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sempre en mi. Sense ell, tot això no hauria estat possible.
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per sempre tenir un somriure per a mi (també a l’hora dels cafés) i per
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Abstract
In this dissertation we fuse two of the traditional topics in Computer Vi-
sion: object segmentation and tracking. For segmentation we use the
Active Contours (AC) framework and for tracking we use the Template
Tracking (TT) scheme. Our aim is to combine them to create efficient and
robust methods to segment and track articulated or deformable objects. In
Chapter 1, we review the AC framework and we apply it over MilliMeter-
Waves (MMW) images to segment bodies and concealed threats (such as
explosives or guns) behind their wearing clothes. In Chapter 2 we review
two of the main trends of TT methods: Lucas-Kanade optical flow and
particle filters. Moreover, we combine them with an AC method to create
a robust tracker for articulated or deformable objects without using prior
shape information. Finally, in Chapter 3 we give the clues of how to effi-
ciently introduce shape priors into the TT framework using AC methods.

Resum
En aquesta dissertació es fusionen dos dels temes tradicionals de la Visió
per Computador: la segmentació i el seguiment d’objectes. Per a la seg-
mentació s’utilitzen mètodes basats en “Active Contours (AC)” i per al
seguiment mètodes basats en “templates” o patrons. El nostre objectiu és
combinar-los per tal de crear mètodes robustos i eficients a l’hora de seg-
mentar i seguir objectes articulats o deformables. Al capı́tol 1, es revisa
el marc teòric dels AC i s’aplica en la segmentació de cossos i amenaces
(com explosius o pistoles) que estan amagades darrera la roba en imatges
MilliMeter-Waves (MMW). Al capı́tol 2, es revisen dos dels marcs prin-
cipals de seguiment de patrons: el flux òptic de Lucas-Kanade i els filtres
de partı́cules, i es combinen amb la segmentació mitjançant AC per tal
de crear un mètode robust i eficient capaç de seguir objectes articulats o
deformables sense informació a priori. Finalment, al capı́tol 3, es donen
les claus per introduir informació a priori d’una manera robusta i eficient
dins del marc del seguiment de patrons utilitzant AC.
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region is first warped back to ΩT (at the bottom right part
of the figure) using the estimate of the transformation at
the previous frame W (x, p). Then, the goal is to esti-
mate the transformation W (x,∆p) that warps the tem-
plate T to the incoming warped back region I(W (x, p)).
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W (W (x,∆p)−1, p)) to obtain the mapping of the new
estimate in ΩI . the model parameters are also updated
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mation provided by the model MC to reinforce the seg-
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Introduction

Computer Vision can be described as the science and technology that
aims to give cognitive abilities to artificial vision systems [Klette, 2014],
[Parker, 2010]. It includes methods that go from image acquisition to
decision making which, at the same time, rely on other scientific disci-
plines like geometry [Hartley and Zisserman, 2003], statistics or learning
theory [Bishop, 2006]. Moreover, it can be dissected into several topics
such as image segmentation, visual tracking, object recognition or event
detection.

In this dissertation we focus our attention on two of above fields: seg-
mentation [Cremers et al., 2007] and visual tracking [Yilmaz et al., 2006].
Segmentation can be understood as the process of given an image sepa-
rate it into meaningful parts or regions. Similarly, visual tracking can be
described as the process of -once located or segmented- trace the mean-
ingful region along a video sequence. In the segmentation topic, we have
centered our efforts in the study of one of the most applied segmenta-
tion frameworks: Active Contours (AC) methods [Cremers et al., 2007],
[Caselles et al., 1997], [Chan and Vese, 2001]. Alike, in the visual track-
ing field, we have centered our efforts in one of the most studied schemes
known as Template Tracking (TT) [Baker and Matthews, 2004], [Ross
et al., 2008], [Kwon and Park, 2009]. The work presented in this the-
sis aims to merge the work done in above fields and to propose efficient
and robust methods for segmentation and visual tracking of articulated or
deformable objects.

Segmentation and tracking of articulated or deformable objects are
still a challenge in Computer Vision research. One of the main draw-
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backs is how to handle their appearance variations. Appearance varia-
tions can be categorized to be extrinsic or intrinsic to the object topology
[Ross et al., 2008]. Extrinsic variations may be caused by illumination
changes or occlusions, whereas intrinsic variations are caused by object
poses or deformations. A clear example of the problem, its difficulties
and also its applications can be shown analyzing the needs of an Amer-
ican Sign Language (ASL) fingerspelling recognition system. In ASL
fingerspelling, letters of the alphabet are represented with unique hand
poses that combined let us to produce words. The problem of recognizing
a fingerspelled word needs to first locate and segment the hand from the
background and then track it along the whole sequence while classifying
the different poses that occur. If the segmentation and the tracking stages
were good enough to correctly segment and register all the hands, then
the classification phase could be done in a simpler way.

The work presented here goes in that direction. First, in Chapter 1
we give a brief but complete description of the segmentation topic us-
ing AC methods. We define their basis, formalism and main advantages.
Furthermore, we apply them to solve a concrete segmentation problem
in a challenging situation. Second, in Chapter 2 we review two of the
main trends used for template tracking: Lucas-Kanade Optical Flow (OF)
[Baker and Matthews, 2004] and Particle Filters (PF) [Ross et al., 2008],
[Kwon and Park, 2009]. In both cases, we also explain how to combine
their usage with an AC segmentation method. Specifically, we study the
work presented in [Bibby and Reid, 2008] and [Bibby and Reid, 2010] for
Lucas-Kanade OF and the work presented in [Rathi et al., 2007b] for PF.
Moreover, we propose a method that combines above schemes in order
to deal with the intrinsic appearance variations that occur while track-
ing articulated or deformable objects. Finally, in Chapter 3, we focus
on how to apply shape constraints over template tracking methods using
AC. First, we give a brief description of how shape constraints have been
added to the template tracking scheme. Second, we propose a novel tem-
plate tracking method which uses AC [Bibby and Reid, 2008], [Bibby
and Reid, 2010] to model and track articulated or deformable objects us-
ing Principal Component Analysis (PCA) and incremental learning [Ross

2
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et al., 2008] over LSFs. At last, we also propose an efficient implementa-
tion of template tracking using AC by adapting the inverse compositional
Project Out algorithm [Baker et al., 2003b]. Finally, in the last chapter,
we give our final conclusions and also point the main directions that we
pose as future work.

3
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Chapter 1

SEGMENTATION USING
ACTIVE CONTOURS

Segmentation, understood as the process of given an image I separate it
into meaningful parts, is one of the most studied fields in Computer Vision
literature. For our purposes, the segmentation process can even be defined
in a simpler way. As we can see in Figure 1.1, the process of segmentation
can be simplified to separate a given image region R between foreground
-the target object- and background subregions: Rf and Rb respectively.

The segmentation of Rf from Rb can be issued using different object
features like its color, texture or shape. Moreover, the separation of both
regions can be obtained by locating certain object parts -the nodes- and
then linking them to obtain a skeleton representation [Bourdev and Malik,
2009], [Ramanan et al., 2007]; or by directly obtaining the object silhou-
ette (see Figure 1.1). Because of the process of locating different object
parts is typically a hard task (it involves huge training sets) and is not al-
ways possible, in this dissertation we focus on silhouette based methods,
specifically Active Contours (AC) ones [Caselles et al., 1997], [Chan and
Vese, 2001], [Cremers et al., 2007].

In this chapter we give a brief but complete description of segmenta-
tion using AC methods. First, in Section 1.1 we define their basis, formal-
ism and main advantages. At last, in Section 1.2 we use them to solve a

5
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Figure 1.1: From left to right. Image I with a cropped region R. Sepa-
ration of R into foreground and background subregions: Rf and Rb re-
spectively. The green dashed line defines the silhouette that segments Rf

from Rb. The blue dotted lines (big dots are nodes) define a skeleton
representation of the same segmentation.

concrete segmentation problem over MilliMeter-Waves (MMW) images.

1.1 Active Contours overview
Active Contours methods [Caselles et al., 1997], [Chan and Vese, 2001],
[Cremers et al., 2007] can be summarized as a robust and also efficient
framework for image segmentation purposes. The main goal of them is
to estimate the silhouette -from now on contour- that separates a given
object from the background where it is placed. Their main advantage is
the ability to merge different features as potentials in order to provide well
connected regions even in the presence of the clutter provided by image
noise and illumination changes or also partial object occlusions.

The underlying idea behind them is simple: given an initial guess
contour C, evolve it towards the boundaries of the target object. The
evolution is defined by an energy functionalE(C) that reaches its minima
when the contour is correctly adjusted to the object boundaries (see Figure

6
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1.2).

Figure 1.2: From left to right. Initial segmentation defined by the contour
C. Resulting contour after the minimization of a certain Active Contours
energy E(C).

1.1.1 Contour representation
The contour C can be defined explicitly using a parametric representa-
tion -its pixel coordinates- or implicitly over a fixed Cartesian grid using
a Level Set embedding Function (LSF) of it. The latter has several ad-
vantages like the ability to deal with multi-part objects or the needless to
parametrize the curve itself [Chan and Vese, 2001]. Therefore, it is the
chosen representation in this dissertation as well as in the current state of
the art [Cremers et al., 2007].

The LSF representation of a given contourC can be easily achieved by
filling the correspondent Cartesian grid with positive and negative values
for inner (foreground) and outer (background) regions respectively (see
Figure 1.3). Therefore, C is implicitly defined at the zero level set of the
resulting shape. Formally, the LSF φ that embeds a given contour C is

7
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Figure 1.3: From left to right. Region R with the green dashed line de-
noting the contour C and its correspondent LSF representation φ.

defined as,

φ : Ω→ <, C = {x ∈ Ω | φ(x) = 0}, (1.1)

where Ω is the Cartesian grid domain of the region R. Using this repre-
sentation we can rewrite E(C) as E(φ).

The common choice to assign the values of φ -either positive or negative-
is to use the Euclidean Signed Distance Function (SDF) [Paragios et al.,
2002], [Li et al., 2010] between the grid and the contour coordinates (see
Figure 1.6):

φ(x) =


0, x ∈ C

+D(x,C) > 0, x ∈ Ωf

−D(x,C) < 0, x ∈ Ωb

, (1.2)

where D(x,C) = minu∈C {
√

(u1 − x1)2 + (u2 − x2)2} is the minimum
Euclidean distance between the grid location x = (x1, x2) and any of the
pixel coordinates u = (u1, u2) ∈ C. One of the main reasons of using
a SDF representation is that the resulting shape is differentiable almost
everywhere.

8
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1.1.2 Contour evolution
The evolution of the contour, which takes place along its normal direction
(see Figure 1.4), is defined by an energy functional E(φ) that reaches its
minima when the contour is correctly adjusted to the boundaries of the
target object. Formally, the evolution equation of any Active Contours
method can be obtained deriving the Euler-Lagrange equations that min-
imize a given E(φ)

∂φ

∂t
= −∂E(φ)

∂φ
, (1.3)

where t is an artificial time parameter [Cremers et al., 2007]. The opti-
mization process is done iteratively using a finite differences scheme [Li
et al., 2010]. For instance,

φn+1 = φn + τ
∂φ

∂t
, (1.4)

where τ is the time step.
When defining an energy functional, we can consider two types of

forces: internal and external. Internal forces are defined within the con-
tour or its LSF representation to keep the model smooth during its evo-
lution. External ones are computed from the underlying image data and
defined to move the contour towards a correct segmentation. Taking into
account internal Ein and external forces Eex, the energy functional can be
expressed as

E(φ) = Eex(φ) + ηEin(φ), (1.5)

where η is a constant that weights the intensity of the internal force. Thus,
its optimum can also be reached using separated gradient flows,

∂φ

∂t
= −∂Eex(φ)

∂φ
− η∂Ein(φ)

∂φ
. (1.6)

Above separation can also be extended to combine different types of
forces (either internal or external) to include different cues of informa-
tion to achieve a good segmentation. This flexibility is one of the greatest
advantages of the Active Contours segmentation framework.

9
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Figure 1.4: The blue arrows indicate the directions normal to the contour
C (expressed with a green dashed line).

Depending on how the external term Eex is defined, existing Active
Contours methods can be categorized into two major classes: edge based
[Caselles et al., 1997] or region based [Chan and Vese, 2001]. Edge based
energies use the local edge information to attract the contour towards
the object boundaries while region based energies model foreground and
background regions statistically to guide the motion of the contour. There
are many advantages to using region based energies instead of edge based
ones [Cremers et al., 2007]. The main ones are their robustness against
initial curve placement and also image noise or the existence of a mean-
ingful probabilistic interpretation. For that reason, in this dissertation we
focus on them.

The Chan and Vese external force

The simplest form of region based energy [Chan and Vese, 2001] is to
consider that each region can be modeled using a constant -e.g., its average-
and that all the pixels belonging to that region are similar to it. Above con-
cept, can be formalized as the minimization of the Sum of Squared Errors
(SSE) between foreground and background regions and their respective

10
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constant models:

F =

∫
Ωf

(Rf − cf )2dx+

∫
Ωb

(Rb − cb)2dx, (1.7)

where cf and cb are the constants that model the foreground Rf and the
background Rf regions respectively.

In order to express Equation (1.7) as an Active Contours energy, we
use the Heaviside function over φ to obtain a mask for the foreground
pixels (see Figure 1.5). Thus, we can rewrite Equation (1.7) as

Eex(φ) =

∫
Ω

Hε(φ)(R− cf )2 + (1−Hε(φ))(R− cb)2dx, (1.8)

where Hε is the following smoothed version of the Heaviside function

Hε(x) =
1

2

(
1 +

2

π
arctan

(x
ε

))
and ε its smoothing parameter. Moreover, due to Rf and Rb should vary
at each iteration of the optimization process, the region models cf and cb
should also be updated. Therefore, we can rewrite Equation 1.8 as

Eex(φ, cf , cb) =

∫
Ω

Hε(φ)(R− cf )2 + (1−Hε(φ))(R− cb)2dx. (1.9)

At last, the correspondent gradient descent flow of Equation 1.9 with re-
spect to φ keeping cf and cb fixed is

∂Eex(φ, cf , cb)

∂φ
= δ(φ)

[
(R− cf )2 − (R− cb)2

]
, (1.10)

where

δε(x) = H
′

ε(x) =
1

π

ε2

ε2 + x2

is a smoothed version of the Dirac delta function. In the same way, if we
keep φ constant we can minimize with respect to cf and cb to obtain:

cf (φ) =

∫
Ω
R Hε(φ)∫

Ω
Hε(φ)

, cb(φ) =

∫
Ω
R (1−Hε(φ))∫
Ω

(1−Hε(φ))
, (1.11)

that are the updated averages after each gradient descent step of the con-
tour evolution.

11
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Figure 1.5: From left to right. The LSF φ, Hε(φ) and (1 − Hε(φ)). The
last two act as masks specifying the pixels that belong to Rf and Rb re-
spectively.

The Li et al. internal force

One subtle, but important, step in the application of Active Contours
methods is to correct the irregularities that may appear during the evo-
lution of φ to ensure that it is stable along the segmentation process [Li
et al., 2010]. The common solution to avoid those irregularities, known as
reinitialitzation, consists on periodically reshaping φ as a Signed Distance
Function (SDF) using Equation 1.2 (see Figure 1.6).

One of the properties of a SDF in the Euclidean space is that its gradi-
ent satisfies |∇φ| = 1. That characteristic can be integrated as an internal
force to maintain an stable profile for φ -forcing it to be a SDF- along its
evolution [Li et al., 2010]:

Ein(φ) =
1

2

∫
Ω

(|∇φ| − 1)2 dx. (1.12)

The correspondent gradient flow is,

∂Ein(φ)

∂φ
= ∇2φ− DIV(

∇φ
|∇φ|

). (1.13)

where DIV is the divergence vector operator. The direct inclusion of this
term into the Active Contour minimization scheme avoids some numer-
ical problems that may appear dealing with irregularities using reinitial-

12
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Figure 1.6: From left to right. LSF φ with positive values for the fore-
ground region and negative ones for the background region. Correspon-
dent signed distance LSF φsd.

ization as a separated process [Li et al., 2010]. Furthermore, if the shape
is defined initially as a SDF, it remains stable along its evolution.

1.1.3 Probabilistic interpretation
The main idea of statistical approaches to image segmentation is that an
optimal partition P (Ω) of the image plane Ω can be computed by maxi-
mizing the posterior probability p(P (Ω)|I) for a given image I [Cremers
et al., 2007]. Using the Bayes rule we are able to separate image based
cues (the first term) from the geometric properties of the partition (the
second term):

p(P (Ω)|I) ∝ p(I|P (Ω))p(P (Ω)). (1.14)

This separation leads intuitively to a probabilistic interpretation of region
based Active Contours methods. First, the likelihood p(I|P (Ω)) fits per-
fectly with external AC forces where we find the optimum given an initial
partition. Second, the prior p(P (Ω)) fits perfectly with the definition of
AC internal forces which constraint the shape to have certain characteris-
tics. At last, because of the maximization of the posterior probability is
equivalent to minimize its negative logarithm, the terms of Equation 1.14
can be rewritten as an Active Contours energy functional [Cremers et al.,

13
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2007]. For instance, given the existence of N partitions or regions, the
image based term p(I|P (Ω)) can be defined as

p(I|P (Ω)) = p(I|{Ω1, ...,ΩN}) =
N∏
i=1

p(I|Ωi) =
N∏
i=1

∏
x∈Ωi

pi(f(x))dx,

(1.15)
where f(x) is a given feature associated with each image location (e.g.,
the image intensity) and pi is the Probability Density Function (PDF) that
models each region Ωi. Finally, Equation 1.15 can be translated to an
Active Contours energy by simply taking its negative logarithm,

E({Ωi}Ni=1) = −
∑
i

∫
Ωi

log pi(f(x))dx. (1.16)

Taking into account that PDFs pi can also be expressed using a para-
metric representation, we can rewrite Equation 1.16 as

E({Ωi, θi}Ni=1) = −
∑
i

∫
Ωi

log p(f(x)|θi) dx, (1.17)

where θi are the set of parameters that define the distribution of each
model. Resulting notation can even be simplified from N regions to only
foreground and background ones. This can be done applying the same
criteria than in the Chan and Vese external energy functional where the
Heaviside function Hε(φ) acts as the region delimiter:

E(φ, θf , θb) = −
∫

Ω

Hε(φ) log p(f(x)|θf )+(1−Hε(φ)) log p(f(x)|θb) dx.
(1.18)

In this case, {θf , θb} are the model parameters of each region (e.g., a
Gaussian model). As we can see, the probabilistic interpretation of Ac-
tive Contours let us to introduce probabilistic models instead of simple
constants to define foreground and background regions. Moreover, the
generalization introduced by f(x) also let us to easily adopt different fea-
tures like texture, color or even motion to define the Active Contours en-
ergy [Cremers et al., 2007].

14
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Finally, the prior term p(P (Ω)) can also be expressed as an Active
Contours internal force or viceversa. For instance, the internal force pro-
posed in [Li et al., 2010] can be embedded into an exponential distribution
to express it as a prior:

p(P (Ω)) = p(φ) =
∏
x∈Ω

exp−(|∇φ(x)|−1)2 , (1.19)

or taking its negative logarithm arrive at the same expression than in Equa-
tion 1.12.

The Bibby and Reid Pixel Wise Posterior (PWP) energy

The work proposed in [Bibby and Reid, 2008] and [Bibby and Reid, 2010]
goes one step further and proposes a probabilistic framework, which is
based on the generative model showed in Figure 1.7, that also incorporates
a probabilistic interpretation for the Heaviside step function. The key to
the success of this framework over the previous one is the use of pixel-
wise posteriors instead of pixel-wise likelihoods.

Figure 1.7: Simplified graphical representation of the generative model
proposed in [Bibby and Reid, 2008] and [Bibby and Reid, 2010].

The joint distribution for a single pixel using the generative model
shown in Figure 1.7 is defined as

p(x, f(x), P (Ω), θ) = p(x|P (Ω), θ) p(f(x)|θ) p(θ) p(P (Ω)). (1.20)

The optimization goal is to maximize the posterior probability of the par-
tition given each pixel and its associated feature p(P (Ω)|x, f(x)). To do
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so, we have to perform some changes to the defined joint distribution.
First, Equation 1.20 is divided by p(f(x)) =

∑
θ p(f(x)|θ) p(θ) to ob-

tain:

p(x, P (Ω), θ|f(x)) = p(x|P (Ω), θ) p(θ|f(x)) p(P (Ω)), (1.21)

where

p(θi|f(x)) =
p(f(x)|θi) p(θi)∑
θ p(f(x)|θ) p(θ)

, i = {f, b}. (1.22)

Note that the use of this posterior is equivalent to applying Bayesian
model selection to each individual pixel [Bibby and Reid, 2008]. Sec-
ond, Equation 1.21 is marginalized over the model parameters θi,

p(P (Ω)|x, f(x)) =
1

p(x)

∑
θ

{p(x|P (Ω), θ) p(θ|f(x))} p(P (Ω)).

(1.23)
At last, the obtained posterior is extended to the the whole region domain
using a logarithmic opinion pool [Bibby and Reid, 2008]:

p(P (Ω)|I) =
∏
x∈Ω

∑
θ

{p(x|P (Ω), θ)p(θ|f(x))}p(P (Ω)). (1.24)

Note that the term 1
p(x)

has been dropped because is equal for all the pixel
locations.

All the work presented in Chapters 2 and 3 relies on the application
of the PWP Active Contours energy proposed in [Bibby and Reid, 2008]
and [Bibby and Reid, 2010]. So, in the following enumeration, we give a
detailed explanation of above framework by defining each of their terms
using the Active Contours notation:

• The partition P (Ω) is implicitly represented by φ.

• The feature associated to each pixel is its RGB value y = f(x).

