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de carácter internacional. Con mi agradecimiento por sus numerosas horas de ines-
timable paciencia y dedicación, quiero reconocer también que José Turmo ha sido y es
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hasta llegar a convertirse en un pilar básico para la realización de este trabajo.
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Agradecer aśı mismo a los profesores Mike Schlaich, Ardnt Goldack y El Arabi El-
Sanawi, todo su apoyo en el periodo de tiempo que compartimos en la Universidad TU
de Berĺın.
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Resumen

Este trabajo de investigación presenta un estudio sobre el comportamiento de los
puentes atirantados construidos sobre apoyos provisionales, tanto a lo largo de su
proceso constructivo como en servicio. Para simular el proceso constructivo se han
desarrollado cuatro algoritmos con los siguientes objetivos: Diseño inicial del proceso
constructivo (Backward Algorithm), corregir desviaciones entre el modelo teórico y el
comportamiento en obra (Forward Algorithm), procesos de optimización (Direct Algo-
rithm) y simulación de los efectos producidos por fenómenos dependientes del tiempo
(Forward-Direct Algorithm). Todos estos algoritmos se han validado con programas
comerciales en puentes reales. Por otro lado, con el objetivo de mejorar el compor-
tamiento de los puentes atirantados en servicio, se proponen nuevos criterios para la
definición de las fuerzas de tesado en los tirantes. Estos criterios permiten incluir tanto
los efectos de la construcción evolutiva de la superestructura como los efectos de los
fenómenos dependientes del tiempo. Para ilustrar la aplicación de estos criterios, se
han analizado un conjunto de ejemplos académicos y reales.

Para simular con más precisión la respuesta de las estructuras en obra, se propone
un nuevo método paramétrico para la identificación del sistema estructural (Structural
System Identification, SSI) a partir de ensayos estáticos. Este método está basado en
la introducción de las técnicas de observabilidad en el método de rigidez. Tras vali-
dar los resultados de este método con tres procedimientos alternativos presentados en
la bibliograf́ıa, se analizan una serie de estructuras complejas (incluyendo edificios y
puentes atirantados) para mostrar el potencial y la versatilidad del método. También
se presenta un estudio paramétrico que muestra el papel de las incertidumbres del
modelo de cálculo en el comportamiento estructural de un puente atirantado. Para
completar el método de identificación se presentan además las modificaciones a re-
alizar para incluir la simulación de daños en los elementos, condiciones de contorno
reales, efectos de la temperatura aśı como el tratamiento de información procedente de
ensayos dinámicos. El método de la observabilidad ha conducido también al desarrollo
de una potente herramienta matemática para la resolución de sistemas de ecuaciones
polirracionales. Esta herramienta presenta un extenso número de aplicaciones en cam-
pos de la ciencia y la ingenieŕıa tan diversos como transporte o sistemas de distribución
eléctrica o hidráulica, entre muchos otros.

Con el objetivo de determinar el conjunto mı́nimo de parámetros a medir en obra
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para conseguir una identificación completa o parcial de la estructura, se ha desarrollado
una nueva e innovadora herramienta gráfica (árboles de observabilidad). Para facilitar
la elaboración de estos árboles, se proponen una serie de directrices tanto para vigas
como para puentes atirantados. Para minimizar el número de puntos a instrumentar
en obra posibilitando la utilización de casos de carga reales, se propone la aplicación
del principio de reciprocidad de Maxwell. Para conseguir este objetivo también se pro-
pone la utilización de información procedente de diferentes casos de carga, diferentes
condiciones de contorno y diferentes etapas constructivas.

Los resultados de los métodos propuestos han permitido obtener importantes con-
clusiones sobre el comportamiento de los puentes atirantados construidos sobre apoyos
provisionales y sobre la importancia de las técnicas de identificación estructural. A
partir de los resultados, se han propuesto una serie de directrices para orientar la con-
strucción de la superestructura, estimar el tiempo adecuado para definir las fuerzas de
los tirantes en servicio en puentes de hormigón, determinar un conjunto de medidas
necesarias para una adecuada identificación estructural y la minimización de los puntos
a instrumentar en obra.



Abstract

This work presents a study of the simulation of cable-stayed bridges built on temporary
supports focused on their response during construction and in service. To simulate the
behavior during construction, a set of four different algorithms has been developed to
deal with initial design (Backward Algorithm), updating the tensioning process when
deviations on site are measured (Forward Algorithm), optimization processes (Direct
Algorithm) and time-dependent phenomena effects (Forward-Direct Algorithm). These
algorithms were validated by comparing their results with those obtained by two com-
mercial codes. On the other hand, new criteria have been proposed to include the
effects of the staggered erection of the superstructure and the time-dependent phe-
nomena effects into the definition of the Objective Service State. To illustrate the
application of these methods, a set of academic and actual structures is analyzed.

For a more accurate simulation of the actual response of structures on site, a new
Structural System Identification (SSI) method (Observability method) is developed.
This method is based on the information provided by the monitoring of a static non-
destructive test. After validating the results of this method with three alternative
methods proposed in the literature, it is applied to complex structures (such as singu-
lar buildings and cable-stayed bridges). A parametric analysis is presented to illustrate
the role that the uncertainty of each parameter of a real cable-stayed bridge plays in
its behavior during construction and in service. Furthermore, modifications of this
method to deal with damages, actual boundary conditions, temperature effects, and
dynamic excitation tests are presented. The developed SSI method has also lead to the
development of a very powerful mathematical tool to deal with polyrational systems
of equations. This tool presents a number of applications in many fields of science and
engineering (such as transportation, hydraulics or energy power distribution, among
many others).

To define the minimum measurement set of measurements required for an adequate
system identification, a new and innovative graphical tool (observability tree) is de-
veloped. The observability trees are proved to be an intuitive and powerful tool in
minimizing measurement sets and in choosing alternative measurement sets in cable-
stayed bridges. To ease the representation of these trees, a set of guidelines is proposed
for beam and cable-stayed bridges. To minimize the degrees of freedom to be monitored
on site for system identification with actual loads, a new application of the Maxwell’s
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theorem has been proposed. To this end, the utilization of information from alternative
load cases, boundary conditions and construction stages is also presented.

The results of the proposed methods have led to significant conclusions regarding
the response of the cable-stayed bridges built on temporary supports as well as the
importance of their construction control by SSI techniques. From these conclusions,
a set of guidelines has been proposed to address the erection of the superstructure,
to estimate the appropriate time to define the stay cable forces in service in concrete
cable-stay bridges, to define a measurement set for an adequate SSI and to minimize
the points to be monitored on site.
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Chapter 1

Objetives

1.1 Introduction

The construction process stands as one of the most important parts of the design of
any structure. This role is even more significant in large span structures, such as
cable-stayed bridges, as the limited resources on site forces, in the vast majority of
cases, a staggered erection. During this staggered erection, the structural system of
the structure, its boundary conditions and the applied loads might change. For an
adequate construction, the erection sequence should be simulated to check that nei-
ther the stresses nor the deflections exceed safety thresholds throughout the different
construction stages. The simulation of this process must take into account the effects
of all the preceding and subsequent stages.

Many attention has been paid in the analysis of the construction process of cable-
stayed bridges built on cantilever. Nevertheless, and despite its importance and appli-
cations, the peculiarities of the alternative erection technique, the temporary supports
erection method are not studied in detail in the literature. The main advantage of the
temporary supports erection method is the fact that conventional construction tech-
niques might be used leading to lower erection costs. The structural behavior of these
structures throughout the tensioning process is adequate as stiffer structural systems
than in the cantilever erection method appear. Nevertheless, this fact is also its major
computational difficulty because the deck is supported on temporary supports that
might be lifted. For this reason, it is difficult to know accurately the actual structural
system during erection. Furthermore, many factors such as inaccuracies in the Finite
Element Model or mistakes in the execution on site might produce a deviation between
the simulated and the actual response of the structure.

To fill the gaps found in the literature, this work presents a detailed study of the
temporary supports erection method both in service and during erection. Furthermore,
an innovative Structural System Identification (SSI) method is proposed and it is ap-
plied to cable-stayed bridges.

1



2 Introduction and Objectives

1.2 Objectives

The global objective of this work is to study the structural behavior of cable-stayed
bridges built on temporary supports both in service and during erection. With this
aim, the following partial objectives are defined:

1. Studying the simulation of the construction process and definition of new algo-
rithms for the following purposed: (1) Initial design of the tensioning process. (2)
Correct deviations of the tensioning process on site and (3) Include the tensioning
process into optimization processes.

2. Studying the effects of the staggered erection of the cable-stayed bridge super-
structure and definition of new criteria to include these effects into the design of
the prestressing forces of the stay cables in service.

3. Studying the time-dependent phenomena effects of concrete cable-stayed bridges
and definition of new criteria to include these effects into the design of the pre-
stressing forces of the stay cables in service.

4. Providing a set of guidelines to address the definition of the staggered erection
of the cable-stayed bridge superstructure and the simulation of its construction
process.

5. Studying the importance of knowing the actual parameters of the Finite Element
Models of structures used in the simulation of their structural behavior.

6. Studying the SSI of complex structures and definition of new SSI methods to
be applied in cable-stayed bridges.

7. Studying the minimal set of required measurements to assure and adequate SSI
of structures (including cable-stayed bridges).

8. Studying the minimal set of points to be measured on site under real loads to
assure and adequate SSI of structures (including cable-stayed bridges).

9. Providing a set of guidelines for the selection of measurements for adequate SSI
of structures (including cable-stayed bridges).

1.3 Thesis Organization

With the above objectives, this thesis is organized in 9 chapters. The main text of
each chapter is intentionally kept as short as possible in favor of easy reading and is
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written to include only the fundamental concepts and the new ideas.

In Chapter 2, a literature review is presented. This review starts with a brief intro-
duction about the importance of the construction processes in the cable-stayed bridges
evolution. Then, the characteristics, peculiarities and the proposed simulation methods
of the two main erection techniques, the cantilever and the temporary supports erec-
tion methods, are described in detail. This description includes an overview of most
of the cable-stayed bridges built on temporary supports from the development of this
erection technique. Next, the main criteria presented to define the prestressing forces
of the stay cables in service are reviewed. Then, the construction control system and
the SSI methods are analyzed. Finally, a set of detected gaps found in the literature
are presented. These gaps will be filled in the rest of chapters.

In Chapter 3, the simulation of the construction process of cable-stayed bridges built
on temporary supports, without including the time-dependent phenomena effects, is
analyzed. First, the main hypotheses of the simulation carried out by two commercial
programs (Midas and Wiseplus) is presented. Then, a set of three different algorithms
specifically designed for the temporary supports erection method (the Backward Algo-
rithm, BA, the Forward Algorithm, FA and the Direct Algorithm, DA) is proposed.
After describing the main characteristics of each of these algorithms, their results are
validated by comparison with those obtained by commercial programs in a real cable-
stayed bridge. Finally, the advantages of the developed algorithms are compared and
a set of suitable applications are proposed for each of them.

Chapter 4 deals with the effects of the staggered erection of the cable-stayed bridge
superstructure in the target state to be achieved in service, known as the Objective
Service State (OSS). First, after highlighting the importance of the staggered erec-
tion of the superstructure both throughout erection and in service, the OSS is defined
in detail. Then, the criterion of minimal bending energy proposed in the literature
to define the prestressing of the stay cables in the OSS is presented and modified to
include the effects of the staggered erection of the superstructure. Next, to avoid the
requirement of a numerical integration, a simplified criterion is proposed. To ease the
understanding of these criteria, the analysis of several academic and actual structures
is presented. Then, the effects of the number and the location of the temporary sup-
ports and the construction joints are studied. Finally, a set of guidelines to address
the staggered erection of the cable-stayed bridge superstructure is presented.

In Chapter 5, the time-dependent phenomena effects are evaluated both in ser-
vice and throughout the erection process. First, the simulation presented in codes
for shrinkage, creep and steel-relaxation are reviewed and their effects are evaluated
in a real structure. Then, a new criterion is proposed to include the effects of the
time-dependent phenomena into the OSS. This criterion is applied to several actual
cable-stayed bridges. The analysis of the last of these structures includes a para-
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metric analysis that points out the important role of the mechanical and geometrical
properties of the Finite Element Model. Next, a new algorithm (the Forward-Direct
algorithm, FDA) is proposed for the simulation of the effects of the time-dependent
phenomena. After describing in detail the main characteristics of this algorithm, a
several actual structures are analyzed. Finally, a set of guidelines about the optimum
time to define the achievement of the OSS and about the simulation of the effects of
the time-dependent phenomena is provided.

In Chapter 6, a new and innovative SSI method is proposed. This method is based
on the application of observability techniques to the stiffness matrix method. First of
all, the observability problem is described in detail. Then, this concept is introduced
into the SSI. To illustrate the variations from the standard observability, a set of
academic examples is analyzed. Next, after presenting an error sensitivity analysis,
the algorithm of the SSI method is explained in detail. Then, the SSI method is
proved as an efficient method to solve polyrational system of equations. Next, a set of
guidelines for the application of the SSI method to deal with damages, temperature
effects and boundary conditions effects is presented. Finally, the application of the SSI
to deal with two-dimensional finite elements and dynamic excitation test is presented.

In Chapter 7, the SSI method is first validated by comparison of its results with
those obtained by three alternative methods presented in the literature. Next, the
SSI method is applied in several buildings. Then, the SSI method is applied to the
SSI of a real continuous bridge. Next, the SSI method is used to study the effects
in the observability produced by the different load-bearing elements of a cable-stayed
bridge. Finally, a set of guidelines referring to the SSI method in complex structures
is provided.

Chapter 8 deals with the optimization of measurement sets for SSI. First, a new
and innovative method, the observability trees, are presented to define graphically the
minimal set of required measurements. Then, a set of guidelines are provided to elab-
orate these trees in beams and cable-stayed bridges. Next, to minimize the number
of required monitored points several procedures are described. The first of these pro-
cedures refers to the application of the Maxwell’s reciprocal theorem. This theorem
enables the utilization of actual loads on site. Other proposed methods are the use of
different loads cases, boundary conditions and construction stages.

Finally in Chapter 9, the main conclusions and major contributions of the thesis
are first summarized. Them, a set of future researches are proposed.



Chapter 2

State of the Art

2.1 Cable-Stayed Bridges

Many fascinating and spectacular bridges have been designed and built in the last few
decades than at any other comparable time of our history [32]. A note worthy devel-
opment in bridges is that of cable-stayed structures, widely adopted all over the world
since the 1960s because of their elegance, lightness as well as structural efficiency [208].
The beauty of these structures comes from their clear and clean structural function,
which determines their architectural expression [187].

This section deals with the structural system of the cable-stayed bridges. Firstly,
the historical evolution of the cable-stayed bridges are reviewed. Then, the structural
behavior of this kind of structures is summarized and the major difficulties of their
simulation are pointed out.

2.1.1 Historical Review

The historical review of cable-stayed bridges development has received considerable
attention from many years. The works of Podolny and Scalzy [160], Troitsky [195],
Walther et al. [201], Billington and Nazmy [32], Gimsing [87], Virlogeux [135], Fernández
Troyano [74], NCHRP [149], Manterola et al. [136] or Svensson [189] illustrate the in-
terest of knowing the origin of this typology. This fascinating evolution leads to more
efficient designs.

The concept of counterbalancing beams by inclined cables connected to vertical
supports has been used for centuries for different purposes. Examples of these uses are
the Egyptian sailing ships (Figure 2.1.A) that used inclined ropes hanging from a mast
or the hanging footpaths formed by ropes from liana or bamboo connected to tall trees
on the sides of a deep valleys. The idea of using inclined cables to provide an adequate
passing surface, this is to say, as a structural scheme of a bridge, was already proposed
in some of the Leonardo Da Vinci’s designs (Figure 2.1.B).

5
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(B)(A)

Figure 2.1: Examples of the first cable-stayed structures: (A) Egyptian sailing ships
and (B) Leonardo Da Vinci’s designs.

The stay cables of the former stayed structures were firstly made of ropes. Neverthe-
less, the application of these materials produced light structures with high deflections.
Then, the ropes were substituted by stiffer chains. The first application of this ma-
terial was presented in Italy in 1617 with the construction of a bridge consisting of a
wooden deck supported by several chain stays which were fixed to two massive masonry
towers located at the both sides of the bridge [195]. Nevertheless, due to the imperfec-
tions of these precursor materials and the complexity of their construction processes,
it was very difficult to arrive at an even distribution of the loads and many of the early
stayed bridges collapsed. Without the reliable tensile strength of the stay material,
cable-stayed bridges did not become an interesting option, whereas systems in which
the suspension system was combined with the stayed-system, was used in major bridges
in the second half of the 19th century. The Brooklyn Bridge (Figure 2.2.A) designed
in 1883 by J.A. Roebling is a clear example of this kind of structures. In Spain, the
origin of the stayed bridges can be located at the Tempul Aqueduct showed in Figure
2.2.B, a three span bridge (20m + 58m + 20m) designed by Eduardo Torroja in 1926
over the Guadalete River [136]. This structure incorporated concrete stays prestressed
by an innovative and efficient method that increased the length of the stays by using
jacks located on the top of the pylon. After the prestressing operation, the upper part
of the pylon was concreted.

The popularity of the cable-stayed bridges increased significantly from the devel-
opment of the first modern cable-stayed bridge, the Strömsund Bridge (Figure 2.2.C)
built in Sweden in 1955 [87]. This structure includes three span (74.7m + 182.6m +
74.7m). The main innovation of this structure was the application of cables of high
strength steel wire. In the following years, numerous cable-stayed bridges were mainly
built in Germany. The beginning of modern cable-stayed bridges was to a large extent
dominated by steel bridges with orthotropic decks together with plate or box girders
and cellular pylons. The first major multi-span cable-stayed bridge made of concrete
pylons and deck was the Maracaibo Bridge built in Venezuela in 1962, that included
a concrete pylon and deck [32]. Most of these structures were characterized by the
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Figure 2.2: Evolution of the cable-stayed bridges: (A) Tempul Aqueduct (1926), (B)
Strömsund Bridge (1955), (C) Brooklyn Bridge (1883), (D) Sutong Bridge (2008).

high stiffnesses of their decks and the reduced number of stay cables. Nevertheless,
the concept of using stay cables with large spacing did not benefit from the structural
potential of the cable-stayed bridges.

As the spans became longer, the cable-stayed bridges developed towards multi-stay
cable systems [9]. Increasing the number of stays results in a number of advantages.
For example, both the economy and the appearance of the bridges are enhanced and
the structural behavior is more efficient as live loads can be resisted more efficiently.
Multi-stay systems also produce important advantages during the erection process as
simpler and more economic construction operations might be carried out. Neverthe-
less, increasing the number of stay cables leads to structures with more highly statically
redundant structural system. For this reason, the simulation of its structural behav-
ior is more complex and it requires the application of structural analysis programs.
Furthermore, a large number of stay cables leads to slender deck cross-sections char-
acterized by a larger span/depth ratio. This lack of stiffness has a very significant
effect on the dynamic behavior of the structure. A well known example is the Tacoma
Narrows suspension Bridge, which collapsed in 1940 because of the wind effects [14].
This success was a tipping point in the design of the modern long-span bridges that
leaded to new dynamic theories. Since then wind effects of cable-stayed bridges have
received considerable attention (see [16] or [62]).

The development of the cable-stayed bridge erection techniques has also contributed
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significantly to the development of this structural system. Erection techniques such
as the temporary supports or the cantilever method enable the reliable, fast and eco-
nomic constructions. In fact, together with its aesthetic appearance, the development
of their erection techniques has been one of the reasons why the cable-stayed bridges
are considered the most suitable structural system for spans ranging from 228m to
450m [87]. In the latter years, structures such as the Stonecutters Bridge built in 2009,
the Sutong Bridge built in 2008 (Figure 2.2.D) and the Russky Bridge built in 2010
has raised this range of up to the 1000m. The construction of such complex bridges has
required significant improvements in the structural analysis programs both in service
and throughout the construction process.

Developments in cable-stayed bridges include the extradosed system with short
pylon height (see [199]) and the under-deck cable-stayed bridges (see [167] and [168]).

2.1.2 Structural Behavior

The structural behavior of the cable-stayed bridges is based on the interaction between
the three load-bearing elements presented in Figure 2.3: the deck, the pylons, and the
stay cables. The deck behaves mainly as a continuous beam resting on elastic supports
and therefore, bending stresses appear. At the same time the deck is subjected to
high compression stresses caused by the horizontal action of the inclined stays. Stays
cables transfer the deck weight by tension stresses to the pylon. Finally, the pylon col-
lects all the tensile stresses of the stay cables and transfers them together with those
stresses produced by their dead loads to the foundation. The pylons are subjected to
high level of compression stresses since they support the vast majority of the loads
of the structure. In the case of asymmetrical structures or in symmetrical structures
with asymmetrical loads, these elements must also be able to counterbalance bending
stresses. A summary of the structural scheme of the different elements of an asymmet-
rical cable-stayed bridge is presented in Figure 2.3.

The material used in each of the three load-bearing elements depends on their load-
ing conditions. The deck is designed to withstand compression and regional bending.
Furthermore, when a unique stay plane is used, torsion has also to be counterbalanced.
The traditional materials of this element are concrete, composite or steel. The stay
cables are usually composed of steel wires characterized by a high tensile strength and
very low bending stiffness. Finally, the pylons are traditionally made of concrete, com-
posite or steel.

The simulation of the structural behavior of multi-stay cable-stayed bridges might
be carried out by the Finite Element Formulation. Based on this concept, this kind of
structures can be considered as an assemblage of a number of beam-column elements.
Traditionally, truss or cable elements are used to simulate the stay cables. Compared
with other conventional bridges, the simulation of these structures is more complex for
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Figure 2.3: Structural behavior of the elements of a cable-stayed bridge.

the following difficulties: (1) The multi-stay cable-stayed bridges are highly statically
redundant structures. In this kind of structures, the variation of the axial force in
a single stay affects the rest of stay cables of the structure as well as the pylon and
the deck. This is appreciable when a stay cable is prestressed at a certain side of the
pylon. In this case, the prestressing forces of all the stays located at the same side
are reduced while these forces are increased in the stay cables located at the oppo-
site site. (2) In the cable-stayed bridges, the overall load-displacement relationships
under normal construction and service loads are nonlinear . The significance of this
nonlinear behavior increases with the lightness of the structure. According to the time
dependence, the nonlinearities acting on cable-stayed bridges might be divided into
two different groups: the time-independent nonlinearities (also known as geometrical
nonlinearities) and the time-dependent nonlinearities. The simulation of the effects
of the geometrical nonlinearities of cable-stayed bridges has been addressed in several
works (see Fleming [77], Nazmy et al. [13], Wang et al. [204], Cluley and Shepherd [60],
Freire et al. [79] or Oliveira and Reis [155]). These authors point out the cable sag, the
beam-column effect and the large displacement effect as the main sources of the geo-
metrical nonlinearities. The cable sag represents the nonlinear effect produced by self
weight of inclined stay cables. These effects might be included by using an equivalent
Young’s Modulus (known as the Ernst’s Modulus [136] in the stay cables). The cable
sag effects depend on the length and the prestressing force of the stays in such a way
that in short stays subjected to high prestension forces these effects might be neglected.
The second source of geometrical nonlinearities is produced by the large compression
forces introduced by the inclined stay cables. This nonlinearity decreases the element
bending stiffness for a compression axial force, and vice versa for a tension one. To
include the beam-column effects into a Finite Element Model simulation, the stiffness
matrices of the pylon and deck elements might be modified by employing stability
functions (see [77] and [13]). The third source of geometrical nonlinearity refers to the
large displacements that might be produced in light cable-stayed bridges, both during
construction and after completion. These effects can be introduced into the simulation
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by setting up the equilibrium equations based on the deformed structure. To update
these equations, Fleming [77] and Nazmy et al. [13] proposed an iterative analysis that
used dragging coordinates. Another approach was adopted by Wang et al. [204] who
proposed the shape finding analysis. On the other hand, the time-dependent nonlinear-
ities are mainly originated by concrete creep, shrinkage and aging and steel relaxation.
The simulation and the effects of the most prominent sources (creep and shrinkage)
are analyzed in detail in Chapter 5.

2.2 Erection of cable-stayed bridges

The construction process is one of the most important factors in the project of any
structure. Due to the lightness and the complex structural behavior of the cable-stayed
bridges, the construction process of this kind of structures might even play a more sig-
nificant role than in other conventional structures. These erection techniques present
a number of variants as they depend, to a great extend, on the ingenuity of the con-
structor [160].

The erection method of a cable-stayed bridge clearly depends on the particular con-
ditions of its location, materials, construction deadline, its structural system and its
span. The structural system of a cable-stayed bridge depends on the static arrange-
ment of its stay cable system [87]. According to the span, cable-stayed bridges might be
categorized into long span and medium and short span bridges. The cantilever method
is an economical and practical technique for the erection of long cable-stayed bridges.
For medium and short span bridges, cable-stayed bridges have to compete with con-
ventional structures (such as slabs, trusses or beams). This competition is revealed
economically difficult and therefore, when the technical conditions of the crossing are
not imposing them, cable-stayed bridges are mainly built for aesthetical reasons. In
these structures, the use of conventional erection techniques (such as the temporary
supports erection method) might reduce significantly their construction cost.

In this section, the role that the structural system of a cable-stayed bridge plays
in the design of its erection process is first analyzed. Then, the two main erection
techniques to build a cable-stayed bridge (the cantilever erection method and the tem-
porary supports erection method) are described. In order to give a complete overview
of the different possible construction procedures, some variants of these procedures and
some built structures are reviewed. It is important to highlight that the main focus
of this thesis is the temporary supports erection method which is therefore dealt with
especial attention. Finally, the methods presented in the literature to simulate the
erection process of a cable-stayed bridge are reviewed.
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2.2.1 Structural system of cable-stayed bridges

The selection of the static arrangement is an important factor to be considered in the
design of the construction process of any cable-stayed bridge as it plays an important
role in the stiffness of its structural system. Many authors, such as [87], classify the
static arrangement according to the way the stay cables are distributed along the py-
lon height, this is to say, according to the stay system. This classification leads to two
different static arrangements: the fan and the harp stay systems. In the fan system,
all stays converge at the top of the pylon.

This solution has several structural advantages. First of all, the compression forces
on the bridge deck are minimized. Secondly, the behavior of the stay cables is more
efficient because of their higher inclination at the proximities of the pylon. Accord-
ing to Podolny and Scalzy [160], the fan system produces first order stable structures
since the stay cables are installed forming triangles. The structural efficiency of this
stay system leads to lower stay cables weights, making the structure lighter and more
economical. Nevertheless, the distribution of the stay cables on a small section of the
pylon complicates both their installation and maintenance.

On the other hand, in the harp system the stay cables are parallel and distributed
along a height of the pylon. Compared with the preceding system, the constant incli-
nation of the stay cables leads to higher compressions forces on the deck and higher
bending moments on the pylon. As stated by Podolny and Scalzy [160], equilibrium
condition cannot be achieved by the cable system itself because the stay cables are
installed forming quadrangles. This condition leads to the requirement of stiffer decks
and pylons. To improve the stabilization of this system, this stay system usually in-
cludes intermediate supports at the side spans. Compared with the fan system, the
main inconvenient of the harp system are its lower structural efficiency and the flex-
ibility of its structural system. The main advantages of this stay configuration are
its aesthetical attractiveness (because the constant inclination of the stays produces
a more attractive perception of the structure) and the easier installation and mainte-
nance of the stay cables at the pylon. Most of the actual structures are based on an
intermediate configuration (the semi-harp or semi-fan configurations). In this system
the stay cables converge at a certain height of the pylon and they are not perfectly
parallel. This configuration includes part of the advantages of both the fan and the
harp systems.

In addition to the stay system, the number of stay planes is also of primary impor-
tance in the structural system of the structure. When the stay system includes a unique
stay plane, decks with high torsional stiffness are required. This condition usually leads
to cellular box decks in concrete, steel or composite. This solution is structurally con-
venient because it enables the stay placement in plan at the middle section without the
requirement of increasing the deck width. Despite the fact that a unique plane of stay
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cables is not the most structurally efficient solution, it is undoubtedly that this con-
figuration is adequate for aesthetical reasons as it increases the stay system lightness.
According to Walther et al. [201], most of the built cable-stayed bridges include two
stay cable planes located at the proximities of the deck edges. In this structural system
the deck behaves transversally as a simple supported beam. Since the system is more
efficient, slender sections with a lower torsional stiffness might be used. The number of
stay cable planes plays an important role in the design of the construction process. For
example, the location and the number of the temporary load-bearing elements used
during erection (such as stays or supports) will depend on the number of stay planes.
Furthermore, obviously, the higher the number of stay planes the higher the number
of required stressing operations.

The cable-stayed bridges offer a wide range of possible load-bearing systems. To
show some different structural behaviors of the cable-stayed bridges, Walther et al. [201]
proposed three extreme structures with different load-bearing systems. The first ex-
ample, presented in Figure 2.4.A, corresponds with the structural system of the early
modern cable-stayed bridges. This system is based on a very stiff deck, a reduced
number stay cables and slender pylons. A well-known example of this kind of con-
structions is Strömsumd Bridge presented in Figure 2.4.B. According to Walther et
al. [201], this kind of structures have today a prohibitive cost and therefore, new built
structures tend to different load-bearing systems. The second proposed structural sys-
tem is showed in Figure 2.4.C. This system is based on very stiff pylons, which are
used to counterbalance the stresses due to the live-loads. These pylons are connected
to the rest of the structure by mean of a high number of stay cables. Since the stiff-
ness of the pylon is increased, a slender deck might be considered. This solution is
more suitable for multi-span bridges as the Yangpu Bridge (China) presented in Figure
2.4.D. In the load-bearing system of the third structure, presented in Figure 2.4.E, the
main elements used to counterbalance the loads of the bridge are the stay cables. In
this case, the backstay cables, which are usually connected to counterweights at the
abutments, play an important role to achieve a more stable and stiffer structure. This
solution provides slender deck and pylons as presented in the Indiano Bridge [202] built
in Florence (Italy) and presented in Figure 2.4.F. These three extreme structures are
a clear example of the great freedom enjoyed by the designer of cable-stayed bridges,
who has to look for the most convenient structural system according to the structural
and economical conditions. The load-bearing system of the cable-stayed bridges is of
primary importance in the design of their construction process. For example, a struc-
ture with a lighter deck will require a higher number of temporary supports than a
structure with a stiffer one.

The load-carrying capacity of every single stay cable also depends on how the
horizontal components of the cable force are transferred through the bridge deck. Thus,
the installation and stressing of a given stay cable has to be carried out after the
adjoining part of the deck is completed. This installation and stressing operations are
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Figure 2.4: Different load bearing systems and examples: (A) Stiff deck, (C) Stiff pylon
(E) Stiff stay cables, and examples of application: (B) Strömsund Bridge, (D) Yangpu
Bridge and (F) Indiano Bridge.

either carried out in a stage-by-stage process that progresses with the construction of
the deck and the pylon or after the whole superstructure is completed. An example of
the former case is found when a cable-stayed bridge is built by the cantilever erection
method. In this erection method the process involves cycles of casting or fabrication of
one or several deck segments and then the stressing of the corresponding stay or pair
of stay cables. On the other hand, when the deck is erected on temporary supports the
deck and the pylon are first erected on temporary supports and then the stay cables
are installed and stressed. In this situation, the load-carrying capacity of the stay
cables only becomes vital when the temporary supports are removed. This might be
explained by the fact that, at the time when the stay cables are installed and stressed,
an important part of the load-carrying system - formed by the girder, the pylon and
the stay cables - is already presented in the structure. In the following sections, both
the cantilever and the temporary supports erection method are described in detail.

2.2.2 Cantilever Erection Method

The development of the cantilever erection method was one of the most important
causes of the rapid proliferation of the number of long-span cable-stayed bridges pro-
duced in the last decades. In this erection technique each deck and or pylon segment
is built or installed, and then supported by a new cable or new pair of stay cables with
balances its weight.

In this section, the main characteristics of the cantilever erection method are first
described. Finally, some structures erected by this construction technique are reviewed.
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Description

The cantilever erection technique is described by many authors (see Podolny and
Scalzy [160], Manterola et al. [136], Fernández Troyano [74], Fernández Troyano [75],
Gimsing [87], Walther et al. [201]). According to Behin [28] and Behin and Murray [29],
this method is based on the modular assemblage of girder and pylon units with their
associated stay cables, on alternate sides of a supporting pylon. During this process a
sequence of partial structures arises until the bridge reaches its finished form. In gen-
eral, these partial structures are more flexible than the completed structural system.
Furthermore, they are subject to erection loads that might be higher than those which
occur on the final bridge (e.g cranes). One of the main concerns of the designer during
the cantilever erection method is guaranteeing the stability of these partial structures.
For example, to increase their stiffness their pylons might be rigidly connected to the
decks during erection (self-anchored structure). To assure an adequate behavior under
thermal effects, in most of the structures this connection is released at the end of the
construction process. The flexibility of these partial structures might increase the steel
requirements to counterbalance stresses during construction [160].

A cable-stayed bridge is erected by the cantilever method when the construction of
its superstructure cannot be economically carried out by mean of conventional construc-
tion techniques. Usually, three different conditions might lead to the application of this
erection technique: (1) The terrain strength: Usually, inadequate terrain strengths do
not enable an economical placement of temporary supports during erection. For this
reason, the cantilever method is the most common technique in bridges located on
large amounts of water. (2) The deck main span and total length: Usually, the higher
the length of the structure, the more economical the use of the stay cables as tem-
porary elements during erection. Long-span cable-stayed bridges such as the River
Suir Bridge [17], the Sutong Bridge [132] or the Tatara Bridge [75] illustrate the first
two conditions. (3) Traffic below the deck: In those cases when the traffic below the
deck cannot be interfered, the placement of temporary supports is not adequate and
therefore, cantilever erection is usually proposed.

The conditions presented above show that cantilever erection method is usually ap-
plied in long-span cable-stayed bridges. This erection technique is particularly costly
for short and medium span cable-stayed bridges for the following reasons: (1) The
design and execution of this erection technique is quite sophisticated and it requires
the collaboration of specialized consulting firms. (2) The high number of construction
stages and tensioning operations increases the construction time and the erection cost.
(3) As the partial structures arising during erection are very flexible, a higher number
of geometric verifications (e.g. monitoring) is required. Obviously, these verifications
also increase the construction cost.

A classical cantilever erection can be described by the double-free cantilevering
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Figure 2.5: Cantilever Erection method variants adapted from Gimsing [87]: (A)
Double-free cantilevering erection and (B) One-free cantilevering erection.

erection proposed by Gimsing [87] and summarized in Figure 2.5.A. The four stages
of this procedure are as follows: (1) The pylons and the deck units located above the
piers are erected and fixed.(2) A section of the bridge girder is built in cantilever using
cranes located on the deck to lift up girder segments. (3) The stay cables are installed
and prestressed to keep the partial structure in balance. (4) The bridge mid span is
closed and the rest of permanent loads are applied. This erection process is the natural
choice when the deck is fixed to the pylon [87].

Different construction techniques might be applied to erect the deck segments in
cantilever. These techniques might be classified into two different groups: cast-in-place
decks and prefabricated segments. (1) Erection of cast-in-place segments: Casting the
segments in situ should be preferred so that transversal joints can be secured by over-
lapping longitudinal reinforcement with helps to prevent cracks. The main inconve-
nient of this erection method is that it is more time consuming because the formwork
cannot be removed until the concrete has achieved enough strength. Furthermore,
time-dependent phenomena might play an important role in the structural behavior of
these decks and a detailed analysis throughout time is required. (2) Erection of pre-
fabricated segments: According to the deck material, the erection of the prefabricated
deck segments can be divided into steel, precast concrete and composite segments. The
precast or steel segments are built before its placement. Then, depending on the con-
ditions of the structure, they are transported to the site by boat or truck. Next, the
successive segments are lifted with derrick cranes installed on the already built parts of
the deck. After lifting a new segment, it is connected to the previous one, and a stay
cable or a pair of stay cables is installed and stressed. The steel segment connection
is carried out by welding while in concrete segments epoxy resin is traditionally used.
Finally, the derrick crane is moved forwards to enable the lifting of a new deck segment.
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In composite decks, the concrete slab is concreted (in situ concrete) or installed (pre-
cast concrete) after installing the corresponding steel segment. When the stay cables of
this kind of decks are installed, its axial forces are defined to counterbalance the weight
of the steel structure. Then, the concrete slab weight increases these forces. Finally,
these tensions must be adjusted. Both the construction process and the simulation
of composite cable-stayed bridges is described by Schlaich [178]. The main advantage
of using prefabricated segments in this kind of decks is the construction speed, what
makes the use of prefabricated segments especially appropriate in long-span bridges.

The erection methods of the pylon and the stay cables are similar to those presented
in the description of the temporary supports erection method.

In a number of cases, the cantilever erection method included the use of temporary
supports. By this erection procedure, the application of temporary supports is limited
to the side spans, where clearance requirements and water depths rarely exclude the
use of such supports [87]. To take advantage of the intermediate supports in the side
spans for the erection of the bridge, the side spans are built in the first step. After that,
the long cantilever in the main span are built. In general, three methods are adopted
for constructing the deck in the side spans: the construction of balanced cantilevers on
each of the intermediate supports, the construction by incremental launching or the
construction of the access spans on temporary supports. The latter erection process
was used in the construction of the Strömsund Bridge. This construction process is
summarized in Figure 2.6 and included the following twelve construction stages: (1)
The first deck segment is erected up to the first temporary support. (2) The second
deck segment is erected up on the second temporary support. (3) The third deck seg-
ment is erected up to the tower pier. (4) The tower and the brace against the stiffening
girder are erected. (5) The fourth deck segment is erected. This segment corresponds
to the stay cable 3. (6) The derrick crane is moved back to the tower pier, the deck
is jacked up at the tower location and the stay cables 2 and 3 are installed. (7) Stay
cables 2 and 3 are prestressed. (8) The fifth deck segment is erected. This segment
corresponds to the stay cable 4. (9) The derrick crane is moved back to the tower pier
and stay cable 4 is installed. (10) The stay cable 4 is prestressed. (11) The final deck
segment is erected (closure of the mid span of the structure) and the stay cable 4 is
prestressed with its final tensioning force. (12) After adding the concrete slab the final
desired geometry of the bridge is achieved (see [160]).

A variation of the construction process of the Strömsund Bridge was presented by
Gimsing [87]. This erection process (one-free cantilevering erection) is summarized in
Figure 2.5.B and includes the following four construction stages: (1) The deck in the
side spans is erected using temporary support. The pylon is erected when their piers
are reached. (2) The first deck segments of the main spans are installed in one-sided
cantilever. When the relevant anchor points in the deck are reached, the corresponding
stay cables or pair of stay cables are installed. (3) When half of the bridge has been
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Figure 2.6: Erection process of the Stömsund Bridge from [160].

cantilevered erected, the other half is erected. (4) The main span center is closed and
the deck is completed.

In the following section, the temporary supports erection method is described in
detail.

2.2.3 Temporary supports erection method

The temporary supports erection method uses temporary supports to avoid the re-
quirement of the erection in cantilever. In this section, the temporary supports erection
method is first described. Then, the main techniques to erect the deck, the pylon and
the stay cables are presented. Finally, the construction processes of several structures
built by this erection technique are reviewed.

Description

Many publications (such as Strasky [187], Podolny and Scalzi [160], Gimsing [87],
Fernández Troyano [74] or Walther et al. [201]) have defined the temporary supports
erection method in general terms. This erection technique is the most common one for
small and middle-span cable-stayed bridges in which the foundation enable the place-
ment of the temporary supports, and when these elements do not interfere with any
traffic below the deck. In this construction process the deck is first erected on a set
of temporary supports. Then, the stay cables are installed and stressed to transfer
the load counterbalanced by the temporary supports to the stay system. Finally, the
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Figure 2.7: Axial forces N and Bending moment M diagrams in a cable-stayed bridge
built on temporary supports: (A) Bridge deck on temporary supports, (B) Structure
in service. Adapted from [187].

bridge deck takes its desired geometry when the rest of permanent loads are applied
into the structure.

The main advantages of this erection technique are the following: (1) Conventional
construction techniques might be used. The construction of the deck and the pylon
might be carried out by conventional construction techniques. Therefore, the special-
ized consulting companies are only required during the tensioning process of the stay
system. This fact reduces the construction cost. (2) The unicity of the tensioning oper-
ation, without any geometrical drawback. This fact leads to the requirement of a lower
number of geometric verifications, with the consequent reduction of the construction
cost. (3) High stiffness of the partial structures arisen during construction. When the
stay cables are installed, the deck, the pylons and the set of temporary supports are
already present in the structural system. For this reason, the partial structures arisen
during erection are stiffer than those obtained by the cantilever erection method. This
characteristic leads to a more efficient control of the geometry and of the stay cable
forces. Figure 2.7.A presents the bending moments, M , and axial forces, N , in the
deck in an intermediate construction stage of a structure built on temporary supports
presented by Strasky [187]. This figure shows that the stresses in the deck are similar
to those obtained at the end of the construction process presented in Figure 2.7.B.
Finally, (4) Continuous deck enables the transportation on site: Erecting the deck con-
tinuously from one end to the other eases the transportation of men, equipments and
materials [87].
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The main disadvantages of the temporary supports erection method are related to
the placement of temporary supports [87]. In many cases, foundation and/or clearance
requirements under the deck will exclude the installation of these elements. In other
structures with high height decks or over a large water depth, the cost of erecting
the temporary supports will be prohibitive. In all these cases, the cantilever erection
method is usually chosen. Furthermore, it is important to take into account that the
higher the number of temporary supports, the higher the structural redundancy of the
partial structures arisen during erection and therefore, the more complex its structural
simulation is.

In the following section, the main methods to erect the deck, the pylons and the
stay cables of a cable-stayed bridge on temporary supports are presented.

Construction of the deck

A classical construction process of the deck of a cable-stayed bridge on temporary
supports is presented by Gimsing [87]. In the four stages process presented in Figure
2.8.A, the following main operations are performed: (1) The deck is successively erected
on temporary and permanent supports by any of the construction procedures used in
girder bridges. In the presented figure, derrick cranes are used to lift prefabricated deck
segments. (2) The decks are erected by any of the construction techniques presented in
Section 2.2.3. (3) The stay cables are installed by any of the construction techniques
presented in Section 2.2.3. In this stage these elements only need to be moderately
prestressed. (4) After the installation of all the stay cables, the temporary supports are
removed and their load is transferred to the stay system. As the deck deflects, to reach
the desired geometry after completion, it is necessary to erect the girder in an elevated
position. A variation of this process was used in the erection of the Toyosato-Ohhashi
Bridge, summarized in Figure 2.8.B. In this erection process, the several jacks were
used to lift up the deck before the stay cable installation. The desired geometry is
achieved when the jacks are released and the temporary supports are removed.

Nowadays, the designers usually follow two different approaches to deal with the
removal operation of the temporary supports. The first approach consists of removing
all the temporary supports at the end of the tensioning process (as in the construction
processes described in Figure 2.8). The main advantage of this approach is that it re-
duces the required deflection control during erection. On the other hand, this approach
complicates the structural analysis as for a certain construction stage the deck might
be lifted in one or several temporary supports. The alternative approach consists of
removing the temporary supports when they are raised throughout the tensioning pro-
cess. The main advantage of this process is that it helps to know the actual structural
system of the structure during the subsequent tensioning operations. For example, in
the Talavera de la Reina Bridge [162]. Nevertheless, this approach has the inconvenient
that a higher control of the deck deflections is required.
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Figure 2.8: Temporary supports erection method: (A) Adapted from [87], (B) Adapted
from [160].

The great versatility of the temporary supports erection method has lead to the
creation of many construction variants, such as the push out (also known as incremen-
tal launching) or the rotation method. Especially in Europe, the push out method has
been used to build many steel and composite cable-stayed bridges [160]. This erection
method is mainly applied when traffic below the deck cannot be interfered or when
cantilever erection is unpractical (e.g. due to a high height of the deck). In the push
out method, the all superstructure, or a part of it, is first erected at one or both bridge
abutments. Then, the completed or partially completed structure is launched hori-
zontally into place. Usually, to reduce the stresses of the girder during the launching
operation, a steel truss, which works as a launching nose, and a set of temporary sup-
ports are used. During launching, temporary stays might also be used to increase the
stiffness of the structure. Once the deck is placed into its final location, the rest of the
stays are installed and prestressed and the temporary supports are removed. Without
any doubt the most known bridge constructed with this technique, is the viaduct of
Millau [200]. A variant of the launching method was used in the Öberkassen bridge.
This bridge was build in a parallel location and then translated [75].

Figure 2.9 presents the launching process of two different bridges: (A) the Foot-
bridge over the Neckar river and (B) the cable-stayed bridge over the Odra river.
The main difference between the construction process of both structures refers to the
launched superstructure. In the former cable-stayed bridge, the completed superstruc-
ture (including the pylon and the stay cables) was launched while in the second one
only the bridge deck was launched. The construction stages of both structures are
summarized in Figure 2.9.
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Figure 2.9: Launching of the deck on temporary supports: (A) Footbridge over the
Neckar river [201] and (B) Cable-stayed bridge over the Odra river [31].

The main drawbacks of the launching method are as follows: (1) During the launch-
ing operation both hogging and sagging bending moments might be alternated at each
section. Thus, adequate simulation analysis is required to verify that allowable stresses
are not exceeded. (2) Adequate tensioning equipment is required to materialize the
launching operations. This equipment is usually composed by two jack sets: some
vertical (used to rift the deck up) and some horizontal (used to pull the deck). The use
of this equipment requires of specialized consulting companies. (3) During the launch-
ing operation the piers are working as cantilever, for that reason additional bending
strength, regarding the final stage, is needed in these elements to counterbalance the
loads during the construction process. (4) The deflections of all the piers and tempo-
rary supports must be monitored during the launching operations in order to assure
the right behavior of the structure. This process requires of specialized consulting
companies and increases significantly the construction cost. (5) Large amount of space
is needed in one or both bridge abutments in order to build the structure to be launched.

On the other hand, the rotation method consists of building a section of the bridge,
or the whole bridge, parallel to the river with traditional scaffolding. Once the stay
cable system is installed and prestressed, the bridge is rotated around the pylon base
until its final location is achieved. The design of the foundation and the pylon depends
enormously on the erection technique. Due to the rotation process, excessive out cen-
tered forces must be avoided. When the bridge is placed at its final location, a final
tensioning operation is carried out. The rotation method is traditionally used when
the bank rivers have enough space. The rotation process of this structure included the
following four (from I to IV) stages: (I) The two deck segments are built in either bank
of the river. (II) The first deck segment is rotated 88◦. (III) The second deck segment
is rotated 100◦. (IV) The final key is carried out to provide continuity [201].
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Logically, one of the requirements that must be taken into account to apply the
rotation method is the space. In fact, the free space along the river bank must allow
the construction of the cable-stayed bridge using conventional techniques as temporary
supports. One of the most important limitations of this method is the span of the
bridge. The longer the span, the more inefficient both structurally and economically
the rotation method is because bigger rotation devices will be required to rotate the
bridge. For that reason, this solution is not usually applied over large amounts of water.
Furthermore, it is important to take into account that the erection method must be
monitored in order to check in each moment that the movement of the bridge deck is
right.

Construction of the pylon

Depending on the material and the height of the pylon, different erection procedures
might be used. For steel pylons, the erection can be carried out by welding segments
placed in their desired location by mobile or floating cranes. Typically these segments
are designed as box girders with longitudinal and transverse stiffeners and they might
be fabricated with pre-cambers to reduce the pylon deformation.

Due to the evolution in the size of cranes, it has become possible to erect the entire
pylon in one or two pieces. For example, after assembling horizontally all the segments
of the steel pylons of the Nagoya (405m high) and the Ikuchi (490m high) bridges,
the entire pylon of both structures were placed at their desired location by floatable
cranes [74]. For very high pylons it is necessary to erect the upper part by a climbing
crane, which follows the pylon as it grows. Composite pylons might be carried out in
a similar manner; nevertheless, additional stages are required to fill the steel section
with concrete. An example of this construction process is found in the Soto de Rib-
era Cable-stayed bridge in Spain. For concrete pylons, either slipforming or climbing
formwork can be applied when casting the pylon. The slipforming will lead to short
construction periods because of the continuous casting.

In cable-stayed bridges with A or diamond-shaped pylons, the pylon legs are more
leaning and might produce considerable stresses, especially during construction. For
this reason, in these stages additional temporary supports between the two pylon legs
might be necessary. Traditionally, the pylons are flexible in the longitudinal direction
to follow the displacement of the cable stay system. Nevertheless, during the construc-
tion of the pylon, the stay cables might not be installed yet and thus, the pylon must
have the necessary strength against wind loads by itself. The most critical phase for
the pylon during the construction occurs when it reaches its full height with no stay
cables installed. During erection temporary stay cables or supports might be required.
The use of these two elements in the erection of the inclined pylon of the Yamuna
bridge at Wazirabad is presented in Figure 2.10.
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(A)
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Figure 2.10: Pylon erection of the Yamuna Bridge at Wazirabad: (A) Pylon with
temporary supports (B) Pylon with temporary supports and stay cables. Construction
Drawings from Gammon-Constructora, Cidade-Tensaciai JV and Schlaich Bergermann
und Partner.

Construction of the stays

The stay cables are either prefabricated in a plant and transported to the site for in-
stallation or fabricated on site. The required steps to assembly a prefabricated stay
are summarized in Figure 2.11.A. (1) The strands are cut to the required length of
the stay cable. (2) The stressing anchorage is fitted to one end of the strand bundle.
(3) The cables are combed and the the other end of the strand bundle is fixed. (4)
The polyethylene or steel tube for encasing the strand bundle is placed. Once the
prefabricated stay is assembled it can be transported on site to be installed at its lo-
cation. The installation process requires two additional stages. (5) The inclined stay
cable is brought into its inclined position. For this end, either site cranes or temporary
guying system might be used. (6) Finally, the strands located at the upper end of the
tubing are pulled preserving carefully the parallelism of the strands and fixed in the
anchor head by wedges. Another variant of this method is known as the pull-through
method is summarized in Figure 2.11.B. The construction and installation of the stays
by this method includes the following operations: (1) The cable bundle and the lifting
equipment are prepared. (2) The tubing is prepared by welding by welding individual
lengths together. (3) The tube is raised to its inclined position. (4) The cable is pulled
through the lower anchorage and the upper anchor head is fitted. (5) The strands are
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Figure 2.11: Fabrication, installation and tensioning of prefabricated cables of company
V SL. (A) Assemblage of prefabricated stay in plant and (B) Pull-through method of
fabrication in the final position. Adapted from [160].

stressed to a certain force and the lifting equipment is released. The devices used to
carry out this task are usually annular or multi-strand jacks.

It is important to highlight that both the installation and tensioning of prefab-
ricated stay cables have to be adapted to the particular conditions of each project,
SETRA [181]. For example, the cable-stay curvature should be limited to adequate
ranges.

Schematic erection of an individual strand composing a stay by the Stronghold
stays is summarized in Figure 2.12.A. These stages are as follows: (1) After pulling the
adequate length of the strand from the strand dispenser, the strand is placed inside the
sheath. Then, this element is installed at its location. (2) The first strand is stressed by
a mono-strand jack. (3) If required, the tension of the stay is adjusted with a heavier
jack.

When push-through method includes the assemblage of the stay cables strand-by-
strand, the construction sequence might be summarized as presented in Figure 2.12.B,
where the erection process of the V SL company is summarized. This process includes
the following steps: (1) The upper and the lower stay anchorages are installed. (2) The
polyethylene or steel tube is lifted into position. (3) The first strand is pushed-through.
(4) A mono-strand jack is used to stress the first strand. The force to be achieved in
this strand is such that the sheath comes near to its final position. (5) The sheath
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Figure 2.12: Installation of multi-strand stay cables on site: (A) Schematic erection
sequence of Stronghold stays, (B) Fabrication, installation and tensioning of strand-
by-strand stay cables of company V SL. Adapted from [160].

is fixed to the upper anchorage. (6) The second strand is pushed-through. (7) The
second strand is stressed to the length of the first strand. At this point the wedge is in-
troduced. (8) The remaining strands are pushed-through and stressed to the length of
the first strand and their respective wedges are introduced. (9) If required, additional
stressing or force readjustments are carried out by the multi-strand jack. According to
SETRA [181] appropriate measurements should be carried out to assure that strains
are parallel through their length.

Due to the flexibility of the structure, the tension of the individual strands of a
stay cable does not remain constant as it varies during the stressing operation of each
strand. To ensure the uniformity of forces in all the strains of a stay cable at the
end of the stressing operation, several patented methods might be used. One of the
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Figure 2.13: Isotension method: (A) Principle of Isotension and (B) Isotension prin-
ciple diagram (Freyssinet). Adapted from [160].

most commonly applied methods is the Isotension method developed by the company
Freyssinet. The technology of this method is summarized in Figure 2.13.A. This figure
shows that two different load cells are used in different strands. This system also in-
cludes a mono-strand jack. The stressing of a multi-strand stay cable by the Isotension
method might be carried out by the following steps: (1) The first strand is fixed to one
of the anchorages, and its other end is threaded into the other anchorage, and then cut
and stressed to a calculated force, which takes into account the foreseen deformation
of the structure. (2) The first strand is not yet wedged into the anchorage block, but
wedged in a special single anchoring device provided with a load cell which gives a
permanent reading of this force. (3) The second strand is then installed in a similar
manner, cut and stressed. When the stressing is carried out with a mono-strand jack
equipped with a load cell identical to the one indicating the force of the first strand.
(4) As the second strand is stressed, the force of the first strand decreases, and the
stressing operation is stopped when the readings of the two cells are identical. The
second strand is then anchored in the permanent anchor block. At this point the two
first strands are equally stressed. This process is carried out automatically by adequate
software developed by the prestressing company. (5) The third strand is then installed
and stressed until its force reaches the reading of the first strand (which decreases
jointly with the force of the second strand). When the same forces are reached, the
three strands are identically stressed. The variation of the stressing force per strand
throughout the Isotension method is presented in Figure 2.13.B. A linear approxima-
tion of the evolution of the strand forces in the strand-by-strand tensioning process
is presented in SETRA [181]. As in the Isotension method, this analysis includes the
stiffness of the structure into the stay cable direction. The results of this approximation
are close to the actual variation of tension on site for stay cables with a high number
of strands.
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In the following section, some examples of application of the different variants of
the temporary supports erection method are reviewed.

2.2.4 Examples of application

Conventional erection on temporary supports

• Donzére-Mondragon Bridge (France, 1952, Main span: 81m, Total Length: 160m):
Three-span structure with reinforced concrete deck, two reinforced concrete py-
lons and two stay cable plans in fan. This structure was one of the precursors of
the modern cable-stayed bridges. The superstructure of this bridge was erected
on general scaffolding with a hinge at the mid span (see [138]).

• Rhine River Bridge at Maxau (Germany, 1965, Main span: 175m, Total Length:
292m): Three-span structure with a steel box girder, one pylon and a single stay
cable plane in fan. The bridge deck of this structure was first built on temporary
supports. Then, the tower was erected and the stay cables were installed. To
prestress the stay cables, the tower saddles were jacked up. Finally, the temporary
supports were removed (see [74] and [160]).

• Toyosato-Ohhashi Bridge (Japan, 1969, Main span: 216m): Three-span struc-
ture with a continuous orthotropic box girder, a unique pylon and a single stay
cable plane in semi-fan. After building the deck of this structure on temporary
supports, it was jacked into position to enable the placement of the stay cables.
The maximum movements of the jack were close to 1.4m. Then, the jacks were
released and finally the temporary supports were removed (see [74] and [160]).
The construction process of this structure is summarized in Figure 2.8.B.

• Footbridge of the Glorias Catalanas (Spain, 1974, Main Span: 68m): One-span
structure with two-span accesses, one steel pylon and a single stay cable plane in
harp. The steel deck of this bridge was first assembled on scaffolding. Then, the
stay cables were prestressed in two tensioning operations (see [74]).

• Rokko Bridge (Japan, 1976, Main Span: 220m, Total length: 400m): Three-span
structure with a truss deck, two steel pylons and two stay cable planes in semi-
fan. The large bending stiffness of this structure reduced the necessity of a high
number of temporary supports and enabled the placement of large deck segments.
These segments were erected by floating cranes. After the location of the deck
segments, the stay cables were installed and prestressed (see [87]).

• Lixhe Bridge (Belgium, 1984, Main span: 126m, Total Length: 309m): Three-
span structure with a composite deck, two concrete pylons and two stay cable
planes in semi-fan. The steel beams of the composite deck were installed by
cranes on a set of temporary supports. After their connection by welding, the
concrete pylons and the top slab were built. Finally, after prestressing the stay
cables the temporary supports were removed (see [195]).
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• Öresund Bridge (Sweden, 2000, Main span: 490m, Total Length: 1092m): The
structure includes a truss girder, two pylons and two stay cable planes in harp.
The moderate water depths enabled the erection of the girder of this bridge prior
to stay cable installation. The total length of the suspended structure was divided
into eight segments (the longest one had a 145m length). These segments were
placed in their locations by floating cranes (see [87]).

• Golden Jubilee Bridge (United Kingdom, 2002, Main span: 53m, Total Length:
320m): This structure includes Mcalloy bars arranged in the harp form in both
edges of the reinforced concrete deck. The main deck segment was constructed
using the incremental launching technique. On completion of the launching, the
deck was jacked up. A floating crane was used to rise the pylons into their
location. After installation of all stay cables the deck was slowly lowered until it
was supported entirely by the stays. Finally, the temporary truss and tower were
removed (see [195]).

• Cable-stayed Bridge over the Odra River (Poland, 2011, Main span: 256m, Total
Length: 512m): This bridge includes two separate decks made of prestressed con-
crete. These decks are connected to a common pylon by mean of four stay cable
planes in semi-harp. The prestressed deck was first built on temporary supports
by the launching method (see Figure 2.9.B). Then, the stays were prestressed
and the temporary supports were finally removed (see [31]).

• Yamuna River at Wazirabad (India, 2014, Main span: 251m, Total Length:
675m): The composite deck of this structure includes precast concrete panels
to speed the erection process. This deck is connected to a boomerang shaped
inclined pylon, which is rigidly connected to the driving lanes and bend mid-way.
The back-stay cables as well as the main-span stay cables are arranged in harp.
A special detail of the bridge is that the self-weight of the pylon balances out the
self-weight of the superstructure through the eccentric location of its center of
gravity with respect to the pivot point of the pylon footing. This serves well to
reduce the load on the back-stay cables. In the construction process the deck is
first erected on temporary supports, then the pylon is erected using temporary
supports and stay cables (see Figure 2.10.A). Finally, after prestressing the stay
cables, the temporary supports are removed.

Some recent structures built in Spain: During the economic boom occurred in Spain
in the last decade, a number of short and middle span cable-stayed bridges were built.
The main characteristics of the construction process on temporary supports of some of
these structures might be summarized as follows:

• Alamillo Bridge (Sevilla, 1992, Main Span: 200m, Total Length: 250m): Two-
span cable-stayed bridge with a reinforced concrete deck. The stay cables are
arranged in a unique plane in harp. This structure uses a heavy inclined pylon
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made of reinforced concrete to avoid the use of backstay cables. In the con-
struction process, the deck was first built on temporary supports. Then, during
the construction of the pylon, the stay cables were successively installed and
prestressed. Finally the temporary supports were removed.

• Arriaca Bridge (Guadalajara, 2006, Main Span: 100.5m, Total Length: 201m):
Two-span cable-stayed bridge with a composite deck, a vertical pylon and a single
stay cable plane in harp. The composite deck of this structure was first erected
on a set of temporary supports. Then, the precast pylon was located at its final
location by two cranes and fixed to the deck and the foundation. Finally, after
prestressing the stay cables, the temporary supports were demolished (see [90]).

• Escaleritas Viaduct (Las Palmas de Gran Canaria, 2006, Main Span: 100m,
Total Length: 220m): One-span cable-stayed bridge with a composite deck, a
steel pylon and a single stay cable plane in harp. The steel structure of the
composite deck was first built on temporary supports. Then, the deck slabs were
successively concreted and the stay cables placed. After two tensioning operations
the temporary supports were removed (see [90]).

• Madrid Bridge over the Gran Valira River (Andorra la Vella, 2006, Main span:
21m): One-span cable-stayed bridge with a composite deck, and inclined pylon
and two planes of stay cables in fan. The main difficulty of the construction
process lied on the curved plan of the structure and on the singularity of the
stay cable system. The steel structure of the composite deck was first erected by
using temporary supports. Then, the first tensioning operation of the stays was
carried out. Next, the temporary supports were removed and the deck slab was
concreted. Finally, the axial forces of the stays were adjusted (see [90]).

• Rozas Gate Bridge (Madrid, 2007, Main Span: 102m): One-span structure with
a composite deck. This bridge includes and inclined pylon and a single stay cable
plane in semi-harp. The steel structure of the composite deck was first erected on
temporary supports. Then, the deck slab is concreted. Next, the steel pylon was
assembled at its final location and welded to the foundation. Finally, the stay
cables were prestressed in several stages in a controlled manner until the raising
of the temporary supports (see [90]).

• Access bridge to the Science and Technology Park of Cantabria (Santander, 2007,
Main Span: 72m). Two-span cable-stayed bridge with a composite deck. The
structure includes an inclined pylon and a single stay cable plane in semi-harp.
During the construction process, the steel structure of the composite deck was
first placed on four temporary supports. Then, the concrete slab was concreted.
Next, the steel pylon was placed and welded to the foundation. To counterbalance
the weight of this inclined pylon, provisional backstays and temporary supports
were placed. Finally, the stays were prestressed by stages in a controlled manner
until the lifting of the temporary supports (see [90]).
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• Bridge over the Sec River (Castellón, 2007, Main span: 90m, Total Length:
105m): Two-span cable-stayed bridge with a prestressed concrete deck. The
structure includes a vertical pylon and a single plane of stay cables in semi-harp.
In this structure the deck and the pylon were erected at the same time. In
the construction of the composite pylon, the steel structures of the pylon were
first placed and welded and then they were concreted. The concrete deck was
successively built on scaffolding. When the superstructure was finished the stay
cables were prestressed. Finally, the scaffolding and the temporary supports were
removed (see [90]).

• L’ Assut de L’ Or (Serreŕıa) Bridge (Valencia, 2008, Main span: 160m, Total
Length: 227m): Cable-stayed bridge with steel deck pylon. The main span
includes a single stay cable plane in harp. The pylon of this structure uses two
vertical bars as backstays. During the construction process, the steel deck was
first erected on a set of temporary supports. Then, throughout the erection of the
steel pylon, a set of temporary stay cables were used to counterbalance the pylon
weight. Next, the backstay bars were placed and the temporary stay cables were
successively substituted for the definitive ones. Finally, the temporary supports
were removed (see [90]).

• Bridge over the Turia River (Valencia, 2010, Main span: 90m, Total Length:
145m): Two-span cable-stayed bridge with composite deck and an inclined py-
lon. The most significant characteristic of this structure is the fact that included
recycled concrete. In the construction process the pylon was first built on scaf-
folding. Then, the bridge deck was built on temporary supports. Finally, after
prestressing the stay cables, the temporary supports were removed.

• Albox Bridge (Spain, 2010, Main Span: 64m, Total Length: 111.5m): Two-
span structure with a bridge deck made of prestressed concrete. The loads in
the deck are transferred to an inclined pylon made of concrete by a single stay
cables plane in semi-harp. In the construction process, the pylon and the deck
were first built on scaffolding. Then, two tensioning operations were applied to
transfer the loads of the temporary supports to the stay cable system. In the
first tensioning operation, the stay cables were prestressed until the 50% of their
desired final force. Then, during the second tensioning operation the stay cable
forces were adjusted and the temporary supports were successively removed when
lifted (see [90]).

• Buenavista Footbridge (Toledo, 2010, Main span: 97m): This cable-stayed bridges
includes a unique span. The bridge deck is made of steel. The loads in the deck
are transferred to an inclined steel pylon by one stay cable plane in semi-harp.
In the construction process of this structure, the steel deck segments were first
assembled on a set of temporary supports. Then, the steel pylon was assembled
and welded to the foundation. Next, the stay cables were prestressed and finally,
the temporary supports were removed.



State of the Art 31

• Soto de Ribera Bridge (Oviedo, 2010, Main span: 93m, Total Length: 186m):
Two-span cable-stayed bridge with an inclined composite deck. It includes a py-
lon with two stay cable planes arranged in semi-harp. This structure is located
over a railway and a river. The deck segments over the railway were built on tem-
porary supports while the deck segments over the river were built in cantilever.

• Talavera de la Reina Bridge (Talavera de la Reina, 2010, Main span: 318m,
Total Length: 729m): The weight of the prestressed deck of this structure is
transferred to an inclined pylon by two stay cable planes in harp. Two planes of
backstays are used to transfer the loads from the pylon to the foundations. During
the construction process, the whole deck was first erected on 144 temporary
supports. Then, the pylon was erected using part of the stay cable system to
transfer its weight to the bridge deck. In an initial tensioning operation all the
stay cables were prestressed the 80% of their prestressing force in service. This
value enabled the lifting of the temporary supports and eased the computation
as the structural system was known. Finally, a second tensioning operation was
carried out (see [162]).

Push out method

Launching with temporary stay cables:

• Bridge over Jülicher Street (Germany, 1974, Main Span: 98.7m, Total length:
162.3m): Three-span cable-stayed bridge which cross section consists of an or-
thotropic deck. It includes two pylons with a central stay cable plane in fan. The
bridge was completely built at one abutment and then it was launched to the other
one. During the launching, temporary supports were used and the prestressing
forces of the stay cables was updated in several stages (see [74] and [160]).

• Bridge over the Franklin Street (Germany, 1974, Main Span: 125 m): Three-
span structure which cross section consists of an orthotropic deck. It includes
two pylons with a central stay cable plane in fan. This structure was erected
using the same procedure described in the erection process of the bridge over
Jülicher Street (see [74] and [160]).

• Milán-Certosa Bridge (Italy, 1989, Main span: 90m, Total Length: 180m): Three-
span structure with a concrete deck and two pylons with two stay cable planes
in semi-harp. The bridge was built by two halves. Each of these halves was
erected on scaffolding at each of the abutments. Then, the stay cable system was
installed and prestressed. Next, two bridge halves were launched to their final
location without the need of temporary supports. Finally, the closure joint was
casted and concreted on site (see [74] and [160]).

• Millau Viaduct (France, 2004, Main Span: 342m, Total Length: 2460m): Eight-
span cable-stayed bridge with a steel deck and six pylons. The stay cables are
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arranged in a single vertical plane in semi-harp. This structure is the longest
cable-stayed bridge ever built by the launching technique. The main conditioning
that leaded to this erection process was the height of the towers, which reach the
245 m above ground. The bridge was built in two halves at each abutment. These
structures were launched from both abutments. Finally, the closure element was
assembled. To avoid excessive stresses and deflections in the pylons during the
launching, these elements were carefully monitored (see [200]).

• Arbizelai Viaduct (Spain, 2009, Main span: 140.4m, Total Length: 408.7m).
Three-span structure with a composite box deck, two composite pylons and a
single stay cable plane in semi-harp. The bridge was built in two halves. Each
of these halves was assembled on scaffolding on each of the abutments and they
were stiffened by a system of temporary stay cables. Then, the bridge halves were
launched from both abutments. Finally, the final stay cable system was installed
and prestressed (see [90]).

• Öberkassel Bridge (Germany, 1972, Main span: 257.5m, Total Length: 590.5m):
The cross section of this cable-stayed bridge consists of an orthotropic steel girder.
This structure includes a pylon with a single stay cable plane in harp. The bridge
was built parallel to its final location on temporary supports and then positioned
at its location by a lateral translation. The main span of this structure was
erected in cantilever (see [201]).

Launching without temporary stay cables:

• Paris-Masséna Bridge (France, 1960, Main span: 161.5m, Total Length: 528.5m):
The cross section of this cable-stayed bridge is formed by two orthotropic box
girder reinforced by concrete slabs. The structure includes two steel pylons and
the stay cables are arranged in a single vertical plane in harp. The bridge deck was
launched from both abutments without temporary stay cable system. Then, the
pylons were erected and the stay cables were installed and prestressed. Finally,
the center of the main span was assembled into position by cantilever (see [160]
and [74]).

• Metten Bridge (Germany, 1981, Main Span: 145m, Total length: 619m): Nine-
span structure with a concrete deck and a unique pylon. The stays are arranged in
a single vertical plane in fan. The concrete deck of this bridge was launched from
one abutment. Then, the pylon was erected by a climbing formwork. Finally, the
stay cables were installed and prestressed (see [160] and [74]).

• Wandre Bridge (Belgium, 1989, Main span 168m, Total length: 342m): Two-
span structure with a concrete deck and a unique pylon. The stay cables of this
structure are arranged in a single vertical plane in semi-harp. The bridge deck
was launched from one abutment and the concrete pylon was built. Then, the
stay cables were installed and prestressed and finally, the temporary supports
were removed (see [160] and [74]).
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Rotational method

• Bridge over the Danube Canal (Austria, 1975, Main span: 119m, Total Length:
230.4m): Three-span structure which cross section consists of a concrete box
girder. The structure includes two pylons with a two stay cable planes in fan. The
erection of this bridge was unique at its time because the construction operations
were not allowed to interfere with the navigation on the canal. The bridge was
built in two halves. Each of these halves was built on scaffolding on a different
bank and parallel to the canal. Then, the stay cable system was installed and
prestressed and the two bridge halves were rotated into their final position. To
enable the rotation of the deck, the pylon and the decks were sat on a bearing
formed by steel plates. Finally, the closure joint was casted and concreted on site
(see [160] and [74]).

• Meylan Footbridge (France, 1979, Main span: 79m, Total length: 119m): Three-
span structure with a prestressed concrete deck, two concrete pylons and one
stay cable plane in semi-harp. The bridge was built in two halves. Each of these
halves was built on scaffolding on one river bank. Then, the stay cable system
was installed and prestressed. To reach their desired location, the two halves of
the bridge were rotated in three operations. Finally, the closure joint was casted
and concreted on site (see [160] and [74]).

• Illhof Footbridge (also known as Van Eyck Bridge) (France, 1980, Main span:
63.5m, Total length: 83.5m): Two-span structure with a lightweight concrete
deck, a unique concrete pylon and two stay cable planes in semi-harp. This
structure was first erected on temporary supports on one abutment. Then, after
placing and prestressing the stay cables, it was rotated to its final location (see
[160] and [74]).

• Ben-Ahin Bridge (Belgium, 1988, Main Span: 168m, Total length: 341m): Five-
span cable-stayed bridge with a prestressed concrete deck, a unique concrete
pylon and two stay cable planes in semi-harp. The Ben-Ahin Bridge is one of
the largest structures ever built by the rotation method. First, the bridge deck
and the pylon were erected on one river bank. Then, the stay cable system was
installed and prestressed. Finally, the complete structure was rotated to its final
location (see [75]).

• Gilly Bridge (France, 1990, Main span: 103m, Total length: 154m): Two-span
structure with a prestressed concrete deck, an inclined concrete pylon and two
stay cable planes in semi-harp. After building the deck and the pylon on a river
bank, the bridge was rotated until reaching its desired location (see [74]).

• Oxford Bridge (France, 1991, Main span: 119.5m): The main characteristics and
the construction process of this structure are very similar to those of the Gilly
Bridge (see [74]).
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• Puget-Théniers Bridge (France, 2005, Main span: 66m, Total Length: 94.5m):
The main characteristics and the construction process of this structure are very
similar to those of the Gilly Bridge (see [74]).

A summary of the main characteristics of the reviewed structures is presented in
Table 2.1. This table includes the completion year, the cable-stayed bridge name,
its main span, its deck material (Reinforced concrete, RC, Prestressed concrete, PC,
Composite, C, or Steel, S) as well as the erection process (Temporary supports, TS,
Translation, T , Launching, L, Cantilever, Ca, and Rotation, R).

2.2.5 Comparison

A summary of the main advantages, disadvantages and typical use of both the can-
tilever and the temporary supports erection methods is presented in Table 2.2.

In the following section a review of the importance and complexities of the simula-
tion of the erection process of cables-stayed bridge is presented.

2.2.6 Simulation of the erection process

The importance of simulating the construction process of a cable-stayed bridge has been
stated by many researchers and practitioners (see Podolny and Scalzy [160], Nazmy [13]
and Cruz et al. [61]). For example, the construction process frequently leads to two
kinds of errors (Kasuga et al. [114]): the tension force error in the prestressed stay
cables, and the geometric error in controlling the elevation of the deck. To minimize
these errors, the construction process of the structure must be monitored and adjusted;
otherwise errors may accumulate and the structural performance may be substantially
influenced (see Han and Yan [97]). The simulation of the construction process must
also verify that critical construction control parameters, such as girder and pylon de-
flection, stay cable tension or stresses, do not exceed allowable safety values at any
time during construction.

The simulation of the construction process is associated with the following compu-
tational difficulties: (1) The cable-stayed bridges are statically highly redundant struc-
tures. (2) The structural system is continuously changed during erection. Therefore, it
is necessary to analyze the partial structures arising at each stage. (3) Every construc-
tion stage is subjected to the influence of all preceding and subsequent construction
operations. Thus, any change in the characteristics of the load-bearing elements dur-
ing construction, modifies the behavior of the entire load-bearing system. For example,
every time a stay is prestressed, the stresses in all the rest of load-bearing elements
(deck, pylon and the rest of stays) are modified. (4) The simulation of the construction
process must assure the achievement of a certain target state at completion (Objective
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Table 2.1: Summary of cable-stayed bridges built on temporary supports

Year Name Main Span (m) Deck Erection
1952 Donzŕe-Mondragon Bridge 81 RC TS
1960 Paris-Masséna Bridge 161.5 RC TS + T
1962 Rhine River Bridge at Maxau 175 S TS
1969 Toyosato-Ohhashi Bridge 216 S TS

1972 Öberkassel Bridge 257.5 S TS + T
1974 Bridge over Jülicher Street 98.7 S TS + L
1974 Bridge over the Franklin Street 125 S TS + L
1974 Footbridge of the Glorias Catalanas 68 S TS
1975 Bridge over the Danube Canal 119 RC TS +R
1976 Rokko Bridge 220 S TS
1979 Meylan Footbridge 79 PC TS +R
1980 Illhof Footbridge 63.5 RC TS +R
1981 Metten Bridge 141 RC TS + L
1984 Lixhe Bridge 126 RC TS
1988 Ben-Ahin Bridge 168 PC TS +R
1989 Milán-Certosa Bridge 90 RC TS + L
1989 Wandre Bridge 168 RC TS + L
1990 Gilly Bridge 103 PC TS +R
1991 Oxford Bridge 119.5 PC TS +R
1992 Alamillo Bridge 200 RC TS

2000 Öresund Bridge 490 S TS
2002 Golden Jubilee Bridge 53 PC TS
2004 Millau Viaduct 342 S TS + L
2005 Puget-Théniers Bridge 66 PC TS +R
2006 Arriaca Bridge 100.5 C TS
2006 Escaleritas Viaduct 100 C TS
2006 Madrid Bridge 21 C TS
2007 Rozas Gate Bridge 102 C TS
2007 Access Bridge in Cantabria 72 C TS
2007 Bridge over the Sec River 90 PC TS
2008 L’ Assut de L’ Or Bridge 160 S TS
2009 Arbizelai Viaduct 104.4 C TS + L
2010 Buenavista Footbridge 97 S TS
2010 Albox Bridge 64 PC TS
2010 Bridge over the Turia river 90 C TS
2010 Talavera de la Reina Bridge 318 PC TS
2010 Soto de Ribera Bridge 93 C TS + Ca
2011 Cable-stayed Bridge over the Odra River 256 PC TS
2013 Yamuna Signature Bridge at Wazirabad 251 C TS

Table 2.2: Comparison between erection methods

Erection Method Advantages Disadvantages Typical use

Cantilever
Minimum affection Specialized construction Long-span bridges
Bridge over water Long span to be economic Bridges over water
Many variants Flexible structures during construction No traffic affection

Temporary supports

Stiff structures during construction Good terrain required Short and middle span bridges
Conventional construction techniques Traffic affection Urban bridges
Deck enable material transportation Predicting support lifting
Many variants
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Figure 2.14: Backward and Forward simulation approaches.

