {f,H} ◦ φt = {f ◦ φt, H} (B.1.15)

Proof. Using formula (B.1.6) of the Lie derivative theorem and the definition of the Poisson
bracket in terms of the Lie derivative,{g, f} = LXf

g, we obtain

d

dt
(f ◦ φt) =

d

dt
φ∗tf = φ∗tLXH

f

= φ∗t{f,H} = {φ∗tf, φ∗tH} = {f ◦ φt, H},

where the preservation of the Poisson bracket and the Hamiltonian under the flowφt has been
applied.

A functiong ∈ F(M) is in involutionor Poisson commuteif {g,H} = 0. Then, by (B.1.15),
g is constant along the flow of the Hamiltonian vector fieldXH . This functions are calledinte-
grals or constants of the motion. A classical theorem of Liouville states that, if a Hamiltonian
n-degrees of freedom system hask functionally independent integrals in involution, then the
number of degrees of freedom can be reduced ton − k. Whenk = n it is said that the system
is integrable. Then, and under certain additional hypotheses, the trajectories of the system in
the phase space are straight lines on high-dimensional cylinders or tori and the Hamiltonian
equations can be integrated by quadratures. When the motion takes place on tori, it is possible
(though not always trivial) to introduce the so calledaction-angle variables.
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For a more precise formulation and for the proof of the Liouville theorem, beyond the outline
given here, the reader is aimed to consult the book ofAbraham and Marsden(1978) and also
the one ofArnol’d (1974). In Goldstein(1980), chapter 10, there are several examples and
exercises on integration of mechanical systems by changing to action-angle variables.

The next theorem states that, locally, it is possible to write the Hamilton’s equations in the
form (B.1.1) of page157.

Theorem B.12 (Darboux).Consider the symplectic manifold(M,ω2) andm ∈M . Then there
exists a chart(U, ψ), withψ(m) = 0; such that

ω2
∣∣
U

=
n∑

i=1

dqi ∧ dpi,

being(q1, . . . , qn; p1, . . . , pn) the coordinate functions of the chart mapψ. This coordinates are
often referred assymplecticor canonical coordinates.

In particular, it follows that the manifoldM is even dimensional. The Darboux’s theo-
rem allows us to extend, over the whole manifoldM , any local result proved for the standard
symplectic manifold(R2n, ω2 =

∑n
i=1 dqi∧dpi), whenever it is invariant under canonical trans-

formations. For a constructive proof seeArnol’d (1974).
Henceforth we shall consider that the Darboux’s theorem has been applied so in the rest of

the present monograph we shall work by default with the standard symplectic manifold; so if
nothing is stated in the contrary sense,M = R2n andω2 =

∑n
i=1 dqi ∧ dpi.

We also want to stress that all the definitions and theorems presented on these section are
valid on finite dimensionalmanifolds. In the different books quoted along the text, it is pos-
sible to find generalizations of the corresponding notions and results on infinite dimensional
manifolds.

B.2 Poincaré maps

Poincaré maps are a useful trick in the study of dynamical systems. They transform continuous
dynamical systems (flows) into discrete (mappings) at the same time that reduce the dimension.
The material we include here is taken fromDelshams(1994). Also good references are the
books ofSotomotor(1979) andPalis and Melo(1982).

Considerp0 ∈ Rm a nonsingular point of a smooth vector fieldX ∈ X(Rm) (not necessarily
Hamiltonian); this means thatX(p0) 6= 0. Let p1 = φ(T ; p0) with T 6= 0 be another point on
the integral curve ofX atp0 andΣ1 a transversal sectionof the field atp1, i. e.,Σ1 is a smooth
m− 1 hypersurface andX(p1) 6∈ Tp1Σ1.

We shall suppose that, there exists a regular functionh : U1 → R, with U1 a neighborhood
of p1, such thatΣ1 ∩ U1 = {x ∈ Rm : h(x) = 0} and withDh(x) 6= 0 for all x ∈ U1. Now
consider the map(x, t) 7→ h(φ(t;x)), defined in a neighborhood ofp0. By the implicit function
theorem, we have neighborhoodsU0 of p0, I of T and an uniquetime mapτ : U0 → I such that

φ(t;x) ∈ Σ1 with (t, x) ∈ I × U0 ⇔ t = τ(x).

(in particular,τ(p0) = T ).
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Figure B.1: Poincaré map

The mapx ∈ U0 7→ P (x) = φ (τ(x);x) ∈ Σ1 is called thePoincaré map. It is a smooth
map, thoughdegeneratein the following sense: givenp ∈ U0, on the piece of the orbit atp

OU0(p) = {x = φ(t; p) : φ(s; p) ∈ U0 for all s ∈ [0, tp]}

contained inU0, the mapP is constant, i. e.,P (p) = P (x), for all x ∈ OU0(p) (see figureB.2).
To avoid this degeneration, we select another transversal section,Σ0, at p0 and restrictP |Σ0

:
Σ0 ∩ U0 → P (Σ0 ∩ U0) (see figureB.2). In fact, therestrictedmap is the so called Poincaré
map. Furthermore, it is not difficult to prove thatP is a diffeomorphism.

An interesting case is for periodic orbits,p1 = φ (T ; p0) = p0. Then we can takeΣ0 = Σ1,
becauseP (Σ0 ∩ U0) ∩ (Σ0 ∩ U0) 6= ∅. For
this cases we could iterateP and considerP n,
when possible. Note that we have lower in
one unit the dimension of the dynamical sys-
tem, which now is discrete for it is described
by a diffeomorphismP : Σ′ = Σ0 ∩ U0 →
P (Σ′) ⊂ Σ0.

