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Abstract

The metric dimension of a general metric space was introduced in 1953
but attracted little attention until, about twenty years later, it was applied to
the distances between vertices of a graph. Since then it has been frequently
used in graph theory, chemistry, biology, robotics and many other disciplines.
Due to the variety of situations from which the problem of distinguishing the
vertices of a graph can arise, several variants of the original concept of me-
tric dimension have been appearing in specialized literature. In this thesis
we study one of these variants, namely, the local metric dimension. Specif-
ically, we focus on the problem of computing the local metric dimension of
graphs. We first report on the state of the art on the local metric dimension
and present some original results in which we characterize all graphs that
reach some known bounds. Secondly, we obtain closed formulas and tight
bounds on the local metric dimension of several families of graphs, including
strong product graphs, corona product graphs, rooted product graphs and
lexicographic product graphs. Finally, we introduce the study of simulta-
neous local metric dimension and we give some general results on this new

research line.
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Chapter 1

Introduction

Graph theory is a relatively new and very prolific research area in mathe-
matics. The causes of its popularity are manifold. We can not deny its
recreational origins that seduced and challenged some brilliant mathemati-
cians, among them, the two most prolific of all time, Leonard Euler and Paul
Erdés, whose attention and solutions to what could be regarded as recre-
ational problems opened the door to completely new study areas. However,
nowadays a great part of graph theoretical results are published in applied
science and engineering journals showing its relevancy to face industrial and
other kinds of applied problems.

A good deal of the attractiveness of the theory lies in the deceptive
simplicity of the general model, easy to comprehend and to apply to numerous
situations. The diversity of problems that can be considered belonging to the
theory provide occupation for a wide range of researchers. From the one that
tries to prove his or her theorems from scratch and with a naive approach,
to ones who apply tools consecrated in other branches of mathematics, such
as Algebra or Analysis, thus creating new hybrid areas. From the dyed-in-
the-wool purists to the most down-to-earth scientists, everybody can easily
find something of interest in Graph theory.

Another reason for the popularity of Graph theory is the great amount
of situations one can represent and study by means of a graph, essentially a
symmetric relation. From relationships of friendship to the connectivity of
computer nets passing through map colourings, industrial processes or board
and strategy games, most of them let themselves be modelled by means of a
graph. For instance, in computer networks, servers, hosts or hubs can be rep-

resented as vertices in a graph and edges can represent connections between
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them. Likewise, the Internet, social networks or transportation infrastruc-
tures are modelled by graphs, where the vertices represent web-pages, users
and population centres, respectively; and the edges represent hyperlinks, per-
sonal relations, and roads, in that order.

When we use a graph as a model each vertex represents a defined ob-
ject, but the storage and retrieval of the characteristics that define each of
the vertices in order to distinguish one from the other would be costly and
impractical. In 1953 Blumenthal [4] introduced the concept of metric di-
mension for general metric spaces. By the concept of metric dimension any
metric space can be endowed with a coordinate system that relies only on the
distance function of the space. Considering the metric structure of a graph,
the concept of metric dimension was applied by Slater [57] who introduced
the concept of locating set of a graph. Independently Harary and Melter [31]
introduced the same concept with the name of resolving sets and calculated
the metric dimension of a tree graph showing that it is possible to find a me-
tric basis containing end-vertices only and giving an algorithm to calculate
it.

We recall that the pair (M, d) is a metric space if M is a nonempty set
whose elements are called points and d is a binary function in M with values
in R* U {0} such that for every z, y, z € M:

L d(z,y) = d(y, z)

2. d(z,y) =0 if and only if z =y
3. d(z,y) < d(z,z) +d(z,y)

Given a metric space (M,d), a set B C M is a metric generator for M
if, for each pair of points, x,y € M there exists a point z € B such that
d(z,z) # d(z,y). As an example of metric space we can think in the pair
(R%, d) where R? is the set of pairs of real numbers and d is the Euclidean
distance. We know that, for a point z; € R?, and a positive number r, the
set Z; = {x € R? : d(z1,z) = r} is a circumference. That means that a
singleton set cannot be a metric generator for R%. If we choose a second
point z, € R? and a positive number s such that r —s < d(z1, 20) < r+s and
consider the set Zy = {x € R? : d(29,2) = s} we have that |Z; N Zy| = 2 and,
in consequence, no set of cardinality two can be a metric generator for R2.

However, for every point z3 € R?, non-collinear with z; and 2, we have that
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the set W = {21, 29, 23} is a metric generator for R?. As the cardinality of
W is minimum among the cardinalities of the sets which have the property
of distinguishing any pair of points in R?, we say that the set W is a metric

basis for R? and that the metric dimension of R? is equal to three (Fig. [1.1)).

Figure 1.1: From the left, z; does not distinguish the vertices in the circum-

B

ference; neither z; nor z, distinguishes A from B; every pair of vertices in R?

is distinguished by 27, 25 or z3.

That means that every point in R? is determined by its distances to any
three non-collinear points. This system, is an alternative to the classical co-
ordinate system and it relies only on the metric of the space. If the (ordered)
set U = {z1, 29, 23} is a metric basis for a metric space we can consider for a
point x in the space the vector Codey(x) = (d(z1, ), d(29, x),d(23,x)) as its
coordinates in U since for any pair of points x, y, we have x = y if and only
if Codey(x) = Codey(y).

Now, we consider an example in the domain of Graph Theory. In Figure
we have three copies of the Petersen graph. In each copy we have chosen
a different set of vertices and calculated the coordinates of each vertex in the
copy with respect to the correspondent set. The considered set in the first
graph is the singleton of A. In the second graph the set is {A, B}. We can
observe that in both cases there exist pairs of vertices non-distinguished by
their distances to the vertices in the referenced set. In the third graph we
observe that the set {A, B, C'} distinguishes any pair of vertices, hence the
set {A, B,C'} is a metric generator for the Petersen graph. It can be proved
that three is the minimum cardinality for a metric generator of the Petersen
graph. Therefore, the metric dimension of the Petersen graph is equal to
three.

A metric basis is used to give a coordinate system to a metric space.
The metric dimension gives us an idea of how difficult it is to distinguish two

different points considering only their distances to some other points that we
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22 222
22 12 221 122
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21
21 22 211 C

Figure 1.2: Three copies of the Petersen graph indicating the coordinates of

each vertex with respect to different sets of vertices

can see as landmarks in the graph. This characterization of points reveals
great applicability as it is an inbuilt parameter of the space. Slater [57] de-
scribed the usefulness of these ideas when working with U.S. sonar and coast
guard LORAN (long range aids to navigation). To be able to distinguish
each vertex in a graph is useful when we are moving through it or trying to
localize a vertex that requires special attention: an SOS point on road or in
a subway station, an spoiled device in a computer network, a specific entry
in a thesaurus. Khuller et al. [39] mention applications of the metric dimen-
sion in the premises of robot navigation in a graph-structured framework.
Chartrand et. al.[IT] inform that ”the structure of a chemical compound is
frequently viewed as a set of functional groups arrayed on a structure. From
a graph-theoretic perspective, the structure is a labelled graph where the ver-
tex and edge labels specify the atom and bond types, respectively”. In the
same article they say that the functional group responsible of the pharmaco-
logical properties of the compound is a subgraph of the graph representing
the compound and that the relative position of this subgraph with respect
to specific sets of atoms is relevant in drug discovery. This position can
be specified by the distances vector and its study can be optimized by the
use of metric generators E| Other applications of the metric dimension can
be found in digital geometry [46] related with pattern recognition and image
processing. Manuel et al. [45] have computed the metric dimension of honey-
comb networks underlining their relevance due to their wide use in computer
graphics, cellular phone base stations, image processing, and in chemistry

as the representation of benzenoid hydrocarbons. The network verification

!Chartrand et al. call the metric generators resolving sets
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problem consists of calculating the minimum number of queries that verify
all edges and non-edges in a given graph, which is equivalent to determining
the metric dimension of a graph [3]. Some variants of the Mastermind game
let themselves be modelled through a Cartesian product of complete graphs
(i.e. a Hamming graph) and the number of questions necessary to solve the
game is bounded by the metric dimension of such a graph [14], [§]. Also for
the coin weighing problem, the minimum number of weighings that are nec-
essary to determine the number of coins of each weight from two fixed ones
differs from the metric dimension E| of a hypercube graph by at most one unit
[36]. The metric dimension of a graph is also used to determine the graphs
G such that there exists a wining strategy for a "cop” in the game of cops
and robbers played on G, as proved in [9].

Due to the multiplicity of situations from which the problem of distin-
guishing the vertices of a graph can arise, several variants of the original
concept of metric dimension have been appearing in specialized literature.
Sometimes the same parameter is called in different ways, sometimes close
names define quite different concepts. Some of the related notions with their

specific features are listed below

e Resolving dominating set [6]: The metric generator is also a dominating

set.

e [ndependent resolving set: The metric generator is also an independent
set. Introduced in [12], we can find some application to the calculus of

the total resolvability and weak total resolvability in [10].

e Connected resolving set [53]: The graph induced by the metric genera-

tor is connected.

e Strong metric generator [56], [41] : Two vertices not belonging to the
generator are distinguished by some vertex in the metric generator

which lies is a minimum-length path with both of them.

o k-metric generator [2, 21], 61]: Two vertices are distinguished by at

least k vertices in the metric generator.

e Locating-dominating set [58]: The metric generator is a dominating

set and any two vertices not belonging to the generator have different

2In [36], metric dimension of a metric space is called its rigidity.
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(open) neighborhoods in the set.

e [dentifying code [38]: The metric generator is a dominating set and any
two vertices of the graph have different closed neighbourhoods in the

set.

e Resolving partition [13]: Any two different vertices have different dis-

tance vectors to the sets of the partition.

e Strong resolving partition [59]: For every two vertices belonging to a set
of the partition, there exists another set in the partition that strongly

resolves the pair.

e Total resolving set [10]: Any two vertices in the graph are distinguished
by a third, different of both, vertex in the set.

o Weak total resolving set [10] Any two vertices, one in the set and the

other not, are resolved by a third, different of both, vertex in the set.

e Adjacency resolving set [35], [19]: Any two vertices that do not belong
to the set, have different neighbourhoods in the set.

e Simultaneous metric generator[7]: the set is a metric generator for each

member of a family of graphs with common vertex set.

e Local metric generator [47]: The set, not necessarily a metric generator,

distinguishes any pair of adjacent vertices in the graph.

For the definitions of the concepts used above we refer to Chapter 1 of
this work.

In 1979 Garey et. al. [27] proved that the problem of finding the metric
dimension of a graph is NP-hard. Diaz et al. [16] proved that the calculus
remain NP-hard even when we consider only bounded-degree planar graphs.
Epstein et al. [I8] proved that the calculus of the metric dimension in the
following classes is also NP-hard: split graphs, bipartite graphs, co-bipartite
graphs, line graphs of bipartite graphs. Finally Foucaud et al. [25] proved
the NP-hardness of the problem for interval graphs. Positive results are that
metric dimension is polynomial-time solvable on trees, and the existence
of a log(n)-approximation algorithm for general graphs. Metric dimension

can also be computed efficiently for co-graphs, k-edge-augmented trees, and
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wheels. Rodriguez-Veldzquez and Fernau [23] proved that also the calcu-

lus of the adjacency dimension and the local metric dimension are NP-hard

problems.
A=0 113
1 1 A =022 B =202
2 111
3 3 C =220 222
4 331

Figure 1.3: Two copies of the graph G showing the distance vectors of each
vertex to a determined set. In the left side the set {A} is a local metric basis.
In the right side the set {A, B, C'} is a metric basis.

The scope of this work falls into the study of the local metric dimension
of graphs. That is, we are concerned in distinguishing the pairs of adjacent
vertices in a graph. This study was introduced by Okamoto et. al [47]. In
their paper they established some general bounds that we review in Chapter 1
and also gave general constructions showing the relative independence of the
study of the local metric dimension from the study of the metric dimension.
We can see in Figure|l.3[an example which shows a graph with different local
metric dimension and metric dimension. For the sake of clarity we draw two
copies of the same graph GG. The local metric dimension of the graph G is
equal to one, as it is for every bipartite graph, whereas the metric dimension
of G is equal to two. In the figure we show the vectors of distances of each
vertex to a set of vertices. On the left to a singleton set that is a local metric
basis and on the right to a set of two vertices that form a metric basis for
G. It is easy to generalize this example in order to show that the difference
between the metric dimension and the local metric dimension of a graph can
be as big as we want. It suffices to take enough copies of an even-length
cycle each one with a distinguished vertex that we proceed to identify. The
metric dimension is at least the number of cycles whereas the local metric

dimension remains equal to one.
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The structure of this thesis is the following: After the introduction, in
Chapter [2| we introduce most of the terminology and notation we shall need,
we report on the state of the art on local metric dimension and present some
original results. Chapter [3] is devoted to the strong product of graphs. We
introduce the study of the graphs obtained by point attaching from elemen-
tary subgraphs in Chapter [ and deepen the study of corona product graphs
in Chapter 5 In Chapter [6] we deal with the generalized lexicographic pro-
duct, and in Chapter [7] we study of the simultaneous local metric dimension.
In Chapter Conclusions, we present some concluding remarks, summarize
the contributions of this thesis, and give a list of future works. Finally, we

present the bibliography.
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Chapter 2

Basic concepts, notation and

general results

2.1 Basics

For the basics concepts in graph theory and notation we globally follow the
book of Diestel [I7], and the classic book of Harary [30]. We would like to
point out that for a graph G we always mean a finite, non-oriented, simple
graph. We denote by V(G) and E(G) the vertex set and the edge set of
G, respectively. If, for some u,v € V(G), {u,v} € E(G), we say that the
vertices u and v are adjacent and we simplify the notation saying uv € F(G) ,
otherwise we say that the vertices u and v are not adjacent. The complement
of G is the graph G¢ with V(G¢) = V(G) and uv € E(G°) if and only if
w ¢ E(G).

For a vertex u, the open neighborhood of u in G is Ng(u) = {v € V(G) :
wv € E(G)}. The degree of u is 0g(u) = |[Ng(u)|. Special values are 6(G) =
min{d(u) : v € V(G)} and A(G) = max{d(u) : v € V(G)}. The closed
neighborhood of a vertex u is Nglu] = Ng(u) U {u}.

An independent set in G is a set X C V(G) such that u,v € X implies
w ¢ E(G). The independence number of G is a(G) = max{|X]| : X is
an independent set for G}. As a dual for this notion we define a clique
in G as a set X C V(G) such that u,v € X implies uv € E(G). The
parameter w(G) = max{|X| : X is a clique for G} is the clique number of
G. A set X C V(G) is a dominating set for G if for each u € V(G), we have
Nglul N X # 0. The dominating number of G is v(G) = max{|X|: X is a

dominating set for G}.
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Two vertices u,v are true twins if Ng[u] = Ng[v]. They are false twins
if Ng(u) = Ng(v) and twins if they are any of the previous. These three
relations are equivalence relations. It is not difficult to see that the equiva-
lence classes of the true-twin relations are cliques and those of the false-twin
relations are independent sets. It follows that a class that contains both true
twins and false twins has to be a singleton.

For a connected graph G, the distance between two vertices u,v € V(G)
is denoted by dg(u, v) and the diameter of G is D(G) = max{dg(u,v) : u,v €
V(G)}. Given a vertex u € V(G) its eccentricity is e(u) = max{dg(u,v) :
v € V(G)}. The radius of G is r(G) = min{e(u) : w € V(G)} and the center
of Gis C(G) ={u € V(GQ) : e(u) = r(G)}. The girth g(G) of the graph G is
the length of its shortest cycle, if there is any, and oo in the case of acyclic
graphs. Also we say that the diameter of a non-connected graph is co. Two
vertices u,v € V(G) are diametral vertices if dg(u,v) = D(G).

We say that a vertex u € V(G) distinguishes two vertices z,y € V(G)
if dg(u,z) # da(u,y). A metric generator for G is a set B C V(G) with
the property that, for each pair of vertices x,y € V(G), there exists a vertex
u € B that distinguishes x,y. If for some metric generator A C V(G), we
have that |A| = min{|B| : Bis a metric generator for G}, we say that A is a
metric basis for G and, in this case, dim(G) = |A|, is the metric dimension
of G.

In this work we are focused on the local metric dimension of a graph that
is defined as follows: A set L C V(G) is said to be a local metric generator for
G if for each pair of vertices z,y € V(G) such that uwv € E(G), there exists
a vertex u € L that distinguishes u and v. If for some local metric generator
M C V(G), we have that |[M| = min{|L| : L is a local metric generator for
G}, then we say that M is a local metric basis for G and dim;(G) = | M|, is
the local metric dimension of G.

The concept of adjacency generatmﬂ was introduced by Jannesari and
Omoomi [35] as a tool to study the metric dimension of lexicographic product
graphs. An adjacency generator for G is a set B C V(G) such that for each
z,y € V(G) — B there exists b € B such that b is adjacent to exactly one of
x and y. An adjancency generator whose cardinality is the minimum amomg
the cardinalities of all the adjacency generators of G is called an adjacency

basis of GG, and its cardinality is the adjacency dimension of GG, denoted by

L Adjacency generators were called adjacency resolving sets in [35].
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adim(G) [35]. The concepts of local adjacency generator, local adjacency basis
and local adjacency dimension are defined by analogy, and the local adjacency
dimension of a graph G is denoted by adim;(G). Fernau and Rodriguez-
Veldzquez in [23] 24] introduced the study of local adjacency generators and
showed that the (local) metric dimension of the corona product of a graph of
order n and some non-trivial graph H equals n times the (local) adjacency
dimension of H. As a consequence of this strong relation they showed that the
problem of computing the local metric dimension and the (local) adjacency
dimension is an N P-hard problem.

As pointed out in [23] 24], any adjacency generator of a graph G = (V, E)
is also a metric generator in a suitably chosen metric space. Given a positive

integer ¢, we define the distance function dg¢ : V x V — N U {0}, as

dei(z,y) = min{de(z, y), t}. (2.1)

From this definition is clear that any metric generator for (V,dg,) is a met-
ric generator for (V,dg+41) and, as a consequence, the metric dimension of
(V,dgt+1) is less than or equal to the metric dimension of (V,dg ;). In par-
ticular, the metric dimension of (V,dg 1) equals |V|—1, the metric dimension
of (V,dg2) equals adim(G) and, as dg p) = de, the metric dimension of
(V,da. (o)) equals dim(G).

Notice that B is an adjacency generator for G if and only if B is an
adjacency generator for its complement G¢. This is justified by the fact that
given an adjacency generator B for G, it holds that for every x,y € V — B
there exists b € B such that b is adjacent to exactly one of  and y, and this
property holds in G°. Thus, adim(G) = adim(G°).

We say that A C V(@) is a local adjacency generator for a graph G if, for
every pair of vertices u, v € V(G)—A such that uv € E(G), there exists w € A
such that |[Ng(w) N {u,v}| = 1. If the set B is a local adjacency generator
for G with the property that for every other local adjacency generator A,
|B| < |A|, then we said that B is a local adjacency basis for G and its

cardinality is the local adjacency dimension of G, denoted by adim;(G).

Remark 2.1. As every local adjacency generator of G is also a local metric
generator for G,

dim, (G) < adiny(G).

It is enough to consider the graph Fy to see that the inequality in Remark
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2.1l can be strict:
1 = diny(Fs) < 2 = adimy (Fp).

The study of the local adjacency dimension of a graph arises in a natural
way in the study of the local metric dimension in some graph operations in
which the maximum distance between two vertices of a distinguished sub-
graph becomes equal to two (as in the corona product or the lexicographic
product of graphs that we will define further in this work, see the chapters
related to the lexicographic product and corona graphs).

From the definitions of the different variants of generators, we can ob-
serve: an adjacency generator is a metric generator; a metric generator is a
local metric generator; a local adjacency generator is a local metric genera-
tor; an adjacency generator is a local adjacency generator. These facts show
that the following inequalities hold:

(i) dim(G) < adim(G)
(i) dimy(G) < dim(G) < dim(G) + adim,(G®)
(iii) dimy(G) < adimy(G)
(iv) adim;(G) < adim(G)

Remark 2.2. Let G be a graph. If there exists a local metric basis B C V(QG)
such that €(b) < 3 for every b € B, then dim;(G) = adiny(G).

Proof. For a graph G suppose that there exists a local metric basis B C
V(G) such that b € B implies €(b) < 3. Let u,v € V(G) such that
uwv € E(G). There exist b € B such that dg(b,u) # dg(b,v), as e(b) < 3,
max{dg(b,u),dg(b,v)} <2, then dg2(b,u) = dg(b,u) # da(b,v) = dga(b,v)
and we are done. O

Theorem 2.3. [23] Let G be a non-empty graph of order t. The following

assertions hold.

(i) adimy(G) = 1 if and only if G is a bipartite graph having only one

non-trivial connected component G* and r(G*) < 2.

(i) adimy(G) =t —1 if and only if G = K;.
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As a comparative between metric dimension and local metric dimension
we present Table where: K, is the complete graph on n vertices, NN, is
the empty graph on n vertices, P, is the path graph on n vertices, S, is the
star graph on n vertices, K, ,, is the complete bipartite graph on n; + ng
vertices, B, ,, is an arbitrary connected bipartite graph on n, + ny vertices,
Csy, Conyq are the cycle graph on 2n and 2n + 1 vertices respectivelly, W, is
the wheel graph on n vertices.

¢ | dim(G) dimy(G) adim(G) | adimy(G)

K, |n-—1 n—1 n—1 n—1

N, |n-1 0 n—1 0

P ! =2 | 3] n=10)
and [2] i.0.c

Sh n—2 1 n—2 1

Ky | m1 4 g — 2 1 e |

Bon, | NP-hard 1 ? ?

Con | 2 1 |5 5]

Cons1 | 2 2 | 5] H

Wo | ng (1 (2] 0> 2 [ dimw,) | dim(v)

Table 2.1: A comparative between dim(G), diny(G), adim(G), and adim,;(G)

2.2 General results

In this section we will present some of the first results about local metric
dimension of graphs. First of all we would like to remark that Rodriguez-
Veldzquez and Hening [24] proved that in the general case the calculus of the
local metric dimension of an arbitrary graph is NP-hard. We can, however,
present some general results. Most of these results were obtained by Okamoto
et al.[47] in their seminal article on the subject. They deal with the general
case, most of their results are bounds that they proved to be tight. As a
novelty, in subsequent sections, we give the characterization of the graphs in

which some of these bounds are attained. We start with an useful result.
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Theorem 2.4. [47] Let G be a connected graph of order n. The following
statements hold.

e dim;(G) =1 if and only if G is bipartite.
e dimy(G) =n—1 if and only if G = K,,.
o dim(G) =n—2 if and only if w(G) =n — 1.

The following Remarks relate the local metric dimension of the graph

with some special subgraphs.

Remark 2.5. [47] For a graph G of order n and independence number c,
dimy(G) <n —a.

Remark 2.6. [47] If G is a nontrivial connected graph of order n and diam-
eter D(G), then dim;(G) < n — D(G).

The relation of the local metric dimension of the graph and its clique

number is not trivial and it is studied in the following Theorems:

Theorem 2.7. [47] If G is a nontrivial connected graph of order n and clique
number w, then dim;(G) > [logy(w)]. Furthermore, for each integer w such

that w > 2, there exists a connected graph G, with clique number w such that

dim; (G,,) = [log,(w)].

Theorem 2.8. [47] If G is a nontrivial connected graph of order n with
w = w(G), then dim(G) < n —2"“. Furthermore, for each pair n, w of
integers with 2" < w < n, there exists a connected graph G of order n

whose clique number is w such that dimy(G) =n — 2""%.
From Theorem [2.8 we have the following Corollary.

Corollary 2.9. [47] If G is a nontrivial connected graph of order n and
diny(G) =n — k, then w(G) < n — [logy(k)].

We merge an observation and a theorem from Okamoto et. al [47] in the

next theorem that involves the true twin classes of G.

Theorem 2.10. [47] Let G be a nontrivial connected graph of order n having
[ true twin equivalence classes. If p of these | true twin equivalence classes
consist of a single vertex, then n — 1 < dim;(G) <n — 1+ p.
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In fact Okamoto et al. [47] give a necessary and sufficient condition for
dim;(G) = n — [. Prior to enunciate the result we need a pair of definitions.
For two subsets X,Y of V(G) them define dg(X,Y) = min{ds(u,v) :
ue X,veY} LetU = {Uy,...,U} the set of true twin classes in G.
For V C U ordered as V = {Vi,...,V,.} and U; € U, define code};,(U) as the

ordered r — tuple, (a1, ...,a,) where
L[ a0y i Vizu
1 if Vi=U

Theorem 2.11. [47] Let G be non trivial connected graph with true twin
equivalence classes Uy, ..., U, at least one of them non a singleton class,
|U;| > |Uiga| fori=1,...;1 —1. Let k = max{i : |U;|] > 1}. Consider the
ordered set S = (Uy,...,Uy), dim(G) = n — [ if and only if code(U;) #
codes(U;) for each U;,U;, such that dg(U;,U;) =1

Finally, we recall that given two graphs G and H, its Cartesian product
GUH is the graph defined as follows:

o V(GOH) = V(G) x V(H)

o (ug,v1)(ug,vy) € E(GOH) if and only if either u; = uy and vyvy €
E(H) or v; = vy and uyus € E(H).

For a deep study of graph products and their properties we refer to the book
[29].
Okamoto et al. [47] calculate the local metric dimension of the Cartesian

product of two graphs.

Theorem 2.12 ( [47] ). For every connected graphs H and G,

dim;(GOH) = max{dim;(G), dim;(H)}

Upper bounds using independent sets

In this section we present two novelties related with Remark First we
characterize the family of graphs G such that dim;(G) = n — « and second,
we give another bound also related with the independence number. To begin
with, we give the following remarks, definitions and results.

A family A = {Ay,..., Ay} of subsets of a set A is a clustered nested
cover of A, if A is a cover (UA; = A) and for every A;, A; € A, A, # 0 # A;
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and either A4; C A; or A; C A; or A;NA; = (. For any non-empty set
A = {ay,...,a,} we can give the following examples of clustered nested

covers of the set A:
e The family whose only element is the set A, A = {A}.
e The family elements of any partition of the set A. As examples:

— The total partition family: TP(A) = {{a1},...,{a}}.
— For any non-empty B C A, the family induced by B: A(B) =
{B,A— B}.

e The nested family: N(a;,...,a;,) = {A1 ={a,},..., A, = A}, where
Aj+1 = Aj U {ain}, for 1 S j S n — 1.

Remark 2.13. Let A, B two covers of a set A such that B C A. If A is a

clustered nested cover of A, then B is also a clustered nested cover of A.

Let G be a graph, and B = {B; : B; C V(G)} a family of non-
empty subsets of V(G). Let s = |B| and consider a family of pairs H =
{(H1, Ay)...,(Hs, As)}, where H; is a graph and A; C V(H;) fori =1,...,s.
We define the graph G +5 H from the graph G and the graphs H; by join-
ing, by an edge, each element v € A; to each vertex u € B; for 1 < i < s.
Formally:

o V(G +sH)=V(G)U(Un,enV (H;))
e uv € E(G +5H) if and only if either uv € E(G) or u € B;,v € A,
As examples of this construction we have:

e The n-sun graph (Figure can be defined as

.....

(Figure [2.1)).

e Let G a graph of order n, the Corona product of the graph G and the
family H is G O H = G +v(e) {(H1,V(H1)),...,(H,, V(H,))} (Figure
29).
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Figure 2.1: Left: 4-sun graph. Right: 4-sunlet graph

Ul ——— o q
Hy ,l,
U e

Uz ® ° ° =
l]j Us

'%.
us ° ° °

it
G Y ’ GoH

Figure 2.2: The corona product of G and the family H = {Hy, Hy, H3}

e The join of the graphs G and H is defined G + H = G +vio)y
{(H,V(H))} (Figure 2.3).

Given a set A and family of subsets A = {A; C A}, we say that A
distinguishes the elements of A if for each pair of different elements a,b € A
there exists A; € A such that |A4; N {a,b}| = 1. Let A = {ay,...,a,} a set,
examples of families of subsets that distinguish the elements of A are TP(A)
and N (ag, ..., a;,).

Remark 2.14. Let A be clustered nested cover of a set A. If A distinguishes
the elements of A, then there exists A; € A such that |A;| = 1.

Proof. Suppose, for a contradiction, that A is a clustered nested cover of a
set A that distinguishes the elements of A and, for every A; € A, we have
|A;] > 2.Let Ay € A such that |Ag| = min{|A;| : A; € A}. The elements in

Ay are not distinguished, which is a contradiction. O

Lemma 2.15. Let A be a set such that |A| = n > 2, and A a clustered
nested cover of A. If A distinguishes the elements of the set A then |A| > n.

Proof. We proceed by induction over the cardinal of A. If |A| = 2, say A =
{a, b}, then the clustered nested covers of A that distinguish the elements of A
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G H G+H

Figure 2.3: The join of G an H

are Ay = {{a}, {b}}, A> = {{a}, A}, A3 = {{b}, A} and Ay = {{a},{b}, A},
and all of them have at least two elements. Let us suppose then that the
result holds for any set of cardinality less than or equal k > 2. Let A be a set
such that |A| = k+ 1 and A a clustered nested cover of A that distinguishes
the elements of A. Consider a € A such that {a} € A, such an a exists by
Remark[2.14] For each A; € A—{{a}} define A? = A—{a}, and consider the
family A* = {A% : A, € A—{{a}}}. The family A is a family of non-empty
subsets of A — {a} and for any A;, A; € A, if A; C Aj, then Af C A¢ and if
A;iNAj =0, then A7 N A§ = (. As UA} = A — {a}, we can conclude that
A® is a clustered nested cover of A — {a}. Moreover, as A distinguishes the
elements of the set A, for any x,y € A — {a} C A there exists A; € A such
that |A;N{z,y}| =1. Asa ¢ {x,y}, |[(A; —{a}) N {z,y}| = 1, which implies
that A® distinguishes the elements of A —{a}. By the induction hypothesis,
|A*] > |A—{a}| > k, thus |A| = |A%| +1 > k+ 1 and the result follows. [

Theorem 2.16. Let G be a connected graph G of order n and independence

number a(G). The following statements are equivalent:
1. dimy(G) =n — a(G)
2. adimy(G) =n — o(G)

3. G = K, +5H, where B ={B; : B; C V(K,)} is a clustered nested
cover of V(K,), V(K,) € B, |B| = s and H = {(Npn,, V(Ny,)), ...,
((Nag, V(Na,)) }-

Proof. Let G be a connected graph G of order n. Suppose first that dim;(G) =
n — «(G). Remark implies that n — a(G) = dimy(G) < adim(G) <
n — (@) and then adiny(G) = n — a(G).