Service Stage, OSS). Thus, the simulation of the erection process must guide the ten-
sioning operations on site to achieve the OSS.

Traditionally, the simulation of any construction process might be carried out ac-
cording to two different approaches: the Backward and the Forward approach. On the
one hand, in the Backward approach the structure is simulated according to the oppo-
site construction sequence followed on site. Therefore, it can be said that the structure
is disassembled from the desired state to be achieved at completion according to the op-
posite construction sequence on site. On the other hand, the Forward approach follows
the actual construction sequence on site. Both simulation approaches are summarized
in Figure 2.14, where a different arrow is used to indicate the simulation direction of
each approach. An alternative simulation approach is the Direct approach. In this
approach, a certain construction stage might be directly analyzed by an independent
FE model, this is to say, without requiring information of the preceding or subsequent
construction stages. This approach is explained in detail in Chapter 3.

Several researchers (see e.g. [166]) have recommended methods based on the back-
ward approach to overcome the computational difficulties of the simulation of the
cantilever erection of cable-stayed bridges. Han and Yan [97] proposed a backward
simulation of prestressed concrete cable-stayed bridges built by free cantilever method.
This analysis starts with the target structural state (OSS) to be achieved after com-
pletion when all the time-dependent deformations of concrete are completed. The
structural deformations and internal stresses at each construction stage are calculated
by the following steps: (1) After introducing the input data, the OSS is calculated.
(2) The time-dependent phenomena effects (such as creep and shrinkage) are removed.
In this way, the state of the structure at the end of the construction process (Objec-
tive Completion State, OCS) is obtained. (3) The permanent dead loads (such as
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curbs, pavement or fences) are removed. (4) The traveler and other temporary loads
and supports are applied. (5) The center segment is removed. In this way, each semi
structure might be analyzed separately. (6) The form traveler is moved backwards. (7)
The weight of the concrete of a pair of segments is removed. (8) The corresponding
stay cable or pair of stay cables is removed. (9) The corresponding deck and/or pylon
segments are removed. The steps 6 to 9 are repeated by a construction stage loop until
the structure is completely disassembled. A flow chart of this backward simulation
is presented in Figure 2.15.A. Similar simulation is proposed by Walther et al. [201].
Behin [28] and Behin and Murray [29] proposed a substructure-frontal technique that
started the calculation in the reference configuration of the completed bridge. In this
technique, nonlinearities for P-Delta effects were included by a continuous updating
of the geometric configuration and nonlinearities from stay cables were included by
using catenary equations. Fan et al. [71] proposed a method to define the optimum
stay cable forces from a backward analysis that included the creep effect. Mao et
al. [137] proposed a backward-analysis based on the creep aging theory for erection
of concrete cable-stayed bridges. The results of this method were compared with field
measurements of a long-span cable-stayed bridge. Wang et al. [203] proposed a method
for finding the initial shape of bridge structures during the cantilever erection method
from a backward approach. This procedure is summarized in Figure 2.15.B.

Several methods to include the time-dependent phenomena from a backward ap-
proach have been developed for the cantilever erection method. In these methods,
either the associated strains are introduced with negative values or a modified Young’s
modulus is used [137]. Nevertheless, as the backward modeling is carried out accord-
ing to the opposite time direction, these methods can only approximate the effects of
the time-dependent phenomena during erection, unless a global iterative process or a
backward-forward analysis is performed. For example, Yang and Sun [210] proposed a
mixed backward-forward procedure known as the nonlinear back-running analysis. In
this method, the structure is initially analyzed backwards without including the effect
of the time-dependent phenomena. Then, the results of this calculation are used to
carry out a forward-calculation where the effects of the creep and the shrinkage are ob-
tained. Finally, in the next backward-calculation, equivalent loads are added to include
the effect of time-dependent phenomena. Nevertheless, for a more suitable modeling of
the time-dependent phenomena effects a forward simulation time to time is commonly
applied. Several methods based on the forward approach have been proposed for the
simulation of cable-stayed bridges built by cantilever. Han and Yan [97] proposed a
forward simulation of prestressed concrete cable-stayed bridges built by free cantilever
method. This simulation is carried out according to the flow chart presented in Figure
2.16.A. Reddy et al. [166] proposed a nonlinear Finite-element methodology for the
stage-by-stage construction of cable-stayed bridges. The results of this method were
compared with field measurements of a long-span cable-stayed bridge. Wang et al. [203]
proposed a forward analysis that exactly followed the actual erection sequence of the
cantilever erection method. This method was based on an iteration process known as
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Figure 2.15: Backward simulation of the cantilever method presented in the literature:
(A) Han and Yan [97] and (B) Wang et al [203].

the shape finding analysis [204]. The flow chart presented in Figure 2.16.B. summarizes
the main steps of this algorithm.

Independently of the simulation approach, most of the methods proposed in the lit-
erature apply the linear superposition of stages (superposition of stages principle). This
hypothesis assumes that any construction stage might be obtained from the following
(backward approach) or the preceding (forward approach) construction stage. There-
fore, geometry and stress state of intermediate construction stages cannot be directly
analyzed, this is to say without simulating all the following or preceding construction
stages. An alternative to the superposition principle, in which each construction stage
is analyzed by an iterative process proposed in [204].

The simulation of the construction process of cable-stayed bridges includes also
several peculiarities. For example, during the tensioning process, the structural system
might change as one or several temporary supports might be lifted. For example Somja
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and Ville de Goyet [186] proposed a general procedure to simulate the construction pro-
cess of stayed structures including time-dependent phenomena effects. This procedure
is only explained in detail for cantilever structures. Nevertheless, and despite the num-
ber of cable-stayed bridges built by this technique, the temporary supports erection
method is only described in general terms in the literature (see e.g. [160]). Another
difficulty of the simulation of the construction process of cable-stayed bridges built on
temporary supports is the definition of the required tensioning operations. Naturally,
this would be a simple problem if all the stay cables could be stressed at the same time,
but the limitation of the tensioning equipment makes this very unlikely. Calculation is
thus needed to find the initial prestressing force to be introduced into each stay cable,
in the knowledge that all preceding and subsequent tensioning operations will change
the value of this force.
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2.3 Objective Service Stage (OSS)

One of the first steps in the definition of a construction process is the definition of
a target geometry and stress state to be achieved in service. This stage is known as
the Objective Service Stage (OSS). In the OSS, a given load hypothesis, the target
load, TL, defined as the sum of the permanent loads and a percentage of the overloads
(usually between 0 and 50%), is counterbalanced by several resistant mechanisms. All
these resistant mechanisms are related, to a greater or lesser extent, with the tensile
forces of the stay cables. Since the cable-stayed structure is a highly indeterminate sys-
tem, there is no unique solution for calculating the stay cable forces in the OSS. The
pretensioning forces in the stay cable represent a design parameter that can be tailored
to achieve an effective design for the bridge (such as fully utilize material strength or
minimize structural cost). However, as the number of the stay cables increases, the
evaluation of the proper set of stay cable forces in service becomes a challenging exer-
cise.

Many of the criteria proposed in the literature to estimate the stay forces in the
OSS are reviewed by many authors (see Guan [96], Chen et al. [54], Hassan et al. [99]
or Lozano-Galant et al. [128]). The main criteria are as follows: (1) the Pendulus
Rule, (2) Minimization of the Creep Effect Criterion, (3) the Minimal Bending Energy
Criterion, (4) Rigidly Supported Continuous Beam Criterion, (5) Zero Displacement
Criterion and (6) Optimization Criterion. The main characteristics of these methods
are summarized in the following lines.

The Pendulus Rule (see Virlogeux [198], SETRA [181], Grabow [95], and Quin-
tana [163]) assumes that, because of the flexibility of the decks of modern cable-stayed
bridges, the tension of each intermediate stay cable is close to the tension obtained
when the deck is hinged at each stay anchorage point. This criterion is a simplified
method usually applied by the designers as a first approximation of the stay cable
forces in the OSS in nearly horizontal decks. From this criterion, the stay cable forces
might be estimated as the projection in the stay cable direction of the averaged load
introduced into the two adjacent deck segments of the stay cable. Gimsing [87] devel-
oped easy hand-formulae to predict the cable forces by taking the stiffness of the girder
and pylon into consideration.

The Minimal Creep Effect Criterion (see Scotti [180]) defines the stay cable forces in
the OSS to minimize the creep effect in concrete structures with vertical stay cables.
In order to analyze the creep effects, this method applies the age-adjusted effective
modulus method [27]. The long-term behavior of the bridge is simplified as a sequence
of discrete steps in which the bridge can be studied as a pseudo-elastic structure. The
calculation of the stay cable forces is carried out by solving a system of equations.
These equations relates the deflections at the deck when unitary loads are applied into
the stay cables and when the target load is applied into the structure.
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The definition of the stay cable forces carried out by the Minimal Bending Energy
Criterion [69] is based on the minimization of the bending energy of the structure. This
method is explained in detail in Chapter 5. A variant of this method was presented by
Yan [209] who minimized the bending strain energy to define the stay cable forces.

The Rigidly Supported Continuous Beam Criterion (Manterola et al. [136], Chen et
al [54], and Gimsing [87]) assumes that the long-term behavior of a cable-stayed bridge
corresponds with that of fictitious rigidly continuous beam. This beam is defined by
removing the stay cables and adding fictitious bearings at the connections between the
bridge deck and the stay cables. The tensile forces in the stay cables can be obtained
by projecting the vertical reactions of the corresponding fictitious supports into the
stay cable inclinations. According to Guan [96], the calculation of the prestressing
forces (or strains) to be introduced into the stay cables to reproduce the pursued pre-
stressing forces in the OSS might be obtained by two different procedures: the crisp
and the fuzzy target. The crisp target is based on the analysis of the bending mo-
ments at certain control points. The prestressing forces of the stay cables are defined
to achieve the bending moments of the fictitious continuous beam. This procedure
might be summarized as follows: First, the bending moments at the control points
due to a unit prestressing for each stay cable are clustered into an influence matrix.
Then, the bending moments at the control points obtained under the action of the
dead load with passive stay cables, are calculated. Finally, the prestressing stay cable
forces might be deduced from a system of equations. The Unit Load Method (Janjic
et al. [108] and [109]), proposes a generalization of this procedure as it is applied for
any bending moment distribution at any target degree of freedom. This method also
includes the effects of the geometric nonlinearities. Lee et al. [121] applied the Unit
Load Method to optimize the tensioning strategy for asymmetric cable-stayed bridges.
On the other hand, the fuzzy target, also known as the satisfaction degree analysis
defines the prestressing stay cable forces by maximizing an objective function [81]. In
this analysis the stay cable forces are bounded into an acceptable range of values.

The Zero Displacement Criterion (Lazar et al. [120] and Wang et al. [204]) assumes
that a certain set of deflections conveniently selected are zero in the OSS. A common
criterion consists of defining zero vertical deflection at the deck-stay connection and
zero horizontal deflection at the top of the pylon in structures with backstays. Accord-
ing to Guan [96], the prestressing forces (or strains) used to reproduce the prestressing
forces in the OSS might be calculated by a direct or an iterative approach. In the
direct approach the inverse of an influence matrix is used. This matrix shows how
prestressing each stay cable affects the deflections at every control point. Wang et
al. [204] introduced the Zero Displacement Criterion in an iterative process. In this
process, the prestressing stay cable forces are successively updated to minimize the de-
flections at the control points. This procedure might be defined as follows: Firstly, an
initial structure with zero tension forces in the stay cables is analyzed. This structure
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produces large deflections at the control points and passive stay cable forces appear.
Although this configuration satisfies the equilibrium conditions, it does not lead to zero
deflections at the control points. Thus, the prestressing stay cable forces determined in
the previous step are used as initial cable forces, and a new equilibrium is determined.
In this equilibrium the deflections at the control points will be reduced since higher
prestressing forces appear in the stay cables. This process is repeated until a certain
tolerance defined by the designer is achieved. In addition to the methods reviewed by
Guan [204], methods such as the Minimization of the Sum of Squares Method [206]
and the B-spline curve criterion ( [99] and [98]) are based, to a great extend, on the
analysis of the bridge deflections. The Minimization of the Sum of Squares Method
criterion defines the prestressing stay cable forces by an optimization analysis in which
the summation of the squares of the vertical deflections along the bridge deck are min-
imized. On the other hand, the B-spline curves criterion proposes the optimization, by
mean of genetic algorithms, of the post-tensioning functions to achieve minimum deck
deflections. These post-tensioning functions are defined by using B-spline curves.

In the Optimization Criterion (Baldomir et al. [22] and Negrao and Simoes [150]),
the prestressing stay cable forces in the OSS are chosen based on the minimization
of a scalar objective function. Different tendencies are used to define these objective
functions. Some designers base their objective functions on the structural efficiency
while some other designers base it on the economy of the structure. Simoes and Negrao
[184] developed a multi-criteria analysis to define the main parameters that govern
the structural behavior of the cable-stayed bridges. This analysis was based on the
following restrains: reducing the cost of the structure, obtaining adequate stresses,
minimal axial forces into the stays and deformations of the structure into a security
range. To reduce the computation time of the optimization process used to define the
prestressing stay cable forces, Lute et al. [131] proposed the use of genetic algorithms.

2.4 Construction control system

Traditionally, after the construction process is completed, the bridge should have
achieved its OCS. Nevertheless, many errors might deviate the actual response of
the structure from the simulated one. According to Guan [96], the most common
sources of errors appearing in the construction process of a cable-stayed bridge can be
classified as: (1) Structural analysis errors, (2) Construction and fabrication errors,
(3) Environmental errors and (4) Measurement errors. The structural analysis errors
(also known as modeling errors) are produced by the differences between the idealized
model of the structure and the real one. These errors are produced by wrong ma-
terial properties (such as densities, Young’s modulus or time-dependent phenomena
coefficients), wrong mechanical properties of the load-bearing elements (such as areas
or inertias), wrong value of the applied permanent loads (such as self weight), wrong
boundary conditions and incorrect numerical simulation. The construction and fab-
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rication errors are caused by imperfections during the fabrication and erection of the
different load-bearing elements of the structure. These errors include incorrect member
lengths (e.g. when a steel segment is not properly fabricated), incorrect member in-
stallation (e.g. steel segments misaligned), incorrect connections (such defects in joints
details). Environmental errors are produced by the environmental factors (such as
temperature or humidity fluctuations on site). This kind of errors cannot be avoided.
Measurement errors depend on the precision of the monitoring equipment used. All
these errors can lead to poor construction quality. For this reason, a proper adjustment
of the construction process is required to guarantee structural safety and to reach the
target design. The completed structure must provide an adequate match between the
geometric profile and the designed shape and their stresses must be within the design
envelope values [97].

The first step to minimize the differences between the actual and the simulated
structure consists of measuring the actual behavior by an adequate Monitoring sys-
tem. The information obtained by this system might be then included in an adjustment
control algorithm. According to Guan [96], the adjustment methods presented in the
literature can be classified into two different categories: girder elevation and stay cable
prestressing adjustment and Structural System Identification (SSI) defined in detail
in the next section. The basic method of construction control consists of adjusting the
girder elevation and the stay cable prestressing forces. Geometric adjustment of the
segments might be enough to correct small errors in the girder elevation. For higher
errors, it is necessary to modify also the internal forces of the structure by adjusting
the prestressing forces of the stay cables [97]. For example, Lin [124] used Kalman’s
Filters to analyze the construction process of cable-stayed bridge from a stochastic
point of view. The main trade off of this method is the requirement of adjusting every
installed stay cable in a given stage which is time consuming and costly. Nakayama et
al. [148] proposed a multi-objective optimization criterion to correct high deviations.
This procedure minimizes different types of residual errors (including the cable tension
and camber error). According to Guan [96], the main inconvenient of this method is
the fact that a high human-computer interaction is required throughout the iterative
process.

According to Han and Yan [97], a typical cable prestressing adjustment method
might be divided into four connected systems (measurement system, error analysis
system, control/prediction system and analysis of new design value system). An exam-
ple of a construction control system of the girder elevations and the prestressing forces
of the construction process of a prestressed concrete cable-stayed bridge is proposed
by Takuwa [190]. The flow chart that summarizes this method is presented in Figure
2.17. This procedure is as follows: (1) Measurement: The information measured by
the monitoring system (e.g. girder deformations and stay cable forces) and obtained in
laboratory tests (e.g. concrete Young’s modulus) is introduced into the algorithm. (2)
Error analysis: After measuring the temperature effects, the effects of these errors are
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removed. Then, a sensitivity analysis is carried out to analyze the role that each of the
structural parameters (such as the girder stiffness or the Young’s modulus) play in the
structural behavior of the structure. The stay cable forces and the girder elevations are
adjusted to correct the detected errors. (3) Control/prediction: When the differences
between the measured and the design values exceed the defined tolerance, a prediction
analysis is carried out. In those cases, when the differences between the prediction and
the design value exceed the defined tolerance, an adjustment of the form-work elevation
is carried out. (4) Analysis of new design value: If after the adjustment described in
the preceding stage high differences between the prediction and the design values are
obtained, the cable forces and the girder elevation are adjusted.

The main trade off of the girder elevation adjustment methods is that they as-
sume the minimization of differences between measured and designed state can lead
to successful construction control. Nevertheless, in some cases the FEM used during
simulation does not necessarily represent the actual characteristics of the real structure
(e.g. when the FEM includes deviations in the assumed mechanical characteristics of
their load-bearing elements). For this reason, forcing the real bridge to obey the re-
sponse given by simplistic and inaccurate models might cause the deterioration of the
structure [96].

A different approach is followed by the construction control methods based on the
SSI. These methods assume that the characteristics of the Finite Element Model used
in the simulation might differ from the actual characteristics of the structure. For ex-
ample, the Young’s modulus, the self-weight of structural members and time-dependent
phenomena coefficients of the numerical model of a concrete cable-stayed bridge usu-
ally will differ with those of the actual structure. The aim of the SSI methods is to
identify the true values of the set of uncertain design parameters. The updated values
of the parameters enable a more accurate FEM that reduces the differences between
the modeled and the actual structure. Nevertheless, the resultant errors cannot be
eliminated completely by the SSI because of the effects unavoidable stochastic errors
(such as environmental errors). Thus, to improve the accuracy of the construction
control of the SSI methods, Guan [96] presented a method that introduced the cable
tension adjustment techniques. This procedure is composed of the following three sub-
systems: (1) Optimal State Calculation subsystem, (2) Error factor identification and
model updating subsystem and (3) Cable-tension adjustment subsystem. The Optimal
State Calculation subsystem enables the calculation of the Optimal Completion State
(also known as the OCS) and the Optimal construction reference. This reference state
includes the optimal tension to be introduced at each stage. The Error Identification
and Model Updating Subsystem is used to identify unknown parameters. After up-
dating the identified parameters, this subsystem calls the Optimal State Calculation
Subsystem. The Cable Tension Adjustment Subsystem is used to eliminate residual
errors by adjusting the prestress of the stay cables. A summary of the use of these sub-
systems in the sequence of construction control process is presented in Figure 2.18.A.
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Figure 2.17: Flow chart of a cable tension adjustment method Takuwa [190].
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The algorithm used to carry out the control system proposed is shown in Figure 2.18.B.

2.5 Structural System Identification SSI

As any other structure, the modeling of the structural response of the cable-stayed
bridges is based on simplistic physic-based models (e.g. Finite Element Models FEMs).
These models assume the mechanical and geometrical properties of the structural el-
ements as known. Nevertheless, this is not the case in most actual structures, where
the actual characteristics are unknown due to uncertainties in the materials, construc-
tion procedures, stress state or damages. For example, in concrete structures, Young’s
modulus has a great uncertainty as it depends on many factors, such as concrete age,
humidity and concrete strength.

To simulate more accurately the cable-stayed bridge structural behavior both dur-
ing construction and in service, health monitoring information is traditionally used.
From this information the parameters of the FEM might be updated to reproduce
more accurately the actual structural behavior. This process is known as Structural
System Identification (SSI) [15].

After explaining in detail the concept of SSI and its importance in actual structures,
the main methods presented in the literature are reviewed and classified.

2.5.1 Definition

SSI is a process used to identify the characteristic behavior of a structural system [15].
Between all the subfields of SSI is remarkable the structural parameter estimation.
This field aims to predict the actual properties (estimates) of the actual structure built
on site. Some examples of parameters that might be estimated from non-destructive
tests information by the SSI methods are stiffnesses (see [133]), masses (see [57]) and
frequencies and mode shapes (see [8]). The difference between the assumed theoreti-
cal parameters and the estimated ones reveals the condition change in the structure.
These estimates might reveal not only damage location but also damage severity. This
information enables the calibration of the theoretical models. The calibrated models
can help determine the current load rating of an the built structure. Information from
calibrated models assist decision making and risk management processes and therefore,
the SSI methods are very important in many structural fields, such as construction
control and bridge management.

A comparison between the direct structural analysis and structural parameter esti-
mation (indirect structural analysis) is presented in Figure 2.19. The direct structural
analysis is the traditionally followed approach as it is the basis of most of the Finite
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(B)

(A)

Figure 2.18: Algorithm to construction control including SSI and cable tension ad-
justment: (A) Sequence of Construction Control Process and (B) Flow chart of the
Construction Control System [96].
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Figure 2.19: Comparison between direct and indirect, (A) Direct structural analysis
(e.g. FEM) and (B) Indirect structural analysis (structural parameter estimation).
Adapted from [15].

Element Algorithms. In this approach, a FEM of the structure is first created. A
6-node FEM of a framed structure is presented in Figure 2.19.A. The characteristics
of this model (such as lengths of the beam elements, Lj, axial, EjAj, flexural, EjIj, and
torsional, GjJj, stiffnesses) are assumed as known. The next step of the direct analysis
consists on applying the loads at the FEM nodes as presented in Figure 2.19.B. Finally,
the deflections, forces and stresses of the different structural elements are calculated
by the stiffness matrix method as presented in Figure 2.19.C. In the indirect struc-
tural analysis, a different approach is followed. This analysis starts with a FEM that
includes uncertainties in several parameters. For example, in Figure 2.19.D, damages
in the framed element have been detected and therefore, its actual structural charac-
teristics are unknown and to be defined by the SSI method. This method requires
monitoring information from non-destructive tests. The measurement of deflections
and/or rotations when a test load is introduced into the structure are illustrated in
Figure 2.19.E. Finally, the measured response of the structure is introduced into the
SSI method and the unknown estimates are calculated as presented in Figure 2.19.F.

In the following section, the main SSI methods are reviewed.
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2.5.2 Methods

A wide number of parameter estimation methods has been presented in the exist-
ing literature. According to Adeli and Jiang [7], SSI methods might be classified as
parametric and non-parametric. Due to the complexity of the mathematical relations
among the variables, parametric methods have mainly been applied to very simple
models. Computer development has enabled increasing popularity in non-parametric
methods, such as Neural Networks (see e.g. [7], [191] or [110]), Genetic Algorithms
(see e.g. [159] or [146]) and Evolutionary Strategy (see e.g. [78] or [192]). The main
drawback of non-parametric methods is the fact that the input-output relation is char-
acterized and determined by a set of equations that may not have explicit physical
meaning. Furthermore, they use to require a larger amount of data.

According to the excitation nature, SSI methods might be classified into the fol-
lowing two groups: (1) input-output methods and (2) output-only methods. The main
difference between both groups refers to the information available of the excitation
load. In the input-output method, the excitation loads might be assumed as known.
Examples of these loads are a truck on a deck or the impact of an impulse hammer.
On the other hand, in the output-only methods, the excitation load is unknown. An
example of this unknown load is the ambient vibration (see e.g. [80], [84], [82] or [36]).
Depending on the type of excitation, the controlled excitation tests can be classified as
dynamic (see e.g. [119], [57] or [196]) or static ones (see e.g. [133] or [122]), according
to whether or not they engage inertial effects. In recent years much attention has been
given to the use of dynamic excitation tests. A commonly used technique that uses the
frequency response of the structure is the Eigensystem Realization Algorithms (ERA).
This technique has been widely used for modal analysis (see [185]), for active control
of structures (see [107]), for damage identification of beams (see [146]) or for system
identification (see [130]). Other authors, such as Longman and Juang [127], incorpo-
rated some algebraic tools (e.g. orthonormalization and factorization of the matrices)
into ERA for modal analysis. Some applications of monitoring in other engineering
fields can also be found (see [117]).

According to many authors, (see e.g. [170]), there are many situations where static
excitation tests can prove simpler and more cost efficient than dynamic ones. This is
especially true where only element static parameters (such as flexural or axial stiff-
nesses) are required for condition assessment of the structure. A detailed review of the
SSI methods based on static excitation test is presented in Chapter 7.

Many authors (see Doebling et al. [68]) have stated the difficulties produced by
the application of parameter estimation to full-scale structures involving load testing
with trucks or water-containers. Sanayei et al. [176] summarized all these difficulties
in three different errors that influence the accuracy of the parameter estimates. (1)
Modeling errors due to uncertainties (such as the material properties or boundary
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conditions) in the parameters of a mathematical FEM . These errors are biased. (2)
Measurement errors due to the inaccuracy of the experimental equipment. This error
typically is not biased and it has a zero mean. (3) Parameter estimation errors due
to the inaccuracy of the parameter estimation tools. The presence of these errors
influences the result quality of the parameter estimation and therefore, the subsequent
maintenance decisions. The Parameter estimation error does not appear when exact
estimation methods (such as the observability techniques) are used. Nevertheless, the
first two errors are a common aspect in all parameter estimation methods. Significant
research has been carried out to study the impact of both modeling and measurement
errors on parametric methods. Saneyei et al. [176] introduced error functions to study
the effects of modeling errors in structural parameter estimation. Saneyei and Saletnik
[134] proposed an error sensitivity analysis to determine how a given deterministic error
affects the parameter estimates. Saneyei et al. [170] evaluated different error function
methods in a small scale model. Caddemi and Greco [35] studied the influence of
instrumental errors on the static identification of damage parameters for elastic beams.

2.6 Conclusions

This chapter presents a state of the art of the construction process of cable-stayed
bridges that includes: (1) The role of the construction process in the evolution of the
cable-stayed bridges. (2) The characteristics and simulation methods of the two main
erection techniques of cable-stayed bridges, the cantilever erection method and the tem-
porary support erection method. (3) The main criteria used to define the prestressing
stay cable forces in the Objective Service Stage, OSS. (4) The construction control of
the construction process of cable-stayed bridges and (5) SSI methods.

The analysis of the presented literature review points out the following gaps:

• No specific method is presented to simulate the temporary supports erection
method: The methods presented in the literature are mainly based on the can-
tilever method. Despite its wide range of application, most of the authors (see
e.g [186] and [87]) only describe the temporary support erection method in general
terms. Nevertheless, the temporary supports method presents several peculiar-
ities that make its simulation different from that of the cantilever method. For
example, during construction the structural system of the bridge is more difficult
to be known as the temporary supports might be lifted during the tensioning
operations. Nevertheless, and despite its importance, no methods specifically de-
signed for the temporary supports method have been found in the literature. To
fill this gap, several simulation algorithms (the Backward Algorithm, the Forward
Algorithm, the Direct Algorithm and the Forward-Direct Algorithm) specifically
based on the temporary supports erection method are presented in Chapters 3
and 5.
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• Simulation methods are time consuming: Most of the methods presented in the
literature to simulate the construction process of cable-stayed bridges are based
on the superposition of stages principle from a backward or a forward approach.
This principle makes the simulation of the construction process time-consuming.
To fill this gap, a more computationally efficient algorithm that is not directly
based in this principle (the Direct Algorithm) is presented in Chapter 3.

• The effects of the parameters that define the temporary supports erection method
are not studied: It is clear to notice that the way the superstructure is erected
plays an important role in the stress state and deformations of the entire bridge.
In the case of the temporary supports erection method, the construction process
depends on the number and location of the construction joints, the number and
location of the temporary supports and on the tensioning operations. Despite its
importance, the effects of these parameters during construction have not been
studied in the literature. To fill this gap, a detailed study of the effects of the
temporary supports and the construction joints in the construction process of
cable-stayed bridges built on temporary supports is presented in Chapter 4.

• Creep and shrinkage effects on cable-stayed bridges built on temporary supports
have not received much attention: Most of the simulation methods presented in
the literature that includes the effects of the time-dependent phenomena are based
on the cantilever erection method. This might be understood by the fact that in
the cantilever erection, the effects of these phenomena are of primary importance
as the partial structures arising during construction are very flexible. Although to
a lesser extend, the creep and shrinkage effects might also influence the behavior
of cable-stayed bridges built on temporary supports. Nevertheless, these effects
are not evaluated in the literature. To fill this gap, creep and shrinkage effects
throughout the erection on temporary supports are analyzed in Chapter 5.

• Parametric SSI method: Most of the SSI methods used to estimate stiffnesses
are non-parametric and include information from dynamic tests. This kind of
methods have the following drawbacks: (1) The equations that relates the input
and out of the method do not have physical meaning. (2) A large amount of
monitoring data is required. (3) Using information from static tests can prove
simpler and more economic when stiffnesses are to be estimated. To fill all these
gaps a new parametric SSI method based on observability techniques that in-
cludes information from static test is proposed in Chapter 6. This method is
validated in Chapter 7 and to optimize the monitored information, a set of tools
are presented in Chapter 8.
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Chapter 3

Algorithms without time-dependent
phenomena

3.1 Introduction

In order to complete the design of a cable-stayed bridge, an adequate simulation of
its erection sequence is required. This simulation tries to guarantee that the structure
can get safely and efficiently up in the air, so that the completed structure under the
target load conditions and at normal temperature satisfies the deformation and stress
requirements. In this way, the erection sequence should be modeled to check that nei-
ther the stresses in the different load-bearing elements nor the deflections exceed safety
thresholds during the different construction stages. After the construction process a
certain state of stresses and deformations defined by the designer has to be achieved
(Objective Completion Stage, OCS). The objectives of the simulation of the construc-
tion process might be summarized as follows:

• Determination of the stay forces at each tensioning operation to be introduced
by the jack on site to transfer conveniently the load from the temporary supports
to the stay to assure the achievement of the OCS at the end of the tensioning
process.

• Determination of the stay forces in all stay cables in each construction stage.
Knowing accurate values of these forces is especially advisable for an adequate
construction control on site.

• Calculation of the stresses in the girder and pylon sections at each construction
stage.

• Calculation of the structural deformation at each construction stage.

Many works have been presented in order to simulate (see e.g. [28], [29], and [203])
the construction process of cable-stayed bridges erected by the cantilever erection

53
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method. Nevertheless, when the requirements of the foundation enable the placement
of temporary supports in short and middle spans, the temporary supports erection
method is the most common erection technique. Despite of its importance and pe-
culiarities (e.g. the lifting of the temporary supports during the tensioning process),
the temporary supports erection method is usually described in general terms and no
specific work based of this erection technique has been found in the literature by the
author. For this reason, the simulation presented in this chapter is based on this erec-
tion method.

To illustrate the different stages of the temporary supports erection method of an
N=6 six stay cable-stayed bridge built on K construction stages, Figure 3.1 is analyzed.
In the initial stage, Stage k=0 in Figure 3.1.A, the self weight of the superstructure,
g1, is counterbalanced by a set of supports. In this way, a set of vertical reactions,
appear in the temporary RTt and permanent RPt supports. Then, during the tension-
ing process, the stays are successively installed and prestressed by the jacks to transfer
the load from the temporary supports to the stay cable system. During a tensioning
operation the deck might be lifted from a set of temporary supports as presented by
Stage k=3 in Figure 3.1.B. In this stage, the load g1 is counterbalanced by the non-
raised supports and by the tensile forces of the stay cables, NCn . To comply with limit
stresses during construction, it is not usually possible to apply the final prestressing to
the stay cables when they are installed. The balance between the simplification of site
works and the structural necessities during construction generally results in stay cables
being adjusted at least in two stages [181]. When the tensioning process is completed
after K tensioning stages, the OCS is achieved as showed in Figure 3.1.C. This stage
can be easily calculated by deducing the effects of the rest of permanent loads from the
pursued Objective Service Stage OSS defined by the designer. In those cases where
the target load, TL, used to define the OSS includes a percentage of the overloads,
they have also to be deduced from the OSS to calculate the OCS. At the end of the
construction process, the OSS is achieved when the TL is applied into the structure
as presented in Figure 3.1.D.

This chapter deals with the simulation of the construction process of cable-stayed
bridges built on temporary supports and it is organized as follows: (1) First, the simula-
tion of the construction process of cable-stayed bridges carried out by some commercial
programs is reviewed and some detected gaps are pointed out. (2) To fill these gaps,
three different algorithms (the Backward Algorithm, BA, the Forward Algorithm, FA,
and the Direct Algorithm, DA) are proposed. These algorithms aim to simulate the
construction process of cable-stayed bridges built on temporary supports and they are
implemented in the FEM code developed by Chio [56] in Fortran language. According
to Troitsky [195], the Finite-Element modeling of a cable-stayed bridge may be treated
as a plane frame structure. For this reason, the developed algorithms are applied in
planar frame structure structures. It is important to highlight that any of these al-
gorithms includes the effects of the time-dependent phenomena. To deal with these
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Figure 3.1: Temporary supports erection method. (A) Stage k=0, (B) Intermediate
stage, (C) OCS and (D) OSS.

phenomena effects, an alternative algorithm is presented in Chapter 5. (3) Then, to
validate the results of the proposed algorithms, they are compared with those obtained
by two commercial programs. (4) Next, the main characteristics of each of the pre-
sented algorithms are compared and some recommendations of their applications are
presented. (5) Finally, a set of conclusions are drawn.

3.2 Simulation of commercial programs

Nowadays, the modeling of the construction process of cable-stayed bridges built on
temporary supports can be carried out by advanced commercial programs based on the
linear superposition of stages principle. Examples of these programs are RMBridge,
SAP2000, Lusas, Midas or Wiseplus. Most of these programs include an intuitive in-
terface to define the planned construction schedule exactly, including all changes in the
structural system of the bridge. These tools allow the users to activate or deactivate
loads, elements and boundary groups throughout the modeling of the construction pro-
cess. The temporary supports are usually modeled by means of special elements that
are only able to counterbalance compressive axial forces. Hence, if tensile stresses are
obtained in these elements during the modeling of the construction process, the tempo-
rary supports are deactivated from the structure by means of a local iterative process,
affecting only this precise construction stage, where their forces are redistributed to
the rest of the structure.

The commercial programs also use to include several advanced features, such as
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powerful solver modules, to analyze the optimum forces to be introduced into the stay
cables during construction. Another sophisticated feature is that the stay cable pre-
stressing is introduced by means of imposed forces. This way of modeling the tensile
forces in the stay cables, although correct, has the inconvenient that does not provide
too much information to the designer. In fact, when this simulation is applied it is
necessary to develop separate models to define the stresses in the strands when the
strand by strand tensioning procedure is used. Furthermore, the vast majority of the
ordinary calculation programs do not include such refined features and therefore, the
modeling of the construction process of cable-stayed bridges is more complex.

In this chapter, the main characteristics of two popular commercial programs
Wiseplus and Midas are explained.

3.2.1 Wiseplus

The program WiseplusV 1.2, is a FE program commercialized by the Bridge Engi-
neering Department of Tongji University in Shanghai (China) [207]. This software is
available in the Chinese market since 2008. Nowadays, the program is only presented
in Chinese language but it will be translated to English in the near future. Wiseplus
has been used to analyze the construction process of many bridges all around China,
as for example the Fenghua Bridge constructed in Tianjin or the Sanhao Bridge in
Shenyang. The interface of the program Wiseplus is presented in Figure 3.2.

The program Wiseplus enables the modeling of the construction process of any kind
of bridge by lineal or non-lineal analyses. The main characteristics of this program are
the following: (1) The interface to simulate the construction processes is both intuitive
and efficient. (2) Auxiliary models are used to simulate the construction stages. (3)
Direct modeling of the stay cable forces without introducing any temperature incre-
ment or strain variation into the stay cable. (4) Definition of the stay cable forces by
the Minimal Bending Moment Energy Criterion [69]. (5) Simulation of the construc-
tion process by the backward approach. (6) Temporary supports might be modeled as
special truss elements that are only able to counterbalance compression strengths.

3.2.2 Midas

The program Midas/Civil, is a FE Program designed for the analysis of civil en-
gineering structures [144]. This program has been used for the calculation of many
cable-stayed bridges all around the world as for example the Talavera de la Reina
Bridge (Spain). The interface of Midas/CivilV 7.01 is presented in Figure 3.3.

The main characteristics of Midas/Civil are as follows: (1) Includes an intuitive
interface called “Construction Stage Analysis”, which enables the simulation of con-
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Figure 3.2: Interface of the WiseplusV 1.2 program.

Figure 3.3: Interface of the Midas/CivilV 7.01 program.

struction stages by changing the structural system. This interface offers the addition
or the removal of elements, boundary conditions and/or applied loads. (2) Simu-
lation of the construction process by the backward approach. In latter versions of
Midas/Civil, a forward approach is also available. (3) Temporary supports might be
modeled as special truss elements that are only able to counterbalance compression
strengths. (4) Initial stay cable forces can be calculated through optimizing the equi-
librium state. The calculation of these forces is carried out by a certain Unknown
Load Factor (ULF ) function. This function allows the determination of superposition
factors for previously calculated load cases to obtain a prescribed state in the structure
by combining those load cases. (5) For static systems, linear and non-linear analyses
can be performed by using truss and cable elements. Geometric non-linearities can
be considered by including P-delta effects in the calculation or by performing a large
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displacement analysis. (6) Direct modeling of the stay cable forces without introducing
any temperature increment or strain variation into the stay cables.

3.3 Backward Algorithm, BA

The first methods to simulate the construction process of cable-stayed bridges proposed
in the literature were based on the backward approach because its simulation is less
computationally demanding than the forward one [166].

In this section, the backward approach is included into the Backward Algorithm,
BA, to simulate the construction process of cable-stayed bridges built on temporary
supports. Firstly, the main characteristics of this algorithm are presented. Next,
the calculation of the strains to be introduced into the stay cables in the OSS is
analyzed. These strains are of primary importance to simulate the OSS (initial stage
of the simulation of the BA). Then, after defining the tensioning and force matrices,
the application of the superposition of stages principle from a backward approach is
presented. Next, the simulation of the raising of the temporary supports carried out
by the BA is described. Finally, after presenting formally the algorithm, a simplified
procedure to estimate its computation time is proposed.

3.3.1 Main characteristics

The main characteristics of the Backward Algorithm, BA, are as follows: (1) The BA
is specifically based on the peculiarities of the temporary supports erection method. (2)
The construction process is simulated according to the opposite construction sequence
followed on site. This is to say, the structure is simulated by mean of a backward ap-
proach. (3) As the simulation is carried out according to the opposite time direction,
the time-dependent phenomena (such as creep, shrinkage in concrete and relaxation in
steel) cannot be easily analyzed by the BA. (4) The changes in the structural system
and the tensioning process are simulated by mean of the superposition of stages prin-
ciple from a backward approach. (5) To simulate the non-linear effect of the raising of
the temporary supports during the tensioning process, a Local Iterative Process (LIP )
is used. This process can be done manually or with a very simple programming. In the
LIP , the temporary supports are modeled as vertical fixities which activation depends
on the vertical deflections of the deck at the temporary supports location. (6) Because
of its simplicity, the BA can be reproduced by any structural code that enables the
modeling of the prestresses of the stay cables by means of imposed strains or imposed
temperature decrements. (7) The BA does not require separate models to calculate
the evolution of stresses in the strands, even when the strand by strand tensioning
technique is used. Furthermore, the stay cable elongations when prestressed can be
easily obtained when the stay cables are prestressed in a single operation or strand by
strand. This information is important to control the correct and safe prestressing of the
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stay cables on site. In addition, it also helps the designer to control if the anchor wedge
bites the strand in the same position several times during the prestressing process.

3.3.2 Calculation of the stay strains in the OSS

One of the first steps in the simulation of the construction process of a cable-stayed
bridge consists of defining its OSS. In fact, the OSS is the stage from which the
analysis of the BA is initiated.

The OSS can be characterized by a set of stay cable forces. Some of the main cri-
teria used to define these forces in the OSS are reviewed in Chapter 2. Between these
methods it is remarkable the Rigidly Continuous Beam Criterion ( [136], [54] and [87]).
In this method the stay cable forces in the OSS are defined by projecting into the
stay cable directions the vertical reactions of an equivalent continuous beam. It can be
proved that the axial forces of the stay cables defined by this criterion minimize the
bending energy of the structure [178].

Independently of the criteria used to define the OSS, once the stay cable forces
in all N stays in the OSS have been defined, they can be clustered into a vector
{NOSS}, Nx1 size. These forces can be obtained by the sum of a passive, {NP}, and
an active state, {NA}, as presented in Equation (3.1). The former vector includes the
passive stay cable forces produced when a certain Target Load, TL, is applied into the
structure and the latter one includes the effect of the prestressing of the stay cables.

{NOSS} = {NP}+ {NA} = {NP}+ [IM ]{εOSS} (3.1)

The active state is simulated in the computer software by introducing imposed
strains, ε, into the stay cables. The vector of imposed strains, {εOSS}, must be calcu-
lated taking into account the stiffness of the whole structure. To do so, an Influence
Matrix, [IM ] is required. This matrix includes the effect of the prestressing of every
single stay in the rest of stays in terms of stay forces. The only unknown of Equation
(3.1) is {εOSS} and it can be directly defined by mean of the inverse of [IM ], [IM ]−1,
as presented in the following equation:

{εOSS} = [IM ]−1({NOSS} − {NP}) (3.2)

The highest values of [IM ] are found in terms located in the main diagonal. This
implies that no row of the matrix can be expressed as a linear combination of the other
rows of the matrix and therefore, [IM ]−1 usually exists.

3.3.3 Tensioning and Force Matrices

The tensioning process that has to be followed during construction can be defined by
a Tensioning Matrix [TM ], like the one shown in Figure 3.4 for a N=6 stay bridge.
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As the backward approach is used, this matrix is calculated from the bottom up. Nev-
ertheless, the erection direction is the opposite one. With K being the number of
construction stages and N the number of stay cables, this matrix is formed of K rows
and two columns; the first column describes the stay cable that is prestressed at each
stage and the second describes the axial force to be introduced by the jack. Usually
each stay cable is tensioned several times through the tensioning process. For a K stage
construction process, the last K-N+1 axial forces of [TM ] can be directly defined by
the designer. Nevertheless, the remaining N -1 stay cable forces, highlighted in bold
in Figure 3.4, are unknown due to the innate evolutionary nature of the construction
process of the cable-stayed bridges. For this reason, it can be said that the [TM ] is
incomplete or not fully known. The calculation of these unknown forces is indirect
and must take into account all the preceding and subsequent tensioning operations. In
fact, the stay cable force that has to be introduced into each stay cable when placed
must be calculated in such a way that the achievement of the OCS is assured after
completion.

The [TM ] can be enlarged into the Force Matrix, [FM ], which describes the axial
forces of all placed stay cables throughout the construction process. This matrix, K-N
size, can be defined from the [TM ] as presented in Figure 3.4. In [FM ] the tensile
forces introduced by the jack in each stage, this is to say, the values of the [TM ], are
framed. The last row of the [FM ] is known and it represents the tensile forces in the
stay cables at the OCS. Nevertheless, unknown values appear in the rest of stages. In
fact, in addition to the initial unknown forces defined in [TM ], the evolution of axial
forces in placed stay cables, highlighted in bold in Figure 3.4, is also unknown and
must be calculated throughout the analysis of the construction process.

3.3.4 Backward simulation by superposition of stages

The superposition of stages principle assumes that the construction processes of a struc-
ture might be analyzed linearly. According to Cluley and Shepherd [60] this principle
is considered valid in the linear-elastic range (e.g. in concrete structure when stresses
are less than or equal to 43 of the concrete strength). This condition is generally true
under good design and construction practices. Therefore, this principle is traditionally
assumed in most of the method proposed in the literature and by commercial programs.
An alternative to the superposition of stage principle is the shape finding analysis, pro-
posed in [203].

In the backward approach, the superposition of stages principle might be used to
simulate the construction process of a structure. This principle states that every kth
construction stage, Stagek, can be calculated by subtracting an AuxiliaryModel to
the following construction stage, Stagek+1, or by subtracting K-k AuxiliaryModels
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Figure 3.4: Example of Tensioning Matrix, [TM ], and Force Matrix, [FM ], for a N=6
stay bridge with K=12 tensioning stages modeled backwards. The unknown forces are
bold and the prestressed stays in each stage are framed. The modeling direction is
showed by the continuous arrow and the erection direction by the dotted one.

from the OCS as presented in:

Stagek = Stagek+1 − AuxiliaryModelk = OCS −
K∑
k=k

AuxiliaryModelk (3.3)

Each of the different AuxiliaryModels of Equation (3.3) includes changes in the
structural system, the boundary conditions and/or applied loads during the tensioning
process. An example of application of the superposition of stages principle is presented
in the next section.

3.3.5 Simulation of the raising of the temporary supports

To simulate the non-linear effects of the raising of the temporary supports during the
tensioning process, the BA includes a Local Iterative Process (LIP ). This process, with
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Figure 3.5: Application of the Local Iterative Process (LIP ) in the BA. (A) ith
iteration. (B) i+1th iteration. The active stay cables are presented by a filled arrow
and the passive stay cables by unfilled arrow.

iLocal counter, is based on the superposition of stages principle and it is used to assure
that an adequate structural scheme is obtained in Stagek. In each of the iterations
of this process, a different AuxiliaryModel is used to obtain Stagek from Stagek+1.
Both, the structural system and the applied forces in the AuxiliaryModels are updated
throughout the LIP . The convergence of the LIP is based on the analysis of the
vertical deflections of the deck at the temporary supports location, wTt . Therefore,
the LIP is repeated until adequate values of wTt are obtained at every temporary
support location. The criterion to evaluate if any temporary support has been borne
is presented in Equation (3.4). Therefore, the LIP stops when non-positive deflections
are found at any temporary support of Stagek.

wkTt = wk+1
Tt
−∆wk,iLocal

Tt
(3.4)

To illustrate the application on both the superposition of stages principle and the
LIP in a tensioning operation, Figure 3.5 is presented. In this tensioning operation,
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the removal operation of a certain stay cable from Stagek+1 is simulated. This op-
eration corresponds with the placement of that stay cable in the actual construction
sequence followed on site. To carry out this simulation, different AuxiliaryModels are
used during the LIP . Two iterations of the LIP are presented in Figure 3.5.

In the initial iteration (iLocal=1) presented in Figure 3.5.A, the initial stage, Stagek+1,
is characterized by a set of forces in the stay cables, Nk+1

Cn
, and by a set of vertical deflec-

tions of the deck at the location of the temporary supports, W k+1
Tt

, when the permanent
load, g1, is applied. The stay cable forces are active and they are highlighted by a filled
red arrow in the figure. Then, an auxiliary model, AuxiliaryModelk,iLocal , is used to
remove the effects of the forth stay cable from Stagek+1. The structural system of this
auxiliary model includes the same number of temporary supports as Stagek+1. The
applied loads in the auxiliary model consists of an imposed strain in the forth stay
cable. This strain is defined to assure the achievement of the force of the stay cable in
Stagek+1. This force is the same to be defined in the corresponding row of the [TM ].
Obviously, this applied strain will introduce some increment of forces in the rest of
the stay cables of the structure, Nk

Cn
, and some increments of vertical deflections of

the deck at the locations of the temporary supports, ∆wkTt . To highlight the passive
behavior of the stay cables without the imposed strain in the auxiliary model, non-
filled blue arrows are used in the figure. Stagek might be obtained by subtracting the
effects of the AuxiliaryModelk from Stagek+1 according to Equation (3.1). In this
stage, the stay cable forces and the vertical deflections of the deck at the location of
the temporary supports will be changed to Nk

Cn
and wkTt , respectively. Once Stagek

is obtained, the iLocal iteration of the LIP is finished. In Stagek obtained in Figure
3.5.A, it is appreciable that positive deflections are obtained in the second temporary
support (highlighted by a dotted frame). According to the criterion presented in Equa-
tion (3.4), they are not adequate as the second temporary support would have started
working. To assure an adequate structural system in Stagek, the next iteration of the
LIP is carried out.

In the second iteration (iLocal=2) presented in Figure 3.5.B, the structural system
of the AuxiliaryModelk is changed by including the temporary support that presented
inadequate vertical deflection in the preceding iteration (in this case the second tempo-
rary support). As the structural system of the auxiliary model is changed, a different
strain, εk,iLocal

cp , will be required to achieve the pursued force in the forth stay cable.
The Stagek obtained in the second iteration of the LIP shows that no temporary sup-
port is raised and therefore, the structural system is the right one. It is important to
highlight that to simulate conveniently the interaction of forces in the structure, the
supports are assumed to be borne one by one in successive iterations of the LIP .

Many companies define the tensioning process to assure that the geometry and the
stress state of the structure during construction is such that once a temporary support
is lifted, it can be removed on site as the deck will not be borne in it during the rest
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Table 3.1: Input and output data of the BA

Input data Output data
Geometry and mechanical properties Force Matrix [FM ]

Location of the temporary supports in the deck Deflections, reactions and stress matrices
Axial forces in the stay cables in the OSS, {NOSS} Strains vector during Construction Process {εCP}

Uncompleted Tensioning Matrix [TM ]

of the construction process. This way of erection eases the definition of the actual
structural system on site. This hypothesis is followed by all the algorithms presented
in this chapter.

3.3.6 Description of the algorithm

The input data of the BA is as follows: (1) Geometry and mechanical properties of
the cable-stayed bridge, (2) The location of the temporary supports in the bridge deck.
(3) The vector of stay cable forces in the OSS, {NOSS} and (4) the incomplete [TM ].
This matrix is incomplete because the stay cable forces of the first N -1 stages are un-
known and must be calculated taking into account the entire construction process of
the bridge. At the end of the computation, the following output information is pro-
vided (1) Complete Force Matrix, [FM ]. (2) Deflection, reaction and effort matrices
of the different elements of the structure. (3) The vector of strains in the stay cables
that has to be introduced by the jack along the Construction Process, {εCP}. This
output is not usually provided by the commercial programs. A summary of the input
and output data of the BA can be found in Table 3.1.

The flow chart presented in Figure 3.6 summarizes the procedure followed by the
BA: Once the input data has been introduced into the program, the OSS is stored.
Then, AuxiliaryModels that include the effect of each tensioning stage by means of
imposed strains, εk,iCP , are successively subtracted in order to obtain the preceding con-
struction stage. This strain εk,iCP is calculated in such a way that the axial force defined
in the kth row of the [TM ] is achieved. A local iterative process is used to model the
nonlinear behavior of the temporary supports bearing. At the beginning of this itera-
tive process, the AuxiliaryModelk,i has the same number of temporary supports and
stay cables that the Stagek+1. After subtracting AuxiliaryModelk,i from Stagek+1,
the Stagek,i is obtained. In this stage, if positive deflections, wk,iTt are measured at
any temporary supports T , AuxiliaryModelk,i is changed to AuxiliaryModelk,i+1 by
activating the borne temporary supports. In addition to this, if tensile reactions, Rk,i

Tt
,

are found at any active temporary support, this support is deactivated in the following
auxiliary model (AuxiliaryModelk,i+1). If no positive deflections, wk,iTt , and nor tensile

reactions, Rk,i
Tt

are found, the next construction stage, is calculated. The process stops
when the initial stage (k=0), in which the deck is supported by the set of the temporary
and permanent supports, is achieved. The main advantage of this procedure is that
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Figure 3.6: Flow chart of the BA.

it can be easily reproduced by any structural software that is able to include either
imposed temperature increments or strains in the stay cables.

3.3.7 Computation time

The definition of the real computation time of the BA is quite complicated as its value
is different for each structure and depends greatly on many parameters (such as the
size of the structure, the number of stay cables, the number of temporary supports and
the number of tensioning stages, among others). Furthermore, because of the existence
of the local iterative process used to simulate the raising of the temporary supports, an
exact time can only be obtained when the algorithm is fully calculated. Nevertheless,
a simplified method to obtain an approximated computation-time might be used. This
method is based on the number of times that the main time-consuming module of the
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algorithm (the Finite Element Module Solver) is carried out.

With N being the number of stays, iBA the average of the number of local it-
erations required in each construction stage to find the right structural scheme, the
approximated computation time (in seconds) of the BA, TimeBA can be obtained by
the following equation:

TimeBA = 1 + (N − 1)(3 + 3iBA) + 2N (3.5)

The assumptions taken into account to achieve this formula are as follow: (1) each
stay but one is tensioned twice, therefore K=2N -1. (2) The number of elements in
the bridge deck and pylon is significantly bigger than the number of stay cables and
temporary supports. (3) The number of temporary supports it is assumed to be the
same of the number of stay cables.

This equation is illustrated in Figure 3.7, where TimeBA for different N is presented
for a certain iBA. In this figure, iBA is fixed to 2.

Analysis of Figure 3.7 shows that the number of stay cables is of primary impor-
tance in the computation time of the BA. In such a way, that the higher the N , the
higher the TimeBA. Furthermore, this relation is mainly linear. Similar results are
obtained when the influence of iBA is analyzed.

3.4 Forward Algorithm, FA

The vast majority of modeling methods proposed by the researchers to analyze the con-
struction process of cable-stayed bridges are based on the backward approach. This
approach presents several disadvantages. For example, the time-dependent phenom-
ena effects cannot be easily simulated and a backward-forward simulation or a forward
simulation is required. Furthermore, alterations in design cannot be directly computed
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as the analysis is performed according to the reversed time direction.

To fill some of these gaps, in this section, the Forward Algorithm, FA, is pro-
posed to simulate the construction process of cable-stayed bridges built on temporary
supports from a forward approach. After presenting the main characteristics of the
FA, the application of the superposition principle to simulate the construction process
from a forward approach is presented. Then, an overall iterative process is proposed
to assure the achievement of the OCS at the end of the construction process. Next,
the description of the algorithm is formally presented. Finally, after proposing some
modifications of the algorithm to include deviations of the tensioning process on site
and the temperature effects, a simplified analysis of the computation time of the FA
is presented.

3.4.1 Main Characteristics

The main characteristics of the FA are as follows: (1) The FA is specifically based
on the peculiarities of the temporary supports erection method. (2) The construction
process is simulated according to the construction sequence followed on site. This is
to say, the simulation follows the forward approach. (3) The changes in the structural
system and the tensioning process are simulated by mean of the superposition of stages
principle from a forward approach. (4) To simulate the non-linear effect of the raising of
the temporary supports during the tensioning process, a Local Iterative Process (LIP )
is used. (5) Stay cable forces are simulated by imposed strains in the stay cables. (6)
The FA does not require separate models to calculate the evolution of stresses in the
strands, even when the strand by strand tensioning technique is used. (7) To assure
the achievement of the OCS at the end of the tensioning process, an Overall Iterative
Process OIP is used. This process updates the imposed strains to be introduced into
the last N tensioning operations. (8) The algorithm is proved to be a useful tool to
correct detected deviations of the tensioning process on site. (9) The temperature
variations might be included into the analysis by adding the effects of an adequate
auxiliary model.

3.4.2 Tensioning and force matrices

The tensioning process of cable-stayed bridge can be modeled forwards by means of a
Tensioning Matrix [TM ], as the one shown in Figure 3.8 for a 6 stay bridge. This ma-
trix models the tensioning strategy to be introduced by the jack during construction.
This matrix is formed by K rows and two columns; the first column describes the stay
cable that is prestressed and the second one the axial force to be introduced by the
jack. As the construction process is modeled forwards, this matrix is computed from
up to bottom according to the erection direction. Usually each stay cable is tensioned
several times through the tensioning process. For a 2N stages construction process,
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Figure 3.8: Example of a forward Tensioning Matrix [TM ], and its associate Force
Matrix [FM ], for a N=6 stay bridge with K=12 tensioning stages, T=2 temporary
supports and P=3 permanent supports. The unknown forces are in bold and the
prestressed stays in each stage are framed.

the first K-N+1 axial forces of [TM ] can be directly defined by the designer. Usually
a percentage β, between the 70 and 85%, of those stay cable forces obtained in the
OSS is used in common practice. The remaining N -1 stay cable forces, highlighted
in bold in Figure 3.8, are unknown. For this reason, it can be said that the [TM ] is
uncompleted or not fully known. The calculation of these unknown forces is not di-
rect and must take into account all the preceding and subsequent tensioning operations.

The [TM ] can be enlarged into a Force Matrix [FM ], KxN size, as presented in
Figure 3.8. In the [FM ] the tensile forces introduced by the jack in each stage, this
is to say, the values of the [TM ], are framed. [FM ] describes the axial forces of all
placed stay cables along the construction process. The last row of the [FM ] is known
and represents the tensile forces in the stay cables at the OCS. Nevertheless, unknown
values appear in the rest of stages. In fact, in addition to the initial unknown axial
forces defined in [TM ], the evolution of axial forces in placed stay cables, highlighted
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in bold in Figure 3.8, are also unknown.

3.4.3 Forward simulation by superposition of stages

The evolutionary temporary supports erection method is analyzed by the FA by means
of the superposition of stages. Every kth stage, Stagek, can be calculated adding the
results of an AuxiliaryModelk to the preceding stage as presented in Figure 3.9 or
adding the results of k auxiliary models to the InitialStage where the bridge deck
is supported by the temporary and permanent supports as presented in the following
equation:

Stagek = Stagek−1 +AuxiliaryModelk = InitialStage+
k∑
k=1

AuxiliaryModelk (3.6)

Each of these AuxiliaryModels represents the effect of the tensile force that has
to be introduced by the jack according to the corresponding row of [TM ]. This ten-
sile force is modeled by means of an imposed Construction Process strain, εkCP . The
imposed strains of all the auxiliary models can be clustered into a vector {εCP}, Kx1
size.

3.4.4 Simulation of the raising of the temporary supports

The requirement of the LIP , with i counter, is derived from the erection method
studied. In fact, the temporary supports erection method includes the additional
difficulty of modeling the nonlinear effect of the raising of the temporary supports.
Figure 3.9.A shows the evolution from Stagek−1, which includes the self weight, g1,
and the axial forces in the stay cables, Nk−1

Cn
, to Stagek,i by means of the addition

of an AuxiliaryModelk,i as presented in Equation (3.6). The structural scheme of
the AuxiliaryModelk,i is defined by this LIP . At the initial iteration, (i=1), the
AuxiliaryModelk,i has the same structural scheme (same number of stay cables and
temporary supports) that Stagek,i. The stay cable that is being prestressed between
stages k-1 and k is represented by a filled arrow, the rest of placed stay cables, rep-
resented by unfilled arrows, are passive. Each AuxiliaryModelk,i must introduce into
the active stay that axial force defined in the kth row of [TM ]. This axial force is
modeled by means of an imposed strain, known as Construction Process strain, εkCP .
The analysis introduced by each of these AuxiliaryModelk,i produces some increments
of vertical deflections in the bridge deck, axial forces in the stay cables, ∆Nk,i

Cn
, and

vertical reactions in the temporary supports, ∆Rk,i
Tt

. Once the effect of the tensile
force has been added to Stagek−1, the ith iteration of the LIP is finished and the
Stagek,i is obtained. In this stage, if tensile reaction is found in any temporary sup-
ports, Rk,i

Tt
, the next iteration (i+1) should be run. In this new iteration the structural

scheme of the AuxiliaryModelk,i+1 is changed by removing those temporary supports
where tensile reactions were found in Stagek,i and adding the reaction Rk,i

Tt
to the next
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Figure 3.9: Application of the Local Iterative Process (LIP ) in the FA. (A) ith
iteration. (B) i+1th iteration. The active stay cables are presented by a filled arrow
and the passive stay cables by unfilled arrow.

AuxiliaryModel as presented in Figure 3.9.B. The requirement to evaluate if any tem-
porary support t has been raised is presented in Equation (3.7). Once a temporary
support has been raised it is assumed that it is removed to the structure.

Rk,i
Tt

= Rk,i−1
Tt

+ ∆Rk,i
Tt

(3.7)

The LIP is stopped when a satisfactory Stagek is obtained, this is to say, when
no tensile reactions are found in the placed temporary supports. This LIP is similar
to that described for the backward approach. Nevertheless, in this case the method is
based on the axial forces of the temporary supports in the kth stage, instead of on the
vertical deflections of these elements at its connection with the bridge deck.
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3.4.5 Assuring the achievement of the OSS

As the construction process is modeled forwards, the calculation of the N -1 unknown
stay cable forces of [TM ], which are highlighted in bold in Figure 3.8, cannot be directly
computed. An overall iterative process (OIP ), with j counter, is needed to calculate
an adequate value of these unknown forces to ensure the achievement of the OCS at
completion. Each of the iterations can be reproduced by any structural software that
is able to model imposed strains or temperature increments in the stay cables. At the
initial iteration, (j= 1), the construction process is modeled according to an arbitrary
Tensioning Matrix [TM ]0 that is defined by the designer. As this matrix does not
include the effect of the construction process, the OCS is not achieved at completion.
For this reason, throughout the global iterative process the unknown stay cable forces
of [TM ]j must be updated. As these forces are modeled by means of imposed strains,
updating the N last forces of [TM ]j is equivalent to update the strains that have to be
introduced into the last N AuxiliaryModels. These strains correspond with the last
N stages of the vector of strains {εCP}j.

Equation (3.8) shows how the last N stages of the j + 1th iteration of this vector,
{εCP}j+1, are obtained from the preceding jth iteration.

{εCP}j+1 = {εCP}j + {∆εCP}j (3.8)

The term {∆εCP}j, Nx1 size, represents a vector of error strains that includes the
differences between the target stage at completion, OCS, and the construction stage
obtained at the end of the modeled construction process in the jth iteration, Stagej,K .
For each of the global iterations, the strains and the axial forces in the stay cables can
be related by means of an Influence Matrix. It can be assumed that this matrix is the
same one that relates the error strains with the error of axial forces in the stay cables.
Therefore, being {∆N}j, an error vector of axial forces in the stay cables, and [IM ]j,
NxN size, the Influence Matrix that shows how the axial forces in the stay cables vary
when a unitary strain is introduced into each stay, {∆εCP}j can be obtained by solving
the following equation:

{∆εCP}j = [IM ]−1
j {∆N}j (3.9)

The calculation of [IM ]j is not evident, as it should take into account the con-
struction process. If the K=2N stages construction process presented in Figure 3.8 is
adopted, Equation (3.9) can be developed as shown in Figure 3.10.

The vector {∆N}j contains the differences between the axial force in the last mod-

eled construction stage, N j,K
Cn

, and that obtained in the OCS, NOCS
Cn

, for each stay
cable. Every column of [IM ] contains the axial force in every stay cable, NCn , when a

unitary strain, εUCm
, is applied into a mth stay, N

εUCm
Cn

. A different structural scheme
might be used for every column of [IM ]. The structural scheme used to calculate the
mth column of [IM ] corresponds with that found when the mth stay is prestressed
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Figure 3.10: Determination of {εCP}j for a N=6 stay cable-stayed bridge.

for the last time. Hence, the structural models used are those obtained in the last N
modeled construction stages. In order to take into account the fact that it is only worth
to keep track of the axial force of a stay cable after its last tensioning operation some
terms of [IM ] are zero. This way, the axial force of each stay cable will only depend on
the subsequent tensioning operations. The convergence of the iterative process will be
faster if the structural schemes of all stages used during the updating criterion remain
constant. The matrix presented in Figure 3.10 can be transformed in a diagonal one,
and in this way; calculation of its inverse is faster. Parallel programming is needed
to carry out this OIP . The vector of error strains will be updated until the stopping
criterion presented in Equation (3.10) is satisfied. This criterion is based on the sum
of absolute errors in terms of stay cable forces between the OCS, NOCS

Cn
, and the jth

modeled iteration at the last construction stage, N j,K
Cn

.

N∑
n=1

NOCS
Cn
−N j,K

Cn

NOCS
Cn

5 Tolerance (3.10)

In the following section the FA is formally presented.

3.4.6 Description of the algorithm

The FA requires the following input data: (1) Geometrical and mechanical properties
of the cable-stayed bridge. (2) Location of the temporary supports in the bridge deck.
(3) Target Load, TL. (4) The vector of axial forces in the stay cables in the OSS,
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Table 3.2: Input and output data of the FA

Input data Output data
Geometry and mechanical properties Force Matrix [FM ]j

Location of the temporary supports in the deck Deflections, reactions and stress matrices
Axial forces in the stay cables in the OSS, {NOSS} Strains vector during Construction Process {εCP}

Uncompleted Tensioning Matrix [TM ] Stay and strand elongation when prestressed
Initial Arbitrary Tensioning Matrix [TM ]0 Convergence vector

Tolerance

{NOSS}. (5) An Arbitrary initial Tensioning Matrix [TM ]0. The unknown axial forces
of this matrix can be defined arbitrarily. Nevertheless, these values are recommended
to be those obtained in the OCS. In this way [TM ]0 provides an efficient convergence
speed in the global iterative process. (6) Tolerance. This parameter is used to define
the stopping criterion of the global iterative process from which the last N axial forces
of [TM ] are updated. At the end of the computation of the FA, the following output
data is provided: (1) Force Matrix [FM ], obtained at the end of the OIP . This matrix
is related with the matrix that shows the tensioning process to be introduced by the
jack, [TM ]. (2) Deflection, reaction and stresses matrices for the different elements and
nodes of the structure. Among all these matrices, the two ones that show the evolution
of the raising of the temporary supports are remarkable. One of these matrices presents
the compressive force of each temporary support when borne and the other one their
vertical deflection when raised. (3) Vector of Construction Process strains that are
introduced into the AuxiliaryModels to include the effect of the prestressing stages
{εCP}. (4) Stay and strand elongation when prestressed. The stay cable elongation
is provided when it is prestressed in a single operation. On the other hand, when the
strand by strand tensioning technique is used, the first strand elongation is provided.
(5) Convergence vector. This vector computes the absolute errors of stay cable forces
throughout the OIP . At the end of each overall iteration, the differences between the
target forces and the calculated ones are computed as presented in Equation (3.10). A
summary of input and output data can be found in Table 3.2.

The flow chart presented in Figure 3.11 summarizes the modeling of the construction
process carried out by the FA. Once the input data has been introduced into the
program, the Initial stage, known as Stage0, where the self weight of the bridge, g1,
is counterbalanced by the permanent, P , and temporary supports, T , is analyzed
and stored. Then, the stay cables are successively placed and tensioned according to
[TM ]0. As the superposition principle applies, Stagek,i can be calculated by adding the
results of the preceding stage, Stagek−1, to those obtained by the AuxiliaryModelk,i

as presented in Equation (3.6). This auxiliary model is used to introduce that axial
force defined in the kth row of the [TM ] by means of imposing a certain Construction
Process strain εk,iCP to the stay cable that is being prestressed in this kth stage. This
imposed strain as well as the structural scheme of the AuxiliaryModelk,i is defined
by means of the LIP (with i counter). When the last construction stage is achieved,
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Figure 3.11: Flow chart of the FA.

Stagek=K , the obtained stay cable forces are compared with those of the OCS. If these
forces do not match, the OIP (with j counter) is run. Throughout this process, the
[TM ]j is modified by means of updating the vector of imposed strains {εCP}j until the
convergence criterion presented in Equation (3.10) is satisfied.

3.4.7 Construction process modification

The tensioning process predicted by simulation rarely coincides with that measured on
site. Usually, deviations between the actual, ND

Cn
, and predicted stay cable forces are

usually found for every construction stage. If these deviations are so large that the
achievement of the OCS cannot be assured after completion or exceeds certain safety
threshold in a particular stage, an additional tensioning stage, which may be formed
by several tensioning operations, is added. This additional stage is calculated in such



Algorithms without time-dependent phenomena 75

a way that once the prestressing of the stay cables is applied on site, the predicted
stage that should have been reached without this additional operation, is eventually
achieved. Then, the subsequent calculated tensioning operations, which are defined in
the following stages of [TM ], are followed. If throughout these stages new differences
are measured, new additional tensioning stages would be added. The addition of these
additional stages on site is both time-consuming, as the tensioning process must be
interrupted, and expensive, as more tensioning operations than the initially calculated
are needed.

One of the main advantages of the FA is that if deviations on site are detected, the
tensioning process of the remaining stages can be updated to minimize these differences
at the OCS. The modification of [TM ] is based on a new OIP that starts on the stage
that includes the actual stay cable forces measured on site. The increments of strains to
be added might be calculated by changing N j,K

Cn
for ND

Cn
in Equation (3.9) as presented

in:
{∆εCP}j = [IM ]−1

j {∆N}j (3.11)

The procedure presented above to include the deviations measured on site into
[TM ] increases the effectiveness of the construction method.

3.4.8 Temperature analysis

Usually, the temperature when doing the structural analysis of the construction process
is assumed to be constant along the time and equal for all the structural elements. A
value of this temperature commonly assumed by the designer is 20◦. Nevertheless, it is
clear to notice that for every stage different temperatures will be found in the bridge
deck, the pylons and the stay cables on site because they are composed of different
materials, because they have different colors, because of their different thermal exposure
and because the prestressing operations are performed from morning to afternoon.
Although this phenomenon is not always taken into account by the contractor, there is
no doubt that considering it will reduce the differences between the designed forces and
the actual ones. Hence, recording the temperature of stay cables and sheathes, deck
and pylon is highly recommended. As temperature increments induce temperatures
strains, the calculated {εCP} can be corrected taking into account these deformations.
For this reason, any Stagek can be corrected by adding an additional AuxiliaryModel
that includes the differences between the theoretical temperatures and the real one
obtained on site in the concrete, ∆TC , and steel, ∆TS, as presented in Figure 3.12.

3.4.9 Computation time

The definition of the exact computation time of the FA is a very complex task. In
this case, in addition to the parameters that influenced the computation time in the
BA (such as the geometry and size of the structure or the number of iterations in
the LIP ) an additional parameter (the number of iterations of the OIP ) appears.
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Figure 3.12: Correction of the kth stage to account for differences between the temper-
atures assumed in the structural analysis and those obtained on site in the concrete,
∆TC , and steel, ∆TS.

A simplified method to obtain an approximated computation time of the FA, might
be based on the number of times that the main time-consuming modules (the Finite
Element Module Solver and the Updating of the Strain Vector module) are carried out.

With TimeFA being the calculation time required by the FA, iFA the average of
the number of local iterations required in each construction stage to find the right
structural scheme, G the number of global iterations required by the FA and r a
parameter that shows the ratio between the calculation-time of the two main modules,
TimeFA can be calculated as presented in:

TimeFA = 2 + (N + 1)(2 + 2iFA) + ((N − 1)(1 + iFA + 2N))j + FN(J − 1) (3.12)

It is to point out that if no OIP is required, the TimeFA tends to the computation
time of the BA, TimeBA.

The assumptions to achieve this formula are the same presented in the calculation
of the simplified formula of the BA. It is important to highlight that TimeFA, varies
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non-linearly with the number of stay cables. In this way, the higher N , the higher
TimeFA.

3.5 Direct Algorithm, DA

The application of the superposition principle (required by the BA and the FA) has
many disadvantages. For example, intermediate construction stages cannot be directly
analyzed as the geometry and stress state of the following or preceding stages is not
required (increasing both the required computation time and computer storing of the
simulation). Furthermore, forward simulation requires an OIP to assure the achieve-
ment of the OSS at completion (this process is also time-consuming). Therefore, the
application of methods based on the superposition principle from a forward approach
is not advised in optimization processes.

In this section, a new and innovative algorithm, the Direct Algorithm, DA, is pre-
sented to simulate the construction process of cable-stayed bridges built on temporary
supports from a direct approach. Firstly, the main characteristics of the DA are pre-
sented. Then, to understand the simulation of the DA, the unstressed length of the
stays concept is explained. Next, the tensioning and force matrices used to define the
tensioning process are described. After this, the imposed strains in the stay cables
obtained by the unstressed length concept are applied to the direct simulation of the
tensioning process. Then, the simulation of the raising of the temporary supports is
explained. Finally, after describing the input/output data and the Flow chart of the
DA, a simplified analysis of its computation time is presented.

3.5.1 Main characteristics

The main characteristics of the DA are as follows: (1) The DA is specifically based on
the peculiarities of the temporary supports erection method. (2) The simulation follows
a direct approach that does not require information from the subsequent or following
construction stages. In this approach, any construction stage might be analyzed by
an independent FEM . (3) The superposition of stages principle is not applied. For
this reason, time-dependent phenomena cannot be easily computed and the DA is
limited to steel cable-stayed bridges. The application of the algorithm to deal with
concrete structures will be addressed in future researches. (4) The stay cable forces are
simulated by imposed strains or temperature decrements. (5) The DA does not require
separate models to calculate the evolution of stresses in the strands, even when the
strand by strand tensioning technique is used. (6) The non-linear effect of the raising
of the temporary supports is simulated by a LIP . In this process, no AuxiliaryModels
are required as the structural scheme of the FEM of the stage is directly updated. (7)
The algorithm uses the unstressed length of the stays concept to avoid the requirement
of an OIP .
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Figure 3.13: Definition of the different lengths of a stay cable: (A) Installation of
the first stay cable, with a length L0n , on site in the un-deformed geometry, Ln. (B)
Stressed length, LSn , when the stay cable is elongated and length Ln. Unfilled pylon
shows the un-deformed geometry and filled pylon the deformed one when the stay cable
is installed and stressed.