• The models for foreground and background regions {θf , θb} are de-
fined using 32x32x32 RGB histograms.

16
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• The probability of a pixel against foreground and background mod-
els is

P (x|P (Ω), θf ) =
Hε(φ)

Nf

and P (x|P (Ω), θb) =
1−Hε(φ)

Nb

,

where Nf =
∑

x∈Ω Hε(φ) and Nb =
∑

x∈Ω(1 − Hε(φ)) are the
number of pixels that belong to foreground and background regions
respectively.

• In Equation 1.22, p(y|θi) is the likelihood of a RGB pixel value
against each histogram model and p(θi) = Ni

Nf+Nb
.

Using above definitions, Equation 1.24 can be rewritten as

p(φ|I) =
∏
x∈Ω

(
Hε(φ) pf + (1−Hε(φ)) pb

)
p(φ), (1.25)

where

pf =
p(y|θf )

Nf p(y|θf ) +Nb p(y|θb)
and pb =

p(y|θb)
Nf p(y|θf ) +Nb p(y|θb)

.

In spite of pf and pb are not the exact PWP probabilities, for simplicity, in
future references we will refer them like they were it. As before, Equation
1.25 can be expressed as an Active Contour energy functional by taking
its negative logarithm,

E(φ, θf , θb) = −
∑
x∈Ω

log(Hε(φ) pf+(1−Hε(φ)) pb)+log(p(φ)). (1.26)

Note that this formulation also includes an internal force (the second log
term) besides the external one (the first log term). For instance, the sec-
ond term can be defined using the regularization term proposed in [Li
et al., 2010] as internal force. Taking that into account, the correspondent
gradient flow of the above Active Contours energy stays as follows:

∂E(φ, θf , θb)

∂φ
= − δε(φ)(pf − pb)

Hε(φ) pf + (1−Hε(φ)) pb
+ [∇2φ− DIV(

∇φ
|∇φ|

)].

(1.27)
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Finally, the RGB histograms θf and θb have also to be updated alike to cf
and cb in the Chan and Vese formulation. In this case, it can be done by
using linear opinion pools [Bibby and Reid, 2008]:

p(y|θi) = (1− αi) p(y|θi)t−1 + αi p(y|θi)t, i = {f, b}, (1.28)

where αi are the variable learning rates.

1.2 Active Contours applied over MilliMeter-
Waves (MMW) imagery

Computer Vision can be defined as the science and technology that aims
to give cognitive abilities to artificial vision systems. During many years
several sensors have been developed in order to explore a wide range of
frequencies from the electromagnetic spectrum. These sensors go be-
yond our perceptual capabilities and are able to acquire new information
(e.g thermal sensors, x-ray). Imagery produced by these sensors differs
from the imagery produced by cameras that capture the visual range light.
Thus, new techniques to deal with them have been created or adapted.

Figure 1.8: Electromagnetic spectrum. In green, the used MMW region.
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In this section we explore the specific waveband that goes from 30 to
300 GHz and corresponds to a wavelength range between 1cm to 1mm,
the Millimeter-Wave (MMW) region (see Figure 1.8). The imagery ac-
quired in that range provides the ability to go through obstacles like cloth,
smoke or dust. Because of that characteristic, MMW imagery is studied
and applied for security and surveillance applications [Alexander et al.,
2008]. For instance, using MMW imagery we are able to “see” cer-
tain type of objects that are concealed behind the wearing clothes. In
this work, we propose the application of a region based Active Con-
tours method [Li et al., 2008] to simultaneously segment the body and
the plastic threats -such as explosives or guns that are concealed behind
the cloths- in a database of images that have been obtained by a MMW
passive imaging system. The work presented here is an extension of the
work previously published in [Martı́nez et al., 2010].

1.2.1 Description of MMW imagery
The passive MMW imager employed to acquire the images -developed by
Alfa Imaging S.A- is a raster sensor operating indoors at 94 GHz with a
subject posing at two different distances: 5m and 10m (see Figure 1.9).
The use of this type of sensors, specially for stand-off detection, implies
inherent limitations:

• Low resolution: the size of the obtained images is 75x52 pixels.

• Noise: the use of passive radiometry implies very low signal levels
and low Signal to Noise Ratio (SNR).

• Intensity inhomogeneity: MMW images are obtained by detecting
the radiometric temperature of the scene. Due to the radiometric
temperature of one object depends on the reflection of the sky tem-
perature plus its own thermal emissions, objects may suffer from
intensity inhomogeneity.

Taking a look at above limitations, we can imagine that classical ap-
proaches like intensity clustering algorithms are not well suited to achieve
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Figure 1.9: Images procuded by the Alfa Imaging S.A MMW imager.

our goals. However, in [Haworth et al., 2004] the k-means clustering al-
gorithm is applied over the intensity histogram of MMW images to seg-
ment the body and the threats (in this case metallic) with a relative suc-
cess. The provided results show the segmentation of unconnected body
parts as well as the necessity to introduce heuristics in order to determine
the number of clusters (when a metallic threat is present or not). In the
same work, an Active Shape Model (ASM) is applied to solve the lack of
connectivity of the body segmentation. Their conclusions show that the
training of an ASM to deal with several body positions and sizes is a very
complex task. Finally, in [Haworth et al., 2006], which is an extension
of the previous work, the Expectation Maximization (EM) algorithm is
applied instead of k-means. Provided results show an improvement on
the accuracy of the segmentation but still present the same problems as
before: unconnected segmentation regions and dependence on heuristics
to determine the number of clusters.

In order to overcome above described limitations, in [Martı́nez et al.,
2010] we introduced the application of an Active Contours method jointly
with the previous appliance of one of the following denoising algorithms:
[Takeda et al., 2007] and [Buades et al., 2005]. Specifically, we proposed
to use the Local Binary Fitting (LBF) external Active Contours force pre-
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sented in [Li et al., 2008], which main characteristic are the robustness
against noise and intensity inhomogeneity. Therefore, its characteristics
fit perfectly with the requirements that MMW present. Here, we extend
the work presented in [Martı́nez et al., 2010] removing the need to apply
a denoising process as a previous step by incorporating the method which
obtained the best results [Takeda et al., 2007] directly into the LBF en-
ergy. Moreover, we also introduce a shape prior [Chan and Zhu, 2005]
into the Active Contours formulation in order to avoid any dependence on
the contour initialization.

1.2.2 The Local Binary Fitting (LBF) force

When the appearance of the target object is not homogeneous (see Figure
1.9), it is difficult to achieve a good segmentation using a method similar
to the one presented in [Chan and Vese, 2001], because it assumes that
each region can be approximated by a constant. To overcome that diffi-
culty, the Local Binary Fitting (LBF) external force proposed in [Li et al.,
2008] aims to localize the segmentation process to the neighborhoods of
the pixels that belong to the contour x ∈ C (see Figure 1.10).

Figure 1.10: At the left side, the circle represents the local neighborhood
of the center pixel x marked with a yellow point. Only the data that fits
into the circle for background (blue) and foreground regions (green) is
used to perform the contour evolution. At the right side, several data
adapted kernels which elongate near the edge of the contour.

The localization can be formally expressed with the simple inclusion
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of a kernel into the Chan and Vese force defined in Equation 1.7:

F =

∫
Ωf

∫
Ω

{K(x− u) (Rf (u)− fcf (x))2du} dx+∫
Ωb

∫
Ω

{K(x− u) (Rb(u)− fcb(x))2du} dx, (1.29)

where the kernel K acts as a weighting function -decreasing its weight
away from the center pixel x- and fcf (x), fcb(x) are the values that fit
image intensities at each neighborhood of x for foreground Rf and back-
ground Rb regions. Analogously than in the Chan and Vese force (see
Section 1.1.2), Equation 1.29 can be expressed as an Active Contours en-
ergy:

ELBF(φ, fcf , fcb) =

∫
Ω

∫
Ω

(
K(x− u) Hε(φ(u)) (R(u)− fcf (x))2 +

K(x− u) (1−Hε(φ(u))) (R(u)− fcb(x))2
)
du dx,

(1.30)

where φ is the Level Set embedding Function (LSF) of the contour C and
Hε is a smoothed version of the Heaviside function. At last, the gradient
flow resulting from the energy minimization of 1.30 with respect to φ
while keeping fcf (x) and fcb(x) fixed is:

∂ELBF(φ, fcf , fcb)

∂φ
= δε(φ(x))

∫
Ω

(
K(u− x)(R(x)− fcf (u))2 −

K(u− x)(R(x)− fcb(u))2
)
du,

(1.31)

where δε(φ) is a smoothed version of the Dirac delta function. In the
same way, we can keep φ constant and minimize with respect to fcf (x) or

22



“ExempleUsPlantillaB5” — 2015/12/11 — 12:19 — page 23 — #47

fcb(x):

fcf (x) =

∫
Ω
K(x− u) R(u) Hε(φ(u)) du∫

Ω
K(u) Hε(φ(u)) du

, (1.32)

fcb(x) =

∫
Ω
K(x− u) R(u) (1−Hε(φ(u))) du∫

Ω
K(x− u) (1−Hε(φ(u))) du

, (1.33)

to update the values that describe each local region. Note that differently
from the cf and cb values defined in the Chan and Vese force (see Section
1.1.2), fcf (x) and fcb(x) vary for each pixel due the localization provided
by the kernel. That fact, make the LBF energy robust to intensity ho-
mogeneity. Moreover, the localization property also let us to segment
different objects with different intensities (threats in different parts of the
body) without knowing any prior information.

Data adapted steering kernels

One of the simplest kernels that the LBF force can use is the 2D version
of the Gaussian one:

Kσ(x− u) =
1

2πσ2
exp−

|x−u|2

2σ2 , (1.34)

where σ is the scale parameter. In fact, this is the common choice [Li
et al., 2008]. Although its use is enough to deal with intensity inho-
mogeneity, its smoothing effect only depend on the selected σ and the
distance from the center pixel where it is applied. As larger the scale pa-
rameter σ is, the LBF method is more robust to a bad initialization and
more suited to find a global solution to the body segmentation problem.
On the contrary, as the smoothing effect is bigger, the small details -the
threats- may disappear. In order to solve that problem in [Martı́nez et al.,
2010] we used a denoising method before the segmentation process. The
best results were achieved using the iterative steering kernel regression
method proposed in [Takeda et al., 2007], which main characteristic is
to maintain local structures such as edges or blobs while smoothing flat
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regions. This property allowed us to use small scale σ values while also
finding a correct global solution.

In order to avoid the application of a separated process of denoising,
we propose to use the steering kernel proposed in [Takeda et al., 2007] as
the LBF kernel. This type of kernel do not only relies on the sample loca-
tion and density but also on certain image properties -like its gradient- to
drive the smoothing effect (see Figure 1.10). For instance, we can define
a steering kernel using the localized covariance of the image gradient and
introducing it into the following 2D Gaussian kernel:

Kσ(x− u) =

√
det(Cx)

2πσ2
exp−

(x−u)T Cx (x−u)
2σ2 (1.35)

where Cx is the gradient covariance matrix for each neighborhood of x.
As we can see in Figure 1.10, the application of this data adapted kernels
let us to use higher levels of smoothing while preserving local structures
such as edges (which are perpendicular to the gradient). In Figure 1.11,
we can see the application of the LBF method with the steering kernel
defined in Equation (1.35).

Denoising using LBF information

After the segmentation has finished we can take advantage of the obtained
results and apply a denoising effect to the image [Li et al., 2008]:

Id(x) = fcf (x) Hε(φ(x)) + fcb(x) (1−Hε(φ(x))). (1.36)

As we can see in Figure 1.11, due the segmentation is correct we can
completely remove the noise while maintaining the details.

1.2.3 Forcing shape constraints
Given that we know the type of object we want to primarily segment -a
human body- we can define a shape prior complementing the LBF force
to guide the process towards a correct result. To add a shape prior to the
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Figure 1.11: From left to right. Original image with a rough initial seg-
mentation (red). Original image with the segmentation obtained after us-
ing the LBF method with the steering kernel defined in Equation (1.35)
(green). Denoised image using Equation 1.36 (green).

Active Contours scheme, in [Cremers et al., 2003] the following internal
force is proposed:

E(φ, φp) =

∫
Ω

(φ− φp)2, (1.37)

where φp is a previously learned LSF used to guide the segmentation pro-
cess. Its correspondent gradient flow is

∂E(φ, φp)

∂φ
= 2 (φ− φp). (1.38)

Instead of using directly the LSF, the Heaviside function can also be used
to define the same shape prior [Chan and Zhu, 2005],

Esh(φ, φp) =

∫
Ω

(Hε(φ)−Hε(φp))
2. (1.39)

Then, its correspondent gradient flow is

∂Esh(φ, φp)

∂φ
= 2δε(φ)(Hε(φ)−Hε(φp)). (1.40)
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The use of the Heaviside function instead of the LSF directly has some
advantages: it is symmetric to φ and φp, it is independent to the size of
the domain Ω and allows both shapes not to be perfect Signed Distance
Functions or to be perfectly regularized [Chan and Zhu, 2005].

The combination of the LBF external force with one of this internal
forces can speed up and improve the segmentation process. Moreover,
it allows us to remove some of the artifacts that appear when the initial-
ization is not good enough due the local character of the LBF force (see
Figure 1.12). Besides that, as we can also see in Figure 1.12, the prior
has not to be exact or complex. However, as we will see in the following
chapters, it can be defined invariant to any similarity transformation in or-
der to fit any position in the image or it can also be defined using a more
complex model to fit different poses instead of a single one.

Figure 1.12: From left to right. Original image with an intensity threshold
based initialization (red). Result after applying the LBF method (green),
as we can see there is an artifact at the top part of the image. Original
image with a prior as initialization (red). Result after applying the LBF
method (green) in combination with the shape prior (wich is also defined
as initialization) internal force proposed in [Chan and Zhu, 2005] .
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1.2.4 Proposed method
Heretofore, we have explained two Active Contours energies and their
respective properties. Now, we explain how to combine and apply them
to obtain good segmentation results over MMW images.

As usual, we define the LBF energy as the external force and the shape
constraint term as the internal one of an Active Contours method. Thus,
the evolution of the LSF is given by

φt+1 = φt +
∂φ

∂t
, (1.41)

where
∂φ

∂t
= −

∂ELBF(φ, fcf , fcb)

∂φ
− η∂Esh(φ, φp)

∂φ
, (1.42)

t is an artificial time parameter and η is a constant. However, we divide
the minimization into steps. First of all, we begin using the LBF energy
with a Gaussian kernel of a considerable std and size (e.g. σ = 9 and
size equal to 4σ respectively). Then, after the n-th evolution iteration,
we decrease the std and the correspondent kernel size. Furthermore, we
also define the Heaviside function of the resulting segmentation as the
shape priorHε(φp). Finally, at lower std values we substitute the Gaussian
kernel by the the steering one. This strategy implies more robustness to
bad initialization because of larger std at the beginning and a high level
of accuracy to segment the threats because of the use of steering kernels
and smaller std values at the end.

1.2.5 Experimental Results
Our database consists of 28 indoor MMW images where a subject which
wears concealed plastic explosives and other Improvised Explosive De-
vices (IEDs) is posing indoors at two different distances: 5m and 10m.

In the first experiment we have compared the results obtained by the
LBF energy with the steering kernel proposed in Equation (1.35) against
the results obtained by using the standard Gaussian kernel. For this exper-
iment we have set the std of both kernels to σ = 9 and its size to 4σ. As we
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can see at the 2nd and 3rd columns1 of Figures 1.13, 1.14, 1.15 and 1.16,
the use of the steering kernel against the Gaussian one provides better ac-
curacy to segment the threats present into the body. Otherwise, the body
is correctly segmented in both cases for all the images. Moreover, we also
have compared the obtained results against the segmentation results ob-
tained by a clustering method over the intensity histogram. Specifically,
we estimate a Gaussian Mixture Model (GMM) using the EM algorithm
[Haworth et al., 2006]. In this case, we have tested the EM method by
defining 2 and 3 clusters (3rd and 4th columns of Figures 1.13, 1.14, 1.15
and 1.16 respectively). As we can see, the results obtained by the EM
method in both configurations show the unsuitability of clustering meth-
ods with our type of images. The body is never segmented correctly and
the threats often appear as unconnected regions when they are detected.

Finally, we also have tested the accuracy we can reach with our method
in the images where the subject is posing at 10m. In this case we have
reduced the value of the std parameter and its correspondent size incre-
mentally from σ = 9 to σ = 3. In Figure 1.17 we can observe the high
level of accuracy that we can achieve, specially when we use the proposed
steering kernel instead of the Gaussian one.

1Note that obtained segmentation results have also been used to denoise the image
using Equation (1.36).
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Figure 1.13: Subject posing at 5m. From left to right: original image,
LBF with steering kernel and shape prior, LBF with Gaussian kernel and
shape prior, EM with 2 and 3 clusters respectively.
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Figure 1.14: Subject posing at 5m. From left to right: original image,
LBF with steering kernel and shape prior, LBF with Gaussian kernel and
shape prior, EM with 2 and 3 clusters respectively.
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Figure 1.15: Subject posing at 10m. From left to right: original image,
LBF with steering kernel and shape prior, LBF with Gaussian kernel and
shape prior, EM with 2 and 3 clusters respectively.
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Figure 1.16: Subject posing at 10m. From left to right: original image,
LBF with steering kernel and shape prior, LBF with Gaussian kernel and
shape prior, EM with 2 and 3 clusters respectively.
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Figure 1.17: Subject posing at 10m. For each block and from left to
right: original image, LBF with Gaussian kernel and shape prior, LBF
with steering kernel and shape prior.
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1.2.6 Conclusions and future work
This work is an extension of the work previously published in [Martı́nez
et al., 2010]. Specifically, we have integrated the denoising method pro-
posed in [Takeda et al., 2007] into the Active Contour LBF energy formu-
lation. Doing that, we avoid to perform the denoising step as a separated
process before the segmentation of MMW images. Moreover, we also
have added a shape prior into the proposed Active Contours segmentation
scheme. This prior reduces the dependency with respect to the contour
initialization and speeds up the segmentation process.

In the experimental section we have demonstrated how the inclusion
of the steering kernel into the LBF formulation increases the accuracy of
the method to segment the threats that are concealed under the clothes.
Moreover, we have also shown that Active Contours methods are better
suited over MMW images than intensity based clustering algorithms.

Future work in this area goes in a clear direction. The MMW imager
is able to produce video sequences. Thus, the method has to be adapted
to work along them and deal with body pose and position changes. This
would be possible by introducing a tracking mechanism over the contour
and a more complex shape prior as in [Cremers, 2008].
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Chapter 2

TEMPLATE TRACKING
USING ACTIVE CONTOURS

Visual tracking can be defined as the task to -once located- trace an object
along a video sequence using only the visual information that appears on
it. One of the main drawbacks of visual tracking is to manage the appear-
ance variations that the object might suffer along the sequence. Appear-
ance variations can be categorized to be extrinsic or intrinsic to the object
topology. Extrinsic variations may be caused by illumination changes or
occlusions, whereas intrinsic variations are caused by object poses or ob-
ject deformations. In this dissertation, we concentrate our efforts to deal
with articulated or deformable objects where intrinsic appearance varia-
tions can be huge.

Like in the segmentation problem (see Chapter 1), tracking of articu-
lated or deformable objects can be issued using different object features
like its color, texture or shape. In the same way, the position of the target
object can be obtained by tracing certain object parts -the nodes- and then
linking them to obtain a skeleton representation [Cristinacce and Cootes,
2006], [Matthews and Baker, 2004]; or by directly tracing the global ap-
pearance of the object. Because of the process of locating or tracing dif-
ferent object parts is typically a hard task (it involves huge training sets)
and is not always possible, in this dissertation we focus on the latter that
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Figure 2.1: Example of template based visual tracking with intrinsic ob-
ject appearance variations. The goal of template tracking is to find the
transformation W that maps the template T to the region R in the image
domain ΩI or viceversa. Analogously, as we can see in the template box,
the region R can be mapped to the template domain ΩT . Doing that, we
can observe the part of the tracked object that is correctly registered (in
green) and the part of the object that, in spite of being correctly regis-
tered, is still considered an error because it is an intrinsic object variation
(in red).

is best known as template tracking [Baker and Matthews, 2004], [Kwon
and Park, 2009]. For a most extensive review of generic tracking methods
please refer to [Yilmaz et al., 2006].

As we can see in Figure 2.1, the goal of template tracking is to esti-
mate the position of an object along a sequence using an initially defined
sample, the template T . This is commonly done by estimating a paramet-
ric transformation W (normally a similarity or an affine one) that maps
the template T to the image region R where the object is placed. Despite
the underlying idea that template tracking methods assume that the ap-
pearance of the template is always the same; it can be updated during the
tracking process to increase its robustness against appearance variations
[Matthews et al., 2004]. This process -which is mandatory to track ar-
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ticulated or highly deformable objects- causes the well known drift prob-
lem: at each update, small errors are introduced and accumulated leading
the template to drift away from the object [Matthews et al., 2004]. That
problem is specially hard in the case of articulated or highly deformable
objects because the motion produced by the non-rigid parts may increase
the drift effect in the estimation of the rigid transformation. Otherwise,
if the tracked object performs a non-rigid movement the clutter provided
by the background in that zone may introduce important errors into the
estimation. In the worst scenario, we can end up following a region of the
background instead of the object itself. In this case, the direct use of the
object appearance (e.g., the intensity of the image region) might not be
a good choice. To solve that problematic, we can use a high level repre-
sentation of the tracked object as the template T and estimate W using a
more robust error function [Baker et al., 2003b].