Suppose now that adim;(G) = n — a(G). Let X C V(G) be an in-
dependent set such that |X| = «(G). By hypothesis, Y = V(G) — X is
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a local adjacency basis for G. Consider the partition of X into false twin
classes X1,...,X,. For each X; fix a vertex z; € X; and let R = {z; : x; €
X;,1 <i < s}. Consider the families B = {B; CY : B; = Ng(z;),z; € R}
and H = {(H1,X1)),...,(Hs, X))} where V(H;) = X; and H; = Nx,|, for
1 <1 <s.

Claim 1: For each B;, Bj € B either B; C B or B; C B; or B;NB; = .
We proceed by contradiction. Suppose that there exist B;, B; € B such
that 0 ¢ {B;N B;,B; — B;,B; — B;}. Let u, € BN B,, u € B; — B,
and uz € B; — B;. We affirm that (Y — {uy, ug,us}) U {z;,z;} is a local
adjacency generator for G. For any u,v € V(G) — (Y — {uy, uz,u3}) U
{zi,2;}) = (X —{z;, z;})U{us, us, us}, such that uv € E(G) we have {u,v}N
{uy,ug,us} # 0. I [{u,v} N {ug,ug,us}| = 1, say u € {uy,uz,usz} and
v € X — {z;,z;}, then, for some x € {x;,z;}, say z;, dg(z;,u) =1 # 2 =
dc(z;,v) and we are done. Otherwise |[{u, v} N{u1, us, us}| = 2 and, without
loss of generality, v ¢ B;. Then dg(z;,u) = 1 # 2 = dg(x;,v) and we are
done. Hence (Y — {uy,ug, ug}) U{z;, z;} is a local adjacency basis for G and
(Y — {w,ug,u3}) U{x;,z;}| = |Y| — 1 which is a contradiction. Therefore
for each B;, B; € B, B; C Bj or B; C B; or B;N B; = 0.

Claim 2. Y is a clique in GG. Suppose, for a contradiction, that there
exist up, up € Y such that uyus ¢ E(G). As X is a maximal independent set
for G, X is a dominating set for G. Let v € X such that uyv € E(G). We
affirm that (Y — {uy,us}) U{v} is a local adjacency generator for G. In order
to see that let z,y € V(G) — (Y — {ug,u2}) U{v}) = (X — {v}) U{ug,us},
such that zy € E(G). Without loss of generality, z = uy, y € X — {v}, hence
de(v,z) =1 # 2 =dg(v,y) and we are done. Thus (Y — {uy,uz}) U{v} is a
local adjacency generator for G and (Y — {uy,us2}) U {v}| = |Y| — 1 which
is a contradiction. Therefore Y is a clique in G.

Claim 3.There exists v € X such that Ng(v) =Y. If |[Y| = 1, then
G = S, (the star graph on n vertices) and result follows. Let us suppose
then that |Y| > 2, and, for every v € X, Ng(v) # Y. If |Y| = 2, then,
by Claim 2, Y = K, and G is a tree of diameter equal to three. In this
case, for any u € Y, {u} is a local metric basis of G. Since g(u) = 2,
Remark implies that {u} is a local adjacency basis for G and hence
adim;(G) =1 < 2= Y| =n— a(G) which is a contradiction. Thus |Y| > 3.
Let X = {v € X : for every v; € X, Ng(v;) € Ne(v) or Ng(v;) N Ne(v) = 0}
and fix v; € X such that|Ng(v)| = max{|Ng(v;)| : v; € X}. Let u, €
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Ng(v1) and us € Y — Ng(v1). We claim that (Y — {uy,uz}) U{v;} is a local
adjacency basis for G. In order to prove that, consider a pair of adjacent
vertices z,y € V(G) — ((Y — {ur,uz}) U{vi}) = (X = {v1}) U{ur, ua}. We

differentiate the following cases:

e Case 1: © = wy. In this case dg(vi,u1) = 1 # 2 = dg(v1,u2) and we

are done.

o Case 2: © = ug, y € X —{wv1}. As |Y]| > 3 either there exists ug €
Ne(v1)—{u1}, and Claim 2 implies that dg(ug, us) = 1 # 2 = dg(ug, y),
or Ng(vi1) = {u1} and, as | Ng(v1)| is maximum, Ng(y) = {uz}. So, for
ug ¢ Ng(y), dg(us,us) =1 # 2 = dg(us,y).

Hence (Y — {uy,us}) U{v1} is a local adjacency generator for G and |(Y —
{uy,us})U{v1}| = |Y|—1, which is a contradiction. Thus there exists v € X
such that Ng(v) = Y. From the three claims above we have that Y is a
clique, B is a clustered nested cover of Y, Y € B and G = K\y| +5 H, where
H has the form {(N,,, V(Nn,)), .-y (Nn,, V(NL))}-

Now we suppose that G = K, +5 N as in the hypotheses. We have to
prove that dim;(G) = n — «(G). By Lemma 2.5 dim(G) < n — a(G) and
the definition of G implies that n — a(G) = r. Suppose, for a contradiction,
that dim;(G) < n —a =r, and let A be a local metric basis for G. Notice
that, V(K,)— A # (. Define A; = ANV(K,) and Ay = A— A;. AsV(K,) €
B, there exist H; € H and vy € V(H;) such that for every v € V(K,),
uvg € E(G). Therefore Ay # (), because if A C V(K,) and uy € V(K,) — A,
no vertex in A distinguishes uy and vy. From the above considerations,
A1 < |[V(K,) — {w}| — |A2] < r—2 and |V(K,) — A;] > 2. Consider
the family Ba, = {Ng(v) — A1 : v € Ay}. Either vy € Ay or for each
r € V(K,) — Ay, there exist v € Ay such that zv € E(G), in order to
distinguish x and vy. It is straightforward to see that B,, is a clustered
nested cover of V(K,) — A;. For every uj,us € V(K,) — A; there exists
v € Ay such that v distinguishes the pair, thus |Ng(v) N {ui,us}| = 1. As
uy,ug & A1, |(Na(v) — Ar) N {uy, ug}| = 1. Thus the family B4, distinguishes
the elements of V(K,) — A;. Lemma [2.15 implies that [Ba,| > r — |4;|. By
definition |Ay| > |Ba,|. Hence |A| = |A;| + |As| > r which is a contradiction
and therefore dim;(G) = n — a(G). O

Corollary 2.17. Let G be a connected graph of order n and independence
number a(G). If dim;(G) = n — (a(G) + 1), then adim(G) = n— (a(G) + 1)
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Proof. Let G be a connected graph of order n and independence number
a(G), such that dim(G) = n — (a(G) + 1). If dim(G) # n — a(G), then
by Theorem [2.16] adim;(G) # n — a(G) then n — (a(G) + 1) = dimy(G) <
adim;(G) < n — (a(G) + 1) and the result follows. O

Remark 2.18. The converse of Corollary[2.17 is not true.

Proof. 1t is sufficient to consider G = P; to see that. In this case |V (G)| =7,
a(G) =4, adimy(G) =2 = |[V(G)| — (a(G) + 1) > 1 = diny(G). O

As a second result in this section we present another upper bound for
the local metric dimension of a graph in terms of its independent sets.

Let G be a connected graph with independence number o = a(G) and
let S = {s1,..., sa} € V(G) be a maximal independent set. Let Q(S) =
{Ng(u)NS :ueV(G)— S} For A; € Q(S) let Uy, = {z € V(G) — S :
Ng(z)NS = A;} and let «; be the independence number of the graph induced
in G — S by Uy,. For each A; € Q(S) let S; C Uy, an independent set of G
such that |S;| = a;.

Remark 2.19. For each A; € Q(S5), a; < |A;]

Proof. Let us suppose, for a contradiction, that for some A; € Q(S5), o > |A;]
and let S; C Uy, an independent set in the subgraph induced by Uy, in G
such that |S;| = ;. The set S" = (S — A;) U S, is an independent set in G

and |S’| > a(G) which is a contradiction and result follows. O

Theorem 2.20. Let G a graph of order n. If S is the family of maximal
independent sets of G, then

adim;(G) < n — max o
l( ) o Ses Aig;(S)
Proof. For each S € § and A; € Q(S) we choose a maximal independent
set S; C Ua,. Let B = Ug,eqs)Si- We claim that that V(G) — B is a
local adjacency generator for G. In order to see that, let b;,b; € B such
that b;b; € E(G). As by € Uy, and b; € Uy, and A; # A, without loss of
generality, there exists s; € A; — A;. Hence, s1b; € E(G) and s1b; ¢ E(G),

and we are done. O]

We give an example of application of the bound. Let G be the graph
in Figure (co—domz'no graph). S; = {vi,v4} and Sy = {vq,v5} are two
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maximal independent sets. Let A; = {v1}, Ay = {v4}, Az = {2}, Ay = {vs},
As = Sy, Then Q(S1) = { A1, Az} and Q(Ss) = { A3, Ay, As}. Ua, = {02, 06},
Ua, = {vs, 05}, Uay, = {01}, Ua, = {va}, Uay = {v3,06}. o = g = ag =
a4 = 1 and a5 = 2. Therefore,

Z Q= a1+ ay =2,
A;eQ(S1)

Z o = a3+ o+ a5 = 4.

A;€Q(S2)
And in fact
2 = adimy(G) =n — Z a;
A;€Q(S2)
(%) V3
U1 V4
Ve (S

UA1 UA2

Figure 2.4: G with two Q(S) structures. In black, maximal independent sets.
On the left S; = {v1,v4} and on the right Sy = {vs, v5}.

Upper bounds using isometric subgraphs

In this section we work on Remark [2.6] First we remark that any minimal
path of length equal to the diameter is an isometric subgraph (concept that
we define further) of G and then Remark is a particular case of our
Remark as so it is Lemma from Jannesari et al. [34]. After the
remarks we characterize the graphs G such that dim;(G) =n — D(G).

For a graph G we say that H is an isometric subgraph of G if H is a
subgraph of G' and for every u,v € V(H), dg(u,v) = dg(u,v). It turns out
that an isometric graph is an induced subgraph but the converse is not always

true, even if the isometric subgraph is connected. We can see an example in
Figure 2.5

Remark 2.21. If H is an isometric subgraph of a nontrivial connected graph
G, then diny(G) < |V(G)| — |V(H)| + dimy,(H).
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G U2
H
Uy
us

Figure 2.5: The set {u1, ug, us, u4, us} induces a connected subgraph H (thick

lines) of G that is not isometric since dg(u1,us) = 4 # 2 = dg(uy, us).

Proof. Let B C V(H) be a local metric basis for H. We claim that C' =
(V(G) = V(H)) U B is a local metric generator for G. Let u,v € V(G) —
C = V(H) — B such that uv € E(G), then there exists b € B such that
dg(b,u) = dy(b,u) # dy(b,v) = dg(b,v) and we are done. O

Remark is also valid for the metric dimension of a graph and Jan-

nesari et al. [34] give the next bound.
Lemma 2.22. [34] If G is a connected graph not a tree with order n and
girth g, dim(G) <n — g+ 2.

Graphs which attain the bound in Lemma [2.22| are also characterized in
[34]. By Remark2.21| Lemma is also valid for the local metric dimension
of a graph.

Remark 2.23. If G = K,, or G = Cy,11 then dim(G) = |V(G)| — g(G) + 2

and we conjecture that there are no more cases in which the equality holds.

G G Gs

Figure 2.6: The three types of graph G such that dim;(G) = n — D(G). In
bold a diametral path of each.

Now we proceed to characterize the graphs G' with dim;(G) = n— D(G).
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Theorem 2.24. Let By, By C V(K,) be such that, By # (), By N By = ().
For some ny,ny > 1 let Hy = P,,, Hy = P,, and let w; € V(H;), v, €
V(H3) be pendant vertices of Hy and Hy respectively. Consider the following
families of pairs Hy = {(Hy,{w1})}, Ho = {(H1,{w1}), (H2,{v1})}. For
a connected graph G, dim;(G) = |V(G)| — D(G) if and only if one of the

following conditions hold:
1. G2 K,
2. G =K, +pyHi
8. By #0 and G = K, +(p, B,y Ho

Proof. For the first case, we remark that for a graph G or order n the follo-

wing statements are equivalent [47]:
e G=2K,
o dim(G)=n—-1

For the other cases we start by proving the sufficiency of the conditions.
Suppose first that G = K, +p,} H;.

If By # V(K,), then D(G) = ny + 1 and, for each w; € B; and wy €
V(G) — By, the set T = V(P,,) U {wy, wy} induces a path of length equal to
the diameter. As T' is an isometric subgraph of G, wy distinguishes any pair
of adjacent vertices x,y € T — {wy}. Thus C = (V(G) —T) U {w,} is a local
metric generator for G and |C| = |[V(G)| — (n1 +2) + 1 = |[V(G)| — D(G).
Now, let us suppose, for a contradiction, that there exists a local metric
generator B C V(G) for G such that |B| < |V(G)| — (n1 +2) = r — 2.
If B C V(K,) then there exists z,y € V(K,) — B such that no vertex in
B is able to distinguish them. On the other hand, if B ¢ V(K,) then
|BNV(K,)| < r—3 and then either there exist z,y € (V(K,)—B)NN(uy) or
there exist z,y € (V(K,)—(BUN (u1)). In both cases no vertex in B is able to
distinguish x and y, which is a contradiction. Therefore, dim;(G) = n—D(G).

If By = V(K,), then D(G) = ny and, for each w € By, the path induced by
the set T, = V(P,,) U {w} has length equal to the diameter. As any T, is
an isometric subgraph of G, w € V(K,) distinguishes any pair of adjacent
vertices z,y € V(G) — V(K,) = V(P,,). Hence V(K,) is a local metric

generator for G. Let us suppose, for a contradiction, that there exists a local
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metric generator B C V(G) for G such that |B] <r—1. If B C V(K,), then
there exists x € V(K,) — B and no vertex in B is able to distinguish the pair
z,uy. And if B € V(K,) then |[BNV(K,)| < |V(K,)| — 2 and then there
exist z,y € V(K,) — B. No vertex in B is able to distinguish x and y, which
is a contradiction. Therefore dim;(G) = |V(K,)| =n —ny =n — D(G).

For the third condition, suppose that there exist By, By C V(K,) such
that By # 0 # By, BiNBy = 0 and G = K, 45, p,} H2. In this case D(G) =
ni+ng+1. If r =2 then G = P, 1,42, hence dim;(G) = 1 = |V(G)|— D(G)
and we are done. Let us suppose r > 3. For fixed w, € By, wy € By, the set
Twywy = V (P, ) U{wr, we} UV (P,,) induces a shortest path of length equal to
the diameter. As T, is an isometric subgraph of G, w; distinguishes any
pair of adjacent vertices z,y € Ty, w, —{w1}, thus C' = V(K,)—{w,} is a local
metric generator for G and |C| =r —1 =n — D(G). Let us suppose, for a
contradiction, that there exists B C V(@) a local metric generator for G such
that |B| <r—2. If B C V(K,) then there exists z,y € V(G) — B such that
no vertex in B is able to distinguish them, which is a contradiction. Thus,
B ¢ V(K,), which implies that |B N V(K,)| < r — 3. We now differentiate

the following cases:

Case 1: V(P,,) N B = (. In this case, |(V(K,) — {we}) — B| > 2 and
then either there exist x,y € (V(K,) — B) N N(uy) or there exist =,y €
(V(K,) — (BUN(uz2)). In both cases no vertex in B is able to distinguish x

and y, which is a contradiction.

Case 2: V(P,,)NB # 0 # V(P,,) N B. In this case |[BNV(K,)| < r —4,
thus either there exist z,y € (V(K,) — B) N N(uy) or there exist z,y €
(V(K,) — B) N N(ug) or there exist z,y € (V(K,) — (B U N(uy) U N(us)).
In all these cases no vertex in B is able to distinguish x and y, which is a
contradiction.

According to the two cases above, we conclude that dim;(G) = |(V(G) —
T)U{w}| =n— D(G).

Now we proceed to prove the necessity of the conditions. Let G be a
connected graph of order n such that dim;(G) = n — D(G). Let Y be a
maximum clique in G. If V(G) =Y, then we are done. So let us suppose
that V(G) =Y # 0. Let xo,zp € V(G) be such that dg(zo,zp) = D(G)
and let T' = {xo,...,zp} C V(G) such that the subgraph induced by T is
a shortest zozp-path. We affirm that V(G) =T UY. If V(G) = T there is
nothing to prove. So let suppose that V(G) — T # (). We proceed to prove
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the following three claims.

Claim 2.25. For each z € V(G)—T, there exists x; € T such that {z;, x;11} C
Ng(2) NT C {xi, Tiy1, Tiga}

Let z;, € T be such that dg(2,T) = dg(z, x;,). If either [Ng(2)NT| <1
or Ng(z2) N T = {z;,,z;} and zjx;, ¢ E(G), then z;, distinguishes any
pair of adjacent vertices u,v € {z} U (T — {x;,}). Hence, the set B =
V(G) — {2z} U (T —{x;,})) is a local metric generator for V(G) and |B| =
n—(D(G)+ 1), which is a contradiction. Thus, there exists z; € T such that
{z;,zi;z1} € Ng(z). On the other hand, if there exist x;, z; € Ng(2)NT such
that j > i+ 2, then 7" = g, ..., 2;,2,2j,...,2p is a zoxrp-path in G and
[(T") < D(G), which is a contradiction. Hence, Ng(z) NT C {x;, xit1, Tito}-

Claim 2.26. For every z1,20 € V(G) =T, 2122 € E(G) and there exists
x; € T such that x;,x;41 € Ng(z1) N Ng(29).

First, let us suppose, for a contradiction, that there exists z1, 2z, € V(G)—
T such that |Ng(z1) N Ng(22)] < 1. Let 4 = min{i : ; € Ng(z1) N T},
iy = max{i: z; € Ng(z1) N T}, jo =min{i : z; € Ng(22) NT}, j1 = max{i :
x; € Ng(z2)NT}. Without loss of generality, Claimimplies that i1 < jo.
We differentiate two cases:

e Case 1: igp+1 = j; — 1. In this case we claim that the set B = (V(G)—
{z1,22}) — (I' = {w4,, 2, }) is a local metric generator for G. In order
to see that, let u,v € V(G) — B = {21, 22} U (T — {;,, x4, }) such that
w € E(G). If u,v € T, then x;, distinguishes u and v. If u = 2y, then
v =41 and, as dg(zj,,21) =2 # 1 = dg(xj,, xj,-1) = da(T,, Tig+1)s
the vertex z;, distinguishes u and v. And if u = 25, then v = z;,
and, as dg(x;y, 22) = 2 # 1 = da(Tiy, Tig+1) = da(xiy, Tj,—1), the vertex
x;, distinguishes u and v. Finally, if u = z; and v = 29, then the vertex
x;, distinguishes v and v. Thus, B is a local metric generator for G
and |B| =n — (D(G) 4 1), which is a contradiction.

e Case 2: i9g+ 1 < j; — 1. In this case we claim that
da(rj, -1, Tigy2) = da(xj,-1,21) — 1 = dg(x5,-1, T4) — 2
and

de(Tig41, Tji—2) = da(Tig11, 22) — 1 = da(@ig+1, Tj,) — 2.
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First we remark that
da ()1, Tiy) = da (), -1, Tigr2) + da(Tigr2, Tiy) <

de(zj,-1, Tigr2) + da(Tig42, 21) + da(21, T4 ).
If

da (-1, Tigr2) + da(Tigr2, Tig) <
de(Tj, -1, Tigra) + da(Tigr2, 21) + da(21, T4),

then

dG(Iio—i-Qu xio) < dG('rio—i-Q’ Zl) + dG(Zl, xio) - 2

which is a contradiction with the fact that x; ;2 and z;, are in a shortest

path. The other equality is proved in a similar way and we are done.

Now we claim that the set B = (V(G)—{z1, 22}) — (T —{xiy41, 2j,-1})
is a local metric generator for G. In order to see that, let u,v € V(G) —
B = {z1,2} U (T — {xiy+1,7j-1}) such that uwv € E(G). lf u,v € T,
then x;, .1 distinguishes u and v. If u = 2q, then v € {x;,, x;42}. As
da(xj, 1, Tigr2) = da(j,-1,21) — 1 = dg(xj -1, xiy) — 2, the vertex z,
distinguishes u and v. And if u = 2z, then v € {z; 2, 2;} and, as
de(Tig41, Tj—2) = da(Tig11, 22) — 1 = da(Tig41, T, ) — 2 the vertex x;,44
distinguishes u and v. Thus, B is a local metric generator for G and
|B| =n — (D(G) + 1), which is a contradiction.

From to the cases above, we conclude that if 21, zo € V/(G)—T, then | Ng(2z1)N
Ng(z0)] > 1.

Now suppose, for a contradiction, that for some z,20 € V(G) — T,
2129 ¢ E(G). Let z;,x;01 € Ng(z1) N Ng(z2) N T. We claim that B =
(V(GQ) — {z1,22}) = (T — {xi, xi11}) is a local metric generator for G. In
order to see that, let u,v € V(G) — B = {21, 20} U(T — {x;, xi11}) such that
ww € E(G). If u,v € T, then z; distinguishes u and v. If u € {21, 25}, then
v € {x;_1,xi42}. Hence, if v = x;_4, then x;;; distinguishes v and v and, if
v = T;0, then z; distinguishes u and v. Thus B is a local metric generator
for G and |B| = n — (D(G) + 1), which is a contradiction. Therefore, for
every 21,29 € V(G) =T, z120 € E(G).

Claim 2.27. There exists x; € T such that, for every z € V(G)—=T, x;,x;41 €
Ng<2)
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Claim implies that, if [V(G) — T| < 2, then there is nothing to
prove. Let us suppose |V(G) — T| > 3. If for every z,w € V(G) — T,
|INc(2) N Ng(w) NT| = 3, then for every z,w € V(G) — T, Ng(2) = Ng(w)
and there is nothing to prove. Let us suppose, for a contradiction, that
there exist zy,29,23 € V(G) — T such that |Ng(z1) N Ng(z0) NT| = 2,
say T, Tiy1 € Ng(z1) N Ng(ze) N'T and x; ¢ Ng(z3) 0T, being the case
zit1 ¢ Ng(z3) symmetric. By Claims and there exist x;, 241 €
Na(z3) N Ne(21) NT, so, as x; ¢ Na(z3) NT, {z;,xj41} = {Tit1, Tizo}. Also
there exist xy, vx11 € Ng(z3) N Na(22) NT, so, as x; ¢ Ng(z3) N'T, we have
{zj,xj41} = {®it1, wira}. Then z;, 211, Tiys € Ng(z1) N Ng(22) NT which is
a contradiction and the result follows.

Let z;, ziy1 € ey g)y-r(Ne(2) NT) and Y = (V(G) = T) U {zi, zia }-
By the Claims above, Y is a clique in G and V(G) =T UY.

Therefore, (V(G) — Y)e = (T)¢ — {zi,xi+1} , where z;, 2,41 are two
adjacent vertices in (T)g. We have three cases in function of the number of
components of V(G) =Y

e Case 1: V(G) —Y =0. In this case G = K, and we are done.

e Case 2: V(G) — Y has only one component (V(G) —=Y)g = P,,. In
this case there exists only one y € V(P,,) such that for some x € Y,
zy € F(G) and such a y is a pendant vertex of P,,. For such a y,

G = K, +vgwnvy 1P (1) }

and we are done.

e Case 3: V(G)—Y has two components L; = P, and Ly = P,,. In this
case, for each i € {1, 2}, there exists only one y; € V(L;) such that for
some z; € X, x;y; € E(G) and such y;, y, are pendant vertices of Ly
and Ly. Let y; € V(L;) such that Ng(y;) NY # 0, for i € {1,2}. Since
the subgraph of G induced by T is a shortest path, B; N B, = (). Hence

G = K, H Ny Ne@w)nyy 1L, {yn}), (Lo, {y2}) }

and we are done.
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The case dim;(G) =n — 3

In this subsection we will characterize the connected graphs G of order n
such that dim;(G) =n — 3.

a b

Figure 2.7: The two types of graphs G such that dim;(G) = n — 3 and

Q(5) = {{a},{b}, 5}
We start with some easy results.

Lemma 2.28. If G is a connected graph of order n with dim;(G) = n — 3,
then

en>4
e n =4 if and only if G is bipartite.
e [fn=2>5, then G is not bipartite and w(G) < 3

Proof. If n < 3, then dim;(G) < 0, which is impossible. If n = 4, then
dimy(G) = 1 and, by Theorem [2.4] G is bipartite, and vice versa.

We now assume that n = 5. In this case, dim;(G) = 2, which implies
that G is not bipartite. As G is connected w(G) > 2. If w(G) > 4 then, by
Theorem [2.4] dimy(G) > 3, which is a contradiction. Thus, w(G) < 3. O

If G is a connected graph of order n with dim;(G) = n—3 and a(G) = 3,
then Theorem [2.16] characterizes G in the following way.

Remark 2.29. Let G be a connected graph of order n and dim;(G) = n—3. If
a(G) = 3, then w(G) = n—2 and if A is a maximal clique in G and {u,v} =
V(G) — A, then Ng(u) C Ng(v) or Ng(v) € Ng(u) or Ng(u) N Ng(v) = 0.
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According to the remark above and Remark [2.5] from now on we consider
graphs with a(G) = 2. Moreover, since D(G) > 4 implies that a(G) > 3,
we restrict ourselves to the case D(G) < 3. Let S = {a,b} C V(G) be a
maximal independent set for G. We recall the notation used in Theorem [2.20

and see that, up to isomorphism, there are four possibilities for a set Q(S)

e Case 1: Q(S) ={{a},{b}}
e Case 2: Q(S) ={S}
e Case 3: Q(5) = {{a}, S}

e Case 4: Q(S) = {{a}, {b},S}

Each of these structures entails a type of connected graph G of order n,
independence number equals 2 and local metric dimension equals n — 3. We

characterize them in the following theorems.

Remark 2.30. Let G be a connected graph of order n > 6 and independence
number « = 2. Let S = {a,b} C V(G) be a mazimum independent set for

G. If Q(S) = {{a}, {b}}, then D(G) =3
Proof. Tt suffices to remark that Ng(a) N Ng(b) = () implies dg(a,b) > 3. O

If D(G) = 3, then Theorem characterizes such graphs in the follow-

ing way.

Theorem 2.31. Let G be a connected graph of order n > 6 with dim;(G) =
n—3, a(G) = 2 and D(G) = 3. Let B be a non-empty proper subset of
V(Kn_2). Let uy € V(Py) be a pendant vertex of Py and us,u3 ¢ V (K, o) U
VI(P) . If Hi = {(Pe, {wi})} and Ha = {((u2), {u2}), ((us), {us})}, then

either
1. G= Kn_g —f-{B} Hl or
2. G= Ky o +(B,V(Kn_»)-Bi} Ho

Theorem 2.32. Let G be a connected graph of order n with a(G) = 2. Let
S ={a,b} C V(G) be a mazimum independent set for G such that Q(S) =
{8} and let H = (V(G) — S), and |V(H)| =n — 2. Then dimy(G) =n —3
if and only if w(H) =n — 3.
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Proof. Let G, H, S = {a,b} as in the hypotheses. We would like to recall
that for every v € V(H), va,vb € E(G), as Q(S) = {S}.

First we suppose that w(H) = n — 3. In this case, we have w(G) =
n — 2 and Remark implies that dim;(G) < n — 3. Let us suppose, for
a contradiction that there exists a local metric basis C' C V(G) such that
|C] < n—4. Let K C V(G) be a maximal clique in H and {up} = V(H)—-K.
If C C K, then there exists v € K —C and no vertex is C' is able to distinguish
v and a, which is a contradiction. Thus C'N{a,b,up} # 0 and |K — C| > 2.
Let vy,v € K — C. If v1,v9 € Ng(ug) or v1,v2 ¢ Ng(ug), then no vertex in
C' is able to distinguish v; and vy, which is a contradiction. Thus, by pigeon
hole principle the only possibility is K — C = {v;,v2} and without loss of
generality v; € Ng(ug) and vy ¢ Ng(up). In this case, however, no vertex in
V(H) is either able to distinguish v; and a or able to distinguish v; and b.
Hence C'N{a,b} # 0, say a € C. Since, K — C = {vy,v2} and |K| =n — 3,
|CNK|=mn—5. Now, since a € C'— K, we have |C| = n — 4, which implies
that b,up ¢ C. Thus, no vertex in C' is able to distinguish v; and vy, which
is a contradiction. Therefore dim;(G) =n — 3.

