UNIVERSIDAD DE CANTABRIA

DEPARTAMENTO DE ECONOMIA

UC

UNIVERSIDAD
DE CANTABRIA

TESIS DOCTORAL

MODELOS DE COEFICIENTES VARIABLES
CON DATOS DE PANEL: ESTIMACION
SEMIPARAMETRICA DIRECTA Y SU
APLICACION EN LA MODELIZACION DEL
COMPORTAMIENTO DE LOS INDIVIDUOS

ALEXANDRA SOBERON VELEZ
2014






UC

UNIVERSIDAD
DE CANTABRIA

University of Cantabria

Department of Economics

DOCTORAL THESIS

Panel data varying coefficient models: direct semi-parametric
estimation and its application in modeling the individuals

behavior

Alexandra Soberon Vélez

Santander, 2014

Supervisor: Juan Manuel Rodriguez Poo






UC

UNIVERSIDAD
DE CANTABRIA

Unawversidad de Cantabria

Departamento de Economia

TESIS DOCTORAL

Modelos de coeficientes variables de datos de panel:
estimacion directa semi-paramétrica y su aplicacion en la

modelizacion del comportamiento de los individuos

Alexandra Soberon Vélez

Santander, 2014

Director: Juan Manuel Rodriguez Poo






A mi familia






Agradecimientos

No seria justo por mi parte iniciar este trabajo sin antes mostrar mi mas sincero agradec-
imiento a todas aquellas personas que, directa o indirectamente, han contribuido de algin

modo a la realizacion de esta tesis doctoral.

En primer lugar, a mi director de tesis, el profesor Dr. D. Juan Manuel Rodriguez Poo,
por la confianza que ha depositado en mi y por el afdn de superacién que ha sabido trans-
mitirme a lo largo de estos anos de intenso trabajo. Su excelente labor de direccién, sus
continuas palabras de aliento y, muy especialmente, su paciencia han sido determinantes

para poder llevar a cabo con éxito esta labor de investigacién.

En segundo lugar, a la profesora Dr. Drnia Ana Carrera Poncela por abrirme las puertas a
este mundo académico tan apasionante, por su paciencia y por el continuo apoyo que, de
manera totalmente desinteresada, he recibido de su parte tanto en los buenos como en los

malos momentos.

Asimismo, a mis compaieros del Area de Econometria y de Hacienda Publica por los
valiosos consejos profesionales, académicos y personales que me han proporcionado, asi
como al resto de miembros del Departamento de Economia por todo el apoyo prestado.
Quisiera agradecer especialmente a mis companeros y amigos Jests Collado, Marta Echeza-
rreta, Adolfo Fernandez, Valeriano Martinez y Patricia Moreno por su ayuda incondicional,
por la tranquilidad que me han aportado en ciertas situaciones y por los muchos momentos

divertidos.

Expresar también mi gratitud a los profesores Juan A. Cuesta-Albertos, Miguel Delgado,
Wenceslao Gonzalez-Manteiga, Peter Hall, Oliver Linton y Stefan Sperlich. Sus valiosos
comentarios y sugerencias han contribuido a mejorar considerablemente la calidad de esta

tesis doctoral.

No puedo olvidar tampoco todos aquellos momentos de mil risas y lagrimas compartidos
con mis amigos de toda la vida, en especial Ainhoa, Jana, Omayra y Silvia. Igualmente,
agradezco a mis amigos de Potes por todo el estimulo que me han proporcionado en esta

ardua carrera y por haber confiado en mi en momentos en los que ni yo misma lo hacia.



Reservo un lugar muy especial para mi familia. Nunca podré expresar con palabras mi
agradecimiento por todo lo que han hecho por mi en todos estos afnos. Su apoyo y amor
incondicional son los pilares fundamentales de mi vida. A mis padres, Pili y Manolo, y a
mi hermano Fran por su paciencia y comprension en momentos muy complicados y, muy
especialmente, a mi abuela Concha. Su experiencia vital, su buen hacer y su dedicacién a

la familia la han convertido en un ejemplo a seguir de esfuerzo, integridad y fortaleza.

Gracias a todos vosotros por haber estado siempre ahi. Vuestros consejos, apoyo y palabras
de aliento han sido determinantes para que este proyecto haya podido llegar a buen puerto

y para que yo me haya convertido en la persona que soy ahora.



Contents

(Introduccionl 1
Mntroductionl 9
|1 Nonparametric and semi-parametric panel data models: recent devel- |
17
(L1 TIntroductionl. . . . . . . . . . 17
[1.2  Nonparametric panel data models|. . . . . ... ... ... ... ... .. .. 20
(121 Randomeffects . . . . .. ... .. oo 20

122 Fixedeffectd ... ... . . oo 26

[1.2.3  Endogeneity (dynamic models)[ . . . . . ... ... ... ... ... 41

(1.3 Partially linear models| . . . . . . .. ... ... ... ... . L. 44
(.31 Randomeffects . . . . .. ... .. oo 44

132 Fixedeffectd ... ... . . 50

[1.4  Varying coefficient models| . . . . . . . . ... .. oo 61
(141 Randomeffects . . . . ... .. ..o 61

142 Fixedeffectd .. ... .. .. oo 65

[1.4.3  Endogeneity|. . . . . . . . .. 68

|2 Direct semi-parametric estimation of fixed effects panel data varying |
[_coeflicient models 73
2.1 Introductionl. . . . . . . . . . 73
[2.2  Statistical model and estimation procedure] . . . . . . ... ... ... ... 77
[2.3  Asymptotic properties and the oracle ethicient estimator] . . . . . . . . . .. 81
2.4 Bandwidth selectionl . . . . . .. . ... oL oo 87




2.6 Conclusiond . . . . . . .. .. 94
|3 Nonparametric estimation of fixed effects panel data varying coefh- |
[__cient models| 95

.1 Introduction|. . . . . . . . .. L 95

[3.2  Statistical model and estimation procedure] . . . . . . ... ... ... .. 97

[3.3  Local linear estimator: asymptotic properties| . . . . . . . . . . .. ... .. 100

[3.4 'The backfitting estimator| . . . . . . ... .. ... ... ... ... ... 106

3.5 Monte Carlo simulationsl . . . . . . . ... ... ... . 0oL 108

8.6 Conclusionsl . . . . . . . . . . 111
|4  Differencing techniques in nonparametric panel data varying coefh- |
| cient models with fixed effects: a Monte Carlo analysis| 113

41 Introduction|. . . . . . . . . .. 113

[4.2  Local linear estimation procedure| . . . . . . . . . ... ... 115

[4.3  One-step backfitting procedurel . . . . . . ... ... oo 121

[4.4  Monte Carlo experiment| . . . . . . . ... .. ... ... ... .. 125

4.4.1 Local linear estimator: simulation resultsl . . . .. ... ... .. .. 127
|4.4.2  Backfitting estimator: simulation results|. . . . . ... ... ... .. 132

45 Conclusions . . . . . . . .. 136
|5 Precautionary savings over the life cycle: a two-step locally constant |
|  least-squares estimator| 139

b1 TIntroductionl. . . . . . . . ... 139

[5.2  Conceptual framework| . . . . . . . . ... oo 142

[5.3  Econometric model and estimation procedure] . . . . . . .. .. ... L. 146

[5.3.1  Asymptotic properties| . . . . . . . ... 151
3.2 Confidence Intervals| . . . . ... ... ... ... ... ... 156
[>.4  Empirical application|. . . . . . . .. ... o oo 157
5.4.1  Data sample and empirical application|. . . . . . .. ... ... ... 158
b.4.2 Empirical results| . . . . . .. .. o 161
5.4.3  Monte Carlo experiment{ . . . . . . . ... ... ... ......... 168
b.o Conclusions . . . . . . .« . 171




[Conclusiones| 173

Resultadosd . . . . . . .o 173
[Futuras lineas de investigacionl . . . . . . . . .. . ... ... ... ... ..., 178
[Conclusions 181
Resulld . . . . . . oo 181
[Future researchl . . . . . . . . .. oo 185
|Bibliography| 187
Append 197
Appendix 1] . . . . . . e 197
|Proof of Theorem 2.1). . . . . . . . . . .. 197

|Proof of Theorem 2.2] . . . . . . . . . e 208

|[Proof of Theorem 2.3 . . . . . . . . . . 211

Appendix 2| . . . . L 216
|Proof of Theorem 3.1 . . . . . . . . . . e 216

|[Proof of Theorem 3.2 . . . . . . . . . 228

|Proof of Theorem 3.3 . . . . . . . . . . 231

Appendix 3| . . . . . 238
|[Proof of Theorem 5.1 . . . . . . . . . . . . . 238







List of Tables

[Table 2.1. First-differences estimators. AMSE ford=1andg=1 .. ... .. 93
[Table 2.2. First-difterences estimators. AMSE tord=1andg¢g=2. ... . .. 93
[Table 2.3. First-differences estimators. AMSE tord=2andg=1. ... . .. 93
[Fable 3.1. Fixed effects estimators. AMSE ford=1andg=1f. ... ... .. 109
[Table 3.2. Fixed effects estimators. AMSE ford=1andg=2. ... ... .. 110
[Table 3.3. Fixed effects estimators. AMSE ford=2andg=1f. ... ... .. 110
[Table 4.1. Local linear estimators. AMSE for d = 1 and ¢ = 1 when vy is |
NID.(O, D .. .o 128
[Table 4.2. Local linear estimators. AMSE for d = 1 and ¢ = 2 when v; 1s |
N.ID.(0, 1) ..o 129
[Table 4.3. Local linear estimators. AMSE for d = 2 and ¢ = 1 when v; is |
N.ID.(O,D) . ..o 129
[Table 4.4. Local linear estimators. AMSE for d =1 and ¢ = 1 when v;; follows |
arandom walkl . . . . . ... o o oo 130
[Table 4.5. Local linear estimators. AMSE tor d = 1 and ¢ = 2 when v;; follows |
arandom walkl . . . . . ... 130
[Table 4.6. Local linear estimators. AMSE for d = 2 and ¢ = 1 when v;; follows |
arandom walkl . . . . . ... 131
[Table 4.7. Local linear estimators. AMSE for d = 1 and ¢ = 1 when v; 1s |
AR(1) with p=0.5[ . . . . . . .. ... 131
[Table 4.8. Local linear estimators. AMSE for d = 1 and ¢ = 2 when v is |
AR(1) with p=0.5] . . . . . .. 132
[Table 4.9. Local linear estimators. AMSE for d = 2 and ¢ = 1 when vy is |

AR WIbh p = 0] -« o oo e 132




[Table 4.10. Backfitting estimators. AMSE for d = 1 and ¢ = 1 when v is |

NID(O D) o o oo e 133

[Table 4.11. Backfitting estimators. AMSE for d = 1 and ¢ = 2 when v is |

N.ID.(O, 1) oo 133
[Table 4.12. Backfitting estimators. AMSE for d = 2 and ¢ = 1 when v;; is |
N.ID.(O,1) . ..o 133

[Table 4.13. Backfitting estimators. AMSE for d =1 and ¢ = 1 when v follows |

arandom walkl . . . . . ..o 134

[Table 4.14. Backfitting estimators. AMSE for d = 1 and ¢ = 2 when v;; follows |

arandom walkl . . . . . ... 134

[Fable 4.15. Backfitting estimators. AMSE for d =2 and ¢ = 1 when v;; follows |

arandom walkl . . . . . ..o 134

[Table 4.16. Backfitting estimators. AMSE for d = 1 and ¢ = 1 when v is |

AR(1) with p=0.5] . . . . . . 135
[Fable 4.17. Backfitting estimators. AMSE for d = 1 and ¢ = 2 when vy is |
AR(1) with p=0.5] . . . .. ... ... 135
[Table 4.18. Backfitting estimators. AMSE for d = 2 and ¢ = 1 when vy is |
AR(1) with p=0.5[ . . . . .. ... . 135
[Table 5.1. Distribution of households with negative savings| . . . . . . ... .. 159

[Table 5.2. Daistribution of household’s disposable income and expenditures by |

AZE-FTOUP| -« « « « o o e e e e e e e e e e e e e e e e e 160

[Table 5.3. Distribution of household’s disposable income and expenditures by |

educational levell . . . . . . . . . 161

al 3 f— Ul . . e e e e e e e e ].70




List of Figures

(Figure 5.1.

Household’s savings over the life-cyclel . . . . . .. ... ... ... 163

[Figure 5.2.

Household’s savings over the life-cycle by education level: low ed- |

ucationl . . . ... 165

(Figure 5.3.

Household’s savings over the life-cycle by education level: high |

education| . . . . . ... 166

(Figure 5.4.

Household’s savings over the life-cycle with endogeneity| . . . . . . 167







Introduccion

En las dltimas cinco décadas, la complejidad de los modelos econométricos se ha visto
considerablemente enriquecida por la disponibilidad de datos de panel. Dado que como
este tipo de datos se caracteriza por la observacién de un conjunto de individuos (hogares,
consumidores, paises,...) a lo largo del tiempo, nos permiten extraer cierta informacién
desconocida sobre las caracteristicas idosincraticas de los individuos. De este modo, la
habilidad tedrica de este tipo de datos para aislar el impacto de acciones no observadas
de los individuos nos permite realizar inferencia consistente sobre una gran variedad de
cuestiones que no es posible con otro tipo de datos, como los de seccién cruzada o los de

series temporales.

Tradicionalmente, la especificacion econométrica de este tipo de modelos se ha centrado
en el andlisis de la relacién existente entre una variable endégena y ciertas variables ex-
plicativas, teniendo en cuenta la heterogeneidad individual no observable y basdndose en
supuestos bastante restrictivos sobre las formas funcionales y las densidades. Sin embargo,
como se destaca en Wooldridge, (2003), estos supuestos suelen ser bastante poco realis-
tas, y existen situaciones en las cuales el riesgo de cometer errores de especificacion es
elevado. Si este es el caso, los estimadores estdndar basados en condiciones de momento

estan sesgados y su uso puede invalidar los resultados de inferencia.

En este contexto, las técnicas de regresiéon no paramétricas se han convertido en un instru-
mento de gran utilidad a la hora de hacer frente a estos problemas. Los modelos de datos
de panel totalmente no paramétricos son muy atractivos dado que no realizan supuesto
alguno sobre la especificacion del modelo, sino que permiten que sean los propios datos
los que dibujen la forma de la funcién de regresién. Sin embargo, aunque este tipo de

estimadores son robustos a la incorrecta especificacion de la funcién de regresién, también
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estan sujetos a la maldiciéon de la dimensionalidad. En otras palabras, a medida que el
ntumero de variables explicativas aumenta la tasa de convergencia de estos estimadores se
ve dramaticamente reducida. Con el objetivo de lograr una mejora en la tasa de conver-
gencia de estos estimadores, la soluciéon propuesta es la incorporacién de un componente
totalmente paramétrico en el modelo. Estos son los llamados modelos semi-paramétricos.
En este caso, lo que es conocido de investigaciones empiricas previas o de la propia teoria
econdémica se modeliza de manera paramétrica, mientras que lo que es desconocido para

el investigador se especifica no paramétricamente.

Sin embargo, estos modelos flexibles son incapaces de capturar ciertas caracteristicas ocul-
tas en los conjuntos de datos. Esta es la principal razén de por qué muchos estudios
empiricos han fomentado la introduccién de estructuras mas flexibles que permitan Ia
variacion de los pardmetros desconocidos en funcién de ciertas variables explicativas. En
esta situacion, los modelos de coeficientes variables originalmente propuestos en |[Cleveland
et al.| (1991) aparecen como solucién. En concreto, los modelos de coeficientes variables
se ca- racterizan por permitir que ciertos coeficientes de la regresion varien en funcién de
ciertas variables exdgenas propuestas por la teoria econémica. De este modo, son capaces

de explotar la informacién contenida en el conjunto de datos.

Senalar que en los iltimos 15 afios los modelos de coeficientes variables han experimentado
un desarrollo sin precedentes, tanto desde el punto de vista metodolégico como tedrico.
Dado que abarcan caracteristicas tanto de los modelos no paramétricos como de los semi-
paramétricos, ofrecen un marco general para solventar buena parte de los problemas de
especificacién de estos modelos. Con el objetivo de tener un mejor entendimiento sobre
las principales ventajas ofrecidas por los modelos de coeficientes variables para el analisis

empirico, presentamos una serie de aplicaciones.

En la literatura sobre los rendimientos educativos encontramos un primer ejemplo de la
mejora conseguida con este tipo de modelos. Como se destaca en [Schultz (2003), los efectos
marginales de la educacién varian en funcién de distintos niveles de experiencia laboral.
De este modo, la omisién de la forma no lineal de la educaciéon junto con el efecto de
interaccion entre educacién y experiencia laboral nos conduce a resultados infrasuavizados
sobre el rendimiento de la educacién, como se encuentra en Card, (2001)). En esta situacidn,

un modelo semi-paramétrico de coeficientes variables de la siguiente forma puede ser mas
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recomendable,

donde Y] representa el salario por hora del individuo ¢ (log), X; denota los anos de edu-
cacién del individuo como una medida de su experiencia educativa, Z; es una medida de
la experiencia laboral, y W; es un vector de variables de control que incluye indicadores
binarios para ciertas caracteristicas de los individuos: estado civil, tipo de trabajo rea-
lizado (ser o no funcionario) o afiliacién a un sindicato, entre otras. De este modo, esta
modelizacién nos permite resolver buena parte de los problemas méds habituales de esta
literatura. Permite que el impacto de la educacién sobre el salario varie en funcién del
nivel de experiencia laboral y, al mismo tiempo, tiene en cuenta la forma no lineal de la

educacién.

Asimismo, la literatura sobre macroeconomia y economia internacional proporciona otro
ejemplo relevante. Cuando examinamos el papel de la inversién directa extranjera (FDI)
sobre el crecimiento econémico de los paises, autores como Kottaridi and Stengos (2010)
resaltan que, dado que el efecto positivo de la FDI sobre el crecimiento econémico sélo
tiene lugar en aquellos paises con un mayor nivel de ingresos, en un modelo de crecimiento
el coeficiente asociado al flujo de FDI debe ir variando en funcién del nivel ingreso inicial de
cada pais. En esta situacién, el siguente modelo semi-paramétrico de coeficientes variables
es especialmente atractivo dado que nos permite tener en cuenta tanto el impacto no lineal

de la FDI como el efecto de interaccién entre FDI y el nivel de ingreso,

Yir = o + a1 Dj + agln(IE)Y) + asln(ni) + as(inXit)(IL)Y) + ashi + €ir,

parat=1,--- Nyt=1,---,T, donde Y} es la tasa de crecimiento del ingreso per cépita
en el pais i y el periodo t, Ig /Y la tasa de inversién domséstica respecto del PIB, n; la
tasa de crecimiento de la poblacién, hy; el capital humano, IZ-J; /Y el ratio FDI/PIB y X

el ingreso per cépita al comienzo de cada periodo.

Finalmente, encontramos otro ejemplo relevante cuando tratamos de determinar el papel
de los recursos naturales en el desarrollo econémico de las regiones. Como es bien sabido
en la literatura sobre economia del desarrollo, las regiones con abundantes recursos tien-

den a crecer mas lentamente que aquellas con recursos excasos; ver [Sachs and Warner
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(2001). Sin embargo, dado que dentro de los paises ricos en recursos naturales nos encon-
tramos tanto con paises ganadores como perdedores en términos de crecimiento, el papel
de la calidad de las instituciones puede ser un factor decisivo a la hora de determinar el
impacto de dichos recursos. De este modo, con el objetivo de tener en cuenta el hecho
de que la variacion en los resultados de crecimiento entre las regiones con abundantes
recursos naturales depende de como las rentas de estos recursos son distribuidas a través
del acuerdo institucional existente, en |Fan et al. (2010]) se propone el siguiente modelo

semi-paramétrico de coeficientes variables

Y = Bo + b1 X1 + BoXoi + B3 Xsi + Bu(Zi) X +vi, i=1,---,N,

donde Y; representa la tasa de crecimiento media del pais 7, X1;, Xo;, X3; y X4; denotan el
nivel de ingreso inicial, grado de apertura, inversiones y abundancia de recursos, respecti-
vamente, y Z; es una medida de la calidad institucional aproximada via el procentaje de

exportaciones primarias respecto del PIB en 1970.

En este contexto, el objetivo que persigue esta tesis doctoral tiene una doble vertiente. Por
un lado, desarrollar nuevas técnicas de estimacion que nos permitan obtener estimadores
consistentes para modelos de coeficientes variables de datos de panel en los cuales la he-
terogeneidad individual no observable estd correlacionada con algunas covariables. Por
otro lado, resaltar las ganancias ofrecidas por esta nueva metodologia para el andlisis
empirico. Con este objetivo, se presenta un andlisis no paramétrico de un modelo estruc-
tural sobre la evolucion de los ahorros preventivos de los hogares espanoles bajo distintas
fuentes de incertidumbre. De este modo, esta tesis doctoral se divide en cinco capitulos y

la estructura de la discusion es la siguiente.

En el Capitulo 1, se realiza una revisién intensiva de la literatura econométrica sobre
modelos de datos de panel semi-paramétricos y totalmente no paramétricos. Primero,
los modelos de datos de panel totalmente no paramétricos son analizados tanto con efec-
tos fijos como aleatorios. Posteriormente, se repasan los modelos parcialmente lineales
bajo tres especificaciones distintas: efectos fijos y aleatorios, y presencia de covariables
enddégenas. Concluimos con una revision sobre los modelos de coeficientes variables de
datos de panel. Para cada una de estas areas, discutimos tanto el modelo bésico a estimar

como la metodologia propuesta. Ademds, también analizamos las principales propiedades
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asintéticas de los estimadores propuestos.

En el Capitulo 2, presentamos una nueva técnica de estimaciéon para modelos de datos
de panel en los cuales los coeficientes a estimar son funciones suaves de otras variables
explicativas establecidas por la teoria econémica y donde los efectos individuales estan ar-
bitrariamente correlacionados con los regresores del modelo de forma desconocida. Como
se puede apreciar, la estimacién directa a través de técnicas no paramétricas nos propor-
ciona estimadores inconsistentes de los pardmetros (funciones) de interés. Para resolver
esta situacién, recurrimos a una transformacién en primeras diferencias. De este modo,
siguiendo la idea original propuesta en Yang (2002)) para un contexto totalmente distinto,
el estimador propuesto se basa en la regresion local lineal de un modelo en primeras dife-
rencias. Como se demuestra en Lee and Mukherjee| (2008), dado que originalmente la
ecuacion de regresiéon transformada se localiza alrededor de un valor fijo de la muestra,
sin considerar el resto de valores, la aplicacién directa de técnicas de regresion local li-
neal a transformaciones en diferencias de modelos de datos de panel genera un sesgo que
no desaparece asintéticamente. Para evitar este problema, proponemos recurrir a una

ponderacién de kernel de mayor dimensién.

Desafortunadamente, esta técnica nos permite eliminar el sesgo, pero al precio de aumen-
tar el término de la varianza de modo que los estimadores resultantes alcanzan una més
lenta tasa de convergencia no paramétrica. Para solventar este problema, proponemos
un algoritmo de backfitting de una etapa que nos proporciona estimadores que alcanzan
la tasa 6ptima de convegencia de este tipo de problemas. Ademas, los estimadores re-
sultantes exhiben la propiedad de eficiencia oraculo. En otras palabras, esta técnica nos
proporciona un estimador no paramétrico cuya matriz de varianzas y covarianzas de sus
componentes es asintéticamente la misma que si el resto de componentes de la ecuacién
de regresion transformada fueran conocidos. En este capitulo también obtenemos la dis-
tribucién asintética de los dos estimadores. Asimismo, dado que la matriz de anchos de
banda juega un papel crucial en la estimacién consistente de las funciones desconocidas,
también proporcionamos un método para calcular esta matriz de manera empirica. Final-
mente, a través de un experimento de Monte Carlo comprobamos el buen comportamiento

del estimador propuesto en muestras finitas.

En el Capitulo 3, se presenta un estimador basado en una transformacién en desviaciones
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respecto a la media del modelo de regresién. Al igual que ocurre en el ajuste totalmente
paramétrico, la principal ventaja de esta transformacién respecto a cualquier otra similar
es que nos permite obtener las propiedades asintéticas estdndar de los estimadores no
paramétricos bajo el supuesto de que los términos de error idiosincraticos son ¢.¢.d. De este
modo, el estimador de efectos fijos que se presenta en este capitulo se obtiene a través de
una aproximacion local sobre las T' funciones aditivas resultantes de esta transformacién
en desviaciones respecto de la media, donde T' es el niimero de observaciones por cada
individuo. Dado que el uso directo de técnicas de aproximacion local estandar en la
estimacién de estos componentes aditivos omite informacién tan relevante como la suma
de las distancias existentes entre un término fijo y los otros valores de la muestra, genera
un problema de sesgo mads relevante incluso que el del Capitulo 2. Con el objeto de
solventar este problema, proponemos considerar una aproximacién local alrededor del

vector completo de observaciones temporales de cada individuo.

No obstante, el bien conocido equilibrio entre sesgo y varianza vuelve a aparecer. Aunque
el uso de una funcién de kernel de dimensién T resuelve el problema del sesgo, el término
de la varianza se ve incrementado considerablemente de modo que el estimador resultante
muestra una tasa de convergencia incluso mas lenta que la de la transformacién en primeras
diferencias. Para resolver esta situacion y obtener estimadores que alcancen la tasa 6ptima
de convegencia de este tipo de problemas no paramétricos, recurrimos a un algoritmo de
backfitting de una etapa. Analizando la distribucién asintética de este estimador de dos
etapas apreciamos que un suavizado adicional, introducido a través del procedimiento de
backfitting, no logra reducir el sesgo pero permite disminuir la varianza, tal y como se
establece en Fan and Zhang (1999). De este modo, este procedimiento de backfitting
permite a los estimadores de las funciones desconocidas de interés alcanzar tasas éptimas
de convergencia no paramétricas. Asimismo, mostramos que el estimador de efectos fijos
propuesto también es oraculo eficiente. Finalmente, a través de un experimento de Monte

Carlo se trata de confirmar los resultados tedricos del estimador de efectos fijos.

En el Capitulo 4, se aborda un estudio comparativo sobre el comportamiento de los esti-
madores propuestos en los capitulos anteriores. Analizando las propiedades asintéticas de
los dos estimadores de regresién local lineal (primeras diferencias y efectos fijos) se aprecia

que ambos mantienen el mismo orden de magnitud del término de sesgo, pero muestran



Introduccién

limites asintéticos distintos para el término de la varianza. En ambos casos las conse-
cuencias son la obtencién de tasas de convergencia no paramétricas suboptimas. Como
se demuestra en los Capitulos 2 y 3, para solventar este problema es necesario explotar
la estructura aditiva del modelo de regresién en diferencias y algoritmos de backfitting
de una etapa son propuestos. Bajo condiciones bastante generales, se obtiene que los dos
estimadores de backfitting son asintéticamente equivalentes, por lo que un anélisis sobre

su comportamiento en tamanos muestrales pequenos es muy interesante.

En un contexto totalmente paramétrico, estd demostrado que bajo supuestos de exogenei-
dad estricta el comportamiento de los estimadores en diferencias depende de la estructura
estocéstica del término de error idiosincrético; ver Wooldridge, (2003). Sin embargo, en el
ajuste no paramétrico, ademas de la estructura estocdstica existen otros factores como la
dimensionalidad y el tamano muestral que son de gran interés. En concreto, en un estudio
comparativo entre estos estimadores analizamos como se comporta su error cuadratico
medio en promedio (AMSE) bajo diversos escenarios. Destacar que los resultados de si-
mulacién obtenidos del AMSE confirman basicamente los resultados teéricos. Asimismo,
encontramos que los estimadores de efectos fijos son bastante sensibles al tamafio del

numero de observaciones temporales por individuo.

En el Capitulo 5 y con el objetivo de demostrar la gran utilidad de los métodos pro-
puestos para el andlisis empirico, se considera la estimacién no paramétrica de un modelo
estructural sobre los ahorros preventivos de los hogares motivado por el modelo del ciclo
vital de Modigliani and Brumberg (1954). A partir de esta especificacién, estimamos un
modelo en el cual los ahorros de los hogares estan relacionados tanto con la incertidumbre

sobre gastos médicos imprevistos como con la aversién al riesgo de los hogares.

En las pasadas dos décadas, existe una gran cantidad de estudios empiricos que tratan
de mejorar nuestro entendimiento sobre el consumo éptimo de los hogares y su compor-
tamiento bajo distintas fuentes de incertidumbre (seguros por desempleo o programas
sanitarios publicos) pero sin llegar a resultados concluyentes; ver [Starr-McCluer| (1996)),
Gruber| (1997), Egen and Gruber| (2001), |Gertler and Gruber| (2002) o |Gourinchas and
Parker| (2002)), entre otros. Sin embargo, la mayor parte de estos estudios sufren de es-
casez de robustez contra distintos tipos de errores de especificacién. En este contexto, el

objetivo de este quinto capitulo es contribuir a la literatura sobre los ahorros preventivos
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extendiendo el modelo semi-paramétrico propuesto en |Chou et al. (2004) al andlisis de
modelos de datos de panel. De este modo, lo que nos proponemos es estimar un mo-
delo de ciclo vital que nos permita determinar el comportamiento de los hogares haciendo
frente, de manera simultanea, a los errores de especificacién mas habituales en este tipo de
modelos: (i) heterogeneidad de seccién cruzada no observada correlacionada con las cova-
riables del modelo; (ii) ciertas funciones que relacionan variables endégenas y exdgenas
en la ecuacién de Euler son desconocidas y deben ser estimadas; y (iii) existencia de

covariables enddgenas.

En este sentido, el estimador de las funciones de interés que se propone en este capitulo
resuelve el problema de endogeneidad utilizando los valores predichos de las variables
endogenas y que han sido generados en la estimacién no paramétrica de la ecuacién en
forma reducida. De este modo, el estimador que se presenta tiene la forma de un esti-
mador simple de minimos cuadrados de dos etapas localmente ponderado. Ademads, ciertas
técnicas de integracién marginal son necesarias para estimar un subconjunto de las fun-
ciones de interés. Para determinar el comportamiento de estos estimadores obtenemos
sus principales propiedades asintéticas. El capitulo finaliza con un experimento de Monte
Carlo que analiza el buen comportamiento de los estimadores propuestos en muestras fini-
tas y con una aplicacién empirica sobre los ahorros de los hogares espanoles bajo distintas

fuentes de incertidumbre.

Finalmente, concluimos esta tesis doctoral resaltando las principales conclusiones que se
desprenden de estos cinco capitulos y se apuntan posibles lineas futuras de investigacion.
Las pruebas de los principales resultados obtenidos a lo largo de este trabajo asi como los

programas de estimacion desarrollados para estos estimadores son relegados al apéndice.



Introduction

In the past five decades, the complexity of econometric models has been greatly enriched by
the availability of panel data. Since these data sets are characterized by the observation of
a group of individuals (households, consumers, countries, etc.) over time, they allow us to
extract some unknown information about the idiosyncratic characteristics of individuals.
In this way, the theoretical ability of these data to isolate the impact of unobserved actions
of individuals enables us to make consistent inferences on a variety of topics that are not

possible with other types of data, such as cross-sectional or time series data.

Traditionally, the econometric specification of such models has focused on the analysis of
the relationship between an endogenous variable and some explanatory variables taking
into account the unobserved individual heterogeneity. This analysis has been based on
rather restrictive assumptions about functional forms and densities. However, as it is noted
in Wooldridge| (2003]), sometimes these assumptions are quite unrealistic, and there are
situations where the risk of misspecification is high. If this is the case, standard estimators

based on moment conditions are biased and their use can invalidate the inference results.

In this context, nonparametric regression techniques have become a very useful tool to
address these problems. Fully nonparametric panel data models are very appealing since
they do not make any assumption about the model specification, but they allow data
set to draw the shape of the regression function by themselves. However, although such
estimators are robust to misspecification of the regression function, they are subject to the
curse of dimensionality. In other words, as the number of explanatory variables increases,
the rate of convergence of these estimators is dramatically reduced. In order to improve
their rate it has been usually proposed to include a fully parametric component. These are

the so-called semi-parametric models. In this case, what is known from previous empirical
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research or economic theory is modeled in a parametric way, whereas what is unknown for

the researcher is specified nonparametrically.

However, these flexible models are unable to capture some features hidden in data sets.
That is the main reason why many empirical studies have encouraged the introduction of
more flexible structures that allow for variation of the unknown parameters according to
some explanatory variables. In this situation, varying coefficient models originally pro-
posed in Cleveland et al. (1991) appear as a solution. In particular, they are characterized
by allowing for certain regression coefficients to vary with some exogenous variables sug-
gested by economic theory. Therefore, they are able to exploit the information of the data

set.

Note that in the past 15 years varying coefficient models have experienced an unparalleled
growth, from both a methodological and theoretical point of view. As they encompass both
nonparametric and semi-parametric models, they offer a quite general setting to handle
many of the specification problems of such models. In what follows, we present some
empirical applications of varying coefficient models in order to have a better understanding

of the main advantages that they offer for empirical analysis.

In the literature on the returns to education we can find a first example of the improvement
achieved with this new type of models. As it is noted in Schultz (2003)), marginal returns
to education vary with different levels of work experience. Thus, the omission of the
nonlinearity of education as well as the interaction impact between education and work
experience leads us to undersmoothing outcomes of the education performance, as it is
found in (Card| (2001)). In this situation, a semi-parametric varying coefficient model of the

following form may be more advisable,

}/Z:m(Zl)Xl+W1TB+vZ) ’L‘:]_’-..’N7

where Y; is the hourly wages of individual i (log), X; denotes the years-of-schooling of
the individual as a measurement of his education experience, Z; is a measure of working
experience, and W; denotes a vector of control variables that includes binary indicators
for some features of the individuals such as marital status, government employed, union

status and so on. In this way, this modeling overcomes the most common problems in
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this literature. It allows the impact of education on performance to vary with the level of

work experience and to consider, at the same time, the nonlinearity shape of education.

Furthermore, the macroeconomic and international economic literature provides another
relevant example. When we examine the role of foreign direct investment (FDI) in the
economic growth of the countries, authors like Kottaridi and Stengos| (2010) claim that,
because the positive effect of the FDI on the economic growth only occurs in those countries
with a higher level of income, the coefficient of FDI inflows in a growth model must be
varying over the initial income level of each country. In this situation, the following semi-
parametric varying coefficient model is specially appealing since it enables us to take into
account both the nonlinear impact of FDI as well as the interactive effect between FDI

and level of income,

Yit = g+ a1 Dj + agln(Ifi/Y) + agln(ng) + oz4(lnXit)(I£/Y) + ashit + €4,

fore=1,--- ,Nand t =1,---,T, where Y}, is the growth rate of income per capita in
country ¢ and period ¢, I Z% the domestic investment rate to GDP, n;; the population growth
rate, hj; the human capita, Il-J;/Y is the ratio of FDI to GDP and Xj; is income per capita

at the beginning of each period.

Finally, we find another relevant example when we try to establish the role of natural
resources in the economic development of regions. As it is well-known in the literature on
development economics, resource-abundant regions tend to grow slower than those with
poor resources; see [Sachs and Warner| (2001). However, since the former constitute both
growth losers and winners, the role of the quality of the institutions can be a decisive
issue to identify the impact of the natural resources. Thus, in order to take into account
the fact that the variation of growth performance among regions with abundant natural
resources depends on how resource rents are distributed via the institutional arrangement,

in [Fan et al.| (2010)) it is proposed the following semi-parametric varying coefficient model

Y = Bo + B1X1i + BoXoi + B3 Xsi + Bu(Zi) X +vi, i=1,---,N,

where Y; is the average growth rate of country 7, X1;, Xo;, X3; and Xy4; denote initial income
level, is a measure of the institutional quality approximated via the share of primary

exports in GNP in 1970.
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In this context, the objective of this doctoral dissertation is twofold. On one hand, to
develop new estimation techniques that allow us to obtain consistent estimators for varying
coefficient panel data models where the unobserved individual heterogeneity is correlated
with some covariates. On the other hand, to emphasize the gains offered by this new
methodology for empirical analysis. To this end, a nonparametric analysis of a structural
model on the precautionary savings of the Spanish households to different sources of
uncertainty is presented. In this way, this doctoral thesis is divided into five chapters and

the structure of the dissertation is as follows.

In Chapter 1, an intensive review of the econometric literature on semi-parametric and
fully nonparametric panel data models is performed. First, fully nonparametric panel
data models with both random and fixed effects are analyzed. Second, we survey partially
linear models under three different specifications: fixed and random effects, and presence
of endogenous covariates. We conclude with a review of panel data varying coefficient
models. For each of these areas, we discuss both the basic model to estimate and the
proposed methodology. We also analyze the main asymptotic properties of the resulting

estimators.

In Chapter 2, we present a new estimation technique for panel data models where the
coefficients to estimate are smooth functions of other explanatory variables established
by economic theory, and where the individual effects are arbitrarily correlated with the
regressors of the model in an unknown way. As it can be shown, direct estimation through
nonparametric techniques renders inconsistent estimators of the parameters (functions) of
interest. In order to circumvent this problem, we use a transformation in first differences.
Thus, following the original idea in |Yang| (2002) for an entirely different context, the
proposed estimator is based on a local linear regression of a model in first differences.
As it is proved in [Lee and Mukherjee| (2008]), since the transformed regression equation is
originally located around a fixed value of the sample, without considering the other values,
direct application of local linear regression techniques to differencing transformations of
panel data models generates a bias that does not disappear asymptotically. To avoid this

problem, we propose to use a higher-dimensional kernel weight.

Unfortunately, this technique allows us to eliminate this bias, but at the price of increas-

ing the variance term so the resulting estimators achieve a slower nonparametric rate of
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convergence. We propose to overcome this problem via a one-step backfitting algorithm
that provides estimators that achieve the optimal rate of convergence of such problems.
Also, the resulting estimators exhibit the oracle efficiency property. In other words, this
procedure provides a nonparametric estimator whose variance-covariance matrix of all its
components is asymptotically the same as if the other components of the transformed
regression equation were known. In this chapter, we also obtain the asymptotic distribu-
tion of both estimators. Likewise, since the bandwidth matrix plays a crucial role in the
consistent estimation of unknown functions, we also provide a method to calculate this
matrix empirically. Finally, through a Monte Carlo experiment we test the good behavior

of the proposed estimator in finite samples.

In Chapter 3, we present an estimator based on a deviation from the mean transforma-
tion of the regression model. As in the fully parametric setting, the main advantage of
this transformation compared to other similar is that we obtain the standard asymptotic
properties of nonparametric estimators under the assumption that the idiosyncratic error
terms are i.i.d. In this way, the fixed effects estimator that we present in this chapter is
obtained via a local approximation of the T" additive functions of the deviation from the
mean transformation, where T' is the number of observations for each individual. Since
the direct use of standard local approximation techniques in the estimation of these ad-
ditive components omits relevant information as the sum of the distances between a fixed
term and the other values of the sample, it provides nonparametric estimators with a bias
term even more relevant than the obtained in Chapter 2. Thus, to overcome this prob-
lem we propose to consider a local approximation around the entire vector of temporal

observations of each individual.

Nevertheless, the well-known trade-off between bias and variance reappears. Although
the use of a kernel function of dimension 1" solves the bias problem, the variance term is
considerably enlarged so the resulting estimator shows a slower rate of convergence than
the first differences transformation estimator. In order to solve this situation and obtain
estimators that achieve the optimal rate of convergence of this type of nonparametric
problems, we use a one-step backfitting algorithm. Analyzing the asymptotic distribution
of this two-stage estimator we appreciate that additional smoothing, introduced through

the backfitting procedure, fails to reduce bias but decreases the variance term, as it is
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established in |Fan and Zhang (1999). Therefore, this backfitting procedure allows to the
estimators of the unknown functions of interest to achieve optimal nonparametric rates
of convergence. Also, we show that the proposed fixed effects estimator is oracle efficient.
Finally, through a Monte Carlo experiment we try to corroborate the theoretical findings

obtained for the fixed effects estimator.

In Chapter 4, a comparative study on the behavior of the estimators proposed in the
previous chapters is addressed. Analyzing the asymptotic properties of the two local linear
regression estimators (first-differences and fixed effects) we observe that both maintain the
same order of magnitude of the bias term, but they show different asymptotic limits for
the variance term. In both cases the consequences are suboptimal nonparametric rates of
convergence. As it is shown in Chapters 2 and 3, to solve this problem it is necessary to
exploit the additive structure of the regression model in differences and one-step backfitting
algorithms are proposed. Under fairly general conditions we find that the two backfitting
estimators are asymptotically equivalent, so the analysis of their behavior in small sample

sizes is very interesting.

In a fully parametric context, it is shown that under strict exogeneity assumptions the
behavior of differencing estimators depends on the stochastic structure of the idiosyncratic
error terms; see Wooldridge (2003). However, in the nonparametric setting, apart from
the stochastic structure, there exist other factors such as the dimensionality and sample
size that are of great interest. Specifically, in a comparative study between these two
estimators we analyze how their average mean squared error (AMSE) behave under fairly
different scenarios. Note that the simulation results obtained for the AMSE essentially
confirm the theoretical outcomes. Also, we have also found out that fixed effects estimators

are rather sensitive to the number of time series observations per individual.

In Chapter 5 and with the aim of showing the feasibility and possible gains of the proposed
methods for empirical analysis, we consider the estimation of a structural model of house-
hold’s precautionary savings motivated by the life-cycle hypothesis model of [Modigliani
and Brumberg| (1954)). Starting from this specification, we estimate a model where house-
hold’s savings are related to both uncertainty about unforeseen medical expenses and

household risk aversion.
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In the past two decades, there is a plethora of empirical studies that seek to improve
our understanding about household’s optimal consumption and its behavior under various
sources of uncertainty (i.e., unemployment insurances or public health programs) but
without reaching conclusive results; see Starr-McCluer| (1996), Gruber (1997), [Egen and
Gruber| (2001)), Gertler and Gruber|(2002) or Gourinchas and Parker| (2002), among others.
However, most part of these studies suffers from lack of robustness against various types of
misspecification problems. In this context, the aim of this fifth chapter is to contribute to
the literature on precautionary savings by extending the semi-parametric model proposed
in |Chou et al.| (2004)) to the analysis of panel data models. Thus, we propose to estimate
a life-cycle hypothesis model that allows us to determine the behavior of households while
facing simultaneity the misspecification problems that are more common in such models:
(i) unobserved cross-sectional heterogeneity correlated with the explanatory variables of
the model; (ii) some functions that relate endogenous and exogenous variables in the Euler
equation are unknown and must be estimated; and (iii) existence of some endogenous

covariates.

In this sense, the estimator of the functions of interest that we propose in this chapter
solves the endogeneity problem using the predicted values of the endogenous variables
that are generated in the nonparametric estimation of the reduced form equation. Thus,
the estimator presented here has the simple form of a two-step weighted locally constant
least-squares estimator. Also, certain marginal integration techniques are necessary to
estimate a subset of the functionals of interest. To determine the behavior of these es-
timators, we analyze their main asymptotic properties. The chapter concludes with a
Monte Carlo experiment that analyzes the good performance of the proposed estimators
in finite samples and with an empirical application about savings of Spanish households

under different sources of uncertainty.

Finally, we conclude this dissertation by highlighting the main results extracted from these
five chapters and possible future research. The proofs of the main results obtained along
this work and the computational programs developed for these estimators are relegated to

the appendix.
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Chapter 1

Nonparametric and
semi-parametric panel data

models: recent developments

1.1 Introduction

When we estimate econometric models, a relevant issue is the type of data that we use in
the specification/estimation of the model because good statistical properties of estimation
results depend largely on the information provided by the data set. In empirical research,
longitudinal or panel data sets are specially attractive since, for each individual in the
sample, they contain many observations over time. Therefore, these data sets allow us
to access certain unobserved information about individuals’ behavior, which cannot be

captured with other data type, such as conventional cross-section or time series data.

As it is noted in Hsiao| (2003), the main advantages relating to longitudinal data set can
be classified into two groups. On one hand, the efficiency of the econometric estimators is
improved because this type of data structure usually exhibits large sample sizes. Therefore,
the degrees of freedom are increased while, at the same time, the collinearity between
explanatory variables is usually reduced. On the other hand, its theoretical ability to

isolate the effects of specific actions or treatments allows us to make suitable inferences



Chapter 1. Nonparametric and semi-parametric panel data models: recent developments

to analyze a variety of economic questions that would not be possible with other data
set. Nevertheless, panel data models also present some disadvantages that are mainly
related to the presence of unobserved heterogeneity in the form of individual or temporal
effects. As it is well-known, in this panel data context a key issue to provide consistent
estimators of the parameters (functions) of interest is the role played by the unobserved
effects. Ignoring this information may lead us to biased estimators by the omission of
relevant variables. Thus, in many empirical applications it is common to consider the cross-
sectional heterogeneity as a random variable distributed independently of the regressors
(the so-called random effects). However, sometimes this assumption is too strong, specially
when correlation between the cross-sectional heterogeneity and the regressors is allowed.
In this case of fixed effects, a random effects estimator is inconsistent and we must resort
to specific panel data techniques to deal with this statistical dependence. We refer to
Arellano (2003), Baltagi (2013) or [Hsiao| (2003) for an intensive review about parametric
panel data models and Maddala, (1987)) to obtain good arguments about random versus

fixed effects.

Nevertheless, the suitable treatment of these unobserved effects is not enough to guarantee
the consistency of the estimators because the estimation of the parameters of interest might
also depend on some statistical restrictions imposed on the data generated process as well
as on the relative values of the number of individuals N and the number of time periods
T. Sometimes these assumptions are too restrictive with respect to functional forms and

densities and the risk of misspecification is high.

In this context, nonparametric panel data models are very appealing as they do not make
any assumption on the specification of the model and allow data to tailor the shape
of the regression function by themselves. However, sometimes this flexibility presents
some drawbacks. On one hand, it is unable to incorporate prior information properly to
the nonparametric modeling and the resulting estimator of the unknown function tends
to have a higher variance term. On the other hand, its worst disadvantage is the so-
called curse of dimensionality that practically disables standard nonparametric methods
when the dimension of the nonparametric covariates is high. In order to solve these
drawbacks, semi-parametric panel data models that embody both general nonparametric

specification and fully parametric, have been proposed. In contrast to the slower rate of
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convergence of the nonparametric estimators, semi-parametric models enable us to obtain
v/N-consistent estimators of the unknown parametric components. For early discussions
on semi-parametric panel data models see [Ullah and Roy| (1998]), while we refer to |Ai and
Li (2008) for a review about partially linear and limited dependent nonparametric and

semi-parametric panel data models.

In this chapter, we provide an intensive review of the econometric literature about semi-
parametric and fully nonparametric panel data models when N tends to infinity and T
is fixed. Note that in Su and Ullah| (2011)) a similar modeling is analyzed, although in
this case we include the most recent results and pay special attention to the treatment of

models with fixed effects as well as with endogenous explanatory variables.

Throughout the chapter, we denote individuals as ¢ and time as t. Also, we use a
standard data sampling scheme in nonparametric panel data regression analysis such
as the strict stationarity assumption of the variables involved in the model, i.e., let
(Xit, Zit, Yit)i=1,... Ni=1,. 7 be a set of independent and identically distributed (i.i.d.)
IR+ _random variables in the subscript 4 for each fixed ¢ and strictly stationary over ¢
for fixed i. Yj; is a scalar response variable and (X;;, Z;;) are explanatory random vari-
ables. Also, ® and ® denote the Kronecker and Hadamard product, respectively. In the
following, K is a kernel function that we assume it is bounded. Furthermore, we assume
that [wu' K(u)du = pa(K)I, and [ K?(u)du = R(K), where pa(K) # 0 and R(K) # 0

are scalars.

The rest of the chapter is organized as follows. In Section [1.2] we analyze the literature
on fully nonparametric panel data models. In Section [I.3] we focus on partially linear
models. Finally, in Section [1.4] we review panel data varying coefficient models. In all
sections we distinguish among random effects, fixed effects and we also consider the case

of endogenous covariates.
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1.2 Nonparametric panel data models

1.2.1 Random effects

In nonparametric panel data models with random effects, the response variable is generated

through the following statistical model

let:m(Z’Lt)_‘_elta Z:177N 5 tzlaaTv (11)

where Z;; is a ¢ x 1 vector of exogenous variables, v;; and u; are independent and identically
distributed terms with zero mean and homoscedastic variances, o2 < oo and O'i < 00, Te-
spectively. We assume p; and vj; are uncorrelated with each other for all 4,5 = 1,2,--- | N
and T'. Note that the error term follows a one-way error component structure; see Balestra
and Nerlove (1966|) or |Hsiao| (2003). Therefore, this means that the disturbance term is
formed by both the idiosyncratic error term v;; and the unobserved cross-sectional hetero-

geneity p;, so it has the following form

€it = i + Vit (1.2)
In this situation, E(u;|Zit) = 0 and E(vi|Zi) = 0. The researcher is interested in the
estimation of the unknown smooth function m(z) = E(Yy|Ziy = 2).

Denote by €; = (¢i1,--- ,&7) aT x 1 vector and V = E(eie;) a T x T matrix that takes

the form
Vv :O'EIT—I-JlQLZTZ} (1.3)

and since the observations are independent along individuals, the variance-covariance ma-
trix of the error term has the standard form

Q=FE(e ) =Iy® [U%sz;/T + 02(Ip — 1 JT)| = INQV, (1.4)
where € is a NT x 1 vector that contains the ¢;’s vectors, o7 = To*ﬁ + 02 and V =
oty /T + o2 (Ir — vy /7).
The function of interest in (1.1) and its derivatives were at first estimated through a pooled

local linear least-squares procedure. However, the resulting estimator should be inefficient
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given that, by the presence of u; in each time period, the composed error term is seri-
ally correlated. Therefore, efficient inference using these pooled estimators should require
considering the information contained in the variance-covariance matrix. In order to solve
this situation, several have been the developments when N — oo and T is fixed. [Ullah
and Roy (1998)), [Lin and Carroll (2000) or Su and Ullah (2007)), among others, consider
the estimation of this nonparametric model via a local polynomial regression approach.
Later, and with the aim of improving the efficiency of these estimators, Ruckstuhl et al.
(2000) and Henderson and Ullah| (2005) propose different strategies to incorporate the in-
formation contained in the disturbance terms and to improve the efficiency of the previous

nonparametric estimators.

For any z € A, where A is a compact subset in a nonempty interior of IR, the basic idea
behind the standard nonparametric estimation of m(z) = E(Yi|Z; = z) is to obtain a
smoothed average of the Y;; values taking into account the values of Z;; contained in a
small interval of z such as Z;; — z = Op(h), where h is a bandwidth that tends to zero

when N — oo.

In order to understand later developments, it is useful to begin by the analysis of the
univariate least-squares procedure. In this simplest case where ¢ = 1, this is equivalent to

make a Taylor expansion of the unknown smooth function around z, i.e.,

1 1
m (Zie) & m(z) +m' () (Zie = 2) + gm" () (Zi = )"+ + Hm@ (2) (Zi — 2)" (1.5)
and the above exposition suggests that we can estimate m(z),m’'(z),--- ,m®(z) by re-

gressing Y;; on the terms (Z; — z)’\, for A = 0,1,---,p, with kernel weights. Here, the

quantities of interest can be estimated by minimizing the following criterion function

T

N p 2
>0 (Yit — > BaZit ~ z)A> Kn(Zy — 2), (1.6)
A=0

=1 t=1

where we denote by B = (EO, B\l, cee B\p) the vector of minimizers of 1} This expression
suggests Bo = mp(2), B = my (2), -+ ,Bp = ﬁlgp) (z). K is a weight function defined in
such way that takes low values when Z;; is far away from z and high values when Z;; is

close to z. Also, for each u it holds

/K(u)du 1 and  Kn(u) = %K(u/h). (1.7)
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Now, if we set p = 0 we obtain the standard Nadaraya-Watson regression estimator (see

Nadaraya| (1964) and Watson| (1964))), i.e.,

Zij\il Zthl Kn(Zy — 2)Y; ‘
ZzNzl 23:1 Kn(Ziy — 2)

myw(z;h) = (1.8)

For the case of a panel data set under random effects models, this estimator was originally

proposed in [Ullah and Roy| (1998). If we set p = 1 we obtain the local linear regression
estimator; see Ruppert and Wand| (1994), |[Fan and Gijbels| (1995b) or Zhan-Qian| (1996])

for a detailed description of this technique. For applications to panel data models with

random effects see|Lin and Carroll (2000)), Ruckstuhl et al.|(2000) and |Su and Ullah| (2007),

among others.

If we extend the criterion function (1.6|), for p = 1, to the multivariate case, i.e., Z € IR?,

we obtain the following criterion function

N T
SO (Y~ o= BT (Zu— ) KnZa— =), (1.9)

i=1 t=1

where now we denote by B\ = (Bo Bl)T a (1 4 g)-vector that minimizes 1) Then, let
Dp(2) = Om(2)/027 be a q x 1 vector of partial derivatives of the function m(z) with
respect to the elements of the g-vector z, the above exposition suggests m(z;h) = Bo and

ﬁm(z; h) = B as estimators for m(z) and D,,(z), respectively.
Assuming Z K, Z, is nonsingular, the solution to (1.9) in matrix form can be written as

1 (Zn — Z)T

B -1
%o :<ZZTKZZZ) ZIK,Y,  where Z.=|: : (1.10)

51 1 (ZNT — Z)T

isa NT x (14¢q) matrix, K, = diag (K;(Z11 — 2), -+ , Kpn(Zn7 — 2)) a NT x NT diagonal

matrix and Y = (Y11,---,Ynr)| a NT x 1 vector.

Then, the local linear least-squares (LLLS) estimator of m(z) is

-1
fiis(zh) = ef (21K.2.)  ZIK.Y, (1.11)
where e is a (1 + ¢) selection matrix having 1 in the first entry and all other entries 0.
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Under some smoothness conditions on the regression function, some moment conditions
on the errors; i.e., Elvy]?>T < oo, and assuming h — 0 as N — oo such that Nh — oo, it
is straightforward to extend the results in Ruckstuhl et al.| (2000, Theorem 1, pp. 53) to
the multivariate case. Thus, as N tends to infinity and T is fixed the conditional bias of

these pooled estimators can be written as

2
biasyar (v (2:h) = ;LTM(K) [tr (Hn(2)) + 2D (2)D5(2)f(2)Y] (L.12)
and
h2
biaSLLLs(ﬁZLLLS(Z;h)) = ﬁﬂQ(K)tT(Hm(Z)), (1.13)

respectively, where H,,(z) denotes the ¢ x ¢ Hessian matrix of m(z) and D¢(z) is the 1 x ¢

first-order derivative vector of the density function f(z).