Moreover, the dynamics properties of the
flow X are translated to the mapP . Thus,
periodic points on the map correspond to pe-
riodic orbits ofX of the same hyperbolic type
(see below) and ifA is an invariant set under

�� ��
p

p
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0

Σ

Σ

0

1

Figure B.2: Transversal sectionΣ0 atp0.

the flow ofX, then the intersectionΣ′ ∩ A is invariant underP , and so on.
For example, it can be seen the relation between the differential matricesDP andDφ = ∂φ

∂x

(for the notation, see remarkB.14at the next section).
For a given orbit (not necessarily periodic), consider the Poincaré mapP : Σ0 → Σ1 of

the fieldX and the transversal sectionsΣ0, Σ1 defined above. We havep1 = φ (τ(p0); p0) and
X(p0) 6= 0. Σi are transversal sections atpi soX(pi) 6∈ Tpi

Σi with i = 0, 1.
On U0 we can defineP (x) = φ (τ(x);x) with τ(p0) = p1. Consider now the direct sum

Rm = Span {X(pi)} ⊕ Tpi
Σi; i = 0, 1. To fix ideas, suppose we choose two bases forRm, say

{u1,u2, . . . ,um} and{v1,v2, . . . ,vm}; given byu1 = X(p0), Span {u2, . . . ,um} = Tp0Σ0

and in the same way,v1 = X(p1), Span {v2, . . . ,vm} = Tp1Σ1.
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Next, we apply the relations (see remarkB.14below):

Dφ (τ(p0); p0) ·X(p0) = X(p1), (B.2.1)

and
DP (p0) = X(p1)Dτ(p0) +Dφ (τ(p0); p0) , (B.2.2)

to the vectors of the basis{u1, . . . ,um}, to obtain

Dφ (τ(p0); p0) · u1 = v1,

Dφ (τ(p0); p0) · ui = DP (p0) · ui − (Dτ(p0) · ui)X(p1),

for i = 2, . . . ,m in the second equation. But note that(Dτ(p0) · ui)X(p1) ∈ Span {X(p1)}
andDP (p0) · ui ∈ Tp1Σ1. So the following proposition is proved.

Proposition B.13. Let P : Σ0 ∩ U0 → Σ1 be the Poincaré map of the flow ofX ∈ X(Rm),
with the transversal sectionsΣ0 and Σ1. Consider any pointp0 ∈ Σ0 ∩ U0, p1 = P (p0) =
φ (T ; p0). Then in the bases{ui}i=1,...,m, {vi}i=1,...,m described above, the matricesDφ(T ; p0)
andDP (p0) are related by

Dφ(T ; p0) =

(
1 α
0 DP (p0)

)
,

with α = −Dτ(p0) : Tp0Σ → R.

RemarkB.14. Dφ(t; p0) = ∂φ
∂x

(t; p0), so it is the derivative with respect to the initial conditions
of the flow, and satisfies the following initial value problem:

d

dt
Dφ(t; p0) = DX (φ(t; p0)) Dφ(t; p0), Dφ(0; p0) = Im

(andIm is them ×m identity matrix). Thus,Dφ(t; p0) is a fundamental(in fact theprincipal
at t = 0) matrix of the linear system

ẋ = A(t)x, (B.2.3)

with A(t) = X (φ(t; p0)). We say that the equations (B.2.3) are –for the vector fieldX–, the
first variational equationsof the orbit atp0. 


B.2.1 Poincaré maps of periodic orbits

For a Poincaré map associated to a periodic orbit i. e., whenp1 = φ(T ; p0) = p0, with
X(p0) 6= 0 and takingΣ0 = Σ1, the matrixA(t) in (B.2.3) is T -periodic:A(t) = A(t + T ).
ThenDφ(T ; p0), is amonodromy matrix(sinceDφ(t + T ; p0) = Dφ(t; p0)Dφ(T ; p0)) and its
eigenvalues are called thecharacteristic multipliersof the orbit. Strictly speaking, the charac-
teristic multipliers of a system (B.2.3) with t 7→ A(t) continuous andT -periodic are defined to
be the eigenvalues ofanymonodromy matrix.

In fact, the characteristic multipliers do not depend on the particular monodromy matrix
chosen; that is, the particular fundamental solution used to define the monodromy matrix: if
Ψ(t) is a fundamental matrix solution with monodromy matrixC (so Ψ(t + T ) = Ψ(t)C)
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andΨ̃(t) is another fundamental matrix; then there exists a nonsingular matrix,D, such that
Ψ̃(t) = Ψ(t)D. HenceΨ̃(t+T ) = Ψ̃(t)D−1CD so the monodromy matrix for̃Ψ(t) isD−1CD;
and similar matrices have the same eigenvalues.

Applying the Floquet theorem, any fundamental matrixΨ(t) of (B.2.3) can be written as the
product of twom×m matrices

Ψ(t) = P (t) exp(tB), (B.2.4)

with P (t) T -periodic andB a constant matrix given byM = exp(TB), whereM is the mon-
odromy matrix ofφ (soΨ(t+ T ) = Ψ(t)M ). AsM is not singular, the matrixB exists though
it will be complex in general. For a more complete account on Floquet’s theorem seeSmale
(1974), or practically any text book on differential equations.