Now, let us suppose that dim;(G) = n—3. Notice that a(H) < o(G) < 2.
If a(H) = 1 then w(G) = n—1 and then Remark [2.4]implies that dim;(G) =
n — 2, which is a contradiction. Hence a(H) = 2. Set n’ =n —2 = |V(H)].
Let us suppose, towards a contradiction, that adim;(H) < n’ —a(H) and let
B C V(H) be alocal adjacency basis for H, then BU{a} is a local adjacency
generator for G and adim;(G) < adimy(H) +1 <n' —a(H)+1 =n— 3,
which is a contradiction. Thus, adim;(H) = n’ — 2. By Remark [2.4] either
H =K, UK,, or w(H) =n'— 1. Let us suppose, for a contradiction that
H=K, UK,,, 2<n; <ng, andlet uy € V(K,,), v; € V(K,,). Any vertex
ug € V(K,,) — {u1} distinguishes v; and a and also distinguishes v; and b.
Any vertex vy € V(K,,,) —{v1} distinguishes u; and a and also distinguishes
uy and b. Hence V/(H) — {a, b, v1,v,} is a local metric generator for G. Thus,
diny(G) < n — 4, which is a contradiction. Therefore w(H) = n' — 1 =
n— 3. O

Theorem 2.33. Let G be a connected graph of order n > 6 such that a(G) =
2 and diameter D(G) = 2. Let S = {a,b} C V(G) be a mazimal independent
set for G such that Q(S) = {{a},S}, and let H = (V(G) - S),. Then
dim;(G) = n—3 if and only if there exists ug € V(H) such that V(H) — {uo}

is a maximal clique in H and one of the following conditions holds
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1. Ny(ug) € Ny (b)
2. Ny (b) € Nig(uo)

3. Ny (b) N Ny (ug) = 0

4. Np(uo) U Ny (b) = V(H)

Proof. Let G, H, S, Q(S) as in the hypotheses. In order to prove the suffi-
ciency of the conditions we suppose that there exists vy € V(H) such that
V(H) — {up} is a maximal clique in H. Let vy € V(H) — {ug} such that
uvg ¢ E(G). As dg(a,z) = 1 # 2 = dg(a,b) for x € {ug,vo}, the set
B = V(G) — {ug,vp,b} is a local metric generator for G. Let us sup-
pose, for a contradiction that there exists a local metric basis C' C V(G)
such that |C| < |B|] = n — 3. Consider the sets By = Ng(uy) — Ng(b),
By = Ny (b)— Ny (ug), Bs = Ny (b)NNy(ug), By = V(H)—(Ng(ug)UNg(b)).
Each of the four conditions in the hypotheses implies that one of these sets
is empty. In fact, condition number ¢ implies B; = 0, for i € {1,2,3,4}.
In the case that B; # () we have that B; is a true twin class of V(H), for
i€{1,2,3,4}. Thus, |B;—C| < 1fori € {1,2,3,4}. As() € {By, By, B3, B4}
and |C| < n—4, we have that the set {a, b, up} —C' is non-empty. We consider
the following cases:

Case 1: a ¢ C. In this case, for v; € By — C, no vertex in C is able
to distinguish v; and a. Thus B; € C. Condition |C| < n — 4 implies
{b,up} — C # ). We consider the following subcases:

Case 1.1. b ¢ C. In this case, for v3 € B3 — C, no vertex in C' is able to
distinguish v3 and a. Thus B3 C C. Also, for vo € By — C' and v4 € By — C
no vertex in C'is able to distinguish vy and vy then |(B3UB,) —C| < 1. Thus
\V(G)—C|=|V(H)—C|+ [{ug,a,b} — C| <2 which is a contradiction.

Case 1.2. ug ¢ C'. In this case, for vi4 € (B; U By) — C, no vertex in C
is able to distinguish v14 and a. Thus, (B; U By) € C. Thus |V(G) — C| =
\V(H) — C| + |[{uo,a,b} — C| <2, which is a contradiction.

Case 2: b ¢ C. In this case, for v; € By — C and vz € By — C, no
vertex in C' is able to distinguish v; and v3. Thus |(B; U Bs) — C| < 1. Also
for v9 € By — C and vy € By — C, no vertex in C' is able to distinguish
ve and vy. Thus |(By U By) — C| < 1. Hence |V(H) — C| < 2 and then
{a,ug} — C # 0. If a ¢ C we arrive to a contradiction as in Case 1.1. On
the other hand, if uy ¢ C' then, for u,v € V(H) — C, no vertex in C' is able
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to distinguish u and v. Thus |V(H) — C| < 1. Therefore |V (G) — C| =
|[V(H) — C| + |{ug,a,b} — C| <3, which is a contradiction.

Case 3: ug ¢ C. In this case, for vy € By —C and v3 € B3 — C, no vertex
in C is able to distinguish vy and v3. Thus |(By U Bs) — C| < 1. Also for
v, € Bi—C and vy € By — C, no vertex in C' is able to distinguish v; and v.
Thus |(By U By) — C| < 1. Hence |V(H) — C| <2 and then {a,b} — C # 0.
If a ¢ C' we arrive to a contradiction as in Case 1.2. On the other hand, if

up ¢ C, then we arrive to the contradiction in Case 2.

According to the three cases above we have {a,b,up} C C, which is a

contradiction. Therefore, dim;(G) =n — 3.

In order to prove the necessity, we assume that dim;(G) = n — 3. Let
S = {a,b} C V(G) be a maximal independent set for G such that Q(S) =
{{a}, S}

If o(H) = 1, then V(H) U {a} is a clique in G and w(G) = n — 1
and Remark implies, dim;(G) = n — 2 which is a contradiction. Thus,
a(H) = 2 and, if we write n’ = n — 2 = |V(H)|, Theorem implies that
adim;(H) < n’ — 2. Let us suppose, for a contradiction, that adim;(H) <
n’—2. If Bis alocal adjacency basis for H, then B; = BU{a} is a local metric
generator for G and |By| = |B| + 1 < n — 3, which is a contradiction. Thus,
adim;(H) = n’ — 2 and so Theorem implies that dim;(H) = n' — 2,
and by Remark [2.4] either there exist ni,ny such that 2 < n; < ny and
H = K, UK, or there exists uy € V(H) such that V(H)—{ug} is a maximal
clique in H. Let us suppose, for a contradiction, that there exist ny, ny such
that 2 < min{n;,no} and H = K,,, UK,,. Let ug € V(K,,) and vy € V(K,,).
Any vertex uy € V(K,,)—{uo} distinguishes v and vy and also distinguishes
vo and a. Also, any vertex vy € V(K,,) —{vo} distinguishes uy and «a, so that
B —{ugp,vo, a, b} is a local metric basis for G. Thus, dim;(G) < n — 4, which
is a contradiction. Hence there exists ug € V(H) such that V(H) — {ug} is a
maximal clique in H. Let us consider the partition of V(H) in the following
sets: By = Ny (b) — Ny (ug), B = Np(ug) — Ny (b), Bs = Ng(ug) N Ny (b),
By, =V(H)— (Ng(up)UNg(b)). If all of them are non empty then, we claim
that for any v; € B;, 1 € {1,2, 3,4}, the set B—{vy, va,v3,v4} is a local metric
generator for GG. In order to see that, just consider that b distinguishes x;
and x9, where 21 € {vy,v3} and x9 € {vy,v4} and the vertex ug distinguishes
y1 and y, where y; € {v9,v3} and yo € {vy,v4}. Therefore dim;(G) <n —4,
which is a contradiction. Hence, for some i € {1,2,3,4}, B; = (. O
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We prove the following Lemma prior to tackling the fourth case.

Lemma 2.34. Let G be a connected graph and let S C V(G) be a maximal
independent set of G such that dimy(G) = n—|Q(5)]. Let A;, A; € Q(S) and
x,y € Un,. If |Ua,| > 2, then Ng[z] NUys, = Naly] N Uy,.

Proof. Let G be a connected graph and S C V(G) a maximal independent
set such that dim;(G) = n — |Q(5)|. By Theorem we have that, for
each A; € Q(9), the set Uy, is a clique in G. Thus, for each A; € Q(S) and
z,y € Uy, Nglx]NUy, = Ua, = Ngly]NUy,. Consider now the case A; # A;
with |Ugs,| > 2. Suppose, for a contradiction that there exist z,y € Uy,
and z € Uy, such that vz € E(G) and yz ¢ E(G). Let w € Uy, — {z}.
For each Ay € Q(S) — {Ai, A;} we choose ug, € Uy,. Consider the set
B = {z,y,w} U{ug, : Ay € Q(S) — {Ai, A;}}, we claim that V(G) — B is
a local metric generator for G. In order to see that, let u,v € B such that
w € E(G). Then u € Ay, and v € Ay,. If ky # ko then, without loss
of generality there exist a € Ay, — Ay, and dg(a,u) = 1 # 2 = dg(a,v).
And if k; = ko then, without loss of generality, v = = and v = y and
dg(z,u) =1 # 2 =dg(z,v). Thus, V(G) — B is a local metric generator for
G, so that dim;(G) < n—|B| = n—(|Q(s)|+1), which is a contradiction. [

Theorem 2.35. Let G be a connected graph of order n > 6 with o(G) = 2
and D(G) = 2. Let S = {a,b} C V(G) be a mazimal independent set for G
such that Q(S) = {{a},{b}, S} and for each A; € Q(S), |Ua,| > 2. Then
dim;(G) = n — 3 if and only if the following conditions hold

1. For each A; € Q(S) and z,y € Uy,, Ngl[z] = Ngly].
2. For each c € {a, b}, there exist x € Uy and y € Ug, vy € E(G).

Proof. Let S = {a,b} C V(G) be a maximal independent set for G such that
Q(S) = {{a},{b},S} and for each A; € Q(5), |Ua,| > 2. First, we prove
the sufficiency of the conditions. By condition 1, for each A; € Q(95), Ua,
is a clique in G. Theorem implies that dim(G) < n—> a; =n — 3.
Let us suppose, for a contradiction, that there exists a local metric generator
C C V(G) such that |C] < |V(G)] — 4. Condition 1 implies that for each
A; € Q(S), Uy, is a true twin class in G. Thus, for each A; € Q(S5),
|Ua, — C|] < 1. Hence S — C # 0, say a € S — C and consider the following

cases.
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e Case 1: There exists u € Uy, and v € U,y such that uv ¢ E(G). In
this case, Condition 1 implies that, for every u € Uy, and v € Uy,
w ¢ E(G). If Uy — C # 0, then Condition 2 implies that for u €
Utay — C, no vertex in C' is able to distinguish « and a, which is a
contradiction. Thus, U,y € C and, since |C| < n — 4, we have that
b¢ C. If Uyy — C # 0, then for v € Ugyy — C, no vertex in C' is able
to distinguish v and b, which is a contradiction. Thus Uy, € C' and
V(G) — C C{a,b} UUsg, hence |C| < n — 3, which is a contradiction.

e Case 2: There exists u € Uy, and v € Uy, such that uv € E(G). In
this case, Condition 1 implies that, for every u € Uy, and v € Uy,
w € E(G). If Uyy — C # 0, then for v € Upy — C, no vertex in C' is
able to distinguish v and b, which is a contradiction. Thus Uy, € C
and, since |C] < n — 4, we have that b ¢ C. If U,y — C # 0, then for
u € Uy — C, no vertex in C' is able to distinguish v and a, which is
a contradiction. Thus U,y € C and V(G) — C C {a,b} U Ug, hence

|C'| < n — 3, which is a contradiction.

According to the two cases above we conclude that dim;(G) =n — 3, as
required.

From now on, we assume that dim;(G) = n — 3. By Theorem
for each A; € Q(5), Uy, is a clique. Lemma implies that for each
Ay Ay € Q(S) and @,y € Uy, Ng[z] NUys; = Ngly] N Uy, and then for each
x,y € Uya,, Ng[x] = Ngly]. Let us suppose, for a contradiction that there
exists © € U,, y € Us such that zy ¢ E(G). Lemma implies that for
each v € Uy, y € Us, vy ¢ E(G). Let u € Ugyy, v € Upy and w € Ug, and
consider the following cases.

e Case 1: For each x € Uy, and each y € Ugy, xy ¢ E(G). In this case,

x and b are at distance three in GG, which is a contradiction.

e Case 2: For each v € Uy, and each y € Uyy, vy € E(G). In this
case we claim that B = V(G) — {u,v,w, a} is a local metric generator
for G. In order to see this, let z,y € V(G) — B = {u,v,w,a} such
that xy € E(G). Let uy € U, — {u} and w; € Us — {w}. We have:
dg(ui,a) =1 # 2 = dg(ug,w) # 1 = dg(uq,v), dg(wy,a) =1 # 2 =
dg(wy,u), dg(b,v) =1 # dg(b,u). Then B is a local metric generator

for G and |B| = n — 4, which is a contradiction.
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According to the two cases above we conclude that for each z € U,, y €
Us, xy € E(G) and, by symmetry, for each x € Uy, y € Ug, vy € E(G). O
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Chapter 3

The local metric dimenson of

strong product graphs

3.1 Introduction

The strong product of two graphs G = (V(G), E(G)) and H = (V(H), E(H))
is the graph G X H = (V, E), such that V = V(G) x V(H) and two vertices
(a,b),(c,d) € V are adjacent in G X H if and only if

a =c and bd € Ey, or
b=d and ac € E, or
ac € By and bd € E».

We would like to point out that the Cartesian product GUH is a subgraph
of GX H and also that K, X K, = K,,.

One of our tools will be a well-known result, which states the relationship
between the vertex distances in G X H and the vertex distances in the factor

graphs.
Remark 3.1. [29] Let G and H be two connected graphs. Then
dG&H((a7 b)a <C7 d)) = max{d(;(a, C), dH(b7 d)}

For the remainder of the chapter, definitions will be introduced whenever

a concept is needed.

37
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3.2 General bounds

We begin by giving general bounds for the local metric dimension of strong

product graphs.

Theorem 3.2. Let G and H be two connected graphs of order ny > 2 and
ng > 2, respectively. Then

3 <dimy(GXR H) < ny -diny(H) + ns - dimy(G) — dimy(G) - dim,(H).

Proof. Let V(G) and V(H) be the set of vertices of G and H, respectively.
We claim that S = (V(G) x S2) U (S; x V(H)) is a local metric generator for
G X H, where S; and Sy are local metric basis for G and H, respectively.

Let (u;, vj), (ug, v1) € V(G)xV(H)—S be two adjacent vertices of GKH.
If i = k, then v; and v; are adjacent in H and there exists b € S, such
that demm ((us,0), (i, v;)) = du(b,vj) # du(b,v) = daxu((ui,b), (uk, v)).
So, (u;,v;) and (ug,v;) are distinguished by (u;,0) € (V(G) x Sz) C S.
Analogously, if j = [, then u; and u; are adjacent in G and there exists
a € S such that dg(a,u;) # de(a,u,) and, as above, (u;,v;) and (ug,v;)
are distinguished by (a,v;) € (S; x V(H)) C S. Finally, if w;u; € E; and
vju; € Ey, then for any a € S; such that dg(a,u;) # de(a, ux) we have

dewm ((ui, v)), (a,v5)) = dg(ui, a) #

de(ug, a) = max{dg(ug, a),1} = dexu((a,v;), (u, v)).

Thus, (u;,v;) and (ug,v;) are distinguished by (a,v;) € Sy x V(H) C S.
Then we conclude that S is a local metric generator for G X H and, as a
consequence, dimy(G X H) < |S| = ny - diny(H) + ng - dimy(G) — dinmy(G) -
dim,;(H).

To prove the lower bound, let B be a local metric basis of GX H. Given
(ug,v1) € B, chose u* € Ng(uy), v* € Ng(vy) and define

W = {(u*,v1), (ug,v"), (u*,v*)}.

Since (u1,v;) is not able to distinguish any pair of adjacent vertices in W,
there exists (ug,v2) € B — {(u1,v1)}. Let

q= (a%iélw{dch((U2a UQ)J <a7 b))}
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Now, as dempm((a, b), (uz,v2)) € {q,q+ 1} for every (a,b) € W, by Dirichlet’s

box principle, there are two vertices (z1,¥1), (x2,y2) € W such that

demn ((u2,v2), (21,91)) = damp ((u2, v2), (2, y2)).
Hence, B — {(uy, v1), (uz,v2)} # 0, and the result follows. O

Since K,, X K,,, & K,,.», and for any complete graph K,, dim;(K,) =
n — 1, we deduce

diml(Km X Kn2> =MNq- dlml<Kn2) + nog - dlml(Km) — dlml(Km) . dlml(Km)

Therefore, the upper bound is tight. Examples of non-complete graphs,
where the upper bound is attained, can be derived from Theorem [3.7]

In order to show that the lower bound is tight, consider two paths P, and
Py, where t' <t <2t' — 1, V(FP,) = {uy,ug,...,u} and wu;q € E(F;), for
every i € {1,...,t —1}. Also, take vy, vy € V(Py) such that dp, (vi,vy) =
t' — 1. Tt is not difficult to check that {(uy,v1), (uy,ve), (ug,v1)} is a local
metric generator for P, Py, so that Theorem leads to dim;(P,X Py) = 3.

3.3 The case of adjacency k-resolved graphs

Now we will give some results involving the diameter or the radius of G.
Given two vertices  and y in a connected graph G = (V, E), the interval
I[z,y] between = and y is defined as the collection of all vertices which lie
on some shortest xy path. Given a nonnegative integer k, we say that G is
adjacency k-resolved if for every two adjacent vertices x,y € V', there exists
w € V such that

dg(y,w) > k and x € Iy, w], or
dg(z,w) > k and y € I[x,w].

For instance, the path and the cycle graphs of order n (n > 2) are ad-
jacency (%W-resolved, the two-dimensional grid graphs P,[1P; are adjacency

([g] + [%1 )—resolved, and the hypercube graphs )y, are adjacency k-resolved.

Theorem 3.3. Let H be an adjacency k-resolved graph of order ny and let
G be a non-trivial graph of diameter D(G) < k. Then dim(G X H) <



UNIVERSITAT ROVIRA I VIRGILI
ON THE LOCAL METRIC DIMENSION OF GRAPHS
Gabriel Antonio Barragdn Ramirez

40 G. A. Barragan-Ramirez

Proof. Let V(G) = {uy,ug,...,un, } and V(H) = {v1,...,v,,} be the set of
vertices of G and H, respectively. Let S; be a local metric generator for G.
We will show that S = S; x V(H) is a local metric generator for G X H.
Let (u;,v;), (ur,v;) be two adjacent vertices of G X H. We differentiate the
following two cases.

Case 1. j = [. Since w;u, € E(G) and S; is a local metric generator for G,
there exists u € Sy such that dg(u;, u) # dg(u,, u). Hence,

deomn ((ui, vy), (u,v5)) = da(ui, w) # da(ur, w) = degu((ur, v;), (v, v))).

Case 2. vju; € E(H). Since H is adjacency k-resolved, there exists v € V(H)
such that (dg(v,v;) > k and v; € I[v,v]) or (dp(v,v;) > k and v; € I[v,v;]).
Say dg(v,v) > k and v; € I[v,v]. In such a case, as D(G) < k, for every

u € S; we have

dewn ((ui, v;), (u,v)) = max{dg(u;, w), dg (v, v)}
< dH(U,Ul)
= max{dg(u, u,), dg(v,v;)}

= dGIXH((ura Ul)7 (U, U))
Therefore, S is a local metric generator for G X H. O

Lemma 3.4. Let H be a connected bipartite graph of order greater than or
equal to three. Then H is adjacency k-resolved for any k € {2,...,r(H)}.

Proof. Let z,y,w € V(H) such that zy € E(H) and dy(z,w) = k, for some
ke {2,..,r(H)}. Since H does not have cycles of odd length, dy(w,y) # k.
Thus, either dy(w,y) = dg(w,z)+dy(z,y) = k+1or dg(w,z) = dy(w,y)+
dy(y,x) = k. Therefore, the result follows. ]

Now we derive a consequences of combining Theorem and Lemma

B.4

Theorem 3.5. Let G and H be two connected non-trivial graphs. If H is
bipartite and D(G) < r(H), then dim;(GX H) < |V(H)|dim,(G).

As we will show in Theorem [3.11], the above inequality is tight.
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3.4 The role of true twin equivalence classes

With the definition of true twin vertices in mind we state the following results.

Lemma 3.6. Let G and H be two non-trivial connected graphs of order ny
and ns, having t1 and ty true twin equivalent classes, respectively. Then the

vertex set of G H is partitioned into tity true twin equivalent classes.

Proof. First of all, we would point out that for any a € V(G) and b € V(H)
it holds

NggH[(a, b)] = {(.T7y) LT e Ng[a],y S NH[b]} = Ng[a] X NH[b]

Now, since the result immediately holds for complete graphs, we assume
that G 2 K,, or H # K,,. Let Uy,U,,...,U;, and Uy, Us,...,Uj, be the
true twin equivalence classes of G and H, respectively. Since each U; (and
U;) induces a clique and its vertices have identical closed neighborhoods, for
every a,c € U; and b,d € Uj,

NggH[(a, b)] = Ng[a] X NH[b] = Ng[c] X NH[d] = NggH[(C, d)]

Hence, V(G) x V(H) is partitioned as V(G) x V(H) = U§2:1 (Uit Ui x Ul),
where U; x U; induces a clique in GX H and its vertices have identical closed
neighborhoods. Moreover, for any (a,b) € U; x U} and (¢, d) € Uy, x U], where
1 # k or j # [, we have

NggH[(a,b)] = Ng[a] X NH[b] 7é Ng[c] X NH[d] = NggH[(C, d)]

Therefore, the true twin equivalence classes of GIX H are of the form U; x U7,
where ¢ € {1,..,%;} and j € {1, .., t2}. ]

We would point out that the above result was indirectly obtained in [52],
proof of Theorem 2.3.
Theorem [2.10[ and Lemma [3.6| directly lead to the next result.

Theorem 3.7. Let G and H be two non-trivial connected graphs of order n,

and ny, having t; and ty true twin equivalence classes, respectively. Then
dlml(G X H) Z ning — tltg.

By Theorems [2.4] and [3.7] we deduce the following result.
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Theorem 3.8. Let G and H be two non-trivial connected graphs of order n,
and ng, having t1 and ty true twin equivalence classes, respectively. Then the

following assertions hold:

(i) If dimy(G) = ny — t1 and dimy(H) = ny — to, then dimy(G X H) =

ning — tltg.

(i) If diny(G) = ny —ty and H is bipartite, then ny(ny — t1) < diny(G X
H) S ng(nl - tl) +t1

Since any complete graph K, has only one true twin equivalence class,
Theorem [B.8 leads to the next result.

Corollary 3.9. Let H be a connected graph of order n’ > 2 having t true

twin equivalent classes. Then for any integer n > 2,
dimy(K,, X H) = nn’ —t.
In particular, if H does not have true twin vertices, then
dimy(K,, X H) = n'(n — 1).

Note that if H is an adjacency k-resolved graph, for & > 2, then H does
not have true twin vertices. Therefore, Theorems and lead to the

following result.

Theorem 3.10. Let H be an adjacency k-resolved graph of order ny and let
G be a non-trivial connected graph of order ny, having t; true twin equivalence
classes and diameter D(G) < k. If dimy(G) = ny — t1, then dimy(GX H) =

712(7?,1 — tl)

Our next result can be deduced from Corollary and Theorem [3.10| or
from Theorems B.7] and B.5

Theorem 3.11. Let H be connected bipartite graph of order ny and let G
be a non-trivial connected graph of order ny, having t, true twin equivalence
classes. If dim;(G) = ny — t, and D(G) < r(H), then dim(G X H) =

712(%1 — tl)
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3.5 The particular case of P, X G

In this section we assume that ¢ is an integer greater than or equal to two and
V(P,) = {u1,ug, ..., u}, where wu;q € E(P,), for every i € {1,...,t —1}.
In the proof of the next lemma we will use the notation B, (x) for the closed
ball of center x € V(G) and radius r > 0, i.e.,

B, (z). ={y € V(G) : da(z,y) <r}.

Lemma 3.12. Let G be a connected graph and let t > 1 be an integer. Let
Uiy s Uiy, - - -, Uy, be the first components of the elements in a local metric basis
of PB,X G, where iy <19 < --- <1y. Then the following assertions hold.

(i) 2 < D(G)+1 and iy >t — D(G).
(ii) For anyl e {l,...,b—2}, i;2 <2D(G) + 1.
(iii) i3 < 2D(G) + 1.

Proof. Let B be a local metric basis of P, X G and let w;,, u;,, ..., u; be the
first components of the elements in B, where i1 < iy < --- < 4. First of all,
notice that |B| = b and, by Theorem b> 3.

We first proceed to prove (i). Suppose, for the contrary, that i > D(G)+
1. Let y,z € V(G) such that (u;,,y) € B and z € Ng(y). If iy # 1, then
no vertex in B is able to distinguish (u1,y) and (uy, z). Now, if i = 1, then
no vertex in B is able to distinguish (u2,y) and (ug, z). So, in both cases we
get a contradiction. The proof of 4,1 >t — D(G) is deduced by symmetry.
Hence, (i) follows.

To prove (ii) we proceed by contradiction. Suppose that i, > 2D(G)+14,
for some [ € {1,...,b—2}. In such a case we have that i,y > D(G) + i, or
Q142 > D(G) +14;41. We suppose that i1 > D(G) +i;, being the second case
analogous. We now take y, z € V(G) such that (u;,,,y) € B and z € Ng(y).
Notice that (u;,1p),¥y) and (u;,1p),2) are adjacent.We differentiate the
following cases for (u;,,w) € B. If k <, then i+ D(G) — i, > D(G) and so

dpma((Uiy, w), (Ui+p@),Y)) = i+ D(G) — i = dpra (Ui, w), (Ui +D(@), 2))-

If k=141 and 911 # 942, then w =y and since 4,1 > D(G) + i;, we have

dpzc (Ui, w), (Ui+p@),Y)) = i — 4 — D(G) = dpra((ti,, w), (Wi,+p@), 2))-
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If k=1+1and 9,41 = i/, then from the assumption i, 5 > 2D(G) + i; we
have that i, — i, — D(G) > D(G) and so

dpme((ui, ), (Wi+pG), Y) = ik — i — D(G) = dpme((uy, 0), (Wi+p(G), 2))-
If £ > 1+ 2, then the assumption i;,5 > 2D(G) +4; leads to iy, — i — D(G) >
D(G) and so

dpme((ui, ), (Wi pG), Y) = ik — i — D(G) = dpme((u, ), (Wi+p(G), 2))-

Hence, no vertex in B is able to distinguish (us;,4+p(e),y) from (u;,1p), 2),
which is a contradiction. Therefore, the proof of (ii) is complete.

Finally, we proceed to prove (iii). If ; = 1, then by (ii) we obtain iz <
2D(G) + 1. Hence, we assume that i; > 1. For contradiction purposes, sup-
pose that i3 > 2D(G) + 1. We differentiate two cases for (u;,, v1), (uiy, v2) €
B.

Case 1: 41 + iy — 2 > dg(vy,v9). In this case |B;;_1(vi) N B;,_1(ve)| > 2 and
so we take o, B € By, _1(v1) N B;,—1(vs) such that af € E(G). For the pair of

adjacent vertices (uq, «), (uq, 3) we have

dprc((Ui,v1), (u1, ) = i1 — 1 = dpra((ui,,v1), (u1, 5))

and
dPt@G((uizﬂ 02)7 (uh )) =iy — 1= dPt®G<(ui27U2)7 (uh 6))
(

So, neither (u;,vy) nor (u;,,vq) distinguishes (uy, ) from (uq, 8). Further-
more, for ¢, > i3 > 2D(G) + 1 and (u;,,v,) € B we have

dpga((Ui,,vr), (u1, @) =i, — 1 = dpga((ui,, vr), (u, B)).

Therefore, no vertex (u;,,v,) € B distinguishes (u1, @) from (uy, 8), which is

a contradiction.

Case 2: 11 + 19 — 2 < d(v1,v9). In this case we have
(D(G)4+2—11) + (D(G)+ 2 —1i3) =2D(G) + 2 — (i1 + iy — 2) >

2D(G) + 2 — d(vy,v2) > D(G) + 2.

Hence, there exist a, 8 € Bpa)+2—i, (V1) N Bpa)+2—i, (v2) such that af €
E(G). For the pair of adjacent vertices (up(a)t2, @), (Up(G)+2, 8) we have

dpwa (Ui, v1), (Up@)+2, @) = D(G) 4+ 2 — iy = dpra((wi,, v1), (Up@)+2, B))
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and

dpac((Uiy, v2), (UD(G)+2, @) = D(G) + 2 — iy = dpga((Uiy, v2), (UnG)+2, B))

So, neither (u;,,v1) nor (us,,v,) distinguishes (up(g)t2, @) from (upa)12, B).
For i, > i3 > 2D(G) + 1 and (u;,,v,) € B we have

dpra (Ui, vr), (Up@G)se, @) = i, —(D(G)+2) = dpxc((ui,, vr), (Up@)t2; B))-

Thus, no vertex (u;.,v,) € B distinguishes (up(g)+2, @) from (upey+2,B),

which is a contradiction. O]

Theorem 3.13. For any connected G and any integer t > 2D(G) + 1,

dimy (P, ¥ G) > [iw +1.

D(G)
Proof. Let B be a local metric basis of P, )X G and let u;,,w;,,...,u; be
the first components of the elements in B, where i; < i5 < --- < 45, We

differentiate two cases.

Case 1. b odd. In this case b — 1 is even and by Lemma [3.12] (i) and (ii) we

have

is <D(G)+1, iy <3D(G)+1, ..., ip-1 < (b—2)D(G) + 1.

Case 2. b even. In this case b — 1 is odd and by Lemma [3.12] (iii) and (ii) we

have
i3 <2D(G) + 1, is <AD(G) + 1, ..., ip-1 < (b—2)D(G) + 1.
According to the two cases above and Lemma (i) we have
t—D(G) <ip1 < (b—2)D(G)+ 1.
Therefore, b > 5(;5,) + 1. O

From now on we say that a set W C V(G X H) resolves the set X C
V(G X H) if every pair of adjacent vertices in X is distinguished by some

element in W.

Lemma 3.14. Let G and H be two connected nontrivial graphs such that H is
bipartite. Let uq,ug,uz € V(G) and vi,vy € V(H) such that uy € Ig[uq,us],
dg(uy,uz) < dy(vi,ve) = D(H) and dg(ug,usz) > D(H). Then, for any
shortest path P from uy to us, the set B = {(uq,v1), (ug, v2), (us, v1)} resolves
V(P) x V(H).
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Proof. Let P be a shortest path form w; to us and let (w;,v;), (ug,v) €
V(G X H) be two adjacent vertices such that w;,ux € V(P). Without lost
of generality, we assume that dg(u;,u1) < dg(ug,u;). Notice that from
this assumption we have that dg(u;, us3) > dg(ug, ug). We differentiate the

following two cases:

Case 1: uu, € E(G). As dg(ug,u3) > D(H) and w;, u, € V(P), we have
D(H) < dg(us, ui) < dg(us,u;) and so demp ((us, v1), (w;,v;)) = da(us, w;) >
de(us, ux) = dezu((us, v1), (ug, v1))-

Case 2: ¢ = k. In this case v;u; € E(H) and, as H is a bipartite graph,
di(v1,v5) # dp(vi,v) and dg(ve,v;) # dp(ve, v;). We assume, without lost

of generality, that dy(vi,v;) < dg(v1,v;). Notice that
drr(v1,v)+dm(vj,v2) > di(vi,v2) = D(H) > dg(u1, ug) = de(ur, ui)+de(ui, uz).

