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A B S T R A C T

Multiscale Molecular Dynamics is a popular trend in the field of com-
putational chemistry and physics. Coarse-grained force-fields have been
around for years, and used independently, but used cooperatively
with all-atom force-fields combines their advantages and cancels their
disadvantages. This seems to be the case, however, only when they
are both compatible. In this thesis, a Multiscale Molecular Dynamics
Protocol is introduced, based on earlier work by Benjamin Messer, Z.
Fan, Arieh Warshel, and in other parts by Christopher Fennel and Ken
Dill. The protocol consists of the following tool-set:

• A parametrization machinery that created a new coarse-grained
force-field named AmberCG.

• A multiscale thermodynamic cycle utilized within a free energy
perturbation context to cooperatively use the best of coarse-grained
and all-atom force-fields.

• A collective variable that performs a linearization of the phase
space to improve separation of product and reactant states.

• A new algorithm to calculate functional quantities on spheres
bounded by complicated solvent accessible surface areas - which
as a special case calculates the amount of solvent accessible sur-
face area.

• A novel algorithm based on simple one dimensional Depth-Buffers,
to identify atoms which actively form the boundary of the sol-
vent accessible surface areas.

Executing the protocol involves the following steps:

1. Construction of a coarse-grained force-field, based on an all-
atom force-field. This involves setting up coarse-grained poten-
tials and optimization of their parameters against selected refer-
ence structures and conformations.

2. Parametrization of a solvation model which is compatible to the
force-field.
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3. Usage of the coarse-grained force-field to sample the conforma-
tional space of a reaction.

4. Correction of the coarse-grained results with an all-atom force-
field.

5. Analysis of the results using appropriate collective coordinates.

6. Reiteration until accuracies are met.

Alternatively, instead of using the methods in the protocol, they
can be utilized stand-alone. They simplify calculations, thus provid-
ing speed-ups, while at the same time aiming to maintain or improve
accuracy. Of course, there is no free lunch, and often the methods will
include inaccuracies that exceed an acceptable threshold. However, the
multiscale protocol is meant to be seen as an iterative technique, in
which deficiency can be detected, and the protocol adjusted to restore
balance.
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R E S U M E N

Las simulaciones de dinámica molecular multiescala (Multiscale Molec-
ular Dynamics) son una tendencia al alza en el sector de la Química
y la Física computacionales. Los coarse-grained force-fields o campos
de fuerza de grano grueso han existido desde hace años, utilizados
de forma independiente, y también en cooperación con all-atom force-
fields o campos de fuerza de todos los átomos dónde se combinan sus
ventajas y cancelan sus desventajas. En este último caso sólo es cierto
cuando los dos force-fields son compatibles. En esta tesis, introduzco
un protocolo de Multiscale Molecular Dynamics basado en parte a
trabajos anteriores de Benjamin Messer, Z. Fan, Arieh Warshel, y tam-
bién en los de Christopher Fennell y Ken Dill. El protocolo consiste el
siguiente conjunto de herramientas:

1. Un método de parametrización con cuál creé un nuevo coarse-
grained force-field llamado AmberCG.

2. Un ciclo termodinámico multiescala utilizado en un contexto
de perturbación de energía libre para usar cooperativamente el
mejor de los coarse-grained force-fields y el de los all-atom force-
fields.

3. Una variable colectiva que realiza una liberalización del espacio
de fases para mejorar la separación de los estados de productos
y reactivo.

4. Un nuevo algoritmo para calcular las cantidades funcionales en
esferas limitadas por complicadas superficies accesibles al sol-
vente - que como un caso especial calcula la cantidad de superfi-
cie accesible a solvente.

5. Un nuevo algoritmo basado en un buffer de profundidad, para
identificar los átomos que forman activamente el límite de las
superficies accesibles al solvente.

La ejecución del protocolo implica los siguientes pasos:

1. Construcción de un coarse-grained force-field, basado en un all-
atom force-field. Esto implica la creación de potenciales coarse-
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grained y la optimización de sus parámetros contra las estruc-
turas de referencia seleccionados y sus conformaciones.

2. Parametrización de un modelo de solvatación compatible con el
force-field.

3. Uso del coarse-grained force-field para muestrear el espacio con-
formacional de una reacción.

4. La corrección de los resultados coarse-grained con un all-atom
force-field.

5. Análisis de los resultados utilizando coordenadas colectivas ade-
cuadas.

6. Repetición hasta alcanzar las precisiones deseadas.

Alternativamente, los métodos del protocolo pueden ser utilizados
de forma independiente. Esto simplifica los cálculos y procura man-
tener, si no mejorar, la precisión. Sin embargo, todo tiene un coste y
con frecuencia, los métodos incluirán inexactitudes que superarán el
umbral aceptable. Aun y así, el protocolo multiescala es una técnica
iterativa, en la que la deficiencia puede ser detectada, y el protocolo
ajustado para restablecer el equilibrio.
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P R E A M B L E

Multiscale Molecular Dynamics is a promising direction in computa-
tional biology. In a world in which hardware manufacturers cannot
satisfy fast enough the computational demand of ever growing molec-
ular simulations, and in which there is a widening gap between scien-
tific desire and reality, it stands to reason to utilize existing hardware
more efficiently to try to close this gap. Many things in our daily lives
are multiscale to begin with. We think in multiscalar terms when we
plan a route from one end of the country to the other, or when we
design complex devices or software. Our body works multiscalar by
combining low level entities to higher order structures, which them-
selves belong to even higher order structures.
This thesis is a step into this direction. I aim here to give researchers a
piece of their time back. Time that they had to invest to push simula-
tions beyond existing limits - so that they are able to push even further.
Multiscalability in the context of molecular dynamics involves changes
on many levels: The forces with which the dynamics are progressed,
the representations of both the solute and solvent, and the coopera-
tivity between multiple multiscalar resolutions. We leave the “more
physical world” and enter the “less physical world”, without going
too far of course, because our reasoning is still guided by physics.
The structure of this dissertation reflects these properties. I start with
an introduction to the history of molecular dynamics, which is, I think,
not appreciated enough. There are a few key people who have not just
founded this field, but who have constantly contributed major ideas
and techniques and brought forward science at an amazing rate. Next,
I move forward to statistical mechanics, its importance to multiscale
methodologies, and the reason why it is the key ingredient and ba-
sis (or should be) in every computational biologist’s work. I end the
coarse introduction with a general chapter about solvation, and hope-
fully provide enough proof that modeling the solvent is a cumbersome
task.
Now we move down one level of resolution, and look at some meth-
ods, which have been utilized, or which could be excellent replace-
ment for used methods, in more detail. This is usually accompanied
by some equations, on which I explain certain differences, advantages

xiii



or disadvantages. The thesis contains five main results, three of which
have been published or submitted to peer-reviewed journals. It starts
with an article about multiscale methodologies in the context of pro-
tein aggregation, in which a thermodynamic cycle, based on previous
work by Arieh Warshel et al., is presented, which is the basis for our
use of multiscale methodology. Later on, a collective variable based on
contact maps is proposed. It lifts some problems that I encountered
while working on free energy surface representations for the chapter
on AmberCG, a coarse-grained force-field based on the Amber force-
fields, which is the subject of the consecutive chapter.
After these first three results, I introduce two new algorithms that play
a role for non-polar solvation. Back when I started at the laboratory,
one of my first surprising tasks was to create a small addition to our
molecular simulator, ADUN. The addition consisted of a novel non-
polar solvation method, Semi-Explicit Assembly (SEA), envisioned by
Christopher Fennell and Ken Dill, that had to be made compatible
with ADUN. I remember the day when I connected the two softwares,
and discovered that with the finite difference derivatives that we got
from SEA we wouldn’t be able to run efficient molecular dynamics
simulations. It was then that I got the new task of quickly implement-
ing analytic derivatives for the method. Three and a half years later,
we are finally at the point in which we have a framework to actually
approach this. The result is a powerful new algorithm that is able to in-
tegrate arbitrary functional values on a sphere, bounded by a complex
series of spherical arcs. This algorithm, together with an optimization
is given in the last two chapter of the results section, which is ended
by an outlook towards where we can go from there.
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1
I N T R O D U C T I O N

1.1 a short history of molecular dynamics

The arguably first published molecular dynamics simulation was per-
formed by Bernie J. Alder in collaboration with Thomas E. Wainwright
in 19571, in a time where computers used magnetic cores as memory
storage, magnetic tapes and punched cards as input devices and mag-
netic drums for program code and bulk storage. Their simulation set
out to study phase transitions of a liquid and used up to 500 hard
sphere particles in a periodic boundary box. More simulations on liq-
uids, solids and gases were performed in the following years2, notably
by Aneesur Rahman3 in 1964, who calculated the motions of Lennard-
Jones spheres for a box of 864 argon particles to study two-body cor-
relations. Although the simulation was not much larger in terms of
the amount of particles, the temporal range of the simulations was
extended by orders of magnitude. This was possible by using more so-
phisticated machinery, i.e. computers based on transistors and internal
registers.

During that time, simulations relied on internal coordinates, while
as it is well known, modern molecular dynamics is dominated by sim-
ulators based on Cartesian coordinates. It all changed in 1966, at the
Weizmann institute, when modern molecular dynamics was born. In
those years, Arieh Warshel and Shneior Lifson were both working on
the consistent force-field4;5, a collection of potentials that were derived
from equations collected by Bixon and Lifson6 for cycloalkanes, which
were based on studies by Bartell and Kohl7 on C-C and C-C-C bond
lengths and angles, Hendrickson8, Wiberg9 on angle force constants,
Hendrickson8, Wiberg9 and Pitzer10 on torsions, and Hendrickson8

on non-bonded potentials. The development was intensified when
Michael Levitt joined the team to investigate the minimas of arbitrary
molecules11. Arieh Warshel realized that the force-field could be ex-
tended by incorporating quantum mechanical treatments12;13, which
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4 introduction

would become the basis for modern hybrid quantum mechanics/-
molecular mechanics and the empirical valence bond method (EVB)14.

Years later during the 70s, Frank H. Stillinger and Rahman15–17 sim-
ulated liquid water at multiple temperatures and provided insight into
a balanced simulation technique. It was during this time, that Mar-
tin Karplus and Andy McCammon performed their ground break-
ing studies on the bovine pancreatic trypsin inhibitor18;19 in 1977,
in which, for the first time in history, a protein was simulated by
all-atom molecular dynamics. A similar study on the same protein
was performed earlier by Arieh Warshel and Michael Levitt with the
first coarse-grained molecular dynamics simulation19;20 in 1975. At the
same time, Arieh Warshel managed to produce the first simulation of
a biological process, the photoisomerization of the rhodopsin complex
to prelumirhodopsin intermediate21.

Following Warshel’s research on Cartesian potentials, Bruce Gelin
used the developed code and modified it into a software that would
later be the foundation for CHARMM, in order to carry out studies
on the bovine pancreatic trypsin inhibitor and hemoglobin19;22. In a
similar field, David A. Case, who later became overseer of the devel-
opment of AMBER, a powerful software suite for molecular dynamics
initiated by Peter A. Kollman, was using the methodology for stud-
ies on myoglobin23. Continuing on Gelin’s work, Andy McCammon
completed the software into a real molecular dynamics simulator.

During these years, researchers had to face computational limits
due to the scarcity of supercomputers. On the software side, in the
following years, a technique called umbrella sampling, known from
Monte-Carlo simulations24, was adapted for molecular dynamics25. It
improved the abilities to obtain proper sampling of processes under
study, thus reducing computational demand, and became very popu-
lar over the years, followed by its extension in 1992, the weighted his-
togram analysis method26. Improvements on the one hand were how-
ever negated on the other, when water molecules were introduced27

into the previously only in gas phase executed simulations. Warshel
was one of the first to perform free energy perturbation experiments
in explicit solvent, utilizing umbrella sampling28. Combined with the
surface constrained all atom solvent29 they were able to calculate free-
energy profiles for benzene-like molecules.

Most of the initial studies performed in Karplus’ laboratory were
performed on computers capable of executing between 20 000 and
200 000 floating point instructions per second. Considering the fact



1.1 a short history of molecular dynamics 5

that a system, as small as the bovine pancreatic trypsin inhibitor with
united atom model and without water contains around 500 atoms,
thus more than 500 000 interactions (disregarding cutoffs), the simula-
tions were painfully slow.

Klaus Schulten, Professor at the Technical University in Munich,
was aware of these problems. Lisa Pollack wrote a nice summary30 of
the events unfolding in the year 1987* . Schulten arguably was the first
one that saw the necessity of including computer scientists in his team,
to create efficient simulation suits, and so after recruiting enough man-
power, he set out to create a new molecular simulations platform from
scratch, that would later be run under the name NAMD. In the same
time period, Kit F. Lau and Ken A. Dill developed a lattice model to
study folding behavior in simplified systems31.

Like Schulten, but several years later in the mid 90s, Herman J. C.
Berendsen, David van der Spoel and Rudi van Drunen presented GRO-
MACS32, a molecular dynamics simulator that should become one of
the fastest in its field. Berendsen already influenced molecular dynam-
ics in the mid 80s with the development of the Berendsen thermostat33,
a popular method to rescale velocities for constant temperature simu-
lations using a proportional scheme. Berendsen’s method was not the
first thermostate to find appreciation. A method by Hoover34;35, that
included an additional term to the forces to keep the kinetic energy
constant, was modified by Nosé with an extention that introduced ad-
ditional degrees of freedom into the system. The method should later
be known as the Nosé-Hoover thermostat36. 10 years before, Steven

* Back in 1987, Klaus Schulten, Professor at the Technical University in Munich, was
interested in simulating an important macro-molecule that played part in the process
of photosynthesis, but was set back by the fact that, including water, the simulation
would require to calculate the dynamics of over 100 000 atoms. Due to a fortunate
encounter with Helmut Grubmüller, a student at the university, he became interested
in the idea to create his own “home-made” supercomputer. He recruited Grubmüller,
who at the time was trying to find funds for creating a faster computer. Together with
Helmut Heller, who was already a member of Schulten’s laboratory, they set out to
build one. Schulten himself took a lot of risk when he waged all his grant money,
around 60 000 DM, on the hardware of the computer. The computer was built using
a network of transputers, a special processor that was meant to run in parallel with
other transputers. This was a cheap way to increase computational power, but needed
special software, construed for parallel processing, to work. They created a parallel
code that was named EGO. In the mean-time, Schulten accepted a new position at the
university of Illinois. Once the computer was ready, to avoid delays with shipping, he
transported it himself in his backpack through customs at Chicago airport, despite
the problematic bylaws regarding the transportation of supercomputers during the
Cold War.
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A. Adelman and Jeff D. Doll introduced the Langevin thermostat37,
that added a frictional force to push the temperature to a set tem-
perature. It was also the birth of usable implicit solvation methods,
like Generalized Born38, which is an approximation to the Poisson-
Boltzmann method to calculate solvent electrostatics by using point-
charges and estimation of the buriedness of individual atoms in the
macro-molecule.

At the end of the 90s, T. Simons, Charles Kooperberg, Enoch Huang
and David Baker presented the core of Rosetta39, a program that until
nowadays is still the de facto leader in protein fold prediction. It uses a
simulated annealing protocol of fragments from a pdb database sweep
to create native like structures that are scored using Bayesian scoring
functions. In the same year, Christopher Jarzynski developed his in-
famous Jarzynski-Equality40, an equation to extract equilibrium free
energies, from non-equilibrium measurements. Kevin W. Plaxco, Kim
T. Simons and Baker emphasized the correlation between contact order
and folding rates41, Yong Duan and Peter A. Kollman published the
first simulation extending 1 µs42, and Yuji Sugita and Yuko Okamoto
presented a novel sampling technique called Replica-Exchange43, that
should prove incredibly useful and become indispensable in modern
molecular dynamics. It was now possible to start multiple parallel sim-
ulations of the same macro-molecule in different temperatures, and to
exchange temperatures throughout simulation, in a way in which de-
tailed balance was still ensured.

With the 2000s came a time of a massive technological burst. It was
the birth of powerful supercomputers and frameworks like the Earth
Simulator, Blue Gene, Cray, and many more that provided the compu-
tational power to increase the sizes and temporal ranges of simulations
to study artificial folds44, proton pumping through an anti-porter45,
computational enzyme design46, and millisecond protein folders47.
Outside the supercomputing centers, inside the laboratories, computer
clusters utilizing GPUs became supported by molecular dynamics sim-
ulation suits or libraries48–50. On the software side, to speed things
up, improved implicit solvation models were derived51;52, coarse-grain
methodologies improved53–55, and new sampling schemes conceived56;57.
In the last few years, molecular dynamics was taken beyond scientific
laboratories, into the homes of interested people. Folding@Home58,
PS3-Grid59, GPU-Grid60, Rosetta@Home61 or games like Fold-it62 are
examples.



1.2 statistical mechanics 7

1.2 statistical mechanics

Statistical mechanics provides the link between the microscopic scale
of molecular dynamics simulations to macroscopic quantities, which
are of real interest. Such quantities could constitute of free energies
or rate constants, all of which can be expressed with probabilities. In
every molecular dynamics simulation, the movement of the atoms is
governed by the derivatives of the potential energy. However, equilib-
rium and steady states are governed by free energy, which is a mea-
sure of the probability of a macro-state, i.e. a set of micro-states (con-
formations) of equal energy. Free energy ∆G is an aggregation of en-
thalpic parts ∆H, which constitute of kinetics, potentials energies and
displacements costs, and an entropic part ∆S, which is a direct mea-
sure of the amount of conformations of a certain molecular ensemble.

∆G = ∆H− T∆S (1)

In that context, entropy can be seen as the width of a valley in free
energy space, which constitute a molecular ensemble, while enthalpy
would be related to its depth, dependent on the temperature T .

A molecular system which is advanced in time with methods that
obey detailed balance will at some point reach an equilibrium distri-
bution and will stay there63. Detailed balance is a condition which en-
sures that the transition of a system is time-reversible in equilibrium,
i.e. that theoretically the system could return to the starting state in the
same path through which it advances. This has impact on the rates of a
system: At equilibrium, forward and backward rates have to be equal.
So for a two-state process with states A and B:

A
k0
⇋
k1

B (2)

at equilibrium, detailed balance requires

k0[A] = k1[B] (3)

If a system is at equilibrium, it is possible to extract thermodynamic
quantities, i.e. quantities that define the system as a whole. Methods
that do not obey detailed balance will not converge a system to the
Boltzmann distribution, however they might still be able to sample the
Boltzmann distribution, if they obey the weaker balance condition64.
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Balance condition does not impose direct reversibility, but rather en-
sures that a process is reversible through circular transitions65.

The difference in free energy between reactants and products can
principally be expressed as the ration of partition functions of both
potentials.

exp (−∆GA→Bβ) =
QB

QA
(4)

Where QA and QB are the partition functions of potentials A and B,
and β the inverse Boltzmann constant times temperature. Partition
functions are therefore powerful entities, but they are computationally
demanding to calculate. The probability of a system being in a cer-
tain microstate is related to its Boltzmann factor, normalized by the
partition function.

pi =
exp (−Eiβ)

∑

j exp
(
−Ejβ

) (5)

1.2.1 The Sampling Problem

The conformational space of macromolecules is large, and grows rapidly
with the number of atoms that are involved. A full sampling of any
free energy surface is only possible for small molecules, and addi-
tionally impeded by the presence of small minima, caused by frus-
trated pathways66. Frustration occurs when different inter-atomic po-
tentials compete with each other, causing the overall surface to as-
sume a rough shape, which slows down exploration. This results in
an incomplete sampling for simulations that are bound by technical
/ economical limits. When incomplete sampling plays a role, the sim-
ulation cannot achieve a Boltzmann distribution, which would yield
inaccurate results in the analysis of the simulations, when the former
is required67.

In the discipline of protein folding, which is the biological process of
an polymer chain forming a well defined secondary and tertiary struc-
ture, frustration is a major point of discussion. Levinthal formulated
his famous paradox in the late 60’s68, comparing the combinatorial im-
possibility of performing a random search in phase space (this would
require more than 1010 years for a 100 amino-acid large protein, if each
amino-acid would only exhibit two conformations and they could be
searched in 1 ps66) with the speed proteins actually fold in reality.
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Multiscale molecular dynamics is an attempt to lift the inadequacy
to generate sufficient data on a biological process. It is allowing a sys-
tem to move faster through phase-space, yet narrowing its exploration
with physical constraints.

1.2.2 Free Energy Integration Schemes

The above notions about equilibrium states become important when
the subjects of interest are free energy differences between different
states in a biological process. This can involve for example protein
folding, ligand binding, protein-protein interactions, conformational
changes. Various methodologies69;70 exist which either operate at equi-
librium, or at non-equilibrium by utilization of Jarzynski’s equation40

or its derivatives71;72.
In all free energy difference schemes, a system is evolved from a

starting distribution with potential energy function U0(x) to a final
distribution with potential energy function U1(x) which represent en-
sembles of reactants and products, e.g. unfolded and folded states.
The evolution is performed by following a path usually parametrized
by the variable λ, thus the path starts with potential U0 which corre-
sponds to λ = 0 and ends in potential U1 which corresponds to λ = 1.
Intermediate values of λ correspond to mixed potentials in the form
of :

Uλ(x) = (1− λ)U0(x) + (λ)U1(x) (6)

Often, forward and reverse integrations can be combined advanta-
geously, and if detailed balance is upheld, then both directions can
be simultaneously collected from a single integration73.

1.3 multiscale molecular dynamics

Multiscale molecular dynamics is a general term describing dynam-
ics on different resolutions, e.g. mesoscale and atomistic levels74, or
coarse-grained and explicit representations55. The coupling between
those resolutions can take multiple forms, and varies for post-process-
ments75, parallel76 or sequential schemes54. The type of multiscale
methodology that we are concerned with specifically is of technical
matter and does not involve resolutions above the atomistic scale,
i.e. information flow to meso or macro-scales of higher order cellu-
lar structures is not regarded. We employ coarse-grained techniques,
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coupled to an atomistic system, to accelerate and simplify molecular
dynamics simulations.

In all coarse-grained multiscale molecular dynamics schemes, a part
of the atoms is replaced by simplified structures which are able, on
average, to exhibit the energetics and dynamics of the substituted sec-
tion.

Coarse-grained force-fields embody molecules and their interactions
with simplified representations and potentials, mainly to achieve a
speed-up in computations and therefore simulations. Multiple degrees
of freedom are integrated into a few77, causing to a decrease in the
number of interactions, vibrational modes and frustration. The field of
coarse-grained force-fields is vast. In the past, force-fields have been
designed for specific purposes, biased towards a reference structure
in the case of Gō models78, where a biasing potential was added that
would steer the simulation towards the reference, or created with elas-
tic networks79. Biasing towards a structure can cancel out effects cre-
ated by the coarse-graining of side-chains, in which chemically specific
interactions are lost80.

One of the first surprisingly successful models was created by Michael
Levitt81, during a period when computer time was rare and expensive.
Coarse-graining seemed to be a cheap solution to extend computa-
tional limits, and is used upon today to go beyond the time-scales of
all-atom explicit simulations, whenever detail and discreetness is not
of utmost importance, and more average thermodynamic properties
acceptable.

Coarse-grained force-fields can be broadly decomposed into the
number of beads, used for their description, and the type of parametriza-
tion that was used for their development. For proteins, the number of
beads can range between 1, usually located around the alpha carbon,
up to 4-6, with increasing level of detail, i.e. representation of beta
carbons and different parts of side-chains. It is also possible to leave
the main-chain representation explicit55, or use simplified but explicit
water82.

1.4 collective variables

The concept of free energy, introduced in the section about statistical
mechanics (section 1.2), requires the generation of ensembles which
are proxies for macro-states. Ensembles are usually gathered by pro-
jecting conformations from a very high-dimensional conformational
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space to very low dimensional reaction-coordinate space, assuming
that the real conformational space is actually a low dimensional man-
ifold. Ususally, the partition function of state i can be estimated by
calculating how often that state is visited83.

Qi =
∑

j

nij (7)

Where Qi is the partition function of state i and nij is an entry in
the transition matrix. Since we know that the ratio between partition
functions relates to the free energy difference between two states (see
equation 4), it is possible to extract these quantities from the surfaces.