Also, the asymptotic distribution of these estimators is

VN (myw(z; h) —m(z)) N (0, (o + Jﬁ)R(K)) (1.14)

Tf(z)
and
02+ 02)R(K
VNha (prrs(z;h) —m(z)) LAY (O,( i Tflgi) &) ,  (1.15)
where, let Z = (Z11, - - , Zn71) be the observed covariates vector, we denote O'Z = Var(ul|Z)

and o2 = Var(vy|Z).

Based on these results, we can realize that although the asymptotic variance of both
estimators is equal, the asymptotic bias is not. In particular, the bias of the local linear
least-squares estimator only depends on the curvature of m(-) at z in a particular direction,
measured through #,,(z), while the bias term of the Nadaraya-Watson estimator emerges
mainly from both the curvature of m(-) and the term D,,(2)Ds(2)f(z)~!. Also, as it is
well-known, the local linear estimator is the best among all linear smoothers and has better
performance near the boundary of the support of the density function; see [Fan| (1993)) for
more details. Therefore, the local linear least-squares estimator is usually preferred to
the Nadaraya-Watson. The form of the asymptotic variance is also of great interest. As
it can be observed, its structure is the same that under a pure i.i.d. setting without no

correlation. This phenomenon is already pointed out in Ruckstuhl et al.| (2000).
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With the aim of obtaining estimators asymptotically more efficient than the previous
ones, if it is possible, it would be necessary to incorporate the covariance structure of the
regression model ([1.1]) in the form of the estimators. To this end, two different approaches

have been proposed in the literature.

On one hand, in Henderson and Ullah! (2005 an alternative class of estimators is proposed.
The estimators are the result of the minimization of the following weighted criterion func-

tion
(Y - 5Tzz)T W, <Y . ﬁTZZ) (1.16)

with respect to S, where E and Z, are defined as in |i Let W, be a weighting
matrix based on the kernel function that contains the information of the error structure,
in Henderson and Ullah/ (2005) the following local linear weighted least-squares (LLWLS)

estimator of m(z) is proposed,

~ —1
mLLWLS(ZS h) = ,30 = €1|— (ZJWZZz> Z;FWZY (1.17)

In this way, the first-step of this procedure must be the proposal of a specific form for
W,. In particular, in Lin and Carroll (2000) two types of weighting matrices are used,
W, = K20 1K!? and W, = Q1K.,, whereas in Ullah and Roy (1998) it is developed
an estimation procedure with W, = Q1/2K,Q71/2. In addition, and as the reader can

see in ([1.4), if  is a diagonal matrix these different specifications of W, are the same.

On the other hand, in Ruckstuhl et al.| (2000) it is proposed to multiply both sides of (1.1

by the square-root of Q! obtaining

Y* =m(Z) + QY% (1.18)

where Y* = Q~12Y + (I — Q~1/2)m(Z) is the transformed variable and Q~'/2¢ is a term
that satisfies the independence condition because it has an identity variance-covariance
matrix. Note that Y* = (Yji,--,Yipr) |, m(Z) = (m(Zn),--- ,m(Zyr))" and € =
)T

(€11, ,ent)' are NT x 1 vectors. Therefore, by minimizing the criterion function

related to (|1.18]) the resulting local linear least-squares estimator is

-1
M(z) = ef (ZZTKZZZ) ZI KV, (1.19)
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where Z, and K, are defined as in the expression (|1.10)).

Note that the estimator defined in either or is an unfeasible estimator because
Q depends on some unknown terms, i.e., 2 and Jﬁ. In this line, and based on the spectral
decomposition of €2, in [Henderson and Ullah| (2005)) it is proposed a local linear feasible
weighted least-squares estimator where they suggest to replace the unknown covariance

components by their consistent estimators.

Let €t = Yy — m(Z;) be the local linear least-squares residuals related to (1.17)), in
Henderson and Ullah! (2005)) it is proposed to estimate the unknown terms of the variance-
covariance matrix (1.4]) such as
N T
R T ~2 ~ 1 ~ ~
0% =N ZZ; €;. and 012, = m £ ;(Git - 6i~)27 (1.20)

where €. = T} Zthl €t

Plugging these consistent estimators in |D they obtain Q. If we denote by WZ any of the
expression of W, where (2 is replaced by ﬁ, the feasible local linear weighted least-squares

(FLLWLS) estimator is

—~ -1 —~
T/fLFLWL,g(Z; h) = 6; (Z;FWZZZ) Z;WZY (1.21)

On the other hand, in Ruckstuhl et al. (2000) a two-step procedure is presented. In
the first-step, a local linear least-squares estimator of the unknown functions of is
obtained and the residual term that enables us to obtain ) is computed. In the second-
step, they use this result to calculate Y =012y + (I — ﬁ_l/z)ﬁz(Z) and they propose
to regress v+ against Z through a local polynomial regression obtaining the following local

linear two-step least-squares (LL2SLS) estimator
-1 N
Mrrasns(z) = el (ZZTKZZZ> ZTK.V*, (1.22)
Finally, based on this latter transformation in [Martins-Filho and Yao, (2009) a two-step
procedure is also proposed to provide a local linear estimator in a regression model where

the error term has a non-spherical covariance structure and the regressors are dependent

and heterogeneously distributed.
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In Henderson and Ullah| (2005) it is shown that under some standard regularity conditions,
for N large and T fixed, the asymptotic bias and variance rate of mprwrs(z;h) are
Op(h?) and O, ((N Thq)_l), respectively. Furthermore, in a Monte Carlo experiment
conducted in Henderson and Ullah| (2012) it can be seen that the estimator for 2 proposed
in |Henderson and Ullahl (2005) performs better than the corresponding for the local linear
least-squares (LLLS) estimator in Ullah and Roy| (1998) or |Lin and Carroll (2000). They
also point out that the local linear two-step least-squares (LL2SLS) estimator exhibits a

better performance in terms of mean squared error than any other type of these estimators.

1.2.2 Fixed effects

As we have just seen, the random effects approach includes p; in the random error term
under the assumption that there is no correlation between u; and Z;;. However, if u; is
allowed to be arbitrarily correlated with Z;; in the model, an estimation procedure with a
one-way error component clearly provides biased estimators of the parameters (functions)

of interest because E(u;|Zy = z) # 0.

For nonparametric panel data model with fixed effects the main focus is

}/Zt:m(ZZt)—’_,ufz—’_U’Lty 7’:177N ) t:177T7 (123)

where Zj;; is a ¢ x 1 vector of explanatory variables, m(-) is an unknown function for the

researcher, vy is i.i.d (0,02) and p; is i.i.d (O,UZ).

As in the parametric case, different estimation methods are developed to estimate non-
parametric panel data models with fixed effects of the form of ; see [Hsiao (2003)),
Wooldridge| (2003) or Baltagi (2013)), for example. As we appreciate hereinafter, they may
be classified into two broad approaches. On one hand, there is a first type of nonparametric
estimators that use differencing transformations to remove the unobserved heterogeneity
from the structural model. Thus, the unknown function of the transformed model can be
estimated consistently through any nonparametric approach. On the other hand, a sec-
ond type of estimators is based on the spirit of the least-squares dummy variable (LSDV)
approach to propose estimators of the parameters of interest, i.e., m(-). In the following,

the most recent literature on the nonparametric framework based on both approaches is
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reviewed. Later, we focus on the corresponding estimators for different specifications of
these nonparametric models, i.e., allowing for additive structures of the smooth function

or the presence of dynamic nonparametric covariates.

Differencing estimators

In this part, we focus on the proposals in Mundra| (2005) and Lee and Mukherjee (2008)
to show how standard differencing transformations enable us to propose estimators for
the first-derivative function solving the statistical dependence problem between pu; and
Zit. Later, we analyze the iterative nonparametric kernel estimator based on a profile

likelihood approach developed in Henderson et al.[ (2008) to estimate the smooth function.

As in the fully parametric case, there are several transformations that enable us to remove
the heterogeneity of unknown form. Among the most popular transformations we find
out the so-called first differences and differences from the mean. First differences trans-
formation may be understood as the subtract from time ¢ of that of time t — 1,

i.e.,

Yit = Yig—1) = m(Zi) — m(Zu—1y) + vit — Vie—1y, i=1,--- N 5 t=2,--- T (1.24)
or that of time 1, i.e.,
Yie — Yoo = m(Zir) —m(Zn) +vie —vir, i=1,--- N ; t=2,--T.  (125)

On its part, differences from the mean implies subtracting from time ¢ the within-group

mean, i.e.,

T
1 1
Y — T ;:1 Yis = m(Zit) — T E m(Zis) + vt — T g Vis, (1'26)

s=1 s=1

fori=1,--- Nandt=1,---,T.

As the reader may appreciate, the right hand side of either (|1.24)), (1.25) or (1.26) are linear

combinations of m(Z;) for different periods t. When estimating the unknown function
m(+) it is necessary to take into account that we have an additive function for each ¢t whose
elements share the same functional form. Therefore, direct nonparametric estimation of

this function is not as straightforward as it is noted in |Su and Ullah| (2011)).
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Assuming m(+) is smooth enough, in|Ullah and Roy| (1998) it is proposed to use either a first
differences or a mean deviation transformation after linearly approximate the unknown
function m(-) around z. They expected that the resulting first-difference and fixed effects
estimators of the marginal effects of m(-) (i.e., the partial derivatives of m(z) with respect
to z) satisfy the standard properties of the local linear regression approach. However, this
statement is not true as it is proved in Lee and Mukherjee| (2008]) because this technique

provides estimators with a bias term that does not disappear even in large samples.

To analyze this problem in detail, we consider the univariate problem (¢ = 1) of the
first differences regression model (1.24). Then, approximate m(-) by means of a Taylor

expansion implies to obtain

AYy = AZym! (z) + Avi(z), (1.27)

where m’(2) = dm(z)/0z. Let m"(z) = 0*m(z)/0z% be the Hessian matrix of m(z), the

error term of this transformed regression is

Avy(2) = Avy + %m”(f) ((Zit — 2)* = (Zige—1) — 2)°)

for some £ € IR between Z;; and z.

On the contrary, the transformed regression of the mean deviation (i.e., within-group)

expression is
1 & 1 & 1 &
Yi — 7 ;y;s = (Zit -7 Sz:l ZZ»S) m/(z) + (vit(z) —7 ;vzs(z)> , (1.28)

where the corresponding error term is of the form

T

1 « 1 & 1, , 1 )
Uit(z)_fzvis(’z): Uit—fzvis +§m &) | (Zi — 2) _TZ(Z“_Z) )

s=1

For the transformed regression models (1.27)) and (1.28)), in Lee and Mukherjee (2008) the
following local linear estimators of the first-order derivatives are proposed,

N T
: Ky (Zy — 2)AZyAY;
Yoic1 2o Kn(Zie — 2)AZ;,

and

N T Y
~/ (Z,h) Z’L—l Zt—l h( it Z) t t’ (130)

~ -
Zi:l Zthl Kn(Zi — Z)ZiQt
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where we denote Yj; = Yj; — (T—1)71 ZST:L st Y;s, and Z;; and ;; are defined in a similar
way. For the sake of simplicity, in |Lee and Mukherjee| (2008)) the leave-one-out average is
used in (1.28) instead of the within-group mean when analyzing the asymptotic properties

of these estimators.

Let Z = (Z11,- -+, ZnT) be the vector of observed covariates, under some standard smooth-
ing conditions in |Lee and Mukherjee| (2008, Theorem 1, pp. 5) the following asymptotic

properties of these two local linear estimators are shown when N, T — oo

m"(2)p3(2)

E[”r/ﬁ,lD(z; h) - m(z)|Z] = T(z) + Op(hZ) (1.31)
and
El@ly(z:h) - m(2)|Z] = = (Z;[EZ%EZT(;;J)S”’(Z)) + 0,(h?), (1.32)

where () = E(Zi — z)7 < oo, for j =1,2,3.

By analyzing these results we can highlight that it is proved that these two local linear es-
timators are inconsistent for any sample size because in both specifications, when N — oo
and h — 0, the bias that does not go away. In particular, as it can be seen in
and , this non-degenerated bias is due to the fact that the transformed regression
equations are localized around Z;;, without taking into account all other values. Conse-
quently, since the distance between Z;; and z cannot be controlled by a fixed bandwidth
parameter h, the residual terms of the Taylor approximation do not vanish. Therefore, it
is not possible to assume that Av;(z) and Av;, are close enough and we can conclude that
the local linear regression approach provides inconsistent estimators by the correlation
between the transformed error terms Aw;(z) and the transformed regressors AZ;;. The

same can be said for ¥;(z) and Zj.

To our knowledge, there are two type of strategies to overcome this problem. On one hand,
in Mundra (2005) a direct procedure is developed based on the use of a higher-dimensional
kernel weight. On the other hand, in|Lee and Mukherjee (2008]) is proposed the estimation
of a local within transformation that uses a locally weighted average to remove the fixed

effects. In the following, we detail the main peculiarities of both techniques.

As we have stated previously, one way of overcoming this problem of non-negligible asymp-

totic bias is to use a higher-dimensional kernel weight. As it is suggested in Mundra/ (2005)),
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the bias associated to ([1.29) may be removed by considering a local approximation around

the pair (Zi;, Z;;—1)) obtaining the following first-difference local linear estimator

SN S Kn(Zi — 2)Kn(Zit—1)) AZiy AYy
SN Sy Kn(Zis — 2)Kn(Zip—1) — 2)AZ2,

Mpp(2;h) = (1.33)
However, note that despite providing the asymptotic distribution of this estimator, Mundra
(2005) does not pay special attention to the behavior of the transformed regression errors,

and further research of their asymptotic properties may be necessary.

On the other hand, in |Lee and Mukherjee, (2008)) it is followed a differencing strategy that
uses the locally weighted average of Z;;, for a given z, to remove the unobserved individual
heterogeneity and propose consistent estimators that take into account all the values of

the regressors involved in the estimation. They denote

ZZ'.Z Z Wis(z)Zz-s, (1.34)

where Wis(z) is the local weight of the form

Kh(Zis — Z)

Wis(2) = .
) Zle,r# Kn(Zir — 2)

(1.35)

Also, Y;.(z) and ©;.(2) are defined in a similar way as the locally weighted averages of Y

and v (z), respectively.

Note that ZST:LS# Wis(2)pi = p; because it holds Wis(z) > 0 and ZST:LS# Wis(z) =1
for any z. Therefore, if we subtract such local averages from (1.23) and denote Y;i =
Yie — (T =)7L Y and Z, = Zis — (T — 1) 31, Zis, the functions of

interest are estimated from the following locally weighted average problem

T
Z Y V2 Kp(Zis — 2). (1.36)

i=1 s=1,s#t

Denote by B the minimizer of 1' the above exposition suggests as estimator for m/(+),

N T * Yk
. Zi:l Zs:l,s;ét Kh(ZiS - )ZZSY;S
- N T *2
> izt 25:1,5# Kn(Zis — 2) 237

)

Mrwa(zih) = (1.37)
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Under some standard regularity conditions, in |Lee and Mukherjee| (2008, Theorem 2, pp.
7) it is shown that this local weighted linear estimator m/ , ,(z;h) has the following

asymptotic properties when N, T — oo,

B tg(est) —mieyiz] = B (ML) (MY o) 1y

K2
and

2

1 o5

Var (i a(es) = m212) = w7 (75 ) (%) +o0 (7m0

where kj = [2/K(2)dz, for j = 2,4, and ¢o = [ 22K?(2)dz.

Looking at these results, we can emphasize that the asymptotic bias and conditional
variance is of the same order as the standard results of the local polynomial regression.
Furthermore, since h — 0 and they assume NTh3 — co when N, T — oo, both conditional

bias and variance-covariance matrix are asymptotically negligible.

As the reader may appreciate, these procedures are very appealing as they provide con-
sistent estimators of the local marginal effect of the smooth function in a framework of
differencing models. However, they are unable to identify the function m(-). In this con-
text, in Henderson et al.| (2008]) an iterative nonparametric kernel estimator is developed

based on a profile likelihood approach to estimate m(-), when N is large and T is fixed.

Let us consider the following differencing model to estimate

Yie = Yoo =m(Zy) — m(Zn) +vig —vpn, i=1,--- N ; t=2,---,T, (1.40)

so the likelihood function £(-) suggested for the individual 7 in [Henderson et al.| (2008) is

1 /. T .
L) = (Vi) = =5 (Vi = mi - mar) - =7 (Vi = mi - mare) | (1.41)

where m; = m(Zi), mi1 = m(Zi1) and Y; = (Yia, -+, Yir), for Yy = Yy — Yir.

The variance-covariance matrix of ¥ = vy — v;1, 3, and its inverse, X1, are respectively

equal to

Y =02 (IT_l + zT_lz;,1> ; =072 (IT_l - ZT—N;,l/T) , (1.42)
where we denote by m,_1j(2) the current estimator.
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In Henderson et al.| (2008) it is proposed to estimate f(2) by computing ao(z), where

(ag aq) solve the following equation

Z Z Kh(Zit — Z)Git(z; h)

X Li tm (Yi,m[z—l](zﬂ), Qo+ ((Zu— 2)/h) Ty, - am[é—l](ZiT)) =0, (1.43)

where Giy(z;h) = [1 ((Zi — 2)/h)"] . Note that a1(z) provides the next step derivative

estimator of m(z).

As it is well-known in the nonparametric literature, because the model to estimate exhibits
an additive structure with two functions that share the same functional form, an initial
estimator of m(-) can be obtained by the standard backfitting method, originally proposed
in Hastie and Tibshirani (1990). However, it is true that in order to impose the additive
structure for estimates the series method can be more suitable. In this way, in [Henderson
et al. (2008)) it is recommended to use an iterative method that only implies a least-squares

estimation procedure, turning to a series method to obtain an initial estimator of m(-).

Similarly to other nonparametric estimators developed for differencing models, the itera-
tive estimator proposed in [Henderson et al. (2008) has the advantage of removing com-
pletely the unobserved individual heterogeneity. However, the rate of convergence of the

proposed estimators is relatively slow since the asymptotic variance is O, ((N |H ])_1).

Profile least-squares estimators

When we want to estimate directly nonparametric fixed effects models such as
we must control by both observed and unobserved covariates. In this way, we need an
estimation procedure that provides consistent estimators for the structural parameters
of the explanatory variables, m(-), in the presence of “incidental” parameters, i.e., u;.
Therefore, following the idea of the least-squares dummy variable approach a profile least-
squares method may be proposed, where a dummy variable is used to represent each

cross-sectional observation.

In this subsection, we first analyze the profile least-squares estimators proposed in [Sun

et al.[(2009), Su and Ullah|(2011), Gao and Li (2013]) and Lin et al.|(2014) under different
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identification conditions. Later, we focus on alternative feasible forms for the local linear

approach following [Li et al. (2013).

If we rewrite the model (1.23]) in a matrix form we obtain

Y =m(Z) + Dopo + v, (1.44)

where Y = (Yi1, -+, Yar) |, m(Z) = (m(Zn),--- ,m(Znr))" and v = (vi1,--- ,onr) |
vectors of NT x 1 dimension. Let po = (u1,--- , un) ' be a vector of N x 1 dimension and

Dy = (Iny ®17) a NT x N dummy matrix.

For any given value of 1y we estimate the unknown m(z), let z be an interior point of the

neighborhood of Z, by minimizing the standard optimization problem, i.e.,

(Y — zNTm(z) - D()/L())—r Kh(z) (Y - ZNTm(Z) — D(),u,[)) s (1.45)
where Kp,(2) = diag (Kp(Z11 — 2),- -+ , Kp(Zn7 — 2)) is a NT x NT diagonal matrix and
Kp(Zy — z) = W 'K ((Zy — 2) /).

Taking the first-order condition of the objective function in ((1.45)) with respect to m(z)

and rearranging terms we obtain

Ai(zih) = (RrKn(2vr) R Kn(2)(Y ~ Dopo). (1.46)

However, since g is not directly observable this local constant estimator is unfeasible. In
order to solve it, the profile least-squares approach suggests to profile out pg by choosing

it such as

o = (D] Kh(z)Do)_l DI K (2) (Y — anrm(2)) (1.47)

Later, the unobserved individual effects can be removed multiplying the true model by
(Dg K h(z)Dg)_l Dg Kp,(z) so the remaining quantities of interest may be estimated using

the following minimization problem

(Y —anpm(2)) " Wo(2) (Y —iyrm(z)), (1.48)
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where the weighting matrix now has the form Wy = My(2)Kp(2)Mo(z), for My(z) =
Iyt — Dy (DS—Kh(z)DO)_l DJ Kp(z), in such way that My(2)Dg = 0. Then, taking the

first-order condition with respect to m(z) the local constant estimator is

—1
fncns(zih) = (hrWol2)r) ke Wo(2)Y. (1.49)

Since the local weighting matrix Wy(z) is designed to remove any time invariant term
in , ie., Wy(z)int = 0, Z}TWO(Z)ZNT is a non-invertible matrix so this method is
not feasible. In order to overcome this situation, it is necessary to use another matrix
with removes the unobserved cross-sectional term either complete or asymptotically and
that also enables us to select only those values of Z;; close to z. In this sense, in |Lin
et al.| (2014)) it is proposed to replace Dy by another matrix D that enables DT K} (2)D
to be a nonsingular matrix, following [Sun et al. (2009). Therefore, in Lin et al.| (2014]) it
is suggested a new weighting matrix Wj(z) that removes asymptotically the unobserved

fixed effects and satisfies

N
-1
(ZLTWh(z)zNT) 18 Wh(2)Dopg = N1 Z ZM = Op(Nfl/Q), as N — oo.
i=1 i

Thus, let = (p2,--- , un) ' bea (N—1)x1 vector and denote by D a NT x (N —1) matrix
of the form D = (—ax_1Ix_1)" @17, in Su and Ullah| (2006a)), Sun et al. (2009)), and [Lin
et al|(2014) it is proposed to replace Doug by Dii = (fiy,fi' )" with fiy = — 25\22 1; and

1
fi=(fiz,- -, fin) | = (DTKh(z)D) DT Ky (2)Y,

obtaining the following local constant estimator of m(z)

ines(zih) = (WrKn(live)  rKn(=)Wa(2)Y, (1.50)

where Wy (2) = Iyt — D (DTKh(z)D)_lDTKh(z) is a NT x NT matrix such that
Whi(z)D = 0.

By extending this problem to the local linear regression technique, we can replace Dy by D

in the corresponding expression of the local linear estimator associated to ((1.47)) obtaining

ApLiLs = (DTKh(z)D>_1 DKL ()Y — Z.8), (1.51)
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where Z, and 3 are defined as in (|1.10]).

Then, if we multiply the model 1j by (DTKh(z)D)_1 DT K}, (2) the quantities of in-
terest can be estimated by minimizing the following concentrated weighted least-squares

regression problem

(Y — Z.8)" Wi(2) (Y — Z.8), (1.52)

where now the weighting matrix has the form W = M (2)" Kj,(2)M (2), for M(z) = Iny7 —
D (DTKy(2)D) ' DTKj(z), in such way that M (z)D = 0.

Let B = (ﬂNOr EF)T be a (1 + ¢) vector of minimizers of (1.52), we can propose the

following profile local weighted linear estimator

BpLiLs = (ZJWh(Z)Zz>_1 Z] Wi(2)Y. (1.53)

Furthermore, a consistent estimator of the unobserved fixed effects can be obtained by
replacing 5 by B in 1’ but, to our knowledge, no empirical work has been developed

based on it.

Note that although this new weighting matrix provides feasible estimators, it fails to re-
move the fixed effects asymptotically. In particular, in Lin et al.| (2014, Theorem 2.1) we
can see that under some standard smoothing conditions the profile estimator of a local
constant approximation has a compound bias term when N — oo and T — oo: one of
the terms is related to the nonparametric approximation of the smooth function, while
the other comes from the existence of unobserved cross-sectional heterogeneity. To over-
come it, a standard solution can be the estimation of the nonparametric regression under
further strong identification conditions about the unobserved individual heterogeneity. In
particular, Mammen et al.| (2009)) or |Su and Ullah/ (2011)) impose Zfil wi = 0, while |Gao
and Li (2013) develop a profile least-squares method under the condition E (p;) = 0. As it
is proved in |Sun et al.| (2009) for partially linear models, this stronger identification condi-
tion allows us to obtain standard asymptotic properties in the nonparametric framework

and, simultaneously, to override the individual effects.

Alternatively, in [Li et al.| (2013)) a profile least-squares procedure it is developed in which

is not necessary to pay special attention to the invertibility problem remarked in |Lin et al.
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(2014) or |Gao and Li (2013). Again, assuming Zfil pi = 0 a profile local linear least-
squares method for the nonparametric components of the regression function is proposed.
But, unlike the previous methods, in |Li et al.| (2013) it is assumed that p is known and a
least-squares procedure for the nonparametric components in 3 is proposed. In this way,
the quantities of interest can be estimated by minimizing the resulting criterion function

of a local linear fitting with respect to § obtaining as estimator

§= (2] Kn2)2.) " 2] Ki(:)(Y — Du). (1.54)

As previously, this estimator is not feasible but we can multiply the true model by

el (Z]Kn(2)2.) 'z T K,(2) and choose the y that minimizes the following criterion func-

tion
(Y= D'w) (Y* = D'w), (1.55)
where we denote by
* T(T 1T
D* = <INT ] (ZZ Kh(z)Zz> 7 Kh(z)> D,
and
— (INT - elT(Zth(z)Zz)*lzth(z)) Y.

In this way, the minimizer of ((1.55)) is of the form
-1
ApLLLs = (D*TD*> DTy (1.56)

and replacing p by 1 in ((1.54)) the profile local weighted linear least-squares estimator is

Broiss = (7T Kn(2)2.) " ZT KW - DR). (1.57)

Finally, under standard smoothing conditions in |Li et al.| (2013, Theorem 1, pp. 231) it is
shown the following asymptotic normality of (1.57) as N — oo and T is fixed,

VIR Grss(i) - m(z) -b:) — o (0. ZHE) sy
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where m” (z) = 9*m(z)/0z? is the Hessian matrix of m(z) and

2
be) = ()m(2),

T

T
7 (z) = Za?(z)ft(z) = Z Var (vizt]Zit = 2) fi(2).
t=1 t=1

As we detail in later sections, these asymptotic properties are similar to the result obtained

in |Su and Ullah| (2006b) for partially linear panel data models with fixed effects.

Additive models

Sometimes there are situations in which nonparametric panel data models of moderate
dimension are not suitable, and another modeling is necessary. For example, when we
want to perform an economic analysis of the production functions, nonparametric additive
models may be more interesting; see Sperlich et al. (2002) for a cross-sectional analysis of

this type of models.

At this point, we may be tempted to extend directly the estimation techniques analyzed
previously to nonparametric additive models. However, the panel data framework makes
this task much more difficult; see Hjellvik and Tjgstheim| (1999) or Wooldridge (2005)
for more details. In this situation, in Mammen et al. (2009)) it is considered the con-
sistent estimation of nonparametric additive panel data models under different forms of
the unobserved heterogeneity. They state the main asymptotic properties of the resulting
nonparametric estimators when only unobserved temporal heterogeneity is allowed, but
we analyze a panel data regression model where both unobserved temporal and individual

effects are present, i.e.,

p
Y%tzzmj(zjit)+77t+m+vit; i=1,---,N ; t=1,---,T, (1.59)
=

where mj(-) are the unknown functions that the research has to estimate, while 1, and p;)

represent the fixed effects.

As it is standard in nonparametric additive models, a possible solution to the estimation

of m;(-) is the use of the marginal integration or the backfitting technique. Because the
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marginal integration approach works well for low-dimensional covariates models, in [Mam-
men et al.|(2009)) it is proposed an alternative backfitting procedure based on the smoothed
backfitting approach developed in Mammen et al.| (1999). For the correct performance of
the local constant smooth backfitting estimators, (m,--- ,m,), in Mammen et al.| (2009)
it is proposed to use only those covariates that fall into the interval [0, 1]P, ignoring the

rest of explanatory variables for estimates.

In this way, the kernel function has to integrate to one over the interval [0, 1], i.e.,

K[h~ Y (u—v)] if
Kn(u,v) = Jo K[h=(w—v)]dw
0 else,

u,v € [0,1]

so we can highlight that when the dimension of the covariates ¢ is large, this criterion
function causes the loss of a relatively large portion of the observations. In order to
minimize this effect, in [Mammen et al.| (2009)) it is suggested to use an arbitrarily large
but fixed compact set, whereas the use of data set that depends on the sample size and

converge to the whole space can be asymptotically more suitable.

In this situation, the quantities of interest of (1.59) can be estimated using a smoothed
least-squares criterion of the form

2

N T q
ZZ/ Yit — ij(zj) — e —Hi | Knay(z1, Ziit) - Kng)(2q5 Zgit)dz1 - - - dzp,
i=1 t=1 j=1
(1.60)
under the following constraints
/mj(zj)fj(zj)dzj =0, (1.61)
N
> Nipi =0. (1.62)
i=1
Denote by (1, - ,m,) the minimizers of the criterion function (1.60)), the estimators of

the arguments of interest can be written as
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_ Z/me(zz)wczzj, (1.63)

oy fi(z)
q
o= 5t—2/mj(21)ﬁ(21)d2j, t=1,---.,T (1.64)
j=1
q —~
[ = ﬁi—Z/mj(zj)f}(Zj)dzj, i=1,---,N (1.65)
j=1

where (m;,7;, fi;) are the following marginal estimators

N
i) = o D0 D0 U € 00Ky, Zoa) Vi (2, (1.66)
1 ;{:1 t=1
o= o > 1Za €[0,1]7)Yi, (1.67)
1 z;l
i = 5 2 HZi € 0.1]Ya, (1.68)

=1

and the functions (f]k, j?;, f;) are the estimators of the kernel density of the form

ﬁ\H

N
fjk‘(zjvzk) = Zzl zte 0 1] )Kh(j)( jit — )Kh(k)(Zkzt )7 (1'69)
=1

t=1

N
B = 3 Yo1Zk € 0.0 K (Zoi - ) (1.70)
) 1 1;1
Bl = 5 301 € 0K (Zou — ). (L7

=1

As the reader can see in —, to obtain m;(-) is necessary to use an iterative
procedure since m;(z;) has to be estimated previously. In particular, what it is proposed
in Mammen et al. (2009)) is to plug-in the current values of my (¢ # j), m; and [i; into
the right-hand side of , and later apply (1.64)) and ([1.65) for updates of 7 and i,

respectively. Thereafter, this strategy is again done by using the actual values of m;(-) on

the right-hand side of ((1.63).
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In this way, plugging (1.64) and (1.65) into the right-hand side of ([1.63)) the resulting

estimator of the local constant backfitting smoothing can be written as
) =m' () + [ Ay Fw (1.72)
where

N T
ZZ]_ it E 0 1 )Kh(zjazjit)(mt_?-t_?z‘-+?)a
i=1 t=1

3l-

1(Zi € [0,1]7) Y,

|

I
2| -
1=

1( zte [0 1] ) ity

<
I

2|~
MH

t

N T
TZZI Zit €10,1]9) Y.

i=1 t=1

~|
I
2‘ —

Also, H (z,y) is a ¢ X ¢ matrix whose off-diagonal entries (¢ # j) are

o= 4 £ . (1.73)
fitzs) = NTfi(z) I NTf(%)
and whose diagonal elements are
T t 7t n N arifi 7i
~ N f(ye) f; (2 N fi(ye) (%
Hjj(z,y):Z—f( )](j>+2—‘( (=) (1.74)

t=1 NTE'(ZJ') i=1 NTE(ZJ)

By analyzing the asymptotic properties of m;(-), [Mammen et al. (2009) confirm that the
smooth backfitting local constant estimator exhibits one of the main annoying features of
the standard backfitting estimators, that is, m;(-) has a complex bias expression because
it depends on the form of other regression functions, my(-) for £ # j. Note that this result

complicates greatly the statistical inference based on it.

With the aim of overcoming this problem, these authors propose a smoothing process
using a local linear approximation of the unknown function rather than a local constant.
Let M, -« My, My, -+ M, i1, , iy and 71, - -+, 7 be local linear estimators defined

as the minimizers of
2

Z Z/ Yie — ij (25) %ﬁz;(z]) = — i | Knay(21, Z1it) - Kpp) (2ps Zpit)

i=1 t=1
Xdzl-'-dzp, (1.75)
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where now, instead of using ((1.61]) as identification restriction, they propose the following
/m] 2j) fi(z)dzj + /m] zj) fi(zj)dz; = 0, (1.76)
where f] is the estimator of the kernel density previously defined and

1
) — ﬁZZ]_ it E O 1 )Kh(j)(Zjit _Zj)(Zit _zj)'

i=1 t=1

Finally, in Mammen et al.| (2009)) the main asymptotic properties of the local linear back-
fitting estimator are obtained. They show that this asymptotic bias is very close to the
standard one of the local linear estimator when only temporary fixed effects are included

in the model of interest.

1.2.3 Endogeneity (dynamic models)

Until this moment, we have focused on several estimation strategies that allow us to obtain
consistent estimators for nonparametric panel data models, but ignoring the situation in

which the right-hand side of the regression presents lagged dependent variables.

When our aim is the estimation of a dynamic panel data model as the considered in [Sul

and Lu/ (2013), the following model is analyzed

Yvit:m(}/i(t—l)aXit)“‘/ﬁi“‘Uita i=1,--- N ; t=1,--- T, (177)
where X;; is a ¢ x 1 vector of explanatory variables, Y;;_;) a scalar lagged dependent
variable, u; the cross-sectional heterogeneity and vy the error term.
Using a first difference transformation to remove the fixed effects, they obtain

AY;t = m(}/i(t—l)vzit) _m(}/i(t—Q)?Zi(t—l)) +Avita 1= 17 7N ; t= 2) 7T7
(1.78)

where we may appreciate some particularities that must be taken into account in order to

develop a suitable estimation procedure. On one hand, the error term Awv;; has the form of

moving average process of order 1 (MA(1)) so, in general, it is correlated with the regressor

Yjt—1)- Because of this endogeneity problem, conventional kernel estimation based on
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marginal integration or backfitting procedures does not provide consistent estimators for
the smooth estimation. On the other hand, since both additive components share the
same functional form and it is assumed E(Avi|Yj;—2), Zit—1)) = 0, to estimate m(:,-) is

necessary to solve a Friedholm integral equation of second type.

In this context, to obtain consistent estimators that address both problems, in [Su and
Lu (2013) an iterative estimator based on a local polynomial regression is developed. Let
us denote by Uj_oy = (Y—2) Z;(—t—1))T and assuming U;;_y) has a positive density
on ¢, where ¢ denotes a compact set on IRt They obtain the following conditional
moment condition by the law of iterated expectations, since Av; is (conditionally) mean-

independent of Uj(;_a),

E [AYy — m(Yi—1), Zit) + m(Yig—2), Zit—1))|Ust—2)] = (1.79)

and rearranging terms

m(u) = — [AYit|U‘t 2) =u| + E [m (Uig— 1))|Uz‘(t—2):U]

= Ti— 2(u /m ) fi— 1)t—2 (ulu)du for t=3,---,T, (1.80)

where ry;_o(u) = B [AYy|U;4—2) = u|, fi—14—2(-]-) is the conditional density function of

Ui(t—1) given U;;_o) and u is the mean value of u.

By simplicity, let us denote by p;—o = P(Us;—9) € ¢) and p = Zthg pr—2, so if we multiply
both sides of 1) by pi—2/p and use the fact that Z;‘F:;), pi—2/p = 1 we obtain

/m F(@u)da (1.81)

Under certain regularity conditions, Su and Lu| (2013) rewrite (1.81]) as

m =1+ Am, (1.82)

where A is a bounded linear operator defined such as Am(u) = [ m()f(uu)du

Therefore, from ((1.82) we may intuitively conclude that the estimator of the parameter
of interest m(-) can be defined as a solution to the Fredholm integral equation of the

second kind in an infinite dimensional Hilbert space. However, since both r and Am(u)
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are not directly observable, the resulting estimator of ([1.82) is unfeasible and an iterative
procedure is needed. In this situation, in Su and Lu (2013)) it is proposed a plug-in

estimator for m(-) as a solution of the following equation

m =7+ Am, (1.83)

where 7 and A are nonparametric estimators obtained from a local polynomial regression of
pth order. In particular, r(u) can be estimated using the following weighted least-squares

problem
2

N T
ZZ —AYjy — Z ﬁjT((Uz'(t—z) - U)/h)j Kh(Ui(t—2) - u)l(Ui(t—Z) € ), (1.84)

i=1 t=3 0<ljl<p

where B = (BNOF, e ,B;'—)T is a (1 + g)-vector that minimizes 1) and h = (hg,--- ,hq)—r

is a bandwidth sequence.

Analogously, &m(u) is defined as the resulting estimator of Am(u) when —AY}; is replaced
by m(Ui(t_l)) in the problem to minimize . However, in order to obtain a feasible
estimator of A we need to obtain an estimator for the function m(-). In this case, in |Su
and Lu| (2013) it is proposed to resort to the method of sieves and, after obtaining m(u),
they replace it in the final regression to estimate. See|Chen| (2007 for an intensive revision

of the method of sieves.

Let h! = H?:o h? and ||h|]* = Z?:o h?. Under certain standard smoothness conditions,
and some assumptions on the behavior of bandwidths, i.e., as N — oo, T is fixed and
||h]| = 0, Nh!/logN — oo and N||h|[*h! — ¢ € [0,0c], in Su and Lul (2013, Theorem
2.2, pp. 117) it is also established the asymptotic normality of the plug-in estimator. In

particular, for the simplest case (¢ = 1) they show

VNTH! (f(u; h) — m(u) — (I — A)'Bw))  —4s N (0,0(u)), (1.85)

where A is a Hilbert-Schmidt operator such that

24:0 8u§ ’
02(u)

ow) = T RIUE),
T

o*(u) = Z%a,?_xu)ft_?(u),
t=3
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and they denote o7 »(u) = E(v5|U_0) = u) + E(U?(t,1)|Ui(t—2) =u).

According to this results, we can conclude the following: The asymptotic variance of
this iterative estimator has a similar structure to that presented by a conventional local
polynomial estimator of the unknown functions of nonparametric models such as AY;; =
m(Ui—1)) — m(Us—2)) + Avi, when m(Uy;—g)) is observed; The asymptotic bias shows
significant variations with reference to the standard results. Specifically, this iterative
estimator present an additional operator, (I — A)~!, which reflects the cumulative bias of

the iterative process.

1.3 Partially linear models

As we have already realized, nonparametric panel data models are much more robust to
specification errors than their parametric counterparts. Unfortunately, the most important
price to be paid for the use of nonparametric techniques is the curse of dimensionality. One
possible way to overcome this problem is to introduce some parametric components to the
econometric model. These are the so-called semi-parametric models. After the seminal
contribution in Robinson| (1988)), partially linear models have been quite frequently used in

the econometric literature becoming the most popular semi-parametric modeling approach.

In what follows we analyze the statistical properties of partial linear models estimators
under alternative assumptions. Mainly, random effects, fixed effects and endogenous co-

variates.

1.3.1 Random effects

In partially linear panel data models where the error term follows a one-way error com-

ponent structure, the response variable follows

Vi = X B8+m(Zy) +en, i=1,---,N ; t=1,--- T, (1.86)

where X;; and Z;; are vectors of exogenous variables of d x 1 and ¢ x 1 dimension, re-
spectively, 5 is a d x 1 vector of unknown parameters and m(-) is an unknown smooth

function.
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We consider the standard panel data framework where N is large and T is finite, and the

composed error term €;; in the regression (|1.86]) exhibits a structure of the form
€t = Hi + Vit,

where p; is i.i.d.(0, Jﬁ) and vy is i.i.d.(0,02). Again, as in the fully nonparametric panel
data models with random effects, we may define V' as a T' x T' matrix of the same form
as in (1.3). Also, since the observations are independent along individuals, the variance-

covariance matrix of the composed error term 2 has the standard form as in (|1.4)).

Following the proposal in Robinson| (1988)); in [Li and Stengos| (1996|) and Li and Ullah
(1998)) it is considered the estimation of a semi-parametric partially linear panel data
model as the one established in equation (1.86)). In order to estimate consistently the
parameters of interest, in the previous references it is proposed to take the conditional
expectation with respect to Z in the model of interest. Then, if we subtract it from ,

it is obtained
Vit — E(Yit| Zit) = (Xis — E(Xit| Zir)) " B + €. (1.87)

Let us denote by B the ordinary least-squares (OLS) estimator of 8 from 1) In matrix

notation it can be written as
~ N1 N =1~
PorLs = (XXT> X'Y =8+ (XXT> XTe, (1.88)

where X is a NT x d matrix whose typical row element is X = Xy — E(Xit|Zit), whereas

Y is a NT x 1 vector whose typical row element is of the form ffit =Y — E(Yit| Zit).

However, since E(X;|Z;) and E(Y;|Z;) are some unknown terms, is an unfeasible
estimator. To overcome this problem and to obtain v/N-consistent estimators, a possible
solution is to resort to nonparametric estimation techniques to provide the estimators of
these conditional expectations. Specifically, in all previous references it is proposed to use
a kernel estimation method to estimate these unknown conditional expectations. Thus,

E(Yit|Zit) and the density function f(Z;;) may be estimated through

Yi = E(YulZu)= NTthQZ;YJSKh it = Zjs)/ fit, (1.89)
J S

fio = f(Zu)= NThqz:lg:Kh it — Zjs), (1.90)
i
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where Ky (Zy — Zjs) = K((Zit — Zjs)/h) is the kernel function and h the bandwidth

parameter. Note that X’it _— (Xit|Zit) is defined in a similar way.

By substituting the unknown terms in (1.87)) by their nonparametric estimators and sub-
tracting the resulting expression from (|1.86)) we obtain

}/z_ﬁt:(Xl_)?lt)Tﬁ—i_elta 221,,N ; tzlva (191)

At this point, we must highlight that the resulting estimators of this previous equation
may be subject to the random denominator problem when J/‘;t is too small. As a solution
to this problem, these authors propose to multiply both sides of (1.91]) by the density

estimator ﬁ-t following [Powell et al.| (1989), obtaining
Yiefir — Yifit = (Xoofie — Xiefie) "B+ €t . (1.92)

Thus, the ordinary least-squares (OLS) estimator of 5 now can be written as

~ ST ~ ~ —1 ~ T ~

fors = (X -X)T(x = X)) ((X-XI) (v-7), (1.93)
where (X -X )./f is a matrix of NT x d dimension with a typical row element (X; —)?Z-t)TIZ-t,
Iy =1 (ﬁt > b) for I(-) being the usual indicator function and b = b,(> 0) is a trimming

parameter.

Under standard regularity conditions, in [Li and Stengos (1996, Theorem 1, pp. 392) and
Li and Ullah| (1998, Proposition 1, page 151) it is shown the following convergence in

distribution of this ordinary least-squares estimator,

VN (gOLs — ﬁ) LNV (0, ‘1>_12<I)_1) , (1.94)

where & = % ZtT:1 E(Xlt)}:;;f%t) and X = % Zthl ZST:1 E(”ltvlsiltil—rsﬁtﬁs)-

Looking at these properties, it is proved that this procedure allows to obtain a consis-
tent semi-parametric estimator in this context of random effects, where EOLS has the
same asymptotic efficiency as the unfeasible estimator BO 1s. However, since this estima-
tor ignores the information contained in the error term more efficient estimators can be

obtained.
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With the aim of using the structure of the variance-covariance matrix €2, in [Li and Ullah
(1998)) a feasible generalized least-squares (GLS) semi-parametric estimator for the coeffi-
cient of the linear component of is proposed. Therefore, to compute Q they propose
to estimate obtaining the residuals, ¢; = (Y;; — fﬁt) — (X — )?it)TEOLS, so the

unknown parameters of {2 may be estimated as

=0‘—0 and Esz/U\i—i—&f,

~ N «T -7 . N T e > o .
where 6% = 57 330, Y0, €, fir and 5, = m 2 im1 D=1 €it€is fit fis, whereas fi and

ﬁ-s are defined as in ((1.90)).

Replacing the unknown terms by these estimators in (1.86f), the feasible generalized least-

squares semi-parametric (FGLS) estimator of f is

Brons = ((X ST (X - )?)f) o ((X - )?)T)T OY(y - 7), (1.95)

whose convergence in distribution, under some standard regularity conditions, is

d

VNT (BFGLS - ﬁ) — N (0, E_l) , (1.96)

where ¥ = T_IE[)?IQ_I)Z'l], for X, being a T X ¢ dimensional matrix with )A(ihg =
X1, — BE(X14]Z1) as a typical row element, while Q! is the inverse matrix of ((1.4)).

By comparing the asymptotic properties of the ordinary least-squares semi-parametric
estimator and the feasible generalized least-squares semi-parametric estimator, in [Li and
Ullah! (1998)) it is shown that B raLs is asymptotically more efficient than EO Ls when the

error term has a one-way error component structure.

As we have just shown, the estimation strategy developed in Robinson! (1988) can be easily
generalized to several contexts within the framework of partially linear panel data models.
However, it is true that the presence of heteroskedastic errors in the model of interest
makes more difficult the use of this procedure. In this context, in |You et al. (2010) it is
considered an alternative method to obtain consistent nonparametric estimators that take
into account a one-way error component structure and allow for unequal error variances,

i.e., heteroskedasticity.

47



Chapter 1. Nonparametric and semi-parametric panel data models: recent developments

More precisely, in [You et al.| (2010) it is considered a one-way error component structure

with heteroskedasticity of the following form

€it = i + 0 (Zi)vi, t=1,---,N ; t=1,---,T, (1.97)

where 02 = 1 is assumed without loss of generality and the variance-covariance matrix of

the error term is written as

Q= E(éET) = JiIN & (ZTZJ) + diag (0'2(Z11), cee ,02(ZNT)) . (1.98)

In order to obtain v/ N-consistent and asymptotically efficient estimators of the parameters
of interest, in [You et al. (2010) it is proposed a two-step estimator. In the first-step,
standard estimators for § and m(-) are obtained as in |Li and Ullah| (1998). However,
the difference with respect to their proposal is that, in order to compute both E(Yt|Zit)
and E(X;|Z;) a local linear regression is used. In a second-step, the authors suggest to
include information about the error component structure to obtain efficiency gains. In
fact, they develop a generalized semi-parametric least-squares estimator that turns out
to be unfeasible. Finally, they propose consistent estimators for the variance parameters,

ie., O'Z and 02(z), using the residuals from the first-step estimators.

We start by giving the expressions for the estimators of 8 and m(-) with the local linear

regression estimation procedure. In order to do so, let us rewrite the model ([1.86]) as

Yy — XjB8=m(Zy)+ey, i=1,---,N ; t=1,--- T, (1.99)

so we can obtain an estimator of the quantities of interest by solving the following local
linear regression problem
N T )
> (Vi = XEB) =20 = 1(Zu — 2)) Kn(Zin = 2). (1.100)
i=1 t=1
Denote by 7p and 77 the minimizers of ((1.100]), they suggest as estimators of m(z) and
Dy, (z) = 0m(z)/0z, m(z; h) = 7o and 5m(z; h) = A1, respectively,
-1
% = (1,0) (DTWD) DTW(Y — XB) = S(Y — XB) (1.101)
and

o= (0,1) (DTWD)_IDTW(Y—XB), (1.102)
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where S = (1,0) (DTWD)‘1 D'W, W = diag (K,(Z11 — 2),--+ , Kp(ZnT — 2)) isa NTx
NT matrix, X = (X11,---, Xyr) ' is a NT x d matrix and D is a NT x (1 + ¢) matrix

such that

1 (ZH — Z)T

1 (Zn7— Z)T

However, because ( is an unknown parameter we can replace m(Z;;) by m(Zi;; h) = 7o in

(1.99)), so the regression to estimate is of the form

Et:j&gﬁ"_e;&? t1=1,--- N ; t=1,--- T, (1103)

where (Y1, , Yar)T = (I-8)Y, (X1, , Xnr) T = (1= 8)X, (e}1, - eyp) T = (I -
S)e+(I—S)m(Z), Iisa NT x NT identity matrix and m(Z) = (m(Z11),--- ,m(Znr))".

We denote by B Lss the least-squares semi-parametric estimator of (|1.103)) of the form

Brss = (XT([ — 8T - s>x) (X(I-98) (I-29)Y, (1.104)

whereas the local linear estimator of m(-) is written as

mLss(zh) = (1,0) (DTWD>_1 DTW(Y - XB). (1.105)
Note that these estimators are consistent but they fail to incorporate information from
the structure of the variance-covariance matrix. Thus, in a second-step a feasible weighted
least-squares semi-parametric estimator for both components is proposed to incorporate
this information. In this way, what it is suggested in You et al.| (2010) is to estimate both
the variance of the error term and the error structure and, later, use this information to

provide the efficient semi-parametric estimator.
Based on BLLS and mprs(-), the estimated residuals are
Gt = Yiu — Xy Brrs — mrrs(Zin), (1.106)

and because E(€;€;5) = O'z, when t # s, and E(€?) = O'z + 0%(Zyt), consistent estimators

of UZ and o2(-) can be written as

N T T N T

~ 1 ~ ~ o

G = NT(T—1) > > ) @ds and  6%(2) =) walz)an — oy, (1.107)
i=1 t=1 t#s i=1 t=1
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respectively, where w;;(z) are some weighting functions of the local linear estimator that

follow

(NR) 'K ((Zis — 2)/h) (Aka(2) = (Zis — 2) A1 (2))
Aro(2)Ara(2) — A (2) 7

wit(z) =

being Ais(2) = 57 SN SR (Z“h_z) (Ziy — 2)*, for A=0,1,2.
Consequently, the estimator of Q™! is given by O1= blockdiag(il_l, e ,i&l), where

i.ﬁl = diag (6'\_2(Zi1)a"' ’8_2(2i ))

)

-1
— <82+282(Zit)> G 2(Z1),-- 0 2% ))T(G*Q(ZH),... 572(Zir)) -

t=1

By replacing Q2 by (AZ, the feasible weighted least-squares semi-parametric estimator (WSLSE)
is

Bwiss = (XT(I —9TO(I - s>x) (X(I-S) QI -8)Y,  (L108)

whereas the feasible estimator of the nonparametric component is
-1 ~
mwrss(z;h) = (1,0) <DTWD) DTW(Y — XBwiss)- (1.109)
Finally, under certain regularity conditions of these heteroskedastic models and comparing
the behavior of both estimators in large samples, in|You et al. (2010)) it is emphasized that

BWLLS is asymptotically more efficient than the usual semi-parametric estimator ELLS

because the error component structure is considered.

1.3.2 Fixed effects

In partially linear models with fixed effects, the response variable is generated through the

following statistical model
Yie = Xi B+m(Zig) + pi +vig, i=1,--- N ; t=1,---T, (1.110)

where X;; and Z;; are vectors of exogenous variables of p x 1 and ¢ x 1 dimension, respec-
tively, 5 is a p x 1 vector of unknown parameters, m(-) is an unknown smooth function,

1; the cross-sectional heterogeneity and v the idiosyncratic disturbances.
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In this subsection, we are interested in the review of the recent literature on consistent
estimation of the unknown parameters in in the presence of unobserved individual
heterogeneity that is correlated with the covariates. As in fully nonparametric panel data
models with fixed effects, there are many proposals to consistently estimate this type of
models. On one side, the so-called profile least-squares method and, in the other side, the
differencing methods. In Su and Ullah| (2006b)) and |Zhang et al. (2011]) some alternative
profile methods are proposed. Furthermore, recently in |Ai et al.| (2013)) an estimator for
the additive version of the semi-parametric regression model is developed. This
estimator ameliorates the dimensionality problem related to the nonparametric covariates.
Within the differencing approach, in |Baltagi and Li| (2002)) and |Qian and Wang (2012) it
is proposed to remove the fixed effects from the regression and to estimate the unknown

smooth function using a series method and a marginal integration technique, respectively.

Profile least-squares estimators

On one hand, under the fixed effects approach and treating the unobserved effects as
dummy variables to estimate, in |Su and Ullah| (2006b) it is followed the idea of the least-
squares dummy variable estimator to develop a profile likelihood estimator for both para-

metric and nonparametric terms of the regression model (|1.110)).

Let Y = (Y1, --,Yn7) " and X = (X1, , Xn7)" be vectors of NT x 1 dimension,
p= (2, -+ ,un) " avector of (N —1) x 1 dimension and D = (Iy ®7)d a NT x (N —1)
dimensional matrix, where d = (—inx_1Ix_1)' is a N x (N — 1) matrix, the standard
locally weighted linear regression to estimate the quantities of interest in can be

written in matrix form as

(Y—DM—XTﬁ—Zy)TWH(z) (Y—DM—XTﬂ—Zy), (1.111)

where let K be a kernel function of the form Kpy(z) = |H|'K(H '2), |H| is the de-
terminant of a matrix of bandwidth sequences, i.e., H = diag(hi,--- ,hq), Wh(z) =

diag (Kg(Z11 — 2),- -, Ku(Zyr — 2)) is a NT x NT matrix and Z is a NT x (1 + q)
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matrix of the form

1 (H_I(ZH - Z))T

1 (H_I(ZNT — Z))T

The above exposition suggests as estimators for m(z) and D,,(z) = dm(z)/0z, m(z; H) =

o and ﬁm(z, H) =7, respectively,

Yo =m(z; H) =s(2)(Y — Du— X), (1.112)

~ ~\ —1 ~
Whﬂes@)::eIS@)ﬁxASQ)::(ZTWQAZMO ZTWg(2), and e = (1,0,---,0)T is a

(14 ¢q) x 1 selection matrix.

However, since 1 and § are unknown parameters, they also need to be estimated. In order
to do so, let us denote by m(Z) = (m(Z11),--- ,m(Zyr))" a NT x 1 vector and replace
(1.112f) in the following optimization problem

(Y —Du—XB-m(2)" (Y = Du— X8 —m(Z2)). (1.113)

Hence, we can write the minimizers of (1.113)) as
~ T -1
Bpr = (X* M*X*) X*T MY, (1.114)

and

~

—1
i, = (D*TD*) D*T(Y* - X*B), (1.115)

where X* = (Iyp — 8)X, M* = Iyp — D* (D*"D*) "' D*, D* = (Iny — S)D, and
Y*=(Iny—9)Y, let S; = (s(Zi1), -+ ,s(Zir)) be a T x T smoothing matrix. Note that
since in [Su and Ullah (2006a)) it is introduced the identification condition ZZ]\; 1 =0,
then iy = — Zf‘iz T

In this way, using (1.114]) and (1.115]) the profile likelihood estimator of the nonparametric

term of m(z) may be written as

T/I\”LPL(Z;H) = S(Z) <Y - DﬁpL — XBPL) . (1.116)

Under some standard smoothness conditions, some moment conditions on the error, i.e.,

E|vy|**9 < oo, for some § > 0, and some assumptions on the behavior of the bandwidth,
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in |Su and Ullah! (2006b, Theorem 3.1, pp. 78) it is shown that as N — oo and T is fixed,

|H| — 0 and N|H|?> — oo the asymptotic normality of this estimator is

VN (BFPL . 5) 4, N(0, 07007, (1.117)

IO ~\T
where @ is a positive definite matrix of the form ® =), E (Xit (Xit —71 Zstl X,-s> )
T T v (v T o \' o
and @ =1 LB (K (Kio - TV S0, Ki) - v ), for X = X — B(Xal Zi).