If λ is a characteristic multiplier (i. e. an eigenvalue of the monodromy matrixM ), each
complex numberµ such that

λ = eTµ,

is calledcharacteristicorFloquetexponents. Note that the imaginary part ofµ is not determined
uniquely, sinceµ + i2kπ/T also verifies the above condition fork ∈ Z. As the characteristic
multipliers are determined uniquely, it is usual to choose the characteristic exponents such that
they coincide with the eigenvalues ofB in (B.2.4).

With this choice,µi is a characteristic exponent if and only ifλi = eTµi is a characteristic
multiplier, so the solution is asymptotically stable if and only if:

Reµi < 0. for all i = 1, . . . ,m (⇔ |λi| < 1, for all i = 1, . . . ,m)

It turns out that, ifγ is a periodic orbit, its associated Poincaré mapP : Σ0 ∩U0 → Σ0 does
not depend upon the selected pointp0, p0 ∈ γ “up to Cr-conjugations”; more precisely, in the
sense of the following.

Proposition B.15. Let γ be aT -periodic orbit ofX ∈ Xr(M) andΣ0 a transversal section of
X at a pointp0 ∈ γ. We define the Poincaré mapP0 : Σ0 ∩ U0 → Σ0 ∩ U ′

0 byx 7→ φ (τ(x);x),
τ(p0) = T . Then, ifP1 is another Poincaré map associated toγ at another pointp1 ∈ γ, there
exists aCr-maph : W0 → W1, withWi a neighborhood ofpi such thatWi ⊂ Ui ∩U ′

i , i = 0, 1;
satisfyingP1 ◦ h = h ◦ P0 onW0. Furthermoreh is aCr-diffeomorphism; i. e., there exists a
Cr-mapg : W1 → W0 such thatg = h−1 onW1 ∩ Σ1.

So, ifA(t) = DX (φ(t; p0)) with φ(t+ T ; p0) = φ(t; p0), the set

{λ ∈ C, characteristic multiplier oḟx = A(t)x} = {1} ∪ Spec(DP (p0)) ,

because1 is always an eigenvalue ofDφ(T ; p0) with eigenvectorX(p0), since

Dφ(T ; p0)X(p0) = X(p0).

Therefore the characteristic multipliers which determine the behavior of the periodic orbitγ are
those ones ofDP (p0); and the study of the linear stability of the periodic orbitγ is reduced
to the stability of the fixed pointp0 of the Poincaré mapP . For example,p0 (and thusγ) is
hyperbolic when Spec(DP (p0)) ∩ S1 = ∅, i. e., if all the characteristic multipliers, but one lie
outside the unit circle in the complex plane.

As through the present work we shall deal with Hamiltonian systems, and they always have
at least the integral corresponding to the energy (see theoremB.8), the following proposition
becomes of interest.
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Proposition B.16. Let X be a smooth vector field onRm, X ∈ Xr(Rm) with r ≥ 1 and
F : M → R of classC1, a first integral ofX. Consider the flowφ : D ⊂ R×M → M of the
vector fieldX, a T -periodic orbitγ = {φ(t, p0), t ∈ [0, T ]} and the Poincaré map associated
to p0 ∈ γ. Then1 is an eigenvalue ofDP (p0), and an eigenvalue ofDφ(T ; p0) with multiplicity
at least two.

To prove this proposition we need a previous result

Lemma B.17. The map

W : Jp0 × Rm → R

(t,v) 7→ DF (φ(t; p0)) v,

is a time-dependent first integral of the variational equationẋ = A(t)x associated to the
periodic orbit of the vector fieldX at p0.

Proof Of the lemma.v(t) is a solution of the variational equation if and only ifv(t) = Dφ(t; p0)v(0).
Therefore,

W (t,v(t)) = DF (φ(t; p0))Dφ(t; p0)v(0) = DF (p0)v(0) = W (0,v(0)) ,

as follows by deriving both sides ofF (φ(t;x)) = F (x) with respect tox and then substitute
x = p0.

Proof of propositionB.16. By the lemma we have that

DF (φ(t; p0))Dφ(t; p0) = DF (φ(0; p0))Dφ(0; p0) = DF (p0).

Taking t = T , (and thereforeϕ(T ; p0) = p0), in the expression above, it reduces to
DF (p0)Dφ(T ; p0) = DF (p0), or equivalently,

(Dφ(T ; p0))
∗ gradF (p0) = gradF (p0).

So gradF (p0) is an eigenvector of(Dφ(T ; p0))
∗ associated to an eigenvalue equal to1.

By the other hand, we already know thatDφ(T ; p0)X(p0) = X(p0). Also, the relation:
〈gradF (p0), X(p0)〉 = DF (p0)X(p0) = 0 must be satisfied sinceF is a first integral. From
here, it follows that the generalized eigenspaceE1 = {v ∈ Rm : (Dφ(T ; p0)− Im)m = 0}, has,
at least, dimension2, i. e.,1 is an eigenvalue of the monodromy matrix with multiplicity at least
two. If this is not so, anddimE1 = 1, then the rest of the eigenvalues should be different from
one and therefore, in a suitable basis the monodromy could be expressed as(

1 0
0 Am−1

)
;

thus, in this basisDF (p0) = e∗1 andX(p0) = e1 soDF (p0) · X(p0) 6= 0; which cannot be
possible becauseF is a first integral of the vector fieldX.

Without loss of generality, we can supposegradF (p0) ∈ Tp0Σ0; e. g., we can take a surface
of sectionΣ0 such that,Tp0Σ0 = X(p0)

⊥ (see propositionB.15). In this case, takingv1 =
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X(p0), v2 = gradF (p0) andv3, . . . ,vm such thatSpan {v2,v3, . . . ,vm} = Tp0Σ0. Then in
the basis{vi}1≤i≤m, the matrix of monodromy reads

Dφ(T ; p0) =


1 ∗ ∗ · · · ∗
0 1 0 · · · 0
... ∗
...