In this work we study the fusion between template tracking methods
and Active Contours segmentation ones. Thus, in our case, the object
template is represented with an embedding Level Set Function (LSF) φ of
its silhouette or contour and the error optimized using an Active Con-
tours1 (AC) energy [Bibby and Reid, 2008], [Bibby and Reid, 2010],
[Rathi et al., 2007b]. Doing that, we can easily deal with object intrin-
sic variations and avoid the errors provided by the background. However,
when the template is updated the drift problem still occurs and has to
be faced. In the bibliography, we find two approaches that deal with the
drift problem: the view based approach and the model based one. In
the former, the registration is faced using only the information regarding
to the sequence. In that case, the estimation method has to be robust to
the errors introduced by intrinsic object variations [Rathi et al., 2007b],
[Martinez et al., 2012]. On the contrary, the latter approach relies on the
previous creation of parametric models that describe the object main con-
figurations. In that case, the registration is faced by estimating the rigid
transformation together with the model parameters that fit the current ob-
ject topology [Rousson and Cremers, 2005], [Cremers, 2006], [Cremers,
2008], [Dambreville et al., 2008], [Prisacariu and Reid, 2011].

1See Chapter 1 for an extensive review of Active Contours methods.
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In this chapter, we focus on the view based approach. First, in Sec-
tions 2.1 and 2.2 we review two of the main trends used for template
tracking: Lucas-Kanade Optical Flow (OF) and affine Particle Filters (PF)
respectively. In both cases, we also explain how to substitute the direct use
of the object appearance by the embedding LSF of its silhouette and an
Active Contours energy to optimize or evaluate the rigid transformations.
Finally, in Section 2.3, we present a novel template tracking method for
articulated objects which is an improved version of the work presented
in [Martinez et al., 2012]. Specifically, we show how a combination of
both reviewed template tracking trends: Lucas-Kanade OF and affine PF;
jointly with the use of an Active Contours method, can be used to face the
drift problem even in the case where intrinsic object variations are huge.

2.1 Lucas-Kanade template tracking

The underlying idea of the Lucas-Kanade alignment algorithm [Baker and
Matthews, 2004] consists of moving and also deforming an object tem-
plate T to fit the image region R where the object is located (see Figure
2.1). The problem statement is the following. Initially, we are given the
true location and size of the region R in the form of a parametric transfor-
mation W (x, p). The transformation is defined by the known region co-
ordinates x = [x1, x2]> ∈ <2, expressed in the template domain ΩT , and
the parameters p that define the warp we have to apply to map them to the
image domain ΩI or viceversa. The initial template T (x) = I(W (x, p))
is normally defined by warping back the initial image region R using
W (x, p) to ΩT . Therefore, along a video sequence the problem is reduced
to estimate the p = [p1, p2, ..., pn]> parameters of the transformation that
map T to R at each frame. That description can be easily expressed as an
optimization problem in ΩT using the following Sum of Squared Errors
(SSE): ∑

ΩT

[T (x)− I(W (x, p))]2 . (2.1)
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The optimization of Equation (2.1) can be easily achieved assuming that
a current estimate of p is known and only the increment of the parameters
∆p has to be estimated:

argmin
∆p

∑
ΩT

[T (x)− I(W (x, p+ ∆p))]2 . (2.2)

Then, the minimization can be done efficiently using Gauss-Newton which
avoids the computation of second derivatives. First, Equation (2.2) is lin-
earized using its first order Taylor expansion:

argmin
∆p

∑
ΩT

[
T (x)− I(W (x; p))−∇I ∂W

∂p
∆p

]2

, (2.3)

where ∇I =
[
∂I
∂x1
, ∂I
∂x2

]
is the image gradient evaluated at W (x, p) and

∂W
∂p

is the Jacobian of the warp

∂W (x, p)

∂p
=

∂Wx1

p1

∂Wx1

p2
...

∂Wx1

pn

∂Wx2

p1

∂Wx2

p2
...

∂Wx2

pn

 . (2.4)

Note that the Jacobian warp ∂W
∂p

will vary depending on the type of trans-
formation. Thus, if we define W (x, p) to be a similarity transformation

W (x, p) =

(
(1 + p1) x1 −p2 x2 p3

p2 x1 (1 + p1) x2 p4

)
, (2.5)

where p = [p1, p2, p3, p4]>, then its correspondent Jacobian will be

∂W (x, p)

∂p
=

(
x1 −x2 1 0
x2 x1 0 1

)
. (2.6)

Otherwise, if we define it as an affine transformation

W (x, p) =

(
(1 + p1) x1 −p3 x2 p5

p2 x1 (1 + p4) x2 p6

)
, (2.7)
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where p = [p1, p2, p3, p4, p5, p6]>, then its correspondent Jacobian will be

∂W (x, p)

∂p
=

(
x1 0 −x2 0 1 0
0 x1 0 x2 0 1

)
. (2.8)

At last, differentiating with respect to ∆p we obtain the following closed
solution:

∆p =

∑
ΩT

[
∇I ∂W

∂p

]> [
∇I ∂W

∂p

]−1∑
ΩT

[
∇I ∂W

∂p

]>
[T (x)− I(W (x, p))] .

(2.9)
Once estimated, the parameters can be updated using p← p+∆p and the
optimization process repeated until convergence.

In order to simplify the notation of Equation (2.9) and for future ref-
erences, the Jacobian terms -better known as the Steepest Descent (SD)
images- are simplified to

SD(x) = ∇I ∂W
∂p

. (2.10)

Thus, we can rewrite Equation (2.9) as

∆p = H−1
∑
ΩT

SD>(x) [T (x)− I(W (x, p))] , (2.11)

where
H =

∑
ΩT

SD>(x) SD(x) (2.12)

is the Gauss Newton-approximation to the Hessian matrix.
Finally, if we take a closer look to Equation 2.11, we can realize that

all the terms related to the SD images have to be recomputed at each
iteration of the optimization process because we are evaluating them over
the warped back image which is constantly changing. Furthermore, the
left term of the equation has also to be inverted at each iteration. So, the
overall optimization process is computationally expensive.
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2.1.1 Inverse Compositional Lucas-Kanade
The Inverse Compositional (IC) template tracking scheme [Baker and
Matthews, 2004] tries to avoid the recomputation of the SD terms by re-
formulating image alignment in the following way:∑

ΩT

[T (W (x,∆p))− I(W (x, p))]2. (2.13)

Like before, the goal is to minimize above expression with respect to ∆p,
but updating the warp using the following composition instead:

W (x, p)← W (W (x,∆p)−1, p). (2.14)

As we can see in Figure 2.2, the new approach estimates the increment of
the parameters ∆p needed to warp the template to a given image region
that, like in the classical approach, is warped back to ΩT . Afterwards, the
warp is updated by composing the inverse of the estimated transformation
with the previous one to obtain the warp that maps T to ΩI .

The new problem statement avoids the recomputation of the SD im-
ages in the Gauss-Newton optimization scheme. That is because ∆p is
now estimated over T instead of I(W (x, p)) (which is always changing):

argmin
∆p

∑
ΩT

[
I(W (x, p))− T (W (x, 0))−∇T ∂W

∂p
∆p

]2

. (2.15)

Finally, the closed solution to the above optimization problem is

∆p = H−1
ic

∑
ΩT

SD>ic (x) [I(W (x, p))− T (x)] , (2.16)

where the SD images are defined by

SDic(x) = ∇T ∂W
∂p

(2.17)

and the Hessian approximation stays as follows,

Hic =
∑
ΩT

SD>ic (x)SDic(x). (2.18)
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Figure 2.2: Scheme of the Inverse Compositional Lucas-kanade algo-
rithm. In ΩI , the red dotted box is the region of the image that contained
the object in the previous frame and the green dotted box is the region
that contains the object in the current frame and thus, the one we want to
reach. The red dotted box region is first warped back to ΩT (at the bot-
tom right part of the figure) using the estimate of the transformation at the
previous frame W (x, p). Then, the goal is to estimate the transformation
W (x,∆p) that warps the template T to the incoming warped back region
I(W (x, p)). Afterwards, the inverse of the estimated warp is composed
with the previous one W (W (x,∆p)−1, p)) to obtain the mapping of the
new estimate in ΩI . This process is repeated until convergence.

2.1.2 Template update and drift correction

Until now, the template T has been considered fixed along the whole
video sequence. That, might not be the best strategy [Matthews et al.,
2004]. As it has been said in the chapter’s introduction, one of the main
drawbacks of visual tracking is to manage the appearance variations that
the tracked object might suffer along the sequence. For instance, even
tracking an object that does not suffer form intrinsic variations, keeping

42



“ExempleUsPlantillaB5” — 2015/12/11 — 12:19 — page 43 — #67

the template fixed may lead T to not be an accurate model of the ob-
ject appearance due to extrinsic variations such as sudden illumination
changes.

Figure 2.3: Scheme of the template update process on Lucas-Kanade tem-
plate tracking [Matthews et al., 2004].

The simplest strategy to avoid this problem is to always update the
template using the previous frame estimate Tt+1 = It(W (x, pt)), where t
is the frame number. If we use above strategy, the drift problem appears:
at each update small errors are introduced and accumulated leading the
template to drift away from the tracked object. One solution to solve or
minimize the effects of the drift problem is to keep the first template T0

during the whole sequence and use it to avoid the small errors accumu-
lation [Matthews et al., 2004]. This can be done by first estimating pt
with the updated version of the template Tt+1 = It(W (x, pt)) and after-
wards correct the drift by estimating p̂t using T0 as the template but at the
starting point given by pt instead of pt−1. As we can see in Figure 2.8,
the template for the next frame Tt+1 = It(W (x, p̂t)) is updated with p̂t.
As the reader may realize, if the non-linear optimization problem posed
in Equation (2.15) was solved perfectly, then the solution should be the
same than tracking using T0 directly. As its solution is based on a previ-
ous linearitzation of the problem, the strategy illustrated in Figure 2.3 is
actually different. Tracking with it, it is less prone to local minima and
improves dramatically the tracking robustness [Matthews et al., 2004].
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2.1.3 Active Contours applied in Lucas-Kanade optical
flow template tracking

Even if the template is correctly updated, we can not deal with the errors
introduced by articulated or highly deformable objects. For instance, if
the tracked object commits a non-rigid movement, then the clutter pro-
vided by the background in that zone may introduce huge errors into the
transformation estimation. Actually, we can end up following the back-
ground instead of the object itself. In that case, the direct use of the object
appearance (e.g., the intensity of the image region) might not be a good
choice. To solve that problematic, we can use a high level representa-
tion of the tracked object -its silhouette or contour- as the template T and
estimate W using a more robust error function. For instance, the tem-
plate can be represented with an embedding Level Set Function (LSF) of
the silhouette T → φ and the parametric transformation estimated using
an Active Contours2 energy [Bibby and Reid, 2008], [Bibby and Reid,
2010], [Rathi et al., 2007b]. Doing that, we can easily deal with object
intrinsic variations and avoid the errors provided by the background.

In the bibliography, the use of Active Contours for object tracking
has been commonly posed as an inter-frame segmentation problem where
the Active Contours method is directly applied. In that case, the LSF is
evolved iteratively for each frame towards the new object contour. How-
ever, this method tends to be slow because the whole image has to be
processed. Fortunately, in [Bibby and Reid, 2008] and [Bibby and Reid,
2010] a more efficient scheme posing the optimization problem similar
to the inverse compositional template tracking approach is proposed. The
key idea of the work done in [Bibby and Reid, 2008] and [Bibby and
Reid, 2010] is to use the embedding LSF φ of the object silhouette as
the template and to estimate the increment of the parameters ∆p over the
Pixel Wise Posterior (PWP) Active Contours energy instead of using the

2We refer the reader to Chapter 1 for an accurate review of the Active Contours
segmentation method.
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typical SSE scheme:

argmin
∆p

[
E(x,∆p) = −

∑
ΩT

log(P (x,∆p))

]
, (2.19)

where

P (x,∆p) = Hε(φ(W (x,∆p))) pf (W (x, p))

+ (1−Hε(φ(W (x,∆p)))) pb(W (x, p)) (2.20)

and

pf (W (x, p)) =
p(y(W (x, p))|θf )

Nf p(y(W (x, p))|θf ) +Nb p(y(W (x, p))|θb)
,

pb(W (x, p)) =
p(y(W (x, p))|θb)

Nf p(y(W (x, p))|θf ) +Nb p(y(W (x, p))|θb)
(2.21)

are the warped back PWP probabilities of each RGB pixel value y(x) to
belong to the foreground or the background region respectively. Those
PWP probabilities are defined using the likelihood of each y(x) with re-
spect to the θf and θb color models which are created using 32x32x32
RGB histograms3 and afterwards normalized using the number of fore-
ground Nf and background Nb pixels. Finally, φ(x) is the LSF that codi-
fies the object contour or silhouette by separating the given image region
between foreground (positive values) and background (negative ones) re-
gions. At last, Hε(φ(x)) is a smoothed version of the Heaviside function
applied over it. For a further explanation of the PWP energy we refer the
reader to Section 1.1.3.

As we can see in Figure 2.4, the main concepts to understand Equa-
tion (2.19) in terms of template tracking are to consider that the template
is now represented by a LSF φ and that the error is now given by pixel
probability distributions (pf and pb) instead of image intensities. More-
over, if we take a closer look at the expression, we can realize that instead

3Each of the color models has been generated using the an initial segmentation φ0(x).
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of a SSE optimization problem as far, we want to minimize an energy that
uses the log. While this is good in terms of robustness, the minimiza-
tion can not be done using the Gauss-Newton method but using Newton’s
method instead.

Figure 2.4: Scheme of the inverse compositional PWP algorithm pro-
posed in [Bibby and Reid, 2008] and [Bibby and Reid, 2010]. In ΩPWP,
the red dotted box is the region of the image which contained the ob-
ject in the previous frame and the green dotted box is the region that
contains the object in the current frame and thus, the one we want to
reach. The red dotted box region is first warped back to Ωφ (at the bot-
tom right part of the figure) using the estimate of the transformation at
the previous frame. Note that instead of working over the image informa-
tion we are directly warping back the PWP probabilities. Afterwards, the
goal is to estimate the transformation W (x,∆p) that warps the template,
which is a LSF φ, to the incoming warped back region PWP(W (x, p)). At
last, the inverse of the estimated warp is composed with the previous one
W (W (x,∆p)−1, p)) to obtain the mapping of the new estimate in ΩPWP.
This process is repeated until convergence.
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Optimization of the PWP energy using Newton’s method

The procedure is quite simple. First, we take the second order Taylor
approximation of the target function,

E(x,∆p) =
∑
x

E(x, 0) +
∑
x

∂E

∂p
∆p+

1

2

∑
x

∆pT
∂2E

∂p2
∆p. (2.22)

Second, we reach the minimum by taking its derivative with respect to
∆p and equating the result to 0:

∑
x

∂E

∂p
+
∑
x

∂2E

∂p2
∆p = 0. (2.23)

Finally, we isolate ∆p,

∆p = −
[∑

x

∂2E

∂p2

]−1[∑
x

∂E

∂p

]
. (2.24)

Since we have defined the P (x,∆p) functional in Equation (2.20) and all
their terms, we proceed to solve the first and the second order derivatives
of Equation (2.24):

∂E

∂p
=

∂ log(P )

∂p
=

1

P

∂P

∂p
, (2.25)

∂2E

∂2p
=

∂2 log(P )

∂2p
= − 1

P 2

∂P

∂p

T ∂P

∂p
+

1

P

∂2P

∂2p
, (2.26)

where
∂P

∂p
=
∂P

∂H

∂H

∂φ

∂φ

∂W

∂W

∂p
(2.27)
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and

∂P

∂H
= pf (W (x, p))− pb(W (x, p)), (2.28)

∂H

∂φ
= δε(φ(x)), (2.29)

∂φ

∂W
= ∇φ(x), (2.30)

∂W

∂p
=

∂Wx1

p1

∂Wx1

p2
...

∂Wx1

pn
,

∂Wx2

p1

∂Wx2

p2
...

∂Wx2

pn

 . (2.31)

As we can observe, we have not defined the second order terms of the
second derivative. The reason to not do it is that it contains second or-
der derivatives of a signed distance LSF which have zero curvature near
the contour. Therefore, if the template is maintained as a signed distance
function (see Section 1.1) during the whole tracking sequence, it is safe
to approximate the second derivative by only using its first order terms
[Bibby and Reid, 2010]. Taking that into account, the increment parame-
ters

∆p =
(∑

x

1

P 2

∂P

∂p

T ∂P

∂p

)−1
∑
x

1

P

∂P

∂p
(2.32)

are estimated iteratively until convergence while the transformation is up-
dated analogously than in the inverse compositional Lucas-Kanade opti-
cal flow template tracking W (x, p) = W (W (x,∆p)−1, p).

Relationship with the Inverse Compositional scheme

If we take a closer look to Equation (2.32) and we put it into the inverse
compositional template tracking context, we can go one step further. First,
we can rearrange the terms by taking into consideration if they are related
to the template derivatives or not. Thus, the template related terms can be
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considered equivalent to the SD images

SDac(x) =
∂H

∂φ

∂φ

∂W

∂W

∂p
= δ(φ(x))∇φ(x)

∂Wx1

p1

∂Wx1

p2
...

∂Wx1

pn

∂Wx2

p1

∂Wx2

p2
...

∂Wx2

pn


(2.33)

and the other ones equivalent to the error

E(x)ac =
pf (W (x, p))− pb(W (x, p))

pf (W (x, p))Hε(φ) + pb(W (x, p))(1−Hε(φ))
. (2.34)

Using above rearrangements, Equation (2.32) can be rewritten as

∆p = H−1
ac

∑
ΩT

SD>ac(x)E(x)ac, (2.35)

where
Hac =

∑
ΩT

E(x)2
ac SD>ac(x)SDac(x). (2.36)

Taking a look to above equation, we can infer a direct relation with the
one obtained by the traditional inverse compositional template tracking
defined in Equation (2.16). In comparison, Equation (2.35) has the disad-
vantage that the Hessian approximation has to be recomputed at each iter-
ation of the estimation due to the presence of the E(x)2

ac term. However,
the presence of this term is quite similar to the result obtained in the in-
verse compositional Lucas Kanade template tracking method when using
a robust function [Baker et al., 2003a]. So, if our priority is the computa-
tional efficiency, we can use the same approach than in the H-Algorithm
[Dutter and Huber, 1981], [Hager and Belhumeur, 1998] and assume that
the unweighted Hessian is a good approximation to the weighted one:

Hac =
∑
ΩT

SD>ac(x)SDac(x). (2.37)

Thanks to this simplification, we obtain an expression that can be con-
sidered equivalent in terms of efficiency to the one obtained using the
intensity based inverse compositional template tracking.
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Template update

Because of the template is now a LSF, its update can be done apply-
ing a region based Active Contours method over the PWP energy of
I(W (x, p)). The great advantage of applying the Active Contours method
in the context of template tracking is that the evolution of the contour will
always take place in ΩT . That, improves the computational efficiency sig-
nificantly. Otherwise, as we have said in Section 2.1.3, in order to avoid
the computation of second order terms in the PWP optimization process;
we have to guarantee that, at least near the contour, the LSF is regularized
as a signed distance function. As explained in Section 1.1.2, this can be
done by adding the regularization term proposed in [Li et al., 2010] as the
internal force of the Active Contours method.

At last, if we use the PWP energy as the external force and above
regularization term as the internal one, then the evolution of the LSF is
given by

φt+1 = φt + τ
∂φ

∂t
, (2.38)

where
∂φ

∂t
= −∂Eex(φ)

∂φ
− η∂Ein(φ)

∂φ
, (2.39)

τ is the time step, t is an artificial time parameter and η is a constant. The
partial derivative of the PWP external force with respect to the LSF φ is
derived as

∂Eex(φ)

∂φ
= − δε(φ)(pf − pb)

Hε(φ) pf + (1−Hε(φ)) pb
, (2.40)

where δε(φ) is the Dirac delta function. In the same way, the partial
derivative of the internal term is derived as

∂Ein(φ)

∂φ
= ∇2φ− DIV(

∇φ
|∇φ|

). (2.41)

where DIV is the divergence operator. Finally, at the same time we update
the LSF, we also have to update our RGB histogram models θf and θb in
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order to reflect the updated appearance of the template [Bibby and Reid,
2010]. This can be done by using linear opinion pools

p(y|θi) = (1− αi) p(y|θi)t−1 + αi p(y|θi)t, i = f, b. (2.42)

where αi are the variable learning rates.

2.2 Particle filters for template tracking
Particle Filters [Arulampalam et al., 2002], [Chen, 2003], [Doucet and Jo-
hansen, 2009] are simulation based Sequential Monte Carlo (SMC) meth-
ods that try to sequentially estimate the true states S1:t = {s1, s2, s2, ..., st}
of a dynamical system from possibly inaccurate or noisy measurements
a.k.a observations O1:t = {o1, o2, ..., ot} using a sampling mechanism.

Those dynamical systems can be graphically represented using the
Hidden Markov Model (HMM) shown at Figure 2.5, which is formed
by hidden (the true states) and observable (the measurements) variables.
Their dynamics are defined using the following nonlinear vector state
space model [Arulampalam et al., 2002]:

st = f(st−1, rt), f : <Ns ×<Nr −→ <Ns , (2.43)
ot = g(st, zt), g : <Ns ×<Nz −→ <No , (2.44)

where f(·) and g(·) are possibly non-linear functions, rt and zt are i.i.d
noise vectors generated from known Probability Density Functions (PDFs)
and Ns, No, Nr and Nz are the dimensions of the states, the observa-
tions and their correspondent noise vectors respectively. Equation (2.43)
is known as the state transition equation and defines the transition be-
tween states. Equation (2.44) is known as the measurement equation and
defines how to evaluate a given observation.

2.2.1 The filtering problem
The general solution to the defined scheme -known as the filtering prob-
lem [Arulampalam et al., 2002]- is given by recursively applying the
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Figure 2.5: Graphical representation of a HMM where the states S1:t con-
form a Markov chain with independent observations O1:t.