3.5.2 Unstressed length of the stays concept

A length-based adjustment is sometimes used to introduce the tensioning of the stay
cables on site. In this procedure, the stay cable n is made to accurately measure a so
called unstressed or neutral length, L0n . This is the length of a given cable when it has
no axial stress or strain. This length is measured when the cable rests horizontally on
a support that counterbalances the effects of its own self weight (see Figure 3.13.A).
The unstressed length is an intrinsic parameter that is independent of the conditions
to which the stay cable is subjected on site. In Figure 3.13.A L0n is compared with the
length of the same stay cable in the un-deformed geometry on the FEM of the bridge,
Ln. This is to say, the length given to the stay element in the stiffness matrix when
neither loads nor imposed strains are applied.

The unstressed length is especially interesting in the construction of cable-stayed
bridges with prefabricated stay cables. As the length of these stays is shorter that
their length in the un-deformed geometry, Ln, (see Figure 3.13.A), it is necessary to
stress the stay on site from L0n until its ends occupy the position of the anchorages in
the deformed geometry. This stress changes the geometry of the bridge and the stay
length is changed from L0n to the stressed length LSn as presented in Figure 3.13.B.
This elongation of the stay is equivalent of introducing an imposed strain εn. With
∆Ln being the increment of length in the stay cable, the value of this strain can be
calculated as presented in Equation (3.13). According to SETRA [181], in ordinary
cable-stayed bridges ε presents a value close to 0.003. The main inconvenient of the
length-based adjustment to stay tensioning on site is its high sensitivity to geometrical
tolerances [181]. Therefore, this technique is rarely used on practice and only few
applications, such as the Öresund Bridge [158], or the Hwamyung Bridge [105], can be
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found in the literature.

εn =
∆Ln
L0n

=
LSn − L0n

L0n

(3.13)

With Nn being the axial force in the nth stay cable, En being the Young’s modulus
of the stay cable material and An its cross sectional area, L0n can be determined from
LSn as presented in Equation (3.14). The unstressed length concept remains applicable
when the catenary effect is taken into account. In this case LSn must be substituted
by the length of the catenary, Lcn as shown in Equation (3.15).

L0n = LSn −
Nn

EnAn
LSn (3.14)

L0n = Lcn −
Nn

EnAn
Lcn (3.15)

The DA proposes the first application of the unstressed length concept in the
simulation of the construction process of cable-stayed bridges. This application is
based on the fact that extending a L0n length stay cable on site to get a given force Nn

produces the same effect that shortening an Ln stay in the model to get such force. This
is to say, the way of modeling the unstressed length method used on site is introducing
into the model stay cables of a length Ln linked to the anchorages in the bridge and
then subjected to the external forces and to the effect of the forces introduced by the
other cables already present in the model and shortening them a given length Lnε

OSS
n .

To do so, Ln can be related with LSn , L0n and an imposed strain in the OSS, εOSSn .
This is valid when the same stressed length, LSn , and the same axial force are obtained
by both procedures as presented in:

LSn = L0n(1 +
Nn

EAn
) = Ln(1 + εOSSn +

Nn

EAn
) (3.16)

The application of the concept of unstressed length cannot be directly simulated
with computer modeling. A way to simulate this process consists of introducing im-
posed strains, εOSSn , in an L-length stay. This way of modeling the prestressing in the
stay cables has the advantage that no information of the geometry nor the stress state
of the preceding or following construction stages is required as each tensioning stage
can be simulated by an independent FEM (direct simulation). Furthermore, this sim-
ulation provides a physical meaning to the tensioning operations.

The calculation of the εOSSn might be carried out as presented in Section 3.3.2. In
the next, section these strains are used to simulate the construction process of the
cable-stayed bridges built on temporary supports.

3.5.3 Tensioning and force matrices

The tensioning operations can be summarized in a Tensioning Matrix, [TM ] as the one
presented in Figure 3.14, where known values are highlighted in italic and unknown
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Figure 3.14: Tensioning matrix [TM ] and Force Matrix [FM ] of the DA.

values are highlighted in bold. With K being the number of construction stages, this
matrix is formed of K rows and three columns: the first column describes the stay
cable that is prestressed in each stage, the second column describes the force to be
achieved with the jack and the third one describes the imposed strain to be introduced
into the DA. For a forward simulation this matrix is computed from up to the bottom.

The balance between the simplification of site works and the structural necessi-
ties during construction generally results in stay cables being adjusted at least in two
stages [181]. The stay cable forces in the first tensioning operation do not influence the
achievement of the OSS. Therefore, these forces, highlighted in italic in Figure 3.14,
are traditionally defined directly by most of the designers as a percentage β, usually
between 70 and 85%, of the stay cable forces in the OSS. Stay forces in the first
tensioning operation can also be calculated indirectly as those obtained when a per-
centage of the imposed strain in the OSS is introduced. On the contrary, in a forward
simulation, stay cable forces in the second tensioning operation, highlighted in bolt in
Figure 3.14, are always unknown. Traditionally, these forces are defined by an OIP .
Nevertheless, using εOSS as the imposed strain introduced in the second tensioning
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operation guarantees the achievement of the OSS at completion without the need of
this OIP .

As presented in Figure 3.14, the stay cable forces in [TM ] can be enlarged into a
Force Matrix, [FM ], that describes the forces of all installed stay cables throughout
the tensioning operations. The active forces introduced by the jack in each stage, this
is to say, the values of [TM ], are framed in [FM ].

As cable-stayed bridges are highly statically redundant structures, the prestressing
of a single stay cable modifies the prestressing of all the previously installed stays.
For this reason, in addition of the unknown forces of [TM ], a new set of unknowns,
highlighted in bold in Figure 3.14, are found in [FM ].

3.5.4 Direct simulation

Some examples of the independent FEM analyzed by the DA to simulate intermedi-
ate construction stage are presented in Figure 3.15. The FEM of the first tensioning
operation is described in Figure 3.15.A. This model includes all temporary supports,
the dead load g1 and an imposed strain, ε1

C3
in stay cable C3. This strain is calculated

to achieve the target force N1
C3

, defined in the first row of [TM ] by the designer. In
this figure, C3 is highlighted by a filled arrow to show that in this stage its force is
directly controlled by the jack. In the following stages the remaining stays are installed
and prestressed. The FEMs used to simulate these stages are initially based on the
same loads and the same number of temporary supports that the preceding stage. The
actual number of temporary supports after the tensioning operation is defined by the
LIP described in the following section. To show this simulation, the 3rd tensioning
operation is described in Figure 3.15.B. In this stage, the stay C2 is installed and pre-
stressed with an imposed strain ε3

C2
. In the corresponding FEM the stay cables that

were installed in the preceding stages, C3 and C4, include the imposed strains with
which they were prestressed, this is to say, ε1

C3
and ε2

C4
, respectively. As the force of

these stay cables is no longer controlled by the jack, it can be said that those stay
cables are resisting passively the loads introduced by stay C2. For this reason, they are
represented by unfilled arrows in Figure 3.15.B.

In the second tensioning operation the stay cable forces are adjusted. These opera-
tions can be modeled by successively changing their imposed strains for those obtained
in the simulation of the OSS. The 9th stage, in which C3 is re-stressed, is presented
in Figure 3.15.C. In this FEM the imposed strain of C3 has been changed from ε1

C3

to εOSSC3
. After the last tensioning operation, in which C3 is re-stressed, all imposed

strains in the OSS are found in the stay cables and therefore, the OCS is achieved
as presented in Figure 3.15.D. The OSS is only achieved when the rest of permanent
and/or live loads included in TL are introduced after the tensioning operations.
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Figure 3.15: Independent FEM analyzed by the DA.

In the next section the LIP used to simulate the raising of temporary supports
during the tensioning process is described.

3.5.5 Simulation of the raising of the temporary supports

The non-linear behavior produced by the raising of the temporary supports between
Stagek−1 and Stagek is simulated by a LIP , with iLocal counter. At the beginning of
this process, the FEM of Stagek is assumed to have the same number of temporary
support than Stagek−1. The number of stay cables corresponds with the number of in-
stalled stays in Stagek. All stay cables present in the FEM include an imposed strain.
With F being an index that show how the first K-N tensioning operations are defined
by the designer, these strains can be an input of the algorithm (when the tensioning
operation is described in terms of strains, F=0) or they have to be calculated (when
the tensioning operation is described in terms of forces F=1).

The initial FEM at the beginning of the LIP , iLocal=1, of Stagek is presented in
Figure 3.16.A. After the analysis of this FEM , the adequacy of the structural system
is checked. To do so, an analysis of the reactions of the temporary supports of the
FEM of the stage is carried out. If any temporary support has a tensile force, this is
to say, its vertical reaction is negative as presented in Equation (3.17), means that the
temporary support has been raised during the kth tensioning operation.

Rk,i
Tt
< 0 (3.17)

The raising of a temporary support, T1, is appreciable in Figure 3.16.A as its verti-
cal reaction is negative. In this case, the structural system of Stagek must be updated
by removing the raised support in a new iteration, iLocal + 1, of the LIP . In this new
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Figure 3.16: Local Iterative Process (LIP ) used to define number of temporary sup-
ports presents in FEM of Stagek in the DA.

FEM , the force of the raised support will be transferred to the rest of the structure
and therefore, the geometry and stress state will differ from the one of the preceding
iteration. If the iterative process is included in a first tensioning operation stage, the
active imposed strain must be recalculated because of the modification of the struc-
tural system. This is appreciable in Figure 3.16.B, where the iLocal + 1th iteration
is presented. In this case, the imposed strain in C3 must be changed from ε3,i

C2
to

ε3,i+1
C2

to assure the achievement of the corresponding force defined in [TM ]. The LIP
is stopped when a satisfactory structural system is obtained in Stagek, this is to say,
when no tensile reactions are found in the temporary supports of the FEM of the stage.

Obviously, several temporary supports can be lifted in a certain tensioning oper-
ation. This can be directly simulated by removing all the temporary supports with
negative vertical reaction in the next iteration of the LIP . Nevertheless, this simula-
tion could lead to an inadequate structural system due to stress redistribution. To solve
this problem, and to simulate more accurately the behavior on site, the raising of the
temporary supports is evolutionary analyzed during the iterative process. Therefore,
only one temporary support can be lifted in each local iteration. This selected tempo-
rary support is evaluated by means of its vertical reaction. As presented in Equation
(3.18), the first lifted support, J , in the iLocalth iteration is the one whose negative
vertical reaction is minimum (maximum in absolute value of the negative reactions).

Rk,i
TJ

= min(Rk,i
Tt

), t = 1, T (3.18)

In the following section, the input and output data of the DA are presented.

3.5.6 Description of the algorithm

The DA requires the following input data: (1) Geometrical and mechanical properties
of the cable-stayed bridge. (2) Location of the temporary supports in the bridge deck.
(3) The vector of imposed strains in the OSS, εOSS. (4) Tensioning sequence of the
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Table 3.3: Input and output data of the DA

Input data Output data
Geometry and mechanical properties Force Matrix [FM ]

Location of the temporary supports in the deck Deflections, reactions and stress matrices
Strains in the OSS {εOSS} Raising of temporary support matrices

Tensioning sequence
Forces or strains in the first K-N operations

[TM ]. If the stay cables are not prestressed in a single operation, the stay forces (or
alternatively the imposed strains) in the first K-N stages must be provided. At the
end of the simulation the following output data is provided: (1) Tensioning [TM ] and
Force [FM ] matrices. (2) Set of matrices that show the geometry and stress state
during the tensioning process. (3) Raising of temporary supports matrices. The first
of these matrices presents the compressive force of each temporary support when the
deck is borne and the second one, the vertical deflection of the deck when lifted. A
summary of input and output data is presented in Table 3.3.

The flow chart presented in Figure 3.17 summarizes the modeling of the construc-
tion process carried out by the DA. This simulation is as follows: (1) The input data
is introduced into the program. (2) The initial stage, Stage0, is analyzed. In this
stage, load g1 is counterbalanced by the permanent and temporary supports. Then,
the stay cables are successively installed and prestressed to transfer the load from the
temporary supports to the stay cable system. The first K-N tensioning operations
are defined by the designer in terms of a percentage of the stay cable forces at OSS
(F=1) or of a percentage of the imposed strains at OSS (F=0). (3) If the first case
is assumed, each Stagek is modeled by introducing the stay cable whose force is being
adjusted by the jack in an independent FEM model. (4) This model includes the same
set of temporary supports and loads that the preceding construction stage, Stagek−1.
(5) The active stay cable force introduced into the kth tensioning operation is modeled
by an imposed strain, εk,i, whose value is calculated to achieve the target force defined
in the kth row of [TM ]. This strain is introduced into the corresponding row of the
third column of [TM ]. (6). To take into account the raising of the temporary supports
during the tensioning operation, the vertical reactions of these elements are evaluated
as presented in Equation (3.7). If negative vertical reactions are found, the structural
system of Stagek is updated by the LIP . (7) In this process, the first lifted temporary
support, J , is first calculated as presented in Equation (3.11). (8) The lifted support
is removed from the FEM as presented in Figure 3.16. This process is repeated until
only compressive forces are found in the temporary supports. (9) In those cases where
F=0 or in the last N tensioning operations, it is not necessary the calculation of the
imposed strain εk,i. (10) Once the Kth construction stage has been modeled the cal-
culation carried out by the algorithm is finished.
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Figure 3.17: Flow chart of the DA.

3.5.7 Computation time

One of the main advantages of the DA is its short computation time. As in the rest
of the algorithm presented above, the definition of this parameter is quite complicated
as its value is different for each structure and depends on many variables and an exact
value can only be given once the algorithm has been executed.

A simplified equation to obtain an approximated computation time, TimeDA, is
proposed in this section. This approximated time is based on the number of times
that the main time consuming module (the Finite Element Module solver) is used by
the DA. With iDA being the average of the number of local iterations required in
each construction stage by the DA, N the number of stays and TimeFEM an average
calculation time of the FEMs, the computation time of the DA can be calculated as
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presented in:

TimeDA = (2N +NiDA)TimeFEM (3.19)

This equation is based on the following assumptions: (1) The number of elements
in the FEMs is such that the addition of the stay cables does not modify significantly
its computation time. Therefore, it is assumed that all the FEMs have the same aver-
age computation time, TimeFEM . (2) The number of temporary supports corresponds
with the number of stay cables. (3) The LIP requires an average number of iterations,
iDA.

The parameters iDA and TimeFEM depend on the structure and their value can
only be determined by computation. Under the assumed hypotheses, the analysis of
several structures showed that iDA tends to unity and therefore, it can be assumed
that the computation time of the DA can be simplified as presented in the following
equation:

TimeDA u (3N)TimeFEM (3.20)

This equation shows that the computation of the algorithm depends linearly with
the number of stay cables and the average computation time of the FEMs. The higher
N and TimeFEM , the higher TimeDA is.

3.6 Example 3.1 Cable-stayed bridge in Wuxi

In order to validate the three developed algorithms, the construction process of a
cable-stayed bridge built on temporary supports is analyzed in this section. The main
characteristics of this structure and its modeled tensioning process are first described.
Then, the results obtained by commercial programs Wiseplus and Midas are compared
with those obtained by the BA. Finally, the results obtained by the BA, the FA
and the DA are compared. Furthermore, the main peculiarities of each algorithm are
highlighted. For example, in the case of the FA a modification of the tensioning process
to include the effects of the deviations on site and temperature effects are included.
All the analyses presented in this section have been computed in the same processor
P8600 running at 2.4GHz.

3.6.1 Description

The structure analyzed in this section corresponds with a simplified model of a project
for the city of Wuxi in China. The bridge has one 54m high concrete pylon, a 180m
length steel box girder deck and N=18 stay cables arranged in a semi-harp symmetrical
form as presented in Figure 3.18. The self weight of the bridge deck, g1, and the tar-
get load, TL, are 135 kN/m and 202.5kN/m, respectively. The anchorage of the two
central stay cables in the bridge deck is separated 15m to the pylon. The anchorage of
these elements in the pylon is separated 28.8m from bridge deck. The rest of the stays
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Figure 3.18: Tensioning Matrix, [TM ], and Force Matrix, [FM ], and strain vector
{εCP} obtained by the BA in Example 3.1. The stay cables that are being prestressed
in each stage are framed. Axial forces in kN and strains dimensionless.

are uniformly anchored every 9m along the bridge deck and every 1.8m along the pylon.

The FEM of the whole bridge consists of 40 beam elements of three degrees of free-
dom per node. The steel girder with an area, AG of 1.72m2, an Young’s modulus, EG
of 206000MPa and an Inertia, IG of 4.2m4, is modeled by means of 20 beam elements.
The concrete pylon (AP=8.54m2, EP=33500MPa, IP=14.4m4) is modeled by means
of 12 beam elements. Finally, the remaining 18 beam elements are used to model the
stay cables (AS=0.0072m2, ES=195000MPa). The latter elements are assumed with
null inertia. The OSS has been defined according to the Rigidly Continuous Beam
Criterion.

The superstructure of the cable-stayed bridge is built by the temporary supports
erection method. It has been assumed that non evolutionary construction process has
been needed. At the beginning of the tensioning process, the bridge deck is borne on
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a set of T=18 temporary supports located at below every stay cable. It is important
to highlight that without any lack of generality, the algorithm could have been applied
for any other distribution of temporary supports.

In the tensioning process, all stay cables but one are prestressed by two tensioning
operations, this leads to a number of K=2N -1=35 operations. In the first N -1 stages,
the first 17 stays are installed in alternative sides of the pylon from the pylon to the
abutments. In the Nth stage, the 18th stay cable is placed. Afterwards, in the last
N -1 stages the forces of all the rest of stay cables are successively modified. This oper-
ation is carried out in alternative sides of the pylon from the abutments to the pylon.
Throughout the simulation of the tensioning process, it has been assumed that once a
temporary support has been raised it is removed from the structure.

It is worth noting that there exist an infinite number of tensioning strategies that
can be applied to the structure in order to assure the achievement of a certain OSS at
completion. Furthermore, depending on the simulation approach, different forces have
to be provided to the corresponding algorithms for a proper simulation. This strategy
can be characterized by defining N -1 conveniently selected stay cable forces of the [TM ]
of each algorithm. As presented in the preceding sections, in a forward approach these
forces must correspond with those of the the first N -1 tensioning operations, while
in a backward approach must correspond with those of the last N -1 ones. In order
to compare the results obtained by the different algorithms, the stay cable forces of
the different simulation approaches have been conveniently selected. The forces in the
forward approach were defined as a percentage β=85% of those axial forces obtained
in the OSS. In the case of the backward simulation, the definition of the construction
process is carried of by using the stay cable forces calculated in the last N -1 tensioning
operations calculated by the forward simulation.

3.6.2 Comparison between the commercial software and the
BA

In this section the results obtained by two commercial programs (Midas/CivilV 7.01
and WiseplusV 1.2) are compared with those obtained by the BA. In the commercial
programs, the temporary supports have been modeled as special elements that are
only able to counterbalance compressive stresses. The prestressing of the stay cables
has been modeled by imposed axial forces acting in the stay anchorages following the
direction of the stay cables and acting inwards, with no actual cable element present in
the structure. This is to say, the effect of the stay cable on the structure is modeled by
the forces introduced by the cable in the anchorages. Once the forces are introduced
in the structure and it is deformed, by means of advanced calculation tools, the cable
element is introduced into the deformed or un-deformed structure with an axial force.

In this section the axial forces in the stay cables obtained by the commercial software
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Table 3.4: Maximum differences compared to results of the BA

Midas (%) Wiseplus (%)
CP1 0.0014 0.0025
CP2 0.0001 0.0002

are compared with those obtained by the BA. This comparison has been based on the
analysis of two Comparison Parameters, CP , which value varies between zero and one.
The higher the value, the more different the axial forces of both algorithms are. The
first comparison parameter, CP1, is based on the differences in absolute value along
the K stages and the N stays. As these values will be different for each stay and each
construction stage, the maximum value has been used. The definition of this parameter
for the comparison between the results obtained by the BA and those obtained by the
commercial software is presented in:

CP1 = Max(
NBAk
Cn
−NSoftwarek

Cn

NBAk
Cn

) n : 1, N k : 1, K (3.21)

The term NBAk
Cn

represents the axial force in the nth stay calculated by the BA

in the kth construction stage while NSoftwarek
Cn

represents the same force calculated
by the commercial software. The second comparison parameter, CP2, is based on
the differences of axial forces in all placed stays for a certain construction stage k in
absolute value. As this parameter is different for each construction stage, the maximum
value is used. Equation (3.22) shows the definition of this parameter for the quadratic
comparison between the BA and the commercial software.

CP2 = Max(|1− |
∑N

n=1N
BAk
Cn

NSoftwarek
Cn∑N

n=1 N
BAkNBAk

|) k : 1, K (3.22)

The comparison parameters of axial forces in the stay cables are summarized in
Table 3.4. This table shows the value of the comparison parameters obtained after
comparing the results obtained by the commercial programs and those obtained by the
BA. Both parameters are presented in terms of a percentage of the value obtained by
the BA. The analysis of these results showed negligible differences between the results
obtained by the two commercial programs and those obtained by the BA.

Since no significant differences in bending moments, deflections and stay forces be-
tween results of both commercial programs and BA were found, only [TM ], [FM ] and
{εCP} calculated by the BA are presented in Figure 3.18.

The variation of the axial forces in a certain stay cable throughout the construction
process can be obtained from [FM ] according to the erection direction. This variation
is studied in the first placed stay cable, the 9th one, and the results are presented in
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Figure 3.19: Axial forces of the 9th stay along the construction stages (kN). Stages 1
and 35, where the stay is prestressed, are dotted.

Figure 3.19. This figure can be divided into two distinct regions which are separated
by a dotted line. The first region, located on the left hand side of the figure, starts
with the placing and tensioning of the studied stay cable, in the first tensioning oper-
ation. As the stay is being prestressed, this stage is highlighted by a dotted line. In
the following stages of this region, the structural system is successively changed as new
stay cables are introduced and the raised temporary supports are removed from the
structure. It is important to point out that the location of the prestressed stay cable
has great influence in the variation of the axial force of all stays. In fact, in the case of
the 9th stay cable, its axial force is highly increased when the prestressed stay is not
located at the same side as the pylon, and decreased when located at the same side.
The second region, located on the right hand side of the figure, corresponds with the
second tensioning operation. As all the stay cables have been already placed and the
set of temporary supports has been removed in the preceding stages, the structural
system in these stages remains constant. As the stay cable is being prestressed in the
35th tensioning operation, this value is highlighted by a dotted line.

A peculiarity of the temporary support erection method is that during the tension-
ing sequence the temporary supports may be lifted. This can be expressed in terms
of the vertical reactions of the temporary supports as presented in Figure 3.20. This
figure shows the evolution of vertical reactions in the first five temporary supports
(T10, T12, T14, T16 and T18) from Stage0 until their lifting (null vertical reaction). The
vertical reactions remain practically constant during the first tensioning stages until
the temporary supports are successively lifted. The lifting sequence is related to the
tensioning strategy, this is, from the pylon to the abutments. When the prestressing
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Figure 3.20: Vertical reaction in temporary supports T10, T12, T14, T16 and T18 during
the tensioning process (MN).

is introduced in a certain stay cable, the adjacent temporary supports modify signifi-
cantly their vertical reaction. Because of the fact that cable-stayed bridges are highly
statically indeterminate structures, it is difficult to define the effect of the tensioning
operations into the temporary supports. It is important to highlight that once a tem-
porary support is lifted, its force is transferred to the stay cable system and to the
remaining supports (permanent and temporary). Because of this fact, the vertical re-
actions of those temporary supports may be significantly increased. The last remaining
temporary supports are the ones experiencing the higher increments in the reactions.
This is appreciable in T18 where its force in Stage0, 1.13MN, is increased till 2.85MN in
the 12th stage. This value represents the 281.27% of its initial force. This case shows
that temporary supports must be designed to safely carry loads during the tensioning
of the stay cables higher than those corresponding to Stage0.

Compared with the commercial programs, the BA has, among some others, the
advantage that the stresses in the strands of the stay cables can be easily calculated
without the need of separate models, even when the strand by strand tensioning tech-
nique is used. This prestressing method is more and more often used as it eliminates the
need for heavy erection equipment. The strand by strand method has several variants
according to the patent used by each company, but basically consists on prestressing
a first single strand up to a defined stress. Once the strand is anchored, the rest of
the strands are successively prestressed one by one until their stresses match the stress
of the first strand. It is to point out that the first strand is losing tensile stresses
when the others strands are prestressed, due to the elastic shortening of the stay ca-
bles. The strand by strand tensioning technique has been modeled in this section. The
fifty strands forming each stay cable are successively introduced into the structure and
prestressed in the first N stages. At the end of every stage, the complete stay cable
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will have been introduced and prestressed. The strain that is needed to achieve in the
full stay the axial force defined in the corresponding kth row of [TM ], this is, εkCP is
successively applied into each of the strands when placed to simulate its tensioning. In
the modeling, when a new strand is introduced and prestressed the axial forces of all
placed strands are modified. At the end of the stage, when all the strands are placed
and prestressed with the same εkCP , all the forces in the strands are equal and the force
of the stay cable matches the value defined in the kth row of [TM ].

Figure 3.21.A shows the stress in the first placed strand of the 9th stay cable in
the first construction stage throughout the strand by strand tensioning stages. In this
construction stage, the structural system consists of the set of the temporary and per-
manent supports. When the first strand is placed, a certain stress is obtained. Then,
as new strands are successively introduced into the structure, the stress of the first
placed strand is successively reduced. When all the strands have been placed and pre-
stressed, the stress of the first strand is reduced 84.3MPa respect to its value when first
prestressed. This implies a prestressing loss of the first strand of 20.2%. When the
28th strand is introduced and prestressed, highlighted in Figure 3.21A, the axial force
introduced into the stay cable is such that is able to unload the first temporary sup-
port. Therefore, the structural system of the bridge changes as the unloaded temporary
support is removed from the model. In the following K-N stages, the stay cables will
be re-stressed, using the strand by strand tensioning technique. In order to do so, the
imposed strain in the strands when they were first prestressed is successively changed
to the one that corresponds with the stage where the strands are being re-stressed.
Figure 3.21.B shows the stress in the first re-stressed strand of the 9th stay in the 35th
construction stage, after its imposed strain is changed from ε1

CP to ε35
CP . As all the stay

cables were placed and the temporary supports were unloaded and removed from the
model in the preceding construction stages, the structural system is that presented in
Figure 3.21.B.

This structural system remains constant throughout the re-stressing stage. When
all the strands have been re-stressed, the stress of the first strand is reduced 1.70MPa
respect to its value when re-stressed. The increment of axial force along the re-stressed
stage is 12.5kN , which is the 5.2% of that axial force introduced by the jack, this is
to say, N35

C9
− N34

C9
. The comparison of the reduction percentages of the stress in the

first strand obtained in the 1st and the 35th construction stages showed that lower
reductions of stress were calculated when the stay is re-stressed. This can be explained
by the fact that in the re-stressing stage the axial force introduced by the jack is lower
as well the structural system of the bridge is stiffer as all the stay cables were placed
in the preceding stages.

Another advantage of modeling the construction process with imposed strains in-
stead of imposed forces is the fact that the elongation of the stay cables to be measured
in the tensioning operation can be easily predicted. Calculation of stay elongation,
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Figure 3.21: Stresses in the first strand of the 9th stay and structural system of the
bridge throughout the local tensioning process (MPa): (A) first construction stage, (B)
last construction stage, which is 35th.

∆LCn , is very important for controlling the safe and accurate prestress of the stay
cables on site. The calculation of the stay elongation can be approximated by the
product of the calculated imposed strain introduced in the stay in the kth stage, εkCP ,
by the unstressed length of the prestressed stay LCn as presented in:

∆LCn = εkCPLCn (3.23)

To facilitate the comparison with other calculation methods, the stay elongations
obtained in the 9th stay are 80.48 mm in Stage1, where the stay is placed and pre-
stressed, and 5.84 mm in Stage35, where the stay is re-stressed. Comparison of these
values shows that larger elongations are obtained in Stage1 as larger axial forces are
introduced by the jack. This information is not only important to control the correct
and safe prestressing of the stay cable on site. It also help the designer to control if
the anchor wedge bites the strand in the same position several times during the pre-
stressing process. This fact could jeopardize the integrity of the strand along the time
due to fatigue problems.

3.6.3 Comparison between the BA and the FA

In this section, the results of the BA are compared with those obtained by the FA.

The Force Matrix [FM ]1, and the vector of Construction Process strains, {εCP}1,
obtained in the first overall iteration when the construction process is modeled accord-
ing to the initial arbitrary Tensioning Matrix [TM ]0 described above, are presented in
Figure 3.22.

As the unknown values of [TM ]0 do not include the effect of the construction
process, the axial forces in the stay cables obtained in the last construction stage,
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Figure 3.22: Arbitrary Tensioning Matrix [TM ]0, Force Matrix [FM ]1 and Construc-
tion Process strains vector {εCP}1 obtained in the first iteration (j=1) of the global
iterative process. The stays that are tensioned in each stage are framed. The bars
graph represents the differences in absolute value between the axial forces in Stage1,K

and those obtained in the OCS in each stay. All forces are presented in kN and the
strains are non-dimensional.
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Stage1,K are different to those obtained in the OCS. These absolute differences are
showed for each stay cable by means of the bars graph presented at the bottom of the
same figure. In order to correct the error of axial forces in the stay cables at completion,
the OIP is run. The tolerance of this process is fixed to 0.1%. Throughout the OIP ,
the force deviations are used to update the Construction Process strain vector in such
a way that the calculated axial forces in the stay cables tend to those of the OCS. The
convergence of the OIP is fulfilled after 19 iterations as presented in Figure 3.23. This
figure shows the convergence from two different parameters: Firstly, the normalized
values of the axial forces in several stay cables, NCn , are presented for each iteration.
These coefficients are calculated according to Equation (3.24), where the axial force
obtained at the end of the construction process, Kth stage, of the jth overall iteration,
N j,K
Cn

, is divided by that obtained in the OCS, NOCS
Cn

. The second parameter used to
show the convergence of the OIP is the convergence criterion presented in Equation
(3.25). When these differences are close enough to zero, this is to say, smaller than the
defined tolerance, the OIP stops running.

NCn =
N j,K
Cn

NOCS
Cn

(3.24)

N∑
n=1

| N
OCS
Cn
−N j,K

Cn

NOCS
Cn

| (3.25)

The results obtained by the FA were compared with those obtained after modeling
the same construction process by the BA. As similar bending moments and deflec-
tions in the deck and the pylon and axial forces in the stay cables were obtained by
both procedures, only the comparison of axial forces in the stay cables is presented in
this section. This comparison is analyzed by means of the two comparison parame-
ters defined in Equations (3.21) and (3.22) (substituting the results of the commercial
software to the results of the FA). The obtained comparison parameters 0.0356 and
0.0025% show that, from an engineering point of view, the results obtained by the FA
coincide with those obtained by the BA.

The matrices obtained by the FA at the end of the OIP , [FM ]19 and [TM ]19, are
the same of those results of the BA presented in Figure 3.18. The updated Construc-
tion Process strain vector, {εCP}19, also corresponds with that calculated by the BA.

Despite the similarity between the results of both algorithms, it is important to take
into account that the calculations carried out by the FA are more time-consuming as
its calculation time depends on the convergence of the OIP . This fact can be appre-
ciated in Table 3.5, where the computation times of both algorithms are presented for
a different number of stay cables (N=18, 30, 58, 88 and 178). This table also includes
the actual computation time rations RC , the approximated computation times ratios
RS and the differences between both ratios. RS is defined as the ratio between the
simplified time of the BA (calculated by Equation (3.5)) and the simplified time of the
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Figure 3.23: Convergence of the overall iterative process. Both graphs have dimension-
less units.

Table 3.5: Comparison between RC and RS.

N TimeBA(s) TimeFA(s) RC RS Differences(%)
18 21.2 122.9 5.8 6.0 3 %
30 30.1 392.7 10.9 9.8 7 %
58 57.8 1277.4 22.1 21.0 5 %
88 188.2 6304.7 33.5 32.3 4 %
178 387.7 31248.6 80.6 85.3 6 %

FA (calculated by Equation (3.12)). It is important to highlight that the unknown
parameters of RS (iBA, iFA, F and J) have been defined as average values of those
obtained after analyzing RC for the same structure with different number of stay cables
(N= 18, 30, 58, 88 and 178).

The comparison of both ratios (RC and RS) presented in Table 3.5 shows that in
the original structure (N=18), the approximated value RS only differs a 3% with RC .

The ratios RS and RC for different number of stay cables is presented in Figure
3.24. This figure shows the important role that the number of stay cables N plays
in the computation time. Obviously, the higher the N , the more-time consuming the
convergence of the OIP of the FA is, and therefore, the higher RS and RC .
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In the following section the FA is used to update the tensioning process to include
some deviations measured on site.

3.6.4 Modification of the Tensioning process

Compared with the BA, the FA has the advantage that it enables to update the
tensioning process to include deviations on site. To illustrate this characteristic, an
academic and extreme example is analyzed in this section. In this example differences
between the axial forces in the calculated construction process (in preceding section)
and those obtained on site are supposed in stage 17th affecting sixteen stay cables.
These differences are zero in the last prestressed stay (1st stay) and in the 18th stay,
because in this construction stage it has not been placed into the structure yet. The
deviations of each of the rest of stay cables correspond with a variation of ±5% of
those axial forces obtained in each stay in the 17th calculated construction stage. It
can be assumed that these differences can be caused by the stiffness given by the tem-
porary supports, which were not properly taken into account in the model. From this
stage, the construction process has been modeled according to two different tensioning
strategies. The first one consists of modeling the construction process without taking
into account the measured deviations, this is to say, by means of the predicted [TM ].
As the deviations measured on site are not included in the tensioning process, the
OCS will not be achieved at completion. The differences between the modeled axial
forces obtained by the original tensioning strategy and those obtained by the OCS
are represented by a filled circle for each stay in Figure 3.25. At completion, these
deviations are even higher than those assumed in the 17th stage. In that stage, the
highest deviations are found in the 18th stay cable, with a value of 12%. Obviously,
this error percentage would not be admissible and, at least, an additional stage would
be required to achieve the OCS and to not surpass the safety threshold.
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Figure 3.25: Axial forces in the stays obtained by two tensioning strategies when
deviations of ±5% of the target axial forces in the 17th calculated construction stage
are detected. The first tensioning strategy, represented by filled circles, is based on no
modifying [TM ] and the other one, represented by the unfilled squares, includes these
deviations.

The second tensioning strategy consists of including the deviations measured on
site by means of modifying the [TM ] provided by the designer. This will imply a
new iteration process for obtaining a new [TM ]. As deviations are detected before
the last tensioning operation of all stays, the iterative process updates the last N
axial forces of [TM ]. The differences of the axial forces at completion obtained by
this modeling and those obtained by the OCS are represented by unfilled squares in
Figure 3.25. The analysis of the results obtained by this tensioning strategy showed
that the differences in this academic example in all stay cables tend to zero. Therefore,
theoretically no additional stages would be needed to correct the measured deviations
and the construction process would be more efficient in time and cost. In a real
structure, maybe the results will not be such astonishing (mainly because the actual
stiffness of the structure will not totally coincide with the one of the model), but
certainly the differences between the desired and obtained OCS could be reduced.

3.6.5 Comparison between the FA and the DA

The [FM ] obtained by the DA presents negligible differences with the results obtained
by the FA. This is clearly appreciable in Figure 3.26 where the differences between stay
cable forces obtained by both methods during the tensioning process, Nk,DA and Nk,FA

respectively, in three stay cables (C1, C5 and C6) are presented. These differences are
presented from the placement of the different stay cables till the OCS (Stage35). The
maximum difference is negligible (0.87kN) and it is found in the 5th stay cable in the
30th construction stage. This value represents a deviation of the 0.03% of the force to
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Figure 3.26: Evolution of differences of stay forces in stay (C1, C5 and C9) during the
tensioning process for different tolerances. Filled marker and continuous line: tolerance
of 0.01 %, unfilled marker and dotted line: tolerance of 0.001%.

be achieved in the OSS. These differences might be even reduced when the tolerance
of the OIP of the FA is decreased. This is illustrated in Figure 3.26 where the results
for the initial tolerance of 0.01% (filled marker and continuous line) are compared with
those obtained for a tolerance of 0.001% (unfilled marker and dotted line). For this
tolerance, the maximum difference, 0.04kN, is found in the 5th stay cable for the 27th
construction stage. This value represents a negligible deviation of the force of that stay
cable in the OSS.

The imposed strains that have to be introduced in the stay cables during the sim-
ulation of the tensioning process carried out by FA, εk,FA, and the DA, εk,DA, are
compared in Figure 3.27 in terms of the imposed strains in the OSS, εOSS. Differ-
ences between the imposed strains obtained by both algorithms are found in the first
tensioning operation (left hand side of Figure 3.27). These differences are explained
because the imposed strains are applied in different FEMs: In the FA the imposed
strain is included into an AuxiliaryModel, whose effect is added to the preceding
construction stage. Nevertheless, the imposed strain in the DA is introduced into an
independent FEM that includes all imposed strains obtained in preceding construction
stages. During the second tensioning operation (right hand side of the Figure 3.27),
the same imposed strains are obtained by both algorithms. It is to point out that the
simulation carried out by the DA assures that every stay cable achieves its stressed
length, Ls, at the end of the tensioning process. Therefore, the sum of all the strains
introduced by the simulation of the tensioning process in a certain stay cable must be
equal to its imposed strain in the OSS. This is appreciable in the second stay cable,
(prestressed in the 2nd and 34th stages), where the imposed strains in the first and sec-
ond tensioning operations represents the 74.74% and the 25.26% of its εOSS respectively.

In this section the actual computation time of the DA is compared with that ob-
tained by the simplified procedure proposed in Equation (3.19) for different number of
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Figure 3.28: (A) Comparison between the actual computation time (unfilled circles)
and TimeDA (continuous line) for different number of stays N in(s).(B) Ratio between
computation time of the FA and DA.

stay cables (N= 18, 30, 58, 88 and 178). This comparison is summarized in Figure
3.28.A, in which actual computations times are presented by unfilled circles and the
simplified times are presented by a continuous line. This figure shows that, as expected,
the higher the number of stay cables the higher the computation time of the DA is.

For the actual structure (N=18) the actual computation time is 41.98s. The ob-
tained value by the simplified equation, 43.05s, represents a deviation of the 2.55% of
the actual value.

It is important to highlight that compared with the FA, the computation time of
the DA is significantly reduced. This is appreciated in Figure 3.28.B where the compu-
tation time obtained by both algorithms by simplified equations (dotted line) and full
computation (unfilled circles) are presented for different number of stay cables (N=
18, 30, 58, 88 and 178).

For the actual structure (N=18) the FA is 7.31 times more time consuming than
the DA. Furthermore, as showed in Figure 3.28.B, the differences in the computation
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Table 3.6: Comparison of the input data of the BA, the FA and the DA.

Element properties Tensioning order Tolerance Required stages Required information
BA 3 3 5 Last K-N {NOSS}
FA 3 3 3 First K-N {NOSS}
DA 3 3 5 First K-N {εOSS} or {NOSS}

time of both algorithms are nonlinearly dependent on the number of stay cables. In
this way, the higher the number of stay cables is the more time consuming the FA is
compared with the DA. For example, for N=178 stay cables the FA is 235.2 times
more time consuming than the DA. Therefore, if the modeling of the construction
process of the cable-stayed bridges must be included in any optimization process, the
DA is highly recommended.

3.7 Comparison among algorithms

A comparison of the input data required by the BA, the FA and the DA is presented
in Table 3.6. This table shows that: (1) All the proposed algorithm require the geo-
metrical and mechanical properties of the structure and (2) the tensioning order in all
the K tensioning operations. (3) The only algorithm that requires the definition of a
tolerance is the FA. This information is used to stop the OIP . (4) Information of the
forces or applied strains in the first K-N tensioning operations is required by the FA
and the DA. Nevertheless, the BA requires the applied forces or strains in the first
K-N tensioning operations. (5) Information of the stay forces in the OSS, {NOSS},
is required by the BA and the FA. In the case of the DA either strains in the OSS,
{εOSS} or {NOSS} might be used.

The comparison between the main characteristics of the BA, the FA and the DA
is summarized in Table 3.7. This table shows that: (1) Every algorithm includes
a different simulation approach. The BA and the FA are based on the traditional
backward and forward approaches. Nevertheless, in the case of the DA a new direct
approach, which does not require information from the subsequent or following con-
struction stages, is used. (2) Unlike the BA and the FA, the DA does not require
the application of the superposition principle as no auxiliary models are required. For
this reason, both the computation-time and computer storing capacity required by the
DA are lower. (3) None of the proposed algorithms included the effects of the time-
dependent phenomena. Nevertheless, these effects might be includes in the FA, as
presented in Chapter 5. (4) The stay cable forces are simulated in all the presented al-
gorithms by mean of imposed strains or temperature decrements in the stay cables. (5)
All three compared algorithms require a LIP to simulate the raising of the temporary
supports during the tensioning process. Nevertheless, the LIP of the DA differs from
that of the others algorithms, as the structural system is directly updated in the FEM
of the calculated stage instead of in the FEM of the auxiliary models. (6) The FA is
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Table 3.7: Main characteristics of the BA, the FA and the DA.

Approach Superposition Time-dependent phenomena Strains LIC OIP
BA Backward 3 5 3 3 5

FA Forward 3 5 3 3 3

DA Direct 5 5 3 3 5

Table 3.8: Comparison between the BA, the FA and the DA.

Advantages Disadvantages Proposed use
Implemented in any software Time-dependent phenomena Initial design

BA Reduced computation time Not very intuitive
Information of the strains on site

Intuitive Time-consuming Initial design
FA Information of the strains on site Parallel simulation Deviations on site

Modifications of the tensioning process
Very reduced storage and time Time-dependent phenomena Initial design

DA Implemented in any software Optimization processes
Information of the strains on site and intuitive Deviations on site

the only analyzed method that requires an OIP to simulate the last N construction
stages.

Main advantages, disadvantages and some proposed uses for each algorithm are
summarized in Table 3.8. This table shows that the three algorithms include infor-
mation of the strains on site. The main advantage of the BA is its simplicity that
enables its simulation in any computer software (that is able to simulate temperature
decrements or imposed strains). In the case of the FA, one of its major advantages is
the easiness of the simulations that results very intuitive as it is simulated according
to the actual sequence of events on site. Finally, the main advantage of the DA, is its
reduced computational time and required computer storage.

The main inconvenient of the BA and the DA is the fact that time-dependent phe-
nomena cannot be simulated easily (in the BA the simulation is carried out according
to the backward approach and in the DA, a superposition of stages would be required).
The main disadvantage of the FA is its computation time.

The BA, the FA and the DA might be used to initial design of the construction
process of cable-stayed bridges built on temporary supports. In addition to this, the FA
is specially indicated for those cases where deviations of the theoretical construction
sequence are detected, while the DA is especially indicated for optimization processes.
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3.8 Conclusions

This chapter deals with the simulation of the construction process of cable-stayed
bridges built on temporary supports. First, the peculiarities of the temporary supports
erection method and the different simulation approaches presented in the literature are
reviewed. Then, the simulation of the construction process carried out by some com-
mercial programs (such as Wiseplus or Midas/Civil) is described. Next, a set of three
new algorithms (the Backward Algorithm, BA, the Forward Algorithm, FA, and the
Direct Algorithm, DA) is proposed to simulate the construction process of cable-stayed
bridges built on temporary supports. These three algorithms include a local iterative
process (LIP ) to simulate the nonlinear effects of the raising of the temporary supports
throughout the tensioning process. Each of the three developed algorithms is based
on a different simulation approach. The BA and the FA are respectively based on a
backward and forward simulation that requires the application of the superposition of
stages principle. To assure the achievement of the OSS, the FA includes an overall
iterative process that updates the last tensioning operations. On the other hand, the
DA is based on a direct simulation that does not require information of the preceding
or subsequent tensioning operation. In this simulation any construction stage might be
simulated by an independent FEM with the consequent reduction of the simulation
time. Unlike the analyzed advanced commercial programs, these algorithms might be
implemented into structural software that enables the simulation of imposed strains.
Furthermore, the developed algorithms do not require separate models to calculate the
evolution of stresses in the strands. Furthermore, the stay elongations when prestressed
can be easily obtained when the stay cables are prestressed in a single operation or
strand by strand.

The results of the simulation of the construction process of a cable-stayed bridge
obtained by the three developed algorithms have been compared with those obtained
by two commercial programs. This comparison showed negligible differences in terms
of lifting sequence of the temporary supports, bending moments, deflections and stay
cable forces between the different methods. This analysis also shows the peculiarities
of each developed algorithm.

The main hypotheses of the simulation, the input data, the advantages and disad-
vantages and the proposed uses of each of these algorithms are presented and finally
compared. The comparison between the three proposed algorithms shows that all of
them are indicated to initial design of the construction process of a cable-stayed bridge
built on temporary supports. In addition to this, the FA is especially indicated to sim-
ulate deviations of the theoretical tensioning process measured on side. On the other
hand, the computational speed of the DA makes it indicated to optimization processes
that include the simulation of the construction process (e.g. in the optimization of the
tensioning process of cable-stayed bridges built on temporary supports).
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Chapter 4

Modifications of the OSS of
cable-stayed bridges due to
staggered construction of their
superstructure

4.1 Introduction

Mid- and long-span cable-stayed bridge superstructures are rarely built in a single oper-
ation. In these structures, staggered construction can accelerate erection and minimize
the cost in environmentally sensitive and difficult to access locations. Nevertheless, the
importance of the erection process of the superstructure is not only economical as it has
also a great influence on the geometry and stress state of the structure during construc-
tion and in service. Examples of these are the changes in the longitudinal structural
system when concrete or steel segments are successively assembled in cantilever [203]
or over temporary supports [129], or in the transverse structural system when the cross
sections of wide decks are evolutionary assembled. The linkage of longitudinal and/or
transverse segments by casting, welding or screwing results in construction joints that
create planes of weakness. In general, a poorly designed, installed, or maintained deck
joint can contribute to the premature replacement of the bridge or become a dangerous
safety hazard to the public as shown e.g. by the collapse of the Hasselt Road Bridge
over the Albert Canal in Belgium in 1938 [12].

Many researchers (see e.g. [109]) have stated the importance of including the ef-
fects of the construction process into the definition of the Objective Service Stage
(OSS). Unfortunately, this is rarely the case in current practice as the stress state
of the structure in the OSS is usually defined in early stages of design, when the
construction process is not conceived in detail yet. Furthermore, and despite its im-
portance, the effects of the construction of cable-stayed bridge superstructure in the
stress state of the structure has received little attention in the literature. Work has
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been done in some areas, such as the influence of on site defects (see [113]), residual
welding stresses (see [112] and [215]), seismic behavior (see [197]) or fatigue resistance
(see [122] and [214]). Also, some general recommendations related to the use and lo-
cation of construction joints have been published [142]. However, important questions
such as: How does the number and location of the construction joints affect the stress
state of a cable-stayed bridge in the OSS? or What is the optimal location of the
construction joints in a staggered erected deck? remain unanswered. Additionally, if
the cable-stayed bridge is built using the temporary support erection technique, new
questions appear such as How does the number of temporary supports affect the stress
state in the OSS?.

To fill all these gaps, this chapter analyzes how the staggered construction of a
cable-stayed bridge superstructure modifies the stress-state and the geometry in the
OSS. This initial study is focused on (1) the construction of steel structures, therefore,
effects of phenomena like concrete creep and shrinkage have not to be considered, (2)
the temporary support erection technique, (3) deck construction with only longitudinal
changes during erection, hence not considering evolutionary cross sections, (4) on linear
static analysis, so geometrical or mechanical non-linearities are not taken into account.
(5) Time-dependent phenomena, such as steel cable relaxation, are also neglected.

This chapter is organized as follows: Firstly, several academic and real examples
are used to illustrate the important role that the staggered construction of the cable-
stayed bridge superstructure might play in its structural behavior during construction
and in service. Then, to include the effects of the staggered construction of the super-
structure into the OSS a criterion based on the minimization of the bending energy
of the structure is proposed. From this criterion, the set of imposed strains in the
stay cables that might be used to simulate the effects of the staggered construction of
the superstructure into the OSS, are calculated. To illustrate the application of the
minimal bending energy criterion, the results obtained when this procedure is applied
to two academic cable-stayed bridges are presented. The main trade off of the minimal
bending energy criterion is the fact that a numerical integration of the bending moment
diagrams of the structure is required and therefore, the procedure might require a par-
allel programming. To avoid the requirement of this numerical integration, a simplified
criterion is proposed. This simplified criterion might be used to calculate the same
set of stay cable strains obtained by the minimal bending energy criterion from a stay
force analysis. To validate the results of the simplified criterion, the application of this
procedure to a real staggered erected structure is presented. The main characteristics
of the two proposed criteria are also compared. Next, the effects of two of the most
important factors of the staggered erection of the deck, the number and location of the
construction joints and the temporary supports, in the OSS are analyzed. To show
these effects, both academic examples and a real structure are analyzed. Finally, some
conclusions are drawn.
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4.2 Effects of the staggered construction

In this section the effects of the staggered construction of a cable-stayed bridge during
the construction process are first studied. Then, the effects of the staggered construc-
tion in the OSS are evaluated. A set of examples are used to illustrate the effects
both during construction (Example 4.1) and in the OSS (Examples 4.2 and 4.3). It
is important to point out that all these examples have been simulated by the Forward
Algorithm, FA, described in Chapter 3.

4.2.1 Construction process

Staggered construction of superstructure may significantly modify the deformations
and stress-state of the bridge throughout the tensioning process. Examples of this
are the changes in the lifting sequence of temporary supports during erection or the
presence of un-tolerable deformation and/or stresses during erection and/or in service.
Analyzing these effects is especially important for a proper design of the construction
process, with the consequent improvement of the structural safety and cost reduction.

The following example is presented to illustrate some of the effects produced by the
staggered construction of the cable-stayed bridge superstructure during the tensioning
process.

Example 4.1 Construction Wuxi

In this example, the cable-stayed bridge presented in Figure 4.1.A is analyzed. This
bridge is a simplified model for a project of a cable-stayed bridge with 18 stay cables
in the city of WuXi in China, X18. The bridge has a 55m high steel pylon, a 180m long
steel box girder deck and the stay cables are arranged in a fan symmetrical form. The
deck is vertically linked with the pylon. The dead loads of the girder and the pylon are
135 and 95kN/m respectively. Young’s Modulus is 206000MPa for deck and pylon and
195000MPa for stay cables. Deck and pylon area are 1.71m2 and 1.22m2. Deck and
pylon inertia are 4.22m4 and 11.30m4. The stay cables area is 0.0072m2. Null inertia
in the stay cables is assumed. The stay cable forces in the OSS, NOSS, are defined by
projecting the reactions obtained in an equivalent continuous beam into the direction
of the inclined stay (Rigidly Continuous Beam Criterion). The steel girder has a target
load of 205.5kN/m and is erected on a set of 10 temporary supports placed every 15m
on the deck as presented in Figure 4.1.B.

To illustrate the important role of the staggered construction of the superstructure,
the results obtained by two different construction processes are compared in this sec-
tion. In the first analyzed construction process, the deck is assumed to be built in a
single stage, that is to say, without staggered construction. Therefore, in this case,
no construction joints are assumed. In the second analyzed construction process, the
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Figure 4.1: (A) Model of Example 4.1, X18, and (B) Girder on temporary supports
(m).

Table 4.1: First tensioning operation in Example 4.1

Stage 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
Stay 9 10 8 11 7 12 6 13 5 14 4 15 3 16 2 17 1 18

N (MN) 1.75 1.75 1.75 1.75 1.85 1.85 2.05 2.05 2.35 2.35 2.69 2.69 3.12 3.12 3.37 3.37 4.45 4.87

deck is assumed to include three construction joints: two of these joints span 45m
from abutments and the other one is located at the pylon-deck connection as presented
in Figure 4.1.B. The staggered construction of this analysis is as follows: firstly, four
simply supported segments of 45m, are placed over the temporary supports. Then,
construction joints are welded to provide continuity to the deck.

To comply with the limit stresses during the tensioning process, the prestressing of
the stay cables is defined in two stages. In the first tensioning operation all stay cables
but one are installed in alternative sides of the pylon from the pylon to the abutments
with the 85% of the corresponding force in the OSS. In the second tensioning oper-
ation, the forces of all stay cables are adjusted in alternative sides of the pylon from
the abutments to the pylon. The force that has to be introduced by the jack in the
second tensioning operation for assuring the achievement of the OSS is calculated by
FA. This tensioning sequence is summarized in Tables 4.1 (first tensioning operation)
and 4.2 (second tensioning operation), in which the first row describes the tensioning
stage, the second row the stay that is prestressed, and the third one the force, N , to
be achieved by the jack on site.

The simulation of the tensioning process of the two analyzed construction processes
is carried out by the FA. This analysis shows how the staggered construction of the
superstructure affects the vertical reactions of the temporary supports during the con-

Table 4.2: Second tensioning operation in Example 4.1

Stage 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35
Stay 1 17 2 16 3 15 4 14 5 13 6 12 7 11 8 10 9

N (MN) 4.54 3.72 3.46 3.45 3.23 2.98 2.81 2.59 2.46 2.23 2.16 1.97 1.95 1.85 1.85 1.84 1.85
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Figure 4.2: Evolution of vertical reaction in two temporary supports with and without
the effect of the staggered construction of the superstructure.

struction process. These changes in the vertical reactions might influence the lifting
sequence of the temporary supports during the tensioning process. To illustrate these
results, Figure 4.2, is presented. This figure shows the evolution during the tensioning
process of the vertical reactions in two temporary supports, T3 and T4, with and with-
out including the effects of the staggered construction of the superstructure. The first
temporary support, T3, highlighted by the dotted red line in Figure 4.2, corresponds to
the location of one of the construction joints. The other temporary support, T4, high-
lighted by the continuous blue line in Figure 4.2, corresponds to the adjacent support.

The analysis of Figure 4.2 shows how the placement of the construction joints de-
creases the vertical reaction of T3 and increases the vertical reaction of T4, 436.2 and
277.81kN respectively. Compared to the continuous beam reactions, these values rep-
resent a deviation of the 23.13% in T3 and 13.76% in T4. Throughout the tensioning
process these differences are modified. In addition to the change in value of these
reactions, the superstructure erection also influences the lifting sequence. This is ap-
preciable by the evolution of vertical reaction in T3. This support is lifted, that is null
vertical reaction, in Stage8, when the effect of the superstructure erection is included,
and in Stage9, when it is not. The value of the reactions on site can be measured by
load cells. It is important to take into account that knowing both the actual reaction
of the temporary supports and the lifting sequence assures a more accurate simulation
of the actual structure, with the consequent improvement of the structural safety.

4.2.2 Objective Service Stage (OSS)

The staggered construction of the superstructure might modify both the deformation
and the stress-state of the bridge in the OSS. In this case, the achievement of a set
of target stay cable forces does not imply the achievement of the target stress-state in
the OSS.
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Figure 4.3: (A) Model B3, (B) Model B2, (C) Girder on temporary supports. Stays
are named S1, S2 and S3. Note that bridge B2 has only two stays named S1 and S3

(m).

To illustrate the effects of the staggered construction of the superstructure in the
OSS, two different examples (Examples 4.2 and 4.3) are analyzed in the following
sections. The first example includes two academic cable-stayed bridges with different
pylon-deck connections (a cable-stayed bridge whose deck passes through the pylon legs
and another one whose deck is anyhow linked with the pylon). The second analyzed
example is used to validate in an actual bridge the results obtained in the academic
examples. These examples show the important role that the pylon-deck connection
plays in the modifications of the stress-state and geometry in the OSS due to the
staggered construction of the superstructure.

Example 4.2 Bridges with 2 and 3 stays

In this section two theoretical cable-stayed bridges, B3, and B2, described in Figure
4.3.A and 4.3.B, respectively, are analyzed. The differences between both structures
are as follows: (1) different number of stay cables, three stays for B3 and two for B2,
(2) different type of pylon-deck, no connection in B3 and vertically simply supported
in B2, and (3) different tensioning sequence.

For both structures, Young’s Modulus is assumed as 206000MPa for deck and pylon
and 195000MPa for stay cables. Deck and pylon area and inertia are 1m2 and 1m4.
Stay cables area is 0.003m2. Negligible inertia of the stay cables is assumed.

The stay cable forces in the OSS, NOSS, of both bridges are defined by the project-
ing the reaction, Rn, obtained in an equivalent continuous beam into the direction of
the inclined stay (Rigidly Continuous Beam Criterion). With αn being the inclination
of the stay cable, the obtained parameters in each of the stays, S, for a target load of
120kN/m are summarized in Table 4.3.

The construction process of the superstructure of both bridges can be defined as
follows: Firstly, three simply supported segments, with 20, 40 and 20 m length respec-
tively and dead loads of 80kN/m are placed over three temporary supports forming
two construction joints as presented in Figure 4.3.C. Then, both construction joints
are welded to provide continuity to the deck. Next, the stay cables are prestressed to
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Table 4.3: Calculation of NOSS in Example 4.1

Stay(Structure) Rn (MN) αn NOSS
n (MN)

S1 (B2 and B3) 2.74 40.36 4.24
S2 (B3) 2.22 90.00 2.22

S3 (B2 and B3) 2.74 40.36 4.24

Table 4.4: Tensioning operations in Example 4.2 (B2)

Stage 1 2
Stay 1 3

N(MN) 3.61 4.20

transfer the load from temporary supports to the stay cable system. The tensioning
sequence of both examples is summarized in Tables 4.4 and 4.5, in which the first row
describes the tensioning stage, the second row the stay cable that is prestressed, and
the third one the force, N , to be introduced by the jack on site. Finally, the rest of
the permanent loads (40kN/m) are applied and the OSS is achieved.

In Figure 4.4 vertical deck deflections in the OSS obtained in B2 and B3 are com-
pared with those of the target continuous beam, B0. The maximum differences in
bridges with deck-pylon connection are found at the stays-girder connections. This is
appreciable in B2 where a maximum difference of 1.8mm is obtained. These differences
are increased in bridges with no deck-pylon connection, such as B3. In this case, the
maximum differences, 15.2mm, are located at the deck-pylon connection. To correct
these deviations and to reach the target geometry in the OSS, providing a pre-camber
to the deck segments might be advisable.

The different bending moment diagrams in the OSS obtained in B2 and B3 are
presented in Figure 4.5. The target bending moments diagram of a continuous beam,
B0, is only obtained in those bridges with no pylon-deck connection, such as B3. In the
case of bridges with pylon-deck connection, such as B2, the bending moment diagram
presents lower hogging bending moments at the pylon-deck connection. The differences
between B3 and B2 are distributed in a triangular diagram as presented by dotted line
in Figure 4.5. The maximum differences, with a value of 2246.98kNm, are found at the
pylon-deck connection. This value represents a deviation of 65.43% of the target value
at that location. The triangular diagram of differences is produced by the fact that the

Table 4.5: Tensioning operations in Example 4.2 (B3)

Stage 1 2 3
Stay 1 3 2

N(MN) 4.03 4.29 1.15
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Figure 4.5: Bending moments in the girder in the OSS obtained in B2 and B3 and
differences between both bridges. The diagram of B3 corresponds with the target
continuous beam B0 (MNm).

vertical reactions at the pylon-deck connection and abutments of B2 differ from those
obtained in the equivalent continuous beam, B0. The presence of backstays will not
modify these results.

It is important to take into account that in this case (B2) no additional tensioning
operations enable to achieve the bending moment distribution of a continuous beam
B0. This is appreciable in Figure 4.6 where the bending moment diagrams produced
by unitary strains in stays in both structures are presented.

Analysis of Figure 4.6 shows that in structures where the deck is not supported
by the pylon, such as B3, the bending moments of all inner elastic supports can be
directly controlled by the prestressing of the stay cables. Therefore, the continuous
beam behavior can be achieved in the OSS for all superstructure erection processes.
Nevertheless, in structures with pylon-deck connection, such as B2, the prestressing of
the stay cables cannot introduce hogging bending moments at the pylon-deck connec-
tion. For this reason, higher sagging bending moments are found at this point and the
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Figure 4.6: Bending moments produced by unitary strains into the stays S1, S2 and S3

in cable-stayed bridges (A) B3 and (B) B2 (MNm).

target state of the continuous beam cannot be achieved unless an imposed settlement is
introduced in both abutments. This settlement would produce a triangular diagram of
hogging bending moments that would raise the bending moment diagram in the OSS.
In the case of B2 a settlement of 5.7mm is required to achieve the OSS at completion.
Obviously, the introduction of this settlement will modify the imposed strain that have
to be introduced in the stay cables to achieve their target forces.

Example 4.3 Wuxi OSS

In this section, the OSS of the cable-stayed bridge presented in Example 4.1 is ana-
lyzed. This structure includes a pylon-deck connection and a deck with three construc-
tion joints (see Figure 4.1).

As in the academic examples presented in the preceding section, the staggered con-
struction of the superstructure influences both the stress-state and geometry of the
bridge in the OSS. This is clearly appreciable in Figure 4.7, where the calculated
bending moments diagram in the deck in the OSS, named OSS X18 and presented
with a continuous red line in figure, are compared with the bending moment diagram of
a continuous beam, X0. This continuous beam is represents the target state of stresses
to be achieved in the OSS. The differences between both bending moment diagrams,
OSS X18 -OSS X0, are presented by a dotted line in the same figure.

Analysis of Figure 4.7 shows that the differences between bending moment diagrams
are distributed in a triangular diagram, with a maximum value of 760.12kNm located
at the pylon-deck connection. This value represents a deviation of 54.8% to the target
bending moment at that location.

Similar results to those obtained in the academic example are obtained when the
deflections in the OSS are analyzed. In this case a pre-camber in the steel beams is
required to guarantee the achievement of the target vertical deflections in the OSS.

The analyzed examples point out two problems to be solved: (1) The effect of the
staggered erection of bridge superstructure should be included into the definition of the
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Figure 4.7: Bending moments in the OSS in X18 (continuous line) and differences with
X0 (dotted line).

stay cable forces in the OSS, and (2) A method to include directly (that is, without
the complete computation of the FA) the effects of the staggered construction of the
superstructure into the OSS should be developed. A solution for both problems is
proposed in the following section.

4.3 Including the effects of the staggered construc-

tion into the OSS

As shown in the preceding section, determination of stress-state and geometry of super-
structure ignoring the effects of the staggered construction of its superstructure might
produce considerable deviations in the modeled structure (e.g. for bending moments
differences are higher than 50% in the actual structure presented in Example 4.3). De-
spite its importance, few studies about the influence of the staggered construction of
the superstructure in the determination of the OSS have been presented in literature.
To fill this gap, a new criterion to include the effect of staggered construction of the
cable-stayed bridge superstructure into the OSS is presented in this section. This cri-
terion is based on the minimization of the bending energy of the structure and enables
the determination of a set of imposed strains in the stay cables that include the effect of
the staggered construction of the superstructure. A simplified method to define these
strains is also proposed. This method is based on the analysis of the stay cable forces.
The calculated stay cable strains might be used to include the effects of the staggered
erection of the superstructure in the OSS without the need of the whole computation
of the tensioning process. Finally, the main characteristics of the two proposed criteria
are compared.
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4.3.1 Minimal Bending Energy Criterion

Several simplified criteria are proposed to define the stay cable forces in the OSS by
minimizing the bending energy (see e.g. [69]) of the structure. Other authors, (such
as [100], [101] and [4]) have presented iterative processes for the analysis of cable-stayed
bridges based on the potential energy.

If the shear energy is neglected, the energy of the structure, W , can be expressed as
the sum of the bending energy, WB, and the axial energy, WN , multiplied by a weight
coefficient, ϕ, chosen to be the cost ratio between bending and axial energy. With E
being the Young’s Modulus, I the inertia, and A the area of the different elements of
the structure (girder, G, pylon, P , and stay cables, S), the bending and axial energy
can be expressed in terms of the bending moments, M , and the axial forces, NF , as
presented in the following equation:

W = WB + ϕWN =

∫
M2

EI
ds+ ϕ

∫
N2
F

EA
ds (4.1)

In order to study the influence of the number of stay cables into the energy of the
structure, bending and axial energies of different bridges with 2, 4, 8, 18, 38 and 78
stay cables under dead loads are presented in Table 4.4 (B2, B4, B8, B18, B38, B78).
These bridges are identical (same loads, dimensions and mechanical properties) to B2

described in Example 4.2. Only the number and area of the stay cables differ. The
area of every stay cable in these bridges is 0.003m2, 0.0024m2, 0.0012m2, 0.0006m2,
0.0003m2 and 0.00015m2, respectively. Non staggered erection of superstructures has
been considered. It is important to highlight that WB−Pylon and WB−Stays are null
because of the symmetry of the structure and the negligible inertia of the stay cables,
respectively.

The analysis of Table 4.6 shows that, because of the reduced area of the stay cables,
most of the energy in cable-stayed bridges is found on these elements. Furthermore,
the higher the number of stay cables: (1) the higher the energy in the structure, (2)
the bigger the axial energy in the deck, pylon and stay cables, and (3) the smaller
the bending energy in the deck. All these facts produce that minimizing the energy
function including the axial energy leads to the minimum prestressing in the stay
cables. This configuration provides inappropriate bending moment distributions in
the deck. In addition, it is important to take into account that the axial energy can
be economically counterbalanced if the effects of the non-linear instabilities, such as
buckling, are prevented. For all these reasons, the energy criterion presented in this
section has only been based on the bending energy and the effect of the axial energy
has been neglected. This is equivalent of using a coefficient ϕ=0. This way the energy
of the structure (in Equation (4.1)) can be expressed as the sum of the bending energy
of the girder and pylon as follows:

W =

∫
G

M2

EI
ds+

∫
G

M2

EI
ds (4.2)
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Table 4.6: Energy of the elements of each bridge under dead loads.

B2(kJ) B4(kJ) B8(kJ) B18(kJ) B38(kJ) B78(kJ)
WB−Girder 2.069 0.341 0.037 0.002 0.000 0.000
WN−Girder 1.958 3.148 4.246 5.279 5.858 6.164
WN−Pylon 3.736 5.253 7.171 8.386 8.819 9.551
WN−Stays 1608.495 2900.414 4552.447 5846.053 6321.397 6775.640

(A)

MS
RT1 RT2

RT1 RT2

MR

(B) (C)

RT1 RT2

NP2NP1

Figure 4.8: (A) Bending moments after staggered erection of the superstructure, MS,
(B) Bending moments after transferring the load of the temporary supports to the
stay system, MT , (C) Stay cable forces after transferring the load of the temporary
supports to the stay system, NTn.

The bending moment, M(s), in a certain point s of the structure can be expressed
as a linear combination of a passive bending moment, MP (s), and an active one,
MA(s) in the same point. The active bending moment can be defined as the sum of
the bending moments, [M(s)]εn , produced by imposed strains, εn, in all N stay cables
as presented in the following equation:

M(s) = MP (s) +MA(s) = MP (s) +
N∑
n=1

[M(s)]εnεj (4.3)

The evolutionary erection of the superstructure can be easily introduced into the
definition of MP (s) as follows:

MP (s) = MS(s) +MT (s), (4.4)

where, MS(s), includes bending moment obtained at the end of the staggered erection
of the superstructure. The obtained MS(s) for a staggered erection of four isostatic
segments is presented in Figure 4.8.A. This staggered erection produces some reactions
in the temporary supports RTi. On the other hand, MT (s) represents the bending mo-
ment produced when the temporary supports of the staggered erected superstructure
are removed and their reactions, RTi, are transferred to the stay cable system. The
obtained MT when temporary supports of Figure 4.8.A (RT1 and RT2) are removed
is presented in Figure 4.8.B.

The application of an unitary strain into the nth stay cable, εn, produces a bending
moment, M(s)n, in each section, s, of the girder and the pylon. These bending moments
can be used to define a set of coefficients δn,j and ∆n,P . The former coefficient represents
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the bending energy obtained when unitary strains are applied in stay cables n and
j. δn,j can be calculated by numerical integration as presented in Equation (4.5).
This equation provides a set of N2 terms. The latter coefficient (∆n,P ) represents the
bending energy produced by an unitary strain in stay cable n and the passive bending
moments, MP , defined above. The numerical integration of this coefficient is presented
in Equation (4.6) in which E(s) and I(s) are the Young’s modulus and the Inertia in
section s. This equation provides a set of N different terms.

δn,j =

∫
G

M(s)n +M(s)j
E(s)I(s)

ds+

∫
P

M(s)n +M(s)j
E(s)I(s)

ds (4.5)

∆n,P =

∫
G

M(s)n +MP (s)

E(s)I(s)
ds+

∫
P

M(s)n +MP (s)

E(s)I(s)
ds (4.6)

According to the procedure presented in [69], εn, MP and coefficients δn,j and
Deltan,P can be used to rearrange Equation (4.2) as:

W =
N∑
n=1

(
N∑
j=1

(2εnεjδn,j) + 2εn∆nP
) +

∫
G

MP (s)2

E(s)I(s)
ds+

∫
P

MP (s)2

E(s)I(s)
ds (4.7)

A set of suitable strains, εn, might be obtained when the bending energy of Equation
4.7 under dead load is minimal. This energy can be minimized by equalizing to zero
the partial derivative of W with respect to εn as follows:

∂W

∂εn
= 2

N∑
n=1

(εnδn,j) + 2∆n,P = 0 (4.8)

The obtained system of equations can be expressed in matrix form as presented in the
following equation:

[δ]{ε}+ {∆} = {0}, (4.9)

in which {ε} is the vector of suitable strains in the stay cables (Nx1 size), {∆} is
the vector (Nx1 size) that includes all the coefficients ∆n,P , and [δ] is a symmetrical
matrix (NxN size) that includes all the coefficients δn,j. As the only unknown of
this equation is {ε} this can be easily calculated by the inverse of matrix [δ], [δ]−1,
as presented in Equation (4.10). The higher values of this matrix are found in terms
located in the main diagonal. Therefore, no row of the matrix can be expressed as a
linear combination of the other rows of the matrix and [δ]−1 usually exists.

{ε} = [δ]−1{∆} (4.10)

After these strains are obtained, the bending moments, axial forces and deflections
in the OSS can be easily calculated by application of Equation (4.3). One of the
important aspects of this method, is that this way of calculating the OSS enables to
include the effect of the evolutionary erection of the superstructure without the need
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of running all the tensioning process. However, the main inconvenient of this method
is that a numerical integration is required.

It is important to notice that the bending energy of the pylon should be zero for
symmetrical structures. In non symmetrical cable-stayed bridges, the bending energy
of the pylon plays an important role in the determination of the imposed strains in the
backstays. Thus, the application of the minimization of Equation (4.2) leads to the
condition that backstays should be prestressed in such a way that no shear is allowed
in the pylon at OSS.

4.3.2 Example 4.3 Bridge with 2 and 3 stays

To illustrate the application of the Minimal Bending Energy Criterion, the academic
examples B2 and B3 presented in Example 4.2, are analyzed in this section. The inte-
grals of Equations (4.5) and (4.6) have been numerically integrated through the beam
elements that form the finite element model of the girder of both bridges.

To analyze the effect of the evolutionary erection of the superstructure in the dif-
ferent parameters of the Minimal Bending Energy Criterion, two different erection
processes have been calculated for both structures. On the one hand, the first erection
process (B2−1 and B3−1) assumes that the superstructure is built in a single operation
over the formwork (that is without staggered erection). On the other hand, the second
construction process (B2−2 and B3−2) includes the staggered erection of the superstruc-
ture described in Figure 4.1.C. The obtained parameters are summarized in Figures
4.9 and 4.10. It is to point out that this figure includes the percentage (in brackets) of
differences between parameters of different erection processes.

[δ]2 =

[
0.424 −0.048
−0.048 0.424

]
{∆2−1} =

{
2.732
2.732

}
{∆2−2} =

{
2.748(0.6%)
2.748(0.6%)

}
{ε2−1} =

{
−7.257
−7.257

}
{ε2−2} =

{
−7.300(0.6%)
−7.300(0.6%)

}

Figure 4.9: Numerical values of the parameters of the Minimal Bending Energy Cri-
terion without (1) and including (2) the effect of the staggered erection of the super-
structure for B2. [δ] and {∆} in kNm and {ε}x10−3.

[δ]3 =

 0.697 0.688 0.225
0.688 1.728 0.688
0.225 0.688 0.697

 {∆3−1} =


9.341
16.649
9.341

 {∆3−2} =


9.702(3.7%)

17.424(4, 4%)
9.702(3.7%)

 {ε3−1} =


−7.260
−3.850
−7.260

 {ε3−2} =


−7.401(1.9%)
−4.187(8.0%)
−7.401(1.9%)



Figure 4.10: Numerical values of the parameters of the Minimal Bending Energy Cri-
terion without (1) and including (2) the effect of the staggered erection of the super-
structure for B3. [δ] and {∆} in kNm and {ε}x10−3.

The analysis of this table shows that [δ] does not depend on how the superstructure
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R2 R1R1

p

L L

Figure 4.11: Model of Example 4.4: Two-span continuous beam.

is erected, as it only includes the effect of the prestressing of the stay cables. The effect
of the staggered erection of the superstructure is included in {∆}, and consequently
in {ε}. Compared with B2−1, the staggered erection of the superstructure of B2−2

produces an increment of the 0.6% in vectors {∆} and {ε}. These differences are in-
creased in B3. In this case, the maximum increments (4.4% in {∆} and 8.0% in {ε})
are found in the second stay cable. These results show that higher prestressing strains
are required when the effect of the staggered erection of the superstructure is included.

The analysis of B2−2 and B3−2 with this method leads to the OSS obtained by
the FA calculation presented in Example 4.2. This shows that, independently of the
erection process, stay cable forces defined by the Rigidly Continuous Beam Criterion
produce the minimum bending energy in the structure. Albeit reasonable, this had not
been tested before. Compared to the complete simulation of the tensioning process,
the Minimal Bending Energy Criterion reduces the computation time as no iterative
processes are required. Nevertheless, the main problem of this method is that a nu-
merical integration is required. Therefore, a simplified method to define the suitable
imposed strains in the stay cables and the stress state in the OSS including the effect
of the staggered erection of cable-stayed bridge superstructure is proposed in the fol-
lowing section. This conclusion is verified by the following example, where the minimal
bending energy of a two-span beam is minimized.

4.3.3 Example 4.4 Minimal Bending energy of a two-span
beam

In this example, the vertical reactions of the edge supports of the two-span beam pre-
sented in Figure 4.11, R1, are calculated by minimizing the bending energy of the entire
structure. A distributed load p is applied uniformly in the 2L length beam.