... DPF0(p0)
0 ∗

 .

The box(m − 2) × (m − 2) noted asDPF0(p0) in the matrix above, corresponds to the
Jacobian matrix at the pointp0 of the reduced Poincaré mapPF0 : ΣF0 ∩ U0 → ΣF0, x 7→
φ (τ(x);x), where

ΣF0 = {x ∈ Σ : F (x) = F (p0) = F0} , (B.2.5)

and it is a(m− 2)-dimensional manifold ofRm.
If we haver ≥ 1 first integralsF1, . . . , Fr with gradF1(p0), . . . gradFr(p0) linear indepen-

dent, it is often possible to reduce the dynamical system inr + 1 dimensions and work on

ΣF 0
1 ,...,F 0

r
=
{
x ∈ Σ : Fj(x) = Fj(p0) = F 0

j , j = 1, . . . , r
}
.

When this is possible,1 is an eigenvalue of multiplicity at leastr + 1 of Dφ (T ; p0) (mul-
tiplicity r of DP (p0)) and in such cases, periodic orbits are not isolate, but usually we have
familiesof periodic orbits.

B.2.2 Stability for three degrees of freedom Hamiltonian systems

In this section we introduce some notations and conventions for the study of the (linear) sta-
bility of Hamiltonian systems with three degrees of freedom. The approach we present here is
classical and it can be found mainly inBroucke(1969).

In particular we are interested in the study of (linear) stability of periodic orbits. Since
autonomous (i. e., not time dependent) Hamiltonian systems have always a first integral corre-
sponding to the energy, we can fix the energy levelH = h0, and work with the reduced Poincaré
mapPh0 : Σh0 → Σh0, at some convenient pointp0 on the periodic orbit. Here, theisoenergetic
surface of sectionΣh0 is given by (B.2.5) with F0 = h0 = H(p0). By definitionPh0(p0) = p0,
and the study of the stability of the periodic orbit reduces to the study of the stability of the fixed
pointp0 of the mapPh0. Thus, the linear normal behavior of the periodic orbit is determined by
the eigenvalues of the differential of the Poincaré map atp0,DPh0(p0).

But Ph0 is a symplectic map, soDPh0(p0) is a linear symplectic map. The following is a
well known result (seeArnol’d, 1974).

Proposition B.18.The characteristic polynomial of a real symplectic transformationA : R2n →
R2n,

p(λ) = det(A− λI2n)

is cyclic, i. e.,p(λ) = λ2np
(

1
λ

)
.

Then, ifλ is a eigenvalue ofA, 1/λ must also be an eigenvalue ofA. On the other hand, the
characteristic polynomial is real, so ifλ is a complex eigenvalue, its complex conjugateλ must
also be an eigenvalue. Thus, in a real symplectic map, the eigenvalues appear;
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(i) in 4-tuples:λ, λ, 1/λ, 1/λ, (|λ| 6= 1, Imλ 6= 0),

(ii) pairs on the real axis:λ = λ, 1/λ = 1/λ,

(iii) pairs on the unit circle:λ = 1/λ, λ = 1/λ.

A linear mapA is stableif, for any givenε > 0, there existsδ > 0 such that|x| < δ ⇒
|Aqx| < ε , for all q ∈ N. With this definition, it is straightforward to deduce that if all the2n
eigenvalues of a linear symplectic mapA, are distinct and lie on the unit circle of the complex
plane, then the map is stable. Even more, then,A is proved to bestrongly stable, which means
that any other symplectic map,A1, “close enough” toA is also stable.

In our particular case,A = DPh0(p0) andn = 2. PropositionB.18 implies thus that all
the possible distributions of the four eigenvaluesλ1, 1/λ1, λ2, 1/λ2 on the complex plane are
the ones plotted in figureB.4. Another consequence of the proposition is that the characteristic
polynomial may be written in the following form

p(λ) = λ4 + αλ3 + βλ2 + αλ+ 1 (B.2.6)

An important fact is that the stability only depends on the coefficientsα andβ of this poly-
nomial.

In astronomy and in celestial mechanics, it is usual to define thestability indicesof the map
(and so, of the corresponding orbit) by

bi = λi +
1

λi

, (B.2.7)

(i = 1, 2), and it can be immediately seen that these indices are related with the coefficients of
the characteristic polynomial (B.2.6), α, β through

α = −(b1 + b2), β = 2 + b1b2. (B.2.8)

From these two relations it follows that the stability indices are given by the solutions of

x2 + αx+ (β − 2) = 0, (B.2.9)

which are,

b1,2 =
−α±

√
∆

2

where we have introduced the quantity

∆ = α2 − 4β + 8. (B.2.10)

By the definition of the stability indices (B.2.7), it is seen immediately that the eigenvalues
λ1, 1/λ1 are the solutions of the two degree equation

x2 − b1x+ 1 = 0, (B.2.11)

given by

λ1, λ
−1
1 =

b1 ±
√
b21 − 4

2
,
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and in the same manner, the other reciprocal pairλ2, 1/λ2 are the solutions of

x2 − b2x+ 1 = 0, (B.2.12)

and given by

λ2, λ
−1
2 =

b2 ±
√
b21 − 4

2
.