Bayes rule to estimate the posterior distribution of the state variable at
time t:

p(st|O1:t) ∝ p(ot|st)p(st|O1:t−1). (2.45)

The first and the second terms of the right side of the equation are known
as the update and the prediction stages respectively. The prediction stage
-the prior- can be defined using the Chapman-Kolmogorov equation:

p(st|O1:t−1) =

∫
p(st|st−1)p(st−1|O1:t−1)dst−1 (2.46)

where p(st−1|O1:t−1) is the state posterior estimated at t− 1 and p(st|st−1)
is defined using the state transition Equation (2.43). Otherwise, the up-
date stage is given by the likelihood function p(ot|st), which is defined by
the measurement Equation (2.44).

The recursive propagation of the state posterior density is a concep-
tual solution that can only be determined analytically in a restrictive set of
cases. For instance, the well known Kalman Filter is the optimal solution
under the following conditions [Arulampalam et al., 2002]: the estimated
distribution has to be Gaussian, the noise vectors rt and zt have to be gen-
erated from Gaussian PDFs and the transition f(·) and measurement g(·)
functions must to be linear. For illustration purposes, in Figure 2.6 we can
observe how the update and the transition stages affect to the propagation
of a Gaussian PDF using a Kalman filter [Isard and Blake, 1998]. When
above conditions are not met, Particle Filters can be used to approximate
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Figure 2.6: Graphical representation of the propagation of a given Gaus-
sian density (in red) using a Kalman filter [Isard and Blake, 1998]. In the
prediction stage, p(st−1|O1:t−1) is translated by a deterministic drift and
also diffused by using the state transition equation p(st|st−1). At last, in
the update stage, the observation p(ot|st) reinforces the resulting density
(in green) in its vicinity.

the optimal Bayesian solution of p(S1:t|O1:t) in the form of a cloud of
particles (see Figure 2.7) [Isard and Blake, 1998]. The key idea behind
them is to represent the posterior state PDF by a set ofN random samples
(the particles) with associated weights {S(i)

1:t , w
(i)
t }Ni=1 and to compute its

estimate based on them:

pNt (S1:t|O1:t) =
N∑
i=1

w
(i)
t δ(S1:t − S(i)

1:t). (2.47)

How the samples are generated and weighted is what defines the different
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types of Particle Filters that we find in the literature [Arulampalam et al.,
2002],[Doucet and Johansen, 2009].

Figure 2.7: Graphical representation of the propagation of a given den-
sity (in red) using a generic Particle Filter [Isard and Blake, 1998]. Each
circle represents a state sample and its size the importance of its weight
{s(i)

t , w
(i)
t }Ni=1. First, the resampled particles are translated using a de-

terministic drift. Then, they are diffused to increase its uncertainty. At
last, they are measured to compute their correspondent weights to finally
approximate the updated density (in green).

2.2.2 Importance Sampling
One of the common schemes for generating and weighting particles is
the one known as sequential importance sampling [Arulampalam et al.,
2002]. This method is based on two assumptions:

1. The posterior p(·) ∝ π(·) we want to estimate is a PDF from we
can not sample but for which π(·) can be easily evaluated.
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2. The samples can be generated from a proposal PDF q(·) -known as
the importance density- which has a heavier tail than p(·).

When those conditions are met, we can generate the particles sampling
directly from q(·) and afterwards weight them by

w ∝ π(·)
q(·)
−→ wt ∝

p(S1:t|O1:t)

q(S1:t|O1:t)
. (2.48)

Depending on how we choose the importance density, we can obtain dif-
ferent type of weights. For instance, if we choose to factorize

q(S1:t|O1:t) = q(st|S1:t−1, O1:t)q(S1:t−1, O1:t−1) (2.49)

and

p(S1:t|O1:t) = p(ot|st)p(st|st−1)p(S1:t−1|O1:n−1). (2.50)

such that they depend on the previous importance density. Then, we can
recursively rewrite the weights as,

wt ∝
p(ot|st)p(st|st−1)p(S1:t−1|O1:t−1)

q(st|S1:t−1, O1:t)q(S1:t−1, O1:t−1)
(2.51)

= wt−1
p(ot|st)p(st|st−1)

q(st|S1:t−1, O1:t)
. (2.52)

Finally, as we are only interested to evaluate the filtering estimate p(st|O1:t)
instead of p(S1:t|O1:t), the prediction term of the importance density can
even be simplified to

q(st|S1:t−1, O1:t) = q(st|st−1, ot), (2.53)

the correspondent weights to

wt ∝ wt−1
p(ot|st)p(st|st−1)

q(st|st−1, ot)
. (2.54)
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and the estimate of the filtered posterior density to

pNt (st|O1:t) =
N∑

1=1

w
(i)
t δ(st − s

(i)
t ). (2.55)

Note that using above simplification we only have to maintain {s(i)
n , w

(i)
n }Ni=1

to estimate each posterior propagation (see Figure 2.7 for a graphical rep-
resentation).

The degeneracy problem

One of the main problems of Particle Filters using importance sampling
is that the variance of the weights increases along time. This implies to
propagate particles which contribution to the estimate is negligible.

In the literature we find two ways of avoiding this undesirable affect
[Arulampalam et al., 2002]. The first one is to define the importance den-
sity equal to p(sn|st−1, ot), which has been demonstrated to be the opti-
mum in terms of minimizing the weight variance. That, it is only possible
when st is a member of a finite set or when p(st|st−1, ot) is Gaussian (we
will focus on this case in Section 2.3). The second one is to add another
step to the Particle Filter scheme -known as resampling- where only the
particles with higher weights are maintained over time. This can be done
resampling N times from the estimate pNt (st|O1:t) and defining each par-
ticle weight as wt = 1/N (see Figure 2.7 for a visual representation of the
process). Note that the last strategy simplifies the weights computation to

wt ∝
p(ot|st)p(st|st−1)

q(st|st−1, ot)
, (2.56)

because they no longer depend on the previous ones.

Overall method

At last, in Algorithm 1, we can see all the stages that define a generic
Particle Filter with importance sampling that also includes the resampling
step. As we will see in the following section, above generic scheme can
be easily adapted to the template tracking problem.
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Algorithm 1 Generic Particle Filter

1: function {s(i)
t , w

(i)
t }Ni=1 = PF({s(i)

t−1, w
(i)
t−1}Ni=1)

2: for i = 1 : N do
3: Sample from s

(i)
t ∼ q(st|s(i)

t−1, ot).
4: Obtain its weight w(i)

t from Equation (2.56).
5: end for
6: Normalize obtained weights by wt = wt∑N

j=1 w
(j)
t

.

7: Resample {s(i)
t , w

(i)
t }Ni=1 −→ {s

(i)
t , w

(i)
t }Ni=1.

8: end function

2.2.3 Particle Filtering on the Affine Group

Until now, we have explained the basics to understand the generic Particle
Filter framework. In this section, we describe its application to the tem-
plate tracking problem. To do that, we focus on the approach proposed in
[Kwon and Park, 2009] which defines the direct application of a Particle
Fitler over the manifold of the affine group of transformations Aff(2).

The use of Particle Filters for template tracking is quite intuitive. The
states are defined as the transformations st ← Wt that map the template
T to the image region R where the object lays at each frame t (see Figure
2.1). Otherwise, the measurements can be evaluated in ΩT by defining a
distance between T and the warped back observations It(Wt(x, p)) that
are sampled and evaluated using the state transition and the measurement
equations respectively (See Figure 2.8). Note that each transformation is
defined by the known region coordinates x = [x1, x2]> ∈ <2, expressed
in the template domain ΩT , and the parameters p that define the warp we
have to apply to map them to the image domain ΩI or viceversa. Formally,
the system dynamics are written using the following discrete vector state
model:

Wt = f(Wt−1, rt), rt ∼ N (0,Σr), (2.57)

ot = g(Wt, zt), zt ∼ N (0,Σz), (2.58)

where f(·), g(·) are the functions that define the state transition and mea-
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Figure 2.8: Example of template based visual tracking using the Particle
Filter scheme. At the image domain: the current state, the samples and
the final estimate are represented by the red, blue and green dashed boxes
respectively. At the template domain, each sample (in blue) is warped
back and evaluated with respect to the template T .

surement equations respectively and rt, zt are their correspondent noise
vectors generated from zero mean normal distributions with specified co-
variances Σr,Σz. The state transition equation involves two operations
over the state variables: a deterministic drift and a diffusion step provided
by the addition of Gaussian noise. In the case Wt is defined as an affine
transformation -which is a common choice- we need some tools to define
and apply above operations while being sure that the resulting proposal
samples will continue to be affine transformations. Fortunately, as we will
see, this can be easily done using the Lie algebra associated to the affine
group Aff(2) [Kwon and Park, 2009].

An affine transformation Wt ∈ Aff(2) can be formally expressed in a
single matrix form using the homogeneous coordinates notation,

(
u
1

)
=

(
G d
0 1

)
︸ ︷︷ ︸

Wt

(
x
1

)
,∀x ∈ ΩT , (2.59)
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Figure 2.9: Graphical representation of the affine manifold Aff(2) and
the correspondent tangent space aff(2) generated using the white point as
identity. As an example of its usage, the purple point can be generated on
aff(2) by adding random noise to its identity and afterwards represented
in Aff(2) by using the exponential map.

which defines the composition of two functions: a linear map G plus a
translation d. Specifically, G is the general linear group GL(2) of the
2x2 invertible matrices and d is a translation in <2. Moreover, the homo-
geneous matrix representation of two-dimensional affine transformations
corresponds to the matrix Lie group denoted by Aff(2). Given that each
Lie group is a differentiable manifold, it exists an associated Lie algebra
whose underlying vector space is the tangent space of the Lie group that
completely captures the local structure near its identity element (see Fig-
ure 2.9). In the Aff(2) case, the associated Lie algebra is denoted as aff(2)
and defined by [ R v

0 1 ], where R ∈ gl(2) is the space of real 2x2 matrices
and v ∈ <2. The mapping from aff(2) → Aff(2) is known as the expo-
nential map and corresponds to the matrix exponential. Analogously, the
mapping from Aff(2) → aff(2) can be performed using the matrix loga-
rithm. At last, the basis elements V of the tangent space aff(2) are closed
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under the Lie bracket operation:

V1 =

1 0 0
0 1 0
0 0 0

 , V2 =

1 0 0
0 −1 0
0 0 0

 , V3 =

0 −1 0
1 0 0
0 0 0

 ,

V4 =

0 1 0
1 0 0
0 0 0

 , V5 =

0 0 1
0 0 0
0 0 0

 , V6 =

0 0 0
0 0 1
0 0 0

 ,

where each matrix corresponds to one affine mode (see Figure 2.10).

Figure 2.10: Affine modes correspondent to the basis elements of aff(2)
[Kwon and Park, 2009]: global scale, aspect ratio, rotation, skewness plus
vertical and horizontal translations respectively.

Given above formalism, we can define the prediction and update stages
of a Particle Filter over the affine group Aff(2). The prediction stage can
be described with the following state transition equation [Kwon and Park,
2009]:

f : Wt−1 exp

(
At−1 +

6∑
i=1

Vi rt,i

)
. (2.60)

The deterministic drift is provided by a first-order Auto-Regressive (AR)
process on Aff(2)

At−1 = a log
(
W−1
t−2Wt−1

)
, (2.61)

where a is the AR process parameter. The diffusion stage is provided by
the noise introduced by the rt vector at each of the V basis elements. Note
that both, the addition of noise and the deterministic drift are added over
aff(2) and then mapped to Aff(2). The main advantage of this methodology
is that the resulting particles are valid affine transformations. Finally, in
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the simplest case, the update stage can be defined using the SSE between
T and each sample It(Wt(x, p)) as the measurement equation [Kwon and
Park, 2009]:

p(It|Wt(x, p)) ∝ exp(− 1
2
g>t Σ−1

z gt) (2.62)

where
g :
∑
ΩT

[It(Wt(x, p))− T (x)]2 + zt (2.63)

and zt is sampled from N (0,Σz),Σz = σ2
SSE.

Template update

Given that we are tracking an object by approximating a posterior distri-
bution using a set of weighted particles instead of a concrete estimate, we
can not update the template directly. The simplest strategy is to use the
particle with the highest weight like in [Ross et al., 2008]. A more sophis-
ticated approach is to compute a weighted mean of the particles (using the
importance sampling weights) and to update the appearance of the tem-
plate by warping back the region of the image which corresponds to the
resulting affine transformation mean W̄t to ΩT [Kwon and Park, 2009].

In spite of the mean of the GL(2) part of an affine transformation
is not well defined [Kwon and Park, 2009], it can be approximated by
composing the resampled particle with the greatest weight Gt,max with a
mean M̄t of all the other resampled particles. Thus, the approximation of
the GL(2) mean is defined as

Ḡt = Gt,max exp
(
M̄t

)
, (2.64)

where

M̄t =
1

N

N∑
i=1

log
(
G−1
t,max G

(i)
t

)
. (2.65)

Otherwise, given that the mean is well defined in d ∈ <2, it can be easily
composed with Ḡt to obtain the overall affine transformation mean,

W̄t =

(
Ḡt d̄t
0 1

)
. (2.66)
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2.2.4 Active Contours applied in Particle Filter template
tracking

The use of Active Contours in Particle Filters is also quite intuitive. In
its simplest form, we can define a LSF φ of the object contour as the
template and use an external Active Contours energy Eex(φ) to define the
measurement equation g to estimate the likelihood of each sample:

p(It|Wt(x, p)) ∝ exp(− 1
2
g>t Σ−1

z gt) (2.67)

where
g : Eex(φ) + zt (2.68)

and zt is sampled from N (0,Σz),Σz = σ2
Eex(φ).

In the case we want to update the template, we can consider two strate-
gies: define the LSF as part of the state jointly with the affine transforma-
tion [Rathi et al., 2007b] and evolve φ at each sample (with the correspon-
dent computational cost) or use the affine transformation mean explained
in Section 2.2.3 and evolve φ once analogously than in Section 2.1.3. In
the former case, we also can introduce the distance between the state LSFs
and their correspondent evolutions into the measurement equation.

2.3 Dissociating rigid from articulated motion
In this section we present a novel template tracking method for articulated
or highly deformable objects, specifically hands, which is an improved
version of the work presented in [Martinez et al., 2012]. The template is
defined as a Level Set embedding Function (LSF) of the object silhouette
and our goal is to distinguish between the rigid motion of the object from
the non-rigid one produced by its non-rigid parts. For the rigid motion es-
timation, we propose to use a combination of Lucas-Kanade parametrical
optical flow [Baker and Matthews, 2004] and Monte Carlo sampling over
the affine Lie group Aff(2) [Kwon and Park, 2009]; both adapted to work
with the Pixel Wise Posterior (PWP) energy proposed in [Bibby and Reid,
2008] instead of the object intensity. In order to cope with the articulated
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parts we update the LSF template using the same PWP energy within a
region based Active Contours method [Bibby and Reid, 2008]. Finally,
we show how the proposed method allows an efficient estimation of the
rigid motion while reduces the drift that is introduced by the non-rigid
parts.

2.3.1 Description of the problem
Hands can be described as articulated objects which main characteristic,
besides their shape, is color homogeneity. We have to face the following
three problems in order to handle hand tracking:

• As the appearance of the hand may suffer huge changes along the
sequence due to intrinsic variations, we may need to update our
object representation -the template- and as a consequence face the
drift problem (see Section 2.1.2).

• As the hand it is composed by articulated parts, the background
beyond them may introduce important errors into the estimation
while updating the template. As we can see in Figure 2.11, in the
worst scenario we can end up following a region of the background
instead of the hand itself. Therefore, we need a high level represen-
tation of the hand rather than the intensity of the the region where
it is placed.

• Finally, as the hand is an articulated object, we should be able to
differentiate between the rigid movement produced by the arm and
the articulated one produced by its articulated parts: the fingers.
For instance, it is difficult to discriminate if the hand is suffering a
scale transformation or it is going from an open to a closed pose or
viceversa (see Figure 2.11).

To cover above needs we have focused on the work done in region based
Active Contours methods [Chan and Vese, 2001], [Cremers et al., 2007]
for image segmentation and tracking. Their main advantages are the ca-
pacity to merge different features as potentials in a regularized framework
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as well as their high degree of adaptability to segment and also track de-
formable and articulated objects from challenging backgrounds. For a
further review of Active Contours methods we refer the reader to Section
1.1.

In the bibliography, we can find several methods that apply Active
Contours or their LSF representation to track articulated or deformable
objects [Bibby and Reid, 2008], [Bibby and Reid, 2010], [Rathi et al.,
2007a], [Rathi et al., 2007b], [Rousson and Cremers, 2005],[Cremers,
2006], [Cremers, 2008], [Dambreville et al., 2008], [Fussenegger et al.,
2009]. When no model is previously learned -which is the faced problem
in this work- the two main strategies are to track or to evolve the previous
estimated silhouette along the whole sequence. In the former, the problem
is faced as a template tracking method where the template is defined as
a LSF and the rigid transformation is estimated by optimizing the Active
Contours energy with respect to the transformation parameters. To do
so, classical methods like Lucas-Kanade parametrical optical flow [Bibby
and Reid, 2008], [Bibby and Reid, 2010] or Particle Filters [Rathi et al.,
2007b] have been adapted (see Sections 2.1 and 2.2 for a whole review).
In the latter [Fussenegger et al., 2009], the tracking task is understood as
an inter frame segmentation process where an Active Contours method is
directly applied as described in Chapter 1. In that case, the LSF (which
fills the whole image) is evolved iteratively for each frame towards the
new object contour. Both methods have their pros and cons. For that
reason, they are usually combined. For instance, we can use a template
tracking method to track the region where to evolve the contour and speed
up the segmentation process.

In [Bibby and Reid, 2008] and [Bibby and Reid, 2010] the rigid mo-
tion is first estimated by adapting the inverse compositional Lucas-Kanade
template tracking method to use a LSF as the template and to optimize the
transformation parameters over the PWP Active Contours energy. Once
done, the estimated transformation is used to warp back the cropped im-
age region to the template domain where the LSF is evolved by optimiz-
ing the PWP energy as an Active Contours method in order to deal with
the remaining non-rigid motion. Thanks to this approach, the method
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Figure 2.11: Warped back image regions of the same hand template track-
ing sequence but using different backgrounds. In all the sequences the
hand goes from an open to a closed pose (see ground truth box) while
it is incrementally suffering a rotation of 90o. At each row, the warped
back samples of each sequence taken at a given frame. The first box con-
tains the ground truth: the sampled frames altogether with the expected
warped back image regions. The second box contains the warped back
regions where the rigid transformation has been estimated using the inten-
sity based inverse compositional template tracking algorithm [Baker and
Matthews, 2004] explained in Section 2.1.1. The third box contains the
same sequences where the rigid transformation has been estimated using
the PWP based inverse compositional template tracking [Bibby and Reid,
2010] explained in Section 2.1.3. As we can observe, the warped back im-
age regions estimated using the intensity of the region as the template and
optimizing the SSE error change for each background. On the contrary,
the warped back image regions obtained using a LSF as the template and
optimizing an Active Contour energy do not depend on the background.
In both cases, the template has been considered fixed and it has been de-
fined using the first sample of each sequence.
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is really fast being able to track several objects in real time. However,
since the contour evolution is done after the rigid transformation has been
estimated, the optical flow step may introduce some drift errors. As an
example, when a hand is quickly closed, the optical flow step estimates
that the object is suffering a scale transformation and not an articulated
deformation. To solve that scenario, an ”artificial” rigid transformation
is applied every time that the contour reaches a minimum or a maximum
distance with respect to the region borders. This involves to maintain the
object centered but assuming errors in the rigid and also the articulated
motion estimation.

Alternatively, in [Rathi et al., 2007b] the separation of the rigid mo-
tion from the articulated one is faced combining a Particle Filter with an
Active Contours method. In that case, the use of a Sequential Monte Carlo
sampling instead of parametrical optical flow mitigates the drift problem
explained above. Specifically, the state of each particle is defined using
the affine transformation parameters together with the LSF of the object
silhouette. Thus, in the sampling stage, the LSF has to be evolved for
each generated affine particle. Afterwards, the importance sampling step
is done by combining the same energy criteria defined for the Active Con-
tours energy with a similarity measure between the current particle LSF
and their correspondent evolution. The main drawback of that method is
the computational cost: the evolution of an Active Contours method for
each generated particle is computationally expensive.

The main goal of the work presented in the following section is to
take advantage from the benefits of above two methods while reducing
their main drawbacks. In order to do so, we encapsulate the method pro-
posed in [Bibby and Reid, 2008] and [Bibby and Reid, 2010] into the
Particle Filter framework on the Affine Group Aff(2) proposed in [Kwon
and Park, 2009] and [Kwon et al., 2009] (see Section 2.2.3), which of-
fers a set of tools to work efficiently with affine Particle Filters. As we
will see, our proposal introduces a new way to generate and evaluate the
particles. Thanks to that, we are able to mitigate the described drift prob-
lem and reduce significantly the computational cost by cutting down the
needed number of particles.
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2.3.2 Proposed method
As explained in Section 2.2.3, in the context of template tracking, Parti-
cle Filters are used to approximate the optimal Bayesian solution to the
filtering problem p(Wt|I1:t) in the form of a cloud of particles. Specif-
ically, we want to estimate the rigid transformation Wt(x, p) that maps
the template T to the image region where the object lays at each frame
t (see Figure 2.12) from a set of N weighted samples {W (i)

t , w
(i)
t }Ni=1.

The rigid transformation Wt(x, p) is defined by the known region coor-
dinates x = [x1, x2]> ∈ <2, expressed in the template domain ΩT , and
the parameters p that define the warp we have to apply to map them to
the image domain ΩI or viceversa. The samples are regions of the im-
age It(W (x, p)) warped back to ΩT that are generated and evaluated by
defining the transition and the measurement equations respectively.