The reaction coordinates can be understood as giving qualitative
and quantitative information about the state of a reaction. Reactants
and products would both occupy space in this reaction-coordinate
space, which can provide visual qualitative feedback, as well as en-
abling the calculation of free energy differences, thus yielding quanti-
tative data. The reaction-coordinates differ largely between the type of
reaction which is investigated, and can compromise distances between
atoms or domains, native contacts or contact order, structural discrim-
inators like the radius of gyration, comparative metrics like the root
mean square deviation of universal similarity metric, or totally non-
descriptive quantities derived from principle component analysis84–86.
Principally, every function that either compares a reference to a tem-
plate, or yields information about the state of a single conformation
without comparison can be employed. As such, we can borrow heav-
ily from adjacent fields. In the end, the quality of a reaction coordinate
differs with the underlying data and the quantities that should be ex-
tractable from it. For example, it can be measured by borrowing from
transition path theory. A transition path is a pathway which leads from
the reactants state to the products state or vice-versa without recross-
ing87. p(TP|r(x)) is the probability distribution of being in a transition
path, given coordinates x projected on a reaction coordinate r(x). If
the distribution has a sharp and high peak, we can conclude that the
coordinate is well chosen, because it translates into the collapse of the
transition states into a single value of the reaction coordinate (see Best
et al.87 for excellent illustration).

In the special field of protein folding, the arguably best reaction
coordinate would be Pfold, the probability of folding before unfold-
ing88. Pfold distinguishes clearly between two states. The folded state
(Pfold = 1) and the unfolded state (Pfold = 0). For every conformation
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in between, it would yield the probability, that the protein either tends
to move towards the folded, or unfolded state. At p = 1

2 the reaction
would be in a clearly defined transition state, where both paths are
equally probable. Despite its supreme characteristics, Pfold is cumber-
some to calculate, and unusable for ab initio calculations, since for this
type of simulations, the folded state is unknown.

Using metrics for reaction coordinates poses a similar problem. A
metric needs two coordinates to generate a distance value. What should
be used as the reference coordinate? We see therefore, the choice of
reaction coordinate very much depends on the problem under investi-
gation. For most of our folding studies, we tried to reproduce known
folded structures. The root mean square deviation metric89, or with
the radius of gyration90 were easily accessible reaction coordinates
with physically meaningful properties.

1.5 solvation

1.5.1 Explicit Solvation

Solvation is the process of putting a solute into a solvent - in case of
protein studies usually water, because it is the native environment for
proteins. This process affects both the solute and the solvent in prox-
imity to the solute fundamentally on multiple levels: (1) A cavity in
the solvent is created. If the cavity is large enough, then the hydro-
gen network is broken and needs to be recreated91. For large solutes,
the solvent will dewet its surface92 around hydrophobic particles93,
initiating a potential hydrophobic collapse, if the solute is a protein.
(2) Water is a much larger dielectric than protein; the ratio can be as
high es 40:1 for the protein interior due to mainly uncharged inflexi-
ble amino-acids, and as high as 8:1 for the exterior due to charged and
very flexible amino-acids94. As such, solute-solute electrostatic inter-
actions are screened by the reorganization of solvent due to the new
electric field. (3) Non-polar and polar first solvation shell effects oc-
cur in the solvation layer in direct contact with the solute. Non-polar
solvation includes cavity formation, and van der Waals interactions
between the solute and solvent.

The unique properties of water, i.e. the creation of a hydrogen bond
network95, presence of a dipole moment, and its polarization ability,
renders it difficult to model. Water forms significant structure around
solutes, to up to 14 Å, but ordering effects are present even beyond
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this point and can, if not rebalanced, causing a significant heat-up
of a simulation system96. It is not surprising that there is considerable
spread in water representations, and the search for a perfect model still
contiues. These models usually differ by the number of point charges,
which are distributed over the molecular plane, the individual partial
charges, van der Waals parameters, and polarization abilities.

An early water model was ST2, by Stillinger and Rahman97. It is
based on 5 partial charges, which take into account the hydrogens
and the lone ion pairs in tetrahedrical positions around the oxygen98.
Simpler models include the transferable intermolecular potential func-
tions TIPS2, TIPS3 and TIP3P98;99 which place 3 partial charges on
the oxygen and hydrogen atoms. This reduces pairwise distance eval-
uations from 17 to 9, considering that van der Waals energies are
only calculated between oxygen pairs. Another example for 3 point
charge models is SPC, the simple point charge model. All these mod-
els differ in the equilibrium bond angles, point charges and oxygen-
hydrogen distances. Tests on radial distribution function goo, goh, ghh,
which describe pairwise correlations between oxygen-oxygen, oxygen-
hydrogen and hydrogen-hydrogen interactions have shown that some
water models describe experimental results better than others98. Fur-
thermore, when compared to more complicated point charge water
models like TIP4P and TIP5P, then the simpler models provide not
enough structure in oxygen-oxygen correlations100. However, when
other quantities are taken into account, e.g. lifetime, average number,
and average energy of hydrogen bonds, then SPC is competitive to
TIP3P or TIP4P, which are suggested to be preferential water models
for simulations101.

1.5.2 Boxed Water

Molecular dynamics simulations need to have a finite amount of sim-
ulated particles, the less the better. The simulation area of solvated
molecules therefore cannot extend arbitrarily, but must be confined.
The usual strategy is to utilize a box that is adjacent to periodic im-
ages of itself102, which removes artificial surface effects103. This cre-
ates the illusion of an infinite amount of water molecules around a
solute, with the disadvantage that correlations between spherical enti-
ties are no longer radial, thus water molecules are not longer correctly
oriented104.
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In a different approach, called surface constraint all-atom solvation,
a spherical solvation environment, centered around the solute105, is
established. The method tries to represent infinite solvent through a
limited solvation sphere, which is split into 3 segments. In the first
segment, the solute including first solvation shell is located. In the sec-
ond segment, surrounding water, and in the third bulk water, which is
modeled implicitely. The water in the first two segment is treated ex-
plicitely, i.e. all interactions between and inside the segments are repre-
sented by pairwise expressions. Interactions between the first segment
and the bulk water can be approximated using a Born or Kirkwood ex-
pression, depending on the complexity of the charge distributions. For
the interactions between segments two and three, i.e. where the “sur-
face” water molecules interact with infinite bulk water, a constraint
potential is created that punishes “escaping” water molecules. The po-
tential is derived by setting into relation the actual position of a water
molecule, by the probability distribution of their expected position.

1.5.3 Thermodynamic Cycles

A general therodynamic cycle for solvation is shown in figure 1. The
cycle is compartmentalized into 6 parts106, in which the molecule is
discharged, solvated and recharged. Using such a cycle to determine
the solvation free energy allows for the compartmentalization into
additive terms. The cycle can be arbitrarily extended, for example
to calculate protein-ligand binding free energies. A very convenient
method is based on Protein Dipoles Langevin Dipoles, used with their
scaled version in combination with Linear Response Approximation
(PDLD/S-LRA)107. The linear response approximation is valid, when
the free energy functions of the reactant and product states have the
same curvature. It accelerates the free energy calculations significantly,
because intermediate steps in the mixed potential of reactant and prod-
uct are neglected108.

The idea behind PDLD is to model the solvent microscopically as
dipoles on a grid, in which the density of the grid is chosen to match
the actual solvent density109. These dipoles can be polarized according
to the Langevin expression, which relates the average orientation of a
dipole to the magnitude of the surrounding field110.

PDLD/S is the semi-macroscopic version of PDLD, and involves
splitting up the individual solvation free energy contributions into
simpler terms. The terms correspond to transferring the environment
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Figure 1: Thermodynamic cycle for the evaluation of solvation free energies
of a given molecule: (1) The physical pathway. (2) The protein is
decharged in gas-phase, i.e. all its charges are set to zero. (3) Van
der Waals interactions between the solute and solvent are removed.
(4) It is put into water. (5) Van der Waals interactions are turned on,
here, the costs of creating a cavity, breaking of hydrogen bonds and
first solvation shell effects play a role. (6) The protein is recharged.

from water dielectric into protein dielectric, discharging the ligand
in the protein dielectric, and transferring the environment back into
water dielectric. Now, similar to the thermodynamic cycle from figure
1, van der Waals interactions are turned off, and the ligand inserted
into the protein. Once at that point, the previous steps are redone
in inverted order. The extra step of changing the dielectric simplifies
transferring the charges into the real protein environment111.

1.5.4 Implicit Solvation

In the domain of molecular dynamics simulations, it stands to reason
to simply fill a box with simulated solvent molecules and perform stan-
dard calculations. All of the solvation effects would then be treated
explicitly by the corresponding force-field. Another way is to treat the
effects implicitly by assuming that water is a homogenous dielectric
continuum. When a thermodynamic cycle is used to split solvation
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energetics into multiple parts (see figure 1), a distinction can be made
between polar and non-polar effects. Segments (4) (creation of a cav-
ity) and (5) (dispersion interactions) correspond to the non-polar part
of solvation and Segments 2 (discharging) and 6 (recharging) to the
polar part.

In implicit solvation, detail about the actual orientation and loca-
tions of water molecules is lost, and replaced by an averaged poten-
tial of mean force. The calculations return free energies, as such we
speak about non-polar and polar solvation free energies. Using im-
plicit solvation has generally multiple advantages over explicit solva-
tion51;112–119:

(1) The amount of interactions are reduced. Adding one water molecule
to a system of n atoms, adds O(n) interactions to the system, so the
cost of interactions isO(n2). Since proteins reside in three dimensional
space, and proteins need to be solvated generously dependent on their
diameter, the increase in water molecules itself is of the order O(n3).
Even if the amount of interactions is limited by enforcing a spatial cut-
off, the amount of solvent-solvent and solvent-solute interactions will
outweigh all other interactions.

(2) Interactions add frustration to the energy landscape. Reducing
interactions decreases frustration, and smoothens the landscape, hence
simulations can proceed faster.

(3) Instantaneous relaxation of the solvent. When a protein is put
into water, or if a conformational change, etc. disturbs the solvent equi-
librium, it needs time to relax and return to equilibrium conditions. In
implicit solvation methods, instantaneous response of the solvent is
assumed, removing the necessity to return to equilibrium.

Disadvantages consist of the intrinsic inaccuracies of the methods,
the loss of discreteness (which plays a role once single water molecules
are involved in physical or biological processes), and difficult analyti-
cal functions for gradients which are expensive to evaluate.

In terms of polar solvation, which treats electrostatic effects, it ex-
ists a clear hierarchy, starting from all-atom, to dipolar fluid, dipole-
lattice to continuum models120. We have already seen an example of
dipolar models, the PDLD method. Continuum methods involve the
Poisson-Boltzmann methods, in which the protein is modeled with
point charges, located at the center of each atom112–114. In principle,
Poisson-Boltzmann approaches treat the solvent and solute as a di-
electric continuum, and calculate the effect on the protein dipoles
explicitely, thereby reproducing PDLD/S results, and vice-versa121.
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More macroscopically, Generalized Born models51;118;119 are derived
from the Born equation for the transfer of a single ion from gas phase
into solvent. They rely on Born radii, which change during a simula-
tion and thus have to be calculated frequently. The radii resemble the
buriedness of an atom inside the protein and need to be calculated
with respect to all other atoms, usually by integration of the excluded
volume119.

1.5.4.1 Non-Polar Solvation

From the thermodynamic cycle in figure 1 it can be concluded that the
non-polar solvation free energy is the sum of the costs of creating a
cavity and attractive van der Waals energies.

∆Gnp = ∆Gcav +∆GvdW (8)

Based on previous results122, in which it was found that the non-polar
solvation free energy for alkanes largely correlates with their solvent
accessible surface area, the non-polar solvation free energy is usually
modeled with a γA model, in which the surface area is multiplied
by an empirical surface tension coefficient106. Principally, with such
an approach, some polar first solvation shell effects could be approx-
imated as well - any effect that correlates with the exposed surface
area123.

1.5.5 γA approaches

γA approaches are modeled proportional to the solvent accessible sur-
face area and are usually defined by the following equation:

∆Gnp =
∑

i

(
γiAi

)
+ b (9)

Often, a single tension coefficient γ is used instead of one per atom
type. Values for the coefficients can differ significantly between
5 cal mol−1Å−2 and 138 cal mol−1Å−2 which is more than an order of
magnitude106. coefficients can be calculated by a fitting to alkane trans-
fer free energies124. The A usually refers to the solvent accessible sur-
face area of a molecule, which has been defined by Lee and Richards
in the following way125: “Accessible surface area, A of an atom is the area

on the surface of a sphere of radius R, on each point of which the center of a

solvent molecule can be placed in contact with this atom without penetrating
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any other atoms of the molecule. The radius R is given by the sum of van

der Waal’s radius of the atom and the chosen radius of the solvent molecule.”.
For water, the radius R of the solvent is usually set to 1.4.

1.5.5.1 Semi-Explicit Assembly

Semi-Explicit Assembly is a novel method to calculate non-polar sol-
vation free energies, by calculation of a more accurate solute-solvent
boundary126. A big drawback in the γA approach is its ignorance of
solute geometry, i.e. once the solute differs from a linear form (as it is
the case for amino-acids), the approximation doesn’t hold anymore127.
Furthermore, in γA, two effects are expressed in the same simple equa-
tion - the cavity formation cost and the attractive dispersion energies,
where the latter is constantly underestimated126. The crucial part is
the amount of error that can occur. Systematic tests by van Gunsteren
et. al have shown128 that errors are in the range of 11 kcal mol−1 to
67 kcal mol−1 for protein like models. The error weighs even more
heavily if we think about the fact that the free energy difference be-
tween native and denatured basins can be as low as 10 kcal mol−1,
independent of the size of the protein129. This is due to the favorable
van der Waals interactions from interior atoms, which do not have a
surface accessible to the solvent and are therefore neglected from the
calculation of non-polar contributions.

The method therefore tries to estabish a solvent-solute boundary
which is deformed by the relative attractions and repulsions of atoms
adjacent to the first solvation shell and their immediate naighbors. Ev-
ery atom is modeled as a source for a Lennard Jones potential, origini-
ating from its center and emanating throughout space. This Lennard
Jones field has minima, in which solvent atoms feel the most attraction,
and are likely to reside. The set of minima lies in a two dimensional
manifold, surrounding the protein, which ultimately determines the
non-polar free energy potential. It is subsequently probed, and the
acquired quantities compared to precomputed values that relate to
non-polar solvation free energies for single atoms.

1.5.5.2 Solvent Accessible Surface Area

Overall, we find a strong correlation between non-polar first solvation
shell effects and the number of solvent molecules around the solute,
which itself correlates well with the solvent accessible surface area123.
In one approach the surface area is directly used to calculate non-polar
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solvation free energies, in the other it is used as a starting point. In all
cases, it is important to accurately calculate this quantity, especially
since it can change a lot during simulations130. In all methodologies,
a molecule is modeled as the aggregation of spheres, and each sphere
corresponds to an atom. Every sphere is associated with an extended
van der Waals radius that includes the radius of the solvent molecule.

There are numerous ways to calculate the accessible area, ranging
between exact and approximate, differing in the speed of calculations
of areas and gradients. An important numerical method was intro-
duced by Frank Eisenhaber et al. in the 90’s131, in which a double
cubic lattice is used. The first lattice compromises the whole protein
and can be used to establish neighbor-lists132, which are necessarily
used in molecular dynamics simulators to rapidly determine which
atoms are close to which other atoms. Another lattice is used with ex-
tends only to the dimensions of a single sphere and uses the fact that,
if dots were drawn on the surface of the sphere, only those dots could
be buried which are situated in the overlap of neighboring spheres.
The method is fast, but it lacks analytical derivatives which limits its
usability in molecular dynamics simulations.

1.5.5.3 Identification of Exposed Boundaries

Most analytical solvent Accessible surfaces are methods are based on
the Gauss-Bonnet Theorem. Utilizing the theorem, a Gauss-Bonnet
Path has to be established. This relies on identification of the arcs that
form the boundaries of the solvent accessible surface areas. Locating
these arcs is computationally expensive due to the large amount of
possible intersection-points, of which most of them are actually oc-
cluded by intersecting neighbors and therefore buried. A limited set
of algorithms exists today to address this problem. A subset of the
atoms of a molecule are totally buried, as such they have no surface
area and all their intersections with other neighbors on the surface of
the sphere are therefore buried as well. These atoms can be safely re-
moved from the process of identifying the boundary of the exposed
area.

Jörg Weiser, author of the linear combinations of pairwise overlaps
algorithm, was very active in the field, and developed two indepen-
dent methods for the removal of buried atoms. In the first133, certain
geometrical facts are exploited to determine if an atom is buried or
not. The decision is based on the intersections of 3 and 4 neighbors
and the occlusion of certain points on the interface.
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The second method134 uses statistical considerations to form an
opinion about the buriedness of an atom. Along four tetrahedral rays
k, which are shot from the center of sphere Si into space, the neighbor
density ρik is estimated using a Gaussian kernel.

ρik =

mik
∑

j

exp

(
−αi

d2ij

(rH2O + rj)2

)
(10)

In whichmik is the number of neighbors of Si and αi a constant which
depends on the atom type. d is the distance between Si and Sj and r
respective radii.

For each atom type, thresholds ρ∗i were determined and saved in a
table. If ρi > ρ∗i then the atom is termed buried and removed from the
list of valid atoms.

Fraczkiewicz et al. proposed a very elegant algorithm to detect the
exposed boundary. Their method is based on half spaces, i.e. sepa-
rating hyperplanes trough the interfaces of the intersection between
a sphere Si and a neighbor sphere Sj. They exploit the fact that all
intersection-points are located on intersections between these hyper-
planes. First, the hyperplanes are created and orthogonal vectors from
the center of sphere Si to the hyperplane calculated. Now, the vectors
are geometrically inverted, i.e. if they had a modulus of d, they now
have 1/d. The convex hull of the inverted vectors is formed. The hull
is now a geometrical construct with vertices that are compromised of
a subset of the inverted vertices (roughly speaking the vertices that ex-
tended the most). The hull contains no cavity, and has the advantage
that a lot of the inverted points were removed, since they are internal
to it. New vectors towards the faces of the elements of the hull are
calculated. These vectors already point towards intersection-points.

The method is extremely elegant, but has multiple disadvantages
which render it unusable for molecular dynamics. The geometric in-
version assumes that no half space will ever intersect with the center
of Si or that the half space is inverted. This however is a regular case
for molecular dynamics simulations or in particular simulations that
rely on hydrogens. Hydrogens bonded to oxygen atoms mostly reside
in the oxygen’s van der Waal’s radius. Their intersection always pro-
duces an inverted half-space that cannot be handled by the method. It
is also assumed that there are enough independent vertices to form a
three dimensional convex hull, which might not be the case if there
are not many neighbors around Si, or if the neighbors are not in a
general position.
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O B J E C T I V E S

The objectives of this thesis can be summarized as follow:

1. Establisment of a protocol that allows the execution of multiscale
molecular dynamics simulations

2. Parametrization of a coarse-grained force-field to use within the
context of the multiscale protocol

3. Definition of appropriate reaction coordinates for the study of
protein dynamics biased towards protein folding

4. Development of an algorithm to perform on-the-fly functional
value integrations and their derivatives on exposed boundaries
to pave the road towards a semi-analytical Semi-Explicit Assem-
bly method
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3
M E T H O D S

In this chapter, methods are presented that are used in the multiscale
protocol, or which can be used alternatively. Within the protocol, we
perform a free energy calculation of the difference between a confor-
mation in the coarse-grained potential and the all-atom potential, us-
ing an integration schema.

3.1 free energy integration schemes

Free Energy Integration is a useful tool to derive free enery differences
for processes under investigation. In a biological process, reactants
evolve over time into products, which causes a change in free energy
of the system. This energy difference is a very important quantity and
can principally be extracted by performing molecular dynamics simu-
lations, in which the system is slowly transformed from the reactants
to the products. Processes can for example involve mutations, in which
the reactants correspond to the unmutated protein, and the products
to the mutated. Both entities are described by different potentials (one
excluding, the other including the mutation). In our multiscale proto-
col, the reactants describe a coarse-grained force-field and the prod-
ucts an all-atom force-field (and vice-versa). The scenarios are very
different, but the underlying technique is compatible.

3.1.1 Thermodynamic Integration

In thermodynamic integration135, the system is slowly advanced to-
wards U1, by incrementing λ continuously. At each λ, a molecular
dynamics simulation is performed in the mixed potential Uλ(x) until

23
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equilibrium is regained. The average potential energy derivative with
respect to λ is integrated, which directly yields ∆G.

∆G =

∫1

λ=0

〈
∂Uλ(x)

∂λ

〉

λ

dλ (11)

3.1.2 Free Energy Perturbation

Free energy perturbation136 on the other hand accumulates averages
of small Boltzmann weighted potential energy differences between
successive λ values at equilibrium.

∆G = −kBT

n−1
∑

i=0

log
〈
exp(−β(Uλi+1(xi) −U

λi(xi)
〉
λi

(12)

The technique can be used in forward, backward, and “Bennet-style”
forward-backward mode70. It is reported69 that free energy perturba-
tion is sensitive to the size of the λ-steps, i.e. enough overlap between
successive potentials must exist in order to yield good estimates.

3.1.3 Jarzynski Averaging

Methods in which the overlap between successive potentials only mat-
ter in practice, but not in theory, were made available by exploitation
of Jarzynski equation, in which equilibrium is no longer a necessity40.
If the above techniques were performed in non-equilibrium, an excess
in ∆G would be arise, because fast switching results in friction that in-
correctly adds to the free energy. Jarzynski averaging spawns multiple
evaluations of the forward (and/or backward) work:

Wf(Pathn) =
n−1
∑

i=0

Uλi+1(xi) −U
λi(xi) (13)

Which are then converted to the free energy difference.

∆G = −kBT log 〈exp(−βWf)〉 (14)

It should be noted that arguably, non-equilibrium approaches are
not necessarily superior to equilibrium approaches69. While in theory
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the switching speed between different λ values should not matter, in
reality it does.

3.1.4 Crooks’ relation

Crooks’ relation is a generalization of the Jarzynski equation71. It
states that it is possible to extract the free energy difference between
state A and state B from the ratio of probabilities that a work W, that
was previously spent to force A into B, is released into the system137.

PF(+βW)

PR(−βW)
= exp (β(W −∆G)) (15)

Where PF and PR are the probabilitiy distributions with respect to the
forward and backward transformation respectively.

3.2 parametrization techniques

As previously mentioned, the integration is performed between a coarse-
grained and an all-atom potential. Multiple methods exist to parametrize
such potential, using all-atom data as a reference.

3.2.1 Iterative Boltzmann Inversion

Boltzmann inversion is a method to parametrize interactions based on
statistical data, i.e. frequencies, which are converted into energy po-
tentials138. The general idea is that if structural data on species, i.e.
residues, atom-types, etc.. is available en masse, then it is possible to
estimate the potential of an interaction u(x) by counting how often
the structures are expressing a certain value of x. These collected fre-
quencies are an intuitive measure of which values x are equilibrium
values for u(x) and which values should express high energies. The
structures may be derived from the protein-database, or from trajec-
tory data of reference simulations139. The interactions have to be com-
piled analytically, and their reactants laid out. The potential function
u(x) can now be iteratively estimated by considering the following
process: An initial potential of mean force uPMF is created from a ra-
dial distribution function rdfref. This function, loosely speaking, gives
the probability to find a two-particle system in a certain state x.

uPMF = −kBT log rdfref(x) (16)
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This initial potential is now successively refined by considering addi-
tional radial distribution functions rdfi

ui+1 = ui + kBT log
rdfi(x)

rdfref(x)
(17)

3.2.2 Subtraction Method

If the radial distribution functions are generated in dilute solutions,
problems due to under-sampling might arise. The Subtraction method140

was established to address this issue141. It works in three steps. First,
the potential of mean force is computed for two solute-pairs in a
solvent box (uAA

PMF). Afterward, the potential is recalculated without
solute-solute interactions to assess the effect of the solvent onto the
potential (uPMF,excl). Finally, both potentials are subtracted to yield the
plain potential.

uCG = uAA
PMF − uPMF,excl (18)

3.2.3 Force Matching

Force matching aims to reproduce forces gained from explicit all-atom
trajectory data on the coarse-grained level142. For every coarse-grained
bead in the representation, all-atom forces are collected and matched
against parametrized coarse-grained forces. The parametrization g0 . . . gn
can be obtained optimizing the following objective function143:

χ2 =
1

3LN

L
∑

l=1

N
∑

i=1

∣∣∣Fref
il − F

p
il(g0, . . . ,gn)

∣∣∣
2

(19)

In this case, Fref
il is the reference, all-atom force acting on the ith atom

of the lth atomic configuration. It does therefore not rely on radial dis-
tribution functions like the introduced iterative Boltzmann inversion.
The actual force functions can be derived e.g. by choosing g0 . . . gn
to be spline parameters. Equation 19 then represents an optimization
of splines to the forces. Potential functions can then be obtained by
integration over the splines141.