Hence, dy(v1,v;) > dg(ur,w) or dg(vj,ve) > dg(ug,u;). If dy(vi,vy) >
dg(us,u;), then

dewn ((ur,v1), (ui,v5)) = dg(v1,v;) < dg (v, v) = dexn (w1, v1), (ug, v7)).

Now, if dy (v}, v2) > dg(ug, u;), then dy (v, ve) > da(us, u;) = de(us, uy) and

SO
demm ((u2, v2), (ui, 7)) = dr(v2,v5) # du(ve, vi) = degu((u2, v2), (uk, v1)).
According to the cases above, the result follows. O]

Theorem 3.15. For any connected bipartite graph G and any integer t >
2D(G) + 1,
t—1
dimy(PXG) = | — 1.
P [D(G)—‘ !

Proof. Let G and P; be as in the hypotheses. From a = L%J and two

diametral vertices a,b € V(G) we define a set B, as follows.
-1
If a = &—G), then
Bo = {(u1,a), (up)+1,b); (U2p(@)+1,@)s (UsD(@)+150)s - - - (UaD(@)+1,0) }

for «v is odd and

By = {(u1,a), (up@)+1,b), (uep(cy+1, @), (Usp@y+1,0), - - -, (UaD(@)+1, @) }
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for o even.

Ifac< G), then
B, = {(Uh a), (UD(G)Jrla b), (UQD(G)Jrh a), (USD(G)+17 b), ceey (UaD(G)+1> b), (Ut, a)}

for v odd and

lga ::{(u17a>7(u[KG)+lvb)7(UQD(G)+17a)a(USD(G)+17b)7"'7(UQLKCQ+17a)a(ut7b)}

for a even.

We would point out that, in any case, |B,| = [ (GJ + 1.

We will show that B, is a local metric generator for P, X GG. In order
to see that, let (u;,v;) and (ug,v;) be two adjacent vertices belonging to
V(P X G) — B,. We consider, without lost of generality, that i < k and we

differentiate the following three cases for k.
e 1 <k<D(G)+1. Let Ty = {uy,...,up@)+1} x V(G). In this case
(wi,v)), (ug, v;) € Ty and, by Lemma we have that
{(uh (I), (U’D(G)-i-lv b) (UQD (G)+1,a )} C B,

resolves Tj.

e pD(G)+2 <k < (p+1)D(G)+1, for some integer p € {1,...,a —1}.
Let T, = {upp(c)+1, - - - » Up+1)D(G)+1 } XV (G). In this case (u;, v)), (ug, v;) €
T, and we can take x,y € {a, b} so that

Xp = {(up-1p@©)+1:2), (Upp(G)+1: ¥)s (Up+1ypG)+1: )} C Ba
thus, by Lemma we can conclude that X, resolves T,.

o aD(G)+2 <k <t Let Ty = {uan@y+1,----uty x V(G). As above,
(wi,v)), (ug,v;) € T and we can take x,y € {a,b} so that the set
Xi = {(u@a-1p(@)+1, %), (Uap(@)11,Y), (us, )} is a subset of B,. Thus,
by Lemma we can conclude that X, resolves T;.

G)
Therefore, by Theorem |3.13| we conclude the proof. ]

According to the three cases above we have dim; (P, X G) < [—W + 1.

The authors of [52] conjectured that for any integers ¢ and ¢’ such that

2 < t' < t, the metric dimension of P, X Py equals V;“,t 2] . We are now able

to prove the conjecture.
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Theorem 3.16. For any integers t and t' such that 2 < t' <'t,

-
dim(P, & P,) = [Lw .

-1

Proof. As pointed out in Section , for t/ <t <2t'—1, dimy(P, X Py) = 3.
Now, since dim;(P; X Py) < dim(P; X Py ), if t > 2¢' — 1, then by Theorem
3.15| we obtain the lower bound dim(P; X Py) > P?%lﬂ . The upper bound
was obtained in [52]. Therefore, the result follows. O

3.6 The particular case of C; X G

In this section we assume that ¢ is an integer greater than or equal to three
and V(Cy) = {u,us, ..., u}, where uyu, € E(Cy) and wu;q € E(Cy), for
every i € {1,...,t —1}.

Lemma 3.17. Let G be a connected graph and let t > 3 be an integer.
Let w;,, wi,, ..., u; be the first components of the elements in a local metric
basis of C; X G, where iy < iy < -+ < 4y. Then for any I € {1,...,b},
de, (Ui, ui) < 2D(G), where the subscripts of i are taken modulo b.

Proof. Let B be a local metric basis of C; X G and let u;,, u;,, . .., w;, be the
first components of the elements in B, where i1 =1 < iy < --- <1;. First of
all, notice that |B| = b and, by Theorem , b>3.

We proceed by contradiction. Suppose that de,(u,,,,u;,) > 2D(G) for
some [ € {1,...,b}. In such a case we have that dc,(u;,,,w;,) > D(G) or
de, (Ui, g, Wiy, ) > D(G). We suppose that de, (s, ,,u;,) > D(G), being the
second case analogous. We now take y,z € V(G) such that (u;,,,y) € B
and z € Ng(y). Notice that (u;4pe),y) and (u;4pq),2) are adjacent.
We differentiate the following cases for (u;,w) € B. If kK # | + 1, then
de, (Ui 4 p(ey, Uiy ) > D(G) and so

dcme((uiw w), (Uil+D(G)7 y)) = dct (U¢Z+D(G), Uzk) = dctxe((uik, w), (Uil-i-D(G)a Z))

If k=141 and d;41 # i42 then w = y and since dg, (u;, ,, u;,) > D(G), we

have

deywa((Wiy, w), (Ui @y, v)) = do, (Wi, wiy p@y) = dora((Ui,, W), (U@, 2))-
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If k =1+ 1 and 4,41 = 445 then from the assumption d¢, (us,,,, u;,) > 2D(G)
we have that de, (us,, w4+ (@) > D(G) and so
doywe((uiy, w), (Wi p@),y)) = deoy (Ui, Wiy p@)) = dewa (Ui, w), (Wi 1p(G) 2))-

Hence, no vertex in B is able to distinguish the adjacent vertices (u;,1p(a), y)
and (u;,+p(G), 2), which is a contradiction. Therefore, the proof is complete.
]

Theorem 3.18. For any connected graph G and any integer t > 3,

dimy(C, R G) > [%W .

Proof. 1f 3D(G) >t > 3, then [ﬁ—‘ < 3 and, by Theorem the result

follows. From now on we take ¢ > 3D(G). Let u;,,u,, ..., u; be the first
components of the elements in a local metric basis B of C; X GG, where i1 =
1 <iy <--- <. First of all, notice that ¢t + 1 — i,y = d¢, (usy, iy, ) and so
Lemma leads to ip—; > t+ 1 —2D(G). We now differentiate two cases.

Case 1. b even. In this case b — 1 is odd and by Lemma |3.17] we have
i3 <2D(G)+1, i5 <4D(G)+ 1, ..., i1 < (b—2)D(G) + 1.
Hence, t +1 —2D(G) <iy_1 < (b—2)D(G) + 1, so that b > %.
Case 2. b odd. By Lemma |3.17] we have
is < DG)+1, i, <3D(G)+1, ..., 4, < (b—1)D(G) + 1.
Now, since t + iy — i, = dg, (uiy, up) < 2D(G), we have

ip <2D(G) —t+14, < (b+1)D(G) —t + 1.

Hence,
is < (b4+1)D(G)—t+1, iy < (b+3)D(G)—t+1, ..., ip_1 < (20—2)D(G)—t+1.
Thus, ¢t +1—2D(G) < ip1 < (206 —2)D(G) —t+ 1, s0 that b > 5. O

Theorem 3.19. For any connected bipartite graph G and any integer t >
AD(G),

dimy(C, B G) < [#GJ +1

Furthermore, if {m—‘ 15 even, then

dimy(C; R G) = [mw .
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Proof. Let G and C; be as in the hypotheses. From o = [#—‘ and two

D(G)
diametral vertices a,b € V(G) we define a set B, as follows. If a is even,
then
Bo = {(u1,a), (up(c)+1,b), (u2p(@)+1, @), (usp(G)+1,b), - - -, (Ua—1)D(G)+1, D) }

and, if « is odd, then
B, = {(Uh a), (UD(G)—H; b), (UZD(G)+1> a), <U3D(G)+1a b); cees

(U(a—1)D(G)+15 @), (U(a—1)D(@)+1, ) }-

Notice that |B,| = «, for a even, and |B,| = a + 1, for a odd. We will
show that B, is a local metric generator for C; X G. In order to see that, let
(ui,v;), (uk,v;) be a pair of adjacent vertices belonging to V(C; X G) — B,
We consider, without lost of generality, that ¢ < k and we differentiate the

following three cases for k.

e 2<k<D(G)+1. Let Ty = {wy,...,up@)+1} x V(G). In this case
(wi,v;), (ug,v) € Ty and, by Lemma [3.14] the set

{(ulaa)7(u[KG»+lab)7(UQD(G)+17Q)}
resolves T7.

e pD(G)+2 <k < (p+1)D(G)+1, for some integer p € {1,...,a—2}. Let
T, = {upp(c)+1, - - - » Upr1)D(G)+1+ X V(G). In this case (u;, v;), (ug, v) €
T, and we can take x,y € {a, b} such that

Xp = {(up-1)D@)+1: T), (UpD(G)+1, ), (Up+1)D(G)+1,T) }

is a subset of B,. Thus, by Lemma we can conclude that X,

resolves T,.

® (a — ].)D(G) + 2 S k S t+ 1. Let ,_Tt = {u(a—l)D(G)+17~ .. ,ut+1} X
V(G). In this case, (u;,v;), (uk,v;) € T and we take the set X; =

{(wa=1)p@)+1,b), (u1, @), (up@y+1,b)} C By By Lemma we can
conclude that X; resolves T;.

According to the three cases above B, is a local metric generator for
C;®G and so dinmy (C;XG) < |B,|. Therefore, by Theorem we conclude
the proof. O
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Chapter 4

The local metric dimension of
graphs from the local metric
dimension of their primary

subgraphs

4.1 Introduction

In this chapter we show that the computation of the local metric dimension
of a graph with cut vertices is reduced to the computation of the local metric
dimension of the so-called primary subgraphs. The main results are applied
to specific constructions including bouquets of graphs, rooted product graphs,

corona product graphs, block graphs and chain of graphs.

Let G[H] be a connected graph constructed from a family of pairwise
disjoint (non-trivial) connected graphs H = {Gy,..., G} as follows. Select
a vertex of GG, a vertex of G5, and identify these two vertices. Then continue
in this manner inductively. More precisely, suppose that we have already used
GG1,...,G; in the construction, where 2 < ¢ < k — 1. Then select a vertex in
the already constructed graph (which may in particular be one of the already
selected vertices) and a vertex of G;,1; we identify these two vertices. Note
that any graph G[H] constructed in this way has a tree-like structure, the
G's being its building stones (see Figure [4.1)).

We will briefly say that G[H] is obtained by point-attaching from H =
{G1,...,Gi} and that G’s are the primary subgraphs of G[H]. We will also

o1
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Figure 4.1: A graph G[H] obtained by point-attaching from H =
{G41,Gy, ...,G7}

say that the vertices of G[H] obtained by identifying two vertices of different
primary subgraphs are the attachment vertices of G[H]. Our definition and
terminology is equivalent to the one previously introduced in [I5] where the
authors obtained an expression that reduces the computation of the Hosoya
polynomials of a graph with cut vertices to the Hosoya polynomial of the
so-called primary subgraphs. The reader is referred to [44] for a study on the

metric dimension of graphs from primary subgraphs.

To begin with the study of the local metric dimension of G[H] we need
some additional terminology. Given an attachment vertex x of G[H] and a
primary subgraph G; such that z € V(G,), we define the subgraph G;(z™)
of G[H] as follows. We remove from G[H] all the edges connecting = with
vertices in G;, then G,(z") is the connected component which has = as a
vertex. For instance, Figure shows the subgraph Gi(x™%) of the graph
G[H] shown in Figure [4.1]

Let Jy C [k] be the set of subscripts such that j € Jy whenever G, is
a non-bipartite primary subgraph of G[H]. Note that Jy = ) if and only if
G[H] is bipartite, i.e., Jy = 0 if and only if dim;(G[H]) = 1. From now on
we assume that Jy # ().

Now, let C; be the set composed by attachment vertices of G[H] be-
longing to V(G;) such that z € C; whenever G;(z") is not bipartite. For

instance, if G5, G3 and G7 are the non-bipartite primary subgraphs of the
graph shown in Figure [1.1] then Co = {z, w}.
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‘””

Figure 4.2: The subgraph G;(x™) of the graph G[H] shown in Figure .

For any j € Jy we define

a; = max {|C;N Bl},

= max {1C;0 B}
where B(Gj) is the set of local metric bases of Gj, i.e., o is the maximum
cardinality of a set {z1,...,74,} C V(G;) composed by attachment vertices
of G[H] belonging simultaneously to a local metric basis of G; such that for

every [ € {1,...,a;} the subgraph G;(x;") is not bipartite.

4.2 Main results

Theorem 4.1. For any non-bipartite graph G[H] obtained by point-attaching
from a family of connected graphs H = {G1,...,Gy},

dimy(G[H]) < ) (dimy(G;) — ay).
J€In
Proof. For any j € Jy we take B; € B(G,) and M; C B; N C; such that
|M;| = a;. We claim that B = U (B; — M,) is a local metric generator for
JE€In

G[H].

First of all, note that by the structure of G[H| we have that for any
v € M; there exists a non-bipartite primary subgraph G,, which is a sub-
graph of G;(v™), such that B, — M, # (). To see this we take a non-bipartite
primary subgraph G;,, which is a subgraph of G;(v"), next, if B;, = M;,,
then we take v; € V(Gj,) and, as above, we take a non-bipartite primary

subgraph G;,, which is a subgraph of G;(v{), and if B;, = M;, then we
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repeat this process until obtain a non-bipartite primary subgraph G,, which
is a subgraph of G;(v;" ) such that |B;,| > |M;,| (at worst, we will arrive to
a subgraph G;(v;",) containing only one non-bipartite primary subgraph).
With this fact in mind, we differentiate the following cases for two adjacent
vertices z,y € V(G;).

Case 1. i € Jy. If the pair x, y is distinguished by some u € B; — M;, then we
are done. Now, if the pair z,y is distinguished by v € M;, then we take G,
as a non-bipartite primary subgraph of G;(v") such that B, — M, # (). Since
the pair z,y is distinguished by any vertex of G;(v™), it is also distinguished
by any u € B, — M,.

Case 2. i € [k] — Jy. In this case, we take j € Jy such that B; — M; # ()
and, since G is bipartite, the pair x,y is distinguished by any u € B; — M;.

Hence, B is a local metric generator for G[H] and, as a consequence,

dimy(G[H]) < |Bl = D> _(IBj| = [M;]) = Y (dimy(G;) — o).

JEJnH JE€EJInH

Therefore, the result follows. n

Theorem 4.2. Let G[H] be a non-bipartite graph obtained by point-attaching
from a family of connected graphs H = {G1,...,Gy}. If for each j € [k] it

holds that any minimal local metric generator for G; is minimum, then

dimy (G[H]) = ) _ (dimy(G;) — o).
JE€IH
Proof. Since G[H] is a non-bipartite graph, any vertex belonging to a local
metric basis of G[H] distinguishes every pair of adjacent vertices included in
a bipartite primary subgraph of G[#]. Hence, we take a local metric basis A
of G[H] which does not contain vertices belonging to the bipartite primary
subgraphs of G[H]. i.e., for any i € [k] — Jy it holds ANV(G;) = 0. Now,
for each j € Jy we define A; = ANV(G;y).

We claim that C; U A; is a local metric generator for GG;. Suppose that
there exist two adjacent vertices xz,y € V(G;) which are not distinguished
by the elements of A;. In such a case, there exists z, € A,, r € Jy — {j},
which distinguishes x,y, and so there must exists v € C; such that G, is a
subgraph of G;(v") and, as a result, v distinguishes the pair z,y. Hence,

C; U A, is a local metric generator for G;.
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Moreover, if j € Jy, then for any attachment vertex w € Cj it holds
that |[A N V(G;(w'))| > 0, as G,(w™) is not bipartite. Hence, given two
adjacent vertices z,y € V(G;), which are distinguished by w, there exists
w € A, NV(Gj(w"), r € Jy — {j}, which distinguishes z,y, and so the
minimality of A leads to C; N A; = 0.

Now, if any minimal local metric generator for G; is minimum, then
there exists a set C]’- C C} such that Cj’- U A; is a local metric basis for Gj.
Thus, [C}] + [4;] = |C} U A;| = dimy(G;). Therefore,

dimy (G[H]) = [A] = Y |4 = Y (dimy(G) = |Cf) = D (dimy(G)) — ).

jEIn jE€In JEIH

We conclude the proof by Theorem [.1] O

For any j € Jy we define I'(G}) as the family of local metric generators
for G, and

pi = Sgﬂy(gj){|5| P SUC; el(Gy)}

Also, any set for which the above minimum is attained will be denoted by
R;. Notice that such a set is not necessarily unique.

With the above notation in mind we can state our next result.

Theorem 4.3. For any non-bipartite graph G[H] obtained by point-attaching
from a family of connected graphs H = {G1, ..., Gy},

dimy(G[H]) = Y _ p;.

Jj€In

Proof. We will show that X = U R; is a local metric generator for G[H].
First of all, note that by zleléﬂstructure of G[H] we have that for any
v € C}, j € Jy, there exists a non-bipartite primary subgraph G;, which is
a subgraph of G;(v'), such that R; # (). To see this we take a non-bipartite
primary subgraph G;,, which is a subgraph of G;(v"), next, if R; = 0,
then we take v; € V(Gj,) — {v} and, as above, we take a non-bipartite
primary subgraph Gj,, which is a subgraph of G;(v;), and if Rj, = () then
we repeat this process until obtain a non-bipartite primary subgraph Gj,,
which is a subgraph of G;(v;" ;) such that R;, # 0 (at worst, we will arrive to
a subgraph G,(v;" ;) containing only one non-bipartite primary subgraph).
Hence, X # () and, as a result, if G; is bipartite, then any pair of adjacent
vertices z,y € V(G;) is distinguished by any vertex belonging to X.
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Now, if z,y are adjacent in a non-bipartite primary subgraph G, then
there exists v € R; U C; which distinguishes them. In the case that v € C},
we know that there exists a primary subgraph of G;(v"), such that R; # 0)
and any w € R; also distinguishes x,y. As a result, X is a local metric

generator for G[H]. Therefore,

dimy (G[H]) < [X| = Z Pj-
JeIn

It remains to show that dim;(G[H]) > [X]| = 3, ;. p;. Since G[H] is
a non-bipartite graph, any vertex belonging to a local metric basis of G[H]
distinguishes every pair of adjacent vertices included in a bipartite primary
subgraph of G[H]. Hence, we take a local metric basis A of G[H| which does
not contain vertices belonging to the bipartite primary subgraphs of G[H)]
i.e., for any i € [k] — Jy it holds AN V(G;) = 0. For each j € Jy we define
A; = ANV(Gj). Note that A; U Cj is a local metric generator for G; and,
by the minimality of A, we have A; N C; = (. Hence, |4;| > |R;| = p;.

Therefore,
dimy(GIH) = 1Al = S 14,12 3 o

VISDEY jE€Iy

O

If G; is the only non-bipartite primary subgraph of G[H], then |Jy| =1
and p; = dim;(G;). Then we obtain the following particular case of Theorem
4.3l

Corollary 4.4. Let G[H] be a graph obtained by point-attaching from the
family of connected graphs H = {G, ...,Gi}. If G, is the only non-bipartite
primary subgraph of G[H], then

dim, (G[H]) = dimy(G;).

It is well-known that that a unicyclic graph G is bipartite if and only if
its cycle has even length. For the case of non-bipartite unicyclic graphs we
can apply Corollary to deduce that for any non-bipartite unicyclic graph
G it holds that dinmy(G) = 2.

There are other cases in which p; and «a; are very easy to obtain. For
instance, if C; = {v}, then p; = dim;(G,) — a;, where a; = 1 if v belongs
to a local metric basis for G; and «; = 0 in otherwise. Also, if C; = V(Gj),
then p; = 0 and «; = dimy(G,).
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The remain sections of this chapter are devoted to derive some conse-
quences of Theorem We also give several families of graphs where the
equality of Theorem [£.1]is achieved.

4.3 Rooted product graphs

Rooted product graphs can be constructed as follows. Let G be a graph of
order n and let H be a sequence of n graphs Hy, Hs, ..., H,. In each of these
graphs a particular vertex v; is selected. This vertex will be called the root
of the graph H;. The rooted product graph G o H, is the graph obtained by
identifying the root of the graph H; with the i-th vertex of GG, as defined
by Godsil and Mckay [28]. Clearly, any rooted product graph is obtained
by point-attaching from G, Hi, H», ..., H,,. Therefore, as a consequence of
Theorem [£.3]we obtain a formula for the local metric dimension of any rooted
product graph. To begin with, we consider the case where every H; is a

bipartite graph.

Corollary 4.5. Let G be a connected graph of order n > 2 and let H be a
sequence of n connected bipartite graphs Hy, Hs, ..., H,. Then for any rooted
product graph G o H,

dim;(G o H) = diny(G).

If every H; is non-bipartite, the result can be expressed as follows.

Corollary 4.6. Let G be a connected graph of order n > 2 and let H be a
sequence of n connected non-bipartite graphs Hy, Hs, ..., H,. Then for any
rooted product graph G o H,

dimy(G o H) =Y _(dimy(H;) — o).

Jj=1

Note that in this case o;; = 1 if the root of H; belongs to a local metric
basis of H; and a; = 0 in otherwise.

Now we will restrict ourselves to a particular case of rooted product
graphs where the sequence Hi, Hs, ..., H, consists of n isomorphic graphs
of order n’/, and will be using in each of them the same root vertex v. The
resulting rooted product graph is denoted by the expression G o, H. In this
case Corollary is simplified as follows.
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Remark 4.7. Let H be a connected non-bipartite graph and let v be a vertex
of H.

(i) If v does not belong to any metric basis for H, then for any connected

graph G of order n,

dim; (G o, H) = n - dimy(H)

(ii) If v belongs to a metric basis for H, then for any connected graph G of
order n > 2,

dim; (G o, H) = n - (dimy(H) — 1)

Lemma 4.8. If H is a connected graph of order n' with clique number
w(H) =n' =1, and G is a connected graph of order n > 2, then for any
veV(H),

dimy(G o, H) = n(n' — 3).

Proof. Since H has clique number w(H) = n’ — 1, by Theorem [2.4] we have
dim;(H) = n’ — 2. To conclude the proof by Remark we need to prove
that any vertex of H belongs to a local metric basis. With this aim, we
consider three vertices v;,v;, v, € V(H) and a maximum clique @) of H such
that v; € V(Q), v; € Ng(v;) and vy & Ny (v;) (Here Ny(x) denotes the set
of neighbours that x has in H). Then we have the following:

e Since v; distinguishes the pair of adjacent vertices v;, vy, the set B; =
V(H) — {vj, v} is a local metric basis of H.

e Since vv, & E(H), the set, B; = V(H) —{v;, v} is a local metric basis
of H.

e Since vy, distinguishes the pair of adjacent vertices v;, v;, the set By =
V(H) — {v;,v;} is a local metric basis of H.

Therefore, any vertex of H belongs to a local metric basis. O]

The equality dim;(G o, H) = n(n’ — 3) is not exclusive for connected
graphs of order n’ with clique number w(H) = n’ — 1. Consider for instance
the graph H = (v) 4+ (K, UK,), r > 2 and s > 2, i.e., H is the graph K, UK
together with all the edges joining an isolated vertex v to every vertex of
K, U K,. In this case the order of H is n’ = r + s + 1, while its local metric
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dimension is dim;(H) = n’ — 3. Note however, that the vertex v can not be
in any local metric basis. Hence, in this particular case for any connected
graph G of order n > 2, the local metric dimension of the rooted product
graph G o, H is calculated from Remark [4.7], giving

dim; (G o, H) = n - dimy(H) = n(n’ — 3).

Proposition 4.9. Let G be a connected graph of order n > 2. Let H be
a connected non-bipartite graph of order n' and let v € V(H). Then the

following assertions hold.
(i) n <dimy(G o, H) < n(n’ — 2).

(ii) dimy(G o, H) = n if and only if dimy(H) = 2 and the root vertex v

belongs to any local metric basis of H.
(ili) dimy(G o, H) =n(n' —2) if and only if H = K.
(iv) If H % K, then dimy(G o, H) < n(n’ — 3).

Proof. Remark [4.7]directly leads to the lower bound. Note that dim;(H) > 2,
as H is not bipartite. Now, if v belongs to a local metric basis of H and
dim;(H) = 2, then Remark [4.7| (ii) leads to dim;(G o, H) = n. Otherwise, if
v does not belong to any local metric basis of H, then Remark leads to
dim;(G o, H) > 2n. This proves (ii).

Now, if H & K, then dim;(H) = n’ — 1 and, since v belongs to a local
metric basis of H, Remark (ii) leads to dim(G o, H) = n(n’ —2). On
the other hand, if H is a connected non-complete graph of order n’, then we
have dim;(H) < n’ — 2. So, Remark leads to the upper bound.

Note that if dim;(H) = n’ — 2, then Theorem and Lemma lead
to dimy(G o, H) < n(n’ — 3). Thus, (iii) and (iv) follows. O

4.4 Unicyclic graphs

A graph H is said to be unicyclic if it is connected and contains exactly
one cycle. It is easy to see that unyciclic graphs are obtained by point
attaching of one cycle and some trees. If H is an unicyclic graph then H
is bipartite if and only if its cycle has even length. For the case of non-
bipartite unicyclic graphs we can apply Corollary [1.4] to deduce that for any
non-bipartite unicyclic graph H it holds that dim;(H) = 2.
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4.5 Block graphs

We say that B C V(G) is a block of G is B induces a maximal two con-
nected subgraph of G. A block graph is a graph whose blocks are cliques.
Since any block graph is obtained by point-attaching from H; = Ky, Hy =
Ki,,...,H, = K,,, as a consequence of Theorem we obtain a formula for

the local metric dimension of any block graph.

Corollary 4.10. Let H = {Hy,Hs,...,H,}, such that for each H; € H,
there exists t; such that H; = Ky,. If at least two of the t.s are greater than
two, for any block graph G[H],

dim (G[H]) = Y max{t; — 1 — §;,0}.

Where d; is the number of attachment vertices of H;.

4.6 Cactus graphs

A cactus graph is a graph obtained by point-attaching in which H = {C;,, C;,,

., Cy, } where Cj; are cycle graphs. If all the primary graphs of the family
are even cycles the resulting cactus graph is bipartite and therefore its local
metric dimension equals one. If there are exactly one odd cycle in the family,
the dimension of the resulting cactus graphs is two. In order to calculate the
local metric dimension of a cactus graph when the number of odd cycles in
the family is greater or equal to two we prune the graph G[H] in the following
sense: Let H be a family of connected graphs, not all of them bipartite, G[H']
is a pruned G[H] if

o H' CH.
e G[H'] is a graph obtained by point-attaching of the family H’
e G[H'] is a connected induced subgraph of G[H].

e If a graph H; € H', H; has only one attachment vertex, the H; is a
non-bipartite graph.

It is easy to see that dim;(G[H]) = dim,(G[H']).
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Corollary 4.11. If G[H], is a cactus graph in which at least two members
of H are odd cycles then,
dimy(G[H]) =1’

where ' is the number of elementary graphs of G[H'| that have only one

attachment vertex.

4.7 Bouquet of graphs

Let H = {Gy,...,Gy} be a finite sequence of pairwise disjoint connected
graphs and let z; € V(G;). By definition, the bouquet H, of the graphs in
H with respect to the vertices {x;}¥_, is obtained by identifying the vertices
x1,...,xp with a new vertex x. Clearly, the bouquet H, is a graph obtained
by point-attaching from G4y, ..., Gj. Therefore, as a consequence of Theorem
we obtain the following result.

Corollary 4.12. Let H = {Gy,...,Gy} be a finite sequence of pairwise
disjoint connected graphs and let x; € V(G;) such that Jy # 0. If H, is
the bouquet obtained from H by identifying the vertices x1, . .., x) with a new
vertex x, then
dimy(H,) = Y (dimy(G;) — ).
VSLY
Note that in this case §; = 1 if x; belongs to a local metric basis of Gj

and §; = 0 in otherwise.

4.8 Chain of graphs

Let H = {Gy,...,Gy} be a finite sequence of pairwise disjoint connected
non-trivial graphs and let z;,y; € V(G;). By definition, the chain C(H) of
the graphs in H with respect to the set of vertices {y;, x} U (Uf:}l{xi, yl}) is
the connected graph obtained by identifying the vertex y; with the vertex x;,
for i € [k—1]. Clearly, the chain C(H) is a graph obtained by point-attaching
from Gy, ...,Gy.

For every j € Jy we say that x; is replaceable in C(H) if and only if there
exists a local metric basis B; of G; such that x; € B; and there exists k < j
such that G, is a non-bipartite primary graph. Analogously, we say that y;

is replaceable in C(H) if and only if there exists a local metric basis B} of
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Figure 4.3: A chain C(#H) obtained by point-attaching from H =
{(;17(;27(;37(;4}'

G such that y; € B} and there exists k > j such that G}, is a non-bipartite
primary subgraph. We say that z; and y; are simultaneously replaceable in
C(H) if both are replaceable in C(H) and there exists a local metric basis of
G; containing both z; and y;.

The formula for dim;(C(H)) is directly obtained from Theorem [£.3] In

this case we have the following possibilities for the value of p;.

e If 1 € J3 and y; is replaceable in C(H), then p; = dimy(G;) — 1.
e If 1 € J3 and y; is not replaceable in C(H), then p; = dim;(G).
o If k € Jy and xy, is replaceable in C(H), then p; = diny(G;) — 1.

e If k € Jy and x, is not replaceable in C(H), then p, = dim;(G1).