The Particle Filter framework proposed in [Kwon and Park, 2009] and
[Kwon et al., 2009] can be summarized as a set of tools defined to apply
the Particle Filters mechanisms over the Affine group Aff(2) of transfor-
mations in a robust and efficient way. A complete description of it can be
found at Section 2.2.3. The main mechanisms that it provides are the ro-
bust generation of the samples and an efficient approximation of the affine
mean, both applied in the tangent space aff(2) of Aff(2). Our proposal uses
above tools but modifying the most important aspects of the Particle Fil-
ter framework: the way how the samples are generated and afterwards
weighted (see Figure 2.12 for a graphical overview of the proposal).

Generation of the samples

We propose to sample from a density of the type p(Wt|Wt−1, It) that takes
into account the current observation It apart from the previous state es-
timate Wt−1 (see Section 2.2.2). Specifically, we evaluate the current
observation by applying the PWP template tracking method proposed in
[Bibby and Reid, 2008] and [Bibby and Reid, 2010]. So, as detailed in
Section 2.1.3, the template is defined as a signed distance LSF φ of the
object contour and the goal is to optimize the parameters p of the rigid
transformation W (x, p) using the PWP energy as the error function. That
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Figure 2.12: Overview of the proposed method. At the PWP box: the
different colors of the hand, from gray to black, show the position of the
object from the previous frames to the current one respectively. At the left
side: all the mechanisms that play a role at the sampling or at the evalua-
tion stage. At the upper part of the right side: at left, the estimation of the
deterministic drift and at right, the estimation of the current observation
by means of the PWP template tracking algorithm. At the bottom part of
the right side: the samples generated from N (Mn,Σr) evaluated at the
template domain ΩT .

can be formally expressed as the following optimization problem:

argmin
∆p

[
E(x,∆p) = −

∑
ΩT

log(P (x,∆p))

]
(2.69)

where E is the energy to minimize and

P (x,∆p) = Hε(φ(W (x,∆p))) pf (W (x, p))

+ (1−Hε(φ(W (x,∆p)))) pb(W (x, p)) (2.70)

has been posed as an inverse compositional template tracking problem.
Furthermore, Hε(φ) is the Heaviside function applied over the template
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φ(x) and

pf (W (x, p)) =
p(y(W (x, p))|θf )

Nf p(y(W (x, p))|θf ) +Nb p(y(W (x, p))|θb)
,

pb(W (x, p)) =
p(y(W (x, p))|θb)

Nf p(y(W (x, p))|θf ) +Nb p(y(W (x, p))|θb)
(2.71)

are the warped back PWP probabilities of each RGB pixel value y(x) to
belong to the foreground or the background region respectively. Those
PWP probabilities are defined using the likelihood of each y(x) with re-
spect to the θf and θb color models (which are defined as 32x32x32 RGB
histograms) and afterwards normalized using the number of foreground
Nf and background Nb pixels. Note that each model has been generated
using the segmentation provided by the initial template φ0. At last, we
define the transformation as a similarity (see Figure 2.13)

W (x, p) =

(
(1 + p1) x1 −p2 x2 p3

p2 x1 (1 + p1) x2 p4

)
, (2.72)

where p = [p1, p2, p3, p4]T represent the motion modes that can be seen in
Figure 2.13.

Figure 2.13: Similarity modes: global scale, rotation plus vertical and
horizontal translations respectively.

Above optimization problem is solved by iteratively estimating the
increment of the parameters ∆p using the following equation:

∆p = H−1
ac

∑
ΩT

SD>ac(x)Eac(x), (2.73)
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where the Steepest Descent (SD) images are defined as

SDac(x) =
∂H

∂φ

∂φ

∂W

∂W

∂p
= δ(φ(x))∇φ

(
x1 −x2 1 0
x2 x1 0 1

)
, (2.74)

the error is computed by

Eac(x) =
pf (W (x, p))− pb(W (x, p))

pf (W (x, p))Hε(φ) + pb(W (x, p))(1−Hε(φ))
, (2.75)

and the Hessian is approximated as

Hac =
∑
ΩT

SD>ac(x)SDac(x), (2.76)

Finally, ∆p are composed like in the inverse compositional template track-
ing method to obtain the current estimate of the observation

W (x, p)← W (W (x,∆p)−1, p) (2.77)

and the process repeated until convergence. At last, we denote the result-
ing transformation as WPWP.

Figure 2.14: Graphical representation of the proposed sampling strategy
over aff(2) using Wt−1 as identity point. The gray ellipses represent the
guided noise centered at Mt with the covariance defined by the variation
between At−1 and Bt.
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Once we have estimated the current observation, we can modify the
sampling mechanism proposed in [Kwon and Park, 2009] by defining the
state transition equation as

f : Wt−1 exp

(
Mt +

4∑
i=1

Virt,i

)
(2.78)

where Mt = (At−1 +Bt) /2 is a mean between the deterministic drift
provided by the following first-order Auto-Regressive (AR) process

At−1 = a log
(
W−1
t−2Wt−1

)
(2.79)

and the estimated current observation WPWP

Bt = b log
(
W−1
t−1WPWP

)
, (2.80)

both mapped to aff(2). Furthermore, V are he basis of the similarity
modes on aff(2):

V1 =
(

1 0 0
0 1 0
0 0 0

)
, V2 =

(
0 −1 0
1 0 0
0 0 0

)
, V3 =

(
0 0 1
0 0 0
0 0 0

)
, V4 =

(
0 0 0
0 0 1
0 0 0

)
,

which are used to add the guided noise provided by the vector rt =
[r1, r2, r3, r4] that is sampled from a Normal distribution N (0,Σr) where
Σw is the variance between each of the similarity modes of At−1 and Bt

expressed in a diagonal matrix form. At last, a and b are constants that
can be used to weight each transformation and exp and log are the matrix
operators that map from aff(2)→ Aff(2) and from Aff(2)→ aff(2) respec-
tively. The interpretation of above equations can be summarized as the
definition of the importance density p(Wt|Wt−1,WPWP) as a normal dis-
tribution N (Mt,Σr). As we can see in Figure 2.14 this strategy implies
the following behavior:

• Centering the importance density at the mean between At−1 and Bt

entails a conservative strategy in the cases where the prediction is
far from the current estimate.

• Given that the noise is only generated in the direction where the
prediction An−1 and the current estimate Bt differ, the number of
needed particles can be reduced.
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Evaluation of the samples

Once sampled, each particle has to be evaluated. Given that in the sam-
pling stage we have used the LSF φ as the template and the PWP energy
to get the current estimate of the transformation, we also use them to de-
fine how the samples are evaluated. If both PWP -pf and pb- are warped
back to ΩT for each sample, then the PWP energy can be simplified to

E(φ) = −
∑
x∈ΩT

log (Hε(φ(x)) pf (x) + (1−Hε(φ(x))) pb(x)) . (2.81)

Thus, we can evaluate each sample by incorporating the PWP energy in
the measurement equation:

p(It|Wt) ∝ exp(− 1
2
g>t Σ−1

z gt) (2.82)

where
g : E(φ) + zt (2.83)

and zt is sampled from N (0,Σz),Σz = σ2
E(φ).

Finally, we approximate the target density p(Wt|I1:t) using the impor-
tance sampling scheme

pNt (Wt|I1:t) =
N∑

1=1

w
(i)
t δ(Wt −W (i)

t ), (2.84)

with a resampling step (see Section 2.2.2). First, the importance weights
are defined as

wt ∝ p(It|Wt). (2.85)

At last, we resample N times from the obtained estimate pNt (Wt|I1:t) and
assign the following weight wt = 1/N to each particle. By doing so,
we only maintain the particles that have obtained a high weight. That
has two main advantages: it avoids the degeneracy problem (see Section
2.2.2) and reduces the computation of WPWP at the next sampling stage to
only the resampled transformations.
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Template update and drift correction

Given that we are dealing with articulated objects, we need to update the
template in order to deal with their appearance variations and in conse-
quence face the drift problem (see Section 2.1.2). To do so, we pose the
template update similar than in [Matthews et al., 2004]: we store the ini-
tial template φ0 to correct the drift effect that appears every time that the
template φt is updated. Specifically, at the sampling stage we estimate the
parameters ofWPWP with the updated version of the template φt and at the
evaluation stage we use a combination of both: φ0 and φt to estimate the
likelihood of each sample. So, we redefine the measurement equation as:

g :

[
E(φt)
E(φ0)

]
+ zt (2.86)

where zt is sampled from N (0,Σz),Σz = Diag(σ2
E(φt)

, σ2
E(φ0)).

As we are approximating a distribution by a set of weighted particles,
we do not have a unique transformation from where to update the tem-
plate. To obtain an estimate of it, we compute an approximated mean W̄t

of the resampled particles as in [Kwon and Park, 2009]:

W̄t =

(
Ḡt t̄t
0 1

)
. (2.87)

Thus, the GL(2) part of the affine transformation is defined as

Ḡt = Gt,max exp
(
R̄t

)
, (2.88)

where

R̄t =
1

N

N∑
i=1

log
(
G−1
t,max G

(i)
t

)
. (2.89)

Otherwise, the mean of the translation part d̄ can be computed as usual.
Using above transformation estimate, the template can be easily up-

dated by warping back pf and pb, and applying and Active Contours
method to efficiently evolve the template only once at ΩT . Specifically,
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like in [Bibby and Reid, 2008] and [Bibby and Reid, 2010], we use the
PWP energy as the external force and the regularization term proposed in
[Li et al., 2010], which maintains φ as a signed distance function, as the
internal one. The evolution of the LSF φ is given by

φt+1 = φt + τ
∂φ

∂t
, (2.90)

where
∂φ

∂t
= −∂Eex(φ)

∂φ
− η∂Ein(φ)

∂φ
, (2.91)

τ is the time step, t is an artificial time parameter and η is a constant. The
partial derivative of the PWP external force with respect to the LSF φ is
derived as

∂Eex(φ)

∂φ
= − δε(φ)(pf − pb)

Hε(φ) pf + (1−Hε(φ)) pb
, (2.92)

where δε(φ) is the Dirac delta function. In the same way, the partial
derivative of the internal term is derived as

∂Ein(φ)

∂φ
= ∇2φ− DIV(

∇φ
|∇φ|

). (2.93)

where δε(φ) is the Dirac delta function and DIV is the divergence operator.
Besides updating the LSF φ, we also have to update our RGB histogram
models θf and θb in order to reflect the updated appearance of the template
[Bibby and Reid, 2008]. This can be done by using linear opinion pools

p(y|θi) = (1− αi) p(y|θi)t−1 + αi p(y|θi)t, i = f, b. (2.94)

where αi are the variable learning rates. Finally, to sum up, in Figure 2.15
we can find a graphical representation of the overall update process.

Overall algorithm

Finally, the pseudo-code of the proposed method is defined in Algorithm
2. For readability purposes, besides the current transformationWt and the
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Figure 2.15: Scheme of the template update process. First, at the sam-
pling stage (red boxes), we obtain pt from the current observations WPWP

for each resampled particle using the updated template φt. Second, at the
evaluation stage (blue boxes), for each sample we compute the PWP en-
ergy for both: φn and φ0. Third, in the yellow box , we compute the affine
mean particle obtained by resampling from the filtering estimate. Finally,
in the green box, we receive the warped back PWP that are used to update
the template using an Active Contours method.

weight wt, the state of the Particle Filter also includes the deterministic
drift At−1. The rest of the algorithm stays as described in above sections.

At the sampling stage, the estimation of WPWP is only computed for
the unique resampled particles from where the samples are drawn. Note
that for the estimation ofWPWP the template is always the updated version
φt. Afterwards, the drift and the diffusion steps are applied by computing
M and Σr. Once done, the samples are generated fromN (M,Σr). At the
evaluation stage, each sample is evaluated at ΩT using the PWP energy.
Note that for the evaluation we compute the PWP energy over the updated
template φt and the initial one φ0. Afterwards, the obtained weights are
normalized and used to resample the particles. Finally, at the template
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update stage, the transformation mean W̄t is computed from the resam-
pled particles. Once done, it is used to update the template by warping
back the corespondent image region and evolving the template φt using
an Active Contours method that also optimizes the PWP energy.

Algorithm 2 PWP Particle Filter with drift correction.
1: function ({W (i), w(i), A(i)}Ni=1, φ, θf , θb)=PF({W (i), w(i), A(i)}Ni=1, φ, φ0, θf , θb)
2: for each unique particle do
3: Compute WPWP iterating over (2.73) and (2.77).
4: Compute M and Σr.
5: for each occurrence do
6: Sample from W ∼ N (M,Σr).
7: Evaluate w ∝ p(I|W ) using Equation (2.86).
8: end for
9: end for

10: Normalize obtained weights by w = w∑N
j=1 w

(j) .

11: Resample from pN (W |I1:t).
12: Compute W̄ from the resampled particles.
13: Update φ from the region denoted by W̄ using Equations (2.90) and (2.91).
14: Update θf and θb using Equation (2.94).
15: Compute A using Equation (2.79) for each particle.
16: end function

2.3.3 Experimental results

In order to test the proposed method, we have compared its performance
qualitatively and quantitatively. To do the comparison, we have imple-
mented several variations of template tracking algorithms using Active
Contours. For Lucas-Kanade Optical Flow (OF) like algorithms we have
evaluated the method proposed in [Bibby and Reid, 2010] using a fixed
template (green), an updated template (blue) and also an extension of the
updated version with drift correction using φ0 (magenta). Then, we have
compared above methods with the Particle Filter (PF) framework pro-
posed here in the case where the template is always fixed (yellow) and in
the case where the template is updated and the drift corrected -the pro-
posed method- (black). Note that we have discarded the results obtained
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by using the same methods but based on intensity templates because they
fail when the changes in background are huge (see Figure 2.11). To do
the experiments we have defined the following parameters: the AR drift
parameter a is set to 1 and the current observation parameter b is set to
0.8. At last, the number of used particles N is 15.

Qualitative Results

In order to obtain qualitative results we have tested our method using dif-
ferent scenes that provide several challenges. To understand the figures
that represent each evaluated scene, note that the different colored rectan-
gles within each frame represent the estimated rigid transformations and
the smaller images at the bottom of it, their correspondent appearance
regions warped back to ΩT .

Given that our method implies a conservative strategy to deal with
huge articulated deformations, we have tested it for scenes where the rigid
transformations are also huge to demonstrate that our method is also able
to deal with it. In Figure 2.16, we can see how our method (black) main-
tains the same performance than the other methods in the presence of
scale changes, rotations and translations. In that case, the changes in the
appearance of the tracked object are minimal. In Figure 2.17, we can
see how our method outperforms the others in the case where the appear-
ance of the tracked object suffers important articulated deformations (the
hand goes from opened to closed and viceversa) even in the presence of
rigid transformations at the same time (in this case a scale transforma-
tion). The robustness of our method can be observed by looking at two
factors. First, if we look at the frames where the hand is closed, we can
observe that the scale is best estimated. Second, if we look at the frames
where the object differs from the initial template, we can also see that the
drift correction is improved in that situation. In Figure 2.18, we can see
how our method outperforms the others in the case where the appearance
of the object suffers from huge articulated deformations. In that case the
hand turns from one side to the other and also goes from closed to opened.
Once again, our method is more robust to huge articulated deformations
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and the drift correction is also improved. Finally, in Figure 2.19, we also
show how the our method outperforms the others in the case that the rigid
transformations and the articulated ones are huge at the same time.

Figure 2.16: Sequence where the tracked object, the hand, suffers from
important rigid transformations and small articulated variations. In this
case, all the compared methods perform similarly well.
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Figure 2.17: Sequence where the tracked object, the hand, suffers from
a huge scale transformation while it is going from open to closed several
times. In that case, the proposed method estimates better the scale trans-
formation (see the evolution of the estimated regions warped back to the
template domain) and the drift is better corrected in the cases where the
hand differs from the initial template (see frames 500 and 850).
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Figure 2.18: Sequence where the tracked object, the hand, suffers form
huge articulated deformations. In that case, the proposed method esti-
mates better the scale transformations (see the evolution of the estimated
regions warped back to the template domain) and the drift is better cor-
rected in the cases where the hand differs from the initial template see
frames 200 and 400).
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Figure 2.19: Sequence where the tracked object, the hand, suffers form
huge articulated deformations and huge rigid transformations at the same
time. In that case, the proposed method is most robust facing huge artic-
ulated deformations. Specifically, when the hand turns from one side to
the other and also when it goes from a closed to an opened pose while
suffering quick translations.

Quantitative Results

In order to confirm the qualitative results obtained in real world videos, we
have implemented an evaluation framework to generate synthetic scenes
that can be empirically evaluated. In order to do that, we have used the
LibHand library [Šarić, 2011], which allows us to define several syn-
thetic hand poses and obtain the sequence of the transition between them.
Then, we can take each generated hand pose and apply to it a given sim-
ilarity transformation. The result is an evaluation framework that pro-
vides synthetic scenes which combine different articulated hand poses
with artificially defined similarity transformations that are stored and can
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be used as ground truth. To understand the figures that represent each
evaluated scene, note that the red rectangle within each frame is the de-
fined rigid transformation (the ground truth) and the image at the right
side its correspondent region warped back to ΩT . The images at the bot-
tom of them are the cropped image regions that are warped back to ΩT

given the similarity transformation estimated by each evaluated method.
The middle chart is the error of all the estimated transformations with
respect to the ground truth for each frame of the sequence. The error
is computed on aff(2) using the following approximation of the geodesic
distance: ‖ log(W−1

GTWES)‖ [Kwon and Park, 2009], where WGT is the
ground truth similarity transformation and WES the estimation obtained
for each evaluated method.

In order to evaluate our method we have generated six sequences to
empirically estimate its goodness. Each generated sequence consists on
the combination of a rigid transformation with an articulated deformation
that is repeated several times (four) in order to also evaluate the robustness
to the drift problem. First, in Figure 2.20 we have generated a sequence
where no rigid motion occurs and the hand goes from an opened to a
closed pose. As we can observe, our conservative strategy at the sam-
pling stage improves the estimation of the rigid transformation. Second,
in Figure 2.21, we have generated a sequence where the rigid transfor-
mation is a rotation of 90 degrees and the articulated deformation is the
same as before. Once again, the estimation of the rigid transformation
is best estimated using our method. Third, in Figure 2.22 we have gen-
erated a more challenging situation where the rigid transformation is an
scale transformation of 1.5 and the articulated deformation is the same as
before. In this case the rigid motion and the articulated one go in oppo-
site directions, while the hand is going from opened to closed is suffering
an increment of its scale and viceversa. Even in this case, our method
outperforms the others. In Figure 2.23, 2.24 and 2.25, we have evaluated
the same rigid transformations but with a more challenging hand pose
change. Even in that case, in the vast majority of frames, our method out-
performs the others. Moreover, we can see how in challenging situations
the drift problems appears clearly in the cases where it is not corrected.
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Figure 2.20: Generated synthetic scene that consists of a hand going from
an open to a closed pose.
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Figure 2.21: Generated synthetic scene than consists of a hand that goes
from an open to a closed pose while suffering a rotation of 90 degrees.
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Figure 2.22: Generated synthetic scene that consists of a hand that goes
from an open to a closed pose while suffering and scale transformation of
1.5.
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Figure 2.23: Generated synthetic scene that consists of a hand that goes
from an open pose to another one where half of the fingers are flexed.
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Figure 2.24: Generated synthetic scene that consists of a hand that goes
from an open pose to another one where half of the fingers are flexed
while suffering a rotation of 90 degrees.
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Figure 2.25: Generated synthetic scene that consists of a hand that goes
from an open pose to another one where half of the fingers are flexed
while suffering and scale transformation of 1.5.
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2.3.4 Conclusions and future work
The proposed method results in a robust tracker for articulated objects,
specifically hands. The sampling strategy that we have defined, that com-
bines a Lucas-Kanade optical flow like method with a Monte Carlo ap-
proach together with an Active Contours method, allows us to better esti-
mate the separation between the rigid and the articulated motion. The es-
timation of several optical flow iterations let us to deal with huge changes
in motion direction without needing to sample a huge number of parti-
cles. Moreover, its combination with the AR drift in order to create the
density N (M,Σr) also allows us to avoid local minimums. Otherwise,
the estimation and the evaluation of both: the optical flow and the sam-
pled particles, using the PWP energy instead of the image intensity allows
us to avoid the errors that are introduced by the background while track-
ing articulated objects. Finally, the addition of the drift correction at the
evaluation stage allows us to update the template avoiding the error accu-
mulation.

To confirm above characteristics, we have tested our method in real
world hand tracking scenes and also in synthetic scenes that allow us to
empirically evaluate the goodness of the proposed scheme in challenging
situations. As a future work, we are interested to explore the inclusion
of an online learning mechanism [Ross et al., 2008] to increase the ro-
bustness of the method. Finally, and most important, as we have defined a
general and open framework that combines two of the main trends of tem-
plate tracking: Lucas-Kanade optical flow and Particle Filters, with the
Active Contours segmentation scheme. We can easily extend our frame-
work using all the extensions that have been introduced for each of its
parts and take advantage of the best of each world.
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Chapter 3

ADDITION OF SHAPE
CONSTRAINTS TO ACTIVE
CONTOURS TEMPLATE
TRACKING

Visual tracking can be defined as the task to -once located- trace an object
along a video sequence using only the visual information that appears on
it. One of the main drawbacks of visual tracking is to manage the appear-
ance variations that the object might suffer along the sequence. Appear-
ance variations can be categorized to be extrinsic or intrinsic to the object
topology. Extrinsic variations may be caused by illumination changes or
occlusions, whereas intrinsic variations are caused by object poses or ob-
ject deformations. In this dissertation, we concentrate our efforts to deal
with articulated or deformable objects where intrinsic appearance varia-
tions can be huge.