Force-matching produces force-fields that exhibit greater transfer-
ability than those parametrized by iterative Boltzmann inversion54.
Transferability plays a role when the force-field is used in different
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temperatures than it was parametrized with, which can undermine
reliability in e.g. replica-exchange simulations. This is due to the fact
that the potential obtained is a potential of mean force which is a free
energy in phase space54; thus it will be sensitive to temperature and
thermodynamic variations.

3.2.4 Multiscale Coarse-Graining Method

An advancement of standard force matching has been introduced with
multiscale coarse-graining method (MS-CG)143. A problem of stan-
dard force matching procedures is that the fitting of the force parame-
ters becomes rapidly intractable as the number of parameters grows54.
The idea of MS-GC is to develop a system of overdetermined linear
equations, that is subsequently solved, and from which force param-
eters are extracted. Generally, this can be achieved if the the force-
field depends linearly on the fitting parameters. If this is the case, the
derivative of the force will be constant.

∂F
p
il

∂g
= const (20)

The system can then be solved by setting
(
∂X2

∂gj

)

j=1...N

= 0 (21)

which can be denoted with matrices:
∥∥∥∥
∂F
p
il

∂gj

∥∥∥∥
T

F
p
il =

∥∥∥∥
∂F
p
il

∂gj

∥∥∥∥F
ref
il , i = 1, . . . ,N l = 1, . . . ,L (22)

which can be subsequently simplified to an overdetermined system of
linear equations:

F
p
il(g0, . . . ,gN) = F ref

il (23)

3.3 collective variables

Within the protocol, we calculate free-energy differences for states us-
ing free energy surfaces. The surfaces are low dimensional projec-
tions of an optimally low dimensional manifold residing in a high
dimensional space. Because the shape of the manifold is generally not
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known, is is usually difficult to find collective variables which per-
fectly project conformations into the low dimenional space. We present
here a collection of general collective coordinates, that (except for prin-
ciple component analysis) do not require post-processing the data.

3.3.1 Root Mean Square Deviation

The Root Mean Square Deviation (RMSD) is a very old and widely
used metric89. It is calculated by directly comparing a selection of the
atoms of a molecule with those of a reference molecule in a possi-
bly different conformation, in the case of proteins usually the alpha
carbons or heavy atoms. The metric computes the squared spatial de-
viation between the same atoms in the molecule and the reference.
Any such deviation depends on the spatial displacement and orienta-
tion between the structures. In the context of RMSD, the deviation is
meant to be minimal, as such the two structures need to be aligned
first by translation and rotation.

RMSD(x,y) =

√√√√ 1

n

n
∑

i=1

||xi − yi||2 (24)

RMSD has some problematic disadvantages. Due to the quadratic na-
ture of the calculation, if part of the structures perfectly match, but just
a small part does not, this small part would dominate the deviations
and result in bad distances. Furthermore, translation and rotation of
the molecule to maximally align with the reference is an optimization
task which ultimately might end in a local minimum. Several meth-
ods have been proposed in the past to compensate. MaxSub144 and
TM-score145 are two examples in which only parts are compared that
are already well aligned. SABIC146, or lcpfold, (introduced in chapter
4.2) are methods based on internal coordinates, in which the necess-
esity for rotation and translation is removed.

3.3.2 Radius of Gyration

Radius of Gyration90 is an intrinsic measurement of how compact the
conformation of a protein is. A small value would indicate compact-
ness, and a large value (dependent on the size of the protein) openness.
The measure is performed by calculating the protein’s center, which
can be e.g. the center of mass, or some other form of atomistic average.
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The distance of each atom to this center is computed, squared, added
and subsequently its root taken out.

Rgyr =

√√√√ 1

N

N
∑

k=1

(xk − xcenter) (25)

In which N is the number of atoms.

3.3.3 Native Contacts

Internal contacts of protein residues provide rich information about
tertiary connectivities, folds, and secondary structure assemblies. Usu-
ally, residues are described as being in contact if their euclidean dis-
tance is between 2 and 9 Å147. The distance can be measured from
the geometric centers or centers of mass, or between the closest atoms
belonging to both residues. Native contacts describe residues that are
in contact in the native state. These types of contacts are highly corre-
lated with Pfold (r>0.90)148 and therefore of much interest in describing
folding processes, because - with knowledge of the conformations in
the native state - they are very simple to calculate in contrast to Pfold.

Is the native state not known, we can still formulate an intrinsic sim-
ilarity metric using internal contacts. For this purpose, a contact map
is created, which, for each residue pair of a protein, holds binary in-
formation whether the residues are in contact or not147. Subsequently,
maps of different conformations are compared using any form of com-
parison, e.g. the number of exact matches.

3.3.4 Universal Similarity Metric

The universal similarity metric (USM) was first introduced by Li et al
in 2001149. It is a distance metric based on Kolmogorov complexity150,
which is a measure of the amount of information in given data. To
be precise, it is a measure for the shortest set of instructions I for a
Universal Turing Machine T , that can output a certain string S. The
Universal Turing Machine was introduced by Alan Turing in 1936 and
is arguably the minimal model of a computer that can process arbi-
trarily complex data. Every modern computer, except for quantum
computers, is not more powerful than a Turing Machine - just faster.
The USM is able to approximate every other similarity metric, includ-
ing those that are yet to be invented151. The type of Turing Machine
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that is internally used does not change the similarity distance more
than an additive constant. The metric is defined as:

d(o1,o2) =
max

{

K(o1|o
∗
2),K(o2|o

∗
1)
}

max {K(o1),K(o2)}
(26)

, where o1 and o2 are the objects that are compared, and o∗1 and o∗2
the shortest set of instructions for o1 and o2. K gives the Kolgomorov
distance

K(o1|o2) = min {|I|} (27)

with T(P,o2) = o1 and I being sets of instructions as already men-
tioned.

The above metric is only upper semi-computable151, which means
that it can only be approximated by overestimation. Surprisingly, this
is very easy to achieve. First, contact maps of the reference and tem-
plate proteins are created. Second, they are written as a binary string,
and this string compressed using a standard tool like ZIP. K(o) is then
the size in bytes of that string.

3.3.5 Principal Component Analysis

Pfold is said to be the ideal reaction coordinate for protein folding. It is
the reaction coordinate along which the system evolves the slowest88.
This in fact relates to the first eigenvector of a principal component
analysis (PCA) performed on trajectory data. This implies that from a
pre-established trajectory we can extract reaction coordinates that in
the optimal case relate to the perfect reaction coordinate, and in all
other cases to reaction coordinates that still discretize the data opti-
mally. Such result is possible, because simulation data is of very high
dimensionality, but the trajectories themselves lie on a much lower di-
mensional manifold, which can be expressed just with very few eigen-
vectors86. In the case that the low dimensional manifold is nonlinear
in nature, where PCA would result in inaccurate results because of
its linear nature, non-linear PCA is available152, as well as PCA on
internal coordinates153.

3.4 solvation

The all-atom and coarse-grained force-fields must be compatible for
the free energy integrations to converge. This requires a similar han-
dling of the solvent as well. Since it would be impractical for the
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coarse-grained force-field to utilize explicit solvent (even though such
force-fields exists53), the coarse-grained force-field is assumed to con-
tain implicit solvent corrections, and the all-atom force-field an im-
plicit counterpart. For polar solvation, there are numerous possible
methods which can be utilized:

3.4.1 Polar Solvation

Polar solvation models can be cataloged into a number of different
categories123. Easily, we can make a distinction between polarizable
and non-polarizable methods. For polarizable methods, the reaction
field is critical. It is created by the dipole moment of the solute, which
polarizes the solvent, and induces a dipole moment, which in turn
polarizes the solute154. Methods utilizing the reaction field have been
developed155;156. These methods assume a cutoff, after which the force
due to the reaction field approaches zero96.

Many polar solvation methods have been modeled according to the
Poisson equation112–114.

∇ε(r)∇φ(r) + 4πρ(r) = 0 (28)

In which ∇ is the Laplace operator, that creates a vector of squared
partial derivatives, r is the vector of atomic coordinates, ε(r) the di-
electric constant, φ(r) the potential and ρ(r) the charge density. The
goal is to evaluate equation 28 to calculate the charge density, given
its distribution.

Calculation of this quantity is very cumbersome and time intensive.
The Ewald method splits up calculations of the electrostatic energies
into two components. A rapidly varying term for short distances and
a slowly varying term for long distances. The rapidly varying term is
evaluated directly, and the slowly varying term in fourier space115;157,
which accelerates convergence. Particle Mesh Ewald uses the Ewald
summation, but operates on a mesh. For each node on the mesh the
Poisson equation is evaluated.

Another derivative of the Poisson equation is the Generalized Born
method, which is based on the Born equation116;117 for the transfer of
a single ion from gas phase into solvent.

∆G = −
q2

2r

(
1−

1

ǫ

)
(29)

Where q is the charge, r the ionic radius and ǫ the dielectric constant
of the solvent. The Born equation can be extended into the Generalized
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Born equation for the approximation of the charge density of multiple
distributed point charges117.

Gpol = −166

(
1−

1

ε

)
∑

i,j

qiqj

fGB
(30)

This generalized formula is the basis of a wide branch of solvation
methods that aim to approximate the Poisson equation more and more
accurately51;118;119. Their main difference is the calculation of the Born
Radii in the smoothing function fGB.

fGB =

√√√√r2ij + RiRj exp

(
−r2ij

4RiRj

)
(31)

In which rij are pairwise distances and Ri and Rj the aforementioned
Born Radii. Broadly speaking, these radii correspond to the buriedness
of the atom in the solute51. The Poisson Equation can be solved for
perfect Born Radii, which inserted into the Generalized Born equation
will yield polar solvation free energies of equal accuracy to the Pois-
son Equation. Since this would be more expensive than just solving
the Poisson-Equation itself, approximations to the perfect radii must
be seeked158. Approximations to the radii usually utilize integration
of excluded volume119, to account for the buriedness of an atom. To
complicate things further, Born Radii methods rely on some form of
intrinsic radius, which is constant. There is significant spread amongst
the radii, which can change the outcome of the calculations159–161.

3.4.2 Non-polar Solvation

In terms of non-polar solvation, γA approaches are mostly utilized.
They require calculation of the solvent accessible surface area, for
which a continuum of methods is available. We will present here two
widely used method based on pairwise overlaps, later we move on
to the basis of analytical methods, the Gauss-Bonnet Theorem, and
ultimately we conclude with Semi-Explicit Assembly.

3.4.2.1 Pairwise overlaps

Fast methods with derivatives are usually of statistical and probabilis-
tic origin. Shoshana Wodak et al. derived a simple method based on
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single overlaps162. For a single overlap, the buried area is a simple
analytical expression, in contrast to multiple overlaps:

Aij = πri(ri + rj − dij)

(
1+

rj − ri

dij

)
(32)

In which ri and rj are the radii of sphere Si and Sj and dij their
distance. They treat the (normalized) buried area as a probability that
a point on the surface is inside the buried area, thus, with the inverse,
they calculate the probability that a point is outside all buried areas.
The method principally does relatively well for the calculation of the
whole molecular area due to a cancellation of individual atomic errors.
If atomic areas matter, the method is unfortuatnely insufficient.

A somewhat similar approach was undertaken by Jörg Weiser et al.
which also concentrated their calculations on single overlaps between
a sphere and its neighbors, as well as neighbor spheres with other
neighbor spheres163. Using the same equation 32, they calculate the
buried area Ai of sphere Si as:

Ai = P1S1+P2
∑

j∈N(i)

Aij+P3
∑

j,k∈N(i)
k∈N(j)
k 6=j

Ajk+P4
∑

j∈N(i)

Aij

(
∑

j,k∈N(i)
k∈N(j)
k 6=j

Ajk

)

(33)

Where N() are neighbor-lists, and P1 tp P4 parameters for each atom
type, obtained by multiple linear regression. The method is doing very
well; calculated areas correlate to true areas with r∼0.9 and derivatives
r∼0.6. However, problems arise when molecules are treated that exhibit
untrained geometries. Also, hydrogens are not supported.

Surface areas do not necessarily be approximated. They can be cal-
culated exactly thanks to the Gauss-Bonnet theorem, which will be
explicitly treated in the next section. A fair amount of methods have
been developed based on it164–169. The drawback of these methods
however is that they need an exact description of the boundary of
the solvent accessible surface area, and with it the precise intersection-
points on this boundary, where two neighbor spheres intersect on the
surface of a third sphere. Finding these points is cumbersome and
computationally expensive and will be discussed after presenting the
Gauss-Bonnet theorem.
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3.4.3 The Gauss-Bonnet Theorem

We follow here the derivation of Manfredo Do Carmo170 in a simpli-
fied form, focusing on unit spheres. First, we consider a triangle on a
unit sphere. Unless in two dimensional space, the sum of the interior
angles φi of a triangle T will exceed π. The surplus is called excess.
Gauss showed in an early paper171 that the excess is equal to the inte-
gral of the Gaussian curvature K over the surface T .

3
∑

i=1

φi − π =

∫∫

T

Kdσ (34)

Where σ is an infinitesimal surface patch of T . The Gaussian Curvature
is the product of the principal curvatures, which are a measure of the
minimal and maximal bends of a regular surface at each point172. In
spheres, this curvature is 1 and the above equation reduces to the
known formula for the calculation of the area A of a spherical triangle.

3
∑

i=1

φi − π = A (35)

This formula, as well as all others that will be presented require a
regular surface, which for the Local Gauss Bonnet Theorem also needs
to be simple. A regular surface is compact, i.e. has a triangulation with
a finite number of triangles173, and it has a boundary which consists
of closed piecewise regular curves which do not intersect170. A simple
surface does not intersect with itself on any point.

The solvent accessible surface area is such a regular surface. Its
boundary consists of spherical arcs which connect intersection-points.
The intersection-points are points on the surface where three spheres
meet: The sphere which surface is to be calculated and two neigh-
bor spheres. We consider now a complete tessellation of the surface
area with triangles, where each triangle has two sides that are also
boundary arcs. This is always possible for regular surfaces170. The Lo-
cal Gauss Bonnet Theorem now states:

k
∑

i=0

∫si+1

si

kg(s)ds+

∫∫

R

Kdσ+

k
∑

i=0

θi = 2π (36)

In which s is a parametrization for an arc connecting intersection-
points pi and pi, i.e. one “exterior side” of a triangle of the tessellation,
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kg the geodesic curvature of the arcs and θ the external angles of the
intersection-points.

∫∫

R Kdσ is again the area - now for the full sur-
face, instead of just a single triangle. The Gaussian Curvature kg is a
measure of the arc length of each boundary segment164.

The local Gauss bonnet theorem can be extended to allow for holes
in the surface R. The new theorem is called Global Gauss Bonnet Theo-
rem and sets into relation the geometry of surfaces and their topology.
It uses the Euler-Poincaré Characteristic χ, which is a determinant of
the topology of a tessellation, dependent on the number of distinct
faces F, edges E and vertices V .

F− E+ V = χ (37)

The Global Gauss Bonnet can now be stated as:

n
∑

i=0

∫

Ci

kg(s)ds+

∫∫

R

Kdσ+

k
∑

i=0

θi = 2πχ(R) (38)

Where Ci is a curve of the respective arc. This can be rewritten166 to
express the area in terms of the tangential angles at each intersection-
point Ωi, the arc lengths φi, opening angles of the intersection circles
Θi, and the radius of the sphere r.

A = r2i

(
2π(2− χ) +

n
∑

i=0

(Ωi +Φi cosΘi)

)
(39)

3.4.4 Semi-Explicit Assembly

The method starts from a standard solvent accessible surface area with
a solvent radius of 1.4. From the center of each atom that has a surface
to the solvent, rays are shot in sufficient resolution. Along those rays,
the Lennard Jones field, emanating from the atom and its neighbors is
probed. Van der Waals interactions between two atoms Si and Sj are
usually approximated by the Lennard Jones potential:

LJ(dij, εij,σij) = 4εij

[(
σij

dij

)12
−

(
σij

dij

)6 ]
(40)

In which dij is the distance between the atoms, εij the geometric
mean of the respective well-depths and σij the arithmetic mean of the
equilibrium distances. The method locates the minima of the Lennard
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Figure 2: Representation of a molecule for which the Semi-Explicit non-polar
solvation free energy is calculated. From the center of each atom,
rays are drawn towards the solvent accesible surface area. Along
the rays, the manifold, representing the minimum of the Lennard-
Jones field, is probed. The solvent accessible surface area is depicted
with a filled and the manifold with a dashed line. Dependent on the
strength of the Lennard Jones field, the averaged effective Lennard
Jones parameter will result in a strong potential, which pushes the
manifold away from the exposed area, or in a weak potential, which
will pull the manifold closer to the molecule. The former is expected
in crevices or in areas where lots of neighbors back up the potential,
the latter in atomistic outliers, in which the neighbor density is low.

Jones field; a point where water molecules experience the most non-
polar attraction, and therefore are most likely to reside - disregarding
other forces. For all rays emanating from one atom, a new Lennard
Jones potential is created by averaging all contributions. These new
effective parameter σef and εef are used to look up solvation free en-
ergy values ∆Gi from a precomputed table. The table was created by
solvation Lennard Jones sphere (i.e. with differing σ and ǫ parameters)
from gas-phase into water and calculation of their respective solvation
free energies. This yields the final semi-explicit assembly formula:

∆Gnp = pV +
∑

i

fi∆Gi (41)
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Where fi is the fraction of the solvent accessible surface area compared
to total surface area, and pV is the cavity creation cost.





4
R E S U LT S

The results are divided into 2 parts. The first part deals with the mul-
tiscale protocol itself, a new collective variable based on contact maps,
and a parametrization of a new coarse-grained force-field. The sec-
ond part is about a new surface area integration algorithm, and an
optimization, both designed to be utilized within the Semi-Explicit
Assembly methodology, but can also be used stand alone.

In the first part, we start by presenting the multiscale protocol, to
give the reader in-depth knowledge about its theory and implementa-
tion. We then move towards an example in which we test the protocol
on two coarse-grained force-fields, and present the development of
one of these force-fields. In between, the collective variable is intro-
duced.
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Artistic representation of different, yet synchronized multiscalar free energy
surfaces
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Artistic representation of a contact map difference with matching contacts
(grey) in which some mismatches (black and displaced downwards) were
found to be correctable (red)
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The method presented herein yields a new collective variable,

which can be used as an order parameter or reaction coordinate, de-

pending on the quantity of interest. It extends the idea of contact-

map comparison between a reference and a template, by incorporat-

ing hydrophobic-zipper theory, calculating the propensity of a mis-

match in the contact-maps to correct itself to a native contact through

only a local conformational search. A Markov Random Field is cre-

ated from the difference of contact maps and used to propulse marginal

probabilities which express the belief that certain torsions between

the involved amino-acid-pairs can fold from the template into the

reference. The torsional probabilities were collected prior to this

through a series of Monte Carlo Markov Chain samplings of the tor-

sional potential of various main-chain and side-chain torsions, for

different force-fields and temperatures and saved into a readily ac-

cessible database.
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4.2.1 Introduction

The search for better collective variables, i.e. reaction coordinates and
order parameters, is a still ongoing quest in many disciplines, particu-
larly protein folding174. Generally speaking, the quality of a collective
variable highly depends on the quantity of interest. They can be used
for post-processing trajectory data, or for guiding simulations during
sampling.

In the domain of collective variables, many methods are based on
isocommittor surfaces88. The isocommittor is a hyperplane through
phase space in which the commitment functions φA and φB reach
equality. Those functions express the probability that a trajectory, started
from this point, reaches state A before state B and vice-versa. This
links directly to transition path sampling techniques175, in which a
Markovian random walk is started from state A, while the Metropolis
condition, i.e. the test if a move should be accepted or rejected, is bi-
ased towards state B. Once transition states and transition paths have
been identified, good reaction coordinates can be defined along these
interconnecting pathways.

Perfect reaction coordinates can be extracted via post-processing of
trajectory data, in terms of eigenvector decompositions by principle
component analysis84–86. The first two eigenvectors of such decom-
position are orthogonal by definition and represent the vectors with
which the surface can be explained the most, i.e. the least detail is lost
and resolution is largest. This however is only true if the low dimen-
sional manifold which is extracted by the decomposition can be de-
scribed linearly. If not, the analysis will result in poor coordinates and
nonlinear principle component analysis should be used instead152.

Often stated, the best coordinate for protein folding is pfold, the prob-
ability of folding before unfolding. With such a coordinate, the impor-
tant states like the product state pfold = 0, reactant state pfold = 1 and
transition state pfold = 0.5 are easy to identify. pfold correlates very
well to the fraction of native contacts (r>0.90)148. Seeking to approxi-
mate pfold, it is only reasonable to start with this fraction, calculated
through a comparison of contact maps147.

In this article, we extend the idea of a simple contact map and cal-
culate approximately the propensity of two conformations to fold into
the other, using only local conformational searches, supported by na-
tive contacts that have already been formed. We follow the rational of
the hydrophobic zipper176. This hypothesis is based on the assump-
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tion that proteins assume their native tertiary structure, by first es-
tablishing tentative local contacts, then growing these local structures
through zipping, and later building tertiary structure and contacts
through coalescence177. The idea is driven by the assumption that
when a native contact a is formed, a neighboring native contact b
is much more likely to form as well, with a very local conformation
search, in contrast to an exhaustive global search if cooperativity by
a was not given. In other terms, the probability of assuming native
contact p(b) is higher given a than without.

p(b|a) > p(b) (42)

The now presented method starts from a comparison of contact maps,
and approximates the propensity of a mismatch in the maps to correct
itself into a native contact, if other nearby native contacts have already
been formed. The method needs two reference structures, optimally
the native and fully extended conformations for comparison.

The goal of this collective variable is the linearization of the folding-
space, and separation of both product and reactants, so that it can
be utilized as a reaction coordinate. Both is achieved by performing
the same analysis on the native and fully extended conformations and
combining both information into a single coordinate.

4.2.2 Method

The method creates two contact maps, one from a reference native
structure and the other from a template structure exhibiting an arbi-
trary conformation. We seek to calculate the propensity, or the ability
of the template to fold into the native structure by only employing
local conformational searches. That way, we cluster various conforma-
tions which would easily adopt the reference structure in a molecular
dynamics simulations simply through minimization to local potential
energy minima.

In a first step, contact maps CMAP0 and CMAP1 for structures Sα
and Sβ are created respectively. Any method can be used to do so,
e.g. a crisp contact map147 with a contact threshold between 6 Å and
12 Å. This means, two residues are considered to be in contact if their
beta carbons (or alpha carbons in the case of glycine) are not further
apart than the threshold. The contact maps are “subtracted” to identify
contacts which differ between Sα and Sβ. A difference map DMAP is
the result of this operation. It contains values 0, 1 and −1 indicating
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a mismatch, a contact match, and a no-contact match respectively. We
are now interested in the ability of the mismatches to fold to their
correct contacts.

In a second step, a Random Markov Field (RMF) is created from
the difference map178. Random Markov Fields are related to Bayesian
Networks. The latter asserts causation and therefore exhibits a tree-
like shape. The former does not, and specifically allow loops. As such,
belief propagation between the nods of the network or field differ be-
tween the two models.

First, we define labels L = {contact, no-contact} to express the ability
of a residue pair to be able to create a native contact or not. Second,
we define the following unary and binary energy functions:

U(node, label) =







− log (pltfold(node)) label = 0

− log (1− pltfold(node)) label = 1
(43)

B(label0, label1) =







1 label0 = label1

0 else
(44)

The unary function U(node, label) defines the energy needed to
change a mismatch into a native contact. It uses the probability pltfold

which expresses the ability of a residue to adapt native torsions. This
probability will be defined later on. The binary energy defines the cost
for two adjacent contacts to be different from one another. In the used
form it will encourage the formation of a smooth field.

Propensities for mismatches to convert to native forms are calcu-
lated iteratively by sending messages between nodes. During initial-
ization of the field, messages with content pltfold are sent from match-
ing nodes to mismatching nodes. In subsequent iterations, only mes-
sages between mismatches are exchanged. The messages between mis-
matches are calculated according to the following formula:

mij,st(l) =
∑

p∈L


e−B(L(p),L(l))e−U(L(p))

∏

k=N(ij)\st

mk,ij(L(p))


 (45)

In which N(ij)\st is the set of adjacent nods without node st, i.e. we
are not sending information originating from st back to it. Such a mes-
sage contains the belief of node ij that node st should have either label
defined by L. The algorithm successively visits every node and sends



68 results

messages to nearby nodes, until the believes converge. It has to be
noted that for belief propagation on loopy networks, the system is not
guaranteed to converge and may oscillate between states179. However,
in our tests with this method we never experienced such behavior.