Furthermore, for the estimator of the nonparametric component in [Su and Ullah| (2006b),

Theorem 3.2, pp. 78) it is shown

IO by (1o () Hm' () H)
VNIH| | 3pL(z H) —vpr — Q7! 2
0

d

— N(0,Q@7'TQ7), (1.118)

where m”(z) is the second-order derivative matrix of m(-) at z,

0= 1 of and T =32(2) [ K(u)*du 0" |
0 pa(K) 0 [uu" K (u)du

and we denote f(z) = Zle fi(z) and 52(2) = Zthl E ((vit —71 ZZ:l Vis)| Zit = z> fi(2).

However, note that despite the great advantages offered by these new procedures, the
dimensionality problem characteristic of the nonparametric models is unsolved. In order
to avoid the slower rates of convergence of these nonparametric estimators related to the
course of dimensionality, a possible solution is to analyze an additive alternative expression
of the regression model . Thus, the panel data partially linear model with fixed

effects to estimate is

}/lt:Xz—trﬁ_}'ml(let)_‘_+mq(qut)+Mz+Ult; ZZ]—aaN ; tzlaaTa (11]—9)
where now m(-) = (my(-), - ,mq(+)) is a vector of unknown functions to estimate and the
remaining components are defined as in ((1.110)).

In this context, in |Ai et al.| (2013)) it is proposed to combine the polynomial spline series
approximation with the profile least-squares procedure to obtain a semi-parametric least-

squares dummy variables (SLSDV) estimator for the parametric component, and a series
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estimator of the nonparametric term. Under very weak conditions, these authors show that
the semi-parametric least-squares dummy variables estimator is asymptotically normal
and the series estimator achieves the optimal rate of convergence of the nonparametric
regression. Later, with the aim of obtaining estimators that exhibit the oracle efficiency
property, they develop a two-step local polynomial procedure based on a series method that
enables us to impose the additive structure of the m(-) function. Since the nonparametric
smoothing spline technique is beyond the scope of this study, we refer to |Ai et al. (2013)
for a detailed analysis of the proposed procedure and the study of the main asymptotic

properties of the resulting estimators.

Differencing estimators

Another way to estimate consistently both the parameters and unknown functions of

interest in ([1.110)) is to take first differences in this model. By doing so we obtain

AYy = AXyy B+ m(Ziy, Ziy—1)) + DAvy, i=1,--- N ; t=2,-- T, (1.120)

where m(Zit, Zii—1)) = m(Zit) — m(Zy-1))-

In order to estimate directly the parameters of interest, in |Li and Stengos| (1996)) it is
proposed to take conditional expectations on all nonparametric covariates with the aim of
removing the unknown smooth function. However, as it is noted in Baltagi and Li (2002]),
in such situations this technique presents some drawbacks. On one hand, taking condi-
tional expectations on (Z;, Zi(t_l)) implies having to deal with the curse of dimensionality
problem. In other words, in this case you have to regress AYj; — E(AYy|Zi, Z;;—1y) on
AXy — E(AX | Zi, Zi(t,l)) by the kernel method, so this estimator has to be defined on
IR?? rather than IR?. On the other hand, although these authors suggest how to estimate
m(Zit, Zi¢—1)), they ignore the additive structure in and they do not provide a

nonparametric estimator for m(Z;).

If m(-) is an unknown function twice differentiable in the interior of its support .4, being
A a compact subset or IRY, and E[m/(z)] = E[0*°m(z)/0z%] < oo, the unknown function
m(Zit, Zit—1)) = m(Zit) — m(Z;—1y) belongs to the class of additive functions M (m €

M). Then, with the aim of taking into account the restriction that both additive functions
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share the same functional form, we distinguish two different approaches. On one hand, in
Baltagi and Li (2002) an estimation method based on the series approach is developed.
On the other hand, in |Qian and Wang| (2012) it is proposed an alternative method based

on marginal integration techniques.

In particular, in [Baltagi and Li (2002)) the function m(z) is approximated through the
series p”(z) of L x 1 dimension, where L = L(N), provided the approximation function

p"(2) meets the following features

i) p(z) €M,

ii) as far as L increases, there is a linear combination of p”(z) that can approximate any

m € M arbitrarily well in mean square error.

In this way, p”(z) approximates m(z) and p™(Zit, Zi;—1)) = p*(Zit) — p*(Zi(4—1)) approx-
imates m(Zit, Zi1—1y) = m(Zit) — m(Zj—1)), where

p1(Zit) — pl(Zi(tfl))

p2(Zit) — p2(Zi(s-1))

pH(Zi, Ziy 1)) = (1.121)

| rL(Zit) = pr(Zi—1)) |

For any scalar or vector function W (z), Ex(W (%)) is denoted as an element that belongs
to M and it is the closest function to W (z) among all the functions in M; see Baltagi
and Li (2002) for further details. We denote by P = (ply,--,p%s) a NT x L matrix,
where pf = p*(Zit, Z;i;_1y). For the sake of simplicity, let us define (z) = E(X|Z = z)
and m(z) = Epm(0(2)).

Thus, let AY be a NT x 1 vector with a typical element AY;;, and AX and Awv vectors
of NT x 1 dimension defined in a similar way, the expression (|1.120}) may be written in

matrix form as

AY = AXB+ M + Av. (1.122)

By multiplying both sides of (1.122)) by P = P (PTP)_1 PT and subtracting the resulting
expression from ((1.122f), they obtain

AY — AY = (AX — AX)B+ (M — M) + (Av — AD), (1.123)
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where we denote AY = PAY = Pyay, for yay = (PTP)_1 PTAY. Note that M, AX,

and Av are defined in a similar way.
Thus, the least-squares estimator for 8 is defined such that

F=(x-XT(x %) X -X)T(v V), (1.124)

whereas for the smooth function m(z) they propose m(z) = p”(z) "7 as the nonparametric

estimator, where

5= (PTP>_1 PT(Y - XP). (1.125)

Under standard conditions of a series approach, in |Baltagi and Li (2002, Theorem 2.1, pp.
108) it is established the following asymptotic normality of B\ as N — oo and T is fixed,

VN (B— 5) L, N(0,27'007Y), (1.126)

where, for &; = X; — W(Zi) and W (Zit) = Em(0(Zit)), © is a positive definite matrix
of the form ® = T-'S° ] E(€:6)) and @ = 771 Z;‘F:lE(UzAv(Xit,Zit)&tﬁ;), being
02o(Xit, Zit) = E (Av3| Xit = ¢, Ziy = 2).

Furthermore, in order to show the consistency result of the nonparametric estimate, in

Baltagi and Li (2002, Theorem 2.2, pp. 108) it is obtained

i) sup,cpe [M(z; H) — m(2)| = Op(Co(L))(VL/ (VL + L™%), where (y(L) is a sequence of
constant that satisfies sup,¢ pq [|P*(2)]| < Co(L), let § > 0 be certain constant.

i) N~ (m(z; H) — m(2))? = Op(L/N — L™%).

iii) [(m(z; H) —m(2))?dF(z) = Op(L/N + L~2%), where F(-) is the cumulative distribu-

tion function of z.

In this way, it is proved that this new procedure provides estimators of the smooth function
at the standard nonparametric rate. For the proofs of these results we refer to the appendix

in Baltagi and Li (2002).

On the other hand, in|Qian and Wang (2012)) a non-iterative method based on the marginal

integration technique is proposed to provide an estimator of the unknown function m(Z;)
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that takes into account for the additive structure of m(Zi, Zj—1)) = m(Zi) — m(Z;—1))-
Thus, using first differences in ((1.110)) to avoid the statistical dependence problem between

1; and the regressors of the model they obtain

AYy = AX; B+ m(Zy) —m(Zyg—y) + Avg, i=1,--- N ; t=2,.-- T, (1.127)

and taking as benchmark the proposal in Li and Stengos| (1996), in|Qian and Wang| (2012)
it is proposed to estimate the lineal component § following a weighted density regression
model that enables us to avoid the random denominator problem usual in the estimation

of nonparametric kernel regression, i.e.,

.
fitit—1) (AYi — B(AYy|Zit, Zip—1))) = fiig—1) (AKX — B(AXit| Zit, Zip—1))) B

+  fitie—1)Avit, (1.128)

where fiit—1) = f(Zit; Zit—1)) is the joint density function. Note that due to the regres-
sion in first differences and because we take conditional expectations over all nonparametric

covariates, the resulting estimator has to be defined on IR?? rather than IRY.

Assuming that there exist an instrumental variable vector, Wj; € IR%, and replacing the un-
known parameters in (1.118)) by their consistent estimators, i.e., A)/}it, A)?it and ﬁt,z‘(t—l)a

respectively, they obtain
ﬁt,i(t—l)(AYit — AYy) = ﬁt,i(t—l)(AXit —AXy) B+ ﬁt,i(t—l)AUita (1.129)

where denoting by ﬁ-m(t,l) = f(Zit, Zit—1)) and AY;, = E(AYit\Zit, Zi(¢—1)), these esti-

mators have the form

~ 1
Jiti—1) = NT ZKh(Zit — Zis)Kn(Zit—1) — Zj(s-1))
js
and

. 1 -
AYy = NT Z AYjs Kn(Zit — Zjs) Kn(Zit—1) — Zj(s—1))/ fit,ict—1)5
js

being Kj(u) = K(u/h) the kernel function and h the bandwidth parameter. We define
AX; = E(AX¢t|Zit, Zi(¢—1)) in a similar way.
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In this way, the instrumental variable (IV) estimator proposed by these authors is

Brv = <(AW — AW)T(AX — A)?))_l ((AW - AW)T)T (AY — AY),  (1.130)

where, let I be the indicator function previously defined, (AW — Aﬁ/\)f and (AX —AX)T
are N (T — 1) x d matrices whose typical row element are (AW;;, — A/Wit>TEt and (AX; —
A)?it)Tfit, respectively.

By adapting the assumptions in |Li and Stengos| (1996); in Qian and Wang| (2012) it is
imposed that f(Z, Z;;—1)) is a bound density function and at least first-order partially
differentiable, with a remainder term that is Lipschitz-continuous. In this situation, in
Qian and Wang (2012, Theorem 1, pp. 485) and under fairly standard nonparametric
assumptions it is shown the following asymptotic distribution of the IV estimator for the

linear component,

VN (B}V _ ﬁ) 4, N(0,uTEY), (1.131)

Where, for AWzt = AWlt - E(AW1t|Zzt7 Zi(t—l)) and Aj(:zt = Ath — E(AX”|Z,“5, Zi(t—l))a
=772 ZtT:2 23:2 E (AvltAvlsA/W/uA/ngﬁfo and V¥ is a nonsingular matrix of the
form U =71 Zthz E <A’W/itA)Z'Z-I 1275)

Furthermore, in |Qian and Wang (2012) it is presented a new estimator of the nonparamet-
ric component, m(z). This type of results cannot be found in other related papers such
as L1 and Stengos (1996) and Baltagi and Li (2002). They are only concerned about the

parametric component. Let us denote by AY;} = AYj; — AXi—tr B , so the regression model

(1.127)) can be written as

AYi =m(Zit, Zi—1)) + Avig, i=1,--- N ; t=2,---,T. (1.132)

However, by the fact that m(Zi, Z;;—1)) is an additive function the estimation task of
m(-) is greatly complicated. In this context, in |Henderson et al.| (2008) it is developed
an iterative backfitting procedure to obtain m(-) based on a first-order condition of the
maximum likelihood criterion, whereas in Lee and Mukherjee| (2008]) it is proposed to make
a Taylor approximation of the smooth function. Nevertheless, this latter approximation
removes m(-) from the differencing model so they can only provide an estimator for the

first-order derivative function.
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In view of these results, in Qian and Wang (2012)) a non-iterative method based on the
marginal integration technique is proposed. Specifically, they present a two-step proce-
dure in which they first use conventional multivariate nonparametric techniques, such as
the Nadaraya-Watson estimator or the local linear regression. Later, the function m(:),
evaluated in z7, is obtained through the marginal integration of the previous estimator.
Therefore, using the local linear regression procedure to estimate m(Z;, Z;;—1)), in Qian
and Wang (2012)) it is proposed to solve the following locally weighted linear least-squares

problem for «,

N T
2
Z Z (A i —a—(Zi—21) " Bo— (Zig—1) — 22)T51> Ku(Zit — 21)Ku(Zii-1) — 22),
i=1 t=2
(1.133)
where z; and zy are points in the interior of the support of f(-).
This latter expression suggests that let @ be a minimizer of (1.133)), the estimator for

m(Zit, Zii—1)) is

~ ~\ —1 ~
(21, 20 H) =G = ] <ZTWZ> ZTWAY*, (1.134)

where W and Z is a N(T — 1) x N(T' — 1) and N(T — 1) x (1 + 2¢) matrix, respectively,

of the following form
W = diag (KH(Zlg - Zl)KH(ZH - 22), ce ,KH(ZNT - Zl)KH(ZN(T—l) - zg))

and

1 (Zyp—21)" (Z11 — 29) T

1 Znr—2)" (Zyno-1y— )"

If our interest is the estimation of the partial derivatives for the unknown functions, i.e.
Dy, (2) = Om(z1, 22)/0z1 and Dy, (2) = Om(z1, 22)/0z2, it is enough to minimize ([1.133])
for By and B1. Thus, we could propose as estimators for Sy and (31, vec(ﬁml(zl; H)) = BO
and vec(f)m2 (29;H)) = By, respectively. However, since the objective of these authors is to

provide an estimator of the unknown function m(Z;;) they propose to integrate marginally
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the estimated function m(z1, 22), i.e.,
(1 H) = / (21, 22)q(22)ds, (1.135)

where ¢(+) is a predetermined density function.

With the aim of avoiding strict usual identification restrictions of the marginal integra-
tion technique (i.e., [m(z1)q(z1)dz1 = 0 proposed in Hengartner and Sperlich! (2005))) or
numerical integration methods such as Simpson’s or Trapezoidal rules, in |Qian and Wang
(2012) an alternative strategy is developed. In particular, they propose to generate i.i.d.

samples of the ¢(-) distribution such as Z}, for k =1,--- | NT, and compute
1 N

As Qian and Wang| (2012) emphasize, if N7 is large enough mpsc(-) approximates con-

siderably well to m(-) and we choose ¢(-) to be the density function of Z;;, we can use the

sample version of ([1.134)) rather than (1.135)), i.e.,

. B .
s (z1; H Zm (21, Zir) (1.137)
=1 t=1

Under standard conditions of the marginal integration technique, these authors show that
the nonparametric estimator (|1.137)) behaves asymptotically equal to (1.135) when ¢(-)
is the density function of Z;, bounded and twice differentiable and when it satisfies

J m(z1)q(z1) = 0. Therefore, they obtain
NYUHD) (Rg(z: H) —m(z1)) —— N (B(z1),V(21)), (1.138)

where

Bz) = salK) (tr(szl)) - [t otz

14 ToRI(K d
() = T|H|Y/? </ fa(z1, 22) a(z2) Zz)’

let H,n(21) be the Hessian matrix of m(-) and a2 = T~1 3], 07

By analyzing in detail these asymptotic results, in (Qian and Wang| (2012) it is emphasized

that if Z;; is i.i.d. across t as well as i, the asymptotic variance takes the conventional
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form E;g‘(lﬁ) f(z1)7! when ¢q(-) = f(-). In addition, when Zj; is accurately predictable
by Zj-1), the conditional density function f (z1|z2) is close to zero except in a small
neighborhood of z3, and this method may fail. Finally, note that if m(z1, 22) is estimated
using the Nadaraya-Watson kernel smoothing the asymptotic variance remains without

changes, but the asymptotic bias is different.

1.4 Varying coefficient models

In many scientific areas such as economics, finance, politics and so on, nonparametric
and semi-parametric panel data models are unable to detect some features hidden in the
data set. In this context, varying coefficient models that allow for some coefficients to
change smoothly with some covariates appear as a solution. In what follows, we analyze
the estimation results of varying coefficient models under random and fixed effects, and

the presence of endogenous explanatory variables.

1.4.1 Random effects

In this case, the response variable is generated through the following statistical model

Yy =Ul B+ Xgm(Zy) + ey, i=1,---,N ; t=1,---,T, (1.139)

where Uy, X+ and Z;; are exogenous variables of p x 1, d x 1 and ¢ x 1 dimension,
respectively, 8 is an unknown parameter and m(-) is a smooth function to estimate. Also,
the composed error term ¢;; follows a one-way error component structure so it has the

form

€it = [ + Vs,

where u; and v are i.i.d. random variables with zero mean and finite variances, ai and

2

Ty

respectively. In addition, we assume p; and vy are independent.

As previously, we define V' as a T' x T matrix of the same form as in (1.3). Also, since

the observations are independent along individuals, the variance-covariance matrix of the
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composed error term €2 has the standard form as in (1.4), and the inverse term of this

variance-covariance matrix may be written as

Ol =Iy® [(Tai + 02 Vg /T 4 02 (Ir — zw}/T)} . (1.140)

As the reader may see in ([{1.139)), this specification has the particularity that encompasses
the features of other statistical models of interest. Specifically, if X;; = 1 the expression
(1.139) becomes into the partially linear model previously analyzed in Section while

if m(Z;;) is a constant parameter we obtain the conventional linear panel data model.

In order to provide consistent estimators of the unknown terms of ((1.139)), in |Zhou et al.
(2010) it is shown that it is possible to follow a similar procedure as the proposed in [You
et al.| (2010) to estimate partially linear panel data models with heteroskedastic errors

taking into account the information contained in €.

To this end, in |[Zhou et al.| (2010) a profile least-squares approach is used to estimate both
the parametric component 5 and the nonparametric term m(-). Thus, for any given 3,
they propose to estimate the parameter of interest solving the following weighted local

linear least-squares problem

Z Z ( Xz—lt—ﬁ thO — (X ® (Zy — Z))T71>2 Kp(Ziy — 2), (1.141)

=1 t=1
where h is the bandwidth parameter.

Denote by Ay and 7; the minimizers of ((1.141)), they suggest as estimators for m(z) and
Dy (2) = 0m(2)/0z, m(z;h) = 3o and vec(Dp,(2; h)) = 71, respectively,

% = (1,0) (DTWD) T DTWY - XB) = S(Y — XB), (1.142)
and

o= (0,1) (DTWD)ilDTW(Y—Xﬁ), (1.143)

where Y = (Yi1,---,Yy7)" is a NT x 1 vector, X = (Xi1,---,Xn7)| and W =
diag (Kn(Z11 — 2),- -+ , Kpn(Znt — 2)) a NTxq and NT x NT matrix, respectively, whereas
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D is a NT x d(1 + ¢) matrix of the form

X/, X[®Zh-2)T

XA, Xjr® (Znr—2)7

Because (|1.142)) and ({1.143)) are unfeasible estimators, in [Zhou et al.| (2010) it is proposed
to substitute 7 into ([1.139) as an estimator for m(z) obtaining

Yi=XiB+¢€, i=1,---,N ; t=1,--- T, (1.144)

where €, are the residual errors, Y = (1711, e ,?NT) =(I-9)Y, X = ()?11, . ,)?NT) =
(I-8)X and € = (efq,- -+ ,eip) | = ([ —S)e, let € = (€11, ,enr) " be a NT x 1 vector

and [ a NT x NT identity matrix.
Also, let 04 be a g x 1 vector of zeros, S is a matrix of the form

(X 0) (DLWnDu) ™ Dy

(X]—l\;T O;r) (DITTVVNTDNT)_1 DITTWNT

In this way, applying the least-squares method to (1.144]) we obtain the following profile

least-squares (PLS) estimator for 3

Bprs = (X'T)Af> B X'y, (1.145)

whereas the local linear estimator (PLL) for m(-) is

-1 N
§OPLL = ﬁlpLL(Z;h) = (1,0) <DTWD) DTW(Y - XﬂpLs). (1.146)

Despite the consistency of B prs and mprg(z;h), they do not take into account the within-
group correlation of the error term, so in Zhou et al| (2010) it is proposed to use the
one-way error structure to obtain asymptotically efficient estimators. In order to do so,
these authors develop a similar procedure as in |[You et al.| (2010)) using the residuals of the

previous fitting to estimate the structure of the error. Thus, computing the residuals as

N T
>N Vi — Uy Brrs — Xitimprs(Zis), (1.147)
=1 t=1

€it =

1
NT(T — 1)
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they propose to estimate E(e;€;5) = O'Z, when ¢ # s, and E(e2,) = ai + 02 as

1 N T ;| N7

DI M IR B B S L

o, — €it€is an o, ZZGM Ty
NT(T -1) i=1 t=1 st NT i=1 t=1

According to ([1.139]), we can replace the unknown terms in (1.140) by their consistent

estimators obtaining the consistent estimator for Q71! i.e.,

Ql'=Iy® [(T&i +62) " Yagag /T + G, % (I — iy /T)} (1.148)

and using this information to estimate the unknown parameters in ((1.139)), in [Zhou et al.
(2010) the following weighted profile least-squares (WPLS) estimator for the parametric

term is proposed

. PRGN P
BWPLS:<XJQ_1XUJ> X 07y, (1.149)

where ?w = (In7 — Sw)Y and )/(\'w = (In7 — Sw)X, being

~ -1 ~
(x7, o)) (DEWllQ_lDH) DIy 0 !

(XNr OqT) (D]—l\—fTWNTﬁ‘_lDNT>1 D]—l\—ITWNTﬁ_l
Furthermore, the estimator for the nonparametric term has the form
Awprs(zih) = (Tpx1.0gxg) (DTWQTD) ™ DTWA(Y — XBwprs)  (1150)
and, under some standard regularity conditions, in [Zhou et al.| (2010, Theorem 5.1, pp.

254) the following asymptotic distribution is obtained when N — oo

VN (3WPLS - ﬁ) SN N (0,571, (1.151)

Where, Y = E(UlTVUl)—E<U1TVX1) (E(XlTVXl))il E(XFVUl), fOl" UZ‘ = (Uﬂ, s ,UZ‘T)T
and X; = (X;1,---, Xy7) ", while in Zhou et al.| (2010, Theorem 5.2, pp. 255) it is shown

that as N tends to infinity

2 _
NTh <mWPLS(z;h) —m(z) — ZWm”(z)) L N(0,D),  (1.152)
M
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where now we denote ¥ = ((cvg + 2ccivy + ¢1v2)) (E(XlTVXl))_l, c = pg/(u2 — p3) and
a = —p/(p2 — p3), for pj = [T WK (u)du and v; = [ w K?(u)du, being f(z) the

density function.

By comparing the asymptotic results of these estimators, in [Zhou et al. (2010) it is
highlighted that BWPLS and my prs(-) are asymptotically more efficient than B\PLS and
mprs(-), respectively, in the sense that they have a lower asymptotic variance-covariance

matrix.

1.4.2 Fixed effects

Now, we extend our analysis to the following varying coefficient panel data models with

fixed effects,

Yi = Xjm(Zi) + pi +vig, i=1,--- N ; t=1,---,T, (1.153)

where X;; and Z;; are d x 1 and ¢ x 1 vector of exogenous variables, respectively, m(-) is a
vector that contains d smooth functions, u; the unobserved cross-sectional heterogeneity
and v; the idiosyncratic disturbance. Also, it is allowed that u; is correlated with X

and/or Z;;, with an unknown correlation structure.

As it is usual in this literature, to avoid the statistical dependence problem between u;

and some/all the regressors we may apply the first differences transformation to (1.153)

obtaining
Yie = Yig—1) = Xiym(Zi) — XJt_l)m(Zi(tq)) + vit — Vi—1), (1.154)
fori=1,--- ,Nand t=2,---,7T, or using a mean deviation transformation that gives us
1 X
ZYw =X Z ) + vy — Tz;””’ (1.155)
s=

fori=1,--- ,Nandt=1,---,T.

The methodological simplicity of these transformations and their good asymptotic results
in standard situations make them very interesting tools when the unknown functions are

estimated through conventional methods of nonparametric local smoothing. However, the
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use of these nonparametric techniques for differencing varying coefficient is much more
complex than we might expect at first glance; see Su and Ullah (2011). The reason is
that, if we denote AYj;; = Yy — Yi—1) and th =Yy —T1! ZST:1 Y;s, for each individual 1,
E(AYgt\XZ-t,Xi(t_l),Zz-t,Zi(t_l)) and E(i};t‘Xit,Xis,Zit7Zis) provide linear combinations
of Xi—tr m(Zy) for different periods t. Thus, to obtain an estimator of m(-) is necessary
to estimate an additive model whose unknown functions share the same functional form.
To our knowledge, there is no nonparametric procedure that allows us to estimate m(-)
directly. The only available option is the use of iterative techniques such as the backfitting
algorithm or the marginal integration method. Nevertheless, note that this latter case
presents some awkward features as its high computational cost. In particular, to obtain
an estimator of this type we must compute O(NT3|H|'/?) operations, i.e., we have to

perform NT? regressions and each one requires O(NT|H|'/?) operations.

In this context and with the aim of minimizing the high computational cost and the
laborious asymptotic analysis associated to these iterative estimators, in [Sun et al.| (2009)
it is proposed a non-iterative estimator based on a local linear regression approach. As
we have stated in previous sections, due to the existence of the fixed effects, the unknown

parameters in (1.153]) cannot be estimated directly.

Let Y = (Yi1,---,Yyr) | and V = (vi1, -+ ,unr) | are NT x 1 vectors, and B(X,m(Z))
a NT x 1 vector that stacks all X,}m(Z;), the model (1.153) can be written in matrix

form such as

Y = B(X,m(Z))+ Du+V, (1.156)

where 1 = (pi2,--- ,pun) " isa (N—1)x1vector and D = (—an_1In_1)®1r a NT x (N —1)

matrix.

As it is standard in this kind of literature, the parameters of interest can be estimated by

minimizing the following criterion function

(Y = B(X,m(Z)) = Du)" K(2) (Y = B(X,m(2)) - Dp) (1.157)

where Kp(z) = diag (Kg(Z11 — 2), -+ , Ku(Znr — 7)) is a NT x NT diagonal matrix.
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Denote by pi the minimizer of (1.157)), it may be written as

(2 H) = (DTKH(Z)D)_1 D Ky (2)(Y — B(X,m(2))), (1.158)

but this estimator is unfeasible since it depends on some unknown terms such as m(Z).
In order to overcome it, in [Sun et al| (2009)) it is proposed to combine a least-squared
method with a local linear regression approach of to remove the fixed effects using
kernel-based weights. Therefore, they propose to minimize the following weighted criterion

function
(Y — Zvec (5(z))>—r Wr(z) <Y — Zvec (ﬂ(z))) , (1.159)

where the weighting matrix now has the form Wy (z) = M(2) " Ky (2)M(z), for M(z) =
InT — D (DTKH(Z)D)_l DTKp(2) in such way that M(z)Du = Onrxy for all z, and Z
is a NT x d(1 + ¢) matrix of the form

X, X\®Zn-2)T"

Xy Xjir®(Znr—2)7

Also, we define 8, = (m,(z) (Hm/.(z))")T asa (14¢)x 1 column vector for r = 1,--- ,d,
and B(z) = (B1(2), -+, Bp(2))" as a d x (1 + ¢) parameter matrix. Therefore, the first
column of B(z) is m(z). For the sake of simplicity, they stack the matrix f(z) into a

d(1+ q) x 1 column vector and denote it by vec(g).
Then, the above expression (|1.159]) suggests as nonparametric estimators
—~ ~ -1 ~
vee(B(z; H)) = (ZTWH(Z)Z) Z Wy (2)Y. (1.160)
Furthermore, under some standard smoothness conditions on the regression, some moment
conditions on the errors; i.e., Elvy|?t9, and as N — oo, |H| — 0 in such way that

N|H| — oo, in Sun et al. (2009, Theorem 3.2) it is shown the following asymptotic

distribution of this estimator,

VN|H| <ﬁ1PLS(Z;H) —m(z) — ;\I'(z)_lA(z)> LN N(0,%(2)), (1.161)
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where
T ~
Az = HIYY B (= m) i Xa X (Zu,2) )
t=1
Y(z) = o2 lim ¥(2)7'T(2)¥(2)7},
N—oo

and Ay = Kg(Zi — z) and w = A\i/ Z::F:l Ait € (0,1). Also, let rg(-) be the second-order
term of the Taylor expansion of m(-), W(z) is a nonsingular matrix of the form ¥(z) =

[H|™ i B (1 wi)ha X X)) and D(2) = [H| ' 3y B (1 - i) A3 Xae Xof)-

Thus, it is demonstrated that via a one-step procedure that eliminates the fixed effects
through kernel-based weights we can obtain a nonparametric estimate of the unknown

function that is asymptotically normally distributed.

1.4.3 Endogeneity

In this subsection, we consider a panel data varying coefficient model of the form

Yi =X, m(Zy) +eq, i=1,--- N ; t=1,--- T, (1.162)
where X;; is a d x 1 vector whose first element is Xy;; = 1, m(+) is an unspecific smooth
function and Z;; is a ¢ x 1 vector. Also, some or all components of X;; may be correlated
with the disturbance €; and we assume FE(e;|Z;;) = 0 and E(e;| X)) # 0. Note that if
Xt and Z;; are exogenous variables, we would be in the static varying coefficient model
analyzed in [Zhou et al.| (2010) for panel data models or in Das| (2005)), Cai et al.| (2006])

and |Cai and Xiong (2012)) in the cross-sectional setup.

As the reader can observe, when E(e;|X;) # 0 we obtain E(Y|Zy, Xi) # X,jm(Zi) in
, S0 it is not possible to estimate consistently the coefficient functions by projecting
Y;; on X;t— m(Z;). To overcome this situation, in |Cai and Li (2008]) it is established that
by adapting the proposal in [Cai et al.| (2006) it is possible to obtain a feasible estimator

for m(-) via a two-step nonparametric procedure.

Assuming there is a ¢ X 1 vector of instrumental variables W;; whose first component is

Wit = 1in such way that E(e;|W;;) = 0, the orthogonality condition is F(e;| Zi, Wit) = 0.
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By multiplying both sides of (1.162)) by II(Zy, Wi) = E(Xit| Zit, Wit) they obtain

E (I(Zig, Wit)Yit| Zit = 2) = E <H(Zit, Wit) X | Ziy = z) m(2) (1.163)

and by the law of iterated expectations we can write

E (I(Zit, Wit)Yit| Zip = 2) = E (H(Zit, Wi IL(Ziz, Wit) " | Ziz = z) m(z).  (1.164)

Under the assumption that E (H(Zit,Wit)H(Zit,Wit)UZit = z) is positive definite, we
obtain

m(z) = (B (W(Zit, Wi W Zit, Wie) | Zie = 2) ) B (W(Zut, Wit Yal Zig = 2) . (1.165)

Note that the condition E (H(Zit, Wi X Zig, Wig) | Ziy = ) is positive definite guarantees
that m(+) is identified but, since II(Z;;, Wy) is an unknown term in |Cai and Li| (2008) it is
proposed a two-step procedure in order to obtain nonparametric estimators for m(-). In
the first-step, they suggest to estimate E(X;;|Zi, Wi) through conventional multivariate
nonparametric techniques, and in the second-step, to estimate another conditional mean
function of ﬁ(Zit, Wi )Y conditional on Z;; = z, where ﬁ(ZZ-t, W) is the nonparametric

estimator obtained at the first-step.

Nevertheless, note that in a framework where N — oo and T is fixed, this two-step proce-
dure greatly complicates the analysis of the main asymptotic properties of this estimator.
For this reason, in |Cai and Li (2008]) it is developed an alternative estimator based on a

nonparametric generalized method of moments (NPGMM) that requires only one step.

To avoid the endogeneity problem, in |Cai and Li (2008) it is proposed to replace the
endogenous covariate X;; by an instrumental variable W;,. However, it is true that we
know the relationship between X;; and Z;; (i.e., the functional coefficient that we want to
estimate) but we do not know how Wj; relates to Z;;. In this case, the usual orthogonality
condition to provide nonparametric estimators, i.e., E(e;i|Zit, Wir) = 0, cannot be used

and a generalization of this condition for a vector function Q(-) is needed.

In this way, assuming the model is identified for any p x 1 function vector as Q(Z;, Wi)

it is possible to obtain the conditional moment restrictions from the condition

0 = B (Q(Zit, Wit)eie|Zut, War) = B (Q(Zit, Wat) (Yie = Xihm(Zie))| Zie, Wit ) . (1.166)

(2
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In this context, in |Cai and Li (2008) it is proposed to combine the restrictions contained in
(1.166) with the conventional local linear regression approach to provide a nonparametric
generalized method of moments for the functional coefficients. Assuming m(-) is a twice
continuous differentiable function, we obtain the following locally weighted orthogonality

conditions
N T

> " QZis, Wit) (Y — Xif ) Ky (Zis — 2) = 0, (1.167)
i=1 t=1
where X;; = (XJ XZ-I ® (Zi — z)T)T and a = (aOT alT)T are vectors of d(1 + ¢q) x 1
dimension. Motivated by this local linear fitting, Q(Z;;, Wiz) can be chosen such as
Q(Zip, Wy) = (VVZ;r VVZ—tr ® (Zip — Z)T/h)T and to ensure that we obtain an unique so-
lution in (L.167)), they also impose that the dimension of this Q(-) function must meet
p>d(l+q).

Then, we denote by S a d(1 4 ¢) x p matrix of the form

1

5= NT

N T
SN " QZie Wit) Ziy Kn(Ziy — 2) (1.168)

i=1 t=1

and by multiplying (1.167)) by S we obtain that it is possible to obtain consistent estimates

for the quantities of interest using the following conditional moment restrictions

N T

>N 85 Q(Zis W) (Yir — X o) Kp(Zig — 2) = 0. (1.169)
=1 t=1

Let @& be the minimizer of ((1.169]), the solution to this problem in matrix form is

1
BNPGMM = (sTS) ST, (1.170)

where T = ﬁ Zf\;l Z;le Q(Zit, Wit)Kn(Zit — 2)Yi. In this way, @ provides the nonpara-
metric generalized method of moments (NPGMM) estimator both for the function m(z)

and its first-order derivatives, D,,(z).

Finally, establishing some regularity and the strong mixing conditions, in |Cai and Li| (2008,
Theorem 2, pp. 1331) it is shown the following asymptotic normality result in a context
where N — oo and T is fixed,

n [ b2)

5 +o,(h) | -5 N(0,f7N2)E), (1.171)
0

v NTh H(&NPG’MM - a) —
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where H = diag(l4, hlg,) is a diagonal d(1 + ¢) x d(1 + ¢) matrix, let I be an identity

matrix, and

b(z) = (tr(Hm(2)p2(K)))ax: s
S = diag (RIK)Qm Q@ (uy  (K)pe(K?) g (K)))
Qy = (QTQ>_1 Q'00 (QTQ)_l ;

for Q=F [WitX;‘Zit = z] and Ql =F [WitGit’Zz't = Z].

Furthermore, in Tran and Tsiomas (2010]) a two-step procedure based on the local gener-
alized method of moments (LGMM) is proposed, for which they use the general weighting
matrix instead of the identity matrix. In addition, they show that the resulting estimator
is asymptotically more efficient than the nonparametric generalized method of moments
in (Cai and Li (2008). Recently, in (Cai et al| (2013)) it is considered a new type of dy-
namic partially linear models with varying coefficient where linearity in some regressors

and non-linearity in others is allowed.

Finally, note that given the complexity of providing consistent estimators for the parame-
ters of interest of varying coefficient panel data models with fixed effects and endogenous
variables as well as the difficulty of the analysis of the main asymptotic properties, to our

knowledge no research has been made to estimate this type of models.
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Chapter 2

Direct semi-parametric estimation
of fixed effects panel data varying

coeflicient models

2.1 Introduction

This chapter is concerned with the estimation of varying coefficient panel data models.
This type of specification consists of a linear regression model where regression coefficients
are assumed to be varying, depending on some exogenous continuous variables proposed by
economic theory. For example, in the so-called problem of returns to education, when es-
timating elasticity of wages to changes in education, it has been pointed out that marginal
returns to education might vary with the level of working experience; see Schultz| (2003]).
Therefore, conditionally on a level of education, the elasticity is going to change according

with the level of working experience.

Within this context, the issue of potential misspecification of the functional form of the
varying coefficients has motivated the use of nonparametric estimation techniques in em-
pirical studies. In most cases, the estimation of the functional form of the coefficients has
been performed through standard techniques, such as spline smoothers, series estimators,

or local polynomial regression estimators; see |[Su and Ullah| (2011). Although, in most
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cases, a direct application of the previous techniques renders correct inference results, it
is true that not much attention has been paid to the asymptotic behavior of these es-
timators under non-standard settings. Unfortunately, some of these settings are rather
relevant in empirical analysis of panel data models. One clear example is the presence,
in the econometric model, of some unobserved explanatory variables that, although not
varying along time, can be statistically correlated with other explanatory variables in the
model (fixed effects). The presence of a heterogeneity of unknown form that is correlated
with some explanatory variables is not an easy problem to solve. In fact, under this type
of heterogeneity any estimation technique suffers from the so-called incidental parameters

problem; see, e.g., Neyman and Scott| (1948)).

In order to obtain a consistent estimator of the parameters of interest, one possible solution
is to transform the model in order to remove the heterogeneity of unknown form. To be
more precise, consider a linear panel data model where the heterogeneity p; is arbitrarily

correlated with the covariates X;; and/or Zj, of dimension d and a, respectively,

Yie = Xgom (Z) + pi +vig, i=1,--- N ; t=1,--- T (2.1)
Furthermore, the function m (z) is unknown and needs to be estimated, and the v;; are
random errors. It is clear that any attempt to estimate m(-) directly through standard
nonparametric estimation techniques will render inconsistent estimators of the underlying
curve. The reason for this is that E (u;| Xy = x, Zy = z) # 0. A standard solution to this
problem is to remove p; from by taking a transformation, and then estimating the un-
known curve through the use of a nonparametric smoother. There exist several approaches

to remove these effects. The simplest approach is probably to take first differences, i.e.,

AYy = X’L—lt—m (Zl ) - X’;l(—t—l)m (Zi(t—l)) + A’Uit, =2, N ;5 t=2,---,T. (22)

The direct nonparametric estimation of m (-) has, until now, been considered as rather
cumbersome; see Su and Ullahl (2011]). The reason for this is that, for each i, the condi-
tional expectation E (AYit| Zit, Zi(t—1)> Xit, Xi(t—l)) in contains a linear combination
of X,;}m (Zi) for different ¢. This can be considered as an additive function with the same

functional form at a different times.
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In some special cases, a consistent estimation of the quantities of interest has been provided
in the literature. For the unrestricted model XiIm (Zit) = m (X, Zir), D becomes a

fully nonparametric additive model

AYit =m (Xita th) —m (Xi(tfl)a Z’i(tfl)) + Avit7 1= 27 T 7N 5 t= 27 T 7T'

In this case, in Henderson et al.| (2008) it is proposed an iterative procedure based in a
profile likelihood approach, whereas in Mammen et al.| (2009) it is considered the consistent
estimation of nonparametric additive panel data models with both time and individual
effects via a smoothed backfitting algorithm. Furthermore, for XiI m(Zi) = g(Zit) +
)Nfi—trﬁo, where X;; = (1,)?;)T and m (Zi) = (g (Zir), Bo) " for some real valued g(-) and
a vector gy, the regression function in becomes a semi-parametric partially additive

model

A}/Zt:ﬁ(;rAXZt—i_g(Z’Lt)_g(Zl(tfl))+Avlt7 z:27 7N ) t:277T

Qian and Wang| (2012) consider the marginal integration estimator of the nonparamet-

ric additive component resulting from the first differencing step, i.e., G (Zl-t, Zi(t—l)) =
9(Zit) —g (Zi(tfl))‘

The estimation procedure that we introduce in this chapter mainly generalizes the pre-
vious results to a rather general varying coefficient model as the one specified in
in a framework where N — oo but T remains fixed. It is based in applying a local ap-
proximation to the additive function X} m (Zi) — Xi—(rt_l)m (Zi(t_l)). The same idea was
proposed in a completely different context in |Yang (2002). Because the estimator is based
in local approximation properties, we investigate the behavior of the bias remainder term
under fairly general conditions. This term, which is negligible in standard local linear
regression techniques (see Fan and Gijbels| (1995b))), requires much more attention when
dealing with first difference estimators. In fact, as it has been already pointed out in
Lee and Mukherjee (2008]), the direct application of local linear regression techniques to
first differencing transformations in panel data models renders to biased estimators and
the bias does not degenerate, even with large samples. Using a higher-dimensional kernel

weight, our estimation technique overcomes the problem of non-vanishing bias, although,
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as expected, the variance term becomes larger. The same phenomenon also appears in

Henderson et al. (2008), where their final estimator already shows an even larger variance.

In order to obtain the standard rates of convergence for this type of problems (i.e., to reduce
the variance holding the bias constant), we propose to use the developments introduced
in|Fan and Zhang| (1999)). Their core idea was that the variance can be reduced by further
smoothing, but bias cannot be reduced by any kind of smoothing. We apply these ideas
to our problem by using a one-step backfitting algorithm. Because it has the form of an
additive model, we also show that our estimator is oracle efficient; that is, the variance-
covariance matrix of any of the components of our estimator is the same asymptotically
as if we would know the other component. Finally, we also propose a data-driven method

to select the bandwidth parameter.

As already pointed out previously, to remove the heterogeneous effects, other transforma-
tions are available in the literature. To our knowledge, for model , an estimation of
m(-) has been proposed in [Sun et al.| (2009)), through the use of the so-called least-squares
dummy variable approach. They estimate m(-) using the following alternative specification
n
Yi = Xgm (Zy) + Y pidig +vig, i=1,--- N ; t=1,-- T, (2.3)
j=1
where d;; = 1 if ¢ = j and 0 otherwise. Based on this model, they propose a least-
squares method combined with a local linear regression approach that produces a consis-
tent estimator of the unknown smoothing coefficient curves. Compared to our method,
their estimator exhibits a larger bias. In fact, their bias presents two terms. The first
term results from the local approximation of m(-) and it is also present in our estimator.
The second term results from the unknown fixed effects and it is zero only in the case that
they add the additional (strong) restriction that ), p; = 0. This type of restrictions is

also used in Mammen et al.| (2009)).

The rest of the chapter is organized as follows. In Section[2.2] we set up the model and the
estimation procedure. In Section [2.3] we study its asymptotic properties and we propose a
transformation procedure which provides an estimator that is oracle efficient and achieves
optimal rates of convergence. Section we show how to estimate the bandwidth matrix
empirically and, in Section 2.5 we present some simulation results. Finally, we conclude

in Section 2.6l The proofs of the main results are collected in the Appendix 1.
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2.2 Statistical model and estimation procedure

To illustrate our technique, we start with the univariate case and then we present our
results for the multivariate case. Then, we consider (2.2) with d = ¢ = 1. In this case,
for any z € A, where A is a compact subsect in a non-empty interior of IR, we have the

following Taylor expansion

Xim (Zit) — Xig—am (Zi—1)

%

m (Z) Ath + m' (Z) (th (Zzt - Z) - Xi(t—l) (Zi(t—l) - Z))

1
+ §m” (2) (Xit (Ziy — 2)°* - X1y (Zig—1) — Z)2>

1
+ -+ pm(p) (Z) (Xl (th — Z)p — Xi(t—l) (Zi(t—l) — Z)p)

p
Z B)\ (Xlt (Zzt - Z))\ - Xi(t—l) (Zi(t—l) — Z)A) .
A=0

This suggests that we estimate m (z), m’ (2), - - -, m® (z) by regressing AYj; on the terms
Xit (Zi — z)’\ — X1 (Zig—1 — z)’\, A=0,1, -, with kernel weights. Then, the quantities
of interest can be estimated using a local linear regression estimator,

L 2

Z (AYit —aAX; —0 [Xi (Zit —2) — Xi(tq) (Zi(tfl) - Z)]) K (Ziy — 2) Kp, (Zi(tfl) - Z) )
=1 t=2

(2.4)

see Fan and Gijbels (1995b), [Ruppert and Wand (1994), or |Zhan-Qian| (1996)). Here, K

is a bivariate kernel such that K(u,v) = K(u)K (v), where for each u, v,

/K(u)du 1 and  Ky(u) = %K (u/h),

and h is a bandwidth.

We denote by B\o and 31 the minimizers of 1D The above exposition suggest as es-
timators for « = m(-) and 6 = m/(-), mp(z) = By and my(z) = By, respectively. In
particular, for the case of a local constant approximation (p = 0; i.e., Nadaraya-Watson

kernel regression estimator), the estimator for m(z) has the following closed form:

SN S K (Zi — 2)Kn(Zip—1) — 2) AXuAYy

By = . 2.5
. S g Kn(Zi — 2)Kn(Zigp—1) — 2) (AXy)? (25)
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In the local linear regression case (p = 1), we have

—~ -1
Bo o _
B = Z Kh(Zit - z)Kh(ZZ-(t_l) - Z)ZthZ—lt— Z Kh(Zit_Z)Kh(Zi(t—l)_z)ZitAY:ita
1 it it
(2.6)
where Zt is a 2 x 1 vector such that
Zy = (AXu X (Ziu—2) — Xig-1) (Zigg—1y — 2)) - (2.7)

Note that in we propose a bivariate kernel that also contains Z;;_1), instead of con-
sidering only Z;;. The reason for this is that, if we consider only a kernel around Z;,
the transformed regression equation would be originally localized around Z;; without
considering all other values. Consequently, the distance between Z;4 (for s # t) and z can-
not be controlled by the fixed bandwidth parameter and thus the transformed remainder
terms cannot be negligible. The consequence of all this would be a non-degenerated bias in
this type of local linear estimator, which is removed by considering a local approximation
around the pair (Zm Zi(t,l)). In Theorem we show that the local linear estimator
with the bivariate kernel shows the same rate as standard local linear smothers estimators
(i.e., with a bias of order O(h?)). Unfortunately, the well-known trade-off between bias
and variance term appears and, although the introduction of this bivariate kernel drops
the bias out, it enlarges the variance term, which becomes of order O(1/NTh?). This is
also emphasized in Theorem Of course, this affects the achievable rate of convergence

for this type of problems, which slows down at the rate v/ NTh.

In order to recover the desirable rate of v NTh, we propose a transformation that is

basically a one-step backfitting algorithm. Let us denote by AY; the following expression

AY) = Ay + m(Zig—1) Xi—1), i=1,--,N ; t=2,-- T (2.8)

By substituting (2.2)) into (2.8]), we obtain

AY;gzm(Zit)Xit—i-Awt, i=1,--- N ; t=2,---,T. (2.9)

As it can be realized from (2.9)), the estimation of m (-) is now a one-dimensional problem,

and therefore we can use again a local linear least-squares estimation procedure with
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univariate kernel weights. However, there is still a problem that needs to be solved. In
(2.8)), the term m(Zi(t,l)) is unknown. So, we replace it by the initial local linear regression

estimator, i.e., A?Z-IZ =AY +my (Zi(t—l)) Xi(t—1), having the following regression model

AYE =m(Zi) X+, i=1,--- N ; t=2--- T, (2.10)

v’?t = (mh (Zl'(tfl)) —m (Zl(tfl))) Xi(tfl) + Avita L= 17 T 7N ) = 27 U 7T'

By doing so, we can estimate m (-) using the following weighted local linear regression

N T
>3 (Aff}; S0 Xit — 01 Xt (Zit — z)>2 K; (Zi—2). (2.11)

i=1 t=2

Let ap and a; be the minimizers of (2.11)). Then, as before, we propose as estimators for

m(-) and m/(-), mj(2) = 5o and T?L%(z) = 71, respectively.

Now, once our estimation procedure has been fully explained for the univariate case, we
proceed to extend our results for the multivariate case, that is, for d # ¢ # 1 in (2.1)). In
this case, the quantities of interest can be estimated using a multivariate locally weighted

linear regression,

N T
Z Z (AYﬁ - Zl—trﬁ>2 KH (th - Z) KH (Zi(t—l) - Z) 5 (212)
=1 t=2

where we denote by

7 = (AXT X[ (Zu—2)" = Xjupy® (Zigny—2)")

a 1 x d(1+ q) vector. Now, K is a g-variate kernel such that

1
Ku)du=1 and Kpu) = ——K (H Y%y ,

where H is a ¢ X ¢ symmetric positive definite bandwidth matrix.

Finally, we denote by B= ([3’7)r Bir )T a d(1 + q)-vector that minimizes 1) Again, the

above exposition suggests as estimators for m(z) and Dy, (z) = 0m(z)/0z, m(z; H) = Bo
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and vec(Dy(z; H)) = B1, respectively. Here, Dy, (2) is a d x ¢ matrix of partial derivatives

of the d-function m(z) with respect to the elements of the ¢ x 1 vector z.

It is easy to verify that the solution to the minimization problem in (2.12)) can be written
in matrix form as
~ =1 ~
é ° ) = (ZTWZ> ZTWAY, (2.13)
B

where

W = diag (Kp(Zi12 — 2)Ku(Z11 — 2), ... Ku(Znr — 2) K (Zyr-1) — 2))

AY = (AYia,..,AYn7)',

and

AXY, XL®(Zio—2)" - X[ ®(Z1n—2)"

AX{p XNp® (Znr—2)T — X;(T,l) ® (Znar-1—2)"
The local weighted linear least-squares estimator of m(z) is then defined as

~ ~\ —1 ~
(s H) = ef (ZTWZ) ZTWAY, (2.14)

where e; = (Iddeqxd) is a d(1 + q) x d selection matrix, I is a d x d identity matrix and
Odgxd & dgxd matrix of zeros. Note that the dimensions of W and Z are N(T—1)xN(T—1)
and N(T — 1) x d(1 + q), respectively.

Finally, there are several reasons to choose local linear least-squares estimators against
other candidates. First, the form in suggests that this estimator is found by fitting
a plane to the data using weighted least-squares. The weights are chosen according to
the kernel and the bandwidth matrix H. As has already been discussed in [Ruppert and
Wand| (1994), if a Gaussian kernel with (possibly) compact support is chosen, then the
weight given to Z;; is the value of the Gaussian density with mean Z;; — z, which has
an ellipsoidal contour of the form (Zy — 2)" H™* (Zy — 2) = ¢, for ¢ > 0. Clearly, the
further from z that Z;; is, the less weight it receives. However, H controls both the size and

orientation of the ellipsoids at a given density level and therefore it also controls the amount
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and direction of the weights. Often, instead of taking a matrix H, we adopt a simpler
form H = diag(h?,--- ,hg). If we have a diagonal bandwidth matrix, this means that
the ellipsoids have their axes in the same direction as the coordinate axes, whereas for a
general H matrix they will correspond to the eigenvectors of H. Depending on the shape of
m(-), there are situations where having a full bandwidth matrix is advantageous. Another
important advantage of local linear least-squares kernel estimators is that the asymptotic
bias and variance expressions are particularly appealing and appear to be superior to those
of the Nadaraya-Watson or other nonparametric estimators. In particular, in|Fan|(1993) it
is shown that the local linear least-squares estimator has an important asymptotic minimax
property. Furthermore, unlike the Nadaraya-Watson or other nonparametric estimators,
the bias and variance of near the boundary of the density of Z are of the same
order of magnitude as in the interior. That is a very interesting property because, in

applications, the boundary region might comprise a large proportion of the data.

2.3 Asymptotic properties and the oracle efficient estimator

In this section, we investigate some preliminary asymptotic properties of our estimator.

In order to do so, we need the following assumptions.

Assumption 2.1 Let (Y;hXit;Zz't)@':17...7N;t:17...’T be a set of independent and identi-
cally distributed (i.i.d.) IR -random variables in the subscript i for each fized t and
strictly stationary over t for fized i. They are a sample following . Furthermore, let
f200 (s f210.200 20y (o)s F 20020021y Z1—ay (575 7) be the probability density functions of Zuy,
(th,Zl(t_l)) and (th,Zl(t_l),Zl(t_g)), respectively. All density functions are continu-
ously differentiable in all their arguments and they are bounded from above and below in

any point of their support.
Assumption 2.2 The random errors vy are independent and identically distributed, with

zero mean and homoscedastic variance, ag < 00. They are also independent of X;: and

Zit for all i and t. Furthermore, E ]vit|2+5 < o0, for some § > 0.
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Assumption 2.3 pu; can be arbitrarily correlated with both X and Zi with unknown

correlation structure.

Assumption 2.4 Let ||Al| = \/tr (ATA), then E [|| XuX,) || Zit = 21, Ziy—1) = 22] is

bounded and uniformly continuous in its support. Furthermore, let
T T T T T T
X = (X7 X)) and  AXy = (AX] AX[ )

The matrix functions B [Xit?(iﬂZit =21, Zi(4—1) = 22] ) [AXitAXiﬂZit =21, Zi(t—1) = zg] ,
E [XuX) | Ziy = 21, Zip—1) = 22, Zig—3) = 23], and E [XyAX;} | Ziy = 21, Zip—1) = 22, Zi(1—2)

= z3] are bounded and uniformly continuous in their support.

Assumption 2.5 The function E [AX,-tAXZ-—H Zit = 21, Zit—1) = 22] is positive definite

for any interior point of (z1,z2) in the support of fZ'tyqu) (21, 22).

K3

Assumption 2.6 The following functions E [|XitAvit|2+5|Zit =21, Zi(t—1) = zz] ,
E [|Xi(t,1)Avit|2+5|Zit =21, Zi(t—1) = zg] ,and E []AXitAvit\2+5|Zit =21, Zi(t—1) = 22} are

bounded and uniformly continuous in any point of their support, for some § > 0.

Assumption 2.7 Let z be an interior point in the support of fz,,. All second-order

derivatives of my (+) ,ma (+),- -+ ,mgq (-) are bounded and uniformly continuous.

Assumption 2.8 The Kernel functions K are compactly supported, bounded kernel such
that [uu' K (u)du = ps(K)I and [ K*(u)du = R(K), where us(K) # 0 and R(K) # 0
are scalars and I is the q X q identity matrixz. In addition, all odd-order moments of K
vanish, that is [ ui' -~-uf1qK(u)du = 0, for all nonnegative integers t1,--- ,1q4 such that

their sum is odd.

Assumption 2.9 The bandwidth matrix H is symmetric and strictly definite positive.
Furthermore, each entry of the matrixz tends to zero as N tends to infinity in such a way

that N |H| — oc.

As can be seen, all assumptions are rather standard in the nonparametric regression anal-

ysis of panel data models. Assumption [2.1]establishes standard features about the sample
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and data-generating process. The individuals are independent and, for a fixed individual,
we allow for correlation over time. Also, other possible time-series structures might be
considered, such as strong mixing conditions (see (Cai and Li (2008)) or non-stationary
time-series data (see|Cai et al.| (2009)). Mixing conditions are usually taken into account
to make the covariances of the estimator tend to zero at a faster rate. In our case, this
is not necessary because our asymptotic analysis is performed for fixed T. However, we
believe that non-stationary processes are beyond the scope of this chapter. Note also that
marginal densities are assumed to be bounded from above and below. This assumption

can be relaxed at the price of increasing the mathematical complexity of the proofs.