For j € Jy N{2,....,k — 1} we have the following possibilities.

e If neither x; nor y; is replaceable in C(H), then either p; = dim;(G,)
or p; = dinmy(G;) — 1.

e If z; and y; are simultaneously replaceable in C(H), then p; = dimy(G,)—
2.

e If z; and y; are not simultaneously replaceable in C(H) and z; (or y;)
is replaceable in C(H), then p; = dimy(G;) — 1.
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Chapter 5

The local metric dimension of

corona product graphs

5.1 Introduction

Let G be a graphs of order n and let H = {Hy, Ho, ..., H,} be a family of
graphs. Recall that the corona product GOH is defined as the graph obtained
from G and H by taking one copy of G and joining by an edge each vertex
from H; with the i-th vertex of G, [26]. The join G+ H is defined as the graph
obtained from disjoint graphs G and H by taking one copy of G and one copy
of H and joining by an edge each vertex of G with each vertex of H. Notice
that the particular case of corona graph K; ® H is isomorphic to the join
graph K7 + H. We can obtain any corona graph G ® H by point-attaching
from G, K1+ Hy, K1+ H,, ..., K1 + H,,. Note that if H; is a non-trivial graph,
then the primary subgraph K; + H; is not bipartite. In fact, we can see the
corona graph as a particular case of rooted product graph.

If there exists a graph H such that H; = H, for any H; € H, then
we denote G ® H by G ® H, for simplicity. The corona product G ©® H
was defined by Frucht and Harary in [26]. Recalling our notation for rooted

product graphs
GOH=Go, (w+ H)

Figure [5.1| shows two examples of corona product graphs where the fac-
tors are non-trivial.
The metric dimension and related parameters have been studied for the

case of corona graphs. For instance, the metric dimension was studied in

63
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VAV

Figure 5.1: From the left, we show the corona graphs Cs ® Ky and P3 ® K3.

[33] and [60], the strong metric dimension was studied in [42], the partition
dimension was studied in [5I] and the simultaneous metric dimension was
studied in [50]. In this chapter we study the local metric dimension. The
chapter is organized as follows: In Section [5.2] we give closed formulae for
dim;(G ® H) in terms of dim;(G) and dimy(K; ® H). Then, we establish
lower and upper bounds for dim;(G ® H) by using the orders of G and H,
and in Section [5.3| we characterize all graphs when the bounds are attained.
Finally, in Section we investigate the value of dim;(G ® H) when H is a
bipartite graph of radius three, and in particular, we compute dim;(G ® T))

when 7' is a tree.

5.2 General results

From Theorem [£.3] we deduce the following result.

Corollary 5.1. Let G be a connected graph of order n > 2 and let H be
a sequence of m non-empty graphs Hy, Hs,..., H,. Then for any corona
product graph G o H,

dim(GOH) = Z(diml(Kl + Hj) — aj).

J=1

Note that in this case a;; = 1 if the vertex of K; belongs to a local metric
basis of K1 + H; and a; = 0 in otherwise.

From now on we consider the case of corona product graphs where the
sequence Hi,..., H, consists of n isomorphic graphs of order n’. To begin
with, we consider some straightforward cases. If H is an empty graph, then
K, ® H is a star graph and dim;(K; ® H) = 1. Moreover, if H is a complete
graph of order n, then K7 ® H is a complete graph of order n + 1 and
dimy (K, © H) = n.
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Theorem 5.2. Let G be a connected non-trivial graph. For any empty graph
H,

Proof. Let B be a local metric basis for G. Since in G ® H every pair of
adjacent vertices of GG is distinguished by some vertex of B and every vertex
of B distinguishes every pair of adjacent vertices composed by one vertex of
G and one vertex of H, we conclude that B is a local metric generator for
GOoOH.

Now, suppose that A is a local metric basis for G® H such that |A| < |B|.
Since H is an empty graph, if there exists z € A NV;, for some i, then the
pairs of vertices of G ® H which are distinguished by z can be distinguished
also by v;. So, we consider the set A’ obtained from A by replacing by v; each
vertex x € ANV, where i € {1,...,n}. Thus, A’ is a local metric generator
for G and |A'| < |A| < |B| = dimy(G), which is a contradiction. Therefore,
B is a local metric basis for G ® H. O

We present now the main result on the local metric dimension of corona
graphs G® H for the case where H is a non-empty graph. We would pont out
that this result can be derived from Theorem [4.3] (or Corollary [p.1)). Even

so, we include the proof because we will use these ideas in Chapter
Theorem 5.3. Let H be a non-empty graph. The following assertions hold.

(i) If the vertex of Ky does not belong to any local metric basis for K1+ H,

then for any connected graph G of order n,

dimy(G © H) = n - dimy (K, + H).

(ii) If the vertex of Ki belongs to a local metric basis for Ky + H, then for
any connected graph G of order n > 2,

dimy(G © H) = n(dimy (K, + H) — 1).

Proof. If n =1, then G® H = K; + H and we are done. We consider n > 2.
Let S; be a local metric basis for (v;) + H; and let S} = S; — {v;}. Note that
S! £ () because H; is a non-empty graph and v; does not distinguish any pair
of adjacent vertices belonging to V;. In order to show that X = U S/ is a

local metric generator for G ® H we differentiate the following cases for two
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adjacent vertices x,y.

Case 1. z,y € V;. Since v; does not distinguish x,y, there exists u € 5}

such that deon (2, u) = d)+n, (¥, 1) # dwyn, (Y, ) = deon(y, u).

Case 2. » € V;and y = v;. For u € S}, j # i, we have dgou(r,u) =
1+ dgon(y,u) > deon(y, u).

Case 3. =z = v; and y = v;. For u € S}, we have dgou(r,u) = 2 =
deon(r,y) +1>1=deou(y,u).

Hence, X is a local metric generator for G ® H.

Now we shall prove (i). If the vertex of K does not belong to any local
metric basis for Ky + H, then v; ¢ S; for every i € {1,...,n} and, as a

consequence,

dim)(G @ H) < |X| = 18] =) dimy((v;) + H;) = n - dimy(K, + H).
i=1 i=1

Now we need to prove that dim;(GOH) > n-dim;(K;+H). In order to do this,
let W be a local metric basis for G ® H and let W, = V; N W. Consider two
adjacent vertices x,y € V; — W;. Since no vertex a € W — W, distinguishes
the pair z,y, there exists u € W; such that d,y4n,(z,u) = daon(x,u) #
daon(y,u) = dwy+m,(y,u). So we conclude that W; U {v;} is a local metric
generator for (v;) + H;. Now, since v; does not belong to any local metric
basis for (v;) + H;, we have that |W;| + 1 = [W; U {v;}| > dim;((v;) + H;)
and, as a consequence, |W;| > dim;((v;) + H;). Therefore,

dim(G @ H) = W[ > Y " |W;| =) dimy((v;) + H;) = n - dimy(K; + H),

i=1 i=1
and the proof of (i) is complete.

Finally, we shall prove (ii). If the vertex of K; belongs to a local metric
basis for K1+ H, then we assume that v; € S; for every i € {1,...,n}. Suppose
that there exists B such that B is a local metric basis for GOH and |B| < |X]|.
In such a case, there exists i € {1, ...,n} such that the set B; = BNV; satisfies
|B;| < |S}|. Now, since no vertex of B — B; distinguishes the pairs of adjacent

vertices belonging to V;, the set B;U{v;} must be a local metric generator for
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which is a contradiction. Hence, X is a local metric basis for G ® H and, as

a consequemnce,
dim;(GOH) = |X| = Z |1S!| = Z dimy ((v;)+H;)—1) = n(dim; (K, +H)—1).

The proof of (ii) is now complete. O
As a direct consequence of Theorem we obtain the following results.

Corollary 5.4. The following assertions hold for any connected graph G of
order n > 2.

(i) For any integer t > 2, dim;(G ® K;) = n(t —1).
(ii) For any positive integers r and s, dim; (G © K, ¢) = n.

(iii) Let t > 4 be an integer. If t = 1(4), then dimy(G © P,) = n L] and if
t £ 1(4), then diny(G ® P,) =n[L].

(iv) For any integer t > 4, dim(G ® Cy) = n [L].

Proof. (i) If H = K;, then K; + K; = K;,; and the vertex of K; can
belong to a local metric basis for K; + K;. Thus,

dim; (G ® Ky) =n - (dimy (K1) — 1) =n- (t —1).

(ii) If H = (U UUy, E) = K, 4 then for every a € Uy (or a € Us) the set
{a,v} is a local metric basis for (v) + H. Therefore,

dim; (G © K, 4) =n- (dimy; (K + K, 5) — 1) =n.

(iii) Notice that a set B is a local metric basis for K + P; if and only if for
every pair of adjacent vertices z,y € V(F;), vertex x is adjacent to an
element of B or vertex y is adjacent to an element of B. Thus, for any
subgraph H' of P, isomorphic to Py, we have BNV (H') # (). With this
observation in mind, we consider the following two cases.

Case 1. 4 <t < 5. In this case we have that dim;((v) + P;) = 2 and v

t
belongs to any local metric basis. Thus, dim; (G® P,) =n=n L—l .
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Case 2. t > 6. For t = 4k + r, where 0 < r < 3, we obtain

k,ifr=0o0rr=1
dim; (K; + P,) = (5.1)
k+1,ifr=2orr=3

Therefore, since in this case vertex v does not belong to any local metric

basis for (v) + P;, we obtain

" EJ it =1(4)
dim; (G © P,) = n - dimy (K, + P,) =
n- H i 1(4).

If 4 <t <5, then dimy({(v) + C;) = 2. Since v belongs to any local

metric basis for (v) +C, and v does not belong to any local metric basis

for (v)+C5, we have dim;(G®Cy) = n and dim;(GOC5) =2n=n [Z—‘ .

Now we consider the case where ¢t > 6. As in the proof of (iii), for any
local metric basis B of (v) + C; and any subgraph H' of C;, isomorphic
to Py, we have BNV (H') # (. Hence, for t = 4k +r, where 0 < r < 3,

we deduce
k,ifr=20

k + 1, otherwise.

Then, since for t > 6 vertex v does not belong to any local metric basis

for (v) + Cy, dimy (G ® Cy) = n - dimy (K + Cy) = m .

]

Since any metric generator is a local metric generator, the local metric

dimension of a graph G is at most equal to the metric dimension of G, i.e.,

diml

diml

(G) < dim(G). For instance, for the complete graph of order n > 2,
(K,) = dim(K,) =n — 1, and for any bipartite graph G, different from

a path, dim;(G) = 1 < dim(G). As an illustrative example where the local

metric dimension can be significantly smaller than the metric dimension,

we can take the complete bipartite graph K, , of order » + s > 4, where

diml

(K,s) =1<r+s—2=dim(K,;). Similar examples can be derived

for corona graphs. For instance, it was shown in [60] that for any connected
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graph G of order n > 2 and any integers r > 2 and s > 1 (r + s > 4),
dim(G ® K,) =n(r — 1) and dim(G ® K, ) = n(r + s — 2). Thus, according
to Corollary (i) and (ii), dimy(G ® K,) = n(r — 1) = dim(G ® K,) and
dim(GO K,5) =n<n(r+s—2) =dim(G o K,,).

Corollary 5.5. For any connected graph H and any connected graph G of
order n > 2,
dim(G © H) > n - dim(H).

Proof. Let B be alocal metric basis for K7+ H. Since the vertex v of Ky does
not distinguish any pair of adjacent vertices z,y € V(H), B — {v} is a local
metric generator for H. Thus, if v € B, then diny(K; + H) — 1 > dimy(H)
and, if v ¢ B, then dim;(K; + H) > dim;(H). Therefore, Theorem [5.3| leads
to dim;(G ® H) > n - dim;(H). O

Now we will give some results involving the diameter or the radius of H.

Corollary 5.6. For any graph H of diameter two and any connected graph
G of order n > 2,

Proof. Since H has diameter two, for every x,y € V(H) it follows dy(z,y) =
dr,+u(x,y). So, if the vertex of K; does not belong to any local metric basis
for K1 4+ H, then every local metric basis for H is a local metric basis for
K, + H and vice versa. Hence, in such a case, Theorem (i) leads to
dimy(G © H) =n - dimy(H).

Now we suppose that there exists a local metric basis B of K7 + H such
that the vertex v of K; belongs to B. Since v does not distinguish any pair
of vertices of H, B = B — {v} is a local metric generator for H. Moreover,
if there exists A C V(H) such that |A| < |B’| and A is a local metric basis
for H, then A U {v} is a local metric generator for K; + H, which is a
contradiction because |A| + 1 < |B'|+ 1 = |B| = dim;(K; + H). Therefore,
B’ is a local metric basis for H and, as a result, dim;(K;+ H) = 1+dim;(H).
So, by Theorem (ii) we obtain dim;(G ® H) = n - dim;(H). O

Lemma 5.7. Let H be a graph of radius r(H). If r(H) > 4 then the vertex
of K1 does not belong to any local metric basis for K1 + H.

Proof. Let B be alocal metric basis for K1+ H. We suppose that the vertex v
of K belongs to B. Note that v € B if and only if there exists u € V(H)— B
such that B C Nk, +pm(u).
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Now, if r(H) > 4, then we take v’ € V(H) such that dy(u,u’) = 4 and
a shortest path wujugusu’. In such a case for every b € B — {v} we will
have that dg, (b, u3) = di,+u(b,u') = 2, which is a contradiction. Hence,

v does not belong to any local metric basis for K1 + H. m

The converse of Lemma [5.7) is not true. In Figure [5.2] we show a graph
H of radius three where the vertex of K does not belong to any local metric
basis for K7 + H.

Figure 5.2: A graph H and the join graph K; + H. White vertices form a
local metric basis for K; + H.

The following result is a direct consequence of Theorem (i) and
Lemma 5.7

Theorem 5.8. For any connected graph G of order n and any graph H of
radius r(H) > 4,

dim;(G © H) = n - dim (K, + H).
Another consequence of Theorem is the following result.

Corollary 5.9. For any non-empty graph H of order n’ > 2 and any con-
nected graph G of order n > 2,

n < dim(G©® H) < n(n' —1).
The aim of the next section is the study of the limit cases of Corollary
0.9l
5.3 Extremal values

Theorem 5.10. Let H be a graph of order n' and let G be a connected graph
of order n > 2. Then dim;(G ® H) =n(n’ — 1) if and only if H = K.
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Proof. By Theorem we conclude that dim;(G ® H) = n(n’ — 1) if and
only if exactly one of the following cases hold:

Case a: the vertex v of K; does not belong to any local metric basis for
K; + H and dimy(K; + H) =n' — 1.

Case b: the vertex v of K belongs to a local metric basis for K; + H and
dim;(Ky + H) =n/.

We first consider Case a. By Theorem [2.4| dim;(K; + H) =n’ — 1 if and
only if w(H) =n' — 1. Let V(H) = {uy,ug, .. up}. If (V(H) - {u1}) is a
clique and wuy € E(H), then {v} UV (H) — {uy,u;} is a local metric basis
for K1 + H, which is a contradiction. Hence u; is an isolated vertex of H.
So, H = K; U K,s_1, which is a contradiction, as {v,us,...,u,} is a local
metric basis of (v) + H.

Finally, by Theorem we deduce that Case b holds if and only if
H=K,. 0]

The center of a connected graph G is the set of vertices of G with

eccentricity equal to the radius of G.

Theorem 5.11. Let H be a non-empty graph and let G be a connected graph
of order n > 2. Then dim;(G ® H) = n if and only if H is a bipartite graph
having only one non-trivial connected component H* and r(H*) < 2.

Proof. Since (v) + H is not bipartite, by Theorem [2.4] we deduce dim;({v) +
H) > 2. So, if dim(G ® H) = n, then by Theorem we have that
dimy((v) + H) = 2 and v belongs to a local metric basis for (v) + H, say
B = {u,v}. So, BNV (H) = {u} must be a local metric generator for H
and, by Theorem [2.4] we conclude that H is a bipartite graph having only one
non-trivial connected component. Moreover, if the non-trivial component of
H has radius r > 2, then there exists ug € V(H) such that dy(u,us) = 3
and, as a consequence, for any shortest path uu,usus we have d) 4 (u, u2) =
diwy+m((u, u3), i.e., the pair of adjacent vertices us, ug is not distinguished by
the elements of B, which is a contradiction. Therefore, r < 2.

Conversely, let H be a bipartite graph where having only one non-trivial
component H*. Let r(H*) < 2, let a be a vertex belonging to the center
of H* and let v be the vertex of K;. Since H is a triangle free graph, a

distinguishes every pair of adjacent vertices z,y € V(H*). So, {v,a} is a
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local metric generator for K; + H, which is a local metric basis because

dim;(K; + H) > 2. We conclude the proof by Theorem (ii). O

5.4 The value of dim;(G ® H) when H is a bi-
partite graph of radius three

Theorems [5.8 and suggest to consider the case where H is a bipartite
graph of radius three. To do that, we need the following additional notation.

For any a € V(H), we denote
N9Y) ={we V(H): dy(w,a) =i}

We also define Ng)[a] = N[(;)(CL) U {a}. Note that NI({U(a) = Ny(a) and
Ng)[a] = Ny[a]. Given two sets A, B C V(H) we say that A dominates B
if every vertex in B — A is adjacent to some vertex belonging to A. From
now on we will use the notation A > B to indicate that A dominates B. For
every x € C(H), let n(z) = min{|A| : AC Ny(x)and A >~ Nf(f)(:z:)} and
let

¢'(H) = ,oin {n(2)}.

Lemma 5.12. For any bipartite graph H of radius three,

Moreover, dim)(K, + H) = §'(H) + 1 if and only if the vertex of Ky belongs

to a local metric basis for K1 + H.

Proof. Let u be a vertex belonging to the center of H and A C Ny(u) such
that A > Ng)(u) and |A| = §'(H). Let us show that B = AU {v} is a local
metric generator for (v) + H. We first note that since H is bipartite, for two
adjacent vertices z,y ¢ B it follows dy(u,x) # dy(u,y). Hence, without
loss of generality, we may consider the following three cases for two adjacent
vertices x,y ¢ B.

Case 1: x = u and y is adjacent to u. In this case for every z € A it follows

di,+u(z,2) =1 and dg,+ 5 (y, 2) = 2.

Case 2: dy(u,x) =1 and dy(u,y) = 2. In this case y € Nl(f)(u) and there

exists ' € A which is adjacent to y and, since H is a bipartite graph, ' is
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not adjacent to z. So, di,+u(x,2') =2 and dg, +u(y,2") = 1.

Case 3: dg(u,z) = 2 and dy(u,y) = 3. In this case x € Nl(f)(u) and there
exists 2’ € A such that uz'zy is a shortest path in H. So, dg,+u(z,2') =1

and dg, 1 g(y,2') = 2.

Thus, B is a local metric generator for Ky + H and, as a consequence,
dimy(Ky, + H) < §(H) + 1.

Moreover, if dim;(K; + H) = §'(H) + 1, then B is a local metric basis
for K; + H which contains the vertex of K.

Conversely, let S be a local metric basis for K7 + H which contains the
vertex v of Kj. In this case there exists w € V(H) such that Ny(w) D
S —{v}. If w ¢ C(H), then there exists w’ € V(H) such that dy(w,w') > 4
and for every shortest path ww,wowsw’ from w to w’ the pair of vertices ws, w’
is not resolved in K7 + H by any s € S, which is a contradiction. Hence,
we C(H) and S — {v} >~ Ng) (w). The minimality of the cardinality of S
leads to |S — {v}| = ¢'(H). Therefore, §'(H) + 1 = |S| = dimy (K, + H). O

As a direct consequence of Theorem and Lemma [5.12| we obtain the

following result.

Theorem 5.13. Let H be a bipartite graph of radius three and let G be a
connected graph of order n > 2. Then

dim;(G® H) <n-§(H).

The maximum value of dim;(G © H).

In this section we show that the above bound is attained for a subfamily of
bipartite graphs of diameter three that does not contain a square (a subgraph
isomorphic to Ks5). In such a case, the girth of H must be six and H =

(Uy UUs,, E) satisties the following property:

¢ For any ¢ € {1,2} and any two distinct vertices a,b € U;, |Ng(a) N
Ny (b)] = 1.

Therefore, H is the incidence graph of a finite projective plane. So, we have

two possibilities (see, for instance, [3]):
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(P1) H = (U; U Uy, E) is the incidence graph of a degenerate projective
plane. In this case |Uy| = |Uy| = t, t > 3, and H is a pseudo sphere
graph S; (also called near pencil) defined as follows: we consider ¢ — 1
path graphs of order 4 and we identify one extreme of each one of the
t — 1 path graphs in one pole a and all the other extreme vertices of

the paths in a pole b. In particular, S is the cycle graph Cg.

(P2) H = (U, UU,, E) is the incidence graph of a non-degenerate projective
plane of order ¢. In this case H is a regular graph of degree g = ¢+ 1
and |U;| = |Us| = ¢* + q + 1. Note that |U;| = |Uy| = 6% — dg + 1.

In the case (P1) the set B = {a, b} composed by both poles of the pseudo
sphere is a dominating set of S;. Thus, B is a local metric basis for (v) + S,
and Ng,(a)NNg,(b) = 0. Also, there are no local metric generators composed
by two vertices at distance two, so the vertex v does not belong to any local
metric basis for (v) + S; and, by Theorem (i), we obtain that for any
connected graph G of order n > 2, dimy(G ® S;) = 2n.

The rest of this section covers the study of case (P2), i.e., the case where

H is the incidence graph of a non-degenerate projective plane.

Lemma 5.14. For any bipartite graph H 2 S; of diameter three and girth

SIT,

§'(H) = b3.

Proof. Let x € U;, © € {1,2}. Since for any y,z € Ny (z) we have Ng(y) N
Ng(z) = {z}, we deduce that for any A C Ng(z),

NP @)] = Ui~ {a}) =

U WNa(y) - {37})| =D (INu()|-1) = (6u — 1)|A].
yEA yeA

Therefore, since |U;| = 6% — dg + 1, we have that A = NI({Q) (x) if and only if
A I:4Ahg<$>. ]

Lemma 5.15. Let H = (U U Uy, E) 2 Sy be a bipartite graph of diameter
three and girth siz. For any local metric basis B of K1+ H, either BNU; = ()
or BNUy = 0.

Proof. We proceed by contradiction. Suppose that By = BN U; # () and
By = BN U, # (). We differentiate two cases.
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Case 1: By U Ng(By) # Uy or By U Ny (By) # Us. We take, without loss of
generality, x € U; such that x ¢ By UNg(Bs). Since B is a local metric basis
for K1 + H and Ny (z) N By = 0, the set Ny(x) must be dominated by Bj.
Moreover, since H is a square free graph, for any b € B; there exists only
one vertex y, € Ny(x) N Ny (b). Thus, oy = |Ng(z)| < |Bi]. On the other
hand, by Lemmas and we have |BN (U; UUs)| < 6. Hence, the
assumption By = BNU; # () leads to |By| < dy — 1, which is a contradiction
with the fact that |By| > dg.

Case 2: By UNg(Bs) = Uy and By U Ny(By) = U,. If |By| = |Bs| = 1,
then 6% — 0y + 1 = |Uy| = |B; U Ny(Bs)| < 1+ dg, which is a contradic-
tion for 0y > 2. Thus, without loss of generality, we assume that |By| > 2.
Let a,b € By and let ¢ € Uy such that {c} = Ny(a) N Ng(b). We define
B} = By U{c}, By = By — {a,b} and B’ = B} U B). Note that |B’| < |B|.
We take two adjacent vertices x,y such that x € Uy — B} and y € Uy — Bj,.
Now, if y € {a,b}, then ¢ € B’ distinguishes the pair z,y and if y & {a, b},
then there exists iy € By C B’ such that ¢ is adjacent to y. Thus, B’ is a
local metric basis for K; + H, which is a contradiction.

Since both cases lead to a contradiction, the proof is complete. O

Lemma 5.16. Let H 2 S; be a bipartite graph of diameter three and girth
siz. Then the vertex of Ky belongs to any local metric basis for K; + H.

Proof. Let B be a local metric basis for (v)+ H. We proceed by contradiction.
Suppose that v ¢ B. By Lemmas and we have |B| < §y. By Lemma
we can assume that B C By. Now, if |B| <y — 1, then

[Nu(B)| =

U Nu(®)

beB

< INg(D)| = (65 — 1)dn < |V,

beB
which is a contradiction because if there exist two adjacent vertices z, y such
that z € U; — B and y € Uy — Ny(B), then the pair z,y is not distinguished
by the elements of B. Hence, we conclude |B| = dg.

Now, if there exists a € U such that Ny(a) = B, then the pair of
adjacent vertices a,v is not distinguished by the elements of B, which is a
contradiction. Thus, let b,0’' € B, a € Ny(b) N Ny (V') and z, € Ny (a) — B.
Since B is a local metric basis and H is a square free graph, for every y, z €
Ny (z,), there exist two vertices b, € (B — {b,0'}) N Ng(y) and b, € (B —
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{b,b'}) N Ny (=) such that b, # b,. Hence,
dg —1=|Ng(x,) —a| <|B—{bb}| =g — 2,
which is a contradiction. Therefore, v must belong to B. O

Theorem 5.17. Let H 22 S; be a bipartite graph of diameter three and girth
siz. Then for any connected graph G of order n > 2,

Proof. By Lemma [5.16| we know that the vertex of K; belongs to every local
metric basis for Ky + H, by Lemmas and we have dim;(K; + H) =
dp + 1 and by Theorem [5.3 (ii) we conclude dim;(G ® H) =n - dy. O

Let m = (P, L) be a finite non-degenerate projective plane of order g,
where P is the set of points and L is the set of lines. Given two sets P’ C P
and L' C L, we say that P’ U L' satisfies the property G, if for any point p
and any line [y such that py € [, we have

e there exists p € P’ such that p € [y, or
e there exists [ € I’ such that p, € .

We define T (7) = min{|P’ U L'| such that P’ U L’ satisfies the property
g}

We have that if H is the incidence graph of 7, then a set P’ U L’ satisfies
the property G if and only if P" U L' U {v} is a local metric generator for
(v) + H. Therefore, according to Lemmas 5.12] [5.14] and [5.16| we conclude

Y(r) =0y =q.

Note that if P’UL’ satisfies the property G and its cardinality is the minimum
among all the sets satisfying this property, then either P’ = () and L' is the
set of lines incident to one point or L' = () and P’ is the set composed by all

the points laying on one line.

The minimum value of dim;(G © H).

As a direct consequence of Theorems [5.3] and we derive the following
result.
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Remark 5.18. For any connected graph H of radius r(H) > 3 and any
connected graph G of order n > 2,

dim;(G ® H) > 2n.

In this section we study the limit case of the above bound for the case

where H is bipartite.

Lemma 5.19. If H is a graph of radius three and dim;(K; + H) = 2, then
the vertex of K1 does not belong to any local metric basis for K1 + H.

Proof. Let {a,b} be a local metric basis for (v) + H. Since r(H) = 3, no
vertex of H distinguishes every pair of adjacent vertices of H. Thus, a # v

and b # v. ]

Theorem 5.20. Let H = (U1, Us, E) be a bipartite graph of radius three and
let G be a connected graph of order n. Then dim;(G © H) = 2n if and only
if dimy (K + H) = 2 or for some i € {1,2}, there exist a,b € U; such that
Np(a) U Ng(b) = U;, where j € {1,2} — {i}.

Proof. By Theorem [5.3| we know that dim,;(G ® H) = 2n if and only if either
dimy({(v) + H) = 2 and v does not belong to any local metric basis for (v) + H
or dim;({v) + H) = 3 and there exists a local metric basis B of (v) + H such
that v € B.

If dimy;((v) + H) = 2, then we are done (note that by Lemma we
have that v does not belong to any local metric basis for (v) + H).

Let B = {a,b,v} be a local metric basis of (v) + H. Since v € B, we
have Ny (a) N Ng(b) # 0. So, a and b must belong to the same color class,
set a,b € U;. Hence, if there exists y € Uy — (Ng(a) U Ny (b)), then for every
x € Ny(y), the pair z,y is not distinguished in (v) + H by the elements of
B, which is a contradiction and, as a consequence, Ng(a) U Ng(b) = Us.

Conversely, if there exists a,b € U; such that Ny(a) U Ny(b) = Uj,
where j € {1,2} — {i}, then for every y € U; and © € Ng(y), the pair
x,y is distinguished by a or by b. So, {a,b,v} is a local metric generator
for (v) + H and, as a consequence, dim;((v) + H) < 3. Therefore, either
dim;({(v) + H) = 2 or {a,b,v} is a local metric basis of (v) + H. O

Consider the following decision problem. The input is an arbitrary bi-
partite graph H = (U; U Us, E) of radius three. The problem consists in
deciding whether H satisfies dim;(K; + H) = 2, or not. According to the
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next remark we deduce that the time complexity of this decision problem is
at most O(|U1|*|Us|?). Although this remark is straightforward, we include

the proof for completeness.

Remark 5.21. Let H = (Uy,Us, E) be a bipartite graph of radius three.

Consider the following statements:

(i) For some i € {1,2}, there exist a,b € U; such that {Ng(a), Ng(b)} is
a partition of U;, where j € {1,2} — {i}.

(ii) There exist two vertices a € Uy and b € Uy such that for every edge
xy € E, where v € Uy and y € Us, it follows y € Ny(a) or x € Ng(b).

Then dimy (K, + H) = 2 if and only if (i) or (ii) holds.

Proof. We first note that since K7 + H is not bipartite, Theorem leads
to dimy (K + H) > 2.

(Sufficiency) If (i) holds, then {a,b} > U; and Ny (a)NNg(b) = 0. Hence,
{a, b} is a local metric basis of K7+ H and, as a consequence, dim;(K;+H) =
2.

Now, if (ii) holds, it is is straightforward that {a,b} is a local metric
basis of K} + H and, as a consequence, dim;(K; + H) = 2.

(Necessity) Let {a,b} be a local metric basis for of (v) + H. By Lemma
we know that v € {a,b}. Then we have two possibilities.

Case 1. a and b belong to the same color class of H, say a,b € U;. Since for
every x € V(H) the pair , v must be distinguished by a or by b, we conclude
that Ng(a) N Ny (b) = (0. Also, since every pair of adjacent vertices x € Uy
and y € U; must be distinguished by a or by b, we conclude that y ~ a or
y ~ band, as a result, {a,b} > U,. Hence, we conclude that {Ny(a), Ny (b)}

is a partition of Us,.