The total score ρ can now be written as:

ρ =
1

N

∑

ij

mij,ij (46)

Which represents a message from node ij to itself, using N as the total
number of nodes.

An important part of the calculation of the belief is the probabil-
ity pltfold, which represents the ability of an arbitrary template torsion
Tβi to assume the same angular value as a reference torsion Tαi using
only a local conformational search, disregarding any entropical effects
or other conformational barriers. Given two structures Sα and Sβ, tor-
sional data θ is collected from both the reference Sα and the template
structure Sβ.

For each torsion Ti we calculate θα i and θβ i. We will denote the
difference between the two quantities with θi. The quantity in which
we are interested can now be expressed as:

p(f | θ) (47)

With f being the event of folding, θ = (θ0 . . . θN), and N the number
of torsions that have been collected from Sα and Sβ. That is, we are
seeking the probability that the whole template will fold into the ref-
erence, by only employing local conformational searches. For a single
torsion we get:

p(f | θi) (48)

which is the probability that with a local conformational search, the
torsion Ti of Sβ will fold into Sα when they vary with torsional dif-
ference θi. This probability density will be calculated directly by per-
forming a series of Markov Chain Monte Carlo samplings. The whole
range of degrees is properly discretized.

For an arbitrary torsion Ti, starting from an initial position at θstart,
the system performs the metropolis algorithm until it either reaches θi
or θi − π, indicating the successful folding or unfolding event respec-
tively. The frequency of the former and the latter is recorded, normal-
ized and used directly as p(f | θi). In each step of the sampling, we
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draw from a uniform distribution to decide whether to move into the
folding direction or the unfolding direction. Both local folding events
are supposed to be equally likely, the probability of going into the
folding direction is 0.5. The move is accepted if the following criterion
is met:

u 6 min(r, 1) (49)

with u being drawn from a uniform distribution and

r =
p(θ∗ | y)

p(θ−1 | y)
(50)

with θ∗ corresponding to the next parameter in the chosen direction
and p(θ−1 | y) to the last parameter in the chain. The probability p(θ |

y) is derived from an angular and torsional potential U(θ) following
a Boltzmann distribution.

p(θ | y) = Z−1exp [−βU(θ)] (51)

with

Z =

∫

exp [−βU(θ)] dθ (52)

The method has similarities with dihedral-RMSD. The same source
data is used to derive a measurement, but dihedral-RMSD punishes
large torsional differences, while this method does not.

4.2.3 Results and Discussion

In bad collective coordinates, the transition state does not collapse into
the coordinate of maximum free energy180. In figure 3, which follows
an example from reference180, we see on the left side a collective vari-
able q. All states, A, B and the transition state TS are well separated.
The coordinate of maximal free energy q∗ collapses into the coordi-
nate for the transition state qTS. On the right side, we see that this is
not the case anymore. Without information from coordinate q1, the
states are not properly separable. The lcpfold technique asymmetri-
cally shifts coordinates closer to the native state - with a stronger ef-
fect on coordinates which are already close to this state and a weaker
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q0

q0

q1q1

U(q0) U(q0)

A
A

B B

qA qB qA qBqTS

TS
TS

q* qTS q*

Figure 3: On the left, collective variables that also are good reaction coordi-
nates, i.e. states A, B and TS are well separated and qTS coincides
with q∗. On the right, collective variables that represent bad reac-
tion coordinates. States A and TS are not separable.

effect on coordinates that are afar. We will consider now a second ref-
erence structure in the complete extended conformation. If we let this
structure undergo the same analysis, we will see the same asymmetric
effect. The rational of this extended analysis is to probe the stability
of each conformation, and its “ability” to lose its already formed con-
tacts. The shift can be further emphasized by exponentiation as shown
in equation 53, in which we also inverted the score, such that a perfect
match has score 0 and the worst match a score of 1.

ρ∗ = (1− ρ)α (53)

In which alpha is a positive value greater than 1. Figure 4 gives a
visual comparison of the two shifting processes for an example created
by trajectories from the chicken villin headpiece. There, we display the
ratio between ρ∗ and contact-map score. ρ∗ will always be smaller than
the contact-map score. The greater the difference between the two, the
more the shift will approach zero. The less the difference, the more it
will approach 1.
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Figure 4: On the left, an example of the shift ratios for the native state, and
on the right for the extended state

The new collective variable, lcpfold is using both analysis for com-
parison to the native ρ∗n and to the extended ρ∗e conformations. Opti-
mally, ρ∗n and ρ∗e are negatively correlated. A low score in one should
imply a high score in the other. We project both values into a one
dimensional score using their ratios, making sure the whole range
(0 . . . 1) is properly utilized:

lcpfold =







1
2
ρ∗n
ρ∗e

ρ∗n 6 ρ∗e

1− 1
2
ρ∗e
ρ∗n

else
(54)

The projection is visualized in figure 5. Straight lines emerging from
the center of the coordinate system represent points on the energy
surface that are collapsed into the same coordinate. Through the as-
symetrical shift, the transition state will be closer to the line repre-
senting a ratio of 0.5, while basins A and B will move away from it.
The goal of this collective variable is to improve linearization of the
folding pathway and separation of both product and reactant states.
We are specifically not interested in improving P(TP|r), the posterior
transition path distribution, which has been proposed earlier87 as an
optimization goal, and for which expensive transition path samplings
would have to be performed. A good reaction coordinate, or order pa-
rameter, is able to distinguish well between the product and reactant
state175. Rephrased, we can say that a good reaction coordinate min-
imizes the uncertainty of a coordinate r being in neither the reactant



72 results
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Figure 5: Projection of conformations into lcpfold coordinates, utilizing the
shift and negative correlation of the sub-coordinates ρn and ρe

nor the product state. This follows from the so called commitment
probabilities181, where φB(x) is the probability to move into state B
before state A and φA the probability to move into state A before B,
which is 1 − φB(x). So to speak, at φA = φB = 0.5 uncertainty is
largest. When φB = 0 or φB = 1, uncertainty is lowest. Figuratively,
two distributions that are infinitely far apart are easily separable, it
is always clear if the system is in the reactants or the products state.
On the other hand, if the distributions overlap to a great part, it is
impossible to distinguish the states properly.

To visualize the method, in a first step we take the histogram of
folding simulations of the 35 residue NLE-NLE variant of the Villin
Headpiece. In this variant, two lysines are replaced by norleucines.
Trajectories were obtained from reference182. There, 9 folding attempts,
each with hundreds of continuous trajectories, have been performed
from different starting structures. We collected samples from two fold-
ing attempts and projected them onto a set of reaction coordinates (the
method proposed herein, RMSD, fraction of native contacts) to obtain
the equilibrium distributions.
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The distributions in all reaction coordinates showed two peaks as-
sociated with high probabilities, which we assigned labels disordered
denatured, and native, corresponding to the respective states. Both
basins are approximately normally distributed, separated by a low-
probability barrier which consists of a mixture of the two distribu-
tions. We will first extract the distributions P(r|RS) and P(r|PS) for
being in the reactant and product state respectively. The partitioning
is performed with an Expectation-Maximization algorithm183.

Once the distributions have been extracted, they are compared us-
ing the Kullback-Leibler divergence KL(f‖g). The divergence between
two distributions f and g is a measure of the information loss when g
is used to explain f instead of f to explain f. In the case of two distri-
butions that correspond to products and reactants, it is a measure on
how separable they are.

KL(f‖g) =
∫

f(r) log
[
f(r)

g(r)

]
dr (55)

Because P(r|RS) and P(r|PS) are normal distributions N(µ1,ν1) and
N(µ2,ν2), the above integral can be formulated in closed form184:

KL(f‖g) = 1

2

(
log
[√
ν2√
ν1

]
+
ν1

ν2
+

(µ1 − µ2)
2

ν2
− 1

)
(56)

We use the symmetrical version of the divergence:

KLs(f‖g) = KL(f‖g) + KL(g‖f) (57)

The divergence for RMSD is 39.64 for contact maps 41.88 and lcpfold
226.52, indicating that lcpfold is doing a better job in separating the
two states then RMSD and contact maps, whereas contact maps has a
slight advantage over RMSD.

We can use lcpfold as a reaction coordinate to visualize the folding
of villin from a high lcpfold value to a low value, using radius of gy-
ration as a second coordinate as is shown in figure7. The linearization
of the folding space is observable as a canyon connecting both states,
wheras the main reaction axis is utilized very well between its limits
of (0, 1). A disadvantage of the improved separation is the now more
blurry interface between the two basins, which might correspond to a
wider p(TP|r) distribution. This effect however can be controlled via
parameter α in equation 53, which should correlate with the spread of
p(TP|r).
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Figure 6: The equilibrium distributions for coordinates contact maps, lcfold
and RMSD

 −4 
 −4 

 −3.5 

 −3.5 
 −3 

 −3 

 −2.5 

 −2.5 

 −2 

 −2 

 −2 
 −1.5 

 −1.5 

 −1.5  −1.5  −1 

 −1 

 −0.5 

−4

−3

−2

−1

0

Villin Headpiece Free Energy Surface

local contact Pfold

R
ad

iu
s 

of
 G

yr
at

io
n 

(Å
)

0 0.12 0.24 0.36 0.48 0.61 0.73 0.85 0.97

7.
63

9.
32

11
.0

2
12

.7
1

14
.4

1
16

.1
1

17
.8

19
.5

21
.1

9

lcPfold

ΔG

reactants

p
ro

d
u

c
ts

Rgyr

Figure 7: Folding surface for Villin using lcpfold coordinates on the left, and
a funnel landscape with a visible linear canyon on the right.

4.2.4 Conclusion

We have presented here a novel collective variable which extends the
idea of contact map similarity. Through a series of logical steps, the
propensity for a conformation Sβ to establish contacts as in a refer-
ence conformation Sα is evaluated. This is performed by computation
of contact maps of Sβ and Sα, comparison of the contact maps and cal-
culating a score which relates to the probability that a certain contact
mismatch can be corrected with a local conformational search, helped
by already established correct contacts. We utilize here a database of
precalculated probabilities, which for an arbitrary torsional difference
gives the probability that one torsion will assume the other. The pro-
cess is simplified by disregarding any tertiary or entropical effects, i.e.



we do not investigate if it is actually possible to assume this torsion in
the neighborhood of clashing atoms. The probabilities are force-field
and temperature dependent and will give different results if those
quantities are changed. Furthermore, the method is asymmetrical, i.e.
it might be more likely for a structure Sβ to fold into Sα than for Sα
to fold into Sβ. We have compared the method quantitatively to two
ubiquitous methods, namely contact maps and RMSD, and found it to
be competitive.

...
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A coarse-grained amber stone including fossilized mosquito. "Amber.png"
©2013 aha-soft, used under a Creative Commons license
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4.3.1 Introduction

Although it is a concept known since long, the advent of enhanced
computational architectures and, more importantly, the introduction
of integrative algorithms and (semi-)automated work-flows have led
to a generalisation in the use of multiscale simulations in biomedicine
and other disciplines. Initiatives like the Virtual Physiological Human
(VPH) in Europe74, the Biomedical Information Science and Technol-
ogy Initiative (BISTI) in the USA185 or the Systems Biology Institute
(SBI) in Japan186, among others, have multiscale simulations as top
priorities to provide multilevel models of biomedical interest.

As an example of this new multiscale view and, initially, because
of the need to reduce their computational demand, molecular simula-
tions of protein energetics and conformational dynamics have served
as a vigorous driving force for the design of new algorithms. Thus,
to mention two extreme cases, QM/MM approaches were developed
as protocols to link quantum and molecular mechanics descriptions
of different regions of the system187–189; while other multiscale ap-
proaches have been developed to deal with complex conformational190;191

and energetics problems192 in proteins.
However, multiscale simulations arguably provide a correct vision

of complex multilayer problems, as they allow for a distinctive focus
on the aspects that are more relevant in each case. Thus, multiscalabil-
ity means the flow of information, or the connectivity between two or
multiple (abstract) biological layers that coexist in the assumed mod-
els, and represent the same context in different levels of detail. In this
study, we concentrate on the molecular level and representations of
atomistic behavior with different degrees of coarseness.

Protein function is intimately related to its structure, which is de-
termined by the individual interactions among amino acid residues.
The interplay between hydrophobic and hydrophilic interactions (in-
cluding charge-charge and hydrogen bond interactions) determines
the overall shape of a protein, i.e. its native state. Such a state, then,
corresponds to a global minimum in the free energy surface (FES) of a
single protein in solution193;194. Studying the conformational space of
proteins and peptides can yield hints on their propensity to achieve a
given secondary, super-secondary or tertiary structure and, thus, their
dynamical behaviour and their energetics. The determination of the
FES requires an accurate description of the potential energy surface
(PES), along with a statistically robust sampling of the phase space:
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a giant task because of the size and the complexity of the biomolecu-
lar system. The problem can be summarized in three main items for
multiscale molecular simulations in general and for protein folding in
particular: the definition of both proper coarse grain and explicit po-
tentials, the connection between the potential energy surfaces at the
different levels of detail, and the use of a sampling technique that
ensures correct exploration of the relevant regions of both the coarse
grain and all-atom PES. A thorough review of the different methods
that exist to solve each of these problems can be found in reference195.
In this article we also propose a protocol based on Warshel’s multi-
scale method that is now tested here. This particular method relies on
the assumption that main chain interactions are critical for proper sec-
ondary structure modelling, and hence it is possible to build a coarse
grain potential that explores the relevant regions in the all-atom po-
tential. With this assumption, the multiscale method is based on stan-
dard free energy perturbation techniques to project the reconstructed
all-atom FES based on the coarse grain potential as a reference state.
The test is carried out on two different problems. First, an analysis
of the applicability of the multiscale method is performed by analyz-
ing the behavior of two short peptides: an α–helix with the sequence
(Ala)15 and a β–hairpin with the sequence (Val)5ProGly(Val)5 . As a
consequence of this test, the coarse grain potential presented is shown
to have problems in determining the conformational space of α he-
lices and β sheets. The native basins are never visited and the most
populated states are far from physically sound structures.

In this article we also present the modularity of the high perfor-
mance productivity molecular simulation program Adun196, which
will help in the endeavor to design complex protocols for multiscale
modeling of protein function. In fact, Adun provides the possibil-
ity of sharing molecular simulation templates through a distributed
database system197, bringing the possibility of comparing simulations
using different set ups, force fields and algorithms between different
laboratories: one of the main objectives of multiscale simulation ini-
tiatives in biomedicine198. In the first chapter we analyze the original
coarse-grained force-field introduced by Messer et al. In the succeed-
ing chapter, this force-field is parametrized as AmberCG, a coarse-
grained force-field which is compatible to the Amber series of force-
fields. The performance of AmberCG is then tested against the same
basic models we used for tests with the original force-field.



80 results

4.3.2 EnzymixCG

The coarse grain force-field used here is adopted from Warshel and
coworkers192. Although it has no official name, we will refer to it as
EnzymixCG throughout the text. This force-field replaces all of the pro-
tein’s side-chains by single spheres which comprise the side-chain’s
interactions on a higher level. Water is completely removed from the
environment and replaced by correction terms to the force-field func-
tion, which model the solvent as a dielectric continuum. Due to its
simplicity and reduction of interacting parts, calculation of energies
and forces is vastly accelerated. Another contributing factor to the ac-
celeration is the removal of high frequency vibrational modes through
the deletion of almost all hydrogens and side-chain parts. As a result
the force-field enables the simulated proteins to move through phase
space in a smoother and faster way, thus avoiding unwanted stalls in
small minima on a rough energy surface. The force field is based on
the following representation of the potential energy surface, following
the notation in192:

Usp(R) = Umm0+Uss0+Ums0+Usolv0 (58)

= Umm+Ussef+UssQQ+Usself+Umsef+UmsQq+

+UmmHB+Ummphi− psi+Ummqq

where "m" and "s" refer, respectively, to "main" and "side" chain contri-
butions, where the side chain is described by a single sphere centered
in the centroid of the all-atom representation of the amino acid. R rep-
resents the coarse grain coordinates. The detailed expression for the
different terms in Eq. 58 can be found in the original publication192,
but we want to emphasize here two expressions.

First, the effective electrostatic contributions are given by

UmsQq+Ummqq =
∑

i

∑

j

332

(
Qiqk

ε ′effrik

)
+
∑

k

∑

k ′ 6=k

166

(
qkqk ′

ε ′′effrkk ′

)

(59)

where Qi and qk refer to charges in ionized residues and residual
atomic charges on the main chain, while ε ′′eff = 10 and ε ′′eff = 4. Second,
as the isotropic dielectric represented by these two terms is not able to
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properly reproduce the hydrogen bond energy, an additional term is
introduced192:

UmmHB =

{

−9 r 6 2.0

−9 exp
(
−15(r− 2.3)2

)
r > 2.0

(60)

These two terms, along with the Ummphi− psi term are mainly re-
sponsible for the determination of secondary structure propensities.

4.3.3 Multiscale Free Energy Perturbation

In order to analyze the ability of the coarse grain model to reproduce
the overall shape of the potential energy surface, an experiment was
carried out on two model peptides exhibiting extreme secondary struc-
tural behaviors. On the one hand, the peptide (Ala)15 was explored as
an example of pure α–helix structure, while (Val)5ProGly(Val)5 was
used to explore the ability of our approach to determine the FES for
a typical β–hairpin. The figure 8 contains the native structures of the
two model peptides on the right side, and an extended conformation
on the left side, from which the simulations were started. The results
of the simulations are shown in figure 24. Top row shows results for
(Ala)15 , bottom row for (Val)5ProGly(Val)5 . On the left side are con-
formations for EnzymixCG and on the right for AmberCG.

The results of the REMD runs (see methods section) are summarized
in 9. This shows a representation of the RMSD across a large series of
structures versus the total potential energy obtained for them. The
funnel-like shape, representing the expected behavior for an ideal PES
with a unique deep minimum, is not entirely recovered by the origi-
nal coarse grain force field. In particular, the plot for the β–hairpin is
clearly bimodal, a symptom of more than one optimal structure being
explored. In addition, the minimum RMSD of the explored structures
is far from the original system, which suggests problems in the abil-
ity of the coarse grain potential to find the native topology. Interest-
ingly, the hydrogen bonding pattern (figure 10) appears to follow the
expected funnel shape (figure 10) while the main chain torsions are
contrary to the expected behavior (figure 11).

In order to analyze the characteristics of the different regions ex-
plored by the simulation, a projection of the free energy surface for
the coarse grain potential onto two global coordinates, RMSD and Rg,
is shown in 12. In the case of the α–helix, the figure shows the pres-
ence of a deep minimum in the lowest surface region, a representative
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Figure 8: Folding simulation of a (Ala)15 (left column) and (Val)5ProGly-
(Val)5 (right column). The top row shows fully extended confor-
mations, middle row folded reference conformations, and bottom
row conformation taken from the free energy minimum after the
analysis of the trajectories
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Figure 9: Correlation between RMSD and Energy for the complete sampling
space of the model peptides. Hexagon binning for snapshots of the
300K trajectory for (Ala)15 (left) and (Val)5ProGly(Val)5 (right)
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Figure 10: Correlation between RMSD and Hydrogen Bond energy contribu-
tion for the model peptides. Hexagon binning for snapshots of the
300K trajectory for (Ala)15 (left) and (Val)5ProGly(Val)5 (right).
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Figure 11: Correlation between RMSD and main chain torsion energy contri-
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Figure 12: Coarse-grained peptide folding FES. Data for (Ala)15 (left) and
(Val)5ProGly(Val)5 (right) are depicted. The coordinates are calcu-
lated against a model α–helix and β–hairpin respectively.
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Figure 13: Peptide folding FES. Data for (Ala)15 (left) and (Val)5ProGly-
(Val)5 (right) are depicted. The coordinates are calculated against
a model α–helix and β–hairpin respectively.

structure of which is presented in 8. With respect to the β–hairpin,
the structure is clearly distorted from the native arrangement. In both
cases, the CG folding FES shows a single dominant non-native mini-
mum present in addition to the native basin199. In agreement with the
previous figures, it seems clear that the coarse grain model is problem-
atic in handling β secondary structure interactions. The origin of this
problem is not the HB pattern, but, as suggested above, the Uphi− psi
term. Despite the limitation of the coarse grain potential, especially
for β–hairpin structures, it is possible to demonstrate the feasibility in
building a complete pipeline for multiscale simulations in a portable
software like Adun. Therefore, we analyze the ability of the method
to reconstruct the free energy surface for the all-atom system. Figure
13 shows the results for the corrected FE, obtained as follows. First a
series of 32 × 32 representative structures were obtained from coarse-
grained simulations of (Ala)15 and (Val)5ProGly(Val)5 . For each of
these a free energy perturbation (FEP) protocol was carried out in
which one slowly transforms the structure from a coarse grain repre-
sentation to an all-atom representation (see the Methods section for
details). As the FEP involves the appearance of new atoms in the sys-
tem, it is obvious that care must be taken not to prevent the explosion
of the simulation right after the first (fully coarse grain) FEP window.
The final reconstructed all-atom FES is shown in figure 13. In terms
of the final structures, the expected α–helix and β–hairpin structures
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are compared with the central structures in the relevant minimum re-
gion in 8. The last row in 8 shows a representative structure for the
minimum FE regions in 13. In 13 it can be seen that the FEP protocol
does not significantly introduce changes into the shape of the CG FES
when moving to the all-atom representation. This result is significant,
as it shows that the global pipeline of the method is entirely sound, as
it brings about the possibility of improving individual modules of the
protocol, in particular the quality of the coarse grain potential used as
reference for the FEP.

4.3.4 Parametrization of a new coarse-grained force-field

Next, a new coarse-grained force-field, called AmberCG, is adopted
from the original version from Messer et al. The same functional form
is used, but the parameters are changed to conform to the AmberXX
series. The objective was to reproduce free energies surfaces, derived
from a joint cooperation of Amber96200 and Generalized Born OBC51.
Mixtures of Amber force-fields and Generalized Born Methods do not
always work well together. In a study by Shell et al.201, where a num-
ber of different Amber force-fields was tested against various Gener-
alized Born variants, Amber96 with GB OBC seemed to produce the
best trade off in terms of stability and fold correctness.

For Amber96 we use the general functional form:

V(r)AmberAA =
∑

bonded

+
∑

non-bonded

+
∑

solvation

(61)

The bonded and non-bonded terms are expressed through their
bond, angular, torsional, van der Waals and electrostatic parts:

∑

bonded

=
∑

bonds

κb(b−b0)
2+

∑

angles

κθ(θ−θ0)
2+

∑

dihedrals

(Vn/2)(1+cos[nφ−δ])

(62)

∑

non-bonded

=
∑

LJ

(Aij/r
12
ij ) − (Bij/r

6
ij) +

∑

elec

(qiqj/rij) (63)

The functional form of the solvation term can be found in Onufriev
et al.51.
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In our new AmberCG model, the main-chain main-chain interac-
tions are handled explicitly, and their representation is all-atom. Pa-
rameters for these interactions are taken from the Amber96 param-
eter library and are not subject to reparametrization / optimization.
Reparametrization is performed for all interactions involving coarse-
grained side-chains, i.e. van der Waals between side-chains, van der
Waals between side-chains and main-chain, hydrogen-bonds, side-chain
main-chain bonds, side-chain angles and torsions.

Reparametrization of coarse-grained potentials is a task that can be
accomplished in many ways (Force-Matching142, Boltzmann-Inversion139,
or Subtraction Method140) dependent on the quantities of interest. In
the most rigorous optimization approach, theoretically, one would use
an optimizer which would compare free energy surfaces, and move
into the direction of the surface that is the least different from one ob-
tained by all-atom simulations. This approach is utterly infeasible con-
sidering the computational demand. We use here a technique where
we compare against potential energy surfaces, which in comparison to
free energy surfaces lack an entropic part. However, the coarse-grained
free energy surfaces do not have to be absolutely correct - they will be
corrected by the multiscale approach anyways. We just need to make
sure the force-field will be capable of sampling appropriate parts of
phase-space.

For this purpose, the small proteins Tryptophan-Cage and Tryptophan-
Zipper were simulated using the Amber96 force-field in cooperation
with Generalized Born OCB until their phase space was adequately
sampled. 10 000 structures, each, were randomly selected as reference
conformations. The potential energy + solvation free energy of these
conformations was calculated and subsequently used by the optimizer
to calculate the Pearson correlation coefficient between all-atom con-
formations and coarse-grained counterparts.