The bending energy of the beam, WB, might be obtained from the following equa-
tion:

WB =
1

EI

∫ L

0

(
−pX2

2
+R1x)2dx+

1

EI

∫ 2L

L

(
−pX2

2
+R1x+R2(x− L))2dx, (4.11)

in which EI is the bending stiffness of the beam elements, R2 is the reaction of the
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structure in the inner support, and x is a coefficient that indicates the location at the
beam throughout the integration. By the application of equilibrium of vertical forces,
R2 might be expressed in terms of R1 as follows:

R2 = 2pL− 2R (4.12)

After substituting the value of R2 obtained in Equation (4.12) into (4.11), the
partial derivative of WB with respect to R might be calculated as follows:

∂WB

∂x
=

1000

3
(4R− 15p) (4.13)

To obtain the value of R that represents the minimal WB, Equation (4.13) might
be equaled to zero. This produces a reaction of 3p/L. This force corresponds with
the vertical reaction of the abutments of a continuous beam. Therefore, it might be
concluded that the vertical reactions of a continuous beam under uniform distributed
load are the reactions that minimize its bending energy. This is equivalent of saying
that the continuous beam represents the minimal area of the bending moment diagram
for a certain structural scheme. From this conclusion the following simplified method
might be developed.

4.3.4 Simplified criterion

In view of the results of the examples presented in the preceding sections, it might
be concluded that assuring the stay forces obtained by the Rigidly Continuous Beam
Criterion in the OSS is equivalent of minimizing the bending energy in the structure
for any staggered erection of its superstructure. Based on this assumption, the simpli-
fied method presented in this section can be used to define the suitable strains in the
stay cables and to simulate modifications in stress-state in service without the need of
numerical integration.

Unlike the minimal bending energy criterion, the simplified method is based on the
analysis of the stay cable forces. The target force in the nth stay cable to be achieved
in the OSS, NOSS

n , can be defined as the sum of an passive force, NPn and an active
one, NAn, as presented in Equation (4.14) or alternatively in matrix form as:

NOSS
n = NPn +NAn = NPn +

N∑
j=1

N εj
n εn (4.14)

{NOSS} = {NP}+ {NA} = {NP}+ [IM ]{ε} (4.15)

The vector of target stay forces in the OSS, {NOSS}, can be calculated as a sum of
a vector of passive stay cable force, {NP}, and the effect of the prestress. Vector {NP}
includes the effect of the evolutionary erection of the superstructure. The calculation
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Figure 4.12: Flow chart of the simplified method.

of these forces can be summarized in the following two steps: Firstly, the superstruc-
ture is staggered erected (Figure 4.8.A). In this stage some vertical reactions in the
temporary supports (RT1 and RT2) are obtained. Then, these temporary supports are
removed from the structure and their reactions are transferred to the stay cable system
.In this stage, some passive forces, {NP}, appear in the stay cables to counterbalance
the reactions as presented in Figure 4.8.C.

The effect of the stay prestressing, {NA}, can be defined by the product of an
Influence Matrix, [IM ], and a vector of imposed strains in the stay cables, {ε}. On the
one hand, [IM ] shows how the axial forces in all the stay cables vary when a unitary
strain is introduced into each stay. On the other hand, {ε} includes the suitable stay
cable strains. As in the case of the Minimal Bending Energy Criterion, {ε} is the only
unknown in Equation (4.15). This vector can be directly defined by the inverse of [IM ]
([IM ]−1) as presented in Equation (4.16). As the higher increment of forces are found
in the stay cable that is being prestressed, the higher numerical values of [IM ] are
found in terms located in the main diagonal. Therefore, as no row can be expressed as
a linear combination of other rows, [IM ]−1 usually exits.

{ε} = [IM ]−1({NOSS} − {NP}) (4.16)

The simplified method can be implemented easily with the help of simple structural
software (that includes the simulation of imposed strains in the stays) as no numeri-
cal integration is required. To do so, (1) the input data (geometrical and mechanical
properties of the bridge, staggered construction of the superstructure, location of the
temporary supports and loads) is first introduced. (2) The vertical reactions, {RT}, of
the temporary supports after staggered erection of the superstructure can be calculated
as presented in Figure 4.8.A. (3) The passive stay cable forces, {NP}, are calculated as
presented in Figure 4.8.C. It is to highlight that other loads applied during construc-
tion, (e.g. self weight of the pylon) have to be included in the calculation of {NP}. (4)
The [IM ] is calculated by introducing unitary imposed strains in each stay cable. (5)
{ε} can be calculated as presented in Equation (4.16) Finally, (6) these strains might
be used to simulate the effects of the staggered construction of the superstructure in
the OSS. The steps of the procedure are summarized in the flow chart of Figure 4.12.

To illustrate the application of the simplified method, the cable-stayed bridge in
WuXi is analyzed in the following section according to two different erection processes.
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Table 4.7: Stay forces in the OSS, passive forces in the stay cables and suitable strains
without (1) and including (2) the effect of the staggered erection of the superstructure
for the bridge in WuXi and percentage differences.

Stays 1, 18 2, 17 3, 16 4, 15 5, 14 6, 13 7, 12 8, 11 9, 10
NOSS (MN) 4.74 3.67 3.48 3.10 2.79 2.49 2.23 2.03 1.90
NP1 (MN) 0.15 0.35 0.56 0.76 0.91 0.95 0.82 0.52 0.13
ε1 × 10−3 -3.42 -2.67 -2.54 -2.29 -2.08 -1.89 -1.73 -1.61 -1.54
NP2 (MN) 0.05 0.11 0.18 0.24 0.29 0.30 0.27 0.18 0.06
ε2 × 10−3 -3.52 -2.90 -2.91 -2.79 -2.68 -2.52 -2.29 -1.97 -1.65
∆N (%) 66.41 67.50 67.89 68.15 68.17 67.88 67.05 65.10 53.20
∆ε (%) 2.96 8.57 14.45 21.95 28.98 33.60 32.26 22.43 7.10

4.3.5 Example 4.5 Cable-Stayed Bridge in Wuxi

In this section the simplified criterion is used to obtain the OSS of the cable-stayed
bridge presented in Example 4.1. Two different construction processes: (1) without
staggered erection of the superstructure and (2) with staggered erection of the super-
structure (as in Example 4.1), are analyzed.

The [IM ] and the stay cable forces in the OSS, NOSS, do not depend on the stag-
gered erection of the superstructure. [IM ] depends on the geometrical and mechanical
properties of the cable-stayed bridge. In addition to this, NOSS also depends on the
target loads as presented in Section 3.2. These forces are presented in Table 4.7.

The rest of parameters of Equation (4.15) ({NP} and {ε}) are influenced by the
staggered erection of the superstructure. The passive stay cable forces for both erection
processes, NP1 and NP2, and the obtained strains for both erection processes, ε1 and
ε2, for the different stay cables are presented in Table 4.7.

Table 4.7 also includes the percentage differences in terms of passive stay cable
forces, ∆NP , and strains, ∆ε, between both erection processes calculated as presented
in the following equations:

∆NP =
NP2 −NP1

NP1

(4.17)

∆ε =
ε2 − ε1

ε1

(4.18)

The maximum differences are 68.17% for the passive stay cable forces (in stays 5
and 14) and 33.60% in strains (in stays 6 and 13). These values show that the effect
of the staggered erection of the superstructure plays an important role in the imposed
strains of the stay cables.

These strains might be used to calculate the OSS. In this case, the same results
presented in Example 4.3 are obtained.
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Table 4.8: Comparison between methods

E.S.C.S. in Construction stages E.S.C.S. in OSS Iterative process Numerical integration Easy implementation
FA 3 3 3 5 5

MBEC 5 3 5 3 5

SC 5 3 5 5 3

4.3.6 Comparison among proposed methods

The comparison of the main characteristics of the Forward Algorithm, FA, the Mini-
mal Bending Energy Criterion, MBEC, and the Simplified Criterion, SC is presented
in Table 4.8, in which E.S.C.S. refers to the Effects of the Staggered Construction of
the Superstructure.

Analysis of Table 4.8 shows that: (1) The FA is the only method that might
be used to simulate the effects of the staggered construction of the superstructure in
intermediate construction stages, (2) All the methods might be used to simulate these
effects in the OSS. It is important to notice that the simulation carried out by the FA
requires the computation of all the preceding construction stages. (3) The FA is the
only algorithm that uses two iterative processes (Local and overall iterative processes)
to simulate the construction process. (4) The main trade off the MBEC is that a
numerical integration of the bending moment diagrams is required. Finally, (5) both
the MBEC and the SC might be easily implemented in any computer software.

4.4 Location and number of construction joints

The number and the location of the construction joints of the deck may play an im-
portant role in the geometry and stress state of the cable-stayed bridge both during
erection and in the OSS. To study the effect of both factors in the stress state of the
OSS, two cable-stayed bridges erected by several construction processes are analyzed
in this section by the simplified criterion.

4.4.1 Example 4.6 Two academic cable-stayed bridges

In this example, the structures B2 and B3 presented in Example 4.2 are analyzed. To
study the effect of the location of the temporary supports for different number of con-
struction joints, two different staggered construction processes have been considered in
structures B2 and B3. These erection processes have been named as B2−2, B2−3 for B2

and B3−2, B3−3 for B3. The difference between both processes refers to the number of
construction joints in the deck: B2−2 and B3−2 include two construction joints spaced
a distance x from abutments. The construction process of these bridges is as follow:
Firstly, three simply supported segments, x, 80-2x and xm length, are placed over the
temporary supports. Then, both construction joints are welded to provide continu-
ity to the deck. Finally, the tensioning sequence is carried out to transfer the load
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Table 4.9: Calculation of strains ε2,2 and ε2,3

Stay NOSS(MN) NP2,2(MN) ε2,2 x 10−3 NP2,3(MN) ε2,2 x 10−3

x=10m
1 4.24 0.58 -7.34 0.07 -7.32
2 4.24 0.58 -7.34 0.07 -7.32

x=20m
1 4.24 0.08 -7.30 0.09 -7.27
2 4.24 0.08 -7.30 0.09 -7.27

Table 4.10: Calculation of strains ε3,2 and ε3,3

Stay NOSS(MN) NP3,2(MN) ε2,2 x 10−3 NP2,3(MN) ε3,2 x 10−3

x=10m
1 4.24 0.96 -7.40 0.87 -7.87
2 4.22 3.22 -4.05 2.90 -5.75
3 4.24 0.96 -7.40 0.87 -7.87

x=20m
1 4.24 0.98 -7.40 0.96 -7.54
2 4.22 3.19 -4.28 3.31 -4.74
3 4.24 0.98 -7.40 0.96 -7.54

from temporary supports to the stay cable system. In addition to these two joints,
construction processes B2−3 and B3−3 include an extra construction joint placed at
the pylon-deck connection. In these structures the construction process includes four
simply supported segments with x, 40-x, 40-x, xm length respectively.

In this section all the segments described in the preceding section (B2−2, B2−3 B3−2

and B3−3) are erected over three temporary supports. For the sake of equilibrium,
construction joints have to be located over a temporary support and therefore, the
location of two of these temporary supports has to vary symmetrically with length x
(see Figure 4.13). In addition to these, an additional temporary bent located at the
pylon-deck connection is introduced.

The stay forces in the OSS, NOSS, the passive forces in the stay cables, NP2−2

and NP2−3, and the calculated target strains, ε2−2 and ε2−3, for each stay cable of the
different construction processes of B2 are summarized in Table 4.9. This table includes
the results obtained when construction joints are spaced 10 and 20m from abutments
(x=10 and x=20m). Results obtained in the analysis of B3 are summarized in Table
4.10. These tables show that the number and the location of the construction joints
influence the passive state and consequently, the target strains in the active state. De-
spite the fact that this procedure assures the achievement of the target forces in the
stay cables in the OSS, changes in the stress state of the OSS may occur.

The bending moments in the OSS obtained by Equation (4.1) in construction pro-
cesses B2 and B3 are presented in Figure 4.13.A (x=10m) and Figure 4.13.B (x=20m).

The analysis of Figure 4.13 shows that, independently of the temporary supports lo-
cation, structures without pylon-deck connection, such as B3−2 and B3−3, have the same
bending moment diagram as the existing in the rigidly continuous beam B0. There-
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Figure 4.13: Bending Moments in the deck of structures B2−2 , B2−3, B3−2, B3−3 and
B0 or different location of the temporary supports and construction joints (x): (A)
x=10m and (B) x=20m.

fore, it can be concluded that in this kind of bridges stress redistribution produced by
staggered erection of the superstructure can be corrected by prestressing conveniently
the stays. Nevertheless, this is not the case in bridges with pylon-deck connection, such
as B2−2 and B2−3, as the effects of the staggered erection of the superstructure cannot
be corrected by stay cable prestressing and therefore, higher sagging bending moments
are obtained. The maximum differences between B0 and the obtained moments in
B2−3 (5.9MNm for x=10m) and B2−2 (2.2MNm for x=20m) are found at the pylon
deck connection. These differences represent a deviation of 172.7% and 65.4% from the
continuous beam. It is important to highlight that in B2−3, sagging bending moments
are obtained in the surroundings of the pylon-deck connection instead of the hogging
bending moments of a continuous beam.

To illustrate the importance that the effects of the location of the temporary sup-
ports and the construction joints produce in the stress state of the structure in the
OSS of different bridges with pylon-deck connection, Figure 4.14 is presented. This
figure presents the ratio between the bending energy of structures with i stays and j
construction joints, WBi−j and the bending energy of a continuous beam, WB0, for dif-
ferent x lengths. The bending energy of the girder, G, has been calculated numerically
from the following equation:

WB =

∫
G

M(s)2

E(s)I(s)
ds (4.19)

in which M(s) represents the bending moment, E(s) the Young’s modulus and I(s)
the inertia in the point s of the girder.

The analysis of Figure 4.14 shows the following: (1) The placement of a construction
joint in the deck-pylon connection, B2−3, increases significantly the bending energy of
the deck. The maximum energy is obtained when the structure is erected without lat-
eral construction joints (near to abutments), that is, x=0m and x=40m. This energy is
35.30 times higher than the minimal bending energy (2.06kJ). Such energy is explained
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Figure 4.14: Ratio between the bending energy of different structures with i stays and
j construction joints (WBi−j) and the bending energy of the continuous beam (WB0)
for different locations of the temporary supports and the construction joints (x).

by the fact that the obtained bending moment diagram has greater sagging bending
moments than those of the equivalent continuous beam. As presented in Figure 4.14,
this increase produces a change of the sign of the bending moment in the surroundings
of the pylon-deck connection with the consequent increase of the bending energy of the
structure. (2) In this particular example, the optimal location of the lateral construc-
tion joints in B2−3 is close to five eighths of the span. In this case, the bending energy,
6.20kJ, is 2.99 times higher than the minimal one. (3) To define more accurately the
optimal length x, a geometrical optimization is advisable, especially if the number of
joints increases. (4) The bending energy of the deck in B2−2 depends on x. The bigger
x, the larger the bending energy is. Therefore, to minimize the bending energy in this
construction process, the construction joints should be placed as near as possible to
the abutments. This requirement has to be compatible with other construction con-
straints, such as maximum allowable lengths of segments. (5) The bending energy of
cable-stayed bridges with no pylon-deck connection (B3−2 and B3−3) does not depend
on the location of the temporary supports nor on the number of construction joints.
In these cases the bending energy of the continuous beam is always achieved.

4.5 Number of temporary supports

The selection of the number of the temporary supports will have an impact on the
overall design of the bridge. Each possible set of temporary supports is characterized
by a set of benefits and drawbacks. For example, the higher the number of temporary
supports the lower the deck segment spans and therefore, the lower the stresses in the
superstructure. Nevertheless, a high number of temporary supports might increase
the construction time. Furthermore, the traffic below the deck might be affected in
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for different structures with x=20m when it is built on different number of temporary
supports (t): (A) t=3 and (B) t=7.

a significant manner. Currently, there is no explicit method to define the number of
temporary supports to erect a cable-stayed bridge. Usually, most designers agree in
placing a temporary support (or a pair of temporary supports) at the anchorages of the
stay cables at the deck. In this way, the stress level at the end of the superstructure
erection is similar to that to be achieved in the OSS. Nevertheless, site conditions
might advise the use of very different number of temporary supports for bridges with
similar characteristics. To show the importance that the number of the temporary
supports plays in the structural behavior of the structure in service, several examples
are analyzed in this section. The first example, Example 4.7, corresponds with two
academic cable-stayed bridges and the second one, Example 4.8, with the Wuxi Bridge.

4.5.1 Example 4.7 Two academic cable-stayed bridges

The characteristics of the structures analyzed in this example (B2 and B3) correspond
with those presented in Example 4.2. The only difference with that example refers to
the number of temporary supports over which the deck is erected. To study the effect
of the number of temporary supports, two different temporary support distributions,
every 20 and 10m, are analyzed for the construction processes Bi−j (in which i refers
to the number of stay cables and j to the number of construction joints). In these
temporary supports distributions a number of t=3 and t=7 temporary supports are
used during construction (see Figure 4.15). It is important to highlight that in this
section, and unlike the preceding one, length x only represents the distance between
abutments and lateral joints. Therefore, the location of the temporary supports does
not varies with length x.

The bending moments obtained when the lateral construction joints are spaced 20m
from abutments (x=20m) for both temporary supports distributions are presented in
Figure 4.15.A and 4.15.B, respectively. In both figures, these bending moments are
compared with those obtained in the equivalent continuous beam, B0.
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The analysis of these figures shows that the number of temporary supports is of
primary importance in the bending moment distribution of the structure in the OSS.
Independently of the number of temporary supports, the bending moments of a con-
tinuous beam are achieved in the OSS of structures without deck-pylon connection,
such as B3−2 and B3−3. Nevertheless, this is not the case in structures with pylon-
deck connection such as B2−2 and B3−2. In these structures, increasing the number of
temporary supports reduces the differences with the bending moment of a continuous
beam. In this case, maximum differences (located at the pylon-deck connection) are
reduced from 2.2 to 0.2MNm in B2−2 and from 5.9 to 0.4MNm in B2−3 when the num-
ber of temporary supports is increased from t=3 to t=7. This implies reductions from
65.4 to 5.9% and from 172.7 to 11.7%.

To analyze the effect of the location of the construction joint in both temporary
supports distribution Figure 4.16 is presented. This figure shows the ratio between
the bending energy in the OSS for a certain construction process, WBi−j, and that of
a continuous beam, WB0, for different locations of the construction joints (x) with 3
(Figure 4.16.A) and 7 (Figure 4.16.B) temporary supports.

The analysis of Figure 4.16 shows the following: (1) Independently of the number of
temporary supports the minimal bending energy WB0 is always achieved in structures
without pylon-deck connection, such as B3−2 and B3−3. (2) In structures with pylon-
deck connection, such as B2−2 and B2−3, the number of temporary supports is of
primary importance in the bending energy of the structure in the OSS. Independently
of the erection process, the higher the number of temporary supports, the closer the
obtained bending energy to WB0. In this particular example the ratio of the bending
energy is reduced from 1.306 to 1.002 in B2−2 and from 3.198 to 1.008 in B2−3. (3)
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Figure 4.17: Comparison between the target bending moments (B0) and the bending
moments obtained when the structure includes 3 construction joints and is built on 6
or 10 temporary supports (B18−3−6 and B18−3−10).

Independently of the number of temporary supports, the minimal bending energy in
bridges with deck-pylon connection can only be achieved when there are no construction
joints in the deck. This is the case of B2−2 with x=0m.

4.5.2 Example 4.8 Cable-Stayed Bridge in Wuxi

The characteristics of the structure analyzed in this example correspond with those
presented in Example 4.2. This structure includes 18 stay cables and three construc-
tion joints.

As in the academic examples, the number of temporary supports over which the
deck is erected influences the stress state of the structure in the OSS. This is ap-
preciable in Figure 4.17 where the bending moments obtained in the OSS when the
superstructure with 3 construction joints is built on a set of t=6 and 10 equidistant
temporary supports, B18−3−t, are presented. These bending moment diagrams are
compared with the bending moment diagram of the equivalent continuous beam, B0.
This figure shows that the maximum differences with the continuous beam (2.29MNm
in B18−3−6 and 0.76MNm in B18−3−10) are found at the pylon deck connection.

The number of temporary supports has a great influence in the stresses in the deck
in the OSS of cable-stayed bridges with deck-pylon connection. This effect is especially
appreciable in the Bending Moment at the Pylon-Deck connection, PDBM18−3−t. This
bending moment may differ significantly from the target one of the continuous beam
PDBM0. The ratio between PDBM18−3−t and PDBM0 is presented in Figure 4.18.

The analysis of Figure 4.18 shows the following: (1) The number of temporary
supports may influence the sign of the bending moment at the pylon-deck connection.
This is appreciable for t=6 where a ration of -0.61 is obtained. This is explained by the
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fact that at the pylon-connection a sagging bending moment of 870.11kNm, is obtained
instead of the hogging bending moment of 1387.82kNm of the continuous beam. The
modification of the bending moment sign may produce some safety problems if the
cross sections of the segments located in the surroundings of the pylon-deck connection
are not able to counterbalance sagging bending moments. (2) The higher the number of
temporary supports, the lower the differences between the PDBM18−3−t and PDBM0

and therefore, the closer their ratio to 1. For example, this ratio varies from 0.45 for
t=10 to 0.97 for t=26. (3) The higher the number of temporary supports, the lower the
marginal benefit of adding additional temporary supports. For example, the marginal
benefit of the Ratio of passing from t=14 to t=18 temporary supports is 0.15, while
from passing from t=18 to t=22 and from t=22 to t=26 is reduced to 0.06 and 0.02,
respectively.

4.6 Conclusions

This chapter deals with the effects produced by the staggered erection of the super-
structure of cable-stayed bridges built on temporary supports. First, several academic
and real examples were used to illustrate the important role that the staggered erection
of their superstructure might play in their structural behavior both during construction
and in service. Then, a criterion based on the minimization of the bending energy of
the structure is proposed to include the effects of the staggered construction of the
superstructure into the OSS. From this criterion, a set of imposed strains in the stay
cables that might be used to simulate the effects of the staggered construction of the
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superstructure into the OSS, were calculated. To illustrate the application of the
minimal bending energy criterion, the results obtained when this procedure is applied
to two academic cable-stayed bridges were presented. The results of these examples
showed, that the minimal bending energy is achieved when the vertical projections of
a continuous beam are transmitted by the stay cables. Furthermore, independently of
how the superstructure is erected, the minimum bending energy might be achieved in
the OSS of cable-stayed bridges with no deck-pylon connection. However, reaching the
minimum bending energy might imply large vertical deflections at the deck. Hence,
to correct these and to reach the target geometry, providing a pre-camber to the deck
segments might be advisable. In the case of cable-stayed bridges with deck-pylon con-
nection, the superstructure erection affects the stress state of the OSS. The presence
of construction joints in the deck increases the bending energy of the structure in the
OSS. Imposed settlement in abutments can be used to reduce the bending energy of
the structure. The effects of the staggered erection of the superstructure may change
the sign of the bending moment diagram in the surroundings of the pylon-deck con-
nection. In this case, deck sections must be able to counterbalance sagging bending
moments to assure structural safety.

The main trade off of the minimal bending energy criterion is the fact that a
numerical integration of the bending moment diagrams of the structure is required
and therefore, the procedure might require a parallel programming. To avoid the
requirement of this numerical integration, a simplified criterion has been proposed.
This simplified criterion might be used to calculate the same set of stay strains obtained
by the minimal bending energy criterion from a stay cable force analysis. The main
advantage of this method is that can be implemented easily with the help of simple
structural software. This criterion was used to evaluate the effects in the OSS of two
of the most important factors of the staggered erection of the deck, the number and
location of the construction joints and the temporary supports. The analyzed examples
showed that the optimal location of the construction joints in the academic examples
with pylon-deck connection depends on the number of joints. To define more accurately
the optimal location of the joints, a geometrical optimization is advisable, especially if
the number of joints is large. When the location of the construction joints in structures
with pylon-deck connection is fixed, the higher the number of temporary supports, the
more similar the bending moment diagram to that of a continuous beam and thus, the
lower the bending energy. Furthermore, the higher the number of temporary supports,
the lower the marginal benefit of adding an additional temporary support.
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Chapter 5

Algorithms with time-dependent
phenomena

5.1 Introduction

The effects of time-dependent phenomena might play an important role in the struc-
tural behavior of a cable-stayed bridge. For example, stress state during service varies
over time, and the Objective Service Stage (OSS) might be only obtained at a given
target time, tT . Some works have been presented in the literature to include the effects
time-dependent phenomena into the OSS. For example, Scotti [180] defined the stay
forces in the OSS to minimize the creep effects throughout time in non staggered cable-
stayed bridges. Giussani et al. [88] analyzed the evolution of stresses and deformations
of cable-stayed bridges over time. The effects of prestressing of the stays in different
steps have also been studied. Martins et al. [140] proposed a procedure to determine
stay forces using an optimization algorithm that included the effects of time-dependent
phenomena and staggered erection on cantilever. This method enables to define the
stay forces to correct errors during erection stages. Nevertheless, as far as the author
know, the effects of the time-dependent phenomena in the OSS of cable-stayed bridges
built on temporary supports have not received much attention in the literature and
questions such as How the creep influences stay cable forces in the OSS or What the
optimal time to achieve these forces in service is appear. The time-dependent phe-
nomena might also influence significantly the stress state of the bridge throughout the
construction process. Many works have addressed the effects of the cantilever erection
of concrete cable-stayed bridges. Nevertheless, the effects of concrete time-dependent
phenomena in the temporary support erection method have received little attention.
This makes that questions such as, How the creep affects the construction process of
cable-stayed bridges built on temporary supports or If it is admissible to neglect the
creep effects during the construction process of these structures remain scientifically
unanswered.

Time-dependent phenomena might also influence the mechanical and/or geometri-
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cal and mechanical properties of the elements of the structure. For example, Young’s
modulus has a great uncertainty as it depends on many factors, such as age, humidity
and concrete strength. Traditionally its value is correlated with the strength and is
determined by destructive tests at 28 day age. Geometrical characteristics of concrete
sections (length, area and inertia) depend on the formwork in which is cast. Never-
theless, these properties may be influenced by the stress state of the structure. An
example of this is the reduction of inertia and area due to concrete cracks. All these
uncertainties might produce deviations between the actual behavior of the structure
on site and the one simulated by the computer models. Therefore, adjustment of the
properties of the computer model during erection is required. Despite its importance,
no study has been addressed to evaluate the role of changes in the mechanical proper-
ties in the stress state of the cable-stayed built on temporary supports.

To fill all these gaps, this chapter deals with the evaluation of the effects of the
concrete time-dependent phenomena in service and throughout the construction pro-
cess of cable-stayed bridges built on temporary supports. Furthermore, the effects of
changes in the mechanical properties of the elements of a cable-stayed bridge due to
time-dependent phenomena are studied.

This chapter is organized as follows: First the different time-dependent phenomena
are described and their simulation is presented. To illustrate the effects of the concrete
time-dependent phenomena in an asymmetric cable-stayed bridge with inclined pylon,
the Example 5.1 is analyzed. This example presents a parametric analysis to evaluate
the role that the pylon weight and stiffness play in the effects of creep and shrinkage.
After this, the effects of the time-dependent phenomena at a certain target time, tT ,
are introduced into the definition of the OSS. To illustrate the effects of including
these effects into the OSS throughout time, three examples (Examples 5.2 to 5.4)
are analyzed. To point out the importance of the Structural System Identification
in the OSS, the last example presents a parametric analysis to evaluate the role of
the deviations in the mechanical and geometrical characteristics of the beam elements
of the model (e.g. due to damages) in the OSS. Thirdly, to simulate the effects
of the time-dependent phenomena throughout the construction process the Forward
Direct Algorithm, FDA, is formally presented. Fourthly, after reviewing the main
hypotheses of the FDA, this algorithm is used to evaluate the effects of time-dependent
phenomena throughout the construction process of two cable-stayed bridges by two
examples (Examples 5.5 and 5.6). Finally, some conclusions are drawn.

5.2 Time-dependent phenomena

In this section the main time-dependent phenomena appearing in cable-stayed bridges
(shrinkage, creep and cable relaxation) are reviewed. After presenting the main pa-
rameters of each of these phenomena, their simulation is presented.
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Table 5.1: Comparison among parameters used by codes to estimate shrinkage strain
(Adapted from [73])

RH h ts t Cem fcm Curing Others
EHE-08 3 3 3 3 3 3 5 5

MC-10 3 3 3 3 3 3 5 5

ACI-209 3 3 3 3 3 3 3 3

5.2.1 Shrinkage

The shrinkage phenomenon produces time-dependent changes in concrete strains under
constant temperature. The physical and chemical changes produced by shrinkage re-
duce the initial volume of concrete specimens. Most of the authors agree that the main
shrinkage mechanisms are as follows: plastic shrinkage, drying Shrinkage, autogenous
shrinkage and carbonatation shrinkage. Shrinkage depends on the characteristics of the
section, the characteristics of the concrete and the ambient conditions. Many codes
have used different parameters to simulate its behavior. This is appreciable in Table
5.1 where the main parameters used by three different codes (Instrucción de Hormigón
Estructural, EHE-08 [64], Model Code 2010, MC-10 [76], and the report of the ACI
Committee 209, ACI-209 [1]) are compared. The formulation depends on the relative
Humidity, RH, the notional size of the member, h, the concrete age at the beginning
of drying, ts, the concrete age, t, the type of cement, Cem, the mean compressive
strength at 28 days, fcm, the type of curing, Curing type, and other parameters (such
as amount of air or the concrete slump test).

The shrinkage strain between time ts and time t, εcs(t, ts), might be calculated from
Equation (5.1) according with to MC-10.

εcs(t, ts) = εcas(t) + εcds(t, ts), (5.1)

in which εcas(t) is the autogenous shrinkage at time t and εcds(t, ts) is the drying
shrinkage between time ts and time t.

5.2.2 Creep

Creep might be defined as the time-dependent change in concrete strains under sus-
tained load. The creep strain between time t1 in which a load is applied and evaluation
time t, εC(t, t1) depends linearly on the applied elastic strain at t1, εE(t1), as follows:

εC(t, t1) = ϕ(t, t1, t0)εE(t1), (5.2)

in which ϕ(t, t1, t0) is known as creep coefficient at time t when a load is introduced at
time t1 in a concrete aged t0.
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Figure 5.1: Dischinger’s Hypothesis.

When concrete has low stresses, this is to say, when the elastic stresses at time t0,
σE(t1), are lower than 60% of the yield strength, fyd, Equation (5.2) might be rewritten
as presented in the following equation:

εC(t, t1) = ϕ(t, t1, t0)
σE(t1)

E(t1)
(5.3)

in which E(t1) is the Young’s modulus of the concrete at time t1.

Most of the methods proposed in the literature assume the Dischinger’s hypothesis
[26] (or Rate of Creep) to approximate the rate of creep coefficient change. This
hypothesis states that the increment of the creep coefficient, dϕ, depends mainly on
evaluation (t-t0) not on load age (t1-t0)(t2-t0) as presented in:

dϕ(t, t1, t0) ' dϕ(t, t2, t0) (5.4)

The Dischniger’s hypothesis is illustrated in Figure 5.1. This figure includes the
creep coefficient throughout time calculated in two different concrete specimens (named
A and B). Both specimens are fabricated at the same time t0, nevertheless, they are
loaded at different times with a constant compressive load Q. Specimen A is loaded at
time t1 and specimen B is loaded at time t2. The analysis of Figure 5.1 shows that the
increments of creep coefficients dϕ between time t and t+ ∆t are very similar. There-
fore, it might be concluded that the increments of creep coefficients do not depend on
the loading time as they only depend on the age of the concrete at the evaluation time.

Most codes require different parameters to estimate ϕ(t− t0, t1− t0). A comparison
of the main parameters used by EHE-08, MC-10 and CEB-209 to calculate this co-
efficient is presented in Table 5.2. The parameters listed in this table are the Relative
Humidity, RH, the notional size of member, h, the age of concrete at loading, t1, the
age of concrete at the moment considered, t, the mean 28-day compressive strength,
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Table 5.2: Comparison among parameters used by codes to estimate creep strain
(Adapted from [73])

RH h t1 t Cem fcm Others
EHE-08 3 3 3 3 3 3 5

MC-10 3 3 3 3 3 3 5

ACI-209 3 3 3 3 3 3 3

fcm, the cement type, Cem, and others (such as amount of air or the concrete slump
test).

The calculation of the ϕ(t, t1) proposed by the MC-10 is presented as follows:

ϕ(t, t0) = ϕ0βc(t− t0) (5.5)

in which ϕ0 is the notional creep coefficient and βc(t − t0) is a coefficient to describe
the development of creep over time after loading.

5.2.3 Stress relaxation

Stress relaxation in prestressed elements might be defined as the loss of stress un-
der constant strain. The magnitude of the relaxation depends on the duration of the
sustained prestressing force, the ratio of the initial prestress to the yield stress, the
temperature and the evaluation time.

According to Cluley and Shepherd [60], for initial prestress ratios σP/fyd lower
than 55%, steel relaxation is relatively small. Under this assumption, relaxation phe-
nomenon might be neglected in stay cables, where the stay forces are limited by fatigue
requirements.

5.3 Simulation of concrete time-dependent phenom-

ena

The behavior of pre-stressed and cable-stayed concrete bridges may be strongly affected
by time-dependent response due to creep and shrinkage of concrete (see [116], [27]
and [26]). The assessment of safety and serviceability performance of these structures
during their whole service life requires a reliable estimation of the influence of these
phenomena. For this reason, the simulation of time-dependent phenomena effects has
received considerable attention in the last years. Cluley and Shepherd [60] analyzed
creep, shrinkage and relaxation effects in symmetric cable-stayed bridges. This analysis
included time-independent nonlinearities of large displacements in the girder and the
pylon, sag effects in cable-stays and anchorage slip loss. Oliveira and Reis [155] ana-
lyzed the simulation of nonlinearities in composite steel-concrete cable-stayed bridges.
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Figure 5.2: Superposition of strains.

Au and Si [18] proposed a finite element analysis of the time-dependent phenomena
in prestressed structures based on the time integration method. This work includes a
relaxation model for steel tendons based on the equivalent creep coefficient. Au and
Si [19] analyzed time-dependent effects on dynamic properties of cable-stayed bridges.
The simulation of time-dependent phenomena was carried out by mean of a time-
integration method.

As presented by many authors (see e.g. [73]), the total strain in an axially loaded
concrete element (e.g. the pylon or the deck of a cable-stayed bridge) at time t might
be obtained by the superposition of elastic, thermal, shrinkage, and creep strains as
follows:

ε(t) = εE(t) + ∆εT (t) + εcs(t, t0) + εC(t, t1) (5.6)

where ε(t) is the total strain, εE(t) is the instantaneous elastic strain, ∆εT (t) is the
increment of thermal strain, εcs(t, t0) is the shrinkage strain and εC(t, t1) is the creep
strain. The superposition of strains throughout time is also presented in Figure 5.2.
According to Cluley and Shepherd [60], experience has shown that under good design
and construction practices, this principle is generally true.

The first two strains of Equation (5.6) can be directly calculated from the ge-
ometrical and mechanical characteristics of the structure, the concrete stresses and
the environmental conditions. Nevertheless, the evaluation of εcs(t, t0) and εC(t, t0)
throughout time cannot be carried out directly because both strains vary nonlinearly
with time. For this reason, the simulation of the effects of creep and shrinkage phe-
nomena requires a step by step analysis.

The step by step analysis to evaluate the shrinkage effects at time t0 + ∆t might be
described as follows. First, the increment of shrinkage strain, ∆εcs,i, between time t0
and t0 +∆t are calculated for each beam element i. This increment might be calculated
as presented in Equation (5.7). Secondly, these increments of strains are introduced
as imposed strains in a FEM to calculate the increments of stresses due to shrinkage.
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Finally, these increments of stresses are added to the stresses at time t0 and the stresses
at time t0 + ∆t are obtained. It is important to point out that, unlike creep, shrinkage
effects do not depend on the stresses of the structure.

∆εcs,i = εcs,i(t+ ∆t, t0)− εcs,i(t, t0) (5.7)

To simulate the creep effects throughout time, the procedure described in Figure 5.3
has been followed. (1) Firstly the average elastic curvatures, χE,i, and the average axial
elastic strains, εE,i, in every beam element i at time t1 are calculated. For a certain
stress-state, these strains might be calculated from the average bending moments, (Mi),
and the average axial forces, Ni, in each beam element. The calculation of these average
values is illustrated in Figure 5.3.A. This figure includes the bending moment diagram
at the deck and the axial diagram at the pylon for permanent loads. The first beam
element (beam i) is located at the deck and their both edges are called i and i + 1,
respectively. If a short length of the beam i is assumed, Mi might be approximated
from the bending moments at both edges of the elements (Mi +Mi+1) as presented in
Equation (5.8). With Eci and Ici being the Young’s modulus and the Inertia of the ith
beam element, χE,i might be estimated from Mi as presented in Equation (5.9) and
Figure 5.3.A. This figure also shows the calculation of the Nj in a jth beam element
from the axial forces in both edges Nj and Nj+1 as presented in Equation (5.10). With
Acj being the area of the jth element, εE,j might be estimated from Nj as presented
in Equation (5.11).

Mi =
Mi +Mi+1

2
(5.8)

χE,i =
Mi

EciIci
(5.9)

Nj =
Nj +Nj+1

2
(5.10)

εE,j =
Nj

EcjAcj
(5.11)

Once the elastic curvatures and axial strains are calculated, (2) the increment of
curvature, ∆χi, and strain, ∆εi, in each element due to creep between time t1 and
t1 + ∆t might be calculated. These increments are calculated as presented in Figure
5.3.B and Equations 5.12 and 5.13, where the elastic curvatures and axial strains are
amplified by an increment of creep factor, ∆ϕ.

∆χi = χE,i∆ϕ(t1 + ∆t, t1) (5.12)

∆εj = εE,j∆ϕ(t1 + ∆t, t1) (5.13)

With ϕ(t1 + ∆t, t1) being the creep coefficient at time t1 + ∆t of a structure loaded
at time t1 and ϕ(t1, t1) being the creep coefficient of the same structure at time t1,
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Figure 5.3: Procedure to simulate creep effects.

the increment of creep coefficient between time t1 and t1 + ∆t, might be calculated as
follows:

∆ϕ = ϕ(t1 + ∆t, t1)− ϕ(t1, t1) (5.14)

After calculating ∆χi and ∆εj, (3) these increments might be introduced as im-
posed loads in a FEM to calculate the increments of stresses produced by creep be-
tween time t1 and time t1 + ∆t. The obtained increments of bending moment, ∆M ,
and axial forces, ∆N , in the edges of beam elements i and j, when ∆χi, and ∆εj are
introduced as imposed loads are illustrated in Figure 5.3.C. (4) Finally, the stresses
at time t1 + ∆t are calculated by adding the increments of stresses produced by creep
effects to the stresses at time t1 as illustrated in Figure 5.3.D.

The increments of time used to simulate creep effects might be chosen to keep ∆ϕ
constant as presented in Figure 5.4. This figure shows how the increments of time
have to be selected smaller at early age. Nevertheless, these increments became larger
throughout time.

Strasky [187] analyzed the redistribution of bending moments due to concrete time-
dependent phenomena effects in a beam with vertical and inclined stays. In this work,
the redistribution of stresses in the cable-stayed bridge without pylon presented in
Figure 5.5.A is also analyzed. The cross section of the deck of this structure is pre-
sented in Figure 5.5.B. The envelopes of the bending moment diagrams in part of the
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Figure 5.4: Determination of time increments to keep ∆ϕ constant.

deck for different load combinations are summarized in Figure 5.5.C. The section of
the deck presented in this figure corresponds with that highlighted in Figure 5.5.A.
The analyzed loads were the permanent loads g, that overloads p and the increment
of temperature ∆T . Figure 5.5.C also includes the diagram obtained at the end of the
construction process and after 100 years (when redistribution of stresses has occurred).
The analysis of this figure shows the overloads play a more important role than the
time-dependent phenomena redistribution. This example corresponds with the one ob-
tained when the pylon of the structure is made of steel. Nevertheless, in many bridges
this load-bearing element might be made of concrete and thus, they are also influenced
by the time-dependent phenomena effects.

In the following section, the Example 5.1 is presented to illustrate the effects of creep
and shrinkage in a cable-stayed bridge with pylon. This analysis has been carried out
by the program Borrego. This example presents a parametric analysis that studies the
influence of the pylon weight and stiffness in asymmetric structures without backstays.

5.3.1 Example 5.1 Alamillo Bridge (OSS)

In this example, the structure and the main assumptions of its analysis are firstly
described. Then, a parametric analysis is presented to evaluate the role of the py-
lon weight and stiffness in the structural behavior of the structure under creep and
shrinkage. The effects of the pylon and deck material are also studied.

Description

In this section the effects of the time-dependent phenomena (creep and shrinkage) in
an academic model of the Alamillo Bridge in Spain [37] are studied. This structure is
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(A) (B)

(A)

(C)

Figure 5.5: (A) Cable-stayed structure with a highlighted deck section. (B) Cross
section of the deck. and (C) Envelopes of bending moments for different load combina-
tions, bending moment diagrams at the end of the construction process and after 100
years [187]. Units in m.

presented in Figure 5.6. This model has a 80m long concrete deck, three stay cables
arranged in the harp form and an inclined pylon (60m long and 51m high). This pylon
has an inclination α of 120◦. The geometry of the structure is summarized in Figure
5.6. In this analysis, no staggered erection of the superstructure is assumed and all the
stays are prestressed in a single operation at 28 days.

To model adequately the effects of creep and shrinkage the FEM of the bridge
includes 143 beam elements (80 are used for the deck, 60 for the pylon and 3 for the
stay cables). The area, Young’s modulus, and inertia, of the deck and the pylon are
1m2, 35000MPa and 1 m4, respectively. The strength of the concrete is 45MPa. The
humidity corresponds with the 70% and the notational size of the deck and the pylon
is 250mm. The stays are characterized by an area of 0.003m2, a Young’s modulus of
195000MPa and null inertia.

The stay forces of this bridge are defined by the Continuous Beam Criterion (see
Chapter 2) for a permanent load of 25kN/m. Taking into account these forces, the
weight of the pylon is calculated according to the three following criteria: (1) Criterion
C-1: Equilibrium of horizontal forces in the pylon. This criterion results in a light
pylon with a weight of 71.5kN/m. This weight is 2.85 times higher than that of the
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Figure 5.6: Model of Example 5.1 (based on the Alamillo bridge in Spain)

deck, this is to say, a weight ratio of 2.85 is obtained by this criterion. (2) Criterion
C-2: Null bending moment at the pylon abutment. This criterion produces a weight
ratio of 3.81. Finally, (3) Criterion C-3: Minimal area of the bending moments in the
whole structure. Application of this criterion results in a heavier pylon with a weight
ratio of 4.19.

A parametric analysis is carried out to evaluate creep and shrinkage effects in dif-
ferent structures. In this analysis a set of 17 different models are analyzed. Differences
between these models refer to: (1) Criterion used to define the pylon weight (C-1, C-2
or C-3), (2) Stiffness of the pylon. The models include a different ratio between the
stiffness of the pylon (EIP ) and the stiffness of the deck (EId). The analyzed ratios are
1 (flexible pylon), 2, 5, 7.5 and 10 (rigid pylon). (3) Material of the deck (concrete or
steel). (4) Material of the pylon (concrete or steel). For the sake of simplicity, the last
two differences are only analyzed in a structure with a light (weight ratio from C-1)
and flexible (unitary stiffness ratio) pylon.

The strains used to simulate the stay prestressing in each of the different models
are calculated by the application of Equation (5.11) at 28 days. As the structure is
prestressed at that time, the calculated strains do not include the effects of the time-
dependent phenomena. The obtained strains for the seven different models with a light
pylon (weight ratio from C-1) are summarized in Table 5.3. These models are named
from 5.1.1 to 5.1.7. Table 5.3 also includes the main characteristics of the different
models.

The analysis of Table 5.3 shows the effect of the pylon weight and stiffness in the
prestressing strains. Obviously, the stiffer the pylon, the lower the prestressing strains.
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Table 5.3: Characteristics of cases in Example 5.1

Model S.Ratio Deck Pylon ε1 × 10−3 ε2 × 10−3 ε3 × 10−3

5.1.1 1 Concrete Concrete -5.844 -5.822 -6.619
5.1.2 1 Steel Concrete -5.797 -5.783 -6.588
5.1.3 1 Concrete Steel -2.983 -2.632 -3.104
5.1.4 2 Concrete Concrete -4.101 -3.878 -4.477
5.1.5 5 Concrete Concrete -3.055 -2.712 -3.192
5.1.6 7.5 Concrete Concrete -2.822 -2.452 -2.906
5.1.7 10 Concrete Concrete -2.706 -2.323 -2.764

For example, this is appreciable by the comparison of model the model 5.1.1 (with a
stiffness ratio of 1) and 5.1.4 (with a stiffness ratio of 2). In this case, double inertia
of the pylon reduces the strains of the stay cables a 29.8, 33.3 and 32.4%, respectively.
The comparison of the obtained strains in models based on C-1, C-2 and C-3 shows
that the heavier the pylon, the lower the prestressing strains.

In the following section the obtained results of the different analyzed models are
presented.

Results

Once the structure has achieved the OSS at 28 days, the effects of the time-dependent
phenomena in concrete at 10000 days are simulated. For each of the analyzed models,
the creep and shrinkage effects are studied separately. In the analysis of each of these
phenomena, the deck bending moment diagrams are used to evaluate the effects of the
pylon weight as well as the different materials of the deck and the pylon (Figure 5.7.A
and 5.7.C). The effects of the pylon stiffness are evaluated by mean of the changes in
the stay force with time in each pylon weight criterion (Figure 5.7.B and 5.7.D).

The bending moment diagrams in the deck obtained after adding the creep effects
are summarized in Figure 5.7.A. This figure includes the bending moment diagram of
the OSS at 28 days (that corresponds with that of a continuous beam), the bending
moments obtained by each pylon weight criterion (C-1, C-2 and C-3) with a unitary
stiffness ratio and the bending moment diagram obtained when the pylon and the deck
material is changed to steel in C-1 with a unitary stiffness ratio. In the figure, the latter
two stages are named C-1 Pylon Steel and C-1 Deck Steel, respectively. The analysis of
Figure 5.7.A shows the following conclusions: (1) The stress redistribution due to creep
at the pylon is of primary importance. This is appreciable by the comparison of the
results obtained by models with different materials (C-1 Pylon Steel, C-1 Deck Steel
and C-1). When the pylon is made of steel (C-1 Pylon Steel), the maximum creep re-
distribution (154.37kNm) only represents the 14.41% of the maximum bending moment
in the OSS (-1071.27kNm). This value is found at the mid span and it is caused by
axial creep shortening of the deck. In those cases where the pylon is made of concrete



Algorithms with time-dependent phenomena 145

 
 

5

4

3

2

1

0

1

2

M
N

m

5

4

3

-

2

-

1

0

1

2

M
N

m

Bending moments Shrinkage

(A)

(C)

(B)

(D)

-5%

0%

5%

10%

15%

20%

25%

30%

35%

1 2 5 7.5 10

A
bs

(N
10

00
0-

N
28

)/N
28

SP/SD

C-1
C-2
C-3

Bending Moments Creep Increments of stay forces Creep

Increments of stay forces Shrinkage

-5%

0%

5%

10%

15%

20%

25%

30%

35%

SP/SD

C-1
C-2
C-3

A
bs

(N
10

00
0-

28
)/N

28

Beam C-1 Pylon Steel
C-1, C-2 & C-3 C-1 Deck Steel

Beam C-1 Pylon Steel C-1

C-2 C-1 Deck Steel C-3

-

-

1 2 5 7.5 10
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third stay (highlighted by a dotted line) when the effects of creep (B) or shrinkage (D)
are included.

(C-1 Deck Steel and C-1) the redistribution of stresses due to creep is significantly
higher. The maximum redistribution in C-1 (3091.76kNm) is found at the anchorage
of the third stay and it represents the 288.56% of the maximum bending moment in
the OSS. In the case of C-1 Deck Steel the maximum redistribution (3970.78kNm) is
found at the mid span and it represents the 376.91% of the maximum bending moment
in the OSS. It is important to notice that in those cases where the pylon is made of
concrete, the creep redistribution of the structure also produce changes in the sign of
the bending moments of the deck (e.g. at the stay anchorage the hogging moments are
changed to sagging ones). These changes are mainly caused by the stress redistribution
of the light pylon, which is subjected to high stresses at 28 days. (2) The favorable
effect of the redistribution of stresses due to creep when the deck is made of concrete.
This is appreciable by comparing the results of C-1 Deck Steel and C-1. In the latter
case, redistribution of stresses at the deck reduces the effects of the redistribution of
stresses at the pylon. (3) It is convenient to reduce the stresses of the pylon at the
OSS to minimize its redistribution throughout time. This can be carried out by using
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heavier pylons as shows the comparison between models C-1, C-2 and C-3. In C-2
the maximum redistribution (863.09kNm) is found at the anchorage of the third stay
and it represents the 80.55% of the maximum moment in the OSS, while in C-3, the
maximum redistribution (414.00kNm) is found at the anchorage of the first stay and
it represents the 38.17% of the maximum moment in the OSS.

A parametric analysis is also presented to illustrate how the pylon stiffness influ-
ences the stress redistribution due to creep phenomenon. This analysis is summarized
in Figure 5.7.B in terms of the absolute percentage of variation of the axial force of the
third stay between 28, N28, and 10000, N10000, days. The analysis of this figure shows
an additional conclusion: (4) The stiffness of the pylon produces a favorable effect into
the stress redistribution due to creep in all the criteria. Nevertheless, increasing the
stiffness might not be enough to minimize the redistribution of stresses due to creep.
This is appreciable by the comparison of the results obtained by C-1 and C-2. For
a unitary stiffness ratio, the variations of the stay forces throughout time represent a
28.37% (C-1) and a 9.68% (C-2) of the stay force at 28 days. When the stiffness ratio
is increased to 10, these percentages are reduced to 12.23% (C-1) and 4.21% (C-2).
This analysis shows again the important role of the pylon weight in the stress redis-
tribution due to creep. When this weight is calculated to minimize the bending area
of the pylon (C-3), the variation of the stay force in the third stay throughout time
varies from 2.20% (S.Ratio=1) to 0.97% (S.Ratio=10). These values are significantly
lower than those obtained by the rest of criteria. Placing a backstay would produce a
similar favorable effect that using the heavy pylon proposed in C-3.

The bending moments obtained in the deck after adding the shrinkage effects are
presented in Figure 5.7.C. The analysis of this figure shows the following conclusions:
(1) The shrinkage does not depend on the stresses that the pylon is subjected to. This
is appreciable by the fact that the same bending moments are obtained for the different
analyzed pylon weights (C-1, C-2 and C-3). In these models, the maximum differences
with the bending moments of the equivalent continuous beam (559.01kNm) are found
at the mid span. This value represents a deviation of the 52.18% of the maximum
bending moment in the continuous beam. (2) The shrinkage phenomenon depends on
the materials of the bridge. This is appreciable by comparison of the bending moment
diagrams of the C-1, C-1 Pylon Steel and C-1 Deck Steel. Nevertheless, the effects of
changing the deck or the pylon material are not as significant as in the creep redistri-
bution of stresses.

The parametric analysis that shows the effect of pylon stiffness on the stress re-
distribution due to shrinkage is summarized in Figure 5.7.D. This figure includes the
variation of the stay force in the third stay throughout time for different stiffness ratios.
The analysis of Figure 5.7.D shows that, (3) Independently of the pylon weight, the
pylon stiffness increases the perceptual difference with the stay force in the OSS. For
example, the differences obtained for a unitary stiffness ratio, (2.07%) are increased
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to 9.08% for a stiffness ratio of 10. These results show that (4) A higher stiffness of
the pylon presents an unfavorable effect in the stress redistribution due to shrinkage
phenomenon. Finally, it might be concluded that (5) Because of the high stresses that
the pylon is subjected to, in this example creep plays a more important role in the
structural behavior of the structure throughout time than shrinkage.

5.3.2 Creep during the construction process

Many authors (e.g. [27], [2] or [61]) have studied the effects of time-dependent phe-
nomena in segmentally constructed structures. Application of this general method to
academic and actual cable-stayed bridges is also presented. Grabow [95]) used a com-
mercial program to simulate the construction process of cable-stayed bridge including
the effects of time-dependent phenomena. Somja and Goyet [186] proposed a numerical
procedure for geometrical and material nonlinear finite element analysis of segmentally
erected structures.

In most actual structures, changes in the structural system, in the cross section and
in the applied loads might appear both during construction and in service. This implies
that the stresses are rarely constant in time. To simulate the creep strain under variable
stresses the superposition principle [141] might be applied. This principle states that
“the strains produced in concrete at any time t by a stress increment at any time t1
are independent of the effects of any stress applied either earlier or later than t1”.
Application of the superposition principle has been proved valid in the vast majority
of civil engineering structures [60]. According to this principle, the strains might be
calculated from the variation of stresses throughout time as follows:

εc(t, t0) = ϕ(t, t0)
σc

E(t0)
+

∫ τ=t

τ=t0

ϕ(t, τ)

Ec(τ)
dσc(τ) (5.15)

Equation (5.15) is known as the Volterra’s equation. The main trade off of this equa-
tion is that the integral cannot be easily solved analytically due to the uncertainties of
the stresses throughout time. Many methods have been presented in the literature to
approximate this equation by some simplifications. According to Fernández-Ruiz [73],
these simplifications might be found in the creep function (e.g. Dischinger’s method [26]
or the Improved Dischinger’s method [151]), in the way to evaluate the integral term
(e.g. step by step method [85] or the aging coefficient method [26]) or in assumed
evolution of the stresses over time (e.g. j’s method [139] and [63]). This author also
includes the conclusions of many works in the literature that proved that the compu-
tation of the creep function might induce a greater error in the creep simulation than
the simplification method used. Based on this idea, the simplification method to be
used in this chapter has been selected as simple as possible to ease its implementation
in computer software.
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The simulation of the creep effects throughout the construction process have been
carried out by a step by step analysis. To illustrate the simulation of the procedure,
the construction process of a stayed structure described in Figure 5.8 is analyzed. This
construction process includes three different construction stages. In the first construc-
tion stage, part of the concrete deck of the structure is erected over three supports.
The permanent load of the deck applied at time t1 produces some elastic stresses in
the structure. For example, the elastic bending moment diagram is presented in Fig-
ure 5.8.A. From the elastic stresses, the elastic curvatures, χi−E,1, and strains, εi−E,1,
at each beam element i, might be calculated as in Equations (5.9) and (5.11). The
increments of stresses due to creep between time t1 and t1 + ∆t might be calculated
by introducing into a FEM some increments of curvatures, ∆χi, and strains, ∆εi,
into each beam element of as presented in Figure 5.8.B. The increments ∆χi and ∆εi
are calculated by multiplying the elastic curvatures and strains by ∆ϕ defined as in
Equation (5.14). In the second construction stage an additional deck section is intro-
duced at time t2 as presented in Figure 5.8.C and the structural system is changed
as a new support is introduced into the structure. In this case the permanent loads
of the new deck segment generate some new elastic stresses in the structure. These
stresses produce some new sets of elastic curvatures χi−E,2, and strains, εi−E,2 for each
beam element. The creep effects between t2 and t2 + ∆t are simulated by introducing
into a FEM some new increments ∆χi, and ∆εi. These increments might include the
creep effects of the first two construction stages, as in the beam elements located in
the first erected deck segment, or only of the second construction stage, as in the beam
elements in the deck segment added in the second construction stage. The calcula-
tion of these increments is summarized in Figure 5.8.D. It is to point out that in this
calculation, different ∆ϕ are used to amplify the elastic stresses of each construction
stage. Differences between ∆ϕ of each construction stage refers to their respective
loading times. In the third construction stage, the second support is substituted by a
prestressed stay-cable at time t3 as presented in Figure 5.8.E. The prestressing of the
stay cable produces some new elastic stresses, curvatures, χi−E,3, and strains, εi−E,3
in a new structural system. The calculation of the creep effects between time t3 and
t3 + ∆t might be carried out by the ∆χi and ∆εi presented in Figure 5.8.F. In this
case, the increment ∆χi and ∆εi in the first deck segment includes the effects of the
three construction stages while ∆χi and ∆εi in the second deck segment only includes
the effects of the last two construction stages. The increments of creep coefficients in
each construction stage depend on its corresponding loading time.

The shrinkage effects can be included throughout the analysis of the construction
process by mean of the strain increments due to shrinkage in every i concrete beam
element, ∆εcs,i, calculated as in Equation (5.7). Unlike creep, these increments do not
depend on the stress level. For this reason, the strain increments due to shrinkage might
be added to those increments of strains due to creep effect. For example to include
the shrinkage effects into the Stage 3 presented in Figure 5.8.F, the strain increments
in the first deck segment (with N1 elements) and the second deck segment (with N2
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Figure 5.8: Including creep effects into the construction process of a stayed structure
erected by three construction stages stages.

elements) might be calculated as in Equations (5.16) and (5.17). These equations add
∆εcs,i to the strain increments due to creep presented in Figure 5.8.F.

∆εi =
3∑

k=1

εi,E−k∆ϕ(t3 + ∆t, tk) + ∆εcs,i, i ≤ N1 (5.16)

∆εi =
2∑

k=1

εi,E−k∆ϕ(t3 + ∆t, tk) + ∆εcs,i, N1 < i ≤ (N1 +N2) (5.17)

To evaluate the role that the time-dependent phenomena might play in the service
state of cable-stayed bridges, the following section presents a procedure to include their
effects into the simulation of the OSS of the bridge.

5.4 Including the time-dependent phenomena ef-

fects into the OSS

In Chapter 4, the stay cable forces in the OSS were divided into a sum of a passive
state and an active one (see Equation (4.4)). In this analysis, the passive state includes
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the response of the structure when the Target Load, TL, is counterbalance by passive
stay cables, and the active state simulates the effect of the prestressing of the stay
cables. In this analysis, the vector of active stay forces was substituted by the product
of an Influence Matrix [IM ], and the vector of imposed strains in the OSS {εOSS}.
These strains were related with the unstressed length of the stays and they were used
to simulate both the OSS and the tensioning process.

When time-dependent phenomena are included into the simulation of the OSS,
Equation (4.4) cannot be directly applied because the time-dependent phenomena in-
troduce additional effects into the structural behavior. The effects of time-dependent
phenomena depend, to a great extent, on the structural system of the structure in
which the different loads are applied. Furthermore, the OSS is only achieved at a tar-
get evaluation time, tT . To solve all these problems, Equation (4.4) might be written
as:

{NOSS,tT } = {NK−N,tT }+ {NN,tT } = {NK−N,tT }+ [∆NN,tT ]{εt} (5.18)

in which the stay cable forces in the OSS, {NOSS,tT }, can be obtained at time tT
by the sum of vector of two different vectors of stay forces {NK−N,tT } and {NN,tT }.
With K being the number of construction stages and N being the number of stays, the
former of these vectors represents the stay cable forces after the first K-N tensioning
operations. In these stages changes in the structural system are simulated both during
the staggered erection of the superstructure and during the prestressing of the stay
system. These forces include the effects of the time-dependent phenomena from the
beginning of the staggered erection of the superstructure until the evaluation time tT .
The effect of the application of the rest of the permanent loads at time tPL might also
be introduced into the simulation of the stay forces of this vector. On the other hand,
the vector {NN,tT } represents the stay forces in the last N tensioning operations (last
re-tensioning operation) after including the time-dependent phenomena at time tT . As
in common practice, the structural system in these operations is assumed to correspond
with that of the complete structure, this is to say, all stays are placed and the tempo-
rary supports have been removed in preceding construction stages. The vector {NN,tT }
might be expressed as the sum of an Influence Matrix [∆NN,tT ] in terms of increments
of stay forces and a vector of imposed strains {εt}. The vector {εt} represents the
strains to be introduced into the last tensioning operation of each stay.

Equation (5.18), might be developed as presented in Equation (5.19). In this equa-
tion it has been assumed that the stays are installed in two tensioning operations, this is
to say, K=2N . The time of each tensioning operations is called ti,j. The first subindex
refers to the prestressed stay and the second one to the number of its tensioning op-
eration. For example t1,2 refers to the time in which the second tensioning operation
of the first stay is performed. The subindices in vectors {NOSS,tT } and {NK−N,tT }
refers to each of the stays. For example, the stay forces in the OSS in the nth stay
is called NOSS,tT

n . Each column n of matrix [∆NN,tT ] corresponds with the stay forces
in all stays at time tT when a unitary strain, ε

tn,2
n , is introduced in the last tensioning
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operation of stay n at time tn,2. The nomenclature used in each of the terms of this
matrix is as follows: the first superindex corresponds with the construction stage in
which the nth stay is re-stressed, the second superindex refers to the evaluation time,
tT , the first subindex corresponds with the unitary strain introduced in the stay at
the time of the re-stressing operation tn,2 and the second subindex refers to the stay
in which the increment of stay force is calculated. The vector {εt} is divided into the
imposed strains to be introduced into each stay n in its last tensioning operation at
time tn,2.
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(5.19)

To illustrate the different terms of Equation (5.19), this equation is applied for a
two-stay cable-stayed bridge erected as presented in Equation (5.20). The tensioning
process of this structure includes four tensioning operations. In the first two operations
both stays are placed at times t1,2 and t2,2, while in the last two tensioning operations
the stay forces are adjusted at times t1,2 and t2,2. In this case, the stay cable forces in

the OSS of every stay, this is to say, NOSS,tT
1 and NOSS,tT

2 , might be calculated by pro-
jecting the reactions of an equivalent continuous beam into the stay cable directions.
The stay forces after the first two tensioning operations (first K-N=2 tensioning opera-
tions) at time tT , N2,tT

1 and N2,tT
2 , are obtained when the effects of the time-dependent

phenomena are added to the results of the first tensioning operation. The calculation
of the terms of the stay forces after the first K-N tensioning operations at time tT is
presented in Figure 5.9.N
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 (5.20)

In Equation (5.20), the increments of stay forces in the [∆NN,tT ] include the ef-
fects of the last N=2 tensioning operations. Terms of each column of [IM ] represents
one of the last N tensioning operations. The first column corresponds with the first
re-tensionig operation (Stage 3 at time t1,2), while the second one corresponds with
the second re-tensioning operation (Stage 4 at time t2,2). Each of these operations is
simulated by mean of an independent FEM as presented in Figure 5.9. The FEM
of the first column of [∆NN,tT ] includes the increments of stay forces produced by a
unitary strain applied at the first stay cable at time t1,2. This strain produces some
active forces (highlighted in red color line in the figure) in the first stay and some
passive forces (highlighted in discontinuous blue color line in the figure) in the second
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Figure 5.9: Definition of stay forces in {NK−N,tT } and in [∆NN,tT ] for a 2-stay cable-
stayed bridge.

stay cable. Then, the creep effects produced until tT are introduced. The FEM of
the second column includes an imposed strain at the second stay cable. The increment
of forces of this tensioning operation only include the effects of the time-dependent
phenomena from time t2,2 to tT as presented in Figure 5.9.

The only unknown of Equation (5.18) is the vector of imposed strains {εt}. This
vector might be obtained by mean of the inverse of the influence matrix of stay forces
[∆NN,tT ]−1 as presented in the following equation:

{εt} = [∆NN,tT ]−1({NOSS,tT } − {NK−N,tT }) (5.21)

As in the case of the case of {εOSS}, the set of strains in vector {εt} might be used
to simulate both the OSS and the last N tensioning operations. For example, the
simulation of the bending moments in the OSS, {MOSS}, including the effects of the
time-dependent phenomena might be carried out as follows:

{MOSS} = {MK−N,tT }+ [∆MN,tT ]{εt} (5.22)

in which {MK−N,tT } is a vector that includes the bending moments after including
the effects of the time-dependent phenomena into the first K-N stages at time tT and
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[∆MN,tT ] is an influence matrix that includes the bending moments in the last N ten-
sioning operations when a unitary strain is introduced into each stay and after adding
the effects of the time-dependent phenomena at time tT .

The calculation of the different terms of Equations (5.21) and (5.22) requires a
procedure that enables the simulation of the effects of the staggered erection of the
superstructure, the tensioning operations and of the time-dependent phenomena. For
this reason, the algorithm to define these terms is formally presented in Section 5 to-
gether with an algorithm that enables this simulation, the Forward Direct Algorithm
(FDA).

In the following sections, three examples (named from Example 5.2 to 5.4) are used
to illustrate the effects of including the time-dependent phenomena effects into the
OSS. In the first example, different target time tT are used to define the OSS. The
second example proposes a parametric analysis to evaluate the effects of the inaccura-
cies in the mechanical and geometrical properties of the structure in the OSS when
the time-dependent phenomena effects are considered.

5.4.1 Example 5.2 Alamillo Bridge (OSS)

In this section the effects of the time-dependent phenomena are introduced into the
simulation of the OSS of an academic structure. First the main characteristics of the
structure and the simulation assumptions are described. Then, the obtained results
are presented and a set of conclusions are drawn.

Description

In this section a simplified model of the Alamillo Bridge is analyzed. The mechanical
and geometrical characteristics of this concrete structure correspond with those pre-
sented in Example 5.1 for a unitary stiffness ratio between the pylon and the deck.
As in the pointed example, the pylon weight is defined by different criteria (C-1, C-2
and C-3). The model obtained for each of the three different pylon weights are named
from 5.2.1 to 5.2.3. The OSS of each of the models might be characterized by a set
of imposed strains {εt}. These strains have been calculated to assure the achievement
of the OSS at 10000 days. The calculation of these strains has been carried out by
Equation (5.21). For the application of this equation, it has been assumed that the
structure is erected in a single operation at 28 days, this is to say, without staggered
erection.

The main characteristics and the obtained strains for each of the analyzed models
are summarized in Table 5.4. The analysis of this table indicates that the heavier the
pylon, the lower the required strains. For example, the average strain in the model
with a light pylon (model 5.2.1) is 8.98 times higher than the average strain in the
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Table 5.4: Strains in the different stays of Example 5.2

Model Pylon weight S.Ratio ε1 × 10−3 ε2 × 10−3 ε3 × 10−3

5.2.1 C-1 1 -15.514 -16.181 -17.527
5.2.2 C-2 1 -5.634 -5.747 -6.651
5.2.3 C-3 1 -1.681 -1.571 -2.230

model with a heavy pylon (model 5.2.3).

The different strains presented in Table 5.4 might be used to simulate the stresses
of the structure at any time. For example, the bending moments might be calculated
by application of Equation (5.22). In the following section the structural behavior at
28 days obtained by the three analyzed models is presented.

Results

The deck bending moment diagrams at 28 days obtained for the different cases are
presented in Figure 5.10.A. These bending moments are also compared with those ob-
tained at 10000 days in the OSS (continuous beam). The analysis of this figure shows
that the lighter the pylon, the higher the required bending moments at 28 days to
assure the achievement of the OSS at 10000 days. This is appreciable by comparing
the maximum differences of the bending moments between 28 and 10000 day obtained
by models 5.2.1 and 5.2.3. In the Case 5.2.1, the maximum differences (11.01MPa) are
9.90 times the maximum bending moment in the OSS (-1.11MPa). These differences
are reduced to 0.79MPa in model 5.2.3. This value represents the 71.2% of the maxi-
mum bending moment in the OSS.

The stay forces in each of the analyzed cases at 28 days are presented in Figure
5.10.B. This figure also includes the stay forces in the OSS. The analysis of this fig-
ure shows similar results than that obtained by the analysis of the bending moments
diagrams. The higher differences are found in 5.2.1in which the maximum stay force
(-2330.82kN) represents a deviation of the 73.79% of the corresponding force in the
OSS. On the contrary the maximum differences at the first stay in 5.2.3 (-1236.68kN)
represents a deviation of the 8.15% of the stay force in the OSS.

Figure 5.10 illustrates the important role that the pylon plays in the redistribution
of stresses due to the time-dependent phenomena effects. In this kind of structures
is convenient to define the weight of the pylon by minimizing the area of the pylon
bending moment diagram (criterion C-3). In this case, the variation of the structural
behavior throughout time due to time-dependent phenomena effects is minimized.
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Figure 5.10: Comparison between the bending moments (A) and the stay forces (B)
between the models 5.2.1, 5.2.2 and 5.2.3 at 28 days and the OSS at 10000 days.

5.4.2 Example 5.3 Wuxi Bridge (OSS)

In this section, the time-dependent phenomena effects in the OSS of a simplified model
of a real cable-stayed bridge are analyzed. The strains in the OSS are defined for two
different criteria (OSS28 and OSS10000). Differences between these criteria refer to
the target time (28 and 10000 days, respectively) in which the OSS is designed to be
achieved. The results of this example include a comparison of the structural behavior
obtained by both criteria as well as some conclusions.

Description

The cable-stayed bridge analyzed in this section is presented in Figure 5.11 and cor-
responds with a simplified model of a project for the city of Wuxi in China. The
model has a concrete pylon 55m high, a 180m long concrete deck and N = 19 stay
cables arranged in a fan symmetric form. The self weight of the bridge deck, g1, and
the target load, TL, are 135kN/m and 202.5kN/m, respectively. The stay cables are
uniformly anchored every 9m along the deck. In service the structure includes a live
load of 40kN/m2.

The FEM of the whole bridge consists of 489 beam elements (360 for the deck,
110 for the pylon and 19 for the stays). The area, Young’s modulus and inertia of the
deck are 5.4m2, 33500MPa and 4.2m4, respectively. The mechanical properties of the
pylon are 8.54m2, 33500MPa and 14.4m4. The concrete strength is 45MPa, the relative
humidity is 70% and the notional size of the deck and the pylon is 500 and 1900mm,
respectively. The stays have an area of 0.0072m2, a Young’s modulus of 195000MPa
and null inertia.

This example corresponds with an academic analysis in which the superstructure
is assumed to be built at 28 days without a staggered erection. All the stays are pre-
stressed at 28 days and the construction process is finished after 130 days. A more
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Figure 5.11: Model of Example 5.3 (based on a actual cable-stayed bridge in Wuxi,
China)

realistic analysis of this structure is presented in Example 5.5.

Two different criteria are used to define the prestressing strains in the OSS. The
first criterion, OSS130, defines these strains to achieve the OSS at 130 days while the
second criterion, OSS10000, defines these strains to achieve the OSS at 10000 days.
Application of Equation (5.21) provides the strains summarized in Figure 5.12.A. In
the OSS130 the strains vary from -1.511×10−3 at the central stay to -3.576×10−3 at
the edged stays. These strains are increased to -1.516×10−3 at the central stay and to
-3.842×10−3 in the criterion OSS10000. The maximum differences between strains of
both cases are found in the fifteenth stay (C15). The strain of this stay in OSS10000,
-2.634 is a 14.71% higher than that obtained by OSS130.

Results

The creep and shrinkage effects produce changes in the forces of the stays due to per-
manent loads in service. This is appreciable in Figure 5.12.B, where the differences in
stay forces between 130 and 10000 days are presented for the two criteria. The analysis
of this figure shows that in the OSS130 stay forces in the proximities of abutments are
reduced with time. The maximum reduction (327.25kN) is found at the 19th stay (C19)
and it represents a 6.91% of its stay force in the OSS. In the proximities of the pylon,
stay forces are increased. The maximum increase (45.84kN) is found in C12. This value
represents the 2.91% of its stay force in the OSS. The effects throughout time when
the stay forces are defined by OSS10000 are the opposite ones. This means that the
stays in the proximities of the abutments increase its force with time and the stays in
the proximities of the pylon reduce its force with time.

The deck bending moment diagrams for permanent loads obtained by both criteria
at 130 and 10000 days are presented in Figure 5.12.C. In the OSS130 criterion, the
bending moment diagram of the equivalent continuous beam (with a maximum sag-
ging and hogging moments of 1293.96 and -1758.58kNm, respectively) is achieved at
130 days. Then, creep and shrinkage effects modify successively this diagram and at
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10000 days the maximum sagging and hogging moments are increased to 4603.66 and
-3178.85kNm. In the OSS10000 criterion, the continuous beam behavior is achieved at
10000 days. In this case the maximum sagging and hogging moments (with a value
of 4479.94 and -6679.11kNm, respectively) are achieved at 130 days. Analysis of these
results shows that higher changes in the bending moment diagram throughout time are
produced when the strains are defined to achieve the OSS at 10000 days (OSS10000

criterion). These results coincide with those obtained in Example 5.1.

The Envelopes in Service (EnvS) of the deck bending moment diagrams at 130
and 10000 days obtained by OSS130 are presented in Figure 5.12.D. This figure also
includes the bending moment diagrams for permanent loads at 130 and 10000 days.
This figure shows that the creep and shrinkage effects increase the sagging bending
moments in the proximities of the abutments. These increments produce unfavorable
effects in the minimum envelope of negative bending moments, in which the maximum
differences (-4065.51kNm) throughout time are found between the 17th and the 18th
stay anchorages. It is important to notice that in structures suspended on multiple
stay cables, the bending moments due to the dead load are very small compared to
those produced by live load (see [187]). In fact, these differences represent a 292.89%
of the maximum bending moment of the OSS and only the 11.31% of the maximum
sagging moment of the envelope.
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5.4.3 Example 5.4 Wuxi (Uncertainties analysis)

The conventional analysis of the time-dependent behavior of non homogeneous struc-
tures, like cable stayed bridges, uses tools which involve many uncertain quantities,
such as environmental factors, geometrical and mechanical characteristics, the stress
levels in cables and construction imperfections. All these uncertainties might influence
the final structural response of the structure.

In this section a parametric analysis is presented to illustrate how different devia-
tions of the characteristics of the structure might modify the structural response of the
structure in service when the time-dependent phenomena effects are introduced. An-
alyzed deviations include changes in the mechanical properties (areas and inertias) of
deck and pylon. After describing the main characteristics of the analysis, the obtained
results are presented. Finally, a set of conclusions are drawn.

Description

The structure analyzed in this section corresponds with that described in Example 5.3
with prestressing strains defined to achieve OSS at 130 days. In this example, the fol-
lowing scenarios are evaluated: (1) Deviations in the mechanical properties (area and
inertia) of the left half section of the deck. (2) Deviations in the mechanical properties
(area and inertia) of the pylon. In each of these scenarios four different magnitudes
of the deviation (-20%, -10%, +10% and +20%) are analyzed. This leads to a total
number of 16 different analyzed cases. Specially when deviations in the pylon inertia
are introduced, the symmetry of the structure might produce favorable effects. For
this reason, the boundary conditions of Example 5.3 have been changed by fixing the
left abutment.

To evaluate the effects of all these deviations into the structural behavior of the
bridge at 10000 days, Equation (5.21) is followed. It is important to highlight that this
equation includes new influence matrices and passive vectors for each deviation but it
keeps the imposed strains to achieve the OSS at 130 calculated in Example 5.3.

Results

The increments of bending moments in the deck at 10000 days between the original
structure, this is to say, without deviations, and each of the analyzed deviation cases
are summarized in Figure 5.13. It is important to notice that the different elements of
the structure with analyzed deviations are highlighted in red color in the figure.