Case 2: a and b belong to different color classes of H, say a € U; and
b € Us. Since {a, b} is a local metric basis for (v) + H, for every edge zy € E,
where x € Uy and y € Uy, it follows y € Ny (a) or x € Ny(b). O

Note that if H = (U;UUy, E) is a bipartite graph of diameter D(H) = 3,
then for any i € {1,2} and z,y € U; we have Ny (z) N Ny(y) # (). Hence,
we deduce the following consequence of Remark [5.21]
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Corollary 5.22. Let H be a bipartite graph where D(H) = r(H) = 3. If
B = {a, b} is a local metric basis for Ky + H, the a and b belong to different

color classes.
Other direct consequence of Remark is the following.

Corollary 5.23. Let H = (Uy,Us, E) be a bipartite graph of radius three.
If for some i € {1,2}, there exist a € U; such that dy(a) = |U;| — 1, where
j € {1,2} — {i}, then dim(K; + H) = 2.

Closed formulae for diny(G ©® H) when H is a tree of

radius three.

In order to study the particular case when H is a tree of radius three,
we introduce the following additional notation. Let T" be a tree of radius
three. For the particular case when C(T) = {u} we consider the forest
Fy = UypenywTw composed of all the rooted trees T, = (V, Ew), of root
w € Np(u), obtained by removing the central vertex u from 7. The height
of T,y is hy = maxey(r,){d(w,x)}. We denote by ¢(7") the number of trees
in F, with h,, equal to two, i.e., <(T') = |S(T)|, where

S(T) ={w € Nr(u) : hy, =2}.

Note that if h, # 1, for every w € Np(u), then ¢(T') = §'(T). So, as the
following result shows, the bound dim;(G ©T) < n-¢'(T) is tight.

Theorem 5.24. Let T' be a tree of radius three and center C(T'). The fol-

lowing assertions hold for any connected graph G of order n > 2.
(i) If |C(T)| =2, then dimy(G & T) = 2n
(ii) If C(T) = {u}, then

n-(s(T)+ 1), if there existsw € Np(u) such that h,, =1,

dim(GOT) =
imy( ) {n-g(T), otherwhise.

Proof. Tt is well-known that the center of a tree consists of either a single
vertex or two adjacent vertices.

We first consider the case where C(T') consists of two adjacent vertices,
say C(T) = {«/,u"}. Note that in this case, if we remove the edge {v’,u"}
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from T, we obtain two rooted trees 7" = (V', E') and T" = (V", E"), with
roots ' and u”, respectively, where the distance from the root to the leaves
is at most two. Hence, in K; + T every pair of adjacent vertices =,y €
V' is distinguished by u' and every pair of adjacent vertices z,y € V" is
distinguished by u”. Also, for every x € V' —{u'} the pair v, = is distinguished
by «” and for every = € V" — {u"}, the pair v, x is distinguished by u’, where
v is the vertex of K;. So, C(T) is a local metric generator for K; + 7.
Hence, dim;(K; + T) < 2 and, since K; + T is not bipartite, by Theorem
2.4 we conclude that dim;(K; +T') = 2. Now, in this case, if the vertex of
K belongs to a local metric basis for K + 7', then there exists z € V(T
such that z distinguishes any pair of adjacent vertices z,y € V(7T'), and as a
consequence 7(7") < 2, which is a contradiction. Thus, we conclude that the
vertex of K7 does not belong to any local metric basis for K7 +7T'. Therefore,
as a consequence of Theorem (i) we obtain dim;(G © T) = 2n.

Now let us consider the case where the center of T" consists of a single ver-
tex, say C'(T') = {u}. Let B be a local metric basis for K7 +7. We first note
that for every rooted tree T,, = (V,,, E\,) of height two we have |[BNV,,| = 1,
due to the fact that in K + T the vertex w € Nr(u) distinguishes every
pair of adjacent vertices z,y € V,, and no vertex of V(K; + T) — V,, dis-
tinguishes a pair of adjacent vertices where one vertex is a leaf. Hence,
dim;(Ky +T) > (7). Now we differentiate the following cases.

Case 1. There exists w € Nr(u) such that h,, = 1. In this case, the subgraph
of T induced by the set X = Uy, <1V, U{u} is a tree of root u and height two.
Hence, as above we conclude that |[BN X| = 1. So, dimy(K;+7) > ¢(T) + 1.
In order to show that the set A = {u} U S(T) is a local metric basis for
K 4+ T we only need to observe that Np(w) N Nr(u) = 0 and, as a conse-
quence, for every z € V(T') the pair z,v is distinguished by some z € A.
Thus, dimy(K; ©T) =(T) + 1.

Moreover, since for every metric basis A of K; + 7T we have |[ANX| =1
and for every rooted tree T, = (Vi,, E,) of height two, |[A N V,| = 1, we
conclude that the vertex of K; does not belong to any local metric ba-
sis for K7 + T. Therefore, as a consequence of Theorem (i) we obtain
dimy(GOT) =n(s(T) +1).
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Case 2. For every w € Nr(u), hy, # 1. In this case we define
#(Tw) = {z € Ng, (w) : dr(z) > 2}|.

Suppose there exists w; € Nr(u) such that ¢(7,,) = 1. With this assumption
we define
A" = {23 US(T) — {wi},

where z € V,, and 6r(z) > 2. Note that every pair of adjacent vertices
z,y € {u} UV, is distinguished by z. So, by analogy to Case 1 we show that
A’ is a local metric basis for K7 + T and the vertex of K; does not belong to
any local metric basis for Ky + T'. Therefore, as a consequence of Theorem
5.3 (i) we obtain dimy(G ® T) = n - (7).

On the other hand, if for every w € S(T') it follows ¢(T,) > 2, then w
is the only vertex of V,, which distinguishes every pair of adjacent vertices
x,y € Vi,. Thus, in such a case S(T') is a subset of any local metric basis for
K1+ T and, as a consequence, the only two local metric basis for K7 + T are
{u}US(T) and {v} U S(T). Therefore, as a consequence of Theorem [5.3] (ii)
we obtain dim;(G ® T) =n-¢(T). O
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Chapter 6

The local metric dimension of

lexicographic product graphs

6.1 Introduction

In this chapter we study the problem of finding the local metric dimen-
sion of the lexicographic product of graphs in terms of parameters of the
graphs involved in the product. Let G be a graph of order n, and let
H = {Hy,H,,...,H,} be an ordered family composed by n graphs. The
lexicographic product of G and H is the graph G o H, such that V(G o H) =
Uneviey({uit x VI(H;)) and (u;, v,)(uz, vs5) € E(G o H) if and only if wu; €
E(G) or i = j and vvs € E(H;). Figure shows the lexicographic pro-
duct of P; and the family composed by {P;, K5, Ps}, and the lexicographic
product of Py and the family {H,, Hy, H3, H;}, where Hy = Hy = K; and
Hy = H3 = K. In general, we can construct the graph G o H by taking one
copy of each H; € H and joining by an edge every vertex of H; with every
vertex of H; for every w;u; € E(G). Note that G o is connected if and only

if G is connected.

Figure 6.1: The lexicographic product graphs Ps o {Py, Ky, P3} and Pj o
{Hl, HQ, Hg, H4}, where H1 = H4 = K1 and H2 = H3 = Kg.

33
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As a particular case, we will focus on the standard concept of lexico-
graphic product graph, where H; = H for every i € {1,...,n}, which is
denoted as G o H for simplicity . Another particular case of lexicographic
product graphs is the join graph. The join graph G + H is defined as the
graph obtained from disjoint graphs G and H by taking one copy of G and
one copy of H and joining by an edge each vertex of G’ with each vertex of H
[30, 62]. Note that G+ H = Ky0{G, H}. The join operation is commutative
and associative. Now, for the sake of completeness, Figure [6.2]illustrates two

examples of join graphs.

Figure 6.2: Two join graphs: Py + C3 = Ky 0 {Py,C3} and Ny + Ny + Ny =
}<3 (¢] fVé.

Moreover, complete k-partite graphs,
Ky p =Ky 0 {Npl, o 7Npk} N, +-+ Ny,

are typical examples of join graphs. The particular case illustrated in Figure
(right hand side), is no other than the complete 3-partite graph K32 5.
The relation between distances in a lexicographic product graph and

those in its factors is presented in the following remark, for which it is nec-

essary to recall (2.1).

Remark 6.1. If G is a connected graph and (u;,b) and (u;,d) are vertices
of GoH, then

de(uisug), if i # 7,
dgor((ui, ), (uj,d)) =
dy,2(b,d), ifi=j.
We would point out that the remark above was stated in [29, 32] for the
case where H; = H for all H; € H.
The lexicographic product has been studied from different points of view

in the literature. One of the most common researches focuses on finding
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relationships between the value of some invariant in the product and that
of its factors. In this sense, we can find in the literature a large number
of investigations on diverse topics. For instance, the metric dimension and
related parameters have been studied in [20], 22, [35] 43|, 48], [54].

6.2 Main results

From now on we denote by © the set of graphs H satisfying that for every
local adjacency basis B, there exists v € V(H) such that B C Ng(v). Notice
that the only local adjacency basis of an empty graph N, is the empty set,
and so N, € ©. Moreover, K; U Ky € ©. In fact, a non-connected graph
H e 0O ifand only if H = N, or H = N, UG, where G is a connected graph
in ©. We denote by ® the family of empty graphs. Notice that ® C ©.
On the other hand, it is readily seen that no graph of radius greater than or
equal to four belongs to ©. As we will see in Proposition [6.15] if H € © is a
connected graph different from a tree, then g(H) < 6.

In order to state our main result (Theorem [6.2) we need to introduce
some additional notation. Let U = {U;,Us,..., U} be the set of non-
singleton true twin equivalence classes of a graph G. For the remainder
of this paper we will assume that G is connected and has order n > 2, and

H ={Hy,...,H,}. We now define the following sets and parameters:

o T(G)=U;_, Uj.

[={uwcV(G): H eol

e Forany I; = INU; # (), we can choose some u € I; and set I} = [;—{u}.
We define the set Xp =1 — Uy 4 I}

e We say that two vertices u;, u; € X satisfy the relation R if and only if
wiu; € E(G) and dg(u, u;) = dg(u, u;) for all u € V(G)—(VeU{u;, u;}).

e We define A as the family of sets A C Xpg such that for every pair
of vertices u;,u; € Xp satisfying R there exists a vertex in A that

distinguishes them.

o o(G.H) = min{|Al}.
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Hy //) \\\H 5
W X
(,/// \\\) 1O
Hg
) to
2y

Figure 6.3: The graph G o H, where G is the right-hand graph shown in
Figure [6.1] and H is the family composed by the graphs H; = Hg = N,
Hy = Py, Hy = Hy = Hs = K,. The set of black- and grey-coloured vertices

is a local metric basis of G o H.

With the aim of clarifying what this notation means, we proceed to show
an example where we explain the role of these parameters when constructing
a local metric generator W for a lexicographic product graph. Let G be the
right-hand graph shown in Figure [6.1] and let H be the family composed by
the graphs Hy =& Hg = N,, Hy, = P,, H; = H, = H; = K,. Figure [6.3
shows the graph G o H. Consider any H; ¢ ®. Note that the restriction of
any local metric basis of G o H to the vertices of ({w;} x V(H;)) = H; must
be a local adjacency generator for ({w;} x V(H;)), as two adjacent vertices
of ({u;} x V(H;)) are not distinguished by any vertex outside u; x V(H;),
so we can assume that the black-coloured vertices belong to W. Moreover,
Uy = {ug,us3} and Uy = {uy, us} are the non-singleton true twin equivalence
classes of G. Since uy, us € INUs, we have that no pair of non-black-coloured
vertices in (ug X V/(Hy))U(us x V(Hs)) is distinguished by any black-coloured
vertex, so we add to W the grey-coloured vertex corresponding to the copy of
H,4 and, by analogy, we add to W the grey-coloured vertex corresponding to
the copy of Hsy. Besides, note that the white-coloured vertices of the copies
of H3 and Hj are only distinguished by themselves and by vertices from the
copies of H; and Hg, so we need to add one more vertex to W, e.g. the

grey-coloured vertex in the copy of H;. Note that, according to our previous
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definitions, we have Vi = {u1,us} and we take I} = {us} and I, = {u4}.
Thus, Xg = {u1,us, us, ug}. Therefore, since u; € X distinguishes the pair
ug, us, the sole pair of vertices from Xp satisfying R, we take A = {u;} and
conclude that o(G,H) = 1. Notice that,

6

> adimy(H;) =4, Y (INU;|—1) =2 and

i=1 INU;#0

6
dimy(GoHM) = adimy(H;) + > (INU;|—=1)+ o(G,H) =1
i=1 INU;#0
Theorem 6.2. Let G be a connected graph of ordern > 2, let {Uy,Us, ..., U}
be the set of non-singleton true twin equivalence classes of G and let H =

{Hy,...,H,} be a family of graphs. Then

dim(GoH) =Y adim(H;) + Y _ (INU;]—1)+ oG, H).

i=1 INU; 0
Proof. We will first construct a local metric generator for GoH. To this end,
we need to introduce some notation. Let V(G) = {u1,...,u,} and let S; be
a local adjacency basis of H;, where i € {1,...,n}. Forany I; = INU; # 0,
we choose u € I; and set [ = I; — {u}. Now, for every u; € I # (), let
v; € V(H;) such that S; C Np,(v;). Finally, we consider a set A C Xpg
achieving the minimum in the definition of o(G,H) and, for each u; € A, we
choose one vertex y; € V(H;) — S; such that S; € Np,(y;). We claim that
the set

S = U ({ui} x S) | U U {(ui,vi) + v € I} | U <U {(Uz,yz)}>
is a local metric generator for GoH. We differentiate the following four cases
for two adjacent vertices (u;,v), (u;,w) € V(GoH) - S.

Case 1. i = j. In this case vw € FE(H;). Since S; is a local adjacency
basis of H;, there exists « € S; such that dp, 2(x,v) # dy,2(x, w) and so
for (u;,x) € {u;} x S; C S we have dgop((u;,x), (u;,v)) = dg,2(x,v) #

dp, 2(x,w) = dgow ((us, ), (us, w)).

Case 2. i # j, uj,u; € U and w; ¢ I;. For any y € S; — Np,(v) we
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have that (u;,y) € {w;} x S; € S and dgon((ui,y), (uiyv)) = 2 # 1 =
dGoH((uivy)v(uj>w))'

Case 3. @ # j, u,u; € Uy and w;,u; € ;. If v = v, and w = vj, then
(wi,v;) € S or (uj,v;) € S. If v+ v; or w# v; (say v # v;) then either S; C
Ny, (v), in which case dgow ((wi, vi), (Ui, v)) = 2 # 1 = dgopn((us, vs), (uj, w)),
or there exists y € S; — Ng,(v) such that (u;,y) € {w;} xS; € S and
daon((uiyy), (ui, v)) = 2 # 1 = daon((wi, y), (uj, w)).

Case 4. i@ # j and Ng[w;] # Nglu;]. Notice that, in this case, u; ~ u;.
If u; € I, then S; # () and there exists y € S; — Ny, (v) such that (u;,y) €
{u;} xS; € S and dgop ((wi, y), (i, v)) =2 # 1 = daou((wi, v), (uj, w)). Now,
assume that u;,u; € I. If u; € I} or u; € I for some [ (say u; € I}), then
deon (Wi, vi), (U, v)) = 2 # 1 = dgon((ui, v;), (uj, w)) or there exists y € S;
such that dgoy((ui,y), (ui,v)) = 2 # 1 = daon((wi, y), (uj,w)). Finally, if
u;, u; ¢ |J I, then by the construction of S there exists w, € AU(V(G) — Xg)
such that dg(w,u;) # de(w,u;). Since v € {z : (z,y) € S}, there exists
y € V(H,) such that deoy ((w,y), (ui,v)) # daon((w, y), (u;, w)).

In conclusion, S is a local metric generator for G o H and, as a result,

n

dimy(G o H) < [S| = adimy(H,) + > (|I;] = 1) + o(G, H).
i=1 1;#0

It remains to show that

dim;(G o) > Y "adimy(H;) + Y _(|I;| — 1) + o(G, H).
i=1 I;#0

To this end, we take a local metric basis W of G oH and for every u; € V(G)
we define the set W; = {y : (w;,y) € W}. As for any v; € V(G) and two
adjacent vertices v,w € V(H;), no vertex outside {u;} x W; distinguishes

(u;,v) and (u;, w), we can conclude that W; is a local adjacency generator
for H;. Hence,

|W;| > adimy (H;), for alli € {1,...,n}. (6.1)

Now suppose, for the purpose of contradiction, that there exist u;, u; €
I NU, such that |W;| = adim;(H;) and |W;| = adiny(H;). In such a case,
there exist v; € V(H;) — W, and v; € V(H;) — W; such that W; C Ny, (v;)
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and W; C Ny, (v;), which is a contradiction. Hence, if [/ N U;| > 2, then
Hu; € INU, : |W;| > adimy(H;) + 1} > |[I NU,| — 1 and, as a consequence,

Yo Wil = ) adimy(H)+ > (1N - 1). (6.2)

w, €INT(G) w, €INT(G) INU;#0

On the other hand, assume that o(G,H) # (. We claim that

Wil = ) adimy(H)) + oG, H). (6.3)

u;€EXE u; €XE

To see this, we will prove that for any pair of vertices u;, u; satisfying R
there exists u, € Xg such that |W,| > adim;(H,)+1. If |W;| = adim;(H;)+1
or |W;| = adim;(H,) + 1, then we are done. Suppose that |W;| = adim,(H;)
and |W;| = adim;(H;). Since W; and W; are local adjacency bases of H; and
H;, respectively, there exist v € V(H;) and w € V(H;) such that {u;} x W; C
Niguyxv () (Wi, v) and {u;} x Wi © Ny yxv ;) (ug, w). Thus, there exists
(ur,y) € {u,} x Wy, v # 4, j, which distinguishes the pair (u;,v), (uj, w), and
so dg(uy, u;) # da(ur,uj). Hence, since u;, u; satisfy R, we can claim that
u, € Vg C Xg and so |W,| > 0 = adimy(H,). In consequence, holds.

Therefore, (6.1)), (6.2) and (6.3)) lead to

dimy(GoH) = Z]W|>Zad1ml H;) + Z (INU;| —1)+ o(G, H),
IﬂUj#@

as required. O

From now on we proceed to obtain some particular cases of this main

result. To begin with, we consider the case o(G,H) = 0.

Corollary 6.3. Let G be a connected graph of order n > 2 and let H =
{Hy,...,H,} be a family of graphs. If for any pair of adjacent vertices
ui, uj € V(G), not belonging to the same true twin equivalence class, H; ¢ ©
or H;j ¢ ©, or there exists u; € V(G) — {u;,u;} such that H, ¢ ® and
de(u, ;) # da(w, uj), then

dim(GoH) =Y adimy(H;) + Y (INU;]-1).

i=1 INU;#0

In particular, if H N ® = (), then o(G,H) = 0, and so we can state the
following result, which is a particular case of Corollary [6.3]
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Remark 6.4. For any connected graph G of order n > 2 and any family
H={Hy,...,H,} composed by non-empty graphs,

n

dimy(GoH) =Y adimy(H;) + Y (INU;]-1).
i=1 INU;#0
If G = K, then ZmUﬁé@(]Iﬂ U;] — 1) = max{0, |I| — 1}, | Xg| € {0, 1},
which implies that o(G,H) = 0, and so Theorem leads to the following.

Corollary 6.5. For any integer n > 2 and any family H = {H, ..., H,} of
graphs,

n

dimy (K, o H) =) _ adimy(H;) + max{0, | 1| - 1}.
i=1
Furthermore, the following assertions hold for a graph H.

e IfH €O, then dimy(K,, o H) =n -adimy(H) +n — 1.
o [fH ¢ O, then dimy(K,, o H) = n - adim;(H).
Notice that, in the general case, 3 44(|[I N U;| — 1) = 0 if and only

if each true twin equivalence class of GG contains at most one vertex w; such

that H; € ©. Thus, we can state the following corollary.
Corollary 6.6. Let G be a connected graph of order n > 2 and let H =
{Hy,..., H,} be a family of graphs. Then dim;(G o H) = Zadiml(Hi) if

i=1
and only if for every two adjacent vertices u;,u; € I, not belonging to the

same true twin equivalence class, there exists u € V(G) — (Ve U{u;, u;}) such
that de(u, u;) # de(u,u;) and each true twin equivalence class of G contains

at most one vertex w; such that H; € ©.
A particular case of the result above is stated in the next remark.

Remark 6.7. Let G be a connected bipartite graph of order n > 2 and let
H={Hi,...,H,} be a family of graphs. If H € O, then
dim;(G o H) =Y _ adimy(H,).
i=1
Corollary 6.8. Let G be a connected bipartite graph of order n, let H be a
non-empty graph, and let H be a family composed by n graphs. If H — ® =
{H}, then
adim;(H) + 1, if H € ©;
diIDJ((; o) 7{> =

adim;(H), otherwise.
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Proof. If G = K,, then o(G,H) = 0, Z (I NU;| —1) = 1 whenever

INU;#0
H € 0, and Z (I NUj| —1) = 0 whenever H ¢ ©. On the other hand,
INU;#0
if G 22 K,, then Z (INU;| —1) =0, o(G,H) =1 whenever H € ©, and
INU;#0

o(G,H) = 0 whenever H ¢ O. Since in any case Z adim; (H;) = adim;(H),
i=1

the result follows from Theorem [6.21 O

Our next result concerns the case of a family H composed by empty

graphs.

Remark 6.9. For any connected graph G of order n > 2 and any family H
composed by n graphs,

dimy(G o H) > diny(G).
In particular, if H C @, then
dimy (G o H) = dimy(G).

Proof. Let W be a local metric basis of GoH and let W = {u : (u,v) € W}
be the projection of W onto G. If there exist two adjacent vertices u;, u; €
V(G) — Wg not distinguished by any vertex in W, then no pair of vertices
(uwi,v) € {u;} x V(H;), (uj,w) € {u;} x V(H;) is distinguished by elements
of W, which is a contradiction. Thus, W is a local metric generator for G,
so dim(G o H) = |W| > |[W¢| > diny(G).

Now, we assume that H C ® and proceed to show that dim;(G o H) <
dim;(G). Let A be a local metric basis of G. For each H, € H we select
one vertex y; and we define the set A" = {(u;,y;) : v, € A}. Let (u;,0)
and (uj, w) be two adjacent vertices of G o H. Since u; ~ u;, there exists
w € A such that dg(w;,w) # de(uj,w). Now, if I # 4,7, then we have
daon((ur, i), (ui0)) = da(ui, w) # de(uj,w) = deon((u, wi), (uz,w)). 1f
[ =1, then dgoy((ur, wi), (ui,v)) = 2 # 1 = daon((w, yi), (u;,w)). Since the
case [ = j is analogous to the previous one, we can conclude that A’ is a local
metric generator for G o H and, as a consequence, dim;(G o H) < dimy(G).

Therefore, the proof is complete. ]

In general, the converse of Corollary [6.9] does not hold. For instance, we
take (G as the graph shown in Figure 6.4, H; = Hs = K5 and H,, H3, Hy € .
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In this case, we have that, for instance, {uj,us} is a local metric basis of G,
whereas for any y € V(H;) and y' € V(Hj), the set {(u1,v), (us, ')} is a
local metric basis of G o H, so diny(G o H) = dimy(G) = 2.

us

VAN

Ui U9 Uy Us

Figure 6.4: The set {uy, us} is a local metric basis of this graph.

As a direct consequence of Theorems [2.3|and [6.2] we deduce the following

two results.

Theorem 6.10. Let G be a connected graph of order n > 2 and let H =
{Hy, ..., H,} be a family composed by non-empty graphs. Then dim;(GoH) =
n if and only if each true twin equivalence class of G contains at most one
vertex u; such that H; € © and each H; € H is a bipartite graph having only
one non-trivial connected component Hf and r(H}) < 2.

Theorem 6.11. Let G be a connected true twins free graph of order n > 2
and let H = {Hy, ..., H,} be a family composed by non-empty graphs of order

n;. Then dim;(GoH) = an —n if and only if H; = K,,, for all H; € H.
i=1

6.3 The local adjacency dimension of H ver-

sus the local metric dimension of K; + H

From now on we denote by ©' the set of graphs H satisfying that there exists

a local metric basis of K| + H which contains the vertex of Kj.
Proposition 6.12. Let H be a graph. Then H € ©' if and only if H € ©.

Proof. Let H € ©'; and B a local metric basis of (u) + H such that u € B.
Since u does not distinguish any pair of vertices of H, B — {u} is a local
adjacency generator for H, and so dim;((u) + H) — 1 > adim;(H). Now,
if there exists a local adjacency basis A of H such that A € Ny (v) for all
v € V(H), then A is a local metric basis of (u) + H and so dim;((u) + H) =
adim;(H ), which is a contradiction. Therefore, H € ©.
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Now, let H € ©. Suppose that there exists a local metric basis W of
(u) + H such that v ¢ W. In such a case, for every vertex z € V(H)
there exists y € W such that y ¢ Ny(z), which implies that W is not a
local adjacency basis of H, as H € ©. Thus, since W is a local adjacency
generator for H, we conclude that dim;({(u) + H) = |W/| > adimy(H) + 1.
Therefore, for any local adjacency basis A of H, AU{u} is a local adjacency
basis of (u) + H. O

Theorem 6.13. [23] Let H be a non-empty graph. The following assertions
hold.

(i) If H ¢ ©, then adimy(H) = dimy(K;, + H).
(i) If H € ©, then adimy(H) = dim;(K; + H) — 1.
(iii) If H has radius r(H) > 4, then adiny(H) = dim, (K, + H).

As the following result shows, we can express all our previous results in
terms of the local adjacency dimension of the graphs K; + H;, where H; € H,

i.e., Theorem [6.14]is analogous to Theorem [6.2]

Theorem 6.14. Let G be a connected graph of order n > 2, and H =
{Hy,...,H,} a family of graphs. Then

dimy(G o H) =Y dimy(Ky + Hy) — 7+ o(G, H),
i=1
where T is the number of non-singleton true twin equivalence classes of G

having at least one vertex u; such that H; € © .

Proof. Notice that, by Proposition the parameter o(G,H) can be rede-
fined in terms of ©’. The result immediately follows from Proposition [6.12]
and Theorems [6.2] and [6.13 O

Lemma 6.15. Let H be a connected graph different from a tree. If H € ©,
then g(H) < 6.

Proof. Let A belocal adjacency basis of H. Since H € O, we consider v as the
vertex of H such that A C Ny (v). Let N;j(v) ={u € V(H) : dyg(v,u) =i}.
Since A C Ny(v), we have that N3(v) is an independent set and N;(v) = 0,
for all ¢ > 4. Therefore, g(H) < 6. O
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By Proposition [6.12] Theorem and Lemma [6.15| we can derive the
following consequence of Theorem m (or equivalently, Theorem [6.2]).

Corollary 6.16. Let G be a connected graph of order n > 2, and H =
{Hi,...,H,} a family composed by connected graphs. If each H; € H has
radius r(H;) > 4, or H; is not a tree and it has girth g(H;) > 7, then

dimy(G o H) =Y dimy(K, + H;) = ) _ adimy(H,).
=1

=1

Proposition 6.17. [23] For any integer n > 4, adim;(C,,) = [2].

From Corollary and Proposition [6.17 we deduce the following result.

Proposition 6.18. Let G be a connected graph of order t > 2, and H =
{Chys. .., Cy, } a family composed by cycles of order at least 7. Then

t

dim(GoH) =Y Wﬂ .

=1

6.4 On the local adjacency dimension of lexi-
cographic product graphs

By a simple transformation of Theorem we obtain an analogous result
on the local adjacency dimension of lexicographic product graphs, which we
will state without proof. To this end, we consider again some of our previous
notation. As above, let {Uy,Us,...,Ux} be the set of non-singleton true
twin equivalence classes of a connected graph G of order n > 2, and let
H ={Hy,...,H,} be a family of graphs. Recall that

Ve ={w € V(G)—T(G): H; € o},

I={u; € V(G): H; € B}

and, for any I; = I NU; # (), we can choose some u € [; and set [ =
I; — {u}. Moreover, recall that Xp = I — UI}#@ I;. Now, we say that two
vertices u;, u; € Xp satisfy the relation R’ if and only if u;u; € E(G) and
deo(u,uw;) = dga(u,u;) for all u € V(G) — (Vg U {u;,u;}). We define A’ as
the family of sets A C Xp such that for every pair of vertices u;,u; € Xg
satisfying R’ there exists a vertex in A which is adjacent to exactly one of
them. Finally, we define ¢'(G,H) = féijl/ {IA]}.
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Theorem 6.19. Let G be a connected graph of ordern > 2, let {Uy,Us, ..., U}
be the set of non-singleton true twin equivalence classes of G and let H =
{Hy,...,H,} be a family of graphs. Then

n

adim;(GoH) =Y adim(H,)+ Y  (INU;|—1)+d(G.H).
=1 INU;#0

Let G = Py where V(Py) = {u1,us, ug,us} and wu;1y € E(G), for
i€ {1,2,3}. If Hy = Hy = Hy = P; and H3 = Nj, then dim(G o H) =
3 < 4 = adimy;(G o H). Notice that o(G,H) =0 and ¢'(G,H) = 1. However,
if H & Hy = Py and H; & Hy; = N3, then o(G,H) = ¢(G,H) = 1 and
dim;(G o H) = 3 = adim;(G o H).

We already know that for any graph G of diameter less than or equal
to two, dim;(G) = adim;(G). However, the previous example shows that the
above mentioned equality is not restrictive to graphs of diameter at most
two, as D(G o H) = D(F,) = 3.

Notice that ¢'(G,H) > o(G,H), which is a direct consequence of Theo-
rems|6.2 and [6.19] as well as the fact that adim;(G) > dimy(G) for any graph
G. The next result corresponds to the case o(G,H) = o' (G, H).

Theorem 6.20. Let G be a connected graph of order n > 2, and H =
{Hy,...,H,} a family of graphs. Then dim;(G o H) = adim;(G o H) if and
only if o(G, 1) = (G, H).

We now characterize the case o(G,H) = o'(G,H) = 0. The symmetric
difference of two sets U and W will be denoted by UVW.

Theorem 6.21. Let G be a connected graph of order n > 2 and let H =
{Hy,...,H,} be a family of graphs. Then the following assertions are equiv-
alent.