As an optimizer, we employed a genetic algorithm, which generated
coarse-grained force-field parametrization. These parametrizations were
tested by calculating coarse-grained energies for all 20 000 structures
and computation of the aforementioned Pearson correlation coeffi-
cient. The coefficients were directly used as a fitness measurement
to guide the genetic algorithm. After a series of initial test to estimate
best settings for the algorithm, a final production run was performed
on the LaPalma supercomputer for 325 iterations (see figure 14).

The energy correlations for the final, best individual of the produc-
tion run are shown in figure 15.
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Tryptophan-Cage (left) and Tryptophan-Zipper (right)

4.3.5 Evaluation

Here, we analyze the coarse-grained force-field parameters after ex-
traction from the genetic algorithm. A statistical population analysis
of production run is shown in figure 16. It shows the variability of the
parameters throughout the optimization. We can clearly see that the
genetic algorithm was very prudent to change hydrogen-bond values,
indicating that this is a very sensible parameter to be adjusted. Like-
wise, some of the torsions have low variability. Torsions have been the
main optimization targets for improvements in all-atom force-fields
over the last years. These interactions compromise more than just an-
gular constraints, but include often electrostatic and other non-bonded
components as well. It is therefore not surprising that these interac-
tions have to be treated very carefully - especially since we are opti-
mizing against structures of mostly helical and beta-sheet nature; and
they are those secondary structures elements that depend the most on
the proper handling of torsions. A series of tests have been performed
to check agreement of the reproducibility of all-atom energies by Am-
berCG. 10 ns molecular dynamics trajectories of 22 structures have
been obtained through the MODEL database202. These structures ex-
hibit a vast variety of different folds and were originally described by
Rueda et al.203. The objective is to take a subset of the trajectory for all
structures, and compare their all-atom and coarse-grained potential +
solvation free energies. MODEL-trajectories are compressed by an es-
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sential dynamics type algorithm204 and therefore need to be extracted.
The compression is not loss-less and as such the structures cannot be
used as is. We use the following protocol to generate structures to
compare against:

1. Download of structures from Amber99SB trajectories

2. Decompression using the tool described in reference204

3. Addition of Hydrogens using the tool reduce205

4. Minimization using Rosetta (this will shift the structures slightly
out of the Amber99SB potential, but will fix problems with side-
chains), no backbone minimization

5. Minimization using ADUN206 and Amber96 potential, allowing
for minor backbone minimization, which shifts structures back
into a compatible potential

6. Removal of the structures, which remain unphysical even after
minimization, using a one-dimensional outlier detector

7. Convertion of structures into coarse-grained representations

Afterward, Pearson correlation coefficients were calculated for the
entire set of molecules. Table 1 shows the individual correlations and
the average correlation coefficient, figures 17 to 23 show individual
correlations per structure.

Lastly, the folding free energy surfaces of the two model peptides,
(Ala)15 and (Val)5ProGly(Val)5 were repeated with the new AmberCG
force-field. Simulations of 0.8 µs each were performed, starting from
an extended conformation as depicted in 8. As expected, the results
have dramatically improved. (Ala)15 is folded almost perfectly. The
area of lowest free energy corresponds very well to the native basin.
The native basin in (Val)5ProGly(Val)5 is almost reached, sampling
however stopped at a not completely elongated hairpin. Even though
qualitatively (Val)5ProGly(Val)5 looks more visually appealing in the
EnzymixCG structure (compare figures 8 and 24, the AmberCG struc-
ture scores better in both RMSD and lcpfold. The reason is that al-
though it is not fully elongated, the amino-acid-amino-acid matching
between the two strands of the hairpin match those of the native struc-
ture, while they are shifted in the EnzymixCG structure.
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Figure 17: Correlations for structures 1agi, 1bfg, 1bj7
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Figure 18: Correlations for structures 1bsn, 1chn and 1csp
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Figure 19: Correlations for structures 1czt, 1fas and 1fvq
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Figure 20: Correlations for structures 1gnd, 1il6 and 1k40
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Figure 21: Correlations for structures 1kte, 1kxa and 1nso
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Figure 22: Correlations for structures 1ooi, 1opc and 1pdo
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Figure 23: Correlations for structures 1pht, 1sdf, 1sur and 2hvm

Figure 24: AmberCG structures from the free energy minima for (Ala)15 (left)
and (Val)5ProGly(Val)5 (right)
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Figure 25: Peptide folding FES. Data for (Ala)15 (left) and (Val)5ProGly-
(Val)5 (right) are depicted. The coordinates are calculated against
a model α–helix and β–hairpin respectively. The top row shows
coarse-grained free energy surfaces, the middle row corrected sur-
faces, and the bottom row corrected surfaces from a funnel per-
spective.



4.3 ambercg 97

PDB code
AmberCG
Correlation

EnzymixCG
Correlation

1agi 0.72 0.09

1bfg 0.96 0.00

1bj7 0.88 0.01

1bsn 0.88 0.1

1chn 0.63 -0.01

1csp 0.98 -0.14

1czt 0.96 0.08

1fas 0.94 -0.07

1fvq 0.98 -0.18

1gnd 0.82 0.05

1ilj 0.55 0.08

1k40 0.55 -0.1

1kte 0.90 0.05

1kxa 0.71 0.08

1nso 0.89 0.00

1ooi 0.72 0.08

1opc 0.96 0.00

1pdo 0.96 0.02

1pht 0.99 -0.06

1sdf 0.87 0.00

1sur 0.68 0.08

2hvm 0.91 0.15

average 0.83 0.01

Table 1: Protein set with correlation coefficients for AmberCG and En-
cymixCG to all-atom energies

4.3.6 Folding study of the Villin Headpiece and discussion

The new AmberCG force-field is now tested against the 35 residue
segment of the Chicken Villin Headpiece. The Villin is a target, which
has been intensely studied in the past - which is why it is a perfect
target for benchmarking. We have performed three sequential replica
exchange simulations for a total of a bit above 3 µs coarse grained sim-
ulation time. The folding free energy surface is shown in figure 26. We
can see that very quickly a condensed state is reached that already
shares more similarity to the native conformations than to denatured
conformations. The protein is successively compressed more, until a
very stable state is reached from which the protein didn’t seem to
be able to escape. The state is not part of the folded ensemble, even
though the general form is similar. The structure of the lowest free
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Figure 26: Folding landscape of the Chicken Villin Headpiece with AmberCG

energy bin is depicted in figure 27 as the solid structure, in which the
fully folded Villin is overlaid for comparison. We can clearly see that
the force-field is able to only partly fold the protein. It generally as-
sumes the correct three dimensional shape and in principle also partly
forms the correct two dimensional structure - which is why we see
good lcpfold scores for this basin. However, it seems that frustration
causes an imbalance and a struggle between the right tertiary and
secondary structure, such that it is not able to fully collapse into the
folded conformation.

It might be the case that the reference structures for the force-field
parametrization were too simple, in the sense that trp-cage and trp-
zipper exhibit a lot of secondary structure, but the force-field is miss-
ing tertiary components. In the quantitative energy correlation plots,
where we compared a series of different folds, it is observable that we
attain good correlations only in structures with at least some content
of beta sheets, which was not the case for Villin. The conformation
closest to the native conformation exhibits a distance of about 4.9 Å
RMSD, which is about 1 Å larger than has been reported for other
coarse-grained simulations207–209 and some all-atom simulations210;211,
but much farther away than other all-atom simulations212.
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Figure 27: The lowest free energy conformation compared to folded Villin





The next two results introduce TRIFORCE, an algorithm to perform
functional value integration on bounded spherical surfaces, as well as
an algorithm to quickly detect the bounds of these surfaces. Its de-
velopment was inspired by the necessity to integrate Lennard-Jones
parameters as functional values on exposed areas in the context of the
Semi-Explicit Assembly method. The algorithm is presented in its spe-
cial case, in which the functional value is simply 1, which corresponds
to the calculation of surface areas.
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This picture was a test print of the first pentakisdodecahedron-based tessel-
lation algorithm (a pre-TRIFORCE so to say), with modifications from Ignasi
Buch
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The calculation of solvent exposed areas of

molecules is of key interest in molecular dynam-

ics and adjacent disciplines due to their direct

correlation to the nonpolar solvation free energy.

In the last decades, numerous methods of ana-

lytical, numerical, probabilistic and statistical na-

ture have been developed to provide ever faster

ways to compute or approximate this quantity. We

present in this article a novel algorithm for the cal-

culation of the exposed area, with unique prop-

erties that go beyond simple area calculations, al-

though those calculations are the focus of this ar-

ticle. The algorithm performs a special tessella-

tion of the exposed area, and is able to integrate

the area, as well as predefined surface quantities

of the tessellated surface patches in a fast and

efficient way. The integration is performed semi-

analytically with the utilization of a precomputed

look-up table. Derivatives are calculated in the

same way, enabling its application to minimiza-

tion or molecular dynamics simulations. The al-

gorithm is available free of charge for academical

purposes in a library written in C++, readibly in-

terfaceable to molecular simulators, as well as ac-

cessible online through a webinterface.

0.1 introduction

Simulations of systems at molecular levels of de-
tail involve approximations that remove complexity
in favor of computational tractability. One common
approximation that makes macromolecular simula-
tions, like protein folding and association, tractable
is to use implicit rather than explicit solvent. Im-
plicit solvents trade the detailed accounting of wa-
ter, lipid, or other surrounding solvent molecules
for an averaged effective solvent representation. To
do this, the many explicit degrees of solvent free-
dom are integrated out of the system and replaced
with free energies of solvation. Free energies of
solvation have been observed to be well-correlated
with the interfacial or solvent accessible surface area
(SASA) in the case of non-polar solutes1–4. Many
methods for implicit solvation have been developed
which take advantage of this observation to pro-
vide quantitative predictions for solvation free ener-
gies using the SASA5–14. To perform simulations in-
volving molecular dynamics and minimization with
such implicit solvents, we need not only per atom
SASAs, but how those areas change with changes
in the atomic coordinates. Several algorithms and
methods have been developed which can compute
these areas and their derivatives spanning from an-
alytically exact approaches15–18 to statistical or nu-
merically approximate ones19–22.
We are interested in performing molecular simula-
tions in implicit solvents that report solvation free
energies with a high degree of accuracy. Analytical
approaches available are often performance limit-
ing, and statistical approaches are often marked by
substantial non-uniform errors. Additionally, many
methods are physically limited in some way, such
as the inability to treat hydrogen atom contribu-
tions to the SASA. Here we present an alterna-
tive semi-analytical approach for computing Lee-
Richards SASAs and their derivatives from coarse-
grained or all-atom representations of molecular
systems23. This method, which we refer to as TRI-
FORCE, employs a precomputed look-up table that
enables accelerated determination of component ar-
eas and derivatives as a function of the principle an-
gles defining boundary interfaces. We evaluate the
correctness of this approach with comparisons to
analytical methods and show that the numerical ac-
curacy is determined by the density of this look-up
table, with the primary cost being one of memory
rather than compute cycle utilization.
Despite the large amount of surface area algorithms,
development of the method was also encouraged by
the lack of readily accessible, working, and robust
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methods, which are easily interfacable to other soft-
ware like molecular simulators. It exists a gap be-
tween the theoretical landscape of such algorithms
and their practical usage, which we aim to fill.

0.2 area calculation

A molecule is modeled as an aggregation of inter-
secting spheres with radii corresponding to their ex-
tended Van der Walls radii, which include a term
to express the average distance to the solvent. The
solvent accessible surface area A of a molecule can
then be calculated by adding up all solvent exposed
areas of all aggregated spheres Al.

A =
∑

l

Al (1)

Al is calculated by summing up areas of lesser com-
plexity. These areas are triangular patches which are
constructed by a special tessellation of the exposed
area of a sphere, as depicted in figure 1. Each tri-
angular patch consists of two sides which are seg-
ments of great circles, and a third side which is
a spherical arc. The boundary of the exposed area

pij

pjk

pkm

pmn

pno

poi

Si

Sj

SkSm

Sn

So

Aoij

Aijk

AjkmAkmn

Amno

Anoi

Sl

Ii

Ij

IkIm

In

Io

χ

Figure 1: A tessellation of the exposed area of sphere
Sl by triangles. The corner of the triangles are
compromised by two consecutive intersection-
points denoted by p, and a point that is the
same for all triangles of a sphere Sl. The point
is located where the tessellation axis intersects
with Sl. The intersection-points p are intersec-
tions of circular interfaces I on the surface of Sl.
Two sides of each triangle are formed by seg-
ments of great circles, the other is a spherical
arc.

is composed of these spherical arcs, which are seg-
ments of circular interfaces Ii between spheres Si

Points on tessellation axisInterface segments

(spherical arcs)

Intersection-points

Edges of triangular patches

(great circle segments)

Figure 2: The tessellated molecule fluorene. Black lines
depict circular interfaces, white lines segments
of great circles. One interface segment and two
great circle segments form a triangular patch
for which the area will be computed. The three
corners of the patch are formed by a point
on the tessellation axis, and two intersection-
points, which are the result of an interface-
interface intersection.

that intersect with Sl (see figure 3). A circular in-
terface Ii is located in the plane of intersection be-
tween Sl and Si where the hulls touch each other.
Intersection-points pij between these circular inter-
faces exist whenever the interfaces Ii and Ij of
spheres Si and Sj overlap (see figure 5 and 2). Two
consecutive intersection-points pij and pjk on the
boundary of the solvent accessible surface area, in
conjunction with a point on the tessellation axis χ,
which is a fixed vector for each atom for the dura-
tion of the calculations, form the three points of a
triangular region Alijk; With ijk ∈ Segl, and Segl
denoting all tuples (ijk) contained in boundary seg-
ments.

Âl =
∑

(ijk)∈Segl

Alijkr
2
l (2)

AreasAlijk are calculated on a unit sphere and there-
fore have to be multiplied with the squared radius
rl of sphere Sl. An area Âl is either surface exposed
or surface excluded. Depending on its exposition, it
needs to be added or subtracted from the total ex-
posed area of Sl respectively. If, at the conclusion
of the summation of equation 2 the area is negative,
excluded area has been counted. If that is the case,
it needs to be added to the total area of Sl to reflect
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exposed area.

Al =







Âl Âl > 0

4πr2l + Â
l else

(3)

The triangular region Alijk consists of two sub-
areas, which are looked up and interpolated from a
precomputed integration table T(Φ,ψ, λ). The sub-
areas are subtracted from each other and multi-
plied by the squared radius rl of atom Sl. The
parametrization of the integration table T(Φ,ψ, λ) is
comprised by three principle angles of boundary in-
terfaces: First, the angle Φ between the tessellation
plane and a vector from the center of the interface Ij
to an intersection point p. The tessellation plane is
spanned by the tessellation axis χ and the interface
normal µk. Second, the angle ψj between the tessel-
lation axis and the center of the interface Ij. Third,
the opening angle λj of the cone constructed from
the interface Ij and the center of sphere Sl. From
now on, whenever unambiguous, we omit the in-
dex l.
The interfaces are calculated in a similar manner as
in e.g. Fraczkiewicz et al.16. We give the equations
for completeness, the variables are explained in fig-
ure 3. Throughout the article we will use the symbol
· to denote the dot product, symbol ⊗ to denote the
inner vector product, and symbol × to denote the
cross-product. Whenever the cross-product is used
between a matrix and a vector, a column-wise cross-
product is assumed.
The interface Ii is determined by two quantities:

The amount of penetration g of Si into Sl normal-
ized to a unit sphere, and the interface type fi,
which is either positive for convex or negative for
concave interfaces. g is determined by drawing a
vector between the Cartesian coordinates xl and xi

of spheres Sl and Si respectively, and subsequent
calculation of the plane of intersection.

vi = xi −xl (4)

di = |vi| (5)

g∗i =
d2i + r

2
l − r

2
i

2dirl
| (6)

fi = sign(g∗i ) (7)

gi = |g∗i | (8)

ψi

Sl

ψj

tessellation axis

μigi μjgj

λi

λj

vi

vj

Sj

Si

dj

di gj
gi

ρij

Ij (concave)Ii (
co

nvex)

Figure 3: Sphere Sl intersects with two neighbor spheres
Si and Sj. The intersections result in one con-
cave and one convex circular interface respec-
tively, to which normalized vectors µi and µj
point. Angles λi and λj represent the opening
angle of the cones which are formed by the in-
terfaces. ρ is the angle between their centers.

µi = fi
vi

di
(9)

ρij = arccos(µi ·µj) (10)

λi = arccos (gi) (11)

Equations 4 to 11 represent a circular interface Ii
on the surface of sphere Sl. The normal vector from
the center of sphere Sl to the center of the interface
Ii is denoted by µi, and the amount of penetration
of one sphere into the other by gi. Multiple circular
interfaces might intersect, if the sum of their coni-
cal opening angles λi and λj fall below their radial
distance ρij and if one does not entirely contain the
other.
The intersection between these circular interfaces
will then result in two intersection-points pij and
pji (see figures 1, 2, 4 and 5). The cases in which
opening angles exactly match their radial distance,
or two interfaces are identical, is treated as if there
were no intersection at all. The circular interfaces
can either be convex or concave, depending on
whether gi is positive or negative respectively.
The three look-up parameters are derived from
these circular interfaces. Φ angles are calculated
with respect to a certain interface (see figure 4); i.e.
Φ angles for an intersection-point pij differ with
respect to interface Ii or Ij. The curved arrows in
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Φjk

Φji

Φji

Φjk

Ij

IkIi

intersection with tessellation axis

pji

pij

pkj

pjk

Φij

Φij Φkj

Φkj

Figure 4: Intersections between interfaces Ii, Ij and Ik re-
sult in intersection-points pij, pjk, pkj and pji.
Φ angles are calculated with respect to their
tessellation planes. For a certain intersection-
point, Φ angles are different for both partici-
pating interfaces.

equations 23 and 24 represent the direction of the in-
tersection. Seen from interface Ii, intersection point
pij is viewed as an outgoing point (connecting Ii
with Ij), and pji as an incoming point (connecting
Ij with Ii). The respective angles for interface Ii are
an outgoing angle Φy

ij and an incoming angle Φx

ji

(see figure 5).

ψi = arccos(χ ·µi) (12)

ηij = arccos(cot(λi) cot(ρij)−

cos(λj) csc(λi) csc(ρij))
(13)

νi = χ×µi (14)

ni =
νi

|νi|
(15)

νij = µi ×µj (16)

nij =
νij

|νij|
(17)

̟ij = arccos(ni ·nij) (18)

qij = −sign
(
nij ·χ

)
(19)

ωij = qij̟ij (20)

ηij

pij

μigi μjgj

Φij

Φij

pji

ωij

ni

nij

tessellation axis

tessellation plane for Ii

IjIi

Sl

Figure 5: Intersections between circular interfaces Ii and
Ij result in intersection-points pij and pji. A
tessellation plane is formed between µj and
the tessellation axis χ. ωij denotes the angle
between the tessellation plane and the vector
between the interfacial centers Ii and Ij, and is
a combination of angles ηij and ωij

qyij = π
(
sign

(
π− (ωij + ηij)

)
− 1
)

(21)

qxij = −π
(
sign

(
−π− (ωij − ηij)

)
− 1
)

(22)

Φy

ij = qyij +ωij + fifjηij (23)

Φx

ij = qxij +ωij − fifjηij (24)

Equations 11 to 23 construct the parameters for the
look-up table T(Φ,ψ, λ). Each sphere could possibly
have multiple contributions to Al in form of multi-
ple discontinuous segments of its circular interface.
Each segment can be uniquely identified by its cor-
responding intersection points pij and pjk which
denote the intersection between spheres Si, Sj and
Sk on the surface of sphere Sl whereas the solvent
accessible surface area is on the right-hand side of
the arcs containing this intersection point for con-
vex interfaces, and on the left-hand side for con-
cave interfaces. Segments containing pij belong to
the boundary of the solvent accessible surface area,
if, generally speaking, they are not covered by any
other interface. The area of the triangular region
Alijk can now be given as:

qijk = sign
(
Φy

jk −Φ
x

ji

)
(25)

Mj = T(π,ψj, λj) (26)
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Alijk = −fj
[
Mj (qijk − 1)−

T(fj Φ
y

jk,ψj, λj)+

T(fj Φ
x

ji ,ψj, λj)
] (27)

0.3 exposed-boundary segments

To calculate the three principle angles Φ, ψ and λ,
for each intersection point of the boundary of the
exposed area, it is necessary to find all segments
(i, j, k) that contain these points. Each interface can
possibly contain multiple segments for which the
calculation is performed separately.
For each interface, a cyclic sorted list is established.
In the course of the algorithm, the intersection
points of all intersecting interfaces are added to the
list. After each addition, the list is pruned and oc-
cluded intersection points removed. The pruning is
performed by removing every node between two
corresponding intersection points. Corresponding
intersection points are either the two points of the
newly added interface (double-dashed area in fig-
ure 6), or two points that pre-existed (single-dashed
area in figure 6). At the conclusion of the algorithm,
the list contains only intersection-points that are on
the boundary of the exposed surface. The segments
are then collected and their enclosing areas calcu-
lated.

0.4 integration tables

Integration tables are computed for a predefined
grid of Φ, ψ and λ values. ψ and λ are parametriza-
tions which correspond to a virtual circular in-
terface that has the two properties. The integra-
tion over these simplistic triangular surface areas
is formally done by considering a vanishingly small
patch Λ, and integrating over θ and ϕ.

A =

ϕj
∫

ϕi

Θ(ϕ,ψ,λ)
∫

0

dψdθ sin(θ)
∣∣∣∣
∂Λ

∂θ
× ∂Λ
∂ψ

∣∣∣∣ (28)

θ is the angle between the integration axis and the
intersection of a radial line, drawn from the axis to-
wards the interface, and its boundary. φ describes
a rotation of aforementioned radial line around the
integration axis, whereas a value of 0 corresponds
to a radial line that intersects with the center of the
interface. Consequently, integration limits for θ de-
pend on the parametrization of the interface, as well

Ij
Ii

Ik

Φij

Φik
Φij

Φik

Figure 6: Interface Ik is added to the cyclic list of in-
terface Ii, which already contains data from
an intersection with Ij. Intersections Φy

ij and
Φx

ij cause newly added intersection Φx

ik to
be deleted (single-dashed area). Intersections
Φy

ik and Φx

ik cause old intersection Φx

ij to
be deleted (double-dashed area). Intersections
that remain are Φy

ik and Φx

ij .

as the rotation φ and is given by equation 29.

Θ(ϕ,ψ, λ) = arccos
(

cos(λ) cos(ψ)± τ
κ

)
(29)

with τ =
√
κ− cos(ψ)2 (− cos(λ)2 + κ) and κ =

cos(ψ)2 + cos(ϕ)2 sin(ψ)2.

0.5 derivatives

Forces are calculated with respect to the change in
the atomic coordinates and its effect on surface area.
We have to take into account each atom xl and the
change of coordinates of intersecting atoms xlδ. For
the sake of readability, we will omit index l where
possible. We will denote the index set of interfaces
of Sl by Intl.

0.5.1 Area

∂A

∂xδ
=

∑

l

∂Al

∂xδ
(30)

If δ /∈ Intl or δ 6= l, the derivative will be zero.

∂Al

∂xδ
= r2l

∑

(ijk)∈Segl

∂Al
(ijk)

∂xδ
(31)
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If δ /∈ {i, j, k} or δ 6= l, the derivative will be zero.

∂Al
(ijk)

∂xδ
= −(qijk − 1)

∂Mj

∂xδ
+

(
∂T(Pjk)

∂xδ
−
∂T(Pji)

∂xδ

) (32)

With Pjk = (Φy

jk,ψj, λj) and Pji = (Φx

ji ,ψj, λj).

0.5.2 Integration tables

∂T(Pij)

∂xδ
=

∑

F

∂T(Pij)

∂F

F

∂xδ
(33)

With F = {Φij,ψj, λj}. The derivatives of the integra-
tion table with respect to the look-up parameters,
is itself looked-up and interpolated from 3 different
look-up tables G(Φ), G(ψ) and G(λ) for the respec-
tive derivatives.

∂T(Pij)

∂F
= G(∂F)(Pij) (34)

Derivatives of the look-up parameters themselves
with respect to atomic coordinates are calculated an-
alytically.