Like in the segmentation problem, tracking of articulated or deformable
objects can be issued using different object features like its color, texture
or shape. In the same way, the position of the target object can be obtained
by locating certain object parts -the nodes- and then linking them to ob-
tain a skeleton representation [Cristinacce and Cootes, 2006], [Matthews
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Figure 3.1: Example of template based visual tracking with intrinsic ob-
ject appearance variations. The region R is warped back to the template
domain of the template T using a parametric transformation W . At tem-
plate T box: in green the object part that is correctly registered and in red
the object part that being correctly registered is still considered an error
because it is an intrinsic object variation. At model M box: in green the
object part that is learned as rigid and in red the object part that is learned
as variable.

and Baker, 2004], [Bourdev and Malik, 2009],[Ramanan et al., 2007],
[de La Gorce et al., 2011], [Oikonomidis et al., 2012], or by directly
tracing the global appearance of the object. Because of the process of
locating or tracing different object parts is typically a hard task (it in-
volves huge training sets), in this dissertation we focus on the latter that
is best known as template tracking [Baker and Matthews, 2004], [Kwon
and Park, 2009]. For a most extensive review of generic tracking methods
please refer to [Yilmaz et al., 2006].

As we can see in Figure 3.1, the goal of template tracking is to esti-
mate the position of an object along a sequence using an initially defined
sample, the template T . This is commonly done by estimating a paramet-
ric transformation W (normally a similarity or an affine one) that maps
the template T to the image region R where the object is placed. Despite
the underlying idea that template tracking methods assume that the ap-
pearance of the template is always the same; it can be updated during the
tracking process to increase its robustness against appearance variations
[Matthews et al., 2004]. This process -which is mandatory to track ar-
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ticulated or highly deformable objects- causes the well known drift prob-
lem: at each update, small errors are introduced and accumulated leading
the template to drift away from the object [Matthews et al., 2004]. That
problem is specially hard in the case of articulated or highly deformable
objects because the motion produced by the non-rigid parts may increase
the drift effect in the estimation of the rigid transformation. Otherwise,
if the tracked object performs a non-rigid movement the clutter provided
by the background in that zone may introduce important errors into the
estimation. In the worst scenario, we can end up following a region of the
background instead of the object itself. In this case, the direct use of the
object appearance (e.g., the intensity of the image region) might not be
a good choice. To solve that problematic, we can use a high level repre-
sentation of the tracked object as the template T and estimate W using a
more robust error function [Baker et al., 2003b].

In this work we study the fusion between template tracking methods
and Active Contours segmentation ones. Thus, in our case, the object tem-
plate is represented with an embedding Level Set Function (LSF) φ of its
silhouette or contour and the error optimized using an Active Contours1

(AC) energy [Bibby and Reid, 2008], [Bibby and Reid, 2010], [Rathi
et al., 2007b]. Doing that, we can easily deal with object intrinsic vari-
ations and avoid the errors provided by the background. However, when
the template is updated the drift problem still occurs and has to be faced.
In the bibliography, we find two approaches that deal with the drift prob-
lem: the view based approach and the model based one. In the former, the
registration is faced using only the information regarding to the sequence.
In that case, the estimation method has to be robust to the errors intro-
duced by intrinsic object variations [Rathi et al., 2007b], [Martinez et al.,
2012]. On the contrary, the latter approach relies on the previous creation
of parametric models that describe the object main configurations (see
Figure 3.1). In that case, the registration is faced by estimating the rigid
transformation together with the model parameters that fit the current ob-
ject topology [Rousson and Cremers, 2005], [Cremers, 2006], [Cremers,
2008], [Dambreville et al., 2008], [Prisacariu and Reid, 2011].

1See Chapter 1 for an extensive review of Active Contours methods.
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In this chapter, we focus on the latter: the model based approach.
First, we review the basic bibliography where shape constraints have been
added to the template tracking schemes explained in Chapter 2: Lucas-
Kanade optical flow and affine Particle Filters. Second, we propose a
novel tracking method which uses the PWP energy [Bibby and Reid,
2008], [Bibby and Reid, 2010] and the Level Set Function (LSF) Active
Contours representation to model the shape and track articulated or de-
formable objects using Principal Component Analysis (PCA) and incre-
mental learning [Ross et al., 2008]. Finally, we also propose an efficient
implementation of a template tracking method using Active Contours by
adapting the inverse compositional Project Out algorithm [Baker et al.,
2003b], [Baker et al., 2003a].

3.1 Addition of shape constraints to template
tracking

In this section we explore how shape constraints have been added at two
of the main trends of template tracking: Lucas-Kanade optical flow and
affine Particle Filters. For simplicity, we only explain how to model shape
information using PCA. However, the methods explained here can be ex-
tended using more complex and powerful representations such as Kernel
PCA [Liwicki et al., 2013], Local Linear Embedding (LLE) [Rathi et al.,
2007a] or shape Manifolds [Prisacariu and Reid, 2011].

3.1.1 Lucas-Kanade template tracking
The underlying idea of the model based Lucas-Kanade alignment algo-
rithm consists of moving, deforming and also adapting an object template
T to fit the image region R where the object is located (see Figure 3.1).
The problem statement is the following. Initially, we are given the true lo-
cation and size of the regionR -in the form of a parametric transformation
W (x, p)- and a parametric model M which defines the main appearance
configurations of the target object. The transformation is defined by the
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known region coordinates x = [x1, x2]> ∈ <2 -expressed in the tem-
plate domain ΩT - and the parameters p that define the warp we have to
apply to map them to the image domain ΩI or viceversa. The template
T (x) = µT (x) +

∑m
i=1 λiUi(x) is normally defined using a linear model

of the appearance of the object [Baker et al., 2003b]. For instance, if the
appearance of the object is modeled using PCA, then µT (x) is the mean
of the object appearance, U contains the learned basis of its variations and
λ the estimated coordinates of each object instance.

Figure 3.2: Example of inverse compositional Lucas-Kanade template
tracking using a PCA model as template. In ΩI , the red dotted box is the
region of the image which contained the object in the previous frame and
the green dotted box is the region that contains the object in the current
frame and thus, the one we want to reach. The red dotted box region is first
warped back to ΩT (at the bottom right part of the figure) using the esti-
mate of the transformation at the previous frame W (x, p). Then, the goal
is to estimate the transformation W (x,∆p) that warps the template T to
the incoming warped back region I(W (x, p)). In this case, the template is
defined using a PCA model M . Therefore, we also have to estimate the λ
values that fit our model M to I(W (x, p)). Afterwards, the inverse of the
estimated warp is composed with the previous one W (W (x,∆p)−1, p))
to obtain the mapping of the new estimate in ΩI . the model parameters
are also updated λ← λ+∆λ. This process is repeated until convergence.
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Therefore, along a video sequence the problem is reduced to estimate
for each frame the p = [p1, p2, ..., pn]> parameters that map T toR jointly
with the λ = [λ1, λ2, ..., λm]> parameters that define the current object
configuration. That description can be easily expressed as an optimization
problem in ΩT using the following Sum of Squared Errors (SSE):∑

ΩT

[
µT (x) +

m∑
i=1

λiUi(x)− I(W (x, p))

]2

. (3.1)

Simultaneous Inverse Compositional

As we have seen in Section 2.1.1 of last chapter, we can reformulate this
type of expressions to increase its computational efficiency using the in-
verse compositional template tracking scheme [Baker et al., 2003b]:∑

ΩT

[
µT (W (x,∆p)) +

m∑
i=1

(λi + ∆λi)Ui(W (x,∆p))− I(W (x, p))

]2

,

(3.2)
where ∆p and ∆λ are the increment of the parameters. The only dif-
ference is that in the current case, besides the rigid transformation pa-
rameters p, we also want to estimate the model parameters λ that fit the
best reconstruction of our template model. As in Section 2.1.1, the op-
timization can be done applying Gauss-Newton over Equation (3.2) and
the minimum can be reached at

∆q = H−1
sim

∑
x

SD>sim(x)Esim(x). (3.3)

As we can see in [Baker et al., 2003b], the error is defined as

Esim(x) = I(W (x, p))−

(
µT (x) +

m∑
i=1

λiUi(x)

)
, (3.4)

the Steepest Descent (SD) images are computed as

SDsim = ((∇µT +
m∑
i=1

λi∇Ui)
∂W

∂p1
, ..., (∇µT +

m∑
i=1

λi∇Ui)
∂W

∂pn
, U1, ..., Um),

(3.5)
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the Hessian is approximated as

Hsim =
∑
ΩT

SD>sim(x)SDsim(x). (3.6)

and the estimated parameters are concatenated within

∆q = [∆p1, ...,∆pn,∆λ1,∆λn]>. (3.7)

Finally, the warp W (x, p)← W (W (x,∆p)−1, p) and the appearance pa-
rameters λ ← λ + ∆λ are updated. The overall process can be seen in
Figure 3.2.

3.1.2 Particle Fitler template tracking
Particle Filters [Arulampalam et al., 2002], [Chen, 2003], [Doucet and Jo-
hansen, 2009] are simulation based Sequential Monte Carlo (SMC) meth-
ods that try to sequentially estimate the true states S1:t = {s1, s2, s2, ..., st}
of a dynamical system from possibly inaccurate or noisy measurements
a.k.a observations O1:t = {o1, o2, ..., ot} using a sampling mechanism.

The use of Particle Filters for template tracking [Kwon and Park,
2009], [Kwon et al., 2009],[Ross et al., 2008] is quite intuitive. First,
the states are defined as the transformations st ← Wt that map the tem-
plate T to the image region R where the object lays at each frame t (see
Figure 3.1). Second, the measurements are evaluated by defining a dis-
tance between T and each of the sampled image regions It(Wt(x, p)).
The distance is applied on the template domain ΩT and is used to obtain
the importance weight wt for each of the samples. Thus, given all the
previous states and observations (including the one at time t), the goal
is to estimate the unknown rigid transformation Wt drawn from a set of
N samples {W (i)

t , w
(i)
t }Ni=1 that are generated and afterwards evaluated.

Both steps can be easily done by defining two equations: the state tran-
sition and the measurement equation respectively. That system dynamics
can be formally written using the following discrete vector state model
[Arulampalam et al., 2002]:

Wt = f(Wt−1, rt), wt ∼ N (0,Σr), (3.8)
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ot = g(Wt, zt), zt ∼ N (0,Σz), (3.9)

where f(·), g(·) are the functions that define the state transition and mea-
surement equations and rt, zt are noise vectors which are generated from
zero mean normal distributions with specified covariances Σr and Σz. See
Section 2.2 of previous chapter for a further review Particle Filters applied
to template tracking.

Observation model

The standard way to introduce shape constraints into the Particle Filter
template tracking scheme is to modify how each sample is evaluated. This
can be done by incorporating the shape information to the measurement
equation. For instance, instead of evaluating the SSE between the tem-
plate and the sample:

p(It|W (x, p)t) ∝ exp(− 1
2
g>Σ−1

z g), (3.10)

where
g :
∑
ΩT

[It(Wt(x, p))− T (x)]2 + zt (3.11)

and zt is sampled from N (0,Σz),Σz = σ2
SSE. In the presence of a PCA

model, we can change that metric involving some distance related to the
subspace spanned by U or also the model mean µT .

For instance, in [Ross et al., 2008], [Kwon and Park, 2009] and [Kwon
et al., 2009] a combination between the probability of a sample to be gen-
erated from a subspace and the distance of the projection of that sample
with respect to the subspace center are used. The former is given by the
following Gaussian distribution:

ps(It|Wt(x, p)) = N (It(Wt(x, p));µT , UU
> + zt Id). (3.12)

The latter can be modeled using the Mahalanobis distance with respect to
µT :

pc(It|Wn(x, p)) = N (It(Wt(x, p));µT , UΣ−2UT ), (3.13)
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where Σ are the model eigenvalues. Finally, each sample is evaluated by

p(It|Wt(x, p)) = ps(It|Wt(x, p))pc(It|Wt(x, p)). (3.14)

to assign the importance weights wt. Finally, we want to remark that all
the other stages of the template tracking Particle Filter using shape models
remain as explained in Section 2.2.

3.2 Robust Incremental template tracking us-
ing Active Contours

In this section we present a novel template tracking method for articu-
lated and deformable objects. The template is defined using PCA over
the Level Set embedding Functions (LSFs) of the object silhouette main
configurations. The goal of this modeling is to only distinguish between
the rigid parts and the non-rigid ones. The estimation of the rigid trans-
formation as well as the template reconstruction is done using the Pixel
Wise Posterior (PWP) Active Contours energy [Bibby and Reid, 2008],
[Bibby and Reid, 2010]. Specifically, the optimization of both is posed
like the simultaneous Inverse Compositional (IC) template tracking algo-
rithm [Baker et al., 2003b] with drift correction [Matthews et al., 2004].
As we only learn the main object configurations, we use an active learn-
ing mechanism to update our model online and increase its robustness. To
do so, we apply a region based Active Contours method that uses both,
the PWP energy and the PCA model, to catch new poses and update the
model using an efficient incremental PCA method [Ross et al., 2008]. See
Figure 3.3 for an overview of the proposed method.

3.2.1 Description of the problem
Nowadays, tracking of articulated or highly deformable objects is a chal-
lenging task for researchers in Computer Vision. The main drawback is
to differentiate between the rigid motion produced by rigid transforma-
tions and the non-rigid one produced by articulated or deformable parts.
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Figure 3.3: Overview of the proposed method. In the PWP domain, the
red dotted box is the region of the image which contained the object in
the previous frame and the green dotted box is the region that contains
the object in the current frame and thus, the one we want to reach. The
rigid transformation is estimated in the template domain Ωφ, where the
template T is defined by the PCA models MC (the model that is updated
online) and MA (the pre-learned one). Specifically, the rigid transforma-
tion is first estimated by using MC as the template and afterwards the
possible drift is corrected using MA as the template. Once done, we use
the warped back PWPs to evolve a LSF using an Active Contours method
which also uses the information provided by the model MC to reinforce
the segmentation. Finally, the resulting LSF is queued in a batch in order
to update the model MC .

In the literature we find two approaches that deal with the above problem:
model based and view based. In model based methods the goal is to as-
sociate certain point descriptors to fit a previously created/learned model.
Otherwise, in view based methods only the information regarding to the
sequence is used to perform the tracking task. Great progress has been
achieved, specifically for face [Matthews and Baker, 2004], [Cristinacce
and Cootes, 2006] and body tracking [Ramanan et al., 2007],[Bourdev
and Malik, 2009] using model-based approaches. In both cases, the key
factors are the ability to detect certain points such as mouth corners or
body articulations and the previous creation of 2D or 3D models that de-
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scribe the non-rigid movements that can occur. In cases like hands, where
the detection of feature points is difficult (hands main characteristic is
color homogeneity), the model fitting is done by estimating the param-
eters that minimize or maximize some energy criteria between the ob-
served image and subsequent model parametrizations [de La Gorce et al.,
2011],[Prisacariu and Reid, 2012],[Oikonomidis et al., 2012].

The main drawback of above methods is that we have to previously
create complex models for each of the object types we want to track.
Moreover, even if the model is created, the parameter estimation in high
degree of freedom models is not always feasible. In that case, extra infor-
mation provided by accelerometers [Prisacariu and Reid, 2012] or even
depth sensors [Oikonomidis et al., 2012] must to be used in order to re-
duce the complexity of the problem. Thus, assuming we are interested
in a general approach for tracking articulated or highly deformable ob-
jects using only a monocular RGB camera, the creation of such complex
models can be a problem. In order to overcome that difficulty we propose
the following scheme. First, we only pre-compute simple models -created
using PCA- that merely differentiate between the rigid parts and the non-
rigid ones. Second, we add an active learning mechanism to update them
online in order to increase its robustness. Basically, we want to create a
”clever” mask that codifies only the shape information and can be adapted
online.

To cover above needs we have focused on the work done in region
based Active Contours methods [Chan and Vese, 2001], [Cremers et al.,
2007] for image segmentation and tracking. Their main advantages are
the capacity to merge different features as potentials in a regularized
framework as well as their high degree of adaptability to segment and also
track deformable and articulated objects from challenging backgrounds.
For a further review of Active Contours methods we refer the reader to
Section 1.1 of Chapter 1. In the bibliography, we can find several meth-
ods that apply Active Contours -or at least its representation, the Level
Set embedding Function (LSF) of the object contour- to track articulated
or deformable objects.

When no model is previously learned, there are two possible strate-
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gies to trace an object along frames: define the LSF as the template of
a template tracking method or directly evolve the LSF using an Active
Contours method. In the former, the goal is to estimate a parametric rigid
transformation by optimizing the Active Contours energy with respect to
the transformation parameters as is done in template tracking [Bibby and
Reid, 2008], [Rathi et al., 2007b], [Martinez et al., 2012]. In the latter,
the tracking phase is understood as an inter frame segmentation process
where an Active Contours method is directly applied. In that case, the
LSF is evolved iteratively for each frame towards the new object contour.

In the presence of a model, the tracking process is faced by simulta-
neously estimating the parameters of both: the model and the rigid trans-
formation; that fit the current object position and topology [Rousson and
Cremers, 2005], [Cremers, 2006], [Cremers, 2008], [Dambreville et al.,
2008], [Prisacariu and Reid, 2011]. Besides how the optimization of the
parameters is done, another crucial factor is how the the LSF model is
build. From the bibliography, we can observe that the modeling of LSFs
has been a deep field of study. That is because signed distance LSF, the
common choice, do not lay on a linear space and consequently can not be
correctly represented using merely linear PCA [Cremers, 2006]. For in-
stance, in [Rousson and Cremers, 2005],[Dambreville et al., 2008],[Rathi
et al., 2007a] and [Prisacariu and Reid, 2011] the LSFs are modeled using
Kernel Density Estimation (KDE), Kernel PCA, Local Linear Embedding
(LLE) and shape Manifolds respectively. A common limitation of above
methods is that the LSF evolution is constrained to the offline learned
models. Therefore, complex models need to be created for every object
we want to track.

To overcome above constraints, in [Fussenegger et al., 2009] active
learning using PCA is used. Specifically, each LSF is modeled using a
binary representation of it and the model is incrementally updated using
a Singular Value Decomposition (SVD) based incremental PCA. Using
this scheme, initial models can be simpler: we can use a very basic model
that can be updated online. The main inconvenient of the work done
in [Fussenegger et al., 2009] is that the rigid transformation to update
the model is done after the contour evolution, so the method tends to be
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slow. Specifically, the whole image is processed with an Active Contours
method. Afterwards, the region near the segmented object is registered
with the mean of the current PCA model and the new LSF is used to
update the model. At last, the new model is used to improve the segmen-
tation process for the next frame and so on.

Similarly, in the work of [Chiverton et al., 2009] online learning is
also introduced to avoid the previous computation of complex models.
In this case, this is done by computing a weighted mean of all the seen
signed distance LSFs. Similar to [Fussenegger et al., 2009], the rigid
transformation is estimated over the weighted mean to partially mitigate
the drift problem. Concretely, the weighted mean is computed using a
Gaussian kernel centered always at the previous LSF of the tracking se-
quence. Therefore, it forces a smooth evolution of the curve. The main
drawback of that method is that in order to compute the weights, all the
previous LSFs have to be stored and compared (cannot be achieved in real
time). If not, only the information of the latest n frames can be used to
compute the estimated weighted mean.

In this work we present a novel template tracking method for ar-
ticulated and deformable objects that is inspired by the work done in
[Fussenegger et al., 2009] and [Chiverton et al., 2009]. Like in [Fusseneg-
ger et al., 2009], the template is defined using a simple PCA model that
can be updated online. However, in our case, PCA is applied directly
over the Level Set embedding Functions (LSFs) of the object silhouette
main configurations instead of binary masks. This is possible due to the
addition of the regularization term proposed in [Li et al., 2010] to cre-
ate and evolve the LSFs. The use of that term intrinsically maintains an
stable LSF with a signed distance profile near its zero level and constant
values for foreground and background regions along its evolution. Given
that characteristics, resulting LSFs are better-suited to be applied for PCA
modeling. Moreover, given that we are modeling directly the LSFs using
PCA, the estimation of the rigid transformation and the reconstruction pa-
rameters can be posed like a simultaneous inverse compositional template
tracking problem [Baker et al., 2003b] with drift correction [Matthews
et al., 2004]. In our case, the simultaneous optimization of above pa-
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rameters is done over the Pixel Wise Posterior (PWP) Active Contours
energy [Bibby and Reid, 2008],[Bibby and Reid, 2010]. Finally, as our
initial model only contains the main object configurations, we use an ac-
tive learning mechanism to update our model online and increase its ro-
bustness. To do so, we apply a region based Active Contour method that
uses both, the PWP energy and the PCA model, to catch new poses and
update the model using an efficient incremental PCA method [Ross et al.,
2008]. At last, the possible drift is always corrected using the unaltered
initial PCA model similar how is done in [Matthews et al., 2004].

3.2.2 Proposed method

In this section we explain each of the components of our method. First, we
briefly explain the PWP Active Contours energy [Bibby and Reid, 2008]
which is used for all of them. Second, we show how to apply the si-
multaneous inverse compostional template tracking scheme [Baker et al.,
2003b] over the PWP energy in order to optimize both, the rigid trans-
formation and the model parameters. Third, we show how we model the
LSFs using PCA. Specifically, we explain how to add the regularization
term proposed in [Li et al., 2010] to create and evolve the LSFs. Fourth,
we show how we update the PCA model using an Active Contours method
-which uses both: the PWP energy and the model information to robustly
catch new poses- and the incremental learning scheme proposed in [Ross
et al., 2008]. Fifth, we show how to add a drift correction mechanism
[Matthews et al., 2004] in order to avoid the drift problem that incremen-
tal learning may introduce. Finally, we describe the overall algorithm,
defining the pseudo-code of all their parts.