Then, the problem of finding the roots of the characteristic polynomial (and hence, the eigen-
values) is reduced to solving the three two order equations (B.2.9), (B.2.11) and (B.2.12). The
discriminant∆ of (B.2.9) is zero forβ = α2/4 + 2.
In the plane(α, β), this is the equation of a parabola
with its apex at(α, β) = (0, 2), and theβ axis the
symmetry axis.

The equations forb1 andb2 have zero discrim-
inant along the straight linesβ = 2α − 2 and
β = −2α − 2 respectively. These are tangents to
the parabola∆ = 0 at the points(4, 6) and(−4, 6).
The parabola, together with these two straight lines
bound seven regions in the plane(α, β). They cor-
respond to the seven possible distributions of the
eigenvalues with respect the unit circle in the com-
plex plane plotted in the figuresB.4(a)to B.4(g).

Thus, periodic orbits (or equivalently, the fixed
points of their associated Poincaré maps) can be
classified by the position in theBroucke diagram
(figureB.3above) of their characteristic polynomial
coefficients(α, β) –see (B.2.6)–. Depending upon
the region in the diagram the point(α, β) belongs
to, the periodic orbit may be stable or present six
different types of instability.
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Figure B.3: Broucke Diagram.

Next, we shall briefly describe the relation between the distribution of the (nontrivial) eigen-
values of the periodic orbit with respect the unit circle, and their representation in the Broucke
diagram. For a more complete account, seeBroucke(1969).

B.2.3 Regions in the Broucke diagram

The connection between the seven regions on the diagram of figureB.3 and the seven types of
stability depicted in the figureB.4, can be described briefly as follows:

Region 1. ∆ > 0 andb1, b2 ∈ R with b21 < 4, b22 < 4. Thenλ1, 1/λ1 are complex conjugates,
and so areλ2, 1/λ2. The four eigenvalues lie on the unit circle. We have thusstability.

Region 2. ∆ < 0 andb1, b2 are complex conjugates. The four multipliers are complex and lie
outside the unit circle. Moreoverλ1 = λ2. This type of instability is calledcomplex instability.

Region 3. ∆ > 0 andb21 > 4, b22 > 4. All the eigenvalues are real, butλ1, 1/λ1 have signs
which are opposite to the signs ofλ2, 1/λ2. This is known aseven-odd instability.

Region 4. ∆ > 0 b1, b2 are reals, positive andb21 > 4, b22 > 4. There are four positive
eigenvalues. This is theeven-even instability.
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Figure B.4: Configuration of the roots with respect to the unit circle on the complex plane for each stability region in the Broucke Diagram.



B.3. The transformation algorithm 173

Region 5. ∆ > 0. b1, b2 reals and negative withb21 > 4 andb22 > 4. There are four negative
eigenvalues. This is theodd-odd instability.

Region 6. ∆ > 0. b1 andb2 are real withb21 > 4 andb22 < 4. b1 is real and positive and
b1 > 2 andλ1, 1/λ1 are real and positive. The other pairλ2, 1/λ2 are complex conjugates and
lie on the unit circle. This kind of instability is calledeven semi-instability.

Region 7. ∆ > 0. b1, b2 are real withb21 < 4 andb22 > 4. b2 is real negative and< −2. The
eigenvaluesλ2, 1/λ2 are real and negative.λ1, 1/λ1 are complex conjugates on the unit circle.
This type of instability is called theodd semi-instability.

RemarkB.19. For complex instability,∆ < 0, and the stability indicesb1 andb2 are complex.
Therefore it is advisable (seePfenniger, 1985a) to use instead

c1 =
1

2
(b1 + b2) = Re

(
λ1 +

1

λ1

)
=
α

2
, (B.2.13)

which measures the even or odd character of the complex instability, and

c2 =
1

2
|b1 − b2| =

∣∣∣∣Im(λ1 +
1

λ1

)∣∣∣∣ =
|∆| 12

2
, (B.2.14)

which measures the degree of complex instability. 


B.3 The transformation algorithm

In chapter1, we shall simplify the Hamiltonian function using changes of coordinates. The key
point is that such transformations must preserve the structure of the Hamiltonian equations, so
they must be canonical or symplectic transformations as defined in sectionB.1.

A practical way –from a computational point of view–, for generating canonical transfor-
mations is based on the fact that the flow of a Hamiltonian system at a fixed time is a symplectic
map (see theoremB.8).

Consider a real (or complex) analytic functionG, defined on a domainΩ of R2n (or C2n)
and the one-parameter family of transformationsφG

t : Ω → Ω, t ∈ R, verifying:

(i) φG
0 = Id (the identity map),

(ii) d
dt
φG

t = JngradG ◦ φG
t , for all t ∈ R.

Then, {φG
t }t∈R, is theone-parameter group of symplectic transformationsgenerated by the

functionG. The element corresponding tot = 1, φG
1 , is thesymplectic transformation gener-

ated time-one flow(of the HamiltonianG). Therefore, for any analyticf : Ω → R (or C), one
may Taylor-expand att = 0 to obtain aformaldevelopment of the transformed functionf ◦φG

1 ,
i. e.,

f ◦ φG
1 = f +

d

dt
(f ◦ φG

t )

∣∣∣∣
t=0

+
1

2!

d2

dt2
(f ◦ φG

t )

∣∣∣∣
t=0

+
1

3!

d3

dt3
(f ◦ φG

t )

∣∣∣∣
t=0

+ · · · , (B.3.1)

Now, on the space of all real (or complex) functions defined onΩ, we define the linear operator:
LG = {·, G} and, recursively,

L0
Gf = f,

Lk
Gf = LG

(
Lk−1

G f
)
, for k = 1, 2, · · · ,
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then, induction shows that,
dk

dtk
(
f ◦ φG

t

)
=
(
Lk

Gf
)
◦ φG

t . (B.3.2)

Thus, the above expansion off ◦ φG
1 can be expressed as next lemma shows.