0.5.3 psi

∂ψa

∂xδ
=
∂ψa

∂µa

∂µa

∂xδ
(35)

∂ψa

∂µa
= −

χ√
1− (µa ·χ)2

(36)

∂µa

∂xa
=
1

da
(I −µa ⊗µa)

T (37)

∂µa

∂xl
= −

1

da
(I −µa ⊗µa)

T (38)

0.5.4 lambda

∂λa

∂xδ
=
∂λa

∂ga

∂ga

∂xδ
(39)

∂λa

∂ga
= −

1√
1− g2a

(40)

∂ga

∂xδ
=
∂ga

∂da

∂da

∂xδ
(41)

∂ga

∂da
= −

ga

da
+
fa

rl
(42)

∂da

∂xa
= µa (43)

∂da

∂xl
= −µa (44)

0.5.5 PHI

∂Φy

ab

∂xδ
=
∂ηab

∂xδ
+
∂ωab

∂xδ
(45)

∂Φx

ab

∂xδ
= −

∂ηab

∂xδ
+
∂ωab

∂xδ
(46)

eta

∂ηab

∂xδ
=
∂ηab

∂λa

∂λa

∂xδ
+
∂ηab

∂λb

∂λb

∂xδ
+
∂ηab

∂ρab

∂ρab

∂xδ
(47)

Let ρab = cot(λa) cot(ρab), σab =

cos(λb) csc(λa) csc(ρab) and σab = ρab − σab

∂ηab

∂λa
=

[
csc(λa)ρab

cos(λa)
− σab tan(λa)

]
/

√
1− σ2ab

(48)

∂ηab

∂λb
= − [σab tan(λb)] /

√
1− σ2ab (49)

∂ηab

∂ρab
=

[
csc(ρab)ρab

cos(ρab)
− σab tan(ρab)

]
/

√
1− σ2ab

(50)

rho

The following identity applies: ρab = ρba

∂ρab

∂xa
=
∂ρab

∂µa

∂µa

∂xa
(51)

∂ρab

∂µa
= −

µb√
1− (µa ·µb)2

(52)

omega

∂ωab

∂xδ
=
∂ωab

∂̟ab

∂̟ab

∂xδ
(53)

∂ωab

∂̟ab
= qab (54)
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∂̟ab

∂xδ
=
̟ab

∂na

∂na

∂xδ
+
∂̟ab

∂nab

∂nab

∂xδ
(55)

∂̟ab

∂na
=

nab√
1− (na ·nab)2

(56)

∂̟ab

∂nab
=

ni√
1− (na ·nab)2

(57)

∂na

∂xδ
=
∂na

∂νa

∂νa

∂µa

∂µa

∂xδ
(58)

∂na

∂νa
= −

1

dνa
(I −na ⊗na)

T (59)

∂νa

∂µa
= I ×χ (60)

∂nab

∂xδ
=
∂nab

∂νab

∂νab

∂µa

∂µa

∂xδ
+
∂nab

∂νab

∂νab

∂µb

∂µb

∂xδ
(61)

∂nab

∂νab
= −

1

dνab
(I −nab ⊗nab)

T (62)

∂νab

∂µa
= I ×µb (63)

∂νab

∂µb
= −I ×µa (64)

0.6 contact point force discontinuity

Let us imagine the following scenario: Two non-
intersecting atoms Sl and Si approach one another.
In the moment when the hulls just touch each other,
i.e. when gi = 1.0, the derivative in the direction
of the axis of separation abruptly jumps from zero
to some non-zero value (see figure 7). This disconti-
nuity will cause insuperable barriers during a min-
imization, or lead to a heat up in molecular dy-
namics simulations24. To compensate for these un-
desired artifacts, the force and area around the con-
tact point is smoothed with a logistic function Γ(x)
which is dependent on the distance between the
spheres as shown in figure 7 and equation 65.

Ãl(ijk) = Γ(tj)A
l
(ijk) (65)
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Figure 7: When two spheres (in this example with radii
of 2Å) meet, derivatives jump from zero to
some non-zero value. By using a distance de-
pendent logistic smoother, this discontinuity
can be smoothed in force-space, which will add
a small hill in area-space.

tj = p0

(
1−

dj

rj + rl

)
(66)

Γ(x) =
1

1+ exp(−2xp1 − p1)
(67)

p0 and p1 are parameters used to adjust the shape
of the smoothing function. In our implementation
they were set to p0 = 0.15 and p1 = 8.0. The smooth-
ing has impact on all derivatives that depend on in-
terface Ij.

∂Ãl
(ijk)

∂xδ
= Γ(tj)

∂Al
(ijk)

∂xδ
+
∂Γ(tj)

∂xδ
Al(ijk) (68)

∂Γ(tj)

∂xδ
=
∂Γ(tj)

∂tj

∂tj

∂xδ
(69)

∂Γ(tj)

∂tj
=

p1

1+ cosh(p1 − 2xp1)
(70)

∂tj

∂xj
= −

µjp0

rj + rl
(71)

∂tj

∂xl
= −

∂tj

∂xj
(72)

The smoothing adds a small hill in area-space,
but manages to overcome the discontinuous gap in
force-space with a smooth bridge.
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Figure 8: Atom-wise comparison for areas and deriva-
tives has been performed on a set of 42 proteins
and various grid-sizes which increase with a
factor of 2.

0.7 results

0.7.1 Correctness of areas and derivatives

The correctness of the area and derivatives is
shown by comparing to exact analytical values for
a set of proteins and integration tables of differ-
ent grid sizes. We compared against the output of
http://curie.utmb.edu/getarea.html. For the set of
proteins we chose 6 structures of increasing size that
were mentioned in reference16, 16 structures from
Decoys ‘R’ Us that proved challenging for other area
calculation algorithms like LCPO, 30 structures from
reference25 that represent a set of different folds,
and ubiquitin, because of its prevalence. The list of
structures is shown in table 2.

0.7.2 Minimization

A minimization was performed on the fluorene
molecule to test correctness of the derivatives in a
dynamic simulation. No repulsive force was added,
as such the simulation was expected to minimize
the molecule into a single sphere, which is what
was observable. We show in figure 9 the course of
the simulation. No change is observed after around
51 steps, in which the system has nearly completely
collapsed into the inflated sphere (VdW + water dis-
tance) of one singe carbon with radius of 3.09Å. The

Table 1: Protein set
TRIFORCE LCPO

PDB
code

Heavy
atoms

RMSD
area
(Å2)

RMSD
grad (Å)

RMSD
area
(Å2)

RMSD
grad (Å)

1PLX 40 0.003 0.011 15.860 3.026

1CBH 260 0.002 0.258 7.642 3.941

1SP2 269 0.003 0.199 11.098 4.374

5RXN 422 0.003 0.022 9.694 4.330

1I6F 436 0.003 0.015 11.343 4.475

4PTI 454 0.002 0.330 9.076 4.340

1FAS 468 0.002 0.067 9.554 4.532

1SN3 492 0.002 0.671 11.560 4.544

1CSP 505 0.003 1.345 10.732 4.427

2CRO 520 0.002 0.262 9.602 4.269

1FVQ 545 0.002 0.043 8.225 4.376

1SDF 550 0.003 0.059 10.005 4.484

1UBQ 602 0.003 0.088 10.175 4.540

1HIP 617 0.002 0.145 9.005 4.209

1PHT 666 0.002 2.160 8.669 4.375

1J5D 721 0.002 0.388 8.973 4.690

2CDV 801 0.003 0.443 12.592 5.281

1OPC 805 0.002 0.140 8.093 4.274

1KTE 818 0.002 0.095 9.484 4.458

1NSO 858 0.003 0.164 9.196 4.389

2PAZ 932 0.002 1.414 10.273 4.612

1CHN 966 0.002 0.109 9.570 4.467

continued in table 2

simulation ends in a local minimum, which is why
we do not observe the complete collapse.

0.8 discussion

TRIFORCE has several features which distinguish
it from algorithms that perform equivalent tasks. It
has the ability to segment the exposed surface effi-
ciently into triangular patches. This ability can not
just be exploited to accumulate precomputed areas,
but indeed may be used for any precomputed quan-
tity. For such a purpose, the algorithm seamlessly
allows for two adjustments: The selection of an ar-
bitrary tessellation axis χ, to adjust for geometrical
requirements, and the option to add additional di-
mensions to the integration tables, to allow the mod-
eling of a functional surface with higher complexity.
In contrast to some algorithms that have to rely on
united atom approaches, our algorithm is capable
of handling all topologies, including concave circu-
lar interfaces. This is crucial because such interfaces
frequently occur in molecules, especially in the case
when hydrogens are buried in the large Van der
Waals radii of their bonded atoms.
Its tabular integration procedure can be effi-
ciently implemented onto GPUs (development is in
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continued from table 1

TRIFORCE LCPO

PDB
code

Heavy
atoms

RMSD
area
(Å2)

RMSD
grad (Å)

RMSD
area
(Å2)

RMSD
grad (Å)

1K40 976 0.002 0.378 9.600 4.399

1OOI 986 0.002 0.049 9.290 4.519

1PDO 988 0.002 0.666 8.284 4.331

6LYZ 1001 0.002 0.081 8.191 4.384

1LIT 1045 0.002 0.204 8.644 4.036

1BJ7 1208 0.002 0.159 8.604 4.325

2I1B 1219 0.002 0.268 9.878 4.501

1MBS 1223 0.002 0.093 11.019 4.879

1EMR 1232 0.002 0.167 9.382 4.679

1CZT 1311 0.002 0.204 9.521 4.195

2PTN 1629 0.002 0.278 8.717 4.150

5PAD 1655 0.002 1.279 7.687 4.257

1SUR 1739 0.002 0.287 8.093 4.501

2HVM 2087 0.002 0.263 7.924 4.091

2CYP 2299 0.002 0.221 7.992 4.220

1RHD 2319 0.002 0.207 7.814 4.458

2TMN 2432 0.002 0.484 6.911 4.124

2TS1 2457 0.002 0.115 8.683 4.438

1FRG 3361 0.002 0.166 8.251 4.232

1MCP 3401 0.002 0.102 7.870 4.288

Average 0.002 0.336 9.352 4.367

Table 2: Comparison between analytical and TRIFORCE
surface areas. The root mean square error of the
areas and their derivatives are given for a set of
42 proteins.

progress) in which this task becomes simple texture
look-up. The whole algorithm has been designed to
allow for parallel processing on the level of circular
interfaces, in contrast to an atomic level. Although
not implemented, this should utilize the GPUs to
full capacity. Integration tables are stored in an ar-
chitecture independent way, enabling usage of the
library on different platforms right away.
All calculations can be made arbitrarily precise
by increasing the grid size, as figure 8 shows.
Increasing the grid-size will result in additional
memory demand, but not in a decrease of speed
(except for the initial loading procedure). TRI-
FORCE can be accessed as a web-service from
http://lavandula.imim.es/triforce, where also a
downloadable version of the sources are available,
free of charge under the GPL license.

0.9 conclusion

We have presented a novel algorithm for the calcu-
lation of the solvent accessible surface area and its
derivatives for arbitrary molecules. Although the
method is partly numerical, errors in both quan-
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Figure 9: The molecule fluorene has been subject to a
minimization of its solvent accessible surface
area. No repulsive force was used and in con-
sequence the molecule minimized into a single
sphere of approximately radius 3.09 Å, which
corresponds to the radius of the largest sphere
used in the simulation.

tities are marginal. Its correctness has been tested
through an extensive test of a database of 42 pro-
teins of various sizes and folds, and its robustness
through a BFGS-minimization, which managed to
area-minimize the fluorene molecule into a single
ball. To compensate for discontinuities, which occur
due to the discrete nature of spherical objects in a
three dimensional space, we have introduced a lo-
gistical smoothing function which is able to bridge
the gap in force-space between two distant spheres
and their intersecting counterparts. Future improve-
ment focuses on the parallelization of the algorithm,
by its implementation on GPU architecture.
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Artistic (and not realistic) representation of a spherical Depth-Buffer
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Algorithms which speed up solvent accessible

surface area algorithms based on Gauss-Bonnet

paths, remove buried atoms that do not contribute

to the exposed areas. These algorithms are rare,

because identification of such atoms is a non-

trivial task. We propose here another kind of al-

gorithm, simple and efficient, that removes many

more atoms and is still able to calculate a path

within arbitrary precision. The algorithm is based

on the idea of a Multi-Layered Depth-Buffer that

efficiently stores coverage information of where

an atom is occluded and where it is exposed, in a

way that takes into account the complicated shape

of the exposed area. A main feature is the removal

of non-buried, redundant atoms that are not a ne-

cessity to the formation of such paths. Removal

of these atoms greatly improves performance, but

creates additional paths, which are subsequently

probabilistically removed.

0.1 introduction

Solvent accessible surface areas play a crucial role in
implicit solvation methods1–4. This general type of
algorithms approximate all-atom solvation free en-
ergies in order to, amongst other reasons, decrease
computational demand. It is therefore imperative
to calculate areas rapidly, since failure in doing so
would undermine their advantage. Exposed area al-
gorithms are usually inter-convertible, which gave
rise to a whole continuum of methods. The opti-
mal algorithm would be both precise and fast. Since
these objectives however are in competition, many
different algorithms have been developed that favor
one objective more than the other.
The continuum of algorithms can be coarsely parti-
tioned into arbitrarily exact, and approximate meth-
ods. Amongst the exact we find purely numeri-
cal methods5–10, methods relying on Gauss-Bonnet
paths11–18, and methods utilizing alpha-shape the-
ory19. Under approximate methods fall statistical
and probabilistic methods20–22 as well as heuristical
methods23. Numerical methods generally provide
none or finite difference derivatives at best, caus-
ing speed barriers in molecular dynamics with im-
plicit solvent calculations. Methods utilizing Gauss-
Bonnet paths are arguably the most accurate, but
the detection of the paths is computationally de-
manding and poses a bottleneck in the overall cal-
culation.
In molecular surface area calculations, atoms are
usually modelled as spheres with radii correspond-
ing to their Van der Waals radii plus the average dis-
tance to the solvent. A Gauss-Bonnet path is then
a sequence of spherical arcs, each of which orig-
inate from an intersection-point of two neighbour
spheres on the surface of a sphere of interest. These
arcs are connected and form a cycle which can be
used for evaluation of the Gauss-Bonnet theorem12,
or exploited with other approaches17;18. The intrin-
sic problem of calculating the paths lies within the
quadratic amount of potential intersection-points.
Any neighbour sphere can possibly intersect with
any other neighbour sphere on the surface of
the sphere of interest. Any algorithm that is set
out to identify which intersection-points belong to
the path and which not, needs to process also a
great amount of atoms which are buried inside
the molecule, their intersections always non Gauss-
Bonnet and their calculation superfluous.
Several methods have been introduced to speed-up
calculation of the intersection-points by removing
aforementioned buried atoms. Fraczkiewicz et al.16

introduced a method that relies on the partition of

4.5 multi-layered depth-buffer 119



κ

X0

X1

X2

slice 0 slice 1 slice 2

u0 u1 u2

u = -1
u = 1

κ = 1/2 π

κ = 0

κ = 3/2 π

Figure 1: A sphere is cut into slices of equal width. Each
slice is referenced by its distance u to the center
along axis χ0 and its angle κ to the (χ0,χ1)-
plane.

the molecular space into half-spaces. Gibson et al.24

described a method to reduce the amount of higher
order intersections, which is a similar approach to
Weiser et al.25 who are pruning buried atoms from
the neighbour list, which are occluded by 3 or 4

neighbour spheres. These algorithms are exact in
the sense that they do not remove any exposed
atoms from the lists. They use geometrical consider-
ations to base their decisions. A more statistical ap-
proach was proposed by the same authors26 which
is an advancement of the idea of Stouten et al.27. In
this approach, the neighbour density in four tetra-
hedral directions is calculated. If the density falls
above a certain precomputed limit, the atom is con-
sidered buried and removed. The statistical nature
give cause to a small error whenever exposed atoms
are deemed buried and subsequently removed.

We present here another approach to speed up
computation of Gauss-Bonnet paths. Our method
does not only remove buried atoms, but instead re-
moves all atoms that do not actively form the path,
i.e. their intersections do not produce intersection-
points that belong to a Gauss-Bonnet path. This
methodology removes more spheres than any of the
aforementioned algorithms, with the introduction
of a small error due to its numerical nature. The er-
ror however is adjustable, dependent on the amount
of speed-up which is desired.

0.2 method

For each atom in a molecule, a special data structure
called Multi-Layered Depth-Buffer is created. The
molecule is modelled as an aggregation of spheres,
which are defined by the Cartesian coordinates of
the atoms and their extended Van der Walls radii.
A sphere, denoted by Sl, is potentially intersected
by a number of neighbour spheres Si. The area
that Si covers on Sl through their intersection is
termed buried. The complement of all covered ar-
eas, i.e. the area which is not covered by any neigh-
bour sphere, is termed the exposed area. Neighbour
spheres that adjoin to the exposed area are termed
boundary spheres. They are those spheres that the
Depth-Buffer attempts to detect. The intersection be-
tween those spheres and sphere Sl, is called the ex-
posed boundary, and it encloses the exposed area.
The rest of the spheres are called internal spheres,
or buried spheres in case they have no own exposed
area, i.e. are completely buried by their neighbour
spheres.
For a sphere Sl, all neighbour spheres are sequen-
tially added to the buffer. Once all spheres are
added, the buffer has adopted its final shape and
will be able to distinguish boundary spheres from
internal and buried spheres. The spheres are then
checked for either case, and removed if they are
found to be non-boundary. The removal of internal
spheres causes the creation of additional false ex-
posed boundaries. In a third step, these boundaries
are validated, and removed if found to be invalid.
The structure of the Multi-Layered Depth-Buffer is
created by cutting up a unit sphere into slices of
equal width as depicted in figure 1. We will refer to
the number of slices as the resolution of the buffer.
Three orientation axes (χ0, χ1 and χ2), are arbitrar-
ily chosen, such that they are orthogonal to each
other and all slices are orthogonal to χ0. To simplify
some of the equations, in this article these axes are
identical with canonical unit vectors.
A radial line is drawn where a plane intersects the
exposed surface of the slice midways. The distance
of the plane to the center of the sphere is denoted by
u, and can take on positive or negative values in the
interval [−1, 1], depending on its orientation to χ0

(see figure 1). All points located on these lines can
be exactly described by the Depth-Buffer, all points
in-between the lines only approximately. A point on
a line with distance u is identified by its angle κ to
the (χ0,χ1)-plane, as depicted in 1.
All points in the Depth-Buffer can be unambigu-
ously identified by their κ and u values. To increase
accuracy of the method, more Depth-Buffers, theo-
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Figure 2: An interface Ii between two spheres Sl and Si
is created through their plane of intersection.
It is parametrized by the distance gi from the
center of Sl to the plane and its orientation µi.
Its angle to χ0 is denoted by ψi and its opening
angle by λi.

retically an infinite number, can be included. How-
ever, the gain in accuracy must be bought with
higher computational demand. For this reason, we
describe here only the usage of two Depth-Buffers,
with the second buffer orthogonal to the first, which
will be called B0 and B1 respectively. Whenever
mathematically both are equivalent, we will omit
their indexes.
A sphere Si is added to the Depth-Buffer in three
steps: First, its principle angles are determined. Sec-
ond, its depth information is looked up from a pre-
computed table using aforementioned principle an-
gles. Third, the buffer is updated with the informa-
tion from the table. The principle angles ψ, λ and
κ are derived by calculation of the interface Ii be-
tween Sl and Si (see figure 2). Throughout this arti-
cle, the symbol × will refer to the cross, and · to the
scalar product.
An interface Ii is determined with the following:

First, a vector vi is drawn between Cartesian coor-
dinates xl and xi of spheres Sl and Si.

vi = xi −xl (1)

The amount of intrusion g∗i of Si into Sl can be de-
termined using their distance di and their radii rl
and ri.

di = |vi| (2)

g∗i =
d2i + r

2
l − r

2
i

2dirl
(3)

We are only interested in the location of Ii, which is
the plane of intersection where the hulls of Sl and
Si touch. For this purpose, a vector µi is created
that points into the direction of Ii.

fi = sign(g∗i ) (4)

gi = |g∗i | (5)

µi = fi
vi

di
(6)

Multiplication by the normalized gi yields a vector
to the interface. The angle between χ0 and µi gives
the first principle angle ψi.

ψi = arccos(χ0 ·µi) (7)

The second principle angle λi is determined as if Ii
was part of a cone originating from the center of Sl.
λi is then the opening angle of that cone.

λi = arccos (gi) (8)

For the third principle angle κ̄, the rotation of Si
around χ0 has to be determined. We start by creat-
ing a vector ni which resides simultaneously in the
(χ1, χ2)-plane as well as the plane spanned by µi

and χ0. κ̄ is then the angle between ni and χ1, in
the interval [0..2π) (see figure 5).

n∗

i = χ0 × (µi ×χ0) (9)

ni =
n∗

i

|n∗

i |
(10)

q0i is a quantity calculated to distinguish between
positive and negative angles.

q0i = sign(ni ·χ2) (11)

κ̄i = q
0
i arccos(χ1 ·ni) + (1− q0i )π (12)

Once the principle angles are determined, depth
information for Si is looked up from a table
K(u,ψi, λi), with compatible resolution. The table
contains angular data of the coverage of an inter-
face with parameters ψi and λi for all Depth-Buffer
lines. The tables are precomputed with a fixed κ̄ = 0,
as such the information has to be rotated before it
can be applied to the buffer. κ̄ = 0 refers to an inter-
face that has a normal vector orthogonal to χ2. The
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Figure 3: A neighbor sphere (in dashed lines) is added
into a Depth-Buffer with preexisting depth-
information. The sphere crosses Depth-Buffer
lines u1 and u2. Depth-Information is looked
up from a precomputed table, in which only
u1 and u2 contain values. The new informa-
tion is then added to the buffer by creating a
new layer for u1 and extending the preexisting
layer by inserting p2 and removal of the preex-
isting bound.

rotation consists of adding κ̄i to the depth informa-
tion from the table. To compensate for some errors
due to the finite resolution, the opening angles λi
are slightly decreased while building the buffer. The
amount of reduction is called slack and will be de-
noted by ξ.
For each Depth-Buffer line with distance u, we cal-
culate two points: κ⊕i (u) and κ⊖i (u)

κ⊕i (u) = κ̄i +K(u,ψi, λi − ξ) (13)

κ⊖i (u) = κ̄i −K(u,ψi, λi − ξ) (14)

These points are limiting points on a radial line, be-
tween which Sl is covered by Si. Existing informa-
tion in the buffer needs to be updated with this new
information. An update will either extend an exist-
ing layer, add a new layer, or keep the buffer un-
changed. The procedure is visualized in figure 3: A
new circle (dashed) is added to the buffer, which al-
ready contains information. The insertion of p0 and
p1 causes a new layer in the line at u1, and the inser-
tion of p2 and p3 the deletion of a limiting point at
line u2. After all neighbor spheres have been added
to the buffer, another pass is performed to deter-
mine whether an interface is internal, and should be
removed, or boundary and should be kept. For this
pass, the spheres are added again into the buffer
with disregard of the slack. If the (simulated) addi-
tion would cause the buffer to change, the interface
is considered boundary and is kept.
This procedure removes not just buried interfaces,
but also interfaces which are internal. As such, any

Im

Ik

Ij

Ii

Sl

Path(ijkm)

Path(imkj)

Seg(jim)

Seg(mkj)

Seg(kji)

Seg(imk)

Seg(mij)

Seg(jkm)

Seg(kmi) Seg(ijk)

In

IpIq

Io

Figure 4: An exposed boundary is shown. The boundary
is formed by interfaces Ii, Ij, Ik and Im and
contains the segments Segijk, Segjkm, Segkmi
and Segmij. During the algorithm, interfaces
In, Io, Ip and Iq are detected as internal and re-
moved. This causes the internal boundary with
segments Segjim, Segimk, Segmkj and Segkji
to emerge.

subsequent algorithm used to identify the Gauss-
Bonnet paths from spherical intersections, will be
confronted with segments that belong to internal in-
terfaces. The problem is shown in figure 4. Here, the
true exposed area which is spanned by Pathijkm is
shown. In this scenario, internal interfaces In, Io, Ip,
and Iq have been removed by the algorithm, caus-
ing Pathimkj to emerge. This path is internal and
does not bound an exposed area. It is possible to
determine which segments are truly boundary, and
which not, by analysis of the paths which connect
them. Each segment belongs to a single unique path,
which either takes completely part in the boundary
of an exposed surface, or is completely internal. To
do such distinction, the probability that a path is
exposed or internal is calculated. Points are created
on what the Depth-Buffer knows are exposed seg-
ments. A distance operator is established, which as-
signs each segment of each path a distance to the
exposed surface. Intuitively, paths with small cumu-
lative distances are more likely to be exposed than
such with large cumulative distances.
First, we will present equations to convert arbi-
trary points from Depth-Buffer-space into Cartesian
space and subsequently into (Φ,ψj, λj) space. The
reason for doing so is that in (Φ,ψj, λj)-space we
are able to compare intersection-points that belong
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Figure 5: Determination of angles κ̄i andΦjk is depicted.
To calculate κ̄i, a vector ni is laid into the
(µi,χ0)-plane, so that it is orthogonal to χ0.
κ̄i is then the angle to χ1. For a vector z which
is pointing to intersection-point pjk, Φjk is cal-
culated by simultaneously laying a vector m0
into the (µj,χ0)-plane and a plane orthogonal
to µj. Φjk is then the angle between this vector
and vector m1, which points from the center of
Ij to pjk.

to different segments with each other, enabling the
quantification of angular distances to the exposed
surface. For an arbitrary point on the boundary of
interface Ij, Φ is the angle between a vector from
the center of Ij to that point and the (χ0, χ1)-plane.
ψj and λj are determined by equations 8 and 7

The projection into Cartesian space depends on the
Depth-Buffer. For B0 the conversion is as follows:
For any point in Depth-Buffer space with coordi-
nates (u,κ) the radius h of the radial line with dis-
tance u is calculated.

h =
√
1− u2 (15)

Then, the conversion is a simple rotation of χ1

around χ0 using κ, and translation along χ0 using
h.

z =




u

h cos(κ)

h sin(κ)


 (16)

And for B1 likewise:

z =




h sin(κ)

u

h cos(κ)


 (17)

Now that we have Cartesian coordinates, we are in-
terested in projecting them into the interface plane

of Ij. Projection of an arbitrary Cartesian vector z

into (Φ,ψj, λj)-space of interface Ij is performed
with the following sequence of equations: First, we
create a vector m0, which is simultaneously in the
plane of interface Ij and the plane spanned by µj

and χ0 (see figure 5).

m0 = µj × (χ0 −µj)×µj (18)

The vector m1 points to vector z in the plane of
interface Ij

m1 = z − gjµj (19)

q1 is a quantity calculated to distinguish between
positive and negative angles.

q1 = sign (m1 ·m0) (20)

Φ = q1 arccos
(
m1 ·m0

|m1||m0|

)
(21)

Equations 15 to 21 sequentially convert arbitrary
points from Depth-Buffer space into (Φ,ψj, λj)-
space. Now, rays are generated which originate
from the center of Sl and intersect with some point
on each segment (see figure 6). It was already de-
scribed that an interface passes the Depth-Buffer
test if it changes the buffer in the second test-
ing pass. As such, the change in the buffer for
Depth-Buffer line ua can be quantified by the vector
(ua, κa), which is pointing to a spot on a segment
that would cause the deletion of previous bounds.
The precision of these spots depend on the reso-
lution of the buffer and the resolution of the look-
up table. To minimize computational demand, all
spots for a segment are collected and subsequently
pruned, so that only their centroids C remain.
Let’s denote a segment by Segijk, where ijk are

indexes to interfaces Ii, Ij and Ik, such that there
is an arc between an intersection-point formed by
Ii, Ij and an intersection-point formed by Ij and Ik
(see figure 4). The centroid Cijk for interface Ij and
Segijk as well as intersection-points pij, pjk, etc..
are now projected into (Φijk,ψj, λj)-space as Φijk,
Φij, Φjk, etc... Note the different use of the indexes.
We denote the Φ value of centroid Cijk with index
ijk and intersection-points pij, pjk with indexes ij
and jk respectively. A distance operator will now be
defined as follows:

D




Φc

Φup

Φlo


 =







0 Φup > Φc > Φlo

R else
(22)
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Figure 6: Rays are shot from the center of the sphere
through its exposed boundary. All rays are
shown, however they are subsequently pruned,
so that just one ray remains per segment. Their
accuracy largely depend on the resolution of
the buffer.