The PWP energy

The PWP energy was proposed in [Bibby and Reid, 2008] and it has been
proven to be more effective with respect to previous region based proba-
bilistic Active Contours energies (see Section 1.1 of Chapter 1 for a fur-
ther explanation). The key for the success of this energy over the previous
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ones is the use of pixel-wise posteriors instead of pixel-wise likelihoods.
The energy can be defined as

E(x) = −
∑
ΩT

log(P (x)) (3.15)

where
P (x) = pf (x)Hε(φ(x)) + pb(x)(1−Hε(φ(x))), (3.16)

and

pf (x) =
p(y(x))|θf )

Nf p(y(x))|θf ) +Nb p(y(x))|θb)
,

pb(x) =
p(y(x))|θb)

Nf p(y(x))|θf ) +Nb p(y(x))|θb)
(3.17)

are the PWP probabilities of each RGB pixel value y(x) to belong to the
foreground or the background region respectively. Those PWP proba-
bilities are defined using the likelihood of each y(x) with respect to the
θf and θb color models -which are created using 32x32x32 RGB his-
tograms2- and afterwards normalized using the number of foreground Nf

and background Nb pixels. Finally, φ(x) is the LSF that codifies the ob-
ject contour or silhouette by separating the given image region between
foreground (positive values) and background (negative ones) regions. At
last, Hε(φ(x)) is a smoothed version of the Heaviside function applied
over it.

The PWP energy has been used in [Bibby and Reid, 2008] and [Bibby
and Reid, 2010] to segment and also track articulated and highly de-
formable objects. In this work we add prior shape information to it using
PCA. That prior information is used over both: the tracking and the seg-
mentation steps. For the former, we formulate a simultaneous optimiza-
tion of the rigid transformation and the appearance model parameters,
similarly how it is done in [Baker et al., 2003b]. For the latter, we incor-
porate the shape information by adding the force proposed in [Chan and
Zhu, 2005] to the Active Contours energy functional.

2Each of the color models has been generated using the an initial segmentation φ0(x).
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Simultaneus optimization of the PWP energy

A quick and easy way of adding shape information to the PWP energy
functional is by applying the same methodology than in Section 3.1.1.
Thus, we can apply Principal Component Analysis (PCA) over different
object samples -in our case LSFs φ(x)- and introduce that representation
like in the simultaneous inverse compositional template tracking scheme:

argmin
∆p,∆λ

[
E(x,∆p,∆λ) = −

∑
ΩT

log(P (x,∆p,∆λ))

]
, (3.18)

where

P (x,∆p,∆λ) = pf (W (x, p))Hε(φPCA(x,∆p,∆λ))

+ pb(W (x, p))(1−Hε(φPCA(x,∆p,∆λ))),

(3.19)

and p = [p1, p2, ..., pn]> are the parameters of the rigid transformation
W (x, p) that map the template φPCA(x) to the object position in the current
image. Specifically, we define W (x, p) as a similarity with global scale,
rotation, and horizontal and vertical translations modes. Moreover, The
PCA template is defined as

φPCA(x,∆p,∆λ) = µφ(W (x,∆p)) +
m∑
i=1

(λi + ∆λi)Ui(W (x,∆p)),

(3.20)
where µφ is the model mean, U is the learned appearance basis and λ =
[λ1, λ2, ..., λm]> are the estimated coordinates of each object instance.

Given that the PWP energy uses a log instead of a SSE, we have to
use Newton instead of Gauss-Newton for its optimization. Therefore, the
increment of the parameters ∆q = [∆p1, ...,∆pn,∆λ1, ...,∆λm]> can be
estimated simultaneously by attaching the minimums at

∆q = −
[∑

x

∂2E

∂∆p2

]−1[∑
x

∂E

∂∆p

]
. (3.21)

106



“ExempleUsPlantillaB5” — 2015/12/11 — 12:19 — page 107 — #131

and

∆λ = −
[∑

x

∂2E

∂∆λ2

]−1[∑
x

∂E

∂∆λ

]
. (3.22)

The first and second 3 derivatives of Equations (3.21) and 3.22 are

∂E

∂∆p
=

1

P

∂P

∂∆p
,

∂2E

∂2∆p
= − 1

P 2

∂P

∂∆p

T ∂P

∂∆p
, (3.23)

where
∂P

∂∆p
=
∂P

∂H

∂H

∂φ

∂φ

∂W

∂W

∂∆p
(3.24)

and
∂E

∂∆λ
=

1

P

∂P

∂∆λ
,

∂2E

∂2∆λ
= − 1

P 2

∂P

∂∆λ

T ∂P

∂∆λ
, (3.25)

where
∂P

∂∆λ
=
∂P

∂H

∂H

∂φ

∂φ

∂∆λ
. (3.26)

At last, the only two terms that differ from the Newton optimization of
the PWP energy [Bibby and Reid, 2010] are:

∂φ

∂W
= ∇µφ +

m∑
i=1

λi∇Ui, (3.27)

∂φ

∂∆λ
= U. (3.28)

See Section 2.1.3 to see the concrete definition for each of the other terms.
If we rearrange above terms by taking into consideration if they are related
to the template or not, then the related terms can be concatenated and
considered equivalent to the SD images

SDacsim = δ(φ)((∇µφ+

m∑
i=1

λi∇Ui)
∂W

∂∆p1
, ..., (∇µφ+

m∑
i=1

λi∇Ui)
∂W

∂∆pn
, U1, ..., Um),

(3.29)

3Note that 2nd order terms have been removed. See Section 2.1.3 for further details.
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and the other ones equivalent to the error

E(x) =
pf (W (x, p))− pb(W (x, p))

pf (W (x, p))Hε(φ(x)) + pb(W (x, p))(1−Hε(φ(x)))
. (3.30)

Using above rearrangements, the closed solution for the increment of the
parameters can be written as

∆q = H−1
acsim

∑
ΩT

SD>acsim(x)E(x), (3.31)

where
Hacsim =

∑
ΩT

E(x)2 SD>acsim(x)SDacsim(x). (3.32)

To improve the computational efficiency of the method, last expression
can be simplified to

Hacsim =
∑
ΩT

SD>acsim(x)SDacsim(x) (3.33)

See section 2.1.3 for further details about this simplification. Finally,
the warp W (x, p) ← W (W (x,∆p)−1, p) and the appearance parame-
ters λ ← λ + ∆λ are updated and the estimation process repeated until
convergence.

Modeling of LSFs

In order to build an initial model M0 only few representative samples
of the object LSFs are used. The procedure is quite simple: the image
samples are segmented applying an Active Contours method which uses
the PWP energy as the external force and the method proposed in [Li
et al., 2010] as the internal one (see Section 1.1 for a further explanation
of Active Contours methods). Once done, they are manually registered
and modeled using batch PCA.

The key idea to create simpler LSF models is the addition of the
regularitzation term proposed in [Li et al., 2010] to the segmentation
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Figure 3.4: From left to right. LSF φ of the contour C with positive val-
ues and negative values for the foregroundRf and backgroundRb regions
respectively. The same contour embedded into a signed distance LSF φsd.
LSF φdw which has been regularized using the double well potential pro-
posed in [Li et al., 2010], that maintains a signed distance profile near its
zero level (the contour C) and constant values for foreground and back-
ground regions.

scheme which intrinsically maintains an stable LSF (avoids reinitializa-
tion) with a signed distance profile near its zero level and constant values
for foreground and background regions along its evolution (see Figure
3.4). Given that characteristics, resulting LSF’s are better-suited to be ap-
plied for PCA modeling. The term proposed in [Li et al., 2010] can be
expressed as

Ein(φ) =

∫
x∈ΩT

q(|∇φ|) dx, (3.34)

where q is the double well potential function

q(s) =


1

(2π)2
(1− cos(2πs)) if s ≤ 1

1
2
(s− 1)2 if s ≥ 1

, (3.35)

that constraints the evolution of the LSF with a signed distance profile
near the contour and constant values for foreground and background re-
gions.

Finally, if we use the PWP energy as the external force and above
regularization term as the internal one of an Active Contours method, the
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evolution of the LSF is given by

φt+1 = φt +
∂φ

∂t
, (3.36)

where
∂φ

∂t
= −∂Eex(φ)

∂φ
− η∂Ein(φ)

∂φ
, (3.37)

τ is the time step, t is an artificial time parameter and η is a constant. The
partial derivative of the PWP external force with respect to the LSF φ is
derived as

∂E(φ)ex

∂φ
= − δε(φ)(pf − pb)

Hε(φ) pf + (1−Hε(φ)) pb
, (3.38)

where δε(φ) is the Dirac delta function. In the same way, the partial
derivative of the external term is derived as

∂Ein(φ)

∂φ
= −DIV(dp(|∇φ|)∇φ) (3.39)

where DIV is the divergence operator,

dp(s) =
p′(s)

s
(3.40)

and

p′2(s) =


1

(2π)2
sin(2πs) if s ≤ 1

1
2
(s− 1) if s ≥ 1

. (3.41)

At last, in Figure 3.5 we can see the PCA model learned from a simple
set of five LSFs. Note that the great advantage of using the regularization
term proposed in [Li et al., 2010] to create the LSFs is that the model only
codifies the basic shape information, that is the variation that occurs near
the contour of each LSF.
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Figure 3.5: The first row contains five LSFs and the second one the PCA
model learned with them.

Updating of LSFs model

Until now, we have shown how to create simple PCA models to define
the main target object configurations. However, along the tracking pro-
cess the object can take several alternative poses. Thus, it is desirable to
be able to learn new object configurations by updating the model online.
Usually, the use of PCA has been chosen over another more powerful rep-
resentations (such as Kernel PCA [Liwicki et al., 2013], Local Linear Em-
bedding (LLE) [Rathi et al., 2007a], or shape Manifolds [Prisacariu and
Reid, 2011]) because of the existence of efficient active learning methods
to incrementally update the model [Levey and Lindenbaum, 2000][Brand,
2002] [Ross et al., 2008].

Active learning methods emerge to provide a solution to the limita-
tion of the SVD factorization method -and as an extension PCA- to re-
quire complete data or namely, to avoid the whole computation of the
SVD each time new data of the same phenomena is provided . In other
words: given new samples, provide a method to update in real time and
fixed memory size the linear basis obtained from a previous SVD factor-
ization. Suppose that we have an initial set of LSFs A, where the mean of
them µA has been subtracted to each LSF instance. Then, we perform the
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SVD factorization over it to obtain the eigenevectors UA of its covariance
matrix. Given a new sequence of registered image regions of the same
object and their correspondent LSFs B = [φn+1, ..., φn+m], the goal is to
obtain the mean µC and the eigenbasis UC of the set C = [A B] without
retraining the entire set of samples [Ross et al., 2008]. Formally, from
the SVD decomposition of the initial set A = UAΣAVA

T the we want to
compute efficiently the SVD of

C = UCΣCVC
T . (3.42)

When applied to PCA models, the only difference apart from subtracting
the mean from the data, it is to update the resulting new basis also taking
into account the updated mean. As we can see in [Ross et al., 2008],
updating the mean is useful for template tracking methods because it can
be used to update the template robustly. To do so, a sample relating both
set means: µA and µB, has to be added to the new incoming set B. Thus,
B̂ is defined as

B̂ = [(φn+1 − µB) . . . (φn+m − µB)

√
nm

n+m
(µB − µA)]. (3.43)

Otherwise, the updated mean µC can be easily computed from the means
µA and µB of the two sets,

µC =
fn

fn+m
µA +

m

fn+m
µB, (3.44)

where f is a scalar factor ∈ [0 1], that weights the importance of the old
data when updating the model (see [Ross et al., 2008]). This ”forget-
ting” factor is useful to determine the behavior of the updated model. For
instance, if f = 1 no information is lost.

Going back to the efficient computation of the SVD of C, the first
objective is to estimate the orthogonal vectors UB̂ that are complemen-
tary to the subspace spanned by UA and consequently describe the new
information provided by B̂,

UB̂ = orth(B̂ − UAUT
A B̂). (3.45)
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Once done, UC can be rewritten as UC = [UA UB̃] and ΣC isolated from
equation (3.42) and rewritten as,

ΣC =

[
fΣA UA

T B̂

0 UB̂
T (B̂ − UAUAT B̂)

]
. (3.46)

Therefore, the whole SVD decomposition of C can be rewritten as,

C = [UA UB̃]

[
fΣA UA

T B̂

0 UB̂
T (B̂ − UAUAT B̂)

] [
V 0
0 I

]T
. (3.47)

At the end, the efficient SVD computation of C can be performed by only
computing the SVD for the matrix ΣC = UΣCΣΣCVΣC , and substituting
the resulting terms into equation (3.47),

C = [UA UB̃] UΣCΣΣC

( [
VA 0
0 I

]
VΣC

)T
. (3.48)

Finally, we can define UC = [UA UB̃] UΣC as the exact eigenvectors
that correspond to the covariance matrix of C and ΣC = ΣΣC their corre-
spondent eigenvalues. If we want to obtain a low basis representation, we
can truncate both matrices by selecting the k columns that correspond to
largest eigenvalues.

One of the greatest advantages of updating online the LSFs model,
as explained at above paragraphs, is that the segmentation step can also
benefit from the learned information. For instance, we can add to the seg-
mentation energy a new functional that incorporates that information to
the Active Contours framework. In order to do that, we use the functional
proposed in [Chan and Zhu, 2005]

E(φ, φPCA)sh =

∫
Ω

(Hε(φ)−Hε(µφ))2, (3.49)

which reinforces the evolution of the current LSF φ around a prior known
shape, in our case the reconstructed template φPCA. The great advantage
of this functional is the use of the Heaviside function instead of working
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directly with LSFs, because it allows shapes to not be well regularized
LSFs. As φPCA is a reconstruction and by far not a perfect LSF, this func-
tional fits perfectly to our interests. Thus, the gradient flow defined in
Equation (3.37) that guides the evolution of the LSF can be extended to

∂φ

∂t
= −∂Eex(φ)

∂φ
− η∂Ein(φ)

∂φ
− γ ∂Esh(φ)

∂φ
(3.50)

where
∂E(φ)sh

∂φ
= 2δε(φ)(Hε(φ)−Hε(φPCA)) (3.51)

and γ is a constant. Finally, from the obtained segmentation, we can
update our RGB histogram models θf and θb in order to reflect the updated
appearance of the template [Bibby and Reid, 2008]. This can be done by
using the following linear opinion pools

p(y(x)|θi) = (1− αi) p(y(x)|θi)t−1 + αi p(y|θi)t, i = f, b. (3.52)

where αi are the variable learning rates.

Drift correction

In spite of we begin the tracking process from a previously learned PCA
model MA. If we directly update it, trough the incremental algorithm ex-
plained in the previous section, we could introduce errors into the model
that may lead the template to drift away from the tracked object. This
situation -known as the drift problem- can be mitigated by following a
similar strategy than in [Matthews et al., 2004]. Thus, we can keep the
initial model MA during the whole sequence and use it to avoid the small
errors accumulation. Then, the optimitzation process can be done by first
estimating the rigid transformation parameters p using an updated version
of the model MC as template and afterwards correct the drift by estimat-
ing p̂ using MA as template but at the starting point given by the current
estimation of p instead of the one estimated at the previous frame. At the
end, all the new data B is warped back by p̂ before applying the modeling
and segmentation stages (see Figure 3.6).
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Figure 3.6: Scheme of the proposed update process. First, we estimate
the p parameters using the template provided by the model of the updated
data MC . Second, we estimate the p̂ parameters using the initial template
provided by the model of the initial data MA. Third, in the blue box, we
receive the warped back PWP(W (x, p̂)) (in green) from where we apply
the Active Contours method to catch new poses and update the online
model.

As the reader may realize, if the non-linear optimization problem
posed by Equations (3.18) was solved perfectly, then the solution should
be the same than tracking using MA directly instead of the proposed
scheme. As their solutions are based on a previous linearitzation of the
problem, the strategy illustrated in Figure 3.6 is actually different. Track-
ing with it, it is less prone to local minima and improves dramatically the
tracking robustness [Matthews et al., 2004].

Overall algorithm

Finally, the overall method is defined in Algorithm 3. First, we build the
initial model MA from a set of previously aligned LSFs. Second, we also
build the color models Mf and Mb given an initial object segmentation
and position. Once done, we begin the tracking process for each new
image in the sequence. Note that estimation of the rigid transformation
is done by simultaneously optimizing the p and λ parameters using the
method defined in Algorithm 4 with MC and MA respectively.

115



“ExempleUsPlantillaB5” — 2015/12/11 — 12:19 — page 116 — #140

Algorithm 3 LSF template tracking using the PWP energy with incre-
mental learning with drift correction.

1: Precompute:
2: Compute the mean µA from all the training LSFs.
3: Subtract the mean from them: A = [φ1 − µA, ..., φn − µA].
4: Compute [UAΣAVA] = SVD(A).
5: Define MA.µ = µA,MA.U = UA,MA.Σ = ΣA.
6: Define MC .µ = µA,MC .U = UA,MC .Σ = ΣA.
7: Define initial position and segmentation with p and φ(x).
8: Build color models Mf and Mb using I(W (x, p)) and φ(x).
9: Iterate: for each I ∈ Sequence.

10: [p, λC ] = SimPWP(I, x, p, λC ,MC ,Mf ,Mb, iter1).
11: [p, λA] = SimPWP(I, x, p, λA,MA,Mf ,Mb, iter2).
12: [φ,Mf ,Mb] = EvPWP(φ, x, p, λ, pf , pb,MC ,Mf ,Mb, iter3).
13: [MC ] = IncLSF(φ,MC , f).

Algorithm 4 Simultaneous optimization of p and λ parameters using the
PWP energy.

1: function [p, λ] = SIMPWP(I, x, p, λ,M,Mf ,Mb, iter)
2: for i = 1 : iter do
3: Compute pf (I(W (x, p)) and pb(I(W (x, p))).
4: Reconstruct the template: φPCA = M.µ+M.Uλ.
5: Compute SDacsim and Hacsim using Equations (3.29) and

(3.33).
6: Compute E(x)sim using Equation (3.30).
7: Estimate ∆q using Equation (3.31).
8: Update W (x, p)← W (W (x,∆p)−1, p) and λ← λ+ ∆λ.
9: end for

10: end function
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Algorithm 5 Evolution of the template φ using an Active Contours
method.

1: function [φ,Mf ,Mb] = EVLSF(I, φ, x, p, λ,M,Mf ,Mb, iter)
2: Compute pf (I(W (x, p)) and pb(I(W (x, p))).
3: Reconstruct the template: φPCA = M.µ+M.Uλ.
4: for i = 1 : iter do
5: Evolve LSF φ using Equations (3.36) and (3.50).
6: end for
7: Update Mf and Mb using Equation (3.52).
8: end function

Afterwards, we evolve the current LSF by applying the Active Con-
tours method defined in Algorithm 5. Note that MC is also used to re-
inforce the segmentation step. Finally, the evolved LSF is passed to the
incremental learning module defined in Algorithm 6. The call to this
module can be done in batch mode in order to accumulate several LSFs
before updating the modelMC . That strategy improves the computational
performance of the algorithm.

Algorithm 6 Incremental PCA applied to LSFs.
1: function [M ] = INCLSF(B,M, f )
2: Compute µC using Equation (3.44).
3: Compute ΣC using Equation (3.46).
4: Compute [UΣC ,ΣΣC , VΣC ] = SVD(ΣC).
5: Update M.µ = µ,M.U = [UA UB] and UΣC .
6: end function

3.2.3 Experimental Results

In order to validate the proposed method, we have compared its perfor-
mance qualitatively and quantitatively. Specifically, we demonstrate how
the addition of shape information using the proposed scheme results in a
robust tracker for articulated and deformable objects.
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In the first experiment, we have tried to validate the choice of PCA
to define our simple and regularized LSF models. Specifically, we have
explored how the number of used eigenbasis affect to the rigid transfor-
mation estimation. In order to do that, we have used the LibHand library
[Šarić, 2011], which allows us to define several synthetic hand poses and
to obtain the sequence of the transition between them. Then, we can take
each generated hand pose and apply to it a given similarity transforma-
tion. The result is an evaluation framework that provides synthetic scenes
which combine different articulated hand poses with artificially defined
similarity transformations that are stored and can be used as ground truth.

At the top of Figure 3.7 we can see the model we have build from
the LSFs obtained from the sequence that appears at the bottom of the
same figure, where the hand is going from an open to a closed position.
To explore the effect of the number of used eigenbasis on the estimation
of the rigid transformation we have evaluated it over different synthetic
scenes where the hand suffers exactly the same articulated deformation
plus a known rigid transformation. Specifically, we have tested the cases
when no rigid motion is present (1st chart), when the hand is suffering
a global scale of 1.5 (2nd chart) and when the hand is suffering a rota-
tion of 90o (3rd chart). The error seen on the charts is computed on the
tangent space aff(2) of the Affine manifold Aff(2) [Kwon and Park, 2009].
Specifically, we use the following approximation of the geodesic distance:
‖ log(W−1

GTWES)‖, where WGT is the ground truth similarity transforma-
tion and WES the estimation obtained for each number of used eignebasis.

We can take two conclusions of Figure 3.7. First, the results obtained
by using the whole PCA model clearly outperform the results obtained
by only using the mean (except in the cases where the mean is very close
to the current hand pose). Second, the number of eigenbasis needed to
achieve good results in order to build a simple shape model is very small.

Otherwise, to test if we can use our simple shape models to also track
non-modeled hand poses, we have performed the same experiment apply-
ing the model build from the previous hand sequence to other sequences
that contain non-modeled hand poses from the same view. For instance,
in Figure 3.8 we can observe that the behavior is exactly the same as be-
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fore, aside the error is slightly bigger over the non-modeled hand poses.
Further, if we increase the number of eigenbasis (around the 80% of the
cumulative energy) at certain point the results get worse.

Figure 3.7: Effect of the number of used eigenbasis on the estimaton of
different rigid transformations. All the hand poses of the sequence have
been previously modeled.
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Figure 3.8: Effect of the number of used eigenbasis on the estimaton of
different rigid transformations. The sequence contains hand poses that
have not been modeled.