(i) dimy(G o H) = adim(GoH) = adim(H;)+ > (INU;|—1).
=1 INU;#0
(ii) For any pair of adjacent vertices w;,u; € V(G), not belonging to the
same true twin equivalence class, H; ¢ © or H; ¢ ©, or there exists

w € Ng(u;)VNg(uj) — {u;, u;} where Hy is not empty.

Proof. By Theorems|6.2] and [6.20, we only need to show that o' (G, H) =
0 if and only if (ii) holds.
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((¢) = (i) If ¢'(G,H) =0, then for every two adjacent vertices u;,u; € I,
not belonging to the same true twin equivalence class, there exists u; €
V(G) — (Vg U {u;,u;}) such that dgo(w,u;) # deo(w,u;), which implies
that w; € Ng(u;)VNg(u;) and H; is not empty. Now, if u;,u; ¢ I, then
H;,¢©or H; ¢ O.

((i1) = (4)) If for any pair of adjacent vertices u;,u; € V(G), not belonging
to the same true twin equivalence class, H; ¢ © or H; ¢ ©, or there exists
w € Ng(u;)VINg(u;) where Hy is not empty, then no pair of adjacent vertices
satisfy R" and V(G) — X is a local adjacency generator for G, which implies
that ¢'(G,H) = 0. O
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Chapter 7

The simultaneous local metric

dimension of graphs

7.1 Introduction

The simultaneous metric dimension was introduced in the framework of the
navigation problem proposed in [39], where navigation was studied in a
graph-structured framework in which the navigating agent (which was as-
sumed to be a point robot) moves from node to node of a “graph space”.
The robot can locate itself by the presence of distinctively labeled “land-
mark” nodes in the graph space. On a graph, there is neither the concept
of direction nor that of visibility. Instead, it was assumed in [39] that a
robot navigating on a graph can sense the distances to a set of landmarks.
Evidently, if the robot knows its distances to a sufficiently large set of land-
marks, its position on the graph is uniquely determined. This suggests the
following problem: given a graph G, what are the fewest number of land-
marks needed, and where should they be located, so that the distances to
the landmarks uniquely determine the robot’s position on G? Indeed, the
problem consists in determining the metric dimension and a metric basis of
G. Now, consider the following extension of this problem, introduced by
Ramirez-Cruz, Oellermann and Rodriguez-Veldzquez in [49]. Suppose that
the topology of the navigation network may change within a range of possi-
ble graphs, say G, G, ..., G. This scenario may reflect several situations,
for instance the simultaneous use of technologically differentiated redundant
sets of landmarks, the use of a dynamic network whose links change over

time, etc. In this case, the above mentioned problem becomes to determine

97
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the minimum cardinality of a set .S which must be simultaneously a metric
generator for each graph Gy, i € {1,...,k}. So, if S is a solution for this
problem, then each robot can be uniquely determined by the distance to
the elements of S, regardless of the graph G; that models the network at
each moment. Such sets we called simultaneous metric generators in [49],
where, by analogy, a simultaneous metric basis was defined as a minimum
cardinality simultaneous metric generator and this cardinality was called the
simultaneous metric dimension of the graph family G, denoted by Sd(G).

As pointed out by [47], a number of applications arise where only neigh-
bouring vertices need to be distinguished. Such applications were the basis
for the introduction of the local metric dimension. Here, we consider the
necessity of distinguishing neighbouring vertices in a multiple topology sce-
nario, so we deal with the problem of finding the minimum cardinality of a
set S which must be simultaneously a local metric generator for each graph
Gi,ie{l,...,k}.

Given a family G = {G1,Gs, ..., Gy} of connected graphs G; = (V, E;)
on a common vertex set V', we define a simultaneous local metric generator
for G as a set S C V such that S is simultaneously a local metric generator
for each G;. We say that a minimum simultaneous local metric generator
for G is a simultaneous local metric basis of G, and its cardinality the si-
multaneous local metric dimension of G, denoted by Sd;(G) or explicitly by
Sd;(G1, Gs, ..., Gy). An example is shown in Figure , where {usz,uys} is a

simultaneous local metric basis of {G1, G, G3}.

U4 4 Vs
%) (% U3 %) V3

U1 U1 U1

Gl G2 G3

Figure 7.1: The set {vs,v4} is a simultaneous local metric basis of

{Gl, GQ, Gg} Thus, Sdl(Gl, GQ, G3) = 2.

It will be useful to define the Simultaneous local adjacency dimension
of a family G = {G1,Gs,...,Gy} of connected graphs G; = (V, E;) on a

common vertex set V', as the cardinal of minimum set S C V such that S
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is simultaneously a local adjacency generator for each GG;. We denote this
parameter as Sad; G.

As usual a set A C V(G) is a vertex cover for G if for every uv € E(G),
u € Aorwv e A The vertex cover number of G, denoted by S(G) is the
minimum cardinal of a vertex cover of G.

The chapter is organized as follows. In Section[7.2]we obtain some general
results on the simultaneous local metric dimension of graph families. Sec-
tion [7.3] is devoted to the case of graph families obtained by small changes
on a graph, while in Sections and we study the particular cases of
families of corona graphs and families of lexicographic product graphs, re-
spectively. Finally, in Section we show that the problem of computing
the simultaneous local metric dimension of graph families is NP-Hard, even

when restricted to families of tadpole graphs.

7.2 Basic results

Remark 7.1. For any family G = {G1,...,Gi} of connected graphs on a
common vertex set V and let G' = (V,UE(G;)). The following results hold:
(i) Sd;(G) > max {dimy(G;)}.

i€{1,....k}

(if) Sdi(G) < Sd(G).
(1ii) Sd;(G) < min { B(G), Z diml(Gi)},

Proof. (i) is deduced directly from the definition of simultaneous local metric
dimension. Let B be a simultaneous metric basis of G and let u,v € V — B,
be two vertices not in B such that u ~¢, v in some G;. Since in G; there
exists x € B such that dg, (u, z) # dg, (v, z), B is a simultaneous local metric
generator for G, so (ii) holds. Finally, (iii) is obtained from the following facts:
(a) the union of local metric generators for all graphs in G is a simultaneous
local metric generator for G, which implies that Sd;(G) < Zle dimy (G;); (b)
any vertex cover of G’ is a local metric generator of G;, for every G; € G,
which implies that Sd;(G) < 5(G"). O

The inequalities above are tight. For example, the graph family G shown
in Figure satisfies Sd;(G) = Sd(G), whereas Sd;(G) = 2 = dim(Gy) =
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diny (Gsy) = ierﬁa;}%}{diml(Gi)}. Moreover, the family G shown in Figure (7.2

6
satisfies S;(G) =3 =|V|—-1< Zdiml(Gi) = 12, whereas the family G =

=1
{G1, Gy} shown in Figure [7.3| satisfies Sd;(G) = 4 = dimy(G,) + dimy(Gy) <
Vi—1=7.
U1 U1 U1 U2 U2 U3
Uy () Vo (1 (%1 U1
V3 U U3 U1 U3 U2

(%) U3 V4 V3 V4 V4g
G G Gs Gy Gs Ge

Figure 7.2: The family G = {G1, ..., G} satisfies Sd;(G) = |[V| — 1 = 3.

Uy us U1 U3

U1 V2 U3 U4 1 U2 U3 Uy

U2 Uy V2 (2

G1 G2

Figure 7.3: The family G = {Gi,Gs} satisfies Sd;(G) = dim(Gy) +
dlml(G2> =4,

We now analyse the extreme cases of the bounds given in Remark [7.1]

Corollary 7.2. Let G be a family of connected graphs on a common vertex
set. If K, € G, then
Sdl(g) =n-—1.

As shown in Figure [7.2] the converse of Corollay [7.2] does not hold. In
general, the cases for which the upper bound Sd;(G) < |V| —1 is reached are

summarised in the next result.

Theorem 7.3. Let G be a family of connected graphs on a common vertex
set V.. Then Sd;(G) = |V| — 1 if and only if for every u,v € V, there exists

a graph G, € G such that u and v are true twins in G,.

Proof. We first note that for any connected graph G = (V| F) and any vertex
v € V, it holds that V — {v} is a local metric generator for G. So, if
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Sd; G = |V| — 1, then for any v € V, the set V — {v} is a simultaneous local
metric basis of G and, as a consequence, for every u € V — {v} there exists a
graph G, € G such that the set V' — {u, v} is not a local metric generator for
Guv, i-€., v and v are adjacent in Gy, and dg, ,(u,r) = dg, , (v, ) for every
z €V —{u,v}. So, u and v are true twins in G, ,.

Conversely, if for every u,v € V there exists a graph G, € G such that
u and v are true twins in G, then for any simultaneous local metric basis
B of G it holds that u € B or v € B. Hence, all but one element of V' must
belong to B. Therefore |B| > |V|—1, which implies that Sd; G = [V|—1. O

Notice that Corollary [7.2]is obtained directly from the previous result.

Now, the two following results concern the limit cases of item (i) of Re-

mark [T 11

Theorem 7.4. If G is a family of connected bipartite graphs on a common

vertex set V', then

Sd(G) = 1.

Proof. The result follows directly from the fact that for any v € V', the set
{v} is a local metric basis of every G; € G. O

Paths, trees and even-order cycles are bipartite. The following result

covers the case of families composed by odd-order cycles.

Theorem 7.5. For any family G composed by cycle graphs on a common odd-
sized vertex set V, Sd;(G) = 2 and any pair of vertices of V is a simultaneous

local metric basis for G.

Proof. For any cycle C; € G, the set {v}, v € V, is not a local metric
generator, as the adjacent vertices v, V1] and v V1] (subscripts taken
modulo |V]) are not distinguished by v, so item (i) of Remark leads
to Sd;(G) > ieI{Ifan {dim;(G;)} > 2. Moreover, any set {v,v'} is a local

geeey

metric generator for every C; € G, as the single pair of adjacent vertices not
distinguished by v is distinguished by v', so that Sd;(G) < 2. ]

The following result allows us to study the simultaneous local metric
dimension of a family G from the family of graphs composed by all non-

bipartite graphs belonging to G.
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Theorem 7.6. Let G be a family of graphs on a common vertex set V', not
all of them bipartite. If H is the subfamily of G composed by all non-bipartite
graphs belonging to G, then

Sd;(G) = Sd;(H).
Proof. Since H is a non-empty subfamily of G we conclude that Sd;(G) >

Sd;(#H). Since any vertex of a bipartite graph G is a local metric generator
for GG, if B C V is a simultaneous local metric basis of H, then B is a
simultaneous local metric generator for G and, as a result, Sd;(G) < |B| =

Sd;(H). O

Some interesting situations may be observed regarding the simultaneous
local metric dimension of some graph families versus its standard counterpart.
In particular, the fact that false twin vertices need not be distinguished in
the local variant leads to some cases where both parameters differ greatly.
For instance, consider any family G composed by three or more star graphs
having different centres. It was shown in [49] that any such family satisfies
Sd(G) = |V| — 1, yet by Theorem |7.4| we have that Sd;(G) = 1.

Given a family G = {G1, Gy, ..., G} of graphs G; = (V| E;) on a com-
mon vertex set V', we define a simultaneous vertex cover for G asaset S CV
such that S is simultaneously a vertex cover for each ;. The minimum car-
dinality among all simultaneous vertex covers for G is the simultaneous vertex
cover number of G, denoted by 5(G).

Theorem 7.7. For any family G of connected graphs with common vertex
set 'V,

Sdi(G) < B(G).
Furthermore, if for every uv € UgegE(G) there ezists G' € G such that u
and v are true twins in G', then Sd;(G) = B(G).

Proof. Let B C V be a simultaneous vertex cover for G. Since V — B is a
simultaneous independent set for G, we conclude that Sd;(G) < B(G).

We assume that for every uv € UgegE(G) there exists G' € G such
that u and v are true twins in G’ and suppose that Sd;(G) < 8(G). In such
a case, there exists a simultaneous local metric basis C' C V which is not
a simultaneous vertex cover for G. Hence, there exist u,v € V — C and
G € G such that uv € E(G). So that, v and v are true twins in G’, for some
G’ € G, which contradicts the fact that C is a simultaneous local metric

basis. Therefore, the result follows. n
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7.3 Families obtained by small changes on a
graph

Consider a graph GG whose local metric dimension is known. In this section

we address two related questions:

e [f a series of small changes is repeatedly performed on E(G), thus pro-
ducing a family G of consecutive versions of G, what is the behaviour
of Sd;(G) with respect to dim; G ?

o [f several small changes are performed on E(G) in parallel, thus pro-

ducing a family G of alternative versions of G, what is the behaviour
of Sd;(G) with respect to dim; G ¢

Addressing this issue in the general case is hard, so we will analyse
a number of particular cases. First, we will specify three operators that

describe some types of changes that may be performed on a graph G:

e Fdge addition: We say that a graph G’ is obtained from a graph G

by an edge addition if there is an edge e € F(G) such that G' =
(V(G), E(G)U{e}). We will use the notation G’ = add.(G).

e FEdge removal: We say that a graph G’ is obtained from a graph G
by an edge removal if there is an edge e € F(G) such that G' =
(V(G), E(G) — {e}). We will use the notation G’ = rmv,(G).

e Fdge exchange: We say that a graph G’ is obtained from a graph G by
an edge exchange if there is an edge e € E(G) and an edge f € FE(Q)
such that G' = (V(G), (E(G) — {e}) U{f}). We will use the notation
G’ = xch. ;(G).

Now, consider a graph G, and an ordered k-tuple of operations O, =
(0py, 0Dy, - . . ,0p;), Where op; € {add,,,rmv,,,xch,, ,}. We define the class
Co, G containing all graph families of the foorm G = {G,G},GY, ..., G},
composed by connected graphs on the common vertex set V(G), where
G, = op;(G}_,) for every i € {1,...,k}. Likewise, we define the class Pp, G
containing all graph families of the form G = {G', G, ..., G}, composed by
connected graphs on the common vertex set V(G), where G, = op,(G) for ev-

ery i € {1,...,k}. In particular, if op, = add,, (op; = rmv,,, op, = xch,, ,)
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for every i € {1,...,k}, we will write C4, G (Cg, G, Cx,G) and Pa, G (Pg,G,
Px,G).

We have that performing an edge exchange on any tree T' (path graphs
included) either produces another tree or a disconnected graph. Thus, the

following result is a direct consequence of this fact and Theorem [7.4]

Remark 7.8. For any tree T, any k > 1, and any graph family T € Cx, (1)U

PXk (T),
SA(T) = 1.

Our next result covers a large class of families composed by unicyclic

graphs that can be obtained by adding edges, in parallel, to a path graph.

Remark 7.9. For any path graph P,, n > 4, any k > 1, and any graph
family G € Pa, (P,),
1 <S84,(G) < 2.

Proof. Every graph GG € G is either a cycle or a unicyclic graph. If the cycle
subgraphs of every graph in the family have even order, then Sd;(G) = 1 by
Theorem If G contains at least one non-bipartite graph, then Sd;(G) > 2.
We now proceed to show that in this case Sd;(G) < 2. To this end, we denote
by V.= {v1,...,v,} the vertex set of P,, where vv;.; € E(P,) for every
i €A{l,...,n—1}. We claim that {v;,v,} is a simultaneous local metric
generator for the subfamily G’ C G composed by all non-bipartite graphs of
G. In order to prove this claim, consider an arbitrary graph G € G, and
let e = v,vy, 1 < p < ¢ < n be the edge added to E(P,) to obtain G. We

differentiate the following cases:

(1) e = vv,. In this case, G is an odd-order cycle graph, so {vy,v,} is a

local metric generator.

(2) 1 < p < ¢=n. In this case, G is a unicyclic graph where v, has degree
three, vy has degree one and the remaining vertices have degree two.
Consider two adjacent vertices u,v € V' — {vy,v,}. If u or v belong to
the path from v; to v,, then v; distinguishes them. If both, u and v,
belong to the cycle subgraph of G, then d(u,v1) = d(u,v,) + d(vy, v1)
and d(v,v;) = d(v,v,) + d(vy,v1). Thus, if v, distinguishes v and v so

does vy, otherwise v,, does.

(3) 1 =p < q < n. This case is analogous to case 2.
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(4) 1 < p < ¢ < n. In this case, G is a unicyclic graph where v, and v,
have degree three, v; and v, have degree one and the remaining vertices
have degree two. Consider two adjacent vertices u,v € V — {v1,v,}.
If w or v belong to the path from v; to v, (or to the path from v, to
Uy), then vy (or v,) distinguishes them. If both w and v belong to the
cycle, then d(u,v1) = d(u,v,) + d(vy, v1), d(v,v1) = d(v,v,) + d(vy, v1),
d(u,v,) = d(u,vy) + d(vg, v,) and d(v,v,) = d(v,v,) + d(vg, v,). Thus,
if v, distinguishes v and v so does vy, otherwise v, distinguishes them,

which means that v,, also does.

According to the four cases above, we conclude that {vy,v,} is a local

metric generator for GG, so it is a simultaneous local metric generator for G'.

Thus, by Theorem [7.6] Sd;(G) = Sd;(¢") < 2. O

Remark 7.10. Let C,,, n > 4, be a cycle graph and let e be an edge of its

complement. If n is odd, then
dimy(add.(C,,)) = 2.

Otherwise,
1 < dimy(add.(C,)) < 2.

Proof. Consider e = vv;. We have that C, is bipartite for n even. If,
additionally, d¢, (v, v;) is odd, then the graph add.(C,,) is also bipartite, so
dim,(add.(C,,)) = 1. For every other case, dim;(add.(C},)) > 2. From now
on we assume that n > 5, and proceed to show that dim,(add.(C,,)) < 2.
Note that add.(C),) is a bicyclic graph where v; and v; are vertices of degree
three and the remaining vertices have degree two. We denote by ), and
Ch—ny 12 the two graphs obtained as induced subgraphs of add.(C;,) which are
isomorphic to a cycle of order ny and a cycle of order n —ny + 2, respectively.
Since n > 5, we have that n;y > 3 or n — n; + 2 > 3. We assume, without
loss of generality, that n; > 3. Let a,b € V(C,,) be two vertices such that:

e if ny is even, ab € E(C,,) and d(v;, a) = d(v;,b),
e if n; is odd, ax,zb € E(C,,,), where z € V(C,,) is the only vertex such
that d(z,v;) = d(x,v;).

We claim that {a, b} is a local metric generator for add.(C,,). Consider
two adjacent vertices u,v € V(add.(C,)) — {a,b}. We differentiate the fol-

lowing cases, where the distances are taken in add.(C,,):
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(1) u,v € V(Cy,). It is simple to verify that {a, b} is a local metric generator
for C,,,, hence d(u,a) # d(v,a) or d(u,b) # d(v,b).

(2) ueV(Cy) and v € V(Cp—p,+2) — {vi, v;}. In this case, u € {v;,v;} and
d(u,a) < d(v,a) or d(u,b) < d(v,b).

(3) w,v € V(Cpopy42) — {vi,v;}. In this case, if d(u,a) = d(v,a), then
d(u,v;) = d(v,v;), so d(u,v;) # d(v,v;) and, consequently, d(u,b) #
d(v,b).

According to the three cases above, {a, b} is a local metric generator for

add.(C,) and, as a result, the proof is complete. ]
The next result is a direct consequence of Remarks [7.1] and [7.10}

Remark 7.11. Let C,,, n > 4, be a cycle graph. If e, e’ are two different
edges of the complement of C,,, then

1 < Sd;(add.(C,,), addy (C,,)) = Sdy(C,y, add.(C,,), addw (C,)) < 4.

7.4 Families of corona product graphs

Several results presented in Chapter [5|describe the behaviour of the local met-
ric dimension on corona product graphs. We now analyse how this behaviour
extends to the simultaneous local metric dimension of families composed by
corona product graphs.

Given a graph family G = {Gy,..., G} on a common vertex set and a

graph H, we define the graph family
GoOH={G,oH,...,Gy ® H}.

Several results presented in [23] describe the behaviour of the local metric
dimension on corona product graphs. We now analyse how this behaviour
extends to the simultaneous local metric dimension of families composed by

corona product graphs.

Theorem 7.12. [23] Let G be a connected graph of order n > 2. For any
nonempty graph H,

dim;(G ® H) = n - adim;(H).
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As we can expect, if we review the proof of the result above, we check
that if A is a local metric basis of G ® H, then A does not contain elements
in V(G). Therefore, any local metric basis of G ® H is a simultaneous local
metric basis of G ® H. This fact and the result above allow us to state the

following theorem.

Theorem 7.13. Let G be a family of connected nontrivial graphs on a com-

mon vertex set V. For any nonempty graph H,
Sd)(G © H) = |V|adim,(H).

Given a graph family G on a common vertex set and a graph family H

on a common vertex set, we define the graph family
GOH={GOH: GegGand H € H}.
The following result generalizes Theorem [7.13]

Theorem 7.14. For any family G of connected non-trivial graphs on a com-
mon vertex set V and any family H of nonempty graphs on a common vertex
set,

SA(G © H) = [V|Sady(H).

Proof. Let n = |V| and let V' be the vertex set of the graphs in H, V/ the
copy of V' corresponding to v; € V, H; the i"-copy of H and H; € H; be
ith-copy of H € H.

We first need to prove that Sd;(G ® H) = n - Sad;(H). For any i €
{1,...,n}, let S; be a simultaneous local adjacency basis of H;. In order to
show that X = J;_, S; is a simultaneous local metric generator for G ® H,
we will show that X is a is a local metric generator for G ® H, for any G € G
and H € H. To this end, we differentiate the following four cases for two
adjacent vertices z,y € V(G ©® H) — X.

Case 1. z,y € V/. Since S; is an adjacency generator of H;, there exists a
vertex u € S; such that | Ny, (u) N{z,y}| = 1. Hence,

dG@H(-T, u) - d(vi>+Hi<x> u) 7& d<’Ui>+H’i (ya ’LL) = dG@H(ya u)

Case 2. x € V/ and y € V. If y = v;, then for v € S}, j # i, we have

deon(r,v) = daon(r,y) +daon(y, w) > daon(y, v).
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Now, if y = vj, j # ¢, then we also take u € S; and we proceed as above.

Case 3. x = v; and y = v;. For u € 5}, we find that

daon(v,u) = daon(v,y) + daon(y,u) > doon(y, u).

Case 4. x € V/ and y € V], j # 4. In this case, for u € S; we have
deon(z,u) <2 <3 <dgon(u,y).

Hence, X is a local metric generator for G ® H and, since G € G and
H € H are arbitrary graphs, X is a simultaneous local metric generator for
G ® H, which implies that

Sd(GOH) <Y 1S =n-Sad,(H).
=1

It remains to prove that Sd;(G ®H) > n-Sad;(#). To do this, let W be a
simultaneous local metric basis for GOH and, for any i € {1,...,n}, let W; =
V!N W. Let us show that WW; is a simultaneous adjacency generator for H;.
To do this, consider two different vertices z,y € V/ — W, which are adjacent
in GO H, for some H € H. Since no vertex a € V(G ©® H) — V! distinguishes
the pair x,y, there exists some u € W; such that dgoy(z,u) # deou(y,u).
Now, since dgog(z,u) € {1,2} and dgom(y,u) € {1,2}, we conclude that
|Ng, (u) N {z,y}| = 1 and consequently, W; must be an adjacency generator
for H; and, since H € H is arbitrary, W; is a simultaneous local adjacency
generator for ‘H;. Hence, for any ¢ € {1,...,n}, |W;| > Sad;(H;). Therefore,

Sd(GOH =|W|=> Wi > Sadi(H;) =n - Sadi(H).
=1 =1

This completes the proof. n
The following result is a direct consequence of Theorem [7.14}

Corollary 7.15. For any family G of connected graphs on a common vertex
set V, |V > 2, and any family H of nonempty graphs on a common vertex

set,

SA(G O H) > |V[Sdi(H).

Furthermore, if every graph in H has diameter two, then

Sd)(GOH) = |V|Sd,(H).
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Now, we give another result, which is a direct consequence of Theo-

rem and shows the general bounds of Sd;(G ® H).

Corollary 7.16. For any family G of connected non-trivial graphs on a com-

mon vertex set V and any family H of nonempty graphs on a common vertex
set V',
VI <Sdi(GoH) < VI(IV[-1).

We now consider the case in which the graph H is empty.

Theorem 7.17. Let G be a family of connected nontrivial graphs on a com-

mon vertex set. For any empty graph H,
Sd,(G ® H) = Sd,(G).

Proof. Let B be a simultaneous local metric basis of G = {G1,Gs,...,G}.
Since H is empty, any local metric generator B’ C B of G} is a local metric
generator for G;® H, so B is a simultaneous local metric generator for G H.
In consequence, Sd;(G © H) < Sd,(G).

Suppose that A is a simultaneous local metric basis for G ©® H and |A] <
|B|. If there exists z € ANVj; for the j-th copy of H in any graph G; ® H,
then the pairs of vertices of G; ® H which are distinguished by x can also be
distinguished by v;. In consequence, the set A" obtained from A by replacing
by v; each vertex v € A N Vi € {l,...,k},7 € {1,...,n}isa
simultaneous local metric generator for G such that |A'| < |A| < Sd;(G),
which is a contradiction, so Sd;(G ® H) > Sd;(G). O

As for the previous case, Theorem is extensible to the simultaneous

setting.

Theorem 7.18. Let G be a family of connected non-trivial graphs on a com-
mon vertex set V and let H be a family of non-empty graphs on a common

vertex set. The following assertions hold.

(i) If the vertex of Ky does not belong to any simultaneous local metric
basis of K1 + H, then

Sdi(G ©H) =n-Sd(K; +H).

(i) If the vertex of Ky belongs to a simultaneous local metric basis of K1+H,
then
Sd(GOH)=n-(Sd(K;+H)—1).
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Proof. As above, let n = |V| and let V' be the vertex set of the graphs in H,
V! the copy of V' corresponding to v; € V', H; the i"-copy of H and H; € H,;
be i*"-copy of H € H.

We will apply a reasoning analogous to the one used for the proof of
Theorem [5.3] If n =1, then G © H = K; + H, so the result holds. Assume
that n > 2, Let S; be a simultaneous local metric basis for (v;) + H; and let
S = S; — {v;}. Note that S, # 0 because H; is family of nonempty graphs
and v; does not distinguish any pair of adjacent vertices belonging to V.
In order to show that X = U |S! is a simultaneous local metric generator
for G ©® ‘H we differentiate the following cases for two vertices x,y which are

adjacent in an arbitrary graph G © H.

Case 1. z,y € V/. Since v; does not distinguish z,y, there exists u € 5!

such that dGGH (l’, u) = d<vi>+Hi ({L‘, u) 7& d('Ui>+Hi(y7 u) = dGGH (ya u)

Case 2. » € V/ and y = v;. For uw € S}, j # 4, we have dgou(x,u) =
1+ deon(y,uw) > deon(y,v).

Case 3. =z = v; and y = v;. For u € S}, we have dgon(v,u) = 2 =
deon(z,y) +1>1=deeu(y,u).

Hence, X is a local metric generator for G ® H and, since G € G and
H € H are arbitrary graphs, X is a simultaneous local metric generator for
GoH.

Now we shall prove (i). If the vertex of K; does not belong to any
simultaneous local metric basis for K;+7H, then v; & S; for everyi € {1,...,n}

and, as a consequence,

SA(GOH) <X =18 =D Sdi({(v:) + Hi) = n - Sdi(K1 + H).
i=1 i=1
Now we need to prove that Sd;(GOH) > n-Sd;(K;+H). In order to do this,
let W be a simultaneous local metric basis for G ® H and let W; = V/ N W.
Consider two adjacent vertices z,y € V/ — W; in G ® H. Since no vertex
a € W — W,; distinguishes the pair z,y, there exists u € W, such that
dwy+m, (T, 0) = deon(z,v) # deon(y,u) = dw)+m,(y,u). So we conclude
that W; U {v;} is a simultaneous local metric generator for (v;) + H;. Now,
since v; does not belong to any simultaneous local metric basis for (v;) + H;,
we have that |W;| +1 = |W, U{v;}| > Sd;({v;) +H;) and, as a consequence,
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|[Wi| > Sd;({v;) + H;). Therefore,

SA(GOH) = W] > D [Wil >3 Sdi((v;) + Hy) = n - Sd (K1 + H),
i=1 i=1
and the proof of (i) is complete.

Finally, we shall prove (ii). If the vertex of K7 belongs to a simultaneous
local metric basis for K7 + H, then we assume that v; € S; for every ¢ €
{1,...,n}. Suppose that there exists B such that B is a simultaneous local
metric basis for GOH and |B| < | X|. In such a case, there exists i € {1,...,n}
such that the set B; = B N V/ satisfies |B;| < |Si|. Now, since no vertex of
B — B, distinguishes the pairs of adjacent vertices belonging to V/, the set
B; U {v;} must be a simultaneous local metric generator for (v;) + H;. So,
Sd;((vi) + Hi) < |Bil +1 < |Si|+1 = |S;| = Sdi({v;) + H;), which is a
contradiction. Hence, X is a simultaneous local metric basis for G ©® H and,

as a consequemnce,

n n

SA(GOH) = X| =D 1S =D (Sdi((vi) +H;) — 1) = n(Sdy (K1 +H) - 1).

=1 =1

The proof of (ii) is now complete.
[

Corollary 7.19. Let G be a connected graph of order n > 2 and let H =
{Ky ey Koy —rgs ooy Ky b, 1 <y <n/ — 1, be a family composed by

complete bipartite graphs on a common vertex set V'. Then,
Sdl(G ® H) = n.

Proof. For every x € V', the set {v,z} is a simultaneous local metric basis
of (V) +H, 50 SAGOH) =n-(SAK, +H)—1) =n. 2

Lemma 7.20. Let H be a graph family on a common vertex set V' such that
r(H) > 4 for every H € H. Then the vertex of K; does not belong to any

simultaneous local metric basis of K1+ H.

Proof. Let B be a simultaneous local metric basis of { K1+ Hy, ..., Ki+ H}.
We suppose that the vertex v of K; belongs to B. Note that v € B if
and only if there exists u € V — B such that B C Nk, g, (u) for some
H; € H. If r(H;) > 4, proceeding in a manner analogous to that of the
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proof of Lemma , we take v’ € V such that dy,(u,u’) =4 and a shortest
path wujususzu’. In such a case, for every b € B — {v}, we will have that
di,+m,(byus) = dg,+m,(b,u') = 2, which is a contradiction. Hence, v does

not belong to any simultaneous local metric basis of K7 + H. ]

As a direct consequence of item (i) of Theorem and Lemma [7.20),

we obtain the following result.