Assumption is also standard for first-difference estimators; see Wooldridge (2003])
for the fully parametric case. Furthermore, independence between the v;; errors and
the X;; and/or Z;; covariates is assumed without loss of generality. We could relax this
assumption by assuming some dependence based on second-order moments. For example,
heteroskedasticity of unknown form can be allowed and, in fact, under more complex
structures in the variance-covariance matrix, a transformation of the estimator proposed
in|You et al. (2010)) can be developed in our setting. This type of assumption also rules out
the existence of endogenous explanatory variables and imposes strict exogeneity conditions.
If this were the case, then an instrumental variable approach, such as the one proposed in
Cai and Li| (2008) or|Cai and Xiong| (2012), would be needed. Assumptionimposes the
so-called fixed effects. Note that this assumption is much weaker than the one introduced in
Sun et al.| (2009) so that their least-squares dummy variable approach can work. Basically,
they impose a smooth relationship between heterogeneity and explanatory variables, and

in order to avoid an additional bias term, they need . p; = 0.

Assumptions and are some smoothness conditions on moment functionals. As-
sumption is the equivalent to a standard rank condition for identification of this type
of models. Assumptions 2.9| are standard in local linear regression estimators; see
Ruppert and Wand| (1994)). Finally, all our results hold straightforwardly for the random

coefficient setting.

Let X = (X11,-+-,Xnr) and Z = (Z11, -+, ZnT) be the observed covariates sample
vectors. Under these assumptions, we now establish some results on the conditional mean

and the conditional variance of the local linear least-squares estimator.
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Theorem 2.1 Let Assumptions hold. Then, for T fized and N — oo,

Em(z; H)[X,Z] — m(2)
= 2 (ZTWZ) T ZTW (S, (2) — S (2)

= JBakax (5 )0 (Ku) Baxx(2,2) — pa (K) Baxx_, (2.2)

xdiagq(tr(Hm, (z) H))iq + op(tr(H)),

where forr =1,--- ,d, Hm,(z) is the Hessian matriz of the rth component of m(-), while

for £ = 1,2 the ith element of Sy, is
-
(Xi(t+1—€) ® (Zi(t-i—l—é) - Z)) Hon(2) (Zi(t+1—€) - Z) ~

Furthermore, if po (Ky) = o (Ky) the bias term becomes

B[z H)X,Z) — m(z) = oo (o) diaga(tr(Hm, (2) H))ia + op(tr(H)).

The variance s

202R (K,) R(K,)

. _ -1
Var (m(z,H)|X, Z) - NT‘H’ BAXAX (Z> Z) (1+OP(1))7
where
Baxx (z,2) = E [AX”X;\Z“ = 2, Zi_1) = z} FiaZie sy (2:2)
Baxx ,(22) = E [AX”XL_D]Z“ =2, Zj(t-1) = Z} [24,2:0_1) (2,2),
Baxax (2,2) = FE [AXitAX;\Zz’t =2, Zjt-1) = Z} f20,2:0_1) (2,2),

diagy (tr(Hm, (z) H)) stands for a diagonal matriz of elements tr(Hp,, (z) H), for r =

1,---.,d, and ig is a d x 1 unit vector.

To illustrate the asymptotic behavior of our estimator, we give a result for the case when

d=q=1and H = h%I. In this case, the above result can be written as follows.
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Corollary 2.1 Let Assumptions 2.8 hold. Then, if h — 0 in such a way that Nh? —
oo as N tends to infinity and T is fized,

Em(z; H)|X,Z] —m(z) = %c(z, 2ym” (z) h? + o, (r?),

pi2 (Ku) B [AXaXit| Zio = 2, Zie—1) = 2] — p2 (Ky) E [AX Xs-1)| Zit = 2, Zi(p—1) = 2]
2
E [(Xit = Xi-1)) | Zis = 2, Zigs—1) = Z}

Furthermore, if us (K,) = p2 (Ky), then the bias term has the following expression

o~ ]. 1"
E[m(z; H)X,Z] — m(z) = 3 (z) B* + oy (R?) .
The variance s
Var (m(z; H)|X,Z)
202R (K,) R (K,)

-— : (1+ 0,(1).
NTW2f7, 70+, (2:2) E [(Xi — Xi)) 1 Zit = 2, Zigy1) = z]

Note that, in the standard case, ug (K,) = p2 (K,) and thus we obtain a good result for

the bias. In fact, the resulting asymptotic bias has the same expression as in the standard

local linear estimator.

As has already been pointed out in other works, the leading terms in both bias and variance
do not depend on the sample, and therefore we can consider such terms as playing the
role of the unconditional bias and variance. Furthermore, we believe that the conditions
established on H are sufficient to show that the other terms are o,(1) and therefore it is

possible to show the following result for the asymptotic distribution of m(z; H).

Theorem 2.2 Let Assumptions hold. Then, for T fized and N — oo,

VNTH]| (7 (z:H) ~m(2)  —" N ((2),0(2)),

where

W) = g () diaga (i (o, () VNTTH]) ) 1

v(2) = 202R(K.)R(K,)Biiax (2,2).
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Note that the rate at which our estimator converges is NT'|H|. Under the conditions es-
tablished in the propositions, our estimator is both consistent and asymptotically normal.
However, its rate of convergence is suboptimal because the lower rate of convergence for
this type of estimators is NT |H |1/ 2 As we have already indicated in Section in order
to achieve optimality we propose to reduce the dimensionality of the problem by redefining

AYj as in (2.10). Now for the multivariate case,

A?i’g = Xim(Zy)+ 0%, i=1,---,N : t=2,--.T,
where
Vi = Xigo1) (M Zigp1y: H) = m (Zig-1))) + Avie. (2.15)

In expression (2.15)), m(Z;;—1); H) is the first-step local linear estimator obtained in ([2.14).

Now, we propose to estimate m (Z;;) using a multivariate locally weighted linear regression,

S (AT~ (Xv0+ X5 © (Zu— 2 n)) Kg(Za - 2), (2.16)

N T
=1 t=2

1

where H is a q X q symmetric positive-definite bandwidth matrix.
If we define Zith =(X;, X;; ®(Zu—2)")asalxd(l+q) vector, 1’ can be written
as

N T

b obT5)2

Z Z (AYz‘t — Zj 5) Kz(Zit — 2), (2.17)

where we denote by ¥ = (73 71 )" the d(1 + ¢) vector that minimizes (2.17)).

Following the same reasoning as before, we can write

~ ~\ —1 ~ ~
Az H) =59 = e] (Z”W*’Zb) ZVTWOAY?, (2.18)

where AY? = (AYY,, -, AYE )T, WP = diag (K (Zia — 2), -+, Ky (Zyr — 2)) and

Xh Xh®(Ziz—2)"
Zb — . .

Xir Xir@(Zyr—2)"

In order to show the asymptotic properties of this estimator, we need to assume the

following about the bandwidth H and its relationship with H.
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Assumption 2.10 The bandwidth matrix H is symmetric and strictly definite positive.
Furthermore, each entry of the matrixz tends to zero as N tends to infinity in such a way

that N|H| — oc.

Assumption 2.11 The bandwidth matrices H and H must fulfill that as N tends to
infinity, N |H||H|/log (N) — oo and tr(H) /tr(H) — 0.

In general, for the kernel function and conditional moments and densities, we need both
the smoothness and boundedness conditions already given in Assumptions These
are required to use uniform convergence results such as the ones established by [Masry

(1996)). It is then possible to show the following result.

Theorem 2.3 Let Assumptions 2.8 and|2.1() hold. Then, forT fixed an N — oo,

E m(z;ﬁ)yx,z} —m(z) = %ug (K) diag (tr(%m, (2) f{r)) 1 + 0p(tr(H))

and
_ 202R(Ku)

Var (m(z; H)|X,Z) = =
(e )%, 2) = 2B

(2) (1 +0p(1)),
where diag, (tr(’HmT (2) ﬁ)) stands for a diagonal matriz of elements tr(Hm, (z) H), for

r=1,---,d, and ig is a d X 1 unit vector.

Finally, focusing on the relevant terms of bias and variance of Theorems [2.1] and and
following Ruppert and Wand| (1994)), it can be highlighted that each entry of H,,(z) is a
measure of the curvature of m (-) at z in a particular direction. Thus, we can intuitively
conclude that the bias is increased when there is a higher curvature and more smoothing
is well described by this leading bias term. Meanwhile, in terms of the variance, we can
conclude that it will be penalized by a higher conditional variance of Y given Z = z and

sparser data near z.

2.4 Bandwidth selection

As it is clear from previous sections, the bandwidth matrix H plays a crucial role in the

estimation of the unknown quantity m (-). In fact, as we have learned from the asymptotic
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expressions, when choosing H there exist a trade-off between the bias and the variance
of our estimator. Consider the simplest case, H = h?I. If we choose h very small, then
according to Corollary the bias of our estimator will be reduced (it is of the order of
h?) but at the price of enlarging the variance (the order of this term is 1/NTh?). This
trade-off should be solved by choosing a bandwidth matrix H that minimizes the mean
square error (MSE), which is the sum of the squared bias and variance. There are many
different measures of discrepancy between the estimator m (-; H) and the function m (-; H).
A comprehensive discussion of these measures has been given in |Hardle| (1990, Chapter 5).
For the sake of simplicity, and taking into account the data-generating process in ,

we propose the following measure of discrepancy,

MSE (H) = E X7 ((2: H) — m(2))] :

In this MSE, the expectation is taken over Zy,---, Z,; X1 -+, Xg and m(Z; H) is the esti-
mator defined in ([2.14)). Therefore, for our problem, we can define the optimal bandwidth

matrix H,y,: as the solution to the following minimization problem,

2
Hop = argm}iInMSE (H) = argm}iInE [X—r (m(Z;H) — m(Z))} .

It Zy,---,Z4; X1,--- , X4 are random variables that are independent of the observed sam-
ple D = (X11, Z11,- - , XN, ZNT)T, but they share the same distribution with (X1, Z11),

it is straightforward to show that

MSE(H)=E [bT (Z)UZ)(2) +t:(2(2) V(2))] (2.19)

where
b(2) = E[m(Z;H)|D, 2] —m(Z),
V(Z) = Var(m(Z;H)|D,Z), and

V(Z) = E [XXT]Z] .

As can be realized from the expression above, we have now formalized the idea of choosing
a bandwidth matrix H that minimizes the MSE (i.e., the sum of the squared bias and

variance). Note that the way we have defined the measure of discrepancy determines, in

88



Chapter 2. Direct semi-parametric estimation of fixed effects panel data varying
coefficient models

our case, the choice of a global bandwidth. That is, we choose a bandwidth that remains
constant with the location point. Of course, another possibility would be to choose a
bandwidth that varies locally according to this location point (i.e., H(z)). In this case,

the local MSE criteria would be

2
MSE(zH)=E XT(m(Z;H)—m(Z))] ;

where now the expectation is taken over X. Miller and Stadtmiiller| (1987) have discussed
the issue of local variable bandwidth for convolution-type regression estimators. Further-
more, [Fan and Gijbels (1992) have proposed a variable bandwidth for the estimation of
local polynomial regression. In our case, we propose to choose a global bandwidth. The
reason is twofold. First, all components in our model have been assumed to have the same
degree of smoothness. Second, the use of local bandwidths, except for the case where the
curve presents a rather complicated structure, increases the computational burden without
much improvement in the final results. This is probably because of the local adaptation

property that already exhibits local linear regression smoothers.

Unfortunately, the selection of H,,; does not solve all problems in bandwidth selection. In
fact, as it can be realized, the MSE depends on some unknown quantities and, therefore our
optimal bandwidth matrix cannot be estimated from data. There are several alternative
solutions to approximate the unknown quantities in the MSE. One alternative is to replace
in both bias and variance terms by their respective first-order asymptotic expressions
that were obtained in Theorem [2.I] This is the so-called ‘plug-in’ method; for details, see
Ruppert et al. (1995)). Another possibility is, as suggested in [Fan and Gijbels (1995a), to
replace directly in bias and variance by their exact expressions. That is

E(ZH)D, 2~ m(Z) = (Bl H)%.Z)-m) ez (220)
Var (m(Z; H)|D,Z) = Var(m(z; H)|X,Z)|,_,, (2.21)
where clearly, according to Theorem

Bz H)X,Z —m(z) = e (ZTVVZ)_lETWT (2.22)

~ ~\ —1 ~ [~ ~\ —1
Var ((z; H)[X,Z) = e (ZTWZ> ZTWYWZ (ZTWZ> e, (2.23)
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Note that 7 is a N(T — 1) vector such that, for i =1,--- N, t =2,---, T,

T = Xgm(Zi) - XiT(t_l)m(Zz‘(t—l))

1

—(Xgy Din(2)(Zis = 2) = Xify_1y D (2) (Zie—1) — 2)),

and Vis a N(T' — 1) x N(T — 1) matrix that contains the V;;’s matrices

202, for i=j, t=s,
Vij = B(AvAv] [X,Z) =8 —02, for i=j, |t=s|<2, (2.24)

v

0, for i=j4 |t=s]>2.

In order to estimate both bias and variance, we need to calculate 7 and V. Note that for 7,
developing a fifth-order Taylor expansion of both m(Z;;) and m(Z;;_1)) around z, a local
linear polynomial regression of order five would guarantee that the proposed bandwidth
selection procedure will be v/N-consistent for the local linear fit; see [Hall et al.| (1991)) for
details. However, for the sake of simplicity, a local cubic polynomial regression would be
close to a v/ N-consistent selection rule and it will lead to a reduction in the computational
effort. In this case (for d = ¢ = 1), the vector 7 will contain the (estimated) expressions
for the second and third-order derivatives of the local cubic polynomial regression of the

terms AYj; on to X (Zix — 2)* — Xig—1(Zig—1 — 2)*, A=0,1,--- 3.

However, in order to estimate V, note that, because of Assumption the estimation of
V is tantamount to the estimation of o2. To estimate this last quantity, note that under
the homoscedastic assumption, we can consistently estimate this by

~2

— 1 ; AYi — AXJ @ (Zis H) + AX i (Zy: H)) . (2.25
v T ON(T - 1) < i — AXym™ (Zis H) + AX;_pym™ (Zi—1y; )> - (225)

t=2

N
=1
Note that both 7 and 62 depend on a bandwidth matrix H that needs to be determined
from the data. A suitable pilot bandwidth matrix H*, which can be used for these com-
putations, can be obtained using the global residual squares criterion (RSC) procedure
proposed in [Fan and Gijbels| (19952). Furthermore, we denote by m~%(Z;; H) the leave-
one-out estimator of m(Z;;). That is, when estimating m(Z;;) using (2.14)), we use all data

except those that belong to the ith subject.
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Once we have estimated 7 and o2, we can now provide an estimator for b (H), V (H), and

Q (H). Mainly,
b(Zy) = B[R (Zy; H)X,Z] — m(Zy) = e] (ZTWZ)_l Z W,
V(Zy) = Var[m ™ (Zuy H)X,Z] =] <§TWZ>_1 ZTWYWZ (ZTWZ) el

> isin Xt X K (Zje — Zit) Kt (Zj-1) — Zige—1))
dojzis Ku(Zjt — Zi) Ku(Zju—1y) — Zig-1))

The corresponding estimator of the M SE(H), according with (2.19)) will be
MSE(H) = N(Tl—l) Z (BT (Zit) Q(Zun) 0 (Zig) + tr (Q (Zu)V (Zit))) . (2:26)

it
Then, we define the estimator of H,y, ﬁopt, as the solution to the following problem,

fAIopt = arg mbi[n]\m (H).

Although we do not provide theoretical properties of this bandwidth, in |Zhang and Lee
(2000)) they have been studied in detail for the local MSE case, and we believe it is
straightforward to analyze them for the global MSE case that we present here. Finally, we
propose to use the same procedure to estimate the bandwidth matrix H when estimating

the oracle efficient estimator.

2.5 Monte Carlo experiment

In this section, we report some Monte Carlo simulation results to examine whether the

proposed estimators perform reasonably well in finite samples when pu; are fixed effects.

We consider the following varying coefficient nonparametric models,
Ytit:/Li_’_X;;tm(Zqit)'i'Uit? Z:LaNa tzl?"'aT; daq:172

where Xy and Zg;; are scalars random variables, v; is an i.i.d.N(0,1) random variable.
The observations follow a data generating process where Zgit = wgit + wgi—1) (wgit an
ii.d. uniformly distributed [0,11/2] random variable) and Xg;y = 0.5Xg;;—1) + &it (St 1s
1.i.d.N(0,1)).
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We consider three different cases of study,

(g=1d=1): Yy = Xyumi(Zii)+ i + vit,
(g=2d=1): Yy = Xyumi(Ziit, Zoit) + p2i + vit,

(g=1d=2): Yy = Xyumi(Ziit) + Xoima (Zoit) + p11i + vit,

where the chosen functionals form are my (Z1;¢) = sin (Z1i * I1), ma (Z1i) = exp (—Z3;,),
and my (Z14¢, Zait) = sin (% (Z1it + Zait) * H). We experiment with two specifications for

the fixed effects:

(a) pi1; depends on Zy;;, where the dependence is imposed by generating pu1; = coZ1i, + u;
fori=2,--- ,Nand Z1;, =T 'Y, Z;

(b) po; depends on Zij, Zay through the generating process po; = coZ;. + u; for i =
2, ,Nand Z;, = 5 (Z1i. + Z2:.).

In both cases u; is an i.i.d.N (0,1) random variable and ¢y = 0.5 controls de correlation

between the unobservable individual heterogeneity and some of the regressors of the model.

In the experiment, we use 1000 Monte Carlo replications ). The number of period T
is fixed at three, while the number of cross-sections N is varied to be 50, 100 and 200.
In addition, the Gaussian kernel has been used and, as in Henderson et al.| (2008), the
bandwidth is chosen as H = hl, and h = G.(N(T — 1))"Y/%, where &, is the sample

standard deviation of {Zqit}f»v:’ipt:?

We report estimation results for both proposed estimators and we use the MSE as a

measure of their estimation accuracy. Thus, denoting the pth replication by the subscript

2

1 & d i

MSE (iy(z; H)) = g Y E (Z(mw(z; H) - mw(z))xitw>
p=1 r=1
which can be approximated by the averaged mean squared error (AMSE)
18 4 N T /d 2
AMSE (m(z; H)) = g > ~7 » (Z(ﬁzw(z; H) — mw(z))Xit,w> .
=1 i=1 t=2 \r=1

The simulations results are summarized in Tables respectively.
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Table 2.1. First-differences estimators. AMSE ford =1 and ¢ =1

Local polynomial Backfitting

estimator estimator
N =50 1.37439 1.27563
T=3 N =100 1.28384 1.18554
N = 150 1.23225 1.17689

Table 2.2. First-differences estimators. AMSE for d =1 and ¢ = 2

Local polynomial Backfitting

estimator estimator
N =50 5.76503 1.63356
T=3 N =100 3.25944 1.18840
N =150 3.05025 0.99526

Table 2.3. First-differences estimators. AMSE for d =2 and ¢ =1

Local polynomial Backfitting

estimator estimator
N =50 2.08248 1.72158
T=3 N =100 1.75573 1.49022
N = 150 1.54960 1.37529

Furthermore, we carried out a simulation study to analyze the behavior in finite samples of

the multivariate locally estimator with kernels weights, m(z; H), and the oracle estimator,

m(z; H ), as proposed in Sections and Looking at Tables we can highlight
the following.

On one hand, because the proposed estimators are based on a first-difference transforma-
tion, the bias and the variance of both estimators do not depend on the values of the fixed

effects, so their estimation accuracy are the same for different values of c¢y.

On the other hand, from Tables we can see that both estimators show a good per-

formance. For all T, as N increases the AMSESs of both estimators are lower, as expected.
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This is because of the asymptotic properties of the estimators described previously. In ad-
dition, these results also allow us to test the hypothesis that the oracle estimator generates
an improvement in the rate of convergence. Specifically, for the univariate case (Tables
and , we appreciate that the achievement of both estimators are quite similar while,
on the contrary, in the multivariate case (Table , the rate of convergence of the oracle
estimator is faster than the multivariate locally estimator, as expected. In addition, as
we can see in Table the results of the local polynomial estimator reflect the curse of
dimensionality property, given that as the dimensionality of Z;; increases, the AMSE is
greater. Thus, the backfitting estimator has an efficiency gain over the local polynomial

estimator, as we suspect.

2.6 Conclusions

In this chapter, we introduce a new technique that estimates the varying coefficient mod-
els of unknown form in a panel data framework where individual effects are arbitrarily
correlated with the explanatory variables in an unknown way. The resulting estimator is
robust to misspecification in the functional form of the varying parameters, and we have
shown that it is consistent and asymptotically normal. Furthermore, we have shown that
it achieves the optimal rate of convergence for this type of problems and it exhibits the so-
called oracle efficiency property. Because the estimation procedure depends on the choice
of a bandwidth matrix, we also provide a method to compute this matrix empirically. The

Monte Carlo results indicate the good performance of the estimator in finite samples.
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Chapter 3

Nonparametric estimation of fixed
effects panel data varying

coeflicient models

3.1 Introduction

Nonparametric estimation of panel data varying coefficient models under fixed effects has
been traditionally undertaken through the use of differencing techniques; see|Su and Ullah
(2011). The main reason is that, direct estimation of varying coefficients through smooth-
ing techniques rends asymptotically biased estimators. This is due to the correlation that
exists between the heterogeneity term and the explanatory variables. The differencing
approach removes the heterogeneity effect and therefore, it enables us to estimate the
function of interest without bias. However, it turns out that the model in differences
appears as an additive function with the same functional form at different times. This
is why, the proposals to estimate this type of models are closely related to estimation
techniques originally designed for additive models. After taking differences with respect
to the first observation in time, in Henderson et al.| (2008)) it is developed an iterative pro-
cedure based on a profile likelihood approach. In [Mammen et al. (2009) it is proposed a
smooth backfitting algorithm, although the specification of the model is slightly different.

Recently, in [Su and Lu| (2013) the unknown function is estimated as a solution of a second
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order Friedholm integral equation. In their approach they take first differences and they
allow for lagged endogenous regressors as explanatory variables. However, these proce-
dures are not very appealing since they are computationally intensive. In view of these
results, in Chapter 2 it is presented a direct estimation strategy that is based on a local
linear regression for a first-differences model. Afterwards, it is proposed to combine this
strategy with a one-step backfitting algorithm. The resulting two-step estimator achieves
an optimal rate of convergence and it is shown to be oracle efficient. Unfortunately, due
to the first differences, the asymptotic properties of the estimator depend on some strong
assumptions on the error term. For example, as in the fully parametric setting it is as-
sumed that the error term exhibits a random walk structure; see Wooldridge, (2003) for
more details. This is an important drawback because in many situations it is natural to

assume either i.7.d. or stationary errors.

In this chapter, we present an estimation procedure that uses the deviation from the mean
transformation. The advantage of this transformation against others is that, as in the
fully parametric setting, we obtain standard asymptotic properties of the nonparametric
estimators under i.i.d. assumptions on the idiosyncratic error terms. The estimator is
based on applying a local approximation on the T additive functions that result from
the deviation to the mean transformation, where 7' is the number of time observations
per individual. Note that all asymptotic properties are obtained as N, the number of
individuals tends to infinity and keeping T fixed. The use of standard local approximation
techniques in this context rends a non-negligible bias in the estimation of the additive
components. This is because these techniques approximate the unknown function around
a fixed value without considering the sum of the distances between this fixed term and
the other values of the sample. In order to cope with this problem, we have to consider
a local approximation around the whole vector of time observations for each individual.
Unfortunately, the well-known trade-off between bias and variance term appears and,
although the introduction of a kernel function of T dimension drops the bias out, it
enlarges the variance. Using the same idea as in Chapter 2, we propose to use a one-
step backfitting algorithm. The idea, as already pointed out in Fan and Zhang (1999)),
is that additional smoothing cannot reduce the bias but it can diminish the variance.

Therefore, the additional smoothing that is introduced by the backfitting enables us to
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achieve optimal nonparametric rates of convergence for the estimators of the unknown
functions of interest. Furthermore, we also show that the resulting estimators are oracle

efficient.

The rest of the chapter is organized as follows. In Section we set up the model and the
estimation procedure. In Section we generalize the direct local linear estimator to the
multivariate case and we study its asymptotic properties. In Section we show how to
apply the backfitting algorithm and we obtain the asymptotic properties for this two-step
estimator. In Section we perform a Monte Carlo simulation to analyze the behavior
in small sample sizes of both estimators. Finally, Section concludes the chapter. The

proofs of the main results are collected in the Appendix 2.

3.2 Statistical model and estimation procedure

To illustrate the estimation procedure proposed in this chapter we first focus on the uni-
variate regression model and later we extend the results to the multivariate case. Consider
the linear panel data model, where the dimensions of X and Z are respectively d = 1 and
q=1,

Yie = Xaom (Ziyg) + i + v, i=1,--- N 5 t=1,--- T. (3.1)

LetY,; =771 ZST:1 Yis and 7;. = T~! ZST:1 vis. Taking differences from the mean in 1)
we obtain

_ 1 _ .
Yi—Y, = itm(Zit)_fZXism(Zis)‘FfUit_Ui-a 221,-",N ; tzl,-",T.

s=1
(3.2)

In this case, for any z € A, where A is a compact subset in a non-empty interior of IR one

has the following Taylor expansion

T T T
Xitm (Zit) — %;Xism (Zis) = (Xit - ;;Xis> m(z) + | Xie (Zie — 2) -7 ; is (Zis — :| )| m'(2)
1 1 & 1 -
+§ Xzf (Zzt Z) - ? ;Xze (Zve 2)2 m/l(z) + + *' th it Z T Z is :| m(p)(z)
= ,, B | Xit (Zir — 2)* — L ixw (Zis z))‘] (3.3)
A=0 r s=1
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This suggests that we estimate m(z), m/(z),---,m®(z) by regressing Yj; — Y;. on the
terms X (Zix — z)’\ — % Zle Xis (Zis — z))‘, for A\ =1,---,p, with kernel weights. Then,

the quantities of interest can be estimated using a locally weighted linear regression,

2
1
Xit (Zit — 2) — T ZXz's (Zis — Z)])
18
XKy (Zin — 2, , Zir — 2); (3.4)

T
Z (Yn - Bo (Xit - % ZXis> - 51
s=1

i=1 t=1

see Fan and Gijbels| (1995b), Ruppert and Wand| (1994)) or Zhan-Qian (1996|). A is a band-
width and K is the product of univariate kernels such as K (u1, ug, - -, ur) = [[1ey K (ue),

for uy being the fth component of u. Also, for each one it holds

/K(u)du =1 and Kp(u) = %K (u/h).

Let 30 and 31 be the minimizers of 1} The above exposition suggests as estimators for

m(z) and m/(z), mp(z) = By and my(z) = B, respectively. Furthermore, let us denote by

Yi=Yy—-Yi, Xit =Xp—X;, 8= (Bo 51)T and

T
ZI = <Xit Xit (Zig —2) —T7! ZXi (Zis — z)) )

s=1

Then, the criterion function (3.4)) can be rewritten as

N T .. ~ 2 T
>0 (Yit - Zz‘IB) [ Kn (Zie - 2), (3.5)
=1

=1 t=1

and 30 and 31 have the following expression

. -1
?\0 = (Z H Kn(Ziy — 2) thg> Z H Ky (Zi — 2) ZVa. (3.6)
[ [

b1 it it

Note that in (3.4) or (3.5) it would have been usual to introduce a kernel function
around Z;. By doing so, the distance between z and any of the terms of the sample

Zity 5 Zit—1)s Zi(t+1), " * - » Zir cannot be controlled by a fixed bandwidth and thus the
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transformed reminder terms cannot be negligible. The consequence of all that is a non-
negligible asymptotic bias. Here, we propose to introduce a multivariate kernel function
around the vector of values Z;1,---, Z;7. This modified version of a local linear regres-
sion, as it will be shown later, solves the problem of the bias but it considerably enlarges
the variance. More precisely, under rather standard conditions in the next section we
show that, asymptotically, the bias term is of order O (h2) but the variance is of order
0] (1 /N ThT). As the reader may notice, this bound for the variance is rather large. In
order to reduce the variance term but keeping the bias of the same order we propose to

add to both terms in 1) the average term % > s Xism (Z;s) and denote by

T
fe e 1
w=Yat > Xim (Zis) . (3.7)

s=1

Therefore, combining (3.2]) and (3.7) we obtain

Y= Xum (Zy) + vy, i=1,---,N ; t=1,---,T, (3.8)
where U = vy — %Zt v;¢. Note that equation already shows a low dimensional
problem where m (-) could be estimated by a standard nonparametric regression method.
Unfortunately, the functions m (Z;1),---,m (Z;7) are not observed and the standard lo-
cally weighted least-squares procedure would generate unfeasible estimators. To overcome
this situation, we propose to replace in the m (Z;s) by their corresponding estima-

tors, mp, (Zis), in 1) Let YZIZ =Y, +7T! ZST:1 Xismp (Zis) be, the regression problem

becomes

Yh=Xym (Zy)+ %, i=1,---,N ; t=1,---,T, (3.9)

where the composed error term is of the form

1
b
UVig =

N

T
> Xis (M (Zis) = m (Zis)) + it
s=1
The quantities of interest can be obtained by minimizing the following criterion function

(2

N T
.. 2
> (V= 20X =Xt (Zi = 2)) K (Zie = 2). (3.10)
=1 t=1
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where 7 is the bandwidth of this stage. We denote by 7y and 71 the minimizers of 1'
As previously, we propose as estimators for m(-) and m/(-), m; () = 5o and TTL%(Z) =71,
respectively,

-1
"o =b Sho
— (Z K7 (Zy — 2) thZf’J> > K (Zu - 2) ZhY3, (3.11)
it it

4!

where Zith = (Xt X (Zi — 2)) is a 2 x 1-dimensional vector.

3.3 Local linear estimator: asymptotic properties

In this section we extend the above results for the case (d # q # 1). Furthermore, we give
the asymptotic expressions for the bias and the variance and we calculate the asymptotic

distribution of the local linear regression estimator. Let us consider the multivariate

version of (3.5)),

T
Z(Y}t*Z; )ZHKH (Zie — 2), (3.12)
=1

i=1 t=1

where in this case 8 = (8] ,B]—)T is a d(14¢q) x 1 vector and we denote by Z; a

1 x d (1 + gq) dimensional vector of the form
~ .. T
7} = (X; Xif @ (Zn—2) =T XL ®(Zis — z)T> .
s=1

Let H be a ¢ X q symmetric positive definite bandwidth matrix, K is the product of

g-variate kernels such that for each u it holds

/K(u)du =1 and Kpg(u) = |HTV2K (H_I/QU) .

Let us denote by B the minimizer of 1} and assuming ZTWZ is nonsingular, the

solution of (3.12) can be written as
B Nl
fo) _ (ZTWZ> 2wy, (3.13)
o)1
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where Y = (Yll, i ,YNT) is a NT x 1 vector while

T T-1
W = b]ockdiag <KH(Zi1 — Z) H KH(ZM — Z), . 7KH(Z7;T — Z) H KH(ZM — Z))
=2 /=1

and

X X e@Zn-2 -1l XL e (Zis—2)"

Xir Xjr®nr—2)" —T' S X © (Zns—2)"

are NT x NT and NT x d (1 + q) dimensional matrix, respectively.

Then, (3.12) and (3.13)) suggest as estimators for m(z) and Dy, (z) = dm(z)/0z, m (z; H) =
B\o and vec(ﬁm (z;H)) = 31, respectively. In particular, the local weighted linear least-

squares estimator of m(z) is defined as

~ ~ ~\ —1 ~ .
Mz H)=Fo=el (ZTwz) 72wy, (3.14)

where €1 = (I4:04gxq) is a d (1 + q) x d selection matrix, I; is a d x d identity matrix and

Odgxd & dg x d matrix of zeros.

Once the estimator in its closed form is defined, let us consider the assumptions required
to obtain its asymptotic properties. Consider the data generating process defined in ([3.1)).

Furthermore, we assume

Assumption 3.1 Let (Y, Xy, Zit)i:l,--- Nit=1 T be a set of independent and identically
distributed IR 4-random variables in the subscript i for each fixed t and strictly sta-

tionary over t for fized i.
Assumption 3.2 The random errors vy are independent and identically distributed, with
zero mean and homoscedastic variance, o2 < oo. They are also independent of X;; and

Zit for alli and t. In addition, E |vy|**°, for some § > 0.

Assumption 3.3 The unobserved cross-sectional effect, p;, can be arbitrarily correlated

with both Xy and/or Zy with an unknown correlation structure.
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Assumption is standard in panel data analysis. We could consider other settings of
time-dependence such as strong mixing conditions (as in|Cai and Li| (2008))) or nonstation-
ary time series (as in |Cai et al. (2009)). However, since in this chapter we investigate the
asymptotic properties of the estimators as N tends to infinity and 7 is fixed it is enough to
assume stationarity. Assumption is also standard for the conventional transformation
in deviation from the mean; see Wooldridge (2003)) or Hsiao (2003) for the fully parametric
case. It also rules out the presence of lagged endogenous variables. Independence between
the idiosyncratic error term and the covariates X;; and/or Z;; is assumed without loss of
generality although it can be relaxed assuming some dependence in higher order moments.

Finally, Assumption imposes the so-called fixed effects.

Let X = (Xq1,-+ , Xnr) and Z = (Z11,- - , Zn7) the observed covariates sample vectors,

we also need to impose the following additional assumptions about moments and densities,

Assumption 3.4 Let fz,, () be the probability density function of Z, fort=1,---,T.
All density functions are continuously differentiable in all their arguments and they are

bounded from above and below in any point of their support.

Assumption 3.5 The function E {thXlﬂZzl = z1, -, Zyp = 27| is definite positive for

any interior point of (21, 22, -+, 2) in the support of fz,, ... 7., (z1,22,--+ , 27).

Assumption 3.6 Let ||A| = \/tr (ATA), then E [|| XuX;|*|Zin = 21, , Zir = 27] is
bounded and uniformly continuous in its support. Furthermore, the matriz functions
E [XitXi—g|Zi1 =21, i = ZT] and E [XitX;|Zi1 =21, i = ZT} , fort = s and

t # s, are bounded and uniformly continuous in their support.

Assumption 3.7 Let z an interior point in the support of fz,,. All second-order deriva-

tives of my(-), ma(:),- -+ ,mgq(:) are bounded and uniformly continuous.

Assumption 3.8 The g-variate Kernel functions K are compactly supported, bounded
kernel such that [uu" K (u)du = ps(K)I and [ K?*(u)du = R(K), where ua(K) # 0 and

R(K) # 0 are scalars and I is the ¢ x q identity matriz. In addition, all odd-order moments
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of K vanish, that is [uf" - -~quK(u)du = 0, for all nonnegative integers 11,--- ,14 such

that their sum s odd.

Assumption 3.9 The bandwidth matrix H is symmetric and strictly definite positive.

Furthermore, each entry of the matrix tends to zero as N — oo in such a way that

N|H| — oc.
Assumption 3.10 For some d > 0, the functions E [[Xitvit]%“‘s |Zin =21, , Zir = zT} ,
E (| Xisvit|*™|Ziv = 21, -+, Zir = 2], and E [|Xitvit|2+6’Zil =z, Zir = ZT] are

bounded and uniformly continuous in any point of their support.

This second set of assumptions is more directly related to nonparametric statistics lit-
erature. They are basically smoothness and boundedness conditions. Assumption
imposes smoothness conditions in the probability density function of Zy, fort =1,--- | T.
Furthermore, Assumptions [3.5H3.6| are smoothness conditions on moment functionals.
Assumptions are standard in the literature of local linear regression where, in
particular, Assumption contains a standard bandwidth condition for smoothing tech-
niques. Finally, Assumption is required to show that the Lyapunov conditions hold

for the Central Limit Theorem.

Under these assumptions we obtain the following asymptotic expressions for the condi-
tional bias and conditional variance-covariance matrix of the local weighted linear least-

squares estimator,

Theorem 3.1 Assume conditions and [34H3-9 hold, then as N — oo and T is

fixed we obtain

Elm (z H) X, Z] —m(z)

T
1 1
- 58)-{3& (2, ,2) <M2(KuT)BXtXt (2, ,2) — Zlug (Ku.) By x. (2, ’Z)>

xdiaga(tr(Hm, (2)H))iq + op (tr(H))

N

and

‘75 ngl R (Kue) -1

Var ( (2 H) X, 2) T B, o) (L op(1),
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where T is any index between 1 and T,

BXtXt (27"' ,Z) = E[Xlth—“le =z, aZiT:Z] onf",ZiT (Zv"' ,Z),
BX'tXS (27 7Z) = E[XitXi—HZil:Zv“' 7ZiT:Z] sz‘h"',Zz‘T (Z?"' ,Z),
BXtXt (Zv ,Z) = E|:thXZ—1I§—|Z7,1 =z, 7ZiT:Z] fZil,m,ZiT (Za"' az)a

diagy (tr(Hm, (2)H)) stands for a diagonal matriz of elements tr(Hp,, (2)H), for r =
1,---,d, where Hy, (2) is the Hessian matriz of the rth component of m(-). Finally,

we denote by 1q s a d X 1 unit vector.

The proof of this result is done in the Appendix 2.

This theorem shows that m (z; H) is, conditionally on the sample, a consistent estimator
of m(z). Furthermore, as it was already remarked in the previous section, although the
bias shows the standard order of magnitude for such problems, the variance shows an
asymptotic expression that is larger than the expected in this type of problems. In order
to achieve an optimal rate of convergence, the variance term must be of order 1/NT|H|/?
whereas our result shows a bound of order 1/NT|H|T/2. Just to clarify the asymptotic

behavior of the estimator we show its properties for the univariate case, d = ¢ = 1 and

H =R,

Corollary 3.1 Assume conditions hold, then if h — 0 in such a way that Nh?> —

oo as N tends to infinity and T is fized we obtain

Bl (2 H) X, Z] — m(z) = %c (2, 2) m"(2)h2 + 0p (h2)

where
c(z,z2)
po (K, ) E [XitXit|Zi1 =2z, Lir = Z} -7 23:1 po (Ky,) B {XitXis|Zi1 =2z, LT = Z}
FE |:X12t|211 =2y 7ZiT = Z:|
Furthermore, if po (Ky,) = -+ = p2 (Kyuy) = p2 (Ky,) = po (K) then the bias term has

the following expression

Bl (2 H) |X,Z] — m(z) = %,ug(K)m"(z)hQ +op (12)
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whereas if R(Ky,) =+ = R(Ky,) = R(K) the variance-covariance matrix is

Var (m(z;H) |X,Z)
_ olR (K)"
NTthZih..A,ZiT (Z, s ,Z) FE |:X12t‘Zzl =z, ,ZiT =z

(14 0p(1)).

As a tool to construct asymptotic confidence bands we give also a result that provides the

asymptotic distribution of the estimator.

Theorem 3.2 Assume conditions 3.1 and 3.10) hold, then as N — oo and T is

fized we obtain
VNTIH[T2 (0 (2 H) — m (2)) 2 N (b(=),0(2))

where

bz) = swalKu)diagy (tr (Hmr<z>H\/NT\HrT/2)) "

v(z) = o?R(K)T Bile (20 2).

The proof of this result is shown in the Appendix 2.

We can compare the results obtained here with those obtained in Chapter 2 for the first
differences case. As expected, for both estimators the bias term presents the same linear
dependence in the trace of the bandwidth matrix H. However, the variance term differs
from one to the other estimator. In the first differences case, see Theorem [2.1]of Chapter 2,
up to a constant, the variance term exhibits a dependence from the bandwidth matrix H of
order 1/NT|H| whereas in our case it is of order 1/NT|H|"/2. That is, the ratio between
the first differences and the deviances from the mean estimators is of order |H|(T=2)/2,
For T = 2, the estimators show the same rate of convergence. This is clearly expected.
For T' > 2, the first-differences estimator under the conditions established above shows
a faster rate of convergence for the variance terms as far as the diagonal elements of the
bandwidth matrix H tend to zero. This was also expected because the dimensionality of

the kernel used in the local linear regression procedure is different in both cases.

Now we show the asymptotic optimality of the first-step backfitting algorithm that is
obtained in Section [3.2
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3.4 The backfitting estimator

In the regression model expressed in differences from the mean, by using of a local linear
regression approach with a high dimensional kernel weight we can consistently estimate the
function of interest but at the price of achieving a slow rate of convergence. However, as it
is noted in Section we can solve this problem turning to an alternative procedure that
allows us to cancel asymptotically all additive terms of the function of interest expected

in the model.
Considering the multivariate version of (3.9) and let

where

ZXT (M (Zis) — m (Zis)) + iz

The quantities of interest in (3.15) can be estimated by minimizing the following locally

weighted linear regression

N T )
ZZ( Zit ’Y) Ky (Ziw — 2), (3.16)

=1 t=1

where H is a q X q symmetric positive definite bandwidth matrix, v = (7(;r 'y;r )T is a

d (14 q) x 1 vector and ZthT (Xit X ®(Zyu—2)")isalx(1+q) vector.

Furthermore, let ¥ = (3, 7{ )" be the minimizer of (3.16)). As estimators for m(z) and

Do (2) = Om(2)/0z, we suggest m(z, H) = 7 and vec(Dy(z; H)) = 31, respectively, i.e.,
. - N1 ~ .
iz H) =70 = e] (Z”szb) 25 Twhye, (3.17)

where Y* = (Y}, --,Y%s) is a NT x 1 vector and W and Z" are NT x NT and

NT x d(1+ q) dimensional matrix, respectively, of the form
Wb = diag (Kﬁ (Z11—2),-++ Kz (ZnT — Z))

and

X, X[ Zi-2)"

XAy Xjr® (Znr— 2)"
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We now study the asymptotic behavior of the so-called backfitting estimator. At this stage
we need the results shown in Theorem to hold uniformly in z. In order to do so, we
can rely on the well-known results in Masry| (1996)). In fact, some of the conditions already
enounced in Section are sufficient to show the uniform rates for m(z; H). However,
we need some additional assumptions that relate the bandwidths of both m (z; H) and

m(z; H).

Assumption 3.11 The bandwidth matrix H is symmetric and strictly definite positive.
Furthermore, each entry of the matrixz tends to zero as N tends to infinity in such a way

that N|H| — oo.

Assumption 3.12 The bandwidth matrices H and H must fulfill that, as N tends to
infinity, N |H||H|/log(N) — oo, and tr (H) /tr(H) — 0.

Then, under these assumptions we obtain the following asymptotic expressions for the

conditional bias and conditional variance-covariance matrix of m(z; H).

Theorem 3.3 Assume conditions and hold, then as N — oo

and T remains to be fized we obtain

E iz )X, 2] = m(z) = %m (K) diagy (tr(Hon, (2)H) ) 2a + o, (tr(H))
and
UgR(K) -1

Var (s X.2) = Lo mBRn ()Bx, 5, (B x, () (1+ 0p(D)

where diagy <tr(7—lmr(z)fi:)> stands for a diagonal matriz of elements tr(Hm, (2)H), for

r=1,---,d and 1q s a d X 1 unit vector.

The proof of this result is done in the Appendix 2.

On one hand, we realize that the bias term is influenced by the amount of smoothing,
H, as well as the curvature of m(z) at z in a particular direction, measured through each

entry of H,,(2). In this way, we can guess that this estimator exhibits a higher conditional
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bias when there is a higher curvature and more smoothing. On the other hand, from
the standpoint of the conditional variance we can see that it is a bit different from the
corresponding for the standard case. In particular, it will be increased when the smoothing
is lower and sparse data near z but now also depends on the time-demeaned covariates
B %% (z). Regardless, it is proved that the estimation procedure developed in this chapter
provides a nonparametric estimator in which the variance-covariance matrix of all its
components is asymptotically the same as if we would know the rest of components of the

mean deviation transformed expression, the so-called oracle efficiency property.

3.5 Monte Carlo simulations

In this section, Monte Carlo simulations are carried out in order to verify our theoretical
results. Furthermore, we analyze the small sample size behavior of our estimator under

the statistical setting analyzed in the previous sections.

As it is well-known, the mean squared error (MSE) is a suitable measure of the estimation
accuracy of the proposed estimators. Thus, let us denote by ¢ as the pth replication and

() as the number of replications,

Q d 2
MSE (i (z; H)) = 22 Y E (Z (Mer (23 H) — mer(2)) AXz't,w> ;
e=1

r=1

which can be approximated by the averaged mean squared error (AMSE) such as
1 Q8 4 N T /4 2
AMSE (m (Z, H)) = @ ; ﬁ ; t_zl (; (mcpr (Z, H) - mcpr(z)) AXit,cpr) .

Observations are generated from the following varying coefficient panel data model of

unknown form

Et:X(;Etm(Zqzt)—i_,u’z—i_vlh Z:la7N ) t:177T7 d7q:1727
where Xg;; and Zg;; are random variables generated such that Xg; = O.5Xdl-(t_1) + & and
Zgit = Wyit +Wg;(t—1), Where wg;; is an 4.7.d. uniformly distributed [0, I1/2] random variable

and & an 4.i.d.N (0, 1). Furthermore, v;; is an 4.i.d.N (0, 1) random variable and m (-) is

a pre-specified function to be estimated.
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With the aim of verifying the theoretical results in Sections [3.3] and [3.4] we consider three

different cases

(1) Y = Xuemi (Ziie) + p1i + vie,
(2) Yie = Xuema (Zuie, Zoit) + p2i + vie,

(3) Yi = Xumi(Zii) + Xowmeo (Zait) + pii + vit,

where the chosen functionals form are mj (Z1) = sin (Z144 * I1), mgo (Z2it) = exp (_2221'75)»

and my (Z1i4, Zoi) = sin (& (Ziip + Zow) * 11).

In addition, we experiment with two specifications for the individual heterogeneity

a. p1; depends on Zy;;, where the dependence is imposed by generating p1; = coZ14, +u;

fori =2,---,N and 71@'. =71 Z;:l it

b. po; depends on Zi;, Zoi through po; = coZ; + w; for i = 2,--- N and Z; =
% (?u. + 721’.),

where in both cases w; is an ¢.4.d.N (0,1) random variable and ¢y = 0.5 controls the

correlation between the fixed effects and some of the regressors of the model.

In the experiment we use 1000 Monte Carlo replications. The number of time obser-
vations T is set up to three, while the number of cross-sections N is either 50, 100 or
200. The Gaussian kernel has been used and the bandwidth is chosen as H = hI , and

h =5, (NT)"'/?, where 7. is the sample standard deviation of {Zqit}iv:’{tzl.

The simulations results that we report in the following tables are based on the AMSE.

Table 3.1. Fixed effects estimators. AMSE for d =1 and ¢ =1

Local polynomial Backfitting

estimator estimator
N =50 0.40494 0.16476
T=3 N =100 0.21256 0.10741
N = 150 0.14272 0.07520
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Table 3.2. Fixed effects estimators. AMSE for d =1 and ¢ = 2

Local polynomial Backfitting

estimator estimator
N =50 2.46715 0.76366
T=3 N =100 2.28708 0.50700
N = 150 1.82741 0.38136

Table 3.3. Fixed effects estimators. AMSE for d =2 and ¢ =1

Local polynomial Backfitting

estimator estimator
N =50 0.84175 0.34369
T=3 N =100 0.54485 0.21006
N =150 0.33999 0.135574

The results from the simulation show some expected outcomes. Mainly, if we analyze
the behavior of the first-step estimator, we realize that the AMSE increases when the
dimensionality of Z goes from one to two, as expected. This does not happen if we let
the dimension of X become larger. This is the course of dimensionality. Furthermore, the
rate of decay, as N tends to infinity, is also much slower when ¢ = 2 (Table than when
q = 1, Tables and However, for this first-step estimator, some unexpected results
in small sample sizes occur. According to the theoretical results, the rate of convergence of
the first-step estimator should not depend on the dimension of the X covariates. However,
if we compare Table against Table we do not conclude the same. There seem to
be an effect in the rate of convergence of the AMSE, although this effect is much weaker

than in the case ¢ > 1.

With respect to the backfitting estimator, the results fully confirm the theoretical findings.
As we can see, in all cases the AMSE of the backfitting algorithm is smaller than the
correspondent AMSE for the first-step estimator. Furthermore, the rate at which the

backfitting estimator decays is faster than in the first step estimator.
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3.6 Conclusions

In this chapter, we consider the estimation of a panel data model where the heterogeneity
term is arbitrarily correlated with the covariates and the coefficients are unknown functions
of some explanatory variables. The estimator is based in a deviation from the mean
transformation of the regression model and then a local linear regression is applied to
estimate the unknown varying coefficient functions. It turns out that the standard use of
this technique rends a non-negligible asymptotic bias. In order to avoid it, we introduce
a high dimensional kernel weight in the estimation procedure. As a consequence, the
resulting estimator shows a bias that asymptotically tends to zero at usual nonparametric
rates. However, the variance is enlarged, and therefore the estimator shows a very slow
rate of convergence. In order to achieve the optimal rate, we propose a one-step backfitting
algorithm. The resulting two-step estimator is shown to be asymptotically normal and its
rate of convergence is optimal within its class of smoothness functions. Furthermore, the
estimator is oracle efficient. Finally, we show some Monte Carlo results that confirm the

theoretical findings.
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Chapter 4

Differencing techniques in
nonparametric panel data varying
coefficient models with fixed

effects: a Monte Carlo analysis

4.1 Introduction

In the previous chapters some new techniques for the estimation of semi-parametric varying
coefficient panel data models with fixed effects have been proposed. These new techniques
fall within the class of the so-called differencing estimators and enable us to obtain con-
sistent estimators of the unknown objective functions. Under fairly general conditions,
we have previously shown the asymptotic properties of the proposed estimators, first-
differences and fixed effects. In a fully parametric context, it is well-known that under
strict exogeneity assumptions the behavior of the differencing estimators depends on the
stochastic structure of the random error term; see Wooldridge (2003). In order to prove
whether this statement holds for nonparametric estimators, in this chapter a comparative

analysis on the behavior of these nonparametric estimators in finite samples is performed.

As we have already stated, a panel data varying coefficient model where some regression
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coefficients are allowed to be varying depending on some exogenous continuous variables

is of the form

th:X;trm(th)+ul+vltu 22177N ) t:]-)aT) (41)
where X;; and Z;; are d x 1 and ¢ x 1 vector of covariates, respectively, m(Z) is a d x 1
vector of smooth functions to estimate, u; the unobserved individual heterogeneity and
v the random disturbances.

In order to avoid the statistical dependence problem between p; and X;;/Z;;, in Chapters
2 and 3 we propose to remove the unobserved cross-sectional heterogeneity through dif-

ferencing transformations. The most popular are first differences and differences from the

mean. In the first case, the model to analyze is

3

mt_Y;l(tfl) :X—trm(Z’L )_XiT(tfl)m (Zi(tfl)) +’U7ﬂt_vi(t71)a 1= 1) aN 5 t:2a 7T7

whereas the deviation from the mean transformation of the regression model implies

T T T
1 . 1 - 1 _
nt_f‘;:l}/is:Xitm(Zit)_T;::LXism(Zis)_'—vit_T;:lvisa 2217"'aN ’ t:1a7T

However, as it is emphasized in |Su and Ullah| (2011)), direct application of nonparametric
regression techniques to estimate the unknown function of interest in either or
is a cumbersome task since it is necessary to consider m(-) as an additive function whose
elements share the same functional form. To overcome this situation, in Chapters 2 and
3 we propose direct strategies that provide consistent estimators of m(-), either in first
differences or differences from the mean regression equation. In particular, their core idea
is to approximate locally the additive function of either X, m(Z;) — X;(—t_l)m(Zi(t_l)) or

Xjim(Zy) —T7! 2321 X,lm(Z;s) and its derivatives through a Taylor series expansion.

Nevertheless, although these new estimation strategies enable us to solve the non-negligible
asymptotic bias resulting from the direct application of standard nonparametric regres-
sion techniques to panel data models in differences, they exhibit the standard dilemma
of the nonparametric estimates. In other words, any attempt to hold back the bias is

offset by an increase of the variance term and therefore the resulting estimators achieve
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a suboptimal rate of convergence. Because the proposed first-differences and fixed effects
estimator present this feature, in Chapters 2 and 3 we propose to ameliorate the variance
term exploding the additive structure of the regression model by combining the previous
procedure with a one-step backfitting algorithm. In this way, and as it is emphasized in
Fan and Zhang (1999), an additional smoothing can reduce the variance without affecting
the asymptotic order of the bias so the resulting estimators achieve the optimal rate of

convergence of this type of problems, i.e., NT|H|'/2.

Since these two backfitting estimators are asymptotically equivalent, up to some different
constants, it is interesting to analyze their behavior in small sample sizes. In a fully
parametric context, and under strict exogeneity assumptions, the stochastic structure of
v;’s is the determinant of the performance of the estimator. However, in the nonparametric
setting, apart from the previous issues other factors such as dimension of ¢ and sizes of T',
and more importantly N, are of great interest. In particular, in this chapter we would be
interested in learning whether, for different values of ¢ and NV, the fixed effects estimator
is more efficient than the first-differences estimator when v;;’s are serially correlated. Or
whether, the opposite holds when the errors follow a random walk. The last results are
rather standard in fully parametric settings. However, we would like to know whether this
behavior, in terms of the empirical AMSE, is affected by the curse of dimensionality as
in nonparametric frameworks. Finally, as the sample size increases one might expect that

both estimators become equal in terms of the asymptotic rates of convergence.

The rest of the chapter is organized as follows. In Section [£.2] we review the local linear
estimation procedures for both differencing estimators that we propose in the previous
chapters. We also analyze their main asymptotic properties. In Section we review
the one-step backfitting algorithm of both estimators that allow them to achieve asymp-
totically optimal rates. In Section [4.4] we compare the estimators considered via a Monte

Carlo simulation. Finally, we conclude in Section [4.5

4.2 Local linear estimation procedure

In this section, we compare both local linear regression procedures proposed in Chapters 2

and 3. To illustrate these estimation procedures, we first focus on the univariate regression
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model and later we extend the results to the multivariate case.