Lemma B.20. Under the conditions specified above on the functionsf andG, the transformed
of the functionf through the time-one flowφG

1 f ◦ φG
1 , can be cast into

f ◦ φG
1 =

r−1∑
k=0

1

k!
Lk

Gf +

1w

0

(1− t)r−1

(r − 1)!
(Lr

Gf) ◦ φG
t dt,

for anyr = 1, 2, . . .

Proof. If follows from the Taylor expansion (B.3.1), up to orderr− 1, adding the remainder in
its integral form and with the time derivatives substituted by (B.3.2).

RemarkB.21. Note that, in particular applying the above lemma to the coordinate functions
(i. e., takingf = xi, for i = 1, . . . , 2n) one determines the components ofφG

1 itself. 


The method just described is the most elementary version of the so calledLie series meth-
ods to generate canonical transformations. These are particularly well-suited for mechanized
treatment, since they only require computation of Poisson brackets. The interested reader can
find, in Jorba(1999), a practical implementation of a specialized software package able to deal
with these questions.

Corollary B.22. With the same assumptions of lemmaB.20, but acceptf = f0 + f1, then

f ◦ φG
1 = f + {f − f1, G}+

1w

0

({f1, G}+ (1− t) {{f − f1, G}, G}) ◦ φG
t dt (B.3.3)

Proof. Directly from the lemma forr = 2, setting{f,G} = {f − f1, G}+ {f1, G} and taking
into account that,

{f1, G} =

1w

0

d

dt

(
(t− 1) (LGf1) ◦ φG

t

)
dt =

1w

0

(
LGf1 + (t− 1)L2

Gf1

)
◦ φG

t dt,

one arrives to the result of the lemma.

Formula (B.3.3) will be used in chapter3 to derive bounds for norm of the the “bad terms”
–i. e., those avoiding certain kind of solutions–, in the Lie-transformed Hamiltonians appearing
along the iterative steps of the KAM method. The functionG is thegenerating functionor the
generatorof the transformation. In our context, the function to transform will be an initially
given Hamiltonian,H(0). Therefore, one may ask forG such that the transformed new Hamil-
tonianH(1) = H(0) ◦ φG

1 , will be –tied to some predefined criteria–, simpler than the initial
one. This is, essentially, the idea on which thenormal formandnormalizing transformation
computations are based upon. The aim of the example below is just to illustrate these concepts.
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Example B.23. Let H(ξ,η) be ann degree of freedom real analytic Hamiltonian, soξ∗ =
(ξ1, . . . , ξn) andη∗ = (η1, . . . , ηn). Furthermore, we suppose thatH can be expanded asH =
H2 +H3 + . . . +Hk + . . . , whereHk, is an homogeneous polynomial of degreek > 2 in the
variables(ξ,η) ∈ C2n. So

Hk(ξ,η) =
∑

|l|1+|m|1=k

hl,m ξlηm, (B.3.4)

and the following standard notation is used:ul =
∏n

j=1 u
lj
j , u ∈ Cn, while | · |1 denotes the

norm|r|1 = |r1|+ · · ·+ |rn|.
From the development (B.3.4), it follows that(ξ,η) = (0,0) is an equilibrium point of the

Hamiltonian system (sincegradH(0,0) = 0). In order to simplify, we shall suppose that this
equilibrium point is non-degenerateelliptic; i. e., that Spec(J D2H(0,0)) = {iω1, . . . , iωn},
with wj ∈ R, ωj 6= ωk for j 6= k andi =

√
−1. In such cases (seeArnol’d, 1974), by means

of a real linear canonical transformation,
(

x
y

)
= S

(
ξ
η

)
with S∗JS = J , the initial Hamiltonian

may be transformed to its real linear normal form,

H ′(x,y) =
1

2

n∑
j=1

ωj

(
x2

j + y2
j

)
+H ′

3(x,y) +H ′
4(x,y) + . . . (B.3.5)

Moreover, to get simplerhomological equations(see below), it is useful to introduce the fol-
lowing (complex) linear symplectic change,

xj =
qj + ipj√

2
, yj =

iqj + pj√
2

, (B.3.6)

j = 1, . . . , n. With this complex change, the Hamiltonian (B.3.5) transforms to,

H(0)(q,p) =
n∑

j=1

iωjqjpj +
∑
k>2

H
(0)
k (q,p), (B.3.7)

whereH(0)
k (q,p), as in (B.3.4) are homogeneous polynomials of degreek in q,p; so, as before,

we write:
H

(0)
k (q,p) =

∑
|l|1+|m|1=k

h
(0)
l,m qlpm, (B.3.8)

andH(0)
2 will stand for the quadratic part ofH(0), i. e.,

H
(0)
2 (q,p) =

n∑
j=1

iωj qjpj.

The Hamiltonian (B.3.7) is known as thecomplexified Hamiltonian. An explicit description of
the linear normalization process which leads toH(0) can be found inSiegel and Moser(1971),
chap. 2, § 15.