Proposition 7.21. For any family G of connected graphs on a commong
vertex set V' and any graph family H on a common vertex set V' such that
r(H) >4 for every H € H,

Sdi(G ©H) = V|- Sdi(K; +H).

7.5 Families of lexicographic product graphs

Let G = {Gy,...,G,} be a family of connected graphs with common vertex
set V = {uy,...,u,}. For each u; € V let H' = {H;,... Hi,,} be a family
of graphs with common vertex set V;. For each i = 1,...,n choose H;; € H'

and consider the family H; = {H,;, Hyj, ..., H,;}. Notice that the families
H? can be represented in the following scheme where the columns correspond
to the families H,;.

7{1:: {ffu, N }fu, N }{Ul} deﬁned_onlﬁ
Hi = {Hil, ce Hij; ce stz} defined OH‘/Z‘
H'= {Hnwn, ... Hp, ... H,,} definedonV,

For a graph G, € G and the family H; we define the lezicographic product
of G}, and H; as the graph G o H; such that V(G oH;) = U, o ({ui} x Vi)
and (u;,,v)(uw;,,w) € E(Gy o H;) if and only if w; u;, € E(Gy) or iy = iy
and vw € E(H; ;). Let H = {Hi,Ha,...Hs}. We are interested in the

simultaneous local metric dimension of the family:
gOH:{GkOHj Gy, € Q,Hj EH}

The relation between distances in a lexicographic product graph and

those in its factors is presented in the following remark.
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Remark 7.22. If (u,v) and (u',v") are vertices of G o H, then

dg(u,u'), if u#u,
dGOH((”av)v (U/,U/)) =
min{dy(v,v"),2}, if u=1'.

We would point out that the remark above was stated in [29, 32] for the
case where H;; = H for all H;; € H;.

By Remark we deduce that if u € V' — {u;}, then two adjacent
vertices (u;, w), (u;,y) are not distinguished by (u,v) € V(G oH). Therefore,
we can state the following remark.

Remark 7.23. If B is a simultaneous local metric generator for the family
of lezicographic product graphs G o H, then B; = {v : (u;,v) € B} is a

simultaneous local adjacency generator for H:.

In order to state our main result (Theorem we need to introduce
some additional notation. Let B be a simultaneous local adjacency generator
for a family of nontrivial connected graphs H* = { H;1, ..., H;s} on a common
vertex set V; and let G o H be family of lexicographic product graphs defined

as above.
e D[H',B] ={veV;: BC Ny, (v) for some H;; € H'}.

o If D[H!, B] # (), then we define the graph D[H’, B] in the following
way. The vertex set of D[H', B] is D[H', B] and two vertices v, w are
adjacent in D[H’, B] if and only if for for every H,; € H', vw ¢ E(H;;).

e If D[H', B] = 0, then define ¥(B) = |B|, otherwise ¥(B) = v(D[H', B])+
|BJ.

o I'(H') ={C CV;: Cis asimultaneous local adjacency generator for '}
e U(H)) =min{¥(B): Bel(H)}.

e 5 is the family of empty graphs.

o D(V.H)={u; €V :H C S}

e [(V.H) = {u; € V : U(H') > Sad;(H")}. Notice that ®(V,H) C
I(V,H).
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o Y(V,H) is the family of subsets of I(V,H) as follows. We say that
A e YT(V,H) if for every v/, u” € I(V,H) — A such that v'v” € E(G}),
for some Gy, € G, there exists u € (AU (V — ®(V,H))) — {u/, v} such
that dg, (u,u') # dg, (u, u").

e G(G,I(V,H)) is the graph with vertex set I(V,H) and two vertices
u;, u; are adjacent in G(G, I(V,H)) if and only if there exists G, € G
such that u;u; € E(Gy).

Remark 7.24. U(H') =1 if and only if H;; = Ny, for every H;; € H'.

Proof. If H; ; = Ny, for every H; ; € H', then B = ) is the only simultaneous
local adjacency basis for H', D[H', 0] = K}y, and then W(H') = v(Ky;) = 1.
On the other side, suppose that H;; % Ny, for some H;; € H'. In this
case, Sad;(H') > 1. If Sad;(H?) > 1, then we are done. Suppose that
Sad;(H") = 1. For any simultaneous local adjacency basis B = {v;} of H’
there exists vy € Ny, (v1) for some H;j, which implies that D[H’, {vo}] # 0
and so |y(D[H', {v2}])| > 1. Therefore, ¥(H") > 2 and the result follows. [J

As we will show in the next example, in order to get the value of W(H?),
it is interesting to remark the necessity of consider the family I'(H¢) of all
simultaneous local adjacency generators and not just the family of simulta-

neous local adjacency bases of H'.

Example 7.25. Let H; = Hy = P5 be two copies of the path on five vertices.
V(Hy) = V(Hy) = {v1,v9,...,05} but with different edge sets E(Hy) =
{v1v9, Vo3, V3V, V405 } and E(Hs) = {uvguy, v1v3, 0305, 0504}, Consider the
family H = {Hy,Hs}. By = {vs} is a simultaneous local adjacency basis
for H and By = {v1,v4} is a simultaneous local adjacency generator for
H. Then D[H, By| = {v1,ve,v4,v5}, E(D[H, B1]) = {v1v4, v402, 1205, v501 },
v(DI[G, B1]) =2, ¥(B;) = 2+1 = 3. However, D[H, By] =0 and ¥(By) = 2.

We define the following families of graphs.
e S is the family of graphs having at least two non trivial components.

e S, is the family of graphs having at least one component of radius at
least four.

e S5 is the family of graphs having at least one component of girth at

least seven.
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e S, is the family of graphs having at least two non singleton true twin
classes Uy, Uy such that d(Uy,Us) > 3.

Lemma 7.26. Let H ¢ Sy be a family of graphs on a common vertex set V.
4
IfH | S, then
i=0
U(H) = Sad;(H).

Proof. Let B be a simultaneous local adjacency generator for H and v € V.
We claim that, B € Ng(v). To see this, we differentiate the following cases
for H € H.

e H has two non trivial connected components J;, Jo. In this case B N

J1 # 0 and BN Jy # 0, which implies that B Z Ny(v).

e H has one non trivial component J such that r(J) > 4. If H has
two non trivial components, then we are in the first case. So, we can
assume that J is the only non trivial component of H. Suppose that
B C Ng(v) and get v' € V such that dy(v,v") = 4. If vujveus’ is a
shortest path from v to v/, then v3 and v' are adjacent and they are

not distinguished by the elements in B, which is a contradiction.

e H has one non trivial component J of girth g(J) > 7. In this case, if H
has two non trivial components, then we are in the first case. So we can
assume that H has just one nontrivial component of girth g(J) > 7.
Suppose that B C Ng(v). For each cycle vyvs...v,v; there exists
vvi1 € E(J) such that dg(v,v;) > 3 and dy(v,v;41) > 3, therefore
for each b € B we have dg(b,v;) > 2 and dg(b,v;11) > 2, which is a

contradiction.

e H has two non singleton true twin classes Uy, Us such that dy (U, Uy) >
3. Since BNU; # 0 and BNU, # (), we can conclude that B € Ng(v).

e H = Nyy|. Notice that B # (), as H Z S, so that B Z () = Ny (v).

According to the five cases above, H C U!_,S; leads to D[H,B] = 0,
for any simultaneous local adjacency generator, which implies that ¥(H) =
Sadl(H) O

Remark 7.27. If A € Y(V,H) then AU (V — &(V,H)) is a simultaneous
local metric generator for G. However, the converse is not true, as we can

see in the following example.



UNIVERSITAT ROVIRA I VIRGILI
ON THE LOCAL METRIC DIMENSION OF GRAPHS
Gabriel Antonio Barragdn Ramirez

116 G. A. Barragan-Ramirez

Example 7.28. Consider the family of connected graphs G = {G1, G2, Gs}
on a common vertex set V = {uy, ..., us} with E(G;) = {uiug, uyug;1, Usts;ia,
UjUip1, Ujloira, for § & {1,2,20+1,2i4+2}}. Let H' be the family consisting
in only one graph H;, as follow: Hi = Hy =2 Ky, H3 = Hy = --- = Hg = N,.
GoH = {G;o{Hy,...,Hs},i=1,2,3}. I(V,H)=V. If we take A =0, then
AUV —=@(V,H)) = {ur,us} T I(V,H) is a simultaneous local metric basis
for G. However, ) ¢ Y(V,H) because uy is adjacent to uy in Gy, i € {1,2,3},
and (V — ®(V,H)) — {us,uz} = 0.

Lemma 7.29. Let G o H be a family of lexicographic product graphs. Let
B CV be a simultaneous local metric generator for G. Then BN I(V,H) €
T(V,H).

Proof. Let A=BNI(V,H) and u;,u; € I(V,H) — A= I1(V,H) — B. Since
B CV is a simultaneous local metric generator for G, for each G € G there
exists b € B such that dg, (b, u;) # dg, (b, u;). If b ¢ I(V,H) then necessarily
be (V-IV.H) C(V—-2V,H))— {w,u;}) and if b € I(V,H) then
be A— {u;,u;} and we are done. O

Corollary 7.30. If there exists a simultaneous local metric generator B for
G such that B C V. — I(V,H) or the graph G(G,I1(V,H)) is empty, then
DeY(V,H).

Remark 7.31. If B is a vertex cover for G(G,I(V,H), then B € Y(V,H).

Lemma 7.32. Let GoH be a family of lexicographic product graphs. For each
u; € V let B; CV; be a simultaneous local adjacency generator for H' and let
C; C Vi be a dominating set for D[H', B;]. Then, for any A € T(V,H), the
set B = (Uyea{ui} X (B; UC;)) U(Uuga{us} X B;) is a local metric generator
for GoH.

Proof. In order to prove the lemmalet G, € G, H; € H and let (u;,, v1), (ui,, v2)
be a pair of adjacent vertices of G o H,. If i; = i3, then there exists v € B;,
such that (u;,,v) distinguishes the pair. Otherwise i; # i and we consider

the following cases:

e Case 1: [{us,ui,} NI(V,H)| <1, say u;, ¢ I(V,H). In this case there
exists v € B;, such that vvy ¢ E(H;,;) and then (u;,,v) distinguishes
the pair.
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e Case 2: wy,u, € I(V,H) and {w;,,u;,} N A = 0. In this case, by
definition of A, there exists u;, € (AU (V — ®(V,H))) — {us, ui, } such
that dg, (wiy, wi,) # de, (wiy, us,). For any v € By, U Gy,

deOHj ((ui37 U), (uil ) Ul)) = de (uisv uil) 3&
de (ui3v uiz) = deon ((UZ37 "U), (uim 'U2))-

o Case 3: w;,u;, € I(V,H) and [{wi,,uin} NA] > 1, say u;; € A In
this case, if there exists v € B;, such that vvy ¢ E(H,,;) then (u;,v)
distinguishes the pair. Otherwise v; is a vertex of D[H", B;,| and either
v1 € Cy, and (u;,,v1) € B distinguishes the pair or there exists v € C;,
such that vu; € E(D[H", B, ]), that means vv; ¢ E(H; ;) and then
(ugy,v) distinguishes the pair.

]

Corollary 7.33. Let GoH be a family of lexicographic product graphs. Then

Sd(GoH) < min ¢ Y W(H)+ > Sadi(H)

ASY(VH) | 2=, oy

Proof. Let A € Y(V,H). For each u; ¢ A, let B; C V; be a simultaneous
local adjacency basis for H’. For each u; € A, let B; be a local adjacency
generator for H' and C; C V; a dominating set for D(H’, B;) such that
|B; UC;| = WU (H"). Let

B = (Uyea{u} x (B UCH) | JUuigalui} x B))

then, by Lemma [7.32] B is a simultaneous local metric generator for G o H

and

Sdi(GoH) < [Bl = W(H)+ ) Sad(H

u; €A u; ¢ A

As A € T(V,H) is arbitrary

Sd(GoH) < min ¢ Y W(H)+ ) Sady(H

AeY(V/H)
( u; €A u; ¢ A

and the result follows. O
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Lemma 7.34. Let F be a simultaneous local metric basis of G o H. Let
F,={veV: (u,v) € F} and Xr = {u; € I(V,H) : |F}| > U(H")}. Then
Xrp € T(V, H)

Proof. Suppose for contradiction, that Xp ¢ YT(V,H), that means that there
exists u;,,u, € I[(V,H) — Xp and Gy € G such that u,u;, € E(Gy), and
de, (u,u;y) = dg, (u, u;,) for every u € (XpU(V —O(V,H))) — {wi,, uip }. As
wiy,uzy € IV, H) — Xp, |Fy| < U(HY) and |F,,| < U(H™2), so that there
exist H;,;, € H" and H,;,;, € H™ such that for some v; € V,, vy € V,,,
Fy, C Ng,; (n)and F;, C Ng,_, (v2). Let H; be such that H;,;,, Hi,j, € H,;.
Consider the pair of vertices (u;,,v1), (u,, v2) adjacent in Gy o H;. As F'is
a simultaneous local metric generator there exists (u;,,v) € F that resolves
the pair, which implies that Fj;, # (. By hypothesis u;, € (®(V,H) — Xr) U
{w,, us, }, and so u;, € {u;,, u;, }. Without loss of generality, we assume that

u;, = u;, and, in this case,

deon ((ui3> U), (uivvl)) = dHiljl ,2(Ua Ul)
= de (ui37 ui2)

= deon ((ui?n U)v (ui27 U2))7
which is a contradiction. Therefore, X € T(V,H). O

Theorem 7.35. Let GoH be a family of lexicographic product graphs.

Sdy(G o H) = i UM+ Sady(H)
u; €A u1¢A
Proof. Let B be a simultaneous local metric basis for Go H. Let B; = {v €
Vi: (u;,v) € B} and Xp = {u; € [(V,H) : |B;| > ¥(H")}. By Remark [7.23]
|B;| > Sad;(H") for every u; € V, so that Lemma leads to

Jin STUH)+ D Sadi(H) p < Y U(H)+ Y Sadi(H) < |B|

u;€EA ul¢A uw;€Xp u,-géXB
and the result follows by Corollary n

Now we will show some cases where the calculation of Sd;(G o H) is easy.
At first glance we have two main types of simplification: first to simplify
the calculation of ¥(H") and second the calculation of the A € T(V,H) that

makes that the sum achieves its minimum.
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For the first type of simplification we have can apply Lemma to

deduce the following corollary.

4
Corollary 7.36. If for each i, H' ¢ Sy and H' C U S;, then

Jj=0

Sdi(GoH) =) Sad(H

Given a family G of graphs on a common vertex set V' and a graph H

we define the family of lexicographic product graphs
GoH={GoH: Geg}
By Theorem [7.35| we deduce the following result.

Corollary 7.37. Let G be a family of graphs on a common vertex set V. For
any graph H such that H ¢ O,

By Corollary and Theorem [7.35| we have the following result.

Proposition 7.38. If V — I(V,H) is a simultaneous local metric generator
for G or the graph G(G,I(V,H)) is empty, then

Sdi(GoH) =) Sad(H

For the second type of simplification we have the following remark.

Remark 7.39. As Sad;(H') < U(H"), if AC BCV then

DOUH) 4 Sady(H) < > W(H) + > Sady(H)

u; €A u; ¢ A u;€B u;¢B

From Remark we can get some consequences of Theorem [7.35

Proposition 7.40. Let G o H be a family of lexicographic product graphs.
For any vertex cover B of G(G,I1(V,H)),

Sdi(GoH) < Y W(H) + > Sady(H)

u;€B u;¢B
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Proposition 7.41. Let G be a family of connected graphs with common ver-
tex set V and let G o H be a family of lexicographic product graphs. The

following statements hold.

(1) If the subgraph of G induced by I(V,H) is empty for every G; € G,
then
Sdi(GoH) = Sad(H
u; EV
(i1) Let u;, € I(V,H) be such that ¥(H™) = max{V¥(u;) : v; € [(V,H)}. If
Sdi(G) =|V| =1 and |I(V,H)| > 2, then

Sd,(G = ) Sad(H > W)+ Sadi(H")

u; @I(V,H) uZEI(V,’H,)—{uiO}

Proof. 1t is clear that if the subgraph of G; induced by I(V,#) is empty for
every G; € G, then () € T(V,H), so that Theorem leads to (i). On the
other hand, let G be a family of connected graphs with common vertex set
V such that Sd;(G) = |V| — 1 and |I(V,H)| > 2. By Lemma([7.3] for every
w;,u; € I(V,H) there exists G;; € G such that u;, u; are true twins in G;;.
Hence, no vertex u ¢ {w;,u;} resolves u; and u;. Therefore A € T(V,H)
implies |A| = |I(V,H)| — 1 and (ii) follows from Theorem and Remark
(.39 O

Proposition 7.42. Let G be a family of nontrivial connected graphs with

common vertex set V. For any family of lexicographic product graphs G o H,
Sdy(G o H) > Sdi(9).

Furthermore, if H = {Ny,},..., Ny, |}, then
Sdi(G o H) = Sd;(G).

Proof. Let W be a simultaneous local metric basis of G o H and Wy = {u €
Vi (u,v) € W}. We suppose that Wy is not a simultaneous local metric
generator for G. Let w;,u; ¢ Wy and G € G such that wu; € E(G) and
da(ui,u) = dg(uj,u) for every uw € Wy. Thus, for any v € V;, v € V; and
(z,y) € W we have

daom, (2, y), (ui,v)) = da(v,u;) = da(2,uj) = dom, ((v,y), (u;,v')),
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which is a contradiction. Therefore, Wy, is a simultaneous local metric gene-
rator for G and, as a result, Sd;(G) < |Wy| < |W| = Sd;(G o H).

On the other hand, if X = {Ny,..., Ny, }, then V = I(V.H) =
O(V,H). Let B C V be a simultancous local metric basis for G. Now,
for each u; € B we choose v; € V; and, by Remark [7.27, we claim that
B = {(us,v;) : u; € B} is a simultaneous local metric generator for G o H.

Thus, Sd;(G o H) < |B'| = |B| = Sd,(G). O

Proposition 7.43. Let G # {Ky} be a family of nontrivial connected bi-
partite graphs with common vertex set V. and H # {Hi,...,H,} such that
H; & So, for some j. If V = I1(V.,H) and there exist uy,uy € V and G, € G
such that V- — ®(V,H) = {uy,us} and uyuy € E(Gy,), then

Sdi(GoH) = Sadi(H') +1,

otherwise,

Sdi(GoH) = Sadi(H).

Proof. If V. = I(V,H) and there exist u;,us € V and G), € G such that
V —®(V,H) = {u1,us} and ujuy € E(Gy), then O ¢ T(V,H) because no
vertex in (V' — ®(V,H)) — {u1,us} = 0 distinguishes uy and us. Let 2,y €
I(V,H) such that zy € UgegE(G). Since any u; € ®(V,H) distinguishes x
and y, we can conclude that {u;} € T(V,H), and by Remark[7.24, (H?) = 1.
Therefore, Theorem leads to Sd;(G o H) = > Sad;(H*) + 1.

Assume that there exists u; € V. — I(V,H) or V — ®&(V,H) = {u;} or
V—®(V,H) = {u;, u;} and, for every G, € G, wyu; ¢ E(Gy) or {u;, uj, ui} C
V — ®(V,H). In any one of these cases {u;} is a simultaneous local metric
basis for G and, for every pair uq, us of adjacent vertices in some G} € G such
that w; ¢ {uy,us}, u; distinguishes the pair. Since u; € V — ®(V, H), we can
claim that (0 € T(V,H) and, by Theorem [7.35] Sd;(GoH) = 3_ Sad;(H). O

Families of join graphs

For two graph families G = {G1,...,Gy, } and H = {H, ..., Hy,}, defined
on common vertex sets V; and Vs, respectively, such that V; NV, = 0, we

define the family

G+H={Gi+H;: 1<i<Fk,1<j< kot
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Notice that, since for any G; € G and H; € H the graph G;+ H; has diameter
two,

Sd)(G +H) = Sad;(G +H).

The following result is a direct consequence of Theorem [7.35]

Corollary 7.44. For any pair of families G and H of non-trivial graphs on

common vertex sets Vi and Vy, respectively,
Sdi(G +H) =min{Sd,(G) + V(H),Sda,(H) +V(G)}

Remark 7.45. Let G a family of graphs defined on a common vertexr set
Vi. If there exists B a simultaneous local adjacency basis of G such that
D|[G, B] =0, then for every H family of graphs defined on a common vertex

set Vo we have

By Lemma [7.26| and Remark we deduce the following result.

Proposition 7.46. Let G and H be two families of nontrivial connected

graphs on a common vertex set Vi and Vs, respectively. If G C UL, S;, then

Sd;(G + H) = Sad;(G) + Sad;(H).

7.6 Computability of the simultaneous local

metric dimension

In previous sections, we have seen that there is a large number of classes
of graph families for which the simultaneous local metric dimension is well
determined. This includes some cases of graph families whose simultaneous
metric dimension is hard to compute, e.g. families composed by trees [49],
yet the simultaneous local metric dimension is constant. However, as proven
n [23], the problem of finding the local metric dimension of a graph is NP-
hard in the general case, which trivially leads to the fact that finding the
simultaneous local metric dimension of a graph family is also NP-hard in the
general case.

Here, we will focus on a different aspect, namely that of showing that

the requirement of simultaneity adds on the computational difficulty of the
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original problem. To that end, we will show that there exist families com-
posed by graphs whose individual local metric dimensions are constant, yet
it is hard to compute their simultaneous local metric dimension.

To begin with, we will formally define the decision problems associated
to the computation of the local metric dimension of one graph and the si-

multaneous local metric dimension of a graph family.

Local Metric Dimension (LDIM)
INSTANCE: A graph G = (V, E) and an integer p, 1 < p < |V(G)| — 1.
QUESTION: Is dim; G < p?

As we mentioned above, this problem was proven to be computationally
difficult.

Lemma 7.47. [23] The Local Metric Dimension Problem (LDIM) is NP-

complete.

Simultaneous Local Metric Dimension (SLD)

INSTANCE: A graph family G = {G1, G, ..., G} on a common vertex set
V and an integer p, 1 < p < |V] — 1.

QUESTION: Is Sd;(G) < p?

With these definitions in mind, it is straightforward to see that SLD is
NP-complete.

Remark 7.48. The Simultaneous Local Metric Dimension Problem (SLD)
1s NP-complete.

Proof. 1t is simple to see that determining whether a vertex set S C V,
|S] < p, is a simultaneous local metric generator can be done in polynomial
time, so SLD is in NP. Moreover, for any graph G = (V| F) and any integer
1 <p < |V(G)| —1, the corresponding instance of LDIM can be transformed
into an instance of SLD in polynomial time by making G = {G}, so SLD is
NP-complete. O

Now, we will address the issue of the complexity added by the simul-
taneity requirement. To this end, we will consider families composed by the
so-called tadpole graphs [40]. An (h,t)-tadpole graph (or (h,t)-tadpole for
short) is the graph obtained from a cycle graph C} and a path graph P,
by joining with an edge a leaf of P, to an arbitrary vertex of Cj,. We will
use the notation 7}, for (h,t)-tadpoles. Since (2¢,t)-tadpoles are bipartite,
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we have that dim;(75,,) = 1. In the case of (2¢ + 1,¢)-tadpoles, we have
that dim;(T5441+) = 2, as they are not bipartite (so, dim;(75,+1,) > 2) and
any set composed by two vertices of the subgraph Cy,4; is a local metric
generator (so, dimy(Ta,41+) < 2). Additionally, consider the sole vertex v of
degree 3 in T5,41, and a local metric generator for To,q 4 of the form {v, z},
x € V(Coqs1) — {v}. It is simple to verify that for any vertex y € V(F;) the
set {y,x} is also a local metric generator for 15,41 4.

Consider a family T = {Th,t,s Thotss - - - » Iyt composed by tadpole
graphs on a common vertex set V. By Theorem , we have that Sd;(7T) =
Sd;(T"), where 7" is composed by (2q + 1,t)-tadpoles. As we discussed pre-
viously, dim;(Ts,41+) = 2. However, by Remark and Theorem , we
have that 2 < Sd;(7") < [V| — 1, being both bounds tightff] Moreover, as we
will show, the problem of computing Sd;(7") is NP-hard, as its associated
decision problem is NP-complete. We will do so by showing a transformation
from the Hitting set Problem, which was shown to be NP-complete by
Karp [37]. The Hitting Set Problem is defined as follows:

Hitting Set Problem (HSP)

INSTANCE: A collection C = {C,Cy,...,Ck} of non-empty subsets of a
finite set S and a positive integer p < |S|.

QUESTION: Is there a subset S" C S with |S’| < p such that S” contains at

least one element from each subset in C?

Theorem 7.49. The Simultanecous Local Metric Dimension Problem (SLD)
is NP-complete for families of (2q + 1,t)-tadpoles.

Proof. As we discussed previously, determining whether a vertex set S C V,
|S] < p, is a simultaneous local metric generator for a graph family G can be
done in polynomial time, so SLD is in NP.

Now, we will show a polynomial time transformation of HSP into SLD.
Let S = {vy,vq,...,0,} be a finite set and let C = {C4, (%, ..., Cy}, where
every C; € C satisfies C; C S. Let p be a positive integer such that p < |S|.
Let A = {wy,ws,...,w,} such that AN S = (. We construct the family
T = {Togis1t0, Togottor - - - » Toget1,4, b composed by (2¢ + 1,t)-tadpoles on

IThe lower bound is trivially satisfied by unitary families, whereas the upper bound is
reached, for instance, by any family composed by all different labelled graphs isomorphic
to an arbitrary (3,t)-tadpole, as it satisfies the premises of Theorem
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the common vertex set V.= S U AU {u}, u ¢ SU A, by performing one of

the two following actions, as appropriate, for every r € {1,...,k}:

o If |C,| is even, let Cy,; 11 be a cycle graph on the vertices of C, U {u},
let P, be a path graph on the vertices of (S —C,)UA, and let Thy, 414,
be the tadpole graph obtained from Cy, 41 and P, by joining with an

edge a leaf of P, to a vertex of Cy, 4 different from u.

e If |C,] is odd, let Cy,,+1 be a cycle graph on the vertices of C, U{u, w, },
let P, be a path graph on the vertices of (S —C,)U(A—{w,}), and let
Thg, 41+, be the tadpole graph obtained from Cs, 41 and P;, by joining

with an edge the vertex w, to a leaf of P, .

Figure [7.4] shows an example of this construction.

In order to prove the validity of this transformation, we claim that there
exists a subset S” C S of cardinality |S”| < p that contains at least one
element from each C, € C if and only if Sd;(7) < p+ 1.

To prove this claim, first assume that there exists a set S” C S which
contains at least one element from each C, € C and satisfies |S”| < p. Recall
that any set composed by two vertices of Cy, 41 is a local metric generator
for Thg 414, so S”U{u} is a simultaneous local metric generator for 7. Thus,
Sd(T) <p+1.

Now, assume that Sd;(7) < p+ 1 and let W be a simultaneous local
metric generator for 7 such that |W| = p + 1. For every Toy 11 € T,
we have that u € V(Cyq,41) and 0gy, ,,, (u) = 2, so | (W —{z}) U {u})N
V(Cogt1)| = [WNV(Coq41)| for any x € W. In consequence, if u ¢ W, any
set (W —{z})U{u}, x € W, is also a simultaneous local metric generator for
T, so we can assume that u € W. Moreover, applying an analogous reasoning
for every set C, € C such that W N C, = ), we have that, firstly, there is at
least one vertex v,, € C, such that v,, € V(Cyq,11) —{u} and g, ., ,, (vr,) =
2, and secondly, there is at least one vertex x, € W N ({w,} UV (F;,)), which
can be replaced by v,,. Then, the set

W/ == U@ ((W - {IT}) U {’U”})

is also a simultaneous local metric generator for T of cardinality |W’'| = p+1
such that w € W’ and (W' — {u}) N C, # 0 for every C, € C. Thus the set
S" = W' —{u} satisfies |S”| < p and contains at least one element from each
C, eC.
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To conclude our proof, it is simple to verify that the transformation of

HSP into SLD described above can be done in polynomial time. O

U3
V2

U1

U3

Figure 7.4: The family 7 = {Té}ﬁ,Té?,Téi} is constructed for trans-
forming an instance of HSP, where S = {uvy,v9,v3,04,05} and C =

{{v1, ve,v3,v4}, {vs, U5}, {v2,v4,v5}}, into an instance of SLD for families of
(2q + 1,t)-tadpoles.
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Conclusions

In this thesis we have studied the problem of computing the local metric
dimension of graphs. We first reported on the state of the art on the local
metric dimension, and we presented some original results in which we have
characterized all graphs that reach some known bounds. Secondly, we ob-
tained closed formulas and tight bounds on the local metric dimension of
several families of graphs, including strong product graphs, corona product
graphs, rooted product graphs and lexicographic product graphs. Finally, we
introduced the study of simultaneous local metric dimension, we gave some
general results on this new research line and we obtained the formula for the

simultaneous metric dimension of specific families of graphs.
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Future Works

e Closed formulae or lower bounds on the local metric dimension provide

lower bounds on the metric dimension, as dim;(G) < dim(G). For
instance, using this fact, Theorem [3.16|gives the solution of a conjecture
proposed in [52] on the value of the metric dimension of P. X P,. We
propose the study of graphs with dim;(G) = dim(G).

We propose the study of the local metric dimension of graphs for which
the metric dimension has been previously studied. For instance, we pro-
pose the families of circulant graphs, direct product graphs, Sierpinski

graphs, Cartesian sum graphs, amalgamation graphs, among others.
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e It is known that dim;(G) = adim;(G) for graphs of diameter at most
two, for graphs obtained from the lexicographic product of non-empty
graphs, and also for graphs of order n with dim;(G) = n — «(G). The
question is if there are other families of graphs satisfying this strong

relationship.

e Up to now, the study of the local metric dimension has been restricted
to the case of the geodetic distance. We propose the study of other
metrics defined on the graph. For instance, we can use the metric
dgi(u,v) = min{dg(u,v),t}. In such a study, the case t = 2 cor-
responds to the local adjacency dimension and the case t > D(G)

corresponds to the local metric dimension.
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