The effects of the deviations in the inertia and area of half of the deck are summa-
rized in Figures 5.13.A and 5.13.B, respectively. The maximum increments of bending
moments are -287.27kNm, when the deviations are found in the deck inertia, and
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Figure 5.13: Increments of bending moments in the deck at 10000 days produced by
each deviation case (highlighted in red): (A) deck inertia. (B) deck area. (C) pylon
inertia. (D) pylon area.

144.45kNm, when the deviations are found in the deck area. These increments repre-
sent a percentage of the 16.33 and 8.21% of the maximum bending moment in the OSS.
Finally, the increments of bending moments produced by variations in the inertia and
area of the pylon are presented in Figure 5.13.C and 5.13.D. In both scenarios, the
maximum increments are obtained in the proximities of the deck abutments. These
values (-59.19kNm and ±216.15kNm) represents a percentage of the 3.3 and the 12.29%
of the maximum bending moment in the OSS. For a symmetrical structure, deviations
in the pylon inertia would produce null effects on the deck.

The analysis of the results of the different cases presented in Figure 5.13 leads to
the following conclusions: (1) The inertia of the deck plays a more important role in
the flexural behavior of the deck than its area. (2) The area of the pylon produces
more significant effects in the flexural resistant mechanism of the deck than its inertia.
Finally, (3) the magnitude of the increments of stresses produced by inaccuracies of
the model shows the importance of knowing the actual properties of the structure for
an appropriate simulation in service. This fact shows the importance of linking the
simulation methods with Structural System Identification techniques that enable the
estimation of the actual properties of the structure for a subsequent calibration of the
models.

5.5 Forward-Direct Algorithm, FDA

The examples analyzed in the preceding sections show the important role that creep
and shrinkage phenomena might play in the structural behavior of cable-stayed bridges
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in service. In order to evaluate the effects of these phenomena throughout the construc-
tion process of cable-stayed bridges built on temporary supports, the Forward-Direct
Algorithm (FDA) is formally presented in this section.

First, the main characteristics of the algorithm are presented. Then, the main
hypotheses of the FDA are described. This section includes the simulation of the
tensioning process of the first and the last tensioning operations. Next, two different
examples (named Example 5.5 and 5.6) are analyzed. The aim of the first example
is to evaluate the creep and shrinkage effects throughout the construction process of
an asymmetric cable-stayed bridge. The second example also studies the influence of
the target time for which the OSS is defined to be achieved when the structure is
evolutionary erected.

5.5.1 Main Characteristics

The name of the Forward-Direct Algorithm comes from the combination of the names
of the algorithms with which it shares characteristics (the Forward Algorithm, FA,
and the Direct Algorithm, DA, described in Chapter 3). The main characteristic of
the FDA are as follows: (1) This algorithm is specifically designed for the peculiarities
of the evolutionary erection of the superstructure over temporary supports. (2) As
the FA, the simulation of the FDA is carried out according to the actual construction
sequence, this is to say, by mean of the forward approach. This modeling direction facil-
itates the simulation of the effects of the time-dependent phenomena (as it corresponds
with the time direction in which these phenomena are developed). (3) The superposi-
tion of stages principle is used to simulate changes during construction in the structural
system (e.g. placement of the stays), loads (e.g. stay prestressing and creep and/or
shrinkage effects) or boundary conditions (e.g. lifting of the temporary supports). (4)
A Local Iterative Process (LIP ) is used to study the lifting of the temporary supports
produced by a tensioning operation or by time-dependent phenomena effects. (5) Stay
forces are simulated by imposed strains in the stays. (6) The FDA does not require
separate models to calculate the evolution of stresses in the strands when the strand by
strand tensioning technique is used. (7) The construction process is defined to achieve
the OSS at certain target time, tT . (8) With K being the number of construction
stages and, N being the number of stays, the balance between the simplification of site
works and the structural necessities during construction leads to K=2N (see [181]).
The simulation of the first K-N tensioning operations differs from that of the last N
tensioning operations. In fact, the last N tensioning operations have to be defined to
assure the achievement of the OSS after the first K-N tensioning operations. For this
reason, simulation of the first K-N and the last N tensioning operations are described
separately in the following subsections. (9) The simulation of the first K-N and the
last N tensioning operations is carried out in performed differently. (10) Once the deck
is raised from a temporary support, this is removed. (11) At the end of the first K-N
stages all the loads are transferred to the stay system.
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5.5.2 Description of the algorithm

The input data required by the algorithm are as follows: (1) Geometry and mechanical
properties of the different elements of the cable-stayed bridge. (2) Target structural
behavior in the OSS and the target time, tT , in which the OSS is to be achieved. (3)
Description of the staggered erection of the superstructure including phase time and
temporary supports locations. (4) Tensioning strategy and time of every tensioning
operation. These data might be summarized in a Tensioning Matrix [TM ]. This ma-
trix is formed of K rows and three columns: the first column describes the stay that
is prestressed at each stage, the second column describes the force to be achieved by
the jack on site and the third one describes the tensioning time of each operation. The
prestressing time, ti,j, is defined as follows: subindex i indicates the prestressing opera-
tion and subindex j indicates the number of times that this stay has been prestressed.
As in the case of the FA, only the stay forces in the last N tensioning operations
of [TM ] are traditionally unknown. The output data of the algorithm includes: (1)
Evolution of stay forces in all the construction stages. (2) Raising of the temporary
supports matrix during the construction process. (3) Deformations of the structure
during the construction process. (4) Increments of stresses, reactions and deflections
in each construction stage due to time-dependent phenomena effects.

The simulation of the tensioning operations is carried out by mean of the application
of the superposition principle from a forward approach (see Chapter 3). This principle
is also used to include creep and shrinkage effects throughout time. The simulation
of the first K-N and the last N tensioning operations are described in the following
subsections.

Simulation of the construction process + First K-N tensioning operations

The design of the stay forces of the first K-N tensioning operations is traditionally car-
ried out to comply with allowable stresses. In the temporary supports erection method,
these forces are usually defined to assure the lifting of all the temporary supports. In
this way, the structural scheme of the completed structure remains constant during the
last N tensioning operations.

The simulation of the first K-N is similar to that of the FA after adding creep and
shrinkage effects throughout time. It is important to point out that the last N ten-
sioning operations depend on the first K-N ones. For this reason the simulation of the
first K-N tensioning operations will provide information to be used in the simulation
of the last N tensioning operations.

The flow chart presented in Figure 5.14 presents the simulation of the first K-N
tensioning operations carried out by the FDA. This flow chart is summarized as fol-
lows: (1) The input data are introduced into the program. (2) The superstructure
is staggeredly erected and the Stage0,t0 is calculated. In this calculation creep and
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shrinkage effects produced until the time when the superstructure is finished, t0, are
introduced. (3) Then, the analysis of the first tensioning operation k=1 in which the
nth stay is prestressed is initiated. If the time (t) corresponds with that of the ten-
sioning operation, that is t = tn,1, a prestressing analysis is carried out to introduce
the effects of the prestressing operation. On the contrary, if it is not, a time-dependent
analysis is performed to include creep and shrinkage effects. (4) In the tensioning anal-
ysis, once the Stagek,t,i is updated, the stays are successively installed and prestressed.
The indicator i refers to the iteration of the LIP . Each tensioning operation is mod-
eled by introducing an active stay n in an auxiliary FEM . This model includes the
same temporary supports as Stagek−1,t,i, the same number of stays that Stagek,t,i and
a unitary strain at time t, εk,t,i, at the nth prestressed stay cable. (5) Strain in auxil-
iary model, εk,t,i, is calculated to achieve the target force defined in the corresponding
row of the [TM ]. The auxiliary model is updated by substituting this strain for the
unitary one. (6) The effects of the auxiliary model are introduced into Stagek,t,i by the
superposition principle from a forward approach described in Equation (3.6). (7) The
vertical reactions of the temporary supports are evaluated as presented in Equation
(3.15). If negative values are found, the structural system of Stagek,t,i is updated by
the LIP described in the FA. In this process, (8) the first lifted temporary support,
TJ , is identified. (9) Then, this support is removed from the structural scheme of the
AuxiliaryModelk,t,i in a new local iteration (i=i + 1). (10) After checking the type
of analysis assigned to the corresponding time, the LIP is repeated until an adequate
structural system for Stagek is achieved. (11) Then, if the tensioning operation is dif-
ferent to K-N , and (12) the time is different to the time when the rest of permanent
loads are applied, tPL, the time is updated by adding an increment of time ∆t, this
is to say, t=t+∆t. To avoid excessive computation times of the algorithm, ∆t varied
with time as presented in Figure 5.4. In the simulation ∆t is varied from 1 day (in the
initial stages where creep effects are higher) to 360 days (when time are near to the end
of the creep effects). (13) Then, if the computation time corresponds with a tension-
ing operation, the following tensioning stage is analyzed. It is important to highlight
that the in this case the times are not updated because several stay cables might be
prestressed the same day on site. (14) When t does not correspond with a prestressing
operation, a creep and shrinkage analysis is performed. In this analysis, an auxiliary
model that includes the structural system of Stagek,t,i and amplified curvatures and
axial strains in concrete are calculated by Equations (5.12) and (5.13). (15) The effects
of this auxiliary model are added to Stagek,t,i by the superposition principle. Then,
the raising of the temporary supports is checked. (16) The rest of permanent loads are
added in an auxiliary model at time tPL and the analysis of the creep and shrinkage
effects is performed until the target time, is achieved in stage K-N . (17) The lifting
of the temporary supports is checked by analyzing their vertical reactions. (18) If the
deck is not raised from the temporary supports, an error appears because the structural
system will not remain constant in the last N tensioning operations. This errors shows
that the tensioning process of the first K-N tensioning operations might be updated.
(19) In those cases where the deck is raised from the temporary supports the required
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information to calculate the last N tensioning operations might be calculated. In this
way, with n being the stay that is re-stressed in the construction stage K-N+1, the
StageK−N,tn,2 at time tn,2 and the vector {NK−N,tT } at tT described in Section 5.4 are
obtained. Finally, (20) the algorithm is finished.

In the following section, the simulation of the last N tensioning operation carried
out by the FDA is presented.

Simulation of the last N tensioning operations

The last N tensioning operations corresponds with a re-tensioning of the stays defined
to assure the achievement of the OSS at tT . The simulation of these stages is not as
straightforward as in the case of the first K-N tensioning operations. For this reason,
in most of the algorithms based on a forward approach, an overall iterative process
is required to assure the achievement of the OSS (see e.g. [203]). In this process the
deviations between the simulated model and the pursued state at tT are successively
corrected by updating certain parameters (such as the imposed strains in the FA). This
overall iterative process is time-consuming and it becomes very inconvenient when the
time-dependent phenomena effects are included.

To avoid the requirement of this process, a set of imposed strains in the stays in
the OSS {εt} can be obtained from the unstressed length of the stays, as described in
Section 3.5. As in the case of the DA, these strains might be used to simulate the last
N construction stages. The time-dependent phenomena effects might be introduced
into the simulation of the {εt} as presented in Section 5.4.

In this section, {εt} is calculated by mean of a vector of forces in the stays after the
first K-N tensioning operations at tT , {NK−N,tT }, and an influence matrix in terms
of stay forces [∆NN,tT ] in the last N tensioning operations at tT . The calculation of
the first vector {NK−N,tT } might be carried out as presented in Figure 5.14, where the
flow chart of the first K-N tensioning operations is described. On the other hand the
calculation of [∆N ]N,tT requires a separate analysis. This analysis is summarized in the
flow chart presented in Figure 5.15. This flow chart is as follows: (1) The input data
(geometrical and mechanical characteristics of the structure, tensioning matrix [TM ]
and tT ) are introduced. A counter j is used to indicate the stay being prestressed. (2)
The stay n to be prestressed in the jth operation and the time of its last tensioning
operation tj,2 are obtained from the first and the third columns of the [TM ]. (3) A
Tensioning Model (named Tensioning stage in the flow chart) with the same structural
system than StageK−N,t (that is, all stay cables and no temporary supports) is cre-
ated. This model only includes as applied load a unitary strain in the nth stay. (4)
An Auxiliary Model is used to introduce creep and shrinkage effects throughout time.
This model includes the amplified curvatures, ∆χ, and axial strains, ∆ε, calculated by
Equations (5.12) and (5.13). (5) The superposition principle from a forward approach
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Figure 5.14: Flow chart of the construction process and the first K-N operations by
the FDA.
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is applied and the computation time is increased by an increment of time ∆t. This in-
crement of time increases with time as presented in Figure 5.4. (6) Creep and shrinkage
effects are added until tT is reached. (7) The jth column of [∆N ]N,tT ( ∆NN,tT

ε
tn,2,m
n

, with

m varying from 1 to N) is obtained from the stay forces in the Tensioning stage. (8)
Then, the next stay (j = j + 1) is analyzed from its tensioning time tj,2. (9) This pro-
cess is repeated until all the columns of the influence matrix [∆N ]N,tT are calculated.
This procedure is valid when the structural system in the last N tensioning operation
is not modified, this is to say, when all the temporary supports are lifted in the first
K-N operations.

After calculating the vector {NK−N,tT } and the matrix [∆N ]N,tT , the {εt} might
be calculated as presented in Equation (5.21). These strains are used in the simulation
of the last N tensioning operations. The flow chart of these operations is presented
in Figure 5.16. This flow chart is as follows: (1) First the input data are introduced.
These data includes the vector {εt} and the stress state of the K-Nth construction
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stage at the first re-tensioning operation. The nth stay to be prestressed in stage
k = K-N+1 is obtained from [TM ]. (2) The tensioning time is compared with that of
the tensioning operation of the nth stay (tn,2). (3) If t = tn,2, a tensioning operation
is analyzed. After updating Stagek,t and auxiliary model is analyzed. This auxiliary
model includes only the corresponding axial strain in the OSS in the prestressed stay
{εt}. The structural system of this model corresponds with that of Stagek,t (that is,
all the stay cables and no temporary supports). (4) The Stagek,t is obtained by apply-
ing the superposition principle from a forward approach. (5) The construction stage
and time are evaluated. If these values do not correspond with K and tT the time is
evaluated. (6) If the time corresponds with a tensioning time, the next construction
stage is analyzed, that is k=k + 1. In this case, no increment of time is introduced in
order to enable the simulation of two tensioning operations at the same day. (7) If the
time does not correspond with a prestressing operation, a time-dependent phenomena
analysis is carried out. In this analysis after updating Stagek,t the effects of an auxil-
iary model are added. This model includes the amplified strains, ∆ε, and curvatures,
∆χ, calculated by Equations (5.12) and (5.13). (8) The Stagek,t+∆t is calculated by
applying the superposition principle from a forward approach. (9) After calculating
∆t as presented in Figure 5.4, the computation time t is updated, that is t=t+∆t.
(10) Finally, when the tT is achieved in the last construction stage, K, the algorithm
is finished.

In the following sections, three different examples are proposed to illustrate the
application of the FDA.

5.5.3 Example 5.5 Alamillo Bridge (Construction process)

In this section, the effects of the time-dependent phenomena throughout the construc-
tion process of an academic cable-stayed bridge are analyzed. First, the structure and
the main simulation assumptions are presented. Then, after presenting the obtained
results, several conclusions are drawn.

Description

The cable-stayed bridge analyzed in this section corresponds with the simplified model
of the Alamillo Bridge described in Example 5.1. The deck and the pylon are made of
concrete with the same stiffness (unitary stiffness ratio). The pylon weight is defined
to avoid the bending moment at the pylon abutment (C-2). The cable-stayed bridge
superstructure is evolutionary erected by mean of the three construction Stages (named
from S.1 to S.3) presented in Figure 5.17. This table also includes the time t0 in which
each construction stage is initiated. Each of these stages is carried out in 12 days. In
the first construction stage (S.1) a pylon (25m long) and a deck (24m long) segments
are erected. To counterbalance the weight of the deck, a temporary support is placed
at the anchorage of the first stay with the deck. To avoid the requirement of additional
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Figure 5.16: Flow chart of the last N tensioning operations by the FDA.

temporary supports at the pylon, the first stay is prestressed. The presetresing force
of this element is defined to minimize the horizontal deflections at the top of the first
segment of the pylon. In the second construction stage (S.2) two new pylon (15m
long) and deck (20m long) segments are introduced. In this stage, a new temporary
support is placed at the anchorage of the second stay with the deck. The prestressing
force of the second stay cable is defined to minimize the horizontal deflection at the
top of the second segment of the pylon. Finally, in the last construction stage (S.3),
the structural system of the cable-stayed bridge is completed. To do so, the last pylon
(20m) and deck (36m long) segments are erected. As in the preceding stages, an addi-
tional temporary support is placed at the anchorage of the introduced stay cable with
the deck. The prestressing force of this element is defined to minimize the horizontal
deflections at the top of the completed pylon.

Once the structural system of the structure is finished a second tensioning process
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Figure 5.17: Construction Stages (S) of the simplified model of the Alamillo Bridge
and initial times, t0, of each construction stage.

is required to transfer the load of the temporary supports to the stay system. This
tensioning process is defined by three tensioning operations (named from S.4 to S.6),
in which the prestressing force of each stay is readjusted. The definition of the pre-
stressing strains depends on many factors (such as OSS criterion, the simulation of the
time-dependent phenomena effects and the time to achieve the OSS). For this reason,
in this section three different construction processes (named 5.5.1, 5.5.2 and 5.5.3) are
analyzed by the FDA. Differences between these processes refer to: (1) Including
or not the time-dependent phenomena effects into the simulation. (2) The tensioning
matrix [TM ] used in the simulation. The tensioning matrices might be characterized
by the prestressing strains calculated by Equation (5.21). (3) Target time, tT , in which
the OSS is defined to be achieved when the time-dependent phenomena effects are
included into the definition of the tensioning process.

The main characteristics of the three analyzed construction processes are summa-
rized in Table 5.5. This table includes three columns to indicate (1) if creep and
shrinkage effects are included into the definition of the OSS, (2) the tT in which the
OSS is defined to be achieved and (3) if creep and shrinkage effects during erection
are considered. The first construction process (5.5.1) corresponds with a construction
process of a steel structure as the time-dependent phenomena effects are not included
into the simulation nor into the definition of the tensioning matrix. Therefore, the
imposed strains of the second tensioning process of its tensioning matrix, [TM ]1, do
not include the effects of the time-dependent phenomena neither in the definition of
the OSS nor in the construction process. This matrix is defined in terms of imposed
strains. To indicate that the analyzed construction process does not depend on tT , a
dash is used in Table 5.5. The second construction process (5.5.2) uses [TM ]1. Nev-
ertheless, unlike 5.5.1, this process introduces into the simulation the time-dependent
phenomena effects. Finally, the third construction process (5.5.3) uses a different ten-
sioning matrix, [TM ]2. The imposed strains in the second tensioning process of this
matrix are defined to assure the achievement of the OSS at 10000 days.
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Table 5.5: Characteristics of the tensioning process of Example 5.5.

Model [TM] Creep + Shrinkage in OSS tT Creep + Shrinkage in erection
5.5.1 [TM ]1 5 - 5

5.5.2 [TM ]2 5 - 3

5.5.3 [TM ]3 3 10000 3
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Figure 5.18: Prestressing forces in the construction processes 5.5.1, 5.5.2 and 5.5.3.

In the following section, the main results of the three analyzed construction pro-
cesses are presented.

Results

The prestressing forces throughout the different analyzed cases are summarized in
Figure 5.18. The analysis of this figure shows that introducing the time-dependent
phenomena effects modifies slightly the stay forces. This is appreciable by comparison
of the forces obtained by construction processes 5.5.1 and 5.5.2, which are based on
the same tensioning matrix. In this case, when the first stay is introduced, the time-
dependent phenomena effects reduce the force from -775.65kN (5.5.1) to -762.69kN
(5.5.2). This reduction represents the 1.67% of the installation force of the stay. The
analysis of the stay forces in the second construction process shows that significant
variations are obtained when the tensioning matrix is defined to assure the achieve-
ment of the OSS at 10000 days. This is appreciable by comparing the results obtained
by the construction processes 5.5.1 and 5.5.3. The highest differences are found in the
re-tensioning operation of the first stay. In this stage, the stay force obtained by the
construction process 5.5.1 (-1689.40kN) is increased to -2707.45kN in 5.5.3. This force
represents a deviation of the 75.69% of the corresponding stay force in the OSS.

The bending moment diagrams in the deck in the different stages (from S.1 to
S.6) of the construction process 5.5.1 are summarized in Figure 5.19.A. The structural
behavior of a continuous beam is achieved at S.6. The analysis of this figure shows
that throughout the construction process higher bending moments are obtained. For
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Figure 5.19: Effects of the time-dependent phenomena throughout the construction
process in Example 5.5.

example, the maximum hogging moment (-1935.65kN) is obtained at the anchorage of
the first stay in the 4th stage (S.4). This value represents an increment of the 75.91%
of the maximum bending moment in the OSS. The envelope of the deck bending
moments during construction of the construction process 5.5.1 is compared with that
of 5.5.2 in Figure 5.19.B. The analysis of this figure shows that neglecting the time-
dependent phenomena effects into the simulation of the construction process is in the
unsafe side. In this particular example, the time-dependent phenomena produce higher
sagging bending moments in the proximities of the anchorage of the second stay. The
maximum differences between both envelopes (436.12kNm) represent the 39.63% of the
maximum bending moment in the OSS.

As the [TM1] does not include the effects of the time-dependent phenomena, dif-
ferences between the final stage obtained by construction process 5.5.2 and the target
OSS appear. This is appreciable in Figure 5.19.C where the bending moments of the
OSS are compared with those obtained in the S.6 by the construction process 5.5.2.
The analysis of Figure 5.19.C shows that higher sagging bending moments are obtained
when time-dependent phenomena effects are included into the simulation. These effects
might change the sign of the bending moments as in the proximities of the anchorages
of the second and the third stay. The maximum difference between both bending mo-
ment diagrams (1029.46kN) is obtained at the anchorage of the third stay cable.
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Figure 5.19.D presents the envelope of bending moments during construction ob-
tained by construction process 5.5.3. This envelope is significantly higher than that
those of construction processes 5.5.1 and 5.5.2. In fact, the maximum hogging moment
of its envelope (-5264.64kNm at the anchorage of the first stay) is 2.71 times higher than
the maximum hogging moments in the envelope of the other two construction processes.

The results of the Example 5.5 show the following conclusions: (1) The stresses
in service might be exceeded during the construction process of a staggered structure.
(2) It is convenient to simulate the time-dependent phenomena effects throughout the
construction process to obtain more accurate envelope of stresses during construction.
(3) It is more adequate to define the construction process without considering the
time-dependent phenomena effects and then include these effects into the simulation
(5.5.2) than include these effects into the tensioning process to assure the achievement
of the OSS at 10000 days (5.5.3). This is explained by the fact that in the former
case the structure is subjected to lower stresses during construction, this is to say, its
construction envelope is smaller. (4) When the construction process is defined without
considering the time-dependent phenomena effects (5.5.2), additional tensioning oper-
ations are required to correct the excessive sagging bending moments at completion.

5.5.4 Example 5.6 Wuxi (construction Process)

To evaluate creep and shrinkage effects throughout the construction process in large
cable-stayed bridges, the structure presented in Example 5.2 is studied according to
different construction processes in this section. After defining the main assumptions of
the construction processes, their main results are compared. Finally, the effects of the
target time, tT , in which the OSS is defined to be achieved, are studied and a set of
conclusions are drawn.

Description

The analyzed cable-stayed bridge corresponds with that described in Example 5.2. In
this example, the effects of the time-dependent phenomena throughout the construc-
tion process are studied by seven different construction processes (named from case
5.6.1 to 5.6.7). In all these cases, the superstructure is evolutionary erected by five
construction stages (named from S.1 to S.5). The length of the different segments of
each of these stages and the initial time, t0, in which the stages are erected are de-
scribed in Figure 5.20. Each construction stage requires 12 days. It is important to
notice that the deck segments are erected over a set of 11 temporary supports placed
every 15m.

The main assumptions of each of the analyzed construction processes are summa-
rized in Table 5.6. The different hypotheses presented in Table 5.6 are as follows: (1)
Tensioning process of the stay system. This process is defined by six different ten-
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Table 5.6: Characteristics of the tensioning process of Example 5.6.

Model [TM] Creep + Shrinkage in OSS tT Creep + Shrinkage in erection
5.6.1 [TM ]1 5 - 5

5.6.2 [TM ]1 5 - 3

5.6.3 [TM ]2 3 130 3

5.6.4 [TM ]3 3 500 3

5.6.5 [TM ]4 3 1000 3

5.6.6 [TM ]5 3 5000 3

5.6.7 [TM ]6 3 10000 3

Stage t0 

S.1  28 

S.2  40 

S.3  52 

S.4  64 

S.5  76 

40
 m S.
5

42 m
S.4

45 m

S.3

45 m
S.2

48 m
S.1

15
 m S.
1

Figure 5.20: Geometry of the cable-stayed bridge of Example 5.6. The Staggered
Erection of the Superstructure (SES) with the corresponding construction time, t0,
and lengths of the segments are also included.

sioning matrices (named from [TM ]1 to [TM ]6). Each of these matrices include two
tensioning operations (that is K=2N) and they are defined with the same tensioning
sequence and the same prestressing times. The first tensioning operation starts at 88
days and finishes at 107 days. At that time, the rest of the permanent loads, PL, are
added. The second tensioning operation starts at 110 days and finishes at 130 days.
Differences between [TMs] only refer to stay forces in the last tensioning operation,
this is to say, in the last N stages. (2) Including or not the time-dependent phenomena
effects into the simulation definition of the OSS. (3) the target Time, tT , in which the
OSS is defined to be achieved. It is worth to notice that this time influences the strains
in the OSS, {ε}t, which are used in the simulation of the last N tensioning operations.
A dash is used in those structures which their OSS is defined by the designer neglect-
ing the time-dependent phenomena effects (construction processes 5.6.1 and 5.6.2). (4)
Including or not the effects of time-dependent phenomena during erection.

In the following section, the main time-dependent phenomena effects are first ana-
lyzed. Then, the effects of the target time are studied.
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Time-dependent phenomena effects

In this section the time-dependent phenomena effects throughout the tensioning pro-
cess are analyzed. To do so, the results of construction processes 5.6.1 and 5.6.2 are
compared. Both construction processes use the same Tensioning Matrix, [TM ]1, to
transfer the weight of the deck from the temporary supports to the stay system. The
difference between both cases only refers to the time-dependent phenomena effects,
which are only included in the construction process 5.6.2. It is important to point
out that [TM ]1 is defined in construction process 5.6.1 without considering the time-
dependent phenomena effects. The first tensioning operation of [TM ]1 corresponds
with the 80% of the stay forces in the OSS. The forces in the second tensioning op-
eration are calculated by the strains obtained by Equation (3.2). The stay forces in
each of the tensioning operations of this matrix as well as the prestressing sequence are
summarized in Figure 5.21.

The Envelopes of the bending moment diagrams in the deck during the Construc-
tion process (EnvC) of the construction process 5.6.1 are presented in Figure 5.21.A.
This figure also includes the Total Envelope (EnvT ) obtained during the construction
process and in service. The comparison of both envelopes shows that in some parts of
the structure the construction process produces higher stresses than the service state.
An example of this fact is found at the anchorage of the 10th stay (C10). In this point
the minimum bending moment in service (-1387.11kNm) is increased to 10195.97kNm
during construction.

When time-dependent phenomena effects are included into the simulation and not
in the definition of OSS (case 5.6.2), deviations from 5.6.1 are obtained throughout the
construction process. To illustrate these deviations Figure 5.21.B is presented. This
figure includes the differences between the bending moments in the deck obtained in
construction process 5.6.1 and those obtained in 5.6.2 for different construction stages.
The analyzed stages are the Stage 6 (in which the first stay, C9 is prestressed for the
first time), the Stage 25 (in which C9 is prestressed for the second time) and the Stage
43 (in which the last stay is prestressed). The analysis of this figure shows that the
differences between the results of both construction processes are increased with time
(as the effects of the time-dependent phenomena are accumulated). The maximum dif-
ferences (-581.89kNm) are found at the pylon deck connection in the Stage 43. These
differences represent a variation of the 33.09% of the maximum bending moment in
the OSS.

The envelopes of stay forces both during construction and service are presented in
Figure 5.21.C. This figure shows that the highest stay forces are found at the edge stays
because their inclination reduces their effectiveness in counterbalancing vertical loads.
This figure also shows that the stays located in the right hand side of the structure are
subjected to higher axial forces during construction. Nevertheless, the envelopes of the
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Figure 5.21: Results of Example 5.6: (A) Envelope in Construction (EnvC) and To-
tal Envelope (EnvT ), (B) Comparison between the bending moments of construction
processes 5.6.2 and 5.6.1 in stages 6, 25 and 43. (C) Envelopes during construction
and total in stay forces. (D) Bending moments of the construction processes 5.6.3 and
5.6.7 at 130 and 10000 days.

structure in service are practically symmetrical.

Finally, the bending moment diagrams in the deck in the OSS of the construction
processes 5.6.3 and 5.6.7 at 130 and 10000 days are presented in Figure 5.21.D. This
figure shows that when the tensioning process is defined to achieve the OSS at initial
times (5.6.3), the bending moments at 10000 days differ from those of the continuous
beam. In this case, higher sagging moments appear in the proximities of the bridge
abutments. The maximum value (5126.35kNm) is found between the anchorages of the
16th and the 17th stays. The hogging moments are also increased in the pylon deck
connection. The maximum hogging moment -3426.45kNm of this construction process
at 10000 days is found at the anchorage of the 9th stay. When the tensioning process
is defined to achieve the OSS at long times (5.6.7), the bending moments at early
times differ significantly from those of a continuous beam. In this case, opposite effects
than construction process 5.6.3 are obtained, this is to say higher hogging moments
in the proximities of the abutments and higher sagging moments in the proximities of
the pylon deck connection. In this case, maximum sagging and hogging moments are,
3824.56 and -8522.22kNm, respectively.

The comparison of the tensioning matrices of cases 5.6.1, 5.6.3 and 5.6.7 that is
[TM ]1, [TM ]2 and [TM ]6, is summarized in Figure 5.22. This figure shows that the
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Figure 5.22: Tensioning Matrices in Cases 5.6.1 ([TM ]1), 5.6.3 ([TM ]2) and 5.6.7
([TM ]6).

stay forces in the first tensioning operation are very similar, nevertheless, high variation
in the second tensioning operation appear. The maximum differences are 122.50kN in
the comparison between [TM ]1 and [TM ]2 and 815.75kN in the comparison between
[TM ]1 and [TM ]6 and they are found in the 9th and the 10th stay cable, respectively.

The magnitude of the variations of the bending moment diagrams in service in
terms of the target time are evaluated in the next section.

Analysis of tT

In this section, the effects of the tT , at which OSS is defined, are studied. This time
can vary from the end of the construction process, defined in this example as 130 days,
until the time when time-dependent phenomena effects are completely developed, let’s
say, 10000 days. Five different construction processes (from 5.6.3 to 5.6.7) are analyzed.
The tT of these construction processes are tT =130 days, 500, 1000, 5000 and 10000
days, respectively. Each of these cases includes a different [TM ]. As summarized in
Table 5.6, the differences of these [TMs] correspond with the stay forces in the last
tensioning operation as those forces are defined to achieve the OSS at the correspond-
ing tT .

The Area of the Bending moment diagram of each of the analyzed construction pro-
cess, ABi, are compared with that of the equivalent continuous beam, AB0, in Figure
5.23.A. In this figure, the differences between ABc of the construction processes from
5.6.3 to 5.6.7 and AB0 are expressed as a percentage of AB0 for different time (130,
500, 1000, 5000 and 10000 days). The analysis of Figure 5.23.A shows that for each
construction process, the differences with the continuous beam are minimized at its tT
(such as 5.6.3 at 130 days, 5.6.5 at 1000 days or 5.6.7 at 10000 days). Nevertheless,
these differences are increased when time does not correspond with their tT . For exam-
ple, this is appreciable in the construction process 5.6.4. In this case, the differences
achieve the 216.55% at 10000 days.
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Figure 5.23: (A) Percentage of differences between the Area of the Bending moment
diagram of each of the analyzed construction processes, ABc, and that of the equivalent
continuous beam, AB0 for different times in service and (B) Maximum percentage
differences for each of the construction processes.

The maximum percentage differences obtained during the analyzed times in each
of the construction processes are presented in Figure 5.23.B. This figure shows that
the lowest differences (162.07%) are obtained when tT is close to 1000 days, this is to
say, in 5.6.5. When tT corresponds with the end of the construction process (5.6.3),
this percentage is increased to 295.86%. In both cases, it is necessary to carry out an
additional tensioning operation during service to correct creep effects. The maximum
differences (500.29%) are obtained when tT is chosen to be 10000 (5.6.7). In this case,
the re-tensioning operation is more significant. Furthermore, defining tT in high times
has the additional inconvenient that higher bending moments appear in most of the
service life of the structure.

5.6 Conclusions

This chapter deals with the simulation of the effects of the time-dependent phenom-
ena (creep and shrinkage) of cable-stayed bridges built on temporary supports. First,
the simulation of the main time-dependent phenomena is presented. Next, the time-
dependent phenomena effects are introduced into the simulation of the Objective Ser-
vice Stage, OSS. Then, to include creep and shrinkage effects into the simulation of the
construction process of cable-stayed bridges built on temporary supports, the Forward
Direct Algorithm, FDA, is formally presented. The main hypotheses of this algorithm
are: (1) Forward simulation approach. (2) Application of the superposition of stages
principle to simulate linearly the nonlinear lifting of the temporary supports and the
creep and shrinkage effects. (3) Stay forces are simulated by imposed strain in the
stays. (4) To avoid the need of an overall iterative process, a set of strains in the OSS
are used (unstressed length of the stays concept introduced in the Direct Algorithm).
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The results of the different analyzed examples presented in this section might be
summarized as follows:

• Creep and Shrinkage effects in unsymmetrical cable-stayed bridges (Example 5.1):
(1) In structures with an inclined pylon and without backstay, creep of the pylon
is the phenomenon that produces the greater effects in service. In this case, pylon
weight proved to be of primary importance to reduce the creep redistribution of
stresses. To minimize this redistribution, the weight of the pylon must minimize
the bending area of the pylon in the OSS. A parametrical analysis shows the
favorable effect of the pylon stiffness. Nevertheless, increasing the stiffness might
not be enough to minimize the redistribution of stresses due to creep in light
pylons. In this cases it is convenient the placement of a backstay. (2) Due to the
large bending moments that the pylon is subjected to, in the analyzed example
shrinkage effects are lower in magnitude than creep effects. In this case, the
same results are obtained independently of the pylon weight. Furthermore, it is
important to highlight that increasing the stiffness of the pylon has an unfavorable
effect on the structure due to shrinkage phenomenon effects.

• Creep and Shrinkage effects during service (Examples 5.2 and 5.3): (1) Example
5.2: The effects of the OSS in service depend, to a great extent, on the pylon
weight. When OSS is defined to be achieved when time-dependent phenom-
ena effects have been completely developed, the obtained results show that it
is not adequate to use light pylons. In this case, large stresses are obtained in
early stages and they are successively reduced by the time-dependent phenom-
ena. When the weight of the pylon is defined to minimize the area of the pylon
bending moment diagram under permanent loads, the structural response of the
structure in service is significantly improved as it remains practically constant in
time. This shows again the important role that the weight of the pylon plays in
the asymmetrical cable-stayed bridges without backstays. (2) Example 5.3: The
analysis of a real cable-stayed bridge showed that it is convenient to define the
OSS to be achieved at early times instead of when time-dependent phenomena
effects have been completely developed. The creep and shrinkage effects produce
unfavorable effects in the minimum envelope of the structure in service.

• Creep and Shrinkage effects during construction (Examples 5.5 and 5.6): (1)
Example 5.5: The stresses in service might be exceeded during the construc-
tion process of an evolutionary erected structure. Therefore, it is convenient to
simulate time-dependent phenomena effects throughout the construction process
to obtain more accurate envelope of stresses during construction. Another im-
portant conclusion is that it is more adequate to define the construction process
without considering the time-dependent phenomena effects and then include these
effects into the simulation than include these effects into the tensioning process
to assure the achievement of the OSS at late times. This is explained by the fact
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that in the former case the structure is subjected to smaller construction envelope
of stresses. Finally, when the construction process is defined without consider-
ing the time-dependent phenomena effects, additional tensioning operations are
required to correct the structural scheme of the bridge at completion. (2) Ex-
ample 5.6: The results obtained in Example 5.5 are validated in a real structure.
Furthermore, an analysis of the optimal target time to achieve the OSS shows
that the variations in the bending moment area of the deck throughout time are
minimized for an intermediate time (near to 1000 days in the analyzed struc-
ture). In this case a re-stressing operation is required to correct deviations in the
structural response of the structure due to time-dependent phenomena effects. A
target time at the end of the construction process is more appropriate than at the
end of the time-dependent phenomena development as lower variations of stresses
throughout time are obtained. Furthermore, the latter case has the additional
inconvenient that the bending moment diagram differ significantly with that of
the equivalent continuous beam in most of the service life of the structure.

• Creep and Shrinkage effects in deviations of the model (Example 5.4): (1) This
example illustrates how different inaccuracies of the characteristics of the struc-
ture (such as deck area, pylon area, deck inertia and pylon inertia) might produce
deviations in the predicted structural response of the structure in service when
the time-dependent phenomena effects are introduced. This analysis showed that
the cable-stayed bridges are especially sensitive to variations of stay prestressing.
(2) The results show that linking the simulation methods in service with Struc-
tural System Identification (SSI) techniques that enable an adequate calibration
of the models is of primary importance. For this reason, in the following section
a SSI method is proposed.



Chapter 6

Observability Techniques

6.1 Introduction

This chapter presents the first application of observability techniques into structural
system identification (SSI). First, the observability techniques are described. Then,
the stiffness matrix method is presented. After that, a new algorithm is proposed to
include the SSI into the stiffness matrix method. This way, unknown deflections and
forces in nodes and mechanical an geometrical properties in the beam elements might
be defined from measurements from static tests. This procedure also results to be
an efficient way to solve polyrational systems of equations, which play an important
role in many science and engineering fields. Therefore, the method is presented also
as a powerful tool with a wide broad of applications. Then, the proposed algorithm
is modified to include some of the major causes of discrepancies between the model
and the real structure such as the existence of damages, the actual boundary condi-
tions and the temperature effects. Furthermore, the adaptation of this algorithm to
include information of different boundary conditions and load cases is presented. To
ease the understanding of the proposed methodology, a set of examples is presented.
Finally, after presenting the straightforward adaptation of the method to deal with
measurements from dynamic tests, some conclusions are drawn.

6.2 Observability techniques

6.2.1 Observability Problem

In practice, there are many situations in which one needs to control the behavior of
systems by measuring a subset of the variables involved and determine the values of the
remaining variables. These remaining variables are not free to take arbitrary values but
must be subject to constraints to be in agreement with other variables in order to make
the solution of the problem physically valid. This problem is known as the observability
problem and it consists of determining which subset of variables of a system of equa-
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tions can be uniquely determined once another subset of variables is assumed as known.

Depending on the conditions of the matrix of known coefficients [A], a system of
equations might have an infinite number of solutions when it is initially stated [40].
For example, let’s focus on:

[A]{x} = {f}, (6.1)

where [A] relates the variables included into the vectors {x} and {b}. In this case an
infinity number of vectors {x} and {b} that satisfy Equation (6.1) can be found.

However, before or after adding the restrictions to the problem (boundary condi-
tions), the system, which has not a unique solution for all variables, could have unique
solution for a proper subset of variables. We say that a subset of variables is observable
when the system of equations implies a unique solution for this subset, even though the
remaining variables remain undetermined. This leads to the observability problem.In
particular, given a system of equations we can ask several questions. Among them, the
following:

• What is the subset of variables with unique solution?

• What is the minimum subset of variables which are needed to obtain uniquely the
values of another subset of variables?

• What is the subset of variables that become observable given another subset of
variables?

The observability problem has a relevant role in many engineering problems. For
example, Gómez Expósito and Abur [89], Gou and Abur [93] and [94], Monticelli and
Wu [147] and Castillo et al. [43] deal with the observability in state estimation, Castillo
et al. [42], [47] and [50], Mı́nguez et al. [145], Hu et al. [106] deal with the observability
problem in traffic networks. Other uses in electrical networks (see [43]), power state
estimation (see [43]) or telephone network (see [48]) have been also presented in the
literature. Castillo et al. [48] dealt with the observability problem of linear systems of
equations and inequalities in general.

For illustrative purposes, assume that we have the system of equations:

[A] {x} =

[
Ap×r00 Ap×s01

Aq×r10 Aq×s11

]{
xr×1

0

xs×1
1

}
=

{
bp×1

0

bq×1
1

}
= {b} , (6.2)

where Ap×r00 , Ap×s01 , Aq×r10 and Aq×s11 are the partitioned matrices of [A] with their dimen-
sions given as superindices, and xr×1

0 , xs×1
1 , bp×1

1 and bq×1
0 are the partitioned matrices

of {x} and {b}, respectively, and the subindices 0 and 1 refer to unknown and known
variables, respectively.
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The system (6.2) can be rearranged in an equivalent form so that the unknown
variables appear in the left hand side and the known variables in its right hand side,
as follows:

[B] {z} =

[
Aq×r10 0q×p

Ap×r00 −Ip×p
]{

xr×1
0

bp×1
0

}
=

{
bq×1

1 − Aq×s11 × xs×1
1

−Ap×s01 × xs×1
1

}
= {D} , (6.3)

where [B] is a coefficients matrix, {z} is an unknown vector, {D} is a known vector,
0qxp is null matrix of the indicated dimensions and Ipxp is the identity matrices of the
indicated dimensions. To determine some of the parameters of vector {z}, topological
or algebraic techniques might be used. The topological techniques (see Clements and
Wollenberg [59], and Nucera and Gilles [152]), were quite popular some decades ago
but nowadays they are out of fashion because they involve generally a combinatorial
computational complexity. For this reason, major attention is given to the algebraic
techniques (see Gómez Expósito and Abur [89], Gou and Abur [93] and [94], Monti-
celli and Wu [147] and Castillo et al. [46] and [43]). Between the algebraic techniques
proposed in the literature, it is remarkable the null-space technique proposed in [44]
and [42]. This technique is characterized by its simplicity and its efficiency and it is
applied to analyze the observability of system (6.3).

The null-space technique states that the system (6.3) does not need to be compatible
(have a solution). In fact, matrix {D} must satisfy some conditions for the system 6.3
to have a solution. In order to check if the system has a solution it is sufficient to
calculate the null-space [V ] of [B] and check that [V ]T{D}=0. If this holds, the system
is compatible; otherwise, it has no solution (see Castillo et al. [41] and [48]). The
general solution (the set of all solutions) of the system (6.3) has the structure (see
Castillo et al. [41] and [48]):{

xr×1
0

bp×1
0

}
=

{
xr×1

00

bp×1
00

}
+ [V ] {ρ} , (6.4)

where

{
xr×1

00

bp×1
00

}
is a particular solution of the system (6.3) and [V ] {ρ} is the set of all

solutions of the associated homogeneous system of equations (a linear space of solutions,
where the columns of [V ] is a basis and the elements of the column matrix {ρ} are
arbitrary real values which represent the coefficients of all possible linear combinations).
This system can be also written as:

{z0} = {z00}+ [V ]{ρ}
z1

0

z2
0
...
zn0

 =


z1

00

z2
00
...
zn00

+


V11 V12 . . . V1m

V2,1 V22 . . . V2m

. . . . . . . . . . . .
V(r+p)1V(r+p)2. . . V(r+p)m



ρ1

ρ2
...
ρm

 , (6.5)
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where the terms zi0, zi00, Vim and ρm are the values of the matrices {z0}, {z00}, [V ] and
{ρ}.

It is interesting to note that a variable has unique solution not only when matrix
[V ] has zero dimensions (it does not exists), but when the associated row in matrix [V ]
is null. That is, when its general solution does not depend on the null space. Therefore,
examination of matrix [V ] and identification of its null rows leads to identification of
the observable variables (subset of variables with a unique solution).

To obtain matrix [V ] we need to obtain the null space of matrix [B], which can
be done with the help of standard subroutines or functions provided by well known
packages, such as Matlab or Mathematica, for example.

6.2.2 Observability of the Stiffness matrix method

The stiffness method is the basis of most commercial programs of structural analysis.
In this method, equilibrium equations together with strength of materials theory are
written in terms of node forces and displacements. With NN being the number of
nodes in the structure, the stiffness method provides a system of (3xNN) equations for
two-dimensional (2D) structures. These equations can be written in matrix form as:

[K](3NN×3NN ) × {δ}(3NN×1) = {f}(3NN×1), (6.6)

where [K] represents the stiffness matrix of the structure, {δ} the vector of displace-
ments, {f} the vector of forces, and the sizes of these matrices are indicated by the
corresponding superindices.

Each of the matrices of Equation (6.6) includes a set of variables:

• [K] depends on the characteristics of all NB beams. For a 2D problem, the
characteristics of beam element j are its length, Lj, area, Aj, inertia, Izj, and
the Young’s modulus, Ej,

• {δ} includes the deflections of all NN nodes. For a 2D problem, each node k has
a certain horizontal deflection, uk, a vertical deflection, vk, and a rotation wk,
and

• {f} includes the forces applied in all NN nodes. For a 2D problem, each node
k has an applied force in the x-axis direction, Hk, an applied force in the y-axis
direction, Vk, and an applied bending in the z-axis direction, Mk.

The set of variables of each of the terms of Equation (6.6) are summarized below:

[K] = [K(Lj, Aj, Izj, Ej)], j = 1, NB (6.7)

{δ} = {δ(uk, vk, wk)} , k = 1, NN (6.8)

{f} = {f(Hk, Vk,Mk)} , k = 1, NN (6.9)
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The traditional application of the stiffness method assumes that all the character-
istics of the beams are known, and therefore the unknown parameters are found in {δ}
and {f}. Once the boundary conditions and the applied forces in the nodes have been
defined, it can be assumed that a subset δ1 of {δ} (null deflections in the boundary
conditions) and a subset f1 of {f} (forces applied in all the nodes but in the boundary
conditions) are known or measured and the remaining subset δ0 of {δ} (deflections in
the nodes of the structure but the boundary conditions) and f0 of {f} (reactions in
the boundary conditions) are not.

The system presented in Equation (6.6) can be partitioned into the system of (p+q)
equations, as in system (6.2) and the following system:

[K] {δ} =

[
Kp×r

00 Kp×s
01

Kq×r
10 Kq×s

11

]{
δr×1

0

δs×1
1

}
=

{
fp×1

0

f q×1
1

}
= {f} (6.10)

In order to join the unknowns, system (6.10) can be written in the equivalent form,
as indicated in system (6.3) and the following system is obtained:

[B] {z} =

[
Kq×r

10 0q×p

Kp×r
00 −Ip×p

]{
δr×1

0

fp×1
0

}
=

{
f q×1

1 −Kq×s
11 δs×1

1

−Kp×s
01 δs×1

1

}
= {D} (6.11)

The observability of system (6.11) can be analyzed as presented in the preceding
section. It is to highlight that the proposed method can be directly implemented in
3D structures. To do so, 3D stiffness matrices must be used instead of the 2D ones.
In addition to the axial and flexural stiffnesses, 3D matrices include a new stiffness
term (torsion stiffness GJ). Furthermore, the number of degrees of freedom per node
is extended from 3 to 6.

In order to illustrate how the observability techniques might be applied to the
stiffness matrix method, the following example is presented.

Example 6.1 Simple Beam

Consider the bar in Figure 6.1, where Hk, Vk, Mk, k=1,2 are the horizontal and ver-
tical forces, and the moments applied to node 1 and 2, and uk, vk, wk, k=1,2 are the
horizontal and vertical displacements, and the rotations, respectively, of these nodes.
Positive signs of forces and displacements are the ones indicated in Figure 6.1.A.
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Figure 6.1: Simple beam element with two nodes and the coordinate system.

We have the following relationship between the vector of forces and displacements:
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]
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u1
v1
w1
−−
u2
v2
w2


,

(6.12)
where the matrix [K] of the system is known as the stiffness matrix, A is the cross
section, E is the Young’s modulus, I is the moment of inertia of the cross section of the
bar, L is the length, KT

2 is the transpose of K2, and the meaning of the block matrices
K1, K2 and K3 becomes obvious from Equation (6.12).

The compatibility of system (6.12) leads to (see Castillo et al. [40] and [41]):

(H1 +H2)2 + (M1 +M2 − LV1)2 + (V1 + V2)2 = 0 (6.13)

or, equivalently, to

H1 +H2 = 0, (6.14)

V1 + V2 = 0, (6.15)

M1 +M2 − LV1 = 0, (6.16)

which are the equations of equilibrium of horizontal and vertical forces, and moments,
respectively. This is an important result: compatibility of the system (6.12) means
equilibrium of exterior forces and moments.

The analysis of system (6.12) shows that the observability of the unknown variables
depends on the boundary conditions. These variables can only have a unique value
(being observable) when the structure is not a mechanism. This conclusion shows that
the observability techniques are applicable to the stiffness matrix method and, albeit
reasonable, it had not been tested before.
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6.3 Structural System Identification by Observabil-

ity techniques

The traditional application of the stiffness matrix method does not include the Struc-
tural System Identification, SSI, as all the mechanical properties of the beam elements
of the structure, such as Young’s modulus, area or inertia, are assumed as known. Nev-
ertheless, this is not the case in most actual structures where the values of the actual
geometrical and mechanical properties are unknown due to uncertainties in the mate-
rials, construction methods, stress state or damage.

When the SSI is introduced in the stiffness matrix method, in addition to those
unknowns in vectors {δ} and {f}, new unknowns appear in matrix [K]. Usually in a
2D problem, Lj is assumed as known while the flexural stiffness, EjIj, the inertia, Ij,
the axial stiffness, EjAj, the Young’s modulus, Ej and/or the area, Aj, of the bars of
the structure might be considered as unknown. The determination of these unknown
mechanical properties is the main goal of the SSI method.

As the unknown mechanical properties are multiplied by the displacements of the
nodes (in 2D, horizontal and vertical deflection and rotation, uk, vk, wk associated
with the k-node) the problem is no longer linear as non-linear products of variables,
such as EjAjuk, EjAjvk, EjIjuk, EjIjvk and EjIjwk, appear. This non-linear system of
equations can be solved linearly after considering the non-linear products of variables
to be linear variables. These variables are joined in a modified vector of displacements
{δ∗}. Depending on the known information, the unknown variables of vector {δ∗} may
be the non-linear products of three terms presented above, non-linear products of two
terms (such as EjIj, EjAj, Ajvk, Ejuk or Ijwk) or linear variables (such as Ej, Aj, Ij,
uk, vk and wk). Using a modified vector of displacements leads to the following system
of equations:

[K∗]{δ∗} = {f}, (6.17)

in which [K]∗ represents a modified stiffness matrix of coefficients obtained when the
unknown mechanical properties are removed from [K] and placed into {δ∗}. The vector
{f} represents again the forces in nodes.

To determine the unknown mechanical properties of the structure a static test can
be carried out. Once the boundary conditions and the applied forces in the nodes
during the test have been defined, a subset of deflections δ∗1 of {δ∗} and a subset of
forces f1 of {f} are known. It is to highlight that when a movement in a node is fixed
(e.g. u2=0), the products of variables that include the displacement of that node are
also zero (e.g. EjAju2=0 or EjIju2=0). It is important to note that if some uk, vk
or wk value is null, this implies that the corresponding column of the modified matrix
[K∗] becomes also null. During the test some deflections in nodes and/or reactions
in the boundary conditions might be measured. This information should be included
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also into the subsets δ∗1 and f1. The remaining subsets of variables (δ∗0 of {δ∗} and f0

of {f}) are unknown. The unicity of the solution of these subsets is analyzed by the
observability analysis.

By introducing the known and the unknown subsets of variables, system (6.17) can
be partitioned into the following system of equations:

[K∗] {δ} =

[
K∗

00 K∗
01

K∗
10 K∗

11

]{
δ∗0
δ∗1

}
=

{
f0

f1

}
= {b} , (6.18)

where K∗
00, K∗

01, K∗
10 and K∗

11 are the partitioned matrices of [K∗] and δ∗0, δ∗1, f0 and
f1 are the partitioned vectors of {δ∗} and {f}.

To join the unknown variables in the vector {z}, the system (6.18) can be reordered
as follows:

[B] {z} =

[
K∗

10 0
K∗

00 −I

]{
δ∗0
f0

}
=

{
f1 −K∗

11δ
∗
1

−K∗
01δ

∗
1

}
= {D} (6.19)

The determination of the null-space, [V ], of matrix [B] leads to the general solution
presented in 6.20. Then, the analysis of the null rows of [V ] might be used to divide
vector {z} into two different subsets of variables one observed subset zA, which do not
depend on the null space, and one unknown zB, which do depend on the null-space.
These subsets include A and B parameters, respectively. The division of vector {z}
can be included into the system of equations (6.5) as follows:

{z} =

{
zA
zB

}
=

{
zA,00

zB,00

}
+ [V ∗]{ρ∗}, (6.20)

in which zA,00 and zB,00 are the particular solutions of subsets zA and zB, [V ∗] is a
modified null space of the variables and {ρ∗} is a modified vector of the arbitrary real
values. It is to highlight the columns of the first A rows of [V ∗] are zero and the columns
of the last B rows are not. Therefore, matrix [V ∗] can be partitioned as presented in:{

zA
zB

}
=

{
zA,00

zB,00

}
+

[
0
V ∗
B

]
{ρ∗}, (6.21)

in which 0 indicates a null matrix of A rows and V ∗
B indicates the null space of the last

B rows.

As some of the parameters in zA might be products of two or three variables, anal-
ysis of these variables might lead to the observability of new parameters in zB. For
example, if the observability analysis shows the observability of variables EjAju2 and
EjAj, we could deduce (by mean of the quotient of the two observed variables) the
value of variable u2. Before this analysis, variable u2 was located in subset zB.
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The identification of new observed parameters by the analysis of the product of
variables in zA can be automated by the analysis of the logarithms of the particular
solution of zB,00. This procedure can be described as follows: First, the sign of the
different terms of the product variables is studied. As all the mechanical properties
(Ej, Aj and Ij) are positive, the negative products of variables will always lead to
negative deflections. It is to highlight that in the stiffness matrix method a product
of two deflections cannot be obtained. Secondly, taking advantage of the properties of
the logarithms, the logarithm of the variables in subset zB,00 might be presented as:

log{zB,00} = [C]log{q}, (6.22)

in which [C] is a matrix that includes the exponents of the product of variables and
q is a vector that includes all the single variables (Ej, Aj, Ij, uk, vk and wk). It is
to highlight, that when the length of the elements is assumed as known, the terms
of matrix [C] have a value of 0 or 1. Nevertheless, when that length is assumed as
unknown, terms with a value of -1, -2 and -3 appear in this matrix.

System (6.22) can be solved as presented in the following equation:

log{q} = {q00}+ [V2]{ρ2}, (6.23)

where the solution is presented by the sum of a particular solution {q00} and the prod-
uct of the null-space [V2] by a vector of arbitrary values {ρ2}.

The multiplication of matrices [C] and [V2] leads to the following system:

[C][V2] = [V3], (6.24)

where [V3] is a new null-space. The analysis of the null rows of [V3] leads to identify
the set of parameters in zB that can be determined from subset zA. The calculation of
the value the new observed parameters obtained by Equation (6.24) can be carried out
by multiplying the rows of [C] associated with the observed parameters by the analysis
of [V3] by the particular solution of {q00}.

To illustrate the application of the observability techniques to SSI, the following
two examples are analyzed. The first one is focused on the apparition of the nonlinear
products of variables while the second one is used to show the problems to face when
several beam elements are combined into a single node. This example is also used to
illustrate the necessity of a recursive process to minimize the number of measurements
introduced into the observability analysis.

6.3.1 Example 6.2 Non-linear Product of variables

This example is based on the one-bar element presented in Figure 6.1.B subjected to
the following boundary conditions (u1=v1=0 and v2=0). If we assume that L is known,
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but A, E and I are unknown, we can rewrite Equation (6.17) in the equivalent form:

H1

V1

M1

−−
H2

V2

M2
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 K∗
1 | K∗

2
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EIv2

EIw2


, (6.25)

where K∗
1 , K∗

2 and K∗
3 are the modified submatrices in the right hand side term in

(6.17), and EAuk, EIvk and EIwk for k=1,2 are the new unknowns, which result as
products of different terms.

If we impose the boundary conditions and we assume that I is known, the system
(6.25) can be written as:
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0
0

Ew1

−−
EAu2

0
Ew2


. (6.26)

This system shows that we can obtain the values of the mixed variables EAu2, and
Ewk, for k=1,2, but the individual values of E, A, u2, and wk, for k=1,2 cannot be
directly obtained. To obtain those values, two different procedure can be followed: (1)
The analysis of the logarithms of the products of variables presented in the preceding
section and (2) Designing new tests that allow us determining the value of some of the
single variables. For example, if a test is designed to obtain E, then the values of wk
for k=1,2 could be obtained, but not A, and u2. Finally, determination of A by a new
tests, allows us determining all the displacements.

6.3.2 Example 6.3 Recursive Process

To illustrate the new problems, we consider the structure in Figure 6.2, where we as-
sume that it is simply supported with u1=v1=v3=0 and M1=M2=M3=H3=0, and that
we are able to measure u3 and v2.

The stiffness matrix of the structure is built as presented in Figure 6.2. This matrix
is presented in Figure 6.3.
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Figure 6.2: Two bars example and assemblage in the stiffness matrix.
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Figure 6.3: Stiffness matrix [K] of Example 6.3.

Compared with the Example 6.2, new difficulties appear when several beam ele-
ments are combined into a single node as in Example 6.3. In this case, the mechanical
characteristics of the different beam elements appear together in the same elements
of [K] and therefore in [K∗]. To solve this problem, we split the different terms and
rewrite the system of equations as indicated in Figure 6.4, that is, we modify the
stiffness matrix by separating the terms made of several summands such that each
summand correspond to a single column as indicated in Figure 6.4. This implies the
appearance of new variables which need to be identified and have been included in the
right column matrix δ∗ in Figure 6.4.

Later, we impose the boundary conditions and the measured variables and update
the modified stiffness matrix K∗. The repeated product variables in vector δ∗ are iden-
tified and grouped together by summing up the corresponding columns of K∗. This
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Figure 6.4: Stiffness matrix [K*] of Example 6.3.

modified stiffness matrix might be split as presented in Equation (6.19) and matrix [B]
might be obtained. The partitioned matrices K00 and K10 and matrix [B] are presented
in Figure 6.5.

From the null space of matrix [B], null rows that correspond with the observable
product variables might be identified as presented in Figure 6.5. This analysis of the
null space shows that, in addition to the reactions (H1 ,V1 and M1), only the axial
stiffness of beam element 1, EA1 is observable based on the v2 and u3 measurements.

The flexural stiffness of beam element 2, EI2, can be observed when, in addition
to v2, the vertical deflection in an intermediate node of beam element 2 is measured.
This imply changing the model from the one presented in Figure 6.2 to that presented
in Figure 6.6.

The observability of the axial stiffness of beam element 2, EA2, can only be obtained
when u2 is measured. Furthermore, the load case must be such that it enables us to
activate the axial stiffness of the beam element (e.g. when an horizontal load different
from 0 is applied at node 4 of Figure 6.5). In this case u2 differs from u4. This implies
changing the load case.

The bending stiffness of beam element 1, EI1 can be obtained by introducing new
information into the system (e.g. w2 in addition to v2, v3, u2 and u4). Nevertheless,
it is important to highlight that this rotation was already an output of the observabil-
ity analysis when v2, v3, u2, and u4 were measured. However, since the information
provided by the observable variables is not included as input variables in the first
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Figure 6.5: Example 6.3: K00, K10, B, null space and list of variables.

stage, this new information must be included into the observability analysis through
an recursive process, in which all the observable variables are successively introduced
as it they were measured data. In the initial iteration of this example 10 observable
variables are obtained. When these variables are introduced as known variables, the
method provides two new more observable variables, which implies that the system
is completely observable (12 variables of the structure are observed). The observable
variables obtained by each iteration are illustrated in Figure 6.6.

6.3.3 Changes in the standard observability problem

Examples 6.2 and 6.3 show that when compared with other standard observability
problems, several problems arise when the SSI is introduced into the analysis of the
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Figure 9: Example 4. Structure with initial measurements and those that become observable after iterations 1 and 2.

or coming from boundary conditions, are null, they gener-
ate a null column that can be removed from the modified
stiffness matrix, together with the associated variables in
the list.
Step 6: Build the B matrix. Build the B matrix in
(10) where the unknown variables are grouped together on
the left hand side of the equation.
Step 7: Obtain the null space of the modified stiff-
ness matrix. In order to derive the observable variables
the null space of the modified stiffness matrix is obtained.
Step 8: Identify the observable variables. Identify
the null columns of the matrix with the generators of the
null space. The associated product variables are the ob-
servable variables.
Step 9: Test for convergence. If new observable vari-
ables have been obtained, go to Step 4 again. Otherwise,
stop the process and return the list of all observable vari-
ables O.

5. Application to large scale structures

To test the performance of the proposed method in the
case of large structures, the central frame of a 13-story
frame 32m wide and 39m high is analyzed. This struc-
ture is modeled by 226 nodes and 273 bars as presented
in Figure 12.a and Figure 12.b, respectively. The struc-
ture is composed of a set of 8 (from I to VIII) differ-
ent sections described in Table 1 and in Figure 12.c. All
sections are made of concrete with an specific weight of
25kN/m2 and a Young’s modulus of 35000MPa. In ad-
dition to the self weight of the structure, which includes
columns, beams, central core and floor slab (40kN/m), an

overload of 24kN/m is applied in every floor on the right
hand side of the structure (from element 170 to element
273) to simulate a load test.

The axial and bending stiffness of the 8 (from I to VIII)
sections of the structures are assumed as unknown. To
analyze their observability a set of information should be
measured on site. To simulate the behavior of the struc-
ture on site, a finite element model that includes the actual
stiffness of the sections has been carried out in SAP2000.

To analyze the observability of the building, vertical de-
flections in 156 nodes are measured in the finite element
model. These nodes correspond with intermediate nodes
in the floor slab (from node 71 to node 226 as presented
in Figure 12.a). Compared with other information to be
measured on site (such as horizontal deflections, rotations,
strains or reactions), measuring vertical deflections has the
advantage that they can be economically and accurately
measured with topography.

The number of observable variables (including u, v and
w in nodes), the observable axial stiffnesses EA, the ob-
servable flexural stiffnesses EI, the observable horizon-
tal reactions H, the observable vertical reactions V and
the observable bending moment reactions M obtained
throughout the iterative process are presented in Table 2.
This table shows that after three iterations all parameters
of the structure (542) are observable.

This example shows the applicability of the observabil-
ity technique presented in this paper and how the axial
and flexural stiffnesses of multi-story buildings can be cal-
culated (are observable) by just measuring vertical deflec-
tions in selected nodes of the structure.

11

Figure 6.6: Observability (recursive process).

observability of the stiffness matrix method. These problems might be summarized as
follows:

• Problem 1: Non-linearity of the problem.
The mechanical and geometrical properties of the structure are the target un-
knowns to identify in the observability problem. For the different beam elements,
Ej, Aj, Ij and Lj, appear into matrix K. The fact that the characteristics of the
beam elements appear as products in matrix K renders the problem non-linear.
In order to avoid this non-linearity, the target unknowns are identified within the
different terms of the stiffness matrix

EjAj

Lj
,

12EjIj
L3
j

,
6EjIj
L2
j

,
4EjIj
Lj

and
2EjIj
Lj

. If Lj

is known, then the axial and flexural stiffness of the different beam elements can
be considered as target unknowns.

• Problem 2: Matrix K is not a constant coefficient matrix.
As stated previously, the mechanical and geometrical properties of the beam
elements to be identified are located into matrix K. This makes that this matrix
is no longer a constant coefficient matrix, contrary to the standard observability
applications (see Castillo et al. [44]). To convert this matrix into a constant
coefficient matrix, the respective stiffnesses of the beams must be removed from
K and the modified stiffness matrix K∗ is obtained. The axial and flexural
stiffnesses can be placed in a new vector of deflections δ∗ that replace vector δ.

• Problem 3: Entries in matrix K may be the sum of different unknowns.
When two or more beams elements converge in the same node of the structure,
some entries of matrix K might include summands of bending and/or axial stiff-
ness of the different beams. Hence, elements of matrix K may be addition of
different unknowns. In this case, it is necessary to separate the different stiffness
into single columns when matrix K∗ is obtained. This operation also increases



SSI by Observability Techniques 193

the size of vector δ. With NN being the number of nodes and NB the number of
beam elements, system (6.6) can be written as in:

[K](3NN×10NB) × {δ}(10NB×1) = {f}(3NN×1), (6.27)

in which the matrix dimensions are indicated by the corresponding superindices.

• Problem 4: The target unknowns are coupled with other unknowns.
The system (6.6) is no longer linear as stiffnesses are multiplied by unknown
deflections or rotations. Examples of these product variables are EjAjuk, EjAjvk,
EjIjuk, EjIjvk and EjIjwk. To make the system linear each of these product
variables may be assumed as new linear variables. Even though the deformation
of the structure under a given load is not a target of SSI per se, the coupling
with the element stiffnesses includes them into the problem. Example of this is
the linearized variable EA1u2 whose value depends on v2. To solve this problem
and to decouple the pursued flexural stiffness parameters, information about the
node displacements of the structures could be provided. This can be carried out
by introducing the values of new deflections and/or rotations into the system
of equations. Once the variables of vector δ∗ have been modified, the measured
deflections and/or rotations are included into matrix K∗. To analyze conveniently
the observability, if some of the new stiffness variables are duplicated in vector
δ∗, all columns of matrix K∗ associated with these variables must be summed up
and included in the same column. It is to highlight that information of the single
variables can be analyzed by mean of a logarithmic analysis.

• Problem 5: The target product variables (e.g. EA or EI) are not observed.
In some cases, the desired product variables, usually axial or bending stiffness of
several bars, may not be observable because the system has not enough informa-
tion to determine uniquely their values. To solve this problem it is advisable to
introduce additional information into the system by any of the following proce-
dures: (1) Measuring more deflections and/or rotations which form part of some
of the degrees of freedom of the model. (2) Measuring deflections and/or rota-
tions in NIN intermediate nodes. The introduction of these intermediate nodes
requires to subdivide the beam elements, so that NIB new intermediate bars are
created. Furthermore, both the number of equations and the number of product
variables in {δ∗} are increased, from 3NN to 3(NN + NIN) and from 10NB to
10(NB +NIB), respectively. Nevertheless, if no variation of the characteristics of
the divided elements is assumed additional equations are provided to the system
by joining repeated variables of {δ∗}.

• Problem 6: Observed variables are not included into the observability analysis.
Example 6.3 shows that the measured deflections and/or rotations may lead to
more information than the one obtained through the initial observability analy-
sis. This can be solved by an recursive process, in which different observability
analysis are carried out. In each of these observability analysis the observable
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information of preceding iterations is introduced as new input data. This pro-
cess is repeated until no additional observable variables are obtained between
two successive iterations. The recursive process allows us to reduce the num-
ber of required measures of the structure on site. This is especially advisable in
large-scale structures, such as long-span bridges and high-rise buildings, where
the optimal sensor placement is essential to minimize instrumentation cost.

• Problem 7: Total forces applied at nodes are unknown.
The forces applied at nodes due to the permanent loads are also unknown, as
there are uncertainties in actual areas of the members of the structure or in their
densities. Therefore, as the permanent loads are always presented in the struc-
ture the total forces applied in the nodes are unknown during the static test.
However, this problem can be solved by analyzing the effects of the increment
of deflections produced by a given load test, ∆δ. To do so, the following pro-
cedure can be carried out: (1) First, the deformations under permanent loads,
δ1, are measured. (2) Then, the deformations produced by the load test, δ2,
are measured. Obviously, these deformations will also include the effects of the
permanent loads. (3) Finally, the deflections produced by the load test are ob-
tained by subtracting deflections under permanent loads from deflections under
load test, that is, ∆δ=δ2-δ1. When the increments of deflections obtained by this
procedure are introduced into the observability analysis, the node forces associ-
ated with the permanent loads are not required. In this case, the forces in nodes
will correspond with those of the load test. These forces can be obtained by the
traditional application of the stiffness matrix method.

6.3.4 Error sensitivity analysis

Many authors (see Doebling et al. [68]) have stated the difficulties produced by the
application of parameter estimation to full-scale structures involving load testing with
trucks or water-containers. Sanayei et al. [176] summarized all these difficulties in three
different errors that influence the accuracy of the parameter estimates. (1) Modeling
errors due to uncertainties (such as the material properties or boundary conditions) in
the parameters of a mathematical FEM . These errors are biased. (2) Measurement
errors due to the inaccuracy of the experimental equipment. This error typically is
not biased and it has a zero mean. (3) Parameter estimation errors due to the inac-
curacy of the parameter estimation tools. The presence of these errors influences the
result quality of the parameter estimation and therefore, the subsequent maintenance
decisions. The Parameter estimation error does not appear when exact estimation
methods (such as the observability techniques) are used. Nevertheless, the first two
errors are a common aspect in all parameter estimation methods. Significant research
has been carried out to study the impact of both modeling and measurement errors on
parametric methods. Saneyei et al. [176] introduced error functions to study the effects
of modeling errors in structural parameter estimation. Saneyei and Saletnik [134] pro-
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posed an error sensitivity analysis to determine how a given deterministic error affects
the parameter estimates. Saneyei et al. [170] analyzed a small scale model to sup-
port different error function methods. Caddemi and Greco [35] studied the influence of
instrumental errors on the static identification of damage parameters for elastic beams.

In this section a sensitivity analysis is presented to estimate a bound of the incurred
relative error in terms of relative errors of the stiffness matrix K and the measured
deflections.

Since we use an observable set of monomials, this means that from the initial system
of equations in the monomials we can obtain one subsystem involving the observable
monomial with a unique solution, that is, of the form of Equation (6.1).

This implies that if we have errors in matrices [A] and {b}, the resulting relative
errors in {z} are bounded by

||δz||
||z|| ≤ κA

( ||δA||
||A|| +

||δb||
||b||

)
, (6.28)

where
||δA||
||A|| and

||δb||
||b|| are the relative errors in matrices [A] and {b}, respectively, and

κA is the condition number of matrix [A].

Thus, Equation (6.28) provides a bound of the incurred relative error in the mono-
mial values in terms of relative errors of [A] and {b}, respectively.

Equation (6.28) can also be used to know the loss in decimal precision. In fact, if( ||δA||
||A|| +

||δb||
||b||

)
≈ 10−p and

||δx||
||x|| ≈ 10−s, then 6.28 implies:

s ≥ p− log10(κ), (6.29)

that is, log10(κ) is the loss of decimal precision.

A further study of the different errors will be addressed in future researches.

6.4 Proposed Algorithm

The algorithm that summarizes the ideas explained above is presented in flow chart
in Figure 6.7. With this algorithm, we can determine which product variables are ob-
servable and their value.

To illustrate the step by step application of the algorithm, the structure presented
in Figure 6.8 is analyzed. This structure includes three beam elements with a length
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END
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Figure 6.7: Flow chart of the SSI by observability techniques.

of 4 meters each. The horizontal and vertical deflections in nodes 1 and 4 are zero
(u1=u4=v1=v4=0). All the beams are assumed with the same unknown Young’s mod-
ulus, E. The mechanical properties are A1 and I1 in beam 1 and A2 and I2 in beams
2 and 3. Two unitary loads (one horizontal and one vertical) are applied in the node
3 (H3=1kN and V3=-1kN). Under these loads, horizontal and vertical deflections in
nodes 2 and 3 (u2=0.6698E-8m, v2=-0.8541E-4m, u3=0.1414E-8m, and v3=-0.8880E-
4m) are measured.

INPUT:The topology of the structure and the subset M of measured (known) vari-
ables. In the example: (1) Known parameters (in δ0 and f0): Deflections in nodes:
u1, u4, v1, v4, u2, v1, u3, and v3, Forces in nodes: H2, V2, H3 and V3 and Mechanical
properties: L1, L2, L3 and L4. (2) Unknown parameters(in δ1 and f1): Deflections
in nodes: w1, w2, w3, and w4, Forces in nodes: H2, V2, H4 and V4, and Mechanical
properties: E, A1, I1, A2, and I2.

OUTPUT: The resulting subset of observable variables O based on the subset M
of measured variables, this is to say, knowing the numerical value of the observable
unknown parameters.
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Figure 2: Progression of observable variables.

and provide the subsets of known and observed variables:

V̄0 = {u1, v1, u2, v2, u3, v3, u4, v4}, V̄0
0 = {0, 0, 0.000004,−0.001, 0.00004,−0.001, 0.000008,−0.0035, 0, 0}.

The system (82) can be written as:
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16
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Figure 6.8: Simply supported beam with two mechanical properties
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Figure 6.9: Step 1: Stiffness matrix [K].

Step 1: Build the stiffness matrix of the structure K. Based on the topology
of the structure the stiffness matrix K is built. This matrix is presented in Figure 6.9.

Step 2: Generate the stiffness matrix K of single rational terms. Since some
elements in the stiffness matrix contain several summands, we separate them so that
in each column we have a single rational term (quotient of monomials). The obtained
matrix is presented in Figure 6.10.

Step 3: Building the monomial unknown variables: The common unknown
variable terms in each column of the stiffness matrix of monomial (u, v and w) are
moved to the displacements vector. After this operation a new displacements vector of
single monomial variables is obtained. It is important to highlight that the lengths of
the beam elements (L1, L2 and L3 in this example) are usually assumed known. For
this reason, these variables can be kept into the stiffness matrix. In this example, the
lengths of the three beam elements is the same and therefore, it can be assumed that
L1=L2=L3=L.
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Figure 6.10: Step 2: Stiffness matrix of monomial terms.
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Figure 6.11: Step 3: Building the monomial unknown variables.

After this step, a known stiffness matrix matrix of coefficients. The obtained matrix
is presented in Figure 6.11.

Step 4: Introducing the boundary conditions and the measured deflections:
Both the boundary conditions of the structure (u1=v1=u4=v4=0) and the measured
deflections (u2, u3, v2 and v3) are introduced into the system. The measured deflec-
tions are move to the stiffness matrix, which remains known because these values are
known. This operation reduce the number of variables of the monomials. It is impor-
tant to highlight that those columns associated with a monomial variable that include
a null deflection can be fixed to zero as their values do not influence the system of equa-
tions. The system of equations obtained after this operation is presented in Figure 6.12.

Step 5: Eliminating replicate monomial variables: Introducing the node de-
flections causes the replication of monomial variables. This is appreciable in Figure
6.12, where the variables (EA2, EI2 and EI2w3) appear several times in the vector
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Figure 6.12: Step 4: Introducing known deflections.