With:

R = min
(
|Φc −Φup|, |Φc −Φlo|

)
(23)

In which Φup and Φlo are upper and lower seg-
ment limits respectively, and Φc a centroid. The var-
ious Φ values are shown as an example in figure 7,
which is a cutout of the dashed box in figure 4. Two
Segments are shown: Exposed Segijk belongs to
Pathijkm and connects intersection-points pij and
pjk, while internal Segkji belongs to Pathimkj and
connects pkj and pji, yielding angles Φij, Φjk, Φkj
and Φji to a fixed reference vector respectively. The
reference vector is identical to m0 from figure 5.
For Segijk, the angles Φij and Φjk are used as an

upper and lower segment limit respectively, yield-
ing distance D(Φij,Φjk,Φijk). Since Segijk con-
tains the centroid, its distance is zero. Likewise, for
Segkji, upper and lower segment limitsΦkj andΦji
are used in D(Φji,Φkj,Φijk). Segkji does not con-
tain the centroid; therefore the evaluation will result
in a non-zero distance, decreasing likelihood that
Pathijkm is exposed.
For a path Pt, which contains segments Segijk
. . . Segmno, a set of distances is defined:

dt =
{

D(Φijk,Φij,Φjk) . . .D(Φmno,Φmn,Φno)
}

(24)

The probability that any path Pt belongs to the ex-
posed boundary or is internal, given the distances of

pij

pjk

Φij

Φjk

pji

pkj

Φji

Φkj

Ik

Ij

Ii

ΦijkSeg(ijk)
Seg(kji)Cijk

Figure 7: Subset of figure 4. Angles for intersection-
points belonging to segments Segijk and
Segijk are calculated to a fixed axis. Centroid
Cijk with angle Φijk is located in between
Intersection-points pij and pjk with angles Φij
and Φjk; therefore, the distance from Segijk to
the centroid is devised to be zero. Segkji does
not contain the centroid and will have a dis-
tance greater than zero.

Density gradient

Figure 8: The artificial molecule that was used to cal-
culate unbiased probability distributions for
p(e|d). Density of the spheres are lowest to
the right of the picture and increase towards
the left. The radii of the spheres have been
drawn randomly from a biologically meaning-
ful range.
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Figure 9: Probability distributions for p(d|e). Exposed
segments usually contain centroids and there-
fore are assigned a distance of zero. Locations
of centroids are however fuzzy and depend on
the resolution of the buffer. Thus, small de-
viations from zero are occuring at times, giv-
ing shape to the exposed distribution. Internal
segments almost never enclose centroids. The
mode of the internal distribution is far from
zero.

its segments, will be denoted by p(e = exposed|dt)
and p(e = internal|dt) respectively. The distances
per segment and path are truly independent. As
such, we can formulate the above probability as:

p(e|dt) =

p(e)
∏

d∈dt

p(d|e)

∑

e∈e


p(e)

∏

d∈dt

p(d|e)




(25)

In which p(e), with e = {exposed, internal}, is a
prior probability that path Pt is exposed and p(d|e)
a likelihood that describes the probability of en-
countering a distance d if it is known that the path
is either exposed or internal. In the above equation
we have use the fact that

∑

e∈e p(e|d) = 1. In order
to quantify p(e) and p(d|e) without biasing for any
kind of molecule type, we have created a purely ar-
tificial molecule which is depicted in figure 8.
In this molecule, spheres with radii that were ran-
domly chosen from a biological meaningful range
were added with increasing density towards one of
its ends. Subsequently, exposed boundaries were de-
tected without utilization of the Depth-Buffer, and

later on with activated Depth-Buffer. Both results
were compared to identify true exposed segments.
Afterward, distances were collected and assigned
their respective classes, which gave rise to the two
probability densities shown in figure 9. Priors were
determined by accumulating frequencies for paths
that were exposed and internal. Once probability
p(e|d) is calculated, the path is determined exposed
if the probability p(e = exposed|d) is equal or
greater than 0.5.

0.3 results

Tests were performed on a set of 56 proteins. Plots
10 and 11 show how error and speed-up behaves
for different values of the slack parameter. Speed-
ups were calculated just for the identification of the
exposed boundary, which excluded the calculation
of the area. The timing starts with a list of spheres,
which has already been pruned by a neighbor list,
so to not to include speed-ups generated by the
neighbor-list. As expected, the higher the slack, the
more interfaces pass the Depth-Buffer test and slow
down calculations. The error behaves differently, in
the sense that it remains relatively constant for the
duration of the decrease in slack, until too many ex-
posed interfaces are removed, spiking the error. The
oscillation in the constant phase is mainly due to
small cancellation of errors, when the subsequent al-
gorithm deals with different sets of interfaces which
passed the Depth-Buffer test.
The amount of speed-up which can be achieved
mildly depends on the size of the molecule (r∼0.6),
with larger molecules generally facilitating higher
speed-ups, but strongly correlates with the percent-
age of removed interfaces (r∼0.8). Larger molecules
have larger buried volumes than small molecules
and therefore more completely buried atoms, which
are removed right after the Depth-Buffer test. As
such, no time is spent on the identification the ex-
posed area - which is nonexistent in these cases. For
very small molecules the amount of removed inter-
faces decreases tremendously, resulting in almost
neglectible speed-ups.

0.4 discussion

Algorithms, like TRIFORCE18, Richmond’s
method11, Connolly’s method12, GETAREA16,
MSEED13, SASAD15, Gogonea’s method14, AC-
CAR17, POWERSASA28, and many more, prin-
cipally only rely on the exposed boundary for
their calculations. Most of these methods use the
Gauss-Bonnet theorem, with which it is possible to
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Figure 10: Development of the error for a decreasing
amount of slack. For the most part, the error
is relatively stable, but abruptly rises once the
slack is too low and the algorithm removes
too many exposed interfaces. Single pass and
double pass refer to usage of one or two (or-
thogonal) Depth-Buffers respectively
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Figure 11: The speed-up is almost linear with the
amount of slack and is much higher when
only one buffer is used. Single pass and dou-
ble pass refer to usage of one or two (orthogo-
nal) Depth-Buffers respectively

Table 1: Protein set

PDB
code

atoms
error

(percentage) speed-up
removed
interfaces

(percentage)

1PLX 66 0.038 1.250 66.40

1CBH 451 0.095 4.696 89.31

1SP2 470 0.057 4.227 84.98

5RXN 703 0.216 5.966 90.47

1I6F 754 0.205 3.809 88.86

4PTI 796 0.401 5.676 89.88

1FAS 817 0.266 4.234 89.67

1SN3 845 0.295 5.806 89.85

1CSP 888 0.190 6.079 90.87

2CRO 963 0.408 6.286 91.38

1FVQ 970 0.010 6.093 92.28

1SDF 1007 0.019 4.509 89.10

1HIP 1081 0.119 5.633 90.87

1UBQ 1089 0.843 6.523 91.87

1PHT 1157 0.227 5.593 91.15

1J5D 1294 0.056 5.031 90.89

2SSI 1385 0.247 4.500 90.03

2CDV 1407 0.019 4.328 86.48

1CQY 1425 0.045 6.603 92.22

1OPC 1453 0.151 5.653 91.65

1KTE 1488 0.104 5.694 92.45

1NSO 1543 0.225 4.576 90.27

1JLI 1626 0.212 5.107 91.87

1RN3 1677 0.250 5.392 91.62

2PAZ 1681 0.347 5.560 92.58

1OOI 1756 0.065 5.337 91.74

1CHN 1771 0.070 6.726 92.15

6LYZ 1777 0.109 5.889 91.87

1AGI 1779 0.519 5.068 91.03

1PDO 1794 0.551 5.788 92.15

1K40 1809 0.078 5.237 92.25

1BFG 1828 0.287 6.308 92.72

1LIT 1829 0.043 5.964 92.34

1BSN 1888 0.912 4.208 89.73

continued in table 2

calculate solvent exposed areas solely with informa-
tion from vectors that are tangential to boundary
arcs. In our analysis of the performance of the
TRIFORCE algorithm, it became evident, that most
computational time is spent on the construction
of the exposed boundary, and a much smaller
part on the actual calculation of the exposed area,
i.e. integration over tessellated surface patches or
evaluation of the Gauss-Bonnet theorem. Hence,
the fast detection of the exposed boundary should
speed-up area calculations significantly, and might
also be used in algorithms, which do not directly
rely on exposed boundaries like, e.g. LCPO20.
Speed-ups are difficult to compare. As already
stated by Weiser et al.26 it depends much on the
subsequent algorithms that identify the exposed
boundary and the algorithms that calculate actual
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continued from table 1

PDB
code

atoms
error

(percentage) speed-up
removed
interfaces

(percentage)

1BJ7 2133 0.399 6.072 92.82

1KXA 2171 0.016 5.300 91.75

2I1B 2184 0.488 5.888 91.85

1MBS 2200 0.111 5.915 91.47

1EMR 2262 0.380 6.789 92.36

1CZT 2336 0.025 5.990 92.34

1IL6 2406 0.022 5.768 91.69

1LKI 2439 0.075 5.773 92.14

2PTN 2901 0.365 6.344 92.54

5PAD 2937 0.264 5.820 92.67

1SUR 3144 0.075 6.679 92.02

2HVM 3702 0.107 6.602 93.39

2CYP 3987 0.058 6.225 92.79

1RHD 4147 0.142 5.936 92.18

3APP 4161 0.133 6.663 93.37

2TMN 4281 0.068 6.552 93.40

2TS1 4378 0.146 6.468 92.68

1BNI 4477 0.081 6.310 92.03

1FRG 6007 0.139 6.750 93.00

1MCP 6031 0.022 6.866 92.81

1GND 6075 0.027 6.762 92.48

1CA0 7758 0.327 7.224 93.02

Table 2: Procentual errors, speed-ups and percentage of
removed interfaces are shown for a set of 56 pro-
teins.

areas. Nonetheless, we give speed-ups for our
algorithm TRIFORCE, to show the behavior of
the Depth-Buffer with different parameters. What
figures 10, 11 and table 2 communicate is how in-
creased performance can be bought by acceptance
of some error.
The Multi-Layered Depth-Buffer algorithm deter-
mines a different set of spheres as in Fraczkiewicz16

and Weiser25 26. These algorithms calculate the set
of spheres excluding buried spheres, which do not
contribute to the exposed area and can be safely
removed. Weiser et al. report a removal of 73%
of spheres using one of their methods25 and 35%
using the other26. They report a maximal error of
about 0.5% for large molecules. This is comparable
to our results, though in our method it is possible
to adjust the amount of error by choosing different
Depth-Buffer configurations. As is observable in
table 2, the largest removal of spheres was 93%
for protein 1CA0, but values up to 95% have been
observed by the authors using different configura-
tions.
In the algorithm used in GETAREA, a very elegant
technique is employed to find the exposed bound-
ary. Comparison with this method is problematic
however, because capabilities are vastly different.

That method divides the molecular space into half-
spaces, wherever an atom-atom interface is located.
With a subsequent geometric inversion and the
creation of the convex hull of the inverted interface
pointers, the exposed boundary is calculated. The
problematic part of the algorithm is the geometric
inversion. There, it is assumed that the distance to
an interface will never be 0, or indeed, negative -
which occurs for what we call concave interfaces.
For a description see reference18. Concave inter-
faces frequently occur in e.g. molecular dynamics
simulations for arbitrary atom-atom intersections,
and almost always occur for hydrogens, since they
mostly reside within the Van der Waals radius of
the atom they are connected to.
The algorithm has been implemented in
c++ and is packed together with our TRI-
FORCE library. It can be downloaded from
http://lavandula.imim.es/triforce and used inde-
pendently from TRIFORCE.

0.5 conclusion

We have presented a novel - and to the authors’
knowledge unique - algorithm to detect atoms
which contribute to the solvent exposed area of a
molecule. The algorithm processes the capability to
speed-up calculations of a number of algorithms
that rely on the exposed boundary to perform area
calculations, and might accelerate other algorithms
as well. Although it is not error free, we have shown
in a study that a balance between accuracy and
speed-up can be found, and that the overall error
is small in comparison to the prefigured speed-ups.
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4.6 O U T L O O K

4.6.1 Towards Semi-Analytical Semi-Explicit Assembly

We have seen that TRIFORCE can be used to efficiently calculate sur-
face areas. But it can do more. Areas are a special case of surface inte-
grals in which the functional value of the surface is 1. TRIFORCE can
integrate over arbitrary functional values, as long as they are smooth
and their complexity is limited. This can be used to create a semi-
analytical version of the previous fully numerical Semi-Explicit As-
sembly.

The first step in Semi-Explicit Assembly is to take a target atom and
probe its Lennard Jones field, to which the atom itself and all its neigh-
bors contribute126. All atoms are modeled as spheres with an extended
radius corresponding to their van der Waals radius plus average dis-
tance to the water. For the purpose of probing, rays are shot from the
center of the sphere through its solvent accessible surface area. Now,
the minimum potential along each ray is located, all minima averaged
and combined into effective Lennard Jones parameter ǫeff and σeff.

Finding the minimum along each ray is the culprit of the method. It
is purely numerical, not even for a field containing just two Lennard
Jones sources there is an analytical closed form. One solution to the
problem involes creating a precomputed function of minima and their
well-depths, which would interpolate between adjacent minima.

This function however would be dependent on the constellation of
all neighbors, thus the combinatorial requirements would be astro-
nomical. We can however utilize a divide and conquer approach in
which a table is built that consists of just two Lennard Jones sources.
Subsequently the information in the table would be used to progres-
sively combine minima of distinct Lennard Jones sources to a global
minimum.

In a discrete approximation, where we not yet consider surfaces but
keep working with rays, similar to the Semi-Explicit Assembly, we
take all the rays, the sphere for which we calculate the Lennard Jones
field Sl, and exactly one neighbor Sk. Now, using aforementioned pre-
computed table f, we look up the minimum σ

(i)
j and well-depth ǫ(i)j

for iteration i and ray j.

(σ
(i)
j , ǫ(i)j ) = f(σl,σk, ǫl, ǫk,dlk, rayj) (64)
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Figure 28: Semi-Explicit Assembly vs. TRIFORCE (discrete)

In which σl, σk, ǫl, ǫk are the “default” Lennard Jones parameters for
standard non-bonded interactions, dlk the distance between spheres
Sl and Sk, and rayj a vector pointing into the direction of the jth ray.

Then, just like in Semi-Explicit Assembly, we extract the effective
parameter for iteration j by averaging to σ(i)eff and well-depth ǫ(i)eff . Now,
we take another neighbor Sm and repeat

(
σ
(i+1)
j , ǫ(i+1)j

)
= f

(
σ
(i)

eff ,σm, ǫ(i)eff , ǫm,dlm, rayj
)

(65)

until it converges to the approximate true minimum. The extracted
effective parameter outperform Semi-Explicit Assembly in terms of
correlation to explicit water TIP3P (see correlation plots in figure 28).

The calculation of the ray-wise average is done in the following way:

ǫ
(i)

eff =
1

N

∑

jinrays

ǫ
(i+1)
j (66)

σ
(i)

eff =
1

N

∑

jinrays

σ
(i+1)
j (67)

In which N is the total number of rays. This can be written in continu-
ous form:

(
ǫ
(i)

eff ,σ(i)eff

)
=
1

A

∫∫

D

f
(
σ
(i)

eff ,σm, ǫ(i)eff , ǫm,dlm, ray(φ, θ)
)
dS (68)
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In which ray(φ, θ) is a function that yields the vector of a ray given its
spherical coordinates φ and θ, andA is the exposed surface area. Equa-
tion 68 is essentially what TRIFORCE is able to compute. However,
multiple adjustments have to be done. The integration tables T(Φ,ψ, λ)
need to be extended by 3 additional dimensions to
T
(s)
t (Φ,ψ, λ,dlk, ǫeff,σeff), in which t specifies either σ or ǫ, i.e. we

have separate tables for these quantities, s represents the species, which
can take the form of e.g (carbon, oxygen, hydrogen, nitrogen) or more
species if necessary, dlk is the distance between the sphere of inter-
est and a neighbor, and ǫeff and σeff are the current effective Lennard
Jones parameters. The “default” Lennard Jones parameters for each
species are fixed and do not change during the course of a simula-
tion, so we create separate tables for each species between we will not
interpolate.

The type of table parametrization requires that vlk, the vector con-
necting Sl and Sk coincides with the tessellation axis χ. Because we
do not want to create tessellations for each neighbor (which would be
prohibitively costly), we have to convert a current tessellation ∇(χi)

with tessellation axis χi into a rotated tessellation∇(χj) of tessellation
axis χj. Fortunately this is very easy, we simply need to add the angle
between the old and new tessellation planes to Φ and recalculate ψ
based on the new tessellation axis:

n
∗(i)
u = µu ×χi (69)

n
(i)
u =

n
∗(i)
u

|n
∗(i)
u |

(70)

n
∗(j)
u = µu ×χj (71)

n
(j)
u =

n
∗(j)
u

|n
∗(j)
u |

(72)

Φ
(j)
uw = Φiuw + arccos

(
niu ·nju

)
(73)

For some spherical interface u and segment w.

ψ
(j)
u = arccos(χj ·µu) (74)
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4.6.2 Towards GPU-TRIFORCE

TRIFORCE has been designed with the intention of running on GPUs.
All of its internal algorithms have been layout to efficiently port them
onto graphics hardware. This includes porting on the interface level,
i.e. interfaces are viewed as the smallest parallelizable entity. This has
implications on the utilization of ever growing GPU core arrays, be-
cause the number of potential interfaces is quadratic in the number of
spheres.

The list of modules to port is compromised of the following:

1. Neighbor-list [atoms]

2. Calculation of spherical interfaces [interfaces]

3. Filtering of spherical interfaces [interfaces]

4. Calculation of boundary segments [interfaces]

5. Surface integration [segments]

In brackets, we have given the smallest parallelizable entity of the re-
spective step. Principally, porting neighbor-list efficiently onto GPUs
is a difficult task. However, reference implementations are available213.
Once the neighbor-list has been created, calculation of spherical inter-
faces can be performed on a per neighbor-atom basis, i.e. every neigh-
bor will create its interface with Sl. Afterward every interface has to
check if it is contained fully in any other interface and potentially
buried. If so, it has to remove itself from the process. Calculation of
boundary segments is likely the most time consuming part. Here, ev-
ery interface needs to find out if it contains boundary segments or not,
utilizing data from all intersecting interfaces. However, no crosstalk
is necessary, and the process can be parallelized. Once the boundary
segments have been identified, we move focus from interfaces to these
boundaries (which are much fewer). Every segment can integrate itself,
again no crosstalk is necessary. Forces can be calculated in the same
manner. The problem here is that at the conclusion of the integration,
all forces need to be collapsed into atom-wise forces - a process called
reduction, which will take additional steps but is not a bottleneck in
the computations.



5
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A multiscale molecular dynamics protocol must consist of the follow-
ing parts: Two force-fields (one all-atom, the other coarse-grained), a
simulator to create trajectories for both, a linkage module to combine
one with the other, and analysis tools to extract the quantities in ques-
tion. In this thesis, we have extended the multiscale protocol from Fan,
Warshel and co-workers for the Amber force-field, and we have cre-
ated AmberCG, a coarse-grained force-field for protein folding based
on the Amber series. We have envisioned a new collective variable to
help in the post-processing of multiscale trajectories. We have worked
on finding better descriptions for the solvent, and created a powerful
tessellation software that is able to integrate continuous functional val-
ues over surfaces that are bounded by complex spherical geometries
and topologies - and as a special case is able to calculate the solvent ac-
cessible surface area. And we have discovered a new algorithm for the
removal of buried and superfluous neighbours in the discipline of cal-
culating such areas, in a field in which recently only 4 such algorithms
have existed.

Things could be better in molecular dynamics. Simulations could be
faster, simpler to handle, especially for people without prior knowl-
edge in the field. All-atom force-fields are powerful, and, except for
the even more precise quantum mechanical calculations, they are the
most accurate tool that we have today to study micro-molecular phe-
nomena. But with these details come problems. Since more than 30

years, researchers try to find just the right parametrizations for the
ever-same potentials. Moreover, while the force-fields become better
and better, it feels like a struggle of finding the right balance between
mutual-exclusive objectives. It is not surprising that force-fields are
chosen based on the structure under study, because they tend to bias
secondary and tertiary structure. It is the intractable sum of interac-
tions, that needs to be in perfect harmony, which cause tendencies in
a force-field that are difficult to control.

135
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Most interesting molecular quantities are statistical by nature, and
therefore intrinsically averaged. When discrete detail does not matter,
coarse-grained force-fields are a step towards the right goal. They re-
move the water, reshape whole side-chains into giant balls, and throw
away countless interactions. With these modifications, some problems
disappear: stalled simulations that are trapped in local minima, frus-
tration, solvent relaxation. Detail is replaced by potentials of mean
force, with the potential ability to optimize the mean forces directly -
a top to down approach in comparison to the bottom up approach of
explicit force-fields.