Consider the first differences transformation in (4.2)) with d = ¢ = 1, for any z € A,
where A is a compact subsect in a nonempty interior of IR, one has the following Taylor
expansion
Xam (Zy) — Xig—ym (Zig—1)) ~ m(2)AXy +m/(2) [ Xt (Zie — 2) — Xig—1ym (Zig—1)) |
1 2
+ 3 [Xi (Zis — 2)° — Xig-1y (Zig—1) — 2) ]

1
+ - Hm(p) (Z) [Xz (Zzt — Z)p — Xi(t—l) (Zi(t—l) — Z)p]

p
ZBFA [Xit (Zip — 2)* — Xig-1) (Zigg—1) — Z)/\] - (44)
A=0

Similarly, for the deviation from the mean regression in (4.3)), one has the following

1 T

Xt (Ziu—2) = > Xim (Zis) | m(2)

T T
1 1
Xiom (Zir) — T E Xism (Zis) = (X't -7 E Xis) m(z) +
s=1 s=1

T T
L 2 _ 1 2 " L ) p_ 1 ) ) p (»)
+ g | X (Zie—2) —f;Xis(Zis—Z) ] m (Z)+~~~+H Xit (Zin — 2) _T;Xzs(zzs_z) m"(z)
P 1 T
— A A
= Az:%ﬁwA Xit(Zu—2)" = % ;X (Zis — 2) ] . (4.5)

Both expressions (4.4) and suggest that we estimate m(z),m’(z),---,m®P)(z) by
regressing, respectively, AYj; on the terms X (Z; — z)/\ — Xit-1) (Zi(t,l) — z)/\ and Y; =
Y — % Zzzl Yis on Xy (Zi — z)’\ — % Zstl Xis (Zis — z))‘, for A\=1,---,p, with different
kernel weights. Thus, the quantities of interest in both cases can be estimated using locally

weighted linear regression; see Fan and Gijbels| (1995b).

For (4.4]), that means to solve

N T
Z (AYy — Br,AXy — Br, [Xi (Zi — 2) — Xi41) (Zig—1) — 2)])
=1 =1

X Kp (Zit — 2) Kn (Zig—1) — 2) (4.6)

2

whereas for (4.5)) we have

N i L I 1 I 2
Z:Z:(xfit—ﬂwo <Xit—T21Xis> — By | Xit (Z; —z)—lexi (Z; —z)D
=1 t= s= s=

XKp(Zin — 2, , Zir — 2), (4.7)
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where h is a bandwidth and K is an univariate kernel such that

/ Kwdu=1  and  Kyu)= %K (u/h).

Let us denote by Bpo and Bpl the minimizers of 1) and BwO and Bwl the corresponding
of (4.7). The above exposition suggests as estimators for m(-) and m/(-), iy (z) = 3 F, and
mh(z) = Epl, respectively. Meanwhile, the estimators for the deviation from the mean

regression are my(z) = Ewo and m}, (z) = Bwl, respectively.

Note that with the aim of avoiding the non-negligible asymptotic bias, in we pro-
pose a bivariate kernel that enables us to consider a local approximation around the pair
(Zit, Zi(t_l)), not only around Z;; as it is usual. Consequently, the distance between Z;,
(for s # t) and z is considered for estimates so that the transformed remainder terms are
negligible. The same can be said for . Although there, the non-degenerated bias must
be removed by considering a local approximation around the 7' x 1 vector (Z;1,- - , ZiT).
Note that the difference in the local approximation makes a substantial difference in terms
of the asymptotic variance in both estimators. In fact, in Theorems [2.2] and [3.2]it is shown
that under similar conditions the order of the bias for the univariate case will be the same,
O(h?), but the variance is for T' > 1 rather different. For the first-differences estimator the

variance is of order O(1/NTh?), whereas for the other estimator is of order O(1/NThT).

For d # q # 1, the estimators have the following form. Denote by B\F = (B:EO @1) a
d(1 + g)-vector that minimizes (4.6 in the multivariate case, that is

2
Z Z (AYit — AX;i Br, — [ X ® (Zi — 2) — Xit—1) ® (Zigg—1) — Z)}T 5F1)

=1 t=1
xKpg (Zy — 2) Ky (Zig—1) — 2) (4.8)

where H is a ¢ X g symmetric positive definite bandwidth matrix and K is a g¢-variate

kernel.

Let D(z) = vec(Dp,(2)) be a dq x q vector and D,,(z) = Om(z)/0z a d x ¢ partial
derivative matrix of the dth component of m(z) with respect to the elements of the ¢ x 1

vector z. Denote by H,(2) = Om(2)/0202" a dq x d matrix of the Hessian matrix of the
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dth component of m(z). We suggest as estimators for m(z) and Dy, (z), mp(z; H) = B\Fo
and vec(Dp, (2)(z; H)) = Br,, respectively. Assuming that EEWFEF is nonsingular, the
minimization problem (4.8]) has the following solution in matrix form

Br,

~ ~ -1
- (Z}WFZF) ZIWpAY, (4.9)
BF

where AY = (AYiy, -+, AYn7) ' is a N(T — 1) vector while Wy and Zp are N(T —1) x
N(T —1) and N(T — 1) x d(1 + q) matrix, respectively, of the form

Wi = diag (Ky (Z12—2)Kp (Zu—2),- ,Ku (Znr — 2) Ky (Znir-1) — 2))

and
AX], XL®(212—Z)T—X£|—1®(Z11 —Z)T
ZF = . :

-
AXLp Xfr® (ZnT — ) - X;(T—l) ® (ZN(Tfl) - 2)
Then, the local weighted linear least-squares estimator for m(z) is defined as

~ ~ -1 -
p (2 H) = e] (Z;WFZF) ZIWpAY, (4.10)

where €1 = (I4:04gxa) is a d(1 + q) X d selection matrix, I, is a d x d identity matrix and

Odgxd a dg x d matrix of zeros.

We focus now on the estimators of a semi-parametric panel data varying coefficient models
Buy By

o Buy) ! bead(l+ q)- vector that minimizes

in deviation from the mean. Let B, = (
the expression (4.5)) in the multivariate case, i.e.,

T

T T
Sy (v - (Xit—;zxg B —
] s=1

where now K is the product of univariate kernels such that K (uq, ug,- - ,ur) = HgTzl K (uy)
and uy is the ¢th component of u. We suggest as estimators for m(z) and D,(z),

(23 H) = B, and vec(Dy,, (z; H)) = Bu,, respectively.
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Assuming ZZ Wwa is nonsingular, the matrix form of the solution of the minimization
problem (4.11]) can be written as
Buo

~ ~ -1 < .
- (Zgwwzw) ZIW, ¥, (4.12)
Buw,

where Y = (Yu, ,}"/NT)T is a NT x lvector while W,, and Zw is a NT x NT and
NT x d(1 4 ¢) matrix, respectively, such that

T T-1
W, = blockdiag (KH (Zi1 — z)HKH (Zig—2) -+ Ky (Zir — 2) H Ky (Ziy — z)>
=2 =1

and

v T 1T T
Xy Xh®Zn-2) T X ®(Z1s - 2)
Zy = : :
v T 1T T
XgT X]—\rfT®(ZNT_z) =T 123:1X]—\53®(ZN5_Z)
The local weighted linear least-squares estimator for m(z) of a regression in deviation from

the mean is then defined as

v (2 H) = €] (ZIWwa)fl ZIW,V. (4.13)
Note that for the sake of simplicity we use the same bandwidth matrix for these two
estimators. As it is well-known in the nonparametric literature, the optimal bandwidth
matrix H can be obtained using several standard procedures such as, for example, the
residual squares criterion proposed in Fan and Gijbels (1995al). Then, for empirical ap-
plications we must not forget that although the resulting bandwidths are very close, they

are different.

Once obtained the nonparametric estimators for both a first-differences model and a re-
gression in deviation from the mean, the next step is to establish the behavior of the two
estimators in large samples. Under some standard assumptions collected in the previous
chapters, their asymptotic distributions are derived in the next theorems. Assumption
or characterizes the data-generating process for a panel data model. Assumption
or is a standard strict exogeneity condition and or imposes the so-called
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fixed effects. In addition, for conditional moments, densities and kernel functions we need

some smoothness and boundedness conditions that are collected in Assumptions

and Finally, Assumptions and are required to show that the

Lyapunov condition holds.

Let X = (Xy1, -+, Xn7) and Z = (Z11, -+ , ZnT) be the observed covariates vectors. We
denote by H,, (z) the Hessian matrix of the rth component of m(-), for r = 1,--- ,d,
whereas diagy (tr (’Hmr (z)H\/NT|H ])) stands for a diagonal matrix of elements of
tr (Hmr (z)H\/NT |H\) and 124 a d x 1 unit vector. Furthermore, R(K) = [ K?(u)du, and
7.2, (t—1) (z, z) is the probability density function of the random variable (Zm Zi(t,l)). We
denote by fz,,.... z,7(z,- -+, z) the probability density functions of (Z;1, - - - , Z;r) evaluated

at point z.

In this context, in Chapter 2 it is shown the following result for the locally weighted
least-squares first-differences estimator (4.9)),

Theorem Assume conditions hold. Then,

VNTH| (fip (. H) —m(2) — N (bp(2),vp(2)),

as N tends to infinity and T is fixed, where

be(z) = 2o (K) diagy (ix (Mo (:)H/NTTH]) ) 00
vp(2) = 202R*(K)Bxiiax (2,2)

and

Baxax (2,2) = E [AXitAX;’Zit =2, Zit-1) = 2| [24,2,4_1) (%, 7).

On the other hand, for the locally weighted least-squares fixed effects estimator (4.12), in

Chapter 3 we obtain the following asymptotic properties
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Theorem Assume conditions 3.10) hold, then as N — oo and T remains to be

fixed we obtain
UNTIH[T? (g, (2 H) —m(2)) =2 N (bu(2), vu(2)),

where

bulz) = Lpa(K)diagy <tr (%mxz)H\/NT\HT/?)) "

vw(z) = agRT(K)B;éé(z,---,z)

and

BXX (Z,-" ,Z) =F XZtX;‘Zzl =Z, " 7ZiT = Z} fZ“7...7ZiT (Z,--' ,Z).

As we have already pointed out in Theorems and the use of a higher dimensional
kernel weight enables us to solve the problem of non-negligible asymptotic bias. It pro-
vides local linear estimators with a bias term of the same order as the standard results,
O,(tr(H)). However, as it is usual in the nonparametric techniques any attempt to reduce
the bias is offset by an enlargement of the variance term. Thus, these two estimators
are consistent but exhibit a suboptimal rate of convergence. Note that the standard rate
of this type of problems is NT|H|'/2. The first-differences estimator exhibits a rate of
order NT|H| and the estimator based in differences from the mean shows a rate of order

NT|H|T/?.

4.3 One-step backfitting procedure

In this section we analyze alternative procedures to provide nonparametric estimators that
exhibit the optimal rate of convergence of such problems. Firstly, we focus on the first
differences transformation. Later, we present the corresponding estimator for a regression
in deviation from the mean. We conclude with a comparison between the asymptotic

properties of the resulting estimators.

As it is noted in |[Fan and Zhang| (1999)), the variance can be reduced by further smoothing
but the bias cannot be reduced by any kind of smoothing. Thus, in order to achieve opti-

mality we propose to combine previous estimators with a one-step backfitting algorithm.
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In this way, this estimation strategy allows us to exploit the additive structure of the

model in order to cancel asymptotically one of the two additive terms of the model.

Let mp (z; H) be the first-step local weighted linear least-squares first-differences estimator

(4.8) and define the variable AY}? such that

AYf = AYig + Xy (Zig—1y: H) (4.14)

and replace in this previous equation obtaining
AY) = X im (Zy) + AvY, i=1,---,N ; t=2--- T, (4.15)
where the composed error term has the form
Avft = X, (ﬁ@ (Zi(t—l); H) -m (Zi(t—l))) + Avy.

By the same reasoning as before, the quantities of interest of (4.15)) can be estimated as a

solution for vr to the following locally weighted linear regression

N T )
Z <AY£ — X vm = X @ (Zip—2)" ’YF1> Kz (Ziy — 2), (4.16)
=1 1=2

where H is a q X g symmetric positive definite bandwidth matrix of this step. We denote

by Yr = (7@0 %Il)T a d(1 4 ¢)-vector that minimizes the expression (4.16)).

Assuming Z%TWgZ% is a nonsingular matrix, we suggest as estimators for m(z) and

Dy (2), mp(z; H) = 3g, and vee(Dr,, (z; H)) = A, , respectively,
- - N1 ~
(= ) =3r, =) (ZEWEZE)  ZEWEAY?, (4.17)
where AY? = (AYY, -+, AYY,) |, Wh = diag (K (Zi — 2) -+, K (Znr — 2)) and
Xh Xh®Zi-2)"
-
X\ Xjr® (Znr — 2)

On the other hand, and following a similar procedure as before, we propose a backfitting

estimator for a mean deviation regression such as (4.3)). Let my, (z; H) be the first-step
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fixed effects estimator proposed in , they define Yllg Yy —T71! Z 1 X My (Zis; H)
and replace Yj; by (4.3) obtaining

Yi=Xim(Zy)+4, i=1,---,N ; t=1,---,T, (4.18)

where the error term is

T
Z w (Zis; H) —m (Zis)) + i

Denote by 7, = (7,

wo

Ya,) " the d(1 + g)-vector that minimizes the following problem
N T )

-
SO (Vi = X = Xi @ (Zin—2) ) Kg (Zin—2). (4.19)

we propose as estimator for m(z) and Dy, (2), (23 H) = Fuw, and vec(Dy,, (2, H)) = oo,

respectively, of the form

(23 H) = T, = €] (ZbTWbe> ZbT Wb, (4.20)

where Y = (Y}, -, Y} )T, Wb = diag (K (Zi1—2), -+, Kz (Znr — 2)) and
X X[®Zn-2)"
Xyr Xnr®(Znr—2)"

In order to show the asymptotic efficiency of these two backfitting estimators, we need
the sampling scheme conditions established in Assumptions or and the
smoothness and boundedness conditions already considered in Assumptions and
Furthermore, as they are obtained via a one-step backfitting algorithm we need
to ensure that both bias and variance rates of the first-step estimates, mp(z; H) and
My (2; H), are uniform. Therefore, following Masry| (1996|) we impose some assumptions

about the bandwidth H and its relationship with H. This is already considered in As-

sumptions [2.10H2.11] and [3.11}3.12]

Let diag, (tr(’HmT (2) ﬁ)) be the diagonal matrix of elements tr(Hm,, (z) H) and ig a dx 1
unit vector, in Chapter 2 obtain the following asymptotic expressions for the backfitting

first-differences estimator (4.17)),
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Theorem Assume conditions[2.1{2.8 and[2.10) holds, then, as N tends to infinity

and T is fixed we obtain

E (inp(z; H)X,Z) - m(z) = %uz (K) diag, (tx(Hon, (=) H) ) 24 + o (tr(H))
and
Var (ﬁzF(z; H)|X,Z> - m@; (2) (1 + 0p(1)),
where

Bxx (z)=FE [XitXi—HZit = Z} f2,,(2).

Under similar conditions, in Chapter 3 it is proved the following asymptotic results for

the backfitting fixed effects estimator (4.17)):

Theorem Assume conditions and hold, then as N — oo

and T remains to be fized we obtain

E(mw(z;ﬁ)|x,z) “m(z) = %,ug(K)dz’agd (tr(?—[mr(z)fl)) 1 + op(tr(H))

and

- ~ ?R(K) _
Var (mw(z;H)|X,Z) - WBX;(Z)BXX(,Z)BXX(Z) L(1+ 0p(1)),

where

Bxx(2) = E[XuX[|Zi=2|fz,(2),

By (5) = E[XuXi|Zu = 2] f2.()

With the aim of itemizing the asymptotic behavior of these two backfitting estimators,
mp(z; H) and iy, (z; H), we analyze in detail the bias and variance-covariance matrix of
Theorems [2.3] and On one hand, in both cases the conditional bias is very close to the
standard one of the local polynomial regression estimates. Thus, as each entry of H,,, . (2)
is a measure of the curvature of m(-) at z in a particular direction, we can intuitively
conclude that these estimators show a higher conditional bias as far as the unknown
function exhibits a higher curvature and more smoothness. On the other hand, regarding

to the conditional variance we observe that both estimators achieve the optimal rate of
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convergence, but they show different constants. Thus, while the first-differences estimator
exhibits a variance-covariance matrix which increases when the smoothness becomes lower
or the data becomes sparse near z, the conditional variance of the fixed effects estimator

is also influenced by the time-demeaned covariates By ;(2).

In this way, it is shown that direct estimation techniques allow obtaining estimators with
different rates of convergence that depend on the type of differencing transformation.
Meanwhile, one-step backfitting procedures provide estimators that achieve the optimal
rate of convergence for both transformations. In this situation, the rate of convergence
should not be used as an efficiency criterion between both backfitting estimators and, in

order to analyze efficiency, it is necessary to study their finite sample behavior.

4.4 Monte Carlo experiment

In this section, we conduct an extensive Monte Carlo simulation experiment with the
aim of comparing the small sample behavior of both first-differences and fixed effects
(time-demeaned) nonparametric estimators introduced in Sections and In a fully
parametric context, it is well-known that, under strict exogeneity assumptions the per-
formance of both estimators is going to depend on the stochastic structure of the wv;’s
random errors. Therefore, a first idea for our simulation would be to check whether this
behavior is also fulfilled in the nonparametric case. In order to do so, we will consider a
model like (4.1)) with three different types of idiosyncratic errors: random walk structure,

i.i.d. errors and an AR(1) process with correlation parameter equal to 0.5.

However, in the nonparametric setting, apart from the previous issues other factors such as
dimension of ¢ and sizes of T" and N, are of great interest. In particular, we are interested
in learning whether, for different values of ¢, NV and T, the results obtained for different
types of idiosyncratic errors still hold. That is, we want to investigate the average mean
square error (AMSE) behavior of our estimators when facing the course of dimensionality
problem under different specifications of the error term. Furthermore, as T becomes
larger the performance of our estimators is another issue of great interest in this context.
In particular, as it appears in Theorems[2.2]and [3.2] the asymptotic bound for the variance

term of the first-differences estimator is 1/NT|H|, whereas the corresponding term for the
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fixed effects estimator is 1/NT|H|"/2. Therefore, one might expect a different behavior
between both estimators as T increases. On the opposite, for the one-step backfitting
estimators proposed in Section the performance of both estimators should be affected
in the same direction by 7" because the asymptotic bounds for the variance are now the
same, i.e., 1/NT|H ]1/ 2. Finally, it is also of interest to check whether the performance of
the one-step backfitting estimators is, as expected, better than the corresponding for the

local linear regression estimators in small sample sizes.

In this context, we first investigate the properties in finite samples of the two local linear
regression estimators proposed in Section and make a comparison between them. Sec-
ondly, a similar comparative analysis is made for the one-step backfitting estimators that

we present in Section [4.3]
Observations are generated from the following varying coefficient panel data model

}/;t:X;;tm(Z(Iit)—i_Mqi—i_vitv Z:17 7N ; t:17 7T7 daq:1727 (421)

where Xg;; and Zg;; are random variables generated such that Xg;; = 0.5Cg; + 0.58g: (Cra
and (it are i.i.d. N(0,1)), Zgit = wqit + Wai(t—1) (w1t and wojy are i.i.d. N(0,1)) and we

consider three different cases of study:
(q=1d=1): Yie = Xvam (Z1ie) + pi + vi,
(g=2d=1): Yie = Xvam (Zuit, Zoie) + p2i + vig,

(q=1d=2): Yie = X1im (Z1i) + Xoiem (Z1ie) + pai + via,

where the chosen functional forms are mi (Z1i) = sin (Z1i * 1), ma (Z131) = exp (—Z%it),

mi (Zuit, Zait) = sin (5 (Zvie + Zair) * 10).

By treating the cross-sectional heterogeneity as the fixed effect, we allow that the indi-
vidual effects can be correlated with one or more of the covariates. In particular, the
dependence between pg; and Zg; is imposed by generating pg; = coZi +u; and Z;. =
(Tr)™1 > g=1 ST Zyit, where u; is an i.i.d. N(0,1) random variable and i = 2,--- , N.
The correlation between the fixed effects and some of the explanatory variables of the
model is controlled by ¢y = 0.5. Also, let €;; be an i.i.d. N(0,1) and vy a scalar random
variable, for each model we work with the following three different specification of the

error term:
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a) Vit = €it;
b) v follows a random walk, such as vy = 1+ v;_1) + €3

c) vy is generated as stationary AR(1) process of the form vy = pvi;—1) + €t

In each experiment we use 1000 Monte Carlo replications ). The number of period T’
is varied to be 3 and 5, whereas the number of cross-sections N takes the values 50, 100
and 150. For the calculations we use a Gaussian kernel and the bandwidth is chosen as

H= /f;I, and h = T, (NT)*1/5 where o, is the sample standard deviation of {Zqzt}l Lz

In order to state the performance of the first-differences and fixed effects estimator, we
use the mean square error (MSE) as a measure of their estimation accuracy. Thus, we

denote by the pth replication by the subscript ¢,
d 2
MSE(m Q Z E (Z (Mpr(2; H) — mgT(z))Xit,w> ,
r=1

which can be approximated by the averaged mean squared error (AMSE),

N

2
AMSE(# Z % Y <Z g (2 ) — mw(z))xit,w> |

i=1 t=1

4.4.1 Local linear estimator: simulation results

With the aim of analyzing the finite sample behavior of the two local linear regression
estimators, mp(z; H) and my,(z; H), proposed in Section the following tables summa-
rize the results of the simulation. Specifically, Tables contain the AMSE obtained
for each of the three varying coefficient specifications proposed in the simulation when the
error term is 7.7.d. Hence, in Table we show the impact of the course of dimensionality
(g = 2,d = 1), and Table shows the possible impact of a larger dimension in the
number of linear explanatory variables (¢ = 1,d = 2). In each table, we present results
for T'= 3,5 and N = 50,100,150. Note that our asymptotic results hold as N becomes
larger whereas T' is kept fixed. With the same structure, Tables [£.44.6] summarize the
results when the error term follows a random walk, whereas Tables present the

results when the idiosyncratic error term is generated as an AR(1) stationary process.
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In Tables according to our developments and standard results in fully parametric
settings, the fixed effects estimator should perform better than the first-differences one.
A quick look to these tables confirms in general our theoretical findings. Furthermore,
as expected, as N increases all AMSEs tend to zero and the rates between them are not
equal. However, we point out that, the fixed effects estimator is much sensitive to 1" than
the other estimator. As we can realize in all tables, as T" increases the relative performance
of the fixed effects estimator becomes worse. In Table for example, the relative AMSE
defined as AMSE (T%F(z,ﬁ)) JAMSE (fﬁw(z;ﬁ[)), for N = 150, goes from 4.46, for
T =3, to 3.33, for T' = 5. This effect can be explained in terms of the asymptotic bounds
of both estimators. Moreover, as it was expected from these bounds, when g = 2, in Table
we realize that the relative performance of the fixed effects estimator is even worse
when T increases. Keeping N = 150, the relative performance falls from 1.69, for T = 3,
to 0.99, for T' = 5. Finally, the results shown in Table indicate that the dimension d

of the vector of covariates X does not affect the asymptotic behavior of the estimators.

Table 4.1. AMSE for d =1 and ¢ = 1 when v;; is N.I.D.(0,1)

First-Differences Fixed Effects AMSE(mp(z; H))

estimator estimator AMSE (M, (z; ﬁ[))
N =50 0.50140 0.26676 1.87959
T=3 N =100 0.45282 0.16728 2.70696
N = 150 0.43055 0.09647 4.46304
N =50 0.43100 0.23248 1.85392
T=5 N =100 0.41523 0.16562 2.50712
N =150 0.41112 0.12333 3.33349

In Tables we show the simulation results for the random walk case. Within this
data-generating process, the first-differences estimator should show its better performance.
This is true, if we compare the AMSE of the first-differences estimator in Tables[4.1] [4.2]and
4.3] against their counterparts in Tables and In all cases, the AMSE is smaller
when the idiosyncratic errors are generated as a random walk. However, if we compare

results in Table 4.2 against Table[d.5] we point out that the course of dimensionality affects
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Table 4.2. AMSE for d = 1 and ¢ = 2 when v;; is N.I.D.(0,1)

First-Differences Fixed Effects AMSE(mp(z; H )

estimator estimator AMSE (M (z; ﬁ))
N =50 0.87609 0.71333 1.22817
T=3 N =100 0.74099 0.50743 1.46028
N =150 0.67584 0.40031 1.68829
N =50 0.58338 0.85925 0.67894
T=5 N =100 0.53208 0.64803 0.82107
N =150 0.49571 0.49681 0.99785

Table 4.3. AMSE for d =2 and ¢ = 1 when v;; is N.I.D.(0,1)

First-Differences Fixed Effects AMSE(ip(z; H))

estimator estimator AMSE (M (z; ﬁ))
N =50 0.67624 0.40464 1.66232
T=3 N =100 0.55552 0.26768 2.07531
N = 150 0.50958 0.17777 2.86651
N =50 0.52788 0.53855 0.98019
T=5 N = 100 0.48977 0.41464 1.18119
N =150 0.47359 0.27039 1.75151

negatively the performance of the first-differences estimator. On the contrary, the fixed
effects estimator, as expected from our results, worsens its performance compared against
the 7.i.d. setting. It is also seriously affected by the course of dimensionality, as the first-
differences estimator. If we compare the relative performance between the estimators, in
Table the relative AMSE for N = 150 goes from 3.23, for T' = 3, to 3.38 for T' = 5.
In Table this relative AMSE goes from 1.19, for T = 3, to 0.95, for T' = 5. That is,
in relative terms, the fixed effect estimator still performs better than the first-differences
one, except if T' becomes larger. This was already remarked in the previous setting but
now this effect is much stronger. As in previous cases, the behavior of the fixed effects
estimator is much more sensitive to changes in 1" than the other estimator. That is why,

for large T, in the random walk setting the first-differences estimator shows a smaller
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AMSE.

Table 4.4. AMSE for d =1 and ¢ = 1 when v;; follows a random walk

First-Differences Fixed Effects AMSE(mp(z; H))

estimator estimator AMSE (i (2 H))
N =50 0.48321 0.34697 1.39266
T=3 N =100 0.44879 0.21847 2.05424
N =150 0.42673 0.13221 3.22767
N =50 0.41596 0.21696 1.91722
T=5 N =100 0.40375 0.16199 2.49244
N = 150 0.40429 0.11942 3.38545

Table 4.5. AMSE for d = 1 and ¢ = 2 when v;; follows a random walk

First-Differences Fixed Effects AMSE(ip(z; H))

estimator estimator AMSE (M (z; ﬁ))
N =50 0.80752 0.94763 0.85215
T=3 N =100 0.72200 0.70594 1.02275
N =150 0.65203 0.54788 1.19009
N =50 0.50191 0.91147 0.55066
T=5 N =100 0.47401 0.61333 0.77285
N =150 0.44549 0.46605 95588

In Tables there are shown the AMSEs when the idiosyncratic errors are generated
according to an AR(1) stationary structure. First, although in most cases, the fixed effects
estimator performs better than the other one, its performance compared against the other
settings is worse. This is very clear in the case of ¢ = 2, (see Table . Again, we
discover that the fixed effects estimator is much more sensitive to the size of T than the
first-differences estimator. Moreover, the results in terms of AMSE of the first-differences
estimator are better than the ones obtained in the random walk setting. This is somehow
unexpected. As a summary, the results of this estimator are much more stable across
different specifications of the error term. The same cannot be said about the fixed effects

estimator. In fact, it performs quite well with ¢ = 1 and under i.i.d. or an AR(1) stationary
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Table 4.6. AMSE for d = 2 and ¢ = 1 when v;; follows a random walk

First-Differences Fixed Effects AMSE(mp(z; H )

estimator estimator AMSE (M (z; ﬁ))
N =50 0.63756 0.59151 1.07785
T=3 N =100 0.54387 0.43507 1.25007
N =150 0.50232 0.27174 1.84880
N =50 0.49219 0.52216 0.94260
T=5 N =100 0.45677 0.38412 1.18913
N =150 0.45309 0.02615 17.3266

process, but it shows a much worse performance when the errors are generated following
a random walk process. As we have already pointed out before, when T" grows, the finite

sample performance of these estimators worsens considerably.

Table 4.7. AMSE for d =1 and ¢ = 1 when v;; is AR(1) with p = 0.5

First-Differences Fixed Effects AMSE(mp(z; H))

estimator estimator AM SE (M (2; I?I))
N =50 0.45359 0.17422 2.60354
T=3 N = 100 0.42577 0.11878 3.58452
N = 150 0.41777 0.07595 5.50059
N =50 0.42027 0.55042 0.76354
T=5 N =100 0.41011 0.44902 0.91334
N =150 0.40609 0.49980 1.35453

We finish this section by highlighting that as N increases, that is, asymptotically, the
AMSE tends to converge for each estimator under different specifications of the error term.
For small values of T, the AMSE of the first-differences estimator tends to dominate in
terms of the AMSE of the fixed effects one. This can be also observed by looking at the
relative AMSE values.
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Table 4.8. AMSE for d = 1 and ¢ = 2 when v;; is AR(1) with p = 0.5

First-Differences Fixed Effects AMSE(mp(z; H )

estimator estimator AMSE (M (z; ﬁ))
N =50 0.67023 0.60541 1.00796
T=3 N =100 0.60011 0.42938 1.39762
N =150 0.55613 0.34268 1.62288
N =50 0.56328 2.15283 0.26165
T=5 N =100 0.50476 1.63113 0.30945
N =150 0.47522 1.29458 0.36708

Table 4.9. AMSE for d =2 and ¢ = 1 when v;; is AR(1) with p = 0.5

First-Differences Fixed Effects AMSE(mp(z; H))

estimator estimator AMSE(my(z; ﬁ))
N =50 0.58076 0.39258 1.47934
T=3 N =100 0.51289 0.22028 2.32835
N =150 0.48115 0.13734 3.50335
N =50 0.51009 1.83876 0.27741
T=5 N =100 0.47487 1.23014 0.38603
N =150 0.45814 0.88428 0.51809

4.4.2 Backfitting estimator: simulation results

In this section, we show in Tables the analogue results for the one-step backfitting
estimators. In Tables we compute the AMSE of the simulations for the first-
differences and the fixed effects estimator under the i.i.d. setting. In Tables we
show the AMSE for the random walk setting and finally in Tables we show all
relevant values for the AR(1) stationary process. The bandwidth in the second-step is

taken according to Silverman’s rule of thumb.

In all error settings, the performance of the one-step backfitting is better than its cor-

132



Chapter 4. Differencing techniques in nonparametric panel data varying coefficient
models with fixed effects: a Monte Carlo analysis

Table 4.10. AMSE for d = 1 and ¢ = 1 when v;; is N.I.D.(0,1)

First-Differences Fixed Effects AMSE(mp(z; H )

estimator estimator AMSE (M (z; ﬁ))
N =50 0.51583 0.08973 5.74869
T=3 N =100 0.46329 0.05449 8.50229
N =150 0.44410 0.03447 12.8837
N =50 0.44147 0.05277 8.36593
T=5 N = 100 0.42812 0.03485 12.2846
N =150 0.42790 0.02314 18.4918

Table 4.11. AMSE for d =1 and ¢ = 2 when v;; is N.I.D.(0,1)

First-Differences Fixed Effects AMSE(ip(z; H))

estimator estimator AMSE (M (z; ﬁ))
N =50 0.52639 0.25755 2.04384
T=3 N =100 0.40277 0.17059 2.36104
N = 150 0.34501 0.12348 2.79405
N =50 0.64658 0.16027 4.22150
T=5 N = 100 0.53277 0.11141 4.78207
N =150 0.46933 0.07968 5.89018

Table 4.12. AMSE for d = 2 and ¢ = 1 when v;; is N.I.D.(0,1)

First-Differences Fixed Effects AMSE(iip(z; H))

estimator estimator AMSE (M (z; I:T))
N =50 0.68699 14619 4.84854
T=3 N =100 0.56451 0.08886 6.35280
N =150 0.51538 0.05336 9.65854
N =50 0.52992 0.08711 6.08334
T=5 N =100 0.49683 0.05554 8.94544
N =150 0.48044 0.03471 13.8415
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Table 4.13. AMSE for d = 1 and ¢ = 1 when v;; follows a random walk

First-Differences Fixed Effects AMSE(mp(z; H )

estimator estimator AMSE (M (z; ﬁ))
N =50 0.52637 0.11840 4.44569
T=3 N =100 0.46566 0.07394 6.29781
N =150 0.44353 0.04497 9.86279
N =50 0.43097 0.05039 8.55269
T=5 N = 100 0.42111 0.03325 12.6649
N =150 0.42257 0.02254 18.7475

Table 4.14. AMSE for d = 1 and ¢ = 2 when v;; follows a random walk

First-Differences Fixed Effects AMSE(ip(z; H))

estimator estimator AMSE (M (z; ﬁ))
N =50 0.51851 0.34453 1.50498
T=3 N =100 0.39859 0.23508 1.68411
N = 150 0.34249 0.16189 2.11557
N =50 0.57119 0.15036 3.79882
T=5 N =100 0.47637 0.10662 4.46792
N =150 0.43928 0.07663 5.73248

Table 4.15. AMSE for d = 2 and ¢ = 1 when v;; follows a random walk

First-Differences Fixed Effects AMSE(iip(z; H))

estimator estimator AMSE (M (z; I:T))
N =50 0.69001 0.20968 3.29078
T=3 N =100 0.56407 0.12945 4.35743
N =150 0.51588 0.07691 6.70758
N =50 0.50400 0.08082 6.23608
T=5 N =100 0.46947 0.03380 13.8896
N =150 0.46781 0.03380 13.8405
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Table 4.16. AMSE for d = 1 and ¢ = 1 when v;; is AR(1) with p = 0.5

First-Differences Fixed Effects AMSE(mp(z; H )

estimator estimator AMSE (M (z; ﬁ))
N =50 0.47537 0.07127 6.66999
T=3 N =100 0.44203 0.04663 9.47952
N =150 0.43503 0.03056 14.2353
N =50 0.44391 0.11273 3.98572
T=5 N =100 0.43182 0.07360 5.86712
N =150 0.42899 0.04329 9.90968

Table 4.17. AMSE for d = 1 and ¢ = 2 when v;; is AR(1) with p = 0.5

First-Differences Fixed Effects AMSE(ip(z; H))

estimator estimator AMSE (M (z; ﬁ))
N =50 0.44274 0.21529 2.05648
T=3 N = 100 0.36115 0.14795 2.44103
N = 150 0.32366 0.10671 3.03308
N =50 0.67840 0.364000 1.86374
T=5 N = 100 0.52601 0.24939 2.10919
N = 150 0.46826 0.17092 2.73964

Table 4.18. AMSE for d = 2 and ¢ = 1 when v;; is AR(1) with p = 0.5

First-Differences Fixed Effects AMSE(iip(z; H))

estimator estimator AMSE (M (z; I:T))
N =50 0.60729 0.13773 4.40928
T=3 N =100 0.52407 0.04489 11.6745
N =150 0.49471 0.04489 11.0205
N =50 0.53384 0.23783 2.24463
T=5 N =100 0.49343 0.14064 3.50846
N =150 0.48116 0.08747 5.50086
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respondent local linear regression estimators. However, the improvement is much bigger
in the fixed effects case. As we expected also, the course of dimensionality is overrid-
den. This is of course the main reason why we have applied this second stage estimation
procedure. Furthermore, the rate at which the AMSE tends to zero for both estimators
seems to be faster, according to the predictions of the asymptotic results. However, for
small sample sizes, although both estimators do have the same rates of convergence the
constants are different. This is considered in simulations under different scenarios of the
error terms. Hence, under i.i.d. and an AR(1) stationary process the first-step backfitting
algorithm of the fixed effect estimator performs better than the first-differences one. This
can be realized by analyzing the relative AMSE. On the contrary, under the random walk

specification, the performance is better in the opposite sense.

4.5 Conclusions

Recently, some new techniques have been proposed for the estimation of semi-parametric
fixed effects varying coefficient panel data models. These new techniques fall within the
class of the so-called differencing estimators. In particular, we consider first-differences
and fixed effects local linear regression estimators. Analyzing their asymptotic properties
it turns out that, keeping the same order of magnitude for the bias term, these estimators
exhibit different asymptotic bounds for the variance. In both cases, the consequences are
suboptimal nonparametric rates of convergence. In order to solve this problem, exploiting
the additive structure of this model, a one-step backfitting algorithm is proposed. Under
fairly general conditions, it turns out that the resulting estimators show optimal rates of
convergence and exhibit the oracle efficiency property. Since both estimators are asymp-
totically equivalent, it is of interest to analyze their behavior in small sample sizes. In a
fully parametric context, it is well-known that, under strict exogeneity assumptions the
performance of both first-differences and fixed effects estimators is going to depend on
the stochastic structure of the idiosyncratic random errors. However, in the nonparamet-
ric setting, apart from the previous issues other factors such as dimensionality or sample
size are of great interest. In particular, we would be interested in learning about their

relative average mean squared error (AMSE) under different scenarios. The simulation
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results basically confirm the theoretical findings for both local linear regression and one-
step backfitting estimators. However, we have found out that fixed effects estimators are

rather sensitive to the size of number of time observations.
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Chapter 5

Precautionary savings over the life
cycle: a two-step locally constant

least-squares estimator

5.1 Introduction

Household save primarily for two reasons, to finance expenses after retirement (life-cycle
motive) and to protect consumption against unexpected shocks (precautionary motive).
In this situation, this article focuses on the estimation of a stochastic model of household’s
precautionary savings motivated by the life-cycle hypothesis model (LCH henceforth) of
Modigliani and Brumberg (1954). Following the predictions of human capital theory,
incomes rise in the early stages of working life by the effect of experience, while later
they are reduced by the action of obsolescence and depreciation. Thus, the LCH model
indicates that there is a hump-shaped age-saving profile since individuals tend to save from
the middle of his life until retirement, and dissave in younger and older ages to maintain
a constant level of utility in all periods. In this context, unforeseen adverse conditions
and prudent behavior of the households make precautionary savings in a protection tool,

finding a different behavior related to both the age of the individual and their risk aversion.

Uncertainty about the household’s out-of-pocket medical expenses is a relevant issue for
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preventive savings as it is noted in |[Palumbol (1999). Thus, in the past two decades, there
is a plethora of empirical studies that have sought to improve our understanding about
optimal household consumption and its behavior under various sources of uncertainty; see
Starr-McCluer| (1996), |(Gruber] (1997), |Egen and Gruber| (2001), |Gertler and Gruber| (2002])
or (Gourinchas and Parker| (2002), among others. Nevertheless, many of these empirical
studies have been criticized with regard to its lack of robustness against different types of

misspecification.

The different sources of misspecification that they usually ignore can be grouped in three
major weaknesses. First, the effect of the individual preferences is a relevant aspect when
we try to model the household behavior but, unfortunately, most of these previous models
omit this issue that appears in econometric models in the form of unobserved heterogene-
ity. Second, the decision of how much to spend in health-care products depends on some
social and demographic features of the household. Considering this variable as exogenous
may lead to inconsistent estimators. Finally, these models are usually based on a log-
linearized Fuler equation that is captured in the form of a fully parametric model and
where precautionary savings are contained in the error term. However, such equations
can be misleading because they are rather poor approximations of the marginal utility
smoothing and they prevent the use of the age of the people as a key factor in their con-
sumption decisions. Therefore, the resulting estimators may be suffering from an omitted
variable bias and, as it is noted in|Attanasio et al.| (1999)), we might be incorrectly assigning
a significant portion of the hump-shape consumption over the life-cycle to demographic
changes in the household, or if we analyze a model with little heterogeneity in preferences

we could be assigning too much of the variation of this shape to precautionary savings.

In this way, it is shown how some restrictions concerning to structural relationships in
savings go far beyond what is traditionally assumed by parametric models and we need to
turn to more flexible procedures such as nonparametric and semi-parametric models; see
Chou et al.| (2004), Maynard and Qiul (2009), Gao et al. (2012) or [Kuan and Chen| (2013).
However, although these studies can relax the assumptions related to the specification of
the model, they do not face individual heterogeneity correlated with some covariates and

endogenous variables are not allowed.

In this situation, the aim of this chapter is to contribute to the literature on precautionary

140



Chapter 5. Precautionary savings over the life cycle: a two-step locally constant
least-squares estimator

savings, extending a semi-parametric method as the one developed in |Chou et al.| (2004)) to
the analysis of panel data models that address the main weaknesses of these latter studies.
Specifically, what we propose is to estimate a LCH model that allows us to determine
the behavior of the households under the following peculiarities: (i) unobserved individual
heterogeneity correlated with some of the covariates; (ii) some of the functions that relate
endogenous and explanatory variables are unknown in the Euler equation and need to be

estimated; and (iii) health-care spending determined endogenously.

Starting from a nonparametric panel data varying coefficient regression model with fixed
effects, we propose to estimate the unknown functions of interest through a very simple
estimator based on a differencing technique. Furthermore, to cope with the endogeneity
issue we perform the estimation procedure using the predicted values of the (possibly)
endogenous variables that are generated from the nonparametric estimation of the instru-
mental variable (IV henceforth) reduced form equation. We establish that the resulting

nonparametric two-stage estimator is consistent and asymptotically normal.

As we have stated in previous chapters, direct nonparametric estimation of differencing
panel data models with fixed effects has been considered as rather cumbersome in the
literature; see |Su and Ullah (2011). To our knowledge, among differencing nonparametric
estimators, in [Henderson et al.| (2008) it is proposed to solve this problem using profile
likelihood techniques whereas in [Su and Lu (2013)) the estimator comes out as the solution
of a second order Friedholm integral equation. Unfortunately, all these estimators are
asymptotically biased in the presence of endogeneity. On the contrary, some IV methods
have been proposed in the context of nonparametric panel data varying coefficient models
with random effects. In particular, in|Cai and Li| (2008) it is proposed to estimate the non-
parametric functions using the so-called nonparametric generalized method of moments,
when endogeneity is allowed. However, note that this procedure do not control for hetero-
geneity that is correlated with some explanatory variables, so it renders to asymptotically

biased estimators when fixed effects are present.

To our knowledge, this is the first technique that enables us to estimate directly the
impact of different types of uncertainty on the behavior of households in a context of
stochastic dynamic models of precautionary savings with endogenous variables and fixed

effects without resorting to restrictive assumptions about functional forms, such as it is
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common with the well-known log-linearized version of the Euler equation. Furthermore,
in contrast with some papers mentioned above, the asymptotic analysis that we perform
in this chapter is based on the standard panel data framework, where the number of

observations in time is fixed and the number of individuals grows with sample size.

Also, in order to show the feasibility and possible gains of this new procedure, we give a
solution for the optimal consumption decision problem using a data set from the consumer
expenditure continuous survey (ECPF henceforth) elaborated by the Spanish bureau of
statistics (INE henceforth) for the period 1985(1)-1996(IV). Thus, the empirical application
discussed in this chapter allows health-care expenditures to have a different impact on
household behavior depending on the age-group they belong to, a topic of great relevance

to political considerations for their important implications on the individuals welfare.

The structure of this chapter is as follows. Section [5.2]lays out the econometric model and
the estimation procedure. In Section [5.3| we study its asymptotic properties and state how
to calculate the confidence intervals. In Section we illustrate an application with real
data to investigate the finite sample performance of our proposed estimation procedure
and present some simulation results. Finally, Section [5.5| concludes the chapter. The

proofs of the main results are collected in the Appendix 3.

5.2 Conceptual framework

Along with liquidity constraints and habits in consumer preferences, uncertainty about
possible economic hardships and household risk aversion are key determinants of house-
hold’s consumption/saving decisions; see Friedman, (1957). According to Eurostat data,
health-care expenditures of U.S. households represent a 16.4% of their total consumption
in 1986 and a 17% in 1996, while in Spain these expenses are about a 3.4% of the total in
1986 and 5.9% in 1996. The significant impact of health-care expenditures on household
wealth, jointly with their persistent and increasing behavior with the age of the individ-
uals, make them a significant part of this uncertainty and precautionary savings appears
as an instrument of protection against potential income downturns or unforeseen out-of-
pocket medical expenses in the latter stages of life, see Chou et al.[ (2003). In this context,

the aim of this section is to analyze the relationship between the marginal propensity to
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consume and the age of the main household breadwinner by incorporating uncertainty in

the LCH model.

To this end, we solve the basic problem of the consumer ¢ at the time ¢ in the presence
of different types of uncertainty, following for example |[Blanchard and Fisher| (1989) and
Deaton| (1992), but relaxing some assumptions about functional forms and, at the same
time, allowing the presence of some endogenous variables. Thus, the system of equations

that we consider is

Y = a(Z2)+Wmi(2)+ U "ma(Z) + p+v,
W= g(X)+(+¢,

(5.1)

where v and & are idiosyncratic error terms that are correlated between them. The in-
dividual preferences, denoted by p and (, are unobserved and correlated with some/all
covariates of the system while both precautionary savings Y and health-care expenditures
W are endogenously determined. As we explain in the following, we assume Y is function
of the age of the main household breadwinner Z, health-care expenditures W and some
other explanatory variables of the households U, whereas W depends on a set of household

demographic features X.

To understand the stochastic life-cycle model that we consider in this chapter, expression
, it is assumed that individuals live T" periods and they work during the first ones,
T — 1. In addition, in each work period ¢ they receive a stochastic income I;; and incur in
an out-of-pocket health-care expenditure M;;. If M;; were known, households would decide
how to spend their income between consumption Cj; and financial wealth A;;, maximizing
an additively time-separable utility that has a positive third-order derivative (U"'(-) > 0).
Note that this is the necessary condition for precautionary saving because, when the
marginal utility function is convex, increases in the level of uncertainty about future
consumption will cause a reduction in current consumption and an increase in savings; see
Blanchard and Fisher| (1989)) for further details. According to (Caballero (1990), we use a
negative exponential utility function by assuming that the degree of absolute risk aversion

and absolute prudence are both constant and equal to «, so household ¢ maximize the
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following problem at the moment 0,

N T-1
Z < >ea¢p —aCj)
t=0

=1

maxE , (5.2)

subject to
Ajrry = A+ Iip — My — Cy,
My = Mgy +ew 5 €~ N (07 02) )

where health-care expenditures are modeled as a random walk. For the sake of simplicity,
we assume there do not exist liquidity constraints so both the discount and the interest

rate are both equal to zero.

If we take first-order conditions in (5.2)) and use the fact that E[exp(Ci)] = exp[E(C) +
02/2], when Cj is normally distributed with mean E(C) and variance o2, the expected
consumption is

OéO'2

Cit+1) = Cit + ——

5 T Ci(t+1), (5.4)

and combining this result with the inter-temporal budget restriction (5.3) we obtain the
optimal level of consumption, i.e.

a(T —t—1)0?

1 , (5.5)

1
Cio=mr—y tAit + (Lit — M) —
where (I;; — My — Cy) is the precautionary savings and a(T —t — 1)0%/4 reflects the
uncertainty effect. Note that here we do not enter in the debate about the importance of
the retirement versus the bequests reasons. Thus, the measure of retirement that we use

implicitly includes both.

Analyzing in detail the optimal consumption expression , we see that increases in
uncertainty about future medical expenses (02) or the degree of absolute prudence (),
together with a broad horizon of life (T'—t — 1), causes that agents behave as buffer-stock
agents. Thus, Cj; falls while (I;; — M;; — Cj) increases in order to have resources against
potential adversities. On the contrary, adult households with high levels of accumulated
wealth A;; have a high consumption, because their already reduced temporal horizon of

life. On the other hand, focusing on the behavior of the expected consumption ([5.4) we can
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see the uncertainty effect on the slope of the consumption path. Since this expression has
a constant positive slope that depends on both a and 2, we can state that a higher level
of 02 or a causes a steeper path consumption. Also, if there were no risk about unfore-
seen medical expenses (02 = 0), consumption patterns change completely and household

incentives to save seem to be more related to fears of potential income downturns.

As aresult, these peculiarities together with the fact that the optimal choice problem of the
consumer, and , state that the optimal current consumption depends on the life-
time resources as well as on the expected rate of income growth and health-care resources
so it is feasible to assume that the household behavior may vary with the age of the home;
see Hubbard et al| (1994), |Carroll (1997) or Deaton| (1992)). Thus, we can conclude that
the cautious behavior of the households varies with a non-uniform function of the age
of the house while both types of uncertainty, o2 and «, are age-dependent parameters.
Therefore, the effect of different types of uncertainty on the household behavior can be
analyzed through an extension of the proposal in [Chou et al.| (2004])); i.e., the estimation
of the equation ([5.1) where Y represents the household savings (i.e., income I minus
consumption C), Z is the age of the main household breadwinner, W the health-care
expenditure and U the financial wealth measured, for example, via his permanent income.
Remember that because household consumption decisions depend on a vector of their
demographic features, such as the age of the main household breadwinner Z, the number of
children, and so on, W is considered as an endogenous variable. Therefore, states that
household’s savings are characterized by the risk aversion of the family, «(-), uncertainty

about future health-care expenses, m1(-), and uncertainty about income downturns, ma(+).

Note that the additive specification of precautionary savings specified in , but without
considering the presence of endogenous variables, is well-known in the literature on the
precautionary behavior of households. Many have been the empirical studies that have
tried to examine the relationship between household precautionary savings and different
sources of uncertainty, but without achieving conclusive results. On one hand, in [Starr-
McCluer| (1996) and |[Egen and Gruber| (2001)) it is found that a reduction in the level of
uncertainty, for example through unemployment insurance or public health programs, has
a negative impact on savings. On the other hand, in|Gruber|(1997)) and (Gertler and Gruber

(2002) it is established that these types of programs smooth the individual consumption.
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Recently, in (Chou et al.| (2004)) it is shown that public health programs have a negative
effect on household savings, whereas in Kuan and Chen| (2013) it is emphasized that these
kind of programs impact more heavily on those households with higher incomes. On its
part, in |Gourinchas and Parker| (2002) it is confirmed the patterns established by the LCH
model and they find that, early in life, U.S. households behave as buffers-stock agents and
accumulate wealth to unexpected income downturns, whereas around the age forty these
savings are mainly for retirement and legacy. Also, in |Cagetti (2003)) it is determined
the role of precautionary savings to explain the behavior of household wealth. It is found
that this effect is particularly relevant at the beginning of household’s life, whereas close to
retirement savings are more related to the aim of the households of maintaining a constant

level of utility in all periods of life.

However, as we state previously, despite the interesting results of these studies they ignore
some sources of misspecification problems that can override their conclusions, such as the
endogeneity issue of the household’s consumption decisions or the unobserved individual
heterogeneity. In this way, the method that we propose in this chapter attempts to over-
come such problems and enables us to estimate the impact of both types of uncertainty on
household’s precautionary savings; i.e., household risk aversion and unforeseen health-care

expenses.

5.3 Econometric model and estimation procedure

Once the economic model is formulated, we proceed to develop the estimation procedure
for an extended version of (b.1)). For this, we introduce the following sampling scheme for

the data set that is standard in nonparametric panel data regression analysis.

Assumption 5.1 Let (Yit,Uit,Wit,Zit,Xit)i:17,_.7N;t:17,_.7T be a set of independent and
identically distributed R ot(M=1)+atb_rondom variables in the subscript i for each fized

t and strictly stationary over t for fized i.
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Generalizing (5.1)) to a multivariate panel data model and taking into account the endo-

geneity problem, the semi-parametric system to estimate is

Yii = oZy)+Wimi(Zu)+Ujimae(Zi) + i + vit,
Wy = g(Xi) + G+ &t

where E(vit|Z,U) =0, E(§+|X) = 0 and E(vit|&it) # 0.

LetZ = (Z11, -+, Zn7), X = (X11,-+ , XN7), U = (U11,- -+ ,UnT), W = (W11, -+, Wpr),
Y = (Y11, - ,Yn7) be NT x 1 vectors, we assume F (11;|Z, W, U) # 0 and E ((;|X) # 0.
Note that the conditional mean restrictions, E(vy|Z,U) = 0 and E(&|X) = 0, are stan-

dardized versions of the usual orthogonality condition of linear models. Also, Z is a subset

of X.

As we state previously, the statistical dependence between p; and ¢; and some/all covari-
ates of the system will rend inconsistent direct estimators of the functions of interest. To
avoid this situation, we take the standard solution of removing the fixed effects by the

first difference transformation; i.e.,

AYy = a(Zy, Zi(t—l)) + <W£m1(Z,-t) - Wi—(rt,l)ml(zi(t—l)>>
+ (UJT@(Z#) - UJt,l)mﬂZi(t—n)) + Avi, (5.7)

AWy = g(Xit, Xi—1)) + A,

fori=1,---,Nandt=2,---,T, where a(-) : IR?? — IR and g(-) : IR?* — IR are additive
functions, a(Zit, Zii—1)) = a(Zit) — a(Zy—1)) and g(Xit, Xiu—1)) = 9(Xit) — 9(Xi(i—1))s
respectively. The coefficient functions «(-), m(-) and g(-) are unknown for the researcher

and need to be estimated.

To illustrate our estimation technique, let us consider the simplest case with ¢ = (M —1) =
a = b = 1. Following the Taylor expansion in (5.7)), for any z; € A, being A a compact

subset in a nonempty interior of IR,

1
(Zit, Zig—1)) = o (21)AZy + 50”(21) ((Zit = 21)* = (Zigg—1) — 21)°)

1
+ ot Ha(p)(m ((Zit = 21)" = (Zig—1) — 21)")
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Wirmi(Zi) — Wir—1ma(Zi—1)) mi(z1) AW

Q

—+

m} (z1) (Wie(Zie — 21) — Wig—1y(Zige—1) — 21))

1
+ 5771/1,(»21) (Wit(Zit — 21)* = Wie—1y(Zig—1) — 21))

1
R Hmgp)(zl) (Wit(Zis — 21)P — Wig—1y(Zigi—1) — 21)P) s

—+

and similarly for Uyma(Zit) — Usi—1yma(Zig—1))-

These approximations suggest that we can estimate o/ (21),- - -, ) (21), my (21),m} (1), - -,

mgp)(zl) and ma(z1), mh(z1), - - ,mép)(zl) by regressing AY;; on the terms (Z;; — 21)

(Zig—1)— 20, Wil Zis — 1) = Wi—1) (Zig—1) —21)™ and Uy (Zip — 21)* = U1y (Zi—1) —

AL

z1)N, for A = 0,1,---,p with kernel weights. Clearly, mi(-) and ma(-) are identified
functions but a(-) is not. This is due to the structure of the differencing procedure and

this leads us to treat these components separately.

In order to estimate these smooth functions m(-), we propose as estimators 51 = mq(21)
and B2 = mgy(z;1) that are obtained minimizing the following locally weighted linear re-
gression,

N T
2
Z Z (AYMt - A‘/Vz;rﬁl — AU;[%) KH2 (Zzt — Zl) KH2 (Zi(t—l) — 21) . (58)

i=1 t=2
The resulting estimator is the so-called local constant regression estimator, also known as
the Nadaraya-Watson estimator; see Nadarayal (1964)), Watson| (1964)) or |Fan and Gijbels
(1995b). However, note that this new estimator exhibits the peculiarity that the kernel
weights relate to both Z;; and Z;;_;). If we considered kernels only around Z;; the
remainder term in the Taylor’s approximation would not be negligible, since the distance
between Z;s (s # t) and z; does not vanish asymptotically, and therefore the asymptotic
bias would also be non-negligible. This problem was already pointed out in |Lee and

Mukherjee| (2008) and solved in Chapter 2 in another context.