H1

V1

M1

H2

V2

M2

H3

V3

M3

M4



=



0 −u2
L

0 0 0 0 0 0 0
6
L2 0 −12v2

L3
6
L2 0 0 0 0 0

4
L

0 −6v2
L2

2
L

0 0 0 0 0

0 u2
L

0 0 (u2
L
− u3

L
) 0 0 0 0

− 6
L2 0 12v2

L3 − 6
L2 0 (12v2

L3 − 12v3
L3 ) 6

L2
6
L2 0

2
L

0 −6v2
L2

4
L

0 (6v2
L2 − 6v3

L2 ) 4
L

2
L

0

0 0 0 0 (−u2
L

+ 2u3
L

) 0 0 0 0

0 0 0 0 0 (−12v2
L3 + 24v3

L3 )− 6
L2 0 6

L2

0 0 0 0 0 6v2
L2

2
L

8
L

2
L

0 0 0 0 −u3
L

0 0 0 0

0 0 0 0 0 −12v3
L3 0 (− 6

L2− 6
L2 )

0 0 0 0 0 6v3
L2 0 2

L
4
L





EI1w1

EA1

EI1

EI1w2

EA2

EI2

EI2w2

EI2w3

EI2w4


Figure 6.13: Step 5: Eliminating replicate monomial variables.

of monomial variables. The number of times that a parameter is replicated depends
on the inclination of all the beams that converge at the node in which the deflection
is measured. To include conveniently the effects of all these beams, it is necessary to
join the replicated variables. This operation leads to the summation of columns of the
stiffness matrix of coefficients. The results of this operation are presented in Figure
6.13. In this figure, the null columns of the stiffness matrix and their associated null
variables have been removed.

Step 6: Building [B]: The equations associated with the unknown reactions (H1, V1,
H4 and V4) are placed at the bottom of the system as presented in Figure 6.14. Then,
this system of equations is reordered and the matrix [B] is obtained. This matrix is
presented in Figure 6.15.

After substitution of the numerical values of L, u2, u3, v2 and v3 into Figure 6.15,
the system of equation presented in Figure 6.16 is obtained.
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Figure 6.14: Step 6: Reordering the system of equations.
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Figure 6.15: Step 6: Calculation of the symbolic [B].

Step 7: Identify observable variables: The general solution (the set of all its so-
lutions) of the system of equations presented in Figure 6.16 is obtained. This set of
solutions results from the sum of a particular solution and the null space [V ] multiplied
by a coefficient. The obtained general solution is presented in Figure 6.17.

Step 8: Identifying the observable variables and learning the variable signs.
Identify the null columns of the matrix with the generators of the null space. The
associated product variables are the observable variables. The analysis of the [V ] in
Figure 6.17 shows that there exists unique solution for the set of variables EA1, EA2,
EI2, EI2w2, EI2w3, EI2w4, H1, V1, H4 and V4. A priori, the rest of product variables
(EI1w1, EI1, EI2w2) have not a unique solution and therefore, they cannot be observed.

The particular solution, V̂ 0, presented in Figure 6.17 might be written as in Figure
6.18.
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1 0 28.3E−6 0.5 0 0 0 0 0 0 0 0 0
0 1.67E−9 0 0 −1.9E−9 0 0 0 0 0 0 0 0

−0.375 0 −14.1E−6 −0.375 0 2.5E−6 0.375 0.375 0 0 0 0 0
0.5 0 28.3E−6 1 0 5.0E−6 1 0.5 0 0 0 0 0
0 0 0 0 5.4E−9 0 0 0 0 0 0 0 0
0 0 0 0 0 −19.2E−6 −0.375 0 0.375 0 0 0 0
0 0 0 0 0 −28.3E−6 0.5 2 0.5 0 0 0 0
0 0 0 0 0 −33.3E−6 0 0.5 1 0 0 0 0
0 −1.67E−9 0 0 0 0 0 0 0 −1 0 0 0

0.375 0 14.1E−6 0.375 0 0 0 0 0 0 −1 0 0
0 0 0 0 −3.6E−9 0 0 0 0 0 0 −1 0
0 0 0 0 0 16.7E−6 0 −0.375 −0.375 0 0 0 −1
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Figure 6.16: Step 6: Calculation of the numeric [B].
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Figure 6.17: Step 7: Calculating the general solution.

From the particular solution in Figure 6.18, the sign of several variables might be
obtained. In this case, since E, A1, A2 and I2 are positive, me can deduce that w2, H1

and H4 are negative and variables w3, w4, V1 and V4 are positive.

Step 9: Build and Solve the system of equations associated with the log-
arithms of the known products of V̂ 0. Taking logarithms of the absolute values
obtained in the previous step we obtain the linear system of equations presented in
Figure 6.19.

The general solution of the logarithms presented in Figure 6.19 might be presented
as the sum of a particular solution and the null space of the system multiplied by a
vector of coefficients. The obtained general solution is showed in Figure 6.20.

Step 10: Using the product variables to obtain the value of single factor
variables: The analysis of the null space of the V̂ 0 logarithms might provide informa-
tion about the single factor variables. The analysis of the null space presented in Figure
6.20 shows that there are seven rows of the null space with a null value. Therefore, the
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Figure 6.18: Step 8: Particular solution.
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Figure 6.19: Step 9: Logarithms of V̂ 0.

variables associated with those rows (w2, w3, w4, H1, V1, H4, V4) have unique solution.
After learning the signs of the variables from Step 8, the values presented in Figure
6.21 are obtained.

Step 11: Replace variables in V̂0 by a simpler equivalent set: The information
obtained in the Step 7 might be transformed to a simpler equivalent set. This trans-
formation is presented in Figure 6.22.

Step 12: Identify unobserved variables of Step 8: Checking if any of the vari-
ables with infinitely many solutions obtained in Step 8 (EI1w1, EI1 and EI1w2) can
be observed from information obtained in Steps 8 and 11. To this end, the product
of matrices presented in Figure 6.23 might be carried out. The first of these matrices
corresponds to variables EI1w1, EI1, EI1w2 and the second one to the null space matrix
in Step 9. Since the resulting matrix has no null rows, this indicates that none of the
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Figure 6.20: Step 9: General solution of the V̂ 0 logarithms.
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Figure 6.21: Step 10: Calculating single factor variables.

variable products EI1w1, EI1, EI1w2 can be obtained.

Step 13: Test for convergence. If the observability analysis provides the value of
any variable, a recurrent process is carried out. The observed parameters are intro-
duced into Step 6. This process is stopped when no additional parameters are observed.

At the end of the recursive process, all the parameters of the structure are deter-
mined. The calculated parameters are: u2=0.6696E-8 m, u3=0.1414E-8m, v2=0.8541E-
4m, v3=0.8880E-4m, w2=0.1481E-4Rad, w3=0.1085E-4Rad, H1=0.3448kN, V1=0.3333kN,
H4=0.6552kN, V4=0.6668kN,EA1=2.06E8, EA2=1.854E8, EI2=428480m2, EI2=313120m2.
These values correspond with those introduced into the example.
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Figure 6.22: Step 11: Replacing variables in V̂0 by a simpler set.
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Figure 6.23: Step 12: Identify unobserved variables of Step 8.

6.5 SSI method in planar elements

Beam elements (also known as line elements) are connected at common nodes, forming
framed or articulated structures such as grids or frames. The main trade off of these
elements is that they might not be adequate for stress and strain analysis of planar
structures. In these cases, more adequate two-dimensional elements (generally shells
or plates) are required. This kind of elements might be connected at common nodes
and/or along common edges to form continuous structures.

As presented in the literature (see e.g. [126]), the analysis of a planar structure
might be carried out according to the following procedure: (1) The element type is
selected. For example in Figure 6.24.A, a three nodes planar element that supports in
plane forces is defined. This element is characterized by a certain Young’s modulus, E,
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(A) Three-node Finite Element (B) Finite Element Mesh

Figure 6.24: Finite Element Method in planar structures: (A) Three-nodes Finite
Element and (B) Finite Element Mesh.

a Poisson’s ratio, ν, a thickness, t, and an area A. (2) The structure is discretized in
the selected elements (mesh generation) as presented in 6.24.B. (3) The displacement
functions ψ are selected. An example of the shape function of the three node element
with in plane forces of Figure 6.24.C is presented in Equation (6.30), in which u and v
are the deflections in the plane of the structure of axes x and y as presented in Figure
6.24.A. (4) Defining the Strain-Displacement and Stress-Strain relationships. For plane
strain, the stress-strain relationship is presented in Equation (6.31). (4) Deriving the
element stiffness matrix and equations by using the principle of minimum potential
energy. (5) Assemblage of the element stiffness matrices and Introduce Boundary
Conditions. (6) Solving the nodal displacements. (7) Solving the element forces.

{ψ} =

{
u(x, y)
v(x, y)

}
=

[
1 x y 0 0 0
0 0 0 1 x y

]


a1

a2

a3

a4

a5

a6


(6.30)


σx
σy
τxy

 =
E

1− ν2

 1 ν 0
ν 1 0
0 0 0.5(1− ν)

 =


εx
εy
γxy

 (6.31)

In the preceding sections only line elements were considered. Nevertheless, it is
important to highlight that the proposed SSI method is not limited to this kind of
elements as structures formed by planar elements might be also analyzed. To do so,
the calculation of the stiffness matrix of the finite element is required. The stiffness
matrix of these elements might be calculated by the traditional procedure presented
above. According to Chaves and Mı́nguez [53], the obtained stiffness matrix, [K(e)], of
the element presented in Figure 6.24.A corresponds with that summarized in Figure
6.25.
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4A
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(e)
34 ] [k

(e)
35 ] [k
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Sym. [k
(e)
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Figure 6.25: Stiffness matrix of a planar element of three nodes.

For planar stress, the coefficients of the stiffness matrix are presented in Equations
(6.32) to (6.38). These coefficients depend on the coefficients b1, b2, b3, c1, c2, c3, D1,
D2 and D3 described in the following equations:

k
(e)
11 = c2

1D3 + b2
1D1; k

(e)
12 = b1D2c1 + c1D3b1; k

(e)
13 = b1D1b2 + c1D3c2; (6.32)

k
(e)
14 = b1D2c2 + c1D3b2; k

(e)
15 = b1D1b3 + c1D3c3; k

(e)
16 = b1D2c3 + c1D3b3; (6.33)

k
(e)
22 = c2

1D1 + b2
1D3; k

(e)
23 = c1D2b2 + b1D3c2; k

(e)
24 = c1D1c2 + b1D3b2; (6.34)

k
(e)
25 = c1D2b3 + b1D3c3; k

(e)
26 = c1D1c3 + b1D3b3; k

(e)
33 = c2

2D3 + b2
2D1; (6.35)

k
(e)
34 = b2D2c2 + c2D3b2; k

(e)
35 = b2D1b3 + c2D3c3; k

(e)
36 = b2D2c3 + c2D3b3; (6.36)

k
(e)
44 = c2

2D1 + b2
2D3; k

(e)
45 = c2D2b3 + b2D3c3; k

(e)
46 = c2D1c3 + b2D3b3; (6.37)

k
(e)
55 = c2

3D3 + b2
3D1; k

(e)
56 = b3D2c3 + c3D3b3; k

(e)
66 = c2

3D1 + b2
3D3; (6.38)

b1 = (y2 − y3); b2 = (y3 − y1); b3 = (y1 − y2); (6.39)

c1 = (x3 − x2); c2 = (x1 − x3); c3 = (x2 − x1); (6.40)

D1 =
E

1− ν2
; D2 =

νE

1− ν2
; D3 =

E

2(1 + ν)
; (6.41)

The analysis of the terms of the stiffness matrix of the planar element shows that
when the geometry of the mesh is assumed as known, the parameters b1, b2, b3, c1, c2

and c3 are known. In this case, the nonlinear product variables Et
(1−ν2)A

, νEt
(1−ν2)A

and
Et

(1+ν)A
appear. These variables are then multiplied by the deflections at the nodes of

the structure u1, v1, u2, v2, u3 and v3 and therefore, new product of variables (such as
Etu1

(1−ν2)A
, νEtv1

(1−ν2)A
or Etv3

(1+ν)A
) might appear. The identification of the unknown product of

variables might be carried out by the algorithm presented in the preceding section.
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Figure 6.26: Polynomial system of equations of system in Figure 6.15.

6.6 Polyrational system of equations

The SSI by observability techniques presented above leads to a polyrational sys-
tem of equations, that is, equations involving monomial ratios of variables such as,
EAjuk, EIkvk and EIjwk (when Lj is assumed as known) or EIjL

−1
j uk, EIjL

−2
j vk and

EIjL
−3
j wk (when Lj is assumed as unknown). This is clearly appreciable when equa-

tions of the system in Figure 6.15 are rewritten as presented in the system of equations
in Figure 6.26. In this case, a polynomial system of equations (a particular case of the
polyrational system of equations) is obtained.

It is very important to mention that the fact that we get polyrational equations
when writing a model for physical and engineering problems is not a coincidence,
but the result of physical formulas to be independent on the units of measure (see
Aczél [5] and [6], Castillo and Ruiz-Cobo [52] and Castillo et al. [46]). Thus, we
should get the same type of polyrational equations in any problem arising from physics
or engineering [51]. More precisely, Aczél [5] demonstrated that the general form of
dependent real-valued variables with ratio scale non-constant and continuous-at-a-point
when all fundamental or independent variables have ratio scale, are functions of the
form:

u(x1, x2, · · · , xn) = a
∏
i=1

nxcii = a

∏
ci>0 x

ci
i∏

ci<0 x
ci
i

, (6.42)

where a is a constant, x1, x2, · · · ,xn are the variables involved in the formula and c1,
c2, · · · , cn are negative or positive real constants. Some examples of such equation in
physics are the kinetic energy formula, E, or the universal gravitation law, F :

Ek =
mv2

2
, F = G

m1m2

r2
(6.43)

This means that no other formulas are possible from the point of view of unit
consistency. A detailed analysis of this problem has been carried in Castillo and Ruiz-
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Cobo [52] and Castillo et al. [46].

This important property makes it clear that polyrational equations play a very rel-
evant role in many engineering fields (such as electrical and water power distribution,
high-speed train safety or water supply field). For example, in the case of water supply
a system of polyrational equations is obtained when the node flow balance equations,
pipe height losses written in terms of the water velocities and the roughness and di-
ameter of the pipes, and the total node heights written in terms of the geometric,
piezometric and cinetic heights. This system of equations can be used to identify ob-
structed pipes, which degrades the efficiency of the network, by adequately measuring
pressures and speeds at selected locations [49].

In the literature, some methods for solving polyrational systems of equations can be
found. Between these methods are to be mention the Gröbner-basis (see [72], [67], [34]
or [33]) and Sylvester dialytic elimination methods, which are designed to obtain all
the solutions of the system of polynomials. These methods have been proved useful for
very small and simple examples, but they are not of practical use in the case of complex
systems (such as SSI of a real structure) because the required CPU and memory sizes
are very large. Unlike these methods, the observability techniques provide a parametric
and computationally efficient method for any polyrational system of equations (no
matter its complexity).

6.7 Improving the algorithm

In this section, attention is paid into the simulation of several causes of discrepancy
between the model and the actual structure. The analyzed causes are the existence
of damages, the actual boundary conditions and the variations of temperature in the
structure. In the following sections, the way to include each of these causes of discrep-
ancy into the proposed SSI method is presented.

6.7.1 Damages in decks

Damages in structures might appear for different reasons. Examples of these are the
changes in the characteristics of the material due to concrete cracking or steel corro-
sion, or the reduction in the mechanical properties of the section when a certain load,
such as accidental loads, acts on the structure.

Conventional visual inspection is the most common method used to detect struc-
tural damage in small structures, such as short-span precast bridges. To detect occur-
rence of damage in steel structures, visual inspections can be complemented with other
non-destructive techniques, such as magnet or ultrasonic analysis. Nevertheless, these
methods are not efficient when damage is invisible to human eyes or when the section
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is not accessible, respectively, as in complex structures such as cable-stayed bridges.
Furthermore, none of these methods can quantify the magnitude of the damage. In
these cases additional information from adequate structural health monitoring system
is required.

The proposed SSI algorithm can be used to locate and quantify damages in ele-
ments of truss and framed structures from monitoring information. The easiest way to
simulate damages in the proposed method consists of introducing an adequate FEM
and enough measurement data into the observability analysis. The definition of the
number of beam elements and nodes of the FEM depends on the pursued accuracy
of the simulation, this is to say, the assumed length of the damage extent. To illus-
trate the importance of this length, the SSI of a two-span beam is analyzed in Figure
6.27. As presented in Figure 6.27.A, this damage produces a reduction of the 20% of
the bending stiffness in the proximities of the middle support due to hogging bending
moments. This reduction is assumed to be distributed linearly.

When the assumed length of the damage extent is assumed to be equal to the
length of a single span, the FEM -1 of the structure only includes 3 nodes and 2 beam
elements as presented in Figure 6.27.B. The SSI of the bending stiffness of these two
beams might lead to averaged values of undamaged and damaged properties. This
fact is presented in Figure 6.27.B that includes the estimated bending stiffnesses in the
two beam elements. It is clear to notice, that the results obtained by SSI of the 2
beam elements FEM might not be appropriate to assure the safety of the structure
as the damaged is not conveniently located nor quantified. To solve this problem the
assumed length of the damage extent might be reduced and consequently the number
of elements in the FEM introduced into the observability analysis is increased. To
illustrate this, a FEM -2 with a damage extent length assumed to be half of the single
span is presented in Figure 6.27.C. The FEM of this structure includes 5 nodes and
4 beam elements. The SSI of this structure shows that lateral bending stiffnesses are
properly estimated and averaged reductions are obtained in the elements located in
the proximities of the inner support. To improve the accuracy of the SSI, it might
be convenient to adapt the assumed length of the damage extent to the peculiarities
of the analyzed structure. This case is presented in Figure 6.27.D, where a FEM -3
with 9 nodes and 8 beam elements with non-constant length. Due to the hogging mo-
ments of the structure, shorter beam elements are used at the proximities of the inner
support. The obtained bending stiffnesses in FEM -3 are more similar to the actual
ones than those obtained in FEM -1 and FEM -2, nevertheless, a higher number of
measurements deflections and/or rotations is required.

The example presented above shows that the FEM to be introduced into the ob-
servability analysis for damage detection has to be based on the following guidelines:
(1) Number of beam elements: The number of beam elements will depend on the as-
sumed length of the damage extent. A different beam element (with different and
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Figure 6.27: Unsymmetrical Damage in a two-span beam. (A) Real bending stiffness
reduction in the beam, (B) Obtained Bending Stiffness in a FEM -1, (C) Obtained
Bending Stiffness in a FEM -2, (D) Obtained Bending Stiffness in a FEM -3.

unknown mechanical properties) will be defined for each of the lengths of the damage
extent. The higher the number of beam elements with unknown mechanical properties,
the higher the required information to be measured from the static test. (2) Number of
nodes. A node is introduced in both edges of the different beam elements. In addition
to these nodes, it might be necessary including intermediate nodes in some of the beam
elements of the model to identify conveniently the system. (3) Balanced damage detec-
tion method. An adequate FEM for damage detection must balance conveniently the
number of beam elements and their location, the number of nodes and their location
and the pursued accuracy of the damage detection method.

Analyzing the damage by introducing an adequate FEM into the observability
analysis does not requires any change in the proposed SSI algorithm. Furthermore,
its application in many structures (see Chapters 7 and 8) has proved to be compu-
tationally very efficient. It is to highlight that in this method the damage location
is carried out indirectly, this is to say, by quantifying the characteristics of different
unknown beam elements of the FEM .

For a direct damage location an alternative method might be used. This method
consists of changing the stiffness matrix of the beam element (that includes constant
mechanical properties on its length) for a more convenient one (without constant me-
chanical properties on the beam element length). This non-constant stiffness matrix
might be used to locate damages. The definition of the stiffness matrix of an element
without constant mechanical properties can be carried out by its elastic masses dia-
gram. The following example illustrates the definition of the stiffness matrix of a beam
element with non-constant mechanical properties from its elastic masses diagram.
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Figure 6.28: Damage simulation: (A) Beam element with non-constant inertias, (B)
Elastic masses diagram of beam element in (A).

Example 6.4 Elastic masses diagram

In this example the stiffness matrix of beam element in Figure 6.28.A is obtained from
its elastic masses diagram (see [10] and [11]). The inertias of this beam are I0 in a
length λL from both edges and I1 in the rest of the beam. The unknown parameters
to be estimated by the observability analysis would be I0, I1 and λ. The area of the
elements is assumed to be constant with a value A.

The elastic masses diagram of the beam might be obtained as the inverse of the
bending stiffness at each point of the beam as presented in Figure 6.28.B. In this figure,
different axes (X and Y and X and Y ) are used in both beam edges.

The flexibility matrix of the beam element might be defined as presented in the
following equation:

felem =

 β 0 0
0 α −ε
0 −ε α,

 , (6.44)

in which α, α,, β, and ε are coefficients defined from the elastic masses diagram of the
as follows:

α =

∫ L

0

(L−X)2dx

L2EI(x)
(6.45)

α, =

∫ L

0

X2dx

L2EI(x)
(6.46)

β =

∫ L

0

dx

EA(x)
(6.47)
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ε =

∫ L

0

X(L−X)dx

L2EA(x)
(6.48)

In this example, the coefficients α, α,, β, and ε depend on λ as follows:

α = α, =
L

EI1

(
1

3
− λ+ λ2 − 2

3
λ3) +

L

EI0

(λ− λ2 +
2

3
λ3) (6.49)

β =
L

EA
(6.50)

ε =
L

EI1

(
1

6
− λ2 +

2

3
λ3) +

L

EI0

(λ2 − 2

3
λ3) (6.51)

From these flexibility coefficients, stiffness matrix of the element might be defined
as follows:

kelem = f−1
elem =


1
β

0 0

0 α,

αα,−ε2
ε

αα,−ε2

0 ε
αα,−ε2

α
αα,−ε2

 (6.52)

Using stiffness matrices of beam elements with non-constant mechanical properties
has the advantage that estimation of coefficient λ provides information of the location
of the change in the mechanical properties of the element and therefore, of the damage
extent. The main inconvenient of using non-constant beam elements is the fact that
the terms of the stiffness matrix are larger. Furthermore, the linkage between unknown
parameters might complicate the observability analysis as simple product variables are
difficultly obtained.

A detailed study of the application of the beam elements with non-constant me-
chanical properties for SSI by observability techniques will be addressed in future
researches.

6.7.2 Boundary conditions

Normally FEMs do not model with sufficient accuracy the boundary conditions. This
fact might lead to inaccurate estimations of the parameters in the SSI methods. In
this section, two of the major causes of discrepancy between the simulated boundary
conditions and the real ones (the soil-substructure interaction and the partially re-
strained elements) are analyzed. Furthermore, different ways to include these effects
into the proposed SSI algorithm are presented.

For accurate simulation of the effects of the interaction between a structure at
ground level and the underlying soil, a detailed FE mesh, as shown in Figure 6.29.A, is
traditionally used. The main trade off of these meshes is that they are not very practical
in SSI as they depend on a large number of parameters [171]. The soil-substructure
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Figure 6.29: Structure with different methods used to simulate its boundary condi-
tions. (A) FE-mess, (B) Elastic springs, (C) Partially restrained element and (D)
Observability analysis where both the deflections (u, v and w) and the applied forces
(H, V and M) in node are assumed to be unknown.

interaction can be also modeled as simple elastic springs introduced into the stiffness
matrix of the corresponding element, as shown in Figure 6.29.B. The stiffnesses of these
springs (KHH in the horizontal direction, KV V in the vertical direction and KGG in
the rotation) are located in the main diagonal of the local stiffness matrix. Sanayei
et al. [171] proposed the so called soil-substructure super-element (SSS), presented in
Equation (6.53), to include coupling between the different degrees of freedom at the
foundation. This effect might play an important role in asymmetrical foundations.
The simulation of the coupling between the different DOF is simulated by new springs
(such as KHV , KV G and KHG) located in the off-diagonal terms of the stiffness matrix.
Versions of these stiffness equations can be found in most soil dynamics literature, such
as Lambe and Whitman [118] and Beredugo and Novak [30].

KBC =

 KHH KHV KHG

KV H KV V KV G

KGH KGV KGG

 (6.53)

One way to include the effect of the soil-substructure interaction into the observabil-
ity analysis consists in introducing the SSS element into the stiffness matrix equations.
The terms of this new element might be defined as known parameters defined from em-
pirical methods, or they can be assumed to be unknown. In the later case, their values
will be estimated in the observability analysis.

Another problem that usually appears in the simulation of the boundary conditions
refers to the partially restrained elements. Engineers regularly use fixed or pinned con-
nections (see Figure 6.29.C) in their designs. Nevertheless, most actual connections are
intermediate cases between fixed and pinned ones. To include the effect of the actual
rotational stiffness, Kϕ, in the supports, Sanayei et al. [171] proposed the modified
stiffness matrix presented in Figure 6.30. The analysis of this matrix shows that when
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Figure 6.30: Modified stiffness matrix proposed by Sanayei et al. [171] to include the
rotational stiffness of abutments.

Kϕ=∞, the proposed stiffness matrix converges to that of a regular frame element
and when Kϕ=0, converges to the stiffness matrix of an element with one end rigidly
constrained and a moment release at the other end.

The matrix presented above can be directly introduced into the observability anal-
ysis. In this case, an additional parameter to be estimated, Kϕ, appears.

A much simpler and efficient alternative to include the effects of the soil-substructure
interaction and the partially restraint beam element into the observability analysis con-
sists of an adequate simulation of the characteristics of the boundary conditions. To
do so, it might be assumed that some deflections and/or rotations will appear in the
terrain. Therefore, instead of imposing zero deflections and/or rotations in the a priori
fixed boundary conditions, it might be advisable to keep these parameters as unknown.
This is appreciable in Figure 6.29.D, where both the deflections (u, v and w) and the
applied forces (H, V and M) at node are assumed as unknown in the observability
analysis. In this case, both the reactions and the movements in the boundary condi-
tions will be determined by the SSI. Obviously, when the unknown deflections and/or
rotations in the boundary conditions are assumed as unknown, a higher number of
measured deflections will be required.

Example 6.5 Boundary condition simulation

In this example the structure presented in Figure 6.8 is analyzed considering the bound-
ary conditions as unknown. In this structure two unknown mechanical properties ap-
pear. The analyzed load case consists on a unitary horizontal and vertical load as
presented in Figure 6.31.A. The unknown parameters of the observability analysis are
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Figure 6.31: Analysis of the beam in Figure 6.8 considering unknown the reactions
and deflections at the boundary conditions. (A) Initial structure without intermediate
nodes, (B) Structure with four intermediate nodes.

the vertical reactions at the temporary supports, the bending and axial stiffnesses of the
different beam elements and the node deflections (including the nodes in the boundary
conditions).

Despite that some load cells might be used to calculate the vertical force applied in
certain supports, reactions in the temporary supports are not measured. As the mea-
surements of the deflections at the boundary conditions are not very accurate, they are
not measured neither. When the same deflections measured in example in Figure 6.8
(u2, v2, u3 and v3) are introduced into the observability analysis (see Figure 6.31.A) no
parameter is observed. This might be explained by the lack of information produced by
the unknown boundary conditions in comparison with structure in Figure 6.31. In this
figure, a dotted circle is used to indicate boundary conditions with unknown forces and
deflections. To observe the unknown parameters, it is necessary to introduce additional
information into the observability analysis. For example, when the measurements at
intermediate points presented in Figure 6.31.B (u2, v2, v4, u6 and v6) are introduced,
all the unknown parameters (including the value of the deflections at the boundary
conditions) are conveniently estimate.

A detailed study to evaluate the influence of the effects of the boundary conditions
into the SSI of the structures will be addressed in the future.

6.7.3 Variation of Temperature

Actual structures are affected by the environment conditions such as wind, humidity
or solar radiation. Numerous investigations (see e.g. [115]) indicate that temperature
is a critical source causing modal modes variability in actual structures. According to
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Ko and Ni [115], the variations of modal frequencies caused by this phenomenon in
long-span bridges may reach 10%. This variation exceeds the changes of frequencies
due to structural damage or deterioration. Therefore, the placement of temperature
sensors in SSI methods is advised by many authors for real time-measurement of dy-
namic response. In the identification of the mechanical properties of the structure,
the temperature effects are not so astonishing as in the case of their modal properties.
Sometimes. measured data does not only include the effect of the load tests, but also
the effects of temperature. This is the case of the construction process of cable-stayed
bridges.

Temperature gradient produces stresses in the structure if movement is prevented.
This is appreciable in the beam presented in Figure 6.32, whose temperature is pre-
sented in the right hand side. This beam has a reference temperature TR, an average
temperature TM at the center of gravity and two different temperatures in the lower
T2 and upper T1 surfaces. The effects of these temperatures can be simulated as the
sum of those of a uniform increment of temperature, ∆TAxial, and a uniform gradient
of temperature β along the depth, h, of the beam. The calculation of ∆TAxial and β is
presented in the following equations:

∆TAxial = TM − TR (6.54)

β =
T2 − T1

h
(6.55)

On the one hand, ∆TAxial produces uniform normal stresses in the cross section of
the structure that have an axial resultant force, FAxial, in the direction of the beam.
On the other hand, β produce bending normal stresses (MAxial). The stresses of both
effects are presented in Figure 6.32.

The calculation of FAxial and MAxial can be carried out as presented as follows:

FAxial = α∆TAxialEA (6.56)

MAxial = αβEI (6.57)

in which α is the thermal coefficient of the material of the beam.

In the stiffness matrix method the effects of the temperature can be included by
mean of a vector of fixed-end forces {fe}. In this case, Equation 6.1 can be written as:

[K]{δ} = {f}+ {fe} (6.58)

The forces in {fe} includes FAxial and MAxial. In inclined beams FAxial has to be
discomposed into node forces in X and Y axes. The forces produced by the different
beams are summed in the nodes of the structure where the beams converge. It is to
highlight that these forces might depend on the unknown mechanical properties of the
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Figure 6.32: Temperature effects in a beam, on the left hand side force analysis and in
the right hand side temperature analysis.

beams.

When coefficient αj is considered as unknown, product variables that include four
terms (EjAjukαj, EjIjukαj, EjAjvkαj, EjIjvkαj, EjIjwkαj) might appear. Further-
more, the analysis of additional three (such as EjAjαj, Ejukαj, Ijwkαj, or Ajukαj)
and two (such as Ejαj, Ijαj, Ajαj, ukαj or wkαj) terms product variables, might be
necessary.

To include these new product variables into the observability analysis, system in
Equation 6.58 can be reordered as follows:

[K∗
T ]{δ∗T} = {f}, (6.59)

in which [K∗
T ] is a modified stiffness matrix that includes the temperature effects and

{δ∗T} is a modified vector of deformations that include the new product variables. The
number of rows of [K∗

T ] corresponds with that of [K∗] but 2xNBeam more columns ap-
pear.
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Figure 6.33: Temperature effects in independent term of Example 6.6.

In the following section an example is presented to include the effects of temperature
increments in a frame structure with two beam elements.

Example 6.6 Temperature effects

In this section the structure presented in Example 6.3 is analyzed. Cross section depths
of its elements are h1 and h2, respectively. The reference temperature is assumed as
TR and the temperatures in the inner surface of the structure are assumed as T1,1 and
T1,2 and in the outer surface as T2,1 and T2,2. The axial increments of temperature of
each element (∆T1 and ∆T2) are calculated by Equation (6.56).

The system of equations presented in Figure 6.3 can be rewritten as in Figure 6.33.

When the product of variables are grouped in vector {δT} system in Figure 6.33
can be expressed as presented in Figure 6.34.

Observability of unknown variables in the preceding system can be carried out when
the algorithm presented in Section 6.4 is slightly modified.

6.8 Application to dynamic tests

Methods based on information from static excitation tests can identify only stiffness
parameters and are not able to capture changes in mass and damping parameters
(damping ratios, c, natural frequencies, ω, and mode shapes, Φ in the R vibration
modes). Another problem of the static excitation tests is the difficulty to excite stat-
ically large civil structures in a controlled manner. To avoid these problems, many
researchers have presented methods based on the dynamic response of structures to
identify changes in structural parameters. A detailed review of all the different ex-
citation procedures is presented in ASCE [15]. Most of these methods are based on
information from the natural frequencies (e.g. Pabst and Hagedorn [157]), mode shapes
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Figure 6.34: Temperature effects stiffness matrix of Example 6.6.

(e.g. Sanayei et al. [169]), mode shapes curvatures (e.g. Stubbs and Kim [188]), and/or
Frequency Response Function (e.g. Esfandiari et al. [70]) data. To excite the dynamic
behavior of medium-size structures in a controlled manner many different devices (such
as impulse hammers or electrodynamic shakers) are used. A detailed review of all the
different dynamic-excitation devices used in the literature is presented in ASCE [15].

The first step to SSI from dynamic excitation based tests consists on calculating
a set of the modal parameters of the structure. To do this, two different approaches
might be followed. The first approach called theoretical modal analysis is presented in
Figure 6.35.A. This method computes the modal parameters by solving the dynamic
equilibrium equations as an eigenvalue problem. This is the traditional dynamic anal-
ysis carried out in structural design. The main trade off of this analysis is that all the
terms of stiffness [K], mass [M ] and damping [C] matrices are assumed as known. The
second approach, called experimental modal analysis is presented in Figure 6.35.B.
This technique uses the system response and involves modal analysis identification
techniques for the computation of the modal parameters. This approach has received
considerable attention in recent years. The system response can be measured either
in the time domain (e.g. accelerations) or in the frequency domain (e.g. Frequency
Response Function, FRF ). The construction of these functions requires the use of an
instrumentation chain for structural excitation, data acquisition, and signal processing.
The main advantage of this method is that it does not require information of the me-
chanical properties of the structure as it is only based on the analysis of its measured
responses.
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Figure 6.35: Different methods for estimation of modal parameters: (A) Theoretical
modal analysis and (B) Experimental modal analysis.

Once a set of modal parameters of the structure ({ω1}, {Φ1}, {c1}) have been cal-
culated by an experimental modal analysis, the dynamic equilibrium equations might
be analyzed by the observability techniques described in this chapter for SSI. This
analysis might be used to identify unknown mechanical properties of the structure
(such as masses in [M ], damping ratios in [C] and/or stiffnesses in [K]) and unknown
modal parameters (such as {ω0}, {Φ0} and/or {c0}).

The SSI method proposed above might be summarized as presented in Figure 6.36.
In this procedure, (1) the dynamic response of the structure is first measured. (2) Ex-
perimental modal analysis of the information from monitoring is carried out. (3) The
results of the experimental modal analysis provide a set of modal properties ({ω1},
{Φ1}, {c1}). (4) Known modal properties are introduced into the dynamic equilibrium
equations. (5) After applying the observability techniques, the unknown modal prop-
erties ({ω0}, {Φ0}, {c0}) and the unknown terms in matrices [M ], [C] and [K] might
be conveniently estimated.

To illustrate the main differences with the static observability problem, let us con-
sider a case scenario with no damping and with no external forced vibration {f}.
According to Sanayei et al. [171], in this case the characteristic equation for dynamic
loading of each of the R modes of vibration, might be written as:

[K]{Φ}i = λi[M ]{Φ}i, i : 1, R (6.60)

in which i indicates the mode of vibration and λi is the square of the ith natural fre-
quency ωi. Each vector {Φ}i includes the deflections (uk,i and vk,i) and rotations (wk,i)
of the degrees of freedom of the every kth structural node in the ith vibration mode.
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Figure 6.36: SSI by observability techniques from dynamic responses.

Matrix [M ] includes the masses m of the structure.

According to the number of modes of vibration studied, two different approaches
might be followed to apply observability techniques to Equation (6.60). In the first
approach, a unique vibration mode is studied, while in the second approach several
vibration modes are analyzed together. The application of the observability techniques
in these two alternative approaches is described in detail in the following sections.

6.8.1 SSI from a unique vibration mode

When a unique vibration mode is studied, Equation (6.60) might be rewritten as:

[K]{ΦK} = λ[M ]{ΦM} (6.61)

in which the subindices K and M are used to indicate that the mode shapes are mul-
tiplied by matrices [K] and [M ], respectively.

The system in (6.61) might be partitioned as follows:[
K00 K01

K10 K11

]{
ΦK,0

ΦK,1

}
= λ0

[
M00 M01

M01 M11

]{
ΦM,0

ΦM,1

}
, (6.62)

where K00, K01, K11, K11, M00, M01, M11 and M11 are the partitioned matrices of [K]
and [M ], and ΦK,0, ΦK,1, ΦM,0 and ΦM,1 are the partitioned vectors of the vector of
mode shapes that multiply matrices [K] and [M ]. The subindices 0 and 1 of these
vectors refer to unknown and known variables, respectively. The square frequency of
the mode shape, λ, is assumed as unknown (λ0).

As unknown mechanical properties might be found in matrices [K] and [M ], product
of different unknown variables appear and the problem is nonlinear. To analyze the
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observability of the product of variables, system 6.62 might be rewritten as presented
in the following equations:

[K∗]{Φ∗
K} = λ0[M∗]{Φ∗

M} (6.63)

[
K∗

00 K
∗
01

K∗
10 K

∗
11

]{
Φ∗
K,0

Φ∗
K,1

}
= λ0

[
M∗

00 M
∗
01

M∗
10 M

∗
11

]{
Φ∗
M,0

Φ∗
M,1

}
, (6.64)

in which the unknown products of variables of matrices [K] and [M ] are moved to the
respective modified vector of modes of vibration {Φ∗

K} and {Φ∗
M}. This way, modified

stiffness, [K∗], and mass, [M∗], matrices are matrices of known coefficients.

Assuming the length of the elements of the structure as known, {φ∗
K} , might in-

clude product variables of three terms (such as EjAjuk,i, EjAjvk,i, EjIjuk,i, EjIjvk,i or
EjIjwk,i) two terms (such as Ajuk,i, Ejuk,i, Ijuk,i, Ajvk,i, Ejvk,i, Ijvk,i, Ejwk,i or Ijwk,i)
and one term (such as Aj, Ij, Ej, uk,i, vk,i or wk,i). In the case of {Φ∗

M} only product
variables of two (such as mjuk,i, mjvk,i or mjwk,i) and one term (such as mj, uk,i, vk,i
or wk,i) might be obtained.

System (6.64), might be rearranged to join all the unknown variables in a vector
{z} as presented in Equation (6.65). Vector {z} includes three different terms (Φ∗

K,0,
λ0 and λ0Φ∗

M,0) and it is multiplied by a matrix of coefficients [B] and a known vector
of coefficients {D} is obtained.

[B]{z} =

[
K∗

00 −M∗
01Φ∗

M,1 −M∗
00

K∗
10 −M∗

10Φ∗
M,1 −M∗

11

]
Φ∗
K,0

λ0

λ0Φ∗
M,0

 =

{
−K∗

01Φ∗
K,1

−K∗
11Φ∗

K,1

}
= {D} (6.65)

As in the case of the static analysis presented in preceding sections, observability of
unknown parameters in {z} might be carried out by analyzing the null space of matrix
[B].

When the frequency of the structure is assumed to be calculated from the experi-
mental modal analysis and the masses of the structure as assumed as known (λ1 instead
of λ0), Equation (6.65) might be written as:

[B]{z} =

[
K∗

00 −λ1M
∗
00

K∗
10 −λ1M

∗
11

]{
Φ∗
K,0

Φ∗
M,0

}
=

{
λ1M

∗
01Φ∗

M,1 −K∗
00Φ∗

K,1

λ1M
∗
10Φ∗

M,1 −K∗
11Φ∗

K,1

}
= {D} (6.66)

This equation shows that is not necessary the computation of the modified masses
matrix nor the modified vector {Φ∗

M}. Furthermore, as the frequency in the analyzed
vibration mode, λ1 is known, it is moved from {z} to matrix [B] and vector {D}.
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6.8.2 SSI from several vibration modes

An alternative observability analysis of Equation (6.60) consists of analyzing together
several vibration modes.

If all the R modes of vibration of a model are analyzed together, Equation (6.60)
might be developed as presented in Equations (6.67) and (6.68). In this equation, the
stiffness and masses matrices of the different vibration modes are located in the main
diagonal of matrices [K] and [B], respectively.

[K]{Φ} = {λ}[M ]{Φ} (6.67)
K1· · · 0 · · · 0
...

. . . 0 · · · 0
0 0 Ki 0 0
...

... 0
. . . 0

0 0 0 · · ·KR





Φ1
...

Φi
...

ΦR


= {λ1· · ·λi· · ·λR}


M1· · · 0 · · · 0
...

. . . 0 · · · 0
0 0 Mi 0 0
...

... 0
. . . 0

0 0 0 · · ·MR





Φ1
...

Φi
...

ΦR


(6.68)

The vibration frequencies, {λ}, might be separated into two different sets: a vector
of known frequencies, {λ1}, and an unknown one {λ0}.

When the unknown mechanical properties of [K] and [M ] are placed in the respec-
tive vectors of modes of vibration, Equation (6.67) might be written as presented in
Equation (6.69). This equation shows that the vector {λ} is converted into a matrix.
This change makes that the vectors {λ0}, and {λ1} are divided into two different sets
(λ00 and λ01) and (λ10 and λ11), respectively.[

K∗
00 K∗

01

K∗
10 K∗

11

]{
Φ∗
K,0

Φ∗
K,1

}
=

[
λ00 λ01

λ10 λ11

] [
M∗

00 M∗
01

M∗
10 M∗

11

]{
Φ∗
M,0

Φ∗
M,1

}
(6.69)

When the unknown variables are joined in a vector {z}, system (6.69) might be
written as presented in the following equation:

[B]{z} =


K∗

00 K∗
10

−M∗
00Φ∗

M,1 0
−M∗

01 0
0 −M∗

11Φ∗
M,1

0 −M10


T 

Φ∗
K,0

λ00

λ00Φ∗
M,0

λ01

λ01Φ∗
M,0

 =

{
K∗

01Φ∗
K,1 − λ10(M∗

00 −M∗
01)Φ∗

M,1

K∗
11Φ∗

K,1 − λ11(M∗
11 −M∗

10)Φ∗
M,1

}
= {D} (6.70)

Analysis of the null space of matrix [B] might be used to define the set of observed
parameters in {z}.

6.9 Conclusions

When SSI is introduced into the stiffness matrix method a polyrational system of
equations appear. Since no satisfactory methods to solve these systems of equations
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have been proposed in the literature, the application of the observability techniques
are proposed here. This application is proved to be and efficient analytical and para-
metric method that avoids resorting to numerical approximations. As the polyrational
system of equations appear in many science and engineering fields, the proposed pro-
cedure might be applied in many other problems (such as electrical and water power
distribution problem, among others).

The SSI by observability techniques includes the following problems: (1) a set
of non-linear product of variables might appear. These product variables have to be
treated as linear variables to be observed. (2) An analysis of the logarithms of the
product variables might be necessary to evaluate the value of the single terms of these
products. (3) A recursive process has to be used to include conveniently the informa-
tion known in the structure. (4) As the area or the density of the beam elements of the
structure might be unknown, the observability analysis has to include the increments
of forces and deflections produced by the static test. (5) When additional information
is required in the observability analysis to observe certain parameter new information
might be included from the measurement of deflections and/or rotations at nodes or
intermediate nodes of the structure. A detailed algorithm is proposed to summarize
the simulation carried out by the proposed method.

To improve the accuracy of the proposed algorithm, several causes of discrepancy
between the computer model and the actual structures are also studied. The analyzed
causes of discrepancy are as follows: (1) Damage of beam elements. To simulate the
damage in beam elements two alternative methods are proposed. The first one consists
of creating an adequate FEM based on the accuracy pursued by the designer. In
this FEM , beam elements with unknown mechanical properties will be concentrated
in the proximities of the zones where damages are expected. The second proposed
procedure to deal with damages in beam elements consists of using non-constant stiff-
ness matrices in the beam elements of the structure obtained from the elastic masses
diagram of the structure. (2) Actual boundary conditions on site. To simulate the
soil-infrastructure interaction, elastic springs at the foundations might be introduced
into the stiffness matrix method. To simulate the partially restrained boundary con-
ditions, the application of a modified stiffness matrix that includes the stiffness of the
boundary conditions might be introduced. An alternative and more efficient method to
include the simulation of both phenomena into the stiffness matrix method consists of
considering unknown reactions and deflections at the boundary conditions. (3) Actual
temperatures of the beam elements. To deal with the effects of the temperature in
the beam elements of the structure, a new vector of applied forces is included into the
stiffness matrix method.

Finally, a modification of the observability method to deal with SSI from dynamic
tests is presented. This modification includes two different procedures to analyze in-
formation from one or several vibration modes.



Chapter 7

Validation of SSI method and
examples

7.1 Introduction

In this chapter the main static-excitation based Structural System Identification (SSI)
methods presented in the literature are first reviewed. Next, the main characteristics
of three of these methods are first described and then compared with those of the ob-
servability techniques. A set of different examples are used to validate the application
of observability techniques in SSI.

After its validation, the observability techniques are applied for SSI in different
structures (such as buildings, continuous bridges and cable-stayed bridges). The ob-
jectives of the analysis of these structures are: (1) To understand the main hypotheses
and to show the application of observability techniques to SSI. (2) Illustrating the
potential of the proposed methodology which is applicable for any structure, no matter
how large its number of elements is. (3) Showing some of the problems that appear
when the observability techniques are introduced into the SSI. (4) Analyzing how the
interaction between load-bearing elements affects the observability analysis. To this
end, the role that different parameters (such as the stay cable inclination or inertia or
concrete cracking) play in the identification of the estimates of a structure is studied.
Finally, a set of conclusions are drawn.

7.2 Comparison with other static-excitation based

SSI Methods

Static structural identification methods are usually simpler than dynamic ones. Fur-
thermore, the equipment in static testing enables a rapid, accurate and economic
measurement of deflections or strains. For this reasons, the static-excitation based
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SSI methods have attracted much attention from the 90s [25]. Sheena and Zal-
manovich [182] presented a method for improving the analytical stiffness matrix. After
measuring a set of certain degrees of freedom, spline functions were used to predict
the remaining unmeasured degrees of freedom. Sanayei and Scamboli [175] estimated
structural stiffnesses by minimizing the static-stiffness based error function. In this
work, an iterative identification procedure was used to automatically adjust the struc-
tural elemental stiffness parameter for damage detection. The main drawback of this
method is that measuring the deformations at the same degrees of freedom where the
external loads were applied is required. Sanayei and Onipede [172] presented an itera-
tive optimization-based algorithm of the displacement equation error function for the
parameter identification from static test measurements. To deal with the incomplete
measurements, a condensation procedure was proposed. This method was used by
Sanayei et al. [173] to determine the effects of measurement errors. A similar iterative
process was followed by Babu [20], who proposed the minimization of the displacement
equation error function for parameter identification. Hjelmstad et al. [103] and [104]
described an approach to parameter estimation of complex linear structures based on
the principle of virtual work for static and modal tests. To deal with the incom-
plete measurement system a condensation procedure was also used. Banan et al. [23]
and [24] proposed an optimization method for estimating member constitutive prop-
erties of the finite element model from measured displacements under static loading.
This analysis was based on the minimization of two indices of discrepancy (Force Er-
ror Estimation, FEF , and Displacement Error Estimation, DEE) between the model
and the measurements using the constrained least-square minimization. Sanayei and
Saletnik [133] developed an iterative method for parameter estimation by minimizing
the Output strain error function in truss and framed structures. A sensitivity analysis
of the measurements errors of this method is presented in Sanayei and Saletnik [134].
This analysis included the computation of a sensitivity matrix that represented the
changes in the identified parameters. Different error functions presented in the litera-
ture were compared by Sanayei et al. [170] by using the results in a real physical model.
Hjemstad and Shin [102], proposed an adaptive algorithm of the parameters grouping
to detect and to assess the damages in a structural system. This method evaluated
the sensitivity of each member parameter simultaneously with the process of damage
detection. Liu and Chian [125] developed a method for identifying the element prop-
erties of a truss using axial strains by minimizing the error norm of the equilibrium
equation. Yeo et al. [211] proposed a statistical approach to static parameter estima-
tion through hypothesis testing in framed structures. Chou and Ghaboussi [58] and
Shenton and Xiaofeng [183] applied Genetic Algorithms to structural damage detection
from static measurements. The later method is based on the idea that dead load is
redistributed when damage occurs in the structure. Chen et al. [55] proposed a damage
detection method based on using grey system theory (see Deng [66]) to localize damage
by static displacements. Nevertheless, attention in the last years is also being received.
Bakhtiari-Nejad et al. [21] introducing a damage detection method using static noisy
measurements in which the difference between the load vector of the damaged and
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the undamaged structure was minimized. Other methods, such as Banan and Hjelm-
stad [25], Oh and Jung [154], Wang et al. [205], Sanayei et al. [169], Schlune et al. [179],
and Santini et al. [177], presented structural damage identification methods combining
information from both static and dynamic tests. To predict the damage extent in this
method an optimization algorithm is used. Recently, Sanayei et al. [174] used measured
strains in a real bridge under static truck loads for Finite Element Model updating.
This procedure minimized the scalar objective function defined in Schlune et al. [179].
Liao et al. [123] presented a Finite Element Model updating method that included an
iterative process based on the influence line of the damaged structure. Abdo [3] used
the changes in the displacement curvature derived from measured static response to
locate damages in framed structures.

In the next section, three different methods of the literature (Sanayei and Salet-
nik [133], Liao et al. [123] and Abdo [3]) are compared with the SSI method by
observability techniques.

7.2.1 Method 1 (Sanayei and Saletnik (1996))

Sanayei and Saletnik [133] and [134] and Sanayei et al. [170] analyzed the effect of using
different error functions for parameter estimation from static strains. The first of these
error functions, the nonlinear displacement output error function, [d(ρ)], is obtained
from static condensation of the FEM force-displacement relationship presented in
Equation (7.1). With {δ0} and {δ1} being the measured and unmeasured displacements
in nodes, {f0} and {f1} the measured and unmeasured forces in nodes, and K00, K01,
K10 and K11 the partitioned matrices of stiffness matrix [K], displacement equation
error function can be calculated as:

[d(ρ)] = ([K00]− [K01][K11][K10]−1)−1({f0}m − [K01][K11]−1{f1}m)− {δ}m (7.1)

in which the superscript m indicates experimentally measured forces and displacements.

Other error function analyzed in this work is the strain output error function [s(ρ)].
This error function can be obtained from the equation that relates strain and displace-
ments in the structure by a mapping matrix [D]. With [D0] being the rows of the
mapping matrix associated with the measured strains {ε0}, [s(ρ)] can be calculated as:

[s(ρ)] = [D0][d(ρ)]−1{f}m − {ε0}m (7.2)

in which the superscript m indicates experimentally measured forces and strains. To
identify parameters, the norm of one of the error functions described above is minimized
with respect to the parameters to be estimated (ρ) by using Gradient or Gauss-Newton
methods. This process is carried out by mean of an iterative process in which an initial
solution of the estimates is successively updated. It is to highlight that in each of the
iterations of this process, the reactions in the boundary conditions are not unknown as
they can be calculated from the value of the estimate in the iteration step.



228 Validation of SSI method and examples

1 2

4

65

3

I II

III

VI

VIV

VII

VIII

 IX  X

1 2

I II

III

VI

VIV

VII

VIII

 IX  X

4

65

3
7

8

XI

XII

3.
05

3.
05

3.05 1.02 1.02

(A) (B)

Figure 7.1: (A) Truss with X beams and measured deflections in all 6 nodes, and (B)
Truss with 9 nodes including the required measurements to identify the areas of the
truss elements (nodes 7 and 9 are intermediate nodes). Units in m.

Example 7.1 Truss

In this section the truss presented in Figure 7.1.A is analyzed. All the elements of this
structure have an area of 19.35cm2 and a Young’s modulus of 206.9GPa. This truss
was analyzed by Sanayei and Saletnik [133] and [134] who used the strain output error
function to estimate the areas of the structure (assuming the Young’s modules of the
elements as known). This analysis includes strains in truss elements obtained by strain
gauges. In the first iteration of the minimization of the error process all the areas of
the beams are assumed constant with a value of 32.26cm2. The results of the proposed
analysis present ten different sets of load cases and measured strains. The minimum
number of measurements of these sets includes 10 measurements. This set corresponds
to measuring 2 strains (in beams 4 and 6) for 5 different load cases (unitary vertical
load in nodes 3, 4, 5 and 6 and a unitary horizontal load in node 6).

A FEM presented in Figure 7.1.A is introduced into the observability analysis.
This structure includes 10 nodes and 10 beam elements. Forces in nodes are calculated
by application of the Stiffness Matrix Method for a certain static load case that excites
the axial resistant mechanisms of the truss elements. Reactions in boundary conditions
are unknown.

Measurements in the FEM lead to only 9 deflections that can be introduced as
input data in the observability problem. These measurements correspond with the
horizontal and vertical deflections in nodes 3, 4, 5 and 6). When these deflections are
introduced into the observability analysis, no observable parameters are obtained. This
can be explained by the static redundancy of the structure that includes 14 unknown
(10 areas and 4 reactions) and only 12 equations (2 equations for each of the 6 nodes).
Therefore, to identify the system more information is required. To include more in-
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formation to the system, the number of nodes in the FEM is increased from 6 to 9
as presented in Figure 7.1.B by incorporating intermediate nodes in beams 3 and 9.
When the horizontal deflection in these two new nodes (nodes 7 and 9) are measured
and introduced into the observability analysis, the reactions of the structure and the
areas of the truss elements are conveniently observed.

The analysis presented in this section shows that to identify the structure by ob-
servability techniques, information from 10 deflections is required. Despite the fact
that this number is the same as that proposed by Sanayei and Saletnik, it is important
to highlight several differences between both methods: (1) In the observability analysis,
the number of measurements on site may differ with the number of required deflections
as measurements can be deduced by alternative methods. In trusses, strain gauges can
be used to obtain the required node deflections. In the analyzed structure information
from only 8 strain gauges (2 less than the method proposed by Sanayei and Saletnik)
located for example in truss elements 1, 2, 4, 5, 6, 7, 9 and 10 can be efficiently used
to obtain the 10 required node deflections. (2) The process to determine the measure-
ments required by the observability technique is faster and more economical as it only
requires a unique load case instead of the five ones required by Sanayei and Saletnik.
(3) Other load cases can be used in the observability technique to increase the number
of equations of the system (instead of adding measurements from intermediate nodes).
In this case, 2 measurements that provide two linearly independent equations to the
system can be included into the observability analysis. It is important to highlight
that when the number of equations exceeds the number of unknowns the problem is
redundant and an analysis of the measurement errors is required. (4) The observability
technique does not use an iterative process in which the solution is successively up-
dated. Observability techniques use a recursive process, where new information (new
observed variables) is included as input data, but not an iterative process, where all
the input data might be changed from one step to the other. (5) Along the iterative
process proposed by Sanayei and Saletnik, reactions are not unknown as their values
are successively calculated by using the iterated values of the areas. This is radically
different in the observability analysis where the reactions are unknowns to be found
throughout the recursive process.

Example 7.2 Two-Story structure

In this section, the two-story structure presented in Figure 7.2.A is studied. This struc-
ture corresponds with the one-bay steel frame tested by Sanayei and Saletnik [170]. The
beams and columns each have an in-plane thickness of 9mm, and an out of plane width
of 25mm. The in-plane moment of inertia is 1067mm4 and the area is 200mm2. Vertical
and lateral loads are applied by hanging weights directly on the frame or with pulleys
mounted to the test frame. Strain gauges and dial indicators were used to measure
strains and deflections of the structure. As presented in Figure 7.2.A, this structure
was modeled by 9 frame elements and 9 nodes. The boundary conditions include two
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Figure 7.2: Two-story structure. (A) Measures required to identify the flexural stiff-
nesses with 9 nodes (including 1 rotation) and with (B) 10 nodes (without rotations).
Units in m.

clamped nodes (nodes 1 and 2). As the areas of all the elements were assumed as
known, only the inertias were estimated by the iterative process. This process started
with a first iteration of 1000mm4. To analyze the effects of the measurement errors
in different error functions, 32 measurements (4 different loads cases with 4 deflections
and 4 strains measurements in each load case) were used to estimate the inertia of the
bars.

To identify the unknown inertias a FEM based on the structure presented in Fig-
ure 7.2.A is introduced into the observability analysis. This FEM includes 9 nodes
and 9 frame elements. The forces in the nodes might be deduced from the load case.
Reactions in nodes are unknown.

The results of the observability analysis of this structure show that the inertia of
the elements is conveniently identified when a set of 10 measurements is introduced.
This set includes 1 rotation, 5 horizontal deflections and 4 vertical deflections and it
is presented in Figure 7.2.A. Due to the difficulty of measuring rotations on site, the
information provided by the rotation might be substituted from vertical deflections in
intermediate nodes. In this way, 4 new intermediate nodes (nodes 9, 10, 11 and 12 in
Figure 7.2.B) can be added in the horizontal beams of the FEM . For this structure,
a new set of 10 parameters (3 horizontal deflections and 7 vertical deflections) are
required to fully identify the structural system. This set of measurements is presented
in Figure 7.2.B. It is to highlight that in this example, the number of measurements
proposed by Sanayei and Saletnik was defined to analyze the effects of measurement
errors. For this reason, this number does not correspond with the minimal number for
proper system identification.
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7.2.2 Method 2 (Liao et al. (2012))

Liao et al. [123] proposed a method for Finite Element Model updating based on the
response of the structure under pseudo-static excitation test. In this method the in-
fluence lines of a moving load are determined by measuring the vertical deflections at
certain point.

This method compares the measured and the calculated influence lines by mean of
an objective function, Fz(x), defined as follows:

Fz(x) =
N∑
k=1

γk

M∑
i=1

zci − zTi
zTi

2

(7.3)

in which N represents the total number of influence line test points, M the total num-
ber of load steps in which the load is applied, zCi

and zTi represent the measured and
calculated influence lines, respectively, and γk is a weight factor of the ith test point
used to indicate its contribution to the objection function.

The uncertain properties of the initial FEM are selected as parameters, xi, to be
updated. A set of lower, xLi , a upper limits, xUi , are used to constrain the value of the
parameters into practical physical boundaries. Therefore, Equation (7.3) must satisfy:

xLi < xi < xUi (7.4)

In this method, the model updating problem is transformed to a classical con-
strained optimization problem. This problem is solved iteratively by the unconstrained
minimization technique and Powell’s method.

Example 7.3 Damaged laboratory beams

This example is based on the results of the experimental test program of three beams
(A, B, C) analyzed by Liao et al. [123] and presented in Figure 7.3. These beams
are 1.2m long are clamped in both ends and they have a assumed Young’s modulus of
26700MPa. Beam A corresponds with the undamaged structure (Figure 7.3.A) with
a rectangular cross section 0.15m width and 0.45m depth (UN section in the Figure).
Beams B (Figure 7.3.C) and C (Figure 7.3.E) include two damaged areas in different
locations that represent different inertia reduction. Damage in Beam B are simulated
by mean of a rectangular section, 0.15m width and 0.39m depth, which represents a
reduction of 15% of the undamaged inertia. Damages of Beam B are extended 0.06m
from x=0.42 and x=0.79m on. Damage in Beam C are simulated by rectangular sec-
tions of 0.15m width and 0.39 and 0.31m depth, respectively. This damage is extended
0.06m from x=0.42 and x=0.66m. Cross section of the damaged sections represents
a reduction of 30 and 15% of the undamaged inertia, respectively (see Figure 7.3.B).
Damage in beams B and C are named from the perceptual reduction of the undamaged
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Figure 7.3: Comparison of beams used by Liao et al. [123]: (A) Undamaged beam. (B)
Damage locations and cross sections. (C) Damage 1. (D) FEM for damage 1. (E)
Damage 2. (F) FEM for damage 2. Undamaged section is named UN, the damaged
sections, such as 15% D, are named by the percentage of flexural stiffness. Annotations
are in m.

inertia as 15%D and 30%D as presented in Figure 7.3. Damage in axial stiffness were
not considered. This is a common practice in many SSI methods (see Abdo [3]).

Estimation of the magnitude of damaged structures presented in Example 7.3 can
be carried out by observability techniques presented. The number of nodes and beam
elements of the FEM depends on the number and location of the detected damages.
In this example two different FEM are required. Figures 7.3.D and 7.3.F show the
FEMs used for parameter estimation of Beam B and Beam C, respectively. Both
FEMs include 5 beam elements with unknown inertias. The location and number
of nodes are chosen to characterize conveniently the bending stiffness of the sections.
Nodes must be located in the edges of the structure (nodes 1 and 6) and between beam
elements with different mechanical properties (nodes 2, 3, 4 and 5). The structural re-
dundancy of the structure makes necessary including intermediate points in three beam
elements (nodes 7 in beam element 2, node 9 in beam element 3 and node 9 in beam
element 4). Forces in nodes in the FEMs are known as, once the load case is known,
they can be calculated by the Stiffness Matrix Method. For both damaged scenarios,
only three different bending stiffnesses are assumed in the model: undamaged stiffness,
E1I1, (beam elements 1, 3 and 5), first damaged stiffness, E2I2, (beam element 2) and
second damaged stiffness, E3I3, (beam element 4). It is to highlight that reactions in
the boundary conditions are also unknown.

The magnitude of the localized damage of Beam B can be estimated by measuring
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vertical deflections at the nodes of its FEM . In this case, measurement of the vertical
deformations in 7 inner nodes can be obtained from the influence lines presented by
Liao et al. [123] or by a direct instrumentation in the test. The observability analysis
showed that 19 parameters were observed. These parameters included the bending
stiffnesses in the damaged and undamaged elements, rotations in all the nodes of the
structure, and moment and vertical reactions in the boundary conditions. It is to high-
light that, as no horizontal deflections were measured, neither the horizontal reactions
in the boundary conditions nor the axial stiffnesses in the beam elements can be ob-
served. The same results are obtained in analysis of Beam C.

These results show that the observability method does not depend on damage mag-
nitude. Nevertheless, damage location and structural redundancy play an important
role in the characteristics of the FEM (number and location of elements and points).

Compared with the method proposed by Liao et al. [123], the observability analysis
has the advantage that it is not necessary to measure deflections in the undamaged
structure (Beam A). Furthermore, not all the ordinates of the influence line are required
to quantify the magnitude of damage when its localization in the structure is known.

7.2.3 Method 3 (Abdo (2012))

Abdo [3] proposed a damage detection method that used only static response. Accord-
ing to this procedure, damage is located by analysis of the value of the grey relation
coefficient. This coefficient includes changes in displacement curvature between un-
damaged and damage structure. This procedure indicates the damage location but not
its magnitude.

Example 7.4 Two-span continuous beam

This example is based on the two-span continuous beam analyzed by Abdo [3] pre-
sented in Figure 7.4. This structure has a length of 60 m an area, A of 0.07m2, a
Young’s modulus, E, of 210000MPa and inertia, I, of 0.004m4. Five damage scenar-
ios were simulated. In these scenarios, damage in beam elements is assumed to affect
only the bending stiffness by a reduction in its Young’s modulus. This hypothesis has
been followed by several researchers (see Abdo [3]). The damage extension in each of
the scenarios is assumed to have 1m length. Therefore, the beam is assumed to be di-
vided into 60 elements of 1m length. A uniform distributed load of 60kN/m is assumed.

To locate damages in each of the damage scenarios, vertical deflections every 1m
are numerically calculated. This leads to the measurement of 59 vertical deflections.
From these deflections, a Laplacian operator was used to estimate the changes in the
analytical and measured displacement curvatures, χ. Analysis of the grey relation coef-
ficient value showed the damage locations. This analysis does not provide information
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Figure 7.4: Two-span continuous beam analyzed by Abdo [3]. Dimensions in m.

about the magnitude of those damages.

The first step to analyze conveniently the structure by observability techniques con-
sists of defining adequately the number and location of the beam elements and nodes of
the FEM . In this example, as 60 different beam elements of 1m length are analyzed,
the FEM must include 60 beam elements. The I and A of these elements are assumed
as known and E as unknown. The number of nodes to assure the observability of the
different E of the structure is 63. This number includes a node in edges between beam
elements with different E and two intermediate nodes (nodes 2 and 4) in two different
beam elements (beam elements 1 and 2 in this case). Three of these nodes correspond
with boundary condition (nodes 1, 33 and 63). In these nodes the vertical deflection is
zero. In the rest of the 60 inner points of the FEM the vertical deflection might be mea-
sured or calculated. Forces in nodes under the distributed applied load are calculated
by the stiffness matrix method. The reactions in the boundary conditions are unknown.

To identify conveniently the entire structure a set of 60 vertical deflections (in inner
nodes of the FEM) are required. The computation requires 60 recursive steps. In the
first step, E of the first beam (Beam 1) is estimated together with the reactions in
the boundary conditions. In the rest of the steps, the observability flows towards the
60th beam element. A further analysis of the observability flow is presented in Chapter
8. At the end of the recursive process, a set of 199 parameters (including horizontal
deflections and rotations in nodes) are estimated.

It is important to notice that the observability of one parameter indicates that its
value can be uniquely determined with the information provided to the system. There-
fore, as the mechanical properties of all beam elements (including the damaged ones)
are observable, their values can be mathematically obtained as presented in Chapter 6.
This implies that the observability technique not only indicates the damage location
but also its magnitude.

Compared with the method proposed by Abdo [3], the presented observability
method has the following advantages. Firstly, no information about the undamaged
structure is required. Secondly, damage location and quantification of beam elements
can be accurately carried out. Finally, rotation, horizontal and vertical deflections
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might be measured instead of displacement curvatures. This fact increases enormously
the applicability of the method in actual structures.

7.2.4 Comparison among methods

The advantages of the method presented by Sanayei and Saletnik [133] and [134] are
as follow: First of all, unknown parameters in truss and framed structures can be
efficiently estimated from measured strain. Secondly, no information of the original
structure (without damages) is required. The main disadvantage of this method is the
requirement of an iterative process.

The method proposed by Liao et al. [123] has several advantages. First of all,
damage magnitude can be estimated by measuring vertical deflections which can be
easily and economically measured. In fact, the application of a moving load makes
that instrumentation at only one point (point M in Figure 7.3) is required. Further-
more, this method is still applicable when deflections are measured in different points
of the structure. For example, to obtain vertical deflections in bridge decks, Ozakgul
et al. [156] proposed the use of tiltmeters, Yoneyama et al. [212] proposed the use of
digital image correlation and Gentile and Bernardini [83] proposed the use of radar
techniques. Unfortunately, this method presents the major disadvantage that infor-
mation of the undamaged structure is required. Undamaged structures with similar
properties than the analyzed structure can be rarely found on site. Therefore, the
applicability of this method is limited to laboratory tests in which properties of the
undamaged structure can be simulated. The second disadvantage is the requirement of
a large number of measurements to define the influence line. Finally, this method can
only update the value of a certain unknown parameter. This is equivalent to quantify
a localized damage.

The method proposed by Abdo [3] can be used to damage location from static mea-
surements. Nevertheless, some disadvantages are detected. First of all, displacement
curvature measurements are required. These parameters are difficult to be measured,
especially on site. Furthermore, the approximate estimation of the curvature displace-
ment from vertical deflections may introduce errors in the simulation. The second
disadvantage of this method is that damage is detected from comparison between dam-
aged and undamaged structures. Another disadvantage of this method is that damage
magnitude cannot be estimated as its only provides information of the damage location.

The main characteristics of the different analyzed methods are compared in Table
7.1 These characteristics refers to the requirement of an Iterative (I) or Recursive (R)
process, the use of the method for damage Location (L), Quantification (Q) or both
(L + Q), the requirement of information only from the damaged structure (this is, no
information of the undamaged structure is required) and the set of measurements used
(ε, χ, u, v, and/or w).
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Table 7.1: Comparison among the static SSI methods
Method I/R L/Q Only damaged Structure Set of Measurements
Sanayei and Saletnik (1996) I L+Q 5 ε, u, v and/or w
Liao et al. (2012) I Q 3 v
Abdo (2012) - L 3 v to estimate χ
Observability R L+Q 5 u, v and/or w

Table 7.2: Comparison of the results obtained by different static SSI methods
Example NM NOBS NM −NOBS (%)
7.1 (Sanayei and Saletnik (1996)) 10ε 8ε∗ 20.0%
7.2 (Sanayei et al. (1997)) 16v+16ε∗∗ 10v 69.9%
7.3 (Liao et al. (2012)) 20v 7v 65.0%
7.4 (Abdo (2012)) 59v∗∗∗ 60v -3.4%

*: From these strains 7u and 3v are calculated
**: Error Estimation method
***: Damage location only

The analysis of this table shows that all methods but the one presented by Abdo [3]
use an iterative or recursive process. Observability techniques together with the method
proposed by Sanayei and Saletnik [133] and [134] can be used to both locate and quan-
tify damages. These methods have the additional advantage of not requiring informa-
tion from the undamaged structure. Referring to the used measurements, the method
proposed by Sanayei and Saletnik [133] and [134] is based on ε, the one presented by
Liao et al. [123] is based on v and the method of Abdo [3] is based on χ. In the case
of the observability method u, v and/or w can be introduced. It is to remark that
information to be introduced into observability analysis can be indirectly obtained by
other measurements (such as strains).

A summary of the results of the examples analyzed in the preceding section is pre-
sented in Table 7.2. This table compares the number and type of measurements used
in the method of the literature, NM , with that obtained by the observability analysis,
NOBS. This table also includes the perceptual reduction of the number of measure-
ments in the observability analysis.

The analysis of this table shows that in the truss example (Example 7.1), the
application of observability technique reduces 20% the measurements with respect to
those required by Sanayei and Saletnik [133] and [134]. This difference reaches 69.9%
in the framed structure presented in Example 7.2. The results of this comparison are
not as astonishing as it might seem. This is explained by the fact that the number
of deflections used by Sanayei and Saletnik was not the minimal one as it was defined
to carry out an analysis of the measurement errors. In the case of the damaged beam
with fixed ends (Example 7.3), the observability techniques reduces 65% the number of
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vertical deflections used by Liao et al. [123]. Finally, in the case of the two-span beam
(Example 7.4), the number of measurements required by the observability analysis
is a 3.4% higher than those required by Abdo [3]. This increase in the number of
measurements can be explained by the fact that the method proposed by Abdo [3]
only locates the damages while the observability technique also quantifies the damage
magnitude.

7.3 Application of observability techniques to SSI

in buildings

In this section the application of observability techniques to SSI in building is pre-
sented by two examples (Examples 7.5 and 7.6). The main objective of these examples
is to show the power of the proposed SSI method. For this reason, the following pa-
rameters have not received much attention: (1) Number of measurements in Examples
7.5 and 7.6. Only one of the infinite measurement sets is presented in each of the ex-
amples. These sets are not based on the minimum number of measurements. (2) The
instrumentation on site in Example 7.7. Not all the parameters can be measured on
site with the same easiness and accuracy. For example, rotations and horizontal deflec-
tions are more difficult to be measured than vertical deflections. Nevertheless, the fact
of introducing these parameters into the observability analysis shows its generality.

7.3.1 Example 7.5 Nationale-Nederlanden building: Complete
SSI

To illustrate a general application of the proposed SSI method in buildings, a sim-
plified (and still quite complex) two dimensional model of the Nationale-Nederlanden
building (Figure 7.5.A) in Prague, Czech Republic, is analyzed in this section. This
building, also known as the Dancing House, was designed by Frank Gehry in coopera-
tion with Vlado Milunic in 1992 and it was completed in 1996.

The 9-story building is modeled by a FEM that includes 135 nodes and 155 beam
elements as presented in Figures 7.5.B and 7.5.C, respectively. The structure is com-
posed of a set of 6 (from I to V I) different sections. The Young’s modulus, Ej, area,
Aj and inertia, Ij of each section j are described in Table 7.3. In this case the use
of the stiffness matrix method results in a system of 405 equations. In this example
in addition to the reactions in the boundaries, the axial and bending stiffnesses of the
different sets of elements described in Table 7.3 are assumed as unknown.

The aim of the example is to determine the actual axial, EA, and bending, EI,
stiffnesses of the 6 sections based on a subset of measured inputs. These inputs can be
obtained by measuring deflections and/or rotations in the actual structure. To ana-
lyze the observability of the pursued parameters the subset of deflections and rotations
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Figure 7.5: Example 7.5: (A) Picture of the building, (B) nodes and (C) beam elements.

Table 7.3: Characteristics of elements in Example 7.5
Section Elements E A I

I: Bottom Columns 1 to 4, 29 to 36, 42 to 60, 77 to 84, 101 to 104 E1 A1 I1

II: Cantilever 21 to 28 E2 A2 I2

III: Outer Columns 5 to 20, 85 to 100 E3 A3 I3

IV: Interior Columns 37 to 52, 61 to 76 E4 A4 I4

V: Inclined Intermediate Columns 105 to 106 E5 A5 I5

VI: Floor Slab 105 to 155 E6 A6 I6

presented in Figure 7.6 are assumed to be measured.

The number of observable variables (including u, v, w and node reactions), NOBSi
,

the observable EA and the observable EI obtained throughout the recursive process
are presented in Table 7.4.

This table shows that after six recursive steps all parameters of the structure (341)
become observable. This example supports the applicability of the proposed method
as a powerful tool in the SSI field, even for the case of complex structures.

7.3.2 Example 7.6 13-story frame: Complete SSI

In this section, the SSI of a 13-story frame is presented. This structure is 32m wide
and 39m high and it is modeled by 226 nodes and 273 bars as presented in Figure
7.7.A and 7.7.B, respectively. The structure is composed of a set of 9 (from I to V III)
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Figure 7.6: Subset of required deflections to estimate the mechanical properties of the
structure of Example 7.5.

Table 7.4: Recursive Process in Example 7.5
Step NOBSi

Observed EA Observed EI
1 21 - E2I2, E6I6

2 94 E3A3, E4A4 E2I2, E3I3, E6I6

3 156 E3A3, E4A4 E2I2 to E6I6

4 272 E1A1, E3A3 to E6A6 E1I1 to E6I6

5 331 E1A1 to E6A6 E1I1 to E6I6

different sections described in Table 7.5 and in Figure 7.7.B. All sections are made of
concrete with an specific weight of 25kN/m2 and a Young’s modulus of 35000MPa. In
addition to the self weight of the structure, which includes columns, beams, central
core and floor slab (40kN/m), an overload of 24kN/m is applied in every floor on the
right hand side of the structure (from element 170 to element 273) to simulate a load
test. For this load case the forces in nodes might be calculated by the stiffness matrix
method. In this structure, the stiffness matrix method includes 679 equations.