The inverse of the change (B.3.6) is

qj =
xj − iyj√

2
, pj =

yj − ixj√
2

(B.3.9)
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so, whenxj, yj are real, the complex conjugates of the complex positionsq and momentap
satisfy,qj = −ipj, pj = −iqj for j = 1, . . . , n. This induces the following symmetries on the
coefficients in (B.3.8),

h
(0)

l,m = i|l|1+|m|1h
(0)
m,l. (B.3.10)

RemarkB.24. Before continuing with the nonlinear normalization of the Hamiltonian, it is
worth mentioning two essential properties of the Poisson brackets.

P1. If f andg are homogeneous polynomials of degreesr ands respectively, the degree of their
Poisson bracket isdeg{f, g} = r + s− 2, and

P2. if the expansions off andg satisfy the symmetry (B.3.10), so does{f, g}.

By this last property, it is assured that, after the nonlinear reduction process, the change in (B.3.9)
will transform the final Hamiltonian into a real analytic one. 


In principle, it is possible to “remove” (in the sense we specify below) the monomials on
H

(0)
3 by taking a generating functionG3(q,p) =

∑
gl,mqlpm, with the coefficientsgl,m (|l|1 +

|m|1 = 3), suitably chosen. First, by (B.20) the transformed HamiltonianH(1) = H(0) ◦ φG3
1

will be given by
H(1) = H

(0)
2 + {H(0)

2 , G3}+H
(0)
3 + . . . (B.3.11)

Note that, by the first of the properties on the remarkB.24, the dots hold terms of degree greater
than3, i. e., there are no more terms of degree3 than the sum:{H(0)

2 , G3} +H
(0)
3 . Ideally, we

askH(1) not to contain terms of degree3 (in this sense we want toremovethese terms). Hence,
G3 should satisfy the followinghomological equations:

{H(0)
2 , G3}+H

(0)
3 = 0.

Let Ak be the space of (complex) homogeneous polynomials of degreek in the variables
(q,p) ∈ C2n and define the operatorL

H
(0)
2

= {·, H(0)
2 }. More precisely,

L
H

(0)
2

: Ak → Ak

f 7→ L
H

(0)
2
f = {f,H(0)

2 },

(we abbreviateL
H

(0)
2

= L in the text).

RemarkB.25. Note that, by (31) LH(0)f = LX
H(0)

f , whereXH(0) is the Hamiltonian vector

field associated to the functionH(0). 


With this operator, the homological equations above, may be written as,

L
H

(0)
2
G3 = H

(0)
3

but for this equations to be compatible, it is necessary thatH
(0)
3 ∈ Range(L). This does not

happen, in general, due to the presence ofresonant monomialsin H
(0)
3 . A monomialf =

al,mqlpm, |l|1 + |m|1 = k, is said to beresonant, if Lf = 0 (equivalently, iff ∈ Ker(L)). It
is thus necessary to add a compatibility term,Z3 ∈ Ker(L), satisfyingH(0)

3 − Z3 ∈ Range(L).
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Therefore, the homological equations (B.23) for the degreek = 3; must be completed in the
form,

L
H

(0)
2
G3 + Z3 = H

(0)
3 . (B.3.12)

We define the resonance modulus associated toω∗ = (ω1, . . . , ωn), the vector of the frequen-
cies, asR = {r ∈ Zn : 〈r,ω〉 = 0} (the angular brackets〈u,v〉 =

∑n
j=1 ujvj, will be used for

the ordinary scalar product). Thus, it becomes clear how to express the compatibility termZ3,

Z3(q,p) =
∑

|l|1+|m|1=3
m−l∈R

h
(0)
l,m qlpm, (B.3.13)

When the homological equations (B.3.12) are written down explicitly, using the developments
of G3,H

(0)
3 andZ3, and computing the Poisson bracket, on can realize that∑

|l|1+|m|1=3

i〈ω,m− l〉gl,m qlpm =
∑

|l|1+|m|1=3
m−l 6∈R

−h(0)
l,m qlpm.

This gives, for the unknownsgl,m, an algebraic linear diagonal system in the spaceCd ' A3,
d =

(
2n+2

3

)
; so, easily, one obtains

gl,m =
−h(0)

l,m

i〈ω,m− l〉
; (B.3.14)

with |l|1 + |m|1 = 3 and indeed,l −m 6∈ R, so the divisors do not vanish. With this choice
for the coefficients inG3, the transformed Hamiltonian, does not hold three degree terms, but
the resonant ones, contained inZ3. Therefore,

H(1) = H(0) ◦ φG3
1 = H2 + Z3 +H

(1)
4 + . . . , (B.3.15)

whereH(1)
4 + . . . denotes the transformed terms of degree greater than three.

The general step

In the previous paragraphs, we have given an account of the linear reduction and some details
of the first step in the nonlinear –or in the “normal form”–, reduction process of the initial
Hamiltonian. Suppose now that the same has been repeated up to degreek > 3. So at thek-th
step we have a HamiltonianH(k) = H(0) ◦ φG3

1 ◦ · · · ◦ φGk+2

1 ,

H(k) = H
(0)
2 + Z3 + . . .+ Zk+2 +

∑
s>k+2

H(k)
s , (B.3.16)

with H(k)
s homogeneous polynomials of degrees > k, in (q,p),

H(k)
s (q,p) =

∑
|l|1+|m|1=s

h
(k)
l,m qlpm.