In a second experiment, we have tried to validate that the inclusion
of the incremental learning mechanism tuns on in an increase of the ro-
bustness of the tracker in cases where the poses have not been modeled
or, at least, it does not affect negatively in the cases where the poses are
known. In Figure 3.9, we can observe that its inclusion reduces slightly
the error in some pics where the hand goes from a known position to an
unknown one and viceversa. This effect can be seen more clearly in real
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world scenes.

Figure 3.9: Effect produced by the introduction of a previous step of in-
cremental learning.

For instance, in Figures 3.10 and 3.11 we can observe how the inclu-
sion of incremental learning (green rows) improves the obtained results
maintaining the tracker more stable along the tracking sequence.
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Figure 3.10: Effect produced by the introduction of incremental learning
on a pedestrian scene. In green, the rows that show the estimation of
incremental learning plus the previously learned model. In red, the results
obtained by only using the previously learned model. The green contours
are the ones obtained after applying the Active Contours method. The
blue contours are the PCA reconstruction ones.
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Figure 3.11: Effect produced by the introduction of incremental learning
on a pedestrian scene. In green, the rows that show the estimation of
incremental learning plus the previously learned model. In red, the results
obtained by only using the previously learned model. The green contours
are the ones obtained after applying the Active Contours method. The
blue contours are the PCA reconstruction ones.
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In the same way, in Figure 3.12 the inclusion of the incremental learn-
ing step avoids the tracker to get completely lost in the cases where the
rigid motion ant the articulated one are huge at the same time.

Figure 3.12: Effect produced by the introduction of incremental learning
on a hand tracking scene. In green, the rows that show the estimation of
incremental learning plus the previously learned model. In red, the results
obtained by only using the previously learned model. The green contours
are the ones obtained after applying the Active Contours method. The
blue contours are the PCA reconstruction ones.
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If we only use the learned basis, the robustness of the tracker can be
improved by first applying few iterations using only the mean.

Figure 3.13: Effect produced by the use of incremental learning on a
pedestrian scene. In green, the rows that show the estimation obtained
using incremental learning. In red, the results obtained by using [Bibby
and Reid, 2008].
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However, the inclusion of incremental learning avoids this step while
reinforces the segmentation stage. Finally, in a third experiment we have
compared the tracker proposed in [Bibby and Reid, 2008] -which do not
uses any prior information- against the method proposed here but using
only the incremental learning step. So, we do not use any prior informa-
tion for any of them. As we can see in Figure 3.13, the addition of an in-
cremental learning mechanism to the tracker provides robustness against
the drift problem, specially in the cases where the error is cyclic where we
avoid to accumulate the error. At last, we want to remark that when using
the incremental model without prior information, we have to apply a few
previous iterations using only the mean. This step, in some scenarios is
crucial to achieve good results.

3.2.4 Conclusions and Future work

In this section we have presented a novel template tracking method for ar-
ticulated and deformable objects where the template is defined using PCA
over the LSFs of the object silhouette main configurations. Our method
let us to track complex objects from simple shape models that can be aug-
mented by using an efficient incremental learning mechanism which uses
Active Contours. In the experimental section we have demonstrated the
effectiveness of our method in both: synthetic and real world data. More-
over, we have demonstrated that the inclusion of an incremental learning
mechanism (also without any prior information) improves the results ob-
tained without it.

As future work, we want to explore the benefits from using another
model representations. Specifically, we want to focus our efforts in Ker-
nel PCA methods such euler-PCA [Liwicki et al., 2013] that can also
benefit from an efficient incremental learning mechanism. Moreover, we
want to also improve the efficiency of the used optimization method by
taking advantage of all the work previously done in the template tracking
framework. For instance, in next section we adapt the Project Out algo-
rithm [Baker et al., 2003b] to Active Contours template tracking in order
to increase the computational efficiency of the simultaneous optimization
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of the rigid transformation and the appearance parameters.

3.3 Efficient template tracking using Active Con-
tours

The work presented in this section is an extension of the one presented
in Section 3.2. Instead of using the simultaneous inverse compositional
algorithm to estimate the model appearance and the rigid transformation
parameters, λ and p respectively, we propose to adapt the Project Out in-
verse compositional algorithm [Baker et al., 2003b] to simplify and speed
up the optimization process of the proposed Active Contours template
tracking scheme.

3.3.1 The Project Out algorithm

The Project Out algorithm [Baker et al., 2003b] decomposes the mini-
mization of a functional of the type ‖F (x,∆p,∆λ)‖2 into two separate
optimization steps. In the first one, the minimization is performed in a
linear subspace where the appearance can be ignored and only the warp
parameters ∆p have to be estimated. Afterwards, a simple linear opti-
mization with respect to only the appearance parameters ∆λ can be done.

The decomposition of the minimization procedure into above opti-
mization steps can be performed taking into account the following linear
algebra property:

‖F (x,∆p,∆λ)‖2
span(U) + ‖F (x,∆p, 0)‖2

span(U)⊥ , (3.53)

which states that given an orthogonal basis U of the appearance varia-
tions and its orthogonal complement U⊥, any Euclidean L2 norm can be
decomposed into the sum of its projection over both subspaces. There-
fore, the key step is to estimate ∆p using the functional that does not
contain any appearance information over U⊥. As shown in [Baker et al.,
2003a], this can be achieved by incorporating a weighted L2 norm of the
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type

Q(x, y) = δ(x, y)−
m∑
i=1

[
Ui(x)Ui(y)

]
, (3.54)

into the optimization process. Note that δ is the Dirac delta function and
x, y ∈ <2 are the template coordinates. In the inverse compositional
template tracking approach, the problem can be summarized as the mini-
mization of the following expression [Baker et al., 2003a]:∑
x

∑
y

Q(x, y) [T (W (x,∆p))− I(W (x, p))] [T (W (y,∆p))− I(W (y, p))] .

(3.55)
where T is the template, I(W (·, p)) is a given region of the image warped
back to the template domain ΩT and W (·,∆p) is the transformation that
we want to estimate through the increment of the parameters ∆p. The
minimum of above problem is attained at

∆p = H−1
po

∑
x

SD>po(x)E(x) (3.56)

where the Steepest Descent images can be computed as

SDpo(x) =
∑
y

[
δ(x, y)−

m∑
i=1

Ui(x)Ui(y)

][
∇T ∂W

∂p
(y, 0)

]

= ∇T ∂W
∂p

(x, 0)−
m∑
i=1

[∑
y

Ui(y)∇T ∂W
∂p

(y, 0)

]
Ui(x),

(3.57)

the Hessian matrix is approximated as

Hpo =
∑
x

SD>po(x)SDpo(x) (3.58)

and the error defined as

E(x) = I(W (x, p))− T (x). (3.59)
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At last, the transformation that maps the template to the image domain
ΩI is updated by composing W (W (x,∆p)−1, p) and the process repeated
until convergence. Note that the key step of all this optimization scheme
is the creation of the SDpo images where the data that can be reconstructed
from the projection of the SD images over U is removed.

3.3.2 Proposed method
Here, we explain how to adapt the inverse compositional Project Out al-
gorithm [Baker et al., 2003b] to work with the PWP energy [Bibby and
Reid, 2008] instead of a SSE error. At the end, we describe the overall
algorithm and how it can be combined with all the elements explained in
Section 3.2.

The PWP Project Out algorithm

Given that the Pixel Wise Posterior (PWP) Active Contours energy de-
fined in Section 3.2.2 is not a L2 norm, it is very important to remark
that it cannot be formally decomposed into the sum of its components in
complementary orthogonal subspaces. However, we can get a practical
approximation of the Project out algorithm ignoring this fact and intro-
ducing an adapted version of the Project Out steepest descent images into
our optimization scheme [Baker et al., 2003b] . The approximation of the
Project Out algorithm using the PWP Active Contour energy can be done
by attaching the minimum at

∆p = H−1
acpo

∑
x

SDacpo(x)E(x), (3.60)

where the Project Out SD images are computed as

SDacpo(x) = SDac(x)−
m∑
i=1

[∑
y

Ui(y)SDac(y)

]
Ui(x), (3.61)

the SD images are defined as

SDac(x) = δ(φ)∇φ∂W
∂p

, (3.62)
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the Hessian is approximated with

Hacpo =
∑
x

SD>acpo(x)SDacpo(x). (3.63)

and the error is defined by

E(x) =
pf (W (x, p))− pb(W (x, p))

pf (W (x, p))Hε(φ) + pb(W (x, p))(1−Hε(φ))
. (3.64)

For the definition of the remaining terms we refer the reader to last sec-
tion.

Otherwise, note that the only difference between the inverse composi-
tional template tracking scheme over the PWP energy and the Project Out
version is the substraction of the information that our basis U is able to
represent in the construction of the SD images. While this is quite good
to discard known articulated deformations in order to estimate the rigid
transformation parameters; if the target object is far from the initial guess,
then some important information may be discarded causing the method to
fail. In order to avoid this undesirable effect, we have to estimate ∆p
by first applying few iterations using the original SDac images and after-
wards the Project Out ones SDacpo. This extra step does not affect to the
computational cost of the algorithm because both SD images and their
correspondent approximated Hessian matrices can be pre-computed.

Overall method

The overall algorithm of the proposed method is described in Algorithm 7.
We want to remark that we have added an extra step (line 15) that involves
the evolution of the Level Set Functions (LSF) using an Active Contours
method. The evolution of the LSF is done as explained in Section 3.2
(see Algorithm 5 for a detailed description). The only difference is that
to reinforce the segmentation we use the mean of the model instead of
the reconstruction. The main reasons for evolving the LSF are to update
the color models that represent the target object and most important: to
compute the error term by using the evolved LSF instead of the mean
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one. At last, the estimation of the rigid transformation parameters for
both types of SD images is defined in Algorithm 8.

Algorithm 7 LSF template tracking using the PWP energy and The
Project Out algorithm.

1: Precompute:
2: Compute the mean µ from all the training LSFs.
3: Subtract the mean from them: D = [φ1 − µ, ..., φn − µ].
4: Compute [U Σ V ] = SVD(D).
5: Define M.µ = µ,M.U = U,M.Σ = Σ.
6: Define initial position and segmentation with p and φ(x).
7: Build color models Mf and Mb using I(W (x, p)) and φ(x).
8: Compute SDac using Equation (3.62).
9: Compute SDacpo using Equation (3.61).

10: Compute Hac =
∑

x SD>ac(x)SDac(x).
11: Compute Hacpo =

∑
x SD>acpo(x)SDacpo(x).

12: Iterate: for each I ∈ Sequence.
13: [p, λC ] = ICPWP(I, φ, x, p,SDac, Hac,Mf ,Mb, iter1).
14: [p, λA] = ICPWP(I, φ, x, p,SDacpo, Hacpo,Mf ,Mb, iter2).
15: [φ,Mf ,Mb] = EvPWP(φ, x, p, λ, pf , pb,M,Mf ,Mb, iter3).

Algorithm 8 Inverse Compositional optimization of p parameters using
the PWP energy.

1: function p = ICPWP(I, φ, x, p,SD, H,Mf ,Mb, iter)
2: for i = 1 : iter do
3: Compute pf (I(W (x, p)) and pb(I(W (x, p))).
4: Compute E(x) using Equation (3.64).
5: Estimate ∆p = H−1

∑
x SD>(x)E(x).

6: Update W (x, p)← W (W (x,∆p)−1, p).
7: end for
8: end function

Note that the computational efficiency of this method is equivalent to the
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computation efficiency of the inverse compositional template tracking al-
gorithm.

3.3.3 Experimental results

In order to validate the proposed method, we have compared its perfor-
mance qualitatively and quantitatively with respect to the simultaneous
inverse compositional scheme explained in Section 3.2. Specifically, we
demonstrate how the addition of shape information using the Project Out
scheme performs reasonably well in terms of accuracy while outperforms
clearly the simultaneous inverse compositional scheme in terms of com-
putational efficiency.

In the first experiment we have compared the results obtained by the
Project Out Active Contours template tracker against the ones obtained
by the simultaneous inverse compositional Active Contours scheme us-
ing two synthetic scenes. In order to do that, we have used the LibHand
library [Šarić, 2011], which allows us to define several synthetic hand
poses and to obtain the sequence of the transition between them. Then,
we can take each generated hand pose and apply to it a given similar-
ity transformation. The result is an evaluation framework that provides
synthetic scenes which combine different articulated hand poses with ar-
tificially defined similarity transformations that are stored and can be used
as ground truth. At the top of Figure 3.14, we can see the PCA model we
have build from the LSFs obtained from the sequence that appears at the
bottom of the same figure, where the hand is going from an open to a
closed position. To compare both methods, we have evaluated them over
different synthetic scenes where the hand suffers exactly the same artic-
ulated deformation plus a known rigid transformation. Specifically, we
have tested the cases when no rigid motion is present (1st chart), when
the hand is suffering a global scale of 1.5 (2nd chart) and when the hand
is suffering a rotation of 90o (3rd chart). The error seen on the charts is
computed on the tangent space aff(2) of the Affine manifold Aff(2) [Kwon
and Park, 2009]. Specifically, we use the following approximation of the
geodesic distance: ‖ log(W−1

GTWES)‖, where WGT is the ground truth sim-
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ilarity transformation andWES the estimation obtained for each compared
method.

Figure 3.14: Comparison between the Project Out and the simultaneous
version. All the sequence hand poses have been previously modeled.

In Figure 3.14, we have evaluated both methods using the same se-
quence that has also been used to create the PCA LSFs model. As we
can observe, the Project Out method performs reasonably well in com-
parison to the simultaneous version which we have tested using zero and
four eigenbasis. As we could expect, in the case of using the same hand
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sequence also used to train the model, the simultaneous version (using 4
eigenbasis) performs slightly better than the Project Out one. However,
the Project Out version outperforms the mean (the simultaneous version
using 0 eigenbasis) in the vast majority of frames.

Figure 3.15: Comparison between the Project Out and the simultaneous
version. The sequence contains hand poses that have not been modeled.

Otherwise, in Figure 3.15 we have evaluated both methods using a dif-
ferent sequence than the one we have used to create the PCA LSFs model.
As we can observe, in that case, the Project Out method outperforms the
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simultaneous version in the vast majority of frames, specifically at the
hand poses that had not been modeled. The main reason of that behavior
is a known effect of PCA modeling, where the estimated reconstruction
of unmodeled poses can introduce some artifacts and provide undesirable
results [Black and Jepson, 1998]. In contrast, in the Project Out algorithm
we discard the projected information and this effect is not produced. In
a second experiment, we have tried to validate above effect in real world
sequences. In that case we present the results obtained in two challenging
scenarios. In Figure 3.10 we can observe how the the use of the Project
Out method improves the obtained results maintaining the tracker more
stable along the tracking sequence. In the same way, in Figure 3.12 we
can observe how the use of the Project Out method avoids the tracker to
get completely lost in cases where the rigid transformation and the artic-
ulated one are huge at the same time. Finally, we want to remark that the
results obtained by the simultaneous method of Figures 3.14 and 3.15 can
be heavily improved by estimating the rigid transformation using only the
mean during few iterations and afterwards the whole model.

3.3.4 Conclusions and future work

In this section we have adapted the Project Out algorithm to work in the
Active Contours template tracking scheme explained in Section 3.2. In
the experimental section we have demonstrated how that approach per-
forms reasonably well in terms of accuracy while outperforms clearly the
simultaneous inverse compositional scheme in terms of computational ef-
ficiency.

Finally, by adapting the Project Out algorithm we have also demon-
strated that the Active Contours template tracking scheme can take advan-
tage of all the extensions and previous work done in the Lucas-Kanade
template tracking framework. This leaves an open door to apply several
improvements like spatial coherence or priors on the rigid transformation
parameters.
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Figure 3.16: Comparison between the Project Out and the simultaneous
methods in a pedestrian tracking sequence. In green the rows that show
the estimation obtained by the Project Out method. In red the results
obtained by the simultaneous method. At the top of the initial frames, the
used PCA model.
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Figure 3.17: Comparison between the Project Out and the simultaneous
methods in a hand tracking scene. In green the rows that show the esti-
mation obtained by the Project Out method. In red the results obtained by
the simultaneous method. At the top of the initial frames, the used PCA
model.
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Chapter 4

CONCLUDING REMARKS
AND FUTURE WORK

The guiding threat of this dissertation has been the fusion of two Com-
puter Vision fields : segmentation using Active Contours (AC) and object
tracking using templates. The goal of this fusion is to provide robust and
efficient methods to trace articulated or deformable objects along a video
sequence. As a reminder, in the first part of the concluding section we
summarize all the work done by chapter.

In Chapter 1, we have given a brief but complete description of seg-
mentation using AC methods. First, in Section 1.1 we have defined their
basis, formalism and main advantages. At last, in section 1.2 we have
used them to solve a concrete and also complex segmentation problem
over MilliMeter-Wave (MMW) images. The main contribution of this
chapter, which is an improved version of the work presented in [Martı́nez
et al., 2010], has been the introduction of a data adapted steering kernel
-which origin is a denoisng method [Takeda et al., 2007]- into the ex-
isting AC Local Binary Force (LBF) [Li et al., 2008]. Furthermore, we
have shown how the introduction of that type of kernel improves the ac-
curacy of the results when the regions to segment -the concealed threats-
are small over MMW images.

In Chapter 2, we have explored how an AC method can be included
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into both: the inverse compositional Lucas-Kanade Optical Flow (OF)
[Baker and Matthews, 2004] and the affine Particle Filter (PF) [Kwon and
Park, 2009] template tracking schemes. First, we have given a complete
description of above template tracking frameworks. Second, we have de-
fined how to substitute the use of the object appearance (e.g. the image
intensity) by an embedding Level Set Function (LSF) of its silhouette to-
gether with an AC energy. Specifically, we have put the work done in
[Bibby and Reid, 2008] and [Bibby and Reid, 2010] into the context of
both explained template tracking schemes. Finally, in Section 2.3, we
have presented a novel template tracking method for articulated or de-
formable objects which is an improved version of the work presented in
[Martinez et al., 2012]. Specifically, we have shown how we can combine
the Active Contours adapted versions of the inverse compositional OF and
the affine PF template tracking frameworks to handle the complexity of
tracking articulated or deformable objects.

In Chapter 3 we have defined how to incorporate prior appearance
information into both: the affine PF and the inverse compositional Lucas-
Kanade OF template tracking frameworks. Furthermore, we have ex-
tended the work done in [Bibby and Reid, 2008] and [Bibby and Reid,
2010] to incorporate prior information of the object shape. This prior
information has been added by applying PCA over the LSFs of the ob-
ject main configurations in order to create simple models to handle the
shape variations. Moreover, we have also introduced an online learn-
ing mechanism which allows us to update the model online and enhance
the robustness of the tracker. Finally, we have shown that the method
proposed in [Bibby and Reid, 2008] and [Bibby and Reid, 2010] can be
extended to all the previous work done for the inverse compositional tem-
plate tracking scheme and take advantage of it. To demonstrate that, we
also have adapted the Project Out algorithm proposed in [Baker et al.,
2003b] to work with the proposed inverse compositional AC template
tracking scheme.

As a second part of the closure section, we expose the general con-
clusions that arise from our work as well as the future work. Our work
is mainly focused on the fusion of AC segmentation methods with tem-
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plate tracking ones. To do so, we have exploit the work done in [Bibby
and Reid, 2008] and [Bibby and Reid, 2010] by putting it into the context
of all the work previously done in the inverse compositional OF [Baker
and Matthews, 2004] and also the affine PF template tracking frameworks
[Kwon and Park, 2009]. By doing that, we have defined a general frame-
work for tracking articulated or deformable objects that can take advan-
tage of each of their components. For instance, the use of the probabilistic
Pixel Wise Posterior (PWP) AC energy allows us to change the used fea-
tures (RGB histograms) to to fit any concrete object characteristics. By
using the inverse compositional template tracking OF scheme we can take
advantage of its efficiency and also take profit of the existing extensions
such as incorporate prior shape information. Finally, by using the affine
PF framework we can change the evaluation of the particles and easily
combine the shape information with the Sum of Squared Errors (SSE)
between the intensity of the template and the image. So, as a whole, we
have defined an open framework that has a lot of possibilities and can be
improved and extended easily.

The direction of our future work is clear. Our first effort has to be
put in merging the work done in Chapters 2 and 3. In Chapter 3 we have
shown how we can create robust and also efficient trackers for articulated
and deformable objects using simple PCA models. However, if we expect
to model all the views of complex articulated objects, the simple models
would tend to also become complex. To avoid that, the idea is to build this
simple models to cover the main characteristic views of an object and fuse
it under a PF framework. For instance, in the case of hand tracking we can
build four simple models (one per view) and maintain at least one particle
of them at each sampling stage. Using that approach, we could maintain
the models simple and thanks to the importance sampling mechanism also
quite efficient. Otherwise, our second effort has to be put into explore al-
ternatives representations to PCA. We have make promising advances by
using the Kernel PCA representation presented in [Liwicki et al., 2013]
that preserves all the advantages of PCA (including an efficient incremen-
tal method) but being more appropriate to model LSFs.
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tracking using Active Contours. In preparation for CVIU.

Conference papers

1. Martı́nez, O., Ferraz, L., Binefa, X., Gómez, I., and Dorronsoro,
C. (2010). Concealed object detection and segmentation over milli-
metric waves images. In Computer Vision and Pattern Recognition
Workshops (CVPRW), 2010 IEEE Computer Society Conference
on, pages 31-37. IEEE.

2. Martı́nez, O., Cirujeda, P., Ferraz, L., and Binefa, X. (2012). Dis-
sociating rigid and articulated motion for hand tracking. In Pattern
Recognition (ICPR), 2012 21st International Conference on, pages
2614-2617. IEEE.
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