In addition to the reactions in the boundary conditions, the axial and bending stiff-
ness of the 9 (from I to V III) sections of the structures are assumed as unknown.
To analyze their observability a set of measurements should introduced into the ob-
servability analysis. To simulate the behavior of the structure on site, a finite element
model that includes the actual stiffness of the sections has been carried out in SAP2000.
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Figure 7.7: Observability analysis of Examples 7.6 and 7.7: (A) nodes and measure-
ments, (B) beam elements,(C) measurement in detail Option 1 and (D) measurements
in detail Option 2.

To assure the observability of unknown parameters of the building, a set of 156
vertical deflections are introduced into the observability analysis. These deflections are
measured in intermediate nodes of the floor slab (from node 71 to node 226 as presented
in Figure 7.7.A). Compared with other information to be measured on site (such as hor-
izontal deflections, rotations, strains or reactions), measuring vertical deflections has
the advantage that they can be economically and accurately measured with topography.

The number of observable variables (including u, v and w at nodes), the observable
EA, the observable EI, the observable reactions (H, V and M) obtained throughout

Table 7.5: Characteristics of the elements of Example 7.6
Section Elements A(m2) I(m4)

I: Outer Bottom Columns 1 to 4 and 53 to 56 0.563 0.026
II: Outer Intermediate Columns 5 to 8 and 57 to 60 0.360 0.011

III: Outer Upper Columns 9 to 13 and 61 to 65 0.250 0.005
IV: Interior Bottom Columns 14 to 17 and 40 to 43 0.360 0.011

V: Interior Intermediate Columns 18 to 21 and 44 to 47 0.250 0.011
VI: Interior Upper Columns 22 to 26 and 48 to 52 0.160 0.002

VII: Central Core 27 to 39 1.800 5.400
VIII: Beams 66 to 273 0.180 0.005
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Table 7.6: Observed variables throughout the iterative process in Example 7.6
Step NOBSi

Observed EA Observed EI Observed H Observed V Observed M
1 295 E1A1, E1A4, E1A8 E1I7 - V1, V15, V29, V43, V59 -
2 348 E1A1 to E1A6, E1A8 E1I1 to E1I8 H1, H15, H29, H43, H57 V1, V15, V29, V43, V59 M1, M15, M29, M43, M57

3 542 E1A1 to E1A8 E1I1 to E1I8 H1, H15, H29, H43, H57 V1, V15, V29, V43, V59 M1, M15, M29, M43, M57

the recursive process are presented in Table 7.6. This table shows that after three iter-
ations all parameters of the structure (542) are observable after three recursive steps.

This example shows the applicability of the observability techniques to SSI in large
structure. Furthermore, this example shows how the axial and flexural stiffnesses of
multi-story buildings can be calculated (are observable) by just measuring vertical de-
flections in selected nodes of the structure.

It is to highlight that the proposed application does not represent a very realistic
example because 156 vertical deflections can be rarely measured on site because of
many limitations, but it is also true that rarely a complete identification of all structural
elements is pursued. To present a more realistic application of the method, the Example
7.7 is analyzed.

7.3.3 Example 7.7 13-story frame: Local damage

In this example the structure presented in Example 7.6 is analyzed, but in this case
we are interested in identifying the bending stiffness of a specific floor slab, the 12th
one (see Figure7.7.C). We suppose the axial and bending stiffnesses of the structure
are unknown and the mechanical properties of the 12th floor slab are different from
the other floor slabs.

To analyze the observability of the floor, we propose two sets of measurements,
the first one measures the rotation in 2 nodes and the vertical deflections in 3 nodes
(see the detail in Figure 7.7.C). The other option only includes vertical deflections in
5 nodes, as shows the detail in Figure 7.7.D.

We point out that with the proposed method, the floor-slab bending stiffness in a
unknown (structurally spoken)- building can be identified with just 5 measurements.

7.4 Application of observability techniques to SSI

in Bridges

To test the performance of the proposed method in the case of large and actual struc-
tures, the SSI of a simplified model of a real bridge is analyzed in the Example 7.8.
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Figure 7.8: Example 7.8: (A) Z24 Bridge, (B) Simplified model with different mechan-
ical properties and (C) FEM with the required measurement set.

7.4.1 Example 7.8 Z24 Bridge

The structure analyzed in this example corresponds with a simplified model of the Z24
Bridge in Switzerland. This structure is a prestressed bridge with three spans (14m +
30m + 14m), supported by two intermediate piles (see Figure 7.8.A). Several damage
detection studies of this structure have been presented in the literature (see Teughels
et al. [194] and Teughels and De Roeck [193]).

In this example, SSI is analyzed in a certain damage scenario. This scenario is
based on that observed in the actual structure and reported in Teughels et al. [194]. In
this study, cracks produced by hogging bending moments were detected in the prox-
imities of the inner supports. These cracks presented widths ranging from 0.2 to 2mm.
To simulate this damage scenario, the simplified structure presented in Figure 7.8.B is
analyzed. This structure includes 45 different elements with unknown axial (EA) and
flexural (EI) stiffnesses. The length of the standard beam elements (located at the
proximities of the abutments and at mid span) is 2m. Nevertheless, in the proximities
of the inner supports this length is reduced to 1m to conveniently simulate the location
of the detected cracks.

To carry out the observability analysis, the 2D FEM presented in Figure 7.8.C is
studied. This FEM includes 50 beam elements and 51 nodes (including three interme-
diate nodes located at the proximities of the left abutment and the two inner supports).
The flexural stiffnesses can be obtained when a certain set of vertical deflections are
introduced into the observability analysis. These deflections are obtained in a load
case that excites this resistant mechanism (e.g. permanent vertical loads acting on
the deck). With the accuracy defined in this example, damage detection of flexural
stiffnesses can be carried out by measuring the set of 47 vertical deflections presented
in Figure 7.8.C.
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Table 7.7: Results of Example 7.8
Step NOBSi

Ii Vi
1 10 I1 V1

2 14 I1 to I2 V1

3 16 I1 to I3 V1

4 18 I1 to I4 V1

5 20 I1 to I5 V1

6 22 I1 to I6 V1

7 24 I1 to I7 V1

8 26 I1 to I8 V1

9 28 I1 to I9 V1

10 30 I1 to I10 V1

11 34 I1 to I11 V1

12 44 I1 to I12, I35 V1, V16, V40, V54

13 52 I1 to I13, I34 to I36 V1, V16, V40, V54

14 58 I1 to I14, I33 to I37 V1, V16, V40, V54

15 64 I1 to I15, I32 to I38 V1, V16, V40, V54

16 70 I1 to I16, I31 to I39 V1, V16, V40, V54

17 76 I1 to I17, I30 to I40 V1, V16, V40, V54

18 82 I1 to I18, I29 to I41 V1, V16, V40, V54

19 88 I1 to I19, I28 to I42 V1, V16, V40, V54

20 94 I1 to I20, I27 to I43 V1, V16, V40, V54

21 100 I1 to I21, I26 to I44 V1, V16, V40, V54

22 108 I1 to I22, I25 to I45 V1, V16, V40, V54

23 111 I1 to I45 V1, V16, V40, V54

The number of observable parameters (NOBS)(including deflections, rotations, reac-
tions and stiffnesses) and the observable flexural stiffnesses observed in each recursive
step are presented in Table 7.7. This table shows that 45 unknown flexural stiffnesses
are obtained after 23 steps and therefore, damages can be detected. It is important
to highlight that no significant information about axial stiffnesses is obtained as this
resistant mechanism is not adequately excited or measured by the analyzed load case.

7.5 Application of observability techniques to SSI

in Cable-Stayed Bridges

The structural behavior of cable-stayed bridges results of the interaction between three
load-bearing elements: deck, pylons and stay cables. The first objective of this para-
graph is to illustrate some problems reviewed in Chapter 6 (such as the coupling of
the stiffnesses with the deflections). The second objective is to understand how the
interaction between load-bearing elements affects the observability analysis. In order
to disentangle the effects of these elements, each element is dealt with separately. This
way, in this section, the load-bearing elements are successively added in examples of
growing complexity.
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Each of these examples studies how different sets of measured or known parameters
(δ∗1 and f1) affect the observability of the unknown parameters in δ∗0 and f0. As
presented in Chapter 6, numerical values of the observed parameters can be directly
calculated by mathematical subroutines.

7.5.1 Stay cables

As traditionally stays are made up of an assembly of small diameter strands, they have
very low bending inertia compared to other structural parts, and no major bending
moment is produced in them. Therefore, stays can be considered as elastic supports
that transfer the deck loads mainly by axial resistant mechanisms to the pylons. The
structural behavior of the stay depends on its Young’s modulus E, its Area A, its axial
force and its inclination. The higher the inclination of the stay, the higher the efficiency
of the stay, as vertical loads are counterbalanced more efficiently, and the lower the
axial forces produced in the deck by the horizontal force of the stay cable.

To illustrate the effect of the stay inclination and inertia into the observability of
simple cable-stayed bridges, the Examples 7.9 and 7.10 are analyzed.

Example 7.9 Cable-stayed bridge with vertical stay

The first analyzed cable-stayed bridge corresponds with the two dimensional structure
presented in Figure 7.9. The deck of this bridge is 45 m long and it has a unique
vertical stay. Its FEM includes 5 nodes and 4 beam elements. The Young’s mod-
ulus, Ej, area, Aj, and Inertia, Ij, of each j beam of the structure are given in the
upper table in the figure. In this table the different subindices refer to the different
material properties. The first three elements of this structure refers to the concrete
deck (subindex 1) and the fourth one to the steel stay (subindex 2). The material is
presented by a upper line. Horizontal deflections (u), vertical deflections (v), rotation
(w), horizonal reactions (H), vertical reactions (V ), and moment reaction (M) follow
the positive direction of axes presented in Figure 7.9.

To analyze the effect of the inertia of the stays into the observability of stayed
structures with vertical stays, models with stays without and with flexural stiffness are
studied and summarized in the bottom table of Figure 7.9. This table includes the
results of the observability problem varying the bending stiffness of the stays and the
known information about the model (Ij, uk, vk, and Rk). On the left hand side of this
table, the information (measured deflections, known properties of the materials and/or
known boundary forces) introduced into the observability analysis is presented. It is
to highlight that forces in inner nodes of the structure are always supposed as known.

The results of the observability analysis are presented on the right hand side of the
table in Figure 7.9. These results include the number of observed parameters, includ-



Validation of SSI method and examples 245

 

Bar E A I 
E1 A1 I1 

E1 A1 I1 

3 E1 A1 I1 

E2 A2 I2 

 Measured parameters 
∗ and f1 

Observed parameters from ∗ and f0 

CASE I2 v2 u4 v3 R5 NOBS EAu EA A E EI H V M 

1.1 0 v2 - - - 5 
E1A1u2, 
E1A1u3, 
E1A1u4 

- - - - H1, 
H5 

- - 

1.2 0 v2 u4 - - 5 - E1A1 - - - H1, 
H5 

- - 

1.3 0 v2 u4 v3 - 14 - E1A1, 
E2A2 

- - E1I1 
H1, 
H5 

V1,V4, 
V5 

M1 

1.4 
 

0 
 

v2 
 

u4 
 

v3 
 

R5 
 

14 
 

- 
 

E1A1 
 

A2 
 

E2 
 

E1I1 
 

H1 
 

V1, V4 
 

M1 
 

 
1.5 

 
I2 

 
v2 

 
u4 

 
v3 

 
- 

 
1 

 
- 

 
- 

 
- 

 
- 

 
- 

 
- 

 
V4 

 
- 

 
1.6 

 
I2 
 

v2 
 

u4 
 

v3 
 

R5 
 

14 
 

- 
 

E1A1 
 

A2 
 

E2 
 

E1I1 
 

H1 
 

V1, V4 
 

M1 
 

 

 

2 3 41

5

V

H
M

u

v

w

Elements from 1 to 3

Element 4 (Stay)

1
2

4
1

2

12.5                           12.5                                 20.0                   

20
.0

   
   

   
   

   
   

   

R5 H5 V5= +

Figure 7.9: Geometry, nodes, bars, mechanical properties and observability analysis of
Example 7.9, with I2=0 (Cases from 1.1 to 1.4) and with I2 6= 0, (Cases 1.5 and 1.6).
NOBS includes all the observed reactions, stiffness and deflections in nodes. Units in
meters.

ing deflections and rotations, (NOBS) the observed coupled axial stiffnesses with the
horizontal deflections (EAu), the observed axial stiffness (EA), the observed bending
stiffnesses (EI) and the observed reactions (H, V , M) for each of the analyzed cases.
The dashes refer to unmeasured values (left hand side) and to unobservable values
(right hand side). Each of the analyzed cases are summarized in a different row of the
table.

The observability analysis when the inertia of the stay is neglected (I2=0) includes
three cases (Cases from 1.1 to 1.4). In Case 1.1. only the vertical deflection in node
2 (v2) is introduced into the observability analysis. In this analysis, 5 parameters (in-
cluding 3 sets of coupled variables, E1A1u2, E1A1u3 and E1A1u4, and 2 horizontal
reactions, H1 and H4) might be observed. To decouple the axial stiffness of the bridge
deck (E1A1) from the horizontal displacements u, Case 1.2 introduces the measured
horizontal deflection in node 4 (u4). To observe the axial stiffness of the stay (E2A2),
the bending stiffness of the deck (E1I1), the vertical reactions, and the moment, Case
1.3 introduces the measurement of v3. In this case the NOBS is increased to 14. Fi-
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nally, to observe the area and the Young’s modulus of the stays (A2 and E2), Case 1.4
introduces the resultants of the reaction in node 5 (R5). This reaction includes the
vertical V5 and horizontal H5 at node 5.

Neglecting stay bending stiffness is of primary importance in the observability of the
system. To show this fact, the observability analysis when the inertia of the stay is not
neglected (I2 6= 0) of two different cases (Cases 1.5 and 1.6) is presented in Figure 7.9.
In Case 1.5, v2, v3, u2 and I2 are introduced. In this case the observed parameters are
limited to V4. Nevertheless, when the R5 is introduced in Case 1.6, NOBS is increased
to 14 (including the area and the Young’s modulus of the stay and the flexural stiffness
of the deck). Comparing Case 1.3 and 1.5, this analysis shows that it is convenient to
neglect the inertia of the stays for the observability analysis because a lower number of
measurements is required for proper estimation of unknown parameters. Therefore, to
minimize the number of required measurements, stay bending stiffness can be neglected.

Example 7.10 Cable-stayed bridge with inclined stay

The second analyzed cable-stayed bridge is based on Example 7.9. This structure in-
cludes the same number of nodes and beams, the same material properties and the
same observability analysis, without (Cases 2.1 to 2.4), and with (Cases 2.5 and 2.6)
stay bending stiffness. Nevertheless, the vertical stay is changed for an inclined one as
presented in Figure 7.10.

The effects of the inclination of the stay are specially noticeable when little infor-
mation is introduced into the system (such as Cases 2.1, 2.2 and 2.5). In all these
cases, and unlike the results obtained for the vertical stay presented in Example 7.9,
no observed parameter is obtained. Nevertheless, in the rest of cases (Cases 2.3, 2.4
and 2.6) the same results that Example 7.9 are obtained.

These results show that the inclination of the stays plays an important role in the
number of required measurements to assure the observability of the system. When the
stay is vertical, its axial and flexural stiffnesses are just associated with the vertical
and the horizontal deflections respectively. Nevertheless, when the stay is inclined the
effects of the axial and flexural deck stiffnesses cannot be separated from each other as
each of them depends on both horizontal and vertical deflections.

7.5.2 Deck

There is a wide range of typologies of bridge decks for cable-stayed bridges. Typology
must be chosen to counterbalance appropriately the forces the deck is subjected to.
The deck of a cable-stayed bridge includes bending and axial resistant mechanisms.
In practice concrete cable-stayed bridge may present cracks. These cracks imply the
reduction of the area and the inertia and therefore, of the axial and bending stiffness
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Figure 7.10: Geometry, nodes, bars, mechanical properties and observability analysis
of Example 7.10, with I2=0 (Cases from 2.1 to 2.4) and with I2 6= 0, (Cases 2.5 and
2.6). NOBS includes all the observed reactions, stiffness and deflections in nodes. Units
in meters.

of the deck. A similar reduction of stiffness might be produced by corrosion in steel
structures (see Castel et al. [38]). This section is focused on concrete decks.

To analyze the actual stiffnesses of a cracked deck, the FEM introduced in the
observability analysis must be updated by increasing the number of elements in the
deck. This way, the deck will be divided into a set of elements with constant mechani-
cal properties (same A, E and I). The location of the nodes in this FEM is chosen to
characterize conveniently the stiffnesses of the deck. Usually, to provide enough infor-
mation to the system additional intermediate points (located in elements with constant
mechanical properties) are required.

To illustrate how the cracking of the deck affects the observability of a simple cable-
stayed bridge, two examples without (Example 7.11) and with (Example 7.12) deck
cracks are analyzed in this section.
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Example 7.11 Cable-Stayed Bridge with un-cracked deck

The third analyzed cable-stayed bridge corresponds to the structure presented in Fig-
ure 7.11. This cable-stayed bridge includes a 45m long deck which is counterbalanced
by two inclined stays. Its FEM includes 9 nodes and 9 beam elements. The Young’s
modulus, Ej, area, Aj, and Inertia, Ij, assigned to each of every j beam element of
the structure are summarized in the upper table of the figure. If there are no concrete
cracks, the first six elements of this structure refer to the concrete deck (subindex 1),
the seventh one to the first steel stay (subindex 4) and the eight one to the second steel
stay (subindex 5). To minimize the required measurements, the inertia of both stays
has been neglected.

Different observability analyses (Cases 3.1 to 3.6) are summarized in bottom table
of Figure 7.11. In addition to the results described in Example 7.9, two additional
columns are presented to show the observability of the coupled bending stiffness with
the vertical deflections (EIv) and with the rotations (EIw).

In the first case (3.1) no parameter is observed when v2 and v3 are measured. In
Case 3.2, the number of observations is increased to 21 when an additional vertical
deflection (v4) is measured. Between these observed parameters are some coupled
variables (from E1A1u2 to E1A1u7), the bending stiffness of the deck (E1I1) and the
reactions. Finally, in Case 3.3, it is necessary to introduce an horizontal deflection into
the observability analysis (u7) to decouple the axial stiffness of the deck and to obtain
the axial stiffnesses of the stays (E4A4 and E5A5). In this case NOBS is increased to 23.
This number includes all the parameters but the uncoupled E, A and I of the elements.

In Case 3.4, the resultant force in node 8, R8, is introduced as the only input of the
observability analysis. In this Case, 21 parameters (including the coupled variables and
the reactions) are observed. In Case 3.5, the bending stiffness of the deck is decoupled
by introducing v2 into the observability analysis. Finally, in Case 3.6, the number of
observations is increased to 23 when u7 is introduced. In this case, the axial stiffness
of the deck is decoupled and the axial stiffness of the stays might be observed.

From the first three cases it can be concluded that the bending stiffness of the deck
can be economically observed by measuring just vertical deflections. Nevertheless, to
observe the axial stiffness of the deck it is necessary to introduce into the observabil-
ity analysis information of the horizontal deflections in the deck. Furthermore, the
comparison of Cases 3.3 and 3.6 shows that the same parameters can be observed by
measuring different sets of displacements and/or forces. Therefore, an optimal set of
measurements can be obtained for each structure according to its available monitoring
on site.
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Figure 7.11: Geometry, nodes, bars, mechanical properties and observability analyses
of Example 7.11, with measured deflections (Cases from 3.1 to 3.3) or with measured
reactions and deflections (Cases from 3.4 to 3.6). NOBS includes all the observed
reactions, stiffness and deflections in nodes. Units in meters.

Example 7.12 Cable-Stayed Bridge with cracked deck

The fourth analyzed cable-stayed bridge is described in Figure 7.12. This structure has
the same geometry that Example 7.11. Nevertheless, the mechanical properties of the
deck are not assumed as constant because they depend on the deck axial load. In this
example, three different mechanical properties (highlighted in bold in Figure 7.12) are
assumed in the deck. The Young’s modulus, Ej, Area, Aj, and Inertia, Ij, of each of
every j element of the structure are summarized in the upper table of the figure. The
number of nodes and elements of the FEM of Example 7.12 has been chosen to intro-
duce efficiently the effects of deck cracking into the observability analysis. The FEM
includes an intermediate node between elements with constant mechanical properties
(such as nodes 2, 4 and 6). The results of six observability analysis (Cases 4.1 to 4.4)
are summarized in bottom table of Figure 7.12.

In Case 4.1, when the vertical deflections in all intermediate nodes (v2, v3, v4, v5
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Figure 7.12: Geometry, nodes, bars, mechanical properties and observability analysis
of Example 7.12 (Cases from 4.1 to 4.4). NOBS includes all the observed reactions,
stiffness and deflections in nodes. Units in meters.

and v6) and u7 are measured only one parameter (V1) can be observed. When the mea-
surement of u5 is added in Case 4.2, two additional observed parameters, including the
axial stiffness E3A3, are observed. In Case 4.3, the introduction of the reaction in node
8 (R8) increases NOBS to 19. The additional observed parameters are coupled terms
(E1A1u2 and E1A1u3), axial stiffness of the second stay (E5A5), bending stiffnesses of
the three different deck segments (E1I1, E2I2 and E3I3) and the rest of reactions of
the structure. Finally, in Case 4.4, all the axial stiffnesses of the structure might be
observed when u3 is introduced into the observability analysis. In this case, a set of
21 observed parameters is obtained. This number includes all the parameters but the
uncoupled E, A and I of the elements.

The analysis of the results of Example 7.12 shows that the observability technique
can be efficiently used to estimate mechanical properties in cracked decks. Obviously,
the number of required measurements depends on the number of assumed constant
mechanical properties in the model.
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7.5.3 Pylon

The existence of the structures presented in the preceding examples is limited in prac-
tice as a pylon is traditionally used to transfer the load of the stays to the foundation.

To illustrate the effects of including a pylon in the observability analysis the Ex-
ample 7.13 is first analyzed. Then, the effects of adding a backstay are analyzed in
Example 7.14.

Example 7.13 Cable-Stayed with pylon

The cable-stayed bridge analyzed in the Example 7.13 is based on the same hypotheses
(same mechanical properties and number of nodes) that Example 7.11. Nevertheless,
an additional inclined element (pylon with no backstay), with new mechanical proper-
ties (E6A6, E6I6) has been added to transfer the load of the stays to the foundation.
The FEM includes 10 nodes and 10 beam elements. The geometry, the mechanical
properties of the different elements of the structure and the observability analysis of
five cases (Cases 5.1 to 5.5) are summarized in Figure 7.13.

Case 5.1 shows that no observable parameter can be obtained when only v2 and v3

are measured. When measurement of v5 is introduced in Case 5.2, NOBS increases to
24. Among these, there are coupled terms (E1A1u2, E1A1u7m E6I6w9 and E6I6w9),
a bending stiffness (E1I1) and the reactions. No new observations are obtained in
Case 5.3, where measurement of v9 is introduced. In Case 5.4, the measurement of
u9 is introduced and the number of observed parameters increases to 29. In this case,
both axial (E6A6) and bending (E6I6) stiffnesses of the pylon are observed. Finally,
to observe the axial stiffness of the deck, the measurement of u7 is introduced in Case
5.5 and NOBS increases to 30. The analysis of these results shows the important role
of the pylon in the SSI by observability techniques.

Example 7.14 Cable-Stayed with pylon and backstay

In this section, a backstay is introduced into the structure presented in Example 7.13.
The flexural stiffness of the backstay is neglected (E7I7=0) while its axial stiffness
(E7A7) is assumed as unknown. The FEM of the cable-stayed bridge includes 11
nodes and 11 beam elements. The geometry, the mechanical properties of the different
elements of the structure and the observability analysis of three cases (Cases 6.1 to
6.3) are summarized in Figure 7.14.

In Case 6.1, the same measurements that in Case 5.5 (v2, v3, v5, v8, u8, u7) are
introduced. The observability analysis of this case shows that when the backstay
is introduced the number of observed parameters (NOBS) is reduced from 30 to 21.
Furthermore, no information of the pylon stiffnesses (E6A6 and E6I6) is obtained.
In Case 6.2 an additional horizontal deflection at an inner point of the pylon (u9)
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Figure 7.13: Geometry, nodes, bars, mechanical properties and observability analysis
of Example 7.13 (Cases from 5.1 to 5.5). NOBS includes all the observed reactions,
stiffness and deflections in nodes. Units in meters.

is introduced. The introduction of this deflection does not increases the number of
observed parameters. Case 6.3 shows that to observe the stiffnesses of the pylon and the
axial stiffness of the backstay (E7I7) an additional vertical deflection at the intermediate
point of the pylon is required (v9). In this case, the number of observed parameters is
increased to 31.

7.6 Conclusions

The SSI of several complex structures, such as cable-stayed bridges and buildings, is
used to illustrate the power and applicability of the observability techniques. The link
between load-bearing elements and their inclination prove to be factors that play an
important role in the determination of measurement sets. The proposed SSI method
showed to be computationally efficient independently of the size of the structure (which
is related to the number of equations of the Stiffness Matrix Method). Furthermore,
to reduce significatively the number of required deflections in parameter estimation of
cable-stayed bridges, it is recommended to neglect the stay cable inertia.
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Figure 7.14: Geometry, nodes, bars, mechanical properties and observability analysis
of Example 7.14 (Cases from 6.1 to 6.3). NOBS includes all the observed reactions,
stiffness and deflections in nodes. Units in meters.

The application of observability techniques to SSI identification has been validated
in truss and framed structures by mean of a comparison with three alternative static-
excitation based methods proposed in the literature. In the vast majority of analyzed
examples, the proposed SSI method requires a lower number of measurements than
the compared methods with a wider freedom in the selection of the measurement type.
These facts show the convenience of applying the observability techniques as static-
excitation based SSI method.
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Chapter 8

Optimization of the set of
measurements for SSI

8.1 Introduction

This chapter deals with the optimization of the measurement set for SSI and it is
divided into two different parts. In the first part, after reviewing some of the methods
presented in the literature, a new and innovative procedure is presented to minimize
the measurement sets. This method, known as observability trees, consists of a graph-
ical representation of the system of equations of the stiffness matrix method. This
method is an intuitive tool for measurement selection. After analyzing the observ-
ability of different structures of growing complexity, a set of guidelines is presented
to ease their representation in beams and cable-stayed bridges. In the second part of
the chapter the number of monitored points is minimized by different techniques: (1)
Application of the Maxwell’s law of reciprocal deflection. From this method deflections
at a reduced number of points are measured when a concentrated load is moved over
the structure. Application of this method for real moving loads (such as trucks) is
also proposed. (2) Using information from alternative load cases that excite different
resistant mechanisms. (3) Using information measured when the structure is subjected
to different boundary conditions. (4) Using information from different construction
stages. Finally, some conclusions are drawn.

8.2 Minimization of the set of measurements

In any SSI method, different measurement sets can be used to calculate the desired
estimates. Often the number of deflections that can be measured in a structure is
limited due to available funds, equipment, and/or access requirements. Therefore, a
key pretest decision for the SSI method is the selection of the minimum number of
measurement points and their location for successful parameter estimation. Several
authors have presented heuristic methods to select near-optimal measurement set from
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non-destructive static (see Saneyei et al. [173]) and dynamic (see Pothisiri and Hjelm-
stad [161]) structural responses. Meo and Zumpano [143] compared different optimal
sensor placement techniques. Zhang and Ohsaki [213] proposed an optimization prob-
lem to search for the optimal set of locations for measurement of member forces to
have the highest identification accuracy. Raich and Liszkai [164] optimized both the
number and location of dynamic sensors. Recently, Joshua and Varghese [111] used
decision trees to select the location of accelerometers in brick layers.

This chapter deals with the minimization of the measurements for SSI by ob-
servability techniques. To do so, an innovative method based on the representation
of observability trees is proposed in this chapter. These trees show graphically how
the estimates are successively calculated (observability flow) throughout the recursive
process of the observability analysis. Observability trees can also be used to look for
alternative measurements if required.

8.2.1 Observability trees

The observability trees are graphical representations used to illustrate the connectivity
of the unknown estimates (such as EjAj, EjIj, Aj or Ij of connected beam elements)
into the system of equations of the stiffness matrix method. These trees show how the
estimates are linked in the main diagonal of the stiffness matrix. In orthogonal grids,
axial and flexural structural resistant mechanisms can be studied separately. There-
fore, two different observability Trees, referring to the axial (TN) and flexural (TM)
resistant mechanism, can be analyzed independently of each other. In those cases
where both resistant mechanisms are coupled together, as in inclined beams, these
trees are joined in a common tree (TN−M). Any observability tree is composed of two
different elements: the tree nodes (represented by the unknown estimates, see Figure
8.1) and straight lines called tree branches that connect tree nodes (see Figure 8.1).
These branches represent the equation or equations that link unknown estimates in the
stiffness matrix method. They also include the deflections and/or rotations measured
in the corresponding nodes of the structure.

In horizontal beams, information of the axial resistant mechanism depends on the
horizontal deflections in nodes, uk while information of the flexural resistant mechanism
depend on the vertical deflections, vk, and the rotations, wk, in nodes of the structure.
In vertical beams the role of horizontal and vertical deflections is swaped. The shape of
the tree depends on the connectivity and inclination of the beam elements, the struc-
tural redundancy of the structure, the known and unknown structural parameters and
the measured deformations.

To illustrate the definition of the observability trees from the stiffness matrix, the
TN and TM trees of a horizontal continuous beam without boundary conditions are
summarized in Figure 8.1. The FEM of this beam includes 4 nodes and 3 beam
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elements (bars) L1, L2 and L3 long, respectively. The contribution of each bar to
the stiffness matrix of the structure is highlighted by a dashed line. The mechanical
properties in the beam elements, A1, A2, A3, I1, I2 and I3, are assumed as unknown.
The Young’s modulus, the length of all the beam elements and the forces in nodes
(H, V and M) are assumed as known. The system of equations of the stiffness matrix
includes 3 equations for each node of the structure. With k being the node number, the
equations of the kth node are located between the row 3(k-1)+1 and the row 3k of the
stiffness matrix. Contribution of each node of the structure in the system of equations
is framed in both the vector of forces and displacements in Figure 8.1. In this case, the
axial resistant mechanism of the structure is represented by the horizontal deflections
in nodes, u, this is to say, in the first equation of each node. These 4 equations are
framed with continuous lines. From these equations the axial observability tree, TN ,
can be directly represented. This tree includes three tree nodes (unknown areas in
beam elements, A1 to A3) and four branches that refer to the 4 equations that link
the tree nodes. These branches include information of the corresponding horizontal
deflections in the nodes of the structure (u1 to u4). The flexural observability tree, TM ,
can be obtained from the equations that represent the bending resistant mechanism of
the structure. These equations are highlighted by a dotted line in Figure 8.1. In this
case, the TM tree includes also three tree nodes (unknown inertias in beam elements, I1

to I3) and four branches. Each of these branches illustrates two different equations that
correspond with the equilibrium of vertical forces and moments in the corresponding
node of the structure. Therefore, these branches might include information of the
vertical deflections and/or rotations in the nodes of the structure (v1 to v4 and w1 to
w4).

The observability trees can be used to define measurement sets with the minimum
number of measurements. The lower bound of the number of required deflections, ND,
to estimate a structure with NA unknown Areas or Axial stiffnesses and NI unknown
Inertias or flexural stiffnesses can be expressed as:

ND = NA +NI (8.1)

In addition to the number of measurements, the type of deflection and its location
are of primary importance. In fact, when the deflection types or the locations are not
properly selected, even higher ND does not enable the observability of all the unknown
estimates. The location and the type of measurement required to obtain the minimum
set of deflections can be obtained by the recursive process described in Chapter 6.
This process can be seen as an observability flow that shows how the equations of the
stiffness matrix method are solved. The observability flow starts when some parts of
the structure include enough information to evaluate one or several estimates of the
vector of unknown variables {z} presented in Chapter 6. To propagate adequately the
flow, the measured deflections in tree branches must provide adequate connectivity to
tree nodes. In this way, observed estimates together with measured deflections can be
used to solve equations in adjacent beam elements.
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Observability
A continuous-beam illustrative example

Problem statement
Steps

The node equilibrium equations for the beam in terms of the stiffness matrix is:
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where Hi, Vi,Mi are the forces and moments, Ei, Ai, Ii, Li are the Young moduli,
the cross sectional areas, the moments of inertia and the lengths of the elements,
respectively, and ui, vi, wi are the displacements and rotations, with i = 1, 2, 3, 4.
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Figure 8.1: Definition of the bending TM and axial TN observability trees from the
system of equations of the stiffness matrix method (Boundary conditions are not in-
cluded).

To illustrate the concept of observability flow and its role in the solution of the
system of equations of the stiffness matrix method, let’s focus on Figure 8.2. This figure
includes the system of equations of the stiffness matrix method for the continuous beam
analyzed in Figure 8.1. The 4 equations that govern the axial behavior of the structure
are framed with a continuous line and numbered from (1) to (4). To illustrate how
the connectivity of the beams links the equations of the axial resistant mechanism,
equations are rewritten at the bottom of Figure 8.2. In these equations, the terms
referring to the axial stiffness of each beam are colored with a different color. For
example, the axial stiffness of bar 1, appears in the equilibrium equations of its both
nodes (Equations (1) and (2)) while the axial stiffness of bar 2, appears in Equations
(2) and (3). If the Young’s modulus, the length of the bars and the horizontal forces
in nodes (H1 to H4) are assumed as known and the areas of the bars are assumed as
unknown, the equations of the axial resistant mechanism include 7 unknown variables
(A1 to A3 and u1 to u4). Furthermore, unknown horizontal deflections and areas
are multiplied making the problem nonlinear as presented in Chapter 6. To estimate
the unknown areas (objective of the SSI), it is first necessary to measure a set of
horizontal deflections in nodes of the structure. Measuring horizontal deflections in
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all nodes of the structure (that is, u1 to u4) leads to a system with more equations
than unknown variables that it can be solved directly (assuming that one equation is
redundant). Nevertheless, we can take advantage of the connectivity of the unknown
estimates in the system of equations to reduce the required measured deflections. In
this procedure, the equations of the system are solved one by one. In this way, once an
unknown area is calculated from the equilibrium equation of one of its nodes, this area
might contribute to solve new estimates in the equilibrium equations of its other node.
For example in the case of the continuous beam in Figure 8.2, when u1 is measured,
A1 can be obtained from (1). Then, calculated A1 and measured u2 can be used to
obtain A2 from (2). Finally, calculated A2 and measured u3 can be used to obtain
A3 from (3). This example shows that A1, A2 and A3 can be obtained by measuring
deflection in three conveniently selected nodes (u1, u2 and u3). This way of solving
the system of equations represents the recursive process described in Chapter 6 and it
might be illustrated by the concept of observability flow. This flow (Flow 1 ) is initiated
in Equation (1), when enough information is introduced into the system of equations
to calculate A1. Then, the observability flow flows to the rest of equations and the
rest of areas are successively calculated. To enable the calculation of an estimate from
the observability flow, it is necessary to connect conveniently the tree branches, this is
to say, the branches include information that (together with the calculated estimates)
can be used to solve new equations. The observability Flow 1 is represented in the
right hand side of the equations of the axial resistant mechanism, in the main diagonal
of the stiffness matrix and in the axial observability tree of the structure, TN−1, by a
continuous arrow. The areas that can be calculated by the proposed set of deflections
are colored in green. It is important to notice that each branch represents the equation
that links two estimates. For example in TN−1 the first branch represents the Equation
(1). An alternative observability flow (Flow 2 ) might be initiated when A3 is obtained
from Equation (4) after introducing measured u4. In this case, to observe all the areas
of the structure is necessary to measure a different set of deflections (u4, u3 and u2).
The observability flow 2 is represented by a dashed arrow in Figure 8.2.

To illustrate the importance of the connectivity of the branches, the observability
tree (TN−2) of an alternative set of measurements is presented in Figure 8.2. This set
of measurements only includes u4 and u3. In this case, these deflections enable the
initiation of the Flow 2 and the calculation of A3 and A2. Nevertheless, as u2 is not
measured, the Equation (2) cannot be solved. The lack of information in this equation
might be seen as a disconnection in the tree branch that connects tree nodes A2 and
A1. This disconnection is presented by a dashed red line in TN−2. To indicate that no
measure information is introduced in the tree branch, a dash is used. In this case, the
Flow 1 cannot be initiated as u1 is not measured. This lack of measurement is also
represented by a disconnected branch. In this example, measuring deflection u1 would
enable the initiation of Flow 1 and therefore, the calculation of A1.

The boundary conditions reduce the points of the structure where deflections and/or
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Observability

A continuous-beam illustrative example

Problem statement
Steps

The node equilibrium equations for the beam in terms of the stiffness matrix is:
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where Hi, Vi,Mi are the forces and moments, Ei, Ai, Ii, Li are the Young moduli,
the cross sectional areas, the moments of inertia and the lengths of the elements,
respectively, and ui, vi, wi are the displacements and rotations, with i = 1, 2, 3, 4.
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Figure 8.2: Representation of the observability flows in the stiffness matrix, the equa-
tions of the axial resistant mechanism and in different axial observability trees.

rotations might be measured to introduce information to the system of equations.
To illustrate how to include the boundary conditions into the representation of the
observability trees, example in Figure 8.3 is presented. This structure is the same of
Figures 8.1 and 8.2 but includes the boundary conditions in the bearing nodes. Node 1
has the vertical and the horizontal deflection fixed while in node 4 all the movements are
fixed. A circled tree node is used to represent the fixed boundary conditions. This circle
is only added in those cases where the boundary conditions are such that no information
might be obtained from one equation of the stiffness matrix method. That equation
is represented in an edged branch. In the case of the TN tree, the first and the third
node, A1 and A3, are circled because the corresponding equations of edged branches do
not introduce any information to the system. This is clearly appreciable in Equations
(1) and (4) of the axial resistant mechanism of the structure presented in Figure 8.2.
In these cases, as the boundary conditions impose a null horizontal deflection in nodes
1 and 4, Equations (1) and (4) cannot be any longer used to obtain information to
determine estimates. This lack of information is represented by a disconnection in
edged branches of TN in Figure 8.3.
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Figure 8.3: Representation of fixed nodes in the axial and bending observability trees.

The effects of the boundary conditions in the bending resistant mechanism of the
continuous beam are also illustrated in Figure 8.3. In the case, branches of the TM tree
include two equations (equilibrium of vertical equations and moments). For this rea-
son, and despite the fact that the vertical deflection is fixed in node 1 of the structure,
first node tree, I1, is not circled because the first branch might still introduce useful
information to the system of equations by mean of w1. Different thing happens in the
third tree node, I3. In this case, the equation associated with the last branch is useless
because v4 and w4 are imposed to be zero by the boundary conditions. To indicate this
fact in the observability tree, the I3 is circled and the last branch is disconnected.

In the following section, a set of beams are analyzed to illustrate the peculiarities
of the representation of the observability trees.

8.2.2 Observability trees in beams

To understand the observability analysis in beam structures, the observability trees
of a set of examples (Examples 8.1, 8.2 and 8.3) are analyzed in this section. These
examples, of growing complexity, are used to illustrate the effects of the structural
redundancy and the inclination of the beams in the observability analysis. Example
8.1 corresponds with an isostatic horizontal beam. A horizontal statically redundant
beam is analyzed in Example 8.2. Finally, Example 8.3 represents an inclined statically
redundant beam.

Example 8.1 Isostatic beam

The first analyzed structure corresponds with the isostatic horizontal beam presented
in Figure 8.4. Its FEM includes 5 nodes and 4 beam elements L1, L2, L3 and L4 long,
respectively. These lengths are assumed as known. This beam is simply supported
(u1=v1=u5=v5=0). The applied load in nodes corresponds with that introduced in a
certain static load test. It is assumed that node forces are known in all nodes but in
the boundary nodes. All the beam elements have the same known Young’s modulus,
E. Nevertheless, both the area, Aj, and the inertia, Ij, of the elements (framed and
numbered from 1 to 4 in Figure 8.4) are assumed as unknown. This implies that 8
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Figure 8.4: Example 8.1 including geometry, material properties (framed), measured
deflections, and axial (TN) and flexural (TM) observability Trees of Cases 1.1, 1.2, 1.3
and 1.4. Areas (A) and Inertias (I) in bold green color are observed and in italics red
color are not. Circled nodes indicate restrictions in displacements due to boundary
conditions. Green arrows show the observability flow throughout the recursive process.

unknown estimates (from A1 to A4 and from I1 to I4) must be identified. Horizontal
deflections (u), vertical deflections (v), rotation (w), horizontal reactions (H), vertical
reactions (V ), and moments (M) followed the positive direction of axes presented in
Figure 8.4.

A observability analysis of the unknown estimates is carried out for four different
measurement sets (Cases from 1.1 to 1.4). A summary of the obtained results is sum-
marized in table of Figure 8.4. Each row of this table includes the measured deflections
introduced into the observability analysis (left hand side) and the axial (TN) and flex-
ural (TM) observability trees (right hand side) of a different analyzed case. In the
observability trees, observed parameters are in bold green color. Unobserved parame-
ters are in italics red color. Circled tree nodes are used to indicate boundary conditions
that reduce the information of the system. Green arrows show the observability flow
throughout the recursive process. Dashes in branches (disconnected branch) indicate
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that no information is measured in the corresponding node of the FEM .

In Case 1.1, 8 measured deflections and rotations (w1, u2, v2, u3, v3, u4, v4 and
u5) are introduced into the observability analysis. In this case, all the variables can
be observed. On the one hand, the TN observability tree shows that all the areas are
observed when an observability flow (initiated in A4) flows from right to left in the
tree. On the other hand, the TM observability tree shows that the inertias are also
observed. In the initial observability analysis (recursive step i=1), the location of the
measurements in beam element 1 enables the observation of I1 and an observability
flow is started. As the branches of the tree are conveniently connected (as they include
adequate measured deflections) the observability flows from left to right in the tree
and the rest of inertias are successively observed in three more recursive steps. The
observed parameters throughout the recursive process are summarized in Table 8.1. It
is to important to highlight that the number of observed variables, NOBSi

, of this table
includes not only areas and inertias, but also unknown deflections. Case 1.2 analyzes
a measurement set composed of 4 rotations (w2, w3, w4 and w5). As the rotations do
not provide information in the axial resistant mechanisms, the TN observability tree
is empty and no area can be observed. In the TM observability tree, an observability
flow starts from right to left and all the inertias are observed. It is important to
notice that all the inertias would be observed in the initial observability analysis if
measurement of w1 is added. Case 1.3 shows that A1, A2 and A3 and I2 are observed
when six deflections and one rotation are measured. The TN observability tree shows
a disconnection (discontinuous red line) in edge branch as no horizontal deflection is
measured in node 5. This shows that A4 cannot be observed unless u5 is measured.
The TM observability tree illustrates how the observability flow can be initiated in an
inner node (I2) and to flow to edge node I1 when adequate connectivity is provided (e.g.
by measuring v2). Nevertheless, when adjacent nodes of the tree are not conveniently
connected, (e.g. when neither vertical deflection nor rotation in node 3 are measured)
the observability cannot flow. This is the case of the right hand side of the TM tree
in which, I3 and I4 cannot be observed. Finally in Case 1.4, A1, A4, I1 and I4 are
observed. This shows that separated parts of the trees can be observed when a branch
is disconnected (because no information is measured in the corresponding nodes of
the FEM). The TN and TM observability trees of Case 1.4 illustrate that several
observability flows can be initiated in different parts of the structure if the requirements
to initiate the respective flows are adequately satisfied. Nevertheless, when a branch
is disconnected, the mechanical properties of the adjacent nodes of the trees (such as
A2, A3, I2 and I3) cannot be observed.

Example 8.2 Statically redundant beam

The second analyzed structure corresponds with the horizontal beam presented in
Figure 8.5. This beam only differs with that presented in Example 8.1 in the boundary
conditions. In this example the structure is statically indeterminate in the axial and
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.

Table 8.1: Number of observations (NOBSi
) including deflections observed Areas (A)

and Inertias (I) in Cases 1.1, 2.2 and 3.2 throughout their recursive processes.

Case 1.1 Case 2.2 Case 3.2
Step NOBSi

A I NOBSi
A I NOBSi

A I
1 10 A1 to A4 I1 12 A1 to A4 I1 10 A1, A4 I1

2 12 A1 to A4 I1, I2 14 A1 to A4 I1, I2

3 14 A1 to A4 I1 to I3 16 A1 to A4 I1 to I3

4 16 A1 to A4 I1 to I4 18 A1 to A4 I1 to I4

flexural resistant mechanism (u1=v1=w1=u5=v5=0). As in the preceding example, the
forces in nodes of the structures are assumed to be known but in the boundary nodes,
the Young’s modulus and the lengths of the bars are assumed as known and only the
four areas and four inertias are assumed as unknown.

The results of the observability analysis of three different measurement sets (Cases
from 2.1 to 2.3) are summarized in Figure 8.5. In Case 2.1, neither A nor I can
be observed when 7 deflections (u2, v2, u3, v3, u4, v4 and w5) are introduced in the
observability tree. In the TN observability tree, the absence of observed areas can be
explained by the fact that no observability flow can be initiated. The analysis of the
TM tree shows that an additional condition arises when the rotations are fixed by the
boundary conditions (node 1) in statically indeterminate structures. In this case, the
observability of the inertia that connects the clamped node (I1) is compulsory for the
tree to spring from there. To observe this inertia (circled in Figure 8.5), it is necessary
to relocate the measured deflections. In this way, defections might be measured in the
proximities of the clamped edge in an intermediate point of the beam (as in the Case
2.2 where v6 is added) or in the other edge of the beam (as in the Case 2.3 where w2 is
added). The TN and TM observability trees of Cases 2.2 and 2.3 are summarized in the
corresponding rows of table in Figure 8.5. In both cases measurements in intermediate
nodes (node 6) are used to initiate the corresponding observability flows. A summary
of the observed parameters throughout the recursive process in Case 2.2 is presented
in Table 8.1.

Example 8.3 Inclined beam

Unlike horizontal and vertical beams, the axial and flexural structural resistant mecha-
nisms of inclined beams (αk 6= 0) cannot be treated independently unless the horizontal
and vertical forces and the deflections can be determined in the local axes of the beam.
In simple structures forces and deflections in global axes (e.g. determined by topogra-
phy) can be projected into local axes of the beam. Nevertheless, in structures with a
large number of elements with different local axes, this change of axes is discouraged.
For this reason, this section analyzes the effects of the inclination of the beam when the
measurements are referred to the global axes (uk and vk). In this case, both deflections
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Figure 8.5: Example 8.2 including geometry, material properties (framed), measured
deflections, and axial (TN) and flexural (TM) observability trees of Cases 2.1, 2.2 and
2.3. Areas (A) and Inertias (I) in bold green color are observed and in italics red color
are not. Circled nodes indicate restrictions in displacers due to boundary conditions.
Green arrows show the observability flow throughout the recursive process.

include information of both resistant mechanisms and therefore, the observability flow
can only be represented by a common observability tree, called TN−M . This tree links
the axial (TN) and flexural (TM) structural behavior of the beam.

The TN−M trees are composed by a set of nodes and branches. Each node includes
all the unknown estimates of a certain beam element (for example the axial and flexural
stiffnesses). The branches that connect the tree nodes represent all the equations of
the stiffness matrix method that link the connected unknown estimates. In the case
of a beam, these branches represent the three equilibrium equations in the node of
the FEM that connect the bars with unknown mechanical properties. These branches
might introduce information of u, v and/or w.

To illustrate the peculiarities of the TN−M observability trees, the Example 8.3 is
analyzed. This structure corresponds with the beam presented in Figure 8.6. This
beam only differs with that presented in the Example 8.2 in the fact that it has an
inclination α.



266 Optimization of the set of measurements for SSI

Case Measured deflections Flow trees 
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Figure 8.6: Example 8.3 including geometry, material properties (framed), measured
deflections, and axial (TN) and flexural (TM) observability trees of Cases 3.1, 3.2, 3.3
and 3.4. Areas (A) and Inertias (I) in bold green color are observed and in italics red
color are not. Green arrows show the observability flow in the following steps of the
recursive process. Circle inertias show the flexural structural redundancy.

The results of the observability analysis of four different measurement sets (Cases
from 3.1 to 3.4) are summarized in the rows of table in Figure 8.6. In Case 3.1, all
the unknown estimates are calculated when 8 deflections (u2, v2, u3, v3, u4, v4, u6 and
v6) are measured. The TN−M observability tree shows that, thanks to the information
measured in the intermediate node (node 6), observability flows are initiated in both
resistant mechanisms (in nodes A1 and I1). The connectivity of the tree branches
enables the observability of all the unknown estimates. This observability flow corre-
sponds to the sum of the separated observability flows for the equivalent horizontal
beam presented in Case 2.2. In the following two cases, a disconnection in the axial
resistant mechanism (Case 3.2) and in the flexural resistant mechanism (Case 3.3) is
introduced in the branch that joints mechanical characteristics of elements 2 and 3
(that is, measured deflections in node 3 of the FEM). The analysis of the observ-
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ability trees of these two cases show that in inclined beams a disconnection in any
resistant mechanism also affects the observability of the other one. A summary of the
observed parameters throughout the recursive process in Case 3.2 is presented in Table
8.1. Finally, in the Case 3.4, no area can be observed because no observability flow can
be initiated. In the case of the inertias, the boundary conditions of node 1 make the
observability of I1 compulsory. Nevertheless, as the branch that connects structural
parameters in bars 1 and 2 (node 6 in the FEM) is disconnected, no inertia can be
observed.

8.2.3 Guidelines to make observability trees in beams

The analysis of the results of the examples presented in the preceding section provides
the following guidelines to determine the TN , TM and TN−M observability trees in
beams:

• TN observability trees in horizontal beams: The observability might flow
in the initial observability analysis or in the recursive process. To this end, one
or several observability flows might be initiated. The initiation of these flows
depends on the boundary conditions. When a boundary condition imposes uk =
0, (circled node in the tree) it is necessary to measure the horizontal deflection in
the adjacent node (see A1 in Case 1.4) or in an intermediate point of the beam.
In the rest of cases (un-circled areas) it is necessary to include information from
both adjacent nodes (see A4 in Case 1.4). Once the observability flow is initiated,
it is propagated to the rest of the tree nodes when the branches are adequately
connected, this is to say, when the measured deflections in nodes of the FEM do
not produce disconnections in the branches of the observability trees (see A3, A2

and A1 in Case 1.1). This procedure is the same for statically determinate and
indeterminate structures.

• TM observability trees in horizontal beams: The observability might flow
in the initial observability analysis (see I2 and I3 in Case 1.2) or throughout the
recursive process (see I1 in Case 1.3). To do this, one or several observability flows
might be initiated in the initial observability analysis. These flows are initiated
when an enough number of vertical deflections or rotations are measured in both
edges of the beam (see I1 in Case 1.1) or in intermediate points (see I4 in Case
1.4). Then, to propagate the flow, an adequate connectivity of the branches
is required (see I2, I3 and I4 in Case 1.1). In the case of statically redundant
structures, an additional condition must be satisfied as the observability of the
inertia that connects the clamped node (circled node in the tree) is compulsory.
To do so, more information in the proximities of the clamped edge might be
necessary. These deformations might be measured in intermediate nodes (see
Case 2.2) or in existing nodes (see Case 2.3). It is important to highlight that to
fulfill this requirement in double clamped beams, it is necessary to measure an



268 Optimization of the set of measurements for SSI

additional vertical deflection or rotation. Therefore, in these beams the number
of required deflections, ND might be estimated as ND = NA+NI+ NCLAMP -1,
with NA and NI being the number of unknown Areas and Inertias and NCLAMP

being the number of clamped nodes in the structure.

• TN and TM observability trees in vertical beams: These trees are equivalent
to those of equivalent horizontal beams when vertical and horizontal deflections
are exchanged.

• TN and TM observability trees in inclined beams with measured deflec-
tions in local axes: These trees are equivalent to those of equivalent horizontal
beams with measured deflections in global axes.

• TN−M observability trees in inclined beams with measured deflections
in global axes: When the deflections are measured in global axes, the axial
and flexural resistant mechanisms of inclined beams are coupled together and
therefore their TN and TM trees cannot be analyzed separately. In this case,
TN−M observability trees (summation of independent TN and TM trees) must
be analyzed together. The TN−M includes all the properties of separated trees
listed above and do not require the measurement of any additional deflection.
Nevertheless, disconnection in any structural mechanism also affects the other
one. Taking into consideration this condition, the observability trees of inclined
decks can be analyzed as the sum of the separate trees of equivalent horizontal
or vertical beams.

8.2.4 Observability trees in cable-stayed bridges

The structural behavior of cable-stayed bridges is much more complicated than that
of other continuous bridges as the deck interacts with two load-bearing elements, the
pylons and the stay cables. Unless some simplifications are assumed, the interaction
between elements produces complex TN−M observability trees. To illustrate the repre-
sentation of these trees, Example 8.4 is presented. During the analysis of this example
a set of reasonable simplifications are provided to uncouple the linkage produced by
the stays. These simplification hypotheses might lead to separate analysis of the ob-
servability of the pylon and the deck as independent (non-connected) beams.

Example 8.4 Simplified Cable-Stayed Bridge

In this example the cable-stayed bridge with inclined pylon presented in Figure 8.7 is
analyzed. The bridge deck of this structure corresponds with the beam analyzed in
Example 8.2. In this structure three stay cables and a backstay are used to transfer
the loads acting on the deck to the foundation. The pylon is L5 high. In this example,
the forces applied in all nodes but in the boundary nodes, the Young’s modulus and
the length of all the elements of the structure are assumed as known. To simplify
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Table 8.2: Number of observations (NOBSi
) including deflections, observed Areas (A)

and Inertias (I) in Cases 4.1 and 4.2 throughout their recursive processes.

Case 4.1 Case 4.2
Step NOBSi

A I NOBSi
A I

1 18 A1, A4, A5, A6, A8 I1, I8 22 A1 to A8 I1, I8

2 23 A1, A2, A4, A5, A6, A8 I1, I2, I5, I8 24 A1 to A8 I1, I2, I8

3 31 A1 to A8 I1, I2, I3, I5, I7, I8 26 A1 to A8 I1, I2, I3, I8

4 35 A1 to A8 I1 to I8 28 A1 to A4 I1, I2, I3, I4, I8

the calculations, the area of the backstay (A9) is assumed as known and its inertia its
neglected, that is I9=0.

The results of the observability analysis for five different measurements sets (Cases
4.1 from 4.5) are summarized in Figure 8.7. In the first case, the mechanical proper-
ties (A and I) of the deck, the pylon and the stays are assumed as unknown. This
produces a set of 16 unknown mechanical properties (from A1 to A8 and from I1 to
I8). To observe these estimates a minimum set of 17 deflections is required. This set
includes the measurement of deflections in intermediate points of the stays. Observed
estimates throughout the recursive process are presented in Table 8.2. A simplified
TN−M observability tree (without the measurements in the branches) of this structure
is presented in the first row of table in Figure 8.7. This tree shows that the resis-
tant mechanisms of all the load-bearing elements of the structure are strongly linked.
This linkage complicates the initialization of observability flows and the observability
throughout the recursive process. Furthermore, it complicates the representation of the
corresponding observability trees. To disconnect the resistant mechanisms of the deck
from those of the stays and the pylon, it can be assumed that the stays exhibit mainly
an axial behavior, and therefore the bending resistant mechanism does not play an
important role. This hypothesis is commonly used in the literature (see SETRA [181])
and it neglects the stay inertia. This hypothesis is followed in Case 4.2, in which the
number of unknown mechanical properties is reduced to 13 (from A1 to A8 and from
I1 to I4 and I8). To assure the observability of these elements a set of 14 deflections
is required. As presented in the simplified observability tree of Figure 8.7, the inertia
of the stays has been removed. The observed parameters throughout the recursive
process are summarized in Table 8.2.

The manufacturing process of the stays provides high confidence of the stay axial
stiffness. Furthermore, if required, cable sag effects can be included into E by mean of
the equivalent Ernst’s modulus that depends on the length of the stay, its weight and
its force, N . Therefore, in practice, EA of the stays is traditionally assumed as known.
The effects of introducing this hypothesis into Case 4.2 are analyzed in Case 4.3. In this
example the number of unknown parameters is reduced to 10 (from A1 to A4, A8, from
I1 to I4 and I8). To observe these parameters, the measurement of a minimum set of 10
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Figure 8.7: Example 8.4 including geometry, material properties (framed), measured
deflections, and axial (TN) and flexural (TM) flow trees of Cases from 4.1 to 4.5. The
observed areas and inertias are in bold green color. The area of the backstay A9 is
assumed as known and its inertia is neglected, this is I9=0.
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deflections is required. Introducing the area of the stays as a known parameter into the
observability analysis eases the representation of the observability tree of the structure
as the resistant mechanisms of the deck and the pylon might be studied separated as
presented in Figure 8.7. The observability trees in the deck correspond with those of
the equivalent horizontal beam described in Case 2.2. The observability tree of the
pylon corresponds with that of an inclined cantilever beam. In this example, because
of the inclination of the pylon, the resistant mechanisms of this load-bearing element
cannot be separated. It is important to notice that there are an infinity number of
minimum measurement sets. For example, in Case 4.3 all the mechanical properties
are also observed when a different measurement set that substitutes v2 for w2 or w3 is
introduced.

The main limitation of the observability trees based on the simplifications pre-
sented above (that is, null stay inertia and known stay area) is that the minimum
measurement set must contain deflections in stay anchorage points. An additional
simplification hypothesis that it can be added to provide more freedom in the selection
of the measurement set consists of measuring the stay force N . In this way, the stays
can be substituted in the observability analysis by their corresponding forces in the
stay anchorage points. This situation is presented in Case 4.4, where the stays are
substituted by their axial forces N . To show that the stays do no longer appear in
the observability analysis, they are highlighted by a dotted line. In this example, to
observe all the unknown estimates a new measurement set might be used. Compared
with that set presented in Case 4.3, this set enables to interchange the deflections at
the top of the pylon (node 10 in Figure 8.7) to those at another point of the pylon
(such as node 8 in Figure 8.7) providing more freedom to the measurement set.

One of the factors that play an important role in the representation of the observ-
ability trees is the pylon/deck connection type. The observability trees of structures
with pylon/deck connection must include the effect of both load-bearing mechanisms
and therefore, the pylon and the deck cannot be studied separately. To illustrate an
observability tree of a cable-stayed bridge with pylon-deck connection, Case 4.5 is an-
alyzed. This structure includes all the simplifications hypotheses assumed in Case 4.4
(null stay inertia, stay area known a stay force N measured). Therefore, the stays can
be interchanged by their corresponding forces in the stay anchorage points. The axial
and bending resistant mechanisms of the deck, are linked with the axial and bending
resistant mechanisms of the pylon. In this structure, measuring deformations at the
pylon /deck connection (node 1) is of primary importance as they include information
of both the pylon and the deck. The minimum measurement set in this example in-
cludes 6 vertical deflections (at nodes 1, 2, 3, 4, 5 and 8) and 5 horizontal deflections
(at nodes 1, 3, 4, 5 and 8). It is important to highlight that compared with the equiv-
alent structure without pylon-deck connection (Case 4.4) an additional measurement
is required to observe all the unknown mechanical properties.
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When only the axial resistant mechanism is assumed in the stays, as in cases from
4.2 to 4.5, it is possible to link the stay force, N , with the axial stiffness of the stay,
EA, and its elongation, ∆L, as follows:

N = EA∆L (8.2)

This equation might provide additional information to the system in the following
cases: (1) When N and the deflections in both stay anchorage points are measured,
EA of the stay can be calculated. (2) When N , EA, the deformations of one stay an-
chorage point and one of the deformations (uk or vk) of the other anchorage point are
measured, the unknown deformation of the anchorage point can be calculated. This in-
formation might be useful to reduce the number of points in the deck where horizontal
deflection must be measured. (3) When one of the stay anchorage points corresponds
with a boundary node, N can be used to calculate the boundary reactions, as in the
case of backstays.

The results of the cable-stayed bridges analyzed in this section show that the mini-
mum number of required deflections ND is only achieved when the stay bending stiffness
is neglected and the stay area is assumed as known. It is important to highlight that
in this case, the deflections in both stay anchorage points are required. In those cases
where either A or I of the stays is assumed as unknown, an additional deflection must
be measured. The same think happens in cable-stayed bridges with pylon-deck con-
nection, as an additional measurement in the proximities of the connection might be
necessary to assure the observability of all the unknown estimates.

8.2.5 Guidelines to make observability trees in cable-stayed
bridges

From the examples presented in the preceding section, the following guidelines can be
obtained to represent the TN , TM and TN−M observability trees in cable-stayed bridges:

• TN−M trees in cable-stayed bridges with unknown mechanical proper-
ties in the stay: If the mechanical properties of the stays (A and/or I) are
assumed as unknown, the observability trees of the structures are far from being
intuitive because the resistant mechanisms of all the load-bearing elements (deck,
pylon and stays) are linked (see Cases 4.1 and 4.2). Furthermore, in this situation
the minimum number of required deflections usually includes deflections at both
stay anchorage points and at intermediate points of the stays.

• TN and TM trees in cable-stayed bridges with known mechanical prop-
erties in the stays:The resistant mechanisms of the deck and the pylon can
be separated from those of the stays by neglecting the stay inertia (I = 0) and
assuming as known the area of the stay (see Case 4.3). This simplification eases
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the representation and understanding of the observability trees of the structure.
In this case, the set of measurements has to include deflections in both stay an-
chorage points. The application of these hypothesis leads to the following ideas:
(1) Additional information can be obtained from the axial resistant mechanisms
of the stays by Equation (8.2). (2) In cable-stayed bridges without pylon-deck
connection, the observability trees of the pylon and the deck can be studied sep-
arately. In this case the deck can be analyzed as a beam and the pylon as a
cantilever beam (see Case 4.3). Both elements includes a different axial TN , and
a bending, TM observability trees might be coupled together depending on their
inclination. In this case, the minimum number of required deflections corresponds
with that of the unknown estimates of the different elements of the bridge. (3)
In cable-stayed bridges with pylon-deck connection, the observability trees of the
deck and the pylon are linked at the pylon-deck connection. In this case, the
minimum number of required deflections might be increased for the structural
redundancy of the structure. If required, the additional deflections should be
measured in the proximities of the pylon-deck connection (see Case 4.5).

• TN and TM trees in cable-stayed bridges without stay elements: When
in addition to the mechanical properties of stays (A known and I=0), the axial
forces, N , of the stays are included as data, the stays can be substituted in the
observability analysis by the corresponding forces in the stay-anchorage points
(see Case 4.4 and 4.5). In this case, most of the ideas referring to the representa-
tion of these trees presented in the above point are still applicable. Nevertheless,
measuring N forces provides more freedom in the selection of the measurement
set (as deflections in the stay-anchorage points are no longer required). Therefore,
more intuitive observability trees can be obtained. This can prove very useful for
construction control, where usually stay forces are carefully monitored.

8.2.6 Using Observability Trees to define measurement sets

To illustrate how to define appropriate measurement sets in different cable-stayed
bridges from observability trees elaborated from the presented guidelines, Example
8.5 is analyzed. In this example alternative measurement sets are proposed for SSI of
the unknown estimates.

Example 8.5 Complete Cable-Stayed Bridge

To test the performance of the observability trees in the case of large structures, the
asymmetric cable-stayed bridge presented in Figure 8.8 is analyzed in this section.
This structure is based on that described by Abul-Ella [4]. The cable-stayed bridge
includes a 27.5 m high pylon, a 102 m long main span and a 25m long back span. To
illustrate the influence of the pylon deck connection, two different structures (B5 and
B4 in Figure 8.8) are analyzed. The differences between both structures are as follows:
(1) different number of stays, five stays for B5 and four for B4, and (2) different type of
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Figure 8.8: Geometry and material properties (framed) of cable-stayed bridges without,
B5, and with, B4, pylon-deck connection.

connection between the deck and the pylon, no connection in B5, and vertically simply
supported in B4. Both structures are simulated by a FEM that includes 22 nodes.
The main characteristics of the bridge are presented in Figure 8.8. This figure also
includes the definition of the different mechanical properties of the beam elements of
the model (framed).

In the analysis proposed in this section, the following hypotheses are assumed: (1)
The concrete deck is cracked due to sagging and hogging bending moments. To simu-
late the cracking of the deck, unknown area and inertias are assumed. (2) Steel pylon.
(3) Null flexural stiffness of the stays. (4) The stay axial stiffness is assumed as known.
(5) E of all the elements of the structure is assumed as known. This hypothesis is
followed in many methods of the literature (see Abdo [3]). (6) The forces in all nodes
of the structure but in the support nodes are assumed as known. All these hypotheses
produce a set of 20 unknown mechanical properties (from A1 to A10 and from I1 to I10).

By following the guidelines provided in the preceding sections, the observability
tree of B5 results from the summation of those of two independent beams (a horizontal
simply supported beam for the deck and a cantilever one for the pylon). As showed in
Case 4.3, one of the minimum measurement sets can be achieved when the horizontal
and vertical deflections in stay anchorages (nodes 4, 7, 10, 13 and 18) are measured.
This condition introduces a set of 10 measurements. One of the infinity number of
minimum measurement sets, B5−1, is presented in Figure 8.9. In this set, the rest of
required deflections (u1, u3, u6, u10, u12, v3, v5, v6, v10 and v12) are determined by pro-
viding adequate connectivity (adequate measurements in nodes of the FEM) to the
observability trees of the axial and resistant mechanisms of the deck. In the TN tree,
4 different observability flows are initiated while in the TM tree only one observability
flow is initiated. The recursive process obtained for this measurement set is summa-
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Case Measured u Measured v 
B5-1 u3, u4, u6, u7, u9, u10, u12, u13, u18 v3, v4, v5, v6, v7, v9, v10, v12, v13, v18 
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Minimum Measurement Set

Figure 8.9: Determination of different sets of minimum deflections (B5−1 and B5−2) to
be measured in cable-stayed bridge B5 from observability trees. Differences between
measurement sets are highlighted in bold. Stays are assumed with null inertia I, and
known area, A.

rized in Table 8.3. The observability trees of the different elements can be used to
exchange deflections to be measured, if required. This is illustrated by an alternative
measurement set, B5−2, which can be used to observe all the mechanical properties of
the structure with a different set of different minimum measurements. This set provides
an alternative connectivity to the branches of the observability trees and therefore, ob-
servability is produced by different flows. Compared with B5−1, this measurement set
substitutes u12 and v5 for u14 and v2. Differences between both measurement sets are
highlighted in bold in Figure 8.9.

In the structure B4, due to the pylon-deck connection, the resistant mechanisms
of the deck and the pylon are linked. This is appreciable in Figure 8.10 where the
corresponding TN−M observability tree is presented. In this case the area of the pylon,
A10, is linked with the inertia in the deck at the pylon connection, I8, and the inertia of
the pylon, I10, is linked with A8 and I8, respectively. It is important to notice that I10

includes a clamped node (node 16) and therefore, this inertia has been circled in the
tree. Application of the guidelines presented in the preceding sections can be used to
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Table 8.3: Number of observations (NOBSi
) including deflections, observed Areas (A)

and Inertias (I) in cases B5−1, throughout their recursive processes.

Case B5.1

Step NOBSi
A I

1 24 A1, A2, A4, A6, A8, A10 I2, I10

2 33 A1 to A10 I1 to I3, I10

3 37 A1 to A10 I1 to I4, I10

4 39 A1 to A10 I1 to I5, I10

5 43 A1 to A10 I1 to I6, I10

6 45 A1 to A10 I1 to I7, I10

7 49 A1 to A10 I1 to I8, I10

8 55 A1 to A10 I1 to I10

Table 8.4: Number of observations (NOBSi
) including deflections, observed Areas (A)

and Inertias (I) in cases B4−1 and B4−3, throughout their recursive processes.

Case B4.1 Case B4.2

Step NOBSi
A I NOBSi

A I
1 27 A1, A2, A4, A6, A8, A10 I2, I10 22 A1, A2, A4, A6, A8, A10

2 40 A1 to A10 I1 to I3, I8, I10 15 A1 to A10

3 46 A1 to A10 I1 to I4 and I8 to I10

4 48 A1 to A10 I1 to I5 and I8 to I10

5 52 A1 to A10 I1 to I6 and I8 to I10

6 53 A1 to A10 I1 to I10

provide one of the sets with a minimum number of measurements. The determination
of set B4−1 is presented in Figure 8.10. The observability flow throughout the recursive
process for this set of measurements is summarized in Table 8.4. It is important to
realize that, compared with B5−1, an additional measurement (u17) is required to ob-
serve all the unknown mechanical properties. An alternative measurement set, B4−2,
which provides the observability of all unknown variables with different measurements
is presented in Figure 8.10. Differences between measurement set B4−1 and B4−2 are
highlighted in bold in Figure 8.10. When a deflection in the proximities of the pylon is
not measured, it might happen that the compulsory inertia that includes the clamped
node, I10, cannot be observed. In this case, no inertia of the structure can be observed.
This is appreciable in the measurement set B4−3 in which measurement w13 is elimi-
nated from measurement set B4−2. The summary of the recursive process summarized
in Table 8.4 shows that no inertia is observed. Nevertheless, removing that rotation
does not affect the observability of the unknown areas.

An additional hypothesis that it can be added to provide more freedom in the se-
lection of the measurement set consists of measuring the stay force N . In this way, the
stays can be substituted in the observability analysis by their corresponding forces in
the stay-anchorage points. This hypothesis has been done in the TN−M observability
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Figure 8.10: Determination of different sets of minimum deflections (B4−1, B4−2 and
B4−3) to be measured in cable-stayed bridge B4 from observability trees. Differences
between measurement sets are highlighted in bold. Stays are assumed with null inertia,
I, and known area, A.

tree of structure B4−4 presented in Figure 8.11 that does not include measurement in
stay-anchorages at the deck. It is to highlight that in Figure 8.11 the stays are dotted
because they are no longer present in the observability analysis. Measuring the N force
of the stays produce a more intuitive TN−M tree than that presented in Figure 8.10
because only one observability flow is initiated and no disconnections in the branches
appear. This tree can also be used to select alternative measurement sets as in B4−5.
Compared with B4−4, this measurement set substitutes u18 and v12 for w13 and v14.
Differences between both measurement sets are highlighted in bold in Figure 8.11.

The results of the examples analyzed in this section show that different simplifica-
tions can be carried out to ease the representation and intuitiveness of the observability
trees of cable-stayed bridges. These observability tresses can be used to select an infin-
ity number of measurement sets with minimum number of measurements. Furthermore,
they can be used for selection of alternative measurements, if required. It is to remark
the important role of the pylon-deck connection in the observability analysis.
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Case Measured u Measured v Measured w 
B4-4 u1, u3, u5, u6, u8, u9, u11, u12, u13, u17, u18 v3, v5, v6, v8, v9, v11, v12, v13, v18 - 
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Figure 8.11: Determination of different sets of minimum deflections (cases B4−4 and
B4−5) to be measured in cable-stayed bridge B4 from observability trees. Differences
between sets are highlighted in bold. Stays are assumed with null inertia, I, and known
area, A, and force, F . Therefore, they have been substituted in the observability
analysis (dotted line) by the corresponding force F in the stay-anchorage points.

8.3 Minimization of the monitored points

In the selection of the optimum measurements set to estimate some unknown estimates,
many factors (such as the number of measurement, the type of measurements, the avail-
able measurement devices and the location of the measurements) must be taken into
account. One of the most important factors is the number of instrumented points.
This is clearly appreciable in a laboratory test where a set of linear variable differential
transformer (LVDT ) might be used to measure the deflections when a certain load is
applied. In this case, a reduced number of LVDTs leads to faster and more economi-
cal tests. For these reasons, in laboratory tests is advised to minimize the number of
instrumented points. The same conclusion might be obtained in structures on site.

In this section, an application of the Maxwell’s reciprocal theorem is proposed to
minimize the amount of points to be instrumented in both laboratory and on site
tests. From this theorem the deformations in the structure can be obtained from the



Optimization of the set of measurements for SSI 279

influence line measured when a moving load is applied. To illustrate the application
of this theorem for punctual and non punctual moving loads, several examples are
presented.

8.3.1 Maxwell’s law of reciprocal deflection

Maxwell’s Law of reciprocal deflection (see Rajasekaran and Sankarasubramanian [165]),
states that in a linearly elastic structure under equilibrium, the deflection at any point
A due to a load applied at point B is equal to the deflection at B when the load is
applied at A. In this section we have focused on the application of the Maxwell’s law
to the analysis of the vertical deflections because those deformations can be accurately,
easily and economically measured on both laboratory and on site tests. Nevertheless,
proposed methodology is also valid for any other kind of deformation or rotation. With
vA U B being the deflection of A due to an unitary load U at B, and vB U A) being the
deflection of B due to U at A, the Maxwell’s theorem can be expressed mathematically
as follows:

vA U B = vB U A (8.3)

Application of this theorem enables the computation of the deformed geometry of
the structure from the influence line of vertical deflections. This influence line can be
obtained by measuring vertical deflections at one single point when a moving load is
applied in the structure. This theorem can be used to limit the number of points in
which the vertical deflections must be measured with the consequent advantages in
time and cost.

To illustrate the application of the Maxwell’s Law of reciprocal deflection and their
advantages, Figure 8.12 is presented. This figure summarizes two different procedures
to calculate the deflections of a laboratory beam at three inner points (points 2, 3 and
4) when a vertical load Q is applied at inner node 2. These deflections are named
as v1 Q 2, v2 Q 2 and v3 Q 2 in which the first subindex refers to the point in which the
deflection is measured and the second one to the point in which the load Q is applied.
In the first procedure (Figure 8.12.A) the deflections are measured by three LVDTs
(from LVDT 1 to LVDT 3) located at nodes 1, 2 and 3 for a load case in which Q is
applied in node 2. This procedure has the advantage that it only requires one load
case. Nevertheless, monitoring of three points is required. Furthermore, it is important
to realize that, in this procedure, the higher the number of deflections required to be
measured, the higher the number of required monitored points is. This increase of
the number of monitored points leads to costly and time consuming laboratory test.
To minimize the number of monitored points Maxwell’s law is applied in the second
procedure described in Figure 8.12.B. In this procedure the load Q is assumed to travel
on the laboratory beam in different Load Cases (LC). In each of these LC, load Q is
applied in a different inner node of the structure and the vertical deflection in inner
node 2 is measured with an LVDT (LVDT 2). In the first LC (LC1), load Q is applied
in node 1 and from the LVDT in node 2 v2 Q 1 might be measured. By application of
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Figure 8.12: Different procedures to obtain the vertical deflections vi Q 2 for i=1 to
3. (A) Measuring deflections from LVDTs in one load case and (B) Measuring deflec-
tions in one point in different load cases and applying the Maxwell’s law of reciprocal
deflection.

the Maxwell’s law, this deflection might be assumed to be the same of that obtained
in node 1 when load Q is located in node 2, which is v1 Q 2. In the second LC (LC2),
the vertical deflection in node 2 when the load Q is applied in node 2 might be directly
measured by the corresponding LVDT. Finally, in the last LC (LC3), when the load
Q is applied in node 3, LVDT provides information of v2 Q 3. Again, the Maxwell’s
law might be used to obtain the corresponding deflection v3 Q 2. From deflections at
2 obtained in the different load cases, the vertical deflections at nodes 1, 2 and 3
might be obtained as summarized in the figure. The second procedure presented to
obtain the deflections in the structure when a load Q is applied at node 2 has the
advantage that instrumentation of only one point (LVDT 2) is required. Furthermore,
in laboratory tests, moving loads can be economically introduced. These loads can also
be economically introduced in on site tests where trucks might be used. It is important
to notice that the calculation of the whole influence line is not required as only the
vertical deflections of certain points (those defined by the observability trees presented
in the preceding section) are required.
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The Maxwell’s law is also applied when actual loads (such as trucks) are used
to obtain the influence line of the deflections. Nevertheless, and unlike the case of
concentrated loads presented above, this application is not direct and a post-processing
process of the measured information is required. To illustrate this, the application of
the Maxwell’s law of reciprocal deflection with actual loads is analyzed in the following
section.