In the (k + 1)-th step we want to remove the terms of degreek + 3 of H(k). We apply the
changeφGk+3

1 to obtain a new Hamiltonian,H(k+1) = H(k) ◦ φGk+3

1 . By the Lie transform
formula (B.20), and writing only up to degreek + 3,

H(k+1) = H
(0)
2 + Z3 + · · ·+ Zk+3 + {H(0)

2 , Gk+3}+H
(k)
k+3 + . . . ,
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for, again –with (B.20) in mind–, it is just a check on the degrees, to realize that the only terms
of degreek + 3 present in this new Hamiltonian are those in the sum{H(0)

2 , Gk+3}+H
(k)
k+3. In

consequence, the homological equations will be,

L
H

(0)
2
Gk+3 + Zk+3 = H

(k)
k+3, (B.3.17)

with, in the same way as fork = 3, takingZk an homogeneous polynomial holding the resonant
terms ofH(k)

k+3,

Zk+3(q,p) =
∑

|l|1+|m|1=k+3
m−l∈R

h
(k)
l,m qlpm, (B.3.18)

The solutions of (B.3.17) will have, of course, the same form of (B.3.14),

gl,m =
−h(k)

l,m

i〈ω,m− l〉
; (B.3.19)

now, with |l|1 + |m|1 = k + 3, but identically:l −m 6∈ R. Therefore, if we maker steps of
the nonlinear reduction process, the resulting Hamiltonian splits into

H(r) = Z(r) +R(r), (B.3.20)

where theremainderR(r) contains terms of degree> r + 2, while

Z(r) = Z2 + Z3 + . . .+ Zr+2,

(with Z2 = H
(0)
2 ), is the (complex)normal formup to orderr + 2 of the Hamiltonian. It

holds the quadratic part plus the resonant termsZ3, . . . , Zr+2 from degree3 up tor + 2. Nev-
ertheless, sometimes, the termnormal formapplies, by extension, to the whole transformed
Hamiltonian (B.3.20).

RemarkB.26. From (B.3.14) it follows that the generating functions coefficientsgl,m, |l|1 +
|m|1 = 3, satisfy the symmetries (B.3.10). By Induction and taking into account the second
property of remark (B.24), it is possible to see that, at any degree3 ≤ k ≤ r + 2, gl,m =
i|l|1+|m|1gm,l. Hence, the same is true for the coefficients ofH(r). This implies that we can
obtain areal normalized Hamiltonian, applying to (B.3.20) the change (B.3.9). 


Even in the simplest case, whenR = ∅, there appearinevitableresonances whenl = m.
Then, the terms inZ(r) take the form,

Z2s(q,p) =
∑

|l|1=s h
(2s−3)
l,l qlpl,

Z2s−1 ≡ 0,

2 ≤ s ≤ br/2c+ 1,

wherebxc denotes the greatest integer function ofx ∈ R (i. e, bxc := max{z ∈ Z : z ≤ x}).
If –as pointed in last remark–, we apply first the linear symplectic change (B.3.9), and then
introduce polar canonical coordinates in the form,

xj =
√

2Ij cos θj, yj = −
√

2Ij sin θj (B.3.21)
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(j = 1, . . . , n), we obtain a real normalized Hamiltonian,

H̃(r)(I,θ) =
n∑

j=1

ωjIj +

br/2c+1∑
j=1

Z̃2j(I) + R̃(r)(I,θ),

with I = (I1, . . . , In), θ = (θ1, . . . , θn), and Z̃2j(I) are real homogeneous polynomials of
degreej in I1, . . . , In.

An interesting point is that the normal form, i. e., the first two sums in the expression above,

Z̃(r) =
n∑

j=1

ωjIj +

[r/2]+1∑
j=1

Z̃2j, (B.3.22)

does not depend on the angular variablesθj, so if we skip the remainder off and consider the
Hamiltonian system given by (B.3.22),

θ̇j =
∂Z̃(r)

∂Ij
, İj = 0, (B.3.23)

for j = 1. . . . , n, this system is immediately integrable, with solutions:

Ij = I0
j = contant, θj = Ωj(I

0) t+ θ0
j , (B.3.24)

with the frequencies,Ωj = ∂Z̃(r)

∂Ij
= ωj + . . . ; j = 1, . . . , n. Therefore, the trajectory of

the phase point(x0,y0) winds ann dimensional invariant torus defined by the first integrals
Ij = I0

j = 1
2
(x2

j + y2
j ). 3

Normal forms around equilibrium points were studied byBirkhoff (1927). In fact, in the
texts, the normal form (B.3.20) is known as the Birkhoff’s normal form. In the description
left here, it has been obtained applying successive canonical changes, each of them constructed
to remove the terms one degree higher than the preceding one. The final transformation is a
product of ther transformations:Ψ(r) = φG3

1 ◦ φG4
1 ◦ · · · ◦ φGr+2

1 .
There is, however, a vast literature forLie transformation algorithms. SeeDeprit (1969)

and the extensions ofKamel(1970); Henrard(1970a,b,c) for non Hamiltonian systems; or also
the books ofChow and Hale(1982), chapter 12 andMeyer and Hall(1992) chapter 7.

Without digging deeper into the details: given a generating functionG, which can be ex-
panded as a sumG =

∑
k≥3Gk, there are algorithms which allows us to construct a canonical

transformationTG, such that iff is a function of(q,p), the transformed functionTGf will be
defined by

TGf =
∑
k≥1

Fk,

where the termsfk are obtained recursively, that is, beginning withF1 = f1, for k > 1 is Fk =
Fk(G1, . . . , Gk+1; f0, . . . , fk), so each term in the sum can be obtained from the generating
function and the previous computed terms.

In particular in chapters1 and2 we shall use an algorithm of this type: the Giorgilli–Galgani
algorithm, (see references there). With this short outline of the transformation theory, we close
this appendix.