Unfortunately, although the resulting estimator of (5.8)) is robust to fixed effects, is still
biased due to endogeneity. In order to overcome this situation, the IV equation for (5.7
suggests to obtain a consistent nonparametric estimator of g( X, Xi(t_l)) and then replace

E(AWi| Xit, Xii—1)) = 9(Xit, Xi—1)) by 9(Xit, Xj¢—1)) in the expression (5.8)). Note that
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9(Xit; Xit—1)) = Gir,i(t—1) can be any standard nonparametric estimator such as the local

linear regression estimator.

Once the substitution is done and denote by AW;, = @;i(t_l) AU;)T ad x 1 vector,
where d = (M — 1) + a, the estimators of the unknown functions m(-) that minimize the

corresponding criterion function of (5.8]) are grouped into the following vector,

-1

mag(z1; H N T —_

mg(z1; Ha) = 1g(1; Ho) = <Z ZKHQ(Zz‘t — 21) K, (Zii—1) — Zl)AWz'tAW/J>
Mag(21; Ha) i=1 t=2

N T
X Z Z KH2 (Zit — ZI)KHQ(Zi(t—l) — Zl)AWl'tAY;t, (5.9)
i=1 t=2
where Hy is the g X ¢ symmetric positive-definite bandwidth matrix of this second stage

and K is a g-variable such that

1

K (H—1/2u) .

The intuition behind this transformation is the following. When E (Av;|W) # 0, we
cannot estimate consistently the unknown functions of the structural equation (5.7)) by

projecting AYj; over

(Zit, Zi4—1y) + (Wi—trml(zit) - Wi{tq)ml(zi(t—l))) + (UJmQ(Z,;t) - Ui—(l—tfl)mQ(Zi(t—l))>

in the £9(Z, W, U) projection space. Then, a standard solution is to use a (M — 1) x 1
vector of IV; ie., E(AWi|Xit, Xi¢—1)) = Git,it—1), and multiply both sides of (5.1)) by
Giti(t—1)-

Taking conditional expectations over (Z;, Zi(t,l)), evaluated both in 21, and rearranging

terms we obtain

_ 1
m(z) =E [AWitg;i(tfl)‘Zit =21, Zi(t-1) = 21} E [giti0—1)AYi| Ziy = 21, Zig—1y = 1],

(5.10)

where we denote by AW, = (g} AU)T and m(z1) = (mi(z21)T ma(z1)") d x 1

it,i(t—1)
vectors and we assume that the matrix functions F [AUitg;i(t_l)\Zit =21, Zi(t—1) = 21}

and F [Qit,i(t—l)giTt,i(tqﬂZit =21, Zi(t-1) = zl} are definite positive.
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As the reader can appreciate, this invertibility condition is a generalization of the well-
known rank condition of parametric models with endogenous covariates that guarantees
that m(-) is identified. In this way, it is easy to see why we propose the estimator in
(5.10). Since the vector functions g(Xi:, Xj;—1)) is unknown to the researcher it has
to be replaced by a consistent estimator; i.e., gy ;;—1)- Doing that and replacing the
population moments by their corresponding sample moments we obtain directly ,
that is the same estimator that we would obtain if we substitute in the endogenous
variable AW;; by gi i;—1) and minimize the resulting criterion function with respect to
B =(mi1(z1)"T ma(z1)")T. Note that these are the standard equivalence results between
the optimal IV estimators and the so-called two-stage least-squares estimators in the fully

linear parametric context that nicely appear again in this semi-parametric framework.

Once the estimators of the functional coefficients are proposed, let us now turn to the

estimation of a(z1). In order to do so, we define

AYy = AYiy — AWyl ing(Zit, Zigr—1)s

where mg(Zit, Zi(t_l)) is the two-stage local constant regression estimator defined in (5.9).

By the equation ([5.7) we obtain

AYi = a(Zy) — a(Zyg_1) + AV, i=1,--- N ; t=2,---,T, (5.11)

where

ATy = Avy — AWy (g(Zies Zigy—1)) — m(Zity Zir—1y)) -

In this situation, we propose to estimate «(-) using marginal integration techniques such
as the developed in [Hastie and Tibshirani (1990)), Linton and Nielsen (1995)) and Newey
(1994).

We consider a(Zit, Zi4—1)) = a(Zit) — a(Z;;—1y), so for any 21,20 € A we can estimate

a(-) by multivariate kernel smoothing methods obtaining

N T e
- o K, (Zit — 21) K1, (Zs0—1) — 22)AY;

G(or, s Hy) = Zz_ljvz:t_QT Hs(Zit — 21) K1y (Zip—1) — 22) t (5.12)
Dim1 Dot Ky (Zit — 21) Ky (Zs—1) — 22)
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Finally, once obtained a(z1, z2; H3), we obtain & (z11; H3) by the marginal integration of

(5.12)), i.e.,
G(z1; Hy) = / 621, 2; Ha)g(22)dz. (5.13)
R

If NT is large enough and ¢(-) is chosen as the density function of Z;;, we can use the

sample version of ([5.13)) and then we can propose
~ 1 ~
a(z1; Hs) = ﬁzza(zbzﬁ,b{g). (5.14)

Note that this technique has been already considered in the context of panel data models

in Qian and Wang| (2012).

5.3.1 Asymptotic properties

In this section, we investigate some asymptotic properties of the estimators proposed in

the previous section. For this, we need the following assumptions.

Assumption 5.2 Let fx,, () and fz, () be the probability density function of X; and
Zit, respectively, all density functions are uniformly continuous in all their arguments and

are bounded from above and below in any point of their support.

Assumption 5.3 The random errors, vy and &, are independent and identically dis-
tributed, with zero mean and homoscedastic variances, o> < oo and E(&t@) = U?I(M_l) <
o0. In addition, E (AviAit) = owerapr—1) < o0 s a (M — 1) x 1 covariates vector of the
error terms of the M equations of the system. They are also independent of X, Z, W, U
for all i and t, but E(vy| W) # 0. Furthermore, E|vy]?>T0 < oo and E|&4|*10 < oo, for

some 6 > 0.

Assumption 5.4 Let z be an interior point in the support of fz,,. All second-order
derivatives of a(-) and my(), -+ ,mq—1(-) are bounded and uniformly continuous and sat-
isfy the Lipschitz condition. Furthermore, let (x1,x2) be interior points in the support of

fx,,, all second-order deriwatives of g1(-,-),- - ,gm—1(+,-) are continuous.
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Assumption 5.5 The bandwidth matrices Hy and Ho are symmetric and strictly definite
positive. Also, let h1 and hy be each entry of the matrices Hy and Hs, respectively, hy —
0 and hg — 0. As N — oo, N|Hi| — oo, N|Ha| — oo and N|Hi|/log(N) — oo.
Furthermore, Hy = op(H?).

Assumption 5.6 let |[|A| = \/&r (ATA), then E [||Wiﬁg||2|zit = 21, Ziy) = zl} is

bounded and uniformly continuous in its support. Furthermore, let

X = (Wil Wi 1)>T and  AXy = (AW] AWL?U)T.

1

Also, the matriz functions E [Xit/'\,’iﬂzl, 22] L E [AXitAXiﬂzl, 22], E [XitXiﬂzl, 29, 23] and

E [AXitAXiI\zl, 29, 23] are bounded and uniformly continuous in their support.

Assumption 5.7 The Kernel function K is a Gaussian kernel product based on univari-
ate kernels, symmetric around zero and compactly supported. Also, the kernel is bounded
such that [wu' K(u)du = pa(K)I and [ K*(u)du = R(K), where pus(K) and R(K) are
scalars and I the identity matriz. In addition, all odd-order moments of K vanish, that is

Juit- uﬁ,qK uw)du = 0, for all nonnegative integers 1, -+ ,1q such that their sum is odd.

Assumption 5.8 The moment function [AAW/itAfWZﬂZZ-t =21, Zi(4-1) = 22} is definite

positive in any interior point (z1, z2) in the support of fZitaZi(tfl)(z17 29).

Assumption 5.9 F UY;t|2+5’Xit,Xi(t—1ﬂ <ooand B [‘Wit’2+5‘XitaXi(t—l)]2+6 < o0, for

some 6 > 0.

Assumption 5.10 For some 6 > 0, E []AW“AWJAvitA&t|1+5/2|Z¢t =2, Zi(4—1) = z} ,
E || AW, Avig| 9| Zyy = 21, Zig—1) = 22}, and £ [|AWitA§;\2+5|Zit = 21, Zi(t-1) = 22} are

bounded and uniformly continuous in any point of their support.

For the estimation of the fully nonlinear part of the third stage of the procedure, we need
to impose further strong assumptions about the density functions than the usual Lipschitz
continuity. Thus, Assumption states that density functions are bounded from above
and below and at least first-order partially differentiable with a Lipschitz-continuous re-

mainder. In addition, it holds for fx,, x,,_y, (+)s fxu, X301, X0y (575 )s f200, 21420y (50)
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O [214,21(4—1)Z1 (42 (+,-, ), being the probability density functions of (Xit, Xl-(t_l)), (Zit,
Zi(tfl))a (Xit; Xi(t71)7 Xi(t72))7 and (Zit; Zi(tfl)a Z’i(t72))7 respectively. Assumption
combines standard conditions for simultaneous equation systems allowing for correlation

along time and between the error terms of the different equations of the system.

Assumptions are standard in the literature of local linear regression estimates, for
which the Nadaraya-Watson estimator is the local constant approximation; see |[Ruppert
and Wand (1994)). Assumptioncontains a standard bandwidth condition for smoothing
techniques. With H; = o,(Hz2) we impose that the bandwidth of the first-stage H; should
be chosen as small as possible and, above all, much smaller than Hs. Thus, the fitted
model of the first-stage is undersmoothing and the corresponding bias can be ignored
as we wish; see |Cai (2002alb) for further details. Furthermore, by the smoothness and
boundedness conditions established in Assumptions[5.2]and [5.4}5.8] for the kernel function
and conditional moments and densities, we may use uniform convergence results as the

ones established in Masry| (1996, Theorem 6).

Assumption [5.8] is a generalization of the usual rank condition for the identification of
simultaneous equation systems in the parametric context. Assumption states the
conditions to obtain consistent estimators in the presence of IV, as it is done in |Cai and
Li (2008), [Cai et al.| (2006]) or (Cai and Xiong| (2012)), while Assumption is required

to show that the Lyapunov condition holds.

Under these assumptions, we can establish the asymptotic normality of our estimator for
the standard case in which uo(K,) = p2(K,). The proofs are relegated to the Appendix
3.

Theorem 5.1 Under Assumptions[5.1 and[5.3[5.10, as N tends to infinity and T is fized

VNTHy| (fg(z1; Hy) — m(z1))  — N (b(z1),v(21)),

b(z1) = pa(K) [diagd (Df(zl)HQ\/WDmr(zl)> deZ_i,Zi(t—l)(Zl’ 21)
+ %diagd (t’r (Hmr (21)H> \/W)) Zd} )
v(z1) = 2R(KR(K,) (02 + o2m(z) Tm(=) + owem(1) 1)) B

;WAW (21,21)
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and, forr =1,--- ,d, Dy, .(z1) is the first-order derivative vector of the rth component of
m(-), Hm,(21) its Hessian matriz, D¢(z1) the first order derivative vector of the density

function and

B =F AWitAWiI’Zit =21, Zi(tfl) =z fZit,Zi<t,1)(Zla Zl)-

aivaw (21 21)
Furthermore, diagq (tr(Hm, (21)H2)) and diagq (D¢(21)H2Dm, (21)) stand for a diagonal
matriz of elements of tr(Hm, (21)H2) and D¢(21)HoDyy,, (21), respectively, being 14 a d x 1

unitary vector.

From this result, we can appreciate that whereas the bias term of this new estimator
is exactly the same as the Nadaraya-Watson estimator without endogenous regressors;
see [Pagan and Ullah (1999)), it exhibits some differences with respect to the asymptotic
variance. In particular, the asymptotic bias emerges mainly from the first and second
derivatives of the function m(-) due to the approximation errors of the smooth functions
m(-), while the asymptotic variance exhibits two additional terms besides the usual: one
related to the behavior of the measurement error of the reduced forms of the system and
another one with the correlation between the error terms of all equations of the system.
However, note that the additional covariance terms do not appear in other IV estimators;
see Newey| (1994)) and (Cai et al| (2006]) for more details. Thus, it is proved that the
proposed estimators are consistent and asymptotically normal with a convergence rate
that depends on the sample size and the second stage bandwidth Hs but not the first

stage bandwidth H;, because the condition Hy = o,(Hz2) is verified.

Just to illustrate the asymptotic behavior of the proposed estimators, we give a result for
the univariate case when M = 2, a = ¢ = 1 and Hy = h%I. In this particular case, the

previous result can be written as

Corollary 5.1 Assume conditions and 5. 10} hold, then if h — 0 in such a way
that Nh?> — oo and N tends to infinity and T is fized, we obtain

VNTh? (fhg(zl; h) — m(zl)) SN N (bn(21), va(21))
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where

leit,Zi(tﬂ) (Zl)

fZitaZi(t_D (Zla zl)

bn(z1) = h*ua(K) ( Dy (z1) + ;Hm(21)2d> VNTh?,

vp(z1) = 2R(K,)R(K,) ((712, + agm(zl)Tm(zl) + Uvgm(zl)TZ(M,1)> B;%AW (21,21) -

Note that the asymptotic bias remains to be the same as of the standard Nadaraya-Watson
estimator and again, even in the simplest case, and the variance term is still what makes

the difference between the estimator that solves the endogeneity problem and which not.

Furthermore, there are some empirical analysis in which all regressors are correlated with
the error term in an unknown way. If this is the case, (a = 0) and the Theorem [5.1| can

be written as follows.

Corollary 5.2 Let Assumptions[5.1] and 5.10, as N tends to infinity and T is fized

V NT|H2| (mlzj(le; H2) - ml(zl)) L) N(bl(zl),vl(zl)) .

where

bi(x1) = pa(K) [diaga ) (Ds () Ha/ NTIH Doy, (1)) w17 1, (2121)
1.
+ diagas) (tT (’Hmlr(zl)H?\/ NT!H2|>> Z(M—l):| ;
vi(z1) = 2R(K,)R(K,) <012, + Ugml(zl)—rml(zl) + Uvgml(zl)TZ(M_l)) Bg_gl (21,21),

where H,, (21) is the Hessian matriz of mi(-) and

ng(zl, z21)=F [git,i(tq)g;i(t_n\zit = 21, Zz‘(tfl) = Z1 fZit,Zi(t,l)(Zla 21).

On the other hand, to obtain the asymptotic behavior of the marginal integration estimator

we need the following additional assumptions.

Assumption 5.11 ¢(-) is a positive weighting function defined on the compact support of

fz.,, twice continuously differentiable and holds

Jawau=1 [ rwatan=o
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Assumption 5.12 The bandwidth matriz Hs is symmetric and strictly definite positive.

Also, let hg be each entry of the matriz Hs, hg — 0 and as N — oo, N|Hs| — oc.

Assumption is a standard condition in this literature to identify fz, up to a mul-
tiplicative constant. However, if we do not impose [ f(u)g(u)du = 0, fz, can also be
identified up to an additive constant. Then, for the standard case that ps(K,) = u2(Ky)

we obtain,

Corollary 5.3 Under Assumptions[5.1], and[5.11] as N tends to infinity
and T is fized

bias[@(21: Hy)| = po(K) [;tr(Ha(zn)Hg)—; / tr(Ha(22) Ha)az,, , (22)d2
4Z;—1) (22)

i Ziey (215 22)
4Z;_v) (22)

[ 24,200y (21, 22)

+ Da(zl)Hng(Zl)/fZ dzo

— / D (z2)H3Dy(22)

202R(K. qz. . (z2)
Var (a(z: H = 1) dzs(1 1)).
ar (04(2’1, 3)) NT|H3| / fZZt’ Z(t Y Zl; 22) 22( + Op( ))

The proof of this result is straightforward following the proof of |Qian and Wang (2012,
Theorem 2, pp. 489-492)

5.3.2 Confidence Intervals

In order to obtain (1 — «)-confidence intervals for the empirical application, we propose
to follow the wild bootstrap technique of Hardle et al. (2004)). Thus, with this method we

pretend to obtain the following statistic

Smj = Supz ’mj(217H2) - mj(ZI;H2)|8v(Zl;H2)717 j - 17 T ada

where G2 is the estimated variance of 7 ;(21; H2). To obtain this statistic, it is necessary

to determine the distribution of Smj via the calculus of

Sy, = sup |m}(z1; Ha) — E [ (21; Ha)| | se (M} (z1; Hz)) h

mj
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where E[-] is the expectation over the bootstrap samples estimators, se(-) the correspond-
ing standard deviation, and * indicates that we are referring to the bootstrap samples. As
it is emphasized in Héardle et al.| (2004)), to determine the distribution of S we can use the
estimated variance of the estimators in question, &2(z), or the estimated variance of the
estimators of the bootstrap samples, 52(z). However, since the bootstrap theory suggests

that the second option provides a greater higher order adequacy to bootstrap, we chose

the latter one.

To determine the distribution of the statistic S it is necessary to obtain the bootstrap

sample, for which we have to calculate the bootstrap residuals as

N(T - 1)

1/2 N
a d AD: = HAE
N(T _ 1) _ 1) an U’Lt p g’Lt)

ALy = A&ite <
where A@t are the residuals of the original estimation and p the linear correlation coeffi-

cient of the error terms of the different equations of the system.

Let ¢; be a random error term between individuals that follows a Rademacher distribution
and satisfies E(¢;) = 0, E(e?) = 1 and Ple; = 1] = Ple; = —1] = 1/2, the bootstrap

samples are generated such as

AY; = a(Zit, Zi(t—l)) + AW{ZTﬁ*L@(ZZ’t, Zz'(t—l)) + AUJT/I\”LQQ\(Z#, Zi(t—l)) + A@\ft,
where AW} is the vector of bootstrap dependent variables of the M — 1 equations of the
system that are obtained using the nonparametric estimators g(Xi;, X;;—1)) and A}
Therefore, in order to obtain uniform confidence bands we use
’fﬁj(zl; HQ) @(ffb;ﬁ(zh HQ)), ’I/?\”Lj(zl; HQ) + S* @(’ffl;(zh Hg)) s

*
— S, .
mj mj

for each point z1, where 57, is the (1 — d)-quantile of S*(-) and 6 € (0,1). This procedure

is similar for the estimator a(-).

5.4 Empirical application

Although the theory of precautionary savings states that uncertainty has a negative impact

on household consumption and positive on their savings; see |Carroll and Samwick| (1997)),
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several empirical studies attempt to establish this relationship but without achieving con-
clusive results. However, because the optimal consumption choice depends on both the
life-time resources and the expected rate of income growth and household’s health-care
spending, there is some consensus in considering that household’s consumption/saving

decisions vary systematically with the age of the house.

In this context and with the aim of showing the feasibility and possible gains of the pro-
posed method, in the following we consider a simulated example and analyze a stochastic
model of precautionary saving based on the LCH model of Modigliani and Brumberg
(1954). Thus, using a random sample of Spanish households, we establish to what ex-
tend the precautionary behavior of the households affects to their consumption/saving
decisions, without imposing restrictive assumptions on the functional forms or unobserved

individual heterogeneity, something that to our knowledge is completely new.

5.4.1 Data sample and empirical application

The microdata used in this analysis are obtained from the ECPF elaborated by the INE
for the period 1985(1)-1996(1V). The ECPF is a rotating quarterly survey of representative
samples of the Spanish population and each household is interviewed for eight consecutive
quarters.. The survey contains not only information about demographic characteristics,
economic status and industrial sector of employment for each household, but also about
the detailed categories of income and consumption expenditure. Total disposable house-
holds income includes earnings of self-employment and employment in public or private
sectors, investment income and property, regular transfers (i.e., pensions, unemployment
insurance and other regular transfers) and other cash income (extraordinary and non-
broken down). Total households expenditures include durable, non-durable and other

miscellaneous expenditures.

Traditionally, and based on|Hall and Mishkin| (1982), the household precautionary behavior
to unexpected changes in income has been measured by spending changes in non-durable
goods. However, recently authors like |[Aaronson et al. (2012]) show that durable goods
react to these shocks much more than non-durable. Therefore, in order to determine

the household behavior to this type of adversity is often convenient to work with two
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different savings variables; see Attanasio et al.| (1999) or Chou et al. (2004), among others.
Specifically, the first saving variable excludes consumption in durable goods from the
calculation; i.e., furniture and household equipment and paid or imputed rent of the house,
whereas the second one takes into account such expenses. In this way, each definition is
the result of reducing household’s disposable income by the corresponding expenditure

variable.

The number of observations initially available in the ECPF is 148, 679, but in order to work
with a balanced panel as complete as possible we only consider information from those
households that answer to the eight quarters and provide information about their incomes
and expenses. For reasons of sample size and to avoid having to specify an inheritance
function, households whose head is aged under 26 or over 65 years old are excluded. As
we can see in Table in this sample there is a large proportion of households with
negative savings; i.e., 60.36% of the entire sample, so we have to take care when we define
the saving variables. In Table we summarize the distributions of the households with

negative savings.

Table 5.1. Distribution of households with negative savings

Population Total Negative %
Group Obs Obs total
Total 30,000 18,107  60.36%

26-35 age 5,314 3,153 10.51%
36-45 age 7,494 4,787  15.96%
46-55 age 7,764 4,744  15.81%
56-65 age 9,428 5423  18,08%

Notes: This saving variable is defined as the difference between total household disposable income and
total expenditures. % total is the proportion of observations with negative saving in the entire sample.

Obs = observations

In order to calculate the saving variables, in |(Chou et al. (2004) it is proposed to follow
the usual choice of taking S = In(I — C) as dependent variable, where I is the income and

C the consumption. However, this expression excludes those households with negative
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savings and the omission of a such considerable proportion of the random sample causes
a serious sample selection problem that can invalidates our conclusions. To overcome
this problem, following Deaton and Paxson| (1994) we use an approximate saving rate as
dependent variable; i.e. S = In(I) — In(C). In this way, this technique enables us to
take into account the information of the entire sample, including those households with

negative savings.

Since data are large enough, we focus our attention to a sample restricted to married
couples with one or two children that own a unique property. In addition, to remove
income and expense outliers we eliminate the 2.5% in the upper and lower tail of the
income distribution of the households of the sample, whereas for the expenses in non-
durable the 1% of the upper and lower tail is removed. Thus, we work with a final sample
of 1,856 observations; i.e., 232 families. The distribution of both household’s disposable

income and household’s expenditures of the working sample is collected in Table

Table 5.2. Distribution of household’s disposable income and expenditures by age-group

Total household disposable income Total household disposable income

26-35 36-45 46-55 56-65 26-35 36-45 46-55 56-65

Mean 1,165,321 4,781.7 1,133,457 1,070,904 1,687,246 1,653,106 1,623,759 1,606,457
Std  468,277.1 2,530.2 448,960.6 517,507.8 842,219.2 839.472.8 714,451.7 825215.2
Obs 586 503 353 414 586 503 353 414

Notes: Both revenues and expenses are measured in constant 1985 pesetas. Std = Standard deviation.

Analyzing the figures in Table we can note that, in average, total expenditures are
higher in the younger group and as the household age increases they become smaller. On
its part, the figures of total disposable income do not exhibit a clear trend and it might
be necessary to consider other features of the household in order to obtain a better under-
standing of its evolution by groups of age. More precisely, we propose to use educational

level of the household as a feature to explain total disposable income.

In Table [5.3] we collect the distribution of household’s income and expenditures by edu-

cational level.
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Table 5.3. Distribution of household’s disposable income and expenditures by educational

level
Total household disposable income Total household disposable income
Low education  High education = Low education = High education
Mean 1,078,119 1,188,709 1,622,239 1,663,152
Std 481,438.6 471,254.8 784,840.8 832,175.1
Obs 1,128 592 1,128 592

Note: As household with high education we consider those with at least a high-school diploma, whereas
household with low educational level are those whose head is illiterate, have no education or first degree

studies.

Analyzing the figures in Table we can see that, as expected, both revenue and expen-
diture from the group with a high level of education are bigger. Therefore, in the next
subsection we first estimate the model specified in Section [5.3] without considering the
education level. Next, we reestimate the model considering different education levels and,

in this way, we can analyze the heterogeneity between these populations groups.

5.4.2 Empirical results

As we state in Section based on the LCH model and avoiding restrictive assump-
tions about functional forms and unobserved cross-sectional heterogeneity, the system of

equations that we estimate is
Yie = a(Zip) +Wymi(Zy) + Uygma(Zi) + pi + vit,
Wi = g9(Xit) + G+ &,

(5.15)
where ¢ index the household, ¢ the time, Z;; is the age of the household head, Wj; is the
health-care expenditures (log), Y;; the savings, U;; the permanent income (log), and X
is a vector that contains the age of the main breadwinner of the house and the number of

children under 14 years old.

Note that household’s permanent income is not directly observable. In order to approxi-

mate this variable we follow the proposal in |Chou et al.| (2004)). Thus, assuming that the
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interest rate equals the productivity rate of growth and 65 years old is the maximum age
at which people works, the permanent earnings at age 7y are the fitted values that results

from the estimation of the following fixed effects model

65
Ya(ro) = X B+ (65— 70+ 1) Y f7a) + fi+ 0, i=1,--- N 5 t=1,--,1T,
T=T0
where f(7) is the estimated quadratic function of age, Y;; the household income, X;; a
vector of demographic characteristics, i; is the unobserved fixed effects, and vy is the

random error term.

Before to show the estimation results, we make a brief discussion about the choice of dif-
ferent bandwidths. As it is well-known, there are many standard procedures for optimal
bandwidth selection, such as plug-in, cross-validation criteria, and so on. For methodolog-
ical simplicity, the bandwidth of the second-step estimation procedure is chosen using the
rule-of-thumb; i.e., ﬁz = /]'\LQI = 5.n"1/%, where &, is the sample standard deviation of Z.
The same is done to compute H 3. For the selection of Hj note that in order to accomplish
with the conditions establish in Theorem [5.1f we should choose a ﬁl that clearly under-
smooth the optimal; i.e., H 1= /f;lI = 5,n" Y3, where &, is the sample standard deviation

of X.

Estimation results are shown in Figures [5.1 The estimated curves are plotted against
the age variable jointly with 95% pointwise confidence intervals. Figure shows results
for the entire working sample, without considering educational levels. On the other side,
in Figures [5.2] and we show the estimation results distinguishing between sample of
those who have higher educational level (Figure and those who have low education
level (Figure . Finally, in Figure we show the estimation results when endogeneity

is taking into account.

Figures have the same structure. They are divided into three panels, A, B and C.
Panels A show the precautionary savings elasticity to changes in households risk aversion;
i.e., a(-). Panels B exhibit the corresponding elasticity to changes in health-care expendi-
tures, i.e., m1(-), whereas Panels C show the precautionary savings elasticity to changes in
household income; ma(-). Specifically, Panel A-1 shows the estimated curves when durable

goods are not taken into account. Panel A-2 focuses on the second definition of savings,
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while Panel A-3 makes a comparison between both results.

maintained for Panels B and C.
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Focusing on the results in Figure[5.1], we can note that when we control for household risk

aversion (Panels A) there is a positive relationship between the savings rate of households

and their age.

This is especially stronger after age 47, presumably for retirement or

inheritance reasons. Meanwhile, when we control for income uncertainty (Panels C) we
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find that younger households (26—46) behave as buffer-stock agents and close to retirement
they begin to accumulate wealth, corroborating in this way the results in |Gourinchas and
Parker| (2002) and Cagetti (2003). When we control for uncertainty about health-care
expenditures (Panels B) we see that younger households (26 — 31) exhibit a declining
savings rate, followed by a constant path till the age of 56, where the hump-shaped is

inverted.

If we combine these results with the delay in the wealth accumulation process of the
Spanish households (note that in the U.S. it begins around 40 age while in Spain at 55
age) we realize the negative impact that public health programs have on precautionary
savings, confirming the results in |Chou et al. (2004). Finally, comparing the behavior of
the elasticity for the different savings results, we can note that consumption of durable
goods reacts much more to unexpected changes in either income or potential health-care
payout, whereas consumption in non-durable goods is more sensitive to household risk

aversion. This holds especially for households over 50 years old.

Now, we turn to analyze the impact of the different types of uncertainty on the household
precautionary behavior when facing different educational level (high or low). Controlling
for household risk aversion in Figures and we find out that there is a positive
relationship between the saving rate of the households and their age for both samples. As
we can see in Figures and when we control for household preferences we observe
that less educated agents are risk averse tending to save during the early stages of work
(26 — 38). Afterwards, they increase their consumption. On the contrary, households
with more education show a smaller degree of risk aversion. Furthermore, these household
show a rather steady savings path along time. This change dramatically at the age of
48, where savings rate increase exponentially, may be due to retirement or legacy reasons.
This result extends the findings that appear in |Cagetti (2003), where he points out that

households with less education exhibit a lower risk aversion degree.

Focusing on the precautionary savings elasticity to changes in unexpected health-care
expenses in Figures [5.2] and we obtain a savings rate with a similar path until the age
of 50. Thereafter, households with a high educational level show a more cautious behavior
regarding to unforeseen health-care expenditures. Finally, analyzing this elasticity to

unexpected income changes we appreciate a completely different behavior between these
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Figure 5.2. Household’s savings over the life-cycle by education level: low education
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populations. While households with low education exhibit a declining savings rate until

age b0, when we observe the hump-shaped established by the LCH model, households

with a higher educational level behave as buffer-stock agents until age 39, maintaining

a constant saving rate in adulthood and later a hump-shaped from the 55 to the age of

retirement.

Finally, in order to evaluate the empirical relevance of the endogeneity problem we compare
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Figure 5.3. Household’s savings over the life-cycle by education
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the results in Figure that is, where the endogeneity of the health-care expenditures

has been treated as IV, against the results obtained when the endogeneity problem is

omitted; see Figure We note that the empirical results are rather similar for the case

of exogenous variables, but there is a significant difference when we analyze the estimates

related to the potentially endogenous variables. By correcting by endogeneity through the

use of IV we observe that younger households do not accumulate assets, whereas when
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endogeneity is not taken into account younger households behave as buffer-stock agents.
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Figure 5.4. Household’s savings over the life-cycle with endogeneity
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In summary, these results confirm what is obtained in other papers of this literature. All

these results indicate that an extension of the standard life cycle model that takes into

account households’ preventive motif linked to uncertainty of both labor market and life

expectancy is very appealing. In addition, combining the particularities of this model

jointly with the estimation strategy proposed in this chapter enables us to determine
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household’s consumption/savings decisions without having to resort to further strong as-

sumptions about functional forms or densities.

5.4.3 Monte Carlo experiment

In this part, we use the simulated data to examine the performance of the proposed
estimator in finite samples under different semi-parametric specifications of the model
discussed in Section In this way, in order to corroborate the consistency of the
empirical results obtained in Section we use the mean squared error (MSE) as a

measure of the estimation accuracy of the proposed estimators.

Let ¢ be the @th replication and ¢ the number of replications, the MSE of the two-
step weighted locally constant least-squares estimators (5.9) may be approximated by
the averaged mean squared error (AMSE), so for the two-step weighted locally constant

least-squares estimator we have

L L | N T /d N 2
AMSE((21; H2) = 5 D op DD (Z (M, (21; Ha) — g, (215 Ha)) AWit7cpr> :

r=1

Observations are generated from the following semi-parametric panel data regression sys-

tem:

Yie = a(Zi) + Wima (Zit) + Uigma(Zit) + ps + v, i=1,---,N ; t=1,---,T, (5.16)
where Wj; is an endogenous variable constructed as Wi, = g(Xjt) + ¢ + &ie. Also, Zy, U;
and X;; are random variables generated such that Z;; = wj; +wi(i—1) (wit is an i.i.d. uniform

distributed (0,II1/2) random variable), U;; = 0.25U;(;—1) + ¥uit, and Xy = 0.5X4_1) + Poit
(1/)11',5 and ¢Qit are 4.7.d. ./\/'(07 1))

The error distributions of v;; and &; are generated as

vit = 0.65v;; 1) + ¥ and & = € + pui,
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where €;; = 0.5¢;4_1) +9}; (03 and 9, are .i.d. N'(0,1) random variables). Clearly, v; is
independent of Z;; and Uy, so that E(vy|Z,U) = 0 and E(v;;) = 0. However, E(v;;]W) # 0
because v;; and &; are correlated through the parameter p = 0.5, that is responsible for

this correlation.

In addition, to allow the presence of cross-sectional heterogeneity in the form of fixed effects
we assume that the individual effects are correlated with the nonparametric covariates. In
particular, the dependence between these terms is imposed by generating u; = 0.5Z;. + u;
and ¢; = 0.5X;. + u;, where v; is an i.i.d. N'(0,1) random variable. For i = 2,--- N,

Zi =TS Zyand X; =T 51 Xy

In the experiment, we consider two different cases of study. First, we analyze (5.16)) where
the varying coefficients can be related to both endogenous and exogenous covariates. Later,
we focus on a specification in which the nonparametric elements are the only exogenous

regressors; i.e.,

Yie = o Zit) + Wi (Zi) + ps + v, t=1,--- N ; t=1,---,T. (5.17)

In this context, to verify the asymptotic theory of Section the number of period T
is fixed at 3, while the number of cross-sections N is varied between 50, 75 and 100. We
use 500 Monte Carlo replications @ and a Gaussian kernel. Following the assumptions
necessary to obtain estimators with a suitable asymptotic behavior, we propose to obtain
the bandwidth matrix of Hy and Hj3 by the rule-of-thumb, whereas H; is chosen to be
undersmoothing. Thus, Hy = hiI = 6,(NT)"Y/3, Hy = hol = 6.(NT)"'/% and Hs =
/ﬁgl = GZ(NT)_1/5, where o, and 7, are the sample standard deviation of X;; and Zj,

respectively.

In the following tables, we report the simulations results through the estimated bias,
standard deviation (Std), and AMSE for the two estimators of both specifications. The

latter is computed as it is previously set, whereas the bias is obtained via

1 Q 1 N T d .
Bias (m(z1; H)) = — e E Mer 215 Ho — Myr(21 VVit,cpr )
(m( ) QZNTZZ > (Bl ) (z1)) A
p=1

i=1 t=2 \r=1

and the standard variance such that
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Table 5.4. Simulation results. AMSE for M =2 and a =0

Two-step locally constant Marginal integration
least-squares estimator estimator
Bias Std AMSE Bias Std AMSE
N =50 0.01138 0.51785 0.63383 -0.82138 0.42625 0.91673
T=3 N=175 0.00118 0.47344 0.45622 -0.80465 0.42282 0.87155
N = 100 0.00739 0.44615 0.41289 -0.80889 0.40361 0.85723

Table 5.5. Simulation results. AMSE for M =2 and a =1

Two-step locally constant Marginal integration
least-squares estimator estimator
Bias Std AMSE Bias Std AMSE
N =50 1.65751 0.83162 2.41698 0.55222 0.46183 0.95029
T=3 N=175 1.57539 0.84969 1.99571 0.54179 0.44837 0.91023
N =100 1.57340 0.71259 1.99565 0.53444 0.43619 0.89058

As we can see in Tables and the simulations provide the expected results. For
all T', as the sample size increases the bias estimated of the two-stage weighted locally
constant least-squares estimator, m(z1; Hs), for both a = 0 (Table and a = 1 (Table
5.5)) shrinks from 0.01138 to 0.00739 and from 1.65751 to 1.57340, respectively. Meanwhile,
the values of the standard deviations show a similar pattern going from 0.51785 to 0.44615
when a = 0 and from 0.83162 to 0.71259 when a = 1. In turn, this asymptotic behavior
is also holds for the integration marginal estimator. Thus, when the sample size increase
we see that the bias estimator of a(z1; H3) decreases from —0.82138 to —0.80888 in the
first specification and from 0.58222 to 0.53444 in the second one, whereas the standard
deviations pass from 0.42625 to 0.40361 and from 0.46183 to 0.43619, respectively.

Finally, focus on the behavior of AMSE (Tables [5.4] and we can highlight how, main-
taining T fixed, the AMSEs decrease as N increases. In this way, all these results enable
us to state that the estimators proposed in this chapter are consistent corroborating the

results of their theoretical properties established in the previous sections. Therefore, the
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consistency of the previous empirical results is proved.

5.5 Conclusions

This chapter considers the nonparametric estimation of a structural model of optimal
life-cycle savings, controlling for both uncertainty about health-care expenditures and
household risk aversion. The main attraction of this estimator is that, compared to those
already proposed in the literature, it allows to deal simultaneously with different problems
such as unobserved cross-sectional heterogeneity, varying parameters of unknown form in
the Euler equation and endogenous covariates. The estimator of the function of interest
turns out to have the simple form of a two-step weighted locally constant least-squares
estimator. Additionally, some marginal integration technique is needed to compute a sub-
set of the functionals of interest. In the chapter, we establish the asymptotic properties of
these estimators. To illustrate the feasibility and possible gains of this method, the chapter
concludes with an application about household’s precautionary savings over the life-cycle.
From this empirical application, we obtain the following conclusions: Households accu-
mulate wealth at least in two periods in life. In younger stages, household’s savings are
devoted to guard against uncertainty about potential income downturn, whereas when
households become older their savings are intended for retirement and bequests. Further-
more, public health programs have a negative impact on precautionary savings. Finally,
by comparing educational levels we obtain that households with low education levels are

more risk averse than those with higher levels.

171






Conclusiones

Resultados

La disponibilidad de datos de panel ha permitido aumentar considerablemente la com-
plejidad de los modelos econométricos. Sin embargo, en muchas dreas cientificas como
la economia, medicina, etc., la estimaciéon de modelos de datos de panel no paramétricos
o semi-paramétricos puede llevarnos a resultados infrasuavizados si ignoramos posibles
relaciones no lineales entre las variables explicativas o si no se permite que ciertos coe-
ficientes de la regresién varien en funcién de ciertas covariables propuestas por la teoria
econdémica, ver por ejemplo [Card (2001 o Kottaridi and Stengos| (2010). En este sen-
tido, los modelos de coeficientes variables de datos de panel que nos permiten explotar
posibles caracteristicas dindmicas ocultas en el conjunto de datos han sido objeto de una
investigacién intensiva en los ultimos anos, tanto desde el punto de vista tedrico como

metodolégico.

En este contexto, esta tesis doctoral persigue un doble objetivo. Por un lado, desarrollar
nuevas técnicas de estimacién que nos permitan obtener estimadores consistentes para las
funciones de interés suaves de un modelo de coeficientes variables de datos de panel en el
cual la heterogeneidad individual no observable esté correlacionada con ciertas variables
explicativas. Por otro lado, demostrar las posibles ganancias empiricas proporcionadas
por las estrategias de estimacion propuestas en los distintos capitulos de este trabajo.
Resaltar que aunque en este caso nosotros nos centramos en un caso empirico concreto, el
comportamiento de los ahorros preventivos de los hogares a lo largo del ciclo vital, estas
estrategias de estimacién pueden ser ficilmente aplicadas a estudios empiricos de diversa

naturaleza.
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En esta seccion, y a modo de conclusién, recogemos los principales objetivos perseguidos
en cada uno de los capitulos que conforman esta tesis doctoral asi como los principales

resultados obtenidos.

En el Capitulo 1, se realiza una revisién intensiva sobre la literatura econométrica de
modelos de datos de panel semi-paramétricos y totalmente no paramétricos. Primero,
analizamos los modelos de datos de panel totalmente no paramétricos tanto con efectos fijos
como aleatorios. Posteriormente, se repasan los modelos parcialmente lineales bajo tres
especificaciones distintas: efectos fijos y aleatorios, y presencia de covariables endégenas.
Concluimos con una revision de los modelos de coeficientes variables. Para cada una de
estas dreas se discuten las caracteristicas del modelo a estimar asi como la metodologia
propuesta. Ademds, también se analizan las principales propiedades asintoticas de los

estimadores resultantes.

En el Capitulo 2, se desarrolla una estrategia de estimaciéon que nos permite estimar las
funciones de interés de un modelo de coeficientes aleatorios en un contexto de datos de
panel en el que se asume que la heterogeneidad individual no observable esta correlacionada
con algunas/todas las covariables del modelo de regresién. Para evitar el problema de
dependencia estadistica entre la heterogeneidad no observada de seccion cruzada y las
covariables, se recurre a la trasformacion en primeras diferencias. Sin embargo, dado que
esta transformacion nos proporciona un modelo de regresiéon que puede ser considerado
como una funcién aditiva con la misma forma funcional pero evaluada en distintos perio-
dos de tiempo, seguimos la propuesta de Yang (2002). De este modo, presentamos un
estimador basado en una aproximacién local lineal y en el uso de una ponderaciéon de

kernel de mayor dimensién.

Como se senala en Lee and Mukherjee| (2008), la aplicacién directa de técnicas de apro-
ximacién lineal a este tipo de modelos de datos de panel en diferencias nos conduce a
estimadores que exhiben un sesgo que no desaparece incluso en muestras grandes. Sin
embargo, el uso de ponderaciones de kernel de mayor orden nos permiten resolver este
problema. Ademads de la habitual distancia entre el término fijo alrededor del cual se rea-
liza la aproximacion y un valor de la muestra, esta técnica nos permite considerar también
la suma de estas distancias respecto a los distintos valores de la muestra. Desafortunada-

mente, analizando las principales propiedades asintdticas de este estimador comprobamos
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que el problema del sesgo efectivamente desaparece, pero al coste de generar un incremento
del término de la varianza. Por lo tanto, este estimador alcanza una tasa de convergen-
cia no paramétrica més lenta. Con el objeto de alcanzar optimalidad, en este capitulo
proponemos reducir el problema de la dimensionalidad recurriendo a un suavizado adi-
cional a través de un algoritmo de backfitting de una etapa. Analizando las propiedades
asintéticas de este estimador queda demostrado que un suavizado adicional nos propociona
estimadores que alcanzan la tasa éptima de convergencia y que exhiben la propiedad de
eficiencia oraculo, como se sefiala en Fan and Zhang| (1999). Asimismo, y dado el papel
fundamental que juega la matriz de anchos de banda a la hora de alcanzar el equilibrio
entre sesgo y varianza, proporcionamos un método que nos permite calcular esta matriz
de manera empirica. Finalmente, a través de un experimento de Monte Carlo corrobo-
ramos el buen comportamiento de este estimador en muestras finitas. En concreto, para
T fijo, a medida que aumenta el tamano muestral el valor del AMSE es menor, tal y como

esperabamos a la vista de sus propiedades asintdticas.

En el Capitulo 3, nuestro objetivo se centra en la obtencién de estimadores que exhiban
las propiedades asintéticas estandar de los estimadores no paramétricos bajo el supuesto
de que los términos de error idiosincraticos son i.i.d. Para ello, recurrimos a una trans-
formacién en desviaciones respecto de la media para eliminar la dependencia estadistica
existente entre la heterogeneidad individual y las covariables en un modelo de coeficientes
variables de datos de panel. De nuevo, para evitar el problema del sesgo asintdtico no
insignificante proponemos un estimador de regresion local lineal con una ponderacion de
kernels de dimensién T. Dado que el estimador resultante alcanza subdptimas tasas de
convergencia no paramétricas, proponemos combinar este procedimiento con un algoritmo
de backfitting de una etapa que nos permite cancelar asintéticamente todos los términos
aditivos del modelo de regresién en diferencias. Posteriormente, demostramos que este
estimador de dos etapas es asintéticamente normal y alcanza una tasa de convegencia
Optima dentro de este tipo de funciones suaves. Ademads exhibe la propiedad de eficiencia
oraculo. Finalmente, a través de un estudio de Monte Carlo confirmamos los resultados

teodricos y el buen comportamiento de los estimadores en muestras finitas.

Una vez presentados los estimadores en diferencias propuestos (primeras diferencias y

efectos fijos), en el Capitulo 4 se realiza un estudio comparativo sobre el comportamiento
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de ambos estimadores. Analizando las propiedades asintéticas de los dos estimadores de
regresion local lineal se aprecia que, aunque ambos mantienen el mismo orden de mag-
nitud del término de sesgo, presentan limites asintéticos distintos para cada término de
varianza. De este modo, ambos estimadores alcanzan tasas suboptimas de convergencia
no paramétricas. Por su parte, para los dos estimadores de backfitting de una etapa se
demuestra que, bajo condiciones bastante generales, en ambos casos se alcanza la opti-
malidad y se exhibe la propiedad de eficiencia oraculo. Dado que los dos estimadores
de backfitting son asintéticamente equivalentes, el analisis sobre su comportamiento en

tamanos muestrales pequenios es muy interesante.

En un contexto totalmente paramétrico, se ha demostrado que bajo supuestos de exo-
geneidad estricta la eleccion entre los estimadores en diferencias depende de la estructura
estocéstica de los términos de error idiosincraticos. Sin embargo, en el andlisis asintotico
de los estimadores no paramétricos obtenemos que ademas de la estructura estocéstica e-
xisten otros factores como la dimensionalidad de las covariables y el tamano muestral que
son de gran interés. En concreto, para analizar el comportamiento de estos estimadores en
muestras finitas nos centramos en la evolucion del promedio de su error cuadréitico medio

(AMSE) bajo distintos escenarios del término de error.

A la vista de los resultados obtenidos de la simulacion, podemos destacar que el AMSE de
los dos estimadores de regresion local lineal tienden a converger bajo distintas especifica-
ciones del término de error. Ademads, para valores pequenos de T, el AMSE del estimador
en primeras diferencias tiende a dominar en términos del AMSE del estimador de efectos
fijos. Asi, el estimador de efectos fijos es preferido, tal y como esperdbamos. Por su parte,
cuando T aumenta el comportamiento de los dos estimadores empeora considerablemente,
tal y como establecen los limites asintéticos de sus términos de varianza. Por otro lado,
en cuanto a los dos estimadores de backfitting se obtiene que para los distintos tipos de
error considerados el estimador de dos etapas presenta un mejor comportamiento que el
estimador de regresién local lineal dado que nos permite evitar el problema de la dimen-
sionalidad. Asimismo, bajo estructuras i.i.d. del término de error o procesos estacionarios
AR(1) se aprecia que el estimador de backfitting de una etapa de efectos fijos presenta un
mejor comportamiento que el de primeras diferencias. Cuando el término de error sigue

un paseo aleatorio el comportamiento del estimador es mejor en el sentido contrario. Asi,
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en sintesis podemos afirmar que los resultados de la simulaciéon confirman las propiedades
tedricas establecidas previamente, tanto para los estimadores de regresion local lineal como
para los de backfitting de una etapa. Asimismo, encontramos que los estimadores de efec-
tos fijos son bastante sensibles al tamano del nimero de observaciones temporales por

individuo.

Finalmente, en el Capitulo 5 y con el objetivo de demostrar la viabilidad empirica que
reportan estos nuevos procedimientos para el andalisis empirico, se considera la estimacion
no paramétrica de un modelo estructural sobre los ahorros preventivos de los hogares
espanoles, para el periodo 1985—1996, motivado por el modelo del ciclo vital de Modigliani
and Brumberg| (1954). A partir de esta especificacién, estimamos un modelo en el cual
los ahorros de los hogares se relacionan tanto con la incertidumbre sobre futuros gastos
médicos imprevistos como con la aversién al riesgo de los hogares. Con el objetivo de
contribuir a la literatura sobre los ahorros preventivos, en este capitulo tratamos de hacer
frente a los errores de especificacién mas habituales en este tipo de estudios. Para ello,
extendemos el modelo semi-paramétrico desarrollado en |Chou et al.| (2004) al andlisis de
modelos de datos de panel. Asi, lo que nos proponemos es estimar un modelo del ciclo
vital que nos permita determinar el comportamiento de los hogares bajo las siguientes
particularidades: (i) heterogeneidad de seccién cruzada no observable correlacionada con
las variables explicativas; (ii) existencia de funciones desconocidas en la ecuacién de Euler
que relacionan variables endégenas y exdgenas y que deben ser estimadas; y (iii) gasto en

productos sanitarios determinado de manera enddgena.

Partiendo entonces de un modelo de regresion de coeficientes variables de datos de panel
con efectos fijos, el estimador que proponemos resuelve el problema de endogeneidad uti-
lizando los valores predichos de las variables enddgenas generados en la estimacion no
paramétrica de la ecuacién en forma reducida. De este modo, el estimador resultante tiene
la forma de un estimador simple de minimos cuadrados de dos etapas localmente ponde-
rado. Asimismo, para la estimacién de un subconjunto de funciones de interés suaves cier-
tas técnicas de integracion marginal son necesarias. Para determinar el comportamiento
de estos estimadores obtenemos sus principales propiedades asintdticas. Finalmente, el
capitulo concluye con un experimento de Monte Carlo que corrobora el buen compor-

tamiento del estimador propuesto en muestras finitas y con una aplicacién empirica sobre
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los ahorros preventivos de los hogares espanoles durante el periodo 1985 — 1996. A la
vista de los resultados obtenidos para esta aplicacién empirica podemos concluir que los
hogares acumulan riqueza al menos en dos periodos de su vida. Por un lado, los hogares
mas jévenes ahorran para protegerse contra posibles adversidades econdémicas imprevistas.
Por otro lado, los hogares més adultos ahorran principalmente por motivos de jubilacion
o de legado, corroborando lo establecido de manera tedérica por el modelo del ciclo vital
de Modigliani and Brumberg| (1954). Ademas, la reduccién de la incertidumbre a través
de programas sanitarios publicos tiene un impacto negativo sobre los ahorros. Asimismo,
comparando el comportamiento de los hogares por nivel educativo obtenemos que los

hogares con menor niveles educativo son més aversos al riesgo.

Futuras lineas de investigacion

A lo largo del presente trabajo, y dadas las diversas ventajas que los modelos de datos
de panel de coeficientes variables de forma desconocida ofrecen para estudios empiricos de
diversa tipologia, ciertas lineas futuras de investigacion han ido surgiendo. A este respecto,
y tal y como se demuestra en (Card (2001), a la hora de analizar el rendimiento educativo
de los individuos es necesario permitir que ciertas variables explicativas evolucionen con
otras variables con el fin de obtener resultados consistentes. De este modo, un primer
ejercicio puede consistir en la extensién del modelo de regresién analizado en |Card| (2001))
a un modelo de datos de panel que puede ser estimado recurriendo a los procedimientos

desarrollados en esta tesis doctoral.

Otra linea de investigacion relevante es la elaboracién de una serie de test no paramétricos.
Por un lado, en los distintos capitulos de esta tesis doctoral ha quedado demostrado que
los modelos de coeficientes variables son de gran utilidad dado que nos permiten explotar
las posibles caracteristicas del conjunto de datos, sin tener que recurrir a supuestos tan
restrictivos sobre la especificaciéon del modelo como los modelos totalmente paramétricos.
Sin embargo, también hemos demostrado que esta flexibilidad tiene un coste anadido que es
la obtencion de estimadores no paramétricos con unas tasas de convergencia mas lentas.
Con el objetivo de poder contrastar de manera empirica la correcta especificacién del

modelo a analizar, resulta conveniente desarrollar un test de especificacion que contraste
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la modelizacion paramétrica versus la semi-paramétrica. Para ello, siguiendo la idea de

Henderson et al. (2008)), un test basado en la técnica de bootstrap puede ser interesante.

Asimismo, sabemos que cuando la heterogeneidad individual no observable esta correla-
cionada con las covariables solo los estimadores en primeras diferencias proporcionan re-
sultados consistentes, mientras que cuando los efectos individuales son independientes de
los regresores tanto los estimadores en diferencias como los de efectos aleatorios son consis-
tentes. Sin embargo, dado que trabajar con modelos de coeficientes variables en diferencias
es una tarea laboriosa resulta interesante poder contrastar con qué tipo de efectos indi-
viduales estamos trabajando. De este modo, un test no paramétrico de efectos fijos versus
efectos aleatorios que siga el estilo del bien conocido test de Hausman puede ser de gran

utilidad.

Finalmente, en el Capitulo 5 se ha demostrado como las técnicas de estimacion de regresién
local lineal pueden ser facilmente extensibles al contexto de modelos de coeficientes fun-
cionales con variables endégenas. Sin embargo, en economia y otras ciencias sociales es
comun encontrarnos con situaciones en las cuales la covariable no paramétrica se determina
de manera enddgena; por ejemplo, en el problema estdndar de eleccion del consumidor.
En esta situacién uno podria asumir que existe un vector de variables instrumentales que
nos permite resolver este problema de endogeneidad. Sin embargo, en los modelos no
paramétricos y semi-paramétricos esto no es tan sencillo dado que podemos incurrir en el

problema de la inversa mal planteada.
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Results

The availability of panel data has enriched greatly the complexity of econometric models.
However, in many scientific areas such as economics, medicine, and others, the estimation
of nonparametric and semi-parametric panel data models can lead to undersmoothing
results when we ignore possible non-linear relationship between explanatory variables or
some regression coefficients vary depending on certain covariates proposed by economic
theory; see |Card (2001) or Kottaridi and Stengos (2010)), for example. Thus, varying
coefficient panel data models that allow us to explode possible features hidden in the data
set have been object of an intensive research in the last years, both from a theoretical and

methodological point of view.

In this context, the objective of this doctoral dissertation is twofold. On one hand, to de-
velop new estimation techniques that enable to obtain consistent estimators of the smooth
functions of interest of a varying coefficient panel data model where the unobserved in-
dividual heterogeneity is correlated with some explanatory variables. On the other hand,
to show the potential gains for empirical analysis provided by the proposed estimation
strategies in the different chapters of the doctoral thesis. Note that although in this case
we focus in a particular empirical problem, i.e., the behavior of household’s precautionary
savings over the life-cycle, these procedures can be easily applied to empirical studies of

various kinds.

In this section, and as conclusion, we summarize the main objectives pursued in each of

the chapters of this dissertation and the main results obtained.



Conclusions

In Chapter 1, an intensive review of the econometric literature on semi-parametric and
fully nonparametric panel data models is performed. First, fully nonparametric panel
data model with both random and fixed effects are analyzed. Second, we survey partially
linear models under three different specifications: fixed and random effects, and presence
of endogenous covariates. We conclude with a review of panel data varying coefficient
models. For each of these areas, we discuss both the basic model to estimate and the
proposed methodology. We also analyze the main asymptotic properties of the resulting

estimators.

In Chapter 2, we develop a new estimation strategy that enables us to estimate the func-
tions of interest of a varying coefficient panel data model where it is assumed that the
unobserved individual heterogeneity is correlated with some/all the covariates of the re-
gression model. In order to avoid the statistical dependence problem between the unob-
served cross-sectional heterogeneity and the covariates, we use the first differences trans-
formation. However, since this transformation provides a regression model that can be
considered as an additive function with the same functional form but evaluated in different
periods we follow the proposal in [Yang (2002)). Thus, we present an estimator based on a

local linear approximation and on the use of a higher-dimensional kernel weight.