8.3.2 Application with actual loads

Most structural codes (such as the IAP -11 [65]) include moving heavy trucks as com-
mon overloads in bridges. These trucks use to have various axles, e.g. three in the
IAP -11, and are simulated by separated concentrated loads, e.g. by six concentrated
loads in 3D problems and three concentrated loads in 2D problems in the IAP -11.
These concentrated loads correspond with the weight transmitted by each of the vehi-
cle wheels.

Despite the truck overload can travel over the deck to define the influence line of
the vertical deflection at a certain point, the Maxwell’s law be directly applied as the
moving load is not punctual. In fact, when several concentrated loads are applied
the measured deflections at the monitored points include the effects of the different
loads. To illustrate this problem, the two following examples are presented. Differ-
ences between both examples refer to the characteristics of the used truck (number of
axles, weight of the axles and relation between the distance between axles, LA, and
the distance between nodes in the FEM , L). After presenting both examples, a post-
processing algorithm is proposed to apply the Maxwell’s law in structures excited by
actual moving loads.

Example 8.6 Two-Axle truck

The structure analyzed in this example corresponds with the simply supported deck
presented in Figure 8.13.A. The structure is assumed to include three different bars
with unknown mechanical inertia and a length of 3m. The Young’s modulus of all the
bars is assumed as known. The aims of the example are the following: (1) Illustrate the
problems appearing when the Maxwell’s law is used with real moving loads. (2) Using
measured information to estimate the value of the unknown inertias in the elements
of the deck. It is important to highlight that attention is only payed to the bending
resistant mechanism and therefore, only vertical deflection analysis is carried out in
this example.

To obtain the vertical deflections, a two axle-truck moves over the deck. The
truck is simulated as two concentrated and different loads (Q1,2 and Q2,2) separated a
distance between axles LA. The first subindex refers to the first load introduced into the
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Figure 8.13: Measured deflections in four different load cases (LC1 (A), LC2 (B), LC3

(C) and LC6 (D)) in a simply supported deck with three different beam elements
(A) and 7 nodes. The vertical deflections are measured at point P (node 4) when a
two-axles truck is moved over the deck.

structure and the second one to the number of axles of the truck. To ease the analysis
of the effects of this moving load, the distance between nodes in the FEM introduced
into the observability analysis, ∆L, is assumed to be constant and proportional to LA.
This relation can be expressed mathematically as shown in Equation (8.4), where both
parameters are related with a constant coefficient ρ whose value must differ from 0.

∆L =
LA
ρ
, ρ 6= 0 (8.4)

Assuming LA to be 3m and ρ to be 2, a value of ∆L equal to 1.5m is obtained from
the preceding equation. This distance leads to a FEM with a number of 7 nodes as
Figure 8.13.A.

Throughout the movement of the truck, the deflections of point P are measured by
topography. This point corresponds with the node in the middle span of the structure
(node 4). If the truck was a unique concentrated load, the Maxwell’s law could be
directly applied. In this case, the vertical deflections at every node of the structure
when the concentrated load was applied at point P might be obtained. Nevertheless,
when more than one concentrated loads are placed on the structure, the measured
deflections include zones where deflections are coupled. To illustrate this problem four
different load cases (from LC1, LC2, LC3 and LC6) are analyzed in Figure 8.13. In the
first two Load Cases (LC1 and LC2 presented in Figure 8.13.A and 8.13.B), only the
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concentrated load of the first axle (Q1,2) is applied at nodes 2 and 3, respectively. In LC1

the measured deflection at point P , m1, corresponds with the vertical deflection at P
when Q1,2 is applied at node 2, vP Q1,2 2. According to the Maxwell’s law, this deflection
is the same obtained at node 2 when Q1,2 is applied at point P , v2 Q1,2 P . Similar
deflections can be obtained from measurement in LC2, m2. In LC3 presented in Figure
8.13.C, the two axles of the truck influence the measured deflections and therefore, the
Maxwell’s law cannot be used to directly obtain adequate deflections in nodes of the
structure because of the coupling of the deflections. The measured deflection in LC3,
m3, represents the sum of the deflections at P when the Q1,2 is applied at P , vP Q1,2 P ,
and the deflections at P when Q2,2 is applied at node 2, vP Q2,2 2. According to the
Maxwell’s law, these both deflections also represent the sum of vP Q1,2 P and v2 Q2,2 P .
The analysis of these summands shows that the deflections at node P are coupled with
those at node 2. Finally, in LC6 presented in Figure 8.13.D, only the concentrated load
of the second axle (Q2,2) is applied at node 5. Therefore, measured deflections indicates
directly the value of v5 Q2,2 P . With NN being the number of nodes in the FEM , the
information obtained from measurements in all the NN+p-2 load cases generated when
a two-axles truck is moved might be summarized by the following system of equations:

mc = vP Q1,2 c+1 = vc+1 Q1,2 P , c ≤ ρ (8.5)

mc = (vP Q1,2 c+1 + vP Q2,2 c+1−ρ) = (vc+1 Q1,2 P + vc+1−ρ Q2,2 P ), ρ < c ≤ Nn − 2 (8.6)

mc = vP Q2,2 c+1−ρ = vc+1−ρ Q2,2 P , Nn − 2 < c ≤ Nn + ρ− 2 (8.7)

in which c indicates the load case number and ρ indicate the relation between ∆L and
LA. In this case, ρ is equal to 2.

From the preceding system of equations the vertical deflections at the nodes for
a certain load case might be obtained. Deflections at the first ρ inner nodes (such
as nodes 2 and 3) might be directly obtained from measurements in the first ρ load
cases. Measurements in the following NN -2-ρ load cases include coupled deflections in
different nodes. To uncouple these deformations, information of the first ρ equations
is required. In this example, to obtain the deflections at nodes 4, information of LC1

and LC3 has to be used. To illustrate how to uncouple the measured deflections at
these nodes, let’s focus on LC3, where vP Q1,2 P is coupled with v2 Q2,2 P . To remove the
effect of the later deflection, information of LC1 is analyzed. From this load case, the
deflection at node 2 when Q2,2 is applied at point P , might be obtained as presented
in the following equation:

v2 Q2,2 P = m1
Q2,2

Q1,2

(8.8)

Once calculated v2 Q2,2 P , vP Q1,2 P might be obtained as presented in:

vP Q1,2 P = m3 −m1
Q2,2

Q1,2

(8.9)
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Figure 8.14: Measurement selection from observability trees in two alternative load
cases ((A) and (B)). The measurements, m, of Figure 8.13 from which the deflections
are measured, are also indicated.

This procedure might be carried out automatically by a post processing analysis
of the measured deflections. It is to realize that deflections at the last ρ inner nodes
(such as nodes 5 and 6) might also be directly calculated from the last ρ load cases.

Once the deformations in nodes of the structure have been conveniently uncoupled,
the deflections for a load case in which a concentrated load is applied at point P might
be obtained. Information of this load case might be used to estimate the unknown
inertias of the beam elements by observability techniques. It is clear to notice that this
analysis might not require all the measured deflections. In this case, the observability
trees presented in this chapter might be used to minimize the measurement set. In
Figure 8.14, observability trees are used for measurement selection in two different
load cases. The difference between both loads cases only refers to the magnitude of the
concentrated load applied at point P (Q1,2 in the first load case and Q2,2 in the second
one). Therefore, the loads to be introduced into the observability analysis are zero the
inner nodes but point P and unknown in the boundary conditions. The first load case
is presented in Figure 8.14.A. In this case, an observability tree is used to indicate that
only three vertical deflections at nodes 2, 3 and 5 are required. Figure 8.14 indicates the
measurement or measurements used to obtain the required deflections. For example,
the vertical deflection at node 2 when the load Q1,2 is applied at point P , v2 Q1,2 P ,
is obtained from measurement m1, while v5 Q1,2 P is obtained from information from
measurements m4 and m2.

In the case of the second load case presented in Figure 8.14.B, an alternative observ-
ability tree has been used. This tree advises the measurement of the vertical deflections
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at nodes 3, 4 and 5. These deflections might be obtained from analysis of the measure-
ments pointed in Figure 8.14.B. It is important to notice that deflections at certain
node for concentrated loads of different magnitude might be directly obtained when a
linear behavior of the structure is assumed. For example, after solving the system of
equations v3 Q2,2 P is not directly obtained. Nevertheless, it might be calculated from
the deflection m1 (v3 Q2,2 P ) as follows:

v3 Q2,2 P = v3 Q1,2 P
Q2,2

Q1,2

(8.10)

The results of the observability analysis show that the three unknown element in-
ertias are conveniently observed when the selected measurement sets of the alternative
load cases presented in Figure 8.14 are analyzed.

Example 8.7 Three-Axles truck

The procedure presented above to uncouple the displacements when moving loads are
not punctual is applicable for any number of axles, any separation between axles and
any distribution of nodes in the FEM . To illustrate this, in this example the proposed
procedure is generalized for three-axles trucks. The application of this procedure to a
truck of higher number of axles is a straightforward task.

The structure analyzed in this example corresponds with the simple supported beam
presented in the preceding example in which the deflections at point P are measured
for different load cases. The only difference with the preceding example is the moving
truck used to excite the structure during the test. In this case, the three axles truck pre-
sented in Figure 8.15 is considered. This truck includes three concentrated loads (Q1,3,
Q2,3 and Q3,3 in which the first subindex refers to the order of application of the load
into the structure and the second one to the number of concentrated loads of the truck).

To assure the selection of an adequate FEM , the deck might be divided into small
elements of length ∆L chosen to be proportional to the distance between axles LA,1
and LA,2 (see Figure 8.15.A). This condition might be expressed mathematically as
LA,1=ρ∆L and LA,2=q∆L. The truck analyzed in this example has the following co-
efficients ρ=2 and q=1. As in the preceding example, NN is 7.

In Figure 8.15, the measurements obtained in 4 different load cases (LC1, LC3,
LC4 and LC7) are presented. In LC1 (Figure 8.15.A), only the first wheel (with a load
Q1,3) is introduced into the structure and therefore, the measured deflection at point
P , m1, corresponds with the vertical deflection at P when Q1,3 is applied at node 2,
vP Q1,3 2. In LC3 (Figure 8.15.B), measured deflections are coupled because the first
two wheels produce deflections into the structure. In this case, m3, represents the sum
of the deflections at P when the Q1,3 is applied at P , vP Q1,3 P , and the deflections
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Figure 8.15: Measured deflections in four different load cases (LC1 (A), LC3 (B), LC4

(C) and LC7 (D)) in a simply supported deck with three different beam elements
(A) and 7 nodes. The vertical deflections are measured at point P (node 4) when a
three-axles truck is moved over the deck.

at P when Q2,3 is applied at node 2, vP Q2,3 2. In LC4 (Figure 8.15.C), the effects of
the third wheel are also introduced into the structure. This fact makes that measured
deflections include coupled information from three different nodes. Finally, in LC7

(Figure 8.15.D) the effects of the first wheel no longer appear into the structure and
therefore, the measured deflections only include coupled deflections of two nodes of the
structure.

The measurements in all the NN+ρ+q-2 load cases might be summarized by the
following system of equations:

mc = vP Q1,3 c+1 = vc+1 Q1,3 P , c ≤ ρ (8.11)

mc = (vP Q1,3 c+1 + vP Q2,3 c+1−ρ) = (vc+1 Q1,3 P + vc+1−ρ Q2,3 P ), ρ < c ≤ ρ+ q (8.12)

mc = (vP Q1,3 c+1 + vP Q2,3 c+1−ρ + vP Q3,3 c+1−ρ−q) = (vc+1 Q1,3 P + vc+1−ρ Q2,3 P + vc+1−ρ−q Q3,3 P ), ρ+ q < c ≤ Nn − 2 (8.13)

mc = (vP Q2,3 c+1−ρ + vP Q3,3 c+1−ρ−q) = (vc+1−ρ Q2,3 P + vc+1−ρ−q Q3,3 P ), Nn − 2 < c ≤ Nn + ρ− 2 (8.14)

mc = (vP Q3,3 c+1−ρ−q) = (vc+1−ρ−q Q2,3 P ), Nn + ρ− 2 < c ≤ Nn + ρ+ q − 2 (8.15)

In the first p equations of the preceding system deflections at the first p inner nodes
when the first concentrated load is applied at point P might be directly obtained.
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In the following q load cases, measured deflections are coupled because the first two
wheels produce deflections into the structure. These deflections might be decoupled
by using the information provided by the first ρ equations. In this way, deflections of
the following q inner nodes when a load is applied at point P are obtained. In the
following NN -2-ρ-q load cases, the three wheels are located at inner nodes of the struc-
ture. Therefore, measured deflections in these cases will include coupled information
of deflections at three different points. In the following ρ load cases coupled deflections
in the last ρ inner nodes might be obtained. Finally, in the last q load cases, measured
deflections indicate directly the deflections in the last q inner nodes of the structure.

To estimate the unknown inertias in the beams a set of deflections at nodes might
be selected by observability trees as presented in the preceding example. The same
results of the observability analysis are obtained for any moving load.

8.3.3 Changes in the load cases and boundary conditions

Changes in load cases are very common during the construction process of a structure.
The applied load case plays an important role in the information provided by measured
deflections and/or rotations for SSI. For example, if the load case does not excite a
certain resistant mechanism, measured deflections cannot introduce information of this
resistant mechanism into the observability analysis. This case is illustrated by the anal-
ysis of the simply supported beam presented in Example 8.8.

Another way to obtain additional information consists of changing the boundary
conditions. Information provided by changes in the boundary conditions might reduce
the number of required monitored degrees of freedom in each of the analyzed struc-
tural systems of a structure. This fact might be interesting on site where the boundary
conditions might be changed (e.g. arch construction, staggered erection of a contin-
uous bridge or tensioning process of a cable-stayed bridge over temporary supports).
To illustrate how to include conveniently information obtained when the structure is
subjected to different boundary conditions into the observability analysis, the Example
8.9 is presented.

Example 8.8 Changing the load case

In this section the additional information provided by changes in the load cases of
structure presented in Figure 8.16 is studied. This structure is a simply supported
beam with 5 nodes and 4 beam element that includes two different and unknown axial
and flexural stiffnesses (named 1 and 2 and highlighted in bold in Figure 8.16).

Figure 8.16 includes the measured horizontal and vertical deflections at inner nodes
(nodes 2, 3 and 4) in two different Load Cases (LCs): The first load case (LC-1 in
Figure 8.16.A) consists on a concentrated vertical load V applied at node 4. This
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(A) Load Case 1 (LC-1) (B) Load Case 2 (LC-2)

43 2 1 543

1 2 1 2

V H

Figure 8.16: Example 8.8: Two beams structure with different load cases: (A) LC-1
with a concentrated load V that excites the flexural resistant mechanisms. (B) LC-2
with a concentrated load H that excites the axial resistant mechanism.
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Figure 8.17: Including into the observability analysis information from different load
cases on site. The contribution of each of the load cases is highlighted with the same
color.

load only excites the flexural resistant mechanism and therefore, measured horizontal
deflections introduce no information of the axial resistant mechanism. On the other
hand, the second load case (LC-2 in Figure 8.16.B) includes a concentrated horizontal
load H applied at node 4. This load excites the axial resistant mechanism of the struc-
ture. In this case, measured vertical deflections provide no information of the flexural
resistant mechanism. Therefore, it might be concluded that changes in the load cases
might introduce additional information into the observability analysis (even without
changing the monitored degrees of freedom of the structure) because different resistant
mechanisms might be excited.

The information measured in the different load cases might be studied together.
In this case, the system of equations obtained by the stiffness matrix method in each
individual structure might be condensed as presented in Figure 8.17. In this figure,
fLC1 and fLC2 are the forces applied in nodes of the structure for each of the load cases,
K is the stiffness matrix of the structure, Ω is a null matrix and δLC1 and δLC2 are the
deflections at the nodes of the structure for each analyzed load case. Changes in the
applied load cases do not affect the stiffness matrix K. In this case, the differences be-
tween the different load cases will be located in vectors of forces {f} and deflections {δ}.
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(A) Structure without Boundary Conditions (BC)

 1 3 5

2 1 5

3 1 5

(B) BC-1:With temporary supports

(C) BC-2: Without temporary supports
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2 4

3
V

4
V

Figure 8.18: Example 8.9: Two beams structure with different boundary conditions,
BC: (A) Without boundary conditions, (B) BC-1 with temporary support and (C)
BC-2 without temporary support.

Observability analysis of the system of equations presented in Figure 8.17 can be
carried out by slight modifications of the algorithm proposed in Chapter 6. The solu-
tion of this system shows that the axial and the resistant stiffnesses of the structure
might be observed when information of different load cases is introduced into the ob-
servability analysis. Therefore, this example proves that measuring deflections and/or
rotations in a structure subjected to different load cases might increase the observabil-
ity of its unknown parameters.

Example 8.9 Changing the boundary conditions

The structure analyzed in this example has 5 nodes and 4 beam elements that includes
two different and unknown flexural stiffnesses (named 1 and 2 and highlighted in bold
in Figure 8.18.A). Only attention to the flexural resistant mechanism is paid. To ob-
tain the unknown bending inertias of the beam elements, the vertical deflection at node
inner nodes (2, 3 and 4) is measured for two different boundary conditions, BC: In
the first case, BC-1, the simply supported beam includes a temporary support placed
at node 3 as presented in Figure 8.18.B. In the second case, BC-2, presented in Figure
8.18.C, no temporary support appears. In both analysis a concentrated vertical load
is applied at node 2. This load excites the flexural resistant mechanism.

The observability analysis of each BC-1 shows that the unknown flexural stiffnesses
cannot be observed. To observe these parameters, more information has to be included
into the observability analysis. This can be carried out, by measuring additional de-
flections in the structure (such as, w1, w2, w4 and/or w5) or at intermediate nodes.
Similar results are obtained when BC-2 is analyzed. This way of introducing more in-
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Figure 8.19: Including into the observability analysis information from different bound-
ary conditions on site. The contribution of the different structural systems is high-
lighted with the same color.

formation into the observability analysis has the trade off that requires the monitoring
of additional degrees of freedom in the structure. An alternative procedure that it can
be used to observe the unknown mechanical properties without measuring new degrees
of freedom consists of studying together the information obtained when the structure
is subjected to different boundary conditions (such as BC-1 and BC-2). This method
takes advantage of the additional information obtained when changes in the boundary
conditions appear on site (specially during the construction process). When results of
different boundary conditions are studied together, the system of equations obtained
by the stiffness matrix method in each individual structure might be condensed as pre-
sented in Figure 8.19. In this figure, fBC1 and fBC2 are the forces applied in nodes of
the structure for each of the analyzed boundary conditions, K is the stiffness matrix of
the structure, Ω is null matrix and δBC1 and δBC2 are the deflections at the nodes of the
structure for each analyzed boundary condition. It is important to highlight that de-
pending on the boundary conditions some forces and deflections at nodes will be either
known or unknown. For example in BC-1 the vertical force applied at node 3, R3, is
unknown while the vertical deflection at the same node, v3, is known (null deflection).
On the other hand, in BC-2, R3 is known (null) and v3 is measured. Changing the
boundary conditions of the structure does not affect its matrixK that remains constant.

The solution of the system of equations presented in Figure 8.19 shows that the
two unknown flexural stiffnesses are conveniently observed. Therefore, this example
proves that measuring deflections and/or rotations in a structure subjected to different
boundary conditions might increase the observability of its unknown parameters. This
is specially important for SSI during erection.
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8.3.4 Analysis of construction process

For many reasons, the analysis of the construction process is one of the most critical
parts in the design of most structures. Example of this is the fact that the structural
system might not be completed, or the fact that the material strength might be lower.
Furthermore, many changes in the boundary conditions and many load cases might
be applied during construction. Multiple examples of changes in the boundary condi-
tions are found in the construction process of bridges and buildings. For example, in a
cantilevered cable-stayed bridge, deck segments are placed in cantilever. Nevertheless,
when the structural system is completed these segments are supported by stay cables.

As in the case of the changes in the load cases or in the boundary conditions
presented in the preceding section, a condensed analysis of the different construction
stages might be used to reduce the number of required monitored degrees of freedom
in the structure. To illustrate the application of the observability techniques to deal
with evolutionary erected structures, the following example is presented.

Example 8.10 Cantilever beam

In this example, the observability analysis of the staggered erection in cantilever of
a beam is presented. The complete structure includes 6 nodes and 5 beam elements
(including an inclined stay cable). These elements include three different mechanical
properties (named 1, 2 and 3 and highlighted in bold in Figure 8.20.B). Only attention
to the flexural resistant mechanism is paid. The flexural stiffness of the stay cable is
neglected.

The construction process of the cantilever beam includes the two construction stages
(S) described in Figure 8.20. In the first construction stage, S1, the first segment of the
beam is build and vertical deflections at v2 and v3 are measured when a concentrated
load V is applied at node 3. In the second construction stage, S2, the second beam
segment is built and the deflections v2, v3, v4 and v5.

From each of the construction stages described in Figure 8.20, a system of equations
is obtained when the stiffness matrix method is applied. As in the preceding analyzed
cases presented in Examples 8.8 and 8.9, observability analysis of the condensed sys-
tem of equations obtained by both construction stages might reduce the number of
required monitored points. The condensation of the stiffness equations for S1 and S2
is presented in Figure 8.21, in which fS1 and fS2 are the vector of forces at the nodes
for S1 and S2, KS1 and KS2 are the stiffness matrices, δS1 and δS2 are the vectors of
deflections in both stages and Ω is a null matrix.

Unlike the changes in the load cases and in the boundary conditions, each con-
struction stage might contribute with a different number of equations in the system
presented in Figure 8.21. The contribution of each stage on this system of equations
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Figure 8.20: Example 8.10: Cantilever erection of a beam (A) First construction stage
S1 and (B) Second construction stage S2.

  

fS1

fS2

=

Ω

Ω

 

KS1

KS2

 

δS1

δS2

Figure 8.21: Including into the observability analysis information from different con-
struction stages of a cantilever beam on site. The contribution of each of the construc-
tion stages is highlighted with the same color.

depends on its number of nodes and its geometry. This fact influences the sizes of {f},
{δ} and [K].

As in the case of changes in the load cases or in the boundary conditions, the analysis
of the condensed matrix presented in Figure 8.21 can be carried out directly when the
algorithm presented in Chapter 6 is slightly modified. The analysis of this system of
equations shows that the unknown flexural stiffnesses of the beam elements and the
axial stiffness of the stay cable might be estimated when the two construction stages
are analyzed together. Therefore, this example proves that the analysis of different
construction stages might be used to reduce the number of required monitored degrees
of freedom in the structure.
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Example 8.11 Wuxi Bridge

In this example, the SSI in different stages of the construction process of the cable-
stayed bridge in Wuxi is presented. This structure has a 180m long deck, a 55m high
pylon and 18 stay cables arranged in the fan system.

The construction process of the structure might be summarized as follows: The
superstructure is erected on 4 construction stages. In each of these stages a 45m long
is erected on 5 temporary supports. The pylon is erected on stages 3 and 4. The stay
cables are installed in alternative sides from the pylon to the abutments. Each stay
cable is prestressed in two tensioning operations.

In this example the three following construction stages are analyzed: (1) Stage 1,
this stage includes a unique deck segment built on 5 temporary supports and on the left
abutment as presented in Figure 8.22.A. The FEM of this structure includes 18 beam
elements and 19 nodes. This model includes 10 unknown axial and flexural stiffnesses
as highlighted in italics in Figure 8.22.A. (2) Stage 2, this stage also includes a new
deck segment that is built on 5 temporary supports as presented in 8.22.B. The FEM
of this structure includes 32 beam elements and 33 nodes. This stage includes the 20
unknown axial and flexural stiffnesses highlighted in the Figure 8.22.B. (3) Stage 7. In
this stage the third stay is installed and prestressed. It is assumed that the prestressing
of the stay cables has lifted the three temporary supports located in the proximities
of the pylon as presented in Figure 8.23.A. The FEM of this stage includes 64 beam
elements and 61 nodes. This model includes the 43 unknown axial and flexural stiff-
nesses highlighted in italics in Figure 8.23.A.

In each of the described cases independent observability analysis (based on differ-
ent assumptions) are carried out. In Stage 1 a unique case (Case 1.1) is analyzed. In
this case (presented in Figure 8.22.A.), the 10 different stiffnesses of the structure are
assumed unknown. In Stage 2 two cases (Cases 2.1 and 2.2) are analyzed. In Case 2.1
(presented in Figure 8.22.B.), the 20 different stiffnesses of the elements in the stage are
assumed as unknown. In Case 2.2, (presented in Figure 8.22.C.), only the stiffnesses
of the elements added from stage 1 (from 11 to 20) are assumed as unknown. Finally,
in Stage 7 three different cases (Cases from 7.1 to 7.3) are analyzed. The inertia of the
stay cables (I41, I42 and I43) are assumed as null. In Case 7.1 (presented in Figure
8.23.A) all the mechanical properties but the areas of the stay cables are assumed as
known. Therefore, only A41, A42 and A43 are unknown. In Case 7.2 (presented in
Figure 8.23.B), 43 areas (from A1 to A43) and 40 inertias (from I1 to I40) are assumed
unknown. In Case 7.3 (presented in Figure 8.23.C), 40 areas (from A1 to A40) and 40
inertias (from I1 to I40) are assumed unknown.

The measurement set required in Case 1.1 to observe the 10 unknown flexural
stiffnesses includes the 11 vertical deflections summarized in Figure 8.22.A. After 8
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(A) Stage 1: Unknown From 1 to 10
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(B) Stage 2: Unknown From 1 to 20
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Unknowns: A1 to A10, I1 to I10     (20)
Measurements: 11 v                    (11)
Observed parameters: I1 to I10   (10)
Observations:                               (52)
Steps:                                                  (8)

Unknowns: A1 to A20, I1 to I20     (40)
Measurements: 21 v                    (21)
Observed parameters: I1 to I20   (20)
Observations:                                   (97)
Steps:                                                          (18)

(C) Stage 2: Unknown From 11 to 20
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Unknowns= A1 to A20, I11 to I20    (30)
Measurements= 12 v                    (12)
Observed parameters: I11 to I20   (10)
Observations:                                         (95)
Steps  :                                            (7)

Figure 8.22: Including into the observability analysis information from different con-
struction stages of a cantilever beam. The contribution of each of the beam elements
is colored with the same color.

recursive steps a number of 52 parameters are observed. This number includes all the
observed stiffnesses, deflections, rotations and reactions in nodes. A summary of the
details of the observability analysis are presented in Figure 8.22.A. The measurement
set required in Case 2.2 to observe the 20 unknown flexural stiffnesses includes the
21 vertical deflections presented in Figure 8.22.B. As summarized in this figure, this
information enable the observation of 97 parameters in 18 recursive steps. In Case 2.2,
the 10 unknown flexural stiffnesses can be observed when the 12 vertical deflections
presented in Figure 8.22.C are introduced into the observability analysis. In this case,
a number of 95 parameters are observed after 7 recursive steps. The measurement set
in Case 7.1 includes the 4 vertical deflections and the 3 horizontal deflections summa-
rized in Figure 8.23.A. The unknown axial stiffnesses of the stay cables are observed
after 2 recursive steps. In this case a set of 192 parameters are observed. In Case 7.2,
a set of 45 vertical deflections and 42 horizontal deflections are introduced into the
observability analysis. These deflections are summarized in Figure 8.23.B. In this case
all the unknown areas (from A1 to A43) and inertias (from I1 to I40) are observed after
37 recursive steps. Finally, in Case 7.3, the 42 vertical deflections and 42 horizontal
deflections presented in Figure 8.23.C enable the computation of all unknown areas
(from A1 to A40) and inertias (from I1 to I40) after 37 recursive steps.
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(A) Stage 7: Unknown A41 to A43 
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Figure 8.23: Including into the observability analysis information from different con-
struction stages of a cantilever beam. The contribution of each of the beam elements
is colored with the same color.

8.4 Conclusions

This chapter deals with the minimization of both the measurement set and the moni-
tored points for adequate SSI in bridges.

To minimize the measurement sets, a new and innovative method, the observability
trees, is proposed:

• The observability tree is a graphical representation of the system of equations of
the stiffness matrix method.

• In structures made out of horizontal or vertical beam elements, the observabil-
ity trees include information of only one (axial or flexural) resistant mechanism.
Nevertheless, these two mechanisms are coupled in inclined beam elements when
horizontal and vertical deflections are measured in global axes. Observability
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trees of these elements can be analyzed by separate trees of an equivalent hori-
zontal or vertical element taking into account that a disconnection in a structural
mechanism also affects the other one.

• The results of the analyzed examples verify that the lower bound of the number
of measurements corresponds with the number of estimates to be observed. This
number might be increased by the structural redundancy of the structure as
additional information might be required to initiate the observability flows. The
type of deflection and its location in the structure are also of primary importance.
In fact, when the deflection types or the locations are not properly selected,
even higher number of measurements does not enable the observability of all the
unknown estimates.

• To ease the construction of observability trees in several kinds of bridges, a set
of guidelines is provided. These guidelines include a set of simplifications (such
as null stay inertia, known stay area, known stay axial forces and measured stay
force) to ease the representation and understanding of the observability trees of
complex structures, such as cable-stayed bridges.

• The observability trees are proved to be an intuitive and powerful tool in mini-
mizing measurement sets and in choosing alternative measurement sets in cable-
stayed bridges.

To minimize the number of points to be monitored, the application of the following
procedures is proposed:

• The Maxwell’s law of reciprocal deflection enables the calculation of the deformed
geometry of a structure when a concentrated load is applied in the monitored
node. This geometry is obtained from the deflections measured at the monitored
node when the concentrated load is moved throughout the structure. This is
to say, from the influence line. Application of the Maxwell’s law with actual
loads (such as trucks) is also introduced. This application is not direct as the
measured deflections at the monitored point might include the effects of the
different concentrated loads. In this case, to decouple the effects of the different
loads a post processing analysis of the measured data might be required.

• Measuring information when the structure is subjected to different boundary
conditions, load cases that excite different resistant mechanisms, or in different
construction stages. These methods require the condensation, in a single analysis,
of the different stiffness matrices and vectors of forces and deflections.



Chapter 9

Conclusions

9.1 Introduction

This work presents a study of the construction control of cable-stayed bridges built on
temporary supports. To this end, an exhaustive bibliographical research was first car-
ried out. This research included: (1) Study of the construction process of cable-stayed
bridges. (2) Study of the construction process of real cable-stayed bridges built on
temporary supports. (3) Study of the algorithms proposed to simulate the construc-
tion process of cable-stayed bridges. (4) Study of the algorithms proposed to define the
Objective Service State (OSS). (5) Study of the algorithms used to simulate the time-
dependent phenomena in staggered structures. (6) Study of the methods proposed for
Structural System Identification (SSI).

To fill the detected gaps found in the literature review, new methods have been
proposed to: (1) Simulate the construction process of cable-stayed bridges built on
temporary supports. (2) Introduce the staggered erection and time-dependent phe-
nomena effects into the definition of the OSS. (3) The application of observability
techniques to SSI of structures in general. (4) Minimizing and optimizing the required
measurement set for SSI. Several theoretical and actual structures were analyzed with
these methods and their results were compared with those obtained by other commer-
cial codes or by alternative presented methods. The analysis of these examples served
to elaborate a set of guidelines about (1) the effects of the construction joints and
temporary supports both during construction and in service, (2) the optimal time to
define the achievement of the OSS and (3) the required deflections to be measured for
an adequate SSI.

The main conclusions of the work are summarized in the following section.

297
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9.2 Conclusions

The conclusions of the work are clustered into the following three sections: (1) Con-
clusions about the construction process. (2) Conclusions about the service stage, and
(3) Conclusions about the SSI by observability techniques.

9.2.1 Conclusions about the construction process

This work demonstrates that the construction process is one of the key points to design
a safe and economical structure. Compared with other ordinary bridges, the construc-
tion process of a cable-stayed bridge might play even a more important role because of
its structural behavior and slenderness. Most of the cable-stayed bridges are built by
variants of the two main construction processes: the cantilever and the temporary sup-
port erection methods. The former method is traditionally used in long-span bridges
while the other one is more common in short and middle span bridges as more conven-
tional construction techniques might be used.

The main issue to assure the successful erection of a cable-stayed bridge is the
correct execution on site. To guide and assure safety throughout this process, a pre-
cise simulation of all construction stages is required. This simulation is a complicated
task because of the interrelation of the structural elements among all the construction
stages. The vast majority of simulation methods presented in the literature are based
on the cantilever erection method. Nevertheless, and despite its many advantages and
applications, the temporary support erection method has not received considerable at-
tention as it is only described in general terms.

The simulation of the temporary supports erection method includes substantial dif-
ferences with the cantilever one. For example, in the temporary supports method stiffer
structures generally appear during erection, as the deck is supported by a number of
temporary supports. These supports increase significantly the statically redundancy
of the structure during erection. An additional difficulty is the fact that during the
tensioning process the deck can be lifted. These peculiarities complicate the determi-
nation of the structural system throughout the simulation.

In order to study the structural peculiarities of the temporary supports erection
method, four algorithms (Backward Algorithm, BA, Forward Algorithm, FA, Direct
Algorithm, DA, and Forward-Direct Algorithm, FDA) are proposed in this work. All
these algorithm share a set of common characteristics. The first one is that they simu-
late the prestressing of the stay cables by imposed strains or temperature decrements.
This characteristic eases their implementation in structural codes. The second common
characteristic is that they simulate the lifting of the temporary supports throughout
the tensioning process by a local iterative process. Furthermore, they provide infor-
mation of the strains and forces to be introduced by the jack on site, the evolution
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of stresses and deflections in the structure and the lifting sequence of the temporary
supports. The main characteristics of these algorithms might be listed as follows: (1)
BA: This algorithm applies the superposition principle from a backward approach,
this is to say, according to the opposite construction sequence followed on site. The
simplicity of the BA makes it specially indicated for initial design of the construction
process of cable-stayed bridges built on temporary supports. (2) FA: This algorithm
applies the superposition principle from a forward approach, this is to say, according
to the actual construction sequence followed on site. The FA is more time consuming
than the BA as it includes an overall iterative process. This algorithm is specially in-
dicated to adapt the construction process when deviations between the actual and the
theoretical structure are found. (3) DA: This algorithm avoids the application of the
superposition of stages principle by mean of the unstressed length of the stays concept.
This hypothesis enables an innovative direct simulation of the construction process. In
this approach each construction stage might be simulated by an independent FEM .
The computational efficiency of the DA makes it specially indicated for initial design
and for optimization processes. Furthermore, it can be implemented easily in a struc-
tural software. (4) FDA: This algorithm includes the simulation of time-dependent
phenomena (such as creep and shrinkage) effects. As its name indicates, this algo-
rithm includes hypotheses of the FA (superposition principle and forward approach)
and of the DA (application of the unstressed length concept). This algorithm is spe-
cially indicated to simulate the time-dependent phenomena effects throughout erection.

After validating the proposed algorithms with two commercial codes, several struc-
tures were analyzed and the results of the different algorithms were compared. These
results showed the important role that the characteristics of the superstructure erection
(such as the number and location of the temporary supports and construction joints)
and the tensioning process (such as the number of prestressing operations) play in the
structural behavior of cable-stayed bridges throughout erection.

In the case of concrete structures, the effects of creep and shrinkage are also of pri-
mary importance. The analyzed structures showed that it is more adequate to define
the construction process without considering the time-dependent phenomena effects
and then include these effects into the simulation than include these effects into the
tensioning process to assure the achievement of the OSS at long-term. This is ex-
plained by the fact that in the first case the structure is subjected to smaller construc-
tion stresses. Finally, when the construction process is defined without considering the
time-dependent phenomena effects, additional tensioning operations might be required
to correct the structural scheme of the bridge at completion.

A parametric study showed also the role of the uncertainties of the model in the
simulation of the construction process when time-dependent phenomena effects are
included. These results illustrate the convenience of linking the construction process
algorithms with SSI methods.
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9.2.2 Conclusions about the service stage

One of the first stages in the design of a cable-stayed bridge consists of the definition of
the stress and/or deformations state to be achieved in service. This state is known as
the Objective Service Stage (OSS) and might be characterized by the stay cable forces.
Many criteria have been proposed in the literature to define these forces from different
approaches. Nevertheless, none of these criteria includes the effects of the staggered
erection of the superstructure nor the time-dependent phenomena effects. To fill these
gaps, new criteria to include these effects into the definition of the OSS are proposed
in this work.

To include the effects of the staggered erection of the superstructure an energetic
approach might be followed. In this analysis the stay cable forces might be defined
to minimize the bending energy of the structure including the effects of its staggered
erection. The analyzed structures showed that the minimal bending energy depends,
to a great extent, on the type of pylon-deck connection. In those structures with-
out pylon-deck connection, the prestressing of the stay cables might be adjusted to
achieve the bending energy of the equivalent fictitious continuous beam, that repre-
sents the minimal possible bending energy in the deck. Nevertheless, reaching the
minimum bending energy might imply large vertical deflections at the deck. Hence,
to correct these deflections, it is advisable to provide an adequate pre-camber to the
deck segments. On the other hand, in those structures with pylon-deck connection,
the prestressing of the stay cables cannot be adjusted to achieve the continuous beam
bending moment diagram.

Independently of the pylon-deck connection type, it is proved that the minimal
bending energy in the deck is achieved when the stay cables produce the same vertical
reaction that an equivalent fictitious continuous beam. This fact enabled the devel-
opment of an alternative method (Simplified criterion) to simulate the effects of the
staggered erection of the superstructure into the OSS. Unlike the minimal bending
energy criterion, this criterion is based on the analysis of the stay cable forces. The
simplified criterion has the advantages that it does not require any numerical integra-
tion and it can be easily introduced in a structural code. The simplified criterion was
used to study the effects of the main parameters of the staggered erection of the su-
perstructure (the number and location of construction joints and temporary supports).
The analyzed structures showed that when the location of the construction joints in
structures with pylon-deck connection is fixed, the higher the number of temporary
supports, the more similar the bending moment diagram to that of a continuous beam
and thus, the lower the bending energy. Furthermore, the higher the number of tempo-
rary supports, the lower the marginal benefit of adding additional temporary supports.
The analyzed examples showed that the optimal location of the construction joints
depends, to a great extent, on the number of joints.

To evaluate the creep and shrinkage in service, two different analyses were carried
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out. In the first analysis, the effects of the time-dependent phenomena in different
structures were evaluated without being introduced into the definition of the OSS. In
structures with inclined pylon and without backstays, creep of the pylon is the phe-
nomenon that produces the higher effects. In this case, pylon weight proved to be of
primary importance to reduce the creep redistribution of stresses. To minimize this
redistribution, the weight of the pylon must minimize the bending area of the pylon
in the OSS. A parametrical analysis shows the favorable effect of the pylon stiffness.
The analysis shows the inefficiency of such bridges and the unfavorable effects of creep
and shrinkage in maintaining the OSS. In these kind of bridges, the use of backstays
is strongly encouraged. The second analysis carried out consisted on introducing creep
and shrinkage effects into the definition of the OSS. An important factor of this defi-
nition is the time at which the structure is defined to achieve the OSS. The analysis
of a real cable-stayed bridge showed that it is convenient to define the OSS to be
achieved at early times instead of when the time-dependent phenomena effects have
been completely developed. In the analyzed examples, the creep and shrinkage effects
produce unfavorable effects in the envelope of stresses in service.

Finally, to illustrate the role of the uncertainties (such as deck area or pylon inertia)
in service, a parametric analysis was carried out. This analysis includes the effects of
time-dependent phenomena. The results of this analysis indicated the importance of
linking the simulation methods with the monitoring information on site. This linkage
enables an adequate calibration of the simulation models.

9.2.3 Conclusions about the SSI by observability techniques

The response of a structure is traditionally based on simplistic physic-based models (e.g.
FEMs). In these models, the mechanical and geometrical properties of the structure,
such as Young’s modulus, areas and inertias, are assumed as known. Nevertheless,
this might not be the case in most actual structures, where the actual characteristics
are unknown due to uncertainties in materials, construction procedures, stress state,
degradation or damage. For accurate and reliable estimation of stress distribution and
deformations, calibration of the FEM is required. One way to approach this require-
ment is using measurements from nondestructive tests (SSI). From the calibrated
response of the structure strength and/or damage indices of its different elements can
be defined. These indices can be linked with decision making processes to support
operational and maintenance decisions, providing higher safety levels.

Most of the SSI methods presented in the literature are non-parametric, this is
to say, input-output information has not a physical meaning. These methods used to
include information from dynamic tests. When only static parameters (such as flexural
or axial stiffnesses) are required for condition assessment, static excitation based SSI
methods can prove simpler and more adequate. In this work a new parametric SSI
method based on information from static excitation tests is presented. For the very
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first time, this method is based on the application of the observability techniques to
the stiffness matrix method.

When the SSI is introduced into the stiffness matrix method a polyrational system
of equations appears. Since no satisfactory methods to solve these systems of equations
have been proposed in the literature, the application of the observability techniques is
proposed here. This application is proved to be and efficient analytical method that
avoids resorting to numerical approximations.

The results of the developed SSI method have been validated with those obtained
by three alternative methods presented in the literature. In three out of four analyzed
examples, the proposed SSI method requires a lower number of measurements than
the compared methods with a wider freedom in the selection of the measurement type.
The SSI of several complex structures, such as buildings or cable-stayed bridges, is
used to illustrate the power and applicability of the observability techniques. The pro-
posed SSI method showed to be computationally efficient independently of the size of
the structure. The linkage between load-bearing elements and their inclination prove
to be factors that play an important role in the determination of measurement sets.
The analyzed examples show that in cable-stayed bridges is convenient to neglect the
inertia of the stay cables to reduce the number of required measurements for SSI. To
improve the accuracy of the proposed algorithm, several causes of discrepancy between
the computer model and the actual structures are also studied. The analyzed causes
of discrepancy were: (1) Damage of beam elements. To deal with damages two alter-
native analysis (FEM selection and elastic masses diagram) are proposed. (2) Actual
boundary conditions on site. To deal with these deviations two alternative methods
(including boundary stiffnesses into the stiffness matrix of the elements or assuming
all the information at the boundary conditions as unknown) are presented. (3) Ac-
tual temperature of the beam elements. Temperature gradient produces stresses in the
structure if movement is prevented. For this reason, a method to include these effects
into the stiffness matrix is presented. Furthermore, a modification of the observability
method to deal with SSI from dynamic tests is presented. This modification includes
two different procedures to analyze information from one or several vibration modes.

To minimize the measurement set, a new and innovative method, the observability
trees, is proposed. This method consists of a graphical representation of the system of
equations of the stiffness matrix method. The results of the analyzed examples verify
that the lower bound of the number of measurements corresponds with the number of
estimates to be observed. This number might be increased by the structural redun-
dancy and geometry of the structure. The degrees of freedom measured in the test and
its location in the structure are also of primary importance. In fact, when the degrees
of freedom are not properly selected, even higher number of measurements does not
enable the observability of all the unknown estimates. To ease the construction of
observability trees in several kinds of bridges, a set of guidelines is provided. These
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guidelines propose a set of simplifications to ease the representation and understand-
ing of the observability trees of complex structures, such as cable-stayed bridges. The
observability trees are proved to be an intuitive and powerful tool in minimizing mea-
surement set and in selecting alternative measurement sets in cable-stayed bridges.

To minimize the number of points to be monitored, the application of the Maxwell’s
law of reciprocal deflection is proposed. The Maxwell’s law of reciprocal deflection en-
ables the calculation of the deformed geometry of a structure from a limited number
of monitored degrees of freedom. Application of the Maxwell’s law with actual loads
(such as trucks) is also introduced. This application is not direct as the measured
deflections at the monitored point might include the effects of different concentrated
loads. In this case, to decouple the effects of different loads a post-processing analysis
of the measured data might be required. This application is valid for any truck. Fur-
thermore, to reduce the number of required measured points, other alternative methods
are proposed: (1) Measuring information when the structure is subjected to different
boundary conditions. (2) Measuring information from alternative load cases that might
excite different resistant mechanisms. (3) Measuring deflections in different construc-
tion stages.

As it has been said, when observability is introduced into the stiffness matrix
method a polyrational system of equations appears. As this kind of system is found
in many science and engineering fields, the proposed procedure might be applied in
many other problems (such as transportation, hydraulics or energy power distribution,
among many others).

9.3 Major contributions

The major contributions of this work might be summarized as follows:

Chapter 2: The main objective of this chapter is to provide a comprehensive dis-
cussion on the concept of construction simulation of cable-stayed bridges. The main
issues that are of concern in the analysis and the modeling of the construction process
are reviewed on the basis of literature. This chapter presents a detailed review of the
state of the art of the construction process of cable-stayed bridges built on temporary
supports. Furthermore, a detailed state of the art of the methods proposed in the
literature to calculate the Objective Service Stage is presented.

Chapter 3: In this chapter three methods (Backward Algorithm, BA, Forward Al-
gorithm, FA, and Direct Algorithm, DA) are proposed to simulate the construction
process of cable-stayed bridges built on temporary supports. The last of these meth-
ods introduces, for the very first time, the concept of unstressed length of the stays
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into simulation of the construction process. This concept enables an innovative direct
simulation of the construction process that does not require the application of the su-
perposition of stages principle (minimizing the computation time).

Chapter 4: This chapter presents a study of the effects of the staggered erection of
the superstructure both during the construction process and in service. To simulate
the effects in service, a new criterion based on the minimization of the bending energy
of the structure is proposed. To minimize the computation cost, a simplified criterion
based on the stay cable forces analysis is also presented. This chapter also proposes an
original study of the effects of the location and the number of the construction joints
and the temporary supports used during the staggered erection of the superstructure.
From this study a set of guidelines about the erection of this kind of bridges is proposed.

Chapter 5: This chapter presents a detailed study of creep and shrinkage effects in
concrete cable-stayed bridges. After evaluating these effects during construction and
in service, a new criterion is proposed to include time-dependent phenomena effects
into the Objective Service Stage. Furthermore, the Forward Direct Algorithm (FDA)
is proposed to deal with time-dependent phenomena effects throughout the erection
simulation. This algorithm is used to provide a set of guidelines about the optimum
time in which the OSS should be defined.

Chapter 6: This chapter presents the first application of observability techniques to
Structural System Identification. This has lead to a new and powerful parametric SSI
method. Furthermore, the future development of the method (including information
from dynamic test, temperature effects and boundary conditions) is explained in de-
tail. Another major contribution presented in this chapter refers to the importance of
solving systems of polyrational equations for SSI. These equations play an important
role in most problems in Physics and Engineering involving scale variables. Since no
efficient methods are known to solve this type of equations, a powerful and efficient
method to solve polyrational equations using observability techniques has been pre-
sented. Furthermore, the application to solving important problems is stated. These
applications prove the relevance and generality of the proposed methods and introduce
polyrational equations as a new star in the field of science applications.

Chapter 7: This chapter shows the potential of the proposed SSI method by ob-
servability techniques. First, after comparing the obtained results with those of three
alternative methods presented in the literature, the proposed SSI method is validated.
The application of the method to a number of different structures (such as building,
bridges and cable-stayed bridges) is presented. Furthermore, the effects that the each
individual load-bearing element of a cable-stayed bridge introduce into the observabil-
ity analysis are analyzed in detail.

Chapter 8: This chapter proposes an innovative method to minimize graphically
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the measurement set in the SSI in bridges (Observability Trees). To easy the repre-
sentation of these trees in beam bridges and cable-stayed bridges, a set of guidelines
is provided. This tool is also proved very efficient for alternative measurement set
selection. This chapter proposes the application of the Maxwell’s theorem to minimize
the monitored points when actual trucks cross the deck. This application reduces sig-
nificantly the monitoring cost. Furthermore, slight modification of the proposed SSI
method is presented to include information from different boundary conditions, load
cases that excite different resistant mechanisms and construction stages. Observability
techniques are also applied to several cable-stayed bridges during erection and service.

This work has lead to the following published or accepted papers:
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3. J.A. Lozano-Galant, I. Payá-Zaforteza, J. Turmo. Optimization of the Location
and Number of both Construction joints and Temporary supports during Stag-
gered Erection of Cable-Stayed Bridges, Baltic Journal of the Road and Bridge
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9.4 Future Research

The future research lines of this work might be summarized as follows:

9.4.1 Analysis of cable-stayed bridges

1. Optimizing the construction process: As presented in Chapter 3, there are an
infinity number of possible tensioning strategies to achieve a certain objective
stage in service. Nevertheless, it is obvious that between these strategies some
will result more advisable because they have a lower cost or because they pro-
duce lower stress levels in the structure. For this reason, an optimization of the
construction process is encouraged. The reduced computational cost makes the
DA an interesting algorithm to be included in an optimization algorithm.

2. Introducing creep and shrinkage effects into the DA: One of the major advantages
of the DA (the direct simulation that does not require the application of the su-
perposition of stages principle) complicates the simulation of the time-dependent
phenomena (such as creep and shrinkage). For this reason, this algorithm is
presented for steel cable-stayed bridges. Nevertheless, a future research line will
address the direct simulation of time-dependent phenomena. This simulation
will be based on introducing the time-dependent phenomena effects as imposed
strains and curvatures in the concrete beam elements.

3. Quantifying the geometrical nonlinearities effects during the construction process:
Compared with the cantilever erection method, the stiffness of the structure in
the temporary supports erection method reduces the effects of geometrical non-
linearities (such as the beam-column or the large displacement effect). These
nonlinearities have been neglected so far in the proposed work. Nevertheless, to
quantify their role during erection, the geometrical nonlinearities will be imple-
mented into the developed algorithms.

4. Optimizing the location and the number of temporary supports and construction
joints: As presented in Chapter 4, the number and the location of temporary sup-
ports and construction joints play an important role in the structural behavior of
the structure during construction and in service. For this reason, to obtain more
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general guidelines about these two aspects, a traditional optimization process will
be carried out.

5. Integrating the FA and the SSI method for accurate simulation on site: As pre-
sented in Chapter 2, the simulation of the construction process is very complex
(as the structure is highly statically redundant) and it depends on a number of
not fully controlled factors (e.g. damages, temperature, humidity). For these
reasons, deviations between the actual structure on site and the theoretical one
are traditionally found. In some cases, these deviations might be corrected by up-
dating the theoretical tensioning process (as proposed by the FA). Nevertheless,
in other cases, this theoretical model includes significant deviations with the ac-
tual structure. To obtain a more accurate simulation in these structures, the FA
will be integrated into the SSI method. The integration of both algorithms will
enable the identification of the actual properties of the elements of the structure
during the construction process.

9.4.2 SSI by observability techniques

1. Extending the method to 3D structures: The SSI of 3D structures might be
carried out with a straightforward generalization of the proposed methodology.
To do so, 3D stiffness matrices must be used instead of the 2D ones. In addition
to the axial and bending stiffnesses, 3D stiffness matrices include a new stiffness
term (torsion stiffness GJ). Furthermore, the number of degrees of freedom per
node is extended from 3 to 6.

2. Extending the method to planar elements: Deviations of the actual properties of
a structure might also appear in planar elements (e.g. slabs). The mathematical
application of the SSI method to deal with this kind of structures is explained
in Chapter 6. Nevertheless, numerical and experimental applications will be
developed in the future.

3. Defining new algebraic subroutines to define the observed parameters that do not
require the use of the null space: Though the null space technique is powerful
and useful, it has the inconvenience that numerical methods are required and this
implies the possibility of numerical errors and problems. Furthermore, this nu-
merical simulation might be time consuming for very large scale structures. Other
algebraic observability techniques presented in the literature (see [46] and [43])
present similar numerical problems than the null-space method. The alternative
non-algebraic techniques, the topological techniques (see [59] and [152]), were
quite popular some decades ago but nowadays they are out of fashion because
they involve generally a combinatorial computational complexity. To solve prob-
lems associated with algebraic techniques, a purely symbolic observability method
is to be developed.
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4. Measurement error analysis: It is clear to notice that the monitored information
is inevitably coupled with the measurement errors due to the inaccuracy of the
experimental equipment. In the applications presented in this work, the mea-
surement errors are analyzed by the maximum bound error presented in Chapter
6. To extend the application of the SSI method to deal with actual information
from monitoring, a more detailed measurement error analysis is advisable. This
analysis should be able to introduce the measurement errors into the observability
analysis.

5. Redundancy of measurements: The observability analysis of the examples pre-
sented in Chapters 6, 7 and 8 shows that the geometrical characteristics of a
structure or its boundary conditions might increase the required measurement
set. This requirement depends on how the unknown parameters are linked into
the stiffness equations and they are only required to solve the system of equations.
This redundancy produces no problems when the measurements do not include
errors. Nevertheless, this is not the case in actual structures where errors are
unavoidable. In actual structures, the redundancy of measurements might lead
to unsolvable systems. For this reason, in the future the causes of the redundancy
of measurements will be first analyzed in detail. Then, a method to deal with
these redundancies will be proposed.

6. Studying the effects of modeling error: Any structure includes a number of uncer-
tainties. To reduce the number of required measurements, only a reduced number
of these uncertainties (usually the most important ones according to the design-
ers’ criterion) are selected to be identified by the SSI. The rest of the parameters
of the model are assumed with a certain value. Nevertheless, the value of these
parameters might play an important role in the SSI of the selected uncertainties
and therefore, in the simulated structural behavior. For this reason, a modeling
error analysis will be carried out. This study will focus on how the variation of
the value of the fixed parameters of the model affect the values of the parameters
to be identified.

7. SSI from actual monitoring information: The identification of the structures
presented in this work are based on monitoring information obtained numerically
by computer simulation. Nevertheless, to guarantee the application of the pro-
posed method in actual structures, actual monitored information on site will be
introduced into the method.

8. Optimization of the measurement set for SSI: It is clear to notice that the
parameters of a structure might be identified by many different measurement
sets. To define a measurement set with a minimum number of measurements,
the observability trees proposed in this work might be used. The application
of this method is very practical for bridge structures. Nevertheless, in the case
of multi-story structures the high link between the resistant mechanisms of the
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different beam elements complicates its application. Another disadvantage of the
method is the fact that does not take into consideration the cost of the different
measurements (or the accuracy of the measurement devices). For this reason, the
definition of the measurement set will be studied as an optimization problem. In
this problem each measurement will include a certain cost based on the accuracy
of the measurement, the actual measurement cost and the easiness of carrying
out the measurement on site.

9. SSI based on information from dynamic excitation tests: SSI methods based
on information from static excitation tests can identify only stiffness parameters.
Therefore, they are not able to capture changes in the dynamic properties of the
structures. Furthermore, large civil structures are difficult to excite statically in
a controlled manner. For these reasons, SSI based on information from dynamic
tests is recommended. As showed in Chapter 6, the dynamic analysis of one or
several vibration modes of a structure leads to a polyrational system of equations.
This work proves mathematically that the solution of this system can be obtained
by the observability techniques. Nevertheless, there is still considerable work to
do in order to identify the structure with the proposed method from dynamic
test monitoring.

10. SSI based on information from ambient vibration: The realization of a con-
trolled static and/or dynamic tests is costly. For this reason, the uncontrolled
ambient excitation methods (e.g. from seismic, wind or temperature) are becom-
ing more and more popular because of their economical advantages in full-scale
structures. In future works, the application of the observability techniques to
deal with information from monitored uncontrolled ambient excitations will be
addressed.

11. Weight in Motion bridges: Weigh-in-motion or Weighing in Motion (WIM) de-
vices are designed to capture and record axle weights as vehicles drive over a
measurement site (see [91], [92] and [153]). Unlike static scales, WIM systems
are capable of measuring vehicles traveling at a reduced or normal traffic speed
and do not require the vehicle to come to a stop. This makes the weighing process
more efficient, and, in the case of commercial vehicles, allows for trucks under the
weight limit to bypass static scales or inspection. Once the actual parameters of a
bridge structure have been determined from monitored information, the stiffness
matrix of the structure is fully known. In this case, the bridge might be used as
a spring to weight (with the help of monitoring information) the loads crossing
it. For this reason, the application of the observability techniques to deal with
WIM problems will be studied in future works.

12. Damage identification by non constant stiffness matrices: The proposed SSI
method can be used to locate and quantify damages in beam elements from mon-
itoring information. This analysis is based on an adequate FEM that depends
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on the pursued accuracy of the simulation. This is to say, the assumed length
of the damage extent. In this analysis the stiffness matrix of the element is as-
sumed constant. For a direct damage location an alternative method might be
used. This method consists of changing the constant stiffness matrix of the beam
element for a more convenient one (non-constant). This matrix can be defined
from the elastic masses diagram as presented in Chapter 6.

13. Simulation of the boundary conditions: Normally FEMs do not model with
sufficient accuracy the boundary conditions. This fact might lead to inaccurate
estimations of the parameters in the SSI methods. The two most common
causes of discrepancy are the soil-substructure interaction and the effects of the
partially restrained elements (e.g. pins). To deal with these two effects, the
methods proposed in Chapter 6 will be applied.

14. Condensed analysis of the construction process: The analysis of the construction
process of a structure is one of the most critical steps of its design. For this
reason, to assure more accurate simulations, actual parameters are usually iden-
tified from monitoring. This identification can be carried out in a certain stage.
Nevertheless, due to changes during construction (e.g. loads and boundary con-
ditions) these properties might be changed in the very next stage. To reduce the
required monitoring information in identification of parameters in subsequent
stages, monitoring information of preceding construction stages might be used.
This analysis might be carried out by using condensed stiffness matrices as pre-
sented in Chapter 8.

9.4.3 Polyrational systems of equations

1. Solving polyrational systems of equations in many science fields: As mathemat-
ically proved in Chapter 6, the polyrational equations play a very important
role in science as they appear in all problems involving scale variables. Some of
the fields where the proposed method presents a promising future are as follows:
(1) Water state estimation, (2) Electrical estate estimation, (3) Telephone net-
work, (4) High speed train safety, (5) Transportation systems, (5) Reliability and
maintenance of structures (see [86]), and (6) Medicine.

2. Solving differential systems of equations: Despite of the important role played by
the polyrational equations in science and engineering, a number of problems de-
pend on differential equations. As the functional networks (see [39] and [45]) have
proved to be an efficient method to transform differential equations into polyra-
tional equations, the introduction of this tool into the developed mathematical
procedures will be addressed in future researches.
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[89] A. Gómez Expósito and A. Abur. Generalized observability analysis and mea-
surements classification. IEEE Transactions on Power Systems, 13(3):1090–1095,
1998.

317
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[162] N. Pulido, R. Spengler, and R. Pérez. Cable stayed bridge in talavera de la reina
(toledo, spain). In IABSE, editor, IABSE London, 2011.

[163] M.F. Quintana Ytza. Métodos constructivos de puentes atirantados - estudios de
la distribución de fuerzas en los tirantes. PhD thesis, Politecnica da Universidade
de Sao Paulo, Brazil (In Portuguese), 2009.

[164] A.M. Raich and T.R. Liszkai. Multi-objective optimization of sensor and ex-
citation layouts for frequency response function-based structural damage iden-
tification. Computer-Aided Civil and Infrastructure Engineering, 27(2):95–117,
2012.

[165] S. Rajasekaran and G. Sankarasubramanian. Computational Structural Mechan-
ics. PHI Learning Pvt. Ltd, Delhi, 2004.

[166] P. Reddy, J. Ghaboussi, and M. Hawkins. Simulation of construction of ca-
ble.stayed bridges. Journal of Bridge Engineering, 4(4):249–257, 1999.

[167] A.M. Ruiz-Teran and A.C. Aparicio. Structural behaviour and design criteria
of under-deck cable-stayed bridges and combined cable-stayed bridges. part 1:
Single-span bridges. Canadian Journal of Civil Engineering, 35(9):938–950, 2008.

[168] A.M. Ruiz-Teran and A.C. Aparicio. Structural behaviour and design criteria
of under-deck cable-stayed bridges and combined cable-stayed bridges. part 2:
Multi-span bridges. Canadian Journal of Civil Engineering, 35(9):951–962, 2008.

323



[169] M. Sanayei, E.S. Bell, C.N. Javdekar, J.N. Edelmann, and E. Slavsky. Damage
localization and finite-element model updating using multiresponse ndt data. ii-
error sensitivity analysis. Journal of Bridge Engineering-ASCE, 11(6):688–698,
2006.

[170] M. Sanayei, G.R. Imbaro, J.A.S. McClain, and L.C. Brown. Structural model
updating using experimental static measurements. Journal of Structural Engi-
neering, 123(6):792–798, 1997.

[171] M. Sanayei, J.A.S. McClain, S. Wadia-Fascetti, and E.M. Santini. Parameter esti-
mation incorporating modal data and boundary conditions. Journal of Structural
Engineering, 125(9):1048–1055, 1999.

[172] M. Sanayei and O. Onipede. Damage assessment of structures using static test
data. AIAA Journal, 29(7):1174–1179, 1991.

[173] M. Sanayei, O. Onipede, and S.R. Babu. Selection of noisy measurement locations
for error reduction in static parameter identification. AIAA Journal, 30(9):2299–
2309, 1992.

[174] M. Sanayei, J.E. Phelps, J.D. Sipple, and B.R. Bell, E.S. abd Brenner. Instru-
mentation, nondestructive testing, and finite-element model updating for bridge
evaluation using strain measurements. Journal of Bridge Engineering, 17(1):130–
138, 2012.

[175] M. Sanayei and S.F. Scampoli. Structural element stiffness identification from
static test data. Journal of Engineering Mechanics, 117(5):1021–1036, 1991.

[176] M. Sanayei, S. Wadia-Fascetti, B. Arya, and E.M. Santini. Significance of mod-
eling error in structural parameter estimation. Computer Aided-Civil and Infras-
tructure Engineering, 16:12–27, 2001.

[177] E. Santini, M. Sanayei, C.N. Javdekar, and E. Slavsky. Multiresponse parame-
ter estimation for finite-element model updating using nondestructive test date.
Journal of Structural Engineering, 133(8):1067–1079, 2007.

[178] M. Schlaich. Erection of cable-stayed bridges having composite decks with precast
concrete slabs. Journal of Bridge Engineering, 6(5):333–339, 2001.

[179] H. Schlune, M. Plos, and K. Gylltoft. Improved bridge evaluation through finite
element model updating using static and dynamic measurements. Engineering
Structures, 31(7):1477–1485, 2009.

[180] A. Scotti. Long term behavior of cable-stayed bridges. Master’s thesis, Poli-
titécnico di Milano, Italy, 2003.

324



[181] SETRA. Recommandations de la Commission Interminist́ırielle de la Precon-
trainte. Service d’Etudes Techniques des Routes et Autoroutes, France, 2001.

[182] Z. Sheena, A. Unger, and A. Zalmanovich. Theoretical stiffness matrix correction
by using static test results. Israel Journal of Technology, 20:245–253, 1992.

[183] H.W. Shenton and X. Hu. Damage identification based on dead load redistribu-
tion: Methodology. Journal of Structural Engineering, 132(8):1254–1263, 2006.

[184] L.M.C. Simoes and J.H.J.O. Negrao. Optimization of cable-stayed bridges with
box-girder decks. Advances in Engineering Software, 31:417–423, 2000.

[185] D.M. Siringoringo and Y. Fujino. Noncontact operational modal analysis of struc-
tural members by laser doppler vibrometer. Computer-Aided Civil and Infras-
tructure Engineering, 24(4):249–265, 2009.

[186] H. Somja and V. Ville de Goyet. A new strategy for analysis of erection
stages including an efficient method for creep analysis. Engineering Structures,
30(10):2871–2883, 2008.

[187] J. Strasky. Stress ribbon and cable-supported pedestrian bridges. Thomas Telford,
London, 2005.

[188] N. Stubbs and J. T. Kim. Damage localization in structures without baseline
modal parameter. AIAA Journal, 34(8):1644–1649, 1996.

[189] H. Svensson. Cable-Stayed Bridges: 40 Years of Experience Worldwide. Ernst
and Sons, Gale, 2012.

[190] I. et al. Takuwa. Prestressed concrete cable-stayed bridge constructed on an ex-
pressway, the Tome I Ashigra Bridge, in Cable-Stayed Bridges, Recent Develop-
ments and Their Future. Elsevier Science Publishers, New York, 1991.

[191] I. Talebinejad, C. Fischer, and F. Ansari. Numerical evaluation of vibration-
based methods for damage assessment of cable-stayed bridges. Computer-Aided
Civil and Infrastructure Engineering, 26(3):239–251, 2011.

[192] H. Tang, S. Xue, and C. Fan. Differential evolution strategy for structural system
identification. Computers and Structures, 86(21-22):2004–2012, 2006.

[193] A. Teughels and De Roeck G. Structural damage identification of the highway
bridge z24 by fe model updating. Journal of Sound and Vibration, 278(3):589–
610, 2004.

[194] A. Teughels, J. Maeck, and De Roeck G. Damage assessment by fe model up-
dating using damage functions. Computers and Structures, 80(25):1869–1879,
2002.

325



[195] A. Troitsky. Cable-stayed bridges: an approach to modern bridge design. John
Wiley and Sons, Zurich, 1988.

[196] F Ubertini, C. Gentile, and A.L. Materazzi. Automated modal identification in
operational conditions and its application to bridges. Engineering Structures,
46:264–278, 2013.

[197] M.J. Veletzos and J. Restrepo. Modeling of jointed connections in segmental
bridges. Journal of Bridge Engineering, 16(1):139–147, 2011.

[198] M. Virlogeux. Erection of cable-stayed bridges. the control of the designed geom-
etry. In International Conference A.I.P.C., F.I.P., Cable-stayed and suspension
bridges, volume 2, pages 321–350, Deauville, 1994.

[199] M. Virlogeux. New trends in prestressed concrete bridges. Structural Concrete,
Journal of the fib, 3(2):67–97, 2002.

[200] M. Virlogeux. The millau cable-stayed bridg. In K.M. 2nd New York City
Bridge Conference, Mahmoud, editor, Recent Developments in Bridge Engineer-
ing, NEW YORK, NY, 2003.

[201] R. Walther, B. Houriet, W. Isler, and J.F. Klein. Cable stayed bridges. Thomas
Telford, London, 1999.

[202] R. Walther, B. Houriet, W. Isler, and P. Moia. Ponts haubanées. Presses Poly-
techniques et Universitaires Romandes, Lausanne, 1985.

[203] H. Wang, T. Tang, and H. Zheng. Analysis of cable-stayed bridges during con-
struction by cantilever method. Computers and Structures, 82(4-5):329–346,
2004.

[204] P.H. Wang, T.C. Tseng, and C.G. Yang. Initial shape of cable-stayed bridges.
Computers and Structures, 46(6):1095–1106, 1993.

[205] X. Wang, N. Hu, H. Fukunaga, and Z.H. Yao. Structural damage identifica-
tion using static test data and changes in frequencies. Engineering Structures,
23(6):610–621, 2001.

[206] Y.C. Wang, A.S. Vlahinos, and H.S. Shu. Optimization of cable preloading on
cable-stayed bridges. SPIE, 3043:248–259, 1997.

[207] Wiseplus. Wiseplus. V1.2 user manual (in Chinese). Wiseplus, Shanghai, crc
press edition, 2010.

[208] H. Wittfoht. Building bridges: History, technology and construction. Beton
Verlag, Duesseldorf, 1984.

326



[209] Q.S. Yan. Construction simulation of pre-stressed concrete cable-stayed bridge.
Technical report, Research Report, Department of Civil Engineering, HKUST,
1998.

[210] B.C. Yang and Sun M. Cable tensions for cable-stayed bridges and optimized
nonlinear backward analysis. China J Highway Transport (In Chinese), 11(3),
1998.

[211] I. Yeo, S. Shin, H.S. Lee, and S.P. Chang. Statistical damage assessment of framed
structures from static responses. Journal of Engineering Mechanics, 126(4):414–
421, 2000.

[212] S. Yoneyama, A. Kitagawa, S. Iwata, K. Tani, and Kikuta H. Bridge deflection
measurement using digital image correlation. In SEM Annual Conference and
Exposition on Experimental and Applied Mechanics, 2006.

[213] J.Y. Zhang and M. Oshaki. Force identification of prestressed pin-jointed struc-
tures. Computers and Structures, 89(23-24):2361–2368, 2011.

[214] P. Zhu, Z.J. Ma, and C.E. French. Fatigue evaluation of longitudinal u-bar
joint details for accelerated bridge construction. Journal of Bridge Engineering,
17(2):201–210, 2012.

[215] A. Ziliukas and A. Surantas. Determination of residual welding stresses in load
bearing structures made of welded hollow sections. Baltic Journal of Road and
Bridge Engineering, 5(1):55–61, 2010.

327




	Portada_Tesis_Word_original_modificada _3_.pdf
	Lozano-Galant, 2013. Construction Control of CSB.pdf
	Agradecimientos / Acknowledgements
	Resumen
	Abstract
	Introduction and Objectives
	Introduction
	Objectives
	Thesis Organization

	State of the Art
	Cable-Stayed Bridges
	Historical Review
	Structural Behavior

	Erection of cable-stayed bridges
	Structural system of cable-stayed bridges
	Cantilever Erection Method
	Temporary supports erection method
	Examples of application
	Comparison
	Simulation of the erection process

	Objective Service Stage (OSS)
	Construction control system
	Structural System Identification SSI
	Definition
	Methods

	Conclusions

	Algorithms without time-dependent phenomena
	Introduction
	Simulation of commercial programs
	Wiseplus
	Midas

	Backward Algorithm, BA
	Main characteristics
	Calculation of the stay strains in the OSS
	Tensioning and Force Matrices
	Backward simulation by superposition of stages
	Simulation of the raising of the temporary supports
	Description of the algorithm
	Computation time

	Forward Algorithm, FA
	Main Characteristics
	Tensioning and force matrices
	Forward simulation by superposition of stages
	Simulation of the raising of the temporary supports
	Assuring the achievement of the OSS
	Description of the algorithm
	Construction process modification
	Temperature analysis
	Computation time

	Direct Algorithm, DA
	Main characteristics
	Unstressed length of the stays concept
	Tensioning and force matrices
	Direct simulation
	Simulation of the raising of the temporary supports
	Description of the algorithm
	Computation time

	Example 3.1 Cable-stayed bridge in Wuxi
	Description
	Comparison between the commercial software and the BA
	Comparison between the BA and the FA 
	Modification of the Tensioning process 
	Comparison between the FA and the DA

	Comparison among algorithms
	Conclusions

	Modifications of the OSS of cable-stayed bridges due to staggered construction of their superstructure
	Introduction
	Effects of the staggered construction 
	Construction process
	Objective Service Stage (OSS)

	Including the effects of the staggered construction into the OSS
	Minimal Bending Energy Criterion
	Example 4.3 Bridge with 2 and 3 stays
	Example 4.4 Minimal Bending energy of a two-span beam
	Simplified criterion
	Example 4.5 Cable-Stayed Bridge in Wuxi
	Comparison among proposed methods

	Location and number of construction joints 
	Example 4.6 Two academic cable-stayed bridges

	Number of temporary supports
	Example 4.7 Two academic cable-stayed bridges
	Example 4.8 Cable-Stayed Bridge in Wuxi

	Conclusions

	Algorithms with time-dependent phenomena
	Introduction
	Time-dependent phenomena
	Shrinkage
	Creep
	Stress relaxation

	Simulation of concrete time-dependent phenomena
	Example 5.1 Alamillo Bridge (OSS)
	Creep during the construction process

	Including the time-dependent phenomena effects into the OSS
	Example 5.2 Alamillo Bridge (OSS)
	Example 5.3 Wuxi Bridge (OSS)
	Example 5.4 Wuxi (Uncertainties analysis)

	Forward-Direct Algorithm, FDA
	Main Characteristics
	Description of the algorithm
	Example 5.5 Alamillo Bridge (Construction process)
	Example 5.6 Wuxi (construction Process)

	Conclusions

	Application of Observability Techniques to SSI
	Introduction
	Observability techniques
	Observability Problem
	Observability of the Stiffness matrix method

	Structural System Identification by Observability techniques
	Example 6.2 Non-linear Product of variables
	Example 6.3 Recursive Process
	Changes in the standard observability problem
	Error sensitivity analysis

	Proposed Algorithm
	SSI method in planar elements
	Polyrational system of equations
	Improving the algorithm
	Damages in decks
	Boundary conditions
	Variation of Temperature 

	Application to dynamic tests
	SSI from a unique vibration mode
	SSI from several vibration modes

	Conclusions

	Validation and examples of application of the SSI method
	Introduction
	Comparison with other static-excitation based SSI Methods 
	Method 1 (Sanayei and Saletnik (1996))
	Method 2 (Liao et al. (2012))
	Method 3 (Abdo (2012))
	Comparison among methods

	Application of observability techniques to SSI in buildings 
	Example 7.5 Nationale-Nederlanden building: Complete SSI
	Example 7.6 13-story frame: Complete SSI
	Example 7.7 13-story frame: Local damage

	Application of observability techniques to SSI in Bridges
	Example 7.8 Z24 Bridge

	Application of observability techniques to SSI in Cable-Stayed Bridges
	Stay cables
	Deck
	Pylon

	Conclusions

	Optimization of the set of measurements for SSI
	Introduction
	Minimization of the set of measurements 
	Observability trees
	Observability trees in beams
	Guidelines to make observability trees in beams
	Observability trees in cable-stayed bridges
	Guidelines to make observability trees in cable-stayed bridges
	Using Observability Trees to define measurement sets

	Minimization of the monitored points
	Maxwell's law of reciprocal deflection
	Application with actual loads
	Changes in the load cases and boundary conditions
	Analysis of construction process

	Conclusions

	Conclusions and Future Research
	Introduction
	Conclusions
	Conclusions about the construction process
	Conclusions about the service stage
	Conclusions about the SSI by observability techniques

	Major contributions
	Future Research
	Analysis of cable-stayed bridges
	SSI by observability techniques
	Polyrational systems of equations


	Bibliography