Again, when discreteness does not matter, coarse-grained force-fields
have the potential to provide better results, through simplification of
the model. This can be demonstrated in an example. Let us suppose
someone dropped a ball of known mass down a vacuum tube. The
force acting on the ball is gravitation, and a simple formula exists to
express it:

F = mg (75)

In which F is the net force acting on the ball, m its mass and g the
vector and magnitude of the direction of gravitation. A simulation
utilizing this force is incredibly cheap to compute and an accurate
description of what happens to the ball. With this simplification, run-
ning a simulation will not yield insight into the dynamics of every
atom of the ball, but if the question we were asking is how quickly the
ball would reach the ground, it is more precise and more feasible to
compute than calculating the trajectory explicitly all-atom.

Of course, we shouldn’t oversimplify. We are interested in the dy-
namics of the atoms of proteins, but we are not so much interested
in single conformations. Phase space is compromised by clusters of
conformations, weighted by the probability of their occurrence. The
goal is to sample all of phase space with a coarse-grained force-field,
ideally with the same distribution of an all-atom forcefield. This re-
quirement can be relaxed: the two just need to be compatible, such
that regions of high probability in one do not correspond to regions of
low probability of the other and vice-versa.

If we can assure these criteria, then the error of sampling in the
wrong distribution can be corrected through free energy perturbation
or similar techniques. In chapter 4.3 we have seen that this is possible
for small peptides. An alpha helix and a beta hairpin were successfully
folded through the multiscale protocol. It was shown that the coarse-
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grained force-field AmberCG yields good energy correlations to all-
atom force-fields for a series of different folds - but it is not perfect.
Some correlations are just above 0.5, and as we were able to see in our
folding study of the 35 residue segment of the chicken villin headpiece,
this disagreement does matter. AmberCG induces the correct meta-
fold, but is yet unable to stabilize the secondary structure to fully
collapse into the native basin. Obviously, more reparametrization runs
need to be performed, which must include more complicated folds to
release the observed frustration.

Free energy surfaces can be created in various ways, optimally with
coordinates that have a physical meaning, are orthogonal, are readily
calculated, separate well the product, reactant and transition states,
and cause the transition state distribution to be sharply peaked. It
is not an easy task, because some goals seem to be mutually repul-
sive. Perfect orthogonal coordinates can be calculated by principal
component analysis - which results in nonphysical descriptions. Co-
ordinates based on transition path sampling, including pfold, are com-
putationally and temporally demanding. Throughout the thesis, we
have mainly used two coordinates. Lcpfold, which is based on contact
maps and aims to improve separation of product and reactant states,
and radius of gyration, which is a totally intrinsic measurement based
on the expansion of the protein.

Lcpfold performs a linearization of the presumed folding trajectory
by simultaneously comparing the ability of a protein to fold into a
(native) reference structure, or to lose its established secondary and
tertiary composition. We have shown that it surpasses native contacts
when the separation of the equilibrium distributions are compared
against each other. However, we did not address the matter of improv-
ing the shape of the transition path distribution. This would require
transition path sampling, and analysis of its data, while none was
available from the source trajectories that we used in our comparison.

While force-field models and solute representations are an impor-
tant part in coarse-graining, solvent descriptions, and the effect of wa-
ter need to be addressed as well. Although non-polar solvation free
energy is smaller in comparison to its polar counterpart, it has impor-
tant implications to the effect of hydration. Van der Waals interactions,
induced by fluctuating and temporal polarizations, are weak, but their
influence grows with the area of the dielectric boundary, and can be
strong enough to enable geckos to hanging from walls or ceilings - not
an effect of hydration, but an illustration to make the point. In protein
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folding, both states, native and denatured are energetically speaking
not so far apart. Enthalpically, the native state is very advantageous,
offering protection from the water to the hydrophobic core, internal
and external hydrogen bonds, secondary structure synergies, electro-
static balance, but it is entropically situated in a disadvantageous part
of phase space. The side chains are tightly packed against each other,
and the majority of the degrees of freedom is lost. In such a scenario,
the difference in geometry, e.g. between a flat structure and a round
structure, and its effect on the accessibility of solute atoms with sol-
vent atoms, and their van der Waals interactions, can play a crucial
role.

Due to its good correlation to the solvent accessible surface area
(at least for cycloalkanes), there are not many non-polar solvation
methods out there, and the ones that are available, have the same
functional form and differ only in their parametrization. All of these
models have in common, that they do not take the geometry of the
structure under investigation into account. Semi-Explicit Assembly, a
method envisioned by Christopher J. Fennel and Ken A. Dill, is able
to do so. It calculates an improved non-polar boundary around the
molecule, such that its geometry is explicitly taken into account. The
method only has one flaw. The non-polar boundary is calculated as
the minimum of the Lennard-Jones field emanating from the solute
with respect to the water, which is itself a two dimensional manifold
surrounding the solute. Finding this manifold is difficult. The obvious
solution is its approximation through a scanning of the field with rays.
This is not unproblematic. Firstly, it is expensive, secondly, the depen-
dence on rays and on-the-fly optimization allows the calculation of
only numerical derivatives - too slow for molecular dynamics.

As an answer, we created TRIFORCE. A machinery to integrate func-
tional values over surface areas “in real time”. It uses a set of precom-
puted tables to store functional values and their derivatives. In the pre-
sented case in chapter4.4, the functional value is 1, which causes calcu-
lation of surface areas. In the case of semi-analytical Semi-Explicit As-
sembly, the functional values represent segments of the manifold sur-
rounding just one atom Sl, ignoring all neighbors except one. Through
a series of iterations over all the neighbors, the true manifold is con-
structed.

We have shown, that in the example of surface areas, TRIFORCE
is almost as accurate as the fully analytical solution GETAREA, and
much more accurate than the widely used algorithm LCPO. Even
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though we couldn’t perform any speed benchmarks with none of
them, mainly because of their unavailability as stand-alone applica-
tions, TRIFORCE is likely to outperform GETAREA due to its reduced
set of algorithmics, and the possibility to port it onto GPUs. It however
will not outperform LCPO in terms of speed, the improved accuracy
must be paid with this price. One important question is, what is more
important, accuracy or speed? The question is ongoing in the scien-
tific community. Fact is that speed is very important, up to the point
were inaccuracies would cause the sampling of incorrect distributions.
Forces derived from LCPO are very coarse. They principally point into
the right hemisphere (r∼0.6), but otherwise do not make much sense.
It is arguable that they cause more frustration than synergy.

TRIFORCE spends around 90 % of its time calculating so called
intersection-points. Special points on the surface of a sphere, marking
the interconnection between spherical arcs which make up the bound-
ary of the exposed area. Without this “warming up”, LCPO would
not be faster than TRIFORCE. How to accelerate the calculation of
these points? A first step is the removal of buried atoms, because these
atoms would be included in their calculations, but naturally would not
posses an exposed surface, and as such no intersection-points. 4 algo-
rithms exist to date to perform such task, 3 have been introduced in
the introduction and the other is a precursor to one of the three. Two
of the methods are analytical, the first, based on half-spaces, extremely
elegant, yet not robust. It fails in certain toplogies, where atoms reside
in the van der Waals radius of another atom by more than 50 %. The
second, based on geometrical considerations of three and four body
intersections, and their implications on buried atoms. The thrid and
fourth aproximate algorithms based on neighbor densities estimated
by a gaussian kernel.

All the methods have one goal: to speed-up post-calculations by
removing these buried atoms. To remove the atoms, time has to be
invested. If the time exceeds the amount that is saved, the method
is useless. There’s also a fine line between accuracy and the number
of atoms to be removed. The analytical versions generally will only
remove buried atoms, but might not catch all of them. The approxi-
mate versions might also remove non-buried atoms, but arguably do
it faster. We have introduced a new algorithm which is approximative,
that let’s the user decide the balance beetween accuracy and speed-up.
In the approach, a special grid is drawn over the surface of a sphere. If
neighbor spheres intersect with that grid, the intersection is saved and
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used to identify buried atoms. However, if intersections fall between
the grid, i.e. if the grid is too coarse to accurately catch all intersection,
some non-buried atoms will be removed as well. On the good side, the
user can chose the grid size and with it the maximum error he is will-
ing to accept. Furthermore, it will not ust remove buried atoms, but
all atoms that do not contribute to the boundary of exposed surface
areas, and are simply balast for methods based on the Gauss-Bonnet
Theorem. On the bad side, with a very large grid, the method itself
becomes more expensive, possibly negating what is saved through the
removal of the atoms.

All of the methods contained in this thesis are part of the multiscale
protocol. Some of them were specifically designed to work coopera-
tivly, others can be embedded in parts of the protocol in which they
were yet excluded. This is the case for TRIFORCE, which could be
linked within the framework of a coarse-grained force-field. In that
context, the multiscale protocol is very flexible. It allows changing
components in all places. Starting with the force-field functions, the
parameters to optimize, to the parameters of the genetic algorithm,
different free energy integration methods and collective coordinates,
solvation models, and atom removal algorithms. We have shown, that
the protocol works on a number of examples. The multiscale protocol
must be understood as a constant cycle, an iterative pipeline, in which
results are generated, analyzed and improved through resubmission.
It it the foundation that will enable new research in many ways, be-
cause new methodologies can be tested, used and build on top of it.
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C O N C L U S I O N S

The main contributions of this thesis can be summarized as follows:

1. A Multiscale Molecular Dynamics protocol has been established,
implemented, and tested in all of its parts, which enables the
study of protein dynamics in a simplified and accelerated form.

2. AmberCG v1.0, a coarse-grained force-field, based on the Amber
series of force-fields has been parameterized, and shown to be
able to fold small peptides, and to provide reasonable energies
for larger proteins. The framework can be used to reparameterize
the force-field to be some day able to fold larger proteins.

3. A new collective variable, based on contact maps, designed to lin-
earize the phase space in order to separate product and reactant
states was envisioned. The separation has been found to be su-
perior to contact maps and RMSD and suggests that the method
can be used instead of the two examples, in studies where sepa-
ration is desireable.

4. TRIFORCE, a library to perform on-the-fly integrations of func-
tional terms and their derivatives, on spheres bounded by com-
plex solvent accessible surface areas, has been invented, imple-
mented, and tested. It achieves comparable accuracy to full ana-
lytical solutions, much better accuracies than an approximative
technique, and is designed to run on GPUs and be generally be
faster than previous analytical methods, by precalculating expen-
sive quantities.

5. A novel algorithm based on one dimensional Depth-Buffers was
envisioned and developed to identify the atoms contributing to
the solvent accessible surface area, with the potential to speed up
methods based on Gauss-Bonnet Paths. The method was found
to outperform existing methods, mainly because it allows more
atoms to be removed from any post-processing.
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A
M AT H E M AT I C A N O T E B O O K S ( T R I F O R C E )

This chapter contains Mathematica notebooks, which, once inserted
into Mathematica, provide key quantities that were used in the TRI-
FORCE method. These quantities compromise mainly surface inte-
grals, which were saved in integration tables, and are used “as is” in
the source-code and in the article, and might provide helpful insight.
Integration limits, dependent on the shape of the triangular regions,
are given at the end of this chapter.
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Spherical Surface Integrals

Matrix preparations

Needs@"VectorAnalysis`" D

� unit vector

v : = 81, 0, 0 <

� rotation around z axis

rotz @Α_D : = 88Cos@ΑD, -Sin @ΑD, 0 <, 8Sin @ΑD, Cos @ΑD, 0 <, 80, 0, 1 <<
rotz @ΘD �� MatrixForm

Cos@ΘD -Sin@ΘD 0

Sin@ΘD Cos@ΘD 0

0 0 1

� rotation around  x-axis

rotx @Α_D : = 881, 0, 0 <, 80, Cos @ΑD, -Sin @ΑD<, 80, Sin @ΑD, Cos @ΑD<<
rotx @jD �� MatrixForm

1 0 0

0 Cos@jD -Sin@jD
0 Sin@jD Cos@jD

Surface Area Integral

� vector to the surface points, dependent on the angles Θ and j

Hf = rotx @jD.rotz @ΘD.v L �� MatrixForm

Cos@ΘD
Cos@jD Sin@ΘD
Sin@ΘD Sin@jD

� derivative with respect to Θ

Hdf Θ = D@f, ΘDL �� MatrixForm

-Sin@ΘD
Cos@ΘD Cos@jD
Cos@ΘD Sin@jD
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� derivative with respect to j

Hdf j = D@f, jDL �� MatrixForm

0

-Sin@ΘD Sin@jD
Cos@jD Sin@ΘD

� magnitude of the normal vector to the surface points

Hc = CrossProduct @df Θ, df jDL �� MatrixForm

Cos@ΘD Cos@jD2 Sin@ΘD + Cos@ΘD Sin@ΘD Sin@jD2
Cos@jD Sin@ΘD2
Sin@ΘD2 Sin@jD

m= FullSimplify @Sqrt @c.c D, Assumptions ® Θ ³ 0 && Θ £ Pi D
Sin@ΘD

� for the surface integration, the shape of the circular interface is important, i.e. how far Θ streches for 
each j angle. The angle between the circular interface and the integration axis is given by Ψ, its 
opening angle is given by Λ.

Hn = rotz @ΨD.v L �� MatrixForm

Cos@ΨD
Sin@ΨD

0

FullSimplify @Quiet @Solve @Λ � ArcCos @Hf.n LD, ΘDDD

::Θ ® -ArcCosBKCos@ΛD Cos@ΨD - Cos@jD2 Sin@ΨD2 I-Cos@ΛD2 + Cos@ΨD2 + Cos@jD2 Sin@ΨD2M O �
ICos@ΨD2 + Cos@jD2 Sin@ΨD2MF>,

:Θ ® ArcCosB
Cos@ΛD Cos@ΨD - Cos@jD2 Sin@ΨD2 I-Cos@ΛD2 + Cos@ΨD2 + Cos@jD2 Sin@ΨD2M

Cos@ΨD2 + Cos@jD2 Sin@ΨD2
F>,

:Θ ® -ArcCosBKCos@ΛD Cos@ΨD + Cos@jD2 Sin@ΨD2 I-Cos@ΛD2 + Cos@ΨD2 + Cos@jD2 Sin@ΨD2M O �
ICos@ΨD2 + Cos@jD2 Sin@ΨD2MF>,

:Θ ® ArcCosB
Cos@ΛD Cos@ΨD + Cos@jD2 Sin@ΨD2 I-Cos@ΛD2 + Cos@ΨD2 + Cos@jD2 Sin@ΨD2M

Cos@ΨD2 + Cos@jD2 Sin@ΨD2
F>>

� thetaConcave and thetaConvex give the maximal Θ values per j angle until a line on the surface would 
hit the end of the either convex or concave circular interface

thetaConcave @j_, Ψ_, Λ_D : =

ArcCos BKCos@ΛD Cos@ΨD + Cos@jD2 Sin @ΨD2 I-Cos@ΛD2
+ Cos@ΨD2

+ Cos@jD2 Sin @ΨD2M O �
ICos@ΨD2

+ Cos@jD2 Sin @ΨD2MF
thetaConvex @j_, Ψ_, Λ_D : =

ArcCos B
Cos@ΛD Cos@ΨD - Cos@jD2 Sin @ΨD2 I-Cos@ΛD2

+ Cos@ΨD2
+ Cos@jD2 Sin @ΨD2M

Cos@ΨD2
+ Cos@jD2 Sin @ΨD2

F

�
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�

the integration can analytically only be performed over Θ angles. For j angles, the integral is evaluated 
numerically

� the integral with respect to Θ  for a concave circular region

FullSimplify @Integrate @m, 8Θ, 0, thetaConcave @j, Ψ, ΛD<DD

1 -
Cos@ΛD Cos@ΨD + Cos@jD2 Sin@ΨD2 I-Cos@ΛD2 + Cos@ΨD2 + Cos@jD2 Sin@ΨD2M

Cos@ΨD2 + Cos@jD2 Sin@ΨD2

� the integral with respect to Θ  for a convex circular interface

FullSimplify @Integrate @m, 8Θ, 0, thetaConvex @j, Ψ, ΛD<DD

1 +
-Cos@ΛD Cos@ΨD + Cos@jD2 Sin@ΨD2 I-Cos@ΛD2 + Cos@ΨD2 + Cos@jD2 Sin@ΨD2M

Cos@ΨD2 + Cos@jD2 Sin@ΨD2

� this is how it looks

psi = 1

1

lambda = 0.5

0.5

Plot @8thetaConcave @x, psi, lambda D, thetaConvex @x, psi, lambda D<,
8x, -Pi � 2, Pi � 2<, PlotRange ® 80, Pi � 2<D

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

0.2

0.4
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Integration Limits

Matrix preparations

Needs@"VectorAnalysis`" D

� unit vector

ex : = 81, 0, 0 <
nOrigin : = 80, 0, 1 <

� rotation around z axis

rotz @Α_D : = 88Cos@ΑD, -Sin @ΑD, 0 <, 8Sin @ΑD, Cos @ΑD, 0 <, 80, 0, 1 <<
rotz @ΘD �� MatrixForm

Cos@ΘD -Sin@ΘD 0

Sin@ΘD Cos@ΘD 0

0 0 1

� rotation around x-axis

rotx @Α_D : = 881, 0, 0 <, 80, Cos @ΑD, -Sin @ΑD<, 80, Sin @ΑD, Cos @ΑD<<
rotx @jD �� MatrixForm

1 0 0

0 Cos@jD -Sin@jD
0 Sin@jD Cos@jD

PHI2phi conversion function

� "bottom" of circular region

border = rotz @-ΛD.ex

8Cos@ΛD, -Sin@ΛD, 0<

� center of circular region

v = rotz @-ΨD.ex

8Cos@ΨD, -Sin@ΨD, 0<

� "base" vector for the circular region

a = border - ex

8-1 + Cos@ΛD, -Sin@ΛD, 0<

�
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�

vector from center of circular region to intersection point

aRot = rotx @FD.a

8-1 + Cos@ΛD, -Cos@FD Sin@ΛD, -Sin@ΛD Sin@FD<

� vector from origin to intersection point

ip = ex + aRot

8Cos@ΛD, -Cos@FD Sin@ΛD, -Sin@ΛD Sin@FD<

� perpendicular normal vector to intersection point and center of circular region

nIntersection = CrossProduct @v, ip D
8Sin@ΛD Sin@FD Sin@ΨD, Cos@ΨD Sin@ΛD Sin@FD, -Cos@FD Cos@ΨD Sin@ΛD + Cos@ΛD Sin@ΨD<
nIntersection = Normalize @nIntersection D
9HSin@ΛD Sin@FD Sin@ΨDL � I,IAbs@Cos@ΨD Sin@ΛD Sin@FDD2 +

Abs@Sin@ΛD Sin@FD Sin@ΨDD2 + Abs@-Cos@FD Cos@ΨD Sin@ΛD + Cos@ΛD Sin@ΨDD2MM,
HCos@ΨD Sin@ΛD Sin@FDL � I,IAbs@Cos@ΨD Sin@ΛD Sin@FDD2 + Abs@Sin@ΛD Sin@FD Sin@ΨDD2 +

Abs@-Cos@FD Cos@ΨD Sin@ΛD + Cos@ΛD Sin@ΨDD2MM,
H-Cos@FD Cos@ΨD Sin@ΛD + Cos@ΛD Sin@ΨDL � I,IAbs@Cos@ΨD Sin@ΛD Sin@FDD2 +

Abs@Sin@ΛD Sin@FD Sin@ΨDD2 + Abs@-Cos@FD Cos@ΨD Sin@ΛD + Cos@ΛD Sin@ΨDD2MM=

� PHI2phi function gives angle between normal vector and x-y-plane

PHI2phi @F_, Ψ_, Λ_D = FullSimplify @ArcCos @DotProduct @nIntersection, nOrigin DDD
ArcCosAH-Cos@FD Cos@ΨD Sin@ΛD + Cos@ΛD Sin@ΨDL �
I,IAbs@Cos@ΨD Sin@ΛD Sin@FDD2 + Abs@Sin@ΛD Sin@FD Sin@ΨDD2 +

Abs@Cos@FD Cos@ΨD Sin@ΛD - Cos@ΛD Sin@ΨDD2MME

� this is how it looks

Plot @PHI2phi @x, 1, 0.6 D, 8x, -Pi, Pi <D
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phi2PHI inverse function

FullSimplify @Quiet @Solve @PHI2phi @F, Ψ, ΛD � j, FDDD
Solve ::ifun :

Inverse funct ions are b e ing used b y Solve , so som e so lu t ions m ay not b e found ; use Red uce for

com p le te so lu t ion in form ation . �

::F ® -ArcSecBI2 ICos@ΨD2 + Cos@jD2 Sin@ΨD2MM �

K 2 Csc@ΛD2 Cos@jD2 Sin@ΛD2 I-Cos@2 ΛD + Cos@ΨD2 + Cos@2 jD Sin@ΨD2M +
Cot@ΛD Sin@jD2 Sin@2 ΨDOF>,

:F ® ArcSecBI2 ICos@ΨD2 + Cos@jD2 Sin@ΨD2MM � K 2 Csc@ΛD2

Cos@jD2 Sin@ΛD2 I-Cos@2 ΛD + Cos@ΨD2 + Cos@2 jD Sin@ΨD2M + Cot@ΛD Sin@jD2 Sin@2 ΨDOF>,

:F ® -ArcSecBI2 ICos@ΨD2 + Cos@jD2 Sin@ΨD2MM �

K- 2 Csc@ΛD2 Cos@jD2 Sin@ΛD2 I-Cos@2 ΛD + Cos@ΨD2 + Cos@2 jD Sin@ΨD2M +
Cot@ΛD Sin@jD2 Sin@2 ΨDOF>,

:F ® ArcSecBI2 ICos@ΨD2 + Cos@jD2 Sin@ΨD2MM � K- 2 Csc@ΛD2

Cos@jD2 Sin@ΛD2 I-Cos@2 ΛD + Cos@ΨD2 + Cos@2 jD Sin@ΨD2M + Cot@ΛD Sin@jD2 Sin@2 ΨDOF>>

phi2PHI @j_, Ψ_, Λ_D = ArcSec BI2 ICos@ΨD2
+ Cos@jD2 Sin @ΨD2MM �

K- 2 Csc@ΛD2 Cos@jD2 Sin @ΛD2 I-Cos@2 ΛD + Cos@ΨD2
+ Cos@2 jD Sin @ΨD2M +

Cot @ΛD Sin @jD2 Sin @2 ΨDOF

ArcSecBI2 ICos@ΨD2 + Cos@jD2 Sin@ΨD2MM �

K- 2 Csc@ΛD2 Cos@jD2 Sin@ΛD2 I-Cos@2 ΛD + Cos@ΨD2 + Cos@2 jD Sin@ΨD2M +
Cot@ΛD Sin@jD2 Sin@2 ΨDOF

phiLimit

� j limits are reached when the square root of both functions thetaConvex and thetaConcave of 
'surfaceIntegral.nb' vanishes:

Quiet ASolve ACos@jD2 Sin @ΨD2 I-Cos@ΛD2
+ Cos@ΨD2

+ Cos@jD2 Sin @ΨD2M � 0, jEE

::j ® - Π
2
>, :j ® Π

2
>, :j ® -ArcCosB HCos@ΛD - Cos@ΨDL HCos@ΛD + Cos@ΨDL Csc@ΨD2 F>,

:j ® ArcCosB HCos@ΛD - Cos@ΨDL HCos@ΛD + Cos@ΨDL Csc@ΨD2 F>,
:j ® -ArcCosB- ICos@ΛD2 - Cos@ΨD2M Csc@ΨD2 F>, :j ® ArcCosB- ICos@ΛD2 - Cos@ΨD2M Csc@ΨD2 F>>

�



150 mathematica notebooks (triforce)

�

the 3rd and 4th solution give the limits for negative j and positive j respectively. We use only the 
positive solution

phiLimit @Ψ_, Λ_D = FullSimplify BArcCos B HCos@ΛD - Cos@ΨDL HCos@ΛD + Cos@ΨDL Csc@ΨD2 FF

ArcCosB ICos@ΛD2 - Cos@ΨD2M Csc@ΨD2 F

PHILimit for Ψ+Λ < Π

FullSimplify @phi2PHI @phiLimit @Ψ, ΛD, Ψ, ΛDD
ArcSec@Cot@ΛD Tan@ΨDD
PHILimit0 @Ψ_, Λ_D = ArcSec @Cot @ΛD Tan@ΨDD
ArcSec@Cot@ΛD Tan@ΨDD

PHILimit for Ψ+Λ >= Π

� the limit for j is constantly Π/2 for this range of values 

FullSimplify @phi2PHI @Pi � 2, Ψ, ΛDD
ArcSec@Cot@ΨD Tan@ΛDD
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