As it is noted in Lee and Mukherjee (2008), direct application of linear approximation
techniques to such differencing panel data models leads us to estimators that exhibit
a bias that does not disappear even in large samples. However, the use of a higher-
dimensional kernel weight enables to overcome this problem. Besides the usual distance
between the fixed term around which the approximation is performed and a value of the
sample, this technique also allows us to consider the sum of these distances with respect to
the different values of the sample. Unfortunately, when we analyze the main asymptotic
properties of this estimator we obtain that the bias problem actually disappear, but at
the cost of generating an increase in the variance term. Therefore, this estimator achieves
slower nonparametric rates of convergence. With the aim of achieving optimality, in this
chapter we propose to ameliorate the dimensionality problem resorting to an additional
smoothing through a one-step backfitting algorithm. Analyzing the asymptotic properties
of this estimator it is shown that an additional smoothing provides estimators that achieve

the optimal rate of convergence of this type of problems and exhibit the oracle efficiency
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property, as it is noted in [Fan and Zhang (1999). Furthermore, because of the relevant
role of the bandwidth matrix in the trade-off bias and variance, we provide a method that
allows us to compute this matrix empirically. Finally, through a Monte Carlo experiment
we corroborate the good performance of this estimator in finite samples. In particular, for
T fixed, as far as the sample size increase the value of the AMSE is lower, as we expected

from its asymptotic properties.

In Chapter 3, the main goal that we pursue is to provide estimators that exhibit the
standard asymptotic properties of the nonparametric estimators under the assumption
of the idiosyncratic error terms are i.i.d. To do it, we use a deviation from the mean
transformation with the aim of removing the statistical dependence problem between the
fixed effects and the explanatory variables of a varying coefficient panel data model. Again,
to avoid the non-negligible asymptotic bias we propose a local linear regression estimator
with a kernels function of dimension 7. Since the resulting estimator achieves suboptimal
rates of convergence, we propose to combine this procedure with a one-step backfitting
algorithm that allows us to cancel asymptotically all the additive terms of the regression
model in differences. Later, we show that this two-step estimator is asymptotically normal
and achieves the optimal rate of convergence of this type of smooth functions. Also, it
exhibits the oracle efficiency property. Finally, a Monte Carlo experiment enables us
to confirm the theoretical findings and the good performance of the estimator in finite

samples.

Once presented the differencing estimators that we propose in this doctoral dissertation
(first-differences and fixed effects), in Chapter 4 we perform a comparative analysis about
the behavior of both estimators. Analyzing the asymptotic properties of the two local
linear regression estimators we can see that, although both maintain the same order of
magnitude of the bias term, they show different asymptotic limits for the variance term.
In this way, both estimators achieve suboptimal rates of convergence. On the contrary, for
the two one-step backfitting estimators it is shown that, under fairly general conditions,
both achieve optimality and are oracle efficient. Since both backfitting estimators are
asymptotically equivalent, the analysis of their behavior in small sample sizes is very

interesting.

In a fully parametric context, it is shown that under assumptions of strict exogeneity the
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choice between differencing estimators depends on the stochastic structure of the idiosyn-
cratic error terms. However, in the asymptotic analysis of the nonparametric estimators
we observe that apart from the stochastic structure, there exist other factors such as the
dimensionality of the covariates and the sample size are of great interest. Specifically, to
analyze the performance of these estimators in small sample sizes we focus on the evolu-
tion of the average mean square error (AMSE) under fairly different scenarios of the error

term.

In view of the simulation results obtained, we can highlight that the AMSE of the two local
linear regression estimators tends to converge under different specifications of the error
term. Also, for small values of T', the AMSE of the first-differences estimator tends to
dominate in terms of the AMSE of the fixed effects estimator. In this way, the fixed effects
estimator is preferred, as we expected. On the contrary, when T increase the behavior of
the two estimators worsens considerably, as the asymptotic limits of their variance terms
set. On the other hand, regarding to the backfitting estimators is obtained that for the
various types of errors considered, the two-step estimator has a better performance than
the local linear regression estimator since it allows us to avoid the dimensionality problem.
In addition, under i.i.d. structures of the error terms or AR(1) stationary process we see
that the one-step backfitting fixed effects estimator has a better performance than the first-
differences. When the error term follows a random walk the behavior of the estimator is
better in the opposite sense. Thus, in short, we can say that the simulation results confirm
the theoretical findings established previously for both local linear regression and one-step
backfitting estimators. Also, we find that fixed effects estimators are quite sensitive to the

size of the number of time observations per individual.

Finally, in Chapter 5 and with the aim of showing the empirical feasibility that these new
procedures report for empirical analysis, we consider the nonparametric estimation of a
structural model on Spanish household’s precautionary savings, for the period 1985—1996,
motivated by the life-cycle hypothesis model of Modigliani and Brumberg| (1954). Starting
from this specification, we estimate a model where household’s savings are related to both
uncertainty about future healthcare expenses and household risk aversion. In order to
contribute to the literature on precautionary savings, in this chapter we try to address the

most common misspecification problems in such studies. To this end, we extend the semi-
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parametric model developed in |Chou et al.| (2004) to the analysis of panel data models.
In this way, what we propose is to estimate a life-cycle hypothesis model that enables
to state the household behavior under the following peculiarities: (i) unobserved cross-
sectional heterogeneity correlated with the explanatory variables; (ii) unknown functions
in the Euler equation that relates endogenous and exogenous covariates and that have to

be estimated; and (iii) expense in healthcare products determined endogenously.

Starting from a varying coefficient panel data regression model with fixed effects, the
estimator that we propose solve the endogeneity problem using the predicted values of
the endogenous covariates generated in the nonparametric estimation of the reduced form
equation. In this way, the resulting estimator has the simple form of a two-step weighted
locally constant least-squares estimator. Also, certain marginal integration techniques are
necessary to estimate a subset of the functionals of interest. To determine the behavior of
both estimators we obtain their main asymptotic properties. Finally, the chapter conclude
with a Monte Carlo experiment that corroborate the good performance of the proposed
estimator in finite sample and an empirical application on Spanish household’s precau-
tionary savings for the period 1985 — 1996. In view of the results, we obtain that from
this empirical application we can conclude that households accumulate wealth at least in
two periods of their life. On one hand, younger households save to guard to uncertainty
about potential income downturn. On the other hand, older households save primarily for
retirement or legacy reasons, corroborating what is established in the life-cycle hypoth-
esis model of [Modigliani and Brumberg (1954). In addition, the uncertainty reduction
through public health programs has a negative impact on the savings. Finally, comparing
the behavior of both estimators by educational level we obtain that households with low

education levels are more risk averse than those with higher levels.

Future research

Throughout this work, and given the different gains offered by the varying coefficient
panel data models of unknown form for several empirical studies, some future lines of
research have arisen. In this regard, as it is shown in |Card (2001), when we analyze the

returns of educational is necessary to allow certain explanatory variables to evolve with
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other variables to obtain consistent results. In this way, a first study can consist on the
extension of the regression model used in |Card| (2001) to a panel data model that can be

estimate using the procedures developed in this doctoral dissertation.

Another line of relevant research is the development of some nonparametric tests. On
one hand, in the chapters of this dissertation it has been shown that varying coefficient
models are very useful because they allow us to exploit existing features in the data set,
without resorting to assumptions so restrictive on model specification as fully parametric
models. However, we have also shown that this flexibility has an added cost because it
provides nonparametric estimators with slower rates of convergence. With the aim of
testing empirically the correct specification of the model to analyze, it is desirable to
develop a specification test that check parametric versus semi-parametric modeling. For
this, following the idea of Henderson et al. (2008) a test based on the bootstrap technique

can be very interesting.

We also know that when the unobserved individual heterogeneity is correlated with the
covariates only first-differences estimators provide consistent results, whereas when indi-
vidual effects are independent of the regressors both differencing estimators and random
effects are consistent. However, working with varying coefficient models in differences is a
cumbersome task so it is interesting to test which type of individual effects we are working
with. In this way, a nonparametric test of fixed effects versus random effects that follows

the style of the well-known Hausman test can be useful.

Finally, in Chapter 5 we have shown that local linear regression estimation techniques
can be easily extended to the context of functionals coefficient models with endogenous
variables. However, in economics and other social sciences it is very common to deal
with situations in which the nonparametric covariate is determined endogenously; i.e., in
the standard consumer selection problem. In this situation, we can assume that there
is a vector of instrumental variables that enables us to solve this endogeneity problem.
However, in nonparametric and semi-parametric models this is not so easy since we can

incur in the ill-posed inverse problem.
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Appendix 1

Proof of Theorem 2.1

Taking Assumption A.2 conditional expectations in (2.14]) and noting that

Evy|X,Z] =0, i=1,---,N : t=2,--.T,

then
~ ~\ —1
E[f(z H)|X,Z] = ] (ZTWZ) ZTWM (AL.1)

T T T T T
where M = <X12m(Z12) — Xy Zn1), ey X e Znr) — XN(T_l)m(ZN(T_l))> .

Taylor’s Theorem implies that

M=Z [ miz) |, %Qm(z) + R(2), (A1.2)
vec(Dy,(2))
where
Qm(2) = Smi(z) — Sma(2), (A1.3)
Smi(z) = (SnTﬂ,lz(Z), T aSnTn,NT(Z)>T )
Sma(2) = (SnT@z,n(Z)f" vSnTﬂ,N(T—U(Z))T
and

Sma(2) = (X ® (Zi— ) Hn(2)(Za - 2)) .

Sm2,i(t71)(z) = ((Xi(tq) ® (Zi(t—l) - Z))T/Hm(z)(zi(tfl) - Z)) .



Appendix

We denote by

a dq x g matrix such that #,,4(z) is the Hessian matrix of the dth component of m (-).

The remainder term can be written as

R(z) = Ri(z) — Ra(2), (Al1.4)

R = (Bl Blve)

Ro(z) = (BIn(o) By ()

and
Riaz) = ((Xa® (Zi = 2) R (Ziii2) (Za -~ 2))
Ryiu-1)(2) = ((Xi(t—l) ® (Zig-1) — 2)) "R (Zigs—1y; Z)) :
We denote by
R1(Zit; 2) R1(Zit-1); 2)
R(Zy:2) = RQ(?it;Z) R(Zigp1:2) = R2(Zi(.t—1)5z) ’
Ra(Zit; 2) Ra(Zi(t-1); 2)
and
Ritii) = [ (oo +alzu—2) — 22%)) (- )
0?my 9?my

1
RilZigi) = [ (gt olZio = 2) - 5% ) (- wldw. (ALS)
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First, we analyze the bias term. In order to do this, we substitute (A1.2)) into (Al.1)) and
noting that vec(Dy,(2)) in (A1.2)) vanishes because

el (Z"W2)'\ZTwZz m(z) —e] m(z) =m(z), (A1.6)
vec(Dy(2)) vec(Dp(2))
then,
Bz H)X,Z) — m(z) = %e]— (Z7wZ)" Z7WQu()
+ e (ZTWZ)_l ZTWR(z). (AL.7)

~ -1~
We first analyze the asymptotic behavior of %e]— (ZTWZ> Z"WQum(z). Later in the
appendix, we do the same with the second term. For the sake of simplicity, let us denote

1

Kip=—
¢ |H|1/2

K (H_I/Q( i — z))

now, we define the symmetric block matrix

11 12
Anr ANt

(NT)'ZTWZ = (A1.8)
Ajr AR
where,
ANy = (NT)™! Z AXyAX KK 1),
ANy = Z AXip (X ® (Zit — 2) = Xigm1) ® (Zigi—ry) — 2)) | KKy,
ANr = (NT)™! Z it ® (Zit — 2) = Xju—1) ® (Zi—1) — 2)) AXy Kt K1),
A¥r = (NT)! Z it @ (Zit — z) — Xj—1) ® (Zig—1) — 2))

-
X (Xit @ (Zit — 2) — Xii—1) @ (Ziy—1) — 2))  KieK;—1).

We show that as N tends to infinity

AN7 = Baxax(z,2) + op(1). (A1.9)

where,

BAXAX(Za Z) =F AXltAXfL—tqZZt =z, Zi(tfl) = Z] fZityzi(tfn (Z) Z)‘
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In order to do so, note that under the stationarity assumption and using iterated expec-

tations
E(Ayr) = //E [AXitAXi—tr|Zit =2+ HYu, Zy oy =2+ Hl/zv}

XfZimZi(t—l) (th =z+ HI/QU’ Zi(t—l) =z+ H1/2U) K(U)K(U)dUdv

Furthermore, under Assumptions and and a Taylor expansion, as N tends to
infinity, 1' holds. All what we need to close the proof is to show that Var (A}\}T) — 0,

as the sample size tends to infinity. Note that under Assumption [2.1

1
Var (AN7) = anr (AXitAXi—trKitKi(t—l)>

1
+ N7 > (T —t)Cov (AXZ-QAX;KZQK“, AXuAX,) KitKi(t_l)) .
t=3

Under Assumptions [2.4

C

.
Var (AXZ-tAXZ-t KitKi(t_1)> < NTH)

and
Cl

Cov (AXpAXL KinKit, AXiAX ] KigKi 1)) < NH|

Then, if both NT|H| and N|H| tend to infinity the variance tends to zero and (A1.9))
holds.

Similarly, we can show that

Apr =DBaxx(z,2) (Ia® pa (Ky) H) = DBaxx_,(2,2) (Ia ® po (Ky) H) + 0p(H).
(A1.10)

Here, DBaxx(Z1,Z2) and DBaxx_,(Z1,Z2) are d x dgq gradient matrices. We define
DBaxx(Z1,2Z2) as

WYX (21,20) O X(21,2s)
oz oz!
DBaxx (21, 2Z2) = : : :
oYX X(Z1,2,) RN (Z1,2)
0z oz

and

boi X (Z1,Z2) = E [AX g Xarie| Zie = 71, Zi—1y = Z2] [ 24,2001y (21, Z2) .
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The DBaxx_,(Z1, Z2) gradient matrix is

AXX_q AXX_q

oy, — (4Z) . Oy (ZnZ)
oz ozl
DBaxx_,(Z1,22) = : : ;
f%dAlXX%(Zl,Zz) abﬁdXX%(Zl,Zz)
oz oz
and
AXX_,
bu (21, 22) = E [AX g Xai—1)| Zit = 21, Zi—1y = Za) [ 2.0, 2, (21, Za) -
Finally,
ARfr = Bxx(2,2) @ pa(Ku)H + Bx_,x_,(2,2) ® pa(Ky) H + 0,(H), (A1.11)
where
BXX(Z, Z) = F |:XZthI|Zzt =z, Zi(t—l) = Z:| fZihZi(tfl) (Z, Z) 5
BXlefl(Z; 2) = F |:Xi(t—1)Xi—|(—t71)’Zit =z, Zi(t—l) = Z} fZit7Zi(t71) (Z, Z) .
Using the results shown in (A1.9)), (A1.10) and (A1.11]), we obtain
SO | Ci1 C
NT (ZTWZ) = "R, (A1.12)
Ca1 Coo
where
Cu = B;%(AX('%Z) + Op(l)v
Cio = ~Bikax(z2) (DBaxx(z.2) (Is @ pa (K.) H)  DBaxx_,(2.2) (s © pa (K,) H))
X ((Bxx(z, Z) ® U2 (Ku) H + BXle’l(Z, Z) X 2 (Kv) H))_l + Op(l),
Cor = ((Bxx(22) ® s (Ku) H+Bx_,x_,(2,2) @ o (K,) H)) ™
% (DBaxx(2,2) (I ® pa (K,) H) = DBaxx_, (2,2) (I ® p2 (K,) H)) " Brk ax (2. 2)
+0p(1),
Cor = ((Bxx(2.2) ® pa(K)H + Bx_,x_,(2,2) @ pa(K,)H)) " + o0, (H)
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Also, it is straightforward to show that the terms in
(NT) 2 ZTW S (2)
(NT)™1 Y0 AXy (Xt @ (Zi — 2)) " Hon(2)(Zit — 2) Kt K41

9

(NT)"' S (Xt ® (Zit — 2) = Xip—1) © (Zig—1y — 2)) (Xt @ (Zi — 2)) | Hin(2)
X(Zip — 2) Kit K11

are asymptotically equal to

(NT)™" S AXy (Xi ® (Zig — 2)) | Han(2)(Zis — 2) Kir K1)

it
= 1o (KW E [AXith 1Zit = 2 Zig1) = 2| [z, (25 2) diaga (tr(Hom, (2)H)) i

+ op(tr(H)), (A1.13)

where diag, (tr(Hy,, (2)H)) stands for a diagonal matrix of elements tr(H,,, (z)H), for

r=1,---,d, and ig is a d X 1 unit vector, and

(NT)™! Z (Xit ® (Ziy — 2) = Xip—1) @ (Zip—1) — 2)) (Xt © (Zsy — 2) Hon(2)

X(Zit — ) K K1)
= / Bxx(z,2) @ (HY?u)(HY?u) " Hym (2) (HY?u) K (u) K (v)dudv
- / By x(2,2) ® (H'20)(HY2u) T Hon (2)(H"2u) K (u) K (v)dudo + oy (H*/?)
= O,(H*?). (A1.14)
Finally, the terms in

(NT) ' ZTW Spa(z) =
(NT)™' 3 AXir (Xig-1) @ (Zig—1) — ) Hon(2) (Zigry — 2) KKt

(NT)™' 30 (Xt ® (Zie — 2) — Xii—1) @ (Zige—1) — 2)) (Kie—1) ® (Zie—1) — 2))T Hom(2)
X(Zit-1) — 2) Kt K1)

are of order

(NT)™' > AXir (K1) ® (Zigg—1) — D) Hon(2)(Zir-1) — 2) KK igo 1y
it

= 2 (K0) B [AXa Xyl | Zi = 2 Zig1) = 2| Fa2 1) (5 2)diaga (66(Hom, (2)H)) i

+ op (tr(H)), (A1.15)

202



Appendix

and
(NT)™ Z (Xit ® (Zit — 2) — Xi—1) © (Zie—1) — 2)) (Xig—1) ® (Zi—1) — Z))T Hom(2)
X(Zi1—1) — 2) Kit K1)
= /BXX_I (2,2) @ (HY2u)(HY?0) "H,, (2) (H?0) K (u) K (v)dudv
- / Bx_,x_,(2,2) @ (HY?0)(HY*0) " Hp(2) (HY?0) K (u) K (v)dudv + o,(H*/?)

= O,(H?), (A1.16)

~ -1 ~
The second term for the bias expression is elT (Z "Wz ) ZTWR(z). We already know

~ N -1
what is the asymptotic expression for (ZTWZ> , S0 now we proceed to analyze the

asymptotic behavior of ZTWR(z). According to (A1.4) and (A1.5), note that

(NT)"'ZTWR(z) = ( f1(z) ) :
Ea(2)

where

1
81(2) = ﬁ E AXit
it

X ((Xz't ® (Zit — 2)) " R(Zi; 2)(Zit — 2) — (Xy—1) @ (Zie—1) — 2)) R(Zigu—1y: 2)(Zige—1) — Z))

XKitKi(t—l) (All?)
and
1
Ea(2) = NT Z (Xit ® (Zit — 2) — Xii—1) © (Zi4—1) — 2))

it

X ((Xz't ® (Zit — 2)) " R(Zi; 2)(Zit — 2) — (Xy—1) © (Zige—1) — 2)) R(Zigu—1y: 2)(Zige—1) — Z))

x KitKii1)- (A1.18)
Note that
E1(z) = &(z) + &12(2), (A1.19)
where
E11(z) = % > KK 1) AXy (A1.20)
it

X ((Xit ® (Zit — 2)) "R(Zit; 2)(Zit — 2) — (Xi—1) @ (Zig—1) — 2)) R(Zit: 2)(Zy(—1) — Z))
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and
1
E12(2) = NT zt:KitKi(tl)AXit (A1.21)
X ((Xi(tfl) ® (Zit—1) — ) (R(Zit; 2) — R(Zit-1): 2))/(Zig—1) — Z)) :
Now, we show that, as N tends to infinity,

E[&1(2)] = o, (tr(H)) . (A1.22)

In order to prove this, note that

El&n(z
//K BAxx(Z—i-Hl/zu 2+ HY ) ® (Hl/Qu)T> R(z + HY?u; 2)(HY?u)dudv
//K BAXX (24 HY?u,z+ H/?0) ® (HI/QU)T) R(z 4+ HY?u; 2)(HY?v)dudv.

By (A1.5) and Assumption [2.7]

1
Rale + HY?u; )] < / (@ HY2u)))(1 — w)dw, d,
0

where <(n) is the modulus of continuity of (8*mg/0z;0z;)(z). Hence, by boundedness of

[, Baxx and Baxx_,
1
Blen@) < G [ [ [ 120l B2l |l K (@)K (o) doduds
0
1
+ CQ/// |(H1/2U)TH§(WHH1/QUH)|’Hl/Zv’K(u)K('l))dwdudv
0

Also, E[£11(2)] = op (tr(H)) follows by dominated convergence.

Similarly,
E[&12( //K BAXX (24 HY?u,z+ H/?0) ® (HI/ZU)T>
X <R(z + H1/2u; z) — R(z + HY?v; z)) (H'?v)dudv.
Therefore,

1
Elen(=)] < Cs / / /0 [(H"/20) T [e(w ]| 2l || V20| K (u) K (v)dwdudy

1
+ 04/// CEE20) T || (o] FEY20 )| H20| K (1) K (0)dewodudo.
0
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Then, proceeding as in the proof of the previous result, we also find that E[€12(z] =

op (tr(H)).

Now, for £(z), note that
52(2) = 521(2) + 522(2), (A1.23)

where

1

521 (Z) = ﬁ (X’Lt & (th — Z) - Xi(t—l) ® (Zi(t—l) - Z)) (A124)
it

X ((Xit ® (Zit — 2)) "R(Zit; 2)(Zir — 2) — (Xi—1) @ (Zig—1) — 2)) R(Zit; 2)(Zy(—1) — Z)) :
and
E0(2) === (Xa® (Zit — 2) — Xig—1) © (Zig—1) — 2)) (A1.25)
X ((Xz'(t—l) ® (Zit—1) — 2) (R(Zig; ) — R(Zit-1); 2))(Zie—1) — Z)) .
Following the same lines as for the proof of , it is easy to show that

E[&(2)] = 0,(H?/?). (A1.26)

Substituting (A1.12)), (A1.13), (A1.15) and (A1.22) into (A1.7]), the asymptotic bias can

be written as

Elm(z; H)[X, Z] —m(z)

= 5ol (ZTWZ) " ZTW (S,(2) ~ 5mul2))

= %Bgﬁmx(z, 2) (n2(Ku)Baxx (2, 2) — p2(Ko)Baxx (2, 2)) diaga (tr(Hum, (2)H)) ia

+ op(te(H)).

To obtain an asymptotic expression for the variance, let us first define the (N (7' —1) x 1)-
vector Av = (Awvy, - - ,AUN)T where Av; = (Av;o, - - ,A’UZ'T)T and let £ (AUAUT|X, Z) =

VYV bea N(T —1) x N(T — 1) matrix that contains the V;;’s matrices
202,

Vij = E(AviAva]X,Z) =4 —o2, for i=j |[t=s|<2. (A1.27)

v

for i=j4, t=s

0, for i=yj, [t=s|>2.
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Then, taking into account that

iz H) — E [z H)X,Z] = e] (ZTWZ) ZTW Aw, (A1.28)

the variance of m(z; H) can be written as

~ [~ ~\ —1
Var (m(z; H)X,Z) = ¢] (ZTWZ) ZTwyw'Z (ZTWZ) er. (A1.29)

Based on Assumption and by the fact that the v;; are i.i.d., then the upper left entry
of (1/NT)ZTWVYWT Z is
o2

itAXTKQK(t 1~ NTZZAXltAXz(t 1)Kth t—-1)Kig—2)

i

2
O'
~NT #AX, i(t—2) it B 1—1) K1 —2) I (1—3)
202R(K, R K,
- 0 |HT ( )BAXAX(ZaZ)(l + 0p(1)), (A1.30)
because
o2 o2R(K,
NT itAX (1) Kit Ky 1) Ki-2) = |H|(1/2)BAXAX1(Z, z,2)(1+0p(1)),
(A1.31)
and
0'12) T 2
NT it AX; oy Kit K1) Ki-2) Kit—3) = 0, R(Ky)Baxax_,(2, 2, 2, 2) (1+0p(1)).

i

(A1.32)

The upper right block is

202
Z AXjy (th ® (Zit — z) — Xz'(t—l) ® (Zi(t—l) )) Kngz(t 1)

i

:Il—IQ—Ig.
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O—'U
“NT Z Z AXit (Xi—1) © (Zip—1) — 2) — Xigr—2) © (Zi(4—2) — Z)) KuK;, it—1) Kit-2)

.
it (Xii—2) @ (Zigi—2) — 2) = Xi1—3) © (Ziu—3) — 7)) KitK;(4-1) K;1—2) Ki(1—3)

(A1.33)
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2
Lo / (Baxx(z+ H2u,z 4 H'0) @ (H'/ )T

— Baxx_,(z+HY?u,z + HY?v) @ (Hl/%)T) K2(u)K?(v)dudv(1 + 0,(1))

— 0,(H)) (A1.34)
&
L, = W/(BAXX1(Z+H1/2u72+H1/2U7Z+H1/2w) X (H1/2U)T
— Baxx_,(z+HY?u, z+ HY?y, 2+ H?w) (Hl/zw)T> K(u)K%(v)K (w)
X dudvdw(1 + op(1))
— 0,(H["), (A1.35)
and

b= Uz/ (BAXX—Q(Z + HY?u, 24+ HY %0, 2+ HY?w, z + HY?s) @ (H?w) "
— Baxx sz + HY?u, 2+ HY?v, 2 + HY?w, 2 + H'/%5) ® (Hl/Qs)T>
x K (u)K (v) K (w) K (s)dudvdwds(1 + o,(1))

= 0,(1). (A1.36)

Note that we denote,

Baxx(z2)

[ 2701y (z,2)

Baxx(z2)

[Z4,25 1) (z,2)
Baxx_,(z,2,2)

fZit,Zm,l),Zi(th) (2,2, 2)
Baxx_,(z,2,2)

[ 20,2001 Ziony (2,2, 2)

E [AXith'—tr‘Zit =2, Zi(1—1) = Z} ’

E [AXitXL_l)lZu =2, Zi(t-1) = Z} ’

=F [AXitXi—(rt_lﬂzit =z, Zi(t—l) =% Zi(t—Z) = Z:| ’

d

=F [AXitX,L-T(tizﬂzit =%, Zi(t*l) =%, Zi(t72)

BAXX,Q (Za 2y 2, Z)
fZit»Zi(t—l)’Zi(t—2)’Zi(t—3) (Z’ %5 % Z)

=K [AXitX;(rt_g)|Zit =z, Zi(t—l) =z, Zi(t—2) =2, Zi(t—3) = Z}

BAXX_g (Za 2y 2, Z)
fZihZi(t—l)in(t—Q)vzi(t—B)vzi(t—Al) (2,2,2,2)

=K [AXitXi—(rt_3)|Zit = 2,2Zi(t-1) = 2, Zi(t—2) = %, Zi(t—3) = %, Zi(t1—4) = Z] .
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Finally, the lower-right block is

202
NT &
it

(Xit ® (Zit — 2) — Xj4—1) @ (Zip—1) — 2))

.
X (Xit © (Zit — 2) — Xj4—1) ® (Zip—1) — 2)) K%K?(tq)

&
NT

T
> (Xa® (Zi —2) = Xig-1) © (Zig—) — 2))

i =3
.
X (Xigt—1) ® (Zig—1) — 2) — Xig—2) ® (Zi4—2) — 2)) KitKiQ(t_l)Ki(t—Q)

2 T
O-fl)
- NT Z z; (Xit ® (Zit — 2) — Xii—1) © (Zi4—1) — 2))
P t=
-
X (Xi—2) ® (Zi—2) — 2) = Xir—3) @ (Zir—s) — 2))  KiKi—1)Kir—2) Kit—3)
- - LI (A1.37)
where
202u9(K?)R(K, 202 12(K?)R(K,,
I, o2 (K7)R( )BXX(M,)@)HJr o2 (K=)R( )BX_1X_1(Z,Z)®H
|H| |H|
+0p(|H|71H)7
o2us(K? -
I, |H2|(1/2)BX1X1(2,,2,Z)®H+OP(|H| 1/2H),
13 = Op(H).

So now, substituting (A1.12), (A1.30), (A1.33)) and (A1.37)) into (A1.29)) we obtain

R 202R(K,)R(K,) ,,_
Var(m(z; H)X,Z) = NTIH| BA%{AX(Z’ 2)(1+ 0p(1)).
[ |
Proof of Theorem 2.2
Let
m(z H) —m(z) = (m(z; H) — E[m(z; H)|X, Z]) + (E[m(z; H)|X, Z] — m(2))
= I + 1.

Now, we show that

VNTIHL %5 N (0,202R(K,)R(K,)Bikax (2, 2)) (A1.38)

as N tends to infinity.
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In order to show this, let

~ JUNS Y
(2 H) — E [z H)X,Z) = e] (ZTWZ) ZTW Av, (A1.39)
where Av = [Avyy,--- ,Avyr|"T. We are going to show the asymptotic normality of
1 ~
———Z"WAw. A1.40
~T ( )
Because (A1.40) is a multivariate vector, we define a unit vector d € R in such a
way that
1 ~ 1
— A" ZT WA = — Nits Al1.41
. SRR (ALa1)
where
>\it = ’H|I/QdTZitKitKi(t—l)Avita 1= 17 e 7N ) = 25 e 7T
and
AXy
Zip = . (A1.42)

Xit ® (Zit — 2) = Xi—1) @ (Zig—1) — 2)
By Theorem [2.1] and conditions thereof, we find that

R(Ky)R(K,)Baxax(z,2) 0
Var(\i) = 202d" 0 pa (K2 R(K,)Bxx(2,2) @ H 4 pup(K?)
XR(Ku)BX,lX,l (Z, Z) QK H

sd(1 + 0p(1)) (A1.43)

and

Z |Cov( i1, Ait)| = op(1).

t

Now we define A}, ; = T-1/2 Zthl Ait. For fixed T, the {/\f”} are independent random
variables. Therefore, to show (A1.37)), it suffices to check the Liapunov condition. Using

the Minkowski inequality,

BN, [P0 < 0T B 2H.
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Because of (A1.41)), we split A; into two components, Aj;; and Mg, we analyze them

separately:
B>
< |H|% EldTAX K Kig_1)Avgg |+
— |H*'E [E “dTAXitAvitP” | Zi, Zi(t,l)] K2+5Kf(j51)]
= H’6/2/E [’dTAXitAUz‘HQH‘Zit =z + HY?u, Zit-1) =2+ Hl/%}
X 2o, (z FHY2y Hl/%) K28 (u) K2 (0) dudw
= |H|™°?E “dTAXitAvitF*‘;]Zit =2,Zi—1) = z} f24,201) (25 2) /K2+5(u)K2+5(v)dudv
+0p(‘H‘76/2)
and
E|)\2it|2+5
< |H|* EBld"(Xi ® (Zit — 2) — Xi(—1) ® (Zig—1) — 2)) Kt K1) Avge|* 0
2+5 T 2+0
< P B [Jd7Xi ® (Zi — 2)KieK 1) Aval|

2+5 2+0
+[H| 2 DdTXi(tfl) ® (Zit—1) — Z)KitKi(tfl)AUit@

\H]TE [E |:|dTXitAUit|2+6|Zita Zi(t—l)} ® | Zit — Z|2+6K2+6Kz2(j61)]

245
+|H| > E [E [|dTXi(t—1)AUit|2+6|ZitaZi(t—l)} ® | Zip—1) — Z|2+6K§+5Ki2(ﬁl)}

— ‘H’ E |:|dTXitA/Uit|2+5|Z’it =2z, Z’i(t—l) = Zi| fZit’Zi(t—l) (Z,Z) X / |u|2+5K2+5(u)K2+6(v)dudU

+|H|E [|dTXi(t71)Avit‘2+6|ZitaZi(tfl)} fz 2) ®/|v|2+6K2+6(u)K2+5(v)dudv

it Zi(t—1) (z,

+op(|H).

2

=2 Zl LEIX |2+5 < C(N|H|)~%?2. This, indeed, tends to zero when
N|H| — oo and therefore the Lyapunov condition holds and (A1.37) follows. We have
already defined D in (A1.43)). Finally, using (A1.12)) and applying the Cramer-Wold device,

the proof is done.

Therefore, (NT')~

Using the bias expression computed in Theorem we can then write

E[m (2 H) X, Z] — m(z)

. %pg(Ku)diagd (62 (Hom, (2)H)) i + Op (H'2) + o0y (tr(H)). (A1.44)
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Note that, by the law of iterated expectations,

Em(z H)|] = /E[m(z;H)|X11,~- JXNT, Z11,- -+ ZnT]AF (X1, -+, XNTy Z11, -+, ZNT) -
The leading term in does not depend on the sample, and then the proof is closed.
|
Proof of Theorem 2.3
The proof of this result follows the same lines as in the proof of Theorem Let
iz H) = el (2TW0ZY) 7 2TWhAY", (A1.45)

Then proceeding as before in the proof of Theorem we obtain

E [m(z; fI)|X,Z] —ef (Z”Wbéb)_l ZTw? (M<1> + M(2>) : (A1.46)

MO = ((Xhm(Zi) T (Xgm(Za)T)
u® — ((xgw[m(zn;ﬂnx,mm(zm))T,

-
s <X]—\;(T71)(E[m(ZN(T71)§ H)X,Z] - m(ZN(Tl)))>T>

are N(T — 1) x 1 vectors. We can approximate M} through a Taylor’s expansion, i.e.,

=z | mE e R,
vec(Dp(2)) 2
where,
b bT bT T
() = (Siha(2), - Shiwr())
and

Smit(2) = (Xit @ (Zit — 2)) " Hn(2)(Zit — 2).
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Using Assumption we obtain

~ ~\ —1 ~
e] (ZbTW”Zb> ZTWPRb(2) = o, (tr(H)),

and therefore,

E [m(z; ﬁ)\x,z} —m(z) =e] (ZbTWb§b>_1 ZTw <;an(z) + M(2)> + o, (tr(H)).

(A1.47)

To obtain an asymptotic expression for the bias we first calculate

1 ~ ~
L Ty —
NT

(NT)™' 325 XXt K (NT)™1 Y0, Xit (Xie ® (Zi — 2)) T K,
(NT)™ S0 (Xit ® (Zi — 2)) X K (NT) ™V (Xie ® (Zi — 2)) (Xt @ (Zig — 2)) | K

Using standard properties of kernel density estimators, under Assumptions to and

as N tends to infinity,

(NT)™' > XaXii Ky = Bxx(2)+o0p(1),
(NT)™ " Xy (Xip @ (Ziu — 2)) " Kip = DBxx (2) (I ® pa(Ky) H) + 0p(H),
it

(NT)™' Y (Xt ® (Zie — 2)) (Xar ® (Zie — 2)) ' Kie = Bxx(2) © pa(Ku) H + op(H).

it
Note that Bxx(z) and DBxx(z) are defined as in the proof of Theorem but the

moment functions now are taken conditionally only to Z;; = z.

Using the previous results,

D o

~ N -1
NT<ZbTWbe> _ 11 12 7 (A1.48)
C(l) C(l)
21 Lo
where

¢y = Byk(2)+oy(1),

¢y = —Bik(2) (DBXY(2)) (Byk(2) ® 1) +0,(1),

) = (Bxx(2) ® pa(K)H)™ + 0, (H).
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Furthermore, the terms in

(NT) L ZPTWhQb, (2)
(NT)~' 32 Xit (Xt @ (Zig — 2) " Hin(2)(Zi — 2)K;
= (A1.49)

(NT)™ S (Xit ® (Zit — 2)) (Xt @ (Zip — 2)) | Hon(2)(Zit — 2) K

are of order

Ho(K)E | XX} | Zit = 2| f2,(2)dingy (6:(Hin, () ia + op(tx(H)

and Op(ﬁl 3/2) respectively. In order to evaluate the asymptotic bias of the last term, we
have to calculate
(NT)"'Z°Twbm®@ (A1.50)
(NT)™' 320 Xae Xy 1y (B [Tl Zir-1))|X 2] — m(Zigp1))) K
(NT) Y, (Xt ® (Zit — 20) X,y (B [ Zie1)IX, 2] = m(Zigry) K
It is straightforward to show that

(NT)~ ZXitXiT(t_l) (B [(Zig-1)1X, 2] = m(Zig-1))) K = 0p(tr(H)),

as N tends to infinity, and

(NT)™! Z (Xit ® (Zie — 2)) Xy 1y (B [ Zigp—1)) X, 2] — m(Ziay)) Kt

= op(tr(H)tr(H)),

as IV tends to infinity. Under Assumptions the bias is o, (tr(H)), and the rate is

uniform in z; see |[Masry| (1996 for details.

Now we substitute the asymptotic expressions for (A1.48)), (A1.49) and (A1.50) into
(A1.47) and apply tr(H) — 0 tr(H) — 0 in such way that N|H| — oo, N|H| — oo.

Thus, we have shown that the asymptotic bias in m(z; H ) is of the same order as it was

in the first step.
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For the variance term, recall that
~ ~ ~ ~\—1 ~
(2 H) — B |z H)]X,Z] = ¢ (Z”szb) ZTWh Ay

- N1~
+ e (ZbTWbe) Z5Twhs,
where 3 = (01, -+ ,0n) " is a (N(T — 1) x 1)-vector, such that
-
Ui = ((XiET(Zio;H))T»"' a(X;(rT_nT(Zz'(T—l)?H))T) ,

i=1,---,N,and

r(Zig—1y; H) = M(Zy—1y; H) — E [ Z;—1y; H)|X, Z]

fori=1,--- Nandt=2,---,T.

Then, the variance of m(z; H) takes the form
Var (ﬁzb(z; H)[X, Z)
_ elT (ZbTWb2b> -1 ZAT byt T 7t (2bTWbe) -1 e
tel (Z” Wbe) S TwhE [%T X, Z] WoT 7 (Z” Wbe) e
+2¢] (ZbTWbe> T TwtE [@AUT X, Z} whTZb (Z”Wbib> e
S P B

Following exactly the same lines as in the proof of the variance term in Theorem as

N tends to infinity, we obtain

I 202R(Ky,) Bl

LT ONT|H? xx ()14 0p(1))- (A1.51)

In order to calculate the asymptotic order of Is, we just need to calculate

1 ~ _
2" TW'E [%WX,Z} WwhTZb, (A1.52)

The upper-left entry is
(NT)"' YN XuX, E [r(zz-(t_l); H)r(Zi(s—1y; H)TIX, Z] Xis1)Xis Kit Kis.

i s

(A1.53)
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Applying the Cauchy-Schwarz inequality for covariance matrices, then (A1.53|) is bounded
by
_ ) -
(NT)7V ST ST Xu X, yyvee!/? (dlag (E [7‘ (Zig—ny H) 7 (Zig—rys H) T |X, Z} ))
i ts

wvecl/? <diag <E [r (Zigsry; H) 7 (Zigo—ry: H) | IX, Z} ))T Xioe) Xih Kt K.

Now, note that under the conditions of Theorem

vec (diag (E [r(z;H)T(Z;H)T\X, ZD) =0, <%> ;

uniformly in z, and therefore (A1.53)) is of order

0 log NT
"\NT|H||HV?)

Following the same lines, it is easy to show that the upper-right entry of (A1.52)) is

(NT)_l Z Z XitXZ‘—l(—t_l)E |:T(Zi(t—1); H)T(Zi(s—l); H)T|X7 Z:| Xi(s—l) (Xzs X (Zzs - Z))T
i ts

X Kt Kig
log NT
=0p| ———=—— |,
NT|H|H|'?
and, finally, the lower-right entry of (A1.52) is

(NT)™* Z Z (Xit ® (Zit — 2)) XiT(t_1)E [T(Zi(t—l); H)r(Zi(s-1); 0)'[X, Z]

i ts

log NT
X Xi(s—1) (Xis ® (Zis — 2)) | KiKis = O, < ® > :

NT|H||H|1/?

Now, combining results in (A1.48[) and (A1.52)), we show that

I log NT
2 = O —_— = .
U\NT|H| H|V2

Finally, a standard Cauchy-Schwarz inequality is enough to show that

L — o log NT
T\ NTH|H| )

and then the proof of the result is closed.
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Appendix 2

Proof of Theorem [3.1]

We first focus on the analysis of the conditional bias of the local weighted linear least-

squares estimator, m (z; H), and later on the behavior of its conditional variance-covariance

matrix. We follow the standard proofs scheme as in Appendix 1.

Let X = (X11, -+, Xn7) and Z = (Z11,- -+ , ZnT) be the observed covariates vectors. By

the particularities of the idiosyncratic error term collected in the Assumption we know

E (vi|X,Z) = 0, so the conditional expectation on (3.14]) provides

~ ~\ —1 ~
E[f(z H)|X,Z] = e] (ZWVZ) ZTWM,

where

M= [ Xfim(Zn) =T~ 30, X{im (Z4),

Approximating M using the multivariate Taylor’s theorem we obtain

M=7Z m(z) + %Qm(z) + R(2),
vec(Dp(2))
where
Qm(2) = Sp(z) — gm(z),
Sulz) =[St ST )]
Sn() = [Shn(2 Ba(a)]

The corresponding entries of these vectors are

Sma(2) = [(Xit® (Zit = 2)) Hn(2) (Ze —2)]
T

Smi(2) = %Z (Xis @ (Zis — 2)) " Hun(2) (Zis — z)] ,
s=1
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where we denote by

a dq x d matrix such that H,,4(z) is the Hessian matrix of the dth component of m(-).

On the other hand, the remainder term of the Taylor approximation can be written as

where

and the corresponding entry of each vector are

Ry, (2)

Rmit (Z)

We denote by

R(Zit; Z) =

and
Ra(Zit; 2)

Rd (Zis; Z)

Bu(2) = [l (2 Bl ()]
n(2) = [ Foa(a)]

[(Xi @ (Zit = 2)T R(Zis2) (Zie = 2)

T
1
- > (Xis @ (Zis — 2)) ' R(Zisi 2) (Zi
s=1
Ri1(Zit; 2)
Ro(Ziy; z
2( .t ) aR(Zis§z):
Ra(Zit; z)

1 82md
Zy —2)) —
/0 [8282T (2+w(Zi = 2))

[ [om vz -2)

where w is a weight function.
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R1(Zis; 2)
Ro(Zis; 2)
Rd(Zis; Z)

?m
e e

0?m
()] (1= )

(A2.4)
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If we replace (A2.2)) in (A2.1) we obtain the conditional bias expression consisting in the

following two additive terms

Efi (2 H) |X,Z] — m(z) = %ef (Z7WZ) " 2T WQu(2)

~ ~\ —1 ~
+ e (ZTWZ) ZTWR(2), (A2.7)

where we can appreciate that the vec(D,,(z)) term of (A2.2)) vanishes by the effect of e;.

As this bias expression has two additive terms, to obtain the conditional bias of this
estimator we must analyze both terms of separately. Focus first on the analysis
of e] (ZTWZ> o ETWQm(z), we show that this is the leading term of the expression of
bias and which actually sets the order of this estimator. Later, we study the behavior of
eir (Z Wz ) - Z TW R(z) and explain why this term is asymptotically negligible. For the

sake of simplicity let us denote

1

Kiy=——
’H’1/2

K(H*l/Z(ZM—z)) for €=1,---,T.

The inverse term of (A2.7]) can be rewritten as the following symmetric block matrix

_ _ AH A12
(NT)'Z'wz=| "~ TN (A2.8)
./421 A22
NT NT

where,
ANy = (NT)™ ZX#X; HKM
) 0
T
'A]l\?T = (NT)ilzX’Lt (X’Lt® ( it _Z 1ZX15 ® 13 —Z’)) HKZZ7
it l
A?\}T = NT 12( Zt® zt_z 1ZX7,5® 13_Z)> Xz—trHKlZy
J4
A?\%T = NT 12( zt® t—Z 1ZX23® is — % ))

T
X<th®( t_z IZX15® 13_2)> HKz€
V4
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Analyzing each of these terms, we first show that as N tends to infinity

‘Ajl\}T = BXtXt (Z7 e 7'2) + Op(1)7 (A29)

where

By, x, (2,---,2)=FE [XitX;|Zi1 =2z, it = Z] Szt 2o (25, 2)

With the aim of showing this result, under the stationarity assumption and by the law of

iterated expectations we obtain
E (AJI\}T) = /E |:X7,tX7,—tr|le =z+ _['_‘[1/21“7 N A Hl/QUT}

T
X [Zir e Zir (Zil =2+ HYuy, - Zip = 2 + H1/2UT> HK(W)dW
=1

and by the Taylor expansion of the unknown functions and Assumptions and the
expression (A2.9) holds. However, note that to conclude this proof is necessary to turn to

a law of large numbers. Therefore, we have to show that Var (A}\}T) — 0, as N tends to

infinity. Under the Assumption

T
1 .
Var (A}\}T) = —Var (XitX; HK”>
NT ey

T T T
+ N7 > (T —t)Cov (XQX; I & XuXi T Ki4> .
t=3 (=2 (=3

Then, under Assumptions and we can show that the first element is

T
. C
-
Var (XitXit lel Ki4> < NTIH|
while the second one is

T T
. . C’
CO’U (Xi2X;££_H2Ki£7XitX;gKif> S N’H| .

Then, if both NT|H| and N|H| tends to infinity the variance term tends to zero and

(A2.9)) follows.
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Following a similar procedure we obtain

By, x., (2 2) (Ia @ po(Ky, ) H)

’ﬂ\
||Mﬂ

ANr = DBy x, (2, ,2) (la® pa(K,

+ op(H).

(A2.10)

This is because using the same reasoning,

E (ANr)

N /E<XitXiI’Zil:Z+H1/2u17"'7 - 2) @ (H?ur) T

ZiT =z + Hl/QUT) fzih... Zim (Z, ..
T

X H K (Ug) dug
/=1

_ ;ZZ/E@(”X;

®(I{1/2u5)T H K (Ug) duy
(=1

and as N tends to infinity, Var (A}\?T) — 0. Then, 1) is shown.

T, is defined in a similar way as in Appendix

Q=24+ HY 2y, Zip = Z+H1/2uT) Fai zin (2,0, 2)

2

Zr),fors=1,---,

Note that DBXtXt(Zlv cee
1. Thus, DBXtXt(Zl, -+, Z7) is a d x dq gradient matrix of the form

ot (74, 77 Ot (Zy o Zr)

0z 0z
DBXtXt(Zla"' 7ZT): : : )
¥ X X
Oyt 2y, Zr) Oy (2 Zr)
0z 0z

and

béfj/Xt(Zb o Zp) = B\ XguXair| Zoo = Z1, -+, Zir = ZT} [z 2o (20, Z7).

Finally, we obtain that as IV tends to infinity

ur) H——ZB 2) @ pig (Ky.) H + o, (H),
(A2.11)

*A?VQT = BXtXt (Zv"‘ 7Z) ®/~L2

where
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and

BXtXS (Za e )Z) = F [XZtX;’Zﬂ =z, 7Z’iT = Z] fZ“,---,ZiT (Z7 o ,Z) .

Then, using the results of (A2.9)-(A2.11)) in (A2.8]) we obtain

~ \ —1 Ci1 C
NT (ZTWZ) e (A2.12)
Ca1 Ca2

Cll = BTl" (Za'” 7Z)+0p(1)7

Xt Xt
Ci2 = —B}:Xt (z,-+,2)
X <DBX,5X,5 (2, ,2) (Ig ® pg (K, _7ZDBX,5X o, 2) (Ig ® pe (KUS)H)>
1 < -
X(BXtXt(Z7."7Z)®M2(KUT)H_TZB(Z"‘.7Z)®/’L2(KUS)H> +0p(1)>
s=1
T -1
O = —(Bxoxi (5o 2) @ o (Ko ) H— = S B2, 2) @ oo (Ko) H
21 — X+ Xy ) ’ 2 Ur T i ; ) H2 Us
T
X (DBXtXt (z,--+,2) (Ig® p2 (K _7ZDBX,5X o, 2) (Ig ® pe (KUS)H)>
XB)_QX,: ( ’ 7Z) + 0}7(1)7
1 o -
Cr = (zsxtxt(z,'--,z>®u2<KuT>H—TZB<z,~-,z>®u2<Kus>H> Fop(HTY).
s=1

On the other hand, following the same technique we can show that

(NT) ' ZTWS,,(2)
(NT) Y, Xt (Xie @ (Zig — ) Hon(2) (Zig — 2) [T, Kie

(NT) IS (Xit @ (Zip — 2) = TV Y0 Xis @ (Zis — 2)) (Xt ® (Zig — 2)) | Hom(2)
X (Zit — 2) [ 1 Kie

are asymptotically equal to

NT IZth th®(Zzt_Z))T zt_z HKM

it

= po (Ku,) By x, (2, 2) diaga(tr(Hm, (2)H))ua —|— op (tr(H)), (A2.13)
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where

BXtXt (Z, ce 72) =F thXZ—“Zzl =2z, 7ZiT = Z] fZ“,m,ZiT (Za T az)v

diagy (tr(Hm, (2)H)) stands for a diagonal matrix of elements tr(H,,.(2)H), for r =

1,---,d, and 24 is a d x 1 unit vector. In addition,
T
(NT)"' > (Xit ®(Zit—2)—T > Xis ® (Zis — z)) (Xit @ (Zit — 2)) " Hn(2)
; s=1

it
X (Zit — Z) H KM
l

T
= / Bx,x, (2, ,2) @ (HPur) (HPur) " Hon (2) (Hur) [ [ K (ug) dug

/=1
1 T T
—7 Z/Bxsxt (2, 2) @ (HYug) (Hur) " Hon (2) (HPur) [T K (ue) dug
s=1 /=1
= O,(HY?). (A2.14)

Furthermore, the terms of

(NT)"'Z"WS,(2)

(NT?) 7 350 Xit (Xis © (Zis = 2)) | Hin(2) (Zis — 2) [Ti=y Kie

(NTz)_l Zits (X’Lt ® (th - Z) -7 23:1 Xis @ (Z’LS - Z)) (Xzs & (Zzs - Z))T Hm(z)
X (Zis = 2) [T Kie

are of order

T
(NT2) ™3 Rt (Xia © (Zis — 2))T Hon(2) (Zis — 2) [ Ke
/=1

its

T
= %Zl@ (KUS)BXth (2, ,2) diagd(tT(HmT(z)H))zd—|—0p (tr(H)), (A2.15)
s=1

where

BXtXS (Z"" 72) =K [XlthZ|le =2z, Zir =2 fZilv"'yziT (Z,‘-- 72)7
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and under the stationarity assumption, when N — oo and 7" remains to be fixed we obtain

its

(NT2) 7 > (Xit @ (Zig —2) —T71 ZXZS ® (Zis — z)> (Xis ® (Zis — 2)) " Hum(2)

T
2) [ [ Kie (A2.16)
=1
T
- [ ) & (Y 20,) (Y 20) T Mo (2) (Y 2005) T K (1)
=1
T
— IS Ysax ) & (HY2u,) (Y 2u) Mo (2) (Y 20) T[ K ()
t=1 s=1 /=1
= O,(H*?). (A2.17)

Then, replacing (A2.13))-(A2.16|) into (A2.3)), we can conclude

a(K) (B, (20 2) = 3 Sy By (2000 2) ) diaga(tr (Hyne (2)H)ua
+op (tr(H))

O, (H?)
(A2.18)

Focus now on the residual term of (A2.7), we use the notation of the beginning of the

appendix in order to write
15T €1 (Z)
(NT)"Z ' WR(z) = , (A2.19)
where
e1(z) = (NT)™'D> Xy
it

T
(Xit & (Zzt - z))T R (Zit; Z) it — Z Z Xzs ® Zis — )) R (Zis; Z) (Zzs - Z)

X

X

JJ (A2.20)
¢
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and
T
(NT)™' Y (Xz-t ® (Zit—2) =T Xis ® (Zis — z))

62(2) =
it s=1
T
X (th & (Zzt - Z)) R (Zzta ) (Zzt - Z) T_l Z (Xzs ® (Zzs - Z))T R (Zzs, Z) (Zzs - Z)
s=1
x (A2.21)

[ 2
l

Note that £1(z) can be decomposed into the following two terms

-1 Zth |:(Xit ® (Zit — Z))T R (Zit; z) (Zit — 2)

it

T
! Z (Xis ® (Zis — 2)) " R (Zin: 2) (Zis — 2) | [ | Kie
4

El(z) =

+ (NT2 "N X (X © (Zis — 2)) T (R(Zis 2) = R (Zis; 2)) (Zis — 2) [ Kt
its l
(A2.22)

= 2’511(2’) =+ 612(2).

We want to show that as N — oo,
E(e1(2)) = op (tr(H)) (A2.23)

50, in order to do it, we have to analyze each term of ;(z) separately. Starting from £11(2)

and by the strict stationarity we have

N

E(e11(2))

_ BXtXt(Z'i'Hl/Qul"" ,z+H1/2uT)®(H1/2 )TR(z+H1/2u 2) H1/2 H (ug) dug

T
> Bix z+ HPuy, oz HPup) @ (HPug) "R(z + H'?ur; 2) (H' ?uy)

1 s=1

|
el
W

o
I

K (up) dug.

=

(=1
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By definition (A2.5) and Assumption

1
]RAz+H”%ﬂ@\s/Ume”%wﬂl—wdm v,
0

where ¢ () is the modulus of continuity of aaz ’gg (z). Hence, by boundedness of f and

By x,, and Assumption for all ¢+ we obtain

Blen(: <cj/rm” ISl a3 s [T

= Z// (20T o (o] Y 20 )| H 20 ]deK wg) dug

and E(e11(z)) = op (tr(H)) follows by dominated convergence.
Similarly, analyzing the second term of (A2.22)) and by strict stationarity we have

T
1
E(e12(2)) = T Z/ (B)'QXS(Z + HY 24y, 2+ Hl/QuT) ® (H1/2us)T>
s=1

T
X (R(z + HY?up;2) — R(z 4+ HY?uy; z)) (H'?uy) H K (ug) duy,
(=1

where, as previously, we can show

|E(e12(2))]

C 1
STSZ//O [(CH2u0) Tl ][ HY2ur || = wl HY 2ug|)[|H 2ug| TT K (ug) dug.
B ¢

Then, proceeding as previously we have that by dominated convergence E(ei2(z)) =

op (tr(H)).

Once this result (A2.23) has been verified, our interest focuses on the second term of
(A2.22)), £2(z), with the aim of showing that as N — oo,

E(ea(2)) = O, (H3/?). (A2.24)

In order to prove this result, we follow the same lines as the proof of (A2.23) and e2(2)

can be decomposed in two terms

62(2) = 621(2)+€22(Z), (A2.25)
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where
€921 (Z)
(NT) 12( it ® (Zig — 2) 1ZXZS® is — 2 )>
T
(Xit @ (Zie — 2)) T R (Zi; 2) (Zie — 2) = T (Xis ® (Zis — 2)) T R (Zis; 2) (Zis — 2)
s=1
x [ ] Kie (A2.26)
and
e22(z) = (NTQ)_I Z (Xit ® (Zit — 2) -1 ZX’S ® (Zis — z)) (Xis ® (Zis — z))T
x (R (Zit; 2) = R (Zis; 2) HKM (A2.27)

Applying the same arguments as for the proof of (A2.23)), it is straightforward to show
that

E(eq(2)) = 0,(H%/?). (A2.28)

Then, replacing (A2.23) and (A2.24) in (A2.19) we obtain

NI ZTWRE) < % TED) (A2.29)

Op(H?/?)

and substituting (A2.12)), (A2.18) and (A2.29) in (A2.7), the asymptotic bias can be

written as
Elim (2 H) X, Z] —m(z)
_ ; {(ZTWz) ZTW(Sm(2) — Sm(2))

Lt

- QBXJQ (z02) (NQ(K”T)BXtXt (2, -7 ZNQ By x, (2, ’z)>
x diagq (tr(Mm, (2) H))1a + op (tr(H)).

For the asymptotic expression of the variance term let us define the NT vector v =
(v1,--- ,UN)T, where v; = (vi1,- -+ ,’UZ'T)T. Furthermore, let (’UUT|X,Z) =V bea NT x

NT matrix that contains the Vj;’s matrices. By Assumption we obtain

Vij = E(vv) |X,Z) = oplr. (A2.30)
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Denote by Qr = It —p (z;zT)_l ’L;E a T x T symmetric and idempotent matrix with rank
T — 1, where It is a T x T identity matrix and +p a 1" X 1 unitary vector. Furthermore,

let Q = Iy ® Qr be an NT x NT matrix. It is clear that, 7 = sz and ¥ = Qu.

Then, substituting the previous equalities into

(2 H) — B[ (2 H) [X,Z] = e] (ZWVZ) Z W, (A2.31)

we obtain

(2 H) — B[ (2 H) [X,Z] = e] (ZTWZ) ZJQTWQu. (A2.32)

Since @ is an idempotent matrix, the variance term of m (z; H) can be written as

~ [~ ~\ —1
Var (i (2 H) [X,Z) = ] (ZTWZ) ZTWywZ (ZTWZ) e1.  (A2.33)

As by Assumption the vi’s are i.i.d. in the subscript i, the upper left entry of
(NT)"'ZTWVYWZ is

NTZZXtX H

i=1 t=1

0.2 T
] HIZHIPI“%/z( W)BXtXt (2, ,2) (L4 0p(1)). (A2.34)

The upper right block is

T

2 N T T

o

9 S A R
/=1

i=1 t=1 e
x T
- \H!T/2 / (BXtXt (z+ HYuy, - 2+ HY ?up) @ (HY?u,)
T
B 7ZBXtX (z+ H2uy, - ,z+H1/QUT)®(H1/2uS)T> HK2 (ue) dug (1 4 0p(1))
s=1 621
S (A2.35)
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Finally, the lower-right block is

2
%ZZ(?&@ it — 2) 12&5@ is — 2 ))

i=1 t=1

N
T
X (Xit ®(Zi—2) =T "> Xis ® (Zis — z)) 11 5%

0—12;“2 (KZ ) 02 T ,
= — v
= H|T72 Bx,x, (2, ,2) @ H TH[ ;ug (K2)B(z,-,2)®H

+ O,(|H|""?H). (A2.36)

Then, substituting (A2.12), (A2.34), (A2.35) and (A2.36) into (A2.33) we obtain the

following conditional covariance matrix result,

2 T
Var (m(z H)|X,Z) = % gﬁﬁ;f?e)lg}_{j& (z,-++,2) (14 0p(1)).

Proof of Theorem [3.2]

With the aim of obtaining the asymptotic distribution of the local weighted linear least
squares estimator m (z; H) we follow a similar proof scheme as in Appendix 1. For this,

let us denote

m(z;H)—m(z) = (m(zH) —Em(zH) X, Z) + (Em(zH) X, Z —m(2) =1 + 1o,

so in order to obtain the asymptotic distribution of this estimator we must to show that

as N — oo it holds
\/NT\H]T/211 L N (O O'QHR XXt( ,z)> (A2.37)

and

E[m(z;H)|X,Z] —m(z) = %ug (Ky,) diagq (tr(Hm, (2)H)) 1q + Op(HB/Q) + op(tr(H)).

(A2.38)
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By Assumption we state that the variables are i.i.d. in the subscript ¢ but not in T
so the Lindeberg condition cannot be verified directly. Thus, in order to show (A2.37) it

suffices to check the Lyapunov condition. We have shown that

(2 H) — B (2, H) [X,Z] = e] (ZTWZ> Z T Wo. (A2.39)

The behavior of the inverse term has been analyzed previously, with the aim of proving
the result (A2.39) we must to focus on the asymptotic normality of
L w (A2.40)
. :
VvVNT

As (A2.40) is a multivariate vector, with the sake of simplicity we can define a unit vector

d € RY1+9) in such a way that

t

where
it — ’H’T/ZldTthVVZt’UZt, 7[:17 7N ; t:lj ’T
Following A i 2 () du = (201/2) " _
ollowing Assumption |3.8| we have that R (K) = [ K* (u) du = ( 11 ) and R (K,,) =

= R(Ky,), so ngl R(K,,) = R(K)" holds. Combining these conditions with the

results of Theorem [3.1] we can write

Var (\it) =
R(K)" By , ( ,2) 0
ood! d(1+0p(1)),
0 /’LQ(KQ)BXtXt(Za""Z)@H
~1 L p2 (K7) Bz 2) @ H
(A2.42)
whereas
T
Z |Cov (Ai1, Nit)| = 0p(1). (A2.43)

229



Appendix

In order to check the Lyapunov condition let us denote A}, ; = T-1/2 23:1 Ait as indepen-
dent random variables for T fixed and n = NT. Then, by the Minknowski inequality and

the matrix structure of Zt we obtain

2+3)
EDaf* P =C

E ‘AZ,Z"QJFJ <

Analyzing each term separately we obtain

E |)\1it|2+5

IN

E| |H|T/4 dTthUzt HK |2+§ ’H’ 2+5 /4E
/=1

T
(|dTXitvit\2+5 X, Z) I1 Kfﬁ]
/=1
1 3}
B |H|T /E <‘dTXitUit‘2+5‘Zil =2+ H"Puy, o Zip =2+ H1/2“T>

T
XfZih"' A (z + H1/2u1, e H1/2UT) H K2 (UZ) duy

(=1
T
— |H|TTME (|dTXZ-M|2+5|ZZ-1 =z, Zir = z) f2i 2, H/K2+5 ug) duyg
+ Op(|H|7T6/4)7
whereas
E|Xgi|*T0
T 2+6
< FE |H|T/4dT <X2t®( zt_z 12X13® zs_z)> UitHKiZ
(=1
T
< |H|"CME B (|dTXitUit|Zila e ,ZiT) ® | Zig — 27 HK?;&]

(=1

T
1
+ |H|T(2+5)/4T§ :E
s=1

T
E <\dTXisUit|Zi1, e 7Z2'T) ® |Zis — 2> H K7;2g+6]
=1

= |H|_T6/4E <‘dTXitvit|2+6|Zil =2z, 7Z’iT = Z) fZil,---,ZiT (Za T )Z)

T
®/ |EL/2 20 HK2+5 (ug) duig
=1
| T
+ IHI_T(MT Y E (IdTXisvit|2+5!Zi1 =2z, v = Z) [ 21, Zig (250 5 2)
s=1

T
o [ 1H 2,249 T2 () d + o (1024
(=1
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In this way, we can write
2496 N
(NT)2° Y B ™™ < C(N|H[T2) =7, (A2.44)
i=1

and given that when N|H| — oo this term tends to zero it is proved that the Lyapunov
condition holds. Then, using (A2.12)), (A2.34), (A2.35)), (A2.36) and the Crammer-Wold
device the proof of the result (A2.37) is done.

On the other hand, focus on the proof of (A2.38|) we know that by the law of iterated

expectations

E [ (2 H)| = /E [ (2 H) |X, Z) dF (X).

Then, we can turn to the bias expression of the estimator collected in the Theorem [3.1

and the proof is closed.

Proof of Theorem 3.3

The proof of this theorem follows the pattern set by the Theorem The estimator to

analyze is
~ ~ ~\ —1 ~ ..
Az H) = e] <ZbTW”Zb> 2P TWhy, (A2.45)
we can write
~ ~ ~\ —1 <
E [m(z;H)|x, Z] = (ZbTWbe) 26Tt [M(l) + MO, (A2.46)
where
1) T T T ul
M = [(Xnm(zll)) ) 7<XNTm(ZNT)) ] )
T T
M2 = (T—l Y XL (B (21 H) X, Z) - m(le))> ,
s=1
.

T T
T (T_l ZX]—I\}S (E [’r/ﬁ (ZNS§H) ‘XrZ] - m(ZNs))>
s=1
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Taylor Theorem implies that we can approximate M) as

vec(Dy, (2))

MM = 7zb + éan(z) + Rb(2). (A2.47)

Following a similar nomenclature as in Theorem

Qule) =[S osil]
R = [RGB,

where R’(z) is the remainder term of this approximation. Then, the corresponding entries

of these vectors are

St = |(Xit ® (Zit = 2)" Hun(2) (Zs — 2)]

Ri(2) = [(Xu® (Zu—2) R (Zis2) (Zu - 2)]

where R (Zjt; z) has already been defined in (A2.5]).

If we replace (A2.47)) in (A2.46) the bias expression is then

[ zH\XZ} m(z)

~ ~\—1 -
; (ZbTWbe) ZbT WbQIT)n(Z) + e]’ (ZbT szb) ZbT WbM(Q)

+op(tr(H)), (A2.48)

given that following to [Ruppert and Wand| (1994) and the Assumption

e] (Z”Wb ) ZTWORY(2) = O, (tr(H)).

As you can see in , this bias expression is formed by two additive terms. The first
one refers to the approximation error of the estimates, whereas the second one reflects the
potential estimation error dragged from the first stage. Within this context, our aim is
to show that this second term converges in probability to zero, so it is the first element
which provides the asymptotic distribution of the backfitting estimator. For the sake of

simplicity let us denote

Kp—— K (f{rl/? (Zis — z)) .
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Focus first in the behavior of the inverse term of (A2.48)) we analyze
(NT)—I ZbwaZb —

(NT)™ 3 X Xt Kt (NT)™' S0 Xit (X ® (Zin — 2)) | K;

(NT)™ S0 (Xit ® (Zi — 2)) X K (NT) ™V (Xie ® (Zi — 2)) (Xt @ (Zig — 2)) ' K

and as it is proved in the Appendix 1, using standard properties of kernel density estima-

tors, conditions to and to as N — oo we obtain

NT (EbTWbe) o (A2.49)
B)_(tlxt (2) + Op(l) _B)_(tlxt (2) [DBx,x, ()] (B)_ctlxt (2) ® Iq) + Op(l)
~ By e L) PBxx (] B, to,() (B2 @ma(K)H)  +o, (A7)

where Bx,x,(z) and DBx,x,(z) has been already defined in the proof of Theorem (3.1

conditioning only to Z;; = z.

Furthermore,
(NT)"'ZPTWbQb (2) = (A2.50)

(NT)™E 320 Xit (Xit ® (Zi — 2)) | Hom(2) (Zit — 2) K

(NT)™ S0 (Xit ® (Zi — 2)) (Xt @ (Zip — 2)) | Hin(2) (Zia — 2) K;

are of order

2 (Ku) Bx, x, (2) diaga (17 (o, () H) ) 1+ 0p(tr(H))

and Op(f-j 3/ 2), respectively. Substituting these latter results and (A2.49)) in the first term
of ((A2.48]) we obtain

1 - -1~
sel (ZbTWbe) ZTWQP (2)
1

= Sh (K) B)—(:Xt (2) Bx,x, (z) diagq (tr(?—lmr(z)f[» 14 + Op(tr(ﬁ)). (A2.51)
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Focus now on the behavior of the second term of (A2.48)),
(NT)"'ZTwbm® = (A2.52)

(NT?) ™' Y00 X XL (B [ (Zis)| X, Z) — m (Zis)) Kit

(NT2) ™ s (Xit ® (Zi — 2)) XL (B [@(Zis)| X, Z) = m (Zis)) K

and analyzing both terms separately we can show that as N tends to infinity

(NT®) ™30 X XL (B[ (2:0)| K, Z) = m (Zis)) Kt = o(tr (D))

its

and

(NT?) 'S (Xit @ (Zie — 2)) Xik (B (i (Zis)| X, Z) — m (Z3s)) Kt = op(tr(H)tr(H)).

its

Under Assumptions to and this latter expression is o, (tr(H)) and the

rate is uniform in z; see Masry| (1996) for more details.

Replacing these results in the second term of (A2.48]),

~ ~\ —1 ~ ~
T (ZbTWbZ”) ZTWM®@ = o, (tr(H)). (A2.53)

Finally, substituting (A2.51) and (A2.53) in (A2.48]) the proof of the conditional bias is

done. Also, it is proved that the asymptotic bias of m(z; H) is the same order as mi(z; H),

given that ¢r(H) — 0, tr(H) — 0 in such a way that N|H| — co and N|H| — oc.

From the standpoint of the variance, let us denote v = (vy, - - - ,i)\N)—r as a NT-dimensional
vector such that

T L ™\
A,_< Z( ZZS,H)) ’...’T—12<X;T(Zis;H))) :

s=1

where

7 (Zis; H) = m (Zis; H) — E[m (Zis; H)| X, Z)] .
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As we know, the conditional variance-covariance matrix of the estimator has the following

form

Var (m(z; o)X, z) -5 [(ﬁz(z; H) — Elin(z; H)[X, Z]) (ﬁz(z; H) — Elin(z H)[X, Z])T X, Z]

where

~ ~ ~ ~\ —1 ~ ~ ~\ —1 ~
(2 H) — Eli(z; H)X,Z] = ¢] (ZbTWbe) ZVTW% + ] (Z”szb) ZVTWhs.

Remember that ¥; = Qpv; and it is straightforward to show that QTZf’ = Z Thus, the

previous equation can be rewritten as

~ ~ ~ ~\ —1 < ~ ~\ —1 ~
Wz H) — Elin(z; H)X,Z] = e] (Z”szb) Z W+ ] (Z”W”Zb) 2w,

Taking into account that let F (U’UT’X,Z) =V be a NT x NT matrix whose ¢jth have
the form of (A2.30), the variance term of m(z; H) has the form

~ ~ ~\ —1 ~ ~ [~ ~\ —1
Var (m(z; X, Z> _ (ZbTWbe) ZTwhywtZ (ZbTWbe) er
~ ~\ —1 ~ ~ ~ ~\ —1
_— (ZbTWbe) 2 TWhE (@ﬂx, Z) Wbz (ZbTWbe) e1
~ ~\ —1 ~ ~ ~ ~.\ —1
+ 2] (ZbTWbe> ZTWhE (%WX,Z) Wbz (Z”szb) el

= LI+ +1s. (A2.54)

Then, with the aim of obtaining the asymptotic order of the variance of m(z; H ) we have

to analyze each of these terms separately. Following the same procedure as in (A2.33)) to

analyze the behavior of ZTWbYWbZ. Under Assumptions to and to
using the result (A2.49)) and the Crammer-Wold device it is straightforward to show that

as N — oo
o, R (K) _ B
1= Wthxt(Z) "By, ¢, (2) Bx,x,(2) 7 (14 0p(1)), (A2.55)
while
logNT
=0 = : A2.56
Y (mmm \H\lﬂ) (A2.56)
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In order to prove this latter result we have to analyze the behavior of the following ex-

pression

(NT)"'ZTWhE (mﬁx, Z) WhZzb, (A2.57)

Thus, the upper left entry is

NTH Y SN XuxLE ( (Zis: H) 1 (Zig: H) T |, Z) Xig X KKy (A2.58)
1ttt ss’
and by the Cauchy-Schwarz inequality for variance-covariance matrices (A2.58)) is bounded
by
(NTH S SS” XuX[vee 2 (diag (E(r (Zig H) 1 (Zigs H)| (X, 7)) )

ittt ss’

% wvecl/? (dmg (E(r (Zisrs H) 7 (Zsgrs H) T |X, Z))) Xig X K Ky

logNT
- 0 A2.59
- (i) 4259

given that under the conditions of Theorem and following [Masry| (1996)),

vec (diag (E(T (z; H)r (2 H)T |X7Z))) =0p <J%)

uniformly in z.

Following the same lines, the upper right entry of (A2.57) is

(NS Z X XLE (v (Ziss H) 1 (Zisy H) | X, Z) (Xaw @ (Ziw = 2)) " KoK

ittt ss!

logNT
=0, 097~ (A2.60)
NT|H|T/2‘H’1/2

and the lower right entry of (A2.57)) is

NT2 ZZZ Xit ® (Ziy — 2)) XZ-TSE (r (Zis; H) T (ZZ-S/;H)T ]ij)

ittt ss’
X (Xip @ (Zipr — 2)) | KKy

NT
. logNT , (A2.61)
NT’H’T/Q‘H‘lﬂ
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Then, combining the results (A2.59)-(A2.61)) with (A2.49) and by the Crammer-Wold
device the proof of (A2.56) is done. Finally, focus on I3 the Cauchy-Schwarz inequality is

logNT
Is = = A2.62

enough to show that

and the proof is done.
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Appendix 3

Proof of Theorem 5.1

In order to obtain the desired results of Theorem [5.1] we denote by

T T N
Mg (z1; H2) = (ZZKtht 1AW“5AWJ> DD KKy AWy AYi,
=1t i=1 t=2
where
1 ~1/2,, ) 1 12/, B
K= g (122 ==0) s Koy = € (B ey =),

Clearly, the two-step weighted locally constant least-squares estimator (5.9 can be written

as

ﬁl’g(zl;HQ) = (ﬁl@(zl;Hz) — ﬁlg(zl;Hg)) + ﬁzg(zl;Hg). (Agl)

According to ((A3.1]), to prove Theorem all that we need to show is that, under the

conditions established in Theorem we obtain

vV NT|H,| (T?Lg(zl; Hjy) — r/fzg(zl;Hg)) =o0p(1), uniformly in  z;

VNT|Hy| (g (21; Ha) —m(z1))  — N (b(21),0(21))

where
b1) = pa(K) (diaga (Dy(20) Ho/ NTIH| Do, (21) ) 1af 7} 7, (21 22)
+ §diagd (tT (Hmr(zl)HQ\/W)> Zd)
and
v(e) = 2RUKR(E,) (o2 + oZm(z) Tm(z) + ouem(z) Ty Brk o (e1.21)

as IV tends to infinity and T is fixed. These results are proved in Lemmas 5.1 and 5.2.
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Lemma 5.1 Under conditions of Theorem[5.1], as N — oo and T is fized,
V/NT|Ha| (fg(z1; Ha) — Mg(21; H2)) = op (1), uniformly in 2.

In order to prove the asymptotic distribution of mg(-) we can write (A3.1)) as
\/ NT|H2| (mg(zl; Hg) — m(zl)) = \/ NT‘HQ’ (7/7\1/9\(21; HQ) — fng (21; HQ))
+ VNT|Hz| (Mg (21; Hz) —m(z1)) (A3.2)
and need the following Lemma.

Lemma 5.2 Under the conditions established in Theorem[5.1, as N — oo and T is fized,

VNTIH| (g (21; Ho) = m(21) == N (b(1),0(21))

|
Proof of Lemma 5.1.
Throughout this appendix we use the following notation
Sn = (NT)™' Y, KitKi(tfl)AWitAWi—lt— ; T, = (NT)™' Y, KitKi(tfl)Aﬁ/\itAY;t'
Let us write the first element of as
g (215 Ho) — g (21; Ha) = ST, — ST, (A3.3)

where n = NT and S,, and T, are the corresponding expressions of §n and 7, n, respectively,
with g(Zit, Z;;—1y) instead of g(Z, Zi;—1y). At this situation, we first show that as N

tends to infinity,

S - 1/2

8ot = Bk e 2) + o (1H ), (A3.4)
where, remember that AW# = (g;;l-(t_l) AU;—)T» and

B (21,21) = B |AWa AW, | Zig = 21, Zig—1) = 21| [2,0. 201, (21, 21).

AWAW

239



Appendix

For this, let us denote

Sy = Sp+ (2@, + Isy,), (A3.5)

where as

Su = (NT)™Y " KK 1) AWy AW, ,
it
I, = (NT)™! Z KitKi(t—l)AWit(Aw\it — AW,
it
Iy = (NT)™'S KK 1AWy — AW ) (AW — AWy) T,
it
so we have to analyze each term separately to prove . For this end, we follow the

usual Taylor expansion; i.e.,
fz+ H'Y?0) = f(2) + Df (2)H' v + op(||H'?])), as ||H|| = 0.
Then, given that Z;, vy is i.7.d. across ¢ and because the stationary assumption, when N
tends to infinity and by the law of iterated expectations it implies
E (Sn) = //E [AW“AWJ\Z“ =21+ H21/2u, Zi(t—l) =21+ H21/2U}
1/2 1/2
X [ Zi, 2oy (Zz't =2+ Hy u, Zi1) = 21 + Hy U) K(u)K (v)dudv.
Under Assumption [5.1
Var(S,) = Var (KK ) AWaAW;] )

T
+ Z(T — t)CO'U <KZQK11AWZQAWZ—2|—, Kthz(t—l)AWztAW;—) s

1
r t=3
where, under Assumptions [5.7] it holds

. 1
Var (KitKi(t—l)AW"tAw/’;) =0 <NT’H2|>

and

— o~ —~ o~ 1
Cov (KigKilAWigAWg, KitKi(t—l)AWitAWiI) = Op <N’H2|> .
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Then if both NT'|Hs| and N|Hs| tends to infinity, this variance term tends to zero and it

is proved

Sp = BAWAW(ZL Zl)(l + Op(l)). (A36)

Now, focus on the behavior I1,, by Assumptions and we obtain

_ =~ T
(NT) ! Zit KitKi(t—l)AWit (git,i(tfl) - git,i(tfl))
I, = =0,(1) (A3.7)

(NT)~' 325 KitKi(t—l)A/Wit (AU — AU») "

given that, using the uniform convergence results as the ones established in Masry| (1996,

Theorem 6),
— =/~ T
(NT) ! Z KitKi(t—l)AWit (git,i(tfl) - git,z’(tfl))
it

< (N Z | Kt K-y AWi|  sup (@i ige—1) — git,z'(t—l)\T
it {Zit,Zsi—1) }

= OP(1)7 (ABS)
since it is straightforward to show (NT)~13". \KitKi(t,l)AfWZA = Opy(1). Similarly, we
obtain I, = o,(1).
By (A3.5) we know S, = S, + (201, + II2,,) and

Sl = S+ 871 (2 + o) Sy + oy (| HY).

Replacing these previous results here we obtain

St =B (a1, ) + o[ Hy ) (A3.9)

so the result (A3.4) is proved.

On the other hand, replacing (A3.4) and (A3.6) in (A3.3) and by the Crammer-Wald

device we obtain

g (215 Ha) — g (215 Ha) = B (21, ) (T, — Tp) + 0p(1). (A3.10)
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Focus now on the behavior of fn — T}, we claim that following the same procedure as in

(A3.7)) we obtain

T,—Ty = (NT)™' KuKj 1) (AWi — AWy)AYy = 0p(1),  (A3.11)

it
since by Assumption and using the uniform convergence of g, ;1) we obtain that
since (NT) ™17, [ K K1) AYi| = Op(1),

(NT)™ Z KKty (Gitit—1) — Gitic—1)) AYit

it

< (NT)T! Z | Kit Kiq—1)AYi|  sup  [Girii—1) — Gir,ig—1)|

it Zit, Zit—1) }

= op(1)

Then, as N|Hs| — oo by (A3.10) and (A3.11) we obtain

1
mg(21; Ho) — Mg(z1; Hy) = 0p | ——— |,
(215 Ha) — Mg (215 Ha) p( NT|H2|)

so the Lemma 5.1 is proved.

Proof of Lemma 5.2

The proof of this proposition is structured as follows. First, the asymptotic bias of the
estimator is analyzed. Later, we focus on the variance term and conclude the proof with
the asymptotic normality of the estimator, once confirmed that the Lyapunov condition

holds.

Since by the regularity conditions the Taylor’s remainder term is oy, (tr(Hz)), the approx-

imation of the smooth functions of ((5.7) by the Taylor theorem implies

AYy = AW, m(z1) + Gir + Avy + A& ma(z1) + 0,(1) (A3.12)

once replaced AW, by g(Xit, Xi(t_l)) + A&t in the resulting expression, where
— — T
Git = (VVit ® (Zit — 21) — Wigt—1) @ (Zit—1) — Zl)) Din(21) + AZ; Do(21)
1/~ —
+ 5 (W,I ® (Zit — 21) Hm(21)(Zit — 21) = Wiy 1y ® (Zie—1y — 21) Hom(21)(Zie—1) — Z1)>

2
% ((Zz't — 1) Ha(21)(Zit — 21) = (Zig—) — 21) " Hal21)(Zir—1) — Zl)) ,
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let Dy,(21) bea (d—1)gx1 vector and D, (21) a gx 1 vector, for Dy, (21) = vec(Om(z1)/02, )
and Dy (21) = vec(da(z1)/0z] ) being the corresponding first-order derivatives vector of
m(-) and a(-), respectively. Also, H,,(z1) is a (d — 1)q X ¢ matrix and H,(21) a ¢ X ¢ ma-
trix, for Hp(21) = 0*m(21)/0212{ and Heo(21) = 0%a(z1)/0z12{ being the corresponding

Hessian matrix of m(-) and «(-), respectively.

Combining (A3.12) with the second element of (A3.2)), we can write mgy(-) as

ﬁzg(zl; HQ) — m(zl) = S;l (Un + Bn + Rn) (A313)

where, for the sake of simplicity, let us denote
Up = (NT)™'Y KKy AWy Avy,
it
Rn = (NT)_l Z KitKi(t—l)AWitAgi—ng(Zl)a
it
B, = (NT)™'Y KuKi;_1)AWaGy.

it

Thus, to complete the proof of Theorem it is enough to show
V/NT|Hs|(y(21; Ha) — m(21)) — /NT|Ha|S, ' B, = \/NT|Hs|S,* (U, + Ry,), (A3.14)

where we will demonstrate that S, !B, contributes to the asymptotic bias and the two

terms of the right part of (A3.14) are asymptotically normal.

Focus first in the asymptotic behavior of the bias term, we can decompose B, into four
different terms that we have to analyze separately. In particular, for the standard case

w2 (Ky) = p2(K,) we obtain

B, = (NT)™' Y KK AWuGi = B + BY + B{Y + BYY, (A3.15)
it
where
—~ —~ —~ T

Bl = (NT)™'> KiuKu_1) AWy (Wit ® (Zit — 21) = Wig—1) ® (Zie—1) — Zl)) D (21),

it
BY = (NT)™'Y KuKiq_1)AWiAZj Do(z1),

it
BY® = (2NT)™! Z KitKi(tfl)AWit (WJ ® (Zit — 21) Hum(21)(Zit — 21)

it

- WiE—n ® (Zig—1) — 21) Hm(21)(Zige—1) — 21)) ;
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and
BW — (QNT)_l Z KitKi(t—l)AWit ((Zit — Zl)THa(Zl)(Zit —21)
it

— Ziy = 2) Hale)Zigry = 1))

For stationary and using iterated expectations, we denote By, = E (Wit\Xit, Xj(t—1)) and

B”VT/H) = E(Wju—1)|Xit, Xj—1)) obtaining
E(BY) = E|[KuKio (B (AWaBWT | X, Xiq0)|Zits Zig)) © (Zu = 21)7
- F (AWuE(WZL_MXmXi(t—1))\Zit, Zi(t—l)) ® (Zit—1) — Zl)T>}
. ( ( 57 T B . 1/2 1/2 \T
— [ (BE(AWWBL|Zi = 21, Ziy 1) = zl> Dy(z1)(H] u)) ® (HY*0)T Dy (21) K (u) K (v)dudv
[ (B (Wb, 120 = 21, Ziry = 22) Dy () (HY ) @ (H3/0)T Do) K (K ()
= p2(K)Bagagi (21, 21)diaga (Dy(21) He D, (21)) 1af 7, 7., (21, 21) + 0p(H2), (A3.16)
forr=1,---,d and being 14 a d x 1 unitary vector.

Similarly, by the law of iterated expectations

B(BP) = B [KuKiq1B(AWil Zi, Zip—1)AZ) Dale)|
= /KitKi(tnE(AWitIZit, Zi4-1))AZ3y Do(21) f (Zit, Zir—1)) dZadZigy -1y
= E(AWi|Zi = 21, Zis-1y = 21) (42(Ku) — pa(Ky)) Dy(21) Ha Do (21)

= o,(1). (A3.17)

On its part, following a similar procedure as in (A3.16) it is straightforward to show
EB®) = lp (KK (B (AWaBEIZu, Zipy) © (Zio — 22) Hon(21)(Zis — 1)
n 9 i i(t—1) WPy 1 4its £4(t—1) it 1 m\<1 it 1

- FE (AW#BI%(U | Zit, Zi(t—l)) ® (Zip—1) — ZI)T%m(zl)(Zz’(t—l) - Zl)>:|

1

= h2(K)Bygaw (a1, 21)diaga (tr(Hm, (21)H2)) ta + op (tr(Hz)),  (A3.18)

where diagg (tr(Hm, (21)H2)) stands for a diagonal matrix of element tr(H,,, (z1) H2) while,

following the procedure of (A3.17) and (A3.18)),
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1 —
EBY) = oF [KitKi(t—l)E(AWit’Zitv Zit-1)) ((Zz't —21) " Ha(21)(Zis — 21)

— (Zign) = 2) Hal2) (Zigy — ) )|
_ %E (AWl Zie = 21 Zigry = 21) (wa(o) — oK) (Ho (1) H) + 0, (1r(H))
(A3.19)

Furthermore, it is easy to prove that any component of the variance of B,, converges to
zero following a similar procedure as in the proof of Lemma 5.1 and assuming Hs — 0
and N|Hy| — oo. Then, replacing (A3.16))-(A3.19) in B,,, using and applying the
Crammer-Wald device we obtain that the bias term of this two-state least-squares constant

regression estimator ([5.9) is

Sy'Bn = we(K)B (21, 20) B A (21, 21)
. _ 1.
% |diagq (Dy(z1)HaDim, (21))14f 7, z,, , (21:21) + gdiaga (tr (Hm, (21)H2))
+ o, (tr(Ha)), (A3.20)

so the first part of the proof is done.

On the other hand, to obtain the asymptotic variance of the right part of we
have to analyze the variance of U, and R,, as well as the covariance between both terms.
For this, let us denote by Av = (Avy, -+, Avy) the N(T — 1) x l-vector for Av; =
(Avig, -+, Avip)T,

for i=4, t=1¢

E(AvAvg|Z) =< —02, for i=1i, |[t—t|<2, (A3.21)

0, for i=4d, [t—1t|>2,
Replacing in (A3.21) o2 by ag, a similar definition we obtain for E(A&AE] |Z).
We first analyze U, and take into account the fact that E(Avy|Zit, Z;;—1)) = 0. Thus, by
the law of iterated expectations and Assumptions and we claim that

NT|Ho|Var(U,) = [H|(NT)'S Y E [E (AW%E(A%AUZ«,M“, Xie—1)» Xow, Xow—1)

it

X AW\ Zit, Zig—1y, Ziv, Zi(t’—l)) KitKi(t—l)Ki’t’Ki’(t’—l)}

207 R(Ky) R(Ky)B g5 o (215 21) (1 + 0p(1)). (A3.22)
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To show this result, note that the covariance between different individuals are clearly zero

by the independence condition. Therefore, for i = ¢/ we consider two different cases: t =t/

and t # t'. For t = t’ and Assumptions and by the standard kernel

methods we obtain
T
H T 'S B [E (AmtE(Avait, X)) AW | Z, Zi(t_l)) KgKit_l)}
t=2

= 203]H2|E[E (AWitAWi;r|Zita Zz’(tfl)) Kz’ZtKiQ(tfl):|

= 205R(Ky)R(Ky)B g a7 (21, 21) (1 + 0p(1)).

Meanwhile, for ¢ # t/, and proceeding in the same way as in the preceding equation, if we

consider again the stationarity Assumption we obtain
T
2|H,|T™! Z(T —t)E {E (AWiQE(AUi2Avit|Xi2a Xit, Xit, Xi-1)) AW | Zia, Zin, Zia, Zi(t—l))
t=3

X KipKit Kit K1)

= _20'0’HQ,l/zR(Ku)BA’WVAW(Zh 21, Zl)(l + Op(l))7

where

AT
Basiaii (21,21, 21) = E | AW AWi3 | Zin = 21, Ziz = 21, Zis = 21| [ 2,1, 240,215 (21, 21, 21)-

Note that only those terms of the variance-covariance matrix in which [¢ — ¢/| < 2 holds

are nonzero. The remaining terms of this matrix are zero by the structure of the error

term in first differences established in (A3.21)).
Second, we focus on the behavior of R,, and follow a similar procedure as in ((A3.22)),

NT|Hy[Var(R,) = [Ho(NT)' Y M E [AWitm(zl)TE(AgitAgiTt,|Xit,Xi(H),Xi,t,,X,-,(t,,l))

Wt

X m(zl)AAWJZ-—/;/KitKi(t_l)Ki/t/Ki/(t/_l):|

= 2R(KU)R(Kv)a§m(zl)Tm(zl)BAWAW(zl, 21)(1 4 0p(1)). (A3.23)

For the last term, we obtain

NT|H5|Cov(Uy, Ry,)

|Ho|(NT)™ Z Z E [Awitm(zl)TE(AvitAgi’t/ | Xty Xigt—1)s Xirer, Xir(er—1))

i’ tt!

X AWith/KitKi(tq)Ki't'Kz"(tfq)}

R(Ku)R(KU)Uvgm(zl)TZ(M,l)BAWAW(zl, z21)(1 4+ 0p(1)), (A3.24)
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following the same procedure as in (A3.22)).

Applying the Crammer-Wald device and using (A3.8) and (A3.22))-(A3.24)), as N|Haz| — oo

we obtain

NT|Hy|Var (S;* (Un + Rn)) = 2R(K,)R(K,) (ag + o2m(z1) Tm(z1) + Uvgm(zl)TZ(M_l))

X B;%Aw(zl, 21)(1 + 0,(1)). (A3.25)

Finally, once established the main asymptotic properties of the two-stage least-squares
local constant regression estimator ([5.9), to prove Theorem is necessary to show that

as N — oo,

VNT[Ho| (g (21; Ha) — m(z1))
— N (0,2R(K)R(K,) (02 + o2m(z1) T m(z1) + oveml(z1) T var—n)) Bagpam (21,21) 1) -
(A3.26)

In order to show that, we check the Lyapunov condition. As the reader can appreciate,
the above assumptions state that the variables are i.i.d. in the subscript ¢ but not in t,
so we have independent random variables heterogeneously distributed. To overcome this
situation, we may define )‘:J = T-1/2 > it Ait, what means that )\;“”- is an independent

random variable for T fixed. Therefore, in order to show (A3.26)) it suffices to analyze the

asymptotic normality of the two-stage least-squares local constant regression estimator

G-9

Ky K; (t— 1)AWZt(AUu + Aﬁztm(zl <A327)

F; \/—Z; ity

where

)\it = KitKi(t—l)AWit (Avit -+ A{ZTtm(zl)) |H2‘1/2, 1= 1, e ,N 5 t = 2, s ,T.

By Theorem and previous proofs, we can state that as Hy — 0,

Var(hi) = 2R(K,)R(K,) (02 + ofm(=1) Tm(21) ) Bik (21,21 (1 + 0,(1)

and

Cov(Ni1, Ait) = R(Ku)R(KU)O'vgm(Zl)TZ(M_l)Bil

L (e 2) (1 + 0p(1)).
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By the Minkowski inequality we obtain

5
E|>\:L,Z"2+6 < CT%EP\M%&,

S0 A+ can be divided into two components; i.e., A1+ and Aoj:. Analyzing separately each

of those terms, we obtain

Bl < [Ho| 2B Ky Ky 1) AW Avy | *H
— |Hy|? / E (|A%Amt|2+5 \Zit = 21+ Hyu, Zigy_1y = 21 + Hy/ %)
X f 24,201y (z1 + H21/2u, 21 + HZI/ZU) K*(u)K** (v)dudv
= |Ho|9%E (|AWitAUz‘t|2+5|Zit =21, Zi(1-1) = Zl) f2:4,2:0_1) (21, 21)
y / K2 () K2 (0)dudv + oy (| Ha| /).
Similarly,

Egur[*T < [Ho| T2 B Ky K1) AW Ay m (1) "
= B[ RE [ (|AWAGE 1 2, Zip ) ) mla) P KEPKE?,)
= |Ho|°E <|AWitA§iTt|2+5!Zit = 21, Zi(t-1) = Zl) m(20)** f2,, 2, (21, 21)

X

/ K24 (u) K21 (v)dudv + o,(|Ha|70/?)

and

Eaihgy['H? < | Ho| PP BIKE KT, AW Avim (1) T A& AW |72

3

= —[H| "B B (|AW AW Avi Aol 12| Ziy, Zigery ) (m(z0) )OI REO RS, |

= o 2B (| AW AW Ava M| /2| Ziy = 21, Zigra) = 1) (m(20) )00/

X 200 Zory (215 21) / K2 (u) K+ (v)dudv + o, (|Ha| ~0/?).

Then, it is proved that

EAni[** = EINTV2 Y NPT < COR((N|Ha|)™?)

and, as N tends to infinity, N|Hz| — oo. Since the Lyapunov condition holds, we resort

to the Lyapunov Central Limit Theorem to verify (A3.26)) and Lemma 5.2 is proved.
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Finally, using the results of Lemmas 5.1 and 5.2 in (A3.13]) we obtain

\/ﬁufg‘ (’I/?\”L’g\ (le;Hz) — m(zn)) L) N(b(zll;Hz),U(le;HQ))

so the proof of Theorem is done.
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Appendix 4

Finally, in this appendix we show the computational programs that we develop for esti-

mates. They are implemented in R, a well-known computing statistical program.

In the following, n is the sample size in differences and we denote by DY a N(T'—1) x 1
vector of dependent variables in first differences, whereas X and Z are N(T — 1) x d and
N(T — 1) x ¢ matrices of covariates. Also, Xlag and Zlag contains the first lag of X and
Z, respectively. H is the bandwidth obtained by any standard nonparametric procedure
as the rule-of-thumb or the cross-validation technique. We also denote by mlocal F'D the

corresponding mp(Z; H) estimator.

Algorithm 1 mp(z; H) estimator when ¢ =1 and d =1
localFD < — function(){

mod < — list()

for(iin 1m){

a < — Zli

Ztilde < — cbind( (X - Xlag), (X * (Z - a) - Xlag * (Zlag - a)))

e < — rbind (1, 0)

W < — diag( (1/HA(2% q)) * ( ( (1/sqrt(2* 3.14159)) * exp ( -(1/2) = ((Z - a) / H)A2))
% ((1/sqrt(2* 3.14159))x exp ( -(1/2) * ((Zlag - a) / H)A2)) ))

mlocalFD < — t(e) % * % solve ( t(Ztilde) % * % W % * % Ztilde ) % * % t(Ztilde) % x %
W %« % DY

mod|[paste(”run” ,i,sep="")]] < — mlocalFD

}

results < — list()

for(i in 1:n) results [[ names(mod)[i] ]] < — mod][j]

data.frame(results)

}
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Algorithm 2 mp(z; H) estimator when ¢ =2 and d = 1
localFD < — function(){

mod < — list()

for(i in 1:n){

a < — Z[i, 1]

b < — Z[i, 2]

Ztilde < — cbind( (X - Xlag), (X * (Z[,1] - a) - Xlag * (Zlag[,1] - b)), (X * (Z[,2] - a) -
Xlag * (Zlag[,2] - b)))

e < — rbind (1, 0, 0)

W < — diag( (1/HA(2*q)) * ( ( (1/sqrt(2%3.14159)) x exp (-(1/2) * ((1/H) * sqrt( (Z[,1] -
a)A2 + (Z[,2] - b)A2))A2)) * ( (1/sqrt(2%3.14159)) * exp ( -(1/2) * ((1/H) * sqrt( (Zlag[,1]
- a)A2 + (Zlag[,2] - b)A2))A2)) ))

mlocalFD < — t(e) % * % solve ( t(Ztilde) % * % W % * % Ztilde ) % * % t(Ztilde) % * %
W % * % DY

mod|[[paste(”run” i,sep="")]] < — mlocalFD

}

results < — list()

for(i in 1:n) results [[ names(mod)[i] ]] < — mod][j]

data.frame(results)

}
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Algorithm 3 mp(z; H) estimator when ¢ = 1 and d = 2
localFD < — function(){

mod < — list()

for(iin 1m){

a < — Zli

Ztilde < — cbind( (X - Xlag), (X * (Z - a) - Xlag * (Zlag - a)))

e < — matrix(c(1,0,0,0,0,1,0,0), nc=d)

W < — diag( (1/HA(2xq)) * ( ( (1/sqrt(2%3.14159)) * exp ( -(1/2) * ((Z1D - a) / H)A2))
% ((1/sqrt(2%3.14159)) = exp ( -(1/2) % ((Zlag - a) / H)A2)) ))

mlocalFD < — t(e) % * % solve ( t(Ztilde) % * % W % * % Ztilde ) % * % t(Ztilde) % * %
W %« % DY

mod|[paste(”run” i,sep="")]] < — mlocalFD

}

results < — list()

for(i in 1:n) results [[ names(mod)[i] ]] < — mod][j]

data.frame(results)

}
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Algorithm 4 mp(z; H) estimator when ¢ =1 and d =1
backFD < — function(){

mod < — list()

for(iin 1m){

a < — Zli

Ztildeb < — cbind( X, (X * (Z - a)) )

DYb < — DY + Xlag # mlocalFD

e < — rbind( 1, 0)

Wb < — diag( (1/HAq) = ( (1/sqrt(2x3.14159)) * exp ( -(1/2) * ((Z - a) / H)A2)))
mbackFD < — t(e) % % solve(t(Ztildeb) % * % Wb % % Ztildeb) % x % t(Ztildeb) % x %
Wb % * % DYb

mod|[paste(”run” i,sep="")]] < — mbackFD

}

results < — list()

for(i in 1:n) results [[ names(mod)[i] ]] < — mod][j]

data.frame(results)

}
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Algorithm 5 mp(z; H) estimator when ¢ =2 and d = 1
backFD < — function(){

mod < — list()

for(i in 1:m){

a < — Z[i, 1]

b < — Z[i, 2]

Ztildeb < — cbind( X, (X * (Z[,1] - a)), (X * (Z[,2] - b)))

DYb < — DY + Xlag * mlocalFD

e < — rbind( 1, 0, 0)

Wb < — diag( (1/HAq) * ((1/sqrt(2%3.14159)) = exp ( -(1/2) % ((1/H) = sqrt( (Zlag],1] -
a)A\2 + (Z[,2] - b)A2)A2) )))

mbackFD < — t(e) %% solve(t(Ztildeb) %% % Wb % * % Ztildeb) % * % t(Ztildeb) % * %
Wb % * % DYb

mod|[paste(”run” i,sep="")]] < — mbackFD

}

results < — list()

for(i in 1:n) results [[ names(mod)[i] ]] < — mod][j]

data.frame(results)

}
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Algorithm 6 mp(z; H) estimator when ¢ = 1 and d = 2
backFD < — function(){

mod < — list()

for(iin 1m){

a < — Zli

Ztildeb < — cbind( X, (X * (Z - a)) )

DYb < — DY + Xlag # mlocalFD

e < — matrix(c(1,0,0,0,0,1,0,0), nc=d)

Wb < — diag( (1/HAq) = ( (1/sqrt(2x3.14159)) * exp ( -(1/2) * ((Z - a) / H)A2)))
mbackFD < — t(e) % % solve(t(Ztildeb) % * % Wb % % Ztildeb) % x % t(Ztildeb) % x %
Wb % * % DYb

mod|[paste(”run”,i,sep="")]] < — mback

}

results < — list()

for(i in 1:n) results [[ names(mod)[i] ]] < — mod][j]

data.frame(results)

}
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Let n be the sample size in differences and denote by Ydot = Y a NT x 1 vector of
time-demeaned dependent variable. X and Z are of dimension NT x d and NT X ¢, re-
spectively. Xlag and Zlag contains the first lag of X and Z, respectively, whereas Xlaglag
and Zlaglag are of dimension NT x d and NT X q that contains the second lag of X and Z,
respectively. H is the bandwidth matrix and 7" is the number of time observations for each
individual (in this case we assume T' = 3). We denote by mlocal FE the corresponding

My (2; H) estimator.

Algorithm 7 m,,(z; H) estimator when ¢ =1,d=1and T'=3
localFE < — function(){

mod < — list()

for(iin 1m){

a < — Zli

XZ < — X * (Z - a)

XZtilde < — as.vector(rep(tapply(XZ, id, mean), each=T))

Ztilde < — cbind( (X - Xtilde), (X * (Z - a) - XZtilde))

e < — rbind (1, 0)

W < — diag( (1/HA(Txq)) = ( ( (1/sqrt(2%3.14159)) % exp (-(1/2) x ((Z-a) / H)A2)) *
( (1/sqrt(2%3.14159)) * exp ( -(1/2) * ((Zlag - a) / H)A2)) * ( (1/sqrt(2%3.14159)) * exp
(~(1/2) * (Zlaglag - a) / H)A2) ))

mlocalFE < — t(e) % * % solve ( t(Ztilde) % * % W % x % Ztilde ) % x % t(Ztilde) % * %
W % * % Ydot

mod|[paste(”run” ,i,sep="")]] < — mlocalFE

}

results < — list()

for(i in 1:n) results [[ names(mod)[i] ]] < — mod][j]

data.frame(results)

}
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Algorithm 8 m,,(z; H) estimator when ¢ =2,d=1and T =3
localFE < — function(){

mod < — list()

for(i in 1:n){

a < — Z[i, 1]

b < — Z[i, 2]

XZ1 < — X % (Z[,1] - a)

X72 < — X % (Z],2] - b)

XZ1tilde < — as.vector(rep(tapply(XZ1, id, mean), each=T))

XZ2tilde < — as.vector(rep(tapply(XZ2, id, mean), each=T))

Ztilde < — cbind( (X - Xtilde), (X * (Z[,1] - a) - XZ1tilde), (X * (Z[,2] - b) - XZ2tilde))
e < — rbind (1, 0, 0)

W < — diag( (1/HA(Tx*q)) = ( ( (1/sqrt(2+3.14159)) * exp (-(1/2) * ((1/H) * sqrt( (Z[,1] -
a)A2 + (Z[,2] - b)A2))A2)) * ( (1/sqrt(2%3.14159)) * exp ( -(1/2) = ((1/H) * sqrt( (Zlag[,1]
- a)A2 + (Zlag[,2] - b)A2))A2)) * ( (1/sqrt(2%3.14159)) * exp ( -(1/2) = ((1/H) * sqrt(
(Zlaglag[,1] - a)A2 + (Zlaglag[,2] - b)A2))A2)) ))

mlocalFE < — t(e) % * % solve ( t(Ztilde) % *« % W % = % Ztilde ) % * % t(Ztilde) % * %
W % * % Ydot

mod|[[paste(”run” i,sep="")]] < — mlocalFE

}

results < — list()

for(i in 1:n) results [[ names(mod)[i] ]] < — mod][j]

data.frame(results)

}
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Algorithm 9 m,,(z; H) estimator when ¢ =1,d =2 and T'= 3
localFE < — function(){

mod < — list()

for(i in 1m){

a < — Zli

X1Z < — X[1] * (Z - a)

X2Z < — X[2] % (Z - a)

X1Ztilde < — as.vector(rep(tapply(X1Z, id, mean), each=T))

X2Ztilde < — as.vector(rep(tapply(X2Z, id, mean), each=T))

Ztilde < — cbind( (X - Xtilde), (X[,1] * (Z - a) - X1Ztilde), (X[,2] * (Z - a) - X2Ztilde))
e < — matrix(c(1,0,0,0,0,1,0,0), nc=d)

W < — diag( (1/HA(Txq)) = ( ( (1/sqrt(2x3.14159)) * exp (-(1/2) = ((Z - a) / H)A2)) *
( (1/sqrt(2+3.14159)) * exp ( -(1/2) = ((Zlag - a) / H)A2)) * ( (1/sqrt(2%3.14159)) * exp
((1/2) = ((Zlaglag - a) / H)A2)) )

mlocalFE < — t(e) % x % solve ( t(Ztilde) % * % W % x % Ztilde ) % x % t(Ztilde) % * %
W % « % Ydot

mod|[paste(”run” i,sep="")]] < — mlocalFE

}

results < — list()

for(i in 1:n) results [[ names(mod)[i] ]] < — mod][j]

data.frame(results)

}
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Algorithm 10 m,(z; H) estimator when ¢ =1, d=1and T'=3
backFE < — function(){

mod < — list()

for(iin 1m){

a < — Zli

Ztildeb < — cbind( X, (X * (Z - a)) )

Xmlocal < — Xx mlocalFE

Xmhattilde < — as.vector(rep(tapply(Xmlocal,id,mean),each=T))

Ydotb < — Ydot + Xmbhattilde

e < — rbind( 1, 0)

Wb < — diag( (1/Hxq) * ( (1/sqrt(2%3.14159)) * exp ( -(1/2) * ((Z - a) / H)A2)))
mbackFE < — t(e) %* % solve(t(Ztildeb) % * % Wb %x* % Ztildeb) % * % t(Ztildeb) % * %
Wb % x % Ydotb

mod|[paste(”run” i,sep="")]] < — mbackFE

}

results < — list()

for(i in 1:n) results [[ names(mod)[i] ]] < — mod][j]

data.frame(results)

}
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Algorithm 11 m,(z; H) estimator when ¢ =2, d=1and T'=3
backFE < — function(){

mod < — list()

for(iin 1m){

a < — Z[i, 1]

b < — Z[i, 2]

Ztildeb < — cbind( X, (X * (Z[,1] - a)), (X x (Z[,2] - b)) )

Xmlocal < — Xx mlocalFE

Xmhattilde < — as.vector(rep(tapply(Xmlocal,id,mean),each=T))

Ydotb < — Ydot + Xmbhattilde

e < — rbind( 1, 0, 0)

Wb < — diag( (1/HAq) * ( ((1/sqrt(2+3.14159)) = exp ( -(1/2) = ((1/H) = sqrt( (Z[,1] -
a)A2 + (Z[,2] - b)A2))A2) )))

mbackFE < — t(e) % x % solve(t(Ztildeb) % * % Wb % x % Ztildeb) % * % t(Ztildeb) % x %
Wb % * % Ydotb

mod|[paste(”run” i,sep="")]] < — mbackFE

}

results < — list()

for(i in 1:n) results [[ names(mod)[i] ]] < — mod]j]

data.frame(results)

}
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Algorithm 12 m,(z; H) estimator when ¢ =1, d=2and T'=3

backFE < — function(){

mod < — list()

for(iin 1m){

a < — Zli

Ztildeb < — cbind( X, (X * (Z - a)) )
Xlmlocal < — X[,1] * mlocalFE[,1]
X2mlocal < — X[,2] * mlocalFE[,2]

==~

X1mhattilde < — as.vector(rep(tapply(X1mlocal, id, mean), each=T))
X2mbhattilde < — as.vector(rep(tapply(X2mlocal, id, mean), each=T))
Ydotb < — Ydot + X1mhattilde + X2mhattilde

e < — matrix(c(1,0,0,0,0,1,0,0), nc=d)

Wb < — diag( (1/HAq) = ( (1/sqrt(2%3.14159)) * exp ( -(1/2) =« ((Z-a) / H)A2)))
mbackFE < — t(e) % x % solve(t(Ztildeb) % * % Wb % x % Ztildeb) % * % t(Ztildeb) % x %

Wb % x % Ydotb

mod|[paste(”run” i,sep="")]] < — mbackFE

}

results < — list()

for(i in 1:n) results [[ names(mod)[i] ]] < — mod][i]

data.frame(results)

}
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Let us denote by DWHAT = gj; ;1) the nonparametric estimator obtained previously
through standard techniques such as the Nadaraya-Watson estimator of the local linear
regression. Let n be the sample size in differences and ntot the full sample size, DU is a
N(t — 1) x a matrix whereas Z and Zlag are of dimension N (7" — 1) x q. We also denote
by Hs the bandwidth that is obtained through standard nonparametric techniques and
that holds H; = o,(H2), where H; is the bandwidth of the first-stage of the procedure.
Also, Hs is the bandwidth of the last stage of the procedure. Finally, ind denote the
number of individuals of the sample, whereas 1 is the number of temporal observations

per individual.

Algorithm 13 mg(21; Ha) estimator when ¢ = 1 and M; =1
Nad < — function(){

mod < — list()

for(i in 1m){

a < — Z[i

Xtilde < — cbind(DWHAT,DU)

W < — diag((1/H2A(2%q)) * ( ((1/sqrt(2x3.14159)) * exp(-(1/2) * ((Z - a)/H2)A2)) *
((1/sqrt(2%3.14159)) * exp(-(1/2) * ((Zlag - a)/H2)A2)) ))

mnad < — solve(t(Xtilde) % x % W % * % Xtilde) % * % t(Xtilde) % * % DY
mlnad < — cbind(1,0) % * % mnad

m2nad < — cbind(0,1) % * % mnad

mod|[paste("run”, i, sep="")]] < — cbind(mlnad,m2nad)

}

results < — do.call(rbind,mod)

data.frame(results)

}
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Algorithm 14 a(z; H,) estimator when ¢ = 1 and M; =1

alphamarg < — function(){
mod < — list()

for(j in 1:n){

alpha < — matrix(0, ntot, n)
for(i in 1:mtot){

I < — cbind(rep(1, n))

W < — diag((1/H3A(2xq)) * ( ((1/sqrt(2x3.14159)) * exp(-(1/2) * ((Z - Z[j])/H3)A2)) x*

((1/sqrt(2%3.14159)) * exp(-(1/2) = ((Zlag - Z[i])/H3)A2)) ))
alphali,] < — solve(t(I) %« % W %% 1) %+« % t(I) % * % W
}

alphaNad < — (1/(ind*t1)) * apply(alpha, 2, sum)
mod[[paste(”run”, j, sep="")]] < — cbind(alphaNad)

}

results < — do.call(rbind, mod)

data.frame(results)

}

DYHAT < — as.numeric(DY - DWHAT*mlnad - DW2xm2nad)
alphahat < — Salpha % * % DYHAT
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